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AIMS AND SCOPE

The aim of the Journal is to advance the research and practice in structural engineering
through the application of computational methods. The Journal will publish original papers and
educational articles of general value to the field that will bridge the gap between high-performance
construction materials, large-scale engineering systems and advanced methods of analysis.

The scope of the Journal includes papers on computer methods in the areas of structural
engineering, civil engineering materials and problems concerned with multiple physical processes
interacting at multiple spatial and temporal scales. The Journal is intended to be of interest and use
to researches and practitioners in academic, governmental and industrial communities.
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OBUAA MHOOPMALIUA O XXYPHAIE

International Journal for Computational Civil and Structural Engineering
(Me>XAyHApPOAHBII J)KYyPHAA IO PACYETY I'PAXKAAHCKHUX U CTPOUTEABHBIX KOHCTPYKIIUIT)

Me:xaynapoanblii HayuHblii kypHaa “International Journal for Computational Civil
and Structural Engineering (Me:xayHapoaHbIii :KypHAJI 110 PacyeTy IrPakIaHCKUX H CTPOUTEb-
HbIX KoOHcTpykumii)” (IJCCSE) sBisiercs BeaylluM Hay4HbIM IE€PUOAWYECKUM H3JaHUEM IIO
HarnpasieHuto «/HXeHepHble M TeXHUUYECKHe HAayKW», M3aaBaeMbIM, HaunHas ¢ 1999 roma (ISSN
2588-0195 (Online); ISSN 2587-9618 (Print) Continues ISSN 1524-5845). B xypHane Ha BbICOKOM
HAYYHO-TEXHHYECKOM YPOBHE paccMaTpHUBAIOTCS MPOOJIEMbl YUCIEHHOTO U KOMITBIOTEPHOTO MOJIENH-
pPOBaHUS B CTPOUTENLCTBE, aKTyaJIbHbIE BOMPOCHI pa3padOTKH, UCCIIEOBAaHMs, pa3BUTHs, BepupuKa-
UM, anpoOalvud W TPUIOKEHUN YHCICHHBIX, YHCICHHO-aHAJMTUYECKUX METOJIOB, MPOrPAMMHO-
AIITOPUTMUYECKOTO O0ECTICUCHNSI W BBITIOJIHEHUST aBTOMATU3UPOBAHHOTO TPOSKTHPOBAHMS, MOHHUTO-
PHMHIa U KOMIUIEKCHOTO HAYKOEMKOI'O PacueTHO-TEOPETUYECKOr0 M SKCIEPUMEHTAILHOIO 000CHOBA-
HUSI HAITPSDKEHHO-1e()OPMUPOBAHHOTO (M HHOTO) COCTOSTHHS, TIPOYHOCTH, YCTOMYMBOCTH, HAJIE)KHOCTH
1 0€30IaCHOCTH OTBETCTBEHHBIX OOBEKTOB IPAXIAHCKOTO M MPOMBIIUIEHHOTO CTPOUTENLCTBA, SHEP-
reTUKHU, MAIlIMHOCTPOCHHUS, TPAHCHIOPTA, OMOTEXHOJIOTMIA U JPYTUX BICOKOTEXHOJOTMYHBIX OTpaciei.

B penakunoHHBIN COBET *KypHalia BXOASIT U3BECTHBIE POCCUICKUE U 3apyOeKHBIC IEATEIH
HAayKd M TEXHHWKHU (B TOM YHUCIIE aKaJeMHKH, WICHBI-KOPPECTIOHICHTHI, HHOCTPAaHHBIE WIEHBI, MO-
YEeTHBIE WICHBI U COBETHUKU Poccuiickoil akaieMuu apXUTEKTyphl U CTPOUTEIbHBIX HayK). OCHOB-
HOUM KpUTEpHil 0TOOpa CTaTel s MyOJIMKAIIMK B )KypHAJIe — UX BRICOKHI HAy4YHBIH YPOBEHB, COOT-
BETCTBHE KOTOPOMY ONpPEAEISeTCS B X0J€ BhICOKOKBAIM(UIIMPOBAHHOTO PELICH3UPOBAHUSA U 00b-
€KTUBHOM 3KCIEPTU3bI, MOCTYNAIOIINX B PEIaKIIUI0 MaTEPHAIOB.

Kypnan exooum 6 Ilepeuenv BAK P® gedywux peyeH3upyemvix HAyyHuIX u30anutl, 8 KOmo-
PbIX O0JJHCHBL ObIMb ONYONUKOBAHBI OCHOBHbIE HAYYHbIE pe3yIbmamvl OUccepmayuli Ha COUCKaHue
VYeHol cmenenu KaHouoama HAayK, Ha COUCKAHUe YYeHoll cmeneHu 0OKmopa HAayK 10 HayYHbIM CIie-
LUATBHOCTSIM U COOTBETCTBYIOLIUM UM OTPACIISIM HAYKH:

e 01.02.04 — Mexanuka JiehOpMUPYEMOTO TBEPIOTO Tea (TEXHUYECKHUE HAYKH ),

e 05.13.18 — Maremaruiyeckoe MOACTUPOBAHUE YHCICHHBIE METO/bI U KOMILIEKCHI MPO-
rpaMM (TEXHHUYECKHE HAYKH),

05.23.01 — CrpoutenbHble KOHCTPYKIIUH, 3JaHUS U COOPYKEHUS (TEXHUYECKUE HAYKH),
05.23.02 — OcHoBanus 1 (HyHIAMEHTBI, TIOJJ3EMHBIC COOPY)KCHUS (TEXHUYECKHE HAYKH ),
05.23.05 — CtpoutenbHble MaTepUalIbl U U3ENUs (TEXHUUECKHUE HAYKH),

05.23.07 — I'mapoTeXHUUYECKOE CTPOUTENHCTBO (TEXHUUECKUE HAYKH),

e 05.23.17 — CtpoutenbHas MEXaHHKa (TEXHUYCCKHE HAYKH).

B Poccuiickoit @enepannu KypHasl HHAEKCUpyeTcs: POCCUICKUM MHAEKCOM HAy4YHOTO LIU-
tuposanus (PUHL).

Kypran exooum 6 6azy oannwvix Russian Science Citation Index (RSCI), nonnocmovto unme-
epuposannyio ¢ niamegopmoii Web of Science. XypHan umeer Mex1yHapOIHBIN CTaTyC U BBICHLIA-
eTcsl B Benyliue OMOIMOTEeKH U HaydyHble OpraHU3alui MHUpA.

M3patenn xypHana — Hzoamenbcmeo Accoyuayuu cmpoumenbHbix 8blCULUX YUeOHbIX 3a-
eeoenuti /ACB/ (Poccus, . MockBa) u 1o 2017 roma HMzoamenwvckuti oom Begell House Inc. (CILIA,
r. Heto-Mopk). OduuuansHpIME MapTHEPAMU M3JaHus sBIseTC Poccuiickas akademus apXumex-
mypol u cmpoumenviolx Hayk (PAACH), ocyiiecTBisionas HaydHOE KypHpOBaHUE W3JaHUS, U
Hayuno-uccneoosamenvcrkuii yenmp Cma/[uO (3A0 HULL CtalnO).

Lenu :kypHaja — IeMOHCTPUPOBATh B MYOJIMKAIUAX POCCUICKOMY U MEXKAYHAPOIHOMY
poeCCHOHATLHOMY COOOIIIECTBY HOBEUIIIME JOCTH)KEHHUSI HAYKU B 00J1aCTH BBIYUCIUTEILHBIX Me-

Volume 16, Issue 2, 2020 7



International Journal for Computational Civil and Structural Engineering

TOJIOB pereHus (pyHIaMEeHTaIbHBIX U MPHUKJIAIHBIX TEXHHUECKUX 3ajad, MPEKe BCEro B 00JacTh
CTPOUTEIHCTBA.

3agaum xKypHana:

. MPEIOCTaBIEHUE POCCUIMCKUM U 3apyOEeKHBIM YYEHBIM U CIIELUATHCTaM BO3MOXKHO-
CTH MMyOJIUKOBATh Pe3yIbTaThl CBOMX UCCIICJOBAHMIA;

. [IpUBJIEYCHNE BHUMAaHMs K HauOoJiee aKTyaJbHbIM, NI€PCIEKTUBHBIM, IPOPBIBHBIM U
MHTEPECHBIM HANpPAaBJIECHUSAM Pa3BUTHUSI U NPUIOKEHUH YMCICHHBIX U YUCICHHO-aHAIUTUYECKUX
METOJIOB pelieHus] (yHIaMEHTANbHBIX U MPHUKIAIHBIX TEXHUYECKUX 3a/1a4, COBEPIICHCTBOBAHUS
TEXHOJIOTUI MaTeMaTHYECKOT0, KOMITBIOTEPHOT'O MOJICIIMPOBAHHSL, Pa3padOTKU U Bepu(pHUKanU pe-
AIM3YIOIIETO MPOrPaMMHO-aJITOPUTMUYECKOTO 00eCTIeueHUS;

. o0ecrnieueHrne 0OMEHa MHEHMSIMH MEX]Jy HCCIEIOBATEIsIMU U3 Pa3HbIX PErHOHOB U
roCcyapcTB.

TemaTuka :xkypHaja. K paccMoTpenuo u nmyOiaMkaluy B *KypHajie IPUHUMAIOTCS aHaIu-
TUYECKUE MaTepuajbl, HAyYyHbI€ CTaTbU, 0030pbl, PELIEH3UU U OT3bIBbl Ha Hay4HbIe MyOIHUKAIIH 110
(dbyHIaMEHTaJIbHBIM U MPUKJIAJAHBIM BOIIPOCAM TEXHMYECKUX HaYK, IPEXk/e BCero B 001acTu CTpOu-
TenbCTBa. B xKypHalie Takke myOauKyroTcss HH(OPMalMOHHbIE MAaTepUaibl, OCBEIIAIONINE HAyUYHbIE
MEPOIPUATHS U MEPENOBbIE NTOCTHKEHUS Poccuiickol akaJeMuu apXUTEKTYpbl U CTPOMTEIBHBIX
HayK, HAy4HO-00pa30BaTEIbHBIX U MPOEKTHO-KOHCTPYKTOPCKUX OPraHU3aLNM.

Tematuka craTeil, pUHUMAEMBbIX K YOJUKAIIMH B )KYpHaje, COOTBETCTBYET €ro Ha3BaHUIO
Y OXBATbIBAET HAMpPABJICHUS HAYUYHBIX HCCIEI0BaHUI B 00JaCTH pa3pabOTKU, UCCIIEIOBAaHUS U TIPU-
JIOKEHUN YMCIIEHHBIX U YUCIEHHO-aHATUTHYECKUX METOOB, IPOrPAaMMHOI0 00ecrevyeHus, TeXHO-
JIOTUH KOMIIBIOTEPHOI'0 MOJEIMPOBAHUS B PELICHUH MPUKIAIHBIX 33]a4 B 00JaCTU CTPOUTEIbCTBA,
a TaKKe COOTBETCTBYIOIIME NMPO(UIbHBIE CIEHUAIBHOCTH, MPEJCTABICHHbIE B JHCCEPTAMOHHBIX
coBeTax MpOoUILHBIX 00pa30BaTEIILHBIX OPraHU3AIUAX BBICIIETO 00pa30BaHMS.

Penaxkuuonnas nonutuka. [lonuruka pe1akiimOHHON KOJUIETHH JKypHasia 0azupyercs Ha
COBPEMEHHBIX IOPUINUYECKUX TPEOOBAHUSIX B OTHOLIEHUHM aBTOPCKOIO MpaBa, 3aKOHHOCTH, IJIarua-
Ta U KIIEBETHI, U3JI0KEHHBIX B 3aKOHOJaTeNbeTBe Poccuiickorn denepauu, 1 3STUUECKUX MTPUHIIU-
nax, NoJJIeP>KUBAEMBIX COOOILIECTBOM BEIYILMX M3AaTesei HayYHOU MepUOIUKH.

3a nybauxayuro cmameii niama ¢ agmopog He @3vimaemcs. Ilyonukayus cmametl 8 Hcyp-
Hane Oecnnamuas. Ha miaTHOM OCHOBE B »ypHaye MOTYT ObITh OMYyOJIMKOBAaHbI MaTepualbl pe-
KJIAMHOT'0 XapakTepa, UMEIOINE IPSIMOE OTHOIIEHUE K TEMATUKE JKypHaa.

Kypnas npenocTaBiasieT HEMOCPEACTBEHHBIN OTKPBITBINA JTOCTYIl K CBOEMY KOHTEHTY, HC-
XOZsl M3 CIEAYIOIIET0 MPHHLHUIA: CBOOOIHBIN OTKPBITHIA JAOCTYH K PE3yJlbTaTaM HCCIIETOBAHUI
CHOCOOCTBYET YBEIMUEHHUIO IN100aIbHOTO OOMEHA 3HAHUSIMH.

HNupexcupoanue. [1yOnukanun B )KypHasie BXOIAT B CUCTEMBI pacueTOB MHICKCOB IHU-
TUPOBAHUS aBTOPOB M >KypHaIOB. «MHIEKC HUTUPOBAHUS» — YMCIOBOM IOKA3aTElb, XapaKTePH-
3YIOIIMH 3HAYMMOCTh JAHHOW CTaTbU M BBIYMCIISIIOIIMICS Ha OCHOBE MOCIEAYIOMNX MyOIMKaInH,
CCBUJIAIONIMXCS Ha TaHHYIO padoTy.

ABTopam. [Ipexie yeM HanpaBUTh CTaThIO B PEAAKIIMIO )KypHajla, aBTOpaM CJIEyeT O3Ha-
KOMUTBCSI CO BCEMHU MaTepualaMM, pPa3MEIIeHHbIMH B pas3jeliax caiiTta kypHaja (MHTepHET-CaiT
Poccuiickoii akaneMun apXuTeKTypsl U cTpouTenbHbIX Hayk (http://raasn.ru); noapasznen «3ganus
PAACH» unu unrepuer-caiit M3gatensctBa ACB (http://iasv.ru); moapazaen «XKypuan [JCCSE»):
C OCHOBHOW MH(OpPMAIUel 0 KypHaie, ero HesIMU U 33Ja4aMi, COCTAaBOM PEIaKIIMOHHONW KOJjIe-
MU U PEJAKIIMOHHOIO COBETA, PEJAKIIMOHHOW MOJIUTUKOM, MOPSAKOM PELIEH3UPOBAHUS HAIPABIIS-
eMBIX B )KypHaJI CTaTel, CBEICHUSAMHU O COOJIOICHUN PENAaKIIMOHHONW STHUKH, O MOJUTHKE aBTOPCKO-
ro IpaBa ¥ JIMIEH3UPOBAHUA, O MPEJCTABICHUN KypHala B UH()OPMAIIMOHHBIX cHUCTeMax (MHIEK-
CHpOBAHUN), HH(OpMaIHel O MOAMUCKE Ha )KYpHAJI, KOHTAaKTHBIMH JaHHBIMU U TIp. JXKypHan pabo-
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taeT no yunen3un Creative Commons Ttumna cc by-nc-sa (Attribution Non-Commercial Share Alike)
— JIuuensus «C ykazanuem aBTopcTBa — Hekommepueckas — Komunedr».

Penen3upoBanne. Bce HaydHbIe CTaThy, MOCTYMHBIINE B PEIAKIIUIO KypHAIIA, TPOXOIST
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EXAMPLE OF GRAGUAL TRANSFORMATION

OF STIFFNESS MATRIX AND MAIN SET OF EQUATIONS
AT ADDITIONAL FINITE ELEMENT METHOD

Anna V. Ermakova
South Ural State University, Chelyabinsk, RUSSIA

Abstract: The paper considers the example of gradual transformation of the stiffness matrix and the main set of
equations at Additional Finite Element Method (AFEM). It is corresponded to the increase of load and the ideal
failure model of structure. AFEM uses the additional design diagrams and additional finite elements (AFE) for
this operation. This process is illustrated by the transformation of design diagram of bended concrete console from
the beginning of its loading to the collapse. The structure reveals four physical nonlinear properties before the
ultimate limit state. Every nonlinear property appears under the action of corresponded load. The stiffness matrix
and the set of equations are changed under influence of the value of load and the presence of observed nonlinear
properties at this moment.

Keywords: Additional finite element method, Finite element method, Stiffness matrix,
Set of equations, Additional design diagram, Additional finite element, Ideal failure model

HPUMEP ITIOCTEIIEHHOI'O ITPEOBPA3OBAHUA MATPHUIbBI
"KECTKOCTU U OCHOBHOM CUCTEMBbI YPABHEHUI
METOLA JOITOJHUTEJBbHBIX KOHEYHbIX 9JIEMEHTOB

A.B. Epmakosa

FOxHO-Ypanbckuii rocyjapcTBeHHbINH yHUBEpeuTeT, Yensonnck, POCCUS

AuHoTanusi: B craree paccmarpuBaeTcsi HpUMEpP IMOCTENEHHOTO MpeoOpa3oBaHKsi MATPHUIbI JKECTKOCTH U
OCHOBHOM CHICTEMBI YpaBHEHHI METO/a JOTOTHUTEIBHBIX KOHEUHBIX deMerToB (MJIKD). Oto nmpeobpa3oBanue
MPOUCXOJUT B COOTBETCTBUHM C POCTOM HArpy3KH M HACAIBHON MOJICIbI0 pa3pyllieHHs KOHCTpyKimu. Jlis
BBINTONTHEHHST 3Toi omeparmu MJIKD UCHONb3yeT JOMONTHUTEIFHBIC PACYCTHBIC CXEMBI U3 JOMOJHHTEIBHBIX
KOHEUYHBIX AnmeMeHTOB ([IKDJ). [y minirocTpayu 3TOro mpolecca pacCMOTPEHO W3MEHCHHE PACUYETHON CXEMBI
n3rubaeMoli OETOHHOM KOHCOJIM OT Hayalia Harpy>KCHUs J0 pa3pylIcHHs. DTa KOHCTPYKIUS MPOSBIISICT YSThIPE
(u3NYecKy HEJIMHEHHBIX CBOWCTBA K MOMCHTY OCTHIKCHUS €0 MPEACIbHOr0 coctosiHus. Kaxoe HelnnHeiHoe
CBOWCTBO TOSBJISICTCS MPH JCHCTBUH COOTBETCTBYIOIICH HArpy3Kku. MarTpuiia ;KeCTKOCTH U CUCTEMa YpaBHCHHI
MEHSIFOTCS B 3aBHCUMOCTH OT BEJIMYMHBI HATPY3KU U HAJTUYUS TEX HETMHCHHBIX CBOMCTB, KOTOPBIC HAOIOIA0TCS
B OTOT MOMEHT.

KaroueBbie ciioBa: METO AOTIOJTHUTCIIbHBIX KOHCUHBIX 3JICMEHTOB, METOJ KOHCYHBIX 3JIECMCHTOB, MaTpHulla
KCCTKOCTH, CUCTCMA ypaBHeHHﬁ, JONOJIHUTECJIbHAaAd pacy€THasd cxema, JIOTIOJTHUTEIbHBINA KOHEUHBIN QJICMCHT,
nacajibHad MOACIIb pa3pyliCeHUA

INTRODUCTION

Some characteristics are necessary when Addi-
tional Finite Element Method (AFEM) is used
for analysis at limit states of structures with sev-
eral physical nonlinear properties:

14

1)
2)

3)

4)

The number of all nonlinear properties;

The sequence of its appearance before ulti-
mate limit state;

The way of taking into account for each non-
linear property;

The stress-strain state when each nonlinear
property is appeared.
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Method

These factors act at the initial design diagram,
the stiffness matrix and the main set of algebraic
equations. Also they determine of the way of
nonlinear analysis. Thus, the problem of mathe-
matic description of this process is appeared.
This description must correspond to the logic of
AFEM and FEM, the character of observed non-
linear properties and the requirement of limit
state analysis. The developed AFEM is destined
for decision of this problem. The examples are
necessary for verification and realization of its
algorithms.

1. GENERAL INFORMATION OF AFEM

Additional Finite Element Method (AFEM) [1]

is suggested by author as the variant of the de-

velopment of Finite Element Method (FEM) |2,

3]. It is destined for analysis of structures with

several (n) nonlinear properties at ultimate limit

state (state of ultimate equilibrium). It adds the
some elements of the Method of Limit States

(Ultimate Equilibrium) [4, 5] and the Method of

Elastic Decisions [6, 7] to the usual sequence of

solving problems by FEM. AFEM is numerical

method for combination and development of
three science directions:

1) The mathematic basis for several (n) trans-
formations of main set of equations and ex-
tension of possibilities of FEM for solving of
n-nonlinear problems;

2) The decision of the problems of structural
mechanics for analysis of structures at limit
states as n-nonlinear systems;

3) The analysis of real structures at limit states
as n-nonlinear systems.

The example is given for application AFEM to

nonlinear analysis of plane reinforced concrete

structure with four nonlinear properties. It corre-

sponds to normative requirements [8 - 10].

2. PROBLEM AND WAY OF DECISION

The nonlinear analysis at limit state is consid-
ered for the bended console.
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This structure reaches its limit state under in-

creased load gradually.

It gradually reveals four nonlinear properties:

1) The plasticity;

2) The partial unload due to the redistribution of
stresses after the cracking;

3) The presence of the cracking;

4) The ultimate limit state before the collapse.

The realization of nonlinear analysis at limit state

demands one linear analysis and four nonlinear

ones depending on the number of nonlinear prop-
erties at this step of loading. The way of these
analyses is:

1) The initial linear analysis without any non-
linear properties;

2) The plastic analysis with one nonlinear prop-
erty;

3) The analysis with taking into account of two
nonlinear properties: the plasticity and the
partial unload due to redistribution of
stresses after cracking;

4) The analysis with taking into account of three
nonlinear properties: the plasticity, the par-
tial unload due to the redistribution of
stresses and the presence of the cracking;

5) The analysis with taking into account of four
nonlinear properties: the plasticity, the par-
tial unload due to the redistribution of
stresses, the cracking and limit state.

3. GROWTH OF LOAD AND FORM
OF MAIN SET OF EQUATIONS

The growth of load P and appearance of nonlin-
ear properties are the main factors for realization
of analysis of structure at limit state.

These factors influence over transformation of
the design diagram, the stiffness matrix of struc-
ture and the main set of algebraic equations.

3.1. Growth of load and nonlinear properties
There is the condition of analysis at first limit state

for guarantee the bearing capacity of structure:
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Where P = maximal value of external static
load which is equal to minimal kinematic one.
Piim=minimal internal resistance of the structure
to this external load.

The external load P changes from 0 to Pji» grad-
ually (P — Piinm):

PI:O<P2:P3<P4:Pmaxzplim- (2)

Where P; = the intermediate value of load P
when i-th nonlinear property is appeared (i
changes from 1 to n =4).

The first nonlinear property is plasticity (i = 1).
It is observed from load P= 0 to load P = Piim,
i.e. all time of loading. It is only nonlinear prop-
erty under load P;= 0<P<P,. The second nonlin-
ear property is the partial unload (i = 2) due to
redistribution of stresses after the cracking. It is
appeared under load P=P>=P; together the crack
simultaneously. It is manifested from load
P=P>=P3 to load P=P, i.c. interval of load
P>=P3<P<P4=Pjim. The third nonlinear property
is the existence of crack (i = 3). It is observed
during interval of load P3<P<Ps=Pijin. The last
nonlinear property is ultimate limit state (i = n =
4). It is occurred under load P=Ps=Puax=Piim.
Thus, the way (2) of the growth of load P is:

P;=0— P>=P3 > P;s= Punax = Piim. (3)

The condition (3) is the first for the formation of
the main set of equations.

3.2. Transformation of design diagram

The condition (3) demands the gradual transfor-

mation of the design diagram of structure in the

nest sequence:

1) The initial linear design diagram of structure
without nonlinear properties (i = 0) under
load P=P;=0;

2) The design diagram of structure with plastic
property (i=1) only under load P,/=0<P< P>;

3) The design diagram of structure with two
nonlinear properties under load P = P>= Pj:
plasticity (i = 1) and the partial unload (i=2)
due to redistribution of stresses after the
cracking;
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4) The design diagram of structure with three
nonlinear properties under load P; < P < Py:
plasticity (i = 1), the partial unload (i =2) due
to redistribution of stresses and the
cracking (i = 3);

5) The design diagram of structure with four
nonlinear properties under load P = Ps= Ppax
= Pun: plasticity (i = 1), the partial unload (i
= 2) due to redistribution of stresses, the ex-
istence of crack (i = 3) and limit state (i = 4).

In nonlinear analysis of structure at limit state the
initial design diagram gradually takes the three
intermediated forms and fifth at last: 1) > 2) —»
3) > 4) — 5). The fifth last form is ideal failure
model or design diagram of structure at limit
state. It 1s necessary for realization of nonlinear
analysis by AFEM [11].
Also, when AFEM is used for nonlinear analysis,
all five forms of design diagram must have the
identical characteristics, for example the same
number of nodes points, view and number of fi-
nite elements (FE’s). It is necessary for the defi-
nition of stiffness matrixes of all forms of design
diagram.

3.3. Transformation of stiffness matrix

The fulfillment of the condition (1) requires the
definition of minimal value of internal resistance
Piim. Usually this minimum corresponds to the
minimum stiffness of structure due to negative
influence of each i-th nonlinear property. For
considered example i changes from 1 to n = 4.
The stiffness matrix is changed gradually from
initial value K to its minimal value K., due to
these defects:

K— K;— K> > K3 = Ks= Kpin = Kiim.  (4)

Where K = stiffness matrix of structure without
nonlinear properties (i = 0) under the load
P=P;=0;

K; = stiffness matrix of structure with plastic

property (i=1) under the load P;= 0<P<P>;

K> = stiffness matrix of structure with plastic

property (i=1) and the partial unload (i=2)
due to redistribution of stresses after crack-
ing under the load P = P> = P3;
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K3 = stiffness matrix of structure with plastic
property (i = 1), the partial unload (i = 2) due
to redistribution of stresses and the cracking
(i = 3) under the load P3<P<Pjy;

K4 = stiffness matrix of structure with plastic
property (i = 1), the partial unload (i = 2) due
to redistribution of stresses, the existence of
cracking (i = 3) and limit state (i = 4) under
the load P = Py;

Knin = stiffness matrix of structure with n=4
nonlinear properties at moment of its mini-
mal internal resistance to external load
P:P4:Pmax;

Kiim = stiffness matrix of structure at limit state
under the load P=P+=Pax=Piim, When its de-
sign diagram is ideal failure model.

The condition (4) is the second for the formation

of the main set of equations. All matrices K, K,

K>, K3, K4 (Kmin, Kiim) must have the equal di-

mensions and the same filling for computer real-

ization of analysis by AFEM.

3.4. Required transformation of the set of al-
gebraic equations

The main operation of analysis by FEM and
AFEM is the solving of the set of equations:

Knon[V = P . (5)

Where P = matrix of external load;

V' = matrix of unknown node displacements;
Knon = stiffness matrix of structure with nonlin-
ear properties. This matrix is changed in accord-
ance with the degree of its influence. The stift-
ness matrix K,on 1s formed from coefficients of
stiffness matrices of the separate finite elements
(FE’s).

The set of equations (5) solves one time in linear
analysis because of matrix K,on = K = const due
to the absence of nonlinear properties.

In nonlinear analysis this set of equation must be
solved by iterative process because of Kyom # K
# const. In this process matrix K turns into ma-
trix Kyom gradually. The transformation of the set
of equation (5) is connected with difficulties in
presence of several (n) of physical nonlinear
properties due to its different causes. When n =
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4 this transformation must go under the condition
(3) for right part and the condition (4) for the left
one of the set of equations (5):

Under the load P=P;=0and i=0

KV=P. (6)
Under the load P; = 0<P<Prandi=1:
KV =P (7)
Under the load P = P>=Psand i =2
K>V =P. (8)
Under the load P; <P <Psandi=3
K3V=P. 9)
Under the load P = P4s= Puax = Piimand i =4
K4V =P. (10)
Thus the initial form of the set equations (6)
takes the requirement forms (7), (8), (9) and (10)
gradually according to the value of load P.
In limit state of structure (see (1)) the set of equa-
tions (10) must became
KiimV = Plim . (11)

This description (11) corresponds to the next
view of expression (1)

Piim= Ppax . (12)

Method of Limit States guarantees the appear-
ance the equality (12) for formula (1) in one case
from million ones (see s. 3.1).

4. SET OF EQUATIONS AT AFEM
The Additional Finite Element Method (AFEM)
was suggested by author [1] as the variant of the

Finite Element Method (FEM) for analysis of
structures with several nonlinear properties at
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limit states. It is numerical combination of the
three effective methods of structural analysis:
FEM, Method of Elastic Decisions and Limit
State Method. It solves the problem of analysis
of structure at limit states according to failure
model, when nonlinear properties and defects
are revealed due to increase of load. AFEM uses
the additional finite elements and additional de-
sign diagrams for gradually transformation of
main set of equations [12].

4.1. Transformation of design diagram by

means of additional design diagrams

The example is illustrated the action of addi-

tional design diagrams at the initial design dia-

gram for bending console in plane stress-state

(see table 1). The initial design diagram consists

of 8 triangular deep beam finite elements with

liner properties (p.1 table 1). AFEM uses four
additional design diagrams for transformation of
the initial design diagram into ideal failure

model of console (see s. 3.2):

1) The initial design diagram of structure with-
out nonlinear properties (i = 0) under load P
= P; = 0 transforms into the design diagram
of structure with first (i = 1) nonlinear prop-
erty (plasticity) by means of the first addi-
tional design diagram under load P;=0 <P
< P>(p. 2 table 1);

2) The design diagram of structure with one
(i=1) nonlinear property (plasticity) under
load P;= 0 < P < P> transforms into the de-
sign diagram of structure with two (i = 2)
nonlinear properties (the plasticity (i=1) and
partial unload (i = 2) due to redistribution of
stresses after cracking) by means of the sec-
ond additional design diagram under load P=
P>=Ps (p. 3 table 1);

3) The design diagram of structure with two
(i=2) nonlinear properties (the plasticity
(i=1) and the partial unload (i=2)) under load
P=P>=P; transforms into the design diagram
of structure with three (i=3) nonlinear prop-
erties (the plasticity (i=1), the partial unload
(i=2) and the cracking (i=3)) by means of
the third additional design diagram under
load P3<P<Py (p. 4 table 1);
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4) The design diagram of structure with three
(i=3) nonlinear properties (the plasticity
(i=1), the partial (/=2) unload and the crack-
ing (i=3)) under load P3; < P < P,transforms
into the design diagram of structure with four
nonlinear properties ((the plasticity (i=1), the
partial (7=2) unload, the cracking (i=3) and
limit state (i=4)) or ideal failure model by
means of the fourth additional design dia-
gram under load P = Ps= Ppax = Piim (p. 5 ta-
ble 1).

Every additional design diagram may be com-

pared with empty space imbedded in the initial

design diagram. It is filled negative stiffness for
taking into account of only one nonlinear prop-
erty. It consists of corresponding additional finite
elements (AFE-s) (see s. 4.5). Additional design
diagrams are basic for realization of nonlinear
analysis at limit state due to fulfillment of condi-
tions (3) and (4).

4.2. Transformation of initial stiffness matrix
by means of stiffness matrices of additional
design diagrams

The condition (4) is realized due to using of stift-
ness matrices of additional design diagrams.
Under application of AFEM the next equation is
correct at the moment of limit state of structure
with four nonlinear properties:

Kiim= K+AK;+ AK>+ AK3 + AKy. (13)
Where 4K, AK>, AK3, AK4 = stiffness matrices
of the first, the second, the third and the fourth
additional design diagrams consisting of addi-
tional finite elements (AFE’s) for taking into ac-
count the first, the second, the third and the
fourth nonlinear property respectively.

The stiffness matrices of additional design dia-
grams are destined for fulfillment of condition

(4) and may be defined according to next formu-
las (see s. 3.3):

4K =K; - K , (14)
AK>=K> - K; (15)
AK;=K3 - K> (16)
AKs =Ky — K. 17)
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The next way is used for the gradual transfor-
mation of the stiffness matrix K of initial design
diagram of structure without nonlinear proper-
ties into stiffness matrix Kjin = Knin = K4 of ideal
of failure model or design diagram of structure
at limit state (see table 1):

Under the load P; = 0<P<Prandi=1

Ki= K+A4K; . (18)

Under the load P = P>=Ps;and i =2
K> = K+AK;+ AK>. (19)

Under the load P3 <P <Pyandi=3
K3 = K+AK;+ AK>+ AK3.  (20)

Under the load P = Ps= Ppax = Piimand i = 4

Ky = K+AK+ AK>+ AK3+ AKy . (21)
The initial stiffness matrix K transforms gradu-
ally according to formulas (18) -— (21) by means
of stiffness matrices of AK;, AK>, AK3, AK4. The
main characteristics of matrices K, K;, K>, K3,
Ky, 4K, AK>, AK3 and 4K are: the same dimen-
sions; the same filling positions; the square; the
symmetry; the linearity; the positivity of matri-
ces K, K;, K>, K3, Ky; the negativity of matrices
4K, AK>, AK3, AK4. These characteristics are
necessary for application of matrix theory [13].
The fulfillment of the condition (4) demands
these characteristics for mathematic realization.
Thus steps (18) — (21) are developed on the base
of Method Elastic Decisions when the nonlinear
stiffness matrix is divided into linear and nonlin-
ear component [14].

4.3. Transformation of the set of algebraic
equations

AFEM suggests the using of additional design
diagrams consisting of additional finite elements
(AFE-s) (see s. 3.4 and s. 4.2). In this case the
sets of equations (7) — (10) are formed according
to the formulas (18) — (21) under conditions (3)
and (4):

Under the load P/ <P <P; andi=1
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(K+ 4KV =P. (22)

Under the load P,=P=P;and i =2
(K+A4K; +AK)V =P.  (23)

Under the load P3 <P <Psandi=3
(K+ 4K+ AK +AK3) V=P . (24)

Under the load P = P4= Pyax = Piimand i =4

(K+ 4K+ AK> +AK;+4K)V = P. (25)
Thus, the algebraic equations (22) — (25) are cor-
responded to requirement forms for numerical
realization of analysis at limit state of structure
with four nonlinear properties.

Also the Method of Elastic Decision (Method of
Additional loads) may used for the solving of
these sets of equations. In this case the formulas
(22)—(25) are formed according to the next way:
Under the load P; <P <P;andi=1:

KV =P—AK;V. (26)
Under the load P>=P =Pz and i = 2:
KV =P —AK;V - AK,V. (27)

Under P3<P<P;i=3:
KV =P—AK;V—-AK>; V-AK3V . (28)
Under P = Ps= Ppax = Piimand i = 4:
KV=P —AKV - AKV — AK3V — AK4V . (29)

In relations (26)—(29) values (—4K,V), (—4K>V),
(-4K3V) and (-4K4+V) determines the influence
of the first, the second, the third and the fourth
nonlinear property respectively. For example the
term (—4K;V) of the right-hand part of these
equations is the additional load which with the
main load P must be applied to linear structure to
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reach the displacements corresponding to its dis-
placements with the first nonlinear property un-
der the action of the only external load P.

In nonlinear analysis at limit state the sets of al-
gebraic equations (7) — (10) take the forms (22)
— (25) or (26) — (29). These forms provide the
taking into account the influence of each of four
nonlinear property of structure. This way allows
the using of different theoretical data [15 — 17]
for nonlinear analysis [18 —20] according to nor-
mative rules [8 — 10].

Thus logic of AFEM is corresponded to FEM.

4.4. Two ways for realization of iterative pro-
cess at AFEM
Solution of the set of algebraic equations by it-
erative methods is the main step for nonlinear
analysis of structures. AFEM suggests two ways
for creation of this process [21]. Both ways are
based on the decision of the set (6):
V=K'P , (30)
Where K-/= inverse stiffness matrix K.
Operations connected with obtaining of this in-
verse matrix K”’are the most laborious. They
take roughly three quarters of time for solving of
the set of equations (1). In the first case iterative
process is based on (21)—(25) and (30):
Under the load P;<P<P;andi=1

VW = (K +AK, %Dy 1p (31)
Under P,=P=Ps;andi=2
VW = (K +4K,*V + AK*Vy P (32)

Under P3<P<Psandi=3
V0 = (K +AK; % + AK* D +AK ;% Dy 1P (33)
Under the load P = P4= Pax = Piimand i = 4

VO =(K+AK %D+ AK %D+ AK %D+ AK F VY1 P,
(34)
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Where k, (k-1) = moving and previous iterations. This
way is very laborious due to the obtaining of in-
verse matrix K/ at everyone iteration.

The second way for realization of iterative pro-
cess is based on the next views of the formulas
(26) — (29):

Under the load P;<P<P; andi=1

KV® = p—AK, ®VykD  (35)
Under the load P>=P=P;andi=2
KVW=p — AK,*DykD) _ AK,EDp*D —(36)

Under the load P3 < P < Psand i =3)

KV®=p_AK,&Dykl)_ARK,EDykl)_gR 6D ykl)
(37)

Under the load P = P4= Pyax = Piimand i =4

Ky® :P_AKj(k-J) V(k—])_AKZ(k-I) V(k—])_AK3(k-1) k1)
—AK, &Vl (38)

The iterative process goes in accordance to for-

mulas (35) — (38) and (30):
Under the load P;<P<Prandi=1

VW = KNP —AK; ®Vp*RDy - (39)
Under the P>=P = Ps;and i = 2:

VW= K1(P-AK; &V y*l_gg,&DytDy — (40)
Under P; <P <Psandi=3:

V=K (P-AK,* DV DA KDyt
—AK*FDYy DY (41)
Under the load P = P4= Pax = Piimand i = 4

V=K (P-AK,* VDA KDyt

—AK;®Vy D AR, DY EDY - (42)
The formulas (39) — (42) are the results of solu-
tion of the sets of equations (35) — (38). They al-
low the obtaining of inverse stiffness matrix K
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Tat the first iteration only when k = 1. This ad-
vantage is useful when set of equations is solved
by means of Gauss Elimination. The second way
for creation of iterative process of AFEM is less
laborious then the first one.

4.5. Additional finite elements

The condition (4) requires the fulfillment analo-
gous one for every finite element. Due to nonlinear
properties the its stiffness matrix gradually de-
creases from initial value K. to its minimal value
Kemin. Usually this minimum corresponds to limit
state, when the carrying capacity of finite element
18 lost and Ko min=Ke 1in= 0 or close to 0.

If the number of nonlinear properties i changes
from 1 to n = 4, the next condition is correct

K. ﬁKe,I ﬁKe} 9Ke,3 ﬁKe, 4:Ke,min: e,lim:O
(43)

Where K. = stiffness matrix of finite element
without nonlinear properties (i = 0);

K. ;= stiffness matrix of finite element with plas-
tic property (i = 1);

K., = stiffness matrix of finite element with
plastic property (i = 1) and the partial un-
load (i = 2) due to redistribution of
stresses after cracking;

K. 3 = stiffness matrix of finite element with
plastic property (i = 1), the partial unload
(i = 2) due to redistribution of stresses
and the cracking (i = 3);

K.+ = stiffness matrix of finite element with
plastic property (i = 1), the partial unload
(i = 2) due to redistribution of stresses,
the existence of cracking (i= 3) and limit
state (i =n=4),

Kemin = stiffness matrix of finite element with
n=4 nonlinear properties at moment of
its minimal value;

Ke 1im = stiffness matrix of finite element at limit
state, when its value is closed to 0.

Four additional finite elements (AFE-s) are nec-

essary for fulfillment of the condition (43). They

transform gradually the initial finite element
with linear properties into the same finite ele-

ment with all nonlinear ones [1].
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The stiffness matrix AK, ; of the first additional
finite element for taking into account the plastic
property (i = 1) is equal

AKe,] = Ke,[ - Ke. (44)
The value AK.; depends on the level of stress-
strain state under load P; = 0<P< P4=Puaux=Piim.
These additional finite elements are formed the

first additional design diagram for taking into ac-
count the plasticity in formulas (22) — (25).

The stiffness matrix AK, > of the second addi-
tional finite element for taking into account the
partial unload (i = 2) due to redistribution of
stresses after cracking has next formula:
AK@,Z = Ke,Z — Ke,]. (45)
The value AK, > depends on the stress-strain state
under load P=P> when crack is appeared.
These additional finite elements are formed the
second additional design diagram for taking into

account the partial unload due to redistribution of
stresses after cracking in formulas (23) — (25).

The stiffness matrix AK, 3 of the third additional
finite element for taking into account the exist-
ence of cracking (i = 3) is defined
AKe,_? = Ke,j’ _Ke,Z . (46)

The value 4K, ; depends on the level of stress-
strain state under load P3 < P < P4=Puax=Pijim.
These additional finite elements are consisted the
third additional design diagram for taking into
account the existence of cracking in formulas
(24) and (25).
The stiffness matrix AK, 4 of the fourth addi-
tional finite element for taking into account the
limit state (i = 4) is equal

AKe,4 - Ke,4 — Ke,j’. (47)
The value AK.4 depends on the level of limit
stress-strain state under load P =P4=Pax=Plim.
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If stiffness matrix of finite element at limit state
Ke 4= Ko min = Ke iim= 0 the stiffness matrix of its
additional finite element AK. 4 = — Ko 3.

These additional finite elements are consisted
the fourth additional design diagram for taking
into account the limit state in formula (25).

The initial design diagram of bended console is
transformed to its ideal failure model due to four
additional finite elements (table 1).

CONCLUSIONS

Considered example proves the possibility of re-

alization the nonlinear analysis at limit state for

bended console according to its ideal failure
model by means of Additional Finite Element

Method (AFEM).

Additional design diagrams and additional finite

elements are used for gradual transformation of

the stiffness matrix and the main set of equa-
tions.

Next conditions are fulfilled for this process:

1) the correspondence to algorithmic logic of
nonlinear analysis due to conservation of
main mathematic characteristics of stiffness
matrix of structure under the numerical var-
1ation of its coefficients;

2) the orientation at gradual achievement of cri-
terion of limit state before collapse;

3) the guarantee the allowance for each of four
nonlinear properties at stress-strain state;

4) the creation of iterative process for solving
of the main set of equations by two ways:
usual manner and use the advantages of
Method of Elastic Decisions.
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FOR DIAGNOSIS AND DEFECTS CLASSIFICATION
OF WATERPROOFING MEMBRANES

Darya Filatova'?, Charles El-Nouty*, Uladzislau Punko’
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Abstract: The work is devoted to the development of a high-performance deep learning algorithm related to the diag-
nosis and classification of defects of water-repellent membranes. The mechanism of constructing visual models of the
membrane surface is discussed. This allows to get the representative training data set. The proposed methodology
consists in the sequent transformations of pixel-image intensities to find defected fragments on the membrane's
surface. The computational algorithm is based on the architecture of convolution neural networks. To assess its
effectiveness, the "confidence of confidence" criterion is proposed. The presented computations show that the
methodology can be successfully applied in material sciences, for example, to study the properties of building
materials, or in forensic science when examining the causes of construction catastrophes.

Keywords: waterproofing membranes, deep learning, machine learning, pathology classification

BBICOKOIIPOU3BOJUTEJBHBINA AJITOPUTM I'”TYBOKOTI'O

OBYUYEHUSA JJA IMATHOCTUKHA U KTACCUPUKALINN
AE®EKTOB BOAOOTTAJKUBAIOHINX MEMBPAH

Hapva @unamosa’?, llapns Ino-Hymu?, Braoucnae Iynvko

! Jlabopatopus Yenoseueckoro u MckycctBenHoro [1o3HaHuSA
IIpaktuueckas llkona Beiciuux Mccnenosanui, [Mapux, ®PAHIIA
2@axynprer Kommbrotepasix Cuctem u Cerel, benopycckuii ['ocymapcteennsiii Y HuBepeuteT MudopmaTukn
u Pagnosnexktponuku, Munck, BEJIAPYCb
3JIATA, CHPC, YVMP 7539, ©-93430, Yausepcurer Cop6onna [Tapmwxk Cesep, [Tapmx, @PAHLIMS

AnHoTanus: Paborta nocesineHa pa3paboTKe BHICOKOIPOM3BOIUTEIILHOTO AJITOPUTMA [IIYOOKOTro 00YUCHMs, CBSA3aH-
HOT'O C JIMArHOCTHKOW U Kiaccuukanuu Ae()eKTOB BOIOOTTAIKMBAOIINX MeMOpaH. OOCY»KIIeH MEXaHU3M MOCTPOE-
HUsS BU3YyaJIbHBIX MO)IeJ'Ieﬁ TIOBECPXHOCTU MeM6paH, HOSBOJ’I}IIOHlI/Iﬁ MpEACTaBUTH 3BOJIIONUIO PA3JIMYHBIX MOBPEKIC-
HHH. DTOT HOJIXO/ TTO3BOJISET MOTYYUTh TPEHEPOBOUHBINA HA00P N300paKEHUI ¢ M3BECTHBIM KOJIMYECTBOM JC(EKTOB.
[MpenniokeHHas METOOJIOTHsI OCHOBAHA HA MOCJIEJOBATEIbHBIX MPEOOPa30BaHUSIX MHTCHCHBHOCTH MHKCEITbHBIX
n300paskeHui Jyist OOHApYKeHHs! Te(DeKTHBIX (PPArMEHTOB Ha MOBEPXHOCTH MEMOpPaHbL. BBIMUCIHUTEBHBIN AITOPUTM
OCHOBaH Ha apXUTEKType CBEPTOUYHBIX HEHPOHHBIX cerell. J{iis omeHku ero 3(h(heKTHBHOCTH TPEIIOKEH KPUTEPHiA
«oBepuTebHas 00macTey. IIpefcTaBieHHbIC BBIYUCIUTENCHHST —TOKA3bIBAIOT, YTO METOJIOJOTHSS MOXET ObITh
YCIEIIHO TPUMEHEHa B MAaTepPUATIOBEAMHUM, HA TIPUMED, JUTS UCCICAOBAHUSI CBOMCTB CTPOMTEIBHBIX MATEPHAIIOB,
WK B KPUMUHOJIOTHH, HA TIPUMED, IPH U3yUEHUH PUYHH CTPOUTEIIBHBIX KaTacTpo(.

KiroueBble ¢cjioBa: THIPOU3OISIIIHOHHBIE MEMOPaHBI, ITyOOKoe 00yueHue, MalllMHHOE 00y4YeHHe,
KiIaccu(UKaIUs MaTOJIOT i

1. INTRODUCTION bility, durability, and rigidity of the main con-

structed structures. Besides, the provision of

The design of buildings and constructions re- measures of the building maintenance and
quires an understanding of the principle of sta- monitoring their technical conditions are essen-
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tial during the design stage. The over-end dec-
ade of technological progress acceleration has
led to the emergence of new building unique
properties materials, which, on the one hand,
drove to a simplification of building technologies.
On the other hand, it took more stringent require-
ments on resistance, reliability, durability of struc-
tures [1]. The principles of building structures are
changing. Virtual modeling has led to an increase
in the number of available solutions to the same
problems. This fact casts doubt on the authenticity
of the standard design principles, thereby facilitat-
ing the selection of the right material and the de-
velopment of the correct structures. Besides, the
desire to find the optimal simplification of the
structure without reduction of safety mostly
through choosing solid materials plays an im-
portant role. For example, through chemical reac-
tions, the hydro protective layer mechanically
connects to the monolithic reinforced concrete
mainstay's surface [2]. This process leads to excel-
lent hydro isolation. Therefore, waterproofing
systems perfectly work. However, such a con-
structive solution loses effectiveness if damage
occurs. Numerous works devoted to studying the
properties of composite materials often indicate
that mechanical damage to the membrane insula-
tion leads to lateral migration of water inside the
structure [1-3]. That means the place of soaking
does not always match the location of insulation's
damage, which unpredictably changes the struc-
ture's technical parameters. These papers indicated
that the study of the phenomenon of water migra-
tion using new technologies and materials requires
a new experimental research methodology to iden-
tify and classify possible pathologies in water-
proofing layers [4, 5]. The solution to this problem
will help designers in their subsequent work.

Civil engineering, like all other industries, is gone
through the fourth industrial revolution. The main
idea of this revolution consists in creating cyber-
physical systems. These include physical objects
and information models. The physical object is
managed at every life cycle stage (from the project
concept to the moment of decommissioning) us-
ing an information system that analyzes the flows
of heterogeneous information using computer

Volume 16, Issue 2, 2020

systems. Artificial intelligence (AI), as well as
machine learning (ML), and deep learning (DL),
becomes the leading information technology and
not only due to the possibility to work better and
faster with large amounts of information. For ex-
ample, artificial intelligence algorithms simulate
the work of the human brain. These last can find
and classify a defect or pathology hidden from the
human eyes even at an early stage of the corrup-
tion process, improving feedback on building in-
formation modeling (BIM) and thereby ensuring
uninterrupted operation of the entire project.

By analogy with the task of pattern recognition
applied to fault detection, this work aims to de-
velop a methodology and an algorithm capable
of identifying and classifying the visible defects
on the surface of the waterproofing membranes
based on available information. To promote
defects detection methodology, we will use arti-
ficially generated images, imitating real photo-
graphs of some waterproofing membranes. We
focus our attention on the detailed description of
the Al algorithm and its quality performance.
The main advantage of this approach is the sce-
narios' development to investigate defects' prop-
agation on the membrane surface. The same
methodology is also useful for concrete's petro-
graphic analysis, biological materials [6].

The rest of this paper is organized in the follow-
ing manner. In Section 2, we propose a brief
description of waterproof membranes and detail
a generalized visual model of their surface. Sec-
tion 3 describes the methodology for the dam-
ages detection and classification. Next, in Sec-
tion 4, we illustrate the methodology by simula-
tion experiments. Finally, in Section 5, we give
the concluding remarks concerning the method-
ology implementation and its further develop-
ment.

2. PROBLEM FORMULATION

2.1. Conception of waterproof membranes

A waterproofing membrane is a continuous thin
layer of waterproof material that is laid on some
surface and which does not allow water to pass
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through it. For example, if a waterproofing
membrane is laid on a flat terrace between a
structural slab and a finishing tile, water will no
longer seep into the structural slab [4]. Howev-
er, in order for this property to be maintained as
long as possible, the structural surface and tile
must be correctly installed. Any water that re-
mains as puddles on the tile can leak into the
plate over time, provoking corrosion of the hy-
dro-repellent membrane, and then the structural
slab. There are two types of the waterproofing
membranes. Liquid—applied (see Fig. 1 and
Fig. 2) and sheet-based (see Fig. 3) membranes
are composed of thin about 2 to 4mm thick lay-
ers of waterproof material. Membranes can be
used in different elements of a construction,
namely for underneath and around basements,
over terrace slabs and balconies, over land-
scaped concrete decks, between the soil and
concrete in gutters, and many others.

Figure 1. Some corrupted liquid—applied
waterproofing membrane: pore deformation
and erosive swellings

Figure 2. Some corrupted liquid—applied
waterproofing membrane: erosive swellings and
micro-cracks

UV stability, elongation, breathability, tear and
abrasion resistances, chemical stability, geome-
try play an important role while selecting mem-
brane solutions for the construction. It is impos-
sible not to take into account the influence of

Darya Filatova, Charles El-Nouty, Uladzislau Punko

the environment in which the structure will be
operated. As one can imagine, over time, the
desired qualities are lost. Thus, exposure to the
sun and precipitation adversely affect breath-
ability. The pores, with which the membrane
breathes, over time deform and stop working. In
places of deformation there are swellings and
cracks. The protective property is lost leading
sooner or later to the threat of structural destruc-
tion.

S R R e
Figure 3. Some corrupted sheet—based
waterproofing membrane: pore deformation
and macrocracks

2.2. Generalized visual model of surface
We suppose that n—by—m pixels grayscale

digital image 7 corresponds to the membrane’s
surface associated with the bounded closed set

D=[0,n—-1]x[0,m-1]cR}. (1)

For the simplicity each pixel correspond to “the
smallest unit” of the membrane surface and is

denoted as (x, y)eD. We call this unit

“a region”, that is to say, the membrane consists
of the regions. Moreover, each pair (x,y)eD

is characterized by an intensity

f(x,y) S .7:,

where F ={f .o frax } R, is an ordered
final set. The set D is discretized as a regular
grid such that each vertex (node) has coordi-
nates (iAx,jAy), where Ax and Ay corre-

spond to the grid spacing, ie{l,..n.} and

9ees Ity

je{l,..,ny} with n, <<n and n, <<m. The
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quantity of vertices is n, xn,. Let us introduce

the set E:{l n_xn } For the simplicity we

s X
denote these coordinates as (xl., v j). We as-
sume that at some instant of time ¢, te[to,tl],
each pore —R,(7), { €L — of the membrane is
presented by the disc of center (x;,y;), that is

Ry (1)={(x.3) e D(x—x,)
(2)

where r,(¢) is the radius of the pore,

1, (ty) = 1, Moreover, we assume that at time 7,
that

Viel,Vkel, (#k =

We denote the set of the pores by Q. An exam-
ple of the possible configuration of the surface
of the membrane is illustrated by Fig. 4.

Figure 4. The visual idealized model of the
membrane surface: initial state at t,

The over-time erosion as well as the evolutionary
process leading to damage to the pore, and there-
fore of the membrane surface at the observation

time interval [7),7 ], is associated with the change

in the radius 7, (t) of the (" pore, (€ L, with

the formation of microcracks at its edges, and with
cracks propagation on the surface. We can ob-
serve these processes only as the changes of the
intensities of pixels.

Volume 16, Issue 2, 2020

To model these processes we assume that at time
¢ each pore contains 4, (¢) regions included in

R, (¢) K, (1),
ie{l, 2,0 A, (t)} Each region is characterized

and denoted as

by a state s, which takes one of the two values:
s, —non-damaged state, s; — damaged state. The

change of the state corresponds to the change of
the intensities of pixels, which make corruption
visible on the image. Hence, we can form the
time-varying sets of all non-damaged regions

So(t)={Kku()eR (Dfs=s0] B
and of all damaged regions
Se()={xi()eR, (Ds=s]. @

obviously  have

We S ()N S, (1) =2,
Soc (U8, (1)=R, (1) for any 1e(ty.1].

Note, that initially all the regions are in non-
damaged state, i.e. Sy, (#)=R, (7). Once the
radius of the pore was changed, the state of the
¢™ region can be changed with some probabil-
ity p(¢), 0< p(¢)<1, namely for (e L

P(s, < so|r (1)>1)=p. 1€(to.ty]. (5)

The damaged regions form the edge-inward
micro-cracks on the surface of the pore (see
Fig. 5). The visual changes on the pore surface
will be displayed in a darker shade of gray than
the original. The membrane’s surface crack
propagation (see Fig. 6a) starts if there exists
one pore with damaged area such that

I?Eaﬂxcard(&f (1)=p, (6)

where p is a critical damage level, which has to

be properly chosen. The crack starts from this
pore (see Fig. 6b). Here, the visual changes on
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the membrane’s surface will be displayed in a
lighter shade of gray than the original. To model
the micro-cracks the surface cracks we will use
the modified algorithms of Mersenne twister
pseudorandom number generator and non-
uniform fractals [7]. Finally, to model the non-
uniform background of the membrane the frac-
tional Brownian fields [8, 9] with different val-

ues of Hurst parameters H e(O,l) are be used
(see Fig. 7).

a) p=0.12 b) p=0.51

Figure 5. The pore’s over-time erosion

¢) p=0.79

The structure formed in the manner described
above we will call as a visual model of the
membrane's surface.

a) b)

Figure 6. The propagation of the crack

a) H=015 b) H=0.5

c¢) H=0.95
Figure 7. The background of the membrane

The research problem of this paper can be for-
mulated as follows:

can we find and classify the damages on the
membrane’s surface using its visual model and
some methods of AI?

As it is possible to notice the responses to the
research problem require some specific method-

Darya Filatova, Charles El-Nouty, Uladzislau Punko

ology. In next section, we will focus our atten-
tion on it.

3. RESEARCH METHODOLOGY

3.1. Method overview
It is obvious that, visual analysis of the mem-
branes' surface condition requires special
equipment that is better than the human eye can
determine the place and character of the dam-
age. In addition, in the expertise of the building
structure, characterized as large areas, "manual"
recognition of the pathologies' localization and
classification is extremely time-consuming and
often error-prone. Therefore, to solve the above
problem, it would be helpful to have both a
high-performance embedded device and a com-
putational algorithm capable to complete real-
time analysis of visual flow information. In such
a manner the human factor can be eliminated for
better performance and efficiency. In this study,
we concentrate our attention only on the compu-
tational aspects.
Being a part of artificial intelligence, machine
learning is widely used in image analysis. The
advantage is due to the ability to come up with
rules based on automated statistical processing
of available data called training, that is to say
mapping inputs (initial visual information) to
associated targets or predictions (detected and
classified defects). The remarkable progress
made in this area can serve as a ruled defect-
type classification by means of deep learning
strategy, which includes:

e preprocessing (to speed up the recognition
and the classification of the damages by
normalizing and removing variations of ini-
tial visual information [10]);

e segmentation (to locate pores of the mem-
brane and to detect desired features, i.e. their
edges, using simplifications and changes in
the representation of the pre-processed visual
information avoiding as much as possible the
problems initial data artifacts [11]);

e classification (to classify the extracted fea-
tures into predefined categories by using
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suitable methods that compare the image pat-
tern with the predefined etalons [6]);

e post-processing (to correct errors caused by
“oversegmentation” and “undersegmenta-
tion” and to improve the plausibility of the
results [10, 11]);

e cvaluation (to estimate the quality of previ-
ous steps [12]).

The choice of configuration of the deep learning

algorithm depends on many factors associated

with the available data, the purpose of their pro-
cessing, as well as hardware and software.

Let us discuss these aspects in details.

3.2. Dataset

The membrane’s surfaces were obtained by the
simulation techniques described in subsection
2.2. The major advantage of artificially generat-
ed data is the availability of high-quality labeled
training  datasets for supervised, semi-
supervised, and unsupervised deep learning
used for object detection and recognition. The
image dataset considered in this study is com-
posed of 1000 same-size images. Each image
contains 100 pores imitating the corruption pro-
cesses. The lessons were automatically marked
by pre-selection procedure with respect to the
critical damage level p and to the critical

pore’s radius value 7>>7, (to) , Lel, as well

as automatically analyzed by the proposed
methodology.

3.3. Image recognition: basic technique

3.3.1. Preprocessing. In the general case, the
image preprocessing is applied to the original
image and consists of the image resizing with
further normalization and equalization as well
as gamma correction pixels’ intensities. Since
we have assumed that 7 is the digital grayscale
image generated as it was described in the sub-
section 2.2, we can omit the resizing procedure
and the gamma-correction which allows the
compensation for the non-linear luminance ef-
fect of optic devices. In this methodological
approach we only need the normalization and
the histogram equalization.
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Consider the normalization step first. Keep in
mind that the normalization is a kind of trans-
formation applied to intensities of each pixel.
Recall that the set of intensities of the initial
image 7 was the set F . The new values of
intensities will be elements of the ordered final

set F defined as
ﬁ = {ﬁmin"“’fmax} 5

where

~ foo— 1 ~
fx N = fx _fmin —— S min * (7)
( ’}) ( ( ,y) )fmax_fmin

For convenience, F can be rewritten with re-
spect to the L-leveled gray scale in the follow-
ing way

f:{j‘mH:ﬁ)a"'af‘ka"'ﬂjL—]:f~ma } (8)
Thus, we define a new image 7 :

I « TI. )

normalization

The goal of (7) is to enhance the contrast by
redistributing the intensities toward extreme
values. We insist on the fact that the image 7
contains also nxm pixels with the correspond-
ing set of the intensities defined in (8).

Consider the histogram equalization step
now. It is completed to normalize the gray color
distribution across samples of images (mostly
due to illumination, optics of devices etc.), that

is to say the transformation of 7 into the new

image 7T . Therefore, let us introduce the quanti-
ties T(, ), 0<k<L-1, such that

~ k mﬂ
T(fk)iZoﬁ, (10)
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where m, is the frequency of gray level (.
Here, we focus our attention on the frequentist
probability. However, the other choice is also
possible [10]. Next, we define

g(fk)zfmin +(fmax _fmin)T(fk)’ (11)
and, hence, the set of intensities
f“:{g(fk), 0<k<L-1}.

Thus, we get the new image

i <« 7.

equalization

(12)

We also insist here, that Z is the nxm -pixels

image with the set of intensities being F.

3.3.2. Segmentation. The purpose of this step is
to form homogeneous groups of pixels that
could serve to assign them to the K specific
objects @,, 1<7 <K (usually a quantity of @,
are unknown before the segmentation). These
elements form a subset Q={@,, 1<7<K} of

D. The segmentation can be done by several
techniques, namely: pixel-, edge-, region-, or
model-based-techniques as well as the box-
counting method. Taking into account the
strengths and the weaknesses of these methods
[Tosta], we search for the edges of pores by the
modified Canny edge detector algorithm [Can-
ny]. The main idea of this algorithm is as fol-
lows and consists in four phases.

Let F bea nxm matrix, such that the element
of  this f; €F, ie{l,...,n},
j€{l,...m} . The edge of each element of Q is

matrix

determined by the transformation and the com-
parison of the intensities f; of neighboring
pixels. In 2D image processing, two spatial
variables 6 and 6, are related to F . We de-
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note the non-integer row index by 6, and the
non-integer column index by 6, .

Phase 1. Smoothing. The kernel regression fil-

ter takes a form
i=[0+30] j=[6,+30] f*
ij

g(91,92)= z Z '—‘zeXP(

{301 j=[8 5] 27C
where o is a smoothing parameter, which can be
calculated as a standard deviation of pixel intensi-

202

_(=6)*+(-6,) )

ties of Z or chosen arbitrary. It is used to avoid
false detection and to riddle out the noise). Once

applied to the image Z this filter gives

% =
«— 1.

kernel

regression

T (13)

Phase 2. Masking. To detect the black-white
boundaries and in a consequence to determine
edges of each element of Q, firstly, the Lapla-
cian

is calculated, and, secondly, the mask M is the
nxm matrix formed as

0, 591492 <0,
m =
6,.0,
L, Ly 20,

(15)

where £, , is the element of ]L(g(@l,ﬁz)). In

other words, zero-crossings in the Laplacian
detect the white-black contours of each element
of Q.

Phase 3. Hysteresis. The Richardson extrapola-
tion is applied to values of the nxm matrix M.
This permits to finalize the detection of edges of
each element of Q by suppressing all the other
edges that are not connected to strong edges.
Phase 4. Morphology and boundary statistics.
The application of the Fourier descriptor allows
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finding the boundaries as well as calculate the
area of each strong edge @.

To conclude the segmentation step, the set Q
contains K elements @, each one @ is defined
by two parameters, namely: the contour C5 and

the area A;.

3.3.3. Classification. Once being detected the

elements @<Q can be classified either like
corrupted pores (if the radius r exceeds the
critical value 7 and if the surface corruption
parameter p exceeds the critical value p ) or

like non-corrupted ones. The sets of corrupted

and non-corrupted pores are Q_; and Q,,, cor-
respondently,

ﬁ—l ﬂﬁﬂ =9
and

6 UG, =0,

The patterns of the pores are defined by the
formula (2). We denote them by we (2, each

contour C, of w corresponds to the border of
R, () and A, =717 (1), LeL. We also in-
troduce the set of labels zz{—l,l} such that

each element & € = is given by

£ = -1, for rg(tl)<l7 and p, < p,
O, for r[(tl)ZFor Pe 2D,

thus, if §, =—1,then @, €Q_,, and if &, =+1,

then w, € Q,,, moreover, Q_,(1Q,, = and
Q—l U Q+l = Q .
The classification problem can be formulated as

follows:
for a training set of pairs {a)g,fg} 1y » Where o,

are input patterns from the set of patterns Q
and &, € E are the corresponding labels, find a
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classifier n (E)) such that to get as few errors as

possible.
Let us introduce the classifier

Z a,5K

lel

w[a a)g, +b, (15)

where K is a kernel, h€ R is a shift, the pa-
rameters o, € R form a weight vector a of the

training element @,. We put

ey = D140, 20 (16a)
el
and
lafl, = > lex| . (16b)

lel

Therefore, the goal is to solve the non-convex
discontinuous optimization problem

argm1n{|a||0+Cz¢(§m @, @ ))} (17)

lel

st. 0<|af, <C, (18)
where C is a hyperparameter and
11—z, z<l1,
= 19
7(2) { 0, z>I (19

is the hinge loss. Here, we admit that the
solution of the problem (17) - (19) can be found
by standard procedure included to ALADIN
Optimization ToolBox MatLab [14].

Post-processing. To evaluate the segmentation
and classification stages we use the following
idea. We suppose that a reference image con-

tains k; regions (it can be generated by the pro-

cedure described in section 2.2 such that
ky=n,xn,) and k, regions detected by the

segmentation or by the classification proce-
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dures. Let 4, be the i region on a reference

image demarcated by a specialist and B; be the

i corresponding segmented image

(ie{l,2,...k}, je{l,2,...k}). It is clear that

in both cases regions contain pixels, therefore
we treat any region as a set. In an ideal situation

ky=ky, and A4, =B, for any ie{l,2,.. k}.
This situation is extremely rare. In practice the
following situations are possible:

e [k =k, — the algorithm found the same num-
ber of regions, the sets 4, and B; cover ap-
proximately the same domain for
ie{l,2,.. k} (see Fig. 8);

e [ >k, — the algorithm found fewer regions

any

than it was marked, for any ie{l,2,...,k,}
the sets 4, and B, cover approximately the
same domain and for anyje{k, +1,...k}
B ;= J;

e [k <k, — the algorithm found more regions
than it was marked, for any ie{l,2,...k}
the sets 4, and B, cover approximately the
same domain and for ie{k+1..,k,}
4 =9.

When two the sets 4 and B cover approxi-

mately the same domain, it implies that the sets

A and B are not disjoint and than A is a strict

subset of 4JB. Based on this remark, we can

propose the following evaluation criteria (called
by us “the domain of confidence criteria” -
DoC), defined as follows

min{ky k| w

DoC = , (20)
T
min {k,, &, }
DoCZ,B—maX{kI,kz}, (1)

where ,Be(O,l) 1s a resemblance parameter,

which has to be carefully chosen (or estimated).
The notation P denotes once the area of the set,
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which is used for the segmentation procedure,
and once the number of pixels, defined by the
classification procedure.

Figure 8. Relation between region A identified
by an expert and region B identified by compu-
tational techniques.

4. RESULTS AND DISCUSSION

To detect and to classify the damages on the
membrane surface, five categories of membrane
surface were defined mainly due to differentia-
tion of their backgrounds. The backgrounds
were simulated as fractional Brownian fields
with five different values of Hurst parameter

H €{0.05,0.25,0.50,0.75,0.95} .

Each category contained 200 gray-scale images.
The gray scale used 256 different intensities.
Each 120x120-pixels-image was full of 100
pores distributed in equidistant—grid nodes. The
pixel intensities of each pore’s edge were coded
by 120, the micro-cracks pixel and crack propa-
gation intensities were coded by 80 and 160
correspondently. The pores evolution was done

by 100 steps on the time interval [0,1]. The
initial radius value for each one pore was

1,(2,)=2, the new radius value was randomly

selected from the interval [2,5] , the critical val-

ue was 7 =4. The corruption level was increas-
ing by each evolutionary step by randomly se-

lected value from the interval [0,0.05], the crit-
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ical damage level was p=0.7. All these images

were divided on the training and evolution sets
as “3:1”. The segmentation and classification
procedures were developed using convolutional
neural networks (ConvNets, CNNs) included in
Deep Learning Toolbox MatLab R2020a. Once
the training was done, the image recognition
was done for 100 generated surfaces with dif-
ferent values of H. The averaged statistics of
the numerical experiments are listed in Tables
1-3, k; stands for the number of corrupted

pores after the evolution.

Let us comment on the results. Initially, all
the objects of interest are homogeneous. How-
ever, evolution makes them non-homogeneous.
The backgrounds of the membrane’s surface, as
well as corrupted pores, contain fractional nois-
es, which restrict the effectiveness of segmenta-
tion by the intensity-threshold-based method.
The influence of a smoothing parameter o in
global senses on the quality of the problem-
solution was studied in the first series of exper-
iments (see Table 1). As it was possible to ex-
pect, the  inhomogeneous  backgrounds
(H=0.05 and H =0.25) provoke more erro-
neous detections of corrupted pores then that in
the case of H >0.5. With increase of o im-
proves the both statistics (20) and (21). The lo-
cal smoothing works better then the global one
(see Table 2 and Table 3). We can observe the
improvement of DoC statistics for highly noisy
conditions.

Table 1. Simulation results with the predefined
smoothing parameter of kernel regression

H | o | DC |[k| |[k]|5

005 1 [0.5311| 51 63 10.4299
025 1 ]0.5492| 49 41 ]0.6563
050 1 ]0.8002 | 55 57 10.8292
075 1 10.6724| 56 52 1 0.7241
095 1 ]0.7310| 60 55 10.7975
005 2 ]0.5663 | 47 56 | 0.6747
025 2 105715 52 43 10.6911
050 2 ]0.8533| 49 46 | 0.9090
075 2 10.7893 | 54 49 10.8698
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095] 2 10.8884 | 52 49 10.9427
0.05] 3 05718 ] 53 62 |0.6689
025] 3 [0.5794| 54 47 10.6657
050 3 ]0.8807 | 48 50 ]0.8455
0.75] 3 10.7956 | o6l 58 10.8368
095] 3 ]0.8582] 54 51 10.9087

Table 2. Simulation results with the estimated
on 5x5 pixel neighborhood smoothing parame-
ter of kernel regression

H | DoC |[k] |[&a] | B

0.05 |0.6200| 56 | 49 |0.7086
0.25 06587 | 48 | 51 |0.6999
0.50 |0.8338| 58 | 54 |0.8956
0.75 |0.8105| 57 | 62 |0.8816
0.95 |0.8453| 61 | 57 |0.9046

However, in all cases, the results still showed
incorrect identification of corrupted pores or by
their quantity or by their surface. It can be ex-
plained by the weak performance of the normal-
ization procedure, which has to be adapted to
highly noisy backgrounds and more careful se-
lection of the optimization procedure for the
solution of (17)—(18).

Table 3. Simulation results with the estimated
on Tx7 pixel neighborhood smoothing parame-
ter of kernel regression

H | DoC |[k]| |[k] | B

0.05 |0.7225| 52 | 47 [0.7993
025 107199 61 | 58 |0.7571
0.50 |0.8401| 55 | 53 |0.8718
0.75 |0.8539| 47 | 45 |0.8156
0.95 |0.8600 | 54 | 51 |0.9105

5. CONCLUSIONS

This study presented the computational strategy
for the detection of the membrane’s defected
recognitions. Its main advantage is due to a mul-
ti-agent simulation of the object of interest be-
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havior. Once having values of physical, chemi-
cal, or mechanical parameters of water-proofing
materials, we can develop different scenarios to
predict the material performance. The effective
results depend on the careful selection of the
parameters of the method’s sequential steps.
One limitation of the proposed method is the
quantity of false detected regions, which is a
common phenomenon for highly noisy back-
grounds of images [12, 13]. To make this meth-
odology helpful for object detection in different
fields of interests such as civil engineering, bi-
ology, medicine, or forensic science, we should
consider non-Gaussian filters concerning the
spatial distribution of image intensities and per-
form complex analysis of the algorithm.
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Abstract: The article describes new types of finite elements that allow you to take into account all six degrees of freedom of
the shell. In order to compose the finite elements, the Allman functional with a rotational degree of freedom is used. The use
of finite elements is associated with a number of restrictions that are considered in the article.

Keywords: flat shell, method of smoothing deformations, rotational degrees of freedom
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AHHOTaH“ﬁ: B craThe omnucaHbl HOBBIC THIThI KOHEYHBIX DJIEMEHTOB, KOTOPBIC IMO3BOJIAIOT YYUTBIBATH BCE LICCTh CTCIICHU
CB06OIII>I 000JI0YKH. I[J'[}I COCTaBJICHHUA KOHCYHBIX 3JIEMCHTOB HCHOJIb3YCTCA q)yHKHI/IOHaJI Alnvana ¢ BpamaTeanoﬁ
CTCIICHBIO CBO6OZ[LI. HpI/IMeHSHI/Ie KOHCYHBIX 3JIECMCHTOB CBA3aHO C PAIOM ()I‘paHPI‘IeHHfI, KOTOPBIC PaCCMOTPEHBI B CTATHE.

KiroueBrble cj10Ba: mIockast 060J10‘{Ka, MCTO/[ Criia)KuBaHUA ,HecbOpMaIlHﬁ, BpalaTrejbHas CTCIICHU CBO6OZ[I:I

Structural analysis of spatial core systems, as a
rule, implies that there are six movements
(according to the finite element approach, these
are six degrees of freedom) and six
corresponding efforts in each node. Each degree
of freedom has a physical meaning: linear
movements in the direction of the axes X, Y, Z
and an angle of rotation UX, UY, UZ relative to
the same axes. When calculating plate systems,
the physical meaning of the rotation angle UZ
(sixth degree of freedom) relative to the axis of
the orthogonal plane of the plate (Fig. 1) is an
abstraction.

The history of the finite element method contains
examples of various exotic degrees of freedom of

type

2 2
Ou, Ou,

Ox* . Ox0Oy

etc. However, all of them sooner or later showed
their failure. For example, the degree of freedom
of the type

0’u, o’u,
ox* . OxOy

and other higher derivatives of displacements
when changing the orientation of the global
coordinate system (a necessary procedure for
universal computational complexes) give rise to
other types and degrees of freedom.

NN

S I

Figure 1. Sixth degree of freedom in the FE shell.
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Quadrilateral finite element with a rotating
degree of freedom

In various publications, the construction of a
stiffness matrix is given. So in [4], the finite
element is obtained as a result of combining the
approximating Allman functions (moving in the
plane of the finite element) and the bilinear

normal rotation functions (rotating
displacements) [8] (Fig. 2).
%3 \,'3
10
0,
z # Y.V
1
XU 2

Figure 2. Quadrilateral finite element with a
rotating degree of freedom

The field of rotating movements is interpolated
as follows:

4
02 = Z]vt (55 77)921"
i=1

Field of displacements in the plane:
u= {”J = iN, V:-J+liNk(§,,7)(gzj _ezi)\\y!jJ,
T e Xij
where
Xy =X =%

yij :yj —X;,
M(f,n)=i(l+é§)(l+f7ﬂ7)

i=1,2,3,4
N(.1) =%<1—§2)(1+nm)

k=5,7
Ny (1) =§(1+ EE1-1)

k=6,8.

where k, 1, j is determined as (5,1,2), (6,2,3),
(7,3,4), (8,4,1).
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Matrix of deformation €7 is determined as

where

is nodal displacement vector.

Matrix of derivatives B, has a form:

]vi,x 0 in,x
Bmi = O Ni,y Nyi,y
]vi,y Ni,x in,x + Nyi,y

Where Nx | Ny incompatible form functions
defined as:

1

in :g(yngl _yikNm)7
1

Ny, :g(x;‘le —x;N,,),

Indexes 1, j, k, m take values:

1=1,2,3,4m=1+4;1=m— 1+ 4 floor(1/1);
k=mod (m,4)+1;j=1-4;

matrix of deformation (&) is expressed in the
form

4
&y =D bu+6,
i=1

where
Ay
DS
bi = l]le 9
2 >
1
E(_yijN/,y + yikNm,y + xi/'Nl,x - xikNm,x) - Ni
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Indexes 1, j, k, m is determined by expression
presented above.

The variational formulation of the finite element
method proposed in [6] is defined as:

_ 1 T 1 2 T
m,w,0)=> £ 2D, A0+~ 7£(Ssk ~0,7dQ- [u'fdQ,

Q

The resulting stiffness matrix is K sum of

. . P
matrix K, and penalty matrix 7.

mem m—m~m
Q Q

K,..=K,+P =|B,D,B,dQ+y|b'bdQ.

Positive penalty coefficient ” in the equation is
problematic issue. However, it is customary to
equate the coefficient equal to the shear modulus

(7= 78]

Apologists of the sixth degree of freedom usually
give the notorious example of an “umbrella” - the
task about the slab supported on a single column.
In this case the slab is subjected to torsion
relative to the vertical axis of the column.

If we simulate the support of the plate on a single
point without a sixth degree of freedom in the
assembly, then there will be no clamping of the
plate in the column, and the plate will rotate
relative to the column. We solve this problem
taking into account the sixth degree of freedom
in the shell.

Example 1 — The use of the sixth degree of
freedom in structures of the type "umbrella"

Initial data: square plate a = 6 m, rigidly
complied with a column of square cross-section
0.5x0.5 m; length 1 = 6 m. Plated is under the
action of an axial force p = 1t.

Material characteristic: £ = 3x10%/m?; v =10.2.
Boundary conditions: the column at the base is
rigidly clamped. Figure 3 shows calculation
scheme of such a construction.
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Figure 3. The calculation scheme of the plate
supported on a single

Solution:

a
xm.B = me + uZm.C ' E =

()
=4.608+1.646-107-3000 = 9.546( )

Figure 4 and table 1 shows results of structural
analysis of structures of the type "umbrella",
performed in Lira — CAD Software.

Analyzing the results given in Table 1, we can
conclude that the thickening of the grid does not
lead to a refinement of the solution, which
indicates the incorrectness of the sixth degree of
freedom. Similar problems, in a slightly different
plane, are considered in [12].

It should be noted that modern modeling
techniques include accounting for the "body" of
the column. In this case, the interface node of the
column and plate is calculated using absolutely
rigid bodies (Fig. 5,6) and you can do without the
sixth degree. Perfectly rigid body (PRT) -
provides a kinematic connection between the
movements of the driven nodes and the leading
ones. The LIRA-CAD Software allows
introducing such rigid bodies automatically. The
introduced rigid bodies can simulate the “body”
of a column of any configuration (cross, corner,
T, etc.). The LIRA-CAD Software allows
corresponding between a single master node and
an arbitrary number of slave nodes.
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Mosaic plot of displacement along the X-axis (in global system)

Units of measurement - mm

38.09
= 33.29
m 2854
m 23.78
m 19.03
o 14.27

4.608

EEEEEOO
=
[\
~

11.34

— —

1133

4.608 4.608

16,69 L1667

38.0

Figure 4. Displacements along the X axis, mm at the control point for various mesh
densities (taking into account the sixth degree of freedom in the shell)

Table 1. Results of structural analysis of structures of the type "umbrella"

Displacements in the | Displacements in the
point B along the axis | point B along the axis
x, mm (an analytical | x, mm (Lira— CAD
Mesh of FE solution) Software) Error, %
2x2 9.546 9.549 0.031
4x4 9.546 9.559 0.136
6x6 9.546 9.574 0.292
12x12 9.546 9.658 1.160
24x24 9.546 9.992 4.464
48x48 9.546 11.33 15.746
96x96 9.546 16.67 42.735
192x192 9.546 38.03 74.899

This modeling method, on the one hand, solves
the problem of accounting for the "body" of the
column, i.e. “Cut-offs” of the peak of moments
arising when modeling the support on the column
as a point support. On the other hand, it provides
the perception of the column of twisting
deformations. In most cases, when there are at
least two columns, this is not required, because
in this case, the torque from deformations in the
plane of the plate will be perceived by pairs of
transverse forces in the columns, and the torques
will be negligibly small and their presence can
simply be ignored (the effect of neglecting the

moments in the constructed rigid nodes of the
trusses when the hinged nodes were taken into
account) [ 1].

This modeling method, on the one hand, solves
the problem of accounting for the "body" of the
column, i.e. “Cut-offs” of the peak of moments
arising when modeling the support on the column
as a point support. On the other hand, it provides
the perception of the column of twisting
deformations.
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a LA AL AN NLS PRB —
S S S S AL size corresponds to the

C 19,
A column section

Load 1

Mosaic plot of displacement along the X-axis (in global system)
Units of measurement - mm
I 9.61

8.4
I 72
I
D 4.8
[ 3.6
[ 24
F 1.2 9.5%
L 0.00359
[ -0.00359

-0.359

L

Figure 5. Modeling of a plate supported on a
single point using PRB

4.61 4.61 4.61
9 i_ 9 ‘3— t)_

Figure 6. Displacements along the X axis, mm at the control point for different mesh densities (the
node linking column and plate calculated using PRB)

In most cases, when there are at least two
columns, this is not required, because in this case,
the torque from deformations in the plane of the
plate will be perceived by pairs of transverse
forces in the columns, and the torques will be
negligibly small and their presence can simply be
ignored (the effect of neglecting the moments in
the constructed rigid nodes of the trusses when
the hinged nodes were taken into account) [ 1].

Example 2 — The use of the sixth degree of
freedom in structures such as '"'folded shell"
Somebodies call various spatial plate systems as
a reason to apply the sixth degree of freedom
(Fig. 7).

Each node of a spatial structure of this type has
six degrees of freedom (three linear and three
angular displacements). As a rule, the node of the
finite element of a flat plate has five degrees of
freedom. This causes the appearance of linearly
dependent equations in the canonical system, i.e.
division by zero in the process of eliminating
unknowns.

Volume 16, Issue 2, 2020

Figure 7. Using the sixth degree of freedom in a
node when modeling spatial plate systems

Using the sixth degree of freedom, in some cases,
solves this problem. Although advanced software
systems have a procedure that circumvents this
problem [2]. If during the process of elimination
0 appears in the diagonal canonical equations,
then a connection is imposed in this direction at
the absence of load in this direction. This simple
procedure can be useful in many other cases [2,
10].

Nevertheless, in some cases, the sixth degree in
the hands of inexperienced users can lead to
incorrect results.
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Example 3 — Connection of the frame rod with
the diaphragm

Figure 8 shows an example of modeling the
girder clamped in a wall. Here the difficulties are
due to the fact that the finite elements of the
beam-walls (plane stress state) do not have nodal
unknowns corresponding to the angle of rotation
about an axis orthogonal to the plane of the
diaphragm. Therefore, the node at point A (Fig.
8) without any additional measures will be
hinged for the rod.

A.S. Gorodetsky, M.A. Romashkina, B.Yu. Pisarevsky

Modeling clamping with the sixth degree of
freedom leads to incorrect results. When the
mesh thickens, the moment in clamping
decreases, i.e. the result substantially depends on
the finite element grid, which is wrong.
Consider following example. We study the
bending moment in the beam under the action of
a concentrated vertical force p = 1t at different
mesh densities. Figure 8 shows such a calculation
scheme. Figure 9 and Table 2 present the
calculation results obtained in LIRA-CAD
Software.

|p

Iz

Ve v
4 6
Figure 8. The design scheme of the frame (clamping of the girder in the wall)
Load 1
Diagram My
Units of measurement - t*m
0887 1 6-893 1
L o .|
0.826 0.824
0855 1 0882 1
| a .|«
\/ }/ \/ E
00 0.827

Figure 9. Bending moment My, t * m for various mesh densities: a) six degrees of freedom
in the FE of the shell; b) the girder is inserted into the body of the wall
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Table 2. Bending moment My, t * m at various mesh densities

My, t * m (six degrees of My, t * m (the girder is

freedom in the FE of the inserted into the body of the
Finite element mesh shell) wall)
2x2 -0.887 -0.893
4x4 -0.855 -0.882
8x8 -0.756 -0.874
16x16 -0.521 -0.871
32x32 -0.232 -0.884

In this case, clamping must be modeled in other
ways (introducing PRB, introducing a girder into
the wall body, etc.) [5]. In order to provide
clamping of the frame rod in the diaphragm body,
it is possible to recommend the introduction of an
additional rod between nodes A and B (Fig. 9 b,

—

/] ] ?gzﬁder, beam)
(| I la

\ — | Wall-beam
\

10). On the one hand, the extention of such a rod
will introduce some local perturbations, but, on
the other hand, in a number of cases it will
simulate the constructive solution of the
assembly (installation of reinforcement of an
adjacent rod for the purpose of anchoring) [1].

——

— | Bar is extended

up to node B
A

-

B

/'—/.-____-'\

Figure 10. Simulation of the connection of the frame rod with the diaphragm (the girder is inserted
into the body of the wall)

An another way is to introduce the Perfectly
Rigid Body (PBR) at the point where the beam
adjoins the diaphragm (the height of the PRB
should be equal to the height of the beam, the

4
O—O0——0O——C0O0—O0—0O0——0—0—0
008Neees
LT
SeeNeees:
SeSEeeee.

leading unit is located at the center of gravity of
the beam section) (Fig. 11). This will provide a
kinematic connection between the nodes of the
diaphragm and the beam [11].

O—0O0—O0—0O O

JLLILLLLE

IDOBSSENN

O L L L L]

333sssss

LT LI LL T
v

size is equal to the beam
height

Figure 11. Simulation of the connection of the frame rod with the diaphragm using PRB
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As a rule, the number of degrees of freedom
exceeds the accuracy of the solution. With the

Example 3 - a rectangular beam-wall, rigidly
suspended on the sides, under the action of a
uniformly distributed load located on the
upper side.

Consider the problem (Fig. 12), which has an
exact solution [3].

Initial data:

Load: uniformly distributed load acting in the
plane of the beam-wall along the Z axis: p = 500
N/ m. Dimensions: h=0.1m;b=1.6m;a=1.6
m. Material characteristic: E=2.65x 106 Pa; v =
0.15. Boundary conditions: rigidly suspended on
the sides. Fig. 12 shows the design scheme of the
beam-wall.

A.S. Gorodetsky, M.A. Romashkina, B.Yu. Pisarevsky

sixth degree of freedom, the situation is
somewhat different.

4

D
EEEEREER

0—0 00 00 0O 00
Y]

o0 00 00 OO OO

A
. b/2 |, b/2

Figure 12. The design scheme of the beam-wall

y X

The task:

Determine the displacements in node A along the
Z axis for the finite elements of the beam-wall at
different mesh densities and compare with the
exact solution (Table 3).

Table 3. Comparison of the results of the calculation of the beam-wall, in the LIRA-CAD Software

and analytical calculation

Type of FE displacements in node A along the Z axis, m*1073 I
unknown
. Numerical parameters
i)flliiiyéfal solution (Lira- Error, %
FE mesh CAD Software)

1) FE21 (2 2x4 -0.95 -0.786 17.26 20
freedom
degree per 4x8 -0.95 -0.905 4.74 72
node) 8x16 -0.95 -0.939 1.16 272

16x32 -0.95 -0.947 0.32 1056
2) FE28- 2x4 -0.95 -0.947 0.32 56
with Ax8 0.95 20.95 0.00 208
intermediate
nodes on 8x16 -0.95 -0.95 0.00 800
the sides 16x32 20.95 -0.95 0.00 3136
3) FE21(3 2x4 -0.95 -0.687 27.68 35
freedom
degree per 4x8 -0.95 -0.854 10.11 117
node) 8x16 -0.95 -0.921 3.05 425

16x32 -0.95 -0.942 0.84 1617
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The Table 3 shows the value of the displacement
along the Z axis per node A for different FE cells
with different types of finite elements of the
plane problem: 1) FE 21 with two degrees of
freedom per node (X, Z); 2) KE 28 - a rectangular
KE of a flat task (beam-wall) with intermediate
nodes on the sides, with two degrees of freedom
per node (X, Z); 3) KE 21 with three degrees of
freedom per node (X, Z and the presence of the
sixth degree of freedom UY).

Analyzing the results given in Table 3, it can be
noted that the introduction of the sixth degree of
freedom does not improve the accuracy of the
solution, although the number of degrees of
freedom increases. It should also be borne in
mind that with an increase in the total number of
unknowns L, the conditionality of the matrix K
deteriorates, and this can lead to the inability to
achieve a given accuracy, although the
approximation order for the types of elements
used can determine this accuracy. The
conditional criterion for matrix K can be the
spectral condition number a (K). The greater a
(K) corresponds to the worse the conditioning.
The work [9] gives an estimate of a (K), which
has the form at a uniform grid:

a(K)=h"" )

where m is the order of the system of equations;
h is the maximum size of the finite elements.

It can be seen from estimate (2) that in concrete
calculations of large problems it is better to avoid
excessively dense computational grids, and to
achieve the specified accuracy due to a higher
approximation order.

CONCLUSIONS

1. In some cases (Fig. 3, 7) the introduction of the
sixth degree of freedom makes some sense.
Although in this case, the introduction of certain
methods of adequate modeling avoids the need to
use the sixth degree of freedom.

Volume 16, Issue 2, 2020

2. When modeling structural solutions of
cnamnuur (Fig. 8), the application of the sixth
degree of freedom leads to incorrect results.

3. The use of the sixth degree of freedom to
improve the accuracy of solving the problem
(Fig. 12) leads to the opposite results: the total
number of degrees of freedom increases, and the
accuracy deteriorates.
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INPUHIUII «OITPEAEJIAIOINEE HAT'PY/KEHUE)

A.C. I'opooeuxuii’, M.C. Bapaoaw’?, M.A. Pomawxuna’,
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2 HaumoHaIbHBI aBHAMOHHBIA yHUBEpCHTET, T. Kues, YKPAUHA

AHHOTanusi: B cratbe paccmaTpuBaeTcsi IPUMephl IPUMEHEHHs MPHHIMIA «ONpeersiioliee HarpyKeHne» (pacuersl ¢
YYeTOM MH)KCHEPHOH HEeIMHEWHOCTH; Ha3HAUCHUH KOA((UIIHEHTOB MOCTEIH; Ha3HAYCHNH Pa3MepOoB IOJIOK I OaIOYHOTO
poctBepka). IIpuHIMI «ompexensionee HarpyXeHHe» C OJHOM CTOPOHBI peanu3yeT ydeT pa3IHdHBIX (DAKTOPOB,
HEJIOCTYITHBIX IIPU pacyeTe B IMHEHHOH MOCTAaHOBKE, C IPYroif CTOPOHBI COXPAHSET TPAAUINOHHYIO TEXHOJIOTHIO pacyera.

KiroueBble cji0Ba: onpeersiionee HarpyKeHue, HEKEHEpHast HeTNHEHHOCTh, K09 (HUIIMEHTOB MOCTEIH,
OaITOYHBIH POCTBEPK, peOPUCTOE MEPEKPHITHE

Modern software systems allow computer
modeling of the life cycle of structures - loading
processes, erection processes, dynamic impact
processes, various force majeure situations, etc.
Figure 1 shows the structural methodological
scheme for modeling a building object, taking
into account all the processes of changing the
stress-strain state (SSS) of structures at each
stage.

Assemblage stages correspond to the sequence
of construction, each of which “stores” the
loading history. The stages are successively
replaced by each other, respectively, the
constructed structure at each stage has a
modified. The last ASk stage corresponds SSS
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to the erected structure, and its SSS “stores”
all the information of the erection sequence
associated with changes in the structural scheme,
addition and removal of mounting loads, etc.
The ASk stage is the starting stage for
calculating operational loads. The SSS at the
operational stages is determined by the
calculation for various combinations of loads
(DCL1 - operational static loads; DCL2 -
payloads taking into account the pulsating wind
component, DCL2 - payloads taking into
account seismic effects, etc.). Some operational
stages, in turn, are the starting ones for
modeling force majeure situations that may
arise with some probability Pj [1, 5-6].



“Characteristic Load” Principle
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Figure 1. A possible design scheme of structures taking into account the stages of the life cycle
of a building object.

Of course, such a simulation, even taking into
account the increasing capabilities of modern
computers, is cumbersome in addition to a large
number of calculations of various structural
schemes, each of them, as a rule, must be
carried out taking into account geometric,
physical, constructive, genetic nonlinearity. This
is especially true for force majeure situations,
when it is necessary to determine additional
reserves of the structural bearing capacity in
order to prevent progressive collapse with
minimal additional material costs. In addition,
the determination of the stress-strain state of
costruction at operational stages should take

into account temporary changes in the
rheological properties of the material (shrinkage,
creep, etc.), which also necessitates the
calculation in a nonlinear formulation [4].
Carrying out such a calculation is nevertheless
rather cumbersome and is currently used only
when designing unique objects that have no
analogues. As a rule, the vast majority of
calculations are carried out according to the
traditional scheme (Figure. 2).

The linear static analysis does not take into
account a number of important factors, for
example, the physical nonlinearity of reinforced
concrete.

Linear static analysis

Design combination of
forces and design >
combination of loads

designing

Figure 2. The traditional design scheme.
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This factor determines not only a significant
increase in displacements (by a factor of 2 - 3
compared with the calculation in a linear
formulation), but also a redistribution of forces,
which adequately reflects the actual work of the
structures.

The principle of “characteristic load” on the
one hand implements the consideration of
various factors that are not available when
calculating in a linear formulation, on the other
hand, it preserves the traditional calculation
technology (Fig. 2).

An example of the principle of
"Characteristic loading'" in the methodology
"Engineering non-linearity"

Creep, cracks, and other specific features of
reinforced concrete cause a change in the
stiffness characteristics of elements already in
the early stages of loading, including the
operational stage. This leads to a redistribution
of forces, a significant increase in displacements
compared  with  linear-elastic ~ analysis.
Regulatory documents orient the engineer to
account for these factors. So Eurocode and the
Russian Federation standards recommend to
carry out the calculation taking into account
physical non-linearity. The LIRA-SAPR
software package provides an opportunity for an
engineer to perform such calculations. However,
the design calculation taking into account
physical nonlinearity [2, 7, 8] in the strict
mathematical understanding of this process
when used in mass engineering calculations has
several disadvantages:

* such a calculation can only be performed for
one load and cannot be used in DCF or DCL;

* such a calculation requires large resource
costs since the step-type method makes it
necessary to repeatedly solve systems of
linearized equations;

* such a calculation requires specifying the
reinforcement (diameters and location) in each
section of the bar or plate element.

On the other hand, the standards of the Russian
Federation SP 52-103-2007, to take these
factors into account in engineering calculations,

suggest simply introducing decreasing stiffness
coefficients for bent elements 0.3 and
compressed 0.6. Of course, such a crude
assumption does not take into account that the
decrease in stiffness depends on the magnitude
and nature of the stress-strain state of the cross
section. Nothing is said at all about reducing the
stiffness of the stretched elements.

This approach roughly estimates the actual
situation. This can be demonstrated by the
example of an elementary beam clamped on the
both edges (Figure 3).

a)

& AT

Figure 3. Stress-strain state of the clamped
beam: a) diagram of moments, b) corresponding
diagram of stiffness.

In real calculations, the situation is even more
complicated: the columns often experience
significant normal forces: the beams subjected
to significant bending force; in plastic elements,
as a rule, commensurate membrane and bending
forces arise.

The Engineering Nonlinearity method (an
iterative calculation method for determining
load) is aimed at some elimination of this
discrepancy (some ideas in this direction were
proposed earlier [3]) and this method should be
positioned as a method of improved
differentiated accounting for the reduction of
the stiffness characteristics of reinforced
concrete elements.

The method conception

The Engineering Nonlinearity Method consists
in the following:

1. A “ characteristic load ” is set, which,
according to the engineer, mainly determines
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the stress-strain state of the structure (crack
development, plastic deformation of concrete
and reinforcement) throughout the life cycle of
the structure. "Characteristic load" can be
compiled on the basis of a set of loads (dead
weight, payloads, etc.), which are set by the
engineer for the subsequent traditional
calculation or appointed by the engineer on the
basis of other assumptions.

2. The calculation is made for "characteristic
load" in a physically non-linear formulation
with  the  simultaneous  selection  of
reinforcement. The calculation is performed by
the iterative method and the selection of
reinforcement is performed.

3. As a result of an iterative calculation based
on the stress-strain state of each section of the
rod and the FE of the plate structure, the
stiffness characteristics are determined.

4. A traditional structural analysis is performed.
The elements of structure have stiffness
characteristics determined as a result of an
iterative calculation. The traditional calculation
involves the calculation in a linear-elastic
setting for the entire set of loads (dead weight,
live load, earthquake, etc.), compiling the DCF
or DCL, selecting or checking the cross-sections
of the rods of reinforced concrete and steel
elements, designing.

The most responsible and difficult in the
formulation and implementation is the stage of
determining the stiffness characteristics of the
cross sections of the rod and plate element [9,
11].

Determination of the stiffness characteristics of
the cross section of the rod

Figure 4 shows an arbitrary section of the rod,
on which two moments Mx and My and the
normal force N act. The moments act relative to
the principal axes of the section x and y. Normal
force is applied at point C — the intersection of
the geometrical axis of the rod with the section
plane. Required: to determine the stiffness
characteristics of the section corresponding to
the secant modulus of deformation of concrete
and reinforcement.
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Figure 4 shows the sigma - eps dependence for
concrete and Figure 5 shows the same

dependence for reinforcement.

Eurocode

/f € Etu S(

Figure 5. The stress-strain dependence for
concrete

In order to determine the cross section stress-
strain state, it is necessary to find the position of
the neutral axis, which is characterized by two
values of Yc, B and the curvature of the section
€ (Figure 4):

Yc is the offset of the neutral axis;

[ is the angle of rotation of the neutral axis;

€ is the curvature of the section.

The solution to the problem is performed by a
numerical method. As a result of the iterative
process, three unknowns Yc, [, & are
determined, which are found from three
equilibrium equations:
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Figure 6. The stress-strain dependence for
reinforcement

The stiffness characteristics of EqF, Eoblx, Eobly
are determined based on the o—e dependences
for concrete and reinforcement (Fig. 5, 6). For
concrete, the definition includes only the
compressed part of concrete with cross-sectional
secant deformation models. For each reinforcing
bar, the corresponding deformation modulus is
also used.

n m
EoﬁF = ZECeKjﬁAijﬁ + ZEceKiaﬁa
j=1 i=1
C 2 S 2
Eoﬁlx = ZEcelg'5AFf6yj6 + ZEceKiaf;ayia
j=1 i=1

n m
_ 2 2
E06[y - ZECEKjb-AF}ﬁij + ZEcem‘a iaXia
I=] i=1

Here AF,; , f,, are elementary sections into

which the concrete section and the area of
individual reinforcement bars are divided; n is
the number of concrete sections; m 1is the
number of reinforcing bars; E

cekjg 2 cexia
secant deformation modules of concrete and
reinforcement, which are determined on the
basis of dependencies o—¢ (Figures 4,5); Xjs, Vjo,
Xia, Yia — the distance of the center of gravity of
the j-th concrete section and the i-th section of
the reinforcing bar to the main axes, the position
of which (Yc, B) is determined as a result of
iterative calculation.

For concrete, the definition of stiffness includes
only the compressed part of concrete with a
cross-sectional secant deformation modulus. For
each reinforcing bar, the corresponding secant
deformation modulus is also used.

The stiffness matrix of a rod having variable-
length secant stiffness characteristics (Fig. 3) is
also constructed numerically (each rod is
considered as a kind of super element).

Application examples

Below are the results of calculating the frame
based on engineering non-linearity 1 (Figure 7).
The load q = 15 t / L m was adopted as the
determining load. in fig. Figure 8 shows the
corresponding stiffnesses for the crossbar b - ¢
and the columns a - b. Analyzing the diagrams
of stiffness characteristics, we can conclude that
the recommended decrease in stiffness
characteristics for columns by a decreasing
factor of 0.6 (in this case, the diagram for
columns would look constant and equal to
0.6x2500 = 1500 tm2) and for crossbars 0.3 (in
this If the plot would look constant and equal to
0.3x5900 = 1770 tm2) it looks like a rather
rough approximation.

Table 1 shows the results of linear-elastic
calculation of the frame for the load ¢ =20 t /
lL.m. taking into account the differentiated
distribution of stiffnesses for all elements
obtained on the basis of the Engineering
Nonlinearity 1 mode.
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Figure 8. Plots of stiffness EI tm2 obtained on the basis of calculation by the method
"Engineering nonlinearity": a) for the column, b) for the crossbar.

Table 1. Linear-elastic analysis results for the frame.

Value Static analysis Dynamic analysis
of stress-strain state | The moment | The moment |Displacement |[Frequency | Period
parameters in the in the of the node 0} T
Type crossbar “b-c¢” | crossbar “b- ‘d’,B mm Hz sec.
of analysis in the node | ¢” in the node
“b”inthe tm | “d” in the tm

Linear elastic analysis with 253 283 2165 | 0187 | 551
initial stiffness
Linear elastic analysis with
stiffness by “Engineering -28.6 25.5 -32.84 0.162 6.32
Nonlinearity 17
Linear elastic analysis with
stiffness by SP 52-103-2007 31 257 -38.86 0.144 6.95
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Analyzing the calculation results given in table.

1, we can draw the following conclusions:

* some redistribution of efforts was obtained
- in a less loaded cross-section “b” of the
girder, the moment increased, in a more
loaded cross-section “d” of the crossbar the
moment decreased;

* the movement of the node “d” increased by
more than 2 times;

* the frequency of natural vibrations (first

form) decreased, and the period increased.
In LIRA-SAPR, a second version of engineering
non-linearity was also developed, (Engineering
non-linearity 2 is a step-by-step calculation
method for determining load), which has its
own characteristics (Table 2):

Table 2. Comparison of techniques Engineering nonlinearity 1 and 2.

Concepts Engineering Nonlinearity | Engineering Nonlinearity 2

Characteristic load can include arbitrary loads real permanent loads are
included

Calculation for | iterative Step-type

characteristic load

Reinforcement set up
iterative calculation

reinforcement is selected during the

Reinforcement is accepted

Calculation by traditional
scheme

the calculation is performed for all
loads based on secant deformation

calculation for temporary loads
is performed on the basis of

moduli the  tangent  deformation
modulus corresponding to the
last step of the step calculation
Account of physical non | is absent available
linearity in assemblage
Account of nonlinear | is absent available

behavior of nodes

An example of the application of the
principle of 'Characteristic load" when
assigning subgrade reaction moduli

The values of the subgrade reaction moduli

depend on the depth of the compressible

stratum, which in turn depends on the load.

Thus, this leads to a nonlinear formulation of

the problem.

An example of the principle of "Characteristic

loading" allows you to carry out the calculation

according to the following scheme:

1. First, we assign a uniform stress under the
sole of the footing by dividing the mass of
the building by the area of the footing (step
1, Fig. 9). We get variable subgrade
reaction moduli according to the footing
area from uniform stress under the sole. We
apply soil rebuff from the selected
characteristic load (step 2-4, Figure 9).

2. We determine the subgrade reaction
moduli for each finite element of the
foundation structure from uneven stress
under the bottom of the foundation (step 5,
Figure 9).

3. Calculation according to the traditional
scheme for all loads, taking into account
those found in section 2 subgrade reaction
moduli.

When modeling pile foundations in LIRA-

SAPR software, it is possible to specify the

loads on the pile heads to recalculate the

stiffnesses (the stiffnesses change taking into
account the mutual influence of sediments in the
pile group, since the loads on the heads of the
neighboring piles have changed). Starting with
the LIRA-SAPR 2019 version, a tool has been
implemented to automate iterative calculations
(without user intervention) (Figure 10).
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Figure 9. Algorithm for determining the magnitude of bed coefficients for each finite element
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MponycTuTe OTHEHHTE

Application of the principle of
"Characteristic load" in the determination of
the sizes of shelves for beam grillage

Reinforcement of slabs with beams is often
found in modern housing construction. The
arrangement of beams, as a rule, is irregular,

Volume 16, Issue 2, 2020

there is no clearly defined system of main and
secondary beams, the beams can have a small
height, and here loads are often transferred to
the supports due to the operation of both the
slab itself and the beams.

In this case, the experience of calculating and
designing ribbed floors (these examples are
available in each textbook on reinforced
concrete structures, where it is recommended to
collect the load from the slab on the secondary
beams, considering the support of the slab on
them rigid, then calculate the secondary beams,
considering their bearing on the main beams
rigid and etc.) is unsuitable and may have only
antique value.

On the other hand, from the point of view of the
finite element method, it would seem that there
should be no problems: a finite element grid of
the slab is introduced with base points on the
lines of the beams, a load is applied on the top
of the slab, etc. But there are many problems
associated with linking of elements of different
dimensions in a finite element model. The main
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problem here is how to assign the rigidity of the
beam.

If we introduce rods with the hc x bc cross-
section into the finite element model of the slab,
the grid nodes of which lie on the middle
surface, then the system with the mutual
arrangement of the slab and the beam shown in
Fig. 11b. Of course, such a model does not
stand up to criticism. You can enter a T-section
of the beam. The mutual arrangement of the slab
and the beam in this case is shown in Fig. 11, c.
However, the question arises of how to assign
the width of the shelf. Different textbooks give
different recommendations - from 6 to 15 plate
thicknesses. In addition, according to this
scheme, the work of the plate is taken into
account twice. However, this is quite
acceptable, since the finite elements of the plate
simulate a bending force group, and part of the
plate as part of the beam shelf models the
membrane force group, which causes small

A
l | -
+_/ — === %h"“v
| ! A
CpeMHHAs1 10BEP XHOCTH
ILJIMTHIL, HA KOTOP Oif hc
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JIeSKAT Y3JIbl KOHEYHO-
3J1eM eHTHOii ceTKHU

0)

stresses in the plate compared to stresses from
the bending group. The model proposed in [10]
is quite adequate, where the interaction of the
slab and the beam is shown in Fig. 11, d.

In this case, the rods with hc x bc section are
suspended using absolutely rigid inserts to the
nodes of the finite element model of the plate
lying in its middle surface. Here (in contrast to
the models in Fig. 11b and Fig. 11c, where in
the finite elements of the plate and rods only a
bending group of forces arises, and each node of
the finite element circuit has three nodal
unknowns - vertical movement and two rotation
angles), each node of finite element model has
five nodal unknowns - three linear
displacements and two rotation angles, and the
finite elements of the plate subjected a
membrane force group as well as the bending
group, and in the rod element, in addition to the
bending moment (Ms) and the transverse force,
a normal force (Nc) also appears .

l:)l'[J'l

A
A

Cpeaunnas nosepxm)Q
1
|

LeHTp TsAKECTH /

TaBPOBOI'0 ceYeHU s i bC

1d

B) A
| Z |
A
— - —f - — =
h. +th,, f ﬁ ; Hﬂx
Y
2 / [N axs h{
IleHTp TsKeCTH y
TaBPOBOIO ceYeHH s ¢ b
ceuenueM h, u b, <«

r)

Figure 11. Modeling slab reinforced beams.

Although the latter model most fully reflects the
actual work of the structure, and removes the
question of the appointment of the width of the
shelves in the T-beam, however, difficulties
arise at the last stages of beam design. Of
course, you can simply calculate the cross
section of the rod hc x bc on the basis of the
efforts Mc, and Nc. However, as a rule, the
value of Nc is large, and the cross section will

be designed as an eccentrically stretched
element, and the selected reinforcement in it
will be distributed around the entire perimeter,
while according to the rules for constructing
beam grillages, the reinforcement should be
located at the lower and upper faces. Thus, for
designing, it is desirable to consider the T-
section of the beam subject to bending,
however, it is unclear what bending moment
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acts on the beam and what section of the beam
must be calculated. In this case, the following
engineering approach can be considered, based
on the hypothesis that the resultant membrane
forces of the plate, balancing the normal force in
the suspended rod (Nc) applied in the center of
the plate (point A of Fig . 12a). Then we can
assume that the bending moment acting on the
beam of the T-section is equal to Mb = Ms +
Nx0.5 (hs + hn). It remains only to determine
the width of the shelf of the T-beam. Here, with
some exaggeration, the above hypothesis can be
used: if the center of gravity of the membrane
forces is applied in the center of the plate part
(point A), then the shelf should be uniformly
compressed. Since the reinforcement will be
calculated under assumptions about the ultimate
state of the section, the stresses in the shelf will
be Rb. Therefore, the width of the shelf bn = Nc¢
/ (hn % Rb).

The shear force in the beam is defined as the
first derivative (finite-difference approach is
used in numerical calculations) of the moments
Mb (x). Since the diagrams Mc and Nc in the
rod have a stepped form, ie, in each section
there are two values of the moment and normal
force, they should either be averaged or their
values should be taken in the middle of the

segments. Of course, the assumptions that the
stresses in the shelf for determining Mb are
assumed to be constant, and when determining
bn, are equal to Rb, in some cases may not be
successful enough, therefore, a slightly different
approach based on the hypothesis of flat
sections is given below (Fig. 12b). The
deformation of the cross section is determined
on the basis of the diagram of stresses in the
cross section of the rod:

Cpax =+N./F.+M_ /W
Cpin =+N./F.—M_ /W,
F. =hxb;
W.=b,-h’/6.

Further, the slope of the cross-section is

extended into the plate region and determined
from geometric ratios o,,y,z,R_, =R

pacm *

After that, the definition of Mb and bn seems to
be a matter of technique:

M6 = Rpacm
b, =R_ /(0.50, x ).

X Z;

bnn
| | :
A """"’% h,—m
han LTy
- s I ne|
b
a)

In this case, the principle of "characteristic load"
allows the calculation according to the
following scheme.

1. Set up of the characteristic load.

Volume 16, Issue 2, 2020

b)
Figure 12. Determining the width of the shelf of the T-beam.

2. Determination of the width of the shelf
according to the above method for each section
of the beam grillage.
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3. Calculation of the beam grillage for all loads
with the dimensions of shelves designated
according to section 2.

CONCLUSIONS

Examples of the application of the principle of
"characteristic load" are considered, apparently
it does not exhaust all areas of its application.
Engineering practice will prompt these areas,
which will be implemented in the LIRA-SAPR
Software.
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EQUATION DECOMPOSITION METHOD FOR SOLVING OF
PROBLEMS OF STATICS, VIBRATIONS AND STABILITY
OF THIN-WALLED CONSTRUCTIONS

Elena B. Koreneva ', Valery R. Grosman *
! Moscow Higher Combined-Arms Command Academy, Moscow, RUSSIA
2 Moscow State Academy for River Transport, Moscow, RUSSIA

Abstract: The work suggests the effective equation decomposition method (EDM) for solving of statics, vibra-
tions and stability problems of thin-walled constructions. This method is based on the partition of the initial
problem on the consideration of more simple auxiliary problems. The additional unknown functions are intro-
duced for definition of the sought solutions. The paper shows the method’s advantages on the examples of the
boundary value problems for rectangular areas. The problem of anisotropic plate resting on an elastic subgrade
and subjected to an action of expanding forces acting in the middle surface and to transverse loads is under
study. The plate’s edges are elastically supported. Also free vibrations of the rectangular plates of variable thick-
ness with different boundary conditions were under consideration. The approximate analytical solutions with
high exactness are obtained.

Key words: equation decomposition method, boundary value problems, approximate analytical solutions.

METO/ AEKOMIIO3UIINHA YPABHEHHIA J1/151 PEINEHMSI
3AJJAY CTATUKH, KOJJEBAHHUI ¥ YCTOMYUBOCTH
TOHKOCTEHHBIX KOHCTPYKLMIA

E.B. Kopenesa', B.P. I'pocman’
! MockoBckoe BhICIIEE 00IIEBOHCKOBOE KOMaH IHOE op/eHoB JKykoBa, Jlennna u OkTa6pbekoii Pesosmonyun
Kpacnosznamennoe yumnumie, r. Mocksa, POCCUA
2 MocKOBCKasi TOCYJapCTBEHHas aka[eMHsl BOJHOTO TpaHcnopTa, I. Mocksa, POCCU S

AnHoTauusi: [y penieHus 3a1a4d CTaTHKH, KOJIEOAHUH M yCTOMYMBOCTH TOHKOCTEHHBIX KOHCTPYKIIUI B padoTe
npennaraetcs 3QpPeKTUBHBIA MPUOIMKEHHBIN aHATUTHIECKUN METOJ] IeKOMIO3uInn ypaBHeHuit (MIY). Dot
METOJl OCHOBAH Ha PacuJICHCHUH MCXOJIHOM KpaeBoW 3aqaun Ha psz Oojiee MPOCTHIX BCIIOMOTATeNbHBIX 3a1a4. B
9THX 3aJadaxX BBOJATCA MOIISKAIINE OMNPEACICHHUIO JIOTONHUTEIbHBIE HWCKOMBIC (YHKIWH, MO3BOJIIIONINC
OTIpEeNIeNUTh pelieHrne. B paboTe JOCTOMHCTBAa METO/1a TIOKAa3aHbI Ha TIPIMEPax PacCMOTPEHUS CIEAYIONIHNX Kpa-
€BBIX 337124 ISl IPSMOYTOJILHBIX oOJyiacTed. Perraercst 3aiava o IiacTHHE, CICIaHHON U3 aHU30TPOITHOTO MaTe-
puana, Jie)Kaliei Ha ynpyroM OCHOBAaHMH M HAXOJISINCHCS MO JCHCTBUCM PACTSITUBAIOIIUX CHJI, ICHUCTBYIOIIUX
B CPEIUHHOM IJIOCKOCTH, W MONEpeuHOl Harpy3ku. KoHTyp miacTHHBI ynpyro omept. M3ydaroTcsi Takke CBO-
00/IHBIC KOJICOaHUS TIPSMOYTOJIHON TUIACTHHBI IEPEMCEHHON TOJIIMHBI C PA3IMYHBIMK YCIOBUSIMH 3aKPCIUICHUSL.
[Tonmy4yeHb!l npUOIUKCHHBIC aHATUTHYCCKHUE PEIICHUS, 00J1aJaf0INE BICOKOH TOUHOCTBIO.

KiroueBble c10Ba: MeTOA AEKOMITO3UINN YPABHEHUH, KpaeBas 3aa4a, IPHOIHKEHHbIC aHATNTHICCKUE
pelIeHus.

1. INTRODUCTION constructions computation can be solved by

means of EDM. At the first time this method
The equation decomposition method (EDM) was applied for solving of problems, containing
was for the first time suggested and justified in  variable parameters for rectangular areas in the
the works [1], [2]. Linear and nonlinear statics, works [3], [4]. This method is based on the fact
vibrations and stability problems of thin-walled that the stated problem is replaced by the con-
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sideration of more simple auxiliary problems
containing additional unknown functions. The
EDM has considerably high exactness. The pre-
sent work suggests the solutions of urgent prob-
lems of thin-walled constructions computation,
obtained by means of EDM.

2. SOLVING OF BENDING PROBLEM OF
THE RECTANGULAR ORTHOTROPIC
PLATE, RESTING ON AN ELASTIC
SUBGRADE AND SUBJECTED TO AN
ACTION OF EXPANDING FORCES

Let us consider the bending problem of the rec-
tangular orthotropic plate, resting on an elastic
subgrade, which properties are described by
Winkler’s model. The plate is subjected to an
action of expanding forces effective in its mid-
dle surface and by transverse loads. The plate’s
boundary is elastically supported (Fig.1). The
relevant resolving equation is:

where ¢ is the modulus of subgrade.
We have in the generally accepted notations [4]:

3 h3

yE E'h
E'h Dy =(E"+2G) (5.

Dl: )iz > D2:)1}—2’

For isotropic plate we have:

E
E - i oFE

E'=E, = =% G-= .
-0 1-o° 2(1+0)

X y

The boundary conditions for the problem under
examination have the following form:

ow
x=ia, WZO, Mx:il’ia,

2

E.B. Koreneva, V.R. Grosman

x=1b, w=0, My=irzg—w,
4

where 1, r, are the coefficients of the contour’s
elasticity.

ve

\ I

Fig.1. Rectangular plate with elastic contour

Taking into account the dimensionless elasticity
coefficients:

D D
kl_D-i-rla’ kZ_D+r2b' 3)

The conditions (2) can be represented in the fol-
lowing form:

when x =+a

82

w ow
= — — — =V
w=ka 2 +(1-k) e 0; 4)

when x=1b

0w ow
w=k,b—s=(1-k,)—=0. 5
2 ayz ( 2 8)/ ()

It was taken into account that in the formulae
(4), (5) the second terms in the expressions for
M, and M, [4] on the contour, where w=0,
are equal to zero. The values of 7, and 7, are
positive or equal to zero. Therefore, according
to the expressions (3), the coefficients k; and &,
can change in the following way: 0<k <1,
0<k, <1. The limiting values 0 and 1 corre-
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spond to the cases of rigid and simply support-
ing of the plate’s boundary.

We will solve the boundary value problem (1),
(4), (5) by means of the equation decomposition
method (EDM). For this aim three auxiliary
problems are introduced.

The first auxiliary problem (boundary) is to
solve the differential equation

*w, B *w,
ox?

= fi(x,») (6)

1

with the boundary conditions (4) when w=w;.

The second auxiliary problem (boundary) is to
solve the differential equation

o*w *w,
D, Z_p 82

= /(%) (7

with the boundary conditions (5) when w=w,.

The third auxiliary problem is to solve the fol-
lowing differential equation:

84
D(x,y) =2Dy— =5 +cwy + [ (x, ) +
ox 8y (])

+ /P x2) =g =0,

The solution of the initial problem (3), (4), (5) will
coincide with the solutions of the auxiliary prob-
lems when the following equality will fulfilled:

The mentioned conditions allow to determine
the functions 7"(x,y) and f@(x,y). We
solve the posed task approximately. Let us pre-
sent the FO(x, )

@ (x,y) in the form of power series. The cal-

culations and comparision of the received re-
sults for the deflections and the bending mo-
ments with the existing for certain boundary
conditions exact solution show that we can re-
tain two terms in these expansions:

sought functions and

O =200+ A0 ();

f(z)(x _ r(2 2 r(2) (10)
V)= () +y L7 (x).

Let us receive the solutions of the first and the
second boundary value problems using the con-
ditions (10). We obtain the following:

WD = w® = C, (X)L (¥) +

+ Gy (D (¥) + Gy (Ow, (v) +
+ Cys (DY, (),

(11

where y;(x) = ¢, (x,a,4,k),
w2 (») =01 (0,0, 25, k),
w3(x) =, (x,a,4, ki, Dy),
Wi(¥) =0, (y,b,4,ky, D),

,(z,d, k)=

1) dlhaz—siad) & 2
P {kdshfm(l k) hj_—d} : 2

1

¢)2(Zadalak9D) = Dﬂ,z X

{kd(dz/l +2)+(1- k){d s 2dﬂ

X

1
A kdsinad + It —k)ﬁch«/zd
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here 4, =D£1, A =D£2, G, C,, G, Cy - are
the arbitrary constants.

The expression (11) is the approximate solution
of the initial problem with the exactness up to
four constants. Taking into account (11) and (9)
we can determine these constants from the con-
dition of the approximate solution of the differ-
ential equation (8) which takes the following
form:

D(x,y) = Cly (x) +y,(¥) +
+ey (Dy, (1) + 2Dy, " (), (1)) +

+ G A () + s (1) + cp (D () +
+ 2Dy, " ()" (V)] + Gy (x) +

+ X7y, (1) + ey (Dw, () +
12D (O, (D)]+ Cy [y 2w () +

+x21//4(y)+Cl//3(x)l,V4(y)+
+2Dyy5" ()" ()] -9 =0.

(12)

For receiving of the (12) approximate solution

the following conditions are used when
x=y=0:
o’ oo o'
C=—F=—"5=2-73->5=0. (13)
ox oy ox 0Oy

Thus the constants C;(i=12,3,4) are deter-

mined from the solution of the system of four
equations in four unknowns. Then we can write
the solution of the formulated problem by use
(11).

The example for the square plate when a =5
was fulfilled. It was assumed that k =k, =1

that is the all the edges are simply supported and
c¢=0. The solution received by the help of
EDM was compared with the existing for this
case exact solution. It was shown that the values
of the maximum deflection and bending mo-
ment in the plate’s center which were received
by the help of EDM differ from the exact solu-
tion respectively with 1,33% and 1,09%.

E.B. Koreneva, V.R. Grosman

3. VIBRATIONS OF RECTANGULAR
PLATES OF VARIABLE THICKNESS

Natural vibrations of the rectangular plate
(Fig.2) with the rigidity varying along one di-
rection according to the exponential law

D=Dye”, (14)

where D,, b are the constants, are under con-

sideration.
The resolving differential equation has the form:

D{VZVZW +2b, 9 v s bEVW —
» (1)
W\ sh W
b (-0 +- = =q,
i )8x2} eD o 1
where g 1s the mass of the unit volume, # is

the plate’s thickness.

After the separation of variables first we shall
examine the case of the simply supporting of all
the plate’s edges (Fig.2).

ve

A Y

Fig.2. Rectangular plate of variable thickness

82

— w:—ax? = 0; (16)
62

y=0,a, wzay—vfzo. (17)

Using the substitution (14) we obtain the equa-
tion:
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Dye™” (vzvzw +2b, aﬁ Viw+bIViw—

V

*w (18)

—bi(1- 0') j Aw=q,
ox’oy”

yhw?

gD~

Boundary value problem (16)-(18) will be
solved by use of the EDM. For this aim the
three auxiliary problems are introduced.

The first auxiliary problem (boundary): to re-
ceive the solution of the differential equation

where A, =

o*w

0*w
L+blo—L

5 =/ (xp),

(19)

satisfying the boundary conditions (16) when
w=w.

The second auxiliary problem (boundary): to
obtain the solution of the differential equation

Dye {54% YA IE ywz}:
‘ ox* oy’ dy* (20)
=2 (x,»),

satisfying the boundary conditions (17) when
W=W,.

The third auxiliary problem: to receive the solu-
tion of the following differential equation:

4
@(X,y):Doeb'y 2[ a2W32 b a % j
ox“oy x>0y (21)

+ O]+ P (x, ) = Awy —q =0.

The solution of the posed problem (16)-(18) will
coincide with the solution of the auxiliary prob-
lems when the conditions of their equality (9)
are fulfilled. These conditions allow to deter-

mine the auxiliary functions f®(x,y) and

' (x, ).
As well as in the previous example we solve the
formulated problem approximately. We repre-

Volume 16, Issue 2, 2020

sent the functions /(x,y) and 7 (x,y) in
the form of power series. The calculations
showed that retaining of two members of power
series is unsufficiently. For the mentioned case
the comparision of the maximum values of the
bending moments and the deflections received
by the such way with the existing exact solution
shows the deviations are respectively with
7,59% and 10,10%. It was defined that for ob-
taining of the solution possessing high exactness
we must accept the following expansions, taking
into account the symmetry on the coordinate x:

O ="+ A0 (22)

200 = f37 )+ 37 (0 +

YA, >

Solving the first boundary value problem (19)
and (16) we receive:

w = (0L D+ @A (). (24)
where
2 2
COS ;X 1 ¢ X
) =o {——[—+—}+—},
i Wrfcosye Lyf 2] 2
COS VX 2
AGE 2{¢{c——2}—
V2 )1 CO8y € 71 (25)
2 P
EErE e
71 71
71:b1‘/g'

Solving the second boundary value problem
(20) and (17) we obtain:

wy =30 f32 () + () AP (x0) +

26
PO AP ), (26)

where
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A ) b b —ab 9 12 2( 5, 12
—<—a"\be M y+2e 27 24—+ — |+=|a" ——
12 - 6y> 18y 24
+2la*—= |+e™Wh| y + =+ 2L+ | 27
IR ) =0
A 3 b oy 12[ e 5 6a® 16a 20\ (a® 10
=——<3-albe ™ +2e7)-— a’ + + e e VS
V/S(y) 12b13 { ( 1 ) a { 2 bl b12 b13 6 b13 Y
3 2
+ Z[a3 —2 +eVh |yt + 8Z + 36;} + 963)/ + 12:) ,
b; | b; b; b
A=
0
Further using the equality (9) we receive: The expression (27) is the approximate solution
of the posed problem up to the exactness of six
wp =w, =y (Dw3(0) + Gy (0w, (y) + constants. We can find these constants, taking

+ Gy, (W5 (1) + Cows ()3 (v) + (28) into account the equality (9), by means of ap-

roximate solution of the differential equation
+ CS‘//2 ()C)l//4(y) + C6W2 (x)l//6 (y)a I()21) Wthh takeS the form: q

where C,(i =1,...,6) are the arbitrary constants.

D(x,y) = C{Dye™ 23, (w3 )+ by (] + w3 () + v (D= A ()]} +
+Cy{Dee™ 20" (D" () + by DT+ v, (D} + v (DL = 4w ()] +
+C{De™ 207" (s (1) + brs' D1+ s+ (0 = A4ws(n) ]+
+Cy{Doe™ 20, Oy (1) + bs' )]+ X3 () (D= A ()] +

+ Cs{De™ 20, (Owy" () + by D+ Xy, () v, (O = Awa ()] +
+ Co{Dye™ 207, (05" (9) + bs' D]+ 2ws(0) [+ v, (0 = Aws(0) - =0.

(29)

For the estimation of the coefficients y:% for the determination of the constants

Ci(i=1...,6) the Bubnov-Galerkin s. method C,(i =1...,6). Evidently that the residual func-
may b? used. Belovy thg another effectlve meth- tion in this section significantly affects on the
od which was applied in the previous example approximate solution exactness. Therefore we
will be used. Let us call @(x,y) as the residual PProxY . ' .

: 24 will write the conditions of the equality to zero

function. This function is equal to zero in the  ,f the function @(x,y) and a few of its lower
exact solution. We minimize the residual func-

. ) ) ) derivatives with respect to the arguments x and
tion in the plate’s midpoint when x=0, P &

y when x =0 and y=%:
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O o o o' o0
ot v ot ot axloy

=0. (30)

It is taken into account that because of sym-
metry with respect to the argument x the odd
derivatives on x are equal to zero. Further the
system of the six equations with six unknown
values is under consideration for the aim of the
constants C; determination. Then the deflec-
tions and the stresses are defined.

Let us examine the bending of the rectangular
plate with the rigidity (14) with another bounda-
ry conditions; the edges

y=0,a

are simply supported and the edges
xX=*a

are clamped, that is we have:

xX=%*c, w=—5-=
’ ox

0. 31)

Then the solution of the first boundary value
problem is to solve the differential equation (19)
with the boundary conditions (31). As a result
we obtain the following relations for the func-

tions ;(x) and ¥, (x):

2
c | cosyx cigyic c¢| x
(x)=— - —[ + —} +—1
i 7o (nsinyc 7 2] 2

2
c | cosyx (c 2

l//z(x)=—{—_ (___j_

7i lyisinye(3 ot

—ictg;/c i—i +c i—L + (32)
oo U3 )2y

The solution of the second boundary value prob-
lem remains unvariable and is represented by

Volume 16, Issue 2, 2020

the expression (24) where the functions (),

w4(»), ws(y) are defined by the relations (25).

Then the deflections and the stresses are deter-
mined in the same way as it was described
above.

6. CONCLUSION

The work stated the equation decomposition
method intended for solving of boundary value
problems of thin-walled structures computation.
This method is based on the fact that the consid-
eration of the original problem is replaced by
the examination of the auxiliary problems in-
cluding boundary value ones. For the considera-
tion of the mentioned problems the auxiliary
functions are introduced. The approximate ana-
lytical solutions possessing high exactness are
obtained.
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ASSESSMENT OF THE PROXIMITY OF DESIGN
TO MINIMUM MATERIAL CAPACITY SOLUTION
OF PROBLEM OF OPTIMIZATION OF THE FLANGE WIDTH
OF I-SHAPED CROSS-SECTION RODS WITH ALLOWANCE
FOR STABILITY CONSTRAINTS OR CONSTRAINTS
FOR THE VALUE OF THE FIRST NATIONAL FREQUENCY
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Abstract: There are known methods for optimizing the flange width of I-shaped cross-section rods with stability
constraints or the constraints for the value of the first natural frequency. Corresponding objective function has
the form of the volume of the flange material for the case when only the flange width varies and the cross-
section height, wall thickness and flange thickness are specified. Special criterion for assessment of proximity of
corresponding an optimal solution to the design of minimal material capacity was formulated for the considering
problem. In this case, the resulting solution may not meet some other unaccounted constraints, for example,
strength requirements. Modification of solution in order to meet previously unaccounted constraints does not al-
low researcher to consider such design as optimal. In the distinctive paper allowance for strength requirements,
stability constraints or constraints for the value of the first natural frequency are proposed within considering
problem of optimization. Special approach is formulated, which proposes to assess proximity to the design of
minimum of material capacity obtained as a result of optimization. Increment of the objective function and crite-
ria corresponding to constrains and restrictions are under consideration within computational process.

Keywords: criterion, optimization, limitations, strength conditions, minimum material capacity, stability,
frequency, critical force, forms of stability loss, forms of natural vibrations, reduced stresses

OLIEHKA BJIM30CTHU K TIPOEKTY MUHUMAJIbHO
MATEPUAJIOEMKOCTHU PEIHEHUSA Ob OIITUMU3ALIUU
IUPUHBI MTOJIOK CTEPKHEN IBYTABPOBOI'O CEUEHUSI
MMPU OTPAHUYEHUSAX 1O YCTOMYNUBOCTHU WIN
BEJIMUMHBI NEPBOM YACTOTbI COGCTBEHHBIX
KOJIEBAHUH C YYETOM TPEBOBAHU MPOYHOCTHU.

JI.C. JIaxoeuul, II.A. Akumoe %3, 5.A. Tyx¢pamynnun'

! ToMcKuii TOCYIapCTBEHHBIN apXUTEKTYPHO-CTPOUTENBHBIN YHUBEPCHTET, T. ToMck, POCCHUI
2 HanwoHaIbHBIH HCCIEN0BATENLCKII MOCKOBCKHUI TOCYIapCTBEHHBIA CTPOUTENBHBIN YHUBEPCHTET,
r. MockBa, POCCHA
3 PoccuiicKuii yHUBEPCHTET APYKOBI HApOIOB, T. Mocksa, POCCHUS

AHHOTanMs: 3BeCTHBI METO/Ibl ONTUMU3ALUU LIMPUHBI [I0JIOK CTEPKHEN JBYTaBPOBOrO IIONEPEUYHOr0 CEUEHUS
IIPU OrPaHUYEHHSX 110 YCTOWYHMBOCTH MJIM BEJIMUMHE IIEPBOI 4acTOThl COOCTBEHHBIX KOJIEOAHUM, QYHKIIMN LETH
B BHJE 00beMa Marepuaia MOJIOK, AUl Cliydas, KOrja BapbHpyeTCsl TOJbKO IIMPUHA MOJIOK, a BHICOTA CEYEHUS,
TOJII[MHA CTEHKW W TOJIIMHA HOJIKM 3ajaHbl. Il 9TOro BapuaHTa MOCTaHOBKM 3aaud ObUT CHOPMYIHPOBaH
KpUTEpHUH OIEHKH OJIN30CTH TaKOrO0 ONTUMAIBHOTO PEIICHHs] K MPOEKTy MHHHUMAJIbHOW MaTepHalOeMKOCTH.
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IIpu 5TOM B MOJYYEHHOM pEIICHHH MOTYT HE BBIMOJHATHCS HEKOTOPBIC APYrHe HEYYTEHHbBIC OTpaHUYCHUS,
HampuMep, M0 MPOYHOCTH. M3MEHEHHE MOITY4YEeHHOTO PEelICHHUs C LENbI0 YIOBICTBOPEHHS HEYUYTEHHBIM paHee
OTPAHUYEHUSM HE MO3BOJSET CYMTATh TAKOH MPOEKT ONTUMAIBHBIM. B JaHHOM cTaThe mpejuiaraeTcs B paccMar-
pHUBaeMoil 3aa4e YYMTBHIBATH B MPOLECCE ONTHMU3ALUKN IPU OTPAHUYEHHUSAX MO YCTOMYHMBOCTH MM BEJINYMHE
TIEPBON 4AaCTOTHI COOCTBEHHBIX KOJIEOAHMH €mé W yCIOBUH MPOYHOCTH. POpMyIHMpyeTcst TOAX0A, B KOTOPOM
TIpe/IaraeTcs JUIsl OLEHKH OJM30CTH K MPOEKTY MHHMMAIbHON MaTepHaIOeMKOCTH PEIICHHS, MOIyYCHHOTO B
pe3yabTaTe ONTUMU3ALMY, HApsIy C aHAIM30M B MPOLECCE BBIYMCICHHN M3MEHEHHH BEIMYMHBI MPUPAIICHUSL
(YHKIMY 1IeIH, NCTIONIB30BATh €MIE M KPUTEPHH, XapaKTepPHU3YIOIINe KaXKI0€ N3 TIPUHSATHIX OTPaHNICHHH.

KiroueBble cjioBa: KpUTEpHii, ONTUMU3ALNS, OTPAHUYCHHUS, YCIOBHUS TPOYHOCTH,
MUHHMAaJbHas MaTepUaIOeMKOCTh, YCTOHUMBOCTE, YaCTOTA; KPUTHYECKAs CHIIa, OPMBI TOTEPH YCTOHUUBOCTH,
(opMBI COOCTBEHHBIX KOJIeOaHNH, IPUBEICHHBIC HAIPSKECHHS

Earlier [1], the problem of the optimal outline of
the flange width of the I-shaped cross-section
rod [2], [3] was considered with allowance for
stability constraints or constraints for the value
of the first natural frequency. Corresponding
objective function was the volume of the mate-
rial of the flanges for the case when only the
flange width varies and the section height, wall
thickness and flange thickness are specified. Be-
sides, special criterion was formulated for the
proximity of such a solution to the minimal ma-
terial capacity solution [1]. Criteria of assess-
ment of proximity of the optimized design to
corresponding minimum material capacity solu-
tion have also been formulated in many papers
dealing with structural design [6, 9] and
strengthening of structures [4, 5, 7, 8]. Some
specific theoretical problems dealing with for-
mulation of the criteria [10, 11, 12, 13] were
also considered. At the same time, other con-
straints (for example, strength conditions) were
not taken into account normally. Therefore, so-
lutions obtained in such cases might not satisfy
these constraints. However, if the obtained de-
sign (project) is modified so that restrictions not
previously considered are fulfilled, then the
modified design (project) cannot be considered
as optimal. In the distinctive paper allowance
for strength requirements, stability constraints
or constraints for the value of the first natural
frequency are proposed within considering
problem of optimization of the flange width of
I-shaped cross-section rods.

As is known, analysis of changes in the incre-
ments of the objective function is normally used
within optimization methods [14]. However,

there are cases when the objective function
changes slightly at the computational stages but
the optimal solution has not yet been obtained
and the corresponding design (project) is no-
ticeably different from the minimum material
capacity solution.

We recommend application of criteria corre-
sponding to considering constraints and analysis
of changes in the increments of the objective
function within optimization process for as-
sessment of proximity of design to minimum
material capacity solution.

Thus, the I-shaped cross-section rod is under
consideration. The cross-section height b, wall

thickness J,, and flange thickness &, are speci-

fied. Flange width along the length of the rod
(x axis) b,(x) or b,[i] within discrete model of
the rod varies (Figure 1).

It is necessary to find a function b,(x) that, to-

gether with the given parameters (b,,0,,,5,),

determines a rod that satisfies the stability con-
straints or constraints for the value of the first
natural frequency (as well as the strength re-
quirements and structural constraints) and at the
same time provide a minimum volume of mate-
rial of flanges.

The objective function within considering for-
mulation of the problem has the form

Vy =2[by(x)3,dx. (1)

For discrete model including » sections we
have
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3, by 3, b,
— | — |
Sp I I \ Sp - | I y
T | b,(x) _T_ b,[i]
Figure 1. Considering cross-section of rods.
Gt () = |02, (1) 2~ 02, (1) (s =) =3+ E-(,)* 2 (x)- p = const, ™
wt [0} 2 . 5[) wt 2 . 5 [}
V=203 15, @ 50 =080 o, () -
n4 r ¢ “TT20 “ 20, (6)

where V), is the volume of material of flanges; /

is the length of the rod.
Stability constraints have the form

P<P 3)

=Ly

where P is the acting force, P, is the corre-

sponding critical force.
Constraint for the value of the first natural fre-
quency has the form

w, <ol , 4)

where o, is the given value, wl is the value of

the first natural frequency of the system.

Special criterion for assessments of results of
optimization of flange width with allowance for
stability constraints or constraints for the value
of the first natural frequency is also formulated
by the authors for the case when the flange
width varies continuously along the length of
the rod. This criterion can be presented in the
form of three variants (versions, options):

Gl ()=l ()b, — o, (x)(b, —25,)~
—3E(w,)’ p-26,v, (x) = const;
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p

-3-E-(w,)* v} (x)- p = const;

where o,,(x) and o,,(x) are respectively

normal stresses in the extreme fibers of the I-
shaped cross-section and in the fibers at the
boundary of the wall and the flange, created by
bending moments arising from loss of stability
or natural vibrations; v, (x) are the coordinates

of the form of loss of stability or natural vibra-
tions.

The variant (7) of the formulation of criterion
was introduced only in order to emphasize its
association with the previously formulated crite-
ria. Application of this variant of the criterion
with allowance for constraints for the value of
the lowest natural frequency can lead to nega-
tive values of sub-root expressions and to corre-
sponding problems dealing with computational
process at the initial stages of optimization.

In this connection one of the equivalent variants
(5) or (6) will be used in the distinctive paper.
Criteria (5), (6), (7) can be used in combination
with stability constraints or constraints for the
value of the first natural frequency. In case of
stability constraints we should assume that
®, = 0 in the expressions of the criterion.

Three strength conditions must be fulfilled for
rods of I-shape cross-section [14].

Strength condition for normal stresses in ex-
treme fibers has the following form:
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o(x)<R, (8)

where o is normal stresses from the load in the
extreme fibers of the rod; R is design strength
of the material of construction.

The condition for the fourth theory of strength
at the junction of the flange with the wall has
the following form:

0, ()= /o2 () +32 () <R, (9)

where o, (x), o,(x), 7,(x) are respectively

equivalent, normal, and shear stresses from the
load at the junction of the flange with the wall.
The condition for the fourth theory of strength
at the center of gravity of the section has the fol-
lowing form:

() =02 () 4302 (x) <R,  (10)

where o,,(x), o,(x), 7,(x) are respectively

equivalent, normal, and shear stresses from the
load at the center of gravity of the cross section.
Let us rewrite expressions (8), (9) and (10) in
expanded form, reflecting in them the internal
forces of the rod and the parameters of its cross
section. Besides, let us introduce the following
notation system: M(x), O(x), N(x) are respec-
tively, bending moments, transverse and longi-
tudinal forces in the corresponding cross-
sections of the rod.

Condition (8) will take the following form:

) N )
b, -b,(x)—(b, =26,)-(b,(x)=0,,)

N 6M(x)-b, <R
b,(x)- b|3 —(by(x)—0,,)(b, — 25,; )’

o(x)

(1)

Condition (9) will take the form:

0, (X) =

N () .
b by ()~ (b, 26,)- (b, (1) ~3,,)
. 12M(x) )
b,()-B] — (b, (x)— 8, (b, ~25,)]
X (ﬁ -0 )
L 2 ! .
+3.[ 6-0b,(x)3,(5,~6,) ” e
(b2 (b — (b, (¥) =5, (b, - 25,3,
(12)

| =

Condition (10) will take the form:

ﬂ N(x) ]
o, = +
“ bb, —(b, - 25p )b, =0,,)

r 12

3b, (x)bl2 ~
2 2
—6(@@)—&»[”21—6,7)

(b, (x)b13 =(b,(x) =6, )(b, - 25,7 )3 19,

0(x)-

b | —

+3-

(13)

Design restrictions have the following form:

b,(x) = bb, (14)
where bb is minimum flange width.

Within a discrete model of the rod, the corre-
sponding coordinates of considering cross-
section ((x)) are replaced by the corresponding

number of the model section ([7]).

In order to ensure uniformity of the use of crite-
ria and restrictions for assessing the proximity
of the resultant optimized design (project) to
design of minimum of material capacity we
should normalize criterion (4) (or (5)) and con-
ditions (8), (9), (10) and (13) so that if per-
formed in the form of equalities, they would
take a value equal to unity.
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When normalizing criterion (5) (or (6)), bending
moments (which, like mode shapes (natural
modes) are determined with accuracy to a con-
stant factor) are revealed by the form of loss of
stability or the first natural mode. Stresses
0,,(x), 0,(x) and 5., (x) are computed in

accordance with these moments in cross-
sections. Then, the maximum value is selected
among &, (x) and the values of expression (5)

(or (6)) are divided into it. Now, if the design
(project) obtained as a result of optimization is
the design of minimum material capacity, then
the criterion takes the form

o, (x)=1.

. (15)
If constraints (8), (9) and (10) are also used
within optimization process, then the criterion
(15) must be applied only to those parts of the
rod in which dependencies (8), (9) and (10) are
fulfilled in the form strict inequalities.

Let us normalize constraint (7).

Dividing both sides of expression (7) by R we
obtain

(16)

We can similarly normalize constraints (8) and
(9) and get

2 3 2
R2(x) = 03"1; @ _ /e, (x); 20 g
R0 - cra,;(x) _i W3 1 g

In order to normalize the constraint (14), we
should divide put both parts of the expression
(13) by b,(x) and rewrite this constraint in the
form

bby () =22 <1,

b,(x)

(19)
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Let us explain that &’ (x), Rl(x), R2(x),
R3(x) un bb,(x) in (15), (16), (17), (18) are in-
dicators of fulfillment of restrictions ((2) or (3)),
(8), (9) (10) and (14).

Now, after normalizing all the restrictions used,
the proximity to the design (project) of mini-
mum material capacity of the design (project),
obtained as a result of optimization with allow-
ance for stability constraints (or constraints for
the value of the first natural frequency), strength
and structural constraints is determined by the
proximity of at least one of indicators (15), (16),
(17), (18) and (19) to unity in each cross-
section.

Let us give an illustration of the assessment of
the proximity of the solution of the considering
problem to the project of minimal material con-
sumption by an example.

Sample.

A rigidly restrained rod of an I-shape cross-
section is under consideration (Figure 2). The
span of the rod is equal to /=12m. The height

of the cross-section of the rod is equal to

b, =0.16m. Wall thickness 1is equal to
bst=0.01m. Flange thickness is equal to
b,=0.014m. Flange width is equal to

b, =0.12m. Besides, flange width is constant

along the entire length of the rod. The modulus
of elasticity of the material of the rod is equal to

E =2060000000 00 N /m”. Its specific gravity is
equal to 7850 kg/m’. Volumetric weight is
equal to 77008 .5N/m’. Design strength is

equal to R =240000000 N /m”.

The rod carries a uniformly distributed mass of
intensity m=400kg/m. The same mass is an

external load with intensity ¢ =3924N/m.

Own weight of the rod are taken into account in
optimization process with allowance for
strength conditions.

The critical force (ultimate load) of the rod
(without taking into account possible vibrational
effects) is equal to Pcr=1118457N .
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ANNAN

12m

A 4

F N

Figure 1. Considering sample.

The first natural frequency (without taking into

account the influence of the longitudinal force

on the frequency) is equal to @ =18.5773 sec™.

Let the compressive force be P =300000 N .
The flange width is equal to b, =0.12m (it is
the same along its entire length of the rod). The
first natural frequency of the rod with allowance
for the influence of the longitudinal force on the

frequency is equal to @=12.9291sec”’. It

should be noted that strength conditions were
not considered within determination of the criti-
cal force and frequency.

Thus, in the considering sample it is required to
optimize the shape of the width of the flanges of
the considering rod loaded by P =300000 N ,
provide special value of the first natural fre-

quency (@l > @, =13sec™) and minimum vol-

ume of the material of the flanges. Constraints
for the value of the first natural frequency (4),
strength constraints (8), (9), (10) and structural
constraints (10) must be taken into account
within optimization process. Let bb=0.01m be

the smallest possible flange width.

Discrete model of the rod including 30 sections
(elements) is used for corresponding analysis.
Evenly distributed mass and load are reduced to
nodes. Besides, we have nodal masses
(m[i]=160kg) and loads (q[i]=1569.6N)
within this discrete model. The mass and weight
of the structure are taken into account within the
optimization process.

Generally optimization can be performed by one
of the well-known methods (various modifica-
tions of method of descent, random search
method and so on) [16, 17]. The random search
method is used in the considering sample.

After completion of the optimization process,
we will evaluate the proximity of the obtained
solution to the corresponding minimal material
capacity solution.

First of all, in order to compare the design of
minimum material consumption with other pos-
sible solutions, several options should be con-
sidered.

The first variant. Conventional solution is con-
sidered in which the minimum value for the
flange width (b, ) is determined, provided that it
is the same along the entire length of the rod,
but restrictions (4), (8), (9), (10) and (14) are
accepted.

Table 1. Results of analysis.

1 Flange width b,[i] G [i]
i 2 3 4 5
1| 0.2070 0.1649 0.2070 | 0.9967
2 | 0.1800 0.1421 0.1800 | 0.9970
3 | 0.1515 0.1196 0.1514 | 0.9969
4 | 0.1215 0.0975 0.1215 | 0.9969
5 | 0.0903 0.0755 0.0903 | 0.9969
6 | 0.0582 0.0534 | 0.0582 | 0.9976
7 | 0.0300 0.0300 | 0.0254 | 1.0000
8 | 0.0100 0.0100 0.0100 | 0.0339
9 | 0.0279 0.0279 | 0.0131 | 0.9911
10 | 0.0460 0.0460 0.0403 | 0.9968
11| 0.0633 0.0599 | 0.0633 | 0.9971
12 | 0.0818 0.0707 0.0818 | 0.9972
13| 0.0958 0.0785 0.0958 | 0.9965
14| 0.1052 0.0837 | 0.1052 | 0.9966
15| 0.1098 0.0863 0.1098 | 0.9972
16 | 0.1098 0.0863 0.1098 | 0.9972
17 | 0.1052 0.0837 0.1052 | 0.9966
18 | 0.0958 0.0785 0.0958 | 0.9965
19 | 0.0818 0.0707 0.0818 | 0.9972
20| 0.0633 0.0599 0.0633 | 0.9971
21 | 0.0460 0.0460 | 0.0403 | 0.9968
22| 0.0279 0.0279 0.0131 | 0.9911
23| 0.0100 0.0100 | 0.0100 | 0.0339
24 | 0.0300 0.0300 0.0254 | 1.0000
25| 0.0584 0.0534 | 0.0582 | 0.9976
26 | 0.0903 0.0755 0.0903 | 0.9969
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i 2 3 4 5
271 0.1215 0.0975 | 0.1215 | 0.9969
28 | 0.1515 0.1196 | 0.1514 | 0.9969
29| 0.1800 0.1421 | 0.1800 | 0.9970
30| 0.2070 0.1649 | 0.2070 | 0.9967

This solution implements the flange width,
which is equal to b, =0.1542m. Moreover, re-
striction (7) in sections 1 and 30 is fulfilled in
the form of an equality, and in all other sections
it 1s fulfilled in the form of inequalities. Con-
straints (9), (10) and (14) in all sections of the
rod are fulfilled in the form of inequalities. Con-
straint (3) is fulfilled in the form of inequality as
well.

In this connection the first natural frequency of

the rod is equal to @l =14.89sec™ >13sec”.
Thus, the minimum value of flange width
b, =0.1542m (it is constant along the entire

length of the rod) is determined by the active
fulfillment of the strength constraint (8) for sec-
tions 1 and 30 and the passive fulfillment of all
other constraints. The volume of material of the
flanges in the considering variant is equal to

V, =0.05181 m".

The second variant. Let us optimize the values
b,[i](i=1,2,...,30), that vary in each section,
but without taking into account the strength
constraints (i.e. constraints (4) and (14)). The
results of this optimization are shown in the
fourth column of Table 1. The volume of mate-
rial of the flanges in the considering variant is
equal to V, =0.030309 m’. The fifth column

shows the indicators (15) of the fulfillment of
the constraint (4). In all sections except section
number 8 and section number 23, they differ
only by a fraction of a percent from unity. In
section number 8 and section number 23 we
have b,[i]=0.01m. Therefor in these sections

the restriction (14) is fulfilled in the form of
equality and corresponding indicators are equal
to bb,[8]1=1, bb[23]=1. Thus, in all sections of
the rod we have indicator, which is fairly close
to unity. This circumstance allows researcher to
consider the resultant design quite close to the
design of minimum material capacity but only
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with allowance for corresponding constraints.
Otherwise, with the constraints taken into ac-
count, the objective function is minimal within
the limits of errors and the proximity of the in-
dicators & [i] to unity.

The third variant. In order to verify the fulfill-
ment of the strength conditions for the design
obtained in the second variant with the values
b,[i] bending moments and shear forces were

determined in accordance with the deformed
pattern taking into account applied load
q=3924N/m, dead weight and the influence

of the longitudinal force P =300000 N .

Then, using formulas (11), (12), (13), a value of
b,[i] was determined for each section under
which one of the conditions (11), (12), (13) is
satisfied as equality, and remaining as inequali-
ties. They determine the minimum permissible
flange width (b,[7]), satisfying the strength con-
ditions. These values of b,[i] are shown in the
third column of Table 1. Comparison of the val-
ues of b,[i] in the third column with the corre-

sponding values in the fourth column 4 shows
that strengths constraints are not fulfilled in sec-
tions with the following numbers: 7, 9, 10, 21,
22, 24. If in these sections the dimensions of the
flange width are increased to the minimum per-
missible dimensions under the strength condi-
tions, leaving the dimensions in the remaining
sections unchanged, then we get the design pre-
sented in the second column of Table 1. The ob-
jective function for this design is equal to

V, =0.030874 m’, the value of the first natural

frequency is equal to @=13.1103sec” (con-
straint (4) is fulfilled in the form of an inequali-
ty). In this connection, the subsequent fulfill-
ment of constraints not taken into account with-
in optimization process does not allow research-
er to consider the solution as a design of mini-
mal material capacity.

The fourth variant. Let us now optimize the val-
ues b,[i](i=1,2,..,30) with allowance for con-
straints (4), (8), (9), (10) and (14) (including
strength constraints). The results of this analysis
are presented in Table 2.
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Table 2. Results of analysis.

i b, [i] G 2[i] RI[7] R[] R3[1] bb,[i]
1 0.1995 0.9986 0.8276 0.7238 0.2218 0,050
2 0.1727 0.9994 0.8249 0.7247 0.2387 0,058
3 0.1444 0.9991 0.8308 0.7340 0.2635 0,069
4 0.1147 0.9992 0.8500 0.7564 0.3012 0,087
5 0.0837 0.9992 0.8905 0.8000 0.3614 0,119
6 0.0518 1.0000 0.9701 0.8834 0.4668 0,193
7 0.0254 0.7037 1.0000 0.9351 0.6276 0,394
8 0.0100 -0.0239 0.9243 0.9002 0.7920 1

9 0.0321 0.4443 1.0000 0.9256 0.5726 0,312
10 0.0498 0.8364 1.0000 0.9074 0.4679 0,201
11 0.0675 0.9999 0.9571 0.8592 0.3948 0,148
12 0.0859 0.9993 0.8933 0.7967 0.3391 0,116
13 0.0998 0.9993 0.8560 0.7599 0.3058 0,100
14 0.1091 0.9993 0.8349 0.7390 0.2865 0,092
15 0.1138 0.9991 0.8251 0.7293 0.2775 0,088
16 0.1138 0.9991 0.8251 0.7293 0.2775 0,088
17 0.1091 0.9993 0.8349 0.7390 0.2865 0,092
18 0.0998 0.9993 0.8560 0.7599 0.3058 0,100
19 0.0859 0.9993 0.8933 0.7967 0.3391 0,116
20 0.0675 0.9999 0.9571 0.8592 0.3948 0,148
21 0.0498 0.8364 1.0000 0.9074 0.4679 0,201
22 0.0321 0.4443 1.0000 0.9256 0.5726 0,312
23 0.0100 -0.0239 0.9243 0.9002 0.7920 1

24 0.0254 0.7037 1.0000 0.9351 0.6276 0,394
25 0.0518 1.0000 0.9701 0.8834 0.4668 0,193
26 0.0837 0.9992 0.8905 0.8000 0.3614 0,119
27 0.1147 0.9992 0.8500 0.7564 0.3012 0,087
28 0.1444 0.9991 0.8308 0.7340 0.2635 0,069
29 0.1727 0.9994 0.8249 0.7247 0.2387 0,058
30 0.1995 0.9986 0.8276 0.7238 0.2218 0,050

The second column shows the values of the
flange width b,[i] within optimization process

with allowance for considering constraints. The
third column contains indicators (15) of the ful-
fillment of the constraint (4). In all sections (ex-
cept sections with the following numbers: 7, 8§,
9,10, 21, 22, 23, 24) they differ only by a small
fraction of a percent from unity. In sections with
numbers 7 and 23 we have b,[8]=0.01m (i.e. in
these sections, constraint (13) is fulfilled in the
form of equality and indicators (15) are equal to
bb,[8]1=1 and bH,[23]=1. In sections with

numbers 7, 9, 10, 21, 22, 24, indicators (16) of

constraint (7) are equal to unity up to rounding.
The remaining indicators (16) and (17) of
strength constraints (9) and (10) are fulfilled in
the form of inequalities (the sixth column and
the seventh column). So, in each section, we re-
vealed indicator which is quite close to unity in
terms of the adopted set of constraints. This cir-
cumstance allows to consider resultant design
(after corresponding optimization process with
allowance for constraints for the value of the
first natural frequency, strength constraints and
structural constraints) as close, within the ac-
cepted errors, to the design of minimum material
capacity (the second column of Table 2.
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Table 3. Comparison of variants.

Variants
Number 1 2 3 4
Vs, m> 0.05181 0.030309 0.030874 0.030468
%% 0 41.50 40.41 41.20
wl,sec” 14.89 13 13.1103 13

In this variant the objective function is equal to
V, =0.030468 m’ .

A decrease in the value of the objective function
is performed in comparison with the first variant.
In the first and third variants, the constraint

ol =13sec™ is not reached, while the values of

the objective function are greater than in the
fourth variant, in which all constraints are ful-
filled. In the second variant the objective func-
tion is less than in the fourth variant, but strength
conditions are not fulfilled. A comparison of the
variants confirms the feasibility of taking into
account all the necessary constraints within op-
timization process (the fourth variant), and not
after its completion (the third variant).

The solution closest to the design of minimal ma-
terial capacity can be used in real design practice.
We should note that normally it is impossible to
formalize the full set of various constraints of
the problem within the design of optimal sys-
tems. These are, for example, constraints dealing
with technological requirements in the manufac-
ture, transportation, installation, operation and
disposal of an object, as well as many others.

An optimal design can perform various func-
tions in real design practice. For example, a de-
sign of minimal material capacity can be con-
sidered as an idealized object. This function of
such a design makes it possible to evaluate a
real design solution by the criterion of its prox-
imity to the limit (for example, by material ca-
pacity).

In addition, the optimal design can be used as a
guideline for real design. Within this approach
real design is considered as a phased process of
moving away from an ideal object in order to
fulfill the requirements (constraints) not consid-
ered in the optimal design.

In the distinctive paper we propose to use spe-
cial criteria for assessment proximity of result-
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ant design after optimization process (compu-
ting flange with of I-shape cross-section of rod)
with allowance for stability constraints, con-
straints for the value of the first natural frequen-
cy and structural constraints.
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INFLUENCE OF BUCKLING FORMS INTERACTION
ON STIFFENED PLATE BEARING CAPACITY

Gaik A. Manuylov, Sergey B. Kosytsyn, Irina E. Grudtsyna
Russian University of Transport (MIIT), Moscow, RUSSIA

Abstract: The work is devoted to studying the influence of initial geometric imperfections on a value of the peak
load for the compressed stiffened plate with the two-fold buckling load. The finite-element set MSC PATRAN —
NASTRAN was used for solving the set tasks. When modelling the stiffened plate, flat four-unit elements were
used. Geometric non-linearity was assumed for calculations. The plate material was regarded as perfectly elastic.
Buckling forces of stiffened plate at the two-fold buckling load were calculated (simultaneous buckling failure on
the form of the plate total bending and on the local form of wave formation in stiffened ribs). Equilibrium state
curves, peak load decline curves depending on initial imperfection values and the bifurcation surface were plotted.

Key words stability, stiffened plate, bifurcation, initial geometric imperfections, buckling force

BJIUSIHUE B3AUMOJEVMCTBUS ®OPM BBIITYUUBAHUS
HA HECYIIYIO CITOCOBHOCTb NOAKPEIIVIEHHOU
IHJIACTHUHBI

I''A. Manyiinos, C.b. Kocuuyvin, U.E. I pyouvina
Poccwuiickuit yausepcuret tpancnopra (PYT (MUUT)), r. Mocka, POCCUA

AnHoTanmmsi: B pabGore mcciienoBaHO BIMSHMS HavyalbHBIX I'€OMETPHUYCCKHX HECOBEPIICHCTB HA BEIHYHHY
MaKCUMaJIbHON Harpy3Ku JUIf CoKaTOM MOAKPEIICHHOH MIACTUHBI ¢ ABYKPATHOW KPUTUYECKOH Harpyskoil. [lns
pellleHNs MOCTaBJIEHHBIX 3aJay MCIO0JIb30BaICsl KoHeuHodaeMeHTHbIN kommuieke MSC PATRAN - NASTRAN.
[Ipu MoaenupoBaHUK NOAKPEIIEHHON TIACTUHBI UCIOIb30BaHbI INIOCKUE YEThIPEXY3/I0BbIE JIEMEeHThI. PacueTsl
BBITIOJHSJIMCH C YYETOM I'€OMETPHUYECKOH HEeIMHEWHOCTH. MaTepHai IIaCTHHBI CYUTAIICS a0CONIOTHO YIIPYTUM.
PaccunTanbl KpUTHUYECKHE CUJIBl TOAKPEIUIEHHOM IUIACTHHBI MpPH JBYKPAaTHOH KPUTUYECKOW Harpyske
(omHOBpeMeHHasT TOTepsi YCTOWYMBOCTH 1O (opme obmiero m3ruba IIACTHHBI M IO JIOKAJIbHOW (opme
BOJIHOOOPa30BaHMs B TIOAKPEIIIAIOMNX pedpax). [locTpoeHs! KpuBbIe pABHOBECHBIX COCTOSIHHIM, KPUBBIC TaCHUS
MaKCHMaJIbHbIX Harpy30K B 3aBUCHMOCTH OT BEJIMYHMHBI HA4aJIbHBIX HECOBEPILCHCTB, a TaKkke Ou(pypKannoHHas
MIOBEPXHOCTb.

KaroueBble c10Ba: yCcTOHINBOCTD, MOAKPEIIICHHAS TUIACTHHA, OU(ypKaIs,
HaydalbHbIe FEOMETPUUECKUE HECOBEPIICHCTBA, KPUTHUECKAs CUIIa

1. INTRODUCTION

Stiffened plates are quite a widespread element
of construction, machine-building, aviation and
ship structures. Interaction of forms of buckling
failure is an important factor at evaluation of
post-critical equilibrium of thin-walled stiffened
plates. Such interaction is manifested either in
form of interinfluence of the plate total deflection
as Eulerian rod and the local buckling failure of

the lining (wave formation in the plate), or as in-
terinfluence of the abovementioned total deflec-
tion and wave formation at buckling failure of
compressed ribs. Especially interesting in buck-
ling problems are stiffened plates with two-fold
buckling loads corresponding to the simultane-
ous buckling failure both on the shape of total
bending of the plate and on the form of local
bending in form of wave formation of ribs for
plates possessing open profile rib stiffeners; this
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interinfluence considerably decreases the buck-
ling load A. Van Der Neut, M. Tvergaard, W.
Fok, J. Rhodes, A. Walker, G. Hunt, M.T.
Thompson, A.I. Manevich, et al. devoted their ef-
forts to studying of the effect of forms interaction
whereat bearing capacity of stiffened plates and
shells would decline. In his doctor's thesis [19]
A.L. Manevich described interaction effects of
buckling failure forms for thin-walled stiffened
structures using the non-linear stability approach.
His results occurred to be of great interest: the
wave formation of ribs decreased the buckling
load of stiffened plates from 40% to 60%:; this
paper also demonstrates necessity to use the
plate-like pattern of a rib. In this paper, the au-
thors explored the phenomenon of influence of
non-linear interinfluence of forms and initial ge-
ometrical imperfections on the buckling load. To
plot equilibrium state lines in vicinity of the two-
fold semi-symmetric critical point, conceptions
of the modern bifurcation theory and catastrophe
theory were used. Earlier, on the base of
V.Tvergaard’s solution for the wide integrally
stiffened plate under compression, G. Hunt plot-
ted a bifurcation surface for a homeoclinal point
of hyperbolic umbilic bifurcation. This surface is
determined with the three parameters (the load
parameter, and two imperfections parameters,
that is, relative amplitudes of buckling failure
partial forms). The mentioned two-fold semi-
symmetric critical point (homeoclinal point of bi-
furcation) is realized when the critical force for
the general form of buckling failure as of Eu-
lerian rod is near or coincident in its value to the
buckling load of wave formation local point [2].
It is related to the development direction of the
stiffened plate general deflection toward ribs. At
such deflection, a deflecting moment is generated
which additionally loads the plate (shell) and un-
loads the ribs. However, if the general deflection
develops in opposite direction, ribs under com-
pression will be additionally loaded, while the
plate (shell), on the contrary, will be unloaded in
terms of compression. In the case of total or near-
coincidence of buckling loads of the buckling
and wave formation general form in the ribs, the
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near-critical equilibriums shall be described by
another semi-symmetric two-fold bifurcation
point, that is, by the anticlinal one [2] corre-
sponding to the elliptical umbilic catastrophe. In
the paper [2] G. Hunt, while analyzing the paper
[1], pointed out the possibility of occurring of the
bifurcation anticlinal point, if the general deflec-
tion causes additional compression of ribs. We
note here that studying of the stiffened plate be-
haviour near an unstable two-fold bifurcation
point was dictated by the consideration that it
was there where the ultimate sensitivity to initial
imperfections was observed for majority of elas-
tic systems.

2. PROBLEM FORMULATION

The stability problem for the stiffened plate was
solved by the finite elements’ method in geomet-
rically non-linear formulation. The plate had the
following geometric parameters:

Plate length: 86 cm,

Plate width: 36 cm,
0=0.155 cm, e =0.342 cm,
J=3.136 cm*,

bp=0.1 cm, hy =1.2 cm,

where 6 — plate thickness, e — position of the cross
section main central axis, ] — moment of inertia in
respect to the main central axis,

by —rib thickness, h, —rib height.

The accepted boundary conditions: hinge support
along short sides, with free longitudinal edges. The
stiffened plate cross section is shown in figure 1.
The finite-element model is built within the MSC
PATRAN — NASTRAN calculation complex, with
use of finite elements of shell type (4002 elements)
(figure 2). The material was regarded perfectly
elastic (E=2-10°kg/cm?, 1 =0.3).

The compressing load (four forces) has been ap-
plied in points of intersection of ribs symmetry axes
and the cross section main central axis.

International Journal for Computational Civil and Structural Engineering
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Figure 1. The plate cross section.

Figure 2. Finite-element model.

3. STUDYING OF POST-CRITICAL EQUI-
LIBRIUM OF A STIFFENED PLATE
WITH TWO-FOLD BUCKLING LOAD

This paper is devoted to studying of the problem
of interaction of buckling failure forms between
the shape of the plate general bending and the lo-
cal shape of ribs wave formation. In practice,
such a situation can occur, e.g., in bridges with
continuous carriageways in form of a com-
pressed stiffened plate. The linear computation of
stability showed that the buckling load corre-
sponding to the shape of plate buckling in form
of Eulerian rod (P», = 7708 kg) is sufficiently
close to the buckling load corresponding to the

form of wave formation of ribs (P, = 7818 kg).

The under-critical and initial post-critical equi-

librium was studied in the geometrically non-lin-

ear formulation; the following results were ob-
tained:

e as the compression load increases, the plate
total deflection would develop downwards
(i.e. in such a way that the ribs occur on the
plate concave side and would receive addi-
tional compression).

¢ buckling failure occurs at the maximum buck-
ling load Pcr = 6797 kg in the wave formation
symmetric bifurcation point in the two middle
ribs (the point of sharp inflection to curves of
general deflection development. This load is
11.81% less than the buckling load obtained
from the linear calculation);

e upon passing of the peak value, deflections
will rise at the lowering load (figure 3). The
secondary bifurcation (wave formation in the
plate extreme ribs) will occur at the second
buckling load Pbif. = 5880 kg.

Figure 4 shows the deformed state of a stiffened
plate. It is obvious that the increasing deflection
makes the bending moment bigger in the middle
part, and we see not only the developing wave
formation in the ribs but also the forced wave for-
mation of the plate itself, which provokes consid-
erable decrease of the bending rigidity.
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Figure 3. Graph of dependency “deflections vs compressing loads”.
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Péng. = 5580xr

Figure 4. Deformable state of stiffened plate 6 = 0.155 cm thick.

4. TWO-FOLD BIFURCATION POINT

The semi-symmetric two-fold bifurcation point
is a special critical point. At an odd number of
waves, the symmetry of post-bifurcation paths
will remain for wave formation shape of ribs
only.

Initial post-bifurcation paths (there may be one
or three of them) are plotted in the three-dimen-
sional space on two coordinates qi, 2, and load
parameter A.

lA

/" 1 SO 4
92

Figure 5. Anticlinal bifurcation point
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In figure 5 we use the following notation:

qi1 — coordinate corresponding to relative ampli-
tudes of wave formation in ribs;

gz — coordinate corresponding to relative ampli-
tudes of the plate buckling as a Eulerian rod;

A — load parameter (A =P — Pc)

Point 1 — semi-symmetric two-fold bifurcation
point;

Right line 0 — 1 describes the pure compression
pre-critical equilibrium;

Right line 1 — 2 is the line of incoherent equilib-
riums corresponding to the relative amplitude on
the form of the stiffened plate buckling a Eu-
lerian rod;

Right lines 1— 3 and 1- 4 are the lines coherent
equilibriums coordinates whereof depend both
on Eulerian deflection and on amplitude of wave
formation in ribs [2];

Consequently, at the two-fold buckling load, the
ribs (or plate) buckling failure cannot arise in
form of a separate (partial) buckling form (i.e.
wave formation at the zero general deflection).
Point 5 is the point of symmetric unstable bifur-
cation on the Eulerian general deflection curve
which occurs at intersection of the “triangle”
plane of coherent equilibriums 1 — 3 — 4 by this
curve. This point corresponds to the bifurcation
point at the peak load P.r= 6797 kg (figure 3).
The catastrophe germ of the elliptic umbilic (the
first two terms in expression (1) is generated
from uniform cubes for two variables with taking
into account the symmetry on the first coordinate

International Journal for Computational Civil and Structural Engineering



Influence of Buckling Forms Interaction on Stiffened Plate Bearing Capacity

and absence of symmetry on the second one. In
total, the cubic potential for umbilic catastrophes
can be presented as follows:

V(ql' az, SJ) 2szzqg VﬁpoIf q; +
/1( 1/1q1 ZAQZ) + VleEl‘h szxpfz%i

(1)

The lower indexes designate differentiation on
appropriate coordinates and on the load parame-
ters. All derivatives are calculated in the bifurca-
tion point (the upper index “kp”).

For an ideal system, at € 1 = € 2= 0, equilibrium
equations are obtained by setting equal to zero of
derivatives of potential (1) on each coordinate:

Vﬁpqu‘h + AV;&% =0; (2

‘V 22295 + - VK 11245 + AV, 22242 =0 (3)
Let’s show that initial post-bifurcation paths of
equilibriums are straight lines.

Equilibrium equations (2), (3) may be solved in

three variants:

e 1= q2= 0 — initial equilibrium of a non-bent
stiffened plate;

e the solution at q1 =0, q2 # 0 corresponds to the
general bending of the plate as a Eulerian rod.
Then, from the equilibrium equation (3), tak-
ing q1=0, we obtain the equation of non-coher-
ent post-bifurcation straight line of general de-
flection 1 — 2 (figure 5):

—2AV,3 A V%32
a2 = 7% 24 or = =22, 4)
ViP222 az 2V552

e q2# 0, qi # 0. Then, expressing A from Equa-
tion (2):

V¥ g
A= R, (5)
11

and substituting it into Equation (3), we obtain:

Kp ,KP 2
_ Vii2Y22292

Kp
Vlll

1 1
EVszzzqg + EVKpnz =0 (6)
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Thus, it is demonstrated that all post-bifurcation
equilibrium paths are straight lines. Earlier, sim-
ilar computations for the homeoclinal bifurcation
point were presented in the authors’ paper [16],
when analyzing interaction of wave formation
shape in the plate and general deflection of the
plate as a Eulerian rod.
Ratio signs of derivatives under the root sign in
Formula (7) are important for determining the
type of bifurcation umbilic point. The first ration
V2K2p/‘l 2V*P322
11 A V¥Pi12
possess opposite signs, straight lines of coherent
equilibriums 1-3 and 1-4 “fall” in the direction
opposite to that of “falling” of the non-coherent
post-bifurcation straight line of general deflec-
tion 1 - 2, and we obtain the anticlinal bifurcation
point corresponding to the elliptic umbilic catas-
trophe. For a stiffened plate, such two-fold bifur-
cation point may be realized only when deflec-
tion of this plate develops in such a way that ribs
and additionally loaded with compression
stresses from the bending moment arisen.

is always positive here. If ratios =43* and

5. STUDYING OF INFLUENCE OF INI-
TIAL GEOMETRIC IMPERFECTIONS
ON BUCKLING LOAD

To explore the influence of initial imperfections,

the authors used eigenforms of buckling failure

obtained by means of liner computations. Geo-

metric imperfections were set on the forms of:

¢ initial wave formation in ribs (wave formation
of two extreme ribs, two middle ribs, simulta-
neous wave formation in four ribs), &1;

¢ buckling of the plate as a Eulerian rod, &»;

e imperfection on two forms &1+&> and V3e1+ea.

Relative amplitudes of imperfections were set in

fractions of the plate thickness (0.15,0.25,

0.58,16,29). It is obvious that the provoking fac-

tor of wave formation in ribs was the bending

moment developing under action of compressive
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forces in the stiffened plate middle part. Upon ex-

cluding the initial deflection and using only the

shape of wave formation of ribs as the initial im-

perfection, we obtained the following results:

e buckling failure occurred in the limit point of
equilibrium curves of wave formation in ribs;

e initial imperfection in form of wave formation
in extreme ribs only provoked local buckling
of the plate, and thereafter the secondary bi-
furcation of wave formation in middle ribs
took place; the same effect was observed at

Gaik A. Manuylov, Sergey B. Kosytsyn, Irina E. Grudtsyna

setting of imperfections for two middle ribs
only;

e it was found that wave formation in middle
ribs only decreased bearing capacity of a stiff-
ened plate to a higher extent, as compared to
influence of the similar imperfections in ex-
treme ribs.

Table 1 presents values of buckling loads of im-

perfect plates.

Table 1. Values of buckling loads for a plate with imperfection on the shape of wave

formation of ribs

Imperfection value on the shape of wave formation of ribs
(wave formation of two middle ribs)

0 0.16 0.26 0.56 16 26
Buckling load, kg
6797 6327 6009 5469 4874 4656
Imperfection value on the shape of wave formation of ribs
(wave formation of two extreme ribs)
0 0.16 0.26 0.56 16 26
Buckling load, kg
6797 6644 6508 6238 5812 5130

The decrease of the stiffened plate-buckling load
from imperfection on the shape of wave for-
mation of ribs (wave formation of two extreme
ribs) was 24.52%, and that from imperfection of
wave formation of two middle ribs was 31.5%.
In figure 6 we can see curves of decrease of crit-
ical values for a plate with imperfection on the
shape of wave formation of ribs.
The next step in the research is aimed at studying
of curves of equilibrium states of imperfect stiff-
ened plates and at plotting of the bifurcation sur-
face.
In figure 7, we can see curves of equilibrium
states of the plate with various imperfection am-
plitudes on buckling form as Eulerian rod.
The initial deflection direction was chosen in
such a way that the ribs would occur in the com-
pressed zone (with convex section downward).
Buckling failure occurred in the limit point of the
curve of equilibrium on deflections.

Depending on the initial imperfection ampli-
tude, bifurcation of wave formation of ribs
arose either later than the limit point (in case of
small amplitudes 0.13, 0.28, 059), or in the
limit point (when imperfection amplitude is
equal to 19), or preceded to it, as in the case of
setting of the imperfection with amplitude 28
(inflection on the curve of equilibrium states,
figure 7).

The decrease of the buckling load in case of
setting the initial imperfection on the general
deflection shape and amplitude 26 was equal to
32.78%. Turning to the bifurcation diagram
(figure 5) one can state that all post-bifurcation
paths of imperfect equilibriums achieve their
peak loads in limit points; further on, they be-
come instable and asymptotically approach co-
herent equilibriums 1-2 straight line.
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Figure 6. Curves of decrease of stiffened plate buckling loads from imperfection of wave for-
mation of ribs (0.16, 0.26, 0.56, 19, 20).
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Figure 7. Curves of equilibrium states of stiffened plate with imperfection on buckling form as
Eulerian rod (0.19, 0.20, 0.56, 10, 20).

In figure 8 we can see curves equilibrium states
of a stiffened plate with imperfection on the form
of wave formation in ribs (simultancous wave
formation in four ribs).

Analysis of results showed that buckling failure
occurs in limit points of the curves of ribs wave
formation. The maximum decrease of the buck-
ling load from imperfection on this shape with
amplitude 26 was equal to 51%. All post-bifurca-
tion paths of imperfect equilibriums achieved

Volume 16, Issue 2, 2020

their limit points and further on they asymptoti-
cally approached straight lines of coherent equi-
libriums 1-3 and 1-4 (figure 5).

Basing on the obtained results, the bifurcation
surface “front part” was plotted close in the shape
to a relevant part of the elliptical umbilic bifurca-
tion surface demonstrated in the monograph by
B. Gilmour, page 277 [15]. Table 2 presents val-
ues of buckling loads for stiffened plates with
various types and amplitudes of initial imperfec-
tions.
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Figure 8. Curves of equilibrium states of stiffened plate with imperfection on the form of sim-
ultaneous wave formation in four ribs (amplitudes 0.10, 0.26, 0.59, 19, 20).

Table 2. Data for plotting of bifurcation surface

Pcr, kg

0 0158 V3*0.18 0.256 +V3*0.28 0.58 V3*0.55 18  V3*18 25  \3*2%
&1
&2
0 6797 6421 - 6096 - 5660 - 4640 - 3329 -
0.15 6495 5954 5934 - - 5559 - - - - -
025 6440 - - 5720 5616 - - 4454 - - -
0.55 6317 5359 - - - 5072 4428 - - 3027 -
16 4842 - - 4814 - - - 3897 3304 - -
28 4569 - - - - 3972 - - - 2557 2128

6. CONCLUSIONS

It is demonstrated that the peak decrease of the
buckling load of a stiffened plate was recorded at
setting of the joint imperfection on two forms
\3e1+e; with amplitude 28 + V3*28 and was
equal to 68.7%. Setting of the joint imperfection
on two forms &1+ with amplitude 26 decreased
the bearing capacity by 62%. The obtained re-
sults of the study of initial imperfections influ-
ence confirm D. Ho’s theorems ([14], 1974), ac-
cording whereto, for two-fold bifurcation points
with cubic potential, the buckling load peak de-
crease is caused by imperfections possessing the

shape of the most steeply falling post-bifurcation
equilibriums. Within this task, most steeply fall-
ing are straight lines of coherent equilibriums 1 —
2 and 1 - 3 (figure 5).

Let’s note also that our results confirm certain
conclusions of A.I. Manevich [12] about strong
response of buckling loads to initial imperfec-
tions in the plate ribs. It was found that the pro-
voking factor of wave formation in ribs was ad-
ditional compression generated by the bending
moment in the stiffened plate middle part, due to
development of general deflection in a certain di-
rection.
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Figure 9. Bifurcation surface.
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ANALYSIS OF RHEOLOGICAL MODELS OF PROCESS
OF SELF-FORMING OF GLUED WOODEN

Vladislav S. Ponomarev, Galina G. Kashevarova
"Perm National Research Polytechnic Universities, Perm, RUSSIA

Abstract: The article considers a promising technology for self-shaping glued wooden elements of curved forms.
This method is based on rheological processes occurring in wood, such as dehumidification and swelling of wood
and its anisotropic properties. To predict the final curved shape of the wooden structure, the authors analyzed
existing rheological models of wood and concluded that the rheological model proposed by European researchers
includes the most complete list of factors that affect the process of deformation of wood: elastic and plastic defor-
mation, drying and swelling of wood, deformation of viscous-elastic creep and mechanical sorption deformation.
Based on the results of experimental studies and numerical modeling of the change in the curvature of glued
wooden elements, which were made by European researchers, it was found that the proposed rheological model
of wood needs to be clarified, namely, the correction of hygro-expansion coefficients depending on the moisture
content of wood. A further direction of the authors’ research will be aimed at conducting model experiments to
determine the hygro-expansion coefficients of different grades of wood depending on the thickness of the wooden
elements and the orientation of the layers in the glued structure.

Keywords: method of self-shaping of glued wooden structures, rheological model, deformation.

AHAJIN3 PEOJIOTHYECKUX MOJEJIENA INPOLHECCA
CAMO-®0OPMOOBPA30OBAHMSA KJIEEHBIX
JAEPEBAHHBIX KOHCTPYKIIUAU

B.C. Ilonomapes, I'.I'. Kawesaposa

IlepMckuil HAMOHANBHBINA UCCIIEN0BATEIbCKUN NOIUTEXHUYECKUN yHUBEpcuTeT, I. [lepmp, POCCUA

AHHoTanmus: B cratbe paccMOTpeHa MEpCIEKTUBHAS TEXHOJIOTHS caM0-(hopMo0oOpa30BaHusl KICEHBIX CPEBsH-
HBIX DJIEMEHTOB KOHCTPYKIIMHA M30THYTOW (opMbl. JIaHHBI METOJI OCHOBAH Ha PEOJIOTHYECKUX TPOIleccax, mpo-
HCXOMAIINX B IPEBECHHE, TAKMX Kak Ae(opMaIiiy yCyIIKid U HaOyXaHUs JPEBECHHBI M €€ aHW30TPOITHBIX CBOM-
ctBax. [yt mpOrHO3UPOBAHMS KOHEUHOW M30THYTOH (DOPMBI JIEPEBIHHON KOHCTPYKITHH, aBTOPHI MMPOAHATH3UPO-
BaJIM CYIIECTBYIOIINE PEOJOTMYECKIE MOICTH APEBECHHBI U MPHILIA K BEIBOY O TOM, YTO B HACTOSAIIEE BPEMs
peosorndeckas MOJIeNb, peIo’keHHass EBponefickiMy ncciie1oBaTeIsIMI, BKITIOYAeT B ce0s HauboJiee TOTHBIH
mepedeHb (PaKTOPOB, KOTOPEIC BIHUAIOT Ha TPOIecC Ae(opMaIiy APEBECHHBL: YIIpyTas U TuIacTiHdeckas aedopma-
IUs1, YCYIIKa U HaOyXaHue JPEBECHHBI, 1ehopMallus BI3KO-YIIPYTroi MOI3y4ecTH U MEXaHO-COPOIIMOHHAs Ieop-
Manusi. Ha ocHoBaHMM pe3ylbTaTOB AKCIIEPUMEHTAIBHBIX UCCIIeI0OBAaHUIN U YUCICHHOTO MOJICIMPOBAHUS U3MEHE-
HUS KPUBU3HBI KIICEHBIX JICPEBSIHHBIX AJIEMEHTOB, KOTOPBIC OBLTH BBITIOIHEHBI EBPONCHCKIMHE HCCIICIOBATEIISIMH,
OBLIO YCTAHOBJICHO, YTO MPE/JIOKCHHAS PEOJIOTHYCCKAsT MOJICIIb IPCBECHHBI HY)KACTCS B YTOUHCHHUH, @ IMEHHO
B KOPPEKTUPOBKE KOAIPPHUIIMECHTOB THAPOPACIIHUPEHIS B 3aBUCHMOCTH OT BJIaXXHOCTH JpEBECHHBL. JlanbHeliee
HaTpaBJICHUE FICCICIOBAHNSI aBTOPOB OYAET HAIpPaBJICHO HA MPOBEACHNE HATYPHBIX SKCIICPUMEHTOB TIO OTIpeie-
JeHUI0 KO3()(PUIIMEHTOB THAPOPACIITHPEHHS PA3THYHBIX COPTOB JAPEBECHHBI B 3aBUCHMOCTH OT TOJIIHWHBI Jepe-
BAHHBIX JICMEHTOB M OPHCHTAIINH CIOCB B KJICCHOH KOHCTPYKITHH.

KiroueBsle ci1oBa: MeTos caMo-(hopMooOpa30BaHus KICEHBIX JEPEBSIHHBIX KOHCTPYKIIUH,
peosoruueckas Moziens, aedopmanns
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1. INTRODUCTION

In modern construction practice, the use of
wooden structures is widespread. Over the past
ten years, unique wood facilities have been built
in Western Europe, such as “Las Setas de Se-
villa”, also known as the “Metropol Parasol” in
Seville (Figure 1), the viewing tower on Pyra-
midenkogel in Austria (Figure 2), apartment
building in London “The Cube” etc.

Figure 2. The viewing tower
on Pyramidenkogel.
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The world practice of using wooden structures
pushes scientists to study the natural structure of
wood for its effective use as a building material.
The variety of wood products requires the devel-
opment of methods for calculating structures
from this material. A great deal of knowledge and
experience in wood design is now being devel-
oped, but there are a number of issues that remain
unresolved [1-4].

Wood — natural anisotropic material. A distinc-
tive feature of its structure is the specific orienta-
tion of various tissues in it. Their directional ar-
rangement forms a fibrous structure. In addition,
and concentrically arranged annual rings give the
wood a layered structure [5].

The unique structure of wood gives the wood ex-
ceptional advantages: relatively low density,
high specific tensile strength along the fibers, re-
sistance to salt aggression and other chemically
active substances, high aesthetic and acoustic
properties, etc. At the same time, wood defects,
such as knot cluster, spiral grain, porosity,
bultswell, reduce the quality of products and
structures. Low fire resistance, decay and dam-
ages by bugs require additional protection
measures for wooden structures. Anisotropy and
change in physical and mechanical properties
significantly limit the field of application of
wood. But at the beginning of the second decade,
based on the scientific works of S.P. Tymo-
shenko [6], several researchers from Switzerland
and Germany [7] proposed a technology for us-
ing these shortcomings of wood to produce glued
wooden structures of complex architectural
shape. They called their method "self-shaping
glued wooden structures".

2. METHOD OF SELF-SHAPING
OF GLUED WOODEN STRUCTURES

Self-shaping method used for the production of
glued wooden structures of curved shape. This
method is based on the processes of drying and
swelling of wood, as well as on its anisotropy. To
give a curved shape, two layers are distinguished
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in a glued wooden structure: active and passive
(Figure 3).

Active layer

Passive layer

Figure. 3. (a) - wood element before drying; (b)
- wood element after drying:
L - length, d - width, H - general thickness,
h, - thickness of the active layer, h, - thickness

of a passive layer.

The main idea of the self-shaping method is that
when the active layer is moistened to a certain
value before gluing the layers of wood, the layer
swells and increases in size. After that, the active
and passive layers are glued together.

During drying of the glued wooden structure,
moisture from the wood of the active layer is re-
moved, and it decreases in size. The passive layer
resists deformation of the active layer, as a result
of which the glued wooden structure acquires a
curved shape. The curvature of the structure de-
pends on several factors, such as mechanical
properties of the wood (modulus of elasticity,
modulus of shear, Poisson's coefficient), humid-
ity and thickness of the active and passive layers,
orientation of the layers.

Vladislav S. Ponomarev, Galina G. Kashevarova

3. DESCRIPTION OF RHEOLOGICAL
WOOD MODELS

The application of the self-shaping method of
glued wooden structures requires the most com-
plete and accurate rheological model of wood to
predict the final shape of the structures. To date,
scientists from around the world are conducting
research to refine or develop a new rheological
model of wood.

For example, E. M. Tyuleneva [8] proposed her
rheological model of wood, in which the com-
plete relative deformation of wood is defined as

Ezt
g=£+i+ﬂ[l—e z J (1)
E

where o - stress in wood, E| - instant module of
elasticity, £, - elastic modulus of the second
kind, E, - plastic module of deformation, 7, -

elasticity coefficient, ¢ - loading time of wooden
specimen.

A group of researchers Vasilenko A. S. and
Yudin R. V. conducted studies to determine the
deformation of wood in the manufacture of
sleepers. The authors of article [9] proposed a
mathematical model in which the total relative
deformation of wood is defined as

gi+i(E_M_1J[1_e[£iI’ijaJ, @

E, E,|E

M M g

where o - stress in wooden element, E,, - instant
elastic modulus, E, - long modulus of elasticity,

which characterizes the final elastically elastic state
of wood, ¢ - loading time, n - relaxation time,
a <1 -rheological coefficient.

Foreign researchers Hassani M. M. and others
from Germany and Switzerland, who proposed
the method of self-shaping, developed their own
rheological model of wood [10]. It defines the to-
tal relative deformation of wood as the sum of
five components (Figure 4):
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Figure. 4. Schematic illustration of the
rheological model of wood [7].

— elastic deformation & ;

— irrecoverable plastic deformation &”';

— deformation of drying or swelling caused by
change in moisture content of wood &£“;

— deformation of viscous-elastic creep &;*;

— deformation of mechano-sorption creep 7" .

As aresult, the tensor of complete relative defor-
mation of wood consists of five components:

n m
e=elHe+e 4D e+ D " (4
P =

The key feature of this model is the determination
of the deformation of drying and swelling of wood,
since it is it that plays an important role in the
method of self-shaping of glued wooden structures.
When drying wood, moisture inside the wood
moves to the surface, and moisture evaporates
from the surface of the material into the environ-
ment. With a decrease or increase in moisture,
wood shrinks or swells.

To describe deformation in these processes, the
authors [10] proposed to use an approach similar
to the thermal expansion of the material. Change
of linear dimensions of wood in different ana-
tomical directions directly proportional to in-
crease of wood humidity [10]:

8w=aw(Z\4in(a),a)FS)—a)0), %)
where @ - current humidity of material, @, -

moisture content of wooden specimen, at the value
of which shrinkage or swelling does not occur (for
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a number of sources this value varies from 28 to 30
percent [11]), @, - final humidity of wood. The

vector ¢, consists of hydraulic expansion coeffi-

cients and in the coordinate system R7TL (R, T, L
- the anatomical direction of wood growth: radial,
tangential longitudinal) is defined as

a, ={a.a.,a,,0,0,0}. (6)

The authors [10] assume that the coefficients are
a,, o, , o, constant for each type of wood and

do not depend on the level of humidity. Coeffi-
cient values are given in [10]

Analyzing the presented rheological models of
wood behavior, we can say that the rheological
model proposed by foreign authors takes into ac-
count more factors affecting wood deformation.
For the practical application of the self-forming
method of glued laminated wooden structures,
accounting for the deformation of drying and
swelling of wood is the most important factor for
predicting the final curved shape of the wooden
structure.

4. VERIFICATION OF THE
RHEOLOGICAL MODEL OF WOOD

Based on the above-described rheological model of
wood (4) and the method of self-shaping of glued
wooden structures, a numerical simulation of the
deformation process of wooden beams was carried
out in order to verify the rheological model with
natural experimental studies (Figure 5) [7].

As the material of the initial samples, two varie-
ties of wood were used European beech and Nor-
wegian spruce. A total of three types of speci-
mens 600 mm length, 100 mm wide and 15, 30
and 45 mm thick, specimen number 1, 2 and 3
respectively, were tested. The ratio of the thick-
ness of the active layer of the passive layer was
1:2.

The passive layer was made of a solid board 600
mm long and 100 mm wide, and the active layer
was made of a board 250 mm long and 100 mm
wide.
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Figure. 5. Results of reshaping samples after
drying. Bilayer samples (configurations 1-3)
made of European beech (4) and Norwegian
spruce (B). Moisture change of wood (w) mod-
eled by finite element method and measured on
experimental samples. Curvatures (k) versus
square root of time, and curvatures versus mois-
ture contents with comparison to model predic-
tions [7].

A polymer adhesive composition was used to
glue the active and passive layers. In addition, the
researchers conducted an analytical and numeri-
cal calculation of the deformation of glued
wooden structures made by method of self-shap-
ing.

Analyzing the obtained values of deformations of
glued wooden beams, obtained from the results
of full-scale experiments, numerical modeling
and analytical calculation, we can conclude that:
— in the process of drying both wood grades, the
humidity and time changes obtained during the

Vladislav S. Ponomarev, Galina G. Kashevarova

full-scale experiment and as a result of numerical
modeling are close to each other;

— for European beech, the dependencies of the
change in curvature (shape change) of the sample
on the time and moisture of wood, obtained
during the full-scale experiment and as a result of
numerical modeling, are also close to each other,
but for Norwegian spruce, similar dependencies
differ: the beam curvature according to the
results of numerical modeling is greater than the
curvature obtained during the full-scale
experiment.

5. CONCLUSION

The method of self-shaping of glued wooden
structures is a promising technology for design-
ing and producing building structures of unique
architectural forms from wood. This method is
based on rheological processes occurring in ani-
sotropic material, drying and swelling of wood.
Studying the change in the mechanical character-
istics of various types of wood due to an increase
or decrease in its humidity will allow you to more
accurately predict the final form of wooden struc-
tures made by self-forming.

Currently, the rheological model (4), describing
the complete relative deformation of wood as the
sum of five components: elastic and plastic de-
formation, drying or swelling of wood, defor-
mation of viscous-elastic creep and mechanical-
sorption deformation, needs to be clarified. This
was shown by the results of field experiments
and numerical modeling. According to the au-
thors, these discrepancies can be caused by not
taking into account the influence of thickness and
orientation of the active layers in determining the
factors of hygro-expansion coefficients of wood
(6) [10].

Further research on the mechanical behavior of
wood by the authors will focus on refining the
mathematical model of the processes of drying
and swelling of wood and conducting full-scale
experiments to determine the hygro-expansion
coefficients at different thicknesses and arrange-
ment of wooden elements.
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NUMERICAL MODELING AND FULL-SCALE EXPERIMENTS
OF GLUED WOODEN STRUCTURES JOINT DESTRUCTION
ON CARBON-FIBER DOWEL PINS
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Abstract: This paper presents the results of numerical modeling and full-scale experiments of the failure process
of a glued laminated timber beam with rigid joint in the middle. All the connecting parts are made of carbon fi-
ber. The structural analysis is done with the finite element method (ANSYS software). The nonlinear problem
was solved. The contact interaction of the structural elements in the process of deformation and fracture, as well
as orthotropy of the wood, the transversely isotropic properties of the plates, and the real diagrams of the defor-
mation of carbon fiber dowel pins were taken into account. The influence of the structural parameters of the joint
on the position of the most loaded dowel pin in the joint and the bearing capacity of the general structure are in-
vestigated. To verify the structural analysis results, field tests were carried out before destruction by a stepwise
increasing load on a personally designed stand. The destruction of the structure occurred according to the fore-
cast of the numerical model as a result of the mutual slip of the glued wood layers and the destruction of the pol-
ymer matrix of the glued dowel pins with the beginning of the formation of plastic joints and the formation of
cracks in the wood at the junction.

Keywords: wood, carbon fiber, computer model, ANSY'S, finite element analysis, composite material, contact

YUCIEHHOE MOAEJIUPOBAHUE U HATYPHBIE
IKCIIEPUMEHTDBI PASPYHIEHUA CTBIKOB KJIEEHBIX
JEPEBSAHHBIX KOHCTPYKIUIA HA YTJIEINIJIACTUKOBBIX
HATI'EJIAX

Booannuxoe M.A."?, Kawesapoea I.I".!, Cmapobozamos JI.HU.3
! TlepMcKwHii HAITMOHATBHBINA UCCIIEIOBATEILCKAN TTOJUTEXHUYECKUH YyHUBEpCcHTeT, T. [Tepmb, POCCU S
2 AO «BHUU T'anyprumy, r. Ilepmb, POCCUSA
3 Durham College, r. OnTapuo, KAHAJIA

AnHOTauus: B manHoi paboTe mpeacTaBiIeHbl Pe3yabTaThl YUCICHHOTO MOJICTHUPOBAHUS U HATYPHBIX dKCIIEPH-
MEHTOB TpoIlecca Pa3pylICHUs KOHCTPYKIUU OalKU U3 KIICCHON JPCBECHHBI C HATCIBHBIM CTHIKOM, COCITUHU-
TeJIbHBIE 2JIEMEHTBI KOTOPOIr'O M3rOTOBJICHBI U3 yriemiacTuKa. PacueTsl MpoBOJMINCH METOAOM KOHEUHBIX 3Jie-
MEHTOB B nporpaMMHoM komriekce ANSYS. Pemanace HenuHelHas 3ajja4a. Y UUTHIBAJIOCh KOHTAKTHOE B3au-
MOJICHCTBUE COCTABJISIOIINX JJIEMCHTOB KOHCTPYKIIMU B Tpoliecce NeOPMHUPOBAHUS U Pa3PYIICHUS, a TaKKe
OPTOTPOIHS APCBECHHBI, TPAHCBEPCATbHO-U30TPOITHBIC CBOICTBA IIACTUH, PeabHBIC TUarpaMMbl 1eGopMUpO-
BaHUs YIJIEIUIAaCTUKOBBIX Haresiel. MccinenoBaHo BIUSIHUE KOHCTPYKTUBHBIX MAapaMETPOB CThIKA Ha TOJOKEHUE
HanboJlee Harpy>KEHHOTO CTEP)KHS B COCIMHEHUH M HECYIIYIO CIIOCOOHOCTh KOHCTPYKINHU Oanku. [t Bepudu-
KaIli{ Pe3yNbTaTOB pacyeTa IMPOBOAMINCH HATYPHBIC HCIIBITAHUS 0aJIOK 0 Pa3pyLICHHUS MTOIIAaroBO BO3pacTaro-
el Harpy3Koi Ha CTIEIIHATBFHO 3aIPOSKTUPOBAHHOM CTEHE. Pa3pylieHne KOHCTPYKIIUH POHU30IILIO COTIACHO
MIPOTHO3Y YUCIICHHON MOJENH B Pe3yIbTaTe B3aMMHOTO IPOCKAIB3BIBAaHHS CIIOCB KICCHOW JIPEBECHHBI H Pa3py-
IICHUS MTOJMMEPHON MaTpPHUITHl BKIIEHBACMBIX CTEp)KHEH ¢ HawajaoM 00pa30BaHUS IUIACTHYECKIX IMIAPHUPOB MO
MSATKAMH TPaBEPChl U 00Pa30BaHUEM TPEIIUH B IPEBECHHE B MECTE CTHIKA.

KutioueBble ciioBa: IpeBecHHa, YIieIacTUK, KOMIbIOTepHas Mojeib, ANSYS,
KOHEYHORJIEMEHTHOE MOICTUPOBAHUE, KOMIIO3UTHBIM MaTepHall, KOHTAKT
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1. INTRODUCTION

Joints of solid and glued timber structures are the
most responsible and extremely labor-intensive
design section in the construction of long-span
architectural forms. Numerous studies of wooden
structures joints were carried out by such institu-
tions as VIAM, TSNIISK, TsAGI, MISI, LISI,
VIA and researchers: G. G. Carlsen, 1. P. Kulibin,
V. G. Shukhov, V. M. Kochenov; Gestesi, Earl,
Schnidtman and others.

S. A. Andreev [1], V. N. Maslov [2], V. F. Ivanov
[3], B. L. Nikolai [4], A. V. Lenyashin [5], V. G
Donchenko [6], Yu. V. Slitskoukhov [7]) consid-
ered a dowel as a beam on an elastic base.

G. G. Carlsen was the first to propose a method
for calculating joints by permissible stresses. V.
M. Kochenov [8] proposed a methodology for
calculating nugget joints taking into account the
elastic-plastic work of wood in the nest for col-
lapse and the plastic work of rods for bending.
The authors S. B. Turkovskii and A. A. Po-
goreltsev [10-13] proposed a universal joint on
glued rods (“TsNIISK system”) using steel pins
and overlays (Figure 1), which made it possible
to create a large number of unique large-span
wood structures.

] 2 Houalu vy hoiocoto cnom

3 Momonse woxiod ke copce

b Aprampie (nepmy, Dxreeae
noregex b0A0cox

S Bufeewa® HOCAHWE COMOTUDHE
cmepy n0d y2ron 30-45 zpoducol

Figure 1. Universal joint “TsNIISK system”.

Despite the multipurpose of such compounds,
their practical use in load-bearing structures in
some cases (chemically aggressive environment,
high humidity, etc.) is not reliable, since there is
a risk of premature failure of the structure due to
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corrosion of steel parts. The restoration of the
anticorrosion layer is often impossible without
stopping the operation of the facility. The high-
temperature effect when using steel parts at the
joints of the weld joint (patch pads, reinforcing
bars) leads to stress concentrators associated
with the destruction of the wood structure in
these areas. A significant difference in the linear
thermal expansion coefficients a*106 (1/0C) of
steel (13.0) and wood parallel to the fibers (3.7)
leads to a limitation of the joining of large-
assembled large-span elements under conditions
of a large annual temperature difference. The
fire resistance of a massive wooden section
treated with flame retardant allows structures to
withstand up to 60 minutes without collapse,
while the transition of steel connecting parts to a
plastic state in a fire will occur 5-12 times less
(depending on temperature).

In [14, 15], it was shown that it is mainly possi-
ble to use composite materials (carbon fiber,
basalt, fiberglass) instead of steel to create equal
strength joints of wooden structures [16]. But
the widespread use of composites today is hin-
dered by the lack of a full regulatory frame-
work, a relatively high cost, a small number of
industries and limited application experience.
The issue of improving the connections of solid
and glued wood structures using glued rods and
pads made of composite materials (including
carbon fiber reinforced plastics) is relevant and
expands the possibilities of using renewable
natural materials.

The existing methodology for calculating the
connections of the “TsNIISK system” is re-
duced to comparing the minimum bearing ca-
pacity of a rod from the condition of crushing a
wood point or bending, the most loaded of rods.
However, methods for determining the forces in
the pins to find the most loaded rod in the nor-
mative documents are not given [17].

The study of the processes of deformation and
fracture of a structure under complex stress
conditions requires the use of adequate mathe-
matical models of the mechanical behavior of
materials and a high degree of detail of structur-
al elements. The use of numerical methods, the
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capabilities of modern software systems and
computers allows us to describe with high accu-
racy the behavior of the elements of the joint
structure in a complex stress state. To analyze
the stress-strain state of the structure, the finite
element method in the form of the displacement
method and “ANSYS” program complex [18],
verified at the Russian Academy of Architecture
and Building Sciences, was used.

The purpose of this study is to determine the
stress-strain state of the elements of the rigid
joint of glued wooden structures using compo-
site parts with numerical modeling and a full-
scale experiment. To show the fundamental pos-
sibility of using composite parts and rods as an
alternative to steel elements when creating equal
strength assemblies.

To achieve this goal, the following tasks were
solved:

1. Creating a design model for the construction
of a wooden beam with a joint node, taking into
account the orthotropy of glued wood and the
contact of the elements of the joint.

2. Structural analysis of the stress-strain state of
the structure with different configuration op-
tions using four-point bending.

3. To determine the places of the most possible
destruction of the structure depending on the
parameters of the joint design.

4. To verify the results obtained, conduct full-
scale experiments and a comparative analysis
with the engineering calculation method.

2. METHODS

In this study, a calculated finite-element model
of a layered wooden beam with a joint in the
middle of the span was created. It was tested
using the four-point bending technique (Figure
2a). The model was built in AutoCAD and ex-
ported to ANSYS using macros written in the
parametric programming language APDL. The
joint overview is shown in Figure 2b.

The main feature of the considered structure is
the contact interaction of bodies [19], the inclu-
sion of which allows to simulate the behavior of

Volume 16, Issue 2, 2020

its constituent elements in the process of defor-
mation and fracture.

F F

A

g -

h)

Figure 2. The design scheme of the beam and
joint overview.

The stress state in the contact zones is extremely
diverse. Surfaces can come in and out of contact
all of a sudden. The stress state is significantly
affected by friction, and it must be taken into
account.

At the joint boundaries of the contacting ele-
ments, distributed surface forces arise. Normal
t» and tangent #; components of the distributed
contact force acting on any element have the
form:

t,=t-n=0 (D)
t,=t-T, (2)

where 7 - external normal to the contact surface
of the body, r - tangent vector to the contact
surface of the body.

In equation (1), non-strict inequality turns into
equality when the bodies exit the contact and
into strict inequality when they are in contact.
Tangent contact forces can take any value. The
application of the tangential stress in the contact
does not lead to slippage, provided that the
bodies in the contact area are glued to each
other or the friction coefficient tends to infinity.
In this case, the tangential contact forces are
independent of normal contact forces, but are
not equal to zero.

The contacting bodies are motionless relative to
each other, i.e. tangential forces obey Coulomb's
law as long as the inequality holds:
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|te] = peltnl 3)
where p_ = 0 — static coefficient of friction.

If inequality (1) is violated, the bodies begin to
move relative to each other. Then the tangential
contact forces obey the following equality:

|tr|=#d|tn|’ (4)

where p,; — dynamic coefficient of friction,
Mg = s

The movement will continue until inequality is
fulfilled and will not start again until inequality
is violated again (3).

lt.| < paltal, (5)

When friction in the contact zones is taken into
account, the solution of the problem substantial-
ly depends on the sequence of application of
external loads, and complex loading programs
are implemented at the points entering and leav-
ing the contact [20 - 22].

The development trend of leading software sys-
tems (PCs) is the implementation of a set of
mathematical models in them to describe differ-
ent physical processes. The user connects the
necessary models at the stage of setting the
problem, setting the corresponding boundary
conditions and other required input data.

The ANSYS Workbench software module con-
tains a large set of contact technology tools inte-
grated into the finite element method for devel-
oping various contact options [7, 8]. Two inter-
acting surfaces are distinguished in a contact — a
contact pair. One of the surfaces is conventional-
ly called “contact” and the second — “target”. The
choice of contact model is the most important
issue in solving contact problems.

In this task the contact area can change and in
the general case it contains both adhesion and
sliding sections that occur when the module ex-
ceeds the tangential force of the limit value of
the friction force (rest friction). To model con-
tact interaction and sliding between three-
dimensional surfaces, the Frictional model and
contact elements CONTA174 and TARGE170
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were used. The friction coefficient depends on
the materials, and is adopted for a pair of wood-
carbon fiber — 0.25, and for a pair of wood-
wood — 0.33.

The following finite elements were used to cre-
ate the calculated finite element model of the
model: the beam body was modeled with 8-node
SOLID185 elements, the rods with 3-node
BEAMI88 elements, and the pads with 8-node
SHELL281 elements. Different mesh options
were considered. From the point of view of
convergence and calculation speed, a mesh with
grinding in the contact zone is preferable. The
size and type of mesh significantly affects the
analysis results.

The load in the form of two concentrated forces
F=1,25 kN (Figure 2a) was adopted in accord-
ance with the recommendations of the National
Standart “Wooden Structures”.

The joint was made in the middle of the span.
The design is a composite. Wood is defined as an
orthotropic material with the following character-
istics: elastic modulus along the x axis, Ex =
1.1x10'° Pa; elastic modulus Ey = E, = 4.5x 108
Pa; Poisson's ratios vxy = 0.45, vy, = vy, = 0.018;
shear modulus Gx = Gy = G, = 6 x 10° Pa.

The glued rods are carbon fiber on a polymer
matrix [23] with the following characteristics:
tensile strength at break o; = 2.248 x 10° Pa;
elastic modulus E = 117 x 10° Pa; Poisson's ra-
ti0 Vxy = vyx = 0.31.

The overlays are defined as a transversally iso-
tropic bidirectional carbon fiber reinforced plas-
tic with a direction of reinforcing layers of +45
degrees with the following characteristics: ten-
sile strength at break o = 7.65 x 10° Pa; elastic
moduli Ex = Ey = 87.2 x 10° Pa, Ez = 65.4 x
10° Pa; Poisson's ratios vxy = vyx = 0.268; vy, =
0.018.

Numerical implementation of nonlinear prob-
lems of determining the stress-strain state of a
structure was carried out by a step-by-step
method by replacing the entire load with a series
of its small increments. Within each loading
step, the load can be further divided into several
solution steps to ensure gradual application of
the load. At each step of the solution, to obtain
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convergence, equilibrium iterations were per-
formed using the Newton-Raphson method. The
convergence check for forces and displacements
was carried out using the Euclidean norm for all
degrees of freedom.

3. RESULTS AND DISCUSSION

The results of calculating a variant of a beam
with arrangement at the junction of eight pins
on each side at an angle of 45 ° to a line running
along the long edge of the beam are shown.
Figures 3 and 4 show the isofield of the distribu-
tion of equivalent stresses in wood and connect-
ing parts (pads and rods).

>_

:14.)1'_ 12 E+08 . 248E+08
. 206E+08"

.2B9E+ 330E+08 1 mog

Figure 3. Isofields of stress distribution in the
body of wood (Pa).

=

B11E+0E 102500
Figure 4. Isofields of the stress a’zstrzbutzon in
connecting parts (Pa).

242409 *.720B-09

The contact interaction status of structural ele-
ments is shown in Figure 5 (orange color indi-
cates slippage of wood layers relative to each
other (“SLIDING” in ANSYS terminology), as
well as slippage of rods in landing slots at the
moment of sample destruction).

Volume 16, Issue 2, 2020

Plastic deformations in a specimen with a rig-
id joint begin to form under the supports of
the beam in the zone of maximum bending
moment at a load of 15.4 kN. A diagram with
the locations of the resulting plastic hinges is
shown in Figure 6. The failure of the joint oc-
curs at a load of 25.6 kN. In this case, the
opening of the joint zone and the separation of
the connecting strips, as well as the rods at the
contact points.

" — —
Figure 5. Contact interaction of the rods, pads
and layers of wood at the time of destruction.

The maximum equivalent stresses in the glued
rods forming a rigid joint were 600.7 MPa. The
voltage distribution fields in the connecting
parts are shown in Figure 6.

Figure 6. Plots at the beginning of the formation
of plastic hinges under the supports of the beam.

At the moment of sample destruction, the max-
imum displacements of the middle of the beam
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span (at the junction) according to the results of
numerical simulation were equal to 9.75 mm.
The maximum equivalent stresses in the glued
rods forming a rigid joint were 600.7 MPa. The
voltage distribution fields in the connecting
parts are shown in Figure 7.

The most responsible (bottleneck) is the area of
glued rods located between the plate and the
wood - in this place the greatest bending stress-
es arise. In Figure 7, these areas are painted in
light blue. When designing the joint, it is advis-
able to use conical-shaped rods with a thicken-
ing at the junction of the parts to be joined.

Figure 7. Isofields and stresses in the rods on a
stretched pad.

In order to assess the influence of the parameters
of structural elements on the bearing capacity of
the joint and to determine the most loaded rod in
the joint, a multivariate computational experi-
ment was conducted. The following parameters
were taken as variable: position (gluing angle)
¢=15, 30, 45, 60 (Figure 8); the number of pins
in the connection N =4, 8, or 12 pcs.

y 400
1
¢
D —
2 7 >
Figure 8. The angle of gluing rods.
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The rods are installed in two longitudinal rows,
the location of the rods is taken in accordance with
the requirements of paragraphs 7.18, 7.19 [9].

The following are taken as controlled design
parameters: maximum equivalent stresses be-
fore failure for all joints: in wood, in rods, in
overlays and maximum beam deflection in the
vertical plane.

The following are taken as controlled design
parameters: maximum equivalent stresses be-
fore failure for all joints: in wood, in rods, in
overlays and maximum beam deflection in the
vertical plane.

The results obtained during the computational
experiments are shown in Figures 9-12.

= 1100
Q
E
g ——
= — e
=2 1,000 —
= I —
=
=
3 0900
0,800
4 rods 8 rods 12rods
=40 degrees 1,049 1,015 0,995
15 degrees 1,025 1,008 0,996
=i 3() degrees 1,020 1,005 0,997
== 45 degrees 1,013 1,000 0,994
== 60 degrees 0,980 0,959 0,955
NUMBER OF RODS

Figure 9. Deflection of the beam
in the vertical plane.

1,300

1,200

i

0,900

STRESSES INWOOD,
MPA

0,800

4 rods 8rods 12rods

—4—0 degrees 1,202 1,173 1,135

15degrees 1,135 1,032 0,876
=ie==30 degrees 1,148 1,062 0,984
== 45 degrees 1,119 1,000 0,951
== 60 degrees 1,181 1,102 1,081

NUMBER OF RODS

Figure 10. Maximum equivalent stresses
in wood.

It can be seen from the graphs that the beam de-
flection decreases with an increase in the angle of
inclination of the rod (logically, the rods become
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more parallel to the boards and create longitudinal
reinforcement). Stresses in wood and CFRP vary
insignificantly, and the stresses in the rods and
pads are greater, the smaller the rods.

1,600
1,500
1,400
1,300
1,200
1,100
1,000
0,900
0,800

STRESS INTHE RODS,
MPA

4 rods
1,562
1,390
1,503
1,367
1,385

8 rods

1,397

1,015

1,227

1,000

0,982
NUMBER OF RODS

12rods
1,034
0,926
1,023
0,897
0,981

e 0 degrees

15 degreess
=== 30 degrees
== 145 degrees
== 60 degrees

Figure 11. Maximum equivalent stresses

in the rods.
1,200
g
2 1,100
&
I«
=
z % 1,000
n
b4
e 0,900
=
n
0,800
4 rods 8rods 12rods
—4—0 degrees 1,100 1,053 0,884
15degrees 1,096 0,872 0,815
=30 degrees 1,165 0,933 0,884
=¢=145 degrees 1,112 1,000 0,929
== 60 degrees 1,124 1,028 1,018
NUMBER OF RODS

Figure 12. Maximum equivalent stresses
in pads.

4. FULL-SCALE EXPERIMENTS

The scheme of full-scale testing of the sam-
ples corresponded to the design scheme shown
in Figure 2. The joint was made in the middle
of the span. The beam body is glued wood of
the second grade with a section of
100%225%x3000 mm. The glued rods are car-
bon fiber with a diameter of 5 mm, obtained
by pultrusion. The overlays on the top and
bottom of the beam — bidirectional carbon fi-
ber on the matrix of the synthetic polymer
binder are anchored (fixed) into the body of
the wood using glued rod.

Volume 16, Issue 2, 2020

The tests were carried out until the destruction
of the sample stepwise increasing load on a in-
dividually designed bench. The pressure on the
beam was transmitted by means of a hydraulic
jack DUS50P250 through a traverse with two ar-
ticulated supports. The load value was taken
from an electronic pressure gauge connected to
the oil station via high pressure hoses. The value
of the breaking load was taken at the moment at
which an increase in displacements was ob-
served with the jack support pressure drop. To
measure the displacements, inductive linear dis-
placement sensors DPL-100 were used, con-
nected to the TEREM-4.1 recording unit.

A general view of the beam on the bench is
shown in Figure 13. The sample after the de-
struction of the joint, is shown in Figure 14.

e
y o

F lge 13. General vie the éim »
on the bench.

of the joint.
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The tests were carried out until the sample was
destroyed by a stepwise increasing load on a spe-
cially designed bench. The breaking load is set at
25.4 kN, the displacement in the middle of the
span was 7.2 mm. The compressed (upper) edge
of the beam at the junction closely approached the
opposite part of the beam, forming a frontal stop.
The maximum width of the opening of the lower
edge at the junction was noted with an indicator
value of 5.7 mm, with an initial gap value of 1
mm before the test.

Figure 15 shows the graphs of the dependence of
the maximum displacements of the beam on the
load obtained in computational and field experi-
ments. Sensors "1" and "3" are installed under the
support heels of the beam, transmitting the force
directly to the beam. Sensor "2" is installed in the
middle of the beam span (at the junction).

Deflection versus load diagram

0 2 4 6 8 10 12 14 16
Displacement, mm

Figure 15. Graphs of the dependence
of displacements on load for experimental
and theoretical data.

The experiments were carried out until the col-
lapse of the beam and the joint with the occur-
rence of mutual displacements of the layers of
wood and pulling out individual rods. After de-
struction, the beam did not return to its original
state.

The nature of the damage in full-scale tests cor-
responds to the forecast of the numerical model.
The structure is destroyed as a result of the mu-
tual slip of the glued wood layers, the destruc-
tion of the polymer matrix of the glued rods, the
formation of plastic joints under the heels of the
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beam and the formation of cracks in the wood at
the junction.

After the first rod was turned off from work, the
structure continued to work elastically for some
time, but with an increase in load and a sharp
destruction of the remaining rods, the joint of
the structure completely destroyed. This infor-
mation is confirmed by the spasmodic behavior
of the curve on the load-displacement graph,
followed by an increase in deformations when
the load drops.

S. CONCLUSION

The creation of a correct design model for the
construction of a wooden beam with a nodal
joint, taking into account the orthotropy of
glued wood and the contact interaction of the
joints, the use of numerical methods and mod-
ern software systems, allows us to understand
the nature of the destruction of the composite
structure, the distribution of stresses and dis-
placements that occur inside the joint, hidden
for registration during experimental research.
The places of the most probable destruction of
the structure are determined depending on the
parameters of the joint design.

The principal possibility of replacing metal
parts with carbon fiber to create equal strength
joints of wooden structures is shown. When
comparing the results of experiments of a beam
with a joint on glued rods with a similar contin-
uous beam, the reinforcing effect of the rods is
noted, since the glued joint rods prevent mutual
displacement of the layers.

Short-term tests as a whole showed viable solu-
tions when designing joints on glued rods [24],
however, to complete the picture of the opera-
tion of such parts, it is necessary to conduct
long-time based experiments, including fire
tests and vibration load tests. It is necessary to
take into account the aging of composites. Also,
a long-time experiment is designed to show the
joint work of the composite and wood, because,
for example, steel rods form an oxide corrosion
shell over time and after several years of opera-
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tion cease to provide the initial joint work in the
wood nests. It is assumed that composite solu-
tions for joints of glued wooden structures will
be free from such drawbacks.
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ANALYSIS OF NONLINEAR FORCED VIBRATIONS
OF FRACTIONALLY DAMPED SUSPENSION BRIDGES
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Abstract: Nonlinear force driven coupled vertical and torsional vibrations of suspension bridges, when
the frequency of an external force is approaching one of the natural frequencies of the suspension
system, which, in its turn, undergoes the conditions of the one-to-one internal resonance, are
investigated. The method of multiple time scales is used as the method of solution. The damping features
are described by the fractional derivative, which is interpreted as the fractional power of the
differentiation operator. The influence of the fractional parameters (orders of fractional derivatives) on
the motion of the suspension bridge is investigated.

Keywords: suspension bridge, nonlinear force driven vibrations, fractional damping, generalized
method of multiple time scales

AHAJIW3 BBIHY ) KJEHHBIX HEJIMHEVHBIX KOJIEBAHUM
BUCAYUX MOCTOB IIPU HAJIMYUU BHYTPEHHEI' O
PE3OHAHCA OJUH-K-OAHOMY
C IOMOLBIO MTPOU3BOAHBIX TPOBHOI'O IMMOPAAKA

M.B. IHTumuxkoea®?, A.JI. Kamemoo'

! BopoHEKCKHIA TOCYJapCTBEHHBIN TEXHUYECKUI YHUBEPCHUTET, T. Boponex, POCCHU
2 Hay4HO-MCCIIEIOBATENBCKU I HHCTUTYT CTPOUTENBHON (PU3MKK
Poccuiickoil akaneMuu apXuTeKTYpbl U CTPOUTENBHBIX HayK, I. MockBa, POCCUS

AnHoTanus: Vccrnenytorcs HelnMHEeWHbIe BBIHYKICHHbIE H3THOHO-KPYTIIIbHBIE KOJICOaHUS BUCSIETO MOCTa
IPY HAJIMYUY BHYTPEHHETO pe30HAaHCa OJMH-K-0JJHOMY B CJIy4ae, KOT/Ia YacTOTa BO3MYIIAIONIeH CHIIBI OJIH3Ka
0JTHOM M3 COOCTBEHHBIX YacTOT KojieOaHuii. B kauecTBe MeTO/1a pelIeHHsI CTIONIb3YyeTCsl 000OIIECHHBIH METOT
MHOTHX BPEeMEHHBIX MaciTa00B. CHITbl IeMI(UPOBAHKSI ONICHIBAIOTCS IPU MOMOIIH MPOU3BOIHON JPOOHOTO
HOpsAIKa, KOTOpash WHTEPIpPETHpYeTCsl Kak JpoOHas cTemeHb omeparopa An(QepeHIIMPOBaHNS.
[Ipoananu3upoBaHO BIMSHUE TApUMETPa APOOHOCTH Ha KOJICOAHUS BUCSUYETO MOCTA.

KiroueBble c10Ba: BUCSYHI MOCT, HETMHEHHBIC BHIHYKICHHBIC KOJICOAHMS, AeMII(HUPOBAHUE C TIOMOIIIBIO
JPOOHOM TPOU3BOIHOM, 0OOOIICHHBI METO] MHOTHX BPEMEHHBIX MacIITa0OB

1. INTRODUCTION large spans, but also are economically viable.

Compared to other types of bridges, suspension
The suspension bridges are unique building bridges have a number of technical and aesthetic
structures, as they allow one not only to cover advantages, that is why they are so widely used
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in the modern world. The history of suspension
bridges met with the largest catastrophe in bridge
construction - the collapse of the bridge over the
Tacoma River (USA) in 1940 (Tacoma Narrows
Bridge). In flexible suspension bridges under the
action of various dynamic loads, such as moving
load or wind, strong bending-torsional vibrations
could occur, sometimes resulting in extremely
large amplitudes complicating the normal
operation of the bridge, and sometimes causing
its destruction. Due to the low damping ability of
the suspension bridges, the oscillations could be
accompanied by the transfer of energy between
different modes of vibrations for a long time even
after unloading, which was the cause of their
occurrence. This is explained by the phenomenon
of internal resonance, when one of the
frequencies of free bending vibrations is close in
value to one of the natural frequencies of
torsional vibrations, which in practice can occur
quite often due to the density of the spectrum of
the natural frequencies of suspension bridges,
which largely depend on the geometric
parameters of the bridge.

To analyze the phenomena of the internal
resonance during dynamic response of
suspension bridges, different mathematical
models have been utilized. Thus, the continuous
model proposed in [1] has been used in [2-6] to
solve the system of nonlinear differential
equations describing the dynamics of suspension
bridges under one-to-one [2-6] and two-to-one
[3-5] internal resonances by means of the
multiple time scales perturbation technique [7].
The state-of-the-art survey of the internal
phenomena in suspension bridges was made by
Shitikova and Rossikhin [8] in their plenary
lecture at the 5th European Conference of Civil
Engineering held in Florence, Italy in 2014.
During this report, the authors passed aloud their
opinion that the reason of failure of the Tacoma
Narrows Bridge was connected with the internal
resonance between vertical and torsional
vibrations.

This idea was repeated a year later, in 2015, by
Arioli and Gazzola [9], who trying to explain
why did torsional oscillations suddenly appears
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before the Tacoma Narrows collapse found out
that wvertical oscillations had become large
enough and switched to torsional ones. The four-
degree-of-freedom model accounting for both the
flexural-torsional motion of the bridge deck and
for the transversal motion of a pair of hangers has
been considered in [10], and the internal
resonance between the modes of deck and
hangers vibrations has been studied. Stability of
dynamic response of suspension bridges with due
account for the phenomenon of the internal
resonance has been considered in [11]. The
generation of the force induced internal
resonance was recorded during repairs connected
with the retrofit of suspension bridges in the
U.S.A. [12].

Thus, the potential occurrence of internal
resonance phenomena has been identified as the
potential cause of critical dynamic states in long-
span suspension bridges. Therefore, the task of
studying the internal resonance in suspension
bridges is very relevant and important.

The first field observations of the vibrations of
the Golden Gate suspension bridge were made in
the period from 1933 to 1942, when
seismological instruments were installed on the
piers, towers and cables to measure any vibration
that might occur [13]. After the failure of the
Tacoma Narrows Bridge in 1940, it was decided
to install ten instruments for measuring the
vertical movement of the bridge, which worked
continuously until 1954. Vincent [14-16]
analyzed these recordings of observations of the
Golden Gate Bridge vibrations, and the field
observations of this bridge were further
continued to [17-20]. Thus, the experimental data
obtained in [20] showed that different vibrational
modes feature different amplitude damping
coefficients, and the order of smallness of these
coefficients tells about low damping capacity of
suspension combined systems, resulting in
prolonged energy transfer from one partial
subsystem to another. However, the analytical
model described in [2] with its further extension
in [3,4] allows one to analyze only free
undamped vibrations of suspension bridges.
Nonlinear free damped vibrations of suspension
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bridges in the cases of the one-to-one internal
resonance, when the natural frequency of a
certain mode of vertical vibrations is close to the
natural frequency of a certain mode of torsional
vibrations, and the two-to-one internal
resonance, when one natural frequency is nearly
twice as large as another natural frequency, have
been examined in [5] when damping features of
the system are prescribed by the first derivative
of the displacement with respect to time. It has
been shown that for the both types of the internal
resonance the damping coefficient does not
depend on the natural frequency of vibrations,
but this result is in conflict with the experimental
data presented in [20] and [21].

To lead the theoretical investigations in line with
the experiment, fractional derivatives were
introduced in [22] for describing the processes of
internal friction occurring in suspension
combined systems at nonlinear free vibrations.
The nonlinear suspension bridge model put
forward allows one to obtain the damping
coefficient dependent on the natural frequency of
vibrations.

The overview of the existing research of the
internal resonance in suspension bridges could be
found in [23,24].

In the present paper, the model proposed in [22]
for the analysis of free damped vibrations is
generalized to the case of nonlinear forced
vibrations of suspension bridges, when the
frequency of the external force is close to one of
the natural frequencies of the vertical vibrations
of the suspension combined system, which is
subjected to the condition of the one-to-one
internal resonance.

2. PROBLEM FORMULATION

To analyze the forced damped vibrations of
suspension bridges we will use its classical
scheme involving a bisymmetrical thin-walled
stiffening girder connected with two suspended
cables by virtue of vertical suspensions [25]. The
cables are thrown over the pilons and are
tensioned by anchor mechanisms. The
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suspensions are considered as inextensible and
uniformly distributed along the stiffening girder.
The cables are parabolic, and the contour of the
girder's cross-section is underformable. It is
assumed that the girder's contour translates as a
rigid body vertically (in the y -axis direction) on
the value of 7(z,7) and rotates with respect to

the girder's axis (the z-axis) through the angle of
¢(z,t) (Fig. 1). The origin of the frame of
references is in the center of gravity of the cross
section.

It is known for suspension bridges [2-4] that
some natural modes belonging to different types
of vibrations could be coupled with each other,
i.e., the excitation of one natural mode gives rise
to another one. Two modes interact more often
that not, although the possibility for interaction
of a greater number of modes is not ruled out.
Below it would be considered the case when only
two modes predominate in the vibrational
process, namely: the vertical » -th mode with

linear natural frequency ,,, and the torsional
m -th mode with the natural frequency Q,, .
Under such an assumption the functions 7(z,7)

and ¢(z,t) could be approximately defined as

(using the eigenbase of the associated linear
undamped unforced problem)

17(z,0) ~v,(2)x,(0),

1
o(z,t) ~ 0O, (2)x,, (1), )

where x, (f) and x,, () are the generalized
v(z) and O, (z2)

natural shapes of the two interacting modes of
vibrations.

displacements, and are

When the harmonic force F=F cos(w,t) is

applied at the center of the suspension bridge,
then the equations of its forced vibrations are
written in the dimensionless form as (what is the
immediate generalization of the approach
proposed in [22] by adding the external vertical

A

excitation with amplitude F =const and

frequency ;)
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-

Figure 1. Scheme of a suspension bridge.

nm 2

. 2 ¥ n_2
X, + @, X, + BD(x,, +a)x;, +ay x,,

n_2 nm .2 - (2a)
+(b)\x;, + b3y x5,)%,, = F cos(wy),
. 2
x2m + QOm‘x2m + ﬂDg+x2m + a1’12mxlnx2m (2b)

nm_2 m_2 _
+(e'x;, + €%5,)%,,, =0,

where a;, b,, and ¢, (i=1,2, j=2) are
certain dimensionless coefficients which are
defined in [2,22] (subsequently the indices n

and m are omitted for ease of presentation),
dots denote differentiation with respect to time,

the terms AD;'x, and BD;’x,

2x, characterize

inelastic reaction of the system, S is the
viscosity coefficient, the fractional derivative
Di.x (y=y, or y,)is defined as follows [26]

, o d prx(e—=1t)dl

xX=— 0<
o dtOF(l—y)t"( 4

<1), (3)

y is the order of the fractional derivative
(fractional parameter), and T (1—y) is the

Gamma-function.

Let us consider the case of the one-to-one
internal resonance, as well as suppose that the
frequency of the external force is close to the
natural frequency of the interacting modes, i.e.,

W, Q) ~ . 4)
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Note that the influence of the detuning parameter
characterizing the small difference in magnitudes
of the natural frequencies @, and €2, has been
investigated in [4,6,24].

Since for finding the solution of equations (2) we
will use the method of multiple time scales,
where the functions e”” are utilized as the
main harmonic functions, then in order to carry

out the calculations the following formulas will
be utilized [27]

J-oo u’e " du 5)

- - sin 7
Dé/+eiza)t — Di/eim)t + 7 . ,
T O utio

Di/eiim — (il(t))y eiriwt’ (6)

where D! is obtained from (3) changing the

low limit to —oc.

It has been shown in [28] and [29] that the second
term in formula (5) does not produce secular
terms in the method of multiple time scales under
the limitation of the zero- and first-order
approximations. In other words, this term could
be neglected in further consideration, and it is
possible to use the approximate formula

y tiot y Tiot
DO+e ~ D+e : (7)

If we take into account formula (5.82) from [26]
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B dyY ..
Dye_ta)t —| = eita)t’ 8
: ( dt] (8)

then from the combination of (7) and (8) it
follows the relationship

B dY ..
D;/ e_lwt ~| = eitwt’ 9
0+ (dfj ( )

which will be used in further calculations.

3. METHOD OF SOLUTION

We will seek the solution for two cases:
(1) B=cu andthat F =g’f,
and
(2) B=¢&*u andthat F=¢'f,

where a small parameter ¢ is introduced as a
bookkeeping device to indicate the smallness of
terms [7].

In these cases, an approximate solution of
equations (2) for small amplitudes weakly
varying with time can be represented by an
expansion in terms of different time scales

x(0) = ex, (T, 1. 1)+ &7°x, (T, T, T) +
+&’x,(T,,T,,T,) +...,
X%, (1) = ex, (1, 1, T,) + &7 x,, (T, T, T,) +
+&°%,(T,, T, T,) +...,

(10)

where
T =¢"t(n=0,1,2)

are new independent variables, ¢ is a small
parameter which is of the same order of
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magnitude as the amplitudes,and ¢ and 7 are
I,=t 1s a fast scale,

characterizing motions with the
frequencies @, and €, while

finite values. Here,
natural

T =ct and T, =&t

are slow scales, characterizing the modulations
of the amplitudes and phases.
Considering that [7]

d/dt=D,+eD,+&'D,,

(1D
d* | dt* = D} +2¢D,D, +&* (D} +2D,D,),

as well as applying the expansion of the
fractional derivative as it was suggested in
Rossikhina and Shitikova [22]

(d/dty =(D,+eD,+&D,+...) =

7 y-1 1 2 =212 (12)
=D +eyD] D1+58 y(y=1)D] "Dy ...
where D, =0/0T,

D{‘"x=ij’ X=0)dt 2012
dt?=T(1—y+n)'""™"

substituting (10) into (2), and equating the
coefficients at like powers of & to zero, we
obtain

to order ¢:
Dgxll‘*'a’(ixu =0, (13)
Dgle +Qx,, =0;
to order &£2:
D§x12 + a)02x12 =-2D,Dx;, — u(2—k)D]x,, —
—a, X, — anXs, +(2—k) f cos(a,T,),
(14)

Dyxy, + 0%, ==2D,Dyx,, — 2 = k) D] x,, —

X1 %5
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to order &°:

Dix,, + wjx,, =-2D,D,x,, —(D} +2D,D,)x,, —
—u(2-k)D'x,, — u(2—-k)yD!"'Dx,, —
—u(k=1)Dx,, —2a,,x,,X,, —20,,X,, X, —

~b,,x;, — by, x5 x,, + (k=1) f cos(w,T,), 15)
Dixy, +Qox,, ==2D,D\x,, — (D] +2D,D,)x,, —
—u(2—k)D!x,, — u(2—k)yD! "' Dyx,, —
—u(k=1)D"x,, —a,,(x,, Xy, +X,,X,,) —

2 3
TC XXy T Xy

At k=1 and k=2, we obtain governing
equations for the first and second cases,
respectively.

Integrating equations (13) yields

X, = AT, T,)e™" + A(T;,T,)e ™",

o (16)
Xy = A4,(1,T,)e

QT

+A4,(T,T)e ",

where 4, and 4,

functions, and 4, and 4, are the complex

are unknown complex

conjugates of 4, and A4, , respectively.

In order to integrate the sets of equations (14) and
(15), it is necessary to consider each case
separately.

3.1.The case k=1
Substituting (19) in (18) and
integrating, we obtain the expressions for x,

equations

and x,,. Then substituting found x,, and x,,

in equations (15) and using the standard
procedure for eliminating the secular terms, we
have

D,a, + Lé #2(ia)0)2y—3(1 —2y)+

2, 2 '
+li ! (Cin 2y§1bn) e—2m7:|a1 =0,

4 Hw,

(20)
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Now let us substitute (16) into the right-hand
sides of equations (14) putting there k=1, then

gather all terms standing at ¢ and e "

with due account for (4) and vanish them in order
to exclude secular terms. As a result we obtain

D4, +l u(io,) " A L 0,

2 di,

| ’ (17)
D 4, +E pic)) ™ 4, =0,

2 2 _ 2 2\ ZiogT
Dyx,, + @yx,, = _(allAl +and, )e -

—a,, A4 —a,A,A4, +cc,

L (18)
2 2 _ 1ayly
Dyx,, + wyx,, =—a,, A 4,e —

-a,, 4,4, +cc,

where cc is the complex conjugate part to the
preceding terms.
Integrating equations (17), we find

Al(ﬂ,z)=al(7;>exp[—§ ﬂ(ia)o)“TlJ+
(19a)
P
2u(ic,)

A2<T1,1;)=a2<73)expl—%miwoy"TlJ. (19b)

Dy, % Wi (1-2) +

1

2 2 2

1 S (aya,—2¢, _g a,,,

+—i 2 241
4 y7aron

Integrating equations (20) yields
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a=d exp{Tz H 1 (1-2p) (i, -

1 f2( - : (21a)

a, —30,) . ;
—— =——1———1> (icos 27y +sin 27:7/)}},

4 o)

1 . _

a, = al exp{Tz [‘ < (1=27)i,)" -

1 fz(analz 2¢y, 611226()072 b
__ X 21

4 ,u2a)§7+1 ( )
x(icos 2y +sin 27y )]},

0 0 :
where a, and a, are arbitrary constants.

Considering formulas (10), (16), (19), and (21),
we finally obtain

X =& LZaloefalt cosQt +

(22a)
+L cos(ooot—z ;/j}LO(gz), :
Uy 2

x, = 2ale ¥ cosQ,t+0(g?), (22b)

where
a, = 1 suw] " sin (ﬂj X
2 2

1
><|:l + 5 uy -l cos(%ﬂ -

—182 fz(a121 —3b,)
4 /120)027+1

sin(27y),

1
Q, =, {1 ts sl COS(%J -

+é 1’ 2y~ cos(my) -
_l g2 fz(a121 _3b11)

4 lu2a)§(}'+1)

cos(27z7/)},
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1 .
=7 suw]™ s1n(%J X

X {1 + % g2y —1)w] cos (%ﬂ -

2 2 2
_lgz S (aya, —2¢, —ap,0,” | 3)
2 2y+1

4 JIRON

sin(2zy),
1 wy
Q, = o, {1 ts s, COS(?J +

+é 1’ Qy -y cos(my) -

1 &2 S (aya, —2¢, — a0, /13)

4 ﬂ2a)§(7+1)

cos(27z7/)}.
Reference to the found analytical solution (22)
shows that it involves two parts: the first
corresponds to the damping vibrations with
damping coefficients and nonlinear frequencies
dependent on the fractional parameters and
describes the transient process, while the second
one is nondamping in character and describes
forced vibrations with the frequency of the
exciting force and with the phase difference
depending on the fractional parameter.

3.2.The case k=2

Let us substitute relations (16) in the right-hand
parts of equations (14) at k=2 . Eliminating
secular terms and integrating the equations
obtained, we have

DA =D A, =0, (23)
= a, AzeZi(uoTO & 2 2iegTy
12 1
30, 30, (24a)
—(al IAIZI + azzAzZ2 ) a)(f +cc,
Xy, = a;zz AlAz«e'MOT0 —% AA, +cc.  (24b)
0 0

From (23) it follows that the functions 4, and

A, are T, -independent.
Substituting then (16) and (24) in equations (15)
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and utilizing the standard procedure for
eliminating secular terms, we obtain

1 —
—iD, 4, 3 pey (i@, A — A7 4, —
o 1y (25a)
~LAAA +~T AL +—~=0,
4 4 o,

. | Vi
—iD, 4, 5 pooy ' (io,) A, — LA A A, ~
. (25b)
A A A, + n I,4°4,=0,

where coefficients 4, and I'; (i=1,2,3,4 and
j=1,2) are presented in [2,4].
Now we multiply (25a) and (25b) by 4, and 4,

, respectively, and find their complex conjugates.
Adding every pair of the mutually adjoint
equations and subtracting one from another, and
after all manipulations representing the functions

4, and A4, in their polar form, i.e.,

A(T,)) = a,(T,)exp [i(/’1 (Tz)]a
A4,(T) = az(Tz)exp[igoz(Tz)],

as a result we obtain the modulation equations

.1 . (1 1 .
a + Eya)oy ‘ sm(a m/Jal —Zl"lalaz2 sin & +

+i faw,'sing, =0, (26a)
A
a2+5,uQO sin Eﬁy a, +
(26b)
+i I,ala,sind =0,
- 71 1 2 2
4~ pa " cos| > 7y |20l ~ ol +
(26¢)

+%F,a22 cosé+ifa)0‘1al‘l cosp, =0,
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.1 _ 1

23 1y COS(E W]—ﬂsaf —Aa; +
(26d)

+i I,al cosd =0,

where
0=2p,—®)

is the phase difference, and a dot denotes
differentiation with respect to 7, .

The set of differential equations (26) subjected to
the initial conditions competely describes the
modulations of amplitude and phases of forced
damped vibrations. An approximate analytical
solution of equations (26) could be found by the
method of successive approximations.

As the initial approximation, let us consider the
solution of the homogeneous part of equations
(26):

o1 . (1
a, +E,ua)g‘ lsm(zﬂyljal =0,

.1 a. (1
a, +5ng2 lsm[zﬂyzjaz =0,

(27)
. 1 71-1 1
(/)1_5/1600 cos Eﬂ71 —-0,=0,
.1 - 1
@, —— Q" cos| —xy, —(0'1—0')=O,
2 2
which has the form
a, = aloe*S’T2 , a,= azoe*SzT2 . (28)
o =S+, @, =8T,1p,,

where a, and ¢, (i=1,2) are, respectively,
the initial values of amplitudes and phases to be
found from the initial conditions,

0, = 2((”20 _¢10)

is the initial phase difference, and
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1 1
S =—uw!'sin| —xy |,
1 2/1 o (2 7/J
1 (1
S, = Eng‘l s1n(§ﬂ7j,
(29)
S _L w’lcos[lﬁ
3 2‘U 0 2 7/ b}

S, = %,qu] cos(%nyj.
Now substituting (28) in equations (26) yields

a, +Sa, = if‘lclloe_(s“r”lﬂ2 a3 sin(ET, +6,) -
1 .
_ZFwo_l sin(S,7, + @),

. 1 _ .
a, +S,a, = —Zfzafoe @SSR g sin(ET, + 6,),

. 4 2 aST 2 28,
@ =Sy =haye 7 + Laye T -

30
1 2 28,7, ( )
—ZFlazoe ¥2 cos(ZT, +0,) —

1 o
_ZF(‘)OIC’loleSIT2 cos(S,7; + @),
@, =S, = %alzoe_ZSITz + /Ltazzoe_ZSZT2 -

1
—Zl"zafoe’zs‘T2 cos(Z7, +9,),

where £=2(S,-5;).

To solve the first two equations in (30), we will
use the method of wvariation of arbitrary
functions, and assume the proposed solution in
the form

a(T,) =G (Tz)e’iTzT ; G1)
a,(T,) =G (T)e ™,

where C/(7,) and C,(7,) are arbitrary functions

to be found.

Substituting the proposed solution (31) in
equations (30) yields
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. 1 .
G(T)= Zrlaloazzoe_zszr2 sin(X7, +6,) -

-1_5,

—%Fwo e sin(S, T, + ¢, (32)

Cz (T,)= _il—‘zalzoazoe_zslT2 sin(ZT, + &)
Integrating equations (32), we have

1 :
C(T1)= _Zrlaloazzo [2S2 sin(X7, +6,) +
+2Xcos(XT, + 50)](45'22 432 )—1 25T _

F .
[Sl sin(S,7, +¢y) —
29

4 (33)

-1
-5, cos(S;T,, + ¢10)](S12 + S32) e +Cp,

1 .
C,(T,) = Zrzafoazo [2S,sin(ET, + 6,) +

+ECos(ET, +6,)] (45 +22) e 4y,

where C,, and C,, are constants of

integration.
Considering relationships (33), the amplitude
functions take the form

a, =ae " —%Flamaio [252 sin(Z7, +6,) +

+Zcos(ZT, + 50)](4522 432 )—1 o (S2ST _

F
4a,

[Sl sin(S,7;, + @) — (34)
1 _
8, c08(S,T, + ) |(S7 +57) & +Cpe ¥,

a, =a,e " + irzafoazo [ZS1 sin(Z7, +6,) +

+2cos(ZT, + 50)](4512 432 )—1 e ST ) oS

Integrating the third and fourth equations in
(30), we obtain the 7, -functions of the phases

of vibration
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ﬂvla 28T, /Izazo 28,7,
. S - S’) 2
e e N ——=—=—pe "2 4

=S.T,+¢,—

Py =031y TPy 25, 28,

+1F1a220 28, cos(ZT, + 602) + EZSin(ET2 +0,) o2
4 45,7 +Z

1 Fayy S, cos(S,T; +¢y,) + S, sin(S, T, + @y,) STy
4 w, S’ +5;

+C5,

Aaafo By /145’220 25,7,

=S +@,———e " ————e " +

Py =045 TPy 25, 28,

+ll"2a120 28, cos(ZT, + 502) + ZZSin(ZT2 +0,) 0T
4 457 +2

+C

40>

where C,, and C,, are constants of integration to
be determined from the initial conditions.

Since the general solution of the system under
consideration is the sum of the particular solution
of the inhomogeneous set of equations and the
general  solution of the corresponding
homogeneous system, then the arbitrary constants
could be chosen in such a way that the initial
conditions of all successive approximations would
be zero. Thus, for the first approximation the
constants to be found take the form

1 , 28,sind, +Zcosd,
Gy zzrlaloazo 2 4S2(2) 7 0 4
N F S sing,, —S,cosq,,
4w, SE+S3
1., 28 5sind, +Xcosd
Cy Z_Zrzaloazo : 4S]2 32 <,
_}”1_"120+ a5 —ll“ , 28,c086, +Zsind, .
30 = 7 > -
25, 25, 4 45,7 +%
+l Fa,, S, cosqolg + S32 sing,, ’ G36)
4 @, Sl +S3
C, = 2,3_al20+ A4, _lrzalzo 28, COSb;O + Zzsin S,
285, 25, 4 457 +2

Substitution of the found constants of integration
(36) in relationships (34) and (35) results in the
approximate analytical solution of the formulated
problem.
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4. NUMERICAL RESULTS

For numerical studies of the influence of the
parameters of the fractional derivative
viscoelastic model on forced vibrations of
suspension bridges, the fourth-order Runge-
Kutta method was used in the «GNU Octave»
system for numerical mathematics utilizing
different values of the fractional parameter.

Envelopes of the amplitudes of nonlinear
vibrations of the Golden Gate Bridge in the case

of the internal resonance @,; =€, =2.61rad/sec

(according to data presented in [2], the natural
frequency of the fifth symmetric mode of vertical
vibrations is equal to that of the third symmetric
mode of the torsional vibrations) are depicted in
Figure 2(a) for free vibrations and in Figure 2(b)
for forced vibrations at /=1 at different magnitudes
of the fractional parameter y= 0, 0.15, and 0.5.
Reference to Fig. 2 shows that the increase in the
fractional parameter results in a significant
decrease in dimensionless amplitudes of nonlinear
oscillations. The energy exchange between the
interacting modes takes place both in the case of
undamped ( =0 ) and damped ( O0<y<1)
vibrations, and the action of the external force
does not affect this phenomenon.

Dimensionless displacements of the Golden Gate
Bridge for forced vibrations are shown in Fig. 3
for different levels of the external force
magnitudes. From Fig. 3 it is evident that the
displacement x, is more susceptible to a higher
vertical force than x,. This is due to the fact that
x, and x, are responsible for vertical and
torsional vibrations, respectively, whence it
follows that the x, -displacement is weakly

sensitive to the increase in the force amplitude f.
Figure 4 allows one to trace the influence of the
level of the external force magnitude on the
dimensionless amplitudes of vertical a, and

torsional a, vibrations. From Figure 4 it could be

seen that the magnitudes of the amplitudes of
vertical vibrations are very sensitive to the action
of the force.
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Figure 2. Dimensionless amplitude vs. dimensionless time:
(a) free vibrations, (b) forced vibrations at f =1 with the initial amplitude a,=0.3,

blue line —a,, orange line —a, .
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Figure 3. The time-dependence of the generalized displacements at different levels of external force
magnitude fory =0.
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Figure 4. Time-dependence of the dimensionless amplitudes a, (blue) and a, (orange) at different

levels of the external force amplitude.

CONCLUSION

Nonlinear force driven coupled vertical and
torsional vibrations of a suspension bridge
subject to the combination of external and
internal resonances have been investigated for
the case when its damping features are described
by the fractional derivatives. From the above
discussion the following conclusions could be
reached.

If the external force is of order of &° and the
viscosity coefficients are of order of ¢, then it is

Volume 16, Issue 2, 2020

possible to obtain the approximate analytical
solutions for the generalized displacements. As
this takes place, the solution for the vertical

displacement x, involves two parts: the first

corresponds to the damping vibrations with
damping coefficients and nonlinear frequencies
dependent on the fractional parameters and
describes the transient process, while the second
one is nondamping in character and describes the
steady-state regime, i.e., forced vibrations with
the frequency of the exciting force and with the
phase difference depending on the fractional
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parameter. The solution for the torsional
displacement x, consists only from one term

describing the transient process.

Moreover, in the transient processes, the
damping coefficients and the frequencies of
nonlinear vibrations depend on the square of the
exciting force amplitude.

If the external force is of order of &’ and the
viscosity coefficients are of order of &*, then
the approximate analytical expressions for the
generalized displacements x; and x, have

been obtained by the method of successive
approximations. The numerical analysis has
shown that dimensionless amplitudes decrease
with the increase in the fractional parameter y,
and the vertical amplitude and hence vertical
displacement are much more susceptible to the
higher vertical external force than torsional
amplitude.
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Abstract: In this paper geoenvironmental problems of the historical cities of Central Asia are considered, climatic,
geotechnical, hydrogeological characteristics of the studied objects, their constructive decision and the analysis of
deformations of elevated and underground construction designs are provided. Main reasons for deformations of mon-
uments of architecture of Central Asia: uneven rainfall of soil of the basis in the most overloaded sites of designs of
the building; seismic influences; violation of temperature moisture conditions and moisture; anthropogenous influence
(especially notable in the historical cities of Samarkand and Bukhara where monuments of architecture are influenced
by vibrations from traffic). In the paper the offered observation method of monuments of architecture of Central Asia
and results of observation of the mausoleum Arystan-Bab and a mosque and minaret Kalon for 2014 is described.

Key words: geotechnical analysis, anthropogenic impacts, constructions of architectural monuments

I'EOTEXHUYECKHUE OCOBEHHOCTHU UCTOPUYECKUX
APXUTEKTYPHBIX TAMSATHUKOB IIEHTPAJIBHOM
A3ZUHU

A.JK. JKycynoexoe', A.3. Hcuna?, U.Heacaxw’, I1I. Kenorcaes®, U.Ycmanxooxncaes’
'EBpasniickuii HanuoHaneHbIH yHUBepcuTeT uM. JI.H. I'ymunesa, r. Hyp-Cynran, Pecniy6nuka KABAXCTAH
?Kazaxckuii arporexandeckunii yausepeurer uM. C.Ceiidynnuna, r. Hyp-Cynaran, Peciy6nuka KASBAXCTAH

. UBacaku, nupextop, MHCTUTYT reo-uccienosanuii, Ocaxa, AITIOHU S
4TaukeHTCKUl apXUTEKTYPHO-CTPOUTENBHBIA HHCTUTYT, T. Tamkent, Y3BEKMUCTAH
STaIKEHTCKUI apXUTEKTYPHO-CTPOUTENLHBIN HHCTUTYT, T. Camapkana, Y3BEKMCTAH

AHHOTanusi: B ctarbe paccMaTpHBaOTCS F€0AKOIOTHUECKHE MTPOOIIeMBbl HCTOPHYECKUX ropoioB LleHTpansHoii A3znwy,
MIPUBOISITCS. KIIMMATHYECKHE, T€OTEXHUYECKHE, THIPOTreoIOTHUECKHE XapaKTePUCTHKH UCCIeIyeMbIX 00BEKTOB, UX
KOHCTPYKTUBHBIC PEIICHHS U aHAIN3 1e(OPMUPOBAHHS HAJI3EMHBIX U MOA3EMHBIX CTPOUTEIBbHBIX KOHCTPYKIHi. Oc-
HOBHBIC IPUYUHBI Ae(OPMUPOBAHHSI TTAMSITHUKOB apXUTEKTYypbl LleHTpanbHOM A3un: HEpaBHOMEPHOE BbINa/JaHHE
IPYHTa U3 OCHOBAaHUs B HanboJsiee MEpEerpyKEeHHBIX yJacTKaX KOHCTPYKIWH 3[JaHUs; CEHCMHYECKHUE BO3JCHCTBUS;
HapyIIEHHE TEMIIEPATYPHO-BIAKHOCTHOTO PEXKMA U BIIAKHOCTH; AaHTPOIIOTCHHBIE BO3AEHCTBUS (OCOOCHHO 3aMETHBI
B HcTopudeckux roponax Camapkann u byxapa, rie Ha MaMATHUKH apXUTEKTYPBl BIUSIOT BUOpALUH OT JBMKCHUS
TpaHcropTa). B craThe onncaH npemioKeHHBI MeTOo]| HaOJIOCHHMS 32 MaMsATHUKAaMU apXUTEKTypbl LleHTpanbHoi
Asum n pe3ynbTrarhl HaOMOACHUS 32 MaB3osieeM ApbicTaH-ba0, a Taxoke MeueTbro 1 MuHaperoM Kaon 3a 2014 rox.

KurroueBble cj10Ba: re0TeXHUYECKUI aHATIN3, aHTPOIIOIeHHBIE BO3AEHCTBUA, KOHCTPYKIMHY NaMATHUKOB
APXUTEKTYPHI
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Geotechnical Features of Historical Architectural Monuments of Central Asia

1. INTRODUCTION

The history of our ancient land leaves deep into
the millennia. Holding an advantageous geo-
graphical position, the connecting North with the
South, the East with the West, Central Asia was
the important center on the road of a caravan
which became history under the name of the Great
Silk Way. On branches of this ancient transconti-
nental highway not only trade developed — there
was an active process of mutual enrichment of
ideas, cultures, traditions, religions, crafts and
technologies.

Considering all importance of the huge cultural her-
itage, which got to us carrying out numerous re-
searches and monitoring of technical condition of
significant monuments of architecture of the Central
Asian region for the purpose of its preservation is
necessary for descendants.

One of the types of the works directly concerning
cultural heritage, demanding greater financial influ-
ences, but which aren't receiving the due amount of
financing is carrying out engineering-geological and
geotechnological researches of historical monuments
of architecture of Central Asia.

At the present stage the majority of monuments of
architecture of the countries of Central Asia faced a
problem of destruction of the bases under the influ-
ence of climatic factors. One of the most common
causes of deformations are uneven rainfall which, in
turn, cause deformations and destructions of the
bearing designs — the bases, walls, columns, overlap-
pings, the arches, crossing points window and door-
ways.

The integrated approach to restoration practically
was only designated due to wide use of engineering
restoration, and concerning necessary taking note of
changes of the geological environment on safety of
historical territories is made

so far very little.

Volume 16, Issue 2, 2020

2. GEOENVIRONMENTAL PROBLEMS
IN THE HISTORICAL CITIES
OF CENTRAL ASIA

Environmental problems are connected with changes
of historically developed geological and hydrogeo-
logical mode. In particular is a raising of ground wa-
ters and increase in their structure of concentration of
salts, increase in moisture content and salt in the soil.
These phenomena started promoting actively defor-
mation of designs and an intensive erosion of walls
and bases of monuments of architecture. Especially
strongly historical buildings of the cities located in
low territories of Central Asia (Bukhara, Khiva) suf-
fer. Now the listed above negative facts negatively
influence and the architecture monuments which are
in rather favorable foothill territories of Central Asia:
in such as Samarkand, Shakhrisabz, Shymkent, etc.
however here increase in humidity in soil and raising
of ground waters is generally connected with a hu-
man factor: urbanization and development of com-
munication systems. For this reason studying of this
problem needs to be conducted in two directions: in
the global - change of a geoecological situation of
Central Asia, in local scale - to look for evidence-
based ways of decrease in level of its influence for
the purpose of preservation of masterpieces of world
famous monuments of architecture. We will begin
with the main thing: a geoecological situation in the
region (Guseva 2000).

For the last decade there were serious problems con-
nected with preservation of world famous master-
pieces of architecture. In particular, the salted ground
waters owing to the aggression in relation to con-
struction materials as a result of difficult physical and
chemical processes start erodirovat intensively un-
derground and elevated designs of monuments there-
fore often there are deformations, and in certain cases
and their final fracture. As an example, it is possible
to bring catastrophic destruction of one of minarets
of the Chor-Minor complex, strong deformations
of a complex Tim Abdulkhan, a complex Ark and
an inclination of minarets in Bukhara or defor-
mations of some monuments in Samarkand, the
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Ichang-Kala complex in Khiva (Abdurashidov et
al. 2011).

3. GEOTECHNICAL, HYDRO-GEOLOGICAL
AND CONSTRUCTIVE
CHARACTERISTICS OF MONUMENTS
OF ARCHITECTURE OF CENTRAL ASIA

The mausoleum of Hodge Ahmed Yassavi (XIV-
XV cen.) (Figure 1).

Figure 1. The Mausoleum of Hodg;é Ahmed
Yassavi.

Soils. The prolyuvialny loams with a general power
of 5-7 m quarternary allyuvialno containing form the
basis of a monument interlay also lenses of sandy
loams. They are spread water containing gravel with
the power from 4 to 24

m. Sandy loams are developed mainly in the top part
of a section. Sandy loams of light brown color,
macroporous, loessial, uniform. Loam of brown
color, dense with inclusion of carbonate particles.
Sand dusty, meets in the form of lenses, mainly on
contact with a galechnik, color its gray and brown,
uniform. Pebble soil is presented by sedimentary
breeds, fragments well rounded, so-so thickened and
extended, as filler sand serves.

Ground waters. Ground waters for June, 2011 are
opened with developments at a depth of 7,6-7,8

132

m from an earth surface. In relation to situation
level of ground water (LGW) for September,
1997, LGW in June, 2011 is recorded 1,4- 1,5m
below.

Foundations. The main part of a construction is
built on clay gulfs, in South side under portal
part the rubble foundations up to 7 m in depth are
executed.

In 1993 the technology of jet cementation of soil
was applied to strengthening of the basis of a
monument by the Turkish company. Strengthen-
ing and the device of piles was carried out to two
stages. At the first stage of work were carried out
for walls to 2 m. At the second stage strengthen-
ing of the basis of walls up to 4 m thick was
made. Total length of a pile is about 15 m. Thus,
the support of all construction through piles on
thickness of solid soil is reached.

Deformations. Due to the lack of emergence of
essential deformations on a monument to the first
cycle it wasn't given due consideration though at
this moment there was a deep soaking of soil and
the basis of the foundations of monuments of the
complex. The second cycle of rise in level of
ground waters caused already external defor-
mations of the building of a monument, in Decem-
ber, 1982 there was a destruction of the top resto-
ration number of stalactites of a dome of the Main
Hall - Kazanlyk.

The mausoleum of Arystan-Bab (XIV-XV cen.)
(Figure 2).

Figure 2. The Mausoleum of Arystan-Bab.
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Soils. The analysis of average values physic me-
chanical property of soil on holes and an addi-
tional driving of holes allow directly under a sole
without foundations walls and the bases with
depth to 1,0 m to allocate 3 engineering- geolog-
ical element (EGE):

1. EGE — loam of a firm-semi-firm consistence,
not collapsible, uniform, with rare inclusions
of fragments of a brick and the vegetable re-
mains in the top part of a layer, 1,0 - 1,5 m
(0,9 — 1,0 m — on wells), it is possible to assume
that it is the loam layer, or the layer executed
by method of "gulf" in a trench width exceeding
thickness of walls which is artificially con-
densed in an open trench; it possesses quite
certain and rather close indicators of physic me-
chanical properties 2 EGE;

2. EGE — loam dark brown a firm-semi-firm con-
sistence, not collapsible, with roots of vegeta-
tion, 3,3-3,6 m (on wells);

3. EGE — sandy loam brown, a plastic and fluid
consistence with pro-layers of sand dusty (to
0,2 m) with an opened power of 3,5-3,7 m
(Report, 2004).

Ground waters. LGW near a contour of the mon-

ument is opened at depths of 1,9-2,7 m (August,

1984), 2,75-2,85 m (May, 2004) and 3,14-3,37 m

(August, 2004).

Foundations. The foundations are arranged under

the most loaded parts of a construction. Under

minarets the foundations are executed from a

stone-plitnyak on clay solution. Materials of the

bases are in a good shape.

On a hole Ne 10 up to 1,5 m in depth, in a place of

a joint of a longitudinal wall on axis A and the left

minaret, lack of the foundation under a wall which

laying leans on three rows of preparation from a

detrital brick is revealed. Their basis is the uni-

form layer of loam of the first EGE. The hole Neo

11 from the outer side of a wall on axis 4 up to

0,7 m in depth, opened the concrete plate 17-20

thick see above it the layer of dry, fragile roofing

material, and over it one more concrete layer
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about 9 cm thick, revetted outside with a thin fac-
ing tile is found. Over this layer there is a wall
bricklaying.

Deformations. In a laying of walls cracks on all
facades are noted. During observation it is estab-
lished that width of disclosure of cracks makes
from 0,1 to 2 mm. In a place of interface of a
minaret to a wall (a northeast facade) the crack
reaches 2 cm and goes mainly on laying seams.
All cracks in a laying come to an end, without
reaching a socle. Cracks, generally in places of re-
duction of thickness of walls settle down. Indoors
tombs Ne 1 are noted the deformations in a laying
menacing to safety of a construction. These are
cracks and smashing of a brick in a laying of basic
part of arches, split of a brick in places of support
of angular arches in northeast and northwest
walls. In a northeast wall of a crack in a laying
of basic part of arches have extent to 2 m.

The Registan ensemble (XV-XVII cen.) (Figure 3).

F igure 3. The Registan Ensemble. o

Soils. On a site the different depth of weak anthro-
pogenous soil is noted: the greatest depth of 12,6
m takes place directly under the dome foundations
at the western wall and is almost twice less (6,8
m) on wall length on the southern site.

Foundations. The foundations under buildings
have various constructive decision, depth and are
made of different materials. Under walls the tape fou-
dations, and under racks and poles the separate step
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are, as a rule, executed. For the device of the founda-
tions blocks and rubble stones of Chupan-atinsky
slate or marble limestone on ganchevy and limy so-
lution with use in some cases of ashes, and also the
foundations of the caravanserai which was earlier ex-
isting on this place were used (the burned brick on
limy and ganchevy solution). By observations it is es-
tablished that the lower part of a laying is made of
quarrystone on clay solution, all other part of a laying
is executed on ganchevy solution. In a design of the
foundations the wooden reinforcing elements are
found.

Deformations. Judging by the tilted racks of northern
and southern galleries and other architectural forms,
deformation of a mosque proceeds rather long time.
Tool supervision over the building is begun since
1983. It is established that uneven rainfall of soil of
the basis in the most overloaded building design sites
were the main reason of deformation of the building.
In particular more uneven deformations underwent
designs of the western wall and foundations under a
dome that led to emergence of a huge number of
through cracks in walls, coverings, arches and floors.
The Bibi-Hanym mosque (XIV-XV cen.) (Figure 4).
Soils. The quarternary alluvial prolyuvialny
loams with a general power of 5-7 m containing
form the basis of a monument interlay also
lenses the lessovidnykh of sandy loams. They
are spread water containing gravel with the
power from 4 to 24 m. Sandy loams are devel-
oped mainly in the top part of a section. Sandy
loams of light brown color, macroporous, loess-
ial, uniform. Loam of brown color, dense with
inclusion of carbonate particles. Sand dusty,
meets in the form of lenses, mainly on contact
with a galechnik, color its gray and brown, uni-
form. Pebble soil is presented by sedimentary
breeds, fragments well rounded, so-so thick-
ened and extended, as filler sand serves.
Foundations. The foundations of small mosques
are put from plates of a fragmentary Chupan-
atinsky stone by the size on the person (60-80)
%25 cm, on the same solution, as a laying.

134

Figure 4. The Bibi-Hanym Mosque.

In the foundations of the Big mosque, various on
a laying and upon transition to elevated parts —
kyr. Depth of the foundations various, in some
places it doesn't exceed 0,5-0,6 m from a day
surface of the earth.
Deformations. In a body of old layings and a min-
aret traces of inclined cracks are visible. It means
that before destruction the minaret was strongly
rejected from a portal. Existence of cracks in the
central dome part of the Big mosque is noted.
The Ishratkhona (XV cen.) (Figure 5).
Soils. The prolyuvialny loams with a general
power of 5-8 m quarternary allyuvialno containing
form the basis of a monument interlay also lenses
the lessovidnykh of sandy loams. They are spread
water containing gravel with the power from 4 to
24 m. Sandy loams are developed mainly in the top
part of a section. Sandy loams of light brown color,
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macroporous, loessial, uniform. Loam of brown
color, dense with inclusion of carbonate particles.
Sand dusty, meets in the form of lenses, mainly on
contact with a galechnik, color its gray and brown,
uniform.

Ground waters. Because the minimum level of
ground waters during the summer period reaches
3,50-3,80 m, there is a capillary rising of water in
solution to its moistening.

Foundations. The foundations of the building
have various depth (from 1,3 to 4,2 m) and is pre-
sented by a rubble laying from a fragmentary
Chupan-atinsky stone on clay solution. Under a
portal the rubble laying has power down of nearly
4 m, being lowered on depth about 5,5 m from
earth level. Existence in soil of marlaceous layers
assumes the assumption that the basis before con-
struction was previously killed and condensed.
Deformations. The building of a monument is
strongly destroyed and many elements are bared. The
design of an underground crypt is executed from the
flat arch leaning on massive side support. Support of
the arch aren't connected with the bases of the main
building that gives it the chance independently to be
deformed irrespective of building rainfall. In 1903
the dome and a drum of the central room failed, and
in 1904 the remains of a drum and the top parts sup-
porting its arches finally collapsed. The main reason
for long destruction of vaulted and arch designs is
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connected with gradual decrease in durability of ma-
terial in the most loaded basic parts and destruction
of integrity of designs.

In the course of complex research of historical
monuments of architecture of Central Asia the
main reasons for an unsatisfactory condition of
some constructive elements of a monument are es-
tablished:

 uneven rainfall of soil of the basis in the most
overloaded sites of designs of the building;

o seismic influences;

« violation of temperature moisture conditions
and moisture. In our case moisture is formed
for the account:

o absolute and relative humidity of the air en-
vironment generally during the winter pe-
riod;
condensation moisture;

o penetrations of soil moisture into thickness
of the protecting designs into the spring pe-
riod;

o atmospheric moisture during the autumn
and spring periods;

o technical moisture which arises in the course
of performance of construction works.

« anthropogenous influence (especially notable
in the historical cities of Samarkand and Bu-
khara where monuments of architecture are in-
fluenced by vibrations from traffic).

4. OBSERVATION METHOD FOR
HISTORICAL MONUMENTS OF
ARCHITECTURE OF CENTRAL ASIA

The offered observation method of historical
monuments of architecture of Central Asia will
unite in itself a package of measures on research,
preservation and forecasting of behavior of con-
struction designs of historical monuments of ar-
chitecture:

1. Collecting and an assessment of retrospective
engineering-geological information in the terri-
tory of a monument and in the territory adjoining
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a monument;

2. Carrying out hydrogeological researches for
the purpose of specification of a depth of ground
waters and its dynamics, definition of a chemical
composition;

3. Heatphysical calculation of a monument of ar-
chitecture;

4. Collecting and the analysis of the deformations
given about character and speed of their develop-
ment; control of shrinkage of a monument or its
elements;

5. Identification of the most rational methods of
prevention of further development of defor-
mations in the bearing designs;

6. Use of numerical information technologies for
drawing up the correct forecast of work of con-
structive elements of monuments of architecture
for the next 10, 20 and 100 years;

7. Preservation of authenticity of object unless de-
velopment of deformations brings to full of destruc-
tion of object of cultural heritage.

Heatphysical calculations are made for definition of
optimum temperature moisture conditions of rooms
and are aimed at decrease in accumulation of con-
densation humidity on a surface of walls.

Degree of stability of flying designs or construction
in general, durability and deformability of materials
on static and dynamic (seismic) influences is made
by means of special engineering settlement pro-
grams. By results of these calculations the weakest
places in designs come to light and issues of their
strengthening are resolved.

Systematization of the most often destroyed sites
allows to conduct long supervision over a con-
dition of constructive and finishing elements, to
reveal and eliminate the main reasons for damage
and destruction.

The results of observation of the mausoleum
Arystan- Bab in April, 2014

Foundations. Materials of the foundations of a
construction are in a good shape, any violations or
deformations is noted.

Socle. Separate bricks in a socle are removed.
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Also laying seams in the lower part of a socle are
removed. On a surface of a bricklaying of a socle
of northwest, southwest and northeast facades salt
spots are noted.

Walls. In general bricks of walls are in a satis-
factory condition. Aeration of separate bricks on
facades, and also seams on buttresses, in the lower
and top parts of walls (parapet), in a laying of a
northern minaret is noted (Figure 6).

Figure 6. Destruction of Separate Bricks
in a Laying of a Socle and Walls of the
Mausoleum Arystan-Bab.

On a surface of a bricklaying of walls of north-
west, southwest and northeast facades salt spots
(Figure 7) are noted. Walls are moistened in these
parts on 1,5-2 m.

On a laying of buttresses of northwest and south-
east facades lichens are noted.

Overlappings.In a tomb Ne 1 seams in a dome laying
are removed inside. Outside seams in a laying of
domes are also removed in separate places. In an arch
laying separate bricks are removed, on a surface of a
laying salt spots are from the inside noted. On a par-
apet in 1996 the plastering of horizontal surfaces was
executed by angidridovy solution. During inspection
the plastering exfoliated from a surface and was di-
vided into pieces. Possibly, there is no adhesion of
solution and a surface of a laying of a parapet.
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Figure 7. Moistening of the Lower Part
of a Northeast Facade
of the Mausoleum Arystan-Bab.

Figure 8. The Interior
of Mausoleum Arystan-Bab.

The laying of domes and turrets is covered with
lichens. In an interior of a mosque moistening of
a blanket of plaster is noted. Floors are carpeted,
thus carpets in a half-baked state that testifies
to moistening of plates of a floor of a mosque
(Figure 8).

Blind area.Round the mausoleum the blind area
is executed from a stone-plitnyak on cement mor-
tar. As cement mortar interferes with moisture
evaporation, the blind area round a construction
was sorted on width of 40-50 cm.
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Analysis of results of a chemical composition of
ground waters

Comparison of results of the chemical analysis
of ground waters of 1984 (on wells 268 and 269
from depths of 2,37 and 2,46 m), 2004 (holes 2 and
3 from depths of 2,8 and 2,7m) and 2014 (from
depth of 2,8 m) is executed (Table 1).

Table 1. The Average Values of Indicators of the
Chemical Analysis of Ground Waters

. Dimen- Value
Indicator | “Gon  [1984]2004 [2014| T\°%
Bicarbonate
alkalinity mg/l 244 | 814 | 769
(HCO3)
Hydrogen 7,6- | 7,65- 72
indicator of PH 7.8 | 1,7 ’
ié’;gl;/‘l’gf T mgn | 468 | 1232 | 973
Content of caus-
tic alkalis mg/l 2520 | 1244 | 728 |decrease
(Na+K)
The content of
sulfates in terms| mg/l 5520 (2952 | 819 |decrease
of SO4 ions
Ge(“g;ai “l\fgty mgecw! | 107 | 129 | 118
Dry rest
(mineerization) g/l 13,5102 7.9

The changes of salt structure at very high mineral-
ization it is seen, are connected with the general
falling of LGW, especially after works on clean-
ing and deepening of the water lowering chan-
nels on external borders of the territory of a ne-
cropolis. It and reduction of compounds of caus-
tic alkalis and content of sulfates, and also falling
of the general mineralization of ground water. The
effect of water decrease would be higher at resto-
ration of part of the filled-up canal (up to 250-
300 m long) from entrance on the territory of a
necropolis (the southeast party). From this party
waters from irrigation aryk of the above-located
farmland most intensively arrive (Issina and
Zhussupbekov 2015).
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The results of observation of the complex Poi-
Kalyan in July, 2014

This huge vertical pillar dominating over the city
put from a zhzhenny brick gives a complete idea
of forms of Central Asian minarets — the round,
expanded to a bottom tower, below diameter of
10,5 m and 5,7 m above. The general height of
a minaret of 47,5 m, but its multimeter basis is
hidden in the depth of the earth, under century
stratifications, however on the basis of K.S.
Kryukov researches. The depth of the foundations
makes about 12,0 m, and also the socle part of
a minaret which was in an occupation layer of
the earth that gave the chance to restore the area
level corresponding to time of construction of the
Karakhanidsky mosque and a minaret was naked.
Over a trunk of a minaret the sixteen-arch rotunda
of a lamp leaning on the acting ranks of a laying
issued in the form of stalactite eaves is arranged.
On top of a minaret the cool brick ladder leaning
on a trunk and external walls of a minaret con-
ducts. Rise on a platform of a lamp is carried out
on a spiral staircase in a minaret trunk. The exter-
nal surface is decorated by terracotta plates and
figured bricks the sizes of 260x260x50 mm. on
ganch solution with addition of a kyr. The front
surface of a minaret is covered with the magnifi-
cent relief pattern from a brick broken into ten
ornamental belts, any of them doesn't repeat an-
other. The roof is laid out from a zhzhenny brick
on ganch solution.

The minaret Kalon is connected by the bridge tran-
sition to a roof of a cathedral mosque Kalon from
where it is possible to get in a minaret and to rise
on the narrow and cool brick spiral staircase num-
bering 105 steps.

The ladder, 990 mm wide, is arranged round a min-
aret kernel - an axial trunk of ¥2250 mm (Figure
9). Each step gets married a vaulted arch height
on average of 2450 mm the relations of the par-
ties in respect of on average 211/340 mm and
equal to a proportion 0,62 (golden ratio) which
corresponds, reached us in antique literature divi-
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sion of a piece in the extreme and average rela-
tion (dkpog kai pécog Adyog). According to Luk
Pachuoli of the contemporary Leonardo da Vinci,
called this relation "a divine proportion". The term
"golden ratio" (goldener Schnitt) was entered into
use by Martin Om in 1835.

of the Minaret Kalon.

Under the mosque arches Kalon (Maszhidi colon)
gathered to 12 thousand people, the building occu-
pies the space 1ga. At uniform type of the building
are absolutely various works of architecture. Its con-
struction was complete in 1514.

The mosque on the architecture belongs to type four
ayvan, with the big yard and the arch and dome gal-
lery surrounding it. Serves as a support of multidome
overlapping of the gallery bypassing the yard of the
mosque Kalon monumental poles.

The rectangular yard is framed with the galleries con-
sisting of 288 domes, the basis it 208 columns form.
The longitudinal axis of the yard comes to the end
with the maksury - the portal and dome volume of the
building with the crosswise hall over which the blue
massive dome on a mosaic drum rises.

The main entrance — East is decorated with the big
portal issued by a mosaic, and on each side it two
blue domes tower. On the central part the internal
portal of a mosque has an octahedral construction,
playing a role of chair. Color facing of facades is cre-
ated by means of the mosaic and bricks covered with
glaze (Report 2014).
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Engineering-geological structure of a site
In the geomorphological relation the platform of
researches is dated for the second over an inun-
dated terrace of the river Zarafshan in the Central
part of the Bukhara oasis and put by alluvial de-
posits of quarternary age.
Directly on a site in a lithologic section two
engineering- geological elements (EGE) are allo-
cated: EGE-1 and EGE-2.
First engineering-geological element EGE-1:
- from a surface it is covered with a powerful
layer cultural and city adjournment of sandy and
loamy structure with a large number inclusion of
fragments of bricks, fights of pottery.
The layer is opened in intervals of depths of
0,0-14,5 m. The opened power changes from
6,8 to 14,5 m.
The second engineering-geological element EGE-
2 consists of:
- the loams of gray and dusty color from damp to
water- saturated with a sandy loam pro-layer, it is
opened in intervals of depths of 6,8-15,0 m the
opened power changes from 0,5 to 4,7 m.
Ground waters belong to nonaggressive in relation
to concrete on sulfate-resistant brands of cement.
Category of soil — the second. Standard depth of
seasonal frost penetration in soil — 0,8 m. Seis-
micity of the region of 8 points (Conclusion,
1980).

The results of observation

At the observation time of constructions the nat-
ural sizes, sections of designs, determination of
physic mechanical properties of materials of con-
struction designs, dynamic characteristics of de-
signs, and also over sensitive seism metric de-
vices were defined by devices of nondestructive
control and technical diagnostics.

In the course of inspection defects, damages and
the deformations which appeared in use were re-
vealed:

« The minaret — destructions of part of a lamp,
formation of through cracks 5-10 mm wide in arch
locks, over lighting apertures disclosure of 3-5 mm
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wide were the main types of damages from dy-
namic (seismic), which are located from the level
of the earth 12,60; 17,60; 22,80; 27,60; 31,80 m
and in other places of the top part of a construction.
- The laying of a brick corresponds to the II

category of equal 0,84-1,25 kg/cmz, M-75 brick
brand.

- overlapping - a lamp floor bricklaying after re-
pair work is in a satisfactory condition. Disrup-
tions of communication with a bricklaying of
walls it isn't observed.

The trabeation of a lamp is in a satisfactory condi-
tion.

- the ladder - a brick ladder leans on a trunk and
external walls of a minaret. A satisfactory tech-
nical condition, steps didn't lose the bearing abil-
ity. Deformations and destructions it isn't ob-
served.

- the roof is laid out from a zhzhenny square brick
on ganch solution. In places insignificant cracks
are observed. Destructions in a roof resulted
from influence of an atmospheric precipitation
and seismic influences.

- mosque walls brick thickness in the central
part of 1200 mm, in lateral walls — 700 mm,
back part — 800 mm, the laying of a brick corre-
sponds to the II category of equal 0,70

0,95 kg/cmz, M-75 brick brand.

On perimeter of walls are observed, from outer
side the aeration of solution and the humidified
sites in internal walls extending from floor level to
1,8-2,0 m on height (Figure 10)

- In walls on perimeter of a mosque and in a main
entrance at the level of the second floor vertical
and inclined cracks, disclosure of 2,0-8,0 mm
wide, owing to seismic influences are observed.

- floors of a mosque are arranged from brick tiles
with the sizes 260%270x40 mm. Because of soak-
ing in left-side gallery of a mosque round columns
occurred soil shrinkage, and at distance of 1,0-2,0
m from columns the exit of soil of 3,0-5,0 cm is
observed. The exit of soil resulted, apparently,
from a frost penetration in soil.
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Figure 10. Aeration of Solution in Bricklaying

Seams of Mosque Kalon.

Further, on the basis of the conducted on-site in-
vestigations and theoretical researches, it is
planned to carry out:
« additional engineering-geological researches of
sites and research by a SIR-3000 system geora-
dar;
« calculation for an assessment of the intense de-
formed condition of designs at static loadings;
o calculation on seismic influences and an as-
sessment of seismic stability of designs;
« development of constructive actions and recom-
mendations about strengthening of designs.

5. SUMMARY AND CONCLUSIONS

Climatic, geotechnical and hydrogeological fea-
tures of historical monuments of architecture of
Central Asia are considered and was made the
analysis of deformations of monuments of archi-
tecture of Central Asia;

The comparative analysis of modern ways of
strengthening of the bases and foundations, the
deformed monuments of architecture was made
and was developed the recommendations about
geomonitoring, preservation and protection of his-
torical monuments of architecture;
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The results of geotechnical researches were used
and formed the basis of the offered observation
method of monuments of Central Asia.The obser-
vation method of monuments of cultural heritage
which purpose is monitoring of an actual state and
the forecast of behavior of historical monuments
of architecture of Central Asia was developed.
The superficial soil layer to 6 m is unstable and
can't form the basis for a construction because of
effect of a capillary raising of underground
ground waters.

Application of numerical information technolo-
gies will allow to analyze more deeply the ar-
chitectural and construction achievements corre-
sponding to this or that historical period of time
and to conduct monitoring of the happening pro-
cesses.

Data on results of purposeful engineering-geo-
logical researches are among necessary materials;
these surveys of design features of a monument,
types of the foundatios and about distribution of
loads of soil of the bases; data on nature of defor-
mations and speed of their development; materials
of supervision over an shrinkage of a monument
or its elements.

Preventive conservation of historical monuments
of architecture is pledge of their safe operation
taking into account temporary and natural and
technogenic factors and influence of environment.
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