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AIMS AND SCOPE 
The aim of the Journal is to advance the research and practice in structural engineering 

through the application of computational methods. The Journal will publish original papers and 
educational articles of general value to the field that will bridge the gap between high-performance 
construction materials, large-scale engineering systems and advanced methods of analysis. 

The scope of the Journal includes papers on computer methods in the areas of structural 
engineering, civil engineering materials and problems concerned with multiple physical processes 
interacting at multiple spatial and temporal scales. The Journal is intended to be of interest and use 
to researches and practitioners in academic, governmental and industrial communities.
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ОБЩАЯ ИНФОРМАЦИЯ О ЖУРНАЛЕ 
International Journal for Computational Civil and Structural Engineering 

(Международный журнал по расчету гражданских и строительных конструкций) 
 

Международный научный журнал “International Journal for Computational Civil
and Structural Engineering (Международный журнал по расчету гражданских и строитель-
ных конструкций)” (IJCCSE) является ведущим научным периодическим изданием по 
направлению «Инженерные и технические науки», издаваемым, начиная с 1999 года (ISSN 
2588-0195 (Online); ISSN 2587-9618 (Print) Continues ISSN 1524-5845). В журнале на высоком 
научно-техническом уровне рассматриваются проблемы численного и компьютерного модели-
рования в строительстве, актуальные вопросы разработки, исследования, развития, верифика-
ции, апробации и приложений численных, численно-аналитических методов, программно-
алгоритмического обеспечения и выполнения автоматизированного проектирования, монито-
ринга и комплексного наукоемкого расчетно-теоретического и экспериментального обоснова-
ния напряженно-деформированного (и иного) состояния, прочности, устойчивости, надежности 
и безопасности ответственных объектов гражданского и промышленного строительства, энер-
гетики, машиностроения, транспорта, биотехнологий и других высокотехнологичных отраслей.

В редакционный совет журнала входят известные российские и зарубежные деятели 
науки и техники (в том числе академики, члены-корреспонденты, иностранные члены, по-
четные члены и советники Российской академии архитектуры и строительных наук). Основ-
ной критерий отбора статей для публикации в журнале − их высокий научный уровень, соот-
ветствие которому определяется в ходе высококвалифицированного рецензирования и объ-
ективной экспертизы, поступающих в редакцию материалов.

Журнал входит в Перечень ВАК РФ ведущих рецензируемых научных изданий, в кото-
рых должны быть опубликованы основные научные результаты диссертаций на соискание 
ученой степени кандидата наук, на соискание ученой степени доктора наук по научным спе-
циальностям и соответствующим им отраслям науки: 

�� 01.02.04 – Механика деформируемого твердого тела (технические науки),
�� 05.13.18 – Математическое моделирование численные методы и комплексы про-

грамм (технические науки),
�� 05.23.01 – Строительные конструкции, здания и сооружения (технические науки),
�� 05.23.02 – Основания и фундаменты, подземные сооружения (технические науки),
�� 05.23.05 – Строительные материалы и изделия (технические науки),
�� 05.23.07 – Гидротехническое строительство (технические науки),
�� 05.23.17 – Строительная механика (технические науки).
В Российской Федерации журнал индексируется Российским индексом научного ци-

тирования (РИНЦ).
Журнал входит в базу данных Russian Science Citation Index (RSCI), полностью инте-

грированную с платформой Web of Science. Журнал имеет международный статус и высыла-
ется в ведущие библиотеки и научные организации мира. 
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EXAMPLE OF GRAGUAL TRANSFORMATION  
OF STIFFNESS MATRIX AND MAIN SET OF EQUATIONS  

AT ADDITIONAL FINITE ELEMENT METHOD 

Anna V. Ermakova 
South Ural State University, Chelyabinsk, RUSSIA 

Abstract: The paper considers the example of gradual transformation of the stiffness matrix and the main set of 
equations at Additional Finite Element Method (AFEM). It is corresponded to the increase of load and the ideal 
failure model of structure. AFEM uses the additional design diagrams and additional finite elements (AFE) for 
this operation. This process is illustrated by the transformation of design diagram of bended concrete console from 
the beginning of its loading to the collapse. The structure reveals four physical nonlinear properties before the 
ultimate limit state. Every nonlinear property appears under the action of corresponded load. The stiffness matrix 
and the set of equations are changed under influence of the value of load and the presence of observed nonlinear 
properties at this moment. 

Keywords: Additional finite element method, Finite element method, Stiffness matrix,
 Set of equations, Additional design diagram, Additional finite element, Ideal failure model

ПРИМЕР ПОСТЕПЕННОГО ПРЕОБРАЗОВАНИЯ МАТРИЦЫ
ЖЕСТКОСТИ И ОСНОВНОЙ СИСТЕМЫ УРАВНЕНИЙ

МЕТОДА ДОПОЛНИТЕЛЬНЫХ КОНЕЧНЫХ ЭЛЕМЕНТОВ

А.В. Ермакова 
Южно-Уральский государственный университет, Челябинск, РОССИЯ

Аннотация: В статье рассматривается пример постепенного преобразования матрицы жесткости и 
основной системы уравнений метода дополнительных конечных элементов (МДКЭ). Это преобразование 
происходит в соответствии с ростом нагрузки и идеальной моделью разрушения конструкции. Для 
выполнения этой операции МДКЭ использует дополнительные расчетные схемы из дополнительных 
конечных элементов (ДКЭ). Для иллюстрации этого процесса рассмотрено изменение расчетной схемы 
изгибаемой бетонной консоли от начала нагружения до разрушения. Эта конструкция проявляет четыре 
физически нелинейных свойства к моменту достижения ею предельного состояния. Каждое нелинейное 
свойство появляется при действии соответствующей нагрузки. Матрица жесткости и система уравнений
меняются в зависимости от величины нагрузки и наличия тех нелинейных свойств, которые наблюдаются 
в этот момент.

Ключевые слова: метод дополнительных конечных элементов, метод конечных элементов, матрица 
жесткости, система уравнений, дополнительная расчетная схема, дополнительный конечный элемент,

идеальная модель разрушения

INTRODUCTION 

Some characteristics are necessary when Addi-
tional Finite Element Method (AFEM) is used 
for analysis at limit states of structures with sev-
eral physical nonlinear properties:

1)� The number of all nonlinear properties; 
2)� The sequence of its appearance before ulti-

mate limit state; 
3)� The way of taking into account for each non-

linear property;
4)� The stress-strain state when each nonlinear 

property is appeared.  
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These factors act at the initial design diagram, 
the stiffness matrix and the main set of algebraic 
equations. Also they determine of the way of 
nonlinear analysis. Thus, the problem of mathe-
matic description of this process is appeared. 
This description must correspond to the logic of 
AFEM and FEM, the character of observed non-
linear properties and the requirement of limit 
state analysis. The developed AFEM is destined 
for decision of this problem. The examples are 
necessary for verification and realization of its
algorithms. 

1. GENERAL INFORMATION OF AFEM 

Additional Finite Element Method (AFEM) [1] 
is suggested by author as the variant of the de-
velopment of Finite Element Method (FEM) [2, 
3]. It is destined for analysis of structures with 
several (n) nonlinear properties at ultimate limit 
state (state of ultimate equilibrium). It adds the 
some elements of the Method of Limit States 
(Ultimate Equilibrium) [4, 5] and the Method of 
Elastic Decisions [6, 7] to the usual sequence of 
solving problems by FEM. AFEM is numerical 
method for combination and development of 
three science directions:  
1)� The mathematic basis for several (n) trans-

formations of main set of equations and ex-
tension of possibilities of FEM for solving of 
n-nonlinear problems; 

2)� The decision of the problems of structural 
mechanics for analysis of structures at limit 
states as n-nonlinear systems; 

3)� The analysis of real structures at limit states 
as n-nonlinear systems. 

The example is given for application AFEM to 
nonlinear analysis of plane reinforced concrete 
structure with four nonlinear properties. It corre-
sponds to normative requirements [8 - 10].  

2. PROBLEM AND WAY OF DECISION 

The nonlinear analysis at limit state is consid-
ered for the bended console. 

This structure reaches its limit state under in-
creased load gradually.  
It gradually reveals four nonlinear properties: 
1)� The plasticity; 
2)� The partial unload due to the redistribution of 

stresses after the cracking; 
3)� The presence of the cracking; 
4)� The ultimate limit state before the collapse. 
The realization of nonlinear analysis at limit state 
demands one linear analysis and four nonlinear 
ones depending on the number of nonlinear prop-
erties at this step of loading. The way of these 
analyses is: 
1)� The initial linear analysis without any non-

linear properties; 
2)� The plastic analysis with one nonlinear prop-

erty; 
3)� The analysis with taking into account of two 

nonlinear properties: the plasticity and the 
partial unload due to redistribution of 
stresses after cracking; 

4)� The analysis with taking into account of three 
nonlinear properties: the plasticity, the par-
tial unload due to the redistribution of 
stresses and the presence of the cracking; 

5)� The analysis with taking into account of four 
nonlinear properties: the plasticity, the par-
tial unload due to the redistribution of 
stresses, the cracking and limit state. 

3. GROWTH OF LOAD AND FORM  
OF MAIN SET OF EQUATIONS 

The growth of load P and appearance of nonlin-
ear properties are the main factors for realization 
of analysis of structure at limit state. 
These factors influence over transformation of 
the design diagram, the stiffness matrix of struc-
ture and the main set of algebraic equations. 

3.1. Growth of load and nonlinear properties 
There is the condition of analysis at first limit state 
for guarantee the bearing capacity of structure: 

                         Pmax � Plim.               (1) 
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Where Pmax = maximal value of external static 
load which is equal to minimal kinematic one. 
Plim = minimal internal resistance of the structure 
to this external load. 
The external load P changes from 0 to Plim grad-
ually (P � Plim):

P1 = 0 < P2 = P3 < P4 = Pmax = Plim. (2) 

Where Pi  = the intermediate value of load P
when i-th nonlinear property is appeared (i
changes from 1 to n = 4). 
The first nonlinear property is plasticity (i = 1).
It is observed from load P = 0 to load P = Plim,
i.e. all time of loading. It is only nonlinear prop-
erty under load P1= 0<P<P2. The second nonlin-
ear property is the partial unload (i = 2) due to 
redistribution of stresses after the cracking. It is 
appeared under load P=P2=P3 together the crack 
simultaneously. It is manifested from load 
P=P2=P3 to load P=P4, i.e. interval of load 
P2=P3<P<P4=Plim. The third nonlinear property 
is the existence of crack (i = 3). It is observed 
during interval of load P3<P<P4=Plim. The last 
nonlinear property is ultimate limit state (i = n =
4). It is occurred under load P=P4=Pmax=Plim.
Thus, the way (2) of the growth of load P is: 

P1 = 0 � P2 = P3 � P4 = Pmax = Plim. (3) 

The condition (3) is the first for the formation of 
the main set of equations. 

3.2. Transformation of design diagram 
The condition (3) demands the gradual transfor-
mation of the design diagram of structure in the 
nest sequence: 
1)� The initial linear design diagram of structure 

without nonlinear properties (i = 0) under 
load P = P1 = 0; 

2)� The design diagram of structure with  plastic 
property (i=1) only under load P1=0<P< P2; 

3)� The design diagram of structure with two 
nonlinear properties under load P = P2 = P3:
plasticity (i = 1) and the partial unload (i= 2) 
due to redistribution of stresses after the 
cracking; 

4)� The design diagram of structure with three 
nonlinear properties under load P3 < P < P4:
plasticity (i = 1), the partial unload (i = 2) due 
to redistribution of  stresses and the 
cracking (i = 3); 

5)� The design diagram of structure with four 
nonlinear properties under load P = P4= Pmax 
= Plim: plasticity (i = 1), the partial unload (i
= 2) due to redistribution of stresses, the ex-
istence of crack (i = 3) and limit state (i = 4). 

In nonlinear analysis of structure at limit state the 
initial design diagram gradually takes the three 
intermediated forms and fifth at last: 1) � 2) �
3) � 4) � 5). The fifth last form is ideal failure 
model or design diagram of structure at limit 
state. It is necessary for realization of nonlinear 
analysis by AFEM [11].
Also, when AFEM is used for nonlinear analysis, 
all five forms of design diagram must have the 
identical characteristics, for example the same 
number of nodes points, view and number of fi-
nite elements (FE’s). It is necessary for the defi-
nition of stiffness matrixes of all forms of design 
diagram. 

3.3. Transformation of stiffness matrix 
The fulfillment of the condition (1) requires the 
definition of minimal value of internal resistance 
Plim. Usually this minimum corresponds to the 
minimum stiffness of structure due to negative 
influence of each i-th nonlinear property. For 
considered example i changes from 1 to n = 4.
The stiffness matrix is changed gradually from 
initial value K to its minimal value Kmin due to 
these defects: 

     K� K1� K2 � K3 � K4 = Kmin = Klim.    (4) 

 

Where K = stiffness matrix of structure without 

nonlinear properties (i = 0) under the load 

P = P1 = 0; 

K1 = stiffness matrix of structure with plastic 

property (i=1) under the load P1= 0<P<P2; 

K2 = stiffness matrix of structure with plastic 
property (i=1) and the partial unload (i=2) 
due to redistribution of stresses after crack-
ing under the load P = P2 = P3; 
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K3 = stiffness matrix of structure with plastic 
property (i = 1), the partial unload (i = 2) due
to redistribution of stresses and the cracking 
(i = 3) under the load P3<P<P4; 

K4 = stiffness matrix of structure with plastic 
property (i = 1), the partial unload (i = 2) due 
to redistribution of stresses, the existence of 
cracking (i = 3) and limit state (i = 4) under 
the load P = P4; 

Kmin = stiffness matrix of structure with n=4
nonlinear properties at moment of its mini-
mal internal resistance to external load 
P=P4=Pmax; 

Klim = stiffness matrix of structure at limit state 
under the load P=P4=Pmax=Plim, when its de-
sign diagram is ideal failure model. 

The condition (4) is the second for the formation 
of the main set of equations. All matrices K, K1,
K2, K3, K4 (Kmin, Klim) must have the equal di-
mensions and the same filling for computer real-
ization of analysis by AFEM. 

3.4. Required transformation of the set of al-
gebraic equations 
The main operation of analysis by FEM and 
AFEM is the solving of the set of equations: 

                            KnonlV = P . (5) 

Where P = matrix of external load;  
V = matrix of unknown node displacements;  
Knonl = stiffness matrix of structure with nonlin-

ear properties. This matrix is changed in accord-

ance with the degree of its influence. The stiff-

ness matrix Knonl is formed from coefficients of 

stiffness matrices of the separate finite elements 

(FE’s).  

The set of equations (5) solves one time in linear 
analysis because of matrix Knonl = K = const due 
to the absence of nonlinear properties. 
In nonlinear analysis this set of equation must be 

solved by iterative process because of Knonl ≠ K
≠ const. In this process matrix K turns into ma-

trix Knonl gradually. The transformation of the set 

of equation (5) is connected with difficulties in 

presence of several (n) of physical nonlinear 

properties due to its different causes. When n = 

4 this transformation must go under the condition 

(3) for right part and the condition (4) for the left 

one of the set of equations (5): 
Under the load P = P1 = 0 and i = 0 

                               KV = P .                 (6) 

Under the load P1  =  0 < P < P2 and i = 1: 

                          K1V = P.              (7) 

Under the load P = P2 = P3 and i = 2

                          K2V = P.              (8) 

Under the load P3 < P < P4 and i = 3

                          K3V = P .                (9) 

Under the load P = P4= Pmax = Plim and i = 4

                                K4V = P.              (10) 

Thus the initial form of the set equations (6) 
takes the requirement forms (7), (8), (9) and (10) 
gradually according to the value of load P. 
In limit state of structure (see (1)) the set of equa-
tions (10) must became 

                          KlimV = Plim .       (11) 

This description (11) corresponds to the next 
view of expression (1) 

                  Plim = Pmax .             (12) 

Method of Limit States guarantees the appear-
ance the equality (12) for formula (1) in one case 
from million ones (see s. 3.1). 

4. SET OF EQUATIONS AT AFEM

The Additional Finite Element Method (AFEM)
was suggested by author [1] as the variant of the 
Finite Element Method (FEM) for analysis of 
structures with several nonlinear properties at 
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limit states. It is numerical combination of the 
three effective methods of structural analysis: 
FEM, Method of Elastic Decisions and Limit 
State Method. It solves the problem of analysis 
of structure at limit states according to failure 
model, when nonlinear properties and defects 
are revealed due to increase of load. AFEM uses 
the additional finite elements and additional de-
sign diagrams for gradually transformation of 
main set of equations [12]. 

4.1. Transformation of design diagram by 
means of additional design diagrams 
The example is illustrated the action of addi-
tional design diagrams at the initial design dia-
gram for bending console in plane stress-state 
(see table 1). The initial design diagram consists 
of 8 triangular deep beam finite elements with 
liner properties (p.1 table 1). AFEM uses four 
additional design diagrams for transformation of 
the initial design diagram into ideal failure 
model of console (see s. 3.2): 
1)� The initial design diagram of structure with-

out nonlinear properties  (i = 0) under load P
= P1 = 0 transforms into the design diagram 
of structure with  first (i = 1) nonlinear prop-
erty (plasticity) by means of the first addi-
tional design diagram under load P1 = 0 < P
< P2 (p. 2 table 1); 

2)� The design diagram of structure with  one 
(i=1) nonlinear property (plasticity) under 
load P1 = 0 < P < P2 transforms into the de-
sign diagram of structure with two (i = 2) 
nonlinear properties (the plasticity (i = 1) and 
partial unload (i = 2) due to redistribution of 
stresses after cracking) by means of the sec-
ond additional design diagram under load P=
P2=P3 (p. 3 table 1); 

3)� The design diagram of structure with two 
(i=2) nonlinear properties (the plasticity 
(i=1) and the partial unload (i=2)) under load 
P=P2=P3 transforms into the design diagram 
of structure with three (i=3) nonlinear prop-
erties (the plasticity (i=1), the partial unload 
(i=2) and the cracking (i=3)) by means of 
the third additional design diagram  under 
load P3<P<P4 (p. 4 table 1); 

4)� The design diagram of structure with three 
(i=3) nonlinear properties (the plasticity 
(i=1), the partial (i=2) unload and the crack-
ing (i=3)) under load P3 < P < P4 transforms 
into the design diagram of structure with four 
nonlinear properties ((the plasticity (i=1), the 
partial (i=2) unload, the cracking (i=3) and 
limit state (i=4)) or ideal failure model by 
means of the fourth additional design dia-
gram under load P = P4= Pmax = Plim (p. 5 ta-
ble 1).

Every additional design diagram may be com-
pared with empty space imbedded in the initial 
design diagram. It is filled negative stiffness for 
taking into account of only one nonlinear prop-
erty. It consists of corresponding additional finite 
elements (AFE-s) (see s. 4.5). Additional design 
diagrams are basic for realization of nonlinear 
analysis at limit state due to fulfillment of condi-
tions (3) and (4). 

4.2. Transformation of initial stiffness matrix 
by means of stiffness matrices of additional 
design diagrams 
The condition (4) is realized due to using of stiff-
ness matrices of additional design diagrams. 
Under application of AFEM the next equation is 
correct at the moment of limit state of structure 
with four nonlinear properties:  

Klim= K+ΔK1+ ΔK2+ ΔK3 + ΔK4 . (13)

Where ΔK1, ΔK2, ΔK3, ΔK4 = stiffness matrices 
of the first, the second, the third and the fourth 
additional design diagrams consisting of addi-
tional finite elements (AFE’s) for taking into ac-
count the first, the second, the third and the 
fourth nonlinear property respectively.
The stiffness matrices of additional design dia-
grams are destined for fulfillment of condition 
(4) and may be defined according to next formu-
las (see s. 3.3): 

ΔK1 = K1 – K ,     (14)
ΔK2 = K2 – K1 ,       (15)

              ΔK3 = K3 – K2 ,      (16)
ΔK4 = K4 – K3. (17)
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The next way is used for the gradual transfor-
mation of the stiffness matrix K of initial design 
diagram of structure without nonlinear proper-
ties into stiffness matrix Klim = Kmin = K4 of ideal 
of failure model or design diagram of structure 
at limit state (see table 1): 
Under the load P1  =  0 < P < P2 and i = 1 

                            K1= K+ΔK1 .                  (18)

Under the load P = P2 = P3 and i = 2

K2 = K+ΔK1+ ΔK2. (19)

Under the load P3 < P < P4 and i = 3

             K3 = K+ΔK1+ ΔK2+ ΔK3. (20)

Under the load P = P4= Pmax = Plim and i = 4
K4  = K+ΔK1+ ΔK2+ ΔK3+ ΔK4 . (21)                          

The initial stiffness matrix K transforms gradu-
ally according to formulas (18) -– (21) by means 
of stiffness matrices of ΔK1, ΔK2, ΔK3, ΔK4. The 
main characteristics of matrices K, K1, K2, K3,
K4, ΔK1, ΔK2, ΔK3 and ΔK4 are: the same dimen-
sions; the same filling positions; the square; the 
symmetry; the linearity; the positivity of  matri-
ces K, K1, K2, K3, K4; the negativity of matrices 
ΔK1, ΔK2, ΔK3, ΔK4. These characteristics are 
necessary for application of matrix theory [13].
The fulfillment of the condition (4) demands 
these characteristics for mathematic realization. 
Thus steps (18) – (21) are developed on the base 
of Method Elastic Decisions when the nonlinear 
stiffness matrix is divided into linear and nonlin-
ear component [14].

4.3. Transformation of the set of algebraic 
equations 
AFEM suggests the using of additional design 
diagrams consisting of additional finite elements 
(AFE-s) (see s. 3.4 and s. 4.2). In this case the 
sets of equations (7) – (10) are formed according 
to the formulas (18) – (21) under conditions (3) 
and (4):
Under the load P1 < P < P2  and i = 1    

 

                          (K + ΔK1)V = P.              (22) 

 

Under the load P2 =P = P3 and i = 2 

 

              (K + ΔK1 + ΔK2)V = P .       (23) 

 

Under the load P3 < P < P4 and i = 3  
 

             (K + ΔK1 + ΔK2 +ΔK3)V = P .     (24)  

 

Under the load P = P4= Pmax = Plim and i = 4 

 

        (K + ΔK1 + ΔK2 +ΔK3 +ΔK4)V = P.    (25)  

 

Thus, the algebraic equations (22) – (25) are cor-

responded to requirement forms for numerical 

realization of analysis at limit state of structure 

with four nonlinear properties. 

Also the Method of Elastic Decision (Method of 

Additional loads) may used for the solving of 

these sets of equations. In this case the formulas 

(22)–(25) are formed according to the next way: 

Under the load P1 < P < P2  and i = 1:     

 

                         KV = P – ΔK1V.               (26) 

 

Under the load P2 =P = P3 and i = 2: 

 

              KV = P – ΔK1V – ΔK2V.        (27) 

 

Under P3 < P < P4 i = 3:  
 
             KV = P – ΔK1V – ΔK2 V –ΔK3V . (28)  

 

Under P = P4= Pmax = Plim and i = 4: 

 

    KV=P – ΔK1V – ΔK2V – ΔK3V – ΔK4V . (29)  
 
In relations (26)–(29) values (–ΔK1V), (–ΔK2V),
(–ΔK3V) and (–ΔK4V) determines the influence 
of the first, the second, the third and the fourth
nonlinear property respectively. For example the 
term (–�K1V) of the right-hand part of these 
equations is the additional load which with the 
main load P must be applied to linear structure to 
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reach the displacements corresponding to its dis-
placements with the first nonlinear property un-
der the action of the only external load P.
In nonlinear analysis at limit state the sets of al-
gebraic equations (7) – (10) take the forms (22)
– (25) or (26) – (29). These forms provide the 
taking into account the influence of each of four 
nonlinear property of structure. This way allows 
the using of different theoretical data [15 – 17]
for nonlinear analysis [18 – 20] according to nor-
mative rules [8 – 10].  
Thus logic of AFEM is corresponded to FEM. 

4.4. Two ways for realization of iterative pro-
cess at AFEM 
Solution of the set of algebraic equations by it-
erative methods is the main step for nonlinear 
analysis of structures. AFEM suggests two ways 
for creation of this process [21]. Both ways are 
based on the decision of the set (6): 

                               V = K-1P              ,         (30) 

Where K-1= inverse stiffness matrix K. 
Operations connected with obtaining of this in-
verse matrix K-1are the most laborious. They 
take roughly three quarters of time for solving of 
the set of equations (1). In the first case iterative 
process is based on (21)–(25) and (30): 
Under the load P1 < P < P2  and i = 1     

 

                  V(k) = (K +ΔK1
(k-1))-1P .        (31) 

 
Under P2 = P = P3 and i = 2 

 

V(k) = (K +ΔK1
(k-1)

 + ΔK2
(k-1))-1P.     (32) 

 
Under P3 < P < P4 and i = 3  
 
 V(k) = (K +ΔK1

(k-1)
 + ΔK2

(k-1) +ΔK3
(k-1))-1P . (33)  

 
Under the load P = P4= Pmax = Plim and i = 4 

 

V(k)=(K+ΔK1
(k-1)+ΔK2

(k-1)+ΔK3
(k-1)+ΔK4

(k-1))-1P.      
(34)  

 

Where k, (k-1) = moving and previous iterations. This 

way is very laborious due to the obtaining of in-

verse matrix K-1 at everyone iteration. 

The second way for realization of iterative pro-
cess is based on the next views of the formulas 
(26) – (29):  
Under the load P1 < P < P2  and i = 1 

     

               KV(k) = P – ΔK1 
(k-1)V(k-1) .      (35) 

 

Under the load P2 = P = P3 and i = 2 

 

KV(k)= P – ΔK1
(k-1)V(k-1) – ΔK2

(k-1)V(k-1) .     (36) 

 

Under the load P3 < P < P4 and i = 3)  
 
KV(k)=P–ΔK1

(k-1)V(k-1)–ΔK2
(k-1)V(k-1)–ΔK3

(k-1)V(k-1).    

(37) 

 
Under the load P = P4= Pmax = Plim and i = 4 

 

KV(k)=P–ΔK1
(k-1)V(k-1)–ΔK2

(k-1)V(k-1)–ΔK3
(k-1)V(k-1) 

–ΔK4 
(k-1)V(k-1).  (38)  

 

The iterative process goes in accordance to for-

mulas (35) – (38) and (30): 

Under the load P1 < P < P2  and i = 1     

 

          V(k) = K-1(P – ΔK1 
(k-1)V(k-1)) .      (39) 

 

Under the P2 = P = P3 and i = 2: 

 

V(k)=  K-1(P–ΔK1 
(k-1)V(k-1)–ΔK2

(k-1)V(k-1)) .   (40) 

 

Under P3 < P < P4 and i = 3:  
 

V(k)=K-1(P–ΔK1
(k-1)V(k-1)–ΔK2

(k-1)V(k-1)– 

–ΔK3
(k-1)V(k-1)) .    (41) 

 

 Under the load P = P4= Pmax = Plim and i = 4 

 

V(k)=K-1(P–ΔK1
(k-1)V(k-1)–ΔK2

(k-1)V(k-1)– 

–ΔK3
(k-1)V(k-1) –ΔK4 

(k-1)V(k-1)) .    (42) 
 

The formulas (39) – (42) are the results of solu-

tion of the sets of equations (35) – (38). They al-

low the obtaining of inverse stiffness matrix K-
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1at the first iteration only when k = 1. This ad-

vantage is useful when set of equations is solved 

by means of Gauss Elimination. The second way 

for creation of iterative process of AFEM is less 

laborious then the first one. 

 

4.5. Additional finite elements 
The condition (4) requires the fulfillment analo-
gous one for every finite element. Due to nonlinear 
properties the its stiffness matrix gradually de-
creases from initial value Ke to its minimal value 
Ke,min. Usually this minimum corresponds to limit 
state, when the carrying capacity of finite element 
is lost and Ke,min=Ke,lim= 0 or close to 0. 
If the number of nonlinear properties i changes 
from 1 to n = 4, the next condition is correct 

Ke�Ke,1�Ke,2�Ke,3�Ke,4=Ke,min=Ke,lim=0
(43) 

Where Ke = stiffness matrix of finite element 

without nonlinear properties (i = 0); 

Ke,1 = stiffness matrix of finite element with plas-

tic property (i = 1); 

Ke,2 = stiffness matrix of finite element with 

plastic property (i = 1) and the partial un-

load (i = 2) due to redistribution of 

stresses after cracking; 

Ke,3 = stiffness matrix of finite element with 
plastic property (i = 1), the partial unload 
(i = 2) due to redistribution of stresses 
and the cracking (i = 3);

Ke,4 = stiffness matrix of finite element with 
plastic property (i = 1), the partial unload 
(i = 2) due to redistribution of stresses, 
the existence of cracking (i= 3) and limit 
state (i = n = 4); 

Ke,min = stiffness matrix of finite element with 
n=4 nonlinear properties at moment of 
its minimal value; 

Ke,lim = stiffness matrix of finite element at limit 
state, when its value is closed to 0. 

Four additional finite elements (AFE-s) are nec-
essary for fulfillment of the condition (43). They 
transform gradually the initial finite element 
with linear properties into the same finite ele-
ment with all nonlinear ones [1].  

The stiffness matrix �Ke,1 of the first additional 
finite element for taking into account the plastic 
property (i = 1) is equal

�Ke,1 = Ke,1 – Ke. (44)

The value �Ke,1 depends on the level of stress-
strain state under load P1 = 0<P< P4=Pmax=Plim.
These additional finite elements are formed the 
first additional design diagram for taking into ac-
count the plasticity in formulas (22) – (25). 
The stiffness matrix �Ke,2 of the second addi-
tional finite element for taking into account the
partial unload (i = 2) due to redistribution of 
stresses after cracking has next formula:

�Ke,2 = Ke,2 – Ke,1. (45)

The value �Ke,2 depends on the stress-strain state 
under load P=P2 when crack is appeared.
These additional finite elements are formed the 
second additional design diagram for taking into 
account the partial unload due to redistribution of 
stresses after cracking in formulas (23) – (25). 
The stiffness matrix �Ke,3 of the third additional 
finite element for taking into account the exist-
ence of cracking (i = 3) is defined

�Ke,3 = Ke,3 – Ke,2 . (46)

The value �Ke,3 depends on the level of stress-
strain state under load P3 < P < P4=Pmax=Plim.
These additional finite elements are consisted the 
third additional design diagram for taking into 
account the existence of cracking in formulas 
(24) and (25). 
The stiffness matrix �Ke,4 of the fourth addi-
tional finite element for taking into account the 
limit state (i = 4) is equal

�Ke,4 = Ke,4 – Ke,3. (47)

The value �Ke,4 depends on the level of limit 
stress-strain state under load P =P4=Pmax=Plim.
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If stiffness matrix of finite element at limit state 
Ke,4 = Ke,min = Ke,lim = 0 the stiffness matrix of its 
additional finite element �Ke,4 = – Ke,3.
These additional finite elements are consisted 
the fourth additional design diagram for taking 
into account the limit state in formula (25). 
The initial design diagram of bended console is 
transformed to its ideal failure model due to four 
additional finite elements (table 1). 

CONCLUSIONS

Considered example proves the possibility of re-
alization the nonlinear analysis at limit state for 
bended console according to its ideal failure 
model by means of Additional Finite Element 
Method (AFEM). 
Additional design diagrams and additional finite 
elements are used for gradual transformation of 
the stiffness matrix and the main set of equa-
tions.
Next conditions are fulfilled for this process:
1)� the correspondence to algorithmic logic of 

nonlinear analysis due to conservation of 
main mathematic characteristics of stiffness 
matrix of structure under the numerical var-
iation of its coefficients;

2)� the orientation at gradual achievement of cri-
terion of limit state before collapse;

3)� the guarantee the allowance for each of four 
nonlinear properties at stress-strain state;

4)� the creation of iterative process for solving 
of the main set of equations by two ways: 
usual manner and use the advantages of 
Method of Elastic Decisions. 
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HIGH-THROUGHPUT DEEP LEARNING ALGORITHM 
FOR DIAGNOSIS AND DEFECTS CLASSIFICATION  

OF WATERPROOFING MEMBRANES 
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2Faculty of Computer Systems and Networks Belarusian State University of Informatics                                              
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Abstract: The work is devoted to the development of a high-performance deep learning algorithm related to the diag-
nosis and classification of defects of water-repellent membranes. The mechanism of constructing visual models of the
membrane surface is discussed. This allows to get the representative training data set. The proposed methodology
consists in the sequent transformations of pixel-image intensities to find defected fragments on the membrane's 
surface. The computational algorithm is based on the architecture of convolution neural networks. To assess its 
effectiveness, the "confidence of confidence" criterion is proposed. The presented computations show that the 
methodology can be successfully applied in material sciences, for example, to study the properties of building 
materials, or in forensic science when examining the causes of construction catastrophes.

Keywords:  waterproofing membranes, deep learning, machine learning, pathology classification 

ВЫСОКОПРОИЗВОДИТЕЛЬНЫЙ АЛГОРИТМ ГЛУБОКОГО 
ОБУЧЕНИЯ ДЛЯ ДИАГНОСТИКИ И КЛАССИФИКАЦИИ

ДЕФЕКТОВ ВОДООТТАЛКИВАЮЩИХ МЕМБРАН
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Аннотация: Работа посвящена разработке высокопроизводительного алгоритма глубокого обучения, связан-
ного с диагностикой и классификации дефектов водоотталкивающих мембран. Обсужден механизм построе-
ния визуальных моделей поверхности мембран, позволяющий представить эволюцию различных поврежде-
ний. Этот подход позволяет получить тренеровочный набор изображений с известным количеством дефектов. 
Предложенная методология основана на последовательных преобразованиях интенсивности пиксельных 
изображений для обнаружения дефектных фрагментов на поверхности мембраны. Вычислительный алгоритм
основан на архитектуре сверточных нейронных сетей. Для оценки его эффективности предложен критерий 
«доверительная область». Представленные вычислителения показывают, что методологияя может быть 
успешно применена в материаловединии, на пример, для исследования свойств строительных материалов,
или в криминологии, на пример, при изучении причин строительных катастроф.

Ключевые слова: гидроизоляционные мембраны, глубокое обучение, машинное обучение, 
классификация патологий  

1. INTRODUCTION

The design of buildings and constructions re-
quires an understanding of the principle of sta-

bility, durability, and rigidity of the main con-
structed structures. Besides, the provision of 
measures of the building maintenance and 
monitoring their technical conditions are essen-

DOI:10.22337/��� -!"����#�#��"��-�"�$�



High-Throughput Deep Learning Algorithm for Diagnosis and Defects Classification of Waterproofing Membranes 

Volume 16, Issue 2, 2020 27 

tial during the design stage. The over-end dec-
ade of technological progress acceleration has 
led to the emergence of new building unique 
properties materials, which, on the one hand, 
drove to a simplification of building technologies. 
On the other hand, it took more stringent require-
ments on resistance, reliability, durability of struc-
tures [1].  The principles of building structures are 
changing. Virtual modeling has led to an increase 
in the number of available solutions to the same 
problems. This fact casts doubt on the authenticity 
of the standard design principles, thereby facilitat-
ing the selection of the right material and the de-
velopment of the correct structures. Besides, the 
desire to find the optimal simplification of the 
structure without reduction of safety mostly 
through choosing solid materials plays an im-
portant role. For example, through chemical reac-
tions, the hydro protective layer mechanically 
connects to the monolithic reinforced concrete 
mainstay's surface [2]. This process leads to excel-
lent hydro isolation. Therefore, waterproofing 
systems perfectly work. However, such a con-
structive solution loses effectiveness if damage 
occurs.  Numerous works devoted to studying the 
properties of composite materials often indicate 
that mechanical damage to the membrane insula-
tion leads to lateral migration of water inside the 
structure [1–3]. That means the place of soaking 
does not always match the location of insulation's 
damage, which unpredictably changes the struc-
ture's technical parameters. These papers indicated 
that the study of the phenomenon of water migra-
tion using new technologies and materials requires 
a new experimental research methodology to iden-
tify and classify possible pathologies in water-
proofing layers [4, 5]. The solution to this problem 
will help designers in their subsequent work. 
Civil engineering, like all other industries, is gone 
through the fourth industrial revolution. The main 
idea of this revolution consists in creating cyber-
physical systems. These include physical objects 
and information models. The physical object is 
managed at every life cycle stage (from the project 
concept to the moment of decommissioning) us-
ing an information system that analyzes the flows 
of heterogeneous information using computer 

systems. Artificial intelligence (AI), as well as 
machine learning (ML), and deep learning (DL), 
becomes the leading information technology and 
not only due to the possibility to work better and 
faster with large amounts of information. For ex-
ample, artificial intelligence algorithms simulate 
the work of the human brain.  These last can find 
and classify a defect or pathology hidden from the 
human eyes even at an early stage of the corrup-
tion process, improving feedback on building in-
formation modeling (BIM) and thereby ensuring 
uninterrupted operation of the entire project.  
By analogy with the task of pattern recognition 
applied to fault detection, this work aims to de-
velop a methodology and an algorithm capable 
of identifying and classifying the visible defects 
on the surface of the waterproofing membranes 
based on available information. To promote 
defects detection methodology, we will use arti-
ficially generated images, imitating real photo-
graphs of some waterproofing membranes. We 
focus our attention on the detailed description of 
the AI algorithm and its quality performance. 
The main advantage of this approach is the sce-
narios' development to investigate defects' prop-
agation on the membrane surface. The same 
methodology is also useful for concrete's petro-
graphic analysis, biological materials [6].
The rest of this paper is organized in the follow-
ing manner. In Section 2, we propose a brief 
description of waterproof membranes and detail
a generalized visual model of their surface. Sec-
tion 3 describes the methodology for the dam-
ages detection and classification. Next, in Sec-
tion 4, we illustrate the methodology by simula-
tion experiments. Finally, in Section 5, we give 
the concluding remarks concerning the method-
ology implementation and its further develop-
ment.

2. PROBLEM FORMULATION  

2.1. Conception of waterproof membranes
A waterproofing membrane is a continuous thin 
layer of waterproof material that is laid on some 
surface and which does not allow water to pass 
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through it. For example, if a waterproofing 
membrane is laid on a flat terrace between a 
structural slab and a finishing tile, water will no 
longer seep into the structural slab [4]. Howev-
er, in order for this property to be maintained as 
long as possible, the structural surface and tile 
must be correctly installed. Any water that re-
mains as puddles on the tile can leak into the 
plate over time, provoking corrosion of the hy-
dro-repellent membrane, and then the structural 
slab. There are two types of the waterproofing 
membranes. Liquid–applied (see Fig. 1 and 
Fig. 2) and sheet–based (see Fig. 3) membranes 
are composed of thin about 2 to 4mm thick lay-
ers of waterproof material. Membranes can be 
used in different elements of a construction, 
namely for underneath and around basements, 
over terrace slabs and balconies, over land-
scaped concrete decks, between the soil and 
concrete in gutters, and many others.  

Figure 1. Some corrupted liquid–applied
waterproofing membrane: pore deformation

and erosive swellings

Figure 2. Some corrupted liquid–applied
waterproofing membrane: erosive swellings and 

micro-cracks

UV stability, elongation, breathability, tear and 
abrasion resistances, chemical stability, geome-
try play an important role while selecting mem-
brane solutions for the construction. It is impos-
sible not to take into account the influence of 

the environment in which the structure will be 
operated. As one can imagine, over time, the 
desired qualities are lost. Thus, exposure to the 
sun and precipitation adversely affect breath-
ability. The pores, with which the membrane 
breathes, over time deform and stop working. In 
places of deformation there are swellings and 
cracks. The protective property is lost leading 
sooner or later to the threat of structural destruc-
tion. 

Figure 3. Some corrupted sheet–based 
waterproofing membrane: pore deformation 

and macrocracks

2.2. Generalized visual model of surface 
We suppose that n by m� �  pixels grayscale  
digital image corresponds to the membrane’s 
surface associated with the bounded closed set 

� � � � 20, 1 0, 1n m 	
 � � � ��
 � 2
	 . (1) 

For the simplicity each pixel correspond to “the 
smallest unit” of the membrane surface and is 
denoted as 
 �,x y � . We call this unit 
“a region”, that is to say, the membrane consists 
of the regions. Moreover, each pair 
 �,x y �
is characterized by an intensity  


 �,x yf � ,

where � �min max,...,f f 	
 ��
� 	  is an ordered 
final set. The set  is discretized as a regular 
grid such that each vertex (node) has coordi-
nates 
 �,i x j y� � , where x�  and y�  corre-

spond to the grid spacing, � �1,.., xi n�  and 

� �1,.., yj n�  with xn n��  and yn m�� . The 
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quantity of vertices  is x yn n� . Let us introduce 

the set � �1,.., x yn n
 ��
� . For the simplicity we 

denote these coordinates as 
 �,i jx y . We as-

sume that at some instant of time t , � �0 1,t t t� ,

each pore – 
 �t
 �
 � , ��� – of the membrane is 
presented by the disc of center ( , )i jx y , that is 


 � 
 �� 
 �


 � 
 ��
2

2 2

, |

,

i

j

t x y x x

y y r t


 � �

	 � � 
 � ,r 
2


 � 
 �� 
 �2|�� 
 �� 
 
|�
 
|�
 � ��
 (2) 

where 
 �r t
 �r 
  is the radius of the pore,  


 �0 0r t r

 ��r t
 �� . Moreover, we assume that at time 0t
that

� �� , k� � , k� k� �

 � 
 �0 0kt t 
�
 �
 �
 �� 
�
 ���� 
 �
 ��


 
 .

We denote the set of the pores by � . An exam-
ple of the possible configuration of the surface 
of the membrane is illustrated by Fig. 4. 

Figure 4. The visual idealized model of the 
membrane surface: initial state at 0t

The over-time erosion as well as the evolutionary 
process leading to damage to the pore, and there-
fore of the membrane surface at the observation 
time interval � �0 1,t t , is associated with the change 

in the radius 
 �r t
 �r 
  of the thth  pore, �� , with 
the formation of microcracks at its edges, and with 
cracks propagation on the surface. We can ob-
serve these processes only as the changes of the 
intensities of pixels. 

To model these processes we assume that at time 
t  each pore contains  
 �t� 
 ��  regions included in 


 �t
 �
 �  and denoted as 
 �i t� 
 �i� ,  


 �� �1,2,...,i t�� �
 �
 . Each region is characterized
by a state s , which takes one of the two values:

0s – non-damaged state, 1s – damaged state. The 
change of the state corresponds to the change of 
the intensities of pixels, which make corruption 
visible on the image. Hence, we can form the 
time-varying sets of all non-damaged regions 


 � 
 � 
 �� �0 0it t t s s�
 � 
�
 � 
 � 
 �� �0 � 
 � 
 �
 � 
 � 
 �� 0
 � 
 �
 � s� 
 � 
 �� 
 � 
 �� 
 � 
 s
 � 
 �
 � 
 � (3) 

and of all damaged regions 


 � 
 � 
 �� �1 1it t t s s�
 � 
�
 � 
 � 
 �� �1 � 
 � 
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 � 

 � 
 � 
 �� 1
 � 
 �
 � s s� 
 � 
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 � 
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 � 
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 � 
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 � 
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 �
 � 
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 � . (4) 

We obviously have 
 � 
 �0 1t t 
��
�
 �0 �
 �
 ��� 
 �

 �
 
 ,


 � 
 � 
 �0 1t t t
 
 �

 �

 �0 �
 �
 ��� 
 �
 �
 �
 �  for any 
 �0 1,t t t� .
Note, that initially all the regions are in non-
damaged state, i.e. 
 � 
 �0 t t

 � 
 �0 � 
� 

 � 
 �� 
� 
 . Once the 
radius of the pore was changed, the state of the 

thth  region can be changed with some probabil-
ity 
 �p t , 
 �0 1p t� � , namely for �

p
�

p


 �
 �1 0 0s s r t r p� � 

 �
 �t
 �r t r
 �
 1 0s s1 0s0 , 
 �0 1,t t t� . (5) 

The damaged regions form the edge-inward 
micro-cracks on the surface of the pore (see 
Fig. 5). The visual changes on the pore surface 
will be displayed in a darker shade of gray than 
the original. The membrane’s surface crack 
propagation (see Fig. 6a) starts if there exists 
one pore with damaged area such that 


 �
 �1max card t p
�

�max car
�

prdax car �
 � p�
 ��
 ��
 � , (6) 

where pp is a critical damage level, which has to 
be properly chosen. The crack starts from this 
pore (see Fig. 6b). Here, the visual changes on 
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the membrane’s surface will be displayed in a 
lighter shade of gray than the original. To model 
the micro-cracks the surface cracks we will use 
the modified algorithms of  Mersenne twister 
pseudorandom number generator  and non-
uniform fractals [7].  Finally, to model the non-
uniform background of the membrane the frac-
tional Brownian fields [8, 9] with different val-
ues of Hurst parameters 
 �0,1H �  are be used 
(see Fig. 7).   

  
 a) 0.12p 
 b) 0.51p 
  c) 0.79p 


Figure 5. The pore’s over-time erosion 

The structure formed in the manner described 
above we will call as a visual model of the 
membrane's surface.  

a) b)
Figure 6. The propagation of the crack

a) 0.15H 
 b) 0.5H 
 c) 0.95H 

Figure 7. The background of the membrane  

The research problem of this paper can be for-
mulated as follows: 
can we find and classify the damages on the 
membrane’s surface using its visual model and 
some methods of AI? 
As it is possible to notice the responses to the 
research problem require some specific method-

ology.  In next section, we will focus our atten-
tion on it. 

3. RESEARCH METHODOLOGY  

3.1. Method overview 
It is obvious that, visual analysis of the mem-
branes' surface condition requires special 
equipment that is better than the human eye can 
determine the place and character of the dam-
age. In addition, in the expertise of the building 
structure, characterized as large areas,  "manual" 
recognition of the pathologies' localization and 
classification is extremely time-consuming and 
often error-prone. Therefore, to solve the above 
problem, it would be helpful to have both a
high-performance embedded device and a com-
putational algorithm capable to complete real-
time analysis of visual flow information. In such 
a manner the human factor can be eliminated for 
better performance and efficiency.  In this study, 
we concentrate our attention only on the compu-
tational aspects.  
Being a part of artificial intelligence, machine 
learning is widely used in image analysis. The 
advantage is due to the ability to come up with 
rules based on automated statistical processing 
of available data called training, that is to say 
mapping inputs (initial visual information) to 
associated targets or predictions (detected and 
classified defects). The remarkable progress 
made in this area can serve as a ruled defect-
type classification by means of deep learning 
strategy, which includes: 
�� preprocessing (to speed up the recognition 

and the classification of the damages by 
normalizing and removing variations of ini-
tial visual information [10]); 

�� segmentation (to locate pores of the mem-
brane and to detect desired features, i.e. their 
edges, using simplifications and changes in 
the representation of the pre-processed visual 
information avoiding as much as possible the 
problems initial data artifacts [11]); 

�� classification (to classify the extracted fea-
tures into predefined categories by using 
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suitable methods that compare the image pat-
tern with the predefined etalons [6]);   

�� post-processing (to correct errors caused by 
“oversegmentation” and “undersegmenta-
tion” and to improve the plausibility of the 
results [10, 11]); 

�� evaluation (to estimate the quality of previ-
ous steps [12]).  

The choice of configuration of the deep learning 
algorithm depends on many factors associated 
with the available data, the purpose of their pro-
cessing, as well as hardware and software.  
Let us discuss these aspects in details.

3.2. Dataset 
The membrane’s surfaces were obtained by the 
simulation techniques described in subsection 
2.2. The major advantage of artificially generat-
ed data is the availability of high-quality labeled 
training datasets for supervised, semi-
supervised, and unsupervised deep learning 
used for object detection and recognition. The 
image dataset considered in this study is com-
posed of 1000 same-size images. Each image 
contains 100 pores imitating the corruption pro-
cesses. The lessons were automatically marked 
by pre-selection procedure with respect to the 
critical damage level pp and to the critical 
pore’s radius value 
 �0r r t�� �
 �r r 

 �r 
 , �� , as well 
as automatically analyzed by the proposed 
methodology.   

3.3. Image recognition: basic technique  
3.3.1. Preprocessing. In the general case, the 
image preprocessing is applied to the original 
image and consists of the image resizing with 
further normalization and equalization as well 
as gamma correction pixels’ intensities. Since 
we have assumed that is the digital grayscale 
image generated as it was described in the sub-
section 2.2, we can omit the resizing procedure 
and the gamma-correction which allows the 
compensation for the non-linear luminance ef-
fect of optic devices. In this methodological 
approach we only need the normalization and 
the histogram equalization.

Consider the normalization step first. Keep in 
mind that the normalization is a kind of trans-
formation applied to intensities of each pixel.
Recall that the set of intensities of the initial 
image was the set . The new values of 
intensities will be elements of the ordered final 
set defined as

� �min max,...,f f
 ���
 ,

where 


 � 
 �
 � max min
min min, ,

max min
x y x y

f ff f f f
f f

�

 � 	

�
 
 �� min� 
� 

ff
 � 
 
 �� 
 fmf f
 
 � 	max minf fmax m f	 . (7) 

For convenience,  can be rewritten with re-
spect to the L -leveled gray scale in the follow-
ing way 

� �min 0 1 max,..., ,...,k Lf f f f f�
 
 
 �0 1 maxk Lf f f f0 1 m,..., k L,...,�� f
� fminfminff i . (8) 

Thus, we define a new image  : 

normalization
�

normalizationli i
� . (9) 

The goal of (7) is to enhance the contrast by 
redistributing the intensities toward extreme 
values. We insist on the fact that the image 
contains also n m� pixels with the correspond-
ing set of the intensities defined in (8). 

Consider the histogram equalization step 
now. It is completed to normalize the gray color 
distribution across samples of images (mostly 
due to illumination, optics of devices etc.), that 
is to say the transformation of  into the new 
image . Therefore, let us introduce the quanti-
ties 
 �kf
 �� , 0 1k L� � � , such that 


 �
0

k

k
mf
n m



�
0 n m

�

k m��
 � ��
k


�� , (10) 
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where m is the frequency of gray level .
Here, we focus our attention on the frequentist 
probability. However, the other choice is also 
possible [10]. Next, we define  


 � 
 � 
 �min max mink kg f f f f f
 	 �� 
 �� 
 �

� 
 �� 
� 
 �




 
 �
 �


 , (11) 

and, hence, the set of intensities  


 �� �, 0 1kg f k L
 � � �� k� , 0� k� 0� , 0
� 
�g 

�g 

 �g 
 .

Thus, we get the new image 

equalization
�

equalizationli i
� . (12)  

We also insist here, that is the n m� -pixels 
image with the set of intensities being .

3.3.2. Segmentation. The purpose of this step is 
to form homogeneous groups of pixels that 
could serve to assign them to the K  specific 
objects �� , 1 K�� �  (usually a quantity of ��
are unknown before the segmentation). These 
elements form a subset  � 
 � �, 1 K�� �� �  of 

. The segmentation can be done by several 
techniques, namely: pixel-, edge-, region-, or 
model-based-techniques as well as the box-
counting method. Taking into account the 
strengths and the weaknesses of these methods 
[Tosta], we search for the edges of pores by the 
modified Canny edge detector algorithm [Can-
ny]. The main idea of this algorithm is as fol-
lows and consists in four phases.  
Let *F  be a n m�  matrix, such that the element 

of this matrix *
ijf � , � �1,...,i n� ,

� �1,...,j m� . The edge of  each element of �  is 
determined by the transformation and the com-
parison of the intensities *

ijf  of neighboring 
pixels.  In 2D image processing, two spatial 
variables 1  and 1  are related to *F . We de-

note the non-integer row index by 1  and the 
non-integer column index by 2 .
Phase 1. Smoothing. The kernel regression fil-
ter takes a form 


 �
� �

� �

� �

� � 
 �3 31 2 * 2 2
1 2

2 2
3 31 2

( ) ( )
1 2 2 2
, exp

i j
ij

i j

f i jg
 !  !

 !  !

  
"! !

  

 	 
 	


 � 
 �

� 	 �
 �� � , 

where !  is a smoothing parameter, which can be 
calculated as a standard deviation of pixel intensi-
ties of  or chosen arbitrary. It is used to avoid 
false detection and to riddle out the noise). Once 
applied to the image this filter gives  

*

kernel
regression 

�
kernelk l

* � . (13) 

Phase 2. Masking. To detect the black-white 
boundaries and in a consequence to determine 
edges of each element of � , firstly, the Lapla-
cian 


 �
 � 
 �


 �

2
1 2

1 2 2
1

2
1 2
2
2

,
,

,

g
g

g

  
  

 

  
 

#



#

#
	

#


 

(14)

is calculated, and, secondly, the mask M is the 
n m� matrix formed as 

1 2

1 2
1 2

,
,

,

0, 0,

1, 0,
m

  
  

  

�$%
 & �%'

1 2
0,

2 11

1 2
0,

2 11

 (15) 

where 
1 2,  1 2  1

 is the element of 
 �
 �1 2,g   
 
 .  In 
other words, zero-crossings in the Laplacian 
detect the white-black contours of each element 
of � .
Phase 3. Hysteresis. The Richardson extrapola-
tion is applied to values of the n m�  matrix M .
This permits to finalize the detection of edges of 
each element of �  by suppressing all the other 
edges that are not connected to strong edges. 
Phase 4. Morphology and boundary statistics. 
The application of the Fourier descriptor allows 
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finding the boundaries as well as calculate the 
area of each strong edge � .
To conclude the segmentation step, the set �
contains K elements � , each one � is defined 
by two parameters, namely: the contour �� and 
the area �� .

3.3.3. Classification. Once being detected the 
elements ��� can be classified either like 
corrupted pores (if the radius r exceeds the 
critical value r

es (if the 
r and if the surface corruption 

parameter p exceeds the critical value p
uption 
p ) or 

like non-corrupted ones. The sets of corrupted 
and non-corrupted pores are 1�� and 1	� , cor-
respondently,  

1 1� 	� � 
�1� 
�1

and 

1 1� 	� � 
 �1� 
 �1 .

The patterns of the pores are defined by the 
formula (2). We denote them by ,��� each 
contour �� of � corresponds to the border of 


 �1t
 �
 � and 
 �2
1r t� "
 
 �
2r2

� "
 r2 , �� . We also in-

troduce the set of labels � �1,1( 
 � such that 
each element ) �( is given by 


 �

 �
1

1

1, ,
1, ,

for r t r and p p
for r t r or p p

)
� � �$%
 &	 � �%'


 �r t r
 � r
1

) 
 &
%%
	%
&&
'%%
&&&& 
 �r t r
 � r

d ,r and p pr and p
,r or p pr or p

thus, if 1) 
 �1) 
 � , then  1� ��� 1� ��� , and if 1) 
 	1) 
 	 ,
then 1� 	�� 1� 	�� , moreover, 1 1� 	� � 
�1� 
�1  and 

1 1� 	� � 
�1� 
�1 .
The classification problem can be formulated as 
follows:  
for a training set of pairs � � 1,� ) 
� 1
 , where ��
are input patterns from the set of patterns �
and  ) �() �( are the corresponding labels, find a 

classifier 
 �* � such that to get as few errors as 
possible.  
Let us introduce the classifier 


 � 
 �, , b* � � + ) � �
�


 , 	� 
 � b) 

 	�+ ) 

��� �
�
�� , (15) 

where , is a kernel, b� is a shift, the pa-
rameters + �+ �

kernel, b
 form a weight vector α of the 

training element �� . We put 

� �00 + �
�


 �α 1 ��
�
� ��  (16a) 

and 

1 +
�


 �α +
�
�� . (16b) 

Therefore, the goal is to solve the non-convex 
discontinuous optimization problem 


 �
 �0arg min ,C - ) * � �
�

$ .
	& /

' 0
�

α
α /��
 �

0
�
 � //�
 �


�


 (17) 

s.t. 10 C� �α , (18) 

where C is a hyperparameter and 


 �
1 , 1,

0, 1
z z

z
z

-
� �$


 & �'
(19) 

is the hinge loss. Here, we admit that the 
solution of the problem (17) - (19) can be found 
by standard procedure included to ALADIN 
Optimization ToolBox MatLab [14].

Post-processing. To evaluate the segmentation 
and classification stages we use the following 
idea. We suppose that a reference image con-
tains 1k regions (it can be generated by the pro-
cedure described in section 2.2 such that 

1 x yk n n
 � ) and 2k   regions detected by the 
segmentation or by the classification proce-
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dures. Let iA be the thi region on a reference 
image demarcated by a specialist and jB be the 

thj corresponding segmented image 
( 1{1,2,..., }i k� , 2{1,2,..., }j k� ). It is clear that 
in both cases regions contain pixels, therefore 
we treat any region as a set. In an ideal situation  

1 2k k
   and  i iA B
   for any  1{1,2,..., }i k� .
This situation is extremely rare. In practice the 
following situations are possible:
�� 1 2k k
 – the algorithm found the same num-

ber of regions, the sets iA  and iB  cover ap-
proximately the same domain  for  any 

1{1,2,..., }i k� (see Fig. 8); 
�� 1 2k k� – the algorithm found fewer regions 

than it was marked, for any 2{1,2,..., }i k�
the sets iA  and iB  cover approximately the 
same domain and for any 2 1{ 1,..., }j k k� 	

jB 
 � ; 
�� 1 2k k� – the algorithm found more regions 

than it was marked, for any 1{1,2,..., }i k�
the sets iA  and iB  cover approximately the 
same domain and for  1 2{ 1,..., }i k k� 	

iA 
� .
When two the sets A and B cover approxi-
mately the same domain, it implies that the sets 
A and B are not disjoint and than A is a strict 
subset of A B

j
B . Based on this remark, we can 

propose the following evaluation criteria (called 
by us “the domain of confidence criteria” - 
DoC), defined as follows  

� �1 2,

1

( ):
( )

min k k
i i

ii

A BDoC
A



 � )( )
( )i

)( i )i , (20) 

� �
� �

1 2

1 2

min ,
max ,

k k
DoC

k k
1� , (21) 

where 
 �0,11 �  is a resemblance parameter,
which has to be carefully chosen (or estimated).
The notation  denotes once the area of the set, 

which is used for the segmentation procedure, 
and once the number of pixels, defined by the 
classification procedure. 

Figure 8. Relation between region A identified 
by an expert and region B identified by compu-

tational techniques.

4. RESULTS AND DISCUSSION

To detect and to classify the damages on the 
membrane surface, five categories of membrane 
surface were defined mainly due to differentia-
tion of their backgrounds. The backgrounds 
were simulated as fractional Brownian fields
with five different values of  Hurst parameter 

� �0.05,0.25,0.50,0.75,0.95H� .

Each category contained 200 gray-scale images.
The gray scale used 256 different intensities. 
Each 120 120� -pixels-image was full of 100
pores distributed in equidistant–grid nodes. The 
pixel intensities of each pore’s edge were coded 
by 120, the micro-cracks pixel and crack propa-
gation intensities were  coded by 80 and 160 
correspondently. The pores evolution was done 
by 100 steps on the time interval � �0,1 . The 
initial radius value  for each one pore was 

 �0 2r t 

 �r 
 
 , the new radius value was randomly 

selected from the interval � �2,5 , the critical val-
ue was 4r 
 4r 
 . The corruption level was increas-
ing by each evolutionary step by  randomly se-
lected value from the interval � �0,0.05 , the crit-
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ical damage level was 0.7p 
 0.7p 
 . All these images 
were divided on the training and evolution sets 
as “3:1”.  The segmentation and classification 
procedures were developed using convolutional 
neural networks (ConvNets, CNNs) included in
Deep Learning Toolbox MatLab R2020a. Once 
the training was done, the image recognition 
was done for 100  generated surfaces with dif-
ferent values of H . The averaged statistics of 
the numerical experiments are listed in Tables 
1–3, 1k  stands for the number of corrupted 
pores after the evolution.  

Let us comment on the results. Initially, all 
the objects of interest are homogeneous.  How-
ever, evolution makes them non-homogeneous. 
The backgrounds of the membrane’s surface, as 
well as corrupted pores, contain fractional nois-
es, which restrict the effectiveness of segmenta-
tion by the intensity-threshold-based method. 
The influence of a smoothing parameter !  in 
global senses on the quality of the problem-
solution was studied in the first series of exper-
iments (see Table  1). As it was possible to ex-
pect, the inhomogeneous backgrounds
( 0.05H 
  and 0.25H 
 ) provoke more erro-
neous detections of corrupted pores then that in 
the case of 0.5H � . With increase of !  im-
proves the both statistics (20) and (21). The lo-
cal smoothing works better then the global one 
(see Table 2 and Table 3). We can observe the 
improvement of DoC statistics for highly noisy 
conditions.  

Table 1. Simulation results with the predefined 
smoothing parameter of kernel regression 

H ! DoC 1k2 34 5 2k2 34 5 1

0.05 1 0.5311 51 63 0.4299
0.25 1 0.5492 49 41 0.6563
0.50 1 0.8002 55 57 0.8292
0.75 1 0.6724 56 52 0.7241
0.95 1 0.7310 60 55 0.7975
0.05 2 0.5663 47 56 0.6747
0.25 2 0.5715 52 43 0.6911
0.50 2 0.8533 49 46 0.9090
0.75 2 0.7893 54 49 0.8698

0.95 2 0.8884 52 49 0.9427
0.05 3 0.5718 53 62 0.6689
0.25 3 0.5794 54 47 0.6657
0.50 3 0.8807 48 50 0.8455
0.75 3 0.7956 61 58 0.8368
0.95 3 0.8582 54 51 0.9087

Table 2. Simulation results with the estimated
on 5 5� pixel neighborhood smoothing parame-

ter of kernel regression  

H DoC 1k2 34 5 2k2 34 5 1

0.05 0.6200 56 49 0.7086
0.25 0.6587 48 51 0.6999
0.50 0.8338 58 54 0.8956
0.75 0.8105 57 62 0.8816
0.95 0.8453 61 57 0.9046

However, in all cases, the results still showed 
incorrect identification of corrupted pores or by 
their quantity or by their surface. It can be ex-
plained by the weak performance of the normal-
ization procedure, which has to be adapted to 
highly noisy backgrounds and more careful se-
lection of the optimization procedure for the 
solution of (17)–(18).  

Table 3. Simulation results with the estimated 
on 7 7� pixel neighborhood smoothing parame-

ter of kernel regression 

H DoC 1k2 34 5 2k2 34 5 1

0.05 0.7225 52 47 0.7993
0.25 0.7199 61 58 0.7571
0.50 0.8401 55 53 0.8718
0.75 0.8539 47 45 0.8156
0.95 0.8600 54 51 0.9105

5. CONCLUSIONS

This study presented the computational strategy 
for the detection of the membrane’s defected 
recognitions. Its main advantage is due to a mul-
ti-agent simulation of the object of interest be-
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havior. Once having values of physical, chemi-
cal, or mechanical parameters of water-proofing 
materials, we can develop different scenarios to 
predict the material performance. The effective 
results depend on the careful selection of the 
parameters of the method’s sequential steps.  
One limitation of the proposed method is the 
quantity of false detected regions, which is a 
common phenomenon for highly noisy back-
grounds of images [12, 13]. To make this meth-
odology helpful for object detection in different 
fields of interests such as civil engineering, bi-
ology, medicine, or forensic science, we should 
consider non-Gaussian filters concerning the 
spatial distribution of image intensities and per-
form complex analysis of the algorithm.  

REFERENCES

1.� Cui H., Li Y., Zhao X., Yin X., Yu J., 
Ding B., Multilevel porous structured poly-
vinylidene fluoride/polyurethane fibrous 
membranes for ultrahigh waterproof and 
breathable application. // Composites 
Communications, 2017, Volume 6, pp. 63-
67.

2.� Lee K., Kim D., Chang S.-H., Choi S.-W., 
Park B., Lee C., Numerical approach to as-
sessing the contact characteristics of a pol-
ymer-based waterproof membrane. // Tun-
nelling and Underground Space Technolo-
gy, 2018, Volume 79, pp. 242-249.

3.� Rupal A., Sharma S.K., Tyagi G.D., Ex-
perimental investigation on mechanical 
properties of polyurethane modified bitu-
minous waterproofing membrane. // Mate-
rials Today: Proceedings, 2019. 

4.� Walter A., de Brito J., Grandão Lopes J.,
Current flat roof bituminous membranes 
waterproofing systems – inspection, diag-
nosis and pathology classification. // Con-
struction and Building Materials, 2005, 
Volume 19 (3),  pp. 233-242.

5.� Yin F., Hu P., Song C., Wang S., Liu H.,
Unveiling the role of gas permeability in air 
cathodes and performance enhancement by 

waterproof membrane fabricating method.
// Journal of Power Sources, 2020, Volume 
449, pp. 227570. 

6.� Song Y., Huang Z., Shen Ch., Humphrey 
Shi, Lange D.A., Deep learning-based au-
tomated image segmentation for concrete 
petrographic analysis. // Cement and Con-
crete Research, 2020, Volume 135, 106118.

7.� Pathan A. K., Monowar M.M., Khan S.
Simulation Technologies in Networking 
and Communications: Selecting the Best 
Tool for the Test. CRC Press, 2015 

8.� Kroese D. P., Botev Z. I. Spatial Process 
Simulation. // Stochastic Geometry, Spatial 
Statistics and Random Fields Springer Inter-
national Publishing, 2015, pp. 369-404. 

9.� El-Nouty C., On approximately stationary 
Gaussian processes // International Journal 
for Computational Civil and Structural En-
gineering, 2015, Volume 11, Issue, pp. 15-
26.

10.� Ramírez-Gallego S., Krawczyk B., Gar-
cía S., Woźniak M., Herrera F. A survey 
on data preprocessing for data stream min-
ing: Current status and future directions. //
Neurocomputing, 2017, Volume 239, pp. 
39-57.

11.� Lou Q., Peng J., Wu F., Kong D. Varia-
tional Model for Image Segmentation. In: 
Bebis G. et al. (eds) Advances in Visual 
Computing. ISVC 2013. Lecture Notes in 
Computer Science, Volume 8034, 2013,
Springer, Berlin, Heidelberg.

12.� Ma T., Antoniou C., Toledo T. Hybrid 
machine learning algorithm and statistical 
time series model for network-wide traffic 
forecast. // Transportation Research Part C: 
Emerging Technologies, 2020, Vol-
ume 111, pp. 352-372. 

13.� Tosta T.,  Faria P.R. , Alves Neves L , 
Zanchetta do Nascimento M. Computa-
tional method for unsupervised segmenta-
tion of lymphoma histological images based 
on fuzzy 3-partition entropy and genetic al-
gorithm. // Expert Systems with Applica-
tions, 2017, Volume 81, pp. 223-243. 

14.� Engelmann A.,  Jiang Y.,  Muhlpfordt T.,  



High-Throughput Deep Learning Algorithm for Diagnosis and Defects Classification of Waterproofing Membranes 

Volume 16, Issue 2, 2020 37 

Houska B.,  Faulwasser T., Toward dis-
tributed OPF using ALADIN. // IEEE 
Transactions on Power Systems, 2019, 
Volume 34 (1), pp. 584-594. 

СПИСОК ЛИТЕРАТУРЫ

1.� Cui H., Li Y., Zhao X., Yin X., Yu J., 
Ding B., Multilevel porous structured poly-
vinylidene fluoride/polyurethane fibrous 
membranes for ultrahigh waterproof and 
breathable application. // Composites 
Communications, 2017, Volume 6, pp. 63-
67.

2.� Lee K., Kim D., Chang S.-H., Choi S.-W., 
Park B., Lee C., Numerical approach to as-
sessing the contact characteristics of a pol-
ymer-based waterproof membrane. // Tun-
nelling and Underground Space Technolo-
gy, 2018, Volume 79, pp. 242-249.

3.� Rupal A., Sharma S.K., Tyagi G.D., Ex-
perimental investigation on mechanical 
properties of polyurethane modified bitu-
minous waterproofing membrane. // Mate-
rials Today: Proceedings, 2019. 

4.� Walter A., de Brito J., Grandão Lopes J.,
Current flat roof bituminous membranes 
waterproofing systems – inspection, diag-
nosis and pathology classification. // Con-
struction and Building Materials, 2005, 
Volume 19 (3),  pp. 233-242.

5.� Yin F., Hu P., Song C., Wang S., Liu H.,
Unveiling the role of gas permeability in air 
cathodes and performance enhancement by 
waterproof membrane fabricating method.
// Journal of Power Sources, 2020, Volume 
449, pp. 227570. 

6.� Song Y., Huang Z., Shen Ch., Humphrey 
Shi, Lange D.A., Deep learning-based au-
tomated image segmentation for concrete 
petrographic analysis. // Cement and Con-
crete Research, 2020, Volume 135, 106118.

7.� Pathan A. K., Monowar M.M., Khan S.
Simulation Technologies in Networking 
and Communications: Selecting the Best 
Tool for the Test. CRC Press, 2015 

8.� Kroese D. P., Botev Z. I. Spatial Process 
Simulation. // Stochastic Geometry, Spatial 
Statistics and Random Fields Springer Inter-
national Publishing, 2015, pp. 369-404. 

9.� El-Nouty C., On approximately stationary 
Gaussian processes // International Journal 
for Computational Civil and Structural En-
gineering, 2015, Volume 11, Issue, pp. 15-
26.

10.� Ramírez-Gallego S., Krawczyk B., Gar-
cía S., Woźniak M., Herrera F. A survey 
on data preprocessing for data stream min-
ing: Current status and future directions. //
Neurocomputing, 2017, Volume 239, pp. 
39-57.

11.� Lou Q., Peng J., Wu F., Kong D. Varia-
tional Model for Image Segmentation. In: 
Bebis G. et al. (eds) Advances in Visual 
Computing. ISVC 2013. Lecture Notes in 
Computer Science, Volume 8034, 2013,
Springer, Berlin, Heidelberg.

12.� Ma T., Antoniou C., Toledo T. Hybrid 
machine learning algorithm and statistical 
time series model for network-wide traffic 
forecast. // Transportation Research Part C: 
Emerging Technologies, 2020, Vol-
ume 111, pp. 352-372. 

13.� Tosta T.,  Faria P.R. , Alves Neves L , 
Zanchetta do Nascimento M. Computa-
tional method for unsupervised segmenta-
tion of lymphoma histological images based 
on fuzzy 3-partition entropy and genetic al-
gorithm. // Expert Systems with Applica-
tions, 2017, Volume 81, pp. 223-243. 

14.� Engelmann A.,  Jiang Y.,  Muhlpfordt T.,  
Houska B.,  Faulwasser T., Toward dis-
tributed OPF using ALADIN. // IEEE 
Transactions on Power Systems, 2019, 
Volume 34 (1), pp. 584-594. 

Филатова Дарья, профессор, доктор физико-
математических наук работает на кафедре информа-
тики факультета Компьютерных систем и сетей Бело-
русского Государственного Университета Информа-
тики и Радиоэлектроники, Минск, Беларусь и в лабо-
ратории Человеческого и искусственного интеллекта 
Практическая Школа Высших Исследований , 4–14 
ул. Ферруса, 75014 Париж, Франция; 



Darya Filatova, Charles El-Nouty, Uladzislau Punko 

International Journal for Computational Civil and Structural Engineering38 

E-mail: filatova@bsuir.by;  
orcid.org/0000-0001-9434-7993. 

Professor, Dr. hab. Darya Filatova works in Informatics 
Department, Faculty of Computer Systems and Networks, 
Belarusian State University of Informatics and Radioelec-
tronics, and  CHART EPHE, 4-14 Rue Ferrus, 75014 
Paris, France; e-mail: filatova@bsuir.by;  
orcid.org/0000-0001-9434-7993. 

Шарль Эль-Нути – профессор, доктор физико-
математических наук работает в лаборатории ЛАГА, 
Университет Сорбонна Париж Север;  авенью Ж.-Б. 
Кленанта, д. 99, 94340 Вильтанез, Франция; 
E-mail: elnouty@math.univ-paris13.fr, 
orcid.org/0000-0002-2321-1041 

Professor, Dr. hab. Charles El-Nouty works in LAGA,
Université Sorbonne Paris Nord; 99 avenue J-B Clément
93430 Villetaneuse;
E-mail: elnouty@math.univ-paris13.fr;
orcid.org/ /0000-0002-2321-1041 

Владислав Валерьевич Пунько является студентом 
магистрантом кафедре информатики факультета Ком-
пьютерных систем и сетей Белорусского Государ-
ственного Университета Информатики и Радиоэлек-
троники, Минск, Беларусь; 220013, Республика Бела-
русь, г. Минск, ул. Гикало, д. 9; 
E-mail: iam.vlad.punko@gmail.com;  
orcid.org/0000-0002-2947-3245 

Uladzislau Valerevich Punko is a master’s student of 
Informatics Department, Faculty of Computer Systems 
and Networks, Belarusian State University of Informatics 
and Radioelectronics, Gikalo 9, 220005 Minsk, Belarus;  
E-mail: iam.vlad.punko@gmail.com;  
orcid.org/ 0000-0002-2947-3245  



International Journal for Computational Civil and Structural Engineering, 16(2) 39-49 (2020)

39 

SIXTH DEGREE OF FREEDOM 

Alexander S. Gorodetsky 1, Maryna A. Romashkina 1, Bogdan Yu. Pisarevsky 1,2
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Abstract: The article describes new types of finite elements that allow you to take into account all six degrees of freedom of 
the shell. In order to compose the finite elements, the Allman functional with a rotational degree of freedom is used. The use 
of finite elements is associated with a number of restrictions that are considered in the article.

Keywords: flat shell, method of smoothing deformations, rotational degrees of freedom 

ШЕСТАЯ СТЕПЕНЬ СВОБОДЫ

А.С. Городецкий 1, М.А. Ромашкина 1, Б.Ю. Писаревский 1,2  
1 ООО «ЛИРА САПР», г. Киев, УКРАИНА

2 Национальный авиационный университет, г. Киев, УКРАИНА

Аннотация: В статье описаны новые типы конечных элементов, которые позволяют учитывать все шесть степени 
свободы оболочки. Для составления конечных элементов используется функционал Аллмана с вращательной 
степенью свободы. Применение конечных элементов связано с рядом ограничений, которые рассмотрены в статье.

Ключевые слова: плоская оболочка, метод сглаживания деформаций, вращательная степени свободы

Structural analysis of spatial core systems, as a 
rule, implies that there are six movements 
(according to the finite element approach, these 
are six degrees of freedom) and six 
corresponding efforts in each node. Each degree 
of freedom has a physical meaning: linear 
movements in the direction of the axes X, Y, Z 
and an angle of rotation UX, UY, UZ relative to 
the same axes. When calculating plate systems, 
the physical meaning of the rotation angle UZ 
(sixth degree of freedom) relative to the axis of 
the orthogonal plane of the plate (Fig. 1) is an 
abstraction. 
The history of the finite element method contains 
examples of various exotic degrees of freedom of 
type  

2

2
zu

x
#
# ;

2
zu

x y
#
# #

etc. However, all of them sooner or later showed 
their failure. For example, the degree of freedom 
of the type  

2

2
zu

x
#
# ;

2
zu

x y
#
# #

and other higher derivatives of displacements 
when changing the orientation of the global 
coordinate system (a necessary procedure for 
universal computational complexes) give rise to 
other types and degrees of freedom. 

Figure 1. Sixth degree of freedom in the FE shell.
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Quadrilateral finite element with a rotating 
degree of freedom 
In various publications, the construction of a 
stiffness matrix is given. So in [4], the finite 
element is obtained as a result of combining the 
approximating Allman functions (moving in the 
plane of the finite element) and the bilinear 
normal rotation functions (rotating 
displacements) [8] (Fig. 2). 

Figure 2. Quadrilateral finite element with a 
rotating degree of freedom 

The field of rotating movements is interpolated 
as follows: 
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where k, i, j is determined as (5,1,2), (6,2,3), 
(7,3,4), (8,4,1). 

Matrix of deformation m8 is determined as 
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is nodal displacement vector.

Matrix of derivatives miB has a form: 
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Where Nx , Ny  incompatible form functions 
defined as:  

1 ( ),
8i ij l ik mNx y N y N
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1 ( ),
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Indexes i, j, k, m take values:

i = 1, 2, 3, 4; m = i + 4; l = m – 1 + 4 floor(1/i); 
k = mod (m, 4) + 1; j = l – 4; 

matrix of deformation sk(ε )  is expressed in the 
form 
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Indexes i, j, k, m is determined by expression 
presented above. 
The variational formulation of the finite element 
method proposed in [6] is defined as: 

2 T1 1(u, ) ( ) u f ,
2 2

T
z m m m sk zD d d d9  8 8 9 8  

� � �

: 
 �	 � �� �; ; ;

The resulting stiffness matrix is memK  sum of 

matrix mK and penalty matrix P9 .

.T T
mem m m m mK K P B D B d b bd9 9

� �


 	 
 �	 �; ;

Positive penalty coefficient 9 in the equation is 
problematic issue. However, it is customary to
equate the coefficient equal to the shear modulus 
( G9 
 ) [7-8].
Apologists of the sixth degree of freedom usually 
give the notorious example of an “umbrella” - the 
task about the slab supported on a single column.
In this case the slab is subjected to torsion 
relative to the vertical axis of the column. 
If we simulate the support of the plate on a single 
point without a sixth degree of freedom in the 
assembly, then there will be no clamping of the 
plate in the column, and the plate will rotate 
relative to the column. We solve this problem 
taking into account the sixth degree of freedom 
in the shell. 

Example 1 – The use of the sixth degree of 
freedom in structures of the type "umbrella" 
Initial data: square plate a = 6 m, rigidly 
complied with a column of square cross-section 
0.5x0.5 m; length l = 6 m. Plated is under the 
action of an axial force p = 1t. 
Material characteristic: Е = 3х106t/m2; ν = 0.2.
Boundary conditions: the column at the base is 
rigidly clamped. Figure 3 shows calculation 
scheme of such a construction.

p
φ

а

а

А В
С

Figure 3. The calculation scheme of the plate 
supported on a single 

Solution: 

. . .

3
2

4.608 1.646 10 3000 9.546( )
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aх х uz

мм�


 	 < 



 	 < < 

(1) 

Figure 4 and table 1 shows results of structural 
analysis of structures of the type "umbrella",
performed in Lira – CAD Software. 
Analyzing the results given in Table 1, we can 
conclude that the thickening of the grid does not 
lead to a refinement of the solution, which 
indicates the incorrectness of the sixth degree of 
freedom. Similar problems, in a slightly different 
plane, are considered in [12]. 
It should be noted that modern modeling 
techniques include accounting for the "body" of 
the column. In this case, the interface node of the 
column and plate is calculated using absolutely 
rigid bodies (Fig. 5,6) and you can do without the 
sixth degree. Perfectly rigid body (PRT) - 
provides a kinematic connection between the 
movements of the driven nodes and the leading 
ones. The LIRA-CAD Software allows 
introducing such rigid bodies automatically. The 
introduced rigid bodies can simulate the “body” 
of a column of any configuration (cross, corner, 
T, etc.). The LIRA-CAD Software allows 
corresponding between a single master node and 
an arbitrary number of slave nodes. 
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Figure 4. Displacements along the X axis, mm at the control point for various mesh 
densities (taking into account the sixth degree of freedom in the shell) 

Table 1. Results of structural analysis of structures of the type "umbrella"  

Mesh of FE

Displacements in the 
point В along the axis
х, mm (an analytical 

solution)

Displacements in the 
point В along the axis
х, mm (Lira – CAD 
Software) Error, %

2x2 9.546 9.549 0.031
4x4 9.546 9.559 0.136
6x6 9.546 9.574 0.292

12х12 9.546 9.658 1.160
24х24 9.546 9.992 4.464
48х48 9.546 11.33 15.746
96x96 9.546 16.67 42.735

192х192 9.546 38.03 74.899

This modeling method, on the one hand, solves 
the problem of accounting for the "body" of the 
column, i.e. “Cut-offs” of the peak of moments 
arising when modeling the support on the column 
as a point support. On the other hand, it provides 
the perception of the column of twisting 
deformations. In most cases, when there are at 
least two columns, this is not required, because 
in this case, the torque from deformations in the 
plane of the plate will be perceived by pairs of 
transverse forces in the columns, and the torques 
will be negligibly small and their presence can 
simply be ignored (the effect of neglecting the 

moments in the constructed rigid nodes of the 
trusses when the hinged nodes were taken into 
account) [ 1]. 
This modeling method, on the one hand, solves 
the problem of accounting for the "body" of the 
column, i.e. “Cut-offs” of the peak of moments 
arising when modeling the support on the column 
as a point support. On the other hand, it provides 
the perception of the column of twisting 
deformations. 
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А

a PRB –
size corresponds to the 

column section
P

 

Figure 5. Modeling of a plate supported on a 
single point using PRB

Figure 6. Displacements along the X axis, mm at the control point for different mesh densities (the 
node linking column and plate calculated using PRB)

In most cases, when there are at least two 
columns, this is not required, because in this case, 
the torque from deformations in the plane of the 
plate will be perceived by pairs of transverse 
forces in the columns, and the torques will be 
negligibly small and their presence can simply be 
ignored (the effect of neglecting the moments in 
the constructed rigid nodes of the trusses when 
the hinged nodes were taken into account) [ 1]. 

Example 2 – The use of the sixth degree of 
freedom in structures such as "folded shell" 
Somebodies call various spatial plate systems as 
a reason to apply the sixth degree of freedom 
(Fig. 7). 
Each node of a spatial structure of this type has 
six degrees of freedom (three linear and three 
angular displacements). As a rule, the node of the 
finite element of a flat plate has five degrees of 
freedom. This causes the appearance of linearly 
dependent equations in the canonical system, i.e. 
division by zero in the process of eliminating 
unknowns. 

Figure 7. Using the sixth degree of freedom in a 
node when modeling spatial plate systems 

Using the sixth degree of freedom, in some cases, 
solves this problem. Although advanced software 
systems have a procedure that circumvents this 
problem [2]. If during the process of elimination 
0 appears in the diagonal canonical equations, 
then a connection is imposed in this direction at 
the absence of load in this direction. This simple 
procedure can be useful in many other cases [2, 
10]. 
Nevertheless, in some cases, the sixth degree in 
the hands of inexperienced users can lead to 
incorrect results. 
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Example 3 – Connection of the frame rod with 
the diaphragm 
Figure 8 shows an example of modeling the 
girder clamped in a wall. Here the difficulties are 
due to the fact that the finite elements of the 
beam-walls (plane stress state) do not have nodal 
unknowns corresponding to the angle of rotation 
about an axis orthogonal to the plane of the 
diaphragm. Therefore, the node at point A (Fig.
8) without any additional measures will be 
hinged for the rod. 

Modeling clamping with the sixth degree of 
freedom leads to incorrect results. When the 
mesh thickens, the moment in clamping 
decreases, i.e. the result substantially depends on 
the finite element grid, which is wrong. 
Consider following example. We study the 
bending moment in the beam under the action of 
a concentrated vertical force p = 1t at different 
mesh densities. Figure 8 shows such a calculation 
scheme. Figure 9 and Table 2 present the 
calculation results obtained in LIRA-CAD 
Software. 

 

p

4 6

2
А

Figure 8. The design scheme of the frame (clamping of the girder in the wall) 

а) b)
Figure 9. Bending moment My, t * m for various mesh densities: a) six degrees of freedom 

in the FE of the shell; b) the girder is inserted into the body of the wall 
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Table 2. Bending moment My, t * m at various mesh densities 

Finite element mesh

My, t * m (six degrees of 
freedom in the FE of the 

shell)

My, t * m (the girder is
inserted into the body of the 

wall)
2x2 -0.887 -0.893
4x4 -0.855 -0.882
8x8 -0.756 -0.874

16x16 -0.521 -0.871
32x32 -0.232 -0.884

In this case, clamping must be modeled in other 
ways (introducing PRB, introducing a girder into 
the wall body, etc.) [5]. In order to provide 
clamping of the frame rod in the diaphragm body, 
it is possible to recommend the introduction of an 
additional rod between nodes A and B (Fig. 9 b, 

10). On the one hand, the extention of such a rod 
will introduce some local perturbations, but, on 
the other hand, in a number of cases it will 
simulate the constructive solution of the 
assembly (installation of reinforcement of an 
adjacent rod for the purpose of anchoring) [1].  

Figure 10. Simulation of the connection of the frame rod with the diaphragm (the girder is inserted 
into the body of the wall) 

An another way is to introduce the Perfectly 
Rigid Body (PBR) at the point where the beam 
adjoins the diaphragm (the height of the PRB 
should be equal to the height of the beam, the 

leading unit is located at the center of gravity of 
the beam section) (Fig. 11). This will provide a 
kinematic connection between the nodes of the 
diaphragm and the beam [11]. 

 

PRB –
size is equal to the beam 

height 

h beam

Figure 11. Simulation of the connection of the frame rod with the diaphragm using PRB 
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As a rule, the number of degrees of freedom 
exceeds the accuracy of the solution. With the 

sixth degree of freedom, the situation is 
somewhat different. 

Example 3 - a rectangular beam-wall, rigidly 
suspended on the sides, under the action of a 
uniformly distributed load located on the 
upper side. 
Consider the problem (Fig. 12), which has an 
exact solution [3]. 
Initial data: 
Load: uniformly distributed load acting in the 
plane of the beam-wall along the Z axis: p = 500 
N / m. Dimensions: h = 0.1 m; b = 1.6 m; a = 1.6 
m. Material characteristic: E = 2.65 x 106 Pa; ν =
0.15. Boundary conditions: rigidly suspended on 
the sides. Fig. 12 shows the design scheme of the 
beam-wall.

z

х

p

a

b/2 b/2
A

Figure 12. The design scheme of the beam-wall 

The task: 
Determine the displacements in node A along the 
Z axis for the finite elements of the beam-wall at 
different mesh densities and compare with the 
exact solution (Table 3).  

Table 3. Comparison of the results of the calculation of the beam-wall, in the LIRA-CAD Software 
and analytical calculation

Type of FE

FE mesh

displacements in node A along the Z axis, m*10-3 A number of 
unknown
parameters

Analytical 
solution

Numerical 
solution (Lira-
CAD Software)

Error, %

1) FE21 (2
freedom 
degree per 
node)

2x4 -0.95 -0.786 17.26 20

4x8 -0.95 -0.905 4.74 72

8x16 -0.95 -0.939 1.16 272

16x32 -0.95 -0.947 0.32 1056

2) FE28-
with
intermediate 
nodes on 
the sides

2x4 -0.95 -0.947 0.32 56

4x8 -0.95 -0.95 0.00 208

8x16 -0.95 -0.95 0.00 800

16x32 -0.95 -0.95 0.00 3136

3) FE21(3
freedom 
degree per 
node)

2x4 -0.95 -0.687 27.68 35

4x8 -0.95 -0.854 10.11 117

8x16 -0.95 -0.921 3.05 425

16x32 -0.95 -0.942 0.84 1617
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The Table 3 shows the value of the displacement 
along the Z axis per node A for different FE cells 
with different types of finite elements of the 
plane problem: 1) FE 21 with two degrees of 
freedom per node (X, Z); 2) KE 28 - a rectangular 
KE of a flat task (beam-wall) with intermediate 
nodes on the sides, with two degrees of freedom 
per node (X, Z); 3) KE 21 with three degrees of 
freedom per node (X, Z and the presence of the 
sixth degree of freedom UY). 
Analyzing the results given in Table 3, it can be 
noted that the introduction of the sixth degree of 
freedom does not improve the accuracy of the 
solution, although the number of degrees of 
freedom increases. It should also be borne in 
mind that with an increase in the total number of 
unknowns L, the conditionality of the matrix K 
deteriorates, and this can lead to the inability to 
achieve a given accuracy, although the 
approximation order for the types of elements 
used can determine this accuracy. The 
conditional criterion for matrix K can be the 
spectral condition number a (K). The greater a 
(K) corresponds to the worse the conditioning. 
The work [9] gives an estimate of a (K), which 
has the form at a uniform grid: 

mhKa 2)( �
 ,          (2) 

where m is the order of the system of equations; 
h is the maximum size of the finite elements. 
It can be seen from estimate (2) that in concrete 
calculations of large problems it is better to avoid 
excessively dense computational grids, and to 
achieve the specified accuracy due to a higher 
approximation order. 

CONCLUSIONS 

1. In some cases (Fig. 3, 7) the introduction of the 
sixth degree of freedom makes some sense. 
Although in this case, the introduction of certain 
methods of adequate modeling avoids the need to 
use the sixth degree of freedom. 

2. When modeling structural solutions of 
слампинг (Fig. 8), the application of the sixth 
degree of freedom leads to incorrect results.
3. The use of the sixth degree of freedom to 
improve the accuracy of solving the problem 
(Fig. 12) leads to the opposite results: the total 
number of degrees of freedom increases, and the 
accuracy deteriorates. 
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“CHARACTERISTIC LOAD” PRINCIPLE

Alexander S. Gorodetsky1, Maria S. Barabash1,2, Maryna A. Romashkina1,
Andrii V. Tomashevsky1,2  

1 ”LIRA SAPR” Ltd, Kiev, UKRAINE 
2 National Aviation University, Kiev, UKRAINE 

Abstract: The article discusses examples of the application of the principle of "characteristic load" (calculations taking into 
account engineering non-linearity; the designation of subgrade reaction moduli; the designation of the sizes of shelves for 
beam grillage). The principle of "characteristic load" on the one hand implements the consideration of various factors that are 
not available when calculating in a linear formulation, on the other hand, it preserves the traditional calculation technology.

Keywords: characteristic load, engineering nonlinearity, moduli of subgrade reaction, beam grillage, ribbed floor 

ПРИНЦИП «ОПРЕДЕЛЯЮЩЕЕ НАГРУЖЕНИЕ»

А.С. Городецкий1, М.С. Барабаш1,2, М.А. Ромашкина1,
А.В. Томашевский1,2  

1 ООО «ЛИРА САПР, г. Киев, УКРАИНА
2 Национальный авиационный университет, г. Киев, УКРАИНА

Аннотация: В статье рассматривается примеры применения принципа «определяющее нагружение» (расчеты с 
учетом инженерной нелинейности; назначении коэффициентов постели; назначении размеров полок для балочного 
ростверка). Принцип «определяющее нагружение» с одной стороны реализует учет различных факторов, 
недоступных при расчете в линейной постановке, с другой стороны сохраняет традиционную технологию расчета.

Ключевые слова: определяющее нагружение, инженерная нелинейность, коэффициентов постели,
балочный ростверк, ребристое перекрытие

Modern software systems allow computer 
modeling of the life cycle of structures - loading 
processes, erection processes, dynamic impact 
processes, various force majeure situations, etc. 
Figure 1 shows the structural methodological 
scheme for modeling a building object, taking 
into account all the processes of changing the 
stress-strain state (SSS) of structures at each 
stage. 
Assemblage stages correspond to the sequence 
of construction, each of which stores the 
loading history. The stages are successively 
replaced by each other, respectively, the 
constructed structure at each stage has a 
modified. The last ASk stage corresponds SSS 

to the erected structure, and its SSS stores
all the information of the erection sequence 
associated with changes in the structural scheme, 
addition and removal of mounting loads, etc.
The ASk stage is the starting stage for 
calculating operational loads. The SSS at the 
operational stages is determined by the 
calculation for various combinations of loads 
(DCL1 - operational static loads; DCL2 - 
payloads taking into account the pulsating wind 
component, DCL2 - payloads taking into 
account seismic effects, etc.). Some operational 
stages, in turn, are the starting ones for 
modeling force majeure situations that may 
arise with some probability Pj [1, 5-6].

DOI:10.22337/��� -!"����#�#��"��-�#�"�
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Figure 1. A possible design scheme of structures taking into account the stages of the life cycle  
of a building object.

Of course, such a simulation, even taking into 
account the increasing capabilities of modern 
computers, is cumbersome in addition to a large 
number of calculations of various structural 
schemes, each of them, as a rule, must be 
carried out taking into account geometric, 
physical, constructive, genetic nonlinearity. This 
is especially true for force majeure situations, 
when it is necessary to determine additional 
reserves of the structural bearing capacity in 
order to prevent progressive collapse with 
minimal additional material costs. In addition, 
the determination of the stress-strain state of 
costruction at operational stages should take 

into account temporary changes in the 
rheological properties of the material (shrinkage, 
creep, etc.), which also necessitates the 
calculation in a nonlinear formulation [4]. 
Carrying out such a calculation is nevertheless 
rather cumbersome and is currently used only 
when designing unique objects that have no 
analogues. As a rule, the vast majority of 
calculations are carried out according to the 
traditional scheme (Figure. 2). 
The linear static analysis does not take into 
account a number of important factors, for 
example, the physical nonlinearity of reinforced 
concrete. 

Статический расчет 
в линейной 
постановке

Расчетные сочетания 
усилий или нагружений

Конструирование

Figure 2. The traditional design scheme.

Design combination of 
forces and design 
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Erection 
stage 1 
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Erection 
stage 2 
(AS2)

Erection 
stage 3 
(AS3)

Final 
erection 
stage (ASk)

Operational stage 
DCL1 (dead, live 
load)

Operational stage 
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pulsation)

Operational stage 
DCL3 (dead, live 
load + earthquake)

Operational stage 
DCL1 (dead, live 
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loading)
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force majeure 
situation 4
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Linear static analysis designing
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This factor determines not only a significant 
increase in displacements (by a factor of 2 3
compared with the calculation in a linear 
formulation), but also a redistribution of forces, 
which adequately reflects the actual work of the 
structures.
The principle of characteristic load on the 
one hand implements the consideration of 
various factors that are not available when 
calculating in a linear formulation, on the other 
hand, it preserves the traditional calculation 
technology (Fig. 2).

An example of the principle of 
"Characteristic loading" in the methodology 
"Engineering non-linearity" 
Creep, cracks, and other specific features of 
reinforced concrete cause a change in the 
stiffness characteristics of elements already in 
the early stages of loading, including the 
operational stage. This leads to a redistribution 
of forces, a significant increase in displacements 
compared with linear-elastic analysis. 
Regulatory documents orient the engineer to 
account for these factors. So Eurocode and the 
Russian Federation standards recommend to 
carry out the calculation taking into account 
physical non-linearity. The LIRA-SAPR 
software package provides an opportunity for an 
engineer to perform such calculations. However, 
the design calculation taking into account 
physical nonlinearity [2, 7, 8] in the strict 
mathematical understanding of this process 
when used in mass engineering calculations has 
several disadvantages: 

such a calculation can only be performed for 
one load and cannot be used in DCF or DCL;

such a calculation requires large resource 
costs since the step-type method makes it 
necessary to repeatedly solve systems of 
linearized equations;

such a calculation requires specifying the 
reinforcement (diameters and location) in each 
section of the bar or plate element.
On the other hand, the standards of the Russian 
Federation SP 52-103-2007, to take these 
factors into account in engineering calculations, 

suggest simply introducing decreasing stiffness 
coefficients for bent elements 0.3 and 
compressed 0.6. Of course, such a crude 
assumption does not take into account that the 
decrease in stiffness depends on the magnitude 
and nature of the stress-strain state of the cross 
section. Nothing is said at all about reducing the 
stiffness of the stretched elements. 
This approach roughly estimates the actual 
situation. This can be demonstrated by the 
example of an elementary beam clamped on the 
both edges (Figure 3).

Figure 3. Stress-strain state of the clamped 
beam: a) diagram of moments, b) corresponding 

diagram of stiffness. 

In real calculations, the situation is even more 
complicated: the columns often experience 
significant normal forces: the beams subjected 
to significant bending force; in plastic elements, 
as a rule, commensurate membrane and bending 
forces arise. 
The Engineering Nonlinearity method (an 
iterative calculation method for determining 
load) is aimed at some elimination of this 
discrepancy (some ideas in this direction were 
proposed earlier [3]) and this method should be 
positioned as a method of improved 
differentiated accounting for the reduction of 
the stiffness characteristics of reinforced 
concrete elements. 

The method conception 
The Engineering Nonlinearity Method consists 
in the following: 
1. A characteristic load is set, which, 
according to the engineer, mainly determines 
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the stress-strain state of the structure (crack 
development, plastic deformation of concrete 
and reinforcement) throughout the life cycle of 
the structure. "Characteristic load" can be 
compiled on the basis of a set of loads (dead 
weight, payloads, etc.), which are set by the 
engineer for the subsequent traditional 
calculation or appointed by the engineer on the 
basis of other assumptions. 
2. The calculation is made for "characteristic 
load" in a physically non-linear formulation 
with the simultaneous selection of 
reinforcement. The calculation is performed by 
the iterative method and the selection of 
reinforcement is performed. 
3. As a result of an iterative calculation based 
on the stress-strain state of each section of the 
rod and the FE of the plate structure, the 
stiffness characteristics are determined. 
4. A traditional structural analysis is performed. 
The elements of structure have stiffness 
characteristics determined as a result of an 
iterative calculation. The traditional calculation 
involves the calculation in a linear-elastic 
setting for the entire set of loads (dead weight, 
live load, earthquake, etc.), compiling the DCF 
or DCL, selecting or checking the cross-sections 
of the rods of reinforced concrete and steel 
elements, designing. 
The most responsible and difficult in the
formulation and implementation is the stage of 
determining the stiffness characteristics of the 
cross sections of the rod and plate element [9, 
11]. 

Determination of the stiffness characteristics of 
the cross section of the rod 
Figure 4 shows an arbitrary section of the rod, 
on which two moments Mx and My and the 
normal force N act. The moments act relative to 
the principal axes of the section x and y. Normal 
force is applied at point C the intersection of 
the geometrical axis of the rod with the section 
plane. Required: to determine the stiffness 
characteristics of the section corresponding to 
the secant modulus of deformation of concrete 
and reinforcement.

Figure 4 shows the sigma eps dependence for 
concrete and Figure 5 shows the same 
dependence for reinforcement.

Figure 4. Stress-strain state of rod cross section 

Figure 5. The stress-strain dependence for 
concrete 

In order to determine the cross section stress-
strain state, it is necessary to find the position of 
the neutral axis, which is characterized by two 
values of Yc, 1 and the curvature of the section 
) (Figure 4):
Yc is the offset of the neutral axis; 
1 is the angle of rotation of the neutral axis;
) is the curvature of the section.
The solution to the problem is performed by a 
numerical method. As a result of the iterative 
process, three unknowns Yc, 1, ) are 
determined, which are found from three 
equilibrium equations:

Piecewise linear

exponential
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�z=0, �Mx=0, �My=0.   
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Figure 6. The stress-strain dependence for 
reinforcement 

The stiffness characteristics of EobF, EobIx, EobIy

are determined based on the !–8 dependences 
for concrete and reinforcement (Fig. 5, 6). For 
concrete, the definition includes only the 
compressed part of concrete with cross-sectional 
secant deformation models. For each reinforcing 
bar, the corresponding deformation modulus is 
also used.
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Here iajб fF ,� are elementary sections into 

which the concrete section and the area of 
individual reinforcement bars are divided; n is 
the number of concrete sections; m is the 
number of reinforcing bars; 

бсекjЕ , секiaЕ –

secant deformation modules of concrete and 
reinforcement, which are determined on the 
basis of dependencies !–8 (Figures 4,5); xjб, yjб,
xia, yia – the distance of the center of gravity of 
the j-th concrete section and the i-th section of 
the reinforcing bar to the main axes, the position 
of which (Yс, 1) is determined as a result of 
iterative calculation.
For concrete, the definition of stiffness includes 
only the compressed part of concrete with a 
cross-sectional secant deformation modulus. For 
each reinforcing bar, the corresponding secant 
deformation modulus is also used. 
The stiffness matrix of a rod having variable-
length secant stiffness characteristics (Fig. 3) is 
also constructed numerically (each rod is 
considered as a kind of super element). 

Application examples 

Below are the results of calculating the frame 
based on engineering non-linearity 1 (Figure 7). 
The load q = 15 t / l.m was adopted as the 
determining load. in fig. Figure 8 shows the 
corresponding stiffnesses for the crossbar b - c
and the columns a - b. Analyzing the diagrams
of stiffness characteristics, we can conclude that 
the recommended decrease in stiffness 
characteristics for columns by a decreasing 
factor of 0.6 (in this case, the diagram for 
columns would look constant and equal to 
0.6x2500 = 1500 tm2) and for crossbars 0.3 (in 
this If the plot would look constant and equal to 
0.3x5900 = 1770 tm2) it looks like a rather 
rough approximation. 
Table 1 shows the results of linear-elastic 
calculation of the frame for the load q = 20 t / 
l.m. taking into account the differentiated 
distribution of stiffnesses for all elements 
obtained on the basis of the Engineering 
Nonlinearity 1 mode. 
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Figure 7. The design scheme of the investigated structure.

Figure 8. Plots of stiffness EI tm2 obtained on the basis of calculation by the method 
"Engineering nonlinearity": a) for the column, b) for the crossbar.

Table 1. Linear-elastic analysis results for the frame. 
Value

of stress-strain state
parameters

Type
of analysis

Static analysis Dynamic analysis
The moment 

in the 
crossbar “b-c”

in the node 
“b” in the tm

The moment 
in the 

crossbar “b-
c” in the node 
“d” in the tm

Displacement 
of the node
‘d’,в mm

Frequency
�
Hz

Period
=

sec.

Linear elastic analysis with
initial stiffness -25.3 28.3 -21.65 0.187 5.51

Linear elastic analysis with
stiffness by “Engineering 
Nonlinearity 1”

-28.6 25.5 -32.84 0.162 6.32

Linear elastic analysis with 
stiffness by SP 52-103-2007 -31 25.7 -58.86 0.144 6.95

Girder cross section

Column cross section

concrete

concrete
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Analyzing the calculation results given in table. 
1, we can draw the following conclusions: 
•� some redistribution of efforts was obtained 

- in a less loaded cross-section “b” of the 
girder, the moment increased, in a more 
loaded cross-section “d” of the crossbar the 
moment decreased; 

•� the movement of the node “d” increased by 
more than 2 times;

•� the frequency of natural vibrations (first 
form) decreased, and the period increased. 

In LIRA-SAPR, a second version of engineering 
non-linearity was also developed, (Engineering 
non-linearity 2 is a step-by-step calculation 
method for determining load), which has its 
own characteristics (Table 2):

Table 2. Comparison of techniques Engineering nonlinearity 1 and 2.
Concepts Engineering Nonlinearity 1 Engineering Nonlinearity 2
Characteristic load can include arbitrary loads real permanent loads are 

included
Calculation for 
characteristic load

iterative Step-type

Reinforcement set up reinforcement is selected during the 
iterative calculation

Reinforcement is accepted

Calculation by traditional 
scheme

the calculation is performed for all 
loads based on secant deformation 
moduli

calculation for temporary loads 
is performed on the basis of 
the tangent deformation 
modulus corresponding to the 
last step of the step calculation

Account of physical non 
linearity in assemblage 

is absent available

Account of nonlinear 
behavior of nodes 

is absent available

An example of the application of the 
principle of "Characteristic load" when 
assigning subgrade reaction moduli 
The values of the subgrade reaction moduli 
depend on the depth of the compressible 
stratum, which in turn depends on the load. 
Thus, this leads to a nonlinear formulation of 
the problem. 
An example of the principle of "Characteristic 
loading" allows you to carry out the calculation 
according to the following scheme: 
1.� First, we assign a uniform stress under the 

sole of the footing by dividing the mass of 
the building by the area of the footing (step 
1, Fig. 9). We get variable subgrade 
reaction moduli according to the footing 
area from uniform stress under the sole. We 
apply soil rebuff from the selected 
characteristic load (step 2-4, Figure 9). 

2.� We determine the subgrade reaction 
moduli for each finite element of the 
foundation structure from uneven stress 
under the bottom of the foundation (step 5, 
Figure 9). 

3.� Calculation according to the traditional 
scheme for all loads, taking into account 
those found in section 2 subgrade reaction 
moduli. 

When modeling pile foundations in LIRA-
SAPR software, it is possible to specify the 
loads on the pile heads to recalculate the 
stiffnesses (the stiffnesses change taking into 
account the mutual influence of sediments in the 
pile group, since the loads on the heads of the 
neighboring piles have changed). Starting with 
the LIRA-SAPR 2019 version, a tool has been 
implemented to automate iterative calculations 
(without user intervention) (Figure 10). 
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Figure 9. Algorithm for determining the magnitude of bed coefficients for each finite element  
of the foundation structure.

Figure 10. Dialog window calculating subgrade 
reaction modulus C1, C2 or stiffness of piles 

according to soil model.

Application of the principle of 
"Characteristic load" in the determination of 
the sizes of shelves for beam grillage 
Reinforcement of slabs with beams is often
found in modern housing construction. The 
arrangement of beams, as a rule, is irregular, 

there is no clearly defined system of main and 
secondary beams, the beams can have a small 
height, and here loads are often transferred to 
the supports due to the operation of both the 
slab itself and the beams. 
In this case, the experience of calculating and 
designing ribbed floors (these examples are 
available in each textbook on reinforced 
concrete structures, where it is recommended to 
collect the load from the slab on the secondary 
beams, considering the support of the slab on 
them rigid, then calculate the secondary beams, 
considering their bearing on the main beams 
rigid and etc.) is unsuitable and may have only 
antique value. 
On the other hand, from the point of view of the 
finite element method, it would seem that there 
should be no problems: a finite element grid of 
the slab is introduced with base points on the 
lines of the beams, a load is applied on the top 
of the slab, etc. But there are many problems 
associated with linking of elements of different 
dimensions in a finite element model. The main 
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problem here is how to assign the rigidity of the 
beam. 
If we introduce rods with the hc x bc cross-
section into the finite element model of the slab, 
the grid nodes of which lie on the middle 
surface, then the system with the mutual 
arrangement of the slab and the beam shown in 
Fig. 11b. Of course, such a model does not 
stand up to criticism. You can enter a T-section 
of the beam. The mutual arrangement of the slab 
and the beam in this case is shown in Fig. 11, с.
However, the question arises of how to assign 
the width of the shelf. Different textbooks give 
different recommendations - from 6 to 15 plate 
thicknesses. In addition, according to this 
scheme, the work of the plate is taken into 
account twice. However, this is quite 
acceptable, since the finite elements of the plate 
simulate a bending force group, and part of the 
plate as part of the beam shelf models the 
membrane force group, which causes small 

stresses in the plate compared to stresses from 
the bending group. The model proposed in [10] 
is quite adequate, where the interaction of the 
slab and the beam is shown in Fig. 11, d.
In this case, the rods with hc x bc section are 
suspended using absolutely rigid inserts to the 
nodes of the finite element model of the plate 
lying in its middle surface. Here (in contrast to 
the models in Fig. 11b and Fig. 11c, where in 
the finite elements of the plate and rods only a 
bending group of forces arises, and each node of 
the finite element circuit has three nodal 
unknowns - vertical movement and two rotation 
angles), each node of finite element model has 
five nodal unknowns - three linear 
displacements and two rotation angles, and the 
finite elements of the plate subjected a 
membrane force group as well as the bending 
group, and in the rod element, in addition to the 
bending moment (Ms) and the transverse force, 
a normal force (Nс) also appears .

А
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hпл hс
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Figure 11. Modeling slab reinforced beams.

Although the latter model most fully reflects the 
actual work of the structure, and removes the 
question of the appointment of the width of the 
shelves in the T-beam, however, difficulties 
arise at the last stages of beam design. Of 
course, you can simply calculate the cross 
section of the rod hc x bc on the basis of the 
efforts Mc, and Nc. However, as a rule, the 
value of Nc is large, and the cross section will 

be designed as an eccentrically stretched 
element, and the selected reinforcement in it 
will be distributed around the entire perimeter, 
while according to the rules for constructing 
beam grillages, the reinforcement should be 
located at the lower and upper faces. Thus, for 
designing, it is desirable to consider the T-
section of the beam subject to bending, 
however, it is unclear what bending moment 
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acts on the beam and what section of the beam 
must be calculated. In this case, the following 
engineering approach can be considered, based 
on the hypothesis that the resultant membrane 
forces of the plate, balancing the normal force in 
the suspended rod (Nc) applied in the center of 
the plate (point A of Fig . 12a). Then we can 
assume that the bending moment acting on the 
beam of the T-section is equal to Mb = Ms + 
Nx0.5 (hs + hn). It remains only to determine 
the width of the shelf of the T-beam. Here, with 
some exaggeration, the above hypothesis can be 
used: if the center of gravity of the membrane 
forces is applied in the center of the plate part 
(point A), then the shelf should be uniformly 
compressed. Since the reinforcement will be 
calculated under assumptions about the ultimate 
state of the section, the stresses in the shelf will 
be Rb. Therefore, the width of the shelf bn = Nc 
/ (hn × Rb).
The shear force in the beam is defined as the 
first derivative (finite-difference approach is 
used in numerical calculations) of the moments 
Mb (x). Since the diagrams Mc and Nc in the 
rod have a stepped form, ie, in each section 
there are two values of the moment and normal 
force, they should either be averaged or their 
values should be taken in the middle of the 

segments. Of course, the assumptions that the 
stresses in the shelf for determining Mb are 
assumed to be constant, and when determining 
bn, are equal to Rb, in some cases may not be 
successful enough, therefore, a slightly different 
approach based on the hypothesis of flat 
sections is given below (Fig. 12b). The 
deformation of the cross section is determined 
on the basis of the diagram of stresses in the 
cross section of the rod: 

max / / ;c c c cN F M W! 
 	 	

min / / ;c c c cN F M W! 
 	 �
;c c cF h b
 �

2 / 6.c c cW b h
 <

Further, the slope of the cross-section is 
extended into the plate region and determined 
from geometric ratios , , ,n сж растy z R R! 
 .
After that, the definition of Mb and bn seems to 
be a matter of technique: 

;б растM R z
 �

/(0.5 ).h cж nb R y!
 �
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a)      b) 
Figure 12. Determining the width of the shelf of the T-beam. 

In this case, the principle of "characteristic load" 
allows the calculation according to the 
following scheme. 
1. Set up of the characteristic load. 

2. Determination of the width of the shelf 
according to the above method for each section 
of the beam grillage. 
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3. Calculation of the beam grillage for all loads 
with the dimensions of shelves designated 
according to section 2. 

CONCLUSIONS 

Examples of the application of the principle of 
"characteristic load" are considered, apparently 
it does not exhaust all areas of its application. 
Engineering practice will prompt these areas, 
which will be implemented in the LIRA-SAPR 
Software. 
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EQUATION DECOMPOSITION METHOD FOR SOLVING OF 
PROBLEMS OF STATICS, VIBRATIONS AND STABILITY 

OF THIN-WALLED CONSTRUCTIONS 

Elena B. Koreneva 1, Valery R. Grosman 2
1 Moscow Higher Combined-Arms Command Academy, Moscow, RUSSIA 

2 Moscow State Academy for River Transport, Moscow, RUSSIA 

Abstract: The work suggests the effective equation decomposition method (EDM) for solving of statics, vibra-
tions and stability problems of thin-walled constructions. This method is based on the partition of the initial 
problem on the consideration of more simple auxiliary problems. The additional unknown functions are intro-
duced for definition of the sought solutions. The paper shows the method’s advantages on the examples of the 
boundary value problems for rectangular areas. The problem of anisotropic plate resting on an elastic subgrade 
and subjected to an action of expanding forces acting in the middle surface and to transverse loads is under 
study. The plate’s edges are elastically supported. Also free vibrations of the rectangular plates of variable thick-
ness with different boundary conditions were under consideration. The approximate analytical solutions with 
high exactness are obtained. 

Key words: equation decomposition method, boundary value problems, approximate analytical solutions. 

МЕТОД ДЕКОМПОЗИЦИИ УРАВНЕНИЙ ДЛЯ РЕШЕНИЯ
ЗАДАЧ СТАТИКИ, КОЛЕБАНИЙ И УСТОЙЧИВОСТИ

ТОНКОСТЕННЫХ КОНСТРУКЦИЙ

Е.Б. Коренева1, В.Р. Гросман2
1 Московское высшее общевойсковое командное орденов Жукова, Ленина и Октябрьской Революции

Краснознаменное училище, г. Москва, РОССИЯ
2 Московская государственная академия водного транспорта, г. Москва, РОССИЯ

Аннотация: Для решения задач статики, колебаний и устойчивости тонкостенных конструкций в работе 
предлагается эффективный приближенный аналитический метод декомпозиции уравнений (МДУ). Этот 
метод основан на расчленении исходной краевой задачи на ряд более простых вспомогательных задач. В 
этих задачах вводятся подлежащие определению дополнительные искомые функции, позволяющие 
определить решение. В работе достоинства метода показаны на примерах рассмотрения следующих кра-
евых задач для прямоугольных областей. Решается задача о пластине, сделанной из анизотропного мате-
риала, лежащей на упругом основании и находящейся под действием растягивающих сил, действующих 
в срединной плоскости, и поперечной нагрузки. Контур пластины упруго оперт. Изучаются также сво-
бодные колебания прямоугольной пластины переменной толщины с различными условиями закрепления. 
Получены приближенные аналитические решения, обладающие высокой точностью.

Ключевые слова: метод декомпозиции уравнений, краевая задача, приближенные аналитические
решения.

1. INTRODUCTION 

The equation decomposition method (EDM) 
was for the first time suggested and justified in 
the works [1], [2]. Linear and nonlinear statics, 
vibrations and stability problems of thin-walled 

constructions computation can be solved by 
means of EDM. At the first time this method 
was applied for solving of problems, containing 
variable parameters for rectangular areas in the 
works [3], [4]. This method is based on the fact 
that the stated problem is replaced by the con-
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sideration of more simple auxiliary problems 
containing additional unknown functions. The 
EDM has considerably high exactness. The pre-
sent work suggests the solutions of urgent prob-
lems of thin-walled constructions computation, 
obtained by means of EDM.

2. SOLVING OF BENDING PROBLEM OF 
THE RECTANGULAR ORTHOTROPIC 
PLATE, RESTING ON AN ELASTIC 
SUBGRADE AND SUBJECTED TO AN 
ACTION OF EXPANDING FORCES 

Let us consider the bending problem of the rec-
tangular orthotropic plate, resting on an elastic 
subgrade, which properties are described by 
Winkler’s model. The plate is subjected to an 
action of expanding forces effective in its mid-
dle surface and by transverse loads. The plate’s 
boundary is elastically supported (Fig.1). The 
relevant resolving equation is: 
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where c  is the modulus of subgrade. 
We have in the generally accepted notations [4]: 
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The boundary conditions for the problem under 
examination have the following form: 
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where 1r , 2r are the coefficients of the contour’s 
elasticity. 
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Fig.1. Rectangular plate with elastic contour 

Taking into account the dimensionless elasticity 
coefficients: 
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The conditions (2) can be represented in the fol-
lowing form: 

when ax D
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It was taken into account that in the formulae 
(4), (5) the second terms in the expressions for 

хM  and yM  [4] on the contour, where 0
w ,

are equal to zero. The values of 1r  and 2r are 
positive or equal to zero. Therefore, according 
to the expressions (3), the coefficients 1k  and 2k
can change in the following way: 10 1 �� k ,

10 2 �� k . The limiting values 0 and 1 corre-
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spond to the cases of rigid and simply support-
ing of the plate’s boundary.
We will solve the boundary value problem (1), 
(4), (5) by means of the equation decomposition 
method (EDM). For this aim three auxiliary 
problems are introduced. 
The first auxiliary problem (boundary) is to 
solve the differential equation 
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4
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1 yxf
x
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x
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with the boundary conditions (4) when 1ww 
 .
The second auxiliary problem (boundary) is to 
solve the differential equation 
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4
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y
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y
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with the boundary conditions (5) when 2ww 
 .
The third auxiliary problem is to solve the fol-
lowing differential equation: 
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The solution of the initial problem (3), (4), (5) will 
coincide with the solutions of the auxiliary prob-
lems when the following equality will fulfilled: 

.321 wwww 


   (9) 

The mentioned conditions allow to determine 
the functions ),()1( yxf  and ),()2( yxf . We 
solve the posed task approximately. Let us pre-
sent the sought functions ),()1( yxf  and 

),()2( yxf  in the form of power series. The cal-
culations and comparision of the received re-
sults for the deflections and the bending mo-
ments with the existing for certain boundary 
conditions exact solution show that we can re-
tain two terms in these expansions: 
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Let us receive the solutions of the first and the 
second boundary value problems using the con-
ditions (10). We obtain the following: 

),()(
)()()()(

)()(

434

233412

211
)2()1(

yxC
yxCyxC

yxCww

EE
EEEE

EE

	
			

	



 (11) 

where ),,,,()( 1111 kaxx �FE 

),,,,()( 2212 kbyy �FE 


),,,,,()( 11123 Dkaxx �FE 


),,,,,()( 22224 Dkbyy �FE 



 �

 �

,22
1

1),,,(
22

1

%
%
0

%%
/

.

%
%
'

%%
&

$

�	

57

3
46

2 �	

�



zd
dchkdkdsh

dshzshd
pkdz

�
���

���F


 � 
 �

 � ;12121)1(

2312
1

1),,,,(

2
4

2
4

3
2

22

%
%
0

%%
/

.

%
%
'

%%
&

$

57

3
46

2 	�57

3
46

2 		�
�	

57

3
46

2
57

3
46

2 	�		
�

�


zzdddshzsh
dchkdkdsh

ddkdkd

D
Dkdz

����
�

�
�

��

�

�
�F



E.B. Koreneva, V.R. Grosman  

International Journal for Computational Civil and Structural Engineering66 

here ,
1

1 D
p


� ,
2

2 D
p


� 1C , 2C , 3C , 4C  - are 

the arbitrary constants. 
The expression (11) is the approximate solution 
of the initial problem with the exactness up to 
four constants. Taking into account (11) and (9) 
we can determine these constants from the con-
dition of the approximate solution of the differ-
ential equation (8) which takes the following 
form: 
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For receiving of the (12) approximate solution 
the following conditions are used when 

0

 yx : 
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Thus the constants )4,3,2,1( 
iCi  are deter-
mined from the solution of the system of four 
equations in four unknowns. Then we can write 
the solution of the formulated problem by use 
(11). 
The example for the square plate when ba 

was fulfilled. It was assumed that 121 

 kk
that is the all the edges are simply supported and 

0
c . The solution received by the help of 
EDM was compared with the existing for this 
case exact solution. It was shown that the values 
of the maximum deflection and bending mo-
ment in the plate’s center which were received 
by the help of EDM differ from the exact solu-
tion respectively with 1,33% and 1,09%. 

3. VIBRATIONS OF RECTANGULAR 
PLATES OF VARIABLE THICKNESS 

Natural vibrations of the rectangular plate 
(Fig.2) with the rigidity varying along one di-
rection according to the exponential law 

,0
byeDD 
 (14) 

where 0D , b  are the constants, are under con-
sideration. 
The resolving differential equation has the form: 


 � ,1

2

2

2

2

2
2
1

22
1

2
1

22

q
t
W

gD
h

x
Wb

WbWybWD



#
#

	
0
/
.

#
#

��

'&
$ �G	G

#
#

	GG

9!

 (15) 

where g
9  is the mass of the unit volume, h  is 

the plate’s thickness.
After the separation of variables first we shall 
examine the case of the simply supporting of all 
the plate’s edges (Fig.2). 

c

x

y

a

c

Fig.2. Rectangular plate of variable thickness 

,cx D
 ;02

2



#
#



x
ww   (16) 

,,0 ay 
 .02

2



#
#



y
ww    (17) 

Using the substitution (14) we obtain the equa-
tion: 
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where 
gD
hw

s

29� 
 .

Boundary value problem (16)-(18) will be 
solved by use of the EDM. For this aim the 
three auxiliary problems are introduced. 
The first auxiliary problem (boundary): to re-
ceive the solution of the differential equation 
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satisfying the boundary conditions (16) when 
1ww 
 .

The second auxiliary problem (boundary): to 
obtain the solution of the differential equation 
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satisfying the boundary conditions (17) when 
2ww 
 .

The third auxiliary problem: to receive the solu-
tion of the following differential equation: 
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The solution of the posed problem (16)-(18) will 
coincide with the solution of the auxiliary prob-
lems when the conditions of their equality (9) 
are fulfilled. These conditions allow to deter-
mine the auxiliary functions ),()1( yxf  and 

),()2( yxf .
As well as in the previous example we solve the 
formulated problem approximately. We repre-

sent the functions ),()1( yxf  and ),()2( yxf  in 
the form of power series. The calculations 
showed that retaining of two members of power 
series is unsufficiently. For the mentioned case 
the comparision of the maximum values of the 
bending moments and the deflections received 
by the such way with the existing exact solution 
shows the deviations are respectively with 
7,59% and 10,10%. It was defined that for ob-
taining of the solution possessing high exactness 
we must accept the following expansions, taking 
into account the symmetry on the coordinate x : 
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Solving the first boundary value problem (19) 
and (16) we receive: 
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Solving the second boundary value problem 
(20) and (17) we obtain: 
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where 
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Further using the equality (9) we receive: 
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where )6,...,1( 
iCi are the arbitrary constants. 

The expression (27) is the approximate solution 
of the posed problem up to the exactness of six 
constants. We can find these constants, taking 
into account the equality (9), by means of ap-
proximate solution of the differential equation 
(21), which takes the form: 
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For the estimation of the coefficients 
)6,...,1( 
iCi  the Bubnov-Galerkin’s method 

may be used. Below the another effective meth-
od which was applied in the previous example 
will be used. Let us call ),( yxФ  as the residual 
function. This function is equal to zero in the 
exact solution. We minimize the residual func-
tion in the plate’s midpoint when 0
x ,

2
ay 
  for the determination of the constants 

)6,...,1( 
iCi . Evidently that the residual func-
tion in this section significantly affects on the 
approximate solution exactness. Therefore we 
will write the conditions of the equality to zero 
of the function ),( yxФ  and a few of its lower 
derivatives with respect to the arguments x  and 
y when 0
x and 2

ay 
 : 
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It is taken into account that because of sym-
metry with respect to the argument x  the odd 
derivatives on x  are equal to zero. Further the 
system of the six equations with six unknown 
values is under consideration for the aim of the 
constants iC  determination. Then the deflec-
tions and the stresses are defined. 
Let us examine the bending of the rectangular 
plate with the rigidity (14) with another bounda-
ry conditions; the edges  

ay ,0


are simply supported and the edges  

ax D


are clamped, that is we have: 
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Then the solution of the first boundary value 
problem is to solve the differential equation (19) 
with the boundary conditions (31). As a result 
we obtain the following relations for the func-
tions )(1 xE and )(2 xE : 
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The solution of the second boundary value prob-
lem remains unvariable and is represented by 

the expression (24) where the functions )(3 yE ,
)(4 yE , )(5 yE  are defined by the relations (25). 

Then the deflections and the stresses are deter-
mined in the same way as it was described 
above. 

6. CONCLUSION

The work stated the equation decomposition 
method intended for solving of boundary value 
problems of thin-walled structures computation. 
This method is based on the fact that the consid-
eration of the original problem is replaced by 
the examination of the auxiliary problems in-
cluding boundary value ones. For the considera-
tion of the mentioned problems the auxiliary 
functions are introduced. The approximate ana-
lytical solutions possessing high exactness are 
obtained.
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ASSESSMENT OF THE PROXIMITY OF DESIGN  
TO MINIMUM MATERIAL CAPACITY SOLUTION  

OF PROBLEM OF OPTIMIZATION OF THE FLANGE WIDTH 
OF I-SHAPED CROSS-SECTION RODS WITH ALLOWANCE 

FOR STABILITY CONSTRAINTS OR CONSTRAINTS  
FOR THE VALUE OF THE FIRST NATIONAL FREQUENCY

AND STRENGTH REQUIREMENTS 
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1 Tomsk State University of Architecture and Civil Engineering, Tomsk, RUSSIA 

2 National Research Moscow State University of Civil Engineering, Moscow, RUSSIA
3 Peoples' Friendship University of Russia, Moscow, RUSSIA 

Abstract: There are known methods for optimizing the flange width of I-shaped cross-section rods with stability 
constraints or the constraints for the value of the first natural frequency. Corresponding objective function has 
the form of the volume of the flange material for the case when only the flange width varies and the cross-
section height, wall thickness and flange thickness are specified. Special criterion for assessment of proximity of 
corresponding an optimal solution to the design of minimal material capacity was formulated for the considering 
problem. In this case, the resulting solution may not meet some other unaccounted constraints, for example, 
strength requirements. Modification of solution in order to meet previously unaccounted constraints does not al-
low researcher to consider such design as optimal. In the distinctive paper allowance for strength requirements, 
stability constraints or constraints for the value of the first natural frequency are proposed within considering 
problem of optimization. Special approach is formulated, which proposes to assess proximity to the design of 
minimum of material capacity obtained as a result of optimization. Increment of the objective function and crite-
ria corresponding to constrains and restrictions are under consideration within computational process. 

Keywords: criterion, optimization, limitations, strength conditions, minimum material capacity, stability,  
frequency, critical force, forms of stability loss, forms of natural vibrations, reduced stresses 

ОЦЕНКА БЛИЗОСТИ К ПРОЕКТУ МИНИМАЛЬНОЙ 
МАТЕРИАЛОЕМКОСТИ РЕШЕНИЯ ОБ ОПТИМИЗАЦИИ 

ШИРИНЫ ПОЛОК СТЕРЖНЕЙ ДВУТАВРОВОГО СЕЧЕНИЯ 
ПРИ ОГРАНИЧЕНИЯХ ПО УСТОЙЧИВОСТИ ИЛИ 
ВЕЛИЧИНЫ ПЕРВОЙ ЧАСТОТЫ СОБСТВЕННЫХ 

КОЛЕБАНИЙ С УЧЁТОМ ТРЕБОВАНИЙ ПРОЧНОСТИ.
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При этом в полученном решении могут не выполняться некоторые другие неучтённые ограничения, 
например, по прочности. Изменение полученного решения с целью удовлетворения неучтённым ранее 
ограничениям не позволяет считать такой проект оптимальным. В данной статье предлагается в рассмат-
риваемой задаче учитывать в процессе оптимизации при ограничениях по устойчивости или величине 
первой частоты собственных колебаний ещё и условии прочности. Формулируется подход, в котором 
предлагается для оценки близости к проекту минимальной материалоемкости решения, полученного в 
результате оптимизации, наряду с анализом в процессе вычислений изменений величины приращения 
функции цели, использовать ещё и критерии, характеризующие каждое из принятых ограничений.

Ключевые слова: критерий, оптимизация, ограничения, условия прочности, 
минимальная материалоемкость, устойчивость, частота; критическая сила, формы потери устойчивости, 

формы собственных колебаний, приведенные напряжения

Earlier [1], the problem of the optimal outline of 
the flange width of the I-shaped cross-section 
rod [2], [3] was considered with allowance for 
stability constraints or constraints for the value 
of the first natural frequency. Corresponding 
objective function was the volume of the mate-
rial of the flanges for the case when only the 
flange width varies and the section height, wall 
thickness and flange thickness are specified. Be-
sides, special criterion was formulated for the 
proximity of such a solution to the minimal ma-
terial capacity solution [1]. Criteria of assess-
ment of proximity of the optimized design to 
corresponding minimum material capacity solu-
tion have also been formulated in many papers 
dealing with structural design [6, 9] and 
strengthening of structures [4, 5, 7, 8]. Some 
specific theoretical problems dealing with for-
mulation of the criteria [10, 11, 12, 13] were 
also considered. At the same time, other con-
straints (for example, strength conditions) were 
not taken into account normally. Therefore, so-
lutions obtained in such cases might not satisfy 
these constraints. However, if the obtained de-
sign (project) is modified so that restrictions not 
previously considered are fulfilled, then the 
modified design (project) cannot be considered 
as optimal. In the distinctive paper allowance 
for strength requirements, stability constraints 
or constraints for the value of the first natural 
frequency are proposed within considering 
problem of optimization of the flange width of 
I-shaped cross-section rods.
As is known, analysis of changes in the incre-
ments of the objective function is normally used 
within optimization methods [14]. However, 

there are cases when the objective function 
changes slightly at the computational stages but 
the optimal solution has not yet been obtained 
and the corresponding design (project) is no-
ticeably different from the minimum material 
capacity solution.
We recommend application of criteria corre-
sponding to considering constraints and analysis 
of changes in the increments of the objective 
function within optimization process for as-
sessment of proximity of design to minimum 
material capacity solution. 
Thus, the I-shaped cross-section rod is under 
consideration. The cross-section height 1b , wall
thickness stH  and flange thickness pH  are speci-
fied. Flange width along the length of the rod 
( x  axis) )(2 xb  or ][2 ib  within discrete model of 
the rod varies (Figure 1). 
It is necessary to find a function )(2 xb  that, to-
gether with the given parameters ( 1b , stH , pH ), 
determines a rod that satisfies the stability con-
straints or constraints for the value of the first 
natural frequency (as well as the strength re-
quirements and structural constraints) and at the 
same time provide a minimum volume of mate-
rial of flanges. 
The objective function within considering for-
mulation of the problem has the form 

;

l

pdxxbV
0

20 )(2 H .                   (1) 

For discrete model including n  sections we 
have 
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Figure 1. Considering cross-section of rods.
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where 0V  is the volume of material of flanges; l
is the length of the rod. 
Stability constraints have the form 

kpPP � , (3) 

where P  is the acting force, kpP  is the corre-
sponding critical force. 
Constraint for the value of the first natural fre-
quency has the form 

10 �� � , (4) 

where 0� is the given value, 1� is the value of 
the first natural frequency of the system. 
Special criterion for assessments of results of 
optimization of flange width with allowance for 
stability constraints or constraints for the value 
of the first natural frequency is also formulated 
by the authors for the case when the flange 
width varies continuously along the length of 
the rod. This criterion can be presented in the 
form of three variants (versions, options): 
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where )(1 x�!  and )(1 xt�!  are respectively 
normal stresses in the extreme fibers of the I-
shaped cross-section and in the fibers at the 
boundary of the wall and the flange, created by 
bending moments arising from loss of stability 
or natural vibrations; )(xv�  are the coordinates 
of the form of loss of stability or natural vibra-
tions. 
The variant (7) of the formulation of criterion 
was introduced only in order to emphasize its 
association with the previously formulated crite-
ria. Application of this variant of the criterion 
with allowance for constraints for the value of 
the lowest natural frequency can lead to nega-
tive values of sub-root expressions and to corre-
sponding problems dealing with computational 
process at the initial stages of optimization.  
In this connection one of the equivalent variants 
(5) or (6) will be used in the distinctive paper. 
Criteria (5), (6), (7) can be used in combination 
with stability constraints or constraints for the 
value of the first natural frequency. In case of 
stability constraints we should assume that 

00 
� in the expressions of the criterion. 
Three strength conditions must be fulfilled for 
rods of I-shape cross-section [14]. 
Strength condition for normal stresses in ex-
treme fibers has the following form: 
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Rx �)(! ,                 (8) 

where !  is normal stresses from the load in the 
extreme fibers of the rod; R is design strength 
of the material of construction. 
The condition for the fourth theory of strength 
at the junction of the flange with the wall has 
the following form: 

Rxxx ppeq �	
 )(3)()( 22 �!! , (9) 

where )(xeq! , )(xp! , )(xp�  are respectively 
equivalent, normal, and shear stresses from the 
load at the junction of the flange with the wall. 
The condition for the fourth theory of strength 
at the center of gravity of the section has the fol-
lowing form: 

Rxxxэкв �	
 )(3)()( 2
0

2
0 �!! , (10) 

where )(xeq! , )(0 x! , )(0 x�  are respectively 
equivalent, normal, and shear stresses from the 
load at the center of gravity of the cross section. 
Let us rewrite expressions (8), (9) and (10) in 
expanded form, reflecting in them the internal 
forces of the rod and the parameters of its cross 
section. Besides, let us introduce the following 
notation system: )( ),( ),( xNxQxM  are respec-
tively, bending moments, transverse and longi-
tudinal forces in the corresponding cross-
sections of the rod. 
Condition (8) will take the following form: 
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Condition (9) will take the form: 

R
bxbbxb

bxQb

b
bxbbxb

xM
xbbxbb

xN

x

stpst

pp

p

pst

stp

eq

�
%0

%
/
.

5
5
7

3

4
4
6

2

���

�<
<	

	

%
%
%

'

%
%
%

&

$

5
5
5
5
5
5
5

7

3

4
4
4
4
4
4
4

6

2

>
?
@

A
B
C ��

�
���<

	

	
�<��<







2
1

2

3
12

3
12

12

2

1

3
12

3
12

2121

))2)()(()((
)()(6

3

2

)2)()(()(
)(12

))(()2()(
)(

)(

HHH
HH

H

HH

HH

!

(12) 
Condition (10) will take the form: 
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Design restrictions have the following form: 

bbxb �)(2 ,                       (14) 

where bb is minimum flange width. 
Within a discrete model of the rod, the corre-
sponding coordinates of considering cross-
section ( )(x ) are replaced by the corresponding 
number of the model section ( ][i ).
In order to ensure uniformity of the use of crite-
ria and restrictions for assessing the proximity 
of the resultant optimized design (project) to 
design of minimum of material capacity we 
should normalize criterion (4) (or (5)) and con-
ditions (8), (9), (10) and (13) so that if per-
formed in the form of equalities, they would 
take a value equal to unity. 
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When normalizing criterion (5) (or (6)), bending 
moments (which, like mode shapes (natural 
modes) are determined with accuracy to a con-
stant factor) are revealed by the form of loss of 
stability or the first natural mode. Stresses 

)(1 x�! , )(1 xt�!  and )(2
1 xt�!  are computed in 

accordance with these moments in cross-
sections. Then, the maximum value is selected 
among )(2

1 xt�!  and the values of expression (5)
(or (6)) are divided into it. Now, if the design 
(project) obtained as a result of optimization is 
the design of minimum material capacity, then 
the criterion takes the form 

1)(2
1 
xt�! . (15) 

If constraints (8), (9) and (10) are also used 
within optimization process, then the criterion 
(15) must be applied only to those parts of the 
rod in which dependencies (8), (9) and (10) are 
fulfilled in the form strict inequalities. 
Let us normalize constraint (7).
Dividing both sides of expression (7) by R  we 
obtain

1)()(1 �

R
xxR ! . (16) 

We can similarly normalize constraints (8) and 
(9) and get 
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In order to normalize the constraint (14), we 
should divide put both parts of the expression 
(13) by )(2 xb  and rewrite this constraint in the 
form 

1
)(

)(
2

0 �

xb

bbxbb . (19) 

Let us explain that )(2
1 xt�! , )(1 xR , )(2 xR ,

)(3 xR и )(0 xbb  in (15), (16), (17), (18) are in-
dicators of fulfillment of restrictions ((2) or (3)), 
(8), (9) (10) and (14).
Now, after normalizing all the restrictions used, 
the proximity to the design (project) of mini-
mum material capacity of the design (project),
obtained as a result of optimization with allow-
ance for stability constraints (or constraints for 
the value of the first natural frequency), strength 
and structural constraints is determined by the 
proximity of at least one of indicators (15), (16),
(17), (18) and (19) to unity in each cross-
section.
Let us give an illustration of the assessment of 
the proximity of the solution of the considering 
problem to the project of minimal material con-
sumption by an example. 

Sample.  
A rigidly restrained rod of an I-shape cross-
section is under consideration (Figure 2). The 
span of the rod is equal to ml 12
 . The height 
of the cross-section of the rod is equal to 

mb 16.01 
 . Wall thickness is equal to 
mbst 01.0
 . Flange thickness is equal to 
mbp 014.0
 . Flange width is equal to 

mb 12.02 
 . Besides, flange width is constant 
along the entire length of the rod. The modulus 
of elasticity of the material of the rod is equal to  

2/002060000000 mNE 
 . Its specific gravity is 
equal to 3/7850 mkg . Volumetric weight is 
equal to 3/5.77008 mN . Design strength is 
equal to 2/240000000 mNR 
 .
The rod carries a uniformly distributed mass of 
intensity mkgm /400
 . The same mass is an 
external load with intensity mNq /3924
 .
Own weight of the rod are taken into account in
optimization process with allowance for 
strength conditions. 
The critical force (ultimate load) of the rod 
(without taking into account possible vibrational 
effects) is equal to NPcr 1118457
 .
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Figure 1. Considering sample.

The first natural frequency (without taking into 
account the influence of the longitudinal force 
on the frequency) is equal to 1sec5773.18 �
� .
Let the compressive force be NP  300000
 .
The flange width is equal to mb 12.02 
  (it is 
the same along its entire length of the rod). The  
first natural frequency of the rod with allowance 
for the influence of the longitudinal force on the 
frequency is equal to 1sec9291.12 �
� . It 
should be noted that strength conditions were 
not considered within determination of the criti-
cal force and frequency. 
Thus, in the considering sample it is required to 
optimize the shape of the width of the flanges of 
the considering rod loaded by NP  300000
 , 
provide special value of the first natural fre-
quency ( 1

0 sec131 �
� �� ) and minimum vol-
ume of the material of the flanges. Constraints 
for the value of the first natural frequency (4), 
strength constraints (8), (9), (10) and structural 
constraints (10) must be taken into account 
within optimization process. Let mbb 01.0
  be 
the smallest possible flange width.
Discrete model of the rod including 30 sections 
(elements) is used for corresponding analysis. 
Evenly distributed mass and load are reduced to 
nodes. Besides, we have nodal masses 
( kgim 160][ 
 ) and loads ( N6.1569q[i] 
 )
within this discrete model. The mass and weight 
of the structure are taken into account within the 
optimization process. 
Generally optimization can be performed by one 
of the well-known methods (various modifica-
tions of method of descent, random search 
method and so on) [16, 17]. The random search 
method is used in the considering sample.
After completion of the optimization process, 
we will evaluate the proximity of the obtained 
solution to the corresponding minimal material 
capacity solution.

First of all, in order to compare the design of 
minimum material consumption with other pos-
sible solutions, several options should be con-
sidered. 
The first variant. Conventional solution is con-
sidered in which the minimum value for the 
flange width ( 2b ) is determined, provided that it 
is the same along the entire length of the rod, 
but restrictions (4), (8), (9), (10) and (14) are  
accepted. 

Table 1. Results of analysis. 
1 Flange width ][2 ib ][2 i�!
i 2 3 4 5
1 0.2070 0.1649 0.2070 0.9967
2 0.1800 0.1421 0.1800 0.9970
3 0.1515 0.1196 0.1514 0.9969
4 0.1215 0.0975 0.1215 0.9969
5 0.0903 0.0755 0.0903 0.9969
6 0.0582 0.0534 0.0582 0.9976
7 0.0300 0.0300 0.0254 1.0000
8 0.0100 0.0100 0.0100 0.0339
9 0.0279 0.0279 0.0131 0.9911
10 0.0460 0.0460 0.0403 0.9968
11 0.0633 0.0599 0.0633 0.9971
12 0.0818 0.0707 0.0818 0.9972
13 0.0958 0.0785 0.0958 0.9965
14 0.1052 0.0837 0.1052 0.9966
15 0.1098 0.0863 0.1098 0.9972
16 0.1098 0.0863 0.1098 0.9972
17 0.1052 0.0837 0.1052 0.9966
18 0.0958 0.0785 0.0958 0.9965
19 0.0818 0.0707 0.0818 0.9972
20 0.0633 0.0599 0.0633 0.9971
21 0.0460 0.0460 0.0403 0.9968
22 0.0279 0.0279 0.0131 0.9911
23 0.0100 0.0100 0.0100 0.0339
24 0.0300 0.0300 0.0254 1.0000
25 0.0584 0.0534 0.0582 0.9976
26 0.0903 0.0755 0.0903 0.9969
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i 2 3 4 5
27 0.1215 0.0975 0.1215 0.9969
28 0.1515 0.1196 0.1514 0.9969
29 0.1800 0.1421 0.1800 0.9970
30 0.2070 0.1649 0.2070 0.9967

This solution implements the flange width, 
which is equal to mb 1542.02 
 . Moreover, re-
striction (7) in sections 1 and 30 is fulfilled in 
the form of an equality, and in all other sections 
it is fulfilled in the form of inequalities. Con-
straints (9), (10) and (14) in all sections of the 
rod are fulfilled in the form of inequalities. Con-
straint (3) is fulfilled in the form of inequality as 
well. 
In this connection the first natural frequency of 
the rod is equal to 11 sec13sec89.141 �� �
� .  
Thus, the minimum value of flange width 

mb 1542.02 
  (it is constant along the entire 
length of the rod) is determined by the active 
fulfillment of the strength constraint (8) for sec-
tions 1 and 30 and the passive fulfillment of all 
other constraints. The volume of material of the 
flanges in the considering variant is equal to 

3
0 05181.0 mV 
 .

The second variant. Let us optimize the values 
)30 ..., ,2 ,1(][2 
iib , that vary in each section, 

but without taking into account the strength 
constraints (i.e. constraints (4) and (14)). The 
results of this optimization are shown in the 
fourth column of Table 1. The volume of mate-
rial of the flanges in the considering variant is
equal to 3

0 030309.0 mV 
 . The fifth column 
shows the indicators (15) of the fulfillment of 
the constraint (4). In all sections except section 
number 8 and section number 23, they differ 
only by a fraction of a percent from unity. In 
section number 8 and section number 23 we 
have mib 01.0][2 
 . Therefor in these sections 
the restriction (14) is fulfilled in the form of 
equality and corresponding indicators are equal 
to 1]23[,1]8[0 

 bbbb . Thus, in all sections of 
the rod we have indicator, which is fairly close 
to unity. This circumstance allows researcher to 
consider the resultant design quite close to the 
design of minimum material capacity but only 

with allowance for corresponding constraints. 
Otherwise, with the constraints taken into ac-
count, the objective function is minimal within 
the limits of errors and the proximity of the in-
dicators ][2 i�! to unity. 
The third variant. In order to verify the fulfill-
ment of the strength conditions for the design 
obtained in the second variant with the values 

][2 ib  bending moments and shear forces were 
determined in accordance with the deformed 
pattern taking into account applied load 

mNq /3924
 , dead weight and the influence 
of the longitudinal force NP  300000
 .
Then, using formulas (11), (12), (13), a value of 

][2 ib  was determined for each section under 
which one of the conditions (11), (12), (13) is 
satisfied as equality, and remaining as inequali-
ties. They determine the minimum permissible 
flange width ( ][2 ib ), satisfying the strength con-
ditions. These values of ][2 ib  are shown in the 
third column of Table 1. Comparison of the val-
ues of ][2 ib  in the third column with the corre-
sponding values in the fourth column 4 shows 
that strengths constraints are not fulfilled in sec-
tions with the following numbers: 7, 9, 10, 21, 
22, 24. If in these sections the dimensions of the 
flange width are increased to the minimum per-
missible dimensions under the strength condi-
tions, leaving the dimensions in the remaining 
sections unchanged, then we get the design pre-
sented in the second column of Table 1. The ob-
jective function for this design is equal to

3
0 030874.0 mV 
 , the value of the first natural 

frequency is equal to 1sec1103.13 �
�  (con-
straint (4) is fulfilled in the form of an inequali-
ty). In this connection, the subsequent fulfill-
ment of constraints not taken into account with-
in optimization process does not allow research-
er to consider the solution as a design of mini-
mal material capacity. 
The fourth variant. Let us now optimize the val-
ues )30.., ,2 ,1(][2 
iib  with allowance for con-
straints (4), (8), (9), (10) and (14) (including 
strength constraints). The results of this analysis 
are presented in Table 2. 
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Table 2. Results of analysis.
i ][2 ib ][2 i�! ][1 iR ][2 iR ][3 iR ][0 ibb
1 0.1995 0.9986 0.8276 0.7238 0.2218 0,050
2 0.1727 0.9994 0.8249 0.7247 0.2387 0,058
3 0.1444 0.9991 0.8308 0.7340 0.2635 0,069
4 0.1147 0.9992 0.8500 0.7564 0.3012 0,087
5 0.0837 0.9992 0.8905 0.8000 0.3614 0,119
6 0.0518 1.0000 0.9701 0.8834 0.4668 0,193
7 0.0254 0.7037 1.0000 0.9351 0.6276 0,394
8 0.0100 -0.0239 0.9243 0.9002 0.7920 1
9 0.0321 0.4443 1.0000 0.9256 0.5726 0,312
10 0.0498 0.8364 1.0000 0.9074 0.4679 0,201
11 0.0675 0.9999 0.9571 0.8592 0.3948 0,148
12 0.0859 0.9993 0.8933 0.7967 0.3391 0,116
13 0.0998 0.9993 0.8560 0.7599 0.3058 0,100
14 0.1091 0.9993 0.8349 0.7390 0.2865 0,092
15 0.1138 0.9991 0.8251 0.7293 0.2775 0,088
16 0.1138 0.9991 0.8251 0.7293 0.2775 0,088
17 0.1091 0.9993 0.8349 0.7390 0.2865 0,092
18 0.0998 0.9993 0.8560 0.7599 0.3058 0,100
19 0.0859 0.9993 0.8933 0.7967 0.3391 0,116
20 0.0675 0.9999 0.9571 0.8592 0.3948 0,148
21 0.0498 0.8364 1.0000 0.9074 0.4679 0,201
22 0.0321 0.4443 1.0000 0.9256 0.5726 0,312
23 0.0100 -0.0239 0.9243 0.9002 0.7920 1
24 0.0254 0.7037 1.0000 0.9351 0.6276 0,394
25 0.0518 1.0000 0.9701 0.8834 0.4668 0,193
26 0.0837 0.9992 0.8905 0.8000 0.3614 0,119
27 0.1147 0.9992 0.8500 0.7564 0.3012 0,087
28 0.1444 0.9991 0.8308 0.7340 0.2635 0,069
29 0.1727 0.9994 0.8249 0.7247 0.2387 0,058
30 0.1995 0.9986 0.8276 0.7238 0.2218 0,050

The second column shows the values of the 
flange width ][2 ib  within optimization process 
with allowance for considering constraints. The 
third column contains indicators (15) of the ful-
fillment of the constraint (4). In all sections (ex-
cept sections with the following numbers: 7, 8, 
9, 10, 21, 22, 23, 24) they differ only by a small 
fraction of a percent from unity. In sections with 
numbers 7 and 23 we have mb 01.0]8[2 
  (i.e. in 
these sections, constraint (13) is fulfilled in the 
form of equality and indicators (15) are equal to 

1]8[0 
bb  and 1]23[0 
bb . In sections with 
numbers 7, 9, 10, 21, 22, 24, indicators (16) of 

constraint (7) are equal to unity up to rounding. 
The remaining indicators (16) and (17) of 
strength constraints (9) and (10) are fulfilled in 
the form of inequalities (the sixth column and 
the seventh column). So, in each section, we re-
vealed indicator which is quite close to unity in 
terms of the adopted set of constraints. This cir-
cumstance allows to consider resultant design 
(after corresponding optimization process with 
allowance for constraints for the value of the 
first natural frequency, strength constraints and 
structural constraints) as close, within the ac-
cepted errors, to the design of minimum material 
capacity (the second column of Table 2.  
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Table 3. Comparison of variants. 
Variants

Number 1 2 3 4
3

0 ,mV 05181.0 030309.0 030874.0 030468.0
%% 0 41.50 40.41 41.20

1sec,1 �� 89.14 13 1103.13 13

In this variant the objective function is equal to 
3

0 030468.0 mV 
 .
A decrease in the value of the objective function 
is performed in comparison with the first variant. 
In the first and third variants, the constraint 

1sec131 �
�  is not reached, while the values of 
the objective function are greater than in the 
fourth variant, in which all constraints are ful-
filled. In the second variant the objective func-
tion is less than in the fourth variant, but strength 
conditions are not fulfilled. A comparison of the 
variants confirms the feasibility of taking into 
account all the necessary constraints within op-
timization process (the fourth variant), and not 
after its completion (the third variant).
The solution closest to the design of minimal ma-
terial capacity can be used in real design practice.  
We should note that normally it is impossible to 
formalize the full set of various constraints of 
the problem within the design of optimal sys-
tems. These are, for example, constraints dealing 
with technological requirements in the manufac-
ture, transportation, installation, operation and 
disposal of an object, as well as many others. 
An optimal design can perform various func-
tions in real design practice. For example, a de-
sign of minimal material capacity can be con-
sidered as an idealized object. This function of 
such a design makes it possible to evaluate a 
real design solution by the criterion of its prox-
imity to the limit (for example, by material ca-
pacity).
In addition, the optimal design can be used as a 
guideline for real design. Within this approach 
real design is considered as a phased process of 
moving away from an ideal object in order to 
fulfill the requirements (constraints) not consid-
ered in the optimal design. 
In the distinctive paper we propose to use spe-
cial criteria for assessment proximity of result-

ant design after optimization process (compu-
ting flange with of I-shape cross-section of rod) 
with allowance for stability constraints, con-
straints for the value of the first natural frequen-
cy and structural constraints. 
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INFLUENCE OF BUCKLING FORMS INTERACTION  
ON STIFFENED PLATE BEARING CAPACITY 

Gaik A. Manuylov, Sergey B. Kosytsyn, Irina E. Grudtsyna
Russian University of Transport (MIIT), Moscow, RUSSIA 

Abstract: The work is devoted to studying the influence of initial geometric imperfections on a value of the peak 
load for the compressed stiffened plate with the two-fold buckling load. The finite-element set MSC PATRAN –
NASTRAN was used for solving the set tasks. When modelling the stiffened plate, flat four-unit elements were 
used. Geometric non-linearity was assumed for calculations. The plate material was regarded as perfectly elastic. 
Buckling forces of stiffened plate at the two-fold buckling load were calculated (simultaneous buckling failure on 
the form of the plate total bending and on the local form of wave formation in stiffened ribs). Equilibrium state 
curves, peak load decline curves depending on initial imperfection values and the bifurcation surface were plotted. 

Key words stability, stiffened plate, bifurcation, initial geometric imperfections, buckling force 

ВЛИЯНИЕ ВЗАИМОДЕЙСТВИЯ ФОРМ ВЫПУЧИВАНИЯ 
НА НЕСУЩУЮ СПОСОБНОСТЬ ПОДКРЕПЛЕННОЙ 

ПЛАСТИНЫ

Г.А. Мануйлов, С.Б. Косицын, И.Е. Грудцына
Российский университет транспорта (РУТ (МИИТ)), г. Москва, РОССИЯ

Аннотация: В работе исследовано влияния начальных геометрических несовершенств на величину 
максимальной нагрузки для сжатой подкрепленной пластины с двукратной критической нагрузкой. Для 
решения поставленных задач использовался конечноэлементный комплекс MSC PATRAN - NASTRAN.
При моделировании подкрепленной пластины использованы плоские четырехузловые элементы. Расчеты 
выполнялись с учетом геометрической нелинейности. Материал пластины считался абсолютно упругим. 
Рассчитаны критические силы подкрепленной пластины при двукратной критической нагрузке 
(одновременная потеря устойчивости по форме общего изгиба пластины и по локальной форме 
волнообразования в подкрепляющих ребрах). Построены кривые равновесных состояний, кривые падения 
максимальных нагрузок в зависимости от величины начальных несовершенств, а также бифуркационная 
поверхность.

Ключевые слова: устойчивость, подкрепленная пластина, бифуркация, 
начальные геометрические несовершенства, критическая сила

1. INTRODUCTION 

Stiffened plates are quite a widespread element 
of construction, machine-building, aviation and 
ship structures. Interaction of forms of buckling 
failure is an important factor at evaluation of 
post-critical equilibrium of thin-walled stiffened 
plates. Such interaction is manifested either in 
form of interinfluence of the plate total deflection 
as Eulerian rod and the local buckling failure of 

the lining (wave formation in the plate), or as in-
terinfluence of the abovementioned total deflec-
tion and wave formation at buckling failure of 
compressed ribs. Especially interesting in buck-
ling problems are stiffened plates with two-fold 
buckling loads corresponding to the simultane-
ous buckling failure both on the shape of total 
bending of the plate and on the form of local 
bending in form of wave formation of ribs for 
plates possessing open profile rib stiffeners; this 
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interinfluence considerably decreases the buck-
ling load А. Van Der Neut, М. Tvergaard, W. 
Fok, J. Rhodes, А. Walker, G. Hunt, М.Т. 
Thompson, A.I. Manevich, et al. devoted their ef-
forts to studying of the effect of forms interaction 
whereat bearing capacity of stiffened plates and 
shells would decline. In his doctor's thesis [19] 
A.I. Manevich described interaction effects of 
buckling failure forms for thin-walled stiffened 
structures using the non-linear stability approach. 
His results occurred to be of great interest: the 
wave formation of ribs decreased the buckling 
load of stiffened plates from 40% to 60%; this 
paper also demonstrates necessity to use the 
plate-like pattern of a rib.  In this paper, the au-
thors explored the phenomenon of influence of 
non-linear interinfluence of forms and initial ge-
ometrical imperfections on the buckling load. To 
plot equilibrium state lines in vicinity of the two-
fold semi-symmetric critical point, conceptions 
of the modern bifurcation theory and catastrophe 
theory were used. Earlier, on the base of 
V.Tvergaard’s solution for the wide integrally 
stiffened plate under compression, G. Hunt plot-
ted a bifurcation surface for a homeoclinal point 
of hyperbolic umbilic bifurcation. This surface is 
determined with the three parameters (the load 
parameter, and two imperfections parameters, 
that is, relative amplitudes of buckling failure 
partial forms). The mentioned two-fold semi-
symmetric critical point (homeoclinal point of bi-
furcation) is realized when the critical force for 
the general form of buckling failure as of Eu-
lerian rod is near or coincident in its value to the 
buckling load of wave formation local point [2]. 
It is related to the development direction of the 
stiffened plate general deflection toward ribs. At 
such deflection, a deflecting moment is generated 
which additionally loads the plate (shell) and un-
loads the ribs. However, if the general deflection 
develops in opposite direction, ribs under com-
pression will be additionally loaded, while the 
plate (shell), on the contrary, will be unloaded in 
terms of compression. In the case of total or near-
coincidence of buckling loads of the buckling 
and wave formation general form in the ribs, the 

near-critical equilibriums shall be described by 
another semi-symmetric two-fold bifurcation 
point, that is, by the anticlinal one [2] corre-
sponding to the elliptical umbilic catastrophe. In 
the paper [2] G. Hunt, while analyzing the paper 
[1], pointed out the possibility of occurring of the 
bifurcation anticlinal point, if the general deflec-
tion causes additional compression of ribs. We 
note here that studying of the stiffened plate be-
haviour near an unstable two-fold bifurcation 
point was dictated by the consideration that it 
was there where the ultimate sensitivity to initial 
imperfections was observed for majority of elas-
tic systems.   

2. PROBLEM FORMULATION 

The stability problem for the stiffened plate was 
solved by the finite elements’ method in geomet-
rically non-linear formulation. The plate had the 
following geometric parameters: 

�� Plate length: 86 cm,
�� Plate width: 36 cm,
�� δ = 0.155 cm, е = 0.342 cm,
�� J = 3.136 cm4,
�� bp = 0.1 cm, hp = 1.2 cm,

where δ – plate thickness, е – position of the cross 
section main central axis, J – moment of inertia in 
respect to the main central axis, 
bp – rib thickness, hp – rib height. 
The accepted boundary conditions: hinge support 
along short sides, with free longitudinal edges. The 
stiffened plate cross section is shown in figure 1. 
The finite-element model is built within the MSC 
PATRAN – NASTRAN calculation complex, with 
use of finite elements of shell type (4002 elements) 
(figure 2). The material was regarded perfectly 
elastic (Е=2·106 kg/cm2, μ = 0.3). 
The compressing load (four forces) has been ap-
plied in points of intersection of ribs symmetry axes 
and the cross section main central axis.
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Figure 1. The plate cross section.

Figure 2. Finite-element model.

3. STUDYING OF POST-CRITICAL EQUI-
LIBRIUM OF A STIFFENED PLATE 
WITH TWO-FOLD BUCKLING LOAD 

This paper is devoted to studying of the problem 
of interaction of buckling failure forms between 
the shape of the plate general bending and the lo-
cal shape of ribs wave formation. In practice, 
such a situation can occur, e.g., in bridges with 
continuous carriageways in form of a com-
pressed stiffened plate. The linear computation of 
stability showed that the buckling load corre-
sponding to the shape of plate buckling in form 
of Eulerian rod (Рэл = 7708 kg) is sufficiently 
close to the buckling load corresponding to the 

form of wave formation of ribs (Рв.р. = 7818 kg). 
The under-critical and initial post-critical equi-
librium was studied in the geometrically non-lin-
ear formulation; the following results were ob-
tained: 
�� as the compression load increases, the plate 

total deflection would develop downwards 
(i.e. in such a way that the ribs occur on the 
plate concave side and would receive addi-
tional compression).  

�� buckling failure occurs at the maximum buck-
ling load Рcr = 6797 kg in the wave formation 
symmetric bifurcation point in the two middle 
ribs (the point of sharp inflection to curves of 
general deflection development. This load is 
11.81% less than the buckling load obtained 
from the linear calculation);

�� upon passing of the peak value, deflections 
will rise at the lowering load (figure 3). The 
secondary bifurcation (wave formation in the 
plate extreme ribs) will occur at the second 
buckling load Рbif. = 5880 kg.

Figure 4 shows the deformed state of a stiffened 
plate. It is obvious that the increasing deflection 
makes the bending moment bigger in the middle 
part, and we see not only the developing wave 
formation in the ribs but also the forced wave for-
mation of the plate itself, which provokes consid-
erable decrease of the bending rigidity.

Figure 3. Graph of dependency “deflections vs compressing loads”.
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Figure 4. Deformable state of stiffened plate δ = 0.155 cm thick.

4. TWO-FOLD BIFURCATION POINT 

The semi-symmetric two-fold bifurcation point 
is a special critical point. At an odd number of 
waves, the symmetry of post-bifurcation paths 
will remain for wave formation shape of ribs 
only.  
Initial post-bifurcation paths (there may be one 
or three of them) are plotted in the three-dimen-
sional space on two coordinates q1, q2, and load 
parameter λ.

Figure 5. Anticlinal bifurcation point                                

In figure 5 we use the following notation:
q1 – coordinate corresponding to relative ampli-
tudes of wave formation in ribs;  
q2 – coordinate corresponding to relative ampli-
tudes of the plate buckling as a Eulerian rod;
λ – load parameter (λ = Р – Рcr)
Point 1 – semi-symmetric two-fold bifurcation 
point; 
Right line 0 – 1 describes the pure compression 
pre-critical equilibrium;  
Right line 1 – 2 is the line of incoherent equilib-
riums corresponding to the relative amplitude on 
the form of the stiffened plate buckling a Eu-
lerian rod; 
Right lines 1– 3 and 1– 4 are the lines coherent 
equilibriums coordinates whereof depend both 
on Eulerian deflection and on amplitude of wave 
formation in ribs [2];  
Consequently, at the two-fold buckling load, the 
ribs (or plate) buckling failure cannot arise in 
form of a separate (partial) buckling form (i.е.
wave formation at the zero general deflection).  
Point 5 is the point of symmetric unstable bifur-
cation on the Eulerian general deflection curve 
which occurs at intersection of the “triangle” 
plane of coherent equilibriums 1 – 3 – 4 by this 
curve. This point corresponds to the bifurcation 
point at the peak load Рcr = 6797 kg (figure 3).
The catastrophe germ of the elliptic umbilic (the 
first two terms in expression (1) is generated 
from uniform cubes for two variables with taking 
into account the symmetry on the first coordinate 
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and absence of symmetry on the second one. In 
total, the cubic potential for umbilic catastrophes 
can be presented as follows: 

    (1) 

The lower indexes designate differentiation on 
appropriate coordinates and on the load parame-
ters. All derivatives are calculated in the bifurca-
tion point (the upper index “кр”).
For an ideal system, at 1 = 2 = 0, equilibrium 
equations are obtained by setting equal to zero of 
derivatives of potential (1) on each coordinate:

    (2)

   (3)

Let’s show that initial post-bifurcation paths of 
equilibriums are straight lines.
Equilibrium equations (2), (3) may be solved in 
three variants:
�� q1 = q2 = 0 – initial equilibrium of a non-bent 

stiffened plate;
�� the solution at q1 = 0, q2 0 corresponds to the 

general bending of the plate as a Eulerian rod. 
Then, from the equilibrium equation (3), tak-
ing q1=0, we obtain the equation of non-coher-
ent post-bifurcation straight line of general de-
flection 1 – 2 (figure 5): 

  or           (4)

�� q2 0, q1 0. Then, expressing λ from Equa-
tion (2):

,           (5)

and substituting it into Equation (3), we obtain:

=0          (6)

.          (7)

Thus, it is demonstrated that all post-bifurcation 
equilibrium paths are straight lines. Earlier, sim-
ilar computations for the homeoclinal bifurcation 
point were presented in the authors’ paper [16], 
when analyzing interaction of wave formation 
shape in the plate and general deflection of the 
plate as a Eulerian rod.
Ratio signs of derivatives under the root sign in 
Formula (7) are important for determining the 
type of bifurcation umbilic point. The first ration 

is always positive here. If ratios  

possess opposite signs, straight lines of coherent 
equilibriums 1-3 and 1-4 “fall” in the direction 
opposite to that of “falling” of the non-coherent 
post-bifurcation straight line of general deflec-
tion 1 - 2, and we obtain the anticlinal bifurcation 
point corresponding to the elliptic umbilic catas-
trophe. For a stiffened plate, such two-fold bifur-
cation point may be realized only when deflec-
tion of this plate develops in such a way that ribs 
and additionally loaded with compression 
stresses from the bending moment arisen.

5. STUDYING OF INFLUENCE OF INI-
TIAL GEOMETRIC IMPERFECTIONS 
ON BUCKLING LOAD 

To explore the influence of initial imperfections, 
the authors used eigenforms of buckling failure 
obtained by means of liner computations. Geo-
metric imperfections were set on the forms of: 
�� initial wave formation in ribs (wave formation 

of two extreme ribs, two middle ribs, simulta-
neous wave formation in four ribs), 1;

�� buckling of the plate as a Eulerian rod, 2;
�� imperfection on two forms 1+ 2 and √3 1+ 2.
Relative amplitudes of imperfections were set in 
fractions of the plate thickness (0.1δ,0.2δ,
0.5δ,1δ,2δ). It is obvious that the provoking fac-
tor of wave formation in ribs was the bending 
moment developing under action of compressive 
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forces in the stiffened plate middle part. Upon ex-
cluding the initial deflection and using only the 
shape of wave formation of ribs as the initial im-
perfection, we obtained the following results: 
�� buckling failure occurred in the limit point of 

equilibrium curves of wave formation in ribs; 
�� initial imperfection in form of wave formation 

in extreme ribs only provoked local buckling 
of the plate, and thereafter the secondary bi-
furcation of wave formation in middle ribs 
took place; the same effect was observed at 

setting of imperfections for two middle ribs 
only; 

�� it was found that wave formation in middle 
ribs only decreased bearing capacity of a stiff-
ened plate to a higher extent, as compared to 
influence of the similar imperfections in ex-
treme ribs. 

Table 1 presents values of buckling loads of im-
perfect plates. 

Table 1. Values of buckling loads for a plate with imperfection on the shape of wave                 
formation of ribs 

Imperfection value on the shape of wave formation of ribs
(wave formation of two middle ribs)

0 0.1δ 0.2δ 0.5δ 1 δ 2 δ
Buckling load, kg

6797 6327 6009 5469 4874 4656
Imperfection value on the shape of wave formation of ribs

(wave formation of two extreme ribs)
0 0.1δ 0.2δ 0.5δ 1δ 2δ

Buckling load, kg
6797 6644 6508 6238 5812 5130

The decrease of the stiffened plate-buckling load 
from imperfection on the shape of wave for-
mation of ribs (wave formation of two extreme 
ribs) was 24.52%, and that from imperfection of 
wave formation of two middle ribs was 31.5%. 
In figure 6 we can see curves of decrease of crit-
ical values for a plate with imperfection on the 
shape of wave formation of ribs.  
The next step in the research is aimed at studying 
of curves of equilibrium states of imperfect stiff-
ened plates and at plotting of the bifurcation sur-
face. 
 In figure 7, we can see curves of equilibrium 
states of the plate with various imperfection am-
plitudes on buckling form as Eulerian rod. 
The initial deflection direction was chosen in 
such a way that the ribs would occur in the com-
pressed zone (with convex section downward). 
Buckling failure occurred in the limit point of the 
curve of equilibrium on deflections. 

Depending on the initial imperfection ampli-
tude, bifurcation of wave formation of ribs 
arose either later than the limit point (in case of 
small amplitudes 0.1δ, 0.2δ, 05δ), or in the 
limit point (when imperfection amplitude is 
equal to 1δ), or preceded to it, as in the case of 
setting of the imperfection with amplitude 2δ
(inflection on the curve of equilibrium states, 
figure 7).
The decrease of the buckling load in case of 
setting the initial imperfection on the general 
deflection shape and amplitude 2δ was equal to 
32.78%. Turning to the bifurcation diagram 
(figure 5) one can state that all post-bifurcation 
paths of imperfect equilibriums achieve their 
peak loads in limit points; further on, they be-
come instable and asymptotically approach co-
herent equilibriums 1-2 straight line. 
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Figure 6. Curves of decrease of stiffened plate buckling loads from imperfection of wave for-
mation of ribs (0.1δ, 0.2δ, 0.5δ, 1δ, 2δ).

Figure 7. Curves of equilibrium states of stiffened plate with imperfection on buckling form as 
Eulerian rod (0.1δ, 0.2δ, 0.5δ, 1δ, 2δ).

In figure 8 we can see curves equilibrium states 
of a stiffened plate with imperfection on the form 
of wave formation in ribs (simultaneous wave 
formation in four ribs).  
Analysis of results showed that buckling failure 
occurs in limit points of the curves of ribs wave 
formation. The maximum decrease of the buck-
ling load from imperfection on this shape with 
amplitude 2δ was equal to 51%. All post-bifurca-
tion paths of imperfect equilibriums achieved 

their limit points and further on they asymptoti-
cally approached straight lines of coherent equi-
libriums 1-3 and 1-4 (figure 5).
Basing on the obtained results, the bifurcation 
surface “front part” was plotted close in the shape 
to a relevant part of the elliptical umbilic bifurca-
tion surface demonstrated in the monograph by 
B. Gilmour, page 277 [15]. Table 2 presents val-
ues of buckling loads for stiffened plates with 
various types and amplitudes of initial imperfec-
tions. 
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Figure 8. Curves of equilibrium states of stiffened plate with imperfection on the form of sim-
ultaneous wave formation in four ribs (amplitudes 0.1δ, 0.2δ, 0.5δ, 1δ, 2δ).

Table 2. Data for plotting of bifurcation surface
Рcr, kg

1

2

0 0.1δ √3*0.1δ 0.2δ √3*0.2δ 0.5δ √3*0.5δ 1δ √3*1δ 2δ √3*2δ

0 6797 6421 - 6096 - 5660 - 4640 - 3329 -
0.1δ 6495 5954 5934 - - 5559 - - - - -
0.2δ 6440 - - 5720 5616 - - 4454 - - -
0.5δ 6317 5359 - - - 5072 4428 - - 3027 -
1δ 4842 - - 4814 - - - 3897 3304 - -
2δ 4569 - - - - 3972 - - - 2557 2128

6. CONCLUSIONS

It is demonstrated that the peak decrease of the 
buckling load of a stiffened plate was recorded at 
setting of the joint imperfection on two forms 
√3 1+ 2 with amplitude 2δ + √3*2δ and was 
equal to 68.7%. Setting of the joint imperfection 
on two forms 1+ 2 with amplitude 2δ decreased 
the bearing capacity by 62%. The obtained re-
sults of the study of initial imperfections influ-
ence confirm D. Ho’s theorems ([14], 1974), ac-
cording whereto, for two-fold bifurcation points 
with cubic potential, the buckling load peak de-
crease is caused by imperfections possessing the 

shape of the most steeply falling post-bifurcation 
equilibriums. Within this task, most steeply fall-
ing are straight lines of coherent equilibriums 1 –
2 and 1 – 3 (figure 5).
Let’s note also that our results confirm certain 
conclusions of A.I. Manevich [12] about strong 
response  of buckling loads to initial imperfec-
tions in the plate ribs. It was found that the pro-
voking factor of wave formation in ribs was ad-
ditional compression generated by the bending 
moment in the stiffened plate middle part, due to 
development of general deflection in a certain di-
rection.
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Figure 9. Bifurcation surface. 
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ANALYSIS OF RHEOLOGICAL MODELS OF PROCESS
OF SELF-FORMING OF GLUED WOODEN 

Vladislav S. Ponomarev, Galina G. Kashevarova 
1Perm National Research Polytechnic Universities, Perm, RUSSIA 

Abstract: The article considers a promising technology for self-shaping glued wooden elements of curved forms. 
This method is based on rheological processes occurring in wood, such as dehumidification and swelling of wood 
and its anisotropic properties. To predict the final curved shape of the wooden structure, the authors analyzed 
existing rheological models of wood and concluded that the rheological model proposed by European researchers 
includes the most complete list of factors that affect the process of deformation of wood: elastic and plastic defor-
mation, drying and swelling of wood, deformation of viscous-elastic creep and mechanical sorption deformation. 
Based on the results of experimental studies and numerical modeling of the change in the curvature of glued 
wooden elements, which were made by European researchers, it was found that the proposed rheological model 
of wood needs to be clarified, namely, the correction of hygro-expansion coefficients depending on the moisture 
content of wood. A further direction of the authors’ research will be aimed at conducting model experiments to 
determine the hygro-expansion coefficients of different grades of wood depending on the thickness of the wooden 
elements and the orientation of the layers in the glued structure. 

Keywords: method of self-shaping of glued wooden structures, rheological model, deformation. 

АНАЛИЗ РЕОЛОГИЧЕСКИХ МОДЕЛЕЙ ПРОЦЕССА 
САМО-ФОРМООБРАЗОВАНИЯ КЛЕЁНЫХ 

ДЕРЕВЯННЫХ КОНСТРУКЦИЙ

В.С. Пономарев, Г.Г. Кашеварова
Пермский национальный исследовательский политехнический университет, г. Пермь, РОССИЯ

Аннотация: В статье рассмотрена перспективная технология само-формообразования клеёных деревян-
ных элементов конструкций изогнутой формы. Данный метод основан на реологических процессах, про-
исходящих в древесине, таких как деформации усушки и набухания древесины и ее анизотропных свой-
ствах. Для прогнозирования конечной изогнутой формы деревянной конструкции, авторы проанализиро-
вали существующие реологические модели древесины и пришли к выводу о том, что в настоящее время 
реологическая модель, предложенная Европейскими исследователями, включает в себя наиболее полный 
перечень факторов, которые влияют на процесс деформации древесины: упругая и пластическая деформа-
ция, усушка и набухание древесины, деформация вязко-упругой ползучести и механо-сорбционная дефор-
мация. На основании результатов экспериментальных исследований и численного моделирования измене-
ния кривизны клеёных деревянных элементов, которые были выполнены Европейскими исследователями, 
было установлено, что предложенная реологическая модель древесины нуждается в уточнении, а именно 
в корректировке коэффициентов гидрорасширения в зависимости от влажности древесины. Дальнейшее 
направление исследования авторов будет направлено на проведение натурных экспериментов по опреде-
лению коэффициентов гидрорасширения различных сортов древесины в зависимости от толщины дере-
вянных элементов и ориентации слоев в клееной конструкции.

Ключевые слова: метод само-формообразования клеёных деревянных конструкций, 
реологическая модель, деформация
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1. INTRODUCTION 

In modern construction practice, the use of 
wooden structures is widespread. Over the past 
ten years, unique wood facilities have been built 
in Western Europe, such as “Las Setas de Se-
villa”, also known as the “Metropol Parasol” in 
Seville (Figure 1), the viewing tower on Pyra-
midenkogel in Austria (Figure 2), apartment 
building in London “The Cube” etc.  

Figure 1. Las Setas de Sevilla.

Figure 2. The viewing tower  
on Pyramidenkogel.

The world practice of using wooden structures 
pushes scientists to study the natural structure of 
wood for its effective use as a building material.
The variety of wood products requires the devel-
opment of methods for calculating structures 
from this material. A great deal of knowledge and 
experience in wood design is now being devel-
oped, but there are a number of issues that remain 
unresolved [1-4].
Wood – natural anisotropic material. A distinc-
tive feature of its structure is the specific orienta-
tion of various tissues in it. Their directional ar-
rangement forms a fibrous structure. In addition, 
and concentrically arranged annual rings give the 
wood a layered structure [5]. 
The unique structure of wood gives the wood ex-
ceptional advantages: relatively low density, 
high specific tensile strength along the fibers, re-
sistance to salt aggression and other chemically 
active substances, high aesthetic and acoustic 
properties, etc. At the same time, wood defects, 
such as knot cluster, spiral grain, porosity, 
bultswell, reduce the quality of products and 
structures. Low fire resistance, decay and dam-
ages by bugs require additional protection 
measures for wooden structures. Anisotropy and 
change in physical and mechanical properties 
significantly limit the field of application of 
wood. But at the beginning of the second decade, 
based on the scientific works of S.P. Tymo-
shenko [6], several researchers from Switzerland 
and Germany [7] proposed a technology for us-
ing these shortcomings of wood to produce glued 
wooden structures of complex architectural 
shape. They called their method "self-shaping 
glued wooden structures".

2. METHOD OF SELF-SHAPING  
OF GLUED WOODEN STRUCTURES 

Self-shaping method used for the production of 
glued wooden structures of curved shape. This 
method is based on the processes of drying and 
swelling of wood, as well as on its anisotropy. To 
give a curved shape, two layers are distinguished 
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in a glued wooden structure: active and passive 
(Figure 3). 

Figure. 3. (a) - wood element before drying; (b) 
- wood element after drying: 

L - length, d - width, H - general thickness, 
1h - thickness of the active layer, 2h - thickness 

of a passive layer. 

The main idea of the self-shaping method is that 
when the active layer is moistened to a certain 
value before gluing the layers of wood, the layer 
swells and increases in size. After that, the active 
and passive layers are glued together.  
During drying of the glued wooden structure, 
moisture from the wood of the active layer is re-
moved, and it decreases in size. The passive layer 
resists deformation of the active layer, as a result 
of which the glued wooden structure acquires a 
curved shape. The curvature of the structure de-
pends on several factors, such as mechanical 
properties of the wood (modulus of elasticity, 
modulus of shear, Poisson's coefficient), humid-
ity and thickness of the active and passive layers, 
orientation of the layers. 

3. DESCRIPTION OF RHEOLOGICAL 
WOOD MODELS 

The application of the self-shaping method of 
glued wooden structures requires the most com-
plete and accurate rheological model of wood to 
predict the final shape of the structures. To date, 
scientists from around the world are conducting 
research to refine or develop a new rheological 
model of wood. 
For example, E. M. Tyuleneva [8] proposed her 
rheological model of wood, in which the com-
plete relative deformation of wood is defined as 

2
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where !  - stress in wood, 1E  - instant module of 
elasticity, 2E  - elastic modulus of the second 
kind, 3E  - plastic module of deformation, 2*  - 
elasticity coefficient, t  - loading time of wooden 
specimen. 
A group of researchers Vasilenko A. S. and 
Yudin R. V. conducted studies to determine the 
deformation of wood in the manufacture of 
sleepers. The authors of article [9] proposed a 
mathematical model in which the total relative 
deformation of wood is defined as 
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where !  - stress in wooden element, ME  - instant 
elastic modulus, gE  - long modulus of elasticity, 
which characterizes the final elastically elastic state 
of wood, t  - loading time, n  - relaxation time, 

1+ �  - rheological coefficient. 
Foreign researchers Hassani M. M. and others 
from Germany and Switzerland, who proposed 
the method of self-shaping, developed their own 
rheological model of wood [10]. It defines the to-
tal relative deformation of wood as the sum of 
five components (Figure 4): 
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Figure. 4. Schematic illustration of the                       
rheological model of wood [7].

�� elastic deformation el8 ; 
�� irrecoverable plastic deformation pl8 ; 
�� deformation of drying or swelling caused by 
change in moisture content of wood �8 ; 
�� deformation of viscous-elastic creep ve

i8 ; 
�� deformation of mechano-sorption creep ms

j8 . 
As a result, the tensor of complete relative defor-
mation of wood consists of five components: 

1 1

n m
el pl ve ms

i j
i j

�8 8 8 8 8 8

 



 	 	 	 	� � .       (4) 

The key feature of this model is the determination 
of the deformation of drying and swelling of wood, 
since it is it that plays an important role in the 
method of self-shaping of glued wooden structures. 
When drying wood, moisture inside the wood 
moves to the surface, and moisture evaporates 
from the surface of the material into the environ-
ment. With a decrease or increase in moisture, 
wood shrinks or swells.  
To describe deformation in these processes, the 
authors [10] proposed to use an approach similar 
to the thermal expansion of the material. Change 
of linear dimensions of wood in different ana-
tomical directions directly proportional to in-
crease of wood humidity [10]: 


 �
 �0FSMin ,�
�8 + � � �
 � ,             (5) 

where �  - current humidity of material, FS�  - 
moisture content of wooden specimen, at the value 
of which shrinkage or swelling does not occur (for 

a number of sources this value varies from 28 to 30 
percent [11]), 0�  - final humidity of wood. The 
vector �+  consists of hydraulic expansion coeffi-
cients and in the coordinate system RTL  ( R , T , L
- the anatomical direction of wood growth: radial, 
tangential longitudinal) is defined as 

� �0 0 0R T L, , ; , ,�+ + + +
 .           (6) 

The authors [10] assume that the coefficients are 
R+ , T+ , L+  constant for each type of wood and 

do not depend on the level of humidity. Coeffi-
cient values are given in [10] 
Analyzing the presented rheological models of 
wood behavior, we can say that the rheological 
model proposed by foreign authors takes into ac-
count more factors affecting wood deformation.
For the practical application of the self-forming 
method of glued laminated wooden structures, 
accounting for the deformation of drying and 
swelling of wood is the most important factor for 
predicting the final curved shape of the wooden 
structure. 

4. VERIFICATION OF THE  
RHEOLOGICAL MODEL OF WOOD 

Based on the above-described rheological model of 
wood (4) and the method of self-shaping of glued 
wooden structures, a numerical simulation of the 
deformation process of wooden beams was carried 
out in order to verify the rheological model with 
natural experimental studies (Figure 5) [7]. 
As the material of the initial samples, two varie-
ties of wood were used European beech and Nor-
wegian spruce. A total of three types of speci-
mens 600 mm length, 100 mm wide and 15, 30 
and 45 mm thick, specimen number 1, 2 and 3 
respectively, were tested. The ratio of the thick-
ness of the active layer of the passive layer was 
1:2.
The passive layer was made of a solid board 600 
mm long and 100 mm wide, and the active layer 
was made of a board 250 mm long and 100 mm 
wide.
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Figure. 5. Results of reshaping samples after 
drying. Bilayer samples (configurations 1-3) 
made of European beech (A) and Norwegian 

spruce (B). Moisture change of wood (ω) mod-
eled by finite element method and measured on 
experimental samples. Curvatures (k) versus 

square root of time, and curvatures versus mois-
ture contents with comparison to model predic-

tions [7]. 

A polymer adhesive composition was used to 
glue the active and passive layers. In addition, the 
researchers conducted an analytical and numeri-
cal calculation of the deformation of glued 
wooden structures made by method of self-shap-
ing. 
Analyzing the obtained values of deformations of 
glued wooden beams, obtained from the results 
of full-scale experiments, numerical modeling 
and analytical calculation, we can conclude that: 
�� in the process of drying both wood grades, the 
humidity and time changes obtained during the 

full-scale experiment and as a result of numerical 
modeling are close to each other; 
�� for European beech, the dependencies of the 
change in curvature (shape change) of the sample 
on the time and moisture of wood, obtained 
during the full-scale experiment and as a result of 
numerical modeling, are also close to each other, 
but for Norwegian spruce, similar dependencies 
differ: the beam curvature according to the 
results of numerical modeling is greater than the 
curvature obtained during the full-scale 
experiment.

5. CONCLUSION 

The method of self-shaping of glued wooden 
structures is a promising technology for design-
ing and producing building structures of unique 
architectural forms from wood. This method is 
based on rheological processes occurring in ani-
sotropic material, drying and swelling of wood. 
Studying the change in the mechanical character-
istics of various types of wood due to an increase 
or decrease in its humidity will allow you to more 
accurately predict the final form of wooden struc-
tures made by self-forming. 
Currently, the rheological model (4), describing 
the complete relative deformation of wood as the 
sum of five components: elastic and plastic de-
formation, drying or swelling of wood, defor-
mation of viscous-elastic creep and mechanical-
sorption deformation, needs to be clarified. This 
was shown by the results of field experiments 
and numerical modeling. According to the au-
thors, these discrepancies can be caused by not 
taking into account the influence of thickness and 
orientation of the active layers in determining the 
factors of hygro-expansion coefficients of wood 
(6) [10]. 
Further research on the mechanical behavior of 
wood by the authors will focus on refining the 
mathematical model of the processes of drying 
and swelling of wood and conducting full-scale 
experiments to determine the hygro-expansion 
coefficients at different thicknesses and arrange-
ment of wooden elements.
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NUMERICAL MODELING AND FULL-SCALE EXPERIMENTS 
OF GLUED WOODEN STRUCTURES JOINT DESTRUCTION  

ON CARBON-FIBER DOWEL PINS  

Mikhail A. Vodiannikov1, Galina G. Kashevarova2, Danil I. Starobogatov3
1 Perm National Research Polytechnic University, JSC “VNII Galurgii”; Perm, RUSSIA; 

2 Perm National Research Polytechnic University, Perm, RUSSIA; 
3 Durham College, Ontario, CANADA 

Abstract: This paper presents the results of numerical modeling and full-scale experiments of the failure process 
of a glued laminated timber beam with rigid joint in the middle. All the connecting parts are made of carbon fi-
ber. The structural analysis is done with the finite element method (ANSYS software). The nonlinear problem 
was solved. The contact interaction of the structural elements in the process of deformation and fracture, as well 
as orthotropy of the wood, the transversely isotropic properties of the plates, and the real diagrams of the defor-
mation of carbon fiber dowel pins were taken into account. The influence of the structural parameters of the joint 
on the position of the most loaded dowel pin in the joint and the bearing capacity of the general structure are in-
vestigated. To verify the structural analysis results, field tests were carried out before destruction by a stepwise 
increasing load on a personally designed stand. The destruction of the structure occurred according to the fore-
cast of the numerical model as a result of the mutual slip of the glued wood layers and the destruction of the pol-
ymer matrix of the glued dowel pins with the beginning of the formation of plastic joints and the formation of 
cracks in the wood at the junction.

Keywords: wood, carbon fiber, computer model, ANSYS, finite element analysis, composite material, contact 

ЧИСЛЕННОЕ МОДЕЛИРОВАНИЕ И НАТУРНЫЕ 
ЭКСПЕРИМЕНТЫ РАЗРУШЕНИЯ СТЫКОВ КЛЕЕНЫХ 

ДЕРЕВЯННЫХ КОНСТРУКЦИЙ НА УГЛЕПЛАСТИКОВЫХ 
НАГЕЛЯХ

Водянников М.А.1,2, Кашеварова Г.Г.1, Старобогатов Д.И.3
¹ Пермский национальный исследовательский политехнический университет, г. Пермь, РОССИЯ

² АО «ВНИИ Галургии», г. Пермь, РОССИЯ
3 Durham College, г. Онтарио, КАНАДА

Аннотация: В данной работе представлены результаты численного моделирования и натурных экспери-
ментов процесса разрушения конструкции балки из клееной древесины с нагельным стыком, соедини-
тельные элементы которого изготовлены из углепластика. Расчеты проводились методом конечных эле-
ментов в программном комплексе ANSYS. Решалась нелинейная задача. Учитывалось контактное взаи-
модействие составляющих элементов конструкции в процессе деформирования и разрушения, а также 
ортотропия древесины, трансверсально-изотропные свойства пластин, реальные диаграммы деформиро-
вания углепластиковых нагелей. Исследовано влияние конструктивных параметров стыка на положение 
наиболее нагруженного стержня  в соединении и несущую способность конструкции балки. Для верифи-
кации результатов расчета проводились натурные испытания балок до разрушения пошагово возрастаю-
щей нагрузкой на специально запроектированном стенде. Разрушение конструкции произошло согласно 
прогнозу численной модели в результате взаимного проскальзывания слоев клееной древесины и разру-
шения полимерной матрицы вклеиваемых стержней с началом образования пластических шарниров под 
пятками траверсы и образованием трещин в древесине в месте стыка.
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1. INTRODUCTION 

Joints of solid and glued timber structures are the 
most responsible and extremely labor-intensive 
design section in the construction of long-span 
architectural forms. Numerous studies of wooden 
structures joints were carried out by such institu-
tions as VIAM, TSNIISK, TsAGI, MISI, LISI, 
VIA�and researchers: G. G. Carlsen, I. P. Kulibin, 
V. G. Shukhov, V. M. Kochenov; Gestesi, Earl, 
Schnidtman and others. 
S. A. Andreev [1], V. N. Maslov [2], V. F. Ivanov 
[3], B. L. Nikolai [4], A. V. Lenyashin [5], V. G 
Donchenko [6], Yu. V. Slitskoukhov [7]) consid-
ered a dowel as a beam on an elastic base. 
G. G. Carlsen was the first to propose a method 
for calculating joints by permissible stresses. V. 
M. Kochenov [8] proposed a methodology for 
calculating nugget joints taking into account the 
elastic-plastic work of wood in the nest for col-
lapse and the plastic work of rods for bending. 
The authors S. B. Turkovskii and A. A. Po-
goreltsev [10-13] proposed a universal joint on 
glued rods (“TsNIISK system”) using steel pins 
and overlays (Figure 1), which made it possible 
to create a large number of unique large-span 
wood structures. 

Figure 1. Universal joint “TsNIISK system”. 

Despite the multipurpose of such compounds, 
their practical use in load-bearing structures in 
some cases (chemically aggressive environment, 
high humidity, etc.) is not reliable, since there is 
a risk of premature failure of the structure due to 

corrosion of steel parts. The restoration of the 
anticorrosion layer is often impossible without 
stopping the operation of the facility. The high-
temperature effect when using steel parts at the 
joints of the weld joint (patch pads, reinforcing 
bars) leads to stress concentrators associated 
with the destruction of the wood structure in 
these areas. A significant difference in the linear 
thermal expansion coefficients α*106 (1/0С) of 
steel (13.0) and wood parallel to the fibers (3.7)
leads to a limitation of the joining of large-
assembled large-span elements under conditions 
of a large annual temperature difference. The 
fire resistance of a massive wooden section 
treated with flame retardant allows structures to 
withstand up to 60 minutes without collapse, 
while the transition of steel connecting parts to a 
plastic state in a fire will occur 5-12 times less 
(depending on temperature). 
In [14, 15], it was shown that it is mainly possi-
ble to use composite materials (carbon fiber, 
basalt, fiberglass) instead of steel to create equal 
strength joints of wooden structures [16]. But 
the widespread use of composites today is hin-
dered by the lack of a full regulatory frame-
work, a relatively high cost, a small number of 
industries and limited application experience. 
The issue of improving the connections of solid 
and glued wood structures using glued rods and 
pads made of composite materials (including 
carbon fiber reinforced plastics) is relevant and 
expands the possibilities of using renewable 
natural materials. 
The existing methodology for calculating the 
connections of the “TsNIISK system” is re-
duced to comparing the minimum bearing ca-
pacity of a rod from the condition of crushing a 
wood point or bending, the most loaded of rods. 
However, methods for determining the forces in 
the pins to find the most loaded rod in the nor-
mative documents are not given [17]. 
The study of the processes of deformation and 
fracture of a structure under complex stress 
conditions requires the use of adequate mathe-
matical models of the mechanical behavior of 
materials and a high degree of detail of structur-
al elements. The use of numerical methods, the 
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capabilities of modern software systems and 
computers allows us to describe with high accu-
racy the behavior of the elements of the joint 
structure in a complex stress state. To analyze 
the stress-strain state of the structure, the finite 
element method in the form of the displacement 
method and “ANSYS” program complex [18], 
verified at the Russian Academy of Architecture 
and Building Sciences, was used. 
The purpose of this study is to determine the 
stress-strain state of the elements of the rigid 
joint of glued wooden structures using compo-
site parts with numerical modeling and a full-
scale experiment. To show the fundamental pos-
sibility of using composite parts and rods as an 
alternative to steel elements when creating equal 
strength assemblies. 
To achieve this goal, the following tasks were 
solved: 
1. Creating a design model for the construction 
of a wooden beam with a joint node, taking into 
account the orthotropy of glued wood and the 
contact of the elements of the joint. 
2. Structural analysis of the stress-strain state of 
the structure with different configuration op-
tions using four-point bending. 
3. To determine the places of the most possible 
destruction of the structure depending on the 
parameters of the joint design. 
4. To verify the results obtained, conduct full-
scale experiments and a comparative analysis 
with the engineering calculation method. 

2. METHODS 

In this study, a calculated finite-element model 
of a layered wooden beam with a joint in the 
middle of the span was created. It was tested 
using the four-point bending technique (Figure 
2a). The model was built in AutoCAD and ex-
ported to ANSYS using macros written in the 
parametric programming language APDL. The 
joint overview is shown in Figure 2b. 
The main feature of the considered structure is 
the contact interaction of bodies [19], the inclu-
sion of which allows to simulate the behavior of 

its constituent elements in the process of defor-
mation and fracture. 

Figure 2. The design scheme of the beam and 
joint overview.

The stress state in the contact zones is extremely 
diverse. Surfaces can come in and out of contact 
all of a sudden. The stress state is significantly 
affected by friction, and it must be taken into 
account.  
At the joint boundaries of the contacting ele-
ments, distributed surface forces arise. Normal 
tn and tangent tt components of the distributed 
contact force acting on any element have the 
form: 

�� � (1) 
%� � � (2) 

where n - external normal to the contact surface 
of the body,  - tangent vector to the contact 
surface of the body. 
In equation (1), non-strict inequality turns into 
equality when the bodies exit the contact and 
into strict inequality when they are in contact. 
Tangent contact forces can take any value. The 
application of the tangential stress in the contact 
does not lead to slippage, provided that the 
bodies in the contact area are glued to each 
other or the friction coefficient tends to infinity. 
In this case, the tangential contact forces are 
independent of normal contact forces, but are 
not equal to zero. 
The contacting bodies are motionless relative to 
each other, i.e. tangential forces obey Coulomb's 
law as long as the inequality holds: 
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,   (3)

where – static coefficient of friction.  
If inequality (1) is violated, the bodies begin to 
move relative to each other. Then the tangential 
contact forces obey the following equality: 

,   (4) 

where – dynamic coefficient of friction, 
.

The movement will continue until inequality is 
fulfilled and will not start again until inequality 
is violated again (3). 

,           ����

When friction in the contact zones is taken into 
account, the solution of the problem substantial-
ly depends on the sequence of application of 
external loads, and complex loading programs 
are implemented at the points entering and leav-
ing the contact [20 - 22]. 
The development trend of leading software sys-
tems (PCs) is the implementation of a set of 
mathematical models in them to describe differ-
ent physical processes. The user connects the 
necessary models at the stage of setting the 
problem, setting the corresponding boundary 
conditions and other required input data. 
The ANSYS Workbench software module con-
tains a large set of contact technology tools inte-
grated into the finite element method for devel-
oping various contact options [7, 8]. Two inter-
acting surfaces are distinguished in a contact – a
contact pair. One of the surfaces is conventional-
ly called “contact” and the second – “target”. The 
choice of contact model is the most important 
issue in solving contact problems. 
In this task the contact area can change and in 
the general case it contains both adhesion and 
sliding sections that occur when the module ex-
ceeds the tangential force of the limit value of 
the friction force (rest friction). To model con-
tact interaction and sliding between three-
dimensional surfaces, the Frictional model and 
contact elements CONTA174 and TARGE170 

were used. The friction coefficient depends on 
the materials, and is adopted for a pair of wood-
carbon fiber – 0.25, and for a pair of wood-
wood – 0.33.
The following finite elements were used to cre-
ate the calculated finite element model of the 
model: the beam body was modeled with 8-node 
SOLID185 elements, the rods with 3-node 
BEAM188 elements, and the pads with 8-node 
SHELL281 elements. Different mesh options 
were considered. From the point of view of 
convergence and calculation speed, a mesh with 
grinding in the contact zone is preferable. The 
size and type of mesh significantly affects the 
analysis results. 
The load in the form of two concentrated forces 
F=1,25 kN (Figure 2a) was adopted in accord-
ance with the recommendations of the National 
Standart “Wooden Structures”. 
The joint was made in the middle of the span. 
The design is a composite. Wood is defined as an 
orthotropic material with the following character-
istics: elastic modulus along the x axis, Ex =
1.1×1010 Pa; elastic modulus Ey = Ez = 4.5× 108

Pa; Poisson's ratios νxy = 0.45, νyz = νxz = 0.018; 
shear modulus Gx = Gy = Gz = 6 × 108 Pa.
The glued rods are carbon fiber on a polymer 
matrix [23] with the following characteristics: 
tensile strength at break σt = 2.248 × 106 Pa; 
elastic modulus E = 117 × 109 Pa; Poisson's ra-
tio νxy = νyx = 0.31.
The overlays are defined as a transversally iso-
tropic bidirectional carbon fiber reinforced plas-
tic with a direction of reinforcing layers of ±45 
degrees with the following characteristics: ten-
sile strength at break σt = 7.65 × 106 Pa; elastic 
moduli Ex = Ey = 87.2 × 109 Pa, Ez = 65.4 × 
109 Pa; Poisson's ratios νxy = νyx = 0.268; νxz =
0.018.
Numerical implementation of nonlinear prob-
lems of determining the stress-strain state of a 
structure was carried out by a step-by-step 
method by replacing the entire load with a series 
of its small increments. Within each loading 
step, the load can be further divided into several 
solution steps to ensure gradual application of 
the load. At each step of the solution, to obtain 
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convergence, equilibrium iterations were per-
formed using the Newton-Raphson method. The 
convergence check for forces and displacements 
was carried out using the Euclidean norm for all 
degrees of freedom. 

3. RESULTS AND DISCUSSION 

The results of calculating a variant of a beam
with arrangement at the junction of eight pins 
on each side at an angle of 45 ° to a line running 
along the long edge of the beam are shown. 
Figures 3 and 4 show the isofield of the distribu-
tion of equivalent stresses in wood and connect-
ing parts (pads and rods). 

Figure 3. Isofields of stress distribution in the 
body of wood (Pa). 

Figure 4. Isofields of the stress distribution in 
connecting parts (Pa).

The contact interaction status of structural ele-
ments is shown in Figure 5 (orange color indi-
cates slippage of wood layers relative to each 
other (“SLIDING” in ANSYS terminology), as 
well as slippage of rods in landing slots at the 
moment of sample destruction). 

Plastic deformations in a specimen with a rig-
id joint begin to form under the supports of 
the beam in the zone of maximum bending 
moment at a load of 15.4 kN. A diagram with 
the locations of the resulting plastic hinges is 
shown in Figure 6. The failure of the joint oc-
curs at a load of 25.6 kN. In this case, the 
opening of the joint zone and the separation of 
the connecting strips, as well as the rods at the 
contact points. 

Figure 5. Contact interaction of the rods, pads 
and layers of wood at the time of destruction.

The maximum equivalent stresses in the glued 
rods forming a rigid joint were 600.7 MPa. The 
voltage distribution fields in the connecting 
parts are shown in Figure 6. 

Figure 6. Plots at the beginning of the formation 
of plastic hinges under the supports of the beam. 

At the moment of sample destruction, the max-
imum displacements of the middle of the beam 
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span (at the junction) according to the results of 
numerical simulation were equal to 9.75 mm.
The maximum equivalent stresses in the glued 
rods forming a rigid joint were 600.7 MPa. The 
voltage distribution fields in the connecting 
parts are shown in Figure 7.
The most responsible (bottleneck) is the area of 
glued rods located between the plate and the 
wood - in this place the greatest bending stress-
es arise. In Figure 7, these areas are painted in 
light blue. When designing the joint, it is advis-
able to use conical-shaped rods with a thicken-
ing at the junction of the parts to be joined. 

Figure 7. Isofields and stresses in the rods on a 
stretched pad. 

In order to assess the influence of the parameters 
of structural elements on the bearing capacity of 
the joint and to determine the most loaded rod in 
the joint, a multivariate computational experi-
ment was conducted. The following parameters 
were taken as variable: position (gluing angle) 
φ=15, 30, 45, 60̊�(Figure 8); the number of pins 
in the connection N = 4, 8, or 12 pcs.  

Figure 8. The angle of gluing rods.

The rods are installed in two longitudinal rows, 
the location of the rods is taken in accordance with 
the requirements of paragraphs 7.18, 7.19 [9].
The following are taken as controlled design 
parameters: maximum equivalent stresses be-
fore failure for all joints: in wood, in rods, in 
overlays and maximum beam deflection in the 
vertical plane. 
The following are taken as controlled design 
parameters: maximum equivalent stresses be-
fore failure for all joints: in wood, in rods, in 
overlays and maximum beam deflection in the 
vertical plane. 
The results obtained during the computational 
experiments are shown in Figures 9-12. 

Figure 9. Deflection of the beam  
in the vertical plane. 

Figure 10. Maximum equivalent stresses  
in wood.

It can be seen from the graphs that the beam de-
flection decreases with an increase in the angle of 
inclination of the rod (logically, the rods become 
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more parallel to the boards and create longitudinal 
reinforcement). Stresses in wood and CFRP vary 
insignificantly, and the stresses in the rods and 
pads are greater, the smaller the rods. 

Figure 11. Maximum equivalent stresses  
in the rods. 

Figure 12. Maximum equivalent stresses  
in pads.

4. FULL-SCALE EXPERIMENTS 

The scheme of full-scale testing of the sam-
ples corresponded to the design scheme shown 
in Figure 2. The joint was made in the middle 
of the span. The beam body is glued wood of 
the second grade with a section of 
100×225×3000 mm. The glued rods are car-
bon fiber with a diameter of 5 mm, obtained 
by pultrusion. The overlays on the top and 
bottom of the beam – bidirectional carbon fi-
ber on the matrix of the synthetic polymer 
binder are anchored (fixed) into the body of 
the wood using glued rod. 

The tests were carried out until the destruction 
of the sample stepwise increasing load on a in-
dividually designed bench. The pressure on the 
beam was transmitted by means of a hydraulic 
jack DU50P250 through a traverse with two ar-
ticulated supports. The load value was taken 
from an electronic pressure gauge connected to 
the oil station via high pressure hoses. The value 
of the breaking load was taken at the moment at 
which an increase in displacements was ob-
served with the jack support pressure drop. To 
measure the displacements, inductive linear dis-
placement sensors DPL-100 were used, con-
nected to the TEREM-4.1 recording unit. 
A general view of the beam on the bench is 
shown in Figure 13. The sample after the de-
struction of the joint, is shown in Figure 14.  

Figure 13. General view of the beam  
on the bench. 

Figure 14. The sample after the destruction  
of the joint. 
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The tests were carried out until the sample was 
destroyed by a stepwise increasing load on a spe-
cially designed bench. The breaking load is set at 
25.4 kN, the displacement in the middle of the 
span was 7.2 mm. The compressed (upper) edge 
of the beam at the junction closely approached the 
opposite part of the beam, forming a frontal stop. 
The maximum width of the opening of the lower 
edge at the junction was noted with an indicator 
value of 5.7 mm, with an initial gap value of 1 
mm before the test. 
Figure 15 shows the graphs of the dependence of 
the maximum displacements of the beam on the 
load obtained in computational and field experi-
ments. Sensors "1" and "3" are installed under the 
support heels of the beam, transmitting the force 
directly to the beam. Sensor "2" is installed in the 
middle of the beam span (at the junction). 

�

Figure 15. Graphs of the dependence  
of displacements on load for experimental  

and theoretical data.

The experiments were carried out until the col-
lapse of the beam and the joint with the occur-
rence of mutual displacements of the layers of 
wood and pulling out individual rods. After de-
struction, the beam did not return to its original 
state. 
The nature of the damage in full-scale tests cor-
responds to the forecast of the numerical model. 
The structure is destroyed as a result of the mu-
tual slip of the glued wood layers, the destruc-
tion of the polymer matrix of the glued rods, the 
formation of plastic joints under the heels of the 

beam and the formation of cracks in the wood at 
the junction. 
After the first rod was turned off from work, the 
structure continued to work elastically for some 
time, but with an increase in load and a sharp 
destruction of the remaining rods, the joint of 
the structure completely destroyed. This infor-
mation is confirmed by the spasmodic behavior 
of the curve on the load-displacement graph, 
followed by an increase in deformations when 
the load drops. 

5. CONCLUSION 

The creation of a correct design model for the 
construction of a wooden beam with a nodal 
joint, taking into account the orthotropy of 
glued wood and the contact interaction of the 
joints, the use of numerical methods and mod-
ern software systems, allows us to understand 
the nature of the destruction of the composite 
structure, the distribution of stresses and dis-
placements that occur inside the joint, hidden 
for registration during experimental research. 
The places of the most probable destruction of 
the structure are determined depending on the 
parameters of the joint design. 
The principal possibility of replacing metal 
parts with carbon fiber to create equal strength 
joints of wooden structures is shown. When 
comparing the results of experiments of a beam 
with a joint on glued rods with a similar contin-
uous beam, the reinforcing effect of the rods is 
noted, since the glued joint rods prevent mutual 
displacement of the layers. 
Short-term tests as a whole showed viable solu-
tions when designing joints on glued rods [24], 
however, to complete the picture of the opera-
tion of such parts, it is necessary to conduct 
long-time based experiments, including fire 
tests and vibration load tests. It is necessary to 
take into account the aging of composites. Also, 
a long-time experiment is designed to show the 
joint work of the composite and wood, because, 
for example, steel rods form an oxide corrosion 
shell over time and after several years of opera-
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tion cease to provide the initial joint work in the 
wood nests. It is assumed that composite solu-
tions for joints of glued wooden structures will 
be free from such drawbacks. 
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ANALYSIS OF NONLINEAR FORCED VIBRATIONS  
OF  FRACTIONALLY DAMPED SUSPENSION BRIDGES

SUBJECTED TO THE ONE-TO-ONE INTERNAL RESONANCE   
  

 Marina V. Shitikova1,2, Aleks L. Katembo1
1Voronezh State Technical University, Voronezh, RUSSIA 

2 Research Institute of Structural Physics of the Russian Academy of Architecture and Construction Sciences,
Moscow, RUSSIA

Abstract: Nonlinear force driven coupled vertical and torsional vibrations of suspension bridges, when 
the frequency of an external force is approaching one of the natural frequencies of the suspension 
system, which, in its turn, undergoes the conditions of the one-to-one internal resonance, are 
investigated. The method of multiple time scales is used as the method of solution. The damping features 
are described by the fractional derivative, which is interpreted as the fractional power of the 
differentiation operator. The influence of the fractional parameters (orders of fractional derivatives) on 
the motion of the suspension bridge is investigated.  

Keywords: suspension bridge, nonlinear force driven vibrations, fractional damping, generalized 
method of multiple time scales 

АНАЛИЗ ВЫНУЖДЕННЫХ НЕЛИНЕЙНЫХ КОЛЕБАНИЙ 
ВИСЯЧИХ МОСТОВ ПРИ НАЛИЧИИ ВНУТРЕННЕГО 

РЕЗОНАНСА ОДИН-К-ОДНОМУ  
С ПОМОЩЬЮ ПРОИЗВОДНЫХ ДРОБНОГО ПОРЯДКА

  
М.В. Шитикова1,2, А.Л. Катембо1

1 Воронежский государственный технический университет, г. Воронеж, РОССИЯ  
2 Научно-исследовательский институт строительной физики 

Российской академии архитектуры и строительных наук, г. Москва, РОССИЯ

Аннотация: Исследуются нелинейные вынужденные изгибно-крутильные колебания висячего моста 
при наличии внутреннего резонанса один-к-одному в случае, когда частота возмущающей силы близка 
одной из собственных частот колебаний. В качестве метода решения используется обобщенный метод 
многих временных масштабов. Силы демпфирования описываются при помощи производной дробного 
порядка, которая интерпретируется как дробная степень оператора дифференцирования. 
Проанализировано влияние париметра дробности на колебания висячего моста.    

Ключевые слова: висячий мост, нелинейные вынужденные колебания, демпфирование с помощью 
дробной производной, обобщенный метод многих временных масштабов 

1. INTRODUCTION  

The suspension bridges are unique building 
structures, as they allow one not only to cover 

large spans, but also are economically viable. 
Compared to other types of bridges, suspension 
bridges have a number of technical and aesthetic 
advantages, that is why they are so widely used 
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in the modern world. The history of suspension 
bridges met with the largest catastrophe in bridge 
construction - the collapse of the bridge over the 
Tacoma River (USA) in 1940 (Tacoma Narrows 
Bridge). In flexible suspension bridges under the 
action of various dynamic loads, such as moving 
load or wind, strong bending-torsional vibrations 
could occur, sometimes resulting in extremely 
large amplitudes complicating the normal 
operation of the bridge, and sometimes causing 
its destruction. Due to the low damping ability of 
the suspension bridges, the oscillations could be 
accompanied by the transfer of energy between 
different modes of vibrations for a long time even 
after unloading, which was the cause of their 
occurrence. This is explained by the phenomenon 
of internal resonance, when one of the 
frequencies of free bending vibrations is close in 
value to one of the natural frequencies of 
torsional vibrations, which in practice can occur 
quite often due to the density of the spectrum of 
the natural frequencies of suspension bridges, 
which largely depend on the geometric 
parameters of the bridge.  
To analyze the phenomena of the internal 
resonance during dynamic response of 
suspension bridges, different mathematical 
models have been utilized. Thus, the continuous 
model proposed in [1] has been used in [2-6] to 
solve the system of nonlinear differential 
equations describing the dynamics of suspension 
bridges under one-to-one [2-6] and two-to-one 
[3-5] internal resonances by means of the 
multiple time scales perturbation technique [7].
The state-of-the-art survey of the internal 
phenomena in suspension bridges was made by 
Shitikova and Rossikhin [8] in their plenary 
lecture at the 5th European Conference of Civil 
Engineering held in Florence, Italy in 2014. 
During this report, the authors passed aloud their 
opinion that the reason of failure of the Tacoma 
Narrows Bridge was connected with the internal 
resonance between vertical and torsional 
vibrations.       
This idea was repeated a year later, in 2015, by 
Arioli and Gazzola [9], who trying to explain 
why did torsional oscillations suddenly appears 

before the Tacoma Narrows collapse found out 
that vertical oscillations had become large 
enough and switched to torsional ones. The four-
degree-of-freedom model accounting for both the 
flexural-torsional motion of the bridge deck and 
for the transversal motion of a pair of hangers has 
been considered in [10], and the internal 
resonance between the modes of deck and 
hangers vibrations has been studied. Stability of 
dynamic response of suspension bridges with due 
account for the phenomenon of the internal 
resonance has been considered in [11]. The 
generation of the force induced internal 
resonance was recorded during repairs connected 
with the retrofit of suspension bridges in the 
U.S.A. [12].   
Thus, the potential occurrence of internal 
resonance phenomena has been identified as the 
potential cause of critical dynamic states in long-
span suspension bridges. Therefore, the task of 
studying the internal resonance in suspension 
bridges is very relevant and important.
The first field observations of the vibrations of 
the Golden Gate suspension bridge were made in 
the period from 1933 to 1942, when 
seismological instruments were installed on the 
piers, towers and cables to measure any vibration 
that might occur [13]. After the failure of the 
Tacoma Narrows Bridge in 1940, it was decided 
to install ten instruments for measuring the 
vertical movement of the bridge, which worked 
continuously until 1954. Vincent [14-16]
analyzed these recordings of observations of the 
Golden Gate Bridge vibrations, and the field 
observations of this bridge were further 
continued to [17-20]. Thus, the experimental data 
obtained in [20] showed that different vibrational 
modes feature different amplitude damping 
coefficients, and the order of smallness of these 
coefficients tells about low damping capacity of 
suspension combined systems, resulting in 
prolonged energy transfer from one partial 
subsystem to another. However, the analytical 
model described in [2] with its further extension 
in [3,4] allows one to analyze only free 
undamped vibrations of suspension bridges. 
Nonlinear free damped vibrations of suspension 
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bridges in the cases of the one-to-one internal 
resonance, when the natural frequency of a 
certain mode of vertical vibrations is close to the 
natural frequency of a certain mode of torsional 
vibrations, and the two-to-one internal 
resonance, when one natural frequency is nearly 
twice as large as another natural frequency, have 
been examined in [5] when damping features of 
the system are prescribed by the first derivative 
of the displacement with respect to time. It has 
been shown that for the both types of the internal 
resonance the damping coefficient does not 
depend on the natural frequency of vibrations, 
but this result is in conflict with the experimental 
data presented in [20] and [21].
To lead the theoretical investigations in line with 
the experiment, fractional derivatives were 
introduced in [22] for describing the processes of 
internal friction occurring in suspension 
combined systems at nonlinear free vibrations. 
The nonlinear suspension bridge model put 
forward allows one to obtain the damping 
coefficient dependent on the natural frequency of 
vibrations.  
The overview of the existing research of the 
internal resonance in suspension bridges could be 
found in [23,24].   
In the present paper, the model proposed in [22]
for the analysis of free damped vibrations is
generalized to the case of nonlinear forced 
vibrations of suspension bridges, when the 
frequency of the external force is close to one of 
the natural frequencies of the vertical vibrations 
of the suspension combined system, which is 
subjected to the condition of the one-to-one 
internal resonance.  

2. PROBLEM FORMULATION  

To analyze the forced damped vibrations of 
suspension bridges we will use its classical 
scheme involving a bisymmetrical thin-walled 
stiffening girder connected with two suspended 
cables by virtue of vertical suspensions [25]. The 
cables are thrown over the pilons and are 
tensioned by anchor mechanisms. The 

suspensions are considered as inextensible and 
uniformly distributed along the stiffening girder. 
The cables are parabolic, and the contour of the 
girder's cross-section is underformable. It is 
assumed that the girder's contour translates as a 
rigid body vertically (in the y -axis direction) on 
the value of ( , )z t*  and rotates with respect to 
the girder's axis (the z -axis) through the angle of 

( , )z tF  (Fig. 1). The origin of the frame of 
references is in the center of gravity of the cross 
section. 
It is known for suspension bridges [2-4] that 
some natural modes belonging to different types 
of vibrations could be coupled with each other, 
i.e., the excitation of one natural mode gives rise 
to another one. Two modes interact more often 
that not, although the possibility for interaction 
of a greater number of modes is not ruled out. 
Below it would be considered the case when only 
two modes predominate in the vibrational 
process, namely: the vertical n -th mode with 
linear natural frequency 0n� , and the torsional 
m -th mode with the natural frequency 0m� .
Under such an assumption the functions ( , )z t*
and ( , )z tF  could be approximately defined as 
(using the eigenbase of the associated linear 
undamped unforced problem)  

1

2

( , ) ( ) ( ),
( , ) ( ) ( ),

n n

m m

z t v z x t
z t z x t

*
F J

( )n n1( )( ) 1( )( ) 1( )( )) 1

m 2( ) 2( )( )) 2( )) 2

        (1) 

where 1 ( )nx t  and 2 ( )mx t  are the generalized 
displacements, and ( )nv z  and ( )m zJ  are 
natural shapes of the two interacting modes of 
vibrations. 
When the harmonic force ˆ= cos( )FF F t�  is 
applied at the center of the suspension bridge, 
then the equations of its forced vibrations are 
written in the dimensionless form as (what is the 
immediate generalization of the approach 
proposed in [22] by adding the external vertical 
excitation with amplitude ˆ = cF onst  and 
frequency F� )
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Figure 1. Scheme of a suspension bridge.
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where ija , iib , and iic  ( = 1,2i , = 2j ) are 
certain dimensionless coefficients which are 
defined in [2,22] (subsequently the indices n
and m  are omitted for ease of presentation), 
dots denote differentiation with respect to time, 
the terms 1

0 1D x91 	  and 2
0 2D x91 	  characterize 

inelastic reaction of the system, 1  is the 
viscosity coefficient, the fractional derivative 

0D x9
	  ( 1=9 9  or 29 ) is defined as follows [26] 

0 0

( )= (0 < 1),
(1 )

td x t t dtD x
dt t

9
9 9

9	

K K�
�

KL �;   (3) 

9  is the order of the fractional derivative 
(fractional parameter), and (1 )9L �  is the 
Gamma-function. 
Let us consider the case of the one-to-one 
internal resonance, as well as suppose that the 
frequency of the external force is close to the 
natural frequency of the interacting modes, i.e., 
  

0 0 .F� �M� M (4) 

Note that the influence of the detuning parameter 
characterizing the small difference in magnitudes 
of the natural frequencies 0�  and 0�  has been 
investigated in [4,6,24].
Since for finding the solution of equations (2) we 
will use the method of multiple time scales, 
where the functions i te �D  are utilized as the 
main harmonic functions, then in order to carry 
out the calculations the following formulas will 
be utilized [27] 

0 0

sin= ,
ut

i t i t u e duD e D e
u i

9
9 � 9 � "9

" �

�ND D
	 	 	

D; (5) 

  
= ( ) ,i t i tD e i e9 � 9 ��D D

	 D                   (6) 

where D9
	  is obtained from (3) changing the 

low limit to �N . 
It has been shown in [28] and [29] that the second 
term in formula (5) does not produce secular 
terms in the method of multiple time scales under 
the limitation of the zero- and first-order 
approximations. In other words, this term could 
be neglected in further consideration, and it is 
possible to use the approximate formula  

0 .i t i tD e D e9 � 9 �D D
	 	M (7) 

If we take into account formula (5.82) from [26] 
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= ,i t i tdD e e
dt

9
9 � �D D
	

C @
A >
B ?

(8) 

then from the combination of (7) and (8) it 
follows the relationship  

0 ,i t i tdD e e
dt

9
9 � �D D
	

C @M A >
B ?

(9) 

which will be used in further calculations.  

3. METHOD OF SOLUTION  

We will seek the solution for two cases:  

(1) =1 8O  and that 2ˆ =F f8 ,

and  

(2) 2=1 8 O  and that 3ˆ =F f8 ,

where a small parameter 8 is introduced as a 
bookkeeping device to indicate the smallness of 
terms [7]. 
In these cases, an approximate solution of 
equations (2) for small amplitudes weakly 
varying with time can be represented by an 
expansion in terms of different time scales  

2
1 11 0 1 2 12 0 1 2

3
13 0 1 2

2
2 21 0 1 2 22 0 1 2

3
23 0 1 2

( ) = ( , , ) ( , , )

( , , ) ,

( ) = ( , , ) ( , , )

( , , ) ,

x t x T T T x T T T
x T T T

x t x T T T x T T T
x T T T

8 8

8

8 8

8

	 	

	 	

	 	

	 	

,

,

(10) 

where  

= n
nT t8 ( = 0,1,2)n

are new independent variables, 8  is a small 
parameter which is of the same order of 

magnitude as the amplitudes, and O  and f  are 
finite values. Here, 0 =T t  is a fast scale, 
characterizing motions with the natural 
frequencies 0�  and 0� , while  

1 =T t8  and 2
2 =T t8

are slow scales, characterizing the modulations 
of the amplitudes and phases. 
Considering that [7] 
  

2
0 1 2

2 2 2 2 2
0 0 1 1 0 2

/ = ,

/ = 2 ( 2 ),

d dt D D D
d dt D D D D D D

8 8

8 8

	 	

	 	 	
 (11) 

as well as applying the expansion of the 
fractional derivative as it was suggested in 
Rossikhina and Shitikova [22]   

2
0 1 2

1 2 2 2
1 1

( / ) = ( )
1= ( 1) ...
2

d dt D D D

D D D D D

9 9

9 9 9

8 8

89 8 9 9� �
	 	 	

	 	 	 


	 	 �

)9) 
)9)
(12) 

where = /n nD T# # ,  

( )= ( = 0,1,2)
(1 )

tn
n

d x t t dtD x n
dt n t

9
99

�
	 ��N

K K�
KL � 	;

substituting (10) into (2), and equating the 
coefficients at like powers of 8  to zero, we 
obtain   
to order 8 :

2 2
0 11 0 11
2 2
0 21 0 21

= 0,

= 0;

D x x
D x x

�	

	�
(13) 

to order 28 :

2 2
0 12 0 12 0 1 11 11

2 2
11 11 22 21 0 0

= 2 (2 )

(2 ) cos( ),

D x x D D x k D x
a x a x k f T

9� O

�
		 � � � �

� � 	 �
(14)

2 2
0 22 0 22 0 1 21 21

12 11 21

= 2 (2 )
;

D x x D D x k D x
a x x

9O 		� � � � �
�
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to order 38 :

2 2 2
0 13 0 13 0 1 12 1 0 2 11

1
12 1 11

11 11 11 12 22 21 22
3 2

11 11 22 21 11 0 0
2 2 2
0 23 0 23 0 1 22 1 0 2 21

22

= 2 ( 2 )

(2 ) (2 )

( 1) 2 2

( 1) cos( ), (15)

= 2 ( 2 )

(2 )

D x x D D x D D D x
k D x k D D x

k D x a x x a x x
b x b x x k f T

D x x D D x D D D x
k D x

9 9

9

9

�

O O 9

O

�

O

�
	 	

	

	

	 � � 	 �

� � � � �

� � � � �

� � 	 �

	� � � 	 �

� � � 1
1 21

21 12 11 22 12 21
2 3

11 11 21 22 21

(2 )

( 1) ( )
.

k D D x
k D x a x x x x

c x x c x

9

9

O 9

O

�
	

	

� �

� � � 	 �

� �

At =1k  and = 2k , we obtain governing 
equations for the first and second cases, 
respectively.
Integrating equations (13) yields 
  

0

0 0

0 0
11 1 1 2 1 1 2

0 0
21 2 1 2 2 1 2

= ( , ) ( , ) ,

= ( , ) ( , ) ,

i T i T

i T i T

x A T T e A T T e

x A T T e A T T e

� ��

� � �

	

	
(16) 

where 1A  and 2A  are unknown complex 
functions, and 1A  and 2A  are the complex 
conjugates of 1A  and 2A , respectively. 
In order to integrate the sets of equations (14) and 
(15), it is necessary to consider each case 
separately. 

3.1.The case =1k   

Now let us substitute (16) into the right-hand 
sides of equations (14) putting there =1k , then 
gather all terms standing at 00i Te �  and 00i Te ��

with due account for (4) and vanish them in order 
to exclude secular terms. As a result we obtain  

1
1 1 0 1

0

1
1 2 0 2

1 ( ) = 0,
2 4
1 ( ) = 0,
2

fD A i A
i

D A i A

9

9

O �
�

O �

�

�

	 �

	
         (17) 


 � 0

0

22 2 2 2 0
0 12 0 12 11 1 22 2

11 1 1 22 2 2
22 2 0

0 22 0 22 12 1 2

12 1 2

=

,

=
,

i T

i T

D x x a A a A e

a A A a A A cc

D x x a A A e
a A A cc

�

�

�

�

	 � 	 �

� � 	

	 � �

� 	

(18) 

where cc  is the complex conjugate part to the 
preceding terms. 
Integrating equations (17), we find  

1
1 1 2 1 2 0 1

0

1( , ) = ( )exp ( )
2

,
2 ( )

A T T a T i T

f
i

9

9

O �

O �

�2 3� 	4 56 7

	
 (19a) 

1
2 1 2 2 2 0 1

1( , ) = ( )exp ( ) .
2

A T T a T i T9O � �2 3�4 56 7
 (19b) 

Substituting (19) in equations (18) and 
integrating, we obtain the expressions for 12x
and 22x . Then substituting found 12x  and 22x
in equations (15) and using the standard 
procedure for eliminating the secular terms, we 
have  

2 2 3
2 1 0

2 2
211 11

12 2 1
0

1 ( ) (1 2 )
8

( 3 )1 = 0,
4

i

D a i

f a bi e a

9

" 9
9

O � 9

O �

�

�
	

2	 � 	46
3�

	 5
7

 (20) 

2 2 3
2 2 0

2 2 2
11 12 11 12 0

2
22 2 1

0

1 ( ) (1 2 )
8

1( 2 )1 3 = 0.
4

i

D a i

f a a c a
i e a

9

" 9
9

O � 9

�

O �

�

�

�
	

2	 � 	46
3� � 5

	 5
5
7

Integrating equations (20) yields  
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0 2 2 2
1 1 2 0

2 2
11 11
2 2 1

0

1= exp (1 2 )( )
8

( 3 )1 ( cos 2 sin 2 ) ,
4

a a T i

f a b i

9

9

O 9 �

"9 "9
O �

�

	

$ 2� � �& 46'
.3� %� 	 /5
%70

(21a) 

                             


 �

0 2 2 3
2 2 2 0

2 2 2
11 12 11 12 0

2 2 1
0

1= exp (1 2 )( )
8

1( 2 )1 3
4

cos 2 sin 2 ]},

a a T i

f a a c a

i

9

9

O 9 �

�

O �
"9 "9

�

�

	

$ 2� � �& 46'

� �
� �

� 	

(21b) 

where 0
1a  and 0

2a  are arbitrary constants. 
Considering formulas (10), (16), (19), and (21), 
we finally obtain  

0 1
1 1 1

2
0

0

= 2 cos

cos ( ),
2

tx a e t

f t O

+

9

8

"� 9 8
O�

�2 � 	6
3C @	 � 	5A >

B ?7

 (22a) 

0 22
2 2 2= 2 cos ( ),tx a e t O+8 8� � 	 (22b) 

where  

1
1 0

2
0

2 2
2 11 11

2 2 1
0

1= sin
2 2
11 (2 1) cos
2 2

( 3 )1 sin(2 ),
4

f a b

9

9

9

"9+ 8O�

"98O 9 �

8 "9
O �

�

�

	

C @�A >
B ?

2 3C @� 	 � �A >4 5B ?6 7
�

�


 �

2
1 0 0

2 2 2( 2)
0

2 2
2 11 11

2 2( 1)
0

1= 1 cos
2 2

1 (2 1) cos
8

( 3 )1 cos(2 ) ,
4

f a b

9

9

9

"9� 8O�

8 O 9 � "9

8 "9
O �

�

�

	

2 C @� 	 	A >4 B ?6

	 � �

3�
� 5

7

1
2 0

2
0

2 2 2
2 11 12 11 12 0

2 2 1
0

1= sin
2 2
11 (2 1) cos
2 2

( 2 / 3)1 sin(2 ),
4

f a a c a

9

9

9

"9+ 8O�

"98O 9 �

�8 "9
O �

�

�

�

	

C @�A >
B ?

2 3C @� 	 � �A >4 5B ?6 7
� �

�


 �

2
2 0 0

2 2 2( 2)
0

2 2 2
2 11 12 11 12 0

2 2( 1)
0

1= 1 cos
2 2

1 (2 1) cos
8

( 2 / 3)1 cos(2 ) .
4

f a a c a

9

9

9

"9� 8O�

8 O 9 � "9

�8 "9
O �

�

�

�

	

2 C @� 	 	A >4 B ?6

	 � �

3� �
� 5

7

Reference to the found analytical solution (22) 
shows that it involves two parts: the first 
corresponds to the damping vibrations with 
damping coefficients and nonlinear frequencies 
dependent on the fractional parameters and 
describes the transient process, while the second 
one is nondamping in character and describes 
forced vibrations with the frequency of the 
exciting force and with the phase difference 
depending on the fractional parameter. 

3.2.The case = 2k   
Let us substitute relations (16) in the right-hand 
parts of equations (14) at = 2k . Eliminating 
secular terms and integrating the equations 
obtained, we have 

1 1 1 2= = 0,D A D A (23) 


 �

0 02 22 211 220 0
12 1 22 2

0 0

2
11 1 1 22 2 2 0

=
3 3

,

i T i Ta ax A e A e

a A A a A A cc

� �

� �

�

	 �

� 	 	
(24a) 

0212 120
22 1 2 1 22 2

0 0

= .
3

i Ta ax A A e A A cc�

� �
� 	 (24b) 

From (23) it follows that the functions 1A  and 

2A  are 1T -independent. 
Substituting then (16) and (24) in equations (15) 
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and utilizing the standard procedure for 
eliminating secular terms, we obtain  

1 2
2 1 0 0 1 1 1 1

2
2 1 2 2 1 1 2

0

1 ( )
2

1 1 = 0,
4 4

iD A i A A A

fA A A A A

9O� � �

�
�

�� � � �

� 	 L 	
(25a) 

1
2 2 0 0 2 3 1 1 2

2 2
4 2 2 2 1 2

1 ( )
2

1 = 0,
4

iD A i A A A A

A A A A

9O� � �

�

�� � � �

� 	 L
(25b)         

where coefficients i�  and jL  ( = 1,2,3,4i  and 
=1,2j ) are presented in [2,4]. 

Now we multiply (25a) and (25b) by 1A  and 2A
, respectively, and find their complex conjugates. 
Adding every pair of the mutually adjoint 
equations and subtracting one from another, and 
after all manipulations representing the functions 

1A  and 2A  in their polar form, i.e.,  

� �1 2 1 2 1 2( ) = ( )exp ( ) ,A T a T i TF
� �2 2 2 2 2 2( ) = ( )exp ( ) ,A T a T i TF

as a result we obtain the modulation equations 
  

1 2
1 0 1 1 1 2

1
0 1

1 1 1sin sin
2 2 4

1 sin = 0, (26a)
4

a a a a

f

9O� "9 H

� F

�

�

C @	 � L 	A >
B ?

	

1
1
2 0a 9O�00

99	
                                      

1
2 0 2

2
2 1 2

1 1sin
2 2

1 sin = 0,
4

a a

a a

9O "9

H

� C @	 � 	A >
B ?

	 L

2
1
2 0a2

9O 000
9	 �

1 OO
(26b) 

1 2 2
1 0 1 1 2 2

2 1 1
1 2 0 1 1

1 1cos
2 2

1 1cos cos = 0,
4 4

a a

a f a

9F O� "9 � �

H � F

�

� �

C @� � � 	A >
B ?

	 L 	

1
1
2 0F O�1 0
1
2 0

99

(26c) 

1 2 2
2 0 3 1 4 2

2
2 1

1 1cos
2 2

1 cos = 0,
4

a a

a

9F O "9 � �

H

� C @� � � � 	A >
B ?

	 L

2
1
2 0F O2 0
1
2 0

9OO1 9

(26d) 

where  

2 1= 2( )H F F�

is the phase difference, and a dot denotes 
differentiation with respect to 2T .  
The set of differential equations (26) subjected to 
the initial conditions competely describes the 
modulations of amplitude and phases of forced 
damped vibrations. An approximate analytical 
solution of equations (26) could be found by the 
method of successive approximations. 
As the initial approximation, let us consider the 
solution of the homogeneous part of equations 
(26):                              


 �

1

2

1

2

1
1 0 1 1

1
2 0 2 2

1
1 0 1 1

1
2 0 2 1

1 1sin 0,
2 2
1 1sin 0,
2 2
1 1cos 0,
2 2
1 1cos 0,
2 2

a a

a a

9

9

9

9

O� "9

O "9

F O� "9 !

F O "9 ! !

�

�

�

�

C @	 
A >
B ?
C @	 � 
A >
B ?
C @� � 
A >
B ?
C @� � � � 
A >
B ?

1
1

1
2 0a1

9O�000	 191O� 1
0
9

2
1
2

a2
9O 9	 �

1 O

1
1

1
2 0

9F O� 1
1 02 0

99

2 2 0
1 9F O2 02 0

9�
1 OO 9

(27)         

which has the form 

1 2 2 2
1 10 2 20

1 3 2 10 2 4 2 20

,     ,     
+ ,    + ,

S T S Ta a e a a e
S T S TF F F F

� �
 


 


(28)

where 0ia  and 0iF  (i=1,2) are, respectively, 
the initial values of amplitudes and phases to be 
found from the initial conditions, 


 �0 20 102H F F
 �

is the initial phase difference, and  
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1
1 0

1
2 0

1
3 0

1
4 0

1 1sin ,             
2 2
1 1sin ,
2 2
1 1cos ,       
2 2
1 1cos .
2 2

S

S

S

S

9

9

9

9

O� "9

O "9

O� "9

O "9

�

�

�

�

C @
 A >
B ?
C @
 � A >
B ?
C @
 A >
B ?
C @
 � A >
B ?

(29)                                                           

Now substituting (28) in equations (26) yields 

1 2 2

1 2 2

1 2 2 2

2 2

1 2

( 2 ) 2
1 1 1 1 10 20 2 0

1
0 3 2 10

(2 )2
2 2 2 2 10 20 2 0

2 22 2
1 3 1 10 2 20

22
1 20 2 0

1 1
0 10 3 2

1 sin( )
4

1 sin( ),
4

1 sin( ),
4

1 cos( )
4
1 cos(
4

S S T

S S T

S T S T

S T

S T

a S a a e a T

F S T

a S a a e a T

S a e a e

a e T

F a e S T

H

� F

H

F � �

H

�

� 	

�

� 	

� �

�

� �

	 
 L P 	 �

� 	

	 
 � L P 	

� 
 	 �

� L P 	 �

�

1 1 1a S a1 1 11S aS a1 11

2 2 2a S a2 2 22S aS a2 22

1 3 1F �1 3 1S3 1S3 11

1 2 2 2

1 2

10

2 22 2
2 4 3 10 4 20

22
2 10 2 0

),

1 cos( ),
4

S T S T

S T

S a e a e

a e T

F

F � �

H

� �

�

	

� 
 	 �

� L P 	

2 4F �2 4S4S4

(30) 

where 
 �4 3= 2 S SP � .  
To solve the first two equations in (30), we will 
use the method of variation of arbitrary 
functions, and assume the proposed solution in 
the form 

                                                     
1 2

2 2

1 2 1 2

2 2 2 2

( ) ( ) ,         

( ) ( ) ,

S T

S T

a T C T e
a T C T e

�

�






(31)                        

where 1 2( )C T  and 2 2( )C T are arbitrary functions 
to be found. 
Substituting the proposed solution (31) in 
equations (30) yields 

2 2

1 2

1 2

22
1 2 1 10 20 2 0

1
0 3 2 10

22
2 2 2 10 20 2 0

1( ) sin( )
4

1 sin( ),
4

1( ) sin( ).
4

S T

S T

S T

C T a a e T

F e S T

C T a a e T

H

� F

H

�

�

�


 L P 	 �

� 	


 � L P 	

1 222 4
1( )C T1 2
1( )22
1

( )C ( )

(32)        

Integrating equations (32), we have 

�

�
 �
�

�
 �
�

�
 �

2 2

1 2

1 2

2
1 2 1 10 20 2 2 0

1 22 2
2 0 2

1 3 2 10
0

12 2
3 3 2 10 1 3 10

2
2 2 2 10 20 1 2 0

1 22 2
2 0 1 20

1( ) 2 sin( )
4

cos( ) 4

sin( )
4

cos( ) ,

1( ) 2 sin( )
4

cos( ) 4 ,

S T

S T

S T

C T a a S T

T S e

F S S T

S S T S S e C

C T a a S T

T S e C

H

H

F
�

F

H

H

� �

�

� �


 � L P 	 	

	P P 	 	 P �

� 	 �

� 	 	 	


 L P 	 	

	P P 	 	 P 	

 (33)           

where 10C  and 20C  are constants of 
integration. 
Considering relationships (33), the amplitude 
functions take the form  
              

�

�
 �
�

�
 �
�

�
 �

1 2

1 2 2

1 2 1 2

2 2

2
1 10 1 10 20 2 2 0

1 ( 2 )2 2
2 0 2

1 3 2 10
0

12 2
3 3 2 10 1 3 10

2
2 20 2 10 20 1 2 0

2 2
2 0 1

1 2 sin( )
4

cos( ) 4

sin( ) (34)
4

cos( ) ,

1 2 sin( )
4

cos( ) 4

S T

S S T

S T S T

S T

a a e a a S T

T S e

F S S T

S S T S S e C e

a a e a a S T

T S

H

H

F
�

F

H

H

�

� � 	

� �

�

�


 � L P 	 	

	P P 	 	 P �

� 	 �

� 	 	 	


 	 L P 	 	

	P P 	 	 P 1 2 2 2 2
1 (2 )

20 .S S T S Te C e� 	 �	

         

Integrating the third and fourth equations in 
(30), we obtain the 2T -functions of the phases 
of vibration
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1 2 2 2

2 2

1 2

1 2

2 2
2 21 10 2 20

1 3 2 10
1 2

22 2 2 0 2 0
1 20 2 2

2
1

10 1 3 2 10 3 3 2 10
2 2

0 1 3

30
2 2

23 10 4 20
2 4 2 20

1 2

2 2
2 cos( ) sin( )1

4 4

cos( ) sin( )1
4

, (35)

2 2

S T S T

S T

S T

S T

a aS T e e
S S

S T Ta e
S

Fa S S T S S T e
S S

C

a aS T e e
S S

� �
F F

H H

F F
�

� �
F F

� �

�

�

�


 	 � � 	

P 	 	 P P 	
	 L �

	 P

	 	 	
� 	

	
	


 	 � � 2 2

1 2

2

22 1 2 0 2 0
2 10 2 2

1

40

2 cos( ) sin( )1
4 4

,

S T

S TS T Ta e
S

C

H H

�

�

	

P 	 	 P P 	
	 L 	

	 P
	

                                                   

where 30C  and 40C  are constants of integration to 
be determined from the initial conditions.
Since the general solution of the system under 
consideration is the sum of the particular solution 
of the inhomogeneous set of equations and the 
general solution of the corresponding 
homogeneous system, then the arbitrary constants 
could be chosen in such a way that the initial 
conditions of all successive approximations would 
be zero. Thus, for the first approximation the 
constants to be found take the form
             

2 2 0 0
10 1 10 20 2 2

2

1 10 3 10
2 2

0 1 3

2 1 0 0
20 2 10 20 2 2

1

2 sin cos1
4 4

sin cos ,
4

2 sin cos1 ,
4 4

SC a a
S

S SF
S S

SC a a
S

H H

F F
�

H H

	 P

 L 	

	 P
�

	
	

	 P

 � L

	 P

                  

2 2
21 10 2 20 2 0 0

30 1 20 2 2
1 2 2

1
10 1 10 3 10

2 2
0 1 3

2 cos sin1
2 2 4 4

cos sin1 , (36)
4

a a SC a
S S S

Fa S S
S S

� � H H

F F
�

�

	 P

 	 � L 	

	 P

	
	

	
2 2

23 10 4 20 1 0 0
40 2 10 2 2

1 2 1

2 cos sin1 .
2 2 4 4

a a SC a
S S S

� � H H	 P

 	 � L

	 P

Substitution of the found constants of integration 
(36) in relationships (34) and (35) results in the 
approximate analytical solution of the formulated 
problem. 

4. NUMERICAL RESULTS  

For numerical studies of the influence of the 
parameters of the fractional derivative 
viscoelastic model on forced vibrations of 
suspension bridges, the fourth-order Runge-
Kutta method was used in the «GNU Octave»
system for numerical mathematics utilizing 
different values of the fractional parameter. 
Envelopes of the amplitudes of nonlinear 
vibrations of the Golden Gate Bridge in the case 
of the internal resonance 05 03 2.61s s� 
 � 
 rad/sec 
(according to data presented in [2], the natural 
frequency of the fifth symmetric mode of vertical 
vibrations is equal to that of the third symmetric
mode of the torsional vibrations) are depicted in 
Figure 2(a) for free vibrations and in Figure 2(b) 
for forced vibrations at f=1 at different magnitudes 
of the fractional parameter 9 = 0, 0.15, and 0.5. 
Reference to Fig. 2 shows that the increase in the 
fractional parameter results in a significant 
decrease in dimensionless amplitudes of nonlinear 
oscillations. The energy exchange between the 
interacting modes takes place both in the case of 
undamped ( 09 
 ) and damped ( 0 19� � )
vibrations, and the action of the external force 
does not affect this phenomenon.   
Dimensionless displacements of the Golden Gate 
Bridge for forced vibrations are shown in Fig. 3
for different levels of the external force 
magnitudes. From Fig. 3 it is evident that the 
displacement 1x  is more susceptible to a higher 
vertical force than 2x . This is due to the fact that 

1x  and 2x  are responsible for vertical and 
torsional vibrations, respectively, whence it 
follows that the 2x -displacement is weakly 
sensitive to the increase in the force amplitude f.  
Figure 4 allows one to trace the influence of the 
level of the external force magnitude on the 
dimensionless amplitudes of vertical 1a  and 
torsional 2a vibrations. From Figure 4 it could be 
seen that the magnitudes of the amplitudes of 
vertical vibrations are very sensitive to the action 
of the force.  
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Figure 2. Dimensionless amplitude vs. dimensionless time:  
(a) free vibrations, (b) forced vibrations at 1f 
  with the initial amplitude 0 0.3ia 
 ,  

blue line – 1a , orange line – 2a .
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Figure 3. The time-dependence of the generalized displacements at different levels of external force 
magnitude for 09 
 .
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Figure 4. Time-dependence of the dimensionless amplitudes 1a  (blue) and 2a (orange) at different 
levels of the external force amplitude.

CONCLUSION    

Nonlinear force driven coupled vertical and 
torsional vibrations of a suspension bridge 
subject to the combination of external and 
internal resonances have been investigated for 
the case when its damping features are described 
by the fractional derivatives. From the above 
discussion the following conclusions could be 
reached. 
If the external force is of order of 28  and the 
viscosity coefficients are of order of 8 , then it is 

possible to obtain the approximate analytical 
solutions for the generalized displacements. As 
this takes place, the solution for the vertical 
displacement 1x  involves two parts: the first 
corresponds to the damping vibrations with 
damping coefficients and nonlinear frequencies 
dependent on the fractional parameters and 
describes the transient process, while the second 
one is nondamping in character and describes the 
steady-state regime, i.e., forced vibrations with 
the frequency of the exciting force and with the 
phase difference depending on the fractional 
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parameter. The solution for the torsional 
displacement 2x  consists only from one term 
describing the transient process. 
Moreover, in the transient processes, the 
damping coefficients and the frequencies of 
nonlinear vibrations depend on the square of the 
exciting force amplitude. 
If the external force is of order of 38  and the 
viscosity coefficients are of order of 28 , then  
the approximate analytical expressions for the 
generalized displacements 1x  and 2x  have 
been obtained by the method of successive 
approximations. The numerical analysis has 
shown that dimensionless amplitudes decrease 
with the increase in the fractional parameter 9 ,
and the vertical amplitude and hence vertical 
displacement are much more susceptible to the 
higher vertical external force than torsional 
amplitude.
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Abstract: In this paper geoenvironmental problems of the historical cities of Central Asia are considered, climatic, 
geotechnical, hydrogeological characteristics of the studied objects, their constructive decision and the analysis of 
deformations of elevated and underground construction designs are provided. Main reasons for deformations of mon-
uments of architecture of Central Asia: uneven rainfall of soil of the basis in the most overloaded sites of designs of 
the building; seismic influences; violation of temperature moisture conditions and moisture; anthropogenous influence 
(especially notable in the historical cities of Samarkand and Bukhara where monuments of architecture are influenced 
by vibrations from traffic). In the paper the offered observation method of monuments of architecture of Central Asia 
and results of observation of the mausoleum Arystan-Bab and a mosque and minaret Kalon for 2014 is described. 
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1. INTRODUCTION 

The history of our ancient land leaves deep into 
the millennia. Holding an advantageous geo-
graphical position, the connecting North with the 
South, the East with the West, Central Asia was 
the important center on the road of a caravan 
which became history under the name of the Great 
Silk Way. On branches of this ancient transconti-
nental highway not only trade developed – there 
was an active process of mutual enrichment of 
ideas, cultures, traditions, religions, crafts and 
technologies. 
Considering all importance of the huge cultural her-
itage, which got to us carrying out numerous re-
searches and monitoring of technical condition of 
significant monuments of architecture of the Central 
Asian region for the purpose of its preservation is 
necessary for descendants. 
One of the types of  the works directly concerning 
cultural heritage, demanding greater financial influ-
ences, but which aren't receiving the due amount of 
financing is carrying out engineering-geological and 
geotechnological researches of historical monuments 
of architecture of Central Asia. 
At the present stage the majority of monuments of 
architecture of the countries of Central Asia faced a 
problem of destruction of the bases under the influ-
ence of climatic factors. One of the most common 
causes of deformations are uneven rainfall which, in 
turn, cause deformations and destructions of the 
bearing designs – the bases, walls, columns, overlap-
pings, the arches, crossing points window and door-
ways. 
The integrated approach to restoration practically 
was only designated due to wide use of engineering 
restoration, and concerning necessary taking note of 
changes of the geological environment on safety of 
historical territories is made  
so far very little. 

2. GEOENVIRONMENTAL PROBLEMS  
IN THE HISTORICAL CITIES  
OF CENTRAL ASIA 

Environmental problems are connected with changes 
of historically developed geological and hydrogeo-
logical mode. In particular is a raising of ground wa-
ters and increase in their structure of concentration of 
salts, increase in moisture content and salt in the soil. 
These phenomena started promoting actively defor-
mation of designs and an intensive erosion of walls 
and bases of monuments of architecture. Especially 
strongly historical buildings of the cities located in 
low territories of Central Asia (Bukhara, Khiva) suf-
fer. Now the listed above negative facts negatively 
influence and the architecture monuments which are 
in rather favorable foothill territories of Central Asia: 
in such as Samarkand, Shakhrisabz, Shymkent, etc. 
however here increase in humidity in soil and raising 
of ground waters is generally connected with a hu-
man factor: urbanization and development of com-
munication systems. For this reason studying of this 
problem needs to be conducted in two directions: in 
the global - change of a geoecological situation of 
Central Asia, in local scale - to look for evidence-
based ways of decrease in level of its influence for 
the purpose of preservation of masterpieces of world 
famous monuments of architecture. We will begin 
with the main thing: a geoecological situation in the 
region (Guseva 2000). 
For the last decade there were serious problems con-
nected with preservation of world famous master-
pieces of architecture. In particular, the salted ground 
waters owing to the aggression in relation to con-
struction materials as a result of difficult physical and 
chemical processes start erodirovat intensively un-
derground and elevated designs of monuments there-
fore often there are deformations, and in certain cases 
and their final fracture. As an example, it is possible 
to bring catastrophic destruction of one of minarets 
of the Chor-Minor complex, strong deformations 
of a complex Tim Abdulkhan, a complex Ark and 
an inclination of minarets in Bukhara or defor-
mations of some monuments in Samarkand, the 
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Ichang-Kala complex in Khiva (Abdurashidov et 
al. 2011). 

3. GEOTECHNICAL, HYDRO-GEOLOGICAL
AND CONSTRUCTIVE 
CHARACTERISTICS OF MONUMENTS 
OF ARCHITECTURE OF CENTRAL ASIA 

The mausoleum of Hodge Ahmed Yassavi (XIV-
XV cen.) (Figure 1). 

Figure 1. The Mausoleum of Hodge Ahmed
Yassavi. 

Soils. The prolyuvialny loams with a general power 
of 5-7 m quarternary allyuvialno containing form the 
basis of a monument interlay also lenses of sandy 
loams. They are spread water containing gravel with 
the power from 4 to 24 
m. Sandy loams are developed mainly in the top part 
of a section. Sandy loams of light brown color, 
macroporous, loessial, uniform. Loam of brown 
color, dense with inclusion of carbonate particles. 
Sand dusty, meets in the form of lenses, mainly on 
contact with a galechnik, color its gray and brown, 
uniform. Pebble soil is presented by sedimentary 
breeds, fragments well rounded, so-so thickened and 
extended, as filler sand serves. 
Ground waters. Ground waters for June, 2011 are 
opened with developments at a depth of 7,6-7,8

m from an earth surface. In relation to situation 
level of ground water (LGW) for September, 
1997, LGW in June, 2011 is recorded 1,4- 1,5 m 
below. 
Foundations. The main part of a construction is
built on clay gulfs, in South side under portal 
part the rubble foundations up to 7 m in depth are 
executed. 
In 1993 the technology of jet cementation of soil 
was applied to strengthening of the basis of a 
monument by the Turkish company. Strengthen-
ing and the device of piles was carried out to two 
stages. At the first stage of work were carried out 
for walls to 2 m. At the second stage strengthen-
ing of the basis of walls up to 4 m thick was 
made. Total length of a pile is about 15 m. Thus,
the support of all construction through piles on 
thickness of solid soil is reached. 
Deformations. Due to the lack of emergence of
essential deformations on a monument to the first 
cycle it wasn't given due consideration though at
this moment there was a deep soaking of soil and 
the basis of the foundations of monuments of the 
complex. The second cycle of rise in level of 
ground waters caused already external defor-
mations of the building of a monument, in Decem-
ber, 1982 there was a destruction of the top resto-
ration number of stalactites of a dome of the Main 
Hall - Kazanlyk. 
The mausoleum of Arystan-Bab (XIV-XV cen.)
(Figure 2). 

Figure 2. The Mausoleum of Arystan-Bab. 
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Soils. The analysis of average values physic me-
chanical property of soil on holes and an addi-
tional driving of holes allow directly under a sole 
without foundations walls and the bases with 
depth to 1,0 m to allocate 3 engineering- geolog-
ical element (EGE): 
1.�EGE – loam of a firm-semi-firm consistence, 

not collapsible, uniform, with rare inclusions 
of fragments of a brick and the vegetable re-
mains in the top part of a layer, 1,0 - 1,5 m 
(0,9 – 1,0 m – on wells), it is possible to assume 
that it is the loam layer, or the layer executed 
by method of "gulf" in a trench width exceeding 
thickness of walls which is artificially con-
densed in an open trench; it possesses quite 
certain and rather close indicators of physic me-
chanical properties 2 EGE; 

2.�EGE – loam dark brown a firm-semi-firm con-
sistence, not collapsible, with roots of vegeta-
tion, 3,3-3,6 m (on wells); 

3.�EGE – sandy loam brown, a plastic and fluid 
consistence with pro-layers of sand dusty (to 
0,2 m) with an opened power of 3,5-3,7 m 
(Report, 2004). 

Ground waters. LGW near a contour of the mon-
ument is opened at depths of 1,9-2,7 m (August, 
1984), 2,75-2,85 m (May, 2004) and 3,14-3,37 m 
(August, 2004). 
Foundations. The foundations are arranged under 
the most loaded parts of a construction. Under 
minarets the foundations are executed from a 
stone-plitnyak on clay solution. Materials of the 
bases are in a good shape.
On a hole № 10 up to 1,5 m in depth, in a place of 
a joint of a longitudinal wall on axis A and the left 
minaret, lack of the foundation under a wall which 
laying leans on three rows of preparation from a 
detrital brick is revealed. Their basis is the uni-
form layer of loam of the first EGE. The hole №
11 from the outer side of a wall on axis 4 up to
0,7 m in depth, opened the concrete plate 17-20
thick see above it the layer of dry, fragile roofing 
material, and over it one more concrete layer 

about 9 cm thick, revetted outside with a thin fac-
ing tile is found. Over this layer there is a wall 
bricklaying. 
Deformations. In a laying of walls cracks on all 
facades are noted. During observation it is estab-
lished that width of disclosure of cracks makes 
from 0,1 to 2 mm. In a place of interface of a 
minaret to a wall (a northeast facade) the crack 
reaches 2 cm and goes mainly on laying seams. 
All cracks in a laying come to an end, without 
reaching a socle. Cracks, generally in places of re-
duction of thickness of walls settle down. Indoors 
tombs № 1 are noted the deformations in a laying 
menacing to safety of a construction. These are 
cracks and smashing of a brick in a laying of basic 
part of arches, split of a brick in places of support 
of angular arches in northeast and northwest 
walls. In a northeast wall of a crack in a laying 
of basic part of arches have extent to 2 m.
The Registan ensemble (XV-XVII cen.) (Figure 3). 

Figure 3. The Registan Ensemble. 

Soils. On a site the different depth of weak anthro-
pogenous soil is noted: the greatest depth of 12,6 
m takes place directly under the dome foundations 
at the western wall and is almost twice less (6,8 
m) on wall length on the southern site. 
Foundations. The foundations under buildings 
have various constructive decision, depth and are 
made of different materials. Under walls the tape fou-
dations, and under racks and poles the separate step 
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are, as a rule, executed. For the device of the founda-
tions blocks and rubble stones of Chupan-atinsky 
slate or marble limestone on ganchevy and limy so-
lution with use in some cases of ashes, and also the 
foundations of the caravanserai which was earlier ex-
isting on this place were used (the burned brick on 
limy and ganchevy solution). By observations it is es-
tablished that the lower part of a laying is made of 
quarrystone on clay solution, all other part of a laying 
is executed on ganchevy solution. In a design of the 
foundations the wooden reinforcing elements are 
found. 
Deformations. Judging by the tilted racks of northern 
and southern galleries and other architectural forms, 
deformation of a mosque proceeds rather long time. 
Tool supervision over the building is begun since 
1983. It is established that uneven rainfall of soil of 
the basis in the most overloaded building design sites 
were the main reason of deformation of the building. 
In particular more uneven deformations underwent 
designs of the western wall and foundations under a 
dome that led to emergence of a huge number of 
through cracks in walls, coverings, arches and floors. 
The Bibi-Hanym mosque (XIV-XV cen.) (Figure 4). 
Soils. The quarternary alluvial prolyuvialny 
loams with a general power of 5-7 m containing 
form the basis of a monument interlay also 
lenses the lessovidnykh of sandy loams. They 
are spread water containing gravel with the 
power from 4 to 24 m. Sandy loams are devel-
oped mainly in the top part of a section. Sandy 
loams of light brown color, macroporous, loess-
ial, uniform. Loam of brown color, dense with 
inclusion of carbonate particles. Sand dusty, 
meets in the form of lenses, mainly on contact 
with a galechnik, color its gray and brown, uni-
form. Pebble soil is presented by sedimentary 
breeds, fragments well rounded, so-so thick-
ened and extended, as filler sand serves. 
Foundations. The foundations of small mosques 
are put from plates of a fragmentary Chupan-
atinsky stone by the size on the person (60-80) 
×25 cm, on the same solution, as a laying. 

Figure 4. The Bibi-Hanym Mosque. 

In the foundations of the Big mosque, various on 
a laying and upon transition to elevated parts –
kyr. Depth of the foundations various, in some 
places it doesn't exceed 0,5-0,6 m from a day 
surface of the earth. 
Deformations. In a body of old layings and a min-
aret traces of inclined cracks are visible. It means 
that before destruction the minaret was strongly 
rejected from a portal. Existence of cracks in the 
central dome part of the Big mosque is noted. 

The Ishratkhona (XV cen.) (Figure 5). 
Soils. The prolyuvialny loams with a general 
power of 5-8 m quarternary allyuvialno containing 
form the basis of a monument interlay also lenses 
the lessovidnykh of sandy loams. They are spread 
water containing gravel with the power from 4 to 
24 m. Sandy loams are developed mainly in the top 
part of a section. Sandy loams of light brown color, 
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macroporous, loessial, uniform. Loam of brown 
color, dense with inclusion of carbonate particles. 
Sand dusty, meets in the form of lenses, mainly on 
contact with a galechnik, color its gray and brown, 
uniform. 

Figure 5. The Ishratkhona. 

Ground waters. Because the minimum level of 
ground waters during the summer period reaches 
3,50-3,80 m, there is a capillary rising of water in 
solution to its moistening. 
Foundations. The foundations of the building 
have various depth (from 1,3 to 4,2 m) and is pre-
sented by a rubble laying from a fragmentary 
Chupan-atinsky stone on clay solution. Under a 
portal the rubble laying has power down of nearly 
4 m, being lowered on depth about 5,5 m from 
earth level. Existence in soil of marlaceous layers 
assumes the assumption that the basis before con-
struction was previously killed and condensed. 
Deformations. The building of a monument is 
strongly destroyed and many elements are bared. The 
design of an underground crypt is executed from the 
flat arch leaning on massive side support. Support of 
the arch aren't connected with the bases of the main 
building that gives it the chance independently to be 
deformed irrespective of building rainfall. In 1903 
the dome and a drum of the central room failed, and 
in 1904 the remains of a drum and the top parts sup-
porting its arches finally collapsed. The main reason 
for long destruction of vaulted and arch designs is 

connected with gradual decrease in durability of ma-
terial in the most loaded basic parts and destruction 
of integrity of designs. 
In the course of complex research of historical 
monuments of architecture of Central Asia the 
main reasons for an unsatisfactory condition of 
some constructive elements of a monument are es-
tablished: 
�� uneven rainfall of soil of the basis in the most 

overloaded sites of designs of the building; 
�� seismic influences; 
�� violation of temperature moisture conditions 

and moisture. In our case moisture is formed 
for the account: 
o� absolute and relative humidity of the air en-

vironment generally during the winter pe-
riod; 

o� condensation moisture; 
o� penetrations of soil moisture into thickness 

of the protecting designs into the spring pe-
riod; 

o� atmospheric moisture during the autumn 
and spring periods; 

o� technical moisture which arises in the course 
of performance of construction works. 

�� anthropogenous influence (especially notable 
in the historical cities of Samarkand and Bu-
khara where monuments of architecture are in-
fluenced by vibrations from traffic). 

4. OBSERVATION METHOD FOR                 
HISTORICAL MONUMENTS OF                
ARCHITECTURE OF CENTRAL ASIA 

The offered observation method of historical 
monuments of architecture of Central Asia will 
unite in itself a package of measures on research, 
preservation and forecasting of behavior of con-
struction designs of historical monuments of ar-
chitecture: 
1.�Collecting and an assessment of retrospective 
engineering-geological information in the terri-
tory of a monument and in the territory adjoining 
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a monument; 
2.�Carrying out hydrogeological researches for 
the purpose of specification of a depth of ground 
waters and its dynamics, definition of a chemical 
composition; 
3.�Heatphysical calculation of a monument of ar-
chitecture; 
4.�Collecting and the analysis of the deformations 
given about character and speed of their develop-
ment; control of shrinkage of a monument or its
elements; 
5.� Identification of the most rational methods of 
prevention of further development of defor-
mations in the bearing designs; 
6.�Use of numerical information technologies for 
drawing up the correct forecast of work of con-
structive elements of monuments of architecture 
for the next 10, 20 and 100 years; 
7.� Preservation of authenticity of object unless de-
velopment of deformations brings to full of destruc-
tion of object of cultural heritage. 
Heatphysical calculations are made for definition of 
optimum temperature moisture conditions of rooms 
and are aimed at decrease in accumulation of con-
densation humidity on a surface of walls. 
Degree of stability of flying designs or construction 
in general, durability and deformability of materials 
on static and dynamic (seismic) influences is made 
by means of special engineering settlement pro-
grams. By results of these calculations the weakest 
places in designs come to light and issues of their 
strengthening are resolved. 
Systematization of the most often destroyed sites 
allows to conduct long supervision over a con-
dition of constructive and finishing elements, to
reveal and eliminate the main reasons for damage 
and destruction. 

The results of observation of the mausoleum 
Arystan- Bab in April, 2014
Foundations. Materials of the foundations of a 
construction are in a good shape, any violations or 
deformations is noted. 
Socle. Separate bricks in a socle are removed. 

Also laying seams in the lower part of a socle are 
removed. On a surface of a bricklaying of a socle 
of northwest, southwest and northeast facades salt 
spots are noted. 
Walls. In general bricks of walls are in a satis-
factory condition. Aeration of separate bricks on 
facades, and also seams on buttresses, in the lower 
and top parts of walls (parapet), in a laying of a 
northern minaret is noted (Figure 6). 

Figure 6. Destruction of Separate Bricks  
in a Laying of a Socle and Walls of the  

Mausoleum Arystan-Bab. 

On a surface of a bricklaying of walls of north-
west, southwest and northeast facades salt spots 
(Figure 7) are noted. Walls are moistened in these 
parts on 1,5-2 m.
On a laying of buttresses of northwest and south-
east facades lichens are noted. 
Overlappings.In a tomb № 1 seams in a dome laying 
are removed inside. Outside seams in a laying of 
domes are also removed in separate places. In an arch 
laying separate bricks are removed, on a surface of a 
laying salt spots are from the inside noted. On a par-
apet in 1996 the plastering of horizontal surfaces was 
executed by angidridovy solution. During inspection 
the plastering exfoliated from a surface and was di-
vided into pieces. Possibly, there is no adhesion of 
solution and a surface of a laying of a parapet. 
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Figure 7. Moistening of the Lower Part                          
of a Northeast Facade                                                       

of the Mausoleum Arystan-Bab. 

Figure 8. The Interior                                                                    
of Mausoleum Arystan-Bab.

The laying of domes and turrets is covered with 
lichens. In an interior of a mosque moistening of
a blanket of plaster is noted. Floors are carpeted, 
thus carpets in a half-baked state that testifies 
to moistening of plates of a floor of a mosque 
(Figure 8). 
Blind area.Round the mausoleum the blind area 
is executed from a stone-plitnyak on cement mor-
tar. As cement mortar interferes with moisture 
evaporation, the blind area round a construction 
was sorted on width of 40-50 cm. 

Analysis of results of a chemical composition of 
ground waters
Comparison of results of the chemical analysis 
of ground waters of 1984 (on wells 268 and 269 
from depths of 2,37 and 2,46 m), 2004 (holes 2 and
3 from depths of 2,8 and 2,7m) and 2014 (from 
depth of 2,8 m) is executed (Table 1). 

Table 1. The Average Values of Indicators of the 
Chemical Analysis of Ground Waters 

Indicator Dimen-
sion

Value Note1984 2004 2014
Bicarbonate

alkalinity
(HCO3)

mg/l 244 814 769

Hydrogen
indicator of PH

7,6-
7,8

7,65-
7,7 7,2

Content of mag-
nesian Mg salts mg/l 468 1232 973

Content of caus-
tic alkalis
(Na+K)

mg/l 2520 1244 728 decrease

The content of
sulfates in terms

of SO4 ions
mg/l 5520 2952 819 decrease

General rigidity
(Ca + Mg) mgecu/l 107 129 118

Dry rest
(mineralization) g/l 13,5 10,2 7,9

The changes of salt structure at very high mineral-
ization it is seen, are connected with the general 
falling of LGW, especially after works on clean-
ing and deepening of the water lowering chan-
nels on external borders of the territory of a ne-
cropolis. It and reduction of compounds of caus-
tic alkalis and content of sulfates, and also falling 
of the general mineralization of ground water. The 
effect of water decrease would be higher at resto-
ration of part of the filled-up canal (up to 250-
300 m long) from entrance on the territory of a
necropolis (the southeast party). From this party 
waters from irrigation aryk of the above-located 
farmland most intensively arrive (Issina and 
Zhussupbekov 2015). 
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The results of observation of the complex Poi-
Kalyan in July, 2014 
This huge vertical pillar dominating over the city 
put from a zhzhenny brick gives a complete idea 
of forms of Central Asian minarets – the round, 
expanded to a bottom tower, below diameter of
10,5 m and 5,7 m above. The general height of 
a minaret of 47,5 m, but its multimeter basis is
hidden in the depth of the earth, under century 
stratifications, however on the basis of K.S. 
Kryukov researches. The depth of the foundations 
makes about 12,0 m, and also the socle part of
a minaret which was in an occupation layer of 
the earth that gave the chance to restore the area 
level corresponding to time of construction of the 
Karakhanidsky mosque and a minaret was naked. 
Over a trunk of a minaret the sixteen-arch rotunda 
of a lamp leaning on the acting ranks of a laying 
issued in the form of stalactite eaves is arranged. 
On top of a minaret the cool brick ladder leaning 
on a trunk and external walls of a minaret con-
ducts. Rise on a platform of a lamp is carried out 
on a spiral staircase in a minaret trunk. The exter-
nal surface is decorated by terracotta plates and 
figured bricks the sizes of 260×260×50 mm. on 
ganch solution with addition of a kyr. The front 
surface of a minaret is covered with the magnifi-
cent relief pattern from a brick broken into ten 
ornamental belts, any of them doesn't repeat an-
other. The roof is laid out from a zhzhenny brick 
on ganch solution. 
The minaret Kalon is connected by the bridge tran-
sition to a roof of a cathedral mosque Kalon from 
where it is possible to get in a minaret and to rise 
on the narrow and cool brick spiral staircase num-
bering 105 steps. 
The ladder, 990 mm wide, is arranged round a min-
aret kernel - an axial trunk of Ø2250 mm (Figure 
9). Each step gets married a vaulted arch height 
on average of 2450 mm the relations of the par-
ties in respect of on average 211/340 mm and 
equal to a proportion 0,62 (golden ratio) which 
corresponds, reached us in antique literature divi-

sion of a piece in the extreme and average rela-
tion (ἄκρος καὶ μέσος λόγος). According to Luk 
Pachuoli of the contemporary Leonardo da Vinci, 
called this relation "a divine proportion". The term 
"golden ratio" (goldener Schnitt) was entered into 
use by Martin Om in 1835. 

Figure 9. The Arch of the Spiral Staircase  
of the Minaret Kalon. 

Under the mosque arches Kalon (Maszhidi colon) 
gathered to 12 thousand people, the building occu-
pies the space 1ga. At uniform type of the building 
are absolutely various works of architecture. Its con-
struction was complete in 1514. 
The mosque on the architecture belongs to type four 
ayvan, with the big yard and the arch and dome gal-
lery surrounding it. Serves as a support of multidome 
overlapping of the gallery bypassing the yard of the 
mosque Kalon monumental poles. 
The rectangular yard is framed with the galleries con-
sisting of 288 domes, the basis it 208 columns form. 
The longitudinal axis of the yard comes to the end 
with the maksury - the portal and dome volume of the 
building with the crosswise hall over which the blue 
massive dome on a mosaic drum rises. 
The main entrance – East is decorated with the big 
portal issued by a mosaic, and on each side it two 
blue domes tower. On the central part the internal 
portal of a mosque has an octahedral construction, 
playing a role of chair. Color facing of facades is cre-
ated by means of the mosaic and bricks covered with 
glaze (Report 2014). 
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Engineering-geological structure of a site
In the geomorphological relation the platform of 
researches is dated for the second over an inun-
dated terrace of the river Zarafshan in the Central 
part of the Bukhara oasis and put by alluvial de-
posits of quarternary age. 
Directly on a site in a lithologic section two
engineering- geological elements (EGE) are allo-
cated: EGE-1 and EGE-2.
First engineering-geological element EGE-1: 
��from a surface it is covered with a powerful 
layer cultural and city adjournment of sandy and
loamy structure with a large number inclusion of 
fragments of bricks, fights of pottery. 
The layer is opened in intervals of depths of 
0,0-14,5 m. The opened power changes from 
6,8 to 14,5 m.

The second engineering-geological element EGE-
2 consists of: 
�� the loams of gray and dusty color from damp to
water- saturated with a sandy loam pro-layer, it is
opened in intervals of depths of 6,8-15,0 m the 
opened power changes from 0,5 to 4,7 m.
Ground waters belong to nonaggressive in relation 
to concrete on sulfate-resistant brands of cement. 
Category of soil – the second. Standard depth of
seasonal frost penetration in soil – 0,8 m. Seis-
micity of the region of 8 points (Conclusion, 
1980). 

The results of observation
At the observation time of constructions the nat-
ural sizes, sections of designs, determination of 
physic mechanical properties of materials of con-
struction designs, dynamic characteristics of de-
signs, and also over sensitive seism metric de-
vices were defined by devices of nondestructive 
control and technical diagnostics. 
In the course of inspection defects, damages and 
the deformations which appeared in use were re-
vealed: 
&� The minaret – destructions of part of a lamp, 
formation of through cracks 5-10 mm wide in arch 
locks, over lighting apertures disclosure of 3-5 mm

wide were the main types of damages from dy-
namic (seismic), which are located from the level 
of the earth 12,60; 17,60; 22,80; 27,60; 31,80 m 
and in other places of the top part of a construction. 
&� The laying of a brick corresponds to the II
category of equal 0,84-1,25 kg/cm2, M-75 brick 
brand. 
&� overlapping - a lamp floor bricklaying after re-
pair work is in a satisfactory condition. Disrup-
tions of communication with a bricklaying of 
walls it isn't observed. 

&�The trabeation of a lamp is in a satisfactory condi-
tion. 
&� the ladder - a brick ladder leans on a trunk and
external walls of a minaret. A satisfactory tech-
nical condition, steps didn't lose the bearing abil-
ity. Deformations and destructions it isn't ob-
served. 
&� the roof is laid out from a zhzhenny square brick 
on ganch solution. In places insignificant cracks 
are observed. Destructions in a roof resulted 
from influence of an atmospheric precipitation 
and seismic influences. 
&� mosque walls brick thickness in the central 
part of 1200 mm, in lateral walls – 700 mm,
back part – 800 mm, the laying of a brick corre-
sponds to the II category of equal 0,70 

��0,95 kg/cm2, M-75 brick brand. 
On perimeter of walls are observed, from outer 
side the aeration of solution and the humidified 
sites in internal walls extending from floor level to
1,8-2,0 m on height (Figure 10)  
&� In walls on perimeter of a mosque and in a main 
entrance at the level of the second floor vertical 
and inclined cracks, disclosure of 2,0-8,0 mm
wide, owing to seismic influences are observed. 
&� floors of a mosque are arranged from brick tiles 
with the sizes 260×270×40 mm. Because of soak-
ing in left-side gallery of a mosque round columns 
occurred soil shrinkage, and at distance of 1,0-2,0 
m from columns the exit of soil of 3,0-5,0 cm is
observed. The exit of soil resulted, apparently, 
from a frost penetration in soil. 
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Figure 10. Aeration of Solution in Bricklaying
Seams of Mosque Kalon. 

Further, on the basis of the conducted on-site in-
vestigations and theoretical researches, it is
planned to carry out: 
��additional engineering-geological researches of
sites and research by a SIR-3000 system geora-
dar; 
��calculation for an assessment of the intense de-
formed condition of designs at static loadings; 
��calculation on seismic influences and an as-
sessment of seismic stability of designs; 
��development of constructive actions and recom-
mendations about strengthening of designs. 

5. SUMMARY AND CONCLUSIONS

Climatic, geotechnical and hydrogeological fea-
tures of historical monuments of architecture of
Central Asia are considered and was made the 
analysis of deformations of monuments of archi-
tecture of Central Asia; 
The comparative analysis of modern ways of 
strengthening of the bases and foundations, the 
deformed monuments of architecture was made 
and was developed the recommendations about 
geomonitoring, preservation and protection of his-
torical monuments of architecture; 

The results of geotechnical researches were used
and formed the basis of the offered observation 
method of monuments of Central Asia.The obser-
vation method of monuments of cultural heritage 
which purpose is monitoring of an actual state and
the forecast of behavior of historical monuments 
of architecture of Central Asia was developed. 
The superficial soil layer to 6 m is unstable and 
can't form the basis for a construction because of
effect of a capillary raising of underground 
ground waters. 
Application of numerical information technolo-
gies will allow to analyze more deeply the ar-
chitectural and construction achievements corre-
sponding to this or that historical period of time 
and to conduct monitoring of the happening pro-
cesses. 
Data on results of purposeful engineering-geo-
logical researches are among necessary materials; 
these surveys of design features of a monument, 
types of the foundatios and about distribution of 
loads of soil of the bases; data on nature of defor-
mations and speed of their development; materials 
of supervision over an shrinkage of a monument 
or its elements. 
Preventive conservation of historical monuments 
of architecture is pledge of their safe operation 
taking into account temporary and natural and 
technogenic factors and influence of environment. 
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