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AIMS AND SCOPE 

 

The aim of the Journal is to advance the research and practice in structural engineering 

through the application of computational methods. The Journal will publish original papers and 

educational articles of general value to the field that will bridge the gap between high-performance 

construction materials, large-scale engineering systems and advanced methods of analysis. 

The scope of the Journal includes papers on computer methods in the areas of structural 

engineering, civil engineering materials and problems concerned with multiple physical processes 

interacting at multiple spatial and temporal scales. The Journal is intended to be of interest and use 

to researches and practitioners in academic, governmental and industrial communities. 
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рых должны быть опубликованы основные научные результаты диссертаций на соискание 

ученой степени кандидата наук, на соискание ученой степени доктора наук по отраслям науки  

 01.00.00 Физико-математические науки; 

 05.00.00 Технические науки 
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ABOUT METHODS OF SEISMIC ANALYSIS  

OF UNDERGROUND STRUCTURES 
 

Alexander M. Belostotsky 1, 2, 3, 4, 5, Pavel A. Akimov 1, 2, 3, 6, Dmitry S. Dmitriev 1 
1 Scientific Research Center “StaDyO”, Moscow, RUSSIA 
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3 Peoples’ Friendship University of Russia, Moscow, RUSSIA 

4 Russian University of Transport» (RUT – MIIT), Moscow, RUSSIA 
5 Perm National Research Polytechnic University, Perm, RUSSIA 

6 Russian Academy of Architecture and Construction Sciences, Moscow, RUSSIA 

 

Abstract: As is known, underground facilities are an integral part of the infrastructure of modern society. These 

objects have some specific characteristics such as complex construction, high cost, long life cycle, etc. Once it is 

destroyed, the direct and indirect losses are more seriousness than the general structure in the ground. Under-

ground facilities built in areas subject to earthquake activity must withstand both seismic and static loading. 

Therefore, it is very important to carry on the seismic design of the underground structure in a safe and economi-

cal way. The distinctive paper presents a summary of the current state of seismic analysis for underground struc-

tures. Classification and brief overview of methods of seismic analysis of underground structures (force-based 

methods, displacement-based methods, numerical methods of seismic analysis of coupled system “soil – under-

ground structure”) are presented, problems of soil-structure interaction are under consideration as well. So-called 

static finite element method with substructure technique for seismic analysis of underground structures is de-

scribed. 

 

Keywords: seismic analysis, numerical methods, underground structures, finite element method,  

force-based methods, displacement-based methods, coupled system “soil – underground structure”,  

static finite element method, substructure technique 

 

 

О МЕТОДАХ СЕЙСМИЧЕСКОГО РАСЧЕТА  

ПОДЗЕМНЫХ СООРУЖЕНИЙ 
 

А.М. Белостоцкий 1, 2, 3, 4, 5, П.А. Акимов 1, 2, 3, 6, Д.С. Дмитриев 1 
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6 Российская академия архитектуры и строительных наук, г. Москва, РОССИЯ 

 

Аннотация: Как известно, в настоящее время подземные сооружения являются, по существу, важней-

шей составляющей современной инфраструктуры. Подземные объекты характеризуются целым рядом 

специфических особенностей, в числе которых можно указать, в частности, трудоемкость возведения, 

высокую стоимость, достаточно продолжительный жизненный цикл. Очевидно, что в случае разрушения 

подземного сооружения соответствующие прямые и непрямые потери будут более существенны, чем при 

разрушении надземного здания или сооружения. Подземные объекты, возведенные в сейсмоопасных 

районах, разумеется, должны воспринимать без разрушения как сейсмические, так и статические нагруз-

ки. Таким образом, задача экономически обоснованного проектирования безопасных сейсмостойких под-

земных сооружений является исключительно актуальной. В настоящей статье рассматриваются совре-

менные методы сейсмического расчета подземных сооружений. В частности, приведены классификация 

и краткий анализ последних (методы, основанные на задании эквивалентных нагрузок; методы, основан-

ные на задании эквивалентных перемещений; численные методы расчета связанных систем типа «соору-

жение – основание»), затронуты проблемы моделирования взаимодействия подземного сооружения с 
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окружающим грунтовым массивом, представлено описание так называемого статического метода конеч-

ных элементов для расчета подземных сооружений, основанного на технике метода подконструкций. 
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INTRODUCTION 

 

As is known, underground facilities are an inte-

gral part of the infrastructure of modern society 

[1,2]. Underground structures, tunnels, subways, 

metro stations and parking lots, are crucial 

components of the build environment and trans-

portation networks. They are more and more 

frequently constructed especially in densely 

populated urban areas to facilitate different 

needs. These objects have some specific charac-

teristics such as complex construction, high 

cost, long life cycle, etc. Once it is destroyed, 

the direct and indirect losses are more serious-

ness than the general structure in the ground [3-

5]. Thus, considering importance of under-

ground structures for life save and economy, 

their appropriate seismic design is of prior sig-

nificance [6-17]. However, underground facili-

ties built in areas subject to earthquake activity 

must withstand both seismic and static loading 

[18]. Therefore, it is very important to carry on 

the seismic design of the underground structure 

in a safe and economical way.  

A review of the past performance of hundreds 

underground openings during earthquakes indi-

cated that underground structures in general are 

less severely affected than surface structures at 

the same geographic location. However, some 

severe damage, including collapse has been re-

ported. We should mention here, in particular, 

that some underground structures have experi-

enced significant damage in recent large earth-

quakes, including the 1995 Kobe, Japan earth-

quake, the 1999 Chi-Chi, Taiwan earthquake and 

the 1999 Kocaeli, Turkey earthquake (Figure 1). 

Ground shaking due to wave propagation and 

permanent ground displacements due to lateral 

spreading, landslides and fault rupture are af-

fecting underground structures during a strong 

earthquake [5]. The deformation modes domi-

nating the seismic response are somehow differ-

ent from aboveground structures (Figure 2). 

These recent damages revealed some important 

weaknesses in the current seismic design prac-

tices. For instance, stability of tunnels during 

seismic motion is affected by peak ground pa-

rameters, earthquake duration, type of support, 

ground conditions and in situ stresses. Moreo-

ver, underground structures are quite vulnerable 

to ground failures associated with large perma-

nent deformations, caused by ground liquefac-

tion, slope instability and fault movements [20]. 

The distinctive paper presents a summary of the 

current state of seismic analysis for under-

ground structures. The complexity of the prob-

lem and the conscience on the various short-

comings of the available methods lead often to 

an overdesign of the new structures. The lack of 

knowledge is attributed, to a certain degree, to 

the relatively few well documented cases of im-

portant damages during strong earthquakes. 

Several questions regarding their real seismic 

behavior during shaking remain still non-

responded. 

In densely populated urban areas, tunnels and 

other underground structures are often passing 

beneath high-rise buildings or they are located 

close to them. The existence of these structures 

may create complex interaction effects with the 

underground structures usually referred as “city 

effects” [5]. These effects can affect the seismic 

wave propagation field, altering the seismic in-

put motion with respect to the free field case [6, 

14]. In this sense, they may modify considerably 

the seismic response of the underground struc-

ture, while at the same time the existence of the 

embedded structure, close to the surface and 

buildings foundations may alter the response of 

the buildings themselves. 
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a)   b)  

Figure 1. Daikai Station that collapsed during the major Hyogoken-Nambu earthquake (1995).  

(a) Settlements of the overlaying roadway caused by the subway collapse.  

(b) collapse of the central columns of the station [19]. 

 

 
Figure 2. Simplified deformation modes of tunnels due to seismic waves [18]. 

 

1. CLASSIFICATION OF METHODS  

OF SEISMIC ANALYSIS  

OF UNDERGROUND STRUCTURES 

 

As is known, several methods have been pro-

posed in the literature and used in practice for 

the seismic design of tunnels and large under-

ground structures. From simple analytical elas-

tic solutions, to pseudo-static or equivalent stat-

ic solutions, and from hybrid methods, which 

try to take into account the relative stiffness of 

the ground and the structures and the soil-

structure interaction (SSI) effects, to more so-

phisticated and a priori accurate models using 

full dynamic numerical analysis of the soil-

structure system. 

Generally, several methods are available in the 

literature for the seismic design of tunnels and 

large underground structures [3,5,8,22,25]. 

These methods can be classified in three general 

categories. 

 

1.1. Force-based methods. 

According to these methods, the seismic load is 

introduced in terms of equivalent forces acting 

on the structure in a static way. The structure is 

commonly simulated as a frame model using 

beam elements. The main differences between 

the methods are related to the way that the 

equivalent forces are estimated and the way the 

soil-structure interaction is modeled, if 

accounted. It should be noted that the real 
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seismic loading on tunnels and underground 

structures is applied through the seismic wave 

propagation and the associated ground 

distortions imposed on the underground 

structure. So, displacement-based design is 

appropriate and consistent with the physics of 

the problem. Besides, the displacement-based 

methods are also more appropriate for the 

efficient seismic design of reinforced concrete 

(RC) underground structures with ductility 

higher that unity. 

 

1.2. Displacement-based methods. 

Contrary to the force-based methods, in the 

displacement-based methods the seismic load is 

introduced in terms of seismic displacements, an 

assumption, which is closer to the problem’s 

physics. Once again, the main differences 

between the methods are related to the way that 

the seismic displacements are computed and the 

way in which the soil-structure interaction is 

modeled, if accounted. Force-based design, 

despite several drawbacks, remains always 

familiar to the engineering community and 

simpler to apply (in comparison with 

displacement-based design). Several arguments, 

in favor of the inconsistency of force-based 

design, as discussed by [23, 24] are also valid in 

the case of large space underground structures 

and tunnels. 

 

1.3. Numerical methods of seismic analysis  

of coupled system “soil – underground 

structure”. 

Full dynamic time history analysis is considered 

to be the most sophisticated and accurate 

method for the seismic analysis of underground 

structures [22] (finite element or finite 

difference techniques are always used). 

However, complex and time consuming 

computer analysis is required and uncertainty of 

design seismic input parameters may be several 

times the uncertainty of the analysis [18]. These 

analyses involve setting artificial boundaries 

and soil dynamic constitutive and other issues, 

and it is difficult widely used in engineering. 

However, numerical methods can efficiently 

describe the kinematic and inertial aspects of the 

soil-structure interaction and the complex 

geometry of the soil deposit. Moreover, the 

nonlinear behavior of both the structure and the 

soils can be efficiently simulated using 

appropriate constitutive laws. 

 

1.4. About soil-structure interaction. 

First of all it should be noted that interface 

characteristics underground structure and the 

surrounding soil affect considerably the seismic 

behavior of the corresponding system [19,25]. 

With the exception of the third one, where the 

soil-structure interaction effects are inherently 

considered in the model, methods belonging in 

the other two general categories can be also 

classified accounting or not for soil-structure 

interaction. For the methods where the soil-

structure interaction is not considered (free field 

deformation methods), it is assumed that the 

structure will undergo the free field ground 

deformations, whereas for the soil-structure 

interaction methods, the input motion (in terms 

of ground displacements or equivalent forces) is 

modified to account of the existence of the 

structure.  

It should be noted that pseudo-static 

formulations [4,26] are relatively simple, and 

they lead to static calculation methods which 

can obtain the effect of underground structures 

under earthquake action. These formulations are 

widely used in engineering and specifications.  

Conventional free field deformation approach 

[18] may overestimate or underestimate 

structure deformations depending on the rigidity 

of the structure relative to the ground. It should 

be noted that the term “free-field deformations” 

describes ground strains caused by seismic 

waves in the absence of structures or 

excavations. These deformations ignore the 

interaction between the underground structure 

and the surrounding ground, but can provide a 

first-order estimate of the anticipated 

deformation of the structure. A designer may 

choose to impose these deformations directly on 

the structure. The free field deformation 

approach is conservative for underground 
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structures stiffer than ground (and overly 

conservative for underground structures 

significantly stiffer than ground), non-

conservative for underground structures more 

flexible than ground and can be applied for 

underground structures with equal stiffness to 

ground. On the one hand it is comparatively 

easy to formulate this approach and free field 

deformation approach was widely used with 

reasonable results in the past. On the other hand 

it provides less precision with highly variable 

ground conditions. 

 

 

2. STATIC FINITE ELEMENT METHOD 

FOR SEISMIC ANALYSIS  

OF UNDERGROUND STRUCTURES 

(SFEM) 

 

Application of static finite element method 

(SFEM) with substructure technique [27] for 

seismic analysis of underground structures was 

presented in [4]. In accordance with [4] the 

dynamic soil-structure interaction system can be 

decomposed into three sub-structures: structure, 

near-field and far-field soil (Figure 3) [9]. 

Thus we can obtain the basic soil-structure 

interaction equations: 
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where S   is the stiffness matrix; u  is the 

displacement vector; bns  , , are subscripts, 

which denote structure, near-field and far-field, 

respectively; g  is superscript, which denotes 

excavated soil. 

If we suppose that the excavated soil is a struc-

ture, we can get the following equation: 
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where fe  ,  are subscripts, which denote exca-

vated soil and free field, respectively. 

Combining (1) and (2) we get: 

 





















































 f

b

g

bb

f

b

e

bbb

n

s

bb

g

bbbn

nbnnns

snss

uSuSu

u

u

SSS

SSS

SS

0

0

. 

 (3) 

 

Dynamic stiffness matrix can be defined by 

formula: 

 

MCiKS 2  ,                  (4) 

 

where K  is the stiffness matrix; M  is the mass 

matrix; C  is the damping matrix;   is 

predominant circular frequency. 

The ground dynamic stiffness matrix equation 

(4) is rewritten as (for simplicity):  

 
g

bb

g

bb

g

bb CiKS  .                    (5) 

 

In order to use the free field seismic response 

analysis data or the soil layers seismic response 

analysis data to solve the underground structure 

seismic response two main assumptions are 

made. In accordance with the first assumption 

the accelerations of the structure and the near-

field are the same as those of the free field at the 

same location. In accordance with the second 

assumption the velocity of the structure and the 

near-field are the same as those of the free field 

at the same location [21]. 

The key of SFEM is that the stress state of the 

maximum moment of the dynamic time history 

analysis of the underground structure is replaced 

by the static state, and the computed parameters 

are obtained from the free field seismic response 

analysis. So, assumptions are to facilitate the 

use of the results of the free field seismic 

response analysis to approximate the seismic 

response of the underground structure. Thus the 

seismic response of the underground structure 

can be obtained by the free field seismic 

response [21]. 
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Figure 3. Substructure decomposition of the soil-structure system. 

 

The formula (4) and (5) are brought into the 

formula (3), and taking into account the above 

two hypotheses, we can get the formula (6) as 

following [4] 
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     (6) 

 

The left hand side of formula (6) represents the 

soil-structure interaction system reaction, the 

first term and the second term of the right of the 

equal sign represent internal force of the 

underground structure and the near-field soil 

(inertial force and damping force), the third 

term represents the boundary condition. 

By the formula (6) we can get the computational 

model of the generalized static finite element 

method shown in Figure 3 [21]. It includes two 

parts: the internal force of the structure and the 

soil and the boundary conditions (boundary 

constraints and boundary loads). 
According to the equation (6) the internal force 
of the structure and the soil is mainly includes 
the damping force and the inertia force. This 
part can be solved by the conventional methods 
[6]. However, it is necessary to improve (cor-
rect) boundary conditions [9]. Let us consider 

correction of boundary constraints (
e

bbK ). 

The side and the bottom boundary are con-

strained by the viscoelastic boundary. Since 

static calculation, the boundary constraint only 

imposed by spring, shown in Figure 2. The val-

ue of the spring coefficient adopts the spring 

stiffness of the viscoelastic boundary value [4], 

such as the formula 
 

)2/( RGK N  ;   RGKT / ,          (7) 

 

where NK  is the normal spring coefficient; TK  

is the and tangential spring coefficient; G  is the 

shear modulus of the soil; R  is the distance be-

tween structure and boundary points. 
In accordance with (6), the boundary load in-
cludes four parts: the free field displacement 

(
f

bu ), the inertia force of the near field soil 

boundary ( f

f

e

bbuM  ), the damping force of the 

near field ( f

b

e

bbuC  ) and the equivalent load of 

the free field displacement (
f

b

e

bbuK ).  
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Figure 4. Generalized computational model of SFEM. 

 

 
Figure 5. Computational model of SFEM [4]. 

 

Let us consider the method of correction of cor-

responding boundary loads. 

The free field displacement (
f

bu ) can be ob-

tained by the specialized well-known soil layers 

seismic response analysis software [18]. 

The inertia force of the near field soil boundary 

( f

f

e

bbuM  ) can be computed with the use of the 

free field acceleration (can be obtained by the 

soil layers seismic response analysis programs) 

and the near field soil mass (it is also relatively 

easy to obtain). 

The damping force of the near field ( f

b

e

bbuC  ) can 

be computed with the use of the following for-

mula for boundary damping force based on rela-

tionship between the Rayleigh damping and the 

damping coefficient 

 

iici ucf  ;   iiii wmc 2 ;    

)/(5.0 10 iii ww   ,   (8) 

where cif  is the damping force; ic  is the damp-

ing coefficient; iu  is the node speed; im  is the 

assigned node mass; iw  is the frequency; i  is 

the damping ratio; 0 , 1  are two Rayleigh 

damping coefficients, respectively. 

The equivalent load of the free field displace-

ment (
f

b

e

bbuK ) can be equivalent to the same 

location soil stress of the free field, which can 

be obtained by the well-known soil layers seis-

mic response analysis software. 

Therefore, the computational model of SFEM is 

shown in Figure 5 [4]. 

 

 

3. CONCLUSION 

 

Thus SFEM includes the three main stages. 
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The first stage is solving the free field shear 

stress, acceleration, velocity and displacement, 

when the moment that the relative displacement 

of the soil that the underground structure located 

in reaches the maximum. 

The second stage is computing of internal forces 

and parameters of boundary conditions (the 

spring parameters, the inertia force, the damping 

force, the equivalent load of the free field dis-

placement). 

The third stage is construction of the static finite 

element model and imposing the loads and 

constrains computed at the second stage as 

shown in Figure 4, and then making a static 

analysis. 

Verification samples [9] show good agreement 

of SFEM and dynamic FEM, meaning that 

SFEM has good accuracy. Besides, SFEM is 

less affected by the size of the model, but the 

boundary of the model must have more than one 

times the width of the structure distance from 

the side wall. 

Full dynamic time-history analysis, using three-

dimensional finite elements, finite difference or 

lumped mass models [22], is by far the most 

adequate method to design large and long 

underground structures. With this method, both 

the transversal and the longitudinal directions of 

the structure can be modeled and analyzed 

simultaneously, taking into account the 

complicated soil deposit geometry, the non-

linear behavior of the soil and the structure, 

using appropriate constitutive relationships, and 

the behavior of the soil-structure interface. 

While the input motion definition remains a 

decisive and constantly debated parameter, the 

main shortcoming of the method is the high 

computational cost, which makes its use 

difficult for parametric analysis, usually needed 

during the design phases of underground 

structures. To this end, full dynamic three-

dimensional analysis is practically used in cases 

of structures of significant importance (i.e. 

nuclear station underground ducts). Several 

issues, such as the appropriate simulation of the 

soil-tunnel interface or of the incoherence and 

spatial variation of the seismic input motion are 

still open [28, 29]. 
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UNIVERSAL SOFTWARE SYSTEM “STADYO”  

FOR THE NUMERICAL SOLUTION OF LINEAR  

AND NONLINEAR PROBLEMS OF THE FIELD THEORY,  

STATICS, STABILITY AND DYNAMICS OF SPATIAL  

COMBINED SYSTEMS: GENERAL PARAMETERS 

AND SUPERELEMENTAL FEATURES 
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Abstract: The distinctive paper presents the general papers of the science-based universal software system 

“STADYO” intended for the numerical solution of stationary and nonstationary problems of field theory, analy-

sis of static, temperature and dynamic stress-strain state (SSS), stability and strength of arbitrary combined me-

chanical systems (massive-shell-lamellar-membrane-rod with “rigid” bodies, fluid cavities and internal bonds, 

isotropic and orthotropic materials) into a flat axis, axisymmetric and three-dimensional linear and nonlinear 

formulations. The composition of the “STADYO” software system is briefly described; in terms of its theoretical 

foundations, the main provisions and matrix relationships of the superelement method (which is known to be one 

of the most effective ways to increase the universality and increase the computational efficiency of finite element 

algorithms) are presented, as well as methods for dynamic synthesis of substructures and submodelling. The su-

perelement algorithm is also extended to solving a system of linear equations at each step of the implicit scheme 

of direct integration of the equations of motion, and at each iteration in the calculation of natural oscillations; 

however, an alternative and more efficient approach consists in constructing special superelement algorithms 

based on the direct condensation of the equations of motion and ideologically close to the method of dynamic 

synthesis of substructures. The submodelling options, in particular, are important for the refined analysis of the 

three-dimensional SSS of heavily loaded component parts of the objects under consideration. In general, the 

presentation of the global design model of the system as a set of substructures is also very convenient for its de-

scription and creates the prerequisite for the creation (application) of effective pre- and postprocessor software. 

The paper also provides information on verification and experience in the use of the “STADYO” software sys-

tem, as well as prospects for development. 

 

Keywords: buildings, dynamic substructure synthesis method, finite element method, mathematical modelling, 

submodelling, substructure method, superelement method, “STADYO” software system, structures 

 

 

УНИВЕРСАЛЬНЫЙ ПРОГРАММНЫЙ КОМПЛЕКС  

СТАДИО ДЛЯ ЧИСЛЕННОГО РЕШЕНИЯ ЛИНЕЙНЫХ  

И НЕЛИНЕЙНЫХ ЗАДАЧ ТЕОРИИ ПОЛЯ, СТАТИКИ, 

УСТОЙЧИВОСТИ И ДИНАМИКИ ПРОСТРАНСТВЕННЫХ 

КОМБИНИРОВАННЫХ СИСТЕМ:  

ОБЩАЯ ХАРАКТЕРИСТИКА И СУПЕРЭЛЕМЕНТНЫЕ  

ВОЗМОЖНОСТИ 
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Аннотация: В настоящей статье представлена общая характеристика наукоемкого универсального про-

граммного комплекса СТАДИО, предназначенного для численного решения стационарных и нестацио-

нарных задач теории поля, расчетов статического, температурного и динамического напряженно-

деформированного состояния (НДС), устойчивости и прочности произвольных комбинированных меха-

нических систем (массивно-оболочечно-пластинчато-мембранно-стержневых с «жесткими» телами, поло-

стями жидкости и внутренними связями, изо- и ортотропными материалами) в плоской, осесимметричной 

и трехмерной линейной и нелинейной постановках. Кратко описан состав программного комплекса СТА-

ДИО, в части его теоретических основ приведены основные положения и матричные соотношения метода 

суперэлементов (являющегося, как известно, одним из наиболее действенных способов повышения уни-

версальности и увеличения вычислительной эффективности конечноэлементных алгоритмов), а также ме-

тодов динамического синтеза подконструкций и субмоделирования. Суперэлементный алгоритм распро-

странен также на решение системы линейных уравнений на каждом шаге неявной схемы прямого инте-

грирования уравнений движения и на каждой итерации при расчете собственных колебаний, однако аль-

тернативный и более эффективный подход состоит в построении специальных суперэлементных алгорит-

мов, основанных на непосредственной конденсации уравнений движения и идеологически близких методу 

динамического синтеза подконструкций. Опции субмоделирования, в частности, являются важными для 

уточненного анализа трехмерного НДС тяжело нагруженных узлов-деталей рассматриваемых объектов. В 

целом, представление глобальной расчетной модели системы в виде совокупности подконструкций явля-

ется также очень удобным для ее описания и создает предпосылку для создания (применения) эффектив-

ных пре- и постпроцессорных программных средств. В статье также приведены сведения о верификации и 

опыте использования программного комплекса СТАДИО, а также рассмотрены перспективы развития. 

 

Ключевые слова: математическое моделирование, метод конечных элементов,  

метод суперэлементов, метод подконструкций, метод динамического синтеза подконструкций, субмоде-

лирование, программный комплекс СТАДИО, конструкции, здания, сооружения  

 

 

1. GENERAL CHARACTERISTICS  

OF “STADYO” SOFTWARE SYSTEM 
 

Founded in far 1975, the Russian multipurpose 

software system “STADYO” TM provides a nu-

merical solution of stationary and nonstationary 

field theory problems, analysis of the static, 

temperature and dynamic stress-strain state 

(SSS), stability and strength of arbitrary com-

bined mechanical systems (massively shell-

lamellar-membrane-rod with “rigid” bodies, flu-

id cavities and internal bonds, isotropic and or-

thotropic materials) in a plane, axisymmetric 

and three-dimensional linear and nonlinear 

statements [1, 2, 8]. 

In the “STADYO” software product, a repre-

sentative library of straight- and curvilinear rod, 

flexural-membrane, curved super- (thin- and 

medium-walled shells) and isoparametric volu-

metric finite elements (total more than 120 

types), elements with given stiffness, inertia and 

damping matrices see, for example, Figure 1), 

modern optimized numerical algorithms (the 

methods of Cholesky and the preconditioned 

conjugate gradient, block method of Lanczos 

and method of iterations of the subspace, explic-

it and implicit difference schemes of integra-

tion: central differences, Newmark, Wilson and 

Crank - Nicholson, finite-element and superel-

ement schemes, etc.) and developed service 

provision are implemented. 

The main quantitative possibilities for the ver-

sion of the complex on IBM-compatible PCs 

(the main programming language of the compu-

tational modules is Intel Visual Fortran) are pre-

sented in Table 1. 
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Figure 1. Some implemented types of finite elements. 

 

Table 1. The main quantitative capabilities of “STADYO” software system. 

Parameter for system / superelement Limiting value 

Degrees of freedom 24 000 000 

Grid station 4 000 000 

Finite elements 4 000 000 

Fabric (environment) 4 000 000 

Eigenfrequencies and forms 4 000 

 

The hierarchy and degree of “nesting” of sub-

structures (for the superelement “branch” of the 

software system) are arbitrary. 

 

2. COMPOSITION OF THE “STADYO” 

SOFTWARE SYSTEM 

 

“STADYO” software system consists of the fol-

lowing program modules (Figure 2): 

 STADYO-STATN – solution of stationary prob-

lems of thermal conductivity, filtration, flow of 

an ideal fluid, and other problems of field theo-

ry with arbitrary boundary conditions; 

 STADYO-NSTATN – solution of non-

stationary problems of field theory (with the 

possibility of memorizing and using results for 

the subsequent solution of elastic problems); 

 STADYO-STAT – linearly elastic calcula-

tion for stationary loads (volumetric, sur-

face, linearly distributed, concentrated forc-

es and moments, temperature, initial strains 

and stresses), including multiple-choice 

calculations, taking into account the stage-

by-stage construction; 

 STADYO-FORM – solving a particular 

problem of eigenvalues: determining the 

significant part of the spectrum of eigenfre-

quencies and vibration modes, critical loads 

and forms of stability loss; 

 STADYO-SEISM – quasi-static “normative” 

spectral calculation for seismic actions 

specified by the acceleration spectra, with 

the determination of displacements, accel-

erations, forces and stresses using alterna-

tive methods; 

 STADYO-VIBR – estimation of parameters 

of forced steady-state oscillations of sys-

tems without damping, with orthogonal and 

non-orthogonal damping; 

 STADYO-SPEC – spectral dynamic calcula-

tion of linear-elastic systems (and systems 

with local nonlinearities) for force and kin-

ematic effects with decomposition accord-

ing to the modes of natural oscillations; 

 STADYO-DYN – direct integration over 

time of the equations of motion of linear-

elastic systems for given thermo-force and 

kinematic influences (including «non-

platform» excitation schemes) with deter-

mination of accelerograms and response 

spectra; 
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Figure 2. Stress state of pipeline parts (STADYO-ASTRA), 2005. 

 

 STADYO-NLIN – solution of nonlinear 

problems (large displacements, finite de-

formations, plasticity, viscoplasticity and 

heredity effects for metals, concretes and 

soils, unilateral joints, seams and cracks 

with friction) for given static and dynamic 

thermal and kinematic influences; 

 STADYO-FRACT – solving the linear prob-

lems of fracture mechanics, including the de-

termination of stress intensity factors and J-

integrals in bodies with cracks; 

 STADYO-SNIP – the estimated evaluation of 

the strength and longitudinal reinforcement of 

reinforced concrete structures for the first and 

second limit states in accordance with the 

provisions of the current Russian building 

codes and regulations (SNiPs); 

 STADYO-ASTRA – an object-oriented sub-

system of refined automated calculation of 

the spatial temperature and stress-strain 

state, estimation of static, seismic and cy-

clic strength (in accordance with the re-

quirements of the PNAE standards G-7-

002-86) of typical pipeline parts: tees, 

bends and knees, conical transitions, lens 

compensators and zones of welded joints; 

 STADYO-CABINET – an object-oriented 

subsystem of automated seismic resistance 

calculation (in accordance with the re-

quirements of nuclear energy norms) of 

standard instrument cabinets of nuclear 

power plants; 

 STADYO-PED – object-oriented subsystem 

of automated calculation of vibration of 

submersible electric motors (multi-layer 

thick-walled orthotropic finned shells in a 

viscous liquid); 
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 STADYO-WEU – an object-oriented subsys-

tem of automated static and dynamic calcu-

lation of typical orthogonal wind power 

plants. 

 

 

3. METHODS OF SUBMODULATION  

AND DYNAMIC SYNTHESIS  

OF SUBCONTRACTIONS 

 

3.1. Preliminary remarks. 

Modern “heavy” finite-element software sys-

tems (ANSYS, NASTRAN, SIMULIA Abaqus) 

contain options for constructing and importing-

exporting reduced impact matrices to ensure, in 

particular, joint development and accurate anal-

ysis of complex multiply connected statically 

and dynamically loaded engineering structures 

and buildings. Another side of the same process 

is submodelling, for example, refined three-

dimensional nonlinear analysis of complex and / 

or originally solved structural components of 

rod systems (column support, connections of 

chord-diagonal members, parts of pipeline sys-

tems). In this paragraph, the main provisions 

and matrix relations of methods of dynamic syn-

thesis of substructures (MDS) and submodelling 

implemented in “STADYO” product are given. 

 

3.2. The concept of the method of superele-

ments. 
One of the most effective ways to increase the 

computational efficiency of finite element algo-

rithms is the superelement method (SEM), also 

known as the sub-structure method. The key 

procedure of the SEM is static condensation [9, 

10] — elimination of internal degrees of free-

dom of the substructure }{
i

u , — leading the ini-

tial block system of equilibrium equations 
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to the reduced system with respect to the com-

ponents of the vector of the corresponding 

boundary unknowns }{ bu : 

}{}]{[ FuK b  ,                   (3.2) 

 

where  

 

      ][]][[][][ 1

ibiibibb KKKKK  ;      (3.3) 

}{]][[}{}{ 1

iiibib FKKFF  .           (3.4) 

 

Accounting of the possible repeatability of sub-

systems leads to significant savings both by re-

ducing the number of arithmetic operations, and 

to a significant reduction in the amount of 

stored and processed information. The data 

structure is organized hierarchically, so that 

making local changes to the calculation scheme, 

i.e. the correction of a part of the numerical 

model of the structure can be performed inde-

pendently for each substructure with minimal 

computational costs. Representation of the 

global design model of the system as a set of 

substructures is also very convenient for its de-

scription and creates the prerequisite for the cre-

ation (application) of effective pre- and postpro-

cessor software [1]. 

 

3.3. Methods of dynamic synthesis of sub-

structures. 

The superelement algorithm is also extended to 

solving a system of linear equations at each step 

of the implicit scheme of direct integration of 

the equations of motion and at each iteration in 

the calculation of natural oscillations [1]. An 

alternative and more efficient approach is the 

construction of special superelement algorithms 

based on the direct condensation of the equa-

tions of motion and ideologically close to the 

method of dynamic synthesis of substructures. 

Methods for the dynamic synthesis of substruc-

tures can be classified by the method of select-

ing the basis vectors of the Rayleigh - Ritz 

method for substructures and by the method of 

their joining. Most often, as a basis for substruc-

tures, its vibration forms are used under certain 

boundary conditions: R.R. Craig, M.C.C. 

Bampton [15] and [16] – for the fixed boundary, 

[20] – for the free boundary, [17] – for the par-

tially fixed boundary of the subconstruction. 
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The most preferable from the computational and 

realization points of view among the three con-

sidered variants of the method is the first one, 

which uses the vibration modes of the basic sys-

tem of the displacement method. In order to 

simplify the joining of substructures and to cor-

rectly take into account their rigid displace-

ments and displacements of boundary points, 

the basis of the vibration modes is expediently 

supplemented by a set of static functions of the 

superelement form, each of which is a vector of 

elastic displacements of the substructure nodes 

caused by a single displacement in the direction 

of the corresponding fictitious bond for the 

basic system of the displacement method. Such 

an approach, in particular, is described in 

[18,19]. 

In the general case, in a dynamic synthesis any 

suitable system of linearly independent vectors 

can be used as a basis for substructures, not 

necessarily including oscillation modes. Thus, 

in [21] a certain specific basis is used, for the 

construction of which a solution of the particu-

lar eigenvalue problem for the subconstruction 

is not required. 

The numerical solution of the resulting reduced 

system of nonlinear integro-differential equa-

tions is found by modified implicit difference 

schemes of the Newmark type with the use of a 

significant part of the natural frequencies 
 

),...,,(][ 21 ndiag   

 

and form ][  of the partial subsystems-

substructures [14]: 
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Craig-Bempton approach [5,7,13,16] realized in 

universal “commercial” products (NASTRAN, 

ANSYS, ADAMS, ...), is mentioned most popu-

lar, which reduces to the construction of re-

duced stiffness and mass matrices: 
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where    

 

         


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

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iNiC

I 0
]ˆ[ ;               (3.19) 

 

iC  – displacement of internal degrees of free-

dom for given single displacements of boundary 

(docking) nodes; iN  – displacements of the in-

ternal degrees of freedom, corresponding to the 

retention of its own forms of oscillation, while 

limiting the degrees of freedom (sealing) of the 

boundary nodes; ]ˆ[ NNK  and ]ˆ[ NNM  – diagonal 

modal stiffness and mass matrices;  
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][]ˆ[ KKCC  ;   ][]ˆ[ MM CC  ;   
Tˆ ˆ[ ] [ ]NC CNM M  

(3.20) 

 

– filled matrix. 

The same algorithm has been implemented 

since 1999 in the research “STADYO” software 

product [2]. The software implementation of 

matrix operations in the formation of ]ˆ[K  and 

]ˆ[M  (and reduced load vectors }ˆ{F ), as well as 

possible affine transformations, is basically built 

on standard procedures contained in software 

package modules. Fulfilling the canonical fi-

nite(-super)-element assembly does not encoun-

ter any difficulties and allowance for considera-

tion of ]ˆ[K , ]ˆ[M  and }ˆ{F  in the general super-

element model. 

 

 

4. VERIFICATION AND EXPERIENCE  

OF USING THE STADYO SOFTWARE 

SYSTEM 

 

The «STADYO» software system is verified in 

detail on a representative set of test and practi-

cal tasks, certified in Rostekhnadzor (2011, as 

part of ASTRA-STADYO [4]), documented in 

detail and implemented in leading design and 

research organizations “Atomenergoproject” 

and “Hydroproject”, Special Design Bureau 

“Hydropress”, All-Russian Research Institute of 

Atomic Engineering, All-Russian Research In-

stitute of Electromechanics, Central Research 

Institute of Construction Structures, Design Bu-

reau “Krasnaya Zvezda”, JSC “Melaks”, etc.). 

There is more than 41 years of experience with 

the complex in calculating studies of the spatial 

temperature and stress-strain state, strength and 

reliability of pipelines and their elements, tech-

nological, electrical equipment, machines and 

mechanisms, building structures and “founda-

tion – construction” systems of particularly re-

sponsible industrial facilities and civil construc-

tion, taking into account the normatively regu-

lated combinations of temperature, static, spe-

cial dynamic (wind, seismic shock, wave, vibra-

tion, etc.) and emergency actions (Figure 3-14), 

such as: 

 protective shells, reactor compartments, 

computer rooms, special buildings, diesel-

generating standby electric power stations, 

cooling towers and waste storages of nucle-

ar power plants (Armenian, Kursk, Smo-

lensk, Chernobyl, Ignalina, Leningrad, 

Bilibinskaya, Novovoronezhskaya, Kali-

ninskaya, Rostovskaya, Balakovo, Lovisa 

(Finland), Kozloduy (Bulgaria), Busher 

(Iran), Kudankulam (India), nuclear power 

plants of the new generation, etc.); 

 dams, buildings of hydroelectric power 

plants and underground hydraulic struc-

tures, taking into account the stage-by-stage 

construction, nonlinear effects in seams and 

macro cracks, soil rheology, hydrodynamic 

effects of reservoirs (Volga, Kama, Inguri, 

Khudoni, Kurpsai, Nurek, Rogun, Nama-

khvani, Katun, Gekhi, Kapanda, Teri, 

Tang-E-Duk, Zagorskaya hydroelectric 

pumped storage power plant, etc. [3]); 

 wind power plants of various types; 

 unique buildings and typical civil engineer-

ing constructions (roof slab of the Big 

sports arena of Luzhniki, the monument to 

the 300th anniversary of the Russian Navy, 

the high-rise complex of the Moscow Inter-

national Currency of Moscow Central Stock 

Exchange, the underground parking on the 

Manege Square shopping complex, the 

Aquadrome and Transvaal Park, the Bas-

manny Building market, the indoor swim-

ming pool of the “Iskra” sanatorium (So-

chi), multistorey panel and prefabricated 

monolithic block sections and their “assem-

blies” with an assessment of stability in 

emergency situations, high-altitude multi-

functional complexes, etc. [6]); 

 aboveground and underground pipelines of 

heating systems, main oil and gas pipelines, 

oil and gas processing and petrochemical in-

dustries, oil and gas exploration complexes; 

 floating structures, ice-resistant platforms 

for oil and gas production on the shelf 

(Chayvo-1 and others); 
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Figure 3. Multilevel superelement dynamic model of the system “Building structures – equipment” 

of the NPP with LWGR (1989). 

 

 
Figure 4. The calculated deformed state of the main building of Bilibino NPP (2001). 
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Figure 5. Typical superelement model of the “foundation – dam – reservoir” system. 

 

 
Figure 6. Super-element model of the sports complex “Aquadrom”. 

 

 
 Figure 7. Super-element model of the indoor pool of the “Iskra” sanatorium  

(Sochi). 
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Figure 8. Superelement model of the ice palace of sports on Khodynka. 

 

 
Figure 9. Deformed states of the “construction – foundation” system of the Transvaal-Park sports 

and fitness center with estimated load combinations (2005). 

 

  
Figure 10. Superelementary models of single- and multisectional houses of typical series. 
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Figure 11. Superelement model and deformed state of the Basmanny market (2007). 

 

      
Figure 12. Model of multifunctional high-rise (44 floors) of the complex. 

 

     
Figure 13. Model of a high-rise building of the Interbank Currency Exchange  

(5 underground and 31 above-ground floors). 
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Figure 14. Fragment of the “Alpha” international space station. Dynamic superelement model. 

Lower own vibration modes (1999). 

 

 complex machine-building structures, parts, 

machines and mechanisms (aerospace sys-

tems, transport, ship and power engineer-

ing, ferrous and non-ferrous metallurgy, 

household appliances, etc.). 

Among the solved pioneering tasks is the model-

ling of the dynamics and strength of the “Russian 

segment – drive units – solar cells” system of the 

International Space Station “Alpha” at the stages 

of transportation, launch and orbital activity. 

It should be noted that the outrunning develop-

ment and use of the method of dynamic synthesis 

of substructures in the aerospace industry — this 

is evidenced by the above-mentioned fundamen-

tal theoretical works [12, 16, 17-19, 21] – seems 

historically and substantively substantiated. In-

deed, dozens of design firms in different countries 

independently develop and optimize dynamically 

linked main subsystems (blocks and nodes), and 

the «price of the issue» is extremely high. 

 

 

5. HORIZONS FOR THE DEVELOPMENT 

OF THE «STADYO» SOFTWARE  

SYSTEM 

 

Among the planned tasks for the development 

of “STADYO” software system we can name 

the following, reinforcing its status of a univer-

sal research software system [11]: 

 development of an interface with “heavy” 
CAD systems for import-export models; 

 development of a complete verification re-
port reflecting the new capabilities of the 
software package; 

 increase the computational dimension of the 
solved problems due to the new possibili-
ties for creating geometric and FE models, 
the implementation of algorithms for paral-
lel computations [12]; 

 further development of software implemen-
tations of alternative algorithms for dynam-
ic synthesis of substructures; 

 realization of a discrete-continual version of 
the finite element method as a competitive 
alternative and complement to the tradition-
al FEM schemes; 

 allowance for plastic deformation of metals 
(associated flow law with isotropic and kin-
ematic hardening) for an adequate assess-
ment of the static strength of pipeline parts, 
equipment and metal structures. 
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MOISTURE REGIME CALCULATION FOR SINGLE-LAYER 

ENCLOSING STRUCTURES USING DISCRETE-CONTINUAL 

MATHEMATICAL MODEL 
 

Vladimir G. Gagarin  1, 2, Kirill P. Zubarev 1 

1 National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 
2 Research Institute of Building Physics of Russian Academy of Architecture and Construction Sciences,  

Moscow, RUSSIA 

 

Abstract: The paper describes moisture regime calculation for single-layer enclosing structures using discrete-

continual method. A formula for calculation of moisture potential dependence on time in any enclosing structure 

section, at any time, under continuous control for temperature distribution, has been derived. Moisture regime 

calculation results under the proposed method have been compared to results obtained by well-known methods 

by V.G. Gagarin and V.V. Kozlov for aerated concrete single-layer enclosing structure. It has been found out 

that the proposed method gives quantitative and qualitative results similar to results obtained using Gagarin’s 

unsteady-state method. 

 

Keywords: moisture regime, discrete-continual method, moisture potential, enclosing structure,  

aerated concrete, moisture exchange coefficient 

 

 

РАСЧЕТ ВЛАЖНОСТНОГО РЕЖИМА  

ОДНОСЛОЙНЫХ ОГРАЖДАЮЩИХ КОНСТРУКЦИЙ  

С ИСПОЛЬЗОВАНИЕМ ДИСКРЕТНО-КОНТИНУАЛЬНОЙ 

МАТЕМАТИЧЕСКОЙ МОДЕЛИ 
 

В.Г. Гагарин 1, 2, К.П. Зубарев 1 
1 Национальный исследовательский Московский государственный строительный университет,  

г. Москва, РОССИЯ 
2 Научно-исследовательский институт строительной физики  

Российской академии архитектуры и строительных наук, г. Москва, РОССИЯ 

 

Аннотация: В настоящей статье представлен расчет влажностного режима однослойных ограждающих 

конструкций зданий с применением дискретно-континуального метода. Выведена формула, 

позволяющая рассчитывать зависимость потенциала влажности от времени в любом сечении 

ограждающей конструкции, в любой момент времени, при непрерывном учете температурного поля. 

Проведено сравнение результатов расчета влажностного режима по предложенному методу режима с 

известными методами В.Г. Гагарина и В.В. Козлова для однослойной ограждающей конструкции из 

газобетона. Получено, что предложенный метод дает и количественный и качественный результат с 

нестационарным методом В.Г. Гагарина. 

 

Ключевые слова: влажностный режим, дискретно-континуальный метод, потенциал влажности, 

ограждающая конструкция, газобетон, коэффициент влагообмена 

 

 

1. INTRODUCTION 

 

Moisture regime calculation for enclosing 

structures is an actual and high-demand area of 

focus in construction. 

Wet construction material can result in higher 

heat loss [1, 2, 3] and premature failure of load-

bearing structures [4, 5, 6, 7]. Construction 

material moisture influence on human 

DOI:10.22337/2587-9618-2018-14-3-42-49
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electromagnetic shielding has also been studied 

recently [8, 9]. 

Development of moisture regime calculation 

methods for enclosing structure is one of the 

most important research trends [10, 11, 12]. 

Methods based on moisture potential theory are 

the most progressive ones [13]. Gagarin’s 

moisture potential [14], which is a function of 

temperature and moisture, is well-known: 

 

 
0

1
(( ) ) .), (

w

tE wF w t dt    


     ,        (1) 

 

where F – moisture potential, Pa;

 
tE – maximum 

water vapor tension, Pa;   – relative air 

humidity, %; μ – vapor permeability coefficient, 

kg/(m⋅ s⋅ Pa); β – moisture conductivity 

coefficient, kg/(m⋅ s⋅ kg/kg), which depends on 

moisture. 

Moisture potential F (1) distribution for single-

layer enclosing structure is described by 

moisture transfer differential equation: 
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 (2) 

 

where 
0  – enclosing structure dry material 

density,

 

3/kg m , τ – time, s; x - coordinate, m. 

Within a month a temperature distribution is 

appears to be constant [14] and has the 

following form for single-layer enclosing 

structure: 

 
2

2
0.

t

х
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                          (3) 

 

where t – temperature, оС; 

Association between temperature and moisture 

distribution is determined by Clausius-Clapeyron 

correlation: 

 
111.84 10 exp( 5330 / (273 )).( )tE t t            (4) 

 

As temperature distribution is assumed to be steady 

within the model, water vapor tension
 tE  is constant 

during a month. 

Third-order boundary conditions of moisture 

exchange are set for the equation (2) at the 

enclosing structure boundaries. 

Boundary condition of moisture exchange 

between outside air and structure surface can be 

represented as follows: 
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1

.ext

i

ext

F
F F

x
 




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
,                  (5) 

 

where 
extF  – outside air moisture potential equal 

to partial pressure of outside air water vapor, 

Pa; 
1F  – moisture potential of the enclosing 

structure surface which contacts with outside 

air, Pa; 
ext – moisture exchange coefficient of 

outside air and enclosing structure section, 
2/ ( )kg s Pam   . 

Boundary condition of moisture exchange 

between inside air and structure inner surface 

can be represented as follows: 

 

 
 .in in N

i N

F
F F
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 
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,                  (6) 

 

where 
inF  – inside air moisture potential equal 

to partial pressure of inside air water vapor, Pa; 

NF  – moisture potential of the enclosing 

structure surface which contacts with inside air, 

Pa; 
in  – moisture exchange coefficient of 

inside air and enclosing structure section, 
2/ ( )kg s Pam   . 

Moisture regime calculation by equations (1) – 

(6) requires numerical method application using 

computer, thus, it is difficult to be used in 

engineering practice. Kozlov’s engineering 

method [15], based on moisture potential 

steady-state distribution examination is the most 

applicable method for moisture state assessment 

of an enclosing structure: 
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Computer modelling methods have been 

advanced in parallel to moisture regime theory 
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development. In papers [16, 17] A.B. Zolotov, 

P.A. Akmov et al. Propose a thermal 

conductivity formula, which stays steady in 

time: 

 

 1

0( ) .A AU e U A E e S         ,          (8) 

 

where U

 

– temperature distribution column 

vector; 
0U

 

– initial temperature distribution 

column vector;

 

A

 

– coefficient matrix; S  –

boundary conditions column vector.

 In practice, equation (8) is a solution for 

unsteady-state thermal conductivity problem 

under time-constant first-order boundary 

conditions. 

This method has been developed in papers by 

V.N. Sidorov and S.M. Matskevich [18, 19, 20]. 

First-order boundary conditions varied with 

time, and temperature distribution was 

described by the following expression at any 

time:  
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0

0

( ) ( ) .A AU e U e S d



                   (9) 

 

Integral in equation (9) has been determined by 

trapezoidal method. 

 

 

2. THE PROBLEM 

 

Development of moisture regime engineering 

calculation method for single-layer enclosing 

structure in unsteady-state moisture regime 

using discrete-continual method. 

 

 

3. MATERIALS AND METHODS 

 

The following expression has been proposed: 
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w
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where 
F  – “relative elasticity of moisture 

potential”. 

“Relative elasticity of moisture potential” can 

be represented as a characteristic curve, which 

is called as “sorption-oversorption isotherms”. 

“Sorption-oversorption isotherms” is of the 

following form for aerated concrete D400 

(Figure 1). 

 

 
Figure 1. “Sorption-over sorption isotherms” 

for aerated concrete D400  

(1 – temperature -10оС; 2 – temperature -5 оС;  

3 – temperature 0 оС; 4 – temperature 5 оС;  

5 – temperature 10 оС; 6 – temperature 15 оС;  

7 – temperature 20 оС). 

 

"Average coefficient of construction material 

hygrothermal properties" ( , )w t  has been 

introduced. The coefficient has been taken to be 

constant within the assessment month: 

 

0

( , )
( ( , )/ )

.
Fd

w t
ww d t
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
             (11) 

 

According to expressions (10) and (11) a 

modified differential moisture transfer equation 

can be derived: 

 
2

2

( , ) ( , )
( , ) ( ) .t

F w t w t
E

F
w t t

х





 




        (12) 

 

Taking into account boundary conditions (5) 

and (6), the equation (12) can be represented by 

a system of simultaneous equations:
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where h – enclosing structure partition step in 

coordinate x;  – enclosing structure section 

number;  – initial moisture potential 

distribution, Pa.  

Assuming that inside air moisture potential is 

constant, let’s represent moisture potential 

variation   outside construction during the 

month as a linear function: 

 

.extF m n  ,                     (14) 

 

where m – boundary conditions slope ratio 

within a month;   – boundary conditions graph 

rise within a month (Figure 1), Pa; 

Taking into account boundary condition (14), 

simultaneous equations (14) represent a Cauchy 

problem in matrix form. 
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Problem (15) solution can be written as: 
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Calculation by formula (16) is executed during a 

month. Moisture distribution value at the end of 

the current month is taken as initial moisture 

distribution value at the following month start. 

 

 

4. RESULTS AND DISCUSSION 

 

Single-layer enclosing structure made of 0.6 m 

thick aerated concrete D400 has been studied. 

Construction area: Moscow. Inside air 

temperature 20 оС and relative air humidity 50% 

have been maintained constant in the building 

during a year. 

Moisture regime calculation results for the 

single-layer enclosing structure obtained by 

different moisture potential theory methods – 

the proposed discrete-continual method, 

Gagarin’s unsteady-state method, and Kozlov’s 

engineering method – have been compared. 

Calculation according to Gagarin’s unsteady-

state method has been based on equations (1) – 

(6) by finite difference method using and 

explicit difference scheme. Calculation 

according to Kozlov’s engineering method has 

been based on analytical dependence (7). 

Calculation according to discrete-continual 

method has been based on expression (16). 

Calculation results obtained by different 

moisture potential methods are given at 

(Figure 2).  
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Figure 2. Comparison of moisture potential 

theory methods for moisture regime calculation 

of single-layer enclosing structure in January  

(1 – moisture distribution in enclosing structure 

according to Gagarin’s unsteady-state method, 

2 – moisture distribution in enclosing structure 

according to discrete-continuous method,  

3 – moisture distribution in enclosing structure 

according to Kozlov’s engineering method). 

 

 

5. CONCLUSIONS 
 

Unsteady-state moisture regime determination 

method using discrete-continual approach has 

been developed for single-layer enclosing 

structures. It was shown that the proposed 

method for moisture regime calculation gives 

quantitative and qualitative results similar to 

results of Gagarin’s unsteady-state method. 

Moisture regime is calculated on equation (16) 

without numerical method, thus, the proposed 

method can be used by design engineers in 

practice. 
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THE COMPARATIVE ANALYSIS OF THE RESULTS  

OF REAL AND NUMERICAL EXPERIMENTS FOR DEFINING 

THE ULTIMATE BEARING CAPACITY OF LIGHT GAUGE 

STEEL STUDS “ATLANT” 
 

Galina G. Kashevarova, Pavel A. Kosykh 
Perm National Research Polytechnic University, Perm, RUSSIA 

 

Abstract: The article in question describes the results of comparison of numerical and real experiments, 

presented in the report of the Canadian laboratory “Bodycote” [1]. The paper depicts the test fixture, on witch six 

samples (two typical sizes) of light gauge steel stud “ATLANT” were tested.  As a result, dependencies between 

bearing capacity and characteristic displacements were received. In order to repeat the experiment, the series of 

computer models were created with the software ANSYS. The computer models have complex nature: 

geometrical / physical nonlinearity was used. For accounting steel material nonlinearity, we used a multilinear 

model with isotropic hardening (MISO). The proper diagram was used for each typical size in accordance with 

the experiments on the tensile-testing machine. For the purpose of supporting condition and load modeling 

which are identical to the full-scale experiment, a couple of contact elements were used. The utilization of 

contact elements allowed us to consider friction between the sample and the supporting structures. One of the 

disadvantages of the full-scale experiment is the absence of measurements of the initial geometrical 

imperfections. For their consideration the use of probabilistic approach is suggested. This approach entails 

calculation of several models with different spread of initial imperfections. The initial geometrical imperfections 

with stochastic nature were included in the computing model. Parameters of distribution were based on the 

measurements of eighty-eight C-shaped members [8]. In the result of comparison, fine precision in terms of the 

ultimate bearing capacity and deformation pattern were established. According to expectation, the results of the 

full-scale experiments were found inside the fictitious “corridor”, created in accordance with the results of 

computer modeling. 
 

Keywords: light gauge steel members, “ATLANT” studs, ANSYS, initial geometrical imperfections,  

real experiment 

 

 

СРАВНИТЕЛЬНЫЙ АНАЛИЗ РЕЗУЛЬТАТОВ  

НАТУРНОГО И ЧИСЛЕННОГО ЭКСПЕРИМЕНТОВ  

ПО ОПРЕДЕЛЕНИЮ ПРЕДЕЛЬНОЙ НЕСУЩЕЙ 

СПОСОБНОСТИ ТОНКОСТЕННЫХ ПРОФИЛЕЙ «АТЛАНТ» 
 

Г.Г. Кашеварова, П.А. Косых 
Пермский национальный исследовательский политехнический университет, г. Пермь, РОССИЯ 

 

Аннотация: В статье выполнено сравнение результатов натурных экспериментов, изложенных в отчете 

Канадской лаборатории Bodycote [1], с результатами компьютерного моделирования.  Описан 

испытательный стенд, на котором было испытано шесть образцов (двух типоразмеров) тонкостенных 

профилей марки «АТЛАНТ». В результате были получены зависимости между сжимающей силой и 

характерными перемещениями. С целью повторения эксперимента в расчетном комплексе ANSYS была 

создана серия компьютерных моделей. Модели содержат как физически, так геометрически нелинейную 

постановку задачи. Для учета физической нелинейности стали использована полилинейная модель с 

изотропным упрочнением (MISO). Для каждого типоразмера применялась своя диаграмма, 

соответствующая испытаниям на разрывной машине. С целью моделирования условий опирания и 

нагружения, идентичных натурному эксперименту, использована пара контактных элементов. 

Дополнительно применение контактных элементов позволило учесть трение между образцом и опорами. 
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Одним из недостатков натурного эксперимента является отсутствие замеров начальных геометрических 

несовершенств. Для их учета предлагается использовать вероятностный подход. Подход подразумевает 

под собой расчет нескольких моделей с различными по величине и форме распределениями начальных 

несовершенств.  В расчетные модели вносились начальные геометрические несовершенства (местные и 

общие), имеющие стохастический характер. Параметры распределения были получены на основе обмера 

восьмидесяти восьми образцов сплошных С-образных профилей [8]. В результате сравнения установлена 

хорошая сходимость результатов в плане предельной несущей способности. Часть образцов показала 

схожие картины деформирования. Как и ожидалось, результаты натурного эксперимента попали внутрь 

мнимого коридора, созданного результатами компьютерного моделирования. 
 

Ключевые слова: ЛСТК, профили марки «АТЛАНТ», ANSYS, начальные геометрические 

несовершенства, натурный эксперимент 

 

 

1. TEST FIXTURE 

 

According to the presented report [1], the tests 

were conducted on the test fixture, depicted in 

Figure 1. The test fixture consists of three 

supporting structures, tightly attached to the 

reinforced floor, between which the horizontally 

positioned sample can be found.  Both of 

sample ends wereattached totrackswith self-

tapping screws with the diameter of 4.8 mm. 

One of the tracks (“the lower” one) was 

attached to the supporting structure along the 

full length with six bolts М12. Another track 

(“the upper” one) was fixed in its ends on the 

two remaining supporting structures, positioned 

at a distance of 𝐿𝑏𝑟 = 1219 𝑚𝑚 with four bolts 

M 12. While testing both sample flanges, 

positioned in the center of the span, were 

constrained by using bands sized 38.1х1.27 

mm.The band length was 𝐿𝑠 = 1219 𝑚𝑚. 

Moreover, vertical mobility measurement at the 

Y-axis was taken in the center of the span.  

Sample adjustment on the test fixture was held 

by means of a laser pointer, positioned near “the 

lower” track. The load was transferred over the 

length (Z-axis) through “the upper” track with 

the help of servo-hydraulic actuator, equipped 

with the dynamometer. The mechanical motion 

transducer was installed in combination with the 

dynamometer at the Z-axis. The metal plate was 

assembled between the actuator and the track. 

The load was transferred continually with 

continuous traversing speed monitoring 0.76 

mm/min. 

 

 

2. TESTS SAMPLES 

 

Three samples of steel studs “ATLANT” of two 

typical sizes were tested in the course of the 

experiment [2]. The first typical size (samples 

S1–S3): web height 𝐻 = 152.4 𝑚𝑚, flanges 

width 𝐵 = 41.3 𝑚𝑚, steel thickness 𝑇𝑘 =
2.0 𝑚𝑚. The second typical size (samples S4–

S6): web height 𝐻 = 152.4 𝑚𝑚, flanges width  

𝐵 = 41.3 𝑚𝑚, steel thickness 𝑇𝑘 = 1.0 𝑚𝑚. 

All six samples were of the length  𝐿 =
2438 мм. Before the experiment the 

measurements of the main geometrical 

parameters were made on each sample in three 

positions (beginning, middle, end). The results 

of the measurements are presented in Table 1. 

According to [5], microscopic analysis of the 

metallographic specimen of each sample was 

conducted. The thickness of zinc covering as 

well as of base metal were defined. As the result 

of the experiment, there were graphs, made for 

each sample which describe the correlation 

between pressure load and sensor reading of the 

two motion detecting transducers. These graphs 

will be presented along with the results of 

computer modeling. 

 

 

3. COMPUTER MODELLING 

 

In order to display the results of the full-scale 

experiment by means of the ANSYS software 

[6] we created a series of CAE-models 

(Figure 2). 



Galina G. Kashevarova, Pavel A. Kosykh 

International Journal for Computational Civil and Structural Engineering 52 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
a) 

 
b) 

Figure1. Testing bed scheme: a) top view; b) side-view. 
 

 
Figure 2. The overview of the calculating model.  
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Table 1. Geometrical parameters of steel studs. 

Parameter 
Sample S1 Sample S2 

Beginning Middle End Beginning Middle End 

H, mm 152.654 152.883 152.806 153.162 152.806 152.857 

B1, mm 41.720 41.605 42.012 41.250 42.520 42.113 

B2, mm 41.224 41.948 42.139 41.783 41.694 41.948 

C1, mm 12.891 12.751 14.402 12.459 12.586 11.938 

C2, mm 12.370 12.802 12.065 13.170 12.192 13.475 

Parameter 
Sample S3 Sample S4 

Beginning Middle End Beginning Middle End 

H, mm 153.886 154.115 153.988 153.695 152.578 152.159 

B1,mm 41.123 41.021 41.326 41.554 41.059 42.824 

B2, mm 41.250 41.504 41.478 41.720 42.431 41.935 

C1,mm 13.284 13.030 14.669 12.852 12.560 13.551 

C2, mm 13.551 13.716 13.216 13.145 13.551 12.789 

Parameter 
Sample S5 Sample S6 

Beginning Middle End Beginning Middle End 

H, mm 153.822 152.705 152.171 153.899 152.603 152.438 

B1, mm 42.050 41.021 42.901 42.164 41.072 42.824 

B2, mm 42.139 42.215 41.745 42.050 41.999 41.707 

C1, mm 12.624 12.306 12.687 12.751 12.306 13.360 

C2, mm 12.852 13.526 12.751 13.157 13.500 12.954 

 

The model consists of the test sample, bands 

and rigid supports. Shell members SHELL181 

with the average size of 3-5 mm were used for 

creating the final-element mesh. Beam elements 

BEAM188 were used for creating bands. For 

modeling the band attachment in the sample 

flanges we prepared holes with the diameter of 

4.8 mm which is equal to the self-tapping 

screws diameter. Nodes along the circuit holes 

joined in the rigid region with “the master” 

node, positioned in the center of the hole. The 

attachment of beam elements of bands was done 

by combination of displacements ((ux, uy, uz) 

with the correspondent nodes and the “the 

master” node. For the purpose of supporting 

condition and load modeling which are identical 

to the full-scale experiment, we used a pair of 

contact elements CONTA177 (end of the 

sample) and TARGE170 (face of support plate). 

Given that stiffness of rigid supporters 

transferring the load is considerably greater than 

the stiffness of the sample, the elements 

TARGE170 were used in nondeformable 

formulation and were guided by “the master” 

nodes. 

In addition, the use of contact elements allowed 

us to consider friction between the sample and 

the supporting structures (frictional coefficient 

𝜇 = 0.25). The load modeling was conducted 

by moving the contact elements TARGE170 of 
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“the upper” track at the Z-axis toward “the 

lower” track. The following boundary 

conditions were put: “the master” node of the 

contact elements of “the lower” track and the 

side nodes of the bands were constrained in ux, 

uy, uz; “the master” node of the contact 

elements of “the upper” track — ux, uy. For 

accounting steel material nonlinearity we used a 

multilinear model with isotropic hardening 

(MISO) [7]. The proper diagram was used for 

each typical size in accordance with the 

experiments on the tensile-testing machine. 

One of the disadvantages of the full-scale 

experiment isthe absence of measurements of 

the initial geometrical imperfections. For their 

consideration the use of probabilistic approach 

is suggested. This approach entails calculation 

of several models with different spread of initial 

imperfections. The value of imperfections was 

obtained on the basis of normal distribution [8], 

derived from the measurement of 88m solid C-

shaped studs. It is anticipated that distribution of 

initial imperfections of real samples is in the 

diapason of computer modeling. Therefore, the 

results of the full-scale experiments are 

supposed to be inside the fictitious “corridor”, 

created in accordance with the results of 

computer modeling. 

Implementation of the initial geometrical 

imperfections with stochastic nature was done 

in the following order. Firstly, the initial local 

and general buckling modes were defined on the 

basis of the linear buckling analyses (Figure 3).  

Figure 4a presents uy flange displacement in the 

line 1-2 (Figure 3) in case of local buckling. It is 

clear that the shape in question is wavy with a 

variable half-wave length. With the purpose to 

give this shape stochastic nature it was decided 

to set up the peak amplitude for each separate 

section (highlighted by a dashed line) between 

zero displacement uy. The peak amplitude was 

deduced by normal distribution. The parameters 

of normal distribution for this type of 

imperfection are applied to thickness of steel 

𝐷 𝑇𝑘⁄  and described in paper [8]: mean 

value𝜇 = 0.26, standard deviation 𝜎 = 0.49.On 

the basis of this distribution 5 variants of the 

peak magnitude amplitude were defined for 

each section. Therefore, we prepared 5 

calculating models for each typical size of the 

stud which are different in their shape and the 

value of initial geometrical imperfections. The 

variants ANS1-x relate to the first typical size of 

the stud with the metal thickness of 2.0 mm; 

variants ANS2-x relate to the second typical 

size of the stud with the metal thickness of 1.0 

mm. The symbol “x” stands for the variant 

number of imperfections introduction. The 

result of amplitude adjustment with the 

consideration of stochastic nature is presented in 

Figure 4b. 

General initial imperfections were introduced 

according to the related buckling mode which is 

a curve along the sinusoidal wave in a plane of 

lesser stiffness. For each of the 10 variants on 

the basis of normal distribution [8] (𝜇 = 2033, 

𝜎 = 3471) we generated a series of values 
(𝐿 2⁄ ) ∆⁄ , where ∆ is an imperfection value. In 

addition to 10 variants described, four models 

were prepared. Initial imperfections were 

absolutely absent in variants ANS1-6, ANS2-6. 

The value of initial imperfections was raised to 

the level of standard values in variants ANS1-7, 

ANS2-7. In order to instill the model with 

stochastic nature, geometrical sizes of the 

calculating models were also computed on the 

basis of normal distribution. 

 

 

4. COMPARATIVE ANALYSIS 

 

According to the results of full-scale 

experiments and computer modeling, we 

obtained correlations between the value of 

pressure load and: a) displacement uz of the 

sample end in the position of “the upper” track; 

b) displacement uy of “the lower” stud flange 

inthe centre of the span.  The correlation of 

pressure load and displacement uz is presented 

in Figure 5 for pictorial comparison. The value 

of ultimate compressive force corresponding to 

full-scale experiments occurred in the interval, 

obtained by computer modeling. 

The diapason of the results of the first type of 
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the typical size (ANS1-x) was from 67.8 kN to 

92.1 kN. The results of full-scale experiments 

are presented homogeneously inside the 

interval, which indicates that the value of initial 

geometrical imperfections in real samples  

(S1–S3) varied from minimum to maximum-

allowable. The diapason of the results of the 

second type of the typical size (ANS2-x) was 

from 24.5 kN to 34.6 kN. Furthermore, the 

results of full-scale experiments (S4–S6) are 

presented close to the lower limit, which 

confirms the fact that the value of initial 

imperfections of the samples was close to the 

limit value. 

According to the results of full-scale experiment 

𝑢𝑧 and  𝑢𝑦 correspond to the ultimate bearing 

stress and on average 2-4 times exceed similar 

meanings, derived by computer modeling. 

Nevertheless, the difference in the absolute 

values does not exceed 9 mm for the samples of 

the first typical size, 3.4 mm - for the samples of 

the second typical size. 

 

 

 
Figure 3. First local buckling mode. 

 

 
a) 

 

 
b) 

Figure 4. Displacement uy along the line 1–2: a) in original shape;  

b) in adjusted shape with consideration of stochastic nature. 
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The results of computer modeling demonstrate 

patterns of deformation which are similar to 

full-scale experiments. Sample S1 pattern 

corresponds to the results of computer modeling 

of the variant ANS1-4 (Figure 6) — in both 

cases we can observe a considerable curve of 

the upper flange in the centre of the second half 

of the stud. Sample S3 pattern corresponds to 

the results of computer modeling of the variant 

ANS1-5— in both cases we can observe a 

considerable curve of the upper flange in the 

centre of the first half of the stud. 

The ultimate bearing stress values were close: 

the measure of inaccuracy between the results 

S1 and ANS1-4 — 4.3%, between the results S3 

and ANS1-5 — 0.74%. 

The identical pattern of deformation is observed 

in samples S4–S6— a local curve of the upper 

flange on the first half of the stud. 

The similar pattern of deformation is observed 

in sample ANS2-5. 

 

 

 
a) 

 
b) 

Figure 5. Correlation between compressive force and displacement uz for samples:  

a) first typical size; b) second typical size. 
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Figure 6. Deformation comparison. 
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DETERMINATION OF ELASTIC PROPERTIES  

OF CEMENT-SAND COMPOSITION USING STRUCTURAL 

SIMULATION MODELING  
 

Yuri E. Kurbatov, Galina G. Kashevarova  
Perm National Research Polytechnic University, Perm, RUSSIA 

 

Abstract: The estimation of quantitative influence of fine-grained concrete structural elements on its strength 

characteristics is a very actual task requiring application of computer technologies. In this article, the authors 

propose a structural and simulation model of cement-sand composition, which includes pores, cement stone, 

sand and the contact zone between them. As a result of the numerical calculation of this model, the integrated 

elastic characteristics of the material (modulus of elasticity and Poisson's ratio) are obtained, which can be 

assigned as initial data for the model of a higher scale level in order to optimize the composition of concrete. 

 
Keywords: cement-sand composition, fine-grained concrete, structural simulation modeling, mesostructure, 

Monte Carlo method, boundary problem, contact zone 

 

 

ОПРЕДЕЛЕНИЕ УПРУГИХ ХАРАКТЕРИСТИК  

ЦЕМЕНТНО-ПЕСЧАНОЙ КОМПОЗИЦИИ МЕТОДОМ 

СТРУКТУРНО-ИМИТАЦИОННОГО МОДЕЛИРОВАНИЯ 
 

Ю.Е. Курбатов, Г.Г. Кашеварова  
Пермский национальный исследовательский политехнический университет, г. Пермь, РОССИЯ 

 

Аннотация: Оценка количественного влияния структурных элементов мелкозернистого бетона на его 

прочностные характеристики является весьма актуальной задачей, требующей применения 

компьютерных технологий. В данной статье авторами предложена структурно-имитационная модель 

цементно-песчаной композиции, включающая в себя поры, цементный камень, песок и контактную зону 

между ними. В результате численного расчета данной модели получены интегральные упругие 

характеристики материала (модуль упругости и коэффициент Пуассона), которые могут быть назначены 

в качестве исходных данных для модели более высокого масштабного уровня с целью оптимизации 

состава бетона.  

 

Ключевые слова: цементно-песчаная композиция, мелкозернистый бетон,  

структурно-имитационное моделирование, мезоструктура, метод Монте-Карло, краевая задача, 

контактная зона 

 

 

1. INTRODUCTION 

 

Structural-simulation modeling (SSM) is one of 

the most effective tools which is suitable for the 

description of the complex structured systems 

such as fine-grained concrete. SSM allows to 

take into account the distribution of structure 

components in space, their mutual orientation 

and pairing. In [1] the author presents an 

analytical review of existing approaches to SSM 

of a complex composite structures such as 

fibrobeton, analyzes the main stages of 

modeling, including the creation of geometry 

and orientation of structural elements in space, 

the appointment of effective properties, binding 

and loading the model. 

In the paper [2] Haritonov A.M. offers a 

generalizing model of fine-grained concrete 

structure, which can be used to study the 

heterogeneity of stress distribution in the 

DOI:10.22337/2587-9618-2018-14-3-59-67
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material volume. This phenomenon, according 

to the author, can be explained by a large 

difference in the values of the elastic modulus 

of cement stone and fine aggregate. The author 

created a flat model of cement-sand composite 

microstructure on three scale levels in order to 

calculate it. At the same time, the author's 

program "PoreSolution" [3], implementing the 

Monte Carlo method, was used to place the 

structural elements of the model within a given 

area. An experiment on static compression of a 

flat concrete model for developed geometrical 

and finite element models was simulated (see 

Figure1). Boundary conditions of the 

experiment are shown in Figure 2. Performed in 

the work [2] studies have allowed to obtain the 

strength and deformation regularities in the 

behavior of cement-sand compositions 

depending on their composition. 

 

           
                            a                                                  b                                                 c      

Figure 1. The geometric model of cement-sand compositions structure [2]: 

a) 5x5 mm; b) 20x20 mm; c) 50x50 mm. 

 

 
Figure 2. Boundary conditions of the calculation scheme [2]. 

 

The authors of this publication have set an aim 

to conduct an own independent computational 

experiment on the basis of the study described 

above to determine additional output parameters 

and to conduct a comparative analysis of the 

results with the data presented in [2]. At the 

same time, to form the geometric scheme of the 

cement-sand composition, an alternative 

program in the APDL language was written. 

Thus, all stages of the computational experiment 

were implemented in one software environment 

– ANSYS Mechanical. 
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2. CONDUCTING OF THE 

COMPUTATIONAL EXPERIMENT 

 

The formulation of the boundary value problem 

in this case is traditional for the structural-

simulation approach. The basic relations of the 

elasticity theory are given below: 

 

0)()(,  rFr ijij              (1) 

))()((
2

1
)( ,, rUrUr ijjiij           (2) 

)())()(()( ijkl rrПIrCr klijklijklij      (3) 

ijij Fn                     (4) 

*|Г uu                         (5) 

 

The concept of “probabilistic-geometric 

concentration” proposed in [4] was used to 

create a structural-simulation model. A 

distribution of pores and grains of sand by size, 

porosity and arrangement of pores and solid 

phases in model space were considered as a 

major probability factors that define the 

geometry model. The design plane of the model 

is taken in the form of a square with dimensions 

of 50 x 50 mm. Structural components which 

considered in the model are as follows: 

 the matrix (cement stone);  

 grains of sand (0,5-1 mm); 

 pores (sizes range from 0.2 mm to 0.8 mm);  

 the contact area between the grains of the 

filler and the matrix (thickness 0.2 mm). 

The form of pores and grains of sand is 

conditionally accepted as circles for 

simplification of construction of a finite-element 

grid. The contact area is simulated as an annular 

shell around each grain of sand.  

The modulus of elasticity (E) and Poisson's ratio 

(µ) of quartz sand are adopted on the basis of 

literature data and are equal to: Е = 72,8 GPa, 

µ=0,167. The values of the modulus of elasticity 

and Poisson's ratio of the contact zone are 

assumed to be equal 10,6 GPa и 0,30 (according 

to estimates obtained in the work [5]).  

The above values were recalculated for use in 

two-dimensional formulation [6] in order to 

prepare for the calculation: 

 

,
)1( 2

3

3

2



E

E                        (6) 

)1( 3

3

2






                         (7) 

 

The values of modulus of elasticity and 

Poisson's ratio of cement stone for each 

calculated composition (P1...P10, see Table 2) 

are taken from the results of experiments carried 

out at the previous scale level (20x20 mm) in 

[2]. These values are assigned as initial values 

for cement stone in model 50x50 mm. Figure 3 

shows a typical geometric scheme of the 

composition for P1, built by the author's macro-

program in the language APDL (ANSYS 

Mechanical). Each time you run the program, it 

implements a new packaging option that does 

not repeat the previously built layouts. The 

conditions of fastening and loading were taken 

in accordance with Figure 2. 

The following two types of finite elements have 

been selected to build the mesh in the ANSYS 

library: PLANE 182 and PLANE 183. 

According to the results of preliminary 

calculations on two corresponding meshes (with 

the same partition step, but with different types 

of finite elements) in one case, the result was 

noticeably overestimated relative to the 

experimental value, in the other – slightly 

understated (see Table 1). After the final 

selection of the finite element type 

(PLANE183), a second preliminary calculation 

was carried out, also on two finite element 

meshes, but with a different partition step (0.2 

mm and 0.4 mm). Based on the results shown in 

Table 2, it can be concluded that the 0.2 mm 

mesh pitch gives a slightly more accurate result. 

The enlarged fragment of this mesh is shown in 

Figure 4. 

.
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Figure 3. Geometry of composite for structure P1 

1 - cement matrix   2 - pore    3 - sand particle    4 - contact area. 

 

 
 

Figure 4. The enlarged fragment of the calculation scheme for the composition P1 

 

Table  1. Parameters of material.

Composition 
Sand  

% 

Pores 

% 

Modulus of elasticity, GPa 

* 
расчE  (PLANE 182) расчE  (PLANE 183) 

3D 2D 3D 2D 3D 

Р1 47,4 19,86 22,41 25,262 23,843 23,068 21,772 

 

Table  2. Parameters of material. 

Composition 
Sand 

% Pores 

% 

Modulus of elasticity, GPa 

  * 
расчE  (s=0,4 mm) расчE  (s=0,2 mm) 

3D 2D 3D 2D 3D 

Р1 47,4 19,86 22,41 23,020 21,727 23,068 21,772 
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In preparation for the main series of strength 

calculations for each composition (P1...P10) it 

was formed on three models with different 

distribution of structural components in the 

plane of the model, but with the same 

percentage, with one type of finite element 

(PLANE 183), and with one partition step (0.2 

mm). The results were averaged for each 

composition. Then the summary Tables 3 and 4 

were made, in which the values of the modulus 

of elasticity and Poisson's coefficients specified 

in [2] ( *, *, *), and received as a 

result of the executed calculations 

( ).

Table  3. Parameters of material. 

Compo

sition 

Sand 

% 

Pores 

% 

Modulus of elasticity, GPa 
*

экспE  
*

теорE  расчE  интE  
эквE  

расч

экв

E

E
 

3D 2D 3D 2D 3D 2D 2D 

Р1 47,4 19,86 22,41 25,7 24,3 22,884 21,599 26,097 42,358 1,85 

Р2 48,9 19,09 23,95 26,8 24,4 23,484 22,165 26,214 43,241 1,84 

Р3 52,3 17,68 32,01 33,3 31,5 28,187 26,604 32,015 46,475 1,65 

Р4 49,1 18,13 25,34 27,0 25,6 23,560 22,237 28,752 43,844 1,86 

Р5 53,2 20,25 22,03 25,1 23,8 21,932 20,762 27,379 44,834 2,04 

Р6 55,3 17,65 27,81 29,3 27,8 24,667 23,351 30,037 47,107 1,91 

Р7 56,1 17,21 30,56 32,2 30,5 27,701 26,223 31,439 47,875 1,73 

Р8 55,4 19,62 20,60 23,4 22,2 21,383 20,242 28,142 45,921 2,15 

Р9 58,3 20,05 22,44 25,9 24,6 21,091 20,023 30,808 47,337 2,24 

Р10 66,1 18,70 19,02 22,8 21,4 19,492 18,504 25,998 50,766 2,60 

 

Table  4. Parameters of material. 

Composition Share of sand,  % 

Porosity, % 

Poisson's ratio 

  *

теор  расч  

2D 3D 2D 3D 

Р1 47,4 19,86 0,31 0,24 0,310 0,237 

Р2 48,9 19,09 0,31 0,24 0,310 0,237 

Р3 52,3 17,68 0,30 0,23 0,310 0,237 

Р4 49,1 18,13 0,30 0,23 0,310 0,237 

Р5 53,2 20,25 0,30 0,23 0,300 0,231 

Р6 55,3 17,65 0,30 0,23 0,300 0,231 

Р7 56,1 17,21 0,30 0,23 0,301 0,231 

Р8 55,4 19,62 0,30 0,23 0,300 0,231 

Р9 58,3 20,05 0,29 0,22 0,291 0,225 

Р10 66,1 18,70 0,29 0,22 0,291 0,225 

 

3. RESULTS OF CALCULATION 

 

Several approaches were used to obtain the 

values of the modulus of elasticity and Poisson's 

ratio based on the results of the computational 

experiment. According to [7], modulus of 

elasticity расчE  is defined as the ratio of voltage 

increment from zero to the level of external load 

equal to 30% from the damage (20 MPa 

according [2]), to the increment of elastic-

instantaneous relative deformation of the 

sample. The Poisson ratio is calculated as the 

ratio of the elastic-instantaneous relative 

transverse strain to the longitudinal strain of the 

specimen. Thus devices for measurement of 
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deformations of a concrete sample in the form 

of a cube shall be established on four free sides. 

In accordance with the indication (in the 

transition to the plane problem), the results of 

strength calculation in ANSYS (values of the 

elastic deformations) was determined in the 

nodes located on the free right edge of the 

model (see Figure 2). According to the obtained 

data, the average values of longitudinal and 

transverse strain on the face were calculated 

(see tables 3 and 4). The calculated values of the 

elastic modulus расчE  and Poisson's ratio 

расч were determined. Figure 5 shows the 

distribution fields of elastic longitudinal 

deformation for the composition P3, which 

provided the highest value among all the 

simulated compositions.   

 

 
Figure 5. Elastic longitudinal deformation of the composite composition P3. 

 

The second approach to the calculation of the 

elastic modulus is based on the calculation of the 

integral value of the obtained data on the stress-

strain state in each node of the model. The value 

of the elastic modulus was defined as the ratio of 

the normal stress in the node to the elastic 

longitudinal deformation in the same node:  

 

yi

yi

интiE



 . 

 

Then the integral modulus of elasticity was 

determined as the average value for all nodes: 

 

 интiинт EE . 

 

The equivalent modulus of elasticity takes into 

account the degree of influence of the structure 

components on the elastic properties of the 

composite and is calculated by the following 

expression: 

 

экв 


N

m

mm Ek
1

)(                        (8) 

This value sums the shares of the “contribution” 

of individual phases to the strength of the model 

in proportion to the volume occupied by them in 

the structure of the model. It is obvious that the 

equivalent modulus of elasticity differs 

markedly from the actual absolute value of the 

resulting young modulus. In the paper [2] the 

following relation is obtained, which according 

to the author is almost constant: 

 

           
** 61,1 теорэкв EE                         (9) 

 

However, according to the results of 

calculations shown in table 5, the authors of this 

article found that the ratio is variable and varies 

in the range of 1.65...2,60. Thus, three 

alternative values of the elastic modulus for 

each composition were obtained by different 

methods, which were compared with the 

experimental values given in [2] *

экспE  and 

numerical values 
*

теорE , received on results of 

calculations. A comparison of the values of all 

the above values is given in Table 5. 
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Table  5. Comparison of results. 

Composition 

 

Difference (in %) between: 

расчE  и... интE  

и ... расч

экв

E

E
и... 

*

экспE  *

теорE  
*

теорE  
*

*

теор

экв

E

E
=1,61 

Р1 3,62 11,12 1,52 12,97 

Р2 7,45 9,16 2,19 12,50 

Р3 16,89 15,54 1,61 2,42 

Р4 12,25 13,14 6,09 13,44 

Р5 5,76 12,76 8,32 21,08 

Р6 16,03 16,00 2,45 15,71 

Р7 14,19 14,02 2,36 6,94 

Р8 1,74 8,82 16,85 25,12 

Р9 10,77 18,61 15,93 28,13 

Р10 2,71 13,53 12,30 38,08 

 

4. CONCLUSION 

 

The obtained results of the mechanical 

properties calculations allow us to conclude that 

a consistent increase in the percentage of sand 

in the composition to 50-55% leads to an 

increase in the value of the elastic modulus, but 

with a further increase in the reinforcement of 

the cement stone with a small filler, there is a 

significant decrease in the elastic characteristics 

of the material.   

The obtained values can be used to assign the 

physical properties of the matrix of a higher 

scale level (for example, in coarse-grained 

concrete). Thus, the developed structural 

simulation model of cement-sand composition 

allows reproducing the most important 

mechanical characteristics of the material in 

order to assess the impact of individual 

structural components on the strength of the 

composite. 
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ARCHITECTURAL MODELLING OF “SOUND” PERGOLA 
 

 Valery S. Lesovik, Irina L. Pershina, Dmitry Yu. Popov,  

Andrey V. Shevchenko 
Belgorod State Technological University named after V.G. Shukhov, Belgorod, RUSSIA 

 
Abstract: The article describes architectural solutions of pergolas adapted for the reproduction of synthesized 

acoustic space. The solution is represented by means of computer modelling and visualizes both processes and ob-

jects on the example of construction and calculations. The project design of architectural models is an integral part 

in the practical reconstruction of the geospatial space studied by the architectural geography. 

 

Keywords: architectural geonics, computer modelling, specific space, acoustic architectural environment, 

textiles-concrete, reinforcement, composite binder 

 

 

АРХИТЕКТУРНОЕ МОДЕЛИРОВАНИЕ «ЗВУКОВОЙ» ПЕРГОЛЫ 
 

В.С. Лесовик, И.Л. Першина, Д.Ю. Попов, А.В. Шевченко 
Белгородский государственный технологический университет им. В.Г. Шухова, г. Белгород, РОССИЯ 

 

Аннотация: В статье описаны архитектурные решения перголы, приспособленной для воспроизводства 

сентезированного акустического пространства. Решение представлено средствами компьютерного модели-

рования и визуализирует как процессы, так и объекты на примере построения и расчетов. Проектная разра-

ботка архитектурных моделей является неотъемлемой частью в практическом воссоздании исследуемого 

архитектурной геоникой геоспецифического пространства.  

 

Ключевые слова: архитектурная геоника, компьютерное моделирование, специфическое пространство, 

акустическая архитектурная среда, текстиль-бетон, армирование, композиционное вяжущее 

 

 

1. INTRODUCTION.  

ABOUT THE PROCESS CONTENT OF 

THE COMPOSITION 
 

Denoting the problem of creating an architectural 

environment that exerts a therapeutic interven-

tion on the physical and psychoemotional state of 

a person, a solution appears to be a fundamental-

ly new way of solving an actual scientific prob-

lem. The originality of the formulated approach-

es allows us to talk about a new paradigm in ar-

chitecture — architectural geonics [1-3], which 

formulates the systematic study of the influence 

of geofactors on humans and has in its deposit 

tools for creating specificity of space [4-5]. 

Modern trends of transdisciplinarity in the theo-

ry and practice of architectural geology [6], ex-

pressed in separate concepts, methods and ap-

proaches, are "supported" by the latest 

knowledge and indicate the development of the 

vector of geodirectional architecture. Their local 

manifestations reflect a comprehensive ap-

proach to creating a positive architectural and 

spatial living environment. This confirms the 

need for the development of architectural geol-

ogy in the framework of theoretical and project 

experience in the formation of geo-approaches, 

as well as the development of principles and 

models of geosynthetically specific space. 

The results presented in this paper are an archi-

tectural part of the implementation of the exper-

iment on the practical implementation of the 

idea of creating an acoustic environment as a 

form of representation of an architectural space, 

according to A.G. Rappaport formulation, — 

one of the types of “perceptual real space, re-

flected by human perception” [7]. 

DOI:10.22337/2587-9618-2018-14-3-68-82
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As a model of an architectural specific space, 

two sketches are implemented, developing ideas 

for the conceptual shaping of structures for var-

ious purposes. The specificity of space in all 

cases is monosyllabic: one geosynthetized tool 

of architectural geography using the possibilities 

of air flows was applied. 

The aim is to erect a "sound" surface for practi-

cal modelling of a specific medium by means of 

architectural geography within the framework of 

scientific research. 

At the preparatory stage of the practical solution 

of this problem, the search and systematization 

of architectural analogs were carried out; on the 

basis of this stage, the development of concep-

tual design proposals for sound architectural 

structures that form the geospecific nature of 

space through the application of methods of 

computer modelling of structures and objects. 

The possibilities of modern software tools for 

analyzing and designing the concepts of sound 

spaces were limited to the ArchiCad, 3-Ds Max, 

SketchUp programs and the Lumion 3D anima-

tion visualization program. As an opportunity to 

implement it is proposed to use the products of 

scientific developments of post-graduate stu-

dents and scientists of BSTU named after V.G. 

Shukhov. They initiated the research of a non-

traditional material for Russian construction — 

textile-concrete. Textile-concrete is a composite 

material, consisting, like ordinary reinforced 

concrete, of concrete and reinforcement, but in-

stead of steel reinforcement, alkali-resistant 

glass fibers or carbon fibers are used. 

 

2. ARCHITECTURE MODELS 

 

The conceptual proposal is a geological model 

of the "sound" pergola (Figure 1). The proposed 

small form is located in Belgorod, on the territo-

ry of BSTU named after V.G. Shukhov. The 

pergola is a lattice black and shade canopy on 

three visually massive supports (Figure 2 and 

Figure 3). According to the calculations below, 

the geometric dimensions of the pergola in the 

plan are 41.00 × 33.00 m (Figure 4). The shape 

in the plan is triangular, with radially rounded 

ends. The lattice structure has a height of 200-

600 mm with a cell size of 300 × 300 mm. The 

conditional plane of the pergola canopy has a 

complicated concave surface of different heights 

(within 600 mm). 

The expediency of such geometric data is due to 

the possibility of arbitrary placement of pipes / 

tubes to create sounds of various required fre-

quencies. The optimal outer diameter of the 

pipes is 300 mm. In this case, it is possible to 

place pipes of any larger diameter multiple of 

300 mm by cutting a cross-shaped segment of a 

pergola structure for a diameter of 600 mm or 

cutting a 900 × 900 mm grating segment to 

mount a 900 mm diameter pipe. 

The concept of sound pergola technology is to 

form the whole structure with the help of tex-

tiles-concrete, described in the section "Applied 

Materials" of this article. 

The estimated height in the span is 4,00 – 5,00 

m. The maximum height of the structure is 5,00 

– 6,60 m. The sound pipes are metal. 

 

 
Figure 1. Three-dimensional model of pergola from height of human scale. 
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Figure 2. Three-dimensional model of pergola with high chamber height. 

 

 
Figure 3. Orthogonal projection of the façade. 

 

 
Figure 4. Top view.
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Figure 5. Perspective view of the pergola with the placement of sound tubes. 

 

The initial stage of pergola design involves the 

search for alternative solutions for support. Ac-

ceptable variants in the form of abstract forms 

are given in Table 1. The shape of each model 

dictates its own, spatial compatibility of sup-

ports, acceptable only for this variant. The op-

timality of the constructive solution is con-

firmed by numerical calculations. 

Simulation of the lower part of the support (Ta-

ble 2) assumes design and pragmatism in opera-

tion, for example, a reduction in the number of 

potential places of accumulation of debris and 

the availability of seats for people. 

Theoretical propositions of some design solu-

tions for the creation of sound spaces based on 

the analysis of the use of the experience of ex-

traction of sounds in wind instruments, set forth 

in the report and in a published article [8] in the 

section “Architectural Geonics” of the Interna-

tional Online Congress “Fundamentals of 

Building Materials Science” (BSTU named af-

ter V.G. Shukhov, 2017), allow us to compile 

the theme of a sound specific environment 

through the analogy of sound extraction from 

musical instruments, such as wind and string. 

The use of methods for creating musical tones 

on such instruments will make it possible to 

repeat the features of sound formation in geo-

logical installations, thereby creating the possi-

bility of studying the emotional responses of a 

person caused by the sound specificity of an 

architectural space. And this can be considered 

a modelling of the form of a specific medium 

by means of architectural geonics. 

The analysis of the medical factors of the sound 

effect on the endogenous rhythms of the organ-

ism [9-10] confirms the influence of a specific 

architectural environment on the creation of a 

psychological climate [11], the generation of 

positive emotions, creative mood, and mental 

activity. And gives a scientific justification of 

the therapeutic properties of the ecological-

physiological method of impact by an acoustic 

method by quantitative and qualitative assess-

ment of the factors of their optimizing effect. 

 

 

3. MATERIALS EMPLOYED 

To create a new architectural environment, 

conceptually new efficient building materials 

are needed, which allow creating complex fili-

gree forms that ensure ease of operation and 

safety during operation. Attractive from this 

point of view is a textile-reinforced composite 

material — textiles-concrete [12, 13]. At pre-

sent, the composite is widely used in a number 

of European countries and has established itself 

as a universal high-quality material [14-16]. To 

create a “sound” pergola, it is proposed to use 

textile-concrete of increased efficiency, the 

composition of which is specially selected tak-

ing into account the peculiarities of the local 

raw materials used, the method of preparation 

and  optimization  of  the processes  of structure  
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Table 1. Modelling of the abstract form of pergola support. 

Model 

option  
Orthogonal projection of the model Axonometric representation of the model 

1 

  

2 

 
 

3 

 
 

4 

  
 

formation due to application of composite bind-

er properties [17, 18]. The characteristics of the 

materials used are presented in Table 3. The use 

of composite binders allows to obtain a new 

generation of material with high physical-

mechanical and operational characteristics that 

are unattainable with the use of traditional raw 

materials and will ensure a qualitative structure 

formation of the material. 

The composite binder is prepared by the joint 

grinding of cement and waste of wet magnetic 

separation (WМSW) to a specific surface of 550 

m2/kg and optimized by the optimum amount of 

superplasticizer. 

Optimization of the processes of structure for-

mation of composite binders is due to the suc-

cessive growth of neoplasms during the harden-

ing of the system “clinker minerals – quartz of 

different origins of WМSW – water-

superplasticizer waste”, due to the different in-

tensity and time of interaction of polygenetic 

quartz with the products of hydration of clinker 

minerals. 

Selection of the rational composition of the fill-

er mixture is carried out by the method of calcu-

lation of high-density packages [19]. The char-

acteristic of the proposed composition of fine-

grained concrete is presented in Table 4. 

 

 



Architectural Modelling of “Sound” Pergola 

Volume 14, Issue 3, 2018 73 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 2. Simulation of the lower part of the pergola. 

Model 

option 

Orthogonal projection of the lower part 

of the model 

Axonometric view of the bottom part  

of the model 

1 

 

 

2 

 

 

3 

 

 

 

 
 

 

Table 3. Characteristics of the materials used. 

Denomination Deposit Dispersability 
True specific gravity,  

kg/m3 

Sand 

"Klinovec" quarry, 

Senevskoe deposit, 

Korochansky district 

0,16–0,63 mm 2630 

Cement 
ZAO “Belgorodsky 

Cement” 
330 m2/kg 3100 

Wet Magnetic Separation 

Waste (WМSW) 

Lebedinsky GOK, 

Gubkin 
85 m2/kg 2800 

Crushed sand 

"Klinovec" quarry, 

Senevskoe deposit, 

Korochansky district 

200 m2/kg 2630 

Glenium-51  Liquid 1,13–1,15 kg/dm3 

  

4. NUMERICAL IMPLEMENTATION  

OF THE CONSTRUCTION 

 

As a design scheme, we take a spatial core sys-

tem with a span of 22 m. The cell step is 300 × 

300 mm. The physical nonlinearity of the mate-

rials is first taken as an exponential dependence. 

Concrete is heavy, fine-grained, class B20 (Eb = 

27500 MPa, Rb, ser = 15 MPa). AR-glass (120 

g/m², 2D, Bewehrung Typ 11, Ef = 72,000 MPa, 

Rf, n = 1450 MPa, Af = 7.07 mm2) was used as 

the reinforcing material. The bending moment 

in the section (for the III snow region) M = 0.83 

kNm.  
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Table 4. Characteristics of the cement matrix of textile-concrete. 

Denomination Condition Unit Value 

Fresh mortar stiffness  kg/m3 2400 

Elapsed time at +20 °С min ≈ 60 

Spread in accordance with DIN 
EN 1015-3 

5 min 
30 min 

cm 
cm 

≥ 17 
≥ 14 

Compressive strength  
in accordance with GOST 10180,  
prisms 4 × 4 × 16 cm 

24 h 
7 full days 
28 full days 

MPa 
MPa 

≥ 15 
≥ 40 
≥ 80 

Bending strength in accordance 
with GOST 10180,  
prisms 4 × 4 × 16 cm 

24 h 
7 full days 
28 full days 

MPa ≥ 3 
≥ 6 
≥ 8 

Modulus of elasticity 28 full days MPa >25000 
 

 
Figure 6. For example of crack resistance  

calculation: a — the design scheme  
of the section; b — diagram of relative  

deformations; c — stress diagram. 
 

 
Figure 7. For example of strength calculating: 

a – the design scheme of the section;  

b – stress diagram.

 
Figure 8. Concrete deformation diagram for strength calculation. 
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Figure 9. The diagram of the deformation of concrete for the calculation of the second group  

of limit states. 

 

The results of calculating the strength and frac-

ture toughness are given in Tables 5 and 6. 

The minimum cross-section of the structure was 

previously taken at 100 × 200 (h) mm. In the 

calculation, we consider the work of only the 

fly-through part of the pergola. The calculation 

is carried out according to the procedure [20] on 

the basis of the nonlinear deformation model of 

concrete (Figures 6-9), and also taking the pro-

portional dependence of the deformation of the 

reinforcing material. 

The limiting moment, perceived by the cross 

section, is Mult = 1,41 · 106 Nmm = 1,41 kNm. 

The relative error in the calculations was 7%. 

The crack resistance moment Mcrc = 1.08 · 106 

Nmm = 1.08 kNm (calculated with a relative 

error of 2%). The limiting load, perceived by 

the cross section Mcrc = 1.08 kNm> M = 0.83 

kNm. Tables 5 and 6 show the results of calcu-

lating the strength and crack resistance of the 

normal section: strength and crack resistance are 

provided. 

Based on the results of calculating the structural 

strength of one element of a triangular shaped 

canopy of “sonic” pergola, the following textile-

concrete construction is proposed to provide the 

required strength (Table 7). 
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Table 5. Results of calculating the strength of a normal section. 

Sec-

tion 

num

ber 

Plott

age, 

mm2 

Co

ordi

nat

e 

Zb, 

мм 

Co

ordi

nat

e 

Zf, 

мм 

εi 
Eb,i, 

МПа 

σbi, 

МПа 

Ef,i, 

МПа 

σfi, 

МПа 

1/ρ, 

мм-1 

εb,u

lt 

Z0, 

мм 
σi·Ai 

σi·Ai·

Zi 

1 2 3 4 5 6 7 8 9 10 11 12 13 14 

1 275 

-

9.62

5 

 

-

0.00

198 

5808.1 -11.500      -3163 30439 

2 275 

-

6.87

5 

 

-

0.00

057 

14929.8 -8.510      -2340 16089 

3 275 

-

4.12

5 

 

-

0.00

034 

18264.7 -6.210      -1708 7044 

4 275 

-

1.37

5 

 

-

0.00

011 

23000 -2.530      -696 957 

5 1100 5..5  
0.00

046 
0 0.000      0 0 

6 1100 16.5  
0.00

137 
0 0.000      0 0 

7 1100 27.5  
0.00

228 
0 0.000      0 0 

8 1200 39.5  
0.00

328 
0 0.000      0 0 

9 1200 51.5  
0.00

428 
0 0.000   

8.30E-

05 

0.00

198 
11.0 0 0 

10 1200 63.5  
0.00

527 
0 0.000      0 0 

11 1200 75.5  
0.00

627 
0 0.000      0 0 

12 1200 87.5  
0.00

727 
0 0.000      0 0 

13 1200 99.5  
0.00

826 
0 0.000      0 0 

14 1200 
111.

5 
 

0.00

926 
0 0.000      0 0 

15 1200 
123.

5 
 

0.01

026 
0 0.000      0 0 

16 1200 
135.

5 
 

0.01

125 
0 0.000      0 0 

17 1200 
147.

5 
 

0.01

225 
0 0.000      0 0 

18 1200 
159.

5 
 

0.01

325 
0 0.000      0 0 

19 1200 
171.

5 
 

0.01

424 
0 0.000      0 0 

20 1200 
183.

5 
 

0.01

524 
0 0.000      0 0 

21 7.07  
185.

5 

0.01

438 
  

72000.0

00 
1035.71    7323 

13583

24 

           Σ= -584 
14128

53 
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Table 6. Results of calculation of fracture toughness of normal section. 

Sect

ion 

num

ber 

Plot-

tage, 

mm2 

Co

ordi

nat

e 

Zb, 

мм 

Co

ord

ina

te 

Zf, 

мм 

εi 
Eb,i, 

МПа 

σbi, 

МПа 

Ef,i, 

МПа 

σfi, 

МПа 

1/ρ, 

мм-1 

εb

t,ul

t 

Z0, 

мм 
σi·Ai σi·Ai·Zi 

1 1000 -90.5  

-

0.0000
6 

26217 -1.573      -1573 142357 

2 1000 -80.5  

-

0.0000

6 

26217 -1.573      -1573 126627 

3 1000 -70.5  

-

0.0000

5 

26480 -1.324      -1324 93342 

4 1000 -60.5  
-

0.0000

4 

26775 -1.071      -1071 64796 

5 1000 -50.5  
-

0.0000

3 

27067 -0.812      -812 41006 

6 1000 -40.5  
-

0.0000

3 

27067 -0.812      -812 32886 

7 1000 -30.5  

-

0.0000
2 

27350 -0.547      -547 16684 

8 1000 -20.5  

-

0.0000
1 

27500 -0.276      -276 5658 

9 1000 -10.5  

-

0.0000

1 

27500 -0.276   
6,89E-

07 

0,0

00

07 

 -276 2898 

10 100 -0.5  0 - 0.000      0 0 

11 1900 9.5  
0.0000

1 
26900 0.269      511 4855 

12 1000 19.5  
0.0000

1 
26900 0.269      269 5246 

13 1000 29.5  
0.0000

2 
26000 0.520      520 15340 

14 1000 39.5  
0.0000

3 
24867 0.746      746 29467 

15 1000 49.5  
0.0000

3 
24867 0.746      746 36927 

16 1000 59.5  
0.0000

4 
23575 0.943      943 56109 

17 1000 69.5  
0.0000

5 
22080 1.104      1104 76728 

18 1000 79.5  
0.0000

5 
22080 1.104      1104 87768 

19 1000 89.5  
0.0000

6 
20383 1.223      1223 109459 

20 1000 99.5  
0.0000

7 
18486 1.294      1294 128753 

21 7.07  
101.

5 
0.0000

7 
  

72000.00
0 

5.04    36 3617 

           Σ= 232 1080523 

 

The minimum cross-section of the structure 

was previously taken at 100 × 200 (h) mm. In 

the calculation, we consider the work of only 

the fly-through part of the pergola. The calcula-

tion is carried out according to the procedure 

[20] on the basis of the nonlinear deformation 



Valery S. Lesovik, Irina L. Pershina, Dmitry Yu. Popov, Andrey V. Shevchenko  

International Journal for Computational Civil and Structural Engineering 78 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

model of concrete (Figures 6 - 9), and also tak-

ing the proportional dependence of the defor-

mation of the reinforcing material. 

The limiting moment, perceived by the cross 

section, is Mult = 1,41 · 106 Nmm = 1,41 kNm. 

The relative error in the calculations was 7%. 

The crack resistance moment Mcrc = 1.08 · 106 

Nmm = 1.08 kNm (calculated with a relative 

error of 2%). The limiting load, perceived by 

the cross section Mcrc = 1.08 kNm> M = 0.83 

kNm. Tables 5 and 6 show the results of calcu-

lating the strength and crack resistance of the 

normal section: strength and crack resistance 

are provided. 

Based on the results of calculating the structural 

strength of one element of a triangular shaped 

canopy of "sonic" pergola, the following tex-

tile-concrete construction is proposed to pro-

vide the required strength (Table 7). 

 

Table 7. Textile-concrete construction. 

Denomination Parameter Number of layers Thickness of layer, 

mm 

Fine grained concrete Table 2 7 40 

Textile matrix 
AR-glass, 120 g/m², 

2D 
6 1 

 

CONCLUSIONS 

 

The proposed composition of high-performance 

textile-concrete and its construction can provide 

the necessary strength of the entire canopy of 

"sound" pergola and safety of operation. Com-

posite materials with a set of different proper-

ties have become the main building materials of 

the 21st century, which allows to expand the 

possibilities of modern architecture and open 

new boundaries of excellence. In this connec-

tion, the use of textiles-concrete in modern ar-

chitecture as the main material for creating 

complex spatial forms is seen as particularly 

interesting. 

The presented architectural concepts are the 

result of the first stage of the systemic study of 

the influence of one of the geofactors on a hu-

man within the framework of an architectural 

geonics, assuming the transdisciplinarity of the 

study. This stage formulates the problem of the 

need for mathematical calculations of geomet-

ric characteristics of the main sound translators 

– tubes. The formulation of this problem is re-

duced to the definition of the following: 

 the length of the tube; 

 diameter of the internal cavity; 

 the size of the end of the tube; 

 selection of pipe material with different 

sound reflectance; 

 the effect of the wall thickness of the tube in 

the case of using the methods of creating 

wind musical instruments to extract sound 

harmonic oscillations in conditions of spon-

taneity of wind force and direction. 

At the decision of this task the sound back-

ground will be controlled and therefore – di-

rected. Calculations of “correcting” natural 

spontaneity will help create an alternative that 

mimics the sound frequencies of music, in the 

range of which a positive effect on a person oc-

curs. 
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ABOUT WAVELET-BASED MULTIGRID NUMERICAL  

METHOD OF STRUCTURAL ANALYSIS  

WITH THE USE OF DISCRETE HAAR BASIS 
 

Marina L. Mozgaleva 1, Pavel A. Akimov 2, 3, 4, 5, Taymuraz B. Kaytukov 2, 6  
1 National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 

2 Russian Academy of Architecture and Construction Sciences, Moscow, RUSSIA 
3 Scientific Research Center “StaDyO”, Moscow, RUSSIA 

4 Tomsk State University of Architecture and Building, Tomsk, RUSSIA 
5 Peoples’ Friendship University of Russia, Moscow, RUSSIA 

6 Central Institute for Research and Design of the Ministry of Construction and Housing and Communal Services  

of the Russian Federation, Moscow, RUSSIA 

 

Abstract: The distinctive paper is devoted to so-called multigrid (particularly two-grid) method of structural 

analysis based on discrete Haar basis (one-dimensional, two-dimensional and three-dimensional problems are 

under consideration). Approximations of the mesh functions in discrete Haar bases of zero and first levels are 

described (the mesh function is represented as the sum in which one term is its approximation of the first level, 

and the second term is so-called complement (up to the initial state) on the grid of the first level). Special projec-

tors are constructed for the spaces of vector functions of the original grid to the space of their approximation on 

the first-level grid and its complement (the refinement component) to the initial state. Basic scheme of the two-

grid method is presented. This method allows solution of boundary problems of structural mechanics with the 

use of matrix operators of significantly smaller dimension. It should be noted that discrete analogue of the initial 

operator equation is a system of linear algebraic equations which is constructed with the use of finite element 

method or finite difference method. Block Gauss method can be used for direct solution. 

 

Keywords: structural analysis, wavelet analysis, numerical methods, multigrid methods, two-grid method,  

discrete Haar basis, reduction, local structural analysis, approximation, boundary problem 

 

 

О ВЕЙВЛЕТ-РЕАЛИЗАЦИИ МНОГОСЕТОЧНОГО  

ЧИСЛЕННОГО МЕТОДА РАСЧЕТА КОНСТРУКЦИЙ  

НА ОСНОВЕ ДИСКРЕТНОГО БАЗИСА ХААРА 
 

М.Л. Мозгалева 1, П.А. Акимов 2, 3, 4, 5, Т.Б. Кайтуков 2, 6 
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Аннотация: Настоящая статья посвящена так называемому многосеточному (в частности, двухсеточно-

му) методу расчета строительных конструкций, основанному на использовании дискретного базиса 

Хаара (рассматриваются одномерные, двумерные и трехмерные задачи). Описана аппроксимации сеточ-

ных функций на нулевом и первом уровнях дискретного базиса Хаара (сеточная функция представляется 

в виде суммы, в которой первое слагаемое соответствует аппроксимации на первом уровне, а второе сла-

гаемое представляет собой так называемую детализацию (дополнение до исходного состояния) на сетке 

первого уровня. Строятся специальные проекторы пространства векторных функций на исходной стеке 

на пространство их аппроксимаций на сетке первого уровня и детализацию (дополнение до исходного 

состояния). Изложена общая схема двухсеточного метода. Данный метод позволяет решать краевые за-
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дачи строительной механики с использованием соответствующих матричных операторов существенно 

меньшей размерности. Следует отметить, что дискретным аналогом исходного операторного уравнения 

является система линейных алгебраических уравнений, формируемая с использованием техники метода 

конечных элементов или метода конечных разностей. Для прямого решения указанной системы может 

использоваться блочный метод Ланцоша. 

 

Ключевые слова: расчеты строительных конструкций, вейвлет-анализ, численные методы,  

многосеточные методы, двухсеточный метод, дискретный базис Хаара, редукция,  

локальный расчет конструкций, аппроксимация, краевая задача 

 

 

1. ONE-DIMENSIONAL PROBLEMS 

 

1.1. About alternative discrete basis. 

Let us consider the following functions: 

– father wavelet (Figure 1), 
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Figure 1. Father wavelet. 

 

– the first mother wavelet (Figure 2), 
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– the second mother wavelet (Figure 3) i.e. vari-

ant of French Hat, 
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Figure 2. The first Mother wavelet. 

 

 
Figure 3. The second Mother wavelet. 

 

Matrix of transition from one level to the next level 

has the same structure as in the Haar basis [1-25] 
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where for the Haar basis we have 
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and for considering basis we have  
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Let us denote a family of discrete functions: 
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where M  is the number of levels; MN 3  is 

space dimension, 
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p

p NN 3/  is the number of 
p

j,1  and 
p

j,2  at 

level number p ; 

 

p
p

3

1
 ;   

p
p

2

1
,1  ;   

p
p

6

1
,2    (1.10) 

 

are normalizing factors. 

Because 3/1  has no finite exact value, the ex-

pression  

 

p

i

3

5.0
 

 

is used to evaluate correctly instead of 

p

i

3

1
. 

 

The set }{ p

j  presented in this way is a basis in 

the N -dimensional vector space. Moreover, this 

basis will be orthonormal. 

Let's consider a given vector  

 
NRu  ,   Niiuu  1}{ . 

 

We present its decomposition in the Haar basis 
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where we have 
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p

j  ;  

),( 11 uu MM  ,   pNj ,...,2,1 ,   Mp ,...,1 . 

(1.12) 

 

1.2. Determination of averaging coefficients. 

Let us consider an example of a grid partition 

for 239 N , i.e. 2M . Then the location of 

nodes by levels can be represented as shown in 

Figure 4. The formation of the decomposition 

coefficients at the first level is carried out ac-

cording to the following formulas: 
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Figure 4. About determination of averaging coefficients. 

 

The formation of the decomposition coefficients 

at the second level is carried out according to 

the following formulas: 
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For averaging (reduction) we assume 
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The following dependencies can be noted 
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and then we have 
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   3,2,1k .      (1.23) 

 

1.3. The final formulas. 

Let the initial one-dimensional domain be given 

as interval with length L . We can use simple 

mesh (grid) for approximation of domain and 

divide interval (the initial domain) into )1( N  

equal parts. We can represent the mesh vector 

function T

Nuuu ]  ...  [ 1  in the form 
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where we have 
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– j -th vector of unit basis of level 0, 

 

NNj  01 ,   Ni 1 . 

 

At the same time, this grid function can be rep-

resented in the basis of the first level as 
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where we have 
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is the j -th approximation vector of discrete 

wavelet basis of the first level, 11 Nj  ; 

 

)( 0
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231

1

,1 jjj                (1.32) 

 

is the j -th refinement vector of discrete wavelet 

basis of the first level, 11 Nj  ; 
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,2 jjjj      (1.33) 

 

is the j -th refinement vector of discrete wavelet 

basis of the first level, 11 Nj  ; 
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are normalizing factors. 

Based on the representation of (1.28), the mesh 

function is represented as a sum, where the first 

term is its approximation on the mesh (grid) of 

the first level, consisting of 1N  nodes, and the 

second and third terms are called refinement 

(addition to the initial state) on the mesh (grid) 

of the first level. 

The representation (1.28) can be written as 
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where we have   
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]  ...   [
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1,11,1 1N ;            (1.40) 

 ]...  [
1

,2

1

1,21,2 1N              (1.41) 

 

matrices of size 1NN  , the columns of which 

are respectively approximation and refinement 

vectors of the discrete basis of the first level. 

Due to the orthonormality of the Haar basis [1-

7,9-25], the operators 

 
TTT PPP 1,21,22,1,11,11,11    ,   ,    

(1.42)    
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are projectors of the space of vector functions of 

the original mesh (grid) to the space of their ap-

proximation on the first-level grid and its com-

plement (the refining component) to the initial 

state, respectively. 

spectively. 

 

1.4. Basic scheme of the two-grid method. 

Let systems of linear algebraic equations 

 

fuA                       (1.43)    

 

are discrete analogs of some operator equation 

defined on a given interval of order N . 

We сan substitute in (1.43) the expression for u  

in the form (1.35). Then we can multiply, in 

turn, both sides of the equality on the left by the 

matrices T

1  and TT

1,21,1  , . Thus we have 
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where we have 

 

111,1  AA Τ
;   1,112,1  AA Τ

;     (1.46) 

  1,213,1  AA Τ
;   11,11,2  AA Τ

;    (1.47) 

1,11,12,2  AA Τ
;   1,21,13,2  AA Τ

;  (1.48) 

  11,21,3  AA Τ
;   1,11,22,3  AA Τ

;   (1.49)  

1,21,23,3  AA Τ
                (1.50) 

 

are block matrices of size 11 NN  . 

ff Τ

u 1 ;  ff Τ

v 1,1 ;  ff Τ

w 1,2    (1.51) 

 

are right-side vectors of length 1N . 

We can find the solution of the system (1.45) 

using the block Gaussian method. 

The expanded block matrix has the form: 
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We have the following result of forward algo-

rithm: 

– the first step 
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where we have 
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– the second step 
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where we have 
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We have the following result of backward algo-

rithm 
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Figure 5. To the formulation of the boundary problem. 

 

 
Figure 6. Discrete approximation of the domain. 
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    (1.61) 

 

In accordance with formulas (1.35)-(1.38) solu-

tion of the considering problem (1.43) has the 

form 

 
1

1,2

1

1,1

1

1 wvuu  .        (1.62) 

 

It should be noted that the proposed method 

makes it possible to obtain a solution with the 

use of matrices of size 3/1 NN   and vectors of 

size 3/1 NN  . 

 

1.5. Numerical sample. 

Let us consider (as a model example) the nu-

merical solution of the boundary problem of the 

bending of a beam on an elastic foundation with 

the following parameters: L =8 m is the length 

of the beam; h=1.3 m is the height of the cross 

section of the beam; b=1 m is the width of the 

cross section of the beam; E 4102560   kN/m2 

is the modulus of elasticity; P 100 kN is the 

load set at the middle point, hP 100/hb; 
31075 k  kN/m3 is the coefficient characteriz-

ing the resistance of the foundation in the model 

of Winkler; bkk  , 12/3bhJ   (Figure 5). 

The definition of the deflection of the Bernoulli 

beam is reduced to the solution of the following 

boundary problem: 

 

LxxFxyxy  0,)()(4)( 4)4(  ;  (1.63) 









,0)()(

0)0()0(

LyLy

yy
               (1.64) 

 

where we have 
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Let us divide the interval (0, L ) into equal parts 

with step (Figure 6). 

If n  is the total number of points, it is obvious 

that 

 

)1/(  nLhb
.                  (1.66) 

 

Next, we move from the solution of the bounda-

ry problem (1.63)-(1.64) to the solution of the 

following system of difference equations: 
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(1.67) 

 

where we have 

 

. . . . . . n-2 n-1 n i+2 i+1 i-2 i-1 i 3 2 1 
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Figure 7. Comparison of results. 
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In accordance with the results of analysis com-

parative graphs of deflections were obtained. 

Direct solution of the system (1.67) and solution 

defined by the formula (1.62) are presented at 

Figure 7. It should be noted that full match re-

sults obtained. 

 

 

2. TWO-DIMENSIONAL PROBLEMS 

 

2.1. General information. 

Let the initial two-dimensional domain be given 

as a rectangle [8]. Let 1L  and 2L  be lengths of 

sides of this rectangle in directions correspond-

ing to Cartesian coordinates 1x  and 2x . We can 

use simple rectangular mesh (grid) for approxi-

mation of domain and divide each side of the 

rectangle (the initial domain) into )1( N  equal 

parts. The corresponding mesh (grid) width are 

defined by formulas 

 

)1/(11  NLh ;   )1/(22  NLh .   (2.1) 

 

Thus, the resulting mesh contains 
2N  nodes.  

Let us introduce the mesh function 

 
T

NNNN uuuuu ] ...  ...  ... [ ,1,,11,1 .      (2.2) 

 

We can represent the mesh function (1.2) in the 

form 
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where we have 

 

NN 0 ;                         (2.4) 

1212 ,

0

, jjjj uu  ,    Njj  21,1 ;          (2.5) 
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where 0

, 12 jj  is ),( 12 jj -th vector of a unit basis 

or a discrete zero-level Haar basis 

The mesh function (2) can also be represented 

in the form of an expansion in the Haar basis of 

the first level: 

 

,   
1

2

1

1

1212

1

2

1

1

1212

1

2

1

1

1212

1

2

1

1

1212

1 1

1

,,3

1

,,3

1 1

1

,,2

1

,,2

1 1

1

,,1

1

,,1

1 1

1

,

1

,





  

  





N

j

N

j

jjjj

N

j

N

j

jjjj

N

j

N

j

jjjj

N

j

N

j

jjjj

vv

vuu

(2.7) 

 

where we have 

 

2/1 NN  ;                     (2.8) 

),( 1

,

1

, 1212 jjjj uu  ;   ),( 1

,,1

1

,,1 1212 jjjj uv  ,    (2.9) 

),( 1

,,2

1

,,2 1212 jjjj uv  ;  ),( 1

,,3

1

,,3 1212 jjjj uv  ; (2.10) 

T

NNNN uuuuu ].........[ 1

,

1

1,

1

,1

1

1,1

1

1111
 ;      (2.11) 

T

NNkNkNkkk vvvv ] ......,...[ 1

,,

1

1,,

1

,1,

1

1,1,

1

1111
 , 3,2,1k ; 

(2.12) 

)         

(
0

2,2

0

12,2

0

2,12

0

12,12

1

,

1212

121212

jjjj

jjjjjj








      (2.13) 

 

 – ),( 12 jj - th approximating vector of the dis-

crete Haar basis of the first level, 112 ,1 Njj  ; 

 

)          

(
0

2,2

0

12,2

0

2,12

0

12,12

1

,,1

1212

121212

jjjj

jjjjjj








   (2.14) 

 

 – ),,1( 12 jj - th refining vector of the discrete 

Haar basis of the first level, 

 

);          

(
0

2,2

0

12,2

0

2,12

0

12,12

1

,,2

1212

121212

jjjj

jjjjjj








  (2.15) 

 

 – ),,2( 12 jj -th refining vector of the discrete 

Haar basis of the first level, 

)          

(
0

2,2

0

12,2

0

2,12

0

12,12

1

,,3

1212

121212

jjjj

jjjjjj








   (2.16) 

 

– ),,3( 12 jj - th refining vector of the discrete 

Haar basis of the first level, 

 

112 ,1 Njj  ;                  (2.17) 

 

2/1  is normalizing factor. 

In accordance with (2.7), the mesh function u  is 

represented as a sum in which the first sum-

mand (the first sum) is its approximation on the 

grid of the first level including 2

1N  nodes, and 

other three terms are called the refinement (the 

complement to the initial state) on the grid the 

first level. The representation (2.7) can be writ-

ten in the form 

 
0

1,3

0

1,2

0

1,1

0

1 vvvuu  ;           (2.18)    


 


1

2

1

1

1212

1 1

1

,

1

,

0

1

N

j

N

j

jjjjuu uT

11 1

1u ; (2.19)    


 


1

2

1

1

1212

1 1

1

,,

1

,,

0

1,

N

j

N

j

jjkjjkk vv uT

kk 1,1,  1

1, kk v , 

   3,2,1k ,   (2.20)    

 

where we have 

 

]...,.....[ 1

,

1

1,

1

,1

1

1,11 1111 NNNN  ;     (2.21) 

].........[ 1

,,

1

1,,

1

,1,

1

1,1,1, 1111 NNkNkNkkk  , 

3,2,1k    (2.22) 

 

are matrices of size 
2

1

2 NN  , whose columns 

are, respectively, approximating and detailing 

vectors of the discrete Haar basis of the first 

level. 

Due to the orthonormality of the Haar basis [1-

7,9-25], the operators 

 

3,2,1   ,   , 1,1,,11   kPP T

kkk

T   (2.23)    

 

are projectors of the space of vector functions of 

the original grid to the space of their approxima-
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tion on the first-level grid and its complement 

(the refining component) to the initial state, re-

spectively. 

 

2.2. Basic scheme of the two-grid method. 

Let systems of linear algebraic equations 

 

fuA                          (2.24)    

 

are discrete analogs of some operator equation 

defined on a given rectangular prism of order 
2N . 

We сan substitute in (2.24) the expression for u  

in the form (2.18). Then we can multiply, in 

turn, both sides of the equality on the left by the 

matrices T

1  and 3,2,1   ,1,  kT

k . Thus we 

have 

 

fvAuA

fvAuA

fvAuA

fvAuA

Τ

k

kk

ΤΤ

Τ

k

kk

ΤΤ

Τ

k

kk

ΤΤ

Τ

k

kk

ΤΤ

1,3

3

1

1

1,1,3

1

11,3

1,2

3

1

1

1,1,2

1

11,2

1,1

3

1

1

1,1,1

1

11,1

1

3

1

1

11

1

11

























  (2.25) 

 

Equations (2.25) can be rewritten in the form 

 

4 ..., ,1   ,
4

1

, 


ifwA i

i

jji .          (2.26)    

 

where jiA ,  are block matrices of size 
2

1

2

1 NN  ; 

if  and jw  are block vectors of size 
2

1N , 

 

111,1  AA T ;   1,11,1 k

T

k AA  ,    

11,1,1  AA T
kk ,   3,2,1k ;   (2.27) 

11,1,1   p
T
kpk AA ,   3,2,1, pk ;    (2.28) 

ff T

11  ,   ff T

kk 1,1  ,   7...,,1k ;  (2.29) 

1

1 uw  ,   1

1 kk vw 
,   7...,,1k .      (2.30) 

 

We can find the solution of the system (2.26) 

using the block Gaussian method. 

The expanded block matrix has the form: 

 



















44,43,42,41,4

34,33,32,31,3

24,23,22,21,2

14,13,12,11,1

fAAAA

fAAAA

fAAAA

fAAAA

.     (2.31) 

 

We have the following result of forward algo-

rithm: 

 



















3

4

3

4,4

2

3

2

4,3

2

3,3

1

2

1

4,2

1

3,2

1

2,2

14,13,12,11,1

000

00

0

fA

fAA

fAAA

fAAAA

,    (2.32) 

 

where we have 

 
1

,,

1

,,

  k

jkki

k

ji

k

ji ACAA ,   4...,,1k ,  

  4...,,1 ki ,   4...,,1 kj ;   (2.33) 
1

,

1   k

kki

k

i

k

i fCff ,   4...,,1k ,    

4...,,1 ki ;   (2.34) 
11

,

1

,, )(  k

kk

k

kiki AAC ,   3...,,1k ,    

4...,,1 ki .   (2.35) 

 

We have the following result of backward algo-

rithm 

 
3

4

13

4,48 )( fAw  ;                    (2.36) 














 




4

1

1

,

111

, )(
ij

j

i

ii

i

i

i

iii wAfAw , 1,2,3i . (2.37) 

 

In accordance with formulas (2.18)-(2.20) solu-

tion of the considering problem (2.24) has the 

form 

 

.   
7

1

11,11

7

1

1

1,

1

1

7

1

0

1,

0

1

















k

kk

k

kk

k

k

wwvu
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 (2.38) 
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Figure 8. To the formulation of the boundary problem. 
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Figure 9. Solution of the boundary problem: a) solution of problem in initial formulation;  

b) solution with the use of two-grid method. 

 

It should be noted that the proposed method 

makes it possible to obtain a solution with the 

use of matrices of size 
2

1

2

1 NN   and vectors of 

size 
2

1N  ( 22

1 )2/(NN  ). 

 

3.3. Numerical samples. 

Let us consider (as an example) the definition of 

bending a rectangular plate, hinged on the edg-

es, loaded in the center by the concentrated 

force (Figure 8). 

Design scheme of a rectangular plate is shown 

on Figure 8: 14021  LL  mm are dimensions 

of plate; 20h  cm is thickness of plate; 
3103E  kN/cm2 is modulus of elasticity of 

the material of plate; 16.0  is Poisson's ratio 

of the material of plate; 100P  kN is parame-

ter of concentrated load. 

We can use finite difference method for numeri-

cal solution of the considering problem. Thus, 

we can get resultant system of equations with 

respect to the nodal deflections, 

 

fUA  ,                       (2.39) 

 

where A  is matrix of coefficients; f  is load 

vector; U  is vector of unknown nodal deflec-

tions having the following structure 

 
T

NNNN UUUUU ] ...  ...  ... [ ,1,,11,1 ;  (2.40) 

 

),( ,2,1, ijji xxuU   is the deflection in the node 

),( ji , Nji ,...,1,  . 

In accordance with the results of analysis graphs 

of deflections were obtained. Direct solution of 

the system (2.39) and solution defined by the 

formula (2.38) are presented at Figure 9.  

 

x2 

x1 

L1 

L2 

h 

P 
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Let us consider (as an example) the static analy-

sis of a trapezoidal beam-wall (Figure 10). 
 

 
Figure 10. Design scheme. 

 

Design scheme of a trapezoidal beams-wall is 

shown on Figure 10: height is equal to 140 cm; 

width at base is equal to 140 cm and at the top 

of the structure is equal to 70 cm; 3103E  

kN/cm2 is the modulus of elasticity of the mate-

rial of structure; 16.0  is Poisson's ratio of 

elasticity of the material of structure; 100P  

kN is parameter of concentrated load. Besides, 

we have fastening at the bottom corner points in 

both directions. 

We can use finite element method for numerical 

solution of the considering problem. Thus, we 

can get resultant system of equations with re-

spect to the nodal displacements ( 1u  and 2u ), 

 

RUK  ,                     (2.41) 

 

where K  is global stiffness matrix; R  is global 

load vector; U  is vector of unknown nodal dis-

placements having the following structure, 

 
TΤ

NN

Τ

N

Τ

N

Τ uuuuU ].........[ ,1,,11,1 ;      (2.42) 











),(

),(

,2,12

,2,11

,
ij

ij

ji xxu

xxu
u                (2.43) 

 

are displacements 1u  and 2u  in the node ),( ji , 

Nji ,...,1,  . 

Let us denote 12P  as the matrix operator of such 

a permutation, i.e. 

 

UPV 12    or   VPU Τ

12 .        (2.44) 

 

As a result, the resolving system (13) is con-

verted to the form 

 

vv RVK  ,                 (2.45) 

where we have 

 
Τ

v KPPK 1212 ;   RPRv 12 .       (2.46) 

 

Besides, we use the following block matrices in 

formulas (2.26)-(2.38): 

 












1

1
1 0

0b ;               (2.47) 















1,

1,

1, 0

0

k

kb

k ,   3,2,1k .     (2.48) 

  

In accordance with the second equation of the 

formula (2.44), the solution of the initial prob-

lem (2.41) has the form: 

 

U )(
3

1

111112 



k

k

b

k

bΤ wwP .         (2.49)                                       

 
In accordance with the results of analysis graphs 

of displacements were obtained. Direct solution 

of the system (2.41) and solution defined by the 

formula (2.49) are presented at Figures 11-12.  

 

 

3. THREE-DIMENSIONAL PROBLEMS 

 

3.1. General information. 

Let the initial three-dimensional domain be giv-

en as a rectangular prism [1]. Let 1L , 2L  and 3L  

be lengths of sides of this prism in directions 

corresponding to Cartesian coordinates 1x , 2x  

and 3x . 

 

 

P 

x1 

x2 
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Figure 11. Solution of the boundary problem (displacements 1u (a) and 2u (b)) in initial formulation. 
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Figure 12. Solution of the boundary problem (displacements 1u (a) and 2u (b))  

with the use of two-grid method. 

 

We can use simple rectangular mesh (grid) for 

approximation of domain and divide each side 

of the rectangular prism (the initial domain) into 

)1( N  equal parts. The corresponding mesh 

(grid) width are defined by formulas 

 

)1/(11  NLh ;   )1/(22  NLh ;    

)1/(33  NLh .   (3.1) 

 

Thus, the resulting mesh contains 3N  nodes.  

Let us introduce the mesh function 

 
T

NNNNNN uuuuu ]    ...      ...      ...    [ ,,1,,1,,11,1,1 .                                     

(3.2) 

 

We can represent the mesh function (1.2) in the 

form 

 


  


0

3

0

2

0

1

312312

1 1 1

0
,,

0
,,

N

j

N

j

N

j

jjjjjjuu ,           (3.3) 

 

where ),,( 312

0

,, 312
iiijjj  is the ),,( 312 jjj -th 

vector of a unit basis or a discrete zero-level 

Haar basis 
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 
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                      (3.4) 

312312 ,,

0

,, jjjjjj uu  ,   Njjj  321 ,,1 ;     (3.5) 

 NN 0 .                          (3.6) 

 

The mesh function (3.2) can also be represented 

in the form of an expansion in the Haar basis [1-

7,9-25] of the first level: 

 

,    
7

1 1 1 1

1

,,,

1

,,,

1 1 1

1

,,

1
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1

312312
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1

312312


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  


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k

N

j
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j

N

j

jjjkjjjk

N

j

N

j

N

j

jjjjjj

v
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      (3.7) 

 

where 1
,, 312 jjj  is ),,( 312 jjj -th approximating 

vector of the discrete Haar basis of the first level, 

 

);

(

0

2,2,2

0

2,12,2

0

2,2,12

0

2,12,12

0

12,2,2

0

12,12,2

0

12,2,12

0

12,12,12

1

,,

312312

312312

312312

312312312

jjjjjj

jjjjjj

jjjjjj

jjjjjjjjj

















(3.8) 

 
1

 , ,, 312 jjjk  – ),,,( 312 jjjk -th refining vector of 

the discrete Haar basis of the first level, 

 

);

(

0

2,2,2

0

2,12,2

0

2,2,12

0

2,12,12

0

12,2,2

0

12,12,2
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0
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1
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jjjjjjjjj




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(3.9) 
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jjjjjj
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









 

(3.10) 

);

(

0

2,2,2

0

2,12,2

0

2,2,12

0

2,12,12

0

12,2,2

0

12,12,2

0

12,2,12

0

12,12,12

1

,,,3

312312

312312

312312

312312312

jjjjjj

jjjjjj

jjjjjj

jjjjjjjjj

















 

(3.11) 

);

(

0

2,2,2

0

2,12,2

0

2,2,12

0

2,12,12

0

12,2,2

0
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0

12,2,12

0

12,12,12

1

,,,4

312312

312312

312312

312312312

jjjjjj

jjjjjj

jjjjjj

jjjjjjjjj


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











 

(3.12) 

);

(

0

2,2,2

0

2,12,2

0

2,2,12

0

2,12,12

0

12,2,2

0

12,12,2

0

12,2,12

0

12,12,12

1

,,,5
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312312

312312

312312312
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jjjjjjjjj
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








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(3.13) 

);

(

0

2,2,2

0

2,12,2

0

2,2,12

0

2,12,12

0

12,2,2

0
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0
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0

12,12,12

1

,,,6

312312

312312

312312

312312312

jjjjjj

jjjjjj

jjjjjj

jjjjjjjjj


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











 

 (3.14) 

);

(

0

2,2,2

0

2,12,2

0

2,2,12

0

2,12,12

0

12,2,2

0

12,12,2

0

12,2,12

0

12,12,12

1

,,,7

312312

312312

312312

312312312

jjjjjj

jjjjjj

jjjjjj

jjjjjjjjj

















 

 (3.15) 

),( 1

,,

1

,, 312312 jjjjjj uu  ;    

7,...,1),,( 1

,,,

1

,,, 312312
 kuv jjjkjjjk ;   (3.16) 

)22/(1 ;   2/1 NN              (3.17) 

 

  is normalizing factor. 

In accordance with (3.7), the mesh function u  is 

represented as a sum in which the first sum-

mand (the first sum) is its approximation on the 

grid of the first level including 3
1N  nodes, and 

the second term (the second sum) is called the 

refinement (the complement to the initial state) 

on the grid the first level. The representation 

(3.6) can be written in the form 
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kvuu ,                  (3.18) 

       

;),(                       1111

1 1 1

1

,,

1

,,

0

1

1

3

1

2

1

1

312312

uu

uu

T

N

j

N

j

N

j

jjjjjj




    (3.19) 

;7,...,1,),(   1,1,1,1,

1 1 1

1

,,,

1

,,,

0

1,

1

3

1

2

1

1

312312




  

kuu

vv

T

kkkk

N

j

N

j

N

j

jjjkjjjkk
 (3.20) 

]; ...    ...    ...  [   1

,,

1

1,,

1

1,,1

1

1,1,1

1

111111 NNNNNN 


 

(3.21) 

.7,...,1                                           

],...    ...    ...  [   1

,,,

1

1,,,

1

1,,1,

1

1,1,1,

1,

111111







k
NNNkNNkNkk

k

 

              (3.22) 

 

Due to the orthonormality of the Haar basis 

[2,3,5,6], the operators 

 

7...,,1   ,   , 1,1,,11   kPP T

kkk

T    (3.23)    

 

are projectors of the space of vector functions of 

the original grid to the space of their approxima-

tion on the first-level grid and its complement 

(the refining component) to the initial state, re-

spectively. 

 

3.2. Basic scheme of the two-grid method. 

Let systems of linear algebraic equations 

 

fuA                          (3.24)    

 

are discrete analogs of some operator equation 

defined on a given rectangular prism of order 
3N . 

We сan substitute in (3.22) the expression for u  

in the form (3.16). Then we can multiply, in 

turn, both sides of the equality on the left by the 

matrices T

1  and 7,6,5,4,3,2,1   ,1,  kT

k . Thus 

we have 

 

 fvAuA T

k

kk

TT

1

7

1

1

1,1

0

11  



,      (3.25)    

7 ..., ,1   ,1,

7

1

1

1,1,

0

11,  


kfvAuA T

k

k

kk

T

k

T

k


. 

                              (3.26)    

 

Equations (3.25) and (3.26) can be combined in 

the system 

 

8 ..., ,1   ,
4

1

, 


ifwA i

i

jji .          (3.27)    

 

where jiA ,  are block matrices of size 
3

1

3

1 NN  ; 

if  and jw  are block vectors of size 
3

1N , 

 

111,1  AA T ;   1,11,1 k

T

k AA  ,    

11,1,1  AA T
kk ,   7...,,1k ;   (3.28) 

11,1,1   p
T
kpk AA ,   7,6,5,4,3,2,1, pk ; 

  (3.29) 

ff T

11  ,   ff T

kk 1,1  ,   7...,,1k ;  (3.30) 

1

1 uw  ,   1

1 kk vw 
,   7...,,1k .       (3.31) 

 

We can find the solution of the system (3.27) 

using the block Gaussian method. 

The expanded block matrix has the form: 

 





























    

8

7

6

5

4

3

2

1

8,87,86,85,84,83,82,81,8

8,77,76,75,74,73,72,71,7

8,67,66,65,64,63,62,61,6

8,57,56,55,54,53,52,51,5

8,47,46,45,44,43,42,41,4

8,37,36,35,34,33,32,31,3

8,27,26,25,24,23,22,21,2

8,17,16,15,14,13,12,11,1

f

f

f

f

f

f

f

f

AAAAAAAA

AAAAAAAA

AAAAAAAA

AAAAAAAA

AAAAAAAA

AAAAAAAA

AAAAAAAA

AAAAAAAA

.                         

(3.32) 

 

We have the following result of forward algo-

rithm: 
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




























   

0000000

000000

00000

0000

000

00

0

 

7

8

6

7

5

6

4

5

3

4

2

3

1

2

0

1

7

8,8

6

8,7

6

7,7

5

8,6

5

7,6

5

6,6

4

8,5

4

7,5

4

6,5

4

5,5

3

8,4

3

7,4

3

6,4

3

5,4

3

4,4

2

8,3

2

7,3

2

6,3

2

5,3

2

4,3

2

3,3

1

8,2

1

7,2

1

6,2

1

5,2

1

4,2

1

3,2

1

2,2

0

8,1

0

7,1

0

6,1

0

5,1

0

4,1

0

3,1

0

2,1

0

1,1

f

f

f

f

f

f

f

f

A

AA

AAA

AAAA

AAAAA

AAAAAA

AAAAAAA

AAAAAAAA

,                         

(3.33) 

 

where  

 
1

,,

1

,,

  k

jkki

k

ji

k

ji ACAA ,   7...,,1k ,  

  8...,,1 ki ,   8...,,1 kj ;   (3.34) 
1

,

1   k

kki

k

i

k

i fCff ,   7...,,1k ,    

8...,,1 ki ;   (3.35) 
11

,

1

,, )(  k

kk

k

kiki AAC ,   7...,,1k ,    

8...,,1 ki .   (3.36) 

 

We have the following result of backward algo-

rithm 

 
7

8

17

8,88 )( fAw  ;                    (3.37) 














 




4

1

1

,

111

, )(
ij

j

i

ii

i

i

i

iii wAfAw ,   1...,,7i .  

(3.38) 

In accordance with formulas (3.18)-(3.20) solu-

tion of the considering problem (3.24) has the 

form 

 

.   
7

1

11,11

7

1

1

1,

1

1

7

1

0

1,

0

1

















k

kk

k

kk

k

k

wwvu

vuu

(3.39) 

 

It should be noted that the proposed method 

makes it possible to obtain a solution with the 

use of matrices of size 
3

1

3

1 NN   and vectors of 

size 
3

1N . 
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ABOUT THE PROBLEM OF ANALYSIS RESISTANCE BEARING 

SYSTEMS IN FAILURE OF A STRUCTURAL ELEMENT 
 

Anatoly V. Perelmuter 1, Oleg V. Kabantsev 2 
1 SCAD Soft Ltd, Kyiv, UKRAINE 

2 National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 

 

Abstract: This paper focuses on the methods of calculating load-bearing systems in the case of a failure of a 

structural element. This kind of failure makes it necessary to assess further behavior of the structure with a possi-

bility of the progressive collapse development. The stress-strain state analysis of a load-bearing system in the case 

of a failure of a structure is carried out by two main methods – static and dynamic calculation. It is shown that the 

static calculation (quasi-static analysis using the dynamic amplification factor) is not a universal method. This 

paper justifies the application of the direct dynamic calculation in the mode of direct integration of motion for the 

design analysis of load-bearing systems with high rigidity stories (protection structures for a load-bearing system). 

It also gives recommendations for selecting parameters of the direct dynamic calculation in the case of a failure 

analysis of a bearing structure. 

 

Keywords: modeling, numerical methods, calculation model, strain-stress state, progressive collapse 

 

 

ОБ АНАЛИЗЕ СОПРОТИВЛЕНИЯ НЕСУЩИХ СИСТЕМ  

ПРИ ОТКАЗЕ КОНСТРУКТИВНОГО ЭЛЕМЕНТА 
 

А.В. Перельмутер 1, О.В. Кабанцев 2 

1 НПО СКАД Софт, г. Киев, УКРАИНА 
2 Национальный исследовательский Московский государственный строительный университет,  

г. Москва, РОССИЯ 

 

Аннотация: Рассматриваются вопросы методики расчета несущих систем при отказе конструктивного 

элемента. Отказ такого рода приводит к необходимости оценить дальнейшее поведение конструкции с 

возможностью развития прогрессирующего разрушения. Анализ напряженно-деформированного состоя-

ния (НДС) несущей системы в условиях отказа конструкции выполняется по двум основным методикам – 

статический и динамический расчет. Показано, что статический расчет (квазистатический анализ с исполь-

зованием коэффициента динамичности) не является универсальным методом. Приведены обоснования 

того, что для расчетного анализа несущих систем с этажами повышенной жесткости (конструкции защиты 

несущей системы) целесообразно применять прямой динамический расчет в режиме прямого интегриро-

вания движения. Приведены рекомендации по выбору параметров прямого динамического расчета при 

анализе отказа несущей конструкции. 

 

Ключевые слова: моделирование, численные методы, расчетная модель,  

напряженно-деформированное состояние, прогрессирующее обрушение 

 

 

1. INTRODUCTION AND TASK 

STATEMENT 

 

Stability evaluation of the load-bearing system in 

the event of individual load-bearing structure 

failure or when a local defect is created in the 

structural system is one of the most important 

tasks when assessing the safety level of the build-

ing bearing system in its entirety. In some cases, 

this task is formulated as an estimate of the struc-

ture survivability [1,2,3] which seems to be one 

of the justified approaches. The legislative docu-

ment in force [4] outlines requirements to ensure 

mechanical safety of buildings and structures in 

the event of an emergency design situation: 

DOI:10.22337/2587-9618-2018-14-3-103-113
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‘when designing a facility of an increased criti-

cality rating, an emergency design situation must 

also be taken into account, which has a low 

chance of appearance and short-term duration, 

but ... which is crucial from the point of view of 

the consequences of reaching the limit states that 

may be generated in this situation (including the 

limit states arising in connection with explosion, 

collision, emergency situation, fire, and also right 

after the failure of one of the supporting struc-

tures)’.  

Following further description of the require-

ments [4], the state standard [5] outlines the re-

quirements with regard to the stress-strain fore-

cast of the bearing systems: ‘When performing 

structural design, the following design situations 

should be taken into account: ‘emergency’ being 

a situation which implies exceptional conditions 

of the building operation and which can lead to 

significant social, environmental and economic 

losses’. The state standard [5] introduces a new 

kind of limit state: ‘special limit states, namely 

the states arising from particular impacts and sit-

uations exceeding of which leads to the failure of 

structures with disastrous consequences’. It 

should be mentioned that previously the regula-

tory documents did not cover ‘special limit 

states’.  

The definition of special effect sis thoroughly 

studied in the regulatory document [6], where in 

the definition is follow sis given: ‘Special loads 

are those loads and impacts (e.g., explosion, col-

lision with vehicles, equipment failure, fire, 

earthquake, certain climate-relevant impact, fail-

ure of a structural element) which result in emer-

gency situations with eventual catastrophic con-

sequences’. Code of Practice [6] defines that‘ the 

impact caused by particular emergency effects 

needs to be taken into account in modeling to de-

termine the structures progressive collapse. 

Along with the wording of the aforementioned 

state standard [5], the following is defined: ‘Cal-

culation model for the structures progressive col-

lapse may be considered not compulsory if spe-

cial measures are ensured and which exclude pro-

gressive collapse of the structure or part thereof’. 

The standard [5] requires as follows: ‘For every 

limit state there should be taken into account the 

design models of the structure, its structural ele-

ments and bases which can characterize their be-

havior under the most unfavorable conditions at 

the time of their construction and operation.  

As a matter of fact, evaluation of the bearing sys-

tem resistance in the event of failure of the struc-

tural element can be reduced to an analysis of the 

development of fracture processes in the bearing 

system due to a local cause (failure of an individ-

ual structural unit). This approach corresponds to 

the modern interpretation of the well-known and 

frequently used concept of a‘ progressive col-

lapse’ which is considered to be a‘ dispropor-

tional’ destruction owing to a local failure. It 

seems that the term ‘disproportional’ in view of 

destruction more closely corresponds to a phe-

nomenon that the norms require to prevent, 

namely: it is deemed compulsory to avoid ad-

vancement (development) of destructions in the 

bearing system due to occurrence of the initial 

failure of an individual structural unit. 

To evaluate the bearing system resistance against 

a local structural failure, various methods are 

proposed. For instance, in [7] it is proposed to 

employ the survivability index IRC: 
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where Rmax  is the maximum possible failure; R is 

the failure caused.  

The source [8] thus defines the quantitative index 

of survivability К: 
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where Ni is the total of the structural elements in 

this group; m is the total of the groups of ele-

ments; ki  is the weight factor for i-th of the group 

of elements; ni is the total of the damaged ele-

ments of the i-th group. 
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It should be noted that the proposed methods of 

resistance of the bearing system (evaluation of 

‘survivability’ as the terminology proposed by 

the authors) imply the information on the extent 

of destruction. In order to estimate the surviva-

bility of the designed buildings using the meth-

ods as above, a forecast of the extent of damage 

needs to be carried out and which can be sup-

ported by the outcome of the design analysis. 

Information on the extent of destruction that oc-

curred and was caused by the initial local failure 

is also needed to assess the correspondence of 

such an extent to the maximum admissible values 

of the destruction in the building (structure) 

which are outlined by the norms [6] (Item 5.7): 

‘Under the action of design and emergency spe-

cific circumstances, the maximum allowable area 

of local destruction of the load-bearing structures 

is determined as follows: 

 for buildings with height of less than 75 m it 

is up to 40 m2; 

 for buildings with height of 75 to 200 m it is 

up to 80 m2; 

 for buildings with height of more than 200 m 

it is up to 100 m2; 

 for other facilities it is determined by the de-

sign brief and depends on the structure type 

(large-span shells, bridges, cooling towers, 

air-discharge pipes, etc.). 

Thus, the task of the calculation model of the 

bearing system in the absence of a local structural 

element to provide a consistent result (namely the 

process of development or neutralization of the 

development of destructions and the scope of de-

stroyed elements) is by all means important from 

the point of view of implementation of the re-

quirements of the existing laws and regulations. 

It should be emphasized that the contemporary 

best practice of designing the load-bearing sys-

tems provides an approach which proves to be 

not entirely justifiable to allow the formation of 

such significant ‘allowable’ degrees of structural 

damage (re. Item 5.7 [6]). In order to block the 

development of the destruction caused by the in-

itial local event, various types of ‘special 

measures excluding the progressive collapse of 

the structure or part thereof ([5]) or ‘… measures 

limiting the destruction area ([6])’ are proposed. 

For instance, the source [9] suggests one method 

of protection against progressive collapse based 

on the arrangement of floors of increased stiff-

ness (outrigger floors) and which ensure certain 

modification in the operation pattern of the verti-

cal load-bearing structure in the event of failure 

of a lower-lying element; such structural unit is 

suspended to an outrigger floor. The principle of 

operation of the outrigger floor as a structure 

providing for the ‘suspension’ of vertical bearing 

structures is quite consistent with the definition 

of ‘a special measure excluding progressive col-

lapse of the structure or part thereof’ which 

causes its extensive practical use when designing 

high-rise reinforced concrete buildings. 

As the above mentioned concise analysis of the 

issues of estimating the resistance of a load-bear-

ing building system in event of failure of the in-

dividual load-bearing structural units shows that 

the most important element ensuring the possibil-

ity to forecast the behavior of the bearing system, 

as well as assessing the compliance of the system 

with the regulatory requirements, represents the 

method of calculating of the bearing system un-

der the special design situation. This method of 

calculation should ensure that the particularities 

of the processes occurring in the bearing system 

are taken into account when the bearing element 

locally fails and this requires the implementation 

of a number of special numerical methods. 

 

 

2. ANALYSIS OF METHODS  

TO CALCULATE BEARING SYSTEMS  

IN THE EVENT OF LOCAL  

STRUCTURAL FAILURE  

 

In line with the established practice of design 

analysis of load-bearing systems in the special 

design situation, two cases of failure of local de-

sign can be considered: 

a) the structural element is not included into the 

operation of the bearing system due to exter-

nal causes: failure to complete the design so-

lution of the node (absence of bracing ele-

ments, unacceptable plays and clearances, 
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etc.); structural material not envisioned by the 

design brief (when mixing concrete mortar 

low-quality or defective cement is used); non-

fulfillment of the design solution for the struc-

tural element (underestimated longitudinal / 

transverse reinforcement, low-quality rolled 

products profile is used); 

b) the structural element is included into the op-

eration of the bearing system structure; still 

owing to some external impact it gets de-

stroyed and loses its bearing capacity. 

Case (a) corresponds to a design model which 

features no defective structure, and this leads to 

the formation of an adequate stress-strain state 

for this kind of a bearing system in its entirety. 

Case b) illustrates a more complicated situation; 

therein should be considered several stages of ex-

istence of a calculation model of the bearing sys-

tem: 

1. A calculation model corresponding to the de-

sign state with a full set of structural elements 

and formed stress-strain state; 

2. A calculation model corresponding to the 

changed state of the bearing system (without 

a failure of a structural element), which leads 

to alteration of the original stress-strain state 

and, consequently, may lead to subsequent 

(secondary) destructions of the bearing sys-

tem elements; 

3. A calculation model corresponding to the 

modified state of the bearing system with con-

sideration for secondary destructions which 

also lead to alteration of the original stress-

strain state formed at stage 2, and, conse-

quently, may lead to further subsequent de-

structions of the bearing system elements. 

Thus, the failure of the load-bearing structure in 

case (b) predetermines the need for a multi-stage 

design analysis accounting for the inherited 

stress-strain state from stage to stage. Calculation 

techniques for a multi-stage design analysis 

should provide an accurate solution to the prob-

lem under the conditions of stiffness degradation 

in individual elements of the design model; sim-

ilar questions of multi-stage calculations are con-

sidered in the source [10]. 

The most important provision in the event of fail-

ure of the bearing structure in view of the design 

analysis in case (b) is the possibility to correctly 

consider the mechanism of ‘removal’ of the 

stressed-strained element out of the design model 

composition, which leads to the formation of a 

certain dynamic effect. It is certain that problems 

of this sort can be successfully solved within the 

process of a direct dynamic calculation (when it 

comes to the field construction, the modules of 

direct dynamic calculation are included in all the 

main computational software). Nonetheless, the 

direct dynamic calculation technique is quite 

comprehensive, and requires generation of a vari-

ety of special raw data inclusive of the structural 

materials performance characteristics under dy-

namic influences, etc. 

For the purposes of impact mitigation in the di-

rect dynamical modeling problems it is proposed 

to employ the quasi-static calculation method us-

ing the kd dynamic factor (see, for instance, 

sources [11, 12]). By virtue of its simplicity, the 

calculation based on the dynamic factor usage 

has gained popularity. It is due in no small part 

to the fact that for a system with one degree of 

freedom which is acted upon by a short-time 

loading the values of the dynamic coefficient 

[13] and its ceiling limit (kd=2) are known. 

It is known that making a quasi-static calculation 

with the account for the dynamic coefficient is 

justified only for systems with one degree of 

freedom when this coefficient is defined as a ra-

tio of displacements triggered by the same load 

at its dynamic and static actions (Figure 1). 

When it comes to multi-element systems, quite 

good results can be obtained in those cases when 

the system motion mode is close to the form of 

its static equilibrium without a remote element. 

Only then one can discuss the ratio of displace-

ments common to all nodes of the system. 
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Figure 1. Determination of dynamic coefficient. 

 

In critical cases it is natural to check the dynamic 

behavior of the system. This can be achieved and 

illustrated by means of a simplified model of a 

truss (Figure 2) which is studied in the sources 

[14, 15]. 

 

 
Figure 2. Design model to illustrate  

the example. 

 

The truss elements are made of square pipes: 

belts 160x5, braces 140x5, racks 80x5. The main 

weight is assumed to be concentrated in the upper 

nodes of the truss; the weights are shown in Fig-

ure 2. 

Based on the static loading of the truss with all 

elements in the diagonal rod of 6-12, the force 

value equals to N = 27,274 t. 

If the truss is studied with no consideration of the 

diagonal rod of 6-12, in order to restore the static 

equilibrium for the nodes of 6 and 12 of the finite 

element model, it is compulsory to apply the load 

equal to the force acting in this diagonal rod. In 

Fig. 3 such a load is represented by means of 

components directed along coordinate axes. In 

this case (units of measurement are tons) the fol-

lowing is valid: 

 
2 227,274 16,362 21,819N     

(3) 

 
Figure 3. Elements replaced by reactions. 

 

The physical withdrawal of the diagonal rod 6-12 

is associated with a sudden (very rapid) dump of 

the loads shown in Figure 3 which in the calcula-

tion model is implemented by generation of a 

new load with the forces directed in opposite di-

rections (Figure 4) and which increase in time 

from zero (at the beginning of the loading pro-

cess) to their full value. 

 

 
Figure 4. Impact from the element withdrawal. 

 

In theory, the pattern of time variation of this con-

ditional loading should be established by trial and 

error, and can be different for different forces; still 

taking into account the high failure rate, the con-

nection can be assumed as a piecewise linear one 

and remaining identical for all forces. 

Hence, it is essential to make a dynamic calcula-

tion to assess the forces arising from a sudden re-

moval of the element. In this case, the dynamic 

effect can be described by the bilinear time-de-

pendent forces (Figure 5) where td is the failure 

time during which the structure once received a 

‘negative impulse’ at first ‘gets stuck’ in its ini-

tial position due to the inertia forces and then 

starts to move yet in a defective state. 

The solution to the problem is found using the 

SCAD software complex [16] performing in the 

Direct motion integration mode. At that, the re-

quired procedural modeling is carried out in ac-

cordance with the requirements of the design 

mode: a special static load is gained, a file de-

scribing the law on variation of forces arising 

from the sudden removal of an element is gener-

ated, a value of the modal damping action is spec-

ified, integration spacing (0.01 sec.) is recorded 

a well as the action period (2 sec.). 
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Figure 5. Time-depended load increase  

(force P is given on the vertical axis). 

 

In order to analyze the state of the elements of the 

structural design, it is prerequisite to consider the 

graphs illustrating the change in forces in the el-

ements. SCAD features this function in the query 

mode to obtain data on an element  

(Figure 6 can be referred to as an example). 

 

 
Figure 6. Track record on time-dependent 

change in force in the design model elements. 

 

The stress-strain analysis of the elements of the 

model in time shows that the utmost force values 

generated in the elements of the system (as well as 

the movements of the nodes) are not achieved 

simultaneously (for reference see an example of 

the change in forces in individual elements in Fig-

ure 7). Thus, in element 8 the extremum is reached 

at time t = 0.21 sec., in element 11 at t = 0.17 sec., 

and in elements 20 and 31 at t = 0.16 sec. 

Likewise, it should be taken into account that all 

motions of the system occur around the displaced 

equilibrium which was gained by the structure at 

the moment preceding the element destruction. 

Therefore, the results of the dynamic calculation 

obtained at direct integration of the equations of 

motion should be added up with the results of a 

static calculation of an intact structure. 

 

 
Figure 7. Time-dependent change in forces  

for some elements of the design model. 

 

The research problem to study the stress-strain 

state of the design model elements as  shown in 

Figure is also solved in quasi-static mode em-

ploying the dynamic factor kd = 2.0 (at the utmost 

theoretical value). Correlated values of the solu-

tion results obtained through various methods are 

given in Table 1. 

Juxtaposition of the obtained results with the nu-

merical method in [15] proves good agreement of 

results. When it comes to the quasi-static solution 

obtained employing the dynamic factor kd = 2.0, 

strong divergence gets to the surface. Such fun-

damental difference in results can be explained 

through the incongruity of the static equilibrium 

model form without a removed element and the 

first form of self-induced oscillations (Figure 8). 

Thus, the very concept of dynamic factor as a 

multiplier to the static deformation bears no sig-

nificance. It should be noted that the idea of a 

quasi-static calculation employing the dynamic 

factor and based on the energy approach (ref. 

[11]), is widely used by various authors in view 

of the structures made of materials in which the 

stress-strain state is not linear. At that, the re-

searchers of the stress-strain state for the bearing 

system in the mode of failure of its individual el-

ements highlight that if there is inelastic defor-

mation detected in the construction material (and



About the Problem of Analysis Resistance Bearing Systems in Failure of a Structural Element 

Volume 14, Issue 3, 2018 109 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 1. Correlated values of the solution results obtained through various methods. 

# of 

element 

Forces in element Divergence of results  

through SCAD (%) 

Intact 

system 

Dynamics 

[15] 

Dynamics 

[SCAD] 

Quasi-statics 

kd =2,0 

vs. the 

results of 

[15] 

vs. the results 

ofquasi-

statics kd =2,0 

1-2 -28,778 -36,21 -36,404 -20,116 0,54 44,74 

2-3 4,862 18,18 18,539 13,717 1,97 26,01 

3-4 23,916 34,86 34,676 31,932 -0,53 7,91 

4-5 23,916 35,03 35,597 39,712 1,62 -11,56 

5-6 4,862 -20,29 -19,869 -52,084 -2,07 -162,14 

6-7 -28,778 -30,66 -30,203 -13,16 -1,49 56,43 

8-9 -11,822 -18,81 -17,202 -13,094 -8,55 23,88 

9-10 -52,847 -66,68 -67,555 -53,93 1,31 20,17 

10-11 -71,127 -87,93 -87,725 -73,05 -0,23 16,73 

11-12 -71,127 -80,11 -80,171 -65,271 0,08 18,59 

12-13 -52,847 -94,54 -94,811 -119,731 0,29 -26,28 

13-14 -11,822 -13,74 -13,983 -6,134 1,77 56,13 

1-8 -15,866 -22,18 -22,445 -16,82 1,19 25,06 

2-9  7,498 12,00 12,257 5,733 2,14 53,23 

3-10 5,019 7,39 7,514 2,767 1,68 63,18 

4-11 5,309 9,20 9,712 8,264 5,57 14,91 

5-12 5,019 -19,29 -18,779 -40,75 -2,65 -116,99 

6-13 7,498 -10,22 -10,32 -38,4 0,98 -272,09 

7-14 -15,866 -17,14 -17,244 -11,6 0,61 32,73 

1-9 -43,556 -59,77 -59,558 -41,968 -0,35 29,53 

2-8  14,777 23,06 22,293 16,367 -3,33 26,58 

2-10 -27,274 -56,63 -54,172 -25,923 -4,34 52,15 

3-9 7,726 14,49 14,477 9,079 -0,09 37,29 

3-11 -16,091 -19,99 -20,04 -13,692 0,25 31,68 

4-10 -4,424 -8,88 -8,616 -2,023 -2,97 76,52 

4-12 -4,424 -13,38 -14,217 -11,751 6,26 17,35 

5-11 -16,091 -24,5 -25,052 -23,415 2,25 6,53 

5-13 7,726 48,32 47,918 91,332 -0,83 -90,60 

6-12 -27,274 — —  — — - 

6-14 14,777 17,03 17,203 7,667 1,02 55,43 

7-13 -43,556 -58,02 -57,717 -50,664 -0,52 12,22 

 

with due regard to their consideration while per-

forming the analysis), the dynamic factor de-

creases substantially and reaches the value of 1 

(for reference see the studies by V.A. Almazov 

and his students). 

The grounds of choosing the quasi-static meth-

ods are preconditioned by constant total energy 

for the element under consideration. Still it must 

be borne in mind that the total potential energy is 

a constant for the system in its entirety, and for 

the multi-element system it is very much likely 

to observe the shift of this value from one ele-

ment to another in the process of deformation. In 

other words, it is not only a system with one de-

gree of freedom, for which the concept of a dy-

namic factor appears worthwhile but also, on top  
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Figure 8. Juxtaposition of the deformation 

forms: а) static equilibrium form of the model 

without a removed element; b) the first form of 

self-induced oscillations of the model. 

 

of everything, it is also a system with one de-

formable element. 

The use of quasi-static methods for the system 

analysis which include ‘special measures to pre-

vent progressive collapse of the structure or part 

thereof’ [5], e.g., outrigger floors (the overall 

view is shown in Figure 9), does not in principle 

enable us to obtain a correct result to be proved 

by the reasons given above. 
 

Some aspects influencing the selection of time-

dependent load increase.  

First of all, this concerns the choice of the failure 

time td value. Owing to the ambiguity of this pa-

rameter, for structures of the increased criticality 

rating it is recommended to perform a series of 

calculations spotting a variation of td from 0.001 

to 0.01 sec.  

In the American regulatory document [17] it is 

indicated that td≤0,1Т1,failure. Here Т1,failure is the 

timeline of the initial stage of the self-induced os-

cillations detected in the failure-impacted design 

model, namely the design model from which the 

failed element under consideration has already 

been removed. 

Some foreign sources [18, 19, 20] recommend 

considering the general integration time as no 

less than0,5Т1,failure.This recommendation arises 

from the fact that the utmost values of internal 

forces upon the failure in the majority of cases 

act till the moment in time calculated as0,5Тi, 

failure, whereТi,failure is the oscillations cycle at i-th 

frequency of design model affected by failure in 

that way of oscillations which is the most proxi-

mate to the type of deformation upon the element 

failure (as per the type shown in Figure 8а). 

 

 
Figure 9. Overall view of the bearing system 

with outrigger floor: 1 – outrigger floor;  

2 – local failure of a structural element. 

 

 

3. CONCLUSIONS 
 

Methods of design analysis of the bearing sys-

tems operation in the event of failure of an indi-

vidual element should accurately account for the 

processes occurring in actual design. The failure 

of the local element leads to a realignment of not 

only the design analysis and the associated forces 

redistribution, but also results in rather complex 

dynamic phenomena. The application of simplified 

methods of the design analysis, i.e. a quasi-static 

method employing the dynamic factor does not en-

sure the conditions for modeling accuracy and, thus, 

the reliability of the design analysis outcome. 
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ABOUT THE FREE-VIBRATION MODE SHAPES  

OF ELASTOPLASTIC DISSIPATIVE SYSTEMS 
 

Aleksander N. Potapov 
South Ural State University (National Research University), Chelyabinsk, RUSSIA 

 

Abstract: The author presents the conditions of the generalized orthogonality of the free-vibration mode shapes 

of an elastic dissipative system, for which traditional classical orthogonality conditions are a private case. As 

opposed to these conditions, the above ratios contain the mass matrix, the damping matrix, and the diagonal form 

of the spectral characteristics (damping coefficients and mode-shape frequencies). Within the theory of time anal-

ysis, free-vibration mode shapes of an elastoplastic system are built on the basis of using a schematized diagram 

of strain with hardening. The author proposes a design scheme that reduces the process of nonlinear vibrations to 

a sequence of processes flowing according to a linear scenario within the time intervals called quasilinear. In these 

intervals, the parameters of the dynamic model (elements of the stiffness matrix and the damping matrix) remain 

unchanged, all the changes occur only when passing through the critical points. As a result, the author formulated 

the condition for the nondegenerate state of an elastoplastic dissipative system. According to the condition, local 

plastic zones characterized by the size, the number and location of the zones on the design scheme of the structure 

correspond to each quasilinear interval. Since within the intervals, the parameters of the plastic zones are un-

changed, the conditions of the generalized orthogonality of the mode shapes of the elastoplastic system are satisfied 

by analogy with the vibration mode shapes of an elastic dissipative system. The free-vibration motion of a hinged 

beam with three degrees of freedom are analyzed taking into account local plastic zones with different lengths and 

the location of zones in different nodes. It is shown that the configuration of the forms of elastoplastic oscillations 

differs qualitatively from the configuration of the corresponding forms of elastic vibrations.  

 

Keywords: elastoplastic system, dissipative system, free-vibration mode shapes, plastic zone, orthogonality,  

stiffness matrix, damping matrix 

 

 

О ФОРМАХ СОБСТВЕННЫХ КОЛЕБАНИЙ  

УПРУГОПЛАСТИЧЕСКИХ ДИССИПАТИВНЫХ СИСТЕМ 
 

А.Н. Потапов 
Южно-Уральский государственный университет (национальный исследовательский университет),  

г. Челябинск, РОССИЯ 

 

Аннотация: Приведены условия обобщённой ортогональности форм собственных колебаний упругой 

диссипативной системы, для которых традиционные классические условия ортогональности являются 

частным случаем. В отличие от этих условий приведённые соотношения содержат связанные между собой 

матрицы масс, демпфирования и диагональную форму спектральных характеристик (коэффициентов 

демпфирования и частот собственных колебаний). В рамках теории временного анализа осуществлено по-

строение форм собственных колебаний упругопластической системы на основе использования схематизи-

рованной диаграммы деформирования с упрочнением. Предложена расчётная схема, сводящая процесс 

нелинейных колебаний к последовательности процессов, протекающих по линейному сценарию на интер-

валах времени, называемых квазилинейными. На данных интервалах параметры расчетной динамической 

модели (элементы матриц жесткости и демпфирования) остаются неизменными, все изменения происхо-

дят только при переходе через критические точки. В результате сформулировано условие невырожденного 

состояния упругопластической диссипативной системы. Согласно условию, каждому квазилинейному ин-

тервалу соответствуют локальные пластические зоны, характеризуемые размерами, количеством и распо-

ложением зон на расчётной схеме сооружения. Так как внутри интервалов параметры пластических зон – 

неизменны, то условия обобщённой ортогональности собственных форм колебаний упругопластической 

системы выполняются по аналогии с формами колебаний упругой диссипативной системы. Проведён ана-

лиз собственных колебаний шарнирной балки с тремя степенями свободы с учётом локальных пластиче-
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ских зон с различной длиной и различным расположением зон в узлах. Показано, что конфигурация соб-

ственных форм упругопластических колебаний качественно отличается от конфигурации соответствую-

щих форм упругих колебаний. 

 

Ключевые слова: упругопластическая система, диссипативная система, форма собственных колебаний,  

пластическая зона, ортогональность, матрица жёсткости, матрица демпфирования 

 

 

1. INTRODUCTION 

 

Modern structures operate in the conditions of 

complex dynamic influences, when maximum 

stresses in the main bearing elements often ex-

ceed the value of the elastic limit. Off the scale 

stresses must be considered, for example, in the 

design of seismic buildings and structures [1, 2]. 

In this case, the appearance of nonlinear strains 

in frame buildings is not only considered admis-

sible, but also justified by special calculations for 

the organization of so-called "plasticity zones" 

generally located in horizontal bearing elements 

(crossbars). These zones are created in order to 

absorb the seismic action energy and its subse-

quent diversion (dissipation) into the environ-

ment, which ensures the integrity of the system 

in general. The developments in this field are re-

flected in national regulatory documents [3, 4] 

and in advanced foreign studies and regulations 

[5-7]. 

The presence of plastic zones in the bearing ele-

ments of structures naturally influences the sys-

tem stiffness parameters, and, consequently, its 

internal dynamic characteristics. [8, 9] studied 

the behavior of the beams made of an elasto-

plastic material under impulse actions. [8] ob-

tained an approximate solution of the problem of 

residual deflections of an impulse loaded rigidly 

fixed beam at its nonlinear vibrations, taking into 

account the sensitivity of the material to the 

strain rate in the plastic zone.[9]gives an original 

solution of the problem of free vibrations of a 

hinged beam beyond the elastic limit under the 

influence of a distributed impulse simulating an 

explosion, based on the analytical approach. The 

article presents algorithm of formation of mode 

frequencies for an ideal elastoplastic material and 

demonstrates a decrease of their values with an 

increasing length of the plastic zones. 

Using computer simulation of frame buildings 

within of the elastoplastic analysis, frequency-

damped characteristics and free-vibration mode 

shapes were determined on the basis of Prandtl 

diagram [10, 11]. A frame building was pre-

sented in the form of a discrete dissipative system 

(DDS), for which it was also shown that an in-

crease in the yield in the frame floors leads to a 

decrease in the frequency spectrum. 

The present work deals with the issues relating to 

the free-vibration motion in the DDS taking into 

account elastoplastic strains. We obtained the 

conditions, under which the fundamental proper-

ties of the orthogonality of free-vibration mode 

shapes are satisfied in a dissipative system in the 

yield state associated with the appearance of lo-

cal plastic zones. The qualitative nature of the in-

fluence of a nonlinear process on the configura-

tions of mode shapes is exemplified by a hinged 

beam. 

 

 

2. BASIC RATIOS 

 

Free-vibration mode shapes of any system (linear 

or nonlinear) are determined by its strained state 

caused by the action of inertial and dissipative 

forces. Free mode shapes are unchanged in the 

process of vibrations in a linearly strained sys-

tem, so their configuration does not depend on 

time. It is manifested in a known property: the 

ratio of any two ordinates of the k-th mode shape 

is a constant value: pjk / pik = const. 

In the elastoplastic system, the appearance of 

yield in structural elements is accompanied by a 

decrease in its stiffness parameters. The presence 

of plastic strain zones in the structure leads to a 

redistribution of internal forces and stresses and, 

as a consequence, to a change in the configura-

tion of mode shapes. Therefore, the ratio of the 

ordinates pjk and pik of an arbitrary k-th mode 

shape of an elastoplastic system taken at different 
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instants of time will no longer be a constant 

value: pjk / pikconst. 

Let us denote the free-vibration mode shapes of 

a discrete system through Pk (k= 1, ... , n). These 

mode shapes have some properties known as or-

thogonality conditions. For an elastic conserva-

tive system, the mode shapes are orthogonal in 

relation to the mass matrix  

 

M = diag (m1, …, mn) 

 

and to the stiffness matrix K = KT [12, 13]: 

 

 Pj
T
MPk= 0,  Pj

T
KPk = 0  (1) 

 (k, j= 1, ... , n; kj). 

 

In case of the DDS vibrations, the damping ma-

trix C is generally chosen so that the equations of 

motion could be reduced to a diagonal form. In 

this case, the matrix C corresponds to a propor-

tional damping model [14], and one more orthog-

onality condition, including the damping matrix 

C, is added to the orthogonality conditions, 

which take the same form as for the conservative 

system: 

 

 Pl
TCPk = 0 (kl). (2) 

 

The presence of conditions (1), (2) is a conse-

quence of the separation of all the three forces: 

inertia, elasticity, and damping in the normal co-

ordinates. 

The equations of motion are not reduced to nor-

mal coordinates or dissipative structures with an 

arbitrary damping matrix. In this case, building 

of orthogonality ratios faces considerable diffi-

culties [15-17], in particular, in [16, 17] the or-

thogonality conditions of the free-vibration mode 

shapes are obtained in convolutions. 

The time analysis theory [11] introduces matrix 

conditions for the generalized orthogonality of 

free elastic vibration mode shapes of the DDS 

with an arbitrary symmetric damping matrix C. 

These ratios have a rather simple mathematical 

form (represented by equations (10), (12)) due to 

the developed apparatus associated with the anal-

ysis of the characteristic matrix quadratic equa-

tion (the equation of motion of mode shapes): 

 

 MS2 + CS + K = 0. (3) 

 

Equation (3) in the basis consisting of the mode-

shape vectors of the matrix  

 

S = PP–1 

 

has the form: 

 

 MP2 + CP + KP = 0,  (4) 

 

where S – matrix of internal dynamic character-

istics of the system;  

 

P = [P1, … , Pn] 

 

– matrix of the mode-shape vectors (vibration 

mode shapes);  

 

 = diag (1, ... , n) 

 

– diagonal matrix of spectral characteristics.  

Each vector Pk determining the k-th mode shape 

of damped vibrations corresponds to the charac-

teristic complex number k = –k + ik, which 

contains the damping factor kin the real part and 

the mode frequency k in the imaginary part. 

The solution of equation (3) is presented in the 

form of the root pair 

 

 S1,2 = M–1(–C + VU)/2,  (5) 

 

where the matrices V and U have the properties 

of oblique and direct symmetry:  

 

V = –VТ, U = UТ, 

 

and Vieta’s formulas are valid for the root pair 

S1, S2 

 

 Sl
ТM + MSm = –C,   Sl

ТMSm =K (6) 

(m, l = 1, 2;  ml). 
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Under the condition of a small dissipation, the el-

ements of the matrices V and iU (i is the imagi-

nary unit) belong to the real number field [11], 

therefore, the matrix roots (5) are complex con-

jugate S1 =S, S2 = S . Then, ratios (6) are con-

verted into the form: 

 

 S*M + MS = –C,   S*MS =K, (7) 

 

where S*= S Т.  

If the mode-shape matrix P is normalized, the 

symmetrical matrix U is determined by the for-

mula  

 

U = (PPT)–1. 

 

 

3. GENERALIZED ORTHOGONALITY  

OF THE FREEVIBRATION MODE  

SHAPES OF AN ELASTIC DDS 

 

Equation (3) is reduced to a system of equivalent 

equations [11]: 

 

 STM + MS + C = U,   STMS – K = US, 

 

which after the transformation in the new basis 

are converted into the form: 

 

 PTMP + PTMP + PTCP = E,  (8) 

 PTMP – PTKP= . (9) 

 

Matrix equation (8) is the ratio of the generalized 

orthogonality of the matrix P. Unlike traditional 

orthogonality conditions (1), (2), this equation 

contains the matrices M, C and the diagonal form 

. Equation (9) is a diagonal form of writing the 

equation of motion of the free mode shapes (3). 

The left-hand side of this equation is an algebraic 

sum total of two terms, each of which is not a di-

agonal matrix in the general case. 

Passing from equation (8) to the system of n2 sca-

lar equations, we obtain respectively n(n–1) con-

ditions of the generalized orthogonality of the 

mode shapes Pk, Pj (at kj) and n conditions of 

their normalization (at k = j): 

 

 Pj
T[M(j + k) + C]Pk= 0(kj), (10) 

 Pk
T[2Mk + C]Pk= 1(k = j) (11) 

(k, j= 1, ... , n). 

 

n2 scalar rational so follow from the diagonal 

form equation (9), wherein n(n–1) conditions 

analogous to the orthogonality ratios result at k j 

and n conditions at k = j: 

 

 Pj
T[Mjk – K]Pk = 0(kj), (12) 

 Pk
T[Mk

2 – K]Pk = k(k = j) (13) 

(k, j= 1, ... , n). 

 

In the private case of the conservative system 

(C = 0, j = k = 0), formulas (10), (12), due to 

(j + k) = i(k +j)  0 and jk = –kj 0, 

are reduced to ratios (1).  

The conditions, under which the ratios of the gen-

eralized orthogonality (10), (12) become applica-

ble to an elastoplastic system, are shown below. 

 

 

4. NONDEGENERATE STATE  

OF THE ELASTOPLASTIC DDS 

 

Let us consider a fragment of the design scheme (to 

be specific–a beam model) shown in Figure 1. Sup-

pose that plastic strains develop near the j-th node 

forming a local zone with the sizes aj and bj (respec-

tively, left and right of the node). In relative quan-

tities, the length of this zone is determined by the 

parameters 

 

j = aj/d,    j = bj / d, 

 

where d represents the distance between the ad-

jacent nodes. At the boundaries of the plastic 

zone, the stress value corresponds to the yield 

limit yl. According to the schematic diagram of 

strain with hardening (Figure 2), the maximum 

stress max in the j-th node should not exceed the 

strength limit u. 

[11, 18] analyze elastoplastic systems using 

Prandtl diagram and the bilinear diagram.  
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Figure 1. Fragment of the CMD with a plastic 

zone (ai, bi) near the j-th node. 
 

 
Figure 2. “σ-ε” bilinear diagram. 

 

The process of calculating the inelastic response 

according to the mathematical vibration models 

was divided into a series of successive (quasilin-

ear) intervals t [ti, ti+1] (i = 0, 1, 2, …), within 

which the parameters of the design scheme (ele-

ments of the stiffness and damping matrices) re-

mained unchanged. The elements of the mass 

matrix were taken constant during the entire elas-

toplastic strain process. 

According to the proposed scheme of analysis, a 

certain local plastic zone (one or several) with 

fixed parameters, characterized by the sizes, 

number and location of the zones in the design 

scheme of the structure corresponds to the i-th 

quasilinear interval t [ti, ti+1]. Any non-linear 

events occurring in the structural elements of the 

system, including the beginning or the end of 

non-linear strains (yield and unloading), as well 

as changes in the parameters of the local plastic 

zones, are considered to occur only at the bound-

aries of these intervals–at the critical points ti, 

ti+1, ... As a result of this simulation, the inelastic 

analysis is reduced to a successive series of dis-

cretely varying systems that are implemented in 

these intervals according to the elastic design 

scheme. 

The value of the determinant of the matrix K(ti) > 

0, where ti is the time at the beginning of the i-th 

interval, is used to evaluate the nondegenerate 

state of a quasilinear system. The condition of the 

nondegenerate state is formulated as the follow-

ing statement [11]. 

The stiffness matrix K(ti) of a quasilinear system 

is nondegenerate if and only if both matrices of 

internal dynamical characteristics S1, S2 in (5) are 

nondegenerate: 

 

 det K(ti) > 0 det Sm 0  (m = 1, 2). (14) 

 

The fact of non-degeneracy of both matrix roots 

Sm follows from the second Vieta’s formula in 

(6). Let us demonstrate the need for the condi-

tion. Suppose that the matrix K(ti) is nondegener-

ate in the quasilinear interval t[ti, ti+1], then 

 

det K(ti) = det (Sl
ТMSm) = 

= det (Sl)det (Sm)det (M) > 0 (ml). 

 

Hence, det Sm 0 (m = 1, 2) follows for both ma-

trices. The need is demonstrated. The sufficiency 

of the statement is also obvious. 

It follows from the above result, under the condi-

tion of a small dissipation, that matrices (5) in the 

considered interval, as well as for the elastic so-

lution, are presented in a complex conjugate 

form. Therefore, conditions (6) take the form 

analogous to (7): 

 

 S*M + MS = –C(ti), S
*MS =K(ti). (15) 

 

The following inequality results from the second 

ratio in (15) for the lower boundary of the matrix S: 

 

S  1 ( )
iM K t , 

 

where  – norm of the corresponding matrix. A 

decrease in the stiffness parameters with a grow-

ing yield leads to a decrease in the normK(ti) , 

and, consequently, S . At the same time, the 

weaker the norm of the matrix S, the smaller the 

modules of its characteristic numbers  

 

k = –k + ik(k = 1, ... ,n). 

 

Since under the usual conditions of the elastic sys-

tem vibrations, the damping coefficients k(t0)are 

yl 
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much less than the corresponding mode frequen-

cies k(t0),these are the frequencies that are most 

sensitive to the change in the elements of the ma-

trix K. Therefore, a decrease in the modules kis 

initially due to a decrease in the frequency spec-

trum k(t) (k = 1, ... , n) (Figure 3). 

 

 
Figure 3. Frequency spectrum of a  
nondegenerate elastoplastic system  

in the course of vibrations.   
 

Consequently, when condition (14) is met, the 

frequency spectrum is strictly positive and below 

the elastic one 0<k(t)k(t0), where k(t0) is the 

mode frequency in the elastic state of the calcu-

lation model at t [t0, t1]. 

Hence, it follows that all the mode shapes have a 

harmonic law of motion 

 

k(t) = (Ak cos kt + Bk sin kt) jte , 

 

where Ak, Bk represents arbitrary constants. For a 

conservative system (C = 0), there is no damping 

term in the equations of mode shapes. 

 

 

5. GENERALIZED ORTHOGONALITY  

OF THE MODE SHAPES  

OF ANELASTOPLASTIC DDS 

 

An important consequence of the above result is 

that, under the condition of a nondegenerate state 

of the elastoplastic system (14), equalities (8) – 

(13) will be satisfied together with ratios (15). In 

particular, the orthogonality conditions in the 

matrix (8) and scalar (10), (11) form, respec-

tively, take the form: 

 

 PTMP + PTMP + PTC(ti)P = E, (16) 

 Pj
T[M(j + k) + C(ti)]Pk= 0  (kj), (17) 

 Pk
T[2Mk + C(ti)]Pk= 1 (k = j) (18) 

(k, j= 1, ... , n). 

 

These conditions will be valid only if two arbi-

trary mode shapes Pk, Pj (kj) belong to the same 

quasilinear interval t [ti, ti+1] or, which is the 

same, correspond to the plastic zone (or zones) 

with the same parameters. 
 

 

6. EXAMPLE 

 

Let us consider an example of elastoplastic vibra-

tions of a hinged beam with three degrees of free-

dom (n = 3) under a dynamic action. The parame-

ters of the design scheme of the beam are: I-beam 

No. 70, A516 steel, Е = 2,1105 MPa, stiffness of 

the beam EJ = 2,83109 kNcm2, d = 300 cm (Figure 

4a). The characteristics of the strength and deform-

ability of the beam material: yl = 305 MPa, u = 

440 MPa, yl= yl/Е = 0,00145, u= 0,21. 

The mass matrix and stiffness matrix of the elas-

tic system were: 

 

M = diag (0,5  0,6  0,5)10–2kNs2/cm, 

K =
 
 
 

   
   
   

103 (kN/cm). 

 

A nonproportional damping model was used to 

build the damping matrix [11]: 

 

C(ti) = [K(ti)T + TK(ti)]/2, 

 

where: T =  1
0W  , W0 = diag(w01, ... , w0n),  w0i =

/jj jr m  (rjj,mj– diagonal elements of the matri-

ces K(ti) and M), = /,  = 0,07. 

In the elastoplastic vibration mod shape, the stiff-

ness matrix was formed using the flexibility ma-

trix L(ti) = K(ti)
–1. The displacementskj(ti)– ele-

ments of the flexibility matrix were determined 

by the known methods of structural mechanics, 

taking into account the presence of the plastic 
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zones in the nodal sections of the beam: kj(ti) = 

kjfkj(ti).Here,kj– elements of the flexibility ma-

trix L of the elastic system; fkj(ti)–correction func-

tions that take into account non-linear strains, de-

pend on the size and location of the plasticity 

zones, on the value  = Е0/Е, whereЕ= tg, Е0= 

tg0( = 0,003). The functions fkj(ti) (k, j= 1, 2, 3) 

for the plastic zones near nodes 2 (Figure 4b) and 

3 (Figure 4c) are shown below. 

 

 
Figure 4. Design scheme of the beam (a);  

fragments of bending-moment curves  

for the plastic zones near: (b) – node 2;  

(c) – node 3. 

 

Node 2 ( = a2 / d,  = b2 / d): 

f11 = 1 + v[1() + 2()]/36; 

f22 = 1 + v[2() + 2()]/16; 

f12 =f21= 1 + v[3() + 2()]/22; 

f33 = 1 + v[2() + 1()]/36; 

f13 = f31 = 1 + v[3() + 3()]/28; 

f23 = f32 = 1 + v[2() + 3()]/22, 

where 1() = 12 + 62 + 3, 2() = 12 – 62 + 3,  

3() = 12 – 3(= , ),v= (1/  – 1). 

Node 3 ( = a3 / d,  = b3 / d): 

f11 = 1 + v[1() + 3()]/36; 

f22 = 1 + v[1() + 3()]/16; 

f12 = f21 = 1 + v[1() + 3()]/22; 

f33 = 1 + v[(27 – 92 + 3) + 93()]/36; 

f13 = f31 = 1 + v[2() + 33()]/28; 

f23 = f32 = 1 + v[2() + 33()]/22, 

where:  1() = 3+ 32 + 3,  

2() = 9 + 32 – 3, 3() = 3 – 32 + 3. 

 

In Figure 4: M0 – value of the limit moment cor-

responding to the yield limit; Rj– restoring force 

at the j-th node. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 5. First (a), second (b) and third (c) free 
mode shapes for the yield zones in node 2 at α2:  

1 – 0,1; 2 – 0,2; 3 – 0,3; 4 – 0,5 (β2 = 0,1). 
 

We considered various vibration modes of the 

calculation beam model beyond the elastic limit. 

Figure 5 shows the free-vibration mode shapes Pk 

(k = 1, 2, 3) for local plastic zones of different 

lengths near node 2. Figures 6 and 7 show, re-

spectively, the first and the second elastoplastic 

mode shapes of the beam for the plastic strains 

zones near nodes 2 and 3. 

It follows from the analysis of Figures 5 – 7 that 

the configuration of the elastoplastic mode shapes 

differs sharply from the corresponding mode 

shapes of elastic vibrations, which are shown by a 

dotted line in all the figures. The configuration of 

the elasticoplastic modes depends on many fac-

tors: on the intensity of the yield strains develop-

ment, which influences the sizes (length) of the 

plastic zones in the dangerous section (Figure 5); 

on the number of sections with the nonlinear work 

of the material; on the location of the zones in the 

design scheme (Figures 6, 7). 

b c 

b 

c 



About the Free-Vibration Mode Shapes of Elastoplastic Dissipative Systems 

Volume 14, Issue 3, 2018 121 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 6. First free mode shape for the yield 

zones: 1 – α2 = β2 = 0,1;  

2 (5) – α2 (α3)=0,5; β2 (β3) = 0,1; 

3 – α3 = 0,05; β3 = 0,005;  

4 – α3 = 0,1;  β3 = 0,002. 

 

 
Figure 7. Second free mode shape for 

 the yield zones:  1 – α2 = 0,3; β2 = 0,1;  

2 – α3 = 0,002; β3 = 0,002;  

3 – α3 = 0,01; β3 = 0,001;  

4 – α3 = 0,5; β3 = 0,002. 

 

The curvature of the rod axis sharply increases in 

the yield zones in comparison with the elastic 

sections of the design scheme; therefore, even in 

case of small sizes of the plastic zones, the free 

mode shapes can differ significantly from the 

corresponding elastic mode shapes. An example 

is the second mode shape in Figure 7 (position 2) 

built at the yield in the 3rd node for a local zone 

with the total length of 0,004d. In percentage 

terms, this length is (0,004d/4d)100% = 0,1% of 

the beam span l = 4d, i.e. 1/1000 part of the span, 

where the beam material works beyond the elas-

tic limit. A comparison of this mode shape with 

its "double" –a mode shape obtained at the yield 

in the second node (Figure 7, position 1) with the 

length of the plastic zone 0,4d (10% of the beam 

span) shows that these mode shapes differ signif-

icantly by the configuration not only from the 

mode shape of elastic vibrations, but also from 

each other. 

As it has already been noted, the critical zones in 

the elastoplastic process can change in size, dis-

appear and appear again (due to multiple unload-

ings and loadings), change their location on the 

structure, etc. Since all this is connected with the 

appearance of the zones with a concentration of 

infinitely large curvatures, it will lead to a signif-

icant "distortion" of their mode shapes with re-

spect to their elastic analogs and, eventually, to 

the modification of these mode shapes that cease 

to be similar to themselves in the process of non-

linear vibrations. 

It should be noted that during a nonlinear analy-

sis of structures using numerical methods of the 

stepwise integration, the dynamic response is 

generally built using the original (i.e., elastic) 

mode shapes of undamped vibrations. It is con-

sidered to be permissible, "if inelastic strains do 

not lead to major changes in the nature of their 

deflections ..." [12]. However, in practice, such 

estimates are difficult to implement, and their im-

plementation provides for the creation of more 

sophisticated mathematical models that ensure 

building of free-vibration mode shape staking 

into account inelastic strains. 

Resorting to the previous example, we will give 

a comparative analysis of the movements of the 

third node at elastoplastic beam vibrations 

caused by the action of the force R3 (Figure 4c). 

For a plastic zone with the following parameters: 

3 = 0,002; 3 = 0,001,the node movements are 

1,73 times larger than the corresponding elastic 

movements, i.е., the local zone with the total 

length of 0,003d = 0,9 cm leads to a change in the 

node movements by almost 2 times. If the zone 

sizes are doubled: 3 = 0,004; 3 = 0,002, the ratio 

of the movements increases already in 2,45 

times. 

Thus, the proposed algorithm allows us to obtain 

not only qualitative but also quantitative esti-

mates of the influence of the inelastic strains on 

the characteristics of the strain-stress state in the 

structure. Since even small plastic zones (less 

than 1 cm) can significantly alter the strained 

state of structural elements, it suggests the need 

to create new approaches that allow us to con-

sider nonlinear strains when formation of mode 

shapes. In this connection, there arises a question 
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on the correctness of the methods based on the 

use of elastic vibration mode shapes in a nonlin-

ear analysis, and an estimate of the error degree 

of such an analysis. 

The final part of the paper gives an example of 

meeting the orthogonality conditions (16) for the 

free-vibration mode shapes of a beam with a lo-

cal plastic zone in the second node (Figure 5). 

The correction functions fkj(ti) are built for the pa-

rameters: 2 = 0,2; 2 = 0,1. As a result, the values 

of the stiffness matrix and damping matrix were: 

 

К(ti) = 

407,96    261,45 83,56

261,45 319,26   347,94

83,56 347,94 592,77

 
 
  

 
  

(kN/cm), 

С(ti) = 

0.0318      0.0228 0.00596

0.0228 0.0308    0.0281

0.00596 0.0281 0.0384

 
 
  

 
  

(kNs/cm). 

 

From the solution of (3) we obtained matrix roots 

(5) S1 =S, S2= S , which allows us to calculate the 

spectral characteristics – the mode-shape matrix 

P and the diagonal form  (the values of the ma-

trices P and  correspond to the matrix S1): 

 

S1,2=

3,18 258,77 2,02 132,44 0,59 0,62

2,12 110,37 2,57 136,67 2,75 128,78

0,60 0,62 2,31 154,53 3,84 314,05

i i i

i i i

i ii

  
 

 
 
   



 



(с–1), 

P= 
–2

–2 –2

–2

0.431  0.819 0.420 0,39*10

0.803  –0.127  0,12*10 .509 – 0,46*10

0.411  –0.560 – 0, 25*10 0.752

i

i i

i

 
 
 
 
  

 ,   

 = 

1

2

3

0 0

0  0

0  0

 
 

 
 

  

, 

 

where: 1 = –0,01+i11,5;2 = –2,91+i279,8;  

3 = –6,68 +i418,19 (с–1). 

For comparison,k corresponding to the elastic 

solution are shown: 1 = –0,17+i85,07;  

2 = –3,08+i354,43; 3 = –12,32+i720,45 (с–1). 

The above values of the matrices satisfy ratios 

(15), (16). Thus, the calculation of the left-side of 

ratio (16) leads to the identity matrix: 

 

PTMP + PTMP + PTCP= 

1 0 0

0 1 0

0 0 1

 
 
 
  

. 

 

Thegeneralizedorthogonalityconditionspresent-

edbythescalarformoftheratios (17) are realized 

for off-diagonal elements of this matrix. The di-

agonal elements of the matrix are obtained by 

normalizing the mode-shape matrix P using the 

diagonal matrix D: 

 

D= 

1.962  1.963 0 0

0  0.422  0.423 0

0  0 0.336  0.339

i

i

i

 
 

 
 

  

,  

 

which ensures the fulfillment of the conditions 

(18). 

 

 

7. CONCLUSION 

 

1. It is shown that:  

 traditional (classical) ratios of the orthogonal-

ity for the free-vibration mode shapes are a 

private case of more general conditions of the 

generalized orthogonality of the mode shapes 

valid for an elastic dissipative system; 

 the free mode shapes of an elastoplastic sys-

tem in a quasilinear interval corresponding to 

the same parameters of the plastic zones have 

the property of the generalized orthogonality, 

which is determined by the equations analo-

gous to the equations of an elastic dissipative 

system. 

2. For the free-vibrations motion of a hinged 

beam with three degrees of freedom, taking 

into account the internal friction, it is shown 

that: 

 elastoplastic mode shapes are qualitatively 

different from the corresponding mode shapes 
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of elastic vibrations in their configuration; 

 arbitrary k-th free-vibration mode shapes 

formed for the plastic zones located in differ-

ent nodes of the calculation model, also differ 

from each other in their configuration. 

3. The proposed algorithm allows us to obtain not 

only qualitative but also quantitative estimates 

of the influence of the inelastic strains on the 

strain-stress state characteristics of the struc-

ture. The development of this approach to 

formating of mode shapes, taking into account 

the elastoplastic strains, opens the possibility 

of creating more sophisticated structural anal-

ysis methods at nonlinear vibrations. 
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COMPUTER MODELLING OF THE STRESS-STRAIN STATE  

OF PLUG-IN CONNECTIONS OF REINFORCED CONCRETE 

COLUMNS WITH THE COVERAGE PLATES UNDER  

THE OUT-OF-SQUARE ECCENTRIC COMPRESSION 
 

Boris S. Sokolov 1, Evgeniy O. Troshkov 2 
1 Joint Stock Company “Kazan Giproniiaviaprom”, Kazan, RUSSIA 
2 Povolzhsky State Technological University, Yoshkar-Ola, RUSSIA 

 

Abstract: The technique and results of computer simulation of the stress-strain state of plug joints of reinforced 

concrete columns with overlap plates under the effect of out-of-square eccentric compression are described. An anal-

ysis of the results obtained is provided to optimize the experimental research plan and to develop a technique for 

calculating the strength of the joints used in the UICSS bearing system. 

 

Keywords: numerical methods, finite element method, reinforced concrete structures, plug-in joint,  

stress-strain state 

 

 

КОМПЬЮТЕРНОЕ МОДЕЛИРОВАНИЕ  

НАПРЯЖЕННО-ДЕФОРМИРОВАННОГО СОСТОЯНИЯ 

ШТЕПСЕЛЬНЫХ СТЫКОВ ЖЕЛЕЗОБЕТОННЫХ КОЛОНН  

С ПЛИТАМИ ПЕРЕКРЫТИЯ  

ПРИ КОСОМ ВНЕЦЕНТРЕННОМ СЖАТИИ 
 

Б.С. Соколов 1, Е.О. Трошков 2 

1 Акционерное общество «Казанский Гипронииавиапром», г. Казань, РОССИЯ 
2 Поволжский государственный технологический университет, г. Йошкар-Ола, РОССИЯ 

 

Аннотация: В статье описывается методика и результаты выполненного компьютерного моделирования 

напряженно-деформированного состояния штепсельных стыков железобетонных колонн с плитами пере-

крытия при действии косового внецентренного сжатия. Приводится анализ полученных результатов, необ-

ходимый для оптимизации плана экспериментальных исследований и разработки методики расчета прочно-

сти изучаемых стыков, применяемых в несущей системе «УИКСС». 

 

Ключевые слова: численные методы, метод конечных элементов, железобетонные конструкции,  

штепсельный стык, напряженно-деформированное состояние 

 

 

1. INTRODUCTION 

 

The construction of buildings using prefabricated 

reinforced concrete frame systems is widely used 

in the territory of the Russian Federation, since it 

minimizes the labor and financial costs of their 

erection, and also shortens construction time. 

The development of technologies promotes the 

use of new variants of constructive framing solu-

tions, one of which is the precast reinforced con-

crete bearing system with beamless floor 

"UIKSS" ("Universal Industrial Frame Construc-

tion System") (Figure 1) [1]. A feature of such a 

frame is the use of plug-in joints for connecting 

floor slabs to columns. 

The proposed joint (Figure 2) is a structure in 

which the lower column (1) has the outlets (2), in 

the plate (5) are located the holes (6) for placing 

these rods, and the upper column (3) is equipped 

DOI:10.22337/2587-9618-2018-14-3-126-135
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with boreholes (4 ), which, when mounted 

through special holes (7), are injected with a 

grouting compound. Prior to installation, steel or 

synthetic (polymeric) centering gaskets (8) are 

installed on the bottom column and plate. 

 

 
Figure 1. General view of the base cell  

of the frame system “UIKSS”. 

 

 
Figure 2. General view of the column joint  

with a slab. 

 

The "UIKSS" system is applicable for the design 

and construction of low-rise private, residential 

multi-apartment and public buildings, school and 

preschool institutions, as well as for the reconstruc-

tion of buildings and structures [2,3, etc.]. 

The introduction of the proposed frame system is 

hampered by the absence in the scientific and tech-

nical literature on methods for calculating the 

strength and deformation of the plug joints located 

in the zone of action of longitudinal and transverse 

forces and bending moments, therefore for the de-

velopment of such techniques it is necessary to 

conduct stress-strain analysis (SSA) of the joints. 

The study of SSA data of joints includes theoreti-

cal, numerical and experimental studies. 

 

 

2. FORMULATION OF RESEARCH  

PROBLEMS 

 

The analysis of available scientific, technical and 

normative literature allowed the authors to divide 

the joints studied into three types depending on 

their location in the overlap and on the resulting 

combinations of forces: 

 medium, located in the middle part of the 

overlap, where the compressive forces with 

random eccentricity mainly act; 

 extreme, connecting the overlapping plates 

with columns of the extreme row and perceiv-

ing longitudinal and transverse forces and 

bending moments; 

 angular, perceiving longitudinal forces, as 

well as transverse forces, bending and twist-

ing moments in two directions. 

In [4,5, etc.] the results of the study of medium and 

extreme joints are published. This article is de-

voted to the study of the SSA of corner joints with 

oblique eccentric compression with the use of 

computer modeling. The most relevant studies in 

this area are the work of T.S. Evdokimova, dedi-

cated to the SSA of skew-collapsible fiber-rein-

forced concrete elements and made under the su-

pervision of the Doctor of Technical Sciences, 

Professor V.I. Morozov [6,7]. The difference be-

tween the author's studies is the study of the SSA 

of the contact zone of reinforced concrete joint el-

ements under the action of oblique eccentric com-

pression. 



Boris S. Sokolov, Evgeniy O. Troshkov 

International Journal for Computational Civil and Structural Engineering 128 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Numerical studies were carried out in the PC 

LIRA-SAPR 2013 R3 implementing the finite el-

ement method (FEM) and possessing the neces-

sary functionality for solving the set tasks, in-

cluding: 

 obtaining data on destruction schemes, distri-

bution of stresses in concrete and strength of 

the joint, as well as its individual elements; 

 determination of geometric characteristics of 

the calculated zones of concrete structures and 

stresses arising in the reinforcement; 

 identify the features of the SSA elements of 

the joint, taking into account the effect of a 

combination of loads on the column and slab; 

 optimization of the program for conducting 

physical experiments and reducing the costs 

of their implementation. 

 

 

3. METHODOLOGY OF RESEARCH 

 

Numerical studies were carried out taking into 

account the physical nonlinearity of materials. In 

the modelling, we used volume isoparametric fi-

nite elements (FE) of type 236 and 234 and uni-

versal spatial rod FE – type 410. 

The physical and mechanical characteristics of 

concrete were modeled according to the law of 

deformation of GA. Geniev [8]. The design re-

sistance of the material to compression and 

stretching, as well as ultimate deformations, were 

taken according to the current norms [9]. The 

stiffness characteristics of reinforcing steel were 

described by two-line diagrams [9]. 

One of the important issues in the simulation of 

the SSA of reinforced concrete structures is the 

issue of the coupling of reinforcing bars to con-

crete [10 - 12], and in the study of the work of 

plug joints – the coupling of reinforcing elements 

with the injection of wells. Analysis of the litera-

ture showed that this problem can be solved us-

ing various computational models of FEM [13 ± 

15]. In the numerical studies carried out, the ad-

hesion of the reinforcement to the concrete and 

the injection solution is realized by simulating 

common nodes of elements, without assigning 

additional boundary conditions. 

The simulation was carried out with a step-by-step 

increase in the load, allowing the structures to be 

brought to virtual destruction, which is necessary to 

evaluate the SSA of the joint elements at each load-

ing stage. Criteria for failure were the attainment of 

limiting stress values along the main areas in the 

group of bulk FEs, the yield stress in reinforcing 

bars, and the transition of the system to a geometri-

cally variable one. 

To model and study SSA of the joint it was nec-

essary to determine the possible values of eccen-

tricities under the action of external loads. To 

solve this problem, static calculations of 2-, 3-, 4-

, 5-, and 6-storey double-span building schemes 

loaded with vertical loads were performed ear-

lier. The performed calculations showed that for 

angular joints the greatest values of the eccentri-

cities of the longitudinal force arise in the coating 

level, 

 
𝑒0𝑥

ℎ
= 1,68; 

𝑒0𝑦

ℎ
= 1. 

 

Eccentricities in joints of other floors are within  

 
𝑒0𝑥

ℎ
= 0,09 … 0,44; 

𝑒0𝑦

ℎ
= 0,06 … 0,25. 

 

The obtained data allow carrying out numerical 

studies of SSA. 

Samples in the numerical studies carried out had 

the parameters shown in Figure 3. A general view 

of the FEM of the joint is shown in Figure 4. The 

maximum geometric dimensions of volumetric FE 

columns are taken as 25 × 25 × 20 mm. Wells were 

modeled by volumetric FE with six nodes converg-

ing at the central point and simulating the cylindri-

cal shape (see Fig. 4, b). 

In the framework of numerical studies of the SSA 

with out-of-square eccentric compression, 

calculations of the ES-II-5 and ES-II-5.1 series 

samples were performed. Variable parameters and 

research tasks are shown in Table 1. 

The models of the ES-II-5 series were calculated 

under the action of constant values of the uni-

formly distributed vertical load on the overlap (q = 

4 kN/m2) and horizontal loads applied to the slab 

in two directions (Qx = Qy = 40 kN).  
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Table 1. Variable parameters and research problems. 

Model family Real load Variable  feature  Research objectives 

ES-II-5 

q = 4 kN/m2; 

Qx = Qy = 40 kN; 

N – step-up 

а) e0X/h = e0Y/h = 

0.125;  

b) e0X/h = e0Y/h = 

0.25; 

c) e0X/h = e0Y/h = 

0.375 

Definition of: 

 destruction schemes; 

 geometric characteristics of the 
calculated zones of the contact 
zone according to the theory of 
the resistance of anisotropic 
materials to compression; 

 stresses in armature, straps 
made of steel strip, indirect re-
inforcement mesh 

ES-II-5.1 

q = 0 kN/m2; 

Qx = Qy = 0 kN; 

N – step-up 

 

 
Figure 3. Geometric dimensions and reinforcement scheme for simulated samples:  

1 — lateral reinforcement; 2 — bottom reinforcement; 3 — top reinforcement;  

4 — grid of confinement reinforcement; 5 — cored hole; 6 — yokes from strap iron;  

7 — aligning gasket; 8 — yoke. 
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a)  b)  

Figure 4. Finite-element design model of the joint: a — general view;  

b — column with centering gasket (top view). 
 

 
Figure 5. Loading scheme for models ES-II-5 and ES-II-5.1. 

 

In this case, a step-by-step increase in the vertical 

load on the column with different values of eccen-

tricity and bringing the model to destruction was 

performed (Figure 5). 

 

 

4. ANALYSIS OF THE RESULTS  

OF THE RESEARCH 

 

The destruction pattern of ES-II-5 and ES-II-5.1 

series samples should be characterized as the 

achievement of the endurance strength of the end 

sections of the columns in the contact zone. The 

analysis of the principal stresses and the failure 

scheme showed that their SSA corresponds to the 

theory of the strength resistance of anisotropic 

materials to compression [16], while the triaxle 

compression zone is displaced along the x and y 

axes by equal distances with respect to the center 

of the section, and the slope angles of the wedge 

α correspond to the theoretical ones [16]. 

The results of modeling of the ES-II-5 series made 

it possible to reveal a feature that the geometric 

characteristics of the calculated zones of the end 

sections of the upper and lower columns (the 

wedge height hk and the width of the Lloc load trans-

fer zone) are different. The values of these param-

eters in the upper column coincide with those ob-

tained in the simulation of eccentric compression 

with eccentricity of one direction, and in the lower 

column have large values (Figure 6). 
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Figure 6. Isofields of principal stresses σ1 in sections 1-1 and 2-2 of samples ES-II-5: a — e0X / h 

= e0Y / h = 0.125; b — e0X / h = e0Y / h = 0.25; c — e0X / h = e0Y / h = 0.375. 

 

 
Figure 7. Isofields of principal stresses σ1 in sections 1-1 and 2-2 of ES-II-5.1 samples:  

a — e0X / h = e0Y / h = 0.125; b — e0X / h = e0Y / h = 0.25; c — e0X / h = e0Y / h = 0.375.
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The calculated concrete areas of the end sections  

of  the  columns  have  different geometric di-

mensions, because a vertical evenly distributed 

load applied to the overlap plate causes the ele-

ment to bend, thereby further "squeezing" the up-

per end of the lower column, causing an increase 

in the triaxle compression zone. 

This conclusion is confirmed by the isofields of 

the principal stresses obtained by calculation of 

the ES-II-5.1 series models, according to which 

the geometric sizes of the calculated zones of the 

upper and lower columns have low divergences of 

absolute values (Figure 7). 

Analysis of stresses in the reinforcing bars of the 

ES-II-5 and ES-II-5.1 series models showed that in 

the corner rod of the longitudinal reinforcement of 

the columns closest to the load application area, 

stresses at breakdown reach a yield point. The val-

ues of compressive stresses in the remaining rods 

are lower, and at eccentricities of 0.25 and 0.375 in 

the opposite angular rods tension was observed. It 

is determined that the steel strips yokes crossing 

the area of concrete shear experience tensile 

forces and should be taken into account in the 

calculation expressions. Tensile forces are also 

fixed in the grids of the indirect columns crossing 

the plane of detachment of concrete [16]. 

Thus, the obtained data on SSA of the joint allow 

us to develop the necessary methodology for cal-

culating the strength with oblique eccentric com-

pression. 

 

 

5. CONCLUSIONS 

 

The computer simulation of the SSA of the plug 

joints of the slabs with columns of the precast re-

inforced-concrete frame system "UIKSS" under 

the action of out-of-square eccentric compression 

made it possible to formulate the following con-

clusions. 

1. The destruction schemes and the tensioning 

isofield confirm the possibility of applying the 

theories of the force resistance of anisotropic 

materials to compression for the development 

of a technique for calculating the strength of 

the joint with out-of-square eccentric compres-

sion based on the evaluation of the strength of 

the end sections of the columns. 

2. The characteristics of the calculated zones of 

concrete (Lloc, hp, α) and stresses arising in the 

reinforcement elements necessary for the de-

velopment of the strength calculation proce-

dure are determined.3. It was found that with 

out-of-square eccentric compression taking 

into account vertical loads acting on the slab, 

the zone of triaxle compression of the end por-

tion of the lower column increases due to 

bending of the plate, increasing the strength of 

the element.4. Taking into account the obtained 

results, it is possible to optimize the plan of ex-

perimental studies of joint SSA in the operational 

stage with out-of-square eccentric compression. 
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BOLTS PULLING TEST. REVERSER FOR BOLTS TESTING 
 

Mark P. Son 

Perm National Research Polytechnic University, Perm, RUSSIA 

 

Abstract: The article describes developed device for performing pulling tests of bolts, including high-strength. 

Principle of reverser operation is change of sign of applied load – compression of press causes stretching of a 

bolt. Advantages of presented reverser are: reliability, mobility, small size, economical operation and 

simpleness. Reverser designs permit to perform bolt tests at any hydraulic press. Using the developed device, 

deformation diagrams were obtained for bolts of different strength class 8.8 steel 40Kh and 20G2R and 10.9 

steel 40Kh. These diagrams may serve as basis for numerical modeling of bolts in software packages, and also 

manual calculation of yielding. Tests revealed a number of advantages of bolts made of steel 20G2R over 40Kh, 

due to which application of bolts made of steel 20G2R is recommended in assemblies of any level of 

responsibility. 

 

Keywords: reverser, bolt,deformation diagrams,mechanical properties, yielding 

 

 

ИСПЫТАНИЕ БОЛТОВ НА РАСТЯЖЕНИЕ.  

РЕВЕРСОР ДЛЯ ИСПЫТАНИЯ БОЛТОВ 
 

М.П. Сон 

Пермский национальный исследовательский политехнический университет, г. Пермь, РОССИЯ 

 

Аннотация: В статье описывается разработанное устройство для испытаний болтов, включая 

высокопрочные, на растяжение. Принцип работы реверсора заключается в смене знака прикладываемого 

усилия - сжатие пресса вызывает растяжение болта. К достоинствам представленного реверсора 

относятся: надежность, мобильность, компактность, экономичность и простота. Конструкция реверсора 

позволяет проводить испытания болтов на любом гидравлическом прессе. При помощи разработанного 

устройства были получены диаграммы деформирования для болтов класса прочности 8.8 сталей 40Х и 

20Г2Р и 10.9 стали 40Х. Данные диаграммы могут служить основой для численного моделирования 

болтов в программных комплексах, а также ручного расчета податливости. Испытания выявили ряд 

преимуществ болтов из стали 20Г2Р в сравнении с 40Х, в связи с чем, рекомендуется применение болтов 

из стали 20Г2Р в узлах любого уровня ответственности. 

 

Ключевые слова: реверсор, болт, диаграммы деформирования, механические свойства, податливость 

 

 

Bolt joints of beams and columns, high pressure 

vessels and other structures are critical 

components often determining reliability of the 

whole structure. To increase reliability of this 

type of joints it is necessary to apply design and 

calculation methods, based on consistent tests 

[7]. 

At present, there exists a large number of works 

dedicated to study of mechanical behavior of 

bolt and flange s joints, for example, study of 

operation of Т-shaped flanges [6]. Article [1] 

presents variants of bolt joints of beams and 

columns. Work [2] presents results of series 

tests of full-scale samples. Sample consisting of 

column and adjacent beam was loaded with 

bending moment applied to beam until 

destruction of the joint, with varied plate size 

and number of connecting bolts. Study [3] 

shows that reinforcement of flange with 

additional stiffening ribs leads to increase of 

strength but decreases joint deformability. Share 

of plastic deformations in reinforced joint 

decreases and consequently decreases ability of 

the joint to disperse oscillations caused by 

seismic loads. Experimental and theoretical 

study of bolt joint "column - column" [4] 

DOI:10.22337/2587-9618-2018-14-3-136-141
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performs detailed mathematic modeling of the 

assembly with regard to dimensional geometry 

of columns, flanges and bolts. Contact condition 

is given for flanges, implementing dry friction, 

preliminary tensioning of bolts is taken into 

account. Analysis of structure consisting of 

large number of bolted beams is given in work 

[5]. Structure behavior in case of exclusion of 

one bolt of flange joint is modeled. 

Large number of studies are aimed to study bolt 

joints, while omitting the bolts themselves from 

the analysis. It is the bolt breakage which may 

constitute breakage of the assembly and the 

structure in whole. Calculations of bolt joints, of 

all mechanical bolt properties, use only design 

strength corresponding to strength class. In 

reality bolts of same strength class may be made 

of different steel grades, and consequently differ 

in relative elongation at failure and variation of 

mechanical properties. 

Loads on assemblies and joints are mainly 

oscillatory. To increase fatigue strength bolts 

are pretensioned to value Fo. After application 

of external force F compression stress of joined 

flanges decreases and bolt receives additional 

force χF, and part of force equal to (1- χ)F 

decreases initial compression of flanges. Final 

loads in bolt and flanges may be determined 

according to formulas 1. 

 

  Fb = Fo + χ F 

  Ff = - Fo + (1- χ)F  (1) 

 

where Fb – full stress in bolt, Ff- flanges 

compression stress, χ – main load factor. 

Factor χ, determining share of external 

stretching force additionally loading the bolt, is 

of special importance in calculation of joints 

operating under oscillatory loads. Main load 

factor depends on stiffness of flanges and bolt 

and may be found according to formula 2: 

 

χ = λf/( λb+ λf)   (2) 

 

where λb – axial yield of bolt, λf – axial yield of 

flanges (clamped parts). 

In clamping flange package maximal 

compressing stresses are in points near opening 

under bolt head and nut. These stresses decrease 

to middle of the clamped package, forming cone 

of pressure (Figure 1). It is considered that base 

of cone does not depend on external load value 

and consequently compressed flanges operate as 

stem with cone-like section with opening until 

load reaches value Fо/(1-χ) when flanges will 

open. Such model describes actual operation of 

thick thickness flanges with enough exactness. 

For thin (flexible flanges) calculation agrees 

with the experiments at large values of 

tightening stress б0=(0,5-0,7)бт and such 

external load which causes just slight opening of 

joint. Angle of inclination of cone generatrix is 

considered equal to 30о, consequently having 

calculated average cone diameter it is possible 

to obtain yield of flanges λf. 

 

 
Figure 1. Distribution of stresses in compressed 

flanges over cone of pressure. 
 

Yield of bolt may be determined as sum of 

yields pf its parts: cylindrical part of bolt and 

threaded part of bolt (where l, A, E – length, area 

and elasticity modulus). Calculation of λb is of 

no difficulties, but for short bolts (l < 6d) yield 

of bolt head (λh), and also of thread (λt) within 

limits of nut coupling should be considered. 

There are empiric formulas for calculation of λh, 

λt, but as V.B. Kuklin has showed, yield of 

thread strongly depends on tolerance ranges and 

angle of profile of thread and nuts. Also 

V.B. Kuklin has found that contact deformations 

of operating surfaces of thread have significant 

influence on thread yield, which may 2-4 times 

surpass own yield of turns. 
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Each bolt, following to GOST, should be marked 

with designation of strength class, which is 

determined according to results of bolt tests. 

Bolts are testes at tensile testing machines equipped 

with special bolt grips. A bolt is «dressed» into an 

insert which is installed into a grip, which in turn is 

fastened to tensile machine rod. 

 

 
Figure 2. Attachment for testing bolts at tensile 

machine. 1 - bolt, 2 - inserts, 3 - grip,  

4 – bush for fixing grip onto rod,  

5 – rod of tensile machine. 
 

Common main drawbacks for all types of these 

grips are: 

1) High cost, grips for stretching bolts are not 

included into main kit of tensile machine and 

should be bought separately. 

2) Possibility of using grips only in tensile 

machines made by same manufacturer. 

3) Limited carrying capacity of grip. For 

example, grips for bolts Zwick/Roell for test 

machine line All round Line are limited to 

load of 250 kN, while temporary load on bolt 

may reach 2000 kN (for bolts М48 strength 

class 12.9). 

To eliminate the described drawbacks the author 

of this article has developed reverser for testing 

bolts. The device belongs to accessories for 

fixing and mechanical testing of bolts and high-

strength bolts. Reverser consists of two same U-

shaped metallic parts (Figure 3) with round 

opening in shelf of a part for bolt installation. 

Axis of opening coincides with axis of bolt and 

direction of stress. U-shaped parts are located 

orthogonally, connected with stands to each 

other until alignment of openings, after which 

connected by a bolt (high-strength bolt). Nut is 

screwed on threaded end of bolt. Connected 

parts are installed into a press. Compression of 

press makes them to spread, causing stretching 

stress on a bolt. So, principle of reverser 

operation is change of sign of applied stresses – 

compression of press causes stretching of bolt. 

 

 
Figure 3. On the left – part of reverser, 

 on the right – bolt test in press, using reverser. 

 

Reverser compares favorably to grips, its main 

advantages are: 

Universality – reverser may be installed and 

bolts testes at any press. 

Reliability. 

Mobility (transferability) is attained by small 

reverser weight. 

Small size – reverser size is determined by 

diameter of bolts being tested. 

Safety at break of bolt is achieved by the fact 

that bolt body is fully covered by the reverser 

itself (one U-shaped part from 2 sides, second 

part from 2 sides), which excludes possible 

shrapnel and bolt parts coming into personnel. 

Economic operation – reverser is made from 

sheet metal using plasma cutting and has no 

expensive parts. 

Simpleness – preparation process includes 

installation of bolt with turning on reverser, 

with following installation to press plate. Bolt is 

centered automatically, its preparation to test 

takes about 30 seconds. 

Using this reverser, were tested bolts М24 from 

different steels, lots and strength classes. Tests 

were performed at hydraulic 500 t press. 

Technical characteristics of press: load accuracy 

– 16 kg, deformation accuracy - 0,0036 mm, 
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loading speed 133 kN/min. Bolt stretching 

diagrams were received (Figure 4-5). 

 

 
Figure 4. Diagrams of testing bolts 

 of steel 40Kh. 

 

Diagrams 2-4 are built for bolts strength class 

8.8 from steel 40Kh. According to test results 

tensile strength of bolts was Rbun=950-1090 

MPa. 

Diagrams 5-11 are built for bolts strength class 

10.9 from steel 40Kh «select». According to test 

results tensile strength of bolts was Rbun=1040-

1200 MPa, except for bolt № 7, which 

experienced maximal load 238,5kN (Ϭ=676 

MPa) and showed deformation diagram 

drastically different from other bolts, this 

product is considered defective. Also bolt № 8 

may be considered defective, though it showed 

Rbun=1165 MPa, but destruction was by thread 

stripping, and according to GOST a test is 

considered satisfactory if breakdown happens in 

rod or free threaded part of bolt. 

In other cases (tests 2-6, 9-11) destruction was 

brittle, bolts were broken at normal in threaded 

part by tearing off. 

Also were tested bolts 8.8 from boron steel 

20G2R. Deformation diagrams of 4 tested bolts 

(Figure 5) are practically identical. Maximal 

load on bolts was 339-343 kN, which 

corresponds to stresses Ϭ=960-970MPa. Bolts 

showed greater plasticity comparing to bolts 

from steel 40Kh. Destruction was ductile, with 

formation of sloping planes and characteristic 

tapering neck (Figure 6). 

 

 
Figure 5. Diagrams of testing bolts  

from steel 20G2R. 

 

 
Figure 6. Characteristic destruction of bolts. 

On the left – bolts 10.9 from steel 40Kh,  

on the right – bolts 8.8 from steel 20G2R. 
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CONCLUSION 

 

For calculation of bolt joints it is necessary to 

know actual diagrams of bolts operation, as 

their yield consists of yield of bolt body, yield 

of head and yield of thread. Using the developed 

device for mechanical stretch testing of bolts – 

reverser, deformation diagrams for bolts 

strength class 8.8 steels 40Kh and 20G2R, and 

10.9 steel 40Kh were obtained. These diagrams 

may serve as basis for numeric modeling of 

bolts in software packages, and also for 

calculation of share of main load according to 

formula 2. At present in Russia it is customary 

to design critical assemblies using bolts from 

steel 40Kh, which is based on obsolete 

recommendations on design.Test revealed 

number of advantages of bolts from steel 

20G2R comparing to 40Kh. First, greater 

relative elongation at rupture.Second, smaller 

variation of mechanical properties. Also bolts 

8.8 from steel 20G2R showed temporary 

resistance of 960-970 MPa, which is higher than 

800 MPa assigned for the class, while bolts 

from steel 40Kh in some cases showed 

unacceptable strength or destruction scenario (in 

the thread) and were considered defective. So 

we recommend using bolts made of boron steel 

20G2R in assemblies of any level of 

responsibility. 
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RELIABILITY ANALYSIS OF REINFORCED  

CONCRETE ELEMENTS WITH NORMAL CRACKS  

(ON RC BEAM EXAMPLE) 
 

Vladimir S. Utkin, Sergey A. Solovyev 
Vologda State University, Vologda, RUSSIA 

 

Abstract: The purpose of research is development of methods for reliability analysis of structural reinforced 

concrete elements (on example of reinforced concrete beam) according to criterion of the normal cracks length in 

tensile zone of concrete. Cracks in tensile zone of concrete in beams leads to displacement of the beam's neutral 

axis towards the compressed part of the concrete, thereby increasing the compression stress in the concrete, to 

the increasing of the stress in the reinforcement bars on the crack width, to the growth of corrosion processes, 

etc. This leads to the decreasing of beams mechanical safety and reliability (as a quantitative measure of 

mechanical safety). The main parameters, which reduce the strength and stiffness of the beam, of the cracks is 

the length and width of the crack. The article describes the influence of the cracks length on the reliability of 

reinforced concrete elements. The article differs from existing approaches in that is it built on a limited statistical 

data of controlled parameters in mathematical models of limit state. The article also considers the influence of 

cracks in the structural element. The methods of reliability analysis allow to assess the mechanical safety of 

reinforced concrete elements and to make appropriate decisions about the safety, strengthening or replacement of 

the reinforced concrete element. 

 

Keywords: reliability, normal cracks, beam, safety, failure probability,  

fuzzy variable, random set theory 

 

 

РАСЧЕТ НАДЕЖНОСТИ ЖЕЛЕЗОБЕТОННЫХ ЭЛЕМЕНТОВ 

С НОРМАЛЬНЫМИ ТРЕЩИНАМИ  

НА ПРИМЕРЕ ЖЕЛЕЗОБЕТОННОЙ БАЛКИ 
 

В.С. Уткин, С.А. Соловьев 
Вологодский государственный университет, г. Вологда, РОССИЯ 

 

Аннотация: Цель работы – разработка методов расчета надежности несущих железобетонных элементов 

на примере железобетонной балки по критерию длины серии нормальных трещин в растянутой зоне 

бетона балки. Трещины в растянутой зоне бетона балки приводит к смещению нейтральной оси балки в 

сторону сжатой части балки, повышая тем самым напряжения сжатия в бетоне, повышают деформации в 

арматуре на ширине раскрытия трещины, способствуют развитию коррозионных процессов и т.д. Это 

приводит к снижению механической безопасности балки, в качестве количественной меры которой 

используется надежность. Основными параметрами трещины, приводящими к снижению прочности и 

жесткости балки, является длина и ширина раскрытия трещины. Статья посвящена учету влияния длины 

серии нормальных трещин на надежность железобетонных элементов. Статья отличается от 

существующих подходов тем, что построена на ограниченном объеме статистической информации о 

контролируемых параметрах в математических моделях предельных состояний, а также учету влияния 

нескольких трещин в несущем элементе. Предложенные методы расчетов надежности позволяют 

оценить механическую безопасность несущих железобетонных элементов и принять адекватные решения 

о безопасности эксплуатации, усилению или замене балки. 

 

Ключевые слова: надежность, нормальные трещины, балка, безопасность, вероятность отказа,  

нечеткая переменная, теория случайных множеств 
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1. INTRODUCTION 

 

The Russian Federal Law No. 384 “Technical 

regulation for buildings and structures safety” 

came to force in 2010. Interstate Standard 

GOST 27751-2014 “Reliability of structures 

and foundations” came to force in 2015 on the 

basis of the Law No. 384. One of the main 

purposes of the Law is the provision of 

mechanical (structural) safety of buildings and 

structures during their operation. “Mechanical 

safety” is the state of structure in which there is 

no inadmissible risk of failure and harm to the 

life and health of citizens. Quantitative 

assessment of the mechanical safety may be the 

reliability (safety) of the structure or structural 

element. According to the European Standard 

Eurocode 0 “Basis of structural design”, the 

reliability – is an ability of a structure or a 

structural member to fulfill the specified 

requirements, including the design working life, 

for which it has been designed. Reliability is 

usually expressed in probabilistic terms. The 

measure of reliability is probability of failure or 

probability of non-failure. General principles of 

structural reliability are regulated by Eurocode 0 

and International Standard ISO 2394:2015 

«General principles on reliability of structures». 

Interstate Standard GOST 27751-2014 regulates 

the general principles of structural reliability in 

Russian Federation. 

 

 

2. LITERATURE REVIEW 

 

Probabilistic-statistical methods of reliability 

analysis were studied by many researches: [1, 2, 

3 etc.]. Most of the work for the reliability 

analysis by probabilistic method is currently 

based on the hypothesis of normal distribution 

of random variables in mathematical models of 

limit state. The paper [4] presents the 

comparison between FORM (First Order 

Reliability Method) and ISM (The Importance 

Sampling Method) in reliability analysis of 

reinforced concrete buildings (including RC 

beams). Both methods are only used with a 

large amount of statistical data, which in 

practice may cause some difficulties. The article 

[5] describes the reliability analysis methods for 

triangular and T-reinforced concrete beams. The 

method of reliability analysis also based on 

probabilistic methods. The article [6] presents 

reliability analysis of reinforced concrete beam 

exposed to fire using Monte Carlo simulation. 

The article [7] presents the reliability analysis of 

a corroded RC beam based on Bayesian 

updating of the corrosion model. 

However, the vulnerability of probabilistic 

methods of reliability analysis appears in its 

practical use for individual structural elements 

in condition of limited time for inspection, the 

high cost of individual tests, inaccessibility or 

inability of the study to some parameters, and 

other reasons. In this regard, new methods of 

reliability analysis based on new mathematical 

theories: possibility theory [8], fuzzy set theory 

[9], theory of random sets [10, 11] etc., has been 

developed. The new methods allow to take into 

account the limited statistical information of 

controlled parameters in mathematical models 

of limit state in the reliability analysis, of course 

with the reducing the information content of the 

result. There is no theory to make up for the 

lack of statistical data in the reliability analysis. 

So, Dubois and Prad [8] notes that "the 

probability, on the one hand, and a pair of 

"possibility – necessity" correspond to the two 

extreme, and so the ideal, situations". It is also 

noted that a probability measure in a natural 

way synthesize database of accurate and 

differentiated knowledge, then as a measure of 

possibility is the essence of reflection is 

inaccurate, but coherent (i.e. corroborative) 

knowledge. 
 

 

3. PROBLEM STATEMENT 

 

A special problem occurs in assessing the safety 

level in reinforced concrete beams with normal 

cracks in the tensile zone of concrete, when 

statistical data of the controlled parameters is 

always individual and limited. In this case, the 

application of probabilistic and statistical 
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methods is not correct. The Figure 1 shows an 

example of a reinforced concrete beam with 

normal cracks. Without considering the reasons 

for the formation of cracks and their impact on 

the reduction of the RC beam strength and 

stiffness, let’s consider the method of reliability 

analysis of RC beam with normal cracks on 

crack length criterion for subsequent decision-

making about the possibility of further 

operation, strengthening or even replacing. 

The relevance and novelty of the problem lies in 

the fact that in the standards of reinforced 

concrete elements design there are no 

requirements on the design RC elements 

according to the crack length criterion and 

guidelines for the reliability analysis 

consequently. At the same time, it is known [12] 

that the cracks in reinforced concrete beams 

reduces their reliability, and the critical crack 

length leads to it spontaneous self-growth and to 

the possibly failure. Piradov K.A. and 

Savitchkiy N.V. convincingly demonstrate in 

[13] the necessity for a transition to reinforced 

concrete structures design by fracture mechanics 

methods. 

So, it is proposed to consider the methods of 

reliability analysis of reinforced concrete beams 

with normal cracks (Figure 1), with different 

types of statistical data about controlled 

parameters in the design mathematical models 

of limit state. 

The reinforced concrete beam failure may occur 

according to various criteria of limit state 

(strength of concrete and rebar, the deflection, 

the cracks width, etc.). In this sense, the RC 

beam is a coherent mechanical system in terms 

of reliability theory. Cracks in RC beams are 

caused by tensile stresses and are characterized 

by width crca  and length crcl . 

 

 
Figure 1. Reinforced concrete beam  

with normal cracks. 

4. RELIABILITY ANALYSIS 

 

The article [14] presents the method of 

reliability analysis of reinforced concrete beam 

with one crack by crack length with the 

mathematical model of limit state: 

 

,3,0
~

0, hll ultcrccrc   or ,kX        (1) 

 

where X= crcl
~

 – length controlled (measured) 

crack the greatest length in the beam cross-

section; k= 0, 3,0 hl ultcrc   – critical crack length 

(adopted as an option by [12]), which is 

deterministic value in this case; 0h  - distance 

from extreme compression fiber to centroid of 

longitudinal tension reinforcement.  

There are other proposals about the critical 

length of cracks in reinforced concrete beams, 

for example hl ultcrc 5,0,   [15]. Not discussing 

the problem of the size of the critical crack 

length, let’s assume that it is known, and in the 

general case depends on the critical value of 

stress intensity factor ICK . Evaluation of ICK  

for reinforced concrete beams described in [16]. 

Every crack reduces the reliability of the beam. 

If to take the lack of interaction between cracks 

length (for simplicity), and the failure of the 

beam by the any of cracks leads to failure of the 

entire beam, then the beam with cracks can be 

seen as a coherent mechanical system in terms 

of reliability theory. In the reliability analysis by 

possibilistic methods for each criterion of limit 

state, and for the considered task for each 

normal crack, the possibility R and the necessity 

N non-failure of the RC beam as a coherent 

system [17] will be determined by the interval 

[Ni, min; Ri, min]. 

Measurement of the crack length in reinforced 

concrete beams is challenging, since its length is 

determined not only by visible part, but by a 

part of loosened concrete at the crack tip [12].  

It is proposed to use the method described in the 

patent [18] to measure the crack length  

(Figure 2). 
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Figure 2. Method for measurement  

of crack length by [18]. 

 

As noted above, the reliability analysis of RC 

beam will be carried out on the basis of 

possibility theory [8, 9]. In this case, fuzzy 

variable described by the distribution function 

of possibilities )(xX . The most widely used in 

practice of reliability analysis of structural 

elements received a distribution function of 

possibilities with the analytical view: 

 
























 


2

exp)(
x

x
X

b

ax
x ,            (2) 

 

where  

 

)(5,0 minmax XXax   

 

– “conditional mean”;  

 

ln/)(5,0 minmax  XXbx  

 

– measure of “dispersion”, maxX  и minX  - the 

maximum and minimum value in the set of 

values {x} of fuzzy variable X; ]1;0[  - cut 

(risk) level, the value of which is set. 

The choice of distribution function has an 

impact on the result of reliability analysis, 

including the width of the confidence interval 

[N; R], which is the results of reliability 

analysis. There are no rules for functions 

choices and checking them such Pearson’ chi-

squared test. 

Cut level   can be considered as an indicator 

(measure) of uncertainty of the distribution 

functions sets of random variables with their 

distribution in the shaded areas. 

The reliability analysis of RC beam with one 

crack by possibilistic method carry out by the 

result of several measurements of crack length 

by mathematical model (1). We set  ,  and 

calculate the parameters xa  and xb . If kax   

(that usually corresponds to the operational 

stage), then R=1. Possibility of failure Q 

calculated as  

 
























 


2

exp
x

x

b

ak
Q . 

 

Reliability will be characterized by the interval 

[N=1-Q; R].  

 

Example 1. Let  23;20;17X  mm and 

24k  mm. Let’s find parameters of )(xX  

with different values of  . By (2): 

20)1723(5,0 xa  mm and 

ln/)1723(5,0 xb  mm. As 

2420  kax  mm, then R=1. Results of  Q 

with different values of   shown in table 1. 

Figure 3 shows a graph of the dependence of 

possibility of failure Q and the cut level  :  

 

 

































2

ln/)1723(5,0

2024
exp


Q

 

 

according to the Example 1. 

Table 1. Given Data. 

Cut level    xb , mm Q 

0,01 1,398 2,78*10-4 

0,05 1,733 4,865*10-3 

0,1 1,977 1,677*10-2 

0,2 2,365 0,057 

0,4 3,134 0,196 
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Figure 3. Dependence of possibility of failure Q and the cut level  . 

 

 
Figure 4. Graphs of belief function Belx(x) and plausibility function Plx(x) for crclX

~
 . 

 

From the above values of Q in the table 1 and 

from the graph (Figure 4) we can see, that the 

intensity of the impact of the cut (risk) level for 

the Q increases with growth  . At small values 

of 05,0 , the effect on Q is more subtle. Q 

increases dramatically with 1,0 . These 

results show the reduction of information 

content of the reliability result in the form of a 

confidence interval with increasing   values. 

That is a disadvantage of possibilistic method of 

reliability analysis for an individual object. 

In this regard, the possibilistic method of 

reliability analysis is preferred in the 

comparative analysis of two or more objects by 

reliability index. And value of   it is 

recommended to take in the interval [0,01; 0,1], 

where   impact on the value of Q is relatively 

small. Provides information on the reliability 

analysis of reinforced concrete beams can be 

used to assess the level of safety of one beam 

and a series of such beams in order to compare 

them by reliability indexes. 

 

 

5. RANDOM SET THEORY APPROACH 

 

Let’s consider the second approach to reliability 

analysis of reinforced concrete beam with normal 
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cracks on the basis of known theory of random 

sets (theory of evidence of Dempster-Shafer) [10, 

11], in which there are no parameters and 

therefore their influence on the result of the 

reliability analysis. Reliability analysis of 

reinforced concrete beam we will still spend on 

the criterion of crack length for the mathematical 

model (1) by method based on the theory of 

random sets [19] with the data about X in the 

form of sub-intervals set of the measurement 

results of the controlled parameter X. 

 

Example 2. Let crclX
~

  in interval form at 

different points in time during the operation 

process of reinforced concrete beam as: X = 

{[150; 154], [151; 155], [150; 156], [152; 157], 

[149; 153]} mm and 156,  kl ultcrc  mm. In 

accordance with the theory of random sets [19], 

Figure 4 shows graphs of belief function Belx(x) 

and plausibility function Plx(x) for crclX
~

 , 

which does not contain parameters to set. 

The upper P  and lower P  boundaries of the 

probability of non-failure interval is estimated 

by [19, 20] Fig. 4. with 156,  kl ultcrc  mm as 

interval [0,80; 1]. 

 

Example 3. Let’s consider another feature of 

reliability analysis based on the theory of 

random sets. With the original data of the above 

example and with 158k  mm, the interval of 

reliability is [1; 1], i.e. the probability of failure 

is equal to 0, which is statistically incorrect. 

Thus, the reliability analysis of structural 

elements based on the theory of evidence (or 

theory of random sets) can be used in practice 

without the involvement of functions of random 

variables (and parameters definitions). 

However, the small amount of statistical data as 

sub-intervals sets and for large values of the 

non-failure probability of structural element this 

method may be inconclusive, since the 

probability of failure may be equal to one. 

There is another variant for the reliability 

analysis with a small amount of statistical data 

in form of intervals subset. So, it is proposed 

[20] to use the advanced functions of belief and 

plausibility through the use of a imprecise 

Dirichlet model (IDM) as one of the types of 

robust models. In this case, the upper and lower 

bounds of probability of non-failure can be 

written as: 

 

  )(
)(

,| ABel
sN

ABelN
scAP 




  and 

   )(11
)(

,| APl
sN

sAPlN
scAP 




  , (6) 

 

where N – the number of tests (observations); s 

– the parameter characterizing the extent of 

«uncertainty», the value of which is set, where 

is the notation  

 

  1
/1


 Ns  

 

and ]1;0[ . Let’s consider the algorithm of 

calculation by this method with an example. 

We use the statistical data in the first example, 

but with introducing the advanced belief and 

plausibility functions. Parameter s=2 as the most 

safe solution [21]. When N=5, extent of 

contamination is  

 

    714.05/21/1
11



Ns . 

 

Then  

 

  571.080.0,|  scAP  

 

and  

 

    1111,|  scAP . 

 

Reliability characterized by interval [0.571; 1], 

which is wider then interval [0.800; 1] in above 

example. 

Figure 5 shows that the parameter s changes the 

lower bound of the non-failure probability within 

[0,571; 0,800], in contrast to the parameter in 

possibilistic method, which causes the possibility 

of failure Q in the larger range [0; 1]. 
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Figure 5. Probability of failure P  - parameter of «uncertainty» s graph. 

 

Therefore, a volitional decision on the appointment 

of the parameter s to a lesser extent affects on the 

final result of reliability analysis. And this result 

can be considered as more credible. 

Let’s use the data from the example 3 (with 

158k  mm), but with the advanced functions 

of belief and plausibility. Let s=1, given the 

higher confidence in test results and greater the 

credibility of the expert values and thus a lower 

"uncertainty" of the statistical data. With N=5 

we calculate: 

 

    833,05/11/1
11



Ns . 

 

Then  

 

  833,01,|  scAP  

 

and  

 

    1111,|  scAP . 

 

Reliability is characterized by the interval 

[0,833; 1], which more correct then interval  

[1; 1] in Example 3.  

Thus, using of advanced functions of belief and 

plausibility using the imprecise Dirichlet model 

and random sets theory allow us to obtain more 

conclusive results of reliability analysis for a 

single crack in the concrete. But the advanced 

functions are parametric (including parameter s).  

As a result of using the advanced functions of 

belief and plausibility, we can get the expanded 

boundaries of the mathematical expectation of a 

random variable X: 

 

    
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
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By [20], bounds of the mathematical 

expectation of a random variable X represented 

by intervals (such as probability of non-failure) 

can be found as: 
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Let conventionally known intervals, which  

characterizing the reliability of a reinforced 

concrete beam according to the criterion of 

crack length: [0,995; 1], [0,997; 1], [0,994; 1], 

[0,995; 1]. It is known that the reliability of 

changes in the boundaries of the interval 

[ * =0; *  =1]. Take s=0.4. Then: 

 

  995,004,0()4,04( 1X

9,0)995,0994,0997,0  ,  

  1111114,0)4,04( 1  X . 

 

Subject to uncertainty s=0,4 of source data, the 

mathematical expectation of the reliability of 

reinforced concrete beam according to the 

criterion of crack length is characterized by the 

interval [0.905; 1]. In the absence of 

"uncertainty " (when s=0): 

 

  995,000()04( 1X  

9953,0)995,0994,0997,0  , 

  1111110)04( 1  X , 
 

statistical mathematical expectation of the  

reinforced concrete beam reliability according 

to the criterion of crack length is characterized 

by the interval [0,9953; 1].  

Thus, advanced functions of belief and 

plausibility can be used in practice of reliability 

analysis, having the advantage over methods 

based on the theory of possibilities, that the s 

parameter is lesser affects on the results of 

reliability compared with the parameter (cut 

level  ) in possibilisitc method. 

Returning to the cracks system in reinforced 

concrete beams and reliability analysis using the 

theory of random sets, with the conditions of 

independence in the interaction between cracks, 

the reliability analysis of reinforced concrete 

beam produced by each crack of the beam with 

the results by the lower and upper values of 

probabilities, and the reliability of the beam as 

system according to the criterion of crack length 

is characterized by [20] interval  















n

i

i

n

i

i PP
11

; ,   i=1,…,n, 

 

where n is the number of cracks in the beam. 

Possibilistic method of reliability analysis may 

be recommended in case of a very small amount 

of statistical data in the form of individual 

values. In this case, it should carefully consider 

the purpose of the cut (risk) level   and take it 

on the recommendations and in the interval 

[0,01; 0,1], or other reasonable methods 

depending on the level of safety. Parameter “s” 

also is subject to additional research. 

 

 

6. CONCLUSIONS 

 

1. The article describes the method of reliability 

analysis of structural RC elements on example 

of RC beams with a series of normal cracks on 

the basis of the possibility theory; 

2. Some recommendations are given for the 

appointment of the cut (risk) level in 

possibilistic methods of reliability analysis of 

structural elements; 

3. The article presents the methods of reliability 

analysis of reinforced concrete beams with a 

series of normal cracks on the basis of the 

random set theory and on the advanced 

functions of belief and plausibility on the 

imprecise Dirichlet model; 

4. The developed methods can be used in the 

reliability analysis of other structural elements 

for the requirements of standards on safety of 

structures and foundations. 
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STUDY AND SIMULATION OF HEAT TRANSFER PROCESSES 

DURING FOAM GLASS HIGH TEMPERATURE PROCESSING 
 

Sergey V. Fedosov 1, Maksim O. Bakanov 2, Sergey N. Nikishov 1, 2 
1 Ivanovo State Polytechnic University, Ivanovo, RUSSIA  

2 Ivanovo Fire Rescue Academy of State Firefighting Service of Ministry of Russian Federation for Civil Defense, 

Emergencies and Elimination of Consequences of Natural Disasters, Ivanovo, RUSSIA 

 
Abstract: The paper presents basic aspects of simulation of pores formation and growth in the foam glass struc-

ture process during raw material mixture high temperature processing. The key mathematical approaches to heat 

transfer processes simulation and the dynamics of the pores radius growth in the raw material mixture structure 

are presented. The key assumptions and restrictions allowing representing the most adequate research outcomes 

at this stage of the subject development are outlined.  

 

Keywords: foam glass, heat treatment, mathematical simulation, temperature patterns, surface tension, viscosity 

 

 

ИССЛЕДОВАНИЕ И МОДЕЛИРОВАНИЕ ПРОЦЕССОВ  

ТЕПЛОПЕРЕНОСА ПРИ ВЫСОКОТЕМПЕРАТУРНОЙ  

ОБРАБОТКЕ ПЕНОСТЕКЛА 
 

С.В. Федосов 1, М.О. Баканов 2, С.Н. Никишов 1, 2 

Ивановский государственный политехнический университет», г. Иваново, РОССИЯ 
2 Ивановская пожарно-спасательная академия Государственной противопожарной службы  

Министерства Российской Федерации по делам гражданской обороны, чрезвычайным ситуациям  

и ликвидации последствий стихийных бедствий, г. Иваново, РОССИЯ 

 
Аннотация: в работе представлены основные аспекты моделирования процесса формирования и роста 

пор в структуре пеностекла при высокотемпературной обработке сырьевой смеси. Показаны ключевые 

математические подходы к моделированию процессов теплопереноса и динамики роста радиуса поры в 

структуре сырьевой смеси. Обозначены основные допущения и ограничения, позволяющие на данном 

этапе разработки темы представить наиболее адекватные результаты исследования. 

 

Ключевые слова: пеностекло, термическая обработка, математическое моделирование, температурные 

поля, поверхностное натяжение, вязкость 

 

1. INTRODUCTION 

 

Improvement of the buildings thermal insulation 

and housing and utilities infrastructure energy 

efficiency constitutes one of the energy saving 

directions. Modern requirements related to 

building envelopes energy saving determine the 

use of high-tech materials and systems enabling 

to solve the issue of the buildings effective 

thermal protection.  

Despite the fact that in recent years the issues of 

thermal insulating materials range expanding 

and quality improving has attracted considerable 

attention the construction market continue to 

experience shortage in this product. 

Insufficient attention is given to assessing the 

reliability of newly developed materials in 

buildings envelopes which are often not inter-

linked with climatic, inventory and logistics and 

economic conditions of separate regions of our 

country.  

Pursuant thereto, elaboration of physic-and-

engineering and structural-and-technological 

basis for energy-efficient materials creation 

constitutes relevant objective for the construc-

tion industry. High-performance thermal insu-

DOI:10.22337/2587-9618-2018-14-3-153-160
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lating material characterized with cellular struc-

ture - foam glass [1] - is gaining increasing ur-

gent imperative. 

Foam glass is a highly porous material (80-

95%), consisting of closed or intercommuni-

cating pores separated by vitrifaction separating 

partitions [2, 3]. Conventionally, foam glass is 

produced on the basis of secondary glass cullet 

or specially welded glass (finely crushed glass), 

with its full or partial introduction into the raw 

material mixture composition [4]. 

Several research directions within which scien-

tists actively conduct their survey are visible in 

the foam glass technology. One of the directions 

is to optimize the raw material mixture heat 

treatment for foamed glass production. The key 

research method of this direction is the mathe-

matical simulation of thermal processing opera-

tions during the foam glass production. 

 

 

2. RESEARCH METHODS. PROBLEM 

STATEMENT 

 

Thermal processing operations simulation is ex-

ecuted on the basis of heat transfer theory which 

allows considering intercorrelation of macro-

physical characteristics of foamed glass produc-

tion engineering operation. 

Consideration of the process physical founda-

tions is not insignificant because the end materi-

al thermal insulating properties are depend di-

rectly on other physic-and-engineering charac-

teristics, which change over time and under 

temperature modification [6].  

During the simulation we take the primary envi-

ronment as the raw material mixture backfilling 

for foamed glass production in the foaming 

mold, where the microdomains not filled with 

crushed glass and gas-forming agents act as 

pores. The primary system is a chaotic structure, 

which causes certain difficulties in the process 

mathematical description, so the necessity in 

elaboration of the arranged mathematical model 

reflecting all the primary structure major peculi-

arities appears. 

It is obligatory to formalize both the heat trans-

fer processes and the physical processes taking 

place when changing the heat treatment modes. 

With temperature increasing, existing moisture 

in the raw material mixture starts to evaporate 

and exits to the furnace chamber for foaming. 

When the temperature values in the furnace 

chamber are close to the values when the glass 

grains melting starts, the backfilling near-

surface layers that are in the immediate contact 

with the foaming mold metal bezels start to melt 

first, and somewhat later (in terms of time) the 

layer, which is heated through convection. The 

process of backfilling near-surface melting (raw 

material mixture) takes place – the backfilling 

central areas are still not heated (due to the sur-

rounding material low thermal conductivity). As 

a result thereof, the gas-emission sources in 

these pores do not operate, while the glass parti-

cles surrounding this center are already being 

foamed, and pore radius growth continues in it. 

Thus, the pore formation material of the charge 

is formed unevenly, which affects the end prod-

uct thermal and physical properties quality. 

In cases where the temporal parameters for the 

raw material mixture conditioning during foam-

ing are not sufficient to enable the glass grains 

melting over the backfill entire volume, the raw 

material mixture centers need more time for 

melting, and thus remain not porous. In cases 

where the foaming period is considerably ex-

ceeding the glass grains melting period, fusing 

of the backfilling near-surface layers takes place 

since gas production sources completely burn 

up through warming up, and the glass viscosity 

decreases, and the molten glass surface tension 

does not allow delaying a dedicated gas phase in 

the formed pores spheres, which exits to the 

furnace chamber for foaming. In such cases, the 

raw material mixture central part becomes more 

porous compared to the raw material mixture 

surface layers. 

Thus, we assume that the distribution of tem-

perature patterns over the backfilling of the raw 

material mixture passes from near-surface areas 

to the center. The first objective of the research 

was to determine and describe the temperature 



Study and Simulation of Heat Transfer Processes During Foam Glass High Temperature Processing 

Volume 14, Issue 3, 2018 155 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

patterns distribution in the raw material mixture 

backfilling volume and to identify the patterns 

of the pore radius growth as a result of its high 

temperature processing.  

The second objective was to determine the con-

ditions for the pores uniform formation over the 

material volume. Such conditions can be creat-

ed, for example, through various technical 

means and technologies, allowing  to influence 

the raw material mixture in real-time, for exam-

ple, the vibration platforms or ultrasonic treat-

ment application as well as application of pow-

ders with different gas-yielding properties (ac-

tivity), combination of these and other techno-

logical influences is possible. 

 Difficulties which solution requires the heat 

transfer simplified (or approximate) mathemati-

cal models application appear when developing 

the unified mathematical model able to take into 

consideration all the above mentioned factors.  

As a rule, mathematical physics methods are 

used for the differential equations solution. In 

some specific cases, these equations can be 

solved through numerical methods using com-

puter. However, difficulties related to computa-

tional nature arise herewith. 

In general case, the heat and substance mass 

transfer boundary problem can be represented 

with parabolic type non-linear non-

homogeneous differential equations in particular 

derivatives: 

- heat conductivity boundary problem: 
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 
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where      tutuctu ,,,,,   - is the thermal 

properties of the foam glass charge material 

(density, heat capacity, thermal conductivity), in 

general case depending on the moisture content 

and temperature; 

- initial condition: 
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- boundary conditions: 

    нx
fxt 

0
,    (3) 

 
0

,

2







L

xx

xt 
  (4) 

 

The initial condition (5) demonstrates that foam 

glass charge material is characterized with an 

arbitrary temperature distribution on a 

coordinate at the moment taken for the reference 

point. 

The boundary condition (6) demonstrates that 

we have assumed the equality of the mold 

temperature and material values from which the 

coordinate  is calculated in the walls contact 

zone of the metal mold for foaming. Condition 

(7) indicates that the objective can be 

considered as a symmetrical one. 

It is obligatory to set the boundary conditions 

and solve the plane problem for one of the coor-

dinates in the modeling early stages. Figure 1 

shows the boundary problem of heat transfer in 

foam glass charge material for the metal mold 

on the x coordinate. 

 

 
Figure 1. The raw material mixture model (2)  

– metal mold (1). 

 

Under these conditions the boundary problem of 

heat transfer in the raw material mixture in met-

al mold shall be recorded as follows: 
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Here: ρ, с, λ – respectively: the raw material 

mixture density, heat capacity and thermal con-

ductivity.  

Let us introduce dimensionless variables: 
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And then the problem (5)-(8) assumes the view: 
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3. RESEARCH OUTCOMES 

 

Omitting ordinary but cumbersome conversions, 

we provide the final solution of the boundary 

problem in the originals area: 
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(14) 

Calculation results according to the equation 

(14) are shown in Figure 2 as curves illustrating 

the dimensionless temperature change on the 

dimensionless coordinate depending on the di-

mensionless process time. 

Thus, the equations system (5–8) with initial (2) 

and boundary (3–4) conditions is called the heat 

transfer boundary problem and in general 

demonstrates the temperature patterns distribu-

tion in the raw material mixture. 

Researchers [7] proposed the model based on 

the processes time scales during the required 

porous structure formation in order to describe 

the pores formation physical process in the raw 

material mixture melt: 

 

 
Figure 2. Illustration of calculations to the 

equation. Fо: 1) 0.01; 2) 0.1; 3) 0.2; 4) 0.3;  

5) 0.4; 6) 0.5; 7) 0.6; 8) 0.7; 9) 0.8;  

10) 0.9 11) 1. 

 

a

h2

1  ,     (15) 

 

where τ1 – the crushed glass heating period to 

chalk decomposition temperatures range; a, m2/s  

- the mixture thermal diffusivity factor; h, m – 

the typical length scale in the mold volume. 

Pores formation due to the gas pressure increase 

by gas-emission sources takes place in the pro-

cess second stage: 

      

30
2 R

a

P
 ,       (16) 
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where α' – gas-emission source power factor, 

J/s; P0 – atmospheric pressure, Pa; R – pore ra-

dius, m. 

In describing the second simulation stage the 

authors used the motion equation of a viscous 

incompressible fluid (Navier–Stokes) and conti-

nuity equation in spherical coordinates, simulta-

neously noting that the υ liquid rate around a 

bubble has only a radial component, and due to 

spherical symmetry depends only on R – dis-

tance from the pore center (pore radius) and t – 

process time: υ=υ(R,t). The process second 

stage model represents a nonlinear differential 

equation for pores radius R(t) growth over time: 

 

2 2 2
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3 1 1 1 4
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2 3

dR d R t d R dR
R t P

dRdt dt R R dt R dt

dt
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       
    

,                        (17) 

 

where ρ – melt density of cellular glass charge 

stock, [kg/m3]; R(t) – the function of cell radius 

increase over time; α' – power factor of gas gen-

erating source, [J/s]; β' – initial conditions fac-

tor, [J]; R – cells radius [m]; P0 – atmospheric 

pressure, [PA]; σ – melt surface tension factor 

of the cellular glass charge stock, [N/m].  

Analysis of the work outcomes related to foam 

glass porous structure formation suggests using 

equation (18), which describes the single pore 

growth: 
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 ,    (18) 

 

where R1 – is the pores inner radius [m];  – 

molten glass volume within the pores shell; σ – 

surface tension factor, [N/m];  – fluid dynam-

ic viscosity factor [PA·s]; рint. –  gas pressure 

inside pore, [PA]; рext.  – pressure on the glass 

melt external (outer) boundary, [Pa]. 

The Runge–Kutta fourth-order method [8] in the 

MathCAD program was used for calculations 

and equation graphical interpretation (18).  

Four function values for two intermediate points 

were used on the following step: two values in 

the center of the step and the two values at the 

ends of the step:  
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iii RkkkkRR 
6

1
)22( 43211 . (23) 

 

Values  and  at calculations are taken as 

variables. 

Changing the values of dynamic viscosity was 

calculated by the formula [9, 10]: 

 

,       (24) 

 

where  – factor of dynamic viscosity at the 

initial moment of time [Pa·s], To – temperature 

at initial moment of time [K], T – temperature 

[K], A and B – empirical factors. 

Changing the values of surface tension factor 

calculated by the formula [11]: 

 

 ,          (25) 

 

where  – factor of surface tension at the initial 

moment of time [N/m].  

Temperature change over time was prescribed 

as follows: 

 

,             (26) 
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where k – factor taking into account the heating 

rate,   – time [sec]. 

Calculations results are presented in Figure 3. 

 

 
Figure 3. Diagram of pores radius growth de-

pending on the temperature. 

 

 

4. OUTCOMES DISCUSSION 

 

Application of the equation (18) is admissible 

when making a number of assumptions and al-

lows creating a shared understanding of the 

foam glass foaming process, since glass melt 

viscosity indices exert the greatest influence on 

the bubble growth rate and radius of all the used 

variables, as the start and end values are charac-

terized by changes from 1012 to 10. Glass vis-

cosity value depends on the primary raw materi-

al and pursuant to [12] considerably changes in 

the foaming process (Figure 4). 

 

 

5. CONCLUSIONS 

 

Adequate methods enabling to analytically de-

termine the dependence of the glass melt viscos-

ity on temperature is currently not available, so 

it is necessary to conduct experimental studies 

ultimately limiting the mathematical model ap-

plication only for the particular primary raw ma-

terials used in the experiment. 

 
Figure 4. Dependence of the glass melt viscosity 

on the glass temperature and class: 1 – "Long" 

glass; 2 – "Short" glass. 

  

The above mentioned suggests that there exists 

the necessity in mathematical models elabora-

tion capable, with a sufficiently high accuracy, 

to describe the phenomena occurring at the 

foam glass porous structure formation during its 

production, based not only on the thermophysi-

cal, but engineering, economic and other fac-

tors. 
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MATHEMATICAL MODELING OF DIFFUSION PROCESSES  

OF MASS TRANSFER OF “FREE CALCIUM HYDROXIDE”  

DURING CORROSION OF CEMENT CONCRETES  
 

Sergey V. Fedosov, Varvara Eu. Roumyantseva, Viktoriya S. Konovalova,  

Svetlana A. Loginova 

Ivanovo State Polytechnic University, Ivanovo, RUSSIA 

 

Abstract: The paper presents a mathematical model of mass transfer in the processes of corrosion of the first 

type of cement concrete at the level of phenomenological equations for a closed reservoir-liquid system. A step-

by-step transition to the recording of the boundary value mass conduction problem in dimensionless coordinates 

is shown. The solutions of the boundary value mass conduction problem for the region of large and small values 

of Fourier numbers are obtained. 

 

Keywords: cement concrete, corrosion, mathematical model, mass transfer,  

concentration of "free calcium hydroxide" 

 

 

МАТЕМАТИЧЕСКОЕ МОДЕЛИРОВАНИЕ  

ДИФФУЗИОННЫХ ПРОЦЕССОВ МАССОПЕРЕНОСА 

«СВОБОДНОГО ГИДРОКСИДА КАЛЬЦИЯ»  

ПРИ КОРРОЗИИ ЦЕМЕНТНЫХ БЕТОНОВ 
 

С.В. Федосов, В.Е. Румянцева, В.С. Коновалова, С.А. Логинова 
Ивановский государственный политехнический университет, г. Иваново, РОССИЯ 

 

Аннотация: В статье представлена математическая модель массопереноса в процессах коррозии первого 

вида цементных бетонов на уровне феноменологических уравнений для замкнутой системы «резервуар-

жидкость». Показан пошаговый переход к записи краевой задачи массопроводности в безразмерных 

координатах. Получены решения краевой задачи массопроводности для области больших и малых 

значений чисел Фурье. 

 

Ключевые слова: цементный бетон, коррозия, математическая модель, массоперенос,  

концентрация «свободного гидроксида кальция» 

 

 

1. INTRODUCTION 

 

Durability of buildings and structures can be 

provided by the use of corrosion-resistant 

materials. Forecasting the service life of 

concrete and reinforced concrete structures is a 

complex analytical process [1]. In most cases, 

the main causes of damage are corrosion 

processes caused by adverse environmental 

effects. 

Reliable prediction of durability of building 

structures is impossible without experimental 

analysis and theoretical developments [2] aimed 

at creating mathematical models of processes 

occurring at all stages of production and 

operation [1, 2].  

One of the directions of the scientific school, 

which works fruitfully at Ivanovo state 

Polytechnic University, is the theoretical study 

and mathematical modeling of corrosion 

processes of concretes proceeding along the 

mechanisms of the first and second types [3-9]. 

To date, the authors of the article have 

developed a complex of mathematical models of 

DOI:10.22337/2587-9618-2018-14-3-161-168
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corrosion processes in different environments, 

and proposed ways to combat corrosion 

destruction [6-9]. 

First of all, calcium oxide is responsible for the 

strength of concrete, which is part of the main 

minerals of Portland cement [1, 10]. The 

decrease in the content of "free calcium 

hydroxide", which is the main component that 

determines mass transfer, causes a change in the 

phase and thermodynamic equilibrium in the 

system, leads to the decomposition of the main 

components of the cement stone, and as a result, 

to the loss of the strength properties of concrete. 

 

 

2. MATHEMATICAL MODEL OF MASS 

TRANSFER IN CORROSION PROCESSES 

OF THE FIRST TYPE AT THE LEVEL  

OF PHENOMENOLOGICAL EQUATIONS 

FOR A CLOSED "RESERVOIR-LIQUID" 

SYSTEM 
 

Mass transfer in the "reservoir-liquid" system 

according to the first type of corrosion is 

determined by the boundary value problem of 

mass conductivity of the type [3, 4]: 

 
𝜕𝐶(𝑥,𝜏)

𝜕𝜏
= 𝑘

𝜕2𝐶(𝑥,𝜏)

𝜕𝑥2 , τ > 0, 0 ≤ x ≤ δ. (1) 

 

Initial condition: 

 

𝐶(𝑥, 𝜏)|𝜏=0 = 𝐶(𝑥, 0) = 𝐶0. 
(2) 

 

 

Border conditions: 

 
𝜕𝐶(0, 𝜏)

𝜕𝑥
= 0, 

𝑘
𝜕𝐶(𝛿, 𝜏)

𝜕𝑥
= 𝛽[𝐶𝑒(𝜏) − 𝐶(𝛿, 𝜏)]. 

(3) 

 

 

(4) 

 

where: С(x,τ) is concentration of "free calcium 

hydroxide" in concrete at a time τ at an arbitrary 

point with x coordinate, in terms of СаО, kg 

СаО / kg of concrete; С0(x) is concentration of 

"free calcium hydroxide" in concrete at the 

initial moment of time at any point with x 

coordinate, in terms of СаО, kg СаО / kg of 

concrete; k is mass conductivity coefficient in 

solid phase, m2/s; δ is wall thickness of the 

structure, m. 

The value of the equilibrium concentration on 

the surface of the solid Сe is not constant, but 

depends on the concentration of the component 

in the liquid phase: 

 

Ce(τ) = f[Cliq(τ)].. (5) 

 

The simplest form of this dependence is Henry's 

law [9]: 

 

𝐶𝑒(𝜏) = 𝑚𝐶𝑙𝑖𝑞(𝜏), (6) 

 

where: m is Henry's constant, kg of liquid / kg 

of concrete. 

According to the law of mass conservation, the 

mass flow of substance emerging from the 

concrete surface should be equal to the amount 

of substance arriving in the liquid phase. 

 

−𝑆𝜌𝑐𝑜𝑛𝑘
𝜕𝐶(𝛿, 𝜏)

𝜕𝑥
= 𝑉𝑙𝑖𝑞𝜌𝑙𝑖𝑞

𝜕𝐶𝑙𝑖𝑞(𝜏)

𝜕𝜏
, (7) 

 

where: S is internal surface of the tank, m2; Vliq 

is tank volume m3; ρcon, ρliq are densities of 

concrete and liquid, respectively, kg/m3. 

To obtain generalized solutions suitable for 

qualitative analysis of corrosion processes, we 

introduce dimensionless variables of the form: 

 

𝑍(𝑥̅, 𝐹𝑜𝑚) =
𝐶0 − 𝐶(𝑥, 𝜏)

𝐶0
, 𝑥̅ =

𝑥

𝛿
, 

𝐹𝑜𝑚 =
𝑘𝜏

𝛿2
. 

(8) 

 

We transform the equation (1) with regard to 

(8): 
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𝜕𝐶[𝐶0 − 𝐶(𝑥, 𝜏)]

𝜕𝜏 ∙ 𝐶0
= 

= 𝑘
𝜕2𝐶[𝐶0 − 𝐶(𝑥, 𝜏)]

𝜕𝑥2 ∙ 𝐶0
. 

(9) 

 

This implies: 

 

𝜕𝑍(𝑥̅, 𝐹𝑜𝑚)

𝜕𝜏
= 𝑘

𝜕2𝑍(𝑥̅, 𝐹𝑜𝑚)

𝜕𝑥2
. (10) 

 

Multiply by δ2 and divide by k both parts of the 

equation: 

 

𝜕𝑍(𝑥̅, 𝐹𝑜𝑚)𝛿2

𝜕𝜏 ∙ 𝑘
=

𝜕2𝑍(𝑥̅, 𝐹𝑜𝑚)𝛿2

𝜕𝑥2
. (11) 

 

In dimensionless coordinates, the boundary 

value problem (1)-(4) is transformed to the form 

[5]: 

 

𝜕𝑍(𝑥̅, 𝐹𝑜𝑚)

𝜕𝐹𝑜𝑚
=

𝜕2𝑍(𝑥̅, 𝐹𝑜𝑚)

𝜕𝑥̅2
, 

Fom> 0, 0 ≤ 𝑥̅ ≤ 1. 

(12) 

 

Initial condition: 

 

𝑍(𝑥,̅ 0) = 0. 
 

(13) 

 

Border conditions:  

 
𝜕𝑍(0, 𝐹𝑜𝑚)

𝜕𝑥̅
= 0. 

 

(14) 

 

1

𝐵𝑖𝑚
∙

𝜕𝑍(1, 𝐹𝑜𝑚)

𝜕𝑥̅
= 

= [𝑍𝑒(𝐹𝑜𝑚) − 𝑍(1, 𝐹𝑜𝑚)]. 

(15) 

 

where:  

 

 
is Bio mass transfer criterion; 

 

 
 

is Fourier mass transfer criterion. 

We transform the equation (7) by multiplying 

the summands on the left by 

 

, 

 

and on the right by  

 

 : 

 

−𝑆𝜌𝑐𝑜𝑛𝑘
𝜕[𝐶0 − 𝐶(𝛿, 𝜏)]𝛿

𝐶0𝜕𝑥 ∙ 𝛿
= 

= 𝑉𝑙𝑖𝑞𝜌𝑙𝑖𝑞

𝜕𝐶𝑙𝑖𝑞(𝜏)𝛿2

𝜕𝜏 ∙ 𝐶0𝛿2
. 

(16) 

 

Assuming that the equilibrium in the system 

obeys Henry's law (6), we write: 

 
𝑆

𝑉
∙

𝜌𝑐𝑜𝑛

𝜌𝑙𝑖𝑞
∙

𝑘

𝛿
∙

𝜕𝑍(0, 𝐹𝑜𝑚)

𝜕𝑥̅
= 

−
𝜕𝑍[𝐶0 − 𝑚𝐶𝑙𝑖𝑞(𝜏)]

𝑚𝜕 (
𝜏

𝛿2) 𝐶0𝛿2
= 

= −
𝜕𝑍𝑙𝑖𝑞(𝐹𝑜𝑚)

𝑚𝜕 (
𝜏

𝛿2) 𝛿2
. 

(17) 

 

Divide by k: 

 
𝑆

𝑉
∙

𝜌𝑐𝑜𝑛

𝜌𝑙𝑖𝑞
∙

1

𝛿
∙

𝜕𝑍(1, 𝐹𝑜𝑚)

𝜕𝑥̅
= 

= −
𝜕𝑍𝑙𝑖𝑞(𝐹𝑜𝑚)

𝑚𝜕 (
𝑘𝜏
𝛿2) 𝛿2

. 

(18) 

 

The last expression denotes: 

 

𝑍𝑙𝑖𝑞(𝐹𝑜𝑚) =
𝐶0 − 𝑚𝐶𝑙𝑖𝑞(𝜏)

𝐶0
. (19) 
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We denote that: 

 

𝐾𝑚 =
𝑚𝑆𝛿

𝑉𝑙𝑖𝑞
∙

𝜌𝑐𝑜𝑛

𝜌𝑙𝑖𝑞
=

𝑚𝐺𝑐𝑜𝑛

𝐺𝑙𝑖𝑞
, (20) 

 

where: Km is coefficient considering phase 

characteristics; Gcon is the mass of the concrete 

tank, kg; Gliq is the mass of liquid in the tank, 

kg. 

In the accepted variables equation (7) will take 

the form: 

 

−
𝜕𝑍𝑙𝑖𝑞(𝐹𝑜𝑚)

𝜕𝐹𝑜𝑚
= 𝐾𝑚

𝜕𝑍(1, 𝐹𝑜𝑚)

𝜕𝑥̅
. (21) 

 

We transform the equation (6): 

 

𝐶0 − 𝐶𝑒(𝜏)

𝐶0
=

𝐶0 − 𝑚𝐶𝑙𝑖𝑞(𝜏)

𝐶0
. (22) 

 

In this case, the boundary value problem of 

mass conductivity will take the form: 

 

𝜕𝑍(𝑥̅, 𝐹𝑜𝑚)

𝜕𝐹𝑜𝑚
=

𝛿2𝑍(𝑥̅, 𝐹𝑜𝑚)

𝜕𝑥̅2
. (23) 

 

The initial and boundary conditions of 

expression (23) are expressions (13)-(15). In 

equation (15), Ze(Fom) is the same as Zliq(Fom). 

The solution of the equation (23) obtained by 

the Laplace integral transformation takes the 

form [5, 6]: 

 

 Z(x̅, s) = Ach(√sx̅) + Bsh(√sx̅), (24) 

𝑑𝑍(𝑥̅, 𝑠)

𝜕𝑥̅
= 𝐴√𝑠𝑠ℎ(√𝑠𝑥̅) + 

+𝐵√𝑠𝑐ℎ(√𝑠𝑥̅), 

(25) 

1

𝐵𝑖𝑚
[𝐴√𝑠𝑠ℎ√𝑠] +

𝐾𝑚

𝑠
[𝐴√𝑠𝑠ℎ√𝑠] = 

=
𝑍𝑙𝑖𝑞(0)

𝑠
− 𝐴𝑐ℎ√𝑠, 

(26) 

 

𝐴 = 

=
𝐵𝑖𝑚√𝑠𝑍𝑙𝑖𝑞(0)

𝑠[𝑠𝑠ℎ√𝑠 + 𝐾𝑚𝑠ℎ√𝑠 + 𝐵𝑖𝑚√𝑠𝑐ℎ√𝑠]
, 

(27) 

𝑍(𝑥̅, 𝑠) = 

=
𝐵𝑖𝑚𝑍𝑙𝑖𝑞(0)𝑐ℎ(√𝑠𝑥̅)

𝑠[𝑠𝑠ℎ√𝑠 + 𝐵𝑖𝑚𝐾𝑚𝑠ℎ√𝑠 + 𝐵𝑖𝑚√𝑠𝑐ℎ√𝑠]
. 

(28) 

 

The final solution of the boundary value 

problem (23) for the region of large values of 

Fourier numbers (for Fom > 0,1) has the form 

[5]: 

 

𝑍(𝑥,̅ 𝐹𝑜𝑚) =
𝑍(0)

1 + 𝐾𝑚
− 

−2𝐵𝑖𝑚𝑍𝑙𝑖𝑞(0) ∑
cos(𝜇𝑚𝑥̅)

𝜓′(𝜇𝑚)

∞

𝑛=1

exp(−𝜇𝑚
2 𝐹𝑜𝑚), 

(29) 

 ψ`(μm) = sin μm[3μm
2 +

Bim(μm
2 -KGb)] +

μm cos μm[μm
2 -(BimKGb + 2)]. 

(30) 

 

The characteristic equation for finding the roots 

of µm is: 

 

𝑡𝑔𝜇𝑚 =
𝐵𝑖𝑚𝜇𝑚

𝜇𝑚
2 − 𝐾𝑚𝐵𝑖𝑚

, (31) 

 

For the average concentration, we write: 

 

𝑍𝑚𝑖𝑑(𝐹𝑜𝑚) =
𝑍𝑙𝑖𝑞(0)

1 + 𝐾𝑚
− 

−2𝐵𝑖𝑚𝑍𝑙𝑖𝑞(0) ∑
𝑠𝑖𝑛𝜇𝑚

𝜇𝑚𝜓′(𝜇𝑚)

∞

𝑛=1

exp(−𝜇𝑚
2 𝐹𝑜𝑚), 

(32) 
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𝑍𝑙𝑖𝑞(𝐹𝑜𝑚) = 

= 𝑍𝑙𝑖𝑞(0) {1

+ 2𝐵𝑖𝑚𝐾𝑚 ∑
𝑠𝑖𝑛𝜇𝑚

𝜇𝑚𝜓′(𝜇𝑚)

∞

𝑛=1

[exp(−𝜇𝑚
2 𝐹𝑜𝑚)

− 1]}. 

(33) 

 

In cases where the condition Fom ≤ 0,1 is 

satisfied, it is advisable to obtain solutions using 

hyperbolic functions for large values of 

arguments (small Fourier numbers). 

The final solution of the equation (23) for the 

region of small values of Fourier numbers has 

the form: 

 
𝑍(𝑥̅, 𝐹𝑜𝑚)

𝑍𝑙𝑖𝑞(0)
= 

= −
𝐵𝑖𝑚

√𝐵𝑖𝑚
2 − 4𝐾𝑚

∑(−1)𝑖𝑒𝑥𝑝[−𝑎𝑖(1

2

𝑖=1

− 𝑥̅) + 𝑎𝑖
2𝐹𝑜𝑚] 𝑒𝑟𝑓𝑐 (

1 − 𝑥̅

2√𝐹𝑜𝑚

− 𝑎𝑖√𝐹𝑜𝑚), 

(34) 

𝑎𝑖 =
−𝑎 ± √𝐷

2
, (35) 

Zmid(Fom) = ∫ Z(x̅, Fom)dx̅
1

0
,  (36) 

𝑍𝑙𝑖𝑞(𝐹𝑜𝑚)

𝑍𝑙𝑖𝑞(0)
= 1 − 

−
𝐾𝑚𝐵𝑖𝑚

√𝐵𝑖𝑚
2 − 4𝐾𝑚𝐵𝑖𝑚

∑(−1)𝑖+1 {2√
𝐹𝑜𝑚

𝜋

2

𝑖=1

+ 𝑎𝑖 ∫ 𝑒𝑥𝑝(𝑎𝑖
2𝐹𝑜𝑚)𝑒𝑟𝑓𝑐(−𝑎𝑖√𝐹𝑜𝑚)𝑑𝐹𝑜𝑚

𝐹𝑜𝑚

0

}. 

(37) 

 

The obtained expressions allow to calculate the 

concentration fields of the transferred 

component along the thickness of the structure, 

to find the average concentration at any time, 

and to determine the value of the concentration 

of the "target" component in the liquid phase. 

Some results of calculations [5-7] are shown in 

Figures 1 and 2. 

 

 
Figure 1. Profiles of the dimensionless 

concentrations on the thickness of the concrete 

at Fom = 0.05 at various values of Bim: 1 – 0.5; 

2 - 1; 3 – 1.75; 4 – 2.5; 5 – 3. 

 

 
Figure 2. Concentration of the transferred 

component in the liquid phase at Fom = 0÷5; 

Km = 0.1; Bim: 1 – 0.5; 2 – 1; 3 – 1.5. 

 

A necessary condition for the implementation of 

calculations is the availability of data on static 

and kinetic characteristics of the process, which 

can be obtained only on the basis of 

experimental studies. 

 

 

3. CONCLUSION 
 

Development of mathematical models is 

impossible without a clear understanding of the 

mechanism of the processes, experimental data 

characterizing the influence of various factors 
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on the kinetics and dynamics of processes and 

verification of the correctness of the forecast 

methodology in full-scale conditions [6, 8]. 

The joint analysis of the results of numerical 

and experimental studies confirms the adequacy 

of the developed mathematical models of mass 

transfer in the systems under study and makes it 

possible to use the developed mathematical 

models and the proposed methods for 

calculating the mass transfer process at the 

corrosion of the first and second types on real 

objects. 
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К ЮБИЛЕЮ ВИТАЛИЯ ИВАНОВИЧА СОЛОМИНА 

 
16 июля 2018 года исполнилось 90 лет академику Российской академии архитектуры и строи-
тельных наук, профессору, доктору технических наук Виталию Ивановичу Соломину. 
 

Трудовая и творческая деятельность В.И. Соломина на протяжении более чем семи десяти-
летий – достойный пример для подражания молодому поколению, воспитанию которого он 
всегда уделял и уделяет большое внимание. 
 

Мы знаем Виталия Ивановича как крупного, признанного в России и за рубежом ученого в 
области строительной механики, получившего выдающиеся результаты, связанные с реше-
нием нелинейных задач расчета и оптимального проектирования фундаментных конструк-
ций и их оснований, основателя и руководителя крупной научной школы, работа которой 
традиционно была направлена на совершенствование методов расчета и принципов констру-
ирования фундаментных конструкций, опытного организатора науки, образования и просве-
тительской деятельности. 
 

Профессиональная деятельность В.И. Соломина была неоднократно отмечена высокими гос-
ударственными наградами и почетными званиями, в числе которых орден «Знак Почета», 
нагрудный знак Министерства высшего образования СССР «За отличные успехи в работе», 
медаль «50 лет Победы в Великой Отечественной войне», звания Лауреат Государственной 
премии СССР за заслуги в области науки и техники, Почетный строитель России, Заслужен-
ный деятель науки и техники РСФСР, Почетный гражданин г. Челябинска и другие. 
 

Желаем Вам, Виталий Иванович, крепкого здоровья, благополучия, большого счастья и 
дальнейших творческих успехов! 
 

Редакционный Совет международного научного журнала   

“International Journal for Computational Civil and Structural Engineering” 
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О ПРОВЕДЕНИИ ОБЩЕГО СОБРАНИЯ ЧЛЕНОВ  
РОССИЙСКОЙ АКАДЕМИИ АРХИТЕКТУРЫ  

И СТРОИТЕЛЬНЫХ НАУК В 2019 ГОДУ  
 

 

На основании Устава федерального государственного бюджетного учреждения 

«Российская академия архитектуры и строительных наук», утвержденного постановлением 

Правительства Российской Федерации 28 мая 2014 г. №488, выборы президента Российской 

академии архитектуры и строительных наук (РААСН) и президиума РААСН будут проведе-

ны на Общем собрании членов РААСН 17-19 апреля 2019 года (Москва, Центральный дом 

архитектора). 

 

Право выдвижения кандидатов на должность президента РААСН, первого вице-

президента РААСН, вице-президентов РААСН (по направлениям «Архитектура», «Градостро-

ительство», «Строительные науки», «Инновации»), академиков-секретарей отделений РААСН 

(архитектуры, градостроительства, строительных наук) предоставляется членам РААСН. 

 

Выдвижение кандидатур на указанные должности осуществляется не позднее, чем за 2 

(два) месяца до даты проведения Общего собрания членов РААСН. 

 

В соответствии с постановлением президиума РААСН от 26 сентября 2018 г. №10 вы-

боры членов РААСН (академиков РААСН и членов-корреспондентов РААСН) в 2019 году 

проводиться не будут. 
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