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5 D.I. Mendeleev Russian University of Chemical Technology, Moscow, RUSSIA 

 
Abstract: This paper proposes a method for calculating the environmental impact of constructional materials 
used in buildings and structures. The method is based on a broader - as compared to the currently accepted as-
sessment pertaining solely to greenhouse gas emissions - approach to environmental impact assessment of build-
ing operations and erected structures. As a functional unit, the proposed method employs the maximum single-
exposure permissible concentration (MPC) of carbon dioxide in the air of the work zone. This approach enables 
the assessment of a building’s environmental impact with account to all harmful gas emissions into the atmos-
phere, expressed in CO2 equivalents. The assessment encompasses all stages of the life cycle. The paper presents 
the results of surveys of enterprises engaged in manufacture of constructional materials along with a methodolo-
gy for converting gas emissions into equivalent to CO2 quantities. The analysis of emission calculations reveals 
that prioritizing CO2 emissions in the latter provides a distorted picture of the manufacture’s burden on the envi-
ronment. The paper also describes a technology for purifying manufacture emissions from harmful gases as a re-
sult of using the methodology to identify the most environmentally damaging areas of manufacture. 
 

Keywords: harmful gas emissions, carbon footprint, constructional material manufacture, calculation method, 
survey methodology 
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TITLE 
 
The life cycle of any building or structure 
consists of the following stages: raw material 
extraction, transportation to factories, prepara-
tion and manufacture of constructional mate-
rials; delivery of materials to the construction 
site, building operations, operation of a capital 
facility; demolition and waste processing (dis-
posal) of a capital facility [1, 2]. 
There is a significant number of methodolo-
gies assessing the environmental impact of 
each stage of a life cycle [3, 4, 5]. However, 
the main problem is that, to date, there is no 
methodology that makes it possible to com-
pare each of these stages using a unified set of 
characteristics. 
A second, equally important problem is that 
when assessing pollution, it is not taken into 
account that any manufacture, generation of 
heat and power (electricity), operation of ve-
hicles, release a significant amount of gases 
into the atmosphere. The impact of these gases 
on the human body is much more significant 
than the impact of CO2. These gases include 
the well-known nitrogen and sulfur oxides, 
carbon monoxide, saturated and unsaturated 
hydrocarbons, ammonia, and others. The dan-
ger of these gases to humans is defined in the 
Sanitary Rules and Norms SanPiN 1.2.3685-
21 «Hygienic standards and requirements for 
ensuring the safety and (or) harmlessness of 
environmental factors for humans» [6], which 
specifies over 2300 substances for which per-
missible concentration limits (PCLs) of pollu-
tants in the air of the work zone are defined. A 
significant amount of harmful gases, posing a 
danger to humans that in some cases exceeds 
the danger of CO2 by millions of times [7, 8], 

is released into the atmosphere during the 
manufacture of constructional materials and 
the population breathes them in. 
Meanwhile, the GOST standards, which are 
identical to the ISO 14000 series, only consid-
er carbon dioxide emissions, neglecting other 
harmful gases [9, 10]. This, in turn, disincen-
tivizes factories from adopting manufacture 
technologies that would reduce the quantity of 
these emissions [11-13].  
Quantifying carbon dioxide emissions during 
the production of various wall structures is 
essential for accounting for anthropogenic 
greenhouse gas emissions. Research [14] has 
shown that timber and wood-frame buildings 
sequester more carbon compared to the energy 
consumed in their production, making these 
types of building structures the most environ-
mentally friendly. The combination of a tradi-
tional renewable material—wood—and mod-
ern insulation materials provides the required 
energy efficiency of buildings, as mandated 
by European legislation. In North America 
and Scandinavia, a set of measures has been 
developed to promote the use of wood in con-
struction. Traditionally, brick buildings are 
widely common in Hungary and Russia, indi-
cating a significant additional potential for 
carbon sequestration. The recent trend of in-
creasing the share of wooden housing con-
struction could be further enhanced through 
specific state support measures [14]. 
It’s important to note that our reliance on for-
eign standards focused on reducing the so-
called “carbon footprint” is often inappropri-
ate in many cases. A telling example of issu-
ing non-operational documents is the standard. 
The authors of this standard write that it was 
copied not even from foreign standards, but 

�Z��}_=+<*¤+�+[��x{�}\\�+^*[+x`�x{�*��`+��_�%`=+?x`'�`[*��}<<�<<'�`[�[x��@+�_+`���\�?*[+x`<��Z?x@�Zx@[�}���Ö+{��
Cycle Stages
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from the documents of Western public organi-
zations such as BREEAM, LEED, Code for 
Sustainable Homes, Living Building Chal-
lenge, Home Quality Mark, and Green Globes. 
This article proposes a unified methodology 
developed to enable comparative analysis of 
the environmental performance of any build-
ings and structures throughout all stages of its 
life cycle. Furthermore, the methodology al-
lows for the assessment of environmental im-
pact not only from gases defined as green-
house gases, but also considering all harmful 
emissions into the atmosphere. As a specific 
outcome of the calculation, the environmental 
performance of a single stage can be deter-
mined, or an assessment can be made focusing 
only on specific gases. For example, assessing 
the environmental performance of the con-
structional material manufacturing stage will 
allow for evaluating the environmental impact 
of each material used in the construction, 
while calculations of CO2, CH4, and N2O con-
tent let assess the greenhouse effect. 
The results obtained from calculating the en-
vironmental performance of a construction 
project will incentivize the formulation of 
measures and proposals as well as their im-
plementation in order to reduce environmental 
impact during the building operations. 
This work was conducted in accordance with 
the Development Strategy of the Construction 
Industry and Housing and Communal Services 
of the Russian Federation for the period up to 
2030, with a forecast until 2035, approved by 
the Resolution of the Government of the Rus-
sian Federation No. 3268-r dated October 31, 
2022.  
 
 
ASSESSMENT METHODOLOGY 
 
1.1 Key Indicators 
 
The main goal of the developed assessment 
method is to justify the need for moderniza-
tion of the manufacture of materials, products, 
and structures in order to improve the envi-

ronmental performance of manufacture pro-
cesses throughout all stages of the building’s 
life cycle. It also aims to conduct a compara-
tive environmental analysis of technological 
measures implemented at the enterprise. 
In the developed methodology, it is proposed to 
introduce a functional unit for assessing envi-
ronmental impact, equal to the value of the max-
imum permissible single-exposure concentration 
(MPC) of carbon dioxide in the air of the work 
zone. The value of the maximum permissible 
single-exposure concentration in the air of the 
work zone was set on condition that there is no 
assessment of the maximum permissible con-
centration of CO2 under other exposure condi-
tions (e.g., average daily or average per work 
shift) using SanPiN [5]. 
Table 1 presents the results of the analysis of 
MPCs using SanPiN as per [5, Table 2.1]. It can 
be seen that the harmful effect of all gases on hu-
mans is much more significant than that of carbon 
dioxide, and for some, such as benzo(a)pyrene, 
this difference is 180 million times greater. 
 

Table 1. Harmful emissions and conversion 
factors with account to the functional unit for 

assessing environmental impact 
 Gas 

 
Maximum 
Permissible 
Single Ex-
posure Con-
centration  
(MPC) in 
the Air of 
the Work 
Zone, 
mg/m3 

Posi-
tion in 
table 
2.1 
[5] 

Conver-
sion 
Factor to 
Equiva-
lent 
CO2 
Quantity 

1 Carbon 
2 

27000 2124 1,0 

2 Carbon Mon-
oxide, CO 

20 2122 1350 

3 Nitrogen 
Dioxide, NO2 

2 4 13500 

4 Nitric Oxide, 
NO 

5 5 5400 

5 Ammonia, 
NH3 

20 178 1350 

 Nitric Acid, 
HNO3 

2 7 13500 

6 Sulfur 
Dioxide, SO2 

10 1837 2700 
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7 Inorganic 
Dust: 70-20% 
SiO2 

   

8 Benzo(a)pyren
20 12 

0,00015* 253 1,8·108 

9 Mixture of 
Saturated Hy-
drocarbons, 
CnHm 

900 2120 30 

1
0 

Formaldehyde 0,05 2172 5,4·105 

1
1 

Phenol 0,1 2171 2,7·105 

* average daily MPC per work shift 
 
It is proposed that the carbon dioxide-equivalent 
amount of gas entering the atmosphere, consid-
ering the concept of the functional unit, be cal-
culated by multiplying the mass of the emitted 
gas by the ratio of the MPC of CO2 against the 
MPC of the emitted gas. The calculations use 
maximum permissible single-exposure concen-
trations in the air of the work zone, as this is the 
only mention of carbon dioxide in [5]. 
It should be noted that the indicator of the car-
bon dioxide-equivalent amount of gas differs 
significantly from the indicator defined in the 
normative documents for the carbon footprint as 
per ISO 14001:2004 11, where the carbon diox-
ide-equivalent amount of gas is determined by 
emissivity. 
A carbon load factor (CLF) is introduced, equal 
to the ratio of pollutants (by mass) entering the 
atmosphere in the amount equivalent in hazard 
to the amount (by mass) of carbon dioxide at the 
stages of raw material extraction and transporta-
tion, construction materials manufacture, build-
ing operation and its disposal to the mass of the 
building materials [kg/kg]. Also, a building en-
vironmental performance indicator (BEPI) is 
introduced, defined against the amount of CO2 
equivalent the total mass of the materials used 
in construction to the volume of the building. 
 
1.2 Calculation of Key Indicators and Values 
The mass of pollutants entering the atmosphere 
in the amount equivalent in hazard to the carbon 
dioxide amount during the raw material extrac-
tion and transportation stage is calculated con-

sidering the electrical and thermal energy con-
sumed by machinery and equipment during 
loading and transport of the raw materials to the 
manufacturing facility. 
The mass of pollutants entering the atmosphere 
during the constructional materials manufacture 
stage in the amount equivalent in hazard to the 
amount of the carbon dioxide is calculated 
based on emissions of pollutants into the atmos-
phere during manufacture, as well as the electri-
cal and thermal energy consumed when manu-
facturing the materials [15, 7]. 
The mass of pollutants entering the atmosphere 
during the building operations in the amount 
equivalent in hazard to the amount of CO2 is 
calculated based on the electrical and thermal 
energy consumed directly on the construction 
site by machinery, equipment, and transport 
vehicles, including the transportation of con-
structional materials to the site and for every-
day needs. 
The mass of pollutants entering the atmosphere 
during the operational stage in the amount 
equivalent in hazard to the amount of CO2 is 
estimated based on the electrical and thermal 
energy consumed by building’s dwellers over its 
entire operational period (design life), excluding 
urbanistic loads. In this case, the total heat loss 
of the building during the heating period, 
kWh/year, should be determined according to 
Appendix G SR 50.13330. 
The mass of pollutants entering the atmosphere 
during the demolition and disposal stage in the 
amount equivalent in hazard to the amount of 
carbon dioxide is calculated considering the 
electrical and thermal energy consumed directly 
during demolition and disposal by machinery, 
equipment and transport vehicles, including the 
transportation of dismantled constructional ma-
terials for recycling and disposal. 
Therefore, the impact on atmosphere at all 
stages of the life cycle can be expressed 
through fuel consumption, making the calcula-
tion universal. During the constructional mate-
rials manufacture, the environmental load de-
termined by manufacture emissions is addi-
tionally assessed. 
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1.3 Calculation of emissions from the genera-
tion of thermal and electrical energy 
When an enterprise consumes thermal and elec-
trical energy, the emissions of pollutants are 
converted to the emissions from the combustion 
of natural gas at combined heat and power 
(CHP) plants and enterprise’s boiler facilities. 
The specific heat of natural gas combustion is 
taken to be equal 8000 kCal/m3 (9.3 kW/m3, 
33.5 MJ/m3) [16, 17]. The composition of natu-
ral gas is assumed to be 75% CH4 and 25% H2, 
with fuel combustion occurring at 
calculation is performed according to the meth-
odology presented in [18]. These characteristics 
of natural gas are provided as being the most 
common to the majority of natural gas fuel con-
sumed by CHP plants, but they can be modified 
and recalculated using the presented methodol-
ogy. 
The amount of natural gas consumed to generate 
electricity and heat at the enterprise is then cal-
culated. 
 

8000 kCal, m3              (1) 
 
The volume of combustion products is equal to: 
 

Vcmb.pr 2+V + 2 VN2, m3      (2) 
 

2 is the volume of carbon dioxide en-
tering the atmosphere with the combustion 
products 2 Vg, m3                           (3) 
Then the mass of CO2 with the exit gases is: 
 

2 2*44/22.4, kg             (4) 
 

2 - the volume of water vapor entering the 
atmosphere with the combustion products: 
From hydrogen combustion: 
 

2 *Vg, m3                  (5)                                                                     
 
From methane combustion: 
 

2 Vg, m3             (6)                                                           
 

VN2 - the amount of nitrogen in the combustion 
products is derived from the volume of oxygen 
required for the combustion of methane and hy-
drogen: 
 

VN2 Vg, m3        (7)                   
 
V  – the volume of excess oxygen in the 
combustion products. At 
holds: 
 

V  2*( – 1), m3            (8)                   
VN2 2*79 / 21, m3                (9)                   

 
Since the concentration of pollutants is deter-
mined in dry combustion products, we deter-
mine their volume, Vdg, considering (2), (5), 
and (6): 
 

2+ 2excess+VN2, m3         (10) 
                                                                            
1.4 Calculation of Emissions for Diesel En-
gines 
The calculation of emissions for diesel engines 
is based on the chemical composition of diesel 
fuel, which is assumed to be as follows: carbon 
86,2%, hydrogen 12,8%, oxygen 1,0%. Fuel 
combustion occurs with an excess air coefficient 
of 
amount of air required for complete combustion 
of 1 kg of fuel is calculated according to [18]. 
1. The theoretical (stoichiometric) amount of air 
required for complete combustion of 1 kg of 
fuel is calculated using the formula: 
 

–  
0.128/2 – 

12.1  m3/kg                       (11) 
                                                                                                
2. The volume of carbon dioxide in the combus-
tion products is calculated as: 
 
Vco2   m3/kg                   

(12) 
 

Then, the mass of CO2 emissions is: 
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M 2 2     (13)  
                                                             
3. The volume of oxygen and nitrogen in the 
combustion products is calculated as: 
 

Vo2 *( - 1)*V - 1)*    
0.254 m3/kg                       (14) 

 
VN2 * *  

 10.51 m3/kg                           (15) 
 
4. The volume of dry combustion products is: 
 

2+Vo2+VN2  
12.374 m3/kg                   (16) 

 
The amount of emissions is calculated as the 
volume of dry gases multiplied by the concen-
tration of the pollutant. 
The concentration of pollutants in the combus-
tion products of diesel fuel [19] and natural gas 
[20, 21] are taken from Table 2. 
 

Table 2. Concentration of Pollutants in 
Combustion Products 

 

  

 
Pollutant  

Emission Concentration, 
mg/m3 
From Diesel 
Fuel 
Combustion 

From 
Natural Gas 
Combustion 

1 Carbon Monoxide, 
CO 

1250 300 

2 Nitrogen Oxides 
on conversion to 
NO2 

200 125 

3 Sulfur Dioxide, 
SO2 

28,6 -- 

4 Formaldehyde 13,4 -- 
5 Unsaturated 

hydrocarbons 
67 -- 

7 Benzo(a)pyrene 0,0005 2·10-6 
8 Carbon Dioxide 

(CO2) 
As per calcu-
lation 

As per 
calculation 

  
 
RESULTS AND DISCUSSION 
 
The authors have conducted a survey calculat-
ing the environmental load for several enterpris-
es using the developed methodology. This arti-

cle presents an analysis of the survey results 
from the Rockwool mineral wool production 
plant in Zheleznodorozhny, Moscow Oblast. 
The first two stages of the life cycle are exam-
ined in detail: raw material extraction, transpor-
tation, and the manufacture stage itself. The 
production volume is 1,390,000 m3 or 98,000 
tons of mineral wool per year. The plant has 42 
emission sources. Electricity consumption is 
126,777,532 kWh (2022-year data). On-site 
transportation is provided by 7 diesel-powered 
forklifts. 
During the manufacture, a survey encompassed 
all 42 emission sources. At each sampling point, 
the diameter of the process pipeline, the gas ve-
locity, and the gas temperature were recorded. 
When selecting a gas analyzer for analyzing 
harmful emissions in industrial gas samples and 
hydrocarbon fuel combustion products, it is im-
portant to consider their potential concentra-
tions. For example, the concentration of carbon 
dioxide in combustion products is approximate-
ly 10%, while in process gases, it is often equal 
to the concentration in air, that is, 0,03% by 
volume. The concentration of NO2 also varies 
from 150 – 350 mg/m3 in combustion products 
to 0,1 – 1 mg/m3 in urban air. A «Polar-7» port-
able multi-component gas analyzer (manufac-
tured by Promekopribor LLC) was used to 
measure high concentrations, and a «Signal – 
44» gas analyzer (manufactured by Gasoanalit 
LLC) to deal with low concentrations. 
A summary of the survey and calculated emis-
sions of harmful gases released into the environ-
ment during manufacture are shown in Table 3.  
Diesel fuel consumption at the enterprise is 
18,772 l or 14,435.7 kg, and electricity con-
sumption is 126,777,532 kWh, which is equiva-
lent to 13,631,993 m3 of natural gas. 
The calculation of harmful substance emissions, 
converted to the equivalent hazard-weighted 
emission, is performed using equations (1) – 
(10) for natural gas and (11) – (16) for diesel 
fuel. The concentration of harmful gases in the 
emissions is taken from Table 2. The results of 
calculating harmful substance emissions from 
the operation of diesel transport and electricity 
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consumption at the manufacturing stage are 
shown in Table 4. 
 

. Manufacturing emissions 
 

 Emission 
substanc-
es 

Total 
emis
sion 
in 
tons 
per 
year 

% of 
gene
ral 
emis
sion 

Conve
rsion 
factor 

Amou
nt of 
Gas 
Equiv-
alent 
to 
Car-
bon 
Diox-
ide, 
tons/ye
ar  

total 
emis
sion 

1 2 3  4 5 6 
1 Nitrogen 

Dioxide 
39,6
39 

0,20 13500 535 
126,5 

15,3 

2 Nitric 
Oxide 

8,17
5 

0,04 5400   44 
145,0 

1,26 

3 Ammoni
a 

53,8
37 

0,27 1350   72 
680,0 

2,07 

4 Sulfur 
Dioxide 

7,07
8 

 2700   19 
110,6 

0,55 

5 Inorganic 
Dust: 70-
20% 
SiO2 

177,
368 

0,90 2700 
(in 
SO2 

with 
ac-
count 
of 
50%) 

 239 
446,8 

6,85 

6 Carbon 
Monoxid
e 

157,
973 

0,80 1350  213 
263,6 

6,10 

7 Benzo[a]
pyrene 

4,18
*10-7 

 1,8*10
8 

          
75,2 

0,00
2 

8 Mixture 
of Satu-
rated 
Hydro-
carbons 

2,10
1 

 30           
63,0 

0,00
2 

9 Formalde
hyde 

3,95
9 

0,02 5,4*10
5 

2 137 
860,0 

61,1
5 

1
0 

Phenol 0,79
5 

 2,7*10
5 

   214 
650,0 

6,14 

1
1  

Carbon 
Dioxide 

1967
1,9 

97,7
6 

1      19 
671,9 

0,56 

 Total     3 496 
092,6 

 

 
 

Table 4. Calculation results concerning harmful 
substance emissions from diesel transport 

operation and electricity consumption during 
manufacture 

 

  

 
Pollut
ant 

Pollutant Emissions 
Diesel vehicle 
operation 

Electricity from 
CHP (Combined 
Heat and Power 
Plant) 

  Conce
ntratio
n, 
mg/m
3 

Emi
ssio
n, 
tons 

Equi
vale
nt 
emis
sion
, 
tons 

Conce
ntratio
n, 
mg/m
3 

Emi
ssio
n, 
tons 

Equi
vale
nt 
emis
sion
, 
tons 

1 Carbo
n 
Mono
xide, 

 

1250 0,22 297 300 30,3
5 

40 9
72,5 

2 Nitro-
gen 
Ox-
ides, 
as 
NO2 

200 0,03
6 

482,
3 

125 12,6
5 

170 
775,
0 

3 Sulfur 
Dioxid
e, SO2 

28,6 5,1*
10-
3 

13,7
9 

--   

4 Forma
ldehyd
e 

13,4 2,4*
10-3 
 

129
6,0 

--   

5 Unsat
urated 
hydroc
arbons 

67 0,01
2 

0,36 --   

7 Benzo
[a]pyr
ene 

0,000
5 

0,09
*10-

6 

16,1 2·10-6 2,02
* 
10-7 

36,4 

8 Carbo
n 
Dioxid

2 

As 
per 
calcu-
lation 
3,16 
kg/kg 
of 
fuel  

45,6 45,6 As 
per 
calcu-
lation 
1,47 
kg/m3 

of 
natu-
ral 
gas 

20 
039,
0 

20 0
39,0 

 Total    2 15
1,15 

  231 
822,
9 
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During the raw material extraction and trans-
portation stage for mineral wool production, 
according to the survey results, the plant re-
ceives per year up to 125000 tons of dolomite, 
bauxite, tuff, and blast furnace slag as raw ma-
terials, with an average transportation distance 
of 400 km. 
The excavator’s work rate is 20 m3/h, and its 
fuel consumption is 30,0 L/h. The density of 
bauxite and dolomite can be assumed to be 3000 
kg/m3. The excavator loads 60 tons per hour on-
to transport vehicles; therefore, extracting and 
loading 125000 tons (calculated for bauxite and 
dolomite) will require 2083.3 hours of opera-
tion. The fuel consumption will be 62,500 L, or 
48062,5 kg of diesel fuel. 
Transportation is carried out by rail. The specif-
ic electricity consumption depends on the track 
profile, type of rolling stock, speed, weather 
conditions, etc. In freight traffic on flat terrain, 
it is 10–12 W-h/(ton-km), and on mountainous 
sections, it is 25–32 W-h/(ton-km). We will as-
sume 15 W-h/(ton-km). Then, the electricity 
consumption for transporting 125 000 tons of 
raw materials to the distance of 400 km will be: 
15 W-h/(ton-
000 kW-h, which corresponds to a calorific val-
ue of 80 645,2 m3 of natural gas. 
The calculation of pollutants’ emissions, con-
verted to the equivalent hazard-weighted emis-
sion, is performed using equations (1) – (10) 
for natural gas and (11) – (16) for diesel fuel. 
The concentration of harmful gases in the 
emissions is taken from Table 2. The results of 
calculating harmful substance emissions during 
the extraction and transportation stage, in the 
volume required for manufacture, are presented 
in Table 5. 
 

Table 5. Calculation results for pollutants 
during the extraction and transportation stage 

 
 

 
Polluta
nt 

Pollutant emissions 
Raw material extrac-
tion 

Raw material transpor-
tation 

  Conce
ntratio
n, 
mg/m3 

Emi
ssio
n, 
tons 

Equi
va-
lent 
emis
sion, 
tons 

Con-
centra-
tion, 
mg/m3 

Emi
ssio
n, 
tons 

Equi
vale
nt 
emis
sion, 
tons 

1 Carbon 
Monox

 

1250 0,74 1004
,6 

300 0,18 243,
0 

2 Nitro-
gen 
Oxides, 
as NO2 

200 0,12 1606
,5 

125 0,07
5 

1009
,94 

3 Sulfur 
Dioxid
e, SO2 

28,6 0,01
7 

45,9 --   

4 Formal
dehyde 

13,4 8,0*
10-3 

4305
,4 

--   

5 Unsatu
rated 
hydroc
arbons 

67 0,04 1,20 --   

7 Ben-
zo[a]py
rene 
 

0,0005 0,3*
10-6 

54,0 2·10-6 1,61
* 
10-8 

0,22 

8 Carbon 
Diox-
ide 

2 

As per 
calcu-
lation 
3,16 
kg/kg 
of fuel 

151,
88 

151,
88 

As per 
calcu-
lation 
1,47 
kg/m3 

of 
natural 
gas  

118,
55 

118,
55 

 Total    7 16
9,48 

  1 37
1,71 

 
The total emission of pollutants during the ex-
traction, transportation, and manufacture stage 
is presented in Table 6.  
 
Table 6. Total emission of pollutants during the 

extraction, transportation, 
and manufacture stages 

 Source of emission Equivalent 
emission, 
tons/year 

1 Extraction and transporta-
tion stage 
 (Table 5) 

8 541,19 

1.1 Extraction  7 169,48 
1.2 Transportation 1 371,71 
2 Manufacture stage  
1 Release of toxic gases from 

manufacturing process  (Table 
3) 

3 496 092,6 

2 Harmful gas emissions from 
enterprise’s vehicles (Table 4) 

2 151,15 

3 Harmful gas emissions from 
electricity/power generation 
(Section 4) 

231 822,9 

 Total  3 730 066,65 
 

�Z��}_=+<*¤+�+[��x{�}\\�+^*[+x`�x{�*��`+��_�%`=+?x`'�`[*��}<<�<<'�`[�[x��@+�_+`���\�?*[+x`<��Z?x@�Zx@[�}���Ö+{��
Cycle Stages



22 International Journal for Computational Civil and Structural Engineering

Considering the production volume of 1 390 
000 m³/year or 98.0 tons/year, the Carbon Foot-
print Coefficient (CFC) will be 3 730 066.65 / 

 
The analysis of the survey results and the pro-
posed calculation methods allows us to draw 
several important conclusions: 
1. If the enterprise’s emissions are assessed 
solely by the mass of harmful gases released 
into the atmosphere, carbon dioxide emissions 
significantly outweigh the emissions of other 
gases. For example, according to Table 3, which 
assesses the technological emissions from min-
eral wool production, carbon dioxide emissions 
account for 97,76% by mass. However, when 
considering the same production process against 
the amount of gas equivalent in hazard to the 
amount of carbon dioxide the carbon dioxide 
emission only accounts for 0,56%. In this case, 
the highest value, equal to 61,15%, belongs to 
formaldehyde emissions – an aliphatic aldehyde 
of methanol and formic acid, which is a color-
less gas with a pungent odor. This approach, 
defined by the developed calculation method, 
leads to the conclusion that, to reduce atmos-
pheric pollution, it is primarily necessary to re-
duce the formaldehyde content in the enter-
prise’s emissions. In [22], it was shown that a 
technological solution could be the afterburning 
of formaldehyde by directing it to the burners of 
the production boiler plant. 
2. The developed method provides the oppor-
tunity to assess the environmental burden on the 
atmosphere at each stage of the life cycle, as 
well as for different functional production pro-
cesses within a single stage. Table 6 shows that 
the extraction and transportation of raw materi-
als contributes only 0,23% of the pollution re-
leased into the atmosphere across the two stag-
es: extraction - transportation, and the produc-
tion of mineral wool. Within the production 
stage, according to Table 6, it can be estimated 
that the enterprise’s diesel motor transport emits 
only 0,06% of the total hazard-equivalent mass 
of emissions, while the generation of electrici-
ty/power sourced externally by the enterprise 
accounts for 6,6%. 

3. The method allows, if necessary, for the esti-
mation of greenhouse gas emissions alone. Fur-
thermore, a comparison of the results for carbon 
dioxide emissions, according to the developed 
methodology and that one approved by Order 
No. 15-r issued by the Ministry of Natural Re-
sources and Ecology of the Russian Federation 
dated April 16, 2015 [20], shows complete cor-
relation. However, the developed methodology 
provides an opportunity to assess carbon diox-
ide emissions more accurately, taking into ac-
count the chemical composition of the fuel con-
sumed. 
4. Calculation of the Carbon Footprint Coeffi-
cient (CFC) using the developed methodology 
allows to determine the environmental perfor-
mance of constructional materials and life cycle 
stages as objectively as possible.  
 
 
CONCLUSION 
 
The proposed methodology gives a more accu-
rate account of the environmental burden 
throughout all stages of the buildings and struc-
tures’ life cycle due to calculation of emissions 
of all harmful gases released into the atmos-
phere. The method is based on the introduction 
of a functional unit for assessing environmental 
impact, equal to the maximum permissible con-
centration (MPC) of carbon dioxide in the air of 
the work zone at a single exposure. This makes 
it possible to compare emission quantities at 
each stage, as well as to identify the most envi-
ronmentally sensitive areas at each stage of 
manufacture. Of great importance in the pre-
sented methodology is its simplicity and illus-
trative nature. 
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Abstract: This paper presents the results of an experimental study on the deformation and failure of reinforced 
high-strength lightweight concrete elements under combined eccentric compression and torsion. The physical 
patterns and characteristics of deformation for such elements under the specified stress state have been 
established. The investigated parameters include concrete and reinforcement strains, crack patterns and crack 
widths, as well as deflections and angles of twist for the elements under consideration. The study demonstrates 
that crack formation in high-strength lightweight reinforced concrete structures has its own specificities: under 
loading with an eccentrically applied compressive force and a torque, one or several spatial cracks develop. As 
the load increases, one dominant crack emerges, leading to failure along this crack. A further characteristic of the 
deformation behavior is that after crack initiation, the deformation stage range leading to failure is more than two 
times shorter compared to structures made of conventional normal-weight concrete. A comparison of the 
obtained experimental data with the results of calculations based on the proposed analytical model confirms its 
reliability and potential for practical application. 
 

Keywords: High-strength lightweight concrete, omplex stress state, torsion, eccentric compression, 
experimental studies 
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INTRODUCTION 
 
Currently, both domestically and 
internationally, intensive research is being 
conducted aimed at the development and 
application of high-strength structural 
lightweight concrete. In current Russian [11] 
and foreign codes for the design of reinforced 
concrete structures [12, 13], the class of 
structural lightweight concretes is limited. 
Consequently, these documents lack the 
physico-mechanical characteristics of high-
strength lightweight concrete. At the same 
time, in Russia, an experimental self-
compacting high-strength lightweight concrete 
with density grades below D2000 and strength 
classes B50-B65 [1-3] has been developed, 
which appears to be a highly promising 
material for lightweight load-bearing walls, 
columns, and floors of high-rise buildings 
[2,7]. This direction, associated with the use 
of a new generation of lightweight concretes 
in the construction industry aimed at reducing 
building mass, is gaining new relevance, 
especially for construction in seismically 
active regions and for the design of buildings 
and structures considering special impacts 
[2,5,6,14]. However, due to the low initial 
modulus of elasticity of lightweight concretes 
and other physico-mechanical peculiarities of 
the material, a problem arises in ensuring the 
stiffness of floors and other flexural and 
eccentrically loaded compression members. 
An analysis of Russian [1-6] and foreign [8-
10] publications on lightweight concrete 
research shows that lightweight concrete as a 
material in reinforced concrete structures can 
possess good performance characteristics in 
construction due to its expectedly lower 
contribution to the structure's self-weight. 

However, as noted in the publications, despite 
some experience in using such concrete for 
load-bearing elements of buildings, existing 
research on this material in Russia and abroad 
is limited to the study of mixes [2] and some 
physico-mechanical properties. Recently 
completed studies on the strength and 
deformation characteristics of self-compacting 
high-strength expanded clay concrete of 
classes B50–B65 [1-3], as well as the long-
term deformation of such concretes with 
different structures [4], can be noted here. 
Foreign research is increasingly focusing on the 
study of the physico-mechanical properties of 
lightweight concrete with various types of fiber 
reinforcement. For example, study [8] 
experimentally investigated the mechanical 
properties and the complete stress-strain 
diagram of lightweight concrete reinforced with 
steel and carbon fibers. The research was 
conducted on cylindrical specimens with 
strength classes from LC40 to LC60 and a fiber 
volume fraction from 0% to 0.9%. The results 
of these tests showed that steel fiber can 
significantly increase flexural strength and split 
tensile strength. 
Publication [9] presents a series of tests on 
cylinders made of steel fiber-reinforced 
lightweight aggregate concrete (SFRLWAC) 
aimed at developing a physical deformation 
model for this material (SFRLWAC) under 
monotonic compressive loading. Experiments 
established that adding steel fiber to lightweight 
concrete has an insignificant effect on the 
ascending branch of the stress-strain curve but 
has a noticeable effect on the descending (post-
peak) branch of deformation. The publication 
also includes some analysis results for beam 
structures (1200mm span, 200×150 mm cross-
section) made of steel fiber-reinforced 
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lightweight concrete. It is shown that adding 
steel fiber changes the pattern of crack 
propagation in the structures. In conventional 
lightweight concrete, cracks propagate parallel 
to the load direction (normal cracks), whereas in 
steel fiber-reinforced lightweight concrete 
structures, the direction of crack development 
under load changes, and the cracks gradually 
incline and become perpendicular to the load 
direction. 
Research on the physico-mechanical 
properties of lightweight concrete with a 
strength of 50-70 MPa, reinforced with carbon 
and polypropylene fibers both individually 
and in hybrid form, is presented in publication 
[10]. As a result, these studies obtained 
parameters such as slump cone flow, density, 
segregation resistance, compressive strength, 
split tensile strength, flexural strength, 
compressive stress-strain diagrams, and other 
characteristics of the fiber-reinforced 
lightweight concrete. 
Research works on the stress-strain behavior 
of structures made from the new generation of 
high-strength lightweight concretes are 
practically absent in open sources. Apart from 
the mentioned publication [9], which studied 
beam structures made of high-strength 
lightweight concrete and steel fiber-reinforced 
lightweight concrete under a complex stress 
state—bending from a concentrated force—a 
few other publications dedicated to studying 
the stress-strain state of beam structures made 
of high-strength lightweight concretes under 
simple stress states are known, such as works 
[15-18]. Separate recent studies conducted for 
structures made of high-strength normal-
weight concrete under various stress states 
[19-21] have shown a number of specific 
features of their deformation, cracking, and 
failure compared to structures made of 
normal-strength concrete. 
In this regard, the goal of this research was to 
conduct experimental studies of the deformation 
and failure of reinforced concrete elements 
made of high-strength lightweight concrete 
under eccentric compression with torsion, and to 

establish the features, physical nature, and 
parameters of their load-bearing capacity in 
comparison with calculated values obtained 
using a developed analytical model [22]. 
 
 
METHODS 
 
To achieve the goal and objectives of the 
research, a program of experimental studies 
was developed accordingly. This program 
included the design and fabrication of test 
specimens, a methodology for measuring test 
parameters, and methods and equipment for 
loading the test specimens. Three series of test 
specimens were designed and manufactured 
(Figure 1): 
Series 1K-1 (1K-1.1, 1K-1.2, 1K-1.3) — 
Reinforced concrete columns, 3 units, each 
2000 mm long with a cross-section of 100x50 
mm. Longitudinal reinforcement: 8 mm 
diameter (4 bars) and 6 mm diameter (2 bars). 
Transverse reinforcement: 2 mm diameter with 
a spacing of s=120 mm (Figure 1a). 
Series 1K-2 (1K-2.1, 1K-2.2, 1K-2.3) — 
Reinforced concrete columns, 3 units, each 
2000 mm long with a cross-section of 100x50 
mm. Longitudinal reinforcement: 8 mm 
diameter (4 bars). Transverse reinforcement: 2 
mm diameter with a spacing of s=120 mm 
(Figure 1b). 
Series 1K-3 (1K-3.1, 1K-3.2, 1K-3.3) — 
Reinforced concrete columns, 3 units, each 
2000 mm long with a cross-section of 100x50 
mm. Longitudinal reinforcement: 6 mm 
diameter (4 bars). Transverse reinforcement: 2 
mm diameter with a spacing of s=120 mm 
(Figure 1c). 
Materials used for manufacturing the test 
specimens: High-strength lightweight concrete 
B40. The structural reinforcement was of class 
A500C, and the transverse reinforcement was 
made from wire with characteristics equivalent 
to class A240 reinforcement. 
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a)  b)   c)  

 d)  
 
 
 
 
 
 

Figure 1. Design of the test column 
specimens of series 1K-1 (a), 1K-2 

(b), 1K-3 (c): formwork and 
reinforcement layout; (d) general view 

of the fabricated specimens 
 

Manufacturing of the test specimens for all 
series was carried out in specially designed 
and manufactured formwork made of 
waterproof plywood (Figure 2a). The 
concreting of the test specimens was 
performed at the "MonArkh Group of 
Companies" construction materials plant 
(Figures 2b, 2c). The experimental research 
was conducted in the laboratory of the 
Mytishchi branch of the National Research 

Moscow State University of Civil Engineering 
(MGSU). 
Concurrently with the main structural 
specimens, auxiliary prism and cube 
specimens were fabricated and tested using 
concrete from the same batch as that used for 
the main test specimens. The characteristics of 
the tested cubes and prisms are presented in 
Table 1. 
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) 

b)  

 
                                                                

c) 

 

Figure 2. Formwork layout with installed rebar cages (a, b) and a general view of the test 
structures during concreting (c) 

 
 

Table 1. Key Properties of Cube and Prism Specimens 
Series / 

Specimen ID 
Dimensions, 

mm 
Mass, g Average 

Mass, g 
Density, 

kg/m³ 
Avg. 

Density, 
kg/m³ 

Failure 
Load, 

kN 

Avg. Failure 
Load, kN 

Series 1K / 
Cube 1 

 1815 

1826,6 

1762,62 

1762,05 

375 

381,6 Series 1K / 
Cube 2 

 1860 1788,46 420 

Series 1K / 
Cube 3 

 1805 1735,07 350 

  Specimen 
Series* Failure Load (kN)* Modulus of Elasticity 

(MPa)* Poisson's Ratio* R, MPa Rb, MPa 

1 -1 200  0,24 40 30,77 
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2 -2 200  0,28 40 30,77 

3 -3 200  0,29 40 30,77 

 Average 1K 200  0,27 40 30,77 

* Average Value for Each Specimen Series 

 
RESULTS AND DISCUSSION  
 
To test the experimental specimens, special non-
standard equipment was designed and 
manufactured in the form of a rigid frame with tie 
rods, fixed support, and rotational devices (Figure 
3). One end of the test specimen was rigidly fixed 
in the crosshead. A compressive force with a 
specified eccentricity was applied to the other end 
using a jack. Simultaneously, a torque was applied 
to the specimen via a lever rigidly connected to it 
through a roller assembly. 

The applied compressive force and the torque 
acting on the specimen were measured. During 
the experiment, mechanical instruments were 
used to measure deflections in two planes of 
the specimen and at several sections along its 
length, as well as the angles of twist due to the 
torque, longitudinal strains, and shear strains. 
A digital video camera was used to record the 
crack formation pattern and measure the crack 
width at different stages of loading the 
structure. 

 
a) 

b) 

 
 

Figure 3. Experimental test setup: (a) schematic diagram; (b) general view 
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Based on the experimentally measured strains in 
the investigated sections of the columns, "load-
strain" dependencies were constructed for the 
test columns 1K-1, 1K-2, and 1K-3. The 
experimental values of the cracking load for the 
test specimens were determined from the 
principal strain values. For specimen 1K-1 made 
of B40 concrete, the cracking load 

 was 0.544 kN·m. For specimen 
1K-2, it was 0.429 kN·m, and for specimen 1K-
3, it was 0.413 kN·m. 
Comparing the experimental values of the 
principal concrete strains (curves 2, 3) with the 
calculated ones (curves 1, 4) obtained from the 

strain data of strain gauges oriented at 0°, 45°, 
and 90° to the longitudinal axis of the specimen 
(see Figure 3), it can be observed that the 
proposed computational model satisfactorily 
describes the deformation in complexly stressed 
sections of the structures at different loading 
levels. A similar conclusion can be drawn from 
the analysis of the tensile reinforcement strains. 
The obtained strain graphs (Figure 5) show that 
after crack formation in the reinforcement, a 
sharp increase in strain occurs, and yielding is 
reached relatively quickly. 

 

a) 

 

b) 

 

c)

 

 
Figure 4. Plots of the principal concrete 

strains versus the total load for test 
specimen 1K-1 (a); 1K-2 (b); 1K-3 (c). 

1 – calculated value of the principal 
tensile strains, 2 – experimental value of 

the principal tensile strains; 3 – 
experimental value of the principal 

compressive strains, 4 – calculated value 
of the principal compressive strains. 

 
For lightweight expanded clay concrete, within 
the load range (up to 40-50% of the ultimate 
load), the relationship between stresses and 
strains, both compressive and tensile, can be 

considered with sufficient accuracy as close to 
linear. An increase in load causes a non-linear 
growth of deformations in both compressed and 
tensile concrete. 
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Figure 5. Plots of tensile reinforcement strain 
versus load: 1 – strain values for 1K-1, 2 – for 
1K-2, 3 – for 1K-3, 4 – crack formation load 
(Ne)crc+Tcrc for specimen 1K-1, 5 – same for 
specimen 1K-2, 6 – same for specimen 1K-3 

 
Analyzing the experimental "load-deflection" 
and "load-angle of twist" graphs (Figures 6, 
7), the following can be noted. The 
deformation range of the structures, from the 
moment a spatial crack forms until the failure 
of the test specimen, constitutes 15–20%. It is 
pertinent to note that for high-strength 
heavyweight concrete, the formation of the 
first crack also occurs at a relatively high load 
level, typically in the range of 70-90% of the 
failure load [23,24]. This indicates significant 
differences in the physical phenomena 
governing the resistance of such structures 
compared to structures made of conventional 
concrete. 
The crack pattern (Figure 8a) obtained for 
specimen 1K-1 appeared at load stage VIII 
under a load of 0.544 kN·m. Subsequently, with 
a slight increase in load, a brittle failure of the 
test specimen occurred along the section of one 
of the initially formed spatial cracks and 
through the compressed concrete. 
A similar process of crack formation was 
observed for the test specimens of series 1K-2 
(Figure 8b) and 1K-3. Cracks appeared at load 
stage IX under a load of 0.429 kN·m and at load 
stage VII under a load of 0.413 kN·m, 
respectively.

A similar crack pattern was also obtained during 
the testing of structures made of high-strength 
heavyweight concrete [23, 24]. 
 
 

 

Figure 6. Load-deflection curves for the 
specimens: 1 – 1K-1, 2 – 1K-2, 3 – 1K-3; 4 – 

crack formation (Ne)crc+Tcrc for specimen 1K-1, 
5 – same for specimen 1K-2, 6 – same for 

specimen 1K-3 

 

 

 
Figure 7. Load-rotation angle curves for the 

specimens: 1 – 1K-1, 2 – 1K-2, 3 – 1K-3; 
4 – crack formation (Ne)crc+Tcrc for specimen 

1K-1, 5 – same for specimen 1K-2, 6 – same for 
specimen 1K-3 
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a) 

b)  

Figure 8. Experimental crack pattern for specimen 1K-1 (a) and specimen 1K-2 (b) 
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CONCLUSION 
 
1. Experimental studies of three series of test 

column specimens made of high-strength 
lightweight concrete B40 under eccentric 
compression with torsion revealed the 
specific characteristics of their load-
bearing resistance at all loading levels, 
including up to the point of ultimate 
capacity exhaustion. 

2. It was established that under the considered 
complex stress state—eccentric compression 
with torsion—several spatial cracks form in 
the reinforced concrete structures made of 
high-strength lightweight concrete. The 
width of one of these cracks increases 
intensively as the load increases, and the 
ultimate load-bearing capacity is exhausted 
along a spatial section passing through this 
crack and the compressed concrete. 

3. The obtained experimental data on the 
deformation of concrete and 
reinforcement, deflections, and rotation 
angles for the test specimens, both before 
and after crack formation, made it possible 
to identify the physical specifics of the 
load-bearing resistance of structures made 
from high-strength lightweight reinforced 
concrete. Crack formation in such 
structures occurs at a relatively high load 
level, constituting 80-85% of the failure 
load. After crack formation, the relative 
range of their deformation until failure 
constitutes 15-20% of the structure's load-
bearing capacity. This indicates significant 
differences in the physical phenomena 
governing the resistance of such structures 
compared to structures made of 
conventional concrete. 
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EFFICIENT ALGORITHM OF THE BUCKLING LENGTHS 
METHOD IN ANALYSIS OF SPATIAL FRAME SYSTEMS 

FOR STABILITY 
 

Eugene I. Britvin 1, Moshe Eisenbeger 2 

1 DANRAZ Ltd. Haifa, ISRAEL 

2 Israel Institute of Technology, Haifa, ISRAEL 
 

Abstract: An effective computational algorithm has been developed that allows finding the buckling lengths of 
the rod elements of frame structures. A matrix of unit reaction from the side the rest of the structure is formed for 
each element and eigenvalues problem of longitudinal bending equation of the rod is solved. When searching for 
eigenvalues, the stress state in all elements of the system except the tested rod is fixed. The algorithm takes into 
account the interaction of each studied element with all other elements of the structure. The constructed algorithm 
allows, in a limited time, commensurate with the expenditure of a conventional static calculation, to find an exact  
solution to the problem of eigenvalues for each rod and to determine the buckling lengths of all rod elements 
included in the structure. 
 

Keywords: buckling, buckling of the rod systems, buckling length, effective length, check local buckling 
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1. INTRODUCTION 
 
Checking the local stability of rod elements is one 
of the most important checks necessary to ensure 
reliable operation of building structures. A 
significant contribution to the development of 
methods for calculating the local stability of rod 

elements was made by both foreign and domestic 
authors. Here, first of all, it is necessary to note the 
works of G.I. Belyj [1], A.V. Alexandrov [2,3], 
I.D. Grudev [4], G.A. Manuilov1 [5], A.M. 
Belostotsky [6,7], A.V. Perelmuter, V.I. Slivker 
[8] and many other authors. In foreign 
publications, the modern concept of the method 
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for checking the local stability of rod elements, 
based on the concept of the calculated length, is 
presented in the work of Y. Duan and W.F. Chen 
[9].Currently, two methods have been established 
for checking the local stability of frame structures 
- the direct analysis method [10,11,12] (a number 
of standards allow the direct setting of the initial 
irregularities of the rod elements within the 
framework of the P-Delta analysis [13,14]) and a 
method based on the specifying of the effective 
lengths of rod elements. The value of the effective 
length method is that it provides a simple 
approach to assessing the stability of frame 
members. It is based on solving the problem of 
longitudinal bending of a hinged rod with a 
sinusoidal shape of the initial roughness. As a 
result, the so-called buckling factor  for central 
compression is found, which makes it possible to 
calculate the longitudinal force at which a stress 
equal to the design resistance  arises in one of 
the fibers of the rod (in European standards this 
coefficient is called “reduction” factor for the 
relevant buckling mode” and is indicated by the 
letter ). The canonical form defining the 
coefficient  has the form 
 

2 2

1
,   (1) 

 

where =  is the reduced slenderness of 

the rod, =  is the slenderness of the rod, E is 

the elastic modulus of the material, and the 
parameter  is calculated by the formula: =

 (1 + + ), where =  is the reduced 

eccentricity of the roughness normalized in a 
certain way (here A and W are the area and 
modulus of section). Domestic standards  
16.13330.2017 [15] use the same formula with 
some ritual changes. When moving to the case of 
arbitrary restrictions of the ends of the rod, it is 
proposed to substitute in the formula for 
calculating the slenderness , instead of the 
physical length of the rod , the effective length 
of the rod  – the distance between the inflection 

points on the buckling shape curve. This 
substitution is justified by the fact that in this way 
an arbitrary rod with arbitrary boundary 
conditions is, as it were, reduced to a hingedly 
supported one. In [16] it was shown that, indeed, 
if we take the form of the initial irregularity 
proportional to the form of buckling of the rod 
under the appropriate boundary conditions, then 
formula (1) remains valid, and the role of the 
physical length of the rod is transferred to the 
effective length. This proof can be considered 
some justification for the method of checking the 
local stability of rods based on the concept of the 
“effective length” of the rod, although the 
approach itself requires additional research. 
But, whatever it was, the key problem in the 
methodology for checking the local stability of 
rods is the determination of these same effective 
lengths. Many works are devoted to this problem. 
Since in the general case it is not possible to 
determine the boundary conditions for each 
individual rod (the boundary conditions for an 
individual rod are determined by the system of 
pushback reactions from all other elements of the 
structure), a certain fragment of the structure 
adjacent to the tested rod is identified and, 
introducing some simplifying assumptions, solve 
for the selected rod the problem of bucklnug [17-
28]. Based on the found eigenvalues, the required 
effective length is determined. In this regard, it is 
worth mentioning the important work of R.H. 
Wood [17], which established the theoretical 
basis for the calculation of buckling in the 
European BS EN 1993 [13], as well as in the 
American standards AISC/AISC 360-16 [14]. 
For a more accurate analysis of buckling, F. 
Cheong-Siat-Moi [18] drew attention to the need 
to take into account the influence on the behavior 
of an individual member, both the elements 
surrounding it, and the influence of the entire 
system. J. Heldesland and R. Bjørhovde [20] 
showed the importance of fully accounting for 
the contribution of adjacent elements to the 
rotational stiffness of the ends of the element. 
R.K. Bridge and D.J. Fraser drew attention to the 
fact that if a significant longitudinal force acts in 
the elements adjacent the member, this can 
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weaken its rigidity and reduce the critical force 
[19]. To solve the problem of lightly loaded 
members, A.V. Perelmuter and V.I. Slivker [8] 
applied the method of “additional loading of 
passive elements”. The “additional loading” 
method was implemented in the industrial 
software package SCAD [33]. Many other 
authors contributed to the solution of the problem 
of local stability of rods based on the effective 
length method [21-29]. And this list of works is 
far from exhaustive. A good overview of works 
in this direction can be found, for example, in 
[29]. The disadvantage of this approach is that, 
firstly, the selected fragment of the structure does 
not always reliably provide real boundary 
conditions for the element under study. 
Secondly, the critical load of an individual rod 
inside a frame structure cannot be obtained 
without taking into account the forces in the 
remaining elements of the structure, since the 
stress state in the remaining elements of the 
structure affects the stiffness of the end reactions 
of the selected element and changes its effective 
length. And thirdly, since each element requires 
an individual approach when choosing a 
calculation fragment, this approach does not 
allow us to formalize the problem of determining 
effective lengths. This complicates its 
implementation within computer systems. Thus, 
following this path, the engineer is forced to 
either make difficult arithmetic calculations in 
advance, or use various reference books [13-
15,30], which, as a rule, makes the analysis even 
more inaccurate. 
In an effort to avoid complex mathematical 
calculations, engineers very often use the results 
of a structural buckling analysis to assign 
effective lengths to structural members. The 
calculation for overall stability involves a 
proportional increase in the forces in the 
elements to the level at which the structure loses 
stability, and the resulting values of the critical 
forces in the elements are used to determine the 
effective lengths. This approach could be 
considered valid if the actual internal forces were 
equal to the critical ones. In fact, the actual 
distribution of forces is always much less than 

the critical one. An overestimation of the axial 
forces leads to a softening of the boundary 
conditions for each individual rod. As a result, 
with this approach, the effective length of all rod 
elements always turns out to be overestimated. 
This paper presents a universal algorithm that 
allows you to determine the effective lengths of all 
rod elements that make up a structure, regardless of 
its complexity and taking into account the real 
stress state in the structural elements, allowing you 
to fully automate this procedure. 
 
 
2. ANALYSIS 
 
Consider the structure depicted in Figure 1a. Let 
us want to find the effective length of the rod 
attached to nodes  and . To do this, it is 
necessary to construct a matrix of unit reactions 
of the system reduced to nodes  and  (Fig. 1b). 
Let's denote this matrix . Next, we exclude 
from this matrix the unit reactions of the element 
r – s itself, and instead of them we add the 
reactions of the same element as a function of the 
critical parameter = / , where  – rod 
length, E – modulus of elasticity of the material, 
I is the moment of inertia of the cross section of 
the rod, and N – the value of the axial force in the 
element. Let us denote the own matrix of unit 
reactions of the tested rod ( ). 
 

 
Figure 1. a – design model of the structure; b – 
design model reduced to the attachment points 

of the tested element – all superimposed 
restrictions of the main system, except those 
superimposed on nodes  and , are reset 

(dotted lines with arrows conventionally depict 
the mutual influence of the nodes) 
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Thus, the task of determining the effective length 
of the element  –  reduces to solving the 
equation 
 

 [ ( ) +  ( )]= 0      (2)                                                      

relative to the parameter  (here ( ) – the 
matrix of unit reactions of the element  –  at the 
current value of the longitudinal force ). For 
example, for a rigidly clamped rod (plane 
problem) in the local coordinate system of the 
rod, the matrix ( ) has the form [31] 

 

( ) =

0 0 0 0

0   0

0   0

0 0 0 0

0 0

0 0

                        (3) 

 
where 
 

3 2

1 2

3 4

tg
2 2 2

, ,
3 tg 3 tg

2 2 2 2

1 1
tg sin, .

8 4
tg tg

2 2 2 2

 (4)        

 
And, of course, before including the matrices 

( ) and ( ) in equation (2), they must be 
converted to the global coordinate system. After 
the solution to equation (2) has been found, the 
value of the effective length coefficient is 
calculated according to the formula = /  
(effective length coefficient – the ratio of the 
effective length of the rod to the physical length). 
The main difficulty of the described procedure is 
the construction of a stiffness matrix reduced to 
the attachment points of the tested rod (matrix 

) . If, for example, we use the Gaussian 
elimination procedure for this, we will need to 
place the rows corresponding to the nodes of the 
tested rod at the end of the system stiffness 
matrix and process them with all the overlying 

rows. That is, in fact, it is necessary to perform a 
direct sweep along the entire matrix of the 
system. And this procedure will need to be 
performed for each rod. It is clear that if our 
structure consists of hundreds or thousands of 
rods, such a procedure becomes impossible. 
 
 
3. FORMATION OF THE SYSTEM 
STIFFNESS MATRIX REDUCED TO 
NODES  AND . 
 
Let's assume that we somehow managed to 
construct a matrix inverse to the original stiffness 
matrix of the system – the flexibility matrix. Let's 
denote this matrix by the letter F. Note that the 
physical meaning of the coefficients in this 
matrix  is movement in direction of the -th 
degree of freedom from a unit force applied in 
the direction of -th degree of freedom. The 
flexibility matrix has one remarkable property – 
if you select in it the blocks corresponding to the 
deformations of individual nodes, form a 
common (truncated) matrix from these blocks 
and calculate its inverse matrix, then the matrix 
thus obtained is nothing more than the stiffness 
matrix of the entire system reduced to the 
selected nodes. 
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Figure 2. Formation of a truncated flexibility matrix and its transformation 

 into a stiffness matrix of the entire system, reduced to the selected nodes 
 

Indeed, let us introduce a vector of forces whose 
components for all degrees of freedom, except 
those corresponding to the selected nodes, are 
equal to zero (Fig. 2, first column of force 
vectors). We select the components 
corresponding to the selected degrees of freedom 
(in the figure – degrees of freedom related to 
nodes  and ) in such a way that, when 
multiplied by the flexibility matrix for the first 
degree of freedom, related to the selected group 
of nodes, we obtain a value of generalized 
displacement equal to 1, and for all others – 0 
(Fig. 2, first column of matrix I). Obviously, the 
force vector selected in this way is nothing other 
than the reactions in the restrictions imposed on 
the nodes  and  from a single displacement of 
the first of these reactions, provided that all other 
nodes, except for those actually fixed, are free 
(the force vector is defined in such a way that the 
reactions in these reactions are zero). 
Continuing this procedure for all other 
restrictions of the truncated system, we arrive at 
the obvious equality: 
 

rs rsF S = I ,                      (5)                                                                                

 
where  is a truncated flexibility matrix formed 
from cells of the general flexibility matrix related 
to selected nodes,  – stiffness matrix of the 
entire system reduced to selected pair of nodes, I 
unit matrix. Hence, the required stiffness matrix 
of the system reduced to the selected nodes is 
determined by the equality 

-1
rs rsS = F                         (6)                   

 
Thus, in the presence of flexibility matrix for the 
entire system, it is possible to select in it the 
blocks associated with a specific element and 
form a stiffness matrix reduced to the selected 
nodes. The next step is to subtract the unit 
reactions of the tested element ( ) from the 
given stiffness matrix  and substituting 
instead the matrix of the same element ( ), 
but depending on the parameter  – eigenvalue 
of the boundary value problem. But here 
everything is being hampered to the very matrix 
of flexibility of the entire system S. Firstly, the 
system’s flexibility matrix is completely filled, 
which causes problems with storing the matrix, 
and secondly, even taking into account the 
symmetry of the flexibility matrix, the costs of its 
formation may turn out to be incommensurate 
with the capabilities of modern household 
computers. However, the peculiarities of the 
problem allow us to solve this problem with very 
little computational effort. 
 
 
4. FORMATION OF THE FLEXIBILITY 
MATRIX OF THE ENTIRE STRUCTURE  
 
First, we note that, despite the fact that the 
flexibility matrix is completely filled, all the 
matrix blocks of interest to us will be located 
within the same band structure as the original 
stiffness matrix. Secondly, since the flexibility 
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matrix (like the stiffness matrix) is symmetrical, 
it is sufficient to form, for example, only the 
elements lying below or above the main 
diagonal. Formally, the procedure for 
constructing a flexibility matrix is reduced to 
solving a system of equations 
 

S F = I ,                       (7)                                                                                    
 
where S and F are the stiffness and flexibility 
matrices of the entire system, I is the identity 
matrix. To calculate the flexibility matrix F, we 
will consider equation (7) as a system of n 
equations with n columns of right-hand sides. 

The  -th column of the right-hand sides contains 
a unit in the -th position. All other elements of 
the -th column initially contain zeros. Let us 
divide the procedure for solving equation (7) into 
3 stages: the first is the reduction of the stiffness 
matrix S to a triangular view using the Gauss 
method; the second is a forward Gaussian sweep 
on the matrix I; third – Gaussian inverse sweep 
on matrix I. Figure 3 on the left shows the 
stiffness matrix of the system, reduced to a 
triangular form by a forward Gaussian sweep. On 
the right is the process of converting the identity 
matrix into a flexibility matrix. 

 

 
Figure 3.  The process of forming the system flexibility matrix 

 
As a result of a direct sweep on the matrix I the 
entire triangle below the main diagonal will be 
filled, and the zeros above the main diagonal and 
the ones on the main diagonal will remain in their 
original state. Let's consider the reverse sweep 
procedure using the example of the -th column 
of the formed flexibility matrix (Fig. 3). Let, as a 
result of the backward procedure, all elements of 
the -th column lying below the main diagonal 
were calculated. To find the diagonal element 
(indicated by the sign '?'), you need to multiply 
the previously calculated elements of the -th 
column (A,C] of the generated flexibility matrix 
by the elements of the -th row (A,C] of the 
stiffness matrix. Then subtract the resulting 

amount from unity (element A matrix located on 
the right) and divide the result by the diagonal 
element of the stiffness matrix (element A matrix 
located on the left). Obviously, the values of the 
previously calculated elements of the -th 
column lying below point B, located on boundary 
of the band structure of the flexibility matrix, will 
not affect the value of the diagonal element A of 
the flexibility matrices, since all of them will be 
multiplied by the zeros of the -th row of the 
stiffness matrix, located above the width of the 
band. Similarly, when forming all elements of 
the -th columns located above the main 
diagonal, elements located below element B, will 
also not affect their values in any way for the 
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same reason. Thus, the procedure for reverse 
sweep by the -th column of matrices I can be 
written as follows: 
 

1

, ,
1,

, 1

, ,
1,

1
1 , ,

1
, 1, 2,...,1

i

i

l

i i k i k i
ki i

i j l

i i k i k j
ki i

s f i j
s

f
s f i j j

s

 (8) 

 
where  – bandwidth of the -th row. This means 
that there is no need to either calculate or store 
flexibility matrix elements located outside the 
bandwidth. Thus, if there is a way to calculate the 
elements of the -th columns of the flexibility 
matrix located within the width of the band 
below the diagonal element, without preliminary 
calculation of the elements located outside the 
band, then the problem of forming a flexibility 
matrix will be solved. 
The following algorithm solves this problem. We 
perform the first step of the algorithm – reducing 
the matrix S to triangular form using the Gaussian 
procedure. The second step is a direct sweep 
through the matrix I. But, since the last column of 
matrix I remains unchanged after the forward 
sweep (recall that the last -th column of matrix I 
contains the only non-zero element – one in cell 
[ , ]), then by omitting the forward sweep, you 
can immediately perform a reverse sweep along 
this column. And, since the elements of matrix F 
outside the width of the band are of no interest to 
us, the reverse sweep can be made not to the entire 
height of the matrix, but only within the width of 
the band – section [ ] (see Fig. 3). Since the 

flexibility matrix is symmetric, we reflect the 
elements of the [ ] column onto the [ ] row. 
Let's move on to the ( -1)-th column of matrix F. 
Since the subdiagonal element in this column is 
already known, we immediately perform the 
reverse sweep, starting with the diagonal element 
and also within the width of the band. We reflect 
the calculated elements of the ( -1)-th column onto 
the ( -1)-th row. Continuing this procedure, we 
successively fill in the band structure of the matrix 
F. The algorithm can be constructed in such a way 
that it will not be necessary to fill the subdiagonal 
part of the matrix F. Therefore, the required 
external memory for storing the required data of 
matrix F no more than what is needed to store the 
band structure of the system’s stiffness matrix. 
To avoid reloading the rows of the factorized 
triangular matrix S, the elements of the matrix F 
should be calculated in the sequence shown in 
Figure 4. 
 

 
Figure 4. Sequence of formation of elements of 

the flexibility matrix 
 
The coefficients of the matrix F are found using 
recurrent formulas. 

 
1

, , , , ,
1 1,

1

, , ,
1,

1
, 0,

1
1 , 0.

i

i

lm

i i m i i k i k i m i i k i m i k
k k mi i

l

i i i i k i i k
ki i

f s f s f m
s

f s f m
s

                            (9) 

 
Index  is go over through the sequence =

, 1, … , 1, and for each value of index  
index  runs through values = 1,

2, … , 0. Table 1 shows the number of operations 

required to reduce a matrix of order  and 
bandwidth  to triangular form, and the number 
of operations required to form the band structure 
of the inverse matrix 
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                                                       Table 1. Number of operations 

Operation Direct Gaussian move 
Forming the tape 

inverse matrix 

Division 
1

2

l l
nl  1

2

l l
nl  

Multiplication 
1 1 2 1

2 6

nl l l l l  1 2 1
1

3

l l l
nl l  

Subtraction 
1 1 2 1

2 6

nl l l l l  1 2 1
1

3

l l l
nl l  

 
As you can see, the number of operations for 
forming a band of the inverse matrix is 
approximately 2 times greater than the number of 
operations for the Gaussian elimination 
procedure, which is much more efficient than 
forming a system stiffness matrix and processing 
it according to Gaussian for each element 
separately. 
After the “band” of the system’s flexibility 
matrix F is formed follow the procedure 
described above. For each rod, we “pull out” 
from the flexibility matrix the cells 
corresponding to the attachment points of the rod 
and form a truncated flexibility matrix of the rod 
attachments . This is a relatively small matrix 
– in the case of a spatial system, it is a 12×12 
matrix. We calculate its inverse matrix – the 
stiffness matrix of the system reduced to the 
nodes of the tested rod . Since the initial 
matrix of the system is formed taking into 
account the single reactions of the tested rod, we 
subtract the rod’s own stiffness matrix ( ) 
from the given matrix. We add to the given 
stiffness matrix the rod’s own stiffness matrix as 
a function of the parameter – ( ). We find 
the eigenvalues of the parameter . For each 
value of we construct a mode of buckling. 
Based on the mode, we determine relative to 
which principal axis of the section the bending 
occurs according to this mode. We continue the 
search for eigenvalues until we find the smallest 
eigenvalue for each principal axis of the section. 
Using the formula = /  we 
determine the coefficient of the effective length 
of the rod relative to both principal axes of the 
section. 
 

5. EXAMPLE 
 
The algorithm described above was 
successfully implemented on the SELENA 
computing complex [32]. As an example, 
consider the flat frame shown in Figure 5. I-
section columns HE 320  (A = -2 m2, 
I = 4.8711 10-4 m4 ) . Crossbars – box section 
RVS 300 300 15 (A -2 m2, I = 

-4 m4). The elastic modulus is taken 
equal to E 11 N/m2. 
 

 
Figure 5. Example of a flat frame 

 
This flat frame structure loses stability at a 
force value P equal to 7 N. Figure 6 
shows the curves of changes in the values of 
the effective length coefficient  depending on 
the load intensity P  for six columns calculated 
in accordance with the described algorithm. 
Let’s perform “manual” testing of the algorithm 
using column No.5 as an example (in Figure 7a 
this element is designated AB ). For simplicity, 
we will assume that there is no external load. 
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Figure 6.  Graphs of the dependence of the 

coefficient of the effective length  of columns 
on the load level P 

 

 

 

 

 
Figure 7.  Example of “manual” check for 

element No.5. 

Element No.5 is excluded from the design 
diagram and constraint is added at node B (node 
A is initially fixed, Fig. 7b). We give node B a 
unit horizontal displacement = 1 and 
determine the reactions  and  (Fig. 7c). 
We rotate node B by an angle = 1 and 
determine the reactions  and  (Fig. 
7d We add our own unit reactions of rod 
No.5 as a function of the parameter  (see 
formulas (3,4)).As a result, the system stiffness 
matrix reduced to nodes A and B will have the 
form 
 

3 2

3 2

2

2

tg
12 62 2 2

3 tg 3 tg
2 2 2 2

1tg
2 tg6 42 2

3 tg 4 tg
2 2 2 2

B B

B B

EI EIR R
l l

EI EIM M
l l

S

.                                             (10) 
 

For element No.5 we have: =

.  .  
= 0.4458 10 / . 

=
.  .  

= 0.6688 10 . 

=
.  .  

= 1.3375 10 . 

Now it remains to find a parameter value  that 
satisfies the requirement det ( ) = 0. The 
zero value of the determinant is reached at =

3.977, which exactly corresponds to the value 
= = 0.790 found by the program at zero 

load (see Fig. 6, point = 0). 
Figure 8 shows graphs of changes in the function 
det( ) = ( ) at different load levels P. The 
results are summarized in Table 2. Based on the 
found values of zero points of function ( ) 
(Fig. 8) the coefficient  values corresponding to 
four load levels were determined and 
superimposed on the graph = ( ) for element 
No.5 (Fig. 6). As you can see, all the shown 
marks fall exactly on the curve calculated in 
accordance with the algorithm. 
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Figure 8. Graph of the function ( ) = ( ) 

for rod AB at various levels of external load 
 

Table 2. Coefficient  at 4 levels of external load 

P 
(N) 

 
(N/m) 

  
 

(N) 

 

(Nm/rad) 
  

0 7 6 8 3,977 0.790 
6 7 6 8 3.799 0.827 
6 7 7.166 106 0.973 108 3,554 0.884 
6 7 5.278 106 8 3.137 1.002 

 
Fig. 9 shows the design model of a 4-story 4-span 
frame. All rods are of the same cross-section. The 
floors and the ceiling are loaded with the same 
distributed load. 
The graphs in Fig. 10 show the curves of the 
buckling length coefficient  dependence on the 
load level for columns (A, B, C), calculated 
programmatically based on the algorithm 
described above. The load level in relation to the 
critical state is plotted on the abscissa scale. The 
numbers indicate the floor numbers. 
 

 
Figure 9. Design model of a 4-storey 4-span 

frame 

 

 

 
Figure 10. Graphs of the dependence of the 

coefficient  on the load level 
 

Table 3 shows the limit values of the coefficient 
 corresponding to the critical state of the 

structure. Note that these limit values correspond 
to the “standard” calculation scheme of analysis 
of overall stability, when searching for a critical 
state, the load increase in all elements of the 
system proportional to the same parameter. 
 

Table 3. Values of the coefficient  when the 
load reaches a critical value 

Floor A B C 
4 3.141 2.055 2.131 
3 2.192 1.464 1.501 
2 1.785 1.197 1.225 
1 1.545 1.037 1.064 
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It is somewhat more difficult to check the 
algorithm works if the acting load does not reach 
the critical value. To do this, it is necessary to find 
a way to fix the stress state of the structure at a 
certain level (below the critical value), and vary the 
force in one tested rod, bringing it to a loss of 
stability. Of the programs known to us, only the 
SCAD software package can provide such an 
possibility [33]. We are talking about the method 
of “additional loading of passive elements”, 
described in the work [8]. The program allows, 
having formed a calculated combination of 
loadings for performing the overall buckling 
analysis, to fix individual loadings, and to carry out 
“additional loading” on the remaining loadings. 
In order to test the algorithm operation, the 
following scheme was implemented - a design 
combination was created consisting of two 
loadings. The first loading included a distributed 
load, as shown in Figure 9. This loading was 
included in the design combination with a 
combination factor of 0.9 and was fixed. The 
second loading consisted of two unit forces 
applied to the ends of the tested rod and directed 
towards each other, thus simulating its 
compression. Variation was allowed only for the 
second loading. Based on the found critical force, 
the coefficient of the buckling length of the rod 
was calculated using the formula =

, .
, where ,   is the force in 

the tested rod from the first loading, and ,  
is the critical force in the same rod from the 
second loading. All column elements in rows A, 
B and C were tested. Table 4 shows the results of 
the experiment. 
 

Table 4. Values of the 
load reaches 0.9 of the critical value 

Floor A B C 

4 0.668 
0.668 

0.636 
0.635 

0.632 
0.631 

3 0.784 
0.784 

0.748 
0.747 

0.749 
0.747 

2 1.082 
1.083 

0.930 
0.929 

0.935 
0.934 

1 1.039 
1.039 

0.859 
0.857 

0.867 
0.865 

The numerator of each fraction contains the value 

program, and the denominator contains the value 
obtained by the described algorithm 
implemented in the SELENA program. As can be 
seen, the results are almost identical. 
 
 
6. CONCLUSION 
 
The speed of the algorithm described above is 
ensured by the fact that, as has been shown, the 
boundary conditions at both ends of a particular 
element can be obtained by inverting a very small 
fragment of the overall flexibility matrix of the 
structure. In turn, it is shown that to solve the 
problem, not the entire flexibility matrix is 
needed, but only that part of it that lies within the 
band structure of the system’s stiffness matrix. 
An effective method for forming the required 
flexibility matrix band is proposed. Experiments 
show that the time required to calculate the 
effective lengths of all structural elements is 
comparable to the time required for one static 
calculation per one load. And the fact that only 
the band structure of the flexibility matrix is used 
does not impose excessive demands on the use of 
external memory. 
Some notes on using the algorithm. Since the 
stiffness of a structure depends not only on the 
geometric characteristics of the elements, but 
also on their stress state, when preparing the 
initial stiffness matrix, the unit reactions of the 
elements must be included taking into account 
the longitudinal forces acting in them. To ensure 
a certain safety factor of structural strength, it can 
be recommended to increase the values of forces 
from the design combination of loads by 15-20%. 
A more strong option – perform a preliminary 
search for the most unfavorable combinations of 
loads and for each element set the largest value 
of longitudinal force over the entire sample of 
possible load combinations. This seems all the 
more appropriate since calculators, as a rule, do 
not recalculate the effective lengths of bars for 
various combinations of load cases. And some 
overestimation of longitudinal forces in 
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individual rods only affects the boundary 
conditions of neighboring rods, which will 
contribute to a certain robustness of stability. In 
this case, it is necessary to ensure that the given 
combination of forces does not take the structure 
beyond the limits of loss of overall stability. 
Considering that in reality, in the vast majority of 
cases, structures have a significantly larger 
robustness of overall stability, such a cautious 
approach would provide a guaranteed robustness 
of strength without excessive waste of material. 
The algorithm, in the form in which it is 
presented in this work, cannot be applied to 
compound rods and rods with intermediate 
nodes. With a little modification this 
shortcoming can be eliminated. The authors hope 
that they will have the opportunity to continue 
work in this direction. 
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Abstract: A dynamic model of an aeolian vibration damper for overhead power transmission line conductors has 
been developed, taking into account energy dissipation in the material structure. Based on the model, a dynamic 
stiffness matrix of the damper has been obtained, intended for use in a combined dynamic model of "conductor – 
damper". The damper's cable consoles are considered as beams made of a material with internal friction, to 
which the concept of microplastic deformations is applied. It is believed that the damper design is symmetrical 
relative to the vertical plane of the conductor sag, and during oscillations, it moves in this plane. The equations 
of oscillations are obtained in Lagrange form in matrix notations. The influence of the damping coefficient on 
energy dissipation power and oscillation amplitudes in resonance modes has been studied. The coefficients of 
amplitude and phase distribution (shape factor) of translational and rotational oscillations of loads have been de-
termined depending on the radius of inertia and load eccentricity. Dimensionless nomograms of the damper 
arm's natural frequencies have been constructed in relevant parameter change ranges. The dependence of dimen-
sionless dissipation power on frequency has been investigated. 
 

Keywords: overhead power line, aeolian vibration, Stockbridge dampers, energy dissipation, 
dynamic model, dynamic stiffness matrix, parametric analysis, amplitude-frequency characteristics 
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1. INTRODUCTION 
 
The paper examines dynamic models of Stock-
bridge dampers utilized on overhead power 
lines (OHL) for the mitigation of aeolian vibra-
tions, which arise from the intermittent release 
of Karman vortices from the conductor in wind 
flow [1]. Figure 1 depicts a frequently employed 
damper along with a schematic representation of 
its installation on a conductor [2]. 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Mechanically, the damper consists of a pair of 
double arms (oscillators), with the inertial ele-
ments constructed as massive weights and the 
elastic elements designed according to tradition-
al principles using elastic console cables. These 
cables also serve as dampers due to friction 
among the spiral wires that comprise them. In 
the presence of aeolian vibrations, a stationary 
transverse wave is established within the span, 
leading to kinematic excitation of the damper 
connected to the conductor. This excitation re-
sults in translational movement primarily in the 
vertical direction and rotation around an axis 
perpendicular to the plane of the conductor's 
sagging. Typically, the damper designs exhibit 
symmetry concerning the vertical plane of the 

conductor's sagging, and during oscillations, 
they perform planar motion within this plane. 
The Stockbridge damper was developed in 1925 
by George H. Stockbridge following several in-
stances of damage to power transmission lines 
attributed to aeolian vibration [3]. Subsequently, 
the Stockbridge damper entered an extended 
phase of development and enhancement [3-7]. 
In 1932, R. Monroe and R. Templin proposed a 
two-degree-of-freedom damper. 
Modern designs were developed as a result of 
extensive research conducted in the late 1960s 
and 1970s [6]. In 1968, R. Claren and G. Diana 
developed a variant of an asymmetric damper 
with various weights and arms of cable ele-
ments. A damper with two attachment points to 
a conductor, known as the Haro damper, was 
developed by L. Haro and T. Seppa in 1970. 
The Dogbone variant is another modern damper 
design that resembles a dog bone in shape. The 
damper was proposed by the Australian engi-
neer and inventor Philip W. Dulhunty around 
1976. The weights of the damper are slightly 
shifted to the side to create a third torsional de-
gree of freedom, which allows the cable not on-
ly to bend vertically, but also to twist. 
Despite the successful development of aeolian 
vibration dampers, practically no rules for de-
signing dampers, analyzing their effectiveness 
and use were published at that time. Since the 
early 1970s, the first mathematical models of 
vibrations of Stockbridge dampers and similar 
variants began to appear [8-16]. H. Wagner et 
al. (1973) investigated the dynamic response of 
a symmetrical Stockbridge damper, which was 
modeled as a massless cable with weights at-
tached to its ends [9]. P. Hagedorn (1980) pro-
posed the concept of optimal the mechanical 
impedance of the damper, using a simple com-
putational model [13]. The correctness of P. 
Hagedorn's approximate calculations was sub-
sequently confirmed by B. Schaefer (1981) [15]. 
Based on these works, new design concepts for 
dampers with increased efficiency were consid-
ered [14]. 
In 1995, M. Markiewicz published a method 
and computational model for estimating the op-

Figure 1. Vibration damper (a) and its 
installation diagram on the OHL conductor (b) 

a) 

b) 
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timal dynamic characteristics of Stockbridge 
dampers designed for installation near anchor 
supports [16]. It is shown that the efficiency of a 
standard damper used in such spans can be in-
creased due to its correct location on the con-
ductor. 
The bibliography of further research is exten-
sive and covers various aspects of the vibrations 
of dampers themselves and the "conductor – 
dampers" systems. Significant results have been 
published, for example, in works [17-29]. 
In this paper, a dynamic vibration model of the 
damper is constructed, focused on further use in 
the combined dynamic model "conductor – 
damper". Such a combination is easily carried 
out if the dynamic stiffness matrix of the damp-
er is known, which relates the amplitudes of the 
generalized forces applied to the clamp to the 
amplitudes of the generalized displacements 
caused by them. This article describes a dynam-
ic model of the damper and a method for con-
structing the mentioned dynamic stiffness ma-
trix, analyzes the spectrum of natural vibrations 
of the damper depending on the dimensionless 
values of the radius of inertia, the eccentricity of 
the weights and the damping coefficient. The 
dissipation in the elastic console is taken into 
account based on the model of internal friction, 
according to which the modulus of elasticity of 
the material is considered a complex quantity, 
the imaginary part of which characterizes the 
dissipation of vibration energy. 

  
 

2. PHYSICAL MODEL AND VIBRATION 
EQUATIONS 
 
The main function of a vibration damper is to 
dissipate mechanical energy due to friction and 
to change the shape of the conductor in the edge 
zone of the span in order to reduce bending de-
formations. In traditional Stockbridge type 
dampers with a console made of a cable, friction 
is provided by internal friction when the spiral 
wires that make up the cable slip. This allows 
consoles to be considered as beams made of a 
material with internal friction, to which the con-

cept of microplastic deformations is applied [30, 
31]. According to this model, the modulus of 
material elasticity is assumed to be complex: 

1KE E i , where  is the damping coeffi-

cient, which has the order of the logarithmic 
decrement of vibrations. Usually, due to the 
smallness of the internal friction, it is assumed 
that 2 1 . However, in this case, the damping 
is not assumed to be small. A refined version of 
relation is also known [31], which is used fur-
ther: 
 

2

2 2

,

1
,    .

1

KE E a ib

a b
           (1) 

 
Since 2 2 1a b , then 2 2 1a b , where 

arctg b a  and iE Ee . Therefore, tak-

ing into account the designation D EI , the 
flexural rigidity of the console – 
 

i iD E I EIe De .          (2) 

 
The primary mass of the damper is concentrated 
in the weights and the clamp; therefore, the iner-
tia of the console is not taken into account. 
The inertial elements of the damper – the clamp 
(along with the segment of conductor it encom-
passes) and the weights – are considered as rigid 
bodies characterized by their masses im , mo-

ments of inertia in the vertical plane 2
i i iJ m r  

relative to their centers of mass i , and the dis-

tances (eccentricities) i i id PC  between the 

centers of mass and the point designated as the 
pole. The indices 0,1, 2i  refer to the clamp, 
the left arm, and the right arm, as illustrated in 
figure 2. 
Depending on the configuration of the weight, 
its center of mass i  can be located on different 

sides of the attachment point iP  to the console. 

This option is used, for example, in VORTXTM 
vibration dampers by the well-known company 
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PLP (Preformed Line Products). This circum-
stance is taken into account by the sign of the 
eccentricity: 1 20, 0d d . Both possible at-

tachment options for the weights are schemati-
cally shown in figure 1.2. 
 
 
 
 
 
 
 
 
 
 
 
 
 
It is assumed that the inertial characteristics of 
the loads, the lengths of the consoles iL  and the 

eccentricities id  in the arms of the damper are 

different. This difference expands the frequency 
range of the damper and is used in practice. 
The oscillations of the damper are considered 
with respect to a stationary right coordinate sys-
tem Oxyz , the origin of which is located on the 
axis of the stationary conductor that is in equi-
librium, and the longitudinal axis x  is directed 
along the tangent. When aeolian vibration oc-
curs, the clamp, along with the conductor, per-
forms vertical and rotational oscillations relative 
to the axis Oz . Horizontal movements of the 
clamp can be neglected, as the longitudinal 
stiffness of the conductor is significantly greater 
than the transverse stiffness. The position of the 
clamp is determined by the vertical displace-
ment 0y  of the point 0P  and the angle of rota-

tion 0  relative to the stationary coordinate sys-

tem. In addition to the stationary coordinate sys-
tem, movable systems ( 1,2)i i i iO x y z i  are in-

troduced for each arm, which are associated 
with the clamp and therefore convenient for de-
termining the deformations of the consoles. 
As generalized coordinates for the clamp, the 
absolute coordinate 0  and the angle of rotation 

0  are chosen. It is advisable to choose the other 

generalized coordinates in such a way that the 
potential energy can be expressed as simply as 
possible in terms of the deflections and angles 
of rotation of the extreme sections of the con-
sole. This is convenient for further development 
of the model towards a more accurate account 
of the mechanical characteristics of the console, 
for example, to account for the dependence of 
the bending stiffness of the cables on their de-
flection [32]. For this purpose, movable coordi-
nate systems i i i iO x y z  are used, relative to which 

the position of the weights is defined by the ver-
tical displacements 1,2y  of the points 1,2P  and 

the angles of rotation 1,2 . Then, the potential 

energy of the elastic deformations of the console 
takes the simplest form: 

 
11 2 12 22 21

2
2i i i i i i i i , 

 
where iy , i  are deflection and angle of rota-

tion at the extreme section of the console, and 
mn
ig  – elements of the stiffness matrix of the 

-thi  console: 
 

3 2

2

12 6

6 4i
D L D L
D L D L

G . 

 
In the case under consideration 

 
2

11 2 12 22 2

1

1
2

2 i i i i i i i
i

.   (3) 

 
The total potential energy consists of the energy 
of elastic deformations of the console  and 
the energy of the change in the center of gravity 
of the weights U . Let's evaluate these compo-
nents. The inertia force of the weight, deforming 
the console, is of the order of 2F mA , where 
A  – the amplitude of oscillations with frequen-
cy , and creates an average bending moment 

2M mA L  in the console, which corresponds 

Figure 2. On deriving the vibration 
equations of the damper 
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to the deformation energy 2
K: . The 

gravitational part of the potential energy 
U mgA . Comparing these values, we find: 

4 3 ( )K: . Even in the low-

frequency range of aeolian vibration, at the am-
plitude 0.01A  and typical parameters of the 
dampers [33], the elastic energy exceeds the 
gravitational energy by 1-2 orders of magnitude. 
It follows that the "pendulum" effect is insignif-
icant for the operation of the system as an oscil-
lation damper.  
Kinetic energy of the damper: 

 
22 2 2 2 20 1

0 0 0 1 1 0 1

22 22
2 2 0 2

2 2

,
2

m mK V r V r

m V r

& & &

& &
 

 
where 2

iV  are the squares of the absolute veloci-

ties of the centers of mass of the clamp ( 0)i  
and weights ( 1, 2)i , expressed in terms of 
their vertical and horizontal components: 
 

2 2 2 2
0 0 0 0

22
1 0 1 1 1 1 0 1

2 2 2
1 0 1
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2 0 2 2 2 2 0 2

2 2 2
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sin ,
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It is indicated here: 

22 2
1,2 1,2 1,2R L d b h , 

and further it is taken into account that 

1,2 1,2 1,2 1,2 1,2cosR L d b l  (see figure 2). 

The elementary work of the external forces ap-
plied to the clamp from the conductor side is 
equal to: 0 0,   y C CA F y A M . 

The equations of vibrations in the Lagrangian 
form [34, 35] can be presented in matrix nota-
tions. We will introduce a column vector of 
generalized coordinates and generalized exter-
nal forces: 

 

0 0 1 1 2 2 0 1 2       ,

  0 0  0 0 ,

T T

T
C C

y y y

F M

  q q q q

Q
(4) 

 
as well as the inertia and stiffness matrices, 
which can be conveniently represented in block 
form: 
 

 

11 12 13

12 22

13 33

22

33

,

 ;

T

T

kD

0
0

0 0 0
0 0
0 0

M M M
M M M

M M

C C
C

                (5) 
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where: 

 
0 1 2

2 2 2 2 2 2
0 0 0 1 1 1 2 2 2

,

( ) ( ) ( )

m m m m
m r d m R r m R r

 

 
  –  mass and moment of inertia of the entire 
damper relative to the pole O ; 2 2( )i i i im r d  

– moments of inertia of weights relative to the 
poles iP ; i i im d , i i im l , 2( )i i i i im r d l  

1, 2i ; 22 1 33 2,C G C G ; 0  – zero 2 2 -

matrix. 
Then the equations of vibrations will be written 
in the form: 
 

&&Mq Cq Q .                      (6) 
 

The forced vibrations of the damper installed on 
the vibrating conductor in the OHL span (span 
mode) [36] are excited by the action of periodic 
force and moment from the conductor, so that 
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the vector of generalized forces in the right part 
of (6) has the form 
 

  0 0 0 0
Ti t i t

C CF e M eQ .       (7) 

 
This mode is further considered when determin-
ing the dynamic stiffness matrix used in con-
structing the combined "conductor – damper" 
model. 
Important characteristics of vibration dampers 
include natural frequencies, amplitude-
frequency characteristics (AFC), and the power 
of mechanical energy dissipation performed by 
the damping element of the damper. Current 
regulatory documents, for example [36], provide 
for its experimental determination through tests 
on a vibration stand that implements harmonic 
oscillations of the platform with an amplitude 
that changes according to the law ( )A . 
In this case, the damper clamp is fixed immova-
bly on the stand platform, while the weights per-
form a complex motion: a translational motion 
together with the stand platform and a relative 
motion with respect to the platform (stand 
mode). Then the loads are affected by the inertia 
of the portable motion, which reduces to a force 
and a moment with amplitudes 2

im A  and 
2

i id m A , as follows from (5), at 

0 0, 0i ty Ae . 

Therefore, in relation to this mode, in the gen-
eral equation (6), the vector q  defines the rela-
tive motion, and the vector Q  defines the port-
able inertia forces. When testing the dampers, 
the frequency amplitude is scanned in such a 
way that the set amplitude of the platform speed 
is maintained 0.05 0.2 m sA V , so that 

 

1 1 1 2 2 20 0     
Tm V d m V m V d m VQ . 

 
In the experiments, the damper arms oscillate 
practically independently; the weak mutual in-
fluence due to the elasticity of the clamp should 
be attributed to nonlinear effects that are insig-
nificant in this case and is not taken into ac-

count. Such independent – partial oscillations of 
individual arms are also of interest and are de-
scribed by equation (6), if instead of the general 
matrices A , C , we use their blocks 22A , 22 , 

or , 33A , 33 : 

 
2

22 22 1 1

2
33 33 2 2

,

.

q = Q

q = Q
              (8) 

 
 

2. DYNAMIC CHARACTERISTICS OF 
THE DAMPER 
 
In the following, we will focus on the design 
parameters that are typical for practically used 
vibration dampers (see table 1). 
 

Table 1. Parameters of a typical vibration 
                                                          damper 

Weight 
Mass 

, kgm  
Radius of in-
ertia , mmr  

Eccentricity 
, mmd  

1 40 15 
Console 

Bending stiffness 
2, N mD  

Length 
, mmL  

1–6 100 
Clamp 

Mass 

0 , kgm  
Moment of inertia 

2
0 , kg mJ  

0.3 0.0003 
 

Setting the bending stiffness in the form of a 
range is due to the fact that this parameter for a 
console made of a spiral cable depends on the 
amplitude of the weight vibrations. At low am-
plitudes, the individual wires are pressed against 
each other and the console deforms like a solid 
section beam; in this case, the stiffness has the 
maximum value 26D . At high ampli-
tudes, the wires slip each other in the console, as 
a result of which each of them bends inde-
pendently; as a result, the stiffness of the con-
sole decreases and reaches a minimum value 
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21D . This means that the elastic element 
in the form of a spiral cable, generally speaking, 
has a non-linearity. 
Partial oscillations realized in the stand mode 
are described by equations (8). Due to the iden-
tity of the equations, the subscripts will be omit-
ted when considering a single equation. Let us 
write down the system of equations with respect 
to the oscillation amplitudes in an expanded 
form, assuming: , i t i ty Ye e : 
 

11 2 12 2

12 2 22 2

Y mg m g
V

g g
.  (9) 

 
In the following, the notation is used: 
  

3
0

, , ,

3 ,

r L d L f Y L

p mL D
 

 
where  is the lowest natural frequency of the 

console with bending stiffness and point mass 
m  at the free end of the console. Turning to 
these variables, we transform the system (9) to 
the form 
 

2 2

2 2 2 2

0

4 2

2 4 3 ( )

1
. (10)

i i

i i

fe p e p
e p e p

Vp
L

 

 
Considering (1), (2), the solution of these equa-
tions is written as: 

 

2 2

0 0

0 0

2
2 ,

3

2 1 2 .

i

i

V p Vf e p f
L L

V p Ve
L L

%

%
(11) 

 
Here: 
 

2 4 2 2
R I( ) 4 4 3i ip p p e c e i  

 

is the determinant of the system (10); dimen-
sionless variables: 
 

2 4 2 2 2
R

2
I

R I R I2 2
R I

R I2 2
R I

4 ,

4 2 ;

( )( ),

2(1 2 )( )( ),

p p ca a b

b a p c

pf f if i

p a ib i

%

%

  (12) 

 
with coefficients: 
 

 
2

2 4
R I

1 3

2 (2 3f a p f b
(13) 

 
The ratio of amplitudes during frequency scan-
ning varies according to the law: 
  

R2 2
R I

2 1 2
( )i

f ff

%
% ,        (14) 

 
where are the real and imaginary parts: 
 

R I I I,R Raf bf bf af .       (15) 

 
Let's first consider the characteristics of the 
damper without taking into account damping. 
The equation Re ( ) 0p  defines the natural 

frequencies of free harmonic oscillations of a 
conservative system. In the expanded form – 
 

            2 4 23 4 3 1 0p cp            (16) 

 
with discriminant 2 2( 9 3 0.c  
It is fundamentally important that the natural 
frequencies of the damper are located in the cur-
rent frequency range characteristic of aeolian 
vibration. As can be seen, the dimensionless 
partial frequencies of the damper are determined 
by two parameters  and , moreover, a pair 

of values 1 2,   1 12 0,289  (solu-
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tion of the system of equations 0 , 

0 ) plays a special role: for these val-
ues, the discriminant of equation (16) is zero 
and its roots are multiples. In dimensional vari-

ables, this means that when 3d r  both fre-

quencies coincide: 3
1 2 12D mL . 

Figure 3 shows the dependences of the dimen-
sionless frequencies 1,2p  on the eccentricity of 

the load (parameter ) at different values of the 
radius of inertia (parameter ). 
The curves corresponding to 

1 2, 1 12 0.289  are limiting: 

at 1 2 , the frequencies approach each 

other: the lower frequency 1p   reaches its max-

imum, and the upper frequency 2p  reaches its 

minimum, and 1 2( 1 2) ( 1 2) 2p p . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
The symmetry of the curves relative to the ver-
tical 1 2  shows that from the point of view 
of controlling the natural frequencies by choos-
ing the geometry of the damper, the schemes at 

1 2  are irrational. For designing a low-

frequency damper for damping vibration, for 
example, in the band 5Hz  and below, a 

scheme in which both frequencies lie in a nar-
row low-frequency region may be rational. The 
proximity of the frequencies is achieved by 
purely geometric means: negative eccentricity 
and mass distribution, and the "smallness" of the 
frequencies is achieved by choosing the parame-
ters that determine the scale frequency 

33D mL . 

From the point of view of practical properties 
of the damper, designs with multiple frequen-
cies should be considered irrational for the 
following reasons. Firstly, instead of two fre-
quencies at which the damping effect is mani-
fested, there remains one, which narrows the 
operating frequency range of the device. Sec-
ondly, transverse and torsional vibrations are 
realized independently, i.e. there is no connec-
tion between them, which leads to a decrease 
in the damping efficiency. In this regard, it is 
possible not to consider variants with a strong 
negative eccentricity, when 1 2 . The 

proximity of 1 2  is also inappropriate, 
since in this case the amplitude distribution 
coefficients (shape factor) and phase relation-
ships of translational and torsional vibrations 
of loads, determined from the first equation 
(10) at 0 , reveal a strong dependence on 
the geometric parameters  and : 
 

2
1,2 1,2

2
1,2 1,2

4 ,

2 ,

p
f p

.       (17) 

 
Note the difference between relations (14) and 
(17). The first relates to forced oscillations and 
is a function of the excitation frequency; the 
second relates to free oscillations at natural fre-
quencies. Of course, at natural frequencies in 
the absence of damping they coincide: 

1,2 1,2 . 

The signs of the quantities 1,2  determine the 

relationship of the oscillation phases. With a 
positive eccentricity ( 0) , the denominator 

is positive and the sign of the coefficients 1,2  

depends only on the frequency. As follows 

Figure 3. Dependencies 1,2 ( )p  for 
 different parameter values 0.2, 0.289, 0.4  

 (curves 1, 2, 3, respectively)  
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from the graphs in figure 3 1 22,   2p p . 

Therefore, at the first natural frequency, the 
generalized coordinates change in phase, and 
at the second, they are in antiphase, regardless 
of the parameters  and, therefore, the ge-
ometry of the weights. However, with a nega-
tive eccentricity ( 0) , the signs and values 
of the shape factors depend in a complex way 
on the relationship of the geometric parame-
ters , as evidenced by the curves in figure 
4. In practical terms, such a strong depend-
ence can manifest itself in instability of the 
oscillation modes. 
Taking into account the above, nomograms of 
the natural frequencies of the damper arm in 
the current ranges of change of the eccen-
tricity ( ) and the radius of gyration of the 
load ( ) are calculated (figure 5). The given 
dependencies can be used for rational "tun-
ing" of the damper to the required frequency 
range. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
With small damping, the natural frequencies 
practically coincide with the resonant frequen-
cies of the real system. However, in the case of 
a damper, the function of which is to dampen 

oscillations, it is advisable to make the attenua-
tion sufficiently large, which can lead to a di-
vergence of the natural and resonant frequen-
cies. 
The latter are revealed in the amplitude-
frequency characteristics, determined experi-
mentally during tests on a vibration stand or 
theoretically from the solution of non-
homogeneous equations. Since the conditions 
for excitation of forced oscillations can be dif-
ferent, the AFC also differ. Of practical im-
portance are the conditions of the stand and 
the conditions of the flight, that is, excitation 
from the side of the wire on which the damper 
is installed. 
Let us consider a variant of an equal-shoulder 
damper under stand conditions, returning to 
equations (10) and their solution (11). In ac-
cordance with formulas (12), expressions for 
modules of functions ( )f p% , ( )p%  have the 
form: 
 

2 2
R I
2 2
R I

2 2
R I

( ) ,

2(1 2 )
( ) .

f ff p p

p p

%

%
             (18) 

 
Formulas (18) represent the AFC of the damper 
under stand conditions. They are graphically 
shown in figure 6 a) and b). The calculations 
were performed using the values of the parame-
ters: 0.1...0.5, 0.4,  0.15. 

The graphs of the functions ( ) ,  ( )f p p% %  

show that in this case damping plays a signifi-
cant role only at resonances; at intermediate fre-
quencies, the calculation results with and with-
out internal friction are almost identical. The 
resonant frequencies of the damped and con-
servative systems (the latter are equal in this 
case 1 20.72,   4.02p p ) also practically coin-

cide. 
 

 
 

Figure 4. Dependencies of the form factor 
2 ( )  for different values of the parameter 

0.2, 0.3, 0.35, 0.4, 0.5 (curves 1–5) 

a
) 
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Note that, as follows from (11), at 

4 3 2p , the amplitude of vertical vi-

brations of the load drops sharply (in the ab-
sence of friction, it turns to zero). This is a 
manifestation of the Den Hartog effect [37], 
when, during forced oscillations of a system 
with two degrees of freedom at a certain fre-
quency, one of the generalized coordinates 
"freezes", which is used to dampen vibrations. 
This effect is clearly manifested in the absence 
of friction (the first curve in figure 6 a), how-
ever, in relation to the damper, it is rather a 
negative factor. Note also that the dimension-

less AFC ( ) ,  ( )f p p% %  do not depend on the 

frequency scanning mode, which appears only 
when returning to the dimensional values ac-
cording to (11). 
 

 
 
Next, we consider the frequency dependence of 
dissipation on the frequency of forced oscilla-
tions. The power dissipation of mechanical en-
ergy due to internal friction in each arm of the 
damper, as follows from (3), is equal to the im-
aginary part of the amplitude value of the poten-
tial energy divided by a quarter of the oscilla-
tion period: 

Figure 6. AFC of the damper at different val-
ues of the damping coefficient (curves 1–5) 

Figure 5. Dependences of the dimensionless 
natural frequencies of the damper arm 1,2 ( )p   

at 0.2 1.2  (curves 1–11 in increments 
0.1 ); the dotted line shows the dependences at 

the "boundary" value 0.289   
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2 212 1
sin

3

DW f f
L

. 

 
Considering (11) and the relation (14) between 
the amplitudes of translational and rotational 
oscillations, we find: 

 
2

0 , ,W mV p , 

 
where   
 

2 24 1
, , 1 sin

3
p p f  (19) 

 
is a dimensionless function of only the dimen-
sionless geometric parameters of the damper, 
the damping coefficient in the form (2) and the 
frequency. Using (12)-(15), it is not difficult to 
obtain expressions for modules: 
 

2 2
2 2 R I

2 2
R I

2 2 2
R I2 2

R I

,

1 1
1 ,

3

f ff p

f f

 

 
where  

 
2 2

R R I

2 2
R R I2 2

R I

2 1 2
2(1 2 ) ,

3

f f

f f
 

I I R2 2
R I

4 1 2
2(1 2 ) 1 .

3 f f
 

 
Then, instead of (19), we will have the formula: 
 

3
2 2
R I2 2

R I

, ,

4
sin .

p

p        (20) 

 
Figure 7 shows the dependences of the dimen-
sionless dissipation power (20) on the frequency 
p  at values 0.1, 0.5 . 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Note that as the damping coefficient increases, 
the dissipation power at the resonances de-
creases, while away from the resonances, on 
the contrary, it increases.  At first glance, this 
strange phenomenon is explained by the fact 
that as  increases, the resonant amplitude of 
oscillations a  decreases For example, for a 
single-degree oscillator with internal friction, 
excited by a vibration stand with a table am-
plitude A , it is inversely proportional to : 

a A . At the same time, the power of dis-

sipation 2w a . It follows that 2w A . A 
similar result holds for an oscillator with vis-
cous Rayleigh friction. In the practice of de-
signing and testing dampers, it is known that 
the dissipation power is reduced by artificially 
increasing damping by increasing interwire 
friction, which led to the "locking" of the ca-
ble console. 
In a system with two degrees of freedom, the 
situation is different. Figure 8 shows the de-
pendences of the dissipation power at the 
damper resonances on the damping coefficient 
(solid curves). 
 
 
 

Figure 7. Dependence of the dimensionless 
dissipation power on the frequency  at values 

0.1, 0.5 (curves 1, 2); 0.4,  0.15  
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Similar dependences for the amplitudes of verti-
cal oscillations are also shown here. As can be 
seen, for each resonance frequency there is a 
value at which the dissipation reaches a maxi-
mum. However, these maxima are achieved at 
the cost of too large amplitudes, which are un-
acceptable in practice for reasons of strength. 
Note that the damping coefficient in this case is 
considered constant, whereas it can depend on 
the amplitude of oscillations, especially in ca-
ble-type consoles, in which the interwire friction 
obviously depends on the manufacturing tech-
nology. It follows that the choice of the design 
parameters of the damper should be based on an 
experimental study of its damping characteris-
tics. The same applies to the amplitude depend-
ence of the bending stiffness. 
 
 
3. DYNAMIC STIFFNESS MATRIX OF 
THE DAMPER 
 
When combining a conductor in the overhead 
line span with a vibration damper, it is conven-
ient to characterize the latter with a dynamic 

stiffness matrix calculated at the attachment 
point to the clamp. Dynamic stiffness has the 
same meaning as static stiffness, but differs 
from it in that it does not relate force to dis-
placement, but rather their amplitudes during 
forced vibrations, and thus depends on frequen-
cy [38]. 
We will proceed from equations (6), taking into 
account the internal damping, which now plays 
a significant role. We will represent the vector 
of amplitudes of the generalized forces acting 
on the clamp from the wire side in accordance 
with formulas (7) in the form: 0 i teQ Q . We 
will use a similar form for the desired solution: 

0 i teq q , where 0q  is the complex amplitude 
of the oscillations. 
Let us introduce the following notation by anal-
ogy with (1.4): 0

0 ( )T
C CF MQ , (0 0)T0 , 

0 0 0( )T
i i iYq , which allow us to rewrite the 

system (6) in expanded form: 
 

2 0 0 0 0
11 0 12 1 13 2 0

2 0 2 0
12 0 1 22 1

2 0 2 0
13 0 2 33 2

,

,

.

T

T

0

0

M q M q M q Q

M q G M q

M q G M q

 

 
From the last two equations we express the vec-
tors 0

1,2q  through the vector 0
0q : 

 
10 2 2 0

1 1 22 12 0

10 2 2 0
2 2 33 13 0

,

.

T

T

q G M M q

q G M M q
 

 
Then from the first equation we have: 

0 0
0 0 ,  where 

  
12 2 2

11 12 1 22 12

12
13 2 33 13

T

TM G M M
 

 
is the desired matrix of the dynamic stiffness of 
the damper. Note that the elements of the matrix 

Figure 8. The influence of the damping 
coefficient on the dimensionless dissipation 

power (solid curves 1, 3) and the amplitude of 
vertical oscillations (dashed curves 2, 4) in 

 resonant modes at 0.719rp  (curves 1, 2) and 
4.02rp  (curves 3, 4); 0.4,  0.15  
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are complex quantities. Therefore, for example, 
the modulus of the displacement determined us-
ing the rigidity matrix determines its amplitude, 
and the argument is the phase shift of the dis-
placement relative to the harmonic force caus-
ing it. 
The obtained stiffness matrix allows to easily 
include the damper in the dynamic model of the 
span, since it can be considered as a set of con-
centrated “springs” characterized by dynamic 
stiffnesses and connected to the conductor. 

 
 

CONCLUSION 
 

The developed dynamic model covers the main 
properties of Stockbridge vibration dampers, 
widely used to reduce the amplitudes of aeolian 
vibration of overhead power transmission line 
conductors. The model and the results obtained 
on its basis can be used for design calculations 
of damper natural frequencies. The obtained dy-
namic stiffness can be used to include the 
damper in the dynamic span model, which is 
necessary to assess the effectiveness of the 
damper and determine the best position of the 
damper in the span. 
Taking into account the nonlinearity of the elas-
tic characteristics of the console is the subject of 
further development of this model. 
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AN EXPERIMENTAL INVESTIGATION OF THE 
THERMOMECHANICAL PERFORMANCE OF WOOD 

STRUCTURES ASSEMBLED WITH DENSIFIED WOODEN 
DOWELS UNDER FIRE EXPOSURE  
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Abstract: This study presents an experimental investigation into the thermomechanical behavior of wood 
structures assembled with densified wooden dowels under fire exposure. The research focuses on Adhesive-Free 
Engineered Wood Products (AFEWPs), particularly adhesive-free cross-laminated timber (AFCLT) panels, and 
timber connections incorporating either thermo-mechanically compressed wooden dowels or conventional steel 
dowels. A series of thermal and thermomechanical tests were conducted to evaluate internal temperature 
distribution, charring behavior, and structural displacement at elevated temperatures. The fire performance of 
dowel-type connections was assessed by comparing the thermal response and deformation of joints using 
wooden and steel dowels. The results indicate that timber connections incorporating densified wooden dowels 
exhibited better thermal insulation and lower charring rates compared to those with steel dowels, thereby 
improving the overall fire resistance of the jointed assemblies. This study highlights the potential of densified 
wood dowel as a sustainable and fire-resilient alternative to metallic fasteners in engineered wood. structures. 
 
Keywords: Thermomechanical behavior, Densified wooden dowels, Adhesive-Free Engineered Wood Products 

(AFEWPs), Adhesive-Free Cross-Laminated Timber (AFCLT), Timber connection, Sustainable fasteners, 
Engineered wood structures 
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INTRODUCTION 
 
The environmental impact of the construction 
industry is substantial, with buildings 
accounting for approximately 40% of global 
energy consumption and up to 33% of 
greenhouse gas (GHG) emissions worldwide. In 
response, recent initiatives have promoted the 
use of renewable and low-carbon materials, 
particularly engineered wood products (EWPs) 
such as glued laminated timber (glulam) and 
cross-laminated timber (CLT). These materials 
store carbon and are derived from renewable 
resources, making them attractive for 
sustainable construction. However, their 
widespread use is constrained by the reliance on 
petrochemical-based adhesives, which pose 
challenges in terms of recyclability, 
environmental compatibility, and long-term 
durability.  
To address these limitations, the North-West-
European Interreg research initiative “Towards 
Free Adhesive Buildings (AFTB)” has 
introduced a new class of Adhesive-Free 
Engineered Wood Products (AFEWPs), which 
utilize thermo-mechanically densified wood 
dowels as mechanical connectors in place of 
traditional adhesives. These dowels exhibit a 
shape-memory effect—commonly referred to as 
“strain recovery”—that allows them to swell in 
pre-drilled holes and form tight, durable joints 
under varying humidity conditions [1]. This 
connection concept not only eliminates 
synthetic adhesives but also supports the 
development of scalable, fully wooden 
structural systems aligned with sustainability 
goals.  
While the mechanical performance of densified 
wood dowel joints has been studied to some 

extent [2-14], their behavior under elevated 
temperatures remains underexplored. Given the 
inherent combustibility of timber, understanding 
the thermal and thermomechanical response of 
these adhesive-free connections is essential for 
assessing their viability in fire-exposed 
environments. Recent research has begun 
addressing this gap through both experimental 

the need to evaluate fire-induced thermal 
degradation, heat transfer, and structural 
deformation in dowel-connected wood 
assemblies. 
To further this understanding, the present study 
conducts an experimental program focusing on 
both adhesive-free cross-laminated timber 
(AFCLT) panels and dowel-type timber 
connections. The AFCLT panels were exposed 

the primary objective of assessing charring 
depth as an indicator of fire-induced 
degradation. These panel-scale tests are 
designed to complement prior cone calorimeter 
experiments conducted on natural and densified 

penetration and material loss under realistic fire 
exposure. 
In parallel, timber connections assembled with 
either densified wooden dowels or conventional 
steel dowels were subjected to the same heat 
flux levels. For these connections, detailed 
measurements were performed to capture 
temperature profiles, char layer evolution, and 
thermally induced displacements. 
Instrumentation included embedded 
thermocouples and displacement sensors to 
monitor the coupled thermal–mechanical 
response of each joint configuration, while a 3D 
laser scanning technique was employed to 
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quantify the charring profile on exposed 
surfaces. This two-part experimental approach 
enables direct comparison between panel-level 
and connection-level behavior, offering a 
comprehensive understanding of the influence 
of connector type on fire performance. Overall, 
the findings aim to validate the use of densified 
wood dowels as a viable, fire-resilient, and 
sustainable alternative to metallic fasteners in 
engineered wood structures. 
 
 
EXPERIMENTAL SETUP 
 
Fire testing of CLT panels asembled with 
densified wooden dowels  
Fire resistance tests were conducted on 
adhesive-free cross-laminated timber (CLT) 
panels to evaluate the thermal performance of 
densified wooden dowels used as mechanical 
connectors. Each CLT specimen consisted of 
three orthogonally laminated layers, with each 
layer composed of three oak panels measuring 

detailed panel dimensions are provided in 

densified spruce dowels with a diameter of 

uniform moisture content of 10%. 
 

 
Figure 1. Adhesive-free CLT panel geometry 

and specimen dimensions 
 
The experimental setup for the fire test of 
Adhesive-free CLT panels is illustrated in 
Figure 1. A dedicated test furnace was 

developed for this purpose, employing four 
radiant panels as the heat source. Each panel 
delivered a nominal heat flux of 100 
could reach surface temperatures up to 

were horizontally exposed to constant external 
heat fluxes. Depending on the desired intensity, 
the distance between the panels and the 
specimen surface was set at e

tests were conducted for each heat flux level. 
 

 
Figure 2. Testing diagram of fire test of 

Adhesive-free CLT panels 
 
Thermo-mechanical testing of L-shaped 
connection assembled with densified wood 
dowels  
To evaluate the structural performance of 
densified wooden dowels, fire tests were 
conducted on L-shaped timber connections 
composed of a column and a beam. Each 
specimen incorporated four dowels with a 

-layer laminates 

were made from the same material described 
previously. The experimental results were used 
to compare the performance of densified dowels 
with conventional steel dowels. Geometrical 
details of the connection and the finite element 
model are provided in Figure 3. Oak wood was 
used for the laminates in both tests, with an 
average measured moisture content of 10%. The 
fire tests were conducted for two types of dowel 
materials: conventional steel and densified 
spruce. This comparison enables an evaluation of 
the effectiveness of using compressed wooden 
dowels as an alternative to traditional steel 
connectors. 
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Figure 3. Detailed structure of L-shaped 

connection 
 
Figure 4 illustrates the fire testing setup for L-
shaped timber connections. Radiant panels, each 

limit edge effects, gypsum plasterboards were 
used as thermal shields. Specimens were 
exposed horizontally to constant heat fluxes of 

respectively. The heating regime was calibrated 

 
 

 
Figure 4. Experimental setup for thermo-

mechanical testing of connections 
 

Surface temperatures were monitored using a 
multispectral infrared camera, while internal 
temperatures were recorded every second via a 
USB TC-

at multiple depths in both timber layers and 
dowels. Deflections were tracked using LVDTs 

at the free end of each specimen. Two repeated 
tests were conducted for each dowel type and 
heat flux condition. 

 
 

RESULTS AND DISCUSSION  
 
Time–temperature profiles in reinforced L-
joints 

– –temperature profiles 
recorded in an L-joint specimen reinforced with 

plot shows temperature traces at the joint 
surface (0 mm) and at increasing depths (2 mm, 

thermal response of both the wood layer and the 
dowel material. By juxtaposing these data, one 
can directly assess how heat-flux intensity, 
dowel thermal conductivity, and sensor depth 
govern the rate of temperature rise, peak 
temperatures achieved, and overall thermal 
gradient across the connection. The following 
discussion elaborates on these interactions and 
their implications for fire performance. 

-joint heats 

example, the surface sensor (Test–0 mm) 

Likewise, the temperature difference between 
shallow and deeper sensors grows larger at the 
higher flux, indicating a steeper thermal 
gradient through the joint. 
 

 
Figure 5. Temperature evolution in an L-joint 

reinforced with densified wooden dowels under 
a 49 kW/m² heat flux 
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Figure 6. Temperature evolution in an L-joint 

reinforced with densified wooden dowels under 
a 60 kW/m² heat flux 

 

 
Figure 7. Temperature evolution in an L-joint 
reinforced with steel dowels under a 49 kW/m² 

heat flux 
 

 
Figure 8. Temperature evolution in an L-joint 
reinforced with steel dowels under a 60 kW/m² 

heat flux 
 

When reinforced with densified wooden dowels, 
the joint exhibits a much slower heat-up rate 
than with steel dowels. After 1 200 s at 49 

h steel dowels it 

thermal conductivity of the wooden dowels 
provides additional insulation, while the high 
conductivity of steel creates a pronounced 
thermal bridge that accelerates heat transfer into 
the wood substrate. 
Sensor depth further highlights these 
differences. In wooden-dowel joints, Test–2 mm 
and Test–3 mm lag the surface by 100–
at equivalent times, demonstrating effective heat 

resistance. In contrast, steel-dowel joints show 
only a 20–30 s delay between the surface and a 

the metal dowel even at greater depths. 
Overall, densified wooden dowels markedly 
extend the time to critical temperatures and 
improve fire performance of L-joints, making 
them preferable where fire resistance is 
paramount. Steel dowels, while mechanically 
robust, accelerate heat ingress and risk earlier 
structural compromise. These effects intensify 
at higher heat fluxes. For fire-sensitive 
connections, designers should favor wooden 
dowels or incorporate thermal insulation when 
steel dowels are unavoidable. 
 
Post-fire residual cross-section measurement 

arrangement used to capture the post-fire 
geometry of the CLT panel and L-joint 
specimens. 
 

 
Figure 9. Laser-scanning setup for post-fire 

residual cross-section measurement 
 

After carefully removing the charred surface 
layer, a high-resolution terrestrial laser scanner 
was mounted on a fixed tripod at a known 
distance and orientation relative to each joint. 
The scanner emitted a dense grid of laser pulses 
across the exposed cross-section, generating a 
3D point cloud with sub-millimetre accuracy in 
less than two minutes per specimen. Custom 
software then interpolated these points to 
reconstruct the true residual timber profile, 
enabling precise measurement of section loss 
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and deformation. Compared with conventional 
caliper or ruler methods, this non-contact 
approach greatly accelerates data collection, 
minimizes human error, and delivers a 
comprehensive, high-fidelity record of the 
remaining cross-section.
 

 
Figure 10. Residual cross-sections after fire 

exposure: (a) CLT panel; (b) L-joint reinforced 
with densified wooden dowels; (c) L-joint 

reinforced with steel dowels 
 

Figure 10 displays the residual char across three 
specimens: in the unreinforced CLT panel (a), 
the char layer forms uniformly across the cross-
section, indicating surface-controlled heat 
transfer; similarly, the L-joint reinforced with 
densified wooden dowels (b) maintains a 
generally even char depth, with only slight 
deepening adjacent to each dowel, 
demonstrating their insulating effect; by 
contrast, the steel-dowel joint (c) exhibits 
pronounced, irregular charring along and around 
each metal connector, evidencing thermal 
bridging that accelerates interior wood 
degradation. 
Tables 1–3 summarize char depths measured in 
CLT panels and L-joints reinforced with 
densified wooden or steel dowels after 

or 20 min. 
 
Table 1. Charring depth in CLT panels after fire 

exposure 
Speciment Heat flux 

2) 
Time 
(min) 

a 
(mm) 

b  
(mm) 

Panel 1 49  13  
Panel 2 49   11 
Panel 3     

 

Table 2. Charring depth in L-joint reinforced 
with densified wooden dowels after fire 

exposure 
Speciment Heat 

flux 
(kW 2) 

Time 
(min) 

a 
(mm) 

b  
(mm) 

Connection 1 49 20  12 
Connection 2 49 20 10 
Connection 3    11 
Connection 4   11 

 
Table 3. Charring depth in L-joint reinforced 

with steel dowels after fire exposure 
Speciment Heat 

flux 
2) 

Time 
(min) 

a 
(mm) 

b  
(mm) 

Connection 1 49 20 17 - 
Connection 3   17 - 
Connection 4   17 - 

 
Quantitatively, CLT panels exhibited a = 13 mm 

min. In comparison, wooden-dowel L-joints 

–

indicating that longer exposure narrows the a–b 
 mm to 3 mm. Under the higher 

-dowel joints 

demonstrating aggressive surface charring but 
relatively stable dowel charring. Steel-dowel 
joints, by contrast, consistently reached a = 17 

–
These results confirm that densified wooden 
dowels moderate heat penetration, maintaining 
20–30% lower char depths in the dowel zone, 
while steel dowels create a pronounced thermal 
bridge that accelerates surface charring. 
Increased heat flux and longer durations 
uniformly deepen char layers across all 
specimens, but the effect is most pronounced 
with steel dowels. 
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Deflection at the free end  
Progressive perimeter charring under radiant 
heating steadily erodes the joint’s effective 
cross-section and flexural rigidity, driving a 
monotonic increase in free-end deflection. A 
potentiometer mounted on the top plate 
continuously tracked this displacement while 
each L-joint carried a constant vertical load of 

time-dependent deflection histories for 
specimens exposed to uniform heat fluxes of 49 

presenting duplicate tests for both densified-
wood and steel dowel configurations, the plots 
provide a clear basis for assessing how 
connector material alters the onset, rate, and 
ultimate magnitude of thermally induced 
deformation. 
 

0 200 400 600 800 1000 1200
-50

-40

-30

-20

-10

0
 

D
ef

le
ct

io
n 

at
 th

e 
fre

e 
en

d 
[m

m
]

Time [s]

 Connection with densified dowel(Test1)
 Connection with steel dowel (Test 2)

 
Figure 11. Deflection of the specimen under 49 

kW/m² heat flux 
 

Figure 11 records the deflection history of two 
connections, one assembled with densified-
wood dowels and the other with steel dowels, 
while they are exposed to an external heat flux 
of 49 kW m-
stiffness as charring progresses, but the rate 
differs markedly: the steel-dowel assembly 
deflects almost –
the densified-dowel counterpart reaches only 
about – ar-linear trajectories in 
this plot suggest a steady decline in bending 
stiffness, yet the steeper slope of the steel-dowel 
curve points to earlier thermal weakening or 
local slip at the steel-to-wood interface. 
Figure 12 reveals that elevating the radiant heat 

gap between connector types: densified-wood 
dowel joints level off at roughly –20 to –30 mm 
of free-end deflection after 900 s, whereas steel-
dowel joints plunge far deeper, terminating near 
– 1 and almost –100 mm in Test 
2—roughly two- to four-times the residual 
displacement of their wooden counterparts. The 
divergence emerges within the first 200 s, when 
both steel-dowel curves steepen sharply, but it is 
this final displacement gap of up to 70 mm that 
most clearly underscores the connectors’ 
contrasting fire behaviour: densified dowels 
appear to stabilise once peripheral charring 
reaches them, while steel dowels act as thermal 
bridges that accelerate internal charring and 
trigger runaway stiffness loss, producing both 
larger and more scattered ultimate deformations. 
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Figure 12. Deflection of the specimen under 60 

kW/m² heat flux 
 

Under identical thermal exposures, joints 
reinforced with thermo-densified wooden 
dowels consistently outperform those assembled 

the wooden-dowel specimens retain flexural 
stiffness for longer and limit peak free-end 
deflection to substantially lower values. The 

densified-wood dowels keep the connection in 
the elastic , whereas steel-dowel joints have 
already entered inelastic deformation and 
experience rapid stiffness loss. Replicate tests 
with wooden dowels also follow nearly identical 
trajectories, while the steel-dowel tests diverge 
more noticeably—evidence of the greater 
predictability and repeatability achieved when 
metallic heat sinks are eliminated. 

}`�%ò\�?+'�`[*���`=�<[+�*[+x`�x{�[Z���Z�?'x'�^Z*`+^*����?{x?'*`^��x{��xx_��[?@^[@?�<�}<<�'¤��_��+[Z�¡�`<+��_�
Wooden Dowels Under Fire Exposure 



80 International Journal for Computational Civil and Structural Engineering

From a design perspective, substituting steel 
dowels with densified wooden dowels can 
meaningfully delay critical deformation, thereby 
extending the window for evacuation or active 
fire-fighting intervention. By avoiding the 
thermal-bridge effect inherent to steel, wooden 
dowels reduce peak deflections and enhance the 
fire resilience and sustainability of mass-timber 
connections. 
 
 
CONCLUSION 
 
The experimental programme confirms that 
replacing conventional steel dowels with thermo-
densified wooden dowels markedly enhances the 
fire performance of engineered-wood 

-
dowel joints (i) delay the attainment of critical 
temperatures, (ii) reduce char penetration in the 
dowel zone by 20–30 %, and (iii) limit free-end 
deflection to roughly 20–30 mm, compared with 

–100 mm for comparable steel-dowel joints. 
The advantage is most pronounced at the higher 
flux: densified-wood dowel joints stay in the 
elastic while their steel-reinforced counterparts 
have already entered inelastic deformation and 
begun to shed stiffness, while the duplicate 
wooden-dowel tests align far more closely—
evidence of tighter repeatability. 
Char-pattern analyses reinforce these findings. 
Unreinforced CLT panels and wooden-dowel 
joints develop relatively uniform char layers, 
whereas steel-dowel joints exhibit deep, 
irregular charring around each connector, 
evidencing a pronounced thermal-bridge effect 
that accelerates interior degradation. Measured 
residual char depths corroborate this behaviour, 

–
adjacent to densified dowels but substantially 
deeper local charring around steel fasteners. 
From a design perspective, substituting steel 
dowels with densified wooden dowels can 
postpone excessive deformation and lengthen 
the evacuation or intervention window during a 
fire without introducing metallic heat-sink 

effects. The results therefore position densified 
wooden dowels as a sustainable, fire-resilient 
alternative to metallic fasteners in mass-timber 
structures. Future work should evaluate long-
term durability under hygro-thermal cycling, 
explore hybrid fastening strategies, and translate 
these laboratory insights into performance-
based design guidelines for adhesive-free 
engineered-wood construction. 
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Abstract: Additives with various functional purposes are used to modify concrete. Ultra- and nanodispersed 
additives produced using sol-gel technologies show great promise. The article examines different methods for 
producing modifying additives of silicon dioxide sol and metal hydroxides to enhance the properties of concrete 
for unique structures, civil engineering projects, and road construction. 
The research utilized aluminosilicate materials—perlite rocks with varying degrees of crystallinity—as active 
mineral additives. Ultra-dispersed additives were obtained through the hydrolysis of a strong base and weak acid 
salt—sodium silicofluoride (Na2SiF6), hydrolysis of Portland cement, and hydrolysis of inorganic salts such 
as CaCl2, Ca(NO3)2, and CaSO4. Another method for producing a colloidal additive to modify cement stone and 
concrete involved mixing liquid colloidal fungicidal sulfur with water. 
Modification with sulfur sol increases concrete strength by 10–25% for constructing fuel storage buildings and 
hydraulic structures of nuclear power plants. 
Concrete for hydraulic structures using a complex additive containing silicic acid sol and superplasticizer is 
characterized by high physical-mechanical, hydrophysical, and operational performance. 
When using an ultra-dispersed additive obtained through Portland cement hydrolysis, the strength of heavy 
concrete increases by 24% at the design age. 
It has been established that modifying concrete for road pavements with micro-dosages of colloidal solutions of 
inorganic salts (CaCl2, Ca(NO3)2, CaSO4) increases the compressive and flexural strength of the composite. 
Ultra-dispersed additives have the greatest impact on accelerating the gain of concrete strength within the first 7 
days of curing. 
 

Keywords: heavy concrete, Portland cement, ultrafine additives, sol-gel method, silicic acid sol, 
superplasticizer, vitreous perlite, crystallized perlite, compressive strength, flexural strength, 

dense concrete structure 
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INTRODUCTION 
 
The use of concrete in modern construction is 
unimaginable without various functional 
additives: plasticizing agents with water-
reducing effects or providing rheological 
properties of the concrete mix [1-3], active 
mineral additives that increase the strength and 
density of the cement system [4, 5], modifying 
additives that improve the deformation and 
special properties of cement material, for 
example, elastic properties or corrosion 
resistance [6, 7]. 
Among the wide variety of used additives, the 
modification of concrete with ultra- and 
nanodispersed additives, especially SiO2 
nanoparticles as a basis for the pozzolanic 
reaction, is considered one of the most promising 
methods for improving the physicomechanical 
properties of the composite and is gradually 
being introduced into domestic construction 
practice. However, the low rate of 
implementation is associated with the lack of 
available industrial technologies for synthesizing 
additives and, as a consequence, limited practical 
experience in using them to modify the structure 
and properties of concrete [1]. 
Among all known methods for producing ultra- 
and nanodispersed particles, the sol-gel 
technology is particularly popular due to its 
accessibility and low-cost raw materials [8]. At 

the same time, sol-gel technologies for 
synthesizing additives differ in the type of 
precursor used, the composition of catalysts, the 
structure of the solvent, and the type of 
stabilizer [9]. 
The effectiveness of controlling the shape and 
size of particles and the nature of their surface 
during synthesis can be ensured by changing 
external conditions: pH of the medium, precursor 
concentration, solvent, aging temperature and 
time, nature of the catalyst, etc. Varying these 
parameters affects the reaction rate, the 
mechanism of the sol-gel transition, the nature of 
the polymerized particles formed in the sol, and 
the volumetric nature of the gel [9, 10]. 
The type of precursor used and the 
concentration of the aqueous solution determine 
the composition, shape, and size of the ultra- 
and nanodispersed particles of the obtained 
additives, resistance to external influences, 
aggregative and sedimentation stability, 
reactivity in the environment of hydrating 
cement, and cost. 
Taking into account modern physicochemical 
concepts and approaches to producing ultra- and 
nanodispersed particles, the research team 
conducted studies on modifying the structure 
and properties of cement concrete for unique 
structures, civil and road construction facilities 
using additives of various compositions 
obtained using sol-gel technology. 
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Ultra-dispersed additives of silicon dioxide and 
metal hydroxides in the form of sol will help 
reduce porosity and improve the microstructure of 
cement stone, enhancing the physicomechanical 
properties of concrete when used.  
 
 
MATERIALS AND METHODS 
 
To improve the properties and enhance the 
physical-mechanical and operational 
characteristics of concrete based on ultrafine 
additives, Portland cement CEM I 42.5 
N (GOST 31108-2020) was used as a binder. 
The cement was supplied by Timlyuicement 
LLC and Cementum Center LLC. 
As active mineral additives (fillers) in the 
concrete mix composition, finely ground 
vitreous and crystallized perlite from the 
Mukhor-Tala deposit (Republic of Buryatia) 
were used, depending on the composition. The 
chemical compositions of vitreous and 
crystallized perlite are presented in Table 1. 
Table 1-Chemical composition of glassy and 
crystallized perlite, mass.% 
As surfactants (surface-active agents), 
superplasticizers based on modified 
polycarboxylates (from Poliplast-Siberia LLC) 
and naphthalene-formaldehyde superplasticizer 
S-3 were used. These were added to the mixing 
water in amounts of 0.2% and 0.7% of the 
cement mass, respectively. 
The study proposed low-temperature, 
technologically simple, and accessible methods 
for producing ultrafine additives (UFA) through 
the hydrolysis of a salt of a strong base and a 
weak acid — sodium silicofluoride (Na2SiF6). 
The aim was to modify the properties of cement 
stone with colloidal particles of silicofluoride 
acid and hydrolysis salt products, as well as 
Portland cement (PC) [11, 12]. 
The multicomponent sol obtained during PC 
hydrolysis contains simultaneously silicic acid, 
aluminum hydroxide, iron hydroxide, and 
calcium hydroxide [12]. Additionally, UFA 
were obtained through the hydrolysis of 
inorganic salts such as CaCl2, Ca(NO3)2, CaSO4, 

and CuSO4. As a result of the multistage salt 
hydrolysis process, hydroxide salts of the 
corresponding metals are formed [13,14]. 
Another method for producing a colloidal 
additive to modify cement stone and concrete 
was the process of mixing liquid colloidal 
fungicidal sulfur (LCFS) with water. LCFS was 
obtained through the processing of sulfur-
containing industrial waste and contains 40% 
sulfur. When mixed with water, LCFS turns into 
a suspension due to the nanoscale size of sulfur 
particles — 15–35 nm [15]. 
The additive consumption, at mother liquor 
concentrations of 0.75% and 2.0%, ranged from 
0.2–3.0% of the cement mass. This, when 
recalculated to dry matter, amounted to 
thousandths of a percent, depending on the type 
of additives and the water-cement ratio. 
The concrete mix, with workability grade P1–P3 
depending on the concrete application area, was 
prepared by mixing pre-dosed components in a 
laboratory concrete mixer for 1 minute. These 
components included Portland cement, finely 
dispersed perlite, sand with a fineness 
modulus Mf=2.1, crushed stone fractions of 5–
10 and 10–20 mm, and water containing dosed 
additives obtained by sol-gel technology and 
superplasticizers. 
From the concrete mix of equal mobility, cube 
samples measuring 100 × 100 × 100 mm were 
molded and tested using standard methods. For 
each type of test, samples were manufactured in 
accordance with the requirements of GOST 
10181-2014 «Concrete mixtures. Testing 
methods», GOST 10180-2012 «Concretes. 
Methods for determining strength using control 
samples», GOST 12730.5-2018 «Concretes. 
Methods for determining water resistance», 
GOST 24452-2023 «Concretes. Methods for 
determining prismatic strength, elastic modulus, 
and Poisson’s ratio». 
 
 
RESULTS AND DISCUSSION  
 
It is known that one of the main problems 
arising during the synthesis of additives using 
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the sol-gel method is the aggregative and 
sedimentation instability of their aqueous 
solutions, which subsequently transform into a 
gel. To stabilize the ultrafine additives (UFA), 
surfactants based on naphthalene-formaldehyde 
and polycarboxylates were added to the reaction 
solution. These surfactants tend to adsorb onto 
the hydrophilic surface of ultrafine particles, 
preventing their further aggregation and 
extending the storage life of the additives to 15–
20 days without altering their properties. 
All the studied additives, when used in rational 
quantities, ensure the improvement of the 
physical and mechanical properties of concrete 

for various functional purposes, accelerating the 
hardening process during the initial hardening 
period. The introduction of micro-dosages of 
sulfur sol allows for an increase in concrete 
strength by 10–25% for the construction of fuel 
storage buildings and hydraulic structures of 
nuclear power plants, or to reduce cement 
consumption when designing the composition of 
the concrete mix. Simultaneously, this 
accelerates the hardening processes and the 
achievement of design strength, while 
increasing the corrosion resistance of concrete, 
which leads to an extension of the service life of 
the structures (Table 2). 

 
Table 1. Chemical composition of glassy and crystallized perlite, mass.% 

Material SiO2 Al2O3 Fe2O3 FeO CaO MgO TiO2 SO3 K2O Na2

O 
R2O LOI 

Vitreous perlite  68,40 13,75 0,50 0,06 0,50 0,30 0,15 0,10 3,91 3,37 - 5,97 

Crystallized 
perlite 

73,13 11,7 1,08 1,71 0,55 0,30 - - - - 6,4 7,65 

 
Table 2. The effect of the amount of liquid colloidal fungicidal sulfur additive on the rate of strength 

gain of concrete for nuclear power plant structures 

A type of sulfur sol 

Amount of additive, % of 
cement mass 

Compressive strength, MPa, 
after hardening, days 

Ratio of strength 
indicators 28 

counting 
on the 

solution 

based on dry 
weight 

3 7  28  days days 

Liquid colloidal 
fungicidal sulfur 

0.6 4. -3 22 34 39 0.39 0.76 
1 6. -3 21 35 40 0.56 0.87 

1.5 8. -3 20 34 49 0.53 0.90 
2 9. -3 19 31 46 0.52 0.87 
3 14. -3 19 27 44 0.49 0.78 

Concrete without 
additives 

- - 15 30 39 0.39 0.76 

 
Taking into account the modern requirements of 
the construction industry, it is necessary to ensure 
an appropriate level of safety for massive concrete 
and reinforced concrete hydraulic structures, 
primarily those that have been in long-term 
operation and require repair or reinforcement. 
One of the main problems of hydraulic concrete 
is dangerous cracking, which leads to the rapid 
decommissioning of hydraulic structures. 

Obtaining hydraulic concrete with enhanced 
operational properties can be achieved through 
multi-level regulation of the structure and 
properties of the binder using a complex 
additive containing silicic acid sol and 
superplasticizer, which interacts with cement 
hydration products at the nano-, meso- and 
macro-levels, and also affects the formation of 
the structure and properties of cement stone. 
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As research results have shown, concretes using 
a complex additive are characterized by high 
physical-mechanical, hydro physical and 
operational indicators, which confirms the 
creation of a dense material structure and the 
strengthening effect of the additive. 
The use of vitreous perlite in concrete improves 
the technological properties of the concrete mix, 
reduces the content of Portland cement in the 
mix composition, and together with the complex 
additive leads to an improvement in the basic 
properties of hydraulic concrete with composite 
binder (Table 3). 
One of the promising methods for producing 
multicomponent silicic acid sol is the hydrolysis 

of Portland cement. The process of Portland 
cement hydrolysis occurs in several stages, with 
the formation of hydroxide salts containing the 
corresponding metallic elements at one of the 
intermediate stages. 
A heavy concrete was developed for 
modification for monolithic construction having 
the following composition: Portland cement — 
420 kg, sand — 760 kg, crushed stone with a 
fraction of 5–20 mm — 930 kg, water — 215 
liters. The consumption of the ultrafine additive 
in the form of a 2% solution amounted to 5% of 
the binder mass (Table 4). 

 
Table 3. Effect of a complex additive containing silicic acid sol (sodium fluorosilicate hydrolysis) 

and surfactants on the properties of hydraulic concrete 
ompositio

n 
Compressive 
strength, 
MPa 

Flexural 
strength, 
MPa 

Crac
k 
resis
tanc
e 
inde
x 

Wat
er 
abso
rpti
on, 
% 

Water 
resista
nce 

Frost 
resista
nce, 
cycles
, F2 

Corro
sion 
resista
nce 
coeffi
cient 

Modulus 
of 
elasticity 

b, 

MPa×103 

Prism 
streng
th, 
MPa 

Poiss
on's 
ratio 

Total 
porosity
, cm3 g 

3 
days 

28 
days 

7 
days 

28 
days 

PC 24.6 38.7 4.1 7.1 0.18 4.90 W10 150 1.32 32.362 34.6 0.216 0.096 

PC+20%  
perlite + 
superplastic
izer 

28.8 48.1 4.3 7.5 0.19 3.66 W12 200 1.62 35.680 40.2 0.202 0.090 

PC+ 
complex 
additive 

30.2 45.5 6.9 10.6 0.21 3.05 W14 300 1.79 34.493 39.6 0.191 0.089 

PC+ 20% 
perlite + 
complex 
additive 

35.2 53.4 7.8 10.9 0.22 2.43 W16 300 1.86 37.345 46.3 0.199 0.081 

 
 

Table 4. Effect of ultrafine additive obtained by hydrolysis of Portland cement on the properties of 
heavy concrete 

Properties Indicators of concrete 
control with additives 

Concrete mix mobility (slump), cm 13 12 

Volume of entrained air, % 4.3 4,5 
3 2320 2335 

Compressive strength, MPa, at age 
3 days 
7 days 
28 days 

 
14.5 
21.3 
32.1 

 
18.5 
29.3 
39.8 
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The introduction of a multicomponent sol in the 
form of an ultrafine additive provides a 
significant improvement in the strength 
characteristics of concrete: the compressive 
strength of concrete increases by 37% compared 
to the control composition at an age of up to 7 
days of hardening and by 24% at the design age.  
This effect is achieved due to the active 
interaction of the ultrafine additive with the 
hydration products of Portland cement clinker 
minerals. 
During the hydrolysis of Portland cement, active 
dissolution is observed not only of exchange 
ions, but also of hydrated forms of ions 
Ca(OH)+ and (H2SiO4) , which sequentially 
saturate the aqueous solution. After that, the 
formation of new crystalline phases occurs in 
the volume and on the surface of the particles 
(Fig. 1). 
Concrete mix for road pavements must comply 
with the requirements and conditions of 
regulatory documents [16]. 
The production of high-quality concrete for road 
construction requires the use of quality 
components: cement, mineral additives, sand, 
crushed stone, chemical additives. It is also 
necessary to create optimal conditions for 
concrete hardening, which will increase the 
durability and reliability of cement-concrete 

structures by regulating the properties of the 
composite [16, 17]. 
When producing concrete mix, it is important to 
ensure uniformity, workability, and a rational 
water-cement ratio. 
According to GOST R 59300, the concrete mix 
for road pavements constructed in sliding 
formwork must meet the P1 grade (cone slump 
from 1 to 4 cm) in terms of workability and the 
required volume of entrained air from 5% to 
7%. This mobility class was adopted to ensure 
better placement and compaction of the concrete 
mix without surface defects, in combination 
with other properties of the concrete mix. 
For research purposes, a concrete mix design 
calculation was carried out for road pavements 
of technical category I with a compressive 
strength class of B30. The dosage of additives in 
the form of a 2% solution in the concrete mix 
was 0.1–0.2% of the cement mass, calculated on 
dry salt. 
The analysis of the results obtained showed that 
CaCl  and CaSO  additives increase the 
strength of concrete by an average of 22–42% 
during the design hardening time, effectively 
accelerating the concrete hardening process in 
the early stages of hardening and increasing its 
strength by 40–90% on the 3rd day of hardening 
(Fig. 2). 

 

          
                                    a                                                                           b 

Figure 1. Microstructure of cement stone modified with an ultrafine additive obtained by hydrolysis 
of Portland cement (x2000): a – control, b – with an ultrafine additive 
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Figure 2. Kinetics of hardening of concrete for road surfaces with modifying additives obtained 
using sol-gel technology 

 
The increase in strength of Portland cement and 
concrete with micro-dosages of additives is 
associated with changes in the porosity of the 
hydrate stone, its phase composition, and 
microstructure. 
The tensile strength index in bending of 
concrete is important for ensuring the durability 
and safety of road surfaces. Road surfaces are 
constantly exposed to dynamic loads, including 
bending loads that occur under vehicle loads 
and temperature deformations. 
Various methods are known to increase the 
tensile strength in bending of concretes for road 
pavements — mainly micro-reinforcement with 

fiber [18]. However, it is also possible to 
increase the strength characteristics of concrete 
by modifying the structure of the cement stone 
in concrete using chemical or electrophysical 
methods [18–21]. 
A study of the tensile strength in bending of 
concrete samples using micro-dosing of CaCl  
salt (Table 4) showed that the use of an additive 
in the form of a 2% solution in an amount of 
0.2%, calculated on dry salt from the mass of 
cement, increases the tensile strength in bending 
by 45% in 28 days of hardening. 

 
Table 4. Results of tensile testing of cement concrete under bending 

Composition Flexural tensile strength of concrete, MPa, at age, days 

1 3 7 28 

PC 0.6 1.1 1.5 2.9 

PC+CaCl2 1.6 1.9 2.7 4.2 
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The hydroxides formed by multivalent metals in 
the form of colloidal solutions with varying 
time-dependent stability immobilize part of the 
water into the hydration shell. This leads to a 
decrease in the water-to-cement ratio while 
maintaining the rheological characteristics of 
the cement paste and the formation of a denser 
structure of the cement stone. 
Such constrained conditions promote the growth 
of fibrous calcium hydrosilicates, thereby 
increasing the tensile strength in bending of 
concrete. 
 
 
CONCLUSION 
 
Here are the results of the authors’ research on 
improving the physical-mechanical and 
operational properties of concrete for various 
functional purposes in civil, hydraulic, and road 
construction using modifying additives 
produced by sol-gel technologies. 
The processes of producing additives using 
various precursors and their concentrations have 
been studied. It has been substantiated that the 
selection of stabilizers and optimization of 
production conditions allows for the targeted 
regulation of the synthesis of modifying 
additives with the required particle morphology 
and size, as well as physicochemical properties. 
It has been proven that the use of additives 
accelerates the hardening processes and the rate 
of strength gain in concrete, which is associated 
with changes in the structure and phase 
composition of cement composites. The 
developed methods and approaches for 
producing modifying additives must meet the 
technical and economic criteria for the effective 
use of concrete for its intended purpose, taking 
into account the requirements of regulatory 
documents and design documentation. 
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SOME ASPECTS OF TESTING FIBRE-REINFORCED POLYMER 
BARS UNDER SUSTAINED AND DYNAMIC LOADS AND 

VARIOUS EXPOSURES 
 

Evgeny Yu. Yurin 1, Sergey K. Khlebnikov 1,2, Ulyana V. Kudyakova 1,  
Konstantin L. Kudyakov 1,2, Andrey V. Buchkin 1 

1 Research Institute of Reinforced Concrete named after A.A. Gvozdev in JSC Research Center of Construction, 
Moscow, RUSSIA 

2 National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 
 
Abstract: The physical-mechanical and rheological properties of fibre-reinforced polymer bars (FRP bars) have 
been studied predominantly under short-term static loading. In real-world operation, reinforced concrete 
structures are subjected to a complex combination of various factors, including sustained loads, cyclic dynamic 
loads (including fully reversed), temperature effects, and exposure to aggressive environments. Russian 
regulatory documents for the design of reinforced concrete structures partially account for these factors using 
generalized reduction factors. Standard test methods for determining the combined influence of these factors on 
the properties of FRP bars are currently lacking. 
The aim of this research is to identify a number of features in the preparation and implementation of tests to 
assess the combined influence of operational factors on the strength and deformation characteristics of FRP bars. 
The paper presents the prerequisites for developing a test program to study the behavior of reinforcement under 
long-term static loading under conditions of elevated temperature and alkaline environment of concrete, as well 
as under repeatedly applied dynamic load (including the fully reversed «compression-tension» mode) with 
varying cycle parameters. The goal is to derive analytical relationships and diagrams for the long-term strength 
and fatigue strength of FRP bars, which consider the influence of temperature, aggressive environment, and 
loading cycle parameters. 
The obtained results form the basis for a comprehensive program of experimental research, the development of 
test methods, and the prediction of the behavior of FRP bars in real-world operating conditions as part of 
concrete structures. They enable a transition from using generalized coefficients to calculations that account for 
specific exposures. This is a key step towards improving the regulatory framework and designing reliable, 
durable, and safe reinforced concrete structures with FRP bars. 
 

Keywords: fibre-reinforced polymer bars, strength, durability, sustained load, dynamic load, cyclic load, 
alkaline environment of concrete, temperature effect 
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INTRODUCTION 
 
The characteristics of fibre-reinforced polymer 
bars (FRP bars) have been primarily studied 
under short-term static loads  [1, 2, 3, 4, 5]. 
Meanwhile, during the standard operation of 
reinforced concrete structures of buildings and 
facilities, other loads and exposures arise that 
must be considered in design, among which the 
following can be highlighted: 
- sustained load (dead weight of structures and 
materials, the sustained part of live load, 
prestressing of reinforcement)  [6, 7, 8, 9]; 
- short-term dynamic and repeatedly applied 
cyclic load with different cycle parameters 
(including fully reversed «compression-
tension»), seismic actio [5, 9, 10, 11, 12]; 
- temperature effects (including those 
approaching or exceeding the glass transition 
temperature of the polymers); 
- exposure to the alkaline environment of 
concrete  [3, 4, 6, 13]; 
- others. 
Currently, in domestic and foreign codes for the 
design of reinforced concrete structures with 
FRP bars, the consideration of these loads and 
exposures (separately or in combination) is 
performed using generalized reduction factors 
or is not performed at all. However, in some 

cases, these parameters can have a critical 
impact on the mechanical safety and reliability 
of such structures. For example, with poorly 
manufactured FRP bars, the combined action of 
elevated temperature and an alkaline 
environment can lead to degradation of the 
interphase layer, disrupting the bond between 
concrete and reinforcement. The manifestation 
of fatigue or creep in polymers under long-term 
dynamic or static loading, depending on the 
load parameters and material, can significantly 
reduce the strength of FRP bars. The resistance 
of FRP bars to compressive loads, which arise 
in the sections of compressed and eccentrically 
compressed reinforced concrete elements under 
long-term static and fully reversed dynamic 
loads, is currently not accounted for in the 
Russian codes and has been insufficiently 
studied [14]. 
 
 
MATERIALS AND METHODS 
 
Along with leading research organizations, the 
Research Institute of Reinforced Concrete named 
after A.A. Gvozdev in JSC Research Center of 
Construction is engaged in comprehensive 
research in these areas, considering both 
individual factors and their combined influence. 
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A test program is being implemented to evaluate 
the strength of FRP bars under the separate and 
combined action of elevated temperature, 
alkaline environment, and sustained load with 
variation of their parameters. 
Sustained load tests are performed on a special 
test stand with a vertical arrangement of 
specimens (Figure 1). A constant tensile load is 
applied to the specimens through a system of 
levers and calibrated weights, without restricting 
their strain. The load is monitored by a load cell. 
Testing is performed according to the 
methodology of GOST 32492-2024, considering 
the provisions of ASTM D7337/D7337M-12 
(2019), ACI 440.3R-2012, CAN/CSA S806-12 
(R2017), FIB Bulletin 40 [15, 16, 17, 18, 19].  
In 2025, the automation of the test stand and its 
modernization for new types of tests are planned. 

 

Figure 1. General view of long-term testing of 
FRP bar specimens (before test stand 

modernization) 
 

The influence of an aggressive liquid 
environment is produced via additionally 
installed vessels in the form of tubes sealed at the 

ends. Local controlled heating of the specimens 
is achieved using a heating cable. 
Monitoring of longitudinal strain is performed 
automatically using high-precision LVDT 
sensors (prior to modernization, using 
mechanical strain gauges with dial indicators). 
The exact time and nature of failure are recorded 
using video recording. 
A research program is also being implemented 
to study the strength and deformability of FRP 
bars under repeatedly applied dynamic load 
with various cycle parameters (including fully 
reversed loads and assessment of fatigue 
strength). The test methodology is based on the 
provisions of GOST 32492-2024 [15]. 
Tests are performed on specially prepared 
specimens (Figure 2) in automatic 
servohydraulic testing systems (Instron 8802, 
etc.), which allow applying an axial cyclic load 
with specified amplitude-frequency 
characteristics. 
Measurement of longitudinal strain is carried 
out using high-frequency measurement systems 
connected to strain gauges, clip-on 
extensometers, and COD (Crack Opening 
Displacement) sensors. 
 

 
Figure 2. Schematic diagram of testing FRP bars 

under cyclic load with different values of the 
stress ratio (R) 
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It should be noted that this test scheme 
technically allows for the additional 
consideration of the influence of an aggressive 
environment and elevated temperatures, similar 
to the long-term tests. 
It is also reasonable to investigate the possible 
influence of the specimen gauge length on the 
fatigue strength under axial fully reversed cyclic 
load according to the «compression-tension» 
mode. 
 
 
RESULTS AND DISCUSSION  
 
The described tests are aimed at obtaining 
analytical relationships and diagrams used for 
predicting the strength and strain of FRP bars in 
the design of reinforced concrete structures 
(Figures 3 and 4). These relationships and 
diagrams can be obtained based on GOST 32492-
2024, taking into account the provisions of ASTM 
D7337/D7337M-12 (2019), ACI 440.3R-2012, 
CAN/CSA S806-12 (R2017) [15, 16, 17, 18]. 

 

 
Figure 3. Characteristic predictive relationships 
and diagrams of the long-term strength of FRP 

bars under exposure to aggressive environments 
and elevated temperature 

 
Figure 3 shows a characteristic predictive 
diagram of the long-term strength of FRP bars 
under normal operating conditions, as well as 
diagrams accounting for the influence of ambient 
temperature (t-factor) and exposure to aggressive 
environments (Alc-factor) under sustained tensile 
load (the diagrams are shown schematically and 
can be refined based on test results). 

 
Figure 4. Characteristic predictive diagrams of 
the fatigue strength of FRP bars under cyclic 
repeatedly applied tensile load with different 

cycle asymmetry ratios (R) 
 

Figure 4 shows characteristic predictive 
diagrams of the fatigue strength of FRP bars 
under cyclic repeatedly applied tensile load 
depending on the nature of the loading cycle. 
The Wohler plots (S-N diagrams) show the 
change in the strength of FRP bars ( i) after 
Ni loading cycles (the diagrams are shown 
schematically and can be refined based on test 
results). 
The importance of validating the obtained 
results through additional studies of the stress-
strain state of concrete structures reinforced 
with FRP bars under characteristic loadings 
and exposures should be noted. 
 
 
CONCLUSION 
 
1. The design of reliable and durable concrete 
structures reinforced with FRP bars requires 
accounting for multiple factors, including the 
influence of different types of loads and 
exposures on material characteristics. The 
insufficient number of studies is a barrier to 
the application of FRP bars. 
2. The features of the tests on FRP bars under 
sustained and dynamic load, considering 
external exposures, being implemented at the 
Research Institute of Reinforced Concrete 
named after A.A. Gvozdev in JSC Research 
Center of Construction, are outlined. 
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3. Characteristic analytical graphs and 
relationships are proposed, which, considering 
the test results, can serve as a tool for 
designing concrete structures reinforced with 
FRP bars, accounting for the predicted degree 
of degradation of FRP bar properties under 
sustained loads and exposures. 
4. The importance of validating the obtained 
results through additional studies of the stress-
strain state of concrete structures reinforced 
with FRP bars under characteristic loadings 
and exposures should be emphasized. 
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NEW ALTERNATIVE APPROACH FOR THE ALGERIAN 
SEISMIC DESIGN CODE (RPA) OF RC BUILDING WITH SOFT 

FIRST STORY 

Hamou Kada, Kheir Eddine Ramdane, Mabrouk Hamane 
University of Science and Technology of Oran, Oran, ALGERIA 

Abstract - Soft first story buildings, including Reinforced concrete frameworks, are particularly vulnerable
during severe earthquakes, making them a critical concern in densely populated cities where such buildings are
necessary. The Boumerdes earthquake stands out as one of Algeria's most devastating natural disasters in recent 
history due to the significant loss of buildings and lives. A notable observation from this earthquake was the
collapse of many homes that had open retail spaces or parking areas on their first floors. Several factors 
contributed to the collapse of these soft first story buildings: 
1. Insufficient Transversal Reinforcement: There was a lack of adequate transverse reinforcement in terms
considering both of quantity and detailing.
2. More Flexible or Weaker First Story: The first story of these buildings was often more flexible or weaker
compared to upper stories.
3. Absence of Shear Walls: The absence of shear walls compromised the lateral load resistance of buildings,
especially those with open spaces on the first floor.
Due to the vulnerabilities highlighted by the Boumerdes earthquake, it is imperative to revise and strengthen the
Algerian Earthquake-Resistant Design Code (RPA) It is vital to implement stricter guidelines, particularly
regarding the construction of soft first-story buildings. These revisions should focus on improving the structural
integrity and seismic resilience of such buildings to reduce future risks during earthquakes. By updating the
seismic code with rigorous standards for the construction of soft first-story buildings, Algeria can enhance
building safety and reduce the potential for catastrophic damage and loss of life in future seismic events. 
The objective of this analytical study is to propose amendments to the Algerian seismic code to mitigate the 
collapse of soft first-story buildings during earthquakes. The study uses the energy constant law as its analytical
framework. 
In this research, the buildings of interest were modeled using the SAP2000 software. The Pushover analysis
method was employed to analyze the seismic behavior of these structures. 

Keywords: Soft story collapse, Algerian seismic design code (RPA), stiffness, story shear, drift, displacement,
shear wall, natural time period, Pushover Analysis
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Pushover-

Pushover-

1 INTRODUCTION

On May 21, 2003, a magnitude 6.8 earthquake
hit the Zemmouri region, located approximately
70 kilometers east of Algiers. With a focal
depth of roughly 10 km, it was the strongest
earthquake in Algeria since 1980, causing
widespread destruction. Over 2,200 people lost
their lives and more than 11,000 were injured,
largely due to the collapse of residential and
public buildings. This disaster revealed critical
shortcomings in seismic design and highlighted 
the need to update and enforce Algeria’s
building codes.
The main structural issues observed in
reinforced concrete (RC) buildings are
summarized below:
1. Soft First Story Effects: This occurs when the 
ground floor is less stiff compared to the upper
floors, making it more susceptible to collapse 
during an earthquake. 
2. Short Column Effects: Short columns
experience higher shear forces, which can lead
to failure if not properly designed. 

3. Use of Weak and Slender Columns Poorly
Reinforced (Generally Unconfined): Columns
that are not adequately reinforced or are too
slender can buckle and fail under load. 
4. Poor Detailing of Structural Joints:
Improperly designed connections between 
beams and columns can weaken the overall 
structure. 
5. Inadequate Transverse Reinforcing Steel
Detailing (Tie Spacing and 90-Degree Hook):
Insufficient detailing of ties (spacing and hooks)
can lead to poor confinement and shear
resistance.
6. Poor Material Quality and Unsound
Construction Practices: The use of substandard
materials and inadequate construction methods
can significantly compromise the strength and
durability of a structure. 
7. Neglect of Lateral Loads in Design: Failure 
to account for lateral forces, including seismic
and wind actions, may result in inadequate
structural performance and potential collapse 
under dynamic loading.

New Alternative Approach for the Algerian Seismic Design Code (RPA) of RC Building with Soft First Story 
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8. Inappropriate Anchoring of eam and Slab 
Reinforcement: Improper anchoring can lead to
weak connections and potential failure points. 
9. Use of Irregular uilding Configurations 
with Discontinuities in Mass, Strength, 
Stiffness and Ductility: Irregularities in the
building s design can create stress
concentrations and weak points. 
10. Use of Weak Materials for Facades: Weak
facade materials can fail and contribute to
overall structural failure. 
11. Use of Stiff Spandrel Masonry Walls
Resulted in Short Captive Columns that
Increased the Shear Demand eyond the Shear
Capacity Supplied: Stiff walls can create
captive columns that are subjected to higher
shear forces than they can handle, leading to
failure.
These issues highlight the importance of proper
design, detailing, material selection, and
construction practices to ensure structural safety
and resilience of RC buildings. 
The field investigation revealed that the
collapse of soft first-story buildings was
notably prevalent during the oumerdes
earthquake, as illustrated in Figure 1. 
This category of damage was even more severe 
during the 1995 obe Earthquake is shown in
figure 2 and table 1. Therefore, the, the Japanese
Seismic Design Guidelines recommended a
design procedure to prevent the column side-
sway mechanism, or soft first-story collapse 1,
2-3 .
Such structural deficiencies primarily result
from sudden variations in stiffness, strength, or 
ductility, combined with the lack of shear walls
in the lower stories. Their detrimental impact is
amplified by poor mass distribution within the 
structure. 
Consequently, multistory reinforced concrete 
commercial and residential buildings with 
insufficient or absent lateral resistance at the
first story represent one of the most vulnerable 
structural types. 
his study introduces a procedure for
determining the failure modes of buildings
exhibiting a soft first story, derived from the 

failure mechanisms of columns and walls at that 
level. Subsequently, a strength amplification

the energy conservation principle to represent
the additional capacity required at the soft story
for its ductility factor to be equivalent to that of 
a total collapse mechanism 6, 8 9 . 

Figure 1. Soft first story collapses during 
Boumerdes Earthquake, Algeria 2003. [1-4] 

Figure 2. Chuo-ku, Kumamoto city, Japan [5] 

Table 1. Damage observation in chuo-ku 
Earthquake [5]   

2 METHODS

Following the damage caused by the presence
of flexible floors in buildings during the 1995

obe earthquake, Japanese researchers
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D
The dimensions and reinforcement of the
structural elements (beams, columns, etc.) used
in our case study are presented in Figure 6. 

Figure . eams and column reinforcement 

  D  
The loads are distributed in a triangular form,
expressed by the following equation: 

Qi h.Wi.h                  (5)

a le 2. oad cases 

The numerical model developed using the
software is shown in Figure 7.

R 5. R 7. R 12. 

Figure . uilding model in 2  [11 12] 

The fragility curve was obtained from the 
analysis of the numerical model, as illustrated
in Figure 8. 

Figure 8. ushover curve for 5 uilding 

The performance point is defined by the
structure s capacity to respond to applied forces
and sustain stability under those forces,
identified at the intersection of the base shear
and displacement. 13 14 15 16 . 
The R 7 building with a 4 m ground-floor 
height exhibits more significant damage,
demonstrating that the severity of damage is
directly affected by the first-story height: the
taller the first story, the greater the damage. 
It is reported that the damage plastic hinges are
concentrated at the first story (ground floor),
highlighting the structural weakness of this
level in all three models. 

Ground Floor 5
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ou  loo
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Figure 9. Inter-story displacement 
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Figure 10. Development of plastic hinges 
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Figure 12. Lateral stiffness displacement in the 
story

  
Figure 13. Lateral stiffness by increment 

request in the story 
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Figure 14. ateral stiffness of regular stories 

Figure 15. ateral stiffness in the irregular
story

Figure 1 . ateral stiffness soft unsoft story 
uilding

At the soft-story level, displacement can reach
up to 25  of the building’s total roof drift. 
However, in structures characterized by a
pronounced soft-story mechanism, the first-

story displacement may rise dramatically,
reaching 80 90  of the total top displacement. 
For an equivalent seismic demand, the 
displacement at the first story of a soft-story
building can increase by a factor of two to three
compared to a regular structure. This
demonstrates the considerable sensitivity of soft-
story configurations to lateral deformations. 

Figure 1 . ateral stiffness with reinforced 
concrete column 
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able 3. Structural characteristic factor Ds  
Code R+5 R+7 R+12

Japanese 0 5 0 55 0 5
Euro 0 55 0 5 0
RPA  0 0 0 5 0
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Figure 1 . tructural characteristic factor for 
uildings with 5   and 12 stories 

CONC U ION

The May 2003 oumerd s earthquake caused
significant damage, much of which experts found
could have been prevented. This prompted
authorities to devise comprehensive prevention
plans, especially in major cities like Algiers,
Oran, and Constantine, where earthquake risks 
are high. The adage prevention is better than cure  
highlights this need. 

Minor damages were observed in the
structural elements, particularly on the first
soft story. This is attributed to the
discontinuity of the frame s mass, as well as
its strength, stiffness, and ductility.  
Nonlinear analyses revealed a required

-
story buildings, increasing to 0.55 for 10
stories and 0.60 for 14 or more, according to
the Japanese code. For the Eurocode, the
factors are 0.60, 0.65, and 0.70  for the RPA
code, they are 0.65, 0.70, and 0.75,
respectively. 
The nonlinear analysis yields a required
lateral load factor of 0.50 for 6-story 
buildings, increasing to 0.55 for 10 stories
and 0.60 for 14 or more. In comparison, the 
Eurocode specifies 0.60, 0.65, and 0.70,
while the RPA code specifies 0.65, 0.70, and 
0.75.
Eurocode 8 and the Japanese code permit
larger relative drift displacements than the

RPA 99 code (2003 version), due to the
higher local ductility levels specified in these 
codes.
The RPA code specifies a behavior
coefficient RRR that indicates the capacity
of dissipative structural systems to endure
seismic actions in the inelastic domain (see
Table 4.3, Chapter I , p. 39). This
coefficient requires that lateral rigidity does
not exceed 70  of the rigidity of the story 
above (Appendix 1, p. 111). However, the 
code lacks details on how to obtain this
coefficient or its applicability to existing
buildings versus new designs with a soft first
story.
Calculating earthquake forces for reinforced
concrete (RC) buildings with an open ground 
floor often underestimates the design forces
and moments for ground floor columns.
Analyses show that base shear can exceed
twice the amount predicted by the equivalent
force method, whether or not infill is present.
Since the response spectrum method is rarely
used in practice, it is advisable to double the
design shear and moment from the static
method to ensure ground floor column
safety.

uildings with open ground floors are
particularly vulnerable to seismic actions, 
especially in developing countries where this
construction type is common. The results of
this study demonstrate that such buildings
should not be treated as conventional 
reinforced concrete (RC) structures. The
sway analysis reveals that columns at the
open ground floor level require
approximately 75 greater drift capacity
than that estimated by the equivalent static 
method. To accommodate these high
ductility demands, special reinforcement 
detailing designed in accordance with
moment-resisting frame principles is
essential.

A deeper understanding of this phenomenon is
crucial, as it should be identified as a localized
issue before it progresses into a broader
structural problem. 
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PREDICTION OF GROUND SUBSIDENCE BY MODELING 
TUNNEL BORING MACHINE TECHNOLOGY 

 
Armen Z. Ter-Martirosyan 1, Ilya O. Isaev 2, Evgenii N. Kriuchkov 1, 

Maksim N. Shlapak 1 
1 National Research Moscow State Civil Engineering University, Moscow, RUSSIA 

2 Institute Mosinzhproekt Limited Liability Company, Moscow, RUSSIA 
 
Abstract: Tunneling using tunnel boring machines (TBMs) induces ground settlement, leading to deformations 
in buildings and structures located within the zone of influence of the planned construction. Settlement 
prediction based on volume loss is one of the established practices in Russia; however, this method relies on 
construction experience and does not directly account for the primary technological parameters affecting soil 
settlement. In some cases, to obtain accurate deformation predictions using this method, it is necessary to 
perform a back-calculation of volume loss, considering the tunnel section already excavated. This study 
examines the modeling of all technological factors involved in TBM tunneling for forecasting settlement 
resulting from metro tunnel construction. A division of the TBM excavation process into sequential phases is 
introduced for finite element analysis. Two calculation schemes were formulated for different sections of the 
Rublyovo–Arkhangelskaya line of the Moscow Metro, in two variants: (1) using volume loss, and (2) accounting  
for all technological factors. In the latter variant, parameters such as shield face pressure, grout injection 
pressure, TBM weight, structural stiffness of the TBM, shield tail gap, and others were incorporated. 
Displacement plots for adjacent buildings were generated from the resulting calculations and compared with 
measured displacements. A comparative analysis between the volume loss method and the alternative 
comprehensive technological-factor method was conducted. The comprehensive method demonstrated a high 
degree of quantitative and qualitative agreement with measured values and allows assessment of the soil’s 
mechanical behavior over time during TBM excavation. 
 

Keywords: TBM, volume loss, face pressure, grouting pressure, subsidence, FEA, tunneling, Plaxis 3D 
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1. INTRODUCTION 
 
Tunnel boring machine (TBM) is a high-
technology equipment used for the construction of 
underground tunnels. It was first employed in 1825 
during the excavation of the Thames Tunnel in 
London, marking a major milestone in the history 
of tunneling. Today, TBMs are widely used for the 
construction of metro lines, road tunnels, water 
supply conduits, and other underground structures, 
especially in densely populated urban areas where 
usual excavation methods may be impractical. In 
international practice, TBMs with active face 
support have been successfully applied in 
challenging geological conditions for tunnel 
construction [1–2].  
Despite their advantages, tunnel excavation using 
TBMs involves certain risks and adverse 
consequences. One of these consequences is the 
movement of the ground mass [1], which depends 
not only on the geotechnical conditions of the 
excavation site but also on the operational 
parameters of the shield-driven excavation [3]. 
These settlements can lead to deformations and 
damage of buildings, structures, and infrastructure 
located above or adjacent to the tunnel [4–6]. This 
factor necessitates rigorous monitoring to 
minimize environmental impact and ensure safety. 
Surface settlements induced by tunnel excavation 
has been investigated by numerous foreign 
researchers, including R. B. Peck [7], N. 
Loganathan [8], M. O’Reilly and B. New [9], P. 
B. Attewell [10], and many others. Among 
domestic scholars, notable contributions have 
been made by Protosenya A.G. [11], Tupikov 
M.M. [12], Mazein S.V. [13], and others.  
To minimize these risks and ensure construction 
safety, monitoring of ground surface settlement is 
employed. This method involves observing soil 
movements and deformations of buildings within 
the TBM tunneling influence zone. Geotechnical 

monitoring encompasses visual and instrumental 
inspections as well as automated systems that 
collect real-time data. Monitoring enables timely 
detection of critical changes such as cracks, tilts, 
or excess settlement and the implementation of 
corrective measures to prevent emergency 
situations [14–16]. 
To assess potential displacements of the soil 
mass and surface structures within the projected 
construction influence zone geotechnical 
calculations are used. 
In practice, ground surface settlement due to 
TBM excavation is calculated using the volume 
loss, defined as the ratio of the excavation cross-
section to the designed lining cross-section 
according to SP 249.1325800.2016 
“Underground utilities. Design and construction 
by closed and cut-and-cover methods”. It should 
be noted that this standard applies to trenchless 
installation of utilities by microtunnel boring 
machine (MTBM) and horizontal directional 
drilling (HDD) machine and does not directly 
cover metro tunneling with TBMs, it is used in 
the absence of more specific regulations. This 
approach represents an established practice in 
Russia and has been described by domestic 
authors such as Ter-Martirosyan A.Z., Isaev I.O., 
et al. [17–20], Isaev O.N., Sharafutdinov R.F. 
[21], and others. Despite its widespread use, the 
volume loss is grounded in construction 
experience rather than the physical processes 
driving soil settlement [1]. It permits 
determination of settlement on the moment of 
tunnel completion, and finite-element modeling 
based on this ratio is further complicated by the 
lack of a regulated methodology for defining the 
boundaries of the calculation model – parameter 
that can significantly affect the accuracy of 
results [22]. 
Ground settlement induced by TBM-driven 
excavation is caused by factors such as shield 
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tail gap, taper of shield, and backfill shrinkage 
[23]. In addition, parameters influencing 
settlement include excavation gradient, tunnel 
overburden depth, face pressure and grouting 
pressure [24]. In the study by H. Liu, J. Shi, J. 
Li, and C. Liu [25], a method was presented for 
calculating surface settlement that accounts for 
various technological parameters: face pressure, 
grouting pressure, shield dimensions, shield tail 
gap, changes in shield alignment, and hardening 
of the cement slurry in the annular space behind 
lining.  
The aim of the present work is to establish an 
optimal methodology for predicting surface 
settlement induced by TBM excavation, as well 
as to evaluate an alternative calculation 
approach that omits the volume loss while 
incorporating all technological factors affecting 
settlement, or to refine the existing limits of the 
volume loss for given excavation conditions. 
 
 
2. MATERIALS AND METHODS 
 
The article models several TBM tunneling cases 
along different sections of the Rublyovo-
Arkhangelskaya line of the Moscow Metro: from 
Bulvar Karbysheva station to Zhivopisnaya 
station, and from Zvenigorodskaya station to 
Karamyshevskaya station. 

For the alignment section considered in the first 
case, the geological structure is as follows: 
anthropogenic soils (tQIV); alluvial deposits of 
the 3rd (Khodynka) terrace above the floodplain 
of the Moscow River (aQIII); fluvioglacial 
deposits of the Oka-Dnieper horizon (fQII  
O-D). Beneath these lie Carboniferous rocks of 
the upper part of the Kasimovian stage: Upper 
Carboniferous deposits of the Voskresensk 
subformation (C3vs), and Upper Carboniferous 
deposits of the Suvorovo subformation (C3sv), 
represented by fractured limestones degraded to 
boulders, gravel, and rubble, as well as stiff 
clays. 
For the alignment section in the second case, the 
geological profile is as follows: anthropogenic 
soils (t–QIV), alluvial deposits of the 3rd terrace 
above the floodplain of the Moscow River (a–
QIII), moraine deposits of the Dnieper 
glaciation (g-QIId), fluvioglacial deposits of the 
Oka–Dnieper horizon (f–QIIo-d), Oxfordian 
deposits of the upper part of the Jurassic system 
(J3ox), Bathonian–Callovian deposits of the 
upper and middle parts of the Jurassic system 
(J2+3bt–k), Voskresensk subformation (C3vs), 
and Suvorovo subformation (C3sv) of the upper 
Carboniferous system. 
Geological profiles along the proposed tunnel 
alignments are shown in Fig. 1 and Fig. 2. 

 

 
 

Figure 1. Longitudinal profile of the section from Bulvar Karbysheva station to 
Zhivopisnaya station 
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Figure 2. Longitudinal profile of the section from Zvenigorodskaya station to 
Karamyshevskaya station 

 
Finite Element Model 
The first model represents a section measuring 
145 × 151.2 m with a depth of 45.4 m; tunneling 
is carried out at a depth of 40 m. Within the 
calculation scheme, the total tunneling length is 
151.2 m, with the excavation length per phase 
equal to the ring width – 1.8 m.  
The calculation scheme for this section is shown 
in Fig. 3a. 
The model includes two buildings (Fig. 3a) 
located at: Moscow, Marshala Tukhachevskogo 
Street, 56 bldg. 3 (1) and Moscow, Parshina 

Street, 21 bldg. 2 (2), both at a distance of 0 m 
from the tunnel axis. 
The second model has dimensions of 
163.9 × 248 × 35.4 m. In the model, tunneling is 
carried out at a depth of 32.4 m, and its length 
within the calculation scheme is 248 m for both 
the right and left tunnels. The excavation length 
per phase is equal to the installed ring width – 
1.2 m. 
The calculation scheme for this section is shown 
in Fig. 3b. 

 

 
a) b) 

Figure 3. Calculation schemes:  
a) section from Bulvar Karbysheva station to Zhivopisnaya station,  

b) section from Zvenigorodskaya station to Karamyshevskaya station

1 
2 
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On the ground surface above the model, there is 
a building located at 2nd Silikatny Passage, 9 
bldg. 2, at a distance of 0 m from the tunnel 
axis. 
For settlement calculations using volume loss, a 
value of 0.78% was adopted in accordance with 
[17] for the section from Bulvar Karbysheva to 
Zhivopisnaya station, and a value of 1.14% in 
accordance with [20] for the section from 
Zvenigorodskaya to Karamyshevskaya station. 
In developing an alternative calculation method, 
the approach proposed by H. Liu, J. Shi, J. Li, 
and C. Liu [25] was used as the basis. In their 
work, the authors accounted for face support 
pressure, grouting pressure, TBM shield 
stiffness, tunnel lining stiffness, the shield tail 
gap, and grout hardening. In the present study, 
in addition to these parameters, the TBM shield 
weight was considered; stiffening ribs were 
added inside the shield to ensure TBM rigidity; 
tail grouting pressure in the over-lining space 
was modeled as hydrostatic pressure instead of a 
surface-applied load to account for soil pressure 
and uniform compression of the lining; a sealed 
TBM brush element was included, enabling 
simulation of tunnel lining installation under 
shield protection; and stiffness values for certain 
materials were corrected. 
The tunneling from Bulvar Karbysheva to 
Zhivopisnaya station is carried out using an 
Earth Pressure Balance (EPB) TBM with a 

diameter D = 10.87 m, length 9.38 m, and 
weight of about 1,000 t. The external lining 
diameter is d = 10.5 m, ring width is 1.8 m, and 
lining thickness is 0.45 m. The face support 
pressure is set according to the actual pressure 
during excavation of each ring. 
In the area near the buildings, the face support 
pressure is 2.8 atm, and the tail grouting 
pressure is 4 atm.  
The tunnel section from Zvenigorodskaya to 
Karamyshevskaya station of the Rublyovo–
Arkhangelskaya line was constructed using two 
different imported EPB TBMs. The technical 
characteristics of both shields are similar: 
diameter – 6.56 m, length – 9.45 m,  
weight – about 225 t, external tunnel lining 
diameter – 6.3 m, ring width – 1.2 m, and lining 
thickness – 0.3 m. The face support pressure 
was set at 3 atm, and the tail grouting pressure 
at 4 atm. 
 
Tunneling sequence 
The tunneling on the section from Bulvar 
Karbysheva to Zhivopisnaya station is modeled 
according to the scheme presented in Table 1.  
A similar tunneling simulation is performed in 
the calculation model for the section from 
Zvenigorodskaya to Karamyshevskaya station, 
taking into account the ring width and the shield 
length used during the construction of that 
section.

 
Table 1. Staged modeling of excavation using the alternative method 

Tunneling 
phase No. 

Changes at the stage Model 

1 

The first shield shell segment 
(1) is activated; face support 
pressure (2) is applied at the 
front plane; at the rear plane of 
the first section, a bulkhead 
(3) is activated. 

 

1 

2 

3 
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Tunneling 
phase No. 

Changes at the stage Model 

2 

The shield shell segment (1) is 
activated, and a bulkhead 
element (3) is activated at the 
rear plane of the section. 

 

3 

The shield shell segment (1) is 
activated, and a bracing frame 
(4) is activated at the rear 
plane of the section. 

 

4 

The shield shell segment (1) is 
activated. 

 

3 

1 

1 

1 

4 
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Tunneling 
phase No. 

Changes at the stage Model 

5 

The shield shell segment (1) 
and the tunnel lining (5) are 
activated; within the space 
between the shield shell (1) 
and the tunnel lining (5), the 
TBM tail brush-seal element 
(6) is activated, and interface 
elements are assigned at the 
shell–brush and lining–brush 
boundaries. 

 

6-10 

The tunnel lining (5) is 
activated; the void between 
the cutting diameter and the 
lining diameter is represented 
by a grout material (7) with 
low stiffness, and its 
hydrostatic pressure is set 
equal to the grout-injection 
pressure. 

 

11 

The cement slurry is replaced 
by hardened backfill grout (8) 
characterized by increased 
stiffness parameters. 

 
 
 
Properties of the modeled elements are provided 
in Tables 2 and 3, and the geological boreholes 
used in the models are listed in Table 4 
 
 
 

 
 
3. RESULTS 
 
Contours of vertical displacements for the first 
and second models are shown in Fig. 4. The 
results of the numerical models are presented as 
graphs of vertical deformation in Figs. 5 and 6. 

1 

5 

6 

5 

7 

8 
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a) b) 

Figure 4. Contours of vertical displacements:  
a) section from Bulvar Karbysheva station to Zhivopisnaya station,  

b) section from Zvenigorodskaya station to Karamyshevskaya station 
 

Table 2. Properties of soils and auxiliary ground elements (1st model) 
Soil elements modeled using Linear Elastic  Mohr-Coulomb 

Soil element / kN/m³ E / MPa  c / kPa  
Anthropogenic layer (1-40) 16 12 0,3 1 29 
Medium sands (10-5-3-2) 17 27 0,3 2 34 
Loams with grus and crushed stone (24-3-3) 21,4 19 0,35 54 27 
Silty sands (25-5-5-1) 18,2 25 0,3 7 33 
Fine sands (25-5-4-1) 18,7 40 0,3 5 35 
Medium sands (25-5-3-1) 18 44 3 3 37 
Clays with sand pockets (41-2-2) 17,8 22 0,35 120 18 
Clays with faunal remains (43-2-2) 19,4 29 0,3 85 18 

Materials modeled using Linear Elastic  Mohr-Coulomb 
Tail brush-seal 0,1 100 0,3 - - 
Backfill grout material 0,1 1 0,4 - - 
Hardened backfill grout 24,8 700 0,3 43,2 28 

Materials modeled using Plate elements 
Material name  E / MPa  G / MPa d / m 

Tunnel lining 15 34000 0,2 14380 0,45 
Shield shell 400 360000 0,3 138500 0,075 
Bracing frame 0,1 210000 0,3 80770 0,3 
Bulkhead 34,8 210000 0,3 80770 0,05 

 
Table 3. Properties of soils and auxiliary ground elements (2nd model) 

Soil elements modeled using Linear Elastic  Mohr-Coulomb 
Soil element  E / MPa  c / kPa  

Anthropogenic layer (1-40) 17,8 14 0,3 2 32 
Fine sands (15-5-4-2) 17,9 27 0,3 2 32 
Fine sands (25-5-4-1) 20,1 34 0,3 3 36 
Limestones (51-16-3) 22,7 50 0,25 - - 
Clays (52-2-2) 19,8 26 0,2 61 21 

Materials modeled using Linear Elastic  Mohr-Coulomb 
Tail brush-seal 0,1 100 0,3 - - 
Backfill grout material 0,1 1 0,4 - - 
Tail brush-seal 24,1 700 0,3 43,2 28 

Materials modeled using Plate elements 
Material name  E / MPa  G / MPa d / m 

Tunnel lining 25 34000 0,2 14380 0,3 
Shield shell 7,35 360000 0,3 138500 0,04 
Bracing frame 0,1 210000 0,3 80770 0,3 
Bulkhead 355,2 210000 0,3 80770 0,05 
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Table 4. Geological boreholes used in the models 
1st model borehole 2nd model borehole 

Soil elements h / m Soil elements h / m 
Anthropogenic layer (1-40) 0,8 Anthropogenic layer (1-40) 6,0 
Medium sands (10-5-3-2) 11,3 Fine sands (15-5-4-2) 10,6 

Loams with grus and crushed stone (24-3-3) 3,2 Fine sands (25-5-4-1) 11,0 
Fine sands (25-5-4-1) 4,5 Limestones (51-16-3) 1,4 
Silty sands (25-5-5-1) 6,2 Clays (52-2-2) 6,6 
Fine sands (25-5-4-1) 4,1   
Silty sands (25-5-5-1) 2,4   
Fine sands (25-5-4-1) 1,6   

Medium sands (25-5-3-1) 0,9   
Silty sands (25-5-5-1) 0,9   

Medium sands (25-5-3-1) 1,6   
Clays with sand pockets (41-2-2) 5,1   

Clays with faunal remains (43-2-2) 2,8   

 
 
For the first computational scheme, the plot in 
Fig. 5 is given for the building at Parshina 
Street, 21 bldg. 2. The plot includes the 
measured ground-surface displacements. To 
generate the first plot, the timing of the actual 
installation of the tunnel lining rings was 
aligned with the corresponding installation 
phases in the numerical model, which enabled a 
proper comparison of the observed building 
deformations with the calculated time histories. 
 
 
4. DISCUSSING 
 
The plot in Fig. 5 shows that the alternative 
method provides sufficient agreement in 
determining the maximum displacement: the 
difference is about 0.27 mm, or 2.5% 
(throughout the article, comparisons are made 
relative to the maximum observed ground-
surface displacement; for this plot it is 
10.9 mm). At the same time, the maximum 
deviation at individual points is 1.4 mm, or 
12.8%, at point 6.4, which corresponds to the 
permissible error of in-situ measurements of 
vertical displacements of 2 mm for Class II 
accuracy in accordance with [26], as well as to 
external factors that may affect the absolute 
measurement values, including temperature, 
vibration, etc. In addition, the plot shows that 
the values obtained from the calculation using 
the volume loss method are higher than the 

observed values at every monitoring point, with 
a maximum difference of 5.0 mm, or 45.9%, at 
point 6.7, which may lead to an incorrect 
assessment of the geotechnical situation and to 
unnecessary additional compensation measures. 
The difference between the maxima is 2.6 mm, 
or 23.9%. It should be noted that the calculation 
using the volume loss coefficient is much 
simpler and less computationally intensive and 
gives results with sufficient agreement for a 
preliminary analysis. However, the volume-loss 
approach does not explain the physical 
mechanisms that cause ground-surface 
settlement. Similar results were obtained in [1]. 
However, different patterns are observed for the 
plot in Fig. 6. The alternative calculation 
likewise agrees with the measured 
displacements, with a difference between the 
maxima of 3.1 mm (13.6%), and a maximum 
pointwise deviation of 4.3 mm (18.9%) at point 
15.3. By contrast, the results obtained using the 
volume-loss approach are substantially lower 
than the observations: the difference between 
the maxima is 5.5 mm (24.1%), and the 
maximum pointwise deviation reaches 12.3 mm 
(53.9%) at point 15.3. To reconcile the 
measured displacements with those predicted by 
the volume-loss method in this case, the 
volume-loss coefficient must be increased to 
2.85% (obtained by back-analysis). The 
discrepancy between the adopted coefficient and 
the back-calculated value may indicate the 
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influence of additional unaccounted factors on 
the effective volume loss relative to the design 
assumption. It should be noted that an 
inaccurate assessment of the geotechnical 

conditions in such circumstances may lead to 
operational incidents during tunneling and 
necessitate complex and costly remedial 
measures.  

 

 
Figure 5. Displacement plot for the building shown in Fig. 3a 

m6.1–6.8 — monitoring results 
6.1-6.8 – staged modeling of all tunneling processes 

Cref 6.1-6.8 – calculation using the volume-loss coefficient 
 
Furthermore, comprehensive stage-by-stage 
modeling may reveal uplift of surface structures 
at certain points, caused by the structural 
stiffness of the buildings – as reported in [3, 5] – 

or to incorrectly specified face-support pressure 
or tail-void grouting pressure. This deformation 
mechanism is not reflected in calculations based 
on the volume loss coefficient. 

 

 
Figure 6. Displacement plot for the building shown in Fig. 3b 

m15.1-15.5 – monitoring results 
15.1-15.5 – staged modeling of all tunneling processes 

Cref 15.1-15.5 – calculation using the volume-loss coefficient
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5. CONCLUSIONS 
 
The proposed method exhibits a high degree 
of qualitative agreement with the monitoring 
results. Discrepancies in quantitative 
agreement may be attributable to measurement 
error in field observations, inaccuracies in the 
input data for the analysis, and other external 
factors. A more rigorous treatment of input 
parameters – such as geological conditions – 
together with proper modeling of structural 
behavior and higher-accuracy geotechnical 
monitoring, would enable closer quantitative 
agreement.  
Consistent with Liu H., Shi J., Li J., and Liu 
C. [25], the calculation shows uplift of the 
ground surface as the shield passes the 
monitoring point and significant settlement 
after the shield has passed, which corresponds 
to the actual behavior of the ground during 
tunneling. The uplift effect may be caused by 
the stiffness of the building, as well as by 
improperly specified face support pressure 
when the TBM operates close to the surface. 
The volume-loss coefficient does not describe 
the mechanics of ground behavior during 
TBM excavation.  
If additional, unaccounted factors influence 
the selected design value of volume loss, 
calculations based on that coefficient can 
differ substantially from the results of the 
alternative method presented in article. 
It can also be observed (Fig. 5 – plots Cref 
6.1–6.8; Fig. 6 – Cref 15.1–15.5) that the 
volume-loss approach allows the building-
wide maximum displacement to be estimated 
with reasonable accuracy, whereas 
displacements at individual points may be 
entirely inconsistent with their measured 
values; by contrast, the alternative calculation 
yields closer agreement with the measured 
displacements at individual points on the 
structure. 
Note that in [17–21], calculations using a 
prescribed volume-loss coefficient in 
accordance with the regulatory standards do 
not allow surface settlement to be predicted 

accurately. Accordingly, the only way to 
obtain an actual volume-loss coefficient is to 
adjust it by back-analysis using the already 
constructed section of the alignment.  
Results obtained with the volume-loss 
coefficient differ from monitored values for 
the structural elements by 24.1%, which 
suggests that the coefficient is suitable for 
preliminary, approximate calculations.  
For refinement under complex geotechnical 
conditions, it is recommended to verify results 
using the method presented in present article, 
which models all stages of the tunneling 
process.  
Further research is required to refine the 
calculation methodology and to ensure the 
necessary accuracy in predicting ground-
surface settlement and the response of 
adjacent structures. 
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NUMERICAL MODELING OF CAST-IN-PLACE REINFORCED 
CONCRETE BUBBLE DECK FLOOR SLABS UTILIZED IN 

EARTHQUAKE-PRONE REGIONS. PART TWO 
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Abstract: This article presents developed techniques for numerical modelling of lightweight cast-in-place rein-
forced concrete bubble deck floor slabs and a comparative analysis of different approaches to numerical model-
ling of buildings and structures with such lightweight floors, that are constructed in earthquake-prone regions. 
 

Keywords: finite element method, modal analysis, earthquake excitation, mechanical safety, void formers, 
lightweight cast-in-place reinforced concrete floor slabs 
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1. INTRODUCTION 
 
A reinforced concrete bubble deck floor slab 
solution is widely used as a building design so-
lution in earthquake-prone regions. Utilization 
of void formers is one of the ways to decrease 
the dead weight of concrete structures, that 
leads to reduced seismic loads and loads on ver-
tical load-bearing structures and foundation. 
The finite element method is widely used to 
solve structural mechanics problems, eigenvalue 
problems, and to perform a response spectrum 

analysis. The best way to extract eigenmodes 
and eigenfrequencies of a system with structural 
elements having complex cross-sections, to de-
termine its stress-strain state is spatial discreti-
zation of such a system with solid elements. 
However, such a technique is computationally 
ineffective. Therefore, a common practice is to 
use structural finite elements, shell and beam 
ones, to spatially discretize a structural mechan-
ics problem.  
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Figure 1. An example of void formers used in 
reinforced concrete floor slabs, and their geo-

metrical parameters 
 
The first part of the present research [1] has 
considered a single floor cell of a reinforced 
concrete frame building (see Fig. 2). The chosen 
part of the floor slab has dimensions of 5.6×5.6 
meters and comprises 16 void former cells in 
each direction. The floor slab has the following 
values of its geometrical parameters: the floor 
slab thickness hd = 250mm; the void former 
height hu = 140mm; the concrete cover at the 
upper slab face cnom,o = 20mm; the concrete 
cover at the lower slab face cnom,u = 20mm; the 
distance between bubbles centers e = 350mm; 
the void former diameter d = 315mm. A cross-
section of the single void former cell is shown 
in Fig. 3. 
Properties of the considered bubble deck floor 
slab material are given in Table 1. 
The verified ANSYS software [2] has been 
used for all simulations (a static loading anal-
ysis and a modal analysis). A reference finite 
element model of the simulated part of the 
floor slab has been assembled using solid fi-
nite elements of the type SOLID185 for spa-
tial discretization of the problem. Correspond-
ing mesh within the void former cell is illus-
trated in Fig. 4. Because only elastic part of 
the problem has been considered, utilization 

of the numerical solution obtained using the 
FE model meshed with solid elements is ap-
propriate, since high accuracy of finite ele-
ment simulations within the theory of elastici-
ty has been verified multiple times (see, for 
instance, [2]). 
 

 
 

Figure 2. The drawing of a bubble deck floor 
slab in the reinforced concrete frame building 
(a part of the slab chosen for a comparative 

analysis of various numerical modelling tech-
niques is outlined in red) 

 

 

Figure 3. The cross-section of a void former cell 
used in the considered bubble deck floor slab 

 
 

Table 1. Bubble deck floor slab  
material properties 

Material Elastic 
Modulus 
E, GPa 

Poisson’s 
ratio  

Density 
, kg/m3 

Concrete B25 30 0.2 2500 
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Figure 4. Mesh within the void former cell used 
in the reference model of the considered cast-in-
place reinforced concrete bubble deck floor slab  
 
According to the results of the first part of the pre-
sent research [1], within which the modal analysis 
and static analysis have been performed for the 
models of the considered bubble deck floor slab 
meshed with either solid finite elements (the refer-
ence model) or structural finite elements, the clos-
est agreement to the results calculated with the 
reference finite element model has been obtained 
for the following two cases. In the first case, the 
slab has been simulated as two horizontal layers of 
shell finite elements of the type SHELL181, in 
which the Reissner-Mindlin plate theory is im-
plemented, with effective density (increased by a 
factor of k  = 1.1484 to match the mass of the 
model to that of the reference model) connected 
together with a honey-comb structure also meshed 
with shell finite elements of the type SHELL181 
with effective density (increased by the same fac-
tor of k  = 1.1484) and effective elastic modulus 
(iteratively changed to match the results of the 
modal analysis with the reference ones) (see Table 
2). In the second case, the slab has been modeled 
with one layer of shell finite elements of the type 
SHELL181 with effective density (decreased by a 
factor of k  = 1.4376) and effective elastic modu-
lus (see Table 3). 
In the present paper, various approaches to numer-
ical simulation of structural assembly comprised 
reinforced concrete bubble deck floor slab and 
reinforced concrete vertical load-bearing structural 
elements, in particular a column and wall with an 
embedded column, are considered. 

Table 2. Parameters of the double-layer engi-
neering finite element model 

# Element E, GPa  , kg/m3 t, mm 

1 Horizontal 
plate of the 
floor slab 

30 0.2 2871.1 55 

2 Vertical rib of 
the floor slab 

87 0.2 2871.1 35 

Note: parameters different from the reference 
ones are colored in blue 
 

Table 3. Parameters of the single-layer engi-
neering finite element model 

# Element E, GPa  , kg/m3 t, mm 

1 Floor slab 24 0.2 1739.1 250 

Note: parameters different from the reference 
ones are colored in blue 
 
 

ONE. INTERACTION OF 
THE BUBBLE DECK PART AND THE 
SOLID PART OF THE FLOOR SLAB 
 
The reinforced concrete bubble deck floor slab, 
as illustrated in Fig. 5, has two distinct areas. 
The central part of the slab contains void for-
mers, while the perimeter of the slab is solid to 
provide mechanical safety of the structural ele-
ment.  
 

 
Figure 5. The simulated part of the bubble deck 
floor slab (the part of the slab with void formers 

is outlined in red, the solid area of the slab is 
colored in blue) 
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a)  

b)  
Figure 6. The numerical model meshed with sol-

id finite elements: a) geometrical parameters 
and boundary conditions, b) cross-section view 

 
To simulate various structural assemblies in-
cluding bubble deck floor slab, it is necessary to 
accurately model transition between the part of 
the slab with void formers and the solid one.  
A finite element model of the whole floor slab 
utilized for reference simulations is shown in 
Fig. 6. All DOFs (Ux, Uy, Uz) of the nodes lo-
cated at the slab boundaries are restrained. 
Two different techniques to simulate the bubble 
deck floor slab, including its solid part, using 
structural finite elements are considered.  
Within the first technique, the void former cell 
of the slab is modelled as a honeycomb struc-
ture with top and bottom cover plates, which are 
all discretized through shell finite elements, 
while the solid part of the slab is discretized via 

a single layer of shell finite elements located at 
the middle surface (see Fig. 7).  
 

a)  

b)  

c)  

d)  

Figure 7. Finite element model for the first sim-
ulation technique: a) cross-section of the actual 
structure; b) computational model of the struc-
ture; c) computational model of the structure 

with displayed element thickness; d) orthogonal 
view (red – solid floor slab; light blue – cover 
plates of the bubble deck part of the floor slab; 
purple – vertical ribs of the bubble deck part of 

the floor slab) 
 
With the first engineering technique (Model 1), 
two different sets of material properties have 
been adopted (see Tables 4, 5). 
In the first parameter set, 1A, vertical ribs be-
tween the solid and the bubble deck parts of the 
floor slab have effective properties (density, 
elastic modulus) similar to those of other verti-
cal ribs for parameter set 1A. 
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Table 4. The parameters set 1A 
# Element E, GPa  , kg/m3 t, mm 

1 Horizontal plate 
of the bubble 

deck part of the 
floor slab 

30 0.2 2871.1 55 

2 Vertical rib of 
the bubble deck 
part of the floor 

slab 

87 0.2 2871.1 35 

3 Solid part of the 
floor slab 

30 0.2 2500 250 

Note: parameters different from the reference 
ones are colored in blue 
 
The parameter set 1B is based onto the parame-
ter set 1A. In the parameter set 1B, the elastic 
modulus of the vertical ribs between the solid 
part and the bubble deck parts of the floor slab 
elastic modulus has been significantly increased 
for the simulation results to match eigenfre-
quencies, eigenmodes, and static response of the 
reference model. 
 

Table 5. The parameters set 1B 
# Element E, GPa  , kg/m3 t, mm 

1 Horizontal plate 
of the bubble 

deck part of the 
floor slab 

30 0.2 2871.1 55 

2 Vertical rib of 
the bubble deck 
part of the floor 

slab 

87 0.2 2871.1 35 

3 Solid part of the 
floor slab 

30 0.2 2500 250 

4 Vertical rib at 
the perimeter of 
the bubble deck 
part of the floor 

slab 

400 0.2 2871.1 35 

Note: parameters different from the parameters 
set 1A are colored in yellow 
 
Within the second engineering technique (Mod-
el 2), both the solid part and the bubble deck 
part of the floor slab are discretized through one 
layer of shell finite elements. To match mass, 
stiffness, and dynamic response characteristics 
of the actual structure, effective values of mate-
rial properties – a parameters set 2A – have 
been used (see Table 6). 

Table 6. The parameters set 2A 
# Element E, GPa  , kg/m3 t, mm 

1 Bubble deck 
part of the floor 

slab 
24 0.2 1739.1 250 

2 Solid part of the 
floor slab 

30 0.2 2500 250 

Note: parameters different from the reference 
ones are colored in blue 
 
In the finite element models utilized within both 
considered techniques, all DOFs (Ux, Uy, Uz, 
Rotx, Roty, Rotz) of the nodes located at the 
slab boundaries are restrained. 
Results of the modal analyses performed using 
different numerical models are given in Table 7. 
Results of the static response analyses per-
formed using different numerical models are 
presented in Tables 8, 9, and Fig. 8. 
 

 

 
Figure 8. Normal stress along X-axis at the top 
face of the slab in the central cross-section due 

to the slab dead weight 
 
The finite element model created within the first 
engineering technique using the values of the 
parameters given in the set 1B and the finite el-
ement model created within the second engi-
neering approach using the values of the param-
eters given in the set 2A have yielded the closest 
agreement with the results of the modal analysis 
and the static response analysis obtained using 
the reference finite element model. The finite 
element model implementing the first engineer-
ing approach with the parameters set 1B has 
been chosen for further research. 
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Table 7. Results of the modal analyses (In 
brackets given are the discrepancy, in percent, 
from the results obtained with the reference fi-

nite element model) 

# 
Reference 

model 

Model 1 (pa-
rameters set 

1A) 

Model 1 (pa-
rameters set 

1B) 

Model 2 (pa-
rameters set 

2A) 

1 

 
36.6 Hz 

 

 
32.1 Hz  

(-12.1 %) 

 
34.8 Hz  
(-4.7 %) 

36.0 Hz  
(-1.5 %) 

2 

 
72.8 Hz 

 

 
69.4 Hz  
(-4.7 %) 

 
71.5 Hz  
(-1.8 %) 

 
72.2 Hz  
(-0.8 %) 

3 

 
72.8 Hz 

 

 
69.4 Hz  
(-4.7 %) 

 
71.5 Hz  
(-1.8 %) 

 
72.2 Hz  
(-0.8 %) 

4 

 
105.3 Hz 

 

 
101.5 Hz  
(-3.6 %) 

 
103.3 Hz  
(-1.9 %) 

 
105.1 Hz  
(-0.2 %) 

5 

 
126.5 Hz 

 

 
125.9 Hz  
(-0.5 %) 

 
126.7 Hz  
(+0.1 %) 

 
127.0 Hz  
(+0.4 %) 

6 

 
127.2 Hz 

 

 
126.4 Hz  
(-0.6 %) 

 
127.2 Hz  
(+0.0 %) 

 
127.7 Hz  
(+0.4 %) 

7 

 
156.2 Hz 

 

 
153.4 Hz  
(-1.8 %) 

 
154.5 Hz  
(-1.1 %) 

 
157.4 Hz  
(+0.8 %) 

8 

 
156.2 Hz 

 

 
153.4 Hz  
(-1.8 %) 

 
154.5 Hz  
(-1.1 %) 

 
157.4 Hz  
(+0.8 %) 

Table 8. Comparison of the vertical displace-
ments due to the slab dead weight (In brackets 
given are the discrepancy, in percent, from the 

results obtained with the reference finite ele-
ment model) 

Reference 
model 

 

Uzmax = 
 -0.31 
mm 

Model 1 
(parameters 

set 1B) 

 

Uzmax =  
-0.34 mm 
(-9.7%) 

Model 2 
(parameters 

set 2A) 

 

Uzmax =  
-0.32 mm 
(-3.2%) 

 
Table 9. Comparison of the normal stress along 

X-axis at the top face of the slab in the central 
cross-section due to the slab dead weight (see 

also Fig. 8) 
Finite ele-

ment model 
Min x, Pa  

Max x, 
Pa 

 

Reference 
model 

-448349 - 1025472 - 

Model 1 
(parameters 

set 1B) 
-466473 -4 831076 -19 

Model 2 
(parameters 

set 2A) 
-376800 +16 901916.2 -12 

 
 
3. PROBLEM TWO. A STRUCTURAL 
ASSEMBLY COMPRISING A BUBBLE 
DECK FLOOR SLAB AND A COLUMN 
 
The second formulated problem deals with sim-
ulation of a structural assembly comprising a 
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bubble deck floor slab and a column using shell 
and beam finite elements for its spatial discreti-
zation. To determine the most accurate and effi-
cient engineering technique for this problem, 
several models based on shell finite elements 
have been assembled and tested. Accuracy and 
efficiency of the particular engineering tech-
nique has been evaluated through comparison of 
the results of modal analysis with those obtained 
using a reference finite element model. As in the 
first case considered in the present work, as well 
as in the first part of the research [1], the refer-
ence model is the one constructed using solid 
finite elements. The reference finite element 
model is shown in Fig. 9. 
According to the solution of the first problem 
describe in the previous section, the constructed 
engineering models are all based onto represen-
tation of the bubble deck part of the floor slab as 
a honey-comb structure covered with top and 
bottom plates, and discretization of the solid 
part of the floor slab with one layer of shell fi-
nite elements located at its middle surface. A 
total of three engineering models have been 
constructed, which use the same mesh (shown 
in Fig. 10) and differ from each other only in 
their parameter values. 
The first parameters set, 1A, (see Table 10) is 
based onto the parameters set 1A from the pre-
vious section (see Table 4) with an extension to 
include column parameters.  
In the second parameters set, 1B, (see Table 11) 
which is based onto the parameters set 1A, an 
area of the floor slab within the projection of the 
column cross-section (see Fig. 11) has the 
Young’s modulus several orders of magnitude 
greater than that for the rest of the slab to more 
precisely simulate a column-slab intersection 
which response within the considered problem 
is close the rigid body one.  
In the third parameters set, 1C, (see Table 12) 
the Young’s modulus of the vertical ribs at the 
perimeter of the bubble deck part of the floor 
slab (see Fig. 11) has been increased by several 
times, like in the parameters set 1B of the previ-
ous section (see Table 5). 
 

a)  

b)  

)  
Figure 9. Geometrical parameters and bounda-
ry conditions (red lined) of the reference model 
of the structural assembly comprising the bub-

ble deck floor slab and the column: a) top view; 
b) side view; c) orthogonal view 

 
All DOFs (Ux, Uy, Uz, Rotx, Roty, Rotz for 
the models constructed using shell and beam 
finite elements and Ux, Uy, Uz for the refer-
ence model discretized with solid finite ele-
ments) of the nodes located at the column top 
and bottom are restrained. Boundary condi-
tions at the simulated slab perimeter take into 
account symmetry of the problem, in particu-
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lar horizontal displacements in the normal 
direction to a corresponding edge are re-
strained. 

 

a)  

b)  
Figure 10. Finite element mesh used to simulate 
the structural assembly comprising the bubble 

deck floor slab and the column: a) element 
thickness displayed; b) element thickness is not 

displayed 
 
 

Table 10. The parameters set 1A 
# Element E, GPa  , kg/m3 t, mm 

1 Horizontal 
plate of the 
bubble deck 
part of the 
floor slab 

30 0.2 2871.1 55 

2 Vertical rib of 
the bubble 

deck part of 
the floor slab 

87 0.2 2871.1 35 

3 Solid part of 
the floor slab 

30 0.2 2500 250 

4 Column 30 0.2 2500 500×500 

Note: parameters different from the reference 
ones are colored in blue 
 
The results of the modal analysis of the struc-
tural assembly comprising the bubble deck floor 
slab and the column are given in Table 13. The 
engineering finite element model used in con-

junction with the parameters set 1C (see in Ta-
ble 11) has yielded the closest agreement with 
the eigenproblem solution obtained using the 
reference finite element model discretized with 
solid finite elements. The largest discrepancy 
amounts to 5%. 
 

Table 11. The parameters set 1B 
# Element E, GPa  , kg/m3 t, mm 

1 Horizontal 
plate of the 
bubble deck 
part of the 
floor slab 

30 0.2 2871.1 55 

2 Vertical rib of 
the bubble 

deck part of 
the floor slab 

87 0.2 2871.1 35 

3 Solid part of 
the floor slab 

30 0.2 2500 250 

4 Column 30 0.2 2500 500×500 

5 

Floor slab 
within the 

projection of 
the column 

cross-section 

3e06 0.2 0 250 

Note: parameters different from the parameters 
set 1A are colored in yellow 
 

Table 12. The parameters set 1C 
# Element E, GPa  , kg/m3 t, mm 

1 Horizontal 
plate of the 
floor slab 

30 0.2 2871.1 55 

2 Vertical rib of 
the floor slab 

87 0.2 2871.1 35 

3 Solid part of 
the floor slab 

30 0.2 2500 250 

4 Column 30 0.2 2500 500×500 
5 Floor slab 

within the 
projection of 
the column 

cross-section 

3e06 0.2 0 250 

6 

Vertical rib at 
the perimeter 
of the bubble 
deck part of 
the floor slab 

400 0.2 2871.1 35 

Note: parameters different from the parameters 
set 1B are colored in yellow 
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Table 13. Results of the modal analysis (In 
brackets given are the discrepancy, in percent, 
from the results obtained with the reference fi-

nite element model) 
# 

Reference 
model 

Parameter set 
1A 

Parameter set 
1B 

Parameter 
set 1C 

1 
 

14.3 Hz 
 

 
11.0 Hz  

(-22.9 %) 

 
14.5 Hz  
(+1.5 %) 

 
14.8 Hz  
(+3.6 %) 

2 
 

14.3 Hz 
 

 
11.0 Hz  

(-22.9 %) 

 
14.5 Hz  
(+1.5 %) 

 
14.8 Hz  
(+3.6 %) 

3 
 

16.3 Hz 
 

 
13.9 Hz  

(-15.1 %) 

 
15.4 Hz  
(-5.4 %) 

 
16.5 Hz  
(+1.3 %) 

4 
 

20.5 Hz 
 

 
19.6 Hz  
(-4.1 %) 

 
20.1 Hz  
(-1.7 %) 

20.3 Hz  
(-0.7 %) 

5 
 

37.4 Hz 
 

 
31.9 Hz  

(-14.7 %) 

 
32.7 Hz  

(-12.6 %) 

 
36.3 Hz  
(-3.1 %) 

6 
 

49.1 Hz 
 

 
41.6 Hz  

(-15.2 %) 

 
43.2 Hz  

(-12.0 %) 
46.6 Hz  
(-5.0 %) 

7 
 

49.1 Hz 
 

 
41.6 Hz  

(-15.2 %) 

 
43.2 Hz  

(-12.0 %) 

 
46.6 Hz  
(-5.0 %) 

8 
 

58.6 Hz 
 

 
50.0 Hz  

(-14.7 %) 

 
52.7 Hz  

(-10.1 %) 

 
56.11 Hz  
(-4.3 %) 

… … … … … 

 
Figure 11. The finite element model used in con-
junction with the parameters set 1C (finite ele-

ments within the projection of the column cross-
section are colored in green) 

 
 
4. PROBLEM THREE. A STRUCTURAL 
ASSEMBLY COMPRISING A BUBBLE 
DECK FLOOR SLAB AND A WALL WITH 
AN EMBEDDED COLUMN 
 
Another problem considered in the present pa-
per deals with simulation of a structural assem-
bly comprising a bubble deck floor slab and a 
wall with an embedded column using shell and 
beam finite elements for its spatial discretiza-
tion. Three engineering approaches have been 
tested to determine the most accurate and effi-
cient one. Accuracy and efficiency of the par-
ticular engineering technique has been evaluated 
through comparison of the results of modal 
analysis with those obtained using a reference 
finite element model. As in the first two cases 
considered in the present work, as well as in the 
first part of the research [1], the reference model 
is the one constructed using solid finite ele-
ments. Geometrical parameters and spatial dis-
cretization of the reference finite element model 
are given in Fig. 12.  
All DOFs (Ux, Uy, Uz, Rotx, Roty, Rotz for the 
models constructed using shell and beam finite 
elements and Ux, Uy, Uz for the reference mod-
el discretized with solid finite elements) of the 
nodes located at the column top and bottom are 
restrained. Boundary conditions at the simulated 
slab perimeter take into account symmetry of 

Vertical ribs at the perimeter of 
the bubble deck part of the slab
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the problem, in particular horizontal displace-
ments in the normal direction to a corresponding 
edge are restrained. 
 

a)  

b)  

c)  
Figure 12. Geometrical parameters and bound-
ary conditions (red lined) of the reference model 
of the structural assembly comprising the bub-

ble deck floor slab and the wall with the embed-
ded column: a) top view; b) side view; c) or-

thogonal view 
 
The engineering finite element model used to 
solve the considered problem is based onto the 
model constructed in the previous section with 

the only difference that the wall has been added 
(see Fig. 13). As in the previous case, a differ-
ence between the three tested engineering tech-
niques concerns values of the parameters de-
fined in each case (see Tables 14–16). 
 

a)  

b)  
Figure 13. Finite element mesh used to simulate 
the structural assembly comprising the bubble 
deck floor slab and the wall with the embedded 
column: a) element thickness displayed; b) ele-

ment thickness is not displayed 
 

Table 14. The parameters set 1A 
# Element E, GPa  , kg/m3 t, mm 

1 Horizontal 
plate of the 
bubble deck 
part of the 
floor slab 

30 0.2 2871.1 55 

2 Vertical rib of 
the bubble 

deck part of 
the floor slab 

87 0.2 2871.1 35 

3 Solid part of 
the floor slab 

30 0.2 2500 250 

4 Column 30 0.2 2500 500×500 

5 Wall 30 0.2 2500 250 

Note: parameters different from the reference 
ones are colored in blue 
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Table 15. The parameters set 1B 
# Element E, GPa  , kg/m3 t, mm 
1 Horizontal plate 

of the bubble 
deck part of the 

floor slab 

30 0.2 2871.1 55 

2 Vertical rib of 
the bubble deck 
part of the floor 

slab 

87 0.2 2871.1 35 

3 Solid part of the 
floor slab 

30 0.2 2500 250 

4 Column 30 0.2 2500 500×500 

5 Wall 30 0.2 2500 250 

6 

Floor slab with-
in the projection 
of the column 
cross-section 

3e06 0.2 0 250 

Note: parameters different from the parameters 
set 1A are colored in yellow 
 

Table 16. The parameters set 1C 
# Element E, GPa  , kg/m3 t, mm 
1 Horizontal plate 

of the bubble 
deck part of the 

floor slab 

30 0.2 2871.1 55 

2 Vertical rib of 
the bubble deck 
part of the floor 

slab 

87 0.2 2871.1 35 

3 Solid part of the 
floor slab 

30 0.2 2500 250 

4 Column 30 0.2 2500 500×500 
5 Wall 30 0.2 2500 250 
6 Floor slab with-

in the projection 
of the column 
cross-section 

3e06 0.2 0 250 

7 

Vertical rib at 
the perimeter of 
the bubble deck 
part of the floor 

slab 

400 0.2 2871.1 35 

Note: parameters different from the parameters 
set 1B are colored in yellow 
 
The results of the modal analysis of the structural 
assembly comprising the bubble deck floor slab 
and the wall with the embedded column are given 
in Table 17. The engineering model used in con-
junction with the parameters set 1C (see in Table 
16) has yielded the closest agreement with the so-
lution obtained using the reference finite element 
model discretized with solid finite elements. The 
largest discrepancy amounts to 5.7%. 

Table 17. Results of the modal analysis (In 
brackets given are the discrepancy, in percent, 
from the results obtained with the reference fi-

nite element model) 

# 
Reference 

model 
Parameter set 

1A 
Parameter set 

1B 
Parameter set 

1C 

1 
 

15.8 Hz 
 

 
13.1 Hz  

(-17.0 %) 

 
15.3 Hz  
(-2.9 %) 

 
16.1 Hz  
(+2.2 %) 

2 
 

16.1 Hz 
 

 
14.1 Hz  

(-12.8 %) 

 
15.9 Hz  
(-1.4 %) 

 
16.4 Hz  
(+1.6 %) 

3 

24.9 Hz 
 

 
22.0 Hz  

(-11.5 %) 

 
22.6 Hz  
(-9.5 %) 

 
23.9 Hz  
(-4.0 %) 

4 
 

25.9 Hz 
 

 
22.9 Hz  

(-11.5 %) 

 
23.1 Hz  

(-10.7 %) 

 
24.4 Hz  
(-5.7 %) 

5 
 

43.2 Hz 
 

 
37.1 Hz  

(-14.3 %) 

 
37.7 Hz  

(-12.7 %) 

 
41.2 Hz  
(-4.7 %) 

6 
 

50.3 Hz 
 

 
43.1 Hz  

(-14.2 %) 

 
44.2 Hz  

(-12.1 %) 
47.6 Hz  
(-5.4 %) 

7 
 

56.8 Hz 
 

 
48.4 Hz  

(-14.9 %) 

 
50.6 Hz  

(-10.9 %) 

 
54.1 Hz  
(-4.8 %) 

8 
 

93.5 Hz 
 

 
81.7 Hz  

(-12.6 %) 

 
84.3 Hz  
(-9.8 %) 

 
91.8 Hz  
(-1.8 %) 
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CONCLUSION 
 
The following conclusions can be made based 
on the first part of the research [1], the present 
paper, and their comparison: 
1. Three types of finite element models have 

been constructed to perform static response 
analysis and modal analysis of a reinforced 
concrete bubble deck floor slab as a separate 
unit or as a part of a structural assembly 
comprising the slab and a column or the slab 
and a wall with an embedded column: 

 Models of the first type have been spatially 
discretized with solid finite elements, that has 
allowed one to precisely repeat the bubble deck 
floor slab geometry. Numerical results ob-
tained with such models have been considered 
as reference ones.  
 Models of the second type have been spa-

tially discretized with shell and beam finite el-
ements. In these models the void former cell of 
the slab is modelled as a honey-comb structure 
with top and bottom cover plates.  
 Models of the third type have also been spa-

tially discretized with shell and beam finite el-
ements, but in these models the part of the 
floor slab with void formers is modelled 
through one layer of shell finite elements locat-
ed at the slab middle surface and been assigned 
effective mass and stiffness properties.  
2. Numerical models based on solid finite ele-

ments allow one to accurately simulate stat-
ic and dynamic responses of structural ele-
ments with a complex cross-section, like the 
considered bubble deck floor slab. Yet, ap-
plication of such an approach to a building 
arises enormous difficulties during model 
construction and is very time consuming at 
the analysis stage. Moreover, common tools 
to design reinforcement are not applicable 
within such an approach. 

3. The engineering approach, within which the 
void former cell of the slab is modelled as a 
honeycomb structure with top and bottom 
cover plates, all discretized with shell finite 
elements, significantly reduces human and 
computational resources necessary to con-

struct and analyze the model of a building, in 
which the considered lightweight structural 
solution is adopted. It provides sufficient ac-
curacy and allows one to use standard design 
tools, in particular to determine the required 
amount of reinforcement. This developed 
technique is recommended to be utilized for 
simulation of building with similar light-
weight structural elements solutions, in par-
ticular located in earthquake-prone regions. 

4. The engineering approach, in which the rein-
forced concrete bubble deck floor slab is 
modelled with one layer of shell finite ele-
ments located at the slab middle surface and 
been assigned effective mass and stiffness 
properties, provides relatively low accuracy 
with respect to both static and dynamic re-
sponses of such structural elements and as-
semblies comprising them, and, given the 
more accurate alternative exists, should not be 
utilized for simulation of buildings with bub-
ble deck floor slabs exposed to seismic loads. 
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PROBABILISTIC DYNAMIC ANALYSIS OF A SINGLE-MASS 
VIBRATION ISOLATION SYSTEM 

 
Vladimir A. Smirnov, Marina V. Shitikova 

 Moscow State University of Civil Engineering. Moscow, RUSSIA 
 
Abstract: The article considers the problem of probabilistic calculation of a single-mass oscillatory system 
intended for solving problems of force or kinematic vibration isolation. The solution of three problems for the 
mode of free and forced oscillations is considered depending on the element, the probabilistic characteristics of 
which are determined. The first problem includes the case of a known probabilistic distribution of the load and 
constant system parameters. The second problem includes the case of a known probabilistic distribution of the 
system parameters under a constant external influence. The third problem will combine known probabilistic 
characteristics for both the external influence and the system parameters. The purpose of solving these problems 
is to obtain the distribution of the system response under the specified types of influences, as well as to test the 
methodology for their numerical solution using the Monte Carlo method. 
 

Keywords: vibration isolation, probabilistic calculations, randomness, force vibration protection, 
kinematic vibration protection, single-mass system 
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1. INTRODUCTION 
 
The single-degree-of-freedom (SDOF) 
mechanical model is widely used as the simplest 
model for analyzing oscillations and vibration 
isolation of various objects. The equation of 
motion of such a linear system is written as [1] 
 
 1( ) ( ) ( ) ( )mu t cu t ku t F t , (1) 

where m  is the mass of the object, kg; c  is the 
coefficient of viscous damping, Ns/m; k  is the 
dynamic stiffness of the elastic element, N/m; 
and 1( )F t  is the external force, N. 

The natural frequency of the system could be 

determined as 0 /k m , while the relative 

damping coefficient is defined as 
2

c
km

. 
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The deterministic approach to vibration isolation 
calculation assumes that the system parameters 
( m , c , k ) and the external loading ( )f t  are 
precisely known and constant. However, in real 
conditions, both factors could vary significantly, 
being random in nature due to manufacturing 
tolerances, changes in material properties and 
unpredictability of external loads [2, 3]. Ignoring 
this random variability leads either to 
unreasonably high safety margins (and an 
increase in the mass and cost of vibration 
isolation system) or to reduced reliability if the 
actual deviations exceed the calculated tolerances 
[3, 4]. Considering the probabilistic 
characteristics of both the load and system 
parameters allows for a more realistic assessment 
of the dynamic response of the vibration-isolated 
object and the reliability of vibration protection 
[1]. Modern design standards for structures and 
machines are increasingly based on the concepts 
of reliability and the probabilistic approach, 
especially for critical structures under severe 
dynamic loads (seismicity, explosion, road 
disturbances, etc.) [3].  
For vibration isolation systems, the statistical 
approach means determining the probability 
distribution of the response (displacements, 
and/or| accelerations) instead of a single 
deterministic value. In this way, it is possible to 
estimate the probability with which critical 
vibration levels will be exceeded and to select 
the system parameters that ensure a given level 
of reliability under random impacts [3]. In 
practice there are problems in which the 
external impact on the system could be 
represented as a random variable (or random 
process) with known distribution parameters. A 
large body of work is devoted to the study of 
this issue, including the monographs by Bolotin 
[5], Biderman [6], Mondrus [7], Raiser [8], etc. 
Such types of random loads include wind loads 
[9, 10], transport loads [11, 12], pedestrian loads 
[13, 14], microseismic activity [15, 16], and 
many others. There is also a class of problems 
in which the system parameters (bearing 
capacity, deformation characteristics) could be 
expressed as random variables with known 
distribution parameters [18 – 20]. 

This article is aimed at the assessment of the 
response probabilistic characteristics for a 
simple SDOF system subjected to an external 
load, provided that either the load is a random 
variable with a known distribution, or the 
system parameters have known probabilistic 
characteristics. Since the materials used in 
vibration isolation systems for buildings, 
structures, and various units have a certain 
manufacturing error: either geometric 
dimensions or mechanical parameters, this 
problem is of high interest. In addition, the 
forces acting on vibration isolation system often 
vary greatly over time, which leads to the need 
to use probabilistic approaches in their 
calculation justification. 
In connection with the above, we consider 
problems of three types: 
1. Random characteristics of system parameters. 
2. Random load with a known distribution. 
3. Combination of tasks of types 1 and 2. 
 
 
2. MODEL 
 
We consider the SDOF model for the vibration 
isolation system shown in Figure 1, in which the 
isolated body of mass m rests on the Kelvin-
Voigt element, which has an elastic element of 
stiffness k and a viscous element c. The body m 
is subject to either an external load of the type 
F1(x,t) (to simplify the problem, we will assume 
that its value does not depend on the 
displacement x of mass m), or a kinematic 
disturbance of the base of the type F2(t) = z(t) is 
applied. 
 

 
Figure 1. Calculation scheme of a single-mass 

oscillatory system 
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The equation for an oscillating mass m under 
the action of an external load F1(t) is described 
by equation (1) subjected to the initial 
conditions  
 
 00 10(0) , (0)x x x x . (2) 

 
In the case of an external motion of the base 

( )z t , equation (1) is reduced to the form: 
 
 mx cx kx mz . (3) 
 
The quality of the vibration isolation is assessed 
by the value of the transfer function: 
 

 

2

2

0
22 2

2

0 0

1

20log

1

f
f

L
f f
f f

, (4) 

 
where f is the external load frequency, Hz; f0 is 
the natural frequency of the system, Hz, 

0 02 f ; and 2 is the loss coefficient of 

the system. 
To account for the spread of parameters in 
calculations of single-mass systems, both 
numerical Monte Carlo methods and 
analytical approaches are used [21, 22]. The 
direct Monte Carlo method involves multiple 
modeling of the system response with 
different realizations of random load 
parameters or stiffness/damping (generated 
according to a known distribution law) and 
subsequent statistical analysis of the response 
(assessment of the amplitude distribution, 
probability of exceeding threshold values, 
etc.). This approach is universal and is easily 
implemented for the SDOF model [23]. 
However, it does not provide an explicit 
analytical understanding of the influence of 
parameter uncertainty and may require large 
computational costs when it is necessary to 
estimate small failure probabilities. Therefore, 
analytical methods have been developed in the 
literature that make it possible to obtain 

response characteristics without directly 
enumerating a set of realizations. One of the 
classical results is the so-called "damping 
effect" in stochastic oscillators: it was shown 
that random fluctuations of the natural 
frequency 0  lead to a decrease in the average 

resonant response as if the system had more 
damping, smoothing out the resonance [24]. 
Adhikari and Pascual [1] considered a linear 
oscillator with a given distribution of the 
natural frequency (uncertainty in k for fixed 
m, c) and obtained an analytical expression for 
the mean square response in the vicinity of 
resonance. In particular, for the case of 

0 uniform distribution, a closed formula for 

the equivalent damping coefficient was 
derived, explaining the decrease in the 
amplitude of the average response compared 
to a deterministic system [24]. In addition, 
they developed a hybrid analytical-numerical 
method (the Laplace method) for calculating 
not only the average, but also the variance of 
the response function (frequency 
characteristic) of the SDOF system for various 
specified parameter distributions (normal, 
lognormal, gamma distribution, etc.) [25, 26]. 
The obtained approximate formulas were 
successfully verified by comparison with 
direct simulation using the Monte Carlo 
method [27]. An important conclusion was 
that standard small parameter methods (series 
expansion in small parameter variance) or 
polynomial chaos could give large errors near 
resonance [28]. This is due to the nonlinear 
dependence of the forced vibration amplitude 
on the natural frequency near the resonant 
point. Thus, special approaches that take the 
stochastic nature of resonance into account are 
required for a reliable estimate of the 
maximum response. Since for the vibration 
isolation system its operational range is 
usually far from resonance, the Monte Carlo 
method was used for the calculations in 
further analysis. 
 
2.1. Problem I 
In real vibration isolators, the system 
parameters – primarily the elastic element 
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stiffness (k) and the damping coefficient (c) – 
are not strictly constant values, but have a 
spread due to such technological features as 
material degradation over time, variations in 
temperature and humidity conditions, and so 
on [29]. This leads to the fact that the resonant 

0 and the quality factor of the 
system also become random variables. If the 
external influence (e.g., harmonic force or 
acceleration of the foundation) is fixed and 
defined, then the system response (oscillation 
amplitudes, transmitted forces) will be random 
due to the uncertainty in k, c (or m) [29]. Such 
a scatter in properties is incidental for 
elastomeric vibration isolators and rubber 
mounts: the actual elastic moduli and damping 
properties may differ from sample to sample. 
In addition to the discrepancies between the 
nominal and actual parameters due to 
manufacturing tolerances, additional changes 
occur during operation (e.g., rubber aging 
leads to changes in stiffness and damping). 
The spread of stiffness and loss factor values 
is usually described by statistical distributions 
determined based on experiments. There are 
various hypotheses about the distribution law 
of such parameters in literature. In the absence 
of sufficient experimental data, some 
researchers assume a uniform spread of ±5% 
from the nominal value or use a normal 
distribution with a variation coefficient of 
about 10–25% [30]. However, recent studies 
indicate that actual distributions could differ 
significantly from the normal one. For 
example, for rubber-metal building supports 
(seismic isolators), it was shown that the 
distributions of horizontal and vertical 
stiffness are better described by a lognormal 
law or a generalized extreme distribution, 
whereas the assumption of a “normal” 
distribution yields large systematic 
discrepancies [31, 32]. In Wu et al. [2], the 
characteristics of 224 rubber bearings were 
measured and statistical processing of 
different distributions was performed. Thus, 
based on the goodness-of-fit criteria, it was 
found that the lognormal and generalized 

extreme distributions (type I) provide the best 
fit to the experimental stiffness histograms, 
while the normal distribution deviates 
significantly [33, 34]. At the same time, the 
stiffness variation coefficients obtained in 
these tests lie in the range of ~1–5%, which 
reflects the relative homogeneity of serial 
isolators during controlled production [35, 
36]. Nevertheless, even such a spread 
significantly affects the dynamic properties of 
the system. Vibration isolation systems often 
use vibration damping mats laid along the 
base of the foundation of the protected 
building, structure or machine. Let us assume 
a design situation in which a vibration 
damping mat with plan dimensions a x b and 
thickness t is laid along the base of the 
protected mass m. In this case, the system 
parameters have statistical characteristics 
presented in Table 1. 
In the case of using vibration damping mats, 
their dynamic rigidity kdyn could be determined 
by the formula: 
 

 dyn surf
dyn

E A
k

t
, (5) 

 
where Edyn is the value of the dynamic modulus 
of elasticity corresponding to the specified load 
on the sample, the frequency of load application 
and its shape factor, N/m2; Asurf is the area of the 
loaded sample, m2; and t is the thickness of the 
loaded sample, m. 
Assuming that the specified parameters have a 
normal distribution, it is possible to evaluate the 
quality of the specified vibration protection 
system and to estimate the sensitivity to a set of 
factors. 
Figures 2 a – f show the normal distribution 
curves of the parameters used in the 
calculations. The curves were obtained by the 
Monte Carlo method (at least 100,000 tests) 
taking into account the distribution parameters 
according to Table 1. 
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Table 1. Statistical characteristics of vibration protection system elements 
 

Parameter  
Mean 
value 

Dimension Variance Notes 

Geometric dimensions of vibration damping mats 

a 1200 mm 5% 

ISO3302-1:1999 (Class L3) b 1500 mm 5% 

t 25 mm 5% 

Physical and mechanical characteristics of mats 

Edyn 0.75 N/mm2 7% 
Author data 

 0.13 - 7% 

Isolated mass 

m 10500 kg 10% 
Considering safety factors + errors in dimensions 

+ errors in material density 
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Figure 2. Distribution of design parameters according to Table 1: a) length; b) width; c) 

thickness; d) Edyn; e) ; f) m. 
 
By setting the parameters in formulas (4) and (5) 
in the form of random variables having a normal 
distribution with the characteristics given in Table 
1, it is possible to estimate the distribution of the 
calculation results, namely:  the natural oscillation 
frequency of the vibration protection system, as 

well as the efficiency of vibration isolation in the 
frequency range from 1 to 100 Hz (a 1/3-octave 
spectrum was selected for calculation). 
The distribution of the natural oscillation 
frequency of the vibration protection system is 
shown in Figure 3.  
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Figure 3. Probability density of the natural oscillation frequency of the vibration protection 

system 
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The calculation results show that the 95% 
confidence interval includes f0 values from 9.89 
to 13.28 Hz with the median value being 11.42 
Hz. The standard deviation for f0 is 0.86 Hz. 
The graph in Figure 3 illustrates a slight 
asymmetry relative to the median value, the 
asymmetry coefficient is 0.34 (i.e. the right tail 
of the distribution is larger than the left). When 

performing a deterministic calculation, f0 = 
11.41 Hz, which coincides with the median 
value. 
To assess the efficiency of the vibration 
protection system, we will estimate the 
distribution of the transfer function (4). The 
results are presented in the form of a Whisker 
diagram in Figure 4. 

 
a) 

 
 

b) 

 
Figure 4. Distribution of calculation results for the L function: a) with due account for the 

probability distribution; b) deterministic case 
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According to the graph in Figure 4a, it can be 
noted that, in contrast to the deterministic graph 
of the frequency response of the system (Figure 
4b), the account for the statistical distribution of 
the parameters of the vibration isolation system 
leads to an expansion of the resonance zone 
(which corresponds to an increase in the spread 
of the natural oscillation frequency according to 
Figure 3 - from 9.89 to 13.28 Hz). The median 
value shown in Figure 4a repeats the graph in 
Figure 4b. But at the same time, the spread of 

the maximum and minimum values (end points 
of straight lines) in the resonance region has the 
greatest significance. In this case, the vibration 
isolation system is extremely sensitive to the 
reliability of the specified values. It could be 
emphasized that the pre-resonance mode has a 
distribution of results shown in Figure 5a - with 
a predominance of the right tail. i.e.  the 
asymmetrical coefficient has positive values 
increasing to the resonance mode.  
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Figure 5. Distribution of the L function depending on the geometric mean frequency of the 
1/3-octave band. 

 
In the resonance mode in the 1/3-octave band 
with the geometric mean frequency of 12.5 
Hz, the asymmetry coefficient has negative 
values, as does the value of the standard 
deviation. The spread of the value of the 

resonance increase of oscillations has 
significant values from 2.5 to 4 dB. 
 
2.2. Problem II 
Another fundamental source of uncertainty in 
vibration protection problems is the random 
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nature of the external dynamic impact. Many 
disturbing forces and impacts are random 
processes by their nature: for example, seismic 
shocks, turbulent wind gusts, uneven road 
surfaces under a car, technological vibrations 
from equipment with a chaotic operating mode, 
etc. Even if the system parameters (m, c, k) 
could be considered as constant and known, the 
time implementation of the load f(t) 
continuously changes and is not exactly 
predictable, although it could have statistical 
regularities (spectral density, probability 
distribution of amplitudes, etc.). For the second 
type of problem, we consider the solution of 
equation (1) for an external load with a known 
distribution [23] shown in Figure 6. Many 
studies have shown that logistic distribution 
allows the most reliable assessment of the 
dynamic impact created, for example, by the 
movement of rail trains [11, 37]. 
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Figure 6. External load probability density  

 
The solution for the response of the system 
(spectral displacement of the vibration-isolated 
mass) under the action of a known external 
force is 
 

 0

2 22

FX
k m c

. (6) 

By using the numerical Monte Carlo method, it 
is possible to consider various variants of 
distributions for the F0 load, obtained, among 
other things, from the results of field tests. In 
particular, according to the results of the studies 
in [11], it is shown that in different octave 
bands, the form of the distribution function 
differs significantly (which is associated with 
different mechanisms of generating the 
specified vibration). Since the parameters of the 
system in the problem of the second type are 
deterministic, the distribution function will be a 
single curve, and not a family of realizations. In 
this case, of particular interest is the assessment 
of the spectral distribution for the mass 
displacement (6), which is shown in Figure 7 as 
a Whisker plot. 
 

Figure 7. Response spectrum of the vibration 
protection system in the 2d type problem 

 
The nature of the graph shown in Figure 7 (at least 
its median values) corresponds to the theoretical 
deterministic frequency response curve of a 
single-mass system, but differs in the magnitude 
of the spread. A significant spread is observed 
(between the maximum and minimum recorded 
values) in the pre-resonance region - one-third 
octave bands with a geometric mean frequency of 
1 – 8 Hz. In this case, the largest values of the 
spread of the calculation results occur at resonance 
- one-third octave bands with geometric mean 
frequencies of 10 and 12.5 Hz. In the post-
resonance region, the spread is reduced, thus, in 
one-third octave bands with geometric mean 
frequencies above 25 Hz it becomes of little 
influence. The 25% and 75% percentile, which are 
the extreme shelves of the boxes on the graph of 
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Figure 7, behaves similarly, however, the spread 
between these values is approximately an order of 
magnitude smaller than the spread between the 
maximum values. 
 
2.3. Problem III 
The most complex, but also the most realistic 
situation is when uncertainty is present both in the 
parameters of the vibration-isolated system and in 
the external dynamic impact. In this case, to 
adequately assess the response, it is necessary to 
conduct a joint probabilistic analysis that 
considers two sources of variability [5]. The 
problem is complicated by the fact that the 
response distribution is determined by the 
convolution (combination) of the distributions of 
random parameters and a random input process. A 
rigorous analytical approach is often impossible, 
and one must resort to either rough estimates (for 
example, assuming that the total effect of 
randomness is equivalent to some effective 
uncertainty) or large-scale numerical experiments. 
The Monte Carlo method was used in the problem 
precisely for this purpose. In the direct approach, a 
pair was generated: a random realization of a set 
of system parameters (m, c, k) and a random 
realization of the loading process f(t), after which 
the response was calculated using formula (6). 
Having repeated this process tens of thousands (or 
millions) times, the response distribution was 
empirically constructed. The calculation result is 
shown in Figure 8. 
 

 
Figure 8. Response spectrum of the vibration 

protection system in the 3d type problem 
 
The system response in the 3d type problem is 
characterized by the same principles as in the 2d 
type problem - repetition of the frequency 

response curve of a single-mass system. 
Comparison of the calculation results shown in 
Figures 7 and 8 reveals that the spread both in 
maximum values and in percentiles of 25% and 
75% in the case of the 3d type problem is much 
higher. This is especially observed in the 
resonance region, where for the 3d type  
problem not only the external load contributes 
to the spread of values, but also the system 
parameters themselves (in this case, the natural 
frequency) fluctuate in a wide range of values 
(similar to the 1s type problem). Figures 9 a and 
b present comparative graphs of the 
mathematical expectation and the root mean 
square deviation (RMS), respectively. 
The mathematical expectation (Figure 9a) in the 
problem of the 3d type, as predicted, is higher 
than in the problem of the 2d type by in average of 
1–7% (larger values correspond to one-third 
octave bands near the resonance band), but at 
resonance this difference increases to 6.4 times. A 
similar observation could be made based on the 
results of the standard deviation analysis shown in 
Figure 9b. On average, the standard deviation in 
problems of the 3d type is higher than in problems 
of the 2d type by 14–79%, but at resonance this 
difference increases to 2000 times. 
In this work, a comparison of the probability 
density of the response in characteristic one-third 
octave bands corresponding to the pre-resonance, 
resonant, and post-resonant operating modes was 
performed. The distribution curve for a problem 
of the 2d type is shown in red on the graphs in 
Figures 10a–c, and in blue – for a problem of the 
3d type. The nature of the distribution density 
graph in the pre-resonance mode (in the one-third 
octave band with a geometric mean frequency of 
6.3 Hz) for the problem of the 3d type partly 
repeats the nature of the frequency response 
distribution shown in Figure 5a with the 
predominance of the right tail of the distribution: 
the asymmetry coefficient is 0.63 versus 0.0088 
for the problem of the 2d type. For the post-
resonance region shown in Figure 10c, the 
behavior is identical to the pre-resonance one. 
The largest and most significant difference 
between the calculation results is observed at 
resonance, as is seen in Figure 10b. For ease of 
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display, the calculation results for problems of 
the 2d and 3d types are presented as a 
distribution function. 
The resonance mode (Figure 10b) is 
characterized by a significant scatter in the 
measurement results, only 81.1% of the values 
for the problem of the 3d type fall within the 
displacement range from 0.0001 to 0.001 m, 
with 99.8% for the problem of the 2d type. The 
distribution for the 3d type problem has a large 
right tail – the asymmetry coefficient is 211 
versus 0.01 for the 2d type problem, what 
indicates a higher probability of high 
displacement values of the vibration-isolated 
mass and a higher probability of exceeding the 

established criterion of the threshold 
displacement value. The influence of the model 
parameters on the calculation results is shown in 
Figure 11 for the resonance vibration mode.  
Considering the results shown in Figure 11, it could 
be stated that the control of the dynamic state of 
objects depends significantly on their mass, 
namely, the accuracy with which this parameter is 
determined. In second place is the accuracy of 
determining the geometric dimensions of vibration 
damping materials and the spread of dynamic load 
values. Under the current restrictions shown in 
Table 1, in third place are the dynamic 
characteristics of vibration damping materials used 
in a specific vibration isolation system. 

 
a) 

 
b) 

Figure 9. Spectra of mathematical expectation (a) and root mean square value (b) for problems of 
the 2d and 3d types 
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b) 12,5 Hz 
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Figure 10. Comparative graphs of the 

probability density distribution of the system 
response 
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Figure 11. Influence of model parameters on 
calculation results for the 3d type problem 

3. CONCLUSION 
 
The conducted calculations of SDOF systems and 
their analysis demonstrate that accounting for 
random factors significantly alters the assessment 
of dynamic behavior in such systems. When 
system parameters are stochastic, distributions of 
resonant frequencies and amplitude-frequency 
characteristics (for example, within each band of a 
one-third octave spectrum) can be predicted to 
estimate the probabilistic range of vibration 
isolation efficiency. For random external 
excitations, advanced spectral and statistical 
analysis tools provide mean and extreme estimates 
of response considering actual load characteristics. 
Consideration of both types of uncertainties 
simultaneously is more complex and currently 
addressed by combining analytical and numerical 
methods, including Monte Carlo simulations. The 
approach developed in this work enables 
determination of probabilities of exceeding 
threshold values established for the isolated object 
using experimental results, while remaining 
within the linear operating region of vibration 
isolator components. Additionally, the Monte 
Carlo method numerically evaluates how element-
to-element variability contributes to probabilistic 
response characteristics, allowing variation of 
these parameters as needed to increase accuracy. 
These approaches enable engineers to make more 
informed decisions when selecting vibration 
isolator parameters, balancing mass-stiffness 
trade-offs with required probability levels for 
reducing vibrations below safe thresholds. As 
reliability and durability requirements grow for 
machinery and structures, the probabilistic 
approach to vibration isolation transitions from 
scientific research into practical engineering 
calculation tools, ensuring safety and economic 
efficiency in vibration protection projects. 
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STRESS-STRAIN STATE OF SLIP-CRITICAL CONNECTIONS IN 
METAL STRUCTURES, WITH REGARD TO THE SPECIFICS OF 

BOLT TENSION CONTROL 
 

Andrey A. Vasilkin, Georgiy V. Zubkov 

National Research University Moscow State University of Civil Engineering, Moscow, RUSSIA 
 
Abstract: The load-bearing capacity of a slip-critical connection depends on two factors: the bolt tension force 
and the friction coefficient between the coupled surfaces. Reliably achieving the specified tension force is 
necessary to guarantee the design performance of the connection. A number of methods for accomplishing this 
task are known, but only one of them is sufficiently well regulated and used in practice – the torque method. 
This article analyzes the requirements and guidelines of foreign and domestic regulatory documents, research 
conducted in this area in the construction industry and adjacent fields, and identifies the most reasonable methods 
for further study of bolt tension control. 
An analytical model of the stress-strain state of a slip-critical connection is proposed, and the relationship between 
the bolt tension force and the nut rotation angle is determined. The results obtained are compared with the 
recommendations of foreign regulations. 
An experimental study of the tensioning process for high-strength bolt sets of various diameters – M16, M20, and 
M24 – has been carried out. The relationships between the nut rotation angle, torque, and tension in the bolt body 
were described and analyzed. The obtained data were compared with the proposed calculation model. The nut 
rotation angles that allow the design bolt tension force to be achieved were established.  
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INTRODUCTION 
 
Slip-critical connections with pretensioned bolts 
are widely used in construction. The specific 
features of this type of connection, which involve 
the transfer of forces by means of friction, ensure 
reliability and high fatigue resistance of the 
connection under various types of loads and 
stresses, including seismic, dynamic, and 
vibrational. Currently, research is being 
conducted in the domestic scientific community 
and abroad to study various factors affecting the 
load-bearing capacity of joints [1...8]. 
One of the main conditions for achieving the 
design load capacity of a slip-critical connection 
is to ensure sufficient bolt pretension. Currently, 
two methods of pretension control are described 
in the normative documentation applicable: by 
tightening torque and by nut rotation angle. The 
method of controlling the pretension force by 
moment of tightening has been sufficiently 
researched and is widely used in practice. In turn, 
the method of controlling the pretension force by 
nut rotation angle has not been fully researched, 
and there are no guidelines for its use for a wide 
range of bolt diameters. It ensures that the design 
tension force is achieved in the fasteners used to 
execute the connection with a higher degree of 
reliability, and eliminates the influence of the 
tightening coefficient on tension force, which 
allows increasing the load-bearing capacity of 
the connection [10, 15, 16]. 
The purpose of this study is, firstly, to analyze 
the methods of pretension control used in 
international construction practice and related 
industries, the application of which can improve 
the reliability of controlled-tension bolted 
connections, increase labor productivity in the 
assembly of metal structures, and reduce the cost 
of their installation. 
Secondly, the aim is to describe the stress-strain 
state of a friction connection during bolt 
tensioning. Research into this process has been 
undertaken previously, for example in [12], but 
most of the relationships proposed were 
empirical. An analytical description of the 
performance of different connection elements 

during bolt tensioning will allow for 
experimental and numerical studies of the 
method of controlling bolt tension by angle of 
rotation and for the development of 
recommendations for its use, thereby increasing 
the load-bearing capacity of friction connections 
in metal building structures. 
Thirdly, to confirm the hypotheses adopted in the 
formation of the calculation model of the stress-
strain state of the connection, it is necessary to 
conduct an experimental study, describe and 
analyze the dependencies between the nut 
rotation angle, torque, and tension in the bolt 
body, compare them with the proposed 
calculation model and with the values obtained 
by other researchers and recommended in foreign 
and domestic documentation. The result of the 
work should be recommendations that allow the 
use of various methods of controlling bolt tension 
and identified directions for further research. 
 
 
METHODS 
 
The article analyzes the requirements of 
domestic and foreign regulatory documents 
regarding methods for controlling bolt 
pretension, domestic and foreign research on this 
topic, and identifies the most promising methods 
for further study of controlling the pretension of 
bolts in shear-resistant connections. 
Stress-strain state mathematical models of shear-
resistant joints proposed in previous studies are 
analyzed. Research experience and calculation 
methods in related disciplines, such as 
mechanical engineering, are examined and 
applied to analyze joints used in construction. 
The theoretical values of the nut rotation angle 
required to achieve the design bolt tension in the 
joint are calculated, and methods for determining 
the initial reference point of the nut rotation angle 
are analyzed. 
During the experiment, 15 bolt sets with 
diameters of M24, M20, and M16 (5 samples of 
each diameter) of strength class 10.9 according 
to GOST R 52644-2006 were tensioned. The 
thickness of the package formed by the testing 
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setup described below was 110 mm for all bolt 
set diameters. 
The bolt tensioning setup is shown in Figure 1. It 
consists of a 260x260 mm, 30 mm thick support 
plate made of C345 steel, which is attached to a 
solid fixed base with four M20 bolts of strength 
class 10.9 according to GOST R 52644 -2006 
through steel spacers made of C245 steel, which 
provide the necessary distance from the bottom 
of the support plate to the base surface for the bolt 
head to be placed. Three plates with different 
central hole diameters were manufactured for the 
experiment, which made it possible to test bolts 
of three different diameters. For testing M24 
bolts, the hole diameter is 26 mm, for testing 
M20 bolts – 22 mm, and for M16 bolts – 18 mm. 
The drawing of the support plate for the M24 bolt 
is shown in Figure 2. 
 

 
Figure 1. Testing setup 

 

 
Figure 2 Support plate for the M24 bolt

A calibrated load cell capable of measuring 
forces in the range from 0 to 500 kN is attached 
to the base plate with two M12 bolts. A 95x95 
mm distribution plate with a thickness of 10 mm, 
made of C245 steel, is installed on the upper 
surface of the load cell. Three distribution 
washers with different central hole diameters 
were manufactured for the experiment. The hole 
diameter is 26 mm for testing M24 bolts, 22 mm 
for testing M20 bolts, and 18 mm for testing M16 
bolts. The drawing of the distribution washer for 
the M24 bolt is shown in Figure 3. 
 

 
Figure 3. Distribution washer for the M24 bolt 

 
Preparation for the bolt pretensioning procedure 
was carried out in accordance with the 
instructions of SP 70.13330.2012. Bolts, nuts, 
and washers were deconserved by washing them 
in a mixture consisting of 70-75% unleaded 
gasoline and 30-25% mineral oil. After 
deconservation, the threads of the bolts and nuts 
were lubricated with mineral oil in accordance 
with GOST R 51634. 
The bolt set was installed in the assembled unit. 
Washers of the appropriate diameter were placed 
under the bolt head and nut. The bolt head was 
secured against movement. 
The first step in testing the bolt set was to tighten 
the nut by hand, without using tools. The nut was 
screwed onto the bolt thread with the fingers, 
applying as much force as possible. 
Two torque wrenches were used to tighten the 
bolt. The first, with a handle length of 0.5 m, was 
used to tighten the bolt to a torque of up to 400 
N*m. The second, with a handle length of 2 m, 
was used to tighten the bolt to a torque of more 
than 400 N*m. Before the experiment, the 
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wrenches were calibrated in accordance with the 
procedure described in GOST 33530-2015. 
Further tightening of the bolt was carried out in 
accordance with the following algorithm: 
1. Setting the required torque value on the 
torque wrench; 
2. Fixing the initial angle between the 
wrench handle and the reference point on a 
specially designed dial; 
In the first tensioning step, the initial angle value 
was fixed as the force in the bolt increased from 
a starting value of 0.6–0.9 kN to 1–2 kN. In the 
steps following the first, the initial angle was 
taken to be equal to the previous final one if the 
tensioning was performed without repositioning 
the wrench handle. If the wrench handle was 
repositioned between steps, a force equal to that 
applied in the previous step was applied to the 
wrench handle to measure the initial angle, and 
the initial angle was measured with the wrench in 
the “tensioned” position; 
3. Tensioning the bolt to the torque setting 
on the wrench. Tensioning was performed 
smoothly, without sudden movements; 
4. Measuring the final angle between the 
wrench handle and the angle measuring axis. The 
final angle was recorded when the wrench was in 
the “tension” position, with a force applied to the 
wrench handle corresponding to the required 
torque; 
5. Measuring the force in the bolt after 
tightening to the torque set on the wrench. 
In this way, the bolt tightening process was 
broken down into steps, each of which recorded 
the torque applied to the nut, its angle of rotation 
relative to the starting position, and the force in 
the bolt. The torque increase step was selected so 
that the calculated torque, determined in 
accordance with the instructions of SP 
70.13330.2012 at a tightening coefficient of 0.17, 
was achieved in 10 steps. The calculated forces 
for bolt sets were determined in accordance with 
the instructions of SP 16.13330.2017. 
The design force for M24 bolt sets of strength 
class 10.9 is 257.0 kN, for M20 bolt sets – 178.4 
kN, for M16 bolt sets – 114.3 kN. The design 
torque for M24 bolt sets is 1048.5 N*m, for M20 

bolt sets – 606.4 N*m, and for M16 bolt sets – 
310.8 N*m. 
The tested bolt set specimens are shown in Figure 4. 

 

 
Figure 4. Bolt set specimens 

 
 

RESULTS AND DISCUSSION  
 
The test results shown below were compared 
with the values specified in the standards of the 
Russian Federation (SP 70.13330.2012 Load-
bearing and enclosing structures), the United 
States (RCSC Specification for Structural Joints 
Using High-Strength Bolts 2020), the European 
Union (BS EN 1090-2:2018 – Execution of steel 
structures and aluminum structures) and Canada 
(CSA S16-09 – Design of steel). 
The reference point for the nut rotation angle 
when using the single-stage rotation angle 
control method is not clearly defined in foreign 
standards, however, SP 70.13330.2012 specifies 
the torque at which the angle measurement can 
be started – 176.4...240.1 N*m, with an average 
of 207 0 N*m This value is 207 0/1148 5 = 0 18
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of the design torque value at a tightening 
coefficient of 0.17. There are no 
recommendations for determining the initial 
torque for bolt sets of other diameters in the 
normative documentation, so we will assign the 
torque at which the nut rotation angle is counted 
to be proportional to the calculated torque with a 
tightening coefficient of 0.17. Then, for bolt sets 
with a diameter of M20, it will be equal to 
606.4*0.18 = 109.15 N*m, and for bolt sets with 
a diameter of M16, it will be equal to 310.8*0.18 
= 55.9 N*m. Due to the characteristics of the 
experimental setup, we will round the values to 
200, 100, and 60 N*m, respectively. 
The standard values for nut rotation angles are 
given in Table 1. 
 
Table 1. Standard values for nut rotation angles 

d Grip 
thickness 

RCSC 
2020 

CSA 
S16-24 

M16 
t<4d 120+60 120±30 

4d<t<8d 180+60 180±30 
t>8d 240+60 240±30 

M20 
t<4d 120+60 120±30 

4d<t<8d 180+60 180±30 
t>8d 240+60 240±30 

M24 
t<4d 120+60 120±30 

4d<t<8d 180+60 180±30 
t>8d 240+60 240±30 

 
Table 1(cont.). Standard values for nut rotation 

angles, SP 70.13330.2012 

d 
Grip 

thickness 
SP 70.13330.2012 

M16 
- - 
- - 
- - 

M20 
- - 
- - 
- - 

M24 
40…140 

(1,7…5.8d) 
180±30 

 
A comparison was also made with the combined 
method described in BS EN 1090-2:2018. When 

using this method, in the first stage of pre-
tensioning, the bolt set is tightened to a torque 
equal to 0.75 of the design torque. In the second 
stage, the nut of the bolt set is turned to a specific 
angle. 
The torque of the first stage for a bolt set with a 
diameter of M24 is 557 N*m, for a bolt set with 
a diameter of M20 – 322 N*m, and for a bolt set 
with a diameter of M16 – 165 N*m. We shall 
round these figures to 600, 300, and 150 N*m. 
The rotation angles recommended by the 
combined method described in BS EN 1090-
2:2018 are shown in Table 2. 
 
Table 2. Standard values for nut rotation angles 

for combined method,  

d 
Grip 

thickness 
EN  

M16 
t<2d 60 

2d<t<6d 90 
t>6d 120 

M20 
t<2d 60 

2d<t<6d 90 
t>6d 120 

M24 
t<2d 60 

2d<t<6d 90 
t>6d 120 

 
It should be noted that the approach used in 
conducting the experiment made it possible to 
compare the values obtained as a result of 
tensioning the same sample with the values 
regulated by various methods. 
The analytical model of the connection was 
formulated based on the following hypotheses: 
 the joint components fit tightly together, their 

geometry is close to ideal; 
 A certain angle of rotation of the nut 

corresponds to a certain displacement, depending 
on the thread pitch; 
 By determining the nut rotation angles 

corresponding to the deformations of various 
parts of the connection, it is possible to determine 
the total angle required to achieve the specified 
force. 
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The angle of rotation of the nut and the 
displacement caused by this rotation are related 
by the following relationship: 
 

=
360°

 (1) 

 
The following values were identified as 
components of the total nut rotation angle: 
 

= + + + , (2) 
 
where:  – nut rotation angle required to create 
the design bolt tension; 

 – nut rotation angle corresponding to the 
displacement caused by the elongation of the bolt; 

 – nut rotation angle corresponding to the 
displacement caused by thread deformation; 

 – nut rotation angle corresponding to the 
displacement caused by deformation of the bolt 
head; 

 – nut rotation angle corresponding to the 
displacement caused by the flexibility of the joint 
components. 
The design force in a bolted connection, in 
accordance with the requirements of the 
normative documentation, is taken to be equal to: 

 
= 0,7 , 

 

 
Then the nut rotation angle corresponding to the 
displacement caused by the bolt elongation, if the 
deformable part of the bolt is equal to the grip 
thickness: 

 

= 360
0,7

, 
(3) 

 
However, the research [9] has shown that the 
strained part of the bolt, where axial stresses 
occur, includes several threads inside the nut in 
addition to the thickness of the package. In 
Figure 5, it is marked as . 
 

+ 3 ; 

 
Figure 5. Scheme of bolt assembly under 

preload, according to [9] 
 

Therefore: 
 

= 360
( + 3 ) 0,7

, (4) 

 
The results of the.  calculation are shown in 
Figure 6. 
 

 
Figure 6. Nut rotation angle corresponding to 

the displacement caused by the elongation of the 
bolt 

 
In [12], required rotation angles were calculated 
assuming that the bolt head and thread are not 
flexible; however, this approach cannot be 
considered entirely correct. In mechanical 
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engineering [11, 13, 14], relationships have been 
established for determining the deformations of 
these parts of the connection during tightening. 
In [13], a relationship is proposed for 
determining the flexibility of the thread during 
bolt tightening. By deriving the angle of rotation 
of the nut corresponding to the displacement 
caused by thread deformation, we receive: 
 

=
0,49 360 0,7

1,44 + 9,28 , 
(5) 

 
where  – average thread diameter 
The same source suggests an alternative method 
for determining thread flexibility: when 
calculating bolt flexibility, increase its tensile 
strength by 1/3 to 1/2 of the nut height. 
 

= 360
0,28 0,7

E
; (6) 

 
However, experimental studies have shown that 
these equations significantly overestimate thread 
stiffness, which doesn't match up with 
experimental data. In [14], an alternative 
equation for thread flexibility was proposed, 
allowing for a more accurate determination. 
When using this relationship, the nut rotation 
angle is: 
 

=
360 0,7 (0,8 12,04 ) 10 (7) 

 
The results of the calculations utilizing equation 
7, which more closely matches the experimental 
data, are presented in Table 3. 
In addition to thread deformation, bolt head 
deformation must also be taken into account. To 
account for its flexibility, it is possible to assume 
that the bolt head only experiences shear 
deformation. In this case, the nut rotation angle 

corresponding to the displacement caused by bolt 
head deformation will be: 
 

=
0,15 360 0,7

 (8) 

 
Table 3. Nut rotation angle corresponding to 

the displacement caused by thread deformation 
8.8 10.9 

Bolt 
diameter 

, ° Bolt 
diameter 

, ° 

M16 9,97 M16 12,50 

M20 11,46 M20 14,36 

M24 12,58 M24 15,76 

M27 15,20 M27 19,04 

M30 14,71 M30 18,43 

 
The results of the calculation are shown in Table 4. 
 
Table 4.Nut rotation angle corresponding to the 
displacement caused by deformation of the bolt 

head 
8.8 10.9 

Bolt 
diameter 

, ° 
Bolt 

diameter 
, ° 

M16 1,20 M16 1,50 

M20 1,19 M20 1,50 

M24 1,19 M24 1,50 

M27 1,37 M27 1,72 

M30 1,31 M30 1,64 

 
Finally, a significant portion of the 
deformations in the joint occur in the 
components of the joint itself. The main issue 
in calculating these deformations is 
determining the area of the compressed part of 
the component. For small joint thicknesses, it 
can be assumed that this area can be taken as 
equal to the cross-sectional area of a cylinder 
with a circular cutout, the outer diameter of 
which is equal to the size of the bolt under the 
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wrench S, and the diameter of the cutout is 
equal to the diameter of the bolt hole. 
Assuming the diameter of the bolt hole =

+ 2, we obtain: 
 

=
4 360 0,7

( ( + 2) )
; (8) 

 
However, such a linear relationship between 
the thickness of the joint and its deformations 
is not entirely accurate. Thus, [13] describes 
another calculation hypothesis that is much 
more consistent with the results of bolt joint 
tests. It is assumed that the stresses are evenly 
distributed across the cross-section of the part 
in the form of a cone starting from the bearing 
surface of the bolt and nut. The angle of 
inclination of its sides  is about 22...25 
degrees to the vertical. The connection 
performance diagram according to this 
hypothesis is shown in Figure 7. 
 

 
Figure 7. Stress distribution diagram in 
compressed parts of the assembly, [13]  

 

Nut rotation angle corresponding to the 
displacement caused by the flexibility of the joint 
components, with the assumption of a compressed 
part of the component limited by pressure cones: 

 

=
360 0,7 2

ln
( + )( +  )

( )( +  + )
 

 

(9) 

The results of the  calculation are shown in 
Figure 8. The final total theoretical nut rotation 
angle required to achieve the design bolt tension in 
a shear-resistant connection is shown in Figure 9. 
 

 
 
Figure . Nut rotation angle corresponding to 
the displacement caused by the flexibility of the 

joint components 
 

The relationships between tensile force in the 
bolt and torque are shown in Figures 10–12, 
while the relationships between tensile force in 
the bolt and nut rotation angle are shown in 
Figures 13–15. 
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Figure 9. Nut rotation angle required to achieve 

the design bolt tension 
 

 
Figure 10. Force vs. torque relationship, 24, 

10.9 

 
Figure 11. Force vs. torque relationship, 20, 

10.9 
 

 
Figure 12. Force vs. torque relationship, 16, 

10.9 
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Figure 13. Force vs. nut rotation angle 

relationship, 24, 10.9 
 

 
Figure 14. Force vs. nut rotation angle 

relationship, 20, 10.9 

 
Figure 15. Force vs. nut rotation angle 

relationship, 16, 10.9 
 

Now we will describe the relationship between 
the preload force in the bolt and the angle of 
rotation of the nut. From the point of view of 
this relationship, the bolt tightening process 
can be divided into four stages.  
The first stage, not shown in the graphs, will 
be the free rotation of the nut onto the bolt, 
occurring until the nut comes into contact with 
the washer. At this stage, no force is generated 
in the bolt and is equal to zero. 
The second stage involves tightening the 
connection and compressing the washers and 
other elements. A significant part of the 
displacement caused by the rotation of the nut 
is “consumed” not by creating preload in the 
bolt, but by elastic and plastic deformation of 
the connection elements, bringing them into 
contact. The dependence of the force in the 
bolt on the angle of rotation at this stage is 
nonlinear. 
The third stage is characterized by a linear 
relationship between the angle of rotation 
(displacement) and the force in the bolt. It can 
be assumed that after all the elements of the 
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connection have been brought into contact, its 
complete “compression”, elastic deformations 
occur in the connection. Elements such as the 
thread in the nut and bolt, the plates that make 
up the connection, the bolt head, and the bolt 
body itself are deformed. The elastic nature of 
the deformations occurring in the connection 
results in a linear relationship between the 
angle of rotation (displacement) of the nut and 
the force in the bolt. 
The fourth stage is presumably characterized 
by the onset of plastic deformation in the 
connection elements. Not all samples reached 
this state during the experiment; it can be 
observed in specimen  with a diameter of 
M24. At this stage, the linear dependence of 
the prestressing force again becomes 
nonlinear. 
We shall compare the test results with the 
recommendations of various normative 
documents. 

Table 5 shows the rotation angles at which the 
bolt assemblies achieved the design force, 
interpreting the process as tightening by nut 
rotation angle. The rotation angle was 
determined taking into account the starting 
reference points defined above (200 N*m, 100 
N*m, and 60 N*m, respectively). 
Table 6 shows the rotation angles at which 
bolt assemblies achieved the design force, 
when interpreting the process as tightening 
using a combined method. The rotation angle 
was determined taking into account the 
reference points defined above (600 N*m, 300 
N*m, and 150 N*m, respectively). 
Determining the angles from these reference 
points also allows the experimental results to 
be compared with the values obtained from the 
calculation.

 
Table 5. Comparison of experimental results with recommended RCSC and CSA values 

Bolt 
diameter 

Specimen 
Nut rotation 

angle 
Achieved 
force, kN 

Mean nut 
rotation angle 

RCSC 
2020 CSA 

S16-24 

 

1 134,5 271,25 

129,4 

180+60 180±30 

2 143,5 274,68 

3 119,5 255,06 

4 130,5 271,74 

5 119,0 273,70 

 

1 132,0 176,58 

123,75 
3 133,0 183,45 

4 107,5 176,58 

5 122,5 181,49 

 

1 152,5 114,78 

141,0 

2 158,0 110,36 

3 141,5 112,82 

4 126,0 113,40 

5 127,0 115,27 
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Table 6. Comparison of experimental results with recommended EN values and values obtained 
from calculations 

Bolt 
diameter 

Specimen 
Nut 

rotation 
angle 

Achieved 
force, kN 

Mean nut 
rotation 
angle 

EN 
 

Calculated nut 
rotation angle 

 

1 80,5 271,25 

77,0 

90 

74,6 
2 102,5 274,68 
3 72,5 255,06 
4 61,0 271,74 
5 68,5 273,70 

 

1 69,0 176,58 

70,1 84,1 
3 76,0 183,45 
4 65,0 176,58 
5 70,5 181,49 

 

1 152,5 114,78 

77,2 120 96,0 
2 158,0 110,36 
3 141,5 112,82 
4 126,0 113,40 
5 127,0 115,27 

 
 
CONCLUSION 
 
As shown by foreign experience and domestic 
and foreign research, the method of controlling 
bolt tension by nut rotation angle is more 
accurate than by tightening torque, eliminating 
the need for time-consuming calibration of 
torque wrenches and experimental determination 
of bolt tightening coefficients. It seems relevant 
to expand the scope of application of this method, 
which is currently very limited by the guidelines 
of SP 70.13330.2012. 
As a result of developing the proposed 
calculation model and conducting the 
experiment, it was possible to obtain the values 
of the angles of rotation required to achieve the 
calculated force. The initial hypotheses of the 
calculation model make its application somewhat 
limited, but when these hypotheses are satisfied, 
the values obtained by means of the model 
correspond to the experimental values.  
The nut rotation angles obtained as a result of the 
experiment are slightly lower than those given in 
the literature, which may be due to both the large 

margins included in the standard values and the 
differences between the experimental setup and 
the actual operating conditions of bolt 
assemblies. To study the operation of connection 
elements at large rotation angles, it is necessary 
to slightly modify the experimental procedure, 
bringing the samples to significant plastic 
deformation. To confirm the obtained data, it is 
also necessary to conduct a study on a 
statistically significant sample. 
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DRAWING THE NOMOGRAM FOR OVERHUMIDIFICATION 
OF THE BUILDING ENVELOPE 

 
Kirill P. Zubarev, Yulia A. Sapronova, Vladimir D. Fedoseev 

National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 
 

Abstract: In the current paper, a new method of protecting building envelopes from waterlogging based on the 
construction of specialized nomograms has been developed. During the analysis of the Russian climate, it was 
determined that for the entire territory of the country the period of moisture accumulation does not exceed 8 
months. It was found that the criterion of waterlogging of the building envelopes depends on three main 
parameters: temperature and relative humidity of the outside air during the period with negative average monthly 
temperatures, and the duration of the period of moisture accumulation. Based on the critical value of criterion l, a 
nomogram of waterlogging of the enclosing structure was constructed, according to which a decision on the 
construction of the designed building can be taken. An algorithm of constructing and applying a nomogram of 
waterlogging of a building envelope has been presented. The effectiveness of the proposed method is shown in 
comparison with the classical approach by calculating protection against waterlogging in such cities as 
Blagoveshchensk and Yerofey Pavlovich. 
 

Keywords: protection against waterlogging, operating conditions, temperature, relative humidity, 
duration of moisture accumulation 

 

 
 

 ,   

 
 

l, 

 
 

:  
 

 
INTRODUCTION 
 
When designing buildings and structures [1], 
engineers face various tasks: calculating the 
strength of reinforced concrete and metal 
structures, calculating the thickness of shells, 
determining the temperature influences on the 
building [2-7]. 

When calculating the protection of the building 
envelope against waterlogging, the Russian 
regulatory document Set of Rules 
50.13330.2012 “Thermal protection of 
buildings” is used. The method of protection 
against waterlogging presented in the 
regulatory document appears to be quite 
effective, but at the same it is complicated for 
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engineering use. Therefore, the research on the 
development of a new simplified method of 
protecting the building envelope from 
waterlogging is currently relevant [8]. 
In calculating building structures, it is 
important to take into account the physical 
characteristics of building materials: humidity, 
density, vapor permeability, etc. However, the 
choice of thermal conductivity value depends 
on the humidity conditions in residential 
premises and the humidity zone in which the 
building structure is placed. Therefore, there 
are 2 operating conditions: A and B. 
Thermal conductivity values for some building 
materials have been given (Table 1). 
 

Table 1. Thermal conductivity values for some 
building materials 

Material 
Thermal conductivity, 

/  W m C  
A B 

Mineral wool slabs 
made of stone fiber 

0.045 0.048 

Gravel 
expanded clay 

0.13 0.145 

Gas and foam 
concrete 

on cement binder 
0.38 0.43 

Reinforced concrete 1.92 2.04 

Cement-sand mortar 0.76 0.93 

Plywood 0.15 0.18 
 
To simplify calculations of protection against 
waterlogging, the waterlogging criterion 
found using the following formula was 
introduced: 
 

R
.

R

req
n

n

l                           (1)  

where nR  – vapor permeation resistance, 
2 /s Pa kgm ; 1

req
nR , 2

req
nR  – required vapor 

permeation resistances, 2 /s Pa kgm . 
Using the waterlogging criterion, it is possible 
determine whether the structure will be 
waterlogged. However, the criterion is 
calculated for each city taking into account 
climatic conditions, which complicates the 
method of protection against waterlogging. In 
this regard, there is a need to develop 
alternative methods of studying the balance of 
moisture transfer in more simplified ways. This 
article develops a method of assessing the 
construction of a building envelope using a 
waterlogging nomogram. 
 
 
1. THE PROBLEM 
 
To develop a method of calculating protection 
against waterlogging of external building 
envelopes using a waterlogging nomogram. 
 
 
2. MATERIALS AND METHODS 

 
2.1. Studying the value of the waterlogging 
criterion at different duration of the moisture 
accumulation period 
Analyzing the obtained values of the criterion 
of waterlogging of the building envelope in 
different cities in Russia, it was found that the 
criterion l depends on climatic parameters. It 
was determined that the period of moisture 
accumulation does not exceed 8 months. 
Graphs of the dependence of the 
waterlogging criterion on the values of the 
average monthly negative outdoor air 
temperature at different durations of the 
period of moisture accumulation were 
obtained (Figure 1, Figure 2). 
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Figure 1. Dependence of the waterlogging criterion on the outside air temperature and the duration 

of the moisture accumulation period for 1, 2, 3 and 4 months of moisture accumulation (A – 1 
month; B – 2 months; C – 3 months; D – 4 months; the relative humidity of the outside air during 

the period with negative average monthly temperatures: 1 – . 70 %out neg ; 2 – . 75 %out neg ; 3 – 

. 80 %out neg ; 4 – . 85 %out neg ; 5 – . 90 %out neg ; 6 – . 95 %out neg ; 7 – 1l ) 
 

 
Figure 2. Dependence of the waterlogging criterion on the outside air temperature and the duration 

of the moisture accumulation period for 5, 6, 7 and 8 months of moisture accumulation (A – 5 
months; B – 6 months; C – 7 months; D – 8 months; the relative humidity of the outside air during 

the period with negative average monthly temperatures: 1 – . 70 %out neg ; 2 – . 75 %out neg ; 3 – 

. 80 %out neg ; 4 – . 85 %out neg ; 5 – . 90 %out neg ; 6 – . 95 %out neg ; 7 – 1l ) 
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2.2. Construction of a nomogram of 
waterlogging of the building envelope 
While analyzing the obtained graphical 
dependencies (Figure 1, Figure 2), it was found 
that waterlogging is influenced by 3 main factors: 
the temperature of the outside air during the 
period of moisture accumulation, the relative 
humidity of the outside air during the period with 
negative average monthly temperatures, and the 
duration of the period of moisture accumulation. 
By varying the values of the main factors, it is 
possible to construct a dependence graph when 
the criterion of waterlogging of the building 
envelope is equal to one. The values of the 
outside air temperature are plotted on the 
abscissa axis, the relative air humidity values are 
marked on the ordinate axis, and dependence 
lines that depend on the duration of the period of 
moisture accumulation are obtained. Due to the 
fact that there are operating conditions A and B, 
two waterlogging nomograms are obtained 
(Figure 3, Figure 4). 
 
2.3. Algorithm for constructing and using a 
nomogram of waterlogging of building 
envelopes 
To construct a nomogram of waterlogging of a 
building envelope based on the method of 
protection against waterlogging the following 
measures are taken: 
1. The required design is selected; 
2. The operating conditions of the building 
envelope are determined; 
3. The value of the relative humidity of the 
outside air is set in increments of 5% and the 
duration of moisture accumulation; 
4. The range of outdoor air temperature values 
during the period of moisture accumulation 
varies in increments of 1 ; 
5. The criterion of waterlogging of the building 
envelope is calculated; 
6. The criterion values l=1 are selected, and the 
corresponding values of the outside air 
temperature, relative humidity of the outside air 
and the period of moisture accumulation are 
recorded; 

 
Figure 3. Nomogram of waterlogging of the 
building envelope for operating conditions A 

(duration of moisture accumulation period: 1 – 
three months; 2 – four months; 3 – five months; 

4 – six months; 5 – seven months; 6 – eight 
months) 

 

 
Figure 4. Nomogram of waterlogging of the 
building envelope for operating conditions B 

(duration of moisture accumulation period: 1 – 
three months; 2 – four months; 3 – five months; 

4 – six months; 5 – seven months; 6 – eight 
months) 

 
7. After finding all the points at which l=1, the 
values of the average outdoor air temperature for 
the period of moisture accumulation at the 
corresponding relative humidity and the period 
of moisture accumulation are reduced to a 
waterlogging nomogram, which enables us to 
arrive at decision on the possibility of the 
building envelope construction. 
For structures under different operating 
conditions, different waterlogging nomograms 
are constructed. 
To calculate the protection of the building 
envelope from waterlogging using the 
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waterlogging nomogram, the following steps are 
taken: 
1. A nomogram that corresponds to the 
calculated building envelope taking into account 
operating conditions is selected. 
2. The abscissa axis marks the outside air 
temperature for the period of moisture 
accumulation in accordance with the city in 
which the calculation is performed. 
3.  A vertical straight line is drawn from the 
found outside air temperature point until it 
intersects with the line of the desired moisture 
accumulation period. 
4. A horizontal line is drawn from the found point 
until it intersects with the ordinate axis, thereby 
determining the critical value of the relative 
humidity of the outside air. 
5. The value of the relative humidity of the 
outside air is determined from the ratio of the 
average partial pressure of water vapor of the 
outside air during the period with negative 
average monthly temperatures to the pressure of 
saturated water vapor in the plane of greatest 
moisture for the period of moisture 
accumulation, and then a horizontal straight line 
is drawn. 
6. If the horizontal straight line of the critical 
humidity value is higher than the horizontal line 
of the relative humidity of the outside air, the 
structure has passed the waterlogging protection 
test successfully. 
7. If the horizontal line of the critical humidity 
value is lower than the horizontal line of the 
relative humidity of the outside air, the structure 
fails to pass protection test against waterlogging. 
 
 
3. RESULTS AND DISCUSSION 
 
A calculation of protection of the building 
envelopes from waterlogging located in 
Blagoveshchensk and Yerofey Pavlovich has 
been conducted. 
For a structure designed in Blagoveshchensk, the 
criterion of waterlogging of the building 
envelope is calculated using formula (1): 

R 0.96
0.58.

R 1.655

req
n

n

l  

 
The value of the waterlogging criterion 
according to the calculation is less than one, 
therefore, the building structure in 
Blagoveshchensk has passed the test against 
waterlogging successfully. 
Let us carry out calculations of protection of the 
building structure against waterlogging using the 
waterlogging nomogram. In Blagoveshchensk, 
the structure is operated under conditions B, and 
the main climatic parameters are: outside air 
temperature during the period with negative 
average monthly temperatures is -15.3 , the 
duration of moisture accumulation is 5 months. 
Relative humidity is determined by the formula: 
                              

.
.

0

.out neg
out neg

e
E

                             (2) 

 
where .out nege  – average partial pressure of water 

vapor of the outside air during periods with 
negative average monthly temperatures, Pa; 0E  – 

pressure of saturated water vapor in the plane of 
greatest moisture for the period of moisture 
accumulation, Pa. 
Taking into account formula (2) we obtain: 
 

.
.

0

148
0.77

192
out neg

out neg

e
E

. 

 
We plot the obtained values of the outdoor air 
temperature for the period with negative 
temperatures per month and the relative humidity 
of the outdoor air on the nomogram (Figure 5). 
The critical humidity horizontal line is higher 
than the horizontal line of relative humidity of 
the outside air, so the structure passes the test 
against waterlogging successfully. 
Let us calculate the value of the waterlogging 
criterion for a building structure in such city as 
Yerofey Pavlovich using formula (1): 
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R 2.8
1.69.

R 1.655

req
n

n

l  

 
It was found that the waterlogging criterion was 
greater than one, therefore, the building envelope 
Yerofey Pavlovich fails the waterlogging test. 
 

 
Figure 5. Nomogram of critical ratios of 

temperature and relative humidity of outdoor 
air and the duration of the period of moisture 
accumulation, used to make a decision on the 

construction of the enclosing structure of a 
building wall in Blagoveshchensk (duration of 
the period of moisture accumulation: 1 – three 
months; 2 – four months; 3 – five months; 4 – 

six months; 5 – seven months; 6 – eight months) 
 
Let us consider a possibility to construct a 
building structure in Yerofey Pavlovich using a 
new method such as the waterlogging 
nomogram. The enclosing structure is located in 
the second humidity zone (normal), which 
corresponds to operating conditions B. Basic 
climatic parameters: outside air temperature is -
17.4, the duration of moisture accumulation is 7 
months. Relative air humidity is calculated using 
formula (2): 
 

.
.

0

173
0.945

183
out neg

out neg

e
E

 

 
The values of outside air temperature and relative 
humidity are plotted on the waterlogging 
nomogram (Figure 6). 
The horizontal line of critical humidity is lower 
than the horizontal line with the value of relative 

air humidity, therefore, it is impossible to design 
a building envelope in such city as Yerofey 
Pavlovich, since it fails the test against 
waterlogging. 
The proposed method, namely, a nomogram of 
waterlogging of the enclosing structure has a 
number of advantages compared to the classical 
method of protection against waterlogging. The 
main advantage compared to the classical 
approach is that no calculations are required.  
 

 
Figure 6. Nomogram of critical ratios of 

temperature and relative humidity of outdoor 
air and the duration of the period of moisture 
accumulation, used to make a decision on the 
construction of the enclosing structure of the 

building wall in Yerofey Pavlovich (duration of 
the period of moisture accumulation: 1 – three 
months; 2 – four months; 3 – five months; 4 – 

six months; 5 – seven months; 6 – eight months) 
 
Also, this method can be applied by 
manufacturers of building materials who develop 
facade solutions. For each solution, the 
manufacturer can develop a series of 
waterlogging nomograms, with the help of which 
engineers can decide on the construction of the 
chosen building structure. This method will 
accelerate the process of designing buildings and 
structures and will facilitate decisions about 
constructing in a more convenient and visual 
form. 
 
 
4. CONCLUSIONS 
 
In the current work, a new effective method of 
determining the protection of a building envelope 
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from waterlogging has been developed as a 
waterlogging nomogram constructed using the 
following main climatic characteristics: 
temperature and relative humidity of the outside 
air, and the period of moisture accumulation. An 
algorithm of constructing and using a nomogram 
of waterlogging of a building envelope for 
various operating conditions has been presented. 
Classic method of protection against 
waterlogging and a new method of determining 
waterlogging of a building structure using a 
nomogram have been compared. The new 
method may be used by engineers when 
calculating and assessing the protection of a  
building envelope against waterlogging. 
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NUMERICAL MODELLING OF WIND LOADS.  
VERIFICATION AND VALIDATION FOR THE KEMEROVO 

MUSEUM, THEATRE AND EDUCATION COMPLEX 
 

Alexander M. Belostotsky, Oleg S. Goryachevsky, Sergey G. Saiyan,  
Alexandra M. Efimova 

National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 
 

Abstract: This paper presents the results of numerical modelling of mean and peak pressure coefficients for a 
unique facility, conducted within the verification procedure of Ansys Fluent in the RAASN system. The 
applicability of the steady-state (RANS) simulations and three turbulence models (SST k-  
k- ) is verified for the wind loads determination. The results are compared against experimental data obtained in 
the MSUCE wind tunnel. The weak applicability of often recommended methods of grid extrapolation (Richardson 
extrapolation and approximate error spline) is revealed. It is shown k-  the 
separation parameter CSEP = 1.25 provides a better fit to the wind tunnel data than SST k-  

 
Keywords: computational fluid dynamics (CFD), wind loads, verification, validation, Richardson extrapolation, 

Approximate Error Spline 
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ANSYS Fluent
(RANS) : SST  

k- , EARSM,  k- . 

:  
 k-  CSEP = 1.25 

SST k-   EARSM. 
 

  
,  

 
1. INTRODUCTION 
 
Reliable and efficient methods of wind loads de-
termination for buildings and structures is still an 
urgent task. Mass construction of unique and ar-
chitecturally outstanding facilities in dense urban 

areas stimulates the search for new approaches to 
solving this problem.  
Currently, the following methods are used to de-
termine wind loads: 
1. Engineering normative and analytical meth-
ods (do not meet the needs of modern construc-
tion); 
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2. Physical modelling in wind tunnels (WTs) [1,2]; 
3. Numerical modelling [3-11]; 
4. Monitoring and in-situ measurements [12] 
(suitable for academic research only); 
5. Machine learning and neural networks [13] 
(under study and yet unapplicable to design). 
Physical (experimental) modelling in WTs is 
currently the most used method to determine 
wind loads. In the middle of the XX century, an 
appropriate methodology was developed and 
validated with in-situ measurements that pro-
vides a sufficient level of plausibility under a 
number of limitations. Still, the high costs of 
construction and maintenance of WTs, poor 
scalability, significant experimentation time, 
low information content and other limitations 
gradually reduce the role of physical modelling 
in practice. 
Numerical modelling (using CFD), on the other 
hand, appears to be a more prospective direction: 
it is devoid of the WT limitations and promises 
potentially faster research. Therefore, it has al-
ready been limitedly legitimised in the regula-
tions of technologically advanced countries [14], 

 [15], ASCE 7-22. 
For the time of transition from physical to numer-
ical modelling, the most reliable approach is a 
hybrid one, which means a synthesis of numeri-
cal and physical modelling [15]. 
Currently, the best fit to experimental data is 
shown by utilising the LES turbulence model. 
However, its high computational costs hamper its 
application outside of specialised computational 
clusters. 
Therefore, steady-state (RANS-based) ap-
proaches [16] remain the most used ones for fast 
wind loads determination. 
In any case, verification and validation (V&V) 
procedures are required to confirm the relia-
bility of numerical modelling results. The 
most general definitions of V&V are given in 

[17] and ASME [18], but they do not 
regulate specific procedures and features of 
individual applications, such as structural aer-
odynamics. 

Due to the lack of exact solutions of mathemati-
cal models, verification in applications to struc-
tural aerodynamics is reduced to evaluating the 
errors of the numerical model (iteration, time, 
grid, etc.) [19-21,15]. 
To assess the grid convergence, a number of 
sources [19,22-27] recommend the use of such 
methods, as Richardson extrapolation and ap-
proximate error spline. In the present paper, it is 
shown that these methods do not provide any ad-
vantages to the wind loads determination prob-
lem. 
The validation procedure in structural aerody-
namics is more straightforward and complies 
with [17, 18], but it has one peculiarity: in the 
vast majority of cases, the results of numerical 
modelling can only be compared with experi-
mental data from WTs. 
In the present paper the V&V procedure of the 
numerical modelling was carried out for a unique 
facility, the Museum, Theatre and Education 
Complex (MTEC Three turbu-
lence models were used: SST k-

k- with the separation parameter  
CSEP = 1.25, 1.75, 2.25). Iteration convergence 
and three mesh variants were investigated. 
The results of numerical modelling are com-
pared against experimental data obtained in the 
MSUCE WT. 
The work was carried out within the verification 
procedure of Ansys Fluent for the problems of 
“determination of wind and snow actions on 
buildings and structures on the basis of numeri-
cal solutions of the equations of aero-hydrody-
namics” in the system of the Russian Academy 
of Architecture and Construction Sciences 
(RAASN) [28]. 
 
 
2. OBJECT AND METHODOLOGY  
 
2.1 Object and task description 
In the present paper, a unique facility of the Mu-
seum, Theatre and Education Complex (MTEC) 

(Fig. 1) was investigated. 
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Figure 1. Renders of the MTEC in Kemerovo 
 

MTEC has a complex deconstructivist shape. Fa-
çades combine glass and metal elements. The 
building has 10 floors with a total area of  
~81100 m2 and an underground car park. The 
MTEC is planned to house branches of the Mar-
iinsky Theatre and the State Russian Museum, as 

The ensemble 
of the facility is conceived of four parts: a “float-
ing” theatre “cloud”, two “crystals” (a museum 
and an art centre with workshops), and a public 
foyer. 
The paper investigates the mean (ce) and peak 
(ce,+, ce,-) pressure coefficients at control points 
on the façade and roof of the facility (Fig. 3): 
 

; ;p p
e e e

ref ref ref

p ppc c c
Q Q Q

 (1)

 
where refp p p  is the pressure drop; Qref- is 

the reference wind pressure p is the standard 
deviation of pressure; +(-) are the reliability co-
efficients. 

+(-) p is calculated 
using a known formula from statistics. In the 
numerical simulations, these parameters are 
determined using the methodology for steady-
state modelling outlined in [8,16]. 
The simulations were carried out for the two 
most typical wind directions (15°, from the sur-
rounding buildings, and 180°, from the unob-
structed side, Fig. 2). 
Experimental values of pressure coefficients 
were obtained in the MSUCE WT through phys-
ical modelling at a 1:200 scale (Fig. 3). 
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Figure 2. Investigated wind directions 

 

 
 

 
Figure 3. MTEC model in the MSUCE WT  

(control points are coloured white) 
 

2.2 Mathematical models  
In the present paper, the calculation of wind flow 
and wind actions is reduced to the numerical so-
lution of time-averaged (RANS) three-dimen-
sional nonlinear Navier-Stokes equations. For 
the determination of wind loads and actions on 
buildings and structures with practically justified 
simplification the wind flow is assumed to be in-
compressible and isothermal, and external mass 
forces are omitted [10]: 
 

1 2

,

i j

j i

ji
t

j j i

u u
p k

x x

uuv v
x x x

 (2)

 
where iu  are the components of the averaged flow 

velocity, [m/s]; t is the time, [s]; p  is the aver-
aged pressure, [Pa]; = 1.225 kg/m3 is the air 
density;  = 1. -5 m2/s is the kinematic  
viscosity of air; t is the turbulent viscosity. 
The continuity equation is given as: 
 

0j

j

u
x

 (3) 

  
The following turbulence models are considered: 
 Shear-Stress Transport (SST) k-  is a widely 

used two-parameter model that combines the ad-
vantages of k-  and k-  models for more accurate 
prediction of turbulent flows. A mixing function 
[29] is used to transition from the k-  formula-
tion near the boundaries to the k-  formulation in 
the free flow; 
 k- k- -param-

eter turbulence model developed by Ansys. It is 
based on the classic Wilcox k-  formulation, but 
rewritten in a “generalised” form: all dimen-
sional and dimensionless constants are replaced 
by special functions that are controlled through 
the model parameters to adjust for different types 
of flow. In this paper, the parameter CSEP (equal 
to 1.25, 1.75 or 2.25), which governs the 
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adverse pressure gradients and flow separation 
[29], is varied. 

 Explicit Algebraic Reynolds Stress Model 
(EARSM) is an extension of the standard two-
parameter model derived from the Reynolds 
stress transport equations to account for the 
non-linear relationship between the Reynolds 
stresses, the mean strain rate tensor and the 
vorticity tensor. WJ-BSL-EARSM extends the 
BSL model to account for the following effects 
[29]: 
 Anisotropy of Reynolds stresses; 
 Secondary flows. 

 
2.3 CFD models 
In order to correctly compare the results of nu-
merical and physical modelling, the CFD model 
reproduces the main parameters of the experi-
ment: the scale, the dimensions of the WT’s 
working area section, and the boundary condi-
tions. 
The numerical geometry of the MTEC with the 
surrounding buildings totally corresponds to the 
experimental one (Fig.4). 
 

 
Figure 4. Geometric model of the facility with 
the surrounding building in Ansys SpaceClaim  

 
Finite-volume meshes were created in Ansys 
Fluent Meshing using polyhexcore method and 

combine polygonal, prismatic and cubic finite 
volumes. Three meshes were developed to 
analyse the mesh independence of the solution 
and verify the CFD model: a coarse one (3.1 
million cells), a basic one (5.6 million cells, 
Fig. 6), and a fine one (12.8 million cells). All 
meshes are similar to each other and differ only 

cells by a factor of 1.5. The 
number of prismatic layers in the boundary 
layer is 5 for the coarse mesh, 7 for the basic 
mesh and 10 for the fine mesh. 

 

 
(a) 

 
(b) 

Figure 5. Finite-volume mesh: a – in the cross-
section of the domain; b – on the surface of 

MTEC and hotel with an elevated bridge 
 
The boundary conditions are shown in Fig. 6: 
 at the inlet, a flow velocity profile and turbu-

lent characteristics are set according to the exper-
imental data from the WT (Fig. 7); 
 a  
 at the upper, lower, lateral boundaries and sur-

faces of the facility and surrounding buildings, a 
no-slip wall condition is set. 
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Figure 6. Boundary conditions 

 
A total of 30 3D steady-state simulations (2 an-
gles of attack × 3 finite-volume meshes × 5 tur-
bulence models) were performed using Ansys 
Fluent (see Section 2.2). 
The coupled velocity-pressure scheme and 2nd 
order schemes were used for the momentum, tur-
bulent transport and pressure equations. The total 
number of iterations was set to 700, of which the 
first 200 were calculated with the time scale fac-
tor equal to 1.0, while the next 500 were calcu-
lated with the said factor reduced to 0.25. 
Data sampling for the iteration convergence anal-
ysis was performed on the last 100 iterations. 

 

 
Figure 7. Velocity [m/s] and turbulence  

intensity [%] profile from WT measurements  
and CFD approximations 

 
2.4 Verification methods 
A combined approach, based on two methods 
outlined in [21-27], was used to estimate the spa-
tial discretisation error: Richardson Extrapola-
tion (RE) and Approximate Error Spline (AES). 

The Richardson extrapolation suggests extrapo-
lating the investigated parameter to an infinitesi-
mal grid (h using the values obtained on a 
number of finite grids (h1 = h, h2 1 h, h3 2h). 

 is equal to both 1 and 2 

(in this paper, to 1.5), we get: 
 

21 2, ,h h hh
 (4) 

2 1ln
1;2 ,

ln
p  (5) 

1

p
h h

ext p  (6) 

 
where h, h, 2h are the values of the sought 
parameters on the fine, basic and coarse finite-
volume grid, respectively; p is the order of the 
generalised numerical scheme used for extrapo-
lation; ext is the extrapolated value (h  
Application of this method showed that the pa-
rameter p often reaches unrealistic values, result-
ing in inadequate values of ext. Therefore, as rec-
ommended by the authors, the values of p were 
restricted in the range of 1.0 to 2.0. 
To estimate the range of grid error, Roache [26-
27] 
(formula 7), which characterises the measure of 
discrepancy between the numerical result on the 
fine mesh and the asymptotic value, as well as 
indicates the behaviour of the numerical solution 
during further refinement of the finite-volume 
mesh
is within the asymptotic range: 
 

1.25 ,
1

A
p

eGCI  (7) 

 

where h h
A

h

e  is the relative approxima-

tion error. 
Approximate Error Spline method [25] assumes 
the proportionality between the error from the so-
lution ET and the error between the numerical so-
lutions EA: 
 

}��ò*`_�?�ï�����x<[x[<������������¢x?�*^Z�=<������?����¢���*+�*`��}��ò*`_?*�ï��%�'x=*



191Volume 21, Issue 4, 2025

, ,T h A h hE E  (8) 

T AE E  (9) 

 
where  is the unknown exact solution. 
According to [25], for  = ext: 

 
2 2ext hh h

 (10) 

2

2

1
.

2 2
hh

h hh

 (11) 

 
The developers of AES [24] do not provide any 
methods to estimate the error of the obtained ex-
trapolation. Since in the present work the AES 
method is used only for oscillatory convergence 
(see below), we propose to use the on the 
values obtained on three grids: 

 
2 2

0

1
,

2
ih

i
 (12) 

 

where
2

0

1

3
ihi

  is the average value on the 

three grids. 
Fig. 8 demonstrates the behaviour of the RE and 
AES methods for typical possible situations. 
As can be seen from the results, the AES method 
gives incorrect predictions for monotone conver-
gence and tends to infinity if the values are lo-
cated on the same line, while the RE method 
gives inadequate extrapolation for oscillatory 
convergence. To avoid incorrect extrapolation, it 
was decided to combine the two approaches and 
utilise AES for oscillating values and RE for 
monotone values. Thus, the resulting error is cal-
culated as: 

 
2

2

, ( )( ) 0

3 , ( )( ) 0
h h hh h

g
h h h h

GCI
E  (13) 

 

  
(a) demonstration of RE failure for oscillatory 

convergence h < h, 2h or h > h, 2h 
 

 
(b) demonstration of AES failure for monotone 

convergence of h < h < 2h or  
h > h > 2h 

 
(c) correct operation of the methods 
Figure 8. Extrapolation examples 
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To evaluate the iteration convergence, the val-
ues sampled at the last 100 iterations were pro-
cessed: 

 
max( ) min( )

,
2 mean( )

k k
it

k

e  (14) 

 
where k are the values of an investigated vari-
able at the kth iteration (k = 601...700). 
For mean( k iteration error ei takes 
very large values, not characterising conver-
gence. In such cases, formula (14) is not appli-
cable and the corresponding points are dis-
carded. 

 
2.5 Validation methods 
When comparing the results of numerical and 
physical simulations, in addition to qualitative 
evaluations, the values of the validation met-
rics proposed in [8] were determined: 

 

1

1

100%;

N
efd cfd
j j

j
n N

efd
j

j

D  (15) 

100%,eq
MR
N

 (16) 

  

where jefd, j fd are the iteratively averaged 
values of the investigated variables achieved 
from the physical and numerical modelling in 
the jth control point, respectively; M is the 
number of control points with statistically co-
incident values; N is the total number of con-
trol points; Dn is the normalised deviation of 
the results; and Req is the fraction of the points 

that match taking into account the error esti-
mates or have a deviation of no more than 
15%. 
Metrics (11-12) are not subject to the disad-
vantage of the often-used R2 metric, which is in-
sensitive to linear shifts. 
In the current work, the following criteria for val-
idation metrics are adopted: 
Dn – good (green);  
15% < Dn – satisfactory (yellow); 
Dn> 20% – not satisfactory (red);  
Req 75% – good (green); 

Req < 75% – satisfactory (yellow); 
Req < 50% – not satisfactory (red). 
 

 
3. RESULTS AND DISCUSSION 
 
This section presents the iteration and grid in-
dependence analyses results for the numerical 
solutions, and a comparison of the mean and 
peak pressure coefficients against the experi-
mental data. 

 
3.1 Iteration errors estimation 
Iteration error can contribute significantly to 
the numerical solution error (Fig. 9).  
The analysis shows that SST k- has the worst 
iteration convergence, with eit reaching 38% 
for some of the control points. The EARSM 

convergence (eit < 15%), and reducing the 
value of CSEP leads to an even more improved 
convergence (eit < 5% for CSEP = 1.25). 
For the most cases, refining the mesh reduces 
eit, although this is not a general rule. 
For all turbulence models, the influence of the 
surrounding buildings (180°) worsens the 
iteration convergence. This effect can be 
explained by the complexity of the flow 
structure.
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(a) 

 
(b) 

 
(c) 

 
(d) 

 
(e) 

Figure 9. Iteration error eit [%] for different turbulence models 
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3.2 Grid errors estimation 
independence analysis using a combina-

tion of RE and AES methods (formula 13) re-
sulted in plots of the absolute values of the er-
rors Eg (Fig. 10). 
For all turbulence models, the influence of the 
surrounding buildings (180°) worsens the grid 
independence as well, which can be explained 
by the complication of the flow structure, too. 

The solution for all turbulence models mostly 
demonstrates oscillatory behaviour (>80% of 
points). 
The best grid independence was achieved with 
the EARSM model (Eg < 0.1), followed by 

CSEP = 1.25), while the worst results 
were obtained with CSEP = 2.25) and 
SST (Eg < 0.4) models. 
 

 
 
 

 
(a) 180° (not influenced by the surrounding buildings) 

 
 

 
(b) 15° (influenced by the surrounding buildings) 

 
Figure 10. Grid error Eg for different turbulence models; the markers on the horizontal lines 

indicate the convergence behaviour: 
* – – monotone 

 
 
3.3 CFD and EFD results comparison  
(validation) 
Figures 11-13 show the comparison of mean 
and peak pressure coefficients from the 
numerical (with different turbulence models) 
and physical modelling. In the peak coefficient 
plots, the shaded areas (negative for ce,+ and 

positive for ce,–) highlight values that are of no 
practical interest. 
Table 1 summarises the values of the validation 
metrics (formulae 15-16). In calculating the 
validation metrics for peak coefficients, points 
in shaded areas were not considered.
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(a) 180° (not influenced by the surrounding buildings) 

 

 
(b) 15° (influenced by the surrounding buildings) 

 
Figure 11. Comparison of mean pressure coefficients ce for numerical and physical modelling 
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 (a) 180° (not influenced by the surrounding buildings) 

 

 
(b) 15° (influenced by the surrounding buildings). 

 
Figure 12. Comparison of positive peak pressure coefficients ce,+ for numerical  

and physical modelling  
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(a) 180° (not influenced by the surrounding buildings) 

 
(b) 15° (influenced by the surrounding buildings) 

 
Figure 13. Comparison of negative peak pressure coefficients ce,– for numerical  

and physical modelling 
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Table 1. Parameters of finite-volume meshes 

c Grid 15° 180° 
Dn,% Req,% Dn,% Req,% 

SST k-  

ce 

ext 22,66 42,75 12,56 65,94 
fine 22,25 40,57 12,33 68,11 
med. 22,62 47,82 14,08 68,84 
coarse 21,65 54,34 13,24 68,84 

ce,+ 

ext 34,00 48,64 24,37 36,11 
fine 33,79 45,94 24,28 36,11 
med. 36,80 48,64 21,44 38,88 
coarse 30,99 56,75 22,16 38,88 

ce,- 

ext 27,48 40,49 20,07 46,08 
fine 26,36 41,32 19,29 46,95 
med. 25,54 48,76 18,48 55,65 
coarse 23,09 61,15 18,78 57,39 

EARSM 

ce 

ext 20,36 59,42 14,21 75,36 
fine 20,29 64,49 14,16 77,53 
med. 21,80 65,94 15,31 81,88 
coarse 20,88 65,94 14,76 81,88 

ce,+ 

ext 30,92 56,75 22,43 44,44 
fine 29,72 64,86 22,37 44,44 
med. 30,32 64,86 21,76 47,22 
coarse 29,20 64,86 21,94 47,22 

ce,- 

ext 22,86 58,67 16,31 71,30 
fine 22,35 67,76 16,08 73,04 
med. 21,75 70,24 15,48 76,52 
coarse 21,73 70,24 15,26 77,39 

k- CSEP = 2.25) 

ce 

ext 19,35 66,66 13,15 83,33 
fine 19,60 70,28 12,90 84,05 
med. 21,11 70,28 14,06 84,05 
coarse 20,37 70,28 12,98 84,05 

ce,+ 

ext 32,30 64,86 20,75 55,55 
fine 33,09 70,27 20,52 61,11 
med. 31,27 70,27 20,12 61,11 
coarse 30,98 70,27 20,15 61,11 

ce,- 

ext 24,80 69,42 18,08 75,65 
fine 24,39 74,38 17,53 82,60 
med. 22,49 74,38 16,61 82,60 
coarse 22,60 74,38 16,42 82,60 

 
 
 
 
 
 
 

c Grid 15° 180° 
Dn,% Req,% Dn,% Req,% 

k- CSEP = 1.75) 

ce 

ext 19,40 65,21 12,70 81,88 
fine 19,56 70,28 12,34 84,05 
med. 21,59 70,28 13,87 84,05 
coarse 20,69 70,28 12,89 84,05 

ce,+ 

ext 30,74 62,16 20,24 55,55 
fine 32,04 70,27 19,97 61,11 
med. 30,77 70,27 19,57 61,11 
coarse 30,54 70,27 19,77 61,11 

ce,- 

ext 23,28 69,42 16,96 75,65 
fine 23,37 74,38 16,11 82,60 
med. 21,75 74,38 15,25 82,60 
coarse 21,81 74,38 15,10 82,60 

k- CSEP =  1.25) 

ce 

ext 19,71 64,49 12,21 81,15 
fine 19,78 69,56 12,03 83,33 
med. 22,75 69,56 13,86 84,05 
coarse 21,79 69,56 13,00 84,05 

ce,+ 

ext 31,51 62,16 19,18 55,55 
fine 31,22 64,86 19,36 58,33 
med. 30,16 70,27 19,06 61,11 
coarse 31,07 70,27 19,28 61,11 

ce,- 

ext 20,84 69,42 14,90 75,65 
fine 21,56 72,72 14,86 79,13 
med. 20,59 74,38 14,74 82,60 
coarse 20,63 74,38 14,90 82,60 

 
k-

with CSEP = 1.25 showed the best fit to the ex-
perimental data. In contrast, the widely used 
SST k-  
For all the models, the cases without the influ-
ence of the surrounding buildings (180°) show 
significantly better fits to the experimental data 
than the ones accounting for it (15°). 
 
3.4 Results visualisation 
To better understand the flow regimes in the 
domain, the contours of the mean pressure 
coefficients and mean flow velocity obtained 
for the SST k- model are 
presented. 
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(a) 180º (windward) 

 
(b) 180º (leeward) 

 
(c) 15º (windward) 

 
(d) 15º (leeward) 

Figure 14. Mean pressure coefficient ce 

 
(a) 180º 

 
(b) 15º 

Figure 15. Mean flow velocity at 0.045 m 
 
 

4. CONCLUSIONS 
 
The following conclusions are made from the 
conducted research: 
1. Numerical models of a unique facility, the 
MTEC , and the surrounding build-
ings have been developed in Ansys Fluent. A to-
tal of 2 wind directions (with and without the in-
fluence of the buildings), 3 levels of mesh detail-
ing (3.1, 5.6, 12.8 million cells) and 5 turbu-
lence models (SST k- k-
(CSEP = 1.25, 1.75, 2.25)) were considered. 
2. A thorough verification has been carried out 
to investigate the iteration and grid independence 
of the solution: 

 Iteration and grid error can contribute 
significantly to the numerical solution results. 
To minimise this effect, it is necessary to use 
iterative averaging and improve the mesh 
quality for the bad areas. 
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 The often recommended methods for 
extrapolating the solution to an infinitesimal 
mesh cannot simply be applied in general. 
Richardson extrapolation may give inadequate 
predictions for oscillatory convergence, while 
the approximate error spline may fail for 
monotone convergence. 

 For all turbulence models, the influence of 
the surrounding buildings negatively impacts 
the iteration and grid independence of the 
solution. This effect can be explained by the 
complexity of the flow structure. 

 The solution for all the turbulence models 
mostly (>80% of the points) demonstrates 
oscillatory behaviour on different meshes. 

 It has been found that the SST k- show the 
worst iteration and grid independence among 
the studied models. 

 
significantly better iteration independence  
(eit < 15%), and decreasing the CSEP further 
improves it (eit < 5% for CSEP = 1.25). 

 The best grid independence is achieved for 
the EARSM model (Eg < 0.1), followed by 

CSEP = 1.
(CSEP = 2.25) and SST (Eg < 0.4). 
3. A thorough validation has been carried out, 
which is a comparison of the numerical (CFD) 
and physical (WT) modelling results using the 
special metrics Dn and Req. 

 The application of RE and AES extrapolation 
methods did not lead to a systematic improve-
ment of the results (the fit with experiment), so 
these methods are not recommended the valida-
tion of structural aerodynamics problems. 

 For all the turbulence models, the influence 
of the surrounding building negatively impacts 
the fit to the experiment. This effect can be 
explained by the complexity of the flow 
structure. 

 k-
rameter CSEP = 1.25 showed a significantly better 
fit to the experimental data for both mean and 
peak pressure coefficients’ values. This model is 
recommended for use in wind loads determina-
tion for relatively low buildings (meaning their 

height is less than both their width and length) in 
steady-state simulations. 
4. It is confirmed that Ansys Fluent allows the 
mean and peak wind loads determination on 
buildings of complex shape with the accuracy 
sufficient enough for practical purposes,  
provided that modern turbulence models and 
methods set out in the [15] are used. 
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KINETICS OF SOLID-PHASE INTERACTION BETWEEN 
DISSIMILAR CRYSTALLINE MATERIALS UNDER AN APPLIED 

LOAD IN A WIDE TEMPERATURE RANGE 
 

Valery V. Abramov, Yulia G. Zheglova, Vera V. Dolgusheva 

National Research Moscow State University of Civil Engineering, Moscow, RUSSIA  
 

Abstract: In the paper, a functional dependence of the kinetics of plastic strain and the change in shape of 
copper microprotrusions under the action of an applied load in a wide temperature range was obtained. The 
equations obtained in the paper can further find wide practical application for calculating the microstresses of the 
2nd kind arising at the interface of a metal - an inorganic material (for example, iron carbide, oxides, nitrides, 
etc.) during plastic strain, and will also allow estimating the intensity of the processes of the first stage of a solid-
phase topochemical reaction between dissimilar crystalline materials with sharply different creep resistance, 
leading to the formation of a real and physical contact between the surfaces. Synthetic monocrystalline 
corundum was chosen as such a response material in the paper. 
 

Keywords: kinetics, plastic strain, contact interaction, applied load in a wide temperature range, 
correlation-regression analysis, microstresses of the 2nd kind, relay transmission of strain 
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INTRODUCTION 
 
Continuing the series of papers devoted to the 
study of solid-phase interaction under the 
influence of applied load in a wide range of 
temperatures, in particular the kinetics of 

contact formation between dissimilar 
crystalline materials using copper-corundum 
as an example, this paper is devoted to 
obtaining the dependence of the kinetics of 
plastic strain of microprotrusions at different 
levels of applied loads in a wide range of 
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temperatures. A microprotrusion corresponds 
to the size of one grain of metal. 
 
The need for research 
Establishing the kinetics of plastic strain of 
microprotrusions (a microprotrusion 
corresponds to the size and structure of one 
grain) is a very important issue in the process 
of obtaining a precision detachable or 
permanent connection - a smoothing process 
that allows obtaining high-frequency metal 
surfaces with controlled and adjustable 
mechanical properties or obtaining a 
permanent precision connection (welding) 
when establishing physical contact between 
the surfaces. 
 
The objective of the paper is to establish the 
dependence of the formation of plastic strain 

m, determined in 
%, on time t, determined in seconds, in a wide 
range of temperatures from room temperature 
to pre-melting (from 293 K to 973 K) and 
nominal pressures from 5 to 30 MPa. Of 
interest is the kinetics of the process of plastic 
strain of microprotrusions and the influence of 
temperature and nominal pressure on its 
course, since in metal under the action of a 
variable applied load in a wide range of 
temperatures there is a transition from elastic 
to elastic-plastic and plastic contact, which 
must be taken into account in real 
calculations. In this case, the formulas for 

calculating strains under elastic mechanical 
contact cannot be applied. Also, under plastic 
strain of metal grain, microstresses of the 2nd 
kind arise, responsible for the relay 
transmission of strains from soft to hard using 
the example of copper-corundum or ferrite-
cementite Fe3C contact. 
 
 
METHODS 
 
Experimental study 
The papers [1, 2, 3] describe in detail the 
experiment and its methodology. 
The data considered in the paper were 
obtained using experimental processing of 
changes in the roughness indices of the study 
of contact surfaces of copper grade MB and 
synthetic single-crystal corundum (sapphire) 

-Al2O3, 60O-orientation, carried out using a 
profilograph-profilometer mod. 201 with a 
special computer program of the information 
computing complex (ICC) [4, 5-9]. 
The experiment was carried out for a wide 
range of temperatures T from 293 K to 973 K 
and nominal pressures n from 5 MPa to 30 
MPa, the height of the processing 
microprotrusions Rz was within the range: 3.2 
... 6.3 ... 10 m and 40-80 m. The data 
obtained as a result of the experiment are 
presented in Table 1. 

 
Table 1. Experimental values of plastic strain m, between copper grade MB and synthetic single-

-Al2O3 

n , 

MPa 
t, s 

m, % 
=293,

K 
=373,

K 
=743,

K 
=573,

K 
=673,

K 
=773,

K 
=873,

K 
=973,

K 
 30 3.9 5.7 11.5 12.3 17.7 15.7 19.7 21.7 
 150 7.8 8 15.3 16.4 21.5 23 26.4 28 
 330 8 9.5 17.1 17.7 24.2 24.3 28.8 29.9 

5 570 8.9 9.8 17.3 17.8 25.9 25.4 29.9 31.1 
 870         27 25.9 32 32.2 
 1170 10.2 10.5 18.7 20.3 28 27.5 32.2 33.4 
 1470         28.5 29 33.1 34.2 
 2070 10.7 11.5 20.2 22 29.8 30.8 35.1 36.1 
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n , 

MPa 
t, s 

m, % 
=293,

K 
=373,

K 
=743,

K 
=573,

K 
=673,

K 
=773,

K 
=873,

K 
=973,

K 

10 

30 6.8 8.5 12.7 14.4 17.5 18.3 21.1 22.6 
150 11.5 13 16 17.4 20.9 23.1 26.2 29.8 
330 13.4 14.7 18 19.7 23.9 26.1 29.8 34.2 
570 13.8 15.6 19.2 20.5 25.7 28 30.5 36.7 
870         26 29.3 32 37.9 

1170 15.4 16.7 19.3 21 26.4 29.8 33 39 
1470         27 30.2 33.5 39.4 
2070 17.3 18.3 20.8 22.8 28.2 31.2 34.7 40.3 

15 

30 9.1 11.5 13.8 14.5 17.7 19 21.6 26.4 
150 12 13.4 16 18.3 21.5 23.7 27 32.2 
330 13.4 15.2 18 20 24.2 27.3 29.6 36.1 
570 14.1 16 19 21 25.9 28.5 30.8 39 
870         27 29 31.9 39.6 

1170 14.8 16.7 19.7 22 28 30.2 32.8 40.2 
1470         28.5 31 33.7 41.2 
2070 16.3 17.7 21.3 23 29.8 33.1 35.9 42.2 

20 

30  10.30     11.90     14.10     15.60     19.00     20.60     23.70     29.00    
150  12.30     13.80     16.30     18.30     21.90     25.10     28.50     35.50    
330  13.40     15.20     19.00     21.00     25.90     28.50     32.00     39.40    
570  14.10     16.00     20.00     21.60     27.20     30.00     33.80     41.20    
870          27.50     30.50     34.50     41.80    

1170  14.80     16.70     20.30     22.50     28.00     31.00     35.00      
1470          28.50     31.50     35.50     42.60    
2070  16.30     18.00     21.30     23.70     29.00     32.20     36.00     43.50    

30 

30 11 13 16 17 19.3 20.7 24.8 31 
150 13 15.6 18.7 20.3 23.3 21.9 31.7 34.2 
330 14.2 16.7 20.6 21.9 26.4 25.6 35 38.3 
570 14.8 17.4 21.9 22.7 28.5 31.3 35.9 41.2 
870         29 32.4 37.1 42.8 

1170 15.2 17.7 22.5 23.7 29.6 33.6 39.6 44.5 
1470         30 35 40.3 46.2 
2070 16 18.7 23 24.2 31.5 37.1 42.2 47.5 

 
RESULTS AND DISCUSSION 
 
Obtaining kinetic equations for plastic strain 
of copper microprotrusions under the action 
of an applied load in a wide temperature 
range 
Based on the analysis of the data in Table 1, a 
one-to-one correspondence was obtained and 
substantiated using correlation-regression 
analysis methods, allowing one to obtain a 
specific value of plastic strain m arising in 
copper depending on the contact time t. 

The analysis carried out in the paper allowed 
us to establish that the kinetics of plastic 
strain of copper microprotrusions obeys the 
logarithmic law 
 

ln( )m a b t .    (1) 

 
In accordance with formulas (2), the coefficients 
a and b of the equation for determining plastic 
strain (1) were determined 
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ma bX ,
  

2
2

m mX Xb
X X

,   (2) 

 
where lnX t ; the overline in formulas (2) 
denotes the average values. 
 

Table 2 presents the obtained equations for 
calculating the kinetics of plastic strain in 
copper under the action of variable load in a 
wide temperature range. 
 

Table 2. Values of the coefficients a and b included in equation (1) for temperatures T from 293 K 
to 973 K and nominal pressures n  = 5, 10, 15, 20 and 30 MPa 

n , 

MPa 
5 10 15 20 30 

T, K a b a b a b  b  b 

293 -0.9161 1.5599 -0.839 2.3608 3.6918 1.6323 5.5765 1.3541 7.1514 1.1712 

373 1.2949 1.3396 1.3314 2.2354 6.3405 1.4879 6.933 1.4182 8.8503 1.3047 

473 5.1083 1.9699 6.5898 1.8851 7.6295 1.7592 8.1104 1.768 10.265 1.7332 

573 4.998 2.1701 7.9196 1.9367 8.0523 1.9992 9.0525 1.9396 11.472 1.7292 

673 7.5722 2.8797 8.8366 2.5327 7.5722 2.8797 10.506 2.493 9.4443 2.8802 

773 5.3888 3.2136 7.8274 3.11 8.1487 3.1755 11.493 2.787 3.8381 4.1951 

873 8.4701 3.4356 10.406 3.1947 10.91 3.1635 13.833 3.0077 11.546 3.9383 

973 11.281 3.1703 8.5363 4.2907 13.63 3.8092 18.143 3.4553 15.521 4.0863 
 
For all obtained equations type (1) of the 
kinetics of plastic strain of copper with 
coefficients a and b (Table 2), the coefficient of 
determination R2 was calculated in accordance 
with formula (3), showing the quality of the 
equations 
 

± 2

2 1

2

1

1
t t

t

n

m m
t

n

m m
t

R     (3) 

 
where 

tm  is the value of plastic strain of 

copper microprotrusions at time t, obtained as a 

result of the experiment (in %), ±
tm  is the value 

of plastic strain of copper microprotrusions at 

time t, calculated using formula (1) (in %), m  

is the average value of plastic strain of copper 
microprotrusions (in %). 
The values of the determination coefficient 
obtained in accordance with formula (3) are 
presented in Table 3.  
It is evident from Table 3 that all values of 
the coefficient of determination exceed 0.9, 
from which it follows that the equations 
obtained in Table 2 describe the kinetics of 
plastic strain in copper under the action of 
variable load in a wide temperature range 
with an accuracy of more than 90%. This 
makes it possible to apply these equations in 
practice for calculating plastic strains 
occurring in copper in a wide range of 
temperatures and pressures. 
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Table 3. Values of the coefficient of determination R2 for kinetic equations (Table 2) for T 
from 293 K to 973 K and n  = 5, 10, 15, 20, 30 MPa 

n , MPa 
5 10 15 20 30 

T, K 

293 0.960 0.984 0.990 0.987 0.988 

373 0.987 0.987 0.989 0.991 0.979 

473 0.984 0.973 0.987 0.961 0.977 

573 0.975 0.982 0.989 0.981 0.983 

673 0.996 0.985 0.996 0.964 0.989 

773 0.962 0.994 0.987 0.980 0.908 

873 0.989 0.994 0.990 0.981 0.988 

973 0.987 0.988 0.988 0.967 0.966 

 
 
An example of the application of the obtained 
formulas in practice 
The formulas obtained in the paper will allow 
modeling the kinetics of plastic strain of copper 
microprotrusions under the action of variable 
load in a wide temperature range at each stage 
of contact formation [2]. 
The process of contact formation can be 
conditionally divided into three stages, each of 
which is characterized by its own physical and 
mechanical features of the behavior and activity 
of atoms in the near-contact volume of 
microprotrusions and is controlled by a certain 
mechanism of plastic strain at each stage of the 
kinetic curve [5, 6, 9]. 
As an example, we will consider the period of 
active strain or the loading period corresponding 
to a time t from 10 to 30 seconds. Let us 
construct kinetic curves of plastic strain of 
copper microprotrusions for the temperature 
range T considered in the paper from 293 K to 
973 K and nominal pressures n  = 5, 10, 15, 20 

and 30 MPa (Figure 1).  

In Figure 1 (a-e), the curves are designated by 
numbers: 1 – T=293 K, 2 – T=373 K, 3 – T=473 
K, 4 – T=573 K, 5 – T=673 K, 6 – T=773 K, 7 – 
T=873 K, 8 – T=973 K.  
Using the graphs in Figure 1, it is possible to 
determine the value of plastic strain in copper 
with an accuracy of 90% during the period of 
active strain for a specific t from 10 to 30 s. 
Taking into account the formulas obtained in the 
paper (Table 2), it is possible to determine 
plastic strain at any other stage (formation of 
contact of transient and steady creep) with the 
stated accuracy.  
The modeling results obtained in the paper can 
be confirmed by studies of copper 
microhardness H   (Figure 2). 

The greatest hardening of copper corresponds to 
the period of active strain (corresponding to a 
time t from 10 to 30 seconds) and the stage of 
unsteady creep (6-8 minutes). After completion, 
the process of changing hardness stabilizes, i.e. 
corresponds to the stage of steady creep. 
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(a) n = 5 MPa 

 
(b) n = 10 MPa 

 
(c) n = 15 MPa 

 
(d) n = 20 MPa 

 
(e) n = 30 MPa 

Figure 1. Kinetics of plastic strain of copper microprotrusions, t=10-30 s, T=293, 373, 473, 573, 
673, 773, 873, 973 K: (a) n = 5 MPa, (b).

 
n  = 10 MPa, (c) n = 15 MPa, (d) n = 20 MPa, (e)

 n  = 30 MPa 
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(a) 

 
(b) 

 
( ) 

Figure 2. Effect of pressure ( n = 5…30 MPa) and temperature (a): T =373 K, (b) T = 573 K, 
(c) T =873 K on the magnitude and nature of the change in hardness ( H ) on the surface of the 

contact pads of copper microprotrusions 

( )

Kinetics of Solid-Phase Interaction Between Dissimilar Crystalline Materials Under an Applied Load in a Wide 
Temperature Range



212 International Journal for Computational Civil and Structural Engineering

CONCLUSION 
 
The paper presents kinetic equations that can be 
used to determine plastic strains of copper 
microprotrusions under the influence of applied 
load in a wide range of temperatures, starting 
with the period of active strain and ending with 
the stage of steady-state creep. 
Knowledge of the patterns of contact formation 
due to plastic strain of microprotrusions and their 
shape change at each stage of the solid-phase 
topochemical reaction in the contact volumes of 
the metal allows for a more complete 
justification of the technological process for 
obtaining a precision detachable or permanent 
connection, to manage it and actively control its 
flow. In addition, the established patterns allow 
for the calculation of the level of acting normal 
and tangential microstresses of the 2nd kind in 
the contact volume of the metal and to explain 
the mechanism of relay transmission of strains 
from a soft metal to a harder material and 
activate its contact surfaces (e.g., 
semiconductors, inorganic dielectrics, etc. 
materials) or the destruction of inclusions in 
steels (carbides, oxides, nitrides) and the 
subsequent sudden catastrophic destruction of 
welded metal structures [3]. The established 
mechanism of relay transmission of strain under 
the action of microstresses of the 2nd kind 
combines macroscopic concepts of the 
mechanics of deformation of solids with 
microscopic ones, considered from the standpoint 
of dislocation theory [7, 10]. Knowing these 
features, it is possible to control the process of 
obtaining high-purity metal surfaces necessary 
for high-tech industries such as aviation and 
radio electronics, nuclear power engineering, as 
well as the theory of sudden brittle failure of 
welded metal structures [5, 6, 11]. 
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ABOUT DEVELOPMENT OF COMPUTATIONAL SCHEMES  
OF GROUP TARGETED KINEMATIC DEVICES  

FOR SOME ELASTIC SYSTEMS 
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Andrey S. Plyaskin 1 
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Abstract: For some elastic systems with a finite number of degrees of freedom of mass, in which the 
directions of mass movement are parallel, methods have been developed for creating additional kinematic 
devices, the introduction of each of which targetly reduces the value of only one natural frequency to a 
given value, while not changing any of the other natural frequencies and not one of the forms of natural 
oscillations. If it is necessary to precisely reduce the values of several natural frequencies, then this re-
quirement can be realized by creating an appropriate number of separate targeted kinematic devices. The 
computational scheme of each of the individual targeted devices should include racks installed at the mass 
application nodes and directed along the trajectory of their movement. In some cases, separate targeted 
constraints can be independently installed in the source system. In most cases, on the basis of individual 
targeted kinematic devices, a computational scheme of a single group targeted device is formed, which 
reduces all the intended frequencies to the set values without changing any of the other natural frequencies 
and not one of the forms of natural oscillations. The distinctive paper is devoted to the method for forming 
a matrix of coefficients of additional inertial forces, which corresponds to a group targeted kinematic 
device. An algorithm for the creation of group targeted kinematic devices is proposed. Algorithm is tested 
with the use of “SCAD” and “Lira” software products. 
 

Keywords: natural oscillation frequency, natural oscillation shape, natural modes,  
separate targeted kinematic device, group targeted kinematic device,  

coefficients of additional inertial forces 
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1. INTRODUCTION 
 
For some elastic systems with a finite number 
of degrees of freedom of the masses, in which 
the directions of motion of the masses are par-
allel, methods have been developed for creat-
ing additional kinematic devices, which intro-
duction specifically reduces the magnitude of 
only one natural frequency to a given value, 
without changing any of the other natural fre-
quencies or any of the natural oscillation 
modes [2, 7, 10-13]. If it is necessary to spe-
cifically reduce the values of several natural 
frequencies, this requirement can be realized 
by creating an appropriate number of separate 
targeted kinematic devices [1]. The computa-
tional scheme [3, 4] for each of the separate 
targeted devices must include posts installed 
in the nodes of mass application and directed 
along the trajectory of their motion. In some 
cases, individual targeted constraints can be 
independently installed in the original system. 
In most cases, a computational scheme for a 
single group targeted device [8] is formed on 
the basis of individual targeted kinematic de-
vices, which reduces all the intended frequen-
cies to given values, without changing any of 
the other natural frequencies or any of the nat-
ural oscillation modes. The distinctive paper 
is devoted to the method of forming of matrix 
of additional inertial force coefficients corre-
sponding to a group kinematic targeted device. 
An algorithm [9, 16-21] for forming group 
kinematic targeted devices is proposed. Initial 

testing of the algorithm was carried out with 
the use of “SCAD” and “Lira” software prod-
ucts [18]. 
 
 
2. ALGORITHM FOR CREATION  
OF COMPUTATIONAL SCHEME  
OF A GROUP TARGETED KINEMATIC 
DEVICE 
 
The following algorithm for creation of compu-
tational scheme for a group targeted kinematic 
device is used: 

targeted kinematic devices are 
generated; each of them reduces one of the in-
tended natural frequencies to a specified value; 

dividual targeted kinematic devices are 
placed at the nodes of the original system; 

one is left; 

the rods. 
During the first step of the algorithm, the natural 
frequency spectrum of the original system with 
n  degrees of freedom is considered 
 

[1],  [2],  ...,  [ ],  ..,  q
q j q j n

 

 
It is necessary to specifically clear the frequency 
interval [ ],  ..,  [ ]q q j  from j  frequencies, 
reducing their values to values 

[ ],  .., [ 1]s s j . 
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3. NUMERICAL EXAMPLE  
OF IMPLEMENTING OF ALGORITHM 
OF CREATION OF COMPUTATIONAL 
SCHEME OF GROUP TARGETED 
KINEMATIC DEVICE 
 
Let us demonstrate the implementation of the al-
gorithm described in the previous paragraph us-
ing the example of a system with five degrees of 
freedom from [2]. The beam section is a compo-
site I- ure 1
of the system material is 206000E MPa. The 
mass values are equal to 
 

[1] [5] 400m m kg; 
[2] [4] 800m m kg; [3] 1200m kg. 

 
The frequencies and modes of the natural oscil-
lations of the original system are determined by 

the displacement method, in which the unknowns 
are the displacements in the direction of mass 
motion. The basic system of the displacement 
method is shown in Figure 2. 
The coefficients of the displacement method 
equations and the values of the nodal masses 
form matrices 
 

[ ,  ]A a i k ;   [ ]M m i .                

 
The roots of the equation 
 

2 0A M                         

 
define the frequency spectrum of the system's 
natural oscillations. The frequencies and modes 
of natural oscillations of the original system are 
presented in Table 1. 

 

 
Figure 1. Considering structure (numerical example) 

 

 
Figure 2. The basic system of the displacement method (numerical example) 

 
Table 1. Frequencies and modes of natural oscillations of the original system 

Number 
k  

 

[ ]m k  for 
frequency 
14.07953 

for 
frequency  
53.0752 

for 
frequency 
109.5337 

for 
frequency 
195.0757 

for 
frequency 
226.8870 

0 0.0000 0.0000 0.0000 0.0000 0.0000 0 
1 -0.315087 -0.502865 -0.594382 -0.73793 -0.369613 400 
2 -0.565080 -0.520103 -0.174580 0.370387 -0.264938 800 
3 -0.606213 0.103822 0.432120 -0.086169 0.212601 1200 
4 -0.432097 0.574986 -0.359747 -0.137055 -0.383591 800 
5 -0.164932 0.367738 -0.547801 0.540420 0.775147 400 
6 0.0000 0.0000 0.0000 0.0000 0.0000 0 
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In order to form individual targeted kinematic de-
vices, it is necessary to determine the forces that 
should appear in the device's posts [2, 5-7, 10-15] 
 

0[ ,  ] [ ] [ ,  ]R i k m i v i k ,                 

 
where ,  i k  are the numbers of the components of 
the k -th mode of natural oscillations, respec-
tively. 

If in the considering example it is required to re-
duce the value of the first natural oscillation fre-
quency from 14.0715 sec-1 to 10 sec-1, and the 
second natural oscillation frequency from 
53.0769 sec-1 to 11 sec-1, then 
 

0[ ,  1] [ ] [ ,  1]R i m i v i ;   0[ ,  2] [ ] [ ,  2]R i m i v i . 

 
The values are given in Table 2. 
 

Table 2. Values of 0[ ,  ]R i k  
i  1 2 3 4 5 

0[ ,  1]R i  63.04 226.24 364.32 173.28 33.08 

0[ ,  2]R i  -101.52 -210 62.88 232.16 74.24 

 
Table 3. Frequencies and modes of natural oscillations of the modified system 

Number 
k  

 

[ ]m k  for 
frequency 
10.0095 

for 
frequency  
53.0752 

for 
frequency 
109.5337 

for 
frequency 
195.0757 

for 
frequency 
226.8870 

0 0.0000 0.0000 0.0000 0.0000 0.0000 0 
1 0.315087 -0.502865 -0.594382 -0.73793 -0.369613 400 
2 0.565080 -0.520103 -0.174580 0.370387 -0.264938 800 
3 0.606213 0.103822 0.432120 -0.086169 0.212601 1200 
4 0.432097 0.574986 -0.359747 -0.137055 -0.383591 800 
5 0.164932 0.367738 -0.547801 0.540420 0.775147 400 
6 0.0000 0.0000 0.0000 0.0000 0.0000 0 

In order to construct a computational model for a 
kinematic targeted device that reduces [ ]q  to 

[ ]s , a matrix of additional inertial forces is 
formed: 
 

0 0m mM M M ;                   

0 , 1
[ , ]

n
m i k

M m i k ;                 

0[ ,  ] [ ] [ ] [ ,  ] [ ,  ]m i k m i m k v i q v k q    or  

0 0 0[ ,  ] [ ,  ] [ ,  ]m i k R i q R k q ;    

0

2

1 1

2
0

1 1

.

m
n n

i k
n n

i k

M

a i k s m i k v i q v k q

s m i k v i q v k q

  

 

After forming the matrix, the following equation 
is solved: 
 

2
0m mA M M M  

 
The solution results determine the frequency 
spectrum and natural oscillation modes of the 
modified system. 
For systems in which the directions of mass mo-
tion during natural oscillations lie in the same 
plane, the method of creation of computational 
model is based on the properties of a rope poly-
gon constructed from the forces 0[ ,  ]R i k . For the 

initial system considered in the distinctive paper, 
such an approach is given, for example, in [2]. 
There we have 0[ ,  1] [ ] [ ,  1]R i m i v i  and corre-

sponding kinematic targeted device is formed, 
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that reduces the first natural oscillation frequency 
from 14.0715 sec-1 to 10 sec-1. The frequencies 
and forms of natural oscillations of the modified 
system are presented in Table 3. 
The general view of this kinematic targeted de-
vice is shown in Figure 3. We have the following 
lengths of posts: 
 

[1] 2.6934pl m;   [2] 0.9406pl m;   

[3] 0.2000pl m;   [4] 1.0879pl m; 

[5] 2.7498pl m. 

 
The magnitude of the additional mass is deter-

2  
 

2
add moM M N j ,                  

 

 

 
Figure 3. The general view of computational scheme of targeted kinematic device 

 
Table 4. Coordinates of the belt nodes 

Number of node 0 1 2 3 4 5 6 
Coordinate of node 4.0557 2.9725 1.6217 6.4406 9.4115 5.5631 4.0557 

 
Table 5. Frequencies and modes of natural oscillations of the modified system 

Number 
k  

 

[ ]m k  for 
frequency 
11.0062 

for 
frequency  
14.07953 

for 
frequency 
109.5337 

for 
frequency 
195.0757 

for 
frequency 
226.8870 

0 0.0000 0.0000 0.0000 0.0000 0.0000 0 
1 -0.502865 -0.315087 -0.594382 -0.73793 -0.369613 400 
2 -0.520103 -0.565080 -0.174580 0.370387 -0.264938 800 
3 0.103822 -0.606213 0.432120 -0.086169 0.212601 1200 
4 0.574986 -0.432097 -0.359747 -0.137055 -0.383591 800 
5 0.367738 -0.164932 -0.547801 0.540420 0.775147 400 
6 0.0000 0.0000 0.0000 0.0000 0.0000 0 
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where [ ]N j  is the force in the outermost post of 
the device's belt, to which the additional mass is 
attached. 
The additional mass for the formed device is 
equal to 1586.5229add kg. The cross-sec-

tional areas of the kinematic device rods are iden-
tical; their values can be chosen arbitrarily. A ca-
ble runs from the lower hinge of fifth post 
through the block to the ground. 
Similarly we have 0[ ,  2] [ ] [ ,  2]R i m i v i  and a 

matrix of additional inertial forces is formed 
based on the forces, reducing the second natural 

frequency from 53.0769 sec-1 to 11 sec-1, and a 
corresponding computational model for the tar-
geted kinematic device is created. A general view 
of the computational model for this targeted kin-
ematic device is shown in Figure 4. 
The additional mass is equal to  
 

6301.7206915414addM kg. 

 
The frequencies and modes of natural vibrations 
of this modified system are presented in Table 5. 

 

 
Figure 4. The general view of computational scheme of targeted kinematic device 

 
Table 6. Coordinates of the belt nodes 

Number of node 0 1 2 3 4 5 6 
Node coordinate  

 
3.2000 2.6934 0.9406 0.2000 1.0879 2.7498 3.2000 

Node coordinate  
 

4.0557 2.9725 1.6217 6.4406 9.4115 5.5631 4.0557 
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After creation of individual kinematic targeted 
devices necessary for solving the problem, a 
group matrix of additional inertial force coeffi-
cients can be formed. In order to do this it is 
required simply sum the coefficients of the ad-
ditional inertial force matrices of the individual 
kinematic devices. 
By implementing the second step of the algo-
rithm described above, we form a group targeted 
kinematic device. In order to do this, the gener-
ated computational schemes for the individual 
targeted kinematic devices are placed at the 
nodes of the original system. The general view of 
this device is shown in Figure 5. 
We have the following additional masses: 

1 1586.5229add kg,   2 6301.72069add kg. 

 
In this version of the group targeted kinematic 
device, both additional masses are attached to the 
rightmost links of the individual kinematic devic-
es' belts. 
In some cases, it may be necessary to attach ad-
ditional masses to different sides of the group 
targeted kinematic device. Implementing this 
requirement does not complicate the procedure 
of creation of the group targeted device. In this 
case, in the individual kinematic devices used, 
the corresponding numbers j  of the outermost 
belt links are selected when determining the 
values  

 
 

 
Figure 5. The general view of the device 
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Figure 6. The variant of group targeted kinematic device. 

 
Table 7. Frequencies and modes of oscillation of both variants  

of the group targeted kinematic device 

Number 
k  

 

[ ]m k  for 
frequency 
11.0062 

for 
frequency  
14.07953 

for 
frequency 
109.5337 

for 
frequency 
195.0757 

for 
frequency 
226.8870 

0 0.0000 0.0000 0.0000 0.0000 0.0000 0 
1 -0.502865 -0.315087 -0.594382 -0.73793 -0.369613 400 
2 -0.520103 -0.565080 -0.174580 0.370387 -0.264938 800 
3 0.103822 -0.606213 0.432120 -0.086169 0.212601 1200 
4 0.574986 -0.432097 -0.359747 -0.137055 -0.383591 800 
5 0.367738 -0.164932 -0.547801 0.540420 0.775147 400 
6 0.0000 0.0000 0.0000 0.0000 0.0000 0 

 
Table 8. Comparison of the natural frequencies of the original system  

with the results of testing using the “SCAD” and “LIRA” software products 
 [1]  [2]  [3] [4]  [5]  

Proposed approach 14.0715 53.0769 109.5339 195.0757 226.8873 
“SCAD” and 

“LIRA” software 
packages 

14,0820 53,4030 111,5070 201,4150 237,1590 
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A version of the group sighting kinematic device 
in which the additional masses are attached to 
different sides is shown in Figure 6. 
The frequencies and modes of natural oscilla-
tions of both variants of the group targeted kine-
matic device are identical and are presented in 
Table 7. 
The posts of the individual targeted kinematic de-
vices, mounted at the mass application nodes and 
directed along their trajectory, are aligned. 
Forces 0[ ,  ] [ ] [ ,  ]R i k m i v i k  arise in the aligned 

posts, each of which determines one of the indi-
vidual targeted kinematic devices. 
The absence of mutual influence between the 
forces determining the various individual kine-
matic devices is justified by the properties of the 
forces 0[ ,  ]R i k . The forces 0 1[ ,  ]R i k  determining 

the targeted device, which reduces the natural 
frequency 1[ ]k , do not perform work on the dis-

placements of the natural oscillation mode of any 
other natural frequency, that is, 
 

if 1 2k k  we get 0 1 2
1

[ ,  ] [ ,  ] 0
n

i
R i k v i k .   

 

tual influence between the forces 0[ ,  ]R i k  arising 

in the posts of the group targeted device. 
The results presented in Table 7 confirm that 
the introduction of the group targeted kine-
matic device reduces only the first two selected 
natural oscillation frequencies to the intended 
values and does not lead to a change in the nat-
ural modes and values of the remaining fre-
quencies. The results presented in Tables 1, 2, 
3, 5, 7 were obtained by the finite element 

18
the length of the original beam into 24 sections. 
A comparison of the natural vibration frequen-
cies of the original system with the test results 
of the “SCAD” and “LIRA” software products 
is presented in Table 8. Considering the differ-
ence in the calculation method for Tables 1, 2, 
3, 5, 7 between the “SCAD” and “LIRA” soft-
ware products, the agreement between the re-
sults can be considered fairly close, confirming 
the reliability of the original data. 
 
 
 

Table 9. Testing the group targeted kinematic device 
 [1]  [2]  [3]  [4]  [5]  

Initial 14,0820 53,4030 111,5070 201,4150 237,1590 
Group 10,8000 11,1400 111,5200 201,4200 237,1600 

 
We will now test the group targeted kinematic 
device using the “SCAD” and “LIRA” software 
products. The results are presented in Table 9. 
The data presented in Table 9 prove that the test-
ing performed convincingly demonstrates a re-
duction exclusively in those frequencies targeted 
by the group kinematic device, while the other 
natural oscillation frequencies remained un-
changed. 
In summary, the distinctive paper proposes an al-
gorithm of creation of group targeted kinematic 
devices. Besides, a method of creation of a ma-
trix of additional inertial forces corresponding to 
a group kinematic targeted device is considered. 
We provide a rationale for the absence of mutual 

interference between the forces 0[ ,  ]R i k  arising 

in the group kinematic device posts, and tests the 
proposed algorithm using the “SCAD” and 
“LIRA” software products. 
 
 
REFERENCES 
 
1. Akimov P.A, Lyahovich L.S. Pricel'noe reg-

ulirovanie spektra chastot sobstvennyh kole-
banij uprugih plastin s konechnym chislom 
stepenej svobody mass putem vvedenija 
dopolnitel'nyh obobshhennyh svjazej i obob-
shhennyh kinematicheskih ustrojstv [Preci-
sion control for eigen-frequency of elastic 

About Development of Computational Schemes of Group Targeted Kinematic Devices for Some Elastic Systems



224 International Journal for Computational Civil and Structural Engineering

plates with finite number of mass degrees of 
freedom by using additional generalized con-
nections and kinematic devices]. // Vestnik 
Tomskogo gosudarstvennogo arkhitekturno-
stroitel'nogo universiteta. Journal of Con-
struction and Architecture, 2021, Vol. 23, No. 
4, pp. 57-  

2. Lyahovich L.S. Osobye svojstva optimal'nyh 
sistem i osnovnye napravlenija ih realizacii v 
metodah rascheta sooruzhenij [Special prop-
erties of optimal systems and the main direc-
tions of their implementation in the methods 
of structural analysis]. Tomsk, TGASU, 
2009. – 37  

3. Lyakhovich L.S., Akimov P.A. About De-
velopment of Computational Schemes of 
Some Additional Constraints for Elastic Sys-
tems. Part 1: Theoretical Foundations [O 
formirovanii raschetnyh shem nekotoryh 
dopolnitel'nyh svjazej dlja uprugih sistem. 
Chast' 1: Teoreticheskie osnovy podhoda]. // 
Promyshlennoe i Grazhdanskoe Stroitelstvo, 
2022, No. 9, pp. 4- in Russian  

4. Lyakhovich L.S., Akimov P.A., Mescheu-
lov N.V. About Development of Computa-
tional Schemes of Some Additional Con-
straints for Elastic Systems. Part 2: Samples 
of Analysis [O formirovanii raschetnyh shem 
nekotoryh dopolnitel'nyh svjazej dlja uprugih 
sistem. Chast' 2: Primery raschetov]. // 
Promyshlennoe i Grazhdanskoe Stroitelstvo, 
2022, No. 9, pp. 4-  

5. Lyakhovich L.S., Akimov P.A., Gal-
yautdinov Z.R., Plyaskin A.S. About De-
velopment of Computational Schemes of 
Generalized Kinematic Devices, Which Pre-
cisely Regulate the Frequency Spectrum of 
Natural Oscillations of Elastic Systems with 
a Finite Number of Degrees of Mass Free-
dom, the Directions of Movement of Which 
are Parallel, but do not Lie in the Same Plane. 
Part 1: Theoretical Foundations [O sozdanii 
raschetnyh shem obobshhennyh kinematich-
eskih ustrojstv, pricel'no regulirujushhih 
spektr chastot sobstvennyh kolebanij upru-
gih sistem s konechnym chislom stepenej 
svobody mass, u kotoryh napravlenija 

dvizhenija parallel'ny, no ne lezhat v odnoj 
ploskosti. Chast' 1. Teoreticheskie osnovy 
podhoda]. Fundamental exploratory and ap-
plied research of the Russian Academy of 
Architecture and Construction Sciences 

opment of architecture, urban planning, and 
the construction industry of the Russian Fed-
eration in 2022–2023: Scientific works of the 
RAACS: In 2 volumes: Volume 2. Moscow: 
RAACS, 2024, pp. 265-274 . 

6. Lyakhovich L.S., Akimov P.A., Gal-
yautdinov Z.R., Plyaskin A.S. About De-
velopment of Computational Schemes of 
Generalized Kinematic Devices, Which Pre-
cisely Regulate the Frequency Spectrum of 
Natural Oscillations of Elastic Systems with 
a Finite Number of Degrees of Mass Free-
dom, the Directions of Movement of Which 
are Parallel, but do not Lie in the Same Plane. 
Part 2: Samples of Analysis [O sozdanii 
raschetnyh shem obobshhennyh kinematich-
eskih ustrojstv, pricel'no regulirujushhih 
spektr chastot sobstvennyh kolebanij upru-
gih sistem s konechnym chislom stepenej 
svobody mass, u kotoryh napravlenija 
dvizhenija parallel'ny, no ne lezhat v odnoj 
ploskosti. Chast' 2. Primery raschetov]. Fun-
damental exploratory and applied research of 
the Russian Academy of Architecture and 

tific support for the development of architec-
ture, urban planning, and the construction in-
dustry of the Russian Federation in 2022–
2023: Scientific works of the RAACS: In 2 
volumes: Volume 2. Moscow: RAACS, 
2024, pp. 275-285 . 

7. Lyahovich L.S., Maletkin O.Ju. O 
pricel'nom regulirovanii sobstvennyh chastot 
uprugih system [On targeted control of natu-
ral frequencies of elastic systems]. // 
Izvestija vuzov. Stroitel'stvo i arhitektura, 
1990, No. 1, pp. 113-  

8. Faizullin I.E., Lyakhovich L.S., Akimov 
P.A., Galautdinov Z.R., Plyaskin A.S. De-
velopment of computational schemes of 
group targeted connections for some elastic 

Leonid S. Lyakhovich, Pavel A. Akimov, Zaur R. Galyautdinov, Andrey S. Plyaskin



225Volume 21, Issue 4, 2025

systems [Formirovanie raschetnyh shem 
gruppovyh pricel'nyh svjazej dlja nekotoryh 
uprugih system]. // Vestnik MGSU, 2025, 
Volume 20, Issue 1, pp. 60- . 

9. Do B., Ohsaki M. A random search for dis-
crete robust design optimization of linear-
elastic steel frames under interval parametric 
uncertainty. // Computers & Structures, 
2021, Volume 249, 106506. 

10. Lyakhovich L.S., Akimov P.A. Aimed con-
trol of the frequency spectrum of eigenvibra-
tions of elastic plates with a finite number of 
degrees of freedom of masses by superim-
posing additional constraints. // International 
Journal for Computational Civil and Struc-
tural Engineering, 2021, Volume 17, Issue 2, 
pp. 76-82.   

11. Lyakhovich L.S., Akimov P.A. Aimed con-
trol of the frequency spectrum of eigenvibra-
tions of elastic plates with a finite number of 
degrees of freedom by introducing additional 
generalized kinematic devices. // Interna-
tional Journal for Computational Civil and 
Structural Engineering, 2021, Volume 17, Is-
sue 3, pp. 14-20. 

12. Lyakhovich L.S., Akimov P.A. Formation 
of Computational Schemes of Additional Tar-
geted Constraints That Regulate The Fre-
quency Spectrum of Natural Oscillations of 
Elastic Systems With a Finite Number of De-
grees of Mass Freedom, the Directions of 
Movement of Which are Parallel, But Do Not 
Lie in the Same Plane. Part 1: Theoretical 
Foundations. // International Journal for 
Computational Civil and Structural Engineer-
ing, 2022, Volume 18, Issue 2, pp. 183-193. 

13. Lyakhovich L.S., Akimov P.A. Formation 
of Computational Schemes of Additional Tar-
geted Constraints That Regulate The Fre-
quency Spectrum of Natural Oscillations of 
Elastic Systems With a Finite Number of De-
grees of Mass Freedom, the Directions of 
Movement of Which are Parallel, But Do Not 
Lie in the Same Plane. Part 2: The First Sam-
ple of Analysis. // International Journal for 
Computational Civil and Structural Engineer-
ing, 2022, Volume 18, Issue 3, pp. 137-146. 

14. Lyakhovich L.S., Akimov P.A., Gal-
yautdinov Z.R., Plyaskin A.S. Develop-
ment of computational schemes of general-
ized kinematic devices that precisely regu-
late the natural frequency spectrum of elastic 
systems with a finite number of degrees of 
mass freedom, in which the directions of mo-
tion are parallel, but do not lie in the same 
plane. Part 1: Theoretical foundations. // In-
ternational Journal for Computational Civil 
and Structural Engineering, 2023, Volume 
19, Issue 3, pp. 173-183. 

15. Lyakhovich L.S., Akimov P.A., Gal-
yautdinov Z.R., Plyaskin A.S. Develop-
ment of computational schemes of general-
ized kinematic devices that precisely regu-
late the natural frequency spectrum of elastic 
systems with a finite number of degrees of 
mass freedom, in which the directions of mo-
tion are parallel, but do not lie in the same 
plane. Part 2. Samples of analysis. // Interna-
tional Journal for Computational Civil and 
Structural Engineering, 2023, Volume 19, Is-
sue 4, pp. 155-165. 

16. Mittal G., Gibi A.K. A modified steepest 
descent method for solving non-smooth in-
verse problems. // Journal for Computational 
and Applied Mathematics, 2023, Volume 
424, 114997. 

17. Mittal G., Gibi A.K. Convergence analysis 
of an optimally accurate frozen multi-level 
projected steepest descent iteration for solv-
ing inverse problems. // Journal of Complex-
ity, 2023, Volume 75, 101711. 

18. Mozgaleva M.L., Akimov P.A. Deep Beam 
Analysis with the Use of Discrete-Continual 
Finite Element Method in the Presence of a 
Vertical Crack. // International Journal for 
Computational Civil and Structural Engineer-
ing, Volume 21, Issue 2, 2025, pp. 177-186. 

19. Oztas G.Z., Erdem S. Random search with 
adaptive boundaries algorithm for obtaining 
better initial solutions. // Advances in Engi-
neering Software, 2022, Volume 169, 
103141. 

20. Ren Q. Seismic acoustic full waveform in-
version based on the steepest descent method 

About Development of Computational Schemes of Group Targeted Kinematic Devices for Some Elastic Systems



226 International Journal for Computational Civil and Structural Engineering

and simple linear regression analysis. // Jour-
nal of Applied Geophysics, 2022, Volume 
203, 104686. 

21. Wosniack M.E., Raposo E.P., Viswana-
than G.M., da Luz M.G.E. A parallel algo-
rithm for ran- dom searches. // Computer 
Physics Communications, 2015, Volume 
196, pp. 390-397.  

 
 

 
 
1.  

c
-

-67. 
2.  

–  
–  

3.  

. 

, 202, 4-10. 
4. 

 

. // 
, 2022,  11-19. 

5. 
 

-
- – 

, . 265-274.   
6. 

 

 

22-
- – 

-285. 
7.  

-117.  
8. 

, 
2025 20 60-72. 

9. Do B., Ohsaki M. A random search for dis-
crete robust design optimization of linear-
elastic steel frames under interval parametric 
uncertainty. // Computers & Structures, 
2021, Volume 249, 106506. 

10. Lyakhovich L.S., Akimov P.A. Aimed con-
trol of the frequency spectrum of eigenvibra-
tions of elastic plates with a finite number of 
degrees of freedom of masses by superim-
posing additional constraints. // International 

Leonid S. Lyakhovich, Pavel A. Akimov, Zaur R. Galyautdinov, Andrey S. Plyaskin



227Volume 21, Issue 4, 2025

About Development of Computational Schemes of Group Targeted Kinematic Devices for Some Elastic Systems

Journal for Computational Civil and Struc-
tural Engineering, 2021, Volume 17, Issue 2, 
pp. 76-82. 

11. Lyakhovich L.S., Akimov P.A. Aimed con-
trol of the frequency spectrum of eigenvibra-
tions of elastic plates with a finite number of 
degrees of freedom by introducing addi-
tional generalized kinematic devices. // In-
ternational Journal for Computational Civil 
and Structural Engineering, 2021, Volume 
17, Issue 3, pp. 14-20. 

12. Lyakhovich L.S., Akimov P.A. Formation 
of Computational Schemes of Additional 
Targeted Constraints That Regulate The Fre-
quency Spectrum of Natural Oscillations of 
Elastic Systems With a Finite Number of De-
grees of Mass Freedom, the Directions of 
Movement of Which are Parallel, But Do Not 
Lie in the Same Plane. Part 1: Theoretical 
Foundations. // International Journal for 
Computational Civil and Structural Engineer-
ing, 2022, Volume 18, Issue 2, pp. 183-193. 

13. Lyakhovich L.S., Akimov P.A. Formation 
of Computational Schemes of Additional 
Targeted Constraints That Regulate The Fre-
quency Spectrum of Natural Oscillations of 
Elastic Systems With a Finite Number of De-
grees of Mass Freedom, the Directions of 
Movement of Which are Parallel, But Do Not 
Lie in the Same Plane. Part 2: The First Sam-
ple of Analysis. // International Journal for 
Computational Civil and Structural Engineer-
ing, 2022, Volume 18, Issue 3, pp. 137-146. 

14. Lyakhovich L.S., Akimov P.A., Gal-
yautdinov Z.R., Plyaskin A.S. Develop-
ment of computational schemes of general-
ized kinematic devices that precisely regu-
late the natural frequency spectrum of elastic 
systems with a finite number of degrees of 
mass freedom, in which the directions of 
motion are parallel, but do not lie in the same 
plane. Part 1: Theoretical foundations. // In-
ternational Journal for Computational Civil 
and Structural Engineering, 2023, Volume 
19, Issue 3, pp. 173-183. 

15. Lyakhovich L.S., Akimov P.A., Gal-
yautdinov Z.R., Plyaskin A.S. Develop-
ment of computational schemes of general-
ized kinematic devices that precisely regu-
late the natural frequency spectrum of elastic 
systems with a finite number of degrees of 
mass freedom, in which the directions of 
motion are parallel, but do not lie in the same 
plane. Part 2. Samples of analysis. // Interna-
tional Journal for Computational Civil and 
Structural Engineering, 2023, Volume 19, 
Issue 4, pp. 155-165. 

16. Mittal G., Gibi A.K. A modified steepest 
descent method for solving non-smooth in-
verse problems. // Journal for Computational 
and Applied Mathematics, 2023, Volume 
424, 114997. 

17. Mittal G., Gibi A.K. Convergence analysis 
of an optimally accurate frozen multi-level 
projected steepest descent iteration for solv-
ing inverse problems. // Journal of Complex-
ity, 2023, Volume 75, 101711. 

18. Mozgaleva M.L., Akimov P.A. Deep Beam 
Analysis with the Use of Discrete-Continual 
Finite Element Method in the Presence of a 
Vertical Crack. // International Journal for 
Computational Civil and Structural Engi-
neering, Volume 21, Issue 2, 2025, pp. 177-
186. 

19. Oztas G.Z., Erdem S. Random search with 
adaptive boundaries algorithm for obtaining 
better initial solutions. // Advances in Engi-
neering Software, 2022, Volume 169, 
103141. 

20. Ren Q. Seismic acoustic full waveform in-
version based on the steepest descent 
method and simple linear regression analy-
sis. // Journal of Applied Geophysics, 2022, 
Volume 203, 104686. 

21. Wosniack M.E., Raposo E.P., Viswana-
than G.M., da Luz M.G.E. A parallel algo-
rithm for ran- dom searches. // Computer 
Physics Communications, 2015, Volume 
196, pp. 390-397. 

 
 
 

 

 



228 International Journal for Computational Civil and Structural Engineering

Leonid S. Lyakhovich, Full Member of the Russian Acad-
emy of Architecture and Construction Sciences, Professor, 
DSc, Professor of Department of Structural Mechanics, 
Tomsk State University of Architecture and Building; 2, 
Solyanaya St., 2, Tomsk, 634003, Russia; E-mail: 
lls@tsuab.ru 
 
Pavel A. Akimov, Full Member of the Russian Academy of 
Architecture and Construction Sciences, Professor, Dr.Sc.; 
Rector, Professor of Department of Applied Mathematics 
and Computer Science of National Research Moscow State 
University of Civil Engineering; 26, Yaroslavskoe Shosse, 
Moscow, 129337, Russia; E-mail: AkimovPA@mgsu.ru, 
rector@mgsu.ru, pavel.akimov@gmail.com 
 
Zaur R. Galyautdinov, Associate Professor, DSc, Professor 
of Department of Reinforced Concrete and Stone Struc-
tures, Tomsk State University of Architecture and Build-
ing; 2, Solyanaya St., 2, Tomsk, 634003, Russia; E-mail: 
gazr@yandex.ru 
 
Andrey S. Plyaskin, Associate 
Department of Metal and Wooden Structures, Tomsk State 
University of Architecture and Building; 2, Solyanaya St., 
2, Tomsk, 634003, Russia; E-mail: plyaskinan-
drei@mail.ru 

-
E-mail: lls@tsuab.ru 

 
 

 

Email: AkimovPA@mgsu.ru, rec-
tor@mgsu.ru, pavel.akimov@gmail.com 
 

-
E-mail: gazr@yandex.ru 

 

-
E-mail: plyaskinan-

drei@mail.ru 
 

Leonid S. Lyakhovich, Pavel A. Akimov, Zaur R. Galyautdinov, Andrey S. Plyaskin



229Volume 21, Issue 4, 2025

TITLE EMERGENCY CALCULATION OF THE INDUSTRIAL 
BUILDING STRUCTURE 
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Abstract: Emergency situations calculation for the industrial buildings structures is an important element in en-
suring their reliability and safety in conditions that contribute to the emergence of significant social, environmental 
and economic consequences. This calculation is mandatory for objects of a high responsibility level (class KS-3), 
and can be carried out on a voluntary basis for objects of class KS-2, where a large number of people are expected 
to be present. The article presents the calculation of the industrial building structures with a high responsibility 
level and analyzes its results. The calculation was performed in accordance with paragraph 5.1 in SP 
56.13330.2011 «Industrial buildings» for resistance to progressive collapse as an emergency situation result. A 
secondary model was created based on the primary calculation model. An emergency failure case of the middle 
load-bearing column in the frame along the 18/H axis was selected having analyzed the space-planning and design 
solutions for this building. It was established that the required beams and the roof slab reinforcement obtained as 
a calculation result of the secondary model does not exceed that obtained as a primary model calculation result 
based on the calculations performed results. Also, based on the calculation results of the ozone-sorption block 
building secondary model (fast filter section) for an emergency situation, it was determined that when such a 
situation occurs - when one of the columns is turned off - the remaining load-bearing elements take on additional  
forces without losing strength and stability, that is, resistance to the structure progressive collapse will be ensured. 
 

Keywords: emergency situation, industrial structure, progressive collapse, load combinations, 
load-bearing elements 
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INTRODUCTION 
 
Emergency situations calculation for the indus-
trial buildings structures is an important element 
in ensuring their reliability and safety in condi-
tions that contribute to the emergence of signifi-
cant social, environmental and economic conse-
quences. This calculation is mandatory for ob-
jects of a high level of responsibility (class KS-
3), and can also be carried out on a voluntary ba-
sis for class KS-2 objects, where a large number 
of people are expected in accordance with GOST 
27751-2014 «Reliability of building structures 
and foundations». Such measures are aimed at in-
creasing the safety and reliability level in con-
struction projects, which is especially important 
in the conditions of modern construction and 
buildings operation [1-10].  
The structure considered in this article, the 
ozone-sorption unit, is a structure of a high re-
sponsibility level KS-3, accordingly, this calcu-
lation is mandatory in its design. 
The purpose calculation for the emergency situa-
tions occurrence is to check and ensure the safety 
and reliability of the adopted design solutions, 
and to determine the methods for protecting the 
industrial building supporting structures from 
progressive collapse in emergency situations. 
 
 
METHODS 
 
The following methods are used to assess the 
structures resistance to emergency situations: 
 A model describing possible emergency sce-

narios creation. For each scenario, external and 
internal impacts combinations are taken into ac-
count. 
 The load-bearing elements determination, the 

failure of which can lead to the progressive col-
lapse of the entire system. 
 The possible failures and their impact on the 

overall structure stability research. 
 The correlation analysis between the structure 

elements. Possible sequential reactions that occur 

when one or more elements fail are considered 
[11-18]. 
Calculation for the occurrence of an emergency 
situation. The calculation of the ozone-sorption 
block model in axes 4 - 19 m/o K - R (fast filter 
section) was performed in accordance with para-
graph 5.1 in SP 56.13330.2011 «Industrial build-
ings» for resistance to progressive collapse as an 
emergency situation result. A secondary model 
was created based on the primary calculation 
model. 
A secondary model was created based on the 
primary calculation model (Figure 1). 
 

 
Figure 1. Calculation model 

 
An emergency failure case of the middle load-
bearing column in the frame along the 18/H axis 
was selected having analyzed the space-planning 
and design solutions for this building (marked in 
red in Figure 1). 
The lower part of the column, 2.15 m high, was 
removed to simulate the failure (the covering is 
not shown). The calculation for progressive col-
lapse in the emergency was performed with a 
special combination of standard load values, in-
cluding the failure of one of the load-bearing 
structure elements. 
The calculation is performed according to the cri-
terion of extreme stress values at characteristic 
element sections points based on the rules estab-
lished by regulatory documents SP 
20.13330.2011 «Loads and Impacts», SP 
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22.13330.2011 «Foundations of Buildings and 
Structures», SP 63.13330.2012 «Concrete and 
Reinforced Concrete Structures», SP 
385.1325800.2018 «Protection of Buildings 
from Progressive Collapse», SP 
296.1325800.2017 «Buildings and Structures. 
Special Impacts» [19-25]. 
 
 
RESULTS AND DISCUSSION  
 
The spatial static calculation was performed us-
ing the finite element method using the LIRA-
SAPR software package. The walls and floor 
slabs and roofs were modeled using the finite el-
ements of a universal shell in the calculation 
model, all rod elements were modeled using a 
universal spatial rod finite element [26-30]. 
The roof slab vertical displacements isofields is 
shown in Figure 2. Longitudinal forces N in the 
frame supporting elements after an emergency 
situation fragment is shown in Figure 3. 
The maximum value of N occurred in columns 
17/M, 18/M, 18/P, 19/N as a result of the forces 
redistribution. 
The results of calculating the maximum force My 
in the frame supporting elements after an 
emergency situation is shown in Figure 4. The 
roof beams vertical displacements mosaic is 
shown in Figure 5. 
 

 
Figure 2. The roof slab vertical displace-

ments isofields (fragment) 

 
Figure 3. Longitudinal forces N in the frame 

supporting elements after an emergency situa-
tion (fragment) 

 

 
Figure 4. Maximum forces My in the frame sup-
porting elements after an emergency situation 

(fragment) 
 

 
Figure 5. The roof beams vertical displacements 

mosaic (fragment) 
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The results of calculating the required reinforce-
ment in beams with a cross-section of 40x80 cm 
and the reinforcement calculation diagram are 
shown in Figures 6, 7 and 8. The results of calcu-
lating the required reinforcement in columns are 
shown in Figure 9. 
 

 
Figure 6. Required reinforcement in beams 

40x80 mm (fragment) 
 

 
Figure 7. Required reinforcement in beams 

40x80 mm (diagram) 
 

 
Figure 8. Required reinforcement in beams 

40x80 mm (fragment) 

 
Figure 9. Required reinforcement in columns 

(fragment) 
 

The authors proposed a reinforcement variant for 
the considered column KmK74, shown in Figure 
10. The KmK74column specification and the 
steel specifications are given in Tables 1 and 2, 
respectively. 
 

 
Figure 10. Column reinforcement option 

 
Table 1. The column specification KmK74 

Positio
n 

Name Quantity 
Weight, 

kg 
Notes 

 Specifications    

1 
Ø32 A500 
l=4630 mm 

4 29.2  

2 
Ø8 A240 

l=1540 mm 
9 0.6  

 Materials    

 
Concrete class 

B25 
  

0.6 
m2 

Valeriy I. Telichenko, Vladimir I. Rimshin, Ekaterina S. Ketsko



233Volume 21, Issue 4, 2025

Table 2. Steel consumption statement 

Unit 

Reinforcement products 
Reinforcement class 

Total, 
kg 

A240 A500 
GOST 5781-

82 
GOST 5781-82 

Ø8 Total Ø32 Total 
KmK74 5 5 117 117 122 

 
The forces in the roof slab Mx and My, Nx and 
Ny (fragments) are shown in Figures 11-14, 
respectively. 
 

 
Figure 11. Forces in the roof slab Mx 

(fragment) 
 

 
Figure 12. Forces in the roof slab My 

(fragment) 
 

 
Figure 13. Forces in the roof slab Nx (fragment) 

 

 
Figure 14. Forces in the roof slab Ny (fragment) 

 
The calculation results for the required 
reinforcement in the roof slabs are shown in 
Figures 15-18, respectively. 
 

 
Figure 15. Required reinforcement in the roof 

slab. Lower along the X axis (fragment) 
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Figure 16. Required reinforcement in the roof 

slab. Upper along the X axis (fragment) 
 

 
Figure 17. Required reinforcement in the roof 

slab. Bottom along the Y axis (fragment) 
 

 
Figure 18. Required reinforcement in the roof 

slab. Upper along the Y axis (fragment) 
 
 
 

CONCLUSION 
 
The maximum displacement along the Z axis of 
a 7 m long roof beam is 22.6 mm. The required 
column reinforcement (25.6 cm2) does not ex-
ceed that obtained as a primary model calculation 
result (28.2 cm2). 
The required beams and roof slabs reinforcement 
obtained as a result of calculating the secondary 
model does not exceed that obtained as a result 
of calculating the primary model.
was established that when such a situation occurs 
– when one of the columns is switched off from 
operation – the remaining load-bearing elements 
take on additional forces without losing strength 
and stability, i.e., resistance to progressive col-
lapse is ensured based on the calculation results 
of the ozone-sorption block building secondary 
model in axes 4–19 m/o K–R (fast filter section) 
for an emergency situation. 
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Abstract: For some elastic systems with a finite number of degrees of freedom of masses, in which the directions 
of mass movement are parallel, methods have been developed for creating additional constraints, the introduction 
of each of which specifically increases the value of only one natural frequency to a given value, without changing 
any of the other natural frequencies and any of the forms of natural vibrations. Methods have also been developed 
for creating additional kinematic devices, the introduction of each of which specifically reduces the value of only 
one natural frequency to a given value, without changing any of the other natural frequencies or any of the forms 
of natural vibrations. If it is necessary to aim at increasing the values of some natural frequencies and reducing the 
values of some others, then these requirements can be implemented by creating appropriate separate targeted con-
straints and separate targeted kinematic devices. If the operating conditions of the facility allow, then these indi-
vidual targeted devices can be independently installed in the source system. The distinctive paper proposes a 
method for development of integrated (complex, unified) group targeted device that increases some intended nat-
ural frequencies to preset values and reduces other intended frequencies to preset values, without changing any of 
the other natural frequencies and any of the forms of natural vibrations. An algorithm for the creation of such a 
single targeted group device is proposed. It is shown that the group targeted device created in this way can be used 
in special cases both as a group targeted kinematic device and as a group targeted constraint. The initial probation 
(testing) of the algorithm was implemented with the use of the software products “SCAD” and “Lira”. Some 
special cases of development of computational schemes of such devices are considered. 
 

Keywords: natural oscillation frequency, natural oscillation shape, separate aiming kinematic device,  
coefficients of additional inertial forces, separate aiming coupling, coefficients of additional stiffness,  
aiming control of the natural oscillation frequency spectrum, group aiming device, building structures,  

elastic systems 
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1. INTRODUCTION 
 
In [1-7, 16-22], theoretical approaches were for-
mulated and methods for development of compu-
tational schemes for targeted constraints and tar-
geted kinematic devices were proposed for elas-
tic systems with a finite number of degrees of 
freedom of the masses, in which the directions of 
mass motion are parallel. Each targeted con-
straint increases, and each targeted kinematic de-
vice decreases, the value of only one natural fre-
quency of oscillations to a specified value, with-
out changing any of the other natural frequencies 
or any of the natural oscillation modes. If it is 
necessary to specifically increase the values of 
some natural frequencies and decrease the values 
of others, then these requirements can be 
achieved by creating appropriate individual tar-
geted constraints and individual targeted kine-
matic devices and autonomously placing them on 
the original system. In [8], a method for develop-
ment of computational scheme for a single group 
targeted constraint based on individual targeted 
constraints is considered, which increases all the 
intended frequencies to specified values. 
The distinctive paper is devote to continuation of 
research works, presented in papers [1-8, 16-22]. 
It is devoted to method for development of inte-
grated (complex, unified) group targeted device 

that increases some intended natural frequencies 
to specified values and decreases other intended 
frequencies to specified values, without changing 
any of the remaining natural frequencies or any 
of the natural oscillation modes. In specific cases, 
the integrated group targeted device created in 
this manner can be used both as a group kine-
matic targeted device and as a group targeted 
constraint. 
 
 
2. ALGORITHM FOR CREATION  
OF COMPUTATIONAL SCHEME  
OF A GROUP TARGETED CONSTRAINT 
 
The following algorithm for creation of compu-
tational scheme for a group targeted constraint is 
used: 
1) In accordance with the considering particular 
case individual targeted devices (individual tar-
geted constraints, individual targeted kinematic 
devices) are formed, each of which changes only 
one of the intended natural frequencies to a given 
value, while all actions are performed [2], in 
which the lengths of all the main posts will be of 
the same sign. 
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Figure 1. Considering structure (numerical example) 

 

 
Figure 2. The basic system of the displacement method (numerical example) 

 
2) All individual targeted devices are placed in 
the nodes of the structure; 
3) In areas where several posts are combined, 
only one is left. 
4) Hinges are introduced at the intersections of 
the rods. 
When implementing the first step of the algo-
rithm, the frequency spectrum of the natural os-
cillations of the original system with n  degrees 
of freedom is considered,  
 

[1],  [2],  ...,  [ ],  ..,  

                    [ ],  [ ( 1)],  ...,  [ ].

q
q j q j n

 

 
It is necessary to specifically free the frequency 
interval [ ],  ..,  [ ]q q j  from j  frequencies, 
reducing some of them to values smaller than 

[ ]q  and increasing the remaining frequencies 
from this interval to values greater than [ ]q j . 
 
 
3. NUMERICAL EXAMPLE  
OF IMPLEMENTING OF ALGORITHM 
OF CREATION OF COMPUTATIONAL 
SCHEME OF GROUP TARGETED 
KINEMATIC DEVICE 
 
Let us demonstrate the implementation of the al-
gorithm described in the previous paragraph us-
ing the example of a system with five degrees of 
freedom from [2]. The beam section is a compo-
site I-beam (Figure 1). The modulus of elasticity 
of the system material is 206000E MPa. The 
mass values are equal to 

[1] [5] 400m m kg; 
[2] [4] 800m m kg; [3] 1200m kg. 

 
The frequencies and modes of the natural oscil-
lations of the original system are determined by 
the displacement method, in which the unknowns 
are the displacements in the direction of mass 
motion. The basic system of the displacement 
method is shown in Figure 2. 
The coefficients of the displacement method 
equations and the values of the nodal masses 
form matrices 
 

[ ,  ]A a i k ;   [ ]M m i .               (1) 

 
The roots of the equation 
 

2 0A M                        (2) 

 
define the frequency spectrum of the system's 
natural oscillations. The frequencies and modes 
of natural oscillations of the original system are 
presented in Table 1. 
In order to form individual targeted kinematic de-
vices, it is necessary to determine the forces that 
should appear in the device's posts [1-8, 16-22] 
 

0[ ,  ] [ ] [ ,  ]R i j m i v i j ,                (3) 

 
where ,  i j  are the numbers of the components of 
the j -th mode of natural oscillations, respec-
tively. 
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Table 1. Frequencies and modes of natural oscillations of the original system 

Number 
k  

Natural vibration modes 

[ ]m k  for 
frequency 
14.07953 

for 
frequency  
53.0752 

for 
frequency 
109.5337 

for 
frequency 
195.0757 

for 
frequency 
226.8870 

0 0.0000 0.0000 0.0000 0.0000 0.0000 0 
1 -0.315087 -0.502865 -0.594382 -0.73793 -0.369613 400 
2 -0.565080 -0.520103 -0.174580 0.370387 -0.264938 800 
3 -0.606213 0.103822 0.432120 -0.086169 0.212601 1200 
4 -0.432097 0.574986 -0.359747 -0.137055 -0.383591 800 
5 -0.164932 0.367738 -0.547801 0.540420 0.775147 400 
6 0.0000 0.0000 0.0000 0.0000 0.0000 0 

 
Table 2. Values of 0[ ,  ]R i k  

i  1 2 3 4 5 

0[ ,  1]R i  63.04 226.24 364.32 173.28 33.08 

0[ ,  2]R i  -101.52 -210 62.88 232.16 74.24 

 
If in the considering example it is required to re-
duce the value of the first natural oscillation fre-
quency from 14.0715 sec-1 to 10 sec-1, and the 
second natural oscillation frequency from 
53.0769 sec-1 to 11 sec-1, then 
 

0[ ,  1] [ ] [ ,  1]R i m i v i ;   0[ ,  2] [ ] [ ,  2]R i m i v i . 

 
The values 0[ ,  ]R i k  are given in Table 2. 

In order to construct a computational model for a 
kinematic targeted device that reduces [ ]q  to 

[ ]s , a matrix of additional inertial forces is 
formed: 
 

0 0m mM M M ;                  (4) 

0 , 1
[ , ]

n
m i k

M m i k ;                (5) 

0[ ,  ] [ ] [ ] [ ,  ] [ ,  ]m i k m i m k v i q v k q    or  

0 0 0[ ,  ] [ ,  ] [ ,  ]m i k R i q R k q ;   (6) 

 
 

0

2

1 1

2
0

1 1

( [ ,  ] ( [ ]) [ ,  ]) [ ,  ] [ ,  ]
.

( [ ]) [ ,  ] [ ,  ] [ ,  ]

m
n n

i k
n n

i k

M

a i k s m i k v i q v k q

s m i k v i q v k q

 (7) 

 
After forming the matrix, the following equation 
is solved: 
 

2
0( ) 0m mA M M M .            (8) 

 
The solution results determine the frequency 
spectrum and natural oscillation modes of the 
modified system. 
For systems in which the directions of mass motion 
during natural oscillations lie in the same plane, the 
method of creation of computational model is 
based on the properties of a rope polygon con-
structed from the forces 0[ ,  ]R i k . For the initial 

system considered in the distinctive paper, such an 
approach is given, for example, in [2]. There we 
have 0[ ,  1] [ ] [ ,  1]R i m i v i  and corresponding kin-

ematic targeted device is formed, that reduces the 
first natural oscillation frequency from 14.0715 
sec-1 to 10 sec-1. 
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Table 3. Frequencies and modes of natural oscillations of the modified system 

Number 
k  

Natural vibration modes 

[ ]m k  for 
frequency 
10.0095 

for 
frequency  
53.0752 

for 
frequency 
109.5337 

for 
frequency 
195.0757 

for 
frequency 
226.8870 

0 0.0000 0.0000 0.0000 0.0000 0.0000 0 
1 0.315087 -0.502865 -0.594382 -0.73793 -0.369613 400 
2 0.565080 -0.520103 -0.174580 0.370387 -0.264938 800 
3 0.606213 0.103822 0.432120 -0.086169 0.212601 1200 
4 0.432097 0.574986 -0.359747 -0.137055 -0.383591 800 
5 0.164932 0.367738 -0.547801 0.540420 0.775147 400 
6 0.0000 0.0000 0.0000 0.0000 0.0000 0 

 

 
Figure 3. The general view of computational scheme of targeted kinematic device 

 
The frequencies and forms of natural oscillations 
of the modified system are presented in Table 3. 
The general view of this kinematic targeted de-
vice is shown in Figure 3. We have the following 
lengths of posts: 
 

[1] 2.6934pl m;   [2] 0.9406pl m;   

[3] 0.2000pl m;   [4] 1.0879pl m; 

[5] 2.7498pl m. 

 
The magnitude of the additional mass is deter-
mined by the relationship (see, for example, [2]) 
 

2( [ ])add moM M N n ,                 (9) 

 
where [ ]N n  is the force in the outermost post of 
the device's belt, to which the additional mass is 
attached. 
The additional mass for the formed device is 
equal to 1586.5229add kg. The cross-sec-

tional areas of the kinematic device rods are iden-
tical; their values can be chosen arbitrarily. A ca-
ble runs from the lower hinge of fifth post 
through the block to the ground. 
In [3, 4, 18, 19, 22] it is shown that changing the 
lengths of all the targeted device posts by the 

Leonid S. Lyakhovich, Pavel A. Akimov, Zaur R. Galyautdinov, Andrey S. Plyaskin



245Volume 21, Issue 4, 2025

same amount does not affect the spectrum of nat-
ural frequencies and vibration modes. 

Figure 4 shows a kinematic device formed from 
the one shown in Figure 3, by lengthening all the 
posts by 2 m. 

 

 
Figure 4. The general view of computational scheme of targeted kinematic device 

 
Table 4. Coordinates of the belt nodes 

Number of node 0 1 2 3 4 5 6 
Coordinate of node 4.0557 2.9725 1.6217 6.4406 9.4115 5.5631 4.0557 

 
Table 5. Frequencies and modes of natural oscillations of the modified system 

Number 
k  

Natural vibration modes 

[ ]m k  for 
frequency 
11.0062 

for 
frequency  
14.07953 

for 
frequency 
109.5337 

for 
frequency 
195.0757 

for 
frequency 
226.8870 

0 0.0000 0.0000 0.0000 0.0000 0.0000 0 
1 -0.502865 -0.315087 -0.594382 -0.73793 -0.369613 400 
2 -0.520103 -0.565080 -0.174580 0.370387 -0.264938 800 
3 0.103822 -0.606213 0.432120 -0.086169 0.212601 1200 
4 0.574986 -0.432097 -0.359747 -0.137055 -0.383591 800 
5 0.367738 -0.164932 -0.547801 0.540420 0.775147 400 
6 0.0000 0.0000 0.0000 0.0000 0.0000 0 

 
Similarly we have 0[ ,  2] [ ] [ ,  2]R i m i v i  and a 

matrix of additional inertial forces is formed 
based on the forces, reducing the second natural 
frequency from 53.0769 sec-1 to 11 sec-1, and a 

corresponding computational model for the tar-
geted kinematic device is created. A general view 
of the computational model for this targeted kin-
ematic device is shown in Figure 4. 
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The additional mass is equal to  
 

6301.7206915414addM kg. 

The frequencies and modes of natural vibrations 
of this modified system are presented in Table 5. 
 

 

 
Figure 5. The general view of computational scheme of targeted kinematic device 

 
Table 6. Coordinates of the belt nodes. 

Number of node 0 1 2 3 4 5 6 
Node coordinate  

(upper chord) 
3.2000 2.6934 0.9406 0.2000 1.0879 2.7498 3.2000 

Node coordinate  
(lower chord) 

4.0557 2.9725 1.6217 6.4406 9.4115 5.5631 4.0557 

 
After creation of individual kinematic targeted 
devices necessary for solving the problem, a 
group matrix of additional inertial force coeffi-
cients can be formed. In order to do this it is re-
quired simply sum the coefficients of the addi-
tional inertial force matrices of the individual 
kinematic devices. 
By implementing the second step of the algo-
rithm described above, we form a group targeted 
kinematic device. In order to do this, the gener-
ated computational schemes for the individual 

targeted kinematic devices are placed at the 
nodes of the original system. The general view of 
this device is shown in Figure 6. 
We have the following additional masses: 
 

1 1586.5229add kg,   2 6301.72069add kg. 

 
In this version of the group targeted kinematic 
device, both additional masses are attached to the 
rightmost links of the individual kinematic devic-
es' belts. 
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In some cases, it may be necessary to attach addi-
tional masses to different sides of the group tar-
geted kinematic device. Implementing this re-
quirement does not complicate the procedure of 
creation of the group targeted device. In this case, 

in the individual kinematic devices used, the cor-
responding numbers j  of the outermost belt links 
are selected when determining the values (9). 

 

 
Figure 6. The general view of the device 

 

 
Figure 7. The variant of group targeted kinematic device 
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Table 7. Frequencies and modes of oscillation of both variants of the group targeted kinematic device 

Number 
k  

Natural vibration modes 

[ ]m k  for 
frequency 
11.0062 

for 
frequency  
14.07953 

for 
frequency 
109.5337 

for 
frequency 
195.0757 

for 
frequency 
226.8870 

0 0.0000 0.0000 0.0000 0.0000 0.0000 0 
1 -0.502865 -0.315087 -0.594382 -0.73793 -0.369613 400 
2 -0.520103 -0.565080 -0.174580 0.370387 -0.264938 800 
3 0.103822 -0.606213 0.432120 -0.086169 0.212601 1200 
4 0.574986 -0.432097 -0.359747 -0.137055 -0.383591 800 
5 0.367738 -0.164932 -0.547801 0.540420 0.775147 400 
6 0.0000 0.0000 0.0000 0.0000 0.0000 0 

 
Table 8. Comparison of the natural frequencies of the original system  

with the results of testing using the “SCAD” and “LIRA” software products 
 [1]  [2]  [3] [4]  [5]  

Proposed approach 14.0715 53.0769 109.5339 195.0757 226.8873 
“SCAD” and 

“LIRA” software 
packages 

14,0820 53,4030 111,5070 201,4150 237,1590 

 
A version of the group sighting kinematic device 
in which the additional masses are attached to 
different sides is shown in Figure 7. 
The frequencies and modes of natural oscilla-
tions of both variants of the group targeted kine-
matic device are identical and are presented in 
Table 7. 
The posts of the individual targeted kinematic de-
vices, mounted at the mass application nodes and 
directed along their trajectory, are aligned. 
Forces 0[ ,  ] [ ] [ ,  ]R i k m i v i k  arise in the aligned 

posts, each of which determines one of the indi-
vidual targeted kinematic devices. 
The absence of mutual influence between the 
forces determining the various individual kine-
matic devices is justified by the properties of the 
forces 0[ ,  ]R i k . The forces 0 1[ ,  ]R i k  determining 

the targeted device, which reduces the natural 
frequency 1[ ]k , do not perform work on the dis-

placements of the natural oscillation mode of any 
other natural frequency, that is, 
 

if 1 2k k  we get 0 1 2
1

[ ,  ] [ ,  ] 0
n

i
R i k v i k .  (10) 

Relationship (10) determines the absence of mu-
tual influence between the forces 0[ ,  ]R i k  arising 

in the posts of the group targeted device. 
The results presented in Table 7 confirm that the 
introduction of the group targeted kinematic de-
vice reduces only the first two selected natural 
oscillation frequencies to the intended values and 
does not lead to a change in the natural modes 
and values of the remaining frequencies. The re-
sults presented in Tables 1, 2, 3, 5, 7 were ob-
tained by the finite element method (FEM) [18] 
by dividing (discretizing) the length of the origi-
nal beam into 24 sections. A comparison of the 
natural vibration frequencies of the original sys-
tem with the test results of the “SCAD” and 
“LIRA” software products [9-15] is presented in 
Table 8. Considering the difference in the calcu-
lation method for Tables 1, 2, 3, 5, 7 between the 
“SCAD” and “LIRA” software products, the 
agreement between the results can be considered 
fairly close, confirming the reliability of the orig-
inal data. 
We will now test the group targeted kinematic 
device using the “SCAD” and “LIRA” software 
products. The results are presented in Table 9. 
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Table 9. Testing the group targeted kinematic device 
 [1]  [2]  [3] [4]  [5]  

Initial 14,0820 53,4030 111,5070 201,4150 237,1590 
Group 10,8000 11,1400 111,5200 201,4200 237,1600 

 

 
Figure 8. The general view of the device 

 

 

Figure 9. The general view of the modified device 
 
The data presented in Table 9 prove that the test-
ing performed convincingly demonstrates a re-
duction exclusively in those frequencies targeted 
by the group kinematic device, while the other 
natural oscillation frequencies remained un-
changed. 
If for the initial system (Figure 1) it is required to 
reduce the value of the first natural frequency 
from 14.0820 sec-1 to 10 sec-1 and to increase the 
value of the second frequency from 53.4030 sec-

1 to 2 110S sec-1, then one of the separate tar-

geted kinematic devices shown in Figure 3 and 
Figure 4 can be used to reduce the first frequency. 
In order to increase the value of the second fre-
quency, a separate targeted constraint, created in 
[58], can be used. 
For this purpose, a matrix of additional stiffness 
coefficients is formed based on the forces 
 

0 0S SA A A ;                    (11) 

0 , 1
[ , ]

n
S i k

A a i k ;               (12) 

0 0 0[ ,  ] [ ] [ ]a i k R i R k ;              (13) 

2
2

1 1

0
1 1

( [ ,  ] [ ,  ]) [ , 2] [ , 2]
.

[ , ] [ , 2] [ , 2]

SO
n n

S
i k

n n

i k

A

a i k m i k v i v k

a i k v i v k

 

.               (14) 
 
In accordance with [2], a separate targeted con-
straint is formed. The general appearance of this 
device is shown in Figure 8. 
The lengths of the posts of this device are of dif-
ferent signs. To avoid the complications associ-
ated with this circumstance, we will increase the 
lengths of all legs by 0.8 m. 
The general appearance of this modified device 
is shown in Figure 9. 
We have the following lengths of posts: 
 

[1] 0.1264pl m;   [2] 0.1212pl m;   
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Table 10. Frequencies and modes of oscillation of the separate targeted constraint 

Number 
k  

Natural vibration modes 

[ ]m k  for 
frequency 
14.07953 

for 
frequency  
109.5337 

for 
frequency 
109.9983 

for 
frequency 
195.0757 

for 
frequency 
226.8870 

0 0.0000 0.0000 0.0000 0.0000 0.0000 0 
1 -0.315087 -0.594382 -0.502865 -0.73793 -0.369613 400 
2 -0.565080 -0.174580 -0.520103 0.370387 -0.264938 800 
3 -0.606213 0.432120 0.103822 -0.086169 0.212601 1200 
4 -0.432097 -0.359747 0.574986 -0.137055 -0.383591 800 
5 -0.164932 -0.547801 0.367738 0.540420 0.775147 400 
6 0.0000 0.0000 0.0000 0.0000 0.0000 0 

 

 
Figure 10. The general view of the considering variant of integrated group targeted device 

 
 [3] 1.6981pl m;   [4] 2.8000pl m; 

[5] 2.1555pl m. 

 
The cross-sectional areas of the belt rods and the 
posts are, respectively, equal to: 
 

0.0003538bF m2;   0.0007075pF m2. 

 
The diameters of the belt rods and the posts are, 
respectively, equal to: 
 

0.02122bD m;   0.0007075pD m. 

 
The frequencies and modes of natural vibrations 
of this individual targeted constraint are pre-
sented in Table 10. They are determined by the 
roots of the equation 

 
2( ) 0SO SA A A M .           (15) 

 
By implementing the second step of the above al-
gorithm, we create an integrated group targeted 
device. Let us first consider the variant in which 
the integrated targeted device is created based on 
the individual targeted constraint shown in Fig-
ure 9 and the individual targeted kinematic de-
vice shown in Figure 3. 
In order to achieve this, the selected computa-
tional schemes for individual targeted devices are 
placed within the nodes of the original system. 
The general view of this version of the integrated 
group targeted device is shown in Figure 10. 
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Figure 10. The general view of the considering variant of integrated group targeted device 

 

It should be clarified that the symbol  denotes 
a fixed flat hinge, with a cable running from the 
fifth post to the block and down. 
The additional mass is equal to  
 

1586.5229125936addM kg. 

 
The cross-sectional areas of the red belt rods are 
equal to  
 

0.0003538bF m2. 

 
The cross-sectional areas of the red posts are 
equal to  
 

0.0007075pF m2. 

 
The diameter of the belt rods is equal to  
 

0.02122bD m. 

 
The diameter of the belt rods is equal to 
 

0.03001bD m. 

 

The cross-sections of the black rods are the same. 
Where posts overlap, the cross-sections are not 
doubled. 
In the considered computational scheme for the 
integrated group targeted device, the belt of sep-
arate targeted constraint and belt of separate tar-
geted kinematic device intersect. 
Let us now consider a variant in which the inte-
grated targeted device is created based on the 
separate targeted constraint shown in Figure 9 
and the separate targeted kinematic device shown 
in Figure 4. 
The general view of this variant of the integrated 
group targeted device is shown in Figure 11. In 
this computational scheme, the belt of separate 
targeted constraint and belt of separate targeted 
kinematic device do not intersect. 
The posts of the separate targeted devices are su-
perimposed. Forces  
 

0[ ,  ] [ ] [ ,  ]R i k m i v i k  

 
arise in the combined posts, each of which deter-
mines one of the individual targeted devices.  
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Table 12. Frequencies and modes of oscillation of both variants of computational schemes 

Number 
k  

Natural vibration modes 

[ ]m k  for 
frequency 
10.07953 

for 
frequency  
109.5337 

for 
frequency 
109.9983 

for 
frequency 
195.0757 

for 
frequency 
226.8870 

0 0.0000 0.0000 0.0000 0.0000 0.0000 0 
1 -0.502865 -0.315087 -0.594382 -0.73793 -0.369613 400 
2 -0.520103 -0.565080 -0.174580 0.370387 -0.264938 800 
3 0.103822 -0.606213 0.432120 -0.086169 0.212601 1200 
4 0.574986 -0.432097 -0.359747 -0.137055 -0.383591 800 
5 0.367738 -0.164932 -0.547801 0.540420 0.775147 400 
6 0.0000 0.0000 0.0000 0.0000 0.0000 0 

 
Table 13. Test of group targeted device 

 [1]  [2]  [3] [4]  [5]  

Table 12 10.0095 11.0062 109.5337 195.0757 226.8870 
Test 10,8000 11.1400 111.5200 201.4200 237.1600 

 
The absence of mutual influence between the 
forces determining the different individual tar-
geted devices is explained by the properties of 
the forces 0[ ,  ]R i k , which are represented by the 

relationship (10). 
The frequencies and modes of natural vibrations 
of both variants of the computational schemes are 
the same. They are determined by the roots of the 
equation 
 

2
0( ) 0SO S m mA A A M M M .    (16) 

 
Equation (16) is formed from equation (2) by 
adding the matrix of additional stiffness coeffi-
cients (11), (12) to matrix A  (1) and the matrix 
of additional inertial forces (4) to matrix (1). 
The frequencies and coordinates of the natural 
oscillation modes presented in Table 12 were ob-
tained as the roots of Equation (16) before the 
computational model of the integrated group 
sighting device was created. 
Table 2.3.12 shows that the intended changes in 
the natural oscillation frequencies occurred with 
sufficient accuracy. Only the first natural oscilla-
tion frequency decreased, and only the second in-
creased. The remaining frequencies and all natu-
ral oscillation modes remained unchanged. 

We will now test the group targeted device with 
the use of “SCAD” and “LIRA” software prod-
ucts [9-15]. The results are presented in Table 13. 
The data presented in Table 13 demonstrate that 
the testing of the computational model convinc-
ingly demonstrates the closeness of the test re-
sults to the roots of equation (16) and confirms 
the change in only those frequencies targeted by 
the integrated group targeted device, while the 
remaining natural oscillation frequencies re-
mained unchanged. 
Thus, the distinctive paper proposes an algorithm 
for generating an integrated group targeted de-
vice that increases some targeted natural frequen-
cies to specified values and decreases other tar-
geted frequencies to specified values, without 
changing any of the remaining natural frequen-
cies or any of the natural oscillation modes. A 
method for generating a matrix defining an equa-
tion whose roots determine the frequencies and 
natural oscillation modes of the integrated group 
targeted device is considered. A justification is 
provided for the absence of mutual influence be-
tween the forces 0[ ,  ]R i k  arising in the posts of 

the integrated group targeted device. The pro-
posed algorithm was tested with the use of 
“SCAD” and “LIRA” software products [9-15]. 
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