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AIMS AND SCOPE
The aim of the Journal is to advance the research and practice in structural engineering 

through the application of computational methods. The Journal will publish original papers and 
educational articles of general value to the field that will bridge the gap between high-performance 
construction materials, large-scale engineering systems and advanced methods of analysis.

The scope of the Journal includes papers on computer methods in the areas of structural 
engineering, civil engineering materials and problems concerned with multiple physical processes 
interacting at multiple spatial and temporal scales. The Journal is intended to be of interest and use to 
researches and practitioners in academic, governmental and industrial communities.
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ОБЩАЯ ИНФОРМАЦИЯ О ЖУРНАЛЕ
International Journal for Computational Civil and Structural Engineering

(Международный журнал по расчету гражданских и строительных конструкций)

Международный научный журнал “International Journal for Computational Civil and 
Structural Engineering (Международный журнал по расчету гражданских и строительных 
конструкций)” (IJCCSE) является ведущим научным периодическим изданием по направлению 
«Инженерные и технические науки», издаваемым, начиная с 1999 года (ISSN 2588-0195 (Online); 
ISSN 2587-9618 (Print) Continues ISSN 1524-5845). В журнале на высоком научно-техническом 
уровне рассматриваются проблемы численного и компьютерного моделирования в строительстве, 
актуальные вопросы разработки, исследования, развития, верификации, апробации и приложе-
ний численных, численно-аналитических методов, программно-алгоритмического обеспечения 
и выполнения автоматизированного проектирования, мониторинга и комплексного наукоемкого 
расчетно-теоретического и экспериментального обоснования напряженно-деформированного (и 
иного) состояния, прочности, устойчивости, надежности и безопасности ответственных объектов 
гражданского и промышленного строительства, энергетики, машиностроения, транспорта, био-
технологий и других высокотехнологичных отраслей.

В редакционный совет журнала входят известные российские и зарубежные деятели науки 
и техники (в том числе академики, члены-корреспонденты, иностранные члены, почетные члены 
и советники Российской академии архитектуры и строительных наук). Основной критерий от-
бора статей для публикации в журнале − их высокий научный уровень, соответствие которому 
определяется в ходе высококвалифицированного рецензирования и объективной экспертизы, 
поступающих в редакцию материалов.

Журнал входит в Перечень ВАК РФ ведущих рецензируемых научных изданий, в которых 
должны быть опубликованы основные научные результаты диссертаций на соискание ученой 
степени кандидата наук, на соискание ученой степени доктора наук по научным специаль-
ностям и соответствующим им отраслям науки: 

• 1.1.8 – Механика деформируемого твердого тела (технические науки),
• 1.2.2 – Математическое моделирование численные методы и комплексы программ
(технические науки),
• 2.1.1 – Строительные конструкции, здания и сооружения (технические науки),
• 2.1.2 – Основания и фундаменты, подземные сооружения (технические науки),
• 2.1.5 – Строительные материалы и изделия (технические науки),
• 05.23.07 – Гидротехническое строительство (технические науки),
• 2.1.9 – Строительная механика (технические науки) 
В Российской Федерации журнал индексируется Российским индексом научного цити-

рования (РИНЦ). 
Журнал входит в базу данных Russian Science Citation Index (RSCI), полностью интегри-

рованную с платформой Web of Science. Журнал имеет международный статус и высылается в 
ведущие библиотеки и научные организации мира. 

Издатели журнала – Издательство Ассоциации строительных высших учебных заве-
дений /АСВ/ (Россия, г. Москва) и до 2017 года Издательский дом Begell House Inc. (США, г. 
Нью-Йорк). Официальными партнерами издания является Российская академия архитектуры 
и строительных наук (РААСН), осуществляющая научное курирование издания, и Научно-ис-
следовательский центр СтаДиО (ЗАО НИЦ СтаДиО).

Цели журнала – демонстрировать в публикациях российскому и международному про-
фессиональному сообществу новейшие достижения науки в области вычислительных методов 
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решения фундаментальных и прикладных технических задач, прежде всего в области строи-
тельства. 

Задачи журнала:
• предоставление российским и зарубежным ученым и специалистам возможности публи-

ковать результаты своих исследований;
• привлечение внимания к наиболее актуальным, перспективным, прорывным и инте-

ресным направлениям развития и приложений численных и численно-аналитических методов 
решения фундаментальных и прикладных технических задач, совершенствования технологий 
математического, компьютерного моделирования, разработки и верификации реализующего 
программно-алгоритмического обеспечения;

• обеспечение обмена мнениями между исследователями из разных регионов и государств.
Тематика журнала. К рассмотрению и публикации в журнале принимаются аналитические 
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Abstract. The results of numerical investigations of the filtration regime and stability of an earth dam under 
reservoir drawdown are considered. The problem of unsteady filtration in a homogeneous earth dam is solved. 
The parameters of the filtration flow are determined: the position of the depression surface, the values and 
direction of filtration gradients and flow velocities. The changes in the maximum filtration gradients and the 
probability of filtration deformations are analyzed. Calculations are made to assess the stability of the upstream 
slope during the stages of reservoir drawdown with different velocities. It is shown that a dam with a large 
stability margin when the reservoir is full may lose it and be destroyed in the process of drawdown. Conclusions 
are drawn about the necessary measures to ensure reliability and safety during operation of the structure. 
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Аннотация. Рассматриваются результаты численных исследований фильтрационного режима и 
устойчивости грунтовой плотины при сработке водохранилища. Решается задача неустановившейся 
фильтрации в однородной земляной плотине. Определяются параметры фильтрационного потока: 
положение депрессионной поверхности, величины и направление фильтрационных градиентов и 
скоростей потока. Дается анализ изменения максимальных градиентов фильтрации и вероятность 
возникновения фильтрационных деформаций. Проведены расчеты по оценке устойчивости верхового 
откоса на этапах сработки водохранилища с разной скоростью. Показано, что плотина, имеющая 
большой запас устойчивости при наполненном водохранилище, может потерять его и быть разрушенной 
в процессе сработки. Сделаны выводы о необходимых мероприятиях по обеспечению надежности и 
безопасности при эксплуатации сооружения. 

 

Ключевые слова: грунтовая плотина, сработка водохранилища, неустановившаяся фильтрация,                           
градиент фильтрации, устойчивость откоса 
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INTRODUCTION 

 
Problems of unsteady filtration are encountered 
in hydraulic engineering practice during 
construction and operation of dams, in cases of 
filling or drawdown of a reservoir, as well as 
during construction of reclamation dams. 
The drawdown of a reservoir may be caused by 
the technological necessity of operation of a 
hydroelectric complex, which includes an earth 

dam, or by an emergency situation. The 
lowering of the water level upstream of the dam 
leads to a change in the filtration regime of the 
ground structure - the position of the depression 
surface, the values and directions of the 
gradients and velocities of the filtration flow 
change. The consequence of this process can be 
filtration deformations of soils and occurrence 
of concentrated filtration in the dam body [1-3]. 
Also in this case, in the upstream slope there is a 
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INTRODUCTION 

 
Problems of unsteady filtration are encountered 
in hydraulic engineering practice during 
construction and operation of dams, in cases of 
filling or drawdown of a reservoir, as well as 
during construction of reclamation dams. 
The drawdown of a reservoir may be caused by 
the technological necessity of operation of a 
hydroelectric complex, which includes an earth 

dam, or by an emergency situation. The 
lowering of the water level upstream of the dam 
leads to a change in the filtration regime of the 
ground structure - the position of the depression 
surface, the values and directions of the 
gradients and velocities of the filtration flow 
change. The consequence of this process can be 
filtration deformations of soils and occurrence 
of concentrated filtration in the dam body [1-3]. 
Also in this case, in the upstream slope there is a 

change in the direction of action of filtration 
hydrodynamic load towards the upstream, 
which reduces the stability of the slope of the 
structure [4-5]. In the practice of hydraulic 
engineering, there are quite a large number of 
cases of emergencies associated with the 
lowering of the reservoir water level [6-7]. The 
degree of change in the stability of the structure 
and the filtration regime depends on several 
factors: the permeability of the soils in the 
upstream prism of the dam, the magnitude and 
rate of drawdown, the top slope embedment, 
and a number of other factors [8-10].  
At present, filtration calculations are mandatory 
in the design of earth dams, on the basis of 
which the filtration stability of the dam soils, 
foundation and banks, as well as the stability of 
the slopes of the structure are assessed 
(SP39.13330.2012 Dams made of earth 
materials. Updated version of SNiP2.06.05-84).  
The assessment of the stability of the upstream 
slope in the design justification of the earth dam 
should be carried out for the case of the 
maximum possible drawdown of the reservoir 
water level with the highest possible velocity, 
where the filtration forces of unsteady filtration 
are as follows.  

This paper investigates the effect of the 
drawdown rate on the maximum filter gradient 
and the stability of the upstream slope of a 
homogeneous earth dam. The changes in these 
parameters in the process of lowering the 
upstream water level are considered. Previous 
studies [10,11] have shown that the maximum 
filtration gradient can be recorded not at the end 
of drawdown, but at intermediate stages of 
water level lowering. 
 
 
RESEARCH OBJECT 
 
The object of research is a homogeneous 
earthen dam 24.0m high, located on an 
impermeable base (Figure 1). The dam slopes 
are -1:3 for upstream and downstream slopes. 
At the level mark of the dam foot level equal to 
0.00, the upstream water level is 22.0m and the 
downstream water level is 3.0m. To ensure 
reliable operation of the dam, a 4m high 
drainage prism with a 1:3 slope is installed in 
the downstream prism. 
The dam body is composed of clayed sand. The 
characteristics corresponding to this group of 
soils, included in filtration, stress-strain and 

Table 1. Characteristics of the soil of the dam body under consideration 
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Figure 1. Schematic diagram of a homogeneous earth dam with drainage 
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stability calculations, are given in Table 1. 
Characteristics of the drainage prism soil: 
density in saturated and dry states 19 and 16 
kN/m3; modulus of elasticity = 30000 /

; Poisson's ratio = 0,3; cohesion =

1 / ; angle of internal friction = 30°, 
filtration coefficient = 10 / . 
 
 
METHODS 
 
Since the middle of the 20th century, due to 
the difficulty of solving the problem of 
unsteady filtration, hydraulic methods based 
on the solution of the Boussinesq equation 
with some assumptions [12] have become 

widespread. As the issue of improvement of 
calculation methods developed, new analytical 
[13] and hydraulic [14-15] calculation 
methods appeared.  
In modern studies [16-19], the main task is to 
determine filtration parameters, such as the 
position of the depression curve, the height of 
the drawdown gap on the downstream slope of 
the dam, the filtration flow rate, gradients and 
filtration velocities. This is achieved using 
numerical methods of FEM, FVM and BEM. 
Modern program complexes (PCs) designed to 
solve filtration problems are based on the 
solution of the basic differential equation of 
filtration theory with known boundary 
conditions [13]: 

  
                             

  
+ + = 0, (1) 

  
where =  ( , , , ) – head function in the 
considered area, varying along the coordinates 

, ,  and in time ;  , , – filtration 
coefficients in axis directions , , ;   – water 
loss coefficient in the ground. 
In such calculations, water movement between 
particles is assumed when the pores are 
completely filled with water. Water moves from 
a higher-pressure region to a lower pressure 
region. Then, when excluding the finite 
elements from the computational domain, for 
which the obtained value of filtration head is 

less than their altitude position, the position of 
the depression curve will be determined [18]. 
Similar problems of soil hydrology were 
considered in the works of famous foreign [20-
23] and Soviet-Russian scientists [24].  
When solving filtration problems in soil 
hydrology, the L.A.Richards equation [25] based 
on the Darcy equation is used to solve problems 
of unsteady filtration. One of the modifications 
of this equation for moisture transport in vertical 
direction, with gravity pressure gradient equal to 
one, is presented in the form: 

 
                                                µ (  / )  =    (  ( /  1)) / , (2) 
  

– capillary pressure of ground (soil) 
moisture (cm of water column), k – ground 
(soil) hydraulic conductivity coefficient 
(cm/day, is a 
µ- coefficient of differential soil water holding 
capacity (cm of waterstage -1), t - time (days), z 
– vertical axis coordinate (cm). 
When solving such an equation, only numerical 
methods can be used. Coefficients µ =

 µ( ) a     =   ( ) are a function of 
capillary pressure of moisture, but these 
functions have empirical value [24, 26], which 

leads to inaccuracy of the obtained results. Value 
of soil volumetric moisture  is determined 
under laboratory conditions and depends on the 
capillary pressure of moisture , called the basic 
hydrophysical characteristic (BHC) [25]. 
In 1980, Van Genuchten [22], using the Mualem 
method [21], proposed a model for describing 
the hydrophysical properties of soils (soils) 
using expressions of the Mualem-Van 
Genuchten model. Such a model is widely used 
in practice nowadays in the numerical modeling 
of filtration processes [6-7]. 
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RESULTS 
 
The effect of reservoir drawdown on the 
filtration regime and stability of the structure 
was studied for a homogeneous earth dam 
structure under consideration. The problem was 
solved in Plaxis PC using the finite element 
method. The computational domain was divided 
into 1984 elements and 16221 nodes, taking into 
account the elements and nodes of the 
impermeable foundation.  
Three variants of drawdown were considered 
depending on its velocity in height with values 
of 0.25, 1.0, 2.0 s/day. Depletion rate in height 
was 18 meters: from elevation 22.0 to elevation 
4.0 (Figure 1). 
During the study, the design calculations were 
carried out in 3 phases:  
Initial Phase - the first phase in which initial 
conditions of loading by own weight and 
hydraulic conditions under steady filtration level 
were set. At this phase depression curve was 
formed at filled reservoir. 
The second phase, in which reservoir drawdown 
with different rates of water level drawdown 
was modeled. In this phase, deformations and 
pore pressure under unsteady filtration are 
calculated in time. 
The third phase, in which the stability of the 
structure is calculated using the strength 
reduction method. 
At each setback step with a height interval of 
1.0 m, the 2nd and 3rd phases of the calculation 
were solved. 
Safety calculation in Plaxis 2D PC is used to 
determine the calculated actual stability 
coefficients. During this calculation, the 
strength characteristics of soils (internal friction 
angle, cohesion and shear strength) are 
sequentially reduced until failure. The slope 
stability coefficient is defined as the ratio of the 
actual strength to the failure strength. The 
known criterion of slope stability is used:  
 

                F    n                       (3) 
 

where F – design value of the generalized shear 
force, determined taking into account the load 
reliability factor; R – calculated value of the 
generalized bearing capacity of the system 
"structure - base", determined taking into 
account the reliability coefficient for soil, i.e. 
generalized calculated value of the ultimate 
shear resistance forces on the considered 

 – load combination factor, taken as: 
 = 1,0 – = 

0,9 – for special l n – 
reliability coefficient by the degree of 
responsibility of structures. For the considered 

n =1,20, 
 – 

coefficient of working conditions, or taking into 
=1,0 – for 

calculation methods taking into account the 
stress-strain state. 
The soil medium was modeled on the basis of 
the bilinear elastic-plastic Mohr-Coulomb 
model (Mohr-Coulomb) [20, 21]. 
Estimation of filtration regime. The solution of the 
unsteady filtration problem (2nd phase of 
calculations) allowed us to obtain a picture of 
changes in the filtration regime of a homogeneous 
dam at different drawdown rates. Figure 2 shows 
the position of the depression surface and the 
distribution of the filtration gradient at the 
moments of the end of the reservoir drawdown up 
to the 4.0 mark for the variants of drawdown rates 
of 0.25 and 2.0 m/day. 
It can be noted that for the variant of 0.25 m/day 
drawdown rate, the depression curve decreased 
to a greater extent in the upper prism in 
comparison with the variant with 2.0 m/day 
drawdown rate (the  
depression curve mark in the first variant is 12.0 
m, in the second - 16.0 m). At elevations below 
the point of depression curve exit to the upper 
slope near the slope, zones with increased 
values of filtration gradients were obtained. 
Based on the results obtained, the maximum 
filtration gradients were plotted (Figure 3) to 
provide a preliminary assessment of the ground 
filtration strength and to calculate, if necessary, 
the parameters of inverse filters. The maximum 
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output gradients occur on the upstream slope of 
the dam when the upstream slope is drawn 
down to the marks 14.0 -16.0. The maximum 
gradients for the 0.25, 1.0, and 2.0 m/day 
drawdown rates are 0.460, 0.518, and 0.532, 
respectively. 

Estimation of the stability of the upper slope. 
Based on the results of the third phase calculation, 
a series of dam stability coefficients for different 
moments of failure were obtained, as summarized 
in Table 2. Graphical representation of some of 
the results is given in Figure 4.  

 

 

 
Figure 2. Position of the depression curve at drawdown with velocities of 0.25m/day and 2m/day 

for the period of the end of reservoir drawdown (isopoles show the distribution of hydraulic 
gradient) 

 

 
Figure 3. Variation of the maximum filtration gradient as a function of drawdown elevation for 

variants of drawdown rates 
 
It is possible to note the influence of the 
displacement rate on the value of the minimum 
stability coefficients of the top slope (Table 2). 
As can be seen from the results, the stability 
coefficient is lower the higher the displacement 

rate. At the value of stability coefficient Ks 
=2.127 when the reservoir is filled, this value 
decreases at drawdown rates of 0.25. 1.0, 2.0 
m/day respectively to values 1.360, 1.137 and 
1.047.  
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output gradients occur on the upstream slope of 
the dam when the upstream slope is drawn 
down to the marks 14.0 -16.0. The maximum 
gradients for the 0.25, 1.0, and 2.0 m/day 
drawdown rates are 0.460, 0.518, and 0.532, 
respectively. 

Estimation of the stability of the upper slope. 
Based on the results of the third phase calculation, 
a series of dam stability coefficients for different 
moments of failure were obtained, as summarized 
in Table 2. Graphical representation of some of 
the results is given in Figure 4.  
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for the period of the end of reservoir drawdown (isopoles show the distribution of hydraulic 
gradient) 

 

 
Figure 3. Variation of the maximum filtration gradient as a function of drawdown elevation for 

variants of drawdown rates 
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stability coefficients of the top slope (Table 2). 
As can be seen from the results, the stability 
coefficient is lower the higher the displacement 

rate. At the value of stability coefficient Ks 
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m/day respectively to values 1.360, 1.137 and 
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It can be concluded that at displacement rates 
higher than 0.5 m/day the slope stability 
coefficient is less than the normative one (for 
conditionally assumed 2nd capitalization class 
Kn =1.2). 
Next, the slope stability at different stages of 
reservoir drawdown was investigated. Step 1m of 
fixing the stability coefficient was set for cases 
with drawdown rates of 0.25m/day, 1m/day and 

2m/day. At each step, the slope stability 
coefficient was determined taking into account the 
filtration hydrodynamic forces determined from 
the solution of the unsteady filtration problem. 
According to the results of the numerical 
experiment, the graphs of changes in the stability 
coefficient of the upper slope were plotted for the 
stages of depletion at the values of its velocity 
equal to 0.25, 1.0 and 2.0 m/day (Figure 5). 

 

)  

b)  

c)  
Figure 4. Collapse surfaces with minimum stability coefficients for cases of reservoir drawdown at 

a rate of 1 m/day: a) at fully filled reservoir; b) at 9.0 m drawdown; c) at 18.0 m drawdown 
 

 
Figure 5. Plots of change in the stability coefficient of the upper slope depending on the degree of 
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As can be seen from the graphs in Figure 5, as 
the reservoir drawdown proceeds, the stability 
coefficient decreases significantly. The 
drawdown rate affects the slope stability: 
increasing the rate decreases the stability 
coefficient. At the same time, by the end of 
drawdown to the 4.0 mark, the minimum 
stability coefficients were recorded (Table 2, 
Figure 5). 
For the considered variant of the earth dam, the 
drawdown rates of 1.0 and 2.0 m/day cause the 
stability coefficient to decrease to values lower 
than the normative one. Thus, for the rate of 1.0 
m/day Ks n at reservoir drawdown exceeding 
16.0 m from the NRL level, for the rate of 2.0 
m/day - exceeding 12.0 m. 
 
 
CONCLUSIONS 
 
The design of earth dams must take into account 
the effect of unsteady filtration in the dam body 
in the event of reservoir drawdown. The degree 
to which drawdown affects the seepage regime 
and the stability of the upstream slope depends 
to a large extent on a number of factors, 
primarily the rate of water level drawdown.  
1. The values of maximum filtration gradients 
necessary to evaluate the possibility of filtration 
deformations and to calculate the return filters 
in case of the top slope fixing device have been 
obtained for the considered design of the earth 
dam.  
2. The value of the maximum filtration gradient 
during reservoir drawdown depends on its 
velocity. The highest gradients at the outlet of 
filtration flow to the upper reservoir with values 
0.46 - 0.53 occur for the considered variant in 
the lower third of the drawdown interval at 
grades 13.0 - 16.0 depending on the drawdown 

rate.  The higher is the discharge rate, the 
greater are the values of output gradients. 
3. Reservoir drawdown reduces the stability of 
the upstream slope. The stability coefficient 
values are minimal at maximum upstream 
drawdown. For the considered variant of the 
dam and the conditions of drawdown at 

slope stability coefficient is less than the 
normative value Kn=1.2, conventionally 
accepted for a structure of the 2nd capital class. 
This relationship occurs at drawdown to 
elevation 12.0 at 2.0 m/day and to elevation 
16.0 at 1.0 m/day. 
Further studies may consider the effect of 
anisotropy of the dam body soils caused by the 
placement technology and properties of the 
soils, as well as the effect of drawdown on the 
performance of earth dams with impervious 
elements. 
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As can be seen from the graphs in Figure 5, as 
the reservoir drawdown proceeds, the stability 
coefficient decreases significantly. The 
drawdown rate affects the slope stability: 
increasing the rate decreases the stability 
coefficient. At the same time, by the end of 
drawdown to the 4.0 mark, the minimum 
stability coefficients were recorded (Table 2, 
Figure 5). 
For the considered variant of the earth dam, the 
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Abstract: The study provides experimental and theoretical investigations of stress relaxation in concrete under 
preset constant deformation of specimens and proposes an approach to the mathematical determination of stress 
relaxation in concrete. In addition to mathematical modeling, parallel long-term tests were performed on 
concrete specimens of the same class under four different regimes: determination of concrete creep in 
compression (concrete prism specimens in spring installations) according to GOST 24544; determination of 
concrete relaxation in compression (concrete prism specimens in special installations, determination of concrete 
creep in bending (concrete specimens-beams in rack-type installations working in bending and loaded with 
gravity load) according to GOST 24544; determination of concrete relaxation in bending (concrete specimen 
beams, with applied initial deformation in the middle of the span  
Determination of stress drop was performed using electronic dynamometers built between the specimen and the 
point of load application. A new concept, "relaxation measure Rm", was proposed. This value is similar in 
meaning to the creep measure and characterizes the degree of stress reduction in time due to relaxation when 
loaded with a unit relative strain. 
The introduction of relaxation measure allows to simplify the relaxation equation and significantly simplifies its 
solution. According to the results of calculation by the proposed computational algorithms for determining the 
relaxation measure in comparison with the experimental data, a satisfactory convergence of the results is 
obtained Qualitative conclusions about the applicability of the methodology of SP 63.13330 for reducing the 
modulus of elasticity of concrete in creep and relaxation. 
 

Keywords: concrete, reinforced concrete, creep of concrete, relaxation of concrete 
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INTRODUCTION 
 

Usually, during the construction of unique 
buildings and structures using new high-strength 
concretes, experimental studies of creep and 
shrinkage characteristics of concrete are carried 
out. his direction is quite well studied [1-12]. At 
the same time, creep of concrete is just one of the 
deformation properties of a concrete specimen 
when working under the action of a long-term 
load. Another important property is stress 
relaxation.  
The use of normative deformation 
characteristics of concretes even of the same 
strength class in compression in critical 
structures is not quite correct Modern concretes 
having the same strength class may differ 
greatly in composition, having different 
modifiers and additives. Therefore, creep, 
relaxation and elasticity characteristics for them 
may be slightly different. This can be easily 
seen by analyzing the tabulated values of the 
initial modulus of elasticity, tensile strength of 
concrete (standard and design) - these figures 
depend directly on the compressive strength 
class of concrete and are in fact their minimum 
values with the required security. Thus, for 
example, in works [13-14] shows a significant 
increase in modulus of elasticity, relative to that 
specified in SP 63.13330 due to the use of 
stronger coarse aggregate. Thus, for concrete 
B100, values of initial modulus of elasticity of 
more than 50GPa are achieved. In works [15-
16] the true tensile behavior of concrete is 
investigated; the obtained values also differ 
from the tabulated values given in the norms. 
The creep testing of concrete specimens itself, on 
the basis of which all subsequent processing is 
carried out, also has two serious disadvantages. 
The first is the need to constantly check that a 
constant compressive force is maintained in the 
test rig. And since this condition is violated, the 

compressive force must be adjusted at all times 
(this is especially true for spring systems, which 
are the most widely used for such tests). The 
second disadvantage is that the test setup is quite 
complex. As a result, only a few organizations in 
our country can perform such tests. Relaxation 
tests require simpler installations, in which 
specified deformations of specimens are 
maintained and forces in specimens are measured. 
Constant control and maintenance of such 
installations during testing is not required. This 
improves the accuracy of the results and makes 
the tests much simpler and more affordable.  
In temperature and force redistribution 
problems, relaxation plays a more important 
role than creep. When performing such 
calculations, first the creep measure of concrete 
is determined, then the creep kernel is 
determined through the creep measure, and the 
relaxation kernel is determined through the 
creep kernel, then the predicted stresses in 
concrete at an arbitrary point in time are 
determined. 
The introduction of the new test methodology 
will improve the accuracy of the results 
obtained, which in turn will make it possible to 
upgrade the accuracy of calculations, while at 
the same time with sufficient reliability will lead 
to a cheaper design. Simplification of the test 
method will allow the tests to be performed 
more widely. This in turn will enable objective 
data to be obtained on the properties of concrete 
over a wide range of compositions and 
strengths. In this regard, the topic under 
consideration is relevant and necessary for the 
development of modern construction industry.  
Such studies have not been carried out either in 
our country or abroad. Therefore, the 
methodology of the proposed tests, their 
mathematical processing and results are new 
and essentially unique. 
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METHODS 
 

The basic equations of modern creep theory 
have the form of three integral expressions (in 
addition to the equations of creep theory we can 
include expression (4) for the creep measure 

( , ) through which the relaxation kernel 
function is already determined) and consist of 
the creep equation, the relaxation equation and 
the equation connecting the creep and relaxation 
kernels ( , ), ( , ), they are based on a large 
number of experimental and theoretical works 
[17-22]. According to the first equation, the 
relative strains through elastic modulus, stresses 
and the function responsible for the creep strain 
buildup, the creep kernel, are determined. Using 
the second equation it is possible to determine 
the stresses, respectively through the relative 
strains, elastic modulus and the function 
responsible for the stress drop - the relaxation 
kernel. Using the third equation, it is possible to 
define separately, for example, the relaxation 
kernel through the creep kernel, the data for 
which are more readily available. 
 

( ) =
( )

( )
( ) ( , ) (1) 

( ) = ( ) ( ) + ( ) ( , ) (2) 

( , )  ( , ) =  (, ) ( , ) (3) 

( , ) = ( ) ( ) (4) 
 
In the above equations, the following notations 
are used: 
 - test time,  - loading time,  is the limiting 

value of the creep measure ( ) is the ageing 
function, (  ) is the function determining 
the shape of the creep curve. 
Based on the above equations, let us introduce a 
new concept - relaxation measure (5) and give it 
the following definition "Relaxation measure is 
a function that determines the stress drop-in 

time when the specimen is loaded with a 
constant relative strain = 1. This equation is 
similar in structure to the creep measure. In this 
expression: 

( ) - the aging function is assumed to be the 
same as in the calculation of the creep measure, 

 - defines the limiting value of the 
relaxation measure at the observation time 

( ) - defines the shape of the relaxation 
function and is to be determined. The following 
notations are used in the equations:  
t - test time,  - loading time,  

 is the limiting value of the creep measure 
( ) is the ageing function, ( ) is the 

function determining the shape of the creep 
curve.  
Based on the above equations, let us introduce a 
new concept - relaxation measure (5) and give it 
the following definition "Relaxation measure is 
a function that determines the stress drop-in 
time when the specimen is loaded with a 
constant relative strain = 1. This equation is 
similar in structure to the creep measure. In this 
expression: 

( ) - the aging function is assumed to be the 
same as in the calculation of the creep measure, 

 - defines the limiting value of the 
relaxation measure at observation time (

) - defines the shape of the relaxation function 
and is to be determined. 
 

( , ) = 1
1

( )
( ) (5) 

 
In general, the functions and ( )  
should be determined from experimental data, 
just as the functions  and (  ) were 
determined at one time. Since it is not possible 
to set up a large-scale experiment on concrete 
compositions with different strengths involving 
different laboratories, it is advisable to 
determine the above functions computationally 
from the creep equation (1) and the equation 
derived from it (8). This is due to the fact that 
detailed experimental data are available for the 
determination of all the quantities included in 
this equation. Therefore, it is reasonable to use 
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the same data to determine the relaxation 
parameters. 
Next, let us derive an expression for the 
determination of the relaxation measure through 
the creep measure, for this purpose we write 
down the expressions for the total relative strain 
(6) at unit stresses and stresses at unit relative 
strain loading (7). 
 

( , ) =
1

( )
+ ( , ) (6) 

( , ) = ( ) ( , ) (7) 
 
Then the creep and relaxation equations will 
take the form (8), (9). According to the 
introduced definition, the relaxation measure is 
a function that determines the stress drop when 
the specimen is loaded with a constant relative 
strain = 1, then the creep equation will be 
written in the form 10. 
 

( , ) = ( ) ( , )

+ ( ) ( , ) (8)
 

( , ) = ( ) ( , )

( ) ( , ) (9)
 

( , ) , + ( , ) ( , ) = 1(10) 

 
Substituting (6) and (7) into (10), and 
considering that ( ) = 0 (partial derivative 
on a variable that is not included in the 
function), and the value of , = 0  
(relaxation does not have time to manifest itself 
at the initial time at loading), performing 
elementary transformations finally we obtain: 
 

( )
1

( )
+ ( , )

( , )
1

( )
+ ( , ) = 1(11)

 

In this expression, the calculation of ( , ) 
values are performed step by step at individual 
time points. 
Within the framework of this study, a set of 
long-term tests was carried out. The research 
was carried out at the experimental site of JSC 
"VNIIG named after B.E. Vedeneev". The 
experimental part of the study is described in 
detail in [23]. 
Concrete specimens were made of two classes 
of compressive strength (B30 and B60), the 
tests were carried out from the age of 28 days. 
Compressive and flexural creep tests were 
carried out in accordance with GOST 24544. 
In parallel, tests were carried out to determine 
stress relaxation in concrete and creep in 
compression and bending for subsequent 
mathematical processing of the results. 
Plants for determining the relaxation of concrete 
prisms in compression were prepared by 
dismantling spring creep test plants with the 
removal of springs in them to fix the required 
initial strains 
Combined relaxation or flexural creep rigs 
were prepared by upgrading existing rack-type 
rigs for flexural creep testing. The upgraded 
plant allows flexural creep testing of beam 
specimens on the lower tier with constant 
gravity loading (using shot pails as loading 
devices) and concrete relaxation testing of 
beam specimens on the upper tier with 
constant strain loading.  
Additionally, units were made to determine the 
relaxation in flexural mode by means of reverse 
loading. The essence of the method is that the 
specimen in the setup is in an inverted state to 
minimize creep strain, and the initial strain 
loading is from bottom to top. 
Figure 1 below shows the compression and 
flexural relaxation test scheme, Figure 2 shows 
the test process. 
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Figure 1. Schematic diagram of the relaxation 

test facilities 
 

 

 
Figure 2. Compression (top) and bending 

(bottom) tests 

RESULTS AND DISCUSSION 
 
Using formula (11), the relaxation measure was 
determined by calculation. Figure 3 below shows 
graphically the exact and approximate plot (based 
on the proposed methodology) of stress drop over 
time when  is calculated based on the 
calculation for concrete of class B30. It can be seen 
that the limiting value of the relaxation measure 
can be expressed through the limiting value of the 
creep measure. The ratio of the limiting degree of 
increase in the initial relative strains (at infinitely 
long time compared to the moment of loading) to 
the degree of decrease in the limiting stresses (also 
at infinitely long time compared to the moment of 
loading) is 1.98, i.e. practically 2. Taking this into 
account leads to the relations: 
 

( , 28) ( , 28) = 2 (12) 

( , 28) =
 2

( , 28)
(13) 

 

  

Figure 3. Calculated stresses (MPa) versus time 
(day) according to exact and approximate 

formula 
 

Figure 4 shows a comparison of the calculation 
results using the proposed method with the 
simplified formula for the relaxation measure 
with the experimental curve. The graphs show 
that the error in the first day reaches 20%. After 
7 days the error practically disappears. Taking 
into account that in technical and regulatory 
literature there are various expressions for the 
measure of creep, including those giving both 
very gentle and very steep graphs, calculations 
even at the initial stage after loading according 
to the above dependencies are acceptable.  
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elementary transformations finally we obtain: 
 

( )
1

( )
+ ( , )

( , )
1

( )
+ ( , ) = 1(11)

 

In this expression, the calculation of ( , ) 
values are performed step by step at individual 
time points. 
Within the framework of this study, a set of 
long-term tests was carried out. The research 
was carried out at the experimental site of JSC 
"VNIIG named after B.E. Vedeneev". The 
experimental part of the study is described in 
detail in [23]. 
Concrete specimens were made of two classes 
of compressive strength (B30 and B60), the 
tests were carried out from the age of 28 days. 
Compressive and flexural creep tests were 
carried out in accordance with GOST 24544. 
In parallel, tests were carried out to determine 
stress relaxation in concrete and creep in 
compression and bending for subsequent 
mathematical processing of the results. 
Plants for determining the relaxation of concrete 
prisms in compression were prepared by 
dismantling spring creep test plants with the 
removal of springs in them to fix the required 
initial strains 
Combined relaxation or flexural creep rigs 
were prepared by upgrading existing rack-type 
rigs for flexural creep testing. The upgraded 
plant allows flexural creep testing of beam 
specimens on the lower tier with constant 
gravity loading (using shot pails as loading 
devices) and concrete relaxation testing of 
beam specimens on the upper tier with 
constant strain loading.  
Additionally, units were made to determine the 
relaxation in flexural mode by means of reverse 
loading. The essence of the method is that the 
specimen in the setup is in an inverted state to 
minimize creep strain, and the initial strain 
loading is from bottom to top. 
Figure 1 below shows the compression and 
flexural relaxation test scheme, Figure 2 shows 
the test process. 
 
 
 
 

Mathematical Modeling of Relaxation Process in Concrete



30 International Journal for Computational Civil and Structural Engineering

 
Figure 4. Comparison of stress relaxation 

curves (kN) over time (days) 
 
 

CONCLUSION 
 
1. According to calculations and experimental 
data, the rate of development of creep 
deformations is faster than the rate of stress 
drop during relaxation (approximately by a 
factor of 2). Therefore, strictly speaking, it is 
impossible to take both into account by reducing 
the modulus of elasticity of concrete according 
to the methodology of SP 63.13330 [21]. The 
reduction of modulus of elasticity at creep and 
at relaxation should be different. 
2. To simplify the calculations of deflections of 
structures, it is proposed to introduce the concept of 
relaxation measure Rm(t, ). This value is similar in 
meaning to the creep measure and characterises the 
degree of stress reduction in time due to relaxation 
when loaded with a unit relative strain. 
3. Calculation of Rm(t, ) values by the above 
equation (11) is performed step by step at separate 
time points. For calculations of stresses in real 
structures, it is necessary to convert the set of 
calculation results for the mentioned points into a 
function by selecting a suitable approximation.  
4. Taking into account the relations between the 
limit values of the relaxation and creep measures, 
as well as the fact that the creep and relaxation 
phenomena are mutually related, it is proposed to 
use a function, also constructed on the basis of the 
creep measure, to approximate the relaxation 
measure at other points of time. This makes it 
possible to obtain an expression for the relaxation 
measure with acceptable accuracy without 
complicated calculations. Calculations show that 
good results can be obtained for the expression of 
the relaxation measure according to formula (5) 

ACKNOWLEDGEMENT 
 

The authors of the article thank their colleagues 
for their help in experimental work:  
 Alexey Donov, Simas Bakanovichus, 

(Research Institute of Building Constructions 
(VNIIG) Named After B. E. Vedeneev – 
preparation of experimental models (installation 
of strain gauges) 
 Polina Kalmakova Research Institute of 

Concrete and Reinforced Concrete (NIIZHB) 
named after A.A. Gvozdev JSC "Research 
center of Construction") – graphic design, text 
translation. 

 
 

1. REFERENCES 
 
1. Yonghui Huang, Jiyang Fu, Ronghui 

Wang, Rui Rao, Niujing Ma // 
Experimental study on creep behaviour of 
high-strength concrete filled steel tubular 
(HSCFST) columns. Case Studies in 
Construction Materials. Volume 20, July 
2024, e02690. 

2. Cole Shurbert-Hetzel, Dana Daneshvar, 
Agathe Robisson, Behrouz Shafei // Data-
enabled comparison of six prediction 
models for concrete shrinkage and creep. 
Case Studies in Construction Materials. 
Volume 19, December 2023, e02406. 

3. Francisco Dias, Luis Fernando, Paullo 
Muñoz, Deane Roehl // A numerical model 
for basic creep of concrete with aging and 
damage on beams. Applied Mathematical 
Modelling. Volume 121, September 2023, 
Pages 185-203. 

4. Bazant, Z.P. // Stability of Elastic, 
Anelastic, and Disintegrating Structures, 
and Finite Strain Effects: an Overview. 
Comprehensive Structural Integrity, 2023, 
pp. V2-680-V2-710. 

5. Bazant Z. P., Yunping Xi // Continuous 
retardation spectrum for solidification 
theory of concrete creep. Proceedings of 

Sergey B. Krylov, Petr D. Arleninov



31Volume 20, Issue 2, 2024

Engineering Mechanics - ASCE, 121(2), 
1995, pp 281-288. 

6. Chiorino M.A., Carreira J. Factors 
Affecting Creep and Shrinkage of Hardened 
Concrete and Guide for Modelling. The 
Indian Concrete Journal, 2012. 

7. Kolchunov, V.I., Kolchunov, V.I. // 
Deformation Models of Reinforced 
Concrete under Special Effects. Industrial 
and Civil Engineering. - 2018. - - 
54-60. - EDN UWOAEP. 

8. Travush V.I., Shakhramanyan Y.A., 
Kolotovichev A.M. // "Lakhta Centre": 
automated monitoring of deformations of 
load-bearing structures and foundations. 
Academia. Architecture and Construction. - 
2018. - - -108. DOI 
10.22337/2077-9038-2018-4-94-108. 

9. Travush V.I., Arleninov P.D., Desyatkin 
M.A., Ivashchenko A.N., Kaprielov, S.S., 
Konin D.V., Krylov A.S., Krylov S.B., 
Chilin I.A. Sheinfeld A.V. // Bearing 
capacity of steel-reinforced concrete walls 
with sheet reinforcement for static loads. 
International Journal for Computational 
Civil and Structural Engineering, 
(2023)19(4), 166-181. 

10. Chepurnenko A.S., Litvinov, S.V., 
Yazyev S.B. // Determination of 
Rheological Parameters of Concrete by 
Nonlinear Optimisation Methods. 
International Journal for Computational 
Civil and Structural Engineering, 
(2023)19(4), 147-154. 

11. Rimshin V.I., Krishan A.L., 
Mukhametzyanov. A.I. // Construction of 
deformation diagram of uniaxial 

2015. - -31. 
12. Sanzharovsky R.S., Musabaev T.T. 

Elastoplastic deformation of reinforced 
concrete shells and slabs with cracks // Izv. 
of Higher Education Institutions. Ser. 

Structural and Architectural Engineering. 
1996.- -11. 

13. Kaprielov S.S., Karpenko N.I., Sheinfeld 
A.V., Kuznetsov E.N. // About regulation 
of elasticity and creep modulus of high-
strength concrete with modifier MB-50S. 
Concrete and Reinforced Concrete. - 2003. 
- - -12. 

14. Kaprielov S.S., Karpenko N.I., Sheinfeld 
A.V., Kuznetsov E.N. // Influence of 
organomineral modifier MB-50S on 
structure and deformability of cement stone 
and high-strength concrete. Concrete and 
Reinforced Concrete. - 2003. - - -7. 

15. Nesvetaev G.V., Kuzmenko T.G. // About 
correlation of tensile strength limits of 
cement concrete in bending and 
compression. Engineering bulletin of Don. - 
2023. - - -316. 

16. Bondarev B.A., Chernousov N.N., 
Chernousov R.N., Sturova V.A. // 
Investigation of strength properties of steel-
fibreslag concrete under axial tension and 
compression with account of its age. 
Construction Materials. - 2017. - - 
20-25. 

17. Aleksandrovskiy S.V. // Creep and 
Shrinkage of Concrete and Reinforced 
Concrete Structures - M.: Stroyizdat, 1976. 
- . 

18. Arutyunyan N.Kh. // Creep of aging 
materials. Creep of concrete. Mechanics in 
the USSR for 50 Years, vol.Z. MTT. -M.: 

-202. 
19. Galustov K.Z. // Nonlinear Theory of 

Concrete Creep and Calculation of 
Reinforced Concrete Structures - Moscow: 
Izd. fiz. mat. litt., 2006. - -110. 

20. Bondarenko V.M., Bondarenko S.V. // 
Engineering methods of nonlinear theory of 
reinforced concrete. -M.: Stroyizdat, 1982. - 

-106. 
21. Recommendations on taking into account 

creep and shrinkage of concrete in the 

Mathematical Modeling of Relaxation Process in Concrete



32 International Journal for Computational Civil and Structural Engineering

calculation of concrete and reinforced concrete 
structures. -M.: NIIZHB. 1988. - -15. 

22. Tamrazyan A.G., Yesayan. S.G. // 
Mechanics of concrete creep - M.: MSCU, 
2012. -  

23. Arleninov, P.D.; Krylov, S.B.; 
Kalmakova, P.S.; Donov, A.V. 
Experimental studies of concrete relaxation 
process in different modes. Vestnik SIC 

-98. 
 
 

 
 
1. Yonghui Huang, Jiyang Fu, Ronghui 

Wang, Rui Rao, Niujing Ma // 
Experimental study on creep behavior of 
high-strength concrete filled steel tubular 
(HSCFST) columns. Case Studies in 
Construction Materials. Volume 20, July 
2024, e02690. 

2. Cole Shurbert-Hetzel, Dana Daneshvar, 
Agathe Robisson, Behrouz Shafei // Data-
enabled comparison of six prediction 
models for concrete shrinkage and creep. 
Case Studies in Construction Materials. 
Volume 19, December 2023, e02406. 

3. Francisco Dias, Luis Fernando, Paullo 
Muñoz, Deane Roehl // A numerical model 
for basic creep of concrete with aging and 
damage on beams. Applied Mathematical 
Modelling. Volume 121, September 2023, 
Pages 185-203 

4. Bazant, Z.P. // Stability of Elastic, 
Anelastic, and Disintegrating Structures, 
and Finite Strain Effects: an Overview. 
Comprehensive Structural Integrity, 2023, 
pp.  V2-680–V2-710. 

5. Bazant Z. P., Yunping Xi // Continuous 
retardation spectrum for solidification 
theory of concrete creep. ournal of 
Engineering Mechanics — ASCE, 121(2), 
1995, pp 281–288. 

6. Chiorino M.A., Carreira J. Factors 
Affecting Creep and Shrinkage of Hardened 
Concrete and Guide for Modelling. The 
Indian Concrete Journal, 2012 

7.  // 

. 
– 2018. – 

8. – -60. – EDN UWOAEP.  
8. , 

 // 

. 
– 2018. – – 94-108. 

DOI 10.22337/2077-9038-2018-4-94-108 
9. , 

, 
, 

 // 

 International Journal for 
Computational Civil and Structural 
Engineering, (2023)19(4), 166–181. 

10.  , 
 // 

 International 
Journal for Computational Civil and Structural 
Engineering, (2023)19(4), 147–154. 

11. 

- 
-31. 

12.  

-
- - -11. 

13. 
 // 

Sergey B. Krylov, Petr D. Arleninov



33Volume 20, Issue 2, 2024

- .
– – – -

14. 

-

– – – -7.
15. 

– – – -
 

–
– – -25.

17. 
-

- -

 

.
- -202.

 . //
-

-
- -110.

20. 

. - -
-

21. 

-
- -15.

22. 
– -

23. 

-

Krylov S.B

-
+7- -174-74-07 

. 

- -

2-
+7- -174-74-07

-

Arleninov P.D.

-
- -174-74-07

. 

- -

2-
+7- -174-74- -

Mathematical Modeling of Relaxation Process in Concrete

calculation of concrete and reinforced concrete 
structures. -M.: NIIZHB. 1988. - -15. 

22. Tamrazyan A.G., Yesayan. S.G. // 
Mechanics of concrete creep - M.: MSCU, 
2012. -  

23. Arleninov, P.D.; Krylov, S.B.; 
Kalmakova, P.S.; Donov, A.V. 
Experimental studies of concrete relaxation 
process in different modes. Vestnik SIC 

-98. 
 
 

 
 
1. Yonghui Huang, Jiyang Fu, Ronghui 

Wang, Rui Rao, Niujing Ma // 
Experimental study on creep behavior of 
high-strength concrete filled steel tubular 
(HSCFST) columns. Case Studies in 
Construction Materials. Volume 20, July 
2024, e02690. 

2. Cole Shurbert-Hetzel, Dana Daneshvar, 
Agathe Robisson, Behrouz Shafei // Data-
enabled comparison of six prediction 
models for concrete shrinkage and creep. 
Case Studies in Construction Materials. 
Volume 19, December 2023, e02406. 

3. Francisco Dias, Luis Fernando, Paullo 
Muñoz, Deane Roehl // A numerical model 
for basic creep of concrete with aging and 
damage on beams. Applied Mathematical 
Modelling. Volume 121, September 2023, 
Pages 185-203 

4. Bazant, Z.P. // Stability of Elastic, 
Anelastic, and Disintegrating Structures, 
and Finite Strain Effects: an Overview. 
Comprehensive Structural Integrity, 2023, 
pp.  V2-680–V2-710. 

5. Bazant Z. P., Yunping Xi // Continuous 
retardation spectrum for solidification 
theory of concrete creep. ournal of 
Engineering Mechanics — ASCE, 121(2), 
1995, pp 281–288. 

6. Chiorino M.A., Carreira J. Factors 
Affecting Creep and Shrinkage of Hardened 
Concrete and Guide for Modelling. The 
Indian Concrete Journal, 2012 

7.  // 

. 
– 2018. – 

8. – -60. – EDN UWOAEP.  
8. , 

 // 

. 
– 2018. – – 94-108. 

DOI 10.22337/2077-9038-2018-4-94-108 
9. , 

, 
, 

 // 

 International Journal for 
Computational Civil and Structural 
Engineering, (2023)19(4), 166–181. 

10.  , 
 // 

 International 
Journal for Computational Civil and Structural 
Engineering, (2023)19(4), 147–154. 

11. 

- 
-31. 

12.  

-
- - -11. 

13. 
 // 



34 International Journal for Computational Civil and Structural Engineering

ELASTOPLASTIC DEFORMATION 
OF STEEL CONCRETE BEAMS WITH LOCAL BUCKLING 

UNDER THREE-POINT BENDING 
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Abstract: In recent decades, there has been increased interest in studying the stress-strain state of concrete-filled 
steel tube constructions – composite elements consisting of a steel shell tube and a concrete core in a state of tri-
axial compression. In this combination, steel and concrete can achieve better strength and deformation character-
istics than when they work separately, which makes it possible to design safe and economical structures. This ar-
ticle presents the results of an experimental study of the deformation process of bent concrete-filled steel tube el-
ements of small circular sections. It is shown that with three-point transverse bending of a tubular concrete beam, 
in addition to deflection due to the curvature of the rod axis, deformations of local crumpling in places of appli-
cation of concentrated loads have a significant effect on vertical displacement. The possibility of applying the 
classical theory of bending of a hollow steel beam according to the Bernoulli model is evaluated. The test results 
and deformation diagrams of hollow steel pipes (analytical and experimental data) and steel-reinforced concrete 
pipe beams filled with concrete are compared. A qualitative and quantitative assessment of the contribution of 
the presence of a concrete core to the bearing capacity and deformability (including local crumpling) of the ele-
ment was carried out. The presence of a concrete core in a composite rod gives a significant weighting of the 
structure, however, in the case of off-center compression of the load-bearing vertical elements of multi-storey 
buildings, the effectiveness of using tubular concrete elements is very effective. 
 

Keywords: pipe concrete, three-point bending, Bernoulli model, beam bending theory, 
elastoplastic deformation, triaxial compression of concrete, complex stress-strain state, 

efficiency of pipe concrete, load bearing capacity 
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1. INTRODUCTION 
 
In recent decades, steel-concrete rods have 
attracted increased interest from domestic [1-
10] and foreign scientists [11-23], since they 
allow the most complete combination of the 
main advantages inherent in both metals and 
concrete, while leveling or completely elimi-
nating their disadvantages [2, 3, 10]. Thus, 
steel structures are very strong, but, due to 
their good elastic properties, they practically 
don’t damp mechanical energy. It makes their 
use in conditions of oscillations and vibrations 
difficult and requires the appliance of special 
vibration and seismic protection systems [11]. 
In turn, reinforced concrete elements with a 
commensurate load-bearing capacity are much 
more massive and have poor resistance to the 
accumulation of damage and the initiation and 
development of cracks. The use of steel-
concrete elements formed by enclosing rein-
forced concrete or concrete in a steel cage also 
leads to a nonlinear increase in load-bearing 
capacity due to the transition of the core to a 
triaxial stress state [1, 4-10, 24-27]. 
At present, many experimental and numerical 
studies have been carried out to study the 
strength and stability of pipe concrete struc-
tures (PCS) under central and eccentric com-
pression [1-3, 5-7, 9, 10]. However, the bend-
ing work of such rods remains poorly studied. 
The main reason for this is the irrationality of 

using PCS as a load-bearing bending element 
(pipe-concrete beam - hereinafter referred to 
as PCB) due to the small increase in load-
bearing capacity with significant weight. At 
the same time, in real operating conditions 
[8], it is almost impossible to identify a purely 
compressed element, and to analyze com-
pressed-bent elements, a detailed study of the 
work under pure and transverse bending of 
rods of various flexibility is necessary. Of par-
ticular interest is the bending of massive PCB, 
the characteristic cross-sectional size of which 
is about 10% of the length, since in such ele-
ments it is not always possible to apply the 
classical models of Bernoulli or Timoshenko 
beams. This is primarily due to the fact that 
the distribution of internal forces into elemen-
tary components (moment and shear force) 
becomes difficult, and the transition from 
forces to stresses is complicated by the “com-
posite” nature and internal static indetermina-
tion of the steel-concrete section [1-3]. 
Under conditions of three-point bending, signif-
icant local stresses arise in the PCB, leading, in 
addition to general curvature, to local defor-
mation at the force points (Fig. 1). Conducting 
experimental studies in this case is the most ra-
tional for assessing the general stress-strain state 
of a massive PCB during bending with local 
compression. 
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Figure 1. Deformation of the PCS 

under three-point bending 
 

The research [31] considers the bending of PCB 
using Bernoulli beam theory, as a result of 
which the equivalent bending stiffness is deter-
mined. The main disadvantage of the study is 
the idealization and assumptions of work with a 
predominance of normal stresses (bending mod-
el of a Bernoulli beam), which is a very rough 
approximation due to the factors indicated 
above. 
 
 
2. MATERIALS AND RESEARCH 
METHODS 
 
To analyze the stress-strain state, experimental 
and numerical simulations were carried out un-
der three-point bending. To conduct experi-
ments, PCB samples with a length of 700 mm 
were made using steel pipes with a cross section 
of Ø76x3, Ø102x3.5 mm, steel grade 09G2S. 
To create the core, fine-grained concrete of 
class B12.5 was used. To confirm the grades 
and characteristics of the PCB components, 
compression tests were carried out on control 
samples [2, 3]. 
Fig. 2 shows the experimental setup. In the ex-
periment, a span of 600 mm was assumed, i.e. 
the ratio of the span to the transverse size of the 
sample was l/D = 1/7.89; 1/5.88. 
During testing, a smooth load was applied to 
sample 1 using a load crossbeam 2. Using indi-
cator 4, the general approach of the traverses 
was recorded, that is, the curvature of the sam-
ple as a result of pure bending of the bend and 
local crushing. 

To assess the contribution of the concrete core 
to the deformation of PCS, control samples of 
hollow pipes with a length of 700 mm and a 
cross section of Ø76x3, Ø102x3.5 mm (steel 
grade 09G2S) were additionally manufactured. 
The need for this part of the study is dictated by 
the fact that, based on the Bernoulli model, a 
hollow pipe has fairly good performance in 
transverse bending due to the high values of the 
moments of inertia of the undeformed section. 
However, studies on the performance of flexural 
thin-walled structures have shown that local de-
formation, cross-sectional bending and metal 
collapse are fundamental in structures of this 
type and significantly reduce the overall stiff-
ness and load-bearing capacity [32]. Fig. 3 
shows a basic view of the deformed state of a 
thin-walled beam and the difference between 
the Bernoulli model and the real structure. 
 

 
Figure 2. Experimental setup for testing PCS 

for three-point bending: 1 – sample under study, 
2 – movable cargo cross-beam, 3 – static cross-

beam, 4 – dial-type movement indicator 

Khazov Pavel Alekseevich, Erofeev Vladimir Ivanovich, Vediaikina Olga Ivanovna,
Pomazov Artyom Pavlovich, Kozhanov Dmitrij Aleksandrvich 

 
Figure 3. Calculation diagram of the bending element (a), diagram of deformations according to 
the Bernoulli model (b) and taking into account the curvature of sections and local crushing (c) 

 
3. RESULTS OF THE EXPERIMENTAL 
RESEARCH 
 
During the research, samples of PCB and hol-
low pipes were brought to destruction or com-
plete loss of load-bearing capacity. In this case, 
the measured deformations were obviously not 

divided into “bending” and “bearing defor-
mations”, since in this study the interest is pre-
cisely the general stress-strain state of the sam-
ple with local collapse during three-point bend-
ing. Fig. 4 shows a typical type of PCB failure 
during three-point bending. 
 

 

 
Figure 4. Destruction of PCB along the normal section 

 
Fig. 5 shows diagrams of elastoplastic defor-
mation of PCB samples, showing the depend-
ence of the load on the sample and the approach 
of the traverses P(f), (Fig. 1). The diagrams 

show that at the initial stage the work of the 
samples is close to elastic, and the transition to a 
nonlinear dependence occurs at the same dis-
placements f  
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Figure 5. Deformation diagrams of PCB samples 

 
As expected, despite the destruction along the 
normal section (Fig. 4), there are significant lo-
cal deformations in the beam due to the collapse 
of the steel pipe. Nevertheless, the deformations 
did not lead to a global change in the shape and 
dimensions of the PCB cross sections. 
Moreover, in almost the entire linear section of 
the diagram (Fig. 5), bending deformations pre-
vailed over crushing (Fig. 6). 
 

 
 Figure 6. Appearance of the sample under line-

ar deformation 
 

In Fig. 7 compares the deformation of the PCB 
in a linear section with the deformation of an 
equivalent hollow pipe according to the Ber-
noulli beam model (Fig. 3b), according to 
which, in the absence of local deformations, the 
diagram is described by the dependence: 
 

=
48

, (1) 

where: f, P, l – measured displacement, load, 
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The diagrams show that, compared to the Ber-
noulli bending deformation model, the presence 
of a concrete core in the pipe leads to strengthen-
ing of the structure. It should be taken into ac-
count that the actual operation of a thin-walled 
pipe under three-point bending is noticeably dif-
ferent from the Bernoulli beam model. Fig. 8 
shows experimental deformation diagrams and 
the appearance of hollow pipe samples after test-
ing. Real data obtained experimentally (Fig. 8) 
indicate that the load-bearing capacity of a hol-
low pipe is significantly lower than the calculated 

values according to (2). Table 1 provides a com-
parative analysis of the load-bearing capacity of 
PCB and hollow pipes according to the Bernoulli 
model and according to experimental data (after 
the load-bearing capacity value, the percentage 
relative to the Bernoulli model is given). Accord-
ing to the data given in Table 1, it is clear that an 
increase in diameter critically affects the load-
bearing capacity of a hollow sample, which is 
explained by an increase in the flexibility of its 
cross-section and a sharp increase in the influ-
ence of bearing deformations. 
 

 
Figure 8. Deformation diagrams and view of hollow pipe samples after testing 

 
Table 1. Comparison of the load-bearing capacity of hollow and pipe concrete beams 

Sample size 
Load-bearing capacity, kN 

PCB (Fig.5) 
Hollow pipe 

Bernoulli model (formula 2) Experiment (Fig. 8) 
 44 (169%) 26 (100%) 12 (46%) 

 87 (158%) 55 (100%) 15 (27 %) 
 

Fig. 9 shows a comparison of the actual strain 
diagrams of a PCB and a hollow pipe under 
three-point bending. As can be seen from the 
diagrams, the presence of a core in a thin-walled 
bending pipe significantly improves its strength 
and deformation characteristics. It should also 
be noted that despite the plastic properties of 
concrete enclosed in a core, the deformation of 

PCB by its nature is more reminiscent of the 
behavior of metals (for example, with an obvi-
ous plastic zone in the graphs (Fig. 9). At the 
same time, a hollow pipe due to crushing and 
curvature cross sections immediately deform 
nonlinearly, which complicates the calculations 
when designing such structures. 
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4. CONCLUSIONS 
 
Based on the results of the experimental re-
search, it was established that the presence of a 
concrete core primarily ensures the resistance of 
the metal pipe to crushing and local deformation 
of the section. The contribution of the concrete 
core to the load-bearing capacity for the two di-
ameters was about 60% compared to the Ber-
noulli model, and compared to the experimen-
tally tested hollow pipe, the load-bearing ca-
pacity increased by about 3 times. Despite the 
significant weight, the use of bendable pipe-
concrete structures may be advisable if, along 
with bending, compressive forces occur in the 
sections (for example, columns of multi-story 
buildings), since the concrete core significantly 
strengthens structures of this kind [1-3]. 
The use of classical models of beam bending in 
the case of thin-walled pipe structures is irra-
tional and provides unnecessary margins, since 
it does not take into account local collapse and 
deformation of sections. The design of massive 
bendable PCB should be carried out taking into 
account local deformations. 
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HYDRAULIC ANALYSIS OF COMPOSITE HYDRAULIC 
STRUCTURE CONSIDERING EXISTING OF PIER 
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Abstract: A composite hydraulic structure is used to solve the problems of sediment and floating materials, 
respectively. A pier (obstacle) is used at the downstream of the composite hydraulic structure to increase water 
depth, decrease flow velocity, and dissipate the flow energy. The paper deals with the effect of single pier and 
double piers on the hydraulic characteristics of the composite structure. Circular and square shapes are adopted 
in the study with different spacing measured from the downstream of the composite structure. The experiments 
reveal how the level of the hydraulic characteristics is changed due to the existence of the pier/piers as compared 
to without the existence of the pier/piers. The statistical data which is collected from the experiments shows the 
alteration in the average downstream water depth, discharge coefficient, Reynolds number, upstream Froude 
number and downstream Froude number regardless of pier shape and spacing. The alteration happens owing to a 
change in the separation zone of water flow along the pier circumference. Nonlinear water surface profile is 
appeared when the pier is located at the downstream, while linear water surface profile is appeared clearly when 
the downstream without pier. Also the interference between overflow velocity and underflow velocity will be 
reflected in the hydraulic characteristics. 
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INTRODUCTION  
 
The weir and gate composite hydraulic structure 
is the most common and significant discharge 
structure in irrigation engineering work. This 
structure is used for adjusting and controlling 
the water flow in the channel or canal. The 
function of using both a weir and a gate in the 
same structure is to remove the floating material 
by the weir structure and the sediment by the 
gate opening at the same time with high 
efficiency of the operation without any 
shortages in supply water flow rate. The free 
flow characteristics of the flow which passes 
over the weir and under the gate are 
investigated. The weir has a triangular shape, 
while the gate has a rectangular shape. Nine 
different weirs are used with three different 
angles over a gate with a rectangular section. 
Also, three different distances between the gate 
and the weir are considered in the study [1]. The 
discharge coefficient of a combined hydraulic 
structure is investigated. Nine different models 
are used, with the weir having a rectangular 
shape while the gate has a semi-circular 
shape. The discharge coefficient of the 
combined structure is estimated by using a 
multi-regression model with the percentage of 
the error equal to ±10% [2]. Also, the flow 
pattern over the weir and under the gate of the 
combined weir-gate structure is studied 
experimentally. In the experiments, four 
different opening gate heights were adopted. 
Four different angles for the weir were also 
adopted in the experiments. Statistical analysis 
principles are adopted to correlate the discharge 
coefficient with hydraulic and geometric 
variables [3]. The discharge coefficient and the 
free flow characteristics for composite weirs 
and sluice gates are examined by using 
experiments.  The gate has a semicircular shape 
with fixed dimensions. Fifteen device models 
are employed and tested under the action of the 
different geometrical conditions, while the 
hydraulic conditions are considered constant. 
They obtained an expression to describe the 
device discharge coefficient [4]. As well, the 

discharge coefficient of the combined weir-gate 
structure is examined by using experiments 
under free flow conditions. The weir consists of 
two parts, and these parts are trapezoidal notch 
over rectangular notch, while the sluice gate has 
a semicircular shape. Fifteen device models are 
employed and tested. From the results of the 
experiments, they developed and predicted a 
formula for the discharge coefficient of the 
device [5]. Experimentally, the hydraulic 
characteristics of flow over a cipolletti weir and 
under an opening with a rectangular section are 
studied. Thirty-nine models are made with 
different geometrical dimensions. The 
experiments are done under the free flow 
condition and subcritical flow [6]. In addition, 
the characteristics of the combined flow under a 
rectangular opening and over a trapezoidal weir 
are studied experimentally. Also, the 
dimensional analysis with statistics program is 
employed to obtain an empirical formula to 
describe the discharge coefficient [7]. The 
mutual influence of the suspended material and 
the deposition on the combined hydraulic 
structure has been studied. Experimental work 
has been done to validate the composite models. 
The simulation analysis is based on the RNGK-

prediction of the discharge leads to the 
suggestion of two mathematical models with an 
acceptable discharge coefficient [8]. On the 
other hand, the composite hydraulic structure 
flow characteristics are studied experimentally 
under free flow conditions. The study dealt with 
the influence of the installation angle of the 
composite structure on the horizontal bed of the 
flume on hydraulic characteristics, considering 
different geometrical dimensions of the 
composite structure [9]. In addition, 
experimental work is performed to reveal the 
hydraulic characteristics of water flow that 
passes through the composite hydraulic 
structure and encounters obstacles with or 
without openings, which are located 
downstream of the composite structure. The 
experiments show the direct effect of the 
obstacles with openings on the hydraulic 
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characteristics and flow pattern [10]. The impact 
of using the barrier/barriers at the downstream 
region of the weir-gate structure has been 
studied experimentally. The experiments reveal 
the influence of the barrier/barriers on 
controlling the hydraulic characteristics of the 
composite hydraulic structure [11]. Also, an 
experimental study was carried out to show the 
effect of the downstream obstacle/obstacles on 
the hydraulic characteristics of the discharge 
structure (weir-gate structure). The experiments 
show that the obstacle/obstacles control the 
trend between the hydraulic variables [12]. The 
experiment study deals with assessment of the 
composite structure's hydraulic characteristics 
under the effect of the pier/piers' existence at the 
downstream of the composite structure. Here, 
the pier works as an obstacle and leads to an 
increased water level around the pier and 
reduced flow velocity. These factors will be 
reflected directly on the hydraulic 
characteristics of the hydraulic structure. 
 
 
THEORETICAL ANALYSIS 
 
The theoretical discharge, which crosses the 
rectangular weir, can be computed from the 
following equation [13]. 
 

3/22 2
3wQ g b h

                 (1) 
 

The theoretical discharge, which crosses the 
gate, can be computed from: 
 

. 2gQ V A g H A            (2) 
 

For free flow conditions, 
 

H d y h                          (3) 
 

For submerged flow conditions 
 

dH d y h h                     (4) 
 

For the composite hydraulic structure, which 
consists of weir and gate, the theoretical discharge 
and actual discharge can be computed according to: 
 

theor w gQ Q Q                     (5) 
 

.act d theorQ C Q                     (6) 
 

[ ]act d w gQ C Q Q                  (7) 
 

Where, H: upstream water depth, h: water head 
over weir crest, hd: downstream water depth, y: 
vertical distance between weir and gate, d: the 
gate depth, A: gate cross-section flow area, Vis 
the flow velocity, b: the width of the rectangular 
weir, g: acceleration due to gravity, Qw weir 
discharge ,Qg: gate discharge,Qtheor: theoretical 
discharge ,Qact: actual discharge ,Cd: discharge 
coefficient. 
The Reynolds number [14] and Froude number 
[15] are computed by using the following 
equations: 
 

d
e

V hR
                                  (8) 

 

r
VF
g y                                   (9) 

 
viscosity of water, y: 

water depth. 
 
 
EXPERIMENTAL SETUP  
 
The experiments for the current study are done 
on the flume, which has the following 
dimensions: 2 m long, 7.5 cm wide, and 15 cm 
deep. The volume method is used to measure the 
actual discharge quantity, while the water depth 
at the upstream and downstream is measured by 
using a scale mounted on the side wall of the 
flume. Table 1 displays the dimensions of the test 
model that is made from wood sheet material; the 
thickness of wood sheet is equal to 5mm beveled 
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on the flume, which has the following 
dimensions: 2 m long, 7.5 cm wide, and 15 cm 
deep. The volume method is used to measure the 
actual discharge quantity, while the water depth 
at the upstream and downstream is measured by 
using a scale mounted on the side wall of the 
flume. Table 1 displays the dimensions of the test 
model that is made from wood sheet material; the 
thickness of wood sheet is equal to 5mm beveled 

4 
 

along all the edges at 45o with sharp edges of 
1mm. The composite hydraulic structure is 
located at a certain distance equal to 80 cm from 
the beginning of the flume. For all experiments, 
the bed of the flume must be in a horizontal 
position. Two different shapes of the pier are 
used; the first one has a circular shape, while the 
second one has a square shape. 
 

Table 1. The dimensions of the test models 
 

Model No. Hu(cm) D(cm) Y(cm) H(cm) 
1 3 4 2 9 
2 2 4 2 8 
3 1 4 2 7 
4 3 3 3 9 
5 2 3 3 8 

6 1 3 3 7 
7 2 4 3 9 
8 1 4 3 8 
9 3 2 4 9 
10 2 2 4 8 
11 1 2 4 7 
12 1 4 4 9 

 
Table 2 reviews the details of the pier. Piers are 
located at different distances measured from the 
downstream of the composite hydraulic 
structure. Also, table 2 illustrates the details of 
the distances. Here, the pier is made by using 
wood material. Figure 1-a shows the sketch of 
the composite structure, while Figure 1-b shows 
the sketch of the whole hydraulic system, which 
consists of the composite structure and the pier. 

 
Table 2. Details of the pier with distance measured from the composite hydraulic structure 

 
Circular Pier 

Case Pier Shape Diameter Distance 
Single pier Circular 2cm 20cm 
Single pier Circular 2cm 30cm 
Double pier circular 2cm 20cm,30cm  
Single pier circular 3cm 20cm 
Single pier circular 3cm 30cm 
Double pier circular 3cm 20cm,30cm  
Single pier circular 4cm 20cm 
Single pier circular 4cm 30cm 
Double pier circular 4cm 20cm,30cm  

Square Pier 
Case Pier Shape Diameter Distance 

Single pier Square 2cm 20cm 
Single pier Square 2cm 30cm 
Double pier Square 2cm 20cm,30cm  
Single pier Square 3cm 20cm 
Single pier Square 3cm 30cm 
Double pier Square 3cm 20cm,30cm  
Single pier Square 4cm 20cm 
Single pier Square 4cm 30cm 
Double pier Square 4cm 20cm,30cm  

 
RESULTS AND DISCUSSION  
 
A series of experiments were carried out using 
various dimensions of the composite hydraulic 
structure with varying pier diameters, shapes, 

and spacing. Figure 2 shows the discharge 
coefficient of the composite model variation 
with the ratio (D/H), where D refers to the 
circular pier diameter and H refers to the 
upstream water depth. The figure shows a 
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comparative study based on two different flow 
conditions. The first condition refers to the free 
flow condition, which occurs without the 
existence of the pier, while the second condition 
refers to the submerged flow condition, which 
occurs due to the existence of the pier. 
 

 
(a) 

 
(b) 

Figure 1. a) The composite structure. b) 
Composite structure and the Pier 

 
The figure shows that the values of the discharge 
coefficient in the free flow condition are always 

greater than the discharge coefficient of the 
submerged flow condition. The trend in relation 
between the discharge coefficient and the ratio 
(D/H) for the submerged flow condition can be 
considered dramatic owing to the alteration in the 
pier cross section, spacing, and number of the 
piers. The variation in the composite discharge 
coefficient will be associated with the variation in 
the flow velocity. The variation in the flow 
velocity happens owing to the alteration in the 
separation points of the water stream along the 
circumference of the circular cylinder. 
 

 

 

 
Figure 2. The variation of discharge coefficient 

with (D/H) ratio of circular pier and for 
different models 

0,50

0,60

0,70

0,80

0,90

0,2 0,3 0,4 0,5 0,6

Cd

D/H

Model No. 5

Single 20
Single 30
Double
Without

0,50

0,60

0,70

0,80

0,90

0,2 0,3 0,4 0,5 0,6

Cd

D/H

Model No. 2 Single 20
Single 30
Double
Without

0,50

0,60

0,70

0,80

0,90

0,2 0,3 0,4 0,5 0,6

Cd

D/H

Model No. 9

Single 20
Single 30
Double
Without

Rafi M. Qasim, Ihsan A. Abdulhussein, Muna A. Hameed



51Volume 20, Issue 2, 2024
5 

 

comparative study based on two different flow 
conditions. The first condition refers to the free 
flow condition, which occurs without the 
existence of the pier, while the second condition 
refers to the submerged flow condition, which 
occurs due to the existence of the pier. 
 

 
(a) 

 
(b) 

Figure 1. a) The composite structure. b) 
Composite structure and the Pier 

 
The figure shows that the values of the discharge 
coefficient in the free flow condition are always 

greater than the discharge coefficient of the 
submerged flow condition. The trend in relation 
between the discharge coefficient and the ratio 
(D/H) for the submerged flow condition can be 
considered dramatic owing to the alteration in the 
pier cross section, spacing, and number of the 
piers. The variation in the composite discharge 
coefficient will be associated with the variation in 
the flow velocity. The variation in the flow 
velocity happens owing to the alteration in the 
separation points of the water stream along the 
circumference of the circular cylinder. 
 

 

 

 
Figure 2. The variation of discharge coefficient 

with (D/H) ratio of circular pier and for 
different models 

0,50

0,60

0,70

0,80

0,90

0,2 0,3 0,4 0,5 0,6

Cd

D/H

Model No. 5

Single 20
Single 30
Double
Without

0,50

0,60

0,70

0,80

0,90

0,2 0,3 0,4 0,5 0,6

Cd

D/H

Model No. 2 Single 20
Single 30
Double
Without

0,50

0,60

0,70

0,80

0,90

0,2 0,3 0,4 0,5 0,6

Cd

D/H

Model No. 9

Single 20
Single 30
Double
Without

6 
 

Figure 3 illustrates the variation of the ratio 
(hd/H) against the ratio (D/H) for various cases 
and configurations, where hd refers to the 
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values of the submerged flow condition are 
always greater than the values of the free flow 
condition. Because of the existence of the pier 
(obstacle), which confines the water and leads 
to increasing the water depth, this condition will 
be satisfied for the submerged flow condition. 
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for the Froude number in the upstream region. 
In the upstream, the flow depth is very high, 
and this leads to the low values for Froude 
number. The interaction between weir flow 
velocity and gate flow velocity has a greater 
influence on the Reynolds number value 
distribution than the interaction between flow 
depth and flow velocity. All three 
relationships are more influenced by the 
overlapping between weir velocity and gate 
velocity, pier diameter, and the spacing 
between pier and composite structure. Based 
on the Reynolds number, the flow is 
considered turbulent. Also, based on the 
Froude number at upstream, the flow type is 
considered subcritical and the flow type at 
downstream is changed from subcritical to 
supercritical. 
Figures 6, 7 and 8 review the relationship 
between the ratio (hd/H) and the ratio (X/H), 
where X refers to the distance along the 
downstream of the flume, and this distance is 
measured from the downstream of the 
composite hydraulic structure. Figures 6 and 7 
take into account the existence of single piers 
and double piers, respectively, while Figure 8 
is drawn for both single piers and double piers 
for a constant ratio of (D/H =0.429). Figures 
6, 7 and 8 comprise two different cases. These 
cases are free flow and submerged flow. The 
figures show that the values of the average 
downstream water depth for the free flow are 
always less than the corresponding values in 
the case of the submerged flow. The nonlinear 
water surface profile happens due to the 
alteration in the water surface elevation 
around the pier (obstacle), which affects the 
stability of the water surface elevation along 
the downstream region. The fluctuation in the 
trend of the profile relies on pier diameter, 
spacing, and interference between weir 
velocity and gate velocity. 
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Figure 10 illustrates the variation of the ratio 
(hd/H) against the ratio (D/H) for various 
configurations of the pier arrangement, where hd 
refers to the average downstream water depth. 
For submerged flow conditions, it is obvious 
that the ratio (hd/H) decreases slightly when the 
ratio (D/H) increases, while for free flow 
conditions, by increasing the ratio (D/H), the 
ratio (hd/H) remains constant. The figure shows 
that the values of the submerged flow condition 
are always greater than the values of the free 
flow condition. Because of the existence of the 
pier (obstacle), which confines the water and 
leads to increasing the water depth, this 
condition will be satisfied for the submerged 
flow condition. 
Figure 11 illustrates the comparison between 
free flow and submerged flow for the following 
relationships: relation between upstream Froude 
number and the ratio (D/H); downstream Froude 
number and the ratio (D/H); also the relation 
between Reynolds number and the ratio (D/H). 
In general, both the Froude number and the 
Reynolds number depend on flow velocity and 
flow depth. 
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Figure 11. Variation of upstream Froude 
number, Downstream Froude number and 

Reynold's number with (D/H) ratio of square 
pier and for model No. 5 

 
 

 
Figure 12. The relationship between (hd/H)  
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Figure 13. The relationship between (hd/H)  
ratio and the ratio (X/H) for model No. 5, 
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Table 3 shows the maximum, minimum, and 
average values of discharge coefficient; average 
downstream water depth; upstream Froude 
number; downstream Froude number; and 
Reynolds number. Table 3 includes two 
different shapes of pier. These shapes are the 
circular pier and the square pier. Also, table 3 
reviews the values for single pier and double 
piers. From table 3, the following is obvious: 
The existence of a single square pier with a 
diameter of 20 cm leads to a higher discharge 
coefficient, with little fluctuation in the average 
value. But in the case of double piers, the 
existence of the double circular piers leads to a 
higher discharge coefficient as compared with 
the existence of the double square piers. Also, 
for a single circular pier with a 30 cm diameter 
and a single square pier with a 30 cm diameter, 
the variation in discharge coefficient values 
appears clearly. For the average downstream 
water depth, the existence of the square pier 
leads to higher water depth as compared with 
the existence of the circular pier regardless of 

the pier numbers (single or double). A small 
difference appeared in values of the Froude 
number upstream regardless of the pier shapes 
and numbers (single or double). The Froude 
number downstream has a higher value with a 
single circular pier with a diameter of 20 cm. 
Also, Froude number has higher values with 
double circular piers, but for a single square pier 
with a diameter of 30 cm, Froude number has 
higher values as compared with a single square 
pier with a 20 cm diameter and double square 
piers. In terms of Reynolds number, the 
variation in values is obvious regardless of pier 
shape and configuration (single or double). 
Variation in all values will be produced by the 
change in fluid separation zone; flow velocity 
change from section to section; water depth 
alteration from section to section; and the 
change in momentum transfer due to the 
existence of the pier (obstacle). Also, the table 
indicates a comparative between two cases; the 
first case deals with pier existence while the 
second is without pier existence. 

 
Table 3. Comparison between ferr and submerged output models parameters 

 

Parameter 
 Circular Square 

Case 
without  Single 

20cm 
Single 
30cm Double Single 

20cm 
Single 
30cm Double 

Cd 
Maximum 0.892 0.892 0.926 0.897 0.838 0.781 0.859 
Minimum 0.444 0.020 0.502 0.496 0.426 0.434 0.586 
Average 0.630 0.630 0.641 0.602 0.593 0.601 0.750 

hdavg 
(cm) 

Maximum 4.500 4.683 4.400 4.617 4.617 4.633 3.500 
Minimum 2.783 2.967 3.067 3.167 3.283 3.333 0.850 
Average 3.758 3.925 3.823 4.037 4.082 4.087 1.854 

Frup 
Maximum 0.143 0.146 0.147 0.143 0.130 0.153 0.178 
Minimum 0.066 0.003 0.073 0.064 0.068 0.082 0.094 
Average 0.110 0.111 0.111 0.105 0.103 0.106 0.132 

Frdown 
Maximum 0.470 0.413 0.427 0.397 0.358 0.370 3.919 
Minimum 0.250 0.009 0.262 0.193 0.166 0.222 0.522 
Average 0.352 0.332 0.351 0.303 0.290 0.300 1.483 

Rn 
Maximum 10695 11257 11407 10959 9852 10870 10999 
Minimum 3810 182 5289 3711 3953 4779 5467 
Average 8125 8194 8313 7795 7571 7830 9597 
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CONCLUSION 
  
In the current study, flow over weir and under 
gates with and without single pier or double 
piers has been studied experimentally. 
Depending on the experimental results of the 
current investigation, the following conclusions 
can be found: 
1- The water flow separation zone along the 

circumference of the pier has a major effect 
on the hydraulic characteristics, especially 
the flow velocity. 

2- The interaction between gate flow velocity 
and weir flow velocity produces a variation 
in the hydraulic characteristics of the 
composite structure. 

3- The pier shape and spacing have a direct 
effect on the control of the hydraulic 
behavior of the composite hydraulic 
structure. 

4- The change in water depth, flow velocity, 
and momentum transfer will have an effect 
directly on the hydraulic characteristics of 
the composite structure. 

5- Actual discharge and discharge coefficient 
have the same trend regardless of the 
presence of the pier/piers. 

6- The Reynolds number and Froude number 
are more sensitive to the existence of the 
pier/piers. 

7- The hydraulic characteristics of the 
composite structure under the action of the 
pier/piers are not similar to the hydraulic 
characteristics without the pier/piers. 
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NUMERICAL ANALYSIS OF STRESS-STRAIN STATE OF THE 
STEEL MODULAR BLOCK WITH CORRUGATED WEBS 

 
Olga A. Tusnina, Anatoliy V. Alekseytsev 

National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 
 

Abstract. Modular blocks are widely used in industrial and civil engineering both as stand-alone structures and 
combined into block-modular buildings. Modular block consists of the load bearing frame, wall fencing, roof 
and floor decking. The modular block, with wall fencing made of corrugated sheet continuously welded to the 
beams, is a spatial system, with beams and corrugated webs working together. The steel modular block for the 
gas pumping unit on a gas turbine power plant is considered in the paper. Assessment of the corrugated web 
thickness effect on the load bearing capacity of the block is performed. Numerical investigation of stress-strain 
state of the blocks with different thickness of corrugated web is carried out by the finite element method. The 
values of the ultimate destructive load on the blocks with different thickness of the corrugated web are 
determined. The values of the allowable load on the block and the criteria for its limitation have been established 
depending on the stress-strain state of the block and the causes of destruction. 
For comparison, a calculation was made of a block with walls made of sandwich panels that are not included in 
the work of the frame. It is determined that ultimate load on the block with corrugated webs is 1,5-6 times 
greater than on the block with wall sandwich panels. 
 
Key words: modular building, steel modular block, corrugated web, critical load, buckling, finite-element analysis 
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1. INTRODUCTION 
 
Structures made of modular blocks are widely 
used in civil and industrial construction. 
Modular blocks are used as standalone 
structures as well as part of buildings consisting 
of several blocks. 
A typical example of modular structure is 
shipping container. A standard ISO container 
represents a spatial block, with its frame 
composed of main beams and racks welded 
together. The cold formed hollow rectangular 
sections are used for beams and racks. The wall 
fencing of a standard container is made of 

attached by continuous welds to the upper and 
lower main beams. Corner fittings are located at 
the corners of the container at the top and 
bottom of the columns, transmitting loads to 
supports and receiving loads from containers 
placed on top. The block works on a beam 
scheme with a span equal to its length. 
Standard ISO containers can withstand heavy 
loads, primarily due to the combined action of 
load-bearing beams and columns with the 
corrugated sheet.  Furthermore, due to the nature 
of load application on the container: about 80% of 
the allowable load is transmitted through the 
corner fittings to the container's columns, and only 

container floor from the cargo weight. The 
-

the container can withstand 
tons. Therefore, it is permissible to stack up to 6 
containers on top of each other. 
When such a container is used as building 
structures, the load distribution will be different. 
The roof beams will bear snow load, technical 
loads from equipment placed on the roof and the 
payload. Therefore, for the use of standard 
containers in construction of buildings and 

studies taking into account the actual structural 
design of the block, the loads acting on it, and 

 Several studies are dedicated 
to the analysis and design of modular blocks. 

Typical structural solutions for modular blocks 
are developed for use in building construction 

-
optimal cross-sections for load-bearing 

connections between modular blocks are 
-  

When loads are applied to the roof of the 
container, the main beams experience bending 
and transfer the loads to the corrugated web. As a 
result, each plane of the longitudinal walls of the 
block can be represented as a beam with a 
corrugated web -
the top and bottom longitudinal beams of the 
block frame. The load-bearing capacity of beams 
with corrugated webs is influenced by the shape 
of the corrugations, the presence, shape, and 
location of openings in the - . 
Studying the influence of the profile and 
thickness of the corrugated web, the presence of 
door and window openings, as well as the 
localization and magnitude of the applied loads 
on the stress-strain state of the modular block is 
a relevant and practically significant task. 
This article presents a numerical study of the 
stress-strain state of a steel modular block for a 
gas pumping unit on a gas turbine power plant. 
Blocks with different thicknesses of corrugated 
webs loaded with local and full roof loads were 
analyzed. 
 
 
2. METHODS  
         
Modular block for gas pumping unit -
is a space 

represented as a beam 
Distinctive feature of the 

considered block is its big height H in 
comparison to the span L: span to height ratio 
L/H of the block is Beams with values of 

L/H ratio L/H deep beams. For 
deep beams the fundamental principle that a 
plane section before bending remains plane after 
bending is violated. For beams with small span-
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to-height ratio section warping should be taken 
into account. Stress distribution across the 
section of the deep beam is nonlinear due to the 
shear warping of the cross-section.  
The considered block contains openings in the 
walls and roof, unlike standard ISO containers. 

-
block are larger than the dimensions of standard 
containers. 
The main beams and racks of the frame are 
constructed from cold-formed welded 
rectangular hollow sections. Walls of the block 
consists of corrugated sheets continuously 
welded to the top and bottom main beams. The 
floor and roof decking are made of flat steel 
sheets with -
stiffeners. The steel sheet is supported by 
secondary beams with hollow rectangular 
sections welded to the main longitudinal frame 
beams. In the roof there is a rectangular opening 

 for tube of gas pumping 
equipment.  
Structures of the considered block are made of 
steel S -
yielding stress is Ryn  

Numerical analyses of the stress-strain state of 
the blocks with various corrugated web 
thicknesses have been conducted.  

-block has been 
developed using the computational program 
Simcenter Femap and depicted in Figure 1. The 
models with corrugated web thicknesses of 1 mm, 

are considered. 
Corrugated webs, roof and floor sheets, sections 
of the main beams are 
elements. The racks, secondary beams and 
stiffeners of the flat sheets are modeled by BEAM 
finite elements. Boundary conditions include 
constraints to prevent displacements in all linear 
directions at the four bottom corners of the block. 
In addition to the cases with different corrugated 
sheets on the walls, an analysis was conducted 
on the model without corrugated webs to 
estimate the effect of the corrugated web 
presence on the stress-strain state of the block. 
In this case, the block has walls made of 
sandwich panels, which are hung on the frame 
structures and practically do not participate in 
load distribution. So, their effect on the behavior 
of the block can be neglected. 
 

 

a  

c  b  

Figure 1. Finite-element model of block for gas pumping unit: a – with corrugated webs; b – 
without corrugated web (block with wall sandwich panels); c - fragment 
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In this case, the block has walls made of 
sandwich panels, which are hung on the frame 
structures and practically do not participate in 
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a  

c  b  

Figure 1. Finite-element model of block for gas pumping unit: a – with corrugated webs; b – 
without corrugated web (block with wall sandwich panels); c - fragment 

 

Two loading schemes of the blocks are 
considered: “full load” – payload over the entire 
area of the roof and “local load” – payload over 
the local area of the roof. The uniform load was 
applied to the top longitudinal beam.  

have been made. Stress-strain curve for steel 
 is taken into 

analysis 
stress and strain in the key points of the diagram 
are represented in table 1. 

 
 

a b  
 

Figure 2. Schemes of loading:  – “full load”; b – “local load” 
 

 
Figure 3. Stress–strain curve for steel S255 taken into analysis  

 
Table 1. Characteristics of steel S255  

 
The geometrically nonlinear analysis was 
performed using the step-by-step iterative 

parameters: 
number of increments – 
update – - 
0.001. 

The buckling and yielding criteria are 
established to determine the ultimate load on the 
particular structural elements of the block and 
on the block as whole. 
Theoretically, the buckling criterion can be 
defined as a sudden increase in displacement 

b

 / ynE R  / ynR    
Yield strength  

 1 1 0,00119  

End of yield plateau  1 0,01665  
Ultimate strength     

Fracture     
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increment  at a constant load increment P. 
Buckling can be identified on the graph as the 
inflection point of the displacement-load curve. 
The load corresponds to a sudden change in the 
slope of the tangent line to the displacement-
load curve is considered the ultimate load 
according to the buckling criterion for the 
particular structural element.  
The following equation is proposed to define the 
buckling criterion: 
 

  1i

i

tg
tg

,      

 

where 1
1

1
i

i
i

tg
P

, i
i

i
tg

P
  - tangents 

of the displacement- -step 
and i-step of load increment, respectively. 
Assuming a constant load increment 

1i iP P const  equation for the 
buckling criterion can be written as follows:  
 

  1i

i
,         

 
 i - displacement increments 

at the -step and i-step of the load increment 
Pi. respectively. 

The graphical interpretation of the buckling 
 

 

 
Figure 4. Graphical interpretation of the 

buckling criterion 
 

To define the yielding criterion, we adopt the 
following condition: the criterion of yielding is 

met when the values of Von Mises strain  
falling within the specified range: 

 
 /y uR E    

 
where Ry – design resistance of steel determined 
based on the nominal value of yield strength; 
E  – modulus of elasticity of the 
steel; u – ultimate strain corresponding to the 
ultimate tensile strength.
 

    
3. RESULTS AND DISCUSSION 
 
In the results of carried out analyses the stress-
strain state of the block with different 
corrugated web thickness is defined depending 

load” or  The stress-strain 
parameters of the block structures in the key 
positions 5 : 
- Von Mises stress and -
direction the corrugated web in 
the corner support zone ; 
- -
direction the top longitudinal 
beam in the span  
- Von Mises stress and vertical displacement 
of the roof sheet between stiffeners  
 

 
Figure 5. Key positions for determine stress-

strain state of the block 
 
Diagrams of displacement and Von Mises stress 
dependence from load in the key positions of 
the top longitudinal beam and corrugated web 
are represented on fig. 6 and 7. Curves depicted 
results for loading scheme “full load” are drawn 
by continuous line and for loading scheme 
“local load” - by dashed line. 

Olga A. Tusnina, Anatoliy V. Alekseytsev



65Volume 20, Issue 2, 2024

increment  at a constant load increment P. 
Buckling can be identified on the graph as the 
inflection point of the displacement-load curve. 
The load corresponds to a sudden change in the 
slope of the tangent line to the displacement-
load curve is considered the ultimate load 
according to the buckling criterion for the 
particular structural element.  
The following equation is proposed to define the 
buckling criterion: 
 

  1i

i

tg
tg

,      

 

where 1
1

1
i

i
i

tg
P

, i
i

i
tg

P
  - tangents 

of the displacement- -step 
and i-step of load increment, respectively. 
Assuming a constant load increment 

1i iP P const  equation for the 
buckling criterion can be written as follows:  
 

  1i

i
,         

 
 i - displacement increments 

at the -step and i-step of the load increment 
Pi. respectively. 

The graphical interpretation of the buckling 
 

 

 
Figure 4. Graphical interpretation of the 

buckling criterion 
 

To define the yielding criterion, we adopt the 
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the corner support zone ; 
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Figure 5. Key positions for determine stress-

strain state of the block 
 
Diagrams of displacement and Von Mises stress 
dependence from load in the key positions of 
the top longitudinal beam and corrugated web 
are represented on fig. 6 and 7. Curves depicted 
results for loading scheme “full load” are drawn 
by continuous line and for loading scheme 
“local load” - by dashed line. 

a   

b   
Figure 6. Displacement – Load curves and Von Mises stress – Load curves in the key positions of 

the blocks: a – corrugated web; b – top longitudinal beam 
 

a  b  

c  d  
Figure 7. Von Mises stress – Load curves for blocks with corrugated web thickness (t): a – t=3 

mm; b – t=2.5 mm; c – t=2 mm; d – t=1 mm 
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Von Mises stress in the key positions of the 
structural elements of the considered blocks are 

 
The values of ultimate load Pult for the 
considered modular blocks are obtained in the 

results of numerical analyses and represented in 
table . Ultimate load for each structural element 
and block entire is the load when buckling or 
yielding criterion for the appropriate structure is 
reached – - . 

 
Table 3. Von Mises stress in the structural elements of considered modular blocks  

 

Corrugated 
web thickness 

, 
ton 

 

Roof sheet   Top longitudinal beam 
 Corrugated web  

Full load  Full load  Full load  

t=1 mm 

       
       

50  10,67   95,59  
 -  - 75,87 - 178,88 

70 17,75 -  - 168,50 - 
 18,89 - 78,16 -  - 

 

50    70,86  70,71 
     110,67  

160       
170   166,07    
180   175,69  159,11  

0 98,10 91,00     
 - 90,66 -  -  

  -  -  - 
  -  -  - 

0  -  -  - 
  -  -  - 

 

50  10,71  69,07   
       

160       
180 78,71  171,17  167,98  
190 85,59  180,50  178,59  

       
 -  -  -  

  -  -  - 
  -  -  - 
  -  -  - 

 

50 11,99 10,69     
       

160       
180 78,11      

   185,60    
  97,05   195,11  
 - 98,50 -  -  

  -  -  - 
 155,65 -  -  - 
 156,66 -  -  - 

Without 
corrugated 

web 

10    50,56  - - 
  85,16    - - 
     - - 
      - - 

50   -  - - - 
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web thickness 

, 
ton 

 

Roof sheet   Top longitudinal beam 
 Corrugated web  

Full load  Full load  Full load  

t=1 mm 

       
       

50  10,67   95,59  
 -  - 75,87 - 178,88 

70 17,75 -  - 168,50 - 
 18,89 - 78,16 -  - 

 

50    70,86  70,71 
     110,67  

160       
170   166,07    
180   175,69  159,11  

0 98,10 91,00     
 - 90,66 -  -  

  -  -  - 
  -  -  - 

0  -  -  - 
  -  -  - 

 

50  10,71  69,07   
       

160       
180 78,71  171,17  167,98  
190 85,59  180,50  178,59  

       
 -  -  -  

  -  -  - 
  -  -  - 
  -  -  - 

 

50 11,99 10,69     
       

160       
180 78,11      

   185,60    
  97,05   195,11  
 - 98,50 -  -  

  -  -  - 
 155,65 -  -  - 
 156,66 -  -  - 

Without 
corrugated 

web 

10    50,56  - - 
  85,16    - - 
     - - 
      - - 

50   -  - - - 

For example, buckling of the top longitudinal 
beam and corrugated web is characterized by an 
abrupt increase of its Y-displacements. This can 
be observed on the displacement-load curves 

6 . 
The yielding criterion for structural element is 
determined by the load applied to the block that 
causes the yield stress in structural element 
fig. 7  

In the table , cells containing the ultimate load, 
corresponding to the earliest attainment of the 
buckling or yielding criterion for one of the 
structural elements are highlighted in color. This 
load can be used as allowable load - the upper 
limit to the load that can be applied to the block 
without causing failure of its structural 
elements. 
 

 
Table 4. Ultimate load Pult for the considered modular blocks  

 

Corrugated web 
thickness Structural element Ultimate load Pult, ton Criterion 

Full load  

t=1 mm 

Roof sheet - - - 

Corrugated web 40 30 Buckling 
- - Yielding 

Top longitudinal beam - - - 

Block entire ,  50,  Buckling of the 
corrugated web 

t =  mm 

Roof sheet  160 Buckling 

Corrugated web 210 170 Buckling 
 180 Yielding 

Top longitudinal beam -  Buckling 
60 170 Yielding 

Block entire ,8 ,  Buckling of the 
corrugated web 

t = ,5 mm 

Roof sheet  160 Buckling 

Corrugated web - - Buckling 
 190 Yielding 

Top longitudinal beam   Buckling 
260 180 Yielding 

Block entire ,6 ,6 Buckling of the top 
longitudinal beam 

t= mm 

Roof sheet  160 Buckling 

Corrugated web - - Buckling 
  Yielding 

Top longitudinal beam   Buckling 
270 180 Yielding 

Block entire ,8 ,1 Buckling of the top 
longitudinal beam 

Without 
corrugated web 

Roof sheet  - Yielding 

Top longitudinal beam 
50  Buckling 

27,5 20 Yielding 

Block entire 50  Buckling of the top 
longitudinal beam 
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Depending on the corrugated web thickness 
the following types of failure modes of the 
block are defined 8 : 

- 1st type: destruction of the corrugated web 
; 

- nd type: destruction of the top longitudinal 
beam . 

 

a  
Von Mises stress, N/m  

 

b  
Von Mises stress, N/m  

 
Figure 8. Failure modes of the block: a – buckling of the corrugated web (corrugated web 

thickness 2 mm); b – destruction of the top longitudinal beam (corrugated web thickness 3 mm) 
 

The failure of the 
thick corrugated web is caused by destruction of 
the top longitudinal beams and correspond to 1st 
type of failure mode. The ultimate load for 
loading scheme “full load” tons 
and for scheme “local load” – s. This is 
the critical buckling load for top longitudinal 
beams. Yielding of the top longitudinal beams 
and corrugated web is observed before failure of 
the block. Buckling of 

is not reached during the 
loading. 
The failure of the blocks with corrugated web 1 

st type 
because of the corrugated web buckling. When 
the load reaches some critical value, the 
corrugated web begin bulges out from the plane 
of the block wall in the corner zones near the 
supports. Mainly the shear stresses cause local 
buckling of the corrugated web. At the same 
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Depending on the corrugated web thickness 
the following types of failure modes of the 
block are defined 8 : 

- 1st type: destruction of the corrugated web 
; 

- nd type: destruction of the top longitudinal 
beam . 

 

a  
Von Mises stress, N/m  

 

b  
Von Mises stress, N/m  

 
Figure 8. Failure modes of the block: a – buckling of the corrugated web (corrugated web 

thickness 2 mm); b – destruction of the top longitudinal beam (corrugated web thickness 3 mm) 
 

The failure of the 
thick corrugated web is caused by destruction of 
the top longitudinal beams and correspond to 1st 
type of failure mode. The ultimate load for 
loading scheme “full load” tons 
and for scheme “local load” – s. This is 
the critical buckling load for top longitudinal 
beams. Yielding of the top longitudinal beams 
and corrugated web is observed before failure of 
the block. Buckling of 

is not reached during the 
loading. 
The failure of the blocks with corrugated web 1 

st type 
because of the corrugated web buckling. When 
the load reaches some critical value, the 
corrugated web begin bulges out from the plane 
of the block wall in the corner zones near the 
supports. Mainly the shear stresses cause local 
buckling of the corrugated web. At the same 

time, the block overall retains its load-bearing 
capacity. With increasing load, the area of the 
corrugated web experienced buckling increases. 
The finite element analysis continues until the 
ultimate load is reached, at which complete 
failure of the block occurs. 

yielding is observed 

top longitudinal beams. With a corrugated web 
thickness of 1 mm, the load causing yielding is 
not reached for all structural elements until 
failure of the block. 
The values of ultimate load on the block loaded 
by “local load” scheme are 

lower in comparison with “full load” loading 
scheme. 
It should be noted that during the loading 
process, there is a local loss of stability in 
certain sections of the roof sheet fig. 9 .  
In all loading scenarios of the block under the 
"full load" scheme, the critical load for the roof 

scheme, it was 160 tons. Areas of the decking 
that have buckle are taken out of operation, but 
overall, the block retains its load-bearing 
capacity and can withstand further increases in 
load. Therefore, the buckling of the roof sheet 
was not considered as a criterion for limiting the 
allowable load on the block. 

 

a  b  
Figure 9. Diagrams for roof sheet: a – displacement-load curves; b – Von Mises stress – load curves 

 
The failure of the block without the corrugated 
web occurs due to the buckling of the top 
longitudinal beam. The ultimate load for 
calculating a block without the corrugated web 
is 1.5-6 times lower than for a block with a 

 
The corrugated web significantly reduces the 
stresses in the beams. For example, under a load 
of 50 tons according to the "full load" scheme, 

the stresses in the beams of a block without the 
corrugated web are which 
corresponds to the yield stress. With the 
presence of the corrugated web, the Von Mises 
stress determined in the beam under the same 

fig. 10
At the same time, the thickness of the 
corrugated web has a negligible effect on the 
stress value  

 
Table 5. Comparison of the Von Mises stress in the structural elements of block with and without 

corrugated web  
 

Structural 
element scheme 

Corrugated web thickness 
Without corrugated web t=1 mm t=  mm t= mm t= mm 

Top longitudinal 
beam 

Full load      
 -  70,86 69,07  

Roof sheet Full load     11,99 
 - 10,67  10,71 10,69 
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a   

b    
Figure 10. Comparative diagrams for blocks with and without corrugated webs: a – top 

longitudinal beam; c – roof sheet 
 

Table 6 shows the values of the maximum 
allowable load on the block Pmax and the 
ultimate load Pult that caused block failure, as 
obtained in the results of the carried-out finite-
element analyses. To ensure the necessary 
reliability of the structures, the allowable load 
on the block Pmax is taken as 95% of the ultimate 
load, corresponding to the earliest attainment of 

highlighted cells in  For web 

load was limited by buckling criterion 
corresponding to the onset of local buckling of 
the corrugated web. For larger web thicknesses 

load is adopted by the yielding criterion, which 
is the onset of yielding strain in the top 
longitudinal beams.  

Table 6. Allowable and ultimate load on the block 
 

Corrugated web 
thickness 

Allowable load Pmax, 
ton 

Ultimate load Pult, 
ton Criterion Full 

load load 
Full 
load load 

Without 
corrugated web  19 50,8 ,6 Yielding of the top longitudinal beam 

t=1 mm   ,  50,  Buckling of the corrugated web 
t =  mm 199 161 ,8 ,  Buckling of the corrugated web 

t =  mm  161 ,6 ,6 Yielding of the top longitudinal beam 
t= mm  171 ,8 ,1 Yielding of the top longitudinal beam 
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a   

b    
Figure 10. Comparative diagrams for blocks with and without corrugated webs: a – top 

longitudinal beam; c – roof sheet 
 

Table 6 shows the values of the maximum 
allowable load on the block Pmax and the 
ultimate load Pult that caused block failure, as 
obtained in the results of the carried-out finite-
element analyses. To ensure the necessary 
reliability of the structures, the allowable load 
on the block Pmax is taken as 95% of the ultimate 
load, corresponding to the earliest attainment of 

highlighted cells in  For web 

load was limited by buckling criterion 
corresponding to the onset of local buckling of 
the corrugated web. For larger web thicknesses 

load is adopted by the yielding criterion, which 
is the onset of yielding strain in the top 
longitudinal beams.  

Table 6. Allowable and ultimate load on the block 
 

Corrugated web 
thickness 

Allowable load Pmax, 
ton 

Ultimate load Pult, 
ton Criterion Full 

load load 
Full 
load load 

Without 
corrugated web  19 50,8 ,6 Yielding of the top longitudinal beam 

t=1 mm   ,  50,  Buckling of the corrugated web 
t =  mm 199 161 ,8 ,  Buckling of the corrugated web 

t =  mm  161 ,6 ,6 Yielding of the top longitudinal beam 
t= mm  171 ,8 ,1 Yielding of the top longitudinal beam 

The adopted limitation of the allowable load on 
the block that provided in table 6, ensures a 
reserve of block load-bearing capacity, 

blocks with corrugated web thicknesses of 1 
 

The calculation results showed that local 
buckling of the corrugated web does not lead to 
complete failure if the block, and the block is 
able to withstand increased loads. Experimental 
tests on full-scale specimens of beams with 
corrugated webs 
beam with a partially buckled web retains its 
load-bearing capacity.  
The presence of reserves allows ensuring the 
reliability of the block and increases its 
resistance to various emergency situations 
associated with the disruption of normal 
equipment operation, sudden changes in loads, 

 
The prospects for further research include the 
development of methods and tools for practical 
calculation of modular block structures. 
Finite-element computational models of various 
levels of detail - are used in design 

use of highly detailed finite-element 
models for practical design is not always 
justified due to their complexity. In such cases, 
simplified equivalent models that describe the 
actual stress-strain state of the structure with 
sufficient engineering accuracy are used. For 
example, the corrugated web of beams can be 

beam elements. A similar approach can be 
applied for the analysis of the stress-strain state 
of the modular blocks. For this purpose, based 
on numerical studies using high-detailed 
computational models, it is necessary to 
determine the characteristics of simplified 
equivalent models. 
Another way to solve the practical problem of a 
modular block design is to use artificial 
intelligence, which can predict the stress-strain 
state and load-bearing capacity of the block 
based on given input parameters such as block 
dimensions, corrugated web thickness, applied 
load, etc. 

4. CONCLUSIONS  
 
As a result of the carried out numerical studies 
of the stress-strain state of the modular block for 
gas pumping unit, the following findings are 
obtained: 
1. The load-bearing capacity of the considered 
modular blocks with corrugated webs is 1.5-6 
times higher than that of a block with hanging 
wall cladding, such as sandwich panels. 

The corrugated web, continuously welded to 
the beams, significantly relieves the beams, 
reducing stresses in them by 5 times compared 
to the case of its absence. 

 the blocks 
with corrugated webs are defined: 
- 1st type: destruction of the corrugated web 

- observed for the blocks with 

; 
- nd type: destruction of the top longitudinal 

- 
observed for the blocks with corrugated web 

. 
allowable load on 

the modular block are defined depending on 
the type of failure mode. The allowable load 
is taken as 95% of the ultimate load causes 
either yielding stress in the top longitudinal 
beams or buckling of the corrugated web. 
5. The values of the maximum allowable load 
on the block with different thicknesses of the 
corrugated web and without it are determined 
based on the adopted criteria iting the 
load on the block by allowable value 
provides a reserve of load-bearing capacity of 
the block ranging 
corrugated web 
respectively. 
6. The type and localization of the payload on 
the block affect its load-bearing capacity. The 
ultimate load on the block loaded by the "local 

compared to the "full load" loading scheme. 
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NUMERICAL SIMULATION OF THE OPERATION OF 
ALUMINUM ALLOY JOINTS MADE BY CONTACT CAPACITOR 

WELDING 
 

Andrey V. Korgin 
National Research Moscow State University of Civil Engineering (NRU MGSU), Moscow, RUSSIA 

 
Abstract. Currently, structures made of modern aluminum alloys are increasingly used and widespread in almost 
all areas of industrial and construction production, which is a consequence of the unique properties of physico-
mechanical aluminum alloys, which make it possible to create structures of various purposes that are effective in 
weight, strength and aesthetic parameters, while having increased corrosion resistance compared to steel struc-
tures. However, the manufacture of structures made of aluminum alloys is a more complex technological process 
due to the need to use special aluminum welding methods compared to traditional methods of welding steel 
structures. he most common argon arc method and friction welding method with mixing of aluminum alloy 
structures are more difficult to implement in the field during installation and assembly of structural elements on a 
construction site, and require qualified personnel. For this reason, it is relevant to use other methods of welding 
elements of aluminum structures that do not require complex equipment and qualified personnel, similar to clas-
sical electric welding of steel structures, compared with the above more complex methods of welding aluminum 
structures. These technologies include modern methods of laser welding and contact capacitor spot welding, the 
equipment for which is very compact and mobile and does not require highly qualified personnel as for other 
aluminum welding technologies. The current regulatory documentation of the Russian Federation on contact ca-
pacitor spot welding is descriptive and does not allow reliable design and calculation of the strength of joints of 
this type, which requires additional experimental and theoretical studies of such joints. Earlier laboratory tests of 
samples of aluminum alloy compounds by condenser welding showed in some cases a significant difference be-
tween experimental data and strength calculations according to the normative methodology of compounds of this 
type. For this reason, the purpose of this work was to clarify regulatory solutions using numerical FEM modeling 
of the operation of experimentally tested 18 connections – nodes of the ceiling suspension of aluminum alloy 
sheets AMG2M to threaded rods made of aluminum alloy AMG3. The obtained data were compared with exper-
imental results and previously performed data of normative calculations. 
 
Keywords: aluminum alloy, spot capacitor welding, tension, shear, stress, strength, fracture, finite element method 
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INTRODUCTION 
 

Currently, structures made of modern aluminum 
alloys are increasingly used and widespread in 
almost all areas of industrial and construction 
production. This is a consequence of the unique 
properties of physical and mechanical aluminum 
alloys, which allow to create effective in weight, 
strength and aesthetic parameters of structures 
for a variety of purposes with increased 
corrosion resistance compared to steel ones. 
However, the manufacture of aluminum alloy 
structures is a more complex technological 
process due to the need to apply special 
methods of welding aluminum compared to 
traditional welding methods of steel structures. 
The most common at present argon-arc method 
and friction stir welding methods for aluminum 
alloy structures are more difficult to implement 
in the field during installation and assembly of 
structural elements at the construction site, and 
require qualified personnel [1,2,3,4,5,6,7,8]. 
Because of this, it is relevant to use other 
methods of welding elements of aluminum 
structures, which do not require complex 
equipment and qualified personnel similar to the 
classical electric welding of steel structures, 
compared to the above mentioned more 
complex methods of welding aluminum 
structures. These technologies should include 
modern methods of laser welding and contact 
capacitor spot welding, the equipment for which 

is very compact, mobile and does not require 
highly qualified personnel [9,10,11,12,13,14]. 
The current standards of the Russian Federation 
on contact capacitor spot welding (GOST 
15878-79) are descriptive in nature and do not 
allow reliable design and calculation of the 
strength of this type of joints, which requires 
additional experimental and theoretical studies 
of such joints. 
Previous laboratory tests of samples of 
aluminum alloy joints performed using 
condenser welding have shown in a number of 
cases a significant difference between 
experimental data and strength calculations 
according to the normative methodology for 
joints of this type. For this reason, the purpose 
of this study was to clarify the normative 
solutions by means of numerical FEM 
simulation of the experimentally tested 18 
assemblies which are the joints of ceiling 
suspension of aluminum alloy sheets AMG2M 
to threaded tie rods made of aluminum alloy 
AMG3. The obtained data were compared with 
experimental results and earlier data of 
computations. Examples of similar studies in 
Russia and abroad are also given in 
[15,16,22,23]. 
The main stages of the study are as follows: 
- development of FEM-models of the tested 
assemblies based on the data of experimental 
studies conducted earlier; 
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- numerical modeling of stress-strain state 
changes during tensile and shear tests of two 
types of assembly specimens; 
- comparing the results of numerical modeling 
with experimental data and results of 
verification calculations performed by 
normative methods in order to be able to correct 
normative calculation methods for the design of 
similar assemblies and for the determination of 
the values of fracture loads; 
- drawing conclusions and recommendations on 
the general calculation of assemblies of this type. 
 
 
RESEARCH METHODS 
 
Laboratory testing of joints 
Previously, there were tested two types of 
specimens in NIU MGSU which involves joints 
of plates with dimensions 100×100 mm made of 
3 mm thick sheet metal and parts of rolled 
Taurus with dimensions 100×70×70 mm made 
of aluminum alloy AMG2M. Studs with internal 
thread M4 made of aluminum alloy AMG3 were 
welded to these joints by the method of spot 
condenser welding [17]. 
The number of specimens of each type is 9 
pieces, total 18 pieces (Fig. 1). 
 

 
Figure 1. General view of tensile and shear test 

samples 
 

The joints were subjected to tensile tests with a 
concentrated force perpendicular to the plane of 
the plates (type 1), and shear tests by 
concentrated force parallel to the plane of the 
plate flange (type 2). The tests were carried out 
in a universal testing machine Instron 3382 
under static loading (Fig. 2) [18]. 

 
Figure 2. General view of the tensile and shear 

test samples in the testing machine 
 

Joint strength calculations 
In the course of earlier studies, the tested as-
semblies were subjected to verification calcula-
tions according to the standard methodology 
[17]. 
Within the framework of the present study, numer-
ical FEM modeling of the tested joints was per-
formed to improve the accuracy of calculations in 
comparison with the standard methodology and to 
compare the results of numerical analysis with the 
results of previously conducted laboratory tests. 
 
 
RESULTS AND DISCUSSION 
 
Tensile tests 
The tensile tests with concentrated tensile force 
result in failure of the specimens solely by 
welding (Fig.3). 

t

 
Figure 3. Type of destruction in the welded zone 

during tensile tests 
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The results of tensile tests are presented in Ta-
ble 1. Evaluation of the mean values of failure 
load obtained was made both without rejection 
and with rejection of the value for specimen No. 
9 due to the deviation from the mean value by 
more than 50%. 
 

Table 1. Destructive forces during tensile tests. 

Sample  Maximal 
force, kN 

Deviation from average 
value % 

Before 
rejection 

After re-
jection 

1 1.68 -19 -17 
2 2.32 13 14 
3 1.75 -15 -14 
4 1.63 -21 -20 
*5 2.90 41 42 
6 2.41 17 18 
7 1.74 -16 -15 
8 1.86 -10 -9 
*9 0.74 -64 - 

Average value before rejection 2.06 
Standard deviation 0.608 

Coefficient of variation 32% 
Average value after rejection 2.04 

Standard deviation 0.457 
Coefficient of variation 22% 

* – samples subjected to rejection. 
 
Shear tests 
Similarly, shear tests of specimens show that the 
failure of this type of joints also occurred only 
by welding (Fig.4).  
 

 
Figure 4. View of Type 2 samples after the 

shear tests 
 

The results of the shear tests of the specimens 
are presented in Table 2. 

Table 2. Destructive forces during shear tests. 

Sample
 

Maximal 
force, kN 

Deviation from average 
value % 

Before 
rejection 

After 
rejection 

1 14 26 14 
2 -6 4 -6
3 -21 -12 -21 
4 0.5 11 0.5 

*5 5 15 5 
6 - -72 - 
7 0.9 18 0.9 

*8 - - - 
9 7 18 7 

Average value before rejection 2.08 
Standard deviation 0,608 

Coefficient of variation 32% 
Average value after rejection 2.29 

Standard deviation 0.25 
Coefficient of variation 11% 

* – samples subjected to rejection. 
 
Verification calculations 
Tensile and shear test calculations of the two 
types of joints were performed based on the 
provisions of SP 128.13330.2016 “Aluminum 
structures”. 
Dimensions of threaded rod M4 PT according to 
DIN EN ISO 13918 (Fig.5) are as follows: 
Diameter of the welding zone (D1+0.5 mm) 
Dsv=6 mm. 
 

 
Figure 5. Geometric dimensions of the welded 
studs. Diameter of welding zone (D1+0,5 mm) 

Dw=6 mm. The area of the welding zone 
A=28.3 mm2. 

 
Strength properties of the aluminum alloys used 
in the tested assemblies are given in accordance 
with the current standards (GOST 21631-2019 
“Sheets of aluminum and aluminum alloys”, SP 
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128 and materials [19] with rounding to 5 MPa 
(Table 3)). 
 
Table 3. Strength parameters of aluminum alloys  

Node 
element 

Tension[MPa] Shear [MPa] 
Yield 

strength 
 0,2 

Maximum 
resistance 

 

Yield 
strength 

0,2 

Maximum 
resistance 

 
Plate 

 70 125 55 90 

Threaded 
stud 

 
100 165 70 115 

 
 
CALCULATION OF TENSILE 
STRENGTH 
 
Experimental values of normal tensile stresses 
are presented in Table 4. 
 

Table 4. Normal tensile stresses during tension    
Sample 

 (kN) (%)  (Pa)  
(%) 

B 
(%) 

1 1,68 -17 5,94E+07 -17 -26 
2 2,32 14 8,20E+07 14 2 
3 1,75 -14 6,18E+07 -14 -23 
4 1,63 -20 5,76E+07 -20 -28 
5 2,90 42 1,02E+08 42 28 
6 2,41 18 8,52E+07 18 6 
7 1,74 -15 6,15E+07 -15 -23 
8 1,86 -9 6,57E+07 -9 -18 

Average  0  0 -10 
 

Stress in the weld zone for the mean value of 
fracture force P=2.04 kN: 
 

= =
2,04 10

28,3 10
= 72 10 = 72 < 

= 80  ( = 10%) 
 

Fracture stress range.  
=68,5÷122 MPa (deviation from  -±28%) 

 
 

CALCULATION FOR SHEAR 
 
Experimental values of shear tangent stresses 
are given in Table 5. 

Table 5. Shear stresses during cutting 
Sample  

 
 

(kN) 
 

(%)  (Pa)  
(%) 

B 
(%) 

1 2,61 14 9,22E+07 28 54 
2 2,16 -6 7,63E+07 6 27 
3 1,82 -21 6,43E+07 -11 7 
4 2,3 0 8,13E+07 13 35 
5 2,39 4 8,45E+07 17 41 
6 2,31 1 8,16E+07 13 36 
7 2,44 7 8,62E+07 20 44 

Average  0  12 35 

 
Tangential stress in the weld zone for the mean 
value of fracture force P=2.29 kN: 
 

= =
2,29 10

28,3 10
= 80,9 10 = 80,9 > 

= 55  ( = 35%) 
 

Fracture stress range:. 
=64,3÷92,2 MPa (deviation from  7÷54%)/ 

 
 
COMPUTER SIMULATION 
 
Strength and deformation properties accepted 
in the modeling 
Strength properties of aluminum alloys are pre-
sented in Table 3. 
Deformation properties of materials are given in 
accordance with SP 128 and SP 16.13330.2020 
“Steel structures”: 
for aluminum alloys: 
modulus of elasticity – =0,7·106 MPa; 
Poisson's ratio – =0,3; 
for steel: 
modulus of elasticity – =2,1·106 MPa; 
Poisson's ratio – =0,27. 
FEM modeling was conducted in the ANSYS 
software [20] within the nonlinear elastic-plastic 
formulation using conventional bilinear elastic-
plastic deformation diagrams of the aluminum 
alloys with regard to [21] (Fig. 6). 
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Figure 6. Conditional bilinear diagrams defor-

mations 
 
During modeling, the loading was carried out in 
stages up to the maximum value of the loading 
force of 3000 N, which exceeds the values of 
the failure force achieved during the ex-
periment with a reserve. 
 
Finite elements used 
During modeling the SOLID 185 finite elements 
were used, which represents a three-dimensional 
three-dimensional cone element with 8 nodes, 
three degrees of freedom in each (Fig.7). 
 

 
Figure 7. Solid 185 element 

 
The numerical model of the tensile specimen is 
presented in Fig. 8. 
The numerical model of the specimen tested in 
tension is a spatial model consisting of 4 zones: 
a stud, a plate, a welded zone made of the alu-
minum alloys used, and a steel base plate with a 
circular outline. In accordance with the test de-
sign, support was applied along the inner con-
tour of the steel backing plate. The load was ap-
plied at the level of the top section of the stud. 
 

 
b)  

 
Figure 8. Numerical model of the sample  

a) front view; b) top view 
 

Based on the symmetry of the model geometry 
and the applied load, the calculation was per-
formed for ¼ of the model with the correspond-
ing conditions of fixation of the sides of ¼ of 
the model along the symmetry axes (Fig. 8). 
 
Results of tensile modeling of type 1 specimen. 
Isopoles of vertical displacements [mm] are pre-
sented in Fig. 9. 
The graph of displacements of the center point 
of the stud surface is shown in Fig.10. 

 

 
Figure 9. Isofields of vertical movements of the 

model at a load of 1800 N 
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Figure 10. Movements of the upper point of the 
stud at minimum (1630 N), average (2040 N), 

and maximum (2900 N) load [mm] 
 

Strains [u.r.d.] and normal stresses [MPa] 
The isopoles of strain [u.r.d.] and normal 
stress[MPa] are shown in Fig. 11: 
 

)   

b)  
Figure 11. Isofields of a) – deformations, 

 b) – stresses at a load of 1800 N 
 

Fig. 12 shows the graphs of strain in the joint 
elements and their maximum values at charac-
teristic levels of axial load. 
Strain levels in joint elements at recorded values 
of failure load: 
 0.005 – at minimum load value – 1.63 kN,  
 0.01   – at an average load – 2.04 kN,  
 0.042 – at maximum load value – 2.9 kN. 

Relation of maximum values of normal stresses 
in the elements of the node of type 1 to the 

load is presented in Fig. 13. 
 

 
Figure 12. Dependence of the maximum values 
of relative deformation in the elements of the 

type 1 node on the load 
 

 
Figure 13. Dependence of the maximum values 
of normal stresses in the elements of the type 1 

node on the load 
 

There is a good correlation between the calcu-
lated values of normal stresses in the welding 
zone and the strength parameters of this zone:

 at the reaching of the yielding point 
 =52 MPa ( 0.2=55 MP  

 at the value of failure load 
2.04 kN – =78 MPa ( =80 MPa). 
 
Numerical model of type 2 shear specimen 
(Fig. 14) 
The numerical model of the specimen being 
tested for shear is a spatial model fixed along 
the contour and loaded with a concentrated load 
at a node on the side surface of the stud by 
means of rigid inserts (MPC). 
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Figure 13. Dependence of the maximum values 
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The numerical model of the specimen being 
tested for shear is a spatial model fixed along 
the contour and loaded with a concentrated load 
at a node on the side surface of the stud by 
means of rigid inserts (MPC). 
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a) 

 
b) 

 
Figure 14. Numerical model of the type 2 sam-

ple on a slice: a) top view; b) side view 
 
Based on the symmetry of the specimen geome-
try and the applied load in one plane, the calcu-
lation was performed for ½ of the model with 
symmetrical fixation along the symmetry axis. 
The force is applied in the horizontal direction 
along the symmetry axis. 
 
Results of shear modeling of type 2 specimen
Horizontal displacements [mm] are shown in 
Fig. 15: 
 

 

 
Figure 15. Isofields of horizontal model dis-

placements at a load of 1000 N 

 
Figure 16. Horizontal movement of the upper 

point of the stud from the load 
 
Strains  [u.r.d] and tangential stresses  
[MPa] 
The distribution of shear strains and stresses is 
shown in Figure 17. 
 

a)  

b)  
Figure 17. Isofields of a) deformations and  

b) stresses at a load of 2000 N 
 

 
Figure 18. The dependence of the relative de-

formation in the elements of the type 2 node on 
the load 
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The relationship between the maximum values 
of tangential stresses  in the elements of the 
node of type 2 and the load is shown in Fig. 19. 
 

 
Figure 19. Dependence of the maximum tangen-

tial stresses in the elements of the type 2 node 
 on the load 

 
There is a satisfactory correlation of calculated 
values of tangential stresses  in the welding 
zone with strength parameters of this zone in the 
range of experimental failure loads:  
=37 MPa for min=1,82 kN; 
=46 MPa for  =2,29 kN; ( =16%); 
=56 MPa for max=2,61 kN; ( =55 MPa), 

 
 
CONCLUSIONS AND 
RECOMMENDATIONS BASED ON 
COMPARISON OF EXPERIMENTAL 

CALCULATIONS AND FEM MODELING 
 
1. Test results 
1.1. According to the test results, all specimens 
of types 1 and 2 were failed along the welded 
zone. 
1.2. The tensile failure force of the joint of type 
1 lies within the range of 1.68÷2.9 kN, the mean 
value is 2.04 kN, the deviation from the mean 
value is within the range of -20÷+42%. 
1.3. The failure force of the joint of type 2 at 
shear lies within the limits of 1.68÷2.9 kN, 
the mean value is 2.29 kN, the deviation from 
the mean value is within the limits of -
11÷+20%. 
2. Results of verification calculations 
2.1. The discrepancy between the results of the 
calculation of tensile strength and the experi-
ment is satisfactory. It lies within ±28%, from 

59.4 MPa to 102 MPa, the mean value is 72 
MPa. The average deviation from the tensile 
strength value of 80 MPa is  = -10%.  
2.2. The discrepancy between the results of the 
calculation for shear and the experiment is more 
significant than for tensile. It lies within the 
range of 7÷54%, from 64.3 MPa to 92.2 MPa. 
The mean value is 80.9 MPa. The average devi-
ation from the value of shear time resistance 55 
MPa is =35%. 
2.3. The significantly greater difference be-
tween the results of calculations for shear and 
experiment than for tension is a consequence 
of the more complex actual stress state when 
the joint is loaded by the shear force caused 
by the design of the joint than for pure shear. 
For this reason, the shear performance of the 
type 2 joint, as well as the tensile performance 
of the type 1 joint, was analyzed using FEM 
modeling. 
3. Results of FEM modeling 
3.1. In tensile testing of type 1 assemblies, there 
is a good correlation between the calculated 
values of normal stresses in the weld zone at 
fracture and the strength parameters of the zone, 
with the mean value of the failure load kN - 

=78 MPa at  =80 MPa, =4%, (with manual 
calculation =10%). 
3.2. In shear tests of type 2 assemblies, there is 
a satisfactory correlation between the calculated 
values of tangential stresses in the weld zone at 
fracture and the strength parameters of the zone 
at an mean value of the failure load of 2.29 kN - 
=46 MPa at  =55 MPa, =16% (with manual 

calculation =35%). 
3.3. FEM-modeling provides a significantly bet-
ter match between the results of calculations and 
experimental results than manual calculations 
due to more efficient analysis of the actual 
stress-strain state of the assemblies.  
3.4. The design of such nodal joints of alumi-
num alloys, planned to be performed by means 
of contact welding, should be carried out on the 
basis of the results of computer simulation of 
the joint performance of the constituent ele-
ments of the joints under the action of load. 
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of types 1 and 2 were failed along the welded 
zone. 
1.2. The tensile failure force of the joint of type 
1 lies within the range of 1.68÷2.9 kN, the mean 
value is 2.04 kN, the deviation from the mean 
value is within the range of -20÷+42%. 
1.3. The failure force of the joint of type 2 at 
shear lies within the limits of 1.68÷2.9 kN, 
the mean value is 2.29 kN, the deviation from 
the mean value is within the limits of -
11÷+20%. 
2. Results of verification calculations 
2.1. The discrepancy between the results of the 
calculation of tensile strength and the experi-
ment is satisfactory. It lies within ±28%, from 

59.4 MPa to 102 MPa, the mean value is 72 
MPa. The average deviation from the tensile 
strength value of 80 MPa is  = -10%.  
2.2. The discrepancy between the results of the 
calculation for shear and the experiment is more 
significant than for tensile. It lies within the 
range of 7÷54%, from 64.3 MPa to 92.2 MPa. 
The mean value is 80.9 MPa. The average devi-
ation from the value of shear time resistance 55 
MPa is =35%. 
2.3. The significantly greater difference be-
tween the results of calculations for shear and 
experiment than for tension is a consequence 
of the more complex actual stress state when 
the joint is loaded by the shear force caused 
by the design of the joint than for pure shear. 
For this reason, the shear performance of the 
type 2 joint, as well as the tensile performance 
of the type 1 joint, was analyzed using FEM 
modeling. 
3. Results of FEM modeling 
3.1. In tensile testing of type 1 assemblies, there 
is a good correlation between the calculated 
values of normal stresses in the weld zone at 
fracture and the strength parameters of the zone, 
with the mean value of the failure load kN - 

=78 MPa at  =80 MPa, =4%, (with manual 
calculation =10%). 
3.2. In shear tests of type 2 assemblies, there is 
a satisfactory correlation between the calculated 
values of tangential stresses in the weld zone at 
fracture and the strength parameters of the zone 
at an mean value of the failure load of 2.29 kN - 
=46 MPa at  =55 MPa, =16% (with manual 

calculation =35%). 
3.3. FEM-modeling provides a significantly bet-
ter match between the results of calculations and 
experimental results than manual calculations 
due to more efficient analysis of the actual 
stress-strain state of the assemblies.  
3.4. The design of such nodal joints of alumi-
num alloys, planned to be performed by means 
of contact welding, should be carried out on the 
basis of the results of computer simulation of 
the joint performance of the constituent ele-
ments of the joints under the action of load. 
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OPTIMAL SEISMIC PROTECTION OF STRUCTURES ON 
BEARINGS WITH BILINEAR HYSTERETIC CHARACTERISTIC 

 
Elena V. Poznyak, Vladimir P. Radin, Olga V. Novikova, Alexey V. Kiselev, 

Yulia Y. Ivanova 
National Research University «Moscow Power Engineering Institute» (NRU MPEI), Moscow, RUSSIA  

 
Abstract: The design of optimal seismic protection systems on bearings with hysteresis behavior leads to a con-
ditional multidimensional global optimization problem with a nonlinear and non-differentiable objective func-
tion. In this paper, bearings with bilinear characteristic with hysteresis are considered, i.e. for each nonlinear 
bearing there are four parameters to optimize: ultimate elastic displacement and stiffness for the elastic mode and 
ultimate displacement and stiff-ness for the inelastic mode. 
We study the seismic response of an elastic beam on four nonlinear bearings under vertical seismic ground mo-
tion. The perturbation functional as an integral of the quadratic form of the state vector with a weight matrix 
formed from the stiffness and inertia matrices of the system on equivalent elastic supports is considered as the 
objective function. Minimization of the functional means the minimum of the total energy of the system on 
equivalent elastic bearings. Genetic algorithm is used to solve the optimization problem. 
 

Keywords: seismic protection, bilinear characteristic, global multidimensional optimization, 
optimality criterion, seismic action, genetic algorithm 
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1. INTRODUCTION 
 
In this work, the objective function corresponds 
to the total energy of some elastic structure 
(called an equivalent system below in the text) 

whose natural frequencies are very close to the 
resonant frequencies of the original structure on 
nonlinear bearings. Scientific publications de-
scribe extensive experience in optimal design of 
structures based on elements with bilinear hys-
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teretic characteristic, such as lead rubber bear-
ings, elastomeric isolators and other devices [1-
16]; many researchers apply stochastic optimi-
zation methods [11-16], solving the problem of 
compromise between displacements and stresses 
in structures. In many works take the sum of 
dimensionless relative dynamic response pa-
rameters (relative displacements, velocities, ac-
celerations, forces, etc.) with weight coefficients 
as the objective function [4-7]. By adjusting the 
weighting coefficients, researchers emphasize 
the most significant parameters. For example, in 
[4], the ratio of peak roof acceleration to peak 
ground acceleration is minimized. The optimali-
ty criterion given in [7] minimizes both top 
floor acceleration and bearing displacement. 
For optimal seismic protection, we take an ob-
jective function as quadratic perturbation func-
tional of the state vector with a weight matrix, 
which is formed from the stiffness and/or inertia 
matrices of the equivalent system. Then the 
minimum of the objective function will be close 
to the minimum of the potential and/or kinetic 
energy of the structure on the nonlinear bear-
ings. The complication of the problem is multi-
dimensionality with possible multi-extremality, 
nonlinearity and non-differentiability of the ob-
jective function, parametrical limitations of the 
structure and vibration protection. Not all opti-
mization methods are suitable for solving this 
problem. The most effective methods are based 
on the direct calculation of the objective func-
tion, for example, random search methods in-
cluding population methods (genetic and other 
evolutionary algorithms). Intelligence algo-
rithms of optimization of nonlinear vibration 
isolators are applied in many works, for exam-
ple, in [13-16].  
Bilinear force-displacement hysteretic curve of 
the bearing is shown in Fig. 1. Such system has 
special properties, for example, as shown for a 
one-dimensional oscillator in [3], resonant fre-
quencies depend on the amplitude of cyclic 
load. At small cyclic load amplitudes, the oscil-
lator works in elastic regime A  with stiff-
ness 1  (Fig.1). At large amplitudes, the support 
goes to the AB line with stiffness 2  and works 

in inelastic regime with hysteresis on the loop 
. Frequencies 1 1c M and 

2 2c M  correspond to these two regimes 
accordingly, here M  is the mass of the oscilla-
tor. Depending on the regime, the resonant fre-
quency of the oscillator will be close to one of 
the frequencies. 
 

 
Figure 1. Bilinear curve of cyclic deformation 

 
To design of elastomeric isolators it is common 
to consider elements with bilinear characteristic 
as linear–elastic bearings with effective stiffness 

2 2eff , where 2  is the ultimate force (Fig. 
1) and 1 2eff  [12]. However, it is very 
problematic to accurately calculate the resonant 
frequencies of multidimensional systems be-
cause they depend on the amplitude of cyclic 
loads. 
Note that the work of the bearing in plastic re-
gime with large deformations is undesirable be-
cause it leads to off-center compression of bear-
ings, residual displacements and the need to re-
store it after an earthquake. In addition, as fol-
lows from [12], the damping of the nonlinear 
bearing is significantly reduced at large plastic 
strains. Consequently, the ultimate displace-
ments should ensure that nonlinear elements op-
erate predominantly in the elastic regime with 
greater damping and more predictable resonant 
frequencies. 
In the study, we assume that each bearing works 
mainly in elastic regime, therefore the resonant 
frequencies are close to the natural frequencies 
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of the system on elastic bearings with stiffness 
1 . This system is almost equivalent to the sys-

tem on nonlinear histeretic bearings in terms of 
resonant frequencies. Despite on the nonlinear 
“damping - shear deformations” function and 
new damping models [8], we take a simple 
model of damping from [12] as 

1 1

2 2

2
e

F d
F d

. 

Before designing of earthquake–resistant struc-
tures, it is necessary to find out whether the 
nonlinear bearings can reduce the seismic re-
sponse of the structure? Bearings with bilinear 
characteristics reduce resonant frequencies, 
therefore it is necessary to determine natural 
frequencies of the original structure (on abso-
lutely rigid bearings) and the prevailing fre-
quencies of seismic action. If natural frequen-
cies of the original structure are already far from 
the prevailing frequencies of seismic action, the 
bearings are not only unnecessary, but can also 
seriously harm, enhancing structural dynamic 
response. The nonlinear bearings are effective 
when the lowest resonant frequencies of a sys-
tem with them are lower than the prevailing fre-
quencies of seismic action. 
 
 
2. OPTIMIZATION PROBLEM 
 
We consider a structure with n  degrees of free-
dom on N  bearings. Each bilinear hysteretic 
bearing has four parameters, which should be 
optimized: 1 2 1 2

i i i i
i u u c ch , where 1  

and 1u  stiffness of elastic mode and maximal 
elastic displacement,  2  and 2u  stiffness of 
inelastic mode and maximal displacement of the 
bearings, 1 ,...,  i N . A simple example of the 
structure shown in Fig. 2. Vertical seismic 
ground motion is given by accelerogram a t  
with duration T . At each the moment of time 
the state of the structure is described by a 

2n dimensional vector TtX q q , q  and 
q  are nodal displacements and velocities. 
 

 
Figure 2. Beam on bilinear hysteretic bearings 

 
We take the objective function as a quadratic 
functional: 
 

T

0

1 ,
2

T

f dt
T

H X QX  

 
where  1 2 ... NH = h h h  vector of opti-
mized parameters, 2 2n nQ   weight matrix, 

T 0X QX . We choose the matrix Q  to give to 
the objective function an energy meaning. Let 
the matrix Q  consists four zero blocks of the 
same size (two rows of two blocks). If we put 
stiffness matrix of the equivalent system in the 
first (upper left) block, the objective function 
will be equal to the average value of the poten-
tial energy of elastic deformation U  on the in-
terval [0, ]T . This weight matrix is denoted by 

UQ . Minimization of the objective function 
f H  using the weight matrix UQ  leads to a 

decrease of internal forces and stresses. Similar-
ly, if weight matrix Q  has only inertia matrix 
in the fourth (lower right) block, then objective 
function f H  is equal to average value of the 
kinetic energy  on the interval [0, ]T . In this 
case, the kinematic parameters of the structure 
will be reduced. 
The objective functions corresponding to poten-
tial, kinetic and total energy are denoted as fol-
lows: 
 

U UJ f H Q ,    J f H Q ,    

J f H Q ,    Q Q Q . 
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Consider the optimization problem: 
 

* *min f f f
H

H H ,            (1) 
 
where *H  optimal solution, *f  value of the 
optimized objective function,  acceptable 
values of the vector H : 
 

 ,  low up cond condH H H H A H b .   (2) 
 
Depending on the weight matrix , UQ Q  
or  Q , problem (1) is the optimality criterion in 
terms of potential, kinetic or total energy. 
Conditions low upH H H  are acceptable pa-
rameters of a bilinear diagram (stiffnesses and 
ultimate displacements): 
 

1_ 2 _ _...low low low N lowH = h h h ,       

_ 1_ 2 _ 1_ 2 _
i i i i

i low low low low lowu u c ch , 

1_ 2 _ _...up up up N upH = h h h ,           

_ 1_ 2 _ 1_ 2 _
i i i i

i up up up up upu u c ch , 
 
where 
 

1_ 1 1_ 2 _ 2 2 _

1_ 1 1_ 2 _ 2 2 _

,   ,   

,   ,    1 ,...,  .

i i i i i i
low up low up

i i i i i i
low up low up

c c c c c c

u u u u u u i N
 
The conditions cond condA H b  correspond to the 
bilinear hysteresis algorithm and are a matrix 
form of the following inequalities: 
 

2 1 0i iu u ,    1 2 0i ic c . 
 
Both conditions (2) are set before the optimiza-
tion process. Displacement of thi  bearing 
must not exceed predetermined value *

iu : 
 

*
i iu u .                                (3) 

Constraint (3) cannot be satisfied before the op-
timization procedure starts. Consequently, the 
optimization algorithm must include a penalty: 
if at some time the condition (3) is not satisfied, 
the calculation stops and some large value (pen-
alty) is assigned to the objective function. 
We will not introduce additional constraints re-
lated to reliability of the structure, such as 
strength and stiffness conditions, assuming that 
the minimization of dynamic response of the 
structure is provided by the criterion of small-
ness of perturbations (1). Additional constraints 
will complicate the optimization procedure. If it 
found out that the global minimum of the objec-
tive function does not satisfy the strength or 
stiffness conditions, this means that hysteretic 
bearings is ineffective for this design. 
Problem (1) with conditions (2-3) is a multidi-
mensional global conditional optimization prob-
lem with a nonlinear non-differentiable objec-
tive function. Optimization methods based on 
the computation of the objective function with-
out computing derivatives, such as random 
search algorithms, e.g., annealing simulation, 
hypersphere algorithm, "greedy" adaptive algo-
rithms, genetic and other evolutionary algo-
rithms, are suitable for finding the optimal solu-
tion [11]. The following example illustrates the 
results of solving the optimization problem (1) 
with conditions (2-3) obtained using the genetic 
algorithm (GA). 
 
 
3. EXAMPLE OF OPTIMAL SOLUTION 
 
We consider a steel hinged beam on four bear-
ings, the cross-section profile is I–beam No. 20 
(height 200 mm), the lengths of the three spans 
are 6, 8 and 12 m. The beam is under seismic 
action determined by the accelerogram of the 
vertical ground motion of the foundation; we 
use accelerogram synthesized at the Institute of 
Physics of the Earth, Moscow, Russia. The dy-
namic model of the beam was developed by us-
ing the finite element method; structural damp-
ing was neglected. The seismic response was 
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determined by direct integration of equations of 
motion in Simulink. 
Figure 3 shows the estimates of the seismic 
ground motion power spectral density: the raw 
periodogram and its smoothed estimate found 
using the Welch window transformation with 

50% overlap. The first three natural frequencies 
of the hinged supported beam are marked by red 
vertical lines (5.76, 14.33 and 22.85 Hz). It can 
be seen that the first frequency is dangerously 
close to one of the prevailing frequencies of the 
seismic action. 

 

 
Figure 3. Anapa earthquake Z3G2–A. Spectral density: raw periodogram (green), smoothed peri-

odogram (blue); natural frequencies of the hinged supported beam (red); in the box – accelerogram 
Z3G2–A (acceleration - m/s2, time - s) 

 
By analyzing Fig. 3, we conclude that the best 
way to reduce the dynamic response of the 
beam is to make the structure more rigid (e.g., 
add another supports) to shift its natural fre-
quencies to the right. But for the purpose of 
this study, we place the beam on four bilinear 
hysteretic bearings (Fig. 2, 4N ) and try to 
find an optimal solution of problem (1-3) by 
applying a genetic algorithm. To solve this 
problem, the beam model on the bilinear hys-
teretic bearings was developed in Simulink. 
The model is a system with incomplete dissi-
pation, since damping is present only in the 
bearings. 
GA implemented in MATLAB Optimtool was 
used to find the optimal solution. The optimality 
criterion is the minimum of the total mechanical 

energy: minJ f H Q . The dimen-
sionality of the optimization problem is 16 (4 
bearings, each with 4 optimized parameters). 
For conditions (2-3) we assign: 
 

3 2
_ 0.02 m   0.03 m   10  N/m   10  N/mi lowh , 

7 5
_ 0.05 m   0.05 m   10  N/m   10  N/mi uph , 

* 0.10 miu , 1,  2,  3,  4i . 
 
GA parameters: initial population contains 20 
agents found manually, selection and mutation 
operators have uniform distribution, elite is 5 
agents, two-point crossover, maximum number 
of iterations is 100. As a result, the following 
solution was obtained: 
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* 1 2 3 4H = h h h h ,  
5

1
30.03 m   0.05 m   10  N/m   10  N/mh , 

4
2

20.03 m   0.05 m   1.5 10  N/m   2.5 10  N/mh , 
4

3
20.03 m   0.05 m   2 10  N/m   10  N/mh , 

5
4

20.03 m   0.05 m   10  N/m   5 10  N/mh . 
 
Seismic responses of the initial and optimized 
system are shown in Fig. 3, 4. Optimization 
resulted in a reduction of the maximum bend-
ing moment by more than a factor of two with 
a small allowable increase in kinematic pa-
rameters. The bearings work mainly in the 
elastic regime; there are no plastic displace-
ments in bearings 1, 2, 4, and they are mini-
mal in the third bearing. Table 1 summarizes 
the natural frequencies of the beam on bilinear 
hysteretic bearings and beams on equivalent 
elastic bearings.  

Table 1 
 

N 
Natural frequencies, Hz 

 supported 
beam 

Beam on equivalent 
elastic bearings 

1 5.76 1.80 
2 14.33 3.50 
3 22.85 6.20 
4 26.64 9.17 
5 52.04 13.80 
6 70.13 21.30 

 
Table 2 shows the values of the objective func-
tion J  before and after optimization, and val-
ues of the objective function with weight matri-
ces UQ  and Q . 
 

Table 2. Objective function values before and 
after optimization 

  supported 
beam 

Beam on equivalent 
elastic bearings 

J     

UJ    

J    

 

a)  

b)  
Figure 4. -sections of: a) the hinged supported beam: maxu 0.022 

m, max 0.010 m; b) the optimized beam: maxu 0.028 m, max 0.009 m. 
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)   
 

b)  
Figure 5. Bending moments: a) the hinged supported beam: 4  moment at the center of the 
second span, 6  moment at the center of the third span, max 6M M  7.84  kNm, max  
3.30 kNm; b) the optimized beam: 5  moment at the center of the second span, 6  mo-
ment over the third bearing, 7  moment at the center of the third span, max 6M M  2.98 

kNm, max  0.860 kNm. 
 
4. EXPERIENCE OF USING A GENETIC 
ALGORITHM 
 
Using GA to optimize a multidimensional dy-
namic system, you should not expect a fast and 
unambiguous solution. For multidimensional 
optimization, GA requires multiple calculations 
of the objective function, for example, for de-
fault parameters of the GA in the MATLAB 
Optimtool, if the number of parameters to be 
optimized is greater than 5, the initial popula-
tion is n 200 agents-solutions, maximal num-
ber of iterations is equal to  10n  generations. 
For the above problem, we need to compute the 

objective function for 200 variants of the vector 
H  at one iteration, and there can be 1600 such 
iterations. To speed up the process, it is neces-
sary take more suitable solutions as the initial 
population and using elitism. Since the genetic 
algorithm is a stochastic method, by solving the 
same problem several times, you can get differ-
ent solutions. The vector of optimal parameters 

*H  isn't a single best solution. Some solutions 
were rejected for various reasons, because they 
led, for example, to large plastic deformations. 
It was necessary to correct the initial population 
several times and adjust the parameters of ge-
netic operators. 
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4. EXPERIENCE OF USING A GENETIC 
ALGORITHM 
 
Using GA to optimize a multidimensional dy-
namic system, you should not expect a fast and 
unambiguous solution. For multidimensional 
optimization, GA requires multiple calculations 
of the objective function, for example, for de-
fault parameters of the GA in the MATLAB 
Optimtool, if the number of parameters to be 
optimized is greater than 5, the initial popula-
tion is n 200 agents-solutions, maximal num-
ber of iterations is equal to  10n  generations. 
For the above problem, we need to compute the 

objective function for 200 variants of the vector 
H  at one iteration, and there can be 1600 such 
iterations. To speed up the process, it is neces-
sary take more suitable solutions as the initial 
population and using elitism. Since the genetic 
algorithm is a stochastic method, by solving the 
same problem several times, you can get differ-
ent solutions. The vector of optimal parameters 

*H  isn't a single best solution. Some solutions 
were rejected for various reasons, because they 
led, for example, to large plastic deformations. 
It was necessary to correct the initial population 
several times and adjust the parameters of ge-
netic operators. 

Fig. 6 shows the natural frequencies of the beam 
on equivalent elastic bearings and the estimates 
of the spectral density of the Anapa earthquake 
Z3G2 – A. Comparing the results in Fig. 3 and 
6, we can draw a simple conclusion: the optimi-
zation resulted in a shift of the natural frequen-
cies of the equivalent system to the minima of 
the seismic periodogram. To avoid such "adapt-
ability" of the system on the bilinear hysteretic 
bearings to a single accelerogram, it is neces-
sary to solve the optimization problem on a se-
ries of accelerograms. The random nature of 

earthquakes and the uncertainty with the reso-
nant frequencies of the systems on nonlinear 
bearings make accurate tuning of resonant fre-
quencies very unreliable. Hence, the nonlinear 
bearings should be used for the design of earth-
quake-resistant structures only if the lowest nat-
ural frequencies of the system on equivalent 
elastic bearings are lower than the prevailing 
seismic frequencies. In this case, a reasonable 
solution will be obtained without high computa-
tional costs. 

 

 
Figure 6. Anapa earthquake Z3G2–A. Spectral density: raw periodogram (green), smoothed peri-

odogram (blue); resonant frequencies of the optimized beam (red) 
 
5. CONCLUSIONS 
 
In the study, an energy approach was formulat-
ed to solve the optimization problem of the 
structure on the bilinear hysteretic bearings. The 
approach is illustrated on the example of opti-
mization of an earthquake-resistant structure. 
Multidimensional conditional nonlinear optimi-
zation has a complicated mathematical formula-
tion and computationally "hard" solution. How-
ever, the optimal solution, as well as the answer 
to the question about the feasibility of installing 
a vibration protection system based on the bilin-
ear hysteretic bearings, can be obtained by pre-
liminary frequency analysis of the structure and 
seismic effects. 
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NUMERICAL ANALYSIS OF STRESS-STRAIN STATE OF THE 
STEEL MODULAR BLOCK WITH CORRUGATED WEBS 

 
Olga A. Tusnina, Anatoliy V. Alekseytsev 

National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 
 

Abstract. Modular blocks are widely used in industrial and civil engineering both as stand-alone structures and 
combined into block-modular buildings. Modular block consists of the load bearing frame, wall fencing, roof 
and floor decking. The modular block, with wall fencing made of corrugated sheet continuously welded to the 
beams, is a spatial system, with beams and corrugated webs working together. The steel modular block for the 
gas pumping unit on a gas turbine power plant is considered in the paper. Assessment of the corrugated web 
thickness effect on the load bearing capacity of the block is performed. Numerical investigation of stress-strain 
state of the blocks with different thickness of corrugated web is carried out by the finite element method. The 
values of the ultimate destructive load on the blocks with different thickness of the corrugated web are 
determined. The values of the allowable load on the block and the criteria for its limitation have been established 
depending on the stress-strain state of the block and the causes of destruction. 
For comparison, a calculation was made of a block with walls made of sandwich panels that are not included in 
the work of the frame. It is determined that ultimate load on the block with corrugated webs is 1,5-6 times 
greater than on the block with wall sandwich panels. 
 
Key words: modular building, steel modular block, corrugated web, critical load, buckling, finite-element analysis 
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PROBABILISTIC DESIGN OF FLEXURAL CROSS-LAMINATED 
TIMBER STRUCTURAL ELEMENTS 

 
Sergey A. Solovev, Valery M. Puchkov, Anastasia A. Soloveva 

Vologda State University, Vologda, RUSSIA 
 

Abstract: The article presents a probabilistic approach to the design of flexural elements made of cross-
laminated timber (CLT) as one of the promising materials for sustainable construction. The variability of the 
elasticity modulus and the ultimate strength of the timber layers effects on the structural safety. Such uncertainty 
can be modeled by using probabilistic and statistical methods. Information is presented on tests of a three-layer 
CLT panel during bending, and statistical parameters are given for wooden control samples of the CLT panel 
layers. The implementation of the presented approach makes it possible to obtain an estimate of the reliability 
index or the failure probability for the CLT structural element according to the criterion of normal cross-sections 
strength. With a given target level of reliability or risk value, the reliability level of the design solution of a 
cross-laminated structure can be quantified. 

 
Keywords: cross-laminated timber, CLT, reliability index, probabilistic design, failure probability, 

flexural element, risk analysis 
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INTRODUCTION 
 
Cross-laminated timber (CLT), an engineered 
wood product that was originally developed in 
Europe in the 1990s, has been gaining 
worldwide popularity in helping to define a 
new class of timber products known as 
massive or “mass” timber. By GOST 56706-
2022, cross-laminated timer is a massive 
wooden slab, manufactured in a factory 
manner and consisting of at least three 
orthogonally glued layers of solid or fused 

boards along a toothed joint and intended for 
use as a load-bearing and enclosing structural 
element. Besides gluing, nails, screws, or 
wooden dowels can be used to attach the 
layers. Innovative CLT products such as 
Interlocking Cross-Laminated Timber (ICLT) 
are in the process of development. As noted in 
Canadian CLT Handbook [1], “CLT is one of 
several mass timber products considered to be 
the “game changer” in this endeavor and the 
catalyst to enable other wood products to be 
used in those applications”. Regarding the 
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ongoing global activities, CLT production 
volume is expected to significantly increase 
over the next decade [2].  
Since CLT is a relatively new structural 
material, at the moment there is not a large 
amount of statistical data on failures of CLT 
structural elements during construction or 
maintenance. The design of CLT elements is 
based on the semi-probabilistic methods (limit 
state design or partial safety factor method).  
Eurocode 0 “Basis of structural design” divides 
the structural design methods into three levels: 
Semi-probabilistic methods (Level I), First-
Order Reliability Methods (FORM) (Level II) 
and Full probabilistic methods (Level III). It is 
noted, that full probabilistic methods (Level III) 
give in principle correct answers to the 
reliability problem. Thus, the research and 
development of probabilistic methods for 
designing CLT elements is an urgent task aimed 
at developing the design theory of such 
structures. 
There are some researches of probabilistic 
problems in cross laminated timer elements 
behavior. The article [3] presents the stochastic-
mechanical multivariate model approach was 
established describing the load–displacement 
behavior of self-tapping screws. In the research 
[4] noted that “the present work should have 
shown the capability of the employed 
probabilistic methods to efficiently predict the 
variability of glued laminated timber. In future, 
probabilistic simulations will help in 
accomplishing more efficient timber structures, 
starting at the grading of wooden boards and 
development of timber products to engineering 
design of complex timber structures”. A 
probabilistic approach is used in [5] for analyze 
the mechanical properties of three types of CLT 
connections. 
The article [6] presents use of probabilistic 
methods for determination of stiffness and 
strength parameters of the CLT panels based on 
test data. Authors of the fundamental research 
of glued laminated timber beams stochastic 
behavior [7] notes “Due to the natural growth 
process of trees, wooden boards show a high 

amount of random fluctuation in their 
mechanical properties. Currently, in engineering 
practice, a homogeneous material behavior is 
assumed within wooden boards and 
uncertainties in loading and load-bearing 
capacity are considered through design 
procedures based on partial safety factors. These 
partial safety factors are not directly linked to 
the individual mechanical behavior of the 
considered structural system/element. Thus, a 
stochastic framework opening up the possibility 
to establish such links, by combining structural 
analysis tools with probabilistic descriptions of 
wooden boards, could be an important step in 
timber design, also to improve the 
competitiveness of wood against other building 
materials”. 
This paper considers the problem of 
probabilistic design of flexural CLT structural 
elements by the normal cross-section strength 
criterion on a target reliability level.  
 
 
MATERIALS AND METHODS 
 
According to Canadian CLT Handbook (2019) 
[1], the limit state condition for normal sections 
of flexural CLT structural elements can be 
written as: 
 

ult
eff

mean
IE

EhM
)(

5,0 ,         (1) 

 
where M is a bending moment in the cross-
section; h is a thickness of the CLT panel; 

meanE   is an average elasticity modulus of the 
cross-section; effIE )(  is effective bending 
stiffness of the panel for the major strength axis; 

ult  is bending strength or ultimate stress in the 
cross-section. 
The effective bending stiffness can be 
determined as: 
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where yb  is a width of the panel for the major 
strength axis; iE  is a modulus of elasticity of 

laminations in the i-th layer; it  is a thickness of 

laminations in the i-th layer; iz  is a distance 
between the center point of the i-th layer and the 
neutral axis (Fig. 1). 

 

 
Figure 1. Cross-section parameters for a CLT structural element 

 
The resistance factor of CLT in bending 9,0  
and the strength modification factor 

85,0,yrbK  as the partial safety factors are 
neglected in (2) because probabilistic approach 
will be used further. Some other safety factors 
by National Building Codes are also neglected 
in probabilistic models because it should be 
taken into account in probability distribution 
functions and parameters directly. 
The dimensions of the geometric parameters are 
assumed to be deterministic, because the 
production technology of CLT panels allows 
controlling woodworking process with high 
precision. 
The limit state function can be written as: 
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where are random variables denoted by the 
wavy lines. 
The Mechanically Jointed Beams Theory can 
also be used of estimation of normal cross-
section’s bearing capacity. This method, also 

-method), was 
developed in 1955 by Professor Karl Möhler. 
According to this method, the stiffness 

properties of the mechanically jointed beams are 
defined using the Effective Bending Stiffness 
(E·I)eff, which is dependent on the section 
properties of the beams and the connection 

 the 
slip characteristics of the fasteners (also called 
s/K ratio), being zero for no mechanical 
connection between the beams and equaling 
unity for rigidly connected beams. 
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where 1a  is the distance between the centroid of 
the first lamina and the centroid of the panel 
cross-section, and 1h  is the thickness of the first 
(outermost) lamina. As noted in [1], the factor 
may typically vary from 0.85 to 0.9. 
The reliability index for CLT structural element 
by the normal cross-section strength can be 
expressed as: 
 

g

g

S
m1

, 

 
where gm  is an expected value and gS  is a 
standard deviation for limit state function g. 
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The failure probability of normal cross-sections 
is presented as 1Pr gPf , or fP  if 
all random variables is described by the normal 
distribution, where (.) is the value from the 
standard normal table (z-value table). 
Two groups of methods for probabilistic 
reliability analysis can be distinguished: 
- Analytical methods: FOSM (First Order 
Second Moment); FORM (First Order 
Reliability Method); SORM (Second Order 
Reliability Method); TANA (Two-point 
Adaptive Nonlinear Approximation), etc. 
- Numerical methods: Monte Carlo methods, 
data sampling, discretization into Dempster-
Shafer structures, etc. 
Analytical methods obtain an accurate 
solution for the probability of non-failure of 
structural elements, but have a number of 
limitations: approximation of highly nonlinear 
limit state functions leads to computational 
errors; complexity of constructing models for 
mechanical systems taking into account the 
dependence of random variables; influence of 
the type and form of the mathematical model 
of the limit state (invariance problem); the 
complexity of the combination of different 
models of random variables – within the 
framework of one practical task, fuzzy 
variables, interval parameters, random sets, 
etc. may be present simultaneously. 
Numerical methods make it possible to 
effectively model highly nonlinear 
mathematical models of limit states and 
analyze the reliability of complex systems, 
but the accuracy of such approaches may be 
low in cases of low probabilities of failure 
[8]. Computational time costs should also be 
taken into account when probabilistic 
reliability analysis using numerical methods, 
which can be quite high in the case of 
complex systems. 
The Monte Carlo method in [9] refers to the 
methods of the level III (see above). It is also 
noted that for tasks with a low probability of 
failure, which is often found in engineering 
and construction practice, a large number of 

random variable generations are needed to 
achieve the required accuracy of the results. 
The failure probability fP  based on the Monte 
Carlo simulations is defined as: 
 

N

j
jf gI

N
P

1
1X1 ,           (4) 

 
where .I  is an indicator function, which takes 
value 1 if I[.] equal “true” and 0 if I[.] equal 
“fall”; N is number of simulations. 
The simulation of random variables according 
to the basic probability distributions (normal, 
uniform, etc.) can be performed, for example, 
in the MathCAD software. However, often the 
probability distribution function may differ 
from well-known distributions or represent a 
model of a partially nonparametric p-box [10]. 
In this case, N.V. Smirnov's inverse 
transformation method can be used: N values 
of a uniformly distributed random variable ui 
are simulated ranging from [0; 1]. The values 
of a random variable in the form are obtained 
by the inverse transformation method 

ii uFx 1 . For more information, see the 
research [10]. 
 
 
RESULTS AND DISCUSSION 
 
The CLT panel was tested in the laboratory of 
structural researches in Vologda State 
University.  The design scheme and the 
general view of tested element are presented 
at the Fig. 2. 
The strain gauges were installed in the middle 
of the span of the CLT-panel. The deflection 
gauge (the clock-type indicator) was also 
installed in the span middle. A test load was 
created by reinforced concrete beams. The test 
load was maintained until the strains and 
deformations were stabilized.  
The load-strain curve and the load-deflection are 
presented at the Fig. 3 and Fig. 4. 
 

 

Sergey A. Solovev, Valery M. Puchkov, Anastasia A. Soloveva

a) b) 

  
 

Figure 2. a) general view b) design parameters of the CLT panel 
 

 
Figure 3. Load-strain curves for the CLT panel 

 

Figure 4. Load-deflection diagram 
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The design parameters of cross-section are 
04.01t m, 02.02t m, 04.03t m, 50.0yb

m, 10.0h m, 00.3l m. If we consider the 
codified design, the following values can be 
taken 1021 meanEEE GPa, 21ult
MPa. Based on this values, the ultimate bending 
moment by eq. (3) is 7.34ultM  kN·m.  
As can be seen from above, the linear function 
can be adopted for the load-deflection and load-
strain relationships at the elastic stage of CLT-
panels behavior.  

The variation coefficient of elasticity modulus 
for coniferous wood is about to 15-20 percent 
[11].  
Ten control samples of wood were taken from 
every layer of CLT panel for standard tests. 
The empirical distribution functions )(EF emp

E  
and the estimated cumulative distribution 
functions )(EFE  are presented on the Fig. 5 for 
upper and lower layers of the CLT panel. 
 

 

 
Figure 5. Statistical tests for elasticity modulus of the CLT panel’s upper and lower layers: a) Test 

of a control sample; b) Cumulative density functions for elasticity modulus  
 

As can be seen from Fig. 5(b), the random 
variable models for the elasticity modulus of 
upper and lower layers of the CLT panel are 
quite different. The coefficient of variation is 
higher and the expected value is lower for upper 
layer. The graphs in Fig. 5 also reflect the fact 
that the lower and upper layers of the CLT panel 
can be made of different timber, which can lead 
to a shift of the neutral axis and a redistribution 
of stresses. As a rule, the variability of this 
value is small and can be ignored at the first 
analytical stage of calculation. Probabilistic 
design can take into account such aspects. It will 
be taken into account in numerical calculations. 
Normal distribution is adopted for the elasticity 
modulus of upper and lower layers. Following 
parameters are taken: 53.11,upEm GPa, 

63.1,upES GPa, 37.12,downEm GPa, 
31.1,downES GPa. 

Ten control samples were also tested on 
bending. By the same way, following sample 
parameters were obtained: 93.38,ultm MPa, 

85.4,ultS MPa. 
It should be noted that for more accurate 
modeling of random variables by a small 
sample, it is necessary to use alternative models, 
for example, such as p-boxes [10]. However, to 
demonstrate the method, the hypothesis is used 
that the sample parameters estimates correspond 
to the parameters of the population.  
Next, 100’000 values of random variables are 
generated in PTC MathCAD by the above 
statistical data. The number of failures is 
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Normal distribution is adopted for the elasticity 
modulus of upper and lower layers. Following 
parameters are taken: 53.11,upEm GPa, 

63.1,upES GPa, 37.12,downEm GPa, 
31.1,downES GPa. 

Ten control samples were also tested on 
bending. By the same way, following sample 
parameters were obtained: 93.38,ultm MPa, 

85.4,ultS MPa. 
It should be noted that for more accurate 
modeling of random variables by a small 
sample, it is necessary to use alternative models, 
for example, such as p-boxes [10]. However, to 
demonstrate the method, the hypothesis is used 
that the sample parameters estimates correspond 
to the parameters of the population.  
Next, 100’000 values of random variables are 
generated in PTC MathCAD by the above 
statistical data. The number of failures is 

calculated on given value of the bending moment 
for tested CLT panel. Substituting the bending 
moment values according to Table 1 into the g 
function (3) for each of the 100,000 cases, it is 
possible to obtain the number of failed CLT 
panels for the total number of generations and to 
estimate the failure probability Pf and the 
corresponding reliability index  
The relationship between reliability (probability 
of non-failure Ps = 1 – Pf) and bending moment 
is presented on Fig. 6. 

 
Table 1. Reliability of the tested CLT panel 

Bending 
moment M, 

kN·m 

Reliability 
 

Failure 
probability Pf 

30.00 5.00 0.00004 
35.00 3.40 0.00033 
40.00 2.74 0.00312 
45.00 2.12 0.01709 
50.00 1.53 0.06253 

 

 
Figure 6. Relationship between reliability and test load on the CLT panel 

 
To obtain a more accurate solution, it becomes 
necessary to take into account the 
inhomogeneities of each individual board in each 
layer of the CLT element. The solution of such 
problems is the domain of numerical solutions, 
for example, the finite element method [12-15]. 
The task is to build a model in a FEM program, 
and then simulate inhomogeneities by generating 
initial data (elasticity modulus, timber strength, 
etc.) using the Monte Carlo method. Reliability 
will also be determined by the ratio of the 
number of non-failure FEM models to the total 
number of initial data generations. However, as a 
rule, the use of such algorithms is associated with 
high costs of time and computing power. 
 
 
CONCLUSIONS 
 
Cross-laminated timber (CLT) is an innovative 
timber product that was introduced in the early 
1990s in Austria and Germany and has been 
gaining popularity in many civil applications. The 

article presents a probabilistic approach to 
estimate the reliability level (reliability index or 
failure probability) of a CLT element in bending 
according to the strength criterion of normal cross-
sections. The elasticity modulus and bending 
strength of wood have a high coefficient of 
variation (up to 20-25%), which is important to 
model in CLT elements, since they consist of 
many sub-elements (glued boards). The Monte 
Carlo method based on wood test data can be used 
in both analytical and numerical methods for 
structural design of CLT elements to further 
assess their reliability in probabilistic terms. P-
boxes as random variables models can be used in 
case of limited statistical data. 
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THE EFFECT OF MONTMORILLONITE ON THE 
RHEOLOGICAL AND PHYSICO-MECHANICAL PROPERTIES 

OF A THERMOSETTING POLYMER COMPOSITE 
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Abstract: The study investigates a thermosetting polymer filled with montmorillonite. Montmorillonite is a 

DER-330 epoxy resin and FCH-S hardener. Rheological and physical-mechanical studies of the properties of 
epoxy resin modified with montmorillonite were carried out. Viscosity versus shear rate is shown for uncured 
pure epoxy resin and resin modified with montmorillonite particles at room temperature. At low shear rates, a 
significant effect of montmorillonite on the properties of the composite is observed. The low shear rate further 
allowed epoxy molecules to leak between the layers of montmorillonite platelets, causing swelling and 
increasing the distance between them. As the shear rate increased from 8 to 20 s-1, the percolation time of 
montmorillonite decreased, which affected the decrease in viscosity. When the shear rate increases above 20 s-1, 
no significant changes in viscosity occur; for both samples a monotonic line is observed on the graph. The 
addition of montmorillonite to epoxy resin changes the chemical composition of the composite, which leads to 
changes in rheological and physical-mechanical properties. The addition of montmorillonite retards gelation, 
which can affect processability, cure time, and final properties of the composite. Morphological studies were 
carried out to determine the degree of dispersion of montmorillonite particles in the polymer composite using a 
transmission electron microscope. The uneven distribution of montmorillonite particles predominated in all 
samples. Apparently this is due to the curing conditions of the polymer composite and insufficient dispersion 
time. Physical and mechanical studies were carried out on samples made of a composite with montmorillonite in 
comparison with samples from pure epoxy resin. The flexural strength of samples made from the resulting 
composite is comparable to the strength of samples made from pure epoxy resin. In turn, the viscosity increased 
by 170%. 
 

Keywords: polymer materials, epoxy composite, montmorillonite, polymer fillers, thermosetting resins 
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1. INTRODUCTION 
 
Thermosetting polymers are widely used in 
the construction industry as repair compounds 
for cracks (defects), anti-corrosion protection 
of building structures, and in decorative and 
finishing works. Depending on the conditions 
of use of thermosetting polymers, it is 
necessary to use various structural and 
functional fillers to obtain the necessary 
physical, mechanical and rheological 
properties. To improve the mechanical and 
thermal properties of the composite, small 
amounts of montmorillonite are introduced 
into its composition [1-3]. Montmorillonite 
has a unique morphology in the form of flakes 
with a thickness of about 1 nm with linear 
surface dimensions of 50–150 nm, which 
provides good barrier properties to moisture 
and volatile substances [4]. Studies [5] have 
shown that montmorillonite accelerates the 
rate of chemical reaction of the polymer 
composite. The interaction of montmorillonite 
particles with epoxy resin molecules affects 
the viscosity and mobility of the reacting 
particles during the curing process, which 
changes the curing rate, reaction time, 
enthalpy, glass transition, activation energy, 
viscoelastic properties and cross-linking 

density of the final composite [5, 6]. In 
addition, it was shown in [7, 8] that the type 
and amount of fillers and organic modifiers, 
as well as their interaction with the polymer 
base and their hardeners, affect the properties 
of the resulting composites. 
The fillers introduced into its composition have 
a significant impact on the curing parameters of 
a polymer composite. Therefore, the 
manufacturer's recommended instructions for 
the use of thermosetting polymers and hardeners 
are not suitable for correct use. It is necessary to 
take into account the influence of fillers on the 
kinetic parameters of curing (activation energy) 
of polymer composites. 
Gelation is of decisive importance in a 
thermosetting reaction. The use of a liquid 
polymer composite beyond the gelation point 
becomes virtually impossible due to the onset 
of crosslinking coupled with the rapid 
increase in viscosity. Therefore, 
understanding the influence of 
montmorillonite morphology on the 
rheological properties of thermoset polymer 
composites is critical, since it is directly 
related to the consistency of fluidity during 
use and the effect on the physical and 
mechanical properties of the thermoset 
polymer composite product. 
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2. MATERIALS AND METHODS  
 
The following materials were used for the study: 
epoxy resin DER-330 (diglycidyl ether of 
bisphenol A, DGEBA); slow hardener FCH-S, 
manufactured by The Dow Chemical Company 
(Germany); montmorillonite Garamite 7305 
(BYK, Germany). The montmorillonite used is 
a naturally occurring layered mineral with a 
chemical composition of 
A 0.3 (Al 1.3 Mg 0.7 )[Si 4 ]O 10 (OH) 2 H 2 O, 
where "A" is the exchange cation, K + , Na + or 
0.5Ca 2+. The chemical structure is shown in 
Figure 1. The particle size distribution of 
montmorillonite clusters ranged from 8 to 12 
microns. This section specifies and describes in 
detail the chosen research method. The 
description should be in such a way that a 
qualified reader can reproduce it as a whole. 

 
Figure 1. Chemical structure of montmorillonite 

[9] 
 
The components were mixed using a magnetic 
stirrer MSH-300 (Biosan, Latvia). All 
formulations contained 10.0 g of resin and 3.3 g 
of hardener. A hardener and montmorillonite 
were alternately added to the working epoxy 
mixer. The mixing time of each component was 
2 minutes, which made it possible to obtain a 
homogeneous mixture. 
Morphological studies were carried out using an 
EMV-100A electron microscope (JSC SELMI, 
Ukraine). 

The rheological properties of the formulations 
were measured under normal environmental 
conditions using a REOTEST RV2.1 rotary 
viscometer (VEB MLW, Germany) with a 
cylinder–cylinder working unit in the 
concentration range of 0.5 – 20.0%.  The shear 
rate range was 0.3–1312 s-1. 
Samples for physico-mechanical studies were 
carried out with dimensions of 61×12×3.2 mm. 
The obtained samples were hardened in two 
stages at two temperature conditions – first at 
100 °C for 24 hours, and then at 220 °C for 2 
hours in a drying cabinet SHSU-M1 
(manufactured by NPO Laborkomplekt, 
Russia).  
Before taking measurements, the samples were 
purified with acetone. Three samples were 
tested for each composition. Bending tests were 
performed at room temperature on a universal 
testing machine TC 101-5-1-U (TEST SYSTEM 
production, Russia). In accordance with GOST 
R 56810-2015 "Polymer composites. Bending 
test method for flat samples" the dimensions of 
the sample span are regulated depending on its 
thickness. With a thickness greater than 1,6 mm, 
the span between the supports should be 16 
times the thickness of the sample (tolerance ± 1 
time). Therefore, during the bending test, the 
span between the supports was 51 mm, and the 
slider speed was 1.3 mm/min. 
 
 
3. RESULTS AND DISCUSSION  
 
The change in the rheological and 
physicomechanical properties of a thermosetting 
polymer composite using montmorillonite 
directly depends on the degree of dispersion, the 
uniform distribution of montmorillonite in the 
volume of the composite. Improving the 
properties of the composite also depends on the 
chemical reaction of the epoxy resin molecules 
occurring on the large surface area of the 
montmorillonite particles. 
The greatest change in the rheological and 
physicomechanical properties of a thermosetting 
polymer composite and the effectiveness of 
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using montmorillonite particles will be achieved 
with a uniform distribution of the latter in the 
volume of the polymer composite with the 
largest surface area of montmorillonite particles 
participating in a chemical reaction with epoxy 
resin molecules. 
Morphological studies were carried out to 
determine the degree of dispersion of 
montmorillonite particles in the polymer 
composite using a transmission electron 
microscope. The distribution of montmorillonite 
particles in the polymer composite is shown in 
Figure 2. 
 

 
                                 a) 
 

 
                                  b) 

Figure 2. Polymer composite with 
montmorillonite particles 

 
The uneven distribution of montmorillonite 
particles predominated in all samples. 
Apparently, this is due to the curing conditions 

of the polymer composite and insufficient 
dispersion time. 
Experimental viscosity versus shear rate curves 
for uncured pure epoxy resin and resin modified 
with montmorillonite particles at room 
temperature are shown in Figure 3. 
 

 
 

Figure 3. Dependence of viscosity on shear rate
 
At low shear rates, the effect of montmorillonite 
on the properties of the composite is very 
noticeable. The interaction of the 
montmorillonite particles with the epoxy resin 
significantly influenced the initial viscosity 
response to the applied shear stress. These 
interactions, combined with interactions 
between montmorillonite particles within the 
epoxy resin in response to applied stress, 
resulted in higher viscosity values at low shear 
rates (0–5 s-1). The low shear rate further 
allowed epoxy molecules to leak between the 
layers of montmorillonite platelets, causing 
swelling and increasing the distance between 
them. As the shear rate increased from 8 to 
20 s-1, the percolation time of montmorillonite 
decreased, which affected the decrease in 
viscosity. When the shear rate increases above 
20 s-1, no significant changes in viscosity occur; 

300 nm 

300 nm 
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on the properties of the composite is very 
noticeable. The interaction of the 
montmorillonite particles with the epoxy resin 
significantly influenced the initial viscosity 
response to the applied shear stress. These 
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between montmorillonite particles within the 
epoxy resin in response to applied stress, 
resulted in higher viscosity values at low shear 
rates (0–5 s-1). The low shear rate further 
allowed epoxy molecules to leak between the 
layers of montmorillonite platelets, causing 
swelling and increasing the distance between 
them. As the shear rate increased from 8 to 
20 s-1, the percolation time of montmorillonite 
decreased, which affected the decrease in 
viscosity. When the shear rate increases above 
20 s-1, no significant changes in viscosity occur; 

300 nm 
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a monotonic line is observed in both samples. 
This behavior may have been due to insufficient 
time for the epoxy molecules to move further 
into the montmorillonite layers to form a 
mesoscopic mixture in response to increasing 
shear rates. Identical rheological properties at 
different viscosities demonstrate the dependence 
of viscosity on “particle–particle” and “particle–
host interactions”, as studies have shown [5, 10–
14]. In general, the viscosity of the 
montmorillonite sample showed higher values 
throughout the study compared to pure epoxy 
resin. This indicates an anisotropic 
microstructural behavior in which epoxy 
molecules move into the interlayer space of the 
montmorillonite flakes and cause them to swell. 
It can be assumed that with an increase in the 
dispersion time of the composite, the epoxy 
resin molecules will penetrate more deeply 
between the montmorillonite flakes, with its 
subsequent swelling, affecting the viscosity and 
final properties of the composite. By the end of 
the study, the viscosity of the composite, 
compared to pure epoxy resin, increased by 
170%. Montmorillonite significantly affects the 
viscosity of the base polymer, which can affect 
processability and cure, leading to changes in 
rheological and physical-mechanical properties 
[15–18]. 
The flexural test results for epoxy resin and 
epoxy-montmorillonite composite specimens 
are shown in Table 1. The cast pure epoxy resin 
has a flexural modulus of 2.8 GPa and a flexural  
strength of 83.0 MPa. 
The composite containing 2 wt% 
montmorillonite showed a flexural modulus of 
4.7 GPa and a flexural strength of 82.0 MPa. 
The elastic modulus of the composite increased 
by 25% compared to pure epoxy resin. The 
flexural strength of a composite with 
montmorillonite compared to pure epoxy resin 
is not significantly different. Thus, 
montmorillonite significantly affects the elastic 
modulus of the composite, which can have a 
significant impact on its technological and 
operational properties [19, 20]. 
 

Table 1. The modulus of elasticity and bending 
strength of cast and layered samples 

 
 
4. CONCLUSION 
 
The work investigated the influence of 
montmorillonite on the rheological and 
physical-mechanical properties of composites of 
two compositions - two-component (from epoxy 
resin and hardener) and three-component (from 
epoxy resin, hardener and montmorillonite). 
The scaly, branched surface of montmorillonite 
has a significant influence on the gelation and 
curing time of the composite. More research is 
needed on composites with different 
percentages of montmorillonite to obtain 
predictable properties of the final composites. 
The results of the study showed that 
montmorillonite increases the viscosity of the 
composite by 170%, which affects its 
technological, rheological and physical-
mechanical properties. The elastic modulus of 
the composite increased by 25% compared to 
pure epoxy resin. Montmorillonite significantly 
affects the elastic modulus of the composite, 
which can change its technological and 
operational properties. The flexural strength of a 
composite with montmorillonite compared to 
pure epoxy resin does not differ significantly. 
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CONCRETE DELAYED FAILURE TIME 
 

Vu Ngoc Tuyen, Fedorova Nataliya Vitalyevna 
Moscow State University of Civil Engineering National Research University, Moscow, RUSSIA  

 
Abstract: At a single action on a concrete and reinforced concrete structure short-term dynamic load, the value 
of which may exceed the value of the static load-bearing capacity of the structure, it was observed that failure 
will occur not immediately, but after a certain time (delayed failure time td). If the dynamic load action is 
stopped before the moment td, the structure will not collapse. Therefore, the accurate determination of the de-
layed failure time of concrete is an important and relevant problem. To solve this problem, the paper presents a 
visco-elastic-plastic model to describe the stress-strain state of concrete under dynamic loading. This model con-
sists of 2 elements: a nonlinear spring A and a piston B connected in parallel. Element A describes the nonlinear 
elastic-plastic properties of concrete, and element B takes into account the high-strain-rate effect of concrete. 
Under the action of sudden dynamic loads with an intensity greater than the static bearing capacity of the con-
crete, piston B helps to inhibit the development of deformations initiated in element A. Based on the proposed 
model, the delayed failure time is defined by the time interval required for the deformation of concrete to reach 
its ultimate value. The main factors affecting the deformation and failure of concrete such as concrete compres-
sive strength, overload level, and viscosity are also investigated. Specifically, as follows: The higher the static 
compressive strength of concrete, the lower the delayed failure time. When a dynamic force of greater intensity 
is applied compared to the bearing capacity of the concrete, the faster the specimen will destroy. In addition, the 
viscosity coefficient significantly reduces the strain rate of concrete and the corresponding delayed failure time 
increases as the viscosity increases. 
 

Keywords: Dynamic increase factor, delayed failure time, visco-elastic-plastic model, concrete, 
strain rate effect, viscosity, Kelvin–Voigt model 
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1. INTRODUCTION 
 
In practical structural calculations, an important 
independent variable, time, is excluded from 
concrete deformation models. Such models ade-
quately describe the inelastic behavior of a ma-
terial only in the case of loading with low 
speeds, when the effect of strain lag can be ne-
glected (quasi-static loading regime). Under 
high-speed loading, the deformation and frac-
ture patterns of concrete specimens are very dif-
ferent from those under static loading . A large 
number of experimental studies have been de-
voted to the study of dynamic mechanical char-
acteristics of concrete, conducted mainly under 
uniaxial loading [1–3]. Based on experimental 
results in uniaxial compression as well as in ten-
sion it was shown that with increasing strain 
rate there is an increase in concrete strength and 
modulus of elasticity [4] [5] [6]. In addition, the 
strain rate effect on the increase of concrete 
strength becomes significant when the strain 
rate is higher than a certain value, which is es-
timated differently in different scientific publi-
cations [7–9]. 
It has also been shown that the dynamic strength 
of concrete depends on the properties of the ma-
terials used, the characteristics of the concrete 
structure, and the moisture content [10–12]. The 
inhomogeneity of concrete microstructure and 
the presence of initial defects (especially large 
defects) affect the reduction of the dynamic 
strength of concrete to a greater extent than the 
static strength [13–15]. The dynamic strength of 
concrete increases when saturated with water 
[16,17]. 
One of the main criteria determining the behav-
ior of concrete under dynamic loading is the dy-
namic increase factor ( d ), i.e. the ratio of the 
strength of concrete under dynamic loading d  
to its static strength bR . To obtain the average 
dependence of the dynamic increase factor for 
concrete in compression and tension on the du-
ration of increasing load intensity ( ) Y.M. Ba-
zhenov tested 500 specimens of various con-
cretes [1]. During this time, the load intensity is 

gradually increased from 0 to the maximum 
value d . 
The obtained empirical dependences of the dy-
namic increase factor by Y.M. Bazhenov for 
heavy concrete are presented in the form of: 
In compression: 
 

21.58 0.35lg 0.07 lgd  (1) 
 
In tension: 
 

21.42 0.15lg 0.01 lgdt  (1) 
 
where the duration of increasing load intensity 
is expressed in milliseconds and is limited in the 
interval 1-2000 msec. 
These results show that as the loading time de-
creases, i.e. as the strain rate increases, concrete 
hardening occurs. All these facts suggest that 
the basic physical law linking stresses to strains 
must contain time. 
Further in [18] Y.M. Bazhenov, V.S. Udaltsov 
tested concrete specimens under sudden applica-
tion of a constant load, the value of which is 
greater than the static compressive strength 
( d bconst R ). It has been found that failure 
will not occur immediately, but after a certain 
amount of time, and this will no longer require 
an increase in load. That is, a lag of defor-
mations is observed. In scientific publications, 
the value of dt  is referred to as the delayed fail-
ure time (i.e., the time interval from the begin-
ning of the loading moment until the element 
fails). The value of dt  depends mainly on the 
overload level, i.e., on /d d bR , and can be 
determined by the empirical formula applied by 
V.S. Udaltsov [18]: 
 

lg 7.55 4.88d dt  (3) 
 
where dt  is expressed in milliseconds. 
If the load action is stopped before the moment 

dt  that the strain in the concrete does not have 
time to reach its ultimate value, the concrete 
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will not fail. It should be noted that the values of 
dt  and  are not identical due to different load-

ing regimes in studies [1] and [18]. 
Similar conclusions are made in the work of 
V.A. Rakhmanov [19]. In addition, V.A. Rakh-
manov also observed that the lag of transverse 
deformation is much larger than that of longitu-
dinal deformation. 
In recent years, numerous experiments have 
been conducted on reinforced concrete frames 
subjected to sudden column failure scenarios  
[20,21]. When observing the deformation and 
failure process of the frame under the slow-
motion camera, it is seen that after the removal 
of the load-bearing column, progressive failure 
in characteristic cross-sections occurs only after 
a certain time interval dt  [22]. Therefore, the 
determination of the concrete delayed failure 
time is very important in calculations for the 
progressive collapse of buildings and structures. 
It should be emphasized that the studies con-
ducted by the above scientists are descriptive 
and will not explain the nature of concrete be-
havior under high-speed loading. 
In parallel with the experimental studies, many 
theoretical studies on the establishment of ana-
lytical laws of deformation of concrete take into 
account the influence of strain rate. The com-
plexity of this problem is because the concrete 
in its structure is an inhomogeneous material, 
which consists of cement stone forming a spatial 
lattice, aggregate of crushed stone and sand, and 
a large number of micropores and capillaries, 
containing water, water vapor, and air. The sim-
ultaneous presence of solid, liquid, and gaseous 
phases in concrete determines a complex picture 
of concrete behavior under loading. 
Speed deformation of concrete structure causes 
the redistribution of liquid-gas phase in pores 
and capillaries and disturbs internal equilibrium 
between phases of the concrete. In this case, the 
greater the rate of deformation, the stronger the 
resistance of the liquid-gas medium. This ex-
plains the fact that the resistance of concrete in-
creases under rapidly increasing loads. Taking 
into account all these factors inevitably leads to 
cumbersome dependencies that are of little use 

as a basis for practical methods of calculation of 
reinforced concrete and concrete structures. 
To obtain sufficiently simple structure calcula-
tion formulas and dependencies between the 
level of overloading of concrete ( /d s ) 
and the delayed failure time td, G.A. Geniev 
considered concrete as a two-phase medium 
consisting of solid and liquid-gas phases [23]. 
This allows us to explain many processes occur-
ring in concrete, including the peculiarities of its 
behavior under short-term loading. Taking that 
the tangential stress intensity and shear strain 
intensity of the solid phase (element A of the 
model) are related by a nonlinear law 

2 1 / /A s s s , and the stress state 
of the liquid phase (viscous element B of the 
model) depend on the strain rate and change ac-
cording to the law of ideally viscous fluid 

/ , we obtained a model of elastic-
plastic-viscous body (K- viscosity). When stress 
intensity  is applied to a 
structural element, shear strain intensity devel-
ops and reaches its maximum value 

02 /s s  within a very small time interval 
td (delayed failure time). During this time inter-
val, the liquid phase contributes to the inhibition 
of the development of deformations initiated in 
the solid phase. 
Based on the proposed model, A.G. Geniev es-
tablished a relationship between the delayed 
failure time and the level of overloading of con-
crete d : 
 

2 1
1

d
d

d

arccot
t  (4) 

 
It can be said that this model is the simplest and 
most successful for explaining the dynamic 
strength under the action of external dynamic 
(impact) loads in a short time. On the other 
hand, in the considered model, the ultimate de-
formation of concrete under uniaxial compres-
sion can be calculated by the formula 

2 /ult b bR E . This value is approximately 1.75 
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times less than the ultimate strain of concrete 
specified in the current normative documents 
( 2 0.0035b ). Therefore, the delayed failure 
time calculated from the ultimate strain 

2 /ult b bR E , will not be estimated accurately 
and is many times less than the actual value. 
The purpose of the present work is to eliminate 
the above-mentioned shortcomings of A.G. Ge-
niev's model to describe the nonlinear dynamic 
behavior of concrete under external (impact) 
loads. By correcting the solid phase deformation 
diagram, the delayed failure time of concrete is 
more accurately specified. 
 
 
2. METHODS 
 
Consider a specimen of heavy concrete with ax-
ial uniaxial compressive strength Rb and initial 
modulus of elasticity Eb. For simplicity, we will 
take only the case of the uniaxial stress state, in 

which it is easier to understand the essence of 
the phenomenon. At the initial moment of time t 
= 0, we suddenly apply a dynamic load with a 
constant value ( ( )P t P const ) to this speci-
men (see Fig. 1a). Thus, the uniaxial stress aris-
ing in the concrete specimen under the action of 
an external dynamic force P can be determined 
by the formula 
 

P t
t const

F
 (5) 

 
where F is the cross-section area of the concrete 
specimen 
When the stress in concrete exceeds the value of 
concrete compressive strength ( bR ) the 
above experimental studies show that concrete 
does not fail immediately at time t = 0, but de-
forms and then fails after a certain short period 
(delayed failure time td) (see Fig. 1a). 

 

  
a) Concrete specimen loading scheme b) graph of stress variation as a function of time 

Figure 1. Concrete specimen loading scheme and graph of stress variation as a function of time 
 

 
Figure 2. Model describing the behavior of con-

crete under dynamic loading 

In this paper, we will determine the delayed 
failure time td of concrete by analytical meth-
ods based on the model of G.A. Geniev. This 
model includes two elements A and B con-
nected in parallel and under stress 

bt R (see Fig. 2). 
In this case, element A represents the nonlinear 
behavior of concrete under static loading and is 
depicted as a nonlinear spring (see Fig. 3). Un-
der axial compression, we accept a nonlinear 
concrete deformation diagram according to the 
formula: 
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0 0
0

0 2

1  ; 0
2

 ; 

A
A A b

A b

b b A b

E

R
 (6) 

 
Where A  and A  - stress and relative strain of 
element A, respectively; 0 2 /b b bR E - relative 
strain of element A at the point corresponding to 
the maximum value of stress on the diagram A -

A ; 2b - limiting relative strain of element A. 
The stress-strain diagram of spring A is shown 
graphically in Fig. 3. 
 

 
Figure 3. Concrete deformation diagram under 

uniaxial compression 
 

Thus, according to Fig. 3, the concrete specimen 
is considered to be ruined under the action of 
sudden constant stress when the deformation in 
it reaches the value of 2b . According to the 
Russian standard for the design of concrete and 
reinforced concrete structures SP 
63.13330.2012, this value is assumed to be 
0.0035 for concrete of compressive strength 
class B60 and below. 
Element B describes the viscosity of concrete 
and is represented as a piston as shown in Fig-
ure 2. The simplest law of deformation in time 
of piston B is established for an ideal fluid in 
which stresses are proportional to the strain rate 
 

B
B

d
dt

 (7) 

 
where the value of K is the viscosity. 

According to the adopted model, the relative 
deformation of element A and element B is 
equal 
 

 (2) 
 
The total stress in element A and element B is 
equal to the stress bt R  caused by the 
external force: 
 

 (9) 
 
Let's consider two stages of concrete defor-
mation: when the relative deformation of con-
crete is less than and 0 2 /b b bR E  when it is 
within the 0 2,b b . 
Stage 1: 00 b - By substituting Eq. (6) and 
Eq. (7) into Eq. (9), we have 
 

0
0

1 + =
2 b

dE
dt

 (10) 

 
Eq. (10) is a first-order differential equation 
with separating variables. Using basic transfor-
mations, Eq. (10) takes the following form 
 

20
0

02 b

d dt
E E

 
(11) 

 
To obtain the solution of the initial differential 
equation, it is necessary to integrate both parts 
of Eq. (11) 
 

1
20

0
02 b

d t CE E
 

(12) 

 
where 1C - integration constant. 
From Eq. (12) it is necessary to calculate the 
integral 
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2
df

a b c
 (13) 

 
The solution of the integral (13) depends on the 
sign of the discriminant 
 

22 0
0

0

2 2 20
0 0 0

0
2
0

4 4
2

4 22

1

b

b b

d

Eb ac E

EE E ER R
E

E

 (14) 

 
where /d bR  - is called the level of con-
crete overload. According to the condition of 
the problem bR  it should be deduced that 

1d  and corresponds to the value <0. Thus, 
the solution of the integral is written in the form 
 

2

1
2 2arctan

df
a b c

a b C
 (15) 

 
or 
 

0
0

0
2 2
0 0

0
1 1

0

2
22 arctan

1 1

1
2 arctan

1 1

b

d d

b

d d

E E
f

E E

C C
E

 (16) 

 
Substituting Eq. (16) into Eq. (12) we obtain 
 

0
1

0

1
2 arctan

1 1
b

d d

t
E

 (17) 

To determine the value of the integration con-
stant 1C , let us use the initial conditions of the 
problem: At time t=0, the relative deformation 
of the concrete specimen is 0 ( =0). Substitut-
ing them into Eq. (17) we find the value of 
 

1
0

2 1arctan
1 1d dE

 (18) 

 
Thus, the partial solution of Eq. (9) satisfying 
the initial conditions has the form 
 

0

0

0

1
2 arctan

1 1

2 1arctan
1 1

b

d d

d d

E

t
E

 (19) 

 
From Eq. (19), through some simple transfor-
mations, we obtain a formula representing the 
value of the relative strain of concrete over time 
 

0
0

0

1
tan

2
;

1
1

2

d
b d

d
d

E
t

E
tg t

 (20) 

 
It is easy to see that Eq. (20) describes the 
change in the relative strain of concrete in the 
range 00, b  with time t. At time t=0, the 
concrete is not deformed. At time 0dt t , the 
concrete deformation reaches the value 

0 2 /b b bR E . We find the value of 0dt  by sub-
stituting 0b  into Eq. (20). We have 
 

0
0

2 1arctan
1 1d

d d

t
E

 (21) 

 
Taking the derivative of both parts of Eq. (20), 
we obtain the formula for the strain rate in time 
in the interval 00, dt t  
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 0 0

0 0

1
1 1

2 1 sin 2 cos

b d d

d d
d d d

E

E E
K t t

K K

 
(22) 

   
Stage 2: 0 2b b - then the stress of the non-
linear spring A has a constant value and is equal 
to A bR . Substituting Eq. (6) and Eq. (7) into 
Eq. (9), we have 
 

+ =b
dR
dt

 (23) 

 
From Eq. (23) we obtain the formula for deter-
mining the strain rate 
 

= bR  (24) 

 
Solving the differential Eq. (24), we find an ex-
pression for the relative strain of concrete as a 
function of time 
 

2= bR t C  (25) 

 
The integration constant 2C  is determined from 
the initial condition as follows: at time 0bt t the 
relative strain of concrete reaches the value 

0b . We have 
 

0 0 2= b
b b

R t C  (26) 

 
or 

 

2 0 0- b
b b

RC t  (27) 

 
Substituting the found value 2C  into Eq. (25), 
we have 
 

0 0 0=  ; b
b b b

R t t  (28) 

Note that Eq. (28) describes the change in the 
relative strain of concrete in the range 

0 2,b b  with time t. When the relative 
strain reaches the limit value 2b , the con-
crete specimen is considered to have failed. By 
substituting 2b  into Eq. (28), we can find 
the time required for the concrete specimen to 
fail when subjected to a sudden dynamic load 

bt R . 
 

2 0

0

2 1arctan
11 1

b b
d

b dd d

t
RE

 (29) 

 
The values of 0dt  and dt  in Eqs. (21)-(29) can 
be expressed as a function depending on the 
level of concrete overload, as shown in the fol-
lowing Fig. 4. 
From Fig. 4, we see that the diagram dt - d  can 
be obtained by moving the diagram 0dt - d  to 
the right - along the time axis t by a distance 

equal to 2 0

1
b b

b dR
. 

 

 
Figure 4. Dependence of 0dt  and dt  on the level 

of overload d  
 
Generalizing the above two cases, we have a 
formula for determining the relative strain of 
concrete over time as follows: 
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and a formula for determining the strain rate of 
concrete over time: 
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From Eqs. (30)-(31), we can plot the strain and 
strain rate versus time (see Fig. 5 and Fig. 6). 
 

 
Figure 5. Dependence of t   

 

 
Figure 6. Dependence of t  

 
 
3. RESULTS AND DISCUSSION 
 
3.1 Effect of strength class on deformation 
and failure of concrete over time 
 
Based on the proposed model, the influence of 
concrete compressive strength class Rb on the 

strain state, as well as the process of concrete 
failure over time under the action of an external 
load, the value of which exceeds the load-
bearing capacity of concrete ( bR ), is con-
sidered. Mechanical parameters of concrete of 
different classes according to Russian standard 
SP 63.13330.2018 are presented in Table 1. 
 

. Mechanical parameters of concrete of 
different compressive strength classes 

 B20 B30 B40 B50 
Rb(MPa) 15 22 29 36 

0,001bE  
(MPa) 

27 32,5 36 39 

0 2 b
b

b

R
E

 0,0011 0,0014 0,0016 0,0018 

2b  0,0035 
 
Based on Eq. (6) and input data in Table 1, we 
can construct the stress-strain curves of concrete 
with different compressive strength classes 
when subjected to axial static force (see Fig. 7). 
It is noticed that as the compressive strength 
classes increase, the ultimate compressive 
strength of concrete and strain at that strength 
value become larger. 
To facilitate the study of the influence of con-
crete compressive strength class on the delayed 
failure time, we assume the value of viscosity 
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K=400 MPa sec , and the level of overload - 
/ 1.4d bR . Then based on Eqs. (21)-(29) 

it is possible to plot the relationship between the 
delayed failure time and the compressive strength 
class of concrete (see Fig. 8). 
 

 
Figure 7. Stress-strain curves of concrete of dif-

ferent compressive strength classes under the 
static uniaxial compressive loading 

 

 
Figure 8. Relationship between concrete com-

pressive strength class and delayed times 
 
It is observed that for concrete B20 when the 
external dynamic load exceeds the bearing ca-
pacity 1.4 times, the relative strain reaches the 
value 0 0.0011b  after a period of 0dt =0.047 
sec. Concrete is considered to fail after a time 
interval dt  = 0.206 sec when the relative strain 
in it reaches the limit value 2 0.0035b . When 
increasing the concrete class, the delayed failure 
time decreases significantly. In particular, when 
the concrete class is increased by 2.5 times 

(from concrete B20 to concrete B50), the time 
0dt  decreases by 1.4 times, and the delayed fail-

ure time dt  by 2.6 times. Thus, when increasing 
the concrete class, the delayed failure time will 
decrease faster than the time for the concrete to 
deform to the value 0b .This can be explained 
as follows. The compressive strength class of 
concrete is closely related to its brittleness. The 
higher the class of concrete, the more brittle it 
is. Consequently, when subjected to impact 
loads exceeding its bearing capacity, concrete 
with a high compressive strength class will un-
dergo brittle failure, and the delayed failure time 
will be shorter than that of concrete with a low 
strength class. 
 
3.2 Effect of level of overloading on defor-
mation and failure of concrete over time 
 
Based on Eqs. (21)-(29), it is possible to ex-
press the effect of the level of overloading on 
the time of delayed fracture in the case of B20 
concrete with viscosity taken K=400 

secMPa  (see Fig. 9). 
 

 
Figure 9. Dependence of delayed times on the 

level of overloading 
 
From Fig. 9 we see that at sudden application of 
dynamic load with intensity exceeding the bear-
ing capacity of the concrete specimen more than 
1.1 times, the time required to reach the value of 
strain 0 0.0011b , is 0dt = 0.118 c. And the 
concrete failure occurs at time dt =0.756 c. 
Thus, the time dt  is 6.4 times longer than 0dt . 
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the time of delayed fracture in the case of B20 
concrete with viscosity taken K=400 

secMPa  (see Fig. 9). 
 

 
Figure 9. Dependence of delayed times on the 

level of overloading 
 
From Fig. 9 we see that at sudden application of 
dynamic load with intensity exceeding the bear-
ing capacity of the concrete specimen more than 
1.1 times, the time required to reach the value of 
strain 0 0.0011b , is 0dt = 0.118 c. And the 
concrete failure occurs at time dt =0.756 c. 
Thus, the time dt  is 6.4 times longer than 0dt . 

When the level of overload increases, the delay 
times will decrease dramatically. For example, 
when d  increases 1.6 times from 1.1 to 1.8, 0dt  
will decrease 4.2 times. The delayed failure time 
will accordingly be reduced by 7.1 times. 
 
3.3 The influence of the viscosity on the de-
formation and failure of concrete over time 
 
To study the effect of the viscosity on the de-
formation and failure of concrete over time, 
consider the example of concrete of class B20 
with different viscosities (K = 200, 500, and 800 
MPa/s). In practice, the viscosity can be adjust-
ed by changing the porosity value or changing 
the water-cement ratio of the concrete mixture. 
Based on Eq. (29), we find out the effect of vis-
cosity on the graph of "overload level - delayed 
failure time " (see Fig. 10). It is found that when 
the viscosity increases, the delayed failure time 
increases significantly. At an overload level of 
1.4 and a viscosity of 200 MPa/s, the delayed 
failure time reaches a value of 0.103 s. When the 
viscosity increases by 2.5 times (K=500 MPa/s), 
the delayed failure time increases by 2.5 times 
(td=0.258 s). 
 

 
Figure . Effect of viscosity on delayed failure 

time 
 
Eq. (30) gives us the characteristics of relative 
strain variation in time. Let's draw graphs 
" t " for 3 cases (at K=200, 500, and 800 
MPa/s) (see Fig. 11). It is easy to see that when 
t is in the range of 00, dt , the graph has a cur-

vilinear shape. When t is in the range of 
0 ,d dt t , the relative strain depends on time in a 

linear relationship. At any instant of time (e.g., 
t=0.05 s), the relative strain achieved is differ-
ent in cases of different viscosity. At K=200 
MPa/s, the relative strain at this moment is 
0.002. At K=500 MPa/s the attainable strain is 
2 times lower ( =0.001). At K=800 MPa/s, the 
relative strain reaches 0.00075. Thus, it can be 
concluded that the relative strain of concrete at 
any moment in time depends on the value of 
viscosity. 
 

 
Figure . Effect of viscosity on t  curves 

 
Based on Eq. (31), we investigate the change of 
strain rate in time in cases of different K coeffi-
cients (see Fig. 12). 
 

Figure . Effect of viscosity on the strain rate 
of concrete 

 
It can be seen that when a sudden dynamic force 
with intensity bR  is applied to the concrete 
specimen, the strain rate in the concrete at the 
time of applying the force reaches its maximum 
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value. This maximum value can be determined 
by substituting t=0 into Eq. (22): 
 

0 0
max 2

b dE
K

 (32) 

 
Eq. (32) shows that the maximum strain rate is 
proportional to the overload level and inversely 
proportional to the viscosity of the concrete. 
The strain rate decreases very rapidly over time 
in the range 00, dt  and keeps a constant value 
in the range 0 ,d dt t . 
 
 
5. CONCLUSIONS 
 
This paper presents a model that explains the phe-
nomenon of delayed failure of concrete when a 
sudden dynamic load is applied to a structure, the 
intensity of which exceeds the bearing capacity of 
concrete. Using the analytical method, we can ac-
curately determine the delayed failure time, rela-
tive strain, and strain rate at each time t. The main 
factors affecting the deformation and failure of 
concrete, such as concrete compressive strength, 
overload level, and viscosity, are thoroughly stud-
ied. The results of this study can be used in dy-
namic problems of reinforced concrete structures, 
for example, in the problem of calculating struc-
tural stability against progressive collapse of 
buildings and structures under the scenario of 
sudden removal of load-bearing elements. 
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INTRODUCTION 
 
The active use of composite materials to 
address various production challenges requires 
new approaches to describe their behavior 
under dynamic loads. To achieve sufficient 
accuracy in numerical calculations, detailed 
three-dimensional finite element models are 
often employed, allowing for a reasonably 
accurate representation of materials with 
complex internal structures. However, such 
models are resource-intensive and laborious to 
analyze. 
To optimize the calculation and design 
process, there arises a need to employ one-
dimensional rod element models which are 
constructed on the base of specific 
mathematical hypotheses. Such hypotheses 
become necessary as classical viscoelastic 
models, proposed, for instance, in the works 
of W. Kelvin [1], J. Maxwell [2], J. Rayleigh 
[3], and Voigt [4], do not always accurately 
describe the behavior of materials with 
intricate internal structures. 
As an alternative to classical models ones 
based on the principals of nonlocal mechanics 
can be used. Among such models the nonlocal 
elasticity model proposed in article [5], the 
model of nonlocal damping in space [6], and 
model [7] that combines the nonlocality of 
elastic and damping properties can be 
mentioned. The continuous spatial nonlocal 
damping model is described in article [8], 
while the nonlocal temporal internal friction 
model, based on the finite element method, is 
presented in article [9]. Article [10] discussed 
various damping mechanisms for a quasi-
isotropic pultruded composite beam, 
including: viscous damping; internal damping 
dependent on strain rate; spatial hysteresis; 
and temporal hysteresis. Additionally, the 
article examines various combinations of 
these mechanisms [11]. 
In this work a proposed model is based on the 
assumption of the material's nonlocality in its 
elastic properties over time.  
 

DYNAMIC MODEL OF BENDING BEAM 
DEFORMATION WITH CONSIDERING 
NON-LOCAL IN TIME ELASTIC 
PROPERTIES OF THE MATERIAL 
 
The non-local model for dynamic deformation 
has been integrated into the finite element 
method algorithm. This approach allows using 
of the model in applied analyses of structures 
with the relatively complicated geometry. In the 
finite element method algorithm, the equation of 
motion is formulated in matrix form and is 
expressed in displacements [12]: 
 

( ) + ( ) + ( ) = ( ) (1) 
 
Here:   is the stiffness matrix,  is the mass 
matrix,  is the damping matrix, ( ) is the 
vector of external force influences, ( ) is the 
displacement vector. 
When accounting for non-local material 
properties, it is assumed that the elastic forces 
within the system at the considered time 
moment t depend not only upon the 
instantaneous value of displacement ( ), but 
also upon the displacement values at prior time 
instances . Moreover, the impact of time points 
on each other weakens proportionally with 
increasing time gap [13]. To formulate a model 
for the deformation of a beam element 
considering material memory, let us express 
equation (1) in the subsequent manner: 
 

( ) + ( ) + 

+ ( ) ( ) = ( ) (2) 

Here, the stiffness matrix K is superimposed 
with the kernel of the non-local elasticity 
operator R(t- ) or influence function. This 
function characterizes the attenuation of the 
influence of displacements at previous time 
instances  on the elastic forces at the current 
moment t, while ensuring adherence to the 
normalization condition. 
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Abstract: In this paper, the problem of numerical modeling of the dynamic behavior of bending beams made of 
the materials with a developed internal structure is considered. The simulation is performed taking into account 
the non-local elastic properties of the material in time. According to the principals of nonlocal mechanics, it is 
assumed that elastic forces in a structure depend on the entire history of its deformation, and not only on the 
instantaneous deformed state. The proposed dynamic deformation model is proposed as an alternative to detailed 
three-dimensional models. The nonlocal dynamic deformation model is integrated into the algorithm of the FEA 
method to make it applicable to solving applied engineering problems. The numerical implementation of the 
model is performed in Python. A technique for selecting the scale parameter of a non-local model based on 
experimental data using the least squares method and the dichotomy method has also been developed and 
implemented. To identify the possibility of extrapolation of the scale parameter values determined according to 
the developed methodology, a series of numerical experiments were conducted, on the basis of which scale 
parameters for beams of different lengths were obtained and the stability of the nonlocal model was evaluated. 
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INTRODUCTION 
 
The active use of composite materials to 
address various production challenges requires 
new approaches to describe their behavior 
under dynamic loads. To achieve sufficient 
accuracy in numerical calculations, detailed 
three-dimensional finite element models are 
often employed, allowing for a reasonably 
accurate representation of materials with 
complex internal structures. However, such 
models are resource-intensive and laborious to 
analyze. 
To optimize the calculation and design 
process, there arises a need to employ one-
dimensional rod element models which are 
constructed on the base of specific 
mathematical hypotheses. Such hypotheses 
become necessary as classical viscoelastic 
models, proposed, for instance, in the works 
of W. Kelvin [1], J. Maxwell [2], J. Rayleigh 
[3], and Voigt [4], do not always accurately 
describe the behavior of materials with 
intricate internal structures. 
As an alternative to classical models ones 
based on the principals of nonlocal mechanics 
can be used. Among such models the nonlocal 
elasticity model proposed in article [5], the 
model of nonlocal damping in space [6], and 
model [7] that combines the nonlocality of 
elastic and damping properties can be 
mentioned. The continuous spatial nonlocal 
damping model is described in article [8], 
while the nonlocal temporal internal friction 
model, based on the finite element method, is 
presented in article [9]. Article [10] discussed 
various damping mechanisms for a quasi-
isotropic pultruded composite beam, 
including: viscous damping; internal damping 
dependent on strain rate; spatial hysteresis; 
and temporal hysteresis. Additionally, the 
article examines various combinations of 
these mechanisms [11]. 
In this work a proposed model is based on the 
assumption of the material's nonlocality in its 
elastic properties over time.  
 

DYNAMIC MODEL OF BENDING BEAM 
DEFORMATION WITH CONSIDERING 
NON-LOCAL IN TIME ELASTIC 
PROPERTIES OF THE MATERIAL 
 
The non-local model for dynamic deformation 
has been integrated into the finite element 
method algorithm. This approach allows using 
of the model in applied analyses of structures 
with the relatively complicated geometry. In the 
finite element method algorithm, the equation of 
motion is formulated in matrix form and is 
expressed in displacements [12]: 
 

( ) + ( ) + ( ) = ( ) (1) 
 
Here:   is the stiffness matrix,  is the mass 
matrix,  is the damping matrix, ( ) is the 
vector of external force influences, ( ) is the 
displacement vector. 
When accounting for non-local material 
properties, it is assumed that the elastic forces 
within the system at the considered time 
moment t depend not only upon the 
instantaneous value of displacement ( ), but 
also upon the displacement values at prior time 
instances . Moreover, the impact of time points 
on each other weakens proportionally with 
increasing time gap [13]. To formulate a model 
for the deformation of a beam element 
considering material memory, let us express 
equation (1) in the subsequent manner: 
 

( ) + ( ) + 

+ ( ) ( ) = ( ) (2) 

Here, the stiffness matrix K is superimposed 
with the kernel of the non-local elasticity 
operator R(t- ) or influence function. This 
function characterizes the attenuation of the 
influence of displacements at previous time 
instances  on the elastic forces at the current 
moment t, while ensuring adherence to the 
normalization condition. 
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direction equal to 17.2 GPa. The beam, in its 
cross-sectional profile, is a rectangle with a 
height of 0.3 meters and a width of 0.2 meters. 
The material's relative damping coefficient is set 
at 0.042. The beam is subjected to an instantly 
applied and uniformly distributed load with an 
intensity of -10 kN/m. At the first step, with i = 
1, the initial conditions are set as  

 

 
Figure 2. Graphs of the vertical displacement of 
the central node of the beam obtained for three 

calculation scenarios with different scale 
parameters 

 
Analyzing the presented graphs, it can be 
observed that decreasing the parameter  
(increasing the degree of non-locality) leads to 
an increase in the amplitude of oscillations. 

 
 

DETERMINATION OF THE NON-LOCAL 
PARAMETER BASED ON THE RESULTS 
OF THE NUMERICAL EXPERIMENT. 
 
In order to apply the non-local material model 
in practical calculations, it is necessary to 
determine the value of the non-local parameter. 
For this purpose, in the current study a 
calibration methodology of the non-local model 
using the least squares method was used based 
on the results of the numerical experiment [16]. 
The numerical experiment data consisted of the 
outcomes of three-dimensional finite element 
modeling of the beam. The geometrical and 
physical characteristics are the same the ones 
discussed in the previous section. The model 
was constructed using the MIDAS-Civil 
computational software, taking into account the 
orthotropic material properties. The material 

characteristics used in the modeling are 
presented in Table 1. 
 

Table 1. Characteristics of thermoactive vinyl 
ester glass-reinforced plastic Class I: 

Young's Modulus (Longitudinal), 
Elw 17.2 GPa 

Young's Modulus (Transverse), Ecw 12.2 GPa 
Poisson's Ratio (Longitudinal), lw 0.32 
Poisson's Ratio (Transverse), cw 0.15 
Density,  1900 kg/m

3
 

Damping Coefficient,  0.042 
 

As a result of the calculation, a displacement 
diagram of the mid-section of the analyzed 
beam was obtained. Subsequently, the ordinate 
values of the oscillation graph obtained in 
MIDAS-Civil were exported and used to 
determine the scale parameter of the non-local 
model with an algorithm that was implemented 
with Python. 
The numerical method employed to search for 
the minimum value of the sum of squared 
deviations between experimental data and 
numerical results was the bisection method. 
The resulting diagrams are presented in Fig. 3 
and Fig. 4. In comparison with the classical 
local deformation model (fig. 3), the calibrated 
non-local bending beam model (fig. 4) gives 
better alignment with the results of the 
numerical experiment. 

 

 
Figure 3. Comparison of numerical experiment 
results with one-dimensional modeling results 

using a model approximating the classical local 
Kelvin-Voigt model 

( ) = 1 (3) 

 
For the memory function modeling, kernels of 
various types can be used [6]. In the present 
study, the non-local operator kernels employ the 
error function, which takes the form when 
condition (3) is satisfied: 
 

( ) =
2

( )  (4) 

 
Like for all non-local models, in this case, a 
defining characteristic is the scale parameter , 
which determines the nonlocality in the elastic 
properties of the material over time. Figure 1 
illustrates how this parameter influences the 
shape of the kernel. 
 

 
Figure 1. Graphs showing the effect of the 

parameter  on the nonlocality of the model 
 
To solve the equation of motion, an implicit 
scheme (Newmark's method) [14] was 
employed. In this case, the velocities and 
accelerations of the finite element model nodes 
are represented as: 
 

= ;   

   =   (5) 
 
Here: is the vertical displacement of a node at 
a time ,  is the speed of the node at a given 
time  ,  is the node acceleration at a point in 
time , is the time step

Since, in the case of employing an implicit 
scheme, the memory function is imposed on the 
entire deformation process starting from the 
moment , the discrete analog of the integral 
kernel has been divided into two parts [15]: - 
the weighting coefficient associated with i+1,  
- the sum of all other weights: 
 

=
2

( ) ;

=
2

    

(6) 

 
Then, the expression (1) can be presented as: 
 

+

( ) + + =    (7) 
 
After all transformations, the computational 
scheme takes the form: 
 

= + M + +

,  (8) 
 
here: 
 

= + + ,     = , =

+ (9)
 
 
ASSESSMENT OF THE INFLUENCE OF 
THE SCALE PARAMETER ON THE 
NATURE OF THE OSCILLATORY 
PROCESS. 
 
For further improvement of the model, it is 
necessary to determine how the variation of the 
scale parameter affects the nature of the 
vibrations. In the implementation of this model 
using the MATLAB software, a 12-meter beam 
clamped at both ends was considered. The 
material chosen for the beam is a thermoactive 
vinyl ester glass-reinforced plastic of Class I, 
with a Young's modulus in the longitudinal 
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direction equal to 17.2 GPa. The beam, in its 
cross-sectional profile, is a rectangle with a 
height of 0.3 meters and a width of 0.2 meters. 
The material's relative damping coefficient is set 
at 0.042. The beam is subjected to an instantly 
applied and uniformly distributed load with an 
intensity of -10 kN/m. At the first step, with i = 
1, the initial conditions are set as  

 

 
Figure 2. Graphs of the vertical displacement of 
the central node of the beam obtained for three 

calculation scenarios with different scale 
parameters 

 
Analyzing the presented graphs, it can be 
observed that decreasing the parameter  
(increasing the degree of non-locality) leads to 
an increase in the amplitude of oscillations. 

 
 

DETERMINATION OF THE NON-LOCAL 
PARAMETER BASED ON THE RESULTS 
OF THE NUMERICAL EXPERIMENT. 
 
In order to apply the non-local material model 
in practical calculations, it is necessary to 
determine the value of the non-local parameter. 
For this purpose, in the current study a 
calibration methodology of the non-local model 
using the least squares method was used based 
on the results of the numerical experiment [16]. 
The numerical experiment data consisted of the 
outcomes of three-dimensional finite element 
modeling of the beam. The geometrical and 
physical characteristics are the same the ones 
discussed in the previous section. The model 
was constructed using the MIDAS-Civil 
computational software, taking into account the 
orthotropic material properties. The material 

characteristics used in the modeling are 
presented in Table 1. 
 

Table 1. Characteristics of thermoactive vinyl 
ester glass-reinforced plastic Class I: 

Young's Modulus (Longitudinal), 
Elw 17.2 GPa 

Young's Modulus (Transverse), Ecw 12.2 GPa 
Poisson's Ratio (Longitudinal), lw 0.32 
Poisson's Ratio (Transverse), cw 0.15 
Density,  1900 kg/m

3
 

Damping Coefficient,  0.042 
 

As a result of the calculation, a displacement 
diagram of the mid-section of the analyzed 
beam was obtained. Subsequently, the ordinate 
values of the oscillation graph obtained in 
MIDAS-Civil were exported and used to 
determine the scale parameter of the non-local 
model with an algorithm that was implemented 
with Python. 
The numerical method employed to search for 
the minimum value of the sum of squared 
deviations between experimental data and 
numerical results was the bisection method. 
The resulting diagrams are presented in Fig. 3 
and Fig. 4. In comparison with the classical 
local deformation model (fig. 3), the calibrated 
non-local bending beam model (fig. 4) gives 
better alignment with the results of the 
numerical experiment. 

 

 
Figure 3. Comparison of numerical experiment 
results with one-dimensional modeling results 

using a model approximating the classical local 
Kelvin-Voigt model 
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sufficient accuracy. According to Table 2, the 
scaling parameter for a 10-
52.9 1/s, and the viscosity coefficient ratio for a 
12-meter beam relative to a 10-meter beam is 
0.69. Therefore, by multiplying these values, the 
approximate scaling parameter for a 12-meter 
beam can be determined, which in this example 

 root mean 
square error for the results obtained using the 
calculated scaling parameter will be 0.0051  
(Fig. 6). 
 

 
Figure 6. Comparison of numerical experiment 
results with one-dimensional modeling results 
using the time-nonlocal deformation model at 

1/s 
 

 
CONCLUSION 
 
During the present study, a non-local 
deformation model of a bending beam was 
constructed using the finite element method. 
The Newmark method was applied for the 
numerical solution of the motion equation. 
The relationship between the scale parameter 

 and the amplitude of the bending beam 
oscillations has been demonstrated. It was 
shown that an increase in the material's 
nonlocality leads to an increase in the 
amplitude of oscillations. The model has been 
supplemented with a calibration algorithm for 
the scale parameter based on experimental 
results. The developed calibration algorithm 
has been tested using numerical experiment 
data, taking into account the orthotropic 
properties of the material. In comparison with 
the classical local model, the calibrated non-
local deformation model of the bending beam 

allows for better convergence with the results 
of the numerical experiment. Additionally, a 
correlation between the viscosity coefficient 
of the model and the scale parameter has been 
identified, that allows to determine of the 
scale parameter through frequencies or 
viscosity coefficients ratio. Thus, the scale 
parameters can be determined for the beams 
of different geometry using this correlation, 
and there is no need to determine it from 
experimental data all over again. The 
correlation was obtained for the numerical 
experiment results obtained with the 
frequency dependent damping model. For the 
materials characterized by frequency 
independent damping properties, the scale 
parameter will be the constant of material. 
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Figure 4. Comparison of numerical experiment 
results with one-dimensional modeling results 
using the calibrated time-nonlocal deformation 
model with the utilization of the error function 

kernel 
 
As a result of calibration, the value of the scale 
parameter has been obtained  = 38.34 1/s. The 
root mean square error is 0.0034 m. 
 
 
EVALUATION OF THE SCALE 
PARAMETER EXTRAPOLATION 
POSSIBILITY 
 
The application of models requiring constant 
determination of the scale parameter by the 
experimental data may be impractical and can 
be extremely labor-intensive in application. 
Therefore, the question arises about the 
method for determining the scale parameter of 
a non-local model as a material constant or 
identifying dependencies that enable the 
determination of this parameter for elements 
of various geometry. 
The damping model employed in conducting 
numerical experiments within the computational 
suite Midas is frequency dependent, hence the 
viscosity coefficient depends on the geometric 
attributes of the beam. Therefore, to 
demonstrate the correlation between the 
viscosity coefficient and the scale parameter, a 
series of numerical experiments were conducted 
involving beams of varied lengths. The 
outcomes tabulated in Table 2. 
It can be seen from Table 2 that there is a 
correlation between the ratios of the viscosity 
coefficients and the ratios of the scale 
parameter. Consequently, given numerical or 

empirical data obtained for a beam of specific 
length and a non-local model calibrated by 
this data, it becomes possible to determine the 
scale parameter by values of frequency ratios 
or viscosity coefficients applicable to beams 
of different geometries but composed of the 
same material. Should damping in the material 
prove frequency-independence, the scale 
parameter for said material will inherently 
remain constant. 

 
Table 2. The results of a series of experiments 

L, 
m Pa·s 

, 
1/s 

The ratios 
of viscosity 
coefficients 

The ratios 
of scale 

parameters 
10 0,014 52.9 1,00 1.00 
11 0,017 44.8 0,83 0.85 
12 0,021 38.3 0,69 0.73 
13 0,024 34 0,59 0.64 
14 0,028 29.6 0,51 0.56 
15 0,032 26.3 0,44 0.50 
16 0,036 22.9 0,39 0.43 
17 0,041 20.6 0,35 0.39 
18 0,046 18.3 0,31 0.35 

Here L is the Beam length,  is the Viscosity coefficient, 
 is the Scale parameter 

 
For clarity the proportion between viscosity 
coefficients and the proportion between scale 
parameters is visually presented in  Figure 5.  

 

 
Figure 5. The correlation between the 

proportion of viscosity coefficients and the 
proportion of scale parameters 

 
Thus, knowing the scale parameter for a 10-
meter beam, it is possible to determine the 
scaling parameter for a 12-meter beam with 
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sufficient accuracy. According to Table 2, the 
scaling parameter for a 10-
52.9 1/s, and the viscosity coefficient ratio for a 
12-meter beam relative to a 10-meter beam is 
0.69. Therefore, by multiplying these values, the 
approximate scaling parameter for a 12-meter 
beam can be determined, which in this example 

 root mean 
square error for the results obtained using the 
calculated scaling parameter will be 0.0051  
(Fig. 6). 
 

 
Figure 6. Comparison of numerical experiment 
results with one-dimensional modeling results 
using the time-nonlocal deformation model at 

1/s 
 

 
CONCLUSION 
 
During the present study, a non-local 
deformation model of a bending beam was 
constructed using the finite element method. 
The Newmark method was applied for the 
numerical solution of the motion equation. 
The relationship between the scale parameter 

 and the amplitude of the bending beam 
oscillations has been demonstrated. It was 
shown that an increase in the material's 
nonlocality leads to an increase in the 
amplitude of oscillations. The model has been 
supplemented with a calibration algorithm for 
the scale parameter based on experimental 
results. The developed calibration algorithm 
has been tested using numerical experiment 
data, taking into account the orthotropic 
properties of the material. In comparison with 
the classical local model, the calibrated non-
local deformation model of the bending beam 

allows for better convergence with the results 
of the numerical experiment. Additionally, a 
correlation between the viscosity coefficient 
of the model and the scale parameter has been 
identified, that allows to determine of the 
scale parameter through frequencies or 
viscosity coefficients ratio. Thus, the scale 
parameters can be determined for the beams 
of different geometry using this correlation, 
and there is no need to determine it from 
experimental data all over again. The 
correlation was obtained for the numerical 
experiment results obtained with the 
frequency dependent damping model. For the 
materials characterized by frequency 
independent damping properties, the scale 
parameter will be the constant of material. 
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ANALYTICAL MODEL FOR BUCKLING LENGTH 
COEFFICIENT DETERMINATION IN STEEL TRUSSES: 

A LATERAL TORSIONAL BUCKLING APPROACH 
 

D. Boukhalfa, T. Belaid, A. Slimani, F. Ammari 

University of Science and Technology Houari Boumediene (USTHB), Algiers, ALGERIA 
 
Abstract: This paper presents a contribution to the study of the stability of steel trusses. The paper proposes 
an analytical model for the determination of the buckling length coefficient of the truss N by the lateral 
torsional buckling approach. The model is derived by considering the equilibrium of the truss under the action 
of the applied loads and the buckling load. The buckling load is determined by considering the lateral 
buckling of the equivalent beam and the interaction between the members. The model is validated by 
comparing the predicted buckling loads with the experimental results of several steel trusses. The results show 
that the model can predict the buckling loads with good accuracy. The proposed model is a valuable tool for 
the design of steel trusses. The model can be used to determine the  buckling length coefficient of the truss 
and to ensure that the truss is safe and reliable.  
 

Keywords: Buckling, Truss, LTB, Equivalent Web, Ritz, Steel, Stability 
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INTRODUCTION 
 
In steel frame buildings, trusses can provide 
better performance in terms of strength and 
stiffness than I-section beams. Trusses are made 
up of a series of interconnected members that 
form triangles. The triangles distribute the load 
evenly across the structure, making it more 
resistant to buckling and other forms of failure. 

I-section beams, on the other hand, are made up 
of a solid web and two flanges. The web is 
responsible for carrying the shear force, while 
the flanges carry the bending moment. I-section 
beams are strong and stiff, but they are also 
more susceptible to buckling than trusses. 
The equilibrium of a truss subjected to 
transverse loads can be obtained by developing 
exclusively axial forces in the bars that 

International Journal for Computational Civil and Structural Engineering, 20(2) 141–154(2024)

DOI:10.22337/2587-9618-2024-20-2-141-154

Elena S. Badina, Associate Professor, Ph.D, Associate 
Professor of the Department of Computer Science and 
Applied Mathematics, National Research University 
Moscow State University of Civil Engineering, Associate 
Professor of «Computer Aided Design» Department, 
Institute of Railway Track, Construction and Structures,  
Russian University of Transport (MIIT), Senior 
Researcher at the Department of Mechanics of Structured 
and Heterogeneous Environment of the Institute of 
Applied Mechanics of the Russian Academy of Sciences; 
129337, Russia, Moscow, Yaroslavskoe Highway, 26, 
phone: +74956092116, e-mail: shepitko-es@mail.ru. 
 

 
Tsarev O. Roman, PhD student of the Department of 
Mechanics of Structured and Heterogeneous Environment 
of the Institute of Applied Mechanics of the Russian 
Academy of Sciences; 125040, Russia, Moscow 
Leningradsky Ave., 7, p. 1 telephone +7 (499) 257-03-58 
e-mail: tsarev.r.o@yandex.ru 
 

 

 

+74956092116, e-mail: shepitko-es@mail.ru. 
 

, 
 

  ; 
125040

  +7 (499) 257-03-58 e-mail: 
tsarev.r.o@yandex.ru

 
 



142 International Journal for Computational Civil and Structural Engineering

constitute it. This means that the bars are only 
subjected to tension or compression, and not to 
bending. This makes trusses more efficient than 
I-section beams, as they can carry more load 
with less material. 
However, trusses are susceptible to two kinds of 
instability: local buckling and overall transverse 
buckling. Local buckling occurs when the 
individual members of a truss buckle under 
compression. Overall transverse buckling occurs 
when the entire truss buckles under the 
combined action of compression and bending. 
To prevent local buckling, the members of a 
truss must be designed to have a sufficient 
slenderness ratio. The slenderness ratio is a 
measure of the slenderness of a member, and it 
is calculated by dividing the member's length by 
its radius of gyration. To prevent overall 
transverse buckling, the truss must be designed 

to have a sufficient bracing system. The bracing 
system is a network of members that are used to 
prevent the truss from buckling under the 
combined action of compression and bending. 
Despite the potential for instability, trusses are a 
very efficient and versatile structural system. 
They are often used in steel frame buildings 
because they can provide better performance in 
terms of strength, stiffness, and weight than I-
section beams. 
The local buckling of compressed bars occurs at 
a buckling length that is generally equal to the 
length of the bar. The buckling length can be 
less if the nodes are rigid. The buckling length 
depends on the type of connection and whether 
the bar belongs to a chord or a diagonal. The 
buckling length can be up to a factor of 1.0  
times the length of the bar[1]or even less[2, 3]; 
 

               
Figure 1. Buckling of a compressed chord 

 

 
Figure 2. A panel of N-truss models for analyses 

Buckling plan

Out-of-plane buckling

With intermediate supports 

Without intermediate supports 
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The overall transverse buckling, or Lateral 
torsional buckling (abbreviated as LTB), is 
induced by the transverse instability of a 
compressed chord involving several bars and 
carrying with it the rest of the truss. This can 
occur when the chord isn’t braced laterally. 
Increasing chord component, therefore, has a 
transverse length of buckling greater than or less 
than its individual length. 
This paper presents a contribution to the study 
of the stability of steel trusses. The paper 
proposes an analytical model for the 
determination of the buckling length coefficient 
of the truss N by the lateral torsional buckling 
approach.  
The model is derived by considering the 
equilibrium of the truss under the action of the 
applied loads and the buckling load. The 
buckling load is determined by considering the 
lateral buckling of the equivalent beam and the 
interaction between the members. 
The stability of steel structures has been the 
subject of many studies[4-11], starting with 
Horne [12], who equated truss stability to 
compressed member buckling, while modelling 
the truss as a bar with elastic supports to taking 
into account the contribution of braces and 
members. Morino & al [13] has produced a 
literature review of truss instabilities by 
assimilating the system to a lattice column. 
More recent analytical [14-16], numerical [3, 
17] or experimental [2, 8, 9, 18, 19] works have 
been interested in the buckling stability of the 
trusses as well as in the buckling length 
coefficient of the compressed member, for 
different configurations. The design codes[1, 
20], consider checking the lateral buckling 
stability of a truss beam by considering the 
buckling of the compressed chord; the results 
found [2, 3, 17], show that this solution is too 
safe. Moreover, consideration of the location of 
the load and consideration of the force of shear 
in the web of the beam remains limited [14]. 
Biegus and Wojczyszyn [3] evaluate the out-of-
plane loss of stability of chords of one-way 
trusses. The values of the out-of-plane buckling 
length coefficients of the chords have been 

presented. The model of the compression chord 
as a straight member isolated from the one-way 
truss associated with the space model of lateral 
buckling of the truss has been analysed.  
The problem has been studied parametrically by 
varying the number of web plates. For the 
models studied, comparative analyses of the 
out-of-plane buckling length coefficients have 
been carried out regarding the guidelines of 
selected design codes. 
 
This article presents a general analytical 
approach to obtain the expression of the 
buckling length of a chord of N-truss by the 
LTB approach. The use of the notion of the 
equivalent web in the development of a critical 
moment formula of N trusses will allow us to 
analyze the effect of the position of the load in 
the calculation of the critical moment of LTB of 
an N truss considering the equivalent web. After 
that, an expression of the buckling length 
coefficient z  by the LTB approach with the 
equivalent web has been proposed. The results 
will be compared and discussed with those 
found in the literature. 
 
 
1. METHODS 

 
1.1. Basic assumptions 
According to the Timoshenko theory [21], the 
model is based on the following assumptions: 
The truss is composed of straight, slender 
members. 
The members are connected by rigid joints. 
The loads are applied at the joints. 
The buckling is assumed to be elastic. 
 
1.2. Critical moment expression 
In the case of I-section beams, the usual 
differential equation of the elastic curve 
assumes that the curvature is proportional to the 
bending moment. In truss beams, the 
deformations due to shear stress cannot be 
neglected. The equivalent web of a truss beam is 
the cross-sectional area “Aa” of the web which 
would have the same deformation under the 
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constitute it. This means that the bars are only 
subjected to tension or compression, and not to 
bending. This makes trusses more efficient than 
I-section beams, as they can carry more load 
with less material. 
However, trusses are susceptible to two kinds of 
instability: local buckling and overall transverse 
buckling. Local buckling occurs when the 
individual members of a truss buckle under 
compression. Overall transverse buckling occurs 
when the entire truss buckles under the 
combined action of compression and bending. 
To prevent local buckling, the members of a 
truss must be designed to have a sufficient 
slenderness ratio. The slenderness ratio is a 
measure of the slenderness of a member, and it 
is calculated by dividing the member's length by 
its radius of gyration. To prevent overall 
transverse buckling, the truss must be designed 

to have a sufficient bracing system. The bracing 
system is a network of members that are used to 
prevent the truss from buckling under the 
combined action of compression and bending. 
Despite the potential for instability, trusses are a 
very efficient and versatile structural system. 
They are often used in steel frame buildings 
because they can provide better performance in 
terms of strength, stiffness, and weight than I-
section beams. 
The local buckling of compressed bars occurs at 
a buckling length that is generally equal to the 
length of the bar. The buckling length can be 
less if the nodes are rigid. The buckling length 
depends on the type of connection and whether 
the bar belongs to a chord or a diagonal. The 
buckling length can be up to a factor of 1.0  
times the length of the bar[1]or even less[2, 3]; 
 

               
Figure 1. Buckling of a compressed chord 

 

 
Figure 2. A panel of N-truss models for analyses 
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The overall transverse buckling, or Lateral 
torsional buckling (abbreviated as LTB), is 
induced by the transverse instability of a 
compressed chord involving several bars and 
carrying with it the rest of the truss. This can 
occur when the chord isn’t braced laterally. 
Increasing chord component, therefore, has a 
transverse length of buckling greater than or less 
than its individual length. 
This paper presents a contribution to the study 
of the stability of steel trusses. The paper 
proposes an analytical model for the 
determination of the buckling length coefficient 
of the truss N by the lateral torsional buckling 
approach.  
The model is derived by considering the 
equilibrium of the truss under the action of the 
applied loads and the buckling load. The 
buckling load is determined by considering the 
lateral buckling of the equivalent beam and the 
interaction between the members. 
The stability of steel structures has been the 
subject of many studies[4-11], starting with 
Horne [12], who equated truss stability to 
compressed member buckling, while modelling 
the truss as a bar with elastic supports to taking 
into account the contribution of braces and 
members. Morino & al [13] has produced a 
literature review of truss instabilities by 
assimilating the system to a lattice column. 
More recent analytical [14-16], numerical [3, 
17] or experimental [2, 8, 9, 18, 19] works have 
been interested in the buckling stability of the 
trusses as well as in the buckling length 
coefficient of the compressed member, for 
different configurations. The design codes[1, 
20], consider checking the lateral buckling 
stability of a truss beam by considering the 
buckling of the compressed chord; the results 
found [2, 3, 17], show that this solution is too 
safe. Moreover, consideration of the location of 
the load and consideration of the force of shear 
in the web of the beam remains limited [14]. 
Biegus and Wojczyszyn [3] evaluate the out-of-
plane loss of stability of chords of one-way 
trusses. The values of the out-of-plane buckling 
length coefficients of the chords have been 

presented. The model of the compression chord 
as a straight member isolated from the one-way 
truss associated with the space model of lateral 
buckling of the truss has been analysed.  
The problem has been studied parametrically by 
varying the number of web plates. For the 
models studied, comparative analyses of the 
out-of-plane buckling length coefficients have 
been carried out regarding the guidelines of 
selected design codes. 
 
This article presents a general analytical 
approach to obtain the expression of the 
buckling length of a chord of N-truss by the 
LTB approach. The use of the notion of the 
equivalent web in the development of a critical 
moment formula of N trusses will allow us to 
analyze the effect of the position of the load in 
the calculation of the critical moment of LTB of 
an N truss considering the equivalent web. After 
that, an expression of the buckling length 
coefficient z  by the LTB approach with the 
equivalent web has been proposed. The results 
will be compared and discussed with those 
found in the literature. 
 
 
1. METHODS 

 
1.1. Basic assumptions 
According to the Timoshenko theory [21], the 
model is based on the following assumptions: 
The truss is composed of straight, slender 
members. 
The members are connected by rigid joints. 
The loads are applied at the joints. 
The buckling is assumed to be elastic. 
 
1.2. Critical moment expression 
In the case of I-section beams, the usual 
differential equation of the elastic curve 
assumes that the curvature is proportional to the 
bending moment. In truss beams, the 
deformations due to shear stress cannot be 
neglected. The equivalent web of a truss beam is 
the cross-sectional area “Aa” of the web which 
would have the same deformation under the 
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influence of shear stress. It is only a convenient 
device for the calculation of deformations due to 
shear stress. 
The value of “Aa” is determined so that the 
transverse deformation of a panel of length lm of 
a reticulated member, whose distance between 
the neutral fibbers of the members is h0, as 
shown in Figure 1 and which is subjected to a 
shear stress Vz, for N truss, is written under 
equation 1:  
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Eurocode 3 [1] defines the critical moment of a 
double-symmetric beam subjected to a uniform 
load as given in equation (2). 
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Furthermore, the following parameters 
designate: 
L length of steel beam; 
E  modulus of elasticity; 
Iz second moment of the area to z axes; 
I  warping constant; 
J  torsional constant; 
G  shear modulus; 

ze  the eccentricity between the shear centre 
and load; 

21;CC  factors depending upon the loading and 
restraint conditions. 
To take into account the effect of the equivalent 
web, we develop the expression of the critical 
moment from the total potential of a bi-
symmetrical truss beam; This total potential is 
developed for an I-section beam from the 
kinematics by Belaid et al [7]. 
The potential of a Truss Beam, considered as an 
I beam with an equivalent web is given by: 
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Two main methods are used in the literature for 
the calculation of critical loads, namely the Ritz 
and Galerkin methods. With both methods, the 
displacement modes are first approached by 
functions that are compatible with the boundary 
conditions of the beam. While knowing that the 
resolution by the Galerkin method was solved 
by Ammari et al. [14] 
It is important to note that solving an equation 
by approximate methods requires proposing a 
solution to that equation that satisfies the 
boundary conditions. The adopted solution 
represents the shape of the torsional 
deformation, which is taken as a trigonometric 
series.  However, the solution of the buckling 
mode is known to be sinusoidal [7, 21]. 
Therefore, for the load cases studied in this 
paper, the solution will be of the first-order 
sinusoidal. This solution, which is an 
approximate solution, has been assumed by 
many authors[6, 7, 14, 21, 22]. 
Approximated functions are adopted for the 
solutions of the lateral displacement and the 
torsional rotation and are given as follows: 
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These functions fit ideally the boundary 
condition of the beam 0)0(")0( vv  and:
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According to the theory of the minimum of total 

potential energy [6], one gets: 0
00 v

  

The system of an equivalent simply supported 
steel beam loaded by uniform was developed, 
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Therefore, by setting the determinant equal to 
zero we obtain the expressions of the critical 
loads as given in(6) 
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Multiplication of the critical load by L²/8 and 
adaptation to the Eurocode, the critical moment 
become: 
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Where vC1  and vC2  given by Eq. (8-a and 8-b) 
are factors depending upon the loading (uniform 
load for this case) taken into account the shear 
deformation of the equivalent web. 
 

²
²2

6
)3²(
1 , 

²2
²

24
)3²(16

2

2

1

L

C

L

C vv  

                                            (8a; 8b) 
 
 

2. RESULTS AND DISCUSSION  
 
2.1. Parametric study  
In the case of a symmetrical truss beam, the Top 
and Bottom Chords are the same, so the 
geometrical characteristics of the truss beam are 
calculated as follows: 
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Where: 
A  reference cross-sectional area (unit); 

AmAm  cross-sectional area of a chord; 
AtAt cross-sectional area of a strut; 
AdAd   cross-sectional area of a diagonal; 

h0 distance between the centres of 
gravity of the two chords; 
Izm second moment of area (for z axes 
of the truss beam) of a chord; 
Jm torsional constant of a chord; 
Jtr torsional constant moment of the 
truss beam; 
Ktr   coefficient of the connection 
conditions of the & trusses on the chords; 
It et Id  second moment of area of struts and 
diagonals respectively; 
n number of panels constituting the 
beam; 
 the degree of inclination of the 

diagonal about the chord. 
Replacing equation (9) in equation (7) allows us 
to write the critical moment as a function of the 
characteristics of the components of the truss in 
equation (10)  
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influence of shear stress. It is only a convenient 
device for the calculation of deformations due to 
shear stress. 
The value of “Aa” is determined so that the 
transverse deformation of a panel of length lm of 
a reticulated member, whose distance between 
the neutral fibbers of the members is h0, as 
shown in Figure 1 and which is subjected to a 
shear stress Vz, for N truss, is written under 
equation 1:  
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Eurocode 3 [1] defines the critical moment of a 
double-symmetric beam subjected to a uniform 
load as given in equation (2). 
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Furthermore, the following parameters 
designate: 
L length of steel beam; 
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Two main methods are used in the literature for 
the calculation of critical loads, namely the Ritz 
and Galerkin methods. With both methods, the 
displacement modes are first approached by 
functions that are compatible with the boundary 
conditions of the beam. While knowing that the 
resolution by the Galerkin method was solved 
by Ammari et al. [14] 
It is important to note that solving an equation 
by approximate methods requires proposing a 
solution to that equation that satisfies the 
boundary conditions. The adopted solution 
represents the shape of the torsional 
deformation, which is taken as a trigonometric 
series.  However, the solution of the buckling 
mode is known to be sinusoidal [7, 21]. 
Therefore, for the load cases studied in this 
paper, the solution will be of the first-order 
sinusoidal. This solution, which is an 
approximate solution, has been assumed by 
many authors[6, 7, 14, 21, 22]. 
Approximated functions are adopted for the 
solutions of the lateral displacement and the 
torsional rotation and are given as follows: 
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The system of an equivalent simply supported 
steel beam loaded by uniform was developed, 

Therefore, by setting the determinant equal to 
zero we obtain the expressions of the critical 
loads as given in(6) 
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Multiplication of the critical load by L²/8 and 
adaptation to the Eurocode, the critical moment 
become: 
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Where vC1  and vC2  given by Eq. (8-a and 8-b) 
are factors depending upon the loading (uniform 
load for this case) taken into account the shear 
deformation of the equivalent web. 
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2. RESULTS AND DISCUSSION  
 
2.1. Parametric study  
In the case of a symmetrical truss beam, the Top 
and Bottom Chords are the same, so the 
geometrical characteristics of the truss beam are 
calculated as follows: 
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Where: 
A  reference cross-sectional area (unit); 

AmAm  cross-sectional area of a chord; 
AtAt cross-sectional area of a strut; 
AdAd   cross-sectional area of a diagonal; 

h0 distance between the centres of 
gravity of the two chords; 
Izm second moment of area (for z axes 
of the truss beam) of a chord; 
Jm torsional constant of a chord; 
Jtr torsional constant moment of the 
truss beam; 
Ktr   coefficient of the connection 
conditions of the & trusses on the chords; 
It et Id  second moment of area of struts and 
diagonals respectively; 
n number of panels constituting the 
beam; 
 the degree of inclination of the 

diagonal about the chord. 
Replacing equation (9) in equation (7) allows us 
to write the critical moment as a function of the 
characteristics of the components of the truss in 
equation (10)  
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2.2. Effect of the equivalent web section on 
coefficients 

vC1 and
vC2  

While knowing that C1 depends on the moment 
distribution and C2 involves the position of the 
load and in the absence of the effect of the 
shearing force ( 0 ), the coefficients defined 
in equation (8) whose values are 1.150 and 
0.466 respectively are close and similar to those 
of Eurocode 3. 
The use of Galerkin's method makes it possible 
to have in the case of ( 0 ) the same values as 
those given by the codes[14].  
When we compare vC1 and C1 of a truss beam 
excluding the effect of the shear force with that 
of a simply supported beam loaded by uniform 
load, the difference is not very significant, this 
value was obtained for I section beam solved by 

the Ritz method [6, 7] The development carried 
out in this work assumes that for a descending 
load on the Top chord we have (ez = +h0 / 2) and 
for an ascending load on the Bottom chord we 
have (ez =- h0 / 2). The relationship between the 
section height and the length of a beam is given 
by (9.e) and shown in Figure 1. 
The coefficients vC1 and vC2  vary according to 
the ratio ²/ L . This ratio depends on the cross-
sections of the chords, diagonals and trusts. So 
it depends on the ratios "m, t, d" respectively, as 
well as the number of truss panels "n". 
Figures 3 a -b show the variation of the 
coefficients vC1 and vC2  respectively according 
to the number of panels "n" , for chord and 
diagonal section ratios (m/d =, 1, 1,5 and 2). 
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: Takes into account the position of the load. 
 

 
Figure 3-a : variation of vC1  according to the 

number of panels "n" 

 
Figure 3-b: variation of vC2  according to the 

number of panels "n 
 

We observe that for the number of panels 
greater than 15, for any section ratio "m/d", the 
values of vC1  and vC2  tend towards the values of 
1.150 and 0.466 respectively, which are 

obtained without taking into account the effect 
of the shear force or those of a free beam under 
uniform load. This can be explained by the fact 
that when the beam is slender, the shear effect 
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on the beam has a very small influence unlike 
the case of short beams, where we observe that 
the coefficients vC1  et vC2   take higher values 
and are inversely proportional to the number of 
panels. It is also important to note that the cross-
section of the chords has a significant and 
proportional influence on the coefficients and 
thus on the critical moment, regardless of the 
ratio of the cross-sections. 
 
2.3. Buckling length of the chord by the 
Lateral Torsional Buckling approach  
The critical force crzN of the chords for the out-
of-plane buckling has been obtained by dividing 
the critical moment by h0: 
 

0/ hMN crcrz                   (11) 
 
The coefficients of buckling lengths have been 
determined using equation [1, 3, 17]: 
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zmIE  : Represents bending stiffness of the chord 

in the plane of buckling. 
By substituting (Eq. 10) and (Eq. 11) into (Eq. 
12), then the coefficients of buckling lengths 
can be expressed as: 
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as mentioned above, the coefficient K takes into 
account the ratio of torsional and bending 
stiffness  
 

 

 
Figure 4. Coefficients of buckling lengths according to the number of panels K =2.5 
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2.2. Effect of the equivalent web section on 
coefficients 

vC1 and
vC2  

While knowing that C1 depends on the moment 
distribution and C2 involves the position of the 
load and in the absence of the effect of the 
shearing force ( 0 ), the coefficients defined 
in equation (8) whose values are 1.150 and 
0.466 respectively are close and similar to those 
of Eurocode 3. 
The use of Galerkin's method makes it possible 
to have in the case of ( 0 ) the same values as 
those given by the codes[14].  
When we compare vC1 and C1 of a truss beam 
excluding the effect of the shear force with that 
of a simply supported beam loaded by uniform 
load, the difference is not very significant, this 
value was obtained for I section beam solved by 

the Ritz method [6, 7] The development carried 
out in this work assumes that for a descending 
load on the Top chord we have (ez = +h0 / 2) and 
for an ascending load on the Bottom chord we 
have (ez =- h0 / 2). The relationship between the 
section height and the length of a beam is given 
by (9.e) and shown in Figure 1. 
The coefficients vC1 and vC2  vary according to 
the ratio ²/ L . This ratio depends on the cross-
sections of the chords, diagonals and trusts. So 
it depends on the ratios "m, t, d" respectively, as 
well as the number of truss panels "n". 
Figures 3 a -b show the variation of the 
coefficients vC1 and vC2  respectively according 
to the number of panels "n" , for chord and 
diagonal section ratios (m/d =, 1, 1,5 and 2). 
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: Takes into account the position of the load. 
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number of panels "n" 

 
Figure 3-b: variation of vC2  according to the 
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We observe that for the number of panels 
greater than 15, for any section ratio "m/d", the 
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1.150 and 0.466 respectively, which are 

obtained without taking into account the effect 
of the shear force or those of a free beam under 
uniform load. This can be explained by the fact 
that when the beam is slender, the shear effect 

on the beam has a very small influence unlike 
the case of short beams, where we observe that 
the coefficients vC1  et vC2   take higher values 
and are inversely proportional to the number of 
panels. It is also important to note that the cross-
section of the chords has a significant and 
proportional influence on the coefficients and 
thus on the critical moment, regardless of the 
ratio of the cross-sections. 
 
2.3. Buckling length of the chord by the 
Lateral Torsional Buckling approach  
The critical force crzN of the chords for the out-
of-plane buckling has been obtained by dividing 
the critical moment by h0: 
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as mentioned above, the coefficient K takes into 
account the ratio of torsional and bending 
stiffness  
 

 

 
Figure 4. Coefficients of buckling lengths according to the number of panels K =2.5 
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Figure 5. Coefficients of buckling lengths according to the number of panels K =1.5 

 
 

 
Figure 6. Coefficients of buckling lengths according to the number of panels K =0.5 
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Figure 7. Coefficients of buckling lengths according to the number of panels K =0.05 
 
 
This ratio depends on the support conditions 
which are represented by (Eq 9-c) 
For 45  and td AA , Figures 4, 5, 6 and 7 
show the values of the coefficient z as a 
function of the number of panels constituting 
the truss for chord and diagonal section ratios 
(m/d =, 1, 1,5 and 2), this for two cases of load, 
namely: load applied at the Top chord ( TC ); 
load applied at the Bottom chord (BC),  
The values of K, are chosen to reflect the 
respective cases of a beam composed by : 

 tubular section with a rigid connection 
K=2.5; 

 hinged tubular section K= 1.5; 
 open sections with rigid connection 

K=0.5; 
 hinged open rolled sections K= 0.05; 

We observe, for all the cases studied, that the 
coefficient z varies significantly with the 
number of panels, and this occurs in two phases: 
For a number of panels less than 6, the 
coefficient shows an ascending variation. This 
can be explained by the fact that the beam is not 
highly slender, and thus, the effect of shear 
rigidity (equivalent web) favours the risk of 

local buckling of the components (diagonal and 
strut). 
For a number of panels greater than 6, the effect 
of shear rigidity diminishes, favouring the risk 
of global buckling of the beam. 
Nevertheless, for all the cases studied, the 
coefficient remains below the regulatory limits. 
The use of tubular sections, as observed in 
Figures 4 and 5, shows that the variation of the 
coefficient z is not significantly affected by the 
variation in the sections composing the truss or 
the effect of load position, unlike the use of 
rolled sections (Figures 6-7). The maximum 
value that the coefficient z can reach does not 
exceed 0.5 for the most unfavourable case, 
namely, a hinged connection of the components 
(K=1.5), the section of the web being the same 
as that of the uprights and diagonal, and the load 
being applied to the upper chord (destabilizing 
effect of the load). This leads us to confirm the 
remarks made by Biegus and Wojczyszyn 
[3]that, in this case, the calculation codes 
overestimate the values of z . 
The use of rolled sections (Figures 6-7) shows 
that the variation of the coefficient z is 
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(K=1.5), the section of the web being the same 
as that of the uprights and diagonal, and the load 
being applied to the upper chord (destabilizing 
effect of the load). This leads us to confirm the 
remarks made by Biegus and Wojczyszyn 
[3]that, in this case, the calculation codes 
overestimate the values of z . 
The use of rolled sections (Figures 6-7) shows 
that the variation of the coefficient z is 
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affected by the variation in the sections 
composing the truss or the effect of load 
position, unlike the use of tubular sections. The 
maximum value that the coefficient z can 
reach is 0.9 for the most unfavourable case, 
namely, a hinged connection of the components 
(K=0.05), the section of the web being the same 
as that of the uprights and diagonal, and the load 
being applied to the upper chord (destabilizing 
effect of the load). The value obtained by our 
approach is the one used by Eurocode 3 [1]. 
In comparison with the limits given by 
Eurocode [1], we can see that the buckling 
length coefficient varies considerably depending 
on the number of panels, the cross-sections 
constituting the truss as well as the position of 
the load. The values are given by Eurocode [1], 
remain too safe when the Bottom Chord is 
loaded. 
 
2.4. Comparison and example  
The purpose of this section is to compare the 
coefficient z  developed for the uniform load 
defined by Equation (13) with those reported in 
the literature and which is presented in Section 
1. likewise, Table 1 compares the coefficient z  
In this table, columns from 1 to 8 represent 

respectively number of panel(1),  limit given by  
NF EN 1993-1-1/NA [23](2), coefficients of 
buckling lengths obtained by the present work 
(3) and (5) , as well as those of Biegus and 
Wojczyszyn [3] (4) and (6) , and, comparison 
between the code and the present work are 
given on the columns (7) and (8)  for the case of 
loads applied at the Top chord and Bottom 
chord respectively. 
Although the model of beams developed by 
Biegus and Wojczyszyn [3], and the model 
developed in the present work are different, as 
well as the method, the results are very similar 
for the case of loads applied at the upper chord. 
Table 1 shows the values obtained for K=1.5 
using equation (13) and those obtained by 
Biegus and Wojczyszyn [3] in the case of a truss 
composed by RHS. 
The buckling lengths assumed according to 
Eurocode for the out-of-plane instability of the 
truss may be overestimated for the cases when 
the buckled segment covers several panels of 
the system. This effect leads to the 
underestimation of the critical load and in 
sequence to uneconomical consumption of 
material. 

 
Table 1. Comparison of coefficients of buckling lengths z  

coefficients of buckling lengths  z  
number of 

panels 
EC3 Top chord Bottom chord -

Eq/EC 

1 2 3 4 5 6 7 8 
“n” [1] Eq,(13) [3] Eq,(13) [3]  -1 

4 0,9 0,7 0,71 0,57 0,64 22% 37% 
5 0,9 0,63 0,65 0,53 0,6 30% 41% 
6 0,9 0,57 0,6 0,49 0,56 37% 46% 
7 0,9 0,53 0,56 0,47 0,52 41% 48% 
8 0,9 0,49 0,53 0,44 0,5 46% 51% 
9 0,9 0,46 0,5 0,41 0,47 49% 54% 

 
The examination of the results has shown the 
significant effect of the Equivalent web, this 
model constitutes a more accurate basis of 

computation and material savings in comparison 
code. The buckling length coefficients of the 
studied cases have given z  = 0.70–0.57, which 
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affected by the variation in the sections 
composing the truss or the effect of load 
position, unlike the use of tubular sections. The 
maximum value that the coefficient z can 
reach is 0.9 for the most unfavourable case, 
namely, a hinged connection of the components 
(K=0.05), the section of the web being the same 
as that of the uprights and diagonal, and the load 
being applied to the upper chord (destabilizing 
effect of the load). The value obtained by our 
approach is the one used by Eurocode 3 [1]. 
In comparison with the limits given by 
Eurocode [1], we can see that the buckling 
length coefficient varies considerably depending 
on the number of panels, the cross-sections 
constituting the truss as well as the position of 
the load. The values are given by Eurocode [1], 
remain too safe when the Bottom Chord is 
loaded. 
 
2.4. Comparison and example  
The purpose of this section is to compare the 
coefficient z  developed for the uniform load 
defined by Equation (13) with those reported in 
the literature and which is presented in Section 
1. likewise, Table 1 compares the coefficient z  
In this table, columns from 1 to 8 represent 

respectively number of panel(1),  limit given by  
NF EN 1993-1-1/NA [23](2), coefficients of 
buckling lengths obtained by the present work 
(3) and (5) , as well as those of Biegus and 
Wojczyszyn [3] (4) and (6) , and, comparison 
between the code and the present work are 
given on the columns (7) and (8)  for the case of 
loads applied at the Top chord and Bottom 
chord respectively. 
Although the model of beams developed by 
Biegus and Wojczyszyn [3], and the model 
developed in the present work are different, as 
well as the method, the results are very similar 
for the case of loads applied at the upper chord. 
Table 1 shows the values obtained for K=1.5 
using equation (13) and those obtained by 
Biegus and Wojczyszyn [3] in the case of a truss 
composed by RHS. 
The buckling lengths assumed according to 
Eurocode for the out-of-plane instability of the 
truss may be overestimated for the cases when 
the buckled segment covers several panels of 
the system. This effect leads to the 
underestimation of the critical load and in 
sequence to uneconomical consumption of 
material. 
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“n” [1] Eq,(13) [3] Eq,(13) [3]  -1 
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9 0,9 0,46 0,5 0,41 0,47 49% 54% 

 
The examination of the results has shown the 
significant effect of the Equivalent web, this 
model constitutes a more accurate basis of 

computation and material savings in comparison 
code. The buckling length coefficients of the 
studied cases have given z  = 0.70–0.57, which 
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increases the critical load   about 22% and 37% 
(for n = 4), and 49% - 54% (for n = 9) referred 
to z  = 0.9 , for the load applied at Top and 
Bottom chord respectively 
However, it is important to note that in all the 
cases studied, the coefficient z remains below 
the regulatory limits, indicating that the truss 
structures analyzed meet the required stability 
criteria. 
We also compared the influence of different 
types of sections on the coefficient z . The use 
of tubular sections showed less significant 
variation in the coefficient compared to rolled 
sections, regardless of changes in section 
composition or load position. This highlights the 
advantage of using tubular sections in terms of 
stability performance. 
Furthermore, our results aligned with previous 
findings by Biegus and Wojczyszyn, supporting 
the observation that existing calculation codes 
tend to overestimate the values of z for the 
specific case analyzed. 
 
 
CONCLUSION 
 
This work has allowed establishing an analytical 
expression of the critical buckling moment for 
an N-truss, taking into account the influence of 
the load through the use of coefficients vC1 and 

vC2  . By using the LTB approach with “the 
equivalent web”, an expression of the buckling 
length coefficient z  has been proposed. In 
comparison with the limits given by Eurocode 
[1], we can see that the buckling length 
coefficient varies considerably depending on the 
number of panels, the cross-sections 
constituting the truss as well as the position of 
the load. The values given by Eurocode [1] (1 
and 0.9 respectively), remain too safe when the 
Bottom chord is loaded. 
In conclusion, our study focused on the 
variation of the coefficient z  in truss 
structures. We observed that the coefficient 
exhibits two distinct phases depending on the 

number of panels. For a lower number of 
panels, the coefficient increases due to the 
beam's lower slenderness, which enhances the 
risk of local buckling. Conversely, for a higher 
number of panels, the effect of shear rigidity 
diminishes, leading to an increased risk of 
global buckling. 
However, it is important to note that in all the 
cases studied, the coefficient z remains below 
the regulatory limits, indicating that the truss 
structures analyzed meet the required stability 
criteria. 
We also compared the influence of different 
types of sections on the coefficient z . The use 
of tubular sections showed less significant 
variation in the coefficient compared to rolled 
sections, regardless of changes in section 
composition or load position. This highlights the 
advantage of using tubular sections in terms of 
stability performance. 
Furthermore, our results aligned with previous 
findings by Biegus and Wojczyszyn, supporting 
the observation that existing calculation codes 
tend to overestimate the values of z  for the 
specific case analyzed. 
Overall, our study provides valuable insights 
into the behaviour of truss structures and 
emphasizes the importance of considering the 
number of panels and section types when 
assessing their stability. These findings 
contribute to the ongoing refinement of design 
codes, such as Eurocode 3, for accurate and 
efficient structural analysis 
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MANAGEMENT OF MULTI-APARTMENT BUILDINGS DURING 
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Abstract: The paper discusses the main aspects of implementing BIM technologies in the management of multi-
apartment buildings. It highlights the features of implementing the system, including the stages of creating a 
digital model of the building, requirements for personnel, and specific skills. The advantages and opportunities 
that arise in the management process of multi-apartment buildings with information modeling technologies are 
noted. Specifically, it simplifies processes such as document storage and transmission, organization of building 
operations, current repairs of buildings and structures, and more. The prospects for the implementation of 
information technologies in the housing and utilities sector in the Russian Federation are already outlined: by 
2023, developers are required to use these technologies when planning and constructing multi-apartment 
buildings. The government is implementing a series of systemic initiatives and measures aimed at the 
digitalization of multi-apartment building management, supporting the development of the sector towards a 
service model, and ensuring comfortable living conditions for citizens. To support these initiatives, it is 
necessary to unify requirements for services, standards for data collection, transmission, processing, and access, 
and to clarify the rules of interaction among participants, taking into account the active implementation of digital 
technologies in practice. The primary principle of digitalization should be economic feasibility. The 
implementation of digital technologies should provide real value for developers, management organizations, 
owners of residential and non-residential premises, and authorities. To achieve digitalization results, it is 
necessary to create conditions that stimulate the efficiency of interaction between subjects involved in the 
digitalization of multi-apartment building management. In particular, it is required to establish requirements for 
the implementation of information technologies at the legislative level. 
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INTRODUCTION 
 
Digitalization of the housing and utilities sector 
(HUS) is one of the priorities of the Russian 
Federation. An example is the approval by the 
Government of the Russian Federation to use 
information modeling technologies (BIM) in the 
construction and operation of buildings, 
including multi-apartment buildings (MAB). 
The Government Decree of December 20, 2021, 
No. 3719-r contains a plan aimed at creating 
conditions for the implementation of BIM in the 
construction industry and improving the quality 
of construction projects [1]. Digitalization of 
HUS allows integrating interaction and 
reporting processes at all management levels 
into a single information field. This allows for 
the optimal allocation of common resources, 
including natural resources, to improve the 
overall quality of life in the country. In this 
regard, studying new technologies that can 
improve the management system of HUS in 
general and MAB in particular becomes 
especially relevant. 
In relation to buildings, this is an approach to 
their construction, maintenance, and repair, 
which involves the collection and processing of 
comprehensive data about the building in digital 
format. The authors of the work consider that 
building information modeling is a modern 
innovative approach to designing, constructing, 
and operating buildings [2]. Technically, 
building information modeling represents a 
complex process based on the use of accurate 
and coordinated data at all stages – from the 
development of the building concept to its 

construction and commissioning. The 
theoretical analysis revealed trends in the 
construction sector and the directions of BIM 
use. The authors note that such technologies are 
most often used in the construction of stadiums 
in Moscow, St. Petersburg, Saransk, Volgograd, 
Nizhny Novgorod, Samara, Sochi, and Kazan. 
This is primarily due to the complexity of the 
objects and social responsibility since stadiums 
accommodate from 20,000 people and more, 
hence the increased responsibility for 
inadequate structures and risks associated with 
the safety of life and health of people. 
The new Volgograd Arena stadium was built 
using BIM technologies due to the technical 
complexity of the object. 3D models of 
structurally complex elements were created, and 
the data from these models were directly 
transferred to the manufacturer of the structural 
elements. The oval Mordovia Arena stadium 
was characterized by a technical feature of 88 
interconnected consoles 40 meters high with a 
span of 49 meters. Thanks to BIM, a solution 
was quickly found, and the stadium was built 
without problems. The Skolkovo Research 
Center was also built using digitized 
architectural structures, allowing for all the 
structural features of the future building to be 
considered. 
As can be seen, specialized literature mainly 
identifies sports facilities or buildings and does 
not contain examples of how BIM helps in the 
management of MAB. Consequently, this issue 
is insufficiently studied, although some authors 
show interest in it [3]. 
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Digitalization of the housing and utilities sector 
(HUS) is one of the priorities of the Russian 
Federation. An example is the approval by the 
Government of the Russian Federation to use 
information modeling technologies (BIM) in the 
construction and operation of buildings, 
including multi-apartment buildings (MAB). 
The Government Decree of December 20, 2021, 
No. 3719-r contains a plan aimed at creating 
conditions for the implementation of BIM in the 
construction industry and improving the quality 
of construction projects [1]. Digitalization of 
HUS allows integrating interaction and 
reporting processes at all management levels 
into a single information field. This allows for 
the optimal allocation of common resources, 
including natural resources, to improve the 
overall quality of life in the country. In this 
regard, studying new technologies that can 
improve the management system of HUS in 
general and MAB in particular becomes 
especially relevant. 
In relation to buildings, this is an approach to 
their construction, maintenance, and repair, 
which involves the collection and processing of 
comprehensive data about the building in digital 
format. The authors of the work consider that 
building information modeling is a modern 
innovative approach to designing, constructing, 
and operating buildings [2]. Technically, 
building information modeling represents a 
complex process based on the use of accurate 
and coordinated data at all stages – from the 
development of the building concept to its 

construction and commissioning. The 
theoretical analysis revealed trends in the 
construction sector and the directions of BIM 
use. The authors note that such technologies are 
most often used in the construction of stadiums 
in Moscow, St. Petersburg, Saransk, Volgograd, 
Nizhny Novgorod, Samara, Sochi, and Kazan. 
This is primarily due to the complexity of the 
objects and social responsibility since stadiums 
accommodate from 20,000 people and more, 
hence the increased responsibility for 
inadequate structures and risks associated with 
the safety of life and health of people. 
The new Volgograd Arena stadium was built 
using BIM technologies due to the technical 
complexity of the object. 3D models of 
structurally complex elements were created, and 
the data from these models were directly 
transferred to the manufacturer of the structural 
elements. The oval Mordovia Arena stadium 
was characterized by a technical feature of 88 
interconnected consoles 40 meters high with a 
span of 49 meters. Thanks to BIM, a solution 
was quickly found, and the stadium was built 
without problems. The Skolkovo Research 
Center was also built using digitized 
architectural structures, allowing for all the 
structural features of the future building to be 
considered. 
As can be seen, specialized literature mainly 
identifies sports facilities or buildings and does 
not contain examples of how BIM helps in the 
management of MAB. Consequently, this issue 
is insufficiently studied, although some authors 
show interest in it [3]. 
 

MATERIALS AND METHODS 
 
Building information modeling (BIM) is 
essential for managing the maintenance, current, 
and capital repairs of MABs, as well as for 
analyzing the operational characteristics of 
buildings [4]. The operational model (AIM) of 
an object contains complete information about 
the object [Figure 1], and this information can 
be used in various activities at the operation 
stage [5]. Moreover, the BIM model provides 
accurate construction data and can be integrated 
with other tools that perform energy efficiency 
analysis, schedule replacements, and 
maintenance of engineering systems [6]. Such a 
model can be considered an integrated set of 
technologies that facilitate building 
management throughout its life cycle [7]. 
 

 
Figure 1. Stages of the Object's Life Cycle 

 
Thus, the AIM information model has the 
potential to conduct maintenance and repair 
work on the building's engineering structures 
and systems more efficiently [18]. 
V.T. Talapov specifies [8] that BIM is aimed at 
calculating and modeling construction work and 
erecting new buildings, but it also finds 
application in housing and utilities management. 
In particular, the author shows how this 
technology can be applied to achieve the 
following goals: 
1. The ability to model changes in the 

building's structure in case certain 
circumstances arise (works in non-
residential premises by private property 

owners-entrepreneurs who may make 
adjustments to the structures); 

2. Designing the re-equipment of the building 
with new engineering equipment, bringing 
its operational characteristics to the modern 
level of requirements (this situation is 
especially relevant for long-operated houses 
where heating equipment, particularly the 
piping system, has not been changed for 
many years, mainly due to lack of funding 
or the unwillingness of the managing 
organization (MO) to allocate funds for 
this, as the budget of such an event may 
increase during the equipment replacement 
process); 

3. Monitoring the current state of the building 
(this process is currently outdated in the 
traditional view, as inspections and checks, 
as well as rounds by MO engineers, are 
conducted irregularly, and most often only 
in response to owners' complaints and 
inspections by municipal authorities); 

4. Properly operating existing facilities (this is 
possible, for example, with the help of a 
digital model of the building, which clearly 
shows all the features of architecture, water 
supply, heating, and other engineering 
systems) (Figure. 2). 
 

 
Figure 2. Information Model of Engineering 

Systems of Multi-Apartment Buildings 
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5. Managing the building's energy 
consumption, such measures can benefit 
both residents and society [9]. 

6. BIM provides accurate data about the 
object and can be integrated with other 
tools that perform energy efficiency 
analysis, resulting in reduced resource 
consumption costs [10]. 

Maintenance and current repairs of buildings 
and structures are very important and quite 
costly (considering the operating periods) types 
of day-to-day activities for managing 
organizations. This is the main type of work 
with the building during its service life, and here 
information modeling allows the listed tasks to 
be carried out timely and efficiently, minimizing 
overall costs. 
BIM technologies can facilitate communication 
between various stakeholders involved in the 
management of multi-apartment residential 
buildings (MKB), such as building owners, 
managers, and tenants, by providing a common 
platform for sharing information and 
collaborating on building-related tasks. Thus, 
the information model can be applied for digital 
calculations and conducting financial activities 
between the managing organization and the 
owners of non-residential premises, who must 
pay monthly for maintenance and repairs. In 
practice, this process occurs "the old-fashioned 
way," by delivering paper payment receipts 
from the representative of the managing 
organization to the tenant’s location. A digital 
version of this process would simplify the 
procedures for delivering receipts and 
generating reports. 
One of the most important tasks in managing 
MAB is document management. The 
advantages provided by BIM technologies in 
managing MAB are that with their 
implementation, there is no need to maintain a 
paper archive with all the documentation about 
the object. The problem of paper archives is 
inherent in the entire bureaucratic system, and 
especially in the housing and utilities sector. 
Many managing organizations still store 

archives in folders without proper storage 
conditions, which affects their preservation. 
Experts believe that the digital model of the 
house must also be included in the electronic 
technical passport of the house. This will allow 
the managing organization to control the state of 
all communications and load-bearing structures 
of the house, and the owners to see the real 
picture of what the managing organization has 
done in terms of building operation, preparation 
for the winter period, etc. [11]. 
Another aspect referred to by R.I. Surzhikov is 
the guarantee of the preservation of all 
executive and other documentation. 
Undoubtedly, when transferring management 
rights of the MAB, documentation is lost or 
deliberately damaged to hide disadvantages, 
risks, and deficiencies. With a digital model of 
the document archive, such situations will no 
longer concern companies entering the right to 
manage the MAB [12]. 
BIM allows for the creation of an accurate 
digital model of the MAB, which includes 
information about every part of it, from the 
foundation and walls to engineering systems 
and equipment. This facilitates the work of 
survey engineers, as they can easily access 
information about the building without the need 
to be physically present on site. Moreover, this 
approach reduces the time required for 
engineering surveys, as the information about 
the building is available in one digital place. It 
also helps reduce the costs of engineering 
surveys since there is no need for constant 
repeat trips to the site [9]. Overall, this 
optimizes the work of survey engineers, 
eliminating bureaucratic procedures. 
Several authors address the topic of organizing 
new processes based on BIM: new technologies 
cannot simply be introduced into the housing 
and utilities sector [14], which is characterized 
by specific processes that have not changed for 
years. Thus, a number of authors [15] note the 
importance of personnel potential and the 
availability of special knowledge. To implement 
an operational information model of a multi-
apartment residential building, it is necessary to 
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5. Managing the building's energy 
consumption, such measures can benefit 
both residents and society [9]. 

6. BIM provides accurate data about the 
object and can be integrated with other 
tools that perform energy efficiency 
analysis, resulting in reduced resource 
consumption costs [10]. 

Maintenance and current repairs of buildings 
and structures are very important and quite 
costly (considering the operating periods) types 
of day-to-day activities for managing 
organizations. This is the main type of work 
with the building during its service life, and here 
information modeling allows the listed tasks to 
be carried out timely and efficiently, minimizing 
overall costs. 
BIM technologies can facilitate communication 
between various stakeholders involved in the 
management of multi-apartment residential 
buildings (MKB), such as building owners, 
managers, and tenants, by providing a common 
platform for sharing information and 
collaborating on building-related tasks. Thus, 
the information model can be applied for digital 
calculations and conducting financial activities 
between the managing organization and the 
owners of non-residential premises, who must 
pay monthly for maintenance and repairs. In 
practice, this process occurs "the old-fashioned 
way," by delivering paper payment receipts 
from the representative of the managing 
organization to the tenant’s location. A digital 
version of this process would simplify the 
procedures for delivering receipts and 
generating reports. 
One of the most important tasks in managing 
MAB is document management. The 
advantages provided by BIM technologies in 
managing MAB are that with their 
implementation, there is no need to maintain a 
paper archive with all the documentation about 
the object. The problem of paper archives is 
inherent in the entire bureaucratic system, and 
especially in the housing and utilities sector. 
Many managing organizations still store 

archives in folders without proper storage 
conditions, which affects their preservation. 
Experts believe that the digital model of the 
house must also be included in the electronic 
technical passport of the house. This will allow 
the managing organization to control the state of 
all communications and load-bearing structures 
of the house, and the owners to see the real 
picture of what the managing organization has 
done in terms of building operation, preparation 
for the winter period, etc. [11]. 
Another aspect referred to by R.I. Surzhikov is 
the guarantee of the preservation of all 
executive and other documentation. 
Undoubtedly, when transferring management 
rights of the MAB, documentation is lost or 
deliberately damaged to hide disadvantages, 
risks, and deficiencies. With a digital model of 
the document archive, such situations will no 
longer concern companies entering the right to 
manage the MAB [12]. 
BIM allows for the creation of an accurate 
digital model of the MAB, which includes 
information about every part of it, from the 
foundation and walls to engineering systems 
and equipment. This facilitates the work of 
survey engineers, as they can easily access 
information about the building without the need 
to be physically present on site. Moreover, this 
approach reduces the time required for 
engineering surveys, as the information about 
the building is available in one digital place. It 
also helps reduce the costs of engineering 
surveys since there is no need for constant 
repeat trips to the site [9]. Overall, this 
optimizes the work of survey engineers, 
eliminating bureaucratic procedures. 
Several authors address the topic of organizing 
new processes based on BIM: new technologies 
cannot simply be introduced into the housing 
and utilities sector [14], which is characterized 
by specific processes that have not changed for 
years. Thus, a number of authors [15] note the 
importance of personnel potential and the 
availability of special knowledge. To implement 
an operational information model of a multi-
apartment residential building, it is necessary to 

have appropriate personnel. The authors divide 
the process into two parts: in the first part, the 
building is designed and put into operation, in 
the second, the object continues to be operated 
by the specialists of the managing organization 
or the homeowners' association (HOA). The 
first part requires specialists such as BIM 
manager, BIM master, BIM coordinator, and 
BIM technician. In the subsequent operation of 
the object, the specialists should be provided by 
the staff of the managing organization or other 
controlling organizations for the operational 
information model of the multi-apartment 
residential building (FIM) [16]. These 
specialists include: 
 FIM manager (specialist in modifying the 3D 

model and its implementation during 
operation); 

 FIM dispatcher (specialist operating the 
building based on the 6D model: 3D model + 
time + information + operation); 

 FIM engineer (specialist in developing 
engineering transformations of the building, 
such as major repairs, reconstruction, 
restoration, implementation of new 
technologies, and engineering networks) [15]. 

The application of BIM technologies in 
managing MAB in Russia is still at an early 
stage, and full-scale implementation will require 
investments in infrastructure and personnel 
training for interested parties. 
K.V. Borodulin raises an important topic in his 
article [17] about the implementation of BIM in 
the management of MAB. The author envisages 
the implementation of information modeling in 
three stages: 
1. Formation of the project team and 

development of the regulatory framework. 
2. Collection and analysis of information about 

the object and organization. 
3. Conducting laser scanning of the object and 

creating the information model. 
Digitization of the housing and utilities sector 
faces specific problems, such as low demand for 
quality IT solutions: lack of initiative from 
housing and utilities organizations, resistance 
from managing organizations and HOAs, and 

lack of a competitive environment [18, 19]. 
However, the advantages of BIM make them a 
promising tool for increasing the efficiency of 
MAB management. There are already promising 
steps in this direction. For instance, the Ministry 
of Construction has mandated developers to 
implement BIM even at the foundation and 
planning stages. In 2023, this work was 
conducted in the construction of MAB, and in 
2024, the technologies will be implemented in 
the construction of individual housing. 

 
 

CONCLUSIONS 
 
BIM technologies can help optimize the 
management of multi-apartment buildings by 
providing a comprehensive digital building 
model that can be used for monitoring and 
controlling various aspects of building 
operation, such as energy consumption, 
maintenance, and repairs. Moreover, BIM 
technologies will definitely help reduce costs 
associated with building maintenance and 
repairs by providing a more accurate and 
detailed understanding of the building's 
condition and needs. 
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OVERALL ASSESSMENT OF DEFORMATION AND FORCE OF 
DIAPHRAGM WALL JOINTS DURING THE STAGES OF DEEP 

EXCAVATION CONSTRUCTION 
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Hoa Van Vu Tran 3 
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Abstract: In the realm of geotechnical engineering, deep excavation projects face intricate challenges, especially 
concerning the stability of barrette walls, which are highly susceptible to deformation and stress at their joints. 
This study focuses on evaluating the deformation and force behavior of barrette wall joints at the position of 
greatest deformation. The Finite Element Method (FEM) is utilized to simulate the behavior of these structures 
under various load conditions. The Analysis of Variance (ANOVA) method is employed to statistically analyze 
the FEM data, assessing the impact of different factors on deformation and force distributions within the barrette 
wall joints. The specific objective of this study is to determine the statistical significance of the observed 
deformations and understand the influence of construction stages on joint integrity. This methodological synergy 
enhances the predictability of engineering assessments and ensures that design and construction decisions are 
grounded in solid empirical evidence. The study's findings emphasize the importance of precise monitoring and 
advanced predictive techniques to mitigate potential risks associated with deep excavations, particularly at 
critical joint locations. The results indicate that the deformation patterns are primarily influenced by the 
geometrical setup of the walls and the mechanical properties of the soils. The greatest deformations were 
typically observed where the wall joints experienced the highest bending moments and shear forces, conditions 
exacerbated by unfavorable soil mechanics and hydrostatic pressures. The clear and consistent increase in total 
displacement highlights the progressive destabilization of the wall as the excavation depth increases. By 
integrating ANOVA with FEM, this study contributes to enhancing safety and efficiency in deep excavation 
projects by ensuring that decisions are grounded in empirical evidence. 
 
Keywords: Barrette walls, Deep excavation, Finite element method, Wall thickness optimization, ANOVA tests, 
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1. INTRODUCTION 
 
In the realm of geotechnical engineering, the 
structural stability of deep excavation projects 
presents a complex interplay of challenges that 
demand rigorous analysis and precise 
monitoring [1]. As urban centers grow and the 
demand for underground space increases, so too 
does the complexity of ensuring the safety and 
integrity of deep foundations such as barrette 
walls [2, 3]. These structures, crucial for 
supporting large loads in poor soil conditions, 
are particularly susceptible to deformation and 
stress at their joints, which can compromise the 
overall stability of the construction project. The 
evaluation of deformation and forces at the most 
critical points of these structures is not just a 
technical necessity but a safety imperative. This 
study focuses on providing a comprehensive 
evaluation of the deformation and force 
behavior of barrette wall joints at the point of 
greatest deformation, utilizing the Finite 
Element Method (FEM) to simulate the intricate 
behaviors of these structures under various load 
conditions. The FEM is renowned for its ability 
to provide detailed insights into the stress-strain 
relationships and deformation characteristics of 
complex structures [4, 5], making it an 
indispensable tool in modern geotechnical 
engineering. 

However, the vast amount of data generated by 
FEM simulations poses a significant challenge 
in terms of analysis and interpretation. This is 
where the Analysis of Variance (ANOVA) 
method comes into play [6, 7]. ANOVA is 
employed in this research to statistically analyze 
the FEM data, allowing us to systematically 
assess the impact of different factors on the 
deformation and force distributions within the 
barrette wall joints [8]. This statistical approach 
not only enhances the reliability of the 
simulation results but also helps in identifying 
key patterns and anomalies that could inform 
better construction practices and risk 
management strategies. The criticality of this 
approach stems from recent failures observed in 
similar engineering projects, where unforeseen 
deformations led to catastrophic failures, 
causing not only financial losses but also 
endangering human lives. Such incidents 
underscore the urgent need for advanced 
predictive and analytical techniques that can 
provide a more accurate and comprehensive 
understanding of potential risks associated with 
deep excavations. 
By integrating ANOVA with FEM, this study 
aims to evaluate the overall deformation and 
force of the diaphragm wall joint at the weakest 
position [9, 10]. The specific objectives are to 
determine the statistical significance of the 
observed deformations and understand the 
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influence of different construction stages on 
joint integrity. This methodological synergy 
enhances the predictability of engineering 
assessments and ensures that design and 
construction decisions are grounded in solid 
empirical evidence. 

 
 

2. METHODS 
 
2.1. Materials 
The geological setup of the excavation site 
comprises two primary layers: the upper layer 
consists of mixed clay extending 7.5 meters 
deep, followed by a sandy soil layer with a 
thickness of 32.5 meters. At this site, an 
excavation pit measuring 11 meters by 44 
meters is situated adjacent to a single-story 
building, with a targeted depth of 15 meters. 
Excavation activities are initiated from both 
ends of the site to optimize access and 
efficiency [11, 12]. 
To ensure the stability of the excavation walls 
and prevent any structural failures, a 
comprehensive shoring system consisting of 
four layers is strategically employed. These 
layers are positioned at various depths: -1 meter, 
-4.6 meters, -7.1 meters, and -9.6 meters. The 
structure of the shoring system is reinforced 
with H-beam steel sections, each measuring 
400x400 mm, which are critical in maintaining 
the structural integrity of the excavation walls 
(Table 1). 
 

Table 1. Parameters describing shoring 
system materials 

Parameter Value 
Material type Elastic 
Y (kN/m3) 78.5 
A (m2) 0.02187 
I2 (m4) 0.666E-3 
I3 (m4) 0.224E-3 
E (kN/m2) 210.0E6 

 
Above these walls, a cap beam with dimensions 
of 800x800 mm is installed to connect the 
barrette walls, further enhancing the stability of 
the overall structure. The barrette walls 

themselves are 800 mm thick and extend down 
to a length of 25 meters (Table 2). The presence 
of groundwater at a depth of -4 meters adds an 
additional layer of complexity to the excavation 
process [13]. 
The methodology employed for excavating this 
site starts with the installation of the cap beam, 
which is crucial for providing lateral support 
and stability from the outset. This initial step 
forms the foundation for all subsequent 
excavation and shoring activities. After the cap 
beam is securely in place, excavation begins 
with the careful removal of the soil layer (Table 
3). Following this, the first layer of the shoring 
system is constructed. This system is vital as it 
offers temporary support to the excavation 
walls, effectively preventing their collapse. 
As the excavation progresses deeper, careful 
management of the groundwater table is 
necessary [14-16]. The water table is gradually 
lowered to counteract hydrostatic pressure, thus 
mitigating the risk of water inflow that could 
destabilize the excavation site. This iterative 
process of excavation, shoring installation, and 
water table management is repeated 
meticulously with each descending layer of soil, 
ensuring that the excavation progresses in a 
controlled and safe manner toward the desired 
depth (Figure 1). 
 

Table 2. Cap beam material description 
parameters 

Parameter Value 
Material type Elastic 
Y (kN/m3) 25 
Height (m) 0.8 
Width (m) 0.8 
A (m2) 0.02187 
I2 (m4) 0.666E-3 
I3 (m4) 0.224E-3 
E (kN/m2) 210.0E6 

 
Table 3. Altitude of excavated soil layers 

No The soil layer Altitude (m) 
1 Layer 1 0 – (-2) 
2 Layer 2 (-2) – (-5.1) 
3 Layer 3 (-5.1) – (-7.6) 
4 Layer 4 (-7.6) – (-10.1) 
5 Layer 5 (-10.1)–(-13.1) 
6 Layer 6 (-13.1) – (-15) 
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Figure 1. Overview of excavation pit models 

 
2.2. Methods 
This research meticulously investigates the 
deformation of barrette wall joints in deep 
excavation sites, employing the Finite Element 
Method (FEM) to conduct a detailed analysis of 
the soil-structure interactions under various 
loading and environmental conditions [17, 18]. 
The complex dynamics inherent in such 
constructions require a nuanced understanding 
of how different stressors—such as soil 
pressure, moisture variations, and adjacent 
structural activities—affect the structural 
integrity and behavior of excavation walls. 
In the methodological framework of this 
study, a generic FEM model is constructed to 
represent both the geometry and material 
properties of the barrette walls and the 
surrounding soil (Table 4) [19]. 
This model effectively incorporates key 
parameters, including the elasticity, 
permeability, and plasticity of the soil, as well 
as the mechanical properties of the concrete 
used in the barrette walls and diaphragm wall 
joints has a length of 200 mm (Table 5). 
By simulating the excavation process, a 
comprehensive analysis of how deformations 
collectively affect the barrette wall joint and the 
overall structural integrity of the walls is 
enabled. 
In this study, we employed the Analysis of 
Variance (ANOVA) to examine whether there 

are statistically significant differences in 
technical parameters across various 
excavation stages (Figure 2) [20]. Data were 
collected for axial forces, bending moments, 
shear forces, and torsion moments from six 
distinct stages of excavation. Each parameter 
was measured at specific nodes and elements, 
providing a comprehensive dataset suitable for 
multivariate analysis. The primary goal was to 
evaluate the impact of changes in excavation 
techniques and geotechnical conditions on 
structural integrity and to identify any patterns 
or anomalies. 
 

Table 4. Soil description parameters with 
Hardening soil model 

Parameter Soil type 
Clay Sand 

Soil model Hardening soil Hardening soil 
Drainage Undrained Undrained 

w (kN/m2) 20.25 20.12 
sat  20.57 20.55 

einit 0.5879 0.5810 
ninit 0.3702 0.3675 
E50ref 6875 13.45E3 
Eode ref 6875 13.45E3 
Eur ref 20.63E3 40.35E3 
Vur 0.2 0.2 
Power (m) 0.8 0.65 
Pref  38 400 
C’ ref  7.1 5.7 

o) 30.40 30 
o) 0.4 0 

Kz 
(m/day) 

1.43E-05 6.91E-6 

Kx = Ky 3.59E-05 0.138E-3 
 

 
Table 5. Description parameters of barrette 

wall and diaphragm wall joints material 
Parameter Barrette 

Walls 
Diaphragm 

Wall Joints 
Material type Elastic Elastic 
Y (kN/m3) 8 8 
E1 (kN/m2) 32.50E6 32.50E6 
E2 (kN/m2) 32.50E6 32.50E6 
D (m) 0.8 0.8 
G12 (kN/m2) 16.25E6 0.0001 
G13 (kN/m2) 16.25E6 13.54E6 
G23 (kN/m2) 16.25E6 0.0001 
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2.3. ANOVA Analysis 
ANOVA was conducted by first ensuring that the 
data met the assumptions of normality and 
homogeneity of variances, which were assessed 
using Levene’s test, respectively [21]. After 
confirming the assumptions, one-way ANOVA 
was applied to compare the mean values of each 
technical parameter between different stages [22, 
23]. Post-hoc comparisons were performed using 
the Games-Howell test to determine which stages 
differed significantly from each other [24, 25]. This 
statistical approach provided a robust framework 
for interpreting the complexities of geotechnical 
behavior during progressive excavation stages [26]. 

 
Figure 2. ANOVA General Inspection Process 

 
 

3. RESULTS AND DISCUSSION 
 
3.1. Analyze model deformation and forces 
The research, through the application of the Finite 
Element Method (FEM), reveals that the 
deformation of barrette walls is significantly 
influenced by a combination of soil characteristics, 
wall geometry, and external loading conditions 
(Figure 3). 

Total displacements |U| The largest is 0.0555 m 
at the red spot in Figure 3. This is the 
deformation analyzed at the time when it was 
dug to a height of -15 m. 

 

 
  

Figure 3. Deformation |U| of the barrette wall 
and the location of the largest deformed 

diaphragm wall joints 
 

The research conducts an analysis of the 
deformation, shear force, and moment 
parameters at this diaphragm wall joint site. 
From the initial to the final stage of excavation, 
there is a clear and consistent increase in the total 
displacement (|U|), which suggests a progressive 
destabilization of the wall as the excavation depth 
increases (Table 6). Starting from a minimal 
displacement of 0.0063 meters in the first stage, 
the displacement escalates to 0.0532 meters by the 
sixth stage. This pattern of increasing 
displacement is a typical response in excavation 
projects, reflecting the cumulative effect of stress 
and strain on the structure as more soil layers are 
removed. Deformation |U| through the stages of 
earthdigging are depicted in Figure 4. 

 

Table 6. Deformation statistics of diaphragm wall joints during earthworks 

Stages 
Total 
displacements |U| 

Total displacements Ux Total displacements Uy Total displacements Uz 
min max min max min max 

1 6.30E-03 -1.22E-05 1.21E-05 1.66E-03 4.55E-03 4.30E-03 4.37E-03 
2 0.01707 -3.7E-05 3.97E-05 0.003566 0.0128 0.0112 0.0113 
3 2.64E-02 -6.16E-05 5.78E-05 2.44E-03 2.10E-02 1.59E-02 1.61E-02 
4 3.46E-02 -9.41E-05 7.23E-05 1.47E-03 2.83E-02 1.98E-02 2.00E-02 
5 4.41E-02 -1.41E-04 8.38E-05 6.80E-04 3.78E-02 2.25E-02 2.28E-02 
6 5.32E-02 -1.73E-04 8.78E-05 1.53E-04 4.80E-02 2.27E-02 2.30E-02 
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Displacements in the Ux axis (lateral) show a 
fluctuation within a narrow range, but there's a 
noticeable trend where the maximum 
displacement slightly increases from 0.0000121 
meters in the first stage to 0.0000878 meters in 
the last stage. This indicates lateral movements 
are relatively controlled but do increase as the 
excavation progresses. Uy and Uz 
displacements (vertical and longitudinal), 
however, exhibit more substantial changes. The 
vertical displacement (Uz) increases 
significantly from 0.0043 meters in the first 
stage to 0.023 meters in the sixth stage, 
highlighting a notable vertical settling or 
sinking of the wall under the excavation load. 

 

 
 
Figure 4. Deformation change |U| through the 

stages 
 

The observed displacement patterns across Ux, 
Uy, and Uz axes suggest that while lateral 
stability is maintained to a certain extent, the 
primary challenge lies in managing vertical and 
longitudinal stresses. The consistent increase in 
these displacements indicates that the wall 
experiences significant downward and outward 
forces, which could be attributed to the 
unloading of soil and the consequent 
redistribution of stresses within the soil mass 
and the wall structure. 
Throughout these stages of earthwork, there is a 
noticeable trend of increasing absolute values in 

both minimum and maximum axial forces for 
N1 and N2 (Table 7). This suggests a 
progressive escalation in structural loads as the 
excavation deepens, which is typical in such 
operations due to the increasing depth and the 
subsequent impact on lateral earth pressures. 
 

Table 7. Axial forces value statistics 

Stages 
Axial forces N1 Axial forces N2 
min max min max 

1 -81.04 55.05 -327 248.1 
2 -257 264.5 -553.5 447.2 
3 -418.6 416.4 -611.2 507.1 
4 -662.8 536.6 -620.7 522.2 
5 -1050 627.3 -612 519.1 
6 -1329 653.7 -839.3 502.8 

 
In the initial stage, axial forces are relatively 
low, indicating lesser stress and strain on the 
structure. As the excavation progresses to stages 
2 through 6, there is a significant increase in 
both the compressive and tensile forces. This 
increment points towards growing challenges in 
maintaining structural stability, demanding 
enhanced reinforcement or support systems in 
deeper excavation stages. 
For axial force N1, the shift from predominantly 
negative values in the early stages to a mixed 
range in the later stages highlights varying stress 
conditions, possibly due to changes in earth 
pressure or the activation of support systems 
like anchors or struts. Similarly, axial force N2 
shows a broadening range between the 
minimum and maximum values, reflecting the 
uneven distribution of loads across the structure, 
which could be attributed to asymmetrical 
excavation or irregular soil conditions. 
Notably, as the stages progress, both M11 and 
M22 show substantial increases in their 
maximum values, indicating heightened 
structural stresses due to deeper excavation 
(Table 8). 
For M11, the minimum value starts at -14.07 
kN/m in the first stage and drops slightly to -
29.4 kN/m by the sixth stage, showing a 
moderate downward trend. On the other hand, 
the maximum value significantly increases from 
20.5 kN/m in the first stage to 229.5 kN/m in 
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the sixth stage. This sharp rise suggests that 
elements experiencing M11 forces are 
increasingly subjected to tensile stress as the 
excavation deepens. 
M22 illustrates a more pronounced trend with 
even larger fluctuations. Starting from a 
minimum of -28.51 kN/m in stage one and 
plummeting to -716.5 kN/m in stage six, 
coupled with a maximum of 10.53 kN/m in the 
first stage surging to 1306 kN/m in the last 
stage. These values are indicative of the critical 
bending loads that the structure must withstand 

as lateral earth pressures intensify with each 
subsequent stage of excavation. 
 
Table 8. Moment value statistics through mining 

stages 

Stages 
Bending M11 Bending M22 

min max min max 
1 -14.07 20.5 -28.51 10.53 
2 -12.4 43.08 -53.6 289.2 
3 -7.627 87.1 -124.4 527.9 
4 -10.2 116.7 -251.4 688.5 
5 -21.14 174.8 -479.9 930.5 
6 -29.4 229.5 -716.5 1306 

 
 

Table 9. Shear forces value statistics 

Stages 
Shear Q12 Shear Q13 Shear Q23 

min max min max min max 
1 1.47E-07 -13.92 19.96 1.25E-07 
2 5E-07 -62.69 53.48 5.13E-08 1.11E-06 
3 -2.89E-07 7.82E-07 -112.6 89.9 6.50E-08 1.90E-06 
4 -2.90E-07 8.73E-07 -173.6 108.6 7.09E-08 2.62E-06 
5 -2.91E-07 8.46E-07 -265.8 112.8 7.10E-08 3.63E-06 
6 -2.93E-07 7.88E-07 -414.3 167.6 7.08E-08 4.59E-06 
       

The values presented indicate significant 
differences in the behavior of shear forces 
across three different shear directions, namely 
Q12, Q13, and Q23, across all stages (Table 9). 
In the case of Shear Q12, the values remain 
relatively small and consistent, exhibiting 
minimal variations from 1.47E-07 to 8.73E-07 
kN/m. This consistency suggests that the 
excavation process does not significantly affect 
shear forces in this direction, possibly due to the 
orientation of the excavation or the inherent 
structural properties resisting changes in this 
shear direction. 
Conversely, Shear Q13 shows a substantial 
increase in both the maximum and minimum 
shear values as the excavation progresses, 
ranging from -13.92 kN/m to 19.96 kN/m in the 
first stage to -414.3 kN/m to 167.6 kN/m in the 
sixth stage. This trend indicates a growing 
imbalance or redistribution of forces within the 
structure as deeper layers are excavated, 
highlighting potential areas of structural stress 
or failure that could require reinforcement or 
careful monitoring. 

Similarly, the maximum values for Shear Q23 
escalate dramatically from 1.25E-07 kN/m in 
the initial stage to 4.59E-06 kN/m in the final 
stage. This progressive increase in shear forces 
could be indicative of increasing lateral 
pressures as the excavation depth increases, 
potentially compromising the stability of the 
excavation sides and necessitating the 
implementation of adequate shoring systems to 
prevent collapse. 
 
Table 10. Torsion moments M12 value statistics 

Stages 
Torsion moments M12 

min max 
1   1.98E-07 
2 -1.8E-06 1.81E-06 
3 -3.05E-06 3.04E-06 
4 -4.18E-06 4.16E-06 
5 -5.78E-06 5.76E-06 
6 -7.30E-06 7.27E-06 

 
The analysis of torsion moments M12 across the 
six stages of excavation reveals a consistent 
pattern of increase in both the maximum and 
minimum values (Table 10). Initially, the 
torsion moments are extremely low, with the 
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first stage having a maximum value of only 
1.98E-07 kN/m. This indicates minimal 
torsional stress at the commencement of 
excavation. 
As excavation progresses to deeper levels, there 
is a significant increase in torsional moments, 
indicating increased structural stress. By the 
second stage, torsion moments fluctuate around 
zero, showing a slight increase to -0.000001812 
kN/m and 0.000001808 kN/m for the minimum 
and maximum values, respectively. This shift 
from nearly negligible initial values suggests 
that the torsional demands on the structure begin 
to become more significant as the depth of 
excavation increases. 
The trend continues with more pronounced 
increases through stages three to six. The third 
stage shows torsion moments at -3.05E-06 
kN/m and 3.04E-06 kN/m, nearly doubling by 
the fourth stage to -4.18E-06 kN/m and 4.16E-
06 kN/m. The increasing trend underscores the 
cumulative effect of excavation depth on 
torsional stresses within the structure. 
By the fifth and sixth stages, torsion moments 
reach -5.78E-06 kN/m and 5.76E-06 kN/m, and 
-7.30E-06 kN/m and 7.27E-06 kN/m, 
respectively. These values illustrate a steady 
increase in torsional demands, reflecting the 
ongoing impact of successive excavation layers 
on structural integrity. 
 
 

3.2. Statistical analysis of inspection 
The results of ANOVA analysis given with the 
independent variable are the parameters Torsion 
moments, shear force, Bending moment, Axial 
forces, U, Ux, Uy, and Uz deformation values. 
The dependent variable is the stages. 
The variables Ux, Uy, Uz, U, N1, N2, Q12, 
Q23, Q13, M11, M22, and M12 all have a P-
value of 0.000, which indicates that there is a 
significant difference in variance between 
groups for each variable (Table 11). This 
implies that the assumption of homogeneity of 
variance is rejected at the level of statistical 
significance. Therefore, reviewing the Robust 
Test analysis results is necessary (Figure 2) in 
Table 12. 

Table 11. Test of Homogeneity of Variances 

 
Levene 
Statistic df1 df2 Sig. 

Ux 388,483 5 2730 ,000 
Uy 550,886 5 2730 ,000 
Uz 246,247 5 2730 ,000 
U 741,690 5 2730 ,000 

N1 401,832 5 2730 ,000 
N2 139,325 5 2730 ,000 
Q12 130,977 5 2730 ,000 
Q23 320,255 5 2730 ,000 
Q13 123,458 5 2730 ,000 
M11 423,197 5 2730 ,000 
M22 195,237 5 2730 ,000 
M12 83,469 5 2730 ,000 

 
Table 12. Robust Tests of Equality of Means 

 Statistica df1 df2 Sig. 
Ux Welch 264,606 5 1109,881 ,000 
Uy Welch 1600,059 5 1115,924 ,000 
Uz Welch 12643168,594 5 1197,841 ,000 
U Welch 8531,537 5 1111,466 ,000 

N1 Welch 340,604 5 1098,680 ,000 
N2 Welch 269,004 5 1200,865 ,000 
Q12 Welch 364,783 5 1197,433 ,000 
Q23 Welch 550,395 5 1067,969 ,000 
Q13 Welch 10,313 5 1100,477 ,000 
M11 Welch 1233,368 5 1193,499 ,000 
M22 Welch 14,136 5 1068,621 ,000 
M12 Welch ,096 5 1069,925 ,993 

a. Asymptotically F distributed. 
 
In the Robust Test table, the Sig values of the 
variables Ux, Uy, Uz, U, N1, N2, Q12, Q23, 
Q13, M11, and M22 are all 0, proving that these 
variables have differences between stages. Only 
variable M12 has Sig = 0.993, this variable has 
no difference between digging stages. 
Use Games-Howell analysis to post-test to find 
the variable with the largest difference among 
the variables with differences between 
construction stages. The results of the Ux 
variable compared between stages have a 
significant difference (Sig. = 0.000), the Uy 
variable decreases significantly as the stages 
progress (from Stage 1 to Stage 2 the difference 
is -0.006072711, Sig. = 0.000), Uz is similar to 
Uy, Uz also decreases significantly in later 
stages (from Stage 1 to Stage 6, the difference is 
-0.018497660, Sig. = 0.000), U changes greatly 
across stages. Period (significant decrease from 

Phuong Tuan Nguyen, Truong Xuan Dang, Tuan Anh Nguyen, Hoa Van Vu Tran            



171Volume 20, Issue 2, 2024

first stage having a maximum value of only 
1.98E-07 kN/m. This indicates minimal 
torsional stress at the commencement of 
excavation. 
As excavation progresses to deeper levels, there 
is a significant increase in torsional moments, 
indicating increased structural stress. By the 
second stage, torsion moments fluctuate around 
zero, showing a slight increase to -0.000001812 
kN/m and 0.000001808 kN/m for the minimum 
and maximum values, respectively. This shift 
from nearly negligible initial values suggests 
that the torsional demands on the structure begin 
to become more significant as the depth of 
excavation increases. 
The trend continues with more pronounced 
increases through stages three to six. The third 
stage shows torsion moments at -3.05E-06 
kN/m and 3.04E-06 kN/m, nearly doubling by 
the fourth stage to -4.18E-06 kN/m and 4.16E-
06 kN/m. The increasing trend underscores the 
cumulative effect of excavation depth on 
torsional stresses within the structure. 
By the fifth and sixth stages, torsion moments 
reach -5.78E-06 kN/m and 5.76E-06 kN/m, and 
-7.30E-06 kN/m and 7.27E-06 kN/m, 
respectively. These values illustrate a steady 
increase in torsional demands, reflecting the 
ongoing impact of successive excavation layers 
on structural integrity. 
 
 

3.2. Statistical analysis of inspection 
The results of ANOVA analysis given with the 
independent variable are the parameters Torsion 
moments, shear force, Bending moment, Axial 
forces, U, Ux, Uy, and Uz deformation values. 
The dependent variable is the stages. 
The variables Ux, Uy, Uz, U, N1, N2, Q12, 
Q23, Q13, M11, M22, and M12 all have a P-
value of 0.000, which indicates that there is a 
significant difference in variance between 
groups for each variable (Table 11). This 
implies that the assumption of homogeneity of 
variance is rejected at the level of statistical 
significance. Therefore, reviewing the Robust 
Test analysis results is necessary (Figure 2) in 
Table 12. 

Table 11. Test of Homogeneity of Variances 

 
Levene 
Statistic df1 df2 Sig. 

Ux 388,483 5 2730 ,000 
Uy 550,886 5 2730 ,000 
Uz 246,247 5 2730 ,000 
U 741,690 5 2730 ,000 

N1 401,832 5 2730 ,000 
N2 139,325 5 2730 ,000 
Q12 130,977 5 2730 ,000 
Q23 320,255 5 2730 ,000 
Q13 123,458 5 2730 ,000 
M11 423,197 5 2730 ,000 
M22 195,237 5 2730 ,000 
M12 83,469 5 2730 ,000 

 
Table 12. Robust Tests of Equality of Means 

 Statistica df1 df2 Sig. 
Ux Welch 264,606 5 1109,881 ,000 
Uy Welch 1600,059 5 1115,924 ,000 
Uz Welch 12643168,594 5 1197,841 ,000 
U Welch 8531,537 5 1111,466 ,000 

N1 Welch 340,604 5 1098,680 ,000 
N2 Welch 269,004 5 1200,865 ,000 
Q12 Welch 364,783 5 1197,433 ,000 
Q23 Welch 550,395 5 1067,969 ,000 
Q13 Welch 10,313 5 1100,477 ,000 
M11 Welch 1233,368 5 1193,499 ,000 
M22 Welch 14,136 5 1068,621 ,000 
M12 Welch ,096 5 1069,925 ,993 

a. Asymptotically F distributed. 
 
In the Robust Test table, the Sig values of the 
variables Ux, Uy, Uz, U, N1, N2, Q12, Q23, 
Q13, M11, and M22 are all 0, proving that these 
variables have differences between stages. Only 
variable M12 has Sig = 0.993, this variable has 
no difference between digging stages. 
Use Games-Howell analysis to post-test to find 
the variable with the largest difference among 
the variables with differences between 
construction stages. The results of the Ux 
variable compared between stages have a 
significant difference (Sig. = 0.000), the Uy 
variable decreases significantly as the stages 
progress (from Stage 1 to Stage 2 the difference 
is -0.006072711, Sig. = 0.000), Uz is similar to 
Uy, Uz also decreases significantly in later 
stages (from Stage 1 to Stage 6, the difference is 
-0.018497660, Sig. = 0.000), U changes greatly 
across stages. Period (significant decrease from 

Period 1 to Period 6, difference is -
0.032850999, Sig. = 0.000), Group of variables 
N1 and N2 show a significant increase in later 
periods compared to previous periods ( N1 
increases from 121,921 at Stage 1 to Stage 2 up 
to 460,343 from Stage 1 to Stage 6 with Sig = 
0.000), Groups Q12 and Q23 show a significant 
change, although the actual values are very 
different. small, reflecting small but statistically 
significant differences (Q12 from Phase 1 to 
Phase 2 is -0.000000187, Sig. = 0.000), M11 
and M22 show significant changes across 
phases (M11 decreased from -27,638 in Stage 1 
to Stage 2 to -134,048 from Stage 1 to Stage 6 
with Sig. = 0.000). 
In the analysis from the Games-Howell post hoc 
tests, the variable Uz exhibits the most 
substantial differences between stages. This 
difference is quantitatively significant and is 
represented with very precise statistical values. 
For instance, the mean difference between Stage 
1 and Stage 3 for Uz is -0.011647417, with an 
exceptionally low standard error of 
0.000002713 and a significance level (Sig.) of 
0.000, indicating not only a significant 
difference but also one with high precision. The 
magnitude of the changes in Uz is notably larger 
than those observed in other variables, with p-
values consistently indicating these differences 
are statistically significant. 
 

 
Figure 5. Mean plot of deformation Uy and Uz 

 

 
Figure 6. Mean plot of Ux 

 
In addition to the variable Uz, which shows the 
most significant differences among the stages 
studied, attention should also be directed 
towards the variable Uy. This variable, similar 
to Uz, displays substantial stage-to-stage 
variations with consistently significant results, 
indicating its critical role in the study. Uy 
demonstrates a clear creasing trend as the stages 
progress, which could suggest a systematic 
change in the experimental conditions or the 
effect of accumulating variables across stages. 
The increment in Uy from Stage 1 to Stage 6 is 
notably significant, with the difference marked 
at 0.025413693, a p-value of 0.000 underscoring 
its importance in reflecting the underlying 
phenomena being studied (Figure 5). 
Besides the variables that increase according to 
the stage, the variable Ux also decreases 
according to the construction stage (Figure 6). 
 
3.3. Discussion 
This research has underscored the critical 
importance of monitoring and evaluating 
deformations within geotechnical engineering 
projects, particularly those involving deep 
excavations like the one studied. The detailed 
analysis of deformation across different stages of 
the excavation process has highlighted 
significant transformations in the structure's 
behavior under varying geotechnical conditions. 
Integrating the Finite Element Method (FEM) 
with the Analysis of Variance (ANOVA), 
provides a nuanced understanding of the 
structural behaviors underpinning deep 
excavation projects, specifically focusing on 
barrette wall joints. The significance of the 
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deformations observed at these joints, the 
underlying causes, and their implications for 
structural safety are crucial for refining 
construction practices and enhancing project 
outcomes. Through the FEM, we have been able 
to simulate detailed scenarios that reflect real-
world conditions under which these deep 
excavations are subjected. The FEM results 
reveal that the deformation patterns are primarily 
influenced by the geometrical setup of the walls 
and the mechanical properties of the soils. For 
instance, the greatest deformations were typically 
observed where the wall joints experienced the 
highest bending moments and shear forces, 
conditions that are exacerbated by unfavorable 
soil mechanics and hydrostatic pressures. The 
ANOVA analysis further assists in decoding the 
influence of various factors such as load 
conditions, soil consistency, and construction 
stages on these deformations. Significant 
findings from the ANOVA suggest that 
variations in soil properties across different 
layers significantly affect the deformation 
outcomes. For example, softer soil layers were 
associated with higher degrees of deformation at 
wall joints. This relationship underscores the 
necessity for precise soil assessment and 
characterization in the planning stages of 
construction to mitigate potential risks. 
In this context, the variable Uz, which records 
vertical displacements, has demonstrated the 
largest and most significant changes across all 
stages. These findings are particularly important 
as they provide clear evidence of the progressive 
destabilization that can occur as excavation depths 
increase. The substantial increases in deformation 
measurements from the earliest to the final stages 
suggest that the structural integrity of the 
excavation walls could be compromised without 
adequate monitoring and intervention. 
Additionally, the variable Uy, indicative of lateral 
displacements, also shows significant 
transformations, reinforcing the necessity of a 
comprehensive monitoring strategy that 
encompasses multiple axes of deformation. The 
clear decreasing trend in Uy values as the 
excavation progresses could indicate lateral shifts 

or bending of the walls under load, which, if not 
adequately braced, could lead to catastrophic 
failures. The interaction of these variables with the 
mechanical properties of the soil and the 
construction materials used (as detailed in the 
earlier tables of material properties and design 
specifics) provides a complex picture of the 
dynamic interactions within the excavation site. 
For instance, changes in soil moisture, which 
affect soil stiffness and permeability, could further 
exacerbate the deformation rates observed. 
By comparing these results with existing 
studies, such as those by Arabaninezhad, A., & 
Fakher, A. (2021) who investigated similar deep 
excavation projects in urban environments, it 
becomes evident that our findings align with 
broader observations in the field. These studies 
also highlighted the critical impact of soil 
heterogeneity on wall stability and emphasized 
the value of integrated approaches in predicting 
and managing structural responses. 
One of the critical insights from our study is the 
demonstration of how specific deformation 
patterns, identified statistically through ANOVA, 
correlate strongly with increased risks of structural 
failure. For instance, where significant statistical 
differences in deformation across stages of 
excavation were noted, these often coincided with 
stages where historical data indicate a higher 
incidence of structural failures. This correlation not 
only validates the FEM and ANOVA as effective 
tools for this field of study but also enhances our 
ability to predict and prevent failures. 
Moreover, the application of these analytical 
methods allows for a proactive approach to 
construction management. By understanding 
which stages of the excavation process are most 
susceptible to critical deformations, project 
managers can implement targeted reinforcement 
strategies and adjust construction plans in real 
time to ensure structural integrity. 
 
4. CONCLUSIONS 
 
This research has provided comprehensive 
insights into the deformation behaviors of barrette 
wall joints under various construction conditions 
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deformations observed at these joints, the 
underlying causes, and their implications for 
structural safety are crucial for refining 
construction practices and enhancing project 
outcomes. Through the FEM, we have been able 
to simulate detailed scenarios that reflect real-
world conditions under which these deep 
excavations are subjected. The FEM results 
reveal that the deformation patterns are primarily 
influenced by the geometrical setup of the walls 
and the mechanical properties of the soils. For 
instance, the greatest deformations were typically 
observed where the wall joints experienced the 
highest bending moments and shear forces, 
conditions that are exacerbated by unfavorable 
soil mechanics and hydrostatic pressures. The 
ANOVA analysis further assists in decoding the 
influence of various factors such as load 
conditions, soil consistency, and construction 
stages on these deformations. Significant 
findings from the ANOVA suggest that 
variations in soil properties across different 
layers significantly affect the deformation 
outcomes. For example, softer soil layers were 
associated with higher degrees of deformation at 
wall joints. This relationship underscores the 
necessity for precise soil assessment and 
characterization in the planning stages of 
construction to mitigate potential risks. 
In this context, the variable Uz, which records 
vertical displacements, has demonstrated the 
largest and most significant changes across all 
stages. These findings are particularly important 
as they provide clear evidence of the progressive 
destabilization that can occur as excavation depths 
increase. The substantial increases in deformation 
measurements from the earliest to the final stages 
suggest that the structural integrity of the 
excavation walls could be compromised without 
adequate monitoring and intervention. 
Additionally, the variable Uy, indicative of lateral 
displacements, also shows significant 
transformations, reinforcing the necessity of a 
comprehensive monitoring strategy that 
encompasses multiple axes of deformation. The 
clear decreasing trend in Uy values as the 
excavation progresses could indicate lateral shifts 

or bending of the walls under load, which, if not 
adequately braced, could lead to catastrophic 
failures. The interaction of these variables with the 
mechanical properties of the soil and the 
construction materials used (as detailed in the 
earlier tables of material properties and design 
specifics) provides a complex picture of the 
dynamic interactions within the excavation site. 
For instance, changes in soil moisture, which 
affect soil stiffness and permeability, could further 
exacerbate the deformation rates observed. 
By comparing these results with existing 
studies, such as those by Arabaninezhad, A., & 
Fakher, A. (2021) who investigated similar deep 
excavation projects in urban environments, it 
becomes evident that our findings align with 
broader observations in the field. These studies 
also highlighted the critical impact of soil 
heterogeneity on wall stability and emphasized 
the value of integrated approaches in predicting 
and managing structural responses. 
One of the critical insights from our study is the 
demonstration of how specific deformation 
patterns, identified statistically through ANOVA, 
correlate strongly with increased risks of structural 
failure. For instance, where significant statistical 
differences in deformation across stages of 
excavation were noted, these often coincided with 
stages where historical data indicate a higher 
incidence of structural failures. This correlation not 
only validates the FEM and ANOVA as effective 
tools for this field of study but also enhances our 
ability to predict and prevent failures. 
Moreover, the application of these analytical 
methods allows for a proactive approach to 
construction management. By understanding 
which stages of the excavation process are most 
susceptible to critical deformations, project 
managers can implement targeted reinforcement 
strategies and adjust construction plans in real 
time to ensure structural integrity. 
 
4. CONCLUSIONS 
 
This research has provided comprehensive 
insights into the deformation behaviors of barrette 
wall joints under various construction conditions 

through the combined use of the Finite Element 
Method (FEM) and Analysis of Variance 
(ANOVA). By integrating these two powerful 
analytical tools, we have been able to pinpoint 
critical factors influencing structural deformations 
and thereby propose more effective risk 
management and mitigation strategies in 
geotechnical engineering projects. The application 
of FEM has allowed for a detailed simulation of 
the complex interplay between soil properties, 
wall geometry, and loading conditions. This 
method revealed that deformations at the barrette 
wall joints are significantly affected by variations 
in soil composition and moisture content, as well 
as by the physical constraints imposed by the 
surrounding structures. The results have 
highlighted the critical need for precise 
monitoring and evaluation mechanisms in 
geotechnical engineering projects, especially those 
involving significant changes in the structural 
environment. The variables Uz and Uy, which 
measure vertical and lateral displacements 
respectively, have shown significant increases in 
deformation with Uz experiencing a peak 
deformation of 0.0555 meters at the maximum 
excavation depth of -15 meters. This significant 
deformation underscores the progressive 
destabilization of the excavation walls as the 
depth increases. For instance, the increase in Uz 
from 0.0043 meters at the first stage to 0.023 
meters in the final stage illustrates a more than 
fivefold increase in vertical displacement, which 
clearly indicates the gravity of structural shifts that 
could potentially lead to wall failures if not 
properly managed. 
Similarly, Uy presented a significant reduction 
from an initial deformation at the first stage to a 
decrease by the sixth stage, which corresponds 
to the lateral adjustments of the wall under 
different loading conditions. These quantitative 
changes in Uy from 0.00455 meters in the initial 
stage to of 0.0480 meters by the final stage 
highlight the lateral movement tendencies that 
need continuous monitoring to prevent any 
unforeseen structural failures. Furthermore, the 
utilization of ANOVA has provided a robust 
statistical framework to assess the impact of 

these variables systematically, confirming the 
hypothesis that certain construction stages and 
soil conditions pose greater risks than others. 
The major contributions of this study include the 
identification of specific stages in construction that 
are prone to critical deformations, and the 
clarification of how different soil layers' properties 
can drastically influence the stability of deep 
excavation sites. Such insights are invaluable for 
construction engineers and project managers, as 
they highlight the need for tailored construction 
strategies based on the specific conditions of each 
site. Additionally, the research findings advocate 
for the implementation of continuous monitoring 
systems at construction sites to dynamically assess 
and respond to potential structural failures. Real-
time data obtained from such systems can be 
analyzed using the methodologies described in this 
study to make immediate adjustments to the 
construction process, thereby enhancing safety and 
efficiency. For future research, it is recommended 
to expand the application of these methodologies to 
a wider range of geotechnical structures and 
conditions. Investigating different types of soil and 
more varied construction scenarios will further 
validate the versatility and robustness of the FEM 
and ANOVA integration. Moreover, longitudinal 
studies that track structural integrity over time post-
construction could provide deeper insights into the 
long-term impacts of the identified factors on 
structural health and safety. 
In practical terms, this study serves as a 
foundation for developing advanced predictive 
models that can be incorporated into 
construction planning and management 
software. These models, equipped with the 
ability to simulate various scenarios and predict 
outcomes, could significantly improve decision-
making processes in construction projects, 
especially those involving complex 
underground constructions. By identifying key 
factors affecting structural integrity and 
demonstrating the effective use of advanced 
analytical techniques, this study contributes to 
the enhancement of safety standards and the 
optimization of construction practices globally. 
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THE COEFFICIENT OF LONGITUDINAL BENDING FOR 
COMPOSITE STEEL-CONCRETE RODS UNDER SHORT-TERM 

LOADS 
 

Denis V. Konin 

 Research Institute of Building Constructions (TSNIISK) Named After V. A. Koucherenko JSC "Research center of 
Construction", Moscow, RUSSIA 

 
Abstract: The norms (codes) for calculations of compressed composite steel and concrete columns, as well as 
experimental and theoretical studies by other authors, are considered. An experimental study of compressed 
columns with small eccentricity at a range of flexibility /  from 6 to 20 was performed. Finite-elements 
modeling of various variants of structures has been performed: with concrete class from B30 ( 25/30) to 100 
( 90/105), with I-beam core, with square form core. The experimental and FEM data obtained are compared 
with theoretical curves of the longitudinal bending coefficient. It was found that the coefficient curves in SP 
266.1325800 and Eurocode 4 are not in the correct shape and do not reflect actual work of composite 
compressed columns. The use of SP 266.1325800 curve, based on the curve for reinforced concrete structures, as  
well as Eurocode 4 curves, which are accepted as for steel sections by Eurocode 3, does not provide load-bearing 
capacity reserve and does not ensure reliability. Both codes ignore different work of low- and high-strength 
concretes. As a result of the research, it was found that class of concrete affects the stability of columns with 
flexibility /  from 6 to 10, while there is no influence on the shape of the cross-section of the core (type of 
rigid reinforcement). For flexibility /  from 10 to 20, a uniform coefficient curve can be adopted for all 
concretes. Curves of the coefficient  have been developed for calculating compressed elements at small 
eccentricities and short-term action of loads; a formula for calculating the bearing capacity of compressed racks 
has been proposed. 
 

Keywords: concrete, high-strength concrete, steel, composite structure, rigid reinforcement, eccentrical 
compression, stability, buckling, coefficient of longitudinal bending 
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INTRODUCTION 
 
Consideration of buckling effects for steel 
reinforced concrete compressed struts is an 
extremely actual problem. Ignoring the effects 
of buckling in the design of columns of multi-
storey buildings, supports of large-span roofs, 
bridge piers with large effective lengths can lead 
to design errors and accidents. Using only 
idealized design schemes, even taking into 
account geometric and physical nonlinearities, 
cannot fully account for the variety of random 
factors, which in combination can lead to 
premature failure of a critical building structure. 
Such random factors include: external 
eccentricities; internal eccentricities resulting 
from misalignment of steel and reinforced 
concrete sections; inaccuracy of manufacturing 
and assembly of structures; quality and 
variability of material properties, etc. Some 
effects can be accounted for by introducing 
appropriate coefficients in calculations, but the 
determination of these coefficients must be 
based on experimental studies of models or full-
scale structures. The buckling coefficient 
simultaneously takes into account the nonlinear 
behavior of materials in the cross-section. In 
steel-reinforced concrete structures, this is 
primarily nonlinear deformation and cracking in 
concrete. As well as it is possible eccentricities 
of the load applied to the columns and "internal" 
eccentricities due to inaccurate assembly. 
For long-term loading, the coefficient  for 
reinforced concrete elements with rigid 
reinforcement should be taken from the table of 
SP 266.1325800.2016 depending on the 
slenderness ratio of the element and the 
compressive strength of the concrete. For short-
term loading, it should be calculated using the 
following linear relationship:  =0,9 at =

10 ( = 34.5) and  = 0.85 at = 20 ( =

69), where l0 is the effective length of the 
element, h is the depth of the section in the 
plane of determination of the coefficient . The 
values of the coefficient  are shown in Figure 1 
with a red line. The values of the coefficient  
for a rectangular cross-section at central 
compression taken from [1] are marked with a 
black dotted line. 
 

 
Figure 1. Comparison of coefficients  

 
EN 1994-1-1 (2004) "Eurocode 4: Design of 
composite steel and concrete structures..." 
(hereinafter referred to as Eurocode 4) requires 
that the condition 6.44 must be met when 
designing compressed bars 
 

,
1                        (1), 

 
where  is the design load acting on element, 
and ,  is the ‘plastic’ cross-section bearing 
capacity, defined by formula 2. The 
nomenclature of parameters in the formula is 
taken in accordance with SP 266.1325800). 
Value ,  is calculated by simply summing 
up the constituent parts of the cross-section:

, = + 0,85 , + ,   (2) 
where ,  are the design yield strength for 
rigid steel profile and for rebars, ,  is the 
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design compressive strength of concrete 
cylinder specimens, , , ,  are the 
cross-section areas of rigid reinforcement, 
concrete and steel rebars respectively. Also 
formula 1 utilizes the buckling coefficient , 
which is defined according to the corresponding 
table 6.5 in Eurocode 4. This table specifies the 
type of curve of the  coefficient depending on 
the type of section and refers to the provisions 

of clause 6.3.1.2 of EN 1993-1-1: 2005 
"Eurocode 3: Design of Steel Structures..." 
(hereinafter referred to as Eurocode 3).  An 
extract from Table 6.5 of Eurocode 4 and from 
the corresponding section of Eurocode 3 is 
given in Table 1. The curve types for the I-beam 
section, in the corresponding planes (column 5), 
are also shown there for comparison. 

 
Table 1 – Comparison of Eurocode 3 and Eurocode 4 stability calculation requirements 

Type of cross 
section Design axes 

Curve type 
according to Table 

6.5 Eurocode 4 
Imperfect element 

Curve type 
for steel I-beam from steel S355 

according to table 6.2 Eurocode 3 
> 1,2, 
40 mm 

1,2, 
100 mm 

1 2 3 4 5 6 

 

y-y b /200 a b 

z-z c /150 b c 

      
The data given in the table shows that curves for 
hot-rolled column I-beams (column 3) which have 
approximately the same flange height and width 
(column 6) are adopted when designing steel 
reinforced concrete structures of compressed 
struts in the form of fully concreted I-beams. Note 
that there is a differentiation in Table 6.2 of 
Eurocode 3 in the assignment of buckling curves 
for hot-rolled beam (column 5) and column I-
beams, and for welded and hot-rolled sections. 
Table 6.5 in Eurocode 4 does not take into 
account the actual design of the I-beam (welded or 
rolled), its shape (column or beam) or the concrete 
class. Curve types are taken as the most 
unfavorable, i.e., in margin. In addition to the one 
considered in Table 1, there are partially concreted 
section made of I-beams, for which the curve 
types are the same as for the one considered. 
There is also partially concreted section made of 
two I-beams made in a cross (curve type b), pipe-
concrete section with the percentage of 
reinforcement up to 3% and from 3 to 6% (curve 
types a and b, respectively), pipe-concrete section 
with rigid reinforcement in the form of I-beams 
(curve type b). In Figure 1, the dashed blue and 

green lines represent curves b and c, respectively. 
The slenderness ratios are given for the l0/h ratio 
used in SP 63.13330 and SP 266.1325800, as for 
the S355 steel bar. 
Steel reinforced concrete structures working in 
compression have been studied quite well in the 
USSR and Russia since the second half of the 20th 
century by A.N. Vasiliev [2], E.L. Zhitnitskaya 
[3], N.A. Slavinsky, S.K. Mikadze, N.A. Egorov 
[4], Khandzhi V.V. [8], Travush V.I. with the 
participation of the author [12] and others. The 
paper [24] provides justification of the possibility 
of calculating such structures using a nonlinear 
deformation model. Among foreign studies in 
recent years, the researchs of PRC scientists [15, 
18, 19], as well as Western scientists [20, 21, 22, 
23] have drawn attention. However, they 
investigate relatively short steel-reinforced 
concrete bars (l0/h from 3 to 6), where the stability 
effects or the influence of deformation of the bar 
are minimal. Nevertheless, they will be used to 
analyze the results in the future.
The stability of reinforced concrete bars has been 
investigated in the studies of E.A. Chistyakov 
[11], V.M. Bondarenko, V.I. Murashev, as well as 
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A.D. Beglov and R.S. Sanzharovsky et al [9, 10], 
V.V. Gichko [7], A.L. Krishan. [17], Teryanik 
V.V. [16] and others. The studies of E.A. 
Chistyakov formed the basis of the current norms 
for the design of reinforced concrete structures SP 
63.13330. The stability of reinforced concrete bars 
taking into account creep phenomena, including 
under the application of short-term acting loads, is 
studied in [13, 14]. The performance of modern 
concretes under load with different aggregates, 
their deformation diagrams and Poisson's ratio are 
studied in [25, 26].   
 
 
2. RESEARCH METHODS 
 
To verify the existing buckling coefficient curves 
(Figure 1), it is necessary to analyze the available 
experimental data on the performance of bars of 
different slenderness with different percentages of 
reinforcement. Due to the relatively small number 
of experiments on steel-reinforced concrete 
structures, test data on reinforced concrete bars of 
different slenderness are analyzed. This is 
justified, since the strains of concrete in steel-
reinforced concrete bars at the central location of 
rigid reinforcement elements fully correspond to 

the strains of reinforced concrete structures. The 
comparison does not include the results of tests of 
pipe-concrete structures, since their operation is 
significantly influenced by the presence of a steel 
enclosed shell and concrete strains in such 
structures have certain peculiarities. 
In order to supplement the existing test base, a 
full-scale test of steel-reinforced concrete strut 
models in the range of slenderness l0/h from 6 to 
20 was carried out. The general cross-sectional 
view and the view of one of the failed models 
are shown in Figure 2. The slenderness of the 
elements was varied by changing the length of 
the models. The steel of rigid reinforcement was 
C355 and that of steel rebars was A500C. The 
concrete had a compressive strength class of 
B100, which was confirmed by cube specimen 
tests. The percentage of cross-sectional 
reinforcement for all models is 10.3%. All 
models were tested under eccentric compression 
with an eccentricity of 5 mm along the flanges 
of the I-beam, which is close in value to random 
eccentricity (h/30=5.3 mm). During testing, the 
strains on the surface of steel and concrete, 
vertical absolute displacements, and the value of 
compressive load at the beginning and end of 
the holding time were recorded at each step. 

   
 
 
 
 
 
 

 

 
a) 

 
b) 

 
c) 

Figure 2. Experimental models: a - cross section, b - fractured model with slenderness ratio of 
20, c - ultimate state of the model with slenderness ratio of 20 according to FEA 
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Similar struts were also studied using finite 
element modeling in ATENA software, 
considering the nonlinear performance of the 
materials: a three-line diagram for concrete and 
a two-line diagram for steel. Models were 
created that fully replicate the experimental 
models in terms of geometry, boundary 
conditions, eccentricities and materials. In 
addition, struts with concrete of compressive 
strength classes B30, B60, and B80 were 
modeled to extend the results to all material 
strength ranges. Poisson's ratio was assumed 
differentially according to the strength class of 
concrete [26]. The number of steps and mesh 
size for each model was also selected 
individually. The minimum number of loading 
steps was at least 20 and the mesh size was 
about 20 mm. The Fracture-Plastic Constitutive 
Material Model (CC3DCementitious2), which is 
based on a combination of a tensile fracture 
model (Rankine-Fracturing Model) with a 
compressive material fracture model (Menétrey-
Willam), was used to describe the performance 
of the concrete. The calculations of all 
structures were performed considering the 
formation and opening of cracks in concrete. 
The limit state of the slender column is shown 
in Figure 2, c. Also, as part of preliminary finite 
element modeling, strut models with simulation 
of contact interaction between steel and concrete 
were tested. It was found that for struts with 
small eccentricities, regardless of the 
slenderness and shape of the core, the presence 
of a certain contact interaction at the steel-
concrete joint practically does not affect the 
results of calculations. That is, there is no 
influence of the contact on the value of the 
ultimate load, the value of the ultimate 
longitudinal strain of the core. There is 
influence on the buckling deformation within 3-
5%. The difference between forces and 
deformations for the same type of models with 
and without contact interaction modeling is less 
than 0.5%. Therefore, further analysis and 
modeling were performed for finite element 
models of struts in which the contact interaction 
at the steel-concrete joint was not modeled in a 

special way, and the steel and concrete FEs had 
common nodes in the design scheme.  
 
 
3. RESULTS AND DISCUSSION 
 
The main difficulty in analyzing previously 
conducted studies is that it is not always 
possible to reliably determine from descriptive 
materials the design length of elements that 
should be considered from hinge to hinge of the 
test bench. In some studies, only the length of 
the tested structures is given, which introduces a 
distortion in the results of the analysis. Often 
tests with small or zero eccentricities were 
performed in one or two instances, which did 
not allow to establish reliably the magnitude of 
the failure load. Therefore, it was possible to 
analyze 79 tests of reinforced concrete and 
steel-reinforced concrete struts out of the whole 
variety of studies based on the works [4, 6, 7, 
11, 12, 22, 23], in which the eccentricity value 
did not exceed the value of h/30, as well as the 
tests described above, conducted by the author. 
The selected test results fall within the range of 
slenderness l0/h from 5 to 32, for concrete on 
heavy aggregate with compressive strength 
classes from B20 to B100. The rigid 
reinforcement elements in almost all 
experiments are in the form of a single I-beam 
made of steel similar to C255...C390. In 
experiments [22, 23] 4 I-beams made of S460 
steel were used as a rigid reinforcement. The 
investigated reinforcement percentage over the 
whole range of the study is from 0.08 to 46.6%. 
The cross sections were all rectangular or 
circular. Thus, a fairly representative array of 
experimental data was investigated over a wide 
range of slenderness, percent reinforcement, and 
compressive strength class of concrete. The 
longitudinal bending coefficient was calculated 
from the experimental results using the formula:  
 

= / .                    (3)  
 
where  is the fracture load based on test 
results, . is the theoretical load-bearing 
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by concrete strength classes, reinforcement 
percentages or other design parameters were to 
be separated in the investigated sample. The size 
would be unsatisfactory for approximation 
(n=3...5) and statistical analysis of the test 
results. Therefore, the mean function of the 
coefficient  presented in expressions (4) over 
the entire range of concretes, reinforcement 
percentages and slenderness ratios can only be a 
guide. For example, the results of tests of steel-
reinforced concrete structures with rigid 
reinforcement and concrete of strength class 
B90...B100 by different groups of specialists 
show that mainly at slenderness ratios from 10 to 
20 the values of the coefficient  lie below the 
approximation lines (4). This indicates the 
peculiarities of the performance of such 
structures and the need for a separate analysis. 
The peculiarities of the performance of structures 
with different types of cores can be investigated 
in detail using verified finite element models. 

Finite element analysis of models with different 
slenderness ratios and concretes allowed us to 
construct curves of the coefficient , which was 
calculated using Formula 3. In this formula, the 
value of NFEM is the ultimate compressive force 
based on the results of the finite element modeling 
that was utilized used instead of the failure load 
during the tests Ntest. Extremes of the force-
displacemt graphs for strut shortening and 
buckling were taken as the ultimate state (Figure 
4, a). The plots of the coefficient  for the whole 
considered range of slenderness ratios and B30, 
B60, B80 and B100 concretes are shown in Figure 
4, b. The curves for all concretes at slenderness 
greater than 15 follow practically the same 
trajectory, and at slenderness from 6 to 15 they lie 
one under the another. The least strong concrete 
(B30) has the maximum coefficient =0.95 at 
slenderness of 6 (blue line). A core of the stronger 
concrete (B100) at the same slenderness has a 
value of =0.85 (green line).  

 

 
 

 

 
b) 

Figure 4. Comparison of finite element analysis results for different concretes: a - force-
displacement graphs for identifying the buckling of struts made of B100 concrete for different 

slenderness ratios; b - diagrams of the coefficient  for different slenderness ratios and concretes 
 
Compared to the normative line of the coefficient 

 (red dashed line, Figure 4), all obtained lines are 
lower, especially for slenderness ratio of 20 and 
more. At a slenderness of 20, the difference is 
more than 30%. Based on the obtained data from 
the analysis of validated finite element models, the 
refined graphs of the coefficient  can be plotted.  

In addition, we evaluate the influence of the cross-
sectional shape of the rigid reinforcement on the 
performance of a bar compressed with a small 
eccentricity. For this purpose, finite element 
models of bars of different slenderness were 
created with a core in the form of a solid square 
section that is equivalent in area to the previously 

capacity of the strut, defined as the sum of the 
compressive load-bearing capacity of concrete, 
steel, reinforcement according to the actual values 
of material strengths and their actual dimensions. 
Figure 3 shows the test results as discrete values, 

as well as the theoretical values of the coefficient 
 according to various sources. Reinforced 

concrete structures are marked in the figure with 
round markers, steel-reinforced concrete 
structures are marked with triangular markers.  

 

 
Figure 3. Comparison of theoretical curves of the coefficient  with experimental data 

 
While considering the data of the experiments, a 
rather large variation in the values of the 
coefficient  attracts attention. At slenderness 6 
the variation is from 0.81 to 1.0 ( =0.19), at 
slenderness 10 - from 0.78 to 0.96 ( =0.18), at 
slenderness 15 - from 0.64 to 0.98 ( =0.34), at 
slenderness 20 - from 0.55 to 0.84 ( =0.29), at 
slenderness 30 - from 0.48 to 0.65 ( =0.17). 
The minimum squares approximation by a 
linear function leads to the following system of 
equations for the coefficient  (shown in Figure 
3 by the gray dashed line):  
 

= 0,97
,

,    5 < / 18

= 1,14
,

,  18 < / 32
  (4) 

 
Significant variation of test results is related to 
the complexity of the modeled structures. First 
of all, it is steel and reinforced concrete 
structures, in which the influence of internal 
eccentricities is high. In addition, it is difficult 
to take correct readings from load cells and 
displacement sensors in case of sudden brittle 
failure of the structure at the last stages of 

testing. These features are typical for all 
analyzed studies. A significant variation of data 
within one study is representative if model 
fabrication and measurements are performed by 
the same groups of specialists. The line of the 
characteristic coefficient according to SP 
266.1325800 (red dotted line) lies above a 
significant number of tests and has a smaller 
slope with increasing slenderness than 
expessions (4).  
Eurocode 4 lines b and c (blue and green dashed 
lines) also have an unsatisfactory correlation with 
lines plotted by expressions (4). Line b lies above 
a significant number of tests, i.e., calculations 
that use it will not give a margin. Line c lies 
substantially below almost all tests, which will 
lead to unjustified overconsumption of materials. 
At the same time, both of these lines at the value 
of slenderness of 5 are practically equal to 1, 
which does not ensure the reliability of structures 
and does not take into account the peculiarities of  
nonlinear operation of the combined steel-
reinforced concrete section. 
Expressions (4) are constructed for all concretes 
and slenderness ratios. If other smaller samples 
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approximation lines (4). This indicates the 
peculiarities of the performance of such 
structures and the need for a separate analysis. 
The peculiarities of the performance of structures 
with different types of cores can be investigated 
in detail using verified finite element models. 

Finite element analysis of models with different 
slenderness ratios and concretes allowed us to 
construct curves of the coefficient , which was 
calculated using Formula 3. In this formula, the 
value of NFEM is the ultimate compressive force 
based on the results of the finite element modeling 
that was utilized used instead of the failure load 
during the tests Ntest. Extremes of the force-
displacemt graphs for strut shortening and 
buckling were taken as the ultimate state (Figure 
4, a). The plots of the coefficient  for the whole 
considered range of slenderness ratios and B30, 
B60, B80 and B100 concretes are shown in Figure 
4, b. The curves for all concretes at slenderness 
greater than 15 follow practically the same 
trajectory, and at slenderness from 6 to 15 they lie 
one under the another. The least strong concrete 
(B30) has the maximum coefficient =0.95 at 
slenderness of 6 (blue line). A core of the stronger 
concrete (B100) at the same slenderness has a 
value of =0.85 (green line).  
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Compared to the normative line of the coefficient 

 (red dashed line, Figure 4), all obtained lines are 
lower, especially for slenderness ratio of 20 and 
more. At a slenderness of 20, the difference is 
more than 30%. Based on the obtained data from 
the analysis of validated finite element models, the 
refined graphs of the coefficient  can be plotted.  

In addition, we evaluate the influence of the cross-
sectional shape of the rigid reinforcement on the 
performance of a bar compressed with a small 
eccentricity. For this purpose, finite element 
models of bars of different slenderness were 
created with a core in the form of a solid square 
section that is equivalent in area to the previously 
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studied bars with I-beams (Figure 5). The same 
options for creating and for analysis of models in 
ATENA were used for simulation as presented 
above. According to the results of the simulations, 
we can plot the buckling coefficients and compare 
them with those previously obtained for the bars 
with I-beam reinforcement (Figure 6). Solid lines 
in the graphs show the curves of the coefficient  
for bars with I-beam core, dotted lines indicate the 
curves of the coefficient  for bars with square 
core. Despite the insignificant difference in the 
coefficient values (about 5-10%), the curves run 
parallel and there is almost no significant 
influence of the shape of the core cross-section. 
Unlike steel bars in compression, where the 
influence of cross-sectional shape on the type of  
coefficient curve has been established, here the 
effect is minimal and can be ignored for most 
common cross-sections with central and 
symmetrical arrangement of rigid reinforcement 
elements. This is primarily due to the fact that the 

value of the coefficient  in steel-reinforced 
concrete structures is primarily influenced by the 
concrete and its deformation diagram. Therefore, 
the different character of deformation of concretes 
of different strengths should be accounted by the 
new curves of the  coefficient, also taking into 
account the studies [25, 26]. 
 

 
Figure 5. Cross-section of a strut with a square 

core 

 

 
a) 

 

 
b)  

 
c)  

 
d)  

Figure 6. Comparison of calculation results for bars with I-beam and square core with different 
concretes: a - B30, b - B60, c - B80, d - B100 
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Additionally, let us analyze the pattern of 
cracking in the cross-section of struts with 
different types of rigid reinforcement. Table 2 
shows comparative cracking patterns at the last 
calculation step before the ultimate state is 
reached. Crack patterns are given for a strut of 
slenderness 20 for an example with varying 
concrete performance diagrams from B30 to 
B100. It can be seen that the struts with B30 
concrete exhibit more active material 
involvement throughout the cross-section. That 
is, cracks (and thus plastic strains in concrete 
under compression) propagate more actively 
from the periphery of the most compressed fiber 
to the axial areas of the cross-section. Thus, in 

structures made of concrete B30 the steel core is 
more actively involved in the work. In the case 
of high-strength concrete the steel core is used 
less effectively. In the actual performance of 
structures, this pattern will also be confirmed 
due to the fact that ordinary strength concrete 
(B20...B35) has a smoother deformation 
diagram and a descending branch after reaching 
the tensile strength [25]. Unlike high-strength 
concretes (B80...B100), which have brittle 
fracture behavior, the use of ordinary strength 
concretes increases the reliability of the 
structure, although it has the effect of increasing 
material consumption. 

 
Table 2. Comparison of cracking patterns for different concretes and cross sections for slender 

struts /  =20  
Class of concrete compressive strength 
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There is also a pronounced cracking in the space 
between the flanges of the I-beam in the most 
compressed part of the cross-section. The 
analysis of the principal stresses, as well as 
stresses in separate directions shows that the 
concrete actively works not only in compression 
along the main axis of the core, but also in 
compression in the horizontal plane due to the 
constraint of lateral strains by the I-beam 
flanges. A "cage" effect is observed. This causes 

the I-beam core columns to work more 
efficiently (see Figure 6) and have a slightly 
higher value of the  coefficient and ultimate 
bearing capacity than the square core columns. 
The comparison of ultimate bearing capacity of 
cores with different cores is summarized in 
Table 3. The maximum bearing capacity 
difference of 9.8% in favor of I-beam core is 
recorded in columns with maximum slenderness 
made of B60...B100 concrete. The fact that the 
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difference will be maximum for high-strength 
concrete is obvious since as the strength class of 
concrete increases, the actual value of Poisson's 

ratio also increases from 0.2 for B30 to 0.245 
for B100 according to [26]. 
 

 
Table 3. Comparison of ultimate bearing capacity of struts with different reinforcement 

Concrete 
class  

/  
I-section Square section 

1
( )

( )

 , 
kN 

, 
kN  , 

kN 
, 

kN  
1 2 3 4 5 6 7 8 9 

 

20 1628 

2507 

0,649 1502 

2507 

0,599 -8,4% 
15 1925 0,768 1874 0,748 -2,7% 
10 2130 0,849 2113 0,843 -0,8% 
6 2219 0,885 2285 0,911 2,9% 

 

20 1434 

2182 

0,657 1315 

2182 

0,603 -9,1% 
15 1693 0,776 1635 0,749 -3,6% 
10 1876 0,860 1855 0,850 -1,1% 
6 1979 0,907 2017 0,924 1,9% 

 

20 1213 

1857 

0,653 1105 

1857 

0,595 -9,8% 
15 1449 0,780 1392 0,749 -4,2% 
10 1626 0,875 1594 0,859 -1,9% 
6 1713 0,922 1732 0,932 1,1% 

 

20 872 

1370 

0,636 848 

1370 

0,619 -2,8% 
15 1061 0,775 1048 0,765 -1,2% 
10 1221 0,891 1166 0,851 -4,7% 
6 1294 0,945 1251 0,914 -3,4% 

         
Summarizing the research data presented above, 
and also considering the peculiarities of steel-
reinforced concrete structures in the form of 
reinforced concrete struts with rigid 
reinforcement, it is proposed to carry out the 
bearing capacity calculation for compressed 
elements with eccentricities not exceeding the 
random eccentricities by the following formula:  
 

( , )
1,           (5) 

 
where , ,  are the design strengths of 
concrete in compression, yield strength for 
rigid reinforcement and rebars respectively, 

, , ,  are the cross-section areas for 
rigid reinforcement, concrete and steel rebars 
respectively. The values of the coefficient  

for continuous action of loads are accepted 
according to Table 7.1 of SP 266.1325800, 
and for short-term action of loads are accepted 
according to Table 4 of this paper. 
Comparison of the proposed coefficients (blue 
and green lines) with the requirements of SP 
266.1325800 (red dashed line) and Eurocode 4 
(blue and green dashed lines) is shown in 
Figure 1.  
The proposed values of the coefficient  take 
into account the nature of the performance of 
concrete of different compressive strengths, as 
well as the peculiarities of the performance of 
steel-reinforced concrete compressed elements 
under load with different types of cores, the 
operation of the structure under deformed 
scheme. 
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The proposed values of the coefficient  take 
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concrete of different compressive strengths, as 
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Table 4. Coefficient  for short-term loads 

Concrete class 
Slenderness ratio of the element 

/ = 6 10 15 20 
= 20.8 34.6 52.0 69.3 

1  2 3 4 5 
B30  0.945 0.891 

0.78 0.61 B60  0.920 0.875 
B80  0.890 0.860 
B100  0.860 0.850 

 
4. CONCLUSIONS 
 
1) Experimental and theoretical studies of the 
performance of compressed steel-reinforced 
concrete struts of different slenderness ratio 
have been performed. Russian and foreign 
studies of the stability of compressed reinforced 
concrete and steel reinforced concrete bars have 
been analyzed. 
2) The curves of buckling coefficient contained 
in SP 266.1325800 and Eurocode 4 do not 
accurately reflect the peculiarities of steel-
reinforced concrete compressed bars with small 
eccentricities. The coefficient of SP 
266.1325800, which is based on the standards 
for the design of reinforced concrete structures, 
does not correspond to the theoretical 
assumptions in its current form, as it does not 
smoothly decrease with increasing slenderness 
ratio. It is also not confirmed by the analyzed 
experimental data. The coefficient in Eurocode 
4, which gives a reference to the curves of a 
similar coefficient for steel structures from 
Eurocode 3, also cannot be considered 
sufficiently justified. It actually ignores the 
performance of reinforced concrete in the cross-
section. The concrete at the periphery of the 
cross-section is included in the work at the very 
first stages of loading of the structure and 
significantly changes the performance and 
hence the coefficient curve of the compressed 
steel column surrounded by concrete. The 
concrete significantly improves the stability 
performance of the compressed strut, which 
should be taken into account in the calculations.  
3) It is found that the compressive strength class 
of concrete affects the stability of bars with 

slenderness ratios from 6 to 10, with little or no 
influence of the shape of the cross-section of the 
core type of rigid reinforcement. The curves of 
the  coefficient for the calculation of 
compressed elements at small eccentricities and 
short-term action of loads have been developed. 
A formula for calculating the load-bearing 
capacity of compressed struts has been 
proposed.  
4) Based on the analysis performed, the 
buckling coefficients should be checked and 
updated when calculating the long-term action 
of loads, taking into account the shrinkage and 
creep of materials. Due to the presence of 
cracking concentrators in the form of steel-
concrete joints, studs, etc., the creep measure 
used to calculate steel-reinforced concrete 
structures may differ from standard reinforced 
concrete structures. 
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1 2,  are corresponding dimensions of extended 
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1 2( , )x x  is characteristic function of domain 

; 1 2( , )x x  is the delta function of 
boundary ; 1 2[    ]Tn n n  is boundary 
normal vector; F  is the load vector in domain 

; f  is the corresponding boundary load vec-
tor; u  is the vector of displacements (unknown 
vector function), 
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The system of equations (1.14) is supplemented 
by boundary conditions, which are set in sec-
tions with coordinates 1

2 0x  and 2
2 2x . 

The discrete component of the numerical solu-
tion is represented by direction along the axe 1x . 
 
 
2. EXAMPLE OF ANALYSIS 
 
2.1. Formulation of the problem. 
As a model example, let us consider the deter-
mination of the displacements of a beam-wall, 
fixed along the side faces in three directions, 
under the influence of a load concentrated in the 
center (Figure 2.1). 
Let us consider the following geometric pa-
rameters: 
 

1 1 m;   2 1 m. 
 
Let us consider the following design parameters 
of material of the beam: coefficient of elasticity 

42650 10E kN/m2; Poisson's ratio 0.15 . 
Let external load parameter be equal to  

100P  kN. 
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INTRODUCTION 
 
Numerical solution of the problem of two-
dimensional theory of elasticity with the use of dis-
crete-continual finite element method (DCFEM) has 
been already considered in [1, 2, 4-8, 12]. Systemat-
ic literature review has been presented in [1, 2, 4-8, 
12] as well. In this regard, let us immediately move 
on to the main material of the distinctive paper in 
case of presence of a crack. 
 
 
1. FORMULATIONS OF THE PROBLEM 
 
Let the constancy of the parameters of the prob-
lem be in the direction corresponding to 2x  

(main direction). The operational formulation of 
the problem with the use of so-called method of 
extended domain [5], taking into account the 
selection of the main direction, is determined by 
the equation [6]: 
 

FuL ~ ,    110 x , 220 x ,      (1.1) 
 
where we have 
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Figure 2.1. Example of analysis 
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Figure 2.2. Design model 

 
Let us consider the initial problem in the form 
of a combination of two boundary problems 
(Figure 2.2).
The contact boundary runs vertically, including 
the crack. In this case, the contact boundary 
equations at nodes outside the crack represent 
the conditions of ideal contact. The equations at 
the nodes that fall within the crack zone repre-
sent the free edge conditions. The load is speci-
fied on both sides of the contact boundary at a 
distance of 72 10  m. The discrete component 

includes 21n  nodes (finite elements): 20 up-
per and 7 lower nodes for ideal contact equa-
tions; internal 7 nodes for equations of free edg-
es on the left side and right side. 
Figures 2.3-2.6 are graphical visualizations of 
the numerical solution (displacements, stresses) 
at the contact nodes, while “L” means the solu-
tion for the boundary value problem on the left 
side, and “P” means the solution for the bounda-
ry value problem on the right side. 
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Figure 2.3. Displacements U1L and U1P 
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Figure 2.4. Displacements U2L and U2P 

Solution of the Problem of Two-Dimensional Theory of Elasticity with the Use of Discrete-Continual Finite Element 
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Figure 2.1. Example of analysis 
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Figure 2.2. Design model 

 
Let us consider the initial problem in the form 
of a combination of two boundary problems 
(Figure 2.2).
The contact boundary runs vertically, including 
the crack. In this case, the contact boundary 
equations at nodes outside the crack represent 
the conditions of ideal contact. The equations at 
the nodes that fall within the crack zone repre-
sent the free edge conditions. The load is speci-
fied on both sides of the contact boundary at a 
distance of 72 10  m. The discrete component 

includes 21n  nodes (finite elements): 20 up-
per and 7 lower nodes for ideal contact equa-
tions; internal 7 nodes for equations of free edg-
es on the left side and right side. 
Figures 2.3-2.6 are graphical visualizations of 
the numerical solution (displacements, stresses) 
at the contact nodes, while “L” means the solu-
tion for the boundary value problem on the left 
side, and “P” means the solution for the bounda-
ry value problem on the right side. 
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The presented sample of analysis illustrates the 
effectiveness of using the discrete-continuous 
finite element method, since the length signifi-
cantly exceeds the width of the beam-wall, and 
the traditional finite element method [9-11] 
would lead to a significant increase in the nodes 
of the mesh region. 
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Figure 2.5. Stresses 11L  and 11P  
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Figure 2.6. Stresses 22L  and 22P . 
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Figure 2.6. Stresses 22L  and 22P . 
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