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AIMS AND SCOPE
The aim of the Journal is to advance the research and practice in structural engineering 

through the application of computational methods. The Journal will publish original papers and 
educational articles of general value to the field that will bridge the gap between high-performance 
construction materials, large-scale engineering systems and advanced methods of analysis.

The scope of the Journal includes papers on computer methods in the areas of structural 
engineering, civil engineering materials and problems concerned with multiple physical processes 
interacting at multiple spatial and temporal scales. The Journal is intended to be of interest and use to 
researches and practitioners in academic, governmental and industrial communities.
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ОБЩАЯ ИНФОРМАЦИЯ О ЖУРНАЛЕ
International Journal for Computational Civil and Structural Engineering

(Международный журнал по расчету гражданских и строительных конструкций)

Международный научный журнал “International Journal for Computational Civil and 
Structural Engineering (Международный журнал по расчету гражданских и строительных 
конструкций)” (IJCCSE) является ведущим научным периодическим изданием по направлению 
«Инженерные и технические науки», издаваемым, начиная с 1999 года (ISSN 2588-0195 (Online); 
ISSN 2587-9618 (Print) Continues ISSN 1524-5845). В журнале на высоком научно-техническом 
уровне рассматриваются проблемы численного и компьютерного моделирования в строительстве, 
актуальные вопросы разработки, исследования, развития, верификации, апробации и приложе-
ний численных, численно-аналитических методов, программно-алгоритмического обеспечения 
и выполнения автоматизированного проектирования, мониторинга и комплексного наукоемкого 
расчетно-теоретического и экспериментального обоснования напряженно-деформированного (и 
иного) состояния, прочности, устойчивости, надежности и безопасности ответственных объектов 
гражданского и промышленного строительства, энергетики, машиностроения, транспорта, био-
технологий и других высокотехнологичных отраслей.

В редакционный совет журнала входят известные российские и зарубежные деятели науки 
и техники (в том числе академики, члены-корреспонденты, иностранные члены, почетные члены 
и советники Российской академии архитектуры и строительных наук). Основной критерий от-
бора статей для публикации в журнале − их высокий научный уровень, соответствие которому 
определяется в ходе высококвалифицированного рецензирования и объективной экспертизы, 
поступающих в редакцию материалов.

Журнал входит в Перечень ВАК РФ ведущих рецензируемых научных изданий, в которых 
должны быть опубликованы основные научные результаты диссертаций на соискание ученой 
степени кандидата наук, на соискание ученой степени доктора наук по научным специаль-
ностям и соответствующим им отраслям науки: 

• 1.1.8 – Механика деформируемого твердого тела (технические науки),
• 1.2.2 – Математическое моделирование численные методы и комплексы программ
(технические науки),
• 2.1.1 – Строительные конструкции, здания и сооружения (технические науки),
• 2.1.2 – Основания и фундаменты, подземные сооружения (технические науки),
• 2.1.5 – Строительные материалы и изделия (технические науки),
• 05.23.07 – Гидротехническое строительство (технические науки),
• 2.1.9 – Строительная механика (технические науки) 
В Российской Федерации журнал индексируется Российским индексом научного цити-

рования (РИНЦ). 
Журнал входит в базу данных Russian Science Citation Index (RSCI), полностью интегри-

рованную с платформой Web of Science. Журнал имеет международный статус и высылается в 
ведущие библиотеки и научные организации мира. 

Издатели журнала – Издательство Ассоциации строительных высших учебных заве-
дений /АСВ/ (Россия, г. Москва) и до 2017 года Издательский дом Begell House Inc. (США, г. 
Нью-Йорк). Официальными партнерами издания является Российская академия архитектуры 
и строительных наук (РААСН), осуществляющая научное курирование издания, и Научно-ис-
следовательский центр СтаДиО (ЗАО НИЦ СтаДиО).

Цели журнала – демонстрировать в публикациях российскому и международному про-
фессиональному сообществу новейшие достижения науки в области вычислительных методов 
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решения фундаментальных и прикладных технических задач, прежде всего в области строи-
тельства. 

Задачи журнала:
• предоставление российским и зарубежным ученым и специалистам возможности публи-

ковать результаты своих исследований;
• привлечение внимания к наиболее актуальным, перспективным, прорывным и инте-

ресным направлениям развития и приложений численных и численно-аналитических методов 
решения фундаментальных и прикладных технических задач, совершенствования технологий 
математического, компьютерного моделирования, разработки и верификации реализующего 
программно-алгоритмического обеспечения;

• обеспечение обмена мнениями между исследователями из разных регионов и государств.
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Abstract: The article considers issues related to the assessment of survivability of structural reinforced concrete 
systems in special limit states under the scenario of removal of one of the load-bearing columns within the 
framework of the probabilistic approach. Probabilistic models of basic (stochastic) variables included in the load 
and resistance functions are presented. Statistical parameters of the uncertainty of the resistance model and the 
model of the effect of external actions are obtained and integrated as a basic variable in probabilistic modeling. 
The functions of the limit state of the structural system in a special calculated situation with a sudden removal of 
the central column of the first floor are determined. Probabilistic modeling is performed using the first-order re-
liability method (FORM) for structural reinforced concrete systems designed according to the current standards 
of the Russian Federation. As a result, the values of the failure probabilities and the corresponding reliability in-
dices are obtained for the considered structural systems. 
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1. INTRODUCTION 
 
Progressive collapse is a catastrophic partial or 
complete failure of a structure caused by local 
structural damage [1]. Local failure initiates a 
chain reaction of failures that propagates verti-
cally or horizontally through the structural sys-
tem, resulting in widespread partial or complete 
collapse. The key feature of progressive col-
lapse is that the resulting ultimate damage is 
disproportionate to the local damage caused by 
the initiating event. Such collapses may be initi-
ated by specific beyond design basis events (e.g. 
gas explosions, vehicle collisions, and sabotage, 
fires, extreme environmental impacts, and hu-
man errors in design and construction) [2]. 
Progressive collapse and stability of structures 
under such special beyond design loads became 
an important factor in research and design after 
the collapse of the Ronan Point apartment tower 
in 1968. Interest in this topic has recently in-
creased as a result of the terrorist attack on the 
Murrah Federal Building in Oklahoma City in 
1995 and the attack on the World Trade Center 
in New York in 2001 [3]. 
At present, although the stability of structures 
against progressive collapse under special be-
yond design basis events has become a world-
wide research topic, there is no unified theory 
for assessing structural stability, nor a general 
methodology for quantitatively assessing the 
progressive collapse resistance of real complex 
structures. Below are presented some notable 
research directions proposed for assessing the 
stability of reinforced concrete structures 
against progressive collapse. 
One of the main areas of research in assessing 
the response of structures to beyond design ac-
tions is the conduct of experiments on structural 
models. A number of quasi-static tests have 
been conducted on various structural models, 
such as a beam-column and beam-slab substruc-
ture, flat frame structures and large-scale build-
ings, ... [4]. Thanks to these experiments, the 
load-bearing capacity, as well as the defor-
mation and failure characteristics of the struc-
ture, have been studied quite thoroughly. During 

the deformation of the substructure, various 
mechanisms of resistance to progressive col-
lapse were discovered with an increase in the 
quasi-static concentrated load above the re-
moved column. 
At early stages, when the applied force is still 
small, the bending moment in dangerous sec-
tions is less than the bearing capacity Mult, the 
structure operates according to the bending 
mechanism. The internal forces in the beam are 
only the transverse force and the bending mo-
ment. The longitudinal force is practically equal 
to zero [5]. 
When the quasi-static external force applied 
above the removed column continues to in-
crease, the bending moment reaches the limiting 
value Mult in the sections near the side columns. 
At the same time, as the external load increases, 
the value of the bending moment in these sec-
tions no longer increases. The stresses in the 
reinforcement in the tension zone of the danger-
ous sections reach the yield point, and the plas-
tic deformation in them increases significantly. 
The compression zone height of concrete gradu-
ally decreases, and numerous cracks appear in 
the tension zone of concrete. At this stage, it can 
be observed that the compressed concrete strip 
forms an arc (arch). The horizontal displace-
ment at the base of the formed arch is limited by 
the adjacent structures. Due to the work of the 
compressive concrete arch, the bearing capacity 
of the system increases significantly. The struc-
ture enters the stage according to the arch 
mechanism [6]. It should be noted that when 
calculating reinforced concrete structures under 
the scenario of removing a load-bearing column, 
the arch mechanism cannot be modeled using 
bar and plate elements in traditional finite ele-
ment analysis. 
As the quasi-static external force applied above 
the removed column increases, the displacement 
of the structure also increases. The height of the 
compressive concrete arch gradually decreases 
to zero. At this stage, the arch mechanism com-
pletely disappears and is replaced by a catenary 
mechanism [7]. All reinforcement in dangerous 
sections is subjected to tension. This also means 
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that the longitudinal force in the structure begins 
to manifest itself and increases to a limiting val-
ue when the stresses in the reinforcement reach 
the tensile strength. The structure completely 
collapses when the longitudinal reinforcement 
ruptures. 
It should be emphasized that the above-
mentioned deformation and failure characteris-
tics were discovered as a result of quasi-static 
experiments. Therefore, it does not fully reflect 
the dynamic nature of the process of progressive 
collapse and does not explain the change in the 
dynamic strength of the material under high-
strain-rate conditions. Several dynamic experi-
ments have been conducted so far to overcome 
the shortcomings of quasi-static experiments 
[8,9]. However, these experiments are very 
complex and require expensive equipment. 
In parallel with the experiments, many scien-
tists choose the method of predicting the bear-
ing capacity, as well as the deformability and 
failure characteristics of structures using nu-
merical methods, such as the finite element 
method [10]. However, the output results of the 
numerical analysis largely depend on the cor-
rectness of the input data, the suitability of the 
material model, the types of finite elements, as 
well as the perfection of the calculation algo-
rithm and the skills in using specialized soft-
ware. It should be noted that the numerical 
analysis here can be either nonlinear dynamic 
or nonlinear static. In the case of nonlinear 
static analysis, a dynamic amplification factor 
is applied so that the structural system provides 
equivalent dynamic behavior in the scenario of 
sudden column failure [11]. 
Another approach proposed for assessing the 
dynamic response of structures is the energy 
approach. Based on the nonlinear relationship 
between load and displacement in a quasi-static 
test and assuming that the work of the external 
force is balanced by the energy stored inside the 
structure when the column fails, we can find the 
greatest displacement that the system can 
achieve [12]. The energy approach is relatively 
simple, but it does not allow us to assess the ef-

fect of strain rate on the dynamic strength of 
materials in reinforced concrete structures. 
Some researchers use the tools of structural dy-
namics to solve the problem of dynamic behav-
ior of structures under beyond-design actions in 
the form of sudden failure of load-bearing col-
umns. Jian Weng and his colleagues proposed a 
linear model with single-degree-of-freedom, 
which takes into account a fixed damping coef-
ficient and failure time of the column [13]. Jun 
Yu and his colleagues proposed a nonlinear 
model with single-degree-of-freedom, in which 
the system stiffness is described by a trilinear 
function, which is able to describe various 
mechanisms of resistance to progressive col-
lapse of the structure [14,15]. 
Another approach to studying the resistance of 
building structures to progressive collapse is to 
use reliability/risk indices [16,17]. The ability 
of a structure to withstand damage can be de-
termined based on the reliability analysis of the 
structure and probability assessment. Probabil-
istic analysis will allow design engineers to 
decide whether further protective measures are 
required to prevent the risk of collapse. Iz-
zuddin A. et al. [18] proposed a probabilistic 
risk assessment system for multi-story steel 
buildings under beyond design actions. In their 
work, a simple probabilistic scheme was used, 
including the basic requirements for describing 
the uncertainty of hazards, the local damage 
associated with them, and the consequences of 
global failure. Xu and Ellingwood assessed the 
resistance of steel frames to progressive col-
lapse by developing a probabilistic model of 
failure of beam-column connections [19]. In 
the proposed model, the load values as well as 
the load-bearing capacity of the structure are 
uncertain quantities. Brunesi and Parisi used 
Monte Carlo simulation to create two-
dimensional (2D) and three-dimensional (3D) 
stochastic realizations of structural models 
from which an analytically model of progres-
sive failure of reinforced concrete frame struc-
tures could be derived [20]. 
The main objective of this study is to develop an 
assessment method for predicting the resistance 
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to progressive collapse of a reinforced concrete 
frame structure based on the probability princi-
ple. In the reliability analysis, a global limit 
state equation for the bearing capacity of the 
structural system is first formulated, in which 
the safety factor is the difference between the 
ultimate bearing capacity of the structural sys-
tem and the effects of external loads. An analyt-
ical approach (the first-order reliability method 
(FORM)) is applied to analyze the reliability of 
multi-story reinforced concrete frame structures 
subject to column failure based on the structural 
reliability index. 
 
 

2. METHODS 
 
Fundamentals of a progressive collapse risk 
management strategy 
In general, the strategy for managing the risks of 
progressive collapse focuses on calculation 
methods that assess the ability of a damaged 
structural system to maintain survivability after 
a special event associated with the occurrence of 
a special action. 
If each of the threats discussed earlier is repre-
sented as a random event, then the total proba-
bility of collapse of the structural system can be 
written as follows: 

 
 
 
 

collapse resistance

robustness element behaviour event control

hazardvulnerability

maximise

minimise,
P F P F DH P DH H P H  (1) 

 
where F  is an event defined as a disproportion-
ate or progressive collapse of a structural sys-
tem; 
P H  is the probability of occurrence of a spe-
cial event associated with the threat H ; 
P DH H  is the conditional probability of local 
failure of an individual structural element D as a 
result of the realization of the threat H ; 
P F DH  is the conditional probability of the 
occurrence of progressive collapse of a structur-
al system F under the condition that local failure 
of an individual element D occurs upon the real-
ization of a special event H . 
In the case of a progressive collapse, the main 
consequence of which is loss of life, acceptable 
reliability P F  will be achieved if the follow-
ing condition is met: 
 
 tagP F p . (2) 
 
The basic question in the approaches adopted by 
almost all regulatory documents containing re-
quirements for calculations for special actions is 
the following: what level of probability of col-

lapse of a structural system should be consid-
ered acceptable? 
Within the framework of the generally accepted 
concept, it is considered that the central criteri-
on value of the probability of collapse of a 
structural system is 710 /tagP  for a refer-
ence period of 1 year. 
It is easy to see that the probability of occur-
rence of disproportionate progressive collapse 
of the structural system can be reduced by re-
ducing either each individual or all three proba-
bilities included in (1). In this case, the proba-
bility of occurrence of a special event P H  
associated with a threat H  is independent dur-
ing design. It can be controlled by the space-
planning solution or placement of the building, 
reduction of possible risks inside the structure 
with organized security measures, personnel 
training, etc. When implementing such 
measures, many risks can be effectively pre-
vented (e.g., terrorist attacks, improper opera-
tion of the building and structure, ...). In addi-
tion, these measures include quality control dur-
ing design to prevent human errors and recom-
mendations for technical maintenance. 
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The design strategy of key elements aimed at 
ensuring resistance to local failure is reduced to 
minimizing the probability P DH H . Within 
the framework of this strategy, a key element is 
understood to be the load-bearing elements and 
connections that are necessary to ensure the re-
sistance of the original structural system as a 
whole. This strategy may be difficult to imple-
ment (due to the uncertainty of the magnitude of 
special actions), contain significant risks, or ini-
tially give uneconomical results. 
In the case where the alternate load path method 
is used in assessing survivability, the condition-
al probability of a local failure of a key element 
when a special event H occurs is conservatively 
taken as P DH H  = 1 (the failure of a key el-
ement occurs when a special event occurs, alt-
hough in the general case a structural element 
designed in a design traditional calculated situa-
tion will have some reliability under the action 
of special loads). Then expression (1) can be 
written in the following form: 
 
 P F P F DH P H . (3) 
 
Thus, the design task in a special calculated sit-
uation is reduced mainly to minimizing the 
probability P F DH . This strategy should be 
implemented in a wide range: from design 
measures aimed at creating the continuity and 
structural integrity of the system to a complete 
calculation of damage to the structural system 
taking into account various mechanisms of re-
sistance to progressive collapse, which are not 
taken into account in traditional design (for ex-
ample, compressive arch and catenary mecha-
nisms, the effect of high-speed deformation of 
materials, large deformations and displace-
ments, physical and geometric nonlinearity, 
etc.). 
Taking into account that the occurrence of a 
special event H  can be modeled by a Poisson 
process with an annual average occurrence fre-
quency H , the probability of occurrence of this 
event during some estimated period T (service 

life) for small H  is approximately 

HP H . From which it follows that: 
 
 

HP F P F DH . (4) 
 
Thus, the permissible probability of progressive 
collapse of the structural system is determined 
by the formula 
 
 tag

H

p
P F DH . (5) 

 
The value of H  is determined by statistical as-
sessment of threats and can be taken in the 
range of 10-6/year…10-5/year depending on the 
type of threat. Thus, the target average annual 
conditional probability of progressive collapse 
of a damaged structural system can be taken 
equal to 
 

7

2 1

6 5

10
10 10... .
year year10 10... year

year year

P F DH (6) 

 
Limit state function 
In order to determine the probability P F DH , 
one must first postulate a mathematical model 
(limit state function) G(X) in accordance with the 
principles established in reliability theory [21]. 
From the point of view of reliability theory, the 
behavior of a structural system or its element at 
an arbitrary moment in time can be described 
using a set of inherent limit states that designate 
the boundary between safe and unsafe states, the 
transition through which is considered a failure. 
The model describing the limit state is repre-
sented by the so-called state function G( ), 
which includes all the basic variables X neces-
sary for design, describing the effects of exter-
nal loads E(X) and the resistance of the system 
itself R(X): 
 
 G(X)=R(X)-E(X)= R(X1, X2, … , Xn) - (7) 
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ement occurs when a special event occurs, alt-
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of special loads). Then expression (1) can be 
written in the following form: 
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probability P F DH . This strategy should be 
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measures aimed at creating the continuity and 
structural integrity of the system to a complete 
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Taking into account that the occurrence of a 
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Limit state function 
In order to determine the probability P F DH , 
one must first postulate a mathematical model 
(limit state function) G(X) in accordance with the 
principles established in reliability theory [21]. 
From the point of view of reliability theory, the 
behavior of a structural system or its element at 
an arbitrary moment in time can be described 
using a set of inherent limit states that designate 
the boundary between safe and unsafe states, the 
transition through which is considered a failure. 
The model describing the limit state is repre-
sented by the so-called state function G( ), 
which includes all the basic variables X neces-
sary for design, describing the effects of exter-
nal loads E(X) and the resistance of the system 
itself R(X): 
 
 G(X)=R(X)-E(X)= R(X1, X2, … , Xn) - (7) 

E(X1, X2, … , Xn), 
 
where E(X) is a function representing the model 
of the effect of external loads; R(X) is a func-
tion representing the model of the element’s re-
sistance; X is a vector of basic (stochastic) vari-
ables, which are the parameters of the calcula-
tion model E(•) and R(•). 
For specific basic variables X, the function G(X) 
shows the state of the structural element: safe 
(operational) when G(X) 
failure when G(X)<0. Progressive collapse of a 
structural system is a probabilistic event, and 
the probability of its occurrence P F DH  is 
determined as follows: 
 
 0P F DH Prob G X . (8) 
 
Reliability index  
The basic stochastic variable has two character-
istic numerical values: the mathematical expec-
tation (mean value) and the standard deviation. 
Let G  be the mean value of the limit state 
function G( ). G  is the standard deviation, then 

2
G  is the variance of the function G( ). The re-

liability index  is defined as the ratio 
 
 /G G . (9) 
 
If R(X) and E(X) are normally distributed, inde-
pendent and uncorrelated, we have 
 
 
 2 2

.R E

R E

 (10) 

 
Let us consider the case when R(X) and E(X) are 
linear functions of the basic stochastic variables 
Xi: 
 
 

0 0
1 1

; ,
n n

i i k k
i k

R a X a E b X b
 

(11) 

 
where ai and bk are constants. Then G(X)=R(X)-
E(X) is also a linear function of these variables Xi: 

 
0 0

1 1
.

n n

i i k k
i k

G X a X b X a b  (12) 

 
Thus, the mean value G  of the limit state func-
tion has the form 
 
 

0 0
1 1

,
i k

n n

G i X k X
i k

a b a b  (13) 

 
and the variance 2

G  of the function has the 
form 
 
 2 2 2

1 1
.

i k

n n

G i X k X
i k

a b  (14) 

 
Then, determining the reliability index  in this 
case is quite simple, based on formula (9). 
If R(X) and E(X) are nonlinear functions of the 
basic stochastic variables Xi, approximate meth-
ods such as linearization methods (e.g., FORM, 
SORM, FOSM) or the iterative method can be 
used to find the reliability index . 
Theoretical and experimental studies [22] have 
shown that the values of the physical and me-
chanical properties of materials, the geometric 
dimensions of the structure, and external loads 
have the properties of random variables and 
have a normal distribution law. In addition, 
when calculating the structures of buildings and 
structures for non-bearing capacity, the limit 
state function is established using analytical 
formulas. These are favorable conditions for 
applying the first-order reliability method 
(FORM) to determine the probability of pro-
gressive collapse of a building or structure un-
der special beyond-design actions. 
 
First-order reliability method (FORM) 
To determine the reliability index , it is nec-
essary to know the analytical expression G( ) for 
the basic stochastic variables Xi and determine 
the mean value G , the standard deviation G  
of the limit state function G( ) for these varia-
bles. The mean value G  is determined by re-
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placing the values of these variables Xi with 
their average values 

iX  in the expression G(X). 
Determining the standard deviation G  requires 
more complex calculations. 
If G(X) is a linear function of the basic stochas-
tic variables Xi, then G  is calculated using 
formula (14). 

If G(X) is a nonlinear function of the basic sto-
chastic variables Xi, then we perform a Taylor 
expansion of the function G(X) around the mean 
value of the variables. Ignoring the higher-order 
components in this expansion, we can determine 
the approximate value of G(X) as a linear func-
tion of the basic stochastic variables Xi. 
For example, the Taylor expansion of the func-
tion G(X) around the mean value has the form 

 
2

1

1 ...,
2i i i j

x x

n

X i X i X j X
i i i j

G gG G X X X
X X X

 

 

(15) 

 

where 
x

i

G
X

 is the partial derivative of G(X) 

with respect to iX  at 
iX . If only first-order 

terms are retained, G(X) is approximated as a 
linear function of the basis stochastic variables. 
 
 

1
i

x

n

i XX
i i

GG G X
X

. (16) 

 
By replacing (16) the mean value of the varia-
bles iX , we obtain the average value of the limit 
state function G(X). 
 
 

2
, ,...,

i nG X X XG , (17) 
 
and variance: 
 
 2

2

1
var

n

G i
i i

G X
X

. (18) 

 
Knowing the mean value G  and the variance 

2
G , we can determine the reliability index  us-

ing formula (9). Using the table of normalized 
distribution functions , we find P F DH . 
 
 1P F DH  (19) 
 

In the case of using a normal (or lognormal) dis-
tribution, the probability of progressive collapse 
of a damaged structural system is related to the 
reliability index  by means of the Laplace 
function: 
 
 1  (20) 
 
where -1( ) is the inverse function of the stand-
ard normal distribution function. 
The limiting value of P F DH  is in the range 
of 10-2/year … 10-1/year, which means that the 
limiting value of the reliability index will be in 
the range: 
 
 1,28 2,33...

year yeartag . (21) 

 
 
3. RESULTS AND DISCUSSION 
 
To illustrate the proposed calculation method, a 
multi-story building frame made of monolithic 
reinforced concrete is used as a visual example 
(Fig. 1a). A scenario of a special action in the 
form of a sudden removal of the load-bearing 
middle column of the first floor is considered. 
As a result of recent studies by many scientists, 
it has been shown that the area where 
progressive collapse can occur is the part of the 
structure above the damaged column (the local 
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of 10-2/year … 10-1/year, which means that the 
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3. RESULTS AND DISCUSSION 
 
To illustrate the proposed calculation method, a 
multi-story building frame made of monolithic 
reinforced concrete is used as a visual example 
(Fig. 1a). A scenario of a special action in the 
form of a sudden removal of the load-bearing 
middle column of the first floor is considered. 
As a result of recent studies by many scientists, 
it has been shown that the area where 
progressive collapse can occur is the part of the 
structure above the damaged column (the local 

failure zone). That is, the failure of the 
structural elements can spread vertically, while 
adjacent horizontal structures are usually not 
strongly exposed to the special actions 
mentioned above. Therefore, the calculation of 

the stability of the entire building against 
progressive collapse can be simplified by 
studying the stress-strain states in time of the 
local failure zone. 

 
a, 

 
b, 

 

 

Figure 1. Monolithic reinforced concrete frame of the building in the scenario of sudden removal of 
the middle column (a) and the calculated scheme of a typical floor (b) 

 
If we assume that the floors above removed 
supporting column are typical, their design 
characteristics are the same and under the same 
operational load, then we can see that their 
deformations, displacements, vibrations and 
failure are practically synchronous with each 
other. 
This is the basis for further simplification of the 
calculated scheme. The study of the stress-strain 
state in time of the local failure zone is replaced 
by consideration of only the stress-strain state of 
one floor in the form of a fixed-ended beam of 
length 2l. Fig. 1b shows the calculated scheme 
of the specified beam. 
Figure 2 shows the diagram of bending mo-
ments 1

st
nM  in the case of slow column failure 

(without taking into account the inertia force), 
and the diagram of bending moments 1

d
nM  in 

the case of rapid column removal in a short time 
tr. In section 1-1, at both ends of the beam, the 
bending moment has the greatest value. There-

fore, it can be concluded that progressive col-
lapse occurs when the moment at the end of the 
beam exceeds its ultimate value. Reliability cal-
culations in these sections will give us the prob-
ability of occurrence or absence of progressive 
collapse. 
 

 
Figure 2. Bending moment diagrams in a beam 
with slow ( 1

st
nM ) and fast ( 1

d
nM ) removal of 

the middle column 
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As proven in [23], the maximum value of the 
bending moment in section 1-1 is achieved at 
time t0=tr/2+T/2. Where T is the period of free 
oscillations of the fixed-ended beam, represent-
ing the work of a typical floor. This value can 
be determined based on the maximum dis-
placement of the beam point above the removed 
column as follows. 
 
 2

max
1 1 max2

24 ,
48
ql EJM u

l
 (22) 

 
where q is the calculated operational load in the 
form of a distributed force, EJ is the flexural 
rigidity of the beam, l is the distance between 
the supporting columns, umax is the maximum 
displacement that the beam system can achieve 
at a point above the removed column during the 
oscillation process. 
If the energy absorption capacity of the sys-
tem is neglected, the maximum displacement 
umax can be determined by the following for-
mula: 
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n
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r n r
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t t
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where 
4

0 384st
qlu

EJ
 is the static displacement 

at the midpoint of the beam during slow failure 
of the column ( rt ), Tn n and 

2

1 512
n

EJ
l m

 is the period and natural fre-

quency of oscillations of the damaged structural 
system, 3 /12J bh  is the moment of inertia of 
the rectangular cross-section of the beam. 
Substituting the formulas of the given parame-
ters into (23) and substituting (23) into (22), 
we obtain the final analytical expression for 
the maximum bending moment in section 1-1 
of the structural system depending on the 
basic variables q, l, tr, EJ, m. 
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Determination of the total variance of the 
maximum displacement of a structural 
system 
To determine the influence of the basic variables 
on the maximum value of the bending moment 

max
1 1M , we determine the partial derivative of the 

function max
1 1M  with respect to each variable. 
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The standard deviation of the maximum bend-
ing moment depending on each variable sepa-
rately is determined by the formula: 
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where q , l , rt

, EJ , m is the standard de-
viation of the variables, determined from the 
statistical data of actual measurements or exper-
imental results. 
Using the property of independence of varia-
bles, we determine the total variance of the 
maximum bending moment: 
 

max
1 1

22 2 2 22 .
rq l t EJ mM

 

(27) 
 
Similar to the calculation process described 
above, we can determine the total variance of 
the ultimate bending moment of reinforced con-
crete elements during bending. Depending on 
the location of the longitudinal reinforcement, 
two cases are distinguished: bending reinforced 
concrete elements with single and double rein-
forcement. 
 
Determination of the total variance of the 
ultimate bending moment of reinforced 
concrete elements with single reinforcement 
The stress diagram of a rectangular reinforced 
concrete section with single reinforcement is 
shown in Figure 3. 

 
Figure 3. Internal force diagram and stress diagram of a rectangular section with 

single reinforcement 
 
The calculation of bending concrete elements 
should be made based on the strength condition: 
 
 

0 2ult b
xM M M R bx h . (28) 

 
From the condition of equilibrium of the projec-
tions of internal forces in the section on the 
beam axis, it is possible to determine the com-
pression zone height of concrete: 
 

 s s
b s s
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From (28) and (29) we can rewrite the expres-
sion for the ultimate bending moment: 
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(30) 
Let us determine the partial variance of the 
ultimate bending moment for each basic 
variable: 
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(31) 

 
 
 

where 
bR , 

sR , 
sA , 

0h , b  is the standard 
deviation of the variables, determined from the 
statistical data of actual measurements or 
experimental results. 
The total variance is equal to the following sum 
 

0

2 2 2 2 22 ' ' ' ' ' .
ult b s sM R R A h b  

(32) 
 
Determination of the total variance of the 
ultimate bending moment of reinforced 
concrete elements with double reinforcement 
The stress diagram of a reinforced concrete rec-
tangular section with double reinforcement is 
shown in Figure 4. 

 
Figure 4. Internal force diagram and stress diagram of a rectangular cross-section with double re-

inforcement 
 
The calculation of bending concrete elements 
should be made based on the strength condition: 
 

' '
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(33) 
 
From the condition of equilibrium of the projec-
tions of internal forces in the section on the 
beam axis, it is possible to determine the com-
pression zone height of concrete: 
 

'
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Substituting the value of x into (33) and per-
forming the transformation, we obtain: 
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(35) 

 
To determine the influence of individual varia-
bles on the overall standard deviation of ultM , 
we determine the partial derivative of ultM  with 
respect to each basis variable. From (35) we 
have 
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Based on the measurement data and experi-
mental studies, the standard deviation of the pa-
rameters ,sR  ,sA  ,scR  ,sA  ,bR  ,b  0 ,h  a  can be 
determined as ,
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The total variance of the ultimate bending mo-
ment of a reinforced concrete section is deter-
mined by the formula: 
 

0

2 2 22

2 2 2 2 2 .

ult s s sc

s b

M R A R

A R h b a

(38)  

After determining the total variance of ultM  and 
max

1 1M , we can determine the reliability index 
using the following formula: 
 
 max

1 1

max
1 1

2 2

ult

ult

M M

M M  
(39) 

 
By comparing the value of the calculated relia-
bility index with its limit value according to 
formula (21), we can draw conclusions about 
the reliability of monolithic reinforced concrete 
structures in the scenario of sudden removal of 
load-bearing structural elements. 
 
 
5. CONCLUSIONS 
 
In this article, a quantitative assessment of the 
stability of monolithic reinforced concrete frame 
structures against progressive collapse is pre-
sented using a probabilistic approach. The dis-
tinctive feature of the proposed approach is that 
the probabilistic models take into account the 
basic variable loads and resistances of factors 
caused by the phenomenon of progressive col-
lapse. Using the first-order reliability method 
(FORM), the conditional probabilities of pro-
gressive collapse and reliability index of the 
monolithic structural system are obtained under 
the scenario of removing one of the load-
bearing structural elements. 
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Abstract: A nonlinear dynamic analysis of large-panel reinforced concrete building (LPB) using LIRA-SAPR 
software is presented. LPBs, which became prevalent in the mid-20th century, have generally demonstrated good 
seismic performance during past earthquakes. However, the connection regions and specific structural 
characteristics still present challenges in accurately modeling and predicting their behavior under seismic 
loading. Conventional linear models often inadequately represent the complex nonlinear behavior such as 
strength and stiffness degradation and connection failures inherent in LPBs, highlighting the need for more 
sophisticated analytical approaches. A detailed nonlinear analysis methodology was applied to a full-scale 
reinforced concrete precast LPB, investigating various parameters including material properties, damping 
variation, and their effects on interstory drift ratios and displacement patterns. The analysis revealed significant 
differences in seismic response, particularly for lower concrete grades, emphasizing the critical role of accurate 
material characterization. Displacement and acceleration distributions exhibited directional dependencies, 
aligning with results from existing literature and full-scale testing. Despite the strengths of the LIRA-SAPR 
software, certain limitations were identified, such as the inability to modify the standard hysteresis model, which 
lowers the accuracy of the simulation of strength and stiffness degradation. The findings suggest the necessity of 
modifying existing building codes to include specific acceptance criteria and updated analysis procedures 
tailored to the unique behaviors of LPBs. Such modifications are essential for developing effective tools for 
seismic performance evaluation and enhancing the resilience of these structures. 
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INTRODUCTION 
 
Large Panel Buildings (LPBs) have been a 
significant advancement in construction 
technology since their inception in the mid-20th 
century [1,2]. Originally developed to meet the 
urgent post-war housing demands, LPBs 
revolutionized the construction industry with 
their modular approach, enabling rapid 
assembly and cost-effective production [3,4]. 
The precast concrete panels used in LPBs 
offered numerous advantages, including 
enhanced durability, improved thermal 
performance, and consistent quality control. 
Over the decades, LPBs have evolved to 
incorporate advancements in materials science 
and construction techniques, solidifying their 
place in both residential and commercial 
architecture. 
Despite their widespread use, LPBs have faced 
scrutiny regarding their seismic performance, 
particularly in regions prone to earthquakes. The 
connection regions and large precast panels 
characteristic of LPBs pose unique challenges 
under earthquake loading [5,6]. Historical 
seismic events have demonstrated varying 
degrees of structural vulnerability, highlighting 
the need for a deeper understanding and 
enhancement of LPB seismic resilience [7,8]. 
Studies have shown that the performance of 
LPBs during earthquakes is influenced by 
factors such as panel connections, overall 
structural configuration, and the quality of 
construction materials [9,10]. 
The analytic study of LPB seismic performance 
has become a crucial area of research, aiming to 
predict and mitigate potential failures. 
Advanced analytical methods, including 
nonlinear dynamic analysis, have been 

employed to simulate the behavior of LPBs 
under seismic loads [11,12]. These studies 
provide insights into the stress distribution, 
deformation patterns, and potential failure 
modes of LPB structures.  
To accurately assess and improve the seismic 
performance of LPBs, the development of 
relevant and reliable analytical models is 
essential. These models must account for the 
complex interactions between panels, 
connections, and the overall structural system. 
They should incorporate nonlinear material 
properties, dynamic loading conditions, and 
potential degradation. The use of sophisticated 
software tools, such as LIRA-SAPR [13], 
enables the creation of detailed and robust 
models that can simulate real-world seismic 
scenarios. These models serve as a foundation 
for developing effective retrofitting strategies 
and informing building codes and standards. 
This study aims to conduct a comprehensive 
nonlinear dynamic analysis of a reinforced 
concrete precast large-panel building using the 
LIRA-SAPR software. By simulating the 
seismic response of the LPB structure, this 
research seeks to identify critical stress points, 
deformation behaviors, and potential failure 
mechanisms. The findings will contribute to the 
ongoing efforts to develop robust tools for 
seismic performance evaluation, such as 
fragility curves, and calls for modifications to 
existing building codes [14]. 
 
 
METHODS 
 
The object of the study is a typical residential 
apartment building of large-panel type series 1-
092, located in Vladikavkaz city (Figure 1): 9-
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story 1-section building. The story height is 3 
meters. External nonbearing walls are 300 mm 
thick panels, internal bearing walls are 160 mm 
thick single-layer panels, partitions are 80 mm 
thick. Floor panels 160 mm thick. Concrete 
grade – B15 (f’c = 8.5 MPa, Ec = 24000 MPa), 
reinforcement – A-I (Rs = 240 MPa, 
Es = 200000 MPa). 
A visual inspection of the building revealed several 
characteristic defects, including partial absence of 
joint filling, corrosion of joint metal, and poor or 
complete lack of joint filling (as shown in Figure 
3). To account for these defects within the 
limitations of the software, a concrete grade of 
B7.5 (f’c = 4.5 MPa, Ec = 16000 MPa) was also 
employed in the analyses for the joint regions. 
The horizontal and vertical panel joints are 
shown in Figure 2. 
 

 
Figure 1. Object of study 

 

 
Figure 2. Details of the building 

 

 
Figure 3. Defects of the building 
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Modeling assumptions 
In the modeling of large-panel precast 
structures, it is conventional to assume that 
the solid panels exhibit linear elastic 
behavior. This assumption is justified by the 
anticipated function of these elements within 
the structure's overall seismic response. 
Typically, wall panels are considered to 
behave in an elastic-brittle manner with 
respect to in-plane normal forces. Any 
potential nonlinear or inelastic behavior is 
often deemed negligible in the panels 
themselves and is concentrated in the 
connection regions, where it can be more 
effectively modeled and analyzed [11]. 
The following assumptions are made for the 
joint element [15]: 

 all points of the horizontal section remain in 
one plane after the force is applied (plane 
sections remain plane); 
 for the tensile zone of the section the tensile 

strength of concrete is not taken into account; 
 normal compressive stresses distribution 

along the section is linear or bilinear. 
 
LIRA-SAPR implementation 
The finite element method software 
LIRA-SAPR is used for numerical analysis.  
Nonlinear behavior of the connection region is 
modeled by a combination of two finite 
elements (FE) (Figure 4) [16]: 
 Shell Element (FE 259) representing stress 

distribution in the connection region, 
 2-mode link element (FE 255) for modeling 

shear keys.  
 

 
Figure 4. Finite element implementation of the connection region 

 
The precast walls and floor panels are modeled 
with elastic shell element FE 44. 
2-mode link element (FE 255) parameters 
According to section B4 of SP 
335.1325800.2017 [17,18], the design shear 
strength Vkb of one shear key of the is taken 
equal to the smallest of the force values Vsh,b; 
Vc,b; Vcrc,b, corresponding to the destruction of 

the shear key, respectively, from shear, crushing 
and shear cracks opening: 
 
 , 1.5sh b bt shV R A  (1) 
 ,c b loc cV R A  (2) 
 , 0.7crc b bt jV R A  (3) 
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where Rbt is design tensile strength of grouting 
concrete; Rb,loc is crushing strength, taken equal 
1.5Rb – for single keys, 0.8Rb – for multikey 
connections; Ash is shear area; Ac is crushing 
area; Aj – cross-sectional area of the connection 
tributary to each shear key:  
 
 j bt monA s b  (4) 
 
where sbt is distance between shear keys; bmon is 
wall thickness of the grouting area.  
Stiffness along Z-axis is represented by bilinear 
elastoplastic force-displacement relationship, 
elastic stiffness is determined by:  
 
 /z sk EA h  (5) 
 
where E is elastic modulus of the rebar; As is 
rebar cross-sectional area; h is rebar length 
(equal to the joint height). 
Stiffness along X-axis is represented by bilinear 
elastoplastic force-displacement relationship, 
elastic pliability is determined by:  
 

 , ,1

1 1( )loc
b b mon

x
loc

l
E E

A
 (7) 

 
where Aloc is loaded area; lloc is shear key height 
(recommended lloc = 250 mm); Eb is elastic 
modulus of concrete precast element; Eb,mon is 
elastic modulus of grouting concrete. 
The pliability after shear cracks occurring 
(exceeding the shear force Vcrc,b): 
 

 2

, ,

6 1 1( )x
s s b b mond n E E

 (8) 

 
where ds is connection rebars diameter; ns is 
number of the connection rebars. 
 
Shell Element (FE 259) parameters [19,20] 
During short-term compression for a mortar 
with a compressive strength of 1 MPa or more, 

with a joint thickness of 10–20 mm, pliability 
m, mm3/N: 

 
for 2/31.15m mR  3 2/31.5 10m m mR t  (9) 
for 2/3 2/32 1.15m mR R  3 2/35 10m m mR t  (10) 
 
Pliability coefficient of the joint: 
 

 '
, ( ) plsl

c pl m m
b pl v

Bh
E B h

 (11) 

 
where m’ m are upper and lower mortar 
bed joint pliability coefficients; hsl is floor panel 
height; Bpl is contact areas width; hv is joint 
width between floor panels. 
Strain: 
 

 i i

vh
 (12) 

 
Stresses: 
 
 1 2/31.15m mR  (13) 
 2 2/32m mR  (14) 
 21.01y

m m  (15) 
 
To reduce the computational time the optimal 
finite element mesh size was determined by 
considering three mesh configurations: 0.1 m, 
0.2 m, and 0.4 m. In the case of panels with 
openings, which complicate the computation by 
inducing stress concentrations – these panels 
were replaced with solid panels of reduced 
stiffness. The reduction factor was calculated as 
the ratio of the wall area with openings to the 
wall area without the openings. As a result, the 
finite element mesh of the wall panels was set to 
0.4 × 0.4 m, and the finite element mesh of the 
connections was set to 0.4 × 0.1 m. 
The resulting finite element model in 
LIRA-SAPR is presented in the Figure 5. 
Self-weight and live load according to Russian 
codes were applied.  
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Figure 5. Finite element model of the building 

 
The analysis was performed using an explicit 
integration of the equation of motion [21]: 
 
 ( )Mx Cx Kx p t   (21) 
 
where x = u is the unknown vector of nodal dis-
placements;  = v is the nodal velocity vector;  
 = a is the nodal acceleration vector; M is the 

mass matrix; C is the damping matrix;  is the 
stiffness matrix; p(t) is the vector of applied loads. 
Analysis parameters: 
– Newmark-beta method (average constant 
acceleration with is used 
for direct integration of the equations of motion. 
– Modified Newton-Raphson method is used for 
solving nonlinear equations at each time step. 
– The results from the natural dynamic testing of 
the full-scale LPB reveal considerable temporal 
variations in the structure's damping 
characteristics [15]. To examine the sensitivity of 
the structural response, damping ratios of 2%, 
3%, 4%, and 5% were employed in the analyses. 
– LIRA-SAPR’s standard peak-oriented hysteretic 
model (Figure 6) is applied. The detail description 
of the employed model is presented in [22]. 

 

 
Figure 6. Basic rules for peak-oriented 

hysteretic model 
 
It is important to note that in the LIRA-SAPR 
software, the parameters of the standard 
hysteresis models cannot be modified or 
changed. While this limitation may be adequate 
for typical structures, it represents a significant 
shortcoming when analyzing precast panel 
structures, which exhibit specific strength and 
stiffness degradation behaviors. The inability to 
customize hysteresis rules restricts the accuracy 
of the simulation, particularly for structures with 
unique dynamic characteristics. Future releases 
of the software should address this issue by 
incorporating flexible hysteresis options, 
enabling more precise modeling of the complex 
behaviors inherent in precast panel systems. 
– Total integration time is 20 sec. 
– Integration step is 0.01 sec. 
The model is subjected to two component of 
ground motion of the 1988 Spitak, Armenia 
earthquake (Figure 7–8). An earthquake 
registering a surface wave magnitude of 6.8 and 
a maximum MSK-64 intensity of X 
(Devastating) hit the northern part of the 
Armenian Republic of the Soviet Union on 7 
December 1988, resulting in thousands of 
deaths and injuries [23]. 

 

 
Figure 7. Ground acceleration record (Spitak, Armenia, 1988, Gukasian, component 000) 
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Figure 8. Ground acceleration record (Spitak, Armenia, 1988, Gukasian, component 090) 

 
 

RESULTS AND DISCUSSION  
 
The natural period of the structure is 0.37 s in 
Y-direction. 
The maximum displacements, shown in Figure 
9, occur in the Y-direction for both materials: 
24 mm for B7.5 and 20 mm for B15, compared 
to 7.31 and 4.59 mm in the X direction, 
respectively. Figure 10 shows the distribution of 
the maximum acceleration, with peaks of 3.1 
m/s² in the X direction and 2.44 m/s² in the Y 
direction at the top story. 
 

 
Figure 9. Maximum displacements (  = 5%) 

 

 
Figure 10. Maximum accelerations  = 5%) 

These results are consistent with findings 
reported in the literature and with the outcomes 
of natural testing conducted on full-scale 
buildings [15,24]. 
The corresponding graph of the interstory drift 
ratio (Figure 11) exhibits a similar pattern 
across different damping values, with the 
maximum drift occurring at the first story. 
However, the differences in these values are 
significant, with variations up to 25%. This 
notable discrepancy underscores the importance 
of accurately determining the appropriate 
damping ratio, which necessitates thorough 
investigation in future research. 

 

 
Figure 11. IDR for different damping ratios 

 
The interstory drift ratio (IDR), which measures 
the relative horizontal displacement between 
adjacent floors of a building, is a critical 
indicator of structural damage [25]. The IDR for 
different concrete grades is illustrated in Figure 
12. The analysis reveals that the seismic 
response for the lower concrete grade is 
significantly higher, with an IDR of 0.132 % 
compared to 0.085 % for the higher grade. This 
notable difference underscores the critical 
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The interstory drift ratio (IDR), which measures 
the relative horizontal displacement between 
adjacent floors of a building, is a critical 
indicator of structural damage [25]. The IDR for 
different concrete grades is illustrated in Figure 
12. The analysis reveals that the seismic 
response for the lower concrete grade is 
significantly higher, with an IDR of 0.132 % 
compared to 0.085 % for the higher grade. This 
notable difference underscores the critical 

importance of meticulously investigating the 
material parameters of buildings in future 
research. Despite the disparity in IDR values, 
the overall response in both cases remains 
relatively low when compared to the commonly 
accepted ranges for performance-based design 
as specified by building codes [26]. However, it 
is important to note that there are currently no 
established acceptance criteria specifically 
tailored for LPBs, highlighting the urgent need 
for the development of such criteria. These 
should account for the unique behavior and 
fragility characteristics of this structural type. 
The findings presented in Figure 12 are 
consistent with post-earthquake investigations 
of LPBs following the Spitak earthquake, where 
none of these buildings were destroyed or 
suffered significant damage [27]. This 
correlation further emphasizes the necessity for 
a comprehensive framework to evaluate and 
enhance the seismic resilience of LPBs 
 

 
Figure 12. IDR for B7.5 and B15 concrete 

grades 
 
One effective approach for such an evaluation is 
the development of fragility curves, which 
depict the probability of reaching various 
performance levels at different ground motion 
intensity levels [28]. These curves are crucial in 
quantifying the seismic vulnerability of 
structures, as they provide a statistical 
relationship between seismic demand and 
structural performance. Fragility curves are 

typically developed through a statistical analysis 
of the results obtained from Incremental 
Dynamic Analysis (IDA) [29]. 
In IDA, the structure is subjected to a suite of 
ground motions that are incrementally scaled in 
intensity, allowing for a detailed assessment of 
its nonlinear response and failure modes. An 
example of IDA for a selected ground motion 
scaled for 6 levels of intensity (from 0.1 g to 
0.6 g) is presented in Figure 13. This figure 
illustrates how the structural response evolves 
with increasing ground motion intensity, 
highlighting critical thresholds where 
performance levels transition from minor 
damage to potential collapse. 
It is important to note that as the intensity level 
increases, the dispersion in the response also 
becomes more pronounced. These factors 
contribute to longer computational time and 
may introduce inaccuracies if not carefully 
managed. Therefore, it is imperative that the 
analysis parameters of the IDA, including mesh 
size, time step, and convergence criteria, are 
meticulously calibrated beforehand to ensure 
reliable results. 
 

 
Figure 13. Incremental dynamic analysis for 

selected ground motion (B15,  = 5%) 
 

To successfully implement these findings and 
develop robust tools for seismic performance 
evaluation, targeted modifications to existing 
building codes are necessary [14,30]. These 
modifications should include the establishment 
of specific acceptance criteria for large-panel 
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buildings (LPBs) that account for their unique 
structural behavior and fragility under seismic 
loading.  
 
 
CONCLUSION 
 
This study has undertaken a detailed nonlinear 
dynamic analysis of large-panel buildings 
(LPBs) using the LIRA-SAPR software, 
focusing on accurately modeling the seismic 
response of precast concrete structures. The 
methodology developed in this research allowed 
for the simulation of complex behavior inherent 
in LPBs, particularly under seismic loading. The 
analysis revealed key insights into the seismic 
performance of these structures, with significant 
differences observed in the interstory drift ratios 
and displacement patterns depending on the 
material properties. 
One of the critical findings was the considerable 
variation in seismic response based on different 
concrete grades of the connections, with lower-
grade concrete exhibiting significantly higher 
interstory drift ratios. In addition, the notable 
discrepancy in response for different damping 
ratios (up to 25%) was observed for the model. 
These variations highlight the importance of 
precise material characterization in predicting 
structural behavior of LPBs. The results align 
well with previous studies and the outcomes of 
natural testing on full-scale buildings, providing 
a strong validation of the analysis conducted. 
However, the study also identified limitations 
within the LIRA-SAPR software that could 
impact the accuracy of such analyses. Notably, 
the inability to modify or change standard 
hysteresis models posed challenges in 
accurately representing the strength and 
stiffness degradation specific to precast panel 
structures. Despite these constraints, the overall 
findings of the study offer valuable insights into 
the seismic behavior of LPBs, emphasizing the 
importance of detailed nonlinear analysis in 
understanding and predicting their performance. 
In summary, the research successfully applied a 
nonlinear analysis methodology to LPBs using 

LIRA-SAPR, yielding critical findings on the 
seismic response of these structures. While some 
software limitations were identified, the results 
contribute to the understanding of LPB behavior 
under seismic loads and underscore the necessity 
of code modifications to support the development 
of effective seismic performance evaluation tools. 
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ACCOUNTING FOR THE ADDED MASS OF WATER OF RESER-
VOIR IN CALCULATION OF SEISMIC ACCELERATIONS FOR 

PRESSURE HYDRAULIC STRUCTURES 
 

Alexandra S. Bestuzheva, Georgy P. Gotsiridze 
National Research Moscow State University of Civil Engineering, Moscow, RUSSIA  

 
Abstract: The analysis of domestic and foreign studies on the issue of hydrodynamic pressure of water on the 
pressure face of hydraulic structures under dynamic influences is carried out. The authors have developed an al-
ternative method for numerically analytical solution of the problem of seismic water pressure on the inclined 
pressure face of the dam. Based on the grapho-analytical solution of the Laplace equation under specified 
boundary conditions, hydrodynamic grids and diagrams of the distribution of the coefficient of the attached mass 
of water for pressure faces with a vertical angle of 0...75 degrees are constructed, the obtained solution is com-
pared with the reference solution of Westergaard, Zangar, as well as recommendations of relevant regulatory 
documentation. Based on the conducted research, a nomogram was constructed to determine the coefficient of 
the attached mass of water. The obtained results are approximated by a quadratic function, which allows us to 
obtain the values of the coefficients of the combined mass of water depending on the vertical angle of inclination 
of the pressure face and the relative depth of the element location on the pressure face, which is used in the algo-
rithm of the calculation program for computers. A graph of the change in the hydrodynamic force acting on the 
structure, depending on the vertical angle of inclination of the pressure face, is given, the accuracy of plotting is 
investigated depending on the number of elements on the pressure face. On the basis of the linear spectral meth-
od, accelerations in the elements of the pressure face of dams of various designs are calculated, both taking into 
account the attached mass of water and without. The results obtained indicate a significant effect of the attached 
mass of water on seismic accelerations not only on the crest of a concrete gravity dam, but also in the zone of the 
upper slope of groundwater dams. The increase in accelerations in these zones is up to 30% for concrete dams 
and about 10% for ground dams. 
 

Keywords: hydrodynamic pressure, Laplace equation, attached water mass, pressure structure, 
seismic acceleration, linear spectral method  
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INTRODUCTION 
 
One of the most difficult and unresolved issues 
of designing ground dams in the high seismicity 
zone is the interaction of the structure with the 
reservoir's water environment during an 
earthquake. In the modern regulatory literature 
(SP 358.1325800.2017 " Hydraulic structures. 
Rules of design and construction in seismic are-
as", SP 14.13330.2018 "Construction in seismic 
areas", hereinafter-SP) regulates the 
determination of hydrodynamic loads at the 
contact of a structure with water as additional 
seismic loads during earthquakes. Despite 
a large amount of scientific research on the 
hydrodynamic pressure of water on the pressure 
face of structures under dynamic impacts, in the 
current standards for plotting the seismic water 
pressure, there are only provisions on the 
"attached mass of water" with the determination 
of the coefficients of the attached mass 
according to the solution of Westergaard [1], 
obtained for the vertical pressure face. The 
Westergaard solution obtained analytically is a 
reference one (hereinafter referred to as the 
Westergaard problem) and underlies the applied 
methods for calculating hydraulic structures. 
It is based on the following assumptions about: - 
an ideal, incompressible fluid; - a rigid, 
non-deformable, interacting with water body; 
- non-eddy motion of the liquid; - absence of the 
phenomenon of wave formation on the water 
surface; - horizontal translational vibrations 
with a small amplitude, which are performed by 
the "dam (with base)" system- reservoir"; - a flat 

problem in the assumption of an infinite length 
of the reservoir with a horizontal bottom line. 
In further works of Russian [2-7] and foreign 
scientists [8-12], the problems of hydroelasticity 
were solved taking into account the viscous 
properties of a compressible liquid and the 
elastic properties of a solid, taking into account 
wave formation on the water surface, the special 
geometry of the reservoir bed, and other factors 
that specify the solutions.  
Of particular importance in the practice of 
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a broken pressure face, for which the definition 
of seismic pressure in the current regulatory 
documentation during an earthquake is limited 
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the basis of the conformal mapping method 
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determining the seismic water pressure on the 
inclined face in the form: 
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where  is the vertical angle of inclination of 
the pressure face. 

( )wp y - seismic water pressure on the vertical 
pressure face at a depth y from the water level 
(Westergaard's solution), ( )p z - seismic water 
pressure on the inclined pressure face at the 
length z from the water edge along the face. 
In the Reference manual of I. S. Sheinin [3], 
based on the solution of hydroelasticity 
problems, a similar formula is given for the 
coefficient of the attached mass of water  
taking into account the angle of inclination of 
the pressure face (vertical) in the form: 
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where is the coefficient of attached mass for the 
vertical pressure face;

( ) - coefficient depending on the angle of 
inclination of the pressure face (Figure 1) 

 

Figure 1. Coefficient of attached water mass 
 

In [14], an experimental solution was obtained 
for determining the seismic pressure of water on 
the inclined face of a dam based on the 
electrodynamic analogy method (EGDA), given 
in the form of plots of coefficients of the 
attached mass of water. Comparison of the 
obtained values of the attached mass 

coefficients with the values obtained by the 
authors of the work is given below.  
The authors have developed an alternative 
grapho-analytical method for solving the prob-
lem of seismic water pressure on the inclined 
pressure face of an underground dam in the 
formulation of the "Westergaard problem" 
(hereinafter referred to as the GAM) [15,16], 
compared with known solutions, and 
compiled calculation programs for determining 
seismic forces in the body of a ground dam, 
taking into account the forms of natural 
vibrations, the seismic pressure of the reservoir, 
and the direction of approach of the seismic 
waves to the dam alignment [17]. 

 
 

METHODS 
 
During an earthquake, the dam oscillates and 
shifts towards the upstream, while 
hydrodynamic pressure will act on it from the 
water side, depending on the speed of 
movement, the elastic properties of interacting 
bodies, and the geometry of the calculated area. 
The solution of the contact problem of 
hydroelasticity for a hydraulic structure is based 
on the provisions of continuum mechanics and 
the theory of small deformations, and the 
prerequisites are used to simplify the problem 
without losing the accuracy of the solution for a 
particular structure. For the massive body of a 
ground dam, small values of the amplitudes 
of seismic vibrations can be noted, which are 
measured in centimeters in the most severe 
earthquakes. Taking into account the fact that 
the dam dimensions are much larger than the 
amplitudes of its displacements during seismic 
vibrations, we can neglect the shape of the 
deformed axis of the pressure face of the dam 
during vibrations and take it as a displacement 
plot uniform in height, which corresponds to the 
model of "translational movement of a rigid 
wall". Due to the insignificant speed of water 
movement in the reservoir during an earthquake, 
the viscous properties of water can be ignored. 
Due to the minimal oxygen content in the deep 
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layers of the reservoir, the water medium can be 
considered as a homogeneous and 
incompressible liquid with a constant density 
p const .  

The solution of the problem of pressure distribu-
tion in a liquid under given boundary conditions 
and a known displacement on the contour (the 
pressure face of the dam) is based on dynamic 
equilibrium equations in the Euler form, one of 
which can be written as: 

 
dv pX
dt x  

(3) 
 

where ( , , )v x z t  is a function of the velocity of 
the water medium particle, m/s 

( , , )p x z t  – pressure function, kPa 
X  – projection of volumetric forces 
on the x-axis, kN 

 - density of liquid (water), t/m33 
The Euler equation in the form (3) is written for 
volume forces assigned to a unit of volume. 
Assuming that there is no rotation in the motion 
of particles, we can write down the following 
relative to the velocity components:  
 

0x zv v
z x  

(4) 
 
what happens if xv both zv  are coordinate deriv-
atives of the same function, i.e. we can write: 

 
x

x

z
z

uv
t x

uv
t z  

(5) 

 
The function is usually called the velocity po-
tential, and the irrotational motion is called the 
potential.  
The Euler equation in the absence of external 
forces, when the fluid motion is related to the 
pressure difference at points in a continuous 
medium caused only by seismic action, taking 

into account (5), in projections on the axes x
and z is written as: 
 

0

0

x

z

P v
x t
P v
z t  

(6) 

 
where 0P  is the excess hydrodynamic pressure 
caused by dam vibrations, kPa. 

xv , zv - horizontal and vertical velocity 
components. 
The solution of problem (6) involves 
determining the vector velocity field of fluid 
particles and the scalar pressure field at each 
moment of time t  according to the law of base 
motion during an earthquake.  
The solution of the dynamic problem is 
constructed based on a series of quasi-stationary 
states, for which the velocity and pressure 
functions are determined. The harmonic 
function can be taken as a regularity of the 
change in acceleration over time in the given 
problem: 
 

0( ) cosu t U t  (7) 
 

where is the maximum acceleration of the base 
corresponding to the earthquake score and local 
ground conditions, m/s2, according to the SP is 
set as a coefficient; 

 - the frequency of forced vibrations during 
an earthquake, in harmonic vibrations, T - the 
period closest to the frequency of natural 
vibrations of the dam, for local earthquakes the 
period does not exceed 1...1, 2T s .  
Substituting expressions (5) into (6) and 
integrating the full differentials of the functions: 

0 ( , )dP x z  and ( , )d x z [15], we obtain that the 
hydrodynamic pressure function is related to the 
velocity potential by the relation: 
 

0P
t  

(8) 
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The resulting expression indicates that the 
pressure function is also a potential function, 
therefore, its distribution in space obeys the 
Laplace equation and can be written: 
 

2 2
0 0

2 2 0P P
x z

 or 0 0P  (9) 

 
The solution of the Laplace equation under 
given boundary conditions is called the 
Dirichlet problem and is completely determined 
by the boundary conditions, i.e. it is a boundary 
value problem. The desired function in equation 
(9) is the overpressure function, the distribution 
of which in space can be represented as a family 
of equipotentials, lines of equal pressure 
Often, when solving hydraulic (filtration) 
problems, the solution of the Laplace equation 
is presented as a family of two potential 
functions – the velocity (pressure) potential 
function and the current line function.  Potential 
functions of current and pressure (velocity 
potential) they are complex conjugate harmonic 
functions connected by the Cauchy-Riemann 
relations: 

 

x z

z x  

(10) 

 
In this case, the system of equipotentials 

const  and current lines const  form an 
orthogonal hydrodynamic grid, in which the 
position of one of the functions uniquely 
determines the position of the other. Thus, the 
solution of the Laplace equation for the current 
function, represented as a family of streamlines, 
allows graphoanalytically constructing a 
hydrodynamic grid with determining the 
position of equipotentials for the velocity 

potential function (hydrodynamic pressure). 
This property of orthogonality of two functions 
allows us to use the boundary conditions of one 
of the functions when integrating 
the other (9). 
Based on physical representations of the 
pressure distribution in a liquid during 
translational (horizontal) motion of a solid wall 
located at an angle to the vertical, the 
following boundary conditions can be 
determined for the design scheme shown in 
Figure 2: 
1) the boundary of the reservoir bed 
is non-deformable, impenetrable and stationary, 
which means that there is no gradient of the 
velocity potential function along the normal to 

the boundary ( 0
n

) and the boundary 

position for the current line function ( 1); 
2) the vertical boundary of the design area at a 
great distance from the moving wall is stationary, 
watertight and does not experience hydrodynamic 
pressure from wall vibrations, along it it can be 
assumed 0 , however, in the case of consider-
ing the problem with a limited reservoir length, or 
if the slope of the reservoir bottom line is taken 
into account, the boundary conditions should be 

set differently: 1 and 0
n

; 

3) there are no wave formation phenomena on 
the reservoir surface, the pressure is constant: 

const  therefore, the current lines are 
orthogonal to the water surface;  
4) on the mobile impenetrable pressure face of 
the dam, the points of which move at the same 
horizontal speed, the boundary values of the 
hydrodynamic pressure function are not 
determined and are the desired ones. At the 
same time, for the function of streamlines, the 
boundary conditions can be defined as follows. 
At the lower point of the pressure face (A), the 
intersection with the boundary current line is 
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set, where 1. At the upper point of the 
pressure face (D) , at the upstream water cut, the 
value for the current line function is: 0 . 
The assumption of a uniform "penetrating-
reflecting" capacity of the movable pressure 
face of the structure determines a uniform 
distribution of flow rates of "current tubes" over 
the height of the dam. Based on the latter 
assumption, you can specify a linear distribution 
of current lines along the length of the pressure 
face with a step  that corresponds to the 
accuracy of the problem solution. The constant 
gradient for the current functions over the height 
of the pressure face  was assumed to be 
equal 5...10% h  to, where h is the height of the 
pressure face of the dam.
Determining the boundary conditions for the 
potential current function allows us to solve the 
problem of its distribution in the domain 
(Figure 2) by integrating the Laplace equation 
for this function: 

 
2 2

2 2 0
x z  

(11) 

 
Determination of the hydrodynamic pressure 
function from the obtained solution for the 
function with the condition of orthogonality of 
these functions can be obtained 
graphoanalytically based on the construction of 
hydrodynamic grids. 

 

 
Figure 2. Design scheme with boundary condi-

tions 

Based on the principle of quasi-stationary states, 
it is possible to determine the maximum value 
of the hydrodynamic pressure function that will 
occur at the points of the pressure face of the 
dam, provided that the external impact is given 
by the maximum acceleration amplitude 
according to the earthquake score. 
For cos 1t , according to (7), 

0 0( )u t U A g  The distribution of the maxi-
mum pressure along the pressure face will be 
determined by the nature of the change in the 
function, which, according to the accepted 
boundary conditions, varies from 0 to 1 and 
determines the normalized values of 
hydrodynamic pressure.  
When determining hydrodynamic loads on a 
structure due to the influence of reservoir water, 
the concept of "attached mass" of water is used 
as a body that performs joint vibrations with the 
structure, changing the inertial properties of the 
structure.  
The force of hydrodynamic water pressure on 
the pressure face of the dam ( wP ) can be repre-
sented on the basis of Newton's Second law as 
the maximum acceleration caused by wall 
vibrations ( 0U ), multiplied by the mass of 
water" attached" to the pressure face in the 
form: 

 

0w wP m U  (12) 
 
where wm  is the "attached mass" involved in the 
joint vibrations of the dam, which can be used 
to describe the hydrodynamic pressure on the 
structure during an earthquake as inertial.  
The volume of the attached mass of water per 
1 sq. m. of the width of the dam can be 
described by the area of the plot of the attached 
mass of water: 

 

0

( )
H

wV H Z dZ  (13) 

where H is the height of the pressure face, m. 
( )Z  - function of the coefficient of the 

attached mass of water; 
Z - the height of the element on the pressure 
face from the bottom of the reservoir, m 
Thus, the attached mass of water for the entire 
structure can be defined by the expression: 

 

0

( )
H

wm H Z dZ
 

(14) 

 
In the solution of Westergaard for the vertical 
pressure face, it was assumed that the area of 
the plot of the attached mass of water in the 
conditions of the problem is determined by the 
expression: 

 

0

( )
H

eqZ dZ H  (15) 

 
where 0,544eq  is the value of the 
coefficient of the attached mass of water 
obtained by the total area of the plot of the 
attached mass of water according to the 
accepted calculation scheme of Westergaard. 

If in expression (15) we assume that Zz
H

 is 

the relative coordinate of the node on the 
pressure face ( 0 z h ), and replace the 
integration variable, then the integral for the 
function of the coefficient of the attached mass 
(15) can be rewritten as: 
 

0 0

( ) ( )
H h

eqZ dZ H z dz H  (16) 

 
To determine the coefficient of the attached 
mass of water eq  in the works of I. S. Sheinin 
[3], graphs and tables are given depending on 
the problem statement, their calculation 
schemes, and the conditions of movement of the 
structure. For the calculation schemes 
considered in this paper with different angles of 
inclination of the pressure face, the coefficient 

eq  can be determined from the plot in the 
form: 
 

0

( )
h

eq z dz  (17) 

 
Using the concept of the coefficient of attached 
mass, the value of the attached mass of water 
for the entire structure can be determined, 
considering it as an average mass of water 
evenly distributed over the pressure face of the 
structure, attributed to the unit area of the 
pressure face. Based on (14) and (15), for the 
attached mass of water, we can write: 
 

2

2

1 . .
[ ]

1 . .
eq

eq eq

H r m kgm H
H r m m

 (18) 

 
Accordingly, the hydrodynamic force of water 
pressure, which falls on the entire area of the 
pressure face of the dam (horizontal 
component), can be defined as: 
 

2
0 0

0

( )
H

P HU Z dZ H U
 

(19) 

 
Since the distribution of the attached mass of 
water over the height of the pressure face is 
uneven, the hydrodynamic pressure acting in the 
k-element of the pressure face of the dam can be 
written as: 

 
0

0

( )
( )

k k

k k

p HU z
p H z A  

(20) 

 
where is the ordinate on the plot of coefficients 
of the attached mass of water in the k-element 
of the pressure face of the dam, located at a 

relative height Zz
H

 from the bottom of the 

reservoir. 
In the modern regulatory literature, the 
definition of hydrodynamic pressure is 
differentiated for different elements by the 
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set, where 1. At the upper point of the 
pressure face (D) , at the upstream water cut, the 
value for the current line function is: 0 . 
The assumption of a uniform "penetrating-
reflecting" capacity of the movable pressure 
face of the structure determines a uniform 
distribution of flow rates of "current tubes" over 
the height of the dam. Based on the latter 
assumption, you can specify a linear distribution 
of current lines along the length of the pressure 
face with a step  that corresponds to the 
accuracy of the problem solution. The constant 
gradient for the current functions over the height 
of the pressure face  was assumed to be 
equal 5...10% h  to, where h is the height of the 
pressure face of the dam.
Determining the boundary conditions for the 
potential current function allows us to solve the 
problem of its distribution in the domain 
(Figure 2) by integrating the Laplace equation 
for this function: 

 
2 2
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Determination of the hydrodynamic pressure 
function from the obtained solution for the 
function with the condition of orthogonality of 
these functions can be obtained 
graphoanalytically based on the construction of 
hydrodynamic grids. 
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it is possible to determine the maximum value 
of the hydrodynamic pressure function that will 
occur at the points of the pressure face of the 
dam, provided that the external impact is given 
by the maximum acceleration amplitude 
according to the earthquake score. 
For cos 1t , according to (7), 
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determined by the nature of the change in the 
function, which, according to the accepted 
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determines the normalized values of 
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When determining hydrodynamic loads on a 
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the concept of "attached mass" of water is used 
as a body that performs joint vibrations with the 
structure, changing the inertial properties of the 
structure.  
The force of hydrodynamic water pressure on 
the pressure face of the dam ( wP ) can be repre-
sented on the basis of Newton's Second law as 
the maximum acceleration caused by wall 
vibrations ( 0U ), multiplied by the mass of 
water" attached" to the pressure face in the 
form: 

 

0w wP m U  (12) 
 
where wm  is the "attached mass" involved in the 
joint vibrations of the dam, which can be used 
to describe the hydrodynamic pressure on the 
structure during an earthquake as inertial.  
The volume of the attached mass of water per 
1 sq. m. of the width of the dam can be 
described by the area of the plot of the attached 
mass of water: 

 

0
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H
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where H is the height of the pressure face, m. 
( )Z  - function of the coefficient of the 

attached mass of water; 
Z - the height of the element on the pressure 
face from the bottom of the reservoir, m 
Thus, the attached mass of water for the entire 
structure can be defined by the expression: 

 

0
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(14) 

 
In the solution of Westergaard for the vertical 
pressure face, it was assumed that the area of 
the plot of the attached mass of water in the 
conditions of the problem is determined by the 
expression: 
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H
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where 0,544eq  is the value of the 
coefficient of the attached mass of water 
obtained by the total area of the plot of the 
attached mass of water according to the 
accepted calculation scheme of Westergaard. 

If in expression (15) we assume that Zz
H

 is 

the relative coordinate of the node on the 
pressure face ( 0 z h ), and replace the 
integration variable, then the integral for the 
function of the coefficient of the attached mass 
(15) can be rewritten as: 
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To determine the coefficient of the attached 
mass of water eq  in the works of I. S. Sheinin 
[3], graphs and tables are given depending on 
the problem statement, their calculation 
schemes, and the conditions of movement of the 
structure. For the calculation schemes 
considered in this paper with different angles of 
inclination of the pressure face, the coefficient 

eq  can be determined from the plot in the 
form: 
 

0

( )
h

eq z dz  (17) 

 
Using the concept of the coefficient of attached 
mass, the value of the attached mass of water 
for the entire structure can be determined, 
considering it as an average mass of water 
evenly distributed over the pressure face of the 
structure, attributed to the unit area of the 
pressure face. Based on (14) and (15), for the 
attached mass of water, we can write: 
 

2

2
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eq eq

H r m kgm H
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Accordingly, the hydrodynamic force of water 
pressure, which falls on the entire area of the 
pressure face of the dam (horizontal 
component), can be defined as: 
 

2
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(19) 

 
Since the distribution of the attached mass of 
water over the height of the pressure face is 
uneven, the hydrodynamic pressure acting in the 
k-element of the pressure face of the dam can be 
written as: 

 
0

0

( )
( )

k k

k k

p HU z
p H z A  

(20) 

 
where is the ordinate on the plot of coefficients 
of the attached mass of water in the k-element 
of the pressure face of the dam, located at a 

relative height Zz
H

 from the bottom of the 

reservoir. 
In the modern regulatory literature, the 
definition of hydrodynamic pressure is 
differentiated for different elements by the 
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height of the pressure face using the table for 

the coefficient of attached mass ( )yf
H

, 

where it determines the depth of the calculated 
element under the water level. 
However, there are no such reference data for 
structures of hydraulic structures with an 
inclined pressure face, which led to the need for 
research in this area. 
To determine the coefficient of attached mass

k , it is necessary to solve the problem of the 
distribution of hydrodynamic pressure over the 
height of the pressure face of the dam. Taking 
the seismic acceleration of the base, the water 
density, and the reduced reservoir depth as unit 
values, we can conclude that the plot of the 
distribution of the coefficient of the attached 
water mass over the height of the pressure face 
will be identical to the plot of the hydrodynamic 
water pressure, which is determined by the 
expression: 
  

* * *
0

( )( ) k
k

p ZZ
h A  

(21) 

 
Where *

0A  is the unit seismic acceleration of 
the base in fractions of g, *  is the unit volume 
weight of water, *h  is the relative depth of the 
reservoir, reduced to unity in the calculation 
scheme ( 1h ). 
The character of the distribution of the 
hydrodynamic pressure function in the 
calculated area with an inclined pressure face 
of the dam is determined by integrating the 
Laplace equation (9). 

 
 

RESULTS AND DISCUSSING 
 

For the numerical solution of (11), we used the 
apparatus of numerical methods in the 
MATLAB software package [18,19]. Design 
schemes for dams with different angles of 
inclination of the pressure face are constructed 
in relative coordinates XOZ , in which the 

height of the pressure face of the dam is taken 
as 1h  . In relative coordinates, the ordinate of 
an element on the pressure face kz  is defined as

k
Zz
H

 

The boundary conditions for solving the 
problem of the distribution of the potential 
function in the computational domain 
"dam-reservoir" are set by the interface of the 
MATLAB software package on each of the 
sections of the figure ABCD, for the segments 
AB, BC, CD, DA (Figure 2). According 
to [MATLAB], two types of boundary 
conditions are given at the boundaries of the 
domain: Dirichlet conditions and Neumann 
conditions: 
- the Dirichlet condition (or a condition 
of the 1st kind) is a method for setting a 
boundary condition when the value of the 
desired function is set explicitly, for example; 
- the Neumann condition (or condition 
of the 2nd kind) is a method for setting a 
boundary condition when the desired function is 

given by its derivative, for example, ( ) 0V x
n

which indicates that the equipotentials of the 
desired function are orthogonal to the selected 
boundary.  
In the MATLAB PC interface, when solving 
elliptic equations, the boundary conditions for a 
potential function are set using the equation: 

 
( ) ( )r x V x a  (22) 

 
where a  is a variable that can take any valid 
values, including a null value.  

( )r x - a function defined analytically by an 
equation. 
At the same time, the potential function can take 
any values. 
Within the scope of this task, the following 
conditions will be met at the boundaries of the 
calculation scheme (Figure 2): 
1. AB – reservoir bed, set for all of them 
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height of the pressure face using the table for 

the coefficient of attached mass ( )yf
H

, 

where it determines the depth of the calculated 
element under the water level. 
However, there are no such reference data for 
structures of hydraulic structures with an 
inclined pressure face, which led to the need for 
research in this area. 
To determine the coefficient of attached mass

k , it is necessary to solve the problem of the 
distribution of hydrodynamic pressure over the 
height of the pressure face of the dam. Taking 
the seismic acceleration of the base, the water 
density, and the reduced reservoir depth as unit 
values, we can conclude that the plot of the 
distribution of the coefficient of the attached 
water mass over the height of the pressure face 
will be identical to the plot of the hydrodynamic 
water pressure, which is determined by the 
expression: 
  

* * *
0

( )( ) k
k

p ZZ
h A  

(21) 

 
Where *

0A  is the unit seismic acceleration of 
the base in fractions of g, *  is the unit volume 
weight of water, *h  is the relative depth of the 
reservoir, reduced to unity in the calculation 
scheme ( 1h ). 
The character of the distribution of the 
hydrodynamic pressure function in the 
calculated area with an inclined pressure face 
of the dam is determined by integrating the 
Laplace equation (9). 

 
 

RESULTS AND DISCUSSING 
 

For the numerical solution of (11), we used the 
apparatus of numerical methods in the 
MATLAB software package [18,19]. Design 
schemes for dams with different angles of 
inclination of the pressure face are constructed 
in relative coordinates XOZ , in which the 

height of the pressure face of the dam is taken 
as 1h  . In relative coordinates, the ordinate of 
an element on the pressure face kz  is defined as

k
Zz
H

 

The boundary conditions for solving the 
problem of the distribution of the potential 
function in the computational domain 
"dam-reservoir" are set by the interface of the 
MATLAB software package on each of the 
sections of the figure ABCD, for the segments 
AB, BC, CD, DA (Figure 2). According 
to [MATLAB], two types of boundary 
conditions are given at the boundaries of the 
domain: Dirichlet conditions and Neumann 
conditions: 
- the Dirichlet condition (or a condition 
of the 1st kind) is a method for setting a 
boundary condition when the value of the 
desired function is set explicitly, for example; 
- the Neumann condition (or condition 
of the 2nd kind) is a method for setting a 
boundary condition when the desired function is 

given by its derivative, for example, ( ) 0V x
n

which indicates that the equipotentials of the 
desired function are orthogonal to the selected 
boundary.  
In the MATLAB PC interface, when solving 
elliptic equations, the boundary conditions for a 
potential function are set using the equation: 

 
( ) ( )r x V x a  (22) 

 
where a  is a variable that can take any valid 
values, including a null value.  

( )r x - a function defined analytically by an 
equation. 
At the same time, the potential function can take 
any values. 
Within the scope of this task, the following 
conditions will be met at the boundaries of the 
calculation scheme (Figure 2): 
1. AB – reservoir bed, set for all of them 

1; ( ) 1a r x  
 
what creates the conditions for a potential 
function: 
 

0( , ) 1zV x z (Dirichlet condition) 
 

2. BC – conditional watertight boundary of 
the reservoir, which is a current line where the 
condition can be set: 

 

0V
n

 (Neumann condition) 

 
3. CD is the free surface of the reservoir, 
which is a line of equal pressure, which deter-
mines the orthogonality of the function of 
streamlines at this boundary: 

 

0V
n

 (Neumann condition) 

 
4. DA is the pressure face of the dam. The 
pressure at each point of the boundary is defined 
as a function of the height and angle  between 
the pressure face and the vertical. 

11; ( )
( )

a r x x
h tg

what defines a potential function: 
 

 ( ) ( )V x r x (Dirichlet condition)
5. To exclude the influence of the length of 
the reservoir on the solution of the Laplace 
equation, the following condition was fulfilled 
in the calculations: 
 

3resL h  (23) 
 
Numerical solutions of the Laplace equation for 
the potential function ( , )x z  in design schemes 
with different angles of inclination of the pres-
sure face, in the range of vertical angles from 0° 
to 75° degrees, are presented in the form of a 
family of equipotentials for some design 
schemes in Figure 3, where the blue 

equipotentials are a function of current lines , 
the red equipotentials are a function of the hy-
drodynamic pressure level. 
The family of equipotentials representing a 
solution for the current line distribution function 
allows, in compliance with the orthogonality 
principle, to construct a hydrodynamic grid with 
equipotentials corresponding to the distribution 
law of the hydrodynamic pressure function in 
the calculated domain (Figure 4). The plots of 
the hydrodynamic pressure distribution along 
the inclined pressure face of the dam are given 
in the form of function values 0 ( , )P x z , 
which allows them to be considered as plots of 
the coefficients of the attached water mass ac-
cording to (17). 

 

 
Figure 3. Hydrodynamic grid and plot for the 

coefficient of the attached mass of water at 
the angle of inclination of the pressure face: 

a) 0  b) 10 c) 60   
 

Comparison of the obtained results for the 
coefficients of the added mass of water was 
carried out in 3 directions: 
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1. Comparison of the obtained functions 
( , )z  with the Westergaard solution for the 

vertical pressure face (Figure 4a). 
2. Comparison of the obtained functions 

( , )z  with the recommendations of the SP for 
taking into account the angle of 
inclination of the pressure face (15  do) in the 
form:  
 

3cos ( )w  (24) 
 
where  is the angle of inclination of the pres-
sure face relative to the vertical, deg. 

w  - coefficient of the attached mass of water 
for the vertical face according to the solution of 
Westergaard. 
3. Comparison of the obtained functions 

( , )z  with the results of the Zangar experi-
ment (Figure 4e) 

 

 
 
 
 

Figure 4. Comparison of results: 
a) with the decision of Westergaard,  

b) - e) with the recommendations of the SP for 
the corresponding angles 

 
 
 

As can be seen from the comparison, for the 
angle, there is a high accuracy of matching the 
analytical solution of Westergaard. At the same 
time, the difference between the received 
decision and the JV recommendation reaches 
10%, and for, obviously, the recommendations 
are no longer applicable. 
The results of computational studies on the 
values of the coefficient of attached water mass 
obtained on the basis of constructed 
hydrodynamic grids for different angles of 
inclination of the pressure face of the dam, 
in the range, are summarized in a nomogram 
(Figure 5). 
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 Figure 5. Nomogram 

 
However, for convenient use in calculations, 
these curves are best represented as 
mathematical functions that depend on the 
corresponding arguments. Using the 
approximation method, we represent each 
experimental dependence ( )f  as a linear 
function of the form: 

 
( , ) zi ziz a b  (25) 

 
The approximation functions are found by the 
least squares method using the Levenberg-
Marquardt algorithm [20-22].  
Further, representing families of angular 
coefficients ( )zia z  and free terms ( )zib z  as 
square parabolas: 

2
1 1 1

2
2 2 2

( )
( )

zi

zi b

a f z m z n z k
b f z m z n z k  

(26) 

 
you can express expression (25) in the following 
form: 
 

2

2

( , ) (0.0073 0.0132 0.0015)
0.8448 1.4894 0.0747

z z z
z z

(27) 

 
The value of the coefficient of the attached mass 
of water in the k-element of the pressure face of 

the dam can be calculated using expression (26) 
when kz z : 
 

k
k

Zz
H  

(28) 
 
where kZ  is the absolute height mark of the 
k-element, H  is the absolute depth of the 
reservoir. 
In accordance with the obtained approximation 
solution, expression (27) gives the values of the 
coefficients of the attached mass of water  
only over the interval 0,1...1kz . The function 

( , )z  on the interval 0...0,1kz  can be 
approximated in a similar way:  
 

(0, ) 0
(0.1, ) a b  

(29) 

  
In general, the function for finding the 
coefficient of the attached mass of water as a 
function of the relative depth of the element and 
the vertical angle of the pressure face is the 
following piecewise linear function with varia-
ble coefficients: 
 

2

2

0, {0}
0.0026 0.2103, (0,0.1)

( , ) (0.0073 0.0132 0.0015)
0.8448 1.4894 0.0747,

[0.1,1]

z
z

z z z
z z

z  

(30) 

 
The equation of the values of the 
coefficients of the attached mass of water 
obtained using the approximation function (30) 
with the author's nomogram data and the results 
of experiments [14] for some angles  is 
shown in Figure 6. 
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Figure 6. Comparison of results 

 
The hydrodynamic pressure force according to 
(19) can be calculated by the formula: 
 

2
0 0

0

( , )
h

P H A z dz
 

(31) 

 
where-the maximum relative acceleration of the 
base, - the volume weight of water, h - the 
relative depth of the reservoir, ( , )z – the 
function of the coefficient of the attached mass 
of water, constructed for the relative height of 
the pressure face z , varying from 0 to h  
Calculation of hydrodynamic forces based on 
the obtained solutions for functions ( , )z  at 
different angles of inclination of the pressure 
face of the dam made it possible to plot changes 
in the hydrodynamic force ( )hdP f . For this 

purpose, the integrals 
0

( , )
h

z  of the obtained 

plots ( , )z  were calculated. By analogy with 
(17), the obtained integrals determine the value 
of the coefficient of the equivalent attached 
mass of water for a dam with an inclined 
pressure face, and all other things being equal, 
the solutions of the problem depend only on the 
angle of inclination of the face.  

For the resulting function, we introduce the 
following notation:  

 

0

( ) ( , )
h

M z dz
 

(32) 

 
The function graph ( )M  is constructed based 
on the results of graphoanalytical plotting of the 
attached mass coefficients (Figure 7) and the 
approximating function constructed on their
basis ( , )z .  
The integral of the approximating function (30) 
can be obtained analytically in the form: 
 

0.1

0 0
21

2
0.1

( ) ( , ) ( 0.0026 0.2103)

((0.0073 0.0132 0.0015)
0.8448 1.4894 0.0747)

h

M z dz dz

z z
z z dz

 
Performing direct integration, we get: 
 

( ) (0.021 0.00026 ) (0.523 0.00545 )
( ) 0.544 0.00571

M
M  

(32) 

 
Traditionally, it is interesting to represent the 
hydrodynamic pressure force as a fraction of the 
hydrostatic pressure force W  (per 1 nm): 
 

0

2
HW

 
 

Taking into account (30) and (31), we can write: 
 

0( ) 2 ( )P M WA  (33) 
 

The obtained expression shows that for a strong 
earthquake ( 0 0.4A g for a 9-point earthquake) 

and a vertical pressure face ( (0 ) 0.544M  - 
Westergaard's solution), the seismic pressure of 
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the solutions of the problem depend only on the 
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For the resulting function, we introduce the 
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The function graph ( )M  is constructed based 
on the results of graphoanalytical plotting of the 
attached mass coefficients (Figure 7) and the 
approximating function constructed on their
basis ( , )z .  
The integral of the approximating function (30) 
can be obtained analytically in the form: 
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Performing direct integration, we get: 
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M
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Traditionally, it is interesting to represent the 
hydrodynamic pressure force as a fraction of the 
hydrostatic pressure force W  (per 1 nm): 
 

0

2
HW

 
 

Taking into account (30) and (31), we can write: 
 

0( ) 2 ( )P M WA  (33) 
 

The obtained expression shows that for a strong 
earthquake ( 0 0.4A g for a 9-point earthquake) 

and a vertical pressure face ( (0 ) 0.544M  - 
Westergaard's solution), the seismic pressure of 

water on the pressure face of the dam will 
be (0 ) 0.435P W  . When the pressure face is 
laid 1:1 ( 45 ), which can occur for dams 
with reinforced concrete screens, the seismic 
water pressure will be (45 ) 0.23P W almost 
a quarter of the hydrostatic pressure. The results 
obtained indicate a significant seismic pressure 
of water on the pressure face of the dam, 
including the slope profile.  
 

 
Figure 7. Graph of changes in hydrodynamic 

pressure from the slope of the pressure face 
 
The obtained quadratic polynomials for the 
cefficients of the function depend on the height 
position of the element on the pressure face 
(23). Therefore, the number of elements 
forming the hydrodynamic pressure plot will 
affect the accuracy of plotting the coefficients of 
the attached water mass and the magnitude of 
seismic loads.  
To assess the effect of the density of the FEM 
design grid on the hydrodynamic pressure force, 
calculations were performed with different 
numbers of elements on the pressure face. 
A model of a 100-meter dam with a 1:2 upper 
slope (vertical angle 63.43 ) was considered 
in 8 variants of breakdown: with 5, 10...70 
elements on the pressure face.  
As a result of analytical integration of the 
function of the coefficient of the added mass of 
water (32), an expression was obtained that can 
be taken as an exact solution: 
 

(63.43 ) 0.544 0.00571 63.43 0.182M  
 

In each of the 8 calculation variants, for the 
center of gravity of the element located on the 
pressure face, the values of the coefficients of 
the attached mass of water were determined, 
according to the approximating function 

( , )z , and a plot was constructed from them. 
Determining the area of the plot (using Autocad 
tools) allowed us to compare the obtained val-
ues for the 63.43  following parameters. 
The results of the comparison are shown at 
Figure 8.  
The obtained results allow us to conclude that 
when forming the FEM grid, it is necessary to 
provide for at least 20 elements in height on the 
pressure face of the dam. When dividing the 
pressure face into 20÷30 elements, the error will 
be less than 5% of the value obtained by direct 
integration, which is a satisfactory result for 
engineering calculations. 
 

 
 

Figure 8. Comparison of numerical and 
direct integration results  

 
In this problem, a method is developed for de-
termining the hydrodynamic water pressure for 
a dam with an inclined pressure face, as a reac-
tion to the horizontal component of dam vibra-
tions during an earthquake. Taking into account 
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the horizontal hydrodynamic pressure of water 
in the attached mass of water involved in the 
horizontal vibrations of the dam, it is important 
to assess this effect in the magnitude of seismic 
forces that occur in dams during an earthquake, 
at different angles of inclination of the pressure 
face of the dam.  
The linear-spectral method (hereinafter referred 
to as LSM), regulated by SP for determining 
seismic loads in hydraulic structures, involves 
solving the problem of natural dam vibrations 
and using calculation forms in determining 
seismic forces. When solving the problem of 
plane deformation for a momentless system, 
there are two components in the components of 
displacements according to the forms of natural 
vibrations-horizontal and vertical 
displacements, which will participate in the 
formation of both components of seismic forces 
– both horizontal ,k xS  and vertical ,k zS , while 
the attached mass of water affects only the 
inertial properties of the dam in the horizontal 
direction.  
The study determined the seismic forces that 
occur in the dam elements in the horizontal 
direction, taking into account the horizontal 
hydrodynamic water pressure from the upstream 
side and the horizontal direction of propagation 
of the seismic wave. The considered problem 
statement determines the greatest seismic loads 
in the dam along the horizontal component. 
Studies were carried out for different dam 
structures: concrete, ground, combined, having 
different outlines of the pressure face.  
The author's program "Seismic_Force_2D" was 
used to calculate and visualize the distribution 
of seismic forces in the dam [17]. 
As part of the calculation, the FEM grid is set, 
the properties of materials in the calculated area 
are calculated, the forms of natural vibrations 
are calculated, and seismic forces and 
accelerations are determined within the LSM 
with the calculated earthquake score.  
Seismic forces in the dam elements were deter-
mined according to the linear-spectral method, 
taking into account the forms of natural dam 
vibrations by the formula: 

12
20

, 2
1

(( ) ))k x f k i ikx
i

AS k k Q k
g

(34) 

 
where 2, , ,fk k k - coefficients are determined 
in accordance with SP, 

ikx - coefficient of the oscillation form in the 
k-element of the dam, according to the i-form of 
natural vibrations, in the horizontal direction:  
 

,ikx i ik x  (35) 

1

2 2

1

( cos sin )

( )

K

k ik k ik
k

i K

k ik k ik
k

Q x Q z

Q x Q z
 

(36) 

 
where i  is the coefficient of participation of 
the i-form of vibrations in the oscillatory 
process (free vibrations) in the direction of 
propagation of the seismic wave,  is the angle 
of approach of the seismic wave with respect to 
the x-axis.  
The change in the participation coefficient i

when taking into account the attached mass of 
water for the model of the dam considered 
earlier is shown in Figure 9. As can be seen 
from the figure, for waveforms other than 
horizontal, in the horizontal direction, the 
coefficient i  value is close to 0. Thus, there 
are not so many forms contributing to the 
seismic vibrations of the dam along the 
direction of wave propagation, they include 
1,3,5 FGC, and the coefficient value of 5,6.9 
FGC is not more than 10% i  of 1 form, at 
high frequencies (more than 3.5 Hz) significant 
fluctuations of the dam in the direction of the 
seismic wave it is not observed, there are no 
significant fluctuations of the dam in the 
direction of the seismic wave, and the effect of 
the attached mass of water on the coefficient 

i  for higher forms is minimal. 
The weight of elements on the pressure face of 
the dam taking into account the attached weight 
of water, is determined by: k kQ Q Q , 
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the attached mass of water affects only the 
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occur in the dam elements in the horizontal 
direction, taking into account the horizontal 
hydrodynamic water pressure from the upstream 
side and the horizontal direction of propagation 
of the seismic wave. The considered problem 
statement determines the greatest seismic loads 
in the dam along the horizontal component. 
Studies were carried out for different dam 
structures: concrete, ground, combined, having 
different outlines of the pressure face.  
The author's program "Seismic_Force_2D" was 
used to calculate and visualize the distribution 
of seismic forces in the dam [17]. 
As part of the calculation, the FEM grid is set, 
the properties of materials in the calculated area 
are calculated, the forms of natural vibrations 
are calculated, and seismic forces and 
accelerations are determined within the LSM 
with the calculated earthquake score.  
Seismic forces in the dam elements were deter-
mined according to the linear-spectral method, 
taking into account the forms of natural dam 
vibrations by the formula: 
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where i  is the coefficient of participation of 
the i-form of vibrations in the oscillatory 
process (free vibrations) in the direction of 
propagation of the seismic wave,  is the angle 
of approach of the seismic wave with respect to 
the x-axis.  
The change in the participation coefficient i

when taking into account the attached mass of 
water for the model of the dam considered 
earlier is shown in Figure 9. As can be seen 
from the figure, for waveforms other than 
horizontal, in the horizontal direction, the 
coefficient i  value is close to 0. Thus, there 
are not so many forms contributing to the 
seismic vibrations of the dam along the 
direction of wave propagation, they include 
1,3,5 FGC, and the coefficient value of 5,6.9 
FGC is not more than 10% i  of 1 form, at 
high frequencies (more than 3.5 Hz) significant 
fluctuations of the dam in the direction of the 
seismic wave it is not observed, there are no 
significant fluctuations of the dam in the 
direction of the seismic wave, and the effect of 
the attached mass of water on the coefficient 

i  for higher forms is minimal. 
The weight of elements on the pressure face of 
the dam taking into account the attached weight 
of water, is determined by: k kQ Q Q , 

where kQ - the weight of the element without 
taking into account the attached mass of water; 
 

 
Figure 9. Effect of accounting for the added 

mass of water on the coefficient i  
 

ikx  and ikz -normalized values of displacements 
of the k-nodes of the calculation scheme accord-
ing to the i-form of natural vibrations 
(hereinafter referred to as FGC) in the 
horizontal and vertical directions, respectively. 
The weight of the attached mass of water on the 
section of the pressure face of the dam height is 
determined as follows: 

 
( , )k k k w kQ z H h  (37) 

 
where w  is the specific gravity of water, H  is 
the depth of the reservoir,  and is a coefficient 
that takes into account the influence of the 
reservoir length.  
The coefficient of the attached mass of water 

( , )k k kz  is determined by the formula (29), 
taking into account the change in angle k  for 
each element separately. 
The study examined three 100-meter-high dams 
located on the same base, experiencing seismic 
effects of the same intensity with an estimated 
base acceleration of 0.4g. The following dams 
are considered: a gravity concrete dam with a 
vertical pressure face, a ground dam with a 1:2 
pressure face and an asphalt-concrete 
diaphragm, a combined dam with a concrete 
pedestal in the lower part of the pressure face 
and a reinforced concrete screen on the slope 

with a 1:1.5 foundation (Figure 10). For the 
correctness of the study, the number of elements 
on the pressure face in all calculated variants 
was assumed to be the same (n=30). 
For each of the dam variants, according to the 
obtained function ( , )k k kz , plots of the 
distribution of the coefficients of the attached 
mass along the pressure face were constructed 
(Figure 11). 
For the design structures of dams, seismic 
accelerations were calculated using the 
linear-spectral method [23], taking into account 
the attached mass of water and without it. For a 
clear comparison of the effect of the added mass 
of water on acceleration, the set of coefficients 
is assumed to be the same. 
 

 
Figure 10. Structures of the considered 

dams (FEM grids). 
a) concrete gravity dam  

b) combined dam 
c) ground dam 

 

 
Figure 11. Plots of the distribution of the  

coefficient of attached water mass 
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As can be seen in Figure 12, the seismic 
accelerations of the ground and combined dams 
are comparable and do not exceed 0.3g in a 
9-point earthquake. Accelerations on the crest of 
a concrete gravity dam are almost 0.7g. 
Taking into account the added mass of water 
increases the acceleration of the elements of the 
pressure face of the dam over the entire height 
of the dam, reaching a difference of up to 10 % 
on the ridge. For a vertical pressure face, taking 
into account the added mass of water leads to an 
increase in acceleration on the ridge by almost 
30%. 
 

 
Figure 12. Seismic accelerations on the dam 

crest 
 
 
CONCLUSIONS 
 
1. A graph-analytical method for plotting plots 
of the attached mass of water for water 
structures with an inclined pressure face are 
developed for all possible angles of inclination 
in the range 0 ...75 , including when the 
slope is variable in height and when there are 
berms at ground dams.   
2. The results of calculations are compared with 
the results of experimental studies, as well as 
with the well-known results of domestic and 
Western scientists, which showed good 
accuracy of the results. 
3. For practical use, a nomogram is constructed 
with calculated values of the coefficients of the 
attached water mass, which allows determining 

the additional seismic pressure of the reservoir 
water on the structure during an earthquake.   
4. An analysis of the accuracy of plotting 
epigrams of the attached water mass for 
different density of FEM grids is performed, 
based on which it is recommended that the 
maximum size of the element on the pressure 
face (in height) should not exceed 5% of the 
height of the dam.   
5. The effect of the attached water mass on 
seismic accelerations for various dam designs is 
analyzed. The effect of the added mass of water 
increases the seismic acceleration at the crest of 
dams from 10% for ground dams to 30% for 
concrete dams with a vertical pressure face, 
which must be taken into account when 
designing hydraulic structures in seismically 
active areas. 
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As can be seen in Figure 12, the seismic 
accelerations of the ground and combined dams 
are comparable and do not exceed 0.3g in a 
9-point earthquake. Accelerations on the crest of 
a concrete gravity dam are almost 0.7g. 
Taking into account the added mass of water 
increases the acceleration of the elements of the 
pressure face of the dam over the entire height 
of the dam, reaching a difference of up to 10 % 
on the ridge. For a vertical pressure face, taking 
into account the added mass of water leads to an 
increase in acceleration on the ridge by almost 
30%. 
 

 
Figure 12. Seismic accelerations on the dam 

crest 
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Abstract: The riverbank protection structure is an essential structure constructed to protect the riverbank from 
the natural and human impact. Therefore, ensuring safety for this project is very important. However, this 
structure can still have technical failures during construction or working stages. The failure of riverbank 
protection structures poses significant challenges to infrastructure stability and environmental sustainability, 
particularly in regions with complex geotechnical conditions. Thus, this study aims to investigate the causes of 
the failure with the case study is the Long Hau riverbank protection project in Long An Province, Vietnam. In 
doing so, a combination of on-site observations and numerical simulations using PLAXIS 2D was employed to 
analyze the stability of the structure and identify potential failure mechanisms. The results revealed a 
displacement of 8.7 cm in the bearing pile and a total structural displacement of 19.2 cm obtained from the 
numerical analysis, which agree well with those from field observations. Key factor contributing to the failure is 
the selection of the structure position, consequently leading to insufficient soil compaction, uneven settlement, 
and underestimated lateral forces during design. The study highlights the critical need for comprehensive site 
assessments, detailed numerical modeling, and regular maintenance to ensure long-term stability. In addition, the 
findings provide valuable insights into riverbank protection practices and provide a basis for proposing 
appropriate solutions for future work. 

Keywords: Riverbank erosion; Riverbank protection structure; Structural failure analysis; 
PLAXIS 2D simulation; Long Hau embankment; Structural displacement; Bearing pile; Lateral earth pressure 
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Abstract: The riverbank protection structure is an essential structure constructed to protect the riverbank from
the natural and human impact. Therefore, ensuring safety for this project is very important. However, this
structure can still have technical failures during construction or working stages. The failure of riverbank 
protection structures poses significant challenges to infrastructure stability and environmental sustainability, 
particularly in regions with complex geotechnical conditions. Thus, this study aims to investigate the causes of
the failure with the case study is the Long Hau riverbank protection project in Long An Province, Vietnam. In
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analyze the stability of the structure and identify potential failure mechanisms. The results revealed a 
displacement of 8.7 cm in the bearing pile and a total structural displacement of 19.2 cm obtained from the 
numerical analysis, which agree well with those from field observations. Key factor contributing to the failure is
the selection of the structure position, consequently leading to insufficient soil compaction, uneven settlement, 
and underestimated lateral forces during design. The study highlights the critical need for comprehensive site
assessments, detailed numerical modeling, and regular maintenance to ensure long-term stability. In addition, the 
findings provide valuable insights into riverbank protection practices and provide a basis for proposing 
appropriate solutions for future work. 
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1 INTRODUCTION 

Riverbank protection structures are the 
essential structures that use technical solutions 
to stabilize and protect riverbanks from the 
impact of currents, waves, and other impacts. 
This structure system is especially important 
in areas prone to erosion. In areas with rapid 
urbanization and industrialization, such as in 
many developing countries, riverbank 
protection becomes extremely urgent because 
if erosion or bank subsidence is not well 
controlled, it can lead to serious consequences 
both economically and ecologically. 
Therefore, the design of protection structures 
must take into account the topographic, 
geological, and hydrological characteristics of 
the site. Specifically, morphology, soil 
composition, sediment loading, and flow 
velocity are factors that significantly influence 
the stresses and forces acting on the structure. 
Typical structural components of riverbank 
protection structures include reinforced 
concrete, retaining walls, anchor piles, and 
stone armor layers. These elements work 
together to resist natural erosional forces 
while ensuring minimal impact on the 
surrounding ecosystem. However, engineering 
challenges can arise when design 
specifications are flawed or environmental 
assessments are inadequate, which can 
compromise the effectiveness of the structure 
and lead to serious failures. 
The failure of riverbank protection structures 
is a pressing issue that has garnered 
significant attention within the disciplines of 
geotechnical engineering, environmental 
science, and hydrology. Riverbank failures 
arise from a multifaceted interplay of natural 
and anthropogenic factors, including 
hydrodynamic forces, soil properties, and 

human interventions. Leng [1] highlights the 
critical role of geomorphological factors in the 
failure of riverbank protection structures, 
emphasizing the necessity for detailed site-
specific assessments. Similarly, Akter et al. 
[2] underscore the importance of
understanding hydrodynamic forces acting on
geo-bag revetments, noting that these forces
significantly influence failure mechanisms.
Anthropogenic activities, such as sediment
dredging and vegetation removal, exacerbate
riverbank instability, as evidenced by Arora
[3]. The geotechnical properties of soil play a
pivotal role in riverbank stability. Chen and
Wen [4] identify soil saturation caused by
extreme rainfall and flooding as a primary
factor increasing susceptibility to erosion and
structural failure. Furthermore, Duong et al.
[5] employed numerical modeling to
demonstrate how hydraulic conductivity and
rainfall intensity interact to destabilize
riverbanks. Specific failure mechanisms, such
as cantilever collapses resulting from
undercutting, are particularly prevalent in
cohesive soils [6], [7]. Patsinghasanee et al.
[8] reveal through experimental investigations
the significance of tension cracks and beam
failures in cohesive riverbanks, highlighting
the need for tailored engineering interventions
to mitigate these risks. Vegetation is a critical
factor in enhancing riverbank stability.
Research by Abernethy and Rutherfurd [9]
shows that even low root densities can
substantially improve soil shear strength,
thereby reducing failure risks. Conversely, the
removal of vegetation contributes to increased
erosion and instability, as demonstrated by
Docker and Hubble [10], who found a strong
correlation between devegetation and mass
failure events. The broader implications of
riverbank failures extend beyond immediate
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structural concerns, as they pose significant 
environmental and economic challenges. 
Patsinghasanee et al. [11] investigated the 
fluvial erosion and overhanging failure of 
cohesive riverbank and reported that this is 
one of the significant problem of river 
engineering. Mamun et al. [12] highlights the 
adverse impact of erosion on agricultural 
productivity and food security in vulnerable 
regions. Economic consequences are 
particularly pronounced in urban settings, 
where infrastructure and cultural heritage are 
at risk. Weissgerber et al. [13] note that 
modifications to riverbanks often disrupt 
riparian ecosystems Morelli et al. [14] 
documented riverbank failures affecting 
historical sites in Florence, Italy, emphasizing 
the need for integrated management strategies 
that balance infrastructure protection with 
environmental sustainability. 
In this study, the damage incident of the Long 
Hau riverbank protection structure in Long An 
Province is analyzed and evaluated. From there, 
the cause of the damage will be discussed 
through the results from observation and 
numerical simulation. The results of this paper 
can be a basis for proposing solutions to 
reinforce this riverbank protection structure in 
the future. 
 
 
2 DAMAGE SITUATION OF THE 
INVESTIGATED RIVERBANK 
PROTECTION STRUCTURE 
 
Fig. 1 shows the location of the project studied 
in this paper. The project is located in Long An 
Province, Vietnam. It aims to prevent riverbank 
erosion and maintain the stability of nearby 
infrastructure, which is vulnerable to seasonal 
fluctuations of the river flow and sedimentation. 
The project was scheduled to be completed in 
December 2023. 

 
Figure 1. Location of Long Hau embankment 

 
As shown in Fig. 2, this riverbank protection 
structure consists of a reinforced concrete 
retaining wall approximately 1.1 meters high 
and an average thickness of 20 cm. The 
retaining wall is designed to withstand 
significant lateral forces exerted by the river, 
especially during rainy seasons. Behind the 
wall, a compacted sand layer with a 
compactness K of 90% provides a support layer 
to minimize movement and displacement by 
evenly distributing the pressure load on the 
retaining wall. The retaining wall is connected 
to a series of 400 mm diameter and 28 m long 
prestressed concrete piles, which form the 
foundation of the structure, ensuring both 
vertical and horizontal stability. The piles are 
arranged in a grid pattern, with 3.0 m spacing 
both vertically and horizontally, each sector 
consisting of two vertical piles and one inclined 
pile. This configuration is intended to maximize 
load distribution and to counteract forces caused 
by land subsidence, flow, and sediment 
movement. 
The foundation of the structure is reinforced 
with a layer of geotextile fabric under the sand 
layer to increase stability and prevent erosion 
phenomena, along with a series of tightly 
packed PVC-coated gabions at a depth of -6 
meters along the riverbed. These gabions, 
dimensions of 200 cm x 100 cm x 50 cm, act as 
a protective barrier against erosion, creating a 
buffer zone that protects the foundations from 
direct hydrodynamic impact. 
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Figure 2. Long Hau embankment cross-section 

 
As shown in Figs. 3 and 4, the Long Hau 
embankment began to show signs of failure 
soon after completion. Major issues included a 
displacement of approximately 20cm toward the 
river, visible cracks in the concrete piles, and 
settlement of the compacted sand layer behind 
the wall. These issues raised concerns about the 
long-term stability and resilience of the 
structure and posed potential risks to adjacent 
infrastructure and the ecosystem if not 
addressed promptly. 
 

 
Figure 3. Settlement of the compacted sand 

layer after construction completion 

 
Figure 4. Cracks on piles 

 
These failures may be due to design or 
construction method deficiencies. The presence 
of cracks may indicate that the piles are not 
sufficiently resistant to surcharge load and 
lateral force. Similarly, lateral displacement 
towards the river may indicate a deviation in the 
safety system or a lack of force components in 
the calculation. The settlement of the sand layer 
behind the wall is due to uneven compaction. 
Solving these problems requires a 
comprehensive analysis of design and 
construction factors, focusing on soil 
interactions and material selection. Therefore, a 
safety assessment analysis for this structure is 
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arranged in a grid pattern, with 3.0 m spacing 
both vertically and horizontally, each sector 
consisting of two vertical piles and one inclined 
pile. This configuration is intended to maximize 
load distribution and to counteract forces caused 
by land subsidence, flow, and sediment 
movement. 
The foundation of the structure is reinforced 
with a layer of geotextile fabric under the sand 
layer to increase stability and prevent erosion 
phenomena, along with a series of tightly 
packed PVC-coated gabions at a depth of -6 
meters along the riverbed. These gabions, 
dimensions of 200 cm x 100 cm x 50 cm, act as 
a protective barrier against erosion, creating a 
buffer zone that protects the foundations from 
direct hydrodynamic impact. 
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required to find the main causes that may lead to 
displacement and subsequent pile cracking. 
 
 
3 ASSESSMENT OF THE CURRENT 
STATUS OF THE PROJECT 
 
3.1 Project Position 
Fig. 5 shows the clear transformation of the 
regional riverbank from 2014 to 2024. The 
colored contours represent the positions of the 
riverbank in a specific timeline, such as 2014 

riverbank movement through each stage. The 
2014 riverbank is located close to the 
riverbed, representing the initial state of the 
riverbank before being greatly impacted by 
natural or human factors. The blue line shows 
that the extent of the riverbank remains 
relatively stable, without significant changes, 
indicating that the level of erosion or artificial 
intervention is still very limited. By 2020, the 
riverbank changes became more evident as the 
red line moved toward the landside compared 
to that observed in 2014. This can be 
explained by natural erosion or interference 
from construction and land exploitation 
activities near the riverbank area. This shift 
suggests a possible reduction in natural land 
area and also shows the impact of 
hydrological or human factors on the 
topographic structure of the area. The 

embankment line. Noticeably, the position of 
the project is about 23.68 m from the 
shoreline. Choosing the centerline position far 
from the existing shoreline with this distance 
can create certain deviations in the calculation 
of loads and pressures on the embankment, 
especially the soil pressure from the 

observation also shows that the incident 

occurred mostly in this area. It might be due 
to the fact that, during the design process, the 
impact of the backfilling foundation may not 
have been considered carefully, leading to the 
omission or underestimation of important 
impact forces. Specifically, the earth pressure 
and displacement of the foundation after 
backfilling are likely to put great pressure on 
the embankment, requiring additional 
reinforcement measures or appropriate 
structural solutions to maintain the stability of 
the structure. Therefore, it is necessary to 
carefully analyze the cause of this incident, 
from which appropriate solutions can be 
proposed to reinforce the structure at this 
location. 
 

 
Figure 5. Location of shoreline in 2014 and 

2020 and embankment in 2024 
 
3.2 On-Site Observation 
The field observation, which took place from 
August to September 2023, included 29 
specific locations illustrated by the red area in 
Figure 5 and the red spot illustrated explicitly 
in Figure 6. The main objective of the 
observation was to systematically collect and 
observe at each location after the backfilling 
work, thereby assessing the actual condition 
of the project during construction. From there, 
it is possible to assess the safety level or 
detect the damage of the Long Hau 
embankment project. 
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Figure 6. Locations for displacement observation 
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performed, as shown in the following section. 

 

 
Figure 7. Relative displacement of the riverbank protection structure from the observation 

required to find the main causes that may lead to 
displacement and subsequent pile cracking. 
 
 
3 ASSESSMENT OF THE CURRENT 
STATUS OF THE PROJECT 
 
3.1 Project Position 
Fig. 5 shows the clear transformation of the 
regional riverbank from 2014 to 2024. The 
colored contours represent the positions of the 
riverbank in a specific timeline, such as 2014 

riverbank movement through each stage. The 
2014 riverbank is located close to the 
riverbed, representing the initial state of the 
riverbank before being greatly impacted by 
natural or human factors. The blue line shows 
that the extent of the riverbank remains 
relatively stable, without significant changes, 
indicating that the level of erosion or artificial 
intervention is still very limited. By 2020, the 
riverbank changes became more evident as the 
red line moved toward the landside compared 
to that observed in 2014. This can be 
explained by natural erosion or interference 
from construction and land exploitation 
activities near the riverbank area. This shift 
suggests a possible reduction in natural land 
area and also shows the impact of 
hydrological or human factors on the 
topographic structure of the area. The 

embankment line. Noticeably, the position of 
the project is about 23.68 m from the 
shoreline. Choosing the centerline position far 
from the existing shoreline with this distance 
can create certain deviations in the calculation 
of loads and pressures on the embankment, 
especially the soil pressure from the 

observation also shows that the incident 

occurred mostly in this area. It might be due 
to the fact that, during the design process, the 
impact of the backfilling foundation may not 
have been considered carefully, leading to the 
omission or underestimation of important 
impact forces. Specifically, the earth pressure 
and displacement of the foundation after 
backfilling are likely to put great pressure on 
the embankment, requiring additional 
reinforcement measures or appropriate 
structural solutions to maintain the stability of 
the structure. Therefore, it is necessary to 
carefully analyze the cause of this incident, 
from which appropriate solutions can be 
proposed to reinforce the structure at this 
location. 
 

 
Figure 5. Location of shoreline in 2014 and 

2020 and embankment in 2024 
 
3.2 On-Site Observation 
The field observation, which took place from 
August to September 2023, included 29 
specific locations illustrated by the red area in 
Figure 5 and the red spot illustrated explicitly 
in Figure 6. The main objective of the 
observation was to systematically collect and 
observe at each location after the backfilling 
work, thereby assessing the actual condition 
of the project during construction. From there, 
it is possible to assess the safety level or 
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embankment project. 

Investigation of Failure of Riverbank Protection Structure: a Case Study in Long an Province, Vietnam



68 International Journal for Computational Civil and Structural Engineering

3.3 Numerical analysis 
Numerical analysis is widely employed to solve 
the engineering problem by various researchers 
[15, 16]. In this study, PLAXIS 2D software – a 
tool widely used by engineers and researchers to 
solve geotechnical problems [17, 18, 19] – was 
applied as a design tool to analyze the stability 
and determine the cause of geotechnical 
failures. The mechanical properties of the 
embankment together with the geotechnical 
properties of the embankment and foundation, 
were collected for analysis using the finite 
element method. To ensure the accuracy of the 
simulation, the boundary conditions were 
specifically set as follows: the bottom of the 
model was assumed to be completely fixed 

boundaries only allowed vertical displacement 
to reflect the actual conditions at the site, as 
shown in Fig. 8. 
The soil parts are modeled using six-node 
triangular isoperimetric elements with three 
Gaussian points per element as presented in Fig. 
8. The Mohr-C -
plastic model commonly used to simulate the 
general behavior of soils, requires five 

30o , 
30o  

[20]. The material parameters are based on field 
data collected from geotechnical surveys and 
previous studies at the study site. The typical 
geological layers at the site include filling sand, 
silty clay, and soft clay. Field tests such as SPT 

including triaxial compression and direct shear, 
are performed to determine important 
geotechnical parameters. 
The Mohr-Coulomb model was chosen because 
of the relatively homogeneous geological 
characteristics in the study area. This model is 
simple but still meets the analysis requirements. 
However, to increase accuracy, the parameters 
were calibrated through comparison with field 
observations, ensuring that the model fully 
reflects actual conditions. 
The connection between the embankment and 
the filling soil was also taken into account in 
the analysis by the rectangular interface 
elements, which consist of six nodes used 
between the soils and the structural elements 
[21]. The material properties used in the finite 
element simulation are detailed in Tables 1 
and 2. 

 
 
 

 
Figure 8. Numerical analysis in Plaxis 2D 
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Table 1. Parameters of the soil used in PLAXIS 2D 
No. Parameters Units Value 

1 Name   Fill sand Rockfill Layer 
1 

Layer 
3 

Layer 
4 

Layer 
5 

Layer 
6 Concrete 

2 Describe       Claye
y silt 

Silty 
clay Sandy Clay Sandy   

3 Material model   MC MC MC MC MC MC MC LE 

4 Type of material 
behaviour   Drained 

 
Non 

porous D D D D D Non 
porous 

5 Unsaturated weight kN/m³ 17.0 22.0 15.3 20.3 20.8 19.2 20.4 25.0 
6 Saturated weight kN/m³ 18.0   15.5 20.8 21.1 19.6 20.8   

7 Horizontal 
Permeabilities m/day 1.0   1.0 1.0 1.0 1.0 1.0   

8 Vertical 
Permeabilities m/day 1.0   1.0 1.0 1.0 1.0 1.0   

9   -     0÷3 5÷10 11÷22 13÷25 19÷26   
10 Stiffness  kN/m²                 

   50
refE    7500.0 7500.0           2.15E+07 

   SPTE        678.9 3237.1 9723.8 3112.0 9293.3   

11 Poisson's ratio   0.3 0.3 0.4 0.4 0.4 0.4 0.3 0.2 
12 Cohesion kN/m² 1.0   5.6 14.6 6.2 34.1 5.7 0.2 
  Friction angle  Deg. 30.0 45.0 3.4 10.1 24.0 14.2 24.2   

13 Angle of dilatancy Deg.     0.0 0.0 0.0 0.0 0.0   

14  intR      1.0 0.7 0.7 0.8 0.7 0.8 1.0 

 
Table 2. Parameters of plate elements 

Ord. Parameters Symbol Units D400-B 
1 Material grade     M800 
2 Young's Modulus Eref kN/m² 4.00E+07 
3 Dimension h m 0.40 
4 Section area A m² 0.1257 
5 Moment of inertial I m4 1.26E-03 
6 Spacing s m 3 
7 Axial stiffness EA kN/m 1.68E+06 
8 Flexural rigidity EI kNm²/m 1.68E+04 
9 Equivalent plate thickness d' m 0.346 
10 Weight w kN/m/m 1.19 
11 Poisson's ratio    0.2 
12 Length L m 13.00 
13 Allowable displacement [d] cm - 
14 Crack bending moment [M]kn KN.m 75.00 
 

Investigation of Failure of Riverbank Protection Structure: a Case Study in Long an Province, Vietnam



70 International Journal for Computational Civil and Structural Engineering

The results of the pile displacement and the 
overall displacement are shown in Figure 9. It 
can be seen that the simulation results are quite 
close to the results from the field observations. 
The overall displacement value from the 
numerical analysis, which is 19.2 cm, agrees 
well with that from the field observation, which 
is 20.1 cm. The relative difference is only about 
4.5%. This proves that the PLAXIS 2D model, 
with the calibrated material parameters and 

boundary conditions, is capable of reflecting the 
actual conditions in the study area quite 
accurately. However, a larger error was 
recorded in the pile displacement, which is 8.7 
cm from the numerical analysis compared to 7.5 
cm from the field observation. This may be due 
to the inaccuracy in simulating the connection 
between the pile and the ground or other 
nonlinear factors that have not been included in 
the model. 

 

 

 

 
Figure 8. Pile displacement and total displacement. 

 
The findings from this study provide 
important information to guide future design 
and maintenance practices for riverbank 
protection structures in Long An province, 
Vietnam. The detection of excessive 
displacement at critical locations, such as the 
center area of the embankment, indicates that 
additional reinforcement measures, such as 
increasing the cushion sand or using piles with 
higher resistance to lateral loads, are needed. 
At the same time, field observations 
demonstrate the importance of periodic 
inspections to detect early signs of 
deterioration and take corrective action before 
serious problems occur.  
 

4 CONCLUSIONS 
 
This study aims to assess the damage status of 
the embankment protection structure through 
observation and numerical analysis. In addition, 
this study also aims to detect the causes of the 
observed damage. From the analysis results, 
some conclusions can be drawn as follows: 
The integrated approach of field observations 
and numerical simulations, as in this study, can 
become powerful methods to evaluate design 
performance and detect potential problems early 
in riverbank protection works. 
The selection of the structure system position 
far away from the existing shoreline is one of 
the significant causes of failure. Because the 
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great lateral force from the backfill soil might 
not be carefully considered in the design stage 
or due to a not proper construction process. 
Thus, the structure is displaced by around 20 cm 
toward the riverside and the cracks patterns 
occur on the bearing piles as shown by the 
observed results. This result was confirmed by 
the numerical analysis using PLAXIS 2D.  
In the context of globalization and climate 
change, increasingly affecting riverside areas, 
expanding similar studies internationally will 
provide more diverse data, helping to develop 
new design standards that are more suitable for 
different natural and economic conditions. This 
is a potential research direction and should be 
further developed in the future. 
Future research should focus on integrating 
advanced simulation techniques and eco-
engineering solutions to enhance the resilience 
of riverbank protection systems. 
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MATHEMATICAL MODELING OF SWIRLING 
FLOW IN A VORTEX DUST SEPARATOR 

 
Vadim K. Akhmetov 

 Moscow State University of Civil Engineering, Moscow, RUSSIA 
 

Abstract. The problem of swirling flow motion in an axisymmetric channel is numerically investigated. The 
results of flow field calculation are obtained by solving the Navier-Stokes equations. Various flow regimes with 
formation of axial recirculation zones are presented. A convective diffusion model is used to determine the 
concentration of flow particles and the formation of characteristic sedimentation zones. The obtained numerical 
solutions are compared with the results of available experimental data. 

 
Keywords: swirling flows, two-phase flow, finite-difference method, convection-diffusion model, 

particle sedimentation 
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1. INTRODUCTION  
 
Swirling flows have a wide usage in various 
technical applications. They can be observed in 
natural phenomena and are the object of 
theoretical and experimental study. The most 
important properties of swirling flows are 
described in [1, 2]. The structure of swirling 
flows in channels limited by solid walls was 
investigated numerically in [3-5]. Free flows in 
an unlimited medium were studied numerically 
in [6, 7]. Experimental data on the flow 
structure were presented in [8-10]. The stability 
of swirling flows was studied in [11-14]. 
Many engineering applications utilize swirling 
flows that contain particulate admixtures. The 

properties of swirling flow are used in cyclone-
type devices for gas cleaning against dust, 
separation of particles, separation of liquid 
mixtures, in particular for purification of 
produced oil, in swirl nozzles for atomization of 
liquids, in drying chambers for removal of 
moisture from polydisperse products, in 
chemical, food, construction industries and in 
agricultural production. 
This study considers swirling two-phase flow in 
a straight-flow cyclone dust separator. Devices 
of this type are used in air cleaning plants. The 
principle of operation of the dust separator is as 
follows. Dusty gas through the tangential 
swirler 1 enters the pre-separation chamber 2 
(figure 1). Here coarse dust is separated. It is 
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then ejected through tangentially located outlets 
3. Fine dust together with the gas moves further 
in radial direction to the axis of the vortex 
chamber 5. Due to the action of centrifugal 
forces, the dust is separated and removed 
through a number of annular slits 6 in the side 
surface of the channel. 
 

5 

4
1

6 

3 

2 

1 

R 

 
Figure 1. Flow diagram 

 
Experimental studies of the considered device 
were carried out in [15]. The objective of this 
study is to develop a mathematical model and 
investigate the process of particle deposition 
under the action of swirling flow. 
 
 
2. PROBLEM STATEMENT AND 
RESEARCH METHOD  
 
A model problem of two-phase swirling flow in 
a cylindrical channel of radius R is examened. 
Finely dispersed particles are considered as a 
discrete system, which is carried by the flow 
without affecting it inversely. In cylindrical 
coordinate system zr ,, , the Navier-Stokes 
equations can be represented with respect to the 
flow function , vorticity  and azimuthal 
velocity V  as follows:  
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The system of equations (1)-(4) is written in the 
conservative dimensionless form. Axial zV  and 
radial rV  velocities are related with the 
characteristic value U , azimuthal velocity V  is 
related with the value 0W , coordinates are 
related with radius R , time is related with the 
ratio UR / . The equation system (1)-(4) 
contains two dimensionless parameters: 
Reynolds number /Re UR , where  is the 
kinematic viscosity, and swirl parameter 

UWG /0 . 
The solution of the problem under consideration 
was defined in the domain ,0( kzzD  

)10 r . The velocity distribution in the initial 
cross section was assumed to be as follows: 
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,0,1
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2
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r
bV

VV rz
 

 
where 554.01b , 82b . 
At the lateral surface 1r , the adhesion 
conditions were specified. At the axis 0r , the 
symmetry conditions were specified. At the exit 
from the channel for kzz , soft boundary 
conditions were assigned. The set of boundary 
conditions in the variables flow function  and 
vorticity  is represented in dimensionless 
form as follows: 
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To solve the boundary value problem (1)-(4) at 
boundary conditions (5), the block iteration 
method was employed, which was successfully 
used, for example, in [16, 17] to analyze 
swirling flows of various types. A uniform 
81x256 grid was utilized. The time step was 
chosen in the range from 0.05 to 0.2. 
 
 
3. CONVECTION-DIFFUSION MODEL 
 
Among all the forces acting on a particle in a 
vortex dust separator, the most significant is the 
Stokes viscous resistance force. In cylindrical 
coordinates, the equations of particle motion 
under the action of this force have a 
dimensionless form: 
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Where )9/()( 2 RUrssSt  is the Stokes 
number, and the index s is associated with 
particles. According the equations (6), (8) axial 

zsV  and azimuthal sV  parti le velocities 
coincide with the corresponding velocities of 
the main flow for 1St . 

rsV  

1St , (1)St2 OG   

If the conditions 1St , (1)St2 OG  are met, 
the radial velocity of particles rsV  can be 
determined using equation (7) as follows: 
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rrs

2
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Since the considered flow includes a 
recirculation zone and significantly 
inhomogeneous velocity and concentration 
fields, two approaches were also investigated 
using averaging procedures with respect to r for 
the calculation of the rsV . In the first one, the 
deposition velocity was determined as a 
function by averaging (9) with respect to r  as 
follows: 
 

rssrs VrVGStzV 222)( .            (10) 

 
In the second approach, the effective deposition 
velocity *

rsV  was introduced by the following 
relation: 
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r 0
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where the left part is the averaged flow crVrs  at 
the range ],0[ r , and the right part is the 
effective flow calculated for velocity 

),(** tzVV rsrs  and total partial concentration at 
the range ],0[ r . 
Consider the process of particle transportation 
for the calculated flows. Following the method 
based on the convection-diffusion model for 
mixtures of gas with small low-inertia particles, 
we can neglect the inverse effect of particles on 
the fluid flow (passive admixture 
approximation). The velocity field is found 
using equations (6)-(8). The equation of 
conservation of mass of particles is transformed 
to the diffusion equation for a passive scalar  
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where c  is the particle concentration, /DSc  
is the Schmidt number, D  is the diffusion 
factor. The convection-diffusion equation (12) 
has been used to simulate flows of mixtures 
with particle mass loss by deposition on walls, 
e.g., in [18, 19]. 
To determine rsV , we shall consider three 
models in which the deposition velocity is 
defined by (12) similarly to )(zVrs  by (10), or 

similarly to ),(* tzVrs  by (11), or by solving 
equation (7) with the condition 0),0,( tzVrs . 
The boundary conditions for equation (12) can 
be written as follows: 
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In the calculations, 1r 0.1, 2r 0.9, kz 10 
were assumed according to [15]. 
By integrating equation (12) over the initial 
volume, taking into account boundary 
conditions (13)-(15), we obtain 
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In accordance with (16), the following integral 
characteristics have been introduced: the 
particle flow rates kQ  and bQ  through the 
outlet section of the tube at kzz  and the side 
surface at 1r , respectively, as well as the 

particle mass fm  located in the volume under 
consideration: 
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According to these notations, equation (16) will 
take the form: 
 

0)()())(( tQtQtm
t bkf .        (17) 

 
By integrating equation (17) over time, we can 
determine the mass of particles km , which came 
out through the exit section, and the mass of 
particles bm , which remained on the side surface: 
 

T

kk dttQm
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The effects of particle reflection during 
deposition on the lateral surface 1r  are not 
considered. It is assumed that the particle flow 

cVrcDj rs/  is determined only by the 
convective component, and the influence of 
diffusion is not taken into account, i.e., 

)0/( rc . 
The boundary value problem (12)-(15) was 
solved using the difference scheme applied to 
the transportation equations (2), (3). The main 
calculations were carried out using the relation 
(10). 
 
 
4. RESULTS 
 
In [15], a straight-flow vortex dust separator 
with the following parameters was investigated. 
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The length of the channel working part L was 1 
m, the Reynolds number calculated from the 
average flow velocity and channel radius of 
0.05 m was Re ~ 105, and the swirl parameter G 
was varied from 0 to 4.  
In the present study, the flow fields 
corresponding to the boundary value problem 
(1)-(5) were calculated for values of Reynolds 
numbers Re = 1000, 2000, 2500 and swirl 
parameter G = 3.6. In this case, a region of 
return flow was formed in the channel, which 
started in the vicinity of the inlet section and 
extended to the channel exit. The axial velocity 
profiles along the cross-sections practically did 
not change and weakly depended on the 
Reynolds number. 
The typical profile Vz(r) obtained by solving the 
boundary value problem (1)-(5) at Re = 1000 in 
section z = 2.5 is shown in figure 2 (curve 4). 
Symbols 5-7 in this figure correspond to the 
measurement data [15] for flow rates Q = 0.3, 
0.25, 0.2 kg/s and show the auto modeling of 
the profiles by flow rate. 
 

Figure 2. Comparison of computational models 
with experiments. Mass mb /m0 at r = 1 (models 
1-3 for Vrs), data [15] (8), axial velocity Vz(r) 
(4), flow rate [15] Q = 0.3; 0.25; 0.2 kg/s (5-7) 

 
Generally, the obtained numerical results 
qualitatively correctly describe the structure of 
the investigated flow, including the diameter of 
the near-axis recirculation zone. 

To investigate the dust separation process we 
will use the found velocity field at Re = 1000, G 
= 3.6. 
In experiments [15], quartz dust with a particle 
diameter of sd 5.5 m and density of 

s 2000 kg/m3 (respectively 
1550/ss ) were used. The 

dimensionless particle radius for the 
calculations is determined as follows. If 

1Res , where /Re srss rV  is the Reynolds 
number for the particles, the resistance 
coefficient is expressed by Stokes' law 

sdc Re/12 . Hence, the calculated particle 
radius is related to the particle radius in the 
experiment by the expression 
 

Re/Ress rr ,            (18) 
 

where the values with asterisks refer to the 
experiment. In [15], the value sRe  was in the 
transition from laminar to turbulent regime 

500Re1 s . In this case, the resistance 
coefficient is 6,0Re/12 sdc , and the relation 
(18) for sr  takes the form: 
 

8/3Re)/(Ress rr .             (19) 
 
Substituting the above parameter values into 
(19), we obtain sr 410)3.02.0( . 
Figure 2 (curves 1-3) presents results for mass 
mb/m0, where m0 = mf (0), of particles deposited 
on the lateral surface as a function of length 
distribution z/L which have been obtained by 
solving the boundary value problem (12)-(15) at 
Re =1000, G = 3.6, s = 1550, rs = 0.2 104 for 
all three approaches of finding Vrs. Maximum 
particle deposition is observed at z/L = 0.22-
0.35 (z/L = 0.3 in the experiment). At z/L 
relations 1-3 practically coincide. Comparison 
of the obtained data with the experiment [15] 
(symbols 8) confirms the suitability of the 
proposed approach using the convective 
diffusion equation (12) for modeling the 
transport and deposition of particles in swirlers. 
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The total mass of particles mk/m0, passed 
through the exit section z = zk, as well as in [15], 
is about 0.04. 
 
 
5. CONCLUSIONS 

 
These calculations give a sufficiently detailed 
view of the dust separation process using the 
properties of swirled flow. The used 
mathematical model allows to describe 
accurately enough the main properties of the 
flow, such as: the formation of recirculation 
zones, the emergence of rarefaction in the 
vicinity of the flow axis under the action of the 
swirler, the drift of fine dispersed particles by 
the flow through the side surface of the straight-
flow dust separator. There is a general 
agreement of the calculations with the 
experimental data. 
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BUTT JOINT WITH MEANDER OUTLINE FOR BOX-SECTION 
COLUMN IN FRAME MOMENT CONNECTION FOR SEISMIC 

APPLICATIONS 
 

Yurii S. Kost 1, Tatiana L. Dmitrieva 2 
1 North-Eastern State University, Magadan, RUSSIA 

2 Irkutsk National Research Technical University, Irkutsk, RUSSIA 
 
Abstract: A steel moment frame is a design solution that effectively withstands seismic impact. In National 
Standards of various countries, box-section columns are recommended for use in moment frame, while this re-
quirement is mandatory in the Russian Federation. Therefore, it is necessary to have a frame moment connection 
between an I-beam and such column. Most existing solutions involve many welds which reduce reliability under 
dynamic loads or low temperature conditions. Solutions with fewer welds require special cast components. This 
article proposes a solution to this problem by introducing a butt joint for box-section columns that creates a 
frame moment connection with minimal welds, without using any special cast components, and complies with 
the requirements of National Standards on earthquake-resistant construction in Russia.   
Based on calculations performed in ANSYS for extracted frame moment connection in static formulation as well 
as pseudo-plane single-story moment frame and multi-story moment frame in dynamic formulations using accel-
erograms from earthquakes, a comparative analysis was conducted regarding stress-strain state of the frame mo-
ment connection  without butt joints and with different types the outline of butt joints.  
It has been found that a butt joint with the outline like a meander is equivalent to a solid column without cutout, 
allowing calculations of entire design model without detailed modeling of the frame moment connection, simply 
by applying fixed joint of column and beam. Additionally, one advantage of this type of butt joint is its ability to 
solve the issue of installing diaphragm plates in the box-section column body. 
 

Keywords: butt joint, steel frame moment connection, box-section column, seismic, low temperature, weld, 
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INTRODUCTION 
 
Taking into account the fact that certain terri-
tories of Russia are seismically active, the de-
sign engineer is required to analyze the behav-
ior of the structure from seismic impact. To 
prevent the collapse of the building frame dur-
ing a seismic impact, it is necessary to dissi-
pate the energy of the seismic impact, for 
which you can use both the plastic properties 
of the material of the load-bearing structures 
and the use of special seismic base isolation 
and energy dissipation devices. (1, 2).  This 
may also involve addressing the effects of a 
“soft story”, which could allow improvement 
of the frame’s dynamic parameters or its utili-
zation as an energy dissipation device. (3, 4). 
However, this approach requires the use of a 
moment frame in both planes of the column. 
For these purposes, a steel frame is best suit-
ed, which has sufficient strength and the pos-
sibility of prolonged residual plastic defor-
mation. In National Standards of various 
countries, box-section columns are recom-
mended for use in moment frame, while this 
requirement is mandatory in the Russian Fed-
eration. In Russian State Standard SP 
14.13330.2018 (including supplement 2-4) the 
following requirements for the moment 
frames: 
1) The cross section of the columns should be 
box-section or circular section; 
2) diaphragm plates should be installed in the 
columns at the level of the beam.  
Since the column has a closed cross-section, 
the main design problem is the installation of 
diaphragm plates in the body of the column. 

The existing concepts of design solutions for 
the frame moment connection of an I-beam 
and a box-section column used in Russia and 
abroad can be roughly divided into: 
1) Using a welded column (1, 5-11); 
2) Using elements as diaphragm plates outside 
the column cavity (5, 13-15, 18); 
3) Using an insert that breaks the column or a 
butt joint at the level of the upper belt of the 
beam (5, 12, 16-17); 
4) The use of special cast components (6, 18-
21) 
Most existing solutions involve many welds 
which reduce reliability under dynamic loads 
(22-27) or low temperature conditions (28). 
Solutions with fewer welds require special 
cast components. Since the Russian State 
Standard does not prohibit the butt joint of 
columns at the place where the beam is at-
tached, a butt joint of box-section column is 
considered in this work (with different cut 
shapes), which makes it possible to create a 
frame moment connection beam attachment 
unit at the butt joint that meets the require-
ments of Russian State Standard  of earth-
quake-resistant construction of the Russian 
Federation.  The essence of the butt joint is to 
reduce the welds in the moment frame of the 
I-beam and box-section column. It is assumed 
that such a column will be made of hot rolled 
square pipe and, due to this, it will be possible 
to do only factory full penetration weld joints 
of diaphragm plates, which will increase the 
reliability of the structure. (fig. 1). 
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Figure 1. The concept of the butt joint and the frame moment connection whole:  – a jointed 

square pipe with a meander-shaped trim and a place where the diaphragm plates, b – combining 
two square pipe, c – the final assembly of the butt joint and the frame moment connection as a 

whole using metal plates and (or) beam flanges, tightened with pretensioned studs or bolts passing 
through the profile 

 
METHODS 
 
To obtain reliable data on the behavior of the 
frame moment connection an earthquake, it is 
necessary to calculate the entire structure using 
solid finite elements (hereinafter FE) using an 
accelerogram, with physical and geometric non-
linearity in time. Such a task is quite resource-
intensive. In addition, increased control is need-
ed at the level of the source data assignment. To 
avoid possible errors, the calculation should 
begin with a simple analysis of the frame in a 
linear formulation using the Response Spectrum 
Analysis (hereinafter RSM) without modeling 
frame moment connection, and then gradually 
complicate it. 
 
 
RESULTS AND DISCUSSION 
 
The first example – a pseudo-flat single-story 
pivotally supported 5x5 m frame, fixed from the 
bottom of the plane in the column heads (fig.2). 
The columns are made from 250x8 rolled square 
pipe according to Russian State Standard GOST 
32931-2015, and the beam is made from a 

20 2 I/H-beam according to Russian State 
Standard GOST R 57837-2017.  
 

 
 

Figure 2. Scheme of pseudo-flat single-story 
frame and shell moment connection sections 

 
At a distance of 0.5 m from the column, a mon-
olithic reinforced concrete floor slab is fixed 
attached to the beam, which will not allow the 
beam to buckling failure. A plastic hinge is ex-
pected in the beam. In addition to its own 
weight of the structure, a uniformly distributed 
mass of 28.5 tons is applied to the beam. The 
scheme consists of beam elements, with the ex-
ception of the shell support parts of the 0.5 m 
long beam with additional shelf widening. 

a b c 
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prevent the collapse of the building frame dur-
ing a seismic impact, it is necessary to dissi-
pate the energy of the seismic impact, for 
which you can use both the plastic properties 
of the material of the load-bearing structures 
and the use of special seismic base isolation 
and energy dissipation devices. (1, 2).  This 
may also involve addressing the effects of a 
“soft story”, which could allow improvement 
of the frame’s dynamic parameters or its utili-
zation as an energy dissipation device. (3, 4). 
However, this approach requires the use of a 
moment frame in both planes of the column. 
For these purposes, a steel frame is best suit-
ed, which has sufficient strength and the pos-
sibility of prolonged residual plastic defor-
mation. In National Standards of various 
countries, box-section columns are recom-
mended for use in moment frame, while this 
requirement is mandatory in the Russian Fed-
eration. In Russian State Standard SP 
14.13330.2018 (including supplement 2-4) the 
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3) Using an insert that breaks the column or a 
butt joint at the level of the upper belt of the 
beam (5, 12, 16-17); 
4) The use of special cast components (6, 18-
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Most existing solutions involve many welds 
which reduce reliability under dynamic loads 
(22-27) or low temperature conditions (28). 
Solutions with fewer welds require special 
cast components. Since the Russian State 
Standard does not prohibit the butt joint of 
columns at the place where the beam is at-
tached, a butt joint of box-section column is 
considered in this work (with different cut 
shapes), which makes it possible to create a 
frame moment connection beam attachment 
unit at the butt joint that meets the require-
ments of Russian State Standard  of earth-
quake-resistant construction of the Russian 
Federation.  The essence of the butt joint is to 
reduce the welds in the moment frame of the 
I-beam and box-section column. It is assumed 
that such a column will be made of hot rolled 
square pipe and, due to this, it will be possible 
to do only factory full penetration weld joints 
of diaphragm plates, which will increase the 
reliability of the structure. (fig. 1). 
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Step 1 consists in determining the maximum bend-
ing moment in the columns, total deformation and 
base shear without modeling the frame moment 
connection, representing it as a fixed joint, from a 
given artificial single-component accelerogram 
with a damping coefficient of 0.027. The material 
of steel structures is S345 steel, set by multilinear 
kinematic hardening model (fig.3). The calculation 
is carried out by direct integration of equation of 
motion in time into ANSYS Transient with geome-
try and physical linear and nonlinear, and also 
RSM in ANSYS Response Spectrum from re-
sponse spectrum plot based on accelerogram. The 
results are shown in the figures 4-6. 
 

 
 

Figure 3. Chart of properties row S345 at multi-
linear kinematic hardening 

 

 
Figure 4. Base shear single-story frame without modeling the frame moment connection 

 

 
Figure 5. Total deformations single-story frame without modeling the frame moment connection 

 

 
Figure 6. Maximum bending moment in the columns single-story frame without modeling the frame 

moment connection 
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Based on the calculation results, the following 
conclusions can be drawn: 
1) Linear calculation in time and RSM have al-
most identical results with an inaccuracy of 
about 1–2%. This indicates that the integration 
step and the Relay damping coefficients are set 
correctly; 
2) In the nonlinear calculation, the base shear 
decreased by 0.65 times, the maximum bending 
moment in the columns by 0.85 times, and the 
total deformation increased by 1.46 times. A 
decrease in bending moment and base shear in-
dicates that a plastic hinge appeared in the 
frame, which dissipated seismic energy, and an 
increase in deformation means that strong resid-
ual deformations occurred in the frame and the 

deformed frame further perceived the seismic 
impact; 
3) In the nonlinear calculation, the maximum 
stress in the columns is 328 MPa, therefore, the 
plastic hinge occurs only in the beam.  
Step 2. Before modeling solid-state frame mo-
ment connection for dynamic calculation, it is 
worth checking the suitability of their different 
variants by static calculation.  
Common to all considered joints is the connec-
tion of the beam to the column via a 25-mm-
thick flange using M16 studs with a pretension 
force of 90 kN. Diaphragm plates are installed 
internally at the level of the beam's flanges.  The 
results are shown in the table 1. 
 
 

 
 

Figure 7.  1 variant. Column with the meander outline: a – assembled butt joint, b-c – jointed parts, 
d – outline of the cut 

 

 
Figure 8. 2 variant. Column with a through-cut along the path: a – assembled butt joint, b-c – 

jointed parts, d – outline of the cut 

a b 

c d 

a b c d 

Step 1 consists in determining the maximum bend-
ing moment in the columns, total deformation and 
base shear without modeling the frame moment 
connection, representing it as a fixed joint, from a 
given artificial single-component accelerogram 
with a damping coefficient of 0.027. The material 
of steel structures is S345 steel, set by multilinear 
kinematic hardening model (fig.3). The calculation 
is carried out by direct integration of equation of 
motion in time into ANSYS Transient with geome-
try and physical linear and nonlinear, and also 
RSM in ANSYS Response Spectrum from re-
sponse spectrum plot based on accelerogram. The 
results are shown in the figures 4-6. 
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Figure 4. Base shear single-story frame without modeling the frame moment connection 

 

 
Figure 5. Total deformations single-story frame without modeling the frame moment connection 

 

 
Figure 6. Maximum bending moment in the columns single-story frame without modeling the frame 

moment connection 

-80
-60
-40
-20

0
20
40
60
80

0 10 20 30 40 50 60 70 80 90 100

B
A

SE
 S

H
EA

R
, 

K
N

TIME, S

RSM

Linear

NonLinear

0
25
50
75

100
125
150
175
200
225

0 10 20 30 40 50 60 70 80 90 100

TO
TA

L 
D

EF
O

R
M

A
TI

O
N

S,
 M

M

TIME, S

RSM

Linear

NonLinear

15
35
55
75
95

115
135
155
175
195
215

0 10 20 30 40 50 60 70 80 90 100

M
A

X
 B

EN
D

IN
G

 
M

O
M

EN
T,

 
N

*M

TIME, S

Linear

NonLinear

Butt Joint with Meander Outline for Box-Section Column in Frame Moment Connection for Seismic Applications



88 International Journal for Computational Civil and Structural Engineering

 
 

Figure 9. 3-7 variants: a – 3 variant with a cut in the center, b – 4 the uncut variant, c – 5-7 vari-
ants (accordingly, 1-3 variants with the addition of side plates, flange thickness) 

 
Table 1.  The results of the static calculation of the variants of the head frame moment connection 

with a load on the beam 135 N m. 
 

N Butt joint Description 
Total 

deformatio
n, mm 

Max equivalent plastic 
strain, mm/mm 

Max equivalent 
stress in studs, 

MPa 
1 Meander outline 27,25 0,198 2412,6 
2 Through-cut along the path 35,17* 0,434* 3061,2* 
3 Cut in the center 56,78 0,312 4530,3 
4 Uncut 8,07 0,018 941,5 

5 Meander outline with the 
addition of side plates 8,36 0,020 1182,5 

6 
Through-cut along the path 

with the addition of side 
plates 

8,58 0,027 1359,8 

7 Cut in the center with the 
addition of side plates 9,59 0,053 1043,0 

The * sign means that there is no convergence on 135 N m, the values are shown on 121,5 N m 
 

 

  
 

Figure 10. Equivalent plastic strain variant 1: a 
– front, b – rear 

Variants 2-4 clearly demonstrate how different 
types of cutouts affect the work of joints 
without side plates. Variant 1 turned out to be 
the best, since in any direction of the bending 
moment there will be resistance to bending by 
one wall of the column.However, even with it, 
the maximum equivalent plastic strain go 
beyond the temporary resistance of steel. 
Variants 5-7, due to the additional plates, are 
already showing satisfactory performance. In 
terms of stiffness and strength parameters, vari-
ant 5 is closest to variant 4.  

a b c 

a b 
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Figure 11.  Equivalent plastic strain variant 2: 
a – front, b – rear 

 

  
 

Figure 12. Equivalent plastic strain variant 3: a 
– front, b – rear 

 

  
 

Figure 13. Equivalent plastic strain variant 5: 
a – front, b – rear 

 
 

Figure 14.  Equivalent plastic strain variant 6: 
a – front, b – rear 

 

  
 

Figure 15. Equivalent plastic strain variant 7: a 
– front, b – rear 

 
Step 3. In order to make sure whether the dif-
ference between options 1 and 5 is significant, it 
is necessary to perform a dynamic calculation. 
Let's look at 4 cases of frame moment connec-
tion modeling: 
1) shell FE uncut; 
2) solid FE uncut; 
3) solid FE with cut meander outline; 
4) solid FE with cut meander outline and non-
pretensioned studs. 
The results are shown in the figures 16-17. 

 
Figure 16. Base shear single-story frame with modeling the frame moment connection 
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Figure 17. Total deformations single-story frame with modeling the frame moment connection 

 
The graphs show how strongly the pre–tension 
of the studs affects the stiffness of the 
connection. The difference in total maximum 
deformations of 13.07 between solid uncut and 
with cut  is only 1.5%, and, as a result, plastic 
strain  after the earthquake increased by 12%. 
And with the variant non-pretensioning studs by 
13.23 s, the difference is 25.2%, and because of 
this, the difference in rplastic strain after an 
earthquake is 793%. 
The first example demonstrated that the butt 
joint with meander outline of hot rolled square 
pipe with 4 plates, compressed with studs a pre-
tention force of 90 kN, allows us to create an 
equally strong joint of a solid pipe and provides 
the necessary strength and stiffness for a frame 
moment connection. 
Second example – A 3-story hinged frame with 
a column pitch of 6m and a floor height of 6.6m. 
The columns are made from 350x13 rolled 
square pipe according to Russian State Standard 
GOST 32931-2015, beams of the 1st floor made 
of I-beam 30 1 according to Russian State 
Standard GOST R 57837-2017, 2nd floor made 
of I-beam 25 1, 3rd floor made of I-beam 20 1. 
At a distance of 0.5 m from the column, a mono-
lithic reinforced concrete floor slab is fixed at-
tached to the beam. A plastic hinge is expected in 

the beam. In addition to its own weight of the 
structure, a uniformly distributed mass of 350 
kg/m2 is applied to the slab (fig. 18). 
 

 
 

Figure 18. – Scheme of multi-story frame 
 
Step 1. Calculations are performed similarly to 
the first example, but using a three-component 
accelerogram of a real earthquake. The results 
are shown in the figures 19-23. 
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Figure 19. Base shear multi-story frame in longitudinal direction without modeling the frame mo-

ment connection 
 

 
Figure 20. Base shear multi-story frame in transverse direction without modeling the frame moment 

connection 
 

 
Figure 21. Total deformations multi-story frame in longitudinal direction without modeling the 

frame moment connection 
 

 
Figure 22. – Total deformations multi-story frame in transverse direction without modeling the 

frame moment connection 
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Figure 17. Total deformations single-story frame with modeling the frame moment connection 

 
The graphs show how strongly the pre–tension 
of the studs affects the stiffness of the 
connection. The difference in total maximum 
deformations of 13.07 between solid uncut and 
with cut  is only 1.5%, and, as a result, plastic 
strain  after the earthquake increased by 12%. 
And with the variant non-pretensioning studs by 
13.23 s, the difference is 25.2%, and because of 
this, the difference in rplastic strain after an 
earthquake is 793%. 
The first example demonstrated that the butt 
joint with meander outline of hot rolled square 
pipe with 4 plates, compressed with studs a pre-
tention force of 90 kN, allows us to create an 
equally strong joint of a solid pipe and provides 
the necessary strength and stiffness for a frame 
moment connection. 
Second example – A 3-story hinged frame with 
a column pitch of 6m and a floor height of 6.6m. 
The columns are made from 350x13 rolled 
square pipe according to Russian State Standard 
GOST 32931-2015, beams of the 1st floor made 
of I-beam 30 1 according to Russian State 
Standard GOST R 57837-2017, 2nd floor made 
of I-beam 25 1, 3rd floor made of I-beam 20 1. 
At a distance of 0.5 m from the column, a mono-
lithic reinforced concrete floor slab is fixed at-
tached to the beam. A plastic hinge is expected in 

the beam. In addition to its own weight of the 
structure, a uniformly distributed mass of 350 
kg/m2 is applied to the slab (fig. 18). 
 

 
 

Figure 18. – Scheme of multi-story frame 
 
Step 1. Calculations are performed similarly to 
the first example, but using a three-component 
accelerogram of a real earthquake. The results 
are shown in the figures 19-23. 
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Figure 23. Maximum bending moment in the columns multi-story frame without modeling the frame 

moment connection 
 
Based on the calculation results, we obtain a 
situation comparable to the previous example, 
with the exception of: 
1) A plastic hinge did not appear in the beam 
3rd floor; 
2) In the nonlinear solution, base shear de-
creased by 0.44 times in the longitudinal and 
0.36 times in the transverse directions, the max-
imum bending moment in the columns by 0.51 
times, and total deformation of the scheme de-
creased by 0.53 times. 
Step 2. Next, we form solid frame moment con-
nections models and perform their comparison 
by static calculation in ANSYS Static Structur-
al. Common to all considered joints is the con-
nection of the beam 30 1to the column via a 30-
mm-thick flange using M20 studs with a preten-
sion force of 90 kN. Diaphragm plates are in-

stalled internally at the level of the beam's 
flanges. Two variants are being considered: with 
one beam and with 4 (fig. 24). The results are 
shown in the table 2. 
 

 
 

Figure 24. 2 variants solid model frame moment 
connection

 
Table 2. The results of the static calculation of the variants of the floor-to -floor frame moment 

connection with a load on the beam 220   
 

N Butt joint Description 
Total 

deformation, 
mm 

Max equivalent plastic 
strain, mm/mm 

Max equivalent 
stress in studs, 

MPa 
1 Uncut, 1 beam 99,86 0,002 704,9 
2 Uncut, 4 beams 101,45 0,016 928,6 
3 Meander outline, 1 beam 99,25 0,002 718,9 
4 Meander outline, 4 beams 102,68 0,033 1533,7 
5 Through-cut along the 

path, 1 beam 99,22 0,004 924,8 

6 Through-cut along the 
path, 4 beams 103,06 0,048 1610,3 
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Table 2. Continued 
 

7 Cut in the center, 1 beam 99,76 0,003 970,2 

8 Cut in the center, 4 beams 103,08 0,044 1650,5 
     

The results show that in the floor-to-floor butt 
joint, the results are generally comparable with 
each other, but variant with a Meander outline is 
closer to the not cut variant. 

Step 3. Calculate the entire frame using a solid 
model with a meander outline. 

 

 
Figure 25. Base shear multi-story frame in longitudinal direction with modeling the frame moment 

connection 
 

Figure 26. Base shear multi-story frame in transverse direction with modeling the frame moment 
connection 

 

 
Figure 27. Total deformations multi-story frame in longitudinal direction with modeling the frame 

moment connection  
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Figure 23. Maximum bending moment in the columns multi-story frame without modeling the frame 

moment connection 
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one beam and with 4 (fig. 24). The results are 
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1 Uncut, 1 beam 99,86 0,002 704,9 
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3 Meander outline, 1 beam 99,25 0,002 718,9 
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Figure 28. Total deformations multi-story frame in transverse direction with modeling the frame 

moment connection 
 
The results show that the variants cut and uncut are 
identical, but without pretension, the frame works 
differently and its total deformations are higher. 
 
 
CONCLUSION 
 
It has been found that a butt joint with the out-
line like a meander is equivalent to a solid col-
umn without cutout with 4 plates, compressed 
with studs a pretention force of 90 kN (fig.1), 
allowing calculations of entire design model 
without detailed modeling of the frame moment 
connection, simply by applying fixed joint of 
column and beam. Additionally, one advantage 
of this type of butt joint is its ability to solve the 
issue of installing diaphragm plates in the box-
section column body. 
It should be noted that the next stage of the 
study involves direct testing of the entire frame 
moment connection on the stand and further 
consideration of its individual factors and ele-
ments to determine their qualitative impact on 
its bearing capacity, namely the influence of: 
1) friction coefficient between steel plates; 
2) bolt or studs pretension values; 
3) the size of the amplitude and the rounding of 
the meander; 
4) the size of the gaps (tolerances) between the 
columns to be joined; 
5) the vertical distance between the intersecting 
bolts or studs 
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STRUCTURAL BEHAVIOR OF GFRP-CONCRETE 
COMPOSITE COLUMNS UNDER AXIAL LOAD 

Mohammed A.M. Khalil, Mohammed M. Salem, Ata El-Kariem Shoeib, 
Alaa Gamal Sherif 

Civil Department, Faculty of Engineering, Mataria, Helwan University, EGYPT 

Abstract: Glass Fiber Reinforced Polymer (GFRP) is emerging as an effective alternative to traditional steel in 
construction due to its superior ability to withstand high loads, light weight, corrosion resistance and low 
maintenance costs. Optimizing the design of GFRP I-section can lead to significant savings construction costs. 
The main objective of this study is to understand the effect of introducing GFRP I-section internally on the load 
bearing capacity of Reinforced Concrete (RC) columns with and without fire. Four RC-column specimens were 
tested with a square cross-section of 160 mm side dimension and 1540 mm height.  I-shaped GFRP section with 
5.5 mm thickness for web and flanges, 80 mm flange width, and 100 mm total height is fixed in the center of 
section of column specimens .The specimens are divided into two groups. The first group has two conventional 
RC tested column specimens which one exposed to the fire 500°C for 90 minutes and the other without fire. The 
second group has two RC columns specimens reinforced with GFRP I-section which one exposed to the fire 
500°C for 90 minutes and the other without fire.  This study has shown that GFRP I-section composite columns 
exhibit excellent strength and high resistance to axial load than the conventional reinforced concrete columns. 
The maximum bearing capacity for the composite columns with (GFRP) I-section increased 17% more than the 
conventional RC columns. The maximum bearing capacity for the composite columns with (GFRP) I-section 
under the fire decreased 39% more than the composite (GFRP) columns without the fire, and decreased 14% 
more than the conventional RC columns. By different codes the theoretical axial load is calculated for tested 
specimens. The Finite element analysis was used to verify experimental results for studying additional 
parameters are the effect of concrete compressive strength, the steel yield strength, the reinforcement ratio, and 
the GFRP  plate and I-section ratio of RC composite columns. 

Keywords: GFRP I-Section, Composite columns, Reinforced concrete columns, Fire, Analysis, 
Experimental results, theoretical study, Finite element modelling 
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Notation:  
Aft Total cross-sectional area of GFRP I-section 
Ag Gross area of the concrete column 
Ast Total cross-sectional area of longitudinal reinforcement 
Es Modulus of elasticity of steel  
 f   Stress at any strain  
fc' Ultimate cylinder compressive strength for concrete  
fcu Compressive strength of concrete 
fs Stress in steel bars when the concrete reaches the maximum strength  
ff Ultimate compressive strength of GFRP I-section 
fu   Ultimate tensile strength of steel 
fy   Yield strength of steel  
Pn   Axial load at the maximum 

1   Ratio of average stress in rectangular compression block to the specified concrete strength 
c   Strain in the concrete at reaching the maximum strength  
    Reduction factor for the high strength concrete for the rectangular stress distribution  
c   Resistance factor for concrete and equal to 1.0 for laboratory conditions 
s   Resistance factor for steel and equal to 1.0 for laboratory conditions 
o Strain at the ultimate cylinder compressive strength fc'   

1. INTRODUCTION

The Study of structural behavior of GFRP 
composite columns under axial load is important 
in civil engineering due to the recent increase in 
the use of composite materials in construction. 
Glass Fiber Reinforced Polymer (GFRP) 
columns offer advantages such as high strength-
to-weight ratio, corrosion resistance, and 
durability. When combined with concrete, these 
columns can provide increased load- bearing 
capacity and ductility compared to traditional RC 
columns. Research has presented that the 
behavior of GFRP-concrete composite columns 
is influenced by factors such as the type and ratio 

of GFRP, the bond between GFRP and concrete 
and the GFRP confinement provided in the 
structure members. Understanding the 
performance of these composite columns is 
essential for designing safe and efficient 
structures that meet modern engineering 
standards. Further research is needed to optimize 
design guidelines and improve our understanding 
of how these innovative materials behave under 
different loading conditions. Therefore, 
optimization of the design of composite sections 
incorporating GFRP can lead to substantial 
saving in the construction cost. There are many 
previous studies that have been conducted on the 
behavior of composite columns reinforced with 
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GFRP I-profile and steel bars under axial load. 
Muhammad et al. [1], studied the performance of 
the behavior of the composite columns reinforced 
with the GFRP I-section and C-section under 
axial land eccentric load. The experiments were 
conducted using an axial compression test and an 
eccentric compression test with varying 
eccentricities. The experimental results show that 
the specimens reinforced with GFRP I-profiles 
achieved a higher ultimate load but lower 
ductility in comparison with the reference 
columns reinforced with steel bars as well as the 
composite columns reinforced with C-sections. 
Jing C [2] conducted an experimental and 
numerical study of reinforced concrete-filled 
square GFRP tubular columns under axial 
compression. Muhammad et al. [3], conducted an 
experimental study on the axial compressive 
behavior of GFRP tube reinforced concrete 
columns. The results of the experiments show 
that the use of GFRP tubes increases the ductility 
and strength of concrete columns. Tomblin and 
Barbero [4] investigated the local buckling 
behavior of on short columns made of GFRP I-
sections and reported that they were dominated 
by local buckling, while Zureick and Scott [5] 
concluded that global buckling is the failure 
mechanism for long columns. Zouheir A. 
Hashem [6] conducted an analytical and 
experimental studied the behavior of short and 
long GFRP composite columns. Lei X  [7] 
conducted a representative experimental 
investigation on the performance of slender 
(GFRP) square hollow columns subjected to both  
axial and eccentric loading. Srinath T [8] 
conducted an experimental and numerical 
investigation on the bonding and buckling 
behavior of GFRP circular column under axial 
compression. Yujun Qi [9] studied  the behavior 
of pultruded glass fiber reinforced polymer 
GFRP-wood composite columns under axial 
compression. Aydin [10] conducted an 
experimental study to evaluate the tensile and 
compressive strength of the GFRP profiles at 13 
different temperatures. The tensile and 
compressive strengths decreased by 28% and 
75%, respectively at 100°C, compared to 25°C. 

When the temperature reached 200°C, the GFRP 
profiles had lost about 50% of their tensile 
strength and all of their compressive strength. 
This is mainly due to the degradation and 
softening of the polymer matrix within the GFRP 
components at high temperatures, resulting in 
reduced load carrying capacity. In addition, 
exposure to fire causes thermal expansion 
mismatches between the GFRP and concrete 
layers, inducing cracking and delamination 
effects that further weaken the overall 
performance of these composite columns. In 
general, GFRP profiles are very sensitive to high 
temperatures and relatively stable at low 
temperatures. Therefore, more attention should 
be paid to fire performance when GRP profiles 
are used in a high-temperature environment. In 
this study, the behavior of composite columns 
reinforced with GFRP I-section and exposed to 
fire at a temperature of 500 degrees for 90 
minutes is investigated. The results of 
experimental, theoretical, and numerical models 
by using finite element analysis study concerning 
the axial load behavior of GFRP-concrete 
composite columns are presented. In addition, a 
practical guideline of composite columns 
reinforced with GFRP I-section leading to the 
most economical design is established and 
presented. All column specimens were tested 
under axial loading. Based on the experimental 
and numerical results, the load-strain curves and 
the failure modes are analyzed. 
 
 
2. EXPERIMENTAL PROGRAM  
 
The experimental study of this research is based 
on testing the behavior of GFRP-concrete 
composite columns under axial load. The 
column samples are shown schematically in Fig. 
1, and they consist of the following: 
 
2.1 Test parameters and specimen details 
Two main parameters are considered, namely 
the effect of GFRP I-section on the behavior of 
RC composite columns and the effect of fire. 
The concrete dimensions and reinforcement 
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details of the tested columns are given in Table 
1 and Fig. 1. A total of four specimens were 
fabricated and tested in this experimental study.  
All tested columns had an overall height of 
1540 mm and a cross section of 160 mm x160 
mm. All tested columns were reinforced with 
longitudinal four steel bars of 10 mm diameter 

and the steel transverse stirrups of 8 mm 
diameter at 100 mm spacing. The GFRP I-
section is 100 mm total height, 80 mm flange 
width and 5.5mm thickness of web and flanges 
for the central placement within the RC 
composite columns. All of the specimens had 
the same concrete cover of 15 mm. 

  
 Table 1.  Designations of tested columns 

Specimens Dim. (mm) Steel Fire GFRP 
I-sec Notes h b Longitudinal Stirrups 

RCC 1540 160 4R10 R8@100 ---- ----  Reference for (RCCGI-C & RCC-F) 

RCCGI-C 1540 160 4R10 R8@100 ---- In center As comparison for (RCC)  
The Reference for (RCCGI-C-F) 

RCC-F 1540 160 4R10 R8@100 Fire ---- As comparison for (RCC) 
RCCGI-C-F 1540 160 4R10 R8@100 Fire In center As comparison for (RCCGI-C) 

Note that: 
RCC:  The tested conventional reinforced concrete column, 
GI    : The GRPR I-section 
C     : Center position 
F     : Fire 
 
 

 

(a) RCC and RCC-F (b) RCCGI-C and RCCGI-C-F 

Figure 1. Specimens details of tested 
column  

 
2.2 Material properties 
The concrete used was made of Cement (Sina 
Cement Company), natural siliceous sand, 
crushed dolomite coarse aggregate with a 
maximum size of 12.5 mm and 
superplasticizer (2% of the cement weight). 
The characteristic compressive strength of the 
standard concrete cubes after 28 days was 46 
MPa. The yield strength and ultimate strength 
of 8 mm steel bars were 316 MPa and 431 
MPa respectively. The yield strength and 
ultimate strength of 10 mm steel bars were 
482 MPa and 652 MPa respectively. 
According to manufacturing, the tensile 
strength of GFRP I-section was 336 MPa, and 
the tensile modulus was 35.3 GPa [11]. 

2.3 Test Setup and Instrumentation 
The test frame shown in Fig. 2 was fixed to the 
strong solid floor of the RC laboratory at the 
Faculty of Engineering of Helwan University.  
The supporting setup consisted of a horizontal 
frame made of four steel I-beams. It was 
supported by four vertical steel I-beam legs 
installed on the strong solid floor and the tested 
columns were rested on the frame. Loading was 
achieved by using a 1250 kN capacity cell that 
transferred the axial load to a steel plate with 
high rigidity/stiffness at the top of the columns, 
set up as shown in the side part of Fig. 2. 
The load was measured by a load cell with 1250 
kN capacity which was connected to a digital 
display unit. The horizontal sway and vertical 
displacement at the points shown in Fig. 3a were 
measured using two linear variable differential 
transducers (LVDTs) and two dial gauges (DGs) 
with accuracy of 0.01mm. The (LVDTs) and 
(DGs) were placed on the side and top surface of 
the columns as shown in Fig. 3b. Four electrical 
strain gauges were used to measure the strain in 
the steel bars and GFRP I-section at the 
maximum tensile point of the steel bars and 
GFRP I-section as shown in Fig. 4. This location 
was maintained for all tested columns. 

Mohammed. A.M. Khalil, Mohammed M. Salem, Ata El-Kariem Shoeib, Alaa Gamal Sherif



103Volume 21, Issue 2, 2025

 
Figure 2. Axial load that transfer from 

load cell to columns 
 

  
(a) Position (b) Arrangement 
Figure 3. Dial gauges and LVDTs 

 
 

  
(a) Conventional column (b) Composite columns 

Figure 4. Test setup LVDT, DG and strain 
gauges of columns   

 

2.4 Procedure for Firing 
The RC column specimens were placed in a 
circular steel frame with side holes through 
which the fire was ignited and the specimens 
were exposed to a fire of 500°C for 90-minutes 
as shown in Fig. 5. Then the RC columns were 
left at room temperature for more than 4 hours 
before loading to failure. 
 

 
(a) During the fire (b) After the fire 

Figure 5. Fire of column specimens 
 
 
3. RESULTS AND DISCUSSION 

 
3.1 Failure modes of columns 
The failure modes of the columns of all tested 
specimens are clearly shown in Fig. 6. All the 
tested specimens failed happened of the 
concrete in compression failure under axial 
load and splitting in the reinforcing steel bars, 
which occurred after the concrete reached its 
ultimate stress value. In addition, collapse 
occurred in GFRP I-section flanges for tested 
RC composite column as shown in Fig. 6b. 
The failure happened of the concrete at the 
mid height of the column as there was 
deterioration in the polymers when exposed to 
fire because the organic resin matrix used in 
GFRP I-section compounds is flammable for 
tested RC composite column with firing as 
shown in Fig. 6d. 
Cracking of the columns started at loads reached 
more than 83%, and 94% of the maximum load 
for the reinforced concrete columns without 
firing and with firing respectively. 
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Faculty of Engineering of Helwan University.  
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supported by four vertical steel I-beam legs 
installed on the strong solid floor and the tested 
columns were rested on the frame. Loading was 
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transferred the axial load to a steel plate with 
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set up as shown in the side part of Fig. 2. 
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the steel bars and GFRP I-section at the 
maximum tensile point of the steel bars and 
GFRP I-section as shown in Fig. 4. This location 
was maintained for all tested columns. 
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Figure 7. The maximum load and comparison 

between of tested columns  
 
Comparing the maximum loads of the tested 
columns, it can be noted that the maximum load 
of the RC composite columns without firing was 
higher than that of the conventional RC 
columns. In RC composite columns, the 
maximum load increased to 117% compared to 
conventional RC columns.  
 
3.3 Load–displacement curves 
The load–vertical displacement relationships for 
the tested conventional and RC composite 
columns are shown in Fig. 8. The displacement 
values are those measured at the top height 
point of the RC columns.  
The axial stiffness of the tested columns is the 
resistance of the columns to deflection or 
deformation under axial load. Stiffness is 
defined as the ratio of ultimate load to 
ultimate deflection [12]. The axial stiffness of 
conventional RC columns without firing was 
higher than that of RC composite columns and 
equal to 131.61 kN/mm and 85.94 kN/mm 
respectively. The axial stiffness of the tested 
columns without firing was higher than RC 
columns with firing, the axial stiffness equal 
to 131.61 kN/mm and 80.27 kN/mm of 
conventional RC columns without and with 
firing respectively, while the axial stiffness 
equal to 85.94 kN/mm and 59.52 kN/mm of 

RC composite columns without and with 
firing respectively because of the large 
deformation. 
 
 

 
Figure 8. Load  vertical displacement curves of 

tested columns 
 
The comparison between the conventional RC 
columns and the RC composite columns 
without firing shows that the RC composite 
columns are more ductile than the 
conventional RC columns. 
 
3.4 Stress strain curves 
The measured stress-strain curves of the tested 
RC composite column without firing are 
shown in Fig. 9.  The axial strain in steel bars 
and GFRP I-section has similar behavior at 
the same load level and recorded low strains 
of the tested column without firing, while the 
transverse strain in GFRP I-section is a small 
value compared to the axial strain. In general, 
the maximum strain in the steel bars and 
GFRP I-section not reached half the yielding 
strain of steel bars . Fig. 9 of RC composite 
column shows that the strain compatibility in 
deflection both internal steel and GFRP 
materials within the columns experience 
similar strains and deformations when 
subjected to axial load.  
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Figure 6. Failure modes of tested columns 
 
3.2 Cracking and maximum load  
The cracking and maximum loads are 
summarized in Table 2. The results show that 
the composite RC columns achieved 117% of 
the axial load bearing capacity of the 
conventional RC columns. The conventional RC 
columns exposed to firing achieved 86% of the 
capacity compared to the RC columns without 
firing. While, the RC composite columns 
exposed to firing achieved 61% of the capacity 
comparing RC composite columns without 
firing due to the organic resin matrix used in 
GFRP compounds is flammable. The results 
shown in Fig. 7 indicate that the maximum 
bearing capacity was achieved in RC composite 
column. The maximum reduction in column 
bearing capacity was due to firing at the 
composite GFRP I-profile column.  
 

Table 2. The experimental results 

Specimens 
Cra. 
Load 
(kN) 

Max. 
Load 
(kN) 

Pcr/Pu 
Pu/ 

PuCtrl 
Notes 

RCC 996.24 1052.90 94.62 1.00 
 Reference for 
(RCCGI-C & 

RCC-F) 

RCCGI-C 1165.46 1234.30 94.42 1.17 
As comparison 

for (RCC)  
Reference for 
(RCCGI-C-F) 

RCC-F 766.30 900.71 85.08 0.86 As comparison 
for (RCC) 

RCCGI-C-F 621.73 746.99 83.23 0.61 As comparison 
for (RCCGI-C) 
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strength and reliability of the findings obtained 
and showed similar results as observed by the 
experiment and no significant differences in 
axial loads were found as shown in  Table 3. 
Therefore, the proposed equation to calculate 
the axial load of RC composite columns based 
on the Egyptian Code of Practice, and different 
Standard codes as following; 
   
ECP-203 
& BS fAffstAyf)stAg(Acuf.nP 65.0670 (11)

ACI fAffstAyf)stAg(AcfnP 65.0'85.0 (12)
Euroc
ode fAffstAsf)stAg(AcfnP 65.0' (13)

CSA fAffstAyfs)stAg(AcfcnP 65.0'1 (14) 
 
The reinforced concrete columns exposed to fire 
at 500 degrees, according to Eurocode 1991-1-
2, section 3 [16], for the conventional reinforced 
concrete columns the reduction factor  and 

,  to be applied to the compressive strength 
of concrete and the yield strength of steel and  
equal to 0.74 and 0.78 respectively. And it can 
be applied to composite columns, in addition to 
neglecting the resistance of GFRP due to the 
organic resin matrix used in GFRP compounds 
is melts at high temperature.   

 
 

Table 3. Comparison between experimental and theoretical results of composite columns 
Specimen 

Code 
Maximum load (kN) PExp. / PTheo. 

.expP ECP& BSP .ACIP .EURP .CSAP ECP& BS ACI EUR CSA 
RCC 1052.90 1043.04 1055.55 1129.69 1,005.50 1.01 1.00 0.93 1.05 

RCCGI-C 1234.30 1232.74 1243.74 1299.72 1199.75 1.00 0.99 0.95 1.03 
RCC-F 900.71 ------- ------- 841.12 ------- ------- ------- 1.07 ------ 

RCCGI-C-F 746.99 -------- -------- 751.54 -------- -------- -------- 0.99 ------ 
 

 
 
The theoretical calculations and the accuracy of 
the proposed equation according to different 
codes were able to accurately predict the load 
capacity of composite columns under vertical 
load. 
 
 
5. NUMERICAL ANALYSIS. 
 
The non-linear finite element analysis method, 
as well as, the finite element analysis by using 
ANSYS (R19) program considered. The 
columns behaved nonlinearly mainly as its 
component materials have nonlinearity due to 
elastic plastic steel reinforcement bars and the 
linear pseudo plastic and brittle behavior of the 
concrete. This analysis method is currently 
considered as the state of the art for analysing 
reinforced concrete structures. However, the use 
of this sophisticated tool is complicated by the 
need to select several control parameters, which 
are usually chosen based on previous experience 

in correlating the results of the finite element 
analysis to real experimental results similar to 
the ones to be analyzed.  
In addition to reproducing the behavior of the 
tested columns without firing, the nonlinear 
analyses were performed in order to study, the 
effect of the concrete compressive strength, the 
effect of the steel compressive strength of steel, 
the effect of reinforcement ratio, and the effect 
of percentage of GFRP ratio of the composite 
columns. The analysis was performed using the 
finite element package ANSYS [18]. 
 
5.1 Modeling 
The solid element, SOLID65, was used to 
model the concrete, the 3D spar Link180 
element was used to model the steel bars and the 
solid element, Solid185, was used to model the 
GFRP I-section and steel plates at the supports 
for the columns. The model of the verification 
column is shown in Fig. 10. 
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Figure 9. The stress-strain curves of conventional 

and composite columns without firing 
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composite columns was investigated in order to 
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on their respective reliability according to the 
different codes was considered. 
The ultimate strength of the conventional RC 
columns is calculated at point failure, the 
theoretical ultimate strength or nominal strength 
of a short axially loaded column is determined 
quite accurately by the Egyptian Code of 

Practice (ECP-203) [13] and British Standard 
BS 8110-97 [14], the theoretical maximum load 
can be calculated by both the concrete and 
reinforcement contribute in bearing the axial 
load as the following; 
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According to ACI 318-11 [15], the theoretical 
maximum load can be calculated as the 
contribution of both the concrete and the 
reinforcement in carrying the axial load;    
 

stAyf)stAg(AcfnP '85.0  (2)  
 
The maximum nominal axial load on a column 
is calculated from the following equation 
according to Eurocode [16]; 
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53.0)50'(085.02(%) cfc for f’c  50 MPa (8)  
 
The maximum nominal axial load on the 
column is calculated by the following equation 
according CSA A23.3-04 [17]; 
 

stAyfs)stAg(AcfcnP '1  
(9)  

 
cf '0015.085.01 but not less than 0.67 (10) 

 
By comparing between the experimental results 
and values calculated by the theoretical equation 
of the different codes, find that, the 
experimental and theoretical results calculated 
by Egyptian Code of Practice (ECP-203) [13], 
British Standard BS 8110-97 [14], and ACI 
318-11 [15]  is scientific research converge very 
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strength and reliability of the findings obtained 
and showed similar results as observed by the 
experiment and no significant differences in 
axial loads were found as shown in  Table 3. 
Therefore, the proposed equation to calculate 
the axial load of RC composite columns based 
on the Egyptian Code of Practice, and different 
Standard codes as following; 
   
ECP-203 
& BS fAffstAyf)stAg(Acuf.nP 65.0670 (11)

ACI fAffstAyf)stAg(AcfnP 65.0'85.0 (12)
Euroc
ode fAffstAsf)stAg(AcfnP 65.0' (13)

CSA fAffstAyfs)stAg(AcfcnP 65.0'1 (14) 
 
The reinforced concrete columns exposed to fire 
at 500 degrees, according to Eurocode 1991-1-
2, section 3 [16], for the conventional reinforced 
concrete columns the reduction factor  and 

,  to be applied to the compressive strength 
of concrete and the yield strength of steel and  
equal to 0.74 and 0.78 respectively. And it can 
be applied to composite columns, in addition to 
neglecting the resistance of GFRP due to the 
organic resin matrix used in GFRP compounds 
is melts at high temperature.   
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RCCGI-C 1234.30 1232.74 1243.74 1299.72 1199.75 1.00 0.99 0.95 1.03 
RCC-F 900.71 ------- ------- 841.12 ------- ------- ------- 1.07 ------ 

RCCGI-C-F 746.99 -------- -------- 751.54 -------- -------- -------- 0.99 ------ 
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columns. The analysis was performed using the 
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The solid element, SOLID65, was used to 
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element was used to model the steel bars and the 
solid element, Solid185, was used to model the 
GFRP I-section and steel plates at the supports 
for the columns. The model of the verification 
column is shown in Fig. 10. 
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(a)  Link elements for steel 

bars and GFRP I-section 
(b) Solid elements for 
concrete & steel plates 

Figure 10. The model of the column used in the 
nonlinear analysis  

 
5.2 Material properties  
Equation (1), proposed by MacGregor [19], is 
used to represent the uniaxial compressive 
stress-strain relationship for concrete. 
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This equation has been used to plot the multi-
linear isotropic stress-strain curve for concrete 
from 0.3fc' to the ultimate compressive strength, 
0.3fc'.the Elastic modulus is defined as 0.3fc', 
and calculated in the linear region.  While 
elastic plastic uniaxial stress- strain model is 
used to model reinforcing steel. In addition, the 
modulus of elasticity and the tensile strength of 
concrete are calculated using the same 
specifications. The stress-strain curves of steel 
bars were presented according to ECP 203 Code 
of Practice [13]. GFRP was assumed to be 
linear, elastic and orthotropic material, and the 
material properties based on provided by the 
manufacturer were input to the model.  The 
elastic plastic uniaxial stress -strain model given 
in ECP 203 Code of Practice [13] was used to 
model steel. 

5.3 Validation of the numerical nonlinear 
model 
For the validation of the ANSYS model for the 
RC composite columns, the determination of the 
parameters controlling the details of the 
concrete material model of SOLID65, such as 
the tensile stiffening and the shear retention 
across cracks of the reinforced concrete, were 
determined empirically by finding the values 
achieving the best fit of the calculated stress -
strain curve of the RC composite column with 
the experimental one. The best numerical curve 
and the experimental curve are given in Fig. 11. 
It can be seen that, in general, the numerical 
curve is matching with the experimental one. 
However, it is relatively less stiff than the 
experimental curve.  

 

 
(a) Axial strain of steel bars 

 

 
(b) Axial strain of GFRP I-section 

Figure 11. The experimental and numerical 
stress-strain curves of verification column 

0

200

400

600

800

1000

1200

1400

0 400 800 1200 1600 2000

Lo
ad

 (k
N

)

Strain x (-10^-6)(mm)

EXP Axial Steel Strain
FEA Axial Steel Strain

0

200

400

600

800

1000

1200

1400

0 400 800 1200 1600 2000

Lo
ad

 (k
N

)

Strain x (-10^-6)(mm)

EXP Axial Strain in Flnge
FEA Axial Strain in Flnge

Mohammed. A.M. Khalil, Mohammed M. Salem, Ata El-Kariem Shoeib, Alaa Gamal Sherif



109Volume 21, Issue 2, 2025

5.4 Parametric study 
After verification of the finite element model, 
four parameters were further investigated for the 
conventional RC columns and the RC 
composite columns: -  

(i)   Effect of the compressive strength of 
concrete, 
(ii)  Effect of the yield strength of steel,  
(iii) Effect of reinforcement ratio, and  
(iv) Effect of percentage of GFRP I-section 
ratio of the RC composite columns. 

Through it, the proposed equation for 
calculating the axial load of RC composite 
columns can be verified. 

 
5.4.1 Effect of concrete compressive strength   
To investigate the influence of the normal and 
high compressive strength of concrete on the 
bearing capacity of columns, nine analyses were 

performed for concrete strengths ranging from 
20 MPa to 100 MPa to account for this 
parameter in this study for conventional RC 
columns and RC composite columns.  
The theoretical calculated maximum axial loads 
by the Egyptian Code of Practice (ECP-203) 
[13] and British Standard BS 8110-97 [14] and 
the numerical calculated maximum axial loads 
by finite element analysis are given in Table 4 
and Fig. 12. It is noted that the calculated 
maximum axial loads closely agree with the 
numerical values and doesn't exceed 2% and 4% 
for conventional RC columns and RC composite 
columns respectively, except when the 
compressive strength of concrete is equal to 20 
MPa, the maximum axial loads calculated by 
finite element analysis is 8% increase about the 
calculated maximum axial loads by the 
proposed equation for RC composite columns. 

 
Table 4. Effect of concrete compressive strength on theoretical and numerical maximum axial loads  

No. Concrete compressive 
strength (Fcu) (MPa) 

Conventional columns Composite columns 
PTheo. (kN) PFEM (kN) PFEM /PTheo. PPequ. (kN) PFEM (kN) PFEM /PPequ. 

CSC1 20 543.52 542.00 1.00 816.25 881.00 1.08 
CSC2 30 712.88 701.00 0.98 976.44 1020.00 1.04 
CSC3 40 882.24 880.00 1.00 1136.63 1160.00 1.02 
CSC4 50 1051.61 1050.00 1.00 1296.81 1340.00 1.03 
CSC5 60 1220.97 1212.00 0.99 1457.00 1470.00 1.01 
CSC6 70 1390.33 1382.00 0.99 1617.19 1580.00 0.98 
CSC7 80 1559.69 1530.00 0.98 1777.38 1760.00 0.99 
CSC8 90 1729.06 1721.00 1.00 1937.56 1970.00 1.02 
CSC9 100 1898.42 1921.00 1.01 2097.75 2180.00 1.04 

 

  
(a) Conventional columns (b) Composite columns 

Figure 12. Effect of concrete compressive strength on theoretical and numerical maximum axial 
loads 
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Figure 10. The model of the column used in the 
nonlinear analysis  
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concrete are calculated using the same 
specifications. The stress-strain curves of steel 
bars were presented according to ECP 203 Code 
of Practice [13]. GFRP was assumed to be 
linear, elastic and orthotropic material, and the 
material properties based on provided by the 
manufacturer were input to the model.  The 
elastic plastic uniaxial stress -strain model given 
in ECP 203 Code of Practice [13] was used to 
model steel. 

5.3 Validation of the numerical nonlinear 
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the tensile stiffening and the shear retention 
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strain curve of the RC composite column with 
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It can be seen that, in general, the numerical 
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Figure 11. The experimental and numerical 
stress-strain curves of verification column 
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Fig. 13 shows that the relationship between 
compressive strength of concrete and axial load 
of the conventional RC columns and RC 
composite columns. It can be seen that, the axial 
load increases linearly proportionally with the 
increase of compressive strength of concrete. 
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Fig. 13 shows that the relationship between 
compressive strength of concrete and axial load 
of the conventional RC columns and RC 
composite columns. It can be seen that, the axial 
load increases linearly proportionally with the 
increase of compressive strength of concrete. 
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calculated maximum axial loads increase when 
the reinforcement ratio is less than 1.25% and 
decrease when the reinforcement ratio is greater 
than 2.00%. Therefore, it is possible to 

reconsider the calculation of the value of axial 
load resulting from the compressive stress in the 
reinforcing steel. 

 
 

Table 6. Effect of reinforcement ratio on theoretical and numerical maximum axial loads  

No. RFT. Ratio 
(%) 

Conventional columns Composite columns 

PTheo. (kN) PFEM (kN) PFEM /PTheo. Ppequ. (kN) PFEM (kN) PFEM /PPequ. 

RS1 0.79 761.15   821.00   1.08 1015.53   1061.00   1.04 

RS2 31.2  803.37   842.00   1.05 1057.76   1100.00   1.04 

RS3 1.77 854.98   860.00   1.01 1109.36   1121.00   1.01 

RS4 3.14 986.35   891.00   0.90 1240.73   1220.00   0.98 

 
 

 

Fig. 15 shows that the relationship between 
reinforcement ratio and axial load of the 
conventional RC columns and RC composite 
columns. It can be seen that, the numerical 
maximum axial load increases linearly 
proportionally with the increase of 
reinforcement ratio up to approximately 3% and 
then decreases for conventional RC columns, 
while  the rate of increase is linear for RC 
composite columns.  
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Table 7. Effect of GFRP ratio on theoretical and numerical maximum axial loads 

No. GFRP 
section 

GFRP 
dimensions 

(mm) 

GFRP I-
section ratio 

(%) 
PEqu (kN) PFEM (kN) PFEM  / PPEqu 

Stress in 
steel (Mpa) 

Stress in 
GFRP 
(MPa) 

RGFRP-P1 

Flat Plate 

89x5.5 2.03 899.91  935.00  1.04  349.05  181.41  
RGFRP-P2 84x8 2.88 940.08  998.75  1.06  400.00  212.00  
RGFRP-P3 80x10 3.52 970.55  1040.00  1.07  400.00  213.09  
RGFRP-P4 76x12 4.13 999.52  995.00  1.00  362.04  166.67  
RGFRP-P5 70x15 4.98 1040.20  980.00  0.94  359.82  140.53  
RGFRP-P6 60x20 6.25 1058.35  980.00  0.93  301.61  116.70  
RGFRP-I1 

I-section 

100x80x5.5 5.35 1057.76  1100.00  1.04  400.00  292.43  
RGFRP-I2 100x80x8 7.63 1165.96  1107.50  0.95  400.00  199.97  
RGFRP-I3 100x80x10 9.38 1249.17  1178.75  0.94  400.00  321.55  
RGFRP-I4 100x80x12 11.06 1329.42  1195.00  0.90  400.00  205.90  
RGFRP-I5 100x80x15 13.48 1444.21 1197.50  0.83  400.00  257.64  
RGFRP-I6 100x80x20 17.18 1578.45 1210 0.77  338.93  147.14  

 

  
(a) Flat Plate shape (b) I-Shape 

Figure 16. Effect of the GFRP ratio on the theoretical and numerical maximum axial loads 
 
The resistance of the RC composite columns is 
increases as the surface area of the GFRP 
increases and the homogeneity inside the 
concrete section. 
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3. The axial load is reduced by about 14% and 
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fire at a temperature of 500 Co to one and 
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predicts the axial load calculation of RC 
composite columns  and should take the 
reduction factor of the compressive strength 
of GFRP I-section equal to 0.65.  
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5. The numerical  model predictions were close 
to the experimental  results. In a wide range 
of load  -bearing  capacity values investigated, 
less than 1.5% error was  observed between 
the compressive strength predicted  by the 
finite element analysis and the  experimental 
results. 

6. The Results indicated that the finite element 
model used in this study was able to predict 
the axial load of RC composite columns with 
reasonable accuracy. 

7. The numerical results indicated that the axial 
load capacity of the RC composite columns 
increased with increasing GFRP ratio up to 4 
% and 8% for flat plate and I-shape 
respectively. 

8. The axial load increases with an increase of 
the compressive strength of concrete, 
longitudinal reinforcement ratio for 
conventional RC columns and RC composite 
columns. 

9. The axial load doesn't increase proportionally 
with the increasing stress of the rebar, where 
the effective stress of the rebar doesn't 
exceed 300 MPa, and 525 MPa for 
compressive strength of concrete up to 50 
MPa and high compressive strength of 
concrete up to 100 MPa respectively for 
conventional RC columns.  
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NUMERICAL ASSESSMENT OF PERMAFROST DEGRADATION 
AND RECOVERY AND ITS IMPACT ON SOIL MASS STABILITY 
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Abstract.  The paper presents solutions of the unsteady temperature problem and the problem of determining the 
stress-strain state of the soil massif, which is a bulk construction of stacks used for gold extraction from ore by 
heap cyanide leaching. In the process of irrigation of the stacks with heated cyanide solution occurs, heating of 
the soil mass and base, which leads to the formation of a zone of thawed permafrost or the so-called talik. As a 
result of numerical solution of the non-stationary temperature problem taking into account the step-by-step 
erection of the soil massif, the impact of air temperature and irrigation solution, the temperature distribution in 
the massif and the base for the period from the beginning of the massif erection to the 50-year period after the 
end of construction was obtained. For the most dangerous moment of the end of construction, when the zone of 
ground thawing is maximum, the stability of the slope together with the base is evaluated using their stress-strain 
state. The problems were solved by numerical finite element method using PLAXIS software package.  
 

Keywords: soil massif, temperature problem, frozen ground, thawed ground, ground thawing, 
numerical solution, finite element method, slope stability 
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INTRODUCTION 
 
Most of the territory of the Russian Federation, 
approximately (65-70) % according to different 
estimates, is located in permafrost areas. It is 

most widespread in Eastern Siberia. These 
regions play a crucial role in the development of 
the country's economy. This territory is home to 
a large number of mining enterprises that use 
various technologies to enrich ore and obtain 

metals, including precious metals. One of such 
methods is heap leaching, a technology that is 
quite simple and effective [1-7]. It includes 
several stages (Fig.1):    
1. Ore preparation, including its crushing and 
grinding.  
2. Preparation of the base for stacking stacks of 
crushed ore. Formation of a watertight screen on 
the sloping surface of the base for the stacks of 
crushed ore. As a rule, clay soils and 
polyethylene film are used for the screen device 
[8]. A drainage layer and reservoir beds for 
collecting enriched solutions are laid on the 
screen. 
3. Stacking of enriched ore in the stack on the 
prepared impermeable base. 
4. Irrigation of the stacked ore stack with a 
reagent (cyanide solution) [9-12]. When the 
solution penetrates through the thickness of 
crushed ore, gold is leached and carried by the 
filtering solution, which flows down the 
inclined reservoir beds and through the prepared 
chute into the settling pond. 
5. Metal precipitation in the settling pond and its 
extraction [13]. 
The processed ore array is erected in stages in 
time with stack dumping. Ore stacks are 

irrigated, as a rule, year-round. In cold periods 
of the year the mortar is heated to positive 
temperatures. The movement of the heated 
solution down the dumped massif causes its 
heating, as a result of which a complex 
temperature regime of both the dumped ore 
massif and the adjacent base is formed in time. 
In the process of array construction and its 
irrigation there is a gradual penetration of heat 
flow into the base, causing an increase in the 
temperature of the base soil. In the case where 
frozen rocks are embedded in the subgrade, 
thawing occurs. This process gradually 
penetrates deep into the subgrade. This process 
causes phase transitions in the soils of the ore 
massif and the base: transition of water from the 
solid state - ice to liquid and from liquid to 
gaseous. These changes cause changes in the 
properties of soils: thermophysical, filtration, 
strength, which affects the ongoing processes. 
Thawing of ice contained in the pores of frozen 
ground increases its permeability, decreases its 
thermal conductivity and strength properties. 
Thus, in time there is a complex change of 
mutually influencing processes: filtration and 
temperature processes, formation of stress-strain 
state. 

 

 
Figure 1. Schematic diagram of gold ore beneficiation process by heap leaching method 

 
In order to assess the behavior of the system 
“enriched ore massif - base” it is necessary to 
forecast its formed temperature regime and 

stress-strain state. The solution of such a 
problem, taking into account the changes 
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occurring in the system “ore dressing massif - 
base” is a rather difficult task.  
The solution of non-stationary temperature 
problems is widespread in the field of hydraulic 
engineering, since the temperature regime of 
structures of this type has a significant impact 
on their operational characteristics. A 
considerable amount of research in the field of 
hydraulic engineering is devoted to studies of 
temperature field distribution, including 
filtration [14-18]. 
However, there are no studies of the 
temperature effects of the heap leach stack 
massif using the finite element method. 
This paper presents some results on solving 
such a problem numerically using the finite 
element method. The solution is obtained using 
PLAXIS 2D software package. The solution 
allowed obtaining a detailed picture of the 
change in the temperature regime of the soil 
massif with an assessment of the degree of 
degradation of the permafrost base and the time 
of its recovery. The stability of the slope of the 
ore massif and the base for the most unfavorable 
case at the time of maximum thawing of the 
base was also assessed. 
 
 
METHODS 
 
The process of heat transfer in the soil massif of 
stacks of ore to be processed and base is 
considered. The soil, as it is known, is a porous 
medium, which consists of solid particles and 
pores, which can contain water in one of the 
possible forms: in solid, liquid or gaseous state. 
The process of heat transfer in a soil mass implies 
the accumulation of energy in all soil constituents. 
Quantitative assessment of the behavior of the 
soil mass in terms of temperature distribution 

can be carried out by distinguishing a number of 
simple processes such as: heat conduction, 
convection, radiation. 
The main mode of heat transfer in the soil mass 
is heat conduction. The thermal conductivity of 
a soil mass is the rate at which heat energy 
passes a unit area of soil due to a unit 
temperature gradient. 
The specific heat flux due to heat conduction is 
expressed by Fourier's law [19,20]: 
 

=    (1) 
 
where  is the thermal conductivity of a solid 
material;  is the temperature gradient. 
The solution of the temperature problem is 
reduced to the solution of the known equation of 
heat flow continuity in the design domain 
[19,20]: 
 

=        (2) 
 
where s is the density of the solid material,  
is the specific heat capacity of the solid 
material, G is the heat flux density in the soil. 
The left side of equation (2) represents the rate 
of heat accumulation in the soil layer, and the 
right side represents the heat flux flow rate, or 
the rate of change in heat flux density with 
depth. 
Taking into account equations (1,2), we obtain: 
 

            = ( )  (3) 
 

The energy balance equation for a porous 
medium in a general form can be written as 
follows:

 
( + (1 ) + (1 ) ) = ( + ) +    (4) 

 
where , ,  are the internal energy in the 
water, vapor, and solid phases, respectively,  
is the heat source (i.e., the rate of heat 
generation per unit volume). 

In the program complex PLAXIS 2D, the 
input parameters are parameters for the solid 
part of the soil mass - for soil particles. And 
since the parameters determined by 

geotechnical engineers are determined for the 
soil as a whole [21] - it is important to move 
from general values to private parameters for 
soil particles [22]. 
The following dependences are used for the 
thermal conductivity of soil in different states: 
Non-porous material: 

 

=    (5) 
 
Dry material: 
 

= (1 )   (6) 
 
Phase transition case: 

= (1 ) + [(1 ) + ] + (1 )     (7) 
 

In other cases: 
 

= (1 ) + + (1 )  (8) 
 

Where n is the porosity coefficient, S is the 
degree of water saturation,  is the unfrozen 
water content. Values with index i - ice 
properties, w - water properties, V - vapor 
properties. 
 
 

The heat stored in the ground can be expressed 
as follows:  
Non-porous material: 
 

( ) = ( )    (9) 
 
Dry material: 
 

( ) = (1 )( )   (10) 
 
Phase transition case: 

 
( ) = (1 )( ) + [(1 )( ) + ( ) ] + (1 )( )    (11) 
 
 

 
In other cases: 

 
= (1 )( ) + ( ) + (1 )( )    (12) 

 
In addition to heat conduction inside the area 
under consideration, it is necessary to take into 
account temperature conditions at its 
boundaries. At the boundary of the design area 
with the atmosphere, surface heat transfer 
occurs, and the ground is heated to some 
temperature value not exceeding the air 
temperature. The heat transfer between the air 
and the ground is determined by the heat 
transfer coefficient, which is determined in 
accordance with paragraph D.3 of SP 
121.13330.2019 [23] depending on the wind 
speed: 
 

q=2,4va+2,3 when va / ; 
q=3,4(va-1) when va 4,6 / , 

 
where va - is the monthly average wind speed, 
m/s. 

 
Using the results of the temperature problem 
solution, the slope stability coefficient of the 
design area was calculated using the method of 
lowering the strength characteristics (angle of 
internal friction, cohesion and shear strength) 
until failure was reached [24]. The position of 
the possible shear surface and the value of the 
stability coefficient were obtained. 
 
 
RESEARCH OBJECT 
 
The object of research in this article is the 
temperature regime and stress-strain state of the 
ground massif formed during the process of 
erection and operation, which consists of heap 
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leach stacks of the gold extraction plant and the 
base.  The facility is located in the permafrost 

zone. Climatic characteristics of the erection 
area are presented in Table 1. 

 
Table 1. Mean monthly and mean annual air and cyanide solution temperatures 

Month of 
the year, 

1 2 3 4 5 6 7 8 9 10 11 12 Avg. 
year 

Average 
monthly 
temperature, 

 

-
20,8 

-
18,7 

-
12,6 

-4,4 2,0 7,7 12,5 13,5 8,6 -1,7 -
13,7 

-
19,3 

-3,9 

Temperature 
solution  

19,0 18,9 19,1 18,9 16,5 14,1 14,8 14,6 14,7 15,4 15,4 18,0 16,3 

              
Ore irrigation is performed in the process of ore 
dumping into the stack, after formation of 
conventional sections. In cold periods of the year, 
the solutions are heated to positive temperatures 
before being fed for processing. Irrigation of the 

stack is assumed to be year-round. The temperature 
of the irrigation solution depends on the time of 
year and is presented in Table 1. The profile of the 
investigated structure with the stages of stack 
backfilling and base soils is presented in Figure 2. 

    

Figure 2. Profile of the investigated structure. Figures show the stage of stack placement 
 

As part of the calculation it is accepted: the 
erection of the stage lasts from March to 
October, stacks are erected every year. 

Construction lasts for 7 years. The schedule of 
the heap leach stack construction phasing is 
shown in Figure 3. 
 

 
Figure 3. Heap leach stack erection schedule
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Since the structures influencing the temperature 
regime of the ground massif in the permafrost 
zone require controlling the VAT taking into 
account the thawing zones, the results of the 
temperature pattern calculation are used to 
estimate the thawing zone in order to assess the 
VAT and slope stability of the heap leach stack. 
The forecast was performed for the period of 
massif erection and a period of 50 years from 
the end of the last stage of erection.  

RESULTS 
 
Some of the results of the studies are presented 
in Figs. 4-6. Fig. 4-5 show isopole patterns of 
the temperature of the soil massif of heap leach 
stacks and the base at the time corresponding to 
the end of backfilling and irrigation of the 
stacks in the middle of October (Fig. 4) and at 
the time corresponding to 50 years after the end 
of backfilling in the middle of December. 

 

 
Figure 4. Isopoles of temperature distribution in the soil mass at the time of construction 

completion - year 7 (October) 
 

Fig. 6 are plots of the temperature change of the 
considered massif along the vertical section A-
A (the position of the section is shown in Fig. 2) 
at the moments of time 5, 10, 15, 20, 30, 40 and 
50 years after the end of construction in the 
middle of December 
The moment of the end of erection is 
characterized as follows (Fig. 4). Due to the 
irrigation of the stack array with heated mortar 
(in October, t
Table 1), the surface layer of the stacks is 
warmed, the maximum temperature is the value 

e base is 
warmed up to positive temperatures to a depth 

of 15.2 m. Below this depth, a frozen zone with 
a minimum temperature of -  
After the end of the irrigation process in 
October of the 7th year after the start of the 
array construction, the base and the stack array 
gradually cool down (Fig.6). In the stack massif, 
positive temperatures in its depth are maintained 
for 40 years after the end of the heap leaching 
process. By this time, a 34.0 m deep talik with a 
maximum temperature of 0
the basement. 
In 50 years after the end of the facility operation 
the zone of melted ground in the whole massif 
completely disappears (Fig. 5, 6). The 
maximum temperature of the base soil at a 
depth of 24.0 m is - . 
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Figure 5. Isopoles of temperature distribution in the soil mass 50 years after construction 

(December) 
 

According to the results of the temperature 
regime calculation, the most dangerous 
moment from the VAT point of view is the 
moment when the largest part of the soil 
massif is in the melted state - the moment of 

stack erection and irrigation works 
completion. The VAT calculation was 
performed for the case of the end of 
construction - the greatest depth of thawing of 
the stack base at this moment is 15.2 m.

 

 
Figure 6. Temperature distribution in the soil massif of stacks along cross-section A-A: after A) 5 

years, B) 10 years, C) 15 years, D) 20 years, E) 30 years, F) 40, G) 50 years after the end of 
construction 

To assess the stability of the designed structures 
in the PLAXIS 2D PC, the Safety calculation 
[24] was used, in which the strength 
characteristics of the soils (angle of internal 
friction, cohesion and shear strength) are 
successively reduced until failure occurs. The 
results of the stability calculation are the 
determination of the potential shear surface, i.e. 
the most weakened surface along which failure 
may occur, and the calculated stability 
coefficient. The tangential shear stresses acting 
on this surface are maximum.  The design 
stability factor is defined as the ratio of the 
actual strength to the fracture strength. 
The normative criterion of slope stability is 
compliance with the condition of clause 5.2.2 of 
SP 116.13330.2012 [25]: 
 

F R,   (13) 
 
where F - design value of the generalized force 
impact on the structure or its structural elements 
(force, moment, stress), deformations 
(displacements) or other parameters for which 
the limit state is assessed;  - load combination 

coefficient, n - reliability coefficient for the 
responsibility of the structure, taken in 
calculations for the first group of limit states: 
for structures of responsibility level KS-2 - 1.20. 
The value of the normative stability coefficient 
kst of slopes is calculated as the ratio of forces F 
and R: 
 

= ,   (14) 

 
To ensure stability, the calculated stability 
factor should exceed the normative one, 
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process of operation transfers heat to the 
underlying layers of the soil massif, thus 
creating a talik. 
The thickness of the talik in the soil massif of 
the stacks and base at the time of completion of 
backfilling of the structure and irrigation is 50.8 
meters. During the operation of the structure, 
the talik degrades and decreases in size. The 
time of full dispersion of the melted soil zone is 
50 years from the end of construction. 
The most dangerous situation in terms of the 
stability of the slopes of the structure occurs at 
the moment when the largest part of the soil 
massif is in the melted state. This situation 
occurs at the moment when the construction of 
the structure is completed. According to the 
results of stability calculations in the PC Plxais 
2d the value of the calculated stability 
coefficient was obtained, which amounted to 
1.589, thus the value of the stability coefficient 
of the stack massif does not contradict the 
requirements of the normative documentation. 
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EXPERIMENTAL DETERMINATION OF THE TOTAL 
SHRINKAGE STRAIN OF REINFORCED CONCRETE 

 
Valeryia A. Rzhevutskaya, Yuliya G. Maskalkova 

Belarusian-Russian University, Mogilev, BELARUS  
 

 
Abstract: The article proposes a method for measuring the total shrinkage strain of a reinforced concrete prism 
in such a way that it is possible to measure the total shrinkage strain on an open surface of the prism no later than 
three hours after concreting. Furthermore, a monitoring of the strain increase on remaining surfaces of the prism 
after removing a formwork for concreting is followed. The object of this study is the shrinkage strain of 
expanded clay concrete and the strain of longitudinal reinforcement. Based on results of the conducted research, 
a new method for experimentally determining the total shrinkage strain of reinforced concrete was proposed. The 
suggested method makes it possible to ensure that the shrinkage strain of concrete begin to be recorded from the 
first day of concreting and the possibility of implementing the proposed method was experimentally confirmed. 
Prospects for further research are presented in the article.    
 

Keywords: shrinkage, shrinkage strain, reinforced concrete, lightweight concrete, expanded clay concrete, 
expanded clay steel-reinforced concrete 
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INTRODUCTION 
 
The complex hardening process of cement 
stone, the structure of concrete, capillary 
phenomena, and many other related factors 
causes the development of concrete shrinkage 
[1–4].  
The shrinkage strain of concrete reinforced with 
bar reinforcement are lower than the strain of 

unreinforced concrete with the same 
components of concrete mixture, as noted in the 
studies [5, 6]. This is due to the fact that the 
reinforcement acts as an internal connection in 
the composite and ‘restrains’ the development 
of unrestrained shrinkage strain of the concrete 
since the elastic modulus of the reinforcement is 
significantly higher than the elastic modulus of 
concrete. As a result of a long shrinkage 
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process, tensile forces arise in the cement stone, 
and compressive forces arise in the reinforcing 
bars. Consequently, the reinforcing bars become 
a source of additional stresses in the 
concrete [1]. 
According to GOST 24544-81, the 
measurements of concrete shrinkage strain are 
carried out the next day after concreting, then on 
the 3rd, 7th, 14th day, and then once every 
2 weeks until the end of the investigation. 
However, it is well known that shrinkage strain 
develops most intensively in the first day of 
concrete hardening [7–10]; therefore, using the 
method based on GOST 24544, a significant 
part of concrete shrinkage strain will not be 
recorded. A review of many works, published 
by researchers from different countries, revealed 
a lack of proposals for the experimental strain 
determination in reinforcement bars caused by 
shrinkage. 
Thus, it seems promising to develop such a 
method for experimentally determining the total 
shrinkage strain of reinforced concrete, which 
will make it possible to begin recording 
concrete shrinkage strain and reinforcement 
strain (caused by concrete shrinkage) from the 
first day of concrete hardening. 
In the future, the presence of such a method will 
allow, on the one hand, to verify design models 
applicable for concrete with cement CEM Class 
N and, on the other hand, to use the proposed 
method for an empirically based assessment of 
the influence of other types of reinforcement 
(for instance, dispersed) on shrinkage strain 
development. 
Based on the above, the object of the study is 
the shrinkage strain of expanded clay concrete 
and the strain of longitudinal reinforcement. The 
subject of the study is an expanded clay-
reinforced concrete sample in the form of a 
prism with dimensions of 150 × 150 × 600 mm. 
The purpose of this study is to implement such a 
method for measuring the total shrinkage strain 
of a reinforced concrete prism, which will make 
it possible to measure the total shrinkage strain 
on an open surface no later than three hours 
after concreting. In addition, a subsequent 

monitoring of the increase in strain along 
remaining surfaces of the prism after it’s 
removing out of a formwork for concreting 
should be proposed.  
 
 
METHODS 
 
The following composition of the expanded clay 
concrete mixture was chosen for the 
manufacture of specimens according to [11, 12]: 
C : S : G = 1 : 1,84 : 0,79 and W/C = 0.52. Thus, 
C is Portland cement with activity of 42.5 MPa 
produced by Belarusian Cement Plant OJSC. S 
is river sand with a bulk density of 1670 kg/m3 
and fineness modulus of 2.13. G is expanded 
clay gravel with particle size of 4–10 mm and 
compressive cylinder strength of 1.03 MPa 
produced by Plant of expanded clay gravel in 
Novolukoml OJSC. W/C is water-cement ratio. 
The shrinkage strain of the expanded clay steel-
reinforced concrete was recorded on 
experimental samples (prisms) with dimensions 
of 150 × 150 × 600 mm. The duration of testing 
of each specimen was 120 days. During this 
time, normal temperature and humidity 
conditions had been maintained in the 
laboratory in accordance with GOST 24544-81: 
an average relative air humidity was 55 % and 
an average temperature was 22  
The measurement of the total shrinkage strain of 
the expanded clay steel-reinforced concrete (the 
samples in shape of prisms) was carried out in 
the following sequence. 
1. Spatial reinforcement cages consisting of 
longitudinal and transverse reinforcement were 
manufactured [13]. 
Reinforcing bars with a diameter of 16 mm with 
the yield strength of 500 MPa (the longitudinal 
reinforcement; the percentage of the 
longitudinal bar reinforcement was s = 3.57 %) 
and with a diameter of 6 mm with the yield 
strength of 240 MPa (the transverse 
reinforcement) were used for manufacture of the 
reinforcement cages (Figure 1). 
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Figure 1. Spatial reinforcement cage for 

manufacture of specimens 
 
2. Perforating holes were made at the ends on 
both sides in each longitudinal reinforcement 
bar, and through the holes steel adapter fittings 
were installed (Figure 2). 
 

 
Figure 2. Steel adapter fitting in the 

longitudinal reinforcement bar 
 
3. The reinforcement cage with the installed 
steel adapter fittings in it was inserted into a 
concreting formwork in such a way that the 
steel adapter fittings were flush with the 
concreting formwork along the entire surface 

area of the base of the steel adapter fittings 
(Figure 3). 
 

 
Figure 3. Reinforcement cage inserted in 

concreting formwork 
 
4. The specimens were concreted in such a way 
that on the open surface of the horizontally 
oriented prism the base of the steel adapter 
fitting was flush with the surface of the laid 
concrete. 
5. The bases of the steel adapter fittings on the 
open surface of the prism were cleared of 
concrete sagging and cement laitance after 
concreting. 
6. Steel adapter points were attached to the 
bases of the steel adapter fittings on the open 
surface of the prism forty-five minutes after 
concreting. The steel adapter points were also 
immersed into the concrete mixture between the 
steel adapter fittings to a depth not less than the 
maximum aggregate size. 
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7. Two hours after installing the steel adapter 
points, they were connected in pairs to each 
other by steel rods, which were the base for 
measuring. 
8. Dial-type indicators were installed into the 
steel adapter points. Thus, the strain in the 
longitudinal reinforcement bars and in the 
concrete between the longitudinal reinforcement 
bars were recorded. 
9. The steel rods and the dial-type indicators 
were installed in a designed position with 
screws. 
10. After removing the experimental prisms out 
of the formwork, steel adapter points were 
attached to the bases of the steel adapter fittings 
on an opposite surface of the prism to record 
strains in the reinforcement bars. The steel 
adapter points were also attached to the concrete 
surface on three surfaces of the prism except for 
the open surface during the concreting process. 
The steel adapter points were connected in pairs 
with steel rods, and then indicators were 
installed. The steel rods and the dial-type 
indicators were installed in a designed position 
with screws (Figure 4). 
 

 
Figure 4. Dial-type indicators installed into 

steel adapter points to record shrinkage strain 
of expanded clay concrete and stain of 

longitudinal reinforcement 
 
 
RESULTS AND DISCUSSION  
 
During the investigation, three Series of twin 
specimens were sequentially tested (three twin 
samples in each Series). As a result of the 
research, experimental data had been obtained 
on the development of the total shrinkage strain 
of the expanded clay steel-reinforced concrete 
during 120 days. The experimental data are 
presented in Table 1 and Figure 5.  
  

 
Table 1. Mean values of relative strain of the total shrinkage of experimental expanded clay steel-

reinforced concrete specimens in form of prisms  

Measured parameter 
in experimental 

specimens 

Series 
No. 

Mean values of relative strain of the total shrinkage  

1st day 7th day 10th day 28th day 62nd day 91st day 120th day 

Strain of expanded 
clay concrete 

lcs,s × 105 

2 -0.61 0.38 0.95 9.27 10.08 12.85 13.85 
3 -0.40 0.36 0.93 9.28 10.51 13.11 14.33 
4 -0.41 0.38 0.94 9.14 11.19 13.41 14.61 

Strain of 
longitudinal 
reinforcement 

ss × 105  

2 0.02 0.48 2.29 5.69 12.78 15.03 15.93 
3 0.03 0.46 2.05 5.73 12.73 15.33 15.98 
4 0.03 0.48 2.27 6.39 12.52 15.01 15.90 
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a) 

 
b) 

 
c) 

 
Figure 5. Development of relative strain of the total shrinkage of expanded clay steel-reinforced 

concrete (a – Series No. 2, b – Series No. 3, c – Series No. 4) 
 
The results of the empirical study, as shown in 
Figure 5 and Table 1, confirm that the proposed 
implementation of the method provides 
measurements of the concrete shrinkage strain 
between longitudinal reinforcement bars and the 
strain of longitudinal reinforcement bars, 
starting from the first day of concreting.  
In addition, some researchers [14–20] note a 
decrease in shrinkage deformation as a result of 
the addition of fibers to the expanded clay 

mixture. Nevertheless, the authors do not focus 
on a factor that affects an absolute value of the 
total shrinkage strain of fiber-reinforced 
concrete.  
The application of the proposed method made it 
possible to prove experimentally that low-
modulus polypropylene fibers act as an internal 
bond at an early hardening stage. As a result, 
there is a stress redistribution in the ‘hydrated 
cement – polypropylene fiber’ system, thereby it 
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makes a significant effect on reducing the 
shrinkage stresses inside the composite [21]. 
 
 
CONCLUSIONS  
 
Based on the results of the study, the new 
method has been proposed for experimentally 
measuring the total shrinkage strain of 
reinforced concrete. The method makes possible 
to ensure that shrinkage strain begin to be 
observed starting from the first day of 
concreting. 
This implementation of the method for 
shrinkage strain measuring of expanded clay 
steel-reinforced concrete allows recording the 
total shrinkage strain of an experimental prism 
on an open surface no later than three hours 
after concreting, followed by monitoring an 
increase in strain along remaining surfaces of 
the prism (after it’s removing out of a formwork 
for concreting). 
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Abstract: Negative environmental impact (NEI) is the result of human economic activity, including construc-
tion. At first sight, reducing the negative environmental impact and creating a comfortable living environment 
(LE) seem to be mutually exclusive concepts. Within the framework of research in this area, it is advisable to us e 
a complex concept of biopositivity of construction objects. This concept will help to determine the balance be-
tween reducing NEI and ensuring the comfort, health and well-being of consumers. The literature review did not 
indicate any researches in which fuzzy logic methods, including fuzzy logic inference models, were utilized to 
assess the biopositivity of the living environment of residential buildings. Moreover, the existing methods of 
“post occupancy evaluation” (POE) do not assume the integration of quantitative and qualitative user assess-
ments to manage the quality of the building environment. The paper presents a methodology for assessing the in-
tegral index of biopositivity of civil buildings and iterative determination of the values of the LE parameters, at 
which the comfort of the individual consumer will be ensured. The simulation procedure of adaptive neuro-fuzzy 
inference system was implemented in MATLAB software using Neuro-Fuzzy Designer.  The model was trained 
on a data set of 843 strings. Instrumentally measured values of LE parameters were used as predictors, and the 
response was a qualitative user assessment of the LE.  The proposed model of the process of forming a comfort-
able and biopositive LE provides an opportunity to take into account a set of main factors that form the LE, to fix 
an integral indicator of the biopositivity of a building facility and make a decision on its advanced improvement. 
 

Keywords: sustainable development, environmental safety, living environment, biopositivity, design criteria, 
comfort, health saving 

 
 

   
-
 

 
1, 2 

1  
2 .    

 

 
) 

 

 
  

  
. -

International Journal for Computational Civil and Structural Engineering, 21(2) 138–148 (2025)

DOI:10.22337/2587-9618-2025-21-2-138-148



139Volume 21, Issue 2, 2025

Neuro-Fuzzy Designer.  
 

– 

 
 

 , 
 

 
INTRODUCTION 
 
Within the context of the modern pace of life, 
the development of communications and infor-
mation technologies, growing urbanization lead-
ing to overpopulation of megalopolises, the 
achievements of post-industrial society, together 
with the increased mobility of the population of 
large cities, the change of ideas about the quali-
ty of living environment (LE) is inevitable. 
In Russia, the creation of a comfortable living 
environment is one of the priority tasks of the 
national projects “Housing” and “Ensuring Sus-
tainable Reduction of Uninhabitable Housing 
Stock”. However, the lack of a clear definition of 
the concept of “comfort” and methods of its ob-
jective assessment significantly complicates the 
development of effective design solutions [1]. 
Methods of evaluation of completed construc-
tion projects traditionally rely on expert assess-
ments based on technical criteria. However, 
they often do not take into account an end-user's 
satisfaction.  As response to this challenge, the 
Post Occupancy Evaluation (POE) methodolo-
gy, aimed at analyzing user evaluations of 
buildings after occupancy, began to develop in 
the 1960s in Western countries [2-5]. Currently, 
one of the most common POE methodologies is 
the system developed by the Center for Built 
Environment (CBE) at the University of Cali-
fornia, Berkeley. This methodology suggests the 
use of Likert scales to assess user satisfaction 
with various aspects of SL and allows bench-
marking buildings to identify problem areas and 
suggestions for improvement [7]. 
However, within the framework of the above-
mentioned methods, quantitative assessment of 
the LE parameters and qualitative user assess-
ment of L factors are considered separately. In-

tegration of qualitative and quantitative assess-
ments supported by modern mathematical and 
system-technical methods will allow us to create 
a refined model of forming a comfortable envi-
ronment for successful management of its char-
acteristics. 
One of the most complex concepts in the field 
of ecological safety of construction is bioposi-
tivity. According to A.N. Tetior's definition, the 
biopositivity of buildings and structures implies 
their ability to integrate organically into eco-
systems, minimize negative environmental im-
pact (NEI), contribute to the restoration of na-
ture and provide a high quality of life for users 
[7, 8]. However, the concepts of reducing the 
negative environmental impact and creating a 
comfortable environment are often viewed as 
mutually exclusive. 
The introduction of biopositivity as an integral 
indicator of LE allows us to consider the prob-
lem in a comprehensive way, seeking to deter-
mine the balance between environmental safety 
and user comfort.  
The objective of this study is to integrate the 
qualitative user assessment of the biopositivity 
of LE with instrumentally measured values of 
LE parameters through the development of an 
adaptive neuro-fuzzy inference system 
(ANFIS). This approach will allow to fix the 
integral index of biopositivity of a construction 
object and plan its advanced improvement. 

 
 
MATERIALS AND METHODS 

 
The authors have formed a system of 36 factors 
of biopositivity of LE of residual buildings. The 
factors are subdivided into 10 groups: 
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1. Factors determining the parameters of cli-
matic conditions of the territories adjacent to 
the building; 
2. Factors determining the spatial comfort of 
the internal environment of the building; 
3. Factors determining the ergonomics of 
space; 
4. Factors determining satisfaction with the 
quality of finishing materials; 
5. Factors determining visual comfort; 
6. Factors determining acoustic comfort; 
7. Factors determining thermal comfort; 
8. Factors determining air quality; 
9. Factors determining water quality; 
10. Factors determining the operation of the 
building as a whole. 

Based on the formed system of factors [9] of 
biopositivity LE for administrative buildings, a 
survey has been developed to collect initial data 
for the subsequent mathematical modeling. 
To obtain a sample, 843 respondents - users of 
11 administrative buildings in Moscow were 
interviewed. The respondents were practicing 
specialists in the field of design and construc-
tion of buildings and structures. Within the 
framework of the survey the respondents were 
offered 36 questions. Each of them corresponds 
to the factors of biopositivity of LE [10], as well  
as 1 generalizing question, within the frame-
work of which it was necessary to assess the 
overall comfort of the building in which they 
are located. 
Each of the 37 questions required selecting 1 of 
7 verbal judgments that characterize the degree 
of comfort of the environment for each factor. 
The following verbal judgments were used: 

 Absolutely discomforting; 
 Discomfortable; 
 Relatively uncomfortable; 
 Neutral; 
 Relatively comfortable; 
 Comfortable; 
 Absolutely comfortable. 

In general, these judgments correspond to a 7-
point Likert rating scale. The results of user rat-
ings were coded on a scale of -3 to 3, where 0 is 
neutral, for further statistical analysis. 

Next, a regression model was developed where 
the qualitative biopositivity scores of each envi-
ronmental factor are the predictors and the 
building biopositivity score is the response. The 
purpose of this step is to identify the most sig-
nificant environmental factors for modeling 
fuzzy inference systems. The slide shows the 
results of the analysis of variance. The model 
explains about 88% of the variability in the re-
sponse. Significant factors were determined on 
the basis of P-value, those predictors with P-
value less than 95% and multicollinear predic-
tors were eliminated [11].  
As a result, 25 significant factors remained. This 
is a lot for modeling fuzzy inference, for which 
it is recommended to use 5 input parameters 
[12]. To determine 5 significant factors for 
modeling adaptive neuro-fuzzy inference sys-
tem, the predictors were sorted by the modulus 
of regression coefficient. Thus, it was deter-
mined that the significant factors for modeling 
ANFIS are: the quality of finishing materials 
(VOC emission), the level of natural lighting, 
the level of artificial lighting, the level of pene-
trating airborne noise, and air temperature. 
Simultaneously with the survey, instrumental 
measurements [13] of the following parameters 
were carried out in each room or zone (in case 
of open office layout) for further modeling of 
the adaptive neuro-fuzzy inference system: 
VOC concentration; CO2 concentration; con-
centration of fine particles PM 2.5; CEO meas-
ured in a separate zone or office of the object 
under study; illumination of the working sur-
face; light pulsation; penetrating noise level; air 
temperature; air humidity. 
Measurements of air temperature and humidity, 
VOC concentration, CO2 concentration, con-
centration of fine particles, light pulsation, 
working surface illumination were carried out 
by the Climate Guard mobile indoor climate 
measuring station. ClimateGuard is a hardware-
software complex that allows collecting, analyz-
ing and transmitting information on indoor cli-
mate parameters to external information sys-
tems. The Climate Guard station registers the 
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values of indoor climate parameters using the 
following sensors: 

• Concentration 2 - mh-z19b; 
• Temperature, humidity – bme280; 
• VOC - bme680; 
• Light pulsation - as7262; 
• Illumination of the working surface - 

bh1750; 
• Concentration of fine particles - 

pms7003; 
Air flow velocity was measured with a Testo 
425 thermoanemometer. To measure the level of 
penetrating airborne noise, a noise meter 
ECOFIZIKA 110A and a microphone VMK-
205 were usedConcentration of fine particles. 
 
 
RESULTS AND DISCUSSION 
 
Neuro-fuzzy network construction will be per-
formed in MATLAB program software, using 
Neuro-fuzzy designer extension package, the 
interface “rule viewer” of which allows to itera-
tively select the values of environmental param-
eters and immediately see their influence on the 
overall level of biopositivity of the object. 
As part of the objective of developing a meth-
odology for selecting or iteratively selecting a 
combination of values of environmental pa-
rameters, which will ensure the comfort of the 
end user of LE, it seems necessary to reduce the 
number of terms of five input linguistic varia-
bles.  When using 5 input variables with 7 lin-
guistic terms in each, the model will be consid-
ered numerically and linguistically complete, 
but the number of rules will be 16807. The use 
of such a large rule base is impractical due to 
limited computing power. When reducing the 
number of terms of input variables to 5, it is 
proposed to combine the terms “Absolutely 
Discomfortable” and “Discomfortable” into a 
group under the term “Discomfortable”, and the 
terms “Absolutely Comfortable” and ‘Comfort-
able’ into a group under the term “Comforta-
ble”. When using 5 input parameters with 5 
terms in each, the number of product rules will 
be 3125. 

If the number of terms of input linguistic varia-
bles is reduced to 3, it is also proposed to com-
bine the terms “Relatively discomforting”, 
‘Neutral’ and “Relatively comfortable” into a 
group under the term “Neutral”. If 5 input pa-
rameters with 3 terms each are used, the number 
of production rules will be 243. 
Note that if 7 and 5 linguistic terms are used in 
each input parameter, the response surfaces of 
the output functions are more detailed relative to 
the system in which 3 linguistic terms are used 
in the input parameters. Also, in the case of 
more detailed response surfaces it is possible to 
note the presence of clearly limited areas of the 
surface, reflecting one or another linguistic term 
of the output variables. However, within the 
framework of solving the problem of develop-
ing a methodology for assessing the biopositivi-
ty of construction solutions, taking into account 
the limited computing power, it will be reasona-
ble to adopt in the development of an adaptive 
neuro-fuzzy output system 5 input variables 
with 3 linguistic terms in each. 
Moreover, this decision can be justified by the 
methodology adopted in [14], where the user's 
assessments of the comfort of SL on a 7-point 
scale (from -3 to 3) were combined into 3 
groups according to the principle similar to that 
adopted in this paper: 
• The group “Discomfortable” combines the 
therms “Absolutely Discomfortable”, “Discom-
fortably Discomfortable”; 
• The group “Neutral” combines the terms “Rel-
atively Discomfortable”, ‘Neutral’ and “Rela-
tively Comfortable”; 
• The group “Comfortable” combines the therms 
“Absolutely Comfortable”, “Comfortable”. 
Thus the following input variables are defined: 
- Quality of finishing materials: VOC emission. 
Therms: discomforting, comfortable, neutral. 
- Level of natural light. Therms: discomforting, 
neutral, comfortable. 
- Level of artificial light. Therms: discomfort-
ing, neutral, comfortable. 
- Level of penetrating airborne noise. Therms: 
discomforting, neutral, comfortable. 
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- Air temperature. Therms: discomfort, neutral, 
comfortable. 
As ANFIS implements Sugeno's fuzzy inference 
system as a dataframe [15, 16], a data set should 
be adopted to train the neural network, in which 
user ratings of the overall biopositivity of the 
building's SL coded based on a 7-point rating 
scale will be the response, and instrumentally 
measured values will be used as predictors: 

– VOC concentration (ppm); 
– ALF (%); 
– Illumination of the working surface (lx); 
– Penetrating airborne noise level (dBA); 
– Air temperature (oC). 

The 843 rows raw data array was divided into 
train and test samples in the ratio of 360 to 483 
rows. The model was trained at 150 epochs 
[17]. Based on the training results, the model 
error was 0.0714.  
According to the modeling results, the model of 
user's perception of the values of LE factors. In 
the Neuro-fuzzy designer extension package, 
the “rule viewer” interface allows to iteratively 
select such a combination of values of environ-
mental factors that will allow to achieve a high 
index of biopositivity of LE and user comfort 
(Fig. 1). 

 

 
 

 
 

Figure 1. The Rule viewer interface of Matlab software, which allows iterative selection of co-
combinations of the values of the biopositivity factors of the LE 

 
As part of the analysis of modeling results it is 
necessary to investigate the function of integral 
index of biopositivity of LE (Biopositivity) at 
different combinations of input parameters. 
The function of the integral biopositivity index 
at input parameters VOC concentration and 
sound pressure level has the following form 
(Figure 2). 
The diagram shows that the greatest value of the 
Integral Index of Biopositivity comes at sound 
pressure values of less than 45 dBA and VOC 
concentration levels of less than 1 ppm, which 
are optimal for the human body. If the recom-
mended MPC of VOCs is exceeded and the rec-
ommended sound pressure level is exceeded, the 
Biopositivity value is the lowest. 

The function of the Integral index of biopositivi-
ty at input variables Temperature of air and Il-
lumination of working surface has the form 
(Figure 3). 
The graph shows that the greatest value of the 
Integral index of biopositivity is achieved at 
levels of natural and artificial lighting levels op-
timum for the human body, which is described 
in Section 1.2 of the article. At the value of il-
lumination of the working surface in the range 
of 400-700 lux and the value of air temperature 
in the range of 21-23 oC the value of the Integral 
index of biopositivity is the greatest. 
The function of the Integral Biopositivity Index 
with the input variables Quality of finishing ma-
terials: VOC emission and Illumination of the 
working surface has the form (Figure 4). 
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Figure 2. Function Integral biopositivity indica-
tor with input variables VOC concentration and 

sound pressure level 
 

 
Figure 3. Function Integral indicator of bio-

positivity with input variables Temperature and 
Illuminance 

 

 
Figure 4. Function Integral biopositivity index 

with the input variables VOC concentration and 
Sound pressure level 

The diagram demonstrates that the greatest val-
ue of the Integral index of biopositivity is 
achieved at values of VOC concentration up to 
1 ppm and values of illumination of the working 
surface up to 400 lux. The lowest value of the 
Integral index of biopositivity is achieved at 
maximum VOC concentration and minimum 
illumination of the working surface. 
Based on the study of adaptive neuro-fuzzy in-
ference system it can be drawn a conclusion that 
the model to a large extent logically describes 
the subjective human perception of biopositivity 
factors of the environment [18]. Thus, the de-
veloped model should be used to solve the prob-
lem of iterative selection of combinations of en-
vironmental parameters that ensure the comfort 
of the end user of an administrative building. 
The assessment of the biopositivity of building 
objects must account for a significant number of 
both internal and external environmental factors 
that are related to both design decisions and op-
erational modes, along with the subjective per-
ception of the biopositivity of environmental 
factors by building users. 
From the point of view of quality management 
and life cycle management of a building project, 
especially the longest stage of the life cycle 
such as operation, assessment as benchmarking 
is not a sufficient tool to improve the quality of 
the object. In order to realize the advanced 
planning of increasing the integral indicator of 
biopositivity of the object, it is necessary to use 
the methodology of assessment of biopositivity 
of the construction object and the subsequent 
iterative determination of the values of the pa-
rameters of LE (diagrammatic interpretation is 
presented in Figure 5), at which the comfort of 
the user of the construction object will be en-
sured, which consists in performing a number of 
interrelated steps: 
1. Analysis of project documentation and 
management company documentation to exam-
ine which of the biopositivity factors are present 
at the facility. 
2. Conduct a user survey. Using the survey 
form presented in Annex 1 of this study to con-
duct a survey of regular users of the facility. In 
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order to achieve a representative sample, it is 
necessary to survey at least 30% with the num-
ber of regular users up to 1000 people, at least 
25% with the number of regular users from 
1001 to 2000 people, at least 20% with the 
number of regular users from 2001 to 3500 peo-
ple, at least 15% with the number of regular us-
ers from 3501 to 5000 people, at least 10% with 
the number of regular users from 5001 to 10000 
people [19, 20]. 
3. Conducting instrumental measurements 
of environmental parameters: VOC concentra-
tion; CO2 concentration; concentration of CEO, 
concentration of fine particles PM 2.5; CEO 
measured in a separate zone or office of the ob-
ject under study; illumination of the working 
surface; light pulsation; penetrating noise level; 
air temperature; air humidity. 
4. Coding the respondent's answers on a 
numerical scale from -3 to 3 in increments of 1 
to allow for regression analysis of the results. 
5. Conducting regression analysis of the 
coded responses of respondents. Determination 

of significant factors of biopositivity of LE on 
the basis of P-values of each environmental fac-
tor, which are predictors within the regression 
model. Determination of significant factors for 
neuro-fuzzy network modeling by ranking the 
moduli of the regression coefficients of the pre-
dictors. For further modeling of the neuro-fuzzy 
network, 5 predictors with the highest values of 
regression coefficient modules are taken as sig-
nificant modeling factors. 
6. Building a refined regression model to 
assess the significance of the model and verify 
the absence of multicollinearity. 
7. Modeling of adaptive neuro-fuzzy infer-
ence system in MATLAB software program. 
8. Fixing the integral indicator of bioposi-
tivity of the construction facility. 
9. Iterative determination of the combina-
tion of the values of the parameters of LE, at 
which the comfort of the user of the construc-
tion facility will be ensured in the interface 
“rule viewer” of the extension package Neuro-
fuzzy designer of the Matlab software program. 

 

 
 

Figure 5. Flow chart of the methodology of biopositivity assessment and subsequent iterative de-
termination of combinations of values of environmental parameters, which ensure the comfort of 

the user of a facility 
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6. Building a refined regression model to 
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ence system in MATLAB software program. 
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CONCLUSIONS 
 

As part of this study, an adaptive neuro-fuzzy 
model has been developed for iterative determi-
nation of combinations of the values of the pa-
rameters of the LE, at which the comfort of the 
users of the administrative building will be en-
sured. The response function of the output vari-
able Biopositivity at different combinations of 
input variables has been analyzed. The adaptive 
neuro-fuzzy network to a large extent correctly 
describes the subjective human perception of 
the biopositivity of the factors of LE. 
The methodology for assessing the biopositivity 
of a construction facility (on the example of an 
administrative building), which allows to fix the 
integral indicator of biopositivity of a 
construction facility and plan its advanced 
increase. The methodology can be widely 
applied in the management of construction 
facilities and used in the formation of technical 
specifications for the reconstruction and design 
of various types of residential buildings. 
As the sampling of user assessments of the 
biopositivity factors of LE and instrumentally 
measured values of environmental factors of 
different types of civil buildings increases, the 
retrained adaptive neuro-fuzzy inference 
systems will be useful in determining the 
normative values of LE parameters. 
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EARTH CORE ROCKFILL DAM: INTERACTION OF WATER 
AND SOIL 

 
Mikhail P. Sainov, Aleksandr A. Boldin 

Moscow State University of Civil Engineering, Moscow, RUSSIA 
 

Abstract: Accuracy of results of numerical modeling of the structure stress-strain state (SSS) depends on ade-
quacy of design scheme. At elaboration of design scheme of an embankment dam the important aspect is selec-
tion of force loads from water. Water medium may create several types of force loads on the dam: hydrostatic 
pressure, buoyancy and seepage volumetrically distributed forces, as well as arise internal pore pressure in soil. 
Selection of design scheme of the earth core rockfill dam depends on permeability of the clayey soil of the seep-
age-control core and the speed of the seepage regime formation. Analysis of the field observations over the state 
of constructed dams showed that this process may occur in different ways. In some dams after the reservoir im-
poundment the seepage regime is installed relatively quickly, in other dams there takes place a durable process 
of pore pressure dissipation and soil consolidation. 
For estimation of the effect of the form and method of loads application, the analysis of the stress-strain state of 
high earth core rockfill dam for three design schemes was carried out. These are cases with conditionally imper-
meable, well permeable and scarcely permeable core soil. In the first case the core is subject to hydrostatic pres-
sure, in the second to the force from the steady regime of the seepage flow, in the third, inequality of pore pres-
sure and seepage forces takes place. 
For analysis there was used the software package MIDAS, which permits conducting combined analysis of SSS and 
seepage regime, solving tasks related to consolidation of soils. Coulomb-Mohr model was used for modeling of soil. 
Analysis showed that the dam SSS in three design schemes varies greatly. The dam is subject to the highest pres-
sures and deformations in the case of the impermeable core at the action of hydrostatic pressure. The dam SSS at 
well permeable core, where seepage flow quickly becomes steady, is more favorable. The case of scarcely per-
meable soil is unfavorable from the point of view of core crack resistance. Due to core pressure, buoyant and 
seepage forces the stresses in soil skeleton are small. At that, horizontal displacements of the dam by value are 
closer to displacements in case of water impervious soil. This frequent case may be the most dangerous for the 
dam safety. 
 

Keywords: earth core rockfill dam, stress-strain state, seepage, pore water pressure, loads, numerical analysis, 
finite element method 
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at its compaction under the action of external 
loads. With time the soil is consolidated: due to 
seepage the pore pressure is gradually dissipated 
to the level corresponding to the seepage flow 
pressure, however, this process may be durable. 
To estimate the duration of the consolidation 
process we fulfilled analysis of data of field ob-
servations over the state of dams, published in 
different sources. In [3, 4] there described the 
results of field observations over pore pressure 
in the dams constructed in the XX-th century. 
Field measurements show that the rate of con-
solidation process may be variable. In Aswan 
dam (Egypt, 1970, H=111 m) and Pachkamar 
dam (Uzbekistan, 1968, H=71 m) the process of 
the core soil consolidation was quick, but in the 
core of Talbingo dam (Australia) the pore pres-
sure reached considerable values and dissipated 
slowly [3]. In ultra-high Nurek HPP dam (Tajik-
istan, 1980, H=300 m) by the moment of com-
pletion of construction, which lasted about 9 
years and was performed in parallel with the 
reservoir impoundment, the most part of pore 
pressure was dissipated by the moment of start 
of operation [4]. 
Field measurements on the dams constructed in 
the XXI-st century [5–10] also confirm that 
there may be two possible cases. 
In the first case the soil consolidation is quick 
and is nearly fully completed during construction 
period. Such case took place in ultra-high 
Nuozhadu dam (China, 2012, H=261.5 m) [5, 6]. 
By the start of operation period the seepage flow 
stabilized in the core of Eyvashan dam (Iran, 
2015, H=71 m) [7, 8]. Such case is possible only 
when the core soil is sufficiently pervious. 
The second case refers to durable soil consolida-
tion, which is not completed during construction 
period and lasts for a long time during operation 
period. Such case took place in Karkhe dam 
(Iran, 2001, H=127 m). In spite of the fact that 
the reservoir impoundment was in parallel with 
the dam construction, pore pressure was still 
high for a long time [9]. Durable high pore pres-
sure is considered to be the cause of increased 
deformations of Masjed-e-Soleyman dam (Iran, 

2002, H=177 m) [10]. This case occurs if the 
core soil has low water permeability. 
The design scheme of loads action corresponds 
to each of two considered cases. In the first case 
(permeable soil, quick consolidation) the load 
from water acts in the form of volumetrically 
distributed seepage forces. 
In the second case (low soil permeability, dura-
ble consolidation) the character of loads is more 
complicated: it varies with time. At first, before 
the reservoir impoundment, pore pressure ap-
pears in the placed soil. After some time, fol-
lowing the appearance of hydraulic connection 
between the pores there will appear seepage 
forces in soil corresponding to pore pressure. 
Then, immediately after the reservoir im-
poundment the hydrostatic pressure appears on 
the core upstream face. Then, it will gradually 
disappear and will be replaced by seepage forc-
es directed inside the core. The seepage regime 
will gradually change until it becomes steady.  
Hydrostatic pressure on the core upstream face 
may also appear if reservoirs are impounded 
quickly after completion of the dam construc-
tion. Such case took place at construction of 
Gavshan dam (Iran, 2004, H=123 m) [11], Lud-
ing (China, 2016, H=84 m) [12]. 
As we see, loads from water may not only ob-
tain different forms but may be transformed 
from one form to another. 
At conducting SSS analyses different authors 
use various schemes of loads application. For 
example, in calculations [12–16] the core was 
assumed impervious and was loaded by hydro-
static pressure. In calculations [7, 8] the core 
was assumed fully permeable. And in calcula-
tions [5, 10] the soil was assumed scarcely per-
meable and SSS analyses were with considera-
tion of PWP. 
The aim of this study is revealing real condi-
tions of formation of an earth core rockfill dam 
SSS and selection of the most adequate design 
scheme. 
Similar study was fulfilled in [17]. At SSS anal-
ysis two cases were considered: 1) reservoir is 
impounded only after the dam is constructed for 
the full height; 2) reservoir is impounded gradu-
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INTRODUCTION 
 
Analysis of stress-strain state (SSS) is an obliga-
tory element of design validation of embank-
ment dams, which refer to the first and the sec-
ond category hydraulic structures, such re-
quirement is stated in the code of practice 
SP 39.13330.2012 «Embankment Dams». These 
calculations are required for assessment of the 
dam safety. 
Due to complexity, SSS analyses may be carried 
out only by numerical modeling; it permits solv-
ing the most complicated tasks. However, accu-
racy of numerical modeling depends on adequa-
cy of the structure design scheme: on boundary 
conditions, construction sequence scheme, etc. 
One of the important components of the design 
scheme are combination and character of acting 
loads; for the dam first of all these are loads 
from water. Water medium may create several 
types of loads: hydrostatic pressure, buoyant 
force (Archimedes force), as well as seepage 
forces. Hydrostatic pressure is distributed along 
the surface area and buoyant and seepage forces 
are distributed in volume. Seepage forces are 
directed toward the side of going down head. 
At conducting analyses, it is necessary to assign 
loads properly in order to adequately simulate the 
real conditions of the dam performance. For the 
dams with a central seepage control element in 
the form of a clay core (for example, earth core 

rockfill dam) the issue of the design scheme se-
lection and the types of acting loads is not univo-
cal. The design scheme is determined by the fact 
whether the clay core is pervious or not. 
Like all the soils, the clayey soils are pervious, 
however, their seepage factor is very small. Ac-
cording to Russian building codes, in seepage 
control elements there should be used the soils 
with seepage factor less than 0.1 m/day (1.2 10-4 
cm/s); in real dams it is even less (less than 
0.005 m/day). 
Evidently due to low permeability of the clayey 
soil the process of water penetration into the 
core should be durable, therefore, after the res-
ervoir impoundment the seepage regime is es-
tablished not at once. In this case the core may 
be considered as impervious. 
By the results of numerical modeling of the 
non-steady regime conducted in 1, 2], penetra-
tion of water from the upstream side into the 
core should take years. In [2] it is stated that 
even after dozens of years the most part of the 
core is still dry. However, this concept is not 
right because initially the clayey soil is placed 
into the core at optimal humidity, which corre-
sponds to actually full water saturation. Initial 
water saturation will contribute to quicker ad-
vancement of the seepage area boundary. 
However, it does not mean that seepage flow in 
the core quickly becomes steady. The obstacle 
will be pore pressure formed in the clayey soil 
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at its compaction under the action of external 
loads. With time the soil is consolidated: due to 
seepage the pore pressure is gradually dissipated 
to the level corresponding to the seepage flow 
pressure, however, this process may be durable. 
To estimate the duration of the consolidation 
process we fulfilled analysis of data of field ob-
servations over the state of dams, published in 
different sources. In [3, 4] there described the 
results of field observations over pore pressure 
in the dams constructed in the XX-th century. 
Field measurements show that the rate of con-
solidation process may be variable. In Aswan 
dam (Egypt, 1970, H=111 m) and Pachkamar 
dam (Uzbekistan, 1968, H=71 m) the process of 
the core soil consolidation was quick, but in the 
core of Talbingo dam (Australia) the pore pres-
sure reached considerable values and dissipated 
slowly [3]. In ultra-high Nurek HPP dam (Tajik-
istan, 1980, H=300 m) by the moment of com-
pletion of construction, which lasted about 9 
years and was performed in parallel with the 
reservoir impoundment, the most part of pore 
pressure was dissipated by the moment of start 
of operation [4]. 
Field measurements on the dams constructed in 
the XXI-st century [5–10] also confirm that 
there may be two possible cases. 
In the first case the soil consolidation is quick 
and is nearly fully completed during construction 
period. Such case took place in ultra-high 
Nuozhadu dam (China, 2012, H=261.5 m) [5, 6]. 
By the start of operation period the seepage flow 
stabilized in the core of Eyvashan dam (Iran, 
2015, H=71 m) [7, 8]. Such case is possible only 
when the core soil is sufficiently pervious. 
The second case refers to durable soil consolida-
tion, which is not completed during construction 
period and lasts for a long time during operation 
period. Such case took place in Karkhe dam 
(Iran, 2001, H=127 m). In spite of the fact that 
the reservoir impoundment was in parallel with 
the dam construction, pore pressure was still 
high for a long time [9]. Durable high pore pres-
sure is considered to be the cause of increased 
deformations of Masjed-e-Soleyman dam (Iran, 

2002, H=177 m) [10]. This case occurs if the 
core soil has low water permeability. 
The design scheme of loads action corresponds 
to each of two considered cases. In the first case 
(permeable soil, quick consolidation) the load 
from water acts in the form of volumetrically 
distributed seepage forces. 
In the second case (low soil permeability, dura-
ble consolidation) the character of loads is more 
complicated: it varies with time. At first, before 
the reservoir impoundment, pore pressure ap-
pears in the placed soil. After some time, fol-
lowing the appearance of hydraulic connection 
between the pores there will appear seepage 
forces in soil corresponding to pore pressure. 
Then, immediately after the reservoir im-
poundment the hydrostatic pressure appears on 
the core upstream face. Then, it will gradually 
disappear and will be replaced by seepage forc-
es directed inside the core. The seepage regime 
will gradually change until it becomes steady.  
Hydrostatic pressure on the core upstream face 
may also appear if reservoirs are impounded 
quickly after completion of the dam construc-
tion. Such case took place at construction of 
Gavshan dam (Iran, 2004, H=123 m) [11], Lud-
ing (China, 2016, H=84 m) [12]. 
As we see, loads from water may not only ob-
tain different forms but may be transformed 
from one form to another. 
At conducting SSS analyses different authors 
use various schemes of loads application. For 
example, in calculations [12–16] the core was 
assumed impervious and was loaded by hydro-
static pressure. In calculations [7, 8] the core 
was assumed fully permeable. And in calcula-
tions [5, 10] the soil was assumed scarcely per-
meable and SSS analyses were with considera-
tion of PWP. 
The aim of this study is revealing real condi-
tions of formation of an earth core rockfill dam 
SSS and selection of the most adequate design 
scheme. 
Similar study was fulfilled in [17]. At SSS anal-
ysis two cases were considered: 1) reservoir is 
impounded only after the dam is constructed for 
the full height; 2) reservoir is impounded gradu-
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INTRODUCTION 
 
Analysis of stress-strain state (SSS) is an obliga-
tory element of design validation of embank-
ment dams, which refer to the first and the sec-
ond category hydraulic structures, such re-
quirement is stated in the code of practice 
SP 39.13330.2012 «Embankment Dams». These 
calculations are required for assessment of the 
dam safety. 
Due to complexity, SSS analyses may be carried 
out only by numerical modeling; it permits solv-
ing the most complicated tasks. However, accu-
racy of numerical modeling depends on adequa-
cy of the structure design scheme: on boundary 
conditions, construction sequence scheme, etc. 
One of the important components of the design 
scheme are combination and character of acting 
loads; for the dam first of all these are loads 
from water. Water medium may create several 
types of loads: hydrostatic pressure, buoyant 
force (Archimedes force), as well as seepage 
forces. Hydrostatic pressure is distributed along 
the surface area and buoyant and seepage forces 
are distributed in volume. Seepage forces are 
directed toward the side of going down head. 
At conducting analyses, it is necessary to assign 
loads properly in order to adequately simulate the 
real conditions of the dam performance. For the 
dams with a central seepage control element in 
the form of a clay core (for example, earth core 

rockfill dam) the issue of the design scheme se-
lection and the types of acting loads is not univo-
cal. The design scheme is determined by the fact 
whether the clay core is pervious or not. 
Like all the soils, the clayey soils are pervious, 
however, their seepage factor is very small. Ac-
cording to Russian building codes, in seepage 
control elements there should be used the soils 
with seepage factor less than 0.1 m/day (1.2 10-4 
cm/s); in real dams it is even less (less than 
0.005 m/day). 
Evidently due to low permeability of the clayey 
soil the process of water penetration into the 
core should be durable, therefore, after the res-
ervoir impoundment the seepage regime is es-
tablished not at once. In this case the core may 
be considered as impervious. 
By the results of numerical modeling of the 
non-steady regime conducted in 1, 2], penetra-
tion of water from the upstream side into the 
core should take years. In [2] it is stated that 
even after dozens of years the most part of the 
core is still dry. However, this concept is not 
right because initially the clayey soil is placed 
into the core at optimal humidity, which corre-
sponds to actually full water saturation. Initial 
water saturation will contribute to quicker ad-
vancement of the seepage area boundary. 
However, it does not mean that seepage flow in 
the core quickly becomes steady. The obstacle 
will be pore pressure formed in the clayey soil 
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ally with growth of the dam height. Calculations 
showed that impoundment sequence has small 
effect on the dam stress state, but its integral 
displacement in case 1 is more than that in case 
2. However, in calculations [17] the cases with 
permeable and low permeable soils were not 
taken into account. Calculations were carried 
out for relatively high seepage factor of the core 
soil (0.006 m/day), therefore, the effect of ap-
pearing increased pore pressure in the core was 
not revealed. 
 
 
METHODS 
 
For reaching the targeted aim the results of SSS 
analyses for several possible design schemes 
were compared. Three schemes were consid-
ered. 
Scheme The core is assumed to be fully 
impervious. In this case the load from water acts 
in the form of hydrostatic pressure on the core 
upstream face, and the core clayey soil is as-
sumed to be water saturated (due to placement 
at optimal humidity). This scheme corresponds 
to the moment of time after quick reservoir im-
poundment. 
Scheme The core is well permeable and the 
seepage flow in the core is steady. In this case 
the load from water is realized in the form of 
seepage forces distributed in the core body. At 
that, the core soil is in suspended by water state, 
the pore pressure in it corresponds to the seep-
age pressure. This scheme is also possible at soil 
low permeability after the durable period of the 
dam operation. 
Scheme corresponds to the case when the 
core soil has low water permeability. In this 
case the increased pore pressure occurs in soil. 
As compared to scheme in this design 
scheme the seepage flow in the core is still not 
stabilized, seepage forces are always variable in 
time by value and direction. 
Calculations by schemes and pose a 
more complicated task than those by scheme 

In scheme consideration of seepage 
forces requires preliminary analysis of steady 

seepage regime in the core. In scheme 3 solv-
ing the task on the dam SSS should be per-
formed jointly with solving the seepage task. 
For solving the static-seepage task, a special 
software is required. 
Such possibility is provided by software pack-
age MIDAS, which uses the finite element 
method (FEM). 
Analyses were conducted on the example of the 
ultra-high Earth Core Rockfill Dam (ECRD), 
whose structural design is similar to that of Nu-
rek HPP dam (fig. 1). The dam is located on 
rock foundation. The height of fill in the consid-
ered section is 292.5 m. 
The dam central core is made of sandy loam, it 
rests on bulk concrete. The shells are made of 
gravel-pebble soil and are covered by a layer of 
rock mass. 
 

 
 

Figure 1. Scheme of rockfill dam structure 
1 – core of sandy loam; 2 – shells of gravel-

pebble soil; 3 – protection from rockfill; 
4 – transition zone; 5 – concrete mass 

 
The dam finite element model consists of 6975 
nodes and 6906 finite elements. 
During analyses the sequence of dam construc-
tion and reservoir impoundment was taken into 
account; they were realized in parallel. Duration 
of construction is about 9 years. 
Coulomb-Mohr model was used for description 
of deformation and strength of soils. The fol-
lowing physical and mechanical properties of 
materials were used during calculations: d – 
density in dry state, sat – density in water satu-
rated state; E – modulus of linear deformation;  
– Poisson's ratio,  – angle of internal friction,  
– cohesion. Parameters of shear strength (  and 
c) of soils were taken from analogs. They are 
determined in [18] by processing of experi-

mental results [19, 20]. Cohesion for macro-
fragmental soils simulates the effect of gearing. 
The adopted in the analysis characteristics of 
soils are presented below: 
For core sandy loam: d=2.10 t/m3, 

sat=2.28 t/m3, E=40 MPa, =0.32, =33º, 
=100 kPa; 

For gravel-pebble soil: d=2.16 t/m3, 
sat=2.35 t/m3, E=150 MPa, =0.27, =37.9º, 
=112 kPa; 

For rock mass: d=1.96 t/m3, sat=2.22 t/m3, 
E=150 MPa, =0.27, =39.3º, =250 kPa; 
For soil of transition zones: d=2.16 t/m3, 

sat=2.35 t/m3, E=55 MPa, =0.30, =32º, 
=60 kPa. 

Sandy loam seepage factor was taken equal 
8.64 10-5 m/day, macro-fragmental soils were 
taken more permeable by several orders. 
 
 
RESULTS AND DISCUSSION 
 
Results of SSS analyses of the considered 
ECRD are presented for the moment of comple-
tion of construction and reservoir impoundment. 
Fig.2–5 shows distribution of the dam dis-
placements and stresses for three considered de-
sign schemes. In the table there indicated the 
maximum values of horizontal (Ux) and vertical 
(Uy) displacements of the dam. 
 

Table. Maximum values of displacements 
Scheme 1 2 3 
Ux [cm] 287 191 264 
Uy [cm] 440 366 346 

 
Analysis shows that the dam SSS in schemes 1, 
2, 3 principally differs from each other. 
SSS in scheme 1 (impervious core) is character-
ized by maximum by value stresses and defor-
mations. Several specific features may be 
marked. 
The first peculiarity refers to the fact that in the 
impervious core the soil is not subject to buoy-
ant force of water and consequently, it has large 
weight. Therefore, the dam has maximum set-

tlements (440 cm, fig.2,a), and high vertical 
stresses (4.5 MPa, fig.4,a) appear in the core. 
The settlement comprises 1.5% of the dam 
height. Distribution of vertical stresses evidenc-
es about presence of arch effect, when there oc-
curs deficit of compressive stresses in the core 
and their surplus in the shells. 
The second peculiarity is related to the fact that 
at the boundary of the core with the upstream 
shell there appears a jump in value of horizontal 
stresses. It is caused by hydrostatic pressure on 
the core upstream face. Concentrated action of 
water causes increased horizontal displacements 
of the core near the upstream face (fig.4,a). It is 
scheme 1 where the dam is subject to maximum 
by value horizontal displacements (287 cm). 
In scheme 2 the core is subject to pore pressure 
corresponding to the steady seepage regime 
(fig.6.a). It was determined at each stage by the 
seepage analysis. 
In scheme 2 the dam SSS is characterized by 
less level of compression in the core as com-
pared to scheme 1. Due to buoyant force of wa-
ter the vertical stresses in the core do not exceed 
3.5 MPa (fig.4,b). the dam maximum settlement 
amounts to 366 cm (fig.2,b), which is by 17% 
less, than in scheme 1. 
At analysis by scheme 2 the dam has minimal 
horizontal displacements; they do not exceed 
2 m (fig.3,b). They are less by one third that in 
scheme 1. The characteristic feature of SSS is 
low level of compression in the core near the 
upstream face, but toward the downstream face 
the horizontal compressive stresses gradually 
increase (fig.4,b). 
In scheme 3 SSS is not only of another character 
than in schemes 1 and 2, but is not within the 
limits between them. Specific features of SSS 
refer to appearance of increased pore pressure in 
the dam core due to external loads. 
Maximum dam settlement in scheme 3 amounts 
to 346 cm, which is even less than in scheme 2 
(fig.2,c). This decrease is due to presence of 
seepage gradient directed upward. The dam 
maximum horizontal displacement amounts to 
264 cm (fig.3,c); by value it is close to the dis-
placement in scheme  1. 
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mental results [19, 20]. Cohesion for macro-
fragmental soils simulates the effect of gearing. 
The adopted in the analysis characteristics of 
soils are presented below: 
For core sandy loam: d=2.10 t/m3, 

sat=2.28 t/m3, E=40 MPa, =0.32, =33º, 
=100 kPa; 

For gravel-pebble soil: d=2.16 t/m3, 
sat=2.35 t/m3, E=150 MPa, =0.27, =37.9º, 
=112 kPa; 

For rock mass: d=1.96 t/m3, sat=2.22 t/m3, 
E=150 MPa, =0.27, =39.3º, =250 kPa; 
For soil of transition zones: d=2.16 t/m3, 

sat=2.35 t/m3, E=55 MPa, =0.30, =32º, 
=60 kPa. 

Sandy loam seepage factor was taken equal 
8.64 10-5 m/day, macro-fragmental soils were 
taken more permeable by several orders. 
 
 
RESULTS AND DISCUSSION 
 
Results of SSS analyses of the considered 
ECRD are presented for the moment of comple-
tion of construction and reservoir impoundment. 
Fig.2–5 shows distribution of the dam dis-
placements and stresses for three considered de-
sign schemes. In the table there indicated the 
maximum values of horizontal (Ux) and vertical 
(Uy) displacements of the dam. 
 

Table. Maximum values of displacements 
Scheme 1 2 3 
Ux [cm] 287 191 264 
Uy [cm] 440 366 346 

 
Analysis shows that the dam SSS in schemes 1, 
2, 3 principally differs from each other. 
SSS in scheme 1 (impervious core) is character-
ized by maximum by value stresses and defor-
mations. Several specific features may be 
marked. 
The first peculiarity refers to the fact that in the 
impervious core the soil is not subject to buoy-
ant force of water and consequently, it has large 
weight. Therefore, the dam has maximum set-

tlements (440 cm, fig.2,a), and high vertical 
stresses (4.5 MPa, fig.4,a) appear in the core. 
The settlement comprises 1.5% of the dam 
height. Distribution of vertical stresses evidenc-
es about presence of arch effect, when there oc-
curs deficit of compressive stresses in the core 
and their surplus in the shells. 
The second peculiarity is related to the fact that 
at the boundary of the core with the upstream 
shell there appears a jump in value of horizontal 
stresses. It is caused by hydrostatic pressure on 
the core upstream face. Concentrated action of 
water causes increased horizontal displacements 
of the core near the upstream face (fig.4,a). It is 
scheme 1 where the dam is subject to maximum 
by value horizontal displacements (287 cm). 
In scheme 2 the core is subject to pore pressure 
corresponding to the steady seepage regime 
(fig.6.a). It was determined at each stage by the 
seepage analysis. 
In scheme 2 the dam SSS is characterized by 
less level of compression in the core as com-
pared to scheme 1. Due to buoyant force of wa-
ter the vertical stresses in the core do not exceed 
3.5 MPa (fig.4,b). the dam maximum settlement 
amounts to 366 cm (fig.2,b), which is by 17% 
less, than in scheme 1. 
At analysis by scheme 2 the dam has minimal 
horizontal displacements; they do not exceed 
2 m (fig.3,b). They are less by one third that in 
scheme 1. The characteristic feature of SSS is 
low level of compression in the core near the 
upstream face, but toward the downstream face 
the horizontal compressive stresses gradually 
increase (fig.4,b). 
In scheme 3 SSS is not only of another character 
than in schemes 1 and 2, but is not within the 
limits between them. Specific features of SSS 
refer to appearance of increased pore pressure in 
the dam core due to external loads. 
Maximum dam settlement in scheme 3 amounts 
to 346 cm, which is even less than in scheme 2 
(fig.2,c). This decrease is due to presence of 
seepage gradient directed upward. The dam 
maximum horizontal displacement amounts to 
264 cm (fig.3,c); by value it is close to the dis-
placement in scheme  1. 
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Maximum difference of SSS is revealed in the 
core stress state, because increased pore water 
pressure (PWP) acts in it. By the results of anal-
ysis, the growth of PWP occurs during the 
whole construction period. By its completion 
the maximum PWP reaches 3 MPa (fig.6.b). 
This is relatively small due to long duration of 
construction and other factors [21]. 
Due to increased PWP for the dam SSS in 
scheme 3 the minimum level of compression in 
the core is a characteristic feature. Horizontal 
stresses are noticeably low than in scheme 2. 
The field of low compressive horizontal stresses 
is located in the core lower part (up to 0.5 MPa, 
fig.5,c). Considerable decrease of compression 
also refers to vertical stresses. No tensile stress-
es are formed in the core, but in the upper part 
of the core the vertical stresses are small 
(fig.5, ). The low level of effective compressive 

stresses creates threat for the core hydraulic 
break and development of fractures in it. 
One might say that out of the three considered 
design schemes it is scheme 3 that turned to be 
the most unfavorable. This is confirmed by the 
experience in operation of Masjed-e-Soleyman 
dam [10], where the durable process of soil con-
solidation became a possible cause of the core 
seal failure. 
Besides, attention should be paid to one more 
characteristic feature of the dam SSS in scheme 
3. It refers to increased level of compression in 
the part of the downstream shell adjoining to the 
core. Increase of compression is observed both in 
vertical (fig.4,c), and horizontal (fig.5,c) stresses. 
It is explained by the fact that due to presence of 
pore pressure the most part of load is transferred 
from the core to the downstream shell. 
Stress state of the upstream shell in all the 
schemes is actually the same. 

 
a) scheme 1 with waterproof core 

 
 
b) scheme 2 with a permeable core 

 
 
c) scheme taking into account pore water pressure 

 
settlement scale [m] 
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Figure 2. Dam settlements at the end of the construction period 

 

a) scheme 1 with waterproof core 

 
 
b) scheme 2 with a permeable core 

 
 
c) scheme taking into account pore water pressure 

 
horizontal displacement scale [m] 
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Figure 3. Horizontal displacements of the dam during the construction period 
 

a) scheme 1 with waterproof core 

 
 
b) scheme 2 with a permeable core 

 
 
c) scheme taking into account pore water pressure 

 
effective vertical stress scale [MPa] 
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Figure 4. Vertical stresses in the dam soil 
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a) scheme 1 with waterproof core 

 
 
b) scheme 2 with a permeable core 

 
 
c) scheme taking into account pore water pressure 

 
horizontal displacement scale [m] 
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Figure 3. Horizontal displacements of the dam during the construction period 
 

a) scheme 1 with waterproof core 

 
 
b) scheme 2 with a permeable core 

 
 
c) scheme taking into account pore water pressure 

 
effective vertical stress scale [MPa] 
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Figure 4. Vertical stresses in the dam soil 
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a) scheme 1 with waterproof core 

 
 
b) scheme 2 with a permeable core 

 
 
c) scheme taking into account pore water pressure 

 
effective horizontal stress scale [MPa] 
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Figure 5. Horizontal stresses in the dam soil 

 

     
a)   b) 

pore pressure scale [MPa] 
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Figure 6. Pore water pressure in the dam core: 
a – filtration pore pressure at steady state filtration conditions, b – pore pressure at the time of 

completion of construction in soil consolidation mode 
 
 

CONCLUSION 
 
1. The method of application of loads from wa-
ter greatly affects the displacements of an earth 
core rockfill dam and stress state of its seepage 
control core. Therefore, accuracy of numerical 
modeling of stress-strain state of such dam is 
greatly dependent on adequacy of its design 
scheme and, first of all, on the scheme of appli-
cation of loads from water. 
2. Field investigations of stress-strain state of 
earth core rockfill dams show that different 
forms of loading by water forces on the struc-
ture may take place. They are determined by 
core soil permeability. The design scheme 
should be chosen depending on this factor. 
3. Stress-strain state of an earth core rockfill 
dam obtained in each of the considered schemes 
of loads application is characterized by their 
own unfavorable effects. At the impervious core 
the dam is subject to maximum displacements 
and stresses. At rather permeable core, steady 
seepage flow, the dam SSS is the most favora-
ble. The case with low permeable soil is charac-
terized by low level of compression in the core 
due to appearance of pore pressure in soil. The 
dam SSS in this case may present danger from 
the point of view of the core crack resistance. 
4. The dam seepage regime varies with time, 
and loads from water transfer from one type to 
another: from hydrostatic pressure to the forces 
from steady seepage flow. At that, the dam 
stress-strain state also transforms. For the con-
sidered dam the intermediate state at unsteady 
seepage regime turned to be dangerous. 
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CONCLUSION 
 
1. The method of application of loads from wa-
ter greatly affects the displacements of an earth 
core rockfill dam and stress state of its seepage 
control core. Therefore, accuracy of numerical 
modeling of stress-strain state of such dam is 
greatly dependent on adequacy of its design 
scheme and, first of all, on the scheme of appli-
cation of loads from water. 
2. Field investigations of stress-strain state of 
earth core rockfill dams show that different 
forms of loading by water forces on the struc-
ture may take place. They are determined by 
core soil permeability. The design scheme 
should be chosen depending on this factor. 
3. Stress-strain state of an earth core rockfill 
dam obtained in each of the considered schemes 
of loads application is characterized by their 
own unfavorable effects. At the impervious core 
the dam is subject to maximum displacements 
and stresses. At rather permeable core, steady 
seepage flow, the dam SSS is the most favora-
ble. The case with low permeable soil is charac-
terized by low level of compression in the core 
due to appearance of pore pressure in soil. The 
dam SSS in this case may present danger from 
the point of view of the core crack resistance. 
4. The dam seepage regime varies with time, 
and loads from water transfer from one type to 
another: from hydrostatic pressure to the forces 
from steady seepage flow. At that, the dam 
stress-strain state also transforms. For the con-
sidered dam the intermediate state at unsteady 
seepage regime turned to be dangerous. 
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NONLOCAL IN TIME DYNAMIC DEFORMATION MODEL AND 
ITS CALIBRATION BASED ON THE BEAM VIBRATION 

EXPERIMENT RESULTS 
 

Vladimir N. Sidorov 1, Elena. S. Badina 1,2, Roman O. Tsarev 1,2 
1 Moscow State University of Civil Engineering, Moscow, RUSSIA  

2 Institute of Applied Mechanics of Russian Academy of Sciences, Moscow, RUSSIA 
 

Abstract: The article is devoted to the development of a nonlocal in time model of a material dynamic 
deformation and its calibration on the basis of the beam vibration experiment results. The model is based on the 
defining relations of nonlocal mechanics. Elastic forces in a system are considered dependent on the entire 
history of its deformation, and not only on the instantaneous deformed state under consideration. The nonlocal in 
time model of a dynamic deformation is proposed as an alternative to detailed three-dimensional models when 
modeling the dynamic behavior of elements and systems made of materials characterized by an inhomogeneous 
structure or anisotropic properties. The model is incorporated into the FEA algorithm to make it usable for 
applied engineering problems. As a numerical example, the oscillation of a bending beam is considered. A 
method for the identification of the governing parameter of a nonlocal in time model based on the least squares 
method is being implemented based on the results of laboratory tests of bent beams for free vibrations.  

 
Keywords: Nonlocal mechanics, nonlocal damping, numerical simulation, finite element method, beam vibrations 

 

 
 

 1  1,2  1,2 
1   

2  
 

 

  
 

 
, 

. 

 . 

 
 

 
  

 
 
 
INTRODUCTION 

 
Detailed three-dimensional numerical models 
are often used for the analysis of systems and 

structures made of composite materials. Such an 
approach makes it possible to accurately 
describe material structure and properties. Such 
models provide high-quality results and are 
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widely used in the calculations of critical 
structures. However, they have a significant 
disadvantage — high computational complexity, 
which limits their use in multivariate 
calculations, optimization, and in solving 
problems that require modeling of large systems 
or their behavior over the long time intervals. 
In this regard, development of the alternative 
less resource-intensive models that are 
equivalent to detailed three-dimensional models 
in terms of the adequacy of describing the 
dynamic behavior of composite elements 
becomes urgent. 
The reduce of three-dimensional models of 
composite materials that take into account their 
internal structure or their anisotropy to lower-
dimensional ones is the problem which does not 
have the unique solution [1]. The criterion for 
the chosen approach effectiveness can be the 
correspondence of the obtained results to 
experimental data in a certain class of problems. 
One possible approach to this problem involves 
constructing lower-dimensional models based 
on specific hypotheses, particularly nonlocal 
ones [2].  
Among nonlocal models, it is worth mentioning 
the spatially nonlocal model of the elastic 
properties of materials proposed by Eringen [3]. 
These studies were further developed and 
applied e.g. in [4] to the analysis of Euler–
Bernoulli beams made of porous viscoelastic 
materials. Another nonlocal in space model was 
described in the book [5] (Kunin chains) and it 
was noted that this model can be used as an 
approximate description of a homogeneous 
three-dimensional medium. Nonlocal in space 
model of internal damping was proposed by 
Russel [6]. The model was applied to the 
problems of dynamics and stability of rods and 
shells by V.D. Potapov [7,8]. His approach was 
further studied and expanded in research 
implemented by the authors [9, 10]. The 
nonlocal in time model of dynamic deformation 
of the material presented in [10] shares common 
features with Boltzmann-Volterra hereditary 
model [11].  
 

NONLOCAL IN TIME MODEL OF THE 
MATERIAL DEFORMATION 
 
In the most general case, the nonlocal 
formulation of the dynamics of solids problem 
assumes that elastic and damping forces at a 
certain point of the body depend not only on the 
local values of strains and strain rates in time 
and space, respectively, but also on the values 
of strains and strain rates in a certain area 
adjacent to the point under consideration 
throughout the deformation history. The 
influence of points in space on each other 
diminishes with increasing distance, and the 
impact of previous deformation history on the 
current state of the system decreases over time. 
In the classical local formulation, the defining 
relations for viscoelastic material, as described by 
the Kelvin-Voigt model, take the following form: 
 

= +   , (1) 

 
where   is elastic moduli tensor,  =

 is viscosity moduli tensor,  is the 
retardation time,   is stress tensor,  is 
strain tensor. 
The Cauchy relation:  
 

=
1
2 + , (2) 

 
Where  is the differential operator and  is 
the components of displacements. 
When transitioning to a nonlocal formulation, 
relation (1) takes the following form. [2]: 
 

= ( , ) ( , ) ( , )

+ ( , ) ( , ) ( , )  . 

 

(3) 

Here, K and D are spatial kernel functions of 
elasticity and damping operators respectively; R 
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and G are temporal kernel functions of elasticity 
and damping operators respectively;  and  are 
spatial coordinate vectors
time; and  denotes the neighborhood of the 
point under consideration. The kernel functions 
are considered invariant with respect to shifts in 
time and space, thus:  
 

= 

( ) ( , )  

     + 

( ) ( , ) .  

(4) 

 
In (4), the kernel functions are considered 
isotropic, meaning that the influence of different 
points in time and space on each other decreases 
at the same rate in all directions. In the most 
general case, the kernels can be considered 
anisotropic, i.e. they have different rates of 
influence decay in different directions. Taking 
into account all four types of nonlocality 
simultaneously when solving dynamic problems 
makes sense only if it reflects the real features of 
the material's dynamic behavior. To construct a 
phenomenological description of the dynamics of 
elements made of composite materials, various 
special cases of expression (4) are used, which 
allows to achieve sufficient computational 
accuracy, but do not overload the model. 
By using the Dirac -functions as kernels, 
specific cases of nonlocal models can be 
obtained from the most general nonlocal stress-
strain relationship (4). 
In case of representing all four kernels as the -
functions, we obtain: 
 

= 

( ) ( , )  

      + 

( ) ( , )   

(5) 

It is obvious that expression (5) is equivalent to 
the local classical viscoelastic model (1), which 
is thus a special case of a nonlocal model. 
By various combinations of -functions with 
nonlocal kernels it is possible to derive from (4) 
various types of non-local models discussed in 
the literature, such as nonlocal in space model 
of elasticity (similar to Eringen model [3]), a 
nonlocal in space damping model [7,8], a 
nonlocal in time damping model [10]. 
The model presented in this paper is based on 
the assumption that elastic forces in a system 
depend not only on its current deformed state, 
but also on the previous deformation history. 
Such a model refers to the fourth type of 
nonlocality in which the elastic properties of the 
material are considered to be nonlocal in time: 
 

= 

( ) ( , )  

      + 

( ) ( , )   

(6) 

 
By integrating the -functions in (6) and taking 
into account only the time interval from the 
beginning of the system`s oscillations [12], we 
can obtain: 
 

= ( ) ( ) +   (7) 

 
For now, the type of kernel function is not 
correlated with the specific features of the material 
structure and is mainly selected for computational 
efficiency reasons. Thus the kernel function in the 
nonlocal model can take different forms such as 
exponential function, error function, etc [2]. 
However, all types of kernels have to meet the 
normalization requirement: 
 

( ) = 1  (8) 
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widely used in the calculations of critical 
structures. However, they have a significant 
disadvantage — high computational complexity, 
which limits their use in multivariate 
calculations, optimization, and in solving 
problems that require modeling of large systems 
or their behavior over the long time intervals. 
In this regard, development of the alternative 
less resource-intensive models that are 
equivalent to detailed three-dimensional models 
in terms of the adequacy of describing the 
dynamic behavior of composite elements 
becomes urgent. 
The reduce of three-dimensional models of 
composite materials that take into account their 
internal structure or their anisotropy to lower-
dimensional ones is the problem which does not 
have the unique solution [1]. The criterion for 
the chosen approach effectiveness can be the 
correspondence of the obtained results to 
experimental data in a certain class of problems. 
One possible approach to this problem involves 
constructing lower-dimensional models based 
on specific hypotheses, particularly nonlocal 
ones [2].  
Among nonlocal models, it is worth mentioning 
the spatially nonlocal model of the elastic 
properties of materials proposed by Eringen [3]. 
These studies were further developed and 
applied e.g. in [4] to the analysis of Euler–
Bernoulli beams made of porous viscoelastic 
materials. Another nonlocal in space model was 
described in the book [5] (Kunin chains) and it 
was noted that this model can be used as an 
approximate description of a homogeneous 
three-dimensional medium. Nonlocal in space 
model of internal damping was proposed by 
Russel [6]. The model was applied to the 
problems of dynamics and stability of rods and 
shells by V.D. Potapov [7,8]. His approach was 
further studied and expanded in research 
implemented by the authors [9, 10]. The 
nonlocal in time model of dynamic deformation 
of the material presented in [10] shares common 
features with Boltzmann-Volterra hereditary 
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NONLOCAL IN TIME MODEL OF THE 
MATERIAL DEFORMATION 
 
In the most general case, the nonlocal 
formulation of the dynamics of solids problem 
assumes that elastic and damping forces at a 
certain point of the body depend not only on the 
local values of strains and strain rates in time 
and space, respectively, but also on the values 
of strains and strain rates in a certain area 
adjacent to the point under consideration 
throughout the deformation history. The 
influence of points in space on each other 
diminishes with increasing distance, and the 
impact of previous deformation history on the 
current state of the system decreases over time. 
In the classical local formulation, the defining 
relations for viscoelastic material, as described by 
the Kelvin-Voigt model, take the following form: 
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where   is elastic moduli tensor,  =

 is viscosity moduli tensor,  is the 
retardation time,   is stress tensor,  is 
strain tensor. 
The Cauchy relation:  
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Where  is the differential operator and  is 
the components of displacements. 
When transitioning to a nonlocal formulation, 
relation (1) takes the following form. [2]: 
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Here, K and D are spatial kernel functions of 
elasticity and damping operators respectively; R 

and G are temporal kernel functions of elasticity 
and damping operators respectively;  and  are 
spatial coordinate vectors
time; and  denotes the neighborhood of the 
point under consideration. The kernel functions 
are considered invariant with respect to shifts in 
time and space, thus:  
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In (4), the kernel functions are considered 
isotropic, meaning that the influence of different 
points in time and space on each other decreases 
at the same rate in all directions. In the most 
general case, the kernels can be considered 
anisotropic, i.e. they have different rates of 
influence decay in different directions. Taking 
into account all four types of nonlocality 
simultaneously when solving dynamic problems 
makes sense only if it reflects the real features of 
the material's dynamic behavior. To construct a 
phenomenological description of the dynamics of 
elements made of composite materials, various 
special cases of expression (4) are used, which 
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accuracy, but do not overload the model. 
By using the Dirac -functions as kernels, 
specific cases of nonlocal models can be 
obtained from the most general nonlocal stress-
strain relationship (4). 
In case of representing all four kernels as the -
functions, we obtain: 
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It is obvious that expression (5) is equivalent to 
the local classical viscoelastic model (1), which 
is thus a special case of a nonlocal model. 
By various combinations of -functions with 
nonlocal kernels it is possible to derive from (4) 
various types of non-local models discussed in 
the literature, such as nonlocal in space model 
of elasticity (similar to Eringen model [3]), a 
nonlocal in space damping model [7,8], a 
nonlocal in time damping model [10]. 
The model presented in this paper is based on 
the assumption that elastic forces in a system 
depend not only on its current deformed state, 
but also on the previous deformation history. 
Such a model refers to the fourth type of 
nonlocality in which the elastic properties of the 
material are considered to be nonlocal in time: 
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By integrating the -functions in (6) and taking 
into account only the time interval from the 
beginning of the system`s oscillations [12], we 
can obtain: 
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For now, the type of kernel function is not 
correlated with the specific features of the material 
structure and is mainly selected for computational 
efficiency reasons. Thus the kernel function in the 
nonlocal model can take different forms such as 
exponential function, error function, etc [2]. 
However, all types of kernels have to meet the 
normalization requirement: 
 

( ) = 1  (8) 
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A common property of these functions, taking 
into account the normalization condition (8), is 
that, in some cases, the kernel function reduces 
to the Dirac -function, and, consequently, the 
model transforms to a local classical one. 
 
 
THE FINITE ELEMENT FORMULATION  
 
In order to make the nonlocal in time dynamic 
deformation model suitable for practical 
calculations, it has been integrated into the finite 
element method algorithm.  
The physical interpretation of the finite element 
dynamic problems can be based on the principle 
of virtual work [13]: 
 

+

= + . 

(9) 

 
Here  is a material density;  and   are 
surface and body forces;  is the field of 
virtual displacements;  is the field of virtual 
strains. The two dots denote the second time 
derivative. Using the defining relation of a 
nonlocal in time dynamic deformation model 
(7) and considering the components of elastic 
moduli tensor constant in time, we can 
rearrange (9) as: 
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When employing the finite element approach, 
the actual strain and displacement fields for an 
element are replaced by approximate ones [14]: 
 

  , (11) 
 
where  is the shape functions matrix,  is the 
vector of displacements along the nodal degrees 
of freedom. 
With the matrix operator of Cauchy relations  
we can write = , then assumed element 
strain field is: 
 

= .  (12) 
 
Considering this and omitting the virtual nodal 
displacements according to the principle of 
virtual work [13] we can represent (10) in 
matrix form:  
 

+
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For beam vibrations, we have only one 
component of  matrix: Young modulus E; and 
one component of strain: 
 

= .  (14) 

 
Here  is the longitudinal coordinate of the 
beam,  is the distance from the neutral layer of 
the bending beam to the point at which the 
deformation  is calculated,  is the beam 
deflection function. The assumed solution 
   for each beam element can be written 
using Hermit interpolation functions: 
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+ 1
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, (15) 

 
where  is an element length,  [0, ] is an 
element longitudinal coordinate. 
Using  as  we have: 

 = = . (16) 

 
Since all elements of  matrix are time 
independent we can take it out of the integral 
over time in (13). Then taking into account that 
cross-sectional moment of inertia is 

=  we obtain:  
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Here =  is the beam element 

mass matrix, =  is the element 

damping matrix, =  is the 
element stiffness matrix,  – is the load vector.  
In (17) the damping matrix is proportional to the 
stiffness matrix. The same result was obtained 
in [10], where the damping matrix was derived 
using the stationary condition of the system's 
total energy during vibration. 
After assembling , ,  to a global mass 
matrix M, damping matrix D and stiffness 

matrix K of the beam, we can write the finite 
element formulation of equation of motion: 
 

+ + ( ) ( ) = . (18) 

 
For the material with constant in time Young 
modulus in equation (18) the kernel function 
convolute only with the nodal displacement 
vector, and stiffness matrix of the beam  
remains outside of the integral.  
In this research error function was used as the 
kernel function: 
 

( ) =
2 ( ) . (19) 

 
Here  is the parameter that characterizes the rate at 
which the kernel function decreases. It determines 
how much of the deformation history significantly 
impacts the current state of the system. The smaller 
the value of the scale parameter , the more 
nonlocal the model becomes. Conversely, the 
larger the , the closer is the model to the local 
classical one. Figure 1 illustrates how this 
parameter influences the shape of the kernel. 
 

 
Figure 1 Error kernel functions for different

values of   
 
Since the solution of the dynamic problem using 
the finite element method is discretized in time, 
the kernel function (19) was replaced by its 
discrete equivalent: 
 

=
2

, (20) 
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In (17) the damping matrix is proportional to the 
stiffness matrix. The same result was obtained 
in [10], where the damping matrix was derived 
using the stationary condition of the system's 
total energy during vibration. 
After assembling , ,  to a global mass 
matrix M, damping matrix D and stiffness 

matrix K of the beam, we can write the finite 
element formulation of equation of motion: 
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For the material with constant in time Young 
modulus in equation (18) the kernel function 
convolute only with the nodal displacement 
vector, and stiffness matrix of the beam  
remains outside of the integral.  
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Here  is the parameter that characterizes the rate at 
which the kernel function decreases. It determines 
how much of the deformation history significantly 
impacts the current state of the system. The smaller 
the value of the scale parameter , the more 
nonlocal the model becomes. Conversely, the 
larger the , the closer is the model to the local 
classical one. Figure 1 illustrates how this 
parameter influences the shape of the kernel. 
 

 
Figure 1 Error kernel functions for different

values of   
 
Since the solution of the dynamic problem using 
the finite element method is discretized in time, 
the kernel function (19) was replaced by its 
discrete equivalent: 
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where i and j are numbers of time steps,  is 
the time increment. 
 
 
BEAM VIBRATIONS MODELLING 
CONSIDERING THE ELASTIC 
PROPERTIES OF THE MATERIAL 
NONLOCAL IN TIME  
 
To solve the equation of motion in matrix form, 
an implicit scheme [15] was employed. In this 
case, the nodal velocities and accelerations are 
represented as: 
 

= ;     

=
2

 
(21) 

 
Since, in the case of employing an implicit 
scheme, the memory function is applied over 
the entire deformation process, ending at time 

, the discrete integral kernel (20) has been 
divided into two parts [16]: - the weighting 
coefficient associated with i+1,  - the sum of 
all other weights (fig. 2): 
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Figure 2. Kernel function divided into two parts 
 
Then the computational scheme for solving the 
equation of motion by the Newmark method is 
as follows: 

= + + + , (23)
 
where:  
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+
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To assess the effect of changes in the scale 
parameter  on the results of mathematical 
modeling, the vibrations of a 12-meter fixed-end 
beam (Fig. 3) made of thermoactive vinyl ester 
glassfiber-reinforced plastic were considered as 
a numerical example. The beam was loaded 
with an instantaneously applied and evenly 
distributed load with an intensity of -10 kN/m.  
 

 
Figure 3. The calculation scheme of the 

considered beam 
 
The characteristics of the material are given in 
Table 1. 

 
Table 1. Characteristics of thermoactive vinyl 

ester glass-reinforced plastic 
Young's Modulus (longitudinal), Elw 17.2 GPa 
Poisson's Ratio (longitudinal), lw 0.32 
Density,  1900 kg/m

3
 

Damping coefficient,  0.042 
 

A software module written in Python was 
developed to solve the equation of motion and 
compute the nodal displacements, velocities, 
and accelerations of the beam accounting for 
nonlocal in time dynamic deformation. The 
results of the computer simulation are presented 
on fig. 4. 

 
Figure 4. Vertical displacements history of the 
central node of the beam, obtained for three 

different scale parameters 
 

Analyzing the presented graphs, it can be 
observed that as the parameter  decreases 
(indicating a higher degree of non-locality), the 
amplitude of oscillations increases. 
 
 
IDENTIFICATION OF THE SCALE 
PARAMETER OF THE NONLOCAL 
MODEL BASED ON THE BEAM 
VIBRATION EXPERIMENT 
 
One of the key challenges when using nonlocal 
models in applied problems is the necessity of 
determining the scale parameter . In this study, a 
method for identifying the scale parameter 
through model calibration based on experimental 
data is proposed. The approach is based on the 
least squares method and involves minimizing the 
standard deviation between the results of 
numerical simulations and experimental 
measurements. To find the optimal value of the 
scale parameter that provides the best match 
between the model and the experimental data, the 
golden ratio method [17] was employed. 
The proposed methodology was implemented 
based on the results of laboratory tests 
conducted on beams made of lightweight 
concrete filled with ceramic microspheres. The 
experiment was carried out with the support of 
the Scientific Research Center "Nanomaterials 
and Nanotechnologies" and the Research 
Institute of Experimental Mechanics of the 
Moscow State University of Civil Engineering. 
The characteristics of the material are presented 

in Table 2. The properties are isotropic, but the 
material has a heterogeneous structure. 
 

Table 2. Properties of the lightweight concrete 
filled with the ceramic microspheres 

Young's Modulus (longitudinal), Elw 78.5 GPa 

Density,  1700 kg/m3 
Damping coefficient,  0.0765 

 
Identification of the model parameters was carried 
out based on the accelerations history of the free 
vibrations of a fixed-end beam initiated by a test 
hammer strike. To register the accelerations of the 
structure in the middle of the beam, a single-axis 
accelerometer was used (fig 5). 
 

 

 
Figure 5. lightweight concrete beam used in the 

experiment 
 
The received signal was synchronized and 
recorded using the National Instruments PXIe-
1082 multichannel measuring system, which 
provides a sampling frequency of up to 12 kHz. 
This accuracy of registration made it possible to 
record in detail the accelerogram of the 
oscillatory process. 
The acceleration time history at the mid-cross-
section of the beam was used as a reference 
against which the results of one-dimensional 
modeling, based on local and non-local dynamic 
deformation models, were compared. 
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where i and j are numbers of time steps,  is 
the time increment. 
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On figure 6 the comparison of the results 
obtained by local mathematical model with the 
experimental acceleration history is shown.  
 

 
Figure 6. comparison of the reference 

accelerations with the results obtained by local 
classical model 

 
Nonlocal in time dynamic deformation model of 
the beam vibration was calibrated by the 
experimental data. The comparison of those 
results with the experimental accelerations is 
presented on figure 7. 
 

 
Figure 7. comparison of the results obtained by 
the nonlocal in time dynamic deformation model 

with the experimental accelerations 
 
It is evident that the nonlocal in time model 
provides a better correspondence with the 
experimental data compared to the classical 
local model of beam vibration, which does not 
account for the inhomogeneous structure of the 
material. Although the nonlocal in time model 
also does not explicitly consider this 
inhomogeneity, it remains sufficiently flexible 
to accurately describe the dynamic behavior of 
beams made of such materials. 
 
 
CONCLUSION 
 
Nonlocal in time models of dynamic deformation 
of the material can serve as an effective alternative 

to detailed three-dimensional models when 
describing the dynamic behavior of materials with 
complex internal structure. The developed model 
has been integrated into the finite element method 
algorithm, enabling its application to practical 
problems. The method for determining the scale 
parameter of a nonlocal in time model was 
implemented based on the results of a laboratory 
experiment. It is shown that in comparison with 
the local classical model, the developed model 
makes it possible to achieve a better match with 
the experimental results. 
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experimental acceleration history is shown.  
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to accurately describe the dynamic behavior of 
beams made of such materials. 
 
 
CONCLUSION 
 
Nonlocal in time models of dynamic deformation 
of the material can serve as an effective alternative 

to detailed three-dimensional models when 
describing the dynamic behavior of materials with 
complex internal structure. The developed model 
has been integrated into the finite element method 
algorithm, enabling its application to practical 
problems. The method for determining the scale 
parameter of a nonlocal in time model was 
implemented based on the results of a laboratory 
experiment. It is shown that in comparison with 
the local classical model, the developed model 
makes it possible to achieve a better match with 
the experimental results. 
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ASSESSMENT OF THE DISTRIBUTION OF THE SOIL 
DEFORMATION MODULUS BASED ON CPT DATA 
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Abstract: Consideration of soil deformation characteristics is a crucial factor in the design and construction of 
infrastructure facilities, as they can have a significant impact on the stability and serviceability of structures. 
Changes in the soil deformation modulus with depth reflect changes in soil density, layering, and stress levels. 
Accurate assessment of the soil deformation variability is important to ensure the safety and reliability of 
building foundations. This paper focuses on testing the statistical hypothesis about the type of the soil 
deformation modulus probability distribution when analyzing cone penetration testing (CPT) data. The soil 
deformation modulus probability distribution is assumed to be normal and this fact is not checked before 
modelling. In this paper it is shown that Weibull, Lognormal and Gamma distributions are more suitable than 
normal for CPT data taken from an open internet source. 
 

Keywords: Cone penetration test (CPT), studies of soil deformation properties, statistical hypothesis testing, 
distribution type hypothesis 
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INTRODUCTION 
 
It is known that one of the main factors influencing 
the buildings settlements value and structures, as 
well as the possible settlements unevenness, is the 

soil deformation modulus values and its statistical 
heterogeneity. Cone penetration testing (CPT) data 
provide the most complete picture of the strain 
modulus values at various points in the soil mass [1 - 
4]. The strain modulus distribution models could be 
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useful in solving problems on systematization of 
static sensing results given in [5 - 10] to ensure 
safety and reliability. The probability distribution 
density of the soil deformation modulus plays an 
important role in building adequate models. 
According to [11], this distribution is assumed to be 
normal. Let us check this statement with the 
example data from [12]. These data represent the 
results of widely used field surveys that provide a 
continuous profile of soil physical properties through 
tip resistance, sleeve friction and pore water pressure 
during cone penetration. An initial statistical analysis 
of the data from [12] has already been performed by 
the authors in [13]. The purpose of such 
measurements is to assess the strength, stiffness and 
compressibility of the soil, which are key parameters 
for determining its deformation behavior [14]. The 
proper selection of the type of probability 
distribution can make the model of ground 
deformation behavior more accurate. We can 
consider the realization of the random field as a 
model of the distribution of the soil deformation 
modulus. The correct estimation of the variation of 
cone resistance qc with depth is crucial in 
geotechnical engineering as it provides insight into 
the strength and stiffness of the soil. Hypothesis 
testing offers a statistical basis for assessing whether 
there is a statistically significant relationship 
between qc and depth, indicating the presence of 
heterogeneity in the soil profile [15 - 16]. 
 
 
METHODS 
 
There are several methods for testing the 
hypothesis about the type of distribution in 
mathematical statistics. Pearson's method 2 is 
the universal and most commonly used method. 
The maximum likelihood method is also widely 
adopted. It should be noted that the validity of 
the hypothesis about the type of probability 
distribution itself cannot be proved, only its 
admissibility is concluded [17]. Visualizing the 
data in different ways helps to make a correct 
hypothesis about the type of distribution. All 
calculations and graphs were performed in the 
MATLAB software environment. 

The statistical heterogeneity of soil deformation 
modulus can be interpreted as a trajectory of a 
random process. For correct transition from the 
static sounding data to the construction of the 
ground deformation modulus model, it is possible, 
using the methods of the theory of random 
processes, to construct a continuous model using 
the available discrete statistical material. During 
construction of the model, the utilization of 
interpolation methods is not correct due to the 
peculiarities of the distribution of soil properties in 
space [16] and the influence of this distribution on 
the magnitude of non-uniform settlements.  
Further we will use the model proposed in [18], 
when considering the statistical heterogeneity of 
the ground deformation modulus in plan view: 
 

( , ) = +  ( , ), 
 
where ( , ) is the realisation of a two-
dimensional random process,  ( , ) is the 
realization of a two-dimensional stationary 
process with zero mean, and  is an average 
value of the ground deformation modulus at the 
considered depth. 
Modelling of the Gaussian random field 
realizations is carried out by the method of 
canonical decompositions as a partial sum of 
Fourier series with random uncorrelated 
coefficients: 
 

( , ) = ,  e

+ , 

 
where  is the maximum value of the 
variable ,  is the maximum value of the 
variable , and ,  are normal random 
variables with zero mean and variance defined 
through the covariance function. 
The relationship between the lognormal and 
normal distribution was used to model the 
realization of a lognormal random field. 
 
 

RESULTS AND DISCUSSION  
 
Statistical analyses have been performed to 
quantify the variability of soil deformation 
parameters within each depth segment. Figures 
1 - 4 show the histograms (purple color) of the 
soil deformation modulus with some theoretical 
probability densities, namely: Normal (red 
color), Weibull (blue color), Lognormal (brown 
color) and Gamma (grey color). 
 

 
Figure 1. Histogram of the soil deformation 
modulus with some theoretical probability 

densities on 680 mm depth 
 

 
Figure 2. Histogram of the soil deformation 
modulus with some theoretical probability 

densities on 1450 mm depth 
 

 
Figure 3. Histogram of the soil deformation 
modulus with some theoretical probability 

densities on 3340 mm depth 

Table 1 summarizes the values of the logarithm 
of the likelihood function for the designated 
depths (mm). Note that the logarithm of the 
likelihood function is always negative. The 
greater its value, the more plausible the sample 
is, assuming that the hypothesis about the type 
of distribution is true. The lognormal or gamma 
distribution proved to be the most appropriate. 
 

 
Figure 4. Histogram of the soil deformation 
modulus with some theoretical probability 

densities on 4005 mm depth 
 

Table 1 The values of the logarithm of the 
likelihood function 

 Log likelihood 
depth Normal Weibull lognormal Gamma 
680 -494 -439 -422 -434 
1450 -401 -383 -367 -372 
1700 -363 -351 -336 -340 
2300 -316 -306 -270 -280 
2905 -235 -236 -212 -217 
3340 -149 -160 -139 -140 
3875 -125 -141 -109 -113 
4005 -117 -136 -102 -106 

 
Table 2 contains the probabilities for the 
designated depths (mm) for observing the test 
statistic 2 if the main hypothesis about the 
distribution type is true. Usually, the main 
hypothesis is rejected if this probability is less 
than 0.01. Here, too, the lognormal or gamma 
distribution proved to be the most appropriate. 
Figures 5 - 8 show two different realizations 
each of Gaussian and lognormal random fields 
with the same numerical characteristics: mean 
and variance. 
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Table 2 The probabilities of the test statistic 2 
depth Normal Weibull lognormal Gamma 
680 8.6e-11 0.0008 0.0120 1.3e-04 
1450 0.0026 0.0306 0.0023 0.0043 
1700 7.9e-05 0.0056 0.2457 0.1410 
2300 0.0225 0.0312 0.7060 0.3372 
2905 3.5e-08 1.2e-08 0.0269 0.0012 
3340 0.0071 1.8e-05 0.4525 0.1670 
3877 0.0153 2.3e-05 0.3997 0.2031 
4005 0.0119 5.3e-07 0.4558 0.2385 

 

 
Figure 5. First realizations of the Gaussian 

random field on 1450 mm depth 
 

 
Figure 6. Second realizations of the Gaussian 

random field on 1450 mm depth 
 

 
Figure 7. First realizations of the lognormal 
random field on 1450 mm depth 

 
Figure 8. Second realizations of the lognormal 

random field on 1450 mm depth 
 
It is noticeable that these fields have different 
distributions, which extends the possibility of 
using random field realizations in modeling 
the variability of the soil deformation 
modulus. 
 
 
CONCLUSION 
 
It is known (for example [19]) that the design 
of engineering geological objects that require 
ensuring the necessary reliability requires a 
deep understanding of the nature of soil 
variability, which could be modeled as a 
random field characterized by a probability 
density function with its basic statistical 
characteristics. When building random field 
models, the correct choice of the probability 
density function plays a crucial role. The 
studies carried out in this research have shown 
that it is incorrect to use only the normal 
distribution when modeling the behavior of the 
soil deformation modulus. Calculations show 
that in some cases the Lognormal distribution 
or the Gamma distribution are more 
appropriate than the Normal one. Therefore, 
before constructing a model of soil 
deformation modulus variability, it is necessary 
to test the hypothesis about the type of 
distribution of the studied quantity. The 
application of different types of random field 
distributions can improve the models used in 
the design of construction projects.  
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DEEP BEAM ANALYSIS WITH THE USE  
OF DISCRETE-CONTINUAL FINITE ELEMENT METHOD  

IN THE PRESENCE OF A VERTICAL CRACK 
 

Marina L. Mozgaleva, Pavel A. Akimov 
National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 

 
Abstract: Deep beam analysis with the use of discrete-continual finite element method in the presence of verti-
cal crack is under consideration in the distinctive paper. The operational formulation within discrete-continual 
approach is given, examples of analysis are presented. Cases of different lengths of the corresponding vertical 
crack are analyzed. The presented examples demonstrate the advantages of the discrete-continual finite element 
method used in comparison with the conventional finite element method (the use of the latter is associated with a 
significant increase in the number of nodes in the grid domain and, consequently, with an increase in the order of  
the resolving system of equations). 
 

Keywords: discrete-continual finite element method, numerical solution, deep beam, structural analysis,  
crack, finite element method 
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INTRODUCTION 
 
Deep beam analysis with the use of discrete-
continual finite element method (DCFEM) has 
been already considered in [1-9, 13]. Corre-
sponding systematic literature review has been 
presented in [1-9, 13] as well. In this regard, let 
us immediately move on to the main material of 
the distinctive paper in case of presence of a 
vertical crack. 

1. FORMULATIONS OF THE PROBLEM 
 
Let the constancy of the parameters of the prob-
lem be in the direction corresponding to 2x  
(main direction). The operational formulation of 
the problem with the use of so-called method of 
extended domain [2], taking into account the 
selection of the main direction, is determined by 
the equation [3]: 
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1 2,  are corresponding dimensions of extended 

domain (linear dimensions of considering struc-
ture) [2]; 1 2( ,  )x x x ; 1 2,  x x  are Cartesian 
coordinates;  and  are Lame parameters [14, 
15];  is the domain, occupied by structure;  
 

1 2

1 1 2 2 2

{ ( ,  ) :   
                  0 ;    / 2 /2 };

x x
x x

  

(1.12) 
 

1 2( , )x x  is characteristic function of domain 
; 1 2( , )x x  is the delta function of 

boundary ; 1 2[    ]Tn n n  is boundary 
normal vector; F  is the load vector in domain 

; f  is the corresponding boundary load vec-
tor; u  is the vector of displacements (unknown 
vector function), 
The system of equations (1.1) is supplemented 
by boundary conditions, which are set in sec-
tions with coordinates  
 

1
2 2 / 2x ;   2

2 2 / 2x . 
 
The discrete component of the numerical solu-
tion is represented by direction along the axe 1x . 
 
 
2. EXAMPLES OF ANALYSIS 
 
2.1. The first example. 
Let us consider the analysis of a deep beam, 
fixed along the lateral faces in both directions, 
under the action of an external load concentrat-
ed at a point 2 0x , directed along an axis par-
allel to 1x  (Figure 1). 
Let us consider the following geometrical pa-
rameters of structure:  
 

1 1m,   2 10 m. 
 
Let us consider the following parameters of the 
material of the structure: 
 

42650 10E  kN/m2 
 
is the elasticity coefficient; 
 

0.15  
 
is the Poisson's ratio. 
Let us consider the following external load 
 

100P kN. 
 
Let's consider the dependence of the results of 
analysis on the gap length. 
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Figure 1. Example of analysis 

 

P/2 

2x  

1x  

2  

1   

P/2 

 
Figure 2. Design model

 
Let us consider the original problem in the form 
of a combination of two boundary problems 
(Figure 2).
The interface passes along the axis of the load 
action. In this case, the interface boundary equa-
tions at the nodes outside the gap line represent 
the conditions of ideal contact. The equations at 
the nodes in the gap zone represent the free edge 
conditions. The load is specified on both sides 
of the interface at a distance of 72 10 m. The 

discrete component includes 33n  nodes (32 
finite elements).  
A graphical comparison of the numerical solu-
tion at the interface nodes for different values of 
the gap length dl ( 0dl (no gap), 1 / 8dl , 

1 / 4dl , 1 / 2dl ). Besides, we consider the 
case when we have 11L and 22L .
As can be seen, as the length of the gap increas-
es, its opening increases (Figure 4), and the ex-
pansion stresses in the immediate vicinity of its 
beginning also increase (Figures 5, 6). 
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2.2. The second example. 
Let us consider the analysis of a deep beam 
(Figure 7), fixed along the lateral faces in both 
directions, under the action of equal external 
loads concentrated symmetrically relative to the 
point 2 0x , directed along the axis parallel to 

1x . The loads are concentrated at points with 
coordinates 2(0, (1))x f  and 2(0, (2))x f  respec-
tively. 
Let us consider the following geometrical pa-
rameters of structure:  
 

1 1m,   2 10 m. 
 

Let us consider 1 / 2dl  is the crack length. 
Let us consider the following parameters of the 
material of the structure: 

 
42650 10E kN/m2 

 
is the elasticity coefficient; 
 

0.15  
 
is the Poisson's ratio. 
Let us consider the following external load 
 

100P kN. 
 
Let us consider the dependence of the results of 
analysis on the distance between the points of 
application of loads ( 2 2(2) (1)x f x f ). 
Let us consider the initial problem in the form 
of joining two boundary problems (Figure 8). 

 

 
Figure 7. Example of analysis 
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Figure 8. Design model 

Marina L. Mozgaleva, Pavel A. Akimov



183Volume 21, Issue 2, 2025

2.2. The second example. 
Let us consider the analysis of a deep beam 
(Figure 7), fixed along the lateral faces in both 
directions, under the action of equal external 
loads concentrated symmetrically relative to the 
point 2 0x , directed along the axis parallel to 

1x . The loads are concentrated at points with 
coordinates 2(0, (1))x f  and 2(0, (2))x f  respec-
tively. 
Let us consider the following geometrical pa-
rameters of structure:  
 

1 1m,   2 10 m. 
 

Let us consider 1 / 2dl  is the crack length. 
Let us consider the following parameters of the 
material of the structure: 

 
42650 10E kN/m2 

 
is the elasticity coefficient; 
 

0.15  
 
is the Poisson's ratio. 
Let us consider the following external load 
 

100P kN. 
 
Let us consider the dependence of the results of 
analysis on the distance between the points of 
application of loads ( 2 2(2) (1)x f x f ). 
Let us consider the initial problem in the form 
of joining two boundary problems (Figure 8). 

 

 
Figure 7. Example of analysis 
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Figure 8. Design model 

The joining boundary line passes along the axis 
2 0x  (divides the structure in half). In this 

case, the joining boundary equations at the 
nodes outside the gap line represent the condi-
tions of ideal contact. The equations at the 
nodes that fall within the gap zone represent the 
free edge conditions. The discrete component 
includes 33n  nodes (32 finite elements). 
A graphical comparison of the numerical solu-
tion at the joint nodes for different values of the 
distance 2 2(2) (1)x f x f  between the points of 
application of loads is presented below. 

In this case we have 
 

2 ( 3.75, 3.75)x f ,   2 ( 2.5, 2.5)x f , 

2 ( 1.25, 1.25)x f ,   7 7
2 ( 2 10 , 2 10 )x f . 
 

From the graphical comparison it follows that 
the smaller the distance between the points of 
application of loads, the greater the gap opening 
(Figure 10), and the expansion stresses in the 
immediate vicinity of its beginning also increase 
(Figures 11, 12). 
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Figure 9. Displacements U1 
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Figure 11. Stresses 11 . 
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CONCLUSION 
 
In the presented examples of analysis, there is a 
significant excess of the size of the structure along 
the axis 2x  compared to the size along the axis 1x . 
In this case, the numerical solution of the problem 
with the use of discrete-continual finite element 
method is the most effective, since the traditional 
finite element method would lead to a significant 
increase in the nodes of the mesh domain and, 
consequently, to an increase in the order of the 
resolving system of equations. 
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CONCLUSION 
 
In the presented examples of analysis, there is a 
significant excess of the size of the structure along 
the axis 2x  compared to the size along the axis 1x . 
In this case, the numerical solution of the problem 
with the use of discrete-continual finite element 
method is the most effective, since the traditional 
finite element method would lead to a significant 
increase in the nodes of the mesh domain and, 
consequently, to an increase in the order of the 
resolving system of equations. 
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Abstract: This article presents developed techniques for numerical modelling of lightweight cast-in-place rein-
forced concrete bubbledeck floor slabs and a comparative analysis of different approaches to numerical model-
ling of buildings and structures with such lightweight floors, that are constructed in earthquake-prone regions. 
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1. INTRODUCTION 
 
Nowadays, a significant part of building con-
structions is made of cast-in-place reinforced 
concrete. Concrete high density and, hence, 
large dead weight of structural components 
made of it is a significant disadvantage. It leads 
to higher loads, in particular seismic ones, on 
vertical structural elements and foundations, in-
creased construction costs and time. Therefore, 
different ways to decrease dead weight are em-
ployed when designing buildings and structures, 
particularly in earthquake-prone regions. 

Utilization of void formers (see Fig. 1) is one of 
the ways to decrease the dead weight of con-
crete structures. The void formers to use in rein-
forced concrete floor slabs may be extractable 
and unextractable, may be made of different 
materials and have various shapes, as it is stated 
in [1]. For some types of void formers, there are 
proprietary standards [12] [13] and recommen-
dations for calculation of a stress-strain state of 
voided floor slabs exposed to special combina-
tions of loads [14]. 
There exists a large amount of researches on a 
bubbledeck floor slabs response to various exci-

International Journal for Computational Civil and Structural Engineering, 21(2) 187–199 (2025)

DOI:10.22337/2587-9618-2025-21-2-187-199



188 International Journal for Computational Civil and Structural Engineering

tations (see [2-11]). According to these studies, 
usage of bubbledeck floor slabs has a small im-
pact onto structural strength, but at the same 
time reduces structural stiffness, that, evidently, 
affects an eigenfrequency spectrum of the con-
sidered building or structure. 
When designing a building or a structure con-
structed in an earthquake-prone region, a re-
sponse spectrum analysis is commonly per-
formed with a large number of eigenmodes tak-
en into account. Hence, utilization of a bubble-
deck floor slab solution should be explicitly tak-
en into account during the design procedure, in 
particular when calculating the design stress-
strain state. 
 

 

 
Figure 1. An example of void formers used in 
reinforced concrete floor slabs, and their geo-

metrical parameters 

The finite element method (FEM) is widely 
used to perform such an analysis. The most ac-
curate way to compute eigenfrequencies, 
eigenmodes and a stress-strain state of structural 
elements with a complex shape of the cross-
section (for instance, a hollow core structure) is 
to use solid finite elements for spatial discretiza-
tion of the problem. Yet, such a technique is 
computationally ineffective and, thus, used in 
practice very rarely. A common practice is to 
use structural finite elements, shell and beam 
ones, to spatially discretize a structural mechan-
ics problem. 
In the present paper considered are different 
approaches to numerical modelling of light-
weight cast-in-place reinforced concrete bub-
bledeck floor slabs with an aim to correctly 
simulate floor slab stress-strain state, elastic 
stiffness and eigenfrequency spectrum, that 
allows one to utilize such an approach in de-
sign practice.  
 
 
2. PROBLEM FORMULATION 
 
To evaluate an accuracy of different ap-
proaches to numerical modelling of light-
weight cast-in-place reinforced concrete bub-
bledeck floor slabs, a single floor cell of a re-
inforced concrete frame building has been 
considered (see Fig. 2).  
The chosen part of the floor slab has dimen-
sions of 5.6×5.6 meters and comprises 16 void 
former cells in each direction. The floor slab 
has the following values of its geometrical pa-
rameters: the floor slab thickness hd = 250mm; 
the void former height hu = 140mm; the con-
crete cover at the upper slab face cnom,o = 
20mm; the concrete cover at the lower slab 
face cnom,u = 20mm; the distance between bub-
bles centers e = 350mm; the void former di-
ameter d  = 315mm. A cross-section of the 
single void former cell is shown in Fig. 3. 
 

 
Figure 2. The drawing of a bubbledeck floor 

slab in the reinforced concrete frame building 
(a part of the slab chosen for a comparative 

analysis of various numerical modelling tech-
niques is outlined in red) 

 

Figure 3. The cross-section of a void former cell 
used in the considered bubbledeck floor slab 

Properties of the considered bubbledeck floor 
slab material are given in Table 1. 
 

Table 1. Bubbledeck floor slab material 
properties

Material Elastic 
Modulus  
E, GPa 

Poisson’s 
ratio  

Density 
, kg/m3 

Concrete B25 30 0.2 2500 
 
The following engineering approaches to nu-
merical modelling of such lightweight structural 
elements have been considered and compared 
with the reference and between each other: 1) 
the void former cell has been considered as a 
honeycomb structure with top and bottom cover 
plates which have been all discretized through 
shell finite elements with effective thickness, 

density and stiffness; 2) the void former cell has 
been considered as a homogeneous plate with 
effective properties, which has been discretized 
through shell finite elements. 
Problem spatial discretization through solid fi-
nite elements and the simulation results ob-
tained using such an approach have been taken 
as a reference. Since only elastic part of the 
problem has been considered, utilization of the 
numerical solution as a reference is appropriate, 
since high accuracy of finite element simula-
tions within the theory of elasticity has been 
verified multiple times (see, for instance, [1]). 
 
 
3. FINITE ELEMENT MODELS 
 
The verified ANSYS software [1] has been used 
for all simulations (a static loading analysis and 
a modal analysis). In the model assembled for 
the reference simulations, hexahedral eight node 
finite elements of the type SOLID185 have been 
used. In the models, which have been intended 
to evaluate two different engineering approach-
es to numerical modelling of bubbledeck floor 
slabs, quadrilateral four node finite elements of 
the type SHELL181, in which the Reissner-
Mindlin plate theory is implemented, have been 
utilized. 
The whole FE model utilized for the reference 
simulations and the mesh within the void former 
cell are illustrated in Fig. 4. The whole model 
comprises 1 039 247 nodes (three degrees of 
freedom (DOF) per each node) and 1 056 768 
finite elements. 
The FE model used to evaluate the first engi-
neering approach to numerical modelling of the 
bubbledeck floor slab consists of two horizontal 
layers of plane finite elements connected to-
gether through the honeycomb structure also 
meshed with plane finite elements. A compari-
son of the void former cell and its approxima-
tion through plane structural elements is given 
in Fig. 5. The whole model and the mesh within 
the void former cell are illustrated in Fig. 6. The 
FE model comprises 3 011 nodes (six DOF per 
each node) and 4 224 finite elements. 
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Properties of the considered bubbledeck floor 
slab material are given in Table 1. 
 

Table 1. Bubbledeck floor slab material 
properties
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Modulus  
E, GPa 
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ratio  

Density 
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The following engineering approaches to nu-
merical modelling of such lightweight structural 
elements have been considered and compared 
with the reference and between each other: 1) 
the void former cell has been considered as a 
honeycomb structure with top and bottom cover 
plates which have been all discretized through 
shell finite elements with effective thickness, 

density and stiffness; 2) the void former cell has 
been considered as a homogeneous plate with 
effective properties, which has been discretized 
through shell finite elements. 
Problem spatial discretization through solid fi-
nite elements and the simulation results ob-
tained using such an approach have been taken 
as a reference. Since only elastic part of the 
problem has been considered, utilization of the 
numerical solution as a reference is appropriate, 
since high accuracy of finite element simula-
tions within the theory of elasticity has been 
verified multiple times (see, for instance, [1]). 
 
 
3. FINITE ELEMENT MODELS 
 
The verified ANSYS software [1] has been used 
for all simulations (a static loading analysis and 
a modal analysis). In the model assembled for 
the reference simulations, hexahedral eight node 
finite elements of the type SOLID185 have been 
used. In the models, which have been intended 
to evaluate two different engineering approach-
es to numerical modelling of bubbledeck floor 
slabs, quadrilateral four node finite elements of 
the type SHELL181, in which the Reissner-
Mindlin plate theory is implemented, have been 
utilized. 
The whole FE model utilized for the reference 
simulations and the mesh within the void former 
cell are illustrated in Fig. 4. The whole model 
comprises 1 039 247 nodes (three degrees of 
freedom (DOF) per each node) and 1 056 768 
finite elements. 
The FE model used to evaluate the first engi-
neering approach to numerical modelling of the 
bubbledeck floor slab consists of two horizontal 
layers of plane finite elements connected to-
gether through the honeycomb structure also 
meshed with plane finite elements. A compari-
son of the void former cell and its approxima-
tion through plane structural elements is given 
in Fig. 5. The whole model and the mesh within 
the void former cell are illustrated in Fig. 6. The 
FE model comprises 3 011 nodes (six DOF per 
each node) and 4 224 finite elements. 
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The FE model used to evaluate the second engi-
neering approach to numerical modelling of the 
bubbledeck floor slab is shown in Fig. 7. The 
model comprises 289 nodes (six DOF per each 
node) and 256 finite elements. All DOFs (Ux, 
Uy, Uz, Rotx, Roty, Rotz) of the nodes located 
at the slab boundaries are restrained. The exist-
ence of voids in the floor slab have been simu-
lated through setting effective values of the ma-
terial density and elastic modulus. 
 

a)  

b)  
Figure 4. The model of the considered cast-in-

place reinforced concrete bubbledeck floor slab 
meshed with hexahedral finite elements: (a) top 
view with boundary conditions; (b) mesh within 

the void former cell 
 

a)  

b)  
Figure 5. Interrelation between the actual ge-
ometry of the bubbledeck floor slab (a) and its 
approximation through plane structural ele-

ments (b) (In the bottom figure different colours 
correspond to parts with different thicknesses) 

 

a)  

b)  
FE thickness  

is not displayed 
FE thickness  
is displayed 

  
Figure 6. The FE model used to evaluate the 

first engineering approach to numerical model-
ling of the bubbledeck floor slab: (a) top view 
with boundary conditions; (b) mesh within the 

void former cell 
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The FE model used to evaluate the second engi-
neering approach to numerical modelling of the 
bubbledeck floor slab is shown in Fig. 7. The 
model comprises 289 nodes (six DOF per each 
node) and 256 finite elements. All DOFs (Ux, 
Uy, Uz, Rotx, Roty, Rotz) of the nodes located 
at the slab boundaries are restrained. The exist-
ence of voids in the floor slab have been simu-
lated through setting effective values of the ma-
terial density and elastic modulus. 
 

a)  

b)  
Figure 4. The model of the considered cast-in-

place reinforced concrete bubbledeck floor slab 
meshed with hexahedral finite elements: (a) top 
view with boundary conditions; (b) mesh within 

the void former cell 
 

a)  

b)  
Figure 5. Interrelation between the actual ge-
ometry of the bubbledeck floor slab (a) and its 
approximation through plane structural ele-

ments (b) (In the bottom figure different colours 
correspond to parts with different thicknesses) 

 

a)  

b)  
FE thickness  

is not displayed 
FE thickness  
is displayed 

  
Figure 6. The FE model used to evaluate the 

first engineering approach to numerical model-
ling of the bubbledeck floor slab: (a) top view 
with boundary conditions; (b) mesh within the 

void former cell 

 
Figure 7. The FE model used to evaluate the 
second engineering approach to numerical 

modelling of the bubbledeck floor slab with fi-
nite element thickness and boundary conditions 

displayed 
 
 
4. MESH SENSITIVITY ANALYSIS 
 
Before conducting simulations with shell finite 
elements, a mesh sensitivity analysis for the 
model discretized with solid finite elements had 
been performed. Three different element sizes 
had been used to calculate eigenfrequencies and 
eigenmodes of the considered slab (see Fig. 8). 
Results of the conducted modal analysis are 
given in Table 2. As it is seen from Table 2, 
there is negligible difference between the results 
obtained using different mesh sizes. 
 

a)  

b)  

c)  
Figure 8. Meshes considered during the mesh 
sensitivity analysis: (a) reference mesh; (b) 

coarse mesh (twice as large); (c) fine mesh (1.5 
times smaller) 

 
Table 2. Eigenfrequencies and eigenmodes 

calculated using the reference FE model with 
different mesh sizes 

# Eigenmode 
Reference 

mesh 
Coarse 
mesh 

Fine 
mesh % 

Eigenfrequency, Hz 

1 

 

50.04 50.05 50.03 0.0 

2 

 

98.25 98.42 98.2 0.2 

3 

 

98.25 98.42 98.2 0.2 
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4 

 

140.22 140.61 140.05 0.3 

5 

 

167.67 168.25 167.53 0.3 

6 

 

169.03 169.60 168.89 0.3 

7 

 

204.93 205.80 204.61 0.4 

8 

 

204.93 205.80 204.61 0.4 

9 

 

254.44 255.78 254.08 0.5 

10 

 

254.44 255.78 254.09 0.5 

 
 
5. PARAMETRIC ANALYSIS OF THE 
ENGINEERING APPROACHES 
 
A parametric analysis of the FE models used to 
evaluate two engineering approaches to numeri-
cal modelling of bubbledeck floor slabs has 
been performed to determine, which parameters 
of the problem have a significant influence onto 
the static and dynamic response of the consid-
ered slab and what effective values they should 
be set to have the static and dynamic response 
equivalent to that of the reference FE model 
discretized through solid finite elements. 
Three different sets of parameters to variate 
(denoted as 1A, 1B, and 1C, respectively) have 
been considered for the first engineering FE 
model, and one set of parameters to variate (de-
noted as 2A) has been considered for the second 
engineering FE model. 

The parameters set 1A (see Table 3). The refer-
ence density value (see Table 1) of both the hori-
zontal plates and vertical ribs of the first engineer-
ing FE model has been increased by a factor of k  
= 1.1484 (up to 2871.1 kg/m3) to equalize the 
mass of the whole model to that of the reference 
FE model (which equals 13 634 kg). Then, the 
elastic modulus of plane vertical elements, which 
model vertical ribs of the bubbledeck floor slab, 
have been iteratively changed to the final value of 
87 GPa to match the results of the modal analysis 
obtained with the reference FE model. 
 

Table 3. The parameters set 1A 
# Element E, GPa  , kg/m3 t, mm 

1 Horizontal 
plate of the 
floor slab 

30 0.2 2871.1 55 

2 Vertical rib of 
the floor slab 87 0.2 2871.1 35 

Note: parameters different from the reference 
ones are colored in blue 
 
The parameters set 1B (see Table 4). To equalize 
the mass of the whole engineering model to that of 
the reference one, the thickness t of the vertical 
ribs has been increased by a factor of kt = 1.5421 
(up to 54 mm) with the values of all other parame-
ters being kept equal to the reference ones. 
 

Table 4. The parameters set 1B 
# Element E, GPa  , kg/m3 t, mm 

1 Horizontal 
plate of the 
floor slab 

30 0.2 2500 55 

2 Vertical rib of 
the floor slab 30 0.2 2500 54 

Note: parameters different from the reference 
ones are colored in blue 
 
The parameters set 1C (see Table 5). To equal-
ize the mass of the whole engineering model to 
that of the reference one, the thickness t of both 
the horizontal plates and vertical ribs has been 
increased by a factor of kt = 1.1483 (up to 63.2 
and 40.2 mm, respectively) with the values of 
all other parameters being kept equal to the ref-
erence ones. 

Table 5. The parameters set 1C 
# Element E, GPa  , kg/m3 t, mm 

1 Horizontal 
plate of the 
floor slab 

30 0.2 2500 63.2 

2 Vertical rib of 
the floor slab 30 0.2 2500 40.2 

Note: parameters different from the reference 
ones are colored in blue 
 
The parameters set 2A (see Table 6). The refer-
ence density value (see Table 1) of the second 
engineering FE model has been decreased by a 
factor of k = 1.4376 (down to 1739.1 kg/m3) to 
equalize the mass of the whole model to that of 
the reference FE model (which equals 13 634 
kg). Then, the elastic modulus of the slab has 
been iteratively changed to the final value of 24 
GPa to match the results of the modal analysis 
obtained with the reference FE model. 
 

Table 6. The parameters set 2A 
# Element E, GPa  , kg/m3 t, mm 

1 Floor slab 24 0.2 1739.1 250 

Note: parameters different from the reference 
ones are colored in blue 
 

6. SIMULATION RESULTS AND THEIR 
COMPARISON 
 
Below in Tables 7-9 and Fig. 9, the simulations 
results obtained using different FE models are 
presented and compared with each other. 
The results of the modal analysis presented in 
Table 7 reveal that the best agreement with the 
reference FE model, in which the spatial dis-
cretization of the voided floor slab has been car-
ried out through solid finite elements, has been 
obtained for the model created within the (first) 
engineering approach, in which the void former 
cell has been considered as a honeycomb struc-
ture with top and bottom cover plates which 
have been all discretized through shell finite el-
ements with the values of their parameters given 
in Table 3. 
The results of the static loading of the slab by its 
dead weight given in Tables 8, 9 and Fig. 9 also 
show that the FE model created within the first 
engineering approach with the values of the pa-
rameters given in Table 3 yields the closest 
agreement (both for normal stress and dis-
placements) with the results obtained for the 
reference FE model constructed using solid fi-
nite elements. 
 

 
Table 7. Results of the modal analysis (In brackets given are the discrepancy, in percent, from the 

results obtained with the reference finite element model) 

# 
 

Reference finite 
element model 

 
Finite element model for the 1st engineering approach 

Finite element 
model for the 2nd 
engineering ap-

proach Parameters set 1A Parameters set 1B Parameters set 1C 

1 

 
50.0 Hz 

 
50.2 Hz (+0.4 %) 

 
47.9 Hz (-4.4 %) 

 
49.2 Hz (-1.8 %) 49.4 Hz (-1.3 %) 

2 

 
98.3 Hz 

 
98.3 Hz (+0.1 %) 

 
92.0 Hz (-6.3 %) 

 
92.9 Hz (-5.5 %) 100.7 Hz (+2.5 %) 
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4 

 

140.22 140.61 140.05 0.3 

5 

 

167.67 168.25 167.53 0.3 

6 

 

169.03 169.60 168.89 0.3 

7 

 

204.93 205.80 204.61 0.4 

8 

 

204.93 205.80 204.61 0.4 

9 

 

254.44 255.78 254.08 0.5 

10 

 

254.44 255.78 254.09 0.5 

 
 
5. PARAMETRIC ANALYSIS OF THE 
ENGINEERING APPROACHES 
 
A parametric analysis of the FE models used to 
evaluate two engineering approaches to numeri-
cal modelling of bubbledeck floor slabs has 
been performed to determine, which parameters 
of the problem have a significant influence onto 
the static and dynamic response of the consid-
ered slab and what effective values they should 
be set to have the static and dynamic response 
equivalent to that of the reference FE model 
discretized through solid finite elements. 
Three different sets of parameters to variate 
(denoted as 1A, 1B, and 1C, respectively) have 
been considered for the first engineering FE 
model, and one set of parameters to variate (de-
noted as 2A) has been considered for the second 
engineering FE model. 

The parameters set 1A (see Table 3). The refer-
ence density value (see Table 1) of both the hori-
zontal plates and vertical ribs of the first engineer-
ing FE model has been increased by a factor of k  
= 1.1484 (up to 2871.1 kg/m3) to equalize the 
mass of the whole model to that of the reference 
FE model (which equals 13 634 kg). Then, the 
elastic modulus of plane vertical elements, which 
model vertical ribs of the bubbledeck floor slab, 
have been iteratively changed to the final value of 
87 GPa to match the results of the modal analysis 
obtained with the reference FE model. 
 

Table 3. The parameters set 1A 
# Element E, GPa  , kg/m3 t, mm 

1 Horizontal 
plate of the 
floor slab 

30 0.2 2871.1 55 

2 Vertical rib of 
the floor slab 87 0.2 2871.1 35 

Note: parameters different from the reference 
ones are colored in blue 
 
The parameters set 1B (see Table 4). To equalize 
the mass of the whole engineering model to that of 
the reference one, the thickness t of the vertical 
ribs has been increased by a factor of kt = 1.5421 
(up to 54 mm) with the values of all other parame-
ters being kept equal to the reference ones. 
 

Table 4. The parameters set 1B 
# Element E, GPa  , kg/m3 t, mm 

1 Horizontal 
plate of the 
floor slab 

30 0.2 2500 55 

2 Vertical rib of 
the floor slab 30 0.2 2500 54 

Note: parameters different from the reference 
ones are colored in blue 
 
The parameters set 1C (see Table 5). To equal-
ize the mass of the whole engineering model to 
that of the reference one, the thickness t of both 
the horizontal plates and vertical ribs has been 
increased by a factor of kt = 1.1483 (up to 63.2 
and 40.2 mm, respectively) with the values of 
all other parameters being kept equal to the ref-
erence ones. 

Table 5. The parameters set 1C 
# Element E, GPa  , kg/m3 t, mm 

1 Horizontal 
plate of the 
floor slab 

30 0.2 2500 63.2 

2 Vertical rib of 
the floor slab 30 0.2 2500 40.2 

Note: parameters different from the reference 
ones are colored in blue 
 
The parameters set 2A (see Table 6). The refer-
ence density value (see Table 1) of the second 
engineering FE model has been decreased by a 
factor of k = 1.4376 (down to 1739.1 kg/m3) to 
equalize the mass of the whole model to that of 
the reference FE model (which equals 13 634 
kg). Then, the elastic modulus of the slab has 
been iteratively changed to the final value of 24 
GPa to match the results of the modal analysis 
obtained with the reference FE model. 
 

Table 6. The parameters set 2A 
# Element E, GPa  , kg/m3 t, mm 

1 Floor slab 24 0.2 1739.1 250 

Note: parameters different from the reference 
ones are colored in blue 
 

6. SIMULATION RESULTS AND THEIR 
COMPARISON 
 
Below in Tables 7-9 and Fig. 9, the simulations 
results obtained using different FE models are 
presented and compared with each other. 
The results of the modal analysis presented in 
Table 7 reveal that the best agreement with the 
reference FE model, in which the spatial dis-
cretization of the voided floor slab has been car-
ried out through solid finite elements, has been 
obtained for the model created within the (first) 
engineering approach, in which the void former 
cell has been considered as a honeycomb struc-
ture with top and bottom cover plates which 
have been all discretized through shell finite el-
ements with the values of their parameters given 
in Table 3. 
The results of the static loading of the slab by its 
dead weight given in Tables 8, 9 and Fig. 9 also 
show that the FE model created within the first 
engineering approach with the values of the pa-
rameters given in Table 3 yields the closest 
agreement (both for normal stress and dis-
placements) with the results obtained for the 
reference FE model constructed using solid fi-
nite elements. 
 

 
Table 7. Results of the modal analysis (In brackets given are the discrepancy, in percent, from the 

results obtained with the reference finite element model) 

# 
 

Reference finite 
element model 

 
Finite element model for the 1st engineering approach 

Finite element 
model for the 2nd 
engineering ap-

proach Parameters set 1A Parameters set 1B Parameters set 1C 

1 

 
50.0 Hz 

 
50.2 Hz (+0.4 %) 

 
47.9 Hz (-4.4 %) 

 
49.2 Hz (-1.8 %) 49.4 Hz (-1.3 %) 

2 

 
98.3 Hz 

 
98.3 Hz (+0.1 %) 

 
92.0 Hz (-6.3 %) 

 
92.9 Hz (-5.5 %) 100.7 Hz (+2.5 %) 
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# 
 

Reference finite 
element model 

 
Finite element model for the 1st engineering approach 

Finite element 
model for the 2nd 
engineering ap-

proach Parameters set 1A Parameters set 1B Parameters set 1C 

3 

 
98.3 Hz 

 
98.3 Hz (+0.1 %) 

 
92.0 Hz (-6.3 %) 

 
92.9 Hz (-5.5 %) 

 
100.7 Hz (+2.5 %) 

4 

 
140.2 Hz 

 
139.0 Hz (-0.9 %) 

 
129.2 Hz (-7.9 %) 

 
129.2 Hz (-7.8 %) 

 
146.3 Hz (+4.3 %) 

5 

 
167.7 Hz 

 
167.8 Hz (+0.0 %) 

 
153.7 Hz (-8.3 %) 

 
152.5 Hz (-9.1 %) 

 
181.7 Hz (+8.4 %) 

6 

 
169.0 Hz 

 
169.0 Hz (0.0 %) 

 
155.0 Hz (-8.3 %) 

 
153.8 Hz (-9.0 %) 

 
182.8 Hz (+8.1 %) 

7 

 
204.9 Hz 

 
202.7 Hz (-1.1 %) 

 
185.6 Hz (-9.4 %) 

 
183.4 Hz (-10.5 %) 

 
222.6 Hz (+8.6 %) 

8 

 
204.9 Hz 

 
202.7 Hz (-1.1 %) 

 
185.6 Hz (-9.4 %) 

 
183.4 Hz (-10.5 %) 

 
222.6 Hz (+8.6 %) 

9 

 
254.4 Hz 

 
254.4 Hz (0.0 %) 

 
228.9 Hz (-10.1 %) 

 
223.8 Hz (-12.0 %) 

 
292.0 Hz (+14.8 %) 

10 

 
254.4 Hz 

 
254.4 Hz (0.0 %) 

 
228.9 Hz (-10.1 %) 

 
223.8 Hz (-12.0 %) 

 
293.7 Hz (+15.4 %) 
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# 
 

Reference finite 
element model 

 
Finite element model for the 1st engineering approach 

Finite element 
model for the 2nd 
engineering ap-

proach Parameters set 1A Parameters set 1B Parameters set 1C 

3 

 
98.3 Hz 

 
98.3 Hz (+0.1 %) 

 
92.0 Hz (-6.3 %) 

 
92.9 Hz (-5.5 %) 

 
100.7 Hz (+2.5 %) 

4 

 
140.2 Hz 

 
139.0 Hz (-0.9 %) 

 
129.2 Hz (-7.9 %) 

 
129.2 Hz (-7.8 %) 

 
146.3 Hz (+4.3 %) 

5 

 
167.7 Hz 

 
167.8 Hz (+0.0 %) 

 
153.7 Hz (-8.3 %) 

 
152.5 Hz (-9.1 %) 

 
181.7 Hz (+8.4 %) 

6 

 
169.0 Hz 

 
169.0 Hz (0.0 %) 

 
155.0 Hz (-8.3 %) 

 
153.8 Hz (-9.0 %) 

 
182.8 Hz (+8.1 %) 

7 

 
204.9 Hz 

 
202.7 Hz (-1.1 %) 

 
185.6 Hz (-9.4 %) 

 
183.4 Hz (-10.5 %) 

 
222.6 Hz (+8.6 %) 

8 

 
204.9 Hz 

 
202.7 Hz (-1.1 %) 

 
185.6 Hz (-9.4 %) 

 
183.4 Hz (-10.5 %) 

 
222.6 Hz (+8.6 %) 

9 

 
254.4 Hz 

 
254.4 Hz (0.0 %) 

 
228.9 Hz (-10.1 %) 

 
223.8 Hz (-12.0 %) 

 
292.0 Hz (+14.8 %) 

10 

 
254.4 Hz 

 
254.4 Hz (0.0 %) 

 
228.9 Hz (-10.1 %) 

 
223.8 Hz (-12.0 %) 

 
293.7 Hz (+15.4 %) 

Table 8. Comparison of the vertical 
displacements due to the slab dead weight 

Reference 
finite ele-

ment model 

 

Uzmax = 
 -0.164 

mm 

Finite ele-
ment model 
for the 1st 

engineering 
approach 

(parameters 
set 1A) 

 

Uzmax =  
-0.163 

mm 
(-0.6%) 

Finite ele-
ment model 
for the 2nd 

engineering 
approach 

 

Uzmax =  
-0.172 

mm 
(+4.9%) 

 
Table 9. Comparison of the normal stress along 

X-axis at the top face of the slab in the central 
cross-section due to the slab dead weight 

FE  
model 

Min x, Pa , % Max x, Pa , % 

Reference 
finite ele-

ment model 
-325163 - 904902.1 - 

Finite ele-
ment model 
for the 1st 

engineering 
approach 

(parameters 
set 1A) 

-306776 -5.7 702694.7 -22.3 

Finite ele-
ment model 
for the 2nd 

engineering 
approach 

-275379 -15.3 509014.4 -43.7 

 

 
Figure 9. Normal stress along X-axis at the top 
face of the slab in the central cross-section due 

to the slab dead weight 
 

 
CONCLUSION 
 
The following conclusions can be made based 
on the analysis results and their comparison: 
1. As expected, mesh sensitivity of the results 

obtained for the model meshed with solid fi-
nite elements is negligible within the prob-
lems of the theory of elasticity, in particular 
for the modal analysis. 

2. The engineering approach to numerical mod-
elling of reinforced concrete bubbledeck 
floor slabs, within which the void former cell 
of the slab is modelled as a honeycomb struc-
ture with top and bottom cover plates, which 
are all discretized through shell finite ele-
ments with effective density (which has been 
increased by a factor of 1.1484 relative to the 
reference one) and stiffness (which has been 
increased by a factor of 2.9 relative to the 
reference one for the vertical ribs of the slab), 
has revealed the best agreement with the re-
sults obtained for the slab model meshed 
with solid finite elements, both for the modal 
analysis and the static loading analysis. For 
the first 10 eigenmodes the largest difference 
in eigenfrequency has been obtained to be 
1.1%. The difference in static deflection due 
to the slab dead weight has been obtained to 
be 0.6%. The difference in normal stresses at 
the top face of the slab in the central cross-
section has been obtained to be less than 
23%.  
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3. The engineering approach to numerical mod-
elling of reinforced concrete bubbledeck 
floor slabs, within which the void former cell 
of the slab is modelled as a homogeneous 
plate with effective properties, has yielded 
larger discrepancy with the reference results. 
For the first 10 eigenmodes the largest differ-
ence in eigenfrequency has been obtained to 
be 15.4%. The difference in static deflection 
due to the slab dead weight has been ob-
tained to be 4.9%. The difference in normal 
stresses at the top face of the slab in the cen-
tral cross-section has been obtained to be less 
than 44%. 

Further research on the subject should be devot-
ed to numerical modelling of bubbledeck floor 
slabs together with vertical load-bearing struc-
tural elements. 
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Abstract: The article presents the results of an experimental study of the influence of technological param-
eters of construction 3D concrete printing (3DCP) on the durability of printed elements of building struc-
tures during accelerated model aging in a climatic chamber. The aim of the work was to study the patterns 
of degradation of multilayer concrete samples printed on a construction 3D printer in various ways (with 
and without layer bonding, as well as with cold joint modeling) under cyclic climatic influences. For the 
experiments, an industrially produced composition of the material for additive construction production 
3D4Art was used, applied by a workshop construction 3D printer of a portal design. The control group con-
sisted of monolithic samples of similar geometry. The study included a comparative analysis of the degra-
dation kinetics and mechanisms of destruction of samples during 100 cycles of combined exposure to freez-
ing thawing with humidification. The results demonstrate that while maintaining the overall structural in-
tegrity of all samples, 3D printed elements exhibit an increased tendency to crack formation in the areas of 
interlayer contacts, which is especially pronounced in the case of technological defects (cold seam). The 
obtained data emphasizes the need for further research into the influence of technologically conditioned de-
fects on changes in the mechanical properties of structural elements during aging. The results of the work 
are of practical importance for optimizing the technological modes of construction 3D printing to increase 
the durability of erected structures. 
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INTRODUCTION 
 
Recently, more and more attention has been paid 
to issues of additive construction production, both 
in Russia and abroad. Thus, for the keyword com-
bination 3D concrete printing in the international 
Scopus database, 3482 results are available for all 
time as of June 2025 (sample 1), for the phrase 
concrete printing - 3916 publications (sample 2). 
At the same time, not many publications are de-
voted to durability issues (the complex of words 
3D concrete printing + durability was selected to 
assess the state) (sample 3) - Figure 1. 
 

 
Figure 1. Dynamics of distribution of publica-

tions by keywords 
 
The analysis of sample 3 allowed us to conclude 
that additive construction production or 3D con-
crete printing is actively developing, but re-
quires solving the problems of interlayer adhe-
sion, anisotropy of mechanical properties and 
durability. At the same time, considerable atten-
tion is paid to sustainable development using 3D 
concrete printing [1-15], problems of interlayer 
adhesion [16-25], and issues of anisotropy [26-
29]. There are separate publications that pay at-
tention to the durability of printing using geo-
polymer composites [30-32], but there are no 
issues of studying durability depending on the 
printing method yet. 
The relevance of studying the durability of 3D 
concrete printing structures is due to the rapid de-
velopment of this area in the modern construction 
industry and the need for scientific justification of 

their operational reliability. In recent years, 3D 
concrete printing (3DCP) technology has demon-
strated significant potential for transforming tradi-
tional approaches to the construction of buildings 
and structures, offering such advantages as re-
duced construction times, reduced waste, and de-
sign flexibility, which makes it possible to create 
complex architectural and space-planning forms. 
However, the widespread adoption of this tech-
nology is hampered by insufficient study of the 
long-term behavior of printed structures in real 
operating conditions, especially when exposed to 
aggressive environmental factors. Of particular 
importance is the study of interlayer adhesion as a 
critical factor determining the mechanical charac-
teristics and durability of structures. The durability 
of structures made of fine-grained concrete, which 
includes materials for 3DCP, is generally beyond 
doubt, but it is in the contact zones between suc-
cessively applied layers that stresses can concen-
trate and potential destruction sites can form. The 
existing shortage of experimental data on the be-
havior of 3DCP structures under cyclic tempera-
ture and humidity exposure, typical for cold cli-
mate zones, requires comprehensive studies aimed 
at establishing a correlation between the techno-
logical parameters of printing, the structural fea-
tures of the material and its resistance to external 
influences during operation. Obtaining such data 
is important both for improving the additive con-
struction technology itself and for developing a 
regulatory framework governing the operation of 
structures manufactured using this technology. In 
this regard, the purpose of this study is to investi-
gate the effect of the printing method of multilayer 
products and structures on the nature of degrada-
tion under conditions of accelerated model aging. 
 
 
MATERIALS AND METHODS 
 
The experimental part of the study was carried out 
using the material for additive construction pro-
duction 3D4Art. The main physical and mechani-
cal characteristics of the material used were de-
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termined based on the Research Institute of Con-
struction Materials and Technologies of the Na-
tional Research University Moscow State Univer-

sity of Civil Engineering, considering the re-
quirements of GOST R 59096-2020. The results 
of standard material tests are presented in Table 1. 

 
Table 1. Results of testing a batch of material used for additive construction production 

 Name of the indicator Unit of 
measurement Test method Test result 

1 Humidity  % GOST 8735-88 p. 10 0,29 

2 Grain size (largest size of filler 
grains)  GOST 8735-88 p. 3 5 

3 Grain size (content of grains of 
the largest size) % GOST 8735-88 p. 3 0,03 

4 Bulk density 3 GOST 8735-88 p. 9.3 1382,23 

5 Mobility by cone flow  GOST R 58277-2018 
p. 5 135 

6 Water holding capacity % GOST R 58277-2018 
p. 6 98 

7 Start of setting min GOST 30744-2001, p. 
6 100 

8 End of setting min GOST 30744-2001, p. 
6 110 

9 Bending strength Pa GOST 310.4-81 p. 2.2 4,1 

10 Compressive strength (GOST 
310.4) P  GOST 310.4-81 p. 2.2 34,6 

11 
Effective thermal conductivity 
(thermal conductivity coeffi-
cient) 

 
GOST 7076-99 
GOST 12730.2-2020 
p. 6.1 

0,442 

12 Water resistance grade by the 
"wet spot" method  GOST 12730.5-2018 

p. 4 W20 
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To implement the study, control programs were 
prepared for three types of parallelepiped-
shaped products: 
1. The first version of the product for printing 
layers oriented in one direction along one axis. 

The height of the finished product was 400 mm, 
which corresponds to 20 layers with the format 
of each layer being 50 mm in width and 20 mm 
in height. The length of each layer reached 450 
mm, considering the rotary part (Figure 2). g

 
 

Figure 2. Visualization of the first version of the product. A – 3D model. B – visualization of the 
control program 

 
 
2. The second version of the product was 
also a parallelepiped with the following parame-
ters: height 400 mm, width and length 450 mm. 
However, in this case, the sequence and direc-

tion of printing layers alternated. Thus, one lay-
er was printed along the X axis, and the next 
one along the Y axis (Figure 3). 

 

 

 
 

 

Figure 3. Visualization of the second version of the product. A – 3D model. B – visualization of the 
control program 

 B 

 B 
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Figure 4. Visualization of the third version of the product. A – 3D model. B – visualization of the 

control program 
 
The third version of the product is characterized 
by a variable height of layer printing. Thus, 
when printing layers in contact with the base of 
the print field (floor), the layer height alternated 
sequentially: 3 cm and 2 cm. Subsequent layers 
were printed with a height difference between 
adjacent layers (1 cm) formed in this way, but 
with the same height of each layer (2 cm). This 
approach ensured a tight fit of adjacent layers to 
each other in the contact zone (Figure 4). 
As a result, three different strategies for forming 
the geometry of solid products using 3DCP 
were tested. The first option involved printing 
layers in one direction, the second - alternating 
directions, and the third - a variable height of 
layers to improve adhesion between them. 
Despite the fact that in real practice, the technolo-
gy of 3DCP is mainly used for the construction of 
permanent formwork for enclosing or (less often) 
supporting structures with a thickness of, as a rule, 
one or two layers - studying the durability of such 
structures requires a special approach that takes 
into account the specifics of layer-by-layer for-
mation of the material. Since 3DCP involves se-
quential application of layers, interlayer bounda-
ries become potentially vulnerable zones where 
stresses can concentrate, microcracks can form, 
and delamination can occur under the influence of 
external factors. In this regard, the use of multi-
layer samples for studying aging processes seems 

methodologically justified, since it allows artifi-
cially increasing the number of interlayer contacts 
and thereby accelerating the manifestation of deg-
radation processes under cyclic climatic influ-
ences, such as freezing and thawing in combina-
tion with sprinkling. Despite the apparent discrep-
ancy between the multilayer structure of the stud-
ied samples and the single-layer configuration of 
most real building elements, the proposed meth-
odology provides a reliable basis for predicting 
the durability of 3DCP structures, since it allows 
for a targeted study of the weakest zones of the 
material and modeling its degradation processes in 
an accelerated mode. 
The 3DCP products were manufactured using a 
portal-type construction 3D printer. The X axis is 
the axis along which the nozzle of the construction 
3D printer's print head moves during layer-by-
layer extrusion of the material. During the optimi-
zation of the model for printing multilayer prod-
ucts, the parameters were adjusted so that when 
laying adjacent layers, their maximum adhesion 
was achieved without the occurrence of sagging. 
This considers the selected width of the printed 
layer and the extrusion speed. 
All products were manufactured under identical 
temperature and humidity conditions corre-
sponding to room temperature and humidity, in 
the same laboratory room. 

 
B 
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B The photographs below demonstrate the process 

of printing a multilayer product in the form of a 
parallelepiped with layer-by-layer laying of the 

mixture in one direction and the appearance of 
the finished product (Figure 5). 

 

 
Figure 5. Printing of a parallelepiped-shaped product with layer-by-layer laying of the mixture in 

one direction and the appearance of the finished product 
 
Similarly, the process of printing a parallele-
piped-shaped product with layer-by-layer lay-
ing of the mixture in perpendicular directions 

is demonstrated below (Figure 6), as well as 
with different printing heights of the layers 
(Figure 7). 

 

 
Figure 1. Printing of a parallelepiped-shaped product with layer-by-layer laying of the mixture in 

perpendicular directions and the appearance of finished products 
 

 
Figure 7. Printing of a parallelepiped-shaped product with layer-by-layer laying of the mixture and 

different printing heights of the layers 
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In addition to the products printed in one run, an  
additional series of three products with layer 
bonding was printed, on which a cold joint was 
simulated. For this, the product was printed to 
the middle of the height, after which a pause of 
at least 6 hours was made, and after this pause 
the remaining part of the product was printed. 
This approach is designed to simulate long 
pauses in the operation of a construction 3D 
printer that may occur at a construction site. 
One product with a cold joint serve as a control, 

while the other two were coated with a primer 
based on styrene-acrylic polymer dispersion 
(Figure 8a) and concrete contact (Figure 8b) us-
ing a paint brush to assess the effectiveness of 
the influence of various methods of cold joint 
treatment on ensuring interlayer adhesion (Fig-
ure 9). In this case, the compositions were ap-
plied to one product immediately after printing 
the first half, and to the others - before printing 
the second part. 

 

 
applying primer 

 

 
b) concrete contact application process 

Figure 2. Cold seam processing 
 

 
Figure 9.  Printing process over a processed cold seam 
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Figure 9.  Printing process over a processed cold seam 

In addition, monolithic samples of the same di-
mensions are manufactured. After reaching the 
age of 28 days, the products are placed in a 
large climatic chamber for temperature and hu-
midity loading (Figure 10). Every 10 block cy-
cles of temperature and humidity loading are 
recorded and the defects that have arisen in the 
products are described. The tests involve the 

application of cyclic climatic effects to the 
product under test in accordance with the re-
quirements of GOST R 55943-2018. One block 
cycle (24 hours) consists of two climatic cycles 
(cycle A and cycle B) each lasting 12 hours 
(720 minutes) (Figure 11 - Figure 12), following 
each other. 

 

  
Figure 3.  Placing products in a large climate chamber 

 

 
Figure 4. Climate  
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Figure 5.  Climate cycle B 

 
RESULTS OF THE STUDY OF THE 
INFLUENCE OF THE PRINTING 
METHOD OF MULTILAYER PRODUCTS 
AND STRUCTURES ON THE NATURE OF 
DEGRADATION UNDER CONDITIONS 
OF ACCELERATED MODEL AGING 
 
In the part of the experimental study described 
in this article, the effect of the printing method 
for multilayer products and structures on the 
nature of degradation under accelerated model 
aging conditions was assessed visually by the 

nature of crack development and the width of 
their opening. The results of the visual assess-
ment of the samples after climatic influences are 
presented in the form of photographs. 
Before conducting climatic tests according to 
GOST R 55943-2018, each of the seven test 
samples was visually inspected for defects. Vis-
ual inspection was carried out on 5 faces with 
codes A - D (A - front face; B - left side face; B 
- back face; G - right side face; D - horizontal 
face above). Each sample was assigned a unique 
code (Table 2). 

 
Table 2. Codes assigned to samples 

Sample name Sample code 

Control sample of 3D printing with a cold seam  1 

Monolithic sample 2 
Sample of 3D printing with a cold seam with primer applied be-
fore printing the second part 3 

Sample of 3D printing with a cold seam with primer applied im- 4 
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Table 2. Codes assigned to samples 

Sample name Sample code 

Control sample of 3D printing with a cold seam  1 

Monolithic sample 2 
Sample of 3D printing with a cold seam with primer applied be-
fore printing the second part 3 

Sample of 3D printing with a cold seam with primer applied im- 4 

mediately after finishing printing the first part 

Sample of 3D printing with different layer heights 5 

Sample of 3D printing with cross layers 6 

Sample of 3D printing with cross layers 7 
 
Based on the results of the inspection prior to 
the climatic tests, it was established that:  

 the 3D printing sample with a cold seam with 
code 1 has one horizontal crack in the layer in 
the center of face A with pigmentation (Figure 
13); isolated vertical cracks on faces B and C; 
there are no defects on faces G and D;  

 the monolithic sample with code 2 has: a ver-
tical crack 12.5 cm long, a horizontal hairline 
(less than 0.1 mm) crack 4 cm long in the center 
of the face, a diagonal hairline crack 7 cm long 
and a horizontal interlayer hairline crack 5 cm 
long on face A; face B was not inspected due to 
lack of access; a vertical hairline crack 12 cm 
long in the center of face C; there are no defects 
on faces G and D;  

 the 3D printing sample with a cold seam with 
primer applied before printing the second part 
with code 3 has multiple vertical cracks in the 
layers along the edges of faces A, B and G (Fig-
ure 14); there are no defects on faces B and D;  

 the 3D printing sample with a cold seam with 
primer applied immediately after finishing print-
ing the first part with code 4 has single vertical 
cracks in the layers along the edges of faces A, 
B and G; there are no defects on faces B and D;  

 the 3D printing sample with different layer 
heights with code 5 has multiple vertical cracks 
in the layers of the edges of faces A, B and G; 
single vertical cracks in the layers along the 
edges of face B; there are no defects on face D;  

 the cross-layer 3D print sample with code 6 
has: multiple vertical cracks in the layers of fac-
es A, B, C and G (Figure 15); there are no de-
fects on face D;  

 the parallel-layer 3D print sample with code 7 
has multiple vertical cracks in the layers of the 
edges of faces A, B and G; single vertical cracks 
in the layers along the edges of face B; there are 
no defects on face D. 

 

   
Figure 13. Horizontal crack 

with pigmentation 
Figure 14. Vertical 

cracks along the ribs Figure 15. Vertical cracks 
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After the inspection, the climatic effects were 
activated. The first intermediate inspection was 
carried out after one block cycle of climatic ef-
fects. Then the inspection and photo recording 
of the samples was carried out every 5 block 
cycles, until the result of 100 block cycles was 
achieved. According to the results of the inspec-

tion after the first block cycle, it was found that 
the samples with markings 1, 3 and 4 in the wet 
state are covered with numerous hair cracks 
forming a "spider web", which is not observed 
in the dry state, no other defects were found. 
After 5 block cycles, the "spider web" was 
found on all samples (Figure 16 - Figure 17). 

 

  
Figure 16. Multiple hairline cracks “spider 

web” on sample with code 5 
Figure 17. Multiple hairline cracks “spider 

web” on sample with code 2 
  

In addition to hairline cracks after 1 block cycle, 
a vertical crack was found in the middle of face 
G on sample code 3, with its transition to face D 
(Figure 18).  

As a result of the tests, samples were photo-
graphed every 5 cycles. Below is a general as-
sessment of the development of defects in sam-
ples with different codes. 
 

 

 
Figure 18. Vertical crack along faces G and D 
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Figure 18. Vertical crack along faces G and D 

Sample 
code Evaluation of defect development Conclusion based on the results of 

100 cycles of model aging 
1 In the period from 1 to 100 block cycles of 

climatic impacts: after the 5th block cycle, 
the appearance of a crack with an opening of 
more than 0.1 mm is observed, passing along 
the middle of the faces G and D; after 15 
block cycles, yellow-red efflorescence was 
noticed on all faces of the sample; from the 
15th to the 100th block cycle, the appearance 
of new visible damage was not observed, but 
more significant efflorescence was noticed 
with a change in the color of the sample and 
a greater opening of the crack along the faces 
G and D to a thickness of more than 0.1 mm 

The sample has: one horizontal lay-
er crack in the center of face A with 
white and reddish efflorescence 
along the edge and multiple hairline 
cracks; single vertical layer cracks 
and multiple hairline cracks along 
faces B, C and G; one crack in the 
middle of face D with white efflo-
rescence along the edge; yellowish-
reddish efflorescence and signifi-
cant color change 

2 In the period from 1 to 100 block cycles of 
climatic influences: after the 5th block cycle, 
the appearance of a "web" of hairline cracks 
is observed; after 10 block cycles, yellow-red 
efflorescence was observed on all edges of 
the sample; from the 10th to the 100th block 
cycle, the appearance of new visible damage 
was not observed, but more significant efflo-
rescence was observed with a change in the 
color of the sample 

The  sample has a vertical crack 
12.5 cm long, a horizontal hairline 
crack (less than 0.1 mm) 4 cm long 
in the center of the face, a diagonal 
hairline crack 7 cm long and a hori-
zontal interlayer hairline crack 5 cm 
long on face A; face B was not in-
spected due to lack of access; a ver-
tical hairline crack 12 cm long in 
the center of face C; there are no 
defects on faces G and D; yellow-
ish-red formations and significant 
color change 

3 In  the period from the 1st to the 100th block 
cycle of climatic impacts: after the 40th block 
cycle, yellow-red efflorescence was observed 
on all faces of the sample; after the 65th 
block cycle, a crack was found in the lower 
part of face A, which is a continuation of the 
crack formed after the 1st block cycle; after 
the 75th block cycle, the appearance of a ver-
tical crack in the middle of face B with an 
opening of more than 0.1 mm is observed; 
from the 75th to the 100th block cycle, the 
appearance of new visible damage was not 
observed, but more significant efflorescence 
was observed with a change in the color of 
the sample and a greater opening of the crack 
along faces G and D to a thickness of more 
than 0.1 mm (Figure 19 - Figure 20). 

The  sample with the application of 
primer before printing the second 
part has multiple vertical cracks in 
the layers along the edges of faces 
A, B, C and D; a crack with an 
opening of more than 0.1 mm along 
faces A, B and D; one crack on face 
D with an opening of more than 0.1 
mm, adjacent to the edges of faces 
B and D; yellowish-red formations 
and a significant change in color 

4 In  the period from 1 to 100 block cycles of 
climatic impacts: after 10 block cycles, one 

The  sample with the application of 
the primer immediately after the 
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Sample 
code Evaluation of defect development Conclusion based on the results of 

100 cycles of model aging 
crack is observed in the middle of faces A 
and D, extending to the cold joint; after 15 
block cycles, yellow-red efflorescence was 
observed on all faces of the sample; from 15 
to 100 block cycles, the appearance of new 
visible damage was not observed, but more 
significant efflorescence was observed with a 
change in the color of the sample and a great-
er opening of the crack along faces G and D 
to a thickness of more than 0.1 mm. 

end of printing of the first part with 
the code 4 has single vertical cracks 
of the layers along the edges and 
multiple hairline cracks on faces A, 
B and G; multiple hairline cracks 
along the entire face B; one crack 
on face D with an opening of more 
than 0.1 mm and multiple hairline 
cracks; yellowish-red formations 
and a significant change in color. 

5 In  the period from 1 to 100 block cycles of 
climatic influences: after the 5th block cycle, 
the appearance of a "web" of hairline cracks 
is observed; after the 35th block cycle, yel-
low-red efflorescence was noticed on all edg-
es of the sample; from the 35th to the 100th 
block cycle, the appearance of new visible 
damage was not observed, but more signifi-
cant efflorescence with a change in the color 
of the sample was noticed. 

The sample has: multiple vertical 
cracks in the layers of the ribs and 
multiple hairline cracks on faces A, 
B and D; single vertical cracks in 
the layers along the ribs and multi-
ple hairline cracks on face B; mul-
tiple hairline cracks on face D; yel-
lowish-red formations and signifi-
cant color change 

6 In  the period from the 1st to the 100th block 
cycle of climatic impacts: after the 5th block 
cycle, the appearance of a "web" of hairline 
cracks is observed; after the 20th block cycle, 
the appearance of a vertical crack along face 
A with white efflorescence is observed, and 
yellow-red efflorescence is also noted on all 
faces of the sample; from the 20th to the 
100th block cycle, the appearance of new vis-
ible damage was not observed, but more sig-
nificant efflorescence was noted with a 
change in the color of the sample and a great-
er opening of the crack along face A to a 
thickness of more than 0.1 mm with more 
significant white efflorescence. 

The sample has multiple vertical 
cracks in the layers of faces A, B, 
C, D and E; one vertical crack in 
the middle of face C with white ef-
florescence along the edge and an 
opening of more than 0.1 mm; two 
vertical cracks in the middle of face 
D with white efflorescence along 
the edge and an opening of more 
than 0.1 mm; yellowish-red for-
mations and a significant change in 
color 

7 In  the period from 1 to 100 block cycles of 
climatic impacts: after the 5th block cycle, 
the appearance of a "spider web" of hairline 
cracks is observed; after 15 block cycles, yel-
low-red efflorescence was observed on all 
edges of the sample; from the 15th to the 
100th block cycle, the appearance of new vis-
ible damage was not observed, but more sig-
nificant efflorescence with a change in the 
color of the sample was noted. 

The specimen has multiple vertical 
cracks in the layers of the ribs and 
multiple hairline cracks on faces A, 
B and D; single vertical cracks in 
the layers along the ribs and multi-
ple hairline cracks on face B; mul-
tiple hairline cracks on face D; yel-
lowish-reddish precipitates and sig-
nificant discoloration 
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ible damage was not observed, but more sig-
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color of the sample was noted. 
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Figure 19. Crack on face D after 30 cycles 

 

 
Figure 20. Crack on face D after 100 cycles 

 
Summary results of visual assessment of 
samples after climatic impacts 
The conducted studies revealed significant dif-
ferences in degradation of 3D-printed samples 
and a monolithic analogue under cyclic climatic 
influence. The key differences are in the fea-
tures of crack formation, the dynamics of defect 
development and resistance to external influ-
ences. The monolithic sample (code 2) demon-
strated the least tendency to crack formation. 
Despite the presence of hairline cracks and sin-
gle defects, their development during testing 
was minimal. In contrast, all 3D-printed sam-
ples, especially with a cold seam (codes 1, 3, 4), 
showed intense crack formation, mainly in the 
zones of interlayer contacts. The most pro-

nounced defects were observed in samples with 
a cold seam, where cracks reached an opening 
of more than 0.1 mm, and were also accompa-
nied by the formation of efflorescence. 
Samples with cross-layer stacking (code 6) and 
variable layer height (code 5) showed better sta-
bility compared to samples printed in one direc-
tion (code 7). However, even they were inferior 
to the monolithic sample in terms of resistance to 
climatic influences. This confirms that interlayer 
boundaries remain a weak link in 3D-printed 
structures, despite the optimization of printing 
strategies. The use of a primer and concrete con-
tact to improve adhesion in the cold joint zone 
(codes 3, 4) did not lead to a significant increase 
in durability. On the contrary, in some cases the 
treatment even contributed to an increase in the 
number of cracks, which may be due to addition-
al stresses at the layer interface. During the re-
moval of samples that had undergone 100 cycles 
of accelerated model aging from the climatic 
chamber, it was established that all samples for 
which the creation of a cold seam was modeled 
(codes 1,3,4) did not have interlayer adhesion 
and were freely separated in the zone where the 
cold seam was modeled (Figure 21). 
 

 
Figure 21. Free separation of the sample by the 
cold seam modeling zone after 100 cycles of ac-

celerated model aging in a climatic chamber  
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CONCLUSIONS 
 
The conducted study allowed us to obtain sever-
al conclusions that may be relevant for the fur-
ther development of 3DCP technology and as-
sessment of the durability of structures created 
in this way. In particular, the obtained results 
demonstrated that monolithic samples manufac-
tured in the traditional way have a significantly 
higher resistance to cyclic climatic effects com-
pared to 3D-printed analogues. This confirms 
that the layer-by-layer formation of the structure 
is a critical factor determining its durability. 
Accelerated model aging in a climatic chamber 
shows that it is the interlayer contact zones that 
become the main sources of degradation, where 
stresses are concentrated and cracks develop. At 
the same time, none of the developed printing 
methods (parallel, cross-laying of layers, varia-
ble layer height) allowed us to completely neu-
tralize this effect, although cross-laying showed 
slightly better results. The use of a primer and 
concrete contact to improve adhesion in the 
technological break zone did not give the ex-
pected positive effect. In some cases, this even 
led to an increase in the number of defects, 
which requires a revision of existing approaches 
to the processing of interlayer connections. The 
data obtained indicates that solving the problem 
of durability of 3DCP structures requires simul-
taneous optimization:  

 composition of building mixtures (with an 
emphasis on improving adhesion characteris-
tics);  

 technological printing parameters (extrusion 
speed, temperature conditions);  

 design solutions (stress distribution in inter-
layer contact zones).  
This study has identified several promising are-
as for future research:  

 development of new methods for assessing 
interlayer adhesion at the construction site;  

 study of long-term behavior of structures un-
der real operating conditions;  

 creation of specialized regulatory and tech-
nical documents for assessing the durability of 

building products and structures manufactured 
using 3DCP technology. 
The findings obtained are of fundamental im-
portance for understanding the degradation pro-
cesses of layered building materials, as well as 
of practical value for the industry, indicating the 
need for further improvement of additive con-
struction production technologies. The solution 
to the identified problems will facilitate a wider 
implementation of 3D printing in construction 
practice while ensuring the required level of re-
liability of the structures being erected. 
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