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AIMS AND SCOPE
The aim of the Journal is to advance the research and practice in structural engineering 

through the application of computational methods. The Journal will publish original papers and 
educational articles of general value to the field that will bridge the gap between high-performance 
construction materials, large-scale engineering systems and advanced methods of analysis.

The scope of the Journal includes papers on computer methods in the areas of structural 
engineering, civil engineering materials and problems concerned with multiple physical processes 
interacting at multiple spatial and temporal scales. The Journal is intended to be of interest and use to 
researches and practitioners in academic, governmental and industrial communities.
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ОБЩАЯ ИНФОРМАЦИЯ О ЖУРНАЛЕ
International Journal for Computational Civil and Structural Engineering

(Международный журнал по расчету гражданских и строительных конструкций)

Международный научный журнал “International Journal for Computational Civil and 
Structural Engineering (Международный журнал по расчету гражданских и строительных кон-
струкций)” (IJCCSE) является ведущим научным периодическим изданием по направлению «Инже-
нерные и технические науки», издаваемым, начиная с 1999 года (ISSN 2588-0195 (Online); ISSN 2587-
9618 (Print) Continues ISSN 1524-5845). В журнале на высоком научно-техническом уровне рассматри-
ваются проблемы численного и компьютерного моделирования в строительстве, актуальные вопросы 
разработки, исследования, развития, верификации, апробации и приложений численных, численно-ана-
литических методов, программно-алгоритмического обеспечения и выполнения автоматизированного 
проектирования, мониторинга и комплексного наукоемкого расчетно-теоретического и эксперимен-
тального обоснования напряженно-деформированного (и иного) состояния, прочности, устойчивости, 
надежности и безопасности ответственных объектов гражданского и промышленного строительства, 
энергетики, машиностроения, транспорта, биотехнологий и других высокотехнологичных отраслей.

В редакционный совет журнала входят известные российские и зарубежные деятели науки 
и техники (в том числе академики, члены-корреспонденты, иностранные члены, почетные члены 
и советники Российской академии архитектуры и строительных наук). Основной критерий от-
бора статей для публикации в журнале − их высокий научный уровень, соответствие которому 
определяется в ходе высококвалифицированного рецензирования и объективной экспертизы, 
поступающих в редакцию материалов.

Журнал входит в Перечень ВАК РФ ведущих рецензируемых научных изданий, в которых 
должны быть опубликованы основные научные результаты диссертаций на соискание ученой 
степени кандидата наук, на соискание ученой степени доктора наук по научным специаль-
ностям и соответствующим им отраслям науки: 

• 1.1.8 – Механика деформируемого твердого тела (технические науки),
• 1.2.2 – Математическое моделирование численные методы и комплексы программ
(технические науки),
• 2.1.1 – Строительные конструкции, здания и сооружения (технические науки),
• 2.1.2 – Основания и фундаменты, подземные сооружения (технические науки),
• 2.1.5 – Строительные материалы и изделия (технические науки),
• 05.23.07 – Гидротехническое строительство (технические науки),
• 2.1.9 – Строительная механика (технические науки) 
В Российской Федерации журнал индексируется Российским индексом научного цити-

рования (РИНЦ). 
Журнал входит в базу данных Russian Science Citation Index (RSCI), полностью интегри-

рованную с платформой Web of Science. Журнал имеет международный статус и высылается в 
ведущие библиотеки и научные организации мира. 

Издатели журнала – Издательство Ассоциации строительных высших учебных заве-
дений /АСВ/ (Россия, г. Москва) и до 2017 года Издательский дом Begell House Inc. (США, г. 
Нью-Йорк). Официальными партнерами издания является Российская академия архитектуры 
и строительных наук (РААСН), осуществляющая научное курирование издания, и Научно-ис-
следовательский центр СтаДиО (ЗАО НИЦ СтаДиО).

Цели журнала – демонстрировать в публикациях российскому и международному профес-
сиональному сообществу новейшие достижения науки в области вычислительных методов реше-
ния фундаментальных и прикладных технических задач, прежде всего в области строительства. 
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Задачи журнала:
• предоставление российским и зарубежным ученым и специалистам возможности публи-

ковать результаты своих исследований;
• привлечение внимания к наиболее актуальным, перспективным, прорывным и инте-

ресным направлениям развития и приложений численных и численно-аналитических методов 
решения фундаментальных и прикладных технических задач, совершенствования технологий 
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Abstract: The article addresses the problem of numerically modeling creep deformations in modern high-strength 
modified self-compacting concretes. The relevance of the research is driven by the imperfections in the regulatory 
framework, specifically SP 63.13330.2018, which offers an overly simplified and conservative approach to ac-
counting for creep. This approach fails to consider the specific characteristics of modern concretes and does not 
enable reliable forecasting. Conversely, the existing, more detailed domestic recommendations from 1984 are 
technically obsolete and inapplicable to high-strength concretes. 
The aim of the study is to assess the applicability of modern and outdated computational creep models for predict-
ing deformations in high-strength concrete across different humidity conditions. The research was conducted using 
numerical modeling in the ATENA software complex, with verification of the results against experimental data. 
The results demonstrated that the direct application of even the most modern models (B3, MC 2010) leads to 
significant errors (ranging from 13% to 130%), which vary depending on humidity. Models from the 1970s-80s 
(exemplified by ACI-78) proved entirely inapplicable, showing discrepancies of up to 600% compared to experi-
mental data. The necessity of modifying models not only for the specific concrete composition but also for its 
curing conditions and humidity levels is demonstrated. 
The study concludes that the verification and calibration of computational models based on experimental data are 
critically important before modeling complex stress-strain states. An action algorithm is proposed to enhance the 
accuracy of creep prediction under multiaxial loads, which includes mandatory experimental verification of bound-
ary conditions. 
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INTRODUCTION 
 
The main regulatory document that governs the 
calculation and design of reinforced concrete 
structures in our country is SP 63.13330.2018. It 
serves as the primary source for related docu-
ments such as SP 266.1325800.2016, which co-
vers the design and calculation of steel-rein-
forced concrete 
430.1325800.2018, which regulates the design of 
cast-in-
rently under development for reinforced concrete 
structures with external sheet reinforcement. 
Some formulas, tables, and provisions in these 
design codes are identical to those in SP 
63.13330.2018. In particular, this applies to the 
description of the concrete creep process. How-
ever, the section on concrete creep accounting is 
very short. SP 63.13330.2018 does not provide 
any information on shrinkage accounting. 
SP 63.13330.2018 does not offer a method for 
predicting creep. It only includes one formula, 
(1), for reducing the elastic modulus under pro-
longed loading while accounting for creep. For-
mula (1) includes only the initial modulus and the 
creep coefficient. Formula (2) accounts for ine-
lastic deformations and rapid creep when speci-
fying the elastic modulus under short-term load-
ing. For shear, the code recommends taking the 
modulus of elasticity as 0.4 of the initial value, 
but does not specify whether this applies to long-
term or short-term effects. This code does not 
provide any other recommendations for account-
ing for concrete creep. The creep coefficient, 

b,cr, included in formula (1), is a tabulated value 
that depends only on the concrete class and am-
bient humidity. Furthermore, for high-strength 
concrete (with a compressive strength of 60 MPa 
and above, as per class designations), this coeffi-
cient is applied as a single, unified value. This 
approach is conservative and has been criticized 

by many researchers [1, 2]. Its inclusion was not 
based on experimental or theoretical substantia-
tion but rather on a review of foreign literature 
(American and European documents) conducted 
in the early 2000s during the development of the 
then-new Russian concrete design code, SP 52-
101-2003. This was a practical solution, as the 
technology and industry were ready for the use 
of high-strength concrete, but its characteristics - 
particularly its deformation properties - were 
largely unst
this area within the country had ceased. 
Eurocode 2 (1992), which was thoroughly exam-
ined during the preparation of the 2001 Russian 
code, proposed the use of distinct creep coeffi-
cients for concrete grades up to class C100, with 
differentiation at five-class intervals. Currently, 
international research in this field has advanced 
considerably [3-5]. Studies now investigate the 
effects of creep not only under compression but 
also under other stress-strain state conditions, 
and there are ongoing efforts to utilize modern 
software for developing creep models, among 
other advancements [6-8]. In contrast, due to the 
fact that creep testing can only be conducted in a 
few organizations within our country, such re-
search remains sporadic [9,10]. 
 

Eb,  = 
Eb

1+ b,cr

(1) 

, = 0.85 (2) 
 
Before the publication of the design code SP 52-
101-2003, which was used alongside the existing 
SNiP 2.03.01-84*, the Recommendations of the 
NIIZhB for Considering Shrinkage and Creep 
(1984) were also in effect. Interestingly, this doc-
ument has never been officially revoked and, par-
adoxically, remains valid to this day. This was a 
fundamental body of work. A large number of 
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specialists participated in its development, and 
all its dependencies and tabulated values were 
based on an extensive array of experimental re-
search conducted in the Soviet Union. 
These recommendations allow predicting the 
creep and shrinkage deformations of concrete up 
to class B60, accounting for a wide range of input 
variables (such as concrete mix composition, 
loading age, and structure type). At the time of 
their release, these recommendations were not 
only highly relevant within the country but were 
also competitive on a global scale. The creep 
model they proposed was on par with leading Eu-
ropean and American models of that era [11, 12]. 
Following the publication of these recommenda-
tions, some specialists continued in-depth re-
search on creep [13-15], and there were attempts 
to introduce improved models [16, 17]. However, 
these subsequent studies were never incorporated 
into the regulatory documents. When attempts 
were made to apply both the models from the 
1984 recommendations and those from other 
leading Russian and Soviet scientists to modern 
concretes, certain contradictions and inconsisten-
cies were revealed [18]. Furthermore, direct at-
tempts to predict the creep deformations of high-
strength concrete using these models resulted in 
significant inaccuracies, to the point of complete 
inapplicability. This also applies to the acceler-
ated method for determining creep deformations 
(which was present in GOST 24544-84) that was 
removed during the latest update of that standard. 
Later, this article will demonstrate the inade-
quacy of the 1978 American concrete creep 
model when applied to modern concretes. 
Over the past 15 years, the author has conducted 
extensive experimental and theoretical research 
on the deformation characteristics of high-
strength concretes. Some of these findings are 
presented in this article. The study examines an 
approach that combines the classical experi-
mental evaluation of creep deformations accord-
ing to GOST 24544-2020 with the use of modern 
computational tools based on advanced software 
complexes that have various built-in concrete 
creep models. This work is critically important 
because manually calculating the creep effects in 

a complex structural element or joint is practi-
cally infeasible when such an analysis is re-
quired. 
 
 
METHODS 
 
To assess the applicability of existing creep theo-
ries, enable three-dimensional computer modeling 
of long-term experiments in analysis software, 
and evaluate the feasibility of computer modeling 
of complex stress-strain states under sustained 
loading, a numerical simulation was performed. 
This simulation imitated the deformation of prism 
specimens under three different humidity condi-
tions using the most advanced creep models: B3, 
B3 improved, MC 2010, and the American ACI-
78 model. The ATENA software package was 
used as the computational tool. 
This particular software package was selected 
because its built-in model, which accounts for the 
physical nonlinearity of concrete properties—the 
Fracture–Plastic Constitutive Model 

Consulting—has proven highly effective in mod-
eling reinforced concrete elements under various 
stress-strain states. These include concentric and 
eccentric compression [19, 20], bending [21], bi-
axial compression, shear, punching shear [22], 
steel-concrete composite structures of varying 
complexity [23], and structures with external 
sheet reinforcement [24, 25], including those 
made of high-strength concrete. The model is 
based on a combination of a tensile fracture 
model (Rankine-Fracturing Model) and a com-
pressive failure model for the material (Men-
étrey-Willam). A review of the literature indi-
cates that calculation results obtained with the 
built-in CC3DCementitious2 concrete model 
generally show good agreement with experi-
mental data—the discrepancy in results from var-
ious researchers, both Russian and international, 
typically remains within 10%. 
For the computer simulation, a specific high-
strength modified self-compacting concrete mix 
of class B75 (determined according to GOST 
18105 and GOST 31914) was selected. Detailed 
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studies of modified high-strength concretes with 
similar characteristics, for which the authors of the 
report conducted concurrent tests to determine 
creep and shrinkage deformations under three dif-
ferent humidity conditions, are presented in [26]. 
The specimens were loaded at the age of 88 days. 
(For some modified concretes, achieving the de-
sign strength class at an age of 60 days or more is 

crete was 90 days). Based on the test results for 
density and slump flow, conducted in accordance 
with the requirements of GOST 26633 and GOST 
R 59715, the mix can be classified as self-com-
pacting. This particular composition was chosen 
for the computer study to evaluate the applicabil-
ity of existing concrete creep models to modern 
high-strength modified self-compacting con-
cretes. Given that practically all concretes with a 
strength class above B60 fall into this category, 
this research task is highly relevant. 
Predicting creep deformations under different 
humidity conditions for a single concrete mix is 

an important task. This is because the same con-
crete, even within a single structure, can cure un-
der various conditions (e.g., an enclosed steel 
section restricts moisture migration from the con-
crete, while exposed surfaces imply standard 
temperature and humidity conditions). Further-
more, when using creep coefficients in calcula-
tions, it is essential to know their potential maxi-
mum values for the concrete class in question, 
enabling a probabilistic forecast of worst-case 
scenarios. (Conversely, the worst-case design 
scenario may sometimes involve maximum stiff-
ness of structural elements, which corresponds to 
minimum creep coefficients—see Formula 1). 
Figure 2 presents the experimental deformation 
curves for the concrete under sustained load at 
different humidity levels. This figure also shows 
the testing setups located in rooms with normal 

midity were conducted in separate climate-con-
trolled chambers. 

 

   
Figure 1. Experimental creep and shrinkage strains for various humidity conditions 

 
The ATENA software package includes a built-
in module for considering concrete creep. 
Within this module, it is possible to select vir-
tually any modern creep model, and the pro-
posed models can also be modified. The pro-
gram allows for the full exploitation of the sim-
ulation capabilities inherent in the calculation 

models. For example, it enables loading the 
specimen at any age, modeling various curing 
conditions prior to load application, and apply-
ing additional load during the test. 
Figure 2 (left) presents a diagram illustrating the 
algorithm for defining sustained load, alongside 
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the results of verification calculations per-
formed using the B3, ACI, and CEB models 
(right), based on data from studies [26-30]. 
As can be seen from this table, the average er-
ror when using the ACI model reaches 58%. 
Furthermore, when evaluating individual ex-
periments, the error can reach 100% or more. 
This assessment was conducted for each model 

using data from 17 known experiments per-
formed by various researchers on different con-
crete mixes. 
Figure 3 shows the calculation model of the 
specimen with different configurations of the 
finite element mesh, which was used for a sen-
sitivity test. Based on the results of this test, a 
mesh with an element size of 30×30×30 mm 
was selected for modeling the prism specimen. 

 

      
 

Figure 2. Algorithm for modelling loading regime in creep analysis using ATENA software (left), 
comparison of various creep models with respect to experimental data (right) 

 

 
Figure 3. Finite element model of the tested specimen 
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specimen with different configurations of the 
finite element mesh, which was used for a sen-
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Figure 3. Finite element model of the tested specimen 

 

RESULTS 
 
Following the preparation of the computational 
model for a concrete prism specimen with dimen-
sions of 150×150×600 mm as a standard speci-
men for creep tests according to GOST 24544-
2020, restrained between two support plates with 
axial load transfer (simulating load application 
via a steel ball in a spring-loaded setup), a series 
of numerical analyses was performed. These 
analyses predicted creep deformations using 
four distinct models: MC 2010 (the current 
Model Code model), B3 (the most widely used 
creep model globally at present, proposed by 

hanced B3 model, which allows for a greater 
number of input parameters, particularly for 
better accounting of early-age shrinkage), and 
ACI-78 (the now-outdated model from the 
American Concrete Institute). The 1978 ACI 
model was included in the comparison to pro-
vide a general assessment of the applicability 
of models from the 1970s and 1980s to modern 
modified self-compacting high-strength con-
cretes. In this context, the calculation results 
obtained with this model indirectly reflect the 

applicability of the domestic model from the 
1984 Recommendations for Considering 
Shrinkage and Creep of Concrete. A direct ver-
ification of this latter model in any computer 
software is impossible because all advanced 
software packages capable of three-dimen-
sional modeling of long-term concrete tests are 
foreign (e.g., Ansys, ATENA, Abaqus) and 
lack integration with Soviet and Russian scien-
tific developments and regulatory documents. 
Figures 4-6 present the results of the computer-
predicted creep deformations according to the 
considered models for humidity levels of 20%, 
60%, and 90%. For ease of comparing the ex-
perimental and calculated curves, the defor-
mation values are given in absolute terms. Next 
to the model’s name, the percentage deviation 
from the experimental results is indicated. Data 
for the modified model based on B3 are labeled 

the B3 model were implemented by adding a 
set of coefficients to achieve the best possible 
fit between the modified model and the experi-
mental results obtained under normal humidity 
conditions.  

 

 
Figure 4. Calculated and experimental creep deformations at normal humidity conditions 
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Figure 5. Calculated and experimental creep deformations at high humidity conditions 

 

 
Figure 6. Calculated and experimental creep deformations at low humidity conditions 

 
As can be seen from the calculation results, the 
direct application of any of the considered mod-
els for predicting the creep of modern concretes 
can lead to significant errors. Models from the 
1970s and 1980s, exemplified by the ACI-78 
model, are entirely inapplicable. 

Another noteworthy observation is that when 
simulating the experiment in a high-humidity en-
vironment, all models showed a decreased level 
of agreement with the experimental data. It 
should also be noted that the results from the B3 
model and the B3 improved model were virtually 
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Figure 5. Calculated and experimental creep deformations at high humidity conditions 

 

 
Figure 6. Calculated and experimental creep deformations at low humidity conditions 
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identical. This is because the main enhancements 
in the more recent model are designed to more 
accurately capture concrete deformation during 
the first few months after loading. However, in 
the experiment under consideration, the speci-
mens were loaded at the age of 88 days, which 
completely nullified the new algorithms of the 
B3 improved model. Furthermore, the experi-
mental data recorded in normal and high-humid-
ity conditions indicate an earlier stabilization (at-
tenuation) of creep deformations—a phenome-
non frequently observed in high-strength modi-
fied concretes—which none of the considered 
models account for. 
The most significant outcome of this modeling 
effort, however, is the fact that the same model 
exhibits varying degrees of error under different 
humidity conditions. The creep curves that were 
closest to the experimental results were not con-

for the modified model based on B3. Although 
this modified version was calibrated using data 
from normal humidity conditions, it showed con-
siderable deviations from the experimental re-
sults in a high-humidity environment. 
After performing these calculations with differ-
ent models and ultimately selecting the one that 
most closely (perhaps after specific modifica-
tions) describes the experimental curve under the 
required temperature and humidity conditions, 
the software complex can be used to model long-
term experiments of any complexity under vari-
ous stress-strain states. However, the verification 
of any additional parameters is absolutely essen-
tial. 
For example, if it is necessary to simulate a creep 
test under tension on a computer, but specialized 
lever-type testing machines are unavailable (such 

author's information, such tests within the Rus-
sian Federation can only be conducted at the 
Donbas National Academy of Civil Engineering 
and Architecture, where they have been pre-
served), it is possible to conduct a long-term ver-
ification test on concrete beam specimens under 
bending. Since the beams operate without crack-

ing—part of the beam is compressed while an-
other part is tensioned—this can be done in ac-
cordance with Appendix E of GOST 24544-
2020. The chosen creep model could then be fur-
ther modified if necessary. 
Consider another example: modeling triaxial 
long-term compression. This type of stress-strain 
state is relatively rare, but the construction pro-
jects for which experimental studies of concrete 
creep are typically undertaken are unique and ex-
tremely complex. In such structures, accounting 
for the actual stress-strain state under sustained 
loads in their structural elements can be critically 
important. Currently, there are no facilities in 
Russia for determining creep under triaxial com-
pression (only a single such setup existed in the 
entire USSR). However, it is possible, for in-
stance, to conduct long-term tests under biaxial 
compression. The capability for such testing ex-
ists at the Gvozdev Research Institute of Con-
crete and Reinforced Concrete (NIIZHB), and 
tests on high-strength concrete are currently un-
derway there, with results to be published soon. 
The importance of such additional verification 
can be demonstrated through computer modeling 
of biaxial compression in the ATENA software 
complex. Two additional distribution steel plates 
were added to the sides of the previously used 
model of a 150×150×600 mm concrete prism, 
which already had top and bottom distribution 
plates. These side plates were used to apply lat-
eral pressure. Depending on the magnitude of 
friction at the interface between the side steel 
plates and the concrete prism, the results will 
vary significantly. Figure 7 shows the creep 
curve for biaxial compression in the limiting case 
where the steel plate is rigidly connected to the 
concrete. In such a scenario, the plate can absorb 
a portion of the compressive stresses from the 
longitudinal load, potentially leading to underes-
timated total creep deformations. The true inter-
face condition that must be incorporated into the 
computational model for such an experimental 
setup can only be determined through physical 
testing. 
A simplified approach could involve conducting 
a short-term biaxial compression test, simulating 
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it on a computer, calibrating the interface param-
eters based on that short-term test, and then using 
the calibrated model to simulate long-term tests. 
The result obtained this way would certainly be 
more accurate than one with no additional verifi-
cation, but it could still differ somewhat from a 
real long-term biaxial compression test. The 
flowchart presented in Figure 8 illustrates the 

recommended procedure for computer modeling 
of concrete creep under complex stress-strain 
states. Actions performed on the computer are 
shown in dark blue, while the experimental part 
of the work is shown in light blue. The more 
comprehensive this experimental part, the more 
accurate the final result will be.

 

 
Figure 7. Calculated and experimental creep deformations at low humidity conditions 

 

 
Figure 8. Flow-chart of the algorithm for concrete creep modelling at complex stress-strain state 
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experimental results obtained under normal hu-
midity conditions (tests according to GOST 
24544-2020 and corresponding international 
standards) were within 30% – which is consid-
ered an acceptable result for predicting long-term 
deformation. 
Models from the 1980s, when applied to modern 
high-strength modified self-compacting con-
cretes, can produce significant errors. For in-
stance, using the ACI-78 model in calculations 
resulted in a deviation of 600% compared to ex-
perimental data. This indicates that predicting 
concrete creep processes using classical theories, 
which form the basis of current Russian codes 
and, to some extent, some foreign standards, can 
lead to critical inaccuracies. This pertains specif-
ically to the Recommendations for Considering 
Shrinkage and Creep of Concrete from 1984, 
which currently remain the only regulatory doc-
ument allowing for the prediction of creep defor-
mations, as these recommendations have neither 
been reissued nor officially revoked. 
Even the most up-to-date creep models, without 
modification for a specific experiment, can yield 
considerable errors. When using the three afore-
mentioned theories (B3, MC 2010, ACI-78), the 
range of deviations varied from 13% (under re-
duced humidity) to 130% (under increased hu-
midity). This is corroborated by the verification 
experiments conducted by the developers of 
these models, shown in Figure 2, where devia-
tions ranging from 23% to 58% were considered 
acceptable outcomes. 
The modification of creep models should be per-
formed not only for a specific concrete mix com-
position but also for the specific temperature and 
humidity conditions of the test. A model modi-
fied based on normal humidity data can produce 
substantial errors when applied to conditions of 
reduced or increased humidity. This also applies 
to various loading scenarios that differ from 
standard tests according to GOST or interna-
tional standards. 
Prior to computer modeling of complex stress-
strain states in any structural elements, besides 
verifying the creep models on simple prism spec-

imens under the relevant temperature and humid-
ity conditions, the boundary conditions must also 
be verified. An example is the friction from lat-
eral confinement plates when simulating biaxial 
or triaxial long-term experiments. In the case of 
lateral confinement, the distribution plates gener-
ating this pressure can act as an additional re-
straining factor against the vertical compressive 
forces, which can significantly influence the final 
result. 
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ABOUT MULTISCALE MODELING WITH THE USE OF HAAR 
DISCRETE WAVELETS FOR TARGETED DATA EXTRACTION  

IN PROBLEMS OF STRUCTURAL MECHANICS 
 

Mojtaba Aslami 1,2, Pavel A. Akimov 1 
1 National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 

2 Fasa University, Fasa, IRAN 
 
Abstract: The distinctive paper is devoted to multiscale modelling of functions with the use of Haar discrete 
wavelets. Numerical implementation is realized with the use of “Fortran” programming language (“Intel Visual 
Fortran” software). Particularly several sample functions are under consideration. Three basic parts of corre-
sponding algorithm include full wave reconstruction (implementing the entire Hilbert space of the wave); extrac-
tion of wave components constructed solely by wavelet functions; isolation and visualization of the final wavelet 
layer. Modeling wave behavior from multiple perspectives enables the extraction of highly valuable information, 
which can reveal defects in mechanical or structural systems. The Haar discrete wavelet, due to its basis and 
step-like wavelet functions, is particularly suitable for numerical implementation (programming, computation), 
featuring straightforward algorithms. 
 

Keywords: Haar wavelet, fault detection, modeling, structural analysis   
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INTRODUCTION 
 
Wavelet analysis is a relatively recent mathe-
matical tool that emerged in the late 1980s and 
is now widely applied to fundamental and prac-

tical problems, including engineering. Notable 
applications include image processing [1-3]. 
This analysis offers flexible signal processing 
techniques as an alternative to classical Fourier 
analysis [4-5]. 

 
Figure 1. Decomposition of a function’s Hilbert space into subspaces V 

 
Thus, it enables solutions to problems where 
traditional Fourier methods are ineffective. A 
key advantage of wavelet analysis is its ability 
to detect highly localized variations in signals 
(waves), including jumps and irregularities. In 
contrast, Fourier analysis lacks the resolution to 
track rapid, minute changes, as its coefficients 
reflect wave behavior over an infinite range, 
making it inefficient for analyzing fast-varying 
signals or noise.   
Wavelet analysis is a powerful tool for hierar-
chical mathematical decomposition, represent-
ing a wave’s overall space as a combination of 
low- and high-frequency components. In this 
study, we employ Visual Fortran [6] to examine 
sample functions using Haar wavelet analysis 
[7-11], presenting their mathematical space in 
three distinct models. The presented modeling 
of the mathematical space of a wave makes it 
possible to examine the behavior of that wave 
from different perspectives and monitor its 
changes, whereas conventional wave observa-
tion often fails to capture expected data.   
 
 
1. WAVE SPACE DECOMPOSITION 
WITH THE USE  
OF WAVELET THEORY 
 
If a wave resides in a Hilbert space ( 2 ( )L R ), it 
can be constructed using simpler subspaces 
(Figure1): 
 

2 ( ) jj Z
L R V .                       (1) 

 
The accuracy of the reconstructed wave model 
depends on the completeness of the selected 
subspace jV . This modeling requires subspaces 

jV  to satisfy the following conditions:    
 

0 1 2 2... ( )V V V L R .              (2) 
 
In wavelet analysis, the target space is parti-
tioned into nested subspaces, transitioning to a 
base space and complementary orthogonal sub-
spaces (Figure 2). Here, subspaces  jV  and jW  
must meet the following criteria:   
 

2 0 0 1( ) ...L R V W W ;             (3) 
1 ,    j j jV V W j Z ;               (4) 

{0}j
j Z

W ,                        (5) 

 
where Z  is the set of integers. 
In wavelet-based wave reconstruction, subspac-
es are mutually orthogonal and non-
overlapping. This unique property enables the 
extraction of critical information not available 
in other modeling techniques. Such information 
can reveal mechanical or structural defects [12-
16], as healthy systems exhibit predictable har-
monic waves, while defective ones introduce 
uncontrolled noise and anomalous frequencies. 
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Wavelet analysis is a powerful tool for hierar-
chical mathematical decomposition, represent-
ing a wave’s overall space as a combination of 
low- and high-frequency components. In this 
study, we employ Visual Fortran [6] to examine 
sample functions using Haar wavelet analysis 
[7-11], presenting their mathematical space in 
three distinct models. The presented modeling 
of the mathematical space of a wave makes it 
possible to examine the behavior of that wave 
from different perspectives and monitor its 
changes, whereas conventional wave observa-
tion often fails to capture expected data.   
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The accuracy of the reconstructed wave model 
depends on the completeness of the selected 
subspace jV . This modeling requires subspaces 

jV  to satisfy the following conditions:    
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In wavelet analysis, the target space is parti-
tioned into nested subspaces, transitioning to a 
base space and complementary orthogonal sub-
spaces (Figure 2). Here, subspaces  jV  and jW  
must meet the following criteria:   
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where Z  is the set of integers. 
In wavelet-based wave reconstruction, subspac-
es are mutually orthogonal and non-
overlapping. This unique property enables the 
extraction of critical information not available 
in other modeling techniques. Such information 
can reveal mechanical or structural defects [12-
16], as healthy systems exhibit predictable har-
monic waves, while defective ones introduce 
uncontrolled noise and anomalous frequencies. 
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Figure 2. Decomposition of a function’s Hilbert space into subspaces jV  and jW  

 

    
Figure 3. First two stages of the scaling function ( ) and wavelet function ( ) in the Haar wavelet. 

 
2. HAAR WAVELET 
 
Mathematically, wavelet analysis permits di-
verse jV  and jW  subspaces for wave reconstruc-
tion, a distinctive feature of this method. The 
discrete Haar wavelet [17] is one of the simplest 
yet most effective wavelet tools, fully compati-
ble with computational implementation and ap-
plicable to mechanical and structural problems 
[18-21] (Figure 3): 
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3. NUMERICAL MODELING  
WAVES DECOMPOSITION  
AND DATA EXTRACTION  
  
Using “Intel Visual Fortran”, we modeled and 
analyzed several sample functions via the Haar 
discrete wavelet algorithm. The modeling was 
implemented in three categories, each providing 
distinct wave insights:   

 full wave reconstruction (implementing 
the entire Hilbert space);   

 extraction of wavelet-only components;   
 isolation of the final wavelet layer.   

One application of this analysis is crack and de-
fect detection in structures.  
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Figure 4. Implementation of sin(x) 

 
By deploying seismic wave controllers at various 
points, load-induced waves can be monitored and 
decomposed via wavelets to detect frequency 
deviations. The study tested the algorithm on 
sin(x) (Figure 4), cos(x), and x² (Figure 5). Re-
sults show rapid convergence with increasing 
wavelet resolution, a key advantage over Fourier 
analysis. The method accommodates both regular 
and irregular waves. Subspace-based models 
yielded data fundamentally different from the 
original wave, offering precise behavioral details. 
For random or harmonic waves, temporal varia-
tions were accurately captured.   
 
 
CONCLUSION   
 
This paper employed Visual Fortran to analyze 
functions using Haar wavelets in three distinct 

models. Multi-perspective wave modeling ex-
tracts unique, actionable insights, enabling de-
fect detection in mechanical/structural systems. 
Healthy systems exhibit controlled harmonics, 
whereas defective ones introduce uncontrolled 
noise. The Haar wavelet’s simplicity and nu-
merical efficiency make it ideal for engineering 
applications.   
Key Features of the Translation:   

 formal academic tone with precise tech-
nical terminology;  

 logical flow mirroring the original struc-
ture;  

 figures and equations referenced per ac-
ademic conventions;  

 concise yet comprehensive rendering of 
complex concepts. 
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ASSESSMENT OF THE ROBUSTNESS FOR FRAME 
STRUCTURES BASED ON A PROBABILITY INDEX 

Anatoliy V. Alekseytsev, Natalya S. Kurchenko 
National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 

Abstract: In the process of designing buildings and structures, the issue arises of ensuring their mechanical 
safety under accidental loads. Furthermore, existing buildings and structures are often subjected to technogenic 
impacts that may lead to complete or partial failure of the structural system. To provide a quantitative 
characterization of the resistance of load-bearing structures to such factors, the concept of survivability has been 
introduced in the modern scientific literature. However, the formalization of survivability in the form of specific 
quantitative indicators remains a pressing and insufficiently explored problem for both steel and reinforced 
concrete structures. This study proposes a methodology for computing the probabilistic survivability index for 
frame structural systems. The calculation is based on a modified model of classical reliability theory, which 
assumes that the failure of the frame system occurs through the formation of a mechanism with a minimum 
number of plastic hinges. The assessment of structural failure or component degradation is performed on an 
energy basis using the J-integral. To analyze the scatter of random parameters, statistical modeling based on 
empirical data is employed. The article provides examples of survivability index calculations. Practical 
implementation of the proposed method has demonstrated its effectiveness, allowing it to be recommended for 
evaluating the mechanical safety of steel and reinforced concrete frame structures, including cases with increased 
responsibility requirements and specific robustness criteria against progressive collapse. 

Keywords: robustness, mechanical safety, deformations, steel structures, reinforced concrete structures, 
emergency situation, progressive collapse, reliability, probability of failure 
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1. INTRODUCTION

Current issues of ensuring the robustness of 
frame structural systems in buildings and 
structures represent one of the priority areas in 
modern construction science. The analysis of 
recent scientific research has made it possible to 
systematize the key directions of this subject 
area: 
 assessment of the robustness of structural 

systems based on the analysis of nodal 
connections of elements; 
 development and improvement of sets of 

deterministic and probabilistic robustness 
characteristics, as well as the integration of 
intelligent predictive models influencing the 
progression of progressive collapse; 
 investigation of progressive collapse 

processes in structural systems using limit 
analysis methods and numerical simulation; 
 analysis of types of accidental impacts and 

loads; 
 development of structural solutions aimed at 

effectively preventing the development of 
progressive collapse; 
 development and enhancement of 

methodologies for robustness assessment and 
management using search optimization 
algorithms combined with machine learning and 
artificial neural networks. 
A systematic review of scientific studies 
covering the above-mentioned directions is 
presented below, which confirms the necessity 
of developing a probabilistic methodology for 
robustness assessment, as proposed in this 
research. 
Progressive collapse and robustness criteria. 
In [1], the influence of initial localized defects 
on the ability of steel profiles to maintain their 
functionality under accidental scenarios is 
investigated. Numerical simulations and 
experimental observations have shown that 
damage concentrated in limited zones leads to 
accelerated formation of plastic hinges, which in 
turn reduces the overall robustness of the 
structure. It was established that an increase in 
the number of stories in a building, as well as 

the removal of edge or end columns, 
significantly increases the system’s 
susceptibility to progressive collapse. An 
alternative interpretation of the concept of 
structural robustness based on plastic limit 
analysis is proposed in [2], which is considered 
more accurate compared to traditional quasi-
static and dynamic evaluation methods. This 
approach makes it possible to account for the 
actual reserves of the structure’s load-bearing 
capacity without the need for labor-intensive 
dynamic calculations. 
Methods of load and damage identification as a 
basis for quantitative evaluation of the real 
robustness index of structures are also reflected 
in a number of studies. For example, [3] 
emphasizes the importance of accurate 
diagnostics of the actual condition of a structure 
for subsequent robustness assessment. In [4], an 
algorithm based on decision-tree methods is 
proposed, which employs vibration response 
data in combination with a calibrated finite 
element model. This approach allows 
determining the hazard level of damages, 
evaluating the residual service life, and 
providing a quantitative measure of robustness 
under potential accidental scenarios. 
The evaluation of the load-bearing capacity of 
steel elements under localized thermal loads is 
addressed in [5], where the behavior of 
structures in fire conditions is studied. Despite 
the considerable number of studies devoted to 
the deformational properties and patterns of 
progressive collapse in frame systems, the 
evaluation of structural strength as a factor 
limiting the spread of failures still requires 
further systematization both within 
deterministic and probabilistic models. 
Accidental Loads and Impacts. Research in 
the field of robustness assessment of structural 
systems under accidental loads is focused on 
developing parameters that quantitatively 
characterize the intensity of extreme actions, 
including seismic ones [6]. Such parameters 
include spectral accelerations and 
displacements, which make it possible to 
indirectly assess the stability of the system 
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against progressive collapse. These data
demonstrate the multifactorial nature of
conditions influencing robustness. The 
distinctive feature of this approach lies in
comparing the parameters of the impact not only
by their amplitude characteristics but also
according to criteria of efficiency, feasibility, 
and distance to the epicenter of the accidental 
action.
In [7], emphasis is placed on the behavior of
steel frames under thermal effects caused by 
fire. A methodology is proposed that involves
local evaluation of thermal impact on individual 
elements of the structure, followed by a 
generalized verification of the strength of the 
entire system. Fire scenarios consider both the 
removal of central (internal) and edge columns,
thereby allowing different failure configurations
to be analyzed. 
The methodology of local–global analysis is
applied in [8], where the robustness of frame
structures under thermal heating is assessed. In
this approach, a single column is subjected to
dynamic loading, while the remaining part of
the frame is analyzed under static loading. It is
shown that such a method can be universally
applied to structures made of various materials 
and improves the accuracy of evaluating system
behavior under accidental conditions. 
Influence of Joint Connections on Structural
Robustness. The study [9] focuses on analyzing 
the stability of steel frame buildings with bolted 
connections depending on their height. 
Buildings with 5, 10, and 15 stories were
considered, and the results showed that taller
buildings demonstrated better robustness 
characteristics. Particular attention was paid to
probabilistic approaches, in particular, the 
construction of fragility curves for various
progressive collapse scenarios. In [10], [11], it
is emphasized that the robustness of a structure 
is a determining parameter of its safety, 
especially in steel frame systems where the key 
elements are beam-to-column joints. The Monte 
Carlo method was applied to account for 
stochastic variations in mechanical parameters, 
which was used to analyze system vulnerability

under accidental impacts. Tornado diagrams
were employed to evaluate the sensitivity of the 
system to variations in parameters such as span
length, modulus of elasticity, and yield strength
of elements, considering statistical variability of
material properties. Studies [12], [13] are 
dedicated to the behavior of frame joints
subjected to bending moments. The authors 
highlight the importance of forming a ductile
failure mechanism of connections to increase 
the overall robustness and reliability of the 
system. Parameters promoting joint ductility are 
proposed, enabling the effect of sequential 
localization of failures. Publications [14], [15]
investigate the behavior of steel frames under 
sudden column removal and in the presence of
flange end-plates. It was found that including 
end-plates contributes to effective localization 
of damage, thereby improving robustness.
Accident scenario analyses in [16], [17], [18]
demonstrated that the strength and design 
characteristics of joints have a decisive
influence on the system’s ability to withstand 
both instantaneous and progressive failures of
columns. Experimental data indicate that flange
geometry significantly affects damage
localization and thus determines the level of
robustness. In [19], a solution is proposed to
enhance the ductility of beam-to-column joints
by using special slots, which enable a chain-
reaction mechanism and thereby increase the 
overall robustness of the frame. 
Deterministic and Probabilistic Indicators of
Robustness. Integration of Artificial 
Intelligence Technologies. In several studies 
[20], [21], the problem of robustness of
structural systems is addressed using a 
combined approach that integrates traditional 
engineering calculation methods with modern
artificial intelligence tools. Data obtained from 
the analysis of deformation characteristics of
structures under different accidental scenarios 
are processed using machine learning 
algorithms. This makes it possible to develop 
predictive models that assess the influence of
structural parameters on overall robustness.
Results demonstrate that optimizing geometric 
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against progressive collapse. These data 
demonstrate the multifactorial nature of 
conditions influencing robustness. The 
distinctive feature of this approach lies in 
comparing the parameters of the impact not only 
by their amplitude characteristics but also 
according to criteria of efficiency, feasibility, 
and distance to the epicenter of the accidental 
action. 
In [7], emphasis is placed on the behavior of 
steel frames under thermal effects caused by 
fire. A methodology is proposed that involves 
local evaluation of thermal impact on individual 
elements of the structure, followed by a 
generalized verification of the strength of the 
entire system. Fire scenarios consider both the 
removal of central (internal) and edge columns, 
thereby allowing different failure configurations 
to be analyzed. 
The methodology of local–global analysis is 
applied in [8], where the robustness of frame 
structures under thermal heating is assessed. In 
this approach, a single column is subjected to 
dynamic loading, while the remaining part of 
the frame is analyzed under static loading. It is 
shown that such a method can be universally 
applied to structures made of various materials 
and improves the accuracy of evaluating system 
behavior under accidental conditions. 
Influence of Joint Connections on Structural 
Robustness. The study [9] focuses on analyzing 
the stability of steel frame buildings with bolted 
connections depending on their height. 
Buildings with 5, 10, and 15 stories were 
considered, and the results showed that taller 
buildings demonstrated better robustness 
characteristics. Particular attention was paid to 
probabilistic approaches, in particular, the 
construction of fragility curves for various 
progressive collapse scenarios. In [10], [11], it 
is emphasized that the robustness of a structure 
is a determining parameter of its safety, 
especially in steel frame systems where the key 
elements are beam-to-column joints. The Monte 
Carlo method was applied to account for 
stochastic variations in mechanical parameters, 
which was used to analyze system vulnerability 

under accidental impacts. Tornado diagrams 
were employed to evaluate the sensitivity of the 
system to variations in parameters such as span 
length, modulus of elasticity, and yield strength 
of elements, considering statistical variability of 
material properties. Studies [12], [13] are 
dedicated to the behavior of frame joints 
subjected to bending moments. The authors 
highlight the importance of forming a ductile 
failure mechanism of connections to increase 
the overall robustness and reliability of the 
system. Parameters promoting joint ductility are 
proposed, enabling the effect of sequential 
localization of failures. Publications [14], [15] 
investigate the behavior of steel frames under 
sudden column removal and in the presence of 
flange end-plates. It was found that including 
end-plates contributes to effective localization 
of damage, thereby improving robustness. 
Accident scenario analyses in [16], [17], [18] 
demonstrated that the strength and design 
characteristics of joints have a decisive 
influence on the system’s ability to withstand 
both instantaneous and progressive failures of 
columns. Experimental data indicate that flange 
geometry significantly affects damage 
localization and thus determines the level of 
robustness. In [19], a solution is proposed to 
enhance the ductility of beam-to-column joints 
by using special slots, which enable a chain-
reaction mechanism and thereby increase the 
overall robustness of the frame.  
Deterministic and Probabilistic Indicators of 
Robustness. Integration of Artificial 
Intelligence Technologies. In several studies 
[20], [21], the problem of robustness of 
structural systems is addressed using a 
combined approach that integrates traditional 
engineering calculation methods with modern 
artificial intelligence tools. Data obtained from 
the analysis of deformation characteristics of 
structures under different accidental scenarios 
are processed using machine learning 
algorithms. This makes it possible to develop 
predictive models that assess the influence of 
structural parameters on overall robustness. 
Results demonstrate that optimizing geometric 
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configuration has a stronger impact on 
improving robustness than the use of materials 
with higher mechanical properties. In [22], [23], 
the introduction of a structural safety index is 
proposed, which incorporates uncertainties 
inherent in design conditions. Such an index 
allows for informed decisions regarding the 
need to adjust design parameters, taking into 
account the probability of progressive collapse 
development. It was found that the inclusion of 
uncertainties in calculations can reduce the 
estimated robustness by up to 30% compared to 
deterministic assessments. At the same time, the 
strength of steel is particularly emphasized as a 
key parameter influencing the final evaluation. 
Modern approaches to structural health 
monitoring also include damage detection 
technologies employing neural network models. 
For instance, [24] proposes a method of visual 
image analysis that uses artificial neural 
networks to determine the degree of corrosion 
damage in steel elements, enabling more 
accurate quantitative evaluation of the 
robustness index. A comprehensive robustness 
assessment of seismic-resistant structures is 
presented in [25], where the robustness index is 
defined as the difference between unity and the 
sum of both material and non-material losses. 
These losses are calculated based on failure 
scenarios obtained through direct dynamic 
simulation, fragility curve construction [26], and 
probabilistic failure evaluation. Depending on 
the obtained robustness index values, a 
classification of seismic resistance levels of 
multi-story steel-framed buildings is proposed. 
In [27], robustness is considered through the 
lens of strength loss in elements resulting from 
structural vulnerability. Accidental scenarios in 
this approach are modeled either as completed 
events or with assigned probabilities. It is 
concluded that systems with high ductility 
demonstrate higher robustness indices. In [28], a 
multi-criteria methodology for robustness 
evaluation is proposed, which considers energy, 
loading, and stiffness parameters, as well as 
specific failure mechanisms. A system of 
indices is introduced that comprehensively 

characterizes the mechanical safety of steel-
framed buildings and structures. Here, 
robustness is defined as the ability of the system 
to maintain stability in the presence of local 
damages that could trigger cascading collapse. 
Publication [29] provides a comparative 
analysis of approaches to evaluating the 
robustness of steel structures against progressive 
collapse. Both a deterministic method, applied 
in seismic design of buildings [30], and a 
probabilistic method, based on event-tree 
construction, are used. Simulation results led to 
the formulation of a new robustness index that 
accounts for both the potential of chain failure 
and the deformational properties of frame joints. 
Engineering Solutions Aimed at Preventing 
Progressive Collapse. In [31], a structural 
solution is proposed to enhance the robustness of 
steel frame systems by incorporating an 
additional roof truss. This truss redistributes 
internal forces in cases of partial or complete 
removal of beam or column elements under 
different accidental scenarios. Results of 
numerical modeling showed that under 
accidental loading the system transitions into a 
plastic state, with deformations forming due to 
the development of plastic hinges. Optimal 
stiffness values of truss elements were 
determined, which provide the highest efficiency 
under emergency conditions. The influence of 
diagonal bracing on the robustness of steel 
frames against progressive collapse is examined 
in [32]. Two system configurations were 
considered—with and without bracing. It was 
found that including diagonal members 
significantly increased the ultimate load-bearing 
capacity of the structure—by 129.7% and 45.1% 
in different cases. These results demonstrate the 
substantial effect of bracing schemes on 
robustness. It should be noted, however, that 
robustness in this work was evaluated solely 
within a deterministic framework. In [33], high-
rise buildings (50 stories) designed according to 
ASCE 7 and AISC standards were analyzed. 
Alongside assessing frame robustness, the effect 
of building plan configuration on resistance to 
progressive collapse was also studied. It was 

established that when the central column is 
removed, the overall plan shape of the building 
has a decisive influence on system behavior. 
Conversely, when edge columns are removed, 
local factors dominate and the plan geometry 
plays a smaller role. Thus, plan geometry may be 
considered an additional parameter affecting 
robustness in certain collapse scenarios. 
Publication [34] is also devoted to the robustness 
of tall buildings, while [35] considers a combined 
scenario in which the initial accidental action is 
an earthquake, followed by fire. The research 
focused on four- and eight-story steel frame 
structures with V-shaped or diagonal bracing. 
The obtained results highlight the importance of 
considering combined impact scenarios when 
evaluating robustness parameters. 
Based on the literature review, the scientific 
relevance of the task addressed in this study—
probabilistic robustness assessment of frame 
structural systems—has been substantiated. 
 
 
2. METHODS 
 
The following assumptions are used as the main 
prerequisites for checking the robustness of a 
frame structure: 
 the condition that the structure remains in a 

final deformed state without transition into a 
collapse mechanism after accidental loading; 
 the condition of non-fracture of sections after 

stabilization of the dynamic effect of the 
accidental action; 
 the condition of section strength under peak 

dynamic loads. 
 
2.1 Geometric Stability After Accidental 
Loading. Such a state can be mathematically 
expressed as follows: 
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crack growth in fracture mechanics is 
approximately described by the Rice–
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established that when the central column is 
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considered an additional parameter affecting 
robustness in certain collapse scenarios. 
Publication [34] is also devoted to the robustness 
of tall buildings, while [35] considers a combined 
scenario in which the initial accidental action is 
an earthquake, followed by fire. The research 
focused on four- and eight-story steel frame 
structures with V-shaped or diagonal bracing. 
The obtained results highlight the importance of 
considering combined impact scenarios when 
evaluating robustness parameters. 
Based on the literature review, the scientific 
relevance of the task addressed in this study—
probabilistic robustness assessment of frame 
structural systems—has been substantiated. 
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where W  is the strain energy density at the 
crack tip; iy , iU  are the equivalent stresses and 
displacements at contour point C in direction y  
perpendicular to crack propagation; crJ  is the 
critical value of the integral defining the energy 
required for crack growth. 

 
2.3 Strength Condition of Structural Members. 
Practical experience in analysis and design of 
load-bearing structures has shown that the strength 

of members under peak dynamic loads can be 
assessed in quasi-static form. The static equivalent 
is obtained by multiplying the static load by a 
dynamic coefficient, which usually does not 
exceed 2.0. Material strain-rate strengthening 
should also be considered. In this case, 
standardized design methods can be applied. For 
reinforced concrete and steel structures, the main 
formulas are summarized in Table 2. 

 
Table 2. Strength assessment conditions for members under accidental action 

Beams Columns Joints 
Steel structures [37] 

1. Strength in the span under 
compression and bending 
according to formula (106). 
2.Overall stability of the element 
according to formula (69)  
3.Shear strength in support 
sections according to formula 
(42) for structural design class 1, 
according to formulas (54)-(55) 
for classes 2 and 3. 

1.    Overall stability of the 
element in accordance with 
formula (109)  
2. Strength check using 
formula (106) for short 
columns  
 

1. Welded joints, formulas 
(175)-(181) 
2. Bolted joints, formulas 
(186)-(188), (190) 

Reinforced concrete structures [38] 
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2.3 Reliability Indices for Robustness 
Assessment 
2.3.1 Steel Structures. Two criteria are 
introduced for reliability indices: the probability 
of failure due to normal stress exceeding limits 
(Eq. 4), and due to shear stress (Eq. 5). These 
failure types are typical for sections of steel 
frame elements: 
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where , are reliability indices; MN , x  
 are mean values of normal and shear stresses in 
critical sections; yR , sR  are design strengths in 
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variants in samples of internal forces and 

stresses obtained by statistical  modeling or 
based on data monitoring of the technical 
condition of structures; , , , , ,x w w values 
are the geometric characteristics of the section 
under consideration, in particular for an I-beam, 
this is the area, static moment, central moment 
of inertia, wall thickness, web area, and the 
coordinate of the point where the stress is 
calculated; Q

(  is the value of the random 
variable of the applied load; 1 2, ,f f f  are 
analytical laws that determine the dependence 
of internal forces on the load. The standard 
deviation of the random variable MN  (1) in the 
presence of longitudinal forces and bending 
moments in the section is calculated as: 
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where ( )D g  is the variance from the argument;  
cov ,g g is the covariance, ( )g  is the mean 
value for the sample population under 
consideration, n  is the sample size. 
When beam elements of the structural system 
fail due to stability conditions, the reliability 
index takes the form:  
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where  is conditional normal stress in the 
beam, taking into account the longitudinal force;  

cxW , b  are values determined by regulatory 
documents during stability analysis, in 
particular according to [37]. 
For columns loaded as a result of emergency 
impact by longitudinal force and bending 
moment, the stability reliability index is: 
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where  N  is conditional normal stress in the 
column, taking into account the longitudinal 
force;  e  is stability coefficient under 
compression with bending, determined 
depending on the values of relative eccentricity 

  and conditional flexibility  and relative 
eccentricity, reduced to the cross-section shape 
by a coefficient.  
 
2.3.2 Reinforced Concrete Structures 
The specific features of reinforced concrete 
failure imply two principal failure mechanisms. 
The first corresponds to section failure due to 
the formation of a plastic hinge. The second 
occurs when concrete is excluded from load-
bearing, resulting in a chain-type mechanism. 
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where W  is the strain energy density at the 
crack tip; iy , iU  are the equivalent stresses and 
displacements at contour point C in direction y  
perpendicular to crack propagation; crJ  is the 
critical value of the integral defining the energy 
required for crack growth. 
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load-bearing structures has shown that the strength 
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is obtained by multiplying the static load by a 
dynamic coefficient, which usually does not 
exceed 2.0. Material strain-rate strengthening 
should also be considered. In this case, 
standardized design methods can be applied. For 
reinforced concrete and steel structures, the main 
formulas are summarized in Table 2. 
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where  N  is conditional normal stress in the 
column, taking into account the longitudinal 
force;  e  is stability coefficient under 
compression with bending, determined 
depending on the values of relative eccentricity 

  and conditional flexibility  and relative 
eccentricity, reduced to the cross-section shape 
by a coefficient.  
 
2.3.2 Reinforced Concrete Structures 
The specific features of reinforced concrete 
failure imply two principal failure mechanisms. 
The first corresponds to section failure due to 
the formation of a plastic hinge. The second 
occurs when concrete is excluded from load-
bearing, resulting in a chain-type mechanism. 
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For the first failure mechanism, the reliability 
index R  of beams is calculated as follows: 
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where ultM  is the bending moment in the 
section that can be resisted by concrete and 
reinforcement; maxM  is the maximum moment 
in this section under accidental loading; 

( )ultS M , max( )S M are the standard deviations 
of the random variables ultM , maxM . 
For reinforced concrete columns, the reliability 
index C under accidental action is determined 
as: 
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where ultN , maxN are the maximum axial forces 
carried by concrete and reinforcement in the 
section and the axial force under accidental 
loading; respectively; e  is the eccentricity of 
axial force; ( )ultS eN , max( )S eN  are the 
standard deviations. 
In the absence of experimental data, the 
standard deviations can be generated under the 
assumption of a normal distribution of the 
random variables. In the case of the chain-type 
failure mechanism, columns subjected to 
additional accidental loads generally do not fail. 
Therefore, the reliability indices may only be 
calculated for beams. In this case, rupture of 
reinforcement and its slip in the intact part (loss 
of anchorage) may occur. For reinforcement 
rupture, the reliability index can be expressed as 
(12), and for anchorage loss as (13): 
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where u  is the rupture strain of reinforcement; 

max  is the tensile strain of reinforcement under 
accidental load; anl  is the design anchorage 

length determined according to standards; ef
anl is 

the anchorage length of reinforcement after 
formation of the kinematic chain under 
accidental loading; ( )uS , max( )S  ( )anS l , 

( )ef
anS l denotes the standard deviations of these 

random variables. 
 
2.4 Quantitative Assessment of Robustness 
Robustness of structural systems in the works of 
both domestic and international researchers has 
most often been evaluated using deterministic 
indicators. These were associated with the 
analysis of transition into a geometrically 
unstable system under accidental actions. For 
frame structural systems, robustness can be 
assessed using a probabilistic indicator. Its 
physical meaning lies in the fact that the system 
does not fail either under normal service 
conditions or under accidental scenarios, that is: 
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where noP  is the probability of no-failure of the 
system under normal operation, and E

damP  is the 
probability of no-failure of the system under an 
accident or different accidental scenarios. In 
conventional design, this probability is typically 
within noP 0.95÷1; in optimal design aimed at 
minimizing costs without consideration of 
robustness, it is 0.98÷1. For a fully safe system 
in the idealized case, RW
the cost of the structure may become 
unacceptably high. 
For a frame structural system with m beams, n 
columns, and k joints, the probabilistic indicator 
of robustness can be computed as: 
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reinforcement and its slip in the intact part (loss 
of anchorage) may occur. For reinforcement 
rupture, the reliability index can be expressed as 
(12), and for anchorage loss as (13): 
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where u  is the rupture strain of reinforcement; 

max  is the tensile strain of reinforcement under 
accidental load; anl  is the design anchorage 

length determined according to standards; ef
anl is 

the anchorage length of reinforcement after 
formation of the kinematic chain under 
accidental loading; ( )uS , max( )S  ( )anS l , 

( )ef
anS l denotes the standard deviations of these 

random variables. 
 
2.4 Quantitative Assessment of Robustness 
Robustness of structural systems in the works of 
both domestic and international researchers has 
most often been evaluated using deterministic 
indicators. These were associated with the 
analysis of transition into a geometrically 
unstable system under accidental actions. For 
frame structural systems, robustness can be 
assessed using a probabilistic indicator. Its 
physical meaning lies in the fact that the system 
does not fail either under normal service 
conditions or under accidental scenarios, that is: 
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where noP  is the probability of no-failure of the 
system under normal operation, and E

damP  is the 
probability of no-failure of the system under an 
accident or different accidental scenarios. In 
conventional design, this probability is typically 
within noP 0.95÷1; in optimal design aimed at 
minimizing costs without consideration of 
robustness, it is 0.98÷1. For a fully safe system 
in the idealized case, RW
the cost of the structure may become 
unacceptably high. 
For a frame structural system with m beams, n 
columns, and k joints, the probabilistic indicator 
of robustness can be computed as: 

, ,
1

, ,
1

, ,
1

1

1

1

R

c

U

m

R no i dam i
i

m

no j dam j
j
m

no k dam k
k

W P P

P P

P P

. 

 
 
 

(15) 

 
Here ,no iP , ,no jP , ,no kP  are the probabilities of 
no-failure of beams, columns, and joints of the 
frame in the absence of accidents under normal 
service; ,dam iP  is the probability of accidental 
failure of column i; ,dam jP  is the probability of 
accidental failure of beam j;  is the same for 
joint k. These probabilities are determined as: 

 
 1 (0,5 ( ))damP  

 
(16) 

 
where ( ) is the Laplace function, 
reliability index (Eqs. (4), (5), (8)–(13)) 
calculated for each structural element or joint. If 
the condition of no-failure for one or more 
groups of elements or joints is not satisfied, 

robustness of the system is considered not 
ensured. In this case, it can be written as: 
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In particular, if all beams and joints of the frame 
remain functional but columns fail, the system 
is not considered robust  
 

0,95 0,6 0,95 0,55 0,6RW . 
 

Under different accidental scenarios, element 
failures may be multiple and realized according 
to a sequential scheme (Fig. 1a) or a parallel 
scheme (Fig. 1b). 

 

 

 

 
 b  

Figure 1. 
circles – zones of possible plastic hinge formation 

 
For example, the probability of failure for a 
system of two beams failing one after another in 
sequence 1–2 can be determined on Fig. 1a as:  

1 1 2dam dam dam damP P P P  . If condition (1) is 
not satisfied, or according to (2) the system is 
geometrically unstable, then robustness is not 
ensured 0RW . 
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3. RESULTS AND DISCUSSION  
 
A steel frame made of structural steel with a 
yield strength of 375ynR MPa is considered. 
The scheme is shown in Figure 2. Each element 
is assigned a number: beams and columns are 
designated by digits. The cross-sections of 
members were selected with a safety margin of 
load-bearing capacity. It is assumed that this 
reserve of strength may be mobilized under 
accidental conditions. Potential accidental 
scenarios are indicated with crosses. These 
situations may be accompanied by the formation 
of a system of plastic hinges. It is assumed that 
such a mechanism ensures localization of failure 
and prevents further progression. 
The design of the structure was carried out with 
account of standard service loads. The 
calculation included the following factors: 

- self-weight (dead load) of reinforced concrete 
slab and steel elements 40q ; 
- wind load including mean and pulsating 
components, applied from both directions; 
- snow load for Region III 
(Moscow) 13,2s kN ; 
- additional snow accumulation 39,6ds ; 
- live load on floor slabs 9v ; 
- live load on the roof 0 3v . 
Standard deviations of random load values, 
corresponding stresses, and strength of S375 
structural steel were determined using 
statistical modeling. To obtain the required 
standard deviations, a base random sample of 
values uniformly distributed between 0 and 1 
was generated. Sample values are given in 
Table 3. 
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Table 3. Sample data for determining standard deviations under the normal distribution law 

1 10  11 20  21 30  31 40  41 50  51 60  61 70  71 80  81 90  91 100  

0,980 0,112 0,733 0,266 0,212 0,140 0,740 0,847 0,233 0,368 

0,070 0,370 0,017 0,540 0,028 0,757 0,336 0,611 0,812 0,355 

0,115 0,209 0,591 0,708 0,896 0,438 0,885 0,981 0,961 0,189 

0,069 0,896 0,250 0,715 0,926 0,567 0,458 0,187 0,917 0,904 

0,938 0,463 0,396 0,623 0,753 0,674 0,010 0,701 0,093 0,989 

0,329 0,969 0,398 0,627 0,914 0,486 0,471 0,836 0,759 0,500 

0,079 0,127 0,843 0,105 0,245 0,025 0,742 0,050 0,565 0,629 

0,810 0,441 0,831 0,752 0,327 0,022 0,293 0,574 0,419 0,003 

0,196 0,935 0,960 0,149 0,981 0,667 0,525 0,066 0,297 0,016 

0,958 0,166 0,248 0,937 0,705 0,453 0,368 0,052 0,431 0,761 

 
 Experimental data on the coefficient of 
variation of steel strength under uniaxial 
tension were used as initial input. Statistical 
variants of stress MN  and strength yR  values 
were calculated as: ,MN i Ni M , 

,y i yiR R , ,MN yR  are the sample means for 
the normal stress and the design strength. Thus, 
using the data of synthetic statistics based on 
the normal distribution (or processing 
experimental data when available), the 
reliability indices can be calculated according 
to formulas (4) and (5). 
 
3.1 Normal Service Conditions. For normal 
service conditions of structural elements, 
which from the perspective of structural 
mechanics are considered long members, 
normal stresses act as the determining factor 
in strength evaluation. However, in critical 
sections of beams, the influence of shear 
forces additionally manifests itself. Therefore, 
using only normal stresses for assessing load-
bearing capacity may lead to an incomplete 
characterization of the stress state. To improve 
the accuracy of analysis, it is advisable to 
apply equivalent stresses according to the von 
Mises criterion. This approach makes it 

possible to account for the combined action of 
normal and shear stresses. The distribution of 
equivalent stresses is shown in Figure 3a. For 
comparison, Figure 3b presents a frame 
optimized according to the criterion of 
minimum material consumption. These data 
were taken as the initial input for calculating 
the reliability indices, the values of which are 
given in Table 4. 
Analysis of the data presented in Table 4 
shows that optimization of the structure 
according to the criterion of minimum 
material consumption leads to an 
economically efficient design solution. 
However, this significantly reduces the level 
of structural reliability. The reduction reaches 
several orders of magnitude. Under such 
conditions, the probability of failure of load-
bearing elements increases, and even factors 
arising from the statistical nature of the 
mechanical properties of steel or variability of 
applied loads may trigger failure. For 
quantitative evaluation, calculations of the 
probabilities of no-failure of columns and 
beams were performed. The results of these 
calculations are presented in Table 5. 
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Table 4. For calculating the probability of element failure under normal service conditions 
 

of 
element 

Original structure, 

e

yR
, MPa 

Optimal structure, 

,e opt opt

yR
, MPa 

R

Ropt
 

( )
( )

R

Ropt
 ,

, ,

dam i

dam i opt

P
P

 

Columns 
1 56   5

4,76
R 3 0,5

0, 499997
 

6
0

3 10
 

2 57   5
5

R

Ropt

 0,5
0,5

 0
0

 

3 28   Same Same Same 
4 61   - - - - Same 
5 53  42 - - - - Same 
6 67   5

2,47
R  0,5

0,4933
 

3
0

6,7 10
 

7 84   5
3,36
R  0,5

0, 49955
 4

0
4,5 10

 

8 86   5
3,84
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0,499922
 

5
0

8,8 10
 

Beams 
1   4,81

2,26
 0, 499997

0,4881
 

6

2
3 10

1,19 10
 

2   5
3,02
R  0,5

0, 49863
 

3
0

1,37 10
 

3   4,5
1,63

 0,499997
0,4484

 
6

2
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5,16 10
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0,18

 0,499948
0,0714

 
55,2 10

0,4286
 

5   4,0
1,63

 0, 499968
0,4484

 
5

2
3,2 10
5,16 10

 

 
Table 5. For calculating the probability noP  

Original structure Optimal structure 
Probability   
of the frame 
nonfailure 

Risk at a 
loss of 1 
million 
rubles 

Columns 
8

,
1

no i
i

P  

Beams 
5

,
1

no i
i

P  

Columns 
8

, ,
1

no
i

P P  

Beams 
5

, ,
1

no b no i
i

P P  

1 0,999997
0,999997
0,999948

0,999968
0,99991

 

0,999997 0,9933
0,99955 0,999912
0,99276

 
0,9881 0,99863 0,9484

0,5714 0,9484
0,50714

 
0,99991
0,5034

 90
496600
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Table 5 shows that the design optimized solely 
according to the criterion of minimizing 
material consumption is characterized by a 
significantly higher level of risk. In this case, 
the probability of material losses exceeds the 
corresponding indicator of the initial design by 
several orders of magnitude. At the same time, 
failure of the load-bearing system does not 
necessarily lead to its complete collapse. The 
most probable scenario is damage to the support 
joint of the roof beam in the area of increased 
snow accumulation. Based on the analysis of the 
data in Tables 4 and 5, it is evident that designs 
optimized only in terms of material efficiency 
do not possess robustness. 
 
3.3 Accidental Scenarios. Dynamic effects 
arising from support removal are modeled in a 
quasi-static formulation, using the well-known 
formula of G.A. Geniev. In this study, only the 
initial design is analyzed, without optimization. 
It is assumed that in all variants of the frame 
system, joints function without failure. The 
probabilistic assessment of the robustness of the 
frame is carried out step by step: 

a) The probability of no-failure of the system 
under normal operation is determined. It is 
computed as the product of the probabilities of 
no-failure of individual elements. In 
conventional design, this probability is close to 
unity (see Table 5). 
b) The probability of no-failure of beams and 
columns is calculated under the condition of 
removing one column. In this case, the frame 
elements follow a parallel failure scheme. 
c) The probability of no-failure of beams is 
determined under the condition of removing one 
beam while all columns remain intact. In this 
case, the beams of the frame follow a sequential 
failure scheme. 
3.3.1 Accidental Scenario A. The results of the 
linear quasi-static analysis are presented in 
Figure 4a. Analysis of the stiffness matrix of the 
system showed that it is geometrically stable. 
Verification of equilibrium conditions made it 
possible to construct a calculation scheme with 
a minimum number of plastic hinges. The 
obtained data are used to form the initial 
parameters presented in Table 6. 
 

 

  

  b  
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Table 6. Calculation of failure probability for structural elements 
 

of 
element 

e

yR
, MPa R  ( )b  ,dam iP  

Columns 
1  5  0,5 0 
2  4,43 0,499997 63,0 10  
3 - - - - 
4  5  0,5 0 
5     
6  - - - - - - 
7  - - - - - - 
8  - - - - - - 

Beams 
1  3,31 0,49945 0,00055 
2  2,28 0,4887 0,0113 
3  2,47 0,4933 0,0067 
4  3,39 0,4996 0,0004 
5  1,52 0,4357 0,0643 

 
Based on the data in Tables 5 and 6, it is determined: 
 

6

0,999997 (1 0,00055) 1 (1 0,0113) 0,999997 (1 0,0067) 0,999948 (1 0,0004)

0,999968 (1 0,0643) 1 1 3 10 0,9179.
RW

 

 
The robustness condition is satisfied:  

0,9179 0,6RW . Nonlinear analysis also 
confirmed that the system retains robustness. 
During deformation, two plastic hinges are 
formed in the beams. The maximum deflection 
reaches about 49 cm. With a story height of 280 
cm, such a deflection does not hinder 

equipment. It should be emphasized that in this 
case robustness is ensured by a structural 
solution providing a partial cantilever 
suspension effect realized by the beams. 
However, with an increase in applied loading 
this solution may prove insufficient. In such 
situations, the installation of diagonal elements 
is required to redistribute forces and enhance the 
system’s resistance to progressive collapse. 

3.3.2 Accidental Scenario B. The condition of 
physical fracture of the beam is examined. First, 
condition (3) is verified. If it is false, then at a 
certain maximum value of kinetic energy and 
under the actual stress–strain state, the beam is 
capable of sustaining the accidental impact with 
the formation of plastic hinges. In this case, a 
kinematic chain is formed, and the element 
continues to function as part of the frame 
according to the principle of a cable system. If 
condition (3) is true, a crack is initiated in the 
beam. Its propagation leads to rupture of the 
structural element. For definiteness, in this 
practical calculation the presence of a micro-
defect in the support joint of the roof beam is 
assumed. An approximate evaluation of the Rice 
integral in this particular case, considering the I-
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confirmed that the system retains robustness. 
During deformation, two plastic hinges are 
formed in the beams. The maximum deflection 
reaches about 49 cm. With a story height of 280 
cm, such a deflection does not hinder 

equipment. It should be emphasized that in this 
case robustness is ensured by a structural 
solution providing a partial cantilever 
suspension effect realized by the beams. 
However, with an increase in applied loading 
this solution may prove insufficient. In such 
situations, the installation of diagonal elements 
is required to redistribute forces and enhance the 
system’s resistance to progressive collapse. 

3.3.2 Accidental Scenario B. The condition of 
physical fracture of the beam is examined. First, 
condition (3) is verified. If it is false, then at a 
certain maximum value of kinetic energy and 
under the actual stress–strain state, the beam is 
capable of sustaining the accidental impact with 
the formation of plastic hinges. In this case, a 
kinematic chain is formed, and the element 
continues to function as part of the frame 
according to the principle of a cable system. If 
condition (3) is true, a crack is initiated in the 
beam. Its propagation leads to rupture of the 
structural element. For definiteness, in this 
practical calculation the presence of a micro-
defect in the support joint of the roof beam is 
assumed. An approximate evaluation of the Rice 
integral in this particular case, considering the I-

section profile and the condition of lateral 
bending, is carried out using the formula 
obtained by transforming expression (3). 
 

 0
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i s i u

i i si

P R hJ d
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z y z y 2

0 zy3 3
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where 0s i  is the increment of equivalent 
stresses at each integration step, iP   is the 
increment of accidental load, ,  ih b  are the 
section width and the height from the crack 
mouth to the opposite edge of the section, 
respectively; ,  u sR R  are the temporary and 
design strengths of steel; i is the increment of 
structural deflection corresponding to the value 

iP . It was established that under vertical 
dynamic loading applied to the roof beam (Fig. 
2), the magnitude of which after conversion to a 
static equivalent with a coefficient of 2 amounts 
to 120D  kN, an uncontrollable crack growth 
occurs, leading to rupture of the section. In this 
case, part of the load is transferred to the beam 
of the lower story. To describe such a failure 
scenario, the computational model may be 
modified by introducing contact elements. 
However, since these modeling aspects are 
beyond the scope of the present study, they are 
not considered here. For simplification, it is 

equivalent of the accidental load, i.e., about 
100 kN, is transferred to the underlying beam 
through the support node. The modified scheme 
for analyzing the probabilistic robustness 
indicator is shown in Figure 7. The 
corresponding values of the reliability index are 
presented in Table 7. Even the linear quasi-
static calculation (Fig. 7a) demonstrates that 
rupture of the beam causes a significant 
additional bending moment in the left column of 
the two adjacent stories. Nonlinear analysis 

confirms that redistribution of bending forces 
also occurs in the first-story beam, where a 
plastic hinge forms in the support section (Fig. 
7b). Taking into account the sequential failure 
of beam 3 and beam 1, we obtain: 
 

8

, , ,1 ,1 ,3
1

5

, ,
2

1 1

1 0,6318 0,55.

R no i dam i no dam dam
i

no j dam j
j

W P P P P P
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In this accidental scenario, the system possesses 
robustness, which is confirmed by the results of 
nonlinear analysis. 
The right-hand side of the robustness criterion 
( 0,6RW ) for the load-bearing system can be 
refined depending on the type of structural 
scheme and the adopted serviceability criteria. 
However, the performed calculations showed 
that for reinforced concrete and steel frame 
systems of buildings and structures subjected to 
service loads, this condition is fulfilled. 
The question of applicability of preliminary 
quasi-static assessment for predicting robustness 
remains debatable. Nevertheless, comparison of 
results from geometric instability evaluation 
with plastic hinges and multiple analyses 
considering physical, geometric, and structural 
nonlinearities revealed no discrepancies 
between the forecast and subsequent 
calculations. 
Future research perspectives are associated with 
extending the developed provisions to other 
types of frame systems, including high-rise and 
unique structures. At the same time, it is 
reasonable to consider not only the design stage 
aimed at preventing accidental states but also 
the service period, during which damage 
accumulation is possible. Such damages may 
include defects caused by overloading, changes 
in planning solutions, as well as environmental 
impacts such as corrosion processes. 
As potential accidental scenarios, alongside 
column removal, standard fire exposures and 
various degradation patterns of elements due to 
corrosion may also be considered. 
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CONCLUSION 
 
1. A methodology for probabilistic robustness 
assessment of frame systems in buildings and 
structures has been developed. The approach is 
based on an indicator that accounts for the 
probability of maintaining the functionality of 
part of the structural elements while allowing 
for failure of individual members in the zone of 
accidental action localization. Through 
calculations on steel and reinforced concrete 
frames, an integral threshold value of the 
proposed robustness criterion 0,6RW was 
obtained, at which the robustness of frame 
systems is ensured under typical accidental 
scenarios. 
2. The applicability of the methodology has 
been demonstrated using different schemes of 
accidental action localization in a steel frame 
with I-shaped profiles. This confirms its 
suitability for analyzing both newly designed 
and retrofitted steel systems. 
3. The method allows evaluation of the 
effectiveness of various strengthening measures 
for the load-bearing system and for increasing 
its resistance to progressive collapse. High 
effectiveness of diagonal bracing in frames has 
been established, which is consistent with other 
research findings. At the same time, the limited 
efficiency of merely increasing cross-sectional 
sizes for localizing progressive collapse without 
forming a kinematic chain has been 
demonstrated. 
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CONCLUSION 
 
1. A methodology for probabilistic robustness 
assessment of frame systems in buildings and 
structures has been developed. The approach is 
based on an indicator that accounts for the 
probability of maintaining the functionality of 
part of the structural elements while allowing 
for failure of individual members in the zone of 
accidental action localization. Through 
calculations on steel and reinforced concrete 
frames, an integral threshold value of the 
proposed robustness criterion 0,6RW was 
obtained, at which the robustness of frame 
systems is ensured under typical accidental 
scenarios. 
2. The applicability of the methodology has 
been demonstrated using different schemes of 
accidental action localization in a steel frame 
with I-shaped profiles. This confirms its 
suitability for analyzing both newly designed 
and retrofitted steel systems. 
3. The method allows evaluation of the 
effectiveness of various strengthening measures 
for the load-bearing system and for increasing 
its resistance to progressive collapse. High 
effectiveness of diagonal bracing in frames has 
been established, which is consistent with other 
research findings. At the same time, the limited 
efficiency of merely increasing cross-sectional 
sizes for localizing progressive collapse without 
forming a kinematic chain has been 
demonstrated. 
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RELIABILITY OF ENCLOSING STRUCTURES ACCORDING TO 
A GIVEN CRITERION OF THERMAL PROTECTION 

 
Natalya L. Galaeva 

National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 
 
Abstract: The requirements of thermal protection, along with the requirements of mechanical strength and 
stability imposed on enclosing structures, are among the key requirements that must be taken into account, taken 
into account and monitored not only when developing building projects, but also after their construction, since it 
is these indicators that will determine the energy efficiency and cost-effectiveness of the construction projects 
being implemented. These requirements are presented in the current regulatory documentation of the Russian 
Federation and are described by certain mathematical models consisting of a set of parameters. When using these 
models, the expert (or the designer) can conclude whether the enclosing structure meets a certain requirement, for 
example, the requirement for reduced heat transfer resistance, or does not meet this requirement, however, he (the 
expert) cannot say and assess how reliable this structure is by one or another criterion of thermal protection or by  
a set of criteria. This article presents specific methods for determining the quantitative indicator of the reliability 
of thermal protection of enclosing structures and proposes to reduce the reliability assessment to a value or range 
of values that will range from 0 to 1. This approach will allow for a multifactorial assessment of the energy 
efficiency of enclosing structures and allows experts, based on the results obtained, to draw conclusions about 
reliability. enclosing structures according to various criteria of thermal protection. 
 
Keywords: reliability, enclosing structures  thermal protection, climatic parameters, resistance to heat transfer, 

possibility, probability, probability of uptime, the need for trouble-free operation 
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INTRODUCTION 
 
The current regulatory documents of the Russian 
Federation, the requirements of which must be 
taken into account when designing enclosing 
structures forming the heat-protective shell of 
buildings to provide thermal protection, establish 
a certain set of requirements, including a 
requirement for the value of the reduced 
resistance to heat transfer [1]. At the design stage 
of the building, design engineers, based on the 
initial data obtained in the terms of reference, 
develop design solutions for enclosing structures, 
which are confirmed not only by appropriate 
engineering and technical calculations, but also 
by the results of modeling temperature fields in 
various specialized software packages, in 
particular, it can be the Elcut software package, 
which allows to accurately simulate the 
distribution of temperatures along the thickness 
of various types of enclosing structures [2-4, 
etc.]. After the implementation of the building 
project under development, its construction, or 
after a certain period of time, after the facility is 
put into operation, it is possible that the entire 
enclosing structure or its individual fragments do 
not meet the thermal engineering indicators 
stated in the developed building project (i.e., the 
values may be lower than those set by the 
project), as well as the requirements stated in 
current regulatory documents, which In the 
future, the operation of the building will lead to 
increased energy consumption. Such 
discrepancies can be caused by various factors: a. 
deviation from the accepted design decisions, for 
example, the use of analog materials during the 
construction of a building (in particular, external 
enclosing structures), the thermal properties of 
which may not correspond to the design values; 
b. violation of production technologies during the 
installation of facade systems; c. deterioration of 
thermal engineering properties of external 
enclosing structures as a result of exposure to an 
aggressive environment, including atmospheric 
influences, duration of operation of the enclosing 
structure, etc. If the first two (a, b) of the above-
mentioned causes of deterioration of the thermal 

engineering properties of the enclosing structure 
may arise as a result of the “human factor” and 
can be eliminated by introducing stricter control 
over the materials and structures used, as well as 
the process of building construction, then the 
third (c) possible cause may be the result of 
natural deterioration of thermal engineering 
properties resulting from: 1. wear and aging of 
materials and components of the facade system; 
2. various possible adverse effects on the exterior 
enclosing structure, i.e. natural processes occur 
that occur during the entire period of operation of 
the enclosing structure, leading to irreversible 
changes in the properties of materials, in other 
words, natural wear of the enclosing structure 
occurs, which is not always possible to stop. At 
the design stage of the enclosing structure, a 
certain level of its thermal reliability is laid, the 
value of which will change over time as a result 
of changes in the properties of materials. It is 
known that reliability is the property or ability of 
an object, building element, or building structure 
to maintain its functions that ensure its normal 
operation over time. The existing regulatory 
documents do not contain information on how to 
quantify the reliability of thermal protection of 
the enclosing structure. The issues of evaluation 
and development of reliability calculation 
methods are presented in a fairly large number of 
scientific papers [5-12, etc.]. However, in most 
cases they are aimed specifically at finding 
methods for determining reliability and 
evaluating it according to criteria such as 
strength, stability, etc. From the point of view of 
decision-making, a building or a certain structure 
can be considered as a system that consists of a 
certain set of elements, each of which will have 
its own impact on the overall reliability of the 
entire system. when assessing the overall 
reliability, for example, of a building as a whole 
or its individual external enclosing structure, it is 
necessary to identify a list of criteria, including 
not only criteria for mechanical strength and 
stability of system elements, but also criteria 
describing the requirements for their thermal 
protection. In the proposed article: 1. the methods 
of determining the quantitative indicator of the 
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that there are no official climate data for the 
geographical location on which the construction 
object is located, while the specified object is 
located at approximately the same but sufficiently 
large distance from the nearest settlements for 
which official climate statistics are available and 
these data have a significant (for a certain situation) 
difference in temperature values and may further 
affect influence on the decisions made based on the 
results of calculations, it is necessary to analyze the 
available information, Mathematical data modeling 
can be used. In some cases, fuzzy set theory can be 
used to enable data description. To determine the 
set of statistical information for the parameter Rr  
(or R0), it is necessary to conduct field studies, as a 
result of which a certain set of values will be 
determined: for a thermally homogeneous 
fragment – {R0,1

r ; R0,2
r , … , R0,n

r } m2 or for 
thermally homogeneous – {R0,1; R0,2, … , R0,n} 
m2 . For this purpose, depending on the task, 
enclosing structures oriented to N, N-W or N-E are 
selected in accordance with the requirements of the 
national standard GOST R 59939-2021. As a result 
of the research, sets of statistical data are obtained 
on the following parameters: temperatures (1. 
internal (tint) and external (text) air; 2. internal ( int) 
and external ( ext) surfaces of the surveyed 
enclosing structure); actual heat flux density (q). 
For a thermally homogeneous fragment of the 
enclosing structure, the parameter  can be 
determined for each set of the above parameters 
according to the equation: 
R0= (tint- int)

q
+ ( int- ext)

q
+ ( ext-tint)

q
= (tint-text)

q
, m2

(written R0, because the thermally homogeneous 
fragment); for a thermally inhomogeneous 
fragment of the enclosing structure – r =  /

( / ), m2 A is the area of the 
enclosing structure under examination, m2; Ai is the 
area of the characteristic isothermal zone, which is 
determined by the results of thermal imaging of a 
fragment of the structure under examination, m2; 
R0i is the heat transfer resistance of the 
characteristic zone, m2 r  (or ), depending 
on the completeness obtained as a result of field 
tests, statistical information about the parameters  

, , ,  and q can be represented as 
random variables or fuzzy variables. Next, it is 

necessary to analyze the data on the parameters Rreg 
and r  and, depending on the completeness of the 
information received, methods of probability 
theory can be applied to determine the reliability of 
the enclosing structure (or its fragment) according 
to the criterion of fulfilling the piecemeal 
requirement for thermal protection. or fuzzy set 
theory. Let's consider two options for calculating 
reliability using the mathematical model (2): 
1. Let the parameters Rr  and Rreg be used to obtain 
complete statistical information, according to 
which the law of their distribution (the normal 
distribution law) and its parameters were 
established: mRr , mRreg, SRr , SRreg – i.e. Rr  and Rreg 
are random variables. In this case, the reliability 
of the fragment under study will be characterized 
by an indicator of uptime according to a given 
criterion and a safety characteristic can be used: 

mRr -mRreg

SRr2 +SRreg2
 , according to which the value of the 

probability of uptime according to criterion (2) 
can be determined using tables of normal 
distribution functions: 

 
P(Rr Rreg) ( ),  (3) 

 
2. Let's assume that there are limited statistical 
data available for the parameters Rr  and Rreg, i.e. 
the statistical information turned out to be 
incomplete. In this case, Rr  and Rreg are 
considered as fuzzy variables that will be 
characterized by the same opportunity 
distribution function (ODF) of the form: 

 
R(R)=e-[( -a )/b ]2 , (4) 

 
where aR=(Rmax+ Rmin)/2, bR=(Rmax - Rmin)/(2 - ln ), 

[0;1],  – the risk level. The use of this function 
(ODF) to describe uncertainty and determine 
reliability indicators (the possibility method) was 
shown in the works of Doctor of Technical 
Sciences, Professor V.S. Utkin, as well as in the 
works of his students [13-15 et al.] applied to 
building structure elements.For the case 
considered in the article, for fuzzy variables Rr  
and Rreg we will have: 

 

reliability of a fragment of an external enclosing 
structure according to one of the criteria of its 
thermal protection are shown (an element-by-
element requirement is considered), using the 
provisions of mathematical statistics, probability 
theories and fuzzy set theory; 2. it is proposed to 
reduce the assessment of the thermal reliability 
of enclosing structures to a value or range of 
values that will range from 0 to 1. 
 
 
METHODS 
 
In the framework of this work, particular 
methods for calculating the reliability of the 
enclosing structure are considered according to 
the criterion of meeting the element-by-element 
requirement for thermal protection established by 
the regulatory document SP 50.13330.2024, 
respectively, for two variants of the initial data 
set for controlled parameters. The mathematical 
model describing the condition of the element-
by-element requirement in relation to the thermal 
protection of a fragment of the enclosing 
structure can be written as follows: 

 
Rr Rreg,  (1) 

 
where Rr  and Rreg are the values of the reduced and 
normalized heat transfer resistance, respectively, 
m2

fragment, condition (1) can be written as R0 Rreg. 
To calculate a quantitative indicator that will 
characterize the thermal reliability of a fragment 
of the enclosing structure, it is necessary to 
conduct a preliminary examination, during which 
the following must be performed: 1. identification 
of the enclosing structure according to the 
available design documentation (installed: the 
type of enclosing structure, the number of layers, 
their compositions, components, for example, 
which were used to attach thermal insulation 
boards to a load-bearing base, etc.); 2. preliminary 
thermal imaging examination in order to identify 
thermal inhomogeneities; 3. assessment of the 
multiplicity of room air exchange. Based on the 
results of the survey, the expediency and 

possibility of conducting field tests of the selected 
fragment of the enclosing structure is established 
in order to collect the necessary information on the 
controlled parameters. One of the options in 
which a fragment of the enclosing structure cannot 
be used for conducting field studies is the case in 
which there are defects caused, for example, by 
infiltration of the enclosing structures, etc. A 
preliminary examination of the building's 
enclosing structures in order to select the 
fragments under study is an important step in 
assessing their reliability, which helps to obtain 
the most reliable calculation results. Since the 
parameters included in equation (1) may be 
variable, equation (1) can be written as: 

 
r reg (or 0

reg),  (2) 
 

 where Rreg=(a·((tint-tht)zht)+b)·mr (a, b are 
coefficients taken depending on the building group; 
mr=1 is a coefficient that takes into account the 
specifics of the construction region) in the problem 
considered in the article can be considered as a 
deterministic value, because all the parameters 
included in the formula for its determination can be 
taken strictly in accordance with the requirements 
of the current regulatory documentation, but it is 
likely that it may be necessary to determine the 
value of the parameter Rreg for a certain location of 
the construction site for which official statistics on 
the required climatic parameters are not available, 
in particular in this case, the parameter reg can be 
considered as a random variable or a fuzzy 
variable, for example, the parameters: a, b and tint 
can be taken as deterministic quantities, and tht or 
zht can be taken as a random variable or a fuzzy 
variable, depending on the completeness and 
quality of the initial set of information, according 
to controlled parameters that can be used in 
calculations. For example, in [8-11and et al.], the 
issues of probabilistic and statistical modeling of 
climate data arrays, including using artificial 
intelligence, are raised and a conclusion is given on 
the applicability and expediency of such an 
approach. In other words, the parameter reg in 
some cases can be represented as a certain set of 
values: {R0,1

reg; R0,2
reg, … , R0,n

reg} m2 . Let's assume 
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that there are no official climate data for the 
geographical location on which the construction 
object is located, while the specified object is 
located at approximately the same but sufficiently 
large distance from the nearest settlements for 
which official climate statistics are available and 
these data have a significant (for a certain situation) 
difference in temperature values and may further 
affect influence on the decisions made based on the 
results of calculations, it is necessary to analyze the 
available information, Mathematical data modeling 
can be used. In some cases, fuzzy set theory can be 
used to enable data description. To determine the 
set of statistical information for the parameter Rr  
(or R0), it is necessary to conduct field studies, as a 
result of which a certain set of values will be 
determined: for a thermally homogeneous 
fragment – {R0,1

r ; R0,2
r , … , R0,n

r } m2 or for 
thermally homogeneous – {R0,1; R0,2, … , R0,n} 
m2 . For this purpose, depending on the task, 
enclosing structures oriented to N, N-W or N-E are 
selected in accordance with the requirements of the 
national standard GOST R 59939-2021. As a result 
of the research, sets of statistical data are obtained 
on the following parameters: temperatures (1. 
internal (tint) and external (text) air; 2. internal ( int) 
and external ( ext) surfaces of the surveyed 
enclosing structure); actual heat flux density (q). 
For a thermally homogeneous fragment of the 
enclosing structure, the parameter  can be 
determined for each set of the above parameters 
according to the equation: 
R0= (tint- int)

q
+ ( int- ext)

q
+ ( ext-tint)

q
= (tint-text)

q
, m2

(written R0, because the thermally homogeneous 
fragment); for a thermally inhomogeneous 
fragment of the enclosing structure – r =  /

( / ), m2 A is the area of the 
enclosing structure under examination, m2; Ai is the 
area of the characteristic isothermal zone, which is 
determined by the results of thermal imaging of a 
fragment of the structure under examination, m2; 
R0i is the heat transfer resistance of the 
characteristic zone, m2 r  (or ), depending 
on the completeness obtained as a result of field 
tests, statistical information about the parameters  

, , ,  and q can be represented as 
random variables or fuzzy variables. Next, it is 

necessary to analyze the data on the parameters Rreg 
and r  and, depending on the completeness of the 
information received, methods of probability 
theory can be applied to determine the reliability of 
the enclosing structure (or its fragment) according 
to the criterion of fulfilling the piecemeal 
requirement for thermal protection. or fuzzy set 
theory. Let's consider two options for calculating 
reliability using the mathematical model (2): 
1. Let the parameters Rr  and Rreg be used to obtain 
complete statistical information, according to 
which the law of their distribution (the normal 
distribution law) and its parameters were 
established: mRr , mRreg, SRr , SRreg – i.e. Rr  and Rreg 
are random variables. In this case, the reliability 
of the fragment under study will be characterized 
by an indicator of uptime according to a given 
criterion and a safety characteristic can be used: 

mRr -mRreg

SRr2 +SRreg2
 , according to which the value of the 

probability of uptime according to criterion (2) 
can be determined using tables of normal 
distribution functions: 

 
P(Rr Rreg) ( ),  (3) 

 
2. Let's assume that there are limited statistical 
data available for the parameters Rr  and Rreg, i.e. 
the statistical information turned out to be 
incomplete. In this case, Rr  and Rreg are 
considered as fuzzy variables that will be 
characterized by the same opportunity 
distribution function (ODF) of the form: 

 
R(R)=e-[( -a )/b ]2 , (4) 

 
where aR=(Rmax+ Rmin)/2, bR=(Rmax - Rmin)/(2 - ln ), 

[0;1],  – the risk level. The use of this function 
(ODF) to describe uncertainty and determine 
reliability indicators (the possibility method) was 
shown in the works of Doctor of Technical 
Sciences, Professor V.S. Utkin, as well as in the 
works of his students [13-15 et al.] applied to 
building structure elements.For the case 
considered in the article, for fuzzy variables Rr  
and Rreg we will have: 
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Rreg(Rreg)=e- Rreg- aRreg /bRreg
2

Rr (Rr )=e- Rr - aRr /bRr
2

, (5) 

 
Graphically, the functions Rreg(Rreg) and Rr (Rr ) can 
be represented as shown in Fig. 1. 
 

 
Figure 1. Graphical representation of functions: 

Rreg(Rreg) and Rr (Rr ) 

 
According to Fig. 1, if aRr  >  aRreg, then the 
possibility of trouble-free operation will be equal 
to R=1 (not to be confused with the designation 
of heat transfer resistance). The value of the 
possibility of failure can be found by finding the 
abscissa of the intersection point R* ODF: 

Rreg(Rreg) and Rr (Rr ) and substituting this value 
into any of the values specified in equations (4), 
for example, Q= Rr R* =e- R*- aRr /bRr

2

. The need 
for uptime: N=1-Q and, therefore, the reliability 
interval will have the form: [R;N]. 

 
 

RESULTS AND DISCUSSION  
 
As an object of research, we will take a fragment 
of the enclosing structure, which is a fragment of 
a blank exterior wall of a building with a hinged 
facade system (type FTCS, facade thermal 
insulation composite system). Let it be that, as a 
result of a preliminary thermal imaging 
examination of the fragment, the possibility and 
feasibility of field tests were established, no 
temperature anomalies were detected. The 
geographical location of the construction site is 

Moscow, Moscow region. We will take the initial 
climatic parameters based on the data from the 
weather archive of the meteorological station No. 
27612 (Exhibition of Achievements of National 
Economy, Moscow) for the period from 2014 to 
2023. The results of the analysis of the arrays of 
climatic data obtained from the weather sensor for 
the specified period are summarized in Table 1. 
 

Table 1. Climatic parameters 

 Year 
the average 

temperature of 
the period at  

text C 

Duration 
of the 

period, 
day 

1 2014 -1.5 195 
2 2015 0.17 198 
3 2016 -1.9 195 
4 2017 -0.32 210 
5 2018 -3.28 183 
6 2019 0.035 186 
7 2020 1.11 192 
8 2021 -1.93 203 
9 2022 -0.9 194 
10 2023 -1.33 181 

 
In table 2, the values of the parameters are 
determined based on the climatic data and the 
data in table 1.: 1. degree-day of the heating 
period (Dd); 2. the normalized value of the heat 
transfer resistance Rreg for a given location of the 
studied enclosing structure (Moscow). 
 

Table 2. Parameter values: Dd  and Rreg 

 Year Dd, day Rreg, 
m2 W 

1 2014 4197.32 2.87 
2 2015 3926.05 2.77 
3 2016 4278.02 2.90 
4 2017 4266.66 2.89 
5 2018 4260.68 2.89 
6 2019 3713.51 2.70 
7 2020 3626.33 2.67 
8 2021 4451.58 2.96 
9 2022 4047.24 2.82 
10 2023 3861.35 2.75 

 

1 

r (Rr ) 

r (Rr ) reg(Rreg) 

  Rreg , R  

* 

aRr  aRreg 0 

reg(Rreg) 
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Thus, the parameter Rreg is represented as a certain 
set of values.: {2.87; 2.77; 2.90; 2.89; 2.89; 2.70; 
2.67; 2.96; 2.82; 2.75} m2

it as a random variable distributed according to 
the normal distribution law, with distribution 
parameters: mRreg = 2.82 m2

SRreg = 0.091 
m2

statistical information on the parameter Rr  (or 
), field studies were conducted, during which 

arrays of data on the parameters were obtained: 
1. the temperatures of the outer (text) and inner 
surfaces (tint) of the fragment under study; 2. the 
density of the heat flux passing through the 
fragment (q) under natural conditions. Let's 
assume that the period during which the changes 
were carried out is 10 days. After the formation 
and processing of the obtained arrays of 
statistical data on the controlled parameters, the 
sets of values of the parameter Rr  are determined. 
For a more visual representation of the problem 
being solved, we will generate a data array 
consisting of 100 values of the parameter Rr  .  For 
the resulting set of values { , ; , , … , , }, 
we carry out statistical processing and analysis of 
data, after which we accept the parameter ras a 
random variable distributed according to the 
normal distribution law, with distribution 
parameters: mRr  = 3.06 m2 SRr  = 0.07 
m2

this: {3.15; 2.97; 3.13; ... ; 3.07; 3.12} m2

maximum value: R max
r  =3.23 m2

minimum value: R min
r  = 2.89 m2

probability of trouble-free operation under the 
condition of equation (2) using equation (3) will 
be equal to 
P(Rr Rreg) ( )

3.06-2.82

0.072+0.0912 =0.9817. Let's 
consider the same example, but let's take both 
parameters Rr  and Rreg as fuzzy variables that will 
be characterized by a set of the form (4). The 
parameters of the set are: 1. Rr (Rr ) – aRr =3.06 
m2 bRr =0.10 m2

Rreg(Rreg) – 
 aRreg=2.82 m2 bRreg=0.11 m2

possibility of trouble-free operation will be equal 
to R=1, because aRr =3.06 m2  aRreg=2.82.  
The value of the abscissa of the intersection point 
R* ODF: Rreg(Rreg) and Rr (Rr ) will be equal to 2.95 

m2

failure is substituted by R* in any of equations 
(5), and will be equal to Q = 0.27, and the need 
for trouble-free operation will be equal to N=1-
0.27=0.73. The reliability of the studied fragment 
of the enclosing structure under the condition of 
fulfilling the piecemeal requirement for thermal 
protection will be characterized by the interval 
[0.73;1]. The value of the reliability indicator 
P=0.9817, obtained using methods of probability 
theory, is more convincing for experts from the 
point of view of decision-making, since it is 
unambiguous, compared with the value of the 
reliability indicator in the form of an interval 
estimate [N=0.73; R=1], obtained using fuzzy set 
theory. In this case, the value of P=0.9817 falls 
within the range [0.73; 1], i.e. the true reliability 
value was inside the obtained range. The 
example considered in the article shows that 
when calculating reliability according to the 
criterion described by equation (2) for a fragment 
of an enclosing structure, some useful statistical 
information was lost when using the probability 
method. At the same time, one rather important 
point should be noted: the use of this method may 
be advisable in the absence of complete statistical 
information on controlled parameters from 
experts. 
 
 
CONCLUSION 
 
The proposed work presents methods for 
determining the quantitative indicator of the 
reliability of the enclosing structure according to 
the criterion of fulfilling a piecemeal requirement 
(requirements for reduced resistance to heat 
transfer), using the provisions of classical 
mathematical apparatus, namely the provisions 
of mathematical statistics, probability theory and 
theory of fuzzy sets. Depending on the amount of 
information available to experts about the 
controlled parameters obtained as a result of 
technical inspections and monitoring studies, a 
methodology is selected for calculating the 
reliability indicator. The presented approaches to 
calculating the quantitative indicator of thermal 
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NUMERICAL SIMULATION OF SWIRLING FLOWS 
WITH SEPARATION ZONES 

 
Vadim K. Akhmetov 

 Moscow State University of Civil Engineering, Moscow, RUSSIA 
 

Abstact. A numerical study of axisymmetric viscous swirling flows of fluid was carried out at moderate 
Reynolds numbers. The mathematical model is based on the use of the complete Navier-Stokes system 
equations, written in terms of the stream function, vorticity and azimuthal velocity variables. Boundary value 
problems for flows with different configurations are formulated. The numerical solution is carried out by the 
finite-difference relaxation method using the Leonard scheme of the third order of accuracy for approximating 
the convective terms in the transport equations and the method of incomplete reduction for solving the Poisson 
equation. The flow streamlines and velocity distribution patterns were obtained. The results are compared with 
available experimental data. The possibility of using the obtained results for the analysis of turbulent flows by 
introducing effective parameters is considered. 

 
Keywords: swirling flows, coaxial flows, finite difference method, recirculation zones, vortex breakdown, 

effective parameters 
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1. INTRODUCTION  
 
Swirling flows are widely used in various 
technical devices [1, 2] and hydraulic 
engineering structures [3-5]. The properties of 
swirling flows are utilized for combustion 
stabilization, intensification of mixing 
processes, gas cleaning from dust, particle 
separation, thermal separation of flows, energy 
dissipation in vortex drop shafts, in counter-

vortex devices for reservoir aeration, as well as 
in many other fields, particularly in the 
petrochemical, microbiological, and food 
industries. A distinctive feature of swirling 
flows is the formation of separated recirculation 
zones upon reaching a certain critical value of 
the initial flow swirl. These zones can be 
beneficial or may cause undesirable effects. The 
aim of this work is to perform numerical 
simulation of swirling flows with separation 
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zones in relation to various technical 
applications and problems in hydraulic 
engineering construction. 
 
 
2. PROBLEM STATEMENT AND 
RESEARCH METHODS 
 
Studies of the hydrodynamics of swirling flows 
of a viscous incompressible fluid at moderate 
Reynolds numbers are based on the complete 
system of Navier-Stokes equations. Assuming 
axisymmetry of the flow in a cylindrical 
coordinate system zr ,, . Here, z-axis is 
directed along the axis of the flow under study, 
in terms of the stream function , vorticity , 
and azimuthal velocity V , these equations can 
be represented as follows: 
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The system of equations (1)-(4) is written in a 
conservative dimensionless form. The axial zV  
and radial rV  velocities are referred to the 
characteristic value 0U . The azimuthal velocity 
V  refers to the characteristic value 0W . The 

coordinates refer to the characteristic size R , 
time refers to the value 0/UR . The parameters 
of the system are the Reynolds number 

/Re 0 RU , where  is the kinematic 
viscosity, and the swirl parameter 00 /UWG . 

These equations are essentially nonlinear. 
Analytical solutions for specific problems can 
only be obtained in a number of special cases. 
The boundary value problem is formulated by 
setting boundary conditions, which include a 
given velocity distribution of the flow at the 
inlet to the considered flow region, no-slip 
conditions on solid surfaces, symmetry 
conditions on the flow axis, and soft boundary 
conditions at the outlet. 
For an axisymmetric channel with solid walls, at 
the inlet of which a swirling flow arrives with a 
velocity distribution: 
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the set of boundary conditions is written as 
follows: 
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To solve the boundary value problem (1)-(4), 
(6)-(9) with the initial distribution (5), the finite 
difference method was used, employing the 
incomplete reduction method [6] for equation 
(1) and approximation of the convective terms 
in equations (2)-(3) using Leonard's scheme [7]. 
The calculations assumed the following values: 

10D , 01D , 01B , 142B , 419.0A , 
75.00r , 10kz . The characteristic flow 

pattern with two separation zones is presented in 
Fig. 1. 
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If the flow is in a channel with permeable walls, 
one can assume that additional inflow occurs at 
a constant velocity 0V  on a part of the lateral 
surface 00 zz , 1r . Then the boundary 
condition (7) for the stream function at 

1r must be replaced by the following: 
 

.,
,0,

0100

010

kzzzzV
zzzV           (10) 

 
The main effect in this case is that by setting the 
appropriate inflow velocity, it is possible to 
influence the boundaries of the reverse flow 
zones, up to their complete elimination. Examples 
of the calculated flows are shown in Fig. 2. 
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Figure 2. Streamlines for Re=150, G=2.6, ,5.20z V0=0.01, 0.03 (a, b) 
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To study the swirling flow in an unbounded 
medium (without solid walls), a coordinate 
transformation was used in system (1)-(4), 
refining the mesh in the near-axis region of the 
flow, and instead of r , a variable y  was 
introduced by the following transformation: 
 

,]1,0[,],0[,)/1ln(1 yrrbr
a

y k  (11) 

where a and b are constants. A characteristic 
pattern of separated flows is shown in Fig. 3. 
In this case, the front part of the recirculation 
zone becomes more pointed, its diameter 
relative to its length decreases, and overall, its 
shape corresponds more closely to the bubble-
type vortex breakdown observed in 
experiments [8]. 
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To solve the boundary value problem (1)-(4), 
(6)-(9) with the initial distribution (5), the finite 
difference method was used, employing the 
incomplete reduction method [6] for equation 
(1) and approximation of the convective terms 
in equations (2)-(3) using Leonard's scheme [7]. 
The calculations assumed the following values: 
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pattern with two separation zones is presented in 
Fig. 1. 
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Figure 3. Streamlines for Re=750, G=0.95 
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The problem of the interaction of two 
axisymmetric swirling flows is relevant in 
connection with the modeling of flows in 
combustion chambers and gas turbines [2], 
vortex chambers, and gas curtains [9]. We will 
consider the case where the flow is organized as 
follows. Two coaxial flows, separated by a thin 
annular partition — an inner non-swirling flow 
and an outer swirling flow — enter a cylindrical 
channel and interact intensively within it. 
For the calculations of the interaction between 
the axial and annular swirling flows at the inlet z 
= 0, velocity profiles with a uniform distribution 
and the following values were specified: 
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in which it was adopted that 0r 0.25, 1r 0.5 
for R 1.  
The most important properties of the flows 
discovered during the study are the emergence 
of a near-axis recirculation zone upon reaching 
a critical swirl rate, the formation downstream 
of this zone of a secondary recirculation region, 
and the development of an annular recirculation 
zone due to the splitting of the first zone by the 
inner jet flow. Characteristic streamline patterns 
are presented in Fig. 4. 
 

Figure 4. Streamlines for Re=150, G=2.25 (a), 2.75 (b) 
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Coaxial swirling flows are used in vortex 
combustion chambers [1]. The resulting near-
axis recirculation zone serves as a kind of flame 
holder and is an example of vortex breakdown 

[8]. Consider the flow in an axisymmetric 
channel, at the inlet of which two coaxially 
swirling flows are supplied: an inner flow 
( 00 rr ) and an outer flow ( 10 rrr ). The 
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rotation can occur in either the same or opposite 
directions. The velocity distribution at z = 0 is 
specified as follows: 
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where 4/ 01 rrrk , A 0.554, B 8, 

1cr 0.94, 2cr 1.06, 3cr 3.94, 1ar 0.9, 
2ar 0.94, 3ar 1.6, 4ar 3.94.  

The solution of the boundary value problem (1)-
(4) with the given distribution (13) depends on 
four parameters: the Reynolds number Re, the 
swirl parameter G , and the initial velocity 
values of the outer flow *

zV  and *V . Flow 
calculations were performed in the parameter 
range: 500Re30 , 30 G , 

8.01.0 *
zV , 4.16.1 *V . An example of 

the flow calculation for the case of initial swirl 
in opposite directions is shown in Fig. 5. The 
two-cell structure of the recirculation zone (Fig. 
5b) has been noted for bubble-type vortex 
breakdown in experiments [11] and numerical 
studies [12]. The calculations established that 
moderate swirl of the external flow in both the 
same and opposite directions can lead to both a 
reduction in the size of the near-axis 
recirculation zone (up to its complete 
disappearance at 0*V ) and an increase in its 
size. Strong swirl of the external flow *V 1 
always leads to an increase in the size of the 
recirculation zone. 

 

Figure 5. Streamlines for 250Re , 8.1G , 3.0*
zV , 8.0,1.0*V  (a, b) 
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Let us consider the possibility of describing 
experimentally studied turbulent flows using the 
above-proposed model of swirling flows based 
on the concept of effective parameters. The 
experiments [13] were conducted on an 

aerodynamic stand, the working section of 
which was a plexiglass tube with a diameter of 
D = 14.5 cm. The inner jet was supplied into the 
measured test section from a copper tube with 
an outer diameter of 3.86 cm and an inner 
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Taking this into account, the numerical solution 
of the boundary value problem (1)-(4), (13) for 
comparison with the experiment [13] was 

carried out for Re 30, G 3, *
zV 0.7, and 

the values of *V  from (17). 
The calculated and experimental distributions of 
the axial velocity ),0( zVz  along the channel 
length for the cases studied in [13] are presented 
in Fig. 6. The good agreement confirms the 
possibility of using the proposed model for 
calculating turbulent flows. 

 
Figure 6. Comparison of the calculated (solid curves) and experimental [13] 

distributions of the velocities zV  at the channel axis; 1S –0.38, –0.19, 0, 0.21 ( –d) 
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The influence of the outer flow swirl *V  on the 
diameter 0d  of the near-axis recirculation zone 
and the value of the maximum reverse flow 
velocity bV is shown in Fig. 7 (calculated 
curves 1 and 2). An increase in the swirl of the 
outer flow in the opposite direction relative to 
the inner flow leads to an increase in the 
diameter 0d  of the recirculation zone and the 

reverse flow velocity bV . In the case of the 
flows rotating in the same direction, an 
increase in the swirl of the outer flow leads to a 
decrease in the values of 0d  and bV . The 
obtained calculated results are in good 
agreement with the experimental data [13] for 
all five investigated cases of varying outer flow 
swirl. 

diameter of 3.43 cm. The Reynolds number, 
based on the average flow velocity U  and the 
tube diameter D  
We introduce into consideration the effective 
values of the turbulent viscosity coefficients 

zt  and t  in the longitudinal and azimuthal 
directions. Experiments [2] have shown that 
strong anisotropy of turbulent viscosity is 
observed in the flow, and 4/ ,, tzt . 
We define the turbulent value of the Reynolds 
number ztRe  as follows: 
 

81Re
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where U  is the average flow velocity,  is the 
hydraulic resistance coefficient, and  is a 
universal constant. 
Based on the available experimental data, the 
hydraulic resistance coefficient along the pipe 
length is calculated using the formula of A.D. 
Altshul: 
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where k 0.02 mm – 
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where k 0.02 mm is the roughness coefficient 
of polished plexiglass. Using the value of the 
universal constant for air  0.07, from (14) 
we find 330Re zt . Recalculating the obtained 
Reynolds number in accordance with the 

characteristic values – the maximum velocity of 
the inner jet 0U  at the initial section z = 0 and 
the radius 0r  – we obtain: 
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In the experiments [13], integral swirl 
parameters for the inner and outer flows ( 0S   
and 1S , respectively) were used, defined by the 
relations: 
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In the series of experiments, the ratio 

01
* /UUVz  of the average axial velocities at 

the chamber inlet and the swirl parameter 0S  of 
the inner flow varied insignificantly: 

74.069.0*
zV ; 71.059.00S . 

Recirculation zones were observed for five 
cases under consideration, in which the values 
of the initial swirl of the outer flow were: 
 

1S –0.38, –0.19, 0, 0.21, 0.42.       (16) 
 
To conduct a comparison with the experiments, 
we take the average values of the inner jet 
parameters *

zV 0.7, 0S 0.66. Substituting the 
specified initial velocity distribution (13) into 
(15) considering (16), we find the effective 
swirl parameters for the calculation G 0.763 
and: 
 

V –0.408, –0.25, 0, 0.27, 0.43.       (17) 
 
We determine, by analogy with [14], the 
effective values of the flow parameters using the 
expressions: 
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The influence of the outer flow swirl *V  on the 
diameter 0d  of the near-axis recirculation zone 
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APPLICATION OF COMPUTER VISION TO DETECT DEFECTS 
IN WELDS 

 
Marina E. Dement'eva 

National Research Moscow State University of Civil Engineering, Moscow, RUSSIA  
 

Abstract: In the context of increasing wear and tear of utility pipelines, improving the quality of diagnostics of 
their technical condition, as well as improving the quality of control over construction and repair work, is of 
particular importance. Timely detection of defects and damage helps prevent emergency situations and negative 
socio-economic and environmental consequences. Traditional methods of visual and instrumental control have a 
number of disadvantages, in particular, high labor intensity, long information processing time, and insufficient 
accuracy. This problem can be solved by using computer vision to identify and classify damage, which will 
improve the quality of defect detection, reduce the likelihood of human error, and speed up the diagnostic 
process. However, different levels of readiness of the developed machine learning algorithms require additional 
research to confirm the effectiveness of their use in professional fields, for example, when inspecting structures, 
which justifies the relevance of this study. The object of the study was the YOLO family of computer vision 
models capable of identifying various classes of defects. The aim of the study was to train the YOLOv5, 
YOLOv8, and YOLO11 detection algorithms and to perform a comparative analysis of their speed and accuracy 
of data processing using weld defects as an example. The results of the experimental studies show that the use of 
the latest version of the model does not lead to significant improvements in the quality of defect detection 
compared to previous versions. The results presented in the work allow us to assess the feasibility of using the 
new YOLO11 model to detect defects in radiographic images. Based on the experiments, researchers using 
computer vision methods to control the quality of welds can make an informed decision about whether to use 
this model or use previous versions of the algorithms. 
 

Keywords: machine learning, lifecycle management, YOLO, radiography, predictive exploitation 
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INTRODUCTION 
 
According to Rosstat, the average wear and tear 
of utility networks in the country corresponds to 
an unsatisfactory technical condition. An 
increase in emergency situations is recorded, 
leading to a decrease in the quality of utilities, 
loss of resources, deterioration of the 
environmental situation and an increase in 
operating costs. Consequently, the quality of 
diagnostic measures during construction, repair, 
as well as during operational control directly 
determines the safety and uninterrupted 
functioning of the country's utility 
infrastructure. Particular attention should be 
paid to quality control of butt joints, where 
stress is most often concentrated, sealing 
elements wear out, and corrosion occurs. In our 
country, pipelines with welded seams are widely 
used, not only in utility infrastructure systems, 
but also for transporting gas, oil and other 
aggressive liquids. Given the difficult operating 
conditions, welded seams become one of the 
main sources of problems leading to accidents 
with serious socio-economic consequences. 
To detect weld defects and prevent accidents, 
various methods of both visual and instrumental 
non-destructive testing are used [1-3]. The 
radiographic testing method has high accuracy 
and reliability of results compared to other 
methods. Defects in welds are determined 
during the study of welded joint images. 
However, this work is characterized by high 
labor intensity; therefore, automated 
radiographic scanning methods of welded joints 
are widely used in production. In this case, the 
main difficulty lies in processing and 
interpreting the radiography results, which 

requires exceptional attention and concentration 
of the specialist checking the images. Some 
defects may be barely noticeable even in high-
quality images. In this case, there is a high 
probability that a non-destructive testing 
laboratory specialist will miss the defect. 
Therefore, one of the ways to increase the 
reliability of weld diagnostics results, as well as 
the speed of data processing on radiographic 
images, is to use computer vision models to 
detect defects [4-6]. The latest scientific 
achievements in the field of artificial 
intelligence and parallel computing open up 
new opportunities for the use of computer vision 
models in various fields [7, 8], including 
construction and operation, to detect defects in 
welds [9, 10]. At the same time, different levels 
of technological readiness and market maturity 
of high-tech areas, as well as gaps in legislative 
regulation dictate the need to study emerging 
new products from the point of view of their 
effectiveness for practical application in the real 
sector of the economy. 
Therefore, the objects of this study were the 
models of the well-known YOLO computer 
vision architecture, in particular YOLOv5, 
YOLOv8 and YOLO11. The hypothesis of the 
study was the assumption based on the 
developer’s data about the increase in the 
efficiency of the YOLO11 model compared to 
previous versions, considered on the example of 
processing weld inspection materials. The goal 
of the study was to perform a comparative 
analysis of the accuracy and speed of the YOLO 
family of models in solving the problem of 
detecting defects in welds on X-ray images. To 
achieve this goal, a list of research tasks was 
formed: 
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INTRODUCTION 
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with serious socio-economic consequences. 
To detect weld defects and prevent accidents, 
various methods of both visual and instrumental 
non-destructive testing are used [1-3]. The 
radiographic testing method has high accuracy 
and reliability of results compared to other 
methods. Defects in welds are determined 
during the study of welded joint images. 
However, this work is characterized by high 
labor intensity; therefore, automated 
radiographic scanning methods of welded joints 
are widely used in production. In this case, the 
main difficulty lies in processing and 
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probability that a non-destructive testing 
laboratory specialist will miss the defect. 
Therefore, one of the ways to increase the 
reliability of weld diagnostics results, as well as 
the speed of data processing on radiographic 
images, is to use computer vision models to 
detect defects [4-6]. The latest scientific 
achievements in the field of artificial 
intelligence and parallel computing open up 
new opportunities for the use of computer vision 
models in various fields [7, 8], including 
construction and operation, to detect defects in 
welds [9, 10]. At the same time, different levels 
of technological readiness and market maturity 
of high-tech areas, as well as gaps in legislative 
regulation dictate the need to study emerging 
new products from the point of view of their 
effectiveness for practical application in the real 
sector of the economy. 
Therefore, the objects of this study were the 
models of the well-known YOLO computer 
vision architecture, in particular YOLOv5, 
YOLOv8 and YOLO11. The hypothesis of the 
study was the assumption based on the 
developer’s data about the increase in the 
efficiency of the YOLO11 model compared to 
previous versions, considered on the example of 
processing weld inspection materials. The goal 
of the study was to perform a comparative 
analysis of the accuracy and speed of the YOLO 
family of models in solving the problem of 
detecting defects in welds on X-ray images. To 
achieve this goal, a list of research tasks was 
formed: 

Application of Computer Vision to Detect Defects in Welds



76 International Journal for Computational Civil and Structural Engineering

1) Preparing a training and test set of images 
with defects in welds; 
2) Conducting an experiment to train YOLOv5, 
YOLOv8 and YOLO11 models on the training 
dataset; 
3) Processing the results of the experiment and 
comparing the results of the models on the test 
dataset using standard metrics for assessing the 
quality of their work. 
 
Literature Review 
Improvement of the automated quality control 
system for welded joints can be based on both 
machine learning methods [11-13] and methods 
based on pixel brightness and geometric 
characteristics of welds [9, 14]. A review of 
studies of the most well-known machine 
learning algorithms allows us to assess their 
advantages and disadvantages for solving 
specialized problems. For example, the use of 
the SVM machine learning algorithm allows us 
to achieve fairly high accuracy, but small 
defects often remain undetected by the model 
[15]. The use of the AdaBoost algorithm has 
shown that it does not allow us to achieve high 
accuracy in detecting construction defects [16]. 
With the development of deep learning, 
convolutional models have increasingly been 
used to detect defects in welds [17, 18]. Quite 
high accuracy is observed when using the Faster 
R-CNN model, but the low image processing 
speed (7-10 frames per second) does not allow 
the model to be used to process a video stream 
[13, 19]. 
The YOLO deep learning model debuted in 
2015 and has gained widespread adoption due to 
its high detection speed and the large number of 
versions released fairly quickly. The main 
difference between YOLO models and previous 
generation solutions [13, 19] is that they solve 
the detection problem in one stage. The model 
determines a set of bounding boxes based on the 
original image, while older approaches relied on 
pre-selecting candidate boxes from the image 
before feeding them to the model. 
The model's operating principle is based on 
image processing by three consecutive blocks: 

Backbone, Neck, and Head [20]. Backbone 
transforms the image into a set of feature maps, 
which represent visual patterns of different 
levels. Neck simultaneously analyzes high-level 
and low-level patterns containing spatial and 
semantic information and obtains features for 
the final prediction of bounding boxes. The 
Head block is responsible for predicting 
bounding boxes and objects in them based on 
the features extracted by the Neck block. Each 
block, in turn, consists of standard layers used 
in computer vision: convolution layers (Conv) 
with batch normalization (BatchNorm) and 
activation functions (SiLU, Sigmoid, Softmax, 
etc.), pooling layers (MaxPooling), residual 
connections, etc. 
And if the first YOLOv1 model solved only the 
detection problem, then subsequent models 
began to recognize more classes, with each 
modification the architecture of the model 
became more complex [19, 21-24]. Thus, in the 
YOLOv5 model [20] the emphasis was placed 
on optimizing computing resources, so it does 
not achieve such a high quality as its 
predecessors, but it works much faster, which 
allowed it to be used in real time. 
In the YOLOv8 model, the architecture was 
optimized towards compactness. A significant 
change is the division of each branch of the 
Head block into two parts (Decoupled Head), 
one of which predicts the coordinates of the 
bounding box, and the other the class of the 
object located inside the box. This architectural 
change improves the convergence of the model 
and increases the quality of predictions. In [13, 
25], a study of the YOLOv8 model for detecting 
defects in X-ray images was conducted, in [26], 
a technique for improving the quality of 
detection of this model was proposed. 
The new YOLO11 model was presented in 
October 2024 [27, 28]. Modifications in this 
version affected both the optimization of 
computing blocks and the addition of quality 
improvement mechanisms [29]. A significant 
innovation was the addition of a new C2PSA 
(Cross Stage Partial with Spatial Attention) block 
with a spatial attention mechanism. Potentially, 
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due to focusing on the most significant areas of 
the image, this block should increase the accuracy 
of object detection. For the latest version of the 
YOLO11 model, no studies were conducted on 
the quality of its operation in detecting defects in 
welded seams on X-ray images, which justifies 
the relevance of this study. 
 
 
METHODS 
 
Dataset 
The dataset provided by the authors [19] was 
used to train the neural networks. The dataset is 
available at 
https://github.com/huangyebiaoke/steel-pipe-
weld-defect-detection and is distributed under 
the GPL-3.0 license, which permits the use of 
data with a link to the original source. The 
dataset contains 3408 X-ray images of defects in 
pipeline welds.  
The images represent 8 types of defects: slag 
inclusion, weld pores, crack, undercut, and 
build-up, lack of weld fusion, weld cavity, and 
arc rupture. Examples of images of each type of 
defect are shown in Fig. 1. 
The number of images of each type of defect is 
given in Table 1. The weld seam in the images 
has different inclination to the image boundaries 
and different zoom levels. All images in the data 
set are marked. 
Since training neural networks requires a large 
amount of data, the original data was supplemented 
with images obtained by transforming the original 
images, which is a common practice in training 
computer vision models. 
The following transformations were used: 
horizontal and vertical reflection, rotation relative 
to the central point of the image within (-
15°…+15°), brightness change in the range (-
15%…+15%), and noise introduction for up to 
1.05% of the image pixels. Several 
transformations can be applied to one image at 
once. Transformations preserve the original 
structure and content of images, since the changes 
are simple geometric and color transformations. 
Such image processing allows increasing the 

diversity in the dataset while preserving key visual  
features for training the model, which improves its 
ability to recognize and process real data, since it 
becomes more resistant to "extra" details in the 
image. After the addition, the dataset size was 
7794 images. The Roboflow service was used to 
transform the images. 
 

 
Figure 1. Examples of weld defects in images 

 
Table 1. Number of images in the dataset for 

each type of defect 
Name of defect Number of images 
Pores in weld 1339 

Undercutting metal 35 
Arc break 531 

Crack in metal 119 
Cavity in weld 613 
Metal influx 219 

Slag inclusion 136 
Incomplete weld fusion 416 
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To speed up model training, the number of channels 
in the images was reduced from three (red, green 
and blue) to one (grayscale), which allows for faster 
model training without losing quality, since all 
images in the set are black and white. Also, to 
increase the speed of model training, the image size 
was reduced to 640×640 pixels. 
 
Configuration of the experimental stand 
The online services Google Colab and Roboflow 
were used to train the models, one Tesla T4 
graphics processor with 16 GB of RAM was used. 
The following libraries were used to train the 
models: Ultralytics, Roboflow, IPython.  
Three models were trained in the study: YOLOv5, 
YOLOv8 and YOLO11. YOLOv5 was trained to 
correctly compare the results of the models due to 
the lack of accurate data on image transformations 
in the training sample in the study [19]. The 
following versions of the models were selected 
due to the close number of parameters: 
YOLOv5m – 21.2 million, YOLOv8m – 25.9 
million, YOLO11l – 25.3 million. 
When training the models, the data were divided 
into training and validation sets in the following 
proportions: 10.4:1. The number of images in 
each set was: 6987 images for training, 672 
images for validation, and 335 images for 
testing the model. The images were divided into 
groups in such a way that each group contained 
images of each type of defect. Each model was 
trained for 32 epochs (complete training cycles 
for all data). This number of epochs was chosen 
because it corresponded to the maximum 
duration of a session in the Google Colab 
service. The AdamW optimizer [30] was used 
for training. The parameters used in training the 
models are given in Table 2. 
 

Table 2. Values of model parameters during 
training 

Parameter Value 
learning rate 0.000833 
momentum 0.9 
batch size 16 

warmup steps 3 
dropout 0.0 

Evaluation criteria 
To determine the accuracy and completeness, 
the following object detection outcomes are 
introduced:  
True Positive (TP) – correctly performed 
detection, i.e. the frame suggested by the model 
quite accurately coincides with the real frame 
established during image marking. The criterion 
for coincidence is the IoU (Intersection over 
union) area intersection coefficient: 
 

areaUnion
areaonIntersectiIoU   (1) 

 
where Intersection area is the area of 
intersection of the true and predicted frames; 
Union area is the area of union of the true and 
predicted frames. 
At an IoU threshold of 50%, a model prediction 
is classified as True Positive if the calculated 
IoU value for that prediction is at least 50%. 
False Positive (FP) – incorrectly performed 
detection, the model predicted an object where 
it does not exist, or the true and predicted 
frames do not match well enough and the IoU is 
below the threshold. 
False Negative (FN) – incorrectly performed 
detection, the model did not detect the object in 
the image. 
Next, the precision and recall indicators are 
calculated. Precision shows what proportion of 
objects predicted by the model are actually 
correct: 
 

FPTP
TPPrecision    (2) 

 
where TP is the number of true positives; FP is 
the number of false positives. 
Recall measures what proportion of all real 
objects in the image were correctly detected by 
the model: 
 

FNTP
TPRecall    (3) 

where FN is the number of missed objects in the 
image. 
Next, the average precision for each defect class 
is calculated – Average Precision (AP). Among 
the class precisions, there is the mean Average 
Precision (mAP): 
 

k

i
ii RecallPrecision

k
1mAP  (4) 

 
where k is the number of classes. 
The standard metrics mAP50 and mAP50-95 
were chosen as criteria for evaluating the 
performance of computer vision models. mAP50 
is the average accuracy among all classes, 
which is calculated at a fixed threshold of the 
IoU mAP50-95 is the 
average accuracy among all classes in the IoU 
range from 50% to 95% with a step of 5%. 
These indicators allow us to determine the 
ability of the model to detect objects of different 
classes, taking into account the accuracy and 
completeness of detection. 
Using these metrics allows us to objectively 
compare models by assessing both their ability 
to accurately determine both the boundaries of a 
defect and the total number of correct and 
incorrect predictions. 
 
 
RESULTS AND DISCUSSION  
 
Comparison of model indicators 
Based on the results of training the models over 
32 epochs, graphs of changes in mAP50 and 
mAP50-95 were constructed on the validation 
sample (see Fig. 2 and 3). 
Since in practice it is advisable to detect defects 
in welds at an IoU threshold of 50% or less, a 
more objective metric for the operation of 
models is mAP50. For comparison of models, 
metrics determined on the validation sample are 
provided, since it was not used in training. 
Analyzing the graphs, we can conclude that 
after training, all models show very close 
results, while the mAP fluctuations during 
training are the smallest for the YOLO11 

model. Also, the mAP50 graph indicates that 32 
epochs are sufficient for training and comparing 
models, since after the 25th epoch, there is a 
slight increase in the metric. Among the models 
considered, the highest defect detection speed 
was achieved by the YOLOv5 model. A 
comparison of the models' performance speed is 
given in Table 3. 
 

 
Figure 2. mAP50 values during validation 

during training 
 

 
Figure 3. mAP50-95 values during validation 

during training 
 

Table 3. Model operating speed 

Model 
Image 

processing time, 
msec 

Processing 
frequency, 
images/sec 

YOLOv5 16.4 61.0 
YOLOv8 27.3 33.6 
YOLO11 24.8 40.4 

 
All models demonstrate an image processing 
rate of more than 30 images per second, which 
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where FN is the number of missed objects in the 
image. 
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is calculated – Average Precision (AP). Among 
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indicates the possibility of using any of them for 
video stream processing. The optimization of 
the YOLO11 model compared to YOLOv8 
allows achieving a higher image processing rate. 
Table 4 shows the metrics calculated for the 
best-performing YOLO11 model training epoch. 
 
Table 4. Best validation scores for the YOLO11 

model 
Name of defect 

(identifier) AP50 AP50-95 

Pores in weld (0) 0.933 0.437 
Undercutting metal (1) 0.995 0.583 

Arc break (2) 0.975 0.909 
Crack in metal (3) 0.970 0.636 
Cavity in weld (4) 0.979 0.812 
Metal influx (5) 0.995 0.742 

Slag inclusion (6) 0.995 0.662 
Incomplete weld fusion (7) 0.994 0.749 

 
Analyzing the results of the experiment, we can 
note the low accuracy of detection of pores in 
the weld, which may be due to their small size 
and low image clarity. For other defects, fairly 
close values of detection completeness and high 
accuracy are observed. 
Figures 4-7 show examples of defect detection 
by the YOLO11 model in images from the test 
sample. In the upper left part of the frame 
around the defect in the image, the defect 
identifier (its number from 0 to 7) and the 
confidence of the model in determining this 
defect are indicated. It can be noted that the 
model quite clearly determines the position and 
boundaries of defects. 
 

 
Figure 4. Detection by the model of a cavity (4) 

and pores in weld (0) 

 
Figure 5. Detection of metal influx (5) by the 

model 
 

 
Figure 6. Detection of a crack in metal (3) by 

the model 
 

 
Figure 7. Detection of Incomplete weld fusion 

(7) by the model 
 

In Tables 5 and 6 shows a comparison of the 
training results of the models. 
The YOLOv8 model showed the greatest 
stability in class recognition. The training 
results show a more balanced detection of 
defects, since there is not such a big difference 
between the most poorly identified defects 
(pores in the weld and cracks) and the rest of the 
defects. 

Table 5. Comparison of models by class 
recognition stability 

Name of 
defect 

AP50 

YOLOv5 YOLOv8 YOLO11 

Pores in weld 0.935 0,969 0.933 
Undercutting 

metal 0.995 0.986 0.995 

Arc break 0.986 0.983 0.975 
Crack in metal 0.977 0.954 0.970 
Cavity in weld 0.989 0.978 0.979 
Metal influx 0.995 0.995 0.995 

Slag inclusion 0.995 0.995 0.995 
Incomplete 
weld fusion 0.994 0.995 0.994 

 
Table 6. Comparison of mAP50 metrics based 

on model training results 
Model mAP50 

YOLOv5 0.983 
YOLOv8 0.985 
YOLO11 0.979 

 
Having analyzed the results of model training, 
we can conclude that the YOLO11 version 
shows slightly worse results, demonstrating the 
lowest mAP50 value. The YOLOv5 and 
YOLO11 models are similar in mAP50 metric 
values for each type of defect. The worst results 
shown by YOLO11 compared to other models 
may be due to the fact that this model relies on a 
spatial attention mechanism when forming a 
prediction, which allows it to focus on the most 
important areas of the image. In our case, it is 
impossible to distinguish the foreground or 
background in the image, and the defect can be 
anywhere along the seam. Also, the low quality 
of the model can be affected by modifications to 
the architecture aimed at increasing its speed. 
 
 
CONCLUSION 
 
1) Weld defect images were prepared for 
training the models, and geometric and color 

transformations were performed on the images 
to increase the diversity in the data set; 
2) YOLOv5, YOLOv8 and YOLO11 models 
were trained for 32 epochs; 
3) After training the models, a comparison of 
their performance results was carried out based 
on the standard metrics mAP50, mAP50-95, and 
a comparison of the image processing speed of 
each model was also performed. 
The hypothesis put forward in the study, which 
is that the YOLO11 model will demonstrate 
better results in processing weld defect images 
than its predecessors, is partially refuted. The 
study shows that the best mAP50 indicator in 
defect detection is achieved by the YOLOv8 
algorithm. At the same time, the YOLO11 
algorithm works slightly worse than other 
models, which may be due to the fact that the 
improvements made in the model cannot realize 
their potential in weld defect images. It is worth 
noting that the YOLO11 algorithm works 9% 
faster than the YOLOv8 algorithm. 
Quality control of welded joints is carried out 
not only at the construction stage, but also at the 
operation stage. Regular automated control of 
welded joints can allow more accurate 
determination of the mechanism of change in 
the operational parameters of pipelines. 
Systematic acquisition of data on corrosion and 
defect formation in pipelines and their 
processing using effective computer vision 
algorithms will allow a transition to predictive 
operation, forecasting the service life of 
equipment and structures. 
 
 
REFERENCES 
 
1. Shaloo M., Schnall M., Klein T., Huber 

N., Reitinger B. (2022) A Review of Non-
Destructive Testing (NDT) Techniques for 
Defect Detection: Application to Fusion 
Welding and Future Wire Arc Additive 
Manufacturing Processes. Materials, vol. 15, 
no. 10, pp. 3697. DOI: 
10.3390/ma15103697 

Marina E. Dement'eva



81Volume 22, Issue 1, 2026

indicates the possibility of using any of them for 
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around the defect in the image, the defect 
identifier (its number from 0 to 7) and the 
confidence of the model in determining this 
defect are indicated. It can be noted that the 
model quite clearly determines the position and 
boundaries of defects. 
 

 
Figure 4. Detection by the model of a cavity (4) 

and pores in weld (0) 

 
Figure 5. Detection of metal influx (5) by the 

model 
 

 
Figure 6. Detection of a crack in metal (3) by 

the model 
 

 
Figure 7. Detection of Incomplete weld fusion 

(7) by the model 
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of the model can be affected by modifications to 
the architecture aimed at increasing its speed. 
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algorithm works slightly worse than other 
models, which may be due to the fact that the 
improvements made in the model cannot realize 
their potential in weld defect images. It is worth 
noting that the YOLO11 algorithm works 9% 
faster than the YOLOv8 algorithm. 
Quality control of welded joints is carried out 
not only at the construction stage, but also at the 
operation stage. Regular automated control of 
welded joints can allow more accurate 
determination of the mechanism of change in 
the operational parameters of pipelines. 
Systematic acquisition of data on corrosion and 
defect formation in pipelines and their 
processing using effective computer vision 
algorithms will allow a transition to predictive 
operation, forecasting the service life of 
equipment and structures. 
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SIMULATION OF THE OPERATION OF A PRESSURE PIPELINE 
WITH AN INTERNAL LINING OF A PROTECTIVE COATING 
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Abstract. The article presents the results of alternative methods for determining the hydraulic characteristics of a 
deteriorated pressure pipeline with a Subcote FLP spray-on protective coating applied to its inner surface. The 
results were processed using automated programs, with an ultimate goal of determining and comparing a number 
of hydraulic characteristics, resulting in energy indicators of pipeline’s performance during water transportation. 
Approaches are presented for identifying the dynamics of possible transformations of certain pipeline hydraulic 
parameters, specifically, hydraulic friction coefficients and equivalent roughness, when using the studied 
protective coating after its service over a certain time interval and with changing ambient temperature conditions. 
Dependencies for changes in these coefficients, and their impact on the pipeline's performance energy indicators 
during long-distance water transportation were obtained by calculations. 
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INTRODUCTION 
 
Given the significant wear and tear of pipeline 
networks, where, in particular, according to data 
from the Ministry of Regional Development, over 
40% of water supply networks require prompt 
repair, the question of the effectiveness of new 
trenchless repair technologies is becoming 

extremely relevant [1, 2]. An analysis of global 
experience in the operation and restoration of utility 
networks of water supply and sanitation systems 
shows that the most promising solution to the 
problem of extending their service life is 
rehabilitation through the application of internal 
protective coatings of various types, including 
polymer spray coatings (PSCs). Unlike metal and 
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ceramic linings, polymer coatings have a 
hydrophobic surface, which positively affects the 
hydrodynamics inside the pipe and prevents the 
formation of surface contaminants [3]. Based on an 
analysis of literature sources [4, 5], it can be 
concluded that such protective coatings are 
promising materials for pipeline protection. 
To demonstrate the effectiveness of various types 
of polymer protective coatings, as well as to 
study the possible transformation of their 
hydraulic properties over time (in particular, the 
degree of surface roughness), and the impact of 
temperature conditions on this process, it is 
necessary to conduct full-scale studies under 
dynamic conditions using appropriate models 
and proven methodological approaches. 
Automated programs are used to speed up 
calculations and potentially predict the resulting 
basic hydraulic and energy parameters. 
According to available certificates of conformity, 
protective polymer spray coatings do not alter the 
composition of the pumped fluid, maintaining a 
high level of reliability in water supply pipeline 
networks and reducing the negative impact on the 
urban environment during repairs. During pipeline 
rehabilitation using PSCs, despite a layer thickness 
of only 3–8 mm, it is possible to effectively seal 
various defects and increase pipeline wear 
resistance. Thus, the internal surfaces of restored 
pipelines generally become less rough, which 
improves the hydraulic characteristics of water 
supply and wastewater disposal pipeline networks. 
 
 
METHODS  
 
A steel pipeline coated with a protective Subcote 
FLP coating applied to its inner surface was used 
for comprehensive hydraulic studies, including 
modeling of the parameters under study using 
automated software and modern light-profiling 
and profilometry equipment. 
Subcote FLP coating has sanitary and 
epidemiological expert approval No. 
77.01.12.P.014303.09.11 dated September 22, 
2011, issued by the Moscow Office of the 
Federal Service for Surveillance on Consumer 

Rights Protection and Human Wellbeing, 
permitting its application to the inner surface of 
pipelines in drinking water systems. 
The study involved physical testing (on a large-
scale 10-meter-long and a small-scale 1-meter-long 
test bench) and then mathematical modeling of the 
pipeline's performance with the protective coating 
to determine its hydraulic characteristics at the 
same ambient temperature (20°C) using 
appropriate automated software [6, 7]. Hydraulic 
bench testing of the initial protective coating 
sample on a steel pipeline and processing of the 
results using automated calculation systems were 
conducted in the laboratory of the Department of 
Water Supply and Sanitation on a large-scale 
pressure rig (Fig. 1). The small-scale gravity rig 
was made in the form of an open steel inclined 
trough (gutter) with a nominal diameter of 100 mm 
with a thin layer of the coating being tested applied 
to it (Fig. 2), along which a mini-flow of water 
moved in the form of a lens at the end (Fig. 3) [8]. 
 

 
Figure 1. General view of a large-scale 

hydraulic test rig with 10 m long pipes with a 
nominal diameter of 100 mm made of various 

materials (the fourth pipe from the top is a steel 
pipe with a protective Subcote FLP coating) 

 

 
Figure 2. Detail of the top view of a 1 m long 

open inclined gutter with Subcote FLP coating 
applied to it 

Simulation of the Operation of a Pressure Pipeline with an Internal Lining of a Protective Coating



88 International Journal for Computational Civil and Structural Engineering

 
Figure 3. A fragment of the end section of a 
sloped gutter with a Subcote FLP protective 

coating and a mini-flow of moving water 
 
To expand the experimental range, i.e., simulating 
extended water presence duration in pipelines and 
flumes, as well as elevated ambient temperatures, a 
special compact setup was developed. It consisted 
of a cylindrical vessel containing 1 liter of water, 
mounted on a magnetic stirrer. A rectangular 
coating sample of specified dimensions was 
immersed into the vessel and firmly secured. The 
coating samples were positioned at the periphery of 
the cylindrical vessel. The angular velocity of the 
stirrer armature was converted to linear velocity at 
the sample boundary at the vessel periphery. This 
design allowed for monitoring potential roughness 
changes in the protective coating samples during 
their prolonged immersion in water, and also at 
different temperatures. It should also be noted that 
chlorine was added to the water in the cylindrical 
vessel, providing a disinfectant effect. This allowed 
for the potential chemical interaction of the 
resulting chlorides with the test samples to be 
assessed. Thus, the process of water transportation 
through a long pipeline was simulated in a 
cylindrical vessel mounted on a magnetic stirrer, 
with chlorine consumption analyzed. 
In parallel, light (optical) microscopy 
experiments were conducted on these samples 
using an Olympus GX53 inverted electron 
microscope (Japan), which provides high-quality 
images difficult to achieve using conventional 
optical microscopy methods. 
The roughness of the samples was also studied 
using a SEITRONIK PSh 8-3 (SS) profilograph-
profilometer, which allows roughness 
parameters to be determined digitally on a 

microprocessor unit. In both cases, experiments 
were conducted over different time intervals. 
The objectives of the study, when conducting 
research using the listed above alternative 
methods, included comparing the obtained 
hydraulic parameters for identity and the degree 
of their discrepancy. The final result of the study 
was the calculation of possible energy losses 
during water transportation as a result of 
potential changes in the hydraulic characteristics 
of the protective coating samples over time. In 
general, the combination of methods and 
measuring instruments used made it possible to 
obtain a preliminary picture of the possible 
transformation of the hydraulic parameters of 
protective coatings over time. 
 
 
RESULTS AND DISCUSSION  
 
Below are the hydraulic test data for each of 
alternative method and a comparative analysis. 
The results of automated processing of hydraulic 
tests of protective coatings on large and small 
rigs at an ambient temperature of 20°C showed 
similar results. Specifically, the average value of 
the hydraulic friction coefficient  for the 
Subcote FLP coating on the large rig was 
0.01772, while on the small rig it was 0.0181, i.e., 
there is a difference of only 2.14%, indicating a 
high degree of reliability of the obtained results. 
Based on electron microscopy and profilometer 
studies, the following equivalent roughness 
coefficients ke were obtained: 
- 0.03716 mm (light microscopy) 
- 0.0386 mm (profilometry). 
Using Prandtl's formula (1), the hydraulic 
resistance coefficients  were calculated for a 
pipeline with a Subcote FLP protective coating 
as follows [9]: 
 

1
= 2 lg + 1,14 (1) 

 
where  is the hydraulic resistance coefficient of 
the pipeline; d is the internal diameter of the 
pipeline with protective coating (mm); ke is the 
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equivalent roughness coefficient of the pipeline 
(mm) equal to 
- 0.01563 (light microscopy) 
- 0.01575 (profilometry). 
The difference in the results was only 3.73%. 
Thus, the results of experiments on hydraulic test 
benches and the data from light microscopy and 
profilometry can be considered reliable for 
determining the hydraulic friction coefficients 
and equivalent roughness, where, for example, 
the discrepancy between the largest absolute 
value (ke=0.0181 mm) and the smallest 
(ke=0.0163 mm) did not exceed 13.6%. 
When modeling the evolution of hydraulic 
parameters under tangential water flow 
conditions in a cylindrical vessel with samples in 
a prolonged contact with water, the following 
dependencies for the equivalent roughness 
coefficient were obtained (Fig. 4). 
The graph in Figure 4 clearly demonstrate the 
decrease in the equivalent roughness coefficient ke: 
the higher the dose of chlorine introduced and the 
longer the sample is exposed to the cylindrical 
vessel, the lower the equivalent roughness value. 
This trend can be explained, for example, by 
incrustation, which in this situation should be 
considered a positive phenomenon, as it ultimately 
contributes to a reduction in the hydraulic friction 
coefficient  by smoothing out microroughness 
depressions, i.e., roughness peaks. 
A reduction in the hydraulic friction coefficient 
automatically leads to a reduction in energy costs 
during water transportation through pressure 
pipelines. This is confirmed by the graphs in Figure 
5, where the calculation of electricity consumption 
E (kW h per year) was carried out using formula (2) 
 

  E=0,81 Q3 l   24 365 / (d 5  p),      (2) 
 
where Q is the flow rate of water supplied by the 
pipeline (m3/s), at which the flow velocity is 1 
(m/s); d is the internal diameter of the pipeline 
(m); l is the length of pipeline section (m) ;  is 
the coefficient of hydraulic friction; p is the 
efficiency of the pumping unit (0.95); 24 is the 
number of hours the pump operates per day (h); 
365 is the number of days in a year. 

 
Figure 4. Graph of the change in the equivalent 

roughness coefficient ke (mm) as a function of the 
sample's presence time T in a cylindrical vessel 

with a stirrer (Points along the abscissa axis: 1 - 
for the initial sample T = 0 min; 2 - after 
treatment in 167 min with a single dose of 

chlorine at 0.5 mg/l; 3 - after treatment in 334 min 
with a single dose of chlorine; 4 - after treatment 

in 167 min with a double dose of chlorine) 
 
The graph in Figure 5 illustrates the reduction in 
energy consumption depending on the duration 
and dose of chlorine introduced into the water. 
 

 
Figure 5. Graph of the change in energy 

consumption (E) (kWh per year) as a function of 
the sample's presence time T in a cylindrical 
vessel with a stirrer (Points on the abscissa 

axis: 1 - initial sample T = 0 min; 2 - treatment 
after 167 min with a single dose of chlorine; 3 – 

treatment after 334 min with a single dose of 
chlorine; 4 – treatment after 167 min with a 

double dose of chlorine) 
 
Single-run pilot experiments conducted using a 
magnetic stirrer system to examine the effect of 
ambient temperature on changes in the roughness 
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of protective coating walls also revealed a tendency 
toward a decrease in the equivalent roughness 
coefficient as water temperature increased from 20 
to 500°C. Therefore, the obtained results allow us 
to draw a reasonable preliminary conclusion 
regarding the need for continued experimental 
modeling studies across wide temperature ranges 
and durations of water presence in the water supply 
network to confirm the hypotheses regarding the 
transformation of the roughness of protective 
pipeline coatings during pipeline operation. For 
these purposes, a comprehensive and detailed 
analysis of the chemical composition of water and 
coating samples over time is envisaged. 
 
 
CONCLUSIONS 
 
1. The results of a study of the hydraulic 
characteristics of pipelines coated with Subcote 
FLP using alternative methods as well as promising 
methodological approaches for determining the 
possible transformation of equivalent roughness 
parameters and other parameters during long-term 
pipeline operation and changing temperature 
conditions are presented. 
2. The experimental results demonstrate the 
validity of using various methods to determine the 
set of characteristics required by designers for 
pipes coated with protective coatings. 
3. The focus of subsequent research will be on 
analyzing and establishing strict patterns of 
changes in the chemical composition of water and 
samples of Subcote FLP protective coatings and 
other types of polymer spray-on protective 
pipeline coatings, in particular, Scotchkote 169 
HB, which has also found wide application in 
trenchless pipeline renovation. 
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of protective coating walls also revealed a tendency 
toward a decrease in the equivalent roughness 
coefficient as water temperature increased from 20 
to 500°C. Therefore, the obtained results allow us 
to draw a reasonable preliminary conclusion 
regarding the need for continued experimental 
modeling studies across wide temperature ranges 
and durations of water presence in the water supply 
network to confirm the hypotheses regarding the 
transformation of the roughness of protective 
pipeline coatings during pipeline operation. For 
these purposes, a comprehensive and detailed 
analysis of the chemical composition of water and 
coating samples over time is envisaged. 
 
 
CONCLUSIONS 
 
1. The results of a study of the hydraulic 
characteristics of pipelines coated with Subcote 
FLP using alternative methods as well as promising 
methodological approaches for determining the 
possible transformation of equivalent roughness 
parameters and other parameters during long-term 
pipeline operation and changing temperature 
conditions are presented. 
2. The experimental results demonstrate the 
validity of using various methods to determine the 
set of characteristics required by designers for 
pipes coated with protective coatings. 
3. The focus of subsequent research will be on 
analyzing and establishing strict patterns of 
changes in the chemical composition of water and 
samples of Subcote FLP protective coatings and 
other types of polymer spray-on protective 
pipeline coatings, in particular, Scotchkote 169 
HB, which has also found wide application in 
trenchless pipeline renovation. 
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MATHEMATICAL MODEL OF OPTIMIZATION OF THE 
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barovsk Federal Research Center of the Far Eastern Branch of the Russian Academy of Sciences,  
Komsomolsk-na-Amure, RUSSIA  

 
Abstract: The study is devoted to the issue of mathematical modeling of effective heat transfer in a blood clot 
wall, which is a structural element of passive solar heating of buildings.  The problem of optimization the geometry 
of the transparent partition wall of the Thrombus, partially absorbing and transmitting solar energy, is considered  
in the work. The air temperature in the air layer is selected as the optimization objective function. A mathematical 
model for optimizing the wall thickness of a transparent partition, at which the maximum air temperature in the 
gap is reached, is built in the work. The model was constructed using the equations of thermal balance, the 
Bouguer-Lambert-Beer lawlaw, and the necessary and sufficient conditions for the extremum of the objective 
function. The determining ratios take into account the processes of convective and radiant heat transfer. The nu-
merical calculation method is implemented using the implicit differentiation method and the Newton iterative 
method. The optimal values of the wall thickness of a transparent partition, at which the maximum value of the air 
temperature in the wall layer of the Thrombus is reached, as well as the corresponding temperatures of the partition 
and the surface of a massive wall coated with a phase transition material, are obtained based on the constructed 
mathematical model. The constructed graphical dependences of the air temperature in the gap on the wall thickness 
of the transparent partition clearly demonstrate the presence of a maximum of the objective function. The optimal 
values of the wall thickness of the transparent partition and the air temperature in the interlayer decrease with 
increasing absorption coefficient of the glass partition material according to the results of numerical experiments.  
The constructed mathematical model and numerical calculation method will make it possible to increase the effi-
ciency of heat transfer in the Thrombus wall by reducing heat energy losses when choosing the optimal thickness 
of the glass partition. 
 

Keywords: Trombe wall, system of passive heating, solar radiation, convective heat exchange, 
radiant heat exchange, optimization, implicit differentiation 
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1. INTRODUCTION 
 
Today, research on the use of heat exchange sys-
tems based on renewable energy sources is be-
coming increasingly common in ivil and struc-
tural engineering. One such system is the Trombe 
wall, which operates by accumulating solar en-
ergy. The operating principle of this system is as 
follows: the flow of solar radiation, passing 
through a transparent partition, is absorbed by a 
solid wall, which is coated with a dark coating of 
a phase-change material. The absorbed thermal 
energy is then transferred to the air space be-
tween the transparent partition and the solid wall 
[1-3]. In practice, the Trombe wall is used as a 
source of passive heating in the design of resi-
dential structures. 
In recent years, various approaches to optimizing 
the Trombe wall have become widespread, re-
flected primarily in foreign studies. The most 
comprehensive discussion of modern trends in 
Trombe wall optimization is provided in [4]. In 
addition, the main optimization issues addressed 
in the study of heat transfer in a Trombe wall 
should be noted: the choice of coatings and 
phase-change materials that ensure the best heat 
transfer in the Trombe wall [5, 6]; modeling the 
operating conditions of the Trombe wall to en-
sure optimal thermal comfort [7]; reducing en-
ergy consumption and heat losses in the Trombe 
wall [8, 9]; optimizing the geometry and intro-
ducing new design solutions in the Trombe wall 
[10, 11]; developing software to control the heat 

transfer process in the Trombe wall [12, 13]. Ac-
cording to the conducted analysis, most of the 
studied Trombe wall optimization problems are 
solved by trying out various configurations using 
either numerical methods, in particular the finite 
element method, or with the help of full-scale ex-
periments. A few works are devoted to mathe-
matical modeling of heat transfer in the Trombe 
wall, in particular the works [3, 14]. Some issues 
related to improving thermal efficiency in con-
struction, as well as the use of phase-change ma-
terials, are discussed in [15-20]. 
One unexplored issue remains the mathematical 
modeling of the optimal thickness of the trans-
parent partition in a Trombe wall. Today, a wide 
variety of glass blocks, double-glazed windows 
are used as transparent partitions in Trombe 
walls, each with varying degrees of light trans-
mittance, which affects the amount of solar en-
ergy absorbed by the transparent partition. The 
challenge of optimizing the thickness of the 
transparent partition stems from the fact that, on 
the one hand, it acts as a thermal barrier: the 
thicker the transparent partition wall, the more 
light it absorbs, and the higher its temperature. 
On the other hand, as the thickness of the trans-
parent partition wall increases, the intensity of 
solar radiation transmitted through the partition 
and incident on the solid wall with a phase-
change material coating decreases. Since one of 
the main functions of a Trombe wall is to heat the 
air in the air gap between the transparent partition 
and the solid wall, the development of a mathe-
matical model for optimizing the thickness of the 
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transparent partition, ensuring the maximum air 
temperature in the air gap of the Trombe wall, is 
relevant. 
When conducting mathematical modeling of the 
optimal wall thickness of a transparent partition 
in the heat transfer system of a Trombe wall, we 
will use the following assumptions: 
  the boundary surfaces of the transparent par-

tition and the solid wall are flat, the width of the 
air gap and the thickness of the transparent parti-
tion are constant, 
  the intensity of solar radiation incident on the 

Trombe wall is constant over the period of time 
under consideration, 
  the reflection of solar radiation on the outer 

surface of the transparent partition is negligible, 
  the boundary surfaces of the transparent par-

tition and the solid wall are isothermal in the 
studied region, 
  the air temperature and the heat transfer coef-

ficient on the outer surface of the transparent par-
tition remain constant over the studied period of 
time, 
  the air temperature field in the studied region 

of the air gap is uniform, 
  the temperature of the outer surface of the 

solid wall with a coating made of a phase-change 
material does not exceed the melting point of the 
material, 
  heat transfer through the solid wall with a 

coating made of a phase-change material is ex-
cluded. 
 
 
2. METHODS 
 
Let us consider the heat balance equations for a 
transparent partition, air in the air gap and a solid 
wall with a coating made of a phase-change ma-
terial [3]: 
 

=
( ) ( )

,      (1) 

=
( ) ( )

,    (2) 

=
( ) ( )

,      (3) 

where ,  – the amounts of heat supplied to 
and removed from the transparent partition, 

,  – the amounts of heat supplied to and 
removed from the air in the air gap, ,  – 
the amounts of heat supplied to and removed 
from the massive wall with a coating made of 
phase-change material, , ,  – the specific 
heat capacities of the transparent partition, air in 
the duct, and phase-change material, ,  – 
the densities of the transparent partition, air in the 
duct,  – the mass of the phase-change mate-
rial,  – the thickness of the transparent partition, 

 – the width of the air duct, ( )
,

( )
,

( ) – the 
initial temperatures of the transparent partition, 
air in the duct, and phase-change material, 

( )
,

( )
,

( ) – temperatures of the transparent 
partition, air in the channel, material with a phase 
transition after time . 
We will describe the attenuation of the luminous 
flux when light radiation passes through the wall 
of a transparent partition based on the Bouguer-
Lambert-Beer law: 
 

= ,                         (4) 
 
where  – the intensity of the light flux incident 
on the transparent partition,  – the intensity of 
the light flux passed through the transparent par-
tition,  – the absorption coefficient of the me-
dium. 
Heat supply and removal (Fig. 1) is ensured by 
radiant and convective heat exchange, taking into 
account the relationship (4): 
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where ( ) – the outside air temperature, ,  
– the heat transfer coefficients on the boundary 

inner and outer surfaces of the transparent parti-
tion,  – the heat transfer coefficient on the sur-
face of a massive wall with a coating made of a 
phase-change material,  – the area of the surface 
under study,  is the effective emissivity,  – the 
Stefan-Boltzmann constant. 
 

 

 
Figure 1. Diagram of the heat exchange process in the Trombe wall (  , ,  – specific 
radiant heat flux on the outer and inner surfaces of the transparent partition and on the surface of 
the massive wall;  , ,  – specific convective heat flux on the outer and inner surfaces 

of the transparent partition and on the surface of the massive wall) 
 
  
When constructing the optimization model, we 
will consider an unconstrained optimization 
problem. The objective function will be the air 
temperature in the air gap between the transpar-
ent partition and the solid wall coated with a 
phase-change material, and the optimization var-
iable will be the wall thickness of the transparent 
partition. Thus, the mathematical formulation of 
the air optimization problem in the gap, taking 
into account heat balance equations (1) –(3) and 

the Bouguer-Lambert-Beer law, will take the 
form: 
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To find the optimal value for the transparent par-
tition wall thickness, we use the necessary extre-

| = 0, where  – 
the optimal value for the transparent partition 
wall thickness. According to the system of equa-
tions (5) – (8), the air temperature in the air gap 
is not explicitly expressed in terms of the wall 
thickness. Therefore, we use the implicit 
differentiation method: 
 

= + + 
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Solving the system of equations (9) – (11) taking 
into account the conditions:  
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Thus, the optimization problem is reduced to 
solving the system of equations (6) – (8), (12) for 

= . We introduce the vector of unknown pa-
rameters: = ,

( )
,

( )
,

( ) . To calculate 
the system of nonlinear equations, we use New-
ton's iterative method, then the linearized system 
of equations (6) – (8), (12) will take the form: 
 

( )
+ ( ) = 0, = 1,4,   

= + ,               (13) 
 

where  – the iteration number. 
The condition for the termination of the iterative 
process can be represented as: max

, where  – the specified accuracy of 
the numerical calculation. 
The solution to the system of linear equations 
(13) will be the values: 
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( ), at which the air 
temperature in the air gap reaches the optimal 
value: 
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In order to estimate the obtained optimal value to 
the maximum, we will use the sufficient condi-
tion for the extremum | < 0. By 
solving the system of equations (9) – (11), we ob-
tain an equation for finding in implicit 
form: 
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We introduce the notation ( )
=

( ) . To 
check the sufficient condition for the extremum 
to be maximal, we use the implicit differentiation 
method. Then, taking into account that 

= 0, we obtain an equation for calculat-
ing ( )
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The solution to equation (15) for =  is 

| . Due to nonlinearity, the nu-
merical solution to equation (15) can be found 
using Newton's method, similar to the system of 
equations (13). 
To establish the dependence of the temperature 
change: ( )

,
( )

,
( )with a change in , we 

consider the numerical solution of the system of 
equations (6) - (8) with a vector of unknown pa-
rameters =  

( )
,

( )
,

( )  for a given set of 
values of the thickness of the transparent parti-
tion = { }, = 1, . Applying Newton's 
method for the numerical solution of the system 
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The solution to equation (15) for =  is 

| . Due to nonlinearity, the nu-
merical solution to equation (15) can be found 
using Newton's method, similar to the system of 
equations (13). 
To establish the dependence of the temperature 
change: ( )
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( )with a change in , we 

consider the numerical solution of the system of 
equations (6) - (8) with a vector of unknown pa-
rameters =  

( )
,

( )
,

( )  for a given set of 
values of the thickness of the transparent parti-
tion = { }, = 1, . Applying Newton's 
method for the numerical solution of the system 
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of equations (6) - (8), we obtain the following it-
erative scheme for a fixed value of the partition 
thickness = , = 1, : 
 

( , )
+ ( , ) = 0,   (16) 

= + , = 1,3, = 1,4 = 1, .   
 
The condition for the termination of the iterative 
process: max . The initial ap-
proximations of the sought temperatures in the it-
erative processes (13) and (16) will be deter-
mined by the given values at the initial moment 
of time: ( )

,
( )

,
( ). 

 
 
3. RESULTS 
 
Based on the constructed mathematical models, 
we will carry out a numerical calculation using 
the mathematical package Mathcad 15.0 with the 
following input data: = 1,05, = 350 W m , 

= 300 s, = 5,67 10 W ( K ), =

0,3, = 8 W (m K), =

23 W (m K), = 8 W (m K),  =

3000 J (kg K), = 840 J (kg K), =

1005 J (kg K), = 1 m , = 0,1 m, =

7,2 kg, = 1,5 kg m , = 2500 kg m , 
( )

= 293 K, ( )
= 293 K, ( )

= 293 K, 
( )

= 288 K, = 0,01. 
We will consider a glass partition as a transparent 
partition. We will conduct a series of calculations 
for various values of the glass  absorption coeffi-
cient: = , = 5 , = 10 , = 20 . We 
will take the initial approximation of the optimal 
glass wall thickness in the iterative process (13) 
as = 1 mm. 
According to the numerical solution of the opti-
mization problem (5) – (8) for different values of 
the absorption coefficient of the glass, the fol-
lowing optimal values were obtained, presented 
in Table 1. 
To estimate the temperature changes of the 
glass partition, the air in the air gap, and the 
surface of a solid wall coated with a phase-
change material for various values of a given 
set of glass partition thicknesses: 
={2,4,…,12,15,25,50, …,100} mm, numeri-

cal solutions of the system of equations (6)–(8) 
were obtained. Graphical dependences of the 
change in the desired temperatures on the glass 
partition thickness are presented in Fig. 2. 

 
 

Table 1. Results of calculating the optimal parameters in problem (5) – (8) 
 

Absorption coefficient, 
 ( ), = 1,4 

Optimal parameters 
, mm ,  ,  ,  

=  53,89 21,96 24,23 19,80 
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Figure 2. Dependence of the temperatures of a solid wall (1), air in the air gap (2), glass partition 

(3) on the thickness of the glass partition with absorption coefficients: 
 =  (a), = 5  (b), = 10  (c), = 20  (d) 

 
4. DISCUSSION 
 
According to the results presented in Table 1, opti-
mal values for the glass partition thickness were ob-
tained for achieving the maximum air temperature 
in the Trombe wall air gap, as well as the corre-
sponding temperatures of the glass partition and the 
surface of the solid wall coated with a phase-
change material. As the glass partition's absorption 
coefficient increases, the optimal thickness and the 
maximum air temperature in the Trombe wall air 
gap decrease. 
The graphical dependencies presented in Figure 
2 clearly demonstrate the presence of a maximum 
on the curve of the air temperature in the Trombe 

wall air gap as a function of the glass partition 
thickness. Moreover, the optimal values in the 
graphs in Figure 2 correspond to the values ob-
tained in Table 1, confirming the accuracy of the 
numerical calculations performed according to 
the constructed mathematical model. Based on 
the results presented in Figure 2, it can be con-
cluded that as the thickness of the transparent 
partition increases, the air temperature in the air 
gap initially increases, then reaches a maximum 
value, and then decreases; With an increase in the 
absorption coefficient of the glass partition, all 
other things being equal, the maximum point on 
the curve of the dependence for the air tempera-
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ture in the air gap shifts “to the left”, i.e. the op-
timal values of the thickness of the transparent 
partition are achieved at smaller values. 
 
 
5. CONCLUSION 
 
This paper develops a mathematical model for cal-
culating the optimal wall thickness of a transparent 
partition in a Trombe wall, achieving the maximum 
air temperature in the air gap between a solid wall 
coated with a phase-change material and the trans-
parent partition. The mathematical model takes 
into account heat balance conditions for convective 
and radiative heat transfer, as well as the Bouguer-
Lambert-Beer law. The numerical solution to the 
optimization problem was constructed using the 
implicit differentiation method and Newton's itera-
tive method. Numerical experiments yielded opti-
mal temperatures for the glass partition, the air in 
the air gap, and the surface of the solid wall coated 
with a phase-change material. These temperatures 
were also plotted as a function of the wall thickness 
of the transparent partition in the Trombe wall. Ac-
cording to the obtained results, as the absorption 
coefficient of the glass partition used as a transpar-
ent partition in the Trombe wall increases, the opti-
mal wall thickness and the maximum air tempera-
ture in the air gap decrease. It should be noted that 
in practice, a transparent partition can be a single-
chamber glass unit with an effective thickness of 25 
mm. A transparent partition can also be a glass 
block with an effective thickness ranging from 75 
mm to 100 mm. 
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ture in the air gap shifts “to the left”, i.e. the op-
timal values of the thickness of the transparent 
partition are achieved at smaller values. 
 
 
5. CONCLUSION 
 
This paper develops a mathematical model for cal-
culating the optimal wall thickness of a transparent 
partition in a Trombe wall, achieving the maximum 
air temperature in the air gap between a solid wall 
coated with a phase-change material and the trans-
parent partition. The mathematical model takes 
into account heat balance conditions for convective 
and radiative heat transfer, as well as the Bouguer-
Lambert-Beer law. The numerical solution to the 
optimization problem was constructed using the 
implicit differentiation method and Newton's itera-
tive method. Numerical experiments yielded opti-
mal temperatures for the glass partition, the air in 
the air gap, and the surface of the solid wall coated 
with a phase-change material. These temperatures 
were also plotted as a function of the wall thickness 
of the transparent partition in the Trombe wall. Ac-
cording to the obtained results, as the absorption 
coefficient of the glass partition used as a transpar-
ent partition in the Trombe wall increases, the opti-
mal wall thickness and the maximum air tempera-
ture in the air gap decrease. It should be noted that 
in practice, a transparent partition can be a single-
chamber glass unit with an effective thickness of 25 
mm. A transparent partition can also be a glass 
block with an effective thickness ranging from 75 
mm to 100 mm. 
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(FEM), the Newmark- –Raphson iterative solver 
enhanced with line search. 
 

Keywords: vibration isolation, steel-rubber vibration isolator with holes, Mooney–Rivlin model, 
Prony series, Newmark-  method 

  
 

 
 

 
 

 1  2  1 
1  

 
2  

 

-

- line search 
 

  c , 
 - -  

 
1. INTRODUCTION 
 
Vibrations generated by underground rail 
transport pose a serious threat to the serviceabil-
ity of buildings located in close proximity to sub-
way tunnels. These vibrations propagate through 
the soil and are transmitted to building structures 
via their foundations. The spectral composition 
of the excitation is determined by several mech-
anisms: the relative motion of the train car body 
and its suspension system, wheel bounce on the 

rails, and the resistance to motion caused by the 
wheel-rail contact surface. 
Introducing perforations into the structure of a vi-
bration isolator allows for the tuning of its dy-
namic characteristics and broadening of its isola-
tion band. However, this significantly compli-
cates the calculation of its stress-strain state. Fur-
thermore, rubber exhibits pronounced hyperelas-
tic and viscoelastic behavior, which necessitates 
the use of advanced numerical analysis methods 
that account for large deformations, nonlinear 
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1. INTRODUCTION 
 
Vibrations generated by underground rail 
transport pose a serious threat to the serviceabil-
ity of buildings located in close proximity to sub-
way tunnels. These vibrations propagate through 
the soil and are transmitted to building structures 
via their foundations. The spectral composition 
of the excitation is determined by several mech-
anisms: the relative motion of the train car body 
and its suspension system, wheel bounce on the 

rails, and the resistance to motion caused by the 
wheel-rail contact surface. 
Introducing perforations into the structure of a vi-
bration isolator allows for the tuning of its dy-
namic characteristics and broadening of its isola-
tion band. However, this significantly compli-
cates the calculation of its stress-strain state. Fur-
thermore, rubber exhibits pronounced hyperelas-
tic and viscoelastic behavior, which necessitates 
the use of advanced numerical analysis methods 
that account for large deformations, nonlinear 

material models, and the interaction between pre-
stress and dynamic loading. 
The objective of this work is the nonlinear dy-
namic analysis of three types of rubber-metal vi-
bration isolators. The methodology is based on a 
multi-step calculation procedure: a static analysis 
with a preload representing the load from a por-
tion of the building, followed by a dynamic anal-
ysis employing the Newton-Raphson algorithm 
with line search and implicit Newmark time inte-
gration. 
The computational core of the code, written in 
the Python programming language, utilizes the 
NumPy and SciPy libraries. The NumPy library 
provides efficient storage for dense arrays and 
enables vectorized operations, while the 
scipy.sparse module is used to store the global 
stiffness and mass matrices, which are highly 
sparse in finite element analysis (FEA) problems. 

tions at each Newton-Raphson iteration, efficient 
direct solvers available in scipy.sparse.linalg are 
employed. 
The general implementation algorithm in Python 
is as follows: 
Mesh generation was performed directly in Py-
thon, with the capability to export in VTK format 

araView. The do-
main was discretized using cubic HEX8 ele-
ments. Based on this data, a material class is cre-
ated, defining functions to compute the internal 
force vector and tangent stiffness matrices, incor-
porating the hyperelastic Mooney-Rivlin model 
and viscoelasticity implemented via Prony series. 
The next step is the global assembly procedure, 
which sums the contributions of individual finite 
elements into the overall sparse system matrix. 
A key stage prior to the dynamic analysis is the 
preliminary static calculation, where the load is 
applied in increments, and the nonlinear system 

ton-Raphson method. This allows for the deter-
mination of the initial deformed state and the up-
dating of the tangent stiffness matrix to account 
for the resulting geometric nonlinearity. 

The computational process concludes with the 
application of the Newmark-  method for dy-
namic analysis. At each time step tn+1, a nonlinear 

for-
mulated and solved using the iterative Newton-
Raphson method. Within each iteration, the cur-
rent kinematic parameters are estimated using the 
Newmark relationships, after which the geome-
try, stresses, and tangent stiffness matrix are up-
dated. Upon achieving convergence, the material 
history is updated, and the results are saved for 
post-processing [1-4]. 
 
 
2. RESEARCH METHODS 
 
Initial Excitation and Isolator Geometry 
The challenge of correctly selecting the resonant 

understanding of the spectral composition of the 
excitation generated by a shallow subway sys-
tem. The analysis was performed by processing 
data obtained from a three-channel vibration me-

bands from 2 to 250 Hz, located near the "Akad-
emicheskaya" subway station. Processing of the 
experimental data showed (Figure 2) that the 
spectrum of the vibration signal has a distinctly 
uneven character with several key peaks. The 
highest energy saturation of the signal was rec-
orded in the low-
acteristic of the impact of rolling stock on the soil 
mass. The dominant peak is in the octave band 

tion levels reach maximum values (~72 dB). This 

tion isolation tasks (especially for the natural fre-

of structural resonance. 
In addition to the main peak, significant vibration 
levels were recorded in the 16 Hz and 63 Hz 
bands. Specifically, the component at 16 Hz, 
with a level of about 65 dB, presents a particular 

vibration isolators with extremely low stiffness. 
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Figure 1. Gauges placement 

 

 
Figure 2. Diagram of the input frequencies 
spectrum according to gauge indications 

 

system is essential for preventing resonant phe-

tem is close to the external 
cies, this will lead to a sharp increase in vibration 
amplitude, intensification of the vibratory impact 
on structural elements, and potential material 
failure. [5]
Three variants of the vibration isolator were 
modeled: a classic rubber-metal type without 

holes (Type A, Fig. 3, 6), a version with a central 
through-hole (Type B, Fig. 4, 7), and a modifica-
tion featuring a central hole plus four additional 
holes arranged diagonally (Type C, Fig. 5, 8). 
 

 
Figure 3. Finite element model of a rubber-

metal vibration isolator 650x400x350mm with-
out opening 

 

 
 

Figure 4. Finite element model of a rubber-
metal vibration isolator 650x400x350mm with 

central opening 
 

 
Figure 5. Finite element model of a rubber-

metal vibration isolator 650x400x350mm with 
five openings 
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Figure 6. 3D view of a rubber-metal vibration 

isolator 650x400x350mm without opening 
 

 
Figure 7. 3D view of a rubber-metal vibration 
isolator 650x400x350mm with central opening 

 

 
Figure 8. 3D view of a rubber-metal vibration 
isolator 650x400x350mm with five openings 

 
The overall dimensions of the vibration isolator 
are 650 × 400 × 350 mm. The structure consists 
of alternating layers: steel plates with a thickness 

of 12.5 mm and rubber layers with a thickness of 
100 mm. 
The dimensions of the central hole are set at 150 
× 100 mm, while the dimensions of the staggered 
holes are set at 50 × 50 mm. 
The steel plates are defined by the following pa-
rameters: E = 2 1011 Pa,  = 0.3, and a density of 

 = 7000 kg/m³. 
 
Hyper elastic behavior  
The hyper elastic behavior of the rubber is de-
scribed using the strain energy density function 
in the Mooney-Rivlin model: 
 

= ( 3) +  ( 3) 
+ ( 1)                         (1) 

 
where: 

= ( ) is the first invariant of the right Cau-
chy-Green deformation tensor 

= [ ( ) ( )]  is the second invar-
iant  

= det ( ) is the volumetric tension 
C10 = 0.35 MPa and C01 = 0.12 MPa are the ma-
terial constants. 
The first sum describes the deviatoric part of the 
energy, while the second considers the volumet-
ric part associated with compressibility. 
Two-parameter Mooney-Rivlin model (N=1, 
C11=0) is as follows:
 

= ( 3) +  ( 3)          (2) 
 
This model is preferable to the simplest neo-
Hookean model, since the presence of the term 
with C01 allows one to describe the effect of rub-
ber softening under moderate deformations [6]. 
 
Viscoelasticity  
The hyper elastic model describes the static be-
havior of the rubber. However, one of the key 
functions of a vibration isolator is damping, 
which in polymers has a viscoelastic nature. This 
leads to the stress depending not only on the 
strain, but also on the strain rate and the loading 
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history. The hyper 
librium response; viscoelastic effects are ac-
counted for as deviations from it and contribute 
to both the static and dynamic response. [7] 

through the complex shear modulus as follows  
 

( ) = ( ) + ( )              (3)       
 
where G' is the storage modulus (elastic compo-
nent), and G'' is the loss modulus (viscous com-
ponent). The tangent of the mechanical loss angle 
(loss coefficient) 
 

= /                        (4) 
 
For the numerical analysis in the time domain, 
which is necessary for solving nonlinear dynamic 
problems using Newmark's method, the fre-

relaxation function G(t). The most convenient 
approximation is the expansion into Prony series 
(generalized Maxwell model). 
The hyper elastic Mooney-Rivlin model de-
scribes the static behavior of rubber; however, a 
critically important characteristic of a vibration 
isolator is its damping capacity, which in rubbers 
has a distinctly viscoelastic nature. These pro-
cesses cause the stress-strain state to depend not 
only on the current strain, but also on the entire 
loading history. 
For numerical modeling in the time domain, the 

ence of the complex shear 
modulus G*(w) is approximated by the shear re-
laxation function G(t). In the present work, the 
generalized Maxwell model is used, which is 
mathematically expressed through Prony series. 
[8, 9] 
The shear relaxation function G(t) is defined by 
the expression: 
 

( ) = 1 (1 / )          (5) 
 
where: 
 G0 is the instantaneous shear modulus at t=0, 

related to the hyper elastic constants by the re-
lation:  

= 2( +  )                 (6)  
 

 gk is the dimensionless relaxation weighting 
coefficient (gk = Gk / G0), characterizing the 
contribution of the kth branch to the overall re-
duction in rigidity; 

  is the creep times; 
 N is the order of the series, i.e., the number of 

Maxwell branches [10]. 
The long-term shear modulus (G ), which deter-
mines the rigidity of rubber after the relaxation 
processes are completed, is related to the instan-
taneous modulus by the ratio: 
 

= [1 )]                   (7) 
 
The coefficients are adopted on the basis of iden-
tification for high-damping rubbers: g
g g , , 
= 985.2 . [11] 
 
Combined Hyper elastic - Viscoelastic Model 
for Calculating Stress and the Tangent Stiff-
ness Matrix 
In the present study, the hyper elastic and visco-
elastic models are used within a unified visco-hy-
perelastic formulation. The hyper elastic part 
(Mooney–
contribution to the strain energy and determines 
the static (long-term) stress-strain state, while the 
viscoelastic part in the form of Prony series de-

sponse over time. In practice, this is implemented 
as follows: at each solution step, based on the 
known strain tensor, the 
the material tangent matrix are first computed us-
ing the Mooney–Rivlin model (considering G ). 

-
from each branch of the Prony series are added to 
them. These contributions are determined by 

dependent on the strain history). As a result, the 
total stress tensor represents the sum of the hyper 
elastic and all viscoelastic components, and the 
tangent stiffness matrix (Ktangent) is formed as a 
superposition of the material stiffness from the 
Mooney–Rivlin model and additional derivatives 
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from all branches of the Prony series. This ap-
proach ensures the correct accounting of both the 
instantaneous nonlinear stiffness of the material 
and the time-dependent relaxation and damping 
under dynamic loading [12]. 
 
Software Architecture and System State 
Transfer 
To implement the numerical modeling in Python, 
an architecture employing a single class was ap-
plied, ensuring the preservation of the system 
state throughout the entire calculation. Avoiding 
two independent calculations (static and dy-
namic) circumvents the difficulties associated 
with the correct transfer of internal variables de-
scribing the history of viscoelastic deformation. 
Instead, the model 
lution methods: static and dynamic, both operat-
ing on unified variables and classes. 
Upon completion of the static loading stage 
Fstatic, the system records the displacement field, 
the updated configuration of the mesh nodes, as 
well as the stress and strain tensors at each inte-
gration point. It is important not only to save the 
tangent stiffness matrix Ktangent but also the com-
plete tensor field of stresses. These stresses are 
responsible for the "geometric stiffness" effect, 
which modifies the system's response. Omitting 
information about the initial stresses while pre-
serving only the matrix K would lead to an incor-

steps of the dynamic analysis. 
The transition from statics to dynamics is imple-
mented in Python as a change of solver without 
recreating the vibration isolator model. The con-
verged solution obtained in the Newton-Raphson 
loop is accepted as the initial condition t=0 for 
Newmark's method. This ensures the continuity 
of the viscoelastic memory: the creep parameters 
(Prony series terms) accumulated during the 
static phase are passed as the initial state for the 
first step of the dynamic calculation. 
 
Accounting for Geometric Nonlinearity  
To correctly account for geometric nonlinearity, 
the stiffness matrix (K) must be recalculated at 

each time step based on the current nodal coordi-
nates (x = X + u). This implies constructing the 
strain-displacement matrix (B) based on the de-
formed geometry rather than the original config-
uration. 
The algorithm for a dynamic step includes the 
following operations: 

1. Calculation of total displacements (the 
sum of static and current dynamic dis-
placements) and updating the coordi-
nates. 

2. Updating the matrix (B) and computing 
the current stresses. 

3. Forming the geometric component of the 
stiffness matrix (Kgeo), which depends on 
the current stress-strain state. 

The total tangent stiffness matrix is defined as the 
superposition of the material and geometric com-
ponents: 
 

= +             (8) 
 
The presence of the component (Kgeo), reflecting 
the influence of compressive stresses in the rub-
ber, is critically important for correctly modeling 

-metal 
vibration isolator under load [13]. 
 
Structure of the Software Implementation 
The practical implementation of the model is 
built according to a modular scheme: 

 StaticSolver: Performs the solution of 
the nonlinear static problem, returning 
the deformed mesh, the matrix (Ktangent), 
the stress field, and the state of the visco-
elastic process. 

 State: A module that receives all current 
data after each iteration (mesh, matrix K, 
material properties, internal variables). 

 DynamicSolver: Conducts the dynamic 
analysis based on the data from the State 
module, adds inertial masses to the corre-
sponding degrees of freedom, and imple-
ments the numerical time integration pro-
cedure using Newmark's method. 

the mesh and stiffness to the dynamic module. 
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Applying the load to the top surface exclusively 
through mass is a necessary condition for gener-
ating correct inertial forces, without which a non-
linear dynamic analysis of the vibration isolation 
is impossible.. 
 
 
3. STATIC ANALYSIS  
 
The static load Fstatic = 2000 kN, simulating the 
weight of a portion of the building, is applied to 
the top plate of the vibration isolator as a uni-
formly distributed load. Given the pronounced 
geometric nonlinearity (large deformations) and 
the physical nonlinearity of the hyper elastic ma-
terial, applying the full load in a single step is im-
possible due to convergence problems. 
To address this issue, an incremental loading pro-
cedure was implemented: Fstatic = 2000 kN was 

F = 2 kN). At 

sought using the iterative Newton-Raphson 
method, with a convergence criterion based on 
the relative norm of the force residual set to 10-5. 
 
Analysis of the Stress-Strain State 
As a result of the static calculation, the field of pre-
stresses and the updated (deformed) mesh geome-
try were obtained. It is this stressed state that deter-
mines the tangent stiffness matrix (Ktangent), which 
is recorded and passed as the initial condition for 

 
 
Numerical Implementation of the Nonlinear 
System Solution using the Newton-Raphson 
Algorithm  
The solution o

ton-Raphson method, incorporating a line search 
procedure to enhance the stability of the iterative 
process. The load application procedure was dis-
cretized: at each stage, an increment of F = 2 
kN was applied, totaling 1000 substeps until the 
full load value was reached. [15] 
During the iterative process, the Jacobian matrix 
(tangent stiffness matrix) was updated at each 
step: 

=                           (9) 
 
The force residual vector (R) was defined as the 
difference between the external loads and the in-
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where the convergence tolerance is taken as rel 
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3. Solving the Linearized System. The displace-

ment increment vector is computed as fol-
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4. Line Search (State Update). The current nodal 

coordinates are corrected using a step size : 
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The backtracking method was used to determine 
the parameter . In cases where the full algorithm 
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sidual, a step reduction algorithm with a factor of 
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Algorithm Efficiency 
Analysis of the numerical simulation results 
demonstrated the high efficiency of the specified 
algorithm: 

 The number of Newton-Raphson itera-
tions per loading substep decreased from 
18–22 to 7–12. 

 Cases of solution divergence in situations 
 < 0.3) were 

eliminated. 
 
Transfer to Dynamic Analysis 
The modeling of the inertial properties of the sys-
tem is carried out by modifying the global matri-
ces and vectors before initializing the dynamic 
loop. During the static calculation stage, the ex-
ternal force vector (Fext) is formed, simulating the 
gravitational load on the top nodes, and the sys-

. 
Before starting the dynamic step, a procedure for 

 
1. The components of the external force 

vector (Fext) corresponding to the static 
pressure are zeroed out, as this load tran-
sitions into the category of inertial forces. 

2. The global mass matrix (M) is modified. 

uted among the corresponding nodes of 
the top face of the isolator. 

In the Python code, this is implemented by add-
ing lumped masses to the diagonal entries of the 
global matrix. 

ation of motion is written as a balance of 
inertial and internal forces: 
 

+ ( , , ) = 0        (15) 
 
The internal force vector (Fint) includes stresses 
from both the hyper elastic Mooney-Rivlin 
model and the viscoelastic model. An explicit 
damping matrix C is not used, as energy dissipa-
tion arises automatically in the calculation of Fint 
due to the dependence of stresses on the strain 
history. The damping of viscoelastic materials is 

-dependent. The Rayleigh ma-
trix (C = M + K) assumes damping propor-
tional to mass or stiffness, which provides a very 
rough, non-physical approximation of the fre-

. 
 

4. DYNAMIC ANALYSIS 
 

was performed using the implicit Newmark 
scheme. The parameters  = 0.25 and  = 0.5 
were used, corresponding to the constant average 
acceleration scheme, which ensures stability and 
the absence of numerical dissipation. 
The time integration step was set to t 
The choice of step size is justified by the accu-
racy criterion for reproducing wave processes:  
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where fmax = 31.5 Hz is the upper bound of the 

 
The kinematic parameters of the system at the 
new time step (n+1) are determined through the 
recurrence relations: 
Displacement prediction 
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Velocity prediction  
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Newton–Raphson method was employed.  
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within the framework of the Newmark scheme 
leads to the formation of an effective stiffness 
matrix: 
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where the tangent matrix is as follows: 
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It includes: 
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rium stress (Mooney–Rivlin), 

 the material contributions from all 
branches of the Prony series, 

 the geometric stiffness resulting from 
pre-existing stresses. 

The damping matrix (C) is not formed explicitly, 
as the energy dissipation properties of the system 
are fully accounted for within the nonlinear vec-
tor (Fint) [19]. 
The line search procedure is activated if the norm 
of the residual at the new iteration increases com-
pared to the previous one or decreases insuffi-
ciently rapidly (by less than a specified tolerance). 
 

>                    (22) 
 
 
5. RESULTS AND DISCUSSION 
 
Vibration Isolator Settlement 
At the moment of load application from the 
weight of the building portion (t=0), the vertical 
settlement (uz) values of the top face of the vibra-
tion isolator were obtained. The introduction of 
perforation expectedly reduced the vertical stiff-
ness of the element, leading to an increase in 
static deformation: 
 Type A (No perforation): Settlement 

amounted to -10.2 mm. The vibration isolator 
demonstrates maximum stiffness. 

 Type B (1 central hole): Settlement increased 
to -14.5 mm. The reduction in cross-sectional 
area led to a moderate increase in settlement. 

 Type C (5 holes: 1 center + 4 staggered): Set-
tlement amounted to -22.1 mm. Significant 
perforations substantially reduced the stiff-
ness of the vibration isolator, providing the 
softest response to the static load. 

 
Displacement Time History 
At time t=0, the settlements start from the static 
settlement values (-10.2, -14.5, and -22.1 mm, 
respectively), rather than from zero, which con-
firms the correct transfer of the stress-strain 
state from the Static module to the Dynamic 
module. 

Spectral Analysis and Determination of Nat-
ural Frequencies 
To identify the dynamic characteristics of the vi-
bration isolators in their working (compressed) 
state, the time histories of vertical displacements 
(uz(t)), obtained from numerical simulation of the 
system's free damped vibrations after being dis-

processed. 
 
Dynamic Analysis 
The dynamic analysis of the loaded system re-
vealed a dependence between the perforation 
types and the dynamic characteristics of the vi-
bration isolator: 
 Type A (Solid): The spectral peak was rec-

 9.50 Hz. 
 Type B (1 hole): The introduction of a central 

channel led to a slight decrease in stiffness, 
9.43 Hz. This minimal 

difference (less than 1%) is explained by the 
fact that removing material from the center re-
duced the vertical stiffness of the system, but 
simultaneously decreased the associated oscil-
lating mass of the rubber, resulting in the stiff-
ness-to-mass ratio remaining practically un-
changed. 

 Type C (5 holes): The maximum reduction in 
dynamic stiffness was recorded for the config-

to 8.06 Hz (a reduction of ~15% relative to 
Type A). 

s for Type C by 
1.44 Hz relative to the solid specimen. This con-
firms the effectiveness of perforation for reduc-
ing support stiffness without loss of stability. 
 
Vibration Isolation Efficiency 
The evaluation of vibration protection properties 

external excitation fext = 31.5 Hz, corresponding 
to the maximum spectral density of the signal 
generated by the subway. 
According to the theory of linear vibration isola-
tion, the transmission ratio (TR) is determined by 
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Effective isolator operation is ensured under the 
condition:  
 

> 2                            (24) 
 
Comparative Efficiency Calculation: 
For Type A (Solid): 

  
The system is in the vibration isolation zone. The 

. 
For Type B (1 hole): 

  
The indicators are practically identical to the 
solid vibration isolator. A hole only in the central 
zone had a minimal impact on the global vertical 
mode, providing only a symbolic gain in isola-
tion efficiency (less than 1%). 
For Type C (5 holes): 
Due to the significant reduction in natural fre-

  

crease in the theoretical transmission ratio to TR 
.07. This provides an additional reduction in 

vibration levels compared to the base variant. 
 
Analysis of Time Histories 
Numerical simulation in the time domain con-
firmed the modal analysis data. For all isolator 
types, a significant suppression of acceleration 
amplitudes is observed. However, Type C 

namics: due to its "softer" structure and fre-

not only of the fundamental harmonic (31.5 Hz) 
but also effectively suppresses the high-fre-

tially transmitted by the stiffer models A and B. 
 
Influence of Perforation on Dynamic Charac-
teristics 
The analysis showed that introducing perforation 
into the body of the vibration isolator is an effec-
tive tool for controlling stiffness without chang-

ing the overall dimensions of the isolator. A com-
parative analysis of the three configurations un-
der a static load Fstat = 2000 kN revealed the fol-
lowing patterns: 
1. Stiffness Reduction: The transition from the 

isolator without holes (Type A) to the perfo-
rated structure with five holes (Type C) led to 
an increase in static settlement from 10.2 mm 
to 22.1 mm. This indicates a reduction in the 
vertical static stiffness of the system by more 
than a factor of two. 

2. 
isolator system shifted from 9.50 Hz (Type A) 
to 8.06 Hz (Type C). The reduction of 1.44 Hz 
is significant, as it allows for increased detun-

 
 
Effectiveness of Vibration Protection in the Fre-

 
Analysis of the transmission ratio (TR) for the 

vibration spectral density) demonstrated the high 
efficiency of the proposed solution: 
 

~ ,  =              (25) 
 
For all isolator types, the condition for post-res-
onance operation is met:  
 

= /                        (26) 
   

 
increases to  
The calculated transmission ratio for Type C was 

tion of 23 dB. This surpasses the performance of the 

firms the feasibility of using perforation [21]. 
 
Nonlinear Effects 
Accounting for geometric nonlinearity and mate-
rial hyperelasticity allowed for the identification of 
the rubber "stiffening" effect under large defor-
mations. Ignoring this effect would lead to an in-
correct assessment of vibration isolation efficiency 
and e  
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6. CONCLUSIONS 
 
This work presents a nonlinear dynamic simula-
tion of a rubber-metal vibration isolator sub-
jected to a static load from a building and dy-
namic excitation caused by vibrations from a 
shallow underground railway. The main conclu-
sions of the study are as follows: 
1. The introduction of a system of five vertical 

holes (1 central + 4 peripheral) allows for a 

bration isolator to 8.06 Hz. This ensures relia-
ble protection 
range (31.5 Hz – 63 Hz). 

2. The developed configuration provides a trans-

–63 Hz, 
characteristic of vibrations from shallow sub-
way systems, a reduction in vibration levels 
by more than a factor of 10 is achieved for a 
building located near a shallow underground 
railway. 

3. It is demonstrated that the application of sim-
plified linear models is inadmissible when us-
ing rubber-metal vibration isolators. The use 
of the Mooney-Rivlin model and the consid-
eration of large displacements revealed a sig-
nificant difference between the actual dy-
namic stiffness and linear extrapolation, con-
firming the necessity of employing the devel-
oped algorithm (Newmark method + Newton-
Raphson iterations). 

The contribution of this study in practice lies in 
substantiating the choice of the vibration isolator 
configuration (Type C), which provides an opti-
mal balance between load-bearing capacity (up 
to 2000 kN) and the 
ance for suppressing low-
generated by trains in shallow subway systems. 
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HIGHER-MODE EFFECTS IN GLASS PANE RESPONSE TO 
CLOSE-RANGE BLAST: A FINITE ELEMENT AND SDOF 

MODEL COMPARISON 
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1 Diponegoro University, Semarang, INDONESIA  
2 The University of Melbourne, Melbourne, AUSTRALIA 

 
Abstract: The structural performance of glass panes under blast-induced pressures is commonly analyzed using 
single-degree-of-freedom (SDOF) models, which assume that the response is governed by the fundamental mode 
of vibration. However, in close-range explosion scenarios where the load duration is significantly shorter than the 
natural period of the glass pane, higher-mode effects can become significant. To enhance the blast resistance of 
glass panels, it is important to understand their behavior under a wide range of explosion scenarios, including 
close-range blasts. Unlike previous studies that have primarily focused on long-distance explosions with relatively 
long load durations, this study investigates the dynamic response of glass panes under short-duration blast loads. 
The investigation is conducted using calibrated finite element (FE) simulations on glass panes with varying 
dimensions and thicknesses, subjected to different blast intensities. Key response parameters examined include 
deflection shapes, bending stresses, and shear stresses. Results indicate that while the SDOF model can reasonably 
predict the maximum deflection of glass panes, it significantly underestimates peak bending and shear stresses in 
short-duration blast scenarios. A power-law relationship is proposed to quantify the discrepancy between SDOF 
and FE stress predictions as a function of the load duration-to-natural period ratio. These findings reveal the 
limitations of conventional SDOF models and highlight the need to account for higher-mode effects in the design 
of glazing systems exposed to close-in explosions. 
 

Keywords: glass pane, close-range explosion, finite element, SDOF, higher modes 
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1. INTRODUCTION 
 
Buildings such as government offices, hotels, 
and commercial facilities are often potential 
targets of terrorist attacks. These types of 
structures frequently incorporate large glass 
panes in their façades, which are widely 
recognized as the most vulnerable components 
during an explosion [1], [2]. Evidence from past 
terrorist incidents shows that buildings designed 
in accordance with modern codes of practice 
generally experienced limited structural damage. 
However, extensive damage to surrounding glass 
façades was frequently observed. Flying glass 
fragments from shattered panes have been 
identified as one of the primary causes of injury 
[3], [4].  
The behaviour of glass panes subjected to 
explosions can be analysed numerically using the 
finite element method (FEM), as demonstrated in 
previous studies [5], [6]. However, FEM 
analyses typically require considerable time and 
computational resources for both modelling and 
simulation. Therefore, for practical purposes, 
simplified single-degree-of-freedom (SDOF) 
models are often used as an alternative [7], [8], 
[9], [5]. Given that blast pressures generated by 
long-distance explosions generally have longer 
durations than those from close-range blasts, the 
response of the glass pane in such cases is often 
dominated by the fundamental mode of vibration. 
As a result, SDOF models can be effectively 
employed to estimate the response of glass panes 
under long-duration blast loading, offering a 
more practical alternative to complex numerical 
simulations. 
Long distance explosion scenarios are generally 
valid in situations where security measures have 
precluded the possibility of a large explosion 
(generated by a car bomb or trick bomb, for 
example) to be detonated at close range to a 
protected target. However, the target, or part of it, 
could still be susceptible to attacks by the use of 
smaller explosion devices at close range. 
Examples of such “minor” blast scenarios 
include the parcel bomb incident in Paris in 2007 
and the grenade attack on the US embassy in 

Greece in the same year.  This paper focuses on 
the dynamic behaviour of glass panes when 
subject to close-range explosions in which blast 
pressures of much shorter duration and higher 
peak overpressure are generated. With load 
duration shorter than that of the fundamental 
natural period of glass panes, higher modes 
effects can become significant and need to be 
taken into account in the strength evaluation.    
This paper investigates the influence of higher 
vibration modes on the dynamic response of 
glass panes. The response parameters of interest 
include displacement, normal (bending) stress, 
and transverse shear stress within the glass panes. 
The main contributions of this paper are as 
follows: (1) validation of finite element (FE) 
modeling under short-duration loading; (2) a 
comparative analysis of the responses obtained 
from calibrated FE simulations and SDOF 
models across varying ratios of load duration ( ) 
to the natural period ( ) of the glass panes; and 
(3) derivation of correction formulae for SDOF 
stress estimates under higher-mode influence. 
 
 
2. METHODOLOGY 

 
2.1. Geometry of Glass Panes 
This study examines the behavior of glass panes 
supported on two opposite sides, a configuration 
commonly found in façade walls, interior 
partitions, and display windows. This type of 
support typically results in a relatively long 
fundamental natural period compared to the 
duration of a blast load.  
 

Table 1. Dimension of glass panes 
Pane Dimensions (mm) Glass Thickness (mm) 

500 x 500 4 
1000 x 1000 10 
1000 x 1000 4 
2000 x 2000 19 

 
The glass panes were analyzed in three size 
categories: small (500 mm x 500 mm), medium 
(1000 mm x 1000 mm), and large (2000 mm x 
2000 mm). The thickness of each pane was 

International Journal for Computational Civil and Structural Engineering, 22(1) 118–132 (2026)

DOI:10.22337/2587-9618-2026-22-1-118-132



119Volume 22, Issue 1, 2026

1. INTRODUCTION 
 
Buildings such as government offices, hotels, 
and commercial facilities are often potential 
targets of terrorist attacks. These types of 
structures frequently incorporate large glass 
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finite element method (FEM), as demonstrated in 
previous studies [5], [6]. However, FEM 
analyses typically require considerable time and 
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simulation. Therefore, for practical purposes, 
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models are often used as an alternative [7], [8], 
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long-distance explosions generally have longer 
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more practical alternative to complex numerical 
simulations. 
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(generated by a car bomb or trick bomb, for 
example) to be detonated at close range to a 
protected target. However, the target, or part of it, 
could still be susceptible to attacks by the use of 
smaller explosion devices at close range. 
Examples of such “minor” blast scenarios 
include the parcel bomb incident in Paris in 2007 
and the grenade attack on the US embassy in 

Greece in the same year.  This paper focuses on 
the dynamic behaviour of glass panes when 
subject to close-range explosions in which blast 
pressures of much shorter duration and higher 
peak overpressure are generated. With load 
duration shorter than that of the fundamental 
natural period of glass panes, higher modes 
effects can become significant and need to be 
taken into account in the strength evaluation.    
This paper investigates the influence of higher 
vibration modes on the dynamic response of 
glass panes. The response parameters of interest 
include displacement, normal (bending) stress, 
and transverse shear stress within the glass panes. 
The main contributions of this paper are as 
follows: (1) validation of finite element (FE) 
modeling under short-duration loading; (2) a 
comparative analysis of the responses obtained 
from calibrated FE simulations and SDOF 
models across varying ratios of load duration ( ) 
to the natural period ( ) of the glass panes; and 
(3) derivation of correction formulae for SDOF 
stress estimates under higher-mode influence. 
 
 
2. METHODOLOGY 

 
2.1. Geometry of Glass Panes 
This study examines the behavior of glass panes 
supported on two opposite sides, a configuration 
commonly found in façade walls, interior 
partitions, and display windows. This type of 
support typically results in a relatively long 
fundamental natural period compared to the 
duration of a blast load.  
 

Table 1. Dimension of glass panes 
Pane Dimensions (mm) Glass Thickness (mm) 

500 x 500 4 
1000 x 1000 10 
1000 x 1000 4 
2000 x 2000 19 

 
The glass panes were analyzed in three size 
categories: small (500 mm x 500 mm), medium 
(1000 mm x 1000 mm), and large (2000 mm x 
2000 mm). The thickness of each pane was 
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selected to meet wind load requirements in 
accordance with the AS 1288 standard [10], 
ensuring structural adequacy under normal 
service conditions. The detailed pane dimensions 
and thicknesses are listed in Table 1. 

 
2.2. Finite Element (FE) Modelling and 
Verification 
In this study, the dynamic behaviour of the glass 
panes was studied analytically using LS-DYNA, 
an explicit, non-linear 3D finite element analysis 
(FEA) code [11]. The glass panes were modelled 
using shell elements. Figure 1a shows a finite 
element (FE) model of a glass pane supported on 
2 sides. The X, Y, and Z axes in Figure 1a are the 
global axes in the FE model which are used as a 
reference for calculating the distribution of blast 
pressure and internal forces in the glass pane. 
Point O denotes the centre of the pane, while 
Point A is located at the support such that line 
OA is parallel to the X-axis. Figure 1b shows a 
typical shell element. Notations r, s, and t in 
Figure 1b refer to local axes in a shell element, 
and ak denotes the element thickness at node k. 
The shell elements used in this analysis 
considered both large deformation and transverse 
shear in the elements [12], [11], [13]. Annealed 
glass was used throughout the study. The glass 
material was modelled as a linearly elastic 
isotropic material with Young’s modulus = 

68,500 MPa, Poisson’s ratio = 0.23 and density = 
2,500 kg/m3. 
The analysis procedure was verified against 
results from physical experiments. Physical tests 
were conducted on a glass pane of size 1000 mm 
x 1000 mm x 5 mm, which was simply supported 
along two parallel edges. The glass pane was 
subject to an impact load from an elastic ball with 
a diameter of 27 mm. The elastic ball was 
dropped from a heigh of 1400 mm onto the centre 
of the pane. An accelerometer was attached to the 
ball to record its acceleration during impact. The 
deflection of the glass pane was measured using 
linear variable displacement transducers (LVDTs) 
positioned beneath the glass. The test set-up is 
illustrated in Figure 2. 
The impact load, illustrated in Figure 3, was 
calculated by multiplying the measured 
acceleration by the combined mass of the elastic 
ball and the attached accelerometer. The duration 
of the impact loading, also shown in Figure 3, 
was approximately 3 milliseconds, significantly 
shorter than the fundamental natural period of 
vibration of the glass pane (T = 84 ms). This 
impact duration is consistent with test results 
reported in the literature for a single loading 
cycle (Zhang et al., 2025). Since the load 
duration was much shorter than the fundamental 
period, the dynamic response of the glass pane 
was strongly influenced by higher vibration 
modes, as evidenced in Figure 4. 

 

              
 (a)       (b) 

Figure 1. Finite element model (a) FE model for glass panes supported on 2 sides, 
(b) Shell element [15] 

ak k 

s 

r 

t 

Mid-surface of 
shell element 

 
Figure 2. The physical test set up    Figure 3. Impact load
 

  
(a) (b) 

Figure 4. Deflections of the glass pane (a) at LVDT 1, (b) at LVDT 2 (refer Figure 2) 
 

Figure 4 presents a comparison between 
deflections obtained from the physical 
experiment and those predicted by the finite 
element (FE) analyses. As shown, the FE 
predictions align well with the experimental 
observations, particularly during the early phase 
of the response. However, in the physical test, the 
glass pane experienced multiple impacts due to 
the ball bouncing upon contact (Zhang et al., 
2025). Since this aspect of the experiment was 
not incorporated into the FE model, the 
numerical predictions could not fully match the 
measured deflections throughout the entire 
response. Nevertheless, the applicability of the 
developed FE models for simulating the dynamic 
behaviour of glass panes has been successfully 
verified. 

2.3. SDOF Model Formulation and 
Assumptions 
Analysis using a representative finite element 
(FE) model can provide accurate predictions of a 
structure’s dynamic behaviour. However, such 
analysis requires sophisticated FE software, such 
as LS-DYNA. Simpler methods, such as single-
degree-of-freedom (SDOF) models, have been 
widely used to predict structural responses under 
blast loading. SDOF models have been shown to 
provide reasonable estimates when the explosion 
originates from a long distance [7]. However, 
their applicability to glass panes subjected to 
close-range explosions remains uncertain and 
warrants further investigation to evaluate the 
accuracy of the results obtained from SDOF- 
based analyses. 
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selected to meet wind load requirements in 
accordance with the AS 1288 standard [10], 
ensuring structural adequacy under normal 
service conditions. The detailed pane dimensions 
and thicknesses are listed in Table 1. 

 
2.2. Finite Element (FE) Modelling and 
Verification 
In this study, the dynamic behaviour of the glass 
panes was studied analytically using LS-DYNA, 
an explicit, non-linear 3D finite element analysis 
(FEA) code [11]. The glass panes were modelled 
using shell elements. Figure 1a shows a finite 
element (FE) model of a glass pane supported on 
2 sides. The X, Y, and Z axes in Figure 1a are the 
global axes in the FE model which are used as a 
reference for calculating the distribution of blast 
pressure and internal forces in the glass pane. 
Point O denotes the centre of the pane, while 
Point A is located at the support such that line 
OA is parallel to the X-axis. Figure 1b shows a 
typical shell element. Notations r, s, and t in 
Figure 1b refer to local axes in a shell element, 
and ak denotes the element thickness at node k. 
The shell elements used in this analysis 
considered both large deformation and transverse 
shear in the elements [12], [11], [13]. Annealed 
glass was used throughout the study. The glass 
material was modelled as a linearly elastic 
isotropic material with Young’s modulus = 

68,500 MPa, Poisson’s ratio = 0.23 and density = 
2,500 kg/m3. 
The analysis procedure was verified against 
results from physical experiments. Physical tests 
were conducted on a glass pane of size 1000 mm 
x 1000 mm x 5 mm, which was simply supported 
along two parallel edges. The glass pane was 
subject to an impact load from an elastic ball with 
a diameter of 27 mm. The elastic ball was 
dropped from a heigh of 1400 mm onto the centre 
of the pane. An accelerometer was attached to the 
ball to record its acceleration during impact. The 
deflection of the glass pane was measured using 
linear variable displacement transducers (LVDTs) 
positioned beneath the glass. The test set-up is 
illustrated in Figure 2. 
The impact load, illustrated in Figure 3, was 
calculated by multiplying the measured 
acceleration by the combined mass of the elastic 
ball and the attached accelerometer. The duration 
of the impact loading, also shown in Figure 3, 
was approximately 3 milliseconds, significantly 
shorter than the fundamental natural period of 
vibration of the glass pane (T = 84 ms). This 
impact duration is consistent with test results 
reported in the literature for a single loading 
cycle (Zhang et al., 2025). Since the load 
duration was much shorter than the fundamental 
period, the dynamic response of the glass pane 
was strongly influenced by higher vibration 
modes, as evidenced in Figure 4. 

 

              
 (a)       (b) 

Figure 1. Finite element model (a) FE model for glass panes supported on 2 sides, 
(b) Shell element [15] 
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t 

Mid-surface of 
shell element 

 
Figure 2. The physical test set up    Figure 3. Impact load
 

  
(a) (b) 

Figure 4. Deflections of the glass pane (a) at LVDT 1, (b) at LVDT 2 (refer Figure 2) 
 

Figure 4 presents a comparison between 
deflections obtained from the physical 
experiment and those predicted by the finite 
element (FE) analyses. As shown, the FE 
predictions align well with the experimental 
observations, particularly during the early phase 
of the response. However, in the physical test, the 
glass pane experienced multiple impacts due to 
the ball bouncing upon contact (Zhang et al., 
2025). Since this aspect of the experiment was 
not incorporated into the FE model, the 
numerical predictions could not fully match the 
measured deflections throughout the entire 
response. Nevertheless, the applicability of the 
developed FE models for simulating the dynamic 
behaviour of glass panes has been successfully 
verified. 

2.3. SDOF Model Formulation and 
Assumptions 
Analysis using a representative finite element 
(FE) model can provide accurate predictions of a 
structure’s dynamic behaviour. However, such 
analysis requires sophisticated FE software, such 
as LS-DYNA. Simpler methods, such as single-
degree-of-freedom (SDOF) models, have been 
widely used to predict structural responses under 
blast loading. SDOF models have been shown to 
provide reasonable estimates when the explosion 
originates from a long distance [7]. However, 
their applicability to glass panes subjected to 
close-range explosions remains uncertain and 
warrants further investigation to evaluate the 
accuracy of the results obtained from SDOF- 
based analyses. 
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In SDOF model analyses, the dynamic properties 
of the structure are characterized by its 
equivalent mass (m*), equivalent stiffness (k*), 
and equivalent damping (c) as shown in Figure 
5a. The applied loads must also be transformed 
into an equivalent force Methods for calculating 
these SDOF parameters are well documented in 
the literature [8], [16], [17]. In this study, the 
SDOF parameters representing the glass pane 
were calculated using Rayleigh’s method, which 
is based on the principle of conservation of 
energy. The blast induced pressure was defined 
by Eq 1, and the deflection shape function of the 
glass pane was of the sinusoidal form as defined 
by Eq 2 forming part of the Rayleigh’s method. 
The equivalent mass (m*) and equivalent 
stiffness (k*) representing the glass pane were 
calculated according to the deflection shape 
function using Eqs 3 – 6. Once these parameters 
were obtained, the fundamental natural period of 
vibration of the glass pane (T) could be estimated. 
 

( , , ) = ( ).

2
+

2
+

 

+ ( ) 1  (1) 

 
( , ) =     (2) 

 
for plates supported on 2 parallel sides 
 

( , ) =   
 
for plates supported on 4 sides 
 

= . ( , ) .         (3) 

=
2(1 ).

        (4) 

=
( , )

+
( , )

 

=
( , ) ( , ) ( , )

 

= /12(1 )                  (5) 
( ) = ( , , ) . ( , ) .      (6) 

 
where (x,y) is the deflection shape function, p* 
is the equivalent force, x and y are coordinates on 
the glass pane measured from the bottom left 
corner of the pane (see Figure 1a), a and b are the 
width and length of the pane, h is the thickness, t 
is time, p(x,y,t) is the blast pressure function, pr(t) 
is the reflected pressure at time t, pi(t) is the 
incident pressure at time t, R is the distance from 
the explosive to the centre of the target, m is mass 
per unit area, E is Young’s modulus, and v is 
Poisson’s ratio.  
For glass panes supported on all four sides, 
membrane action has been found to dominate 
under large deflections [17]. An SDOF model 
that incorporates the contribution of membrane 
stiffness is shown in Figure 5b, and its equation 
of motion is presented in Equation 7. The 
displacement x(t) in Equation 7 can be solved 
numerically using the Central Difference Method 
for step-by-step time integration. 
 

( ) + . ( ) + . ( ) = ( ) (7) 
 

where ( ), ( ), and ( ) are the displacement, 
velocity, and acceleration at the centre of glass 
plates, and c is damping coefficient. 
  

 
Figure 5. SDOF model 

 
2.4. Blast Loading Model and Scenarios 
Blast pressures result from the instantaneous 
release of energy during explosive detonation. 
The magnitude of the blast loading is typically 
quantified in terms of the equivalent TNT weight 

m* 

k* c 

x(t) 

p*(t) 

of the explosive [18], [4], [19], [2]. For 
explosives other than TNT, their weight can be 
converted into an equivalent TNT weight using 
Equation 8 [19]. 
 

WTNT = WEXP.(QEXP/QTNT)    (8) 
 
where WTNT is the equivalent TNT charge weight, 
WEXP is the weight of the explosive, QEXP is the 
mass specific energy of the detonated explosive, 
and QTNT is the mass specific energy of TNT. 
An explosion produces hot gases that expand 
rapidly, displacing the surrounding air and 
generating blast waves in the atmosphere. As the 
blast wavefront reaches the ground, it is reflected, 
and the interaction between the incident and 
reflected waves results in even higher pressures. 
When the blast wave strikes a target, its 
expansion is constrained, causing a sudden rise 
in pressure on the target surface, as illustrated in 
Figure 6. 
 

 
Figure 6. Typical pressure-time history 

 

 
 

Figure 7. Distribution of blast pressure 
 

The blast-induced pressure then gradually 
decreases to ambient levels at time td, marking 
the end of the positive phase. Following this, the 
pressure may drop below ambient, creating a 
negative (suction) phase, before returning to 
normal atmospheric conditions. Since the 
negative phase typically reduces the target's 
deflection, its effect can be neglected, as is done 
in this study. 
The blast pressure parameters illustrated in 
Figure 6 depend on various factors, including 
charge weight (expressed as equivalent TNT 
weight), stand-off distance, the location of the 
detonation (in air or on the surface), and the 
presence of obstacles between the explosive and 
the target. Methods for estimating blast pressure–
time histories are well-documented in the 
literature [19]. Existing analytical approaches 
can generally be grouped into two main 
categories: (1) analytical methods that use 
empirical formulae and charts, and (2) numerical 
simulations, such as computational fluid 
dynamics (CFD), which are computationally 
expensive and thus better suited for modelling 
blast effects on structures with complex 
geometries or in complicated environments [20], 
[21]. Blast scenarios involving structures with 
regular geometry in standard environments, 
analytical methods based on formulae and graphs 
are typically sufficient [13], [19]. 
In this study, the ConWep method [22] was used 
to model the blast-induced pressures on the glass 
panes. ConWep is based on empirical test data 
and analytical approximations, and has been 
widely adopted by both researchers and 
practitioners. Furthermore, it has been shown to 
provide reliable predictions of blast effects [23]. 
The distribution of blast-induced pressure on the 
surface of a target is significantly influenced by 
the stand-off distance. At long stand-off 
distances, the distance from the explosive charge 
to any point on the planar target is nearly uniform, 

illustrated in Figure 7. Under such conditions, the 
blast pressure can be reasonably assumed to be 
uniformly distributed across the target surface. 
However, at short stand-off distances, this 
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In SDOF model analyses, the dynamic properties 
of the structure are characterized by its 
equivalent mass (m*), equivalent stiffness (k*), 
and equivalent damping (c) as shown in Figure 
5a. The applied loads must also be transformed 
into an equivalent force Methods for calculating 
these SDOF parameters are well documented in 
the literature [8], [16], [17]. In this study, the 
SDOF parameters representing the glass pane 
were calculated using Rayleigh’s method, which 
is based on the principle of conservation of 
energy. The blast induced pressure was defined 
by Eq 1, and the deflection shape function of the 
glass pane was of the sinusoidal form as defined 
by Eq 2 forming part of the Rayleigh’s method. 
The equivalent mass (m*) and equivalent 
stiffness (k*) representing the glass pane were 
calculated according to the deflection shape 
function using Eqs 3 – 6. Once these parameters 
were obtained, the fundamental natural period of 
vibration of the glass pane (T) could be estimated. 
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where (x,y) is the deflection shape function, p* 
is the equivalent force, x and y are coordinates on 
the glass pane measured from the bottom left 
corner of the pane (see Figure 1a), a and b are the 
width and length of the pane, h is the thickness, t 
is time, p(x,y,t) is the blast pressure function, pr(t) 
is the reflected pressure at time t, pi(t) is the 
incident pressure at time t, R is the distance from 
the explosive to the centre of the target, m is mass 
per unit area, E is Young’s modulus, and v is 
Poisson’s ratio.  
For glass panes supported on all four sides, 
membrane action has been found to dominate 
under large deflections [17]. An SDOF model 
that incorporates the contribution of membrane 
stiffness is shown in Figure 5b, and its equation 
of motion is presented in Equation 7. The 
displacement x(t) in Equation 7 can be solved 
numerically using the Central Difference Method 
for step-by-step time integration. 
 

( ) + . ( ) + . ( ) = ( ) (7) 
 

where ( ), ( ), and ( ) are the displacement, 
velocity, and acceleration at the centre of glass 
plates, and c is damping coefficient. 
  

 
Figure 5. SDOF model 

 
2.4. Blast Loading Model and Scenarios 
Blast pressures result from the instantaneous 
release of energy during explosive detonation. 
The magnitude of the blast loading is typically 
quantified in terms of the equivalent TNT weight 
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of the explosive [18], [4], [19], [2]. For 
explosives other than TNT, their weight can be 
converted into an equivalent TNT weight using 
Equation 8 [19]. 
 

WTNT = WEXP.(QEXP/QTNT)    (8) 
 
where WTNT is the equivalent TNT charge weight, 
WEXP is the weight of the explosive, QEXP is the 
mass specific energy of the detonated explosive, 
and QTNT is the mass specific energy of TNT. 
An explosion produces hot gases that expand 
rapidly, displacing the surrounding air and 
generating blast waves in the atmosphere. As the 
blast wavefront reaches the ground, it is reflected, 
and the interaction between the incident and 
reflected waves results in even higher pressures. 
When the blast wave strikes a target, its 
expansion is constrained, causing a sudden rise 
in pressure on the target surface, as illustrated in 
Figure 6. 
 

 
Figure 6. Typical pressure-time history 

 

 
 

Figure 7. Distribution of blast pressure 
 

The blast-induced pressure then gradually 
decreases to ambient levels at time td, marking 
the end of the positive phase. Following this, the 
pressure may drop below ambient, creating a 
negative (suction) phase, before returning to 
normal atmospheric conditions. Since the 
negative phase typically reduces the target's 
deflection, its effect can be neglected, as is done 
in this study. 
The blast pressure parameters illustrated in 
Figure 6 depend on various factors, including 
charge weight (expressed as equivalent TNT 
weight), stand-off distance, the location of the 
detonation (in air or on the surface), and the 
presence of obstacles between the explosive and 
the target. Methods for estimating blast pressure–
time histories are well-documented in the 
literature [19]. Existing analytical approaches 
can generally be grouped into two main 
categories: (1) analytical methods that use 
empirical formulae and charts, and (2) numerical 
simulations, such as computational fluid 
dynamics (CFD), which are computationally 
expensive and thus better suited for modelling 
blast effects on structures with complex 
geometries or in complicated environments [20], 
[21]. Blast scenarios involving structures with 
regular geometry in standard environments, 
analytical methods based on formulae and graphs 
are typically sufficient [13], [19]. 
In this study, the ConWep method [22] was used 
to model the blast-induced pressures on the glass 
panes. ConWep is based on empirical test data 
and analytical approximations, and has been 
widely adopted by both researchers and 
practitioners. Furthermore, it has been shown to 
provide reliable predictions of blast effects [23]. 
The distribution of blast-induced pressure on the 
surface of a target is significantly influenced by 
the stand-off distance. At long stand-off 
distances, the distance from the explosive charge 
to any point on the planar target is nearly uniform, 

illustrated in Figure 7. Under such conditions, the 
blast pressure can be reasonably assumed to be 
uniformly distributed across the target surface. 
However, at short stand-off distances, this 
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uniform pressure assumption is no longer valid 
due to the increased variation in angle and 
distance. In this study, the distribution of the 

using Equation 9 [24]. 

 

 
Figure 8. Blast scenarios 

 
Pj(t) = Pro(t). cos2( ) + Pio(t). (1- cos ( ))2 (9) 
where Pro(t) and Pio(t) are the reflected and 
incident pressures respectively at point “O” as 
defined by ConWep, and  is the angle of 
incidence as illustrated in Figure 7.  
This investigation focused on analysing the 
effects of explosions generated by handheld 
bombs, such as grenades and parcel bombs, at 
close range to the target. The equivalent TNT 
weights in these scenarios ranged from 50 to 400 
grams. In this study, explosives were positioned 
directly in front of the centre of the glass panes at 
four different stand-off distances: 1.3 m, 3.2 m, 
5.0 m, and 100 m. Details of the blast scenarios 
are presented in Figure 8. Scenario D represents 
a case where a glass pane responds to a long-
range explosion at a stand-off distance of 100 m, 
included for comparison purposes. 
 
 
3. RESULTS AND DISCUSSIONS 

 
3.1. Deflection of Glass Panes
Figure 9a presents the displacement-time history 
at the centre of a glass pane measuring 500 mm 
x 500 mm x 4 mm, subjected to blast-induced 
pressure with a duration of 3.1 ms (scenario A) 
or corresponding to a td/T ratio of 0.12. Figure 
9b presents results for a glass pane of size 1000 
mm x 1000 mm x 10 mm under a blast pressure 

duration of 2.3 ms (scenario B), or td/T = 0.05. 
Figures 9c and 9d present results of glass panes 
of identical size (2000 mm x 2000 mm x 19 mm) 
but subjected to different blast scenarios. The 
glass pane in Figure 9c was exposed to a close-
range explosion, while the one in Figure 9d 
experienced a long-range explosion. Across 
Figures 9a – 9d, it is consistently observed that a 
decrease in the td/T ratio increases the 
contributions of higher modes, as indicated by 
the wavy broken lines in the figures. 
Results from the finite element (FE) analysis are 
presented alongside predictions from the SDOF 
models in Figures 9a–9d. The SDOF model used 
in the analyses did not include membrane 
stiffness (Figure 4a). Figures 9a–9d demonstrate 
that the deflection profiles obtained from the 
SDOF model without accounting for higher-
mode effects can still be representative of the 
actual behaviour, particularly when the td/T ratio 
is not less than 0.05. However, when the td/T 
ratio becomes smaller (as shown in Figure 9c), 
the accuracy of the SDOF model predictions may 
diminish. Furthermore, Figure 9c illustrates that 
higher-mode effects can lead to noticeable 
reduction in the maximum deflection of the glass 
pane. 
Since the parameters defining the SDOF 
generalization are based on an assumed 
deflection shape, it is important to compare this 

Scenario A Scenario B Scenario C Scenario D

P i 26.51 kPa 37.48 kPa 79.81 kPa 5.53 kPa
P r 58.57 kPa 85.77 kPa 208.4 kPa 11.27 kPa
td 3.1 ms 2.284 ms 1.188 ms 28.12 ms

1000 mm x 1000 mm x 4 mm
(td/T = 0.02)

1000 mm x 1000 mm x 10 mm
(td/T =0.05)

Glass 
Panes

500 mm x 500 mm x 4 mm
(td/T = 0.12)

2000 mm x 2000 mm x 19 mm
(td/T = 0.01)

2000 mm x 2000 mm x 19 mm
(td/T = 0.32)

5 m

400 g TNT

3.2 m

200 g TNT

1.3 m

50 g TNT

100 m

100 kg TNT

assumed sinusoidal function with deflection 
profiles obtained from finite element (FE) 
analyses. Figure 10a shows the normalized 
deflection shape of the glass pane, as computed 

from the FE analysis (along the OA section 
defined in Figure 1a) at the moment of maximum 
deflection.  

 

 
   (a)      (b) 

 
(c)      (d) 

Figure 9. Deflection-time history of glass panes (a) td/T = 0.12, (b) td/T = 0.05, (c) td/T = 0.01, 
(d) td/T = 0.32 

 
Figures 10b–10d present deflection shapes at 
other time instances, as indicated in the 
respective legends. Overall, the sinusoidal 
deflection shape assumed in the SDOF 
generalization shows reasonable agreement with 
the FE results. However, a noticeable 
discrepancy is observed in Figure 10c, where the 
td/T ratio is very small (0.01). 
 
3.2. Bending Stress 
The strength of glass is commonly evaluated 
based on the major principal stresses estimated 

on the surface of the glass pane [13], [25], [16], 
[26]. For glass panes supported on two parallel 
sides, these stresses are primarily governed by 
bending. Figures 11a–11c present the time 
history of the maximum bending stresses at the 
centre of the glass pane. The results reveal a 
highly fluctuating time-history of bending stress, 
in contrast to the more predictable deflection 
response. This fluctuation is indicative of the 
significant influence of higher vibration modes 
on the bending stress. 
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uniform pressure assumption is no longer valid 
due to the increased variation in angle and 
distance. In this study, the distribution of the 

using Equation 9 [24]. 

 

 
Figure 8. Blast scenarios 

 
Pj(t) = Pro(t). cos2( ) + Pio(t). (1- cos ( ))2 (9) 
where Pro(t) and Pio(t) are the reflected and 
incident pressures respectively at point “O” as 
defined by ConWep, and  is the angle of 
incidence as illustrated in Figure 7.  
This investigation focused on analysing the 
effects of explosions generated by handheld 
bombs, such as grenades and parcel bombs, at 
close range to the target. The equivalent TNT 
weights in these scenarios ranged from 50 to 400 
grams. In this study, explosives were positioned 
directly in front of the centre of the glass panes at 
four different stand-off distances: 1.3 m, 3.2 m, 
5.0 m, and 100 m. Details of the blast scenarios 
are presented in Figure 8. Scenario D represents 
a case where a glass pane responds to a long-
range explosion at a stand-off distance of 100 m, 
included for comparison purposes. 
 
 
3. RESULTS AND DISCUSSIONS 

 
3.1. Deflection of Glass Panes
Figure 9a presents the displacement-time history 
at the centre of a glass pane measuring 500 mm 
x 500 mm x 4 mm, subjected to blast-induced 
pressure with a duration of 3.1 ms (scenario A) 
or corresponding to a td/T ratio of 0.12. Figure 
9b presents results for a glass pane of size 1000 
mm x 1000 mm x 10 mm under a blast pressure 

duration of 2.3 ms (scenario B), or td/T = 0.05. 
Figures 9c and 9d present results of glass panes 
of identical size (2000 mm x 2000 mm x 19 mm) 
but subjected to different blast scenarios. The 
glass pane in Figure 9c was exposed to a close-
range explosion, while the one in Figure 9d 
experienced a long-range explosion. Across 
Figures 9a – 9d, it is consistently observed that a 
decrease in the td/T ratio increases the 
contributions of higher modes, as indicated by 
the wavy broken lines in the figures. 
Results from the finite element (FE) analysis are 
presented alongside predictions from the SDOF 
models in Figures 9a–9d. The SDOF model used 
in the analyses did not include membrane 
stiffness (Figure 4a). Figures 9a–9d demonstrate 
that the deflection profiles obtained from the 
SDOF model without accounting for higher-
mode effects can still be representative of the 
actual behaviour, particularly when the td/T ratio 
is not less than 0.05. However, when the td/T 
ratio becomes smaller (as shown in Figure 9c), 
the accuracy of the SDOF model predictions may 
diminish. Furthermore, Figure 9c illustrates that 
higher-mode effects can lead to noticeable 
reduction in the maximum deflection of the glass 
pane. 
Since the parameters defining the SDOF 
generalization are based on an assumed 
deflection shape, it is important to compare this 
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(td/T = 0.12)

2000 mm x 2000 mm x 19 mm
(td/T = 0.01)

2000 mm x 2000 mm x 19 mm
(td/T = 0.32)

5 m

400 g TNT

3.2 m

200 g TNT

1.3 m

50 g TNT

100 m

100 kg TNT

assumed sinusoidal function with deflection 
profiles obtained from finite element (FE) 
analyses. Figure 10a shows the normalized 
deflection shape of the glass pane, as computed 

from the FE analysis (along the OA section 
defined in Figure 1a) at the moment of maximum 
deflection.  
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Figure 9. Deflection-time history of glass panes (a) td/T = 0.12, (b) td/T = 0.05, (c) td/T = 0.01, 
(d) td/T = 0.32 
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deflection shape assumed in the SDOF 
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discrepancy is observed in Figure 10c, where the 
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centre of the glass pane. The results reveal a 
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significant influence of higher vibration modes 
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Figure 10. Deflection shape along section OA (a) Maximum deflection shape for different glass 
panes (b) 500 mm x 500 mm x 4 mm glass pane (td/T = 0.12), (c) 2000 mm x 2000 mm x 19 mm 

glass pane (td/T = 0.01), (d) 2000 mm x 2000 mm x 19 mm glass pane (td/T = 0.32) 
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Figure 11. Time history of the normalized bending stress at the centre of (a) a glass pane 
measuring 2000 mm x 2000 mm x 19 mm, with td/T=0.32, (b) a glass pane measuring 500 mm x 
500 mm x 4 mm, with td/T=0.12; (c) a glass pane measuring 1000 mm x 1000 mm x 10 mm, with 

td/T=0.05, (d) a glass pane measuring 2000 mm x 2000 mm x 19 mm, with td/T=0.01  
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Figure 11a demonstrates good correlation 
between the predictions of the generalized 
SDOF model and those from the finite element 
(FE) analysis. In blast scenarios with lower td/T 
ratios (Figures 11b and 11c), the maximum 
stress values predicted by the generalized SDOF 
model are significantly lower than those 
obtained from the FE analysis. While SDOF 
analysis offers the advantages of simplicity and 
lower computational cost, some limitations in 
accuracy have been identified. As shown in 
Figure 11, the magnitude of stress fluctuations 
increases as the td/T ratio decreases. Therefore, 
the accuracy of the SDOF model can be 
improved by modifying its results to account for 
higher-mode effects, whose significance has 
been shown to depend on the td/T ratio. The 
discrepancy between the FE and SDOF 
predictions of bending stress can be expressed 
as the ratio FEA / SDOF. Figure 12 illustrates 
that this ratio increases as the td/T ratio 
decreases. Furthermore, the relationship 
between FEA and SDOF can be modelled using 
the power function presented in Equation 8, 
which is valid for rectangular glass panes 
supported on two sides with td/T values ranging 
between 0.01 and 0.12. 
 

 
Figure 12. Relationship between FEA/ SDOF and 

td/T. 
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The probabilistic strength of glass depends on the 
effective area of the glass pane, which is 
influenced by the surface stress distribution [27]. 

Under dynamic conditions, surface stresses vary 
over time, as illustrated in Figures 13a–13b, and 
can be difficult to predict. Discrepancies between 
estimates from the SDOF analysis and those from 
the finite element (FE) analysis are particularly 
pronounced when the td/T ratio is small. Even at 
td/T = 0.32 (Figure 13a), notable differences 
remain. For glass panes subjected to close-range 
explosions (i.e., small td/T ratios), the time-
dependent variation of surface stress must be 
considered when calculating the probabilistic 
strength of the glass. However, detailed 
considerations of failure probability are beyond 
the scope of this paper. 
 

 
(a) 

 
(b) 

Figure 13. Maximum bending stress profile 
along section OA in: (a) glass panes of size 

2000 mm x 2000 mm x 19mm (td/T=0.32), (b) 
glass panes of size 2000 mm x 2000 mm x 19mm 

(td/T=0.01) 
 
3.3. Transverse Shear Stress 
In glass panes subjected to static loading, the 
effect of transverse shear stress is often neglected. 
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Figure 11. Time history of the normalized bending stress at the centre of (a) a glass pane 
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Figure 11a demonstrates good correlation 
between the predictions of the generalized 
SDOF model and those from the finite element 
(FE) analysis. In blast scenarios with lower td/T 
ratios (Figures 11b and 11c), the maximum 
stress values predicted by the generalized SDOF 
model are significantly lower than those 
obtained from the FE analysis. While SDOF 
analysis offers the advantages of simplicity and 
lower computational cost, some limitations in 
accuracy have been identified. As shown in 
Figure 11, the magnitude of stress fluctuations 
increases as the td/T ratio decreases. Therefore, 
the accuracy of the SDOF model can be 
improved by modifying its results to account for 
higher-mode effects, whose significance has 
been shown to depend on the td/T ratio. The 
discrepancy between the FE and SDOF 
predictions of bending stress can be expressed 
as the ratio FEA / SDOF. Figure 12 illustrates 
that this ratio increases as the td/T ratio 
decreases. Furthermore, the relationship 
between FEA and SDOF can be modelled using 
the power function presented in Equation 8, 
which is valid for rectangular glass panes 
supported on two sides with td/T values ranging 
between 0.01 and 0.12. 
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magnitude of transverse shear stress in thin glass 
panes is typically much smaller than that of the 
principal (bending) stresses. However, under 
dynamic loading, the bending moment stress 
profile varies with time, and its slope can be 
significantly steeper than that in static loading. 
Since transverse shear stress is related to the rate 
of change of bending moment, its magnitude 
under dynamic conditions can become substantial. 
The significance of transverse shear stress in 
dynamically loaded glass panes is illustrated in 
Figure 14, where its intensity is expressed as the 
ratio of maximum transverse shear stress to 
maximum bending stress ( yzmax / bmax).  
 

 
(a) 

 
(b) 

Figure 14. Time history of the ratio of maximum 
shear stress to the maximum major principal 

stress (a) in glass pane of size 1000 mm x 1000 
mm x 4 mm, (b) in glass pane of size 2000 mm x 

2000 mm x 19 mm 
 

Figures 14a and 14b present the time histories of 
the ratio yzmax / bmax for td/T = 0.02 and 0.01, 
respectively. The shaded regions in both figures 

indicate the time intervals during which the 
bending stress reaches its maximum. During 
these periods of peak bending stress, the ratio 
yzmax / bmax is generally low and comparable to 

values observed under static loading conditions. 
However, the figures also show that the ratio 
yzmax / bmax increases as the td/T ratio 

decreases, emphasizing the growing significance 
of transverse shear stress in short-duration blast 
loading scenarios. 
Figures 14a and 14b show that the ratio yzmax / 

bmax is very high during the initial stage of the 
response. At this early phase, the magnitude of 
the transverse shear stress can reach levels 
comparable to the bending stress (i.e., yzmax / 

bmax 
explosion occurs at close range, the glass pane 
may fail due to excessive shear stress. However, 
it is important to note that such high shear stress 
levels occur only for a very brief duration, on the 
order of microseconds. 

 
 

4. CONCLUSIONS 
 
The findings of this study confirm the significant 
influence of higher vibration modes on the 
dynamic response of glass panes subjected to 
close-range blast loading. The following key 
conclusions are drawn: 
1. The finite element (FE) models have been 
shown to accurately simulate the short-duration 
dynamic response of glass panes, particularly 
during the critical early phase of loading. Despite 
minor discrepancies caused by multiple impacts 
in the physical experiment, the overall agreement 
confirms the capability and validity of the FE 
models for use in this application. 
2. Comparative analysis between calibrated 
finite element (FE) simulations and single-
degree-of-freedom (SDOF) models demonstrates 
that SDOF models can effectively estimate the 
maximum deflection at the centre of glass panes, 
provided their limitations are acknowledged. 
3. Higher-mode effects were found to 
significantly influence the displacement, normal 
(bending) stress, and transverse shear stress in 

td / T = 0.02

0.00
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10

0.000 0.010 0.020 0.030 0.040 0.050
Time (sec)

yz
m

ax
/ 

bm
ax

static

Time range
in which the 
bending stress 
is maximum

td / T = 0.01

0.00
0.01
0.02
0.03
0.04
0.05
0.06
0.07
0.08
0.09
0.10

0 0.01 0.02 0.03 0.04 0.05
Time (sec)

yz
m

ax
b m

ax

static

Time range
in which the 
bending stress 
is maximum

glass panes, particularly under short-duration 

correction formula was developed to improve 
SDOF stress estimates by accounting for the 
influence of higher vibration modes. This 
correction enhances the accuracy of SDOF 
predictions in short-duration blast scenarios 
involving glass panes supported on two sides. 
Furthermore, the simulations indicate that the 
SDOF model provides reasonably accurate 
results when td/T > 0.1. 
4. At the early stage of response, very high 
transverse shear stress was observed, particularly 
near the centre of the pane. If the explosion 
occurs at close range, this intense shear stress, 
although short-lived, may cause shear failure. 
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magnitude of transverse shear stress in thin glass 
panes is typically much smaller than that of the 
principal (bending) stresses. However, under 
dynamic loading, the bending moment stress 
profile varies with time, and its slope can be 
significantly steeper than that in static loading. 
Since transverse shear stress is related to the rate 
of change of bending moment, its magnitude 
under dynamic conditions can become substantial. 
The significance of transverse shear stress in 
dynamically loaded glass panes is illustrated in 
Figure 14, where its intensity is expressed as the 
ratio of maximum transverse shear stress to 
maximum bending stress ( yzmax / bmax).  
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Figure 14. Time history of the ratio of maximum 
shear stress to the maximum major principal 

stress (a) in glass pane of size 1000 mm x 1000 
mm x 4 mm, (b) in glass pane of size 2000 mm x 

2000 mm x 19 mm 
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yzmax / bmax increases as the td/T ratio 

decreases, emphasizing the growing significance 
of transverse shear stress in short-duration blast 
loading scenarios. 
Figures 14a and 14b show that the ratio yzmax / 

bmax is very high during the initial stage of the 
response. At this early phase, the magnitude of 
the transverse shear stress can reach levels 
comparable to the bending stress (i.e., yzmax / 

bmax 
explosion occurs at close range, the glass pane 
may fail due to excessive shear stress. However, 
it is important to note that such high shear stress 
levels occur only for a very brief duration, on the 
order of microseconds. 
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dynamic response of glass panes, particularly 
during the critical early phase of loading. Despite 
minor discrepancies caused by multiple impacts 
in the physical experiment, the overall agreement 
confirms the capability and validity of the FE 
models for use in this application. 
2. Comparative analysis between calibrated 
finite element (FE) simulations and single-
degree-of-freedom (SDOF) models demonstrates 
that SDOF models can effectively estimate the 
maximum deflection at the centre of glass panes, 
provided their limitations are acknowledged. 
3. Higher-mode effects were found to 
significantly influence the displacement, normal 
(bending) stress, and transverse shear stress in 
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glass panes, particularly under short-duration 

correction formula was developed to improve 
SDOF stress estimates by accounting for the 
influence of higher vibration modes. This 
correction enhances the accuracy of SDOF 
predictions in short-duration blast scenarios 
involving glass panes supported on two sides. 
Furthermore, the simulations indicate that the 
SDOF model provides reasonably accurate 
results when td/T > 0.1. 
4. At the early stage of response, very high 
transverse shear stress was observed, particularly 
near the centre of the pane. If the explosion 
occurs at close range, this intense shear stress, 
although short-lived, may cause shear failure. 
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Abstract: The calculation of bases and foundations of reconstructed buildings on sandy and clayey soils requires 
taking into account the value of the design resistance of the soil R. It is known that in the process of long-term 
operation of buildings, soil under the footings becomes compacted due to pressure from the foundations, and their 
properties usually improve. Over this period, the value of R also increases, and in the following we will call it the 
calculated resistance of the compacted foundation soil Rcomp. The authors have analyzed known methods of 
determining Rcomp, published by Russian scientists over the past 50 years. 
The purpose of this work was to refine the method for determining the value of the design resistance of the 
compacted soil Rcomp for the design of foundations for reconstructed buildings. Among the considered ones, the 
most effective is the engineering method of determining Rcomp based on the recommendations for calculating the 
value of R according to the formula (5.7) of SP 22.13330.2016, which is supplemented by coefficients that take 
into account changes in the physical and strength characteristics of soils. The greatest increase in the value of R to 
Rcomp (by 45-60%) is observed for shallow foundations on clayey low-plastic soils, while the smallest increase 
occurs in cases of ground water saturation during the operation of the building (by 20-25%). However, if the 
additional loading p from the foundation is insignificant (p/R -0.7), then the value of R (for uncompacted soil) 
decreases by 10-15% and more. The greatest compaction effect for clay soils during the building’s operational life 
occurs when the pressure at the footings p is 80% or more of the calculated soil resistance R (p R). All these 
factors must be considered when determining the reserve strength of the foundations of reconstructed buildings. 

 
Keywords: design resistance of the foundation soil, shallow foundations, 

compaction of the base by pressure from the foundations, improvement of soil properties 
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INTRODUCTION 
  
In Russia, when calculating the bases and 
foundations of reconstructed buildings on sandy 
and clayey soils for the second group of limit 
states, the parameter of design soil resistance R 
is used in accordance with SP 22.13330.2016. It 
is known that during the long-term operation of 
buildings, the foundation soils become 
compacted under the pressure from the 
foundations, and their properties usually 
improve (P. A. Konovalov, 1986; A. I. 
Polishchuk et al., 1997, and others). Due to the 
compaction of the soil and the improvement of 
its properties, there is also an increase in the 
parameter R, which for the conditions of 
reconstruction of buildings is usually called the 
calculated resistance of the compacted soil of 
the foundation Rcomp. The authors of the article 
have analyzed known methods for determining 
the parameter Rcomp, published in the works of: 
B. I. Dalmatov et al. (1985–1990), V. A. 
Zurnadzhi & M. P. Filatova (1970), P. A. 
Konovalov et al. (1986–2011), A.V. Pilyagin 
(2005–2017), A. I. Polishchuk et al. 
(1997–2023), A. G. Roitman et al. (1971–1990), 
N. G. Smolenskaya et al. (1979), E. A. 
Sorochan & Yu. I. Dvorkina (1976–1986), V. 
M. Ulitsky et al. (1986–1993), G. I. Shvetsov & 
I. V. Noskov et al. (1991–2002), V. B. Shvets, 

V. V. Lushnikov et al. (1981–1995) and others 
[1, 2, 13–18]. The comparative analysis showed 
that the current methods for calculating Rcomp 
require further development. 
This work aimed to substantiate a method for 
evaluating the design resistance of compacted 
subsoil (Rcomp) to support foundation design in 
building reconstruction projects. This article was 
prepared with the participation of T.N. Gutnik. 
 
 
DESIGN METHODOLOGY AND 
THEORETICAL APPROACHES 
 
Currently, existing regulatory documents 
contain limited information on methods for 
determining the design bearing capacity of 
compacted foundation soils (Rcomp) for building 
reconstruction projects. This results in frequent 
use of natural soil characteristics obtained from 
geotechnical investigations for new construction 
when designing (assessing loading conditions 
for) shallow foundations on sandy and clayey 
soils. In such cases, the improvement (change) 
in soil properties due to long-term compaction 
under foundation loads is frequently neglected. 
Let us consider the main methods used in 
Russia for determining the Rcomp parameter at 
the stage of justifying design solutions for 
foundation systems of reconstructed buildings. 

 

When designing foundations for reconstructed 
buildings, parameter R [Method (5.7) of 
SP 22.13330.2016] is frequently used as for new 
construction conditions. However, at the same 
time, prior to the design process, during the 
preparation of a report on the technical condition of 
a reconstructed building, an engineering and 
geological survey is conducted at the site (either 
fully or partially, as a means of verification), 
including a survey of existing foundations and their 
foundations. During this stage, samples of 
compacted soils are collected from under the bases 
of foundations to determine their physical and 
mechanical properties. The properties of the soil 
thus determined allow for the calculation of the Rp 
parameter, which is used to assess the loading 
capacity of the foundations under consideration. 
This method can be described as experimental 
method. The physico-mechanical properties of 
foundation soils for reconstructed buildings can 
also be determined through alternative methods 
such as geophysical surveys, sounding, or 
penetration tests. The determination of the Rp 
parameter based on actual soil characteristics 
established experimentally during foundation 
investigations, readers may refer to works by P.A. 
Konovalov, E.A. Sorochan, Yu.I. Dvorkina, A.I. 
Polishchuk et al., V.M. Ulitsky et al., and A.G. 
Roitman et al. [1,3,5,6,10,12,14, etc.]. The 
experimental method for determining the Rcomp 
parameter discussed above is based on current 
regulatory documents, has undergone verification, 
and has proven effective in the design practice of 
foundations for reconstructed buildings. However, 
its implementation requires a significant amount of 
time-consuming preparatory work related to 
collecting samples, soil samples taken from under 
the foundation base and determination of their 
physical, strength, and deformation characteristics 
under specified loading conditions. 
The experience of increasing loads on building 
structures, including foundations, due to the 
addition of extra floors has shown that the soils 
supporting the foundations often have a reserve 
of strength. These issues were first addressed in 
scientific publications as early as the 1930s [1, 
9, 12, 16, 17]. However, these publications 

provided only general recommendations 
regarding potential additional loading of 
existing foundations and subsoils without 
specific quantitative guidelines. For example, 
Professor P. A. Konovalov (1980) suggested 
that increased ground pressure during building 
reconstruction should be determined based on 
the allowable pressure R (used for new building 
design) with enhancement factors ranging from 
1.1 to 1.5 depending on soil type [1]. In the 
1941 building regulations, which were 
developed for construction under military 
conditions, it was recommended that the R - 
value be increased by 40% during 
reconstruction, provided that there were no 
cracks were observed in walls or other structural 
elements due to differential foundation 
settlement. In subsequent regulatory documents, 
the pressure on the foundations varies from 20% 
to 25% depending on the duration of their 
operation and the absence of defects, provided 
that they are at least 20 years old. The 1974 
(SNIP P-15-74) and 1983 (SNIP 2.02.01-83*) 
documents on the design of foundations for 
buildings and structures no longer contain any 
recommendations regarding potential increases 
in R for soils beneath existing buildings [11]. 
In 1970, V.A. Zurnadzhi and M.P. Filatova 
proposed a method for determining the 
increased allowable ground pressure R , in their 
work [4]. According to the authors, their method 
should be considered as preliminary, and the 
following formula was provided: 
 

            R  · p,            (1) 
 

p – design soil pressure beneath an 
existing building, kPa; 

 – the increasing coefficient is determined 
depending on the type of soil, its humidity, the 
calculated pressure at the base of the foundation 

p and the operating time of the building. 
According to the tabular data [4] for loess–like 
loams with a humidity from 5 to 20%, a design 

building service life of 5-25 years, the 
) vary within 
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that the current methods for calculating Rcomp 
require further development. 
This work aimed to substantiate a method for 
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structures, including foundations, due to the 
addition of extra floors has shown that the soils 
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9, 12, 16, 17]. However, these publications 

provided only general recommendations 
regarding potential additional loading of 
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specific quantitative guidelines. For example, 
Professor P. A. Konovalov (1980) suggested 
that increased ground pressure during building 
reconstruction should be determined based on 
the allowable pressure R (used for new building 
design) with enhancement factors ranging from 
1.1 to 1.5 depending on soil type [1]. In the 
1941 building regulations, which were 
developed for construction under military 
conditions, it was recommended that the R - 
value be increased by 40% during 
reconstruction, provided that there were no 
cracks were observed in walls or other structural 
elements due to differential foundation 
settlement. In subsequent regulatory documents, 
the pressure on the foundations varies from 20% 
to 25% depending on the duration of their 
operation and the absence of defects, provided 
that they are at least 20 years old. The 1974 
(SNIP P-15-74) and 1983 (SNIP 2.02.01-83*) 
documents on the design of foundations for 
buildings and structures no longer contain any 
recommendations regarding potential increases 
in R for soils beneath existing buildings [11]. 
In 1970, V.A. Zurnadzhi and M.P. Filatova 
proposed a method for determining the 
increased allowable ground pressure R , in their 
work [4]. According to the authors, their method 
should be considered as preliminary, and the 
following formula was provided: 
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p – design soil pressure beneath an 
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 – the increasing coefficient is determined 
depending on the type of soil, its humidity, the 
calculated pressure at the base of the foundation 

p and the operating time of the building. 
According to the tabular data [4] for loess–like 
loams with a humidity from 5 to 20%, a design 
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1.0-1.4. If the base contains sands of various 
sizes and densities, regardless of their humidity, 

the building from 5 to 25 years or more, the  
values range from 1.1 to 1.5. 
For cases where data on the actual soil 
characteristics in the compacted area under the 
foundation base is unavailable, P. A. Konovalov 
and A. G. Roitman, (1970-1972) and later E. V. 
Polyakov and V. K. Sokolov (1972) developed a 
method for determining parameter R', which 
takes into account the compression 
(pre-consolidation) effect of foundation soils 
during construction maintenance. The equation 
developed by P. A. Konovalov and A. G. 
Roitman is as follows: 
 

         R’= R · m· ks,            (2) 
 
where: R’ - calculated ground resistance of the 
base, taking into account the effect of 
compression (compaction) of the base by 
pressure from the foundation of the 
reconstructed building, kPa; 
R – the calculated resistance of the soil of the 
base during its natural occurrence 
(unconsolidated state), determined by SP 
22.13330.2016, kPa; 
m – the coefficient that takes into account the 
change in the physico–mechanical properties of 
the soils (the degree of compression of the soils) 
of the foundation under the foundation during 
the period of operation of the building; 
ks – a coefficient that takes into account the 
degree of realization (using) of the maximum 
precipitation of the foundation during the period 
of operation of the building (determined by the 
ratio of the calculated precipitation at a pressure 
equal to the calculated to the maximum 
allowable precipitation). The values of the k 
coefficient for different types (varieties) of soils 
are determined according to the tables (P. A. 
Konovalov, 2011). 
The coefficient m in formula (2) depends on the 
ratio of the foundation pressure before vertical 
extension  to the design soil resistance R.  

At p0/R 
m = 1.3, at p0/R = 0.7-0.8 (equal to 70-80%), the 
coefficient m = 1.15, at p0/R 
70%), the coefficient m = 1. 
The ratio p0/R equaling 1 signifies the complete 
utilization of the calculated soil resistance in the 
foundation for calculations pertaining to the 
second group of limiting states [1, 14]. 
The formula of E.V. Polyakov and V.K. 
Sokolov for determining R’ has the following 
form: 
 

     R’ = kR,            (3) 
 

where: R’, R  – the same as in formula (2); 
k – the coefficient of increase in the resistance 
of the base soil, depending on the ratio p0/R 
(here p0 is the actual pressure on the base soils 
up to the superstructure, kPa); The values of 
the coefficient k vary from 1.0 to 1.5 and are 
taken according to the tables (P.A. Konovalov, 
1980). 
Formula (3) may be applied when the building 
being vertically extended has been in service 
for at least 3 years for sandy soils, 5 years for 
sandy loams, and 8 years for clayey soils. In 
contrast to the method of P. A. Konovalov and 
A.G. Roitman, formula (3) includes only a 
single coefficient k, which accounts for the 
amount of load/magnitude of pressure 
transmitted to the soil by the foundation. The 
difference between the two methods also lies 
in the absence of a parameter in formula (3) to 
account for changes in foundation settlement 
during the operation of the structure. The 
values for the k coefficient are derived from 
tables (P. A. Konovalov, 1980). 
In AO TSNII Promzdaniy (Moscow), research 
was conducted (1965) into the strength 
characteristics of sand soils at the bases of 
existing buildings (operating period from 20 
to 120 years). Based on the research findings, 
a linear correlation was identified between the 
strength properties of soil and the duration of 
its loading, followed by the development of 
empirical formulas for determining the angle 
of internal friction and specific cohesion of 

 

sands at given time intervals after initial 
loading [5-7]. The considered methodology 
allowed: 
- to determine design bearing capacity values of 
foundation soils accounting for their 
time-dependent consolidation; 
- to address the issue of necessity for 
strengthening foundations and bases for the 
reconstruction of buildings, considering changes 
in strength properties of the soil. 
Based on the data obtained by Yu.I. Dvorkin 
and E.A. Sorochan from AO TSNII 
Promzdaniy (1972), a method has been 
developed for calculating the calculated 
resistance of compacted soil in the foundation 
base for sandy soils. The proposed method 
takes into account the time-dependent 
improvement in the building properties of 
sandy soils and is determined using the 
following formula for foundation design: 
 

Rcomp= R ·KE,          (4) 
 

where: R – the calculated resistance of the soil 
of the base during its natural occurrence 
(unconsolidated state), determined by SP 
22.13330.2016, kPa; 
KE – a coefficient accounting for the improvement 
of soil engineering properties, adopted from 
tabulated data (E. A. Sorochan, 1986). 
In TSASU (Tomsk), researches were 
conducted (1997-2000) to evaluate the load on 
the clay foundation of reconstructed 
(long-operating), buildings led to the 
development of a method for determining the 
compacted soil resistance parameter Rcomp (by 
author A.I. Polishchuk), considering its 
compressibility [8,9]. The method is based on 
formula (5.7) for calculating the designed 
resistance of natural soil base R, as per SP 
22.13330.2016. Coefficients ,  , K ,  
are included in formula (5.7), taking into 
account changes in soil strength 
characteristics during compaction and wetting 
(soaking) during building operation. The 

formula, considering the accepted coefficients, 
takes the following form: 
 

Rcomp = + +

1 + ·  · ,       (5) 
 
where: ,   – coefficients that take into 
account the change in the characteristics of 
density p (specific gravity) and specific 
adhesion to the soil of the foundation under the 
foundation during the period of operation of the 
building (Table 1); 
Mq, M , M – coefficients accepted according to 
SP 22.13330.2016, depending on the 
characteristics of the angle of internal friction 
( II) of the foundation compacted by pressure 
from the operated building: 
 

  II II ·K ,    (6) 
 

where: II – the angle of internal friction of the 
natural (uncompacted) soil of the base, deg; 
K – the coefficient that takes into account the 
change in the characteristic of the angle of 

operation of the building (Table 1); 
KS – a coefficient that takes into account the 
degree of realization (use) of the maximum 
precipitation of the foundation during the 
period of operation of the building (Table 2). 
The remaining designations in equation (5) are 
the same as in SP 22.13330.2016. 
The values of the coefficients Ky, K , Kc 
should be selected depending/based on the 
ratio of the average pressure along the sole of 
the exploited foundation p to the calculated 
resistance of the natural (unconsolidated) soil 
of the base R, which was assumed during the 
initial design of the facility (they were 
obtained experimentally for clay soils).At the 
same time, the coefficients Ky, K , Kc were 
established as the ratio of the characteristics 
of compacted (pressure foundations) and 
natural soils with a building life of more than 
15 years [9]. 
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sandy soils and is determined using the 
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where: R – the calculated resistance of the soil 
of the base during its natural occurrence 
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22.13330.2016, kPa; 
KE – a coefficient accounting for the improvement 
of soil engineering properties, adopted from 
tabulated data (E. A. Sorochan, 1986). 
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conducted (1997-2000) to evaluate the load on 
the clay foundation of reconstructed 
(long-operating), buildings led to the 
development of a method for determining the 
compacted soil resistance parameter Rcomp (by 
author A.I. Polishchuk), considering its 
compressibility [8,9]. The method is based on 
formula (5.7) for calculating the designed 
resistance of natural soil base R, as per SP 
22.13330.2016. Coefficients ,  , K ,  
are included in formula (5.7), taking into 
account changes in soil strength 
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(soaking) during building operation. The 
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takes the following form: 
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adhesion to the soil of the foundation under the 
foundation during the period of operation of the 
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Mq, M , M – coefficients accepted according to 
SP 22.13330.2016, depending on the 
characteristics of the angle of internal friction 
( II) of the foundation compacted by pressure 
from the operated building: 
 

  II II ·K ,    (6) 
 

where: II – the angle of internal friction of the 
natural (uncompacted) soil of the base, deg; 
K – the coefficient that takes into account the 
change in the characteristic of the angle of 

operation of the building (Table 1); 
KS – a coefficient that takes into account the 
degree of realization (use) of the maximum 
precipitation of the foundation during the 
period of operation of the building (Table 2). 
The remaining designations in equation (5) are 
the same as in SP 22.13330.2016. 
The values of the coefficients Ky, K , Kc 
should be selected depending/based on the 
ratio of the average pressure along the sole of 
the exploited foundation p to the calculated 
resistance of the natural (unconsolidated) soil 
of the base R, which was assumed during the 
initial design of the facility (they were 
obtained experimentally for clay soils).At the 
same time, the coefficients Ky, K , Kc were 
established as the ratio of the characteristics 
of compacted (pressure foundations) and 
natural soils with a building life of more than 
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Table 1. Values of coefficients Ky, K , Kc for determining the design resistance of the compacted soil 
of the Rcomp base (data by A.I. Polishchuk) 

 
 
 

The foundation soils of the 
reconstructed building 

Parameter 
p/R 

Coefficients 
, K    

1 Clayey soils with index IL 
building service life exceeding more 

15 years 

more 0,8 
0,5-0,8 

less than 0,5 

1,07-1,17 
1,03-1,05 

1,0 

1,10 
1,05 
1,0 

1,6 
1,32 
1,05 

2 Clayey soils with index IL > 0,5 and 
building service life exceeding more 

15 years 

more 0,8 
0,5-0,8 

less than 0,5 

1,05-1,15 
1,0-1,05 

1,0 

1,08 
1,04 
1,0 

1,45 
1,25 
1,05 

3 Clayey soils with groundwater present 
at foundation level and building 

service life exceeding more 15 years 

more 0,8 
0,5-0,8 

less than 0,5 

1,03 
1,03 
1,0 

0,97 
0,88 
0,8 

1,3 
1,06 
0,85 

Note. The use of coefficients Ky, K , Kc is provided for soils that do not have specific unfavorable properties (subsidence, swelling, 
etc.); p is the average pressure along the sole of the foundation under consideration before the reconstruction of the building; R is the 
calculated resistance of the natural (uncompacted) soil of the base. 
 
 
Table 2.  

 
 

Foundation soils regardless of density and moisture content s 
when S/Su 
0,2 0,7 

1 Coarse and medium sands 1,4 1,0 
2 Fine sands 1,2           1,0 
3 Silty sands 1,1 1,0 
4 Cohesive (clayey) soils with index IL  1,2 1,0 
5 Cohesive (clayey) soils with index IL 

exceeding more 15 years 
 
1,1 

 
1,0 

6 Cohesive (clayey) soils with index IL > 0,5 and building service life 
exceeding more 15 years 

 
1,07 

 
1,0 

7 Clayey soils with groundwater present at foundation level and building 
service life exceeding more 15 years 

 
 
1,05 

 
 
1,0 

Note. 1. In Table 2, the following designations are used: S – is the settlement of the foundation under a pressure p at the sole, 
corresponding to the estimated resistance of the natural ground at the base u – is the maximum permissible settlement for the 
type of structure under consideration. For medium-rise buildings, the Kz factor is estimated by interpolation based on the S/Su ratio. 
2. In Table 2, figures 1-5 present data on coefficients obtained by NIIOSP experts in collaboration with Moszhilniiproekt (P. A. 
Konovalov, A. G. Roitman, et al., [11], [14]). The values of Ks numbered 6 and 7 were proposed by A.I. Polishchuk. 
 
 
RESULTS AND DISCUSSION 
 
Analyzing the methods discussed above for 
determining the design resistance of compacted 
foundation soil at the Rcomp reveals that all are 
applicable only to specific soil types (or 
varieties. 
The method proposed by Yu. I. Dvorkin and E. 
A. Sorochan (1976–1982, 1986) is applicable 
only to sandy soils with different granulometric 
compositions and humidity. 

The method by P.A. Konovalov and A.G. 
Roitman (1972-1980), as well as the method by 
E.V. Polyakov and V.K. Sokolov (1972), are 
applicable not only to sandy soils but also to 
cohesive (clayey) soils with a liquidity index JL 

years. 
According to the authors themselves, the 
method proposed by V. A. Zurnadzhi and M. P. 
Filatova (1970) should be considered only as 
preliminary. 

 

The method developed at TGASU (1997-2000), 
unlike the previously described methods by P. 
A. Konovalov et al. (1972-1980), E. P. 
Polyakov et al. (1972), and V. A. Zurnadzhi et 
al. (1970), has a broader application range and 
is applicable to clayey soils ranging from hard 
to soft-plastic (plastic) consistency. 
It should be noted that the method developed at 
TSASU 1997 - 2000 takes into account not only 
the improvement of soil properties beneath the 
foundations of reconstructed buildings as a result 
of compaction, but also the weakening caused by 
flooding during the operation of these buildings. 
For instance, the largest increase in R to Rp is seen 
for shallow foundations on clay soils with an JL 
0.5, which is 45-60%, and the smallest increase is 
for the case where these soils are flooded during 
the operation, which is 20-25%. If the 
compression of foundation soil due to pressure 

-0.7), 
the value of R for unconsolidated soils decreases 
by 10-15% or more [2, 9]. 
It is also important to note that, in some cases, 
the actual pressure exerted at the base of the 
foundations of reconstructed buildings may be 
20-30% of the calculated bearing capacity of the 
natural, unconsolidated soil. In such instances, 
the effect of the compressive load from the 
foundations on the base is negligible. The 
greatest impact of compression on the 
foundation soil during the operational life of the 
structure occurs when the pressure applied to 
the base of the foundation is equal to 80% or 
greater than 80% of the bearing capacity of the 

). 
All these factors must be considered when 
determining the required strength reserve for the 
foundations of reconstructed structures, taking 
into account the specific characteristics of the 
soil and the anticipated service life of the 
building [19-25]. 
 
 
CONCLUSION 
 
1. It has been determined that for the design of 
foundations and shallow foundations (ribbon, 

isolated, dense) for reconstructed buildings, it is 
essential to determine the parameter of 
calculated resistance of compacted soil at the 
base of the structure. Engineering methods for 
calculating the Rp are based on 
recommendations from regulatory documents 
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Abstract: This paper considers an approach to improving the service performance of fiberglass composite pipe-
lines under seismic conditions by modifying the thermosetting binder with plasticizing and toughening additives 
aimed at increasing fracture toughness and reducing the material’s tendency to brittle failure under alternating-
sign and impulse actions. The relevance of the study is driven by the fact that conventional pipeline materials 
(steel, reinforced concrete) have significant limitations when operated in seismically hazardous regions, whereas 
fiberglass reinforced plastics manufactured by continuous filament winding are characterized by high specific 
strength, corrosion resistance, and durability, but often demonstrate linear-elastic behavior up to failure. The ob-
ject of the study was fiberglass composite pipes with a three-layer wall (surface, structurally reinforced, and liner 
layers). The following binder modifiers were considered: Polyplex; a modifier produced by JSC “Poliplast” 
(PoliPlast M); and a powder impact modifier of the “core–shell” type Clearstrength® XT100, introduced in dif-
ferent mass percentages. For each formulation, a series of repeated measurements was performed to ensure com-
parability and statistical evaluation of the results. The experimental program included determination of the initial 
specific ring stiffness and resistance to initial ring deflection, the initial hoop tensile strength and tensile modu-
lus, the initial axial tensile strength and tensile modulus, as well as Charpy impact toughness in accordance with 
the applicable standards. Based on the combined indicators, the necessity for multi-criteria selection of binder 
composition is discussed, enabling preservation of the design stiffness–strength characteristics while improving 
the dynamic resistance of the material. 
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INTRODUCTION 
 
Modern trends in construction are characterized 
by continuously increasing complexity of archi-
tectural, planning, and structural solutions, driv-
en by growing economic and social require-
ments. Under these conditions, the task of en-
suring comprehensive safety of buildings and 
structures becomes particularly relevant; it goes 
beyond accounting for individual extreme ac-
tions and requires considering their combina-
tions [1, 2]. The importance of the present re-
search is additionally  by the im-
plementation of the national project “Infrastruc-
ture for Life” [3], aimed at modernizing and im-
proving the reliability of engineering and 
transport infrastructure facilities, including wa-
ter supply, wastewater disposal, and other pipe-
line networks, whose serviceability largely de-
termines the resilience of territorial systems. 
For pipeline systems, which are critical infra-
structure elements, the issue of combined ac-
tions is especially important. The high seismici-
ty of a significant part of the territory of the 
Russian Federation (more than 26% of the area, 
including the Caucasus, Crimea, Altai, Sayan 
Mountains, Transbaikalia, Kamchatka, and the 
Kuril Islands) creates prerequisites for the reali-
zation of various scenarios of extreme impacts 
[4]. Statistical data confirm that regions with 
high seismic activity show an increased fre-
quency of technogenic accidents, including 
damage to pipeline systems [5]. 
Traditional materials for pipelines—steel and rein-
forced concrete—have several serious disad-
vantages under seismic conditions: high mass, 

susceptibility to brittle fracture, and low corrosion 
resistance [6]. Composite materials, in particular 
fiberglass reinforced plastics manufactured by 
continuous filament winding, represent a promis-
ing alternative combining high specific strength, 
corrosion resistance, and durability [7–10]. 
However, conventional epoxy and polyester fiber-
glass composites are characterized by predomi-
nantly linear-elastic behavior up to the moment of 
brittle failure. This means that under complex al-
ternating-sign and impulse loads typical of earth-
quakes, such structures cannot effectively redis-
tribute peak stresses through plastic deformations, 
which increases the probability of sudden cata-
strophic failure [11]. In this context, the impact 
toughness becomes a critical controlled parameter, 
since it reflects the material’s energy absorption 
capacity under dynamic loading and its resistance 
to crack initiation and unstable crack propagation. 
Consequently, ensuring a stable and sufficiently 
high level of impact toughness is essential for pre-
venting the transition from local damage accumu-
lation to rapid, brittle, and system-level failure in 
seismic conditions. 
Specialized studies on the seismic stability of 
pipelines are presented in [12–21]. The authors 
established that the main earthquake-related 
damage mechanisms for polymer composite 
pipelines are associated with: 
 Stress concentrations in joint and branch 

zones [17]; 
 Failure under bending deformations [18]; 
 Loss of stability (buckling) of the pipe wall 

under compression [19]; 
 Fatigue failure under repeated cyclic actions 

[20, 21]. 
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Study [22] raised the issue of predicting the 
physical and mechanical properties of polymer 
materials. The authors described a property pre-
diction methodology; however, optimal compo-
sitions were not determined. 
Thus, it is necessary to develop a composite 
pipe material with enhanced resistance to im-
pact cyclic loads, while maintaining the required 
stiffness and strength characteristics for safe op-
eration under combined extreme actions. 
 
 
MATERIALS AND METHODS 
 
The investigated object — a fiberglass compo-
site pipe—consists of the following main com-
ponents: 
 Binder: unsaturated polyester resin on an 

orthophthalic base (PN-1 grade), isophthal-
ic base (Depol X-400 grade), or vinyl ester 
base (Divinyl 911 grade); 

 Reinforcement: fiberglass in the form of 
continuous and chopped E, ECR rovings; 

 Filler: enriched quartz sand of grade VS-
050-1; 

 Plasticizer. 
A plasticizer is a substance thermodynamically 
compatible with a polymer that reduces the den-
sity of intermolecular interactions in the poly-
mer phase. This additive makes polymer materi-
als less brittle and more ductile. 
The following plasticizers were considered: 
 Polyplex — a flexible unsaturated polyester 

resin modifier for UPR matrices. 
 Clearstrength® XT100 (Arkema) — a 

powder “core–shell” impact modifier for 
thermosetting binders. 

 Flexible isophthalic UPR resin modifier 
(JSC “Poliplast”) — an isophthalic unsatu-
rated polyester resin modifier for thermo-
setting binders used in continuous winding 
(PoliPlast M). 

In addition, a number of auxiliary components 
were used in small amounts: cobalt octoates, 
methyl ethyl ketone peroxides, C-glass surface 
veils, and others.  
Fiberglass composite pipes (Figure 1) were 
manufactured with plasticizer addition based on 
the need to increase the impact toughness of 
each specimen. For each formulation (Table 1), 
a series of at least three measurements was per-
formed for the key indicators, enabling statisti-
cal assessment of result scatter.  
The pipe cross-section consists of three layers: 
(1) surface layer, (2) structurally reinforced lay-
er, and (3) liner layer. The surface and liner 
serve as protective layers for the external and 
internal pipe surfaces against weathering, UV 
radiation, and aggressive and/or abrasive service 
fluids, while the reinforced layers provide me-
chanical strength. 

 

 
Figure 1. Specimens with modified binder 

Table 1. Experimental series of binder formulations for a DN1000 pipe 
Series Plasticizer Plasticizer content, wt.% 

of resin 
Control No plasticizer 0 
PoliPlast M  UPR modifier (JSC “Poliplast”) 10; 15; 20 
Polyplex Elastomeric additive (Polyplex 

Flexible) 
10; 15; 20 

Clearstrength XT100  “Core–shell” particles 10; 15; 20 
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Thus, it is necessary to develop a composite 
pipe material with enhanced resistance to im-
pact cyclic loads, while maintaining the required 
stiffness and strength characteristics for safe op-
eration under combined extreme actions. 
 
 
MATERIALS AND METHODS 
 
The investigated object — a fiberglass compo-
site pipe—consists of the following main com-
ponents: 
 Binder: unsaturated polyester resin on an 

orthophthalic base (PN-1 grade), isophthal-
ic base (Depol X-400 grade), or vinyl ester 
base (Divinyl 911 grade); 

 Reinforcement: fiberglass in the form of 
continuous and chopped E, ECR rovings; 

 Filler: enriched quartz sand of grade VS-
050-1; 

 Plasticizer. 
A plasticizer is a substance thermodynamically 
compatible with a polymer that reduces the den-
sity of intermolecular interactions in the poly-
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manufactured with plasticizer addition based on 
the need to increase the impact toughness of 
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a series of at least three measurements was per-
formed for the key indicators, enabling statisti-
cal assessment of result scatter.  
The pipe cross-section consists of three layers: 
(1) surface layer, (2) structurally reinforced lay-
er, and (3) liner layer. The surface and liner 
serve as protective layers for the external and 
internal pipe surfaces against weathering, UV 
radiation, and aggressive and/or abrasive service 
fluids, while the reinforced layers provide me-
chanical strength. 

 

 
Figure 1. Specimens with modified binder 

Table 1. Experimental series of binder formulations for a DN1000 pipe 
Series Plasticizer Plasticizer content, wt.% 

of resin 
Control No plasticizer 0 
PoliPlast M  UPR modifier (JSC “Poliplast”) 10; 15; 20 
Polyplex Elastomeric additive (Polyplex 

Flexible) 
10; 15; 20 

Clearstrength XT100  “Core–shell” particles 10; 15; 20 
 

For each formulation, a series of at least three 
measurements was performed for the key indi-
cators, enabling statistical assessment of result 
scatter. The pipe cross-section (Figure 2) con-
sists of three layers: (1) surface layer, (2) struc-
turally reinforced layer, and (3) liner layer. The 
surface and liner protect the pipe from environ-
mental impacts, UV exposure, and aggressive 
and/or abrasive fluids; the reinforced layers 
provide mechanical strength.  
 

 
Figure 2. Wall structure of a fiberglass compo-

site pipe 
 

The specimen preparation scheme for the fiber-
glass composite pipes studied is shown in Fig-
ure 3. Specimens were cut from the manufac-
tured pipe for: (1) impact toughness determina-
tion, (2) ring stiffness and resistance to initial 
ring deflection, (3) initial hoop tensile strength 

and tensile modulus, and (4) initial axial tensile 
strength and tensile modulus.  
 

 
Figure 3. Specimen preparation scheme 

 
 

RESULTS AND DISCUSSION 
 
Determination of initial specific ring stiffness 
 
Specimens for testing the initial specific ring 
stiffness by Method A specified in [23] and re-
sistance to initial ring deflection according to 
[24] were rings cut from the fiberglass compo-
site pipe with a width of 300 mm.  
Test results are presented in Table 2. Plots of 
initial specific ring stiffness are shown in Figure 4.  

 
Table 2. Initial specific ring stiffness SN, N/m² 

Series 
 

Plasticizer con-
tent, wt.% of resin 

Meas. 1 
 

Meas. 2 
 

Meas. 3 
 

Meas. 4 
 

Average 

Control 0 10682.5 10449.2 10738.0 10782.0 10702.5 

PoliPlast M 

10 10265.3 10782.6 10165.6 10433.9 10399.9 

15 10021.2 9669.0 10688.2 9602.5 10039.7 

20 10248.7 9894.3 9943.4 9661.9 9900.6 

Polyplex 

10 9936.4 9535.2 10067.0 9863.2 9694.0 

15 9516.1 9720.6 9639.4 9926.2 9664.3 

20 8604.2 9293.0 8692.2 9069.2 9070.2 

Clearstrength XT100 

10 11201.2 10099.9 10114.8 10161.7 10529.9 

15 10145.8 9651.3 10205.7 9488.2 9974.7 

20 10011.0 10431.3 10210.6 9409.9 9960.9 
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Figure 4. Plots of initial specific ring stiffness 

SN versus plasticizer content 
 

Determination of initial hoop tensile strength 
and tensile modulus 
 
Specimens for testing initial hoop tensile 
strength and tensile modules by Method B spec-
ified in [25] were cut from fiberglass composite 
pipes in the circumferential direction as rings 25 
mm wide with a reduced section (stress concen-
trator) 10 mm wide.  
Results are given in Table 3. Plots of initial 
hoop tensile strength and tensile modulus are 
shown in Figures 5 and 6. 

 
Table 3. Results for initial hoop tensile strength and tensile modulus 

Series Plasticizer content, 
wt.% of resin 

Specimen 
No 

Initial hoop strength, 
MPa 

Hoop tensile modulus, 
MPa 

Control 
 

0 
 

1 205,3 16853 
2 204,3 16561 
3 205,6 16561 

PoliPlast M  

10 
 

1 204,6 16236 
2 203,0 16041 
3 203,0 16041 

15 
1 196,1 15450 
2 197,9 15564 
3 195,7 15464 

20 
 

1 191,2 15252 
2 191,1 15134 
3 191,4 14980 

Polyplex 
 

10 
1 194,4 15084 
2 191,2 14861 
3 191,7 15126 

15 
1 190,1 15033 
2 189,0 15028 
3 189,7 14843 

20 
1 184,8 13935 
2 182,2 14260 
3 182,6 14019 

Clearstrength 
XT100 

 

10 
1 201,8 16179 
2 202,3 16195 
3 202,0 16041 

15 
1 196,2 15300 
2 197,0 15352 
3 196,0 15452 

20 
1 196,3 15467 
2 194,7 15226 
3 196,8 15419 

 
Figure 5. Initial hoop tensile strength versus 

plasticizer content  
 

 
Figure 6. Initial axial tensile modulus versus 

plasticizer content 
 
Testing of initial specific ring stiffness SN 
showed that introducing plasticizers into the 
binder generally reduces pipe ring stiffness 
compared with the control formulation 
(SN_avg = 10702.5 N/m²), and the reduction 
degree depends on the plasticizer type and con-
tent. Values closest to the control level were 

obtained for Clearstrength XT100 10% 
(SN_avg = 10529.9 N/m²; ~1–2% decrease) 
and PoliPlast M 10% (SN_avg = 10399.9 
N/m²; ~3% decrease); PoliPlast M 15% main-
tains SN near the required level (SN_avg = 
10039.7 N/m²). When increasing content to 
20%, some formulations fall below SN = 
10000 N/m² (PoliPlast M 20%—9900.6 N/m²; 
“PESU” 15–20%—9974.7–9960.9 N/m²), and 
the most pronounced stiffness drop is recorded 
for Polyplex (down to 9070.2 N/m² at 20%). 
Therefore, from the standpoint of maintaining 
ring stiffness within this section, formulations 
with 10% (PoliPlast M, Clearstrength XT100) 
and 15% (PoliPlast M) are the most preferable, 
whereas increasing content to 20% and using 
Polyplex are accompanied by a significant de-
crease in SN. 
 
Determination of initial hoop tensile strength 
and tensile modulus 
 
Specimens for testing initial axial tensile 
strength and tensile modulus were determined in 
accordance with Method B described in [26]; 
they were cut from fiberglass composite pipes in 
the axial direction as strips 25 mm wide and 450 
mm long.  
Results are presented in Table 4. Plots are 
shown in Figures 7 and 8. 

 
Table 4. Results for initial axial tensile strength and tensile modulus 

Series Plasticizer content, 
wt.% of resin 

Specimen 
No. 

Initial axial strength, 
MPa 

Axial tensile 
modulus, MPa 

Control  0 1 103,5 7155 
2 102,6 7291 
3 102,9 7133 
4 103,9 7205 
5 103,4 7193 

PoliPlast M  10 1 102,0 7010 
2 99,4 6885 
3 99,9 6926 
4 101,0 7036 
5 101,0 6961 

15 1 99,9 6865 
2 97,4 6743 
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compared with the control formulation 
(SN_avg = 10702.5 N/m²), and the reduction 
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“PESU” 15–20%—9974.7–9960.9 N/m²), and 
the most pronounced stiffness drop is recorded 
for Polyplex (down to 9070.2 N/m² at 20%). 
Therefore, from the standpoint of maintaining 
ring stiffness within this section, formulations 
with 10% (PoliPlast M, Clearstrength XT100) 
and 15% (PoliPlast M) are the most preferable, 
whereas increasing content to 20% and using 
Polyplex are accompanied by a significant de-
crease in SN. 
 
Determination of initial hoop tensile strength 
and tensile modulus 
 
Specimens for testing initial axial tensile 
strength and tensile modulus were determined in 
accordance with Method B described in [26]; 
they were cut from fiberglass composite pipes in 
the axial direction as strips 25 mm wide and 450 
mm long.  
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Table 4. Results for initial axial tensile strength and tensile modulus 

Series Plasticizer content, 
wt.% of resin 

Specimen 
No. 

Initial axial strength, 
MPa 

Axial tensile 
modulus, MPa 
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3 97,9 6783 
4 97,5 6794 
5 99,1 6858 

20 1 96,8 6684 
2 94,4 6565 
3 94,8 6605 
4 95,3 6753 
5 95,2 6697 

Polyplex 
 

10 1 98,8 6793 
2 96,4 6672 
3 96,9 6712 
4 96,3 6694 
5 96,0 6636 

15 1 95,7 6504 
2 93,4 6388 
3 93,8 6426 
4 94,7 6353 
5 96,8 6570 

20 1 91,6 6215 
2 89,3 6104 
3 89,7 6141 
4 89,6 6185 
5 92,7 6146 

Clearstrength 
XT100 

 

10 1 103,0 7118 
2 100,5 6991 
3 101,0 7033 
4 103,0 6977 
5 100,5 7066 

15 1 100,9 6973 
2 98,4 6849 
3 98,9 6891 
4 96,0 6907 
5 99,0 6846 

20 1 98,8 6829 
2 96,4 6707 
3 96,9 6748 
4 99,5 6715 
5 98,1 6806 

 
 

Based on the average values (Figures 4.12 
and 4.13), introducing the considered plasti-
cizers leads to a decrease in axial tensile 
modulus and initial axial tensile strength. The 
most pronounced reduction is observed for 

the Polyplex formulation at 20% content, 
whereas the Clearstrength XT100 modifier 
better preserves strength characteristics with 
a moderate decrease in stiffness.  
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Figure 7. Initial axial tensile strength versus 

plasticizer content 
 

 
Figure 8. Axial tensile modulus versus plasticiz-

er content 
 

Determination of the impact toughness 
 

Impact toughness was determined by the Char-
py pendulum impact method on notched and/or 
unnotched specimens in accordance with [27]. 
To ensure comparability, the specimen size rec-
ommended by the standard was used: Type 2, 
length 80 mm, width 10.0 mm.  
Test results are presented in Table 5. The impact 
toughness plot is shown in Figure 8. 
 

 
Figure 8. Impact toughness versus plasticizer 

content 
Table 5. Charpy impact toughness, kJ/m² 

Series 
Plasticizer 
content, 
wt.% of res-
in 

Meas. 1 Meas. 2 Meas. 3 Meas. 4 Average 

Control 0 56,6 55,6 56,8 58,2 56,8 

PoliPlast M 
10 62,1 62,1 65,3 63,9 63,4 
15 67,6 69,4 67,6 67,6 68,0 
20 67,6 63,8 64,1 66,2 65,4 

Polyplex 
10 59,1 61,5 59,3 58,4 59,6 
15 68,7 65,7 66,2 63,5 66,0 
20 70,5 71,7 69,4 72,2 71,0 

Clearstrength 
XT100 
 

10 62,3 62,9 62,3 66,7 63,6 
15 67,0 65,1 68,5 64,8 66,4 
20 68,6 64,7 65,8 68,6 66,9 

 
The most pronounced increase in impact 
toughness was obtained for the Polyplex se-
ries at 20% content: 71.0 kJ/m², correspond-
ing to an increase of about 25% relative to 
the control level. For PoliPlast M, the maxi-
mum is achieved at 15% content (68.0 kJ/m², 
increase about 19.7%); with a further in-
crease to 20%, the value decreases to 65.4 
kJ/m² (increase about 15.1%), which can be 

interpreted as manifestation of an “over-
toughening/over-plasticization” effect of the 
matrix and deterioration of interfacial inter-
action at excessive additive content. For 
Clearstrength XT100, a steady increase in 
impact toughness is observed with increasing 
content from 10 to 20% (up to 66.9 kJ/m², 
increase about 17.8%). 
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CONCLUSION 
 
The performed study established that intro-
ducing plasticizing and elastomeric modifiers 
(including dispersed “core–shell” systems) 
into the thermosetting binder of fiberglass 
composite pipes is an effective tool for target-
ed increase in material impact toughness. In-
creasing this parameter is considered one of 
the determining factors in improving crack 
resistance and, consequently, the performance 
of pipe elements under seismic actions charac-
terized by impulse nature and alternating-sign 
loading. 
At the same time, it was revealed that the in-
crease in impact toughness is accompanied by 
a decrease in stiffness–strength characteris-
tics; the changes are systematic and dose-
dependent and are governed by the nature of 
the plasticizer and its concentration in the ma-
trix. 
The maximum increase in impact toughness 
was recorded for the Polyplex formulation at 
20% content; however, this series also exhib-
its the most pronounced decrease in ring stiff-
ness, which limits its applicability where 
stiffness requirements are regulated. Formula-
tions modified with PoliPlast M and Clear-
strength XT100 demonstrate a more rational 
“toughness–stiffness” compromise: at moder-
ate dosages, ring stiffness remains comparable 
to the control material, while a statistically 
significant increase in impact toughness is 
achieved. 
The obtained data confirm the prospects of 
using plasticizing additives for purposeful 
modification of the viscoelastic response and 
for improving resistance to dynamic failure of 
fiberglass composite pipes under seismic ac-
tivity. 
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CONCLUSION 
 
The performed study established that intro-
ducing plasticizing and elastomeric modifiers 
(including dispersed “core–shell” systems) 
into the thermosetting binder of fiberglass 
composite pipes is an effective tool for target-
ed increase in material impact toughness. In-
creasing this parameter is considered one of 
the determining factors in improving crack 
resistance and, consequently, the performance 
of pipe elements under seismic actions charac-
terized by impulse nature and alternating-sign 
loading. 
At the same time, it was revealed that the in-
crease in impact toughness is accompanied by 
a decrease in stiffness–strength characteris-
tics; the changes are systematic and dose-
dependent and are governed by the nature of 
the plasticizer and its concentration in the ma-
trix. 
The maximum increase in impact toughness 
was recorded for the Polyplex formulation at 
20% content; however, this series also exhib-
its the most pronounced decrease in ring stiff-
ness, which limits its applicability where 
stiffness requirements are regulated. Formula-
tions modified with PoliPlast M and Clear-
strength XT100 demonstrate a more rational 
“toughness–stiffness” compromise: at moder-
ate dosages, ring stiffness remains comparable 
to the control material, while a statistically 
significant increase in impact toughness is 
achieved. 
The obtained data confirm the prospects of 
using plasticizing additives for purposeful 
modification of the viscoelastic response and 
for improving resistance to dynamic failure of 
fiberglass composite pipes under seismic ac-
tivity. 
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Abstract: This article presents numerical modeling results of prognosed dynamic response for load-bearing 
structural elements of constructing business complex building to railway transport vibration excitation. The 
transport vibrations are measured on existing pile foundation heads. The obtained response vibration acceleration 
evaluated by its spectra in accordance with Russian sanitary normative document. 
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1. INTRODUCTION 
 
Currently building constructing and designing 
in railway influence area more often happens in 
metropolises with highly developed railway 
infrastructure. Besides this infrastructure 
extension leads to worsened exploiting 
building structures vibrational state due to new 
railway tracks laying closer to existing building 
and structures. Constructing and existing 

buildings and structures turn out to be under 
the rail transport vibration influence caused by 
land passenger and freight transportation trains, 
high-speed trains and underground. There are a 
few illustrations: residential complex 
Dominion in Moscow, Russia [1] arranged 
above shallow subways and the Xi’an Bell 
Tower in China also arranged above four 
shallow subways lied in 14 meters from Bell 
Tower foundation, as well [2]. 

International Journal for Computational Civil and Structural Engineering, 22(1) 157–168 (2026)

DOI:10.22337/2587-9618-2026-22-1-157-168



158 International Journal for Computational Civil and Structural Engineering

It is known that the wheel and railway cuts 
impacts causes the railway transport vibration. 
Its spectrum and amplitude vary due to different 
railway construction and vibration waves 
propagation in the ground and also initial 
vibration amplitude may increase [3]. Railway 
transport vibration frequence mostly consists of 
impact excitation 25-50 Hz components [3]. 
Transformed transport vibration reaches 
buildings foundations and according to main 
vibration excitation frequence leads to various 
effects on buildings structural elements, such as 
steel structures fatigue resistance diminution 
(Bauschinger effect), cracking in concrete and 
masonry structures (see Fig. 1) [2], finish 
peeling. Periodic transport vibration leads to 
worsened well-being of people and equipment 
malfunctioning. 
 
 
2. PROBLEM FORMULATION 
 
Evaluation of constructing building load bearing 
structures dynamic response to vibrations 
induced by railway transport using numerical 
modeling approach is processed in 2 stages. The 
first stage consists of the following steps: 
 measuring transport vibration excitation on 

pile foundation heads with further processing 
and evaluating; 
 selecting smaller excerpt from the whole 

measured and processed vibration signal for 
usage as initial data at the next stage. 
The second stage consists of the following 
steps: 
 designing the finite element model of load 

bearing structures of a building; 
 processing numerical research of load 

bearing structures dynamic response in building 
representative part; 
 evaluating obtained in representative parts 

response structures vibrations according to limit 
vibration values given in Russian building codes 
and regulations. 
 

 
Figure 1. The Xi’an Bell Tower foundation 
cracking due to periodic forced vibrations 
caused by underground railway transport 

 
In the current paper the object of study is the 
constructing business complex building located 
in Moscow, Kulneva street and Kutuzovsky 
avenue intersection (see Fig. 2). Subject of 
research is the people residence vibration 
comfort for the premises of the object exposed 
to transport vibration excitation caused by land 
Moscow underground (Metro) trains and 
Moscow Central Ring (MCR) trains. Currently 
under construction building block lettered “B” 
(further “Block B”) located in railway influence 
area. The smallest distance between MCR rail 
tracks and Block B vertical load bearing 
structures is equal to 22 meters (see Fig. a). 
Beside location near railway tracks Block B has 
following characteristics: 
 Block B building is constructed above 

already existing basement floor structures (5 
floors deep). Vertical load bearing structures of 
Block B placed on existing piles and take only 
vertical load from existing basement flood slabs 
(see Fig.3); 
 load bearing structures of the Block B are 

steel frame with steel decking monolithic 
reinforced concrete floor slabs and reinforced 
concrete structural cores; 
 the maximum span between two load bearing 

columns rows is equal to 30 meters; 
 the complex node connection between 

fourbranched steel part (above the ground) and 
reinforced concrete part with circle cross section 
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 evaluating obtained in representative parts 

response structures vibrations according to limit 
vibration values given in Russian building codes 
and regulations. 
 

 
Figure 1. The Xi’an Bell Tower foundation 
cracking due to periodic forced vibrations 
caused by underground railway transport 

 
In the current paper the object of study is the 
constructing business complex building located 
in Moscow, Kulneva street and Kutuzovsky 
avenue intersection (see Fig. 2). Subject of 
research is the people residence vibration 
comfort for the premises of the object exposed 
to transport vibration excitation caused by land 
Moscow underground (Metro) trains and 
Moscow Central Ring (MCR) trains. Currently 
under construction building block lettered “B” 
(further “Block B”) located in railway influence 
area. The smallest distance between MCR rail 
tracks and Block B vertical load bearing 
structures is equal to 22 meters (see Fig. a). 
Beside location near railway tracks Block B has 
following characteristics: 
 Block B building is constructed above 

already existing basement floor structures (5 
floors deep). Vertical load bearing structures of 
Block B placed on existing piles and take only 
vertical load from existing basement flood slabs 
(see Fig.3); 
 load bearing structures of the Block B are 

steel frame with steel decking monolithic 
reinforced concrete floor slabs and reinforced 
concrete structural cores; 
 the maximum span between two load bearing 

columns rows is equal to 30 meters; 
 the complex node connection between 

fourbranched steel part (above the ground) and 
reinforced concrete part with circle cross section 

(below ground) (see Fig. 4). The underground 
concrete column part bear to pile grid. 
 

a)  

b)  
Figure 2. The business complex render:  

a) an assembly view, b) the Block B render 
 

 
Figure 3. Cross-sectional plan of a five floors 

basement. New reinforced columns are colored 
in blue, existing load bearing structures are 

colored in black 
 

a)  
 

b)  
Figure 4. The fourbranched steel bearing 

column reinforced concrete bearing column 
node connection: a) an assembly view of column 

steel part, b) the connection part 
 
 

3. STAGE 1. MEASURING VIBRATIONS 
 
Taking in account the fact that Block B columns 
will bear to existing pile grid it was decided to 
take railway transport vibration measurements 
on the pile heads (see Fig 4). That provides the 
lack of need to conduct mathematical modelling 
of vibration waves propagation in soil mass 
between Block B pile foundation and railway 
tracks. 
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a)  

b)  
Figure 5. Vibration measurements.  
a) Points of measurements location. 

Constructing Block B contour is colored green; 
b) An accelerometer position on a pile head 

 
The measurements of railway transport 
vibration acceleration were conducted by 
experts Gecha V.Ia., Grabilin A.O., Derishev 

taking in account Russian standards 
[4]. The utilized accelerometers (see Fig. 5b) 
have from 0.05 up to 750 Hz frequence range 
and sensitivity in range 100 – 107 mV/ms2. The 
vibration signals measurement and analyzation 
were made using LMS SCADAS Mobile 
system. The series of measurement were made. 
According to the LMS SCADAS Mobile ADC 
limits and characteristics the sampling rate for 
each measurement in series was chosen fs = 256 

f = 0,001953 Hz. 
Therefore, sampled acceleration signal  
had Ns = 131 080 values. According to those 
characteristics the maximum duration of 
measured railroad transport vibration signals  

 = 256 s, the discretization t = 2 ms. The 
measured in each point (see Fig. 5a) vibration 
acceleration signals consist of five recorded 
sequentially signals because the 256 seconds are 
barely enough to register at least one of Metro 
or MCR trains passes by nearest railway tracks. 
Total vibration acceleration signal duration is 
1280 s which allowed to measure vibration from 
at least 5 Metro trains and 3 MCR trains passed 
in both directions. Railway transport vibration 
acceleration was measured in 3 directions (see 
Fig. 6). 
 

 
Figure 6. The Block B finite element model. 

The direction axes of railway transport 
vibration excitation are located in the left 

bottom corner: 
 X and Y direction: horizontal 

perpendicular and parallel to column 
rows respectively vibration components; 

 Z direction: vertical vibration component 
 
The following measured vibration excitation 
features were obtained based on its analysis 
results: 
 all measured vibration acceleration signals 

have low-frequency (significantly lower than 1 
Hz) components; 
 some of the obtained acceleration signals 

recorded in few points have an unsignificant 
extraneous noise (lower than 50 dB); 

 some of the obtained acceleration signals 
recorded in a few points have a significant noise 
from working vibration and impact equipment. 
Measured railway transport vibration 
acceleration signals were filtered before further 
research. Filtration was obtained by extracting 
components with frequency from 1 to 200 Hz, 
the components with frequency lower then 1 Hz 
and higher then 200 Hz were deleted. Besides 
components of noise with 50 Hz frequency were 
cut too. Obtained in point 1 at the axis 35 pile 
head example of railway transport vibration 
acceleration signal before and after filtration 
presented on Figure 7. 
The moments when MCR and Metro trains 
passing by Block B are easy to define on 
processed vibration acceleration signals. The 10 
seconds and 50 seconds fragments for MCR and 
Metro trains with highest acceleration amplitude 
were chosen from filtered vibration 
accelerations signals (see Fig. 7, 10 seconds 
fragments highlighted pink, 50 seconds 
fragments highlighted yellow). 1/1 octave 
spectra were obtained for each of these 10 s and 
50 s fragments for further railway transport 
vibration evaluation. 
According to [5] the vibration evaluation must 
be proceeded with vibration logarithmic grade. 
This method is commonly used for experimental 
and numerical studies, as example [6]. The 
limits for our problem are designated for 
vibration acceleration logarithmic grade value 
La (in dB) for every of 2 – 63 Hz 1/1 octave 
band of vibration acceleration. The limit values 
for each 1/1 octave band took from [5] with 

-
vibration excitation is inconstant or periodic 
excitation. The whole signal, 10 s and 50 s 
MCR and Metro fragments vibration 
acceleration obtained in point 1 octave spectra 
comparison with limit logarithmic grade values 
presented in Tables 1-3. As it shown for 
representative point 1, measured and filtered 
railway transport vibration acceleration octave 
spectra values do not exceed limit logarithmic 
grade values. 
 

a)  
 

b)  
Figure 7. Acceleration history: a) measured; 
b) filtered. Fragments highlighted pink and 
yellow were used to obtain vibration signal 

spectra 
 

Table 1. 1/1 octave spectra for measured in 
point 1 railway transport vibration 

acceleration. X direction 
Hz 2 4 8 16 31.5 63 125 

«Limit», dB 70 71 73 79 85 91 - 
1280 s 46 44 45 50 61 63 57 

MCR 10s 39 39 47 56 68 71 68 
MCR 50s 36 37 45 52 63 66 64 
Metro 10s 20 20 25 36 50 52 38 
Metro 50s 19 20 23 32 44 46 33 

 
Table 2. 1/1 octave spectra for measured in 

point 1 railway transport vibration 
acceleration. Y direction 

Hz 2 4 8 16 31.5 63 125 
«Limit», dB 70 71 73 79 85 91 - 

1280 s 49 47 51 56 63 65 57 
MCR 10s 31 46 55 61 72 77 71 
MCR 50s 44 45 52 58 66 71 64 
Metro 10s 12 11 22 31 42 53 52 
Metro 50s 22 25 30 38 47 47 32 
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a)  

b)  
Figure 5. Vibration measurements.  
a) Points of measurements location. 

Constructing Block B contour is colored green; 
b) An accelerometer position on a pile head 

 
The measurements of railway transport 
vibration acceleration were conducted by 
experts Gecha V.Ia., Grabilin A.O., Derishev 

taking in account Russian standards 
[4]. The utilized accelerometers (see Fig. 5b) 
have from 0.05 up to 750 Hz frequence range 
and sensitivity in range 100 – 107 mV/ms2. The 
vibration signals measurement and analyzation 
were made using LMS SCADAS Mobile 
system. The series of measurement were made. 
According to the LMS SCADAS Mobile ADC 
limits and characteristics the sampling rate for 
each measurement in series was chosen fs = 256 

f = 0,001953 Hz. 
Therefore, sampled acceleration signal  
had Ns = 131 080 values. According to those 
characteristics the maximum duration of 
measured railroad transport vibration signals  

 = 256 s, the discretization t = 2 ms. The 
measured in each point (see Fig. 5a) vibration 
acceleration signals consist of five recorded 
sequentially signals because the 256 seconds are 
barely enough to register at least one of Metro 
or MCR trains passes by nearest railway tracks. 
Total vibration acceleration signal duration is 
1280 s which allowed to measure vibration from 
at least 5 Metro trains and 3 MCR trains passed 
in both directions. Railway transport vibration 
acceleration was measured in 3 directions (see 
Fig. 6). 
 

 
Figure 6. The Block B finite element model. 

The direction axes of railway transport 
vibration excitation are located in the left 

bottom corner: 
 X and Y direction: horizontal 

perpendicular and parallel to column 
rows respectively vibration components; 

 Z direction: vertical vibration component 
 
The following measured vibration excitation 
features were obtained based on its analysis 
results: 
 all measured vibration acceleration signals 

have low-frequency (significantly lower than 1 
Hz) components; 
 some of the obtained acceleration signals 

recorded in few points have an unsignificant 
extraneous noise (lower than 50 dB); 

 some of the obtained acceleration signals 
recorded in a few points have a significant noise 
from working vibration and impact equipment. 
Measured railway transport vibration 
acceleration signals were filtered before further 
research. Filtration was obtained by extracting 
components with frequency from 1 to 200 Hz, 
the components with frequency lower then 1 Hz 
and higher then 200 Hz were deleted. Besides 
components of noise with 50 Hz frequency were 
cut too. Obtained in point 1 at the axis 35 pile 
head example of railway transport vibration 
acceleration signal before and after filtration 
presented on Figure 7. 
The moments when MCR and Metro trains 
passing by Block B are easy to define on 
processed vibration acceleration signals. The 10 
seconds and 50 seconds fragments for MCR and 
Metro trains with highest acceleration amplitude 
were chosen from filtered vibration 
accelerations signals (see Fig. 7, 10 seconds 
fragments highlighted pink, 50 seconds 
fragments highlighted yellow). 1/1 octave 
spectra were obtained for each of these 10 s and 
50 s fragments for further railway transport 
vibration evaluation. 
According to [5] the vibration evaluation must 
be proceeded with vibration logarithmic grade. 
This method is commonly used for experimental 
and numerical studies, as example [6]. The 
limits for our problem are designated for 
vibration acceleration logarithmic grade value 
La (in dB) for every of 2 – 63 Hz 1/1 octave 
band of vibration acceleration. The limit values 
for each 1/1 octave band took from [5] with 

-
vibration excitation is inconstant or periodic 
excitation. The whole signal, 10 s and 50 s 
MCR and Metro fragments vibration 
acceleration obtained in point 1 octave spectra 
comparison with limit logarithmic grade values 
presented in Tables 1-3. As it shown for 
representative point 1, measured and filtered 
railway transport vibration acceleration octave 
spectra values do not exceed limit logarithmic 
grade values. 
 

a)  
 

b)  
Figure 7. Acceleration history: a) measured; 
b) filtered. Fragments highlighted pink and 
yellow were used to obtain vibration signal 

spectra 
 

Table 1. 1/1 octave spectra for measured in 
point 1 railway transport vibration 

acceleration. X direction 
Hz 2 4 8 16 31.5 63 125 

«Limit», dB 70 71 73 79 85 91 - 
1280 s 46 44 45 50 61 63 57 

MCR 10s 39 39 47 56 68 71 68 
MCR 50s 36 37 45 52 63 66 64 
Metro 10s 20 20 25 36 50 52 38 
Metro 50s 19 20 23 32 44 46 33 

 
Table 2. 1/1 octave spectra for measured in 

point 1 railway transport vibration 
acceleration. Y direction 

Hz 2 4 8 16 31.5 63 125 
«Limit», dB 70 71 73 79 85 91 - 

1280 s 49 47 51 56 63 65 57 
MCR 10s 31 46 55 61 72 77 71 
MCR 50s 44 45 52 58 66 71 64 
Metro 10s 12 11 22 31 42 53 52 
Metro 50s 22 25 30 38 47 47 32 
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Table 3. 1/1 octave spectra for measured in 
point 1 railway transport vibration 

acceleration. Z direction 
Hz 2 4 8 16 31.5 63 125 

«Limit», dB 70 71 73 79 85 91 - 
1280 s 34 33 40 45 53 55 49 

MCR 10s 44 41 45 50 61 65 60 
MCR 50s 38 37 44 47 56 60 55 
Metro 10s 11 22 31 42 53 52 38 
Metro 50s 15 19 23 32 44 44 33 

 
The 20 seconds fragment with highest 
amplitude, that cut from measured and filtered 
railway transport vibration three-component 
acceleration history obtained in point 1  
(630 – 650 seconds), was chosen for the 
second stage dynamic response research 
design data. Three components of chosen 
vibration acceleration fragment illustrated on 
Figure 8. 
 
 
4. STAGE 2. STRUCTURAL DYNAMIC 
RESPONSE NUMERICAL MODELING 
 
The finite element model utilized for Block B 
dynamic response analysis were designed in 
ANSYS Mechanical Software. It consists of 
spatial discretization of Block B above ground 
structural load bearing elements and below 
ground new reinforced concrete columns and 
structural cores). The reinforced concrete and 
steel columns and beams are modelled with 
the 3D 2-node beam BEAM188 finite 
elements (the element is based on Timoshenko 
beam theory which includes shear-
deformation effects), the steel decking 
monolithic reinforced concrete floor slabs, 
walls and structural cores are spatially 
discretized with the elastic shell SHELL63 
finite elements (has both bending and 
membrane capabilities). The FE model 
consisted of 846 158 nodes and 282 903 finite 
elements. Every node has 6 degrees of 
freedom. 

a)  

b)  

c)  
Figure 8. Three components of railway 

transport vibration acceleration 20 seconds 
history utilized for the next stage numerical  

 research 

Element material properties are presented in 
Table 4. 
 

Table 4. Material properties 

Material 
Elastic 

Modulus 
E, GPa 

Poisson’s 
ratio  

Density 
, kg/m3 

Reinforced concrete 36 0.2 2500 
Steel 206 0.3 7850 

 
There were designed two options of railway 
transport vibration excitation (taken as the 20 
seconds three-component acceleration history 
according to stage 1 measurements) distribution 
scheme to evaluate people residence vibration 
comfort for the premises of Block B. The first 

load distribution scheme (further Option 1) 
illustrates the platform vibration load 
distribution, hence vibration acceleration history 
is simultaneously applied to the all of 
underground columns lowest nodes right where 
the reinforced concrete underground load 
bearing columns bear to the existing piles (see 
Fig. 9a). And the second load distribution 
scheme (further Option 2) illustrates the non-
platform vibration load distribution, unlike 
Option 1, the vibration acceleration applies only 
to the closest to the railway tracks vertical 
underground load bearing structures lowest 
nodes (see Fig. 9b). Besides, it’s expected that 
Block B structural elements dynamic response 
obtained with Option 1 will be higher due to soil 
railway transport vibration waves damping. 
 

a)  

b)  
Figure 9. The railway transport vibration load 

distribution schemes. Nodes to which three-
component vibration acceleration history 

applied to marked with red areas. 
a) Option 1. Platform vibration load 

distribution scheme; 
b) Option 2. Non-platform vibration load 

distribution scheme. 

The numerical model of the Block B load 
bearing structures vibration dynamic response 
problem consists of finite element method semi-
discrete equation of motion (see Eq.1). That 
equation solution can be conducted using direct 
implicit Newmark method updating equation 
step by step (see Eq. 2 and 3). The chosen for 
equations solving time step is equal to 0.002 s. 
Similar numerical modeling approaches to 
people residence vibration comfort for the 
premises of the object exposed to railway 
transport vibration excitation are presented in 
articles [1] and [7]. 
 

      , ,

M u t C u t

K K u t F t R u uG
 (1) 

 
where 
[ ], [ ], [ ] GM C K K  – the finite element model 
structural mass matrix, the structural damping 
matrix, and the linear (initial) and geometrical 
stiffness matrixes, respectively; 
t  – time; 
F t  – the applied static and dynamic load 

vector; 
,R u u  – the restored load vector utilized for 

material nonlinear equation solving; 
u t  – the obtained general nodal 

displacement vector. 
The Newmark time integration method is based 
on finite difference method. Each t time step 
following velocity and displacement vectors 
updated as it shown further (see Eq. 2 and 3). 
 

1 11n n n nu u u u t  (2) 
1

2
1

1     +
2

n n n

n n

u u u t

u u t
  (3) 

 
where  

,  – Newmark's integration parameters chosen 
with the accuracy and stability conditions. The 
optimal parameters (  = 0.5 and  = 0.25) 
satisfying to both conditions make the Newmark 
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Table 3. 1/1 octave spectra for measured in 
point 1 railway transport vibration 

acceleration. Z direction 
Hz 2 4 8 16 31.5 63 125 

«Limit», dB 70 71 73 79 85 91 - 
1280 s 34 33 40 45 53 55 49 

MCR 10s 44 41 45 50 61 65 60 
MCR 50s 38 37 44 47 56 60 55 
Metro 10s 11 22 31 42 53 52 38 
Metro 50s 15 19 23 32 44 44 33 

 
The 20 seconds fragment with highest 
amplitude, that cut from measured and filtered 
railway transport vibration three-component 
acceleration history obtained in point 1  
(630 – 650 seconds), was chosen for the 
second stage dynamic response research 
design data. Three components of chosen 
vibration acceleration fragment illustrated on 
Figure 8. 
 
 
4. STAGE 2. STRUCTURAL DYNAMIC 
RESPONSE NUMERICAL MODELING 
 
The finite element model utilized for Block B 
dynamic response analysis were designed in 
ANSYS Mechanical Software. It consists of 
spatial discretization of Block B above ground 
structural load bearing elements and below 
ground new reinforced concrete columns and 
structural cores). The reinforced concrete and 
steel columns and beams are modelled with 
the 3D 2-node beam BEAM188 finite 
elements (the element is based on Timoshenko 
beam theory which includes shear-
deformation effects), the steel decking 
monolithic reinforced concrete floor slabs, 
walls and structural cores are spatially 
discretized with the elastic shell SHELL63 
finite elements (has both bending and 
membrane capabilities). The FE model 
consisted of 846 158 nodes and 282 903 finite 
elements. Every node has 6 degrees of 
freedom. 

a)  

b)  

c)  
Figure 8. Three components of railway 

transport vibration acceleration 20 seconds 
history utilized for the next stage numerical  

 research 

Element material properties are presented in 
Table 4. 
 

Table 4. Material properties 

Material 
Elastic 

Modulus 
E, GPa 

Poisson’s 
ratio  

Density 
, kg/m3 

Reinforced concrete 36 0.2 2500 
Steel 206 0.3 7850 

 
There were designed two options of railway 
transport vibration excitation (taken as the 20 
seconds three-component acceleration history 
according to stage 1 measurements) distribution 
scheme to evaluate people residence vibration 
comfort for the premises of Block B. The first 

load distribution scheme (further Option 1) 
illustrates the platform vibration load 
distribution, hence vibration acceleration history 
is simultaneously applied to the all of 
underground columns lowest nodes right where 
the reinforced concrete underground load 
bearing columns bear to the existing piles (see 
Fig. 9a). And the second load distribution 
scheme (further Option 2) illustrates the non-
platform vibration load distribution, unlike 
Option 1, the vibration acceleration applies only 
to the closest to the railway tracks vertical 
underground load bearing structures lowest 
nodes (see Fig. 9b). Besides, it’s expected that 
Block B structural elements dynamic response 
obtained with Option 1 will be higher due to soil 
railway transport vibration waves damping. 
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b)  
Figure 9. The railway transport vibration load 

distribution schemes. Nodes to which three-
component vibration acceleration history 

applied to marked with red areas. 
a) Option 1. Platform vibration load 

distribution scheme; 
b) Option 2. Non-platform vibration load 

distribution scheme. 

The numerical model of the Block B load 
bearing structures vibration dynamic response 
problem consists of finite element method semi-
discrete equation of motion (see Eq.1). That 
equation solution can be conducted using direct 
implicit Newmark method updating equation 
step by step (see Eq. 2 and 3). The chosen for 
equations solving time step is equal to 0.002 s. 
Similar numerical modeling approaches to 
people residence vibration comfort for the 
premises of the object exposed to railway 
transport vibration excitation are presented in 
articles [1] and [7]. 
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where 
[ ], [ ], [ ] GM C K K  – the finite element model 
structural mass matrix, the structural damping 
matrix, and the linear (initial) and geometrical 
stiffness matrixes, respectively; 
t  – time; 
F t  – the applied static and dynamic load 

vector; 
,R u u  – the restored load vector utilized for 

material nonlinear equation solving; 
u t  – the obtained general nodal 

displacement vector. 
The Newmark time integration method is based 
on finite difference method. Each t time step 
following velocity and displacement vectors 
updated as it shown further (see Eq. 2 and 3). 
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where  

,  – Newmark's integration parameters chosen 
with the accuracy and stability conditions. The 
optimal parameters (  = 0.5 and  = 0.25) 
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constant average acceleration method 
unconditionally stable; 
 

1n nt t t ; 
 

nu  and 1nu  – the vectors of nodal 
displacements at time tn and tn+1 respectively; 

nu   1nu  – the vectors of nodal velocity at 
time tn and tn+1 respectively; 

nu   1nu  – the vectors of nodal 
acceleration at time tn and tn+1 respectively. 
 
 
5. OPTION 1 (PLATFORM SCHEME) 
RESULTS 
 
The Block B load bearing structures exposed to 
railway transport vibration specified by three-
component vibration acceleration history 
dynamic response spectra obtained with 
numerical simulation are compared to limit 
values represented in [5]. According to this 
Russian regulation document the determined 
vibration response acceleration of the structural 
elements evaluation must be conducted using 
certain parameter (acceleration) spectral 
(frequency) analysis. Hence, the logarithmic 
grade parameter (vibration response 
acceleration) values must not exceed limit value 
for each of 1/1 octave bands, given in [5]. The 
limit logarithmic grade values have been taken 

- due to the transport 
vibration excitation inconstant nature. 
Logarithmic acceleration grade values  
La formula is given below (See Eq. 4). The La 
units are decibels (dB). 
 

620 lg ,
1 10a

aL   (4) 

 
where 
a  – mean average vibration acceleration, m/s2; 

61 10  – reference vibration acceleration, m/s2. 
The steel frame by axis 22 (frame 22) was 
chosen as representative for numerical modeling 
results evaluating due to structural core absence 

by 22 axis and frame 22 structures span, that is 
the largest in whole Block B structure. The 
obtained Option 1 (see Fig. 9a) response 
vibration acceleration history for representative 
points in bearing and span areas of frame 22 
(see Fig. 10) illustrated in Figure 11. Moreover, 
the obtained logarithmic grade response 
vibration acceleration values evaluation for 
some of these points given in Table 5. 
 

a)  
 

b)  
Figure 10. The representative frame by axis 22. 
a) Its position in Block B finite element model 

marked red; 
b) The frame 22 structural elements. The 
representative points in which response 

vibration acceleration numerical modeling 
results obtained marked red.
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constant average acceleration method 
unconditionally stable; 
 

1n nt t t ; 
 

nu  and 1nu  – the vectors of nodal 
displacements at time tn and tn+1 respectively; 

nu   1nu  – the vectors of nodal velocity at 
time tn and tn+1 respectively; 

nu   1nu  – the vectors of nodal 
acceleration at time tn and tn+1 respectively. 
 
 
5. OPTION 1 (PLATFORM SCHEME) 
RESULTS 
 
The Block B load bearing structures exposed to 
railway transport vibration specified by three-
component vibration acceleration history 
dynamic response spectra obtained with 
numerical simulation are compared to limit 
values represented in [5]. According to this 
Russian regulation document the determined 
vibration response acceleration of the structural 
elements evaluation must be conducted using 
certain parameter (acceleration) spectral 
(frequency) analysis. Hence, the logarithmic 
grade parameter (vibration response 
acceleration) values must not exceed limit value 
for each of 1/1 octave bands, given in [5]. The 
limit logarithmic grade values have been taken 

- due to the transport 
vibration excitation inconstant nature. 
Logarithmic acceleration grade values  
La formula is given below (See Eq. 4). The La 
units are decibels (dB). 
 

620 lg ,
1 10a

aL   (4) 

 
where 
a  – mean average vibration acceleration, m/s2; 

61 10  – reference vibration acceleration, m/s2. 
The steel frame by axis 22 (frame 22) was 
chosen as representative for numerical modeling 
results evaluating due to structural core absence 

by 22 axis and frame 22 structures span, that is 
the largest in whole Block B structure. The 
obtained Option 1 (see Fig. 9a) response 
vibration acceleration history for representative 
points in bearing and span areas of frame 22 
(see Fig. 10) illustrated in Figure 11. Moreover, 
the obtained logarithmic grade response 
vibration acceleration values evaluation for 
some of these points given in Table 5. 
 

a)  
 

b)  
Figure 10. The representative frame by axis 22. 
a) Its position in Block B finite element model 

marked red; 
b) The frame 22 structural elements. The 
representative points in which response 

vibration acceleration numerical modeling 
results obtained marked red.

a)  

b)  

c)  

Figure 11. Frame 22 response vibration 
acceleration history: 

) Ax, points 1, 2, 4, 6. Axmax = 0.0572 m/s2 
b) Ay, points 1, 2, 4, 6. Aymax = 0.1255 m/s2 

) Az, points 1, 3, 5, 6. Azmax = 0.0333 m/s2 

 
Table 5. The logarithmic grade vibration 

acceleration values at the representative frame 
22 points for Option 1 load distribution scheme 
Octave 
band 

geometric 
mean 

frequency
, Hz 

Ax, 
point 
1, dB 

Ay, 
point 
1, dB 

Az, 
point 
1, dB 

Az, 
point 
3, dB 

Az, 
point 
6, dB 

Limit, 
dB 

2 40.41 35.79 32.67 35.41 47.53 70 

4 59.40 44.05 36.32 60.83 58.32 71 

8 51.84 61.90 46.15 68.35 74.48 73 

16 75.97 80.52 52.86 68.07 69.85 79 
31.5 71.92 74.93 69.67 71.47 68.91 85 
63 80.87 86.97 77.06 71.79 59.20 91 
125 73.40 70.26 60.98 50.08 29.12 - 

*Note: values that exceed residence comfort limits values 
marked blue. 

6. OPTION 2 (NON-PLATFORM SCHEME) 
RESULTS 
 
The non-platform vibration excitation 
distribution scheme (Option 2) let us obtain the 
response vibration acceleration numerical 
modeling results that are closer to the real 
structural elements dynamic response due to 
transport vibration waves dissipation in soil. 
The Figure 12 presents the obtained using 
Option 1 and Option 2 schemes vibration 
acceleration history comparison for the specific 
frame 22 representative points in which the 
residence comfort values those exceed limits 
were observed. The comparison of logarithmic 
grade response vibration acceleration values 
obtained using both platform and non-platform 
excitation distribution schemes given in Table 6. 
 

a)  

b)  
Figure 12. The response vibration acceleration 

history in X direction at point 6 of frame 22  
obtained using Option 1 (platform) and Option 

2 (non-platform) schemes. 
a) The whole excitation duration response 

vibration acceleration history (20 seconds); 
b) The 1.1 seconds fragment (13.5 – 14.6 s) 
where the vibration acceleration maximum 

amplitude was observed. 
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Table 6. The logarithmic grade vibration 
acceleration values at representative frame 22  
6 point comparison for Option 1 and Option 2 

load distribution schemes 
Octave 
band 

geometric 
mean 

frequency
, Hz 

Ax, point 6, dB 

 Limit, 
dB Option 1 

(platform 
scheme) 

Option 2 
(non-platform 

scheme) 
2 47.53 35.25 -25.84 70 

4 58.32 52.56 -9.88 71 

8 74.48 61.71 -17.15 73 
16 69.85 55.81 -20.10 79 

31.5 68.91 58.85 -14.60 85 
63 59.20 63.53 +7.31 91 
125 29.12 20.57 -29.36 - 

*Note: values that exceed residence comfort limits values 
marked blue. 
 
As expected, logarithmic grade values of 
response vibration acceleration spectra obtained 
with Option 2 railway transport excitation are 
within the limit people residence comfort values 
comparing to Option 1 response spectra 
exceeding limit logarithmic grade values. 
 
 
CONCLUSION 
 
Firstly, for the business complex Block B there 
were measured on existing pile heads and 
evaluated the vibrations induced by railway 
transport: land underground trains and MCR 
trains. Secondly, the Block B dynamic structural 
response to measured transport vibrations was 
obtained using finite element model and two 
vibration excitation distribution schemes: 
platform and non-platform. The results are 
described in more details below: 
1. The measured on existing pile heads railway 

transport vibration acceleration octave 
spectra do not exceed the limit logarithmic 
grade ones taken according to [5]. For the 
further object dynamic response numerical 
research purposes, the 20 second fragment of 
the three-component acceleration history 
with maximum measured acceleration 
amplitude was selected. 

2. The two transport distribution schemes were 
considered: platform (Option 1) and non-

platform (Option 2). The Option 1 railway 
transport vibration acceleration spectra were 
obtained for the Block B representative steel 
frame by axis 22 points located in frame 
midspans and in load-bearing column areas. 
The vibration acceleration spectra of point 1 
and 6 are exceeding limit logarithmic grade 
values, hence some of Block B premises are 
uncomfortable for people residence. 
However, expected the implausible results  
for Option 1 scheme. 

3. The dynamic response spectra values 
obtained for Option 2 scheme more likely 
illustrating the real Block B dynamic 
response to vibration induced by railway 
transport are significantly less than limit 
logarithmic grade vibration acceleration 
values (reserve more than 10 dB). 

4. The comparison of the frame 22 
representative points railway vibration 
acceleration logarithmic grade values 
obtained for Option 1 and Option 2 schemes 
shows the expected lower values for Option 2 

Except the dynamic response vibration 
acceleration value for 1/1 octave band with 
63 Hz central frequency, for this octave band 
the Option 2 value higher than Option 1 but 
yet lower than limit value. 
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Table 6. The logarithmic grade vibration 
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However, expected the implausible results  
for Option 1 scheme. 
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obtained for Option 2 scheme more likely 
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CONSTRUCTION PROPERTIES OF SUBSIDIBLE SOILS IN 
MONGOLIA UNDER CLIMATE CHANGE: PROBLEM AND 

SOLUTION 

Nyamdorj Setev, Uranchimeg Davaasuren, Sukh-Erdene Khureltsooj, 
Erdenetsetseg Enkhbaatar 

 Technician and Technological University, Ulaanbaatar, MONGOLIA 

Abstract:The main regional features of subsidence clay soils common in Mongolia are high porosity, low 
humidity and underfilling within the seasonal deep freezing due to their heaving and sublimation loosening. Using 
such soils as foundations for buildings and structures under conditions of increasing humidity is difficult at the design 
and construction stages, as well as during operation. This paper examines the results of analytical calculations to 
identify the dependence of a decrease in the physical and mechanical properties of subsidence soils on an increase in 
humidity and constructs the corresponding dependence graphs. Numerical modeling of the quantitative and qualitative 
assessment of the subsidence properties of sandy loam and loamy soils using the method of indirect signs and the 
probability of the formation of a subsidence process during soaking is also carried out.

Keywords: global warming, sublimation loosening, underfilling, atmospheric precipitation, 
sandy loam and loamy soils, deterioration of physical and mechanical properties 
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INTRODUCTION 
 
In recent years, the amount of precipitation has 
increased sharply due to changes in climatic 
conditions due to global warming almost all 
over the world, including Mongolia. As a result, 
the moisture content of the foundation soil 
increases to the point of water saturation, 
weakening and disintegration of the 
crystallization and cementation structural bonds 
of clay soils, and, as a rule, deterioration of their 
construction properties. 
The problems of changing climatic conditions 
due to global warming are the subject of many 
researchers' works [1; 2; 3; 4; 5; 6; 7 and 8]. 
The territory of Mongolia is located at the 
altitude of the Central Asian plateau, the 
thickness of the vegetation layer and snow cover 
in winter is relatively small, the average annual 
t
average number of days with negative 
temperature is more than 200. According to the 
norm of BNBD (SNiP) "Climatology of the 
territory of Mongolia", the depth of seasonal 
freezing of soils is 3.5 ... 5.0 m and sometimes in 
real conditions the depth of seasonal freezing of 
water-saturated coarse-grained soils with sandy 
loam and loamy filler reaches 6.0 meters, in rare 
cases permafrost is found under it [9; 10]. 
As a rule, wet clay soils to the depth of seasonal 
freezing are from weak to strong degree of 
heaving, in the thawed state have high porosity, 
relatively low humidity, undercompact. 
Currently, in Mongolia there is an increase in 
the number of deformed buildings and 
engineering structures for the above-mentioned 
reasons. In this regard, the task of identifying 
the cause and developing a rational design 
solution are relevant for the construction 
industry of Mongolia. 
Based on this, in order to clarify the pattern and 
dependence of the decrease in the construction 
properties of subsidence clay soils on the 
increase in humidity, regional features of this 
type of soil were identified.
 
 

METHODS AND MATERIALS 
 

 Based on the results of the 
studies, it was established that the main reason 
for the increase in porosity, loosening and 
decrease in the construction properties of soils is 
the sublimation process occurring in seasonally 
frozen clay soils [11]. The regularity of the flow 
and the nature of the origin of the sublimation 
process in frozen soils are reflected in the works 
of many scientists [12; 13; 14; 15; 16; 17; 18; 
19; 20]. 
As a result of the sublimation process of ice in 
seasonally frozen soils, the structure becomes 
loose, as a result of which the porosity n = 
(50...65)%, the porosity coefficient e = 

d = 
(1.35...1.60) tons/m3 or undercompacted, the 
moisture content of sandy loam W = 
(0.04...0.06) and loam W = (0.05...0.08), and 
also as a result of repeated freezing and 
thawing, cracking and crushing of the solid part 
of the soil occurs, based on this, the content of 
dusty parts is 50…60%. 
In such loose and highly porous soils, with an 
increase in humidity due to an increase in 
atmospheric precipitation, the process of 
changing mechanical properties actively occurs. 
 

 According to the method 
of Professor A.A. Mustafayev [21] carried out a 
calculation to determine the patterns of change 
in the mechanical properties of subsidence soils 
during moistening of loess-like sandy soil of the 
Darkhan-Selenga and Erdenet-Orkhon regions 
in the form of a dependence graph (Fig. 1...4). 
A.A. Mustafayev defined wet loess-like 
sedimentary soil as a quasi-homogeneous and 
quasi-inhomogeneous continuous structure, and 
the equation of state of such a body has the 
form: 
 

;  ; (1) 
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where: U, V, P - index of the stress-strain state 
taken into account in the viscous state. 
After certain transformations and substitutions 
in the above equation, the following equation is 
obtained, expressing the stress state of the soil 
massif. 
 

;  (2) 
 
In the state   , the pattern of 
change in strength and deformation can be 
expressed by the mathematical law of the 
second-order curve. For example: the 
mechanical parameters of wet soil change 
according to the following law: 
 

;         (3)                                                                                    
;            (4)                                                         

;         (5)                                                                       
 
where:  -  the adhesion force of soil with 
natural moisture content; -  the angle of 
internal friction of soil with natural moisture 
content; E - the modulus of deformation of soil 
with natural moisture content;   are 
the values adopted from the results of 
engineering and geological studies;    - the 
moisture content of water-saturated loess soil; 
 

  ,                        (6) 
 
where: e is the porosity coefficient of loess soil; 
 

        ,                         (7)                               
 
 
CALCULATION RESULTS  
 
The results of calculations using method 
Mustafaev [21] are given in tables 1 and 2. 
Approximate indicators for calculating the 
loess-like sandy soil of the Darkhan-Selenge 
region: 
 

s=1.62tonns/m3    
s=2.38tonns/m3    
s=1.47tonns/m3    

W=0.06    
 

Table 1. Dependence of mechanical parameters 
L  

the Darkhan-Selengi region 
 

 
 

 

Cw, kPa, 
according 
to the 

 

, grad, 
according 
to the 

 

, MP , 
according 
to the 

 
1 0.04 -0,523 14.18 24.27 11.89 
2 0.06 -0,256 12.23 24.13 11.76 
3 0.08 0,000 7.95 23.35 11.27 
4 0.10 0,328 7.06 21.31 10.85 
5 0.12 0,615 6.83 18.90 5.18
6 0.14 1,000 6.24 17.81 3.91
7 0.16 1,217 5.95 17.05 3.15
  8 0.18 1,485 5.64 16.68 2.68

Approximate indicators for calculating the 
loamy soil of the Erdenet-Orkhon region: 
 
Table 2. Dependences of mechanical indicators 

i  
-Orkhon region 

 

 
  

, kPa 
according 
to the 
formula 
(3)  

 grad, 
according 
to the 
formula 
(4)  

, MP , 
according 
to the 
formula 
(5) 

1 0.06  - 47.21 22.31 12.92 
2 0.08 -0,623 46.83 22.10 12.34 
3 0.10 -0,381 43.55 21.60 11.98 
4 0.12 0,000 27.91 20.32 9.12 
5 0.14 0,431 17.83 18.61 4.87
6 0.16 0,762 14.67 17.72 4.05 
7 0.18 1.243 13.05 17.30 3.29 
8 0.20 1,520 11.81 16.82 2.76 
9 0.22 1,836 10.71 16.47 2.68 

   
 Based on the calculation results given in Tables 
1 and 2, a graph of the dependence for 
determining the value of mechanical indicators 
was constructed (Figures 1; 2; 3 and 4). 
 

=1.64tonns/m3 WL=0.27 e=0.53  
s=2.51tonns/m3 Wp=0.18   
d=1.48tonns/m3 Wsat=0.31   

W=0.11 Jp=0.13   

Construction Properties of Subsidible Soils in Mongolia Under Climate Change: Problem and Solution



172 International Journal for Computational Civil and Structural Engineering

a. Graph of the dependence for determining 
the value of the flow index  

 

 
Fig  1. 

 Jl (N  
 

Based on the analysis of the   
dependence graph, the following was 
established: 
- for sandy loam: with an increase in soil 
moisture W = 0.04...0.08, the fluidity index 
changes JL = – 60…0.00, with a further increase 
in moisture W = 0.08…0.18, the index JL = –
0.00…1.50, i.e. it increases linearly 
proportionally; 
- for loam: with an increase in soil moisture W 
= 0.08…0.12, the fluidity index changes  JL = –
0.75…0.00, with a further increase in moisture 
W = 0.12…0.22, the fluidity index  JL = 
0.00…1.80, i.e. it increases linearly 
proportionally. 

 
b. Dependency graph for determining the value 
of the adhesion force    
 
Based on the analysis of the graph of the 
dependence 

y
, the following was 

established: 
- for sandy loam: with an increase in soil 
moisture W = 0.04 ... 0.08, the adhesion force 
changes Cw = 14.18 ... 7.95, with a further 
increase in moisture W = 0.08 ... 0.18, the 

indicator Cw = 7.95 ... 5.64 decreases according 
to a non-linear dependence; 
- for loam: with an increase in soil moisture W 
= 0.06 ... 0.14, the adhesion force decreases in 
the range Cw = 47.21 ... 17.38, with a further 
increase in moisture W = 0.14 ... 0.22, adhesion 
Cw = 17.38 ... 10.71 decreases according to a 
non-linear dependence. p

 
Fig  2.  

the angle of internal friction  Cw

 
 

c. Graph of the dependence for determining 
the value of the angle of internal friction  
 

 
Fig  3. Gra
angle of internal friction w = ƒ(Wi  depending 

 

Based on the analysis of the graph of the 
dependence w = ƒ(Wi , the following was 
established: 
- for sandy loam: with an increase in soil 
moisture W = 0.04…0.18, the angle of internal 

w = 24.27…16.68 decreases according 
to a nonlinear dependence; 
- for loam: with an increase in soil moisture W 
= W = 0.06…0.22, the angle of internal friction 

w = 22.31…16.47 decreases according to a 
nonlinear dependence. 

 
g. Graph of the dependence for determining 
the value of the deformation modulus  
 

 
Fig  4. of 

  

 
 

Based on the analysis of the graph of the 
dependence Ew = ƒ(Wi , the following was 
established: 
- for sandy loam: with an increase in soil 
moisture W = 0.02…0.18, the value of the 
deformation modulus Ew = 11.89…2.53 MPa 
decreases according to a nonlinear dependence; 
- for loam: with an increase in soil moisture W 
= 0.04…0.10, the value of the deformation 
modulus Ew = 12.92…2.68 MPa decreases 
according to a nonlinear dependence.  
Based on the results of the analysis of the 
numerical values on the graphs 

y
,  

,   

depending on the properties of the subsidence 
soil and the moisture state of the given site, the 
possibility of application is established taking 
into account the probability of change within 
±5.0% and the compatibility of the numerical 
values determined by the  graph’s with the 
classification characteristics established by the 
standard, have an error of 3.0-9.0%. 
  

 Loess-like clay soils, 
common in some areas of Mongolia, do not 
belong to the category of subsidence soils 
according to the standards of soil classification 
in other countries, including Russia, but at 
different pressure values and an increase in 
humidity, a significant subsidence is observed, 
therefore, there is a need for classification by 
indirect signs. The problems of the need to 
classify subsidence soils by indirect signs are 
devoted to the works of many researchers [22; 
23; 24; 25; 26; 27; 28]. 
Based on the results of 231 laboratory tests to 
determine the mechanical properties of loess-
like subsidence soils common in Mongolia, a 
comparison was carried out in order to 
identify the pattern of subsidence formation 
and calculate the amount of subsidence under 
the effects of various pressures and soaking, 
and the results obtained are presented in Table 
2.5 [11].  
Based on the analysis of the research results, it 
is established that with the porosity coefficient 
value within the range of (0.300 - 0.409) ... 
0.910, under the action of pressure of 0.1; 0.2; 
0.3 MPa, the probability of occurrence of 
subsidence deformation increases. Based on the 
results of the numerical analysis performed 
using the R-Plus calculation program, the 
following regression equations and a diagram 
were compiled to assess the probability of 
subsidence formation (Figure 5). 
 

lg 1=-1.744Sr+0.886e0-2.153; n=69; 
S2oct(lg 2 6; 

lg 2=-1.806Sr+0.855e0-2.093; n=121; 
S2oct(lg 2 ; 
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Based on the analysis of the graph of the 
dependence w = ƒ(Wi , the following was 
established: 
- for sandy loam: with an increase in soil 
moisture W = 0.04…0.18, the angle of internal 

w = 24.27…16.68 decreases according 
to a nonlinear dependence; 
- for loam: with an increase in soil moisture W 
= W = 0.06…0.22, the angle of internal friction 

w = 22.31…16.47 decreases according to a 
nonlinear dependence. 

 
g. Graph of the dependence for determining 
the value of the deformation modulus  
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decreases according to a nonlinear dependence; 
- for loam: with an increase in soil moisture W 
= 0.04…0.10, the value of the deformation 
modulus Ew = 12.92…2.68 MPa decreases 
according to a nonlinear dependence.  
Based on the results of the analysis of the 
numerical values on the graphs 
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,  
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depending on the properties of the subsidence 
soil and the moisture state of the given site, the 
possibility of application is established taking 
into account the probability of change within 
±5.0% and the compatibility of the numerical 
values determined by the  graph’s with the 
classification characteristics established by the 
standard, have an error of 3.0-9.0%. 
  

 Loess-like clay soils, 
common in some areas of Mongolia, do not 
belong to the category of subsidence soils 
according to the standards of soil classification 
in other countries, including Russia, but at 
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such as pile foundations, foundations in a 
rammed pit, and artificial improvement of 
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methods, taking into account the soaking of the 
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EXCAVATION STEP LENGTH ON SHIELD TUNNEL 
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Abstract: Protecting existing underground structures in urban areas from adverse impacts caused by surface 
construction activities is a significant challenge, especially when applying the open-cut sequential excavation 
method. This paper proposes a simple analytical method to determine the deflection of the tunnel axis induced by 
the sequential excavation of the overlying excavation pit segments. The method is based on identifying the changes 
in soil stress at the tunnel cross-section during each construction stage, followed by using analytical techniques to 
determine the corresponding tunnel deflection. The tunnel-soil interaction is modeled by an Euler-Bernoulli beam 
on an elastic foundation represented by the Winkler model. Furthermore, the paper investigates the influence of 
segmental excavation length on the tunnel deflection. The results show that with excavation step lengths of 3.6 m, 
7.2 m, and 14.4 m, the maximum tunnel deflection increases by 135% and 193%, respectively. These results 
provide a basis for optimizing construction methods, minimizing risks, and effectively protecting underground 
structures. 
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1. INTRODUCTION 
 
In recent years, rapid urban development in 
major Vietnamese cities has coincided with the 
construction of underground metro systems. This 
has resulted in cases where foundation 
excavations of adjacent structures (such as high-
rise buildings and utility infrastructure) are 
carried out near shield tunnels (TBM tunnels). 
Such adjacent excavation activities can impose 
significant adverse impacts on shield tunnels by 
altering their initial stress state, thereby posing 
serious risks to operational safety. Documented 
damages include cracking of reinforced concrete 
tunnel segments, displacement and detachment 
of the concrete invert slab from the tunnel lining 
[1]. Excessive deformations of this nature may 
reduce load-bearing capacity, induce water 
leakage, and even threaten the overall stability of 
the tunnel system, potentially leading to 
cracking, leakage, reduced train speeds, or in 
extreme cases, collapse. 
To predict the behavior of shield tunnels under 
the influence of adjacent foundation excavation, 
numerous studies have been conducted, which 
can generally be classified into three main 
approaches: finite element methods, physical 
modeling, and analytical methods. 
Three-dimensional centrifuge model tests have 
been employed to investigate the effects of deep 
excavations or twin tunnels on existing tunnels 
and pile groups [2-3]. This technique provides 
valuable insights into complex soil–structure 
interaction mechanisms under simulated gravity 
conditions. Physical modeling offers important 
experimental data; however, simplifications in 
stratigraphic conditions and construction 
sequences may introduce uncertainties when 
extrapolating results to real projects, while also 
being costly and time-consuming. 
The finite element method is a widely used 
approach that enables the modeling of complex 
soil-structure interactions, including the elasto-
plastic behavior of soil and construction 
sequencing [2, 4-10]. Software such as FLAC3D, 
PLAXIS3D, and Midas GTS NX are commonly 
employed to analyze the impacts of excavations 

on existing tunnels. The finite element method 
provides in-depth analysis of deformations and 
internal forces, with the capability to simulate 
intricate processes in detail. However, this 
method requires significant computational 
resources, specialized software, and a 
considerable number of assumed parameters, 
making the modeling process complex. 
The analytical method provides theoretical 
formulas that allow rapid estimation of tunnel 
deformations. In this approach, tunnels in soil are 
commonly idealized as beam-on-elastic-
foundation problems, employing the Euler–
Bernoulli or Timoshenko beam models in 
conjunction with Winkler, Pasternak, or Vlazov 
foundation models [9], [11-17]. Due to its 
simplicity, cost-effectiveness, and the ability to 
produce quick forecasts, the analytical method is 
considered a valuable tool in the early stages of 
tunnel design and construction. 
However, current analytical studies still have 
limitations, as they have not fully considered the 
load changes over a large range such as the entire 
length of the excavation, nor have they evaluated 
the effects of different excavation steps on tunnel 
deformation. Meanwhile, optimizing 
construction parameters such as depth and length 
of excavation steps plays a key role in ensuring 
the safety and efficiency of underground works. 
In this paper, the authors propose an analytical 
framework in which the shield tunnel is idealized 
as an Euler–Bernoulli beam, while the surrounding 
ground is simulated using a Winkler elastic 
foundation model. For validation, the analytical 
outcomes are benchmarked against a three-
dimensional finite element model, calibrated with 
monitoring and design data from Metro Line No. 1 
of the Ho Chi Minh City Urban Railway. 
 
 
2. ANALYTICAL APPROACH 
 
To approach the problem analytically, it is 
necessary to accept the following assumptions. The 
surrounding ground of the tunnel is considered as 
an elastic foundation  characterized by a Winkler 
model coefficient. The TBM tunnel excavated in 
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the soil environment is considered as a beam on 
elastic foundation problem. The consideration of 
internal forces in the cross-section is ignored. And 

the beam is considered to have infinite length. In 
addition, the deflection of the tunnel is within the 
elastic limit of the structure. 

 

 
Figure 1. Force Distribution in a homogeneous elastic half-space 

 
In this problem, the influence of the tunnel on the 
stress generation, as well as the longitudinal and 
shear stresses in the tunnel, is ignored. 
 
2.1 Load acting on the tunnel lining 
The process of excavating the upper excavation 
segment, changes the load above the tunnel from 
the complete unloading (state 1) of an excavation 
segment of size 12 *2a b , with the value of 1( )p x  , 
to the completed state (state 2) which will be the 
value of 2 1( ) ( ) ( )p x p x p x , ( )p x - the load 
difference between the unloaded soil weight and 
the completed stage load. The change in load on 
the tunnel structure during excavation is shown 
in Figure 1. The value of the bottom plane load 
of an excavation element is shown by the 
following formula (1): 
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in which, 0y - coordinates of the center of the 
excavation pit along the y-axis; 12a - width of the 
excavation pit; 22a - width of the permanent 
structure placed in the excavation pit; 2b - length 
of the excavation step. 

The problem of concentrated loads in half-space 
was solved by Sneddon using the Fourier transform 
in 1951 [18], the formula for the vertical stress 
change at depth z under the action of a concentrated 
load P , is determined by the following formula: 
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The generalization for vertical stress acting on the 
tunnel axis due to uniformly distributed load with 
varying intensity is determined as follows: 
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With the initial assumptions when approaching 
the analytical method, the vertical stress at depth 
H , due to the distributed load placed at the 
bottom of the excavation hole in the upward 
direction as shown in Figure 1, is determined by 
the following formula: 
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where: 0 - the unit weight of the soil layer within 
the excavation pit; 0H - the distance from the 
bottom of the excavation pit to the ground 
surface; H - the distance from the existing tunnel 
axis to the ground surface. 
 
2.2 Tunnel deflection equation 
The existing tunnel is considered as an Euler-
Bernoulli beam resting on a Winkler foundation 
model. The Winkler foundation model is 
regarded as a one-dimensional spring, with 
individual springs acting independently of each 
other. The differential equation for the beam on 
the elastic foundation [14] is expressed as: 
 

4
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d w x
EI KDw x D x

dx
  (5) 

 
where: D  - the outer diameter of the existing tunnel; 

eqEI  - the equivalent bending stiffness of the existing 
tunnel accounting for the influence of longitudinal 
connections in the tunnel; K  - the subgrade 
coefficient of the surrounding soil environment; 
w x  - the displacement of the tunnel axis, zz x  - 
the vertical stress acting on the tunnel. 
The total solution of equation (5) is determined 
based on the solution of the homogeneous 
equation and the boundary conditions. With the 
initial assumption, we consider this as an infinite 
beam problem on an elastic foundation, from 
which the deflection of the tunnel is determined 
by the following equation: 
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To analyze the effects of excavation above the 
tunnel below, first consider the tunnel with a 
concentrated load placed on the Winkler foundation. 
The total vertical stress P is simplified to act at the 
neutral axis of the tunnel and can then be transmitted 
directly to the foundation as a concentrated load, 
from which the deflection of the tunnel under the 
force can be determined. Once the deflection of the 
tunnel under the concentrated load has been 
determined, this result can be used to deduce the 

deflection of the existing tunnel under the uniformly 
distributed load. Based on the transformations, the 
deflection of the tunnel due to the change of load in 
the range ( ; ) can be determined by formula: 
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The convolution integral in equation (7) used to 
determine the displacement will be performed in 
MATLAB with a sufficiently large integration 
interval. 
 
2.3 Define the parameters 
The tunnel axis deflection below depends on the 
interaction between geology and the bearing 
capacity of the existing structure. Therefore, 
special attention should be paid to parameters 
such as equivalent bending stiffness eqEI and the 
subgrade modulus coefficient K , as they 
determine the resistance to deflection and 
settlement of the foundation. 
 
2.4 Equivalent bending stiffness of TBM 

tunnel 
Due to the segmental joints, the longitudinal 
bending stiffness of the TBM tunnel is significantly 
smaller than that of the continuous concrete tunnel. 
According to Liao [15], the equivalent longitudinal 
bending stiffness of the shield tunnel is only about 
1/5 to 1/7 of that of the continuous tunnel, which has 
been experimentally verified. 
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where cE is the Young's modulus of the TBM tunnel 
sections; D  is the outer diameter of the TBM tunnel; 
and d  is the inner diameter of the TBM tunnel. 
 
2.5 Subgrade modulus coefficient 
The foundation modulus factor in Winkler 
models for analyzing pipe–soil interactions was 
originally proposed by Attewell et al. [19] based 
on the expression of Vesic [20], usually with a 
double value for buried pipes. To improve this 
method, Yu et al. [13] developed a modified 

Nguyen Van Hung, Nguyen Trong Tam 



183Volume 22, Issue 1, 2026

 

where: 0 - the unit weight of the soil layer within 
the excavation pit; 0H - the distance from the 
bottom of the excavation pit to the ground 
surface; H - the distance from the existing tunnel 
axis to the ground surface. 
 
2.2 Tunnel deflection equation 
The existing tunnel is considered as an Euler-
Bernoulli beam resting on a Winkler foundation 
model. The Winkler foundation model is 
regarded as a one-dimensional spring, with 
individual springs acting independently of each 
other. The differential equation for the beam on 
the elastic foundation [14] is expressed as: 
 

4

4eq zz

d w x
EI KDw x D x

dx
  (5) 

 
where: D  - the outer diameter of the existing tunnel; 

eqEI  - the equivalent bending stiffness of the existing 
tunnel accounting for the influence of longitudinal 
connections in the tunnel; K  - the subgrade 
coefficient of the surrounding soil environment; 
w x  - the displacement of the tunnel axis, zz x  - 
the vertical stress acting on the tunnel. 
The total solution of equation (5) is determined 
based on the solution of the homogeneous 
equation and the boundary conditions. With the 
initial assumption, we consider this as an infinite 
beam problem on an elastic foundation, from 
which the deflection of the tunnel is determined 
by the following equation: 
 

43 cos x sin x , :
8 4

x

eq

PD KDw x e where
EI EI

 

(6) 
 

To analyze the effects of excavation above the 
tunnel below, first consider the tunnel with a 
concentrated load placed on the Winkler foundation. 
The total vertical stress P is simplified to act at the 
neutral axis of the tunnel and can then be transmitted 
directly to the foundation as a concentrated load, 
from which the deflection of the tunnel under the 
force can be determined. Once the deflection of the 
tunnel under the concentrated load has been 
determined, this result can be used to deduce the 

deflection of the existing tunnel under the uniformly 
distributed load. Based on the transformations, the 
deflection of the tunnel due to the change of load in 
the range ( ; ) can be determined by formula: 
 

3 cos sin
8

xzz

eq

D
w x e x x d

EI
 (7) 

 
The convolution integral in equation (7) used to 
determine the displacement will be performed in 
MATLAB with a sufficiently large integration 
interval. 
 
2.3 Define the parameters 
The tunnel axis deflection below depends on the 
interaction between geology and the bearing 
capacity of the existing structure. Therefore, 
special attention should be paid to parameters 
such as equivalent bending stiffness eqEI and the 
subgrade modulus coefficient K , as they 
determine the resistance to deflection and 
settlement of the foundation. 
 
2.4 Equivalent bending stiffness of TBM 

tunnel 
Due to the segmental joints, the longitudinal 
bending stiffness of the TBM tunnel is significantly 
smaller than that of the continuous concrete tunnel. 
According to Liao [15], the equivalent longitudinal 
bending stiffness of the shield tunnel is only about 
1/5 to 1/7 of that of the continuous tunnel, which has 
been experimentally verified. 
 

4 4

5 7 64
c

eq

D dEEI   (8) 

 
where cE is the Young's modulus of the TBM tunnel 
sections; D  is the outer diameter of the TBM tunnel; 
and d  is the inner diameter of the TBM tunnel. 
 
2.5 Subgrade modulus coefficient 
The foundation modulus factor in Winkler 
models for analyzing pipe–soil interactions was 
originally proposed by Attewell et al. [19] based 
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Winkler foundation modulus factor expression, 
applicable to arbitrarily buried pipes subjected to 
free ground displacements of any curve shape, 
while considering the buried depth ratio (H/D) of 
the pipe. The modified subgrade modulus 
coefficient according to Yu et al., which is 
employed in this study, is expressed as follows: 
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where: sE - the elastic modulus of the soil, - 
Poisson’s, D - the outer diameter of the existing 
tunnel, H - the distance from the existing tunnel 
axis to the ground surface, and EI is equal to eqEI  

 
3. EXAMPLE VALIDATION 
 
To provide a visual insight from the obtained 
analysis results, the authors considered an 
example from a real project in Ho Chi Minh City 
and compared it with the results from the 3D 
finite element model. 

3.1 Case study 
Ho Chi Minh City Urban Railway Line 1, with a 
total length of 19.7 km, includes 2.6 km 
underground and 17.1 km elevated. The 
underground section includes two shield tunnels: 
the East Tunnel (EB) and the West Tunnel (WB), 
constructed by a pressure balance tunnel boring 
machine (TBM). According to the geological 
survey results of the Ben Thanh - Suoi Tien Urban 
Railway Line 1 project, the hydrogeological data 
used in the model were taken from experiments at 
borehole U-175 (km 1+553), located about 2 
meters from the center of the TBM tunnel [4]. 
Through analysis, the soil layers were classified 
into three main groups: Fill soil, alluvial soil and 
alluvial soil. More specifically, the soil layers at the 
intersection area include five main layers: Fill soil, 
AC2, AS1, AS2 and DC. 
The geological and hydrogeological data were 
obtained from the geological reports of the urban 
railway, summarized in table 1. The intersection 
point between the underground drainage system 
project and the TBM tunnel of Line 1 is located 
at km 1+555 (according to the centerline of the 
urban railway). The parameters related to the 
tunnel lining structure are presented in table 2. 

 
Table 1. Properties of soils 

Parameter Layer 
Fill AC2 AS1 AS2 DC 

E  (kPa) 10000 3000 12500 37500 136000 
v  0,3 0,3 0,3 0,3 0,3 

 (kN/m3) 19 16,5 20,5 20,5 21 

0K  0,577 0,8 0,5 0,455 0,5 

sat  (kN/m3) 19 16,5 20,5 20,5 21 
k  (m/s) 1x10-6 1x10-9 2x10-5 2x10-5 1x10-8 
c  (kPa) 10 0 0 0 170 

 (o) 25 24 30 33 35 
 

Table 2. Parameters for tunnelling 
Parameter Tunnel lining 

Tunnel Inner Diameter, intD  (m) 6,05 
Tunnel lining thickness (m) 0,3 
Tunnel center line position, H  (m) 11 
Equivalent Elastic Modulus, *E  (kPa) 7,2x106 
Poisson's Ratio, v  0,2 
Bulk Density,  (kN/m3) 24 
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The *E  values in the table are equivalent values, 
indicating the reduction in the bending stiffness 
of the shield tunnel in the model. The excavation 
pit has the following dimensions: width 12 5a m
; excavation pit depth: 0 1.6H m ;the excavation 
pit is located in the topsoil layer, 3

0 19 /kN m . 
The value of the uniformly distributed load due 
to the process of unloading the soil mass in the 
excavation pit is: 1 0 0* 30.4( )p H kPa . The load 
value after the soil is placed 2 10.5*p p ; the 
width of the culvert considered is 22 3.5a m . 
 
3.2 Analysis results and discussion 
The finite element model and tunnel deflection for 
comparison, are taken from the paper Nguyen, et al. 
[4]. The finite element software used is MIDAS 
GTS, with the properties of the soil layers 
determined by the Mohr-Coulomb model, the tunnel 
lining is a plate element, the tunnel material is 
considered as isotropic elastic. Interface elements 
are used to model the interaction between the soil 
and the tunnel lining, with the strength reduction 
factor Rinter=0.67. The tunnel axis deflection is 
determined by the average value of the displacement 
at the crown and bottom of the tunnel. 
After performing calculations using MATLAB 
software with the input data considered in section 
A, the tunnel axis deflection determined by the two 
methods is shown in Figure 2, with the maximum 
displacement value of the tunnel according to the 
analytical method being 4.7 mm, while according 
to the finite element method it is 4.41 mm.  
The displacement value of the tunnel is about 6.2% 
larger according to the analytical method than that 
of the finite element method (FEM), and the 
deflection area according to the analytical method 
is also larger. The area affected by the displacement 
of the tunnel extends about 40 meters (about 10 
times the width of the excavation) on both sides. 
Beyond this 40m range, the displacement value 
becomes negligible. 
From the analysis results, this analysis method 
provides a higher margin of safety in terms of 
displacement. This can be explained by the 
following reasons: (1) The soil model does not 
consider the sliding interaction between layers (two-

factor soil model), (2) The influence of different soil 
layers is not considered in the model, affecting the 
determination of the foundation coefficient. 

 
 

4. PARAMETRIC SURVEY  
 
To examine the influence of the excavation step 
length on the displacement of the tunnel, the 
authors conducted a survey with different 
excavation lengths, respectively 2b=3.6m; 7.2m & 
14.4m. The displacement of the tunnel when 
moving with different segments is shown in Figure 
3. When the excavation step changes from 3.6m to 
7.2m, the maximum deflection of the shield tunnel 
changes from 1.92 mm to 2.59 mm; the maximum 
displacement value increases to 3.71mm when the 
excavation step increases to 14.4m. The choice of 
excavation length greatly affects the maximum 
displacement value of the tunnel. When the 
excavation step is doubled, the maximum 
deflection of the tunnel axis increases by 135% & 
193% respectively compared to the maximum 
displacement value when the initial excavation step 
length is selected. The graph also shows that when 
the excavation/filling takes place within a range of 
15m or more from the tunnel centerline, the 
deflection of the tunnel axis does not change 
significantly. This range can be the basis for 
determining the scope of the model size survey 
when modeling with finite elements. The residual 
deflection of the shield tunnel centerline when the 
excavation and filling process is completed is 
recorded according to the model as ~1.6mm. 
The change in the maximum deflection of the tunnel 
when changing the width of the excavation pit is 
shown in Figure 4. The change of the maximum 
deflection of the tunnel when the width of the 
excavation pit changes is shown in Figure 4. The 
maximum deflection value changes rapidly when 
the width of the excavation pit changes from 4-15m. 
Then the maximum deflection value increases 
gradually. When the width of the excavation pit is 
from 25m or more, the maximum displacement of 
the tunnel has a stable value, even though the width 
of the excavation pit still increases. The maximum 
deflection of the tunnel axis currently is 4.7mm.  
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deflection of the tunnel axis increases by 135% & 
193% respectively compared to the maximum 
displacement value when the initial excavation step 
length is selected. The graph also shows that when 
the excavation/filling takes place within a range of 
15m or more from the tunnel centerline, the 
deflection of the tunnel axis does not change 
significantly. This range can be the basis for 
determining the scope of the model size survey 
when modeling with finite elements. The residual 
deflection of the shield tunnel centerline when the 
excavation and filling process is completed is 
recorded according to the model as ~1.6mm. 
The change in the maximum deflection of the tunnel 
when changing the width of the excavation pit is 
shown in Figure 4. The change of the maximum 
deflection of the tunnel when the width of the 
excavation pit changes is shown in Figure 4. The 
maximum deflection value changes rapidly when 
the width of the excavation pit changes from 4-15m. 
Then the maximum deflection value increases 
gradually. When the width of the excavation pit is 
from 25m or more, the maximum displacement of 
the tunnel has a stable value, even though the width 
of the excavation pit still increases. The maximum 
deflection of the tunnel axis currently is 4.7mm.  

 

 

Figure 2. Deflection of the tunnel axis due to full-length excavation 
 

 

Figure 3. Maximum deflection of the tunnel axis with changing excavation position along the 
excavation direction and varying excavation step lengths  

 

 

Figure 4. Maximum deflection of the tunnel axis with varying excavation step length  
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From the survey results, the relationship between 
the width of the excavation and the maximum 
deflection value of the tunnel centerline is 
established, the results are shown through the 
fourth-order function in Figure 4. 
With the variance percentage R2=0.9988, 
showing a good fit of the regression function, it 
can be used to predict values in the middle of the 
surveyed points. 
 
 
5. CONCLUSIONS 
 
The analytical approach for determining tunnel 
axis displacement during staged excavation of a 
foundation pit provides an important preliminary 
assessment tool, supporting the selection of 
suitable excavation step lengths. The results 
indicate that when excavation step lengths of 3.6 
m, 7.2 m, and 14.4 m, the maximum tunnel 
deflection increases by approximately 135% and 
193%, respectively, highlighting the significant 
influence of excavation step size. Based on these 
findings, an appropriate excavation step length 
can be selected to optimize construction 
performance. 
This analytical method offers a simplified and 
efficient means of estimating tunnel displacement 
without the need for complex numerical tools 
such as the finite element method (FEM). 
However, the results obtained tend to be more 
conservative compared to FEM, as the analytical 
method neglects several influencing factors, 
including foundation stiffness and advanced soil 
constitutive models. Further research is therefore 
required, particularly with the incorporation of 
soil–structure interaction models such as the 
Pasternak two-parameter foundation model, as 
well as advanced structural models like the 
Timoshenko beam theory. 
Upon completion of the excavation process, the 
maximum residual deflection observed at the 
tunnel crown is approximately 1.6 mm, 
regardless of excavation step length. Thus, when 
assessing safety with respect to deflection limits, 
both cumulative construction-induced deflections 

and long-term residual deflections during 
operation must be taken into consideration. 
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From the survey results, the relationship between 
the width of the excavation and the maximum 
deflection value of the tunnel centerline is 
established, the results are shown through the 
fourth-order function in Figure 4. 
With the variance percentage R2=0.9988, 
showing a good fit of the regression function, it 
can be used to predict values in the middle of the 
surveyed points. 
 
 
5. CONCLUSIONS 
 
The analytical approach for determining tunnel 
axis displacement during staged excavation of a 
foundation pit provides an important preliminary 
assessment tool, supporting the selection of 
suitable excavation step lengths. The results 
indicate that when excavation step lengths of 3.6 
m, 7.2 m, and 14.4 m, the maximum tunnel 
deflection increases by approximately 135% and 
193%, respectively, highlighting the significant 
influence of excavation step size. Based on these 
findings, an appropriate excavation step length 
can be selected to optimize construction 
performance. 
This analytical method offers a simplified and 
efficient means of estimating tunnel displacement 
without the need for complex numerical tools 
such as the finite element method (FEM). 
However, the results obtained tend to be more 
conservative compared to FEM, as the analytical 
method neglects several influencing factors, 
including foundation stiffness and advanced soil 
constitutive models. Further research is therefore 
required, particularly with the incorporation of 
soil–structure interaction models such as the 
Pasternak two-parameter foundation model, as 
well as advanced structural models like the 
Timoshenko beam theory. 
Upon completion of the excavation process, the 
maximum residual deflection observed at the 
tunnel crown is approximately 1.6 mm, 
regardless of excavation step length. Thus, when 
assessing safety with respect to deflection limits, 
both cumulative construction-induced deflections 

and long-term residual deflections during 
operation must be taken into consideration. 
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