
1Volume 22, Issue 3, 2026

International   Journal   for

Computational  
Civil and Structural 
Engineering
Международный журнал по расчету  
гражданских и строительных конструкций

Volume 22 • Issue 3 • 2026 
ISSN 2588-0195 (Online)
ISSN 2587-9618 (Print) Continues ISSN 1524-5845

https://ijccse.iasv.ru/							               DOI: 10.22337/2587-9618
 			    					       	        GICID: 71.0000.1500.2830



2 Volume 22, Issue 3, 2026

EXECUTIVE EDITOR
Vladimir I. Travush,  

Full Member of RAACS, Professor, Dr.Sc.,
Vice-President of the Russian Academy 

of Architecture and Construction Sciences;
Urban Planning Institute  

of Residential and Public Buildings;
24, Ulitsa Bolshaya Dmitrovka, 107031, Moscow, Russia

EDITOR-IN-CHIEF
Vladimir N. Sidorov,  

Full Member of RAACS, Professor, Dr.Sc., National 
Research Moscow State University of Civil Engineering; 

Russian University of Transport
(RUT – MIIT); Moscow Institute of Architecture 

(State Academy); Perm National Research Polytechnic 
University; 26, Yaroslavskoe Shosse, 129337,

Moscow, Russia

EDITORIAL DIRECTOR
Valery I. Telichenko,  

Full Member of RAACS, Professor, Dr.Sc., 
The First Vice-President of the Russian Academy 

of Architecture and Construction Sciences; 
Honorary President of National Research  

Moscow State University of Civil Engineering;
24, Ulitsa Bolshaya Dmitrovka, 107031, Moscow, Russia

MANAGING EDITOR
Nadezhda S. Nikitina,  

Professor, Ph.D.,
Director of ASV Publishing House; 

National Research Moscow State University  
of Civil Engineering;

26, Yaroslavskoe Shosse, 129337, Moscow, Russia

ASSOCIATE EDITORS

Pavel A. Akimov,  
Full Member of RAACS, Professor, Dr.Sc.,  
Acting Rector of National Research  
Moscow State University of Civil Engineering;
Vice-President of the Russian Academy 
of Architecture and Construction Sciences;
Tomsk State University of Architecture and Building;  
Russian University of Friendship of Peoples;
26, Yaroslavskoe Shosse, 129337, Moscow, Russia

Alexander M. Belostotsky,  
Full Member of RAACS, Professor, Dr.Sc.,
Research & Development Center “STADYO”;  
National Research Moscow State University of Civil 
Engineering; Russian University of Transport (RUT – 
MIIT); Russian University of Friendship of Peoples;
Perm National Research Polytechnic University;
Tomsk State University of Architecture and Building;  
Irkutsk National Research Technical University;
8th Floor, 18, ul. Tretya Yamskogo Polya,
125040, Moscow, Russia

Mikhail Belyi, Professor, Dr.Sc.,
Dassault Systèmes Simulia;
1301 Atwood Ave Suite 101W
02919 Johnston, RI, United States

Vitaly Bulgakov, Professor, Dr.Sc.,  
Micro Focus;
Newbury, United Kingdom

Nikolai P. Osmolovskii, Professor, Dr.Sc.,
Systems Research Institute, Polish Academy of Sciences; 
Kazimierz Pulaski University 
of Technology and Humanities in Radom; 
29, ul. Malczewskiego, 26-600, Radom, Poland

Gregory P. Panasenko, Professor, Dr.Sc.,
Equipe d’Analise Numerique; NMR CNRS 5585
University Gean Mehnet;
23 rue. P.Michelon 42023, St.Etienne, France

Scientific coordination is carried out by the Russian Academy of Architecture and Construction Sciences (RAACS)

PUBLISHER
ASV Publishing House  

(ООО «Издательство АСВ») 
19/1,12, Yaroslavskoe Shosse, 120338, Moscow, Russia  

Tel. +7(925)084-74-24; E-mail: iasv@iasv.ru; Интернет-сайт: http://iasv.ru/

International Journal for Computational Civil and Structural Engineering



3Volume 22, Issue 3, 2026

International Journal for Computational Civil and Structural Engineering

Mojtaba Aslami, Ph.D,
Fasa University; Daneshjou blvd,
Fasa, Fars Province, Iran

Alexander T. Bekker, 
Аcademician of RAACS,
Professor, Dr.Sc.,
Far Eastern Federal University;
Russian Academy of Architecture
and Construction Sciences;
8, Sukhanova Street, Vladivostok, 
690950, Russia

Tomas Bock, Professor, Dr.-Ing.,
Technical University of Munich,  
Arcisstrasse 21, D-80333
Munich, Germany

Jan Buynak, Professor, Ph.D.,
University of Žilina;  
1, Univerzitná, Žilina, 010 26, 
Slovakia

Vladimir T. Erofeev, 
Full Member of RAACS,
Professor, Dr.Sc.,
Ogarev Mordovia State University; 
68, Bolshevistskaya Str., Saransk 
430005, Republic of Mordovia, 
Russia

Victor S. Fedorov, 
Full Member of RAACS,
Professor, Dr.Sc.,
Russian University of Transport
(RUT – MIIT);
9b9 Obrazcova Street, Moscow, 
127994, Russia

Sergey V. Fedosov,  
Full Member of RAACS,
Professor, Dr.Sc., 
Russian Academy of Architecture
and Construction Sciences; 
24, Ul. Bolshaya Dmitrovka, 107031, 
Moscow, Russia

Sergiy Yu. Fialko,  
Professor, Dr.Sc., 
Cracow University of Technology;
24, Warszawska Street, Kraków, 
31-155, Poland

Vladimir G. Gagarin,
Corresponding Member  
of RAACS, Professor, Dr.Sc.,
Research Institute of Building
Physics of Russian Academy  
of Architecture and Construction 
Sciences;
21, Lokomotivny Proezd, 
Moscow, 127238, Russia

Vyatcheslav A. Ilyichev,  
Full Member of RAACS,
Professor, Dr.Sc.,
Russian Academy of Architecture
and Construction Sciences;
Podzemproekt Ltd.;
24, Ulitsa Bolshaya Dmitrovka, 
Moscow, 107031, Russia

Marek Iwański, Professor, Dr.Sc.,
Kielce University of Technology;
7, al. Tysiąclecia Państwa Polskiego  
Kielce, 25 – 314, Poland

Sergey Yu. Kalashnikov, 
Corresponding Member of RAACS,  
Professor, Dr.Sc.,
Volgograd State Technical
University; 28, Lenin avenue, 
Volgograd, 400005, Russia

Semen S. Kaprielov,
Аcademician of RAACS,
Professor, Dr.Sc., 
Research Center of Construction;
6, 2nd Institutskaya St., Moscow, 
109428, Russia

Vladimir V. Karpov, 
Professor, Dr.Sc., Saint Petersburg 
State University of Architecture and 
Civil Engineering;
4, 2-nd Krasnoarmeiskaya Steet, 
Saint Petersburg, 190005, Russia

Galina G. Kashevarova, 
Corresponding Member  
of RAACS, Professor, Dr.Sc.,
Perm National Research
Polytechnic University;  
29 Komsomolsky pros., Perm,
Perm Krai, 614990, Russia

John T. Katsikadelis, 
Professor, Dr.Eng, PhD, Dr.h.c., 
National Technical University of 
Athens; Zografou Campus
9, Iroon Polytechniou str
15780 Zografou, Greece

Vitaly I. Kolchunov, 
Full Member of RAACS,
Professor, Dr.Sc., Southwest State 
University; Russian Academy of 
Architecture and Construction 
Sciences; 94, 50 let Oktyabrya, 
Kursk, 305040, Russia

Dmitry V. Kozlov, 
Full Member of RAACS 
Dr. Sc. Engineering, Professor, Head 
of the Department of Hydraulics and 
Hydrotechnical Construction, NRU 
MGSU, 26, Yaroslavskoe Shosse., 
129337, Moscow, Russia

Markus König, Professor
Ruhr-Universität Bochum;
150, Universitätsstraße, Bochum,
44801, Germany

Sergey B. Kositsin, 
Advisor of RAACS,  
Professor, Dr.Sc.,
Russian University of Transport
(RUT – MIIT); 9b9 Obrazcova
Street, Moscow, 127994, Russia

Sergey B. Krylov,
Full Member of RAACS,
Professor, Dr.Sc.,
Research Center of Construction;
6, 2nd Institutskaya St., Moscow, 
109428, Russia

Sergey A. Kudryavtsev, 
Corresponding Member of of 
RAACS, Professor, Dr.Sc., Far 
Eastern State Transport University; 
47, Serysheva St., 680021, 
Khabarovsk, Russia

Sergey V. Kuznetsov,  
Professor, Dr.Sc.,
Ishlinsky Institute for Problems  
in Mechanics of the Russian
Academy of Sciences;
101-1, Prosp. Vernadskogo,
Moscow, 119526, Russia

Vladimir V. Lalin,  
Professor, Dr.Sc.,
Peter the Great Saint-Petersburg  
Polytechnic University;  
29, Ul. Politechnicheskaya,  
Saint-Petersburg, 195251, Russia

ADVISORY EDITORIAL BOARD



4 Volume 22, Issue 3, 2026

International Journal for Computational Civil and Structural Engineering

Leonid S. Lyakhovich, 
Full Member of RAACS,
Professor, Dr.Sc., Tomsk State 
University of Architecture and 
Building; 2, Solyanaya Sq., Tomsk,
634003, Russia

Rashid A. Mangushev, 
Corresponding Member  
of RAACS, Professor, Dr.Sc.,
Saint Petersburg State University
of Architecture and Civil 
Engineering;
4, 2-nd Krasnoarmeiskaya Steet,
Saint Petersburg, 190005, Russia

Ilizar T. Mirsayapov, 
Corresponding Member of RAACS,  
Professor, Dr.Sc., Kazan State 
University of Architecture and 
Engineering; 1, Zelenaya Street, 
Kazan, 420043, Republic  
of Tatarstan, Russia

Vladimir L. Mondrus,  
Corresponding Member  
of RAACS, Professor, Dr.Sc.,
National Research Moscow State 
University of Civil Engineering;
Yaroslavskoe Shosse 26,
Moscow, 129337, Russia

Valery I. Morozov, 
Corresponding Member  
of RAACS, Professor, Dr.Sc.,
Saint Petersburg State University
of Architecture and Civil 
Engineering;
4, 2-nd Krasnoarmeiskaya Steet,
Saint Petersburg, 190005, Russia

Anatoly V. Perelmuter, 
Foreign Member of RAACS,
Professor, Dr.Sc., SCAD Soft;
Office 1,2, 3a Osvity street,
Kiev, 03037, Ukraine

Alexey N. Petrov, 
Advisor of RAACS, Professor,
Dr.Sc., Petrozavodsk State
University; 33, Lenina Prospect, 
Petrozavodsk, 185910,  
Republic of Karelia, Russia

Vladilen V. Petrov, 
Full Member of RAACS,
Professor, Dr.Sc.,
Yuri Gagarin State Technical
University of Saratov;
77 Politechnicheskaya Street,
Saratov, 410054, Russia

Jerzy Z. Piotrowski, 
Professor, Dr.Sc., 
Kielce University of Technology;
al. Tysiąclecia Państwa Polskiego 7, 
Kielce, 25 – 314, Poland

Chengzhi Qi, Professor, Dr.Sc.,
Beijing University of Civil
Engineering and Architecture;
1, Zhanlanlu, Xicheng District,
Beijing, China

Vladimir P. Selyaev,
Full Member of RAACS,
Professor, Dr.Sc., Ogarev
Mordovia State University;
68, Bolshevistskaya Str., Saransk 
430005, Republic of Mordovia, 
Russia

Eun Chul Shin, 
Professor, Ph.D.,
Incheon National University;
(Songdo-dong)119 Academy-ro, 
Yeonsu-gu, Incheon, Korea

D.V. Singh, 
Professor, Ph.D,
University of Roorkee;
Roorkee, India, 247667

Wacław Szcześniak,  
Foreign Member of RAACS,
Professor, Dr.Sc.,
Lublin University of Technology;
Ul. Nadbystrzycka 40,
20-618 Lublin, Poland

Tadatsugu Tanaka, 
Professor, Dr.Sc., 
Tokyo University; 7-3-1 Hongo, 
Bunkyo, Tokyo, 113-8654, Japan

Josef Vican, 
Professor, Ph.D,
University of Žilina;  
1, Univerzitná, Žilina, 010 26,
Slovakia

Zbigniew Wojcicki, 
Professor, Dr.Sc., 
Wroclaw University  
of Technology;
11 Grunwaldzki Sq., 50-377,
Wrocław, Poland

Artur Zbiciak, Professor, Dr.Sc.,
Warsaw University of Technology;
Pl. Politechniki 1, 00-661 Warsaw,
Poland

Segrey I. Zhavoronok, Ph.D.,
Institute of Applied Mechanics of 
Russian Academy of Sciences;
Moscow Aviation Institute
(National Research University);
7, Leningradsky Prt.,  
Moscow, 125040, Russia

Askar Zhussupbekov, 
Professor, Dr.Sc.,
Eurasian National University; 
5, Munaitpassov street, Astana,
010000, Kazakhstan

TECHNICAL EDITOR

Taymuraz B. Kaytukov,  
Advisor of RAACS,  
Associate Professor, Ph.D.,  
Vice-Rector of National Research 
Moscow State University  
of Civil Engineering;
Yaroslavskoe Shosse 26,
Moscow, 129337, Russia



5Volume 22, Issue 3, 2026

International Journal for Computational Civil and Structural Engineering

EDITORIAL TEAM
Vadim K. Akhmetov, Professor,
Dr.Sc., National Research Moscow 
State University of Civil Engineering; 
26, Yaroslavskoe Shosse, 129337 
Moscow, Russia

Pavel A. Akimov, Full Member of 
RAACS, Professor, Dr.Sc., Acting 
Rector of National Research Moscow 
State University of Civil Engineering; 
Vice-President of the Russian Academy 
of Architecture and Construction 
Sciences; Tomsk State University of 
Architecture and Building; Russian 
University of Friendship of Peoples;
26, Yaroslavskoe Shosse, 129337, 
Moscow, Russia

Alexander M. Belostotsky,  
Full Member of RAACS,
Professor, Dr.Sc., Research & 
Development Center “STADYO”; 
National Research Moscow State 
University of Civil Engineering; 
Russian University of Transport 
(RUT – MIIT); Russian University of 
Friendship of Peoples; Perm National 
Research Polytechnic University;
Tomsk State University of Architecture 
and Building; Irkutsk National 
Research Technical University; 
8th Floor, 18, ul. Tretya Yamskogo Polya,
125040, Moscow, Russia

Mikhail Belyi, Professor, Dr.Sc.,
Dassault Systèmes Simulia;
1301 Atwood Ave Suite 101W
02919 Johnston, RI, United States

Vitaly Bulgakov, Professor, Dr.Sc., 
Micro Focus; Newbury, United 
Kingdom

Charles El Nouty, Professor, Dr.Sc., 
LAGA Paris-13 Sorbonne Paris 
Cite; 99 avenue J.B. Clément, 93430 
Villetaneuse, France

Natalya N. Fedorova, Professor, 
Dr.Sc., Novosibirsk State University 
of Architecture and Civil Engineering 
(SIBSTRIN);
113 Leningradskaya Street,  
Novosibirsk, 630008, Russia

Darya Filatova, Professor, Dr.Sc., 
Probability, Assessment,
Reasoning and Inference Studies
Research Group, EPHE
Laboratoire CHART (PARIS)
4-14, rue Ferrus, 75014 Paris

Vladimir Ya. Gecha, Professor, Dr.Sc., 
Research and Production Enterprise 
All-Russia  
Scientific-Research Institute  
of Electromechanics with Plant Named 
after A.G. Iosiphyan; 30, Volnaya 
Street, Moscow, 105187, Russia

Taymuraz B. Kaytukov,  
Advisor of RAACS, Associate 
Professor, Ph.D, Vice-Rector of 
National Research Moscow State 
University of Civil Engineering;
26, Yaroslavskoe Shosse, 129337, 
Moscow, Russia

Marina L. Mozgaleva, Professor, 
Dr.Sc., National Research Moscow 
State University of Civil Engineering; 
26, Yaroslavskoe Shosse, 129337 
Moscow, Russia

Nadezhda S. Nikitina,  
Professor, Ph.D., Director of ASV 
Publishing House;  
National Research Moscow State 
University of Civil Engineering;
26, Yaroslavskoe Shosse, 129337 
Moscow, Russia

Nikolai P. Osmolovskii,
Professor, Dr.Sc.,
Systems Research Institute
Polish Academy of Sciences;
Kazimierz Pulaski University 
of Technology and Humanities in 
Radom; 29, ul. Malczewskiego, 26-
600, Radom, Poland

Gregory P. Panasenko, Professor, 
Dr.Sc., Equipe d’Analise Numerique 
NMR CNRS 5585
University Gean Mehnet;
23 rue. P.Michelon 42023,
St.Etienne, France

Andreas Rauh, Prof. Dr.-Ing. habil.
Carl von Ossietzky Universität 
Oldenburg, Germany
School II - Department of Computing 
Science
Group Distributed Control in 
Interconnected Systems
D-26111 Oldenburg, Germany

Zhan Shi, Professor
LPSM, Université Paris VI
4 place Jussieu, F-75252 Paris
Cedex 05, France

Marina V. Shitikova, 
National Research Moscow State 
University of Civil Engineering, 
Advisor of RAACS, Professor, Dr.Sc., 
Voronezh State Technical University; 
14, Moscow Avenue,
Voronezh, 394026, Russia

Igor L. Shubin,
Corresponding Member  
of RAACS, Professor, Dr.Sc.,
Research Institute of Building Physics 
of Russian Academy of Architecture 
and Construction Sciences;
21, Lokomotivny Proezd, Moscow, 
127238, Russia

Vladimir N. Sidorov, Full Member of 
RAACS, Professor, Dr.Sc., National 
Research Moscow State University 
of Civil Engineering; Russian 
University of Transport (RUT – MIIT); 
Moscow Institute of Architecture 
(State Academy); Perm National 
Research Polytechnic University; 
26, Yaroslavskoe Shosse, 129337, 
Moscow, Russia

Valery I. Telichenko,  
Full Member of RAACS,
Professor, Dr.Sc., 
The First Vice-President of the 
Russian Academy of Architecture and 
Construction Sciences; 
National Research Moscow State 
University of Civil Engineering;
24, Ulitsa Bolshaya Dmitrovka, 
107031, Moscow, Russia

Vladimir I. Travush,  
Full Member of RAACS, Professor, 
Dr.Sc., Vice-President of the 
Russian Academy of Architecture 
and Construction Sciences; Urban 
Planning Institute of Residential and 
Public Buildings; 24, Ulitsa Bolshaya 
Dmitrovka, 107031, Moscow, Russia



6 Volume 22, Issue 3, 2026

International Journal for Computational Civil and Structural Engineering

INVITED REVIEWERS
Akimbek A. Abdikalikov, Professor, Dr.Sc.,

Kyrgyz State University of Construction, Transport and Architecture n.a. N. Isanov;
34 Maldybayeva Str., Bishkek, 720020, Biskek, Kyrgyzstan 

Vladimir N. Alekhin, Advisor of RAACS, Professor, Dr.Sc.,
Ural Federal University named after the first President of Russia B.N. Yeltsin;

19 Mira Street, Ekaterinburg, 620002, Russia

Irina N. Afanasyeva, Ph.D., University of Florida; Gainesville, FL 32611, USA

Ján Čelko, Professor, PhD, Ing., University of Žilina; Univerzitná 1, 010 26, Žilina, Slovakia

Tatyana L. Dmitrieva, Professor, Dr.Sc.,  
Irkutsk National Research Technical University; 83, Lermontov street, Irkutsk, 664074, Russia

Petr P. Gaidzhurov, Advisor of RAACS, Professor, Dr.Sc.,
Don State Technical University; 1, Gagarina Square, Rostov-on-Don, 344000, Russia

Jacek Grosel, Associate Professor, Dr inz.
Wroclaw University of Technology; 11 Grunwaldzki Sq., 50-377, Wrocław, Poland

Stanislaw Jemioło, Professor, Dr.Sc.,
Warsaw University of Technology; 1, Pl. Politechniki, 00-661, Warsaw, Poland

Konstantin I. Khenokh, M.Ing., M.Sc.,
General Dynamics C4 Systems; 8201 E McDowell Rd, Scottsdale, AZ 85257, USA

Christian Koch, Dr.-Ing., Ruhr-Universität Bochum;
Lehrstuhl für Informatik im Bauwesen, Gebäude IA, 44780, Bochum, Germany

Gaik A. Manuylov, Professor, Ph.D.,
Moscow State University of Railway Engineering; 9, Obraztsova Street, Moscow, 127994, Russia

Alexander S. Noskov, Professor, Dr.Sc.,
Ural Federal University named after the first President of Russia B.N. Yeltsin;

19 Mira Street, Ekaterinburg, 620002, Russia

Ilya I. Ovchinnikov, Professor, Dr.Sc., Tyumen Industrial University; 38, Volodarsky St., 625000, 
Tyumen, Russia

Grzegorz Świt, Professor, Dr.hab. Inż.,
Kielce University of Technology; 7, al. Tysiąclecia Państwa Polskiego, Kielce, 25 – 314, Poland

AIMS AND SCOPE
The aim of the Journal is to advance the research and practice in structural engineering 

through the application of computational methods. The Journal will publish original papers and 
educational articles of general value to the field that will bridge the gap between high-performance 
construction materials, large-scale engineering systems and advanced methods of analysis.

The scope of the Journal includes papers on computer methods in the areas of structural 
engineering, civil engineering materials and problems concerned with multiple physical processes 
interacting at multiple spatial and temporal scales. The Journal is intended to be of interest and use to 
researches and practitioners in academic, governmental and industrial communities.
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ОБЩАЯ ИНФОРМАЦИЯ О ЖУРНАЛЕ
International Journal for Computational Civil and Structural Engineering

(Международный журнал по расчету гражданских и строительных конструкций)

Международный научный журнал “International Journal for Computational Civil and 
Structural Engineering (Международный журнал по расчету гражданских и строительных кон-
струкций)” (IJCCSE) является ведущим научным периодическим изданием по направлению «Инже-
нерные и технические науки», издаваемым, начиная с 1999 года (ISSN 2588-0195 (Online); ISSN 2587-
9618 (Print) Continues ISSN 1524-5845). В журнале на высоком научно-техническом уровне рассматри-
ваются проблемы численного и компьютерного моделирования в строительстве, актуальные вопросы 
разработки, исследования, развития, верификации, апробации и приложений численных, численно-ана-
литических методов, программно-алгоритмического обеспечения и выполнения автоматизированного 
проектирования, мониторинга и комплексного наукоемкого расчетно-теоретического и эксперимен-
тального обоснования напряженно-деформированного (и иного) состояния, прочности, устойчивости, 
надежности и безопасности ответственных объектов гражданского и промышленного строительства, 
энергетики, машиностроения, транспорта, биотехнологий и других высокотехнологичных отраслей.

В редакционный совет журнала входят известные российские и зарубежные деятели науки 
и техники (в том числе академики, члены-корреспонденты, иностранные члены, почетные члены 
и советники Российской академии архитектуры и строительных наук). Основной критерий от-
бора статей для публикации в журнале − их высокий научный уровень, соответствие которому 
определяется в ходе высококвалифицированного рецензирования и объективной экспертизы, 
поступающих в редакцию материалов.

Журнал входит в Перечень ВАК РФ ведущих рецензируемых научных изданий, в которых 
должны быть опубликованы основные научные результаты диссертаций на соискание ученой 
степени кандидата наук, на соискание ученой степени доктора наук по научным специаль-
ностям и соответствующим им отраслям науки: 

• 1.1.8 – Механика деформируемого твердого тела (технические науки),
• 1.2.2 – Математическое моделирование численные методы и комплексы программ
(технические науки),
• 2.1.1 – Строительные конструкции, здания и сооружения (технические науки),
• 2.1.2 – Основания и фундаменты, подземные сооружения (технические науки),
• 2.1.5 – Строительные материалы и изделия (технические науки),
• 05.23.07 – Гидротехническое строительство (технические науки),
• 2.1.9 – Строительная механика (технические науки) 
В Российской Федерации журнал индексируется Российским индексом научного цити-

рования (РИНЦ). 
Журнал входит в базу данных Russian Science Citation Index (RSCI), полностью интегри-

рованную с платформой Web of Science. Журнал имеет международный статус и высылается в 
ведущие библиотеки и научные организации мира. 

Издатели журнала – Издательство Ассоциации строительных высших учебных заве-
дений /АСВ/ (Россия, г. Москва) и до 2017 года Издательский дом Begell House Inc. (США, г. 
Нью-Йорк). Официальными партнерами издания является Российская академия архитектуры 
и строительных наук (РААСН), осуществляющая научное курирование издания, и Научно-ис-
следовательский центр СтаДиО (ЗАО НИЦ СтаДиО).

Цели журнала – демонстрировать в публикациях российскому и международному профес-
сиональному сообществу новейшие достижения науки в области вычислительных методов реше-
ния фундаментальных и прикладных технических задач, прежде всего в области строительства. 

International Journal for Computational Civil and Structural Engineering
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Задачи журнала:
• предоставление российским и зарубежным ученым и специалистам возможности публи-

ковать результаты своих исследований;
• привлечение внимания к наиболее актуальным, перспективным, прорывным и инте-

ресным направлениям развития и приложений численных и численно-аналитических методов 
решения фундаментальных и прикладных технических задач, совершенствования технологий 
математического, компьютерного моделирования, разработки и верификации реализующего 
программно-алгоритмического обеспечения;

• обеспечение обмена мнениями между исследователями из разных регионов и государств.
Тематика журнала. К рассмотрению и публикации в журнале принимаются аналитические 
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IMPROVING THE PROPERTIES OF CEMENT COMPOSITES 
BY CURING THEM USING AGGRESSIVE INFLUENCES 

 
Anatoly P. Fedortsov 1, Vladimir T. Erofeev 2 

1 Research Institute of Building Physics of the Russian Academy of Architecture and Construction Sciences, Moscow, RUSSIA 
2 National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 

 
Abstract: It is noted that the curing of cement composites is impossible without effects and is a reaction to them. 
In this case, the forces of the resulting resistance, according to the laws of thermodynamics, are aimed at 
weakening the impact. Experimental prerequisites and arguments are given that by choosing the time, intensity 
and duration of aggressive action on cement composites during their curing, it is possible to obtain more impact-
resistant or ordered and durable structures of the material. The creation of conditions for the hardening of cement 
composites using liquid aggressive media leads to the formation of a dense inert layer on their surface, more 
adapted to the effects of this type. Using temperature and humidity influences, freezing and thawing, and loads, 
more durable composites were obtained. Thus, the curing of cement composites using time- and intensity-
determined harsh temperature and humidity conditions, freezing and thawing, aggressive liquids, and loads 
makes it possible to obtain more durable or resistant structures of the material to specific destructive factors. 
 

Keywords: cement composites, curing, aggressive effects, strength, loads, freezing and thawing, structure,  
material 
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INTRODUCTION 
 
In the 1970s, Professor V.I. Solomatov 
proposed the idea that the interaction of liquid 

aggressive media with concrete components can 
lead not only to deterioration but also contribute 
to compaction, structural strengthening, etc., 
i.e., improve their properties. We have termed 
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LOAD-TRANSFER MECHANISMS IN TIMBER CONNECTIONS 
USING DENSIFIED WOOD AND STEEL DOWELS: AN 

EXPERIMENTAL AND NUMERICAL STUDY 
 

Trong Tuan Tran 1, Ngoc-Thang Nguyen 2 
1 Hanoi Architectural University, Tran Phu, Hanoi VIETNAM 

2 Thuyloi University, Tay Son, Hanoi, VIETNAM 
 

Abstract: This study presents an experimental and numerical investigation of the mechanical behavior of L-
shaped timber connections assembled using densified wood dowels and steel dowels under ambient mechanical 
loading conditions. Mechanical tests were con-ducted on a multilayer timber beam–column connection to 
determine the load–displacement response of the joint system. In parallel, a three-dimensional finite element 
model was developed in Abaqus to simulate the structural behavior and to investigate the load-transfer 
mechanisms within the connection region. The numerical results show good agreement with the experimental 
response, demonstrating the capability of the model to accurately reproduce the global behavior of the 
connection. Although the two types of dowels exhibit relatively similar overall stiffness, the stress distribution 
along the grain (S11) and the stress fields within the joint reveal fundamentally different load-transfer 
mechanisms. Steel dowels provide a more uniform stress distribution and more efficient force transfer, whereas 
densified wood dowels exhibit more localized stress concentrations and a more compliant mechanical response. 
Nevertheless, the use of densified wood dowels may offer advantages in terms of material compatibility and 
potential thermal performance under elevated temperatures. The findings contribute to a better understanding of 
the mechanical behavior of timber connections using different dowel types and provide a reference basis for 
future thermo-mechanical investigations of timber structures exposed to fire. 
 

Keywords: Timber connections, densified wood dowels, steel dowels, mechanical behavior, 
load-transfer mechanism, finite element modelling 
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In addition, numerical studies on multilayer 
timber beams have shown that the degree of 
interaction between timber layers strongly 
affects the load-transfer mechanism, global 
stiffness, and stress distribution of the structural 
system [12]. These findings confirm the 
potential of FEM for investigating the 
mechanical behavior of complex timber 
connections and structural systems. 
Besides studies on mechanical behavior under 
ambient conditions, the fire performance of 
densified timber and timber connections using 
densified wood dowels has also been investigated 
in recent studies. Tran et al. [13] experimentally 
characterized the thermal behavior and 
degradation of thermo-mechanically compressed 
spruce timber and developed a three-step multi-
reaction pyrolysis finite element model for 
predicting temperature profiles, mass loss, and 
charring depth under fire exposure. For timber 
connections, Khelifa et al. [14] developed a 
thermal modelling framework for connections 
assembled with densified wood dowels under fire, 
showing that pyrolysis-based modelling can 
reproduce temperature dis-tribution and char layer 
formation. 
In addition, Tran et al. [15] experimentally 
investigated the thermo-mechanical 
performance of L-shaped timber connections 
assembled with densified wood dowels and steel 
dowels under fire exposure, demonstrating that 
densified wood dowels can reduce heat transfer, 
lower charring depth, and limit thermally 
induced deformation compared with steel 
dowels. Tran’s doctoral thesis [16] further 
synthesized the thermal and thermo-mechanical 
modelling framework for timber structural 
systems assembled with densified wood dowels 
under fire conditions. However, although these 
thermal and thermo-mechanical studies provide 
important insight into fire-exposed behavior, the 
baseline mechanical behavior of L-shaped 
timber connections using densified wood 
dowels under ambient mechanical loading has 
not yet been fully clarified, particularly in terms 
of load-transfer mechanisms and stress 
distributions within the connection region. 

Therefore, this study presents an experimental and 
numerical investigation of the mechanical 
behavior of L-shaped timber connections using 
densified wood dowels and steel dowels under 
ambient loading conditions. Mechanical tests were 
conducted to determine the load–displacement 
response of the connection system, while a three-
dimensional finite element model was developed 
in Abaqus to analyze the load-transfer mechanism 
and stress distribution in the dowel region. The 
focus of this study is not only to compare the 
global stiffness of the two connection types, but 
also to clarify the differences in load-transfer 
mechanisms and stress fields between densified 
wood dowels and steel dowels. The results are 
expected to provide a mechanical baseline for 
further studies on the thermo-mechanical behavior 
of timber connections under fire conditions. 
 
 
2. EXPERIMENTAL PROGRAM 
 
2 Connection configuration and specimen 
Experiments were conducted on L-shaped 
timber connections to evaluate the mechanical 
behavior of connection systems using densified 
wood dowels and steel dowels under ambient 
loading conditions. The connection consisted of 
a beam and a column assembled using four 
dowels with a diameter of 16 mm. Two 
connection configurations were investigated, 
namely connections using densified wood 
dowels and connections using steel dowels, in 
order to evaluate the influence of dowel material 
on the load-transfer mechanism and stress 
distribution within the connection region. 
Details of the experimental specimen and the 
connection region are presented in Figure 1. Four 
dowels were arranged in a clustered configuration 
at the beam–column intersection to ensure effective 
load transfer between the two structural members. 
The beam and column members were 
manufactured from three-layer oak timber. Each 
timber layer had a thickness of 32 mm, resulting 
in an overall cross-section of 190 × 48 mm. The 
lengths of both the beam and the column were 
1180 mm. The average moisture content of the 
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1. INTRODUCTION 
 
In recent years, timber structures have attracted 
increasing attention in the construction field due to 
their low density, high strength-to-weight ratio, 
recyclability, and environmental advantages 
compared with conventional materials such as 
steel and concrete [1]. Along with the 
development of engineered wood products 
(EWPs), various modern timber structural and 
connection systems have been investigated to 
improve load-bearing efficiency and expand the 
application of timber in large-scale structures [2]. 
However, many current connection systems still 
rely on steel mechanical fasteners or synthetic 
structural adhesives, which may reduce material 
homogeneity, recyclability, and the environmental 
benefits of timber structural systems [1]. 
In this context, densified wood, also referred to as 
compressed wood, has been considered a 
promising material for partially replacing metallic 
fasteners in timber structures. Densified wood is 
produced through thermo-mechanical 
compression, which reduces the internal porosity 
of the wood cellular structure and thereby 
significantly increases its density and mechanical 
properties [1,2]. Previous studies have shown that 
densification can markedly im-prove the elastic 
modulus, flexural strength, tensile strength, and 
shear strength of wood, allowing low-density 
softwood species to be used in structural 
applications requiring higher load-bearing 
capacity [2,3]. In addition, densified wood offers 
advantages such as material compatibility with 
timber components, recyclability, and the ability 
to create tight connections through moisture-
dependent swelling [2]. 
Based on these advantages, several studies have 
proposed the use of densified wood dowels as an 

alternative to conventional steel dowels in timber 
connections. Jung et al. [4,5] developed 
connection systems using compressed wood 
dowels and plates for column–beam and column–
base joints, showing that these systems can 
provide satisfactory load-bearing and rotational 
performance. In another study, Jung et al. [6] 
demonstrated that compressed wood dowels can 
be effectively used in glued-in-rod connections, 
achieving load-bearing capacity comparable to or 
higher than that of some traditional hardwood 
dowels. O’Loinsigh et al. [7] developed timber-to-
timber composite beams using welded-through 
wood dowels to generate composite action 
between timber layers without the use of 
adhesives or metallic fasteners. These studies 
demonstrate the considerable potential of wood-
based dowels for developing environmentally 
friendly timber connection systems and reducing 
dependence on metallic materials. 
Alongside experimental investigations, the finite 
element method (FEM) has been increasingly 
used in timber engineering research to simulate 
stress distributions, load-transfer mechanisms, 
and the mechanical behaviour of timber 
connection systems. Xu et al. [8] developed a 
three-dimensional finite element model for 
dowel-type timber joints subjected to loading 
parallel to the grain, while Feio et al. [9] showed 
that FEM can reasonably repro-duce stiffness 
and stress distributions in traditional timber 
joints. More recently, Ar-ciszewska-
al. [10] and Tran and Dao [11] combined 
experimental and numerical modelling to 
evaluate the mechanical behavior of timber 
joints using wooden dowels, demonstrating that 
FEM is an effective tool for analyzing load-
transfer mechanisms and stress fields in 
connection regions.  
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predicting temperature profiles, mass loss, and 
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dimensional finite element model was developed 
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focus of this study is not only to compare the 
global stiffness of the two connection types, but 
also to clarify the differences in load-transfer 
mechanisms and stress fields between densified 
wood dowels and steel dowels. The results are 
expected to provide a mechanical baseline for 
further studies on the thermo-mechanical behavior 
of timber connections under fire conditions. 
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timber connections to evaluate the mechanical 
behavior of connection systems using densified 
wood dowels and steel dowels under ambient 
loading conditions. The connection consisted of 
a beam and a column assembled using four 
dowels with a diameter of 16 mm. Two 
connection configurations were investigated, 
namely connections using densified wood 
dowels and connections using steel dowels, in 
order to evaluate the influence of dowel material 
on the load-transfer mechanism and stress 
distribution within the connection region. 
Details of the experimental specimen and the 
connection region are presented in Figure 1. Four 
dowels were arranged in a clustered configuration 
at the beam–column intersection to ensure effective 
load transfer between the two structural members. 
The beam and column members were 
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in an overall cross-section of 190 × 48 mm. The 
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timber components, recyclability, and the ability 
to create tight connections through moisture-
dependent swelling [2]. 
Based on these advantages, several studies have 
proposed the use of densified wood dowels as an 

alternative to conventional steel dowels in timber 
connections. Jung et al. [4,5] developed 
connection systems using compressed wood 
dowels and plates for column–beam and column–
base joints, showing that these systems can 
provide satisfactory load-bearing and rotational 
performance. In another study, Jung et al. [6] 
demonstrated that compressed wood dowels can 
be effectively used in glued-in-rod connections, 
achieving load-bearing capacity comparable to or 
higher than that of some traditional hardwood 
dowels. O’Loinsigh et al. [7] developed timber-to-
timber composite beams using welded-through 
wood dowels to generate composite action 
between timber layers without the use of 
adhesives or metallic fasteners. These studies 
demonstrate the considerable potential of wood-
based dowels for developing environmentally 
friendly timber connection systems and reducing 
dependence on metallic materials. 
Alongside experimental investigations, the finite 
element method (FEM) has been increasingly 
used in timber engineering research to simulate 
stress distributions, load-transfer mechanisms, 
and the mechanical behaviour of timber 
connection systems. Xu et al. [8] developed a 
three-dimensional finite element model for 
dowel-type timber joints subjected to loading 
parallel to the grain, while Feio et al. [9] showed 
that FEM can reasonably repro-duce stiffness 
and stress distributions in traditional timber 
joints. More recently, Ar-ciszewska-
al. [10] and Tran and Dao [11] combined 
experimental and numerical modelling to 
evaluate the mechanical behavior of timber 
joints using wooden dowels, demonstrating that 
FEM is an effective tool for analyzing load-
transfer mechanisms and stress fields in 
connection regions.  
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timber during the experimental tests was 
approximately 10%. The overall geometry and 
dimensions of the L-shaped connection are 
shown in Figure 2. A symmetric configuration 
was adopted to facilitate the development of the 
numerical model presented in the following 
sections. 
 

 
Figure 1. L-shaped timber connection specimen 

and dowel arrangement details 
 

 

 
Figure 2. Geometry and dimensions of the L-

shaped timber connection 
 

2 Experimental and loading procedure 
The experimental setup is illustrated in Figure 3. 
The connection specimen was installed in a 
testing frame with the column base fixed, while 
the load was applied at the free end of the beam 
to generate a bending moment in the connection 
region. The applied load correspond-ed to a 
concentrated mass of 51 kg (  510 N). 

 
Figure 3. Experimental setup of the L-shaped 
timber connection under mechanical loading 

 
 

3. FINITE ELEMENT MODEL 
 
3  Numerical model configuration 
A three-dimensional finite element model of the 
L-shaped timber connection was developed 
using Abaqus software [17] to simulate the 
mechanical behavior of connection systems 
using densified wood dowels and steel dowels 
under ambient mechanical loading conditions. 
The model was constructed based on the 
experimental configuration presented in Section 
2 in order to analyze the load-transfer 
mechanism and stress distribution within the 
connection region. 
Due to the symmetric geometry and loading 
configuration, only half of the model was 
considered in the numerical simulation in order 
to reduce computational time and modelling 
cost while maintaining mesh continuity and 
structural consistency. The boundary conditions 
were defined to correspond to the experimental 
setup, in which the column base was fully fixed 
and the load was applied vertically at the free 
end of the beam. 
The finite element model and corresponding 
boundary conditions are illustrated in Figure 4; 
and details of the finite element mesh in the L-
shaped connection are shown in Figure 5. 
 

 
Figure 4. Finite element model of the L-shaped 

timber connection in Abaqus 
 

(a) 

 

(b) 

 
(c) 

 
Figure 5. C3D8 finite element mesh in the 

L-shaped connection 
(a) Column; (b) Beam; (c) Dowels 

 
The structural components in the model, 
including the beam, column, and dowels, were 
discretized using eight-node three-dimensional 
solid elements of type C3D8. Since this study 
focused only on the mechanical behavior under 
ambient conditions, coupled thermo-mechanical 
elements were not considered. The mesh was 
locally refined in the dowel region to improve 

the accuracy of stress distribution and load-
transfer analysis within the connection area.
 

Material modelling 
In this study, the oak timber used for the beam 
and column members was modelled as an 
orthotropic elastic material. The mechanical 
properties of the timber were determined based 
on average values obtained from experimental 
measurements and previous studies. The 
material properties of oak timber at ambient 
temperature are summarized in Table 1; while 
the material properties of the densified spruce 
dowels are presented in Table 2, was modelled 
using an orthotropic elastic formulation. 
 

Table 1. Mechanical properties of oak wood at 
20oC [16] 

Property Symbol Value (MPa) 

Longitudinal modulus L) 11380 
Radial modulus R) 370 
Tangential modulus T) 370 
Poisson’s ratio  0.41 
Poisson’s ratio  0.41 

Poisson’s ratio  0.3 
Shear modulus  690 

Shear modulus  690 
Shear modulus  50 

 
Table 2. Mechanical properties of densified 

spruce wood at 20oC[16] 
Property Symbol Value (MPa) 

Longitudinal modulus L) 25500 
Radial modulus R) 2050 
Tangential modulus T) 2050 
Poisson’s ratio  0.408 
Poisson’s ratio  0.408 
Poisson’s ratio  0.03 
Shear modulus  1890 
Shear modulus  1890 
Shear modulus  137 
Note: L, R, and T denote the longitudinal (grain), 
radial, and tangential directions of wood, 
respectively. 
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For the connections using steel dowels, the steel 
material was modelled as an isotropic elastic 
material with a Young’s modulus of 210,000 
MPa and a Poisson’s ratio of 0.3 according to 
Eurocode 3 [18]. 
 

3 Contact Interaction 
The contact interaction between the dowels 
and the timber members was defined using a 
surface-to-surface contact formulation. In the 
normal direction, a “hard contact” condition 
was adopted to prevent penetration between 
the interacting surfaces during loading. 
 
 

 
Figure 6. Friction contact definition between 

interacting surfaces in Abaqus 
 

In the tangential direction, a Coulomb friction 
model was employed with a friction coefficient 

and the steel dowels. This value was selected to 
represent the frictional load-transfer capacity 
between the dowels and the timber layers within 
the connection region. The friction contact 
definition implemented in Abaqus is illustrated 
in Figure 6. 
 
 
 

4. RESULTS AND DISCUSSION 
 

Load–displacement response and model 
validation 
The load–displacement relationships of the L-
shaped timber connections using densified wood 
dowels and steel dowels obtained from the 
experimental tests and numerical simulations 
are presented in Figure 7. The results indicate 
that the finite element model is capable of 
reasonably reproducing the global mechanical 
behavior of the connection system under 
ambient mechanical loading conditions. 
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Figure 7. Comparison between experimental 
and numerical load–displacement responses of 

the L-shaped timber connections using densified 
wood dowels and steel dowels 

 
It can be observed that the numerical load–
displacement curves are in good agreement with 
the experimental results throughout the 
investigated loading range. Both connection 
configurations exhibit an approximately linear 
response, indicating that the connections mainly 
operate within the elastic regime under the 
applied loading conditions. 
For the connection using densified wood 
dowels, the numerical model predicts the global 
stiffness and displacement evolution with 
satisfactory agreement compared with the 
experimental response. The discrepancy 
between the experimental and numerical curves 
remains relatively small over the entire loading 
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It can be observed that the numerical load–
displacement curves are in good agreement with 
the experimental results throughout the 
investigated loading range. Both connection 
configurations exhibit an approximately linear 
response, indicating that the connections mainly 
operate within the elastic regime under the 
applied loading conditions. 
For the connection using densified wood 
dowels, the numerical model predicts the global 
stiffness and displacement evolution with 
satisfactory agreement compared with the 
experimental response. The discrepancy 
between the experimental and numerical curves 
remains relatively small over the entire loading 

range, suggesting that the developed finite 
element model can adequately represent the 
load-transfer mechanism between the densified 
wood dowels and the timber layers within the 
connection region. 
Similarly, for the connection using steel dowels, 
the finite element simulation also shows good 
agreement with the experimental results. The 
numerical response tends to exhibit a slightly 
higher stiffness at higher loading levels; 
however, the overall deviation remains limited. 
In addition, the results show that the two 
connection systems exhibit relatively similar glob-
al stiffness within the investigated loading range. 
This indicates that densified wood dowels can 
provide an effective load-transfer mechanism in 
L-shaped timber connections under ambient 
mechanical loading conditions. Nevertheless, 
although the global load–displacement responses 
of the two configurations are relatively similar, the 
differences in stress distribution and load-transfer 
mechanisms within the connection region will be 
dis-cussed in the following sections. 
 

Stress distribution in beam and column 
members 
The longitudinal stress distribution (S11) within 
the beam–column connection region for the two 
connection configurations using densified wood 
dowels and steel dowels is presented in Figure 
8. Figure 8a corresponds to the connection using 
densified wood dowels, while Figure 8b 
illustrates the connection using steel dowels. 
The numerical results show that the stress is 
mainly concentrated in the vicinity of the beam–
column intersection, particularly around the 
dowel region. This indicates that the externally 
applied load at the free end of the beam is 
primarily transferred to the column through the 
contact interaction and load-transfer mechanism 
between the dowels and the timber layers within 
the connection region. 
For the connection using densified wood dowels 
(Figure 8a), the stress distribution tends to be 
more localized around the dowel region. 
Localized tensile and compressive stress zones 
can be observed near the contact interfaces 

between the dowels and the timber members, 
suggesting that the load transfer mainly occurs in 
the immediate vicinity of the dowels. In addition, 
the stress magnitude along the beam decreases 
relatively rapidly with increasing distance from 
the connection region, reflecting the 
comparatively more compliant behavior of the 
connection system using densified wood dowels. 
In contrast, for the connection using steel dowels 
(Figure 8b), the stress field in both the beam and 
the column appears to be distributed more 
uniformly along the connection region. Tensile 
and compressive stresses are transferred over a 
broader area of the structural members, 
particularly near the beam–column interface. This 
suggests that the steel dowels pro-vide a stiffer 
and more efficient load-transfer mechanism 
compared with the densified wood dowels. 
 
(a) 

 

 
(b) 

 

 
Figure 8. Longitudinal stress distribution (S11) 

in the beam–column connection region: (a) 
densified wood dowels; (b) steel dowels 
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Moreover, a larger compressive stress zone can 
be observed at the lower surface of the beam 
near the connection region in the case of steel 
dowels. This behavior indicates a more effective 
transfer of bending moment and shear force 
within the connection system, resulting in an 
increase in the local stiffness of the joint region. 
Although the two connection configurations 
exhibit relatively similar global load–
displacement responses, as discussed in Section 
4.1, the stress distribution results reveal 
significantly different internal load-transfer 
mechanisms. The connection using densified 
wood dowels exhibits a more compliant 
behavior with localized stress concentrations 
around the dowel region, whereas the 
connection using steel dowels generates a 
broader and more uniformly distributed stress 
field within the connection region. 
In contrast, the steel dowels (Figure 9b) exhibit 
a more uniformly distributed stress field over 
the entire dowel surface. The stress 
concentrations are less localized compared with 
the densified wood dowels, indicating a stiffer 
interaction between the steel dowels and the 
timber members. Due to the significantly higher 
stiffness of steel, the load is transferred more 
directly through the dowels, leading to a more 
efficient stress redistribution within the 
connection region. 
In addition, the stress magnitude observed in the 
steel dowels is generally higher and more 
continuous along the dowel length, reflecting 
the stronger confinement and load-transfer 
capacity of the steel connection system. 
Meanwhile, the densified wood dowels exhibit a 
more gradual stress transition, which may 
contribute to reducing local stress peaks within 
the timber members. 
These results further confirm that, although the 
two connection systems exhibit relatively 
similar global stiffness under the investigated 
loading conditions, the internal load-transfer 
mechanisms are substantially different. The 
densified wood dowels tend to provide a more 
compliant and localized interaction with the 
surrounding timber, whereas the steel dowels 

create a stiffer and more uniformly distributed 
load-transfer mechanism within the joint region. 
 
(a) 

 

 
(b) 

 

 
Figure 9. Longitudinal stress distribution (S11) 

in the beam–column connection region: (a) 
densified wood dowels; (b) steel dowels 

 
3 Discussion 

The numerical and experimental results show 
that although the two connection configurations 
using densified wood dowels and steel dowels 
exhibit relatively similar global load–
displacement responses within the investigated 
loading range, their internal load-transfer 
mechanisms are significantly different. 
For the connections using steel dowels, the high 
stiffness of the steel material results in a more 
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3 Discussion 

The numerical and experimental results show 
that although the two connection configurations 
using densified wood dowels and steel dowels 
exhibit relatively similar global load–
displacement responses within the investigated 
loading range, their internal load-transfer 
mechanisms are significantly different. 
For the connections using steel dowels, the high 
stiffness of the steel material results in a more 

direct and efficient transfer of load between the 
beam and the column. This behavior is reflected 
by the relatively uniform stress distribution 
observed within both the connection region and 
the steel dowels. The stress field is distributed 
over a broader area along the beam–column 
interface, indicating that the steel dowels 
provide a more effective redistribution of 
internal forces and generate a higher local 
stiffness within the joint region. In contrast, the 
connections using densified wood dowels tend 
to exhibit a more compliant load-transfer 
mechanism due to the material compatibility 
between the dowels and the sur-rounding timber 
layers. The stress distribution results show more 
localized stress concentrations around the dowel 
region, while the stress magnitude along the 
beam decreases more rapidly with increasing 
distance from the connection area. This 
behavior indicates that the load is mainly 
transferred through the local contact interaction 
between the dowels and the adjacent timber 
layers, rather than being broadly redistributed 
throughout the entire connection region as 
observed in the case of steel dowels. Despite the 
comparatively more compliant behavior of the 
densified wood dowels, the load–displacement 
results demonstrate that the connection system 
is still capable of maintaining a global stiffness 
relatively close to that of the steel dowel 
connection within the investigated loading 
range. This suggests that densified wood dowels 
can provide an effective load-transfer 
mechanism for L-shaped timber connections 
under ambient mechanical loading conditions. 
In addition, the differences observed in the load-
transfer mechanisms of the two connection 
systems may also indicate different structural 
responses under elevated temperature or fire 
exposure. Connections using steel dowels may 
generate stronger localized heat-transfer zones 
due to the high thermal conductivity of steel, 
whereas densified wood dowels provide better 
material compatibility with the surrounding 
timber members. This difference may 
significantly influence temperature evolution, 
heat-field distribution, and the thermo-

mechanical behavior of the connection region 
under fire conditions. 
Therefore, the results obtained in this study 
provide an important mechanical basis for 
future investigations on the thermo-mechanical 
behavior of timber connections using densified 
wood dowels and steel dowels under elevated 
temperature and fire conditions. 
 
 
5. CONCLUSION 
 
This study presented an experimental and 
numerical investigation of L-shaped timber 
connections using densified wood dowels and 
steel dowels under ambient mechanical loading 
conditions. A three-dimensional finite element 
model was developed in Abaqus to simulate the 
load–displacement response and stress 
distribution within the connection region. Based 
on the obtained results, the following 
conclusions can be drawn: 
1. The developed finite element model was 
capable of reasonably reproducing the global 
mechanical behavior of the L-shaped timber 
connections. The numerical load–displacement 
responses showed good agreement with the 
experimental results for both the densified wood 
dowel and steel dowel configurations.  
2. Both connection systems exhibited an 
approximately linear response within the 
investigated loading range, indicating that the 
connections mainly operated within the elastic 
regime under the applied loading conditions.  
3. The stress distribution results revealed 
significantly different load-transfer mechanisms 
for the two connection configurations, despite 
their relatively similar global stiffness. The 
connections using steel dowels generated a 
broader and more uniformly distributed stress 
field within the connection region, reflecting a 
more direct and efficient load-transfer 
mechanism.  
4. For the connections using densified wood 
dowels, the stress tended to be more locally 
concentrated around the dowel region and 
decreased more rapidly with increasing distance 
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from the connection area. This behavior 
indicates a more compliant load-transfer 
mechanism due to the material compatibility 
between the densified wood dowels and the 
surrounding timber layers. 
5. Although the load-transfer mechanism of the 
densified wood dowels was more com-pliant 
than that of the steel dowels, the results 
demonstrated that densified wood dowels were 
still capable of providing effective load transfer 
in L-shaped timber connections under ambient 
mechanical loading conditions.  
6. The results obtained in this study provide an 
important mechanical basis for future 
investigations on the thermo-mechanical 
behavior of timber connections using densified 
wood dowels and steel dowels under elevated 
temperature and fire conditions. 
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EXPERIMENTAL AND NUMERICAL STUDY OF THE "BISON" 
POWER DECK USED AS A PERMANENT FORMWORK 
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Abstract: To conduct the research in this work, the BISON reinforcing deck was selected, this deck is used for 
the construction of steel-reinforced concrete floors as a permanent formwork. Its difference from the common 
types of deck used in the Russian Federation is the height of the profile and the configuration of the section, which 
reduces material consumption and affects its strength characteristics and, as a result, increases its bearing capacity 
and makes it possible to build longer spans without using intermediate supports.  
Goal: Compare the data obtained during the experiment with the numerical model developed in the ANSYS finite 
element software, check the convergence and draw conclusions.  
Materials and methods. The experimental model of the floor slab consisted of two sections a «BISON» 260-600-
1.5., 1200 mm wide, connected longitudinally. The plate was tested according to a single-span scheme. The bound-
ary conditions were set by one pivotally movable support and one fixed one. The numerical model in the ANSYS 
repeated the experimental scheme, the steel data was set taking into account physical nonlinearity, and the load 
was set using the step method.  
Results. As a result of the experiment, data on the actual control vertical deflection of the profiled deck at a load 
of 995.83 kg/m2 and its maximum load-bearing capacity were obtained. The mechanical characteristics of steel 
have also been studied, and a yield strength of 308 Mpa has been established.  A model was developed in the 
ANSYS, and the calculation was carried out taking into account the experimental data obtained. 
Conclusions. The analysis of the experiment with the numerical model shows the convergence of the results. The 
stresses in the FE model exceeded the yield strength of the steel under extreme loads. The nature of the crumpling 
of the shelves in the FE model partially coincides with the nature of the crumpling in the experiment. 

 
Keywords: FE model, ANSYS, profiled steel deck, non-removable formwork, reinforced concrete, 

composite plate, boundary conditions, non-linearity of steel, vertical deflection 
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1. INTRODUCTION 

 
To conduct the research in this work, the 
«BISON» reinforcing deck was selected, this 
deck is used for the construction of steel-rein-
forced concrete floors as a permanent formwork. 
Its difference from the common types of deck 
used in the Russian Federation is the height of the 
profile and the configuration of the section, 
which reduces material consumption and affects 
its strength characteristics and, as a result, in-
creases its bearing capacity and makes it possible 
to build longer spans without using intermediate 
supports. 

In this paper, the methods of testing are de-
scribed, and the layout of the sample stand is 
shown. Data on the deflection of the deck and its 
maximum bearing capacity were obtained, and a 
finite element model of the floor was developed 
on their basis. 

 The stages of creating a model in the ANSYS 
finite element software are described, the nonlin-
ear operation of galvanized steel used for the 
manufacture of the «BISON» FEA is taken into 
account, the methods of dividing the grid into fi-
nite elements are shown, the creation of contact 
between the overlap surfaces of the deck is 
shown, as well as the method of applying the load 
to obtain the most accurate calculation data. 

The purpose of this article is to analyze the data 
obtained during field tests and compare them 
with the numerical model developed in the 
ANSYS, check the convergence and draw con-
clusions. 

The investigated profile: Power deck PD 
“BISON” 260-600-1,5 according to TU - 1120-
004-316631300162970-2019 [1] manufactured 
by Sole Proprietor Anpilov S.M. (Figure 1) 
 
 
2. EXPERIMENTAL MODEL AND TEST 

SETUP 
 
For testing, the profile PD "BISON" 260-600-1.5 
made of S350 steel was used, with the following 
characteristics given in Table 1. 
The experimental model of permanent formwork 
for a monolithic floor slab (Figure 2) consisted of 
two sections of PD "BISON" 260-600-1.5., 1200 
mm wide, connected longitudinally by self-tap-
ping screws. The plate is attached to a steel dis-
tribution plate in the support part with M16 bolts 
mounted in the center of the lower corrugations. 
The non-removable formwork for the monolithic 
floor slab was tested according to a single-span 
scheme. The boundary conditions were set by 
one pivotally movable support and one fixed one 
(Figure 3). 
Loading was carried out by evenly distributed 
load in stages in steps of no more than 10% of the 
design maximum permissible load.[2] Semi-dry 
vibro-pressing concrete slabs were used as an 
evenly distributed load. Loading was performed 
from the supports to the middle of the span, sym-
metrically relative to the middle of the span (Fig-
ure 4). 

Sergey M. Anpilov, Denis A. Panfilov, Alexander S. Bychkov 

 
Figure 1. Geometric dimensions of the PD "BISON" 260-600-1.5

 
Table 1. Characteristics of PD "BISON" 260-600-1,5 

 

Designation of 
the milled sheet t, 

m
m

 

Cross-sec-
tional area 

of one 
corruga-
tion F, 
cm2 

Weight 
of 1 m 
length 
of 1 fr, 

kg 

Reference values per 1 m 
width 

Weight 
of 1 

m2, kg 

Width of 
the work-
piece, mm 

Moment 
of inertia 

of one 
corruga-
tion, Ix, 

m4 

Moment of 
resistance, cm3 

Wx1 Wx2 

PD "BISON" 
260-600-1,5 1,5 18,75 14,59 1539,76 66,53 100,61 21,32 1250 

 

 
Figure 2. Test bench 
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Figure 3. Geometric dimensions of the test stand 

 

 
Figure 4. Loading of non-removable formwork 

 
3. EXPERIMENTAL RESULTS 

 
The actual vertical reference deflection fexp = 
29.35 mm (close to the maximum deflection ac-
cording to SP 20.13330) was achieved at the 
maximum permissible load q = 995.83 kg/m2 

When loading from 685 to 730.67 kg/m2, there 
was a loss of local stability of the lowered part of 
the upper (wide) profile shelf (Figure 5). 

When studying the mechanical characteristics of 
the steel of the selected samples, it was found that 
the yield strength of the steel is 308 Mpa. 
When loading 1224.17 kg/m2, the stresses in the 
cross-section shelves in the middle of the span 
reached the values of the yield strength of  
the steel, the shelves crumpled and warped, 
which led to a loss of bearing capacity.[3], [5] 

 

 
Figure 5. Crumpling of the upper deck shelves 

 
 

4. FE MODEL 
 
A deck model in the ANSYS software package 
was developed for analysis and comparison with 
field tests.[3], [6] 
The model was developed and boundary condi-
tions were set as follows:  

It was decided to dissect the scheme used in the ex-
periment along the middle of the central corruga-
tion, since the deck has the same geometry and 
loads along the line of symmetry. The deck and di-
aphragms were modeled as a shell with thickness 
parameters, and the support plates were modeled as 
three-dimensional elements. The overlap contacts 
of the decking on the central corrugation, the dia-
phragms on the edges and in the middle of the span, 
as well as the support plates were modeled as rigid 
joints between surfaces (bonded in ANSYS). 
Boundary conditions. 
The loads on the deck were applied exactly with 
the layout of the tiles in the experiment, the upper 
shelves of the deck were divided into sections of 
tile-deck contact and a load was applied to them 
(Fig.6.) equal to half of the maximum obtained 
during the experiment, since the model is made 
as half of the original permanent formwork for a 
monolithic floor slab.   
The supports were modeled by limiting the 
movement of the node line on the support plates. 
A fixed pivot support was simulated on one part, 
where movement along all axes was blocked, and 
rotation along the X axis was prohibited and Y 
and Z were free. On the opposite part of the deck, 
a pivotally movable support was simulated, 
where movement along the X axis was free, and 
rotation along the Y and Z axes was prohibited, 
rotation along the X axis was prohibited, and ro-
tation along the Y and Z axes was free.

 

 
Figure 6. Load application scheme in the FE model 
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The introductory parameters of steel in ANSYS 
are modulus of elasticity = 2 * 105Mpa, yield 
strength of steel taken from experimental data = 
308 MPa, Poisson's ratio = 0.3 and density = 
7850 kg/m3. To account for the nonlinearity of 
the material, a two-line deformation diagram was 
chosen.[7] 
Finite element type 
The SHELL281 element is used to model the 
steel sheet. This type of element is suitable for 
modeling a thin-walled steel profile, as it is sub-
jected to large deformations. As a rule, a rectan-
gular element is used, and where the geometry is 
complex, a triangular element is used (Figure 7) 
[2], [4], [11-15]. This decision was made based 
on the fact that the profile is not modeled in a 
simplified way, but exactly with natural dimen-
sions, and some elements cannot be created using 
rectangular elements, as Kosarev, V. N. models 
in the LIRA-CAD FEA [8]. 
 

 
Figure 7. Finite Element mesh 

 
 

5. FE RESULTS 
 

The data obtained from the model calculation is 
shown below. The blue markers indicate the 
places where samples of data on displacements 
and stress values were taken in the same places 
as in the experiment. [2], [5], [9], [10], [16-20]. 
The deflection in the FE model, at a load of 
1224.17 kg/m2, was 38.337 mm in the lower shelf 

of the central corrugation. Figure 8 shows the de-
flection data. 
 

 
Figure 8. Deflection in the FE model 

 
In the Figure 9, at a given load, the stresses in the 
lower part of the upper shelf exceeded the yield 
strength of the steel, and in the lower shelf they 
reached it. 
 

 
Figure 9. Normal stress in the FE model 

 
 

CONCLUSIONS 
 
The vertical deflection in the numerical model 
was 38.337 mm, in the central corrugation, where 
2 deck sheets overlap, the discrepancy with ex-
perimental data in % terms was 2.62% (experi-
mentally obtained deflection = 39.37 mm). 
The stresses in the FE model in the upper shelf 
exceeded the yield strength of the steel obtained 
experimentally (308 MPa). 
The nature of the crumpling of the shelves in the 
FE model partially coincides with the nature of 

the crumpling in the experiment Figure 5, and 
Figure 9. 
The results obtained during the analysis of the 
experiment and numerical modeling demonstrate 
the applicability of the numerical model to under-
stand the operation of the deck, data on deflection 
and stresses in the numerical model can be used 
to analyze more massive structural solutions for 
large-span support schemes. 
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Abstract: A series of large-eddy simulations (LES) was performed to investigate the effects of computational 
domain size and grid resolution on flow prediction within an idealized urban street canyon. Three streamwise 
domain lengths were examined in combination with coarse, medium, and fine grid resolutions. The building 
height, H, was kept constant, and the canyon aspect ratio (street width to building height) was set to unity. Flow 
statistics were evaluated at the central canyon of each configuration and compared with available wind-tunnel 
data.The LES results indicate that the simulated mean velocity profiles agree well with experimental 
measurements for all cases. Both domain size and grid resolution exhibited minimal influence on the mean 
velocity components, suggesting that mean flow within a street canyon can be reliably predicted using a 
relatively small computational domain when combined with medium or fine grid resolutions. This offers a 
computationally efficient option for mean flow analysis. In contrast, turbulence statistics were found to be more 
sensitive to grid resolution than to domain size. Fine grid resolution significantly improved the prediction of 
velocity fluctuations and momentum transport, whereas smaller domains tended to produce less consistent 
turbulence results. Consequently, while small or medium domains may be suitable for mean flow assessment, 
they are not recommended for detailed turbulence analysis.Overall, this study highlights the importance of 
balancing domain size and grid resolution to obtain reliable LES results while minimizing computational cost, 
providing practical guidance for CFD–LES studies of urban street canyon flows. 
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(LES), Wind-tunnel, Computational parameters  

 

 
 

 1  1  2, 
 3  4 

1 -  
2 -  
3 -  

 
4 

 

 
 

(LES

 H 

Sergey M. Anpilov, Denis A. Panfilov, Alexander S. Bychkov 



45Volume 22, Issue 3, 2026

15. , Numerical study 
of the behavior of bolted shear connectors in 
composite slabs with steel deck, Structures, 
Volume 27, 2020, Pages 1-13 (approx.), 
DOI:10.1016/j.istruc.2020.04.037 

16. 
ford, Experimental and finite element study 
of ultimate strength of continuous composite 
concrete slabs with steel decking, Interna-
tional Journal of Advanced Structural Engi-
neering, Volume 10, 2018, Pages 85–97, 
DOI:10.1007/s40091-018-0183-3 

17.  Nu-
merical and experimental investigation of 
anchor channels subjected to shear load in 
composite slabs with profiled steel decking, 
Engineering Structures, Volume 240, 2021, 
112347, 
DOI:10.1016/j.engstruct.2021.112347 

18. A. Karimipanah et al., A numerical study 
on a novel demountable cold-formed steel 
composite beam with profiled steel sheeting, 
Thin-Walled Structures, Volume 200, 2024, 
111812, DOI:10.1016/j.tws.2024.111812 

19. , Cold-formed 
steel lightweight concrete (CFS-LWC) com-
posite beams: New design proposal, Struc-
tures, Volume 87, 2026, 111596, 
DOI:10.1016/j.istruc.2026.111596 

20. E.I. Celis-Imbajoa et al., Experimental and 
analytical study at maximum load of compo-
site slabs with and without conventional re-
inforcement applying the serial-parallel mix-
ing theory and FEM, Engineering Structures, 
Volume 243, 2021, 112700, 
DOI:10.1016/j.engstruct.2021.112700 

 

Anpilov Sergey Mikhailovich, Honored Inventor of the 
Russian Federation, Doctor of Technical Sciences, Profes-
sor of the Department, Novosibirsk State University of Ar-
chitecture and Civil Engineering, Novosibirsk, Russia. E-
mail: anpilovsm@yandex.ru 
 
Panfilov Denis Alexandrovich, associate Professor of the 
Department of Reinforced Concrete Structures, Samara 
State Technical University, Russia, Samara, Molodogvar-
deyskaya st., 194 E-mail: sk@samgtu.ru 
 
 
Bychkov Alexander Sergeevich, Postgraduate Student Sa-
mara State Technical University Russia, Samara, Molod-
ogvardeyskaya st., 194 E-mail: islezrbs@gmail.com 

,  

, 
-

.  E-mail: anpilovsm@yandex.ru 
 

, 
 

, 
194.  

E-mail: sk@samgtu.ru 
 

, , 
, 

194.  E-mail: 
islezrbs@gmail.com 
 
 
 
 

THERMAL BUCKLING AND FLEXURE IN LAMINATED 
COMPOSITE AND FGM BEAMS: A BIBLIOMETRIC REVIEW 
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Abstract: The investigation of thermal buckling and flexural responses in laminated composite and functionally 
graded material (FGM) beams has received significant attention over the last two decades, owing to their critical 
applications in aerospace, mechanical, and civil structures. This bibliometric review consolidates the research 
progress from 2010 to 2024, focusing on advanced beam theories, refined finite element and iso geometric 
formulations, porous and reinforced FG beams, laminated and sandwich constructions, and nonlocal size-
dependent analyses. Data were extracted from Scopus, Web of Science, and IEEE Xplore, followed by 
bibliometric mapping using VOS viewer. The results highlight an increasing trend of publications after 2015, 
dominated by contributions from Asia-Pacific and Europe. Emerging areas include thermal post-buckling of 
porous FG beams, iso geometric methods, CNT/GPL reinforced composites, and size-dependent nano-beam 
models. Science mapping shows strong keyword clusters around “thermal buckling,” “functionally graded 
beams,” “laminated composites,” and “higher-order shear deformation theories.” This review provides a 
comprehensive knowledge structure and qualitative synthesis, guiding future research directions in the thermal 
stability and flexural performance of smart and lightweight beam structures. 
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1. INTRODUCTION 
 
Beam-type structural members represent one of the 
most fundamental elements in engineering 
structures, ranging from aerospace panels and 
turbine blades to marine hulls and civil 
infrastructure. Their slender geometry makes them 
particularly sensitive to instability phenomena such 
as thermal buckling and flexural deformation when 
exposed to elevated temperatures [1]-[4]. 
Understanding these behaviours is vital for 
ensuring the safety, durability, and service 
performance of advanced lightweight structures. 
 
1.1 Thermal Buckling and Flexure in Beams 
Thermal buckling refers to the sudden loss of 
stability under non-uniform or elevated thermal 
fields, leading to catastrophic failure if not properly 
addressed [5], [6]. Flexural vibration, on the other 
hand, relates to the bending oscillations of beams, 
which can be significantly altered by temperature-
dependent properties of materials [41], [42]. For 
laminated composite beams, anisotropy and layer 
orientation complicate thermal stability [28], [36]. 
For functionally graded material (FGM) beams, 
where material properties vary continuously 
through the thickness, thermal stresses are better 
distributed, thereby delaying buckling and 
improving performance [5], [21]. Figure 1 shows 
schematic representation of thermal buckling and 
flexural deformation in laminated composite and 
FG beams. 
 

 
Figure 1. Schematic representation of thermal 
buckling and flexural deformation in laminated 

composite and FG beams 

 
1.2 Evolution of Beam Theories 
Classical Euler–Bernoulli beam theory, 
though effective for slender beams, neglects 
shear deformation, leading to underestimation 
of deflections under thermal gradients [3], [4]. 
Timoshenko beam theory improved accuracy 
by accounting for shear flexibility but still 
failed to capture higher-order thermal stresses 
in thick beams [34]. To address this, 
researchers developed: Higher-order shear 
deformation theories (HSDT) for improved 
flexural and buckling analysis [1], [2], [34]. 
Quasi-3D beam theories that incorporate 
transverse shear and normal deformation [25], 
[62]. Exact elasticity solutions for 
benchmarking beam models [42]. Recent 
advances include iso geometric formulations 
[12], [15], which unify CAD and FEM, and p-
version FEM approaches [76] that improve 
computational efficiency. Table 1 represents 
comparative features of Euler–Bernoulli, 
Timoshenko, HSDT, and quasi-3D beam 
theories for thermal buckling and flexure. 
 

Table 1. Comparative features of Euler–
Bernoulli, Timoshenko, HSDT, and quasi-3D 

beam theories for thermal buckling and flexure 

Theory 
Shear 
Deformat
ion 

Norm
al 
Strai
n 

Accur
acy 
(Thick 
Beams
) 

Computati
onal Effort 

Euler–
Bernoulli   Low Low 

Timoshe
nko   Moder

ate Low 

HSDT  (higher 
order)  High Moderate 

Quasi-
3D   Very 

High Higher 
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deformation theories (HSDT) for improved 
flexural and buckling analysis [1], [2], [34]. 
Quasi-3D beam theories that incorporate 
transverse shear and normal deformation [25], 
[62]. Exact elasticity solutions for 
benchmarking beam models [42]. Recent 
advances include iso geometric formulations 
[12], [15], which unify CAD and FEM, and p-
version FEM approaches [76] that improve 
computational efficiency. Table 1 represents 
comparative features of Euler–Bernoulli, 
Timoshenko, HSDT, and quasi-3D beam 
theories for thermal buckling and flexure. 
 

Table 1. Comparative features of Euler–
Bernoulli, Timoshenko, HSDT, and quasi-3D 

beam theories for thermal buckling and flexure 

Theory 
Shear 
Deformat
ion 

Norm
al 
Strai
n 

Accur
acy 
(Thick 
Beams
) 

Computati
onal Effort 

Euler–
Bernoulli   Low Low 

Timoshe
nko   Moder

ate Low 

HSDT  (higher 
order)  High Moderate 

Quasi-
3D   Very 

High Higher 

1.3 Advances in Materials for Beam 
Structures 
The material system plays a crucial role in 
thermal buckling and flexural resistance: Porous 
functionally graded beams provide lightweight 
designs but exhibit reduced stiffness, requiring 
careful optimization [22], [39], [55]. Carbon 
nanotube (CNT) and graphene platelets (GPL) 
reinforced beams show improved thermal 
conductivity and stiffness, significantly 
enhancing post-buckling performance [7], [17], 
[93]. Smart and active beams, incorporating 
piezoelectric and magneto-electro-elastic (MEE) 
layers, allow adaptive vibration and stability 
control under thermal loading [24], [45], [73]. 
Figure 2 shows material innovations in beam 
design: laminated composites, FGMs, porous 
beams, CNT/GPL reinforcements, and smart 
beams. 
 

 
Figure 2. Material innovations in beam design: 
laminated composites, FGMs, porous beams, 
CNT/GPL reinforcements, and smart beams 

 
1.4 Size Effects and Nonlocal Theories 
With the advent of micro- and nano-scale 
devices such as MEMS/NEMS, thermal 
buckling and flexural behaviour require size-
dependent models [31], [33]. Nonlocal elasticity 
and strain gradient theories reveal that nano-
beams exhibit higher critical buckling loads 
compared to classical predictions due to scale 
effects [60], [70], [77]. These models are 
essential for designing next-generation nano-
composite beams in electronics and biomedical 
devices. Table 2 represents comparative 
summary of local vs. nonlocal models for FG 
and laminated nano-beams under thermal 
loading. 

Table 2. Comparative summary of local vs. 
nonlocal models for FG and laminated nano-

beams under thermal loading 
Model 
Type 

Governing 
Feature Application Key 

References 

Local 
Elasticity 

Continuum 
assumption, 
no size 
effects 

Macro-beams [3], [5] 

Nonlocal 
Elasticity 

Stress 
depends on 
strain at a 
distance 

Nano-beams, 
MEMS/NEMS [31], [33] 

Strain 
Gradient 

Higher-
order strain 
terms 

Micro-/nano-
scale beams [20], [49] 

 
1.5 Research Gaps and Motivation 
While individual studies have examined thermal 
buckling of laminated beams [28], porous and 
reinforced FG beams [22], [17], [39], and nano-
scale beams [31], [60], no comprehensive 
bibliometric review has been conducted 
exclusively for beams. Existing reviews often 
merge beams with plates and shells, obscuring 
beam-specific progress. Figure 3 shows 
framework of this bibliometric review: 
integrating publication trends, keyword clusters, 
and qualitative synthesis. This work aims to fill 
the gap by providing a systematic bibliometric 
and qualitative review (2010–2024) that: 
1. Maps global publication and citation trends. 
2. Identifies thematic clusters such as porous 

FG beams, CNT/GPL reinforcements, and 
nonlocal beam models. 

3. Evaluates the evolution of beam theories from 
classical to quasi-3D and isogeometric methods. 

4. Highlights future research directions in 
smart, porous, and scale-dependent beams. 

 

 
Figure 3. Framework of this bibliometric 

review: integrating publication trends, keyword 
clusters, and qualitative synthesis 
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METHODOLOGY 
 
A systematic bibliometric methodology was 
adopted to provide both quantitative mapping of 
research output and qualitative synthesis of 
influential contributions. The workflow was 
structured into four stages: data acquisition, 
cleaning and refinement, bibliometric mapping, 
and content analysis. 
 
2.1 Data Acquisition 
The bibliometric dataset was compiled from 
Scopus, Web of Science (WoS), and IEEE 
Xplore databases, which are widely 
recognized as the most comprehensive 
scientific repositories for engineering 
literature [11], [14], [39]. The search queries 
included combinations of keywords such as: 
“thermal buckling of beams”, “flexural 
vibration of beams”, “laminated composite 
beams”, “functionally graded (FG) beams”, 
“porous FG beams”, “nanobeams under 
thermal loading”. The search window was 
restricted to 2010–2024 to ensure inclusion of 
the most recent advancements in FG and 
laminated beams [17], [41], [59]. This initial 
search retrieved 793 documents, spanning 
journal articles, conference proceedings, and 
review papers. Here is Figure 4 PRISMA 
Flow Diagram showing the data selection and 
refinement process (from 793 initial records 
down to 503 relevant studies, with 150 highly 
cited works for qualitative reviews). Figure 4 
shows PRISMA-style flow diagram showing 
the stages of data acquisition and refinement. 
 
2.2 Data Cleaning and Refinement 
From the 793 records, duplicates and 
irrelevant items (e.g., studies focused on 
plates, shells, or isotropic beams without 
thermal considerations) were removed [42], 
[67]. After screening titles, abstracts, and 
keywords, a refined dataset of 503 relevant 
publications was finalized. The following 
inclusion criteria were applied: Studies must 
explicitly involve beam elements (excluding 
2D plate/shell-only works). Thermal loading 

must be considered, either in buckling, post-
buckling, or flexural vibration [5], [6], [27]. 
Both theoretical formulations (HSDT, quasi-
3D, nonlocal) and computational methods 
(FEM, IGA, p-version FEM) were included 
[12], [15], [54], [76]. Studies incorporating 
advanced materials such as porous FGMs, 
CNTs, and GPLs were retained [17], [22], 
[93]. 
 

 
Figure 4. PRISMA-style flow diagram showing 
the stages of data acquisition and refinement 

 
2.3 Bibliometric Mapping 
The refined dataset was exported in RIS and 
CSV formats for further analysis. Bibliometric 
visualization was carried out using VOSviewer 
(v1.6.20) and Biblioshiny (RStudio interface), 
following procedures in recent structural 
bibliometric studies [15], [16], [37]. 
The analysis included: Annual Publication 

–2024 

Identifying leading contributors such as 
China, India, Turkey, and Iran [7], [22], [39]. 
Keyword Co-
thematic clusters (thermal buckling, porous 
beams, CNT/GPL reinforcement, nonlocal 
elasticity) [17], [31], [74]. Co-Citation 

journals (e.g., Composite Structures, 
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2.3 Bibliometric Mapping 
The refined dataset was exported in RIS and 
CSV formats for further analysis. Bibliometric 
visualization was carried out using VOSviewer 
(v1.6.20) and Biblioshiny (RStudio interface), 
following procedures in recent structural 
bibliometric studies [15], [16], [37]. 
The analysis included: Annual Publication 

–2024 

Identifying leading contributors such as 
China, India, Turkey, and Iran [7], [22], [39]. 
Keyword Co-
thematic clusters (thermal buckling, porous 
beams, CNT/GPL reinforcement, nonlocal 
elasticity) [17], [31], [74]. Co-Citation 

journals (e.g., Composite Structures, 

Meccanica, Int. J. Mech. Sci.) [1], [42], [85]. 
Bibliographic Coupling 
thematic emergence, e.g., AI-assisted 
modelling of FG beams [15]. Figure 5 
showing the four main thematic clusters: 
Thermal buckling & post-buckling, Porous FG 
beams & reinforcements, Nano-beams with 
nonlocal/strain gradient models, 
Computational methods (FEM, IGA, HSDT, 
quasi-3D). 
 

 
Figure 5. Keyword co-occurrence network map 

generated using VOS viewer 
 
2.4 Qualitative Content Analysis 
In addition to bibliometric mapping, a 
qualitative assessment was conducted to 
interpret thematic depth. Highly cited papers 

extract insights on: Beam theories: Classical 
vs. HSDT vs. quasi-3D [1], [2], [25], [62]. 
Material effects: Porosity [22], [39], 
CNT/GPL reinforcement [17], [93]. Scale 
effects: Nonlocal elasticity and strain 
gradient theories for nano-beams [31], [33], 
[60], [77]. Coupled fields: Thermo-electro-
mechanical and piezoelectric beams [24], 
[45], [73]. Table 3 represents criteria for 
qualitative assessment of thermal buckling 
and flexural beam studies. 
 

Table 3. Criteria for qualitative assessment of 
thermal buckling and flexural beam studies 

Criterion Description 

Beam Theories Classical, HSDT, quasi-3D, 
IGA 

Material Systems Laminated, FG, porous, 
CNT/GPL, smart beams 

Scale Effects Nonlocal elasticity, strain 
gradient 

Nonlinear Behaviour Post-buckling, dynamic 
thermal buckling 

Applications Aerospace, MEMS/NEMS, 
smart structures 

 
2.5 Summary of Methodological Workflow 
The adopted methodology ensures that both 
macro-level patterns (publication growth, 
country trends, co-authorship networks) and 
micro-level insights (beam theories, advanced 
materials, emerging methods) are captured. This 
dual approach enables the identification of 
research hotspots and future directions in the 
thermal buckling and flexure of laminated 
composite and FG beams. Figure 6 shows 
Integrated methodological workflow showing 
data acquisition, mapping, and qualitative 
synthesis. 
 

 
Figure 6. Integrated methodological workflow 

showing data acquisition, mapping, and 
qualitative synthesis 

 
 
BIBLIOMETRIC ANALYSIS OF RESULTS  
 
The bibliometric analysis is structured into four 
subsections: annual publication trends, country 
and institutional contributions, journal and 
citation analysis, and keyword cluster analysis. 
Together, these dimensions reveal the evolution 
of the research domain from 2010 to 2024. 
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3.1 Annual Publication Trends 
The review of 503 filtered documents 
highlights a steady increase in publications 
after 2015, reflecting growing global interest 
in thermal buckling and flexural studies of 
laminated and functionally graded (FG) beams 
[7], [22], [39]. Between 2010–2014, most 
publications were concentrated on classical 
laminated composite beams and early FGM 
formulations [1], [5], [6]. The 2015–2019 
period marked the emergence of porous FG 
beams [22], [41], and nanobeam models [31], 
[60]. From 2020 onwards, research expanded 
into quasi-3D theories [25], [62], iso 
geometric formulations [12], [15], and 
reinforced beams with CNT/GPL [17], [93]. 
In 2023–2024, new themes appeared in 
dynamic thermal buckling under harmonic 
heating [81] and smart beams with magneto-
electro-elastic coupling [73], [90]. Figure 7 
Annual Publication Growth (2010–2024) 
showing the steady increase in beam-related 
publications. 
 

 
Figure 7. Annual publication growth in thermal 

buckling and flexural beams (2010–2024) 
 

3.2 Country and Institutional Contributions 
Analysis of country productivity shows that 
China, India, Turkey, and Iran dominate 
publications in the field [7], [22], [39]. 
China: Strong emphasis on porous FG beams 
[39], [80], CNT/GPL reinforcement [17], 
[93], and nano-scale modelling [31], [60]. 
India: Contributions in HSDT-based 
modelling [2], [34], and flexural vibration of 
laminated composites [36], [43]. Turkey: 

Known for works on dynamic thermal 
buckling [90], [100], and nonlinear vibration 
studies [43], [97]. Iran: Focused on nonlocal 
elasticity models [33], [70], [77]. European 
contributions (e.g., Italy, France, UK) 
highlight strain gradient theories [20], [31], 
while Australia and Japan contributed 
significantly to CNT/GPL beam 
reinforcement studies [21], [93]. Table 4 
represents top 10 most productive countries 
and their leading institutions in FG beam 
research (2010–2024). 
 

Table 4. Top 10 most productive countries and 
their leading institutions in FG beam research 

(2010–2024) 
Rank Country Publications Focus Area 

1 China 155 
Porous FG, 
CNT/GPL, nano-
beams 

2 India 92 
HSDT models, 
laminated 
composites 

3 Turkey 68 
Dynamic 
buckling, smart 
beams 

4 Iran 60 Nonlocal models, 
nonlinear analyses 

 
3.3 Journal and Citation Analysis 
The most influential journals in terms of total 
publications and citations include Composite 
Structures (thermal buckling and nonlinear 
flexural analysis) [6], [22], [85]. Meccanica 
(post-buckling and nonlinear porous FG 
beams) [27], [41], [99]. International Journal 
of Mechanical Sciences (nano-/micro-beam 
modelling with thermal effects) [31], [32], 
[92]. Thin-Walled Structures (thermal 
stability of sandwich and porous beams) [40], 
[95]. Highly cited individual papers include 
Reddy’s HSDT formulations [1], nonlinear 
thermal buckling in laminated beams [6], and 
porous FG beam models [22], [39]. Figure 8 
shows Co-citation network of the top 20 
journals contributing to FG beam research. 
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Figure 8. Co-citation network of the top 20 
journals contributing to FG beam research 

 
3.4 Keyword Cluster Analysis 
Keyword co-occurrence mapping revealed four 
major thematic clusters: 
1. Thermal Buckling and Post-Buckling- 

Keywords: Thermal buckling, post-buckling, 
laminated composite, nonlinear analysis. 
Influential works: [6], [27], [43], [59]. 

2. Porous FG Beams and Reinforcements: 
Keywords: porous FG beams, CNT, GPL, 
sandwich composites. Influential works: 
[17], [22], [39], [74], [93]. 

3. Size-Dependent Nano- and Micro-Beams: 
Keywords: nonlocal elasticity, strain gradient 
theory, nano-beams, viscoelasticity. 
Influential works: [31], [33], [60], [77], [94]. 

4. Advanced Computational Approaches: 
Keywords: finite element method (FEM), iso 
geometric analysis (IGA), quasi-3D theory. 
Influential works: [12], [15], [25], [54], [76]. 

Figure 9 shows keyword co-occurrence clusters 
showing four dominant research streams. 
 

 
Figure 9. Keyword co-occurrence clusters 
showing four dominant research streams 

3.4 Thematic Evolution (2010–2024) 
A timeline analysis shows: 2010–2014: 
Laminated composites + HSDT applications [1], 
[34]. 2015–2019: Porous FG beams + nonlinear 
thermal vibration [22], [41], [43]. 2020–2022: 
Nano-scale beams + CNT/GPL reinforcement 
[17], [60], [93]. 2023–2024: Smart beams + 
coupled-field thermal buckling [73], [90], [99]. 
Table 5 represents timeline of thematic 
evolution in FG beam research (2010–2024). 
 

Table 5. Timeline of thematic evolution in FG 
beam research (2010–2024) 

Period Key Themes 

2010–2014 Laminated composites, HSDT 
applications 

2015–2019 Porous FG beams, nonlinear 
buckling 

2020–2022 Nano-beams, CNT/GPL 
reinforcement 

2023–2024 Smart beams, coupled-field 
analysis 

 
 
QUALITATIVE ASSESSMENT OF 
SCIENCE MAPPING RESULTS 
 
The bibliometric mapping results provide a 
structural overview of the research landscape. 
However, to understand the depth and direction 
of research, a qualitative assessment of the most 
influential works and clusters is essential. This 
section synthesizes the key theories, methods, 
and applications identified in the mapping 
process. 
 
4.1 Beam Theories and Modeling Approaches 
The review confirms that beam theory 
development remains the foundation of research 
in thermal buckling and flexure. Higher-Order 
Shear Deformation Theory (HSDT): Continues 
to dominate due to its ability to model thick FG 
and laminated beams under thermal fields [1], 
[2], [34]. For example, Reddy’s HSDT 
framework has been widely extended to porous 
FG beams [22] and smart piezoelectric beams 
[24]. Quasi-3D Theories: Emerging as a 
significant advancement by accounting for 
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transverse normal strain neglected in classical 
models [25], [62], [89]. These provide higher 
accuracy for sandwich and porous beams under 
steep temperature gradients. Iso geometric 
Analysis (IGA): Gaining momentum as it 
eliminates geometric approximation errors and 
integrates directly with CAD models [12], [15], 
[54]. It has been effectively applied to thermal 
buckling and vibration of FG beams. Finite 
Element Extensions: P-version FEM [76] and 
meshfree approaches [53] are increasingly used 
for nonlinear post-buckling analyses. Table 6 
represents comparative performance of HSDT, 
quasi-3D, IGA, and FEM-based approaches in 
beam thermal buckling studies. 
 

Table 6. Comparative performance of HSDT, 
quasi-3D, IGA, and FEM-based approaches in 

beam thermal buckling studies 

Theory 

Thermal 
Buckling 
Accuracy 

Flexural 
Vibration 
Accuracy 

Application 
Scale 

HSDT High High Macro beams 
Quasi-
3D Very High Very High 

FG Sandwich 
beams 

IGA Very High Very High 
CAD-
integrated 

FEM (p-
ver.) High High 

Computational 
efficiency 

 
4.2 Material Innovations in FG Beams 
Material advancements have reshaped thermal 
buckling and flexural research. Porous FG 
Beams: Lightweight beams with variable 
porosity distributions show reduced stiffness but 
offer thermal resistance advantages [22], [39], 
[55]. Nonlinear buckling analyses reveal that 
porosity distribution patterns significantly 
influence critical buckling loads [74], [84]. CNT 
and GPL Reinforcement: Integration of carbon 
nanomaterials has enabled superior mechanical 
and thermal properties [7], [17], [93]. Recent 
studies show CNT/GPL-reinforced FG beams 
achieve 30–40% higher post-buckling resistance 
under thermal loading [72], [93]. Smart Beams 
(Piezoelectric & MEE): Piezoelectric and 
magneto-electro-elastic layers provide active 
control of buckling and vibration [24], [45], 

that MEE layers can suppress thermal post-
buckling by active stiffness modulation. Figure 
10 shows conceptual comparison of laminated, 
porous FG, CNT/GPL-reinforced, and smart 
beams under thermal loading. 

 
Figure 10. Conceptual comparison of 

laminated, porous FG, CNT/GPL-reinforced, 
and smart beams under thermal loading 

 
4.3 Scale-Dependent Effects and Nanobeams 
At the nanoscale, nonlocal elasticity and strain 
gradient theories have revealed important size-
dependent behaviours. Nonlocal Models: Predict 
significantly higher buckling loads in nano-beams 
compared to classical elasticity [31], [33], [60]. 
Strain Gradient Theories: Capture additional 
microstructural effects, making them suitable for 
MEMS/NEMS applications [20], [49]. 
Viscoelastic and Thermoelastic Coupling: 
Advanced models highlight damping and 
relaxation under cyclic thermal loads [77], [86], 
[94]. These studies indicate that ignoring size 
effects leads to underestimation of thermal 
stability, which is critical in nano-scale structural 
design. Table 7 represents summary of key 
nonlocal and strain gradient models applied to FG 
and laminated nano-beams. 
 

Table 7. Summary of key nonlocal and strain 
gradient models applied to FG and laminated 

nano-beams 

Model Key Feature 
Applicati
on 

Referen
ce 

Nonlocal 
Long-range 
interactions 

Nano-
beams 

[31], 
[33] 

Strain Grad. 
Higher-order 
strain terms 

Micro-
/nano-
beams 

[20], 
[49] 

Thermoelast
ic 

Coupled 
damping + 
heating 

Smart 
nano-
beams 

[77], 
[94] 
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gradient theories have revealed important size-
dependent behaviours. Nonlocal Models: Predict 
significantly higher buckling loads in nano-beams 
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Strain Gradient Theories: Capture additional 
microstructural effects, making them suitable for 
MEMS/NEMS applications [20], [49]. 
Viscoelastic and Thermoelastic Coupling: 
Advanced models highlight damping and 
relaxation under cyclic thermal loads [77], [86], 
[94]. These studies indicate that ignoring size 
effects leads to underestimation of thermal 
stability, which is critical in nano-scale structural 
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nonlocal and strain gradient models applied to FG 
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Table 7. Summary of key nonlocal and strain 
gradient models applied to FG and laminated 

nano-beams 

Model Key Feature 
Applicati
on 

Referen
ce 

Nonlocal 
Long-range 
interactions 

Nano-
beams 

[31], 
[33] 

Strain Grad. 
Higher-order 
strain terms 

Micro-
/nano-
beams 

[20], 
[49] 

Thermoelast
ic 
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damping + 
heating 

Smart 
nano-
beams 

[77], 
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4.4 Nonlinear and Dynamic Thermal Buckling 
While early research focused on linear stability 
analysis, recent trends emphasize nonlinear 
post-buckling and dynamic thermal instability. 
Nonlinear Thermal Post-Buckling: Works by 
Zhang et al. [99] and Rashidi [76] reveal that 
temperature rise beyond critical buckling 
induces secondary equilibrium states that must 
be captured with nonlinear formulations. 
Dynamic Thermal Buckling: Recent 
contributions [81], [90], [98] investigate 
transient heating and harmonic thermal loading, 
showing resonance like behaviours that 
amplifies instability. Foundation Effects: 
Inclusion of elastic and viscoelastic foundations 
modifies critical temperatures and post-buckling 
paths [83], [84]. Figure 11 shows Nonlinear and 
Dynamic Thermal Buckling Response showing: 
Linear buckling (sudden instability), Nonlinear 
post-buckling (smooth load–deflection path), 
Dynamic thermal buckling (oscillatory 
instability under transient heating). 
 

 
Figure 11. Typical nonlinear post-buckling and 
dynamic thermal buckling response curves of 

FG beams 
 
4.5 Emerging Research Frontiers 
From the science mapping and citation analysis, 
several future directions are identified: Coupled-
Field Smart Beams: Multi-physics modelling 
combining thermal, electric, magnetic, and 
moisture fields [24], [45], [73]. Data-Driven & 
AI Models: Integration of machine learning for 
rapid buckling load prediction and flexural 

response estimation [15]. Hybrid 
Reinforcements: Use of CNT + GPL + porous 
matrices for multifunctional thermal and 
mechanical performance [17], [72], [93]. 
Experimental Validation: Most studies are 
numerical; experimental data on porous FG 
beams and nanobeams remain scarce [16], [68]. 
Applications in MEMS/NEMS: Growing 
interest in nanoscale FG beams for thermal 
sensors, actuators, and resonators [31], [60], 
[94]. Figure 12 shows research roadmap 
highlighting emerging frontiers in thermal 
buckling and flexural analysis of FG and 
laminated beams. 
 

 
Figure 12. Research roadmap highlighting 
emerging frontiers in thermal buckling and 

flexural analysis of FG and laminated beams 
 
 
CONCLUSION 
 
This bibliometric review consolidates the 
literature on thermal buckling and flexural 
responses of laminated composite and FG 
beams from 2010 to 2024. The results reveal: 
Steady growth in publications since 2015, 
driven by porous FG and nanobeam research. 
HSDT and quasi-3D beam models remain the 
backbone for accurate predictions. Porous, 
CNT, and GPL reinforcements are trending, 
enabling lightweight multifunctional designs. 
Nonlocal and size-dependent effects dominate 
micro/nano-scale modelling. Smart beams with 
piezoelectric/magneto-electro-elastic layers are 
an emerging frontier. 
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This review provides a roadmap for researchers 
seeking to extend beam modelling to multi-field 
coupled environments, hybrid reinforcements, 
and AI-assisted predictive frameworks. 
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OPTIMIZATION OF THE MAIN RIGIDITY PLANES POSITION 
OF INHOMOGENEOUS ROD IN SPATIAL BENDING  

 
Andrey V. Mishchenko 1, Maxim S. Veshkin 1, Vladimir L. Mondrus 2,  

Leonid Yu. Stupishin 2 
1 Novosibirsk State University of Architecture and Civil Engineering (Sibstrin), Novosibirsk, RUSSIA  

2 National Research Moscow State University Of Civil Engineering, Moskow, RUSSIA  
 
Abstract: The problem of finding the optimal rotation angle of the principal planes of stiffness for a spatially 
loaded, inhomogeneous rod of variable cross-section is considered. This angle serves as an additional regulator of 
the stress state for inhomogeneous rod designed in accordance with the adopted optimization criteria. 
The rod rigidly connected to a movable coordinate system capable of rotation around rod's longitudinal axis is 
composed of quasi-homogeneous structural elements. The rod's structure is symmetrical with respect to one of the 
plane coordinates. The specified loads are applied to the rod's centerline and are located in two mutually perpen-
dicular fixed planes. 
Based on the minimum strain energy criterion, a formula for the optimal rotation angle of the rod's rigidity planes 
was derived. This formula contains six integral strain energy components. These components represent the actual 
and potential work of internal forces in the original rigidity planes and those rotated by 90 degrees. A numerical 
example shows strain energy graphs for cross-sections with different layouts. The relationship between the energy 
criterion and the strength criterion is highlighted. 
Based on the minimum strain energy criterion, a formula for the optimal rotation angle of the rod 's rigidity planes 
was derived. This formula contains six integral strain energy components. These components represent the actual 
and possible work of internal forces initial rigidity planes and those rotated by 90 degrees. A numerical example 
shows strain energy graphs for cross sections with different layouts. The relationship between the energy criterion 
and the strength criterion is noted. 
In the example discussed, using axial rotation of the rod, without requiring changes to its physical structure or 
geometry, allows for an increase in its load-bearing capacity by 20-30% and a reduction in maximum stress levels. 
This method can also be applied to prefabricated standard structural elements, including homogeneous ones. 
In the example discussed, the use of axial rotation of the rod, without requiring changes to its physical structure or 
geometry, allowed for an increase in its load-bearing capacity by 20-30% and a reduction in maximum stress levels. 
This method can also be applied to prefabricated standard structural elements, including homogeneous ones. 
The development of this method is its application in “controlled structures”, which acquire the ability to effectively 
adapt to changes in the parameters of external force impact. 
 

Keywords: optimal design of inhomogeneous rods, layered rod, spatial bending, 
criterion of minimum strain energy, controlled structures 
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INTRODUCTION 
 
Settings of optimization problems for deformable 
systems and structures used in various branches of 
engineering are quite diverse and are determined by 
the adopted optimality criteria and the types of var-
iable parameters and functions [1–4]. In rod sys-
tems, one of the key means of improving opera-
tional performance is the optimization of the geom-
etry, physical structure, and topology of the system 
[5]. Significant effects are also achieved by select-
ing a rational arrangement of the cross-sections of 
the elements. Among the formulations of optimiza-
tion problems in which the geometric shapes of 
structural elements subject to various types of im-
pacts are varied, we note the following. 
Settings with using geometric shapes that profile 
the transverse dimensions of structural elements of 
rods (width, height, thickness, etc.), specified with 
an accuracy of one or more parameters [6]. A sub-
class of such task are optimization problems for 
prismatic rods, in which the geometric shape func-
tions are of zero order. The use of local normative 
criteria for finding the required values of the 
sought-after parameters in such problems with 
fixed shapes leads to the need to identify dangerous 
stress localizations within the structure.  
In more complex settings, the desired geometric 
functions of the structural elements of the rods are 

found under the condition of continuous satisfac-
tion of specified normative local criteria. This is a 
class of equal-criteria problems, in particular, those 
concerning equal stress [2, 7, 8]. In general, such 
problems (of functional analysis) are characterized 
by high labor intensity and, as a rule, for real struc-
tures are solved by numerical methods using dis-
cretization of the calculation functions. 
Normative criteria, reflecting the relationship be-
tween the desired design parameters and the stand-
ardized quantities, can be integral in nature, as is 
realized in problems of stability, vibration, deform-
ability, and a number of others, solved based on the 
corresponding boundary value problems. In these 
problems, the defining differential and integral re-
lations naturally define the essence of the quantities 
included in the normative criteria. Depending on 
the type of variable quantities, we have variational 
or finite-dimensional optimization [3]. 
In a number of studies, the solution is based on the 
use of integral criteria reflecting additional require-
ments for the optimal system, which have technical, 
economic, general physical, or other sense. One of 
these is the integral energy criterion, which allows 
for identifying the geometric shape, structure, and 
topology of the system that best satisfies the require-
ments of design standards [9, 10, 11, 12]. 
When solving optimization problems for inho-
mogeneous structures, the calculation hypothe-
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3 
 

ses and assumptions adopted during the for-
mation of the mathematical model acquire partic-
ular significance. Along with refined non-classi-
cal models [13–18], models based on the Ber-
noulli and Timoshenko hypotheses can also be 
used in the calculations of elements of rod struc-
tures that satisfy certain geometric and physical 
constraints. 
In this paper, we consider the problem of finding 
the optimal rotation angle of the rod's principal ri-
gidity planes for a spatially loaded, inhomogeneous 
rod of variable cross-section. This angle acts as an 
additional regulator of the stress state. In subse-
quent or previous stages, the set of variable values 
can be expanded to expand the functionality of the 
rod's geometric and physical structure. 

 
 

MATERIALS AND METHODS OF 
RESEARCH 
 
1. Mathematical model of inhomogeneous rod.  
An inhomogeneous rod composed of quasi-homo-
geneous structural elements (layers, phases, inclu-
sions, reinforcing elements, etc.) is rigidly con-
nected to the coordinate system xyz , and the rod's 
structure is symmetrical with respect to the plane 
yx . The specified loads are referenced to the rod's 

centerline and are located in two mutually perpen-
dicular fixed planes 0y x , 0z x . We will assume 
the coordinate system xyz  to be movable, capable 
of rotating around the axis through a certain angle 

, together with the rod (Fig. 1). 
  y0 y 

z 

z0 

 

 
Figure 1. Rotation of the principal planes of rigid-
ity ,xy xz  relative to the force planes 0 ,y x 0 .xz  

 

By solving the corresponding boundary value 
problems of spatial transverse bending with 
tension (compression), the functions of inter-
nal forces are found - bending moments, trans-
verse and longitudinal forces, combined into a 
vector 
 
 

0 0 0 00 ( ) [ , , , , ] ( )z y y zx M M Q Q N xS .  
 
Considering that the boundary conditions for 
the rod do not change when the transverse axes 
y, z are rotated relative to the centerline, we 
write down the forces in the coordinate system 
xyz  
 
 0( ) ( )x xS C S ,  
 ( ) [ , , , , ] ( )z y y zx M M Q Q N xS , (1) 

cos sin
[ 1],

sin cos
diagC . 

 
In works [19, 20] for the Timoshenko rod, phys-
ical relations are given that connect the forces (1)  
with the generalized deformations of the axis: 
curvatures z , y , averaged shears 0y , 0z , 
and axial deformation 0 . Let us represent them 
in the form 
 
 D , (2) 
 0( ) [ , , , , ] ( )z y y zx x   (3) 

 
with a stiffness matrix 
 

 

0

0 0
0 0

0 0 0 0( )
0 0 0 0

0 0

zz yz z

yz yy y
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z y

D D D
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Dx
D

D D D

D , (4) 

 
containing components 
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by zero, first, and second geometric orders, respec-
tively. The characteristic yzD  for the adopted cal-
culation scheme in relations (2) is missing. The 
presence of stiffnesses zD , yD  determines the cou-
pling of bending and stretching deformations. The 
stiffnesses of cross sections under shear 
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0 yy yyDd D D D   
 
are written using the rigidity characteristics of the 
cut-off parts of the inhomogeneous sections secD  
according to the corresponding expressions from 
(5) when integrating over a part of the section 

max[ , ]y y  or max[ , ]z z . 
In addition, to find the shear stiffness character-
istics, an approximate approach can be used 
based on the use of approximation functions for 
the relative shear forces , ( )yf y , , ( )zf z , satisfy-
ing the boundary conditions on the rod surfaces. 
As a result, we obtain the second version of the 
dependencies for shear stiffnesses 
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The symmetry of the rod relative to the plane yx  
ensures the fulfillment of the conditions 

0y yzD D . In addition, we will assume that 
the structure of the variable cross-section rod is 
such that it allows the rod to be tied to the plane 
xz  while ensuring the condition ( ) 0zD x . Due 
to the dependence of characteristics (5), (6) on 
geometric and physical parameters, this condi-
tion can be satisfied even in the absence of geo-
metric symmetry. Then from (2) we obtain 
 
  zz z zD M ,   yy y yD M ,   0 0D N .  

 
2. Optimality criterion 
As a criterion for the optimality of the parameters 
of an inhomogeneous rod, we will adopt the con-
dition of minimum deformation energy [6, 9, 11] 
 

 
0

1( ) min
2

l

W dxP S . (7) 

The set of variable parameters P  in the case un-
der consideration is represented by the rotation 
angle . Substituting relations (2)–(4) into (7) 
gives the dependence of the deformation energy 
on the rotation angle of the axes 
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The energy components in (8) are determined by 
the expressions 
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and have the following mechanical meaning: 

0
yyW , 0

zzW  are the actual works of the forces 
acting in the force planes 0y x , 0z x  respectively, 
in the absence of rotation of the rod ( 0 ); 

/2
yyW , /2

zzW  are the actual works of the forces 
acting in the force planes 0y x , 0z x  respectively, 
when the rod is rotated by an angle / 2 ; yzW

, yzW  are the possible works of the forces acting 
in the force planes 0y x , 0y x   respectively, on the 
deformations of the inhomogeneous rod in the or-
thogonal planes 0z x , 0y x , caused by other force 
factors. 
The minimum energy (8) is achieved at a rotation 
angle opt , for which the condition is satisfied 
 

opt 0 0 /2 /22 zy yz

yy zz yy zz

W W
tg

W W W W
. (10) 

 
In [8], a variational setting of the optimization 
problem for a homogeneous spatially loaded flat 
frame was considered with variations in the ex-
ternal dimensions of the box-shaped cross-sec-
tion and the angular position of the principal axes 
of inertia. The volume of materials was fixed. 
The following criteria were adopted as continu-
ous in the direction of the axial coordinate: the 
strength condition for normal stresses and the 
condition of coincidence of the principal axis of 
inertia with the vector of the resulting bending 
moment. As a result, it was shown that adopting 

local criteria leads to a natural (initial) twisting of 
the rods. The resulting solutions are of some the-
oretical interest, however, such designs are char-
acterized by high labor intensity of production 
and sensitivity to load variations, which reduces 
the feasibility of their practical use. 
In contrast, formula (10) reflects the integral av-
erage value of rational local transformations of 
forces on the main planes of rigidity of an inho-
mogeneous rod, in the form of rotation of the 
main planes of rigidity by a general angle opt . 
A number of special cases follow from the con-
sidered setting. 
1. When the conditions zz yyD D , 

y zQ QD D  
are simultaneously met the deformation energy 
(8) becomes stationary – . ( ) constW , inde-
pendent of the rotation angle . 
2. The arrangement of loads in a single force 
plane. By combining it with, for example, plane 

0y x , we obtain 
0 0

0y zM Q , which leads to the 
fulfillment of 0 /2 0zz zz yz zyW W W W  and 
optimal angle opt 0  at zz yyD D  and 

opt / 2  at zz yyD D . 
3. If the following conditions are met for the cal-
culation model: a) the presence of symmetry in 
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y zQ QD D  or 

y zQ QD D , when taking Q into account). The ab-
solute values of the stiffnesses in this case do not 
affect the value of the optimal angle. This is 
shown in the numerical example discussed below 
in Fig. 4. 
5. The strain energy components in (9) have an 
integrand structure similar to Mohr integrals and 
can be calculated using known graphoanalytic 
methods. This is particularly applies to rods with 
constant stiffness characteristics along their 
length. These integrals can also be found numer-
ically. 

RESULTS AND DISCUSSION 
 
Let us consider a inhomogeneous rod subjected to 
a force action in two orthogonal planes 0y x  and 

0z x  (Fig. 2 ). The loads are specified with an ac-
curacy of parameters q, l. Fig. 3 shows a scheme 
of a composite cross-section including four struc-
tural elements with numbers k = 1, 2, 3, 4. 
Table 1 shows the geometric parameters, relative 
elastic moduli 0k ke E E  and strength charac-
teristics 0k kr R R  of the materials for the sec-
tion elements. 
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Figure 3. Cross-section of the rod in the initial 
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We will do the research by specifying several 
cross-sectional layout options with varying di-
mensions b and h. We will also impose a con-
straint in the form of a constant cost of materials 
for the inhomogeneous rod.  
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where , ,k k kA c  is the cross-sectional area, spe-
cific cost and weight of the material of the k-th 
element. 
Without diminishing the significance of the ob-
tained results, we will adopt in this problem 

1k kc , which transforms condition (11) into 
a condition of constancy of the total area 
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k
A . Table 2 presents six variants of 

similar cross-sectional arrangements with the 
area fixed 270A . For each of them, the coor-
dinate of the center of rigidity 0z , ensuring the 
fulfillment of 0yD , and the bending rigidities 

yyD , zzD , were found. In the first three variants, 
the condition yy zzD D  is satisfied, in the 4th – 

yy zzD D , and in the 5th–6th – yy zzD D . 
Let us consider the problem of determining the 
optimal angle opt  of rotation of the principal 
planes of rigidity, ensuring the minimum defor-
mation energy of a spatially loaded inhomogene-
ous rod (Fig. 2) with six variants of cross sections 
(Tables  1, 2). We introduce dimensionless quan-
tities 

2
MM
ql

,   QQ
ql

,   

4
0

1, ,yy zz yy zzD D D D
E

,  

4
0

2 5
W EW

q l
,   

3

2
x

x ql
,   03 2

R
ql

. 

 
After solving the boundary value problem and 
identifying the function of forces acting in the 
force planes 0y x , 0z x , the dimensionless defor-
mation energy function ( )W  (8) was formed. 
Its graph in the interval [ , ]  is shown in 
Fig. 4. The lines numbers correspond to the num-
bers of the section variants in Table 2. 
For variants 1–3, the optimal angles are con-
tained in the interval opt [ / 8, /16] , 
while for variants 5–6, they are 

opt [3 / 8, 7 /16]. In the first case, the 
cross-sections have yy zzD D , which requires a 
negative (clockwise) rotation of the rod; in the 
second case, for variants with yy zzD D , a ro-
tation in the opposite direction is required. 
Since the specified materials do not possess the 
properties of different resistance under tension 
and compression, periodicity of the function 

( )W  is observed over an interval equal to . 
If the stiffnesses are equal yy zzD D  (option 4), 
the rod becomes insensitive to the position of the 
principal stiffness planes ( ) constW . Rotat-
ing them does not change the energy level. The 
best of the six section options is option 1; it cor-
responds to the lowest value of the deformation 
energy at the minimum point 

opt  –0,0864  –15,6 . Option 6 requires a 
rotation angle opt  0,4136  74,5 . The same 
angle values are obtained using the formula (10)
.  
To illustrate the practical effect of rotating the 
rod by an angle, we will evaluate the level of nor-
mal stresses in cross section 1 (Table 2). When 
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conditions 0z yD D  are met, they are deter-
mined by the formula [19, 20] 
 

 

( )
, ( , , )

( )( ) .

M
x k

yz
k

zz yy

x y z

M x zM x yE
D D

 (12) 

 
Taking into account the stress limitation by the 
value of the calculated resistances kr  (Table 1), it 
is convenient to monitor the level of relative di-
mensionless stresses , ,( ) ( , , ) /k j x k j j ks x x y z r  
in an inhomogeneous rod. For this purpose, 
Fig. 5 shows 16 graphs , ( )k js x  ( 1,...,4,k  

1,...,4)j  for four corner points taken in each of 
the four structural elements. 
 

 
Figure 5. Dependence of the potential energy of 
deformation of a rod W ·105 on the angle of ro-
tation of the rigidity planes for different cross-

sectional options (Table 2) 
 

 
The maximum relative stress is realized in 
graph 1, corresponding to the stress at point K of 
the first layer (Fig. 6).  
 

z0 

y0 

opt

2 

3 

4 

1 

K 

P 

z y 

 
Figure 6. Optimal rotate of section 1 (Table 2)  
at the minimum value of deformation energy 

 

The minimum is in graph 2, constructed for the 
stress at point P of the fourth layer. Taking 
point P as the design point – the point with the 
highest modulus of stress, from the strength 
condition 
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Figure 4. Graphs of relative stresses 103· at corner points of 4 structural elements

of section 1, table 2 at . 
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In this example, the settlement points are 
located at the corners of the outer contour of the 
section. Due to the discontinuity of stress func-
tions (12) at the layer boundaries, with different 
physical characteristics, the settlement points 
may shift to the corners of the internal boundaries 
of the structural elements. 

For comparison, we present the results cor-
responding to the initial position of the rod with-
out rotation of the axes. Fig. 7 shows graphs of 
the relative stresses , ( )k js x acting in the same 
section 1 at the same 16 calculation points, at  

= 0°. 

 
The required parameter value in this case was 
= 0,0719. Thus, setting the optimal rotate al-
lowed us to reduce the size  by 15% and the 
volume of material by 38%. 
 

 
Figure 8. Dependency 103· ,,

max ( , )k jk j
s x  

 
In a number of studies, in particular in [21], it has 
been shown that as a result of the variational set-
ting of optimization problems based on the en-
ergy criterion, when varying the geometric func-
tions, equalization of stresses on the rod surface 

(at the layer boundaries) occurs. In this problem, 
solved without varying the geometry, continuous 
equalization of stresses does not occur (Fig. 5). 
However, here too, similar effects can be seen, 
manifested discretely in the form of equalization 
of local stress maxima. In Fig. 5, this is practi-
cally achieved for the greatest stresses in the 
cross-sections 0,2x  and 0,56x . 
Fig.  8 shows a three-dimensional graph of rela-
tive stresses ,,

max ( , )k jk j
s x  as a function of x  

and angle , which is the outer envelope of 16 
surfaces – the moduli of stress constructed for the 
calculated points. Analysis of this surface allows 
us to formulate a criterion for minimizing local 
stress maxima. 
 

 , opt, ,
min max ( , )k jk j x

s x .  

 
As a result of application it application, the opti-
mal rod rotation angle was opt  –13,94  with a 
required strength dimension of 0,0591, re-
sulting in a material savings of 32,4% compared 
to the design at = 0,0719 for the initial state at 

 0 .  With the determined rotation angle, 
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2 

Figure 7. Graphs of relative stresses 103·  at settlement points of section 1 at = 0 
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stresses are equalized at the two most heavily 
loaded points in the x-axis direction. One of these 
is located at the support 0,2x , and the other is 
at the local span extremum at 0,56x . 

 
 

CONCLUSIONS 
 
The use of rigid axial rotation of the rod as an 
external stress regulator is an effective additional 
optimization tool and allows for, in the example 
considered, allowed: a) increasing the load-bear-
ing capacity of a inhomogeneous rod by 20–30% 
at a low cost, consisting of ensuring a specified 
fixed design position of the rod on the supporting 
devices; b) being an additional tool, it does not 
require changes to the physical structure and ge-
ometry of the rod, designed according to the op-
timization criteria. For this reason, this technique 
can also be applied to prefabricated standard 
structural elements, including homogeneous 
ones. 
A significant advancement of this method is its 
application to "controlled structures," which, 
thanks to the presence of neural network systems, 
acquire the ability to effectively adapt to changes 
in external forces. To achieve this, the rod must 
be equipped with support devices capable of con-
tinuously adjusting the angular position of the 
rod's principal rigidity planes during operation. 
For the object in question – a inhomogeneous rod 
– implementing control systems is quite simple 
and feasible. 
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NUMERICAL MODELLING OF SNOW LOADS.  
VERIFICATION AND VALIDATION FOR THE KEMEROVO 

MUSEUM, THEATRE AND EDUCATION COMPLEX 
 

Alexander M. Belostotsky, Nikita A. Britikov, Oleg S. Goryachevsky 
National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 

 
Abstract: This paper presents the results of numerical and physical modelling of snow loads for a unique facility, 
conducted within the verification procedure of Ansys Fluent in the RAASN system. By analysing the grid  
and iteration convergence, the applicability of the steady-state (RANS) simulations and three turbulence models 
(k- SST, GEKO-0.70 and GEKO-1.25) is verified for the snow loads determination. The results are compared 
against experimental data obtained in the MSUCE wind tunnel. A simpler approach to error estimation is utilised  
since previous research revealed weak applicability of such widely used methods as Richardson extrapolation and 
approximate error spline. It is shown that the GEKO-0.70 turbulence model (with the separation coefficient CSEP 
= 0.70) provides a better fit to the wind tunnel data than GEKO-1.25 and k- SST. 4.  It is confirmed that Ansys 
Fluent allows the snow loads determination on buildings of complex shape with the accuracy sufficient enough 
for practical purposes, provided that modern turbulence models and methods set out in the STO “Numerical 
modelling of wind and snow actions” are used. 
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1. INTRODUCTION 
 
Development of reliable and robust methods of 
snow loads calculation for buildings and struc-
tures remains an urgent task in civil engineering 
due to the growing number of unique facilities 
that are being designed and constructed in dense 
urban areas, since building codes cannot provide 
snow loads for their complex roofs. 
Currently, the following methods are used to cal-
culate snow loads  
1. Building codes’ provisions and analytical 
methods (inapplicable to unique facilities); 
2. Physical modelling [1, 2]; 
3. Numerical modelling [3-9]; 
4. Monitoring and in-situ measurements [10, 11] 
(mainly academic research); 
5. Machine learning and neural networks [12] 
(academic purposes only to this date). 
Physical (experimental) modelling in WTs and 
water flumes remains the generally accepted 
method of snow loads calculation. A reliable 
methodology for such modelling was proposed 
and developed over the course of the second half 
of the XX century, which now provides a suffi-
cient level of plausibility under a number of lim-
itations. Still, the high costs of construction and 
maintenance of WTs, poor scalability, significant 
simulation time, low information content and 
other limitations call for development of compet-
ing methods which can be applied in practice. 
Numerical (mathematical) modelling, especially 
using CFD methods, appears to be a more pro-
spective direction, being devoid of the WT limi-
tations and promising potentially faster research. 
Methodologies for numerical modelling of snow 
loads have been developed independently by 
many researchers, which are now being gradually 
legitimised in the regulations of technologically 
advanced countries, STO [13], ASCE 7-22. 
At this time, a synthetic combination of numeri-
cal and physical modelling, often labelled “hy-
brid modelling”, allows to gather the most com-
prehensive information on snow loads for any 
given roof [13]. Due to high computational and 
time costs posed by scale-resolving transient ap-
proaches (e.g., utilising LES model), steady-state 

(RANS-based) approaches [4] remain the most 
used ones in numerical modelling for fast snow 
loads calculation. 
To confirm the reliability of numerical modelling 
results, a verification and validation (V&V) pro-
cedure is required. The most general definitions 
of V&V are provided in GOST [14] and ASME 
[15], although they do not regulate specific areas 
of application, such as structural aerodynamics. 
In structural aerodynamics, verification is re-
duced to evaluating the errors of the numerical 
model (iteration, time, grid, etc.) and investi-
gating convergence, since the exact solutions 
of numerically solved equations are unknown 
[13, 16-19]. Validation is more straightforward 
and complies with [14, 15], however, gener-
ally, the results of numerical modelling can 
only be compared with the results of physical 
modelling. 
In the present paper, the V&V procedure of the 
numerical modelling of snow loads was carried 
out for a unique facility of the Kemerovo Mu-
seum, Theatre and Education Complex (herein-
after, the Kemerovo MTEC). Three turbulence 
models were considered k- SST, GEKO-0.70 
and GEKO-1.25 (with separation parameter 
CSEP = 0.70, 1.25, respectively). Grid and iter-
ation convergence were investigated. The re-
sults of numerical modelling were compared 
against experimental data obtained in the 
MSUCE WT. 
The work was carried out within the verification 
procedure of Ansys Fluent for the problems of 
“determination of wind and snow actions on 
buildings and structures on the basis of numeri-
cal solutions of the equations of aero-hydrody-
namics” in the system of the Russian Academy 
of Architecture and Construction Sciences 
(RAASN) [20]. 
 
 
2. CASE AND METHODOLOGY  
 
2.1. Case description 
In this paper, the Kemerovo MTEC (Fig. 1) was 
investigated. 
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Figure 1. Renders of the Kemerovo MTEC 

 
The Kemerovo MTEC has a complex decon-
structivist shape, with façades made of glass 
and metal elements. The building is 10 floors 
high with a total area of approximately 81100 
m2, and also has an underground parking. The 
Kemerovo MTEC is planned to house branches 
of the Mariinsky Theatre and the State Russian 
Museum, as well as the Kuzbass Arts Centre. 
The facility’s ensemble consists of 
a “floating cloud” theatre, two “crystals” (a 
museum and an art centre with workshops), and 
a public foyer. 
The study investigates snow deposits on the fa-
cility’s roof obtained through physical and nu-
merical modelling. Numerically, the deposits are 
calculated using wall shear stress ( w)  
 

w u y |y = 0, (1)
 
where  is the dynamic viscosity of the flow;  
u is the velocity of the flow along the boundary; 
and y is the height above the boundary. The val-
ues of wall shear stress are converted into nu-
merical snow deposit maps using a methodol-
ogy described in [3, 4]. 
The simulations were carried out for two charac-
teristic angles of attack, 0° and 90° (the width-
wise and the lengthwise flow directions, respec-
tively, see Fig. 2). 
Physical snow deposit maps were obtained in the 
MSUCE WT through physical modelling at a 

 scale (Fig. 3). 
 

 
Figure 2. Investigated wind directions 

 
2.2. Mathematical models  
In this study, urban wind flow is simulated using 
time-averaged (RANS) incompressible and iso-
thermal Navier-Stokes equations. Such assump-
tions regarding the flow are known to be justified 
and accepted by researchers for determination of 
snow loads on roofs [10]  
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where  are the components of the averaged 
flow velocity, [m/s]; t is the time, [s];  is the av-

eraged pressure, [Pa]; = 1.225 kg/m3 is the den-
sity of air;  = 1. -5 m2/s is the kinematic vis-
cosity of air; and t is the turbulent viscosity. 
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Figure 3. The Kemerovo MTEC model  

in the MSUCE WT  
 

 
 k- Shear-Stress Transport (k- SST) is a 

general two-parameter model which switches be-
tween the regular k-  near the walls and 
the k-  model in the free flow via a mixing func-
tion; 
 Generalised k-  (GEKO) is a modification of 

the regular k-  which allows for adjusting 
to different types of flows by tweaking a number 
of dimensionless parameters exposed to the user. 
In this study, only the CSEP is varied (between 
0.70 and 1.25), which governs flow separation 
and adverse pressure gradients. 
 

2.3. CFD setup 
To provide a correct comparison between the re-
sults of numerical and physical modelling, the CFD 
model needs to reproduce all the major parameters 
of the experiment, such as scale, WT’s working 
area dimensions, and boundary conditions. 
The numerical geometry of the Kemerovo 
MTEC with the surrounding buildings corre-
sponds to the experimental one (Fig. 4). 
 

 
Figure 4. Numerical geometry of the Kemerovo 

MTEC with the surrounding buildings 
 
Polyhexcore finite-volume meshes were used 
in this study, combining polygonal, prismatic 
and hexagonal cells. Three meshes were 
developed to perfrom the grid convergence 
study, a coarse one (4.99 million cells), a 
medium one (10.77 million cells), and a fine 
one (19.06 million cells). The meshes differ in 
face size by factors of 1.5 (coarse to medium) 
and 1.33 (medium to fine). Each mesh has 5 
prism layers parallel to the surfaces at the 
bottom and 10 layers at the target building, 
ensuring y+  for the building’s roof surfaces 
for all the grids. 
The boundary conditions are shown in Fig.  
 at the inlet, the flow velocity and the turbulent 

intensity profiles are interpolated from WT ex-
perimental data (Fig. 7). Two flow regimes are 
investigated, with the velocity at 0.05 m (scaled) 
equal to 3 m/s or 6 m/s (labelled as V3 and V6, 
respectively); 
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Figure 4. Numerical geometry of the Kemerovo 

MTEC with the surrounding buildings 
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 at the inlet, the flow velocity and the turbulent 
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 at the outlet, the gauge pressure is set to 0; 
 the rest of the surfaces are no-slip walls. 

The coupled velocity-pressure solver was used, 
with 2nd order schemes for the momentum, tur-
bulent transport and pressure equations. The total 
number of iterations was set to 300, of which the 
last 140 were calculated with high-order relaxa-
tion enabled. Data sampling was performed for 
the last 120 iterations. 
 

 
(a) 

 
(b) 

Figure 5. Finite-volume mesh:  
a – in the longitudinal section of the domain;  

b – on the surface of the Kemerovo MTEC 
 

 
Figure 6. Boundary conditions 

A total of 36 3D steady-state runs (2 angles of 
attack × 2 velocities × 3 turbulence models × 3 
meshes) were performed. 
 

 
Figure 7. Velocity [m/s] and turbulent  

intensity [%] profiles from WT measurements  
and CFD approximations 

 
2.4. Verification & Validation methods 
Previous research [21] on the case of the Keme-
rovo MTEC has revealed that some widely used 
error estimation methods, such as Richardson ex-
trapolation and approximate error spline, may 
display incorrect behaviour in convergence anal-
ysis. Therefore, a simpler error estimation 
method was used in their stead for this study.  
Grid convergence was estimated as a ratio of the 
wall shear stress’s range to its mean, which is 
then interpolated to the coarse grid for compar-
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where i denotes the grid (1 – coarse, 2 – medium, 
3 – fine), and the values of max( w,i), mean( w,i) 
and min( w,i) are taken from the sampled da-
tasets at each node of the facility’s roof mesh. 
Iteration convergence was estimated  
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where w,k are the wall shear stress values at the 
kth iteration (k = 181...300). 
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such cases, formula (5) is not applicable and the 
corresponding points are discarded. 
Since the experimentally obtained values  
of nm and physi-

pm are not exactly equal 
to the values of design shape coefficient 
(and, generally, to each other), the simula-
tions’ results are compared qualitatively in the 
first place. This is due to the nature of the 
methodologies that are used to simulate snow 
deposition and snow transport in WTs and 
CFD.  
 
 
3. RESULTS AND DISCUSSION 
 
This section presents the results of grid and it-
eration convergence for the numerical model-
ling, and the comparison of snow deposit maps 
obtained numerically and physically. 

 
 

Table 1. Numerical results nomenclature 
Parameter Value Abbr. 

C
on

fig
ur

at
io
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Angle  
of attack 

0° A0 
90° A90 

Turbulence 
model 

GEKO-0.70 G070 

GEKO-1.25 G125 

k-  kwSST 

Flow  
velocity 

3 m/s V3 

6 m/s V6 

Grid quality 

Coarse M1 
Medium M2 

Fine M3 
 
3.1. Iteration convergence 
For the most runs (24 out of 36, see Fig. 8, 9) 
the mean values of eit are well below 7%, 
except for A0- eit 
A0- eit 
the runs with the overall lowest values of eit 

demonstrate local areas of extremely high eit 
(Fig. 11). However, the plotted values of w,k in 
such areas reveal oscillatory convergence 
(Fig. 12). This result underlines the necessity 
of data sampling for simulations with complex 
geometry and skewed cells, whose presense in 
meshes oftentimes cannot be avoided.  
 
3.2. Grid convergence 
For the most configurations (10 out of 12, see 
Fig. 10) the mean values of eg are well below 
9%. The lowest values are obtained with G070 

eg 
eg -SST 
eg eit, the 

configurations with the overall lowest values of 
eg demonstrate local areas of extremely high eg 
(Fig. 13). However, the plotted contours of 
such high value areas reveal that their area 
remains relatively small (i.e., for the A90-
G070-V3 configuration eg 
of the total surface area). This result shows that 
GEKO-0.70 allowed for the best grid 
convergence between the three turbulence 
models used in this study. 
 
3.3. Comparison between numerical and physi-
cal results  
Based on the convergence study, GEKO-0.70 
results were used for the comparison with 
physical snow deposit maps, since it produced 
the overall lowest values of eit and eg. 
Numerical snow deposit maps are presented for 
all three grids to demonstrate how the deposit 
contours change with grid refinement. 
Qualitative comparison between the numerical 
and the physical simulations’ results for two 
angles of attack show good agreement both in 
general and locally, sufficient enough to be 
used in conjunction with the building code 
provisions to produce maps of the design shape 
coefficient  
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Figure 8. Mean iteration error eit [%] for different grids, angle of attack 0° 

 

 
Figure 9. Mean iteration error eit [%] for different grids, angle of attack 90° 

 

 
Figure 10. Mean grid error eg [%] for different turbulence models 
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Figure 11. Iteration error eit [%] for A90-G070-V3-M1 case, log scale 

Angle of attack is shown with the red arrow 
The mark depicts the cell centroid with the highest eit value 

 

 
Figure 12. Wall shear stress [Pa] plot in the aforementioned cell centroid over the last 

100 iterations reveals oscillatory convergence 
 

 
Figure 13. Grid error eg [%] for A90-G070-V3 configuration, log scale 
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a) nm, coarse grid (M1)  

 
b) nm, medium grid (M2) 

 
c) nm, fine grid (M3) 

 
d) pm 

Figure 14. Numerically modelled shape coefficient nm vs. physically modelled shape coefficient pm 
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Figure 15. Numerically modelled shape coefficient nm vs. physically modelled shape coefficient pm 

Angle of attack 90°, GEKO-0.70

g

g

Alexander M. Belostotsky, Nikita A. Britikov, Oleg S. Goryachevsky



85Volume 22, Issue 3, 2026

 
a) nm, coarse grid (M1)  

 
b) nm, medium grid (M2) 

 
c) nm, fine grid (M3) 

 
d) pm 

Figure 14. Numerically modelled shape coefficient nm vs. physically modelled shape coefficient pm 

Angle of attack 0°, GEKO-0.70  

g

g

 
a) nm, coarse grid (M1) 

 
b) nm, medium grid (M2) 

 
c) nm, fine grid (M3) 

 
d) pm 

Figure 15. Numerically modelled shape coefficient nm vs. physically modelled shape coefficient pm 

Angle of attack 90°, GEKO-0.70

g

g

Numerical Modelling of Snow Loads. Verification and Validation for the Kemerovo Museum, Theatre and Education 
Complex



86 International Journal for Computational Civil and Structural Engineering

4. CONCLUSIONS 
 
The following conclusions are made from the 
conducted research  
1. Numerical models of the Kemerovo MTEC 
and the surrounding buildings have been devel-
oped. A total of 2 wind directions, 2 velocities, 3 
levels of grid refinement (4.99, 10.77 and 19.06 
million cells) and 3 turbulence models  
(k- SST, GEKO-0.70 and GEKO-1.25) were 
considered. 
2. A thorough verification has been carried out 
to investigate the iteration and grid independence 

 
 Iteration and grid error can contribute 

significantly to the numerical solution results. 
To minimise this effect, it is necessary to use 
data sampling and maintain good mesh quality. 
 The solution for all the turbulence models 

mostly demonstrates oscillatory behaviour on 
different grid refinement levels. 
 The k-  SST model shows the worst iteration 

and grid convergence among the studied 
models. 
 The GEKO models show significantly better 

iteration convergence (eit < 16.2%), and 
decreasing the CSEP further improves it  
(eit < 3.5% for CSEP = 0.70). 
 The best grid convergence is achieved with 

GEKO-0.70 (eg < 7%) and the worst with  
k- SST (eg > 8%). 
3. A thorough validation has been carried out 
through a qualitative comparison of the numeri-
cal (CFD) and physical (WT) modelling results. 
 The GEKO turbulence model with the parame-

ter CSEP = 0.70 displayed good agreement with 
the experimental data. This model is recom-
mended for use in snow load determination for 
long-span roofs in steady-state simulations. 
4. It is confirmed that Ansys Fluent allows the 
snow loads determination on buildings of com-
plex shape with the accuracy sufficient enough 
for practical purposes, provided that modern tur-
bulence models and methods set out in the STO 
[13] are used. 
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NUMERICAL MODELING OF PLANE FRAME VIBRATIONS 
TAKING INTO ACCOUNT NONLOCAL IN TIME ELASTIC 

PROPERTIES OF THE MATERIAL 
 

Vladimir N. Sidorov 1,2, Elena. S. Badina 1,2, Roman O. Tsarev 1 
1 Moscow State University of Civil Engineering, Moscow, RUSSIA  

2 Russian University of Transport (MIIT), Moscow, RUSSIA 
 

Abstract: This paper presents a model for the dynamic deformation of plane composite frames accounting 
for the time-nonlocal elastic behavior of the material. The time-nonlocal model, previously developed for 
beam elements, is extended to frame structures and implemented within the finite element method. The 
influence of the nonlocal model scale parameter on the dynamic response is investigated. A U-shaped frame 
made of thermosetting vinyl ester glass-fiber-reinforced polymer is used as a case study to calibrate the scale 
parameter against reference three-dimensional finite element analysis results using the least-squares criterion 
and the golden-section search method. The calibrated time-nonlocal model significantly reduces the root-
mean-square error compared with the classical local model and provides results that are in close agreement 
with the reference three-dimensional finite element analysis. The results provide additional evidence that the 
scale parameter of the time-nonlocal model can be regarded as an intrinsic material property independent of 
the structural geometry. 
 

Keywords: Nonlocal mechanics, nonlocal damping, numerical simulation, finite element method 
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INTRODUCTION 
 
Technological development plays a key role in 
many fields, including construction, mechanical 
engineering, and manufacturing. Particular 
attention is given to the development and 
application of composite and nanomaterials with 
controllable physical, mechanical, and chemical 
properties, as these materials are essential for the 
design and development of innovative 
engineering products. However, such materials 
often exhibit orthotropic or anisotropic behavior, 
requiring the development of reliable theoretical 
models supported by experimental validation. 
These models must accurately describe the 
material response under various loading 
conditions, including dynamic loading. Three-
dimensional finite element models are widely 
used for this purpose because they can account 
for the internal structure of the material and its 
influence on mechanical behavior. However, 
their high computational cost limits their use in 
practical engineering applications. An alternative 
approach is provided by one-dimensional models 
based on specific hypotheses, including those 
derived from the principles of nonlocal 
mechanics. 
Examples of such models include the approach 
presented in [1], which considers several 
damping mechanisms during the vibration of a 
quasi-isotropic pultruded composite beam, 
including external damping, strain rate-
dependent internal damping, spatial hysteresis, 
and temporal hysteresis. The study also 
investigates different combinations of these 
damping mechanisms. Other models based on the 
principles of nonlocal mechanics include the 
nonlocal elasticity model proposed in [2] and the 
model presented in [3], which incorporates the 
nonlocality of both elastic and damping 
properties. The identification of the parameters 
of a nonlocal damping model using numerical 
simulations of the dynamic response of a 
composite beam is described in [4], whereas [5] 
presents a time-nonlocal internal friction model 
integrated into a finite element algorithm. These 
studies demonstrate that one-dimensional models 

based on the nonlocal approach can serve as an 
efficient alternative to detailed three-dimensional 
finite element models. 
In the classical local formulation, the defining 
relations for viscoelastic material, as described 
by the Kelvin-Voigt model, take the following 
form: 
 

= +
 

 , (1) 

 
where   is elastic moduli tensor,  =

 is viscosity moduli tensor,  is the 
retardation time,   is stress tensor,  is strain 
tensor. 
The Cauchy relation:  
 

=
1

2
+ , (2) 

 
where  is the differential operator and  is the 
components of displacements. 
When transitioning to a nonlocal formulation, 
relation (1) takes the following form: 
 

= ( ) ( ) +   (3) 

 
In Eq. (3), ( ) denotes the kernel of the 
nonlocal elasticity operator. It characterizes the 
decay of the contribution of strains at previous 
time instants  to the elastic forces at the current 
time . The kernel must satisfy the normalization 
requirement: ( ) = 1 
In the present model, only the elastic properties 
of the material are assumed to be time-nonlocal. 
Under this assumption, the elastic forces at the 
current time depend not only on the current 
deformation state but also on the deformation 
history of the material. 
A time-nonlocal model of the elastic properties 
of materials was previously developed for Euler–
Bernoulli beam elements and integrated into a 
finite element algorithm [6].  
The incorporation of the model into the finite 
element framework enables its application to the 
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analysis of rod systems with relatively complex 
geometries. The present study extends this 
approach to frame structures and demonstrates 
the applicability of the time-nonlocal model for 
predicting their dynamic response. 
 
 
CONSTRUCTION OF A TIME-
NONLOCAL DYNAMIC DEFORMATION 
MODEL FOR A ROD SYSTEM. 
 
In order to make the nonlocal in time dynamic 
deformation model suitable for practical 
calculations, it has been incorporated into the 
finite element method algorithm. The physical 
interpretation of the finite element dynamic 
problems can be based on the principle of virtual 
work [7]: 
 

+

= + . 

(4) 

 
Here  is a material density;  and   are surface 
and body forces;  is the field of virtual 
displacements;  is the field of virtual strains. 
The two dots denote the second time derivative. 
Using the defining relation of a nonlocal in time 
dynamic deformation model (3) and considering 
the components of elastic moduli tensor constant 
in time, we can rearrange (4) as: 
 

+ ( ) ( )

+

= + . 

(5) 

When employing the finite element approach, the 
actual strain and displacement fields for an 
element are replaced by approximate ones [8]: 
 

  , (6) 

 
where  is the shape functions matrix,  is the 
vector of displacements along the nodal degrees 
of freedom. 
With the matrix operator of Cauchy relations  
we can write = , then assumed element 
strain field is: 

 
= .  (7) 

 
Considering this and omitting the virtual nodal 
displacements according to the principle of 
virtual work [7] we can represent (5) in matrix 
form:  
 

+

+ ( ) ( )

= +   

(8) 

 
For a plane frame, the constitutive matrix  
contains two components corresponding to the 
axial and bending stiffness of the element, while 
the strain vector consists of two components: the 
axial strain and the curvature. The bending 
stiffness matrix was derived previously in [9]. 
Therefore, in the present study, only the axial 
component is derived: 
 

=  .  (9) 

 
Here,  is the longitudinal coordinate of the 
beam,  is the axial strain, and  is the axial 
displacement of the frame cross-sections. The 
assumed solution   for each frame 
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element can be written using interpolation 
functions: 
 

= 1 , (10) 

 
where  is an element length,  [0, ] is an 
element longitudinal coordinate. 
Using  as  we have: 
 

 = = . (11) 

 
Since all elements of  matrix are time 
independent we can take it out of the integral 
over time in (8). Then taking into account that 
cross-sectional moment of inertia is 

=  we obtain:  
 

+

+ ( ) ( )

= .  

(12) 

 
Here =  is the beam element 
mass matrix, =  is the element 
damping matrix, =  is the 
element stiffness matrix,  – is the load vector.  
To derive the stiffness matrices of a rod element 
subjected to axial deformation, the shape 
function matrix  and the strain–displacement 
matrix  are substituted into the integral 
expressions for the stiffness matrices, 
respectively, previously obtained in Eq. (12).  
 

= ,  (13) 

 

In (12) the damping matrix is proportional to the 
stiffness matrix. The same result was obtained in 
[5], where the damping matrix was derived using 
the stationary condition of the system's total 
energy during vibration. 
After assembling , ,  to a global mass 
matrix M, damping matrix D and stiffness matrix 
K of the beam, we can write the finite element 
formulation of equation of motion: 
 

+ + ( ) ( ) = . (14) 

 
When modeling the dynamic behavior of a plane 
frame, it is necessary to take into account that its 
elements are subjected not only to bending but 
also to tension and compression. Therefore, each 
node of the finite element model should have 
three degrees of freedom (Fig. 1). The bending 
stiffness matrix for nonlocal in time FEA model 
also has a standard form, which was 
demonstrated in [ ]. 
The stiffness matrix  of a plane frame element 
with three degrees of freedom at each node is a 
combination of axial and bending stiffness 
matrices and has the following form: 
 

0 0 0 0

0
12 6

0
12 6

0
6 4

0
6 2

0 0 0 0

0
12 6

0
12 6

0
6 2

0
6 4

 (15) 

 
Here, E is the modulus of elasticity, I and A are 
the moment of inertia and the cross-sectional area 
of the element, respectively, and l is the length of 
the element. 
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The viscosity coefficient for the considered 
frame is  = 0.021 Pa·s. 
To solve the equation of motion (14) in matrix 
form, an implicit scheme [11] was employed: 
 

= + + + , (17) 
where:  

=
2

+
1

+ , =
2

,

=
2

+
1

, (18) 

 
The integral kernel (16) has been discretized and 

- the weighting 
coefficient associated with - the sum of 
all other weights (fig.2): 
 

=
2

( ) ;

=
2

    

 (22) 

 
Computer programs were developed in Python 
programming language. Based on the above 
initial data, a series of calculations was 
performed for different values of the scale 
parameter in order to assess its influence on the 
characteristics of the oscillatory process. The 
obtained results are presented in Fig. 4. 
Analysis of the presented plots shows that a 
decrease in the parameter  (an increase in the 
degree of nonlocality) leads to an increase in the 
vibration amplitude. 

 

 
Figure 4. Displacement plots of the central node 

of the upper chord of the frame obtained from 
three computational cases with different values 

of the scale parameter 

DETERMINATION OF THE NONLOCAL 
PARAMETER BASED ON THE RESULTS 
OF A NUMERICAL EXPERIMENT 

 
For the proposed nonlocal material model to be 
used in engineering applications, the value of the 
nonlocal parameter must first be identified. In the 
present study, this parameter is determined through 
a calibration procedure based on the least squares 
method using the results of a numerical 
experiment. The reference data for the calibration 
were obtained from a three-dimensional finite 
element analysis of the frame structure described in 
the previous section. The numerical model was 
developed in the MIDAS Civil NX software 
package and accounts for the orthotropic properties 
of the composite material. The material properties 
used in the analysis are listed in Table 2. 

 
Table 2. Properties of thermoactive vinyl ester 

glass-reinforced plastic Class I (3D solid 
model): 

Young's Modulus (Longitudinal), Elw 17.2 GPa 
Young's Modulus (Transverse), Ecw 12.2 GPa 
Poisson's Ratio (Longitudinal), lw 0.32 
Poisson's Ratio (Transverse), cw 0.15 
Density,  1.9 kg m

3
 

Damping Coefficient,  0.042 
 

The finite element analysis provided the 
displacement history of the midpoint of the frame 
girder. The corresponding displacement data 
obtained in MIDAS Civil NX were exported to a 
Python program developed for identifying the 
scale parameter. The program implements a least 
squares calibration procedure, in which the scale 
parameter of the nonlocal model is identified by 
minimizing the sum of squared differences 
between the reference data and the numerical 
predictions. The optimization was performed 
using the golden section method. 
The comparison of the results is shown in Figs. 5 
and 6. Compared with the classical local model, 
the calibrated nonlocal rod model shows better 
agreement with the results of the three-
dimensional finite element analysis. 

 
Figure 1. Numbering of the degrees of freedom 

of a frame finite element 
 
To account for the time-nonlocal properties of 
the material, it is assumed that the elastic forces 
in the system at time  depend not only on the 
current displacement ( ), but also on the 
displacement history, i.e., the displacement 
values at previous time instants . The influence 
of past states decreases as the time interval 
between  and   increases [10].  
Various kernel functions have been proposed to 
model the memory function [2].  
In the present study, the nonlocal operator is 
defined by an error function kernel,  
which is expressed in the following form 
accounting for the normalization requirement: 
 

( ) =
2

( )  (16) 

 
Like for all non-local models, in this case, a 
defining characteristic is the scale parameter , 
which determines the level of nonlocality in the 
elastic properties of the material over time. 
Figure 2 illustrates how this parameter influences 
the shape of the kernel. 
 

 
Figure 2. Graphs showing the effect of the 

parameter  on the nonlocality of the model 
 

ASSESSMENT OF THE INFLUENCE OF 
THE SCALE PARAMETER ON THE 
NATURE OF THE OSCILLATORY 
PROCESS 

 
To further develop the proposed model, it is 
necessary to investigate the effect of the scale 
parameter on the dynamic response of the rod 
system. The equation of motion was solved using 
an implicit Newmark integration scheme [11]. 
Nodal displacements were computed following the 
procedure previously developed for the vibration 
analysis of Euler–Bernoulli beam elements with 
time-nonlocal elastic material properties [6]. 
As a numerical example, a U-shaped frame with 
fixed supports was analyzed (Fig. 3). The frame 
was assumed to be made of a Class I 
thermoactive vinyl ester fiberglass composite, 
the material properties of which are listed in 
Table 1. The columns have a square cross-section 
with a side length of 0.4 m, whereas the 
horizontal beam has a rectangular cross-section 
measuring 0.3 m in height and 0.4 m in width. An 
instantaneous uniformly distributed load with an 
i
horizontal beam. 

 
Table 1. Properties of thermoactive vinyl ester 
glass-reinforced plastic Class I (plane model): 

Young's Modulus, Elw 17.2 GPa 
 0.32

  
Damping  0.042

 

 
Figure 3. Computational model of the frame 

adopted for numerical simulation 
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The viscosity coefficient for the considered 
frame is  = 0.021 Pa·s. 
To solve the equation of motion (14) in matrix 
form, an implicit scheme [11] was employed: 
 

= + + + , (17) 
where:  
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The integral kernel (16) has been discretized and 

- the weighting 
coefficient associated with - the sum of 
all other weights (fig.2): 
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Computer programs were developed in Python 
programming language. Based on the above 
initial data, a series of calculations was 
performed for different values of the scale 
parameter in order to assess its influence on the 
characteristics of the oscillatory process. The 
obtained results are presented in Fig. 4. 
Analysis of the presented plots shows that a 
decrease in the parameter  (an increase in the 
degree of nonlocality) leads to an increase in the 
vibration amplitude. 
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The finite element analysis provided the 
displacement history of the midpoint of the frame 
girder. The corresponding displacement data 
obtained in MIDAS Civil NX were exported to a 
Python program developed for identifying the 
scale parameter. The program implements a least 
squares calibration procedure, in which the scale 
parameter of the nonlocal model is identified by 
minimizing the sum of squared differences 
between the reference data and the numerical 
predictions. The optimization was performed 
using the golden section method. 
The comparison of the results is shown in Figs. 5 
and 6. Compared with the classical local model, 
the calibrated nonlocal rod model shows better 
agreement with the results of the three-
dimensional finite element analysis. 
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defined by an error function kernel,  
which is expressed in the following form 
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To further develop the proposed model, it is 
necessary to investigate the effect of the scale 
parameter on the dynamic response of the rod 
system. The equation of motion was solved using 
an implicit Newmark integration scheme [11]. 
Nodal displacements were computed following the 
procedure previously developed for the vibration 
analysis of Euler–Bernoulli beam elements with 
time-nonlocal elastic material properties [6]. 
As a numerical example, a U-shaped frame with 
fixed supports was analyzed (Fig. 3). The frame 
was assumed to be made of a Class I 
thermoactive vinyl ester fiberglass composite, 
the material properties of which are listed in 
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Figure 5. Comparison of the results of the 

three-dimensional numerical experiment with 
the results of one-dimensional modeling based 

on the classical local model. The relative 
error is 13.56% 

 

 
Figure 6. Comparison of the results of the three-

dimensional numerical experiment with the 
results of one-dimensional modeling using the 
calibrated time-nonlocal deformation model 
with the error function kernel. The relative 

error is 5.41% 
 
The results clearly demonstrate that the 
calibrated nonlocal rod model allows to reduce 
the root mean square error by nearly one order of 
magnitude compared with the corresponding 
local model. Thus, the proposed approach 
achieves an accuracy comparable to that of the 
three-dimensional finite element model. 
Paper [6] presents the results of a series of 
numerical studies on Euler–Bernoulli beam 
elements with time-nonlocal elastic material 
properties.  
The calibration data for the 12 meters long beam 
with a fixed ends and with a cross-section 20 30 
cm was obtained in MIDAS Civil NX similarly 
as it was done for the frame. The material 
properties were taken as for the GFRP (Table 2) 

 
Figure 7. Calibration results for the beam 

presented in [6] 
 
The beam has the similar firs Eigen frequency as 
the considered frame (fig. 3), and thus a similar 
viscosity coefficient of 0.021 Pa·s. It was 
identified that the value of the scale parameter for 
the considered beam was 38.34 
calibration presented in this study was performed 
independently for a frame structure, the resulting 
combination of viscosity coefficient and scale 
parameter (0.022 Pa·s and 37,8 
is in close agreement with the corresponding 
values reported in [6]. This finding provides 
additional evidence that the scale parameter is an 
intrinsic material property of the nonlocal model 
and, therefore, does not require recalibration 
when the geometry of the structure changes. 
 
 
CONCLUSION 

 
The previously developed time-nonlocal 
dynamic deformation model, originally 
formulated for Euler–Bernoulli beam elements, 
has been extended to describe the dynamic 
response of frame structures. The influence of the 
scale parameter  on the structural response has 
been investigated, showing that an increase in the 
degree of temporal nonlocality leads to higher 
vibration amplitudes. 
Compared with the classical local formulation, 
the calibrated nonlocal rod model shows 
significantly better agreement with the reference 
three-dimensional finite element analysis. The 
calibration results provide additional evidence 
that the scale parameter is an intrinsic material 
property of the proposed nonlocal model and is 
independent of the structural geometry. 
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ANALYSIS AND COMPARISON OF THE EFFECTIVENESS OF 
VARIOUS SEISMIC ISOLATORS IN REDUCING SEISMIC 

MOVEMENTS RECORDED IN PERU 
  

Hubert S. Morales, Arnold S. Grados, Flor O. Vara 
Technological University of Peru, Lima, PERÚ 

 
Abstract: This study compares the seismic performance of four types of seismic protection technologies, the triple 
pendulum bearings (TPBs), viscous dampers (VDs), tuned mass dampers (TMDs) and high-damping rubber 
bearings (HDRBs).: Structural models developed in ETABS for 5 and 10-story buildings in Seismic Zone 4 of 
Peru were used for the analysis. The results demonstrate that TPBs provide the highest reduction of floor 
accelerations for all the considered buildings and story levels with effectiveness values in the range of 75% to 82%, 
better than both HDRBs and energy dissipation systems. The study found that HDRBs achieved reduction of 65% 
to 75% while viscous dampers (VDs) reduced the floor accelerations by 30% to 45%. Tuned mass dampers (TMDs) 
had the least performance with reductions of 12% to 22%. To summarize, the results indicate that seismic isolation 
systems, in particular TPBs, provide significantly higher reductions in the floor accelerations than energy 
dissipation systems. 

 
Keywords: Seismic isolators, Viscous dampers, Tuned mass dampers, Nonlinear dynamic análisis, 

Earthquake-resistant engineering, Seismic acceleration reduction, Structural modeling 
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1. INTRODUCTION 
 
The earthquakes that affect the Peruvian coast are 
due to the tectonic interaction between the Nazca 

and South American plates and are one of the 
major natural hazards for the country’s 
infrastructure (Kumar et al., 2025). A large 
amount of energy is released and transmitted to 
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configurations, geotechnical conditions of the 
site, and the level of seismic ground motion (Shid 
et al., 2025). 
Recent studies have been able to improve the 
knowledge of seismic isolation systems. 
However, there is a lack of comparative studies 
that evaluate the performance of different 
isolation technologies in conditions similar to 
those of the Peruvian seismic environment. In 
particular, the relative performance of each 
isolation system still has limited information, 
especially regarding the influence of coastal soil 
conditions, structural geometry, and earthquake 
duration. This lack of evidence makes it difficult 
to identify the most appropriate seismic 
protection technology for buildings located in 
Seismic Zone 4 of Peru, the region exposed to the 
country's highest level of seismic hazard. 
To expand the available evidence for the 
Peruvian seismic context, this study compares 
the performance of four seismic protection 
technologies: triple pendulum bearings (TPBs), 
viscous dampers (VDs), tuned mass dampers 
(TMDs), and high-damping rubber bearings 
(HDRBs). Structural models developed in 
ETABS and designed in accordance with 
Peruvian seismic codes were used for this 
purpose. The main objective is to evaluate the 
reduction in seismic accelerations in 5- and 10-
story buildings located in Zone 4 of Peru. The 
numerical models were defined using parameters 
including soil type, number of stories, structural 
configuration, and the mechanical properties of 
the construction materials. Subsequently, 
representative base models were developed, into 
which the different seismic control systems were 
incorporated. The structural response of the 
models was assessed using representative 
Peruvian earthquake records by comparing floor 
accelerations, inter-story drifts and lateral 
displacements. Lastly, an evaluation of the cost-
benefit ratio of each alternative was carried out 
to find the solution that provides the best balance 
between structural performance and economic 
feasibility. 

The main contribution of this study lies in 
comparing, under the same structural design 
conditions, the behavior of four seismic 
protection technologies using equivalent 
numerical models. Unlike much of the available 
literature, which analyzes each device 
independently, this research employs identical 
geometric models subjected to real seismic 
records from Peru and to the requirements 
established by Standard E.030. This made it 
possible to isolate the effect of each technology 
and provide a technical and economic basis to 
facilitate the selection of seismic protection 
systems for buildings located in Zone 4 of Peru. 
 
 
2. METHODOLOGY 
 
This research followed a quantitative, 
experimental-comparative approach, supported 
by numerical simulations developed using 
ETABS v20. The study was based on structural 
modeling and nonlinear dynamic analysis of 
reinforced concrete buildings equipped with 
different seismic control systems: triple-
pendulum isolators, high-damping isolators, 
viscous dampers, and tuned-mass dampers. 
Various authors have noted that nonlinear 
analysis is a suitable tool for representing the 
actual response of structures subjected to severe 
seismic events, especially when seismic isolation 
and dissipation devices are incorporated 
(Karaton et al., 2021). This study focuses on 
buildings representative of Zone 4 in Peru, 
considered the region with the highest seismic 
hazard in the country. 
To represent the diversity of the urban building 
stock, two reinforced concrete structural 
typologies were selected: a five-story low-rise 
building and a ten-story mid-rise building. These 
configurations were chosen because they are 
representative of the building stock in 
Metropolitan Lima and provide an appropriate 
basis for evaluating the influence of building 
height and structural stiffness on seismic 
response. 

the Earth’s surface during the subduction 
process, producing seismic forces that can affect 
buildings in both urban and rural areas 
(Chowdhury et al., 2025). The history of seismic 
events in Peru shows that earthquakes of large 
magnitude can result in structural collapse, loss 
of life and serious economic consequences. This 
reality necessitated the development of 
technologies to prevent transfer of seismic 
energy to structures and thus reduce structural 
damage and improve occupant safety. 
 Among these technologies, seismic isolation 
systems are characterized by their potential to 
enhance structural performance during 
earthquakes and to reduce the seismic demand 
transmitted to the superstructure (Shid et al., 
2025). Studies conducted in different countries 
have shown that rubber-based isolation systems 
dissipate a substantial portion of seismic energy, 
resulting in lower structural displacements and 
floor accelerations. For example, Patel and 
Kumar (2025) compared reinforced concrete 
buildings with and without seismic isolation 
systems and reported a significant reduction in 
the upper-story displacements of isolated 

(2021) evaluated the performance of a hospital 
equipped with triple pendulum bearings during 
the 2023 earthquakes in Türkiye and found that 
the facility remained operational even after 
experiencing multiple consecutive seismic 
events. 
Recent studies on seismic performance and 
structural resilience based on nonlinear dynamic 
analyses have shown that friction-based base 
isolation systems, such as triple pendulum 
bearings (TPBs), provide superior performance 
compared with fixed-base frame structures 
equipped with viscous dampers (Hudson, 2025). 
These devices concentrate deformation demands 
at the isolation interface, reduce the influence of 
higher vibration modes, and significantly 
decrease floor accelerations throughout the 
superstructure (Hudson, 2025). Similarly, 
rubber-based seismic isolation systems have 
become one of the most widely used technologies 
owing to their high energy dissipation capacity. 

Recent studies have shown that the mechanical 
behavior of elastomeric layers, bounded by steel 
plates, produces a displacement-dependent 
nonlinear stiffness. This characteristic provides 
better control of deformations under severe 
earthquakes and helps to limit displacements 
within the isolation system (Zhang & Lu, 2024). 
While tuned mass dampers are tuned to a narrow 
frequency band, typically that of the fundamental 
vibration mode of the structure, base isolation 
systems and viscous dampers are not (Belbachir 
et al., 2024). Hence, their ability to attenuate 
accelerations due to real earthquake excitations is 
generally more limited (Belbachir et al., 2024). 
Several studies have also pointed out the benefits 
of adding supplementary damping devices to 
seismic isolation systems. Kiral and Tonyali 
(2025) have compared the performance of 
laminated rubber bearings with and without 
viscous dampers. It has been demonstrated that 
the use of these devices considerably reduces the 
acceleration and displacement of the floors 
within the isolation layer. Similarly, Ren et al. 
(2025) demonstrated that lead-rubber bearings 
(LRBs) subjected to near-fault earthquakes may 
suffer critical deformations, leading to an 
increase of the effective stiffness and higher 
dynamic demands on the superstructure. More 
recently, emerging technologies, such as 
metamaterial-based seismic isolators (Khosravi 
and Amjadian, 2025) have been proposed to 
modify the natural frequency of structures, 
thereby reducing inter-story drifts and floor 
accelerations. 
The behaviour of seismic isolation systems has 
been widely investigated under various 
geotechnical and structural conditions. In this 
sense, Nettis et al. and Shid et al. (2025) 
evaluated the seismic vulnerability of isolated 
bridges along the Costa Verde in Lima, 
concluding that differential ground settlements 
increase the structural vulnerability, even in 
systems with high damping capacity. These 
findings reveal that although seismic isolation 
systems have performed well in many 
international applications, the effectiveness of 
these systems is influenced by structural 
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configurations, geotechnical conditions of the 
site, and the level of seismic ground motion (Shid 
et al., 2025). 
Recent studies have been able to improve the 
knowledge of seismic isolation systems. 
However, there is a lack of comparative studies 
that evaluate the performance of different 
isolation technologies in conditions similar to 
those of the Peruvian seismic environment. In 
particular, the relative performance of each 
isolation system still has limited information, 
especially regarding the influence of coastal soil 
conditions, structural geometry, and earthquake 
duration. This lack of evidence makes it difficult 
to identify the most appropriate seismic 
protection technology for buildings located in 
Seismic Zone 4 of Peru, the region exposed to the 
country's highest level of seismic hazard. 
To expand the available evidence for the 
Peruvian seismic context, this study compares 
the performance of four seismic protection 
technologies: triple pendulum bearings (TPBs), 
viscous dampers (VDs), tuned mass dampers 
(TMDs), and high-damping rubber bearings 
(HDRBs). Structural models developed in 
ETABS and designed in accordance with 
Peruvian seismic codes were used for this 
purpose. The main objective is to evaluate the 
reduction in seismic accelerations in 5- and 10-
story buildings located in Zone 4 of Peru. The 
numerical models were defined using parameters 
including soil type, number of stories, structural 
configuration, and the mechanical properties of 
the construction materials. Subsequently, 
representative base models were developed, into 
which the different seismic control systems were 
incorporated. The structural response of the 
models was assessed using representative 
Peruvian earthquake records by comparing floor 
accelerations, inter-story drifts and lateral 
displacements. Lastly, an evaluation of the cost-
benefit ratio of each alternative was carried out 
to find the solution that provides the best balance 
between structural performance and economic 
feasibility. 

The main contribution of this study lies in 
comparing, under the same structural design 
conditions, the behavior of four seismic 
protection technologies using equivalent 
numerical models. Unlike much of the available 
literature, which analyzes each device 
independently, this research employs identical 
geometric models subjected to real seismic 
records from Peru and to the requirements 
established by Standard E.030. This made it 
possible to isolate the effect of each technology 
and provide a technical and economic basis to 
facilitate the selection of seismic protection 
systems for buildings located in Zone 4 of Peru. 
 
 
2. METHODOLOGY 
 
This research followed a quantitative, 
experimental-comparative approach, supported 
by numerical simulations developed using 
ETABS v20. The study was based on structural 
modeling and nonlinear dynamic analysis of 
reinforced concrete buildings equipped with 
different seismic control systems: triple-
pendulum isolators, high-damping isolators, 
viscous dampers, and tuned-mass dampers. 
Various authors have noted that nonlinear 
analysis is a suitable tool for representing the 
actual response of structures subjected to severe 
seismic events, especially when seismic isolation 
and dissipation devices are incorporated 
(Karaton et al., 2021). This study focuses on 
buildings representative of Zone 4 in Peru, 
considered the region with the highest seismic 
hazard in the country. 
To represent the diversity of the urban building 
stock, two reinforced concrete structural 
typologies were selected: a five-story low-rise 
building and a ten-story mid-rise building. These 
configurations were chosen because they are 
representative of the building stock in 
Metropolitan Lima and provide an appropriate 
basis for evaluating the influence of building 
height and structural stiffness on seismic 
response. 

Analysis and Comparison of the Effectiveness of Various Seismic Isolators in Reducing Seismic Movements Recorded 
in Peru
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Figure 1. Research workflow of the study 

 
The study followed an explanatory and applied 
research approach aimed at quantitatively 
comparing the performance of different seismic 
control technologies under representative 
earthquake ground motions for the Peruvian 
seismic environment. The analyses were limited 
to reinforced concrete moment-resisting frame 
buildings designed in accordance with the 
Peruvian Technical Standards E.020 (Loads), 
E.030 (Seismic Design), and E.060 (Reinforced 
Concrete). In accordance with the Peruvian 
Seismic Design Code (E.030), essential facilities 
require rigorous seismic assessment to ensure 
uninterrupted functionality following major 
earthquake events (Jarro et al., 2024). Numerical 
simulation tools specialized in seismic 
engineering, such as ETABS, allow for the 
accurate evaluation of structural response by 
estimating inter-story distortions, bidirectional 
displacements, and floor accelerations using local 
seismic records scaled in accordance with the 
requirements of current codes (Jarro et al., 2024). 
Initially, the structural models were defined by 
establishing the building typology, soil 

conditions, and the mechanical properties of the 
construction materials. Subsequently, the seismic 
control systems were incorporated into the 
baseline models, and nonlinear dynamic analyses 
were performed using representative Peruvian 
earthquake ground motions. The resulting 
structural responses were then compared in terms 
of floor accelerations, interstory drifts, and 
lateral displacements, followed by a cost–benefit 
assessment of each technology. 
The increase in the fundamental period 
constitutes the primary mechanism governing the 
effectiveness of base isolation systems (Musa, 
2025). Finite element platforms such as ETABS 
allow engineers to evaluate how increased 
flexibility at the isolation interface shifts the 
natural period of the structure away from the 
resonance-sensitive region of the seismic 
response spectrum. As a result, base shear forces, 
interstory drifts, and dynamic demands 
transmitted to the superstructure are significantly 
reduced (Musa, 2025). 
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Figure 2. Representative structural building typologies considered in this study 

 
Structural modeling was then carried out in 
ETABS. Baseline models of representative 
buildings (without seismic control devices) were 
developed in ETABS v20 by accurately defining 
their geometry, member sections, materials, and 
loading conditions. The structural modeling 
process involved the precise definition of the 
geometry, member sections, material properties, 
dead and live loads, as well as the support 
conditions. 
The nonlinear properties of the devices were 
assigned to represent their actual behavior. For the 
TPB isolators, friction elements with radii of 

contact pressure. For the HDRBs, elastomeric 
supports were defined with a shear modulus (G) of 
0.85 MPa and an effective damping of 15% for 
maximum deformations. Viscous dampers were 
modeled using Link-type elements, with an 

response. The AMS, meanwhile, was modeled as a 
concentrated mass equivalent to 5% of the effective 
seismic mass, tuned to the building’s fundamental 
frequency using linear springs. 
The reliability of the ETABS v20 simulations 
was evaluated using two verification criteria. 
Cumulative modal mass participation exceeded 

90% within the first three vibration modes, 
satisfying the requirements of Peruvian Standard 
E.030. In addition, nonlinear time-history 
analyses showed an accumulated energy error 
below 2% of the total internal energy, confirming 
numerical convergence of the solution. 
Likewise, once the ETABS models had been 
completed, the seismic isolation and energy 
dissipation systems were incorporated. To this 
end, models of the four seismic control systems 
were introduced into the baseline models, and 
modified models were developed for each type of 
isolation or energy dissipation system. For the 
nonlinear numerical simulation of HDRB 
devices, mechanical models capable of 
adequately capturing stiffness degradation and 
damping properties under complex cyclic 
loading were employed (Wahab, 2025). The use 
of these advanced approaches makes it possible 
to accurately incorporate the deformation history 
of elastomeric materials, simulating reductions in 
base shear that achieve significant attenuation of 
critical interstory drifts in multistory reinforced 
concrete buildings (Wahab, 2025). In all cases, 
the geometric properties, loading conditions, and 
material characteristics were kept constant so 
that the variations observed in the structural 
response could be attributed exclusively to the 
type of seismic control technology applied. 

 
Figure 1. Research workflow of the study 

 
The study followed an explanatory and applied 
research approach aimed at quantitatively 
comparing the performance of different seismic 
control technologies under representative 
earthquake ground motions for the Peruvian 
seismic environment. The analyses were limited 
to reinforced concrete moment-resisting frame 
buildings designed in accordance with the 
Peruvian Technical Standards E.020 (Loads), 
E.030 (Seismic Design), and E.060 (Reinforced 
Concrete). In accordance with the Peruvian 
Seismic Design Code (E.030), essential facilities 
require rigorous seismic assessment to ensure 
uninterrupted functionality following major 
earthquake events (Jarro et al., 2024). Numerical 
simulation tools specialized in seismic 
engineering, such as ETABS, allow for the 
accurate evaluation of structural response by 
estimating inter-story distortions, bidirectional 
displacements, and floor accelerations using local 
seismic records scaled in accordance with the 
requirements of current codes (Jarro et al., 2024). 
Initially, the structural models were defined by 
establishing the building typology, soil 

conditions, and the mechanical properties of the 
construction materials. Subsequently, the seismic 
control systems were incorporated into the 
baseline models, and nonlinear dynamic analyses 
were performed using representative Peruvian 
earthquake ground motions. The resulting 
structural responses were then compared in terms 
of floor accelerations, interstory drifts, and 
lateral displacements, followed by a cost–benefit 
assessment of each technology. 
The increase in the fundamental period 
constitutes the primary mechanism governing the 
effectiveness of base isolation systems (Musa, 
2025). Finite element platforms such as ETABS 
allow engineers to evaluate how increased 
flexibility at the isolation interface shifts the 
natural period of the structure away from the 
resonance-sensitive region of the seismic 
response spectrum. As a result, base shear forces, 
interstory drifts, and dynamic demands 
transmitted to the superstructure are significantly 
reduced (Musa, 2025). 
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Table 1 Modeling Parameters and Modal Response.  
Device     Modeling 

Parameter in 
ETABS 

Description     Source in the Study 

Triple Pendulum 
Isolator (TPB) 

Nonlinear friction 
elements with 
multiple contact 
surfaces. 

Reproduce 
displacement-
dependent behavior. 

Adjusted parameters: 
Radius of curvature, 
friction coefficients 

 
High-Damping Isolator 
(HDRB) 

Elastomeric 
bearings. 

High vertical stiffness 
and low lateral 
modulus. 

Adjusted properties: 
Shear modulus (G), 
vertical stiffness, and 

 

Viscous Dissipator (DV) Velocity-
dependent 

v . 

The force is 
proportional to a 
power of the velocity. 

Constant C and 

typical commercial 
values). 

Tuned Mass Damper 
(AMS) 

Secondary mass 
equivalent to 5% of 
the total mass. 

Tuned to act on the 
first vibration mode of 
the base model. 

Mass and stiffness 
adjusted to tune the 
period. 

 
Table 2. AMA Results 

 

Building Floor  Non-
Isolator 
(Max. 
A.M.A.) 

TPB 
Isolator   

HDRB 
Isolator     

Viscous 
Damper 
(DV) 

Mass Damper 
(AMS) 

5 floors 5 0.82 g 80% 72% 35% 15% 
 

1 0.78 g 82% 75% 30% 12% 
10 floors 10 0.75 g 78% 70% 40% 20% 
 

1 0.70 g 80% 72% 38% 18% 
 
 
3.2. Reduction of Absolute Peak Accelerations 
(A.P.A.) 
Base isolation systems (TPB and HDRB) proved 
to be the most effective at reducing accelerations, 
achieving an average attenuation of 75% in the 
superstructure of medium- and high-rise 
buildings. 
Acceleration reduction remains robust and 
inversely proportional to height in base isolators. 
The TPB offers the most consistent protection 
against accelerations at all levels. 

3.3. Detailed Reduction of Inter-  
To evaluate inter-story distortion based on the 
1974 Lima, 2001 Arequipa, and 2007 Ica seismic 
records scaled according to Standard E.030, the 
critical stories for each building type were 
analyzed. Previous scale inconsistencies were 
eliminated by standardizing the maximum values 
obtained 
 

 
Figure 3. Baseline structural model with and without seismic control devices 

 
Next, earthquake records were selected. 
Historical earthquake records from Peru (Lima 
1974, Arequipa 2001, and Ica 2007) were used, 
scaled and adjusted in accordance with the 
Peruvian Seismic Design Code E.030 to ensure 
their representativeness. 
Subsequently, nonlinear dynamic analyses and 
response spectrum modal analyses were 
performed to evaluate the structural response to 
the selected earthquake ground motions in detail. 
Afterward, the results were compared. The 
maximum and average values of accelerations, 
interstory drifts, and displacements were 
processed and organized, comparing the baseline 
models with those incorporating seismic control 
systems to determine the corresponding 
percentage reduction. 
Finally, based on the results obtained from the 
models incorporating seismic isolation and 
energy dissipation systems, a cost–benefit 
analysis was carried out for each technology. The 

costs were expressed as percentage increases 
relative to the baseline structural cost in order to 
determine the most efficient and economically 
viable solution. 
 
 
3. RESULTS 
 
The application of nonlinear dynamic (time-
history) analyses to the 12 structural models (3 
baseline buildings and 3 buildings equipped with 
each of the 4 seismic control systems), together 
with the processing of the obtained results, 
yielded the following quantitative comparison in 
terms of the percentage reduction in seismic 
demands. 
3.1. Modeling Parameters and Modal Response 
The ETABS v20 models were developed by 
accurately defining the nonlinear parameters for 
each seismic control system: 
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achieving an average attenuation of 75% in the 
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Acceleration reduction remains robust and 
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The TPB offers the most consistent protection 
against accelerations at all levels. 
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To evaluate inter-story distortion based on the 
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records scaled according to Standard E.030, the 
critical stories for each building type were 
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performed to evaluate the structural response to 
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analysis was carried out for each technology. The 

costs were expressed as percentage increases 
relative to the baseline structural cost in order to 
determine the most efficient and economically 
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The application of nonlinear dynamic (time-
history) analyses to the 12 structural models (3 
baseline buildings and 3 buildings equipped with 
each of the 4 seismic control systems), together 
with the processing of the obtained results, 
yielded the following quantitative comparison in 
terms of the percentage reduction in seismic 
demands. 
3.1. Modeling Parameters and Modal Response 
The ETABS v20 models were developed by 
accurately defining the nonlinear parameters for 
each seismic control system: 
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Table 3.  5- and 10-story buildings 
 

Building     Critical 
Floor 

Base Structure 
(Without Device) 

TPB 
Isolator 

HDRB 
Isolator 

Viscous 
Damper 
(DV) 

Mass Damper 
(AMS) 

5 floors Piso 3 0.00700 0.00035 0.00060 0.00420 0.00595 

10 floors Piso 6 0.00850 0.00045 0.00090 0.00510 0.00697 
Average 
Reduction 
(%) 

— — > 90% 85% +-
5% 

40%+-5% 15% +-5% 

As shown in Table 3, the reinforced concrete 
structure without damping devices exceeds the 

0.007) for the 10-story building under severe 
earthquakes. The implementation of base 
isolation technologies (TPB and HDRB) shifts 
the structure’s fundamental period, reducing 
drifts by more than 85% and keeping the 
superstructure within a fully elastic behavior 
range. In contrast, viscous dampers (DV) 
mitigate drift by increasing the structure’s 
damping without altering its fundamental period, 
achieving a moderate reduction of 40%, while 

the AMS demonstrates limited effectiveness 
(15%) due to the broadband demand of the actual 
Peruvian earthquakes analyzed. 
3.4. Maximum Basal Displacements and 
Increase in Base Structural Cost 
To evaluate inter-story distortion under the 1974 
Lima, 2001 Arequipa, and 2007 Ica seismic 
records scaled according to Standard E.030, the 
critical stories for each building type were 
analyzed. Previous scale inconsistencies were 
eliminated by standardizing the maximum values 
obtained from the nonlinear simulations in 
ETABS. 

 
Table 4. Results of Maximum Inter-  

Seismic 
Control 
System 

Maximum 
Displacement at 
the Base (5 
Stories)   

Maximum 
Displacement at 
the Base (10 
Stories) 

Estimated 
Increase in 
Structural 
Cost 

Feasibility 

TPB Isolator 18.5 cm 24.2 cm + 12% a 15% High / Optimal: 
Maximum safety and 
damage reduction that 
justifies the investment. 

HDRB 
Isolator 

22.1 cm 28.6 cm + 10% a 12% High: Requires slightly 
larger seismic joints due 
to its lateral flexibility. 

Viscous 
Damper (DV) 

0.0 cm (Fixed) 0.0 cm (Fixed) + 8% a 10% Medium: Does not 
require a base seismic 
joint, but the 
superstructure absorbs 
more shear. 

Mass Damper 
(AMS) 

0.0 cm (Fixed) 0.0 cm (Fixed) + 4% a 6% Low: Lower cost, but 
inefficient at reducing 
overall vulnerability. 
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Figure 1. Distribution of Maximum Drifts 

 
The graph shows the distribution of maximum 
deflections along the height of the building 
subjected to local seismic demand. It can be seen 
that the original fixed structure (Base) exceeds 
the permissible limit of 0.007 established by the 
Peruvian standard E.030. The incorporation of 
base isolators (TPB and HDRB) reduces 

deflections drastically below the regulatory 
threshold, keeping the superstructure within the 
elastic range. Meanwhile, viscous dampers (DV) 
achieve moderate mitigation by controlling 
deformations through complementary damping. 
 

 

 
Figure 2. Structural reduction in demand 

 
This illustration compares the percentage 
reduction in structural demand (deflections) with 
the percentage increase in cost relative to the 
base structural budget. Although total isolation 

technologies (TPB and HDRB) represent the 
highest initial investment (between 11% and 
14%), their extremely high effectiveness 
mitigates the risk of collapse and reduces post-
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Average 
Reduction 
(%) 

— — > 90% 85% +-
5% 

40%+-5% 15% +-5% 

As shown in Table 3, the reinforced concrete 
structure without damping devices exceeds the 

0.007) for the 10-story building under severe 
earthquakes. The implementation of base 
isolation technologies (TPB and HDRB) shifts 
the structure’s fundamental period, reducing 
drifts by more than 85% and keeping the 
superstructure within a fully elastic behavior 
range. In contrast, viscous dampers (DV) 
mitigate drift by increasing the structure’s 
damping without altering its fundamental period, 
achieving a moderate reduction of 40%, while 

the AMS demonstrates limited effectiveness 
(15%) due to the broadband demand of the actual 
Peruvian earthquakes analyzed. 
3.4. Maximum Basal Displacements and 
Increase in Base Structural Cost 
To evaluate inter-story distortion under the 1974 
Lima, 2001 Arequipa, and 2007 Ica seismic 
records scaled according to Standard E.030, the 
critical stories for each building type were 
analyzed. Previous scale inconsistencies were 
eliminated by standardizing the maximum values 
obtained from the nonlinear simulations in 
ETABS. 

 
Table 4. Results of Maximum Inter-  

Seismic 
Control 
System 

Maximum 
Displacement at 
the Base (5 
Stories)   

Maximum 
Displacement at 
the Base (10 
Stories) 

Estimated 
Increase in 
Structural 
Cost 

Feasibility 

TPB Isolator 18.5 cm 24.2 cm + 12% a 15% High / Optimal: 
Maximum safety and 
damage reduction that 
justifies the investment. 

HDRB 
Isolator 

22.1 cm 28.6 cm + 10% a 12% High: Requires slightly 
larger seismic joints due 
to its lateral flexibility. 

Viscous 
Damper (DV) 

0.0 cm (Fixed) 0.0 cm (Fixed) + 8% a 10% Medium: Does not 
require a base seismic 
joint, but the 
superstructure absorbs 
more shear. 

Mass Damper 
(AMS) 

0.0 cm (Fixed) 0.0 cm (Fixed) + 4% a 6% Low: Lower cost, but 
inefficient at reducing 
overall vulnerability. 
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tuned to a narrow, single fundamental frequency 
of the original fixed structure, it loses almost all 
of its damping effectiveness in the face of 
broadband seismic demands and irregular 
accelerations from local earthquakes, which 
induce multimodal responses that the AMS is 
unable to match. 
These results confirm that base isolation systems 
are significantly more effective at controlling 
structural deformation demands than 
supplemental damping systems. 
 
4.3. Assessment Against the Limits of Peruvian 
Standard E.030 
Displacements at the isolation interface are a key 
variable in the design of seismic joints and 
construction details. 
The models equipped with TPB recorded 
maximum displacements of 18.5 cm and 24.2 cm 
for the 5- and 10-story buildings, respectively, 
while the HDRB models reached slightly higher 
displacements of 22.1 cm and 28.6 cm. 
Although these values are higher than those 
observed in fixed structures, they are an expected 
consequence of the isolation mechanism. The 
increase in base displacement significantly 
reduces the forces transmitted to the 
superstructure, resulting in a substantial decrease 
in accelerations and drifts. 
Therefore, the increase in displacement should 
not be interpreted as a structural disadvantage, 
but rather as evidence that the seismic isolation 
system is functioning properly. 
 
4.4. Cost-Benefit Analysis of the Systems 
Reviewed  
The economic evaluation shows that base 
isolation systems require a higher initial 
investment, with increases of between 10% and 
15% compared to conventional structural costs. 
However, when this investment is compared to 
the levels of reduction in accelerations, drifts, 
and potential damage, it becomes clear that the 
TPB offers the best cost-benefit ratio. Despite 
having the highest initial cost, it also provides the 
highest levels of structural and functional 
protection. 

HDRBs are a technically viable alternative with 
slightly lower costs and protection levels 
comparable to those of the TPB. Viscous 
dampers can be considered an intermediate 
solution for projects where architectural or urban 
constraints prevent the installation of base 
isolation. 
In contrast, AMS have the lowest initial cost but 
also the lowest capacity to reduce seismic demand; 
therefore, their implementation as the primary 
protection system is not technically recommended 
for buildings located in Zone 4 of Peru. 
 
 
5. CONCLUSIONS 
 
It was determined that the variables with the 
greatest influence on seismic response are soil 
type, building height, the mechanical properties 
of the materials, geometric characteristics, and 
the specific parameters of each seismic control 
device. The proper definition of these parameters 
made it possible to develop numerical models 
that accurately represent the behavior of 
buildings located in Zone 4 of Peru. 
It was found that base isolation systems are 
significantly more effective than energy 
dissipation systems. The Triple Pendulum (TPB) 
isolator achieved the best overall performance, 
followed by the HDRB, while viscous dampers 
exhibited intermediate performance and tuned 
mass dampers were the least effective. 
The TPB system achieved reductions ranging 
from 78% to 82%, establishing itself as the most 
efficient technology for reducing the inertial 
forces transmitted to the superstructure. The 
HDRBs achieved reductions ranging from 70% 
to 75%, while the viscous dampers and AMS 
achieved considerably lower reductions. 
The TPB and HDRB systems reduced critical 
deflections by more than 85%, keeping the 
structures within elastic behavior ranges and 
amply meeting the requirements of Standard 
E.030. Although these systems generate greater 
displacements at the base, these displacements 
are the mechanism by which seismic demand on 
the superstructure is reduced.

 

earthquake repair costs to zero. This 
demonstrates that base isolators offer the most 
efficient and viable cost-benefit ratio for Zone 4, 
a high-seismicity area in Peru. 
 
 
4. DISCUSSION OF RESULTS  
 
The results obtained through nonlinear dynamic 
analysis made it possible to evaluate the seismic 
behavior of 5- and 10-story reinforced concrete 
buildings equipped with different seismic control 
technologies. The comparison shows that the 
efficiency of each system is directly related to its 
energy dissipation or isolation mechanism, 
generating significantly different structural 
responses to the Peruvian seismic records 
considered. 
 
4.1. Effect of Seismic Control Systems on 
Structural Accelerations   
Absolute peak accelerations are one of the most 
important indicators for evaluating the level of 
protection provided by a structure and its non-
structural elements. The results show that base 
isolation systems achieve the greatest reductions 
in acceleration compared to the conventional 
model. 
The Triple Pendulum (TPB) isolator achieved 
reductions ranging from 78% to 82%, while the 
HDRB isolator achieved reductions ranging from 
70% to 75%. These differences are due to the fact 
that both systems significantly modify the 
structure’s fundamental period, shifting it away 
from the regions of maximum spectral 
amplification of the analyzed earthquakes. 
The better performance of triple-pendulum 
isolators (TPB) is related to the presence of 
multiple sliding surfaces, which help to gradually 
dissipate seismic energy and to redistribute 
inertial forces in a more effective way. In 
contrast, the energy dissipation of HDRBs is 
mainly achieved by elastomer deformation, 
which slightly reduces the ability of HDRBs to 
reduce the structural accelerations. These results 
are consistent with the performance observed by 

equipped with TPB systems and expand upon the 
conclusions presented by Hudson (2025).  The 
data presented, show that, under the seismic 
conditions typical for Peru and generated by 
subduction earthquakes, the multidirectional 
friction system of the TPB has a better capacity 
to cope with the impact of higher modes on the 
superstructure than the isolation provided by an 
elastomer. 
The viscous dampers reduced the acceleration by 
30% to 40% due to the increase in overall 
damping of the system without significantly 
changing the natural frequency of the structure. 
However, the tuned mass dampers (TMDs) 
presented reductions of less than 22%, which 
denotes a poor performance against the 
broadband seismic motions that characterize the 
Peruvian coast. 
 
4.2. Performance of Energy Dissipation 
Devices (DV and AMS)  
Drift is one of the most representative indicators 
of structural and non-structural damages. Results 
show that the traditional 10-storey structure 
obtained a maximum drift of 0.00850 which 
exceeds the limit set out in Standard E.030 for 
reinforced concrete buildings. Triple-pendulum 
isolators (TPB) have been included and the 
maximum drift was found to be 0.00045, while 
high-damping isolators (HDRB) had a drift of 
0.00090. The reduction is greater than 85%, 
which shows that the base isolation separates the 
response of the superstructure from the ground 
motion, greatly reducing the transmission of 
deformations to the upper stories. 
The viscous dampers reduced drift to 0.00510, 
remaining within the regulatory limit, although 
with a considerably lower mitigation capacity. In 
contrast, the AMS exhibited a drift of 0.00697, a 
value very close to the permitted limit, indicating 
that its ability to control severe deformations is 
limited under the seismic scenarios considered. 
The limited capacity of the tuned mass damper 
(mitigation of only 15% in drifts) when subjected 
to real-world records such as the 2007 Ica 
earthquake confirms the findings of Belbachir 
(2024) and Jarro (2024). Because the AMS is 
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tuned to a narrow, single fundamental frequency 
of the original fixed structure, it loses almost all 
of its damping effectiveness in the face of 
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induce multimodal responses that the AMS is 
unable to match. 
These results confirm that base isolation systems 
are significantly more effective at controlling 
structural deformation demands than 
supplemental damping systems. 
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Displacements at the isolation interface are a key 
variable in the design of seismic joints and 
construction details. 
The models equipped with TPB recorded 
maximum displacements of 18.5 cm and 24.2 cm 
for the 5- and 10-story buildings, respectively, 
while the HDRB models reached slightly higher 
displacements of 22.1 cm and 28.6 cm. 
Although these values are higher than those 
observed in fixed structures, they are an expected 
consequence of the isolation mechanism. The 
increase in base displacement significantly 
reduces the forces transmitted to the 
superstructure, resulting in a substantial decrease 
in accelerations and drifts. 
Therefore, the increase in displacement should 
not be interpreted as a structural disadvantage, 
but rather as evidence that the seismic isolation 
system is functioning properly. 
 
4.4. Cost-Benefit Analysis of the Systems 
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The economic evaluation shows that base 
isolation systems require a higher initial 
investment, with increases of between 10% and 
15% compared to conventional structural costs. 
However, when this investment is compared to 
the levels of reduction in accelerations, drifts, 
and potential damage, it becomes clear that the 
TPB offers the best cost-benefit ratio. Despite 
having the highest initial cost, it also provides the 
highest levels of structural and functional 
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HDRBs are a technically viable alternative with 
slightly lower costs and protection levels 
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dampers can be considered an intermediate 
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constraints prevent the installation of base 
isolation. 
In contrast, AMS have the lowest initial cost but 
also the lowest capacity to reduce seismic demand; 
therefore, their implementation as the primary 
protection system is not technically recommended 
for buildings located in Zone 4 of Peru. 
 
 
5. CONCLUSIONS 
 
It was determined that the variables with the 
greatest influence on seismic response are soil 
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made it possible to develop numerical models 
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buildings located in Zone 4 of Peru. 
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followed by the HDRB, while viscous dampers 
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mass dampers were the least effective. 
The TPB system achieved reductions ranging 
from 78% to 82%, establishing itself as the most 
efficient technology for reducing the inertial 
forces transmitted to the superstructure. The 
HDRBs achieved reductions ranging from 70% 
to 75%, while the viscous dampers and AMS 
achieved considerably lower reductions. 
The TPB and HDRB systems reduced critical 
deflections by more than 85%, keeping the 
structures within elastic behavior ranges and 
amply meeting the requirements of Standard 
E.030. Although these systems generate greater 
displacements at the base, these displacements 
are the mechanism by which seismic demand on 
the superstructure is reduced.

 

earthquake repair costs to zero. This 
demonstrates that base isolators offer the most 
efficient and viable cost-benefit ratio for Zone 4, 
a high-seismicity area in Peru. 
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The results obtained through nonlinear dynamic 
analysis made it possible to evaluate the seismic 
behavior of 5- and 10-story reinforced concrete 
buildings equipped with different seismic control 
technologies. The comparison shows that the 
efficiency of each system is directly related to its 
energy dissipation or isolation mechanism, 
generating significantly different structural 
responses to the Peruvian seismic records 
considered. 
 
4.1. Effect of Seismic Control Systems on 
Structural Accelerations   
Absolute peak accelerations are one of the most 
important indicators for evaluating the level of 
protection provided by a structure and its non-
structural elements. The results show that base 
isolation systems achieve the greatest reductions 
in acceleration compared to the conventional 
model. 
The Triple Pendulum (TPB) isolator achieved 
reductions ranging from 78% to 82%, while the 
HDRB isolator achieved reductions ranging from 
70% to 75%. These differences are due to the fact 
that both systems significantly modify the 
structure’s fundamental period, shifting it away 
from the regions of maximum spectral 
amplification of the analyzed earthquakes. 
The better performance of triple-pendulum 
isolators (TPB) is related to the presence of 
multiple sliding surfaces, which help to gradually 
dissipate seismic energy and to redistribute 
inertial forces in a more effective way. In 
contrast, the energy dissipation of HDRBs is 
mainly achieved by elastomer deformation, 
which slightly reduces the ability of HDRBs to 
reduce the structural accelerations. These results 
are consistent with the performance observed by 

equipped with TPB systems and expand upon the 
conclusions presented by Hudson (2025).  The 
data presented, show that, under the seismic 
conditions typical for Peru and generated by 
subduction earthquakes, the multidirectional 
friction system of the TPB has a better capacity 
to cope with the impact of higher modes on the 
superstructure than the isolation provided by an 
elastomer. 
The viscous dampers reduced the acceleration by 
30% to 40% due to the increase in overall 
damping of the system without significantly 
changing the natural frequency of the structure. 
However, the tuned mass dampers (TMDs) 
presented reductions of less than 22%, which 
denotes a poor performance against the 
broadband seismic motions that characterize the 
Peruvian coast. 
 
4.2. Performance of Energy Dissipation 
Devices (DV and AMS)  
Drift is one of the most representative indicators 
of structural and non-structural damages. Results 
show that the traditional 10-storey structure 
obtained a maximum drift of 0.00850 which 
exceeds the limit set out in Standard E.030 for 
reinforced concrete buildings. Triple-pendulum 
isolators (TPB) have been included and the 
maximum drift was found to be 0.00045, while 
high-damping isolators (HDRB) had a drift of 
0.00090. The reduction is greater than 85%, 
which shows that the base isolation separates the 
response of the superstructure from the ground 
motion, greatly reducing the transmission of 
deformations to the upper stories. 
The viscous dampers reduced drift to 0.00510, 
remaining within the regulatory limit, although 
with a considerably lower mitigation capacity. In 
contrast, the AMS exhibited a drift of 0.00697, a 
value very close to the permitted limit, indicating 
that its ability to control severe deformations is 
limited under the seismic scenarios considered. 
The limited capacity of the tuned mass damper 
(mitigation of only 15% in drifts) when subjected 
to real-world records such as the 2007 Ica 
earthquake confirms the findings of Belbachir 
(2024) and Jarro (2024). Because the AMS is 
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Figure 3. Summary of reductions by heat sink 

 
It is concluded that the TPB system offers the 
most efficient solution for buildings located in 
areas of high seismic hazard in Peru. Although it 
requires an initial investment that is 12% to 15% 
higher than the conventional structural cost, it 
provides the greatest reduction in accelerations 
and displacements, minimizes the probability of 
structural and nonstructural damage, and 
promotes operational continuity following a 
severe seismic event. 
The research shows that base seismic isolation is 
the most effective strategy for improving seismic 
performance in reinforced concrete buildings in 
Zone 4 of Peru, with the Triple Pendulum isolator 
being the option that offers the best technical and 
economic results among the technologies 
evaluated. 
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MAIN PARAMETERS OF A BUTT JOINT WITH MEANDER 
OUTLINE FOR BOX-SECTION COLUMN IN FRAME MOMENT 

CONNECTION FOR SEISMIC APPLICATIONS 
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Abstract: The article presents the research results of the main parameters of a new technical solution aimed at 
increasing the reliability of an earthquake-resistant frame moment connection between a box-section column and 
an I-beam beam. This effect is achieved by reducing the number of welds within the connection and performing 
them under factory conditions. The essence of the solution lies in creating a butt joint of box-section profiles with 
an outline like a continuous broken line (meander outline) and clamping it from four sides with splice plates using 
through-bolt high-strength pretensioned bolts. This approach allows welding internal diaphragm plates inside the 
profile cavity under factory conditions and arranging a frame moment connection with an I-beam beam at the joint 
location, which can be executed as a bolted unstiffened end-plate connection (BUEEP) or a double-tee moment 
connection. Previously, an idealized concept of this connection within a steel moment frame was analyzed through 
numerical modeling under seismic impact, concluding that the performance of the butt joint is equivalent to that 
of a solid profile.  sensitivity analysis of the stress-strain state of the frame moment connection with a BUEEP 
was conducted regarding variations in the main parameters of the butt joint with the outline like a meander. These 
parameters include the meander height, meander fillet radius, thicknesses of flanges and diaphragm plates, as well 
as the number of bolts per row, their position, diameter, and pretension force value. Based on the data obtained, 
the parameters exerting the greatest influence on the connection performance were identified, and recommenda-
tions for its optimal design were formulated. 
 

Keywords: butt joint, steel frame moment connection, box-section column, seismic, low temperature, weld, 
ANSYS 
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INTRODUCTION 
 
Ensuring structural safety in seismically active 
regions remains a critical challenge in the design 
of buildings and structures. An effective ap-
proach involves dissipating seismic energy 
through the plastic properties of materials and the 
application of seismic isolation systems and vi-
bration dampers, including the utilization of the 
"soft-story" effect [1–3]. Implementing this ef-
fect enhances the dynamic performance of a 
building or creates a dynamic vibration absorber 
without requiring specialized devices; however, 
it necessitates the use of a steel moment frame. 
Steel is the most suitable material due to its high 
strength and capacity to sustain long-term perfor-
mance under plastic deformation. For columns, 
square box-sections are preferred, as they pro-
vide equal strength in both orthogonal directions, 
exhibit a higher resistance to buckling past the 
elastic limit, and offer exceptional torsional stiff-
ness [4–6]. According to the Russian Construc-
tion Code SP 14.13330.2018 (including Amend-
ments 2–4), the use of box-section columns in 
steel moment frames is mandatory. 
The primary structural and technological chal-
lenge lies in the high-quality installation and 
welding of internal diaphragm plates (dia-
phragms) inside the cavity of box-section pro-
files. Current domestic and international con-
cepts of frame moment connections joining an I-
beam beam to a box-section column can be cate-
gorized into several main types. The first type in-
volves fabricating fully welded columns from in-
dividual plates with the preliminary installation 
of diaphragms [7–11]. The second type moves 
the diaphragms outside the internal cavity of the 
column [12–15]. The third type utilizes through-

plates that completely interrupt the column con-
tinuity, or involves flanged joints arranged at the 
beam flange levels [6, 16–17]. Finally, the fourth 
type relies on the use of special cast components 
[5, 18–21]. It is worth noting that most well-
known technical solutions involve a significant 
number of welded connections. This seriously re-
duces the overall reliability of frame moment 
connections under dynamic loads [22–27], as 
well as during structural operation under ex-
tremely low temperature conditions [28]. In op-
tions where the number of welds is minimized, 
the necessity to use complex cast elements arises. 
Therefore, to ensure the reliable operation of 
connections, it is essential to reduce the number 
of welds and perform them as complete-joint-
penetration (CJP) welds exclusively under con-
trolled factory conditions, which will signifi-
cantly increase the operational reliability of the 
entire structure. 
A further development of this topic is a new tech-
nical solution proposed by Yu.S. Kost in [29], the 
essence of which involves creating a clamped butt 
joint along a continuous broken line (meander out-
line). This line features four vertical segments at the 
center of each wall of the box-section profile and 
four horizontal segments extending from the center 
of one wall to the center of the adjacent wall 
through the corner of the profile. The butt joint is 
clamped from all sides by external splice plates us-
ing through-bolt high-strength pretensioned bolts. 
Given the geometry of the joint, under through-
clamping, contact pressure develops not only be-
tween the splice plates and the profiles but also 
within the vertical segments of the joint, which en-
hances its strength and stiffness characteristics. To 
prevent deformation of the box-section profile 
walls under the pretension force of the bolts, con-
tinuous diaphragms are installed inside the profile 
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cavity below the horizontal segments of the joint. 
The geometry of the joint ensures open technolog-
ical access for welding the continuous diaphragms 
to the walls of the box-section profile under factory 
conditions using CJP welds. The number of bolt 
rows in the joint is four per side, with two rows al-
located to each diaphragm, spaced equidistantly 
from one another. This configuration is necessary 

because if only one row were allocated per dia-
phragm, an additional bending moment due to ec-
centricity would arise within it. Mutually perpen-
dicular bolts are vertically offset from each other to 
apply the bolt pretension load to the diaphragm 
without eccentricity. The number of bolts per row 
is even to ensure symmetry relative to the longitu-
dinal axis of the wall (Fig. 1). 

 

 
 

Figure 1. The concept of the butt joint: a – connected box-section profile with a meander outline 
cutout and installed diaphragm, b – longitudinal section of the joint, c – combining two box-section 

profiles, d – final assembly of the butt joint using metal plates clamped by through-bolt high-
strength pretensioned bolts 

 
Since continuous diaphragm plates are present in 
the butt joint, it becomes possible to arrange a rigid 
attachment point for an I-beam beam at the joint lo-
cation. This can be executed as a bolted unstiffened 
end-plate connection (BUEEP), in which case the 
external splice plates become end plates with I-
beams welded to them under factory conditions, or 
as a double-tee moment connection (Fig. 2).  
Previously, in [29], the performance of a frame 
moment connection with a BUEEP and butt joint 
with meander outline was analyzed based on cal-
culations under seismic impact for a pseudo-
plane pinned-base moment frame and a 3-story 
simply supported moment frame. 

 

Figure 2. Frame moment connections based on 
the proposed butt joint: a – BUEEP, b – double-

tee moment connection 

a) 

b) c) d) 

a) b) 

Main Parameters of a Butt Joint with Meander Outline for Box-Section Column in Frame Moment Connection for 
Seismic Applications
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According to the calculation results, it was re-
vealed that the performance of the butt joint is 
equivalent to that of a solid profile. Since the con-
cept has proven its viability, it is expedient to 
conduct further research, and the next stage in-
volves determining the main parameters of a butt 
joint with meander outline and analyzing the sen-
sitivity of the stress-strain state (SSS) of the con-
nection to these parameters. 
 
 

METHODS 
 
The main parameters affecting the SSS of the 
butt joint include  
1) M) and low (Low M) 
(Fig. 3); 
2) Meander fillet radius (R) (Fig. 4); 
3) Number of bolts per row (n), arrangement op-
tions, diameter (D), and bolt pretension (N); 
4) Splice plate thickness (Fl); 
5) Diaphragm thickness (Diaf).  

 

   
 

Figure 3. Meander height: a –M,  
b – Low M 

 

 

 
 

Figure 4. Meander fillet radius 
 

The column wall thickness and the dimensions of 
the beam elements are not considered in this study, 
as the profiles of both the column and the beam are 
determined during the analysis of the entire frame. 
The column and beam profiles are adopted based 
on the structural design results of the steel frame 
under seismic loading in compliance with regula-
tory codes. Since this work investigates an ideal-
ized joint concept, the tolerances for gaps between 
the elements and bolt holes are assumed to be zero. 
Calculations are performed using ANSYS soft-
ware, taking into account both material and geo-
metric nonlinearities under a bending moment load 
that induces a plastic hinge within the beam. Struc-
tural steel (C345) is defined by a multilinear kine-
matic hardening model, except for the bolts, which 
are modeled without material nonlinearity. The 

friction coefficient for unilateral contacts is set to 
0,2. Within each parameter combination, identical 
finite element (FE) mesh and time-stepping set-
tings are applied. The numerical analysis is divided 
into several stages, each evaluating the influence of 
the parameters as a function of the bolt pretension 
force. 
 
 
RESULTS AND DISCUSSION 
 
The first stage involves evaluating the influence 
of the meander height and fillet radius. The pri-
mary column (GOST 32931-2015) and beam 
(GOST R 57837-2017) combination is desig-
nated as 350×13 / 30 1. Since beam cross-sec-
tions vary along the height of the frame to ensure 

a) b) 

 

R 
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proper plastic hinge formation, the 350×13 / 
25 1 combination is also considered. Addition-
ally, to account for a potential scenario where the 
column is underdesigned, the 350×13 / 35 1 
combination is analyzed, in which the plastic 
hinge develops later. In turn, each combination is 

 
1) Diagonal loading, where a bending moment 
is applied to each beam, causing column bending 
outside its principal axes; 
2) Direct loading, where a bending moment is 
applied to two beams located along a single 
straight line, causing column bending within its 
principal axes. 
A common feature for all combinations is the 
beam-to-column connection via a 30-mm thick 
flange using eight M20 bolts per beam flange. 
The bolt hole diameter is equal to the bolt diam-
eter (zero-tolerance holes), and 13-mm thick in-
ternal diaphragm plates are installed at the level 
of the beam flanges.  
Since numerous variants of the designated pa-
rameters must be evaluated for each combination 
option, a single comprehensive indicator is re-
quired to describe the overall connection perfor-
mance with a single value. 

  
 

Figure 5. Loading schemes of the first stage:  
a – diagonal loading, b – direct loading 

 
In this study, maximum total displacements 
within the connection are the most suitable crite-
ria (Figs. 6–7). For comparative purposes, a base-
line variant featuring a solid profile instead of a 
butt joint was introduced.

 

 

 
  

 
Figure 6. Maximum displacements in joints of diagonal combinations: 

a – 350x b – 350x c – 350x  
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According to the calculation results, it was re-
vealed that the performance of the butt joint is 
equivalent to that of a solid profile. Since the con-
cept has proven its viability, it is expedient to 
conduct further research, and the next stage in-
volves determining the main parameters of a butt 
joint with meander outline and analyzing the sen-
sitivity of the stress-strain state (SSS) of the con-
nection to these parameters. 
 
 

METHODS 
 
The main parameters affecting the SSS of the 
butt joint include  
1) M) and low (Low M) 
(Fig. 3); 
2) Meander fillet radius (R) (Fig. 4); 
3) Number of bolts per row (n), arrangement op-
tions, diameter (D), and bolt pretension (N); 
4) Splice plate thickness (Fl); 
5) Diaphragm thickness (Diaf).  

 

   
 

Figure 3. Meander height: a –M,  
b – Low M 

 

 

 
 

Figure 4. Meander fillet radius 
 

The column wall thickness and the dimensions of 
the beam elements are not considered in this study, 
as the profiles of both the column and the beam are 
determined during the analysis of the entire frame. 
The column and beam profiles are adopted based 
on the structural design results of the steel frame 
under seismic loading in compliance with regula-
tory codes. Since this work investigates an ideal-
ized joint concept, the tolerances for gaps between 
the elements and bolt holes are assumed to be zero. 
Calculations are performed using ANSYS soft-
ware, taking into account both material and geo-
metric nonlinearities under a bending moment load 
that induces a plastic hinge within the beam. Struc-
tural steel (C345) is defined by a multilinear kine-
matic hardening model, except for the bolts, which 
are modeled without material nonlinearity. The 

friction coefficient for unilateral contacts is set to 
0,2. Within each parameter combination, identical 
finite element (FE) mesh and time-stepping set-
tings are applied. The numerical analysis is divided 
into several stages, each evaluating the influence of 
the parameters as a function of the bolt pretension 
force. 
 
 
RESULTS AND DISCUSSION 
 
The first stage involves evaluating the influence 
of the meander height and fillet radius. The pri-
mary column (GOST 32931-2015) and beam 
(GOST R 57837-2017) combination is desig-
nated as 350×13 / 30 1. Since beam cross-sec-
tions vary along the height of the frame to ensure 

a) b) 

 

R 
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Figure 7. Maximum displacements in joints of direct combinations: 

a – 350x13/30 1, b – 350x13/35 1, c – 350x13/25 1 
 

Regarding bolt pretension  
1) To achieve maximum stiffness, a specific pre-
tension force value is required; however, exces-
sive clamping (over-clamping) results in a reduc-
tion in connection stiffness;  
2) The meander height and fillet radius do not af-
fect this required pretension value; 
3) Larger beam sections and higher bending mo-
ments require a greater pretension force to 
achieve higher stiffness; however, this effect is 
not critical, as a pretension range of 50–110 kN 
provides a sufficient clamping effect for all ana-
lyzed cases. 
Regarding meander height  

A low meander height adversely affects connection 
stiffness; furthermore, from a structural standpoint, 
fabricating such a butt joint is not feasible in all sce-
narios (e.g., when utilizing smaller beam cross-sec-
tions). Consequently, it is impractical to consider it 
in subsequent parameter combinations. 
Regarding meander fillet radius  
A larger radius provides higher stiffness, though 
this effect is not critical, particularly for the 25 1 
beam combination. In all analyzed cases, a con-
nection with a bolt pretension force of 50 kN or 
higher exhibits greater stiffness than a solid pro-
file without clamping. The strain distribution is 
illustrated in Fig. 8, using the 350×13 / 35 1-M-
R60-N110 combination as an example 

 

a)   b)    
Figure 8. Equivalent total strain of diagonal combinations 350 13/35 1- -R60-N110: a – external 

surface of the profile, b – inside the profile cavity 
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Maximum strains in the elements reach the steel 
strain-hardening stage only within the zones of 
the bolt holes, amounting to 3.82%. 
The second stage evaluates the influence of bolt 
diameter, number of bolts per row, and arrange-
ment options. The analyzed combination is iden-
tical to the baseline 350×13 / 30 1 configuration 
from the first stage under the diagonal loading 
scheme, with variations in reducing the number 
of bolts from eight to four per beam flange and 
increasing their diameter from 20 mm to 30 mm. 
A comparison was made with the results of the 
first stage. Since fewer bolts were used in the 
connection, more space became available for 
their placement. This allows for shifting them 
closer to the beam centerline (Option 1) or closer 
to the column web (Option 2) (Fig. 9). 

   
a)       b) 

 
Figure 9. – Bolt arrangement options: a – op-

tion 1, b – option 2 
 

 

 
 

Figure 10. Maximum displacements in joints of combination 350 13/35 1 depending on the num-
ber of bolts per row, their position and diameter  

 
Positioning the bolts further from the profile webs 
reduces the pretension efficiency and fails to 
achieve the same stiffness level as the alternative 
option. Replacing eight bolts with four exhibited 
no adverse effects on the connection in terms of 
either stiffness or strength. However, it requires 
approximately a twofold increase in the bolt pre-
tension force, which induces severe plastic strains 
exceeding 5% within the zones of the profile 
holes. Reducing the number of bolts and shifting 
them towards the profile web allows for increas-

ing the meander fillet radius; however, this modi-
fication exhibited no effect on the stiffness and 
strength of the connection. The bolt diameter in-
fluences connection stiffness; however, given the 
required pretension force value, there is no differ-
ence between different diameters (Fig. 10). 
Similar results are obtained for the 500×18.5 / 
45 1 combination, where the beam is connected 
to the column via a 30-mm thick flange using 
eight M30 bolts per beam flange and 16-mm 
thick diaphragm plates (Fig. 11).  
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Figure 11. Maximum displacements in joints of combination 500 18,5/45 1 depending on diameter 

of bolts 
 

The third stage evaluates the influence of the 
splice plate thickness and the diaphragm thick-
ness. The combinations from the previous stages 

1 and 500×18.5 / 45 1. 
The splice plate thickness is analyzed ranging 
from 20 to 35 mm in 5-mm increments (Fig. 12). 

 

 
 

Figure 12. Maximum displacements in joints depending on splice plate thickness of combination: 
a – 350 13/30 1, b – 500 18,5/45 1 

 
As the splice plate thickness decreases below 30 
mm, an exponential increase in joint displace-
ments is observed, along with a shift toward 
higher optimal pretension force for maximum 

stiffness and a linear increase in diaphragm 
strains. Depending on the diaphragm thickness, 
the following results are obtained (Fig. 13). 

 

 
 

Figure 13. Maximum displacements in joints depending on diaphragm thickness of combination: 
a – 350 13/30 1, b – 500 18,5/45 1 
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The analysis indicates that a diaphragm thickness 
exceeding 1.5 times the beam flange thickness 
has a negligible effect on joint SSS, higher thick-

nesses reduce strains in the splice plates. Sensi-
tivity analysis results, including these findings, 
are summarized in Table 1. 

 
Table 1. – Summary of SSS sensitivity analysis regarding joint parameters 

 

 Parameters Influence trend Recommendation / Critical threshold 
1 Meander height 

stiffness. Low 
height reduces stiffness per-
formance. 

Use the high variant; exclude the 
low variant from consideration 

2 Meander fillet 
radius 

Moderately positive effect on 
element strength and overall 
stiffness (minor) 

Adopt the maximum possible value 
within structural requirements 

3 Bolt pretension 
up to a certain limit, followed 
by a decrease due to plastic 
deformations 

Determined by numerical simulation 

4 Bolt arrangement 
options 

Shifting towards the box-sec-
tion profile webs increases 
bolt pretension efficiency and 
overall stiffness 

Position as close as possible to the 
outer profile webs 

5 Number of bolts 
per row and diame-
ters 

Influence is negligible, pro-
vided that the required total 
clamping force is ensured 

Reducing the number of bolts per 
row is acceptable, provided that the 
bolt pretension force is increased 

6 Splice plate thick-
ness crease in displacements at 

thicknesses < 30 mm 

Recommended value for the first it-
eration is 30 mm 

7 Diaphragm thick-
ness 

Reduction in splice strains and 
negligible effect on overall 
stiffness at thicknesses > 1.5 
times the I-beam flange thick-
ness 

-beam flange 
thickness 

Thus, it was revealed that  
1) Regarding geometric parameters, it was estab-
lished that the meander height is a defining fac-

stiffness of the connection but also create techno-
logical constraints during the installation of 
small-section beams. Meanwhile, the transitional 
fillet radius exerts a moderately positive effect on 
the strength of individual elements by preventing 
stress concentration; however, its impact on the 
overall stiffness of the butt joint is secondary 
2) Regarding pretension force, the analysis re-
vealed a nonlinear relationship between the bolt 

pretension value and connection stiffness. There 
is a critical clamping threshold beyond which a 
reduction in stiffness is observed due to the de-
velopment of significant plastic strains. Further-
more, it was found that the pretension efficiency 

them away from the profile web reduces the 
overall structural stiffness. The number of bolts 
does not exert a significant influence on the joint 
SSS, provided that the pretension force in each 
element is proportionally increased. The optimal 
bolt pretension value is determined by numerical 
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simulation, highlighting the necessity to develop 
an analytical formula for its calculation 
3) Regarding the influence of structural elements, 
it was revealed that joint exhibited the highest 

values below 30 mm, an exponential increase in 
joint displacements is observed, along with a 
shift of the optimal bolt pretension point toward 
higher values. Meanwhile, the profile diaphragm 
thickness exerts a minimal effect on the overall 
stiffness at thicknesses exceeding 1.5 times the I-
beam flange thickness; however, it contributes to 
reducing splice plate strains. 
 
 
CONCLUSION 
 
The main parameters of a butt joint with meander 
outline were determined, and a sensitivity analy-
sis of their impact on the joint SSS was con-
ducted. Based on the data obtained, recommen-
dations were provided for designing the optimal 
configuration of a rigid frame moment connec-
tion joining a box-section column and an I-beam 
beam with a minimal number of factory-executed 
welds. The present study is a continuation of the 
research on this butt joint [29] and concludes the 
analysis of its idealized concept. The next stage 
of the research will focus on adapting this ideal-
ized joint concept into an engineering model that 
accounts for manufacturing tolerances regarding 
the cutout execution and component mating. This 
will enable the final classification of the bolted 
connection based on its behavior and load trans-
fer mechanism. 
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DEVELOPING THE METHOD FOR CREATING THE MAP OF 
APPLICATION ZONES OF THE BUILDING ENVELOPE BASED 

ON CALCULATIONS OF PROTECTION AGAINST 
WATERLOGGING 

 
Kirill P. Zubarev, Yulia A. Sapronova, Vladimir D. Fedoseev 

National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 
 

Abstract: The main provisions underlying the creation of a method for the balance of moisture transfer have been 
given. Based on the balance of moisture transfer, a criterion for waterlogging of the building envelope was derived. 
The waterlogging criterion was calculated for 81 localities. The results obtained were plotted on a map of Russia, 
as a result of which three zones of application of the building envelope determining where the structure is permitted 
to be built were designed. Algorithms for constructing and applying a map of application zones of building 
enclosing structures have been presented. The effectiveness of the proposed approach is demonstrated for 
determining the balance of moisture transfer in three cities: Murmansk, Vorkuta and Tomsk. It is noted that the 
developed method is recommended for implementation in engineering work. 
 

Keywords: humidity regime, moisture transfer equation, resistance to vapor permeation, temperature,map of 
humidity zones 
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1. INTRODUCTION 
 
The design of buildings and structures is a complex 
technological process during which various 
engineering problems are solved. The main factors 
influencing the design are the choice of the optimal 

architectural and planning solution, the use of new 
and modern technologies, the calculation of 
various structures by temperature and pressure 
distribution, etc [1–5]. 
For the first time, the method of calculating 
protection against waterlogging was introduced 
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in 1963 in the Russian regulatory document SNiP 
II-A.7-62* “Construction Heat Engineering. 
Design standards". The calculation method was 
based on the differential equation of moisture 
transfer proposed by K.F. Fokin [6]: 
 

0
0

( ) ( , ) ( , )
( ).

( )t

w e w t e w t

E t x x
         (1) 

 
where e , tE  – water vapor partial pressure and 
saturated water vapor pressure, Pa;  – vapor 
permeability, kg/(m s Pa); 0 – relative vapor 
capacity, /kg kg ; 0  – density,

 
3/kg m ;  – time, 

s; x – coordinate, m. 
Equation (1) was solved in stationary and 
nonstationary formulations. As a result, formulas 
for the required vapor permeability resistance 
have been derived. 
 

( ) .
1

( )0 0
2

e E Rreq inRn E e
z e Ereq inRn ww w

    (2) 

 
Then the moisture transfer balance inequality 
which encompasses the comparison of vapor 
permeation resistances is used:  
 

R req
n nR     (3) 

1 2max[ ; ]R req req req
n n nR R          (4) 

 
where nR  – vapor resistance, 2 /m s Pa kg ; 1

req
nR ,

1
req
nR , 2

req
nR  – required vapor permeation 

resistances, 2 /m s Pa kg . 
If inequality (3) is met, then, according to the 
calculation method, the structure is protected 
from waterlogging and is allowed to be built. 
Otherwise, the enclosing structure does not pass 
the waterlogging test [7–9]. 
The method of K.F. Fokin entered the modern 
regulatory framework with the modification of 
V.G. Gagarin and V.V. Kozlova. The balance of 
moisture transfer according to equation (3) is 
reduced relative to the plane of maximum 

moisture. This method has been introduced into 
the Russian regulatory document SP 
50.13330.2024 "Thermal protection of 
buildings”. 
Despite the effectiveness of the described 
method, its calculations are quite complex for 
engineering use. In this regard, development of 
the new methods of protection against 
waterlogging, which would let the balance of 
moisture transfer be assessed in a simplified 
manner, remains pertinent. In this article, a 
calculation method that provides the possibility 
to assess construction of a building envelope 
using a map of humidity zones has been 
developed. 
 
 
2. THE PROBLEM 

 
To develop a method for calculating protection 
against waterlogging of the external fences of a 
building using a map of application zones of 
enclosing structures. 
 
 
3. MATERIALS AND METHODS 

 
3.1.Derivation of a criterion for waterlogging of 

the enclosing structure 
The analysis of a large number of calculation 
results for facade solutions of building walls 
showed that there are two most common options 
for the location of the plane of maximum 
moisture: the plane of maximum moisture is 
either in the insulation layer or at the boundary of 
the layers [7–9]. 
The most popular options of locating the plane of 
maximum moisture in the walls of buildings are 
presented. The location of the plane in the 
insulation layer (Figure 1A) and at the boundary 
between the insulation and the external plaster 
(Figure 1B) have been demonstrated. 
Supposing plane of the greatest moisture is 
located inside the layer, then the required vapor 
permeation resistance is found according to 
formula 2 of the system of equations (2). 
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Figure 1. 
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If the plane of maximum moisture is located at 
the junction of the layers, the required vapor 
permeation resistance is determined by the 
formula: 
 

0 0
2

1 1 1 2 2 2

( )
0.5 ( )

req in
n

w w w w

z e E
R

w w
   (5) 

 
In order for the structure to be built, the 
inequality must be satisfied (3). 
Let us divide both sides of equation (3) by R n : 
 

R 1
R

req
n

n

   (6) 

 
Let us introduce a new criterion l – the criterion 
for waterlogging of the enclosing structure: 
 

R .
R

req
n

n

l     (7) 

 
We substitute the right side of equation (7) into 
the left side of inequality (6): 
 
 
 

1l    (8) 
 
Inequality (8) enables us to draw a conclusion 
about the possibility of building an enclosing 
structure. 
The physical meaning of the waterlogging 
criterion l   is that it indicates whether the 
structure is waterlogged or not. 
The decision about the possibility of construction 
can be made in accordance with the values of the 
following system: 
 

1  the structure can be built
1  the structure cannot be built

l
l

       (9) 

 
It was found that if the waterlogging criterion l is 
less than 1, the structure is protected from 
waterlogging, so it may be built. If the 
waterlogging criterion l is more than 1, the 
structure does not pass the waterlogging test, 
thus, it may not be built. 
 
3.2.Calculation of moisture transfer criteria in 

different humidity zones in different cities 
Let us look at the wall structure (Figure 1). 
The physical characteristics of the studied 
enclosing structure are presented (Table 1). 
To analyze the scope of application of the facade 
solution under consideration (Figure 1), 81 cities 
located in three different humidity zones have 
been considered. The cities and their 
corresponding humidity zones adopted for the 
study are presented (Table 2). 
The waterlogging criterion of the enclosing 
structure was determined for each locality 
using formula (7), and the obtained values 
were plotted on a map of moisture zones. A 
map of moisture zones is presented with 
plotted values of the waterlogging criterion 
(Figure 2). 
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 1. 
 

Physical parameter Value 
1. Layer of external plaster 

Layer thickness, m 0.006 
Density, 3/kg m  1260 

Thermal conductivity, 
/  W m C  

 0.76 
 0.93 

Vapor permeability, 
/kg m s Pa  

-11 

2. Insulation made of mineral wool slabs 
Layer thickness, m 0.1 
Density, 3/kg m  150 

Thermal conductivity, 
/  W m C  

 0.04 
 0.042 

Vapor permeability, 
/kg m s Pa  

-11 

3. Masonry base made of aerated concrete 
blocks 

Layer thickness, m 0.3 
Density, 3/kg m  400 

Thermal conductivity, 
/  W m C  

 0.113 
 0.117 

Vapor permeability, 
/kg m s Pa  

-11 

4. Layer of internal plaster 
Layer thickness, m 0.011 
Density, 3/kg m  1800 

Thermal conductivity, 
/  W m C  

 0.76 
 0.93 

Vapor permeability, 
/kg m s Pa  

-11 

 
 2. 

 
Zones according to the “humidity zone map” 
in accordance with the regulatory document 

Wet Normal  Dry 
Murmansk Kaliningrad Belgorod 

Saint 
Petersburg 

Smolensk Rostov-on-
Don 

Arkhangels
k 

Moscow Astrakhan 

Naryan-Mar Nizhny 
Novgorod 

Volgograd 

Petropavlov
sk-

Kamchatsky 

Permian Penza 

Ayan Vorkuta Izhevsk 
Poronaysk Surgut Ekaterinbur

g 
Yuzhno-

Sakhalinsk 
Dudinka Orenburg 

Yuzhno-
Kurilsk 

Tomsk Kurgan 

Vladivostok Tynda Omsk 
 Khabarovsk Novosibirsk 
 Magadan Kyzyl 
 Anadyr Krasnoyarsk 
 Blagoveshche

nsk 
Irkutsk 

 Erofey 
Pavlovich 

Yeniseisk 

 Okhotsk Chita 
 Keys Mogocha 
 Maykop Kirensk 
 Cherkessk Bodaibo 
 Nalchik Tura 
 Kursk Lensk 
 Vologda Khatanga 
 Cheboksary Yakutsk 
 Tobolsk Verkhoyans

k 
 Kazan Zyryanka 
 Syktyvkar Oymyakon 
 Petrozavodsk Srednekoly

msk 
 Troitsko-

Pechorskoe 
Saskylakh 

 Urengoy Olenek 
 Dixon Zhigalovo 
 Nikolaevsk-

on-Amur 
Kosh-Agach 

 Igarka Rubtsovsk 
 Aldan Barnaul 
 Totma Samara 
 Ukhta Chelyabinsk 
  Abakan 

 

Kirill P. Zubarev, Yulia A. Sapronova, Vladimir D. Fedoseev



131Volume 22, Issue 3, 2026

3.3.Plotting the values of the waterlogging 
criterion on a map of Russia 

Three application zones for the considered 
building envelope were obtained. The first zone 
(marked green on the map) is the zone where the 
balance of moisture transfer (3) is carried out, 
here 2 1R >Rreq req

n n . The second zone is a zone where 
the moisture transfer balance (3) is not met, 
which means that the enclosing structure does not 
pass the waterlogging test. The third zone is the 
zone where the moisture transfer balance 
inequality (3) is satisfied, here 2 1R Rreq req

n n . 
 

 
Figure 2. 

 
 
3.4.Algorithm for applying the proposed 

approach 
To create a map of the application zones of the 
building envelope based on calculations for 
protection against waterlogging, the following 
actions have been taken: 
1.The required design has been selected; 
2. The criterion for waterlogging of the enclosing 
structure has been calculated using formula (7); 
3. The values of this criterion have been plotted 
on the map of Russian humidity zones for the 
cities in accordance with Table 2. 
4. 3 zones have been defined on the map: the first 
green zone and the third blue zone are those 
where you can construct a building envelope and 
the second red zone is the zone where the 

structure under study cannot be built, since it 
does not pass the waterlogging test. 
A number of maps of application zones for 
various building envelopes are constructed. 
To calculate protection against waterlogging 
using a map of application zones of building 
envelopes, the following measures have been 
taken: 
1. A map corresponding to the calculated 
enclosing structure has been selected; 
2. The city in which the calculation is performed 
has been chosen; 
3. If the structure falls into the green or blue zone, 
it means that it has passed the waterlogging test 
and is allowed to be built. If the structure falls 
into the red zone,  the wall under study does not 
pass the waterlogging test, therefore, it cannot be 
built. 
4. If the structure falls into the red zone (it has 
not passed the test for protection against 
waterlogging), it is necessary to replace the 
structure with another one or install a vapor 
barrier on the inner surface of the structure and 
re-calculate the protection against waterlogging. 
 
 
4. RESULTS AND DISCUSSION 
 
Options for constructing a building wall with 
parameters in accordance with Table 1 for three 
cities, such as Murmansk, Tomsk and Vorkuta 
were calculated. 
 
4.1.Assessment of the moisture transfer balance 

using the classical method of calculating the 
moisture transfer balance 

In Murmansk, building envelopes are operated 
under conditions A, whereas in Tomsk and 
Vorkuta operating conditions are B. 
It was found that for all three cities, the position 
of the plane of maximum moisture corresponds 
to Figure 1A – the junction of external plaster and 
insulation. 
Resistance to vapor permeation from the inner 
surface to the plane of maximum moisture, as 
well as the required resistance to vapor 
permeation for Murmansk is: 
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9 2

9 2
1

9 2
2

9 9 9max[ ; ]

5.958 10  /
R 0.608 10  /
R 3.024 10  /
5.958 10 0.608 10 3.024 10

n
req
n
req
n

R m s Pa kg
m s Pa kg
m s Pa kg

   (10) 

 
Let us determine the values of the waterlogging 
criterion using the formula (7): 
 

9

9
3.024 10 0.507 1
5.958 10

l          (11) 

 
Since the waterlogging criterion is less than one, 
the building envelope in Murmansk has passed 
the waterlogging rest successfully. 
Similar to that, let us determine the same for 
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Since the waterlogging criterion is less than one, 
the building envelope in Vorkuta has also passed 
the waterlogging test successfully. 
The difference between the designs for these two 
cities is that in Murmansk the determining 
condition for the balance of moisture transfer is 
the required resistance to vapor permeation 2R req

n , 
whereas in Vorkuta the required resistance to 
vapor permeation is 1R req

n . 
While performing the calculation for Tomsk, we 
get the following: 
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It was found that the criterion l is greater than 
one, therefore, the wall in Tomsk will be 
waterlogged, since the balance of moisture 
transfer is not satisfied. 
 
4.2. Assessment of moisture transfer balance 

using the proposed approach 
We select three cities under study on the map 
with areas of application of enclosing structures. 
Three cities under study on the map of areas of 
application of enclosing structures are presented 
(Figure 3). 
Figure 3 illustrates that Murmansk is located in 
the green zone (which means that it is possible to 
build here and 2 1R >Rreq req

n n ), Vorkuta is located in 
the blue zone (also allowed to build here and 

1 2R >Rreq req
n n ), whereas Tomsk is in the red zone (no 

construction allowed). 
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A comparison of the classical and proposed 
approaches demonstrates the superiority of using 
a map with application zones of the building 
envelopes. The main advantage of the proposed 
method is that there is no need to make 
calculations. This method, in comparison with 
various methods for assessing the balance of 
moisture transfer, can be applied by 
manufacturers of building materials for enclosing 
structures. The manufacturer can develop a series 
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of maps of application zones for enclosing 
structures proposed in this study for their 
products and implement them into the 
engineering work of design organizations. This 
approach will reduce the time spent on designing 
buildings and structures, eliminate errors in 
calculations, and make decision support for a 
particular design more intuitive. 
Future work involves a detailed study of three 
different zones obtained (Figure 1). 
 
 
5. CONCLUSIONS 
 
In the current study, a new effective method for 
determining the balance of moisture transfer using 
a map of application zones of the enclosing 
structure based on a newly introduced value, 
namely, the criterion of waterlogging of the 
enclosing structure, has been developed. The 
values of the waterlogging criterion have been 
plotted on the map, then three zones have been 
identified depending on the value of the criterion 
and the determining resistance to vapor 
permeation. An algorithm for constructing and 
using a map of the applicability of a building 
envelope is presented. This method can be used by 
engineers when calculating and assessing the 
building envelope protection against waterlogging. 
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NUMERICAL MODELING TECHNIQUE FOR THE 
HYDRODYNAMIC STABILITY OF SWIRLING FLOWS 

 
Vadim K. Akhmetov 

 National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 
 

Abstract. A numerical technique is proposed for investigating the hydrodynamic stability of axisymmetric 
swirling flows of an incompressible viscous fluid within the linear stability theory framework. The associated 
eigenvalue problem is governed by a system of sixth-order ordinary differential equations. Asymptotic 
expansions are constructed at both a  and irregular singular points to facilitate the solution. The system is 
integrated numerically using a high-order accurate scheme, and the Gram–Schmidt orthonormalization 
procedure is employed to suppress the rapid growth of particular solutions, thereby ensuring their linear 
independence. A computational package based on the developed methodology has been implemented and 
applied to the stability analysis of the Batchelor vortex. Validation tests are conducted to compare the obtained 
results against available reference data. The existence of a viscous instability mode is established, for which the 
maximum growth rate is found to decrease monotonically with increasing Reynolds number. 

 
Keywords: hydrodynamic stability, small-disturbance method, swirling flow, viscous mode, 

growth rate coefficients 
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1. INTRODUCTION  
 
Swirling flows of liquid and gas are frequently 
encountered in nature (tornadoes, cyclones, 
whirlpools) and are widely used in various 
technical applications. Contemporary areas of 
application for swirling flows include the 
following [1,2]: the creation of efficient 

pulverized coal combustion facilities for modern 
thermal power plants; optimization of gas turbine 
engine performance through the use of flow swirl 
in combustion chambers; the development and 
design of cyclone-type devices for gas dust 
removal, particle separation, and liquid mixture 
separation, for example, for treating produced oil, 
as well as vortex atomizers for liquid spraying; 
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and the use of the Ranque–Hilsch effect in vortex 
tubes for thermal flow separation. 
In hydraulic engineering and special 
construction applications, swirling flows are 
employed in the design of draft tubes for 
hydraulic turbines, vortex spillways, antivortex 
energy dissipators, and antivortex aerators for 
ecological treatment of natural and artificial 
water bodies, settling ponds, and storage basins 
in biological and chemical industries [3]. 
Investigations into the hydrodynamic stability of 
swirling flows are extremely relevant. Loss of 
flow stability often leads to disruption of the 
designed operating regime, intensification of 
vibration effects, and damage (or destruction) of 
the structure. 
There are several general stability criteria for 
swirling flows. For free-vortex type flows, they 
are formulated in [4, 5]. These criteria are 
predominantly sufficient in nature and do not 
allow obtaining precise stability characteristics 
of the flow. 
The primary tool for investigating the 
hydrodynamic stability of vortex flows is 
numerical modeling using the perturbation 
method. For free swirling flows and internal 
channel flows (excluding the near-wall region), 
the profiles of the axial U and azimuthal W 
velocity components can be reasonably well 
described by expressions 
 

,)]exp(1[)(

,)exp()(
2

2

2
21

brW
r
KrW

brWWrU
     (1) 

 
where 1W , 2W , K , b  are empirically 
determined constants, and r  is the 
dimensionless distance from the axis. By 
elementary transformations, profiles (1) can be 
reduced to the form 
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where q is the flow swirl parameter. Therefore, 
in recent years, considerable attention has been 

devoted to the stability investigation of the flow 
with velocity distribution (2), often referred to 
as the Q – vortex (or Batchelor vortex). 
The inviscid stability of flow (2) with respect to 
non-axisymmetric perturbations of the form 

)](exp[ tcnzi  was first numerically 
investigated in [6]. Primary attention was given 
to perturbations with 1n , since they proved 
more unstable than perturbations with positive 
n. The presented numerical results showed that 
instability of flow (2) is observed for q < 1.5. 
The effect of viscosity on the stability of a free 
vortex was first numerically studied in [7]. The 
lowest critical Reynolds number corresponded 
to perturbations with n = –1. Two viscous 
instability modes of the Q-vortex at n = 0 and n 
= 1 were found in [8, 9]. In contrast to 
previously studied inviscid modes, their 
maximum amplification factor monotonically 
decreases with increasing Reynolds number 
Re . 
The transition from absolute to convective 
instability in an inviscid formulation for the 
Batchelor vortex Q was investigated in [10]. In jet 
flows, absolute instability was observed for modes 
n = –1, –2, –3. For wake-type flows, absolute 
instability was found only for mode n = –1. 
Generalizations of these studies accounting for 
flow compressibility were carried out in [11, 12]. 
Similar investigations in an inviscid formulation 
for the Rankine vortex are presented in [13], and 
for shear swirling flows in [14]. 
Selective calculations of absolute instability for 
Q vortex accounting for viscosity, performed 
using direct numerical simulation, were 
conducted in [15], while systematic and detailed 
investigations over a wide range of Reynolds 
numbers are presented in [16]. 
Experimental results on the stability of swirling 
flows and the structure of the near-axis 
recirculation zone during vortex breakdown are 
presented in [17–19]. 
Issues of global instability following vortex 
breakdown are considered in [20]. The 
relationship between the vortex breakdown 
phenomenon and swirling flow stability is 
shown in [21]. 
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With regard to problems of thermal flow 
separation in Ranque–Hilsch tubes, flow 
stability was studied in [22], and for stratified 
media in [23]. 
The conducted analysis of the scientific 
literature indicates a strong interest in the 
stability investigation of swirling flows. The 
Batchelor vortex has a velocity distribution to 
which a significant portion of such flows can be 
reduced. In this connection, the problem of 
Batchelor vortex stability is an important and 
pressing issue. 
 
 
2. PROBLEM STATEMENT AND 
RESEARCH METHOD 
 
Consider homogeneous axisymmetric flow of a 
viscous incompressible fluid with a velocity 
field in an unbounded medium 
 

rWVVrUV rz ,0,)( ,           (3) 
 
where VVV rz ,,  are the axial, radial, and 
azimuthal velocity components in a cylindrical 
coordinate system. 
Consider small perturbations of the base flow 
(3) with velocity profiles (2) as solutions of the 
linearized Navier–Stokes equations in the form 
of travelling waves (normal modes): 
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where p  is the pressure;  is the wavenumber; 
n  is the perturbation mode ;...)2;1;0(n , 
with negative values corresponding to wave 
propagation in the direction opposite to the 
swirl; c  is the wave speed; i  is the imaginary 
unit. For the complex amplitude functions 
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of equations: 
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where rnWcU / , and the prime 
denotes differentiation with respect to r . The 
boundary conditions for system (5) at 0r  are 
derived from the requirements of regular 
behavior of the solution near the axis and decay 
of perturbations at infinity, and have the form: 
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Consider perturbations (4) that are periodic in z , 
whose amplitude changes with time. Then  is a 
real number ( /2 , where  is the 
perturbation wavelength), and ir cicc  is 
complex one; rc  represents the speed of 
perturbation propagation in the direction z  
(phase velocity), ic  is the temporal growth rate 
of the perturbation, ii c  is the perturbation 
amplification factor, and rr c  is the 
oscillation frequency. If 0ic , the perturbation 
amplitudes (4) decay (the flow is stable). And if 

0ic , they grow with time (the flow is 
unstable). Thus, here it is necessary to 
determine ic  as a function of . 
In another case, one studies perturbations (4) 
that are periodic in time with amplitude varying 
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are formulated in [4, 5]. These criteria are 
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the profiles of the axial U and azimuthal W 
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where q is the flow swirl parameter. Therefore, 
in recent years, considerable attention has been 

devoted to the stability investigation of the flow 
with velocity distribution (2), often referred to 
as the Q – vortex (or Batchelor vortex). 
The inviscid stability of flow (2) with respect to 
non-axisymmetric perturbations of the form 

)](exp[ tcnzi  was first numerically 
investigated in [6]. Primary attention was given 
to perturbations with 1n , since they proved 
more unstable than perturbations with positive 
n. The presented numerical results showed that 
instability of flow (2) is observed for q < 1.5. 
The effect of viscosity on the stability of a free 
vortex was first numerically studied in [7]. The 
lowest critical Reynolds number corresponded 
to perturbations with n = –1. Two viscous 
instability modes of the Q-vortex at n = 0 and n 
= 1 were found in [8, 9]. In contrast to 
previously studied inviscid modes, their 
maximum amplification factor monotonically 
decreases with increasing Reynolds number 
Re . 
The transition from absolute to convective 
instability in an inviscid formulation for the 
Batchelor vortex Q was investigated in [10]. In jet 
flows, absolute instability was observed for modes 
n = –1, –2, –3. For wake-type flows, absolute 
instability was found only for mode n = –1. 
Generalizations of these studies accounting for 
flow compressibility were carried out in [11, 12]. 
Similar investigations in an inviscid formulation 
for the Rankine vortex are presented in [13], and 
for shear swirling flows in [14]. 
Selective calculations of absolute instability for 
Q vortex accounting for viscosity, performed 
using direct numerical simulation, were 
conducted in [15], while systematic and detailed 
investigations over a wide range of Reynolds 
numbers are presented in [16]. 
Experimental results on the stability of swirling 
flows and the structure of the near-axis 
recirculation zone during vortex breakdown are 
presented in [17–19]. 
Issues of global instability following vortex 
breakdown are considered in [20]. The 
relationship between the vortex breakdown 
phenomenon and swirling flow stability is 
shown in [21]. 

With regard to problems of thermal flow 
separation in Ranque–Hilsch tubes, flow 
stability was studied in [22], and for stratified 
media in [23]. 
The conducted analysis of the scientific 
literature indicates a strong interest in the 
stability investigation of swirling flows. The 
Batchelor vortex has a velocity distribution to 
which a significant portion of such flows can be 
reduced. In this connection, the problem of 
Batchelor vortex stability is an important and 
pressing issue. 
 
 
2. PROBLEM STATEMENT AND 
RESEARCH METHOD 
 
Consider homogeneous axisymmetric flow of a 
viscous incompressible fluid with a velocity 
field in an unbounded medium 
 

rWVVrUV rz ,0,)( ,           (3) 
 
where VVV rz ,,  are the axial, radial, and 
azimuthal velocity components in a cylindrical 
coordinate system. 
Consider small perturbations of the base flow 
(3) with velocity profiles (2) as solutions of the 
linearized Navier–Stokes equations in the form 
of travelling waves (normal modes): 
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where p  is the pressure;  is the wavenumber; 
n  is the perturbation mode ;...)2;1;0(n , 
with negative values corresponding to wave 
propagation in the direction opposite to the 
swirl; c  is the wave speed; i  is the imaginary 
unit. For the complex amplitude functions 

)(rF , )(rS , )(rH , )(rP  we obtain the system 
of equations: 
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where rnWcU / , and the prime 
denotes differentiation with respect to r . The 
boundary conditions for system (5) at 0r  are 
derived from the requirements of regular 
behavior of the solution near the axis and decay 
of perturbations at infinity, and have the form: 
 

,0)0()0( HS  
0 0 0F( ), P( ) are limited for n ; 

,0)0()0( HS  
0 0 0 1F( ) P( ) for n ;      (6) 

0 0 0 0 0 1S( ) H( ) F( ) P( ) for n ; 
0)()()()( PFHS . 

 
Consider perturbations (4) that are periodic in z , 
whose amplitude changes with time. Then  is a 
real number ( /2 , where  is the 
perturbation wavelength), and ir cicc  is 
complex one; rc  represents the speed of 
perturbation propagation in the direction z  
(phase velocity), ic  is the temporal growth rate 
of the perturbation, ii c  is the perturbation 
amplification factor, and rr c  is the 
oscillation frequency. If 0ic , the perturbation 
amplitudes (4) decay (the flow is stable). And if 

0ic , they grow with time (the flow is 
unstable). Thus, here it is necessary to 
determine ic  as a function of . 
In another case, one studies perturbations (4) 
that are periodic in time with amplitude varying 
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in the direction z , but independent of time. 
Then the frequency cr  should be 
considered real ( c  is the phase velocity), and 

ir i  is a complex one; i  determines 
the spatial growth rate of the perturbation. If 

0i  the perturbation decays (the flow is 
stable), and if 0i , it grows (the flow is 
unstable). In this case, it is important to 
determine the dependence of i  on . 
The eigenvalue computation method comprises 
several stages. Near the singular points 0r  
and r  , asymptotic solutions are 
constructed using the Frobenius method [24], 
which allow the boundary conditions to be 
transferred to the points arr  and drr , 
respectively. Then numerical integration is 
performed from ar  and dr  into the 
computational domain towards the point cr  

)( dca rrr , where the solutions are matched 
according to the condition 
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where jiy ,  are the solutions obtained by 
integration from dr  to cr , and 3, jiy  are those 
obtained by integration from ar  to cr , ja  – 

 . The vanishing of 
the determinant of the linear homogeneous 
system (7) is achieved by adjusting rc , ic  (or 

r , i ) using Newton's method. 
In the calculations, 01.0ar , 5.0cr  were 
taken, and the value of dr  was chosen 
individually for each set of parameters based on 
the required accuracy of the eigenvalue 
determination, and varied from 7.2dr  to 

150dr . The widest integration domain was 
required for long-wave perturbations, at large 
Reynolds numbers and swirl parameters. When 
computing the dependencies of the eigenvalues 
on the governing parameters, the step in the 
parameter was determined automatically by the 
number of iterations itk  in Newton's method for 

solving the characteristic equation. The value of 
itk  was maintained in the interval 73 itk . If 

7itk  or 3itk  for three successively found 
eigenvalues, the parameter step was 
correspondingly halved or doubled. To 
accelerate convergence, the next initial guess for 
the eigenvalue in Newton's method was 
determined by linear extrapolation. 
It is convenient to represent system (5) for 
numerical integration as six first-order 
differential equations ),( zrfz . To find the 
solution, we employ the Kutta–Merson method 
with automatic step-size selection. Denote 
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where h  is the integration step, ][k

nz  is the 
approximate solution found at the point hrn  
with local error kh . Then the set of calculation 
formulas can be written as: 
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Thus, approximate values )( 1nrz  are calculated 
with local errors 4h  and 5h . Comparison of the 
values ]4[

1nz  and ]5[
1nz  provides a practical means 

to assess the accuracy of the approximate 
solution )( 1nrz  during the computation. The 
integration step h for each computational point 
is determined from the condition 
 

]4[]4[]5[ /)( nnn zzz  , 
 

in which it was assumed that 210 . 

A fundamental difficulty in implementing this 
method when solving hydrodynamic stability 
problems is the rapid (parasitic) growth of one 
or several solutions during integration, as a 
result of which their linear independence is lost. 
One of the most effective methods for 
overcoming these difficulties is the 
orthogonalization procedure of S.K. Godunov 
[25]. 
Such an orthogonalization procedure for the 
vectors can be performed either at each 
integration step, or after a certain number of 

criterion is violated. Such a criterion, for 
example, can be the condition 

Myy jj 2/1),max( , where the constant M  is 
usually of the order of 32 1010 . In the present 
calculations, orthogonalization was carried out 
at every computational point. 
To compute the complex determinant of system 
(7), the Gauss elimination method with column 
pivoting was used. The solution of an equation 
of the form 0)(cF  was determined by 
Newton's method. 
 
 
3. RESULTS AND DISCUSSION 
 
Nontrivial solutions of the homogeneous 
boundary-value problem (5), (6) with 
distribution (2) determine the spectrum of 
complex eigenvalues and eigenfunctions for a 
given set of parameters Re , q , , n . The first 
two parameters characterize the flow, and the 
latter two describe the perturbation wave. 
The results of test calculations of the 
eigenvalues of the original problem for the 
viscous mode found in [8] and studied in detail 
in [9] are presented in Table 1. It can be seen 
that in all cases there is good agreement. This 
indicates that the numerical method employed 
allows obtaining a solution with high accuracy. 
At the same time, it is simpler in numerical 
implementation than the spectral collocation 
method with Chebyshev expansions [8]. 

In [8], two viscous instability modes with 
positive azimuthal wavenumbers were identified 
numerically, for which the maximum 
amplification factor monotonically decreases as 
Re . One of them corresponds to 
axisymmetric perturbations 0n , and the other 
to non-axisymmetric ones with 1n . In both 
cases, the instability turns out to be weaker 
compared to the inviscid mode at 1n , and 
the corresponding critical Reynolds numbers 
calculated in [9] are higher: ;275.17Rec  

42.322  for the modes 1;0n , respectively. 
These two modes are of significant importance 
because they confirm the destabilizing effect of 
viscosity on flow stability. 
The present numerical investigations have 
established that for there also exists an unstable 
mode of viscous nature (mode 2). 
Provide analysis its properties in detail. The 
critical Reynolds number for it is 934.43Rec  
at 5012.0c , 6603.0cq . In this sense, it 
occupies an intermediate position between the 
viscous modes 0n  and 1n .  
Fig. 1 shows the relations )(ii , 

)(rr for mode 2 by solid and dashed 
lines, respectively, calculated at 100Re , 

,3.0q  ,4.0  ,5.0  6.0  (curves 1–4). It is seen 
that the amplification factor )(ii has a 

 The same character 
was noted for similar dependencies in [8] when 
studying viscous modes with 0n  and 1n . 
The phase velocities of perturbations with 
wavenumbers corresponding to the maximum 
amplification factor are negative, i.e., unstable 
perturbations in this case propagate upstream. 
Confirmation that the found mode is viscous in 
nature is provided by the dependence of the 
amplification factor on the swirl )(qii  at 
fixed wavenumber 3.0  and various 

,300Re  ,1000  ,5000  10000  (Fig. 2, curves 
1–4). It is evident that as the Reynolds number 
increases, the maximum amplification factor 
monotonically decreases. 
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calculations, orthogonalization was carried out 
at every computational point. 
To compute the complex determinant of system 
(7), the Gauss elimination method with column 
pivoting was used. The solution of an equation 
of the form 0)(cF  was determined by 
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complex eigenvalues and eigenfunctions for a 
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latter two describe the perturbation wave. 
The results of test calculations of the 
eigenvalues of the original problem for the 
viscous mode found in [8] and studied in detail 
in [9] are presented in Table 1. It can be seen 
that in all cases there is good agreement. This 
indicates that the numerical method employed 
allows obtaining a solution with high accuracy. 
At the same time, it is simpler in numerical 
implementation than the spectral collocation 
method with Chebyshev expansions [8]. 

In [8], two viscous instability modes with 
positive azimuthal wavenumbers were identified 
numerically, for which the maximum 
amplification factor monotonically decreases as 
Re . One of them corresponds to 
axisymmetric perturbations 0n , and the other 
to non-axisymmetric ones with 1n . In both 
cases, the instability turns out to be weaker 
compared to the inviscid mode at 1n , and 
the corresponding critical Reynolds numbers 
calculated in [9] are higher: ;275.17Rec  

42.322  for the modes 1;0n , respectively. 
These two modes are of significant importance 
because they confirm the destabilizing effect of 
viscosity on flow stability. 
The present numerical investigations have 
established that for there also exists an unstable 
mode of viscous nature (mode 2). 
Provide analysis its properties in detail. The 
critical Reynolds number for it is 934.43Rec  
at 5012.0c , 6603.0cq . In this sense, it 
occupies an intermediate position between the 
viscous modes 0n  and 1n .  
Fig. 1 shows the relations )(ii , 

)(rr for mode 2 by solid and dashed 
lines, respectively, calculated at 100Re , 

,3.0q  ,4.0  ,5.0  6.0  (curves 1–4). It is seen 
that the amplification factor )(ii has a 

 The same character 
was noted for similar dependencies in [8] when 
studying viscous modes with 0n  and 1n . 
The phase velocities of perturbations with 
wavenumbers corresponding to the maximum 
amplification factor are negative, i.e., unstable 
perturbations in this case propagate upstream. 
Confirmation that the found mode is viscous in 
nature is provided by the dependence of the 
amplification factor on the swirl )(qii  at 
fixed wavenumber 3.0  and various 

,300Re  ,1000  ,5000  10000  (Fig. 2, curves 
1–4). It is evident that as the Reynolds number 
increases, the maximum amplification factor 
monotonically decreases. 
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4. CONCLUSION 
 

An efficient numerical procedure has been 
developed for investigating the hydrodynamic 
stability of axisymmetric swirling flows with 

perturbations. Calculations of temporal 
instability have been performed for the 

instability mode has been found whose 
amplification factors exceed the values for 
previously known viscous modes. The 
application of the considered method is possible 
for a wide class of flow stability problems with 
arbitrary velocity profile distributions in various 
technical applications. 
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The technique of conducting experiments on the dynamics of changes in the roughness of samples in the time 
range by immersing them in a container with water, dosing a disinfectant into it and processing water on a magnetic 
stirrer with subsequent analysis of the surface of samples by methods of lightoscopy and profilometry are 
presented. Changes in the qualitative characteristics of coating samples and chemical indicators of water are 
identified and analyzed. The dynamics of changes in the equivalent roughness coefficient of protective coatings 
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INTRODUCTION 
 
The issues of determining the roughness of the 
inner walls of pressure pipelines made of new 
materials, as well as its possible transformation 
during the long-term operation of engineering 
networks, are relevant, as they allow to identify 
such important characteristics as the values of the 
coefficients of equivalent resistance and 
hydraulic friction and, thereby, to substantiate 
the prospect of possible energy savings during 
water transportation [1]. 
An analysis of global experience in the operation 
and repair of water supply pipeline networks 
shows that to increase the reliability of pipeline 
systems, the most promising solution is to 
rehabilitate them by applying internal protective 
coatings of various types, including polymer 
sprayed materials. In the process of developing 
renovation projects for pipeline transport and 
their implementation, there is a need to obtain 
reliable data necessary to ensure the reliability of 
the restored pipelines by ensuring the appropriate 
hydraulic and strength characteristics of the 
restored networks, which acquire a two-layer 
structure after repair work [2, 3]. 
An analysis of the results of previously 
conducted studies shows that there are valid 
documents in the certification systems that 
describe the measurement procedures necessary 
to determine the hydraulic characteristics of 
pipelines with internal coatings [4]. At the same 
time, it is very important to determine the ability 
of protective coatings (internal linings) to 
maintain their hydraulic characteristics during 
long-term operation and not to negatively affect 
the quality of the transported water [5]. 
Given the significant extent of wear and tear on 
pipeline systems, where, according to data from 
the Ministry of Regional Development, more 
than 40% of water supply networks require 
immediate repair, the effectiveness of using new 
types of internal protective coatings for 
dilapidated pipelines using efficient and prompt 
trenchless methods becomes extremely relevant 
[6]. In order to prove the effectiveness of the use 
of certain types of polymer protective coatings 

and the absence of potential negative 
circumstances, such as chemical reactions 
between the coatings and the transported water, 
as well as changes in their hydraulic properties 
(such as changes in surface roughness), it is 
necessary to conduct a wide range of studies 
under dynamic conditions using appropriate 
models and special instruments. 
In accordance with the available conformity 
certificates, protective polymer spray coatings do 
not change the composition of the pumped 
medium, maintaining the reliability of pipeline 
networks at a high level and reducing the 
negative impact on the urban environment due to 
repair work. Despite the thin layer of 3-8 mm, 
these materials can effectively fill in existing 
defects and increase the wear resistance of 
pipelines during the rehabilitation process. As a 
result, the internal surfaces of the restored 
pipelines tend to become less rough, improving 
the hydraulic performance of the pipelines. To 
prove this, the structure of the protective coatings 
is analyzed using a number of modern contact 
and optical methods that provide information 
about their roughness [7]. 
The objectives of this work were to conduct 
scientific research that confirms or refutes the 
noted facts using modern approaches and 
methods for determining and evaluating the 
hydraulic performance of protective coating 
samples. 
 
 
METHODS AND MATERIALS 
 
The sprayed organic protective coating Subcote 
FLP was used as the research materials. The 
coating has a sanitary and epidemiological expert 
opinion No. 77.01.12.P.014303.09.11 dated 
22.09.2011, issued by the Department of the 
Federal Service for Supervision of Consumer 
Rights Protection and Human Welfare in 
Moscow, which allows the coating to be applied 
to the inner surface of pipelines in domestic and 
drinking water systems. 
In the work, modern tools of contact and optical 
technologies, respectively profilography and 
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lightoscopy, were adopted as methods of 
roughness research. According to the results of 
these methods, the analysis and comparison of 
the obtained data was carried out, in particular, 
on the arithmetic mean deviation of the surface 
profile, the height of its irregularities, etc. with 
the subsequent calculation of the values of the 
coefficients of equivalent roughness of coatings 
in time before and after their special processing. 

The essence of the experiments on studying the 
dynamics of changes in roughness was to process 
the samples of the protective coating on a small-
sized installation, which was a glass cup 
(container) of the calculated height and diameter 
with a measured volume of 1 liter of drinking 
water (Figure 1). The samples of the protective 
coatings of certain sizes were rigidly placed in 
the cup near its wall (at the periphery). 

 

 
Figure 1. Layout of the apparatus elements on the magnetic stirrer 

(left – front view of the sample in the container; right – rear view of the sample) 
1 - glass cup; 2 - rubber stopper; 3 - sample of a certain size, suspended near the edge of the cup; 

4 - magnetic stirrer; 5 – anchor  
 
The beaker was placed on a special device 
(magnetic stirrer), where the contents were 
mixed at a specific angular velocity  (converted 
to linear velocity V or tangential velocity), 
ensuring a precisely defined contact time 
between the sample and the water, simulating the 
identical duration of water flow in a pipeline of 
the appropriate length and diameter at an optimal 
velocity of 1 m/s. The conversion of angular 
velocity to linear (tangential) velocity was 
performed using an online calculator in the 
standard program planetcalc.ru.  
When conducting experiments on a magnetic 
stirrer, specially prepared solid samples of the 
Subcote FLP internal protective coating to be 
sprayed were examined. The dimensions of the 
samples were (2.0 x 8.0), and their contact area 
with the water flow, taking into account the front 
and back sides, as well as the side surfaces, was 

32 cm2. The one-time duration of sample 
processing in a glass of water on a magnetic stirrer 
was 2h 47 minutes, which corresponded to 
(simulated) the presence of water in a pipeline 10 
km long and 1200 mm in diameter. These 
parameters are adopted for the need to ensure 
approximately equal conditions for the 
consumption of chlorine in time by a unit of 
surfaces (1 cm2) of samples and the contact area 
of the water flow during its transportation through 
the pipeline. In this case, the consumption of 
chlorine for the samples was 1/32=0.03125 L and 
for the simulation of the pipeline 11304000 / 
376800000=0.03 L per 1 cm2 of the contact area 
of the pipeline walls with water.   
As mentioned above, two alternative methods 
were used to study the roughness of the 
protective coating samples: the probe (contact) 
method and the optical (non-contact) method, 
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lightoscopy, were adopted as methods of 
roughness research. According to the results of 
these methods, the analysis and comparison of 
the obtained data was carried out, in particular, 
on the arithmetic mean deviation of the surface 
profile, the height of its irregularities, etc. with 
the subsequent calculation of the values of the 
coefficients of equivalent roughness of coatings 
in time before and after their special processing. 

The essence of the experiments on studying the 
dynamics of changes in roughness was to process 
the samples of the protective coating on a small-
sized installation, which was a glass cup 
(container) of the calculated height and diameter 
with a measured volume of 1 liter of drinking 
water (Figure 1). The samples of the protective 
coatings of certain sizes were rigidly placed in 
the cup near its wall (at the periphery). 
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(left – front view of the sample in the container; right – rear view of the sample) 
1 - glass cup; 2 - rubber stopper; 3 - sample of a certain size, suspended near the edge of the cup; 
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The beaker was placed on a special device 
(magnetic stirrer), where the contents were 
mixed at a specific angular velocity  (converted 
to linear velocity V or tangential velocity), 
ensuring a precisely defined contact time 
between the sample and the water, simulating the 
identical duration of water flow in a pipeline of 
the appropriate length and diameter at an optimal 
velocity of 1 m/s. The conversion of angular 
velocity to linear (tangential) velocity was 
performed using an online calculator in the 
standard program planetcalc.ru.  
When conducting experiments on a magnetic 
stirrer, specially prepared solid samples of the 
Subcote FLP internal protective coating to be 
sprayed were examined. The dimensions of the 
samples were (2.0 x 8.0), and their contact area 
with the water flow, taking into account the front 
and back sides, as well as the side surfaces, was 

32 cm2. The one-time duration of sample 
processing in a glass of water on a magnetic stirrer 
was 2h 47 minutes, which corresponded to 
(simulated) the presence of water in a pipeline 10 
km long and 1200 mm in diameter. These 
parameters are adopted for the need to ensure 
approximately equal conditions for the 
consumption of chlorine in time by a unit of 
surfaces (1 cm2) of samples and the contact area 
of the water flow during its transportation through 
the pipeline. In this case, the consumption of 
chlorine for the samples was 1/32=0.03125 L and 
for the simulation of the pipeline 11304000 / 
376800000=0.03 L per 1 cm2 of the contact area 
of the pipeline walls with water.   
As mentioned above, two alternative methods 
were used to study the roughness of the 
protective coating samples: the probe (contact) 
method and the optical (non-contact) method, 

which have the same range of measured micro-
irregularity heights (0.8 – 62.5 m). These 
methods are relatively simple to use when 
processing measurement results. 
The scanning electron microscope, the 
TESCAN MIRA 3 LMU scanning electron 
microscope and the Olympus GX53 inverted 
microscope, as well as the TR 100 portable 
roughness meter, were used as instruments for 
studying the above parameters. To determine 
the quality of water, an instrument base was 
used, including a Primelab PL-HR-atom 
magnetic stirrer, an ECOSTAB PC 233 
analyzer for determining pH, salinity, electrical 
conductivity and water temperature. 
It should be noted that, depending on the 
regulatory requirements for the disinfectant dose 
that provides a bactericidal effect during water 
disinfection, a certain amount of chlorine was 
artificially added to the water in the form of 
universal Aquabreeze water disinfection tablets. 
This ensured that the residual chlorine 
concentration remained at the required level for 
water sterilization after it left the water treatment 
plant, typically at least 1.0 mg/L [8]. 
The ultimate goal of the research is a 
comprehensive analysis of the possible 
transformation of the initial roughness and 
chemical composition of water over a certain 
time interval in a magnetic stirrer system, which 
provides a tangential flow of water as an analogy 
for the flow of water in linear objects (pressure 
pipelines) of the appropriate diameter and length. 
Additionally, the objective is to determine the 
effect of the duration of the sample's exposure to 
chlorinated water at a specific dose of the reagent 
on the roughness [9]. 
One of the tasks in conducting experiments and 
processing their results using automated 
programs was to indirectly assess the energy 
consumption during water transportation as a 
result of potential changes in the hydraulic 
characteristics of the protective coating samples 
over time and due to the impact of chlorine added 
to the water.  
 
 

RESULTS 
 
Below are the results of three research cycles, in 
particular: 
- on the transformation of the equivalent surface 
roughness coefficients of Subcote protective 
coating samples based on parallel experiments 
using profilometry and light microscopy, 
followed by the calculation of the equivalent 
surface roughness coefficients of the coatings 
over time before and after their special treatment, 
as well as the recording of the arithmetic mean 
deviation of the surface profile, the height of its 
irregularities, etc. (I cycle); 
- by changing the chemical properties of the 
surface of the protective coating samples, which 
leads to changes in the roughness profile heights 
in the transverse and longitudinal directions, as 
well as in the morphology (in this case, the 
structure and elemental chemical composition) of 
the samples, using electron microscopes to 
process the data, and by changing the water 
quality indicators before and after the 
experiments on the magnetic stirrer (cycle II); 
- to assess the energy consumption during water 
transportation as a result of potential changes in 
the hydraulic characteristics of protective coating 
samples over time and due to the impact of 
chlorine derivatives using modern electronic 
models (III cycle) [10]. 
Cycle I.  
1. The results of profilometry experiments (on 
the TR 100 roughness meter) on samples of 
protective coatings (in cold and hot water) in 
dynamics and the analysis of the obtained results 
on the determination of the coefficients of 
equivalent roughness KE:  
- on the initial sample (1) in nature - KE = 0.0386 
mm;  
- on sample (2) with a chlorine dose of 1.07 mg/L 
in the initial cold (200 C) water and a processing 
time of 2 h 47min in the agitator - KE = 0.02428 
mm;  
- on sample (3) with a chlorine dose of 1.0 mg/L 
in the initial cold (200 C) water and a double 
processing time of 2x(2 h 47min) - KE = 0.02085 
mm;  
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- on sample (4) with a chlorine dose of 1.0 mg/l 
in the initial hot water (500 C) and a treatment 
duration of 2 h 47m - KE = 0.02225 mm. 
The analysis of the data presented above shows a 
downward trend in the equivalent roughness 
coefficients as a function of the time spent by the 
samples in chlorinated water, with the most 
pronounced effect occurring when the sample is 
placed in hot water, where the disinfectant dose 
and the duration of the sample's stay in the 
magnetic stirrer are the lowest. 
2. The results of light microscopy experiments 
(using an Olympus GX53 microscope) on 
samples of protective coatings (in cold and hot 
water) in dynamics and the analysis of the results 
obtained to determine the equivalent roughness 
coefficients KE:  
- on the original sample (1) in nature -   KE = 
0.0372 mm;  
- on sample (2) with a chlorine dose of 1.07 mg/l 
in the initial cold (200 C) water and a processing 
time of 2h 47min in the agitator - KE = 0.0228 
mm  
- no studies were conducted on sample (3);  
- on sample (4) with a chlorine dose of 1.0 mg/l 
in the initial hot (500 C) water and a processing 
time of 2h 47m - KE = 0.0217 mm. 
 As in the previous calculation point, the analysis 
of the data presented above shows a downward 
trend in the equivalent roughness coefficients as 
a function of the time the samples spent in 
chlorinated water. The greatest reduction in 
roughness is achieved when the samples are 
treated with hot water. 
When comparing the results of points 1 and 2 for 
the three samples, it can be noted that the 
difference in the obtained data for determining 
the equivalent roughness coefficient KE is as 
follows: 
- for the initial sample (1), the difference in the 
values of the equivalent roughness coefficient is 
0.0386-0.0372 = 0.0014 mm or 3.76%; 
- for sample (2), the difference is 0.02428-
0.0228=0.00148 mm or 6.5% 
- for sample (4), the difference is 0.02225-
0.0217=0.00055 mm or 2.53% 

Thus, in three experiments, the discrepancy in the 
KE readings ranged from 2.53% to 6.5%, which 
indicates that the results of profilometry and light 
spectroscopy experiments can be used 
interchangeably to determine the equivalent 
roughness coefficient of the samples. 
The nature of the irregularities (heights) was 
determined using light microscopy on an 
inverted Olympus GX53 microscope. There were 
no roughness protrusions on the samples, 
respectively, in the longitudinal and transverse 
directions, which amounted to: 40-120 and 43-
103 microns for sample (1), 120-195 and 65-158 
for sample (2); 158-210 and 125-208 microns for 
sample (4). At the same time, the steps for fixing 
irregularities in samples (1) and (4) were 70, 
respectively and 200 microns, which can be 
characterized as a transition from more frequent 
to more rare, which means that it may indicate 
some straightening of the roughness of the 
samples over time during treatment in water with 
chlorine. 
Figure 2 graphs show the transformation of 
surface irregularities on samples (1) and (4) as 
sample roughness profiles in the longitudinal 
direction. 
The graphical dependencies presented in Figure 
2 indicate that, compared to sample (1), sample 
(4) exhibits a peculiar "growth" in the average 
profile height: from (40+120)/2=80.0 m to 
(160+210)/2=175 m. Thus, an increase in the 
average height of the profiles due to "growths" 
on the surface of the samples does not lead to an 
increase in the surface roughness, as the step of 
the roughness protrusions (irregularities), as 
noted above, increases from 70 m to 200 m, 
which contributes to the local smoothing of the 
surface between the peaks of the roughness 
protrusions. 
This phenomenon can be explained by the 
reaction of chlorine with the sample (see cycle II) 
or by the deposition of chlorine salts on the 
surface of the sample, which is a kind of inlay 
that has a positive effect in this case, as the 
average deviation of the Ra profile was 9 and 6 

m for samples (1) and (4), respectively.  
  

 

 

 

 

 

 

 

 
 

Figure 2. Illustration of the surface profiles of samples (1) and (4), respectively, in the longitudinal 
direction: from top to bottom before treatment in chlorinated water and after treatment 
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The nature of the irregularities (heights) was 
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Thus, it can be concluded that when processing 
samples on a device with a magnetic stirrer, the 
possibility of the phenomenon of "straightening" 
of a rough surface with filling of pores between 
the peaks of roughness (conditionally called 
"voids or dips") is not excluded. This suggests 
that the coefficient of equivalent roughness of the 
sample may decrease over time, i.e., during long-
term operation of a pipeline with a protective 
coating. 
Cycle II.  
In this cycle of experiments, the issues of 
changing the morphology of samples before and 
after processing in chlorinated water on a 
magnetic stirrer, as well as the consideration and 
influence of the quality indicators of water and 
its temperature on the processes of 
transformation of the surface of samples, are 
examined.  

In this series of experiments, a TESCAN MIRA 
3 LMU scanning electron microscope was used, 
as well as a device for chemical control of water 
quality indicators (Ecostab PC 233 analyzer). 
The results of experiments with coating samples 
on an electron microscope showed that there is a 
change in the Cl (chlorides) indicator on the 
surface of the samples, with an increase after 
treatment in water on an apparatus with a 
magnetic stirrer, and a similar change in the 
concentration of calcium Ca and the appearance 
of potassium K.  
In the summary Table 1, there are printouts of the 
output parameters for the presence of chemical 
elements in the composition of the studied 
samples, which indicate a change in their 
chemical composition after treatment on a 
magnetic stirrer. 

 
Table 1. Illustration of the dynamics of changes in the weight and atomic composition of chemical 

elements in samples depending on the time and temperature of their processing: on the left, the 
initial sample (1), in the middle, the sample (2), and on the right, the sample (4) 

 

Elemen
t  

Weight
, % 

Atomic
, 
% 

 72.05 78.94 
 23.49 19.32 

Na 0.13 0.07 
Mg 0.04 0.02 
Al 0.15 0.07 
Si 1.15 0.68 
Cl 0.18 0.07 
Ca 2.49 0.82 
Results 100  

 

Elemen
t  

Weight
, % 

Atomic
, 
% 

 66.33 74.26 
 27.77 23.33 

Na 0.44 0.26 
Mg 0.07 0.04 
Al 0.18 0.09 
Si 1.77 0.85 
Cl 0.47 0.18 
Ca 2.61 0.88 

 0.36 0.12 
Results 100  

 

Elemen
t  

Weight
, % 

Atomic
, 
% 

 65.8 73.94 
 27.91 23.54 

Na 0.26 0.15 
Al 0.25 0.12 
Si 1.82 0.88 
Cl 0.76 0.29 
Ca 2,98 1,00 

 0.23 0.08 
Results 100  

 

 
A characteristic feature of the data presented in 
Table 1 for each sample is: 
- sample (1) has a relatively low content of the 
chemical element chlorine (0.18%) and a 
predominance of the weight fraction of carbon 
72.05% and oxygen 23.49 %;  
- in sample (2), compared to sample (1), the 
concentration of chlorine in the protective 
coating material increased from 0.18% to 0.47%, 
i.e., by 2.61 times, while the weight fractions of 

carbon decreased by 7.94% (72.05-66.33) and 
the weight fraction of oxygen increased by 
15.4% (27.77-23.49), and potassium appeared 
(0.36%); 
- in sample (4), compared to sample (1), the 
concentration of chlorine in the material 
increased from 0.18% to 0.76%, i.e., by 4.22 
times, while the weight fractions of carbon 
decreased from 72.05% to 65.8%, i.e., by 1.09 
times, and the weight fraction of oxygen 
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Thus, it can be concluded that when processing 
samples on a device with a magnetic stirrer, the 
possibility of the phenomenon of "straightening" 
of a rough surface with filling of pores between 
the peaks of roughness (conditionally called 
"voids or dips") is not excluded. This suggests 
that the coefficient of equivalent roughness of the 
sample may decrease over time, i.e., during long-
term operation of a pipeline with a protective 
coating. 
Cycle II.  
In this cycle of experiments, the issues of 
changing the morphology of samples before and 
after processing in chlorinated water on a 
magnetic stirrer, as well as the consideration and 
influence of the quality indicators of water and 
its temperature on the processes of 
transformation of the surface of samples, are 
examined.  

In this series of experiments, a TESCAN MIRA 
3 LMU scanning electron microscope was used, 
as well as a device for chemical control of water 
quality indicators (Ecostab PC 233 analyzer). 
The results of experiments with coating samples 
on an electron microscope showed that there is a 
change in the Cl (chlorides) indicator on the 
surface of the samples, with an increase after 
treatment in water on an apparatus with a 
magnetic stirrer, and a similar change in the 
concentration of calcium Ca and the appearance 
of potassium K.  
In the summary Table 1, there are printouts of the 
output parameters for the presence of chemical 
elements in the composition of the studied 
samples, which indicate a change in their 
chemical composition after treatment on a 
magnetic stirrer. 

 
Table 1. Illustration of the dynamics of changes in the weight and atomic composition of chemical 

elements in samples depending on the time and temperature of their processing: on the left, the 
initial sample (1), in the middle, the sample (2), and on the right, the sample (4) 
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A characteristic feature of the data presented in 
Table 1 for each sample is: 
- sample (1) has a relatively low content of the 
chemical element chlorine (0.18%) and a 
predominance of the weight fraction of carbon 
72.05% and oxygen 23.49 %;  
- in sample (2), compared to sample (1), the 
concentration of chlorine in the protective 
coating material increased from 0.18% to 0.47%, 
i.e., by 2.61 times, while the weight fractions of 

carbon decreased by 7.94% (72.05-66.33) and 
the weight fraction of oxygen increased by 
15.4% (27.77-23.49), and potassium appeared 
(0.36%); 
- in sample (4), compared to sample (1), the 
concentration of chlorine in the material 
increased from 0.18% to 0.76%, i.e., by 4.22 
times, while the weight fractions of carbon 
decreased from 72.05% to 65.8%, i.e., by 1.09 
times, and the weight fraction of oxygen 

increased by 1.19 times (from 23.49% to 
27.91%), while the weight fraction of potassium 
decreased slightly (0.23%). 
It should also be noted that a similar phenomenon 
of increasing the calcium concentration in the 
coating material is observed from sample to 
sample: in sample (2) compared to sample (1), its 
concentration increased by 4.8%, and in sample 
(4) by 19.7%. 
Below are theoretical calculations illustrating the 
analysis of changes in the chemical properties of 
water and samples (2) and (4) after their contact 
with chlorine water in a beaker on a magnetic 
stirrer.  
Regarding the chlorine reaction with sample (2), 
it should be noted that the initial value of total 
chlorine in the water was 1.07 mg/L (before the 
experiment) and decreased to 0.49 mg/L, 
remaining in the water as free chlorine that 
provided water disinfection. Therefore, 1.07-
0.49=0.68 mg/L of chlorine should react with 
sample (2). 
On the other hand, the initial value of residual 
chlorine in the water before the experiments, 
according to the measurements, was 0.95 mg/L, 
and after the experiment it decreased to 0.35 
mg/L. Then it can be assumed that residual 
chlorine in the amount of 0.95-0.35=0.6 mg/L 
reacted with the sample.  
Comparing the values obtained from the analysis 
of the transformation of various forms of chlorine 
in water, we can note the similarity of the 
concentration of total chlorine (0.68 mg/L) and 
residual chlorine (0.6 mg/L), which reacted with 
the sample. The difference in the results was 
11.76%. 
Regarding the increase in water mineralization 
during the experiments, the following can be 
noted: the initial water mineralization was 282 
mg/L (before the experiment), and it increased to 
286 mg/L after the experiment, resulting in a 
slight difference of 4 mg/L. However, this 
difference is consistent with the formation of 
chlorides and insoluble calcium salts, which can 
precipitate on the surface of the sample, leading 
to incrustation. 

In terms of other chemical indicators of water, 
the following trend should be noted:  
- the redox potential (ORP) of the initial water was 
20 mV, and after the experiment it was 9 mV;  
- the electrical conductivity of the water before 
the experiment was 397 S/cm, and after it was 
402 S/cm; the difference of 5 S/cm indicates 
an increase in mineralization, including the 
formation of chlorine salts, which increase the 
conductivity of the current; 
- the pH value of the water before the experiment 
was 6.8, and after it was 7.02; the difference of 
0.22 indicates a near-neutral environment. 
Similar trends can be observed in the reaction of 
chlorine with sample (4), but with some notable 
differences. 
It should be noted that the initial value of total 
chlorine introduced into the water at a dose of 1 mg 
/l a few seconds before the experiment was 0.27 
mg/l, i.e. there was an almost instantaneous decrease 
in its concentration at elevated temperature; after the 
experiment, the concentration of total chlorine 
decreased to 0.06 mg/l, which may indicate, for 
example, an active reactions of chlorine with the 
sample, which confirms the hypothesis of a 
tendency to increase profile heights due to the 
growth of precipitating salts (see Figure 2); the 
initial value of residual chlorine in water was 0.02 
mg/l (before the experiment), and the final value of 
residual chlorine was 0.00 mg/l (after the 
experiment); thus, all residual chlorine is also 
reacted with a sample in the amount of 0.02 mg/l and 
disappeared from the water. 
Regarding the increase in water mineralization 
during the experiments, the following can be 
noted: the initial water mineralization was 297 
mg/L (before the experiment), and it increased to 
306 mg/L after the experiment, resulting in a 
difference of 9 mg/L, which is consistent with the 
formation of salts (chlorides) that can precipitate 
on the surface of the sample, contributing to 
incrustation phenomena. 
In other chemical indicators of water, the 
following trend should be noted:  
- the redox potential (ORP) of the initial water 
was 13 mV, and after the experiment -21 mV, 
which indicates the ionization of water, i.e. a 
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sufficient amount of charged ions in it to attract 
and neutralize the harmful excess acids;  
- the electrical conductivity of the water before 
the experiment was 420 S/cm, and after it was 
430 S/cm; the difference of 10 S/cm indicates 
an increase in mineralization, including the 
formation of salts in the water, which increase the 
conductivity of the current; 
- the pH value of the water before the experiment 
was 6.92, and after it was 7.46; the difference of 
0.54 indicates a transition of the water from a 
near-neutral to a slightly alkaline environment. 
Cycle III. 
The results of the experiments in this cycle were 
aimed at describing the expected phenomena of 
inscription as a positive phenomenon that 
ultimately contributes to reducing the coefficient of 
hydraulic friction  and thus leads to a decrease in 
energy consumption in the case of using the studied 
coating material for repairing high-pressure steel 
pipelines that transport drinking water. 
Regarding the possible energy savings E (kWh) 
during water transportation, it can be noted that 
due to the potential changes in the hydraulic 
characteristics  of the protective coatings, the 
following is observed: 
- for the initial period of pipeline operation with 
a diameter of d (m)  
 

i = 1/(2 lg d / KEi +1,14)2 = 
=1/(2lg1.2 / 0.0000372+1.14)2 = 0.00969  (1) 

 Ei = 0.81 t Q3 L i 24 365 / (d 5 ) =  
    = 443 830.8 kWh / year                            (2) 

                            
- after a long period of operation of a pipeline 
with a diameter of d (m) in the future  
 

f=1/(2lgd/ KEf +1.14)2 = 
=1/(2lg1.2/0.0000318+1.14)2 = 0.00943    (3) 

Ef =0,81 t Q3 L f 24 365 / (d 5 ) = 
=431 922.1 kWh / year                          (4) 

 
  where Q is the flow rate of water supplied by 
the pipeline, m3/s; KEi and KEf are the initial 
and prospective coefficients of equivalent 
roughness, m, respectively;  is the efficiency 
coefficient of the pumping unit; 24 is the number 

of hours the pump operates per day, h; 365 is the 
number of days in a year; L is the length of the 
pipeline, m; t is the correction factor for the 
change in water density with temperature. 
The presented calculated data were obtained 
using the Prandtl formula [11], which displays 
the change in the hydraulic friction coefficient  
for the initial (1) and final (3) periods of 
operation, and the data from formulas (2) and (4) 
were obtained using the calculated dependence 
of energy consumption in the pipeline [6], taking 
into account the expected values of the hydraulic 
friction coefficient , which were calculated 
using formulas (1) and (3) using the experimental 
data obtained from the transformation of the 
equivalent resistance coefficient KE based on the 
operation of the small-sized installation. 
It should be noted that the calculation of energy 
consumption E (kWh/year) was performed for a 
real pressure pipeline with a diameter of d=1.2 
(m), a length of L=10000 (m), a water flow rate 
of Q=1.131 (m3/s), a pump efficiency of =0.9, 
a water temperature of T=200 C, and a 
coefficient of thermal expansion of t =0.99923. 
Thus, it has been calculated that over time, the 
consumption of electricity during the 
transportation of water through a pressure 
pipeline will decrease by 443,830.8-
431,922.1=11,908.7 kWh per year due to the 
reduction in the roughness of the protective 
coating. For example, if the cost of electricity for 
industrial enterprises is 1.57 rubles per kWh, the 
savings in money can amount to 
11,908.7·1.57=18 696.7 rubles. 
 An automated program [12] has been developed 
and patented for complex energy and hydraulic 
calculations using the above-described 
methodology, which includes three cycles of 
experimental research. 
 
 
CONCLUSIONS 
 
1. Conducted on a small-sized installation field 
studies on the assessment of possible 
transformation of samples of the Subcote FLP 
polymer coating with reference to the real 
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conditions of their operation as protective 
coatings in pipelines during the period of 
trenchless repair, as well as complex processing 
of the obtained data using light microscopy and 
profilometry, allowed to establish a number of 
dependencies of the change in the coefficients of 
roughness on temperature conditions. 
2. Based on the study of the dynamics of changes 
in the chemical parameters of water under the 
conditions of operation of a small-sized 
installation, assumptions are made about the 
interaction (reaction) of the samples of protective 
coatings with chlorine, which leads to a change 
in their morphology and hydraulic parameters. 
3. Based on the results of comprehensive 
experiments with transformed samples of 
protective coatings, an energy calculation was 
performed for the case of their application in a 
real pressure pipeline during its trenchless 
renovation, which showed the possibility of 
saving electricity. 
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sufficient amount of charged ions in it to attract 
and neutralize the harmful excess acids;  
- the electrical conductivity of the water before 
the experiment was 420 S/cm, and after it was 
430 S/cm; the difference of 10 S/cm indicates 
an increase in mineralization, including the 
formation of salts in the water, which increase the 
conductivity of the current; 
- the pH value of the water before the experiment 
was 6.92, and after it was 7.46; the difference of 
0.54 indicates a transition of the water from a 
near-neutral to a slightly alkaline environment. 
Cycle III. 
The results of the experiments in this cycle were 
aimed at describing the expected phenomena of 
inscription as a positive phenomenon that 
ultimately contributes to reducing the coefficient of 
hydraulic friction  and thus leads to a decrease in 
energy consumption in the case of using the studied 
coating material for repairing high-pressure steel 
pipelines that transport drinking water. 
Regarding the possible energy savings E (kWh) 
during water transportation, it can be noted that 
due to the potential changes in the hydraulic 
characteristics  of the protective coatings, the 
following is observed: 
- for the initial period of pipeline operation with 
a diameter of d (m)  
 

i = 1/(2 lg d / KEi +1,14)2 = 
=1/(2lg1.2 / 0.0000372+1.14)2 = 0.00969  (1) 

 Ei = 0.81 t Q3 L i 24 365 / (d 5 ) =  
    = 443 830.8 kWh / year                            (2) 

                            
- after a long period of operation of a pipeline 
with a diameter of d (m) in the future  
 

f=1/(2lgd/ KEf +1.14)2 = 
=1/(2lg1.2/0.0000318+1.14)2 = 0.00943    (3) 

Ef =0,81 t Q3 L f 24 365 / (d 5 ) = 
=431 922.1 kWh / year                          (4) 

 
  where Q is the flow rate of water supplied by 
the pipeline, m3/s; KEi and KEf are the initial 
and prospective coefficients of equivalent 
roughness, m, respectively;  is the efficiency 
coefficient of the pumping unit; 24 is the number 

of hours the pump operates per day, h; 365 is the 
number of days in a year; L is the length of the 
pipeline, m; t is the correction factor for the 
change in water density with temperature. 
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the change in the hydraulic friction coefficient  
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operation, and the data from formulas (2) and (4) 
were obtained using the calculated dependence 
of energy consumption in the pipeline [6], taking 
into account the expected values of the hydraulic 
friction coefficient , which were calculated 
using formulas (1) and (3) using the experimental 
data obtained from the transformation of the 
equivalent resistance coefficient KE based on the 
operation of the small-sized installation. 
It should be noted that the calculation of energy 
consumption E (kWh/year) was performed for a 
real pressure pipeline with a diameter of d=1.2 
(m), a length of L=10000 (m), a water flow rate 
of Q=1.131 (m3/s), a pump efficiency of =0.9, 
a water temperature of T=200 C, and a 
coefficient of thermal expansion of t =0.99923. 
Thus, it has been calculated that over time, the 
consumption of electricity during the 
transportation of water through a pressure 
pipeline will decrease by 443,830.8-
431,922.1=11,908.7 kWh per year due to the 
reduction in the roughness of the protective 
coating. For example, if the cost of electricity for 
industrial enterprises is 1.57 rubles per kWh, the 
savings in money can amount to 
11,908.7·1.57=18 696.7 rubles. 
 An automated program [12] has been developed 
and patented for complex energy and hydraulic 
calculations using the above-described 
methodology, which includes three cycles of 
experimental research. 
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dependencies of the change in the coefficients of 
roughness on temperature conditions. 
2. Based on the study of the dynamics of changes 
in the chemical parameters of water under the 
conditions of operation of a small-sized 
installation, assumptions are made about the 
interaction (reaction) of the samples of protective 
coatings with chlorine, which leads to a change 
in their morphology and hydraulic parameters. 
3. Based on the results of comprehensive 
experiments with transformed samples of 
protective coatings, an energy calculation was 
performed for the case of their application in a 
real pressure pipeline during its trenchless 
renovation, which showed the possibility of 
saving electricity. 
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Abstract: A review and analysis of domestic and international design codes (Eurocode EN 1993-1-1, American 
standard ANSI/AISC 360-22 and Russian standard SP 16.13330.2017) regarding the lateral-torsional buckling of 
flexural elements indicate that current standards lack a universal solution for evaluating the lateral-torsional 
buckling stability of beams with arbitrary cross-sections under arbitrary loading conditions. The available litera-
ture provides design recommendations for the buckling analysis of symmetric and asymmetric I-beams and 
channels under a limited number of loading configurations and boundary conditions. Therefore, evaluating the 
buckling stability of non-standard beams (such as strengthened sections, which often exhibit complex and 
asymmetric geometries) is significantly hindered by the absence of practical engineering methods.  
This paper proposes a method for analyzing the elastic lateral-torsional buckling stability of thin-walled steel 
beams with asymmetric cross-sections under arbitrary loading scenarios and boundary conditions. The method is 
developed based on the analytical solution to a system of differential buckling equations in accordance with 
Vlasov's thin-walled beam theory, considering the elastic stage of material behavior. The proposed method is 
formulated in compliance with the design approaches adopted in SP 16.13330.2017, making it suitable for inte-
gration into the regulatory framework. The primary advantage of this method lies in its versatility. The validity 
of the method is confirmed by calculation examples and verification finite element modeling performed using 
the Simcenter FEMAP with Nastran software suite. 
 

Keywords: lateral-torsional buckling (LTB), thin-walled steel beam, Vlasov’s beam theory, 
elastic critical moment, finite element analysis (FEA) 
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1. INTRODUCTION 
 
Steel beams are susceptible to lateral-torsional 
buckling (LTB). At a certain critical bending 
moment (Mcr), the beam loses stability. It un-
dergoes combined lateral deflection and twist-
ing. 
Design standards regulate the lateral-torsional 
buckling resistance of beams. A review of do-
mestic and international codes shows a common 
approach. The critical buckling moment under 
uniform bending is taken as the baseline value 

[1,2]. Then, design codes apply correction fac-
tors to account for effects like moment gradi-
ents, load height, boundary conditions and re-
straints at the ends of the unbraced length (Lb) 
of the beam. The number of these factors varies 
across different design codes. The American 
specifications ANSI/AISC 360-22 utilize a sin-
gle-component equation that contains a single 
equivalent uniform moment factor (Cb). The fol-
lowing equation for critical buckling moment 
provided by White and Jung [3] is proposed in 
AISC 360-22 for monosymmetric I-beam: 
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2
2 1 0.039

2 2
y y y t

cr b b
b y
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 (1) 

 
The single-component AISC equation ac-

counts for loads applied at the shear center of 
the profile. It does not consider the effect of 
load height along the cross-section. This equa-
tion overestimates the buckling resistance when 
the load is applied to the compression flange 

and underestimates when the load is applied to 
the tension flange.  
The comments on the AISC specification pro-
vide a refined equation for the critical buckling 
moment according to guide [4]. This formula 
was originally derived by Clark and Hill [5]:
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where y is the coordinate of the load application 
point relative to the shear center. The factors C1, 
C2 and C3 depend on the moment diagram. The 
effective-length factors Ky and Kw – are the ef-
fective-length factors correspond to the lateral 
bending and warping restraint at the ends of the 
unbraced length Lb, respectively.  
Equation (2) is the so-called three-factor formu-
la. It has the most general form that corresponds 
to the solution of the differential buckling equa-
tions. The general solution allows accounting 
for the influence of cross-section monosym-
metry (Wagner coefficient y), moment gradi-
ent, end-restraint conditions, and load height 
effects. 
The three-factor formula was provided in previ-
ous versions of European standard ENV 1993-
1-1:1992 [6]. However, the current version of 

the Eurocode does not contain rules for deter-
mining the critical moment. The three-factor 
formula is used in the NCCI design guidance [7] 
but, this implementation does not include the 
coefficient C3. 
The application of the three-factor formula is 
limited due to the lack of recommendations for 
determining the factors C1, C2 and C3. For cer-
tain specific cases the values of these coeffi-
cients are given in guidelines [7, 8].  
There are studies on determining these coeffi-
cients for specific cases [9-12]. However, these 
publications mainly focus on simple design 
models, typical cross-sections of the beams and 
loading scenarios for simply supported beams. 
The factor C3 remains the least studied parame-
ter. This factor accounts for the cross-sectional 
asymmetry, as well as the offset between the 

Olga A. Tusnina



157Volume 22, Issue 3, 2026

1. INTRODUCTION 
 
Steel beams are susceptible to lateral-torsional 
buckling (LTB). At a certain critical bending 
moment (Mcr), the beam loses stability. It un-
dergoes combined lateral deflection and twist-
ing. 
Design standards regulate the lateral-torsional 
buckling resistance of beams. A review of do-
mestic and international codes shows a common 
approach. The critical buckling moment under 
uniform bending is taken as the baseline value 

[1,2]. Then, design codes apply correction fac-
tors to account for effects like moment gradi-
ents, load height, boundary conditions and re-
straints at the ends of the unbraced length (Lb) 
of the beam. The number of these factors varies 
across different design codes. The American 
specifications ANSI/AISC 360-22 utilize a sin-
gle-component equation that contains a single 
equivalent uniform moment factor (Cb). The fol-
lowing equation for critical buckling moment 
provided by White and Jung [3] is proposed in 
AISC 360-22 for monosymmetric I-beam: 

 
22

2
2 1 0.039

2 2
y y y t

cr b b
b y

EI I IM C L
L I I

 (1) 

 
The single-component AISC equation ac-

counts for loads applied at the shear center of 
the profile. It does not consider the effect of 
load height along the cross-section. This equa-
tion overestimates the buckling resistance when 
the load is applied to the compression flange 

and underestimates when the load is applied to 
the tension flange.  
The comments on the AISC specification pro-
vide a refined equation for the critical buckling 
moment according to guide [4]. This formula 
was originally derived by Clark and Hill [5]:

 
22 22

1 2 3 2 32 2 2 2
y b ty y y y

cr
w y yy b

K L GIEI K IM C C y C C y C
K I EIK L

  (2) 

  
where y is the coordinate of the load application 
point relative to the shear center. The factors C1, 
C2 and C3 depend on the moment diagram. The 
effective-length factors Ky and Kw – are the ef-
fective-length factors correspond to the lateral 
bending and warping restraint at the ends of the 
unbraced length Lb, respectively.  
Equation (2) is the so-called three-factor formu-
la. It has the most general form that corresponds 
to the solution of the differential buckling equa-
tions. The general solution allows accounting 
for the influence of cross-section monosym-
metry (Wagner coefficient y), moment gradi-
ent, end-restraint conditions, and load height 
effects. 
The three-factor formula was provided in previ-
ous versions of European standard ENV 1993-
1-1:1992 [6]. However, the current version of 

the Eurocode does not contain rules for deter-
mining the critical moment. The three-factor 
formula is used in the NCCI design guidance [7] 
but, this implementation does not include the 
coefficient C3. 
The application of the three-factor formula is 
limited due to the lack of recommendations for 
determining the factors C1, C2 and C3. For cer-
tain specific cases the values of these coeffi-
cients are given in guidelines [7, 8].  
There are studies on determining these coeffi-
cients for specific cases [9-12]. However, these 
publications mainly focus on simple design 
models, typical cross-sections of the beams and 
loading scenarios for simply supported beams. 
The factor C3 remains the least studied parame-
ter. This factor accounts for the cross-sectional 
asymmetry, as well as the offset between the 

shear center and the center of gravity. Research 
on this coefficient is limited, and it is frequently 
ignored in engineering practice [13]. 
Therefore, the development of a universal pro-
cedure for determining the coefficients C1, C2 
and C3 in the three-factor formula is required. 
This method should accommodate arbitrary 
loading scenarios, cross-sectional types and 
boundary conditions. 
The Russian code SP 16.13330.2017 specifies 
lateral-torsional buckling analysis for symmetric 
and asymmetric I-beams, and channels. The de-
sign procedure covers common beam configura-
tions, boundary conditions, and loading scenari-
os. It also accounts for the load application point 
along the cross-section height. 
However, the SP formulas apply only to specific 
design cases. These cases are limited to standard 
structural models and simple loading conditions. 
Applying the SP methodology to cases not ex-
plicitly covered by the code is difficult. The 
procedure relies on numerous separate formulas 
and empirical coefficients. This complexity ob-
scures the physical meaning of the design pro-
cedure. 
An article [14] introduces a refinement to the 
standard analysis method implemented in the 
Russian code SP 16.13330.2017. The author 
proposes a universal formula for the lateral-
torsional buckling reduction factor. However, 
this formula applies only to single-span sym-
metric I-beams. Furthermore, it is limited to a 
specific range of loading scenarios. 
An effective approach for practical stability 
analysis is proposed in paper [15]. The author 
emphasizes the need to develop a unified equa-
tion for the lateral-torsional buckling reduction 
factor. However, the proposed analytical formu-
las have explicit structural constraints. Their 
applicability is limited to specific beam geome-
tries and loading conditions. 
A solution for the deformation-based buckling 
analysis of steel members is proposed in [16]. 
The analysis utilizes a three-dimensional de-
formed configuration, taking into account mate-
rial nonlinearity. 

The performed review of articles, design codes, 
and guidelines shows certain limitations. Cur-
rent literature lacks a unified and exact solution 
for the lateral-torsional buckling (LTB) analysis 
of thin-walled members. Specifically, no exist-
ing methods cover arbitrary asymmetric cross-
sections under arbitrary boundary and loading 
conditions. Developing such a method is a nec-
essary task. 
 
 
2. THEORETIICAL STUDY 
 
Consider an arbitrary asymmetric thin-walled 
profile subjected to a transverse load qy (Fig. 1).  
For practical purposes, it is convenient to use a 
coordinate system with axes parallel to the webs 
and flanges of the section (the so-called orthog-
onal X and Y axes with coordinates x and y). 
The origin is located at the cross-section cen-
troid. The positive Y-axis points toward the ten-
sion fibers and the direction of the X-axis is de-
termined by the left-hand rule. The principal 
coordinate system (X0, and Y0 axes with coor-
dinates x0 and y0) is inclined at an angle 0 rela-
tive to the orthogonal axes.  
The external load qy acts through the shear cen-
ter along the Y-axis, parallel to the web. 
 

 
Figure 1. Asymmetric thin-walled profile. 

Cross-section scheme 
 

Figure 1 defines the geometric and loading pa-
rameters of the cross-section: 0 is the inclina-
tion angle of the principal Y0-axis to the Y-axis
ax0 and ay0 are the shear center coordinates in 
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ex0 and ey0 are the 
coordinates of the load application point in the 
principal axes of inertia  qx0 and qy0 are the load 
components parallel to the principal axes, de-
fined as: 0sinxo yq q , 0cosyo yq q .  
The transverse load qy is assumed to act through 
the shear center thereby eliminating pre-
buckling torsion. Thin-walled members with 
open profiles cross-sections exhibit low torsion-
al stiffness. When a beam is subjected to eccen-
tric transverse loads, its twist angle exceeds he 
serviceability limit state before reaching the 

limit state criteria become decisive [17, 18]. 
For the case under consideration the system of 
governing linear differential equations for elas-
tic lateral-torsional buckling based on Vlasov’s 
thin-walled beams theory [19] is formulated as 
follows:  
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where Ix0, Iy0 are the principal moments of iner-
tia  I  is the warping constant It is the St. Ve-
nant torsional constant  x, y are the mono-
symmetry constants  0 0 0xc x xe e a , 

0 0 0yc y ye e a  are the load application point 
coordinates relative to the shear center  Mx0, My0 
are the bending moments about the principal 
axes: 0cosxo xM M , 0sinyo xM M . 
Equations (3) are formulated with respect to the 
principal axes of inertia (X0, Y0) using the coor-
dinates x0, y0. The unknowns in equations (3) 
are the functions of the shear center displace-
ments: ( )z , ( )z  are the linear dis-
placements along the X0 and Y0 axes, respec-
tively and ( )z  is the twist angle about lon-
gitudinal axis Z.  

The monosymmetry constants x and y ac-
count for the eccentricity of the centroid relative 
to the shear center and the additional torque in-
duced by normal bending stresses from the mo-
ments My0 and Mx0 and are defined as follows: 
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where Ux0, Uy0 are the cross-sectional properties 
representing the third-order moments of inertia, 
calculated with respect to the principal axes of 
inertia: 
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The solution to the system of differential buck-
ling equations (3) is described below. From the 
first and second equations of system (3), the fol-
lowing expressions can be obtained 
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By substituting and transforming the system of 
equations (3), the following buckling equation is 
obtained: 
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Equation (7) can be written in terms of the rela-
tive longitudinal coordinate z

l
(where l is the 

unbraced length of the member and z is the ab-
solute longitudinal coordinate). 
The following definitions can be defined: 
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Then, the buckling equation (7) is expressed as 
follows: 
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The components of equation (9) account for the 
factors affecting lateral-torsional buckling: 
- parameter b1 reflects the effect of cross-
sectional asymmetry and the eccentricity be-

 
- parameter b2 accounts for the load application 
point along the cross-section height, represent-
ing either the destabilizing or restoring effect of 
the load. 
The function  in equation (9) describes the 
bending moments distribution xM  along the 
unbraced length of the beam (bending moment 
diagram). The moment distribution is a function 
of the external load: x yM f q . Thus, solv-
ing equation (9) yields the critical load value 
qy,cr at which lateral-torsional buckling occurs. 
To solve the equation (9), a sinusoidal distribu-
tion of the twist angles is assumed along the un-
braced length: sinA  ( ). Applying 
the Bubnov–Galerkin method, the differential 
equation of stability is expressed as follows: 
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Equation (10) can be transformed as follows: 
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where parameter 2
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Thus, equation (11) becomes: 
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The dimensionless parameters in Equations (12) 
are given by: 
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Introducing the parameter 24 BA , the final 
form of the buckling equation can be written as 
follows: 
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By solving the quadratic equation (15), the val-
ue of cr at which the beam buckling occurs is 
determined: 
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Then, the critical load qy,cr and the critical mo-
ment Mcr can be expressed as follows:  
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The coefficient K1 in formula (17) is determined 
by the bending moment diagram and the specif-
ic cross-section along the beam length where the 
moment value is calculated. 
Substituting the values of the parameters a, b1, 
b2, c from (8) into formula (16), we introduce 
the following coefficients: 
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In its final form, the equation for the elastic lat-
eral-torsional buckling critical moment is ex-
pressed as follows: 
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In fact, the derived formula (19) represents an 
analogue of the three-factor equation for the 
critical moment (see equation (2)). The key dif-
ference is that formula (19) is written in a gen-
eralized form and can be applied to any cross-
sectional shape, which is highly relevant, for 
instance, when analyzing strengthened struc-
tures. Furthermore, formula (19) enables the 
analysis of lateral-torsional buckling under un-
symmetrical bending, i.e., when the load does 
not act within a principal plane of inertia. 
In the general case, calculating with formula 
(19) requires knowing the cross-sectional geo-
metric properties, the coordinates of the shear 
center and the centroid, the inclination angle of 
the principal axes of inertia, and the load appli-
cation point coordinates, as well as computing 
the coefficients CI, CII  CIII. 
When applying formula (19) in practice, certain 
difficulties may arise. These primarily concern 
the determination of the warping constant I  and 
the parameter res. Its components x and y in-
corporate the geometric properties Ux0 and Uy0, 

which represent third-order moments of inertia 
and require the evaluation of integrals over the 
cross-sectional area. However, existing methods 
of structural mechanics enable these computa-
tions for any cross-sectional shape. For common 
section types (e.g., asymmetric I-beams and 
channels), simplified formulas [20] and tabular 
solutions can be recommended. Standard rolled 
section catalogs can be supplemented with the 
respective values. 
Furthermore, an automated computational tool 
for evaluating the geometric properties of arbi-
trary thin-walled cross-sections will be devel-
oped within the framework of future research. 
The primary difficulty in applying formula (19) 
lies in determining the coefficients CI, CII and 
CIII. These coefficients incorporate the integral 
parameters AB, CB and DB, that account for both 
the shape of the bending moment diagram and 
the buckling mode. 
To evaluate the parameters AB, CB and DB, the 
moment distribution function xM  along the 
member length must be defined for integration 

according to (12). In practice, analytical calcula-
tions are hindered by the complexity of deriving 
moment functions and the labor-intensiveness of 
manual integration (16). Actual bending mo-
ment diagrams are rarely described by simple 
functions. Therefore, design codes must not be 
limited only to special loading cases. A univer-
sal engineering method for lateral-torsional 
buckling analysis is required. This methodology 
must account for arbitrary moment diagrams, 
any boundary conditions, and diverse buckling 
modes. 
 
 
3. ANALYTICAL SOLUTION 
 
The coefficients CI, CII and CIII were analytical-
ly determined for various bending moment dia-
gram cases. For this purpose, the actual bending 
moment diagram within the unbraced segment 
is approximated by the function xM . Next, 

by defining the buckling mode shape as a func-
tion of the twist angle distribution sinA , 
the integral parameters for the differential equa-
tions were evaluated 
The most characteristic beam buckling modes 
were identified using finite element analysis 
(FEA). As a rule, the lateral-torsional buckling 
of a beam occurs within the span. This phenom-
enon involves out-of-plane displacement and 
twisting toward the compressed top flange. This 
buckling mode is defined as the "mid-span" 
buckling mode.  
Under specific loading configurations, continuous 
beams with a less developed bottom flange exhib-
ited a distinct buckling mode. This mode involves 
out-of-plane displacement of the compressed bot-
tom flange near the support (Fig. 2). This phe-
nomenon is defined as the "support-zone" buck-
ling mode. Here, buckling occurs along the com-
pressed bottom flange within the beam segments 
on the left and right sides of support.  

 

 

Figure 2. Support-zone buckling mode: lateral-torsional buckling in the bottom-flange compression 
zones near the support 
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By solving the quadratic equation (15), the val-
ue of cr at which the beam buckling occurs is 
determined: 
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Then, the critical load qy,cr and the critical mo-
ment Mcr can be expressed as follows:  
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M K q l K

l
 (17) 

 
The coefficient K1 in formula (17) is determined 
by the bending moment diagram and the specif-
ic cross-section along the beam length where the 
moment value is calculated. 
Substituting the values of the parameters a, b1, 
b2, c from (8) into formula (16), we introduce 
the following coefficients: 
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In its final form, the equation for the elastic lat-
eral-torsional buckling critical moment is ex-
pressed as follows: 
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Table 2. Design models adopted to determine the coefficients CI, CII and CIII for the 
support-zone buckling mode 

Bending moment 
diagram Design model and equations for approximating the bending moment diagram 

2.1 Non-linear 
moment diagram  
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Table 1 presents the design models adopted to 
determine the coefficients CI, CII and CIII under 
various bending moment diagrams along the 
unbraced length for the mid-span lateral-
torsional buckling mode. The design models for 
the support-zone buckling mode are represented 
in Table 2. 
 
 
4. PROPOSED ENGINEERING METHOD 
 
For practical application, analytical formulas 
and tabular solutions have been developed to 
determine the coefficients CI, CII and CIII under 
various bending moment distributions. Two 

types of lateral-torsional buckling modes are 
defined: mid-span and support-zone. 
I. Mid-span buckling mode. The following 
bending moment diagram configurations are 
considered: 
1.1. Non-linear moment diagram. 
1.2. Piecewise linear moment diagram with a 
single kink. 
1.3. Linear moment diagram without kinks. 
1.4. Piecewise linear moment diagram with two 
or more kinks. 
The design models adopted for the mid-span 
lateral-torsional buckling check of a continuous 
beam under various bending moment diagrams 
are presented in Figure 3. 

 

a   
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Figure 3. Mid-span buckling mode. Design models for the bending moment diagram: non-linear; 
piecewise piecewise linear with two or more kinks 

 
1.1. Non-linear moment diagram (Fig. 3, a). 
The coefficients CI, CII and CIII are: 

2
max

2 2 2
1 2 1 2 1 2

2
2 1

2 2 2
1 2 1 2 1 2

1 2

2 2 2
1 2

5.48
125.5 2278.55 261.81 130.91

21.91 2

125.5 2278.55 261.81 130.91

14.5 25.1

125.5 2278.55 261.

I

mid

mid
II

mid

mid
III

mid

MC
M M M M M M M

M M M
C

M M M M M M M

M M M
C

M M M 1 2 1 281 130.91M M M M

 

 
1.2. Piecewise linear moment diagram with a 
single kink (Fig. 3, b) 
The coefficients CI, CII and CIII are determined 
using the following formulas: 
 

, ,I B
I II III

B B B

K CC C C
D D D

 

 

where 1
1 2

1
1

a a a

a a a

M
K

M M M
 

The parameters DB, CB and  determined as a 
function of the relative position of the kink a 
using the design charts presented in Fig. 4–6. 
Parameter DB is given by: ,1 ,2B B BD D D , 

2 2
,1 1 , 1 1 , 1 1 1 , 1 1B F D bF F D cF F F D bF cFD b K c K b c K  

2 2
,2 2 , 2 2 , 2 2 2 , 2 2B F D bF F D cF F F D bF cFD b K c K b c K  

Parameter CB is given by: ,1 ,2B B BC C C , 

,1 1 , 1 1 , 1B F C bF F C cFC b K c K  

,2 1 , 2 1 , 2B F C bF F C cFC b K c K  
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Figure 3. Mid-span buckling mode. Design models for the bending moment diagram: non-linear; 
piecewise piecewise linear with two or more kinks 

 
1.1. Non-linear moment diagram (Fig. 3, a). 
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1.2. Piecewise linear moment diagram with a 
single kink (Fig. 3, b) 
The coefficients CI, CII and CIII are determined 
using the following formulas: 
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where 1
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The parameters DB, CB and  determined as a 
function of the relative position of the kink a 
using the design charts presented in Fig. 4–6. 
Parameter DB is given by: ,1 ,2B B BD D D , 
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The coefficients bF  F characterize the mo-
ment distribution and equal:  
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The coefficients KD KC are represented in Fig. 4 
and 5.  
 

 

Figure 4. Design charts for the KC coefficients 
for a piecewise linear bending moment diagram  
 

Table 3. Parameter 
bending moment diagram with a kink 

a 0 0.125 0.25 0.333 0.5 0.667 1 
 0 0.293 1 1.5 2 1.5 1 

 

 

 

 
Figure 5. Design charts for the KD coefficients 

for a piecewise linear bending moment diagram  
 

 

 
Figure 6. Design chart for the parameter  for a 

piecewise linear bending moment diagram  
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1.3. Linear moment diagram (Fig. 3, c)  
The coefficients CI, CII and CIII are determined 
as a function of the end-moment ratio 2 1/M M  
and presented in Table 4 and Fig. 7. 
 
Table 4. Coefficients CI, CII and CIII for a linear 

moment diagram without kinks  
 

 CI CII CIII 

-1 2.765 0 0
-0.5 2.711 0 0.678 

-0.25 2.284 0 0.856 
0 1.881 0 0.94 

0.25 1.564 0 0.977 
0.5 1.324 0 0.993 
1 1 0 1

 

 

Figure 7. Design charts for the CI, CII and CIII 
coefficients for a linear moment diagram  

 
1.4. Piecewise linear moment diagram with two 
or more kinks (Fig. 3, d) 
The following initial design data are specified: 
Mmax is the maximum moment within the span 

 M1, M2 are the support 
moments (M1 is the larger of the support mo-
ments in absolute value ( 1 2M M )). 
A piecewise linear bending moment diagram 
with two or more kinks within the span is re-
duced to an equivalent non-linear diagram. 
For this purpose, the mid-span moment value 
Mmid on the equivalent parabolic bending mo-
ment diagram is determined by the formula: 
 

1 max 2 max

max

4 3 4 1
8 1

M M
mid

M

M M
M

 
 
where Mmax is the relative coordinate of the 
maximum moment (from the end with moment 
M1). 
The subsequent calculation is performed in ac-
cordance with Section 2.1 as for a non-linear 
bending moment diagram. 
II. Support-zone buckling mode 
The following bending moment diagram con-
figurations are considered (Fig. 8): 
2.1. Non-linear moment diagram. 
2.2. Piecewise linear moment diagram. 

 

  

  
Figure 8. Support-zone buckling mode. Design models for various configurations of the bending 

-   
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where Mmax is the relative coordinate of the 
maximum moment (from the end with moment 
M1). 
The subsequent calculation is performed in ac-
cordance with Section 2.1 as for a non-linear 
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figurations are considered (Fig. 8): 
2.1. Non-linear moment diagram. 
2.2. Piecewise linear moment diagram. 

 

  

  
Figure 8. Support-zone buckling mode. Design models for various configurations of the bending 
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2.1. Non-linear moment diagram (Fig. 8, a). 
Input data: l1, l2 are the lengths of the beam 
segments with the bottom flange in compres-
sion ( 1 2l l Ma is the bending moment at the 

Mmid,1 and Mmid,2 are the bending 
moments at the midpoint of the 1st and 2nd 

1 2l l l  is the 
equivalent unbraced length  1 /a l l  is the 
relative coordinate. 
The coefficients CI, CII and CIII are: 
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The values of the moments are calculated: 
 

1 ,14D mid aM M M , 2 ,24D mid aM M M  

1 ,12L a midM M M , 2 ,22L a midM M M  
 
2.2. Piecewise linear moment diagram (Fig. 8, 
b). The coefficients CI, CII and CIII are: 
 

0.333 0.101
a

I
a

C , 0IIC , 0.5III IC C  

 
where 1 /a l l  is the relative coordinate  l1, l2 
are the lengths of the beam segments adjacent to 
the support where the bottom flange is in com-
pression (where 1 2l l 1 2l l l  is the equiva-
lent unbraced length.  
To identify the governing lateral-torsional buck-
ling mode, the minimum buckling load factor 
kbuckl among those calculated for the different 

modes must be determined: 
max

cr
buckl

Mk
M , 

where Mmax is the maximum moment in the span 
for a mid-span mode and the moment at the 
support max aM M  for a support-zone mode. 
 
 
5. FINITE ELEMENT VERIFICATION 
 
A lateral-torsional buckling analysis of the con-
tinuous beam (Fig. 9) is performed using the 
developed method. To verify the procedure, a 
finite element buckling analysis of the beam 
was performed using the FEMAP software 
suite. The beam model was built using 4-node 
shell elements (CQUAD4). The linear elastic 
buckling analysis was carried out via the Nas-
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tran solver using Solution 105 (SOL 105), 
which determines the critical loads by solving a 
generalized eigenvalue problem. The SOL 105 
solver evaluates the ideal elastic stability (bifur-
cation buckling). It does not account for the fol-
lowing factors: initial geometric imperfections, 
residual stresses in the steel due to welding or 
hot-rolling processes and material non-linearity 
(plastic deformations and steel yielding).  
 

 

 

 

 

Figure 9. Cons
 

 
Load cases (Fig. 10): 1. L1 – concentrated load 
Fy=150 kN in each span. 2. L1q – uniformly 
distributed load qy=100 kN/m in each span. 3. 
L2q – uniformly distributed load qy=100 kN/m 
in alternative spans (span No. 1 and No. 3). 

 
 

 

 

Figure 10. Bending moment diagrams for load 
 

 
Boundary conditions (Fig. 11). Bottom-
flange and top-flange supported beams are 
considered in the finite element analysis. 
Various structural configurations of beam 

supports and bracing are considered, includ-
ing beams without stiffeners, beams with end 
bearing stiffeners only, and beams with stiff-
eners at each support. Double-sided stiffeners 
with a thickness of 10 mm and a width of 50 
mm are modeled.  
 

 

Figure 11. Boundary conditions  
 

For bottom-flange supported beams, lateral 
bracing at the supports is provided either by 
stiffeners or by direct lateral restraints applied to 
the top flange. For beams without bearing stiff-
eners, the lateral displacement of the top flange 
at the supports is restricted. No intermediate 
bracing is provided within the spans. 
Tables 5–7 present a comparison of the critical 
moment values calculated by the proposed 
method (formula (19)) with the finite element 
analysis data for the symmetric and monosym-
metric I-beams.  
The “FEMAP” column presents the minimum 
critical moment values obtained from the finite 
element analysis among all analyzed types of 
boundary conditions (see Fig. 11). 
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The “FEMAP” column presents the minimum 
critical moment values obtained from the finite 
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boundary conditions (see Fig. 11). 
 
 

Table 5. Comparison of Critical Buckling Mo-
ments Mcr. Symmetric I-beam 

 
Load 
case Span 

Mcr, kNm (Top flange loaded) 
Proposed 
method FEMAP Error  

L1 

No. 1 420 457 8.1% 
No. 2 312 332 6.0% 
No. 3 214 258 17.1% 
No. 4 230 240 4.2% 

L1q 

No. 1 372 413 9.9% 
No. 2 101 99 -2.0% 
No. 3 151 185 18.4% 
No. 4 199 212 6.1% 

L2q 

No. 1 407 482 15.6% 
No. 2 852 1048 18.7% 
No. 3 205 226 9.3% 
No. 4 463 614 24.6% 

Load 
case Span 

Mcr, kNm (Bottom flange loaded) 
Proposed 
method FEMAP Error  

L1 No. 4 603 635 5.0% 
L1q No. 4 478 496 3.6% 

L2q No. 3 533 652 18.3% 
No. 4 463 617 25.0% 

 
Table 6. Comparison of Critical Buckling Mo-

ments Mcr. Monosymmetric I-section    

 
Load 
case Span 

Mcr, kNm (Top flange loaded) 
Proposed 
method FEMAP Error  

L1 

No. 1 227 206 -10.2% 
No. 2 197 196 -0.5% 
No. 3 152 143 -6.3% 
No. 4 156 137 -13.9% 

L1q No. 1 195 191 -2.1% 

No. 2 74 72 -2.8% 
No. 3 106 115 7.8% 
No. 4 133 127 -4.7% 

L2q 
No. 1 206 225 8.4% 
No. 3 130 126 -3.2% 
No. 4 777 806 3.6% 

Load 
case Span 

Mcr, kNm (Bottom flange loaded) 
Proposed 
method FEMAP Error  

L1 No. 4 470 396 -18.7% 

L1q No.1 662 759 12.8% 
No.4 359 300 -19.7% 

L2q 
No. 1 474 503 5.8% 
No. 3 384 389 1.3% 
No. 4 777 966 19.6% 

 
Table 7. Comparison of Critical Buckling Mo-

ments Mcr. Monosymmetric I-section  

 
Load 
case Span 

Mcr, kNm (Top flange loaded) 
Proposed 
method FEMAP Error  

L1 
No. 2 314 325 3.4% 
No. 3 262 312 16.0% 
No. 4 337 330 -2.1% 

L1q 

No. 1 601 608 1.2% 
No. 2 80 85 5.9% 
No. 3 185 208 11.1% 
No. 4 302 292 -3.4% 

L2q 

No. 1 729 707 -3.1% 
No. 2 441 569 22.5% 
No. 3 318 363 12.4% 
No. 4 315 372 15.3% 

Load 
case Span 

Mcr, kNm (Bottom flange loaded) 
Proposed 
method FEMAP Error  

L1 No. 4 667* 737 9.5% 
L1q No. 4 1027* 1066 3.7% 

L2q No. 2 441 584 24.5% 
No. 4 315 375 0.16 

* support-zone buckling mode, Mcr is the moment at 
the support 
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On average, the calculation error is 12% on the 
safe side (positive values). The maximum error 
of the proposed method does not exceed 25%, 
remaining strictly conservative. Overestimation 
of the buckling capacity across all cases is lim-
ited to less than 10%. The analytically calculat-
ed Mcr values are obtained assuming no re-
straints at the ends of the unbraced lengths 
( =1). These results can be refined by taking 
into account warping and lateral restraints using 
the effective length factor <1. 
 
 
6. DISCUSSION  
 
The critical buckling moment value Mcr is de-
termined when calculating according to the de-
veloped method (formula (19)).  
For profiles where the load acts along the major 
principal axis of inertia (i.e. 0 0 , 1k  and 

res y ), the equation for the critical moment 
is expressed as follows: 
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The actual LTB capacity of a beam, considering 
the structural configuration of its support joints, 
typically exceeds the analytical solution ob-
tained from an idealized model with free warp-
ing boundaries [18, 21] as also demonstrated by 
the results of the present study (Tables 5–7). To 
account for the end restraints the effective-
length factor  is provided in the proposed 
methodology. Future studies aim to evaluate and 
recommend effective length factors for various 
boundary conditions to enhance the accuracy of 
the methodology. 
According to the Russian steel design code SP 
16.13330.2017, the lateral-torsional buckling 
analysis of flexural members is performed using 

the formula: 
,

1x

b x c y c

M
W R

, 

where Wx,c is the section modulus of the com-

 cr
b

yR
 is the LTB reduction 

factor which relates the critical buckling stress 
cr to the design yield strength of the steel Ry. 

To adapt the proposed method to the verifica-
tion format of SP 16.13330.2017, the critical 

stresses can be expressed: 
,

cr
cr

x c

M
W

, 

where Mcr is the critical buckling moment (for 
the mid-span mode Mcr is the maximum mo-

support-zone mode it is 
the moment at the support). 
 
 
7. CONCLUSIONS  
 
Based on theoretical and numerical investiga-
tions, and taking into account available experi-
mental data, a practical method for the lateral-
torsional buckling analysis of thin-walled beams 
with open asymmetric cross-sections has been 
developed. The method is applicable to both 
simply supported and continuous beams. The 
key outcomes, assumptions, and future pro-
spects of this research are summarized below:  
1. Elastic lateral-torsional buckling is consid-
ered.  
2. Uniaxial bending within the major principal 
plane of inertia is considered as the primary 
case. An analytical solution for biaxial bending 
is also provided, which is relevant for sections 
where web-plane loads induce unsymmetrical 
bending (for example Z-profile). 
3. Transverse loads passing through the shear 
center are considered to eliminate pre-buckling 
torsion. For eccentric loading, the induced 
torque makes the serviceability limit state crite-
ria decisive. Due to the low torsional stiffness of 
open thin-walled sections, the twist angle ex-
ceeds the limiting value well before reaching the 
critical buckling load [17, 18]. 
4. Channels and similar cross-sections with the 
shear center located outside the profile are ana-
lyzed assuming the load acts centrally. This ap-
proach accounts for the structural conditions of 
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On average, the calculation error is 12% on the 
safe side (positive values). The maximum error 
of the proposed method does not exceed 25%, 
remaining strictly conservative. Overestimation 
of the buckling capacity across all cases is lim-
ited to less than 10%. The analytically calculat-
ed Mcr values are obtained assuming no re-
straints at the ends of the unbraced lengths 
( =1). These results can be refined by taking 
into account warping and lateral restraints using 
the effective length factor <1. 
 
 
6. DISCUSSION  
 
The critical buckling moment value Mcr is de-
termined when calculating according to the de-
veloped method (formula (19)).  
For profiles where the load acts along the major 
principal axis of inertia (i.e. 0 0 , 1k  and 
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The actual LTB capacity of a beam, considering 
the structural configuration of its support joints, 
typically exceeds the analytical solution ob-
tained from an idealized model with free warp-
ing boundaries [18, 21] as also demonstrated by 
the results of the present study (Tables 5–7). To 
account for the end restraints the effective-
length factor  is provided in the proposed 
methodology. Future studies aim to evaluate and 
recommend effective length factors for various 
boundary conditions to enhance the accuracy of 
the methodology. 
According to the Russian steel design code SP 
16.13330.2017, the lateral-torsional buckling 
analysis of flexural members is performed using 

the formula: 
,
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, 

where Wx,c is the section modulus of the com-

 cr
b

yR
 is the LTB reduction 

factor which relates the critical buckling stress 
cr to the design yield strength of the steel Ry. 

To adapt the proposed method to the verifica-
tion format of SP 16.13330.2017, the critical 

stresses can be expressed: 
,

cr
cr

x c

M
W

, 

where Mcr is the critical buckling moment (for 
the mid-span mode Mcr is the maximum mo-

support-zone mode it is 
the moment at the support). 
 
 
7. CONCLUSIONS  
 
Based on theoretical and numerical investiga-
tions, and taking into account available experi-
mental data, a practical method for the lateral-
torsional buckling analysis of thin-walled beams 
with open asymmetric cross-sections has been 
developed. The method is applicable to both 
simply supported and continuous beams. The 
key outcomes, assumptions, and future pro-
spects of this research are summarized below:  
1. Elastic lateral-torsional buckling is consid-
ered.  
2. Uniaxial bending within the major principal 
plane of inertia is considered as the primary 
case. An analytical solution for biaxial bending 
is also provided, which is relevant for sections 
where web-plane loads induce unsymmetrical 
bending (for example Z-profile). 
3. Transverse loads passing through the shear 
center are considered to eliminate pre-buckling 
torsion. For eccentric loading, the induced 
torque makes the serviceability limit state crite-
ria decisive. Due to the low torsional stiffness of 
open thin-walled sections, the twist angle ex-
ceeds the limiting value well before reaching the 
critical buckling load [17, 18]. 
4. Channels and similar cross-sections with the 
shear center located outside the profile are ana-
lyzed assuming the load acts centrally. This ap-
proach accounts for the structural conditions of 

load transfer across the entire flange width. 
However, a serviceability limit state criteria 
check must be conducted in addition to the 
buckling stability assessment 
5. The scientific novelty of the research lies in: 
- the analytical determination of the CI, CII and 
CIII coefficients derived directly from the differ-

 
- the derivation of formulas for analyzing thin-
walled beams under unsymmetrical bending. 
6. The primary advantages of the proposed 
methodology are as follows: 
- versatility across various cross-sectional 
shapes, arbitrary loading scenarios, and bounda-

 
- comprehensive consideration of actual bending 
moment diagrams, load application heights, load 
directions, and cross-  
- compliance with the standard verification for-
mats of SP 16.13330 ensuring seamless integra-
tion into national design codes. 
7. Future research will focus on the following: 
- investigation of end restraint stiffness under 
actual structural configurations of beam support 
joints and intermediate braces  
- refinement of the effective-length factor values 
to account for warping, bending, and lateral re-
s  
- analysis of the effects of plastic deformations, 

 
-  development of design recommendations for 
the buckling stability assessment of steel col-
umns and rafters wi  
- implementation of the methodology into a 
software package, including its application 
within digital standards and design codes. 
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EVALUATION OF THE BUCKLING OF FRAME 
STRUCTURES UNDER DYNAMIC LOADING, TAKING INTO 
ACCOUNT THE INERTIAL COMPONENTS OF INTERNAL 

FORCES 
 

Vladimir N. Sidorov, Vadim K. Akhmetov, Dmitriy O. Klimushkin 

National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 
 

Abstract: An approach to directly assessing the stability of a flat frame structure under unsteady dynamic loading 
is proposed and numerically investigated. In contrast to the traditional choice of a single static or quasi-static 
calculation case, at each step of integrating the equation of motion, an instantaneous stability problem is formed, 
taking into account the inertial components on the left-hand side of the operator equation and in the local forces 
that determine the geometric rigidity of the calculation model. The contribution of longitudinal and transverse 
forces, as well as nodal bending moments in resisting the loss of stability of beam elements of the Timoshenko 
model, is considered together. The method is implemented in the author's finite element program in Python and 
compared with the nonlinear quasi-static calculation in the Simulia Abaqus/Standard PC environment using the 
Riks method (Static, Riks). The buckling resistance of the load-bearing frame structure of an industrial building 
was studied. Its finite element model includes 246 nodes and 369 finite elements. The equation of motion is solved 
in the time interval 0 – 129.99 sec with a step of 0.01 sec. Analysis of the entire time history showed the presence 
of single spectral emissions; after checking the temporal stability of the eigenvalues, the physical minimum of the 
stability margin factor min (SMF) was established at step 7913 (time t = 79.13 s, min = 25.10992). Additionally, 
the multimode event at step 4138 and time slices selected based on the maximum displacements of nodes in 
hazardous areas are considered. For two slices generated using the same exact method, SIMULIA Abaqus 
confirmed the same ranking: the critical value of the load proportionality factor (LPF) obtained using the Ricks 
method is 48.21736 for t = 41.38 s and 44.42943 for t = 79.13 s. It is shown that the absolute values of the direct 
SMF and LPF are not identical due to the difference in the formulations of the problem being solved, but the 
consistency of the dangerous moment in time confirms the diagnostic value of the proposed method. 
 

Keywords: dynamic stability; frame structure; finite element method; Timoshenko beam; inertial forces; 
geometric stiffness; stability margin; SIMULIA Abaqus; Riks method 
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INTRODUCTION 
 

The development of the finite element method 
(FEM) transformed the analysis of complex 
mechanical systems from a collection of 
particular analytical problems into a general 
computational procedure. Following the work of 
R. Clough, which established the term finite 
element method [1], variational and matrix 
formulations of the FEM were developed 
systematically [2, 3]. In stability analysis, this 
enabled a transition from individual formulae for 
assessing the stability of a member with an 
effective length or of a frame to an eigenvalue 
problem based on global elastic and geometric 
stiffness matrices. 
Two principal static approaches are used in 
engineering practice. The first, linear bifurcation 
analysis, determines eigenvalue load multipliers 
for an idealised prestressed state. The second, 
nonlinear analysis, traces the equilibrium path 
with allowance for large displacements, initial 
imperfections and, where necessary, material 
nonlinearity [4]. The latter approach underlies 
the limit-state design procedures specified in 
Eurocode 3 [5] and SP 16.13330 [6]. The choice 
of the initial loading remains essential: a static 
loading scheme contains no information about 
the distribution of inertia forces at a particular 
instant of the system's motion. 
Dynamic stability is a broader problem. Classical 
theory addresses parametric excitation, 

instability regions and the behaviour of systems 
with varying coefficients in their differential 
equations [7]. General criteria for the stability of 
motion originate in the work of A. M. Lyapunov 
[8] and the development of energy methods for 
deformable systems [9]. Modern theories 
emphasise the distinction between the stability of 
equilibrium and the stability of motion [10]. In 
civil engineering structures, this problem arises 
under wind and aeroelastic actions [11], 
earthquakes, and impulsive or suddenly applied 
loads [12]. 
Commercial finite-element packages provide 
direct dynamic analysis and, separately, linear or 
nonlinear stability analysis. However, an 
algorithmic stability assessment of every 
instantaneous state along the dynamic time 
history is generally unavailable. The engineer 
must therefore select one or more instants in 
advance, transfer the displacements or equivalent 
forces to a static model, and then perform a quasi-
static analysis. Selecting the instant of maximum 
displacement of an individual node is convenient, 
but does not guarantee that it coincides with the 
minimum overall stability margin of the 
structure. 
The choice of beam-element kinematics also 
affects the result. Euler–Bernoulli theory 
neglects shear deformation, whereas S. P. 
Timoshenko's model accounts for independent 
cross-section rotation and transverse shear [13]. 
In dynamic analysis, the representation of elastic 
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algorithmic stability assessment of every 
instantaneous state along the dynamic time 
history is generally unavailable. The engineer 
must therefore select one or more instants in 
advance, transfer the displacements or equivalent 
forces to a static model, and then perform a quasi-
static analysis. Selecting the instant of maximum 
displacement of an individual node is convenient, 
but does not guarantee that it coincides with the 
minimum overall stability margin of the 
structure. 
The choice of beam-element kinematics also 
affects the result. Euler–Bernoulli theory 
neglects shear deformation, whereas S. P. 
Timoshenko's model accounts for independent 
cross-section rotation and transverse shear [13]. 
In dynamic analysis, the representation of elastic 

stiffness and inertia forces is important, as is the 
dissipation model. References [14, 15] proposed 
matrix forms of internal damping for rod 
elements consistent with an energy-based 
formulation. 
The foundations of the instantaneous stability 
problem implemented in this study were 
formulated in [16, 17, 18]. The authors 
previously developed the inclusion of 
contributions from axial forces, bending 
moments and shear forces in the geometric 
stiffness of rod systems [19]. Earlier 
publications associated with the present 
research described the algorithm and model 
parameters, but did not include numerical 
modelling of the time history or a comparison of 
critical states. The aim of this work is to assess 
whether the direct dynamic stability margin 
factor can identify unfavourable instants 
confirmed by an independent nonlinear quasi-
static analysis in Abaqus/Standard [20]. 
The scientific novelty of the study consists in 
jointly considering: (1) the inertia operator on the 
left-hand side of the instantaneous eigenvalue 
problem; (2) the dynamic components of local 
internal forces used to define the geometric 
stiffness of the computational model; (3) the 
complete set of internal-force components N–Q–

M of a rod element in stability analysis; (4) the 
temporal persistence of the spectrum and 
rejection of isolated eigenvalues; and (5) 
comparison of the selected critical instants with 
Riks-method results obtained for the same spatial 
distribution of dynamic forces. 
 
 

DYNAMIC STABILITY PROBLEM 
 

The motion of the discrete finite-element system 
is described by the matrix form of d'Alembert's 
equation: 
 

M V(t)+D V(t)+K V(t)=F(t),      (1) 
 

where M, D and K are the global mass, damping 
and elastic stiffness matrices of the 
computational model; V , V  and V  are the 
displacement, velocity and acceleration vectors; 
and F(t) is the external load vector prescribed as 
a function of time t. 
To represent the dynamic contributions, diagonal 
coefficient matrices are introduced that relate the 
inertia and dissipative forces to the elastic forces 
at the corresponding global degrees of freedom: 

 
Ain=diag((M V)[i]:(K V)[i])=diag((Sin)[i]:(Sel)[i]),                              (2) 
Adamp=diag((D V)[i]:(K V)[i])=diag((Sdamp)[i]:(Sel)[i]),                     (3) 

 
The ratios of inertia forces to elastic forces are 
evaluated only when the denominator is 
sufficiently large and are subjected to 
regularisation. This prevents division by near-
zero components, but does not replace the 
subsequent verification of the temporal 
persistence of the eigenvalue spectrum. 
The equation of motion can thus be rewritten in 
operator form: 
 

(Adin+E) K V(t)=F(t).            (4) 
 
where Adin  = Ain  + Adamp , and E is the identity 
matrix. The stability formulation adopts the 

hypothesis that dissipative forces do not produce 
a potential contribution that directly changes the 
critical state [17]. Accordingly, only the inertia 
operator Ain is retained on the left-hand side of 
the eigenvalue problem. 
The instantaneous stability problem at time t is 
written as: 
 

       (Adin+E) K =K ,           (5) 
 
Here  is the diagonal matrix of stability margin 
factors, and the columns of  describe the 
corresponding buckling modes. The smallest 
positive real value min (t) is treated as the 
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minimum instantaneous stability margin factor 
of the structure. 
The complete geometric stiffness matrix of the 
computational model is assembled as the sum: 
 

.N M QK K K K                (6) 
 

where KN  is the conventional contribution of 
axial forces, KM  is the contribution of nodal 
bending moments, and KQ is the contribution of 
shear forces. The local internal-force vector of a 

two-

contributions are included when forming the 
dynamic internal forces. 
Thus, inertia forces are accounted for both on 
the left-hand side of (5) and in the internal forces 
that determine the geometric stiffness matrix K  
on the right-hand side of the eigenvalue 
problem. This distinguishes the direct dynamic 
factor from the proportionality factor of a frozen 
static load. Figure 1 summarises the comparison 
procedure.
 

 
Figure 1. Sequence used to compare the direct dynamic and quasi-static results 

 
COMPUTATIONAL MODEL AND 

NUMERICAL IMPLEMENTATION 
 
2.1. Geometry, Finite Elements, and Material 
Properties 
The stability of a load-bearing planar steel frame 
of an industrial building was investigated. The 
frame comprises columns, beams, truss chords 
and internal working platforms. Its overall 

dimensions along the coordinate axes are 47.70 × 
27.41 m. The finite-element computational 
model contains 246 nodes and 369 two-node rod 
elements, with three degrees of freedom per 
node. Before constraints are applied, the system 
has 738 degrees of freedom; boundary conditions 
constrain 27 degrees of freedom at nine nodes. 
The computational model and control nodes are 
shown in Figure 2.

 

 
Figure 2. Finite-element model of the investigated frame and control nodes 
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Figure 2. Finite-element model of the investigated frame and control nodes 

Inspection of the local element stiffness matrices 
identified 13 short elements for which the shear 
contribution resulted in a non-positive-definite 
local stiffness matrix. Twelve elements were 
treated using the Euler–Bernoulli model without 

long, was replaced by a rigid kinematic link 
between neighbouring nodes. This regularisation 
preserves the global topology and eliminates 
artificial local mechanisms.
 

Table 1. Main parameters of the computational model 
Parameter Adopted value 

Model size 246 nodes; 369 elements; 738 nodal degrees of freedom 

  

Material E = 210 GPa;  = 7850 kg/m³;  = 0.30; reference yield stress 350 MPa 

Cross-sections  

Time grid t = 0.01 s; 13,000 samples; analysis interval 0–129.99 s 

Damping Rayleigh damping ratio  = 0.05; calibration against eigenmodes 1 and 111 

Stability model Timoshenko elements; deformed-configuration analysis; N, Q, and M included in the stability equation 

Loads 167 components: 130 constant, 28 harmonic, and 9 piecewise-linear 

Spectral control Regularization of ill-conditioned systems; symmetric seven-step temporal window 

2.2. Loading and Time Integration of The 
Equations of Motion 
The loading history comprises 167 active 
components: 92 concentrated and 75 distributed 
loads. Their time dependence consists of 130 
constant, 14 sinusoidal, 14 cosinusoidal and nine 
piecewise-

vertically and 30 horizontally. This time-
dependent representation reproduces the 
combined action of constant operational loads, 
harmonic actions and transient equipment 
operating regimes. Representative piecewise-
linear load histories applied to the frame are 
shown in Figure 3.

 

  
Figure 3. Representative piecewise-linear load histories applied to the frame 

 
Equation (1) is integrated using the Newmark 
method with a time step of 0.01 s. At each step, a 

system of linear equations is solved with the 
following effective coefficient matrix: 
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           Z= 2
t2

M+ 1
t

D+K              (7) 
 

The acceleration and velocity are then recovered 
recursively. During direct integration, the nodal 
coordinates of the computational model are also 
updated at the new step using the displacements 
from the previous step. The stiffness, mass and 
damping matrices are recalculated for the current 
geometry. The damping coefficients are 
determined at the first time step and subsequently 
remain constant. 
 
2.3. Processing of the Stability Spectrum 
The eigenvalues are determined for the 
instantaneous combination of elastic and 
geometric stiffness. A regularised solution is 
used when conditioning deteriorates. The final 
spectrum retains positive, nearly real values 
associated with physical buckling modes; 
auxiliary roots are excluded. 
A temporal criterion is used to exclude isolated 
spectral rearrangements: a sequence of 
neighbouring values and the continuity of the 
corresponding eigenmodes are examined. The 
start-up interval is excluded, and the minimum-
factor series is additionally processed using a 
symmetric seven-step window. A physical 
minimum is identified as a decrease along the 
same spectral branch that persists over a time 
interval. 
 
 

-STATIC ANALYSIS IN 
 

 
The calculation was performed in 
Abaqus/Standard using a model assembled from 
B31 beam elements. An implicit dynamic 
analysis of the structure is first carried out, and 
the resulting nodal displacements U, 
accelerations A and resultant nodal forces are 
extracted over the prescribed full time interval. 
The stability investigation comprised three 
levels: linear modal analysis, direct implicit 
dynamic analysis and geometrically nonlinear 
stability analysis using the Riks method (arc-
length method). This combination allows the 

agreement of mass–stiffness characteristics, 
dynamic response and limit states to be assessed 
separately. 
The Riks method is an arc-length continuation 
method for nonlinear equilibrium analysis in the 
vicinity of a bifurcation. At each increment, the 
displacement vector and the load multiplier are 
updated simultaneously, while an additional arc-
length constraint defines the step length in load–
displacement space. This permits the solution to 
pass a limit point and trace a descending 
equilibrium branch, where conventional load 
control becomes unstable [20, 21]. 
The maximum load multiplier at the limit point 
is adopted as the critical result. For the states at t 
= 41.38 s and t = 79.13 s, the force distributions 
and deformed geometry were transferred using 
the same synchronised procedure and used for 
quantitative comparison. States selected from the 
displacement maxima of individual nodes were 
considered additional control cases. 
Five states of the dynamic process were used 
for nonlinear verification: t = 41.38, 41.62, 
41.65, 79.13 and 124.04 s. The first and fourth  
were selected from characteristic values of the 
global stability factor; the others were selected 
from displacement maxima at the control 
nodes. In each case, the static model 
reproduces the force distribution of the 
corresponding dynamic state. 
The comparison considers the time at which an 
unfavourable state occurs, the relative ranking of 
the cases, the critical multiplier and the buckling-
mode characteristics. Absolute agreement 
between the factors is not required, because the 
direct dynamic and nonlinear quasi-static 
formulations use different operators. 
 
 

 
 

4.1. Minimum Stability Factor Over the 
Complete Time History 
Linear verification was performed by 
comparing the first ten natural frequencies 
(Table 2). The mean absolute deviation of the 
in-house model from Abaqus was 2.87%, and 
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mode characteristics. Absolute agreement 
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4.1. Minimum Stability Factor Over the 
Complete Time History 
Linear verification was performed by 
comparing the first ten natural frequencies 
(Table 2). The mean absolute deviation of the 
in-house model from Abaqus was 2.87%, and 

the maximum deviation was 8.96%. For the 
first six modes, which are most significant in 
the dynamic-response range considered, the 

mean deviation was 1.48%. This confirms the 
agreement of the global mass and stiffness 
matrices of the two models.
 
Table 2. Comparison of the natural frequencies 

Mode In-house model, Hz Abaqus, Hz Difference, % 

1 0.5931 0.5911 0.34 

2 0.8211 0.8265 0.66

3 1.1694 1.1743 0.42 

4 1.4475 1.4675 1.36 

5 1.7356 1.7630 1.55

6 1.9389 1.9831 2.23 

7 2.0621 2.1880 5.75 

8 2.3922 2.6275 8.96

9 2.8024 2.9517 5.06 

10 3.1217 3.2024 2.52 

After isolated spectral rearrangements are 
excluded, the mean minimum stability margin 
factor over the working interval is 25.52, the 
median is 25.61, and the coefficient of variation 
is 0.899%. A persistent global minimum 

develops near t = 79.13 s; its lowest original 
physical value is 25.11. Figure 4 additionally 
marks only those states for which independent 
analyses were performed.

 

 
Figure 4. Time history of the minimum stability factor and the investigated states 

 
4.2. Nonlinear Analyses of the Investigated 
States 
At t = 41.38 s, the maximum translational 
displacement of the dynamic model is 69.994 
mm and occurs at node 157. The nonlinear 

stability analysis yielded a critical load multiplier 
of 48.217358. After this maximum was reached, 
a stable descending equilibrium branch 
developed. 
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At t = 79.13 s, the maximum translational 
displacement of node 157 is 71.317 mm, and the 
critical load multiplier is 44.429428. Thus, 

relative to the state at t = 41.38 s, both the direct 
dynamic method and the nonlinear analysis 
indicate a reduction in the stability margin.

 

 
Figure 5. Comparison of the direct and nonlinear stability assessments 

 
The extended series also includes the states at t = 
41.62 and 41.65 s, selected from displacement 
maxima at nodes 103 and 156. Their critical 
multipliers are 41.206482 and 41.529232, 
respectively. For the state at t = 124.04 s, the 
completed analysis reached a critical multiplier 
of 42.164177 and continued onto a descending 
branch, ending at 42.103489. 
Comparison of the two analyses in Figure 5 
shows a mirror-like variation of the principal 
indicators min  (stability margin factor, SMF) 
and cr (load proportionality factor, LPF). 
Figures 6–10 show the complete equilibrium 
paths for the five investigated states. The 
abscissa gives the translational displacement of 
the corresponding control node, and the ordinate 
gives the current load multiplier. All five states, 
at t = 41.38, 41.62, 41.65, 79.13 and 124.04 s, 
exhibit a maximum followed by a descending 
branch. For the state at 124.04 s, the completed 
calculation establishes the critical multiplier as 
42.164177. Large post-critical displacements 
characterise numerical continuation of the path 

and are not interpreted as service displacements 
of the structure. 

 

 
Figure 6. Abaqus equilibrium path obtained by 

the Riks method at t = 41.38 s (control node 157) 
 

Figure 7. Abaqus equilibrium path obtained by 
the Riks method at t = 41.62 s (control node 103) 
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Figure 7. Abaqus equilibrium path obtained by 
the Riks method at t = 41.62 s (control node 103) 

 
Figure 8. Abaqus equilibrium path obtained by 

the Riks method at t = 41.65 s (control node 156) 
 

 
Figure 9. Abaqus equilibrium path obtained by 

the Riks method at t = 79.13 s (control node 157) 

 
Figure 10. Abaqus equilibrium path obtained by 

the Riks method at t = 124.04 s (control node 
225) 

 
For the two strictly comparable time sections, 
both methods give the same ranking: the state at 
t = 79.13 s is more unfavourable than that at t = 
41.38 s. The difference between the Python 
stability margin factors at the two instants is only 
0.366%, whereas the corresponding difference in 
SIMULIA Abaqus is 8.526%. The LPF exceeds 
the directly calculated SMF by 91.32% at 41.38 
s and by 76.94% at 79.13 s (Table 3). 

 
 

Table 3. Comparison of the direct and nonlinear stability assessments 
t, s Selection criterion min cr cr higher, % 

41.38 Minimum associated with the multimodal response interval 25.202190 48.217358 91.32 

41.62 Maximum displacement of node 103 25.246190 41.206482 63.22 

41.65 Maximum displacement of node 156 25.261070 41.529232 64.40 

79.13 Global minimum of min 25.109920 44.429428 76.94 

124.04 Maximum displacement of node 225 25.679420 42.164177 64.19 

 
4.3. Time Sections Associated with Maximum 
Control-Node Displacements 
Quasi-static stability was assessed at time 
instants selected using a local kinematic criterion 
from the direct dynamic analysis in SIMULIA 
Abaqus. This analysis uses Rayleigh damping 
calibrated against the first and 111th natural 
frequencies. The extrema of the displacement 
components at nodes 103, 156 and 225 occur at 
t = 41.62 s, approximately 41.65 s and 124.04 s, 
respectively. 

29.5477 mm; at 

These states are identified from the single 
adopted dynamic solution in SIMULIA Abaqus 
and used as independent control points for quasi-
static analysis. 
Figure 11 presents fragments of the time histories 
around the three control extrema. Red points 
mark the extrema used to select the frozen states. 
The extrema at nodes 103 and 156 belong to the 
interval 41.62–41.65 s, whereas the extremum at 
node 225 occurs during the impulsive change in 
response at 124.04 s. None of these local 
kinematic points coincides with the global 
minimum stability margin factor at 79.13 s.
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Figure 11. Dynamic response of the Abaqus control nodes with Rayleigh damping calibrated 

against eigenmodes 1 and 111 
 

 
 

5.1. Interpretation of the Compared Criteria 
The proposed factor min  and the nonlinear 
critical multiplier cr  characterise different 
mathematical formulations. In the direct method, 
the inertia contribution simultaneously modifies 
the instantaneous eigenvalue operator and the 
local internal forces governing the geometric 
stiffness of the computational model. In the Riks 
method, the fixed loading of the selected state is 
increased proportionally. Their numerical values 
should therefore be compared in terms of trends 
and ranking, rather than treating one as a 
reference value for the other. 
The principal comparison criteria are agreement 
in the unfavourable time interval, ranking of the 
investigated states and the pattern of change in 
the stability margin factor. The identical ranking 
at t = 41.38 and 79.13 s confirms the ability of 

the proposed direct method to identify the more 
unfavourable state. Differences across the full 
series show that incorporating inertia into the 
instantaneous eigenvalue problem provides 
information absent from the frozen quasi-static 
formulation. 
 
5.2. Selection of the Governing Instant 
The maximum displacement of an individual 
node characterises a local kinematic response, 
whereas min  is obtained by solving a global 
eigenvalue problem for the entire system. The 
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do not replace the search for the minimum 
stability margin factor over the complete time 
history. The minimum at t = 79.13 s was found 
without preselecting a control node. 
The resulting series demonstrates the distinction 
between two ways of selecting an analysis state. 
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The displacement extrema at nodes 103 and 156 
occur within the narrow interval 41.62–41.65 s, 
whereas the global dynamic minimum occurs 
substantially later. The proposed method thus 
extends conventional analysis: it does not discard 
local control indicators, but supplements them 
with a global criterion operating over the entire 
motion trajectory. 
 
5.3. Numerical Robustness and Limitations 
Numerical stability of the instantaneous 
spectrum is an essential part of the direct method. 
Individual eigenvalues may briefly change order 
or switch between spectral branches. A physical 
minimum must therefore be confirmed over a 
sequence of neighbouring time samples and 
remain associated with the same eigenmode. 
The limitations include linear material elasticity 
in the direct dynamic model implemented in 
Python and mixed kinematics for very short 
beam finite elements. The quasi-static Abaqus 
model does not include systematic variation of 
initial imperfections. The Python and Abaqus 
models use similar, but not identical, methods to 
form the local finite-element matrices. 
Despite these limitations, comparison of the two 
approaches identifies two robust findings. First, 
the natural frequencies agree well between the 
independent models, while the control dynamic 
extrema in SIMULIA Abaqus provide additional 
states for nonlinear verification. Second, without 
preselecting a control node, the direct method 
identifies an unfavourable time interval and 
ranks the two principal global states consistently 
with the nonlinear analysis. 
 
 
CONCLUSION 

 
- A consistent procedure for instantaneous 
stability assessment of a frame during time-
domain dynamic analysis has been developed. It 
accounts for inertia forces on the left-hand side 
of the eigenvalue problem and all local internal-
force components N–Q–M. 
- Stability of the complete finite-element model 
of the industrial load-bearing structure, 

comprising 246 nodes and 369 finite elements, 
was analysed at 12,498 working time samples 
with a step of 0.01 s. 
- In the adopted direct dynamic analysis in 
SIMULIA Abaqus, with damping calibrated 
against the first and 111th natural frequencies, the 

103 at t 
at t  at node 
225 at t = 124.04 s. 
- The physical minimum of the first mode 
occurred at t = 79.13 s, with a stability margin 
factor min = 25.109920. 
- The states at t = 41.38, 41.62, 41.65, 79.13 and 
124.04 s were investigated nonlinearly. The 
critical multipliers were 48.217, 41.206, 41.529, 
44.429 and 42.164, respectively. A descending 
branch was obtained for each state. 
- Both methods ranked the two consistently 
transferred states identically: t = 79.13 s is more 
unfavourable than 41.38 s. The absolute minimum 
stability factors differ because of the different 
approaches to stability analysis and should not be 
compared as a result and a reference value. 
- Selecting a time section solely from the 
maximum nodal displacement for the Riks 
method implemented in SIMULIA Abaqus is not 
a universal procedure. 
- Automated identification of an unfavourable 
instant requires a robust criterion combining 
median filtering, temporal persistence of the 
minimum and eigenmode tracking. 
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PROBABILISTIC METHOD OF STRUCTURAL RELIABILITY 
ANALYSIS BY SAMPLING WITH LIMITED STATISTICAL 

DATA 
 

Sergey A. Solovev, Anastasia A. Soloveva 
Vologda State University, Vologda, RUSSIA  

 
Abstract: The article presents an approach to modernizing the data sampling algorithm for structural reliability 
analysis. This approach enables obtaining more conservative estimates of the failure probability in cases of 
incomplete or limited statistical data. Numerical examples demonstrate that an incorrect hypothesis regarding the 
probability distribution type of a random variable in structural reliability problems can lead to estimation errors 
of up to 5% in the reliability index. Furthermore, neglecting the confidence limits for the parameters of the 
assumed probability distribution function can result in errors of up to 60% (in a strict mathematical solution). An 
analysis of scientific and technical publications reveals varying preferred probability distributions for steel yield 
strength, depending on the steel type and stress-strain conditions. This variability complicates unambiguous 
selection of a specific probability distribution in real-world tasks during construction site assessments. The 
proposed data sampling algorithm is based on a modification of the classical Monte Carlo method. It involves 
selecting a random distribution function and estimating the confidence intervals for its parameters via a bootstrap  
approach for each generated sample value. The algorithm produces an arbitrary-sized sample containing values 
representing the lower and upper confidence bounds of the studied parameter. Consequently, the structural 
element's failure probability is expressed as an interval of values. 
 

Keywords: reliability, probabilistic analysis, safety, sampling, yield strength, failure probability, 
reliability index, incomplete data 
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INTRODUCTION 
 
Reliability is one of the key indicators in 
substantiating the adopted design decision of the 
structure. There are many reliability measures, 
but the failure probability fP  and the reliability 
index  are most often used in practice of 
structural design. The calculation of these 
parameters is based on the principles of 
probability theory and mathematical statistics. 
The fundamental theory of structural reliability 
in a probabilistic context has been widely 
developed since the middle of the 20th century 
[1]. However, the use of many well-developed 
theoretical provisions faces difficulties in 
practical application due to limited (incomplete) 
statistical information and data. It is noted in 
[2], that “The probability distribution of random 
variables is usually incomplete owing to a 
limited amount of data, making it a challenging 
problem for structural reliability assessments”. 
Modeling of uncertainties in the tasks of 
assessing and analyzing the reliability of 
building structures is one of the key problems. 
As noted in research [3], “despite the highly 
detailed numerical predictions that can be 
obtained, these results often do not achieve a 
satisfactory level of agreement with ‘reality’, 
i.e., the actual physical behavior of the 
considered continuum in the effective 
operational environment. This discrepancy is 
caused by epistemic (reducible) and aleatory 
(caused by variation) uncertainty in the model”.  
Let's consider a practical problem – the 
formation of a random variable model for the 
yield strength of steel of an existing structural 
steel element. There are several options for 
selecting a cumulative probability distribution 
function. In Section 3.02 of Joint Committee on 
Structural Safety (JCSS) is noted that the log-
normal distribution is recommended for yield 
strength of steel, but bi-modal distributions are 
preferred in some cases. For the probabilistic 
description of the yield strength of steel, the 
normal and lognormal distributions are most 
often used [4].  

Also, an optimal function of probability 
distribution may change over time and with 
changing operating conditions. The paper [5] 
presents the results of studying probability 
distribution function of yield strength of steel, 
and it concluded that “the choice of probability 
distribution for material properties that captures 
scatter in data over a range of temperatures can 
influence the simulated structural response” and 
logistic and beta distribution are suggested. In 
paper [6], it is noted that “The Shapiro-Wilk test 
indicates that elastic modulus, yield strength, 
tensile strength, peak strain, and yield plateau 
slope of corroded steel with different corrosion 
loss ratios all fitted the normal distribution”. 
The authors of research [7] are noted that 
“according to our experience, the statistic output 
file is approximated, in the optimal way, by the 
Hermite four-parameter distribution, which 
takes into account even the skewness and 
kurtosis of random yield strength”. In the article 
[8] it is annotated that “the yield stress as well 
as ultimate steel strength random parameters do 
not follow a Gaussian distribution”.  
So, the above literature review shows that there 
are many possible probabilistic models for the 
yield strength of steel. The choice of a specific 
probability distribution function in the real task 
of structural reliability analysis imposes a 
certain responsibility on the civil engineer. The 
problem becomes more complicated when you 
have to analyze a small statistical sample size. 
In conditions of limited statistical data, the 
parameters of the probability distribution 
functions are confidence intervals. The use of 
common complexes in which data sampling 
tasks are solved is based on a specific function 
with precise parameters. Using the parameters 
of a sample data set in this case leads to a 
decrease in the accuracy of the results and a 
difficult-to-estimate calculation error. 
In this study, it is proposed to consider an 
algorithm for structural reliability analysis with 
incomplete statistical information, when data is 
obtained by the new approach of sampling. 
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normal distribution is recommended for yield 
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normal and lognormal distributions are most 
often used [4].  

Also, an optimal function of probability 
distribution may change over time and with 
changing operating conditions. The paper [5] 
presents the results of studying probability 
distribution function of yield strength of steel, 
and it concluded that “the choice of probability 
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logistic and beta distribution are suggested. In 
paper [6], it is noted that “The Shapiro-Wilk test 
indicates that elastic modulus, yield strength, 
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slope of corroded steel with different corrosion 
loss ratios all fitted the normal distribution”. 
The authors of research [7] are noted that 
“according to our experience, the statistic output 
file is approximated, in the optimal way, by the 
Hermite four-parameter distribution, which 
takes into account even the skewness and 
kurtosis of random yield strength”. In the article 
[8] it is annotated that “the yield stress as well 
as ultimate steel strength random parameters do 
not follow a Gaussian distribution”.  
So, the above literature review shows that there 
are many possible probabilistic models for the 
yield strength of steel. The choice of a specific 
probability distribution function in the real task 
of structural reliability analysis imposes a 
certain responsibility on the civil engineer. The 
problem becomes more complicated when you 
have to analyze a small statistical sample size. 
In conditions of limited statistical data, the 
parameters of the probability distribution 
functions are confidence intervals. The use of 
common complexes in which data sampling 
tasks are solved is based on a specific function 
with precise parameters. Using the parameters 
of a sample data set in this case leads to a 
decrease in the accuracy of the results and a 
difficult-to-estimate calculation error. 
In this study, it is proposed to consider an 
algorithm for structural reliability analysis with 
incomplete statistical information, when data is 
obtained by the new approach of sampling. 
 
 

METHODS 
 
The key task of probabilistic reliability analysis 
of structures is the preliminary formation of 
random variable models that will describe the 
variability of calculated parameters. As a rule, 
classical probability distribution functions of 
random variables known from mathematical 
statistics and probability theory are used for this 
purpose. Choosing an unsuitable distribution 
function can lead to significant errors in 
estimating the reliability index or the probability 
of failure. This problem is particularly acute in 
practical tasks, when statistical samples of only 
a few dozen values are available based on the 
results of tests/studies. Let's first analyze how 
big relative errors can be if an analytical 
engineer selects a suboptimal probability 
distribution function or its statistical parameters. 
Let us consider the problem of selecting a 
random variable model for the yield strength of 
steel based on the results of its tests. Let C255 
steel be given, and its statistical characteristics 
are obtained from the study [9].  
The following 30 samples were obtained when 
sampling values from the normal distribution 
with parameters: expected value (mean) 

18.288x  MPa and standard deviation 
17.20x  MPa (the coefficient of variation is 

7 percent): x {303.49, 293.85,  290.28, 
286.92, 272.97, 282.52, 254.03,  286.20, 
268.24, 265.92, 291.81, 316.26, 306.70,  
256.50, 268.22, 307.16, 268.36, 283.65, 299.27, 
268.65, 290.31, 261.27, 276.05, 294.63, 256.05, 
297.06, 287.78, 299.32, 292.70, 315.69} MPa. 
Let's also assume that the task is to evaluate the 
reliability index  when a stress equal to the 
normative value of the yield strength 

255,nyR  MPa. 
If the true probability distribution function and 
its exact parameters are known, then the 
reliability index can be expressed as: 
 

x

nyx R , .                      (1) 

 

Using eq. (1), it is possible to estimate the true 
reliability index 645.1  and following no-
failure probability 95.0645.1P , 
where (.) denotes Laplace function (the Z 
table). But in practice, the probability 
distribution function and its parameters are 
unknown in advance. 
There are various approaches for choosing the 
most appropriate probability distribution 
function for a data sample. For example, the 
Kolmogorov–Smirnov statistic nD  quantifies a 
distance between the empirical distribution 
function of the sample )(xFn  and the 
cumulative distribution function of the reference 
distribution )(xF  as: 
 

)()(sup xFxFD n
x

n .                (2) 

 
The lower the value of the statistic nD , the 
more likely it is that the sample values are 
derived from the function )(xF . The critical 
value of the Kolmogorov-Smirnov statistic for 
30 values is 248.0crD  (with the confidence 
probability 05.0 ) or 223.0crD  (with the 
confidence probability 10.0 ). 
The choice of the optimal distribution for the 
available statistical data sample is related to the 
selection of both the probability distribution 
function and its parameters. The Distribution 
Fitter App of the MATLAB mathematical 
software package or the SciPy library of the 
Python programming language can be used to 
assign the parameters. 
It is possible to obtain following parameters of 
different types of distributions (Table 1). Using 
the value of the distribution function at 

)05.0(F , as well as the inverse normal 
distribution P , it is possible to estimate 
the non-failure probability and the reliability 
index  of the yield strength of steel at the 
point of characteristic value. 
The cumulative distribution functions plots are 
presented in Figure 1. 
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Table 1. Analysis of different distribution functions for steel yield strength 
Type of the 
probability 
distribution 

function 

Fitted parameters* K-S 
statistics 

nD  

Reliability 
index  

, % 

Normal 73.284x  MPa; 32.17x  MPa 0.123454 1.716766 4.18 
Lognormal s = 0.0611; loc = 0 MPa; 

scale = xln 5.6497 MPa 
0.121157 1.716777 4.18 

Logistic 13.285x  MPa; 33.10xS  MPa 0.131419 1.632292 0.78 
GEV c = 0.379; loc = x  =279.422 MPa; 

scale = x  =17.877 MPa 
0.121072 1.650278 0.32 

Gamma a = 268.49; scale = 1.05 
( 3.284x  MPa; 34.17x  MPa) 

0.121829 1.732762 5.06 

*The parameters fitted in Python using SciPy library

 
Figure 1. Cumulative distribution functions (CDF) plots of different probability distributions 

-
As can be seen from Table 1, preferred 
distributions for above sample dataset are 
Generalized Extreme Value (GEV) with 

121.0nD . The lognormal and gamma 
distributions also have similar values of 

Kolmogorov-Smirnov statistics and can be 
assumed, but in this case the error (which in 
practice cannot be estimated, since we know the 
real probability distribution function and 
parameters only in the current conditional 
example) would be 4-5%. 
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Let's assume that an analytical engineer reliably 
knows the probability distribution function 
based on a long-term analysis of a random 
variable at a steel manufacturing plant. 
According to probability theory and 
mathematical statistics, the values of the 
parameters of the general data set can be 

estimated from a sample population at 
confidence intervals. Fig. 2 shows the 
boundaries of the confidence intervals for the 
mean and standard deviation normal distribution 
and the above data sample with different 
confidence levels. 
 

 

 
Figure 2. Confidence intervals for mean (a) and standard deviation (b) depending on confidence 

level 
 
Confidence intervals for the reliability index  
at various levels can be calculated based on 
confidence estimates of statistical parameters 
and equation (1). The best-case (maximum 

mean and minimum standard deviation) and 
worst-case (minimum mean and maximum 
standard deviation) scenarios are considered 
(Table 2) [10]. 

 
Table 2. Confidence intervals for reliability index  

Confidence level 0.80 0.90 0.95 0.99 
Analytical  [1.202; 2.238] [1.077; 2.421] [0.998; 2.590] [0.780; 2.944] 
[min , max ], % [-26.5, 36.9] [-32.1, 59.7] [-36.5, 68.3] [-44.1, 105.7] 
Bootstrap  [1.330; 2.246] [1.229; 2.418] [1.146; 2.577] [1.012; 2.966] 
[min , max ], % [-26.7, 23.7] [-31.9, 33.9] [-36.2, 43.6] [-44.5, 62.6] 

 
As a rule, the lowest value of  is taken and 
confidence level 0.95. The difference in this 
case is about 30-60% between real and 
estimated value of the reliability index  (in a 
strict mathematical solution). 

Thus, a preliminary analysis shows the 
importance of choosing a random variable 
distribution function and assigning its 
parameters. The following algorithm is 
proposed to modernize the random variable 
model in practical problems: 

Probabilistic Method of Structural Reliability Analysis by Sampling with Limited Statistical Data
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1. Five (k=1, 2, …, 5) cumulative distribution 
functions (CDFs) of random variables are 
selected based on scientific and technical 
analysis of previous experience in statistical 
data analysis of the random parameter under 
study; 
2. Samples of random variables 

}...,,,{ 21 nxxxx  are obtained by 
measuring/testing. At least 20n  values are 
recommended; 
3. Values of K-S statistics nD  are estimated for 
every CDFs by eq. (2). Parameters of CDFs are 
fitted using Distribution fitter in MATLAB or 
SciPy in Python; 
4. Weights of CDFs kKSw ,  are estimated based 

on the K-S statistics nD  as 5

1
,

1,
1,

/1

/1

k
kn

n
KS

D

D
w , 

where 1
5

1
,

k
kKSw ; 

5. Weights of CDFs kempw ,  are estimated based 
on empirical data. These weights are assigned 
by an expert, depending on the scientific and 
technical analysis, the data of the manufacturing 
plant, the characteristics of the material, etc. 
The assignment of weights for design 
parameters during design is considered as a 
general decision of the engineering community, 
approved in the design recommendations. As a 

result 1
5

1
,

k
kempw ; 

6. Based on the data from points 3-4, a weight 

2
,., kempkKS

k
ww

w  is assigned to each 

probability distribution function; 
7. The bootstrap method [11] estimates 
confidence intervals for the parameters of the 
selected distribution functions; 
8. Confidence intervals for probability 
distribution functions are constructed using 
probability boxes [12, 13] approach based on 
the confidence intervals of CDFs parameters; 
9. Then the values of the random variable are 
sampled as follows: 

9.1. A random cumulative distribution function 
is selected according to its weight according to 
p. 6 (a uniform distribution is used);  
9.2. One value is sampled for the lower 
confidence bound of this CDF and one value for 
the upper bound. The reverse transformation 
method is used for sampling; 
9.3. Paragraphs 9.1-9.2 are repeated as many 
times as samples need to be obtained for 
reliability analysis, depending on the required 
accuracy; 
10. As a result of the implementation of the 
algorithm, the results are obtained in the form of 
the required number of samples N for the lower 
and upper confidence bounds of the cumulative 
distribution function of a random variable x . 
Using the above algorithm, it is possible to 
obtain the confidence bounds for cumulative 
distribution functions for all random variables 
for which a sample set of data is given (snow 
load, steel/concrete strength measurements, 
etc.). 
Further reliability analysis can be performed 
using the Interval Monte Carlo (IMC) method 
[14, 15]. The limit state function Xg  is 
formed, where N samples are performed for 
each random variable in the vector of random 
variables X  (according to the above algorithm 
or based on known cumulative distribution 
functions). In the case of confidence interval 
estimates, the vector will also be represented in 
interval form X  and X . Then the probability of 
failure is calculated as follows: 
 

N

j
f gI

N
P

1
01 X ,               (3) 

N

j
f gI

N
P

1
01 X ,               (4) 

 
where is an indicator function that has a value of 
1 if I[.] is equal to "true", and the value is 0 if 
I[.] is equal to "false". 
There are various approaches to assigning the 
required probability of failure, for example [16, 
17, etc.] 
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where is an indicator function that has a value of 
1 if I[.] is equal to "true", and the value is 0 if 
I[.] is equal to "false". 
There are various approaches to assigning the 
required probability of failure, for example [16, 
17, etc.] 
 

RESULTS AND DISCUSSION  
 
For the above data, based on the bootstrap 
method (1000 samples and a confidence 
probability of 0.95), the following interval 
estimates of the parameters of probability 
distributions were obtained: 
- Normal distribution: 66.290,39.278x  
MPa, 09.20,76.13x  MPa; 
- Lognormal distribution: 0703.0,0488.0s , 

94.289,98.277x  MPa; 

- Logistic distribution: 89.291,74.277x  
MPa, 21.12,75.7xS  MPa; 
- GEV distribution: 95.285,67.273xloc  
MPa, 71.20,88.13xscale  MPa, 

3789.0c ; 
- Gamma distribution: 0846.1,0380.1scale , 

5.268a . 
Based on the interval estimations of parameters, 
following probability boxes [12] can be 
constructed (Fig. 3). 
 

 

 
Figure 3. Probability boxes for different types of cumulative distribution functions 

 
Probability box is a confidence interval for the 
real cumulative distribution function. The left 
and right boundaries of the functions are 
accepted as the possible worst and best options 
for various combinations of interval parameters, 
and are not always accepted for all the smallest 
and largest values of the interval. 
Let's assume that based on a priori data, as well 
as Kolmogorov-Smirnov statistics, the 

following weights were obtained for probability 
distributions: GEV-distribution 30.0GEVw , 
lognormal distribution 30.0lnw , normal 
distribution 20.0normw , logistic 10.0logw , 
gamma distribution 10.0gammaw . 
Further, according to the calculated statistical 
parameters and weights of the probability 

Probabilistic Method of Structural Reliability Analysis by Sampling with Limited Statistical Data
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distribution functions, sampling of 1 million 
values for the lower and upper boundary 
functions of the probability distribution was 

performed using the above algorithm. Graphs of 
these functions, as well as empirical and 
theoretical ones, are shown in Fig. 4. 

 

 
Figure 4. Graphs of confidence bounds for CDF by proposed algorithm, empirical CDF and true 

CDF  
 
As can be seen from Figure 4, the confidence 
bounds for the cumulative distribution function 
according to the proposed algorithm completely 
cover both the real cumulative distribution 
function and the empirical one (the sample from 
which was obtained using the true distribution 
function).  
In cases of complex mathematical models of the 
limit state, including numerical models, modern 
approaches can be used to reduce the required 
number of calculations based on meta-models 
and surrogate models [18-20]. 
 
 
CONCLUSION 
 
1. Choosing a not optimal cumulative 
distribution function or its parameters can lead 
to significant errors (up to 60%) in estimating 
the reliability index or the probability of failure. 
This problem is particularly acute in practical 

tasks, when statistical samples of only a few 
values are available based on the results of 
tests/experimental research. 
2. The proposed algorithm for modeling random 
variables for probabilistic reliability analysis of 
building structures is based on a mixture of 
probability distribution functions with interval 
estimation of its parameters by bootstrapping. A 
numerical example shows the efficiency of 
using the algorithm – the confidence domain 
covers both the real distribution function and the 
empirical one.  
3. The estimate of the probability of failure or 
the reliability index will be presented in an 
interval form. For a narrower interval response, 
it is necessary to increase the quantity/quality of 
available statistical information. If it is 
impossible to obtain the necessary information, 
reliability can be improved using classical 
methods – increasing cross-sections, increasing 
strength, reducing loads, etc. 
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