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AIMS AND SCOPE 
The aim of the Journal is to advance the research and practice in structural engineering 

through the application of computational methods. The Journal will publish original papers and 
educational articles of general value to the field that will bridge the gap between high-performance 
construction materials, large-scale engineering systems and advanced methods of analysis. 

The scope of the Journal includes papers on computer methods in the areas of structural 
engineering, civil engineering materials and problems concerned with multiple physical processes 
interacting at multiple spatial and temporal scales. The Journal is intended to be of interest and use 
to researches and practitioners in academic, governmental and industrial communities.
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ОБЩАЯ ИНФОРМАЦИЯ О ЖУРНАЛЕ 
International Journal for Computational Civil and Structural Engineering 

(Международный журнал по расчету гражданских и строительных конструкций) 
 

Международный научный журнал “International Journal for Computational Civil
and Structural Engineering (Международный журнал по расчету гражданских и строитель-
ных конструкций)” (IJCCSE) является ведущим научным периодическим изданием по 
направлению «Инженерные и технические науки», издаваемым, начиная с 1999 года (ISSN 
2588-0195 (Online); ISSN 2587-9618 (Print) Continues ISSN 1524-5845). В журнале на высоком 
научно-техническом уровне рассматриваются проблемы численного и компьютерного модели-
рования в строительстве, актуальные вопросы разработки, исследования, развития, верифика-
ции, апробации и приложений численных, численно-аналитических методов, программно-
алгоритмического обеспечения и выполнения автоматизированного проектирования, монито-
ринга и комплексного наукоемкого расчетно-теоретического и экспериментального обоснова-
ния напряженно-деформированного (и иного) состояния, прочности, устойчивости, надежности 
и безопасности ответственных объектов гражданского и промышленного строительства, энер-
гетики, машиностроения, транспорта, биотехнологий и других высокотехнологичных отраслей.

В редакционный совет журнала входят известные российские и зарубежные деятели 
науки и техники (в том числе академики, члены-корреспонденты, иностранные члены, по-
четные члены и советники Российской академии архитектуры и строительных наук). Основ-
ной критерий отбора статей для публикации в журнале − их высокий научный уровень, соот-
ветствие которому определяется в ходе высококвалифицированного рецензирования и объ-
ективной экспертизы, поступающих в редакцию материалов.

Журнал входит в Перечень ВАК РФ ведущих рецензируемых научных изданий, в кото-
рых должны быть опубликованы основные научные результаты диссертаций на соискание 
ученой степени кандидата наук, на соискание ученой степени доктора наук по научным спе-
циальностям и соответствующим им отраслям науки: 

�� 01.02.04 – Механика деформируемого твердого тела (технические науки),
�� 05.13.18 – Математическое моделирование численные методы и комплексы про-

грамм (технические науки),
�� 05.23.01 – Строительные конструкции, здания и сооружения (технические науки),
�� 05.23.02 – Основания и фундаменты, подземные сооружения (технические науки),
�� 05.23.05 – Строительные материалы и изделия (технические науки),
�� 05.23.07 – Гидротехническое строительство (технические науки),
�� 05.23.17 – Строительная механика (технические науки).
В Российской Федерации журнал индексируется Российским индексом научного ци-

тирования (РИНЦ).
Журнал входит в базу данных Russian Science Citation Index (RSCI), полностью инте-

грированную с платформой Web of Science. Журнал имеет международный статус и высыла-
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EFFICIENCY EVALUATION  
OF APARTMENT HOUSES RECONSTRUCTION  

WITH OPTIMIZATIONAL CRITERIA APPLICATION

Alexander N. Biryukov 1, Igor N. Kravchenko 2, Evgeny O. Dobryshkin 1 ,
Yuri A. Biryukov1, Valery I. Kondrashchenko3 

1 Military Academy of Logistics named after Army General A.V. Khrulev, Saint-Petersburg, RUSSIA 
2 Russian State Agrarian University – Moscow Agricultural Academy named after K.A. Timiryazev,  

Moscow, RUSSIA 
3 Russian University of Transport, Moscow, RUSSIA 

Abstract. The subject of the study, considered in the article, is the technical condition of the housing stock of the 
Russian Federation, which is a totality of objects with a characteristic variety of structural and space-planning 
decisions and increased values of physical wear. The objective of the study conducted by the authors was to 
develop an optimization criterion for assessing the effectiveness of restoration of housing facilities based on 
determining the ratio of one-time costs for restoration work and current projected costs for operation and 
maintenance of an apartment house. Since an important stage in reproduction of the housing stock is preparation 
of design estimates for reasonable implementation of capital investments by property owners and government 
support measures for restoration of buildings, the topic discussed in this article is relevant. The scientific novelty 
of the study conducted by the authors is to develop a method for assessing the effectiveness of overhaul 
(reconstruction, modernization) of buildings, where the criterion is the choice of innovative design solutions and 
building materials when planning the restoration of housing facilities. 

Keywords: housing stock, housing facilities, restoration, overhaul, reconstruction, modernization, variant design 

ОЦЕНКА ЭФФЕКТИВНОСТИ РЕКОНСТРУКЦИИ 
ЖИЛЫХ ДОМОВ С ПРИМЕНЕНИЕМ 
ОПТИМИЗАЦИОННОГО КРИТЕРИЯ

А.Н. Бирюков 1, И.Н. Кравченко 2, Е.О. Добрышкин 1, Ю.А. Бирюков 1,
В.И. Кондращенко 3

1 Военная академия логистики имени генерала армии А.В. Хрулева, г. Санкт-Петербург, РОССИЯ
2 Российский государственный аграрный университет - Московская сельскохозяйственная академия 

им. К.А. Тимирязева, г. Москва, РОССИЯ
3 Российский университет транспорта, г. Москва, РОССИЯ

Аннотация. Предметом исследования, рассматриваемого в статье, является техническое состояние 
жилого фонда Российской Федерации, представляющего собой совокупность объектов с характерным 
разнообразием конструктивных и планировочных решений и повышенными значениями физического 
износа. Целью исследования, проведенного авторами, была разработка оптимизационного критерия 
оценки эффективности восстановления объектов жилья на основе определения соотношения разовых 
затрат на восстановительные работы и текущих проектных затрат на эксплуатацию и содержание жилого 
дома. Поскольку важным этапом восстановления жилого фонда является подготовка проектно-сметной 
документации для обоснованного осуществления капитальных вложений собственниками и меры 
государственной поддержки для восстановления зданий, тема, обсуждаемая в этой статье, является 
актуальной. Научная новизна исследования, проведенного авторами, заключается в разработке метода 
оценки эффективности капитального ремонта (реконструкции, модернизации) зданий, где критерием 
является выбор инновационных проектных решений и строительных материалов при планировании 
восстановления объектов жилья.
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INTRODUCTION 

Currently, the legislation of the Russian 
Federation defines housing stock as a totality of 
all residential premises located on the territory of 
the Russian Federation [1]. 
In the context of the reform of infrastructure 
sectors of the economy in the Russian 
Federation, one of the most important tasks is 
implementation of socio-economic 
transformations in the Russian Federation, and 
mainly in the housing and communal sector, 
since market and administrative approaches are 
particularly acute in this sector. Therefore, it is 
difficult to find a compromise between economic 
feasibility of restoring residential buildings, the 
ability of owners to provide proper control over 
implementation of work, as well as the ability of 
the state to provide financial support to owners in 
order to create a comfortable urban environment 
[2]. 
However, the growing degradation of the 
housing stock in the Russian Federation, the 
disordered legal relationships in it put society and 
the state in need of making drastic decisions and 
taking measures aimed at improving the current 
situation with the technical condition of 
residential buildings in the country. This problem 
becomes particularly urgent in the context of 
regular amendments to the Housing Code of the 
Russian Federation, within the framework of 
which the powers of participants are expanded 
when managing an apartment house,
responsibility is transferred for their (apartment 
houses) maintenance to the owners of premises, 
and the role of state and municipal authorities is 
changing in the housing and communal services 
market. 
Important is the fact that the housing stock of the 
Russian Federation is characterized by a 
historically developed variety of constructive and 
space-planning decisions (Table 1). The building 
of a significant number of cities on the territory 
of the Russian Federation has a long history and 

is characterized by increased values of 
development of physical wear of building 
structures. 
Thus, the housing stock of the Russian 
Federation totals about 3 billion square meters of 
total area, which makes up more than 30% of all 
reproducible property. At the present stage, 
deterioration of the housing stock of most 
Russian cities is about 70%. Residential 
buildings that have been in operation in disrepair 
for more than 25 years without restoration work 
represent about 300 million square meters [3]. 
Housing facilities subject to demolition due to an 
emergency technical condition make up about 90 
million square meters (3,2% of the total housing 
area), where according to rough estimates about 
5 million citizens of the Russian Federation live 
[3]. 
It will be advisable to consider in more detail the 
technical condition of residential buildings on the 
example of Leningrad region, since building of 
this constituent entity of the Russian Federation 
has been formed for more than 300 years of 
formation of the state in the European part of 
Russia and for 2017 consisted of 18,127 
apartment houses. It is necessary to bring some 
clarity to the concept of “apartment house” (since 
these buildings are a structural component of the 
country’s housing stock) in accordance with the 
explanations of the Ministry of Economic 
Development of the Russian Federation, 
according to which any residential building with 
more than one apartment is an apartment house 
[4]. 
At the present stage, 42% of houses or 64% of 
the total area of apartment houses in Leningrad 
region were built in the period 1971-1995, and 
2% of the total area of apartment houses are 
characterized by the presence of wooden walling 
(Figures 1, 2) [5]. 
The current legislation of Leningrad region 
provides for annual collection of data on the 
technical condition of apartment houses [6]. 
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Table 1. Design schemes of residential buildings of old construction in Saint-Petersburg. 
Design 
scheme 

type
Design scheme Design scheme 

description

Main 
parameters, m Repeatability,

%
А В

1 2 3 4 5 6

1

Double span with
medium

longitudinal
bearing wall

10 – 18 12– 30 52

2
Multi-span

with transverse
bearing walls

4 – 16 12 –20 8

3

Single span with 
external 

load-bearing 
walls

4 –14 12 –22 13

4
Three-span with 
two longitudinal

inner walls
12 –24 12 –

38 10

5 Mixed scheme 9 – 18 up to
25 17

The authors of the article analyzed the technical 
condition of 12 981 housing facilities. The results 
obtained by the authors allow us to conclude that 

a significant number of buildings in emergency 
condition with increased values of physical wear 
are in operation: 
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Figure 1. Analysis of the housing stock of Leningrad region by year of construction, m2. 

Figure 2. Classification of the housing stock of Leningrad region by the material of walls, m2.

0-20 % – 1660 apartment houses with total area 
of 7626,2 thous. m2; 21-40 % – 3341 apartment 
houses 9603,5 thous. m2; 41-70 % – 3387 
apartment houses 5417,6 thous. m2; over 70% –
988 apartment houses 1091,2 thous. m2. 
The largest number of apartment houses with a 
physical depreciation value of more than 70% are 
in Slantsevsky and Volkhovsky districts (38% 
and 20% of the total, respectively). The analysis 
of the technical condition of structural elements 
of 12981 apartment houses performed by the 
authors shows that 30% of foundations, 31% of 
roofing, 35% of facades require major repairs [6]. 

MATERIALS AND METHODS

In the course of the study, the authors determined
that overhaul should be considered as one of the
ways to preserve and update the housing stock
along with current repair, reconstruction,
modernization and new construction [7, 8, 9]. 
Moreover, in the absence of economic feasibility 
of repairs and reconstruction of buildings, 
preference should be given in favor of new 
construction. However, new construction often 
requires demolition of emergency apartment 
houses, which entails the need for resettlement of 
residents, while during overhaul or 
reconstruction, resettlement of owners is carried 
out only with comprehensive performance of 

Walls of brick; 
11302,06 sq. m; 

38%

Walls of panels; 
13077,92  sq. m; 

44% 

Walls of 
monolite 

reinforced-
concrete; 224,41  

sq. m; 1%

Walls of small 
blocks, artificial 

and natural 
stones; 845,75 

sq. m; 3%

Walls of blocks; 
399,08 sq. m; 12 

%

Walls of wood; 
530,71 sq. m; 2 

%

from 1971 until 1995

from 1946 until 1970

from 1921 until 1945

before 1920

after 2010

from 1995 until 2010
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restoration work. It is advisable to organize
reproduction of the housing stock by 
demolishing old facilities and new construction 
when the high level of physical wear of 
residential buildings does not allow the efficient 
use of capital investments of owners and state 
support funds for reconstruction work. In 
addition, demolition of old buildings, design, 
preparation of the territory and construction itself 
significantly increases commissioning time and 
cost of the future building [10, 11]. Thus, 
overhaul costs are 30-35%, modernization - 50-
55%, reconstruction - 60-70% of the cost of 1 m2

of the total area for new construction according 
to the Russian Academy of Architecture and 
Building Sciences [12]. Therefore, given the 
current state of the housing stock in the Russian 
Federation, the most appropriate is reproduction 
of housing through overhaul, reconstruction and 
modernization, implementation of these 
processes in the framework of this article, the 
authors accept as restoration work to eliminate 
physical wear of an apartment house.
One of the main stages of reconstruction of the 
housing stock by means of overhaul, 
reconstruction and modernization is preparation 
of design estimates for all design decisions on 
redevelopment, functional reassignment of 
premises, replacement of structures, engineering 
systems or their installation again, landscaping 
and other similar work. As part of the study, the 
authors used the analytical method and deduction, 
it was determined that a significant number of 
scientists whose scientific results were analyzed 
and summarized when writing the article were 
involved in the study of the issue of efficiency in 
implementation of investment construction 
projects (including reconstruction and overhaul 
projects [13, 14, 15].

RESEARCH RESULTS AND DISCUSSION

In the framework of the study, the authors 
developed an approach to implementation of 
planning for restoration work based on variant 
design (Figure 3). 

In accordance with the algorithm developed by 
the authors, preparation of projects for 
restoration of an apartment house should be 
preceded by a survey of the apartment house in 
order to determine the category of technical 
condition based on [16, 17]. 
The effectiveness of planning the reconstruction 
of the housing stock can be achieved by 
evaluating the restoration projects (overhaul,
reconstruction or modernization) of the housing 
stock. It is advisable to accomplish this task by 
comparing variation of one-time and current 
costs when implementing a project for 
restoration of an apartment house on the basis of 
the following: increasing one-time costs of 
restoring a building to a certain level leads to a 
decrease in subsequent current costs for 
operation and maintenance (Figure 4) [ 11, 12]. 
So, overhaul of the facade of an apartment house 
can be carried out according to the standard 
option, i.e. sealing the external joints of a closely 
located urban area, repairing plaster and painting 
the facade, and an external insulation system 
using hinged ventilated facades can be used [18, 
19]. 
The advantages of the latter option are reduction 
of heat losses, increase in the service life of load-
bearing enclosing structures by eliminating 
condensation of water vapor in the load-bearing 
wall, possibility of reconstructing a house 
without resettling residents, and reducing the cost 
of repairing building envelopes, since the system 
in question plays the role of corrosion protection 
[20]. The key factor that determines the use of the 
system of ventilated facades is to increase 
durability and service life in relation to the 
standard overhaul period of operation of the 
facade in traditional stucco finishing. 
In order to compare projects for restoration of an 
apartment house proposed for implementation, it 
is necessary to introduce a number of 
designations. 
We will take Ki as one-time costs of restoration 
of a building in accordance with the i-th project 
for restoration of an apartment house.
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Figure 3. Algorithm of planning of restoration works based on variant design. 

Figure 4. Graph of dependence between current and one-time costs  
(K – one-time costs, Z – current costs). 

We will consider Svi as operating costs for 
maintenance of an apartment house for the v-th 
year of operation (v= 1,2,3,…,g) during 
implementation of the i-th project of restoration 
of a house, and Cvi − costs of ongoing repairs, if 
necessary, for the v-year year of operation of the 
house during implementation of the i-th project. 
Then the effectiveness of the building restoration 

project can be determined by the ratio of the sum 
of the costs of operation and maintenance to the 
number of one-time costs of the project: 

(1)
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At the same time, planning of current repairs and 
distribution of costs for operation of an apartment 
house are carried out for a certain period of time 
after restoration of the housing stock, which sets 
the task of taking into account annual inflation in 
assessing the effectiveness of restoration projects 
for an apartment house. Then the costs of the 
current repair and maintenance of the apartment 
house will be set in the form: 

Svi (1+p)v-1    (2) 

and

Cvi (1+p)v-1     (3) 

where p- inflation in fractions of a unit, taken for 
the v-th year of operation of the housing stock 
after its restoration.
Then the criterion for effectiveness of the 
projects under consideration for the accepted 
horizon of calculation (in years) should be 
determined by the following mathematical 
expression: 

  (4) 

Thus, the decision to restore apartment houses on 
the basis of variant design allows the selection of 
projects for restoration of housing facilities with 
the highest PI values. The next stage of work 
planning in accordance with the algorithm 
developed by the authors (Figure 3) is to 
determine the share of owners in implementation 
of the corresponding project and the amount of 
state support in restoration of an apartment 
house. The key point of the considered stage is 
selection of the contractor in accordance with the 
lowest price criterion [21, 22] during the auction, 
and at the same time, the quality of contractor 
work to comply with the interests of the owners 
(in the form of ensuring a quality standard of 
living for citizens) and the interests of the state 
(with formation of the comfortable urban 
environment). The ultimate goal of the process in 
question is to implement the project and reduce 
the level of physical wear of the housing facility. 

CONCLUSIONS 

As a result of the study, it was determined that an 
increase to a certain level of one-time costs for 
restoration of an apartment house allows to 
increase the overhaul periods of operation, which 
allows to reduce the amount of costs for the 
current repair of the building. In addition, the 
choice of innovative design solutions and 
building materials when planning restoration of 
housing facilities can reduce the costs of current 
operation of an apartment house, since in the long 
run, taking into account inflation, the cost of 
operating an apartment house requires a 
significant amount of investment. Since the 
owner will continue to bear the costs of current 
maintenance of an apartment house, he is 
interested in optimizing the consumption of fuel 
and energy resources as a result of restoration 
(major repairs, reconstruction or modernization) 
and minimizing the loss of heat and other energy, 
as well as reducing operational housing facility 
expenses. The results of the scientific research of 
the authors are especially relevant in view of the 
fact that the current stage of the need to improve 
the energy efficiency of buildings is one of the 
key tasks facing the world scientific community 
in a number of countries. 
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INTEGRAL PARAMETERS OF CONCRETE DIAGRAMS  
FOR CALCULATIONS OF STRENGTH OF REINFORCED 

CONCRETE ELEMENTS USING THE DEFORMATION MODEL 

Vladimir A. Eryshev 1, Nickolay I. Karpenko 2, Artur O. Zhemchuyev 1
1 Togliatti State University, Togliatti, RUSSIA 

2 Research Institute of Construction Physics of the Russian Academy of Architecture and Construction Sciences,
Moscow, RUSSIA  

Abstracts: In accordance with the requirements of regulatory documents, restrictions are introduced on stress 
levels at the end of the falling branch of the diagrams at the maximum normalized strain values. We have 
developed mathematical models that establish a uniform sequence for calculating the unambiguous values of 
deformations at the base points of concrete diagrams, taking into account the accepted functional relationships 
and the rules for their use according to the tables of normative documents. It was shown that for equal values of 
deformations and stresses at base points, analytical expressions of diagram recommended by regulatory 
documents, even if it differs in structure, give identical outlines, diagram branches coincide. The correlation 
between the calculation models by Russian and foreign regulatory documents was established by comparing the 
values of the integral parameters of the diagrams and the ultimate forces obtained by calculating the reinforced 
concrete element according to the deformation model. As integral parameters of concrete deformation diagrams, 
it was recommended to use areas bounded by diagram branches and diagram completeness coefficients. 
Analytical modeling of integral parameters allowed us to exclude the procedure for numerically summing 
stresses along elementary strips in a section and solving nonlinear equations by the method of successive 
approximations when calculating the strength of an element. 

Keywords: strength, deformations, concrete diagram, integral parameters,  
deformation model

ИНТЕГРАЛЬНЫЕ ПАРАМЕТРЫ ДИАГРАММ БЕТОНА 
В РАСЧЕТАХ ПРОЧНОСТИ ЖЕЛЕЗОБЕТОННЫХ 
ЭЛЕМЕНТОВ ПО ДЕФОРМАЦИОННОЙ МОДЕЛИ

В.А. Ерышев 1, Н.И. Карпенко 2, А.О. Жемчуев 1
1 Тольяттинский государственный университет, г. Тольятти, РОССИЯ

Научно-исследовательский институт строительной физики 
2 Российской академии архитектуры и строительных наук, г. Москва, РОССИЯ

Аннотация: В соответствии с требованиями нормативных документов, введены ограничения на уровни 
напряжений в конце ниспадающей ветви диаграмм при максимальных нормированных значениях 
деформаций. Разработаны математические модели, устанавливающие единообразную форму вычисления 
однозначных значений деформаций в базовых точках диаграмм бетона, с учетом принятых 
функциональных связей и правил их назначения по таблицам нормативных документов.  Показано, что 
при равных значениях деформаций и напряжений в базовых точках, рекомендованные нормативными 
документами аналитические выражения описания диаграмм, разные по своей структуре, дают 
одинаковые их очертания, ветви диаграмм совпадают. Соотношение между расчетными моделями в 
редакции российских и зарубежных нормативных документов устанавливается сравнением значений 
интегральных параметров диаграмм и предельных усилий, полученных расчетом железобетонного 
элемента по деформационной модели. В качестве интегральных параметров диаграмм деформирования 
бетона рекомендуется использовать площади областей, ограниченных ветвями диаграмм и 
коэффициенты полноты диаграмм. Аналитическое моделирование интегральных параметров позволяет 
исключить из расчета прочности элемента процедуры численного суммирования напряжений по 
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элементарным полоскам в сечении и решения нелинейных уравнений путем последовательного 
приближения.  

Ключевые слова: прочность, деформации, диаграмма бетона, интегральные параметры, 
деформационная модель.

INTRODUCTION 

The regulatory documents [1, 2, 3, 4] 
recommend different types of concrete 
deformation diagrams and analytical 
dependencies that establish the relationship 
between deformations and stresses "" bb ���
under axial compression and tension. The 
curvilinear diagram with ascending and 
descending deformation branches corresponds 
to the physical properties of concrete and the 
experimental test data for standard concrete 
specimens most fully.  When describing curved 
diagrams of concrete deformation under 
compression, the authors of Russian and foreign 
publications [5, 6, 7, 8, 9] use the base points: at 
the top of the diagram on the ascending branch; 
at the end of the falling branch, in which the 
deformations reach their maximum values. The 
differences between analytical dependencies of 
the diagrams, the differences between 
calculation methods for determining of 
deformations and design values of concrete 
strength in the base points that is contained in 
regulatory documents leads to a mutual 
discrepancy between the values of ultimate 
forces in the strength calculations of reinforced 
concrete elements. In addition, difficulties arise 
in the comparative evaluation of the efficiency 
of computational models. In calculations by the 
deformation model, the numerical integration of 
stresses in the selected elementary strips of 
concrete over the thickness of the element and 
the solution of nonlinear equations satisfying 
the condition of equilibrium of forces by the 
method of successive approximation (iterations) 
is a laborious procedure in the calculations of 
complex engineering systems. The transition 
from the real stress diagram to the conventional 
stress diagram of a rectangular shape for the 
compressed zone of an element is important to 
simplify the computer modeling technique in 

the calculations of generalized internal forces. 
The performed studies are important for the 
discrete-continuum approach in numerical 
modeling of the behavior of the load-bearing 
systems of high-rise buildings [10], the 
improvement of computational models of power 
resistance of reinforced concrete [11] and the 
development of the survivability theory of 
structural systems of buildings and structures 
[12, 13,14]. 

THE PURPOSE AND OBJECTIVES  
OF THE RESEARCH

The first purpose of this research is developing 
of a mathematical model for calculating 
deformations at the base points of concrete 
diagrams, taking into account the accepted 
functional relationships and the rules for their 
accepting in accordance with the tables of 
normative documents. The second purpose is to 
include the integral parameters of concrete 
diagrams in the calculation method based on the 
deformation model and establish the 
relationships between the ultimate forces for the 
respective classes of concrete using the 
compressive strength. The third purpose is to 
propose a simplified method for calculating the 
strength of an element, excluding the procedure 
of the numerical integration of stresses over the 
thickness and solving nonlinear equations by the 
iteration method. Finally, it is to establish a 
relationship between the parameters of the 
deformation model and the method of ultimate 
forces for the ultimate state of an element. 

METHOD 

The normative documents [2, 3] sign the 
concrete class for the axial compression strength 
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by the letter C and numbers, for example, C12 / 
15. The first number means the value of 
normative resistance ckf  i.e. the compressive 
strength of cylinders of 150 mm in diameter and 
300 mm in height, tested in age 28 days. The 
second number is the value of the guaranteed 
strength of the concrete cube of 150 x 150 x 150 
mm with a statistical security of 0.95 ( G

cubecf , ). 
Russian standards are based on the strength of 
the cube. In accordance with these principles, 
we established the correspondence between 
classes C and B (table 1). For example, concrete 
class B15 corresponds to class C12/15, etc. 
Further, we found respectively the normative 
concrete resistance under axial compression 

bnR  (prismatic strength) and ckf  (cilindric 
strength) for compressive strength classes of 
concrete B and C using tables of regulatory 
documents. The design values of concrete 
resistance bR  and cdf  (Table 1) are calculated 
dividing a value of the normative concrete 
resistance under compression, respectively, bnR
by the reliability coefficient for concrete under 
compression b�  = 1.3 and ckf by the safety 
coefficient for concrete с�  = 1.5. When 
calculating RC elements for the limit states of 
the first group for high-strength concrete of 
class C, the work [2] takes into account the 
partial coefficient HSC� . The values of the 
initial modulus of elasticity of concrete bE  and 

cmE  for the compressive strength class of 
concrete B and C are taken according to the 
tables of normative documents. When 
evaluating the deformation properties of 
concrete, the works [2, 3] introduce the average 
values of compressive strength cтf . Concrete 
compression diagrams are plotted in the 
coordinates " )()( cbcb f���� ". Here, 
parentheses contain the denotations of 
deformations and stresses accepted in [2,3]. The 
base points of curvilinear diagrams for strength 
calculations are the following ones: the top of 

the ascending branch of the diagram which 
takes coordinates )(),( 1 cdbcb fR��� ; the end of 
the descending branch which takes the 
maximum strain value and coordinates 

)(),( 1 cubucubu f��� . The work [3] (table 6.1) 
normalizes the strain values at the base points 

1c�  and 1cu�  which uses when calculating the 
stresses for concrete compression class C. The 
dependence stress – strain is constructed using 
the current values of strains  

1ccc ���� ( 	�c 1cu� ). 

The stress value сf  takes its maximum value at 

1��c in the top of the diagram:  

cdc ff �

– applied at the calculations for the first limiting 
state and  

ckc ff �

– applied at the calculations for the second 
limiting state. Normative document [1] 
normalizes the magnitude of maximum strains 

bu� . Deformations b�̂  at the top of the 
diagram, in contrast to [2, 3], are not assigned 
according to the tables of norms, but it is 
calculated by the formula, which takes into 
account the class and type of concrete. The 
relative stress level  

bub �� � =0,85

( �bu� 1 for high-strength concrete) limits the 
descending branch of the diagram. 
Transforming the formula that describes the 
diagram, calculations can be performed both 
through stress and through deformation. 
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Table 1. Calculation parameters of concrete deformation diagrams.

B
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C

od
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of
 B

el
ar

us
 S

N
B

[3
] Compressive class 

of concrete
С12 С25 С35 С50 С60 С70 С80 С90

сdf , MPa 8.0 16,7 23.3 33.3 39.2 42.6 47.6 50.2

1c� [%о] 1.9 2,16 2.3 2.48 2.58 2.67 2.76 2.83

1cu� [%о] 3.5 3.5 3.47 3.35 3.24 3.11 2.98 2.83

dcS 24.9 50,37 67.75 89.4 99.2 101.6 105.1 102.9

dс
 0.89 0,86 0.845 0.8 0.78 0.768 0.744 0.725

сc� [%о] 1.89 1.95 1.96 1.94 1.9 1.84 1.79 1.71

ultcM , , kN m 309 630 861 1191 1367 1450 1560 1590

B
ui

ld
in

g 
C

od
e 

of
 R

us
si

a 
SP

[1
]

Compressive class
of concrete

В15 В30 В45 В60 В75 В85 В95 В105

bR , МПа 8.5 17.0 25.0 33.0 39.0 42.5 45.75 49.0

b�
�

[%о] 1.9 2.18 2.36 2.5 2.62 2.68 2.75 2.8

bu� [%о] 3.5 3.5 3.44 3.31 3.2 3.04 2.92 2.8

dbS 26.04 50.9 71.0 87.2 95.1 97.6 98.2 97.6

db
 0.875 0.855 0.826 0.8 0.762 0.755 0.735 0.711

bc� [%о] 1.88 1.948 1.95 1.92 1.87 1.82 1.77 1.71

bс� MPa 8.41 15.3 21.3 25.4 27.8 28.8 29.5 29.9

ultbM , , kN m 321 636 916 1173 1341 1422 1482 1528

Currently, a curvilinear diagram is effectively 
used in structural calculations for the second 
limiting state, in which the accuracy of the 
calculation in comparison with the experimental 
data is determined by the analytical description 
of the ascending branch of the diagram. It 
should be noted that some discrepancy between 
the strain values b�̂  and 1c�  at the top of the 
diagram for concrete classes B and C as 
amended by normative documents [1] and [2] 
does not lead to significant differences in the 
outline of the ascending branch of the diagrams 
and, respectively, the stress values for given 
strains. Strength calculations use the full 
concrete deformation diagram for compression. 
There are increasing requirements for the 
description of the descending branch of the 
diagram, for compliance with the 

recommendations of the norms on limiting the 
values of both stresses and strains. 
Analytical expressions for the description of 
concrete deformation diagrams characterize 
short-term loading models. The standard is the 
test mode of specimens at constant strain growth 
rates, which allows you to identify two branches 
of concrete deformation diagrams. In 
experiments, the rate of change in the load on 
the test equipment can be accepted arbitrary, the 
descending branch may appear partially or 
completely absent. The parameters of the 
diagram in the edition of normative documents 
[2, 3] were investigated in experiments with 
monotonically increasing compression strains, 
at a speed  015,0* �с� %о / sec. It is assumed 
that the nonlinear properties of concrete for the 
corresponding concrete classes B and C for a 
given compression test mode of concrete 
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specimens of prisms and cylinders are 
manifested equally, and deformations at the 
base points have the same values: 

1ˆ cb ��� ; 1cubu ��� .
Deformation values at base points  are 
determined according to the rules of the rules 
depending on the average stresses стf  in the 
formulas (1), (2) and concrete class B – in the 
formula (3). This means that the strain values at 
the base points can be used in the calculations 
for the limiting states of both the first and 
second groups. 
According to the analytical dependencies 
presented in the regulatory documents [1,2,3,4], 
taking into account (5), concrete diagrams 
“ )()( cbcb f���� ” are constructed. The 
branches of these diagrams pass through the 
base points. whose values are calculated from 
expressions (1), (2), (3) and (4). The shape of 
the concrete diagrams corresponds to the shape 
of the stress diagrams in the compressed zone of 
the element (Figures 1, 2). 
The dependences for the calculating of 
deformations at base points. When conducting 
calculations in software systems, it is more 
convenient to use analytical dependencies in 
which the functional relationship is preserved 
when assigning normalized parameters from the 
tables. Deformations 1c�  increase with 
increasing concrete strength at maximum 
compression stress. Meyer (1998) proposed a 
mathematical model for their calculation: 

1000/)10(6,1 25,0
1 МПаfcmс �� , (1)

where fff ckcт �� ( f� = 8 MPа).
It is proposed calculating the ultimate 
compressive strain of concrete 1cu� , normalized 
in tabular form [2, 3], by the formula: 

�
�

�

�

�
�

�

�
��
�

�
��
�

��
����

2.0*

11
10

81
1

cm

cmcm
ccu f

МПа
МПа

ff , (2)

where *
стf  is the fixed value of the average 

concrete strength for the concrete class, in 
which the descending branch is excluded from 
the calculation and the equalities 1c� = 1cu�

and cucd ff � are satisfied (assumed that *
стf =

98 MPa).  
The analytical dependencies uniform by the 
structure with (1) and (2), are introduced for heavy 
concrete in order to determine deformations at 
base points b�̂  and bu�  (Table 1): 

1000/
10

75,1ˆ
2,0

�
�
�

�
�
���

МПа
В

b ; (3)

�
�
�

�
�
�
�

�
�
�
�

�
�
��

����
2.0* 10

98
1ˆ

B
МПа

МПа
BB

bbu

where B* is a fixed class of concrete, in which 
the descending branch is excluded from the 
calculation and the equalities  

b�̂ = bu� and bbu R��

are satisfied (assumed that B*= 105 MPa). 
When working with diagrams, there is a general 
rule. If deformations are assigned and stresses 
are calculated during the construction of 
diagrams, then the maximum values of 
deformations are limited by values 1cu�  (2) and 

bu�  (4). If stresses are assigned and 
deformations are calculated [1, 4], then the 
minimum stress values on the descending 
branch are limited by the relative stress value 

bu� calculated by the formula: 

*

*

1
BB
BB

bbu 
�

��� , (4)

where, bbubu R��� , here, B* is a fixed class 
of concrete, in which the descending branch of a 
diagram is excluded from the calculation 
(assumed that B* = 105 MPa). 
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If we take into account foreign experience, then 
from formula (1) it follows that the minimum 
value of the relative stresses on the descending 
branch  

cdcucu ff��

for cuc f�� .

When increasing the class of concrete accepted 
by compressive strength, it varies linearly from 
0.9 to 1. In norms [1, 4], it is recommended to 
take the value of 0.85 for low-strength concrete, 
then 

b� = 0.2

in the formula (4) and the linear relationship for 
bu�  is maintained for concrete classes ranging 

from 0.85 to 1. 
A drop-down branch is carried out from the 
expression: 

2

1
1)1(1 ��
�

�
��
�

�
��
��

����
du

d
bub , (5)

where,  

bbudu ���� ˆ , bbd ���� ˆ

are the current values of strains. 
The values of deformations at the base points 
are determined according to the rules of norms 
depending on the average stresses стf  in the 
formula (1, 2) and concrete class B in the 
formula (3). This means that the strain values at 
the base points can be used in the calculations 
for the limiting states of both the first and 
second groups. 
According to the analytical dependencies 
presented in the regulatory documents [1, 2, 3, 
4] taking into account (5), concrete diagrams 
" )()( cbcb f���� " are constructed. The 
branches of these diagrams pass through the 
base points, whose values are calculated from 
expressions (1), (2), (3) and (4). The outline of 
the stress diagrams in the compressed zone of 
the element corresponds to outline of the 
concrete deformation diagrams (Figures 1, 2). 

Figure 1. Diagrams of deforming of concrete by regulatory documents:  
(а) Building Code of Russia SP 63.13330.2012 and (b) Buiding Codeof Belarus SNB 5.03.01-02

taking in account formulas (1) – (5).
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ENERGY MODEL FOR CALCULATING 
THE STRENGTH OF A REINFORCED 
CONCRETE ELEMENT USING 
MATERIAL DEFORMATION DIAGRAMS 

Figure 2 (d) presents the stress diagram and 
diagram of internal forces for a rectangular 
cross-section with reinforcement in the lower 
zone sA  and in the upper zone /

sA  (Fig. 2b), 
taking into account the distribution of the 
deformations of concrete and reinforcement 
according to the linear law (Fig. 2c). The 
relations for curvature based on the linear law of 
the deformations' distribution along the height 
of the element takes the following form, 

00

1
hxxh

snbnbnsn �����
�


��

�
�� , (6)

where h0 is the working height of the section; x
is the height of the compressed zone; �bn�  is 
deformations of the outer fiber of the 
compressed zone of concrete; �  - curvature of 
the element; �  - radius of curvature; sn�  - 
deformations in tensile reinforcement. 
The values of the internal forces in the 
reinforcement, respectively in the stretched and 
compressed zone, are  

sss ARN � , /////
ssssss AEAN �� �� .

Here the deformation of the reinforcement is 
determined by the formula: 

.// abns ��� �� (7)

The value of the force bN  perceived by a 
concrete strip of unit width (b = 1) in the 
compressed zone at the limiting state is 
calculated by the formula 

�dbb SN � . (8)

Taking into account the obtained dependences, 
the equilibrium equation for the limiting state 
for a symmetric section of width b is written in 
the form 

0// �� ssss
db ARAbS �
�

or

0// �� ssss
bu

db ARAxbS �
�

.
(9)

In the general case, when the ascending and 
descending branches of the diagram are 
described by nonlinear equations, small sections 
are plotted along the deformation axis using 
computer simulation (Figure 2a) ib,��  (i
section numbers). 
The height of the elementary area of the section 

�� ibibh ,, ���

with the value of the stress ib,�  corresponds to 

deformations on the diagrams ib,��  in the 
compressed zone of the element.  
For each i-th section, it can be determined the 
following parameters using  the diagrams: ib,�
- stress value; ib,�  - deformations in the 

coordinate system bb �� 0 ;

ibibibA ,,, ����

- area of the i-th section;  

��
��

���
n

i
ibib

n

i
ibdb AS

1
,,

1
, ��

- the area of the field bounded by the branches 
of the diagram.  
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Figure 2. Schemes for explaining the methodic for calculating strength of an element using 
deformation model (in accordance with regulatory documents [2,3] index ‘b’ changed by index 
‘c’): (a) deformation diagram of concrete under compression and scheme for determining the 

integral parameters; (b) cross-section of an element; (c) linear distribution of deformations along 
the height of a cross-section; (d) stress diagram for compressed zone and scheme of internal forces 

into concrete and reinforcement.
 
The verification of the equilibrium equation (9) 
is performed by the method of successive 
approximations (iteration method), in which the 
variable is the element curvature �  determined 
from relations (6).
Strength calculation uses the complete concrete 
diagram (Fig. 2, a). The area of the field 
bounded by the branches of the diagram dbS  

( dcS ) remains constant. An integral 
characteristic of a concrete deformation diagram 
is the coefficient of completeness of the diagram 

db
  ( dс
 ). This coefficient characterizes the 
deviation of the actual area of the curved 
diagram dbS ( dcS ) from the area of the 

rectangle *
dbS ( *

dсS ) that describes the diagram 
by base points. The area of the complete 
diagram dbS ( dcS ) for each class of concrete is 
calculated by numerical methods or using 
graphical computer programs (Table). The area 
of the rectangular diagram is calculated by the 
formula  

bubdb RS ��*    or  1
*

cucddс fS �� ,

where bR , сdf  are the design concrete 
resistances for the limiting states of the first 
group for concrete of compressive strength 
classes B and C, respectively; bu� ( 1cu� ) -
normalized values of ultimate strains are 
calculated by formulas (2) and (3). Coefficients 
of completeness of the diagram  

*
dbdbdb SS�


and 

*
dсdсdс SS�


are calculated by the formulas 

*

*

2,071,0
B

BB
db

�
��
 ; 

*

*

2,0724,0
cт

стcт
dс f

ff �
��
 ,

(10) 
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where B* is a fixed class of concrete, for which 
the descending branch is excluded from the 
calculation and the equalities  

b�̂ = bu�  and bbu R��

are satisfied (assumed that *В =105 MPa); *
стf

- a fixed value of the average concrete strength 
for the concrete class, for which the descending 
branch is excluded from the calculation and the 
equalities  

1c� = 1cu�   and cucd ff �

are satisfied (assumed that *
стf = 98 MPa). 

For an increase of the class of concrete, the 
curvature of the diagram decreases, approaching 
to the elastic one (Table), however db
  > 0.5. If 
condition (9) is satisfied the value of the 
ultimate bending moment ultM  perceived by 
the cross-section of an element is determined 
relatively to a fixed zero line: 

///
ssssssb

db
ult zAzARbzSM �

�
� . (11)

The distances from the generalized forces 
/
sN , sN  and bN  in the reinforcement and

concrete to the neutral axis, respectively, are: 

;)(

)(/)(
/

k

kk
b

s
az

�
�� �

�

)(

)(
0

)(

k

k
b

k

s
hz
�

�� �
� ;

)()( k
bс

db
k

db
b S

Wz
�
�

�
�� ,

(12)

where  

dbW = ��
��

��
n

i
ibibib

n

i
ibibA

1
,,,

1
,, ����

is the moment that numerically equal to the sum 
of the products of the areas of the elementary 
section on the concrete diagrams and the 
distances of their centers of gravity to the stress 
axis b� ;

dbdbbс SW��

- deformations at the level of the center of 
gravity of the diagram 3O  (Fig. 2a); )(k�  - the 
curvature of an element after satisfying the 
equilibrium condition (9) at the k-th iteration. 
From the formula (12) for bz , it follows that the 
deformations at the level of the center of gravity 
of the stress diagram in the concrete of the 
compressed zone of an element are equal to the 
deformations bс�  at the center of gravity of the 
full diagram. Studies indicate that the ratios 
between the values of strains at the center of 
gravity of the diagrams and strains at the top of 
the diagrams  

bbcbc ���� � ( 1ссcсc ��� �� )

are a monotonically decreasing functions (for 
increasing concrete class B and average 
concrete strength cтf ) that can be described by 
analytical expressions: 

*

*1,0

29,075,0
B

BB
B
МПа

bc
�

��
�
�

�
�
��� ;   

*

*1,0

35,065,0

ст

стст
сc f

ff
B
МПа �

��
�
�

�
�
��� ,

(13) 

where the parameters B* and *
стf  are taken 

from (10). 
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Modeling of the parameters of the diagrams by 
analytical dependencies allows us to exclude 
from the calculations of the strength of elements 
the procedure of the numerical integration of the 
areas of elementary sections and the solution of 
nonlinear equations by the iteration method. The 
calculation of the strength of the element, taking 
into account the proposed dependencies, is 
performed in the following sequence: 
- it is assigned a class of concrete, section, 
reinforcement: /, ss AA ; 
- for a given class of concrete, the coefficient of 
completeness of the concrete deformation 
diagram db
  is calculated by formula (10), for 

the area of a rectangular diagram *
dbS , the area 

dbS of the region bounded by the branches of 
the diagram is calculated; 
- taking into account (6) and (7), equation (9) is 
converted into a quadratic equation with respect 
to the actual height of the compressed zone x: 

0)( ///2 ��� ssbnssssbn
bn

db AEaARAExbSx ��
�

;

(14) 

- according to formula (11) and taking into 
account (12), the moment value in the limiting 
state is calculated, where the force distances to 
the neutral axis are not determined with the 
parameter )(k�  obtained by the sequential 
approximation procedure, but by solving the 
quadratic equation for the height of the 
compressed zone (14) and calculating the 
element curvature from formula (6). 

TRANSITION TO THE METHOD  
OF ULTIMATE FORCES 

For calculation by the method of ultimate 
forces, a simple rectangular diagram of normal 
stresses in the compressed zone of concrete was 
adopted. The relationship between the 
curvilinear stress diagram and the rectangular 

stress diagram is established from the condition 
of equality of the forces in these diagrams 

bxRxbS
b

bu

db *�
�

,
(15)

from which a relationship between the heights 
of the compressed zone, respectively x and x* is 
established for a given cross-section, 
reinforcement and class of concrete compressive 
strength. The value of the bending moment 

*
ultM  perceived by the cross-section of the 

element, according to ultimate forces, is 
calculated by the formula: 

).()5,0( /
0

/
0

** ahARxhbxRM sscbult ���
(16) 

A comparative analysis of the methods for 
calculating strength is performed for a 
reinforced concrete section with dimensions h =
60 cm, b = 30 cm. Reinforcement in the 
stretched zone is periodical steel rebars of A400 
class. The condition of the equilibrium of forces 
in the normal section is satisfied by the 
reinforcement saturation of the stretched zone at 
given strain values: in the reinforcement  

sss ER�� , where sR = 355 MPa; 

in the outer concrete fiber of the compressed 
zone bu� , calculated by the formula (3). For the 
simple case of bending, the calculations are 
carried out in the same sequence, just for given 
deformations using the formulas (6), the 
element curvature and the actual height of the 
compressed zone x are calculated. Using the 
equilibrium equation (9) and without taking into 
account the reinforcement in the compressed 
zone, the reinforcement area sA  is determined. 
The forces in concrete for given concrete class 
of compressive strength are equal to the forces 
in the reinforcement.  
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Table 2. Design values of parameters for limiting state by deformation model (A) 
and the method of ultimate forces (B)

Compressive class
of concrete

В15 В30 В45 В60 В75 В85 В95 В105

А
х, cm 37.3 37.2 37.0 36.4 35.8 35.4 34.9 34.3

ultM , kN m 317.7 644.8 824.3 1178.7 1342.7 1419.5 1478.0 1523.1

В
х*, cm 32.2 32.0 30.7 29.2 27.7 26.6 25.5 24.3
*
ultM , kN m 327 653 834.8 1196.4 1366.0 1449.8 1514.2 1566.5

The curvature of the element and the height of 
the compressed zone x decrease due to a 
reduction in the limit values of nonlinear 
deformations in high-strength concrete  when 
increasing the class of concrete, and the value of 
the ultimate moment ultM increases (Table 2, 
A). The height of the compressed zone x* of 
rectangular shape is smaller than the actual 
height of the compressed zone x, however, the 
increase in the shoulder of the inner pair of forces 
compensates the difference between the values of 
the limiting moments calculated by formula (16) 
without taking into account the reinforcement in 
the compressed zone (Table 2, B). 
 
 
CONCLUSION 

The ratio of ultimate efforts when calculating 
the strength of elements according to the 
deformation model is determined by the integral 
parameters of the diagrams of concrete 
deformation under compression, the analytical 
modeling of which allows us to exclude from 
the calculation of strength the procedure for 
numerically summing of stresses along 
elementary strips in a section and solving 
nonlinear equations by successive 
approximations. Replacing a curvilinear stress 
diagram with a rectangular one does not 
introduce a significant error in the calculation of 
ultimate forces, since a decrease in the height of 
the compressed zone with a rectangular diagram 
is compensated by an increase in the shoulder of 
the internal pair of forces. 
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STUDY OF STRESS-STRAIN STATES  
OF A REGULAR HINGE-ROD CONSTRUCTIONS  

WITH KINEMATICALLY ORIENTED SHAPE CHANGE 

Peter P. Gaydzhurov 1, Elvira R. Iskhakova 2, Nadezhda G Tsaritova 2
1 Don State Technical University, Rostov-on-Don, Russia 

2 Platov South-Russian State Polytechnic University, Novocherkassk, Russia 

Abstract: For regular hinge-rod structures, an engineering method for analyzing the stress-strain state is devel-
oped, taking into account the transformation of the form by folding repeated fragments of the structure. For the 
software implementation of the proposed calculation algorithm, a macro is compiled in the APDL language, 
which is built into the ANSYS software package. A step-by-step procedure that simulates the transformation of 
the farm geometry was tested. 

Keywords: hinge-rod structures, finite element method, truss element stiffness matrix, 
 the stiffness matrix of a mechanical drive, the stress-strain state 

ИССЛЕДОВАНИЕ НАПРЯЖЕННО-ДЕФОРМИРОВАННОГО 
СОСТОЯНИЯ РЕГУЛЯРНОЙ ШАРНИРНО-СТЕРЖНЕВОЙ

КОНСТРУКЦИИ ПРИ КИНЕМАТИЧЕСКИ 
ОРИЕНТИРОВАННОМ ИЗМЕНЕНИИ ФОРМЫ

П.П. Гайджуров 1, Э.Р. Исхакова 2, Н.Г. Царитова 3  
1Донской государственный технический университет, г. Ростов-на-Дону, Россия

2 Южно-Российский государственный политехнический университет (НПИ) имени М.И. Платова, 
г. Новочеркасск, РОССИЯ

Аннотация: для регулярных шарнирно-стержневых конструкций разработана инженерная методика ана-
лиза напряженно-деформированного состояния с учетом трансформации формы путем сворачивания по-
вторяющихся фрагментов конструкции. Для программной реализации предлагаемого алгоритма расчета 
составлен макрос на языке APDL, встроенного в программный комплекс ANSYS. Выполнено тестирова-
ние шаговой процедуры, моделирующей процесс трансформации геометрии пространственной фермы.

Ключевые слова: шарнирно-стержневые конструкции, метод конечных элементов, 
матрица жесткости ферменного элемента, матрица жесткости механического привода, 

напряженно-деформированное состояние

INTRODUCTION  

One of the creative directions in modern archi-
tecture is the so-called kinematic design, based 
on a controlled change in the geometry of the 
structure in order to obtain the required space 
planning decisions [1,2]. According to the prin-
ciple of transformation of geometry, building 
structures can be divided into the following 
groups [3]: 

�� moving in space along the guides; 
�� performing a rotation about the axis of rota-

tion; 
�� folding or rolling on the principle of a fan. 
The technology of constructions made of ori-
gami, which are capable, compressing and 
stretching, to qualitatively change shape should 
be added to this. The idea of creating such 
building structures was taken from the field of 
aerospace systems such as solar panels and mir-

DOI:10.22337/��� -!"����#�#��"��-$��� 
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rors with a large surface [4]. 
As examples of existing original transformable 
building structures, Thomas Heterwick’s folding 
bridge [5], built in London in 2004 and the fold-
ing bridge in Germany (1997), which is called 
«Horn», which became a landmark of Kiel [6], 
can be mentioned. 
At the same time, there is practically no infor-
mation in the literature of structural mechanics 
about the mathematical modeling of transform-
able building systems taking into account the 
form change. In this regard, the direction asso-
ciated with the development of an engineering 
methodology, the calculation of geometrically 
variable structures using the finite element 
method (FEM) is relevant. 
In FEM, the relationship between deformations 
at an arbitrary point of a finite element and the 
corresponding nodal displacements is generally 
represented in matrix form [7] 

}{][}{ u���                        (1) 

where }{� and }{u – are the column vectors of 
the components of the strain tensor and nodal 
displacements; ][� – is a matrix of form func-
tions, depending on the type of the finite ele-
ment and the approximating functions. 
By the hypothesis of infinitesimal deformations, 
it is generally accepted that the matrix does not 
change during loading on element. This assump-
tion is the basis of the so-called infinitesimal 
theory of deformations, i.e., a theory when de-
formations are considered infinitesimal quanti-
ties. The use of this theory is quite justified if a
change in the nodal coordinates of the finite el-
ement mesh can be neglected, during the defor-
mation of the structure. However, in some cas-
es, due to large elasto-plastic strains or large 
translational and angular displacements of the 
model, in order to obtain an exact solution, it is 
necessary to take into account the change of the 
matrices of finite elements. Such a theory is 
called the theory of finite strains. In the frame-
work of the theory of finite strains, various step-
by-step procedures are applied for the numerical 
implementation of calculations, the essence of 

which is to represent the loading process in the 
form of a stepwise or continuous increase in the 
load parameter. Moreover, at each step, as a 
rule, a scheme for iterative refinement of the 
solution is provided. 
The method to describe the current deformed 
state of the finite element model and the initial 
coordinates are used is called the method of La-
grange. In case of large displacements, for ex-
ample during structural modificationat the be-
ginning of each loading step, the initial coordi-
nates are used. This method of representing de-
formations is called the modified method of La-
grange [8]. The present work is devoted to the 
extension of the modified Lagrange method to 
the problem of analyzing the stress-strain state 
of a spatial truss structure with kinematically 
directed shape transformation in the plane of 
minimal stiffness.

2. CALCULATION METHOD 

To analyze the stress-strain state of a hinged 
structure with a regular structure, we use the 
ANSYS Mechanical software [9], which im-
plements the FEM in the form of a displacement 
method. As an object of research we consider a 
space truss structured in the form of repeating 
semi-octahedron (Figure 1).  

Figure 1.  Initial state of the truss.

The geometrical dimension of the truss are set 
in the global Cartesian coordinate system

z
xy

s s
s s

s s
s
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zyx ,, . The truss shape transformation is pro-
vided using, located in the back bar of the struc-
ture, rods-drives with variable length. In this 
case, the process of forming takes place in such 
a way that the lengths of the rods of the top-
chord and the lattice of the truss practically do 
not change. In Figure 1, the drive rods are indi-
cated by s . Note that the operating mechanism 
of these rods provides a direct and reverse 
stroke, i.e., mounting and dismounting of the 
structure. To simulate the process of kinemati-
cally oriented structural change, we use the fi-
nite element (FE) LINK 11 (Figure 2), which 
allows you to change the distance s  between 
nodes i and j .

Figure 2. FE with a variable length LINK 11. 

We model the rods of the top-chord and lattice 
with 3D truss elements of the LINK 180 type 
(Figure 3). In this figure the next symbols are 
marked: l – the length of the rod; FE – longi-
tudinal stiffness.
The axis x of the truss CE forms with the axes x ,
y , z  the angles directing cosines, which are 

determined by the formulas: 

l
xx

xx ji ��)cos( ;
l

yy
xy ji ��)cos( ;

l
zz

xz ji ��)cos( .   (2) 

Let s introduce the notation:

)cos(11 xxt � , )cos(21 xyt � , )cos(31 xzt � .

Figure 3. Truss FE LINK 180.

The relationship between the FE nodal dis-
placements xiu  and yju  and their projections

xiu , yiu , ziu  and xju , yju , zju  on the global 
coordinate axes is described by the relations: 

312111 tututuu ziyixixi � ;

312111 tututuu zjyjxjxj � .

Hereinafter, the first index corresponds to the 
FE node number.  
Axial force N  in the axes x , y , z  is decom-
posed into the following nodal components: 

11tNF xi �� ; 21tNF yi �� ;
31tNF zi �� ; 

11tNF xj � ; 21tNF xj � ; 31tNF xj � .

The equilibrium equation of truss FE in the axes 
x , y , z in matrix form has the form 

}{}{][ Fuh � ,                    (3) 

where column vectors of nodal displacements 
and forces 

T
zjyjxjziyixi uuuuuu }{}{ �u ;

T
zjyjxjziyixi FFFFFF }{}{ �F

(Т – the symbol of matrix transposition opera-
tion); finite element stiffness matrix 

i

jK

C

l0
s

z

y
x

j

z

y

x

i

j

x
N

l EF,
uix

ujx

N
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][][ th
l
FE

� , (4)

direction cosines matrix 

�
�
�
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�
�
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31112111
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][

t

ttt

ttttt

tttttt

tttttttt
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t

As is obvious, the matrix elements ][h depend 
on the nodal coordinates ix , iy , iz  and jx , jy
, jz , which, with large displacements of the rod, 
change significantly compared to the initial val-
ues.
The LINK 11 element (Figure 2), having a 
length in the initial state 0l , is endowed with 
longitudinal stiffness properties K  and viscoe-
lastic damping C . The latter is not used in this 
analysis. The stiffness matrix of the LINK 11 
element in the global coordinate system can be 
represented in the form 

][][ пр th K� ,         (5) 

The components of the corresponding column 
vector of nodal forces are written as

TttttttN }{}{ 312111312111axax ����F  where
sKN x �a – axial force, due to the stroke of the 

drive s .
Thereafter, we accept the following assump-
tions: 
�� to describe the deformation of the structure 

in the process of shaping, we apply the 
modified method of Lagrange; 

�� the process of transformation of the struc-
ture represents a quasistatic sequence of 
steps nk ,...,2,1�  of discrete change in the 
lengths of elements LINK 11 by a small 
amount s ; 

�� rectilinear rods before deformation remain 
rectilinear after deformation; 

�� the cross sections of each rod remain nor-
mal to its longitudinal axis during defor-
mation; 

�� we neglect the change in the longitudinal 
stiffness of the rods during the structural 
modification, i.e. we believe that the behav-
ior of the material throughout the course of 
form-change obeys Hooke's law; 

�� in the process of transformation of the 
structure, the achieved level of the stress 
state of the rods is remain intact. 

The geometry and stress state transformation of 
the rod modeled by the LINK 180 element is 
schematically shown in Figure 4. We emphasize 
that the transition from the current position of 
the rod to the subsequent position is accompa-
nied by small increments in the values of the 
nodal coordinates. 

Figure 4. Visualization of the process  
of transformation of the rod.

The flow diagram of the algorithm developed on 
the basis of the accepted assumptions is shown 
in Figure 5. Abbreviations are introduced here:
BC – boundary conditions; SLAE – simultane-
ous linear algebraic equations. APDL program-
ming language is used For the software imple-
mentation of this algorithm [10], which is built 
into the ANSYS Mechanical. Created on the 
basis of this language the application macro  is 
entered into the command window, after which 

z

x

x

x

k = 1

k n=

x y zj , ,j j
( )0 ( )0 ( )0

i

j

x y zi , ,i i
( )0 ( )0 ( )0
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each line of the macro is processed by the 
APDL interpreter and, if the result is positive, is 
immediately launched. Thus, the macro allows 
you to automatically create the geometry of the 
structure, build a finite element mesh, set the 
boundary conditions and load, start the solver to 
perform the calculation, as well as carry out in-
termediate operations associated with extracting 
information from the ANSYS database at the 
current loading step and generating working ar-
rays by performing the necessary algebraic pro-
cedures. In addition to the above actions, the 
macro contains commands to delete the finite 
element model at the current calculation step.  

Figure 5. The block diagram  
of the transformable hinged structure  

calculating algorithm 

Note that in the proposed macro the procedure 
of direct calculation of the axial forces in the 
truss rods using the formula 

)( 1
1

�
�

�� kk
k

k ll
l

FEN .  (6) 

This approach is explained by the fact that when 
using LINK 180 FE values kN  are calculated in 

relation to the initial (undeformed) element 
length. With the proposed step-by-step method 
of representing the process of structural modifi-
cation, this method leads to incorrect results.  

2. NUMERICAL CONVERGENCE  
OF CONVERGENCE

Testing the developed algorithm and the corre-
sponding macro is feasible on the example of 
the spatial truss shown in Fig. 1. Initial data: 
rods of the top-chord and lattice have a tubular 
cross-sectional area of 310113,0 ���F m2; modu-
lus of elasticity of the material of the rods (steel) 

МПа101,2 5��Е ; specific density � = 7800 kg⁄m
3. Overall dimensions in meters for a repeating 
fragment of the truss (semi-octahedron) are 
shown in Figure 6. 

Figure 6. The repeating fragment of the truss 

Stiffness coefficient and mass of the mechanical 
drive modeled by the LINK 11 element is 

10101��К N⁄m; axm = 20 kg.  
In Figure 7 shows graphs of changes in the 
height of the lift h and the bay axl f the truss de-
pending on the stroke of the drive s and taking 
into account its own weight.  

Figure 7. Graphs slh ~, пр
  for 01,0�s m 

and 30�nstep .
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Here, the «+» sign corresponds to the forward 
stroke (camber of truss), the «-» sign to the re-
verse stroke (returning the truss to the initial state). 
The graphs in Figure 7 are obtained with the 
stroke value at the transformation step 01,0�s m 
and the number of transformation nstep  = 30. 
Visualization of the patterns of the forward and 
reverse transformation of the truss for these pa-
rameters s andnstep  are presented in Figure 8. 

Figure 8. Visualization of the patterns of direct 
and reverse transformation of the farm 

s=0,01 m and nstep= 30.

Analyzing the graphs in Figure 7 and the type of 
structure after the reverse transformation, we 
establish that the geometry of the model as a 
result of the assembly-disassembly cycle is not 
restored to its original state and in this case 
there is a residual deflection of the truss top 
chord and truss back bar. 
Figures 9 and 10 show the results of a similar 
calculation for the values of the parameters

001,0�s m and 300�nstep . For comparison, the 
values of the parameters )3,0(h and )3,0(ax

l

amounted to: for s=0,01 m and nstep=30 –
,071,1)3,0( mh � mбl 8553,0)30(пр � ; for 

001,0�s m and 300�nstep – )3,0(h = 1,036 
m, )3,0(

axl = 0,9263 m.

From the data presented it follows that with a 
tenfold decrease in the parameter s and the same 
increase in the parameter nstep a satisfactory co-
incidence of the simulation results with a picture 
of the real behavior of the structure under con-
sideration during direct and reverse transfor-

mation is observed. 

Figure 9. Graphs slh ~, пр
  for ms 001,0�

and 300�nstep .

Figure 10. Visualization of the picture  
of the reverse transformation of the truss  

for s=0,001 m and nstep=300.

Axial force diagram N in the rods of the top 
chord and the lattice of the test truss for various 
values of the parameters s andnstep are shown 
in Figures 10 and 11. From the above data it can 
be seen that the values N in the truss rods sub-
stantially depend on the calculated parameters 
s and nstep .
For comparison, Figure 12 shows a picture of 
the transformation of a test truss with a direct 
forward stroke of actuators by a value. м3,0�s .
This solution was obtained as part of a linear 
calculation. 
As you can see the picture of the farm in a de-
formed state, shown in Figure 12, differs quali-
tatively from the picture obtained in the step-by-
step transformation scheme of Figure 8. 
When using the option of accounting for large 
displacements («Large Displacement Static») in 
the case of simultaneous calculation )m3,0( �s
we obtain a picture of the structure in the trans-
formed state similar to that shown in Figure 8. 
The values of the transformation parameters are 

� )3,0(h 1,037 m, � )3,0(прl 0,9034 m.
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ms 01,0� ;
30�nstep  N , N

;001,0 ms �
300�nstep  N , N

Figure 10. Axial force diagram N in the rods  
of the truss top chord 

01,0�s m;
30�nstep  

N , N

001,0�s m;
300�nstep  

N , N

Figure 11. Axial force diagram N in the rods of 
the truss lattice 

Figure 12. Simultaneous transformation  
of the truss for м3,0�s .

However, it was found that the calculation in a 
geometrically nonlinear setting does not allow 
to take into account the installation history. The 
obtained values of the longitudinal forces in the 
truss rods are very underestimated. 

3. EXAMPLE.

As a demonstration example, consider an indus-
trially significant truss formed by 24 semi- oc-
tahedron (Figure 13).  

Figure 13. Initial truss position. 

Initial data: rods of the top chord and lattice 
have a tubular cross section with an area of 

2102901,0 ���F  m 2; modulus of elasticity of the 
material of the rods (aluminum alloy D16T) 

MPa102,7 4��Е ; specific density � = 2885 
kg⁄m3. he value of the temporary resistance of 
the material �tol�  420MPa. The overall dimen-
sions of the semi-octahedron are tripled in com-
parison with the test example (Figure 6). 
Mounting process is simulated by analogy with 
a test example, accepting �s  0,001, nstep =
200. The initial bay прl = 35 m. 
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The results of finite element modeling are pre-
sented in Figures 13-16. 

Figure 14. The truss position after the form 
transformation. 

Figure 15. Graphs slh ~, пр
  .

.
Figure 16. Axial force diagram N .

The resulting height of the farm was � )2,0(h
8,43 m, and the total bay � )2,0(прl  25 m (Fig-
ures 14, 15). 
Figure 16 shows that the maximum value of 
compressive axial force kN2800max ��N arises in 
the elements of the «boss» of the arch. This val-

ue maxN corresponds to the maximum com-

pressive stress MPa965,0max ��� , which is sig-
nificantly less than the value в� .

The critical value of the axial force for a axial 
compressed rod with a given size and mechani-
cal characteristics is equal. kN9044c �rN .
Safety factor for a compression rod 

maxcrу / NNn � = 3,23.

Thus, the initial stress state of the arched type 
structure under consideration fully satisfies the 
requirements of operation. 

CONCLUSIONS 

1.� An engineering method for calculating the 
stress-strain state of regular hingerod struc-
tures with a kinematical oriented shape 
change has been developed.

2.� A numerical study of the convergence of 
the step procedure modeling the process of 
controlled shaping of a regular hinged rod 
structure was carried out.

REFERENCES 

1.� Tumasov A.A., Tsaritova N.G., 
Kurbanov A.I., Kalinina A.A. Ge-
ometricheskie parametry sterzhnevyh trans-
formiruemyh arochnyh system [Geometric 
parameters of rod-shaped transformable 
arch systems]. // Construction and Archi-
tecture, 2017, Vol. 2(15), pp. 135-140 (in 
Russian).

2.� Tumasov A.A., Tsaritova N.G. Ge-
ometricheskie zakonomernosti obrazovanija 
ob#emno-prostranstvennyh form v 
arhitekture iz ploskih kinematicheskih 
struktur [Geometric patterns of the for-
mation of volumetric-spatial forms in archi-
tecture from flat kinematic structures]. //
Reporter of the Belgorod State Technologi-

s,м

h (s)+

lпр(s)+

, , м

0,02
0

10

40

0,18

20

30

h (s)+

lпр(s)+

0,06 0,1 0,14



Peter P. Gaydzhurov, Elvira R. Iskhakova, Nadezhda G Tsaritova 

International Journal for Computational Civil and Structural Engineering46 

cal University V.G. Shukhov, 2019, Vol. 2, 
pp. 122-130 (in Russian).

3.� Usukin V.I. Stroitel'naja mehanika kon-
strukcij kosmicheskoj tehniki [Structural 
mechanics of space systems]. Moscow,  
Mechanical Engineering, 1988. 392 pages 
(in Russian).

4.� Semenov V.S., Akbaraliev R. Trans-
formiruemye konstrukcii pokrytij v sov-
remennoj arhitekture [Transformable roof 
structures in modern architecture]. // Vest-
nik of KRSU, 2010, Vol. 10, Issue 2, pp. 25-
31 (in Russian). 

5.� Tornhill C. London Bridge is rolling up: 
The spectacular Rolling Bridge that unfolds 
every Friday at noon. Daily Mail. 
22.09.2018.

6.� Https://www.kiel.de/de/kultur_freizeit/mus
eum/stadtmuseum_warleberger_hof.php.

7.� Sakharov A.S., Altrnbach I. (Eds.) Metod 
konechnyh jelementov v mehanike tverdyh 
tel [The finite element method in the me-
chanics of solids]. Kiev, Vishcha school, 
1982, 480 pages (in Russian).

8.� Hibbitt H.D., Marcal H.V., Rice J.R. A
finite element formulation for problems of 
the large strain and large displacement. // 
International Journal of Solids Structures,
1970, Vol. 6, pp. 1069-1086.

9.� Basov K.A. ANSYS: spravochnik 
pol'zovatelja [ANSYS: user guide]. Mos-
cow, DMK Press, 2012, 640 pages. 

10.� Morozov E.M., Muizemnek A.Yu., Shad-
sky A.S. ANSYS v rukah inzhenera: Me-
hanika razrushenija [ANSYS in the hands 
of an engineer: Mechanics of destruction]. 
Moscow, LENAND, 2008, 456 pages (in 
Russian).

СПИСОК ЛИТЕРАТУРЫ

1.� Тумасов А.А., Царитова Н.Г., Курба-
нов А.И., Калинина А.А. Геометриче-
ские параметры стержневых трансфор-
мируемых арочных систем. // Строи-

тельство и архитектура, 2107, Том 5,
№2(15), с. 135-140. 

2.� Тумасов А.А., Царитова Н.Г. Геомет-
рические закономерности образования 
объемно-пространственных форм в ар-
хитектуре из плоских кинематических 
структур. // Вестник Белгородского гос-
ударственного технологического уни-
верситета им. В.Г. Шухова, 2019, №2, с. 
122-130.

3.� Усюкин В.И. Строительная механика 
конструкций космической техники. – М.: 
Машиностроение, 1988. – 392 с.

4.� Семенов В.С. Акбаралиев Р. Транс-
формируемые конструкции покрытий в 
современной архитектуре. // Вестник 
КРСУ, 2010, Том 10, №2, с. 25-31. 

5.� Tornhill C. London Bridge is rolling up: 
The spectacular Rolling Bridge that unfolds 
every Friday at noon. Daily Mail. 
22.09.2018.

6.� Https://www.kiel.de/de/kultur_freizeit/mus
eum/stadtmuseum_warleberger_hof.php).

7.� Сахаров А.С., Альтенбах И. (ред.) Ме-
тод конечных элементов в механике 
твердых тел. – Киев: Вища школа, 1982. 
– 480 с. 

8.� Hibbitt H.D., Marcal H.V., Rice J.R. A
finite element formulation for problems of 
the large strain and large displacement. // 
International Journal of Solids Structures,
1970, Vol. 6, pp. 1069-1086.

9.� Басов К.А. ANSYS: справочник пользо-
вателя. – М.: ДМК Пресс, 2012. – 640 с.

10.� Морозов Е.М., Муйземнек А.Ю., Шад-
ский А.С. ANSYS в руках инженера: 
Механика разрушения. – М.: ЛЕНАНД, 
2008. – 456 с.

Petr P. Gaydzhurov, Advisor of the Russian Academy of 
Architecture and Construction Sciences, Professor, Doc-
tor of Technical Sciences, Department of Technical Me-
chanics; Don State Technical University; Gagarin square 
1, Rostov-on-Don, 344000, Russia;
phone 8 800 100-19-30; e-mail: reception@donstu.ru. 

Elvira R. Iskhakova, Head of the Department of Building 
Structures, LLC Southern Project Institute (Rostov-on-



Study of Stress-Strain States of a Regular Hinge-Rod Constructions with Kinematically Oriented Shape Change 

Volume 16, Issue 1, 2020 47 

Don); Platov South-Russian State Polytechnic University 
(NPI); Prosveshcheniya St. 132, Rostov region, Novo-
cherkassk, 346428, Russia; phone: 8 (8635) 25-51-51; 
E-mail: pressa_npi@mail.ru. 

Nadezhda G Tsaritova, Ph.D., Associate Professor, De-
partment of “Urban planning, design of buildings and 
structures”; Platov South-Russian State Polytechnic Uni-
versity (NPI); Prosveshcheniya St. 132, Rostov region, 
Novocherkassk, 346428, Russia; phone: 8 (8635) 25-51-
51; e-mail: pressa_npi@mail.ru. 

Гайджуров Петр Павлович, советник Российской ака-
демии архитектуры и строительных наук, профессор, 
доктор технических наук; федеральное государствен-
ное бюджетное образовательное учреждение высшего 
образования «Донской государственный технический 
университет»; 344000, Россия, ЮФО, Ростовская об-
ласть, г.Ростов-на-Дону, пл. Гагарина, 1;
тел. 8 800 100-19-30; e-mail: reception@donstu.ru.

Исхакова Э.Р., федеральное государственное бюд-
жетное образовательное учреждение высшего образо-
вания «Южно-Российский государственный политех-
нический университет (НПИ) имени М.И. Платова»;
346428 Россия, г. Новочеркасск, Ростовская обл., ул. 
Просвещения 132; тел. 8 (8635) 25-51-51;  
E-mail: pressa_npi@mail.ru. 

Царитова Н.Г., федеральное государственное бюд-
жетное образовательное учреждение высшего образо-
вания «Южно-Российский государственный политех-
нический университет (НПИ) имени М.И. Платова»;
346428 Россия, г. Новочеркасск, Ростовская обл., ул. 
Просвещения 132; тел. 8 (8635) 25-51-51;  
E-mail: pressa_npi@mail.ru.



International Journal for Computational Civil and Structural Engineering, 16(1) 48-72 (2020)

48 

FINITE ELEMENTS OF THE PLANE PROBLEM  
OF THE THEORY OF ELASTICITY WITH DRILLING DEGREES 

OF FREEDOM 

Viktor S. Karpilovskyi 
ScadGroup Ltd., Kyiv, UKRAINE

Abstract: Twelve new finite elements with drilling degrees of freedom have been developed: triangular and 
quadrangular elements based on a modified hypothesis about the value of approximating functions on the sides 
of the element, which made it possible to avoid dimensional instability when all rotation angles are zero; 
incompatible and compatible triangular and quadrangular elements which can have additional nodes on the sides. 
Approximating functions satisfy the following condition: the value of the rotational degree of freedom of a node 
is nonzero and equal to one only for one of them. Numerical examples illustrate estimated minimum orders of 
convergence for displacements and stresses.  All created elements retain the existing symmetry of the design 
models.

Keywords: finite elements, drilling degrees, plane problem, triangular element, rectangular element,
quadrangular element

КОНЕЧНЫЕ ЭЛЕМЕНТЫ ПЛОСКОЙ ЗАДАЧИ ТЕОРИИ 
УПРУГОСТИ С ВРАЩАТЕЛЬНЫМИ СТЕПЕНЯМИ 

СВОБОДЫ

В.С. Карпиловский
ОOО ScadGroup, г. Киев, УКРАИНА

Аннотация: Построено двенадцать новых конечных элементов с вращательными степенями свободы:
треугольные и четырехугольные элементы на основе модифицированной гипотезы о значении 
аппроксимирующих функций на сторонах элемента, позволившей исключить геометрическую 
изменяемость при равенстве нулю всех углов поворота; несовместные и совместные треугольные и 
четырехугольные элементы, которые могут иметь дополнительные  узлы на сторонах. При этом 
аппроксимирующие функции удовлетворяют условию: значение вращательной степени свободы узла 
только для одной из них отлично от нуля и равно единице. Приведены оценки минимальных порядков 
сходимости по перемещениям и напряжениям, иллюстрированные численными примерами. Все 
построенные элементы сохраняют существующую симметрию расчетных схем.

Ключевые слова: конечные элементы, вращательные степени свободы, плоская задача,
треугольный элемент, прямоугольный элемент, четырехугольный элемент

1. INTRODUCTION 

Let us consider the Lagrange functional of the 
plane problem of the theory of elasticity: 

! " ! "1
2

TA DA d d
# #

$ � #� #% % Tu u u f u  (1) 

where: # – plate of thickness h: solid body with 
a midplane XOY; 

! " ! "
! "

u
v
& '

� ( )
* +

x
u x

x

– displacements of the point,  
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– area load. 
The geometry operator A and the elasticity 
matrix D (for an isotropic material) are: 

2

0

0

1
1

1 0

0
0

10 2

, ,

             
            
         

T E
v

.
.

.

/ / � �� �
� �� �/ /� � �� �/ / � �� �/ /� � � �

�
�

�
A D    x y

y x

(2)

E – Young’s modulus, . – Poisson’s ratio.
Classic finite elements have two degrees of 
freedom in each node: nodal displacements ui,
vi, i=1,2,…,N, where N is the number of element 
nodes. There are also more complex elements 
with three degrees of freedom in a node, when 
the following values can be taken into account 
in addition to the displacement values: 
�� averaged rotation angle: 

1
2  ( ), ( )z z

v u
 
 
 / /� � �
/ /

xi i x y   (3)

According to [1] the value 
z characterizes the 
rotation of an infinitesimal volume surrounding 
a point. This value is invariant with respect to 
orthogonal transformations of coordinate 
systems. 
�� the paper [2] proposes and the papers [3-5 et 

al.] develop the approach when the degrees 
of freedom 0j with the following hypotheses 
are introduced at the nodes:

a) tangential displacement uτ varies linearly on 
the side ij; 
b) normal displacement un  varies according to 
the law:

u 1 u 12( ) ( ) ( )n ni nj j i
a

u1 1 0 0 1 1� �   � �ij , (4) 

,( ) ( ) /1 ��  � �xx x x τ x xi j i ij j i ija
| |�� x xij j ia

– side length; 

�� in order to avoid dimensional instability 
which can occur when all degrees of 
freedom are equal 0j according to the 
hypothesis (4), we will assume that the 
normal displacement un varies according to 
the law proposed in [6]: 

! "
1 u

1 1 22

( ) + +

( ) ( )( )

1 1

1 1 0 0 � 0 0 1

�

� �   �

�n ni nj

ij
j i j i

u u
a , (5) 

�=const.
Degrees of freedom 0j, created according to the 
hypothesis (5) will be called quasi-rotational.
And for the function ϕi(x), corresponding to the 
degree of freedom 00i: 

side     
diagonal

0 5 1
( 0 25 1

0

. ( ),
( )) . ( ),

,
z

�



�&2� �  3(
2 3*

xφ x
ji

      i= j,
ε   i j, 

                 i j,  
(6) 

If we substitute � = –1 into (6), we obtain: 

1 u 1 u
1 1

( ) ( )
( )( ( ))
1 1
1 1 0 1 0 1

� �  � 
� � �

n ni nj

ij j i

u
        a   (7) 

and ( =( ))|z 4
 xφ x
j

j
i i , i,j=1,2,…,N.

The direction of the normal vector to the side nij
for (4) and (5) is selected in such a way so that 
the system nij, τij and OZ is right-hand. The 
compatibility of the respective system of 
approximating functions is provided in both 
cases. 
However, (4) has the following disadvantages: 
a) since the degrees of freedom 0j in (4) are 
included only as a difference between the values 
on the sides, it is necessary to create additional 
constraints in order to avoid degeneracy of the 
system or to introduce fictitious rigidities; 
b) the calculated values 0j can be quite far from 
the actual rotation angles.
Additional constraints are not required for (5).
As shown by numerical experiments we obtain 
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good accuracy of the results for small values of 
�, which almost coincides with that of the 
results for displacements and stresses with the 
elements according to the hypothesis (4). The 
values of the “rotation angles” 0j are more 
realistic. 
For hypotheses (4) and (5):
a) moment loads are incorrect; 
b) when creating elements with intermediate 
nodes on the sides, it is almost impossible to 
agree the physical meaning of 0j at the vertices 
and on the sides. Therefore, 0j are either not 
determined on the sides as in [7], or are 
determined artificially as in [8]. 
The degrees of freedom 0j for (4) and (5) no 
longer have an exact physical meaning. They 
can hardly be interpreted as “rotation angles”.
However, the corresponding approximating 
functions do not contradict the ideology of the 
FEM as a projection-grid method and show 
good results in shell analysis.  
A large number of elements with rotational 
degrees of freedom based on formulations other 
than the Lagrange functional were created: 
hybrid elements based on a mixed functional 
[9], elements based on the Trefftz method [10], 
on the expansion by displacement modes [11]
etc. [12,13,14 at al.]. The list of publications on 
this subject is obviously not complete. The 
elements considered in this paper are based on 
the Lagrange functional. 
As confirmed by numerical experiments, the 
load can be given as moments: both nodal and 
distributed over an element (for example, along 
the side), for elements which have degrees of 
freedom 
z and ensure convergence of the 
method. The reduced nodal moments are 
calculated according to a standard formula: 

( , ) ( )z

#

� % #φi iM M dx y   (8) 

When there are three degrees of freedom in a 
node, finite elements have 3N unknowns, which 
are arranged in the following order during the 
generation of a stiffness matrix of the element: 

1 1 1{u v u v , }, ...,
 
N N N55 5 and, accordingly, 

1 1 1{ u v , ...,u v , }N N Nθ θ55 5 ,         (9) 

which have a corresponding system of 
approximating functions: 

u

v
31 1 2( ), , , ,�

& '& '
( ( ) )

* +* +
6 �φ φ ij,

ij ij
ij,

,  
φ

x,y i= jNφ
(10) 

For example, the displacement field for the 
degrees of freedom 0j is represented as: 

2 3
1

1 u 2 3

1 1 2 3

u v

u
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, ,v ,v
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N i

i v i
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0
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�

�
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�( ) * +

u φ φ φi i1 i i i i
i

i i , i i i

i i i i i

x,y
, (11) 

Functions satisfying (5) will be represented as 
follows: 

3( ) ( ) ( )�� φ x χ x ζ xi i i , i=1,2,…,N,  (12) 

where – χi functions obtained from hypothesis 
(4), ζi – correction functions.
Let us introduce the notation for operators of 
degrees of freedom:  

2

3 1 2
( ( )) ( ), ( ( )) ( ),

.( ( )) , , ,( ( ))| ,
u v i

z
i

7 7

 �

� �
� 8

x

φ x x φ x x
φ x φ x

i1 i

i

L i
L

L
i N (13) 

For i=1,2 – these are nodal displacements in the 
respective directions. 
The following condition has to be satisfied: 

( ( )) 4�φ x km
ij km ijL , i=1,2,…,N,   (14) 

j=1,2 for (4) and (5) and j=1,2,3 for 
 .

Convergence criteria 
Criteria for proving the convergence of both 
compatible and incompatible finite elements for 
problems with elliptic differential equilibrium 
equations of arbitrary order were proposed in 
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[15–17] and were used in [15] to create new 
elements. 
Let us formulate them for the plane problem of 
the theory of elasticity. Equalities of the 
completeness criterion of the minimum order 
for the degrees of freedom ui, vi, 
i: 
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77 7
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 (15) 

Conditions (15) must be satisfied for the 
approximations according to (4) and (5), if we 
assume that 77 = 0. Adding independent 
approximations can only increase the order of 
the completeness criterion.
When (15) is satisfied, it guarantees the 
displacement of a finite element as a rigid body, 
and for compatible approximations according to 
[15,16], the method will converge in 
displacements with the 2-nd order, and in 
stresses with the 1-st order. 
An incompatibility criterion is introduced for 
incompatible approximating functions. For the 
considered problem it lies in finding such a 
compatible system of functions 

, -31 2 1 2( ), , ,, ... , ,�ψij   j  x,y i= N:  , (16) 

that must guarantee the displacement of the 
finite element as a rigid body (or the fulfillment 
of all equalities (14), which are more strict 
conditions) and satisfy the equations 

0
0
0
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00

0 0
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#

//
/ // /

//

& '
2 2� �% ( )
2 2

� �
� � #
� *
� �

+�
φ ψ

T

ij ijyx
yx

d ,(17) 

i=1,2,…,N, j=1,2,3.

When performing (15) and (17) for 
incompatible approximations, according to 
[15,16], the method will converge in 
displacements with the 2-nd order, and in 
stresses with the 1-st order. When analyzing 
incompatible approximations for elements with 
rotational degrees of freedom, approximations 
of classic elements with two degrees of freedom 
of a node can be used as a compatible system of 
functions (16). The incompatibility criterion 
enables to analyze the approximations for one 
finite element unlike the piecewise testing 
[18,19,20], which requires the analysis of all 
possible stars of elements.
Functions for some nodes corresponding to the 
rotational degrees of freedom 
  will be 
determined as follows for some elements: 

3( ) ( ) ( )� φ x μ x λ xi i i ,  (18) 

where μi(x) and λi(x) are compatible and 
incompatible approximations, respectively. 
It follows from the incompatibility criterion (17) 
that λi(x) must satisfy the equations: 
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00
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//
/ // /
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�
λ x

T

ijyx
yx

d (19) 

The aim of the work is to build 12 new finite 
elements with rotational degrees of freedom 
using the above convergence criteria, ensuring 
the convergence of the finite element method. 

2. FINITE ELEMENTS

2.1. Finite Elements with Quasi-rotational 
Degrees of Freedom 
а) Three-node Element
Let us consider a triangle in the local coordinate 
system shown in Figure 1a. After changing the 
coordinates (20), it is transformed into a right 
triangle with unit legs shown in Figure 1b.  
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Figure 1. Triangular element.

1 1  ,1 �� �� � �� �
� �

bx y ya c c   (20) 

We will determine the degrees of freedom only 
at the vertices of the triangle. 
Normal’s to the element sides:

, - , - , -12 13 23
13 23

0 1 1    1 , ,� � �
���n n nc c

b a ba a
The following approximation of displacements 
in the form (12) satisfies the conditions (5): 

! " , - ! " , -1 20     0, , ,; ;� �φ xφx T T
i i i i    (21) 
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2 21 2 2 2 2 2( , )1 � 1 � 1 1� �� �   H  = 

Functions (22) – approximations [2]. 

b) Four-node Isoparametric Element 
Let us consider a convex quadrangular finite 
element in the local coordinate system shown in 
Figure 2a. After an isoparametric transformation 
of the coordinate system (24), it is transformed 
into a unit square shown in Figure 2b. 

1 1
1
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We will determine the degrees of freedom only 
at the vertices of the quadrangle.  
The following approximation of displacements 
in the form (12) satisfies the conditions (5): 
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Figure 2. Quadrangular element. 
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Functions (26) – approximations [4].
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Two more functions are sometimes added which 
correspond to some internal degrees of freedom 
with their subsequent condensation: 
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c) Four-node Element with a Piecewise 
Polynomial Approximation 
Let us consider a quadrangular finite element in 
the local coordinate system shown in Figure 2a.
It is transformed into a quadrangle shown in 
Figure 2c by replacing the coordinate system 
(28). A is the intersection point of the diagonals 
of the element. 
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If the quadrangle is a rectangle, then a=<=–1.
Let us consider functions (29) ;i, i=168, which 
are second-degree polynomials in each of the 
subareas #i, i=1,2,3,4 and are continuous 
together with their first derivatives on the 
diagonals of the element: 
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  (29) 

Since ( ) 4�ψ x ji
j

i , i,j=1,2,3,4, we can assign 

! " , - ! " , -1 2
0    0 ,;
;� �φ x φ xi

i i
i

, i=1,2,3,4 (30) 

The functions ;i, i=5,6,7,8 at the vertices of the 
quadrangle are equal to zero. They are nonzero 
at the middle of the sides and equal to one only 
at the node with a number matching that of the 
function. The following expression is obtained 
in (12) for functions corresponding to quasi-
rotational degrees of freedom and satisfying 
conditions (5): 

7 5
1 2

7 8 8 5

1 1
8 8, ,( )

; ;
; ; ; ;
� �& ' & '� �( ) ( ) �  �* + * +

χ χc e
b a a d a  

7 6
3

6 7

1
8

( ) ,( )
; ;

; ;
& '� ( )� �* +

χ c c - e
d b b

5 6
4

6 5

1
8

( )
( ) ( )
e; ;

; ;
 �& '� ( )�  �* +

χ e c
b d a d       (31) 

7
1

7 8

1
8

( ) ,( ) ( )
; 1 �
; 1 � ; � 1
� �& '� ( )� � �* +

ζ c A B
b A B a B

5
2

8 5

1
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( ) ,( ) ( ) ( )
; 1 �
; � 1 ; 1 �

�& '� ( )� � � � �* +
ζ e

a B d a  

7 6
3

6 7

1
8

( ) ( ) ( ) ,( ) ( ) ( )b
; 1 � ; � 1

; � 1 ; 1 �
� �  � �& '� ( )� �  �* +

ζ c A B c e A
d b A A B

5 6

4 6

5

1
8

( ) ( ) ( )
( ) ( )

( ) ( )

e; 1 � ; � 1
; � 1

; 1 �

� � � �& '2 2� � � � ( )
2 2� �* +

ζ
e c A

b d A
                a d

      (32) 
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2.2. Incompatible Finite Elements (

z) 
d) Triangle with Nodes at Vertices 
Let us consider a triangle shown in Fig. 1a,
which is transformed into a triangle in Fig. 1b 
by replacing the coordinates (20). The system of 
approximating functions of an element will be 
sought as third-degree polynomials in the finite 
element area. We will determine the degrees of 
freedom only at the vertices of the triangle.  
Consider auxiliary functions corresponding to 
the rotational degrees of freedom obtained from 
ζi(x) in (27) and satisfying (14):

4( ) ( ) ( )� � λ x ζ x ζ xi i , i=1,2,3,  (33) 

1 2 3( ) ( ) ( ) ( )�  ζ x ζ x ζ x ζ x

We adjust the functions (21) corresponding to 
the linear degrees of freedom of the classic 
element, so that the equalities�(14) are satisfied: 

, -11
1 (0 2( ) ),1 �� � �� �φ x ζ xa b

ac

, -12
0 1 (1 2( ) ),1 �� � �φ x ζ xa

, - , -21 22
0 1( (0 2 2( ) ), ( ) ),1
1� � � �φ x ζ x φ x ζ xb

ac a

, - , -31 32
01 (0 2( ) ), ( )�
��  �φ x ζ x φ x     c (34) 

The obtained approximations are incompatible 
now, because the equality of displacements on 
the sides of the element when it is connected to 
other elements of the design model is not 
provided. If in (18) we assume that 

ϕi3(x)=λi(x), i=1,2,3,

then the resulting system of functions already 
ensures the convergence of the method, since 
the equations (17) of the incompatibility 
criterion will be satisfied if we take the 
functions (21) of the classic element without 
rotational degrees of freedom (assuming they 
are zero) as the system of functions (16). But, as 

shown by numerical experiments, there is no 
significant increase in calculation accuracy. 
Since the element with quasi-rotational degrees 
of freedom shows good accuracy, then in� (18) 
we take μi(x), which are proportional to 
functions (22), as compatible functions, and ζ(x) 
– as incompatible ones. We obtain the only 
possible combination where the equalities of the 
completeness criterion (15) and the 
incompatibility criterion (17) are satisfied (If we 
use functions ζi(x), there can be alternative ways 
of representing functions ϕi3(x), but (35) has 
shown the best results in the tests):

! "3
1 4 ( (3( ) ) )� φ x χ x ζ xi i , i=1,2,3. (35) 

To increase calculation accuracy, it is 
reasonable to add five “internal” degrees of 
freedom with their subsequent condensation. 
They have corresponding approximations, 
which satisfy the conditions (19): 

3

3

1
,( ) ( ) ( ) ( )( )i L

�
� � �Ψ x Φ x λ x Φ xki k

k
i

, - , - , -4 50 0, ,u, , , ,T T T
v� ��� � �Φ Ψ Ψi i i  H,     H

1( )1� 1 �� � �H

e) Six-node Triangle 
Let us consider an element in the local 
coordinate system, shown in Fig. 1a. After 
changing the coordinates (20), it is transformed 
into a triangle shown in Fig. 1b. 
We will use fourth-degree polynomials. 
Let us determine functions corresponding to the 
following degrees of freedom: 
�� rotation angles on the sides: 

, -43
13

2 ( ) 1 1
(1 )( (1 )+( ) )
( ( ) ( ) ( ) ) ,1 ��  �  �� �
� � �

xφ bacp e q q e q    ca d d e q q e d

, -53
2( ) 1

0(1 )( 1 )
( ( ) ) ,( )

1 � � � � ��
�  � �

xφ cp dq q d q
e e dq q d e

, -63
23

2 ( )
(1 )( 1 )

( ) ,( )
p 1 � �� ��
� � � �

xφ a bac ed d e
ca q q ed dq e q (36) 
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( ) 1( )1� 1 �� �xp =

�� displacements on the sides: 
3( ) ( ) ( ) ( ( ))� �φ x H x φ x H xij ij i3 i ijL ,  (37) 

i=4,5,6,   j=1,2,

, - , -3
1

3

0
0 , ,�

�
� �H Hi

i i2
i

P
P

2 2

1 2 2
1

1
( ) ,

( )
1 � �� ��

�
P

d d
2 2 2 2

2 32 2 2 2
1

1 1
( ) ,

( ) ( )
1 1 � 1 �� �� �

� �
P   P

e e q q

�� rotation angles at the vertices of the 
triangle, similarly to (35): 

3

6

4
( ) ( ) ( ))(

�
� � �φ x Φ x φ Φ xji3 i j3

j
iL ,

! "1 4 ( (3( ) ) )� Φ x χ x ζ xi i ,  (38) 

1

1 1

1

1 11 1 12 1 1

( ( ) )
( ( )) ,

( ( ) )

� 1 � �1 � 1 1 1 �
� 1 � �

� � �& '2 2� �� � � � �( )
2 2� � �* +

χ
c d
a e
     b d

1

2 1

1

1
1 1 12 1

( )
( )( ( )) ,
( ) ( )

1� 1�1 1 1 � 1 1 �
1� 1�

� �& '2 2� � � � � � � �( )
2 2� �* +

χ
c q
a e

       a b q

1 1

3 1

1

1 1 1 1
12 1 1 1

( ) ( )( ( ) )
( ) ( ) ,

( )( ( ) )

1 1� 1 � 1 � �� 1 1�
1 � 1 � �

� � � � � � �& '2 2� � � ( )
2 2� � � � �* +

χ
c q   c d
a b q  
        b d

1 1 1
1 1 1

1 1 1, ,( ) ( ) ( )� � �
� � �

d      e     q   d d e e q q

Compatible functions χi(x) are obtained from the 
condition that the tangential displacement uτ on 
the side ij varies quadratically, and the normal 
displacement un varies with 0  according to the 
law: 

1u 1 1 1
( )... ( )( )( )( )ik ik

1 11 1 0 0��  � � �
�n ij j ia a a

, (39) 

k – node on the side ij.
Formula (39) is an extension of the formula (4) 
taking into account the intermediate node. 

, - , -
, -

1 1 2 2

3 3
0

( ) ( ) ( )

( )

��  �

�

ζ x x x

x

c cr H r Ha b b

          r Ha
   (40) 
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H ξ ξ η e ξ eη
              e  e ξ

x

The incompatible function  ζ(x) in (40) satisfies 
the equations (19), and the coefficients rj,
j=1,2,3, are found from the system of equations:  

3 1( ) �ζ xiL , i=1,2,3.    (41) 

�� nodal displacements of the element: 

6

4
( ) ( ) )(

k�
� � �φ x Φ x φ Φij ij kj kj ijL , (42) 

6

1
( ) ( ) ( ) )(

k�
� � �Φ x Ψ x φ x Ψij ij k3 k3 ijL ,

i=1,2,3,  j=1,2, Ψij(x) are linear functions (21).  
The completeness criterion (15) and the 
incompatibility criterion (17) are satisfied. 
The calculation accuracy can be increased by 
adding functions corresponding to the internal 
degrees of freedom: 

3

6

4
( ,( ) ( ) ( ))j

j�
�� �Ψ x Z x φ Z xi i j3 iL i=1,2.

, - , -1 20 0 1, , , , ( )1� 1 �� � � � �Z ZT TH       H   H

f) Rectangle with Nodes at Vertices 
Let us consider a rectangular finite element in 
the local coordinate system: a12=a, a13=c. The 
system of approximating functions of an 
element will be sought as fifth-degree 
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polynomials. Assuming 1=x/a,  �=y/c we will 
display the element on that shown in Fig. 2b: 
Determine the compatible functions 77i3, i=1,2,3 
in (12) with the help of (26) and (27) for �=–1:  

2

13 2
1 1

1 1
( ) ( ) ,

( ) ( )
� � 1
1 1 �

& '� � �� ( )
� �* +

φ c
a

  

2

23 2
1

1 1
( ) ,

( )( )
� � 1
1 1 �

& '� �� ( )
� � �* +

φ c
a

  

2

33 2
1 1

1
( )( ) ,

( )
� � 1
1 1 �

& '� �� ( )
�* +

φ c
a

  

2

43 2
1

1
( )

( )
� � 1
1 1 �

& '�� ( )
� �* +

φ c
a

   (43) 

We adjust the functions of the linear degrees of 
freedom: 

11 11 1 3
1
2 ( ),� � φ Φ λ λc

12 12 1 2
1

2 ( ),�  φ Φ λ λa

21 21 2 4
1
2 ( ),� � φ Φ λ λc

22 22 1 2
1

2 ( ),� � φ Φ λ λa

31 31 1 3
1
2 ( ),�  φ Φ λ λc

32 32 3 4
1

2 ( ),�  φ Φ λ λa

41 41 2 4
1
2 ( ),�  φ Φ λ λc

42 42 3 4
1

2 ( ),� � φ Φ λ λa   (44) 

where: Φij(x) is a bilinear system of functions 
(25); 

1 13( ) ( ) ( ),� λ x φ x H x

2 23( ) ( ) ( ),� �λ x φ x H x

3 33( ) ( ) ( ),� �λ x φ x H x

4 43( ) ( ) ( ),� λ x φ x H x      (45) 

2 2

2 2
1 2 15

4 1 2 1
( ) ( )( )

( ) ( )
1 � �
� 1 1

& '� �
( )
� � �* +

�H x c
a

Functions �i, satisfy the equations (19) and 
ensure the fulfillment of the completeness 
criterion� (15) and the incompatibility criterion 
(17). 

g) Quadrangle
Let us consider a quadrangle shown in Figure 2a 
and perform the transformation of the 
coordinate system (28) into a quadrangle shown 
in Figure 2c. The system of approximating 
functions of an element will be sought as fourth-
degree polynomials in each of the subareas #i
of the finite element. 
Determine the compatible functions 7i3,
i=1,2,3,4 in (12) with the help of (31) and (32) 
for �=–1. Functions λi(x) for adjusting linear 
approximations can be represented as follows: 

4
3

1
( ) ( ) ( )

�
� � �λ x φ x Z xi i ik k

k
r  (46) 

, - , -20 0( ), , , ( )T T
i i i i� �� �Z x Z x        , i=1,2, 
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     ,
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Coefficients rij in (46) are obtained as solutions 
of the systems of equations (19). 
Functions corresponding to displacements: 

3

1
( ) ( ) ( ) ( ))(

k�
� � �φ x Ψ x λ x Ψ xij ij k k3 ijL , (47) 

i=1,2,3,4, j=1,2,

where Ψij(x) are approximations (30) of an 
element without rotational degrees of freedom.  
The completeness criterion (15) is satisfied for 
the obtained approximations, since it follows 
from the properties of functions (31) and (32) 
that: 



Viktor S. Karpilovskyi 

International Journal for Computational Civil and Structural Engineering58 

! "
4 4

3
1 1

() )( ) (
� �

�� ��φ x λ x xZik k
i i k

i
,

i s   (48) 

Functions ζi(x) (32) satisfy the equations (19) 
and, therefore, we obtain a system of equations 
(19) in (48) for determining the coefficients sik
with zero right-hand side.

h) Eight-node Quadrangle 
Let us consider a quadrangle shown in Figure 2a 
and perform the transformation of the 
coordinate system (28) into a quadrangle shown 
in Figure 2c.  

11 21 12 22
1 v v u u
2
 11 � �

/ / / /� �
� �/ / / /

�
� �

� �z p + p p p (49) 

The system of approximating functions will be 
sought as incomplete sixth-degree polynomials 
in the finite element subareas.  
Determine functions for the nodes on the sides: 

4
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Let us determine functions corresponding to the 
rotational degrees of freedom in the nodes: 

4

3
1

( ) ( ) ( )k
�

� � �φ xχx Φ xi ik
k

i r ,    (52) 

3 3

8

5
( ) ( ) ( )k k

k�
� ��Φ x H x Hφi i iL

where rij are solutions of the systems of 
equations (19), 

3( ) ( ) ( )�H ψx x xki iT ,

3( )ψ xk – are compatible functions of a 
quadrangular element with piecewise 
polynomial approximation (29-31) for �=–1; 

1 781 2 582 3 673 4 564      , , , ,T P T P T P= =T= = P (53) 
! "
! "

( )( ) ( )
( )

( )( ) ( )
1 1 1 1� � � �

�1 � � �1 1 1
� � � � �

�
� � � � �

x i j i i j i
ijk

k i j i k i j i
P

! " ! "
4 8

1 5j k� �
� � �Zχ x φ Zi i kj kj iL=   (54) 

, - , -20 0( ), , , ( )� �� �Z x Z xT T
i i i i      , i=1,2,
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Adjust functions (29), ;i , i=168: 

8

5
( ) ( ) ( ),( )

m
�

�
� � �x x x xi i i m mχ ψ ψ ,       (55) 

( )
( )( )� xx x

k
k

k k

ψχ ψ
i=1,2,3,4,  k=5,6,7,8.

Functions corresponding to displacements are 
obtained using (55):

3

8

1
(( ) )( ) ) (

k�
� � �φ xx Ψ φ x Ψkij ij k3 ijL ,  (56) 

, - , -1 2
0

0( ) , ( )�
�� �Ψ Ψx xi

i
i i 6

The obtained system of functions satisfies the 
completeness criterion (15) and the 
incompatibility criterion (17).  

2.3. Compatible Elements (

z) 
i) Triangle with Nodes at Vertices 
Let us consider a triangle shown in Fig. 1a, and 
perform the transformation of the coordinate 
system (57) into a triangle shown in Fig. 1c,
where point A is the intersection point of the 
medians of the triangle: 

, 11 12

21 22

1
1

1
�
� �
� �

p x+ p y  
p x+ p y 57

11 12 21 22
2 2 1 2       , , ,� �� � � �a b a bp p p pa ac a ac

Let us write the functions λi(x), i=1,2,3, which 
are second-degree polynomials in each of the 
subareas, are zero on the sides of the triangle, 
continuous within # and satisfy the conditions 
(14). We obtain the unique solution: 

, - 11
2
9( ) ( ),�� ��λ x xc

a b , - 33
22

29( ) ( )��� �λ x xc
b a

, - 22
2

29( ) ( ),���λ x xc
a b 58

1 1
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1 � � 1 � ?

� � ># � � �&2�  � ># � � (
2 �  ># �  �*

x x
x x
x x

         
        
    

Functions �i, i=1,2,3 have discontinuities 
z at 
the boundaries #i (sides of connected elements, 
segments of medians), but 
z(λi(x)) are 
continuous at the nodes of the element. 
Compatible functions corresponding to the 
rotational degrees of freedom and satisfying the 
conditions (14), similarly to (35), can be 
represented as follows: 

! "3
1 4 ( (3( ) ) ) ,� φ x χ x ζ xi i   (59) 

1 2 3( ( ( () ) ) )�  ζ x λ x λ x λ x

where �i are functions (22) in the coordinate 
system (57). 
The functions corresponding to displacements 
are obtained by substituting the functions ζi(x) 
from (59) and linear functions into (34): 

1 2

3

1 11 1 23 3
1 1 23

( ) ( ), ( ) ( ),

( ) ( )

; 1 � ; 1 �

; 1 �
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� � 

x x

x

     

The calculation accuracy can be increased by 
adding functions equal to zero on the sides of 
the element as those corresponding to internal 
degrees of freedom: 
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j) Six-node Triangle 
Let us consider a triangle shown in Figure 1a, 
and perform the transformation of the 
coordinate system (57) into a triangle shown in 
Fig. 1c. The functions are sought as third-degree 
polynomials in each of the subareas. 
Functions corresponding to the rotational 
degrees of freedom at the nodes are given by 
adjusting (58) (functions (36) can be applied, 
which will result in fourth-degree polynomials):

3

6

4
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k�
�� �φ x λ x φ x λ xi i i iL , i=1,2,3,  (60) 
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Functions corresponding to displacements are 
obtained from approximations of a classic 
element ψij(x) without rotational degrees of 
freedom: 

6

1
( ) ( ) ( ) ( ( ))

k�
� � �φ x ψ x φ x ψ xij ij k3 k3 ijL ,  (61) 

i=166, j=1,2 

The calculation accuracy can be increased by 
adding functions equal to zero on the sides of 
the element as those corresponding to eleven 
internal degrees of freedom: 
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k) Quadrangle with Nodes at Vertices 
Let us consider a convex quadrangle shown in 
Figure 2a and perform the transformation of the 
coordinate system (28) into a quadrangle shown 
in Figure 2c.  
The functions are sought as second-degree 
polynomials in each of the subareas. 
Let us write the functions λi(x), i=1,2,3,4, which 
are second-degree polynomials in each of the 
subareas, are zero on the sides of the 
quadrangle, continuous within # and satisfy the 
conditions (14). We obtain the unique solution: 
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Similarly to a triangular element, functions λi,
i=1,2,3,4 have discontinuities 
z at the 
boundaries #i (sides of connected elements, 
segments of diagonals), but ωz(λi(x)) is 
continuous at its nodes.
Compatible functions which correspond to 
rotational degrees of freedom, preserve 
equalities (15) and satisfy the equations of the 
incompatibility criterion (17) are given in the 
following form, taking into account the 
experience of creating triangular elements: 

4

1
3

1 4 ( (3( ) ( ) )),( , )@� � �φ x χ x λ xj
j

i
=

i i j   (63) 

,1    
0   
, –
, –( , )@ � ij side

ij diagonali j

where χi(x), i=1,2,3,4 are functions (31).
Functions corresponding to displacements are 
obtained from approximations (29) of an 
element without rotational degrees of freedom 
by adjusting them with the help of functions 
λi(x) to satisfy the conditions (14): 

4

1
( ) ( ) ( ) ( )

k�
� � �φ x ψ x λ x ψij ij k k3 ijL ,    (64) 

The calculation accuracy can be increased by 
adding functions equal to zero on the sides of 
the element as those corresponding to internal 
degrees of freedom: 
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l) Eight-node Quadrangle 
Let us consider a convex quadrangle shown in 
Fig. 2a and perform the transformation of the 
coordinate system (28) into a quadrangle shown 
in Fig. 2c. The functions are sought as third-
degree polynomials in each of the subareas. 
Functions corresponding to the rotational 
degrees of freedom can be given as follows: 

3
8

3 3
5

( ) ( ) ( ) ( ))(
k�

� ��φ x λ x φ x λ xi i k k iL , (66) 

3 3( ) ( )�φ x ψ xk k , i=1,2,3,4, k=5,6,7,8,
where ψi3(x) are functions (50), λi(x) are 
functions (62).
Functions corresponding to displacements are 
obtained according to formula (56) by 
substituting functions (66).
The calculation accuracy can be increased by 
adding functions equal to zero on the sides of 
the element as those corresponding to eleven 
internal degrees of freedom functions (65). 

2.4. Accuracy of Elements 
The considered finite elements, except for the 
isoparametric ones, use polynomial or piecewise 
polynomial approximations of the displacement 
field over the entire area of the element.  
Equalities of the completeness criterion (15) are 
satisfied for all elements including 
isoparametric ones. Let us add the equalities of 
the completeness criterion of the 2-nd order to 
them: 
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They are satisfied only for compatible 6-node 
triangular and 8-node quadrangular elements 
whose functions are sought as second-degree 
polynomials. Despite a rather large number of 
degrees of freedom, the equalities (67) are not 
satisfied for elements with quasi-rotational 
degrees of freedom and all incompatible 
elements. 
Considering that the equalities of the 
incompatibility criterion (17) are satisfied for all 
incompatible elements, we obtain the following 
minimum estimates of the order of the 
convergence rate according to [15] for regular 
partitions with sufficiently smooth boundary in 
the L2 norm for elements: 
�� a-i, k – the first one in stresses and the 

second one in displacements;
�� j, l (high-precision compatible elements) –

the second one in stresses and the third 
one in displacements.

3. TESTS 

All tests for elements with quasi-rotational 
degrees of freedom were performed with the 
value �=0.001. Since the values of 
displacements and stresses calculated for these 
elements according to the hypothesis (4), and 
hypothesis (5) for the given � differ only in the 
fourth significant digit, and only on the coarsest 
mesh, they are not provided.
All the approximations considered in this paper 
and corresponding to the “internal” degrees of 
freedom of the elements are applied.  
The loads specified as uniformly distributed, 
trapezoidal and parabolic were reduced to nodal 
ones taking into account the condensation of 
“internal” degrees of freedom.
All calculations were performed in SCAD, 
which is a part of SCAD OfficeA. 

3.1. Patch Tests 
Patch tests [21] are performed in order to check 
whether the equalities of the completeness 
criterion (15) are satisfied for all considered 
elements: 

�� stiffness matrices of all considered finite 
elements each have three eigenvectors 
corresponding to their displacement as rigid 
bodies; 

�� the results for plates under constant stresses 
were obtained with an accuracy up to a 
computational error. 

These tests serve only as a correctness criterion 
of the program code. 

3.2. Narrow Rectangular Plate 
The plate of rectangular section shown in Fig. 3 
is subjected to a trapezoidal load applied at its 
ends P= 2kEy, E=100kPa, ν=0, h=1m, a=10m, 
b=1m. Coefficient k=0.06 results in unit 
moments at the ends of the plate, when it is 
considered as a bar. 
The problem has an analytical solution, known 
from the theory of elasticity: 

2 2 22 1 1,   4
� �� � �  �� �
� �

u kxy v k y x ab b  (68) 

The design models shown in Fig. 4 are taken 
from [7], where this problem was considered. 
Table 1 contains calculated vertical 
displacements at the point A(0,5), stresses �x at 
the point B(0,–5) and rotation angles 
 at the 
point E(1.6(6),0). The following analytical
solutions are obtained from (68):  

vA=–1.5m, �x,B=6kPa, 
E=0.4rad. 

If the given plate is considered as a bar, then 
after applying a pair of moments at its ends 

My= 2kEJy/h, Jy=hb3/12 

(moment of inertia of the plate section), we 
obtain the same values of vertical deflection and 
rotation angle using rod theory. 
A loading statically equivalent to the given load 
was considered to study moment loads, when 
the moments My are specified in the nodes C(-
5,0) and D(5,0). Table 2 shows the results of 
experiments.
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Figure 3. Narrow plate. 

Figure 4. Design models 1x6 for a narrow rectangular plate.

Table 1. Displacements, stresses and rotation angles in a narrow plate.

Mesh 
type

Ele-
ment

Displacements wA (m) Stresses �B (kPa) Rotation angles 
E (rad)
Mesh Mesh Mesh

1x6 2x12 4x24 8x48 1x6 2x12 4x24 8x48 1x6 2x12 4x24 8x48

A

b, c -1.5 6 0.4
f -1.231 -1.422 -1.480 -1.496 4.874 5.673 5.915 5.978 0.3255 0.3783 0.3943 0.3986
g -1.203 -1.412 -1.478 -1.495 4.775 5.639 5.905 5.976 0.3199 0.3761 0.3937 0.3984
k -0.923 -1.295 -1.442 -1.485 3.052 4.743 5.529 5.817 0.2430 0.3450 0.3846 0.3960

B

b -1.298 -1.458 -1.490 -1.497 5.711 6.020 5.998 5.999 0.2945 0.3771 0.3933 0.3961
c -1.318 -1.458 -1.490 -1.497 5.686 6.027 6.001 6 0.3234 0.3838 0.3943 0.3964
g -0.777 -1.222 -1.418 -1.479 3.267 5.241 5.805 5.951 0.2005 0.3198 0.3758 0.3936
k -0.766 -1.200 -1.410 -1.476 2.332 4.088 5.280 5.747 0.2011 0.3193 0.3758 0.3936

C
a -0.858 -1.261 -1.432 -1.482 3.318 5.026 5.741 5.939 0.2079 0.3750 0.4570 0.4780
d -0.920 -1.291 -1.440 -1.484 4..814 6.096 6.252 6.171 0.2323 0.3389 0.3823 0.3952
i -0.684 -1.118 -1.372 -1.464 1.779 3.412 4.894 5.635 0.1793 0.2991 0.3667 0.3908

D h -1.512 -1.502 -1.5 6.038 6.009 6.002 6.001 0.4012 0.3993 0.3998 0.4
l -1.5 6 0.4

E h -1.511 -1.502 -1.5 -1.5 6.246 6.072 6.019 6.005 0.3934 0.3958 0.3983 0.3993
l -1.5 6 0.4

F e -1.367 -1.461 -1.490 -1.497 5.318 5.754 5.914 5.970 0.3601 0.3897 0.3974 0.3993
j -1.5 6 0.4

The obtained results slightly differ from those 
given in Table 2 only for elements with the 
degrees of freedom 
z. 
Numerical experiments show that the obtained 
rotation angles for the element with quasi-
rotational degrees of freedom are incorrect.

3.3. Cantilever Plate under Simple Bending 
Let us consider a plate shown in Figure 5: 
E=3e7kPa, .=0.25, h=1m, a=48m, b=12m. The 
plate is subjected to the following loads:  

�� on the side x=a : 
fy=–6ry(b-y) – parabolic load; 

�� on the side x=0 : fx=6ra(b-2y); 
fy=6ry(b–y),  r=f/b3/E, f=40kN.
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Table 2. Displacements, stresses and rotation angles in a narrow plate  
(loaded by a concentrated moment).

Mesh 
type

Ele-
ment

Displacements wA (m) Stresses �B (kPa) Rotation angles 
E (rad)
Mesh Mesh Mesh

1x6 2x12 4x24 8x48 1x6 2x12 4x24 8x48 1x6 2x12 4x24 8x48

A

b -1.499 -1.467 -1.457 -1.453 5.996 5.998 5.997 5.991 0.6877 1.5776 5.0046 18.805
c -1.499 -1.474 -1.464 -1.454 5.996 5.998 5.997 5.991 0.6877 1.5516 5.0064 18.803
f -1.286 -1.397 -1.449 -1.470 4.877 5.673 5.915 5.978 0.3178 0.3784 0.3943 0.3986
g -1.255 -1.403 -1.452 -1.470 4.775 5.639 5.905 5.976 0.3170 0.3749 0.3937 0.3984
k -0.938 -1.291 -1.431 -1.472 3.053 4.743 5.529 5.817 0.2409 0.3454 0.3846 0.3960

B

b -1.225 -1.393 -1.456 -1.442 5.801 6.424 6.446 6.413 0.5241 0.9224 2.8121 10.096
c -1.295 -1.419 -1.441 -1.443 5.803 6.392 6.428 6.408 0.6074 1.2582 3.103 10.373
g -0.796 -1.208 -1.390 -1.455 3.264 5.241 5.805 5.951 0.1970 0.3207 0.3758 0.3936
k -0.780 -1.194 -1.396 -1.461 2.336 4.088 5.280 5.747 0.1999 0.3186 0.3758 0.3936

C
a -1.029 -1.502 -1.700 -1.747 4.305 6.959 8.027 8.017 0.5514 0.6701 2.4418 9.1624
d -0.916 -1.279 -1.423 -1.467 4..801 6.097 6.252 6.171 0.2429 0.3447 0.3828 0.3952
i -0.697 -1.113 -1.359 -1.451 1.781 3.412 4.894 5.635 0.1785 0.2983 0.3668 0.3908

D h -1.528 -1.494 -1.494 -1.490 6.072 6.013 6.002 6.001 0.3897 0.4034 0.3953 0.3991
l -1.511 -1.496 -1.487 -1.483 6.003 6 0.3991 0.3996 0.4

E h -1.521 -1.493 -1.495 -1.489 6.295 6.069 6.019 6.005 0.3703 0.4088 0.3976 0.3987
l -1.504 -1.490 -1.484 -1.484 5.998 6 0.3993 0.3974 0.4

F e -1.372 -1.477 -1.490 -1.488 5.300 5.754 5.914 5.970 0.3788 0.3917 0.3974 0.3993
j -1.514 -1.519 -1.485 -1.482 6.001 6 0.3983 0.3994 0.3999 0.4

Figure 5. Cantilever plate and its design models.

This problem has an analytical solution: 
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r ν by x a

      x a a ν b x+ a
     (69) 

The load on the side x=0 was ignored in many 
studies. In the case of the third degree of 
freedom it is an approximation even when there 
no additional nodes on the side of the cantilever. 
The design models shown in Figure 5 are taken 
from [2], where this problem was considered. 
Table 3 contains calculated vertical 

displacements at the point A(48,6) and stresses 
�x at the point B(12,12). The following 
analytical solution is obtained from (69): wA=–
0.353(3)m, �x,B=60kPa.   
0.353(3)m, �x,B=60kPa. 

3.4. Cook’s Problem
Let us consider a wedge with a clamped left 
edge shown in Figure 6. A uniformly distributed 
load P is applied to its right edge. Following [4] 
we take:  

E = 1Pa,  ν = 0.3(3),  h = 1m,  
P = 0.0625 N/m, u|x=0=0, v|x=0=0. 
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Figure 6. Wedge and its design models. 

Table 3. Displacements and stresses in a cantilever plate. 

Mesh 
type Element

Displacements wA (m) Stresses �B (kPa)
Mesh Mesh

1x4 2x8 4x16 8x32 1x4 2x8 4x16 8x32

A

b -0.3283 -0.3456 -0.3511 -0.3527 59.988 60.998 60.746 60.438
c -0.3283 -0.3458 -0.3512 -0.3527 59.988 60.980 60.746 60.437
f -0.3541 -0.3583 -0.3586 -0.3572 64.969 61.874 61.028 60.509
g -0.3480 -0.3556 -0.3572 -0.3564 63.811 61.823 60.990 60.500
k -0.2742 -0.3264 -0.3451 -0.3510 43.205 54.035 57.923 59.226

B

b -0.3342 -0.3465 -0.3513 -0.3527 61.512 61.304 60.945 60.501
c -0.3271 -0.3462 -0.3513 -0.3528 59.743 61.140 60.934 60.501
g -0.3227 -0.3487 -0.3544 -0.3553 61.805 62.292 61.366 60.725
k -0.2614 -0.3216 -0.3434 -0.3504 39.607 52.825 57.497 59.064

C
a -0.2471 -0.3179 -0.3427 -0.3503 36.867 50.599 56.499 58.611
d -0.2673 -0.3236 -0.3440 -0.3505 44.407 52.306 57.177 59.052
i -0.2141 -0.2902 -0.3297 -0.3457 35.949 48.270 55.999 58.521

D h -0.3567 -0.3522 -0.3521 -0.3525 64.896 61.840 60.458 60.128
l -0.3540 -0.3534 -0.3533 -0.3533 60.004 60

E h -0.3585 -0.3529 -0.3522 -0.3525 63.849 61.159 60.288 60.092
l -0.3533 59.328 59.804 59.960 59.991

F e -0.3398 -0.3488 -0.3519 -0.3529 41.195 52.981 57.554 58.844
j -0.3470 -0.3523 -0.3532 -0.3533 62.438 60.555 60.090 60.017

A statically equivalent stress was also 
considered when uniformly distributed moments 
were applied at the ends of the plate and 
reduced to a nodal load using the formula (8). 
No analytical solution is known for this 
problem. Stable numerical solution with an 
accuracy of up to 6 significant digits, obtained 
with various finite elements and mesh 
refinement up to 1024x1024 (3149825 nodes, 
220 elements): 

�� vertical displacement wA=–23.9677m, 
�� principal stresses �1,B=0.203525 Pa and 

�3,C=–0.23687 Pa.
Table 4 shows the results of experiments. 
Some papers assume ν=0.3. The values are 
slightly different in this case:  

wA=–23.9119m, �1,B=0.20353Pa
and �3,C=–0.23692Pa. 
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Table 4. Displacements and principal stresses in Cook’s problem.

Mesh 
type

Ele-
ment

Displacements wA (m) Pr. stresses �1,B (kPa) Pr. stresses �3,C (kPa)
Mesh Mesh Mesh

2x2 4x4 8x8 16x16 2x2 4x4 8x8 16x16 2x2 4x4 8x8 16x16

A

b -21.66 -23.23 -23.78 -23.92 0.1774 0.1977 0.2009 0.2032 -0.1730 -0.2197 -0.2322 -0.2354
c -21.56 -23.22 -23.78 -23.92 0.1747 0.1977 0.2007 0.2032 -0.1711 -0.2193 -0.2322 -0.2354
g -17.26 -21.92 -23.37 -23.79 0.1777 0.2013 0.2039 0.2049 -0.1760 -0.2279 -0.2388 -0.2395
k -17.55 -21.53 -23.13 -23.69 0.1430 0.1769 0.1953 0.2013 -0.1470 -0.1982 -0.2249 -0.2338

B
a -17.46 -21.51 -23.23 -23.75 0.1196 0.1618 0.1873 0.1970 -0.1643 -0.2124 -0.2312 -0.2363
d -18.49 -22.00 -23.34 -23.76 0.1687 0.1693 0.1940 0.2018 -0.2011 -0.2382 -0.2485 -0.2482
i -15.36 -18.97 -21.60 -23.07 0.1486 0.1547 0.1838 0.1964 -0.1446 -0.1838 -0.2147 -0.2337

C h -23.24 -23.79 -23.90 -23.94 0.2051 0.2015 0.2042 0.2040 -0.2629 -0.2466 -0.2399 -0.2377
l -22.97 -23.76 -23.90 -23.94 0.2114 0.2023 0.2041 0.2037 -0.2557 -0.2430 -0.2392 -0.2375

D e -22.14 -23.57 -23.85 -23.93 0.1911 0.1903 0.1988 0.2014 -0.2110 -0.2301 -0.2369 -0.2376
j -21.21 -23.42 -23.85 -23.93 0.1305 0.1971 0.2020 0.2032 -0.1931 -0.2304 -0.2379 -0.2375

3.5. Bending of an Unlimited Wedge by a 
Concentrated Moment Applied to Its Vertex 
(Inglis Problem). 
Let us consider an unlimited wedge with 
thickness h=1m and moment M applied to its 
vertex shown in Figure 7a: r, < – polar 
coordinates of the point. This problem has an 
analytical solution [22]:
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Let us consider the area R 	 24m, ==22.5B and 
specify the boundary conditions shown in 
Figure 7b. According to the Saint-Venant's 
principle these constraints will not have a 
significant effect on the results, since we will 
consider points A(4,-22°) and B(4,0°). 
Analytical solutions according to (70): 

��,A = 0.582474 kPa, Cr<,B = 0.120634 kPa. 

We take:  

E = 3.0·107 kPa, . = 0.2, h=1m, M=–1kN. 

Radii of points in the design models in Figure 8: 
0.5, 0.625, 1, 1.75, 2.5, 3.25, 4, 4.75, 5.5, 6.5, 
7.75, 9.25, 11,13, 15.5, 18, 21, 24. 
Table 5 shows the results of calculations only 
for elements with degrees of freedom 
z, since 
they are incorrect for elements with quasi-
rotational degrees of freedom. 
Let us consider the area R 	 24m, ==22.5B and 
specify the boundary conditions shown in 
Figure 7b. According to the Saint-Venant's 
principle these constraints will not have a 
significant effect on the results, since we will 
consider points A(4,-22°) and B(4,0°).
Analytical solutions according to (70):  

��,A = 0.582474 kPa, Cr<,B = 0.120634 kPa. 

We take:  

E = 3.0·107 kPa, . = 0.2, h=1m, M=–1kN. 

Radii of points in the design models in Figure 8: 
0.5, 0.625, 1, 1.75, 2.5, 3.25, 4, 4.75, 5.5, 6.5, 
7.75, 9.25, 11,13, 15.5, 18, 21, 24. 
Table 5 shows the results of calculations only 
for elements with degrees of freedom 
z, since 
they are incorrect for elements with quasi-
rotational degrees of freedom. 
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Figure 7. Inglis problem. 

Figure 8. Wedge design models.

Table 5. Stresses in the Inglis problem.

Mesh 
type Element

Stresses �r,A (Pa) Stresses Cr<,B (Pa)
Mesh Mesh

A A2 A4 A8 A A2 A4 A8

A g 0.6108 0.5909 0.5851 0.5834 0.0914 0.1172 0.1216 0.1218
k 0.5759 0.5781 0.5801 0.5812 0.1216 0.1208 0.1208 0.1207

C d 0.6578 0.6108 0.5940 0.5875 0.1135 0.1121 0.1164 0.1185
i 0.5541 0.5761 0.5811 0.5822 0.1043 0.1217 0.1232 0.1224

B h 0.5637 0.5784 0.5816 0.5823 0.1522 0.1263 0.1220 0.1210
l 0.5737 0.5809 0.5821 0.5824 0.1414 0.1259 0.1219 0.1210

D e 0.6066 0.5892 0.5843 0.5830 0.1283 0.1244 0.1230 0.1220
j 0.5418 0.5706 0.5791 0.5816 0.1220 0.1213 0.1209 0.1207
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Figure 9. Deep beam and its design models.

3.6. Bending of a Rectangular Deep Beam. 
Let us consider a square deep beam rigidly 
suspended on the sides x=0 and x=2.4 (Figure 9) 
and subjected to a uniformly distributed load p
applied to its upper edge. This problem has an 
analytical solution in series, given in [23]. 
Displacement values are calculated with high 
accuracy in [24] for a square plate with the 
following characteristics: E=2.65·MPa, ν=0.15, 
h=0.1m, p=500N/m: wA=–3.763392mm, 
uB=2.210055mm. 
The calculation is performed only for the half of 
the deep beam taking into account the axis of 
symmetry CD and the following boundary 
conditions: w|x=0= u|x=1.2=
/0|x=1.2=0. Design 
models are shown in Fig. 9. Models C and D are 
the same as those used for patch tests [20]. 
Calculation results are given in Table 6. 

4. CONCLUSIONS 

The conducted numerical experiments have 
confirmed theoretical foundations for creating 
finite elements: 

�� elements with quasi-rotational degrees of 
freedom a,b,c and incompatible elements 
d,f,g yield almost identical results in 
displacements and stresses; 

�� elements a,b,c can yield incorrect results 
in rotation angles; 

�� compatible elements i,k yield slightly 
worse results compared to elements 
a,b,c,d,f,g; 

�� as expected, elements with intermediate 
nodes on the sides e,h,j,l have yielded the 
best numerical results. And compatible 
elements j,l are unparalleled;

�� all elements with degrees of freedom 
z
enable to calculate structures subjected to 
both concentrated and uniformly 
distributed moments.

It is now interesting to study the application of 
the given approximations when creating shell 
elements (especially in combined design models 
with bar elements).
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Table 6.  Displacements in the rigidly suspended deep beam.

Mesh type Element
Displacements wA (mm) Displacements uB (mm)

Mesh Mesh
2x2 4x4 8x8 16x16 2x2 4x4 8x8 16x16

A

b -3.4643 -3.6726 -3.7415 -3.7580 1.9846 2.1234 2.1739 2.1966
c -3.4603 -3.6686 -3.7414 -3.7580 1.8881 2.0835 2.1546 2.1870
f -3.5971 -3.6802 -3.7410 -3.7577 2.0216 2.0975 2.1564 2.1875
g -3.5344 -3.6762 -3.7395 -3.7573 1.8855 2.0341 2.1258 2.1725
k -3.3881 -3.6433 -3.7312 -3.7554 1/9479 2.0749 2.1505 2.1858

B
a -3.2005 -3.6080 -3.7249 -3.7547 1.8805 2.0160 2.1214 2.1715
d -3.3494 -3.6562 -3.7377 -3.7582 2.1242 2.1274 2.1736 2.1967
i -3.0276 -3.5946 -3.7042 -3.7468 1.9472 2.0158 2.1133 2.1674

C

b -3.1204 -3.6785 -3.7518 -3.7627 1.4033 1.9437 2.0779 2.1411
c -3.1483 -3.6716 -3.7507 -3.7626 1.5706 1.9523 2.0554 2.1257
g -3.1957 -3.6065 -3.7582 -3.7745 1.6774 1.6550 1.8636 2.0106
k -2.8401 -3.4950 -3.6285 -3.7053 1.8166 2.0413 2.1162 2.1461

D
a -3.0684 -3.5233 -3.6936 -3.7464 1.7172 1.9280 2.0795 2.1497
d -3.2120 -3.5619 -3.7015 -3.7492 2.0067 2.0686 2.1351 2.1736
i -2.7636 -3.1829 -3.3407 -3.4860 1.8346 1.8803 1.9712 2.0734

E h -3.8112 -3.7866 -3.7752 -3.7677 1.9724 2.1122 2.1663 2.1923
l -3.7435 -3.7543 -3.7630 -3.7635 1.8486 2.0507 2.1359 2.1770

G h -3.8661 -3.8615 -3.8079 -3.7799 1.6800 1.9761 2.0908 2.1497
l -3.5164 -3.7586 -3.7651 -3.7639 1.3827 1.8735 2.0504 2.1316

F e -3.8582 -3.7694 -3.7593 -3.7621 1.7710 2.0022 2.1109 2.1648
j -3.4784 -3.7437 -3.7620 -3.7634 1.6815 1.9797 2.1015 2.1600

H e -3.6114 -3.7890 -3.8003 -3.7818 1.7490 1.9895 2.1021 2.1594
j -3.4959 -3.7713 -3.7742 -3.7665 1.4127 1.8596 2.0539 2.1392
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TO ASSESS THE HORIZONTAL DISPLACEMENT OF PILES 
CAUSED BY EXCAVATION OF THE SOIL OF THE PIT 

D.S. Kolesnik, Rashid A. Mangushev 
Saint-Petersburg State University of Architecture and Civil Engineering, Saint-Petersburg, RUSSIA

Abstract: The article discusses and justifies the cases of horizontal movement of the top of the piles in the case of 
digging a pit of great depth. A statistical analysis of the results of executive documentation for completed pile 
fields at three construction sites in St. Petersburg was carried out, which made it possible to prove the causes of 
excess movements of the pile heads. A technique for assessing deformations depending on the depth of excavation 
of the pit and the characteristics of the soil base is proposed. The decrease in the modulus of subgrade reaction for 
calculating piles in the conditions of softened soils near the pile space is proved. 

Keywords: piles, horizontal loading, excavation of the pit, deflection of the heads of piles, soft clay soils. 

К ОЦЕНКИ ГОРИЗОНТАЛЬНОГО СМЕЩЕНИЯ СВАЙ 
ВЫЗВАННОГО ЭКСКАВАЦИЕЙ ГРУНТА КОТЛОВАНА 

 
Д.С. Колесник, Р.А. Мангушев

Санкт-Петербургский государственный архитектурно-строительный университет, 
г. Санкт-Петербург, РОССИЯ

 
Аннотация: В статье рассматриваются и обосновываются случаи горизонтального перемещения верха 
свай в случае рытья котлована значительной глубины. Был проведен статистический анализ результатов 
исполнительной документации по заполненным свайным полям на трех строительных площадках в Санкт-
Петербурге, что позволило доказать причины избыточных перемещений свайных головок. Предложена 
методика оценки деформаций в зависимости от глубины выемки котлована и характеристик грунтового 
основания. Доказано уменьшение модуля реакции субстрата для расчета свай в условиях размягченных 
почв вблизи свайного пространства.

Ключевые слова: сваи, горизонтальная загрузка, выемка котлована, прогибы свай, 
мягкие глинистые почвы

1. INTRODUCTION 

In modern civil engineering, the organization of 
underground volumes is increasingly used with 
the placement of parking lots, used cellars, 
communications, etc. 
In the conditions of the spread of large strata of 
weak clay soils, the arrangement of underground 
premises is fraught with difficulties and risks 
associated with the construction of a foundation 
pit fence. The most rational construction of the 
foundation in this case are piles made from the 
upper surface before the excavation. 

The spread of pile foundations is associated, 
among other things, with a reduction in the 
duration of the zero-cycle work compared to 
footings on a natural foundation. The speed of the 
work is achieved due to the high technical 
characteristics of the equipment, as well as the 
combination of the processes of performing 
elements of the pile field and excavation of the 
pit. 
As a rule, for the rational use of the underground 
space, a pit is usually performed with a depth of 
5 to 8 m, with one or two basement floors, 
respectively. The installation of piles for 
buildings with an underground volume is usually 
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performed from the upper surface with the 
subsequent development of the pit to the design 
level. A driven or pressed-in pile can be put down 
with a mark of its head below the soil surface by 
3 - 5 m, respectively, when using equipment for 
additional pressure to pile. 
The mark of the top of piles made by drilling or 
ramming technology is usually combined with 
the horizon from which work is performed. The 
pile shaft above the assumed grillage is made 
unreinforced using the same concrete as the main 
section for piles of small diameter (up to 520 
mm) or made of sand for larger piles, when it is 
economically viable. 
Note that when performing elements of a pile 
field from the bottom of the pit, additional costs 
arise for the arrangement of ramps or the 
operation of cranes necessary to deliver 
construction equipment to the front of the work. 
In addition, in order to be able to carry out 
extreme piles, it is necessary to increase the 
dimensions of the pit compared to the first 
option. These measures are usually not 
economically feasible, and sometimes 
impossible if there is an existing dense building 
on the building site. 
The excavation of foundation pits of basements 
in the conditions of the spread of soft soils is 
carried out after the organization the fencing 
under the protection of spacers or soil berm [1]. 
Excavation pits, spacer structures and soil berms 
are calculated according to their strength and 
stability to ensure mechanical safety of both the 
new construction project itself and the 
surrounding buildings. These calculations are 
performed on the condition that the permissible 
additional settlement of neighboring buildings is 
not exceeded. 
On the other hand, maps of soils excavation and 
transport patterns during the excavation are 
reflected in the project of construction 
organization (PCO). 
The sections of the documentation related to 
PCO do not suggest the possibility of serious 
errors or omissions in them, which, in turn, can 
lead to accidents or additional costs. These 
documents are developed from the experience of 

construction and production facilities of the 
contractor. It is assumed that all the necessary 
analytical calculations and, especially, modeling 
in the FEM programs are carried out in the design 
of load-bearing and enclosing structures. In 
addition, a design organization is assigned a 
technique for performing pile field and loading 
on the of the pit boundaries. 
Standard GOST 27751-2014 [2] prescribes to 
consider design transitional situations, that is, 
situations that have a short duration compared to 
the service life of a construction object. In 
particular, piles already completed, on which any 
external influence is exerted, must be calculated 
on it from the condition of limiting displacement, 
deflections, and moments. An example of such 
impacts is - loads on the soil caused by the 
operation of pile equipment, loads from moving 
or storing goods in the immediate vicinity of the 
pile or, loads caused by excavation of the pit. 
When excavating a pit, the difference in 
elevations (from the layout to the bottom of the 
pit) causes horizontal pressures acting on the 
piles. If this factor is not taken into account, then 
at a significant pit depth (of the order of 5 m) in 
conditions of weak underlying soils, the pile 
heads receive significant deviations, reaching the 
order of several of their diameters and often 
exceeding the permissible ones (Figure 1). 
As it is known, grillages are designed so that their 
contours overlap the contour of the pile field by 0.2d, 
where d is the diameter or width of the pile. If the 
position of the goals in the plan exceeds these 
admissions, then we have to change the construction 
of the foundations, which entails the loss of time and 
material resources. In a number of cases, the 
question arises about the possibility of incorporating 
deviated piles into the work or their duplication. 
Almost all federal or regional technical 
documents on the organization of work do not 
consider this aspect. An exception is one of the 
organization’s standards [3], which limits the 
depth of cut during excavation by two meters, but 
this standard is based on practical experience in 
the manufacture of indentation piles in St. 
Petersburg, which of course cannot be extended 
to all possible cases. 
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Figure 1. Horizontal displacements of driven and bored piles.

Figure 2. General scheme of the structural elements of the pit, spacer system, pile foundation.

On the other hand, forecasting and calculating 
such situations does not fall into the area of 
responsibility of specialized organizations, even 
if they carried out a geotechnical substantiation 
or design of enclosing structures. Relatively 
simple modeling of excavation in a two-

dimensional setting (a series of piles is presented 
in the form of a wall) gives underestimated 
values of forces in structures [4]. Thus, in the 
general case, highly qualified engineers and 
special software are required that allow three-
dimensional modeling of the soil range [5,6]. 
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2. EXAMPLES AND ANALYSIS  
OF THE HORIZONTAL DEVIATION  
OF THE UPPER PART OF THE PILES 
DURING THE EXCAVATION OF PITS 

As an example of horizontal deviation of piles, 
we can consider the construction of a parking lot 
for a residential building under construction in 
one of the districts of St. Petersburg. 
The foundation of the car park of one of the 
buildings is a grillage slab resting on a pile field 
of 216 bored piles with a diameter of d = 520 mm 
and a length of L = 14.3 m (after felling) made 
using the Fundex technology [7,8]. The point of 
the piles is entered into moraine glacial deposits 
lgIII, represented by dusty sandy loam and loam 
with gravel and pebbles). The calculated load on 
the pile adopted N = 1500kN. 

The arrangement of the underground space 
involved the excavation of a pit to a depth of 5.4 
m. At the first stage of excavation of the pit, soil 
was extracted to the design level of the bottom of 
the pit with the arrangement of soil berm. On the 
following, a grillage slab and a strut system were 
carried out, after which the final excavation of 
the soil from the pit was carried out. Figure 2
shows a general diagram of the pit indicating the 
marks of structural elements of the fence, piles, 
grillage slabs. 
Because of the first stage of work, previously 
manufactured piles received significant 
deviations in plan. As can be seen from Figure 3,
measured in the process of geotechnical 
monitoring, the displacement of elements in a 
pile field is characterized by large values as they 
approach the pit edge (soil berm).

Figure 3. Diagram of the horizontal displacement of piles in cm (section along the P / 1 axis). 

Figure 4. The design scheme of the simulated area.
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The displacement of the heads of piles is 
associated with the horizontal pressure of the soil 
during the complete excavation of the excavation 
soil. The indicated effect is obvious from the 
point of view of soil mechanics and is confirmed 
by numerical calculation in the Plaxis 3D 
software package (Fig. 4). The simulation results 
showed that the deviation of the top of the piles 
can reach 46 cm or more. The horizontal 
movement of piles at an absolute mark of 1.780 
(felling) reaches 25 cm. 
Figures 4 and 5 show a design diagram including 
a series of piles along the “P / 1” axis and a soil 
mass limited by the “1” and “14/1” axes. On the 
edge of the slope, the load distributed over the 
area is simulated by pressure from the excavator. 
The calculation was carried out in several stages 
of soil excavation in the direction from the center 
of the pit (axis “14/1”) to the sheet pile fence 
(axis “1”).  Figure 6 shows plots of horizontal 
movements of piles during excavation of the 
central part of the pit in the axes "7" - "22" with 
the arrangement of soil berms. The 
implementation of such calculations for labor 
costs is comparable to the design of the capital 
construction objects themselves. Thus, for the 
described design case (a combination of weak 
clay soils and a large excavation depth), the need 
for expanding the set of design documentation 
with the geotechnical substantiation section 
related to the work below zero is obvious. 

3. STATISTICAL ANALYSIS  
OF HORIZONTAL DEVIATIONS  
OF THE TOP OF THE PILES DURING 
THE CONSTRUCTION OF PITS

The situation when during the excavation of the 
pit piles get bent and horizontal movement is 
relatively new and is little reflected in both 

technical documents and scientific publications. 
There is no justification of the necessary time 
from the moment of completion of piles to their 
excavation, which would allow the restoration of 
structural bonds in the soil near the pile space. 
For this case, the load on the edge of the 
excavation pit, for example, from a pile-pressing 
installation, the weight of which can reach up to 
1200-1600kN, is also not taken into account. 
As is known, Russian Building Code SP 
45.13330.2017 [9] limits the horizontal 
movement of the heads at the tape and cluster 
piles to 0.2d (0.3d for deviations along the row). 
Obviously, these deviations take into account the 
geodetic error and production technology errors, 
but not horizontal movements of piles caused by 
excavation of the pit [10]. 
Based on the results of the consideration of 
technical as-built documentation for the 
completed work of the zero cycle, the materials 
were analyzed when installing pile foundations at 
sites with similar geological conditions at three 
sites in St. Petersburg. On all construction sites, 
factory-made piles were used, made before 
excavating the pit. 
During statistical processing, a section with the 
number of piles of more than 150 pieces was 
selected (for object No. 2, two grips were 
selected that differ in the way the piles were 
grouped). 
For all objects, the characteristic depth of 
excavation was 4.2 - 4.6 m. Clay soils underlying 
the bottom of the pit belonged to a fluid or fluid 
plastic consistency. The thickness of the 
underlying layer is comparable to the length of 
piles and amounted to 11-20 m. 
Figure 7 shows the distribution of the number of 
piles with one or another deviation of the heads. 
The main characteristics of the considered 
objects are given in Table. 1.
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Figure 5. Horizontal movements of the soil mass during excavation. 

Figure 6. The calculated horizontal movements of piles during excavation  
of the central part of the pit with the device of soil berms.
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Figure 7. The distribution of the number of piles according to the deviation from the vertical.

Note that the values of deviations of piles after 
excavation is quite random. Basically, there is a 
deviation towards the excavation of the pit. On 
the other hand, the possibility of "accidental" 
movement, for example, across the slope or to 
each other for two adjacent piles, is not ruled out. 
Such their behavior can be caused by: excavation 
of neighboring elements from different sides, 
random loads along the edge of the pit, or piles 
being under load for a long time (during a break 
in work). In fig. 8 as an example, the value of the 
deviations of piles in the direction of excavation 
is presented, which amounted to: 18 25 cm 
(0.45d - 0.6d), across: 1-3 cm, which fits into the 
permissible error. Lines from the center of the 
piles indicate the movement of their head. At the 
same time, the maximum movements of piles 
reached 79 cm. As can be seen from the analysis 
of Figures 7, 8 and Table 1, in some cases, when 
digging pits of great depth in weak soils, 
horizontal deviations of the pile heads are 
observed, significantly exceeding the 
permissible values adopted in SP 45.13330.2017 

[9], which in some cases required changes to the 
design of the pile field. Obviously, such 
movements should be predicted and appropriate 
amendments made in the design decisions of the 
zero cycle. 

4. METHODOLOGY FOR ASSESSING 
THE DEVIATION OF PILES DURING 
EXCAVATION OF THE PIT

The method of calculating piles for horizontal 
loads was first formulated in the 1930s by 
Professor Urban [11], as a solution to a boundary 
problem. After 40 years, on the basis of field 
tests, the most generalized theory was developed, 
which was included in regulatory documents 
[12]. The main principles of the calculation are to 
consider the pile as a beam located on an elastic 
Winkler base, characterized by increasing depth 
of rigidity; force and moment are applied to one 
end of the beam, the other, in turn, has a 
fastening, depending on the soil.  
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Figure 8. Fragment of the executive scheme of the pile field (object 1). 

At present, instead of solving the laborious 
boundary value problem [13], displacement and 
force in piles can be determined by the finite 
element method [14] in a one-dimensional 
formulation. The described technique can be 
generalized to the case of a distributed load 
applied to a pile, since this does not contradict the 
formal logic. 
We find linear loads on the pile from the solution 
of the Flaman problem [15]. This solution allows 
us to determine the horizontal stresses in the 
elastic half-space of the soil from an infinite band 
load applied to its face. The moment of 
excavation of a pile (Figure 4) located 
approximately at a distance of 1/3 of the length 
of the slope is considered, counting from its 
beginning. Soil located above the pile head is 
divided into elementary strips of width b0 
(0.2m). The slope angle is taken equal to 45 
degrees. The expression for determining the 
stresses in the plane of the pile face is presented 
in the form: 

where σy is  horizontal stress at the desired point, 
kPa; i – element band number; n – the number of 
elementary strips (60 pcs.); γ – specific gravity of 
soil, kN / m3; hi – elementary strip height; b0 - 
width of the elementary strip, m; x – distance 
from the considered point to the elementary strip, 
m; z – depth, m. 

As you know, the basis of the Winkler model is 
customary to describe through the modulus of 
subgrade reaction, which depends on the depth 
and type of soil. It was experimentally 
established [16] that this modulus in clay soils 
increases linearly with depth. To maintain 
generality, we use the normative formula [14]:

where cz – the estimated value of the coefficient 
of bed soil, kN / m3; K – coefficient of 
proportionality depending on the type of soil, kN 
/ m4; z – depth at which the section is located, m; 
γс – coefficient of working conditions (for a 
separate pile γс = 3).
The problem with this approach to assessing the 
movements of piles during their excavation is the 
difficulty of assigning a proportionality 
coefficient (K) for fluid clay and thixotropic 
soils. It is also obvious that the safety factor γc
does not take into account the softening of the 
near-pile soil that occurs during its unloading and 
the introduction of piles [17]. We rewrite the 
formula as follows:

where α is correction coefficient.
The basic calculation schemes for the example of 
object No. 1 are shown in Figure 5. 
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Figure 9. Scheme for determining horizontal stresses (object 1). 

The proportionality coefficient K was taken 
equal to 4000 kN / m4, the safety factor γ with
equal to three, as for a single pile.
The conditional pile width for computer 
calculation is taken to be equal to the physical 
pile width d, and not 1.5d + 0.5m, as is required 
in [14]. This conditional pile width is introduced 
into the calculation to take into account the 
influence of the size of the cross section of the 
pile on the soil resistance of the undisturbed 
structure [12]. It is likely that the soil in the near-
pile zone will have large displacements along the 
slope, in comparison with the soil on which the 
pile “lies” and will not impede the movement of 
the pile. 
 The calculation of tasks for each object using the 
finite element method was carried out in LIRA 
SAPR 2015 software. The coefficient α was 
selected so that the resulting displacement of the 
column head coincided with the median value of 
deviations for the object. The results are 
summarized in Table 1.
The value of the correction coefficient α was 17–
34, which corresponds to the movement of the 

pile head by 17–24 cm under the given ground 
conditions. Thus, the value of the normative 
coefficient of bed decreases by several tens of 
times, which is associated with a violation of 
structural bonds in the soil during the execution 
and excavation of piles.
For the most problematic elements of the pile 
field, non-destructive continuity control was 
performed by the seismic-acoustic method. The 
calculated moment exceeded the moment of 
crack formation by 10-20% (Table 1), at depths 
corresponding to the jump of the reflectogram (5-
10 diameters of piles). 
It should be noted that the normative safety factor 
(γс) is taken to be equal to three only when 
calculating mono-pile foundations (support of 
lampposts, etc.). On the other hand, in the 
practice of domestic and foreign construction, 
there are cases of sliding piles into the foundation 
pit, united by grillage [4]. Thus, in these design 
cases, it is necessary to take the safety factor the 
same as when calculating a single pile.
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Figure 10. a) the geometric pattern of the pile; b) plot of stresses in the ground, kPa; 
c) linear loads on the beam, kN / m; d) the values of the coefficients of the bed of soil, kN / m3; 

e) resulting horizontal movement of the pile, mm (object 1). 

Based on the construction experience and the 
provisions set forth in this article, the following 
conclusions can be drawn: 
1.� Obviously, the displacement of the heads of 

piles is associated with horizontal pressure 
and the movement of the soil of the slopes 
during the excavation of the pit. 

2.� The greatest influence on the deviation of the 
pile heads is exerted by the excavation depth 
of the pit and the presence of weak soils at 
the base. 

3.� To reduce the impact from the berms and 
slopes of the pit and to minimize the 
horizontal deviation of the completed piles, 

excavation should be carried out by 
excavations with the initial excavation of the 
pile field and the further development of the 
soil berm

4.� In some cases, excavation of the pit should 
be carried out with captures of small depth 
(of the order of 1 m), so that the piles receive 
deviations in the other direction than at the 
previous stage of work. 

5.� It is necessary to assign a break between the 
implementation of piles and excavation of 
the soil during the excavation of the pit to 
restore its properties
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Table 1. The main characteristics of the considered objects. 

Number of object 1
Public building

2.1
Residential 

building 
(building)

2.2
Residential 

building 
(parking)

3
Residential 

building

A type of the pile С 110.35-9 С 160.40-10 С 150.40-10 С 200.40-НСв.6
Absolute excavation 

mark, 
m

-4,200 -4,600 -4,600 -4,300

Recoverable soil Dusty Sands Bulk Peat Bulk

Underlying soil Loamy, dusty, 
light loams Loamy, fluid-plastic loams

Plastic sandy 
loam, with 

flowing streaks, 
thixotropic

Characteristics 
of the underlying soil

IL=1.05..1.3;
Е=6..3МПа;

h=9.8м

IL=0.91..1.21;
Е=5.5..8 МПа;

h=10.8м

IL=0.93;
Е=9 МПа;
h=12.1м

Technologies Indentation Indentation Indentation Driving
Type of grillages band band field band

Pile pitch in grillage, 
mm 1200 1200 1200 1200

Number of piles per 
grip 279 151 264 162

The number of piles 
with a deviation of 

more than 0.2d 
(% of the total)

239
(86%)

109
(72%)

185
(70%)

148
(91%)

The number of piles in 
the sample 

(% of the total)

159
(57%)

72
(48%)

132
(50%)

125
(77%)

Pile deviation towards 
the pit (median), cm 20 18 19 25

Pile deviation towards 
the pit (maximum), 

cm
39-51 37-49 29-53 50-79

Safety factor α
(median value) 17 21 22 34

Deflection at accepted 
α, cm 19,7 17,0 17,5 23,3

Maximum moment,
kNm 32,7 80,5 78,1 87,7
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Abstract: As it is known, special criteria are formulated to evaluate the obtained solution of some optimization 
problems. In particular, we formulate a criterion that allows us to estimate the proximity of the decision on the 
rod of the lowest weight and the restrictions on the resistance to the minimum material-intensive for rectilinear 
rods for certain types of cross sections. The criterion is based on the analysis of stresses from bending moments 
arising from the loss of stability. If the least critical force is not a multiple, then the form of loss of stability and 
the corresponding diagram of moments are the only ones. At multiplicity of the least critical load there are mul-
tiple forms of loss of stability, and any of their linear combination is also its own form. To estimate the obtained 
solution, it is necessary to form a combination of multiple forms of buckling and the corresponding diagram of 
bending moments, which will serve as the basis for the use of the criterion. This paper proposes an approach that 
allows to determine such a combination of multiple forms, which will be the basis for the application of the crite-
rion of proximity of the obtained solution to the minimum material-intensive. 

Keywords: optimization, system minimal consumption of materials, stability, critical force, buckling,  
bending moments, multiplicity, tension, evaluation criteria for solutions of optimal problems 

ИСПОЛЬЗОВАНИЕ КРИТЕРИЯ МИНИМАЛЬНОЙ  
МАТЕРИАЛОЕМКОСТИ СТЕРЖНЕЙ ПРИ ОГРАНИЧЕНИЯХ 

ПО УСТОЙЧИВОСТИ ДЛЯ СЛУЧАЯ КРАТНОЙ  
КРИТИЧЕСКОЙ НАГРУЗКИ 

Л.С. Ляхович 1, П.А. Акимов 1, 2, 3, А.П. Малиновский 1
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Аннотация: Как известно, для оценки полученного решения некоторых задач оптимизации сформули-
рованы специальные критерии. В частности, сформулирован критерий, позволяющий оценить для пря-
молинейных стержней при определенных типах поперечных сечений близость решения о стержне 
наименьшего веса и ограничениях по устойчивости к минимально материалоемкому. Критерий основан 
на анализе напряжений от изгибающих моментов, возникающих при потере устойчивости. Если 
наименьшая критическая сила не кратная, то форма потери устойчивости и соответствующая ей эпюра 
моментов единственные. При кратности наименьшей критической нагрузки возникают кратные формы 
потери устойчивости, и любая их линейная комбинация также является собственной формой. Для оценки 
полученного решения необходимо сформировать комбинацию кратных форм потери устойчивости и со-
ответствующую ей эпюру изгибающих моментов, которая и будет служить основой для использования 
критерия. В данной статье предлагается подход, позволяющий определять такую комбинацию кратных 
форм, которая станет основой для применения критерия близости полученного решения к минимально 
материалоемкому.
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критерии оценки решений оптимальных задач

The theoretical foundations of the creation of 
rods of the lowest weight, prone to buckling, 
originate from the research works of Lagrange 
[1], T. Clausen [2], EL. Nikolai [2] and later 
N.G. Chentsova [4]. J.L. Nudelman [5], A.F. 
Smirnov [6], A.I. Vinogradov [7], N. Olkhoff 
[8] and other authors. 
In the contemporary literature, the considering 
problem is normally formulated in terms of non-
linear mathematical programming. 
Let us consider a centrally compressed straight 
line rod (for example, shown in Figure 1, alt-
hough the boundary conditions in the planes of 
inertia may be different). 
If )(xF  is the cross-sectional area of the rod, P
is the acting force, ]1[1kpP  and ]1[2kpP  are the 
minimum critical forces in the main inertia 
planes of the section, then we need to find an 
expression )(xF  at which the rod would remain 
stable and the volume of the material of the rod 
V  would be minimal. Thus, the objective func-
tion can be written as 

%�
l

dxxFV
0

)( ,                       (1) 

Besides, we have the following restrictions 

]1[2]1[1 kpkp PPP �	 .   (2) 

There are a considerable number of methods for 
solving this problem. Most of them use finite-
dimensional approaches. The process of optimi-
zation within the implementation of such meth-
ods most often stops at a stage when the objec-
tive function in the adjacent search steps de-
creases less than a predetermined value. Such a 
criterion for stopping the process of searching 
for a minimum in most cases gives an accepta-
ble result. However, it does not allow researcher 
to confidently estimate the proximity of the so-

lution obtained to the solution of minimum ma-
terial consumption (minimum material-intensive 
solution).
As a result of several research works [1, 2, 3] 
for rectilinear centrally compressed rods with 
certain types of cross sections (for example, 
those in which the moment of inertia is propor-
tional to the square of the section area), a crite-
rion was formulated to estimate the proximity of 
the solution to the solution of minimum material 
consumption.
In [3], it was shown that in the considering case, 
the rod of the smallest volume will be a bar of 
equal resistance with respect to the moment di-
agram arising in the event of loss of stability. 
Thus, with a loss of stability with a rod of the 
smallest volume, the normal stresses in the ex-
treme fibers of the rod, found from the resulting 
moment diagrams, should be the same in all sec-
tions. That is, for the case when the loss of sta-
bility occurs in the two main planes of inertia, 
the criterion is written as 

constxconstx ���� )(2   ;)(1 .            (3) 

Under conditions (3), )(1 x�  and )(2 x�  are the 
absolute values of the normal stresses in the ex-
treme fibers of the rod determined from the dia-
grams of the moments that occurred in the cor-
responding principal planes of inertia during 
loss of stability.  
Since the buckling modes and the corresponding 
moment and stress diagrams are determined to 
within a constant factor, )(1 x�  and )(2 x�  are 
normalized. If the corresponding normalization 
is made so that the largest values of )(1 x�  and 

)(2 x�  would be equal to one, then the proximi-
ty of the obtained solution to the solution of 
minimum material consumption is estimated by 
the proximity of )(1 x� and )(2 x� to unity. 
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Figure 1. Considering centrally compressed straight line rod. 

If the first critical force is not a multiple, then 
the moment diagram that occurs when stability 
is lost is unique. In this case, criterion (3) can be 
used on the basis of this diagram, including in 
combination with some other restrictions (see, 
for example, [9]). 
If the first critical force is multiple, then multi-
ple buckling modes and the corresponding mo-
ment diagrams appear. It is also known that any 
linear combination of multiple buckling modes 
will also be proper. 
The multiplicity of critical forces that occurs 
when minimizing the volume of the rod for rig-
idly restrained rods was identified in [8]. How-
ever, the multiplicity of critical forces also oc-
curs in other cases, for example, when optimiz-
ing the volume under constraints on the stability 
of some continuous beam schemes. 
In these cases, it is necessary to establish a line-
ar combination of bending moments diagrams 
corresponding to multiple buckling modes. This 
combination will serve as the basis for the use 
of the criterion (3). 
Let us consider an approach to determination of 
such combination. We represent the approach 
for one main plane of inertia and threefold criti-
cal force. For the second plane and the other 
multiplicity of critical forces, all actions will be 
similar. 
Let it be required to estimate the closeness of 
the search stage for the solution of the consider-
ing optimization problem to the minimum mate-
rial-intensive one. 
At the estimated stage of the search, in the con-
sidered main plane of inertia, the first critical 
forces in ]1[1crP , ]2[1crP  and ]3[1crP  are 
found, the corresponding forms of buckling and 

the estimated optimal cross-section sizes and 
their moments of resistance )(xw .
The following steps are performed in the fol-
lowing order: 

1.� Using the three first forms of buckling found 
at the estimated stage of the research, the cor-
responding diagrams of the absolute values of 
the bending moments )(1 xM , )(2 xM  and 

)(3 xM  are constructed. Plots are normalized, 
for example, so that 

1])([ 2

0
1 �% dxxM

l

; 1])([ 2

0
2 �% dxxM

l

; 

1])(3[ 2

0

�% dxxM
l

.

2.�On the basis of the assumption about the op-
timality of the found dimensions of the cross-
sections, a conditionally optimal diagram of 
the absolute values of the bending moments 

)(0 xM  is constructed, according to which re-
lation (3), that is, the condition,  

1
)(
)()(1 0 ��

xw
xMx�

must be fulfilled. Thus, we have 
)()(0 xwxM � . The plot is also normalized.

3.� If the considering solution is optimal, then 
the combination of arising diagrams  

)(*)(*)(*)( 32100 xMcxMbxMaxM �

X

l

Y

Z

P
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should coincide with )(0 xM . The equations 
for finding the coefficients a , b  and c  will 
be obtained from the minimum condition of 
the quadratic deviation of the diagram 

)(00 xM  from )(0 xM . That is, from the min-
imum condition of the integral 

,)]()()()([

),(

2
2

0
210 dxxcMxbMxaMxM

baM
l

����

�

%

�

we get three equations 

0),,(
�

/
/

a
cbaM� ; 0),,(

�
/

/
b

cbaM�

0),,(
�

/
/

c
cbaM� .

After solution of the system, we can find the 
coefficients a , b and c .

4.�From the  

)()()()( 32100 xcMxbMxaMxM �

plot, we can determine  

)(
)()(1 0

xw
xMx ��

and normalize it, and by the proximity of the 
stress )(1 x�  in sections and its average value 
along the length of the rod  

%�
д

ldxx
0

/])(1[1 ���

to one, we estimate the optimality of the so-
lution. 

5.�Besides, the optimality of the considering 
solution can also be evaluated by the proxim-
ity of the diagrams of )(0 xM  and )(00 xM .
The proximity is estimated by the values of 
the differences  

)()()( 0000 xMxMxM ���

in the sections and the average value of their 
absolute values along the length of the rod 

%�
l

ldxxMxMM
0

0000 /})()](sgn[{ ��� .

6.� If the multiplicity of critical forces for the 
considering system is not known in advance, 
then its presence or absence is revealed in the 
process of optimization. If the multiplicity is 
detected, then the differences  

%100]1[1/]}1[1]2[1{1 ��� kpkpkp PPPP� ; 
%100]1[1/]}1[1]3[1{2 ��� kpkpkp PPPP�

in the limit tend to zero. Let us give an illus-
tration of the described approach with sam-
ples.

7.�For a rod whose scheme is shown in Figure 
1, the doubling of the critical force was con-
sidered in detail in [8]. Although the possibil-
ity of using of the criterion (3) was not con-
sidered in [8], taking into account the de-
tailed analysis in [8] of the doubly critical 
load of a rigidly clamped rod, it seems ap-
propriate to illustrate the proposed approach 
using other examples. Two numerical sam-
ples are considered. The first one deals with 
two-time critical force, and the second one 
deals with three-time critical force. 

The first numerical sample. Let us consider a 
rectilinear square rod, compressed by a centrally 
applied longitudinal force with supporting con-
ditions in both main planes of inertia of sec-
tions, shown in Figure 2. 
A preliminary analysis showed that the critical 
force will be twofold. 
Let 9�l meters be width of span, 

3000000�P N be magnitude of force;
206000�E MPa be the modulus of elasticity of 

the material. The analysis was performed on the 
basis of a discrete model ([10]) of 41 fragments.
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Figure 1. The first numerical sample. 

For a discrete model, the objective function (1) 
is written as 

�� ��
nn

nlibnliFV
1

2

1
)/(])[()/]([ ,  (4) 

where ][ib  is the size of the square section of 
the rod; n is dimension of a discrete model.
Diagrams of )(1 xM , )(2 xM , )(0 xM , )(00 xM ,

)(0 xM�  are represented by ][1 iM , ][2 iM ,
][3 iM , ][00 iM , ][0 iM� .

Since the boundary conditions in both main 
planes of inertia are the same, and the critical 
forces are assumed to be twofold, the stability 
constraints are written as 

]2[1]1[1 kpkp PPP �	 .                  (5) 

Criterion (3) for the discrete model in this case 
takes the form 

consti �][� .  (6) 

Optimization was performed by one of the vari-
ants of the method of random search. The esti-
mation of the proximity of the solution to the 
minimum material-based on criterion (6) was 
carried out at several stages of the computing 
(Tables 1 and 2). 
Four stages were considered. The results of each 
stage are presented in the corresponding col-
umns of Tables 1 and 2. Stage 0 corresponds to 
the results corresponding to the first access to 
the boundary of the allowable area for a rod of 
constant square cross-sectional length. The re-
maining columns show the results, respectively, 
at 300, 1300 and more than 40,000 tests of the 

random search method. Table 1 shows the 
cross-section dimensions ][ib  for each stage. 
The bottom five lines show the values of the 
objective function – 3 , metersV ; the magnitudes 
of its decrease compared with stage 0 – V� , %;
the difference between the first two critical 
forces – P� , %; the values of the coefficients a
and b .
Table 2 shows the values of the differences  

][][][ 0000 iMiMiM ���

and stresses ][i� , and in the last line the aver-
age values for each stage are the values of these 
quantities 00M�  and 1�� .
Analysis of the data in tables 1 and 2 shows that 
despite the small difference in the values of the 
objective function in the last two stages, the dif-
ference in cross sections between the values of 
differences ][0 iM�  and stresses ][i�  at these 
stages of the search is more significant. At the 
last stage, in almost all cross sections, the dif-
ferences ][0 iM�  are close to zero, and the 
stresses ][i� to unity. 
The result obtained confirms that, even with a 
double critical force, criterion (3) can estimate 
the proximity of the obtained solution to the 
minimum material-intensive one. 

Let us consider one more example, in which, 
according to preliminary calculations during 
optimization, the critical force turns out to be 
threefold. 
Let us consider a rectilinear square rod, com-
pressed by a centrally applied longitudinal force 
with supporting conditions in both main planes 
of inertia of sections, shown in Figure 3. 

l

P
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Table 1. Results of analysis.
][ib by stages of search for optimum

t 0 300 1300 >40000
1 2 3 4 5
1 0.0915 0.0626 0.0420 0.0426
2 0.0915 0.0655 0.0600 0.0596
3 0.0915 0.0789 0.0696 0.0692
4 0.0915 0.0784 0.0761 0.0761
5 0.0915 0.0835 0.0806 0.0813
6 0.0915 0.0821 0.0855 0.0854
7 0.0915 0.0927 0.0878 0.0888
8 0.0915 0.0883 0.0921 0.0916
9 0.0915 0.0949 0.0943 0.0938
10 0.0915 0.0984 0.0966 0.0957
11 0.0915 0.0949 0.0960 0.0971
12 0.0915 0.0924 0.0985 0.0982
13 0.0915 0.0944 0.0982 0.0990
14 0.0915 0.1110 0.0987 0.0995
15 0.0915 0.0975 0.1000 0.0997
16 0.0915 0.1010 0.0990 0.0997
17 0.0915 0.0995 0.1000 0.0993
18 0.0915 0.0929 0.0987 0.0986
19 0.0915 0.1189 0.0988 0.0977
20 0.0915 0.1021 0.0967 0.0964
21 0.0915 0.1053 0.0944 0.0948
22 0.0915 0.0833 0.0925 0.0927
23 0.0915 0.0998 0.0905 0.0902
24 0.0915 0.0799 0.0877 0.0872
25 0.0915 0.0857 0.0829 0.0834
26 0.0915 0.0787 0.0784 0.0787
27 0.0915 0.0806 0.0724 0.0728
28 0.0915 0.0654 0.0639 0.0647
29 0.0915 0.0743 0.0522 0.0523
30 0.0915 0.0701 0.0255 0.0049
31 0.0915 0.0730 0.0524 0.0518
32 0.0915 0.0603 0.0644 0.0640
33 0.0915 0.0636 0.0731 0.0719
34 0.0915 0.0793 0.0776 0.0777
35 0.0915 0.0736 0.0828 0.0823
36 0.0915 0.0834 0.0852 0.0859
37 0.0915 0.0966 0.0899 0.0888
38 0.0915 0.1000 0.0917 0.0912
39 0.0915 0.0911 0.0924 0.0931
40 0.0915 0.0889 0.0944 0.0946
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Table 2. Results of analysis.
][0 iM� by stages of search for optimum � by stages of search for optimum

t 0 300 1300 >40000 0 300 1300 >40000
1 2 3 4 5 6 7 8 9
1 0.1396 0.0388 0.0008 0.0000 0.076842 0.135799 0.978754 0.9988
2 0.1070 0.0284 0.0019 0.0001 0.228466 0.301949 0.893968 0.9973
3 0.0757 0.0202 0.0024 0.0000 0.373973 0.476454 0.902065 0.9984
4 0.0465 0.0256 0.0019 0.0000 0.509501 0.441546 0.913346 0.9986
5 0.0202 0.0003 0.0010 0.0000 0.631502 0.597886 0.923345 0.9985
6 0.0025 0.0103 0.0032 0.0000 0.736850 0.541898 0.952999 0.9988
7 0.0210 0.0334 0.0064 0.0000 0.822944 0.718689 0.971152 0.9988
8 0.0350 0.0815 0.0001 0.0000 0.887779 0.941500 0.930939 0.9987
9 0.0441 0.0678 0.0041 0.0000 0.930011 0.827215 0.910997 0.9990
10 0.0481 0.0215 0.0091 0.0000 0.948989 0.662066 0.889453 0.9990
11 0.0472 0.0239 0.0144 0.0000 0.944770 0.514969 1.000000 0.9987
12 0.0415 0.0293 0.0056 0.0000 0.918104 0.487964 0.907040 0.9989
13 0.0312 0.0782 0.0094 0.0001 0.870409 0.867698 0.973216 0.9991
14 0.0169 0.1005 0.0105 0.0000 0.803706 0.381801 0.977651 0.9987
15 0.0010 0.0407 0.0069 0.0000 0.720548 0.468211 0.902845 0.9987
16 0.0218 0.0869 0.0025 0.0000 0.623928 0.350193 0.921093 0.9986
17 0.0448 0.0572 0.0006 0.0001 0.517169 0.765660 0.929211 0.9991
18 0.0347 0.0903 0.0021 0.0001 0.564413 0.924885 0.940865 0.9990
19 0.0191 0.1114 0.0039 0.0000 0.636604 0.402981 0.914728 0.9988
20 0.0061 0.1037 0.0092 0.0001 0.697070 0.312453 0.888763 0.9984
21 0.0038 0.0158 0.0016 0.0000 0.743026 0.556928 0.923710 0.9985
22 0.0101 0.0800 0.0006 0.0001 0.772075 1.000000 0.928379 0.9992
23 0.0123 0.0377 0.0066 0.0000 0.782309 0.485707 0.894467 0.9988
24 0.0101 0.0041 0.0022 0.0001 0.772383 0.572689 0.918233 0.9982
25 0.0035 0.0387 0.0057 0.0000 0.741573 0.416936 0.973638 0.9984
26 0.0077 0.0122 0.0055 0.0000 0.689821 0.669361 0.979892 0.9989
27 0.0232 0.0177 0.0015 0.0000 0.617743 0.497582 0.915495 0.9984
28 0.0428 0.0142 0.0031 0.0000 0.526627 0.744256 0.982150 0.9985
29 0.0661 0.0478 0.0002 0.0000 0.418400 0.256604 0.938477 0.9988
30 0.0723 0.0574 0.0035 0.0000 0.389795 0.110365 0.055568 -0.0546
31 0.0772 0.0454 0.0007 0.0000 0.366997 0.255342 0.910506 1.0000
32 0.0843 0.0037 0.0032 0.0000 0.333614 0.644771 0.880962 0.9992
33 0.0933 0.0282 0.0051 0.0000 0.292105 0.915174 0.876885 0.9992

1 2 3 4 5
41 0.0915 0.0852 0.0956 0.0957

3, metersV 0.07539 0.06904 0.06492 0.06476
V� 0.00% 8.43% 13.89% 14.10%
P� 195.00% 130.49% 17.74% 0.03%
a 0.48987 0.83099 1.01063 1,02480
b 0.49986 0.13279 -0.01283 -0,02805
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1 2 3 4 5 6 7 8 9
34 0.0969 0.0431 0.0044 0.0000 0.275390 0.343807 0.971364 0.9987
35 0.0660 0.0390 0.0017 0.0000 0.418961 0.881604 0.919258 0.9988
36 0.1541 0.0365 0.0028 0.0001 0.554891 0.412768 0.950408 0.9995
37 0.1713 0.0655 0.0045 0.0000 0.679382 0.384630 0.905781 0.9986
38 0.1864 0.0676 0.0004 0.0001 0.788944 0.399366 0.929533 0.9985
39 0.1994 0.0502 0.0013 0.0001 0.880504 0.402443 0.938544 0.9992
40 0.2099 0.0156 0.0064 0.0000 0.951507 0.661024 0.899818 0.9987
41 0.2179 0.0131 0.0077 0.0001 1.000000 0.657937 0.968563 0.9983

n/D 0.0408 0.0435 0.0040 0.0000 0.6449 0.5461 0.9094 0.9731

Figure 2. The second numerical sample. 

The second numerical sample. Let us consider 
a rectilinear square rod, compressed by a cen-
trally applied longitudinal force with supporting
conditions in both main planes of inertia of sec-
tions, shown in Figure 3. The analysis was per-
formed on the basis of a discrete model ([10]) of 
41 fragments. 
Since the boundary conditions in the two main 
planes of inertia are the same, and the critical 
forces are assumed to be threefold, the stability 
constraints are written as 

]3[1]2[1]1[1 сrсrсr PPPP ��	 .           (7) 

In the same way as in the first sample, optimiza-
tion was performed by one of the variants of the 
random search method. The estimation of the 
proximity of the solution to the minimum mate-
rial-based on criterion (6) was carried out at 
several stages of the calculation (Tables 3 and 
4). Similarly to the first sample, four stages of 
finding the optimal solution were considered. 
The results are presented in the corresponding 
columns of Tables 3 and 4. The designations in 
these tables are the same as in the first sample.
In addition, Table 3 also lists the values of the 
coefficient c and the difference 2P� .

Analysis of the data in Tables 3 and 4 shows 
that in the last two stages of the search, the ob-
jective functions differ little.
However, at the same time, differences ][0 iM�
and reduced stresses ][i�  show that, despite the 
small difference in the values of the objective 
function in the last two stages, the difference 
between the values of differences ][0 iM�  and 
stresses ][i�  at these stages of the search is 
more significant. At the last stage, in almost all 
cross sections, the differences ][0 iM�  are close 
to zero, and the stresses ][i�  to unity. In sec-
tions 16 and 31, the stresses are far from unity. 
This is due to the significantly smaller com-
pared with the other sizes of sections, which in 
such cases reduces the accuracy of the selected 
model.
From Table 3 it can be seen how the critical 
forces approach each other in stages. So, if at 
stage number 0 the difference 1P�  is 102.54%, 
and 2P� – 236.62%, then at the last stage these 
differences are 0.01% and 0.03%. 
Table 4 shows how the mean values of differ-
ences 00M� and stresses change 1�� .

P

м2.6 м2.8
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Table 3. Results of analysis.
][ib by stages of search for optimum

t 0 300 1300 >40000
1 2 3 4 5

0.0893 0.0500 0.0503 0.0513 0.0893
0.0893 0.0724 0.0711 0.0705 0.0893
0.0893 0.0745 0.0818 0.0808 0.0893
0.0893 0.0865 0.0882 0.0875 0.0893
0.0893 0.0972 0.0925 0.0920 0.0893
0.0893 0.0936 0.0951 0.0950 0.0893
0.0893 0.1072 0.0967 0.0968 0.0893
0.0893 0.0991 0.0987 0.0976 0.0893
0.0893 0.0968 0.0950 0.0973 0.0893
0.0893 0.0980 0.0951 0.0960 0.0893
0.0893 0.0990 0.0930 0.0936 0.0893
0.0893 0.0901 0.0913 0.0898 0.0893
0.0893 0.0779 0.0848 0.0842 0.0893
0.0893 0.0807 0.0765 0.0759 0.0893
0.0893 0.0637 0.0631 0.0623 0.0893
0.0893 0.0477 0.0260 0.0057 0.0893
0.0893 0.0557 0.0609 0.0618 0.0893
0.0893 0.0748 0.0758 0.0753 0.0893
0.0893 0.0872 0.0832 0.0834 0.0893
0.0893 0.0881 0.0894 0.0889 0.0893
0.0893 0.0908 0.0925 0.0925 0.0893
0.0893 0.0879 0.0943 0.0947 0.0893
0.0893 0.0967 0.0959 0.0958 0.0893
0.0893 0.0898 0.0947 0.0958 0.0893
0.0893 0.0869 0.0941 0.0947 0.0893
0.0893 0.0963 0.0922 0.0925 0.0893
0.0893 0.0867 0.0888 0.0888 0.0893
0.0893 0.0811 0.0831 0.0834 0.0893
0.0893 0.0798 0.0757 0.0753 0.0893
0.0893 0.0604 0.0622 0.0618 0.0893
0.0893 0.0457 0.0242 0.0057 0.0893
0.0893 0.0676 0.0611 0.0602 0.0893
0.0893 0.0785 0.0733 0.0731 0.0893
0.0893 0.0807 0.0811 0.0806 0.0893
0.0893 0.0884 0.0849 0.0854 0.0893
0.0893 0.0957 0.0880 0.0883 0.0893

3, metersV 0.1149 0.1003 0.0978 0.0973
V� 0.00 12.69 14.90 15.35
1P� 102.54 31.20 5.72 0.01
2P� 236.62 71.35 9.42 0.03
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Table 2. Results of analysis.
][0 iM� by stages of search 
for optimum

� by stages of search for optimum

t 0 300 1300 >40000 0 300 1300 >40000
1 2 3 4 5 6 7 8 9
1 0.1302 0.0087 0.0043 0.0000 0.1554 0.4562 0.9797 0.9995
2 0.0610 0.0332 0.0035 0.0000 0.4501 0.4111 0.8332 0.9992
3 0.0029 0.0161 0.0075 0.0000 0.6979 0.5343 0.8202 0.9991
4 0.0385 0.0139 0.0031 0.0002 0.8741 0.6878 0.8815 0.9974
5 0.0591 0.0696 0.0043 0.0002 0.9623 0.4408 0.8482 0.9998
6 0.0578 0.0032 0.0030 0.0000 0.9565 0.6429 0.8547 0.9988
7 0.0355 0.0852 0.0131 0.0000 0.8616 0.4575 0.9148 0.9988
8 0.0042 0.0033 0.0048 0.0000 0.6924 0.6418 0.8495 0.9987
9 0.0319 0.0418 0.0144 0.0001 0.5743 0.5161 0.9224 0.9984
10 0.0299 0.0824 0.0012 0.0001 0.5827 0.4106 0.8710 0.9992
11 0.0391 0.0502 0.0028 0.0001 0.5436 0.7646 0.8545 0.9995
12 0.0111 0.0683 0.0133 0.0001 0.6630 0.8699 0.8078 0.9984
13 0.0007 0.0358 0.0067 0.0000 0.7133 0.8247 0.8294 0.9985
14 0.0055 0.0431 0.0063 0.0000 0.6869 0.4253 0.8194 0.9989
15 0.0292 0.0192 0.0029 0.0000 0.5859 0.4439 0.8273 0.9990
16 0.0505 0.0094 0.0007 0.0000 0.4952 0.8522 1.0000 0.5329
17 0.0533 0.0249 0.0017 0.0000 0.4831 1.0000 0.8408 0.9987
18 0.0199 0.0160 0.0038 0.0000 0.6253 0.5361 0.8372 0.9989
19 0.0013 0.0875 0.0052 0.0002 0.7048 0.2975 0.8363 1.0000
20 0.0002 0.0171 0.0114 0.0000 0.7092 0.5696 0.8127 0.9988
21 0.0053 0.0234 0.0053 0.0001 0.6877 0.5537 0.8886 0.9984
22 0.0104 0.0662 0.0010 0.0000 0.7544 0.8805 0.8702 0.9989
23 0.0077 0.0523 0.0051 0.0000 0.7430 0.4862 0.8467 0.9988
24 0.0115 0.0459 0.0006 0.0000 0.6612 0.7939 0.8686 0.9986
25 0.0213 0.0236 0.0032 0.0001 0.6193 0.5421 0.8790 0.9983
26 0.0129 0.0406 0.0087 0.0000 0.7653 0.7485 0.9035 0.9990
27 0.0305 0.0474 0.0042 0.0001 0.8400 0.4487 0.8862 0.9996
28 0.0275 0.0163 0.0098 0.0001 0.8275 0.7107 0.9236 0.9993
29 0.0028 0.0230 0.0039 0.0001 0.7223 0.5182 0.8358 0.9979
30 0.0422 0.0090 0.0020 0.0000 0.5305 0.7365 0.8940 0.9990
31 0.0851 0.0091 0.0020 0.0000 0.3474 0.3901 0.3920 0.1702
32 0.0945 0.0139 0.0011 0.0000 0.3074 0.5187 0.8505 0.9981
33 0.0855 0.0221 0.0006 0.0000 0.3460 0.7489 0.8712 0.9984
34 0.0183 0.0742 0.0054 0.0000 0.6321 0.9912 0.8322 0.9989
35 0.0349 0.0245 0.0016 0.0001 0.8589 0.7232 0.8750 0.9993

1 2 3 4 5
a 0.2813 0.8000 0.8283 0.5434
b 0.3571 0.1761 0.1846 0.4334
с 0.3932 0.0045 -0.0101 0.0516
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1 2 3 4 5 6 7 8 9
36 0.0680 0.0961 0.0004 0.0000 1.0000 0.3548 0.8682 0.9987

n/D 0.0339 0.0366 0.0047 0.0001 0.6572 0.6091 0.8535 0.9629

So, if in the first three stages the average value 
of the differences 00M�  is far from zero. Be-
sides, the average stress 1�� is far from one.
Thus we have 0001.000 �M�  and 

9993.01��� at the last stage. 
The result obtained in this sample confirms that 
with a triple critical force criterion (3) can esti-
mate the closeness of the obtained solution to 
the minimum material-intensive one. 
The approach proposed in this paper is based on 
using the criterion (3) of estimating the proximi-
ty of a solution for optimizing rods with con-
straints on resistance to the least material-
intensive. This approach can be extended to 
cases of multiplicity of critical forces. 
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A PROBABLISTIC APPROACH TO EVALUATION  
OF THE ULTIMATE LOAD ON FLEXURAL RC ELEMENT  

ON CRACK LENGTH 

Sergey A. Solovyev  
Vologda State University, Vologda, Russia

  
Abstract: The fracture mechanics of concrete and reinforced concrete is a promising direction in the development of 
methods for reinforced concrete structural elements design and inspection. At the same time, probabilistic methods of
design and behavior analysis of structural elements are of particular interest. The article describes a probabilistic 
approach to load-bearing capacity and reliability analysis of flexural reinforced concrete elements based on the crack 
length criterion. The functional relationship between the critical stress intensity coefficient of concrete and the design 
compressive strength of concrete is given. The article presents a method for the reliability analysis of flexural reinforced 
concrete elements at the operational stage with limited statistical data about the critical stress intensity coefficient of 
concrete. The ultimate value of the failure probability (or reliability index) should be set for each object individually 
based on the value of the acceptable risk.  

Key words: reliability theory, fracture mechanics, crack length, reinforced concrete beam, reinforced concrete slab, 
safety 

ВЕРОЯТНОСТНЫЙ ПОДХОД 
К ОПРЕДЕЛЕНИЮ ДОПУСТИМОЙ НАГРУЗКИ 

НА ИЗГИБАЕМЫЙ ЖЕЛЕЗОБЕТОННЫЙ ЭЛЕМЕНТ 
ПО КРИТЕРИЮ ДЛИНЫ ТРЕЩИНЫ

С.А. Соловьев 
Вологодский государственный университет, г. Вологда, РОССИЯ

Аннотация: Механика разрушения бетона и железобетона является перспективным направлением в развитии 
методов расчета железобетонных элементов конструкций. В то же время, особый интерес представляют 
вероятностные методы расчета и анализа работы несущих элементов строительных конструкций. В работе 
рассмотрен вероятностный подход к расчету несущей способности и надежности изгибаемых железобетонных 
элементов по критерию длины трещины. Приведена функциональная зависимость между критическим 
коэффициентом интенсивности напряжений бетона и расчетным сопротивлением бетона. В статье представлен 
метод расчета надежности изгибаемого железобетонного элемента на стадии эксплуатации при ограниченной 
статистической информации о критическом коэффициенте интенсивности напряжений бетона. Предельное 
значение вероятности безотказной работы (или индекса надежности) следует устанавливать для каждого 
объекта индивидуально, исходя из значения допустимого риска.

Ключевые слова: теория надежности, механика разрушения, длина трещины, железобетонная балка, 
железобетонная плита, безопасность

1. INTRODUCTION 

Reinforced concrete flexural elements (beams 
and slabs) are common parts of different 
structures. The safety of a whole structure 

depends from the reinforced concrete 
beams/slabs safety and reliability. By Eurocode 
0 “Basis of structural design”, the reliability - 
the ability of a structure or a structural member 
to fulfill the specified requirements, including 
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the design working life, for which it has been 
designed. Reliability covers safety, 
serviceability and durability of a structure and is 
usually expressed in probabilistic terms. The 
measure of reliability is the failure probability 
or safety probability.  
As noted in [1], for an adequate description of 
structural behavior, probabilistic methods must 
be resorted to.  Properly speaking, an element of 
probability is embodied even in  the  
deterministic  approach,  which  claims  to  
"simplify"  the  structure  by eliminating  all  
aspects  of  uncertainty. In practice structural 
reliability (or structural probabilistic design) 
increasingly is being applied, particularly for 
situations where quantitative, data-based risk 
assessment of non-elementary structural or other 
systems required [2].
Reinforced concrete (RC) flexural elements - 
beams and slabs are common structural 
elements in many buildings. Safety assessment
of these elements is an important task.
K.A.Piradov and N.V. Savickij [3] note that
there is no theoretically justified approach for 
the design of reinforced concrete structural 
elements with cracks at the moment (reinforced 
concrete elements, especially without 
reinforcement prestressing, usually contain 
cracks at design loads), and current design 
method (safety factors method or limit state 
method from 1955) is based on a number of 
theoretically unsubstantiated empirical 
coefficients. Fracture mechanics [4, 5, 6] can be 
successfully applied for design of reinforced 
concrete elements with cracks. The relationship 
between fracture mechanics and reliability 
theory can be a powerful tool for evaluating the 
structural safety of reinforced concrete 
elements.

2. METHODS

There are different approaches to limiting the 
normal crack length in reinforced concrete 
beams. Some approaches limit the crack length 
to a percentage of the element's cross-section 

height. The research [7] notes that the crack 
length must not exceed 0.3h0, where h0 –
distance from extreme compression fiber to 
centroid of longitudinal tension reinforcement.
Gvozdev A.A. [8] proposed to limit crack length 
by value 0.5h, where h – beam cross-section 
height. The research [9] offers next critical 
values: 0,7h, if there is a crack in the middle of 
the beam span; 0,65h, if in a third of the span 
and 0,3h if at the support points (shear area). 
More objective provisions for limiting the crack 
length can be obtained from the fracture 
mechanics equations for concrete and reinforced 
concrete. Thus, the following dependence is 
proposed in [10]: 
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where M – bending moment in the beam cross-
section; b

ICK – critical stress intensity 

coefficient of concrete; s
ICK – critical stress 

intensity coefficient which characterizes the 
restraining effect of reinforcement on crack 
growth; b – width of the beam cross-section; h –
height of the beam cross-section.
Function ! "11 aY have the form  

! " 1111 ��� aaY G ,

where haa /1 � ; a – distance from extreme
tensile fiber to centroid of longitudinal tension 
reinforcement. 
The parameter s

ICK  have the form (for normal 
crack): 
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If we limit the crack length to a critical value 
ultcrcl , , then the following equation can be 

derived from equation (1) to evaluate the 
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bearing capacity (ultimate bending moment 
ultM ) of beam: 
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In accordance with the recommendations [10] 
and SP 63.13330.2018 "Concrete and reinforced 
concrete structures", the relationship between 
the critical stress intensity coefficient in 
concrete and the design compressive strength of 
concrete can be represented graphically (see 
Figure 1). 

Figure 1. Functional relationship between  
the critical stress intensity coefficient  

in concrete and the design compressive strength 
of concrete. 

This dependence also can be approximated as a 
linear function (in MPa): 
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Thus, having the functional relationship 
between the critical stress intensity coefficient 
in concrete and the design compressive strength 
of concrete it is possible to calculate critical 
stress intensity coefficient for the existing 
concrete by determining the compressive 

strength (for example, by non-destructive 
testing). 
The problem of assigning the ultimate crack 
length for a reinforced concrete beam also can 
be solved. If we take  

)5,0( 0 xhbxRM bult �� ,

then the ultimate crack length can be expressed 
as: 
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where 
bR
ARx

b

ss� ,

bR  and sR – compressive strength of concrete 
and tensile strength of reinforcement; sA – area 
of nonprestressed longitudinal tension 
reinforcement. 

3. RESULTS AND DISCUSSION 

Example 1. The reinforced concrete beam 
(without prestressed reinforcement) with cross-
section dimensions h=500 mm and b=250 mm.
Reinforcement: 5 bars with ϕ12 mm
( 410231.1 ���sA  m2), with distance from 
extreme tensile fiber to centroid of longitudinal 
tension reinforcement a=40 mm. Then by eq.
(2): �s

ICK 0,543 MPa·m2. Beam span l=6 m. If
beam simply supported, then:

8

2qlM � .

Figure 2 shows graph of the dependence of the 
ultimate load q on the required height h of cross 
section (with �b

ICK 0,32 MPa·m2) for different 
approaches to limiting the crack length in 
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concrete – 0.3h, 0.5h and 0.7h according to 
example 1 data.

Figure 2. Graphs of dependence of the required
height of beam cross-section h and the ultimate

load q.

Figure 3 presents the dependence of the ultimate 
crack length in concrete lcrc and design 
compressive strength of concrete Rb.

Figure 3. “Ultimate crack length – concrete 
resistance” diagram.

Figure 3 shows that with a small compressive 
strength of concrete (10 MPa), the ultimate 
crack length is 320 mm or ~0.64h with an 
increasing of compressive strength, the ultimate 
crack length increases to the value ~0.74h at 20 
MPa and ~0.76h at 30 MPa. The ultimate crack 
length is stabilized to a value of ~0.78h next.
Critical stress intensity coefficient determined 
by experimental methods for existing reinforced 
concrete structural elements. These methods are 

often based on the correlation between critical 
stress intensity coefficient in concrete and the 
design compressive strength. Let’s consider the 
problem of estimation the ultimate load q with a 
given confidence level if critical stress intensity 
coefficient is random variable with normal 
distribution. The problem is the simplest 
problem of the reliability theory [2] with a 
single random variable, so we present it without 
additional layouts. 
Figure 4 shows the dependence of ultimate load q
and KIC variation coefficient Cx at the different 
significance levels. Data is taken from example 1. 

Figure 4. Dependence of ultimate load q and 
KIC variation coefficient at the different 

significance levels. 

Figure 4 shows that with the increase in the 
variability of the critical stress intensity 
coefficient, it is necessary to limit the ultimate 
load on the RC element to a greater extent in 
order to ensure the given level of reliability.  
The inverse problem can also be solved –the 
reliability analysis of a reinforced concrete 
beam by the crack length criterion at the 
operation stage. A limit state mathematical 
model for reinforced concrete beam can be 
presented as: 
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Figure 5. Probability density function of random variable X and distribution function of fuzzy 
variable Y graphs. 

where the wavy line denotes random variables. 
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Describing the load on the beam q~  and the 
critical stress intensity coefficient b

ICK~  by the 
normal distribution, the probability of non-
failure can be found as: 

! "
��
�

�

�

��
�

�

�



�
��	�

22
)(Pr

yx

xy

SS

mm
ФФYXP < , (5) 

where xm  and ym – expected values of X and 

Y; xS  and yS – standard deviations of X and Y;
Ф() – value of the Laplace integral function; <  
- reliability index [11-13].
The function parameters are calculated by the 
follows equations: qx mm � , qx SS � ,
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If the reliability (probability of non-failure)
requirements are not met, the design load value 
is reduced to the new value qx mm �  and the 
reliability value is recalculated.  
However, it is not always possible to get a large 
amount of statistical data about the parameter 

b
ICK~ . An approach based on a combination of 

probability theory and fuzzy set theory can be 
used in this case. Fuzzy set theory allows to 
model the variability of a random (fuzzy) 
variable with a small amount of statistical data. 
Figure 5 shows the probability density function 
of random variable X and the distribution 
function of fuzzy variable Y graphs 
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The reliability interval can be calculated using 
the following equations: 
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[14-15]; minmax , YY – minimum and maximum 
values based on test results and calculations. 
The reliability is described by the interval 

];[ PP .
For the  above-described problem: 
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The optimal level of non-failure probability (or 
reliability index) should be set taking into 
account the acceptable risk [16-18]. 

4. CONCLUSIONS 

1.� The article presents probabilistic approach 
to evaluation the ultimate load on flexural 
reinforced concrete elements on crack 
length criterion based of fracture 
mechanics; 

2.� The functional relationship between the 
critical stress intensity coefficient of 
concrete and the design concrete resistance 
is given. It can be used in inspections and 
maintenances of RC elements; 

3.� An ultimate crack length should be set for 
reinforced concrete elements individually; 

4.� The article describes the reliability analysis 
method for reinforced concrete flexural 
elements on crack length with limited 
statistical data. 
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A.A. ILYUSHIN'S FINAL RELATION, ALTERNATIVE 
EQUIVALENT RELATIONS AND VERSIONS OF ITS 

APPROXIMATION IN PROBLEMS OF PLASTIC 
DEFORMATION OF PLATES AND SHELLS 

PART 1: A.A. ILYUSHIN'S FINAL RELATION 

Aleksandr V. Starov, Sergei .JU. Kalashnikov 
Volgograd state technical university,  Volgograd, RUSSIA 

Abstract: The finite relationship between the forces and moments of plates and shells in the parametric form of 
the theory of small elastoplastic deformations is investigated of A.A. Ilyushin, to determine the load-bearing ca-
pacity of structures from a material without hardening. A geometric image of the exact yield surface in the space 
of generalized stresses is obtained. In the first part of the article the conclusion of the final relation is given. In 
the second and third parts, by introducing other parameters, alternative equivalent dependences of the final rela-
tionship have been developed and variants of its approximation for application in computational practice are 
considered. In the fourth part, additional properties of the final relationship are considered, the possibility and 
necessity of its use in problems of plastic deformation of plates and shells is shown. 

Keywords: the plasticity theory, plastic deformation of plates and shells, surface of fluidity,  
plasticity condition  

КОНЕЧНОЕ СООТНОШЕНИЕ А.А. ИЛЬЮШИНА, 
АЛЬТЕРНАТИВНЫЕ ЭКВИВАЛЕНТНЫЕ ЗАВИСИМОСТИ 

И ВАРИАНТЫ ЕГО АППРОКСИМАЦИИ В ЗАДАЧАХ 
ПЛАСТИЧЕСКОГО ДЕФОРМИРОВАНИЯ ПЛАСТИН 

И ОБОЛОЧЕК
ЧАСТЬ 1: КОНЕЧНОЕ СООТНОШЕНИЕ 

А.А. ИЛЬЮШИНА

А.В. Старов, С.Ю. Калашников
Волгоградский государственный технический университет, г. Волгоград, РОССИЯ

Аннотация: Выполнено исследование конечного соотношения между силами и моментами пластин и 
оболочек в параметрическом виде теории малых упругопластических деформаций А.А. Ильюшина, для 
определения несущей способности конструкций из материала без упрочнения. Получен геометрический 
образ точной поверхности текучести в пространстве обобщенных напряжений. В первой части статьи 
приводится вывод конечного соотношения. Во второй и третьей частях введением других параметров 
разработаны альтернативные эквивалентные зависимости конечного соотношения и рассмотрены вари-
анты его аппроксимации для применения в расчетной практике. В четвертой части рассмотрены допол-
нительные свойства конечного соотношения, показана возможность и необходимость его использования 
в задачах пластического деформирования пластин и оболочек.

Ключевые слова: теория пластичности, пластическое деформирование пластин и оболочек, поверхность 
текучести, условия пластичности
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INTRODUCTION 

Theory of small elastoplastic deformations Il-
yushin was created in connection with the prob-
lem of the strength of the projectile while mov-
ing in the barrel of the gun. All calculations 
were carried out by the methods of the theory of 
elasticity, although a small residual plastic de-
formation was allowed by normative docu-
ments. Together with theorems on simple load-
ing, unloading, and the method of elastic solu-
tions, the theory of A.A. Ilyushin was a power-
ful apparatus for investigating the strength, de-
formability and stability of structural elements, 
structures and machine parts beyond the elastic 
limit. [1-8] 
The theory of elastoplastic deformations of 
plates and shells is presented by A.A. Ilyushin
in [9-14], where on the basis of the methods of 
the theory of plasticity a finite relationship be-
tween forces and moments was obtained to de-
termine the load-bearing capacity of structures 
from a material without hardening and the limit-
ing state is characterized by the propagation of 
fluidity throughout the volume. 
Since the equations of the theory of plates and 
shells are formulated in generalized forces and 
generalized displacements, the conditions of 
strength and plasticity must also be represented 
in generalized forces. The transformation of the 
condition of strength and plasticity from the 
stress space into the space of generalized stress-
es is one of the most important and complex 
problems of the theory of limiting equilibrium
of plates and shells [15-16]. 
The parametric equation of the limiting hyper-
surface in generalized stresses for thin plates 
and shells on the basis of the Mizes condition of 
plasticity and the relations of the theory of small 
elastoplastic deformations was first obtained by 
A.A. Ilyushin [9,13]. The traditional Kirchhoff-
Love hypotheses and the incompressibility of 
the material are used. Received A.A. Ilyushin’s 
relations are not expressed in explicit form and 
are complex for solving practical problems. The 
geometrical image of the exact yield surface in 

the literature is absent.  
Similar relations with the introduction of other 
parameters were obtained in the works of V.V. 
Rozhdestvensky [17], G.S. Shapiro [18], P.G. 
Hodge [19-22], D.C. Drucker, H.G. Hopkins
[23], D.C. Drucker [24], D.C. Drucker, R.T. 
Shiе1d [25], E.T. Onat [26,28], E.T. Onat, W. 
Prager [27] and other authors. Detailed reviews 
of literature on this topic can be found in [15-
16], as well as in the works of N. Jones [29-30]
and Yu.V. Nemirovsky, TP Romanova [31].
In the works of M.I. Erhov [32-33], on the basis 
of the two-layer cross section model and the 
flow conditions of R. Mizes, a finite relationship 
between the internal forces and the moments of 
ideally plastic plates and shells is obtained on 
the assumption that the strain intensity within 
the layer is constant in the plastic region. Here 
is a schematic model of the exact yield surface 
and the proposed version of its approximation. 
A similar model of the approximation of the 
cross-section of a homogeneous shell by a two-
layered cross section was used by V.I. Rosen-
blum [34-37], Yu.N. Rabotnov [38]. This ap-
proach and its various variants were used by 
other authors. 
If the shell material is ideally plastic and satis-
fies to a condition of fluidity of Mizes, for a 
plastic condition i s const� � � � . In this case in 
purely plastic areas of a shell the right parts of 
determining relations for the generalised pres-
sure will be uniform functions of a zero order 
concerning six parametres ,i i� � .
From this necessity of existence of a final rela-
tion which plays a role of a condition of fluidity 
follows and connects values of efforts and the 
moments in purely plastic areas of a shell 
[9,39]. Owing to noted property of uniformity of 
the equations in purely plastic areas ,i i� �  it is 
possible to replace deformation components 

,i i� � in the corresponding speeds ,i i� �
p

i i� �i , .
The definition of the ultimate load reduces to 
the construction of internal stress fields, mo-
ments, displacements, and velocities of dis-
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placements of the middle surface that satisfy 
equilibrium equations in the plastic regions, the 
final relationship, the dependencies between the 
velocities of displacements of the middle sur-
face and the deformation rates that determine 
the relations for generalized stresses. In rigid 
regions, the velocities must vanish or corre-
spond with the rigid displacement with joints, 
and the forces and moments must satisfy the 
equilibrium conditions and do not contradict the 
final relation. The specified static and kinematic 
boundary conditions must also be satisfied [9, 
39]. 
The final relation corresponding to the defining 
equations [9] has a very complex structure and 
is not explicitly expressed. For an approximate 
analysis, it is approximated by a quadratic de-
pendence [9-10,32-37], which corresponds to 
the particular case [9], while the bilinear form 

1 1 2 2 1 2 2 1 11 12
1 1 0
2 2

P�� � � �  � �  � �  � �  � � � : 

! "

! "

2 2 2
1 1 2 2 122

2 2 2
1 1 2 2 122

2

1  3

1  3 1,

, .
4

s

s

s
s s s

N N N N N
N

M M M M M
N

hN h M

�   

 �   �

�
� � �

For the axisymmetric problem, the following 
approximations are also used. 
1. A semilinear final relation [19, 32-37], which 
corresponds to the linearization of the previous 
relation 

2 2 1 2 1 2

1 2 1 2

1, max , , ,

max , , .

s s s

s s s

N N N Nn m n
N N N

M M M Mm
M M M

& '�2 2 � � ( )
2 2* +

& '�2 2� ( )
2 2* +

2. The final relationship with a limited interac-
tion of forces and moments [19, 32-37], which 

does not take into account the interaction of 
membrane and bending force factors, and oth-
ers. The degree of approximation of these rela-
tions to the exact one [9] depends on the ratio 

20 P P P�� � �	 	 � . Meanwhile, elementary analy-
sis shows that in the center of a flexible circular 
plate or a slender axisymmetric shell is always 
satisfied 2 0P P P�� � �� � 3 .
In the works of V.I. Korolev [40] and P.M. 
Ogibalov [41] deduces the derivation of the fi-
nite relation AA. Ilyushin and solve the problem 
for the simplest complex stress state of shells at 

0, 0 , 0P P P� � ��3 3 � .
The purpose of this article is to investigate the 
final relationship of AA. Ilyushin, obtaining a 
geometric image of the exact yield surface, al-
ternative dependencies and variants of its ap-
proximation. 
In the first part of the paper, with some abbrevi-
ations, the derivation of the final relation pre-
sented in §24-26 [9] is given. In contrast to [9], 
the designations of stresses, forces and shear 
forces in the shell sections have been changed 

, , , , ,x y z xy zx zy� � � C C C

1 2 12 1 2 12 1 2, , , , , , ,N N N n n n Q Q , while the 
numbering of formulas, tables, graphs and ref-
erences to formulas are completely preserved. In 
the second and third parts, alternative equivalent 
dependencies of the final relationship are devel-
oped and variants of its approximation are con-
sidered for application in computational prac-
tice. In the fourth part, additional properties of 
the final relationship are considered, the possi-
bility and necessity of its use in problems of 
plastic deformation of plates and shells is 
shown. 

1.1. The connection between internal forces, 
moments and deformations of the shell on the 
basis of the theory of small elastoplastic de-
formations 
Intensity of deformations, according to (4.7):  
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2

2 2 2 2 2 2
1 1 2 2 12 1 1 2 2 12

1 1 2 2 1 2 2 1 11 12

2 2 ,
3

, ,
1 1 .
2 2

ie P zP z P

P P

P

� �� �

� �

��

� � 

� �  � �  �  � � � � � � �

� � �  � �  � �  � �  � �

     (4.19) 

The stresses according to (4.2):  

! "

! "

! "

1 1

2 2

12 12

1 ,
2
1 ,
2
2 ,
3

i
x x y

i

i
y y x

i

i
xy xy

i

S z
e

S z
e

S z
e

�
� � � � � � � �

�
� � � � � � � �

�
� C � � � �

 (4.20) 

And i�  there is a certain function ie , the volt-
age , ,xz yz zC C �  is small in comparison with the 
main ones. If the shell is thin enough and the 
ratio of its thickness to the characteristic radius 
of curvature can be neglected, we obtain the fol-
lowing five expressions for the forces: 

2 2 2

1 2 12

2 2 2

2 2

1 2

2 2

, , ,

, .

h h h

x y xy
h h h

h h

zx zy
h h

N dz N dz N dz

Q dz Q dz

� � �

� �

� � � � � C

� C � C

% % %

% %

     (4.21) 

The shearing forces 1 2,Q Q , despite the small 
stresses ,zx zyC C , are not equal to zero, and are 
determined from the equilibrium equations. 
Similarly, one can write formulas for bending 
and twisting moments 

2 2 2

1 2 12

2 2 2

, , .

h h h

x y xy
h h h

M zdz M zdz M zdz
� � �

� � � � � C% % %

     (4.22)  

For simplification of calculations instead of 
forces 1 2 12, ,N N N  it is convenient to enter 
their linear combinations  

2 2

1 1 2 2 2 1

2 2

2

12 12

2

1 1, ,
2 2

2 ,
3

h h

x y
h h

h

xy
h

S N N S dz S N N S dz

S N S dz

� �

�

� � � � � �

� �

% %

%

     (4.23)  

And instead of the moments 1 2 12, ,M M M  of 
their combination  

2

1 1 2

2

2

2 2 1

2

2

12 12

2

1 ,
2

1 ,
2

2 .
3

h

x
h

h

y
h

h

xy
h

H M M S zdz

H M M S zdz

H M S zdz

�

�

�

� � �

� � �

� �

%

%

%

  (4.24) 

From (4.23) and (4.20) we have: 
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2 2

1 1 1

2 2

2 2

2 2 2

2 2

2 2

12 12 12

2 2

,

,

,

h h

i i

h hi i

h h

i i

h hi i

h h

i i

h hi i

S dz zdz
e e

S dz zdz
e e

S dz zdz
e e

� �

� �

� �

� �
� � ��

� �
� � ��

� �
� � ��

% %

% %

% %

 (4.23')  

And from (4.24) we have: 

2 2
2

1 1 1

2 2

2 2
2

2 2 2

2 2

2 2
2

12 12 12

2 2

,

,

.

h h

i i

h hi i

h h

i i

h hi i

h h

i i

h hi i

H zdz z dz
e e

H zdz z dz
e e

H zdz z dz
e e

� �

� �

� �

� �
� � ��

� �
� � ��

� �
� � ��

% %

% %

% %

 (4.24') 

In formulas (4.23') and (4.24'), there are three 
types of integrals that are common in shell 
thickness: 

2 2 2
2

1 2 3

2 2 2

, , .

h h h

i i i

h h hi i i

J dz J zdz J z dz
e e e

� � �

� � �
� � �% % %

     (4.25) 

Through them the forces and moments are ex-
pressed: 

1 1 2 1 1 2 2

2 2 1 1 2 1 2

12 12 1 12 2

3 1 1 ,
4 2 2
3 1 1 ,
4 2 2
3 ,
2

N J J

N J J

N J J

� � � �� �  � � �  �� � � �
� � � �
� � � �� �  � � �  �� � � �
� � � �

� � ��

(4.26) 

1 1 2 2 1 2 3

2 2 1 2 2 1 3

12 12 2 12 3

3 1 1 ,
4 2 2
3 1 1 ,
4 2 2
3 .
2

M J J

M J J

M J J

� � � �� �  � � �  �� � � �
� � � �
� � � �� �  � � �  �� � � �
� � � �

� � ��

(4.27) 

Since in (4.25) i�  there is a given function of 

ie , and its form for each material becomes 
known in particular problems, it is natural to get 
rid of integration with respect to z  and proceed 
from (4.19) to integrate over ie .
Multiplying 1J  by P� , 2J  by 2P��� , 3J by 3J
P� and by adding the results, we get: 

2

1 2 3

2

3 2  .
4

h

i i
h

J P J P J P e dz� �� �

�

�  � �%  (4.28) 

Differentiating (4.19) with respect to z , we 
find: 

! "3  
4 i ie de zP P dz� ��� � .  (4.29) 

Multiply no 1 J  by 2P��� and 2J  on P�  and add 
the results, then we get: 

1 2
3  .
4 i iJ P J P de�� ��  � �%   (4.30) 

We find the expression 2z  by ie , for this it is 
necessary to solve the quadratic equation (4.19) 
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2 232 ,
4 iz P zP P e� �� ��  �

Which root which is not contradicting a relation 
(4.29), is 

! "
2

23 4 sign ,
32 i

P P P P
z e zP P

P PP
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� ��
� ��

�
�  � � �

     (4.31) 

And it is always necessary to take a positive 
value of the square root. Differentiating (4.31), 
we obtain: 

2
2

sign3 .
2 4

3

i i i

i

e de dedz
P P P P

e
P

� � � ��

�

�
�

�
�

 (4.32) 

The value sign ,zP P� ���  according to (4.29), 

coincides with a sign ide
dz

 and as in intervals 

interesting us dz  always it is positive at change 
z

from 
2
h

� to
2
h



integration on ide  should be executed so that 

ide  too increased, i.e. it is necessary to inte-
grate on signi ide de� .
Let's consider values of intensity of defor-
mations in three points on an axis z : 

0 0, , , .
2 2

Ph hz z z z z
P
��

�

� � �  � �  (4.33) 

Let's designate them accordingly: 

! "

2

1

2

2

2
0 0

2 ,
4 23

2 ,
4 23

2 .
3

i

i

i

h he P hP P z

h he P hP P z

e P P P z z
P
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� � ��
�

� ��   � �� �
� �

� �� �  � � �
� �
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     (4.34) 

Apparently from (4.29), the point 0z z�  is a 
minimum point ie . Hence, inequalities always 
take place  

1 0 2 0, .i i i ie e e eJ J    (4.34') 

We shall say that the deformations of the 
stretching and the shift of the middle surface 

1 2 12, ,� � �  are commensurable or small in com-
parison with deformations of the bending of the 
shell  

1 2 12, ,
2 2 2
h h h

 �  �  �

or that the latter are dominant if the point 0z
does not exceed the thickness of the shell 

0 .
2 2

Ph hz
P
��

�

� 	 � 	    (4.35) 

Deformations of the middle surface will be 
called large or dominant as compared with de-
formation of the bend if the point is located out-
side the thickness of the shell, that is, if one of 
the inequalities holds 

0 0, .
2 2

P Ph hz z
P P
�� ��

� �

� K � L �  (4.36) 

In case of commensurable tensile deformations 
and a bending, the integral from any positive 
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value R  on a thickness of a shell is necessary 
for calculating under the formula: 

1 2

0 0

2

2 2 2 2
0 0

2

3 .
2

i i

i i

h
e e

i i i i

h e ei i i i

Re de Re deRdz
P e e e e��

� �
� �� 
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% % %

     (4.35') 

In case of incommensurable or large tensile de-
formations such integral should be calculated 
under the formula: 

! " 2
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2
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2 2
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2

3 sign
.

2
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i

h
e

i i i i

h e i i

e e Re deRdz
P e e��
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     (4.36') 

We introduce the notation of the principal quan-
tities in the theory of shells: 

0 0 0 0

1 1 1 0

, , ,
2 2

, , ,
2

h hA A B B C C z

hA A B B C C z

� �� � � � 	 	� �
� �
� �� � � K� �
� �

(4.37) 

Where the values 0 0 0, ,A B C  refer to the case 
of the dominant deformation of the bending and 
are equal to: 

1 2 2

0 0 1

1 2
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1 2

0 0
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0 2 2 2 2
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2 2 2 2
0 0 0

,
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And 1 1 1, ,A B C  concern to a case of a dominat-
ing stretching of a median surface and are equal:  

! "

! "
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0 1 1 2 12 2
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, sign ,
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     (4.37'') 

1 2 3, ,J J J  (4.23'), (4.24'), (4.26) and (4.27), it 
is possible to express the integrals 1 2 3, ,J J J
entering in the formulas through the basic val-
ues , ,A B C  depending on the basic quadratic 
forms , ,P P P� � �� , according to formulas (4.37). 
For this purpose we notice that the integral 1J
on the basis of formulas (4.25) and (4.35')-
(4.36') is directly expressed through function B
then from (4.30) it is found 2J  through A  and 
B , after from (4.28) is received 3J  through 

, ,A B C . Thus we find following formulas:  

1 21 3
2 2

2

3 3 5 2
2 2

33 3, ,
42 2

3 33 3 .
28 2

P
J B J B A

PP P

P P
J C B A

PP P

��

�
� �

�� ��

�
� �

� � 

�  

 (4.38) 

Values , ,A B C  need to attribute an index «0» 
and to calculate them under formulas (4.37') if 
bending strain dominates or to attribute an index 
«1» and to calculate according to (4.37 ") if the 
stretching-compression of a middle surface 
dominates.
The formula (4.32) and all subsequent calcula-
tions lose their meaning when the momentless
state is stressful, when the quantities ie  and i�
are constant in thickness. In this case 

20, ,
3iP P e P� �� �� � �   (4.39) 
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And the integrals 1 2 3, ,J J J can be calculated 
directly. From the formulas (4.25) we have: 

3

1 2 3, 0, ,
12

i i

i i

hJ h J J
e e
� �

� � �  (4.40) 

As equality  

0P� �

is possible only at  

1 2 12 0� � � � � �

all bending moments are equal to zero. 
The relations (4.23'), (4.24') or (4.26), (4.27) 
give the expressions for the forces and moments 
acting on the shell element through three quad-
ratic forms , ,P P P� � �� : 

2 2 2 2 2 2
1 1 2 2 12 1 1 2 2 12

1 1 2 2 1 2 2 1 12 12

, ,
1 1
2 2

P P

P

� �

��

� �  � �  �  � � � � � � �

� � �  � �  � �  � �  � �

     (4.43) 

And six components of deformations and distor-
tions 1 2 12 1 2 12, , , , ,� � � � � � , hence through 
the three components of the displacement vector 
of the point of the middle surface, since defor-
mations and curvatures have differential expres-
sions through , ,u v w .
We show that all deformations and curvatures 
can be expressed in terms of forces and mo-
ments. To do this, we find the expressions for 
the quadratic forms (4.43) in terms of analogous 
quadratic forms of forces and moments. Accord-
ing to the expressions ,S H , through ,T M
(4.23)-(4.24) we have the identities: 

! "

! "

2 2 2
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2 2 2
1 1 2 2 12

2 2 2
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P S H S H S H S H
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�    �

� �  

�    �

� �  
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 �

� � � � � �� � �� �� �
     (4.44) 

We form the quadratic forms , ,S H SHP P P  ac-
cording to relations (4.23') and (4.24'), replacing 
the integrals entering them by the notation 
(4.25) by 1 2 3 , ,J J J .
From the group of equations (4.23') we have: 

2 2
1 1 2 22 .SP J P J J P J P� �� �� �    (4.45') 

Similarly, from the group of equations (4.24') 
we find: 

2 2
2 2 3 32 .HP J P J J P J P� �� �� �    (4.45'') 

Constructing from both groups of equations 
(4.23'), (4.24') a bilinear form SHP  and collect-
ing the coefficients of the products 1 2,J J
and 2 3,J J , we obtain: 

! "2
1 2 1 3 2 2 3 .SHP J J P J J J P J J P� �� �� �   (4.45''') 

As the left parts of relation (4.45) are known 
functions (4.44) forces and the moments, and 
right depend only from , ,P P P� � ��  as 1 2 3, ,J J J
are expressed under formulas (4.38), (4.37), 
(4.34) relation (4.45) represent three algebraic 



Aleksandr V. Starov, Sergei JU. Kalashnikov 

International Journal for Computational Civil and Structural Engineering114 

equations from which it is possible to express 
forms , ,P P P� � �� through , ,S H SHP P P : 

! " ! "
! "

1 2

3

, , , , , ,

, ,
S H SH S H SH

S H SH

P f P P P P f P P P

P f P P P
� �

��

� �

�
.

     (4.46) 

Actually it can be executed after the particular 
characteristic of a material of a shell is given, 
i.e. the function kind is set ! "i ie� �� .
Assuming that expressions (4.46) are found, we 
can find expressions of deformations ,� �
through forces ,T M  or ,S H . For this purpose 
it is necessary to substitute (4.46) in (4.38), to 
express 1 2 3, ,J J J  through , ,S H SHP P P  and to 
decide the equations (4.23'), (4.24') rather ,� � .
Thus, we receive definitive formulas:  

! " ! "

! " ! "

! " ! "
! "
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2 2 3 2 2 2 2 2 2 1

12 12 3 12 2 12 12 2 12 1
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1 3 2

1 1, ,
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1 1, ,
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S J H J S J H J

S J H J S J H J
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� �
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     (4.47) 

1.2. The final relationship between forces and 
moments and the formulation of the problem 
of the load-carrying capacity of shells

If intensity of deformations ie  (4.19) any lay-
ers of a shell is great enough in comparison with 
yield strength se , i.e. 

22 2 ,
3 i sP zP z P e e� �� ��  � KK  (4.56) 

and its material does not possess hardening the 
law ! "i ie� �� coincides with a condition of 

plasticity of Mizes: 

.,i s const� � � �    (4.57) 

Or can be approximately replaced by a condi-
tion of plasticity of Sen-Venan-Kulon:  

max .
3
s const�

C � �    (4.58) 

We show that in this case there exists a finite 
(not differential) relation between the forces and 
the moments. Using formulas (4.37), taking the 
integral sign as a constant i� , we can calculate 
the values of the functions , ,A B C .
In the case of dominant bending deformations, 
the formulas (4.37') take the form: 

! "

! "! "

! "

0 2 1

2 2 2 2
1 1 0 2 2 0

0 2
0

2 2 2 2 2
0 1 1 0 2 2 0 0 0

,

ln ,

1 ,
2 2

s i i

i i i i i i

s
i

s
i i i i i i i

A e e

e e e e e e
B

e

C e e e e e e e B

� � �

 �  �
� �

�
� �  � �

     (4.59') 

and in case of dominating lengthening of a mid-
dle surface from formulas (4.37 ") it is found:  

! "
! "
! "

2 2
2 2 0

1 2 1 1 2 2
1 1 0

2
2 2 2 2 0

1 2 2 0 1 1 0 1

, ln ,

.
2 2

i i i

s i i s

i i i

s i
i i i i i i

e e e
A e e B

e e e

eC e e e e e e B

 �
� � � � �

 �

�
� � � � �

     (4.59'') 

In both cases of value 1 2 0, ,i i ie e e  are expressed 
by formulas (4.34). Considering the last as the 
equations concerning three quadratic forms 

, ,P P P� �� � , we copy them in a kind:  
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2 2
2 2
1 2

2 2
0

3 3, ,
4 4 4 4
3 .
4

i i

i

h hP hP P e P hP P e

P P P e P

� �� � � �� �

� � �� �

  � �  �

� �

Solving them with respect to quadratic forms 
leads to the following results: 

! " ! "

! "

2
2 2 2 2
1 2 1 2

2 2
2 2 2 2
1 0 2 0

3 3, ,
8 8 4

3 .
4 16

i i i i

i i i i

hhP e e P e e P

h P e e e e

�� � �

�

� � �  �

� �  �

     (4.60) 

To determine the sign in the last formula, we 
use inequalities (4.35) and (4.36). In the case of 
the dominant bending strain from (4.35), we 
have: 

2 2

2 2 .
4 4
h hP hP P� �� �� � 	 	 �

This inequality will take place, if in the formula 
(4.60) for P�  in brackets to take a sign ! " . The 
inequality (4.36) will take place, if for P�  in 

brackets to take a sign ! "� .
Below, in all formulas with two signs, the upper 
sign will refer to the case of the dominant bend-
ing of the shell, and the lower sign to the case of 
the dominant extension-compression. 
We introduce two basic parameters � and M : 

2 0

1 1

, .i i

i i

e e
e e

� � M �    (4.61) 

These parameters satisfy the following condi-
tions: 

0 1,	 � JM 	     (4.61') 

Since 0ie  - is the minimum value of the strain 

intensity at a given point of the shell. Then the 
formulas (4.60) can be rewritten in the form: 

! "
2 2 2

2 2 21 1 1
1 12

3 3 3, , 4 ,
4 8 16

i i ie e eP P P
h h� �� �� � � �� � M  �

     (4.62) 

where 1� and � designate following functions:  

2
2 2 2

1
1

11 , .��
� � �M  � �M � �

�
(4.63) 

The kind of the formula (4.62) for P�  becomes 
clear if to take into consideration identity: 

! "! "2 2 2 2 2 2 24 1 2 2 1 .M  � �  �  M �M � �M!!!2 !

Using the notation ,� M and the established rule 
for applying two-valued formulas, we can re-
write the expressions for the functions , ,A B C
(4.59) in the form: 

! " ! "

! " ! "

1

2 2
1

, , , ,

, , ,
2

s i s

s
i

A e B

C e

� � 7 � M � � ; � M

� � �� � � M �M ; � M� �
 (4.64) 

Functions ,7 ; also � are determined so:  

2 2 2

2 2 2

1 11, ln ln ,

1 .

 �M �  � �M
7 � � � ; �  

M M

� � �M  � � �M

     (4.65) 

Using formulas (4.62) and (4.64), we can be 
convinced that quadratic forms , ,S H SHP P P ,
according to formulas (4.45) and (4.38), do not 
depend on value 1ie and are functions only par-
ametres ,� M .
In this connection it is natural to introduce the 
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notation for the characteristic value of forces 
1 2 12, ,N N N and moments 1 2 12, ,M M M : 

2

, .
4
s

s s s
hN h M �

� � �   (4.66) 

The quantities ,s sN M  in the problems of 
momentless deformations of shells and prob-
lems of purely moment deformations play the 
same role as the yield stress s�  in the plane 
stress problem. Therefore, it is useful to intro-
duce the notation for dimensionless forces and 
moments: 

1 2 12
1 2 12

1 2 12
1 2 12

, , ,

, , ,

s s s

s s s

N N Nn n n
N N N
M M Mm m m
M M M

� � �

� � �
 (4.67) 

and instead of quadratic forms (4.44), consider 
quadratic forms of dimensionless forces and 
moments:  

2 2 2
1 1 2 2 12

2 2 2
1 1 2 2 12

1 1 2 2 1 2 2 1 12 12

3 ,

3 ,
1 1 3 .
2 2

n

m

nm

Q n n n n n
Q m m m m m

Q n m n m n m n m n m

� �  

� �  

�  � � 

     (4.68) 

The last are connected with , ,S H SHP P P  obvi-
ous relation:  

2 2

4 44, , .
3 3 3

S SHH
n m nm

s s s s

P PPQ Q Q
N M N M

� � �

     (4.69) 

Performing rather cumbersome transformations 
of the right-hand sides of equations (4.45), 
namely squaring polynomials and multiplying, 
and then collecting the coefficients for 

2 2 2, , , , ,; 7 7; �; 7� � , we obtain the follow-

ing equations: 

! "

! "

! " ! "

2 2 2
2
1

2 2 2 2
3
1

2 2 2 2 2 2 2

4 2 2 2
1

1 ,

2 ,

44 .
2 2 2

n

nm

m

Q

Q

Q

� M ; 7
�

� M �; �7 M 7; 7�
�

� �M M  � ;  M  � 7 
� � �
� � � M �7; � M ;� �7��� �

     (4.70') 

Since the right-hand sides of equations (4.70'), 
according to (4.63) and (4.65), are functions of 
two parameters ,� M , in a three-dimensional 
space with variables , ,n m nmQ Q Q  they repre-
sent a surface 

! ", , 0n m nmF Q Q Q � ,  (4.70) 

and (4.70') is the parametric equation of this sur-
face. The relation between the quadratic forms 
(4.68) obtained in this way is called the final 
relation between the forces and moments acting 
in the shells. The final relationship was obtained 
from the Mizes hypothesis i s� � �  and there-
fore it is a generalization of the Mizes condition. 
The final relation derived from the equations of 
the theory of small elastic-plastic deformations 
will have the same form, according to the theory 
of flow the Sen-Venan- Mizes. 
Existence of a final relation between forces N
and the moments M  in case of ideal plasticity, 
i.e. under condition of Mizes and at small elastic 
deformations, follows and is direct from formu-
las (4.23') and (4.24') as thus they are uniform 
zero degree concerning six values 

1 2 12 1 2 12, , , , ,� � � � � � .
The surface (4.70) represents a three-
dimensional image of the indicated surface of 
the six-measurement space. 
We pass to more in-depth study of a final rela-
tion (4.70'). We note three special cases of a fi-
nal relation.  
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1. The momentless state of stress takes place at 

1 2 12 0� � � � � � , with 0P�� � (4.68). 

The final relation is obtained from (4.70') if we 
assume that the deformations of the fibers along 
the thickness of the shell are the same  

1 2 0 , 1.i i ie e e� � � � M �

In formulas (4.63), (4.65), one should take the 
lower sign and then uncover the uncertainties in 
formulas (4.70'). Then we find, obviously, the 
Mizes condition: 

0, 1,m nm nQ Q Q� � �   (4.71') 

Or in expanded form:  

2 2 2 2
1 1 1 2 123 .sN N N N N N�   �  (4.71) 

2. Purely moments the tension takes place in 
the absence of lengthening of a middle surface. 
The quadratic form  

0P� � ,

that is why  

0P�� � .

As appears from the formula (4.19), intensity of 
deformations ie  is even function z  and, accord-
ing to (4.34), we have 

1 2 0, 0, 1, 0.i i ie e e� � � � M �

In formulas (4.63), (4.65) it is necessary to take 
the upper sign as from (4.33) it is had 0 0z � ,
thus we receive  

1 2, 0, 0, 0, 2.� � � � 7 � M; � � �

The final relation (4.70') becomes:  

0, 1,n nm mQ Q Q� � �   (4.72') 

Or in expanded form:  

2 2 2 2
1 1 2 2 12 3 .sM M M M M M�   �  (4.72) 

3. The elementary difficult tension of shells at  

0, 0P P� �3 3

takes place, if the bilinear form P��  addresses 
in zero:

1 1 2 2 2 1 12 12
1 1 0.
2 2

P��
� � � �� � �  � � �  � � � �� � � �
� � � �

     (4.73) 

It can take place in cases  

1 12 2 1 2

1 12 2 1 2

1) 0, 0, 0,
2

1) 0, 0, 0
2

a

b

� 3 � � � � �  � �

� 3 � � � � �  � �

And many other things. From (4.60) it is thus 
had 1 2 0 , 1, 1,i i ie e e� K � � M L  i.e. dominating 
bending strain is available. We find:  

2
1

2

0, 2 1 ,

1 12ln ,

� � 7 � � � � � �M

 �M
; �

M

and after simple transformations the final rela-
tion becomes:  
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22
2

2

2
22

2 2

1 1ln , 0,
1

1 1 1ln .
1 1

n nm

m

Q Q

Q

 �MM
� �

�M M

� � �MM
� �� �
� ��M M �M� �

(4.74) 

It gives a line of interception of a surface (4.70) 
with a plane 0nmQ � . As ,n mQ Q are essentially 
positive, all surface is disposed between planes 

0nQ � and 0mQ � ,

and a line (4.74) between positive directions of 
axes ,n mQ Q , i.e. in the first quadrant of a plane  

0nmQ � .

The point  

0, 1m nQ Q� �

corresponding to a non-propulsive condition of 
a shell, is received from (4.74) at 1M � , and the 
point  

0, 1n mQ Q� �

corresponding purely moment to a condition of 
a shell, is received at  

0M � , as ln 0M M � at 0M � .

The curve ,n mQ Q  can be constructed on the 
points which coordinates are introduced in table 
4 [9] (the expanded version of the table it is re-
sulted in 2 parts of the article). On Figure 53 [9] 
coordinates (it is resulted in 2 parts of the arti-
cle) the curve (4.74) and a straight line is repre-
sented 

1,n mQ Q �     (4.75) 

which well enough approximates it. The maxi-

mum deviation of a straight line makes about 9 
%. The surface (4.70) is symmetric concerning a 
plane  

0nmQ � .

Thus, it is enough to know about a surface 
(4.70), only in the first octant of co-ordinate 
system , ,n m nmQ Q Q . It is possible to be con-
vinced that on a line 1� �  in a value plane 
! ",n mQ Q ,n mQ Q  have a maximum. If to use 
Schwarz's inequality concerning quadratic 
forms , ,n m nmQ Q Q 2 ,nm n mQ Q Q	 � it is possi-
ble to conclude that the value nmQ on the module 
also is limited. 
Table 5 [9] (the expanded version of the table is 
resulted in 2 parts of the article) gives coordi-
nates of some points of a surface on lines 

const� � , and against each value �  are given: 
in the first line - nQ  in the second - mQ  and in 
the third- nmQ .
The greatest values nmQ  will be, when 
Schwarz's inequality is transformed into equali-
ty  

2 ,nm n mQ Q Q� �    (4.77) 

and it is possible only when values n  and m
are proportional: 

1 2 12

1 2 12

.n n n
m m m

� �    (4.77') 

Let's show that the hyperbolic paraboloid (4.77) 
is crossed with a surface (4.70) on a line 0M � .
From (4.65) at 0M � it is had:  

2

2

1

1, 1 , 0,
11 , .
1

7 �� � � �  � M; �

��
� �  � � �

 �

  (4.77'') 
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Introducing these values to the equations (4.70), 
we receive:  

! " ! "
2

2
2 3 4
1 1 1

2 4, , .n nm mQ Q Q7 7
� � �7� � �7�
� � �
     (4.78) 

From here in case of a dominating stretching of 
a shell at the lower sign in (4.77 ") it is had:  

1, 0,n nm mQ Q Q� � �

I.e. the line 0M � degenerates in a point. 
In case of a dominating bending of a shell it is 
received:  

! "
! " ! "

2 2

3 4

4 11 16, , ,
1 1 1n nm mQ Q Q

� ���� �� �� � � �� ��� � � �
     (4.79') 

whence follows (4.77). Besides, from last equa-
tions it is found other relation  

! "21 ,m nQ Q� �    (4.79) 

Combining it with (4.77), we find: 

! "1 .nm n nQ Q Q� �    (4.80) 

From here we conclude that the line 0M �  de-
termining greatest on the module of value of the 
bilinear form nmQ , represents a line of intercep-
tion of two parabolic cylinders from which the 
cylinder (4.79) passes through points:  

1, 0, 0,
0, 1, 0,

n m nm

n m nm

Q Q Q
Q Q Q

� � �
� � �

Having forming, parallel to co-ordinate nmQ , the 
cylinder (4.80) has forming, parallel to co-
ordinate mQ , and passes through the same 

points. The line 0M �  limiting a piece of a sur-
face (4.70) for dominating bending on which 
values , ,n nm mQ Q Q  have mechanical sense, is 
shown on fig. 54 (it is resulted in 2 parts of the 
article). 
The maximum value of ordinate nmQ  on the 
module will be at  

1 4,
3 9n mQ Q� �

and 

max

2 .
3 3nmQ �

The final relation between forces and the mo-
ments in case of a dominating bending matters 

max

2 .
3 3nmQ �

can be approximately presented, as pair of the 
planes passing through a line (4.75) and through 
points  

1 4 2, , .
3 9 3 3n m nmQ Q Q� � �  

They have the equation: 

1 1.
3n m nmQ Q Q  �   (4.81) 

As six components of deformations and bend-
ings are expressed by means of differential op-
erations on curvilinear coordinates through three 
components of a displacement vector , ,u v w
of a middle surface, they should satisfy to the 
equations of compatibility of deformations. 
Generally it is possible to express the compati-
bility equations through forces N  and the mo-
ments M , but they will contain one more func-
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tion of coordinates 1ie . The differential equa-
tions of equilibrium and conditions of compati-
bility of deformations will be insufficiently for 
definition of forces 1 2 12, ,N N N , the moments 

1 2 12, ,M M M and unknown function 1ie .
The final relation (4.70') between forces and the 
moments will be the missing equation also. In a 
kind of that this relation not differential and 
from it follows that forces and the moments and 
their quadratic forms , ,n m nmQ Q Q  are limited 
on value, at any external forces equilibrium of a 
shell is impossible.  
As lift capability of a shell is called limiting 
value of external forces at which internal forces 
N  and the moments M  satisfy to a final rela-
tion (4.70'), to the equilibrium equations, condi-
tions of compatibility of deformations and 
boundary conditions.
In special cases thanks to a final relation the 
problem about equilibrium becomes statically 
definable and does not demand conditions of 
compatibility of deformations. Then the ques-
tion on lift capability of a shell is decided rather 
simply. 
It more becomes simpler, if forces and the mo-
ments can be expressed through external forces 
only by means of the equilibrium equations that 
takes place, for example, in the non-propulsive 
theory of shells, in that case the final relation 
(4.70') determines lift capability.  
Conditions of compatibility of deformations do 
a problem about definition of lift capability ra-
ther difficult and consequently the approximate 
methods of its solution have great value. 
The energy method of the solution consists in 
the following: are set by the suitable form of the 
deformed surface of shells and, making expres-
sions of a variation of activity of internal forces 
and activity of external forces on variations of 
movings, compare them. Approximate limiting 
value of external forces can be received, if ma-
terial hardening to put equal to zero, and defor-
mations beyond all bounds to increase or saving 
constants yield strength  

3s sGe� � ,

G to aim to infinity, and se - to zero. 
On Figures 2.1-2.4 the fluidity surface  

! ", , 0n m nmF Q Q Q �

in three-dimensional space with variables is pre-
sented , ,n m nmQ Q Q . A black line – section of a 
surface a plane 

0nmQ � ,

formulas (4.74), a red line - a line of a maxi-
mum nmQ (4.79)-4.80).  

1.3. The relationship between internal forces, 
moments and deformations of the shell on the 
basis of flow theory for an ideal plastic mate-
rial

We show that the relations (4.26-4.27) remain 
valid also in the framework of the flow theory. 
Specific power dissipation of energy per unit 
volume: 

x x y y z z xy xy zx zx zy zyD � � � � � � �  C �  C �  C �x y y z z xy xy zx zx zy zy�  � � � �  C �  C �  C �x y y z z xy xy zx zx zyx y y z z xy xy zx zx zy .
     (1.3.1) 

The plasticity condition of R. Mizes: 

! " ! " ! "
! "

2 22

2 2 2 26 2

x y x z y z

xy zx zy s

F � � ��  � ��  � �� 

 C  C  C � �
.

     (1.3.2) 

On the basis of the associate law of flow and a 
postulate of Druker for true fields of speeds of 
movings power of a dissipation of energy re-
ceives the maximum value, speeds of defor-
mations are determined from a condition of a 
maximum of function  
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Figure 2.1. A fluidity surface ! ", , 0n m nmF Q Q Q � in three-dimensional space  
with variables , ,n m nmQ Q Q .

Figure 2.2. A fluidity surface ! ", , 0n m nmF Q Q Q � in three-dimensional space  
with variables , ,n m nmQ Q Q .
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Figure 2.3. A fluidity surface ! ", , 0n m nmF Q Q Q � in three-dimensional space  
with variables , ,n m nmQ Q Q .

Figure 2.4. A fluidity surface ! ", , 0n m nmF Q Q Q � in three-dimensional space 
with variables , ,n m nmQ Q Q .
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D F� � �� ,

where D and F according to (1.3.1)-(1.3.2):

! " ! "
! "

0 0

0

0

6 , 6 ,

1 16 , 6 , 6 ,
2 2

1 6 , .
2 3

x x y y

z z xy xy xz xz

x y z
zy zy

� � � � �� � � � � ��

� � � � �� � � �C � � �C

� � �
� � �C � �

! " ! "" !6 , 6! "" !x y� � � � �� � � �! " !6 , 6, 6! " !" !x

! " 1 1 ,
2 2z xz xz2

� � � � �� � � �C � � �C! " 1 16 , 6 , 6, 6 , 6! " 1 1
2z xz6 , 66 ,, 6

2
,

� � �C6zy 6

     (1.3.3) 

Excluding �  by means of (1.3.2), we receive 
relation of flow of Sen-Venan-Mizes-Levi-
Ishlinsky 

0 0

0

2 2, ,
3 3

2 2 1, ,
3 3 2

2 21 1, ,
3 2 3 2

s s
x x y y

i i

s s
z z xy xy

i i

s s
zx zx zy zy

i i

e e

e e

e e

� �
� �� � �� � �� � ��

� �
� �� � �� C � � �

� �
C � � � C � � �

2 s�2
�s

i ie3i i3
� �s ,0 300 ye3
� � �� � ��00

s

2 1s�2
�s

2i ie 3i 3
� �s ,

3 2z xy xy3y� C � � �,
3 2

s
z xy,

12 s2
�s

2 3 2i i2 32 32 3
� �
2

s ,
3 2 zy3

� C � � �,
3 2

s
zx ,,

     (1.3.4) 

where intensity of speeds of deformations 

! " ! " ! "
! "

2 22

2 2 2

2
63
4

x y x z y z

i

xy zx zy

e
� � �  � � �  � � � 

�
 �  �  �

" ! " ! "2 2! " ! "2
x z" ! " ! � � �  � � � " ! " ! "x z" ! " !!2

3iei �
"2 2 2

xy zx zy�  �  �2 22
xy zxzx

.

     (1.3.5) 

For a flat tension and problems of a bending of 
plates and shells it agree hypotheses of Kirhgof-
fa-Ljava  

0, , 0z zx zy� � C � C �

and a condition of an incompressibility of a ma-
terial  

0x y z�  �  � � 0x y z�  �  � �x y zy : 
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The equations (1.3.4) and (1.3.5) taking into ac-
count (1.3.5) become 
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Longitudinal and shearing forces, bending and 
twisting moments according to (4.21)-(4.22) 

1 1 2 1 1 2 2

2 2 1 1 2 1 2

12 12 1 12 2

3 1 1 ,
4 2 2
3 1 1 ,
4 2 2
3 ,
2

N J J

N J J

N J J

� � � �� �  � � �  �� � � �
� � � �
� � � �� �  � � �  �� � � �
� � � �

� � ��

2 ,J2
� � �1 1J �2

� �� �1��1 J�  �1 21 � �  �1 11J1
� �� �� �J
� � �2 2� � �� � �2 1 1 221 21 2 1 11 11 1

2 ,J2
� � �1 1J �1
� � �� � �1 1J�  � � �  ��2 1 1 22 2J1
� �� �� �J
� � �2 2� � �� � �1 1 2 11 2 11 2 11 2 122 22 1 1 22 1 22 1

12 1 12 2 ,J J12 212 11 J12 11

(1.3.9) 

1 1 2 2 1 2 3

2 2 1 2 2 1 3

12 12 2 12 3

3 1 1 ,
4 2 2
3 1 1 ,
4 2 2
3 ,
2

M J J

M J J

M J J

� � � �� �  � � �  �� � � �
� � � �
� � � �� �  � � �  �� � � �
� � � �

� � ��

3,J3
� � �1 1J �2

� �� �1��1 J�  �1 21 � �  �2 11J2
� �� �� �J
� � �2 2� � �� � �2 2 1 22 1 22 1 22 1 221 21 2 2 11 11 2

3 ,J3
� � �1 1J �1
� � �� � �1 1J�  � � �  ��2 1 2 22 2J2
� �� �� �J
� � �2 2� � �� � �1 2 2 12 2 12 2 12 2 122 22 1 2 22 1 2 22222 2

12 2 12 3,J J12 312 2J12 212 2

(1.3.10) 



Aleksandr V. Starov, Sergei JU. Kalashnikov 

International Journal for Computational Civil and Structural Engineering124 

where integrals 1 2 3, ,J J J : 

2 2 2
2

1 2 3

2 2 2

, , ,

h h h

s s s

h h hi i i

J dz J zdz J z dz
e e e

� � �

� � �
� � �% % % ,

h hi i i

z dzs

ei ei ei� �

% %2 3, ,dz J zdz Jzdz J2 3, ,s s

e e

     (1.3.11) 

and intensity of speeds of deformations:  
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Thus the final relation remains fair and within 
the limits of the flow theory if in all formulas of 
sections 1.1-1.2 to replace deformations 

1 2 12, ,� � �  and changes of curvature of a medi-
an surface 1 2 12, ,� � �  with speeds of defor-
mations 1 2 12, ,� � �1 2 1222� � �1 2222  and speed of change of cur-
vature of a median surface 1 2 12, ,� � �1 2 12� � �1 2222 . For the 
hardening account in formulas it is necessary to 
consider (1.3.11) yield strength as function of 
intensity of deformations and intensity of speeds 
of deformations ! ",s s i ie e� ��

y
" .

CONCLUSIONS 

The geometrical image of an exact surface of 
fluidity in space of the generalised pressure 
which A.A. Ilyushin in the works and in refer-
ences is absent that allows to execute its approx-
imation for the solution of practical problems is 
received. It is shown that a final relation remain 
fair and within the limits of the theory of flow 
for ideally plastic material.  
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BENDING OF RING PLATES, PERFORMED  
FROM AN ORTHOTROPIC NONLINEAR DIFFERENTLY  

RESISTANT MATERIAL 

Alexandr A. Treschev, Evgeniy A. Zhurin 
Tula State University, Tula, RUSSIA 

Abstract. This article proposes a mathematical model of axisymmetric transverse bending of an annular plate of 
average thickness, the loading of which is assumed to be on the upper surface of a transverse uniformly 
distributed load. An orthotropic plate made of a material whose mechanical characteristics nonlinearly depend on 
the type of stress state is considered. The most universal, built in the normalized tensor space of stresses 
associated with the main axes of anisotropy of the material are taken as defining relations. The loads were taken 
in such a way that the deflections of the middle surface of the plate could be considered small compared to its 
thickness. Fastening plates are presented in two versions: 1) rigid fastening on the outer and inner contours; 2) 
hinge bearing on the outer and inner contours. As a result of the formulation of the boundary value problem, a 
mathematical model was developed for the class of problems in question, implemented as a numerical algorithm 
integrated into the application package of the MatLAB environment. To solve the system of resolving 
differential equations of plate bending, the method of variable parameters of elasticity was used with a finite-
difference approximation of the second order of accuracy.

Key words: transverse bending, axisymmetric deformation, ring plate, orthotropic material,  
nonlinear dissociation, small deflections 

ИЗГИБ КОЛЬЦЕВЫХ ПЛАСТИН, 
ВЫПОЛНЕННЫХ ИЗ ОРТОТРОПНОГО 

НЕЛИНЕЙНО РАЗНОСОПРОТИВЛЯЮЩЕГОСЯ 
МАТЕРИАЛА

А.А. Трещев, Е.А. Журин
Тульский государственный университет, г. Тула, РОССИЯ

Аннотация. В представленной статье предлагается математическая модель осесимметричного 
поперечного изгиба кольцевой пластины средней толщины, нагружение которой предполагается по 
верхней поверхности поперечной равномерной распределённой нагрузкой. Рассматривается ортотропная 
пластина, выполненная из материала, механические характеристики которого нелинейно зависят от вида 
напряженного состояния. В качестве определяющих соотношений приняты наиболее универсальные, 
построенные в нормированном тензорном пространстве напряжений, связанном с главными осями 
анизотропии материала. Величины нагрузок принимались с таким расчетом, чтобы прогибы срединной 
поверхности пластины могли считаться малыми по сравнению с ее толщиной. Закрепления пластин 
представлены в двух вариантах: 1) жёсткое закрепление по внешнему и внутреннему контурам; 2) 
шарнирное опирание по внешнему и внутреннему контурам. В результате постановки краевой задачи 
была разработана математическая модель для рассматриваемого класса задач, реализованная в виде 
численного алгоритма интепритированного в пакет прикладных программ среды MatLAB. Для решения 
системы разрешающих дифференциальных уравнений изгиба пластин использовался метод переменных 
параметров упругости с конечно-разностной аппроксимацией второго порядка точности.

Ключевые слова: поперечный изгиб, осесимметричное деформирование, кольцевая пластина, 
ортотропный материал, нелинейная разносопротивляемость, малые прогибы
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1. INTRODUCTION 

Currently, more and more often designed and 
built buildings, manufactured parts of machines 
and devices, which until recently had no 
analogues. These objects require deformation-
strength calculation of high accuracy, as the 
slightest error at the initial stage of design can 
lead to serious accidents. 
Over time, more and more technological 
materials are created for which the theory of 
calculation of traditional (classical) materials is 
not acceptable. That is why the development of 
new and modernization of old models is an 
urgent task of modern construction and 
engineering. 
It is obvious that researchers need not only to 
develop a mathematical model, but also to test it 
experimentally, and compare it with other 
models for similar designs. With a deeper study 
of the materials it will be possible to calculate 
the components and structural elements with 
minimal errors. This will allow you to develop a 
design without waste of material. 
In this paper we consider the axisymmetric 
deformation of the annular plate of medium 
thickness. The plate material is adopted 
orthotropic. The nonlinear properties of the 
material appear already in the early stages of 
deformation and strongly affect the subsequent 
stress distribution. It is not possible to reliably 
describe the deformation of such a plate by 
conventional linear functions. 
The development of the theory of calculation of 
plates of resistive anisotropic materials have 
been studied by many scholars such as S.A. 
Ambartsumyan, R.M. Jones, C.W. Bert, A.V. 
Berezin, A.A. Zolochevsky, N.M. Matchenko,
A.A. Treshchev and others [1-33].
S.A. Ambartsumyan in his works [1, 2, 3] 
proposed the simplest variants of defining 
relations in the form of equations of state. In the 
framework of the theory of small elastic 
deformations, piecewise linear relations 
between the principal stresses and strains were 
established, and the question of the relations 
between shear stresses and shear was not 

discussed. In S. A. Ambartsumyan's model [1, 
2, 3] the field of principal stresses is divided 
into regions of the first and second genera [3, 4, 
5]. This model is similar in form to the classical
generalized Hooke's law of orthotropic matter, 
but the elastic moduli and the coefficients of 
transverse deformation in the directions of the 
principal axes are determined separately from 
the experiments on axial tension (Еk

+, .km) and 
compression (Еk

–, .km
–). The direct application 

of the proposed relations is possible only in 
cases when the distribution of the principal 
stresses by their signs at different points of the 
body is known in advance, and also if the model 
constraints on the constants arising from the 
symmetry condition of the compliance tensor 
are observed.
Model R.M. Jones [6, 7, 8, 9] it is based on the 
construction of a matrix of weighted 
malleability, the symmetry of which in areas 
with different signs of the main stresses is 
achieved by introducing weight coefficients into 
the non-diagonal components. The weights 
represent the pairwise correlation of modules in 
the principal stresses  

)/( 2111 ��� �k , )/( 2122 ��� �k .

The simplest model of equations of state for 
anisotropic multimodule bodies is proposed by 
C.W. Bert [10, 11, 12, 13]. This model is 
applicable to fibrous materials when it is 
considered that the components of the 
compliance matrix depend on the sign of normal 
stresses arising in the direction of the fibers, that 
is, when stretching along the fibers, one 
symmetric matrix of compliance is used, when 
compressing – another. The rigor of this model 
is violated when the normal stresses along the 
fibers are equal to zero.
A more complex, but no less controversial
model is proposed by A.A. Zolochevsky [14, 
15, 16, 17, 18, 19, 20, 21], which introduced an 
equivalent stress, the second degree of which is 
determined by the potential of deformation. 
Potential constants are "hidden" in expressions 
that make up the equivalent voltage. The 
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equivalent stress is determined by the sum of 
the linear and quadratic joint in-stress variants. 
Due to the presence of irrationality in the stress-
strain coupling equations, it is not possible to 
distinguish the compliance matrix in General. 
The obtained nonlinear relations are sufficiently 
complex and contain a large number of 
constants to be experimentally determined. In 
particular, for an orthotropic material in a quasi-
linear approximation, it is necessary to 
determine thirty-two constants, and only 18 of 
the simplest reference experiments (uniaxial 
tension and contraction in the direction of the 
main axes of orthotropy and at an angle of 45° 
to them) can be established. 

2. METHODS 

It is obvious that even a detailed analysis of the
most well-known models of determining ratios 
of anisotropic materials of different resistances 
indicates that these models are not free from 
serious shortcomings and are based on separate 
hypotheses, often unfounded by experimental 
facts. In particular, E.V. Lomakin in [22, 23] 
formulates the strain potential for anisotropic 
materials in the form of an energy function from 
the ratio of the mean stress to the stress intensity 

/ i1 � ��

(where  

3/ijij 4�� ��

– average stress,  

1,5i ij ijS S� �

– stress intensity;  

ij ij ijS � 4 �� �

– stress deviator components; ij4 – Kronecker 
symbol) multiplied by the convolution of the 

fourth rank compliance tensor with the second 
rank stress tensors in the principal axes of the 
anisotropy of the material. A serious drawback 
of the introduced relations is the discontinuity of 
the functional parameter 1 , which leads to un-
certainties of an infinite nature, which has been 
repeatedly pointed out in [24, 25].
In the works of Matchenko N.M. and Treschev
A.A. [25, 26] are the deformation potentials for 
anisotropic dissolving materials allowing the 
quasilinear approximation, normalized vector in 
nine-dimensional space of stresses. In these 
works the equations of state of two levels of ac-
curacy are obtained. Despite the rationality of 
this approach, the obtained relations are also not 
free from significant drawbacks, which for the 
equations of the first level of accuracy are com-
plex functional dependencies between uncorre-
lated constants of materials, and for the equa-
tions of the second level – an excessively large 
number of constants to be experimentally de-
termined, which requires the involvement of 
experiments on complex stress States.
In subsequent works [27, 28, 29] Treschev A.A. 
carried out a corrective formulation of the 
equations of state for different classes of 
anisotropic materials, both in quasi-linear and in 
non-linear formulations. The nonlinear model 
[31] uses equations of state represented by the 
type of generalized Hooke's law for anisotropic 
materials by type:

! " ;, pqstikmpqkm He �=� �� ;pqkmkmpq HH �

,...3,2,1,,,,,, �tspqmk

In particular, for orthotropic material, these de-
pendences are presented as follows: 
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BAe

2 ! "12 1212 12ie C � C� � ; (1) 

2 ! "23 2323 23ie C � C� � ; 
 2 ! " .13131313 C� �� iCe

where

;/ Sa ijij ��

– normalized stresses in the principal anisotropy 
axes of the material;

! " ! "0.5 2 2 2 2 2 2
11 22 33 12 23 312ij ijS � � � � � C C C� � �     

– module full voltage (norm of the space of 
stresses); %%% ijkmijkmijkm CBA – nonlinear functions 
that determine the mechanical properties of a 
material.
For orthotropic bodies the number of independ-
ent material functions reaches fifteen [29, 30,
31]. The presentation of these functions, which 
determine the properties of the material, is car-
ried out by approximating the experimental dia-
grams of deformation under uniaxial tension 
and compression along the main axes of anisot-
ropy and diagrams obtained for shear in the 
three main planes of orthotropies by processing 
them in the program Microcal Origin Pro 8.0 
(Microcal Software Inc.). In this case, for struc-
tural orthotropic nonlinearly resistive composite 
material AVCO Mod 3a [29, 30] are presented 
as follows: 
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! " ! ";/1 ikmikmkm GC �� �

! " ;2
ikikkik nmaE ��� ���     

! " ;2
ikmikmkmikm �M�<��. ���     

! " .2
ikmikmkmikm qpgG ������

where kmkmkmkmkmkmkkk qpgnma    ,   ,   ,   ,   ,   ,   ,   ,       M<�

kmkmkmkmkmkmkkk qpgnma    ,   ,   ,   ,   ,   ,   ,   ,       M<� – the constants of nonlinear material 
functions determined by processing of experi-
mental diagrams of deformation by the method 
of least squares and presented in table 1. 
This model of nonlinear orthotropic resistive 
material [29, 30, 31] is currently the least con-
troversial, gives the results as close as possible 
to the experimental data and therefore is the ba-
sis for the construction of the method of calcu-
lating the plates. 
Consider the stress-strain state of the annular 
plate under loading by a transverse uniformly 
distributed load of intensity “q” (MPa). Material 
of plates taken with non-linear characteristic 
having cylindrical orthotropy and properties of 
resistivity. In this case, we focus on two options 
for the support of the object of study:  
a) plate with rigidly clamped contours according 
to Figure 1a;  
b) the plate is hinged on the contours in accord-
ance with Figure 1b. 
Due to the axial symmetry, the problems are 
considered taking into account the cylindrical 
coordinate system (r, θ, z). In this case, the tra-
ditional model assumptions [30] are considered 
to be valid in the following form: 1) the normal 
to the median plane after deformation is rotated 
by an angle 0;  relative to the circumferential 
coordinate axis θ; 2) when determining the pa-
rameters of the stress state, the influence of 
normal stresses z�  is neglected due to their 
smallness. 
Based on the above assumptions, for 
deformations at the points of the plate we have:  

rrr zue ,, 0;�� ; 
rzrue // 00 ;�� ; (3) 

0;� � rrz w,
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Figure 1. Design scheme of the ring plate with two types of support: 
a) rigidly clamped circuits; b) pivotally supported circuits.

where u – radial movements in the middle sur-
face; 0; – rotation angle of the plate section 
relative to the axis; θ; w – deflection of the 
middle surface of the plate. 
Taking into account the accepted hypotheses of 
equation (1) we transform to the form:
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where 

;/ Srr �= �
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;/ Srzrz �= �

;222
rzrS C�� 0 �

.3 222
rzrri C����� 00 ���

For the convenience of further presentation, we 
introduce the following designations: 

! " ! " ;111111111111 rii BAC =�� ��
! " ! " ! ";112211221122 0==�� �� rii BAC

! " ! " ;113311331133 rii BAC =�� ��
! " ! " ;222222222222 0=�� �� ii BAC  (5) 
! " ! " ;223322332233 0=�� �� ii BAC

! ";13131313 iCC ��

Having expressed stresses through deformations 
taking into account the simplifying equations 
(3)-(5), after simple mathematical manipulations 
we come to the following dependences:
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Table 1. AVCO Mod 3a composite material constants [29, 30]. 
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Deformations ze  are not explicitly included 
here, but they are easily computed from the 
third equation of the system (4). 
Taking as a basis the new physical equations, 
we thus do not make changes in the dependence 
of the static-geometric nature, and therefore the 
static conditions for the annular plates in a cy-
lindrical coordinate system will be presented in 
the traditional form [29, 30] 
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where 00 MMNN rr    ,   ,Q   ,   , r – forces and 
moments in cross sections of plate. 
Forces and moments are determined by integrat-
ing expressions for stresses (6) over the plate 
thickness:
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From the joint consideration of dependences (6) 
– (9), the resolving equations of axisymmetric 
bending of plates of average thickness having 
cylindrical orthotropy and nonlinear dependence 
of mechanical characteristics of the material on 
the type of stress state follow: 

;0/)//
//

(/
/

2222,12

,121212

,11,11,,12

,,12,,11,,11

���

����

���

���

rrKruDK
uDrKruD

KuDrK
ruDKuD

r

r

rrrr

rrrrrrrr

00

0

00

0

;;

;

;;

;

! " ! " ;/,13,,,13 qrwDwD rrrrr ��� 00 ;; (10) 

! " .0

/
//6

/
/

,13

2222

,12,1212

12,11,11

���

�
�
�
�

�

�

�
�
�

�

�

�

���

���

0

0

00

0

;
;

;;

;

r

rr

rr

wD

r
rRruK

RuKrR
ruKRuK

where D11, D12, D22, D13, K11, K12, K22, R11, R12,
R22 – the integral of the function on the plate 
thickness, resulting after integration by formulas 
(9); D11,r, D12,r, D33,r, K11,r, K12,r, R11,r, R12,r –
derivatives of integral functions on the radial 
coordinate.
To solve the obtained equations (10) we use the 
finite-difference method with the second-order 
approximation of accuracy [32, 33].

3. RESULTS AND DISCUSSION

To solve this class of problems the program is 
developed in MatLAB. Considered 2 options for 
fixing the plate: hinge and rigid clamping at the 
edges. Also, 3 variants of the decision were con-
sidered. For clarity, each of the solutions is indi-
cated by its own, different from the other line:

– considered model [27, 28, 29];
– solutions without taking into account 

the properties of resistivity taking into account 
the stiffness of the material only in axial 
tension;
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Figure 2. Deflections of the plate from the load.

Figure 3. Deflection of the plate along the coordinate r.

Figure 4. Stress distribution σr over the thickness of the annular plate in typical cross-sections, PA.
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Figure 5. Stress distribution σθ over the thickness of the annular plate in typical cross-sections, PA.

Figure 6. Distribution of Mr moments on the annular plate.

Figure 7. Distribution of moments Mθ on the annular plate.
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Figure 8. Deflections of the plate from the load.

Figure 9. Deflection of the plate along the coordinate r.

Figure 10. Stress distribution σr over the thickness of the annular plate in typical cross-sections, PA
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Figure 11. Stress distribution σθ over the thickness of the annular plate in typical cross-sections, PA

Figure 12. Distribution of Mr moments on the annular plate.

Figure 13. Distribution of moments Mθ on the annular plate.



Bending of Ring Plates, Performed from an Orthotropic Nonlinear Differently Resistant Material 

Volume 16, Issue 1, 2020 141 

– solutions without taking into account 
the properties of resistivity, taking into account 
the stiffness of the material only in axial 
compression.
After processing the calculation results, the fol-
lowing graphs and charts were obtained: 
�� deflections from the load value; 
�� deflections on the coordinate "r"; 
�� distribution of stresses in the plate in dif-

ferent sections; 
�� horizontal movement and rotation angles 

of the middle surface of the plate; 
�� distribution of moments in the plate. 

The main results are given on the graphs for the 
section of the ring plate "R-a". From 2 to 11 
figure shows the results of the calculation of the 
plate with a rigid clamping, and from 14 to 21 
figure – with a hinge support. 

4. SUMMARY

During the implementation of the model of 
deformation of ring plates under the action of 
uniformly distributed loads, the basic values of 
the parameters characterizing their stress-strain 
states are obtained.
As a result of comparison of the solutions of the 
considered problems on the presented 
deformation model with the data of the 
traditional nonlinear theory without taking into 
account the properties of the resistivity, the 
following features characterizing the differences 
in the stress-strain state parameters are noted:
1) A rigidly fixed plate:
�� the difference in deflections is 1.3%; 
�� the difference in the values of forces in 

different sections of the annular plate var-
ies in the range of 1.5-3% for σr; 13-17% 
for σrz; 5-7% for σθ;

�� c. the difference in horizontal displace-
ment values is 6%; 

�� d. the difference in the values of the an-
gles of rotation is 4%; 

�� e. the difference in the values of the mo-
ment of Mr is 0.5-1%; and Мθ – 10-15%. 

2) Hinged plate:

�� a. the difference in deflections is 1.5-2%; 
�� b. the difference in the stress values in dif-

ferent sections of the annular plate varies 
in the range of 7-15% for σr; 5-19% for 
σrz; 10-14% for σθ;

�� c. the difference in the values of horizon-
tal displacements is 2-4%; 

�� d. the difference in the values of the an-
gles of rotation is 15-17%; 

�� e. the difference in the moment Mr is 
15%; and Mθ - 25%.

Thus, it is established that the non-linear 
material resistivity is not taken into account 
when considering the deformation parameters of 
various structures made of such materials, 
which leads to noticeable errors. 

5. CONCLUSIONS

As a result of the study, a model of deformation 
of orthotropic materials was concretized and 
applied, which most accurately and adequately 
describes most of the currently known nonlinear 
materials. The model is based on the processed 
results of experiments on deformation of 
materials with different resistance, material 
nonlinear functions and constants [30].
To solve the problem of deformation of a ring 
plate from a nonlinear orthotropic material 
according to the developed model, the method 
of variable parameters of elasticity with a finite-
difference approximation of the second order of 
accuracy was used. Developed the algorithm of 
decision of task "calculation of axisymmetric 
deformation of circular plates, the average 
thickness of the non-linear orthotropic resistive 
materials with small deflections". Practical 
application of the algorithm and evaluation of 
iterative methods of the solution were 
implemented with the help of "MatLAB"
software package.
As a result of the work done, a number of test 
problems on the topic of deformation of plates 
of average thickness from nonlinear orthotropic 
materials were solved, the parameters of the 
state of the plates at different stages of loading 
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by a transverse uniformly distributed load were 
determined, two options for fixing the ring 
plates were considered, the results of comparing 
three.
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INVESTIGATIONS OF HISTORICAL CITIES OF UZBEKISTAN 
AND KAZAKHSTAN AS OBJECTS OF THE SILK WAY
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Abstract: Since ancient times, the cities of Uzbekistan and Kazakstan have gained worldwide fame, like pearls 
scattered along the Great Silk Road, they sparkle under the bright sun. Cities of modern Uzbekistan have existed 
for thousands of years - Tashkent (2200 years), Termez, Bukhara, Khiva (2500 years), Shakhrisabz and Karshi 
(2700 years), Samarkand (2750 years), Margilan (2000 years), Almaty (1000 years), Turkestan (2000 years), 
Chimkent (2200 years) and Taraz (2000 years). In Uzbekistan and Kazakhstan, numerous collections, 
repositories, archives and libraries preserve the richest collections of manuscripts collected over many centuries. 
And all thanks to its favorable location in a picturesque oasis, almost in the center of the network of roads of the 
Great Silk Road.

Keywords: Central Asia, historical monuments, Hodge Ahmed Yassavi, Arystan-Bab, Palace Ak-Sarai

ИССЛЕДОВАНИЯ ИСТОРИЧЕСКИХ ГОРОДОВ 
УЗБЕКИСТАНА И КАЗАХСТАНА 

КАК ОБЪЕКТОВ ШЕЛКОВОГО ПУТИ

А.Ж. Жусупбеков 1, Ф.С. Темирова 2, А.А. Рискулов 3, А.Р. Омарова 1
1 Евразийский национальный университет им. Л.Н. Гумилева, город Нур-Султан, КАЗАХСТАН

2 Каршинский инженерно-экономический институт, г. Карши, УЗБЕКИСТАН
3 Ташкентский институт по проектированию, строительству и эксплуатации автомобильных дорог, 

Ташкент, УЗБЕКИСТАН

Аннотация: С древних времен города Узбекистана и Казахстана приобрели всемирную известность: 
жемчужины, разбросанные по Великому шелковому пути, сверкают под ярким солнцем. Города 
современного Узбекистана существуют тысячи лет – Ташкент (2200 лет), Термез, Бухара, Хива (2500 лет), 
Шахрисабз и Карши (2700 лет), Самарканд (2750 лет), Маргилан (2000 лет), Алматы (1000 лет), 
Туркестан (2000 лет), Чимкент (2200 лет) и Тараз (2000 лет). В Узбекистане и Казахстане 
многочисленные коллекции, хранилища, архивы и библиотеки хранят самые богатые собрания рукописей, 
формировавшиеся многие столетия. И все это благодаря его выгодному расположению в живописном 
оазисе, практически в центре сети дорог Великого шелкового пути.

Ключевые слова: Центральная Азия, исторические памятники, Ходж Ахмеда Яссави, Арыстан-Баб, 
Дворец Ак-Сарай

1. INTRODUCTION

The history of our ancient land leaves deep into 
the millennia. Holding an advantageous 
geographical position, the connecting North 
with the South, the East with the West, Central 
Asia was the important center on the road of a 
caravan which became history under the name 

of the Great Silk Way. On branches of this 
ancient transcontinental highway not only trade 
developed – there was an active process of 
mutual enrichment of ideas, cultures, traditions, 
religions, crafts and technologies. 
One of the types of the works directly 
concerning cultural heritage, demanding greater 
financial influences, but which aren't receiving 
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the due amount of financing is carrying out 
engineering-geological and geotechnological 
researches of historical monuments of 
architecture of Central Asia. 
Environmental problems are connected with 
changes of historically developed geological and 
hydrogeological mode. In particular is a raising 
of ground waters and increase in their structure 
of concentration of salts, increase in moisture 
content and salt in the soil. These phenomena 
started promoting actively deformation of 
designs and an intensive erosion of walls and 
bases of monuments of architecture. Especially 
strongly historical buildings of the cities located 
in low territories of Central Asia (Bukhara, 
Khiva) suffer. Now the listed above negative 
facts negatively influence and the architecture 
monuments which are in rather favorable foothill 
territories of Central Asia: in such as Samarkand, 
Shakhrisabz, Shymkent, etc. however here 
increase in humidity in soil and raising of ground 
waters is generally connected with a human 
factor: urbanization and development of 
communication systems. For this reason studying 
of this problem needs to be conducted in two 
directions: in the global - change of a 
geoecological situation of Central Asia, in local 
scale - to look for evidence-based ways of 
decrease in level of its influence for the purpose 
of preservation of masterpieces of world famous 
monuments of architecture. We will begin with 
the main thing: a geoecological situation in the 
region. Central Asia is located between two large 
rivers: Amu Darya and Syr-Darya which rivers 
use Uzbekistan, Kazakhstan, Turkmenistan, 
Tajikistan and Kyrgyzstan (Figure 1). 
The territory has a various and difficult relief: 
from the East ridges of Gissar – Scarlet and 
Tien Shan, from the West extensive desert 
plains of Kizilkum and Kara Kum. Both rivers 
in the northwest flow into the Aral Sea 
adjoining from the North and the West of a
plateau Ustyurt and from Kyzylkumami's 
southeast. The Aral Sea on a map appears as a 
third largest inland reservoir of the planet and is 
after the North American lake Top and the 
Caspian Sea.  

Figure 1. Map of the Central Asian Republics 
(Kazakhstan, Uzbekistan, Turkmenistan, 

Tajikistan and Kyrgyzstan). 

The questions of geotechnical researches and 
also the reasons resulting in need of 
strengthening of the foundations of monuments 
of architecture were considered in the works by 
B.I. Dalmatov, R.A. Mangushev, V.M. Ulitsky, 
Y. Iwasaki, E.M. Pashkin, V.A. Vasenin, A.I. 
Polishchuk, A.Z. Khasanov, I.I. 
Usmankhodzhayev, C.Viggiani, C. Tsatsanifos, 
T.O. Zhunissov, A.G. Shashkin, M.B. Lisyuk, 
R.E. Dashko and other scientists. Considerable
interest in questions of restoration of 
monuments of architecture of Central Asia was 
shown by K. Tuyakbayev, S. S. Agitayev, A. B. 
Seydaliyeva. Materials on memorial architecture 
of Kazakhstan and Central Asia were 
considered in various aspects in works of 
A.Kh.Margulan, K. A. Akishev, T.N. Senigova, 
A. G. Maximova , K. M. Baypakov , 
V.Olkhovskiy, V. L. Voronina, G. A. 
Pugachenkova, M. M. Mendikulov, E.M. 
Baitenov, G.G. Gerasimova, V. V. 
Konstantinova, T.D. Dzhanysbekov, M. B. 
Hodzhayev, S. S. Dzhambulatov, B. T. 
Tuyakbayeva, S. I. Adzhigaliyeva, B. A. 
Glaudinov, K. S. Abdurashidov, etc. 
We will provide some statistical data. 
Development of droughty lands began from 30th

years of the XX century. In 10 years only in the 
territory of Uzbekistan, more than 250 km of 
channels with a total area of irrigation of 420 
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thousand hectares were laid. Since 1960, the 
irrigating network increased by 874 km, and the 
area – by 690 thousand hectares. Now the total 
length of irrigation canals makes over 160 
thousand km only across Uzbekistan, which 
select from sources more than 50 km3 waters in 
a year, and across Central Asia in general to 100 
km3/year. For this period, the area of the 
irrigated lands increased by four times and made 
more than 3.5 million hectares. Since this
period, inflow of water to the Aral Sea is 
reduced: 1970 - to 36 km3, 1980 - to 10 
km3/year, and in 1990 practically to zero. 
As a result of it Aral's level decreased more than 
15 m, the volume of water was reduced more 
than 70% (600 km3), and the area – more than a 
third. In deep Arale it was possible to catch to 
1.5 million centners of fish a year. Since 1960 
salinity of water reached 30% that led to death 
of fresh-water fishes, such as a sazan, the 
bream, the zherekh. From a bottom of the 
drained Aral annually norths rise in the 
atmosphere of 15-75 million t of dust. In 
Priaralye on each hectare settles to 520 kg of 
dust, sand and salts. 
In the course of accumulation of drainage and 
washing waters in lowlands of deserts lakes 
which sizes increase since 1960 were formed. 
For example, borders of Arnosay (Syr-Darya) 
reached the menacing sizes. Such new growth 
leads to local change of a climatic situation. In 
particular to flooding of natural pastures, 
bogging of territories and a sharp raising of the 
horizon of ground waters. The same situation 
arose in lower reaches of Amu Darya (the lake 
Sarikamysh). 
If to consider that the average consumption of 
water on watering of the irrigated lands makes 
9-10 thousand m3 on hectare (optimum 6-7
thousand m3 on hectare the rest on 
evaporation), the remained 5-6 thousand 
m3/hectare resupply ground waters. For this 
reason the level and a mineralization of ground 
waters in Central Asia increases practically 
everywhere. 
It should be noted especially that the developed 
hydrogeological situation causes extensive 

damage to the geoecological environment of the 
historical cities of Central Asia. It is known that 
in the course of a raising of ground waters there 
is a deformation of a surface of the earth. It 
leads to uneven rainfall of civil and industrial 
buildings, constructions, and also historical 
monuments of architecture. 
For the last decade there were serious problems 
connected with preservation of world famous 
masterpieces of architecture. In particular, the 
salted ground waters owing to the aggression in 
relation to construction materials as a result of 
difficult physical and chemical processes start 
erodirovat intensively underground and elevated 
designs of monuments therefore often there are 
deformations, and in certain cases and their final 
fracture. As an example, it is possible to bring 
catastrophic destruction of one of minarets of 
the Chor-Minor complex, strong deformations 
of a complex Tim Abdulkhana, a complex ARC 
and an inclination of minarets in Bukhara 
(Figure 2) or deformations of some monuments 
in Samarkand, the Ichang-Kala complex in 
Khiva.

Figure 2. The Chor-Minor Complex in Bukhara. 

Influence of the mineralized ground waters on 
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the historic centers located in low territories of 
an oasis, such as Bukhara and Khiva is most 
notable. Both of these cities are located in the 
valley of Amu Darya. The large-scale 
irrigational works described above led to sharp 
increase of ground waters that respectively 
worsened historically developed geological 
situation in the region. For example, the 
construction of the Tashauzsky branch of the 
channel 180 km long begun 1982 with a 
capacity of 400 m3/sec. (the channel is laid in 12 
km from the city of Khiva) worsened a 
condition of 175 thousand hectares of the old 
irrigated arable lands of Kharezm and led to an 
aggravation of the hydrogeological mode of the 
ancient city of Khiva. Process of bogging and 
secondary salinization affected fauna and flora. 
So as a result of change of habitat aggression of 
termites which started destroying intensively 
structures and especially materials of elements 
of designs of historical monuments increased. 
At construction of monuments of architecture in 
the IX-X centuries it was applied (a ceramic 
square brick Muslim) to construction of walls, a 
flooring of floors of rooms and the yards by the 
sizes: 23х23х3 cm; 12х12х3 cm; 60х63х6,5 cm. 
In the X-XI centuries also applied a brick of 
21х21х2,5 cm; 24х24х4 cm; in the XII-XVI 
centuries also applied a brick the sizes of the 
parties of 24-28 cm and 4,5-7 cm thick. Water 
absorption of wall ceramics fluctuates ranging 
from 18 to 30% depending on material. The 
compressive strength of 50-300 kg / cm (5-30 
MPa). Frost over 50 cycles (Voronina V.L. 
1953).

2. THE SHORT DESCRIPTION
OF HISTORICAL MONUMENTS  
OF ARCHITECTURE  
OF CENTRAL ASIA 

2.1 The mausoleum of Hodge Ahmed Yassavi 
(XIV-XV cen.). 
Architectural complex of Hodge Ahmed 
Yassavi in Turkestan - the bright example of 
architecture of timurids time which united 

different rooms, various on function, in the 
walls: dzhamaatkhana, gurkhana (tomb), big 
and small aksara, kitapkhana, askhana, 
kudukhana and numerous hudzhra. Because of 
such variety of functions of the building 
scientists can't come to a consensus concerning 
its name in any way, and therefore call it 
differently: mausoleum, mosque, memorial 
complex, hanaka. Each of names characterizes 
only one of functions of this grandiose complex 
and doesn't reflect all services and rituals 
provided in it. Recently in a circle of experts it 
most often call "hanaka" - the term which it is 
accepted to call hospices (monasteries) of 
dervishes (Akishev K.A., Ageyeva Ye.I. 1958). 
The Hanaka was built according to instructions 
of the emir Timur in 1399 on a place of burial of 
Hodge Ahmed Yassavi who died in the XII 
century. The official history of Timur "The 
book of victories" ("Zafar-name") connects a 
narration about a laying of the building with 
events of the end of 1397 when Timur solemnly 
made ziarat (worship) on Ahmed Yasavi's 
grave. According to "The book of victories", 
during stay in the Yassy city Timur instructed in 
creation here, on the suburb of its possession, a 
grandiose construction, worthy to Hodge 
Ahmed Yassavi's memory. It had to glorify 
Islam, promote its further distribution, facilitate 
government of extensive edge. 
Timur's instructions on construction were 
executed strictly. According to the legend when 
erected the mausoleum, from a humdan (b 
rick-works) which was in Sauran sity workers 
who handed over a brick for construction were 
placed. In 1405 Timur died, and works on 
Ahmed Yassavi's mausoleum stopped. 
Remained incomplete portal part (peshtak) and 
finishing of interiors of some rooms of the 
building. 
As it was told earlier, Ahmed Yassavi's hanaka - 
the multipurpose construction including a 
number of rooms: to a dzhamaatkhana - the hall 
for meetings, a tomb - a place of burial of 
Ahmed Yassavi, a mosque, big and small 
aksarai - rooms for meetings, debates; to a 
kitabkhana - the room for census of papers, 
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storage of books and documents; to an askhana - 
the room where ritual food prepared; to a 
kudukhana- the room with a well; hudzhra - 
rooms for attendants of a hanaka and pilgrims. 
All rooms of a hanaka are grouped in 
composition in a rectangle about 50 in size (60 
m and 15 m high. Domes and arches of a portal 
tower to 38 m (Figure 3).

Figure 3. Schematical plan and general view  
of the mausoleum of Hodge Ahmed of Yassavi.

The connecting link of all rooms - a
dzhamaatkhana is a smart room of a complex, 
square in the plan with the parties, equal 18,2 
meters, is covered by the largest of remained in 
Central Asia a sphere and conic dome with an 
unary cover. Here passed meetings and group 
meeting (zikra) of dervishes. In the center of the 
hall there is a ritual cauldron (from here another, 

more used name of the hall - Kazanlyk) cast 
according to the legend, from an alloy of seven 
metals. A cauldron is a symbol of a unification 
and hospitality. Diameter its 2.2 meters, weight is 
two tons. The exaggerated sizes of a cauldron are 
dictated by ancient beliefs of Turkic tribes: the 
edge of a cauldron has to be at height of a mouth 
of the person which to it goes. The surface of a 
cauldron is decorated with three belts of relief 
inscriptions against a vegetable ornament. 
Top says that this cauldron for water - Timur's 
gift to the construction erected in memory of 
Hodge Ahmed Yassavi. In average of the 
word:"Be blessed", year of production of a 
cauldron - 1399 and a name of the master - 
Abdulgazizibn Sharafutdin from Tabriz. In the 
lower it is told: "Kingdom to Allah". Handles of 
a copper have an appearance of flowers of a 
lotus and alternate with round ledges 
(Tuyakbayeva B., Proskurin A. 1989). 
The Hanaka of Ahmed Yassavi played a 
significant role in formation of the Turkestan 
necropolis, which developed on a place of the 
early medieval cemetery presented by several 
over sepulchral constructions and mausoleums 
with traditional orientation of their entrances to 
the southwest - in the direction to Mecca 
(Figure 4).

Figure 4. .Old photos of the mausoleum  
of Hodge Ahmed Yassav.

2.2 The mausoleum of Arystan-Bab (XIV-XV 
cen.). 
The mausoleum was built over a grave of the 
famous religious mystic ArystanBab, living in 
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the XII century in the Southern Kazakhstan 
region. The first construction of the mausoleum 
belongs to the XIV-XV centuries. From it 
carved wooden columns of an ayvan remained. 
In the XVIII century on a place of the ancient 
mazar destroyed by an earthquake two dome 
construction with ayvan, leaning on two carved 
wooden columns was constructed. The building 
of the XVIII century collapsed and in 1909 was 
built up a new about what the inscription on one 
of frieze cartouches says. Now above 
Arystan-Bab's grave there is a mausoleum of 3 
0х13 m (Figure 5).

Figure 5. .Schematic plan of the mausoleum 
Arystan-Bab. 

In 1971 because of the high level of the ground 
waters which led it to a critical condition, the 
mosque was taken down and built up anew. The 
building i s built of a zhzheny brick on alabaster 
solution, in a front laying of walls (Figure 6).  
The building behind little change in an azimuth 
is focused from the East to the west. Two square 
rooms of tombs adjoin to each other and form 
the extended rectangle. From the West the 
square of the room of a mosque with hotel and 
taratkhany for ablution adjoins. Tombs and a 
mosque connect the ayvan. 
The main facade is solved simply and at the 
same time impressively. It consists of a portal, 
two walls and angular towers. Instead of 
massive medieval portals, here the easy portal 
which is decoratively processed with a lancet 
arch, leaning on walls of an ayvan. The arch has 
from two parties of a frame in the form of 
columns buttresses with sockets on the center of 
the planes of buttresses.  

Figure 6. The modern view of the mausoleum 
Arystan-Bab and two remained columns  

of the XIV-XV century. 

The lancet arch is executed by a wedge-shaped 
laying where the strelchatost is reached by 
wedge-shaped wedgeshaped bricks (Margulan 
A.KH., Basenov T.K., Mendikulov M.M. 1959).
Tombs have dome overlapping. Domes are 
based upon low deaf drums. Transition from a 
plan square to domes is carried out by means of 
angular tromp without stalactite decorative 
fillings. 
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2.3. The Palace Ak-Sarai (XV cen.). 
At Amir Timur time in northwest part of 
Shakhrisabz the huge palace Ak-Sarai 
surpassing in scale even the government 
residence Kuk-Sarai in Samarkand (“Ak” in 
translation - white, majestic, noble was built; 
“sarai” - the palace). The main construction 
works were carried out in 1380-1396. Along 
with local masters, masters were involved in 
construction and finishing of the palace from 
Khwarezm and other subdued countries. The 
building of the palace was destro yed already in 
the second half of the XVI century. At 
Sheybanids, seeking to rub memory of greatness 
Timurids. 
On a legend a cause of destruction was rage 
Abdullah khan II who, come nearer to the city, 
saw in the distance high structures of Ak-Sarai. 
Having considered that it it is already close to 
the city, the khan rushed off at a gallop, but, 
having tired out a horse to death, didn't reach to 
Shakhrisabz. Up to now only ruins of a 
grandiose portal remained (Figure 7).  

Figure 7. The portal of the Palace Ak-Sarai. 

Test time was passed by its lateral tower 
foundations. Long ago the arch between lateral 
towers which had flight in 22 m collapsed. 
Modern height of towers about 38 m, and in the 
past it reached 50 m. In them there were spiral 
staircases conducting on the top part of a portal 
which according to messages of contemporaries 
was trimmed by a gear parapet. Descriptions of 
Palace Ak-Sarai are available in the diary of the 
Spanish ambassador Klavikho who visited here 
in 1404 and also in work "Baburnam" of the 
beginning of the XVI century. All grandiose 

construction of the Palace Ak-Sarai differed in 
skillful decorative finishing. On a portal of the 
Palace Ak-Sarai heraldic images of a lion and 
the sun, and also Amir Temur's sign in the form 
of three rings were laid out by a mosaic. One of 
texts of palace inscriptions says: “If you doubt 
our greatness – look at our constructions”. On a 
mosaic plait of a portal the name of the Iranian 
master of facing Mahomed Yusuf Tebrizi 
remained. 
In the past behind a huge portal of the palace 
there was an extensive yard with the pool from 
which the set of mosaic tiles remained. From the 
South the palace was adjoined by a garden in 
which the pavilion for receptions and feasts 
which vaulted portal was on the main axis 
opposite to an entrance was built. As Klavikho 
reports, the reception halls "were painted with 
gold and an azure, and are revetted with tiles, 
and the ceiling all is gilded". On a cross axis 
from two parties also there were small portals 
rooms for which served for work of "divan" - 
the State Council. The yard was covered by 
two-storeyed building (Zasypkin B.N. 1931). 

2.4. The complex Poi-Kalyan (XII-XVI cen.). 
Minaret Kalyan (Great) is the main symbol of 
sacred Bukhara. The minaret served not only to 
convoke Muslims to a prayer, but was a symbol 
of the power and power of spiritual governors. 
The bottom of a minaret had the central 
ensemble of Bukhara – Poi-Kalyan – literally 
"The bottom great". A minaret — one of the 
highest buildings of Bukhara, its height of 46,5 
meters with the lower diameter of 9 meters, a 
construction of a conic form with a lamp above 
(Figure 8). The minaret is ornated —the 
cylindrical body is laid out by strips of a f lat 
and relief laying, revealing rotundity of a 
construction at any lighting. The lamp dome, 
unfortunately, didn't remain. It is possible to get 
to a minaret from a roof of a cathedral mosque 
to which it is connected by transition. In a tower 
there is a helicoid ladder with 140 steps. On 
eaves there is an inscription about its 
construction in 1127. Also the name of the 
architect – Bako is mentioned. 
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Figure 8. View of a minaret and a mosque 
Kalyan in Bukhara.

The mosque Kalyan in a modern look was 
constructed at the beginning of the XVI century. 
At the first Sheybanids time. Since then five 
centuries, excepting decades of Soviet period, it 
acts as the main cathedral mosque of Bukhara. 
The mosque replaced with itself the old 
karakhanids mosque of the XII century built 
along with a minaret Kalyan. The scale of this 
sheybanids mosque is comparable to temurids 
cathedral mosques in Samarkand and Herat. It 
concedes to Bibi-Hanym mosque in Smarkanda 
on the volume of structures, but, having 
dimensions of 130х80 m, surpasses it in the 
area. 

3. CONCLUSION 

For the last decade there were serious problems 
connected with preservation of world famous 
masterpieces of architecture. In particular, the 
salted ground waters owing to the aggression in 
relation to construction materials as a result of 
difficult physical and chemical processes start 
erodirovat intensively underground and elevated 
designs of monuments therefore often there are 
deformations, and in certain cases and their final 
fracture. 

Ancient technologies of construction of the 
bases are studied. According to tests follows 
that during the summer period of time process 
of natural drying of clay takes place rather 
intensively and makes about 10% in days. 
During t his period the average size of density 
of soil reached ρd=16,5 g/cm3 that is rather 
high. As showed laboratory researches, at such 
density soil becomes almost not collapsible. 

Thus, ancient masters easily reached the high 
density of soil which in modern conditions is 
reached thanks to use of heavy machinery. 

At the construction time of monuments of 
architecture in the IX-X centuries the ceramic 
square brick (Muslim) was applied to 
construction of walls, a flooring of floors of 
rooms and the yards by the sizes: 23х23х3 cm; 
12х12х3 cm; 60х63х6,5 cm.

In the X-XI centuries also applied a brick of 
21х21х2,5 cm; 24х24х4 cm; in the XIIXVI 
centuries also applied a brick the sizes of the 
parties of 24-28 cm and 4,5-7 cm thick. Water 
absorption of wall ceramics fluctuates ranging 
from 18 to 30% depending on material. Strength 
at compression is  50-300 kg/cm2 (5-30 MPa). 
Frost resistance is over 50 cycles. 

The mosques, the madrasah, mausoleums and 
other monumental buildings which remained up 
to now give a complete idea of engineering, 
constructive and planning and decorative 
features of construction and architecture of an 
era of Amir Timur and Timuridov. Century 
achievements of the past were enriched with 
new receptions and perfect system. 
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OPTIMIZATION PROBLEMS OF MATHEMATICAL 
MODELLING OF A BUILDING AS A UNIFIED HEAT AND 

POWER SYSTEM 

Yuri A. Tabunshchikov, Marianna M. Brodach 
Moscow Architectural Institute (State Academy), Moscow, RUSSIA 

Abstract: The mathematical model of a building as a single heat energy system by the decomposition method is 
represented by three interconnected mathematical models: the first is a mathematical model of the energy 
interaction of a building’s shell with an outdoor climate; the second is a mathematical model of energy flows 
through the shell of a building; the third is a mathematical model of optimal control of energy consumption to 
ensure the required microclimate. Optimization problems for three mathematical models with objective functions 
are formulated. Methods for solving these problems are determined on the basis of the calculus of variations and 
the Pontryagin maximum principle. A method for assessing the skill of an architect and engineer in the design of 
a building as a single heat energy system is proposed. 

Keywords: building as a single heat power system, mathematical model, heat consumption optimization, 
outdoor climate, building envelope, maximum principle 

ОПТИМИЗАЦИОННЫЕ ЗАДАЧИ  
МАТЕМАТИЧЕСКОГО МОДЕЛИРОВАНИЯ ЗДАНИЯ  

КАК ЕДИНОЙ ТЕПЛОЭНЕРГЕТИЧЕСКОЙ СИСТЕМЫ

Ю.А. Табунщиков, М.М. Бродач
Московский архитектурный институт (государственная академия), г. Москва, РОССИЯ

Аннотация: Математическая модель здания как единой теплоэнергетической системы методом 
декомпозиции представлена тремя взаимосвязанными математическими моделями: первая –
математическая модель энергетического взаимодействия оболочки здания с наружным климатом; вторая 
– математическая модель энергетических потоков через оболочку здания; третья – математическая модель 
оптимального управления расходом энергии на обеспечения требуемого микроклимата. Сформулированы 
оптимизационные задачи для трех математических моделей с целевыми функциями. Определены методы 
решения этих задач на основе вариационного исчисления и принципа максимума Понтрягина. Предложен 
метод оценки мастерства архитектора и инженера при проектировании здания как единой 
теплоэнергетической системы.

Ключевые слова: здание как единая теплоэнергетическая система, математическая модель, 
оптимизация теплопотребления, наружный климат, оболочка здания, принцип максимума

Thermal engineering design of the building is 
based on the tasks of determining the consump-
tion of thermal energy required to maintain opti-
mal or permissible thermal conditions in the 
room. This problem can be considered as optimi-
zation, if we take as the objective function the 
minimization of the energy expenditure spent on 

ensuring the optimal or permissible thermal re-
gime, i.e. as finding a minimum of the following 
equation: 
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where Qн, Qx are the consumption of thermal en-
ergy for heating and cooling buildings, W; Сн, Сx
are the cost of a unit of heat and a unit of cold, 
rubles/W; (τ2 – τ1), (τ4 – τ3) are building heating 
and cooling periods, hours.
When minimizing energy costs, it is necessary to 
understand that these costs are part of the reduced 
costs related to the operational component of the 
reduced costs. The criterion for choosing one or 
another technical solution can be only a mini-
mum of the costs presented. 
At the same time, minimizing operating costs is 
a critical energy challenge. A typical situation is 
this: organizing heating or cooling of a building 
and considering the building as a single energy 
system, we get that the required energy consump-
tion will vary greatly depending on the shape of 
the building, the indicators of heat and sun pro-
tection, the type of heating or cooling system, etc. 
Each option has some advantages and some dis-
advantages, and, due to the complexity of the sit-
uation, it is not immediately obvious which of 
them is preferable finally and why. In order to 
clarify the situation and help the decision maker, 
a series of mass calculations is carried out, which 
can be replaced by the solution of optimization 
problems. 
The mathematical model of the building as a sin-
gle heat energy system was considered in detail 
in [1]. In accordance with the principles of sys-
tem analysis and decomposition, we will present 
the mathematical model of the building as a sin-
gle heat energy system with the following three 
mathematical models. 
The first is a mathematical model of the energy 
interaction of the building envelope with the di-
rected energy impact of the outdoor climate. The 
heat and power characteristics of an external cli-
mate acting on a building can be expressed by the 
following equations: 

в н

в н

(2) 

where Qt, Qv, QI  are energy exposure to outside 
air, wind and solar radiation; сρ is volumetric 
heat capacity of outdoor air, kJ / (m3·°С); V is 
building volume, m3; Fi is area of i-th outer sur-
face, m2; tв, tн are temperatures of the internal and 
external air, °C; m is air exchange rate, 1/hour; vi
is air speed, m/s; Ji is the intensity of the solar 
radiation incident on the surface of the i-th fence, 
W/m2;
The second mathematical model is a mathemati-
cal model that describes heat flows through the 
shell of a building. 
The third mathematical model is a mathematical 
model that describes the energy contained in the 
volume of a building. 
In accordance with the presentation of the math-
ematical model of the building as a single energy 
system and its presentation by three intercon-
nected mathematical models, we formulate the 
following three optimization problems. 
Here we dwell in more detail on the solution of 
the first optimization problem; the solution of the 
second and third optimization problems can be 
found in [1]. 
The first task of optimally taking into account the 
energy impact of the external climate on the 
building envelope can be formulated as follows: 
to determine the shape of the building envelope 
so that the positive impact of the outdoor climate 
on it can be maximized and its negative impact 
can be neutralized as much as possible. 
The objective function is to optimize the account-
ing for the heat and energy impact of the external 
climate in the heat balance of the building. 
Optimization of the shape of the building can be 
performed for various climatic periods of the 
year: for the coldest five-day period in order to 
reduce the estimated capacity of the heating sys-
tem; for the heating period in order to reduce en-
ergy costs for heating; for the hottest month in 
order to reduce the installation capacity of the air 
conditioning system; for the cooling period of the 
building in order to reduce energy costs for cool-
ing; for the accounting year in order to reduce en-
ergy costs for heating and cooling the building. 
There may be other climatic periods, depending 
on the problem being solved. 
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The obtained optimization problem, which re-
duces to finding the equation of the directrix and 
the height of a curved cylindrical surface, relates 
to isoparametric problems of the calculus of var-
iations [2, 3]. In accordance with the methodol-
ogy of isoparametric problems [2], we need to 
determine the extremum of a function that de-
scribes the heat balance of a building with a 
curved surface: 

′

′

where we have  

(4) 

Q is the amount of heat required to maintain a 
given room temperature, W; qEnc(φ), qW(φ)  are  
specific heat fluxes passing respectively through 
the external vertical glazed and glazed enclosing 
structures, calculated taking into account the di-
rected influence of solar radiation and wind (air 
filtration) in polar coordinates, W/m2; qroof, qg

roof
are specific heat fluxes, respectively, through the 

unglazed and glazed parts of the coating, calcu-
lated taking into account the effect of solar radi-
ation, W/m2; qfl is specific heat flow through the 
building envelope of the first floor, W/m2; РW is
glazing coefficient of the vertical building enve-
lope; Рroof is glazing coefficient; F0 is total floor 
area of the building, m2; Н is floor height, m; Z is
the number of floors; r(φ) is radius (directrix 
equation), m; φ is angle.
We determine the extremum of function (3) from 
the equation: 

Here F0, Н, q1(φ), q are given values; r(φ), Z are 
unknown variables that need to be determined.
In order to determine the necessary initial condi-
tion in the isoparametric problem by finding the 
extremum of the function from the equation, we 
present an additional function [2]: 

where we have 

′

(7) 

λ is some constant to be defined.
For the additional function (6), we write the Eu-
ler equation for the variable r(φ):

′

and differential equation (6) through Z: 
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As a result, we get the system of equations: 

′

′′ ′ ′ ′′
′

′

′

(11) 

Therefore, to determine r (φ), Z, and λ, we have 
equations (10) and (11) and the isoparametric 
condition (5), and to determine the unknown var-
iables C1 and C2 in the general solution of the Eu-
ler equation, we have boundary conditions:

r(0) = r(2π), r’(0) = r’(2π) 

Let us take a special case of solving the optimi-
zation problem for q1(φ) = const. Then 

r(φ) = const, r’(φ) = 0.

Equation (10) will be as follows: 

ZHq1 + (q22λZ)r = 0. (12) 

Equations (5) and (11) lead to

F0 = πZr2; Hq1r + λr2 = 0. (13) 

The solution of system (12) and (13) gives 

Now we pass to the second optimization prob-
lem. Note that the second, as well as the third op-
timization task, can have different objective 
functions depending on the goal set by the re-
searcher - architect or engineer. 

The peculiarity of the second optimization prob-
lem of energy flows through the building enve-
lope is due to the fact that heat transfer in winter 
is determined by the stationary mode, and in the 
summer there is a significantly unsteady mode. 
One of our frequent decisions showed [4] that in 
this case the fencing material should have a min-
imum coefficient of thermal conductivity and the 
highest possible value of volumetric heat capac-
ity. 
It seems that to some extent this condition is sat-
isfied by wood structures. However, here there is 
an interesting technical problem of creating a ma-
terial with low thermal conductivity and high 
volumetric heat capacity. An optimization prob-
lem can also be posed on the optimal arrange-
ment of layers in a multilayer structure. 
You can also consider the optimization problem 
associated with the fact that in summer in a warm 
climate the temperature of the indoor air due to 
heat from solar radiation through the windows 
exceeds the temperature of the outdoor air. In this 
case, the heat flux is directed from the room and 
the excess of the role of thermal protection of the 
fence will increase the temperature of the indoor 
air. Here, the goal function is to minimize the 
temperature difference between the outdoor and 
indoor air and consists in finding such a ratio be-
tween the heat and sun protection of the building 
envelope and the air exchange rate at which the 
contribution of solar radiation to the room’s ther-
mal regime is minimized. It was found that the 
value of the heat transfer resistance of the exter-
nal building envelope does not affect the thermal 
regime of the room, if the following equation is 
fulfilled: 

,
(14) 

where R0,W, FW, ρw, αout,w are the resistance to 
heat transfer of the window, m2�BС/W; window 
area, m2; the absorption coefficient of solar radi-
ation and the heat transfer coefficient of the outer 
surface of the window, W/(m2�BС); ρwl, αout,wl are 
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the absorption coefficient of solar radiation and 
the heat-transfer coefficient of the outer surface 
of the wall, W/(m2�BС); CV, λV, VR are the volu-
metric heat capacity of the air (kJ / (m3�BС)), air 
exchange rate (h-1), volume of the room (m3); β
is the coefficient of penetration of solar radiation 
through a permeable fence, taking into account 
its shadowing by a sun-protection device; J is the 
average daily value of the intensity of the total 
solar radiation, W/m2.
Equation (14) corresponds to such an energy 
state at which the temperature inside the room is 
equal to the conditional temperature of the out-
door air. And consequently, the building enve-
lope separates two media with the same temper-
ature conditions. 
We now formulate the third optimization prob-
lem as follows: find such a control of energy con-
sumption Q(t) when heating or cooling a room 
from temperature t0 to temperature t1 and such a 
solution to the system of equations of thermal 
balance of a given building’s building as a single 
energy system that satisfies the initial conditions 
for τ = 0 T = t0, for which the functional takes the 
smallest possible value.

The solution to this problem was obtained by the 
method of Academician Pontryagin as a problem 
of optimal control and presented in [3, 5]. Based 
on the results of solving the problem of optimal 
control of the energy expenditure spent on heat-
ing or cooling the room, it was concluded: the 
minimization of energy costs for heating or cool-
ing the premises is achieved if the transition time 
from the initial room temperature to the desired 
end the room temperature is minimal (the princi-
ple of “maximum performance”).
As a result of solving optimization problems, it 
becomes possible to evaluate the skill of the ar-
chitect and engineer when designing a building 
as a single heat and power system using the fol-
lowing equation (for example, when choosing the 
shape and orientation of a building envelope): 

η = Qeff / Qacc,

where Qeff is building energy consumption with 
optimal consideration of the directed action of 
the outdoor climate; Qacc is energy consumption 
of the building accepted for design. 
If, for example, the value of η is 0.5, then we can 
assume that the architect did not choose the shape 
of the building well enough and did not use the 
positive directional energy impact of the outdoor 
climate. In the other case, if, for example, η=0.8, 
then things are much better. 
A similar estimate is possible for the second and 
third optimization problems. 
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АЛЕКСАНДРУ СЕРГЕЕВИЧУ ГОРОДЕЦКОМУ �� 85 ЛЕТ

Городецкий А. С. закончил Киевский инженерно-строительный институт в 1955 году по спе-
циальности «Промышленное и гражданское строительство». 

Работая в проектных и научно–исследовательских институтах УкрНИИпроектстальрекон-
струкция (1955 – 1960, инженер, главный инженер проекта), КиевЗНИИЭП (1960 – 1969, зав. 
лабораторией), УкрНИИпроект (1969 – 1971, заведующий лабораторией), Гипрохиммаш 
(1971 – 1976, заведующий отделом), НИИАСС 1976–2009, заместитель директора по научной 
работе), НИИСП (2009 – 2012, главный научный сотрудник), Киевский национальный уни-
верситет строительства и архитектуры (2012 – 2016, профессор кафедры), заместитель дире-
ктора ООО ЛИРА САПР (2011 – по настоящее время) Городецкий А. С. всегда совмещал 
научно–исследовательскую деятельность с инженерной практикой. Принимал участие в про-
ектировании сложных строительных объектов, большепролетного покрытия Бориспольского 
аэровокзала (в начале 60–х годов это было самое большое покрытие в виде тонкостенной 
пологой оболочки – пролет 56–48 м), конструкций Республиканского стадиона в г. Киеве 
(конструкции чаши второго яруса), большепролетных висячих покрытий крытых рынков и 
киноконцертных залов, сложных конструкций объектов металлургической, химической и 
угольной промышленности.
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При проектировании этих объектов Городецкий А.С. непосредственно принимал участие или 
руководил как теоретическим обоснованием прочности и надежности конструкций, так и 
инженерной разработкой.

В 1969 году под руководством и при участии А.С. Городецкого разработаны программные 
комплексы, в которых впервые в стране для комплексов массового применения был реализо-
ван метод конечных элементов, а в 1970 году – и метод суперэлементов. 

В 70-х годах научная деятельность Александра Сергеевича Городецкого связана с теоретиче-
ским обоснованием метода конечных элементов и его применением в практической инже-
нерной деятельности. Разработаны методы конструирования новых высокоточных конечных 
элементов, обосновано применение метода конечных элементов при решении нелинейных 
задач механики. Эти работы обобщены в докторской диссертации Городецкого А. С., кото-
рую он успешно защитил в 1978 году. За создание научной школы в области инженерных 
методов расчета конструкций А.С. Городецкому в 1984 году присвоено звание профессора.

В 80-х научные работы А.С. Городецкого направлены на разработку инженерных методов 
информатизации проектирования строительных объектов. Под его руководством и при непо-
средственном участии разработаны программные комплексы, которые позволяют в автома-
тизированном режиме выполнять весь комплекс проектных работ, включая получение ком-
плекта рабочих чертежей. За эти работы А.С. Городецкий в 1986 году удостоен Государ-
ственной премии Украины в области науки и техники. 

В 2007 году отмечен Благодарностью Премьер-министра Украины «За значительный личный 
вклад в обеспечение развития строительной отрасли, за многолетний добросовестный труд и 
высокий профессионализм».  

В настоящее время Городецкий А.С. интенсивно ведет разработку инженерных методов рас-
чета и проектирования конструкций на современных компьютерах. 

Большое внимание Городецкий А.С. уделяет методам компьютерного моделирования кон-
струкций, разработке и реализации нелинейных методов строительной механики в про-
граммных комплексах, разработке методов расчета конструкций максимально приближенной 
к их реальной работе, расширению возможностей графических интерфейсов, которые дают 
возможность широкому кругу инженеров использовать в своей повседневной деятельности 
современные методы строительной механики.

Городецкий А.С. принимает активное участие в общественной научной деятельности. Он 
является руководителем отделения «Компьютерные технологии в строительстве» Академии 
Строительства Украины, является иностранным членом Российской академии архитектуры и 
строительных наук» (РААСН). 

А.С. Городецкий является основателем школы компьютерных технологий проектирования 
конструкций и научным руководителем многих представителей этой школы. Под научным 
руководством А.С. Городецкого подготовлено два доктора наук и более двадцати кандидатов 
наук. Разработанные под его руководством и при непосредственном участии программные 
комплексы ЛИРА, ЛИРА-САПР, МОНОМАХ и другие широко известны и используются
практически всеми проектными и научными организациями России, Украины, стран Балтии, 
некоторых стран Европы и Азии.  
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Редакция журнала сердечно поздравляет Александра Сергеевича Городецкого с замечатель-
ным юбилеем, желает ему здоровья, многолетнего творчества на благо современной науки,
благополучия и счастья!

Редакционный Совет международного научного журнала
“International Journal for Computational Civil and Structural Engineering”
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