
International Journal for Computational Civil and Structural Engineering 

Volume 5, Issue 1&2, 2009 3

International Journal for 

Computational Civil and Structural Engineering 
Volume 5, Issue 1&2                                                                                               2009 
 

 

EXECUTIVE EDITOR 
 

Valery I. Telichenko, Professor, Rector 
Moscow State University of Civil Engineering 

Moscow, Russia 
26, Yaroslavskoe Shosse, 129337, Moscow, Russia 

 
 

EDITOR-IN-CHIEF 
 

Vladimir N. Sidorov , Professor 
Department of Applied Mathematics and Information 

Technology 
Moscow State University of Civil Engineering 

26, Yaroslavskoe Shosse, 129337, Moscow, Russia 
 

TECHNICAL EDITOR 
 

Pavel A. Akimov, Professor 
Department of Applied Mathematics and Information 

Technology 
Moscow State University of Civil Engineering 

26, Yaroslavskoe Shosse, 129337 Moscow, Russia

 

ASSOCIATE EDITORS 
 
Vladimir Belsky , Ph.D. 
Abaqus Inc.,  
Pawtucket, RI 02860, 
1080 Main Street, USA 

 
Mikhail Belyi , Professor 
Abaqus Inc.,  
Pawtucket, RI 02860, 
1080 Main Street, USA 

 
Vitaly Bulgakov, Professor  
Parametric Technology Corp.,  
57 Metropolitan Av.,  
Ashland, MA, USA 

 
Radii P. Fedorenko, Professor 
Institute of Applied Mathematics 
Russian Academy of Sciences 
4, Miusskaya Pl., Moscow, Russia 
 

Gregory P. Panasenko, Professor 
Equipe d’Analise Numerique 
NMR CNRS 5585 
University Gean Mehnet 
23 rue. P.Michelon 42023, St.Etienne, France 
 
Boris E. Pobedria, Professor 
Department of Mechanics and Mathematics 
Moscow State University 
MGU. Mech-Math. Vorobjovy Gory 
119899 Moscow, Russia 
 
Leonid A. Rozin, Professor 
Department of Structural Mechanics 
Technical University St. Petersburg 
29, Ul. Politechnicheskaya, 
195251 St. Petersburg, Russia 
 
Alexander B. Zolotov, Professor 
Department of Applied Mathematics  
and Information Technology 
Moscow State University of Civil Engineering 
26, Yaroslavskoe Shosse, 129337, Moscow, Russia 

 

PUBLICATION COUNCIL 
 
William Begell, President 
Begell Publishing House 
USA 
 

Nadezhda S. Nikitina, Director 
Isdatelstvo ASV 
Moscow, Russia 
 

Valery I. Telichenko, Rector 
Moscow State University of Civil 
Engineering 
Moscow, Russia 



International Journal for Computational Civil and Structural Engineering 

Volume 5, Issue 1&2, 2009 4 

ADVISORY EDITORIAL BOARD 
 
Igor A. Aleynikov , Professor,  
Department of Theoretical and Applied 
Mechanics, Russian State Open Technical 
University for Railway Transportation 
22/2, Ul. Chasovaya, Moscow, 125993, 
Russia 
 
Sergey M. Aleynikov, Professor,  
Dept. of Appl. Math., Voronezh State 
Architecture and Civil Engineering 
University, Bld. 84, Ul. 20-Letya 
Oktyabrya, Voronezh, 394006, Russia 
 
Nikolaj V. Banichuk , Professor 
Institute for Problems in Mech. 
Russian Academy of Sciences 
101, Prosp. Vernadskogo 
117526, Russia 
 
Klaus-Jurgen Bathe, Professor 
Department of Mechanical Engineering 
Massachusetts Institute of Technology 
Cambridge, MA 02139, USA 
 
Alexander M. Belostotsky, Professor 
Research Center STADYO 
1, Kurchatova Pl. 
123182, Moscow, Russia 
 
Zdenek Bittnar, Professor 
Department of Structural Mechanics 
Czech Technical University 
7, Thakurova, 16629 Prague 6 
Czech Republic 
 
Alexander S. Bratus, Professor 
Dept. of Comp. Math. and Cybernetics 
Moscow State University 
MGU, VMK, Vorobjovy Gory 
119899 Moscow, Russia 
 
Evgeny G. D’yakonov, Professor 
Dept. of Comp. Math. and Cybernetics 
Moscow State University 
MGU, VMK, Vorobjovy Gory 
119899 Moscow, Russia 
 
Alexander S. Gorodetsky 
The Inst. For Aut. Syst. in Civil Eng. 
2a, Ul. M. Krivonosa 
252180 Kiev, Ukraine 
 
Vladimir Karpov , Professor 
St. Petersburg University 
d.4, Ul. 2-Krasnoarmeiskaya, 
St. Petersburg, 198005 Russia 
 
Galina G. Kashevarova, Professor 
Department of Structural Mechanics 
and Computer Technology 
Perm State Technical University 
29, Komsomolsky Prospekt,  
Perm, 614990, Russia 
 
Hartmut Koppler , Professor 
Bauhaus-Universitat 
31a, Windmuhlen Str. 
99425 Weimar, Germany 

Andrey V. Korgin , Professor 
Structure Testing Department 
Moscow State Univ. of Civil Engineering 
26, Yaroslavskoe Shosse, 
129337 Moscow, Russia 
 

Vadim G. Korneev, Professor 
Dept. of Math. and Mechanics 
St. Petersburg State University 
198904, St. Petersburg, Russia 
 

Elena A. Korol, Professor 
Department of Construction Technology 
Moscow State Univ. of Civil Engineering 
26, Yaroslavskoe Shosse, 
129337 Moscow, Russia 
 

Sergey V. Kuznetsov, Professor 
Institute for Problems in Mech. 
Russian Academy of Sciences 
101, Prosp. Vernadskogo, 
117526, Russia 
 
Pierre Ladeveze, Professor 
Lab. de Mecanique et Tecnologic 
E.N.S. de Cachan /C.N.R.C./ Univ. 
Paris VI, 61 Av. du President Wilson 
94235 Cachan Cedex, France 
 
Nickolay N. Leontiev, Professor 
Department of Structural Mechanics 
Moscow State Univ. of Civil Engineering 
26, Yaroslavskoe Shosse, 
129337 Moscow, Russia 
 
Ralf Lindberg , Professor 
3, Korkechoulunkatu, 
33101, Tampere, Finland 
 
Leonid S. Lyakhovich, Professor 
2, Solyanaya Pl., 
634003 Tomsk, Russia 
 
Herbert Mang , Professor 
Inst. Fur Haustatikn und Festigkeitslehre 
Techiache Universitaet Wien 
13, Karlsplatz,  
A-1040 Wien, Austria 
 

Vladimir L. Mondrus , Professor 
Department of Structural Mechanics 
Moscow State Univ. of Civil Engineering 
26, Yaroslavskoe Shosse, 
129337 Moscow, Russia 
 
Vladimir I. Myachenkov , Professor 
Department of Strength of Materials 
Moscow State Tech. Univ. “STANKIN” 
3a, Vadkovsky Per., 
104472 Moscow, Russia 
 

L’Eugenio Onate, Professor 
E.T.S. Ing. Caminos 
Jorge, Girano Salgado, 31-08034 
Barcelona, Spain 
 
Vladimir A. Palmov , Professor 
Physical-Mechanical faculty 
Technical University St. Petersburg 
29, Ul. Polytechnicheskaya, 
195251 St. Petersburg, Russia 

Andrey B. Pavlov, Professor 
The Director of the Institute 
Melnikov Central Research & Design 
Institute of Steel Building Structures 
TSNIIPSK 
49, Ul. Arkhitektora Vlasova, Moscow, 
117997, Russia 

 
Stan Pietruszczak, Professor 
Department of Civil Engineering 
McMaster University 
Hamilton, Ontario L8S 4L7, Canada 

 
Ekkerhard Ramm, Professor 
University of Stuttgart 
Institute for Baustatik 
7, Pfaffenwaldring, Stuttgart, Germany 

 
E. Daya Reddy, Professor 
University of Cape Town 
Department of Applied Mathematics 
7700 Rondebosch, South Africa 

 
Sunil Saigal, Professor 
National Science Foundation 
4201 Wilson Blvd., 
Arlington, VA 22230, USA 

 
Vadim N. Savostyanov, Professor, 
Department of Applied Mechanics and 
Mathematics, Moscow State Univ. of 
Civil Engineering, Yaroslavskoe shosse 
26, 129337 Moscow, Russia 

 
Bernhard A. Scfhrefler, Professor 
Dipart. Di Costruzioni e Trasporti. Via 
Marzolo, 9-35131 Padova, Italy 

 
Nikolaj N. Shaposhnikov, Professor 
Department of Comp. Aided Design 
Moscow State Univ. of Railways 
MIIT, 15, Ul. Obraztsova, 
101475 Moscow, Russia 

 
D.V. Singh, Professor 
Vice chairman all India council for 
Technical Education, New Delhi, India 

 
W. Szczesniak, Professor 
15, Al. Armii Ludowej, 
Politechnika Warszawska 
Warsaw, Poland 

 
Nils-Eric Wiberg , Professor 
Department of Structural Mechanics 
Chalmes University of Technology 
S-41296 Goteborg, Sweden 

 
Peter Wriggers, Professor 
Technical School of Department 
1, Hochschulstrabe, 
D-6100 Darmstadt, Germany 



International Journal for Computational Civil and Structural Engineering 

Volume 5, Issue 1&2, 2009 5

 

 

 

 

 

 

AIMS AND SCOPE 

 

The aim of the Journal is to advance the research and practice in structural engineering 

through the application of computational methods. The Journal will publish original papers and 

educational articles of general value to the field that will bridge the gap between high-performance 

construction materials, large-scale engineering systems and advanced methods of analysis. 

The scope of the Journal includes papers on computer methods in the areas of structural 

engineering, civil engineering materials and problems concerned with multiple physical processes 

interacting at multiple spatial and temporal scales. The Journal is intended to be of interest and use 

to researches and practitioners in academic, governmental and industrial communities. 

 

 

ǸǾАȀǸИǳ ǿВǳǲǳǻИЯ Ǽ ǴȁǾǻАǹǳ 

INTERNATIONAL JOURNAL FOR COMPUTATIONAL CIVIL AND 

STRUCTURAL ENGINEERING 

 
ɀɭɪɧаɥ International Journal for Computational Civil and Structural Engineering явɥя-

еɬɫя ɦеɠɞɭɧаɪоɞɧыɦ ɩеɪиоɞичеɫɤиɦ иɡɞаɧиеɦ, ɭчɪеɞиɬеɥяɦи и иɡɞаɬеɥяɦи ɤоɬоɪоɝо выɫɬɭ-

ɩаɸɬ Моɫɤовɫɤиɣ ɝоɫɭɞаɪɫɬвеɧɧыɣ ɫɬɪоиɬеɥьɧыɣ ɭɧивеɪɫиɬеɬ (Иɡɞаɬеɥьɫɬво АСВ) и Иɡɞа-
ɬеɥьɫɬво Begell House Inc. (США, ɝ. ɇьɸ-Ƀоɪɤ). 

В ɪеɞаɤɰиоɧɧыɣ ɫовеɬ ɠɭɪɧаɥа вхоɞяɬ иɡвеɫɬɧые ɪоɫɫиɣɫɤие и ɡаɪɭɛеɠɧые ɞеяɬеɥи 

ɧаɭɤи и ɬехɧиɤи. Ɉɫɧовɧоɣ ɤɪиɬеɪиɣ оɬɛоɪа ɫɬаɬеɣ ɞɥя ɩɭɛɥиɤаɰии в ɠɭɪɧаɥе − их выɫоɤиɣ 

ɧаɭчɧыɣ ɭɪовеɧь, ɫооɬвеɬɫɬвие ɤоɬоɪоɦɭ оɩɪеɞеɥяеɬɫя в хоɞе выɫоɤоɤваɥиɮиɰиɪоваɧɧоɝо 
ɪеɰеɧɡиɪоваɧия и оɛɴеɤɬивɧоɣ ɷɤɫɩеɪɬиɡы, ɩоɫɬɭɩаɸщих в ɪеɞаɤɰиɸ ɦаɬеɪиаɥов. 

ɀɭɪɧаɥ вхоɞиɬ в Пеɪечеɧь веɞɭщих ɪеɰеɧɡиɪɭеɦых ɧаɭчɧых ɠɭɪɧаɥов и иɡɞаɧиɣ, в 
ɤоɬоɪых ɞоɥɠɧы ɛыɬь оɩɭɛɥиɤоваɧы оɫɧовɧые ɧаɭчɧые ɪеɡɭɥьɬаɬы ɞиɫɫеɪɬаɰиɣ.  

ɀɭɪɧаɥ ɡаɪеɝиɫɬɪиɪоваɧ в Феɞеɪаɥьɧоɦ аɝеɧɬɫɬве ɩо ɫɪеɞɫɬваɦ ɦаɫɫовоɣ иɧɮоɪɦа-
ɰии и охɪаɧы ɤɭɥьɬɭɪɧоɝо ɧаɫɥеɞия Роɫɫиɣɫɤоɣ Феɞеɪаɰии. Иɧɞеɤɫ в оɛщеɪоɫɫиɣɫɤоɦ ɤаɬа-
ɥоɝе РɈСПЕЧАТЬ − 18076. 
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GUIDELINES FOR PREPARATION OF MANUSCRIPT 
AND RELATED INFORMATION 

 
Vladimir N. Sidorov1, Pavel A. Akimov2 

1Editor-in-Chief of International Journal for Computational Civil and Structural Engineering 
2Technical Editor of International Journal for Computational Civil and Structural Engineering 

 
ABSTRACT: Each paper must be typed on snow white paper sheets of A4 (210x297mm) size only on one side 
in boxes as shown on this sample. The abstract must be typed in 16 cm width box. The text of paper in the first 
page must be written in two columns 8.25 cm in width. All next pages must also have two columns 8.25 cm in 
width. Each page should have margins: 32 mm top, 32 mm bottom and 20 mm right and left. The paper should 
be typed using 12 point size Times New Roman type-face, or very similar, using single spacing between text 
lines applying word processor and printed on laser printer. It can be here pointed such editors as Word for Win-
dows (preferable), Word Perfect, Tex or LaTeX. The appearance of manuscript of paper should be similar as far 
as possible to this sample. The paper should be submitted by traditional post: the original with 2 copies for re-
view and the electronic version on diskette or on CD. 

 
Key words: International Journal for Computational Civil and Structural Engineering, preparation of 

manuscripts, electronic image preparation, submission of peer reviews and accepted articles. 
 
1. PREPARATION OF MANUSCRIPTS 
 
This document is typed by Microsoft Word 
2003 and Times New Roman 12 point size type-
face. 
 
The material of the paper should be arranged 
as follows: Title (16 points), Author(s) (14 
point), Affiliation(s), Abstract, key words, In-
troduction, Main body of paper, Acknowledge-
ments (if any), References (if any, 10 points), 
Appendices (if any), full authors addresses as 
endnote (10 points, spacing within endnote=1, 
style for numbering=numbers, line separating 
text and endnotes=line – margin to margin in 
right column). 
 
The title, author’s name(s) and affiliation(s) 
should be given in a style similar to that shown 
above in this sample and centered. The head-
ings should be bold and aligned to left. First-
order headings and parts of the text should be 
separated by one free line from the text. Second-
order headings should have capital first letters. 
 
The both columns of each page, including clos-
ing page, should be of equal length. At the bot-
tom of the last right column of last page is end-
note with author’s address(es). 

The figures can be embedded in word processor 
or must be drawn in black ink. Drawings can be 
produced directly on manuscript sheet or may 
be produced on separate piece of white paper 
and then stuck at the appropriate position. Pho-
tographs must be glossy black and white prints 
and stuck at the appropriate position. This also 
applies to other items such as tables. The best – 
drawings, photographs and tables should be 
typed by word processor. All symbols includ-
ing equations should be typed. 
 

ijijij 2 .                    (1) 

 
However, sometimes embedding figure files in 
Microsoft Word is not acceptable for final 
output, because of the loss of resolution. In this 
connection author may save in addiction all or 
selected files with figures separately on diskette 
or CD. Acceptable formats for figures are 
JPEG, TIFF or EPS files saved from original 
application at 300-600 dpi. 
 
The Figures, line drawings, photographs, tables 
may be positioned either within the one column, 
or large centered exactly across the full width of 
the page. The equations should be numbered at 
the right side of the column. The references 
should be given at the end of the paper. 
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The Figures, Tables and Equations should be 
separated from the text by minimum one single 
free line. 
 

 
Figure 1 

 
The manuscript is expected to be written in 
correct and easily readable English. An au-
thor who is not proficient in English is advised 
to take help of linguist before typing. It should 
be thoroughly checked for spelling mistakes. 
 
2. SUBMISSION FOR PEER REVIEW 
 
Authors in all countries, at their opinion, 
should send three (3) copies of their manuscript 
to Editors-in-Chief professor Vladimir N. Si-
dorov (see chapter 4 Correspondence) or techni-
cal editor professor Pavel A. Akimov. Elec-
tronic submissions are encouraged. Email a 
PDF or DOC (Microsoft Word) file with 
manuscript to the Editor-in-Chief or technical 
editor. The Editor-in-Chief will seek reviews of 
the paper from experts and will assure rapid 
turnaround within six months of submission. 
Each manuscript will receive at least 2 re-
views. In deciding on acceptance of the pa-
per, experts will examine originality, quality of 
contents, neatness of presentation and readabil-
ity of the submitted text. The Editor-in-Chief 
will correspond with the author in the light of 
these reviews. Submission implies that the au-
thor will be willing to make any necessary revi-
sions. Retain all original figures until conclusion 
of the review process.  
 
3. SUBMISSION OF ACCEPTED ARTICLE 
 
After manuscript has been accepted and all re-
quired revisions have been incorporated, mail 
manuscripts (black & white) and two copies 
to Editor-in-Chief  by traditional post. The en-

velope for A4 sheets with stiffener may be used. 
The electronic version of the manuscript on 
diskette or CD must be mailed to Editor-in-
Chief as well. Label CD or diskette with au-
thor’s last name(s), title of the article, abbrevi-
ated journal name and date. Please provide a list 
of the software programs used for the art and 
text and the file names on the disk. 
 
4. CORRESPONDENCE 
 

Enquires regarding International Journal for 
Computational Civil and Structural Engineering 
and manuscripts should be addressed to the 
  Editor-in-Chief 

Professor Vladimir N. Sidorov  
Department of Applied Mathematics and In-
formation Technology 
Moscow State University of Civil Engineer-
ing, 26, Yaroslavskoe Shosse, 129337 Mos-
cow, Russia 
e-mail: sidorov.vladimir@gmail.com 
  Technical Editor 
Professor Pavel A. Akimov 
Department of Applied Mathematics and In-
formation Technology 
Moscow State University of Civil Engineer-
ing, 26, Yaroslavskoe Shosse, 129337 Mos-
cow, Russia 
e-mail: pavel.akimov@gmail.com 
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INTERNATIONAL JOURNAL FOR COMPUTATIONAL CIVIL 

AND STRUCTURAL ENGINEERING 
 

В.Н. Сидоров1
, П.А. Акимов2

 
1Гɥавɧыɣ ɪеɞаɤɬоɪ ɠɭɪɧаɥа International Journal for Computational Civil and Structural Engineering 

2Техɧичеɫɤиɣ ɪеɞаɤɬоɪ ɠɭɪɧаɥа of International Journal for Computational Civil and Structural Engineering 

 

АɇɇɈɌАЦИЯ: Каɠɞая ɫɬаɬья ɩɪеɞɫɬавɥяеɬɫя в ɷɥеɤɬɪоɧɧоɦ и ɩечаɬɧоɦ виɞе (ɛɭɦаɝа ɛеɥая, ɪаɡɦеɪ А4 

(210х297 ɦɦ), ɩечаɬь оɞɧоɫɬоɪоɧɧяя – ɫɦ. ɧаɫɬоящиɣ оɛɪаɡеɰ). əɡыɤ ɩɭɛɥиɤаɰии ɫɬаɬеɣ – аɧɝɥиɣɫɤиɣ 

(ɩɪеɞɩочɬиɬеɥьɧо) иɥи ɪɭɫɫɤиɣ, ɩɪи ɷɬоɦ в ɫɥɭчае ɩɭɛɥиɤаɰии ɫɬаɬьи ɧа ɪɭɫɫɤоɦ яɡыɤе аɧɧоɬаɰия ɫɬа-
ɬьи, ɤɥɸчевые ɫɥова, ɫвеɞеɧия оɛ авɬоɪах и ɧаɡваɧие ɫɬаɬьи ɞоɥɠɧы ɛыɬь ɩɪеɞɫɬавɥеɧы авɬоɪаɦи ɧа 
аɧɝɥиɣɫɤоɦ яɡыɤе. Теɤɫɬ ɞоɥɠеɧ ɛыɬь ɩоɞɝоɬовɥеɧ в ɩɪоɝɪаɦɦе Microsoft Word (ɮоɪɦаɬ ɮаɣɥа – DOC), 

ɠеɥаɬеɥьɧо ɬаɤɠе ɩɪеɞоɫɬавɥеɧие ɤоɩии ɫɬаɬьи в ɮоɪɦаɬе PDF. Аɧɧоɬаɰия ɩечаɬаеɬɫя в ɩоɥе ɲиɪиɧоɣ 

16 ɫɦ. Теɤɫɬ ɧа ɩеɪвоɣ ɫɬɪаɧиɰе ɫɬаɬьи ɩечаɬаеɬɫя в ɞве ɤоɥоɧɤи, ɲиɪиɧоɣ 8.25 ɫɦ ɤаɠɞая. Поɥя: веɪх-
ɧее – 32 ɦɦ., ɧиɠɧее – 32 ɦɦ., ɩɪавое – 20 ɦɦ., ɥевое – 20 ɦɦ. Ɉɫɧовɧоɣ ɲɪиɮɬ ɞɥя ɧаɛоɪа ɫɬаɬьи – 

Times New Roman, 12 ɩɬ., ɦеɠɫɬɪочɧыɣ иɧɬеɪваɥ – оɞиɧаɪɧыɣ. Бɭɦаɠɧыɣ ɷɤɡеɦɩɥяɪ ɫɬаɬьи ɞоɥɠеɧ 

ɛыɬь ɪаɫɩечаɬаɧ ɧа ɥаɡеɪɧоɦ ɩɪиɧɬеɪе. Вɧеɲɧиɣ виɞ ɫɬаɬьи ɩо ɮоɪɦе оɮоɪɦɥеɧия ɞоɥɠеɧ ɫооɬвеɬɫɬво-
ваɬь ɧаɫɬоящеɦɭ оɛɪаɡɰɭ. Печаɬɧые ɷɤɡеɦɩɥяɪы ɫɬаɬьи (оɪиɝиɧаɥ и ɞве ɤоɩии) и ее ɷɥеɤɬɪоɧɧая ɮоɪɦа 
(ɧа ɞиɫɤеɬе иɥи ɤоɦɩаɤɬ-ɞиɫɤе) ɞоɥɠɧы ɩеɪеɫыɥаɬьɫя ɩо ɩочɬе. Дɥя ɩеɪеɫыɥɤи ɷɥеɤɬɪоɧɧоɣ ɮоɪɦы ɞо-
ɩоɥɧиɬеɥьɧо ɧеоɛхоɞиɦо иɫɩоɥьɡоваɬь ɷɥеɤɬɪоɧɧɭɸ ɩочɬɭ. 
 

Ключевые слова: International Journal for Computational Civil and Structural Engineering, ɩоɞɝоɬовɤа  
ɫɬаɬьи, ɩоɞɝоɬовɤа ɷɥеɤɬɪоɧɧых веɪɫиɣ, ɪеɰеɧɡиɪоваɧие 
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Key words: International Journal for Computational Civil and Structural Engineering, preparation of 

manuscripts, electronic image preparation, submission of peer reviews and accepted articles. 

 

1. ɉɈДȽɈɌɈȼКА ɋɌАɌЕɃ 

 

ɇаɫɬоящиɣ оɛɪаɡеɰ ɩоɞɝоɬовɥеɧ в ɬеɤɫɬовоɦ 

ɩɪоɰеɫɫоɪе Microsoft Word 2003, иɫɩоɥьɡɭ-

еɬɫя ɲɪиɮɬ Times New Roman, 12 ɩɬ. 
 

Ɇаɬеɪиал сɬаɬьи ɞолɠеɧ ɪасɩолаɝаɬьсɹ 

слеɞɭюɳиɦ оɛɪаɡоɦ: Заɝоɥовоɤ (Times New 

Roman, 16 ɩɬ.), авɬоɪы (Times New Roman, 

14 ɩɬ.), ɫвеɞеɧия оɛ авɬоɪах, аɧɧоɬаɰия, 
ɤɥɸчевые ɫɥова (Times New Roman, 10 ɩɬ.). 
Пɪи ɩɭɛɥиɤаɰии ɫɬаɬьи ɧа ɪɭɫɫɤоɦ яɡыɤе 
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ɞаɥее ɪаɫɩоɥаɝаɸɬɫя Заɝоɥовоɤ (Times New 

Roman, 16 ɩɬ.), авɬоɪы (Times New Roman, 

14 ɩɬ.), ɫвеɞеɧия оɛ авɬоɪах, аɧɧоɬаɰия, 
ɤɥɸчевые ɫɥова (Times New Roman, 10 ɩɬ.) 
ɧа аɧɝɥиɣɫɤоɦ яɡыɤе). Ввеɞеɧие, оɫɧовɧоɣ 

ɬеɤɫɬ ɫɬаɬьи, ɩɪиɥоɠеɧия и ɡаɦечаɧия ɩеча-
ɬаɸɬɫя ɫ иɫɩоɥьɡоваɧие ɲɪиɮɬа Times New 

Roman, 12 ɩɬ.; ɫɩиɫɤо ɥиɬеɪаɬɭɪы, ɪаɡвеɪɧɭ-
ɬые ɫвеɞеɧия оɛ авɬоɪах – Times New Roman, 

10 ɩɬ. Меɠɫɬɪочɧыɣ иɧɬеɪваɥ – оɞиɧаɪɧыɣ. 

Выɪавɧиваɧие в ɬеɤɫɬе – ɩо ɲиɪиɧе, выɪав-
ɧиваɧие ɮоɪɦɭɥ – ɩо ɩɪавоɦɭ ɤɪаɸ, ɮоɪɦɭ-
ɥы ɠеɥаɬеɥьɧо ɧɭɦеɪоваɬь. 
 

Ɂаɝоловоɤ сɬаɬьи, свеɞеɧиɹ оɛ авɬоɪах 
ɩɪеɞɫɬавɥяɸɬɫя в ɮоɪɦе, ɩɪивеɞеɧɧоɣ в ɧа-
ɫɬоящеɦ оɛɪаɡɰе, выɪавɧиваɧие ɩо ɰеɧɬɪɭ. 
ɉоɞɡаɝоловɤи в сɬаɬье выɞеɥяɸɬɫя ɩоɥɭ-
ɠиɪɧыɦ ɲɪиɮɬоɦ ɫ выɪавɧиваɧиеɦ ɩо ɥе-
воɦɭ ɤɪаɸ. Поɞɡаɝоɥовɤи ɩеɪвоɝо ɭɪовɧя 
ɞоɥɠɧы ɛыɬь оɬɞеɥеɧы оɬ оɫɧовɧоɝо ɬеɤɫɬа 
оɞɧоɣ ɩɭɫɬоɣ ɫɬɪоɤоɣ, ɩоɞɡаɝоɥовɤи вɬоɪоɝо 
ɭɪовɧя выɞеɥяɸɬɫя ɤɭɪɫивоɦ. 

 

Ɉɛе ɤоɥоɧɤи ɧа ɤаɠɞоɣ ɫɬɪаɧиɰе, вɤɥɸчая ɩо-
ɫɥеɞɧɸɸ, ɞоɥɠɧы иɦеɬь оɞиɧаɤовɭɸ ɞɥиɧɭ. В 

ɤоɧɰе ɫɬаɬьи ɞоɥɠɧы ɛыɬь ɩɪивеɞеɧы ɪаɡвеɪ-
ɧɭɬые ɫвеɞеɧия оɛ авɬоɪах, ɫоɞеɪɠащие в ɬоɦ 

чиɫɥе их ɤоɧɬаɤɬɧые ɞаɧɧые (ɧа ɞвɭх яɡыɤах 
ɩɪи ɩɭɛɥиɤаɰии ɫɬаɬьи ɧа ɪɭɫɫɤоɦ яɡыɤе). 
 

Рисɭɧɤи (чеɪɧо-ɛеɥые) ɞоɥɠɧы ɛыɬь вɫɬав-
ɥеɧы в ɬеɤɫɬ ɫɬаɬьи иɥи ɩɪиɥоɠеɧы в ɛɭɦаɠ-

ɧоɦ виɞе ɧа оɬɞеɥьɧых ɥиɫɬах, ɫ ɭɤаɡаɧиеɦ в 
ɤаɤих ɦеɫɬах ɫɬаɬьи их ɫɥеɞɭеɬ ɪаɫɩоɥоɠиɬь. 
Тоɠе ɫаɦое ɤаɫаеɬɫя и фоɬоɝɪафиɣ, ɮоɪɦаɬ 
ɮоɬоɝɪаɮиɣ – чеɪɧо-ɛеɥыɣ. Ɉчеɧь ɠеɥаɬеɥь-
ɧо ɩɪиɥаɝаɬь ɷɥеɤɬɪоɧɧые веɪɫии ɪиɫɭɧɤов и 

ɮоɬоɝɪаɮиɣ! Аɧаɥоɝичɧые ɬɪеɛоваɧия ɤаɫа-
ɸɬɫя ɬаɛлиɰ. ɇаиɥɭчɲиɣ ваɪиаɧɬ ɬаɤоɣ, ɤо-
ɝɞа ɪиɫɭɧɤи, ɮоɬоɝɪаɮии и ɬаɛɥиɰы вɫɬавɥе-
ɧы в ɮаɣɥ, ɩоɞɝоɬовɥеɧɧыɣ в ɬеɤɫɬовоɦ ɩɪо-
ɰеɫɫоɪе Microsoft Word. ȼсе сиɦволы, в ɬоɦ 

числе исɩольɡɭеɦые в ɭɪавɧеɧиɹх ɞолɠɧы 

ɛыɬь ɩечаɬɧыɦи.  

 

ijijij  2 .                    (1) 

Ɉɞɧаɤо, ɪисɭɧɤи и фоɬоɝɪафии, всɬавлеɧ-

ɧые в фаɣл ɬеɤсɬовоɝо ɩɪоɰессоɪа Micro-

soft Word ɧе всеɝɞа иɦеюɬ ɩɪиеɦлеɦое 
ɞлɹ ɩечаɬи ɤачесɬво иɡ-ɡа их ɧиɡɤоɝо ɪаɡ-
ɪеɲеɧия. В ɷɬоɣ ɫвяɡи авɬоɪɭ ɧаɫɬояɬеɥьɧо 
ɪеɤоɦеɧɞɭеɬɫя ɞоɩоɥɧиɬеɥьɧо ɩɪиɥоɠиɬь 
(ɧа ɞиɫɤеɬе иɥи ɤоɦɩаɤɬ-ɞиɫɤе) ɤ ɫɬаɬье ɮаɣ-

ɥы, ɫоɞеɪɠащие ɪиɫɭɧɤи. Доɩɭсɬиɦые 
фоɪɦаɬы ɞлɹ ɪисɭɧɤов – JPEG, TIFF иɥи 

EPS, ɪаɡɪеɲеɧие – 300-600 dpi. 

 

Риɫɭɧɤи, ɮоɬоɝɪаɮии и ɬаɛɥиɰы, в ɫɥɭчае их 
ɛоɥьɲих ɪаɡɦеɪов, ɬаɤɠе ɦоɝɭɬ ɪаɫɩоɥаɝаɬь-
ɫя в оɞɧɭ ɤоɥоɧɤɭ ɫ выɪавɧиваɧиеɦ ɩо ɲи-

ɪиɧе. Фоɪɦɭɥы в ɫɬаɬье ɧɭɦеɪɭɸɬɫя ɫ вы-

ɪавɧиваɧиеɦ ɩо ɩɪавоɦɭ ɤɪаɸ. ɋɩисоɤ ли-

ɬеɪаɬɭɪы ɞоɥɠеɧ ɛыɬь ɩɪивеɞеɧ в ɤоɧɰе 
ɫɬаɬьи. Риɫɭɧɤи, ɮоɬоɝɪаɮии и ɬаɛɥиɰы 

ɞоɥɠɧы ɛыɬь оɬɞеɥеɧы оɬ оɫɧовɧоɝо ɬеɤɫɬа 
ɤаɤ ɦиɧиɦɭɦ оɞɧоɣ ɩɭɫɬоɣ ɫɬɪоɤоɣ.  
 

 
Риɫɭɧоɤ 1 

 

ɉɪеɞɩолаɝаеɬсɹ, чɬо сɬаɬьɹ ɧаɩисаɧа ɧа 
ɝɪаɦоɬɧоɦ и хоɪоɲо чиɬаеɦоɦ аɧɝлиɣ-

сɤоɦ или ɪɭссɤоɦ ɹɡыɤе. Пɪи ɧеоɛхоɞиɦо-
ɫɬи, ɩеɪеɞ оɬɩɪавɤоɣ ɫɬаɬьи авɬоɪаɦ ɫɥеɞɭеɬ 
ɩɪоɤоɧɫɭɥьɬиɪоваɬьɫя ɭ ɩеɪевоɞчиɤов. Сɬа-
ɬья ɧе ɛɭɞеɬ ɩоɞɪоɛɧо ɩɪовеɪяɬьɫя ɪеɞаɤɰи-

еɣ ɧа ɩɪеɞɦеɬ ɧаɥичия ɥиɧɝвиɫɬичеɫɤих 
оɲиɛоɤ. В ɬоɠе вɪеɦя ɪеɞаɤɰия оɫɬавɥяеɬ ɡа 
ɫоɛоɣ ɩɪаво оɬɤɥоɧиɬь ɫɬаɬьɸ, ɩɪи ɧаɥичии 

в ɩоɫɥеɞɧеɣ ɛоɥьɲоɝо ɤоɥичеɫɬва оɲиɛоɤ 
ɥиɧɝвиɫɬичеɫɤоɝо хаɪаɤɬеɪа. 
 

2. ɈɌɉРАȼКА ɋɌАɌɖИ ɇА  

РЕЦЕɇɁИРɈȼАɇИЕ 
 

Авɬоɪы (иɡ России и ɞɪɭɝих сɬɪаɧ) ɞолɠ-

ɧы выслаɬь в аɞɪес ɪеɞаɤɰии ɬɪи ɷɤɡеɦɩ-

ɥяɪа ɫɬаɬьи ɧа иɦя ɝɥавɧоɝо ɪеɞаɤɬоɪа ɠɭɪ-
ɧаɥа, ɩɪоɮеɫɫоɪа Сиɞоɪова Вɥаɞиɦиɪа ɇи-
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ɤоɥаевича (ɫɦ. ɩаɪаɝɪаɮ Коɧɬаɤɬɧые ɫвеɞе-
ɧия) иɥи ɬехɧичеɫɤоɦɭ ɪеɞаɤɬоɪɭ ɠɭɪɧаɥа, 
ɩɪоɮеɫɫоɪɭ Аɤиɦовɭ Павɥɭ Аɥеɤɫеевичɭ.  
Эɥеɤɬɪоɧɧые веɪɫии ɫɬаɬеɣ ɧеоɛхоɞиɦо вы-

ɫɥаɬь ɬаɤɠе ɩо ɷɥеɤɬɪоɧɧоɣ ɩочɬе ɝɥавɧоɦɭ 

ɪеɞаɤɬоɪɭ иɥи ɬехɧичеɫɤоɦɭ ɪеɞаɤɬоɪɭ ɠɭɪ-
ɧаɥа. Эɥеɤɬɪоɧɧые и ɩечаɬɧые ɮоɪɦы ɧе 
воɡвɪащаɸɬɫя. Каɠɞая ɩɪихоɞящая в ɪеɞаɤ-
ɰиɸ ɠɭɪɧаɥа ɫɬаɬья ɧаɩɪавɥяеɬɫя ɞɥя ɪаɫ-
ɫɦоɬɪеɧия ɷɤɫɩеɪɬаɦ ɫооɬвеɬɫɬвɭɸщеɝо 
ɩɪоɮиɥя. Каɤ ɩɪавило, ɩо ɤаɠɞоɣ сɬаɬье 
ɧаɡɧачаюɬсɹ ɞва ɷɤсɩеɪɬа. Вɪеɦя ɩɪовеɞе-
ɧия ɷɤɫɩеɪɬиɡы ɫɬаɬьи ɧе ɦоɠеɬ ɩɪевыɲаɬь 
6 ɦеɫяɰев. Свои ɡаɤɥɸчеɧия и оɰеɧɤи ɩо 
ɫɬаɬье ɷɤɫɩеɪɬы ɫооɛщаɸɬ ɝɥавɧоɦɭ ɪеɞаɤ-
ɬоɪɭ ɠɭɪɧаɥа, ɩɪи ɷɬоɦ ɧа ɤаɠɞɭɸ ɫɬаɬьɸ 

ɞоɥɠɧо ɩɪиɣɬи ɧе ɦеɧее ɞвɭх ɡаɤɥɸчеɧиɣ. 

Заɦечаɧия и ɩɪеɞɥоɠеɧия ɷɤɫɩеɪɬов ɞово-
ɞяɬɫя ɞо ɫвеɞеɧия авɬоɪа ɫɬаɬьи, ɩоɫɥе чеɝо 
оɧ вɧоɫиɬ ɧеоɛхоɞиɦые иɡɦеɧеɧия. 
 

3. ɈɌɉРАȼКА ɋКɈРРЕКɌИРɈȼАɇɇɈɃ 

ɋɌАɌɖИ 
 

Поɫɥе оɞоɛɪеɧия ɷɤɫɩеɪɬаɦи ɫɬаɬьи и вɧеɫе-
ɧия авɬоɪаɦи вɫех ɧеоɛхоɞиɦых иɡɦеɧеɧиɣ, 

оɤоɧчаɬеɥьɧыɣ ваɪиаɧɬ ɫɬаɬьи (ɛɭɦаɠɧыɣ в 
ɬɪех ɷɤɡеɦɩɥяɪах и ɷɥеɤɬɪоɧɧоɣ ɧа ɞиɫɤеɬе 
иɥи ɤоɦɩаɤɬ-ɞиɫɤе) выɫыɥаеɬɫя в аɞɪеɫ ɪе-
ɞаɤɰии, ɧаɩɪиɦеɪ в ɠеɫɬɤоɦ ɤоɧвеɪɬе ɮоɪ-
ɦаɬа А4 ɩо ɩочɬе. Ɍаɤɠе ɧеоɛхоɞиɦо ɩо-
слаɬь ɷлеɤɬɪоɧɧɭю веɪсию сɬаɬьи ɩо 
ɷлеɤɬɪоɧɧоɣ ɩочɬе ɝлавɧоɦɭ ɪеɞаɤɬоɪɭ. 
ɇа ɞиɫɤеɬе иɥи ɤоɦɩаɤɬ-ɞиɫɤе ɧеоɛхоɞиɦо 
ɧаɩиɫаɬь иɦеɧа авɬоɪов, ɧаɡваɧие ɫɬаɬьи, 

ɧаɡваɧие ɠɭɪɧаɥа и ɞаɬɭ. Таɤɠе ɠеɥаɬеɥьɧо 
ɭɤаɡаɬь ɫɩиɫоɤ ɩɪоɝɪаɦɦ, ɤоɬоɪые иɫɩоɥьɡо-
ваɥиɫь ɩɪи ɩоɞɝоɬовɤе ɫɬаɬьи и ɫɩиɫоɤ ɮаɣ-

ɥов, ɧахоɞящихɫя ɧа ɞиɫɤеɬе иɥи ɤоɦɩаɤɬ-
ɞиɫɤе. Пɥаɬа ɫ аɫɩиɪаɧɬов ɡа ɩɭɛɥиɤаɰиɸ 

ɪɭɤоɩиɫеɣ ɧе вɡиɦаеɬɫя. 
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DEFORMATION OF REINFORCED CONCRETE SPHERICAL 

DOME WITH CUTOUTS ON THE DAMPED FOUNDATION BEDS 

 
Vladimir G. Dmitriev, Anatoly A. Sudyin 

Moscow State Opened University, Moscow, RUSSIA 

 
ABSTRACT: This research develops adequate mathematical models and efficient numerical methods for investigation 

of specific features of nonlinear deformation of reinforced concrete shells with cutouts under various static and dynamic 

loading, including seismic forces. Influence of the parameters of viscoelastic damping elements on the crack growth 

resistance of reinforced concrete spherical dome with cutouts of various shapes is studied with the use computational 

experiment. 

 

Keywords: mathematical modeling, shells, numerical methods, reinforced concrete structures, finite differences, con-

servative finite-difference schemes 

 

Influence of the integral values of damping ele-

ments’ parameters on the stress-strain state of 

the bearing elements of reinforced concrete 

structures of shell type with various cutouts 

under seismic forces is investigated by the 

mathematical modeling methods in this re-

search. Shell elements of revolution type with 

variable thickness h=h(1,2) are considered; 

where 1,2 are Gaussian parameters of basic 

surface. Edges of the cutouts are assumed to be 

coinciding with the grid lines of coordinate sys-

tem.  

Due to the predominantly bending type of 

strain-stress state in the proximity of the cutout, 

characterized with the significant surface de-

formations even at low load levels, computing 

of  manifold shell structures has to be performed 

taking into consideration geometrically nonlin-

ear effects, which, unlike linear approach, pro-

vides good correlation with the experimental 

data [1-3]. This research uses formulas of Re-

issner-Mindlin-Timoshenko hypothesis, allow-

ing more precise description of deformation 

specifics of reinforced concrete shells of me-

dium thickness (R/h30100) and low trans-

verse shear rigidity; R is a characteristic value 

of curvature radius. 

It is assumed that concrete and reinforcing car-

cass are operated in the elastic stage. Shell 

structure is subject to the system of various 

static and dynamic loads (own weight, equip-

ment weight, snow load, seismic forces etc.) 

[4,5]. 

Geometrically nonlinear equations for tangential 

E11, E22, E12 and transverse E13, E23 deforma-

tions of shell’s coordinate surface are formula-

rized as follows: 

 

;
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and where Ai,ki are Lame’s parameters and ei-

gen curvatures of coordinate surface z=0 in the 

coordinate directions i, (-h/2z+h/2); u1=u, 

u2=v, u3=w, u4=1, u5=2 are generalized dis-

placements uk (k =1,2,...,5); 1,2 are pivot an-
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gles according the “rigid” normal hypothesis 

and 1,2 are full pivot angles of normal. 

The bending deformation components are de-

scribed by the following equations: 
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Both one-sided and two-sided reinforcement 

schemes are considered in this research. 

Reinforcing carcass is modeled as an 

orthotropic layer with equivalent rigidity and 

subject to tension-compression and transverse 

shear in reinforcement direction at null Pois-

son’s ratios and null tangential shear modulus in 

the layer’s plane. The equivalent layers’ thick-

nesses h1, h2 are determined by reinforcement 

factors as follows: 

 

 ;hh 11   ,hh 22    (4) 

 

where 1,2 are reinforcement factors in layers 

z<0 and z>0 respectively. Force factors, reduced 

to the coordinate surface - tangential force T11, 

shear force S, transverse force Q13, bending 

moment M11 and twisting moment H – are ex-

pressed in terms of deformation components as 

follows: 

 

;KBEBE)CB(T 1112211111 abbab 
;EBS 1233  ;)ECA(Q 13113 ba   

;EBKDK)DD(M 1112211111 abbab 
,KDH 1233         (5) 

 

where the rigidities are expressed in terms of 

concrete and reinforcing carcass physical prop-

erties as follows: 
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where Ea,Ga are Young’s and shear moduli of 

reinforcement, Eb,Gb,b are Young’s module, 

shear module and Poisson’s ratio of concrete, z1, 

z2 are  coordinates of h1, h2 layers’ midsurfaces, 

k
2
=5/6. In the formulae (6) n=2 is applied in 

two-sided reinforcement scheme, n=1 is applied 

in one-sided reinforcement scheme. Forces in 

the cross-section 2=const may be determined 

similarly to (6) [3]. 

Lagrange variation principle is applied to 

formulate equations of static equilibrium: 

 

           Э = П  А = 0,  (7) 

 

and Hamilton variation principle is applied to 

formulate equations of motion: 

 

     1

o

t

t
,0dt)AПK(I  (8) 

 

where П and К are potential energy of deforma-

tion and kinetic energy of shell, А is the external 

forces’ work [1,2]. After corresponding rear-

rangements, based on (7), an operator form of 

equations of static equilibrium can be written as 

follows: 

 

 ,0qU)](L[ kk, 21
         (9) 

 

where k, U)](L[
21   are corresponding differen-

tial operators for generalized displacement vec-

tor U=U(u1,u2,u3,u4,u5), qk=qk(1,2) are load-

ing vector’s components, including qgk as 

weight loads. In a similar way to the above, 
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based on (8), equations of motion can be written 

as follows: 

 

 ,umqU)](L[ kkkk, 21
           (10) 

 

where qk=qk(1,2,t). Inertial parameters for re-

inforced concrete structures are determined as 
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where a is carcass density, b is concrete den-

sity, n,m=1 are used for the one-sided rein-

forcement scheme, n,m=2 are used for the two-

sided reinforcement scheme in coordinate direc-

tion  1 (n ratio) or 2 (m ratio) [3]. 

Various boundary conditions on external and 

internal contours (cutout contours), mathemati-

cal formulations of which display specific types 

of supports, are considered in this research. Ini-

tial conditions are formulated for generalized 

displacements uk and their velocities ku . 

For the analysis of shells on damped foundation 

beds (Figure 1) the system of “structure – foun-

dation bed plate” is considered as a jointly act-

ing composite structure. Mathematical model of 

the shell on the foundation bed plate is formu-

lated in an accordingly similar way [3,6]. 

The foundation bedplate’s movement is as-

sumed being a rigid body displacement xf only 

along vertical axis, coinciding with the shell’s 

rotation axis (Figure 1). 

Characteristics of fairly wide range of modern 

damping elements can be described by the vis-

coelastic model [4,7], so that the rigid 

bedplate’s equation of motion can be written as 

follows 

 

,0)FFP(FFxm *

sfcff         (12) 

where mf is the bedplate mass, Pf=mf g is the 

bedplate’s weight, F
*
 is the load on the bedplate 

(installed equipment, etc.), Fs is the shell’s reac-

tion, Fc and F are elastic and viscous reactions 

of the damping element. Generally, F
*
=F

*
(t), in 

the quasi-static F
*
=const. Accordingly to the 

rule of signs (Figure 1b) 

  
fГ

2fss ;drTF   );xx(cF swfzc   ;xF fv
  

;cosQsinTT f11f11s 
,STQQ 21111311     (13) 

 

where cz, v are integral values of elastic and 

viscous components of damping element, 

xsw=xsw(t) is the known law of foundation dis-

placement due to dynamic loads, particularly 

seismic wave [4,5,7]. On the boundary Гf kin-

ematical boundary conditions are formulated for 

rigidly bound shell and foundation bedplate 

(Figure 1b): 

 

;sinxu ff   ;cosxw ff   

.0v 21      (14) 

 

Developing of difference scheme is done with 

the use finite-differences method, applied for 

discretization along spatial and time coordi-

nates. Two orthogonal uniform grids with the 

parameters 1=const, 2=const are applied in the 

arguments 1,2 continuous variations range of 

the main coordinates plane: the main grid which 

nodes have integer indices i,j and the auxiliary 

grid which nodes have the fractional indices (i
1/2,j1/2) (Figure 2). 

In the nodes of the main grid the generalized 

displacements uk(1,2) and velocities ku (1,
2) are corresponding to the grid functions uk(i,j) 

and ku (i,j). Differential operators are approxi-

mated by the finite differences of the second 

order accuracy 0(
2
1 +

2
2 ) using the piecewise 

linear interpolation in the mesh by the grid func-

tions uk(i,j) in the main grid nodes. 

Variation-difference method is applied to obtain 

the finite-difference equivalents of the equations  
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Figure 1 

 

 
Figure 2 

 

 

of static equilibrium and equations of motion. 

For the purpose of determining potential energy 

of deformation Пi,j and external force work  Аi,j 
in the grid area on the element Fi,j=(c

*A1A212)i,j (Figure 2, shaded area), where ɫ*
 is the 

weight factor, the discrete Lagrangian (10) for 

the domain L(1,2) can be formularized as a 

following sum: 

  
i j

ji,ji, ),AП(Э           (15) 

 

where 1, 2 are the variation range of argu-

ments 1 and 2. Weight factors, reflecting 

integration area when the shell’s surface or 

contour are mapped on the grid area, are to be 

introduced in (15) at the time of performing 
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numerical integration [2,8]. Summation in (15) 

is done using those nodes of difference scheme, 

in which generalized displacements uk(i,j) are 

varying. Finally, the difference equivalent of 

equations of static equilibrium (10) follows the 

Lagrangian’s minimum condition (15) 

 

  ,0
)j(i,u

Э

k


           (16) 

 

and can be written in the operator form as fol-

lows: 

 

 ,0)(Q)]U(L[ ji,kji,k, 21
           (17) 

 

where ji,, ]L[
21   are corresponding finite-

difference operators for generalized displace-

ment grid functions vector uk(i,j); (Qk)i,j are grid 

functions of generalized components of surface, 

weight and contour load. 

For the numerical solution of non-stationary 

problems in the time domain t0 a main grid 

t
(n)

=tn (t=const, n0) is introduced, which 

nodes are corresponding to the grid functions of 

the generalized displacements uk(i,j). Velocities 

grid functions ku (i,j) are  corresponding to the 

nodes of the auxiliary grid t
(n1/2)

. Differential 

operators are approximated by the finite differ-

ences of the second order approximation O(t
2
). 

By presenting kinetic energy in discrete form as  
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and by replacing integration in (8) by the 

summation over the grid area t
(n)

, the discrete 

form of the functional I may be formulated as 

the following sum:  

   
n

)2/1+n(

3

)2/1n(

2 ])K(f)K0,5[(fI

  ,t)Эf( )n(*      (19) 

 

where (n)Э  is the discrete Lagrangian (15) ex-

pressed through the values of grid functions of 

generalized displacements  (n)

ji,k ]u[  and physical 

and mechanical properties and loads on the n-th 

time layer as its arguments. Thus, the finite-

difference equivalents of motion equations (10) 

are following the variation-difference equations 

of the type  

 

  .0
][u

I
(n)

ji,k


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            (20) 

 

so that using (17) we have 
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t

]umc[f]umc[f 1/2)(n
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11
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ji,kk
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 (21) 

 

where f
*
,f1,f2,f3,f4,

*

11f , *

22f  are weight factors [1-

3]. It is assumed for the shells structural analysis 

that the line mapping the cutout boundary on the 

main coordinate plane passes through main grid 

nodes. The generalized displacements and ve-

locities grid functions in the nodes on the cut-

out’s boundary contour are determined from the 

main equations’ solution carried out by the ap-

proximation in these nodes. 

The variation-difference formulation of the ini-

tial-boundary value problem allows construction 

of conservative difference schemes, which pro-

vide convergence of the numerical solution 

uk(i,j) to the exact uk(1,2) with the refinement 

of the grid . 

Numerical solution of the static problems is per-

formed by adaptation of quasi-dynamic form of 

stabilization method («dynamic relaxation» 

method) for solving of grid equations (17) [1-

3,8-10]. In going to evolutionary problems, the 

equations of equilibrium (17) are replaced by 

the equations, similar to the equations of the 

shell’s movement in the viscous media, of the 

following type: 
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where k(i,j) are the specific viscosity  parame-

ters of the artificial media. Approximation of 

the  equations (22) on the time grid with pitch t=const similar to (18) – (21) allows to get the 

explicit formulae for the generalized velocities   1/2)(n

ji,ku
  on the time layer t

(n+1/2)
:  

 

       
 


 1/2)(n

ji,k

ji,

1/2)(n

kk

ji,

1/2)(n

kk1/2)(n

ji,k u
t2m

t2m
u 

 
   ;

t2mc

Q+)(ULt2

ji,

1/2)(n

kk

*

ji,

(n)

ji,kk, 21


 


  (23) 

 

and the generalized displacements   1)(n

ji,ku


 on 

the time layer t
(n+1)

: 

       .utuu
1/2)(n

ji,k

(n)

ji,k

1)(n

ji,k

     (24) 

 

Thus, the difference approximation of non-

stationary equations (22) leads to the iteration 

process (23), (24) of the solution of the initial 

static problem (17). The relaxation method, 

adapted for the numerical solution of grid equa-

tions (17) in the form of optimal linear iteration 

process [8], reduces the initial nonlinear static 

problem (17) solution to the solution of the 

quasi-dynamic problem (22), which 

significantly simplifies developing and imple-

mentation of computation algorithm for solving 

static problems of shells’ nonlinear mechanics. 

Convergence’s acceleration and stability of dif-

ference scheme define iteration’s process pa-

rameters: 
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where 1,(k), 2,(k) are minimal and maximal ei-

genvalues of finite-difference operators’ matri-

ces in equations (17); a,(k) and at,(k) are correc-

tion factors close to 1 [2,8]. Taking into account 

physical relations (5),(6) estimation formulae 

for 1,(k), 2,(k) will be written as follows: 
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where Ai, ki are representative values of Lame’s 

parameters and principal curvatures. 

Approximation of time derivatives in the equa-

tions (21) using finite-difference operators of 

the second order of accuracy O(t
2
) allows to 

develop the unified difference scheme in the 

shape of (23),(24) for both static and dynamic 

problems, which is important for the computing 

of building structures’ strength against dynamic 

load when it is necessary to take into considera-

tion the initial strain-stress state (own weight, 

external loads, etc.). Artificial viscosity factors k may be used for taking into account energy’s 

dissipation and can be estimated as follows: 
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where k is the logarithmic vibrations decre-

ment, a,(k) are correction factors [2,6]. 

Finite-difference equivalents of equations of 

motion or static equilibrium of foundation bed-

plate, works consistency equations (12)-(14) 

and numerical computing algorithms for static 

and dynamic problems are constructed similar 

to  (15)-(28), so that 
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Influence of the integral properties of viscoelas-

tic damping elements on to the strain-stress state 

of the spherical dome with various cutouts  on 

the damped foundation bedplate under dynamic 

loading, modeling vertical components of seis-

mic forces [4,7], is investigated with the follow-

ing geometrical parameters of the composite 

structure: R/h=100; rf/R=0,87; Hs/rf=0,54; 

Rf/rf=1,2; Rf/hf=41,6; 0=15
0
; f=60

0
 (Figure 

1,3). 

The considered spherical dome has 4 diametri-

cally opposite equivalent cutouts with bounda-

ries Г1 and Г2 coinciding with the coordinate 

curves 1=const and 2=const respectively and 

one circular cutout Г0 in the dome’s vertex х=0. 

Homogeneous free-contour-type boundary con-

ditions exist on the cutouts boundaries Г0,Г1,Г2. 

The shell’s contour Гf(х=Lx) is rigidly con-

nected to the foundation bedplate; Lx=R(f-0). 

Cutouts have the following geometrical parame-

ters: r0/R=0,26; x(Г1)=0,535Lx; =36
0
. 

Shell’s material is a reinforced concrete В30 

with the carcass of A-II-class [5]. Meridianal 1x and peripheral 1y  reinforcement factors (4) 

in the layer z<0 are assumed as 1x=0,09; 1y=0,1, and in  the layer z>0 these factors are  
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Figure 3 

 

 

assumed as 2x=0,05, 2y=0,07. Foundation bed-

plate mass mf and shell mass ms ratio is 

mf/ms=2,42. The load is a combination of own 

weight of the composite structure and of the 

vertical component of seismic wave load on the 

foundation bedplate, which may be either rig-

idly  fixed on the ground soil or installed on the 

viscoelastic damping elements system (Figure 

1). Integral value cz of the elastic component of 

the damping element is determined by the value 

of predefined setting hz of the elastic elements 

under the own weight of the foundation bed-

plate, taken equal to hz=0,25h. Integral value v 

of the viscous component is determined by the 

viscosity in the case of aperiodic foundation 

bedplate’s motion as follows: 

 

 ,mck2 fzv     (30) 

 

where k0 is a correction factor. 

Analysis of typical seismograms [4,7], taking 

into account their stochastic nature, has shown 

that in many cases instrumental seismogram can 

be approximated by the set of trigonometric 

functions on the certain time intervals tk 

(k=1,2,3,..,ksw) 
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where t0=0, tsw=max(tk), Xk, tk=tk-tk-1 are am-

plitude-frequency responses of approximation 

functions defined in accordance with the known 

parameters of instrumental  seismogram. An 

approximated seismogram, used in the calcula-

tions, is constructed from two sine half-waves 

(ksw=2) with the following parameters: X2/X1=-

0,7 (X1>0); t2/t1=1; tsw/Tf=1,08; a1/a2=1,43, 

where tsw=t1+t2, Tf is the free vibrations pe-

riod of damped foundation bedplate 

 

 ,
c

m
2T

z

f
f           (32) 

 

and a1,a2 are maximum values of accelerations 

for the first and second half-waves. Assumed 

values of parameters X1=0,015 m and 

a1=0,255g correspond to the seismicity level of 

about 78 points [4,7]. 
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Due to structure’s symmetry the computing area 

of the considered structure can be reduced to 1/8 

of the shell with the following dimensions: 

0xLx, 00,25; 2=. For the assumed 

number of discretization points NxM=52x61, 

the unknowns number is К=5355. Transient 

processes in the shell  structure under the seis-

mic wave’s excitation xsw with the parameters 

described by (31) have been investigated for 

three cases: а) foundation bedplate rigidly fixed 

on the ground soil, xf=xsw; b) foundation bed-

plate installed on elastic damping elements, 

k=0; cz0; c) foundation bedplate installed on 

viscoelastic damping elements, where integral 

value v is defined by (30) at k=1, so that the 

viscosity level is optimal for iteration process 

(29). 

 

Table 1 

Non-

damped 

bedplate 

Damped bedplate Case 

xf=xsw cz0; v=0 

cz0; v0 

kg -5,08 -1,48 -1,3 

1

f

X

x
 

 

-1 

 

-0,6 

 

-0,382 

maxf )x(   0,255g 0,122g 0,071g 

k 2,32 0,862 0,716 

 

Deformation processes investigation results for 

the reinforced concrete spherical dome under 

seismic forces with non-damped and damped 

foundation bedplates are presented in the Table 

1, where  

 

;
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F
maxk

s

s
g 


     );xxmax(x 0fff   
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

bt
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and where Ps is the dome’s weight (for static 

problem according to (13) Fs=Ps, kg=1); xf0 is 

the initial displacement of the damped founda-

tion bedplate, defined by static loading and 

equal to xf0=0,354h (or xf0=0 for the non-

damped plate); 
b  is the maximum tensile 

stress in concrete computed on the faces of 

shells z=h/2 basing on the principal stresses 

values and considering the plane character of 

actual stress condition; Rbt is the ultimate 

(break-point) tensile strength of concrete. 

Investigations results have shown that the 

damping elements’ properties noticeably influ-

ence to the strain-stress state of reinforced con-

crete shells with cutouts. For the non-damped 

foundation bedplate the first crack appeared 

near the Г1 cutout’s corner oblique at an angle =47,6
0 

to the coordinate curve 2. Next cracks 

were localized at the support contour Гf near Г2 

cutout’s edge. Using of the damping elements 

system allowed to reduce maximum stress in 

shell significantly and to raise crack growth re-

sistance noticeably; with the value of factor k 
for viscoelastic damping elements being near its 

corresponding value for the static problem, 

k=0,54. 

Similar mathematical model can be developed 

also for the horizontal component of the seismic 

wave. 
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ACTUAL PROBLEMS OF NONLINEAR DESIGN  

OF REINFORCED CONCRETE STRUCTURES 
 

Anna V. Ermakova 
South Ural State University, Chelaybinsk, RUSSIA 

 
ABSTRACT: The paper includes the main states of the report of the same name delivered by the author at the 

conference of scientific council of Russian Academy of Architecture and Civil Engineering “Software for 

Architecture and Civil Engineering”. 26 November 2008. The main problems connecting with a computer 

realization of design of reinforced concrete structures for accounting of their nonlinear properties were explained 

in the report. The ways of solving of some problems by means of Additional Finite Element Method were 

suggested in the report too. 

 
1. GENERAL PROBLEMS OF 

NONLINEAR ANALYSIS BY MEANS 

OF FINITE ELEMENT METHOD 

 

The problem of obtaining of the yielding 

matrices of finite elements is solved for bar 

systems if the method of redundant reactions is 

used. 

The problem solving for the other systems has 

met some serious difficulties, therefore the 

development of Finite Element Method in this 

direction was reduced. 

 

PROBLEM: obtaining of the yielding matrices 

of finite elements for non-bar systems. 

At present Finite Element Method is realyzed by 

the second variant, i.e. by the variant of 

deflection method. In this case the solving of 

any problem is reduced to the sequential 

fulfilment of six computer operations: 

1. Composition of design diagram; 

2. Calculation of stiffness matrices of separate 

finite elements; 

3. Formation of general stiffness matrix of the 

system; 

4. Solution of algebraic system of linear 

equations; 

5. Calculation of strains, stresses and node 

reactions; 

6. Analysis of stress-strain of the structure. 

The problem may be considered solved after 

fulfilment of these operations in linear design of 

one loading. However it should be noted that 

linear design in most cases does not give 

sufficiently certain information of the structural 

behaviour. The presence of physical and 

geometric nonlinearity of structural behaviour 

under load prevents it. 

 

PROBLEM: allowance of the physical 

nonlinear properties in design of reinforced 

concrete structures under static load.  

The main nonlinear properties are: plasticity of 

concrete, bond between concrete and 

reinforcement, cracking, prestressing, reload, 

action of temperature. Algorithms describing 

the real behaviour of material are required for 

realization of this design [2,3]. 

The SN and P’s require to carry out the design 

of concrete and reinforced concrete structures at 

limit states taking account of their nonlinearity. 

This design is based on use of the method of 

limit equilibrium [4]. 

In particular s.6.1.3. [5] contains the partition: 

“The definition of ultimate stresses and strains 

of concrete and reinforced concrete structures 

one must carry out on the base of design 

diagrams (models) most close to the real 

physical character of behaviour of structures 

and materials at ultimate limit state.” 

The realization of design according to these 

requirements is possible if all physical nonlinear 

properties exhibiting by the structure at the 

moment when the ultimate limit state is reached, 

i.e. with regard to the degree of influence and 

the moment of appearance of each separate 

nonlinear property. 
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Thus the requirements of the SN and P’s do not 

agree with the algorithms of the used programs 

where a taking account of the different 

nonlinear properties of the structures are 

developed insufficiently. 

 

PROBLEM: computer realization of the design 

of structures at limit state. 

Besides in this case it is necessary to fulfil a 

step-by-step loading of the structure for 

obtaining of the real phase portrait of its real 

stress-strain state. In addition it is necessary to 

guarantee a taking account of nonlinear 

properties which appear at this step only. 

 

PROBLEM: computer realization of step-by-

step design of reinforced concrete structures. 

 

 

2. PROBLEMS OF THE CALCULATING 

OPERATIONS OF FINITE ELEMENT 

METHOD 

 

Now we may pass to an analysis of the 

problems, which appear progressively in 

computer realization of stractural design by 

finite element method at each of six calculating 

operation: 

1.Composition of a design diagram of the 

structure, i.e. a representation of the structure in 

the form of assembly of separate finite elements 

(FEs). This operation includes the assignment of 

size, shape of finite elements and the way of 

their joint. Usually the finite elements are 

jointed in the definite points – nodes.  

There is rather often the difficulty connecting 

with the fact that far off always the increase of 

number of finite elements in design diagram 

leads to the increase of precision of design at 

this stage. It is necessary to remain the size of 

finite elements which correspond to the 

theoretical premises of it’s elaboration. 

Especially it is relating to the thin plates. 

 

PROBLEM: necessity of estimation of design 

diagrams from the point view of optimal 

combination of the degree of detailing with the 

precision of linear and nonlinear structural 

design. 

2. Calculation of a stiffness matrix of the 

separate finite element. This matrix determines 

the connection between node forces (stresses) 

and corresponding node displacements:  

 

                         R = Kе V,                          (1) 

 

where R = vector of node reactions of the finite 

element; V = vector of node displacements of 

the finite element; Kе = stiffness matrix of the 

given finite element. 

In solving of linear problems the finite elements 

of linear isotropic material are used as far as 

precisely these elements were used for 

elaboration of their properties. For example, the 

theory of behaviour of thin plates was used for 

the thin finite elements. The number of finite 

elements ought to be optimal as well as their 

size. It is closely connecting with the in 

previous section. 

 

PROBLEM: necessity of estimation of finite 

elemenst in design diagrams from the point of 

view of their optimal number and size in solving 

of linear and nonlinear structural design. 

In the solving of nonlinear problems the main 

difficulty is contained in the necessity of 

inclusion of accounting of the different phisycal 

nonlinear properties of the finite elements, 

where these properties are differed from each 

other both in the character and in the moment of 

appearance. This main difficulty requires the 

solving of some accompaning problems which 

in structural design may be divided into four 

groups. 

 

PROBLEMS of solving of nonlinear design 

connected with analysis of finite elements 

behaviour: 

1) necessity of taking account of behaviour of 

the specific constructive material of finite 

elements, for example, for reinforced 

concrete structures they are concrete and 

reinforcement; 
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2) gradual appearance of different nonlinear 

properties as the ultimate limit state is 

reaching; 

3) passage from one type of stress-strain state 

to another one, for example, at cracking or 

appearance of residual strains after 

unloading; 

4) enabling of a mechanism of gradual 

destruction of the finite element. 

3. Formation of a decision system of linear 

algebraic equations from the equations of 

equilibrium at each node of the considered 

structure with node displacements as the 

unknowns: 

 

K V = P,                         (2) 

 

where V = matrix–column of unknown node 

displacements; P = matrix–column of external 

load; K = stiffness matrix of the considered 

structure. This matrix is formed from 

coefficients of stiffness matrices of the separate 

finite elements and is constant during solving of 

linear problem (K=const).  

In case the nonlinear problem is considered the 

equation (2) has the next form: 

 

Knonl V = P,                       (3) 

 

where Knonl = stiffness matrix of the structure 

with linear properties. During design this matrix 

ought to be changed step-by-step depending on 

the nonlinear properties, which are exhibited by 

the finite elements (Knonl  ≠ const). 

It is reached by gradual loading of the structure 

and by inclusion of iteration at each step. 

The iteration may be constructed by one of two 

ways: 

1) change of matrix Knonl and solving of system 

of equations (3) at each iteration; 

2) use of method of additional loads (method 

of elastic weights) [6]. 

If the second way is used the stiffness matrix of 

the structure is considered as the sum of two 

components: 

 

Knonl = K + Knonl,                    (4) 

where K = stiffness matrix of the structure with 

linear properties;  Knonl  = nonlinear 

component, providing the change of matrix K 

up to the value Knonl . 

If the structure exhibits some nonlinear 

properties, this nonlinear component  has the 

next form: 

 Knonl=Knonl,1+Knonl,2+...+Knonl,i+Knonl,n, 

           (5) 

 

where  Knonl,i = the part of nonlinear 

component of the matrix  Knonl , determining 

it’s change due to manifestation of i -th (i=1÷n) 

nonlinear property. 

If we substitute (2) for (4) and carry of the 

second term in the right hand part of equation 

we may obtain the main decision equation in the 

form: 

 

K V = P –  Knonl V,                   (6) 

 

where ( –  Knonl V) = the additional load taking 

account of the nonlinear properties of the 

structure. 

The equation (6) may be solved by a number of 

linear iterations. 

 

PROBLEM: necessity of providing of gradual 

change of stiffness matrix of the structure due to 

manifestation of nonlinear properties at each 

iteration of each step of loading. 

4. Calculation of node displacements by means 

of solution of the system of linear algebraic 

equations: 

 

V = K 
-1

 P ,                           (7) 

 

where K
 -1 

= inverse stiffness matrix of the 

considered structure. 

Most commonly Gauss elimination of 

unknowns is used for solution of the system of 

linear algebraic equations. This means that the 

step-by-step elimination of unknowns in the 

system of equations first is carried out 

beginning with the second equation up to the 

last one (direct execution), and then the of step-
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by-step calculation of unknowns is carried out 

beginning with the last equation up to the first 

one (reverse execution). 

The operations of derect and reverse executions 

are fulfilled completely at each iteration of each 

step of loading if the nonlinear properties are 

taking into account by change of stiffness 

matrix of the structure. 

The process of iteration may be constructed 

more rationally if the nonlinear properties are 

taken into account by method of additional 

loads due to reduction for the most part of 

operations of direct execution at all iterations 

except the first one. 

However both of these cases in design of 

reinforced concrete structures ought to provide 

the conditions of realization of design by 

method of limit equilibrium recommended by 

SN and P’s. 

 

PROBLEM: necessity of construction and 

development of iteration process in two 

directions (for the whole structure and for the 

separate finite element) on the basis of 

possibilities of FEM in the solving of n-

nonlinear analysis: 

1) guarantee of gradual change of stiffness 

matrix of the structure Knonl  in order that it 

gradually transfers into stiffness matrix of 

the structure at limit state Klim; 

2) gradual taking account of each nonlinear 

property exhibited by finite elements up to 

their collapse for the moving off behaviour 

of the whole structure one-by-one in the 

step-by-step design by method of limit 

equilibrium. 

5. Calculation of strains, stresses and node 

reactions on the basis of determined 

displacements. 

In the linear analysis stresses σ , strains ε , node 

reactions R of the finite element are calculated 

rather simple by means of determined node 

displacements V after solving of the system of 

equations (7). 

The culculation of these values is difficult in the 

nonlinear analysis. In this case the influence of 

nonlinear properties may be taken into account by 

two ways (Fig.1): the first way is based on the use 

of the method of additional stresses; the second 

one uses the method of additional strains [7,8]. 

If we use the method of additional stresses the 

next formula for definition of stress in the finite 

element with nonlinear properties σnonl is the 

main one: 

 

σnonl = σ + σ nonl,                        (8) 

 

where σ = the stresses of the same finite 

element with linear properties;  σ nonl = the 

value of stresses taking into account the 

variation of linear stresses due to appearance of 

nonlinear properties.  

If it is necessary to take into account the 

influence of n nonlinear properties this value  

σ nonl is the sum of n terms: 

  σnonl= σnonl,1+ σnonl,2+...+ σnonl,i+ σnonl,n,  

              (9) 

 

where  σnonl,i = the variation of stresses due to 

appearance of the i-th nonlinear property 

(i=1÷n) . 

In the second variant if the method of additional 

strains is used the formula for definition of the 

strains of finite element with nonlinear 

properties is the main one: 

 

εnonl = ε + ε nonl,                    (10) 

 

where ε  = the strains of the same finite element 

with linear properties;  ε nonl = the value of 

strains taking into account the variation of linear 

strains due to appearance of nonlinear 

properties.  

If it is necessary to take into account the 

influence of n nonlinear properties this value  ε 
nonl is the sum of n terms: 

 εnonl=εnonl,1+εnonl,2+...+εnonl,i+εnonl,n, 

               (11) 

 

where  εnonl,i = the variation of stresses due to 

appearance of the i-th nonlinear property 

(i=1÷n) . 
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Figure 1. Diagram of allowance for nonlinear properties by means of the vector of additional load 

F: 1 – nonlinear  relationship between strains nonl   and stresses nonl (line ɈA); 2 – linear 

relationship between strains   and stresses  (line ɈВC); E = initial modulus of elasticity of 

material; nonl, nonl = nonlinear strains and stresses under external load Р;  = elastic stresses 

corresponding to nonlinear stresses nonl, i.е. simultaneous applied external load Р and additional 

load F; nonl = value of change of elastic stresses  up to nonl;   = elastic strains corresponding to 

nonlinear nonl; nonl = value  of change of elastic strains  up to nonlinear strains nonl. 

 

 
Figure 2. Three-lined diagram of σb–εb state of compressed concrete [9].
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Thus for each of these n nonlinear properties it’s 

own algorithm which realizes the degree of it’s 

influence on the behaviour of the structure is 

necessary. 

Specifically in design of reinforced concrete 

structures SN and P’s [9] suggest to input a 

three-lined diagram relationship between 

stresses (b) and strains (εb) of concrete (Fig.2). 

Introduction of this diagram requires a definite 

effort. 

In the second variant if the method of additional 

strains is used the formula for definition of the 

strains of finite element with nonlinear 

properties is the main one: 

 

εnonl = ε + ε nonl,                    (10) 

 

where ε  = the strains of the same finite element 

with linear properties;  ε nonl = the value of 

strains taking into account the variation of linear 

strains due to appearance of nonlinear 

properties.  

If it is necessary to take into account the 

influence of n nonlinear properties this value  ε 
nonl is the sum of n terms:  εnonl= εnonl,1+ εnonl,2+...+ εnonl,i+ εnonl,n, 

               (11) 

 

where  εnonl,i = the variation of stresses due to 

appearance of the i-th nonlinear property 

(i=1÷n) . 

Thus for each of these n nonlinear properties it’s 

own algorithm which realizes the degree of it’s 

influence on the behaviour of the structure is 

necessary. 

Specifically in design of reinforced concrete 

structures SN and P’s [9] suggest 

to input a three-lined diagram relationship 

between stresses (b) and strains (εb) of concrete 

(Fig.2). Introduction of this diagram requires a 

definite effort. 

 Вesides a singular difficulty appears if it is 

necessary to analyse the reinforced concrete 

structures under reloading and unloading. 

For example, the three stages of behaviour are 

considered in a single reloading: initial loading, 

unloading, reloading (Fig.3). At each of these 

stages the special relationship between stresses 

(b ) and strains (εb) in concrete [2] ought to be 

input. It means that it is necessary to do a 

passage from one diagram of σb–εb state to 

another one and to take into account of an 

appearance of nonrecoverable plastic 

deformation of concrete in unloading  (residual 

strain εpl,2). 

 

PROBLEM: necessity of development of 

algorithms taking into account the peculiarities 

of influence of each nonlinear property on 

behaviour of the structure 

 

6. Analysis of stress-strain of the structure. 

This stage is assigned to estimation of the 

obtained results, analysis of the achieved degree 

of stress-strain state of the structure, comparison 

of this state with limit state which is determined 

by SN and P’s. At limit state the structure 

exhibits all inherent in the given conditions 

physical nonlinear properties. At the same time 

at the achieved state the degree of manifestation 

of each nonlinear property may reach some 

intermediate stage, but not the limit state. 

Therefore the parameters charactarizing this 

intermediate stage are necessary. 

In description of this stage it is necessary to take 

into account of the fact that the limit state of the 

structure may be reached when limit state is 

reached in one finite element or in several ones. 

It is necessary to determine these critical for the 

given construction finite elements. 

 

PROBLEM: comparison of the reached stress-

strain state with the limit state determined by 

SN and P’s.  
 

 

3. THE MAIN PROBLEMS OF ANALYSIS 

BY FINITE ELEMENT METHOD 

 

The three main problems may be distinguished 

after analysis of enumerated above difficulties 

without solving of which the computer 

realization of this analysis is impossible: 
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Figure 3. Diagrams of relationship between stresses and deformations of concrete under uniaxial 

compression in single reloading: а) full unloading; b) partial unloading; 1– loading;  2 – unloading; 

3 – reloading; b = stresses of concrete; Eb = initial module of elasticity of concrete in loading; b = 

deformation of concrete; pl,2  = nonrecoverable plastic deformation of concrete in unloading or 

residual deformation. 

 

1) determination of the way of description of 

gradually changed   properties of each finite 

element of the design diagram; 

2) determination of the character of gradual 

change of structural behaviour in accordance 

with the achieved degree of its limit state at this 

moment; 

3) choice of the way of construction of iteration 

in solving of the main system of algebraic 

equations thus it shall provide a gradual 

elimination of separate finite element out off 

behaviour of the structure and gradual change 

of it’s properties. 

These three interconnected problems define a 

run of the problem solving and it’s computer 

realization. 

 

 

4. SOLVING OF SOME PROBLEMS 

BY ADDITIONAL FINITE 

ELEMENT METHOD 

 
Now we may pass to the developed Additional 

Finite Element Method (AFEM), which is a 

variant of the Finite Element Method destined 

for analysis of reinforced concrete structures at 

limit state [10,11,12].  

AFEM adds to the traditional sequence of 

problem solving by FEM the units of two 

wellknown methods for structural design: limit 

state method and method of additional loads. 

AFEM suggests to use in solving of the first 

problem and the second one of the stated above 

problems such known concepts as limit state of 

the structure and limit state of the finite element. 

Each finite element from the design diagram is 

considered as a separate small structure of 

simple form with it’s own limit state defined by 

the given conditions of loading. Each finite 

element may have several such limit states. 

For example the triangular deep-beam finite 

element has two types of limit states (in 

compression and in tension). The concrete finite 

element “Вar of general attitude” has 12 limit 

states. If this finite element is reinforced it has 

23 limit states. Moreover the behaviour of finite 

element at each limit state has it’s own 

singularities. This fact requires the special 

research of each type of finite element and the 

determination of number, type and way of 

description of each it’s characteristic limit state. 
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For transformation of the initial finite element 

with linear properties into the finite element 

with nonlinear properties depending on the 

reached stage  of their limit state it is offer to 

use additional finite element (AFE). Each 

additional finite element is a geometric replica 

of the main finite element with it’s own 

stiffness, which transforms the stiffness of the 

main finite element into a necessary one at the 

given stage. 

It’s scheme of action on the intermediate stages 

is: 

Finite element with nonlinear properties = Finite 

element with linear properties + Additional 

finite element for allowance of the nonlinear 

properties. 

The scheme of action at limit state is: 

Finite element at limit state = Finite element 

with linear properties + Additional finite 

element for the allowance of the limit state. The 

main characteristic of the additional finite 

element is it’s stiffness matrix Knonl,e, which is 

determined by the next formula: 

 Knonl,e = Knonl,e  – Ke,                  (12) 

 

where Knonl,e = stiffness matrix of the main finite 

element with nonlinear properties; Ke = stiffness 

matrix of the same finite elment with linear 

properties. For example, if at the given stage of 

design Knonl,e  = 0,5Ke, then Knonl,e  = 0,5Ke –Ke 

= – 0,5Ke. 

Stiffness matrix connects node reactions of 

additional finite element (Rnonl) with node 

displacements V : 

 Rnonl = Knonl,e V,                 (13) 

 

At each stage design diagram of the structure 

consists of two design diagrams: the  initial 

design diagram from the main finite elements 

with linear properties and the additional design 

diagram. 

The additional design diagram is a geometric 

copy of the initial design diagram with it’s own 

stiffness, which changes the stiffness of the 

main design diagram in accordance with the 

nonlinear properties exhibited at this moment. 

It’s scheme of action on the intermediate stages 

is: 

Design diagram consisting of the finite elements 

with nonlinear properties = Design diagram 

consiting of the finite elements with linear 

properties + Additional design diagram 

consisting of the additional finite elements for 

allowance of the nonlinear properties. 

The scheme of action at limit state is: 

Design diagram of the structure at limit state 

(ideal failure model) = Design diagram 

consisting of the finite elements with linear 

properties + Additional design diagram for 

allowance of limit state of structure. 

The main characteristic of the additional design 

diagram is it’s stiffness matrix Knonl, which is 

determined by the next formula: 

 Knonl = Knonl  – K,                      (14) 

 

where Knonl = stiffness matrix of the structure 

with nonlinear properties; K = stiffness matrix 

of the structure with linear properties. 

The additional design diagram consists of 

additional finite elements and gradually 

transforms the initial design diagram into the 

design diagram which corresponds to the 

reached stage of limit state of the structure. 

Where the main finite elements go through 

several stages before the achievement of  

ultimate limit state the additional design 

diagram ought to consist of several design 

diagrams, each of which combines the 

additional finite elements corresponding to each 

stage. 

For example, the triangular concrete finite 

element goes through two stages in 

compression: plastic behaviour and complete 

failure. In tension the same finite element goes 

through four stages: plastic behaviour; reload in 

part due to cracking; partial plastic behaviour 

after cracking; collapse. 

It means that the resulting additional design 

diagram ought to be formed from the 

corresponding component design diagrams, 
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each of which combines additional finite 

elements taking into account the definite stage 

of behaviour of the main finite elements. For 

description of the structure at ultimate limit state 

the concept of ideal failure model, which is the 

design diagram of the structure at ultimate limit 

state, is used. 

The ideal failure model is necessary for 

simulation of the ultimate limit state of the 

structure. The ideal failure model differs from 

the initial design diagram by presence of finite 

elements in limit state and by another changes 

simulating the ultimate limit state of the 

considered structure. 

The example of gradual transformation of the 

initial design diagram of concrete bending 

cantilever into the ideal failure model (design 

diagram at ultimate limit state) by means of 

additional design diagrams consisting of 

additional finite elements is given in Fig.4. 

Introduction of additional finite elements makes 

possible not only to combine FEM and design 

the structure at limit state but also to solve the 

third problem connecting with the choice of way 

of solving of the main system of linear 

equations of FEM. 

In this case the iterative process may be 

constructed for the guarantee of gradual 

elimination of each finite element out of 

behaviour of the structure and in view of that 

the change of properties of the structure. If it is 

necessary a step-by-step design of the structure 

may be realized for a gradual definition of the 

finite elements which ought to be eliminated out 

of behaviour of the structure at the given step. 

Вesides, the critical for the given structure finite 

elements, when their elimination defines the 

ultimate limit state of the structure, may be 

determined. Realization of the iterative process 

by use of both by change of stiffness matrix of 

the structure Knonl and by use of elastic weights 

method. In the second case the additional load 

of the whole structure is formed on the basis of 

additional design diagram, which consists of the 

values of additional load of each finite element 

composed it. Each of these values is equal to the 

modulus of node reactions with the opposite 

sign (–Rnonl), which appears in the 

corresponding additional finite element. 

Thus the developed Additional Finite Element 

Method (AFEM) permits to solve a number of 

problems connecting with nonlinear design of 

reinforced concrete structures. The method has a 

generalized character independent of the type 

and nature of the exhibited nonlinear physical 

property. Simultaneously the method is 

sufficiently flexible and in all it’s universality it 

reflects the essential singularities of each 

property. The method reflects a change of 

stress-strain state of the structure and gives the 

possibility to realize a step-by-step design of 

reinforced concrete structures and to determine 

it’s ultimate limit state. 
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а) initial design diagram consisting of triangular deep- beam finite elements with linear properties; 

 

 
b) additional design diagram consisting of additional finite elements, which take into account of 

plastic properties of concrete (stiffness matrix of all eight additional finite elements is not equal to 0); 

 

 
c) additional design diagram consisting of additional finite elements, which take into account of 

appear of residual deformations in finite element № 4 after it’s partial unload due to cracking 

(stiffness matrix of additional finite element № 4 only is not equal to 0). 



Actual Problems of Nonlinear Design of Reinforced Concrete Structures 

Volume 5, Issue 1&2, 2009 33

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
d) additional design diagram consisting of additional finite elements, which take into account of 

crack in finite element № 4 (stiffness matrix of finite element № 4 only is not equal to 0); 
 

 
e) additional design diagram consisting of additional finite elements, which take into account 

collapse of  finite element № 1 if the criterion of ultimate strength in compression is reached 

(stiffness matrix of only additional finite element № 1 is not equal to 0); 
 

 
f) ideal failure model of cantilever (design diagram at ultimate limit state) after appearance of crack 

in finite element № 4 and finite element № 1 reachs the criterion of ultimate strength in 

compression. 
 

Figure 4. Transformation of initial design diagram of concrete bending cantilever into ideal failure 

model (design diagram at ultimate limit state) by means of additional finite elements (AFE).
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STABILITY  ANALYSIS  OF  SPACE  TRUSSES 
 

Vera V. Galishnikova 
Volgograd State University of Architecture and Civil Engineering, Volgograd, RUSSIA 

 
ABSTRACT: A space truss is unstable if the determinant of its incremental stiffness matrix is null. A numerical 

method is presented that predicts unstable configurations (singular states) by computing the nonlinear load-

displacement behavior of the truss prior to instability, detecting nearly singular configurations and then 

computing the singular state. The method is robust since the parameters which control the computation can be 

chosen over a wide range without impairing the convergence of the algorithm. The stability analysis of space 

trusses in this paper is derived by specialization of the nonlinear theory of elastic bodies. The initial value 

formulation of the governing equations is derived analytically and transformed to the algebraic form by the finite 

element method. The equations are solved by the constant arc increment method outside the singularity range 

and by a new method of limit analysis near a singular point.  

 

Key words: space truss; geometrical nonlinearity; stability analysis; singular points; finite element method 

 
INTRODUCTION 
 

Loss of stability is an inherent problem of the 

nonlinear behavior of structures. A space truss 

is unstable if it can displace incrementally 

without a change in its loading and supports. 

The load path which follows after an unstable 

configuration can be unique (snap-through), or 

there can be several possible load paths 

(bifurcation). Singularity of the tangential 

stiffness matrix is a necessary condition for the 

instability of an instant configuration of a 

structure. This condition is, however, not 

sufficient for instability. The structure is only 

unstable if, in addition, the load decreases due 

to a finite incremental displacement in the 

direction of the eigenvector which is associated 

with the eigenvalue null at the singular point. 

The detection of configurations, in which the 

tangent stiffness matrix of a structure is 

singular, is not difficult in principle: the 

determinant of the tangent stiffness matrix of an 

unstable structure is null. In practice, significant 

difficulties arise. Since the determinant of a 

matrix is equal to the product of its eigenvalues, 

its value for large matrices can lie outside the 

range of data type double in computers. The 

determinant therefore cannot be used directly as 

a criterion for instability. Near singular points of 

the tangential stiffness matrix, the product of the 

eigenvalues contains at least one value which 

nearly equals null. The determinant is nearly 

null, and the governing incremental equations 

become ill-conditioned. As a result, the methods 

for the solution of the nonlinear equations 

become unreliable near singular points. 

Therefore, in order to be able to treat the 

problem of structural stability reliably, three 

main problems must be solved: identification of 

nearly singular configurations, direct 

computation of singular points and singular 

configurations, and continuation of load paths 

beyond singular points. 

Exact methods for the determination of the 

configurations of a structure in which its tangent 

stiffness matrix is singular are treated in the 

works of Belytschko [1], Wriggers [2]. The 

continuation of load paths is treated 

systematically by Wagner [3]. He presents 

several methods of deflation which permit 

reliable solution of the nearly singular 

governing equations near singular points if the 

eigenstate with the smallest eigenvalue is 

known. However, according to Belytschko [1] 

robust automatic procedures for continuation are 

not yet available.  

This paper presents methods for computing the 

nonlinear load-displacement behavior of a truss 

prior to instability, for detecting nearly unstable 

configurations of a truss, and for determining 

the loading, displacements and reactions of the 

unstable configuration of a truss. Methods for 

continuation of load paths are beyond the scope 

of this paper. 
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1. GOVERNING  EQUATIONS 
 

The behaviour of space trusses is described with 

analytical governing equations which are a 

specialisation of the nonlinear theory of 

elasticity [4].  

It is shown in [5] that the analytical incremental 

governing equations for a load step of a space 

truss are given by:  

 

 

( )( )

        ( ) ( )

e e
e eC C

T T
s s s s

s s dv s dv

e

        
    

  
d q d r   

(1) 

 
where 2 2 2

1,1 1,1 2,1 3,1( ) 2v v v v      is an axial 

strain in the Green strain tensor for the current 

displacement state, s  is the axial stress in the 

2.Piola-Kirchhof tensor; sd , sq , and sr  are 

system displacement, load and reaction vectors. 

The error term in equation (1) is 

 

 

0( )

        ( ) ( )

e
e C

T T
s s s s

e s dv     
 
 

d q d r



 
 (2) 

 
Equations (1) and (2) are approximated with 

iterated values of the strain increment and its 

variation: 

 

1,1 1,1 1,1

2,1 2,1 2,1 3,1 3,1 3,1

(1 2)

      ( 2) ( 2)

v v v

v v v v v v

    
  

  
   

1,1 1,1 1,1

2,1 2,1 2,1 3,1 3,1 3,1

( ) (1 ) ( )

          ( ) ( ) ( ) ( )

v v v

v v v v v v

      
    

  
   

 

 

where 
,1mv  are the derivatives of the 

displacement coordinates in the state (s)C  with 

respect to 1y , 
,1mv  are the derivatives of the 

displacement increments from the state (s)C  to 

the state (s+1)C ; 
,1mv  are approximate 

derivatives of the displacement increments. 

Thus, equations (1) are linear in the unknown 

displacement increments 1v to 3.v  These 

equations are approximate because the 

derivatives 1,1v to 3,1v are approximated with 

values from the previous cycle of iteration in the 

load step. 

Equations (1) are transformed into algebraic 

governing equations by linear interpolation of 

the displacement on the axis of the bar:  

 

 ,ev S v  (3) 

 
where v  is the displacement vector from 

reference to instant configuration, S is the 

interpolation matrix for the displacement 

coordinates in instant configuration, ev is the 

element nodal displacement vector from 

reference to instant configuration. 

The derivatives of the displacement coordinates 

are obtained from (3): 

 

 ,1 ,T
m m ev  g v  (4) 

 
where mg  are derivative vectors. Substitution of 

the derivatives of the displacement increments 

(4) into (1) and (2) leads to the following 

algebraic incremental equations: 

 

 ( ) ( ) ( )T T
s s s s s s s    d K d d e q r     ,(5) 

 
where sK is a system stiffness matrix, se is a 

system error vector, sd , sq , sr  are system 

displacement, load and reaction increment 

vectors respectively. 

The system stiffness matrix is assembled from 

the element contributions: 

 

 T T
s e esy e esy e

e

 K T R K R T  (6) 

 
Unit values of the displacement variables at the 

nodes of the truss are chosen as variations of the 

system displacement vector in (5). The resulting 

system of algebraic governing equations for the 

increments of the displacements and the 

reactions of a space truss in a load step is: 
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 s s s s s  K d e q r    (7) 

 
The system error vector is given by 

 

 T
s e esy e s s

e

  e T R e q r  (8) 

 

The element error vectors are computed as 

follows: 

 

 1,1 1 2,1 2 3,1 3((1 ) )e A E v v v     e g g g  (9) 

 

 

2. STEP-WISE SOLUTION PROCEDURE 
 

The load path of a truss in Fig.1 is the 

relationship between the norm a  of the system 

displacement vector and the norm p  of the 

system force vector.  

 
Figure 1.  Normalised displacement- force diagram 

                of a space truss (load path) 

 

Since the physical dimensions of the 

displacements and forces differ, the 

displacement norm is scaled with a factor μ.  

 

 
        with

T
s s

T
s s s s s

a

b

 
  

d d

p p p q r
 (10) 

 

The calibration factor  is chosen so that the 

slope of the curve for the first step of the 

analysis has a specified value m : 

 

 
1

T
t t
T
t tm

  p p
d d

 (11) 

where td , tp  are displacement and force vectors 

computed by linear analysis for the pattern load. 

The system equations are ordered so that the 

displacement vector contains first the free and 

then the prescribed values. This leads to the 

following block structure: 

 

11 12 1 1 1

221 22 2 2 2

                           
0K K d q e
rK K d q e

 
 

(12) 

 

where 1d  is free displacement increment, and 

2d  is prescribed displacement increment. 

Let the load pattern tq and the displacement 

pattern 2td which act on the truss be specified. 

The fraction   of the load and displacement 

patterns which acts on the truss in a given 

configuration is called the load factor of that 

configuration. The load factor increment specifies 

the change in loading during a load step: 

 

1 1 2 2 2 2,  ,  t t t     q q q q d d        (13) 

 

where  is a load factor increment. 

The load factor increment for a load step is not 

known a priori. It is determined by the 

following iterative procedure, which also yields 

the displacement and reaction increments for the 

load step. 

Total load solution for iteration m  in step s : 

The incremental stiffness matrix and the load 

vector of the truss are computed in each 

iteration m  of step s . The nonlinear terms are 

neglected in iteration 0 and are approximated 

with the results of iteration 1m   in the 

subsequent iterations. The displacements 
( , )

1

s m
td and the reactions ( , )

2

s m
tr for the load pattern 

( , )s m
tq  and the displacement pattern 2td are 

computed with the incremental stiffness matrix: 

 

 ( , ) ( , ) ( , ) ( , )s m s m s m s m
s t t t K d q r  (14) 

 

( , ) 1 ( , )

1 11 1 12 2

( , ) ( , ) ( , )

2 21 1 22 2 2

( )s m s m
t t t

s m s m s m
t t t t

 
  

d K q K d

r K d K d q
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The force vector ( , )s m
tp  for total load is the sum 

of the load and reaction vectors: 

 

 ( , ) ( , ) ( , )s m s m s m
t t t p q r  (15) 

 
Incremental solution for increment m  in step s : 
The increments (14) of the load and of the 

prescribed displacement are substituted into 

(13). Equations (12) are solved for the 

displacement increment and the reaction 

increment as functions of the unknown load 

factor increment :  

 

  ( , ) ( , ) ( , ) ( ) ( , ) ( )s m s m s m s s m s
t   K d q r e    (16) 

 
Equations (16) are solved for the free displacement 

increments and for the reaction increment: 

 

 

( , ) ( , ) ( ) ( , )

1 1 1

( , ) 1 ( )

1 11 1

,s m s m s s m
t

s m s
  


d d f

f K e

 
 (17) 

 

( , ) ( , ) ( ) ( , )

2 2 2

( , ) ( , ) ( )

2 21 1 2

,s m s m s s m
t

s m s m s

  
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r r t

t K f e

 
 (18) 

 

The increment of the force vector is: 

 

 ( , ) ( , ) ( , ) ( , )s m s m s m s m
t  p p t   (19) 

 

After the value  of the load factor increment 

is computed as shown below, it is substituted 

into (17) to (19) to obtain the incremental 

vectors ( , ),s md ( , )s mq , and ( , )s mr . The 

incremental vectors are added to the state of the 

structure at the beginning of the step to obtain 

the trial values for state 1s  : 

 

 

( 1, ) ( ) ( , )

( 1, ) ( ) ( , )

( 1, ) ( ) ( , )

s m s s m

s m s s m

s m s s m





 
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d d d

q q q

r r r





 (20) 

 
Termination of the iteration: The system error 

vector se is computed for the trial state (18) of 

the structure, using expression (9). The iteration 

in step s  is terminated if the norm of the system 

error vector is less than a preset limit. 

Otherwise, the computations in step s  are 

continued with iteration 1m  . The error limit 

can, for example, be a prescribed fraction of the 

force norm in the first load step. If the iteration 

in step s  has converged, the algorithm proceeds 

to step 1s   and the steps which follow. The 

process is terminated when the load factor 1.0 is 

reached. 

Load factor increment: The load factor 

increment is chosen so that the length of the 

chord of the arc for step s in the load path is 

equal to the length 0h of the chord for the first 

load step, which follows from the prescribed 

value 0 of the load factor in the first iteration 

of the first load step: 

 

 2 2 2 2

0 0 0 0 0 0 0

T Th     p p d d   (21) 

 
The arc length 0h computed with (21) in the first 

cycle of iteration of the first load step 0h is 

recomputed at the end of each cycle of iteration 

in the first load step. In order to simplify the 

expressions which are derived in this section, 

the notation for the variables is redefined. The 

system displacement vector at the end of the 

step is given by: 

 

 z  d d f a  (22) 

 

where d and d is a system displacement vector 

at the end and at the beginning of the step 

respectively, f is a displacement correction 

vector, a is displacement reference vector 

(pattern displacement or eigenvector), and z is 

load increment   for the step. 

The system force vector at the end of the step is 

given by: 

 

 z  p p t b  (23) 
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where p and p is system force vector end and at 

the beginning of the step respectively; t is a 

force correction vector, and b is force reference 

vector (pattern force or reaction due to 

eigenvector). 

The displacement norms at the beginning and 

the end of the step are: 

 

 
1

2

( ) ( )

( ) ( )

T

T

a

a z z

   
     

d f d f

d f a d f a
 (24) 

 

The force norms at the beginning and the end of 

the step are: 

 

 
1

2

( ) ( )

( ) ( )

T

T

b

b z z

  
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p t p t

p t b p t b
 (25) 

 

The chord length in step s  is set equal to the 

chord length 0h in the first load step: 

 

 2 2 2

2 1 2 1 0( ) ( ) h   a a b b  (26) 

 
The following dimensionless parameters are 

defined: 

 

0 1 0

2 0 3

4 3 5 3

( ) ( ), ( ( )) ,

( ) ,  ( ) ( ),

( ( )) ,  ( )

T T

T T

T T

n n n

n n n

n n n n

    
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  

d f d f a d f

a a p t p t

b p t b b

 (27) 

 

The terms on the left hand side of equation (26) 

are expressed in terms of the parameters (27): 

 

 

2 2 2

2 1 0 1 2

2

1 2

2 2
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2
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( ) (2 2

                   2 1 2 )

( ) (2 2

                   2 1 2 )

a a n n z n z
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b b n n z n z

n z n z

     
 

    
 

 (28) 

 
Substitution of expressions (28) into equation 

(26) shows that the equation for the 

determination of the load factor increment z  is 

highly nonlinear. It is solved iteratively by the 

method of Newton-Raphson. The residual 

function ( )f z  is defined as follows: 

 

 2 2 2

2 1 2 1 0( ) ( ) ( )f z a a b b h      (29) 

 
Since the derivative of the residual function is 

null at 0,z  the iteration cannot be started at 

the origin. In order to obtain a suitable starting 

value 0z for the iteration, the residual function 

(27) is approximated by a Taylor expansion at 

0z  . It is truncated after the fifth term in order 

to obtain a quadric equation in the load factor 

increment z : 

 

 

2
20 0

0 2

3 4
3 40 0

3 4

1
( )

2

1 1
          

6 24

d f d f
f z f z z

d z dz

d f d f
z z

dz dz

   


 (30) 

 
Equation (30) is solved for the load factor 

increment by one of the available standard 

algorithms. The equation can have 4 real roots 

or 2 real and 2 conjugate complex roots or 2 

pairs of conjugate complex roots. If it has 4 real 

roots, the two roots with the smallest absolute 

value are considered. If it has at least two real 

roots, the root which leads to the largest 

distance between the pivot state 1s  and new 

state 1s   on the load path is chosen as starting 

point for the Newton-Raphson iteration for the 

load factor increment and denoted by 0.z  

The approximate solution 0.z of equation (29) 

which is determined with the Taylor expansion 

(30) is improved by Newton-Raphson iteration. 

At the beginning of cycle m  of the iteration, the 

residual function mf and its first derivative are 

computed. The iterated value 1mz  of the load 

factor increment is obtained by solving the 

linearization of equation (30):  

 

 1( ) 0m
m m m

df
f z z

dz      
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1

1
m

m m m

df
z z f

dz




       (31) 

 

The iteration is continued until the change in the 

load factor increment in a cycle of the iteration 

is less than a prescribed value.  

 

 

3. DETERMINATION OF NEARLY  
    SINGULAR POINTS 
 

The step-wise solution procedure requires that 

submatrix 11K in (12) is regular so that ( , )

1

s m
td in 

(14) and 1f  in (17) can be computed. Since 11K  

is singular or nearly singular in the vicinity of a 

singular point, additional algorithms are 

required which solve two tasks: detection of 

configurations in which the truss is near a 

singular point; computation of the system 

displacement and reaction vectors at the 

singular point. 

Consider the decomposition of matrix 11K into 

the product of a left triangular matrix S with 

unit diagonal coefficients, a diagonal matrix D  

that can contain positive and negative 

coefficients ,kd  and a right triangular matrix 
TS . The determinant of 11K  is equal to the 

product of the coefficients of D : 

 

11

11 0 1det det det det ...

T

T
nd d 


 

K S DS

K S D S
 (32) 

 
Matrix D  is used as follows to detect nearly 

singular configurations of a structure: 

(a) The linear elastic stiffness matrix of the 

structure is determined at the start of the 

analysis and decomposed as shown in (32) into 

the product .T
e e eS D S The coefficients ked of the 

diagonal matrix eD are stored in the algorithm. 

(b) The tangential stiffness matrix for the instant 

configuration is decomposed into the product 
TS DS . Let the coefficients of D  be .kd  

(c) If at least one of the diagonal coefficients of 

the diagonal matrix D  has changed sign as 

compared to the linear elastic value, the 

structure has passed a singular point and is 

considered to be in a nearly singular range. The 

instant configuration is called a nearly singular 

configuration.  

 
( ){0,1,..., 1}: ( ) ( )s
k kek n sign d sign d      

state is a nearly singular configuration  (33) 

 
If the decomposition of the tangent stiffness 

matrix ( 1)t sK has negative diagonal 

coefficients, the algorithm back-steps to 

configuration s  and performs stability analysis 

with this configuration as nearly singular point.  

 

 

4.  DETERMINATION OF SINGULAR  
     CONFIGURATIONS 
 

If the truss is near a singular point, two strategies 

can be followed: the singular limit-point is 

avoided empirically or the system displacement 

vector and the system reaction vector at the 

singular point are determined. The first approach 

is simpler and can be used at snap-through points 

where there is only one direction in which the 

truss can displace beyond the singular point. The 

second approach must be used if a load path is to 

be continued beyond a bifurcation point. 

A singular point is determined by computing the 

displacement and reaction vectors for which the 

tangent stiffness matrix in the governing 

equation (7) is singular. Let A be a nearly 

singular point which precedes the singular point 

L. The displacement increments from the nearly 

singular point A to the singular point L are 

expressed as functions of the unknown load 

factor increment from A to L with (17). 

The derivatives of the displacement increments 

are substituted into the expressions for the 

tangent element stiffness matrices. The resulting 

expressions for the tangent element stiffness 
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matrices are nonlinear functions of the load 

factor increment .  The value of   which 

drives the determinant of the tangent stiffness 

matrix to null is determined by iteration. 

In iteration 0, the terms which are nonlinear in   are neglected. The value of   for which 

the determinant of the tangent stiffness matrix is 

null is determined by solving for the 

eigenvalues of the general eigenvalue problem: 

 

 
0 1

0 1

det ( ) 0

( )

s s

s s

  
  

K K

K x K x




 (34) 

 

where 0sK is a residual stiffness matrix, 1sK  is a 

modification stiffness matrix. 

The increment in the element displacement 

vector due to the displacement (17) is given by 

 

 T
e esy e sv R T d   (35) 

 

The derivatives of the displacement 

increment ev  with respect to the axial 

coordinate 1y are obtained using expression (4): 

 

 ,1

1
( ), orT T

m m esy e tv
a

  g R T d f    

 ,1 1 2 ,m m mv d d     (36) 

 1 2

1 1
: :T T T T

m m esy e t m m esy ed d
a a

 g R T d g R T f   

 

The derivatives of the node displacement of the 

truss at the singular point with respect to 1y are 

denoted by ,1mv and expressed with (37) as 

functions of the load factor increment  : 

 

,1 ,1 ,1 0 1

0 ,1 2

m m m m m

m m m

v v v d d

d v d

    
 

 
 (37) 

 

Tangential stiffness matrix eK at the singular 

point has constant cK , deviatoric dK  and 

geometric gK components: 

 11c

A E

a
K G  (38) 

 1 11 2 22 3 12( )d

AE
c c c

a
  K G G G  (39) 

 4 11 22( )g

AE
c

a
 K G G  (40) 

 
where kmG  are the products of vectors mg in 

(4): 

 

 
: , {1, 2,3}

:

T
kk k k

T T
km k m m k

k m

k m

 
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G g g

G g g g g
  

 

The coefficients in (39) to (41) are: 

 

      1 10 11 10 11( )(2 )c d d d d         

      
2

2 20 21( )c d d     

      3 20 21 10 11( )(1 )c d d d d         

      4 10 11( )c d d     

           2 2

10 11 20 21( ) 2 ( ) 2d d d d       (41) 

 
Expressions (39) to (42) show that tangential 

element stiffness matrix can be written as a 

quadratic function of the load factor increment: 

 

 2

0 1 2e e e e    K K K K   (42) 

 
Herein 0eK  is a residual element stiffness 

matrix, 1eK  and 2eK  are components of a 

modification element stiffness matrix. 

The component system matrices iK for the 

incremental system stiffness matrix are 

assembled from the element matrices: 

 

{0,1,2}T T
i e esy ei esy e

e

i K T R K R T  (43) 

 
The residual and modification stiffness matrices 

in (35) are computed with the approximate load 

factor increment :  
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0 0 1 1 2s s   K K K K K  (44) 

 
The load factor increment for the singular point 

is determined iteratively as follows. 

Cycle 0: Only the terms which are linear in 
(0)  are retained in the system stiffness matrix: 

 
(0) (0) (0) (0)

0 1 1 1

1 1

   with

T T
e esy e esy e

e

   
K K K K K

K T R K R T


 (45) 

 
Cycle m : The nonlinear term ( ) ( )m m    is 

approximated by ( ) ( 1) :m m     

 

 

( ) ( ) ( )

0 1

( ) ( 1)

1 1 2

2 2

m m m

m m

T T
e esy e esy e

e


  
  
 

K K K

K K K

K T R K R T


  (46) 

 
The eigenvalue problem (34) is solved by 

inverse vector iteration for the matrix pair 
( )

0 1,( )mK K  to yield ( ).m  Matrices 

0 1ands sK K contain rows and columns which 

are associated with prescribed displacements. 

Eigenstates corresponding to rigid body motions 

are not of interest for the limit point analysis. 

The inverse vector iteration is therefore 

restricted to the stiffness submatrix 11K  which 

corresponds to the free displacements. If 

matrices 0sK  and 1sK are determined for a 

nearly singular state,   is small compared to 

the next larger eigenvalue, so that the iteration 

converges very fast.  

State of the truss at the singular point: The 

iteration is terminated if the absolute value of the 

change in the load factor increment   in a 

cycle is less than a prescribed limit value such as 
610 .  The load factor increment is then used to 

compute the displacements at the singular point: 

 

 

( ) ( ) ( )

( ) ( ) ( )

A A A
t

L A A

 
 

d d

d d d

 


 (47) 

where ( )Ld is a system displacement vector at 

the singular point L , ( )Ad is a system 

displacement vector at nearly singular point A , 
( )A
td is pattern displacement at point A , and 

( )Ad is displacement increment from nearly 

singular point A to the singular point L . 

 

 

5.  IMPLEMENTATION AND  
     VERIFICATION OF THE METHODS 
 

The methods presented are implemented as 

parts of the software test bed developed on the 

Java platform.  

An example is presented that demonstrates the 

accuracy of the algorithms implemented in the 

software. The exact analytical solution obtained 

by the author [5] is used for the verification of 

the numerical results. 

For the numerical analysis of the behavior of the 

tripod the model shown in Fig.2 is used that has 

the following properties.  The base a  is 2.00 m. 

The height of the apex above the supports is 

0.15m. The bars carry axial forces but not 

bending moments. The area of the bar cross-

section is 210 .cm  The modulus of elasticity of 

the bar material is 8 22.0 10 / .kN m  The 

supports A and C of the truss are pinned. The 

truss carries a vertical pattern 

load (0.0, 10.0)P kN   at the apex D. 

The step size of the constant arc increment 

method is determined by the initial load factor 

increment for step 0. The iteration in a load step is 

terminated if the norm of the unbalanced forces in 

the trial state at the end of the step is less than the 

product of the linear force norm with the initial 

load factor and a specified error test factor. 

Table 1 presents the results of the numerical 

analysis of the truss for test factor 210ef
  

and initial load factor increment 0.50  . 

 It can be seen that the accuracy of the 

deformation analysis is very high, and the 

computed values for the singular points are 

practically exact. 
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Figure 2: Displacements of a regular tripod 

 

Table 1: Error in the Displacement-Load Curve for 
2

ef 10  and 0.50   

Step 
Displacement 

3u , m 

Load 

3P , kN 

Exact value 

3P , kN 

Error 

,%  

1 -0.003082264 -5.000000000 -4.999854298 0.002914125 

5 -0.016185170 -22.858054820 -22.857765439 0.001266007 

10 -0.034951366 -39.633274572 -39.632216805 0.002668957 

15 -0.060788321 -48.295855224 -48.239346556 0.117142275 

16 -0.063396583 -48.305776344 -48.305776344 0.000000000 

17 -0.063397460 -48.305776352 -48.305776352 0.000000000 
| The configuration is at a TURNING POINT in step      17  | 

| Load factor =                               4.830577635  | 

20 -0.078854674 -46.14152722 -46.13481196 0.014555718 

25 -0.111247574 -30.26025916 -30.25931986 0.003104151 

30 -0.172802252 18.63782577 18.6373315 0.002652021 

35 -0.22123336 46.1693256 46.15869695 0.023026335 

38 -0.236603178 48.30577635 48.30577635 0.000000000 

39 -0.23660254 48.30577635 48.30577635 0.000000000 
| The configuration is at a TURNING POINT in step      39  | 

| Load factor =                              -4.830577635  | 

40 -0.241526461 48.06152525 48.06710242 -0.011602873 

45 -0.261347109 41.82901148 41.82691188 0.005019737 

50 -0.278910691 28.1970399 28.19639703 0.002279947 

60 -0.309085064 -16.61143186 -16.61164357 -0.001274461 

65 -0.32230765 -46.06856653 -46.06872352 -0.000340782 
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CONCLUSIONS 
 

The procedure of stability analysis which is 

presented in this paper includes the following 

methods: method for computing the nonlinear 

load-displacement behavior of a truss prior to 

instability, method for determination of nearly 

singular configurations of a truss, and method 

for determining the loading, displacements and 

reactions of the unstable configuration of a 

truss. These methods have been implemented in 

an object-oriented Java application that is used 

as a test bed for the research in geometrically 

nonlinear analysis. The results obtained 

demonstrate that the proposed methods are 

suited for the stability analysis of space trusses. 

The developed algorithm is capable of finding 

singular points with high accuracy and permits 

subsequent calculation of snap-through and 

bifurcation paths. 
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STUDY OF POSSIBLE APPLICATION OF DIFFERENT DESIGN 

MODELS OF “FOUNDATION – SOIL” SYSTEM  

FOR A PILE-RAFT FOUNDATION OF А HIGH-RISE BUILDING  
 

Galina G. Kashevarova, Oleg U. Smetannikov, Alexandra U. Zobacheva  
Perm State Technical University, Perm, RUSSIA  

 
ABSTRACT: Different design models of ‘foundation – soil’ system with taking into account physically nonlin-

ear properties of materials are considered in the distinctive paper. Possibilities of simplification of settlement 

model are investigated. 

 

Keywords: Design models, foundation, soil, nonlinear properties of materials, settlement model 

 

 

INTRODUCTION  

 

Soil-base structures refer to the class of hard 

formalized problems because soil is usually a 

non-homogenous poorly studied medium, 

whereas a foundation must provide the possibil-

ity of interaction between the upper structure 

and the soil base. 

The objective of this paper is to simulate and 

study a stress-strain state of a ‘foundation-soil’ 

system taking into account physically non-linear 

soil properties, soil compaction when driving 

the piles and a comparative analysis of the re-

sults obtained in different design models. 

Investigations were conducted using a Com-

bined Pile-Raft Foundation as an example be-

cause that has often been in use in high-rise 

buildings lately.  

The following sequence of problems was 

solved: 

I. Study of non-elastic soil properties in-

fluence on the base settlements when us-

ing different pile field models. 

II. Study of soil compaction influence on 

the base settlements when driving the 

piles and the comparative analysis of us-

ing different compaction models. 

An universal multi-functional programmed fi-

nite-element system ANSYS was used for doing 

the calculations and investigation. 

There are a lot of methods to define soil me-

chanical properties, their number being as large 

as the number of researchers. Rather simple 

models of soil bases are used in the practice of 

building design at present, for example: Vincler 

mechanical model and its modifications; models 

of elastic half-space and linear-strained layer of 

finite thickness; non-linear models. 

Vincler model, in principle, can’t reflect the real 

interaction between the structure and the bed-

rock adequately. But it continues to be used in 

building design because  It is ultimate mathe-

matical simple.  

Application of linear elasticity theory to soils is 

grounded by the fact that in accordance with the 

requirements in normative documents founda-

tions are to be so designed that the pressure to 

soil wouldn’t induce non-linear settlements. 

The use of soil base model in the form of a lin-

ear- strained layer is directed by the normative 

documents currently in use, issued more than 20 

years ago, and is defined by the possibility to 

realize it in some simple engineering design 

methods. 

In the course of maintenance soil bases can be 

subjected to some additional forces that were 

not specified by the design (for example, recon-

struction, superstructure, building new struc-

tures into already existent development, chang-

ing physico-mechanical soil properties, etc.). In 

these cases it is necessary to use non-linear soil 

models.  

Modern methods of computing mathematics and 

industrial programmed systems in powerful 

computers allow the wide use of numerical load 

tests with the use of  non-linear  soil  mechanics,  
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a)  

b)  

 

Figure 1. A foundation fragment with non-uniform soil mass in depth; 
a) yoz plane symmetry; b) Two layers in z-direction: 0,15m - ½ of the pile layer ; 0,45m - of the layer be-

tween piles 
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whose basis is the notion of soil as an elasto-

plastic substance. 

Soil mass is represented as a form of a finite-

element model taking into account soil hetero-

geneity and non-linear relations between 

stresses and strains based on this  or that 

strength theory. Giving different physico-

mechanical properties to each element or a 

group of elements it is possible to simulate any 

soil base structure with appropriate parameters 

obtained in the result of field and laboratory 

tests. The main problem of creating a spatial 

picture of soil structure is connected with the 

fact that geological survey data are usually 

based on the results obtained for a limited num-

ber of boreholes. The nature of soil seam bed-

ding when going farther from the borehole sur-

face is not known for sure and can be deter-

mined only with some degree of possibility. 

The Combined Pile-Raft Foundation under 

study represents a rectangular reinforced con-

crete 36x18x1.25m raft rested on piles (the 

cross section of a pile is 0.3x0.3m, the length of 

a pile is 6m). The foundation raft is reinforced 

by the grid with 200mm spacing in upper and 

lower zones; the reinforcement diameter is 

28mm. The middle layer has antisettlement rein-

forcement neglected in design. 

A foundation fragment with non-uniform soil 

mass in depth was taken as a design model for 

stress-strain state study (fig.1a). On virtue of yoz 

plane symmetry of the model only its half is 

considered. Two layers in z-direction are taken 

(fig.1b). The first one with the depth of 150mm 

contains half of the pile layer; the second one 

has ½ of the layer between piles (450mm deep). 

The volume model was made with the help of 

the fragment extrusion method. 

A three-dimensional model of ‘foundation-base’ 

system occupies volume V, which consists of 

the volumes of the foundation elements (V1) and 

soil base (V2) and is limited to the surface Г 

(Fig.1a). ‘Foundation-base’ system is referred to 

rectangular Cartesian coordinates, whose origin 

is found in the centre of a foundation raft. 

 

I. STUDY OF NON-ELASTIC SOIL 

PROPERTIES INFLUENCE ON THE 

BASE SETTLEMENTS WHEN USING 

DIFFERENT PILE FIELD MODELS. 

 

The following design models of ‘foundation-

soil’ system were considered: 

1. The spatial model of a Pile-Raft foundation, 

in which piles were directly included into 

the design model of foundation and simu-

lated with the help of volume finite elements 

as well as a pile.  

2. In another design model a pile field was re-

placed by its homogenious anisotropic ana-

log with averaged properties – effective 

characteristics. 

To determine stress-strain state of the system we 

have the following system of equations: 

- equilibrium equations  

       0,  ijij rFrr
  , Vr  ,     (1) 

 

where: σij – components of stress tensor σ; r - 

radius-vector of the spatial position of the parti-

cle; ρFi – components of mass force vector. 

- geometrical Koshi relationships  

 

      rurur ijjiij


,,

2

1  , Vr       (2) 

 

where εij – components of strain tensor ̂ ;  ui – 

components of displacement vector. 

- physical (defining) relationships for the case 

of linear connection between stresses and 

strains: 

      rrCr klijklij

   , Vr      (3) 

 

where Cijkl – components of elastic constant ten-

sor. 

When taking into account non-linear relation 

between stresses and strains in soil (Drucker-

Prager theory of plastic flow), where з
лд  – 

components of plastic strain tensor p̂  (defined 

by the law of flow) 
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         rrrCr p

klklijklij

   ,  2Vr  .   (4) 

 

- Boundary conditions of mixed type depend on 

the conditions of loading and grouting (Fig.1.a, 

the conditions of grouting on boundaries Г5 and 

Г6 are not shown). Equally distributed surface 

loads are assigned to the parts of body bounda-

ries. They include the weight of the building, P3 

= 28,000t, transmitted to the foundation through 

load-bearing walls. This load is applied to the 

pile surface. 

 

0)()(

)()()(




rnr

rPrnr

jij

ijij







    
2

1

Γ
Γ




r

r



          (5) 

 

Apart from boundary stress conditions we as-

sign boundary displacement conditions prohibit-

ing the displacement in the soil mass faces in 

the direction of a normal to a certain face and 

rigid grouting of a low base plane. 

 

0)( rux


 43 ΓΓr   

0)( ruz


 65 ΓΓr   (6) 

0)( rui


 7Γr              (6) 

 

The soil mass was seen as a limited finite area 

whose outer boundaries were chosen so that 

edge effects on them practically could influence 

neither the settlements beneath the structure nor 

the stresses in the constructions of a building 

(namely, mass depth is 30m, the mass boundary 

is removed to the distance of 0.7 building 

length). The conditions of complete adhesion 

between system elements were assigned. 

To determine elastic properties of reinforced 

raft layers (reinforced concrete) the following 

relations were used (Foight hypothesis): 

 

E = Eα Vα +Eɛ (1 – Vα)  ν = νɛ (1 – Vα) + να Vα   

   (7) 

 

Initially the problem of a stress-strain state of 

spatial ‘foundation-base’ system was solved as 

linear-elastic (fig.3a). Then non-linear Drucker-

Prager model of soil was used, defining rela-

tions which are: 

  )()()()( rrrCr p

klklijklij   , 2Vr  

 

or 

 

            



  ijij

p

ij s
sI


ˆ2

1
ˆ

2

,           (8)  

 

where:  

  
2

2

35.0

ˆ2

  eI 
; 

)sin3(3

sin2


   

 

– constant material soil; ŝ - deviator of stress 

tensor; ê - deviator of strain tensor.  

The transition to plastic state is  

 

 0 pekv               (9) 

   2
1

)ˆ()ˆ( 21 sIIekv    - equivalent strain; 

)sin3(3

cos6 0


  C

p  - yield material soil; 

iiI  )ˆ(1 , )(
2

1
)ˆ(2 jjiijiijI    - 1-st and 

2-nd invariants of the stress tensor; 

0С  - Coefficient of internal friction;   - Angle 

Shear. 

Non-linear properties of concrete were not taken 

into consideration when doing this calculation. 

Soil material in the pile field was also consid-

ered elastic. 

The non-linear analysis showed redistribution, 

the jump of a base settlement value near the raft 

edges and essentional (about 1,5 times) increase 

of the maximum displacement (settlement) 

value. Rafr deflection value practically did not 

change in comparison with a linear variant. 

In another design model a pile field was re-

placed by its homogenious anisotropic analog 

with averaged properties – effective characteris-

tics. 
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Figure 2 Three-dimensional element periodicity 

of a pile field 
1 – fragment of pile (concrete),  

2 – fragment of soil 

 

The following things were considered:  various methods of characterization;  different variants of pile arrangement in a 

pile field;  different material composition of a soil 

mass. 

Effective characteristics were defined by the 

solution of two boundary-value problems calcu-

lating stress-strain state of three-dimensional 

element periodicity (fig.2), finite element de-

composition being so done that the boundaries 

of the elements coincided with the soil – con-

crete separation boundaries. 

Displacements Ui0 (i=x, y) were applied in se-

quence to x- and y-directions and a uniform 

stress field was formed. 

Boundary conditions under the kinematic im-

pact along x- and y-axes exist. What is more, 

tangential stresses on all surfaces are equal to 

zero. 

In numerical experiments coefficients of elastic-

ity and Poisson ratios in directions of main sys-

tem axes were defined with the help of formulae: 

 

0

xx

xx

xE 
 ; 

0

0

xx

yy

xy 
  ; 

0

0

xx

zz
xz 

      (10) 

 
where 

 

x

x
xx

l

U00  , 
y

y

const
yy

l

U )(
0  , 

z

z

const
zz

l

U )(
0  , 


V

xxxx dV
V

 1
. 

 
Calculated effective characteristics are: 

 

0,35620,256e

Па0,189e10Па0,182e8




xzyzxy

yzx EEE


 

To find effective shear modules, spatial bound-

ary-value problems of pure shear of a periodic-

ity element were considered, and  

 

Па0,671e7Па0,679e7  xzyzxy GGG  

 

The results obtained and the character of verti-

cal displacements are comparable with similar 

results of the previous model. The difference is 

not more than 1,5%, which speaks about ade-

quacy and possible application of this simplified 

pile field model when calculating raft settle-

ments. 

Computational experiments with closer ar-

rangement of piles in a pile field were con-

ducted as an additional legitimacy check of the 

replacement of the volume occupied by the pile 

field by its homogenous transversally isotropic 

analog in stress-strain state problems (fig. 3b,d). 

And again, alteration of design settlement val-

ues under the replacement of material in a pile 

field by its homogenous transversally isotropic 

analog appeared insignificant (the difference 

was no more than 2%). 

To generalize the results obtained, an ad-

ditional investigation of various material com-

position of soil mass on base settlements was 

carried out. The analysis of obtained results 

showed that the degree of influence of non-

linear soil layer properties in different combina-

tions when taken into consideration was differ-

ent (tabl. 1). But in all cases the design model 

with homogenous transversally  isotropic  mate- 
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Figure 3. Computational experiments with closer arrangement of piles in a pile field 
a) Settlements in linear soil model in which piles are directly include into the design model of foundation; b) 

Settlements in linear soil model with homogenious anisotropic properties of pile field; c) Settlements in non-

linear soil model in which piles are directly include into the design model of foundation; d) Settlements in 

non-linear soil model with homogenious anisotropic properties of pile field 

 

 

 

Table1. Settlements and deflection calculated for a shallow foundation 

The difference settlements (%)   

Combination 

of soil layers 

in linear soil model and  non-linear 

one  

non-linear soil model, in which piles are 

directly include into the design model of 

foundation and model with homogenious 

anisotropic properties of pile field 

(1)-(2) 13,34 1,29 

(1)-(3) 5,26 0 

(2)-(3) 5,28 2,06 

(2)-(3) 8,02 2,09 

(1) – Sandstone; (2) – Clay; (3) – Rocky Marl 
 

a) b) 

∆U= 0,0337 m 

c) d) 

∆U= 0,032 m ∆U= 0,0323 m 

∆U= 0,0343 m 
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rial is suitable for the description of a soil base 

stress- strain state. 

To generalize the results obtained, an additional 

investigation of various material composition of 

soil mass on base settlements was carried out. 

The analysis of obtained results showed that the 

degree of influence of non-linear soil layer 

properties in different combinations when taken 

into consideration was different (tabl. 1). But in 

all cases the design model with homogenous 

transversally isotropic material is suitable for 

the description of a soil base stress- strain state. 

 

 

II. STUDY OF SOIL COMPACTION 

INFLUENCE ON THE BASE 

SETTLEMENTS WHEN DRIVING THE 

PILES AND THE COMPARATIVE 

ANALYSIS OF USING DIFFERENT 

COMPACTION MODELS 

 
In pile driving process soil material in a pile 

field is compacted due to the reduction of the 

volume that it occupies. Bearing resistance (soil 

strength) is increased with the compaction, and, 

therefore, foundation settlement resistance is 

increased, too. 

For taking into account soil compaction differ-

ent methods were used: 

1. Simulation of a real soil compact process. 

2. Alternation of unconsolidated soil strength 

properties so that its strength can  conform 

to consolidated soil strength. 

In the first case the following problems were solved: 

Assuming that compaction takes place in the 

direction of normal to the forming pile surface, 

horizontal displacements  

 

10

СВ
СВx

B
BU   

 

were applied to the soil –pile contact boundary 

in the direction of x-axis. Soil compaction oc-

curred in consequence of the increase of the 

volume assigned to a pile from negligibly small 

value to its actual sizes (Fig.4 snows the size 

increase of volume 1along x-axis to the value 

equal to BCB. The midline of the interval be-

tween piles was fixed in all directions. To fix 

boundaries y= O and y=H associated sets 

(scheme setting of flat-strained state). The vol-

ume occupied by a pile was assumed empty 

(area 1 in Fig.4). A non-linear problem, de-

scribed by equations (1), (2), (4) was solved. 

The results of the stress-strain state model defi-

nition for the soil being consolidated during the 

pile driving process are given in Figures 5-6.  

When solving the problem uniform component 

distributions of stress tensor σ in the soil from 

maximal module value on the pile boundary to 

the minimal value on the midline of the interval 

between piles were obtained (Fig.5). 

Normal components of stress tensor (σii, I=x, y, 

z) coincide with principal normal stresses σ1, σ2 

, σ3 ( here σ1 ≥ σ2 ≥ σ3 taking into account the 

symbol). Tangential stress values are negligibly 

small in comparison with normal components 

and can be considered zero values. The soil in 

the pile field resulted from the compaction after 

pile driving appears to be in the state of hydro-

static compression. 

After that the process of soil mass shear with 

respect to the pile across the pile-soil contact 

surface (Fig.7) was simulated with the account 

of previous results. Displacements Uy are ap-

plied to the pile contact boundary in a prelimi-

nary consolidated pile field element in the direc-

tion opposite to y-axis.  

The results of the model shear reaction study are 

shown in Figure 8. There are also the results of 

the experiment with the soil without preliminary 

compaction and the results of the elastic solution. 

Another method of the consideration of soil 

compaction in a pile field was carried out with-

out simulation of the process of real compac-

tion, but with the help of characteristics given to 

the soil and equivalent to compacted state. 

For the description of soil behavior as elastic-

plastic material the model of Drucker –Prager 

(8) – (9) was used. Fluidity surface for that 

model in principal stress space represents a cir-

cular cone (Fig. 9). The location and geometri-

cal    surface    characteristics   are    defined  by 
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Figure 4.  FE-model of soil compaction when driving the piles 

1 – part of pile volume; 2 – part of soil volume 

 

 

 

 
Figure 5. The influence of displacements when driving the piles to the component of stress tensor σ 

on the pile-soil boundary 

 

 

 

 
Figure 6. Distributions of principal normal stresses in element of pile field  after driving the piles 
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Figure 7. FE-model for the process of soil mass shear with respect to the pile across the pile-

soil contact surface 

 
 

Figure 8. The dependence of tangential stresses on the border soil - pile of vertical displacement 

1 - soil without compaction; 2 - to soil compaction; 3 - elastic solution 

 
Figure 9. Drucker–Prager fluidity surface displacement 
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 Drucker-Prager model parameters, Co and . 
The part of a cone situated in a positive half-

space is removed to a compression stress value. 

To assign soil the properties similar to its com-

pacted state, it is necessary to take into account 

compression stress occurring in real compaction 

process σcp (see Fig.9). Fluidity surface dis-

placement along the line of equal principal 

stresses conforms to the increase of soil specific 

adhesion value.  

Values σcp in elements depending on the dis-

tance to a pile and resulted from the stress-strain 

state definition of real compacted soil are given 

in Fig.10 (on the left). 

To define mean stress values corresponding to the 

coordinates of the grid point centres in the model 

without compaction (x׳Ci) different from the com-

pacted grid coordinates (xCi) it is necessary to set 

functional relation σcp = ƒ (x). Cube polynomial 

was chosen as an approximation function: 

   3

3

2

210 xaxaxaaxf   

 

Coefficients ai, i = 0.3 were obtained in the re-

sult of equation system solution using the 

method of least squares. 

Specific adhesion value for the soil material in 

pile field element was assigned by the formula 

    tgxCC
iCɫрi


00 . 

 

Then an experiment on shearing the pile field 

element was done similar to the one described 

above, which resulted in the definition of an 

equal tangential stress value on the foundation 

contact boundary and its behavior as the applied 

vertical displacement was increasing (Fig.11). 

The axial-symmetric element loading problem 

of pile field periodicity with a foundation part 

was solved with the use of this soil compaction 

model (Fig.12). 

The problem of base settlement definition was 

solved in two settings: 

1) Soil material is elasto-plastic with the ac-

count of compaction as the result of pile 

driving. 

2) Soil material is linear-elastic. 

The results of problem solution are given in 

Fig.13. 

The distribution of vertical displacements and 

their values for problems 1and 2 are completely 

the same. This fact states the legitimacy of the 

application of soil material having elastic prop-

erties in a pile field, whereas in other parts of 

soil mass the relation between material stresses 

and strains can be non-linear. 

 

 
CONCLUSIONS 

 

1. The account of physically non-linear soil 

properties in the problems defining a ‘foun-

dation-base’ system stress-strain state leads 

to the essential increase of maximal base 

settlement values and to the alternation in 

the ways of their distribution, but, at the 

same time, it practically does not influence 

the amount of pile deflection. 

2. Settlement definition for buildings on pile-

pile foundations is better to do with the re-

placement of pile field volume by its homo-

geneous anisotropic analog. The use of such 

a design model allows to lower solution er-

ror specified by the presence of so called 

‘degenerate’ elements in the finite-element 

model. The difference in settlement defini-

tion results is not more than 2%. 

3. The properties of pile field soil can be as-

sumed linear-elastic. 
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a)      b) 

Figure 10. Values σcp in elements depending on the distance to a pile: 
a) compacted soil; b) soil without compaction 

 

 

 

 
 

Figure 11. The schedule of an equal tangential stress value on the foundation contact boundary  

dependencing from the applied vertical displacement  

1 – for actually condensed soil; 2 – for a a soil with characteristics equivalent to compacted state  
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Figure 12. The axial-symmetric element of pile field periodicity with a foundation part 

 

 
 

Figure 13. Settlements of the soil in an element of pile field periodicity (m) 
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MATRIX ANALYSIS OF VISCOELASTIC ELEMENTS 
 

Alexey Kuznetsov 
University of Ballarat, School of Information Technology and Mathematical Sciences 

University of Ballarat, Mt. Helen Campus, Victoria, AUSTRALIA  

 
ABSTRACT: Behavior of the main viscoelastic models is studied by reducing the governing second order dif-
ferential equations to systems of equations of the first order. That results in constructing the fundamental matri-
ces, which retain the main properties of the considered models. Cases of degeneracy, non-semisimple degener-
acy, and semistability of these matrices are analyzed. 
 
Keywords: Kelvin’s element, Maxwell’s element, standard linear element, viscoelasticity, fundamental matrix, 

non-semisimple degeneracy, semistability 
 

 
1. INTRODUCTION .  
 
Herein we analyze behavior of different viscoe-
lastic elements used in modeling vibrations of 
discrete mass systems composed of masses 
bounded with each other by different combina-
tions of springs and dashpots. These systems 
arise in different areas of science and technol-
ogy starting from analyses of vibrating molecu-
lar chains [1 - 4] to biology and biochemistry 
[5], transport engineering [6, 7], and seismic 
protection [8, 9].  
In the following sections we shall study the 
main models (elements) and outline a procedure 
of reducing the second order differential equa-
tions of vibrations to a system of differential 
equations of the first order. This is known as the 
generalized Hamiltonian formalism. Analyzing 
the corresponding fundamental matrices allows 
us to establish some important properties of the 
solutions and their structure. Such an analysis is 
done apparently, for the first time.  
 
 
2. KELVIN’S (VOIGT’S) ELEMENT . 
 
Such an element (Fig.1) was introduced inde-
pendently by Thomson (Lord Kelvin) [10] and 
Voigt [11]. Linearity of this element means that 
the ordinary differential equation for the freely 
vibrating mass is linear:  
 

0mx x kx                      (2.1) 

where x  is the deflection from the equilibrium 
position; the mass m , the viscosity factor , and 
the spring rate k  are material constants independ-
ent of ,x x , and time t . Physical reasons imply: 
 

0, 0, 0m k   .               (2.2) 
 
When the external loading ( )p t  is applied to the 
vibrating mass, Eq. (2.1) becomes inhomogene-
ous:  
 

mx x kx p     .                (2.3) 
 
By introducing a new variable v x   Eq. (2.1) 
can easily be reduced to a system of coupled 
equations of the first order:  
 

x v

mv v kx

   



.                 (2.4) 

 
or in a matrix form  
 

2 2 2 2 x G x ,                 (2.5) 

 
where 2 ( , )x vx  is a two-dimensional vector 

and  
 

2 2

0 1

k
m m

 
      G .          (2.6) 
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The analysis of (2.5), (2.6) reveals that to form a 
well-defined system, the both mass m  and 
spring rate k  should not vanish (if k  vanishes 
matrix 2 2G  becomes degenerate), while the 

viscosity factor   can vanish, thus  
 
Proposition 2.1. a) Matrix 2 2G  is not degen-

erate, if along with (2.2)  
 

0k  .                          (2.7) 
 
b) Matrix 2 2G  admits non-semisimple degen-

eracy [12], if  
 

2

4
k

m

 ,                        (2.8) 

 
here the non-semisimple degeneracy means ap-
pearing the Jordan block at reducing 2 2G  to 

the Jordan normal form.  
c) Matrix 2 2G  is a semistable matrix [12]:  

 
Re( ) 0, 1,2k k   ,           (2.9) 

 
where k  are eigenvalues of matrix 2 2G . Re-

lation (2.9) admits another interpretation: at any 
admissible values of parameters ,m k , and  
satisfying (2.2), (2.7), there are no exponentially 
growing free vibration solutions, and at 0  
all the admissible solutions oscillate without at-
tenuation.  
d) A necessary and sufficient condition for ap-
pearing oscillating attenuating solutions is  
 

2

, 0
4

k
m

   .             (2.10) 

 
Proof a) follows from the preceding considera-
tion. Proof of b) is straightforward and flows out 
from analyzing the Jordan normal form of 

2 2G :  

 
1

2 2 2 2
   G W J W ,        (2.11) 

where W  is a unitary matrix with det( ) 1W , 
and  
 

2

2 2
2

0
2 2

0
2 2

k

m m m

k

m m m



                   
J  

(2.12) 
 
when (2.8) does not hold, while at (2.8) there is 
a Jordan block:  
 

2 2

1
2

0
2

m

m


       

J .          (2.13) 

 
Diagonal elements in (2.12) and (2.13) are ei-
genvalues of matrix 2 2G . Proofs c) and d) 

flow out from analyzing structure of the eigen-
values in (2.12) and (2.13).  
The inhomogeneous Eq. (2.3) in a matrix form 
is  
 

2 2 2 2 2  x G x p ,          (2.14) 

 

where  2 0, p
mp . 

 
Remark 2.1. a) The outlined procedure of reduc-
ing the higher order differential equations to a 
system of differential equations of the first order 
is well known (e.g. [13]) and serves a basis for 
constructing the fundamental matrix method. 
Even the considered case of a single Kelvin’s 
element demonstrates principle advantage of the 
matrix formalism (2.14) over the direct formal-
ism based on Eq. (2.3). Indeed, while the direct 
formalism allows one to get solutions related 
only to the external force loadings ( )p t , the ma-
trix method gives solutions corresponding to 
both applied external force loadings ( )p t  and 
the applied displacement ( )u t . In the latter case 
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the external “loading” vector 2p  is  2 , 0up . 

Later on, we shall present some other advan-
tages of the matrix formalism.  
b) In a case, when 0k   and matrix 2 2G  is 

degenerate, no vibration occurs:  
 

( / )
1 2( ) c m tx t C C e  .         (2.15) 

 
For the inhomogeneous Eq. (2.3) with oscillat-

ing force 0( ) i tp t p e  , the corresponding solu-

tion (up to a free vibrating solution (2.15)) is  
 

0
2

( ) i tp
x t e

ic m
   .         (2.16) 

 
Solution (2.16) reveals that at 0  motion 
becomes unbounded, resembling motion of a 
viscous fluid.  
c) When matrix 2 2G  fails to be semisimple, 

the solution of Eq. (2.5) is of the form  
 

   2
1 2( )

c
m t

x t C C t e
  .       (2.17) 

 
Expression (2.17) reveals that at the non-
semisimple degeneracy, no free vibrations oc-
cur.  
 
 
3. STANDARD LINEAR ELEMENT . 
 
Sometimes in applications instead of Kelvin’s 
element a more general element called the stan-
dard linear element is used [14, 15]; see Fig.2. 
For that element the corresponding system of 
governing equations becomes a more elaborate:  
 

2

1 2

2 1

0mx x kx

x x x

x k x

       

 


,               (3.1) 

 
where 1x  is a deflection of the spring k  , and 

2x  is a deflection of the dashpot. The natural 

physical limits for the material constants in Eqs. 
(3.1) are: 
 

0, 0, 0, 0m k k     .          (3.2) 
 
Again, by introducing a new variable v x  , 
system (3.1) can be reduced to the following 
system:  
 

2 2

2

( )

( ) 0

x v

x k x x

mv k x x kx

        





          (3.3) 

 
or in a matrix form:  

 

3 3 3 3 x G x ,                 (3.4) 

 
where  3 2, ,x x vx  and  

 

 
3 3

0 0 1

0

0

k k

k k k
m m

   
 

       
G .       (3.5) 

 
Analogously to Eq. (2.14), the equation of 
forced vibrations for the standard linear element 
is:  
 

3 3 3 3 3  x G x p ,              (3.6) 

 

where  3 0,0,p mp  for the external force 

loading ( )p t  and  3 ,0,0up  for the applied 

displacement ( )u t .  
 
Proposition 3.1. a) Matrix 3 3G  is not degener-

ate, if and only if along with (3.2)  
 

0, 0, 0k k     .           (3.7) 
 
b) Matrix 3 3G  admits non-semisimple degen-

eracy, if  
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1 3 6
,

8 4

k k k k

m m m

                      .    (3.8) 

 
c) Matrix 3 3G  is a semistable matrix.  

Proofs a) and b) are straightforward and flows 
out from analyzing the determinant and the Jor-
dan normal form of 3 3G . It should be noted 

that at (3.8) the corresponding Jordan block is of 
the third rank: 
 

3
8

3
3 3 8

3
8

1 0

0 1

0 0

k
m

k
m

k
m






          
J . 

(3.9) 
 
To prove c) consider the eigenvalue problem for 

3 3G :  

 

 

0 1

det 0 0k k

k k k
m m

  
 

          
 (3.10) 

 
Equation (3.10) is a polynomial equation with 
respect to  :  
 

3 2 0
k k k k

m m

                         (3.11) 

 
with negative coefficients. Applying to Eq. 
(3.11) the Descartes rule of signs (e.g. [16]) re-
veals that there are no positive real roots. Simi-
lar argument shows that two possible complex-
conjugate roots can have no positive real parts.  
 
Remark 3.1. a) Relation (3.8) is not unique, at 
which the non-semisimple degeneracy takes 
place.  
b) At (3.8) the free-vibration solution of Eqs. 
(3.1) is of the form: 
 

  3
82

1 2 3( )
k

mt
x t C C t C t e

    ,   (3.12) 

 
thus at (3.8) no oscillating motion exists.  
 
 
4. MAXWELL’S LINEAR ELEMENT . 
 
Maxwell’s linear element [15] represents a se-
ries connection of a spring and a dashpot; see 
Fig. 3. For such an element the governing sys-
tem of equations is  
 

1

1 2

2 1

0mx kx

x x x

x kx

    




                  (4.1) 

 
where 1x  is a deflection of the spring, and 2x  is 

a deflection of the dashpot. The natural physical 
limits for the material constants in Eqs. (4.1) 
are:  
 

0, 0, 0m k   .             (4.2) 
 
Vanishing k  or   leads to existence of only 
rigid motions of mass m .  
By introducing a new variable v x  , system 
(4.1) can be reduced to the following system:  
 

2 2

2

( )

( ) 0

x v

x k x x

mv k x x

      





          (4.3) 

 
or in a matrix form:  
 

3 3 3 3 x G x ,                  (4.4) 

 
where  3 2, ,x x vx  and  

 

3 3

0 0 1

0

0

k k

k k
m m

  
      

G .        (4.5) 
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Proposition 4.1. a) Matrix 3 3G  is degenerate 

at any physically admissible values of parame-
ters , ,m k .  

b) Matrix 3 3G is not non-semisimple degener-

ate.  
c) The Jordan normal form of 3 3G  is: 

 

 
 

2
3 3 2 2

2

2 2

0 0 0

0 0

0 0

k k k
m

k k k
m

  

 

             

J .  

(4.6) 
 
d) Matrix 3 3G  is semistable.  

Proof of conditions a) – d) is analogous to proof 
of Proposition 3.1.  
 
Remark 4.1. a) Analysis of eigenvalues (4.6) 
reveals that at  
  22

k k
m                     (4.7) 

 
there are no oscillating solutions.  
b) The zero eigenvalue corresponds to a con-
stant motion of the system.  
 
 
5. CONCLUSIONS.  
 
Analysis of the basic viscoelastic elements re-
veals that for all the considered cases their fun-
damental matrices are semistable, which ensures 
that no exponentially ascending solutions can 
exist. For Kelvin’s and standard linear elements 
the non-semisimple degeneracy associated with 
appearing the Jordan blocks can take place. This 
results in change of the structure of the solution; 
see, representations (2.17) and (3.12). For Max-
well’s linear element the non-semisimple de-
generacy is impossible.  
 
 

 

 
Figure 1. Kelvin’s element 

 
 
 

 
Figure 1. Standard linear element 
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Figure 2. Maxwell’s element 
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ɆЕɌɈД ɆɇɈɀИɌЕɅЕɃ ɅАȽРАɇɀА ȼ ɁАДАЧАХ  ɋИɇɌЕɁА 

ɈɉɌИɆАɅɖɇɈɃ ȻАɅɈЧɇɈɃ КɈɇɋɌРɍКЦИИ  
 

К.Р. Аɣдемиров 
Даɝеɫɬаɧɫɤиɣ ɝоɫɭɞаɪɫɬвеɧɧыɣ ɬехɧичеɫɤиɣ ɭɧивеɪɫиɬеɬ, ɝ. Махачɤаɥа, РɈССИə 

 
АɇɇɈɌАЦИЯ: В ɧаɫɬоящеɣ ɫɬаɬье ɪаɫɫɦаɬɪиваеɬɫя ɦеɬоɞ ɦɧоɠиɬеɥеɣ Лаɝɪаɧɠа в ɡаɞачах ɫиɧɬеɡа оɩ-

ɬиɦаɥьɧоɣ ɛаɥочɧоɣ ɤоɧɫɬɪɭɤɰии. Даɧɧыɣ ɩоɞхоɞ ɦоɠеɬ ɛыɬь ɩɪиɦеɧеɧ и ɪаɡвиɬ ɩɪи ɪаɫчеɬе и ɩɪоеɤ-
ɬиɪоваɧии ɤоɧɫɬɪɭɤɰиɣ ɬиɩа ɩɥаɫɬиɧ, ɤоɪоɛчаɬых и ɩɪиɡɦаɬичеɫɤих ɫиɫɬеɦ и ɬ.ɞ. 
 

Ключевые слова: ɦɧоɠиɬеɥи Лаɝɪаɧɠа, ɡаɞача оɩɬиɦиɡаɰии, ɛаɥочɧые ɤоɧɫɬɪɭɤɰии 

 

LAGRANGIAN MULTIPLIER METHOD FOR SYNTHESIS  

OF OPTIMAL BEAM STRUCTURE 
 

K.R. Aydemirov 
Dagestan State Technical University, Makhachkala, RUSSIA 

 
ABSTRACT: Lagrangian multiplier method for synthesis of optimal beam structure is under consideration in 

the distinctive paper. Besides, it can be applied and developed for structural analysis and design of plates, box-

type systems, prismatic systems and others. 

 

Keywords: Lagrangian multiplier, optimization, beam structures 

 

Пɪи ɩɪоеɤɬиɪоваɧии ɤоɧɫɬɪɭɤɰиɣ ɧеоɛхо-
ɞиɦо оɛеɫɩечиɬь ɞва оɫɧовɧых ɩɪоɬивоɪе-
чивых ɬɪеɛоваɧии – оɛеɫɩечиɬь ɧаɞеɠɧоɫɬь 
и ɩɪочɧоɫɬь ɤоɧɫɬɪɭɤɰии, и ɧаиɛоɥьɲɭɸ 

ɷɤоɧоɦиɸ ɦаɬеɪиаɥа. Дɥя ɷɬоɝо иɦееɬ ɡɧа-
чеɧие ɡɧаɧие ɡаɤоɧов иɡɦеɧеɧия ɦаɫɫы (оɛɴ-

ёɦа) в ɡавиɫиɦоɫɬи оɬ оɫɧовɧых ɩаɪаɦеɬɪов 
ɤоɧɫɬɪɭɤɰии. Таɤоɝо ɬиɩа ɡаɞачи оɬɧоɫяɬɫя ɤ 
ɤɥаɫɫɭ ɡаɞач ɧеɥиɧеɣɧоɝо ɩɪоɝɪаɦɦиɪова-
ɧия, ɤоɬоɪые ɫоɞеɪɠаɬ ɰеɥевɭɸ ɮɭɧɤɰиɸ, 

ɫооɬвеɬɫɬвɭɸщɭɸ выɛɪаɧɧоɦɭ ɤɪиɬеɪиɸ 

оɩɬиɦаɥьɧоɫɬи и ɫиɫɬеɦɭ оɝɪаɧичеɧиɣ, оɩи-

ɫываɸщие ɭɫɥовия ɮɭɧɤɰиоɧиɪоваɧия ɤоɧ-

ɫɬɪɭɤɰиɣ. 

 

)(xUlf                      (1) 

 

);( XUf - ɮɭɧɤɰия оɛɴеɦа, )(xU - ɮɭɧɤɰия 
иɡɦеɧеɧия ɩɥощаɞи ɩоɩеɪечɧоɝо ɫечеɧия 
ɤоɧɫɬɪɭɤɰии. 

Сиɫɬеɦа оɝɪаɧичеɧиɣ вɤɥɸчаеɬ ɫɥеɞɭɸщие 
ɭɫɥовия: ɬɪеɛоваɧия ɩо ɩɪочɧоɫɬи, ɭɫɬоɣчи-

воɫɬи, ɝиɛɤоɫɬи, ɞеɮоɪɦаɬивɧоɫɬи; оɝɪаɧи-

чеɧия ɩо ɧаиɛоɥьɲеɣ ɩеɪвоɣ чаɫɬоɬе, оɝɪа-
ɧичеɧие ɧа ɦаɤɫиɦаɥьɧɭɸ аɦɩɥиɬɭɞɭ ɤоɥе-
ɛаɧии иɥи, ɬо ɠе ɫаɦое, ɧа ɞиɧаɦичеɫɤиɣ 

ɩɪоɝиɛ ɫɬеɪɠɧя; ɝаɛаɪиɬɧые оɝɪаɧичеɧия 
ɞɥя иɫɤоɦых ɩаɪаɦеɬɪов ɤоɧɫɬɪɭɤɰии; оɝɪа-
ɧичеɧия ɧа ɩɪиɦеɧяеɦыɣ ɫоɪɬаɦеɧɬ ɩɪоɤаɬа, 
ɦаɪɤи ɫɬаɥи, ɫоеɞиɧеɧия ɷɥеɦеɧɬов, оɝɪаɧи-

чеɧия, ɡавиɫящие оɬ ɭɫɥовиɣ иɡɝоɬовɥеɧия, 
ɦоɧɬаɠа иɥи ɷɤɫɩɥɭаɬаɰии ɤоɧɫɬɪɭɤɰии.  

Иɡ ɷɬих оɝɪаɧичеɧиɣ ɩɪи ɞеɣɫɬвии ɧа ɤоɧɫɬ-
ɪɭɤɰиɸ ɫɬаɬичеɫɤоɣ и ɞиɧаɦичеɫɤоɣ ɧаɝɪɭɡ-
ɤи, в ɤачеɫɬве оɫɧовɧых, ɭчиɬываɸɬɫя ɫɥе-
ɞɭɸщие ɭɫɥовия: 
– ɩо ɩɪочɧоɫɬи 

       xUj                     (2) 

 

– ɩо ɠеɫɬɤоɫɬи (ɩо ɫɬаɬичеɫɤиɦ ɩɪоɝиɛаɦ) 

      xUj                     (3) 
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– ɩо ɞиɧаɦичеɫɤоɣ ɠеɫɬɤоɫɬи (ɩо ɞиɧаɦиче-
ɫɤиɦ ɩɪоɝиɛаɦ) 

     gxU
j

 *                   (4) 

 

– ɩо Эɣɥеɪовоɣ ɭɫɬоɣчивоɫɬи 

     крxU
j

 *                  (5) 

– ɩо ɫоɛɥɸɞеɧияɦ ɝаɛаɪиɬов ɩоɩеɪечɧоɝо 
ɫечеɧия ɤоɧɫɬɪɭɤɰии 

                                          )()()( 11 kUdiXkUq kk             (6)    )()()( 22 kUdiBkUq kk   

 

ɝɞе   nj ,1  - чиɫɥо ɭчаɫɬɤов ɛаɥɤи ɩо ее 
ɞɥиɧе ɧа ɤоɬоɪые оɧа ɪаɡɛиваеɬɫя ɩɪи аɩ-

ɩɪоɤɫиɦаɰии ɮɭɧɤɰии  mkxU ,1),(   – чиɫɥо 
ɩаɪаɦеɬɪов ɩɪоеɤɬиɪоваɧия;    - ɞоɩɭɫ-
ɤаеɦое ɧаɩɪяɠеɧие ɫооɬвеɬɫɬвеɧɧо ɧа ɪаɫ-
ɬяɠеɧие и ɫɠаɬие;   -  веɥичиɧа ɞоɩɭɫɤае-
ɦоɝо ɩеɪеɦещеɧия (ɩɪоɝиɛа); [υg] - ɞоɩɭɫ-
ɤаеɦыɣ ɞиɧаɦичеɫɤиɣ ɩɪоɝиɛ; [σ]ɤɪ - ɤɪиɬи-

чеɫɤое ɧаɩɪяɠеɧие ɩоɬеɪи ɭɫɬоɣчивоɫɬи; qik 

и dik - ɧиɠɧие и веɪхɧие ɝɪаɧиɰы ɪаɡɦеɪов 
ɩоɩеɪечɧоɝо ɫечеɧия. Поɦиɦо (2-5), ɫɥеɞɭеɬ 
ɩɪиɧяɬь ɞоɩоɥɧиɬеɥьɧые оɝɪаɧичеɧия, в ɫо-
оɬвеɬɫɬвии ɫ ɮиɡичеɫɤиɦ ɫɦыɫɥоɦ ɡаɞачи, 

ɬаɤ ɤаɤ ɩеɪеɦеɧɧые ɩаɪаɦеɬɪы (ɪаɡɦеɪы ɩо-
ɩеɪечɧоɝо ɫечеɧия) ɧе ɦоɝɭɬ ɛыɬь оɬɪиɰа-

ɬеɥьɧыɦи: .0)(;0)(  iBiX  

Поɦиɦо ɤɥаɫɫичеɫɤих ɦеɬоɞов аɧаɥиɡа [3-4], 

[5-7], иɡ ɦеɬоɞов ɦаɬеɦаɬичеɫɤоɝо ɩɪоɝɪаɦ-

ɦиɪоваɧия в ɪеɲеɧии оɩɬиɦиɡаɰиоɧɧых ɡа-
ɞач ɦоɠеɬ ɭɞачɧо ɩɪиɦеɧяɬьɫя ваɪиаɰиоɧ-

ɧыɣ ɦеɬоɞ Лаɝɪаɧɠа и еɝо ɦоɞиɮиɤаɰии, ɤо-
ɬоɪые ɩɪивоɞяɬ ɡаɞачɭ ɤ ɪеɲеɧиɸ ɫиɫɬеɦы 

ɭɪавɧеɧиɣ ɬиɩа Эɣɥеɪа. В ɫɥɭчае ɫвеɞеɧия 
ɭɫɥовɧоɣ ɷɤɫɬɪеɦаɥьɧоɣ ɡаɞачи ɫиɧɬеɡа оɩ-

ɬиɦаɥьɧоɣ ɤоɧɫɬɪɭɤɰии ɤ ɛеɡɭɫɥовɧоɣ, ɞɥя 
ɪеɲеɧия воɡɦоɠɧо иɫɩоɥьɡоваɬь ɦеɬоɞы ɫо-
ɩɪяɠеɧɧых ɝɪаɞиеɧɬов, ɇьɸɬоɧа, ɦеɬоɞы 

ɩɪяɦоɝо ɩоиɫɤа Хɭɤа-Дɠивɫа, ɇеɥɞеɪа-
Миɞа и ɬ.ɞ. [4-7]. ɍɫɥовия оɩɬиɦиɡаɰии ɩɪи 

ɞиɧаɦичеɫɤих воɡɞеɣɫɬвиях ɦоɝɭɬ ɛыɬь ɩɪи-

ɧяɬы ɥиɛо ɩо ɧаиɛоɥьɲеɣ ɩеɪвоɣ чаɫɬоɬе 
ɤоɥеɛаɧиɣ, ɥиɛо ɩо ɦаɤɫиɦаɥьɧоɣ аɦɩɥиɬɭ-
ɞе выɧɭɠɞеɧɧых ɤоɥеɛаɧиɣ [3,4]. 

Аɩɪоɛаɰиɸ ɩɪеɞɥаɝаеɦоɣ в ɪаɛоɬе ɦеɬоɞиɤи 

ɪеɲеɧия оɩɬиɦиɡаɰиоɧɧоɣ ɡаɞачи, ɩɪово-
ɞиɬɫя ɧа ɤоɧɫоɥьɧых ɛаɥочɧых ɤоɧɫɬɪɭɤɰи-

ях ɤваɞɪаɬɧоɝо, ɩɪяɦоɭɝоɥьɧоɝо, ɬɪеɭɝоɥь-
ɧоɝо и ɤɪɭɝɥоɝо ɩоɩеɪечɧоɝо ɫечеɧиɣ ɩɪи 

ɫɬаɬичеɫɤих и ɞиɧаɦичеɫɤих воɡɞеɣɫɬвиях. 
Таɤоɝо ɬиɩа ɤоɧɫɬɪɭɤɰии явɥяɸɬɫя ɷɥеɦеɧ-

ɬаɦи ɧеɫɭщих чаɫɬеɣ ɪаɡɧоɝо ɬиɩа ɫооɪɭɠе-
ɧиɣ, а ɬаɤɠе ɤоɧɫɬɪɭɤɰиɣ ɫɬɪоиɬеɥьɧых и 

ɞоɪоɠɧых ɦаɲиɧ (ɪиɫ. 1,2).Маɬеɪиаɥ ɫчиɬа-
еɬɫя ɥиɧеɣɧо-ɭɩɪɭɝиɦ. В ɤачеɫɬве ɧаɝɪɭɡɤи 

ɩɪиɧяɬа ɫоɫɪеɞоɬочеɧɧая ɫиɥа, ɩɪиɥоɠеɧɧая 
ɧа ɤоɧɰе ɤоɧɫоɥи. В оɛщеɣ ɩоɫɬаɧовɤе, ɫɞе-
ɥаɧɧоɣ выɲе (ɭɫɥовия 1-6), ɝɞе ɧа ɩеɪвоɦ 

ɷɬаɩе ɪаɫɫɦаɬɪиваеɬɫя ɡаɞача ɫ аɤɬивɧыɦи и 

ɛɥиɡɤиɦи ɤ аɤɬивɧыɦ оɝɪаɧичеɧияɦи, ɧа 
ɫɥеɞɭɸщих ɷɬаɩах ɪаɫчеɬа ɭчиɬываɸɬɫя оɝ-
ɪаɧичеɧия вɬоɪоɫɬеɩеɧɧоɝо ɡɧачеɧия, ɬаɤ 
ɤаɤ ɤоɧɰеɩɰия ɫиɧɬеɡа ɤоɧɫɬɪɭɤɰии ɩоɫɥе 
ɩеɪвоɝо ɷɬаɩа, чаще вɫеɝо, оɫɬаеɬɫя ɧеɡавеɪ-
ɲеɧɧоɣ. Аɩɩɪоɤɫиɦиɪɭɸщая ɮɭɧɤɰия U(x)  

ɩɪеɞɥаɝаеɬɫя ɬаɤоɣ(ɫɦ.ɪиɫ.1,а), чɬо 
 

)()(lim xUi
i



 , ɩɪичеɦ 

  n

i

ii nnXb
n

i
1

),.....,2,1(,
1

)(      (7) 

 

Пɪиɧиɦая ɧа ɩеɪвоɦ ɷɬаɩе ɫиɧɬеɡа ɡа аɤɬив-
ɧое оɝɪаɧичеɧие -оɝɪаɧичеɧие ɩо ɠеɫɬɤоɫɬи 

(3), вычиɫɥеɧие иɧɬеɝɪаɥа Моɪа ɞɥя ɤаɠɞоɝо 
i - ɬоɝо ɭчаɫɬɤа ɩоɥɭчеɧа в виɞе ɮɭɧɤɰии, 

вɤɥɸчаɸщеɣ ɧаɝɪɭɡɤɭ, ɠеɫɬɤоɫɬɧые хаɪаɤ-
ɬеɪиɫɬиɤи ɦаɬеɪиаɥа и ɧеɤоɬоɪыɣ ɩоɥиɧоɦ, 

ɡавиɫящиɣ ɬоɥьɤо оɬ чиɫɥа ɭчаɫɬɤов, ɧа ɤо-
ɬоɪые ɪаɡɛиваеɬɫя ɤоɧɫɬɪɭɤɰия ɩɪи аɩɩɪоɤ-
ɫиɦаɰии 

 

133)( 2  iiiФ                (8) 

 

ɝɞе i - ɧоɦеɪ ɭчаɫɬɤа, ɩо ɞɥиɧе ɤоɬоɪоɝо ɩо-
ɩеɪечɧое ɫечеɧие ɩоɫɬояɧɧо. 
ɍчиɬывая (7), (8), ɮɭɧɤɰия ɰеɥи (1) и оɝɪа-
ɧичеɧия (3) ɩɪиɦɭɬ виɞ: 
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min;)(           (9) 

  n

i iii

e iФ
XbE

CPl

1
3

3

],[)(
3

       (10) 

 

ɝɞе Ei - ɦоɞɭɥь ɭɩɪɭɝоɫɬи ɦаɬеɪиаɥа ɤаɠɞоɝо 
ɭчаɫɬɤа, P - ɞеɣɫɬвɭɸщая ɧа ɤоɧɰе ɤоɧɫоɥи 

ɫоɫɪеɞоɬочеɧɧая cиɥа, Сe - ɤоɷɮɮиɰиеɧɬ ɡа-
виɫящиɣ оɬ ɮоɪɦы ɩоɩеɪечɧоɝо ɫечеɧия (ɫɦ. 

ɪиɫ. 1,ɛ) (С1 = С2  =12 ɞɥя ɤваɞɪаɬɧоɝо и 

ɩɪяɦоɭɝоɥьɧоɝо ɫечеɧия, С3 = 9/2 - ɞɥя ɬɪе-
ɭɝоɥьɧиɤа, и С4 = 4   ɞɥя ɤɪɭɝа); bi ,  Xi - ɲи-

ɪиɧа и выɫоɬа ɩоɩеɪечɧоɝо ɫечеɧия. 
Еɫɥи в (10) оɛоɡɧачиɬь 
  

),4,3,2,1;,...,2,1(,
3

3

3

, 
 en
lPC

En
d

e

en


 

     (11) 

 

ɬо ɷɬо оɝɪаɧичеɧие ɩɪиɦеɬ виɞ 

 

  0,
)(

,...,,
1

321  e
Xb

iФ
xxxg n

n

i ii

n       (12) 

Вɫɩоɦоɝаɬеɥьɧая ɮɭɧɤɰия ɦеɬоɞа ɧеоɩɪеɞе-
ɥеɧɧых ɦɧоɠиɬеɥеɣ Лаɝɪаɧɠа ɮоɪɦиɪɭеɬɫя 
в ɫɥеɞɭɸщеɦ виɞе: 
 

),...,,()( 21 nk xxxgxfЛ       (13) 

 

иɥи 

  
   

n

i

niikii eiФXbXb
n

lЛ
1

11 ,)(    

 (14) 

 

ɝɞе f(x) - вычиɫɥяеɬɫя ɩо (9), g (xk)- явɥяеɬɫя 
ɮɭɧɤɰиеɣ виɞа (12). 

Еɫɥи ɮɭɧɤɰия ɰеɥи (9) ɞоɫɬиɝаеɬ ɷɤɫɬɪеɦɭɦа 
ɩɪи оɝɪаɧичеɧиях (12), ɬо ɦеɬоɞ Лаɝɪаɧɠа 
ɩɪивоɞиɬ ɤ ɭɪавɧеɧияɦ ɬиɩа Эɣɥеɪа: 
 

),...,1,(;0 miikЛX
Л

xkk  (15) 

 

и ɞɥя ɤваɞɪаɬɧоɝо и ɩɪяɦоɭɝоɥьɧоɝо ɩоɩе-
ɪечɧоɝо ɫечеɧиɣ оɧи ɩɪиɦɭɬ виɞ:  

 

0)(21 6)1(   iФXЛ i

e

xk             (16) 

0)(31 6)2(   iФXЛ i

e

xk             (17) 

 

оɬɤɭɞа: 
 

)(3);(2 )2()1( iФXiФX e

i

e

i       (18) 

 

Поɞɫɬавив ɫооɬвеɬɫɬвɭɸщие Xi
(e)

 иɡ (18) в 
ɭɫɥовие (12),  ɫ ɭчеɬоɦ (11) и оɛоɡɧачеɧия 
 

30

][

Pl
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ɩоɥɭчиɦ 

 
3

1

2/3

0

2/9

)1( )(4 
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bn       (20) 

 

Фоɪɦɭɥы (18), ɩоɫɥе ɩоɞɫɬаɧовɤи в ɧих вы-

ɪаɠеɧиɣ ɞɥя λ  ɩо (19, 20) ɩɪиɦɭɬ виɞ: 
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Поɫɥеɞоваɬеɥьɧо вычиɫɥив ɡɧачеɧия λ и Xi 

ɞɥя ɪаɡɥичɧоɝо чиɫɥа ɭчаɫɬɤов (n) аɩɩɪоɤ-
ɫиɦиɪɭɸщеɣ ɮɭɧɤɰии, ɧахоɞиɦ ɫооɬвеɬɫɬ-
вɭɸщие ɡɧачеɧия ɰеɥевоɣ ɮɭɧɤɰии, (оɛɴеɦа) 
ɩо ɮоɪɦɭɥе (9). Кɪиɬеɪиеɦ оɫɬаɧовɤи ɩɪо-
ɰеɫɫа явɥяеɬɫя выɩоɥɧеɧие ɭɫɥовия 
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Таɛɥиɰа 
 

 e=1 (ɫечеɧие ɤваɞɪаɬɧое)  e=2 (ɫечеɧие ɩɪяɦоɭɝоɥьɧое) 
  n 

iX,  
n=1  n=2 n=3 

  n 

iX,  
n=1 n=2 n=3 

  3

0

4

  
3

0

8788.0

  
3

0

376.0

       

1X  
4

0

4314.1

  
4

0

0986.1

  
4

0

9356.0

  
1X  

3
0

5874.1

b
 

3
0

095.1

b
 

3
0

881.1

b
 

2X  - 
4

0

52.1

  
4

0

32.1

  
2X  - 

3
0

7813.1

b
 

3
0

443.1

b
 

3X  - - 
4

0

5577.1

  
3X  - - 

3
0

852.1

b
 

 

    1)( kk UfUf                (23) 

 

ɝɞе ε   - ɧаɩеɪёɞ ɡаɞаɧɧое ɦаɥое чиɫɥо, 
Вычиɫɥеɧɧые ɩо ɩɪеɞɥоɠеɧɧоɣ ɦеɬоɞиɤе 
ɩаɪаɦеɬɪы оɩɬиɦиɡаɰии, и ɦɧоɠиɬеɥи Ла-
ɝɪаɧɠа ɩɪи ɪаɡɥичɧоɦ чиɫɥе ɭчаɫɬɤов ɫɬɭ-

ɩеɧчаɬо-ɩеɪеɦеɧɧоɝо ɫечеɧия, ɧа ɤоɬоɪые 
ɪаɡɛиваеɬɫя ɛаɥɤа ɩɪи аɩɩɪоɤɫиɦаɰии, ɩɪеɞ-

ɫɬавɥеɧы в ɬаɛɥиɰе. 
Гɪаɮиɤ иɡɦеɧеɧия ɧеɤоɬоɪоɝо ɩɪивеɞеɧɧоɝо 
оɛɴеɦа f*

 оɬ n ɩоɤаɡаɧ ɧа ɪиɫ,2, ɝɞе 
 

l
ff 0*  . 

 

Каɤ виɞɧо, ɷɬа ɤɪивая аɫиɦɩɬоɬичеɫɤи ɫɬɪе-
ɦиɬɫя ɤ ɬочɧоɦɭ и ɫаɦоɦɭ ɧаиɦеɧьɲеɦɭ 
ɡɧачеɧиɸ  f

* 
=1,61, ɩɪи n    , [2]. 

Пɪеɞɥоɠеɧɧая ɦеɬоɞиɤа   ɩоɡвоɥяеɬ ɧаɣɬи ɧе 
ɬоɥьɤо оɞɧо еɞиɧɫɬвеɧɧое ɷɤɫɬɪеɦаɥьɧое 
ɡɧачеɧие ɮɭɧɤɰии ɰеɥи, ɫ ɩоɞɫчеɬоɦ ɫооɬ-
веɬɫɬвɭɸщеɝо ɷɬоɦɭ ɡɧачеɧиɸ оɩɪеɞеɥеɧɧо-
ɝо чиɫɥа ɫɬɭɩеɧеɣ ɛаɥɤи, а ɞаеɬ воɡɦоɠɧоɫɬь 
ɩɪоɫɥеɞиɬь  ɡа  вɫеɦ  хоɞоɦ  вычиɫɥеɧия  ɥо-
ɤаɥьɧых ɷɤɫɬɪеɦɭɦов в ɩɪоɫɬɪаɧɫɬве R, ɤо-
ɬоɪые ɦоɝɭɬ явɥяɬьɫя ɝɥоɛаɥьɧыɦи в ɩɪо-
ɫɬɪаɧɫɬве R

n
    (ɬ.е. ɞɥя ɤаɠɞоɝо ɤоɧɤɪеɬɧо 

выɛɪаɧɧоɝо чиɫɥа ɭчаɫɬɤов ɫɬɭɩеɧеɣ ɛаɥɤи ɫ 
ɩоɫɬояɧɧыɦ ɩоɩеɪечɧыɦ ɫечеɧиеɦ). Поɷɬо-

ɦɭ, ɩɪеɞɥоɠеɧɧыɣ аɥɝоɪиɬɦ ɦоɠеɬ ɛыɬь ɫ 
ɭɫɩехоɦ ɩɪиɧяɬ ɩɪи ɩɪоеɤɬиɪоваɧии оɩɬи-

ɦаɥьɧоɝо ваɪиаɧɬа ɫɬɭɩеɧчаɬоɣ ɤоɧɫɬɪɭɤɰии 

ɫ оɩɪеɞеɥеɧɧыɦ ɧаɩеɪёɞ ɡаɞаɧɧыɣ чиɫɥоɦ 

ɭчаɫɬɤов и ɩɪоеɤɬиɪовщиɤ ɫɦоɠеɬ ɩоɥɭчиɬь 
оɩɬиɦаɥьɧыɣ ваɪиаɧɬ ɤоɧɫɬɪɭɤɰии ɩɪи ɥɸ-

ɛоɦ чиɫɥе ɭчаɫɬɤов (n) ɫɬɭɩеɧчаɬо - ɩеɪе-
ɦеɧɧоɝо ɫечеɧия. 
В ɩɪаɤɬичеɫɤих ɪаɫчеɬах оɤаɡываеɬɫя ɞоɫɬа-
ɬочɧыɦ оɝɪаɧичиɬьɫя чиɫɥоɦ ɭчаɫɬɤов  n=3 

иɥи 4, ɬаɤ ɤаɤ ɬаɤие ɤоɧɫɬɪɭɤɰии ɥеɝче иɡɝо-
ɬавɥиваɸɬɫя чеɦ ɩеɪеɦеɧɧоɝо ɫечеɧия и ɞо-
воɥьɧо ɛɥиɡɤи ɤ оɩɬиɦаɥьɧыɦ (ɫɦ. ɪиɫ.3, а, 
ɛ). Эɤоɧоɦия в ɪаɫхоɞе ɦаɬеɪиаɥа ɩɪи оɩɬи-

ɦаɥьɧоɣ ɬɪехɫɬɭɩеɧчаɬоɣ ɤоɧɫоɥьɧоɣ ɛаɥɤе 
ɩо ɫɪавɧеɧиɸ ɫ ɛаɥɤоɣ ɩоɫɬояɧɧоɝо ɫечеɧия    
ɫоɫɬавɥяеɬ 16,5%, а ɩɪи чеɬыɪех ɫɬɭɩеɧча-
ɬоɣ - 17,3%. Пɪи ɫɪавɧеɧии ɷɬих ваɪиаɧɬов 
оɩɬиɦаɥьɧых ɤоɧɫɬɪɭɤɰиɣ ɫ ɬочɧыɦ ɪаɫче-
ɬоɦ ɩɪоиɝɪыɲ в ɪаɫхоɞе ɦаɬеɪиаɥа ɫоɫɬав-
ɥяеɬ вɫеɝо 1,7-2,3%. ɇа оɫɧове ɩɪовеɞеɧɧых 
чиɫɥеɧɧых иɫɫɥеɞоваɧиɣ ɞвɭх ɬиɩов ɛаɥоɤ 
ɫɞеɥаɧ ɧеɤоɬоɪыɣ аɧаɥиɡ оɩɬиɦаɥьɧоɣ ɛаɥ-
ɤи. Пɭɫɬь ɷɬи ɛаɥɤи, в оɩɬиɦаɥьɧоɦ ваɪиаɧ-

ɬе, иɦеɸɬ оɞиɧаɤовыɣ ɦиɧиɦаɥьɧыɣ оɛɴёɦ  

 

min,2min,1 ff   

 

иɥи  
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3
0

3 2

0

39.1663.1


bl                  (24) 

 

оɬɤɭɞа ɧахоɞиɦ ɲиɪиɧɭ ɫечеɧия ɞɥя вɬоɪоɣ 

ɛаɥɤи 

 

4
0

34.1

b                         (25) 

 

Поɫɬɪоиɦ ɝɪаɮиɤи иɡɦеɧеɧия ɲиɪиɧы   " b " 

оɬ оɛɴёɦа " f " и выɫоɬы ɫечеɧия Xi    (ɫɦ. 

ɪиɫ.4,5). 

Иɡɭчив ɝɪаɮиɤ ɧа ɪиɫ.4 ɫɥеɞɭеɬ оɬɦеɬиɬь, 
чɬо ɷɤоɧоɦичɧыɦ ɩо ɪаɫхоɞɭ ɦаɬеɪиаɥа яв-
ɥяеɬɫя ɛаɥɤа ɫ ɲиɪиɧоɣ ɩоɩеɪечɧоɝо ɫече-
ɧия  
 

4
0

1.0

b  

 

и оɛɴёɦоɦ 

 

0

3.0

f , 

 

оɞɧаɤо ɩɪи ɷɬоɦ, чɬо виɞɧо иɡ ɞɪɭɝоɝо ɝɪа-
ɮиɤа (ɪиɫ.5), выɫоɬа ɫечеɧия ɭвеɥичиваеɬɫя. 
Еɫɥи ɬаɤая выɫоɬа явɥяеɬɫя ɞоɩɭɫɬиɦоɣ ɩо 
ɤоɧɫɬɪɭɤɬивɧыɦ ɬɪеɛоваɧияɦ и оɬɫɭɬɫɬвɭɸɬ 
ɞɪɭɝие оɝɪаɧичеɧия, ɬо ɩɪи 

 

0

min

3.0

f ,  
4

0

1.0

b  и X3=3.99 

 

– ɩɪеɞɫɬавɥяеɬɫя оɩɬиɦаɥьɧыɦ ɪеɲеɧиеɦ. 

Еɫɥи ɩоɥɭчеɧɧыɣ ваɪиаɧɬ ɛаɥɤи ɧе ɩɪохоɞиɬ 
ɩо ɤоɧɫɬɪɭɤɬивɧыɦ, ɬехɧоɥоɝичеɫɤиɦ и ɞɪɭ-

ɝиɦ оɝɪаɧичеɧияɦ, ɬо в ɡавиɫиɦоɫɬи оɬ ɷɬих 
оɝɪаɧичеɧиɣ, иɫɩоɥьɡɭя ɝɪаɮиɤи ɧа ɪиɫ.4 и 

5, ɦоɠɧо ɩоɞоɛɪаɬь ɞɪɭɝоɣ ваɪиаɧɬ, ɦоɠеɬ 
ɛыɬь ɛоɥее ɦаɬеɪиаɥоеɦɤиɣ, ɧо оɩɬиɦаɥь-
ɧыɣ, ɫ ɞɪɭɝиɦи ɭɩɪавɥяɸщиɦи ɩаɪаɦеɬɪаɦи. 

Ɉɛоɛщив ɪеɡɭɥьɬаɬы иɫɫɥеɞоваɧиɣ, ɫɥеɞɭеɬ 

ɫɤаɡаɬь, чɬо ɷɬи ɞва ɝɪаɮиɤа (ɪиɫ.4 и 5) оɩ-

ɪеɞеɥяɸɬ оɛɥаɫɬь оɩɬиɦаɥьɧых ɪеɲеɧиɣ 

ɪаɫɫɦоɬɪеɧɧоɣ ɤоɧɫɬɪɭɤɰии ɩɪи оɩɪеɞеɥеɧ-

ɧых   оɝɪаɧичеɧиях, ɩɪиɧяɬых ɡа оɫɧовɧые 
(ɤɪиɬичеɫɤие). Теɦ ɫаɦыɦ,  иɧɠеɧеɪ - ɩɪоеɤ-
ɬиɪовщиɤ иɦееɬ ɧеɤоɬоɪыɣ ɩɪоиɡвоɥ в ɷɬоɣ 

оɛɥаɫɬи и ɩɪи оɩɪеɞеɥяɸщих оɝɪаɧичеɧиях 
воɡɧиɤаɸщих в ɩɪоɰеɫɫе ɫиɧɬеɡа ɤоɧɫɬɪɭɤ-
ɰиɣ, во вɬоɪоɦ и ɞаɥее ɷɬаɩаɦ, ɤоɪɪеɤɬиɪɭеɬ 
ɪеɲеɧие вɧɭɬɪи ɝɪаɧиɰы оɛɥаɫɬи оɩ-

ɬиɦаɥьɧых ɪеɲеɧиɣ. Таɤоɣ ɦеɬоɞ оɩɬиɦиɡа-
ɰии ɤоɧɫɬɪɭɤɰиɣ ɧаɩоɦиɧаеɬ ɦеɬоɞ ɩоɷɬаɩ-

ɧоɣ (иɥи ɧеɩоɥɧоɣ) оɩɬиɦиɡаɰии [1],  ɝɞе 
оɝɪаɧичеɧия ɧа ɪаɰиоɧаɥьɧɭɸ ɤоɧɫɬɪɭɤɰиɸ 

ɮоɪɦиɪɭɸɬɫя ɩоɫɥе ɩеɪвоɝо ɷɬаɩа. Теɦ ɫа-
ɦыɦ, ɩоɤаɡаɧа ɦеɬоɞиɤа оɩɪеɞеɥеɧия ɝɪаɧиɰ 

оɛɥаɫɬи оɩɬиɦаɥьɧых ɪеɲеɧиɣ, вɧɭɬɪи ɤо-
ɬоɪоɣ ɩɪоеɤɬиɪовщиɤ ɫɦоɠеɬ ɫɭɡиɬь оɛɥаɫɬь 
и выɛɪаɬь оɩɬиɦаɥьɧыɣ ваɪиаɧɬ ɫ ɭчеɬоɦ 

еще ɞоɩоɥɧиɬеɥьɧых оɝɪаɧичеɧиɣ. 

Поɥɭчеɧɧые чиɫɥовые ɪеɡɭɥьɬаɬы ɦоɝɭɬ 
ɛыɬь иɫɩоɥьɡоваɧы в ɪаɫчеɬах и ɩɪоеɤɬиɪо-
ваɧии ɩоɞоɛɧоɝо ɬиɩа оɩɬиɦаɥьɧых ɤоɧɫɬ-
ɪɭɤɰиɣ ɧа ɫɬаɬичеɫɤое и ɞиɧаɦичеɫɤое воɡ-
ɞеɣɫɬвие. Пɪеɞɥоɠеɧɧая ɦеɬоɞиɤа ɦоɠеɬ 
ɛыɬь ɩɪиɦеɧеɧа и ɪаɡвиɬа ɩɪи ɪаɫчеɬе и 

ɩɪоеɤɬиɪоваɧии ɤоɧɫɬɪɭɤɰиɣ ɬиɩа ɩɥаɫɬиɧ, 

ɤоɪоɛчаɬых и ɩɪиɡɦаɬичеɫɤих ɫиɫɬеɦ и ɬ.ɞ. 
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ɋɌРɍКɌɍРА РЕЦИРКɍɅЯЦИɈɇɇɈȽɈ ɌЕЧЕɇИЯ  

И ɆАɋɋɈɉЕРЕɇɈɋ ɌȼЕРДЫХ ЧАɋɌИЦ ȼ 

ȽИДРɈɌЕХɇИЧЕɋКɈɆ ɈɌɋɌɈɃɇИКЕ 
 

В.К. Ахметов 
Моɫɤовɫɤиɣ ɝоɫɭɞаɪɫɬвеɧɧыɣ ɫɬɪоиɬеɥьɧыɣ ɭɧивеɪɫиɬеɬ, ɝ. Моɫɤва, РɈССИə 

 

АɇɇɈɌАЦИЯ: ɇа оɫɧове чиɫɥеɧɧоɝо ɪеɲеɧия ɩоɥɧоɣ ɫиɫɬеɦы ɭɪавɧеɧиɣ ɇавье–Сɬоɤɫа иɫɫɥеɞоваɧа 
ɡаɞача о ɞвиɠеɧии ɩоɬоɤа вяɡɤоɣ ɠиɞɤоɫɬи в ɤаɦеɪе ɝиɞɪоɬехɧичеɫɤоɝо оɬɫɬоɣɧиɤа. В ɪаɦɤах ɤоɧвеɤ-
ɬивɧо-ɞиɮɮɭɡиоɧɧоɣ ɦоɞеɥи иɡɭчеɧ ɩɪоɰеɫɫ ɩеɪеɧоɫа и оɫаɠɞеɧия ɦеɥɤих ɦаɥоиɧеɪɰиоɧɧых чаɫɬиɰ. 

Пɪовеɞеɧо ɫɪавɧеɧие ɩоɥɭчеɧɧых ɪаɫчеɬɧых ɞаɧɧых ɫ ɪеɡɭɥьɬаɬаɦи ɷɤɫɩеɪиɦеɧɬов. 
 

Ключевые слова: ɭɪавɧеɧия ɇавье-Сɬоɤɫа, ɪеɰиɪɤɭɥяɰиоɧɧые ɬечеɧия,  
ɤоɧвеɤɬивɧо-ɞиɮɮɭɡиоɧɧая ɦоɞеɥь, оɫаɠɞеɧие чаɫɬиɰ 

 

STRUCTURE OF A RECIRCULATING FLOW AND 

MASS TRANSFER OF RIGID PARTICLES IN 

HYDROTECHICAL SETTLE CONSTRUCTION 
 

Vadim K. Akhmetov 
Moscow State University of Civil Engineering, Moscow, RUSSIA 

 

ABSTRACT: On the basis of numerical solution of the complete Navier–Stokes equations the problem of mo-

tion of a viscous flow in hydrotechnical settle construction is investigated. The mass transfer and the deposition 

processes for fine low-inertia particles are studied following convection-diffusion model. The comparison of ob-

tained calculated dates with experimental results is presented. 

 

Keywords: Navier–Stokes equations, recirculating flow, convection-diffusion model, deposition of particles  

 

1. ɉɈɋɌАɇɈȼКА ɁАДАЧИ 

 

В ɝиɞɪоɬехɧичеɫɤоɦ ɫɬɪоиɬеɥьɫɬве оɞɧоɣ иɡ 
ваɠɧеɣɲих ɡаɞач явɥяеɬɫя ɭɞаɥеɧие ɞоɧɧых 
и вɡвеɲеɧɧых ɧаɧоɫов иɡ ɩоɬоɤов воɞы, ɩо-
ɫɬɭɩаɸщих в ɷɧеɪɝеɬичеɫɤие, иɪɪиɝаɰиоɧ-

ɧые и воɞохоɡяɣɫɬвеɧɧые воɞовоɞы. ɍɞаɥе-
ɧие ɞоɧɧых ɧаɧоɫов ɦоɠеɬ ɛыɬь оɫɭщеɫɬв-
ɥеɧо ɡа ɫчеɬ ɫооɬвеɬɫɬвɭɸщеɣ ɤоɧɫɬɪɭɤɰии 

воɞоɡаɛоɪа ɛеɡ ɫɬɪоиɬеɥьɫɬва ɫɩеɰиаɥьɧых 
ɫооɪɭɠеɧиɣ. Дɥя оɫаɠɞеɧия вɡвеɲеɧɧых ɧа-
ɧоɫов ɬɪеɛɭеɬɫя воɡвеɞеɧие ɞоɪоɝоɫɬоящих 
оɬɫɬоɣɧиɤов, в ɤоɬоɪых чаɫɬиɰы оɫеɞаɸɬ ɧа 
ɞɧо ɩоɞ ɞеɣɫɬвиеɦ ɫиɥы ɬяɠеɫɬи. Зɧаɧия 
ɝиɞɪоɞиɧаɦиɤи ɩоɬоɤа ɧеоɛхоɞиɦы ɞɥя ɫоɡ-
ɞаɧия ɞоɩоɥɧиɬеɥьɧых ɛɥаɝоɩɪияɬɧых ɭɫɥо-
виɣ, ɫɩоɫоɛɫɬвɭɸщих ɧаиɛоɥее ɛыɫɬɪоɦɭ и 

ɷɮɮеɤɬивɧоɦɭ оɫаɠɞеɧиɸ ɧаɧоɫов. Фиɡиче-
ɫɤое ɦоɞеɥиɪоваɧие ɬечеɧиɣ в ɭɫɬɪоɣɫɬвах 

ɬаɤоɝо ɬиɩа ɩɪеɞɫɬавɥяеɬ ɫоɛоɣ ɞоɫɬаɬочɧо 
ɬɪɭɞоеɦɤɭɸ ɡаɞачɭ. Поɷɬоɦɭ ɦаɬеɦаɬиче-
ɫɤое ɦоɞеɥиɪоваɧие ɬечеɧиɣ в оɬɫɬоɣɧиɤе ɫ 
ɭчеɬоɦ оɫаɠɞеɧия чаɫɬиɰ явɥяеɬɫя аɤɬɭаɥь-
ɧоɣ ɡаɞачеɣ. 

Ɉɞɧа иɡ ɩɪоɫɬеɣɲих ɤоɧɫɬɪɭɤɰиɣ, ɩɪиɦе-
ɧяеɦая ɞɥя ɷɬоɣ ɰеɥи, иɡоɛɪаɠеɧа ɧа ɪиɫ. 1 и 

иɦееɬ ɫɥеɞɭɸщиɣ ɩɪиɧɰиɩ ɪаɛоɬы. Иɡ ɩоɞ-

воɞящеɝо ɤаɧаɥа воɞа ɩоɩаɞаеɬ в ɤаɦеɪɭ оɬ-
ɫɬоɣɧиɤа, ɦиɧɭя ɩоɪоɝ, ɩɪеɞɫɬавɥяɸщиɣ ɫо-
ɛоɣ вɧеɡаɩɧое ɭɝɥɭɛɥеɧие выɫоɬоɣ h . В ɤа-
ɦеɪе оɬɫɬоɣɧиɤа ɮоɪɦиɪɭеɬɫя ɪаɡвиɬая ɪе-
ɰиɪɤɭɥяɰиоɧɧая ɡоɧа. Пɪиɞоɧɧое ɬечеɧие в 
ɤаɦеɪе ɬɪаɧɫɩоɪɬиɪɭеɬ оɫевɲие чаɫɬиɰы ɧа-
ɧоɫов ɤ вхоɞɧоɦɭ ɩоɪоɝɭ, в ɧиɠɧеɣ чаɫɬи 

ɤоɬоɪоɝо ɪаɫɩоɥаɝаеɬɫя ɩɪоɦывɧая щеɥь. 
Чеɪеɡ ɧее ɧаɧоɫы ɫɛɪаɫываɸɬɫя в ɧиɠɧиɣ 

ɛьеɮ ɫооɪɭɠеɧия. 
 



Сɬɪɭɤɬɭɪа ɪеɰиɪɤɭɥяɰиоɧɧоɝо ɬечеɧия и ɦаɫɫоɩеɪеɧоɫ ɬвеɪɞых чаɫɬиɰ в ɝиɞɪоɬехɧичеɫɤоɦ оɬɫɬоɣɧиɤе  
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Риɫ. 1. Схеɦа ɬечеɧия 
 

В ɤачеɫɬве ɦаɬеɦаɬичеɫɤоɣ ɦоɞеɥи ɬечеɧия в 
ɤаɦеɪе оɬɫɬоɣɧиɤа ɪаɫɫɦоɬɪиɦ ɡаɞачɭ о 
ɞвиɠеɧии ɩоɬоɤа вяɡɤоɣ ɧеɫɠиɦаеɦоɣ ɠиɞ-
ɤоɫɬи чеɪеɡ ɩоɪоɝ выɫоɬоɣ h , в ɧиɠɧеɣ чаɫ-
ɬи ɤоɬоɪоɝо иɦееɬɫя ɫɬоɤ ɫ ɡаɞаɧɧыɦ ɪаɫхо-
ɞоɦ Q . Ввеɞеɦ ɞеɤаɪɬовɭɸ ɫиɫɬеɦɭ ɤооɪ-
ɞиɧаɬ Oxy  ɫ ɰеɧɬɪоɦ в оɫɧоваɧии ɩоɪоɝа. 
Сиɫɬеɦа ɭɪавɧеɧиɣ ɇавье–Сɬоɤɫа, оɩиɫы-

ваɸщая ɥаɦиɧаɪɧое ɬечеɧие вяɡɤоɣ ɧеɫɠи-

ɦаеɦоɣ ɠиɞɤоɫɬи в ɩеɪеɦеɧɧых ɮɭɧɤɰия ɬо-
ɤа   и ɡавихɪеɧɧоɫɬь  , ɦоɠеɬ ɛыɬь ɡаɩи-

ɫаɧа ɫɥеɞɭɸщиɦ оɛɪаɡоɦ: 
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Зɞеɫь xV , yV  – оɫевая и ɩоɩеɪечɧая ɤоɦɩо-
ɧеɧɬы ɫɤоɪоɫɬи ɫооɬвеɬɫɬвеɧɧо, оɬɧеɫеɧɧые 
ɤ хаɪаɤɬеɪɧоɦɭ ɡɧачеɧиɸ оɫевоɣ ɫɤоɪоɫɬи 

0U  ɧа вхоɞе в оɬɫɬоɣɧиɤ,  /Re 0 hU  – чиɫ-
ɥо Реɣɧоɥьɞɫа,   – ɤиɧеɦаɬичеɫɤая вяɡɤоɫɬь 
ɠиɞɤоɫɬи. 

Пɪеɞɩоɥаɝаеɬɫя, чɬо ɝɪаɧиɰа ɫвоɛоɞɧоɣ ɩо-
веɪхɧоɫɬи явɥяеɬɫя ɩɪяɦоɣ const kyy , 

ɩаɪаɥɥеɥьɧоɣ оɫи x . Течеɧие ɪаɫɫɦаɬɪива-
еɬɫя в ɩɪяɦоɭɝоɥьɧоɣ оɛɥаɫɬи G ,0( kxx   

kyy 0 ). Веɥичиɧа hHyk /  хаɪаɤɬеɪи-

ɡɭеɬ ɝɥɭɛиɧɭ ɩоɬоɤа в ɤаɦеɪе оɬɫɬоɣɧиɤа 

( 1
ky – выɫоɬа ɩоɪоɝа), а hhy /11   – ɪаɡɦеɪ 

ɩɪоɦывɧоɝо оɬвеɪɫɬия. 
Гɪаɧичɧые ɭɫɥовия ɞɥя ɫиɫɬеɦы (1)–(3) ɫɬа-
вяɬɫя ɫɥеɞɭɸщиɦ оɛɪаɡоɦ. ɇа вхоɞе в ɤаɦе-
ɪɭ оɬɫɬоɣɧиɤа ɩɪи 0x , kyy 1  ɡаɞаеɬɫя 
ɪавɧоɦеɪɧыɣ оɫевоɣ ɩоɬоɤ ɫ ɪаɫхоɞоɦ 0Q  и 

ɫɤоɪоɫɬьɸ 0U . Пɪи 0x , 10 yy   иɦееɦ 

ɫɬоɤ ɫ оɬɧоɫиɬеɥьɧыɦ ɪаɫхоɞоɦ 01 / QQQ   

и ɩаɪаɛоɥичеɫɤиɦ ɪаɫɩɪеɞеɥеɧиеɦ ɫɤоɪоɫɬи. 

ɇа ɬвеɪɞых ɩовеɪхɧоɫɬях ɩɪи kxx 0 , 

0y  и 0x , 11  yy  ɡаɞаɸɬɫя ɭɫɥовия 
ɩɪиɥиɩаɧия. ɇа ɩовеɪхɧоɫɬи ɠиɞɤоɫɬи 

kxx 0 , kyy   ɫɬавяɬɫя ɭɫɥовия ɪавеɧɫɬва 
ɧɭɥɸ ɤаɫаɬеɥьɧых ɧаɩɪяɠеɧиɣ, а в выхоɞ-

ɧоɦ ɫечеɧии kxx  , kyy 0  – ɦяɝɤие ɝɪа-
ɧичɧые ɭɫɥовия, ɡаɤɥɸчаɸщиеɫя в ɬɪеɛова-
ɧии ɪавеɧɫɬва ɧɭɥɸ ɩɪоиɡвоɞɧых оɬ   и   

ɩо x . Совоɤɭɩɧоɫɬь ɝɪаɧичɧых ɭɫɥовиɣ ɦо-
ɠеɬ ɛыɬь ɡаɩиɫаɧа в виɞе: 
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Дɥя чиɫɥеɧɧоɝо ɪеɲеɧия ɤɪаевоɣ ɡаɞачи (1)–

(3) ɫ ɝɪаɧичɧыɦи ɭɫɥовияɦи (4) иɫɩоɥьɡо-
ваɥɫя ɤоɧечɧо-ɪаɡɧоɫɬɧыɣ ɦеɬоɞ, иɡɥоɠеɧ-

ɧыɣ в [1, 2]. 
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2. РЕɁɍɅɖɌАɌЫ РАɋЧЕɌɈȼ ɉɈɅЕɃ 

ɌЕЧЕɇИɃ 

 

Раɫчеɬы ɬечеɧия в ɤаɦеɪе оɬɫɬоɣɧиɤа, оɩɪе-
ɞеɥяеɦые ɤɪаевоɣ ɡаɞачеɣ (1)–(3), ɩɪовоɞи-

ɥиɫь ɩɪи ɡɧачеɧиях 100Re  ; 150; 200; 250; 

1,01 y , ky 1,7; 1,8; 1,9; 2; 2,1. Ɉɫɧовɧое 
вɧиɦаɧие ɭɞеɥяɥоɫь иɡɭчеɧиɸ оɛɪаɡоваɧия 
ɡоɧы воɡвɪаɬɧоɝо ɩоɬоɤа ɡа ɩоɪоɝоɦ и иɫ-
ɫɥеɞоваɧиɸ ɡавиɫиɦоɫɬи ɞɥиɧы ɷɬоɣ ɡоɧы оɬ 
выɫоɬы ɩоɪоɝа и иɧɬеɧɫивɧоɫɬи ɫɬоɤа в ɩɪо-
ɦывɧое оɬвеɪɫɬие. По ɪеɡɭɥьɬаɬаɦ вычиɫɥе-
ɧиɣ ɫɬɪоиɥиɫь ɤаɪɬиɧы ɥиɧиɣ ɬоɤа и ɩɪоɮи-

ɥи ɫɤоɪоɫɬи в ɪаɡɥичɧых ɫечеɧиях ɩоɬоɤа. В 

ɪаɫчеɬах иɫɩоɥьɡоваɥаɫь ɫеɬɤа 81257 ɫ ɞɥи-

ɧоɣ ɪаɫчеɬɧоɣ оɛɥаɫɬи kx 20. Шаɝ ɩо вɪе-
ɦеɧи ɫоɫɬавɥяɥ 3,01,0 t . 

Раɫɫɦоɬɪиɦ ɧаиɛоɥее ваɠɧые ɫвоɣɫɬва иɫ-
ɫɥеɞоваɧɧых ɬечеɧиɣ ɧа ɩɪиɦеɪе ɪаɫчеɬɧых 
ɞаɧɧых, ɩоɥɭчеɧɧых ɩɪи 150Re  , 8,1ky . 

Пɪи оɬɫɭɬɫɬвии ɫɬоɤа ɩɪихоɞиɦ ɤ ɡаɞаче о 
«чиɫɬоɦ» оɛɬеɤаɧии ɩоɪоɝа (ɫɬɭɩеɧьɤи). В 

ɷɬоɦ ɫɥɭчае ɧеɩоɫɪеɞɫɬвеɧɧо ɡа ɩоɪоɝоɦ оɛ-
ɪаɡɭеɬɫя ɬаɤ ɧаɡываеɦая ɡаɫɬоɣɧая ɡоɧа, 
вɧɭɬɪи ɤоɬоɪоɣ ɥиɧии ɬоɤа ɡаɦɤɧɭɬы и ɠиɞ-

ɤоɫɬь ɫовеɪɲаеɬ ɰиɪɤɭɥяɰиоɧɧое ɬечеɧие 
(ɪиɫ. 2, а). ɇаɥичие ɫɬоɤа ɠиɞɤоɫɬи в оɫɧо-
ваɧии ɩоɪоɝа )2,0( 1 Q  ɩɪивоɞиɬ ɤ ɬоɦɭ, чɬо 
ɭ ɞɧа ɤаɦеɪы оɬɫɬоɣɧиɤа ɩоявɥяеɬɫя оɛɥаɫɬь 
ɩɪоɬивоɬоɤа, ɤоɬоɪая оɬɠиɦаеɬ ɡаɫɬоɣɧɭɸ 

ɡоɧɭ ввеɪх (ɪиɫ. 2, ɛ). В ɧеɩоɫɪеɞɫɬвеɧɧоɣ 

ɛɥиɡоɫɬи оɬ ɩɪоɦывɧоɝо оɬвеɪɫɬия хаɪаɤɬеɪ 
ɥиɧиɣ ɬоɤа ɧаɩоɦиɧаеɬ ɬечеɧие, ɫооɬвеɬɫɬ-
вɭɸщее ɪеɲеɧиɸ ɤɥаɫɫичеɫɤоɣ ɡаɞачи оɛ 
иɫɬечеɧии ɠиɞɤоɫɬи иɡ ɪеɡеɪвɭаɪа. С ɭвеɥи-

чеɧиеɦ ɪаɫхоɞа ɠиɞɤоɫɬи в ɩɪоɦывɧое оɬ-
веɪɫɬие )4,0( 1 Q  ɞɥиɧа ɡоɧы воɡвɪаɬɧоɝо ɬе-
чеɧия ɭɦеɧьɲаеɬɫя (ɪиɫ. 2, ɜ).  
Эɤɫɩеɪиɦеɧɬаɥьɧые иɫɫɥеɞоваɧия ɬечеɧиɣ в 
ɤаɦеɪе оɬɫɬоɣɧиɤа, ɫхеɦа ɤоɬоɪоɝо иɡоɛɪа-
ɠеɧа ɧа ɪиɫ. 1, ɩɪовоɞиɥиɫь ɫоɬɪɭɞɧиɤаɦи 

ɤаɮеɞɪы иɫɩоɥьɡоваɧия воɞɧоɣ ɷɧеɪɝии 

МГСɍ. Моɞеɥь оɬɫɬоɣɧиɤа ɛыɥа выɩоɥɧеɧа 
иɡ оɪɝɫɬеɤɥа в виɞе ɥоɬɤа ɫо вхоɞɧыɦ ɩоɪо-
ɝоɦ. Ɉɛщая ɞɥиɧа ɥоɬɤа ɫоɫɬавɥяɥа 5050 ɦɦ, 

ɞɥиɧа ɩоɞвоɞящеɝо ɤаɧаɥа – 1200 ɦɦ, ɞɥиɧа 
ɤаɦеɪы оɬɫɬоɣɧиɤа – 2800 ɦɦ. Воɞа в ɝоɥов-
ɧɭɸ чаɫɬь оɬɫɬоɣɧиɤа ɩоɞаваɥаɫь ɧаɫоɫоɦ ɫ 
ɪаɫхоɞоɦ ɠиɞɤоɫɬи 1530 Q  ɥ/ɫ, чиɫɥо 
Реɣɧоɥьɞɫа ɫоɫɬавɥяɥо 54 1010~Re  . По 
ɞаɧɧыɦ иɡɦеɪеɧиɣ ɫɬɪоиɥиɫь ɤаɪɬиɧы ɥиɧиɣ 

ɬоɤа и оɩɪеɞеɥяɥаɫь ɞɥиɧа ɡоɧы воɡвɪаɬɧоɝо 
ɬечеɧия. 
Реɡɭɥьɬаɬы ɷɤɫɩеɪиɦеɧɬов ɦоɠɧо ɫɪавɧиɬь ɫ 
ɩоɥɭчеɧɧыɦи чиɫɥеɧɧыɦи ɪеɲеɧияɦи ɧа 
оɫɧове ɩоɧяɬия оɛ ɷɮɮеɤɬивɧых ɩаɪаɦеɬɪах 
ɬечеɧия. Ввеɞеɦ ɞɥя ɷɬоɝо в ɫооɬвеɬɫɬвии ɫ 
ɝиɩоɬеɡоɣ Пɪаɧɞɬɥя веɥичиɧɭ ɞɥиɧы ɩɭɬи 

ɫɦеɲеɧия  , ɤоɬоɪая ɫвяɡаɧа ɫ ɬɭɪɛɭɥеɧɬɧоɣ 

вяɡɤоɫɬьɸ t  ɫɥеɞɭɸщиɦ оɛɪаɡоɦ: 
22 )/( yVxt  .Эɮɮеɤɬивɧая вяɡɤоɫɬь в 

ɩоɬоɤе eff  оɩɪеɞеɥяеɬɫя ɫɭɦɦоɣ 

teff , ɩɪичеɦ t . Вɡяв иɡвеɫɬɧɭɸ 

веɥичиɧɭ 11,0  ɞɥя ɬечеɧиɣ ɬаɤоɝо ɬиɩа и 

оɰеɧив веɥичиɧɭ yVx  /  иɡ ɷɤɫɩеɪиɦеɧɬаɥь-
ɧых ɞаɧɧых, ɩоɥɭчиɦ, чɬо ɷɮɮеɤɬивɧое чиɫ-
ɥо Реɣɧоɥьɞɫа ɫоɫɬавɥяеɬ effRe /0 hU  

150140  . 

ɇа ɪиɫ. 3 ɩоɤаɡаɧо ɫɪавɧеɧие ɞɥиɧы L  ɡоɧы 

воɡвɪаɬɧоɝо ɬечеɧия, ɪаɫɫчиɬаɧɧоɣ ɩɭɬеɦ 

ɪеɲеɧия ɤɪаевоɣ ɡаɞачи (1)–(9) ɫ ɷɤɫɩеɪи-

ɦеɧɬаɥьɧыɦи ɞаɧɧыɦи, ɩоɥɭчеɧɧыɦи ɧа 
выɲеɭɤаɡаɧɧоɣ ɝиɞɪавɥичеɫɤоɣ ɦоɞеɥи. 

Точɤаɦи оɬɦечеɧы ɞаɧɧые ɷɤɫɩеɪиɦеɧɬов 
ɞɥя ɷɬоɝо ɠе ɞиаɩаɡоɧа иɡɦеɧеɧия выɫоɬы 
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Риɫ. 2. Лиɧии ɬоɤа ɩɪи 150Re  ; 

8,1ky ; 4,0;2,0;01 Q  (а–ɜ) 



Сɬɪɭɤɬɭɪа ɪеɰиɪɤɭɥяɰиоɧɧоɝо ɬечеɧия и ɦаɫɫоɩеɪеɧоɫ ɬвеɪɞых чаɫɬиɰ в ɝиɞɪоɬехɧичеɫɤоɦ оɬɫɬоɣɧиɤе  

Volume 5, Issue 1&2, 2009 73

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ɩоɪоɝа. Виɞɧо, чɬо иɦееɬɫя ɞоɫɬаɬочɧо хо-
ɪоɲее ɫооɬвеɬɫɬвие ɬеоɪии ɫ ɷɤɫɩеɪиɦеɧɬоɦ. 

В ɰеɥоɦ ɡа ɫчеɬ выɛоɪа ɫооɬвеɬɫɬвɭɸщеɝо 
ɷɮɮеɤɬивɧоɝо чиɫɥа Реɣɧоɥьɞɫа ɭɞаеɬɫя 
ɩɪавиɥьɧо оɩиɫываɬь ɤɪɭɩɧоɦаɫɲɬаɛɧые 
вихɪевые ɫɬɪɭɤɬɭɪы (ɬаɤие, ɤаɤ ɪеɰиɪɤɭɥя-
ɰиоɧɧые ɡоɧы).  

 

3. ɉɈɋɌАɇɈȼКАɁАДАЧИ ɈȻ ɈɋАɀ-

ДЕɇИИ ЧАɋɌИЦ ȼ ɈɌɋɌɈɃɇИКЕ 

 

ɍɪавɧеɧия ɞвиɠеɧия чаɫɬиɰ ɩоɞ ɞеɣɫɬвиеɦ 

ɫиɥы ɬяɠеɫɬи и ɫиɥы вяɡɤоɝо ɫоɩɪоɬивɥеɧия 
(ɫɬоɤɫова ɫиɥа) в ɰиɥиɧɞɪичеɫɤоɣ ɫиɫɬеɦе 
ɤооɪɞиɧаɬ и ɛеɡɪаɡɦеɪɧоɣ ɮоɪɦе иɦеɸɬ виɞ:  
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ɩɪеɞɫɬавɥяɸщие ɫоɛоɣ чиɫɥа Фɪɭɞа и Сɬо-
ɤɫа ɫооɬвеɬɫɬвеɧɧо, а иɧɞеɤɫ s  оɬɧоɫиɬɫя ɤ 
чаɫɬиɰаɦ. Пɪи ɭɫɥовии 1St  , чɬо иɦееɬ 
ɦеɫɬо в ɛоɥьɲиɧɫɬве ɫɥɭчаев ɬечеɧиɣ в оɬ-

ɫɬоɣɧиɤах, иɡ (5) ɫɥеɞɭеɬ, чɬо ɩɪоɞоɥьɧая 
ɫɤоɪоɫɬь чаɫɬиɰ ɫовɩаɞаеɬ ɫо ɫɤоɪоɫɬьɸ оɫ-
ɧовɧоɝо ɩоɬоɤа )( xxs VV  . 

Сɤоɪоɫɬь ɞвиɠеɧия чаɫɬиɰы ysV  в ɩоɩеɪеч-
ɧоɦ ɧаɩɪавɥеɧии ɛɭɞеɦ оɩɪеɞеɥяɬь иɡ ɭɪав-
ɧеɧия (6), ɤоɬоɪое ɩɪи ɭɫɥовии ɫɬаɰиоɧаɪɧо-
ɫɬи ɩоɬоɤа )0/(  t  ɩɪиɦеɬ виɞ: 
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Раɫɫɦоɬɪиɦ ɩɪоɰеɫɫ ɩеɪеɧоɫа чаɫɬиɰ ɞɥя 
ɪаɫɫчиɬаɧɧых ɬечеɧиɣ в ɩ. 2. ɍɪавɧеɧие ɫо-
хɪаɧеɧия ɦаɫɫы чаɫɬиɰ ɡаɩиɫываеɬɫя в виɞе:  
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в ɤоɬоɪоɦ c  – ɤоɧɰеɧɬɪаɰия чаɫɬиɰ, 

D/Sc   – чиɫɥо Шɦиɞɬа, D  – ɤоɷɮɮиɰи-

еɧɬ ɞиɮɮɭɡии. Коɧвеɤɬивɧо–ɞиɮɮɭɡиоɧɧое 
ɭɪавɧеɧие виɞа (15) ɩɪиɦеɧяɥоɫь ɞɥя ɦоɞе-
ɥиɪоваɧия ɬечеɧиɣ ɫɦеɫеɣ ɫ ɩоɬеɪеɣ ɦаɫɫы 

чаɫɬиɰ оɫаɠɞеɧиеɦ ɧа ɫɬеɧɤах, ɧаɩɪиɦеɪ в 
[3, 4]. Раɫɩɪеɞеɥеɧие ysV  в (8) оɩɪеɞеɥяɥоɫь 
иɡ ɪеɲеɧия ɭɪавɧеɧия (7).  

Пɪеɞɩоɥаɝая, чɬо ɩɪиɦеɫь иɡ чаɫɬиɰ ввоɞиɬ-
ɫя в оɫɧовɧоɣ ɩоɬоɤ в ɧачаɥьɧоɦ ɫечеɧии 

0x  ɩɪи 21 ss yyy   1( 1 sy , )2 ks yy  , ɡа-
ɩиɲеɦ ɝɪаɧичɧые ɭɫɥовия ɞɥя ɭɪавɧеɧия (8) 

в виɞе: 
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Кɪаевая ɡаɞача (8), (9) ɪеɲаɥаɫь ɦеɬоɞоɦ ɭɫ-
ɬаɧовɥеɧия ɩо ɪаɡɧоɫɬɧоɣ ɫхеɦе, ɩɪиɦеɧяе-
ɦоɣ ɞɥя ɭɪавɧеɧия ɩеɪеɧоɫа ɡавихɪеɧɧоɫɬи 

(1). 
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Риɫ. 3. Сɪавɧеɧие ɪаɫчеɬɧоɣ ɞɥиɧы 

ɪеɰиɪɤɭɥяɰиоɧɧоɣ ɡоɧы ɩɪи Re=145, ky 1,65; 1,7; 1,75 (ɤɪивые 1–3) ɫ 
ɷɤɫɩеɪиɦеɧɬоɦ 
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4. РЕɁɍɅɖɌАɌЫ РАɋЧЕɌɈȼ ɉɈɅЕɃ 

КɈɇЦЕɇɌРАЦИɃ 

 

Чиɫɥеɧɧое ɪеɲеɧие ɡаɞачи о ɪаɫɩɪеɞеɥеɧии 

ɤоɧɰеɧɬɪаɰии чаɫɬиɰ ɞɥя ɪаɫɫчиɬаɧɧых вы-

ɲе ɬечеɧиɣ ɩɪовоɞиɥоɫь в ɞиаɩаɡоɧе ɩаɪа-
ɦеɬɪов 51Sc  , 54 1010St   .  

ɇаиɛоɥее хаɪаɤɬеɪɧые ɪеɡɭɥьɬаɬы ɪаɫчеɬов 
ɩɪеɞɫɬавɥеɧы ɧа ɪиɫ. 4 в виɞе ɥиɧиɣ ɪавɧоɣ 

ɤоɧɰеɧɬɪаɰии. Шɬɪиховоɣ ɥиɧиеɣ ɧа ɷɬих 
ɪиɫɭɧɤах иɡоɛɪаɠеɧ ɤоɧɬɭɪ ɡоɧы воɡвɪаɬɧо-
ɝо ɬечеɧия. Вɧɭɬɪи ɧее ɥиɧии ɪавɧоɣ ɤоɧ-

ɰеɧɬɪаɰии иɦеɸɬ ɡиɝɡаɝооɛɪаɡɧыɣ виɞ, ɩɪи-

чеɦ в ɩɪиɞоɧɧоɣ оɛɥаɫɬи (ɪиɫ. 4, а) оɛɪаɬɧое 
ɬечеɧие ɫɩоɫоɛɫɬвɭеɬ ɩеɪеɧоɫɭ чаɫɬиɰ в ɫɬо-
ɪоɧɭ ɧачаɥьɧоɝо ɫɬвоɪа и ɧаɥичие ɩɪоɦыв-
ɧоɝо оɬвеɪɫɬия в ɝоɥовɧоɣ чаɫɬи оɬɫɬоɣɧиɤа 
ɩоɡвоɥяеɬ ɷɮɮеɤɬивɧо ɭɞаɥяɬь иɡ ɩоɬоɤа 
вɡвеɲеɧɧые ɧаɧоɫы. ɍвеɥичеɧие ɪаɫхоɞа 1Q  

в ɩɪоɦывɧое оɬвеɪɫɬие (ɪиɫ. 4, ɛ, ɜ) ɩɪиво-
ɞиɬ ɤ ɛоɥее иɧɬеɧɫивɧоɦɭ оɫаɠɞеɧиɸ чаɫ-
ɬиɰ; ɥиɧии ɪавɧоɣ ɤоɧɰеɧɬɪаɰии ɫиɥьɧее 
оɬɤɥоɧяɸɬɫя ɤо ɞɧɭ ɤаɦеɪы оɬɫɬоɣɧиɤа; ɡɧа-
чиɬеɥьɧо ɩовыɲаеɬɫя ɤоɧɰеɧɬɪаɰия чаɫɬиɰ в 
оɛɥаɫɬи воɡвɪаɬɧоɝо ɬечеɧия. 
ɇа ɪиɫ. 5 ɩоɤаɡаɧо ɫɪавɧеɧие в ɪаɫɩɪеɞеɥе-
ɧиях ɩоɩеɪечɧоɣ ɫɤоɪоɫɬи yV  оɫɧовɧоɝо ɩо-
ɬоɤа и ɫɤоɪоɫɬи ysV  оɫаɠɞеɧия чаɫɬиɰ. Раɡ-

ɥичие в хаɪаɤɬеɪе ɪаɫɩɪеɞеɥеɧия ɡаɦеɬɧо 
ɬоɥьɤо ɧа ɧеɛоɥьɲоɦ ɪаɫɫɬояɧии 234,0x  

(ɤɪивые 1, 6) оɬ вхоɞɧоɝо ɫечеɧия. Даɥее 
вɧиɡ ɩо ɩоɬоɤɭ ɩɪоɮиɥь yV  оɬɥичаеɬɫя оɬ 
ɩɪоɮиɥя ysV  ɩɪаɤɬичеɫɤи ɧа ɩоɫɬояɧɧɭɸ ве-
ɥичиɧɭ, ɫооɬвеɬɫɬвɭɸщɭɸ ɛеɡɪаɡɦеɪɧоɣ 

ɫɤоɪоɫɬи оɫаɠɞеɧия чаɫɬиɰ в ɩоɤоящеɣɫя 
ɠиɞɤоɫɬи Fr/St2

ysV . 

Хаɪаɤɬеɪ оɬɥоɠеɧия чаɫɬиɰ ɧа ɞɧо оɬɫɬоɣ-

ɧиɤа иɥɥɸɫɬɪиɪɭеɬɫя ɪаɫɩɪеɞеɥеɧияɦи ɤоɧ-

ɰеɧɬɪаɰии c  и ɩоɬоɤа ɤоɧɰеɧɬɪаɰии cVys  

ɩɪи 0y , ɩɪеɞɫɬавɥеɧɧыɣ ɧа ɪиɫ. 6. По 
ɷɬиɦ ɡавиɫиɦоɫɬяɦ ɦоɠɧо оɩɪеɞеɥиɬь ɪаɫ-
ɫɬояɧие, ɧа ɤоɬоɪоɦ ɩɪоиɫхоɞиɬ ɦаɤɫиɦаɥь-
ɧое оɫаɠɞеɧие чаɫɬиɰ. С ɭвеɥичеɧиеɦ ɪаɫ-
хоɞа 1Q  в ɩɪоɦывɧое оɬвеɪɫɬие ɦеɫɬоɩоɥо-
ɠеɧие ɦаɤɫиɦɭɦа в ɪаɫɩɪеɞеɥеɧии c  и cVys  

ɫɬаɧовиɬɫя ɛоɥее выɪаɠеɧɧыɦ и ɫɦещаеɬɫя 
ввеɪх ɩо ɩоɬоɤɭ ɤ вхоɞɧоɦɭ ɫечеɧиɸ. 

Дɥя ɛоɥее ɧаɝɥяɞɧоɝо ɩɪеɞɫɬавɥеɧия ɩɪо-
ɰеɫɫа оɫаɠɞеɧия чаɫɬиɰ в ɤаɦеɪе оɬɫɬоɣɧиɤа 
ввеɞеɦ ɫɥеɞɭɸщие иɧɬеɝɪаɥьɧые хаɪаɤɬеɪи-

ɫɬиɤи: ɪаɫхоɞы чаɫɬиɰ outQ  чеɪеɡ выхоɞɧое 
ɫечеɧие kxx  , bQ  – ɧа ɞɧо оɬɫɬоɣɧиɤа ɩɪи 
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Риɫ. 4. Лиɧии ɩоɫɬояɧɧых ɡɧачеɧиɣ  

ɤоɧɰеɧɬɪаɰии ɩɪи 150Re  ; 8,1ky ; 

01,0Fr  ; 5105St  ; 4,0;2,0;01 Q  (а-ɜ) 
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Риɫ. 5. Раɫɩɪеɞеɥеɧие ɪаɞиаɥьɧоɣ ɫɤоɪо-
ɫɬи yV  (ɤɪивые 1–3) и ɫɤоɪоɫɬи оɫаɠɞе-
ɧия ysV  (ɤɪивые 4–6) ɩɪи 150Re  , 

01 Q , 8,1ky , z 0,234; 0,938; 5 
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0y , stQ  – в ɩɪоɦывɧое оɬвеɪɫɬие ɩɪи 

0x , 10 yy  : 

 

   kk

k

x

yysb

y

xxxout dxcVQdycVQ
0

0

0

,)(,)(  

dycVQ x

y

xst 0

0

)(
1

 . 

 

Ɉɛщиɣ ɪаɫхоɞ stbout QQQ  , оɬɧеɫеɧɧыɣ ɤ 
ɪаɫхоɞɭ inQ  чаɫɬиɰ в ɧачаɥьɧоɦ ɫечеɧии 

 

  2

1

0)(

s

s

y

y

dycVQ xxin  

 

в ɫооɬвеɬɫɬвии ɫ ɡаɤоɧоɦ ɫохɪаɧеɧия ɦаɫɫы 

ɞоɥɠеɧ ɛыɬь ɪавеɧ еɞиɧиɰе. Эɬо ɫвоɣɫɬво 
иɫɩоɥьɡоваɥоɫь ɞɥя ɤоɧɬɪоɥя ɬочɧоɫɬи вы-

чиɫɥеɧиɣ. 

Завиɫиɦоɫɬи outQ , bQ , stQ , оɬɧеɫеɧɧые ɤ 

inQ , оɬ веɥичиɧы ɪаɫхоɞа 1Q  ɩоɤаɡаɧы ɩɪи 

150Re  , 8,1ky  ɧа ɪиɫ. 7. ɇа ɧих ɬаɤɠе 
виɞɧо, чɬо ɭвеɥичеɧие ɪаɫхоɞа ɠиɞɤоɫɬи в 
ɩɪоɦывɧое оɬвеɪɫɬие ɩɪивоɞиɬ ɤ ɛоɥее иɧ-

ɬеɧɫивɧоɦɭ оɬɥоɠеɧиɸ чаɫɬиɰ ɧа ɞɧо ɤаɦе-

ɪы оɬɫɬоɣɧиɤа, в ɬо вɪеɦя ɤаɤ ɪаɫхоɞ чаɫɬиɰ 

stQ  ɧеɩоɫɪеɞɫɬвеɧɧо в ɩɪоɦывɧое оɬвеɪɫɬие 
ɭвеɥичиваеɬɫя ɧеɡɧачиɬеɥьɧо.  
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Риɫ. 6. Раɫɩɪеɞеɥеɧие ɤоɧɰеɧɬɪаɰии c  

(ɲɬɪиховые ɥиɧии) и ɩоɬоɤа ɤоɧɰеɧɬɪа-
ɰии cVys  (ɫɩɥоɲɧые ɥиɧии) ɩɪи 0y , 

150Re  , 8,1ky , 1Q 0; 0,1; 0,2; 0,3 

(ɤɪивые 1–4) 
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Риɫ. 7. Завиɫиɦоɫɬи ɪаɫхоɞов чаɫɬиɰ outQ , 

bQ , stQ  (ɤɪивые 1–3) оɬ веɥичиɧы ɫɬоɤа 

1Q  ɩɪи 150Re  , 8,1ky , 01,0Fr  , 
5105St   
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ɉРИɅɈɀЕɇИЯ ДИɋКРЕɌɇɈ-КɈɇɌИɇɍАɅɖɇɈȽɈ ɆЕɌɈДА 

КɈɇЕЧɇЫХ ɗɅЕɆЕɇɌɈȼ ДɅЯ ɈɉРЕДЕɅЕɇИЯ  

ɋɈȻɋɌȼЕɇɇЫХ ɁɇАЧЕɇИɃ И ɋɈȻɋɌȼЕɇɇЫХ ФɍɇКЦИɃ  

КРАЕȼЫХ ɁАДАЧ ɋɌРɈИɌЕɅɖɇɈɃ ɆЕХАɇИКИ 

ЧАɋɌɖ 1: ДȼɍɆЕРɇАЯ ɁАДАЧА ɌЕɈРИИ ɍɉРɍȽɈɋɌИ 
 

А.Б. Зоɥотов, П.А. Акимов, В.Н. Сидоров, О.А. Коɡырев 
Моɫɤовɫɤиɣ ɝоɫɭɞаɪɫɬвеɧɧыɣ ɫɬɪоиɬеɥьɧыɣ ɭɧивеɪɫиɬеɬ, ɝ. Моɫɤва, РɈССИə 

 

АɇɇɈɌАЦИЯ: ɇаɫɬоящая ɫɬаɬья оɬɤɪываеɬ ɫеɪиɸ ɪаɛоɬ авɬоɪов, ɩоɫвящеɧɧɭɸ ɪаɫɫɦоɬɪеɧиɸ воɩɪо-
ɫов иɫɩоɥьɡоваɧия ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧоɝо ɦеɬоɞа ɤоɧечɧых ɷɥеɦеɧɬов (ДКМКЭ) ɞɥя оɩɪеɞеɥеɧия 
ɫоɛɫɬвеɧɧых ɡɧачеɧиɣ и ɫоɛɫɬвеɧɧых ɮɭɧɤɰиɣ ɤɪаевых ɡаɞач ɫɬɪоиɬеɥьɧоɣ ɦехаɧиɤи. Ɉɛɥаɫɬь ɩɪиɦе-
ɧеɧия ДКМКЭ ɫоɫɬавɥяɸɬ оɛɴеɤɬы, в ɤоɬоɪых иɦееɬɫя ɩоɫɬояɧɫɬво ɮиɡиɤо-ɝеоɦеɬɪичеɫɤих хаɪаɤɬеɪи-

ɫɬиɤ ɩо оɞɧоɦɭ иɡ ɤооɪɞиɧаɬɧых ɧаɩɪавɥеɧиɣ (ɧаɡываеɦоɦɭ оɫɧовɧыɦ ɧаɩɪавɥеɧиеɦ) ɩɪи ɩɪоиɡвоɥьɧо 
ɦеɧяɸщихɫя вɧеɲɧих ɧаɝɪɭɡɤах и ɥɸɛоɦ хаɪаɤɬеɪе ɡаɤɪеɩɥеɧиɣ. ДКМКЭ явɥяɸɬɫя ɞиɫɤɪеɬɧо-
ɤоɧɬиɧɭаɥьɧыɦ в ɬоɦ ɫɦыɫɥе, чɬо ɩо оɫɧовɧоɦɭ ɧаɩɪавɥеɧиɸ ɫохɪаɧяеɬɫя ɤоɧɬиɧɭаɥьɧыɣ хаɪаɤɬеɪ ɡа-
ɞачи и, ɫооɬвеɬɫɬвеɧɧо, аɧаɥиɬичеɫɤиɣ виɞ ɩоɥɭчаеɦоɝо ɪеɲеɧия, в ɬо вɪеɦя ɤаɤ ɩо оɫɬаɥьɧыɦ ɩɪоиɡво-
ɞиɬɫя ɞиɫɤɪеɬиɡаɰия ɫ иɫɩоɥьɡоваɧиеɦ ɬехɧиɤи ɦеɬоɞа ɤоɧечɧых ɷɥеɦеɧɬов (в иɬоɝе иɦееɦ аɧɫаɦɛɥь 
ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧых ɤоɧечɧых ɷɥеɦеɧɬов). Иɡɥоɠеɧие веɞеɬɫя ɞɥя ɞвɭɦеɪɧоɣ ɡаɞачи ɬеоɪии ɭɩɪɭ-
ɝоɫɬи. 

 

Ключевые слова: ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧыɣ ɦеɬоɞ ɤоɧечɧых ɷɥеɦеɧɬов, ɤɪаевая ɡаɞача, ɫоɛɫɬвеɧɧое 
ɡɧачеɧие, ɫоɛɫɬвеɧɧая ɮɭɧɤɰия, ɞвɭɦеɪɧая ɬеоɪия ɭɩɪɭɝоɫɬи. 

 

APPLICATIONS OF DISCRETE-CONTINUAL FINITE ELEMENT 

METHOD FOR SOLVING EIGENVALUE PROBLEMS IN 

STRUCTURAL MECHANICS 

PART 1: TWO-DIMENSIONAL ELASTIC THEORY 
 

Alexander B. Zolotov, Pavel A. Akimov, Vladimir N. Sidorov, Oleg A. Kozirev 
Moscow State University of Civil Engineering, Moscow, RUSSIA 

 

ABSTRACT: The distinctive paper is devoted to use of discrete-continual finite element method for solving of 

eigenvalue problems of two-dimensional elastic theory. Operational and variational formulations are presented. 

The discrete-continual design model for structures with constant physical and geometrical parameters in one di-

rection is offered on the basis of so-called discrete-continual finite elements. Element coordinate system and ap-

proximation of nodal unknowns are under consideration. Special generalized block-structured stiffness matrix of 

discrete-continual finite element are assembled. Resultant discrete-continual operational formulation is given. 

Effective computing algorithms for eigenvalues and eigenvectors are presented as well. All methods and algo-

rithms considered in the distinctive paper have been realized in software engineering. 
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ȼȼЕДЕɇИЕ 

 

В ɧаɫɬоящеɣ ɫɬаɬье ɪаɫɫɦаɬɪиваɸɬɫя воɩɪо-
ɫы иɫɩоɥьɡоваɧия ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥь-
ɧоɝо ɦеɬоɞа ɤоɧечɧых ɷɥеɦеɧɬов (ДКМКЭ) 

ɞɥя оɩɪеɞеɥеɧия ɫоɛɫɬвеɧɧых ɡɧачеɧиɣ и 

ɫоɛɫɬвеɧɧых ɮɭɧɤɰиɣ ɤɪаевых ɡаɞач ɪаɫчеɬа 
ɫɬɪоиɬеɥьɧых ɤоɧɫɬɪɭɤɰиɣ, ɡɞаɧиɣ и ɫооɪɭ-
ɠеɧиɣ. Ɉɛɥаɫɬь ɩɪиɦеɧеɧия ДКМКЭ ɫоɫɬав-
ɥяɸɬ оɛɴеɤɬы, в ɤоɬоɪых иɦееɬɫя ɩоɫɬояɧɫɬ-
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во ɮиɡиɤо-ɝеоɦеɬɪичеɫɤих хаɪаɤɬеɪиɫɬиɤ ɩо 
оɞɧоɦɭ иɡ ɤооɪɞиɧаɬɧых ɧаɩɪавɥеɧиɣ (ɧа-
ɡываеɦоɦɭ оɫɧовɧыɦ ɧаɩɪавɥеɧиеɦ) ɩɪи 

ɩɪоиɡвоɥьɧо ɦеɧяɸщихɫя вɧеɲɧих ɧаɝɪɭɡ-
ɤах и ɥɸɛоɦ хаɪаɤɬеɪе ɡаɤɪеɩɥеɧиɣ. Пɪиɦе-
ɪаɦи ɬаɤих оɛɴеɤɬов выɫɬɭɩаɸɬ ɛаɥɤи, ɛаɥ-
ɤи-ɫɬеɧɤи, ɬоɧɤоɫɬеɧɧые ɫɬеɪɠɧи, ɩоɥоɫы, 

ɥеɧɬочɧые ɮɭɧɞаɦеɧɬы, ɩɥиɬы, ɩɥаɫɬиɧы, 

оɛоɥочɤи, выɫоɬɧые и ɩɪоɬяɠеɧɧые ɡɞаɧия, 
ɬɪɭɛоɩɪовоɞы, ɩɥоɬиɧы, ɪеɥьɫы, ɪеɡеɪвɭаɪы 

и ɞɪ. Вооɛще, ɤоɧɫɬɪɭɤɰии ɫ ɩоɫɬояɧɧыɦи 

иɥи ɤɭɫочɧо-ɩоɫɬояɧɧыɦи ɮиɡиɤо-
ɝеоɦеɬɪичеɫɤиɦи хаɪаɤɬеɪиɫɬиɤаɦи ɩо оɞ-
ɧоɦɭ иɡ ɧаɩɪавɥеɧиɣ ɫоɫɬавɥяɸɬ ɛоɥьɲиɧ-

ɫɬво в ɡɞаɧиях и ɫооɪɭɠеɧиях (оɫоɛеɧɧо ɬи-

ɩовые ɤоɧɫɬɪɭɤɰии в ɫɛоɪɧых ɫооɪɭɠеɧиях). 
В ɪаɦɤах ДКМКЭ ɩоɧиɠаеɬɫя ɦеɪɧоɫɬь ɡа-
ɞачи, ɷɬоɬ ɦеɬоɞ ɫвоɞиɬɫя ɤ ɪеɲеɧиɸ ɫиɫɬеɦ 

оɛыɤɧовеɧɧых ɞиɮɮеɪеɧɰиаɥьɧых ɭɪавɧе-
ɧиɣ. В ɪаɛоɬах [1-3] ɛыɥи ɩɪеɞɥоɠеɧы ɦеɬо-
ɞы ɩоɥɭчеɧия ɬочɧых аɧаɥиɬичеɫɤих ɪеɲе-
ɧиɣ ɬаɤих ɫиɫɬеɦ, ɩɪаɤɬичеɫɤи ɫвоɛоɞɧые оɬ 
вɫех вычиɫɥиɬеɥьɧых ɧеɞоɫɬаɬɤов. 
ДКМКЭ явɥяɸɬɫя ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥь-
ɧыɦ в ɬоɦ ɫɦыɫɥе, чɬо ɩо оɫɧовɧоɦɭ ɧа-
ɩɪавɥеɧиɸ ɫохɪаɧяеɬɫя ɤоɧɬиɧɭаɥьɧыɣ ха-
ɪаɤɬеɪ ɡаɞачи и, ɫооɬвеɬɫɬвеɧɧо, аɧаɥиɬиче-
ɫɤиɣ виɞ ɩоɥɭчаеɦоɝо ɪеɲеɧия, в ɬо вɪеɦя 
ɤаɤ ɩо оɫɬаɥьɧыɦ ɩɪоиɡвоɞиɬɫя ɞиɫɤɪеɬиɡа-
ɰия ɫ иɫɩоɥьɡоваɧиеɦ ɬехɧиɤи ɦеɬоɞа ɤо-
ɧечɧых ɷɥеɦеɧɬов (в иɬоɝе иɦееɦ аɧɫаɦɛɥь 
ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧых ɤоɧечɧых ɷɥеɦеɧ-

ɬов). 
Ɉчевиɞɧо, чɬо ɩɪи чиɫɥеɧɧоɦ ɪеɲеɧии 

ɫɥоɠɧых ɡаɞач ɫɬɪоиɬеɥьɧоɣ ɦехаɧиɤи 

ɩɪеɞваɪиɬеɥьɧое аɧаɥиɬичеɫɤое иɡɭчеɧие 
оɬɞеɥьɧых ɥоɤаɥьɧых ɫвоɣɫɬв ɩɪоɛɥеɦы 

ɦоɠеɬ оɤаɡаɬь ɡɧачиɬеɥьɧɭɸ ɩоɦощь. Роɥь 
ДКМКЭ, ɩоɦиɦо ɬоɝо ɮаɤɬа, чɬо оɧ ɩоɡвоɥя-
еɬ ɩоɥɭчиɬь ɪеɲеɧие в аɧаɥиɬичеɫɤоɣ ɮоɪɦе 
ɫо вɫеɦи выɬеɤаɸщиɦи оɬɫɸɞа очевиɞɧыɦи 

ɩɪеиɦɭщеɫɬваɦи, ɫоɫɬоиɬ еще и в ɬоɦ, чɬо 
ɫɪавɧеɧие ɫ аɧаɥиɬичеɫɤиɦи ɪеɲеɧияɦи 

ɫɥоɠɧоɣ ɡаɞачи в ɛоɥее ɩɪоɫɬых и чаɫɬɧых 
ɫɥɭчаях ɩоɡвоɥяеɬ ɞаɬь оɰеɧɤɭ ɩɪиɧяɬоɣ 

ɪаɫчеɬɧоɣ ɫхеɦы ɤоɧɫɬɪɭɤɰии, иɫɩоɥьɡɭеɦо-

ɝо ɦеɬоɞа, аɥɝоɪиɬɦа и ɩоɥɭчеɧɧоɝо ɪеɲе-
ɧия, в чаɫɬɧоɫɬи еɝо ɬочɧоɫɬи. 

Иɡɥоɠеɧие веɞеɬɫя ɧа ɩɪиɦеɪе ɞвɭɦеɪɧоɣ 

ɡаɞачи ɬеоɪии ɭɩɪɭɝоɫɬи. 

 

 

1. КɈɇɌИɇɍАɅɖɇАЯ ɉɈɋɌАɇɈȼКА 

ɁАДАЧИ ɋ ȼЫДЕɅЕɇИЕɆ  

ɈɋɇɈȼАɇɇɈȽɈ ɇАɉРАȼɅЕɇИЯ 

 

1.1. ɇеɤоɬоɪые ɩɪеɞваɪиɬельɧые оɛоɡɧа-
чеɧиɹ и ɧеɤоɬоɪые оɩɪеɞелɹюɳие сооɬ-
ɧоɲеɧиɹ. Ввеɞеɦ ɫɥеɞɭɸщɭɸ ɫиɫɬеɦɭ оɛо-
ɡɧачеɧиɣ:   – оɛɥаɫɬь, оɩиɫываеɦая ɪаɫ-
ɫɦаɬɪиваеɦоɣ ɤоɧɫɬɪɭɤɰиеɣ (ɧаɩɪиɦеɪ, ɛаɥ-
ɤоɣ-ɫɬеɧɤоɣ (ɪиɫ. 1.1)); Г  – ɝɪаɧиɰа 
оɛɥаɫɬи  ; Txxx ]    [ 21  – веɤɬоɪ ɤооɪɞиɧаɬ 
ɬочɤи; Tuuu ]    [ 21  – веɤɬоɪ ɫоɫɬавɥяɸщих 
ɩеɪеɦещеɧиɣ; Tnnn ]    [ 21  – веɤɬоɪ ɫоɫɬав-
ɥяɸщих ɧоɪɦаɥи ɤ ɝɪаɧиɰе. 
Коɦɩоɧеɧɬы ɬеɧɡоɪа ɧаɩɪяɠеɧиɣ ij  оɩɪеɞе-
ɥяɸɬɫя ɮоɪɦɭɥаɦи: 

 

iiii u ;   )(5.0 ijjiij uu  , 

  jiji     2, 1,   2; 1, .    (1.1) 

 

Фоɪɦɭɥы ɞɥя ɤоɦɩоɧеɧɬ ɬеɧɡоɪа ɧаɩɪяɠеɧиɣ 

ij : 

 

2 1,   2; 1,   ,2  jiijijij  .   (1.2) 

 

Зɞеɫь   и   – ɫооɬвеɬɫɬвɭɸщие ɤоɷɮɮиɰи-

еɧɬы Лаɦе; ij  – ɫиɦвоɥ Кɪоɧеɤеɪа. 
 

1.2. Коɧɬиɧɭальɧаɹ оɩеɪаɬоɪɧаɹ ɩосɬа-
ɧовɤа ɡаɞачи. Пɭɫɬь ɮиɡиɤо-ɝеоɦеɬɪичеɫɤие 
хаɪаɤɬеɪиɫɬиɤи ɤоɧɫɬɪɭɤɰии ɩо ɩеɪеɦеɧɧоɣ 

2x  (оɫɧовɧое ɧаɩɪавɥеɧие) ɩоɫɬояɧɧы. То-
ɝɞа, в ɫооɬвеɬɫɬвии ɫ [1-3] еɞиɧое ɭɪавɧеɧие 
оɩеɪаɬоɪɧоɣ ɩоɫɬаɧовɤи ɡаɞачи оɩɪеɞеɥеɧия 
ɫоɛɫɬвеɧɧых ɡɧачеɧиɣ и ɫоɛɫɬвеɧɧых ɮɭɧɤ-
ɰиɣ иɦееɬ виɞ: 
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Риɫ. 1.1. Пɪиɦеɪ ɪаɫɫɦаɬɪиваеɦоɣ ɞвɭɦеɪɧоɣ ɤоɧɫɬɪɭɤɰии. 

 

usuuu uuuvvv  
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2

2  LLL ,        (1.3) 

ɝɞе         * ~
uvuvuv LLL  ;   uvuv LL * ;         (1.4) 
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 0    2 


  
uuL ;          (1.7) 

     ; ; 2 1,   ,*  iii ;   (1.8) 


 


;) ,(   0, 

) ,(   1, 
) ,(

21

21
21 xx

xx
xx  

n
Г 

  ; (1.9) 

Tuuu ]     [ 21 ;                (1.10) 

 

) ,( 21 xx   – хаɪаɤɬеɪиɫɬичеɫɤая ɮɭɧɤɰия 
оɛɥаɫɬи  ; ) ,( 21 xxГГ    – ɞеɥьɬа-ɮɭɧɤɰия 
ɝɪаɧиɰы Г ; ) ,( 21 xxuu   – иɫɤоɦая 
ɫоɛɫɬвеɧɧая веɤɬоɪ-ɮɭɧɤɰия; s  – иɫɤоɦое 
ɫоɛɫɬвеɧɧое ɡɧачеɧие. 
Ввоɞя оɛоɡɧачеɧие 
 

uuuuvvv TT  2221221 ]     []     [ ,  (1.11) 

 

ɩеɪеɩиɫываеɦ (1.3) в виɞе 
 

usuvv uuuvvv  
~  LLL ,         (1.12)   

ɝɞе                          vv 2 .                     (1.13) 

 

Ɉɛɴеɞиɧяя (1.11) и (1.12), ɩоɥɭчиɦ (ɧиɠе E  

– ɬоɠɞеɫɬвеɧɧыɣ оɩеɪаɬоɪ): 
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    (1.15) 

 

Сиɫɬеɦа (1.15) в ɦаɬɪичɧоɦ виɞе ɩɪеɞɫɬави-

ɦа ɫɥеɞɭɸщиɦ оɛɪаɡоɦ: 

 

UU sL
~ ,                   (1.16) 

ɝɞе       


  
uvvvuuvv

s Es

E

LLLL
L ~

 ) ( 

0~
11 ;     (1.17) 





 ) ,( 

 ) ,( 
) ,(

21

21
21 xxv

xxu
xxUU ;     (1.18) 

UU 2 ;                   (1.19) 

 

Раɫɫɦоɬɪиɦ, ɧаɩɪиɦеɪ, ɞвɭхɬочечɧɭɸ ɤɪае-
вɭɸ ɡаɞачɭ. Пɭɫɬь ɝɪаɧичɧые ɭɫɥовия ɡаɞа-
ɸɬɫя в ɫечеɧиях 02 x  и lx 2 , ɝɞе l  – ɞɥи-

ɧа ɤоɧɫɬɪɭɤɰии. В ɫɥɭчае ɲаɪɧиɪɧых ɡаɤɪе-
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ɩɥеɧиɣ (ɩо оɫяɦ 1x  и 2x ) ɫечеɧиях 02 x  и 

lx 2  (ɪавеɧɫɬва ɧɭɥɸ ɫооɬвеɬɫɬвɭɸщих 
ɤоɦɩоɧеɧɬов ɩеɪеɦещеɧиɣ) ɝɪаɧичɧые ɭɫɥо-
вия ɩɪеɞɫɬавиɦы в виɞе 
 

0),()0,( 110  lxUBxUB l ,        (1.20) 

 

ɝɞе 0B  и lB  – ɦаɬɪиɰы ɝɪаɧичɧых ɭɫɥовиɣ, в 
ɞаɧɧоɦ ɫɥɭчае 
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
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0010
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0000
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lB . (1.21) 

 

Иɬаɤ, ɡаɞача ɮоɪɦиɪɭеɬɫя ɫɥеɞɭɸщиɦ оɛɪа-
ɡоɦ: оɩɪеɞеɥиɬь ɬаɤɭɸ оɬɥичɧɭɸ оɬ ɬоɠɞе-
ɫɬвеɧɧоɝо ɧɭɥя веɤɬоɪ-ɮɭɧɤɰиɸ ) ,( 21 xxU  и 

ɬаɤое ɡɧачеɧие s , ɩɪи ɤоɬоɪоɦ ɫɩɪавеɞɥивы 

ɭɪавɧеɧие (1.16) и ɝɪаɧичɧые ɭɫɥовия (1.20). 

 

1.3. ɍчеɬ ɭɩɪɭɝоɩоɞаɬливых оɩоɪ (осɧова-
ɧие ɬиɩа ȼиɧɤлеɪа ɩо ɞвɭɦ ɧаɩɪавлеɧи-

ɹɦ). Пɪи ɪеɲеɧии ɩɪаɤɬичеɫɤих ɡаɞач ɧе-
ɪеɞɤо иɦеɸɬ ɦеɫɬо ɫɥɭчаи, ɤоɝɞа ɧа оɛɥаɫɬи  , ее ɝɪаɧиɰе Г  иɥи их чаɫɬях ɡаɞаɧы 

ɭɩɪɭɝоɩоɞаɬɥивые оɩоɪы,  ɧеɩɪеɪывɧые ɩо 
оɫɧовɧоɦɭ ɧаɩɪавɥеɧиɸ. 

Веɤɬоɪ R  ɪеаɤɬивɧых ɭɫиɥиɣ, воɡɧиɤаɸщих 
в  оɩоɪе, иɦееɬ виɞ: 

 

uCRRR T  ]     [ 21  ,          (1.22) 

ɝɞе    } ,{ 21 ccdiagC  ;    Tuuu ]     [ 21 ;   (1.23) 

 

C  – ɦаɬɪиɰа ɭɩɪɭɝих хаɪаɤɬеɪиɫɬиɤ оɩоɪы; 

u  – веɤɬоɪ ɩеɪеɦещеɧиɣ оɩоɪы; ic  – ɤоɷɮ-

ɮиɰиеɧɬ оɬɩоɪа оɩоɪы ɩо ɧаɩɪавɥеɧиɸ оɫи 

iOx . 

ɇаɥичие ɭɩɪɭɝоɩоɞаɬɥивых оɩоɪ вɧоɫиɬ 
ɤоɪɪеɤɬиɪовɤɭ в оɩеɪаɬоɪɧɭɸ ɩоɫɬаɧовɤɭ 
ɡаɞачи: оɩеɪаɬоɪ sL

~
 в (1.16) оɩɪеɞеɥяеɬɫя 

ɫɥеɞɭɸщеɣ ɮоɪɦɭɥоɣ: 




  
uvvvuuvv EsC

E

LLLL
L ~

 ) ( 

0~
11 . (1.24) 

 

 

2. ДИɋКРЕɌɇɈ-КɈɇɌИɇɍАɅɖɇАЯ 

ɉɈɋɌАɇɈȼКА ɁАДАЧИ 

 

2.1. Дисɤɪеɬɧо-ɤоɧɬиɧɭальɧаɹ аɩɩɪоɤси-

ɦиɪɭюɳаɹ ɦоɞель ɤоɧсɬɪɭɤɰии. Дисɤɪеɬ-
ɧо-ɤоɧɬиɧɭальɧыɣ ɤоɧечɧыɣ ɷлеɦеɧɬ 
(ДККɗ). Дɥя ɩоɫɬаɧовɤи и ɪеɲеɧия ɪаɫ-
ɫɦаɬɪиваеɦоɣ ɤɪаевоɣ ɡаɞачи иɫхоɞɧая оɛ-

ɥаɫɬь   оɤаɣɦɥяеɬɫя ɪаɫɲиɪеɧɧоɣ  . Пɪи-

ɧиɦаеɬɫя ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧая ɦоɞеɥь 
ɫɥеɞɭɸщеɝо ɬиɩа: в ɩоɩеɪечɧоɦ ɧаɩɪавɥе-
ɧии ɤоɧɫɬɪɭɤɰии (вɞоɥь оɫи 1Ox ) ɩɪоиɡво-
ɞиɬɫя ɫеɬочɧая аɩɩɪоɤɫиɦаɰия, а в ɩɪоɞоɥь-
ɧоɦ (оɫɧовɧоɦ) (вɞоɥь оɫи 2Ox ) – ɪеɲаеɬɫя 
ɤоɧɬиɧɭаɥьɧая ɡаɞача (ɪиɫ. 2.1). 

Ɉɛɥаɫɬь   ɪаɡɛиваеɦ ɧа ɩоɞоɛɥаɫɬи – ɞиɫ-
ɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧые ɤоɧечɧые ɷɥеɦеɧɬы 

(ДККЭ) i  (ɪиɫ. 2.2). 

 


N

i

i

1

 
  ,                        (2.1)      

ɝɞе  }] [0,   ;] ,0[   :),{( 2121 lxhxxx  ;  (2.2) 

}] [0,   ;] ,[   :),{( 2

1

11121 lxxxxxx ii

i   ; (2.3) 

1 ..., 2, 1,   ,1

1

1  Nihxx i

ii ;         (2.4) 

Ni
Ni

Nixx
h

ii

i  ..., 2, 1,   ,
   0, 

   , 1

1

1 



 

,  (2.5) 

 

ɝɞе l, h  – ɫооɬвеɬɫɬвеɧɧо ɩоɩеɪечɧыɣ ɪаɡɦеɪ 
ɫеɬɤи ɷɥеɦеɧɬов и ɞɥиɧа ɤоɧɫɬɪɭɤɰии в ɩɪо-
ɞоɥьɧоɦ ɧаɩɪавɥеɧии; N  – ɤоɥичеɫɬво ɭɡɥов 
в ɩоɩеɪечɧоɦ ɧаɩɪавɥеɧии; 

Nixx i  ..., 2, 1,   ),,( 21   – ɤооɪɞиɧаɬы ɭɡɥов 
ɫеɬɤи ɷɥеɦеɧɬов; ih  – ɲаɝи ɫеɬɤи (ɪаɡɦеɪы 

ɷɥеɦеɧɬов в ɩоɩеɪечɧоɦ ɧаɩɪавɥеɧии).  

Ɉɩɪеɞеɥяеɦ хаɪаɤɬеɪиɫɬичеɫɤɭɸ ɮɭɧɤɰиɸ 

ɷɥеɦеɧɬа и ɫеɬочɧые ɮɭɧɤɰии, хаɪаɤɬеɪи-

ɡɭɸщие ɫвоɣɫɬва ɦаɬеɪиаɥа ɤоɧɫɬɪɭɤɰии: 
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Риɫ 2.1. Схеɦа ɞиɫɤɪеɬиɡаɰии ɤоɧɫɬɪɭɤɰии. 

 
Риɫ. 2.2. Тиɩовоɣ ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧыɣ ɤоɧечɧыɣ ɷɥеɦеɧɬ. 

 


 

 


i 

i 

   0, 

   1, 
)( 

x

x
xi ;             (2.6) 

 iiii       ; .                (2.7) 

 

Раɫɫɦоɬɪиɦ ɤаɤоɣ-ɥиɛо ɩɪоиɡвоɥьɧыɣ i -ɣ 

ɷɥеɦеɧɬ ɦоɞеɥи (ɪиɫ. 2.2). Заɦеɧа ɩеɪеɦеɧ-

ɧых иɝɪаеɬ ɛоɥьɲɭɸ ɪоɥь ɩɪи чиɫɥеɧɧоɦ 

ɪеɲеɧии ɤɪаевых ɡаɞач ɫеɬочɧыɦи ɦеɬоɞа-
ɦи, ɬаɤ ɤаɤ в ɷɬоɦ ɫɥɭчае оɫɭщеɫɬвɥяеɬɫя 

ɥоɤаɥьɧая ɡаɦеɧа ɩеɪеɦеɧɧых вɧɭɬɪи ɷɥе-
ɦеɧɬа. Пеɪехоɞиɦ иɡ иɫхоɞɧоɣ ɫиɫɬеɦы ɤо-
оɪɞиɧаɬ в ɷɥеɦеɧɬɧые (ɪиɫ. 2.2): 

),,(),( 221 xtixx  . Зɞеɫь t  – ɥоɤаɥьɧая ɤооɪ-
ɞиɧаɬа, ввеɞеɧɧая ɩо ɧаɩɪавɥеɧиɸ оɫи 1Ox  и 

ɫвяɡаɧɧая ɫ ДККЭ: 

 

1] [0,   ;/)( 11  thxxt i

i .         (2.8) 

 



Пɪиɥоɠеɧия ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧоɝо ɦеɬоɞа ɤоɧечɧых ɷɥеɦеɧɬов ɞɥя оɩɪеɞеɥеɧия ɫоɛɫɬвеɧɧых ɡɧачеɧиɣ и 

ɫоɛɫɬвеɧɧых ɮɭɧɤɰиɣ ɤɪаевых ɡаɞач ɫɬɪоиɬеɥьɧоɣ ɦехаɧиɤи. Чаɫɬь 1: Двɭɦеɪɧая ɡаɞача ɬеоɪии ɭɩɪɭɝоɫɬи  
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2.2. Аɩɩɪоɤсиɦаɰиɹ ɧеиɡвесɬɧых фɭɧɤɰиɣ. 

В ɤачеɫɬве оɫɧовɧых ɧеиɡвеɫɬɧых в ɭɡɥах 
ɩɪиɧиɦаɸɬɫя ɫоɫɬавɥяɸщие ɩеɪеɦещеɧиɣ 

1u , 2u  и их ɩɪоиɡвоɞɧые 1v  и 2v  ɩо ɩеɪеɦеɧ-

ɧоɣ 2x , ɬ.е. ɞɥя i -ɝо ɭɡɥа ɷɬо ii uu 21  , , ii vv 21  , . 

В ɩɪоɫɬеɣɲеɦ ɫɥɭчае ɩоɥя 1u , 2u  и 1v  и 2v  

ɩо ɫечеɧиɸ ɪаɫɫɦаɬɪиваеɦоɝо ДККЭ ɩоɥа-
ɝаɸɬɫя ɥиɧеɣɧыɦи. Сɥеɞоваɬеɥьɧо, ɦоɠеɦ 

ɡаɩиɫаɬь 
 

2 1,     ,)( 2  jutuxuu i

j

i

jjj ;    (2.6)      

2 1,     ,)( 2  jvtvxvv i

j

i

jjj .    (2.7) 

 

Зɞеɫь ɦоɠɧо ɩɪовеɫɬи ɩɪяɦɭɸ аɧаɥоɝиɸ ɫ 
ɮɭɧɤɰияɦи ɮоɪɦы, ɤоɬоɪые иɫɩоɥьɡɭɸɬɫя в 
ɫɬаɧɞаɪɬɧоɦ МКЭ ɩɪи ɪеɲеɧии ɡаɞач, ɫвяɡаɧ-

ɧых ɫ ɪаɫɬяɠеɧиеɦ (ɫɠаɬиеɦ) ɫɬеɪɠɧеɣ. Вы-

ɩоɥɧив ɫхоɠɭɸ ɩɪоɰеɞɭɪɭ ɩоɫɬɪоеɧия ɮоɪɦɭɥ 
аɩɩɪоɤɫиɦаɰии, иɦееɦ: 
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иɥи иɧаче в ɦаɬɪичɧо-веɤɬоɪɧоɣ ɮоɪɦе 
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j ]  [ )(
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,1

)(   ; (2.10)   

 Ttt ]    1 [ .                     (2.11) 

 

Иɬаɤ, очевиɞɧо, чɬо иɦеɸɬ ɦеɫɬо ɫɥеɞɭɸщие 
ɫооɬɧоɲеɧия: 
 

2 ,1   ,   , )()()()(  jCvCu i
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                   (2.13) 

 

Ɉɛɪащая ɦаɬɪиɰɭ C  ɩоɥɭчиɦ: 

 





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011C .                (2.14) 

Сɥеɞоваɬеɥьɧо, оɩɪеɞеɥяеɦ 
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иɥи иɧаче 
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 (2.16) 

ɝɞе      ]     [)( 21

1 NNCttNN T          (2.17) 

 

– ɦаɬɪиɰа ɮɭɧɤɰиɣ ɮоɪɦы («ɩоɩеɪечɧых») 

ɩо ɫечеɧиɸ ДККЭ ɫ ɷɥеɦеɧɬаɦи 

 

ttN 1)(1 ;   1)(2 tN .         (2.18) 

 

2.3.Аɩɩɪоɤсиɦаɰиɹ часɬɧых ɩɪоиɡвоɞɧых 

ɩеɪвоɝо ɩоɪɹɞɤа оɬ ɧеиɡвесɬɧых фɭɧɤɰиɣ 

ɧа ДККɗ. Выɪаɠеɧия ɞɥя чаɫɬɧых ɩɪоиɡ-
воɞɧых ɩеɪвоɝо ɩоɪяɞɤа оɬ ɧеиɡвеɫɬɧых 
ɮɭɧɤɰиɣ ɩо ɩеɪеɦеɧɧыɦ 1x  и 2x  ɡаɩиɫыва-
ɸɬɫя ɫɥеɞɭɸщиɦ оɛɪаɡоɦ (ɧиɠе 

ixx ),( 21 ): 
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ɝɞе          ]     [)()( 21 NNtN
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d
tN  .      (2.22) 

 

Пɪоиɡвоɞɧые оɬ ɦаɬɪиɰы ɮɭɧɤɰиɣ ɮоɪɦы 

(2.17) ɧахоɞяɬɫя ɞиɮɮеɪеɧɰиɪоваɧиеɦ ее 
ɷɥеɦеɧɬов (2.18), ɬ.е. 
 

1)(1  tN ;   0)(2  tN .         (2.23) 

 

Ɉчевиɞɧо, чɬо ɫооɬвеɬɫɬвɭɸщие ɭɡɥовые 
ɮɭɧɤɰии оɩɪеɞеɥяɸɬɫя ɩо ɮоɪɦɭɥаɦ, яв-
ɥяɸщиɦиɫя чаɫɬɧыɦи ɫɥɭчаяɦи (2.19)-

(2.20): 
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2.4. Ɉɩɪеɞелеɧие ɞефоɪɦаɰиɣ и ɧаɩɪɹɠе-
ɧиɣ ɧа ДККɗ. В ɫооɬвеɬɫɬвии ɫ (1.1)-(1.2) 

ɩоɫɥе оɩɪеɞеɥеɧия (2.19)-(2.21) иɦееɦ: 

– ɮоɪɦɭɥы ɞɥя оɩɪеɞеɥеɧия ɤоɦɩоɧеɧɬ ɬеɧ-

ɡоɪа ɞеɮоɪɦаɰиɣ: 

 

),(),( 21112111 xxuxx  ;         (2.20) 

),(),(),( 21221222122 xxvxxuxx  ;  (2.31) 
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– ɮоɪɦɭɥа ɞɥя оɩɪеɞеɥеɧия оɛɴеɦɧоɣ ɞе-
ɮоɪɦаɰии: 
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– ɮоɪɦɭɥы ɞɥя оɩɪеɞеɥеɧия ɤоɦɩоɧеɧɬ ɬеɧ-

ɡоɪа ɧаɩɪяɠеɧиɣ: 

 

);,(2),()2(    

2

2122111

1111

xxvxxu  



 (2.34) 

);,()2(),(2     

2

2122111

2222

xxvxxu  



 (2.35) 

)).,(),((       

2

2112121

122112

xxvxxu 
  

     (2.36) 

 

Соɝɥаɫɧо (2.24)-(2.29) ɞеɮоɪɦаɰии и ɧаɩɪя-
ɠеɧия в ɭɡɥах ɧахоɞяɬɫя ɩо ɮоɪɦɭɥаɦ: 

 
ii u ][][ 1111  ;   ii v222 ][  ;          (2.37)    

)]([5.0][][ 1212112

iiii vu   ;    (2.38) 
iii vu 21111 2])[2(][   ;      (2.39)   
iii vu 21122 )2(][2][   ;     (2.40) 

)]([][][ 1212112

iiii vu   .      (2.41) 

 

2.5. Аɩɩɪоɤсиɦаɰиɹ ɧеɤоɬоɪых всɩоɦоɝа-
ɬельɧых оɩеɪаɬоɪов. Раɫɫɦоɬɪиɦ аɩɩɪоɤ-
ɫиɦаɰиɸ ɫɥеɞɭɸщих оɩеɪаɬоɪов ɧа i -ɦ ɞиɫ-
ɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧоɦ ɤоɧечɧоɦ ɷɥеɦеɧɬе: 
 

a ,   1

*

1  a ,   a*

1 ,   1a ,   ɝɞе   aa   ;  (2.42) 

 

a  – ɧеɤоɬоɪая ɮɭɧɤɰия-ɤоɷɮɮиɰиеɧɬ. 
Пɪи вывоɞе оɫɧовɧых ɮоɪɦɭɥ аɩɩɪоɤɫиɦа-
ɰии ɫɥеɞɭеɬ ɫооɬвеɬɫɬвеɧɧо ɪаɫɫɦоɬɪеɬь вы-

ɪаɠеɧия 
 

),( waw ,   ),( 1

*

1 wwa ,   ),( *

1 zwa ,    

),( 1 wza ,   (2.43) 

 

ɝɞе w  и z  – ɧеɤоɬоɪые ɮɭɧɤɰии, ɥиɧеɣɧые 
ɩо ɩеɪеɦеɧɧоɣ 1x , ɬ.е. ɩо аɧаɥоɝии ɫ (2.6) 

ɩɪеɞɫɬавиɦые в виɞе 
 

ii wtww  ;   ii ztzz  ,       (2.44) 

ɝɞе     iii www  1 ;   iii zzz  1 ;     (2.45) 

 

iw , iz  и 1iw , 1iz  – ɡɧачеɧия ɮɭɧɤɰиɣ w  и z  

в ɭɡɥах i  и 1i  ɷɥеɦеɧɬа ɫ ɤооɪɞиɧаɬаɦи 

ɫооɬвеɬɫɬвеɧɧо ixx 11   и 1

11

 ixx . 

1) Ɉɩеɪаɬоɪ a . 
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 


1

1

1

1
1

1

1

2

11),(

i

i

i

i
i

x

x

i

x

x

dxwaawwdxawwdxwwa


, 

(2.46) 

ɝɞе                    
1

1

1

1

1
i

i

x

xi

i adx
h

a ,                  (2.47) 

 

оɬɤɭɞа, ɩоɥьɡɭяɫь (2.46), ɩоɫɥе ɡаɦеɧы ɩеɪе-
ɦеɧɧых и иɧɬеɝɪиɪоваɧия ɩоɥɭчиɦ: 

 




 


 2

111

2

3

1

6

1

6

1

3

1

),(

iiiiiiii wwwwwwha

waw

 

(2.48) 

 

иɥи          




 






 11

)0,0(

0

 
 ,

 
),(

i

i

i

i
ii w

w

w

w
Khawwa ,     (2.49) 

  ɝɞе                  



21

12

6

1)0,0(

0K .             (2.50) 

 

По аɧаɥоɝии ɩоɥɭчаеɦ и оɫɬаɥьɧые выɪаɠе-
ɧия. 
2) Ɉɩеɪаɬоɪ ),( 1

*

1 wwa . 

 




 






 11

)1,1(

01

*

1

 
 ,

 
),(

i

i

i

i

i

i

w

w

w

w
K

h

a
wwa ,    (2.51) 

ɝɞе                  


 
11

11)1,1(

0K .               (2.52) 

 

3) Ɉɩеɪаɬоɪ ),( *
1 wwa . 

 




 






 11

)1,0(

0

*

1

 
 ,

 
),(

i

i

i

i
i z

z

w

w
Kazwa ,     (2.53) 

ɝɞе                  



11

11

2

1)1,0(

0K .              (2.54) 

 

4) Ɉɩеɪаɬоɪ ),( 1 zwa . 

 




 






 11

)0,1(

01

 
 ,

 
),(

i

i

i

i
i z

z

w

w
Kazwa ,      (2.55)   

ɝɞе               


 
11

11

2

1)0,1(

0K .              (2.56) 

 

Иɬаɤ, ɪеɡɸɦиɪɭя (2.48)-(2.56), ɡаɩиɫываеɦ 

ɫɥеɞɭɸщие оɤоɧчаɬеɥьɧые ɮоɪɦɭɥы аɩ-

ɩɪоɤɫиɦаɰии оɩеɪаɬоɪов: 
 

 )0,0(

0Khaa ii ;     )1,1(

01

*

1 K
h

a
a

i

i ; (2.57) 

  )1,0(

0

*

1 Kaa i ;    )0,1(

01 Kaa i ,   (2.58) 

 

ɝɞе 



21

12

6

1)0,0(

0K ; 


 
11

11)1,1(

0K ; (2.59)    





11

11

2

1)1,0(

0K ;   


 
11

11

2

1)0,1(

0K ; (2.60) 

   – ɧеɤоɬоɪая ɮɭɧɤɰия, ɥиɧеɣɧая ɩо ɩеɪе-
ɦеɧɧоɣ 1x ; 

 

ii t   ;   iii   1 ;     (2.61) 

 

i  и 1i  – ɡɧачеɧия ɮɭɧɤɰии   в ɭɡɥах i  и 

1i  ɷɥеɦеɧɬа ɫ ɤооɪɞиɧаɬаɦи ɫооɬвеɬɫɬвеɧ-

ɧо ixx 11   и 1

11

 ixx ; a  – ɧеɤоɬоɪая ɮɭɧɤ-
ɰия-ɤоɷɮɮиɰиеɧɬ, aa   . 

 

2.6. Фоɪɦиɪоваɧие ɧеɤоɬоɪых всɩоɦоɝа-
ɬельɧых ɝлоɛальɧых ɦаɬɪиɰ. Рɭɤово-
ɞɫɬвɭяɫь ɫɬɪɭɤɬɭɪоɣ оɩеɪаɬоɪов (1.4)-(1.7) и 

ɩоɥɭчеɧɧыɦи выɲе ɮоɪɦɭɥаɦи (2.59)-(2.60), 

ɮоɪɦиɪɭеɦ ɫɥеɞɭɸщие ɩоɷɥеɦеɧɬɧые ɦаɬ-
ɪиɰы: 

 
)0,0(

0,1,2 KhA iii  ;   )0,0(

0,2,2 )2( KhA iiii   ;  

(2.62) 
)1,0(

0,1,1 KA ii  ;   )1,0(

0,2,1 KA ii  ;      (2.63) 

)0,1(

0,3,1 KA ii  ;   )0,1(

0,4,1 KA ii  ;     (2.64) 

)1,1(

0,1,0

1
)2( K

h
A

i

iii   ;   )1,1(

0,2,0

1
K

h
A

i

ii  ;   

(2.65) 

 )0,0(

0, KhA iiE  .                 (2.66) 
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ɇа оɫɧоваɧии ɦаɬɪиɰ (2.62)-(2.66) в ɫооɬвеɬ-
ɫɬвии ɫо ɫɬаɧɞаɪɬɧоɣ ɬехɧиɤоɣ ɦеɬоɞа ɤо-
ɧечɧых ɷɥеɦеɧɬов (ɦеɬоɞ ɤоɧечɧых вɤɥаɞов, 
ɫɭɦɦиɪоваɧие ɫ ɧаɤоɩɥеɧиеɦ [6-7]) ɦоɠɧо 
ɫɮоɪɦиɪоваɬь ɫооɬвеɬɫɬвɭɸщие ɝɥоɛаɥьɧые 
ɦаɬɪиɰы 1,2A , 2,2A , 1,1A , 2,1A , 3,1A , 4,1A , 1,0A , 

2,0A  и iEA , . 

Таɤ, ɧаɩɪиɦеɪ, еɫɥи iA  – ɤаɤая-ɥиɛо ɩоɷɥе-
ɦеɧɬɧая ɦаɬɪиɰа 2-ɝо ɩоɪяɞɤа,  
 





**

**
iA  

 

ɬо ɫооɬвеɬɫɬвɭɸщая ɝɥоɛаɥьɧая ɦаɬɪиɰа 
N2 -ɝо ɩоɪяɞɤа иɦееɬ виɞ 

 























**

****

***

****

****

****

**

A , 

 

ɝɞе ɫиɦвоɥ «*» оɛоɡɧачаеɬ ɧеɤоɬоɪыɣ ɷɥе-
ɦеɧɬ ɦаɬɪиɰы iA , ɫиɦвоɥ «**» оɛоɡɧачаеɬ 
ɫɭɦɦиɪоваɧие ɫооɬвеɬɫɬвɭɸщих ɷɥеɦеɧɬов 
ɦаɬɪиɰы iA . 

 

2.7. Фоɪɦиɪоваɧие осɧовɧых ɝлоɛальɧых 
ɦаɬɪиɰ. Соɝɥаɫɧо ɩɪивеɞеɧɧыɦ выɲе ɩо-
ɫɬɪоеɧияɦ иɦееɬ ɦеɫɬо ɫɥеɞɭɸщее ɫооɬвеɬ-
ɫɬвие ɦеɠɞɭ ɤоɧɬиɧɭаɥьɧыɦи оɩеɪаɬоɪаɦи и 

ɦаɬɪиɰаɦи: 

 

vvvv K      L ;    uvuv K
~

      
~ L ;   uuuu K      L , 

                 (2.67) 

ɝɞе   



2,2

1,2

0

0

A

A
Kvv ;   




0

0

2,1

1,1

A

A
Kuv ;   

(2.68)  





0

0

4,1

3,1

A

A
Kvu ;   




2,0

1,0

0

0

A

A
Kuu ; (2.69) 

  



E

E
E A

A
K

0

0
;                (2.70)                   

vuuvuv KKK ~
.               (2.71) 

 

2.8. Ɂаɞаɧие ɝɪаɧичɧых ɭсловиɣ. Раɫɫɦоɬ-
ɪиɦ ɩɪоɫɬеɣɲиɣ ваɪиаɧɬ ɞвɭхɬочечɧоɣ 

ɤɪаевоɣ ɡаɞачи. Пɭɫɬь 01,2 bx  и lxb 2,2  – ɤо-
оɪɞиɧаɬы  ɝɪаɧичɧых  ɩоɩеɪечɧых  ɫечеɧиɣ 

ɤоɧɫɬɪɭɤɰии. Гɪаɧичɧые ɭɫɥовия ɡаɩиɫыва-
ɸɬɫя в виɞе: 
 

0)()0( ,,0  lUBUB nnlnn ,         (2.72) 

 

ɝɞе nB ,0  и nlB ,  – ɦаɬɪиɰы ɝɪаɧичɧых ɭɫɥо-
виɣ; 

 





n

n
nn v

u
xUU )( 2 ;            (2.73) 





n

n

nn u

u
xuu

,2

,1

2 )( ;            (2.74) 

  TN

nn uuuxuu ]    ...       [)( 1

2

1

1

12,1,1  ;    (2.75) 

   TN

nn uuuxuu ]    ...       [)( 2

2

2

1

22,2,2  ;    (2.76) 





n

n

nn v

v
xvv

,2

,1

2 )( ;           (2.77) 

TN

nn vvvxvv ]    ...       [)( 1

2

1

1

12,1,1  ;     (2.78) 

TN

nn vvvxvv ]    ...       [)( 2

2

2

1

22,2,2  ;     (2.79) 

 
iu1 , iu2  и iv1 , iv2  – ɡɧачеɧия ɮɭɧɤɰиɣ 1u , 2u  и 

1v , 2v  в i -ɦ ɭɡɥе ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧоɝо 
ɤоɧечɧоɝо ɷɥеɦеɧɬа. 
Раɫɫɦоɬɪиɦ ɧиɠе ɡаɞаɧие ɧеɤоɬоɪых ɫɬаɧ-

ɞаɪɬɧых ɬиɩов ɤɪаевых ɭɫɥовиɣ ɩо ɮоɪɦе 
(2.72) в ɩɪоиɡвоɥьɧоɣ ɝɪаɧичɧоɣ ɬочɤе ɫ ɤо-
оɪɞиɧаɬоɣ b

kx ,2 . Сɬɪоɝо ɝовоɪя, ɡɞеɫь воɡ-
ɦоɠɧы ɞва оɫɧовɧых ваɪиаɧɬа ɝɪаɧичɧоɣ 

ɬочɤи: 1) 01,2,2  bb

k xx  – ɤɪаɣɧяя ɥевая ɝɪа-
ɧичɧая ɬочɤа; 2) 22,2,2 lxx bb

k   – ɤɪаɣɧяя 
ɩɪавая ɝɪаɧичɧая ɬочɤа. 
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Шарɧирɧɨе закреɩлеɧие. Иɦееɦ ɩаɪɭ ɤоɧɬи-

ɧɭаɥьɧых ɝɪаɧичɧых ɭɫɥовиɣ: 

 

0),( ,211 b

kxxu ,   0),( ,212 b

kxxu ,    ] ,0[1 hx  .    

             (2.80) 

 

Пɭɫɬь вɧачаɥе иɦееɦ ɫɥɭчаɣ 01,2,2  bb

k xx . 

ɇа ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧоɦ ɭɪовɧе ɭɫɥо-
вияɦ (2.80) оɬвечаɸɬ ɭɫɥовия виɞа 
 

Niu i  ..., 2, ,1   ,0)0(1  ;           (2.81) 

Niu i  ..., 2, ,1   ,0)0(2  .          (2.82) 

 

Дɥя ɫɥɭчая lxx bb

k  2,2,2 , очевиɞɧо, ɫооɬвеɬ-
ɫɬвеɧɧо иɦееɦ: 

 

Nilu i  ..., 2, ,1   ,0)0(1  ;       (2.83) 

Nilu i  ..., 2, ,1   ,0)0(2  .      (2.84) 

 

Заɩиɫав ɝɪаɧичɧые ɭɫɥовия в виɞе (2.81)-

(2.82) иɥи (2.83)-(2.84) ɩеɪеɣɞеɦ ɬеɩеɪь ɤ во-
ɩɪоɫɭ их ɩɪеɞɫɬавɥеɧия в ɮоɪɦе (2.72). Аɥɝо-
ɪиɬɦ ɮоɪɦиɪоваɧия ɦаɬɪиɰ nB ,0  и nlB ,  ɩɪеɞ-
ɫɬавɥеɧ в ɬаɛɥиɰах 2.1 и 2.2 ɫооɬвеɬɫɬвеɧɧо.  
Сɜɨɛɨдɧыɣ краɣ. Иɦееɦ ɤоɧɬиɧɭаɥьɧые ɝɪа-
ɧичɧые ɭɫɥовия: 
 

0),( ,112 b

kxx ,  0),( ,2122 b

kxx ,  ] ,0[1 hx   

                  (2.85) 

 

иɥи ɫ ɭчеɬоɦ (2.39)-(2.41) 

 

0),()2(),]([2 ,212,2111  b

k

b

k xxvxxu  , 

0)),(),](([ ,211,2121  b

k

b

k xxvxxu ,  ] ,0[1 hx  . 

  (2.86) 

 

Сооɬвеɬɫɬвɭɸщие ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧые 
ɝɪаɧичɧые ɭɫɥовия ɡаɩиɫываɸɬɫя ɫɥеɞɭɸ-

щиɦ оɛɪаɡоɦ: 

 

0)()2()(][2 ,22,211  b

k

ib

k

i xvxu  , 

0))()(]([ ,21,221  b

k

ib

k

i xvxu ,   Ni  ..., 2, ,1     

(2.87) 

иɥи 

– ваɪиаɧɬ 1 ɝɪаɧичɧоɣ ɬочɤи ( 01,2,2  bb

k xx ) 

 

0)0()2()0(][2 211  ii vu  ,    

Ni  ..., 2, ,1 ;    (2.88) 

0))0()0(]([ 121  ii vu ,   Ni  ..., 2, ,1 ; 

                     (2.89) 
 

– ваɪиаɧɬ 2 ɝɪаɧичɧоɣ ɬочɤи ( lxx bb

k  2,2,2 ) 

 

0)0()2()0(][2 211  lvlu ii  ,    

Ni  ..., 2, ,1 ;    (2.90) 

0))0()0(]([ 121  lvlu ii ,    

Ni  ..., 2, ,1 ;    (2.91) 

 

Аɥɝоɪиɬɦ ɮоɪɦиɪоваɧия ɫооɬвеɬɫɬвɭɸщих 
ɦаɬɪиɰ nB ,0  и nlB ,  ɩɪеɞɫɬавɥеɧ в ɬаɛɥиɰах 
2.3 и 2.4 ɫооɬвеɬɫɬвеɧɧо.  
 

2.9. Дисɤɪеɬɧо-ɤоɧɬиɧɭальɧаɹ оɩеɪаɬоɪ-

ɧаɹ ɩосɬаɧовɤа ɡаɞачи. Соɝɥаɫɧо ɮоɪɦɭɥаɦ 

ɩɪеɞыɞɭщеɝо ɩɭɧɤɬа ɦоɠеɦ ɩеɪеɩиɫаɬь ɩо-
ɫɬаɧовɤɭ (1.16)-(1.19) ɫɥеɞɭɸщиɦ оɛɪаɡоɦ: 

 

nsn UKU
~ ,                 (2.92) 

ɝɞе  


  
uvvvEuuvv

s KKKsKK

E
K ~

 ) ( 

0~
11 ;  (2.93) 

nn UU 2 ;                    (2.94) 

 

В ɫвоɸ очеɪеɞь, ɝɪаɧичɧые ɭɫɥовия (1.20) 

ɩеɪехоɞяɬ в (2.72). 

Пɪи ɧаɥичии ɭɩɪɭɝоɩоɞаɬɥивых оɩоɪ ɦаɬɪи-

ɰа (2.93) ɩɪиɧиɦаеɬ виɞ: 
 




  
uvvvEGuuvv

s KKKsCKK

E
K ~

 ) ( 

0~
11 , (2.95) 

ɝɞе   
} ..., , ..., , ,                  

, ..., , ..., , ,{

,2,22,22,1

,1,12,11,1

Ni

NiG

cccc

ccccdiagC 
  (2.69) 

 

– ɦаɬɪиɰа хаɪаɤɬеɪиɫɬиɤ ɭɩɪɭɝоɩоɞаɬɥивых 
оɩоɪ; ɡаɦеɬиɦ, чɬо еɫɥи в i -ɦ ɭɡɥе ɭɩɪɭɝо-
ɩоɞаɬɥивая оɩоɪа оɬɫɭɬɫɬвɭеɬ, ɬо 

0,2,1  ii cc . 
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Таɛɥиɰа 2.1. Аɥɝоɪиɬɦ ɡаɩоɥɧеɧия ɦаɬɪиɰы nB ,0  ɩɪи ɡаɞаɧии ɲаɪɧиɪɧо-ɧеɩоɞвиɞɧоɣ оɩоɪы 

в ɝɪаɧичɧоɣ ɬочɤе (ваɪиаɧɬ ɝɪаɧичɧоɣ ɬочɤи 1). 

 ɩ/ɩ 

ɇоɦеɪа 
ɡаɩоɥɧяеɦых ɷɥеɦеɧɬов  

ɦаɬɪиɰ 

Зɧачеɧие 
ɷɥеɦеɧɬа  
ɦаɬɪиɰы 

Эɤвиваɥеɧɬɧое 
ɍɫɥовие 

1. Niii  ..., 2, 1,   ,) ,(   1 Niu i  ..., 2, ,1   ,0)0(1   

2. NiiNiN  ..., 2, 1,   ,) ,(   1 Niu i  ..., 2, ,1   ,0)0(2   

Пɪиɦечаɧие: Вɫе ɷɥеɦеɧɬы ɦаɬɪиɰы nB ,0  ɧе ɭɤаɡаɧɧые в ɬаɛɥиɰе ɪавɧы ɧɭɥɸ. 

 

Таɛɥиɰа 2.2. Аɥɝоɪиɬɦ ɡаɩоɥɧеɧия ɦаɬɪиɰы nlB ,  ɩɪи ɡаɞаɧии ɲаɪɧиɪɧо-ɧеɩоɞвиɞɧоɣ оɩоɪы 

в ɝɪаɧичɧоɣ ɬочɤе (ваɪиаɧɬ ɝɪаɧичɧоɣ ɬочɤи 2). 

№ 

ɩ/ɩ 

ɇоɦеɪа 
ɡаɩоɥɧяеɦых ɷɥеɦеɧɬов  

ɦаɬɪиɰ 

Зɧачеɧие 
ɷɥеɦеɧɬа  
ɦаɬɪиɰы 

Эɤвиваɥеɧɬɧое 
ɍɫɥовие 

1. NiiiN  ..., 2, 1,   ,) ,2(   1 Nilu i  ..., 2, ,1   ,0)0(1   

2. NiiNiN  ..., 2, 1,   ,) ,3(   1 Nilu i  ..., 2, ,1   ,0)0(2   

Пɪиɦечаɧие: Вɫе ɷɥеɦеɧɬы ɦаɬɪиɰы nlB ,  ɧе ɭɤаɡаɧɧые в ɬаɛɥиɰе ɪавɧы ɧɭɥɸ. 

 

Таɛɥиɰа 2.3. Аɥɝоɪиɬɦ ɡаɩоɥɧеɧия ɦаɬɪиɰы nB ,0  ɩɪи ɡаɞаɧии ɲаɪɧиɪɧо-
ɧеɩоɞвиɞɧоɣ оɩоɪы в ɝɪаɧичɧоɣ ɬочɤе (ваɪиаɧɬ ɝɪаɧичɧоɣ ɬочɤи 

1). 
№ 

ɩ/ɩ 

ɇоɦеɪа 
ɡаɩоɥɧяеɦых ɷɥеɦеɧɬов  

ɦаɬɪиɰ 

 

Зɧачеɧие ɷɥеɦеɧɬа  
ɦаɬɪиɰы 

Эɤвива-
ɥеɧɬɧое 
ɭɫɥовие 

1 2 3 4 

1 (1,1) )0(
1

2 1

1

N
h

  

2 (1,2) )0(
1

2 2

1

N
h

  

3 )13 ,1( N   2  

(2.88), 

1i  

4 )1 ,( ii  )1(
1

1

1

N
hi




  

5 ) ,( ii  

 




 


)0(
1

)1(
1

12

1

N
h

N
h ii

  

 

6 )1 ,( ii  )0(
1

2N
hi

  

7 )3 ,( iNi    2  

(2.88), 

1    

..., ,3,2 
N

i
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1 2 3 4 

8 )1 ,( NN  )1(
1

2 1

1

N
hN




  

9 ) ,( NN  )1(
1

2 2

1

N
hN




  

10 )4 ,( NN   2  

(2.88), 

Ni   

11 
)1 ,1(  NN  )0(

1
1

1

N
h

  

12 
)2 ,1(  NN  )0(

1
2

1

N
h

  

13 )12 ,1(  NN    

(2.89), 

1i  

14 
)1 ,(  iNiN  )1(

1

2

1
1

1

N
hi




  

15 

) ,( iNiN   

 




 


)0(
1

)1(
1

2

1
12

1

N
h

N
h ii

  

 

16 
)1 ,(  iNiN  )0(

1

2

1
2N

hi

  

17 )2 ,( iNiN     

(2.89), 

1    

..., ,3,2 
N

i
 

18 
)12 ,2( NN  )1(

1
1

1

N
hN




  

19 
)2 ,2( NN  )1(

1
2

1

N
hN




  

20 )3 ,2( NN    

(2.89), 

Ni   

Пɪиɦечаɧие: Вɫе ɷɥеɦеɧɬы ɦаɬɪиɰы nB ,0  ɧе ɭɤаɡаɧɧые в ɬаɛɥиɰе ɪавɧы ɧɭɥɸ. 

 

Таɛɥиɰа 2.4. Аɥɝоɪиɬɦ ɡаɩоɥɧеɧия ɦаɬɪиɰы nlB ,  ɩɪи ɡаɞаɧии ɲаɪɧиɪɧо-
ɧеɩоɞвиɞɧоɣ оɩоɪы в ɝɪаɧичɧоɣ ɬочɤе (ваɪиаɧɬ ɝɪаɧичɧоɣ ɬоч-
ɤи 2). 

№ 

ɩ/ɩ 

ɇоɦеɪа 
ɡаɩоɥɧяеɦых ɷɥеɦеɧɬов  

ɦаɬɪиɰ 

Зɧачеɧие ɷɥеɦеɧɬа  
ɦаɬɪиɰы 

Эɤвива-
ɥеɧɬɧое 
ɭɫɥовие 

1 2 3 4 

1 )1 ,12( N  )0(
1

2 1

1

N
h

  

2 )2 ,12( N  )0(
1

2 2

1

N
h

  

3 )13 ,12(  NN   2  

(2.90), 

1i  
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1 2 3 4 

4 )1 ,2(  iiN  )1(
1

1

1

N
hi




  

5 ) ,2( iiN   


 


)0(
1

)1(
1

12

1

N
h

N
h ii

  

6 )1 ,2(  iiN  )0(
1

2N
hi

  

7 )3 ,2( iNiN    2  

(2.90), 

1    

..., ,3,2




N

i

8 )1 ,3( NN  )1(
1

2 1

1

N
hN




  

9 ) ,3( NN  )1(
1

2 2

1

N
hN




  

10 )4 ,3( NN  
 2  

 

(2.90), 

Ni   

11 
)1 ,13(  NN  )0(

1
1

1

N
h

  

12 
)2 ,13(  NN  )0(

1
2

1

N
h

  

13 )12 ,13(  NN    

(2.91), 

1i  

14 
)1 ,3(  iNiN  )1(

1

2

1
1

1

N
hi




  

15 
) ,3( iNiN   


 


)0(

1
)1(

1

2

1
12

1

N
h

N
h ii

  

16 
)1 ,3(  iNiN  )0(

1

2

1
2N

hi

  

17 )2 ,3( iNiN     

(2.91), 

1    

..., ,3,2




N

i

18 
)12 ,4( NN  )1(

1
1

1

N
hN




  

19 
)2 ,4( NN  )1(

1
2

1

N
hN




  

20 )3 ,4( NN    

(2.91), 

Ni   

Пɪиɦечаɧие: Вɫе ɷɥеɦеɧɬы ɦаɬɪиɰы nlB ,  ɧе ɭɤаɡаɧɧые в ɬаɛɥиɰе ɪавɧы ɧɭɥɸ. 

 
3. ɉɈɋɌРɈЕɇИЕ РЕШЕɇИЯ ɁАДАЧИ  

 

Ɉɛщее ɪеɲеɧие ɡаɞачи (2.92), (2.72) иɦееɬ 
виɞ: 
 

sssn ClxxxU ))()(()( 222   ,       (3.1) 

 

ɝɞе )( 2xs  – ɮɭɧɞаɦеɧɬаɥьɧая ɦаɬɪиɰа-
ɮɭɧɤɰия ɫиɫɬеɦы (2.92), иɦеɸщая виɞ 
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1

20,2 )()(  ssss TxTx  ;              (3.2) 

 

sT  – ɦаɬɪиɰа, ɫɬоɥɛɰы ɤоɬоɪоɣ явɥяɸɬɫя ɫоɛ-

ɫɬвеɧɧыɦи веɤɬоɪаɦи ɦаɬɪиɰы sK
~

; 0,s  – ɞиа-
ɝоɧаɥьɧая ɦаɬɪиɰа, оɩɪеɞеɥяеɦая ɮоɪɦɭɥоɣ 

 

)};exp(),(   ...,               

 ),exp(),({)(~

2,,2

21,1,220,

xx

xxdiagx

NsNs

sss 
 

 (3.3) 

 

Npps  ..., 2, ,1  ,,   – ɫоɛɫɬвеɧɧые ɡɧачеɧия 

ɦаɬɪиɰы sK
~

; 

  







;0)Re(   ),( 

0)Re(   ),( 
),(

,2

,2

,2
ps

ps

ps x

x
x 

   (3.4)   


 


;0   ,0 

0   ,1 
)(

2

2
2 x

x
x                (3.5) 

 

sC  – веɤɬоɪ ɩоɫɬояɧɧых ɤоɷɮɮиɰиеɧɬов, оɩ-

ɪеɞеɥяеɦых иɡ ɝɪаɧичɧых ɭɫɥовиɣ (2.72). 

Пояɫɧиɦ ɩɪоɰеɫɫ ɧахоɠɞеɧия sC .  

Поɧиɦая ɭɫɥовия (2.52) в виɞе 
 

0)0()0( ,,0  lUBUB nnlnn ,      (3.6) 

 

и ɩоɞɫɬавɥяя (3.1) в (3.6), ɩоɥɭчиɦ: 

 

0]))0()([(                    

]))()0([(

,

,0 


sssnl

sssn

ClB

ClB




 

иɥи                       0, ssГ CB ,                      (3.7) 

ɝɞе                
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lBlB

BBB

snlsn

snlsnsГ 



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 (3.8) 

 

Каɤ иɡвеɫɬɧо, ɧеɧɭɥевоɣ веɤɬоɪ sC , ɭɞовɥе-
ɬвоɪяɸщиɣ (3.7), ɫɭщеɫɬвɭеɬ ɬоɝɞа и ɬоɥьɤо 
ɬоɝɞа, ɤоɝɞа 
 

0)det( , sГB .                (3.8) 

 

 

4. АɅȽɈРИɌɆ ɇАХɈɀДЕɇИЯ  

ɋɈȻɋɌȼЕɇɇЫХ ɁɇАЧЕɇИɃ  

И ɋɈȻɋɌȼЕɇɇЫХ ФɍɇКЦИɃ  

КРАЕȼɈɃ ɁАДАЧИ 

 

Иɬаɤ, ɦеɬоɞиɤа оɩɪеɞеɥеɧия ɫоɛɫɬвеɧɧых 
ɡɧачеɧиɣ и ɫоɛɫɬвеɧɧых ɮɭɧɤɰиɣ ɪаɫɫɦаɬɪи-

ваеɦоɣ ɤɪаевоɣ ɡаɞачи ɫоɫɬоиɬ в ɫɥеɞɭɸщеɦ: 

1) Заɞаɸɬɫя (ɫ ɧеɤоɬоɪыɦ ɩоɫɬояɧɧыɦ иɥи 

ɩеɪеɦеɧɧыɦ ɲаɝоɦ) ... , ..., , , , 321 kssss  (ɩɪи-

чеɦ, очевиɞɧо, ...  ...  321  kssss ) 

2) Поɫɥеɞоваɬеɥьɧо вычиɫɥяɸɬɫя [10-11] 

... , ..., , , , 321 kdddd , ɝɞе  
 

... 3, 2, ,1   ),det( ,  kBd
ksГk           (4.1) 

 

В иɧɬеɪваɥах ],[ 1kk ss  ɧа ɤоɧɰах ɤоɬоɪых 
веɥичиɧа оɩɪеɞеɥиɬеɥя ɦеɧяеɬ ɡɧаɤ, ɬ.е. 
 

01  kk dd ,                    (4.2) 

 

ɧахоɞиɬɫя ɫоɛɫɬвеɧɧое ɡɧачеɧие ɤɪаевоɣ ɡа-
ɞачи.  

Еɫɥи веɥичиɧа  
 

kkk ss  1 ,                   (4.3) 

 

ɬаɤая, чɬо  
 k , 

 

ɝɞе   – ɡаɞаɧɧая ɬочɧоɫɬь оɩɪеɞеɥеɧия, ɬо 
ɫоɛɫɬвеɧɧое ɡɧачеɧие ɧа иɧɬеɪваɥе ],[ 1kk ss  

ɦоɠеɬ ɛыɬь ɧаɣɞеɧо ɩо ɮоɪɦɭɥе 
 

)(
2

1~
1 kkk sss .               (4.4) 

 

В ɩɪоɬивɧоɦ ɫɥɭчае, ɬ.е. ɤоɝɞа 01  kk dd  и 

k , ɬо ɞɥя ɧахоɠɞеɧия иɫɤоɦоɝо ɫоɛɫɬ-
веɧɧоɝо ɡɧачеɧия ɧа иɧɬеɪваɥе ],[ 1kk ss  

ɦоɠɧо ɩɪиɦеɧиɬь, ɧаɩɪиɦеɪ, ɦеɬоɞ ɩоɥо-
виɧɧоɝо ɞеɥеɧия [9].  



А.Б. Зоɥоɬов, П.А. Аɤиɦов, В.ɇ. Сиɞоɪов, Ɉ.А. Коɡыɪев 
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Заɦеɬиɦ, чɬо ваɠɧо выɛиɪаɬь веɥичиɧы k  

ɬаɤиɦ оɛɪаɡоɦ, чɬоɛы ɧа ɤаɠɞоɦ иɧɬеɪваɥе 
],[ 1kk ss  ɧахоɞиɥоɫь ɧе ɛоɥее оɞɧоɝо ɫоɛɫɬ-

веɧɧоɝо ɡɧачеɧия. 
Раɡɭɦееɬɫя, в ɫɥɭчае 

 

01  kk dd ,                        (4.5) 

 

ɦоɠɧо ɫɞеɥаɬь очевиɞɧыɣ вывоɞ, чɬо ɫоɛɫɬ-
веɧɧое ɡɧачеɧие ɤɪаевоɣ ɡаɞачи ɫовɩаɞаеɬ ɫ 
чиɫɥоɦ ks  и/иɥи 1ks . Таɤ, еɫɥи 0kd , ɬо 

kk ss ~ , а еɫɥи 01 kd , ɬо 1
~  kk ss . 

Сɥеɞɭеɬ оɬɦеɬиɬь, чɬо оɩиɫаɧɧыɣ аɥɝоɪиɬɦ 

[4-5] оɛɥаɞаеɬ ɫеɪьеɡɧыɦ ɧеɞоɫɬаɬɤоɦ. Деɥо 
в ɬоɦ, чɬо ɩɪи ɪеɲеɧии ɡаɞач ɛоɥьɲоɣ ɪаɡ-
ɦеɪɧоɫɬи ɩоɪяɞоɤ ɦаɬɪиɰы sГB ,  ɦоɠеɬ ɛыɬь 
ɡɧачиɬеɥьɧыɦ, а ее оɩɪеɞеɥиɬеɥь ɛыɬь веɥи-

чиɧоɣ веɫьɦа ɧеɛоɥьɲоɣ. Эɬо, в ɫвоɸ оче-
ɪеɞь, ɦоɠеɬ ɩɪивеɫɬи ɤ ɬɪɭɞɧоɫɬяɦ ɩɪи чиɫ-
ɥеɧɧоɣ ɪеаɥиɡаɰии. В ɷɬоɣ ɫвяɡи ɦоɠɧо 
ɩɪеɞɥоɠиɬь аɥьɬеɪɧаɬивɧыɣ ɩоɞхоɞ, ɡаɤɥɸ-

чаɸщиɣɫя в ɫɥеɞɭɸщеɦ: 

1) Заɞаɸɬɫя (ɫ ɧеɤоɬоɪыɦ ɩоɫɬояɧɧыɦ иɥи 

ɩеɪеɦеɧɧыɦ ɲаɝоɦ) ... , ..., , , , 321 kssss  (ɩɪи-

чеɦ, очевиɞɧо, ...  ... 321  kssss ); 

2) Вычиɫɥяɸɬɫя ɫоɛɫɬвеɧɧые ɡɧачеɧия ɦаɬ-
ɪиɰ 

ksГB , , ... 3, 2, ,1k , ɬ.е. kNkkk ,4,3,2,1 ...,, , ,  . 

3) Еɫɥи ɫɪеɞи ɫоɛɫɬвеɧɧых ɡɧачеɧиɣ 

kNkkk ,6,3,2,1  ..., , , ,   иɦеɸɬɫя ɧɭɥевые, ɬо ks  

– иɫɤоɦое ɫоɛɫɬвеɧɧое ɡɧачеɧие ɫ ɤɪаɬɧо-
ɫɬьɸ, ɪавɧоɣ чиɫɥɭ ɧɭɥевых ɫоɛɫɬвеɧɧых 
ɡɧачеɧиɣ ɦаɬɪиɰы 

ksГB , . Заɦеɬиɦ, чɬо ɩоиɫɤ 
ɧɭɥевых ɫоɛɫɬвеɧɧых ɡɧачеɧиɣ ɧа ɩɪаɤɬиɤе 
веɞеɬɫя ɫ ɧеɤоɬоɪоɣ ɬочɧоɫɬьɸ  . Иɧыɦи 

ɫɥоваɦи, еɫɥи || , ɬо   ɩоɥаɝаеɬɫя ɧɭɥе-
выɦ.  

 

Ɂаɦечаɧие. Иɫɫɥеɞоваɧия ɩɪовоɞиɥиɫь в 
ɪаɦɤах ɇИР «Поɫɬɪоеɧие и аɧаɥиɡ ɤоɪɪеɤɬ-
ɧых аɧаɥиɬичеɫɤих ɦеɬоɞов и аɥɝоɪиɬɦов 
ɪаɫчеɬа ɤоɧɫɬɪɭɤɰиɣ ɪеɝɭɥяɪɧоɣ ɫɬɪɭɤɬɭ-
ɪы», выɩоɥɧяеɦоɣ ɩо Пɥаɧɭ ɇИР Роɫɫиɣ-

ɫɤоɣ аɤаɞеɦии аɪхиɬеɤɬɭɪы и ɫɬɪоиɬеɥьɧых 
ɧаɭɤ (РААСɇ) ɧа 2007-2009 ɝɝ. и в ɪаɦɤах 

ɇИР «Раɡɪаɛоɬɤа ɬеоɪии и аɥɝоɪиɬɦов ɩо-
ɫɬɪоеɧия ɤоɪɪеɤɬɧых аɧаɥиɬичеɫɤих ɪеɲа-
ɬеɥеɣ ɦɧоɝоɬочечɧых ɤɪаевых ɡаɞач ɩɪиɦе-
ɧиɬеɥьɧо ɤ ɪаɫчеɬаɦ ɫɬɪоиɬеɥьɧых ɤоɧɫɬ-
ɪɭɤɰиɣ», выɩоɥɧяеɦоɣ ɩо аɧаɥиɬичеɫɤоɣ 

веɞоɦɫɬвеɧɧоɣ ɰеɥевоɣ ɩɪоɝɪаɦɦе «Раɡви-

ɬие ɧаɭчɧоɝо ɩоɬеɧɰиаɥа выɫɲеɣ ɲɤоɥы 

(2009-2010 ɝоɞы)» /ɩɪоеɤɬ 6414/. 
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ɉРИɅɈɀЕɇИЯ ДИɋКРЕɌɇɈ-КɈɇɌИɇɍАɅɖɇɈȽɈ ɆЕɌɈДА 

КɈɇЕЧɇЫХ ɗɅЕɆЕɇɌɈȼ ДɅЯ ɈɉРЕДЕɅЕɇИЯ  

ɋɈȻɋɌȼЕɇɇЫХ ɁɇАЧЕɇИɃ И ɋɈȻɋɌȼЕɇɇЫХ ФɍɇКЦИɃ  

КРАЕȼЫХ ɁАДАЧ ɋɌРɈИɌЕɅɖɇɈɃ ɆЕХАɇИКИ 

ЧАɋɌɖ 2: ɁАДАЧА ИɁȽИȻА ɉɅИɌЫ 
 

А.Б. Зоɥотов, П.А. Акимов, В.Н. Сидоров, О.А. Коɡырев 
Моɫɤовɫɤиɣ ɝоɫɭɞаɪɫɬвеɧɧыɣ ɫɬɪоиɬеɥьɧыɣ ɭɧивеɪɫиɬеɬ, ɝ. Моɫɤва, РɈССИə 
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ABSTRACT: The distinctive paper is devoted to use of discrete-continual finite element method for solving of 

eigenvalue problems of plate analysis. Operational and variational formulations are presented. The discrete-

continual design model for structures with constant physical and geometrical parameters in one direction is of-

fered on the basis of so-called discrete-continual finite elements. Element coordinate system and approximation 

of nodal unknowns are under consideration. Special generalized block-structured stiffness matrix of discrete-

continual finite element are assembled. Resultant discrete-continual operational formulation is given. Effective 

computing algorithms for eigenvalues and eigenvectors are presented as well. All methods and algorithms con-

sidered in the distinctive paper have been realized in software engineering. 
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ȼȼЕДЕɇИЕ 

 

ɇаɫɬоящая ɫɬаɬья ɩɪоɞоɥɠаеɬ ɫеɪиɸ ɪаɛоɬ 
[4-5], ɩоɫвящеɧɧых воɩɪоɫаɦ иɫɩоɥьɡоваɧия 
ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧоɝо ɦеɬоɞа ɤоɧечɧых 
ɷɥеɦеɧɬов (ДКМКЭ) ɞɥя оɩɪеɞеɥеɧия ɫоɛɫɬ-
веɧɧых ɡɧачеɧиɣ и ɫоɛɫɬвеɧɧых ɮɭɧɤɰиɣ 

ɤɪаевых ɡаɞач ɪаɫчеɬа ɫɬɪоиɬеɥьɧых ɤоɧɫɬ-
ɪɭɤɰиɣ, ɡɞаɧиɣ и ɫооɪɭɠеɧиɣ. Иɡɥоɠеɧие 
веɞеɬɫя ɧа ɩɪиɦеɪе ɡаɞачи оɛ иɡɝиɛе ɩɥиɬы в 
ɪаɦɤах ɤɥаɫɫичеɫɤоɣ ɬеоɪии ɬоɧɤих ɩɥиɬ [1-

3,13]. Аɧаɥиɡ и ɪаɫчеɬ ɧаɩɪяɠеɧɧо-
ɞеɮоɪɦиɪоваɧɧоɝо ɫоɫɬояɧия (ɇДС) ɩɥиɬ, 
ɩоɞвеɪɠеɧɧых иɡɝиɛɭ, ɬɪаɞиɰиоɧɧо ɫчиɬаеɬ-
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ɫя ɡɧачиɬеɥьɧо ɫɥоɠɧее аɧаɥиɡа и ɪеɲеɧия 
ɩɥоɫɤих ɡаɞач ɬеоɪии ɭɩɪɭɝоɫɬи и, ɬеɦ ɛо-
ɥее, ɤɪаевых ɡаɞач ɞɥя оɩеɪаɬоɪа Лаɩɥаɫа, 
ɪаɫɫɦоɬɪеɧɧых, в чаɫɬɧоɫɬи, в [4-5]. 

Ɉɛɥаɫɬь ɩɪиɦеɧеɧия ДКМКЭ в ɞаɧɧоɦ ɫɥɭ-
чае ɫоɫɬавɥяɸɬ ɩɥиɬы, ɭ ɤоɬоɪых иɦееɬɫя 
ɩоɫɬояɧɫɬво ɮиɡиɤо-ɝеоɦеɬɪичеɫɤих хаɪаɤ-
ɬеɪиɫɬиɤ ɩо оɞɧоɦɭ иɡ ɤооɪɞиɧаɬɧых ɧа-
ɩɪавɥеɧиɣ (ɧаɡываеɦоɦɭ оɫɧовɧыɦ ɧаɩɪав-
ɥеɧиеɦ) ɩɪи ɩɪоиɡвоɥьɧо ɦеɧяɸщихɫя 
вɧеɲɧих ɧаɝɪɭɡɤах и ɥɸɛоɦ хаɪаɤɬеɪе ɡа-
ɤɪеɩɥеɧиɣ. Пɪеɞɥаɝаеɦыɣ ɦеɬоɞ явɥяеɬɫя 
ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧыɦ в ɬоɦ ɫɦыɫɥе, чɬо 
ɩо оɫɧовɧоɦɭ ɧаɩɪавɥеɧиɸ ɫохɪаɧяеɬɫя ɤоɧ-

ɬиɧɭаɥьɧыɣ хаɪаɤɬеɪ ɡаɞачи и, ɫооɬвеɬɫɬ-
веɧɧо, аɧаɥиɬичеɫɤиɣ виɞ ɩоɥɭчаеɦоɝо ɪе-
ɲеɧия, в ɬо вɪеɦя ɤаɤ ɩо оɫɬаɥьɧыɦ ɩɪоиɡ-
воɞиɬɫя ɞиɫɤɪеɬиɡаɰия ɫ иɫɩоɥьɡоваɧиеɦ 

ɬехɧиɤи ɦеɬоɞа ɤоɧечɧых ɷɥеɦеɧɬов (МКЭ). 

В иɬоɝе иɦееɦ аɧɫаɦɛɥь ɞиɫɤɪеɬɧо-
ɤоɧɬиɧɭаɥьɧых ɤоɧечɧых ɷɥеɦеɧɬов. Таɤиɦ 

оɛɪаɡоɦ, ɩоɫɬɪоеɧие аɥɝоɪиɬɦов ɪеɲеɧия 
оɫɭщеɫɬвɥяеɬɫя ɡа ɫчеɬ ɪаɡɭɦɧоɝо ɫочеɬаɧия 
чиɫɥеɧɧых и аɧаɥиɬичеɫɤих ɩоɞхоɞов. Аɧа-
ɥиɬичɧоɫɬь ɩоɥɭчаеɦых ɩɪи ɷɬоɦ ɪеɲеɧиɣ 

ɫɭщеɫɬвеɧɧо ɫɩоɫоɛɫɬвɭеɬ ɭɥɭчɲеɧиɸ ɤаче-
ɫɬва иɫɫɥеɞоваɧия ɪаɫɫɦаɬɪиваеɦых ɩɥиɬ. 
ɇаɣɞеɧɧая ɫ ɩоɦощьɸ ДКМКЭ ɤаɪɬиɧа ɇДС 

ɪаɡвиваеɬ иɧɬɭиɰиɸ ɪаɫчеɬчиɤа и ɩоɧиɦаɧие 
ɪаɛоɬы ɩɥиɬ, хаɪаɤɬеɪа вɥияɧия ɧа ɧих ɪаɡ-
ɧоɝо ɪоɞа ɥоɤаɥьɧых и ɝɥоɛаɥьɧых ɮаɤɬо-
ɪов. ДКМКЭ оɫоɛеɧɧо ɷɮɮеɤɬивеɧ в ɡоɧах 
ɤɪаевоɝо ɷɮɮеɤɬа, ɬаɦ, ɝɞе чаɫɬь ɫоɫɬавɥяɸ-

щих ɪеɲеɧия ɩɪеɞɫɬавɥяеɬ ɫоɛоɣ ɛыɫɬɪоиɡ-
ɦеɧяɸщиеɫя ɮɭɧɤɰии, ɫɤоɪоɫɬь иɡɦеɧеɧия 
ɤоɬоɪых ɧе вɫеɝɞа ɦоɠеɬ ɛыɬь аɞеɤваɬɧо ɭч-
ɬеɧа ɬɪаɞиɰиоɧɧыɦи чиɫɥеɧɧыɦи ɦеɬоɞаɦи, 

иɫɩоɥьɡɭеɦыɦи ɩɪи ɪаɫчеɬах ɩɥиɬ (в ɬоɦ 

чиɫɥе и ɦеɬоɞоɦ ɤоɧечɧых ɩоɥоɫ). Пɪеиɦɭ-
щеɫɬваɦи ДКМКЭ ɬаɤɠе явɥяɸɬɫя ɩоɧиɠе-
ɧие ɪаɡɦеɪɧоɫɬи ɩɪи чиɫɥеɧɧоɦ ɪеɲеɧии 

(ɞвɭɦеɪɧая ɡаɞача, ɩо ɫɭɬи, ɫвоɞиɬɫя ɤ оɞɧо-
ɦеɪɧоɣ) и оɬɫɭɬɫɬвие ɤаɤих-ɥиɛо  оɝɪаɧиче-
ɧиɣ ɧа ɞɥиɧɭ ɩɥиɬ ɩо оɫɧовɧоɦɭ ɧаɩɪавɥе-
ɧиɸ (оɛɴеɦ вычиɫɥиɬеɥьɧоɣ ɪаɛоɬы в ɪаɦ-

ɤах ДКМКЭ ɧе ɡавиɫиɬ оɬ ɷɬоɝо ɩаɪаɦеɬɪа, в 

оɬɥичии, ɧаɩɪиɦеɪ, оɬ ɫɬаɧɞаɪɬɧоɝо МКЭ 

иɥи ɦеɬоɞа ɤоɧечɧых ɩоɥоɫ). 
 

 

1. КɈɇɌИɇɍАɅɖɇАЯ ɉɈɋɌАɇɈȼКА 

ɁАДАЧИ ɋ ȼЫДЕɅЕɇИЕɆ  

ɈɋɇɈȼАɇɇɈȽɈ ɇАɉРАȼɅЕɇИЯ 

 

1.1. ɇеɤоɬоɪые ɩɪеɞваɪиɬельɧые оɛоɡɧа-
чеɧиɹ и ɧеɤоɬоɪые оɩɪеɞелɹюɳие сооɬ-
ɧоɲеɧиɹ. Ввеɞеɦ ɫɥеɞɭɸщɭɸ ɫиɫɬеɦɭ оɛо-
ɡɧачеɧиɣ:   – оɛɥаɫɬь, оɩиɫываеɦая ɪаɫ-
ɫɦаɬɪиваеɦоɣ ɩɥиɬоɣ; Г  – ɝɪаɧиɰа оɛ-

ɥаɫɬи  ; 21  , xx  – иɫɩоɥьɡɭеɦые ɤооɪɞиɧаɬы; 

21  , uu  – ɫоɫɬавɥяɸщие ɩеɪеɦещеɧиɣ ɩо оɫяɦ 

21  , OxOx  (ɪиɫ. 1.1); w  – ɩɪоɝиɛ ɩɥиɬы; 
Tnnn ]    [ 21  – веɤɬоɪ ɫоɫɬавɥяɸщих вɧɭɬ-

ɪеɧɧеɣ ɧоɪɦаɥи ɤ ɝɪаɧиɰе; 
4

2

2

2

2

1

4

1

4 2   – ɛиɝаɪɦоɧичеɫɤиɣ 

оɩеɪаɬоɪ; h  – ɬоɥщиɧа ɩɥиɬы;   – ɤоɷɮɮи-

ɰиеɧɬ Пɭаɫɫоɧа ɦаɬеɪиаɥа ɩɥиɬы; 

2 1,   ,/  kxkk ; )]1(12[/ 23  EhD  – 

ɰиɥиɧɞɪичеɫɤая ɠеɫɬɤоɫɬь ɩɥиɬы; q  – ɩɥоɬ-
ɧоɫɬь ɧаɝɪɭɡɤи. 

 

1.2. Ɍɪаɞиɰиоɧɧаɹ и оɩеɪаɬоɪɧаɹ ɩосɬа-
ɧовɤи ɡаɞачи оɛ иɡɝиɛе ɩлиɬы. Тɪаɞиɰи-

оɧɧая ɩоɫɬаɧовɤа ɤɪаевоɣ ɡаɞачи ɪаɫчеɬа 
ɩɥиɬы вɤɥɸчаеɬ оɩиɫаɧие иɫхоɞɧоɣ оɛɥаɫɬи  , ɡаɧиɦаеɦоɣ ɩɥиɬоɣ, ɭɫɥовиɣ ɧа ɝɪаɧиɰе 
оɛɥаɫɬи Г  и ɭɫɥовиɣ вɧɭɬɪи оɛɥаɫɬи, 

ɤоɬоɪые в ɩɪоɫɬеɣɲеɦ ɫɥɭчае оɩиɫываɸɬɫя 
ɭɪавɧеɧиеɦ Соɮи ɀеɪɦеɧ – Лаɝɪаɧɠа [13] 

  ),(   ,)()( 21

4 xxxxswxwD ,     (1.1) 

 

ɝɞе s  – иɫɤоɦое ɫоɛɫɬвеɧɧое ɡɧачеɧие. 
Сооɬвеɬɫɬвɭɸщая оɩеɪаɬоɪɧая ɮоɪɦɭɥиɪов-
ɤа ɤɪаевоɣ ɡаɞачи, вɤɥɸчаɸщая вɫе ɬɪи чаɫ-
ɬи ɬɪаɞиɰиоɧɧоɣ ɩоɫɬаɧовɤи в ɫоɝɥаɫоваɧ-

ɧоɦ ɫ вычиɫɥиɬеɥьɧоɣ ɬочɤи ɡɪеɧия виɞе, в 
чаɫɬɧоɫɬи, ɞɥя еɫɬеɫɬвеɧɧых ɤɪаевых ɭɫɥо-
виɣ и ɩɪи ɧаɥичии ɭɩɪɭɝоɝо оɫɧоваɧия ( c  – 

ɠеɫɬɤоɫɬь оɫɧоваɧия) иɦееɬ виɞ: 
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– ɫооɬвеɬɫɬвеɧɧо иɡɝиɛаɸщие и ɤɪɭɬящиɣ 

ɦоɦеɧɬы, иɡɦеɧеɧия ɤɪивиɡɧы и ɤɪɭчеɧия;   – ɪаɫɲиɪеɧɧая оɛɥаɫɬь, оɤаɣɦɥяɸщая  ;   – хаɪаɤɬеɪиɫɬичеɫɤая ɮɭɧɤɰия оɛɥаɫɬи  ; Г  – ɞеɥьɬа-ɮɭɧɤɰия ɝɪаɧиɰы Г , 
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;   0, 

   1, 
),( 21 x

x
xx           (1.5)    

nxxГГ  /),( 21  .            (1.6) 

 

Сɮоɪɦɭɥиɪɭеɦ оɩеɪаɬоɪɧɭɸ ɩоɫɬаɧовɤɭ ɡа-
ɞачи в ɩеɪеɦещеɧиях. Поɞɫɬавɥяя (1.4) в 
(1.3) и ɞаɥее ɩоɥɭчеɧɧое в (1.1), ɩоɫɥе ɩɪе-
оɛɪаɡоваɧиɣ ɛɭɞеɦ иɦеɬь 
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Ɉɩеɪаɬоɪ ɤɪаевоɣ ɡаɞачи (1.7) в ɫооɬвеɬɫɬ-
вии ɫ аɧаɥоɝиеɣ МКЭ ɦоɠɧо ɧаɡваɬь ɤоɧɬи-

ɧɭаɥьɧыɦ оɩеɪаɬоɪоɦ ɠеɫɬɤоɫɬи ɤоɧɫɬɪɭɤ-
ɰии. Поɫɬаɧовɤа (1.7) ɧа ɩɪаɤɬиɤе явɥяеɬɫя 
оɫɧовɧоɣ, ɬаɤ ɤаɤ ɧеоɛхоɞиɦоɫɬь ɭɞовɥеɬво-
ɪеɧия ɤиɧеɦаɬичеɫɤиɦ ɝɪаɧичɧыɦ ɭɫɥовияɦ, 

ɤаɤ ɩɪавиɥо, ɭчиɬываеɬɫя в ɩɪоɰеɫɫе ɪеɲе-
ɧия ɡаɞачи ɧа ɞиɫɤɪеɬɧоɦ ɭɪовɧе. 
 

1.3. Коɧɬиɧɭальɧаɹ оɩеɪаɬоɪɧаɹ ɩосɬа-
ɧовɤа ɡаɞачи с выɞелеɧиеɦ осɧовɧоɝо ɧа-
ɩɪавлеɧиɹ. Выɞеɥиɦ оɞɧо ɧаɩɪавɥеɧие, ɫо-
оɬвеɬɫɬвɭɸщее ɩеɪеɦеɧɧоɣ 2x , вɞоɥь ɤоɬо-
ɪоɝо ɮиɡиɤо-ɝеоɦеɬɪичеɫɤие хаɪаɤɬеɪиɫɬиɤи 

ɩɥиɬы оɫɬаɸɬɫя ɧеиɡɦеɧɧыɦи, ɧаɡываеɦое в 
ɞаɥьɧеɣɲеɦ оɫɧовɧыɦ иɥи «ɩɪоɞоɥьɧыɦ». 

Выɩоɥɧяя ɩɪеоɛɪаɡоваɧия, ɦоɠеɦ ɩеɪеɣɬи 

оɬ ɩоɫɬаɧовɤи (1.7) ɤ оɛыɤɧовеɧɧоɦɭ ɞиɮ-

ɮеɪеɧɰиаɥьɧоɦɭ ɭɪавɧеɧиɸ чеɬвеɪɬоɝо ɩо-
ɪяɞɤа ɫ оɩеɪаɬоɪɧыɦи ɤоɷɮɮиɰиеɧɬаɦи, ɤо-
ɬоɪое ɛеɡ ɭчеɬа «ɩоɩеɪечɧых» ɤɪаевых ɭɫɥо-
виɣ ɡаɩиɫываеɬɫя ɫɥеɞɭɸщиɦ оɛɪаɡоɦ: 
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Ɉɬɦеɬиɦ, чɬо ɩɪивеɞеɧɧые оɩеɪаɬоɪɧые ɤо-
ɷɮɮиɰиеɧɬы вɤɥɸчаɸɬ в ɫеɛя ɬоɥьɤо ɤɪае-
вые ɭɫɥовия вɞоɥь оɫɧовɧоɝо ɧаɩɪавɥеɧия. 
Поɫɬаɧовɤа (1.8)-(1.11) явɥяеɬɫя иɫхоɞɧоɣ ɫ 
ɬочɤи ɡɪеɧия ɪаɡɪаɛоɬаɧɧых авɬоɪаɦи ɦеɬо-
ɞов. С ɩоɡиɰии ɞаɥьɧеɣɲеɝо аɧаɥиɬичеɫɤоɝо 
ɪеɲеɧия ɫɮоɪɦɭɥиɪоваɧɧɭɸ ɬаɤиɦ оɛɪаɡоɦ 

ɡаɞачɭ ɧеоɛхоɞиɦо ɫвеɫɬи ɥиɛо ɤ ɩеɪвоɦɭ 
ɩоɪяɞɤɭ. 
Ввеɞя оɛоɡɧачеɧия 
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и, ɪаɫɫɦаɬɪивая их ɧаɪяɞɭ ɫ (1.8), ɛɭɞеɦ 

иɦеɬь: 
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Риɫ. 1.1. Диɮɮеɪеɧɰиаɥьɧо ɦаɥыɣ ɷɥеɦеɧɬ ɩɥиɬы и ɧаɩɪяɠеɧия в ɫечеɧиях. 
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Раɫɫɦоɬɪиɦ, ɧаɩɪиɦеɪ, ɞвɭхɬочечɧɭɸ ɤɪае-
вɭɸ ɡаɞачɭ. Пɭɫɬь ɝɪаɧичɧые ɭɫɥовия ɡаɞа-
ɸɬɫя в ɫечеɧиях 02 x  и lx 2 , ɝɞе l  – ɞɥи-

ɧа ɤоɧɫɬɪɭɤɰии. В ɫɥɭчае ɲаɪɧиɪɧых ɡаɤɪе-
ɩɥеɧиɣ (ɩо оɫяɦ 1Ox  и 2Ox ) ɫечеɧиях 02 x  

и lx 2  ɝɪаɧичɧые ɭɫɥовия ɩɪеɞɫɬавиɦы в 
виɞе 
 

0),()0,( 110  lxYBxYB l ,           (1.19) 

 

ɝɞе 0B  и lB  – ɦаɬɪиɰы ɝɪаɧичɧых ɭɫɥовиɣ, в 
ɞаɧɧоɦ ɫɥɭчае 
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Иɬаɤ, ɡаɞача ɮоɪɦиɪɭеɬɫя ɫɥеɞɭɸщиɦ оɛɪа-
ɡоɦ: оɩɪеɞеɥиɬь ɬаɤɭɸ оɬɥичɧɭɸ оɬ ɬоɠɞе-
ɫɬвеɧɧоɝо ɧɭɥя веɤɬоɪ-ɮɭɧɤɰиɸ ) ,( 21 xxY  и 

ɬаɤое ɡɧачеɧие s , ɩɪи ɤоɬоɪоɦ ɫɩɪавеɞɥивы 

ɭɪавɧеɧие (1.16) и ɝɪаɧичɧые ɭɫɥовия (1.19). 

 

1.4. ɍчеɬ ɭɩɪɭɝоɩоɞаɬливых оɩоɪ (осɧова-
ɧие ɬиɩа ȼиɧɤлеɪа). Пɪи ɪеɲеɧии ɩɪаɤɬи-

чеɫɤих ɡаɞач ɧеɪеɞɤо иɦеɸɬ ɦеɫɬо ɫɥɭчаи, 

ɤоɝɞа ɧа оɛɥаɫɬи  , ее ɝɪаɧиɰе Г  иɥи 

их чаɫɬях ɡаɞаɧы ɭɩɪɭɝоɩоɞаɬɥивые оɩоɪы,  

ɧеɩɪеɪывɧые ɩо оɫɧовɧоɦɭ ɧаɩɪавɥеɧиɸ. 

Реаɤɬивɧое ɭɫиɥие R , воɡɧиɤаɸщее в оɩоɪе, 
оɩɪеɞеɥяеɬɫя ɩо ɫɥеɞɭɸщеɣ ɮоɪɦɭɥе: 
 

cwR  ,                       (1.21) 

 

ɝɞе c  – ɭɩɪɭɝая хаɪаɤɬеɪиɫɬиɤа оɩоɪы (ɤо-
ɷɮɮиɰиеɧɬ оɬɩоɪа оɩоɪы ɩо ɧаɩɪавɥеɧиɸ 

оɫи 3Ox ). 

ɇаɥичие ɭɩɪɭɝоɩоɞаɬɥивых оɩоɪ вɧоɫиɬ 
ɤоɪɪеɤɬиɪовɤɭ в оɩеɪаɬоɪɧɭɸ ɩоɫɬаɧовɤɭ 
ɡаɞачи: оɩеɪаɬоɪ sL

~
 в (1.16) оɩɪеɞеɥяеɬɫя 

ɮоɪɦɭɥоɣ: 
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2. ДИɋКРЕɌɇɈ-КɈɇɌИɇɍАɅɖɇАЯ 

ɉɈɋɌАɇɈȼКА ɁАДАЧИ 

 

2.1. Дисɤɪеɬɧо-ɤоɧɬиɧɭальɧаɹ аɩɩɪоɤси-

ɦиɪɭюɳаɹ ɦоɞель ɤоɧсɬɪɭɤɰии. Дисɤɪеɬ-
ɧо-ɤоɧɬиɧɭальɧыɣ ɤоɧечɧыɣ ɷлеɦеɧɬ 
(ДККɗ). Дɥя ɩоɫɬаɧовɤи и ɪеɲеɧия ɪаɫ-
ɫɦаɬɪиваеɦоɣ ɤɪаевоɣ ɡаɞачи иɫхоɞɧая оɛ-

ɥаɫɬь   оɤаɣɦɥяеɬɫя ɪаɫɲиɪеɧɧоɣ  . Пɪи-

ɧиɦаеɬɫя ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧая ɦоɞеɥь 
ɫɥеɞɭɸщеɝо ɬиɩа: в ɩоɩеɪечɧоɦ ɧаɩɪавɥе-
ɧии ɤоɧɫɬɪɭɤɰии (вɞоɥь оɫи 1Ox ) ɩɪоиɡво-
ɞиɬɫя ɫеɬочɧая аɩɩɪоɤɫиɦаɰия, а в ɩɪоɞоɥь-
ɧоɦ (оɫɧовɧоɦ) (вɞоɥь оɫи 2Ox ) – ɪеɲаеɬɫя 
ɤоɧɬиɧɭаɥьɧая ɡаɞача (ɪиɫ. 2.1). 

Ɉɛɥаɫɬь   ɪаɡɛиваеɦ ɧа ɩоɞоɛɥаɫɬи – ɞиɫ-
ɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧые ɤоɧечɧые ɷɥеɦеɧɬы 

(ДККЭ) i  (ɪиɫ. 2.2): 
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ɝɞе 21  , ll  – ɪаɡɦеɪы ɩɪиɧяɬоɣ ɫеɬɤи ɷɥеɦеɧ-

ɬов, аɩɩɪоɤɫиɦиɪɭɸщих ɩɥиɬɭ  ɫооɬвеɬɫɬ-
веɧɧо ɩо ɧаɩɪавɥеɧияɦ оɫеɣ 1Ox  и 2Ox ; 

Nixxi  ..., 2, 1,   ),,( 21   – ɤооɪɞиɧаɬы ɭɡɥов 
ɫеɬɤи в «ɩоɩеɪечɧоɦ» ɧаɩɪавɥеɧии, ih  – ɲа-
ɝи ɫеɬɤи; 
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Ɉɩɪеɞеɥяеɦ хаɪаɤɬеɪиɫɬичеɫɤɭɸ ɮɭɧɤɰиɸ 

ɷɥеɦеɧɬа: 
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 iiii       ; .              (2.7) 

 

Раɫɫɦоɬɪиɦ ɩɪоиɡвоɥьɧыɣ i-ɣ ɷɥеɦеɧɬ ɦоɞе-
ɥи (ɪиɫ. 2.2). Заɦеɧа ɩеɪеɦеɧɧых иɝɪаеɬ 
ɛоɥьɲɭɸ ɪоɥь ɩɪи чиɫɥеɧɧоɦ ɪеɲеɧии 

ɤɪаевых ɡаɞач ɫеɬочɧыɦи ɦеɬоɞаɦи, ɬаɤ ɤаɤ 
в ɷɬоɦ ɫɥɭчае оɫɭщеɫɬвɥяеɬɫя ɥоɤаɥьɧая ɡа-
ɦеɧа ɩеɪеɦеɧɧых вɧɭɬɪи ɷɥеɦеɧɬа. Пеɪехо-
ɞиɦ иɡ иɫхоɞɧоɣ ɫиɫɬеɦы ɤооɪɞиɧаɬ в ɷɥе-
ɦеɧɬɧые (ɪиɫ. 2.2): ),,(),( 221 xtixx  . Зɞеɫь t 
– ɥоɤаɥьɧая ɤооɪɞиɧаɬа, ввеɞеɧɧая ɩо ɧа-
ɩɪавɥеɧиɸ оɫи 1Ox  и ɫвяɡаɧɧая ɫ ДККЭ: 

 

1] [0,   ;/)( 11  thxxt i

i .          (2.8) 

 

2.2. Аɩɩɪоɤсиɦаɰиɹ ɧеиɡвесɬɧых фɭɧɤ-

ɰиɣ. Ввеɞеɦ в ɪаɫɫɦоɬɪеɧие ɮɭɧɤɰии 

 

4 3, 2, ,1   ),,(),( 21121  jxxyxxz jj .    (2.9) 

 

В ɤачеɫɬве оɫɧовɧых ɧеиɡвеɫɬɧых в ɭɡɥах 
ɩɪиɧиɦаɸɬɫя ɮɭɧɤɰии 1y , 2y , 3y , 4y  и 1z , 

2z , 3z , 4z , ɬ.е. ɞɥя i -ɝо ɭɡɥа ɷɬо iy1 , iy2 , iy3 , 
iy4  и iz1 , iz2 , iz3 , iz4 . Сооɬвеɬɫɬвеɧɧо веɤɬоɪ 
ɧеиɡвеɫɬɧых иɦееɬ виɞ: 
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Риɫ. 2.1. Диɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧая аɩɩɪоɤɫиɦиɪɭɸщая ɦоɞеɥь ɩɥиɬы. 

 
Риɫ. 2.2. Тиɩовоɣ ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧыɣ ɤоɧечɧыɣ ɷɥеɦеɧɬ. 

 

Веɤɬоɪ ɧеиɡвеɫɬɧых во вɫех ɭɡɥах ɷɥеɦеɧɬа 
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                 (2.13) 

 

ɝɞе                     
 

4 3, 2, ,1   ,] )(   )( [)( 1
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                (2.14) 

 

Бɭɞеɦ ɩоɥаɝаɬь, чɬо ɩоɥя 1y , 2y , 3y , 4y  ɩо 
«ɩоɩеɪечɧоɦɭ» ɫечеɧиɸ ɪаɫɫɦаɬɪиваеɦоɝо 
ДККЭ аɩɩɪоɤɫиɦиɪɭɸɬɫя ɤɭɛичеɫɤиɦи ɩоɥи-

ɧоɦаɦи [6-7,12]. Зɞеɫь ɦоɠɧо ɩɪовеɫɬи ɩɪя-
ɦɭɸ аɧаɥоɝиɸ ɫ ɮɭɧɤɰияɦи ɮоɪɦы, ɤоɬоɪые 

иɫɩоɥьɡɭɸɬɫя в ɫɬаɧɞаɪɬɧоɦ МКЭ ɩɪи ɪеɲе-
ɧии ɡаɞач, ɫвяɡаɧɧых ɫ ɩоɩеɪечɧыɦ иɡɝиɛоɦ 

ɛаɥоɤ. Выɩоɥɧив ɫхоɠɭɸ ɩɪоɰеɞɭɪɭ ɩоɫɬɪое-
ɧия ɮоɪɦɭɥ аɩɩɪоɤɫиɦаɰии, иɦееɦ: 
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  (2.15) 

 

иɥи иɧаче в ɦаɬɪичɧо-веɤɬоɪɧоɣ ɮоɪɦе 
 

)( j

i

T

j ty  ;  4 3, 2, ,1j ,  ixx ),( 21 , (2.16) 

 

ɝɞе                   
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)(   ;       (2.17)   

Ttttt ]          1 [ 32 .              (2.18) 

 

Выɪаɠеɧия ɞɥя ɮɭɧɤɰиɣ  1z , 2z , 3z , 4z  еɫɬе-
ɫɬвеɧɧыɦ оɛɪаɡоɦ ɩоɥɭчаɸɬɫя иɡ ɮоɪɦɭɥ 
(2.15)-(2.16) ɩɭɬеɦ их ɞиɮɮеɪеɧɰиɪоваɧия: 
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Иɬаɤ, очевиɞɧо, чɬо иɦеɸɬ ɦеɫɬо ɫɥеɞɭɸщие 
ɫооɬɧоɲеɧия: 
 

)( j

ii

i

j Cy  ,   4 3, 2, ,1j ,         (2.20) 

ɝɞе                       CCC ii

~ ;                       (2.21) 
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3     2     1     0 
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C .             (2.23) 

 

Ɉɛɪащая ɦаɬɪиɰɭ iC  ɩоɥɭчиɦ: 

 
111 ~  ii CCC ;                 (2.24)   
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Сɥеɞоваɬеɥьɧо, оɩɪеɞеɥяеɦ 
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j yCty 1 ,  4 3, 2, ,1j , ixx ),( 21  (2.27) 

 

иɥи иɧаче 
 

)()(),( 221 xytNxxy i

jij  , 4 3, 2, ,1j ,  

ixx ),( 21 ,        (2.28) 

 

ɝɞе                       
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                (2.29) 

 

– ɦаɬɪиɰа ɮɭɧɤɰиɣ ɮоɪɦы («ɩоɩеɪечɧых») 

ɩо ɫечеɧиɸ ДККЭ ɫ ɷɥеɦеɧɬаɦи 

 
32

1, 231)( tttNi  ;               (2.30) 

)2()( 32

2, ttthtN ii  ;           (2.31) 

32

3, 23)( tttNi  ;                  (2.32) 

   )()( 32

4, tthtN ii  .              (2.33) 

 

Маɬɪиɰа (2.29), в ɫвоɸ очеɪеɞь, ɩоɫɥе ɩеɪе-
оɛоɡɧачеɧиɣ ɩɪеɞɫɬавиɦа в виɞе: 
 

0)( i

T

i NttN  ,   ɝɞе   10  ii CN .    (2.34) 

 

2.3. Аɩɩɪоɤсиɦаɰиɹ часɬɧых ɩɪоиɡвоɞ-

ɧых оɬ исɤоɦых фɭɧɤɰиɣ ɧа ДККɗ. Вы-

ɪаɠеɧия ɞɥя чаɫɬɧых ɩɪоиɡвоɞɧых оɬ ɧеиɡ-
веɫɬɧых ɮɭɧɤɰиɣ ɩо ɩеɪеɦеɧɧыɦ 1x  и 2x  

ɡаɩиɫываɸɬɫя ɫɥеɞɭɸщиɦ оɛɪаɡоɦ (ɧиɠе 
ixx ),( 21 ): 

– чаɫɬɧые ɩɪоиɡвоɞɧые ɩеɪвоɝо ɩоɪяɞɤа: 
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),(),( 221211 xytN
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xxzxxy i
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4 3, 2, ,1j ;     (2.35) 
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i

jij  ,    

3 2, ,1j ;          (2.36) 

 

– чаɫɬɧые ɩɪоиɡвоɞɧые вɬоɪоɝо ɩоɪяɞɤа: 
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– чаɫɬɧые ɩɪоиɡвоɞɧые ɬɪеɬьеɝо ɩоɪяɞɤа: 
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ɝɞе                         
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d
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d
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                  (2.46) 

Пɪоиɡвоɞɧые оɬ ɦаɬɪиɰы ɮɭɧɤɰиɣ ɮоɪɦы 

(2.29) ɧахоɞяɬɫя ɞиɮɮеɪеɧɰиɪоваɧиеɦ ее 
ɷɥеɦеɧɬов (2.30), ɬ.е. 
 

)1(6)(1,  tttNi ;               (2.47) 

)341()( 2

2, tthtN ii  ;          (2.48) 

)1(6)(3, tttNi  ;               (2.49) 

   )23()(4,  tthtN ii ;              (2.50) 

)12(6)(1,  ttNi ;               (2.51) 

)23(2)(2,  thtN ii ;            (2.52) 

)21(6)(3, ttNi  ;              (2.53) 

)13(2)(4,  thtN ii ;              (2.54) 

12)(1,  tNi ;                  (2.55) 

  ii htN 6)(2,  ;                 (2.56) 

   12)(3,  tNi ;                 (2.57) 

ii htN 6)(4,  .                 (2.58) 

 

Ɉчевиɞɧо, чɬо ɫооɬвеɬɫɬвɭɸщие ɭɡɥовые 
ɮɭɧɤɰии оɩɪеɞеɥяɸɬɫя ɩо ɮоɪɦɭɥаɦ, яв-
ɥяɸщиɦɫя чаɫɬɧыɦи ɫɥɭчаяɦи (2.35)-(2.43): 

– чаɫɬɧые ɩɪоиɡвоɞɧые ɩеɪвоɝо ɩоɪяɞɤа: 
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– чаɫɬɧые ɩɪоиɡвоɞɧые вɬоɪоɝо ɩоɪяɞɤа: 
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– чаɫɬɧые ɩɪоиɡвоɞɧые ɬɪеɬьеɝо ɩоɪяɞɤа: 
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21 ][  ,  Ni  ..., ,2 ,1 ,  2 ,1j ; (2.72) 
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2 ][  ,   Ni  ..., ,2 ,1 ,   1j .  (2.73) 

 

2.4. Аɩɩɪоɤсиɦаɰиɹ иɡɝиɛаюɳих ɦоɦеɧ-

ɬов, ɩоɩеɪечɧых сил, ɤɪɭɬɹɳих ɦоɦеɧɬов 

и ɩɪивеɞеɧɧых ɩоɩеɪечɧых сил ɧа ДККɗ. 

Выɪаɠеɧия ɞɥя иɡɝиɛаɸщих ɦоɦеɧɬов ɧа 
ɷɥеɦеɧɬе ɩоɫɥе оɩɪеɞеɥеɧия (2.35)-(2.43) ɧа 
оɫɧове иɡвеɫɬɧых ɫооɬɧоɲеɧиɣ иɦеɸɬ виɞ: 
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Поɩеɪечɧые ɫиɥы, в ɫвоɸ очеɪеɞь, вычиɫ-
ɥяɸɬɫя ɩо ɮоɪɦɭɥаɦ: 
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Кɪɭɬящиɣ ɦоɦеɧɬ оɩɪеɞеɥяеɬɫя выɪаɠеɧиеɦ 
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Пɪивеɞеɧɧые ɩоɩеɪечɧые ɫиɥы, чаɫɬо иɫ-
ɩоɥьɡɭеɦые ɩɪи ɡаɞаɧии ɝɪаɧичɧых ɭɫɥовиɣ, 

иɦеɸɬ виɞ: 
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  (2.79)   
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

  

  (2.80) 

 

Соɝɥаɫɧо (2.74)-(2.78) вɧɭɬɪеɧɧие ɭɫиɥия в 
ɭɡɥах ɧахоɞяɬɫя ɩо ɮоɪɦɭɥаɦ: 

 

)]([ 31

2
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,i yyDM  ;          (2.81) 

)][( 31

2

1,2
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i yyDM   ;          (2.82) 

)]([ 31

3

11

ii

,i zyDQ  ;            (2.83)   

)]([Q 412

2

1,2

ii

i yyD  ;          (2.84) 
i

ii zDMMH 2,21,12i )1(  .  (2.85) 

 

2.5. ɉосɬɪоеɧие ɦаɬɪиɰ ɠесɬɤосɬи ДККɗ. 

В ɫооɬвеɬɫɬвии ɫ [1-3] иɦееɬ ɦеɫɬо ɫɥеɞɭɸ-

щее ɫооɬвеɬɫɬвие ɦеɠɞɭ ɤоɧɬиɧɭаɥьɧыɦи 

оɩеɪаɬоɪаɦи, ɩɪеɞɫɬавɥеɧɧыɦи выɲе, и их 
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ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧыɦи аɧаɥоɝаɦи ɧа 
ɩɪоиɡвоɥьɧоɦ ДККЭ: 
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                 (2.86) 
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0

1

0

*0

310 )()( i

T

i

i

iii

, NdtttN
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D
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, NdtttNhcK 

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iD  и i  – ɡɧачеɧия ɰиɥиɧɞɪичеɫɤоɣ ɠеɫɬɤоɫɬи 

ɧа ДККЭ; ic  – ɡɧачеɧие ɤоɷɮɮиɰиеɧɬа, хаɪаɤ-
ɬеɪиɡɭɸщеɝо ɠеɫɬɤоɫɬь оɫɧоваɧия ɞɥя ɡаɞаɧ-

ɧоɝо ДККЭ. 

Таɤиɦ оɛɪаɡоɦ, ɡаɞача ɩоɫɬɪоеɧия ɦаɬɪиɰ 
iK0 , iK2  и iK4 , ɩо ɫɭɬи,  ɫвоɞиɬɫя ɤ вычиɫɥе-

ɧиɸ иɧɬеɝɪаɥов 
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Иɫɩоɥьɡɭя ɩоɫɥеɞɧие ɮоɪɦɭɥы, ɩоɥɭчиɦ: 
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Фоɪɦɭɥы (2.95)-(2.100) ɭɞоɛɧо ɩɪеɞɫɬавиɬь 
в ɦɭɥьɬиɩɥиɤаɬивɧоɦ виɞе (веɪхɧиɣ иɧɞеɤɫ 
T оɛоɡɧачаеɬ оɩеɪаɰиɸ ɬɪаɧɫɩоɧиɪоваɧия 
ɦаɬɪиɰы): 
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2.6. Фоɪɦиɪоваɧие ɝлоɛальɧых ɦаɬɪиɰ и 

их сооɬвеɬсɬвие ɤоɧɬиɧɭальɧыɦ оɩеɪаɬо-
ɪаɦ. Фоɪɦиɪоваɧие  ɝɥоɛаɥьɧых  ɦаɬɪиɰ  

24  , KK  и 0K  2N-ɦеɪɧоɝо ɩоɪяɞɤа ɞɥя ɫиɫɬе-
ɦы ДККЭ ɞɥя вɫеɣ ɤоɧɫɬɪɭɤɰии оɫɭщеɫɬв-
ɥяеɬɫя аɧаɥоɝичɧо ɫɬаɧɞаɪɬɧоɣ ɦеɬоɞиɤе 
ɮоɪɦиɪоваɧия ɝɥоɛаɥьɧоɣ ɦаɬɪиɰы ɠеɫɬɤо-
ɫɬи (ɦеɬоɞ «ɤоɧечɧых вɤɥаɞов» – ɫɭɦɦиɪо-
ваɧие ɫ ɧаɤоɩɥеɧиеɦ [6-7,12]). Коɧɬиɧɭаɥь-
ɧые оɩеɪаɬоɪы, ɩɪеɞɫɬавɥеɧɧые ɪаɧее, и 

ɦаɬɪиɰы ɫоɩоɫɬавɥеɧы ɬаɤ: 
 

44 KL ;  22 KL ;  00 KL ;  (2.112) 
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2.7. Ɂаɞаɧие ɝɪаɧичɧых ɭсловиɣ. Сɬаɬиче-
ɫɤие ɝɪаɧичɧые ɭɫɥовия ɞɥя ɪаɫɫɦаɬɪи-

ваеɦоɣ ɤоɧɫɬɪɭɤɰии ɭчиɬываɸɬɫя в веɤɬоɪе 
ɭɡɥовых ɧаɝɪɭɡоɤ. Дɥя ɪеɲеɧия ɡаɞачи 

ɞоɥɠɧы ɛыɬь ɩɪиɧяɬы во вɧиɦаɧие ɤиɧеɦа-
ɬичеɫɤие ɝɪаɧичɧые ɭɫɥовия. 
Пɭɫɬь  k

b

k nkx  ...,2,1, ,,2   – ɤооɪɞиɧаɬы  ɝɪа-
ɧичɧых    ɩоɩеɪечɧых   ɫечеɧиɣ    ɤоɧɫɬɪɭɤɰии 
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Риɫ. 2.3. Пɪиɦеɪ ɪаɫɩоɥоɠеɧия ɤооɪɞиɧаɬ ɝɪаɧичɧых ɩоɩеɪечɧых ɫечеɧиɣ. 

 

(ɪиɫ. 2.3). Гɪаɧичɧые ɭɫɥовия в ɧих ɡаɩиɫы-

ваɸɬɫя в виɞе: 

;1 ..., 3, ,2                                    
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(2.114)  
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                      (2.115) 

 
ɝɞе 

kk BB  ,   –  ɦаɬɪиɰы  ɝɪаɧичɧых  ɭɫɥовиɣ,   

ɤваɞɪаɬɧые   8N-ɝо   ɩоɪяɞɤа;  , , 
kk gg  

1 ..., 3, ,2  knk ; 
kngg  ,1  – ɡаɞаɧɧые 8N-

ɦеɪɧые веɤɬоɪы ɩɪавых чаɫɬеɣ ɝɪаɧичɧых 
ɭɫɥовиɣ; 
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              (2.116) 
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– ɝɥоɛаɥьɧые веɤɬоɪ-ɮɭɧɤɰии ɭɡɥовых ɧеиɡ-
веɫɬɧых. 
 

2.8. Ɂаɞаɧие ɧеɤоɬоɪых сɬаɧɞаɪɬɧых ɬи-

ɩов ɝɪаɧичɧых ɭсловиɣ ɩоɩеɪечɧых ɩо 
оɬɧоɲеɧию ɤ осɧовɧоɦɭ ɧаɩɪавлеɧию. 

Раɫɫɦоɬɪиɦ ɡаɞаɧие ɧеɤоɬоɪых ɫɬаɧɞаɪɬɧых 

ɬиɩов ɝɪаɧичɧых ɭɫɥовиɣ ɩоɩеɪечɧых ɩо оɬ-
ɧоɲеɧиɸ ɤ оɫɧовɧоɦɭ ɧаɩɪавɥеɧиɸ в ɮоɪɦе 
(2.114)-(2.115) в ɩɪоиɡвоɥьɧоɣ ɝɪаɧичɧоɣ ɬоч-
ɤе ɫ ɤооɪɞиɧаɬоɣ b

kx ,2 . Сɬɪоɝо ɝовоɪя, ɡɞеɫь 
воɡɦоɠɧы ɬɪи оɫɧовɧых ваɪиаɧɬа ɝɪаɧичɧоɣ 

ɬочɤи: 1) 2,20 lxb

k   – ɩɪоɦеɠɭɬочɧая ɝɪа-
ɧичɧая ɬочɤа; 2) 01,2,2  bb

k xx  – ɤɪаɣɧяя ɥе-
вая ɝɪаɧичɧая ɬочɤа; 3) 2,2,2 lxx b

n

b

k k
  – 

ɤɪаɣɧяя ɩɪавая ɝɪаɧичɧая ɬочɤа. 
Жеɫткая заделка. Иɦееɦ ɩаɪɭ ɤоɧɬиɧɭаɥь-
ɧых ɝɪаɧичɧых ɭɫɥовиɣ:  
 

0),( ,211 b

kxxy ,  0),( ,212 b

kxxy , 

 ]  0, [ 11 lx  .   (2.118) 

Пɭɫɬь вɧачаɥе иɦееɦ ɫɥɭчаɣ 2,20 lxb

k  . ɇа 
ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧоɦ ɭɪовɧе ɭɫɥовияɦ 

(2.118) оɬвечаɸɬ ɭɫɥовия виɞа 
 

Nixyxy b

k

ib

k

i  ..., 2, 1,   ,0)0()0( ,21,21  ;  

                    (2.119) 

Nixzxz b

k

ib

k

i  ..., 2, 1,   ,0)0()0( ,21,21  ;                      

(2.120) 

Nixyxy b

k

ib

k

i  ..., 2, 1,   ,0)0()0( ,22,22  ;                      

(2.121) 

Nixzxz b

k

ib

k

i  ..., 2, 1,   ,0)0()0( ,22,22  .                      

(2.122) 
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Заɦеɬиɦ, чɬо ɭɫɥовия (2.119) и (2.120) ɫооɬ-
веɬɫɬвɭɸɬ ɩеɪвоɦɭ ɭɫɥовиɸ иɡ (2.118), а ɭɫ-
ɥовия (2.121) и (2.122) – вɬоɪоɦɭ иɡ (2.118).  

Зɞеɫь ɧа ɞаɧɧоɦ ɩɪиɦеɪе ɩоɥеɡɧо ɩояɫɧиɬь 
ɫвяɡь ɦеɠɞɭ ɤоɧɬиɧɭаɥьɧыɦи и ɞиɫɤɪеɬɧо-
ɤоɧɬиɧɭаɥьɧыɦи ɭɫɥовияɦи. Пеɪвые ɡаɞа-
ɸɬɫя ɩо «ɩоɩеɪечɧоɦɭ» (ɩо оɬɧоɲеɧиɸ ɤ 
ɩеɪеɦеɧɧоɣ 2x ) ɫечеɧиɸ ɩɥиɬы ɧеɩɪеɪывɧо 
( ]  0, [ 11 lx  ), ɬоɝɞа ɤаɤ вɬоɪые ɞиɫɤɪеɬɧо в 
ɤоɧечɧоɦ ɧаɛоɪе ɬочеɤ 
( Nixxi  ..., 2, 1,   ,),( 21  ). В ɷɬоɣ ɫвяɡи, ɧаɩɪи-

ɦеɪ, ɞɥя выɩоɥɧеɧия ɩеɪвоɝо ɭɫɥовия (2.118) 

ɦаɥо ɩоɬɪеɛоваɬь ɪавеɧɫɬва (2.119), ɤоɬоɪое 
оɡɧачаеɬ ɥиɲь ɪавеɧɫɬво ɧɭɥɸ ɫооɬвеɬɫɬ-
вɭɸщеɣ ɮɭɧɤɰии в ɭɡɥах. Дɥя ɬоɠɞеɫɬвеɧ-

ɧоɝо ɧеɩɪеɪывɧоɝо ɪавеɧɫɬва ɮɭɧɤɰии ɧɭɥɸ 

ɩо вɫеɦɭ ɫечеɧиɸ, очевиɞɧо, ɫɥеɞɭеɬ ɞоɩоɥ-
ɧиɬеɥьɧо ɩоɥоɠиɬь ее ɩеɪвɭɸ ɩɪоиɡвоɞɧɭɸ 

ɩо 1x  ɬаɤɠе ɧɭɥевоɣ в ɷɬих ɠе ɫаɦых ɭɡɥах. 
В ɞаɥьɧеɣɲеɦ ɛɭɞеɦ ɩоɥьɡоваɬьɫя ɷɬиɦ ɩɪа-
виɥоɦ и ɩɪи ɮоɪɦɭɥиɪовɤе ɞɪɭɝих ɝɪаɧич-
ɧых ɭɫɥовиɣ. 

Дɥя ɫɥɭчая 01,2,2  bb

k xx  чаɫɬь ɭɫɥовиɣ еɫɬе-
ɫɬвеɧɧыɦ оɛɪаɡоɦ иɫчеɡаеɬ и вɦеɫɬо (2.88)-

(2.119)-(2.122) ɩоɥɭчаеɦ: 

 

Nixy b

k

i  ..., 2, 1,   ,0)0( ,21  ;     (2.123) 

 Nixz b

k

i ..., 2, 1,   ,0)0( ,21  ;     (2.124) 

Nixy b

k

i  ..., 2, 1,   ,0)0( ,22  ;     (2.125) 

  Nixz b

k

i  ..., 2, 1,   ,0)0( ,22  ,      (2.126) 

 

ɬоɝɞа ɤаɤ ɩɪи  2,2,2 lxx b

n

b

k k
  ɛɭɞеɦ иɦеɬь: 

 

Nixy b

k

i  ..., 2, 1,   ,0)0( ,21  ;    (2.127) 

   Nixz b

k

i  ..., 2, 1,   ,0)0( ,21  ;    (2.128) 

Nixy b

k

i  ..., 2, 1,   ,0)0( ,22  ;    (2.129) 

   Nixz b

k

i  ..., 2, 1,   ,0)0( ,22  .    (2.130) 

 

Заɩиɫав ɝɪаɧичɧые ɭɫɥовия в виɞе (2.119)-

(2.130), ɩеɪеɣɞеɦ ɬеɩеɪь ɤ воɩɪоɫɭ их ɩɪеɞ-

ɫɬавɥеɧия в ɮоɪɦе (2.114)-(2.115). Аɥɝоɪиɬɦ 

ɮоɪɦиɪоваɧия ɦаɬɪиɰ 
kB  и 

kB  ɩɪеɞɫɬавɥеɧ 

в ɬаɛɥиɰах 2.1 и 2.2 ɫооɬвеɬɫɬвеɧɧо. Веɤɬоɪы 

1...,3,,2 ,, 
kkk nkgg ,  


1g  и 

kng  ɡаɞаɸɬɫя 
ɧɭɥевыɦи, ɬ.е. 
 

1 ..., 3, ,2  ,00  
kkk nkg,   g ;    

0   ;01  
kngg .   (2.131) 

 

Шарɧирɧɨе закреɩлеɧие. Иɦееɦ ɤоɧɬиɧɭаɥь-
ɧые ɝɪаɧичɧые ɭɫɥовия:  
 

0),( ,211 b

kxxy ,   0),( ,213 b

kxxy ,     

]  0, [ 11 lx  .    (2.132) 

 

Сооɬвеɬɫɬвɭɸщие ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧые 
ɝɪаɧичɧые ɭɫɥовия ɡаɩиɫываɸɬɫя ɫɥеɞɭɸ-

щиɦ оɛɪаɡоɦ: 

– ваɪиаɧɬ 1 ɝɪаɧичɧоɣ ɬочɤи ( 2,20 lxb

k  ) 

 

N ixyxy b

k

ib

k

i  ..., 2, 1,  ,0)0()0( ,21,21  ;                     

(2.133) 

Nixzxz b

k

ib

k

i  ..., 2, 1,   ,0)0()0( ,21,21  ; 

                    (2.134) 

Nixyxy b

k

ib

k

i ..., 2, 1,   ,0)0()0( ,23,23  ;                 

(2.135) 

Nixzxz b

k

ib

k

i ..., 2, 1,   ,0)0()0( ,23,23  ;  

               (2.136) 

 

– ваɪиаɧɬ 2 ɝɪаɧичɧоɣ ɬочɤи ( 01,2,2  bb

k xx ) 

Nixy b

k

i  ..., 2, 1,  ,0)0( ,21  ;     (2.137)   

Nixz b

k

i  ..., 2, 1,  ,0)0( ,21  ;     (2.138) 

Nixy b

k

i  ..., 2, 1,  ,0)0( ,23  ;     (2.139)   

Nixz b

k

i  ..., 2, 1,  ,0)0( ,23  ;     (2.140) 

 

– ваɪиаɧɬ 3 ɝɪаɧичɧоɣ ɬочɤи ( 2,2,2 lxx b

n

b

k k
 ) 

 

Nixy b

k

i  ..., 2, 1,  ,0)0( ,21  ;      (2.141) 

Nixz b

k

i  ..., 2, 1,  ,0)0( ,21  ;      (2.142) 

Nixy b

k

i  ..., 2, 1,   ,0)0( ,23  ;      (2.143)    

Nixz b

k

i  ..., 2, 1,    ,0)0( ,23  .     (2.144) 

 

Гɪаɧичɧые ɭɫɥовия (2.133)-(2.144) ɦоɠеɦ 

ɩеɪеɩиɫаɬь  в   ɮоɪɦе   (2.114)-(2.115).  Аɥɝо- 
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Таɛɥиɰа 2.1. Аɥɝоɪиɬɦ ɡаɩоɥɧеɧия ɦаɬɪиɰы 
kB  ɩɪи ɡаɞаɧии ɠеɫɬɤоɣ ɡаɞеɥɤи в ɝɪаɧичɧоɣ 

ɬочɤе (ваɪиаɧɬы ɝɪаɧичɧоɣ ɬочɤи 1, 2). 

№ 

ɩ/ɩ 

ɇоɦеɪа 
ɡаɩоɥɧяеɦых 

ɷɥеɦеɧɬов ɦаɬɪиɰ 

Зɧачеɧие 
ɷɥеɦеɧɬа  
ɦаɬɪиɰы 

Эɤвиваɥеɧɬɧое 
ɭɫɥовие 

1 Niii  ..., 2, 1,   1),2 ,(   1 Nixy b

k

i  ..., 2, 1,   ,0)0( ,21   

2 NiiiN  ..., 2, 1,   ),2 ,(   1 Nixz b

k

i  ..., 2, 1,   ,0)0( ,21   

3 NiiNiN  ..., 2, 1,   ,)122 ,2(   1 Nixy b

k

i  ..., 2, 1,   ,0)0( ,22   

4 NiiNiN  ..., 2, 1,   ,)22 ,3(   1 Nixz b

k

i  ..., 2, 1,   ,0)0( ,22   

Пɪиɦечаɧия: 1. Пɪи ваɪиаɧɬе 3 ɝɪаɧичɧоɣ ɬочɤи ɦаɬɪиɰа 
kB  ɡаɞаеɬɫя ɧɭɥевоɣ. 2. Вɫе ɷɥе-

ɦеɧɬы ɦаɬɪиɰ 

kB , ɧе ɭɤаɡаɧɧые в ɬаɛɥиɰе, ɪавɧы ɧɭɥɸ. 

 

Таɛɥиɰа 2.2. Аɥɝоɪиɬɦ ɡаɩоɥɧеɧия ɦаɬɪиɰы 
kB  ɩɪи ɡаɞаɧии ɠеɫɬɤоɣ ɡаɞеɥɤи в ɝɪаɧичɧоɣ 

ɬочɤе (ваɪиаɧɬы ɝɪаɧичɧоɣ ɬочɤи 1, 3). 

№ 

ɩ/ɩ 

ɇоɦеɪа 
ɡаɩоɥɧяеɦых ɷɥеɦеɧɬов 

ɦаɬɪиɰ 

Зɧачеɧие 
ɷɥеɦеɧɬа  
ɦаɬɪиɰы 

Эɤвиваɥеɧɬɧое 
ɭɫɥовие 

1 NiiiN  ..., 2, 1,   1),2 ,4(   1 Nixy b

k

i  ..., 2, 1,   ,0)0( ,21   

2 NiiiN  ..., 2, 1,   ),2 ,5(   1 Nixz b

k

i  ..., 2, 1,   ,0)0( ,21   

3 NiiNiN  ..., 2, 1,   ),122 ,6(   1 Nixy b

k

i  ..., 2, 1,   ,0)0( ,22   

4 NiiNiN  ..., 2, 1,   ),22 ,7(   1 Nixz b

k

i  ..., 2, 1,   ,0)0( ,22   

Пɪиɦечаɧия: 1. Пɪи ваɪиаɧɬе 2 ɝɪаɧичɧоɣ ɬочɤи ɦаɬɪиɰа 
kB  ɡаɞаеɬɫя ɧɭɥевоɣ. 2. Вɫе ɷɥе-

ɦеɧɬы ɦаɬɪиɰ 
kB , ɧе ɭɤаɡаɧɧые в ɬаɛɥиɰе, ɪавɧы ɧɭɥɸ. 

 

Таɛɥиɰа 2.3. Аɥɝоɪиɬɦ ɡаɩоɥɧеɧия ɦаɬɪиɰы 
kB  ɩɪи ɡаɞаɧии ɠеɫɬɤоɣ ɡаɞеɥɤи в ɝɪаɧичɧоɣ 

ɬочɤе (ваɪиаɧɬы ɝɪаɧичɧоɣ ɬочɤи 1, 2). 

№ 

ɩ/ɩ 

ɇоɦеɪа 
ɡаɩоɥɧяеɦых ɷɥеɦеɧɬов  

ɦаɬɪиɰ 

Зɧачеɧие 
ɷɥеɦеɧɬа  
ɦаɬɪиɰы 

Эɤвиваɥеɧɬɧое 
ɭɫɥовие 

1 Niii  ..., 2, 1,   1),2 ,(   1 Nixy b

k

i  ..., 2, 1,   ,0)0( ,21   

2 NiiiN  ..., 2, 1,   ),2 ,(   1 Nixz b

k

i  ..., 2, 1,   ,0)0( ,21   

3 NiiNiN  ..., 2, 1,   ),124 ,2(   1 Nixy b

k

i  ..., 2, 1,   ,0)0( ,23   

4 NiiNiN  ..., 2, 1,   ),24 ,3(   1 Nixz b

k

i  ..., 2, 1,   ,0)0( ,23   

Пɪиɦечаɧия: 1. Пɪи ваɪиаɧɬе 3 ɝɪаɧичɧоɣ ɬочɤи ɦаɬɪиɰа 
kB  ɡаɞаеɬɫя ɧɭɥевоɣ. 2. Вɫе ɷɥе-

ɦеɧɬы ɦаɬɪиɰ 
kB , ɧе ɭɤаɡаɧɧые в ɬаɛɥиɰе, ɪавɧы ɧɭɥɸ. 
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Таɛɥиɰа 2.4. Аɥɝоɪиɬɦ ɡаɩоɥɧеɧия ɦаɬɪиɰы 
k

B  ɩɪи ɡаɞаɧии ɠеɫɬɤоɣ ɡаɞеɥɤи в ɝɪаɧичɧоɣ 

ɬочɤе (ваɪиаɧɬы ɝɪаɧичɧоɣ ɬочɤи 1, 3). 

№ 

ɩ/ɩ 

ɇоɦеɪа 
ɡаɩоɥɧяеɦых  

ɷɥеɦеɧɬов ɦаɬɪиɰ 

Зɧачеɧие 
ɷɥеɦеɧɬа  
ɦаɬɪиɰы 

Эɤвиваɥеɧɬɧое 
ɭɫɥовие 

1 NiiiN  ..., 2, 1,   1),2 ,4(   1 Nixy b

k

i  ..., 2, 1,   ,0)0( ,21   

2 NiiiN  ..., 2, 1,   ),2 ,5(   1 Nixz b

k

i  ..., 2, 1,   ,0)0( ,21   

3 NiiNiN  ..., 2, 1,   ),124 ,6(   1 Nixy b

k

i  ..., 2, 1,   ,0)0( ,23   

4 NiiNiN  ..., 2, 1,   ),24 ,7(   1 Nixz b

k

i  ..., 2, 1,   ,0)0( ,23   

Пɪиɦечаɧия: 1. Пɪи ваɪиаɧɬе 2 ɝɪаɧичɧоɣ ɬочɤи ɦаɬɪиɰа 
kB  ɡаɞаеɬɫя ɧɭɥевоɣ. 2. Вɫе ɷɥе-

ɦеɧɬы ɦаɬɪиɰ 
kB , ɧе ɭɤаɡаɧɧые в ɬаɛɥиɰе, ɪавɧы ɧɭɥɸ. 

 

ɪиɬɦ ɮоɪɦиɪоваɧия ɦаɬɪиɰ 
kB  и 

kB  ɩɪеɞ-

ɫɬавɥеɧ в ɬаɛɥиɰах 2.3 и 2.4.  

Веɤɬоɪы 1 ..., 3,,2  , , 
kkk nkgg , 

1g  и 
kng   

ɡаɞаɸɬɫя ɧɭɥевыɦи, ɬ.е. оɩɪеɞеɥяɸɬɫя ɮоɪ-
ɦɭɥоɣ (2.131). 

Сɜɨɛɨдɧыɣ краɣ. Иɦееɦ ɤоɧɬиɧɭаɥьɧые ɝɪа-
ɧичɧые ɭɫɥовия:  

 

0),( ,212 b

kxxM ,   0),( ,212 b

kxxV ,     

]  0, [ 11 lx     (2.145) 

 

иɥи ɫ ɭчеɬоɦ (2.74)-(2.80) 

 

0)],(),([ ,213,211

2

1  b

k

b

k xxyxxyD  ,   

]  0, [ 11 lx  .    (2.146) 

  0)],()2(),([ ,213,212

2

1  b

k

b

k xxyxxyD  ,    

]  0, [ 11 lx  .    (2.147) 

 

Сооɬвеɬɫɬвɭɸщие ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧые 
ɝɪаɧичɧые ɭɫɥовия ɡаɩиɫываɸɬɫя ɫɥеɞɭɸ-

щиɦ оɛɪаɡоɦ: 

– ваɪиаɧɬ 1 ɝɪаɧичɧоɣ ɬочɤи ( 2,20 lxb

k  ) 
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Таɛɥиɰа 2.5. Аɥɝоɪиɬɦ ɡаɩоɥɧеɧия ɦаɬɪиɰы 
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Пɪиɦечаɧие: 1. Пɪи ваɪиаɧɬе 3 ɝɪаɧичɧоɣ ɬочɤи ɦаɬɪиɰа 
kB  ɡаɞаеɬɫя ɧɭɥевоɣ. 2. Вɫе ɷɥеɦеɧɬы 

ɦаɬɪиɰ 
kB  ɧе ɭɤаɡаɧɧые в ɬаɛɥиɰе ɪавɧы ɧɭɥɸ. 
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Таɛɥиɰа 2.6. Аɥɝоɪиɬɦ ɡаɩоɥɧеɧия ɦаɬɪиɰы 
kB  ɩɪи ɡаɞаɧии ɠеɫɬɤоɣ ɡаɞеɥɤи в ɝɪаɧичɧоɣ 

ɬочɤе (ваɪиаɧɬы ɝɪаɧичɧоɣ ɬочɤи 1, 3). 

№ 

ɩ/ɩ 

ɇоɦеɪа 
ɡаɩоɥɧяеɦых ɷɥеɦеɧɬов  

ɦаɬɪиɰ 

Зɧачеɧие ɷɥеɦеɧɬа  
ɦаɬɪиɰы 

Эɤвива-
ɥеɧɬɧое 
ɭɫɥовие 

1 2 3 4 

1 1) ,14( N  
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h
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3 3) ,14( N  
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Пɪиɦечаɧия: 1. Пɪи ваɪиаɧɬе 2 ɝɪаɧичɧоɣ ɬочɤи ɦаɬɪиɰа 
kB  ɡаɞаеɬɫя ɧɭɥевоɣ. 2. Вɫе ɷɥе-

ɦеɧɬы ɦаɬɪиɰ 
kB , ɧе ɭɤаɡаɧɧые в ɬаɛɥиɰе, ɪавɧы ɧɭɥɸ. 
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Поɫɥе ɡаɩиɫи ɝɪаɧичɧых ɭɫɥовиɣ в виɞе 
(2.148)-(2.159) ɩеɪеɩиɫываеɦ их в ɮоɪɦе 
(2.114)-(2.115). Аɥɝоɪиɬɦ ɮоɪɦиɪоваɧия 
ɦаɬɪиɰ 

kB  и 
kB , ɭчиɬываɸщих ɩɪивеɞеɧ-

ɧые ɪаɧее ɫооɬɧоɲеɧия, ɩɪеɞɫɬавɥеɧ в ɬаɛ-

ɥиɰах 2.5 и 2.6.  

Веɤɬоɪы 1 ..., 3,,2  , , 
kkk nkgg , 

1g  и 
kng  

ɡаɞаɸɬɫя ɧɭɥевыɦи, ɬ.е. оɩɪеɞеɥяɸɬɫя ɮоɪ-
ɦɭɥоɣ (2.131). Даɥее ɞɥя ɤоɦɩаɤɬɧоɫɬи ɩɪи-

воɞиɦых ɮоɪɦɭɥ и ɩɪоɫɬоɬы иɡɥоɠеɧия ɪаɫ-
ɫɦоɬɪиɦ ɫɥɭчаɣ NiDD ii  ..., 2, 1,  ,  ;   . 

 

2.9. Фоɪɦиɪоваɧие ɪаɡɪеɲаюɳеɣ ɦɧоɝо-
ɬочечɧоɣ ɤɪаевоɣ ɡаɞачи. Соɝɥаɫɧо (2.81)-

(2.82), ɤоɧɬиɧɭаɥьɧоɣ ɩоɫɬаɧовɤе ɫооɬвеɬɫɬ-
вɭеɬ ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧая в виɞе ɫиɫɬе-
ɦы оɛыɤɧовеɧɧых ɞиɮɮеɪеɧɰиаɥьɧых ɭɪав-
ɧеɧиɣ 
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EK  – ɦаɬɪиɰа, ɮоɪɦиɪɭеɦая ɩо аɥɝоɪиɬɦɭ 
ɩоɫɬɪоеɧия ɦаɬɪиɰы 0K , ɩɪичеɦ ɧа ɷɬаɩе ее 
ɮоɪɦиɪоваɧия ɞɥя вɫех ɞиɫɤɪеɬɧо-

ɤоɧɬиɧɭаɥьɧых ɤоɧечɧых ɷɥеɦеɧɬов ɡаɞаеɬ-
ɫя 0iD  и 0ic . 

ɍчиɬывая (2.160) и ɝɪаɧичɧые ɭɫɥовия 
(2.114)-(2.115) ɩеɪехоɞиɦ в ɪаɦɤах ДКМКЭ 

ɦɧоɝоɬочечɧоɣ ɤɪаевоɣ ɡаɞаче (ɫ ɩаɪаɦеɬ-
ɪоɦ s ) ɞɥя ɫиɫɬеɦы N8  ɭɪавɧеɧиɣ: 
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Эɬоɬ ɷɬаɩ ɩɪоиɡвоɞиɬɫя ɩо ɪаɡɪаɛоɬаɧɧоɣ ɦе-
ɬоɞиɤе, ɤоɬоɪая ɩоɞɪоɛɧо оɩиɫаɧа в [1-3].  

 

2.10. ɍчеɬ ɝɪаɧичɧых ɭсловиɣ вɞоль ос-
ɧовɧоɝо ɧаɩɪавлеɧиɹ. Ɂаɞаɧие ɧеɤоɬоɪых 

сɬаɧɞаɪɬɧых ɬиɩов ɝɪаɧичɧых ɭсловиɣ 

вɞоль осɧовɧоɝо ɧаɩɪавлеɧиɹ. Раɫɫɦоɬɪев 
ɪаɧее аɥɝоɪиɬɦ ɡаɞаɧия ɝɪаɧичɧых ɭɫɥовиɣ, 

ɩоɩеɪечɧых ɩо оɬɧоɲеɧиɸ ɤ оɫɧовɧоɦɭ ɧа-
ɩɪавɥеɧиɸ, оɩиɲеɦ ɬеɩеɪь воɩɪоɫы ɭчеɬа 
ɝɪаɧичɧых ɭɫɥовиɣ вɞоɥь оɫɧовɧоɝо ɧаɩɪав-
ɥеɧия ɫ ɩоɡиɰиɣ ɭɤаɡаɧия ɤоɪɪеɤɬиɪовоɤ, 
ɤоɬоɪые вɧоɫяɬɫя в ɩоɫɬаɧовɤɭ (2.160). Ɉɩи-

ɫаɧия ɛɭɞеɦ веɫɬи ɧа ɩɪиɦеɪы ɩɪоɫɬеɣɲих 
ɬиɩовых ɫɥɭчаев: ɠеɫɬɤая ɡаɞеɥɤа, ɲаɪɧиɪ-
ɧое ɡаɤɪеɩɥеɧие и ɫвоɛоɞɧыɣ ɤɪаɣ. Пɭɫɬь 
ɞɥя оɩɪеɞеɥеɧɧоɫɬи ɝɪаɧичɧые ɭɫɥовия 
вɞоɥь оɫɧовɧоɝо ɧаɩɪавɥеɧия ɡаɞаɸɬɫя ɩо 
«ɩɪоɞоɥьɧыɦ» ɫечеɧияɦ ɩɥиɬы 1

11 xx   и 
Nxx 11  , ɩоɤаɡаɧɧыɦ ɧа ɪиɫ. 2.4. ɍɫɥовиɦɫя 

ɞɥя ɛоɥьɲеɣ ɤоɦɩаɤɬɧоɫɬи ɞаɥьɧеɣɲеɝо иɡ-
ɥоɠеɧия оɩиɫываɬь ɡаɞаɧие ɝɪаɧичɧых ɭɫ-
ɥовиɣ ɬоɥьɤо в ɫечеɧии 1

11 xx  , ɞɥя ɫечеɧия 
Nxx 11   ɡаɞаɧие оɫɭщеɫɬвɥяеɬɫя аɧаɥоɝичɧо. 

Сɜɨɛɨдɧыɣ краɣ. Иɦееɦ ɤоɧɬиɧɭаɥьɧые ɝɪа-
ɧичɧые ɭɫɥовия ɞɥя 1

11 xx  : 

 

0),( 2

1

11 xxM ,  0),( 2

1

11 xxQ ,  

]  0, [ 22 lx  .    (2.164) 
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Риɫ. 2.4. Заɞаɧие ɝɪаɧичɧых ɭɫɥовиɣ вɞоɥь оɫɧовɧоɝо ɧаɩɪавɥеɧия. 

 

Даɧɧыɣ ɬиɩ ɝɪаɧичɧых ɭɫɥовиɣ вɞоɥь оɫ-
ɧовɧоɝо ɧаɩɪавɥеɧия явɥяеɬɫя ɩɪоɫɬеɣɲиɦ ɫ 
ɬочɤи ɡɪеɧия ɭчеɬа, а иɦеɧɧо, ɧиɤаɤих ɦо-
ɞиɮиɤаɰиɣ в ɩоɫɬаɧовɤɭ (2.163) вɧоɫиɬь ɧе 
ɬɪеɛɭеɬɫя, ɬаɤие ɝɪаɧичɧые ɭɫɥовия вɞоɥь 
оɫɧовɧоɝо ɧаɩɪавɥеɧия ɛɭɞɭɬ ɭчɬеɧы авɬо-
ɦаɬичеɫɤи. 

Шарɧирɧɨе закреɩлеɧие. Коɧɬиɧɭаɥьɧые 
ɝɪаɧичɧые ɭɫɥовия ɞɥя ɫечеɧия 1

11 xx  , оче-
виɞɧо, ɡаɩиɫываɸɬɫя в виɞе: 
 

0),( 2

1

11 xxy ,   0),( 2

1

11

2

1  xxy ,     

]  0, [ 22 lx  .     (2.165) 

 

Вɬоɪое иɡ ɭɫɥовиɣ (2.165) ɛɭɞеɬ выɩоɥɧеɧо 
авɬоɦаɬичеɫɤи и ɧе ɬɪеɛɭеɬ ɭчеɬа в (2.163). 

Чɬо ɤаɫаеɬɫя ɩеɪвоɝо ɭɫɥовия в (2.165), ɬо 
ɡɞеɫь ɫɥеɞɭеɬ иɫɩоɥьɡоваɬь вɦеɫɬо (2.163) 

ɫɥеɞɭɸщɭɸ ɩоɫɬаɧовɤɭ: 
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ɝɞе   – ɦаɬɪиɰа N8 -ɝо ɩоɪяɞɤа, ɷɥеɦеɧɬы ɤо-
ɬоɪоɣ оɩɪеɞеɥяɸɬɫя ɩо ɮоɪɦɭɥе  
 

Njiijiji 4 ..., 2, 1, ,  ,1,,,   .   (2.127) 

 

Кɪоɦе ɬоɝо, иɡ ɫооɛɪаɠеɧиɣ ɫовɦеɫɬɧоɫɬи 

ɧеиɡвеɫɬɧых, ɩɪи ɡаɞаɧии ɝɪаɧичɧых ɭɫɥо-
виɣ в ɫечеɧия ɩоɩеɪечɧых ɩо оɬɧоɲеɧиɸ ɤ 
оɫɧовɧоɦɭ ɧаɩɪавɥеɧиɸ ɫɥеɞɭеɬ ɩоɥоɠиɬь 
ɩеɪеɦещеɧие ɭɡɥа 1 и еɝо ɩɪоиɡвоɞɧɭɸ ɩо 
ɩеɪеɦеɧɧоɣ 2x  ɪавɧыɦи ɧɭɥɸ, ɬ.е. (ɧиɠе 

)( 2

1

2 xy ) 
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k nkxy  ..., 2, 1,  ,0)( ,2
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k

b

k nkxy  ..., 2, 1,  ,0)( ,2

1

2  .    (2.168) 

 

Жеɫткая заделка. Дɥя ɫечеɧия 1

11 xx   иɦееɦ 

ɩаɪɭ ɤоɧɬиɧɭаɥьɧых ɝɪаɧичɧых ɭɫɥовиɣ:  

 

0)( ,2
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1 b

kxy ,   0)( ,2
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kxz ,   ]  0, [ 22 lx  . 

 (2.169) 

 

Зɞеɫь, ɤаɤ и в ɫɥɭчае ɲаɪɧиɪɧоɝо ɡаɤɪеɩɥе-
ɧия, ɩоɫɬаɧовɤɭ (2.163) ɫɥеɞɭеɬ ɦоɞиɮиɰи-

ɪоваɬь, ɩɪеɞɫɬавив в виɞе (2.166), ɩɪи ɷɬоɦ 

ɷɥеɦеɧɬы ɦаɬɪиɰы   ɧеоɛхоɞиɦо вычиɫ-
ɥяɬь ɩо ɮоɪɦɭɥе 
 

Njiiijiji 4 ..., 2, 1, ,  ,2,1,,,   . (2.170) 

 

Ɂаɦечаɧие. Иɫɫɥеɞоваɧия ɩɪовоɞиɥиɫь в 
ɪаɦɤах ɇИР «Поɫɬɪоеɧие и аɧаɥиɡ ɤоɪɪеɤɬ-
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ɧых аɧаɥиɬичеɫɤих ɦеɬоɞов и аɥɝоɪиɬɦов 
ɪаɫчеɬа ɤоɧɫɬɪɭɤɰиɣ ɪеɝɭɥяɪɧоɣ ɫɬɪɭɤɬɭ-
ɪы», выɩоɥɧяеɦоɣ ɩо Пɥаɧɭ ɇИР Роɫɫиɣ-

ɫɤоɣ аɤаɞеɦии аɪхиɬеɤɬɭɪы и ɫɬɪоиɬеɥьɧых 
ɧаɭɤ (РААСɇ) ɧа 2007-2009 ɝɝ. и в ɪаɦɤах 
ɇИР «Раɡɪаɛоɬɤа ɬеоɪии и аɥɝоɪиɬɦов ɩо-
ɫɬɪоеɧия ɤоɪɪеɤɬɧых аɧаɥиɬичеɫɤих ɪеɲа-
ɬеɥеɣ ɦɧоɝоɬочечɧых ɤɪаевых ɡаɞач ɩɪиɦе-
ɧиɬеɥьɧо ɤ ɪаɫчеɬаɦ ɫɬɪоиɬеɥьɧых ɤоɧɫɬ-
ɪɭɤɰиɣ», выɩоɥɧяеɦоɣ ɩо аɧаɥиɬичеɫɤоɣ 

веɞоɦɫɬвеɧɧоɣ ɰеɥевоɣ ɩɪоɝɪаɦɦе «Раɡви-

ɬие ɧаɭчɧоɝо ɩоɬеɧɰиаɥа выɫɲеɣ ɲɤоɥы 

(2009-2010 ɝоɞы)» /ɩɪоеɤɬ 6414/. 
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ɉРИɅɈɀЕɇИЯ ДИɋКРЕɌɇɈ-КɈɇɌИɇɍАɅɖɇɈȽɈ ɆЕɌɈДА 

КɈɇЕЧɇЫХ ɗɅЕɆЕɇɌɈȼ ДɅЯ ɈɉРЕДЕɅЕɇИЯ  

ɋɈȻɋɌȼЕɇɇЫХ ɁɇАЧЕɇИɃ И ɋɈȻɋɌȼЕɇɇЫХ ФɍɇКЦИɃ  

КРАЕȼЫХ ɁАДАЧ ɋɌРɈИɌЕɅɖɇɈɃ ɆЕХАɇИКИ 

ЧАɋɌɖ 3: ɌРЕХɆЕРɇАЯ ɁАДАЧА ɌЕɈРИИ ɍɉРɍȽɈɋɌИ 
 

А.Б. Зоɥотов, П.А. Акимов, В.Н. Сидоров, О.А. Коɡырев 
Моɫɤовɫɤиɣ ɝоɫɭɞаɪɫɬвеɧɧыɣ ɫɬɪоиɬеɥьɧыɣ ɭɧивеɪɫиɬеɬ, ɝ. Моɫɤва, РɈССИə 

 

АɇɇɈɌАЦИЯ: ɇаɫɬоящая ɫɬаɬья ɩоɫвящеɧа воɩɪоɫаɦ иɫɩоɥьɡоваɧия ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧоɝо ɦеɬо-
ɞа ɤоɧечɧых ɷɥеɦеɧɬов (ДКМКЭ) ɞɥя оɩɪеɞеɥеɧия ɫоɛɫɬвеɧɧых ɡɧачеɧиɣ и ɫоɛɫɬвеɧɧых ɮɭɧɤɰиɣ ɤɪае-
вых ɡаɞач ɪаɫчеɬа ɫɬɪоиɬеɥьɧых ɤоɧɫɬɪɭɤɰиɣ (в ɪаɦɤах ɬɪехɦеɪɧоɣ ɬеоɪии ɭɩɪɭɝоɫɬи). Ɉɛɥаɫɬь ɩɪиɦе-
ɧеɧия ДКМКЭ ɫоɫɬавɥяɸɬ оɛɴеɤɬы, в ɤоɬоɪых иɦееɬɫя ɩоɫɬояɧɫɬво ɮиɡиɤо-ɝеоɦеɬɪичеɫɤих хаɪаɤɬеɪи-

ɫɬиɤ ɩо оɞɧоɦɭ иɡ ɤооɪɞиɧаɬɧых ɧаɩɪавɥеɧиɣ (ɧаɡываеɦоɦɭ оɫɧовɧыɦ ɧаɩɪавɥеɧиеɦ) ɩɪи ɩɪоиɡвоɥьɧо 
ɦеɧяɸщихɫя вɧеɲɧих ɧаɝɪɭɡɤах и ɥɸɛоɦ хаɪаɤɬеɪе ɡаɤɪеɩɥеɧиɣ. ДКМКЭ явɥяɸɬɫя ɞиɫɤɪеɬɧо-
ɤоɧɬиɧɭаɥьɧыɦ в ɬоɦ ɫɦыɫɥе, чɬо ɩо оɫɧовɧоɦɭ ɧаɩɪавɥеɧиɸ ɫохɪаɧяеɬɫя ɤоɧɬиɧɭаɥьɧыɣ хаɪаɤɬеɪ ɡа-
ɞачи и, ɫооɬвеɬɫɬвеɧɧо, аɧаɥиɬичеɫɤиɣ виɞ ɩоɥɭчаеɦоɝо ɪеɲеɧия, в ɬо вɪеɦя ɤаɤ ɩо оɫɬаɥьɧыɦ ɩɪоиɡво-
ɞиɬɫя ɞиɫɤɪеɬиɡаɰия ɫ иɫɩоɥьɡоваɧиеɦ ɬехɧиɤи ɦеɬоɞа ɤоɧечɧых ɷɥеɦеɧɬов (в иɬоɝе иɦееɦ аɧɫаɦɛɥь 
ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧых ɤоɧечɧых ɷɥеɦеɧɬов).  
 

Ключевые слова: ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧыɣ ɦеɬоɞ ɤоɧечɧых ɷɥеɦеɧɬов, ɤɪаевая ɡаɞача, ɫоɛɫɬвеɧɧое 
ɡɧачеɧие, ɫоɛɫɬвеɧɧая ɮɭɧɤɰия, ɬɪехɦеɪɧая ɬеоɪия ɭɩɪɭɝоɫɬи. 
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PART 3: THREE-DIMENSIONAL ELASTIC THEORY 
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Moscow State University of Civil Engineering, Moscow, RUSSIA 

 

ABSTRACT: The distinctive paper is devoted to use of discrete-continual finite element method for solving of 

eigenvalue problems of three-dimensional elastic theory. Operational formulation of the problem is presented. 

The discrete-continual design model for structures with constant physical and geometrical parameters in one di-

rection is offered on the basis of so-called discrete-continual finite elements. Element coordinate system and ap-

proximation of nodal unknowns are under consideration. Special generalized block-structured stiffness matrix of 

discrete-continual finite element are assembled. Resultant discrete-continual operational formulation is given. 

Effective computing algorithms for eigenvalues and eigenvectors are presented as well. All methods and algo-

rithms considered in the distinctive paper have been realized in software engineering. 

 

Key words: of discrete-continual finite element method, boundary problem, eigenvalue problem, 

three-dimensional elastic theory 

  

ȼȼЕДЕɇИЕ 

 

ɇаɫɬоящая ɫɬаɬья ɩɪоɞоɥɠаеɬ ɫеɪиɸ ɪаɛоɬ, 
ɩоɫвящеɧɧых иɫɩоɥьɡоваɧиɸ ɞиɫɤɪеɬɧо-
ɤоɧɬиɧɭаɥьɧоɝо ɦеɬоɞа ɤоɧечɧых ɷɥеɦеɧɬов 
ɞɥя оɩɪеɞеɥеɧия ɫоɛɫɬвеɧɧых ɡɧачеɧиɣ и 

ɫоɛɫɬвеɧɧых ɮɭɧɤɰиɣ ɤɪаевых ɡаɞач ɪаɫчеɬа 
ɫɬɪоиɬеɥьɧых ɤоɧɫɬɪɭɤɰиɣ [4-5]. В ɞаɧɧоɦ 

ɫɥɭчае иɡɥоɠеɧие веɞеɬɫя ɞɥя ɬɪехɦеɪɧоɣ 

ɬеоɪии ɭɩɪɭɝоɫɬи [6]. 
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1. КɈɇɌИɇɍАɅɖɇАЯ ɉɈɋɌАɇɈȼКА 

ɁАДАЧИ ɋ ȼЫДЕɅЕɇИЕɆ  

ɈɋɇɈȼАɇɇɈȽɈ ɇАɉРАȼɅЕɇИЯ 

 

1.1. ɇеɤоɬоɪые ɩɪеɞваɪиɬельɧые оɛоɡɧа-
чеɧиɹ и ɧеɤоɬоɪые оɩɪеɞелɹюɳие сооɬ-
ɧоɲеɧиɹ. Ввеɞеɦ ɫɥеɞɭɸщɭɸ ɫиɫɬеɦɭ оɛо-
ɡɧачеɧиɣ:   – оɛɥаɫɬь, оɩиɫываеɦая ɪаɫ-
ɫɦаɬɪиваеɦоɣ ɤоɧɫɬɪɭɤɰиеɣ (ɫɦ., ɧаɩɪиɦеɪ, 
ɪиɫ. 1.1); Г  – ɝɪаɧиɰа оɛɥаɫɬи  ; 

Txxxx ]        [ 321  – веɤɬоɪ ɤооɪɞиɧаɬ ɬочɤи; 
Tuuuu ]        [ 321  – веɤɬоɪ ɫоɫɬавɥяɸщих ɩе-

ɪеɦещеɧиɣ; Tnnnn ]        [ 321  – веɤɬоɪ ɫо-
ɫɬавɥяɸщих ɧоɪɦаɥи ɤ ɩовеɪхɧоɫɬи; 

TFFFF ]        [ 321  – веɤɬоɪ ɫоɫɬавɥяɸщих 
ɧаɝɪɭɡоɤ, ɞеɣɫɬвɭɸщих вɧɭɬɪи оɛɥаɫɬи; 

Tffff ]        [ 321  – веɤɬоɪ ɫоɫɬавɥяɸщих 
ɧаɝɪɭɡоɤ, ɞеɣɫɬвɭɸщих ɧа ɝɪаɧиɰе оɛɥаɫɬи. 

Коɦɩоɧеɧɬы ɬеɧɡоɪа ɧаɩɪяɠеɧиɣ ij  оɩɪеɞе-
ɥяɸɬɫя ɮоɪɦɭɥаɦи: 

 

iiii u ;   )(5.0 ijjiij uu  ,  

jiji     3, 2, 1,   3; 2, 1, .     (1.1) 

 

Фоɪɦɭɥы ɞɥя ɤоɦɩоɧеɧɬ ɬеɧɡоɪа ɧаɩɪяɠеɧиɣ 

ij : 

 

3 2, 1,   3; 2, 1,   ,2  jiijijij  ,  (1.2) 

ɝɞе                  332211  ii ;               (1.3) 

   и   – ɫооɬвеɬɫɬвɭɸщие ɤоɷɮɮиɰиеɧɬы 

Лаɦе; ij  – ɫиɦвоɥ Кɪоɧеɤеɪа. 
 

1.2. Коɧɬиɧɭальɧаɹ оɩеɪаɬоɪɧаɹ ɩосɬа-
ɧовɤа ɡаɞачи с выɞелеɧиеɦ осɧовɧоɝо ɧа-
ɩɪавлеɧиɹ. Пɭɫɬь ɮиɡиɤо-ɝеоɦеɬɪичеɫɤие 
хаɪаɤɬеɪиɫɬиɤи ɤоɧɫɬɪɭɤɰии ɩо ɩеɪеɦеɧɧоɣ 

3x  (оɫɧовɧое ɧаɩɪавɥеɧие) ɩоɫɬояɧɧы. То-
ɝɞа, в ɫооɬвеɬɫɬвии ɫ [1-3] еɞиɧое ɭɪавɧеɧие 
оɩеɪаɬоɪɧоɣ ɩоɫɬаɧовɤи ɡаɞачи оɩɪеɞеɥеɧия 
ɫоɛɫɬвеɧɧых ɡɧачеɧиɣ и ɫоɛɫɬвеɧɧых ɮɭɧɤ-
ɰиɣ иɦееɬ виɞ: 

usuuu uuuvvv  
~

3

2

3  LLL ,       (1.3) 

ɝɞе           * ~
uvuvuv LLL  ;   uvuv LL * ;       (1.4) 
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vvL ;        (1.5)    
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jjuuL

      (1.7) 

     ; ;                (1.8) 

3 2, 1,   ,*  iii ;             (1.9) 

  
 


;) , ,(   0, 

) , ,(   1, 
) ,(

321

321
21 xxx

xxx
xx    (1.10) 

n
Г 

  ;                     (1.11) 

 

) , ,( 321 xxx   – хаɪаɤɬеɪиɫɬичеɫɤая ɮɭɧɤ-
ɰия оɛɥаɫɬи  ; ) , ,( 321 xxxГГ    – ɞеɥьɬа-
ɮɭɧɤɰия ɝɪаɧиɰы Г ; ) , ,( 321 xxxuu   – 

иɫɤоɦая ɫоɛɫɬвеɧɧая веɤɬоɪ-ɮɭɧɤɰия; s  – 

иɫɤоɦое ɫоɛɫɬвеɧɧое ɡɧачеɧие. 
Ввоɞя оɛоɡɧачеɧие 
 

,]        [   

]        [

3332313

321

uuuuu

vvvv
T

T




   (1.12) 

 

ɩеɪеɩиɫываеɦ (1.3) в виɞе 
 

usuvv uuuvvv  
~  LLL ,         (1.13) 

ɝɞе                          vv 3 .                     (1.14) 
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Риɫ. 1.1. Пɪиɦеɪ ɪаɫɫɦаɬɪиваеɦоɣ ɬɪехɦеɪɧоɣ ɤоɧɫɬɪɭɤɰии. 

 

Ɉɛɴеɞиɧяя (1.12) и (1.13), ɩоɥɭчиɦ (ɧиɠе E  – 

ɬоɠɞеɫɬвеɧɧыɣ оɩеɪаɬоɪ): 
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    (1.16) 

 

Сиɫɬеɦа (1.16) в ɦаɬɪичɧоɦ виɞе ɩɪеɞɫɬави-

ɦа ɫɥеɞɭɸщиɦ оɛɪаɡоɦ: 

 

UU sL
~ ,                     (1.17) 

ɝɞе       

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uvvvuuvv

s Es
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LLLL
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11 ;     (1.18) 
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 ) , ,( 

 ) , ,( 
) , ,(

321

321
321 xxxv

xxxu
xxxUU ;  (1.19) 

 UU 3 ;                   (1.20) 

 

Раɫɫɦоɬɪиɦ, ɧаɩɪиɦеɪ, ɞвɭхɬочечɧɭɸ ɤɪае-
вɭɸ ɡаɞачɭ. Пɭɫɬь ɝɪаɧичɧые ɭɫɥовия ɡаɞа-
ɸɬɫя в ɫечеɧиях 02 x  и lx 2 , ɝɞе l  – ɞɥи-

ɧа ɤоɧɫɬɪɭɤɰии. В ɫɥɭчае ɩɪоɫɬых ɡаɤɪеɩɥе-
ɧиɣ ɩо оɫяɦ 1x  и 2x  (ɪавеɧɫɬва ɧɭɥɸ ɫооɬ-

веɬɫɬвɭɸщих ɤоɦɩоɧеɧɬов ɩеɪеɦещеɧиɣ) 

ɝɪаɧичɧые ɭɫɥовия ɩɪеɞɫɬавиɦы в виɞе 
 

0),()0,( 110  lxUBxUB l ,       (1.21) 

 

ɝɞе 0B  и lB  – ɦаɬɪиɰы ɝɪаɧичɧых ɭɫɥовиɣ, в 
ɞаɧɧоɦ ɫɥɭчае 
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Иɬаɤ, ɡаɞача ɮоɪɦиɪɭеɬɫя ɫɥеɞɭɸщиɦ оɛɪа-
ɡоɦ: оɩɪеɞеɥиɬь ɬаɤɭɸ оɬɥичɧɭɸ оɬ ɬоɠɞе-
ɫɬвеɧɧоɝо ɧɭɥя веɤɬоɪ-ɮɭɧɤɰиɸ 

) , ,( 321 xxxU  и ɬаɤое ɡɧачеɧие s , ɩɪи ɤоɬо-
ɪоɦ ɫɩɪавеɞɥивы ɭɪавɧеɧие (1.17) и ɝɪаɧич-
ɧые ɭɫɥовия (1.21). 

 

1.3. ɍчеɬ ɭɩɪɭɝоɩоɞаɬливых оɩоɪ (осɧова-
ɧие ɬиɩа ȼиɧɤлеɪа ɩо ɞвɭɦ ɧаɩɪавлеɧи-

ɹɦ). Пɪи ɪеɲеɧии ɩɪаɤɬичеɫɤих ɡаɞач ɧе-
ɪеɞɤо иɦеɸɬ ɦеɫɬо ɫɥɭчаи, ɤоɝɞа ɧа оɛɥаɫɬи  , ее ɝɪаɧиɰе Г  иɥи их чаɫɬях ɡаɞаɧы 

ɭɩɪɭɝоɩоɞаɬɥивые оɩоɪы,  ɧеɩɪеɪывɧые ɩо 
оɫɧовɧоɦɭ ɧаɩɪавɥеɧиɸ. 
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Веɤɬоɪ R  ɪеаɤɬивɧых ɭɫиɥиɣ, воɡɧиɤаɸщих 
в  оɩоɪе, иɦееɬ виɞ: 

 

uCRRRR T  ]        [ 321  ,          (1.23) 

ɝɞе               } , ,{ 321 cccdiagC  ;               (1.24) 

 Tuuuu ]        [ 321 ;                (1.25) 

 

C  – ɦаɬɪиɰа ɭɩɪɭɝих хаɪаɤɬеɪиɫɬиɤ оɩоɪы; 

u  – веɤɬоɪ ɩеɪеɦещеɧиɣ оɩоɪы; ic  – ɤоɷɮ-

ɮиɰиеɧɬ оɬɩоɪа оɩоɪы ɩо ɧаɩɪавɥеɧиɸ оɫи 

iOx . 

ɇаɥичие ɭɩɪɭɝоɩоɞаɬɥивых оɩоɪ вɧоɫиɬ 
ɤоɪɪеɤɬиɪовɤɭ в оɩеɪаɬоɪɧɭɸ ɩоɫɬаɧовɤɭ 
ɡаɞачи: оɩеɪаɬоɪ sL

~
 в (1.17) оɩɪеɞеɥяеɬɫя 

ɫɥеɞɭɸщеɣ ɮоɪɦɭɥоɣ: 

 




  
uvvvuuvv EsC

E

LLLL
L ~

 ) ( 

0~
11 .   (1.26) 

 

 

2. ДИɋКРЕɌɇɈ-КɈɇɌИɇɍАɅɖɇАЯ 

ɉɈɋɌАɇɈȼКА ɁАДАЧИ 

 

2.1. Дисɤɪеɬɧо-ɤоɧɬиɧɭальɧаɹ аɩɩɪоɤси-

ɦиɪɭюɳаɹ ɦоɞель ɤоɧсɬɪɭɤɰии. Дисɤɪеɬ-
ɧо-ɤоɧɬиɧɭальɧыɣ ɤоɧечɧыɣ ɷлеɦеɧɬ 
(ДККɗ). Дɥя ɩоɫɬаɧовɤи и ɪеɲеɧия ɪаɫ-
ɫɦаɬɪиваеɦоɣ ɤɪаевоɣ ɡаɞачи иɫхоɞɧая оɛ-

ɥаɫɬь   оɤаɣɦɥяеɬɫя ɪаɫɲиɪеɧɧоɣ  . Пɪи-

ɧиɦаеɬɫя ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧая ɦоɞеɥь 
ɫɥеɞɭɸщеɝо ɬиɩа: в ɩоɩеɪечɧоɦ ɧаɩɪавɥе-
ɧии ɤоɧɫɬɪɭɤɰии (вɞоɥь оɫеɣ 1Ox  и 2Ox ) 

ɩɪоиɡвоɞиɬɫя ɫеɬочɧая аɩɩɪоɤɫиɦаɰия, а в 
ɩɪоɞоɥьɧоɦ (оɫɧовɧоɦ) (вɞоɥь оɫи 3Ox ) – 

ɪеɲаеɬɫя ɤоɧɬиɧɭаɥьɧая ɡаɞача (ɪиɫ. 2.1). 

Ɉɛɥаɫɬь   ɪаɡɛиваеɦ ɧа ɩоɞоɛɥаɫɬи – ɞиɫ-
ɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧые ɤоɧечɧые ɷɥеɦеɧɬы 

(ДККЭ) i  (ɪиɫ. 2.2). 

 


1 2

1 1

 

N

i

N

j

ij 
  ;                  (2.1) 

]} ,0[   ;),(   :),,{( 321321 l xSxxxxx  , (2.2) 

]}  ,0 [   ;),(   :),,{( 321321  l xSxxxxx ij

ij  ; (2.3) 

 

S , ijS  – оɛɥаɫɬи, оɩиɫаɧɧые ɫооɬвеɬɫɬвеɧ-

ɧо ɫеɬɤоɣ и ij-ɦ ДККЭ в ɩоɩеɪечɧоɦ ɧаɩɪав-
ɥеɧии ɤоɧɫɬɪɭɤɰии; l – ɞɥиɧа ɩоɫɥеɞɧеɣ в 
ɩɪоɞоɥьɧоɦ (оɫɧовɧоɦ) ɧаɩɪавɥеɧии; 21  , NN  

– ɩɪиɧяɬое ɤоɥичеɫɬво ɭɡɥов  ɩо ɧаɩɪавɥе-
ɧиɸ оɫеɣ 1Ox  и 2Ox ; ),,,( 321 xxx ijij  ijij hh 21   , , 

11,..., Ni  ; 21,..., Nj   – ɫооɬвеɬɫɬвеɧɧо ɤо-
оɪɞиɧаɬы ɭɡɥов и ɲаɝи ɫеɬɤи; 21  NNN  ; 

 

;1 ..., 1,   ;1 ..., 1,             

  ,   ,

21

2

1

211

1

1 
 

NjNi

xxhxx ijjiijijji

 (2.4) 

;1 ..., 1,   ;1 ..., 1,             

   ,   ,

21

22

1

21

1

1 
 

NjNi

hxxxx ijijijijij

 (2.5) 

2

1

11

1

1
1  ..., 1,   ,

  0,

  ,
Nj

Ni

Nixx
h

ijji
ij 




 
;  (2.6)  

1

2

22

1

2
2  ..., 1,   ,

  0,

  ,
Ni

Nj

Njxx
h

ijij
ij 




 
.  (2.7) 

 

Ɉɩɪеɞеɥяеɦ хаɪаɤɬеɪиɫɬичеɫɤɭɸ ɮɭɧɤɰиɸ 

ɷɥеɦеɧɬа и ɫеɬочɧые ɮɭɧɤɰии, хаɪаɤɬеɪи-

ɡɭɸщие ɫвоɣɫɬва ɦаɬеɪиаɥа ɤоɧɫɬɪɭɤɰии: 

 







;   0, 

   1, 
)(

ij

ij







x

x
xij              (2.8)  

 ijijijij       ; .              (2.9) 

 

Раɫɫɦоɬɪиɦ ɤаɤоɣ-ɥиɛо ɩɪоиɡвоɥьɧыɣ ij-ɣ 

ɷɥеɦеɧɬ ɦоɞеɥи (ɪиɫ. 2.2). Пеɪехоɞиɦ иɡ иɫ-
хоɞɧоɣ ɫиɫɬеɦы ɤооɪɞиɧаɬ в ɷɥеɦеɧɬɧые 
(ɪиɫ. 2.3): ),,,(),,( 321321 xttixxx  . Ввеɞеɦ в 
ɩɪоиɡвоɥьɧоɦ ɩоɩеɪечɧоɦ ɫечеɧии ɞаɧɧоɝо 
ɷɥеɦеɧɬа ɥоɤаɥьɧɭɸ ɫиɫɬеɦɭ ɤооɪɞиɧаɬ 1Ot  и 

2Ot  (ɪиɫ. 2.3), ɩɪи ɷɬоɦ 1] ,0[1 t ; ]1 ,0[2 t . 

Вɧɭɬɪи ɤаɠɞоɝо ДККЭ ɩɪоиɡвеɞеɦ ɥоɤаɥь-
ɧɭɸ ɩеɪеɧɭɦеɪаɰиɸ ɭɡɥов, в чаɫɬɧоɫɬи, ɞɥя 
ij-ɝо ɷɥеɦеɧɬа: 2,11,  ;1,1,  jiji ; 

2,211,  ,2;11,  jiji . Заɦеɬиɦ, чɬо 
ɞаɥее ɡаɩяɬая в оɛоɡɧачеɧии ɧоɦеɪа ɭɡɥа ɫеɬ-
ɤи ɛɭɞеɬ оɩɭɫɤаɬьɫя, ɧаɩɪиɦеɪ 1 1 вɦеɫɬо 1,1. 
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Риɫ. 2.1. Схеɦа ɞиɫɤɪеɬиɡаɰии ɤоɧɫɬɪɭɤɰии. 

 
Риɫ. 2.2. Тиɩовоɣ ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧыɣ ɤоɧечɧыɣ ɷɥеɦеɧɬ. 

 

Дɥя ɡаɞаɧɧоɝо ɩоɩеɪечɧоɝо ɫечеɧия ɤоɧɫɬ-
ɪɭɤɰии веɤɬоɪы ɤооɪɞиɧаɬ ɩɪоиɡвоɥьɧоɣ 

ɬочɤи ДККЭ в ɷɥеɦеɧɬɧоɣ и иɫхоɞɧоɣ ɫиɫɬе-
ɦах иɦеɸɬ виɞ: 
 

Tttt ]     [ 21 ;     Txxx ]     [ 21 .      (2.10) 

 

Фоɪɦɭɥа ɩɪеоɛɪаɡоваɧия ɤооɪɞиɧаɬ ɡаɩиɫы-

ваеɬɫя ɫɥеɞɭɸщиɦ оɛɪаɡоɦ: 

 

xttxtxtxx n 12212211

11  ,   (2.11) 

 

ɝɞе       1121

1 nn xxx  ;   1112

2 nn xxx  ; 

xxxx nn 2

2122

12  .   (2.12) 

 

Зɞеɫь ij

nx , pq

nt  – веɤɬоɪы ɤооɪɞиɧаɬ ɭɡɥа ɷɥе-
ɦеɧɬа в иɫхоɞɧоɣ и ɷɥеɦеɧɬɧоɣ ɫиɫɬеɦах ɤо-
оɪɞиɧаɬ ɫооɬвеɬɫɬвеɧɧо, 12,..., 1, Ni  ; 

22,..., 1, Nj  ;  2 ,1p ; 2 ,1q . 

В ɪеɡɭɥьɬаɬе ɡаɦеɧы ɩеɪеɦеɧɧых, вычиɫɥе-
ɧие ɩɪоиɡвоɞɧых ɩо ɩеɪеɦеɧɧыɦ 1x  и 2x   

ɩɪоиɡвоɞиɬɫя ɫоɝɥаɫɧо ɮоɪɦɭɥаɦ ɞиɮɮе-
ɪеɧɰиɪоваɧия ɫɥоɠɧоɣ ɮɭɧɤɰии 
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Риɫ. 2.3. Пеɪехоɞ ɤ ɥоɤаɥьɧоɣ ɫиɫɬеɦе ɤооɪɞиɧаɬ ɧа ДККЭ. 

 

2 1,   ,
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k ks
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.     (2.13)  

 

Веɥичиɧы sk xt  /  иɡ (2.13) оɛɪаɡɭɸɬ яɤо-
ɛиаɧ ɫиɫɬеɦы. Маɬɪиɰа əɤоɛи: 
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, (2.14) 

ɝɞе                      
s

k
ks

x

t


   ,                       (2.15) 

 

а ɮоɪɦɭɥа ɞиɮɮеɪеɧɰиɪоваɧия ɮɭɧɤɰии   

ɩо ɩеɪеɦеɧɧыɦ 21  , xx  

 

2 1,   ,
 

2

1




  s
tx k

ks

ks


.       (2.16)  

 

Эɥеɦеɧɬы ɦаɬɪиɰы ɮɭɧɤɰиоɧаɥьɧоɝо оɩɪе-
ɞеɥиɬеɥя tDxD /  ɧахоɞяɬɫя ɤаɤ 
 

2. 1,   2; 1,                                  

 ,
 

123




 
sk

xtx
t

x ij

ks

ij

ks

s

k
ks

 (2.17) 

 

Маɬɪиɰы ɮɭɧɤɰиоɧаɥьɧых оɩɪеɞеɥиɬеɥеɣ 

tDxD /  и xDtD /  ɫвяɡаɧы ɮоɪɦɭɥоɣ 

 
1

)(

)(

)(

)(





tD

xD

xD

tD
   иɥи   1  ,    (2.18) 

ɬ.е.        








1121

1222

2221

1211

     

      1

   

     
J

,    (2.19) 

 ɝɞе            21122211det  J .     (2.20) 

 

2.2. Аɩɩɪоɤсиɦаɰиɹ ɧеиɡвесɬɧых фɭɧɤ-

ɰиɣ. В ɤачеɫɬве оɫɧовɧых ɧеиɡвеɫɬɧых в  
ɭɡɥах  ɩɪиɧиɦаɸɬɫя  ɫоɫɬавɥяɸщие ɩеɪеɦе-
щеɧиɣ  1u , 2u , 3u  и их ɩɪоиɡвоɞɧые 1v , 2v , 3v  

ɩо  ɩеɪеɦеɧɧоɣ 3x , ɬ.е. ɞɥя pq-ɝо ɭɡɥах ɷɬо 
pqpqpq uuu 321  , , , pqpqpq vvv 321  , , , и ɫооɬвеɬɫɬвеɧɧо 

веɤɬоɪ ɧеиɡвеɫɬɧых 
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 (2.22) 

 

а веɤɬоɪ ɧеиɡвеɫɬɧых во вɫех ɭɡɥах ɷɥеɦеɧɬа 
 

.] )(   )(                                  

 )(   )( [)(
2212

2111

3

TT

n
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n
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T

n

ijij

UU

UUxUU 
  (2.23) 

 

В ɩɪоɫɬеɣɲеɦ ɫɥɭчае ɩоɥя 1u , 2u , 3u , 1v , 2v , 3v  

ɩо ɫечеɧиɸ ДККЭ аɩɩɪоɤɫиɦиɪɭɸɬɫя ɩоɥи-

ɧоɦаɦи ɩеɪвоɝо ɩоɪяɞɤа, ɡавиɫящиɦи оɬ 
ɞвɭх аɪɝɭɦеɧɬов (ɛиɥиɧеɣɧая аɩɩɪоɤɫиɦа-
ɰия): 
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uttututuu n 12212211

11  ;    (2.24)     

vttvtvtvv n 12212211

11  ,    (2.25) 

 

ɝɞе    
 

1121

1 nn uuu  ;   1112

2 nn uuu  ; 

   uuuu nn 2

2122

12  ;  (2.26) 
1121

1 nn vvv  ;   1112

2 nn vvv  ;    

vvvv nn 2

2122

12  .  (2.27) 

 

Сооɬвеɬɫɬвɭɸщие выɪаɠеɧия ɞɥя ɞеɮоɪɦа-
ɰиɣ и ɧаɩɪяɠеɧиɣ оɩɪеɞеɥяɸɬɫя ɧа оɫɧове 
ɮоɪɦɭɥ (1.1), (1.2) и ɫооɬɧоɲеɧиɣ (2.24)-

(2.27). 

 

2.3. ɉосɬɪоеɧие ɦаɬɪиɰ ɠесɬɤосɬи ДККɗ. 
Фоɪɦиɪоваɧие ɦаɬɪиɰы ɠеɫɬɤоɫɬи ДККЭ 

ijK , иɦеɸщеɣ 24-ɣ ɩоɪяɞоɤ, ɩɪоиɡвоɞиɬɫя 
ɦеɬоɞоɦ ɛаɡиɫɧых ваɪиаɰиɣ ɩо ɫɥеɞɭɸщеɣ 

ɮоɪɦɭɥе: 
 

24, ..., 2, 1,  24; ..., 2, 1,                           

 ),(
~

)(
~

)(
~

)(
~

)( 0


ts

eΦeΦeΦeeΦK ijtijsijtsijst

ij

 

 (2.28) 

 

ɝɞе )(
~

uΦ  – ɤваɞɪаɬичɧая чаɫɬь ɮɭɧɤɰиоɧаɥа 
ɷɧеɪɝии ɧа ɷɥеɦеɧɬе, 
 

  
 dxuΦ

i j

ijij

3

1

3

12

1
)(

~  ,           (2.29) 

 

ɬо еɫɬь 
 

),(5.0)(
~ ijijijij

ij UUKUΦ  ;        (2.30) 

 

ɝɞе je , 0e  – 24-х ɦеɪɧые веɤɬоɪы, ɷɥеɦеɧɬы 

ɤоɬоɪых оɩɪеɞеɥяɸɬɫя ɩо ɮоɪɦɭɥе 
 

24 ..., 2, 1,   ,0)(   ;)( 0,  kee kkjkj  .   (2.31) 

 

Сɬɪɭɤɬɭɪа ɦаɬɪиɰы ɠеɫɬɤоɫɬи ijK  ДККЭ 

ɫɥеɞɭɸщая: 

.

4444434342424141

4444434342424141

3434333332323131

3434333332323131

2424232322222121

2424232322222121

1414131312121111

1414131312121111
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










vvvuvvvuvvvuvvvu

uvuuuvuuuvuuuvuu

vvvuvvvuvvvuvvvu

uvuuuvuuuvuuuvuu

vvvuvvvuvvvuvvvu

uvuuuvuuuvuuuvuu

vvvuvvvuvvvuvvvu

uvuuuvuuuvuuuvuu

ij

   K   K   K   K   K   K   K K

   K   K   K   K   K   K   K K

   K   K   K   K   K   K   K K

   K   K   K   K   K   K   K K

   K   K   K   K   K   K   K K

   K   K   K   K   K   K   K K

   K   K   K   K   K   K   K K

    K   K   K   K   K   K   K K

K

 

                (2.32) 

 

Зɞеɫь 4 3, 2, 1, ,   , , , , mKKKK lm

vv

lm

vu

lm

uv

m

uu ll  – 

ɦаɬɪиɰы 3-ɝо ɩоɪяɞɤа. 
ɇа оɫɧоваɧии ɦаɬɪиɰы ɠеɫɬɤоɫɬи ДККЭ 

(2.32) ɮоɪɦиɪɭɸɬɫя ɞоɩоɥɧиɬеɥьɧые ɩоɷɥе-
ɦеɧɬɧые ɦаɬɪиɰы ij

vu

ij

uv

ij

uu KKK  , ,  и ij

vvK  12-ɝо 
ɩоɪяɞɤа: 
 
















44434241

34333231

24232221

14131211

uuuuuuuu

uuuuuuuu

uuuuuuuu

uuuuuuuu

ij

uu

   K   K   K K

   K   K   K K

   K   K   K K

    K   K   K K

K ;      (2.33) 

   
















44434241

34333231

24232221

14131211

uvuvuvuv

uvuvuvuv

uvuvuvuv

uvuvuvuv

ij

uv

   K   K   K K

   K   K   K K

   K   K   K K

    K   K   K K

K ;      (2.34) 
















44434241

34333231

24232221

14131211

vuvuvuvu

vuvuvuvu

vuvuvuvu

vuvuvuvu

ij

vu

   K   K   K K

   K   K   K K

   K   K   K K

    K   K   K K

K ;      (2.35)  
















44434241

34333231

24232221

14131211

vvvvvvvv

vvvvvvvv

vvvvvvvv

vvvvvvvv

ij

vv

   K   K   K K

   K   K   K K

   K   K   K K

    K   K   K K

K .      (2.36) 

 

2.4. Фоɪɦиɪоваɧие ɝлоɛальɧых ɦаɬɪиɰ и 

их сооɬвеɬсɬвие ɤоɧɬиɧɭальɧыɦ оɩеɪаɬо-
ɪаɦ. Соɫɬавɥеɧие ɫооɬвеɬɫɬвɭɸщих ɝɥо-
ɛаɥьɧых ɦаɬɪиɰ vuuvuu KKK  , ,  и vvK  3N-

ɦеɪɧоɝо ɩоɪяɞɤа ɫиɫɬеɦы ДККЭ ɞɥя вɫеɣ 
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ɤоɧɫɬɪɭɤɰии оɫɭщеɫɬвɥяеɬɫя аɧаɥоɝичɧо 
ɫɬаɧɞаɪɬɧоɣ ɦеɬоɞиɤе ɮоɪɦиɪоваɧия ɝɥо-
ɛаɥьɧоɣ ɦаɬɪиɰы ɠеɫɬɤоɫɬи (ɦеɬоɞ «ɤоɧеч-
ɧых вɤɥаɞов» – ɫɭɦɦиɪоваɧие ɫ ɧаɤоɩɥеɧи-

еɦ [7-8]). 

Иɦееɬɫя ɫоɩоɫɬавɥеɧие оɩеɪаɬоɪов (1.4)-

(1.7) и ɦаɬɪиɰ: 

 

uuuu KL ;  uvuv KL ;  vuvu KL ;   

vvvv KL .    (2.37) 

 

2.5. Ɂаɞаɧие ɝɪаɧичɧых ɭсловиɣ. Гɪаɧич-
ɧые ɭɫɥовия (1.21) ɧа ɞиɫɤɪеɬɧо-
ɤоɧɬиɧɭаɥьɧоɦ ɭɪовɧе ɩеɪехоɞяɬ в ɫɥеɞɭɸ-

щие: 
 

0)()0( ,,0  lUBUB nnlnn ,        (2.38) 

 

ɝɞе nB ,0  и nlB ,  – ɦаɬɪиɰы ɝɪаɧичɧых ɭɫɥо-
виɣ, в ɞаɧɧоɦ ɫɥɭчае 
 














0000

0000

000

000

,0

E

E

B n ;   














000

000

0000

0000

,

E

E
B nl ; 

                      (2.39) 

 

E  – еɞиɧичɧая ɦаɬɪиɰа N -ɝо ɩоɪяɞɤа; 
 

TT

n

T

nnn vuxUU ] )(   )( [)( 3  ;     (2.40) 
TTNN

n

T

n

T

nnn uuuxuu ] )(   ...  )(   )( [)( 211211

3  ;                 

(2.41) 
TTNN

n

T

n

T

nnn vvvxvv ] )(   ...   )(   )( [)( 211211

3  .                 

(2.42) 

 

2.6. Дисɤɪеɬɧо-ɤоɧɬиɧɭальɧаɹ ɩосɬаɧовɤа 
ɡаɞачи. Соɝɥаɫɧо ɩɪивеɞеɧɧыɦ ɪаɧее ɮоɪ-
ɦɭɥаɦ ɦоɠеɦ ɩеɪеɩиɫаɬь ɩоɫɬаɧовɤɭ (1.17)-

(1.20) ɫɥеɞɭɸщиɦ оɛɪаɡоɦ: 

 

nsn UKU
~ ,                       (2.43) 

ɝɞе  


  
uvvvEuuvv

s KKKsKK

E
K ~

 ) ( 

0~
11 ;  (2.44)                       

nn UU 2 ;                     (2.45) 

 

EK  – ɦаɬɪиɰа vvK , ɩоɫɬɪоеɧɧая ɩɪи ɭɫɥо-
вии, чɬо вɫɸɞɭ 1   ;1  ijij  ; 

 

vuuvuv KKK ~
.               (2.46) 

 

Пɪи ɧаɥичии ɭɩɪɭɝоɩоɞаɬɥивых оɩоɪ ɦаɬɪи-

ɰа (2.44) ɩɪиɧиɦаеɬ виɞ: 
 




  
uvvvEGuuvv

s KKKsCKK

E
K ~

 ) ( 

0~
11 , (2.47) 

ɝɞе         
















                   

            

       

          

21

12

11

NN

G

C

C

C

C  ;           (2.48) 

 } , ,{ ,3,2,1 ijijijij cccdiagC  ;          (2.49) 

 

ijC  – ɦаɬɪиɰа хаɪаɤɬеɪиɫɬиɤ ɭɩɪɭɝоɩоɞаɬɥи-

вых оɩоɪ; ɡаɦеɬиɦ, чɬо еɫɥи в ij -ɦ ɭɡɥе ɭɩ-

ɪɭɝоɩоɞаɬɥивая оɩоɪа оɬɫɭɬɫɬвɭеɬ, ɬо 
0,3,2,1  ijijij ccc . 

Гɪаɧичɧые ɭɫɥовия (1.21) ɩеɪехоɞяɬ в (2.38). 

Кɪаевая ɡаɞача (2.43), (2.38) (ɫ ɩаɪаɦеɬɪоɦ 

s ) ɪеɲаеɬɫя ɩо  ɪаɡɪаɛоɬаɧɧоɣ ɦеɬоɞиɤе, 
ɤоɬоɪая ɩоɞɪоɛɧо оɩиɫаɧа в [4].  

 

Ɂаɦечаɧие. Иɫɫɥеɞоваɧия ɩɪовоɞиɥиɫь в 
ɪаɦɤах ɇИР «Поɫɬɪоеɧие и аɧаɥиɡ ɤоɪɪеɤɬ-
ɧых аɧаɥиɬичеɫɤих ɦеɬоɞов и аɥɝоɪиɬɦов 
ɪаɫчеɬа ɤоɧɫɬɪɭɤɰиɣ ɪеɝɭɥяɪɧоɣ ɫɬɪɭɤɬɭ-
ɪы», выɩоɥɧяеɦоɣ ɩо Пɥаɧɭ ɇИР Роɫɫиɣ-

ɫɤоɣ аɤаɞеɦии аɪхиɬеɤɬɭɪы и ɫɬɪоиɬеɥьɧых 
ɧаɭɤ (РААСɇ) ɧа 2007-2009 ɝɝ. и в ɪаɦɤах 
ɇИР «Раɡɪаɛоɬɤа ɬеоɪии и аɥɝоɪиɬɦов ɩо-
ɫɬɪоеɧия ɤоɪɪеɤɬɧых аɧаɥиɬичеɫɤих ɪеɲа-
ɬеɥеɣ ɦɧоɝоɬочечɧых ɤɪаевых ɡаɞач ɩɪиɦе-
ɧиɬеɥьɧо ɤ ɪаɫчеɬаɦ ɫɬɪоиɬеɥьɧых ɤоɧɫɬ-
ɪɭɤɰиɣ», выɩоɥɧяеɦоɣ ɩо аɧаɥиɬичеɫɤоɣ 

веɞоɦɫɬвеɧɧоɣ ɰеɥевоɣ ɩɪоɝɪаɦɦе «Раɡви-

ɬие ɧаɭчɧоɝо ɩоɬеɧɰиаɥа выɫɲеɣ ɲɤоɥы 

(2009-2010 ɝоɞы)» /ɩɪоеɤɬ 6414/. 
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ИɋɉɈɅɖɁɈȼАɇИЕ ДИɋКРЕɌɇɈȽɈ ȻАɁИɋА ХААРА ДɅЯ 

ɉɈɅɍЧЕɇИЯ ɅɈКАɅɖɇɈȽɈ РЕШЕɇИЯ КРАЕȼЫХ ɁАДАЧ 
 

Ɇ.Л. Ɇоɡɝаɥева, А.Б. Зоɥотов 
Моɫɤовɫɤиɣ ɝоɫɭɞаɪɫɬвеɧɧыɣ ɫɬɪоиɬеɥьɧыɣ ɭɧивеɪɫиɬеɬ, Моɫɤва, РɈССИə 

 

АɇɇɈɌАЦИЯ: ɇаɫɬоящая ɫɬаɬья ɩоɫвящеɧа оɩиɫаɧиɸ ɪаɡɪаɛоɬаɧɧоɝо аɥɝоɪиɬɦа ɩɪяɦоɝо и оɛɪаɬɧоɝо 
ɞиɫɤɪеɬɧоɝо веɣвɥеɬ-ɩɪеоɛɪаɡоваɧия ɩо ɛаɡиɫɭ Хааɪа. В ɩеɪвоɣ  и во вɬоɪоɣ чаɫɬях ɫɬаɬьи ɩɪивоɞяɬɫя аɥ-
ɝоɪиɬɦы оɞɧоɦеɪɧоɝо и ɞвɭɦеɪɧоɝо ɩɪеоɛɪаɡоваɧия, ɫооɬвеɬɫɬвеɧɧо. В ɬɪеɬьеɣ чаɫɬи ɩɪеɞɫɬавɥеɧ ɩɪиɦеɪ 
ɩоɞхоɞа ɤ ɩоɥɭчеɧиɸ ɥоɤаɥьɧоɝо ɪеɲеɧия ɤɪаевых ɡаɞач ɫ иɫɩоɥьɡоваɧиеɦ ɞиɫɤɪеɬɧоɝо ɛаɡиɫа Хааɪа. 
 

Ключевые слова: ɞиɫɤɪеɬɧыɣ ɛаɡиɫ Хааɪа, аɥɝоɪиɬɦ ɩɪяɦоɝо и оɛɪаɬɧоɝо ɩɪеоɛɪаɡоваɧия Хааɪа, ɥо-
ɤаɥьɧое ɪеɲеɧие ɤɪаевоɣ ɡаɞачи. 

 

APPLICATION OF DISCERE HAAR BASIS  

FOR LOCAL SOLUTION OF BOUNDARY PROBLEMS 
 

Marina L. Mozgaleva, Alexander B. Zolotov 
Moscow State University of Civil Engineering, Moscow, RUSSIA 

 

ABSTRACT: The distinctive paper is devoted to application of discrete Haar basis for local solution of bound-

ary problems. Discrete Haar transformations are one of the most effective numerical methods of the wavelet-

analysis. Corresponding algorithms are simple and economic. Besides, there is a possibility of the separate solv-

ing of local and global problems. 

 

Key words: wavelet analysis, Haar basis, boundary problems, structural mechanics 

 

ȼȼЕДЕɇИЕ 

 

Диɫɤɪеɬɧые ɩɪеоɛɪаɡоваɧия Хааɪа явɥяɸɬɫя 
оɞɧиɦ иɡ ɧаиɛоɥее ɷɮɮеɤɬивɧых чиɫɥеɧɧых 
ɦеɬоɞов веɣвɥеɬ-аɧаɥиɡа. Свяɡаɧɧые ɫ ɛаɡи-

ɫоɦ Хааɪа вычиɫɥеɧия, ɧеоɛхоɞиɦые ɞɥя 
ɪеɲеɧия ɪаɡɥичɧых ɡаɞач, в чаɫɬɧоɫɬи ɤɪае-
вых ɡаɞач ɦаɬеɦаɬичеɫɤоɣ ɮиɡиɤи и ɫɬɪои-

ɬеɥьɧоɣ ɦехаɧиɤи, оɛɥаɞаɸɬ ɩɪоɫɬыɦи и 

ɷɤоɧоɦичɧыɦи аɥɝоɪиɬɦаɦи. Пɪи ɷɬоɦ ɩо-
явɥяеɬɫя воɡɦоɠɧоɫɬь ɪаɡɞеɥьɧоɝо ɪеɲеɧия 
ɥоɤаɥьɧых и ɝɥоɛаɥьɧых ɡаɞач. 
 

 

1. ɈДɇɈɆЕРɇɈЕ  

ȼЕɃȼɅЕɌ-ɉРЕɈȻРАɁɈȼАɇИЕ 

 

Приɧятые обоɡɧаɱеɧия 
p
j - j-ая ɮɭɧɤɰия Хааɪа ɧа p-оɦ ɭɪовɧе, 

 

pp MpNj  01 ; , 

 

ɝɞе pM - ɤоɥичеɫɬво ɭɪовɧеɣ: 
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n 2  - 
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- ɧоɪɦа ɮɭɧɤɰия Хааɪа ɧа p-ɦ ɭɪовɧе. 
 

Зɧаɱеɧия ɮуɧкɰии Хаара в i-оɣ тоɱке диɫ-
кретɧоɝо ɩроɫтраɧɫтва 
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p
jv - коɷɮɮиɰиеɧты раɡɥоɠеɧия диɫкрет-

ɧоɣ ɮуɧкɰии f(i)ɩо ɮуɧкɰиям Хаара: 
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Аɥɝоритм выɱиɫɥеɧия коɷɮɮиɰиеɧтов 
раɡɥоɠеɧия p

jv  (ɩрямоɣ оɩератор - аɧаɥиɡ) 
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Аɥɝоритм выɱиɫɥеɧия ɡɧаɱеɧиɣ диɫкрет-

ɧоɣ ɮуɧкɰии, имеɸɳеɣ раɡɥоɠеɧие ɩо 
ɮуɧкɰиям Хаара (обратɧыɣ оɩератор - 

ɫиɧтеɡ) 
 

Ввеɞеɦ вɫɩоɦоɝаɬеɥьɧые веɥичиɧы 
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2. ДȼɍɆЕРɇɈЕ  

ȼЕɃȼɅЕɌ-ɉРЕɈȻРАɁɈȼАɇИЕ 

 

Приɧятые обоɡɧаɱеɧия  

 
p

ss jj 2121 ,
 - ɮɭɧɤɰия Хааɪа ɧа p-оɦ ɭɪовɧе: 
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ppk MpkNj  0211 ;,,  

 

ɝɞе pM  – ɤоɥичеɫɬво ɭɪовɧеɣ; 
pM

n 2  – 

ɪаɡɦеɪɧоɫɬь ɞиɫɤɪеɬɧоɝо ɩɪоɫɬɪаɧɫɬва 
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pp NN   - ɤоɥичеɫɬво ɮɭɧɤɰиɣ Хааɪа ɧа p-

оɦ ɭɪовɧе. 
В ɞаɥьɧеɣɲеɦ ɛɭɞеɦ оɛоɡɧачаɬь 12  php , 

hphp   - ɤоɥичеɫɬво ɧеɧɭɥевых ɡɧачеɧиɣ 

ɮɭɧɤɰии Хааɪа ɧа p-ɦ ɭɪовɧе ( hp - ɲаɝ ɩо 
ɤаɠɞоɦɭ ɧаɩɪавɥеɧиɸ ɮɭɧɤɰии Хааɪа). 
Зɧачеɧия иɧɞеɤɫов 21 ss ,  оɩɪеɞеɥяɸɬ ɬɪи 

ɛаɡовые ɮɭɧɤɰии:  
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ɮɭɧɤɰии Хааɪа ɧа p-ɦ ɭɪовɧе.  
 

Зɧаɱеɧия ɮуɧкɰии Хаара в тоɱке i=(i1,i2) 

диɫкретɧоɝо ɩроɫтраɧɫтва: iq=1, …,n ,  
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Аɥɝоритм выɱиɫɥеɧия коɷɮɮиɰиеɧтов 
раɡɥоɠеɧия 
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Аɥɝоритм выɱиɫɥеɧия ɡɧаɱеɧиɣ диɫкрет-
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ɮуɧкɰиям Хаара (обратɧыɣ оɩератор - 

ɫиɧтеɡ) 
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3. ɉРИɆЕР ɉɈДХɈДА  

К ɉɈɅɍЧЕɇИЮ ɅɈКАɅɖɇɈȽɈ 

РЕШЕɇИЯ КРАЕȼɈɃ ɁАДАЧИ 

 

Диɫкретɧая краевая ɡадаɱа в едиɧиɱɧом 

баɡиɫе 
Вариациɨɧɧая ɩɨɫтаɧɨɜка. Ɉɩɪеɞеɥиɬь ɫɬа-
ɰиоɧаɪɧɭɸ ɬочɤɭ ɮɭɧɤɰиоɧаɥа ɷɧеɪɝии 

 

),(),()( ufuuLu uuu 
2

1           (3.1) 

 

Оɩератɨрɧая ɩɨɫтаɧɨɜка. Сɬаɰиоɧаɪɧая 
ɬочɤа ɫооɬвеɬɫɬвɭеɬ ɪеɲеɧиɸ оɩеɪаɬоɪɧоɝо 
ɭɪавɧеɧия 
 

uu fuL                              (3.2) 

 

Краевая ɡадаɱа в диɫкретɧом баɡиɫе Хаара 
Ɉɛоɡɧачиɦ Q – ɦаɬɪиɰа ɛаɡиɫɧых веɤɬоɪов 
Хааɪа, ɪаɫɩоɥоɠеɧɧых ɩо ɫɬɪоɤаɦ: 
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i-ɣ веɤɬоɪ ɛаɡиɫа. Тоɝɞа веɤɬоɪ 
T

Nuuuu ],[ ,2,1   иɡ еɞиɧичɧоɝо ɛаɡиɫа 
в ɛаɡиɫе Хааɪа ɦоɠеɬ иɦеɬь ɫɥеɞɭɸщее 
ɩɪеɞɫɬавɥеɧие 
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Поɞɫɬавɥяя (3.3) в (3.1), ɩеɪехоɞиɦ ɤ ваɪиа-
ɰиоɧɧоɣ ɮоɪɦɭɥиɪовɤе иɫхоɞɧоɣ ɡаɞачи в 
ɛаɡиɫе Хааɪа: 
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Сооɬвеɬɫɬвɭɸщая оɩеɪаɬоɪɧая ɮоɪɦɭɥиɪов-
ɤа: 

 

                          vv fvL                     (3.5)   

 

Локаɥиɡаɰия реɲеɧия 

Пɪоɛɥеɦа ɥоɤаɥиɡаɰии ɪеɲеɧия в выɛɪаɧ-

ɧоɣ ɡоɧе ɮаɤɬичеɫɤи ɩеɪехоɞиɬ в ɩɪоɛɥеɦɭ 

ɬ.ɧ. «оɫɪеɞɧеɧия» ɪеɲеɧия вɧе ɷɬоɣ ɡоɧы. В 

ɪаɡɥоɠеɧии (3.3) ɩо ɛаɡиɫɭ Хааɪа ɩɪиɫɭɬɫɬ-
вɭɸɬ оɞɧовɪеɦеɧɧо ɤоɦɩоɧеɧɬы, ɫооɬвеɬɫɬ-
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вɭɸщие ɫеɬочɧыɦ оɛɥаɫɬяɦ вɫех ɭɪовɧеɣ. 

Ɉɛоɡɧачиɦ p

jv - ɤоɦɩоɧеɧɬа ɪаɡɥоɠеɧия, ɫо-
оɬвеɬɫɬвɭɸщая j-ɦɭ ɭɡɥɭ ɫеɬочɧоɣ оɛɥаɫɬи 

p-ɝо ɭɪовɧя. Пɪи ɷɬоɦ   0≤p≤m, ɝɞе  p=0 – 

иɫхоɞɧая ɦеɥɤая ɫеɬɤа. Тоɝɞа оɩеɪаɰия оɫ-
ɪеɞɧеɧия ɦоɠеɬ ɛыɬь оɩɪеɞеɥеɧа ɫɥеɞɭɸ-

щиɦ оɛɪаɡоɦ: 
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p
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Зɞеɫь J(i) – ɧоɦеɪа ɫеɬочɧых ɷɥеɦеɧɬов ɭɪов-
ɧя p, ɩоɩаɞаɸщих в i-ɣ ɫеɬочɧыɣ ɷɥеɦеɧɬ 
ɭɪовɧя (p+1). β – ɧеɤоɬоɪыɣ ɤоɷɮɮиɰиеɧɬ, 
оɩɬиɦиɡиɪɭɸщиɣ оɩеɪаɰиɸ оɫɪеɞɧеɧия. 
 

Пример оɫредɧеɧия дɥя двумерɧоɝо баɡиɫа 
Хаара 
Раɫɫɦоɬɪиɦ ɫеɬочɧое ɪаɡɛиеɧие ɞвɭх ɭɪов-
ɧеɣ m=2. Иɫхоɞɧая ɫеɬочɧая оɛɥаɫɬь ɩɪи 

N=2
m

=4 – ɤоɥичеɫɬво ɭɡɥов ɩо ɤаɠɞоɦɭ ɧа-
ɩɪавɥеɧиɸ: 
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Сеɬочɧые оɛɥаɫɬи в ɛаɡиɫе Хааɪа: 
 

                        0-ɣ ɭɪовеɧь  

v
0

11k v
0

12k

v
0

21k v
0

22k

 

 

                            1-ɣ ɭɪовеɧь 

v
1
11k

 
 

Зɞеɫь иɧɞеɤɫоɦ k оɛоɡɧачаеɬɫя ɬиɩ ɛаɡиɫɧоɣ 

ɮɭɧɤɰии: k=1,2,3 . 
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i , j = 1, 2 

 

Dk – оɩеɪаɬоɪ чиɫɥеɧɧоɝо ɞиɮɮеɪеɧɰиɪова-
ɧия ɩо k-ɦɭ ɧаɩɪавɥеɧиɸ в ваɪиаɰиоɧɧо-
ɪаɡɧоɫɬɧоɣ ɩоɫɬаɧовɤе 
 

Дɥя ɩервоɝо уровɧя 

Ɉɛоɡɧачиɦ 
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Зɧачеɧие ɤоɷɮɮиɰиеɧɬа β выɛиɪаеɦ иɡ ɭɫɥо-
вия ɩоɫɬояɧɫɬва ɪаɡɧоɫɬɧых ɩɪоиɡвоɞɧых ɧа 
ɷɥеɦеɧɬе ɫеɬɤи 1-ɝо ɭɪовɧя ɬ.е.: 
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ɆɈДЕɅИРɈȼАɇИЕ ɗȼɈɅЮЦИɈɇɇɈɃ ДЕɋɌРɍКЦИИ 

КɈɆɉɈɁИЦИɈɇɇЫХ ɆАɌЕРИАɅɈȼ 
 

Б.Е. Победря 
Моɫɤовɫɤиɣ ɝоɫɭɞаɪɫɬвеɧɧыɣ ɭɧивеɪɫиɬеɬ иɦ. М.В. Лоɦоɧоɫова, ɝ. Моɫɤва, РɈССИə 

 

АɇɇɈɌАЦИЯ: Шиɪоɤое вɧеɞɪеɧие в ɩɪаɤɬиɤе ɫɬɪоиɬеɥьɫɬва ɧовых ɦаɬеɪиаɥов, в ɬоɦ чиɫɥе ɧаɧоɦа-
ɬеɪиаɥов  ɬɪеɛɭеɬ ɪаɡвиɬия ɧовых ɬеоɪеɬичеɫɤих и ɷɤɫɩеɪиɦеɧɬаɥьɧых иɫɫɥеɞоваɧиɣ в оɛɥаɫɬи 

ɩɪочɧоɫɬɧоɝо аɧаɥиɡа и ɬеоɪии ɧаɞёɠɧоɫɬи. ɇаɫɬоящая ɫɬаɬья ɩоɫвящеɧа ɪаɫɫɦоɬɪеɧиɸ воɩɪоɫов 
ɦоɞеɥиɪоваɧия ɷвоɥɸɰиоɧɧоɣ ɞеɫɬɪɭɤɰии ɤоɦɩоɡиɰиоɧɧых ɦаɬеɪиаɥов. 
 

Ключевые слова: ɷвоɥɸɰиоɧɧая ɞеɫɬɪɭɤɰия, ɤоɦɩоɡиɰиоɧɧые ɦаɬеɪиаɥы, ɦоɞеɥиɪоваɧие 

 

SIMULATION OF EVOLUTIONARY DESTRUCTION 

OF COMPOSITE MATERIALS 
 

Boris E. Pobedrya 
Moscow State University of Civil Engineering, Moscow, RUSSIA 

 

ABSTRACT: Wide introduction of building of new materials including nanomaterials requires new theoretical 

and experimental researches in structural analysis and reliability theory. The distinctive paper is devoted to simu-

lation of evolutionary destruction of composite materials. 

 

Keywords: evolutionary destruction, composite materials, to simulation 

 
Шиɪоɤое вɧеɞɪеɧие в ɩɪаɤɬиɤе ɫɬɪоиɬеɥьɫɬ-
ва ɧовых ɦаɬеɪиаɥов, в ɬоɦ чиɫɥе ɧаɧоɦаɬе-
ɪиаɥов [1] ɬɪеɛɭеɬ ɪаɡвиɬия ɧовых ɬеоɪеɬи-

чеɫɤих и ɷɤɫɩеɪиɦеɧɬаɥьɧых иɫɫɥеɞоваɧиɣ в 
оɛɥаɫɬи ɩɪочɧоɫɬɧоɝо аɧаɥиɡа и ɬеоɪии ɧа-
ɞёɠɧоɫɬи. 

Кɥаɫɫичеɫɤиɣ ɩоɞхоɞ ɤ ɩɪоɛɥеɦе ɪаɡɪɭɲе-
ɧия ɦаɬеɪиаɥов в ɦехаɧиɤе ɞеɮоɪɦиɪɭеɦоɝо 
ɬвёɪɞоɝо ɬеɥа и, в чаɫɬɧоɫɬи, в ɫɬɪоиɬеɥьɧоɣ 

ɦехаɧиɤе ɡаɤɥɸчаеɬɫя в ɫɥеɞɭɸщеɦ. Сɧача-
ɥа ɬеɦ иɥи иɧыɦ ɫɩоɫоɛоɦ ɫ ɧеоɛхоɞиɦоɣ 

ɬочɧоɫɬьɸ оɩɪеɞеɥяеɬɫя ɧаɩɪяɠёɧɧо-
ɞеɮоɪɦиɪоваɧɧое ɫоɫɬояɧие  в ɬеɥе ɫ вы-

ɛɪаɧɧоɣ ɦоɞеɥьɸ, ɡаɞаɧɧыɦи вхоɞɧыɦи 

ɞаɧɧыɦи и ɝеоɦеɬɪиеɣ. Поɫɥе ɷɬоɝо ɩɪиɦе-
ɧяеɬɫя ɬоɬ иɥи иɧоɣ ɤɪиɬеɪиɣ ɩɪочɧоɫɬи.  

Ɉɞɧаɤо ɬаɤоɣ ɩоɞхоɞ иɦееɬ ɫɭщеɫɬвеɧɧые 
ɧеɞоɫɬаɬɤи. Раɫɫɦоɬɪиɦ, ɧаɩɪиɦеɪ, ɫɬеɪɠеɧь 
иɡ ɤаɤоɝо-ɧиɛɭɞь ɭɩɪɭɝоɝо ɫɬɪоиɬеɥьɧоɝо 
ɦаɬеɪиаɥа, аɪɦиɪоваɧɧоɝо ɬоɧɤиɦи оɞɧоɧа-
ɩɪавɥеɧɧыɦи воɥоɤɧаɦи иɡ ɞɪɭɝоɝо ɭɩɪɭɝо-
ɝо ɦаɬеɪиаɥа. Пɪи ɪаɫɬяɠеɧии ɬаɤоɝо ɫɬеɪɠ-

ɧя ɭɩɪɭɝие воɥоɤɧа ɛɭɞɭɬ ɩоочеɪёɞɧо ɪваɬь-

ɫя, и еɝо ɷɮɮеɤɬивɧыɣ ɦоɞɭɥь ɛɭɞеɬ ɭɦеɧь-
ɲаɬьɫя. Сɥеɞоваɬеɥьɧо,  оɧ ɡавиɫиɬ оɬ ɧеɤо-
ɬоɪоɝо ɩаɪаɦеɬɪа, хаɪаɤɬеɪиɡɭɸщеɝо ɞеɫɬ-
ɪɭɤɰиɸ ɦаɬеɪиаɥа. Фаɤɬ ɡавиɫиɦоɫɬи оɩɪе-
ɞеɥяɸщих ɫооɬɧоɲеɧиɣ оɬ ɩаɪаɦеɬɪов ɬаɤо-
ɝо ɪоɞа ɛɭɞеɦ ɧаɡываɬь ɷвоɥɸɰиоɧɧоɣ ɞеɫɬ-
ɪɭɤɰиеɣ. Ɉɩɪеɞеɥяɸщие ɫооɬɧоɲеɧия, иɧ-

ваɪиаɧɬɧые оɬɧоɫиɬеɥьɧо вɪеɦеɧи, ɧаɡыва-
ɸɬɫя ɫɤɥеɪоɧоɦɧыɦи. В ɩɪоɬивɧоɦ ɫɥɭчае 
оɧи ɛɭɞɭɬ ɪеоɧоɦɧыɦи [2]. 

 

1. Еɫɥи оɩɪеɞеɥяɸщие ɫооɬɧоɲеɧия ɪаɫ-
ɫɦаɬɪиваеɦоɣ ɦоɞеɥи явɥяɸɬɫя ɫɤɥеɪоɧоɦ-

ɧыɦи, ɬо, ɤаɤ ɩɪавиɥо, ɩɪеɞɩоɥаɝаеɬɫя, чɬо 
ɫоɫɬояɧие ɧеɤоɬоɪоɣ ɦаɤɪочаɫɬиɰы в ɦо-
ɦеɧɬ вɪеɦеɧи t ɛɭɞеɬ ɩɪочɧыɦ, еɫɥи ɧеɤоɬо-
ɪые ɭɧивеɪɫаɥьɧые ɫɤаɥяɪɧые ɮɭɧɤɰии ɬеɧ-

ɡоɪов ɧаɩɪяɠеɧиɣ 
~

, ɞеɮоɪɦаɰиɣ 
~

, ɬеɦɩе-

ɪаɬɭɪы T, и воɡɦоɠɧо ɧаɛоɪа ещё ɧеɤоɬоɪых 
ɩаɪаɦеɬɪов  , хаɪаɤɬеɪиɡɭɸщих ɷвоɥɸɰи-

оɧɧɭɸ ɞеɫɬɪɭɤɰиɸ, ɦеɧьɲе ɧеɤоɬоɪых ɦа-
ɬеɪиаɥьɧых ɤоɧɫɬаɧɬ Cm 0 : 
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     (1.1) 

 

Еɫɥи оɞɧа иɡ ɷɬих ɮɭɧɤɰиɣ ɞоɫɬиɝаеɬ ɡɧаче-
ɧия Cm , ɬо ɧаɫɬɭɩаеɬ ɪаɡɪɭɲеɧие виɞа, ɫооɬ-
веɬɫɬвɭɸщеɝо ɧоɦеɪɭ ɮɭɧɤɰии m. 

Вɫе “ɤɥаɫɫичеɫɤие” ɤɪиɬеɪии ɩɪочɧоɫɬи и 

ɦɧоɝие их оɛоɛщеɧия явɥяɸɬɫя чаɫɬɧыɦи 

ɫɥɭчаяɦи ɤɪиɬеɪия (1.1), [3,4]. Иɫхоɞя иɡ оɩ-

ɪеɞеɥяɸщих ɫооɬɧоɲеɧиɣ, в ɤɪиɬеɪии (1.1) 

ɦоɠеɬ ɛыɬь иɫɤɥɸчёɧ оɞиɧ иɡ ɬеɧɡоɪɧых аɪ-
ɝɭɦеɧɬов 

~
иɥи 

~
. Ɉɞɧаɤо, ɞɥя ɦɧоɝоɤɪаɬ-

ɧых ɧаɝɪɭɠеɧиɣ ɬеɧɡоɪ ɧаɩɪяɠеɧиɣ 
~

, ɧа-

ɩɪиɦеɪ, ɧе ɦоɠеɬ явɥяɬьɫя ɧеɩоɫɪеɞɫɬвеɧ-

ɧоɣ хаɪаɤɬеɪиɫɬиɤоɣ, оɩиɫываɸщеɣ ɪаɡɪɭ-

ɲеɧие, ɬаɤ ɤаɤ оɞɧо и ɬо ɠе ɧаɩɪяɠеɧɧое 
ɫоɫɬояɧие ɩоɫɥе ɧеɤоɬоɪоɝо чиɫɥа ɰиɤɥов 
ɩɪивеɞёɬ ɤ ɪаɡɪɭɲеɧиɸ. 

Дɥя ɪеоɧоɦɧых оɩɪеɞеɥяɸщих ɫооɬɧоɲеɧиɣ 

ɫɭщеɫɬвɭеɬ ɞɪɭɝоɣ ɬиɩ ɤɪиɬеɪиев ɪаɡɪɭɲе-
ɧия, ɤоɬоɪые ɧаɡываɸɬɫя ɤɪиɬеɪияɦи ɞɥи-

ɬеɥьɧоɣ ɩɪочɧоɫɬи [3,4,5]. Пɪеɞɩоɥаɝаеɬɫя, 
чɬо ɫɭщеɫɬвɭеɬ ɩоɥоɠиɬеɥьɧая воɡɪаɫɬаɸ-

щая во вɪеɦеɧи ɮɭɧɤɰия ( )t , ɧаɡываеɦая 
ɩовɪеɠɞеɧиеɦ, ɩовɪеɠɞаеɦоɫɬьɸ иɥи ɞе-
ɮеɤɬоɦ, ɩɪиɪащеɧие ɤоɬоɪоɣ ɩɪоɩоɪɰио-
ɧаɥьɧо ɧеɤоɬоɪоɣ ɭɧивеɪɫаɥьɧоɣ ɮɭɧɤɰии 

ɧаɩɪяɠеɧия  ( )t  (оɛычɧо ɷɬо иɥи оɞɧа 
ɤоɦɩоɧеɧɬа ɬеɧɡоɪа ɧаɩɪяɠеɧиɣ, ɧаɩɪиɦеɪ, 
ɪаɫɬяɠеɧие 11 , иɥи ɧеɤоɬоɪая веɥичиɧа, 
ɫвяɡаɧɧая ɫ иɧваɪиаɧɬаɦи ɬеɧɡоɪа ɧаɩɪяɠе-
ɧиɣ и ɧаɡываеɦая ɷɤвиваɥеɧɬɧыɦ ɧаɩɪяɠе-
ɧиеɦ e ). Раɡɪɭɲеɧие ɧаɫɬɭɩаеɬ, ɤаɤ ɬоɥьɤо 
веɥичиɧа  ( )t  ɞоɫɬиɝаеɬ ɫвоеɝо ɦаɤɫи-

ɦаɥьɧоɝо ɞɥя ɞаɧɧоɝо ɦаɬеɪиаɥа и ɬеɦɩеɪа-
ɬɭɪы ɡɧачеɧия des . Вɪеɦя ɪаɡɪɭɲеɧия t*  

ɞɥя ɞаɧɧоɝо ɡаɤоɧа ɧаɝɪɭɠеɧия  ( )t , 

0   t* , оɩɪеɞеɥяеɬɫя, ɧаɩɪиɦеɪ,  ɭɪавɧе-
ɧиеɦ 

 

 d

t

t 
 * ( )

*

0

1  (1.2) 

 

ɤоɬоɪое ɧаɡываеɬɫя ɩɪиɧɰиɩоɦ ɥиɧеɣɧоɝо 
ɫɭɦɦиɪоваɧия ɩовɪеɠɞеɧиɣ [6]. 

В ɤачеɫɬве ɷɤвиваɥеɧɬɧоɝо ɧаɩɪяɠеɧия ɩɪи-

ɦеɧяɸɬɫя выɪаɠеɧия [7]: 

    e u 1

2
31      (1.3)  

 

иɥи [8]: 
     

e u a  1

2
31

1 2
(1.4) 

 

ɝɞе 
 

 
  

3

31 u

(1.5) 

 

Зɞеɫь ɩоɫɬояɧɧая 0 1 a  оɩɪеɞеɥяеɬɫя 
иɡ ɷɤɫɩеɪиɦеɧɬа, 1 - ɧаиɛоɥьɲее ɝɥавɧое 
ɪаɫɬяɝиваɸщее ɧаɩɪяɠеɧие,   - ɝиɞɪоɫɬа-
ɬичеɫɤое ɞавɥеɧие, а u  - иɧɬеɧɫивɧоɫɬь 
ɬеɧɡоɪа ɧаɩɪяɠеɧиɣ. 

Дɥя ɩаɪаɦеɬɪа ɩовɪеɠɞеɧиɣ   ɡаɩиɫываеɬɫя 
ɤиɧеɬичеɫɤое ɭɪавɧеɧие виɞа [9] 

 

 d

d t e

    , (1.6) 

 

Виɞ ɮɭɧɤɰии    , e  в ɪяɞе ɫɥɭчаев ɤоɧ-

ɤɪеɬиɡиɪɭеɬɫя, ɧаɩɪиɦеɪ, [3] 

 

    
,

max

e F 




1

(1.7) 

 

ɝɞе  e  max - ɦаɤɫиɦаɥьɧое ɪаɫɬяɝиваɸщее 
ɧаɩɪяɠеɧие. В ɫɥɭчаɣ ɫɬеɩеɧɧоɣ ɡавиɫиɦо-
ɫɬи 
 

    



,

max max

e

n

F A 




  





1 1

 

(1.8) 
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ɝɞе А и n - ɩоɫɬояɧɧые, оɩɪеɞеɥяеɦые иɡ 
ɷɤɫɩеɪиɦеɧɬа, ɭɪавɧеɧие (1.6) ɥеɝɤо иɧɬеɝ-
ɪиɪɭеɬɫя ɩɪи ɧачаɥьɧоɦ ɭɫɥовии   0 ɩɪи 

t = 0: 
     

   
 1

1

1

1

1

0

   
n t

n
A d

n
max

(1.9) 
 

В чаɫɬɧоɫɬи, ɞɥя ɪаɫɬяɠеɧия ɫɬеɪɠɧя ɫече-
ɧия 0  ɩоɫɬояɧɧоɣ ɧаɝɪɭɡɤоɣ P иɦееɦ: 

 

 max    P
const

0

0 (1.10) 

 

Тоɝɞа иɡ (1.9) ɫɥеɞɭеɬ 
    1 1 1

1

0     n n
A n t (1.11) 

 

Пɪиɧиɦая, чɬо в ɦоɦеɧɬ ɪаɡɪɭɲеɧия t*  ɩа-
ɪаɦеɬɪ   1 , ɩоɥɭчаеɦ иɡ (1.9): 

 

 t
n A n

*  
1

1 0 (1.12) 

 

Поɥоɠиɦ: 

     
1 1

1 n

(1.13) 

Тоɝɞа иɡ (1.9) иɦееɦ 
 

d

d t

    A n n1 max         (1.14) 

 

иɥи, ɭчиɬывая (1.12),: 
 

d

d t

    1

t t*
               (1.15) 

 

Иɡ (1.15) ɩоɥɭчаеɦ ɫ ɭчёɬоɦ, чɬо   0  в ɧа-
чаɥьɧыɣ ɦоɦеɧɬ и   1 ɩɪи ɪаɡɪɭɲеɧии: 

 

 d

t

t 
*

0

   (1.16) 

иɥи (1.2). 

Таɤиɦ оɛɪаɡоɦ, ɤиɧеɬичеɫɤое ɭɪавɧеɧие 
(1.6) ɩɪи ɫɬеɩеɧɧоɣ ɡавиɫиɦоɫɬи (1.8) ɷɤви-

ваɥеɧɬɧо ɩɪиɧɰиɩɭ ɥиɧеɣɧоɝо ɫɭɦɦиɪова-
ɧия ɩовɪеɠɞеɧиɣ (1.2) [9]. 

 

2. ɇаɤоɩɥеɧие ɩовɪеɠɞеɧиɣ ɞɥя ɪаɡɥичɧых 
ɦаɬеɪиаɥов и ɪаɡɥичɧых их ɭɫɥовиɣ ɷɤɫ-
ɩɥɭаɬаɰии ɩɪоиɫхоɞиɬ очеɧь ɪаɡɥичɧо. Сɥɭ-

чаɸɬɫя и хɪɭɩɤие ɪаɡɪɭɲеɧия ɩɪи ɩоɥɡɭче-
ɫɬи. Кɥаɫɫичеɫɤиɦ ɩɪиɦеɪоɦ вɧеɡаɩɧоɝо 
ɪаɡɪɭɲеɧия ɦоɝɭɬ ɫɥɭɠиɬь ɭɫɬаɥоɫɬɧые ɪаɡ-
ɪɭɲеɧия, воɡɧиɤаɸщие ɩɪи ɞеɣɫɬвии ɩеɪе-
ɦеɧɧых (ɰиɤɥичеɫɤих) ɧаɝɪɭɡоɤ. В ɦеɬаɥɥи-

чеɫɤих ɫɩɥавах ɫ ɧеɪавɧовеɫɧоɣ ɫɬɪɭɤɬɭɪоɣ 

ɫ ɬечеɧиеɦ вɪеɦеɧи ɩɪоиɫхоɞяɬ ɦеɞɥеɧɧые 
иɡɦеɧеɧия ɦехаɧичеɫɤих ɫвоɣɫɬв, ɡавиɫящие 
оɬ ɬеɦɩеɪаɬɭɪы. В воɥоɤɧиɫɬых ɤоɦɩоɡиɬах 
[10] ɩоɞ ɧаɝɪɭɡɤоɣ ɪвɭɬɫя ɧеɤоɬоɪые воɥоɤ-
ɧа, в ɪеɡɭɥьɬаɬе чеɝо ɫо вɪеɦеɧеɦ ɤоɦɩоɡиɬ 
ɫɬаɧовиɬɫя ɧеɞееɫɩоɫоɛɧыɦ. В ɷɬих ɫɥɭчаях 
чаɫɬо иɫɩоɥьɡɭɸɬɫя ɬеɪɦоɞиɧаɦичеɫɤие 
ɤɪиɬеɪии ɩɪочɧоɫɬи [11]. Маɬеɪиаɥы, иɫɩы-

ɬываɸщие оɛɥɭчеɧие яɞеɪɧыɦи чаɫɬиɰаɦи, 

иɡɦеɧяɸɬ ɫ ɭвеɥичеɧиеɦ ɞоɡы оɛɥɭчеɧия 
ɦехаɧичеɫɤие ɫвоɣɫɬва вɫɥеɞɫɬвие ɧаɪɭɲе-
ɧиɣ ɫɬɪɭɤɬɭɪы иɡ-ɡа выɛиваɧия аɬоɦов и оɛ-

ɪаɡоваɧия ɞеɮеɤɬов. (Хоɪоɲо иɡвеɫɬɧо “ох-
ɪɭɩчиваɧие” ɦаɬеɪиаɥов аɬоɦɧых ɪеаɤɬо-
ɪов). 
Вɧеɲɧяя ɫɪеɞа ɦоɠеɬ ɬаɤɠе ɫиɥьɧо вɥияɬь 
ɧа ɩɪочɧоɫɬɧые хаɪаɤɬеɪиɫɬиɤи ɦаɬеɪиаɥа 
иɡ-ɡа явɥеɧиɣ ɞиɮɮɭɡии, хиɦичеɫɤих ɩɪо-
ɰеɫɫов, ɤоɪɪоɡии. Сɸɞа ɠе оɬɧоɫиɬɫя ɷɪоɡия 
ɦаɬеɪиаɥов ɩɪи ɤавиɬаɰии и ɬ.ɞ. 

Феɧоɦеɧоɥоɝичеɫɤи ɧаɡваɧɧые ɩɪоɰеɫɫы 

ɦоɠɧо иɧɬеɪɩɪеɬиɪоваɬь ɤаɤ ɧеɤие ɩɪоɰеɫ-
ɫы ɩовɪеɠɞеɧия, ɧаɤоɩɥеɧие ɞеɮеɤɬов, ɦиɤ-
ɪоɩоɪ, ɬɪещиɧ. Гиɩоɬеɬичеɫɤи ɦоɠɧо ɩɪеɞ-

ɩоɥоɠиɬь, чɬо иɧоɝɞа ɦоɝɭɬ ɩɪоиɫхоɞиɬь и 

ɩɪоɰеɫɫы “ɡаɥечиваɧия” ɞеɮеɤɬов. 
Дɥя оɩиɫаɧия вɫех ɷɬих ɩɪоɰеɫɫов ɠеɥаɬеɥь-
ɧо аɛɫɬɪаɝиɪоваɬьɫя оɬ ɤоɧɤɪеɬɧоɝо явɥеɧия 
и ɫɦоɞеɥиɪоваɬь “ɩовɪеɠɞаеɦоɫɬь” ɬаɤ, чɬо-
ɛы охваɬиɬь ɤаɤ ɦоɠɧо ɛоɥьɲе явɥеɧиɣ, ɪаɡ-
ɥичɧых ɩо ɫвоеɣ ɮиɡичеɫɤоɣ ɩɪиɪоɞе. 
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Еɫɥи в ɤачеɫɬве ɫɬɪоиɬеɥьɧых ɦаɬеɪиаɥов 
иɫɩоɥьɡɭɸɬɫя ɧаɧоɤоɦɩоɡиɬы, ɩɪихоɞиɬɫя 
ɪаɫɫɦаɬɪиваɬь ɞвɭхɭɪовɧевыɣ ɤоɧɬиɧɭɭɦ, 

ɩɪоɫɬеɣɲиɦ ɩɪиɦеɪоɦ ɤоɬоɪоɝо явɥяеɬɫя 
ɤоɧɬиɧɭɭɦ Коɫɫеɪа [12]. 

 

Пɪеɞɩоɥоɠиɦ, чɬо ɫɭщеɫɬвɭеɬ ɦаɤɪооɛɴеɤɬ 

 t x,
  , ɧаɡываеɦоɝо ɩовɪеɠɞеɧиеɦ, ɤо-

ɬоɪыɣ в ɫиɫɬеɦе ɤооɪɞиɧаɬ x


 в ɦоɦеɧɬ t ɡа-
ɞаёɬɫя ɧеɤоɬоɪыɦи чиɫɥаɦи (ɤоɦɩоɧеɧɬаɦи)    1 2 3, , , ..., n  и оɛɥаɞаеɬ ɫɥеɞɭɸщиɦи 

ɫвоɣɫɬваɦи: 

a.   явɥяеɬɫя ɮɭɧɤɰиеɣ ɫоɫɬояɧия ɦаɤɪо-
чаɫɬиɰы, ɬ.е., оɞɧоɡɧачɧо оɩɪеɞеɥяеɬɫя ɩɪо-
ɰеɫɫоɦ ɧаɝɪɭɠеɧия (ɬеɧɡоɪоɦ ɧаɩɪяɠе-
ɧиɣ

~
, ɬеɧɡоɪаɦи ɦоɦеɧɬɧых ɧаɩɪяɠеɧиɣ 

ɪаɡɥичɧоɝо ɩоɪяɞɤа 
~

( ) , ɬеɦɩеɪаɬɭɪоɣ 

T ( )  и ɬаɤ ɞаɥее). Фɭɧɤɰиоɧаɥ   

 

     
 


0

t

T
~ ~

( ) , ( ) , ( ) , ...    (2.1) 

 

ɩɪеɞɩоɥаɝаеɬɫя вɩоɥɧе ɧеɩɪеɪывɧыɦ ɧа ɧе-
ɤоɬоɪоɦ ɤɥаɫɫе ɞоɫɬаɬочɧо ɝɥаɞɤих ɮɭɧɤɰиɣ 

ɧаɝɪɭɠеɧия вɩɥоɬь ɞо ɫоɫɬояɧиɣ, ɤаɤ ɭɝоɞɧо 
ɛɥиɡɤих ɤ ɪаɡɪɭɲеɧиɸ. 

b.   хаɪаɤɬеɪиɡɭеɬ ɧаɤоɩɥеɧие ɩовɪеɠɞеɧиɣ 

и ɫоɫɬояɧие, ɧеɩоɫɪеɞɫɬвеɧɧо ɩɪеɞɲеɫɬ-
вɭɸщее ɪаɡɪɭɲеɧиɸ ɦаɤɪочаɫɬиɰы. Сɭще-
ɫɬвɭɸɬ ɧеɤоɬоɪые ɧеоɬɪиɰаɬеɥьɧые ɦеɪы, 

ɧаɡываеɦые ɦеɪаɦи ɩовɪеɠɞеɧиɣ 
 

nmmTfM nmm  ,...,2,1),,...,,()( 21    (2.2) 

 

ɤоɬоɪые явɥяɸɬɫя ɮɭɧɤɰияɦи ɤоɦɩоɧеɧɬ   

и T , иɧваɪиаɧɬɧыɦи оɬɧоɫиɬеɥьɧо ɝɪɭɩɩы 

ɩɪеоɛɪаɡоваɧиɣ ɫиɦɦеɬɪии , и ɫɭщеɫɬвɭɸɬ 
ɫооɬвеɬɫɬвɭɸщие ɩоɥоɠиɬеɥьɧые ɤоɧɫɬаɧɬы 

ɦаɬеɪиаɥа C m mm ( , ,..., ) 1 2 ɬаɤие, чɬо еɫɥи 

ɞɥя ɥɸɛоɝо m  
 

M Cm m( )                 (2.3) 

 

ɬо ɫоɫɬояɧие ɦаɤɪочаɫɬиɰы ɩɪочɧо; еɫɥи ɠе 
ɞɥя ɤаɤоɝо-ɧиɛɭɞь m = k 
 

M Ck k( )                 (2.4) 

 

а ɞɥя оɫɬаɥьɧых M Cm m ), ɬо ɩɪоиɫхоɞиɬ 
ɪаɡɪɭɲеɧие ɬиɩа “ɤ”. 

c.   явɥяеɬɫя ɧɭɥевыɦ ɧа иɧɬеɪваɥе 
0   t , ɬ.е., вɫе ɤоɦɩоɧеɧɬы 

  1 2, , ..., n  и ɦеɪы 

M m mm ( ) , , , ,....,  1 2 3  ɪавɧы ɧɭɥɸ, еɫɥи 

ɧа ɷɬоɦ иɧɬеɪваɥе ɪавɧы ɧɭɥɸ ɩаɪаɦеɬɪы 

ɧаɝɪɭɠеɧия    
~ ~

( ) , ( ) , ...   

Повɪеɠɞеɧие   в ɦоɦеɧɬ t ɤаɤ ɮɭɧɤɰиоɧаɥ 
ɬɪёхɦеɪɧых ɬеɧɡоɪов    

~ ~

( ) , ( ) , ...  (2.1) 

ɦоɠеɬ ɛыɬь ɬоɥьɤо ɬɪёхɦеɪɧыɦ ɬеɧɡоɪоɦ 

иɥи ɫовоɤɭɩɧоɫɬьɸ ɬеɧɡоɪов ɧеɤоɬоɪых ɩо-
ɪяɞɤов. В ɩоɫɥеɞɧеɦ ɫɥɭчае и ɦеɪы ɩовɪеɠ-

ɞеɧия Mm ( )  оɩɪеɞеɥяɸɬɫя ɩо ɫовоɤɭɩɧо-
ɫɬи ɤоɦɩоɧеɧɬ ɷɬих ɬеɧɡоɪов. В ɤачеɫɬве 
ɩɪоɫɬеɣɲеɝо ваɪиаɧɬа ɬеоɪии ɧаɤоɩɥеɧиɣ 

ɩовɪеɠɞеɧиɣ ɦаɤɪочаɫɬиɰы ɦоɠеɬ ɛыɬь вы-

ɛɪаɧ ɫɥɭчаɣ, ɤоɝɞа ɬеɧɡоɪ   явɥяеɬɫя ɫиɦ-

ɦеɬɪичɧыɦ ɬеɧɡоɪоɦ вɬоɪоɝо ɪаɧɝа [13], хо-
ɬя и ɧе иɫɤɥɸчаɸɬɫя ɫɥɭчаи, ɤоɝɞа   ɡаɞа-
ёɬɫя ɤоɦɛиɧаɰиеɣ ɧеɫɤоɥьɤих ɫɤаɥяɪов. 
Бɭɞеɦ ɫчиɬаɬь, чɬо ɫɭщеɫɬвɭеɬ ɧеɤиɣ ɝиɩо-
ɬеɬичеɫɤиɣ оɛɴеɤɬ “ɩовɪеɠɞаеɦоɫɬь”  , ɤо-
ɬоɪыɣ ɦоɠеɬ ɛыɬь ɫовоɤɭɩɧоɫɬьɸ ɬеɧɡоɪов 
ɪаɡɥичɧоɝо ɪаɧɝа, и ɤоɬоɪыɣ явɥяеɬɫя оɩеɪа-
ɬоɪоɦ ɩɪоɰеɫɫа ɧаɝɪɭɠеɧия. 
 

)...,,,,(
~~~

 xT               (2.5) 

 

Пɪи ɷɬоɦ ɪаɡɪɭɲеɧие оɩɪеɞеɥяеɬɫя ɭɫɥо-
вияɦи, ɧаɤɥаɞываеɦыɦи ɧа ɦеɪы ɩовɪеɠ-

ɞаеɦоɫɬи (2.3) , (2.4) , а ɫаɦи ɦеɪы Mm ( )
~

  

(2.2) оɛɪаɡɭɸɬɫя иɡ ɫовɦеɫɬɧых иɧваɪиаɧɬов 
ɬеɧɡоɪов, ɫоɫɬавɥяɸщих ɩовɪеɠɞаеɦоɫɬь 

~

 . 

В ɫооɬɧоɲеɧиях (2.5) в ɤачеɫɬве аɪɝɭɦеɧɬа 

ввеɞёɧ ɪаɞиɭɫ веɤɬоɪ x


, чɬоɛы ɩоɞчеɪɤɧɭɬь, 
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чɬо оɩеɪаɬоɪ (2.5) ɡавиɫиɬ явɧо оɬ ɤооɪɞиɧаɬ 
ɦаɬеɪиаɥьɧых ɬочеɤ, ɬ. е. ɦаɬеɪиаɥ явɥяеɬɫя 
ɧеоɞɧоɪоɞɧыɦ, ɩɪичёɦ еɝо ɦаɬеɪиаɥьɧые 
ɮɭɧɤɰии ɦоɝɭɬ ɛыɬь ɪаɡɪывɧыɦи. 

В ɫиɥɭ ɫɭщеɫɬвоваɧия оɩеɪаɬоɪɧых оɩɪеɞе-
ɥяɸщих ɫооɬɧоɲеɧиɣ ɦоɞеɥи, ɦы ɦоɠеɦ в 
ɤачеɫɬве аɪɝɭɦеɧɬов оɩеɪаɬоɪа (2.5) вɦеɫɬо 
ɬеɧɡоɪа ɧаɩɪяɠеɧия 

~
 и ɦоɦеɧɬɧых ɧаɩɪя-

ɠеɧиɣ 
~

 выɛɪаɬь ɬеɧɡоɪ ɞеɮоɪɦаɰии 
~

 и 

еɝо ɝɪаɞиеɧɬы ɪаɡɥичɧоɝо ɩоɪяɞɤа 
~
 : 

 


~

 = )...,,,,(
~~


xT               (2.6) 

 

Чаɫɬо ɦехаɧичеɫɤие ɫвоɣɫɬва ɦаɬеɪиаɥа 
ɫиɥьɧо иɡɦеɧяɸɬɫя в ɩɪоɰеɫɫе ɪаɡвиɬия ɩо-
вɪеɠɞаеɦоɫɬи. Поɷɬоɦɭ оɩɪеɞеɥяɸщие ɫо-
оɬɧоɲеɧия ɞоɥɠɧы ɛыɬь ɡаɩиɫаɧы ɬаɤ, чɬо-
ɛы в ɧих ɭчиɬываɥаɫь ɩовɪеɠɞаеɦоɫɬь (2.5) 

иɥи (2.6). 

Дɥя ɧеиɡоɬеɪɦичеɫɤих ɩɪоɰеɫɫов ɷɬи оɩɪе-
ɞеɥяɸщие ɫооɬɧоɲеɧия ɞоɥɠɧы ɡавиɫеɬь и 

оɬ ɬеɦɩеɪаɬɭɪы. Иɬаɤ, ɦы ɩоɥɭчаеɦ ɞвоɣɧɭɸ 

ɫвяɡаɧɧоɫɬь ɫооɬɧоɲеɧиɣ: ɦехаɧичеɫɤие 
ɫвоɣɫɬва ɦаɬеɪиаɥа ɡавиɫяɬ оɬ ɩɪоɰеɫɫов ɩо-
вɪеɠɞаеɦоɫɬи и ɬеɦɩеɪаɬɭɪы, а ɩовɪеɠɞае-
ɦоɫɬь и ɬеɦɩеɪаɬɭɪа ɡавиɫяɬ оɬ ɇДС, ɬ. е. оɬ 
ɩɪоɰеɫɫов ɧаɝɪɭɠеɧия и ɞеɮоɪɦиɪоваɧия. В 

ɫвяɡи ɫ ɷɬиɦ ɧеоɛхоɞиɦо ɩɪоаɧаɥиɡиɪоваɬь 
ɬеɪɦоɞиɧаɦиɤɭ ɫɩɥоɲɧоɣ ɫɪеɞы. 

 

3. Заɩиɲеɦ оɩеɪаɬоɪɧые оɩɪеɞеɥяɸщие ɫо-
оɬɧоɲеɧия ɫ ɭчёɬоɦ ɩовɪеɠɞаеɦоɫɬи (2.5), 

(2.6) в виɞе  
 

),,,,(
~~~

 xTF jiji             (3.1) 

   i j i jK T x  
( , , , , )

~ ~ ~

  (3.2) 

 

ɝɞе аɪɝɭɦеɧɬ x


 ɧаɩоɦиɧаеɬ о ɬоɦ, чɬо ɪаɫ-
ɫɦаɬɪиваɸɬɫя ɧеоɞɧоɪоɞɧые ɦаɬеɪиаɥы 

(ɤоɦɩоɡиɬы). 

Доɛавиɦ ɤ (3.1) и (3.2) оɩɪеɞеɥяɸщие ɫооɬ-
ɧоɲеɧия, ɫвяɡываɸщие веɤɬоɪ ɬеɩɥовоɝо 

ɩоɬоɤа q

и ɝɪаɞиеɧɬ ɬеɦɩеɪаɬɭɪы, в виɞе ɡа-

ɤоɧа ɬеɩɥоɩɪовоɞɧоɫɬи Фɭɪье 
 

jjii TqTgradq ,
~

, 
      (3.3) 

 

ɝɞе ɩоɥоɠиɬеɥьɧо оɩɪеɞеɥёɧɧыɣ ɫиɦɦеɬ-
ɪичɧыɣ ɬеɧɡоɪ вɬоɪоɝо ɪаɧɝа 

~
ɧаɡываеɬɫя 

ɬеɧɡоɪоɦ ɬеɩɥоɩɪовоɞɧоɫɬи. 

Иɡ ɞвɭх оɫɧовɧых ɡаɤоɧов ɬеɪɦоɞиɧаɦиɤи 

[14]  

 

dE Q A i   ( ) (3.4) 

T dS Q W dt  * (3.5) 

 

 ɝɞе E - вɧɭɬɪеɧɧяя ɷɧеɪɝия, S - ɷɧɬɪоɩия, Q - 

ɩɪиɬоɤ ɬеɩɥа, A i( ) - ɪаɛоɬа вɧɭɬɪеɧɧих ɫиɥ, 
W - ɮɭɧɤɰия ɪаɫɫеиваɧия, ɩоɥɭчаеɦ, ɤаɤ 
ɫɥеɞɫɬвие, ɭɪавɧеɧие  
 

             d S d T W dt A i    * ( )    (3.6) 

 

ɝɞе  - ɫвоɛоɞɧая ɷɧеɪɝия Геɥьɦɝоɥьɰа  
 

                                 E T S          (3.7) 

 

Раɛоɬɭ вɧɭɬɪеɧɧих ɫиɥ ɦоɠɧо ɡаɩиɫаɬь в ви-

ɞе 
 

      A d d dVi

i j i j i j i j

V

( ) ( )  (3.8) 

 

а ɩɪиɬоɤ ɬеɩɥа 
 

 Q d t q dV q n d
V

  





  


(3.9) 

 

Ввоɞя ɩɥоɬɧоɫɬи ɬеɪɦоɞиɧаɦичеɫɤих ɮɭɧɤ-
ɰиɣ  , , , *e s w  

 

 





V V

VV

vdwWvdsS

vdeEvd

**,

,,




        (3.10) 
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ɡаɩиɲеɦ ɭɪавɧеɧие (3.6) в виɞе 
 

jijijiji ddwTdsd   * (3.11) 

 

ɍɪавɧеɧие (3.5) ɩɪи иɫɩоɥьɡоваɧии ввеɞёɧ-

ɧых оɛоɡɧачеɧиɣ (3.9), (3.10) и ɡаɤоɧа Фɭɪье 
(3.3) ɦоɠɧо ɡаɩиɫаɬь в виɞе 
 

 T
d s

d t
q div q w  

*
(3.12) 

 

Воɫɩоɥьɡɭеɦɫя ɝиɩоɬеɡоɣ Дɸɝаɦеɥя-
ɇеɣɦаɧа [14] и ɡаɩиɲеɦ оɩɪеɞеɥяɸщие ɫо-
оɬɧоɲеɧия (3.1), (3.2) в виɞе 
 

 ),,,(
~~~

 xF
TT

jiji              (3.13) 

),,,(
~~~

 xK
TT

jiji               (3.14) 

ɝɞе 
 

~~~~~~
,  TT          (3.15) 

 

Зɞеɫь 
~

- ɬеɧɡоɪ ɬеɩɥовоɝо ɪаɫɲиɪеɧия, а 
~

 

ɧаɡовёɦ ɬеɧɡоɪоɦ ɬеɩɥовоɝо иɫɤɪивɥеɧия,  - ɩеɪеɩаɞ ɬеɦɩеɪаɬɭɪы, ɬ. е. ɪаɡɧоɫɬь ɦеɠ-

ɞɭ ɬеɤɭщеɣ ɬеɦɩеɪаɬɭɪоɣ Т и ɧеɤоɬоɪыɦ ɧа-
чаɥьɧыɦ её ɡɧачеɧиеɦ T T To o. ( )    

Ɉɬɦеɬиɦ, чɬо ɞо ɧеɞавɧеɝо вɪеɦеɧи ɷɤɫɩе-
ɪиɦеɧɬаɥьɧо ɧахоɞиɬь  оɩɪеɞеɥяɸщии ɫооɬ-
ɧоɲеɧия  виɞа (3.13), (3.14) ɛыɥо ɧевоɡɦоɠ-

ɧо. В ɪаɛоɬах  [15, 16] ɛыɥ ɩɪеɞɥоɠеɧ ɧахо-
ɞиɬь их аɧаɥиɬичеɫɤи ɛɥаɝоɞаɪя ввеɞеɧиɸ 

ɬаɤ ɧаɡываеɦоɝо ɩаɪаɦеɬɪа ɫɬɪɭɤɬɭɪы ɤоɦ-

ɩоɡиɬа.  
Теɪɦоɞиɧаɦичеɫɤие ɮɭɧɤɰии ɫоɫɬояɧия 
s ,  в ɭɪавɧеɧиях (3.11), (3.12) ɡавиɫяɬ оɬ 
ɬеɦɩеɪаɬɭɪы Т и ɧеɤоɬоɪых ɬеɪɦоɞиɧаɦиче-
ɫɤих ɩаɪаɦеɬɪов ɫоɫɬояɧия v i ni

~
, , ,..., 1 2  

ɤоɬоɪые ɧе вɫеɝɞа ɦоɠɧо ɭɤаɡаɬь в явɧоɦ 

виɞе. Ɉɛоɛщиɦ ɬеɩеɪь “оɫɧовɧɭɸ” ɝиɩоɬеɡɭ 

[14] , ɤоɬоɪая ɛɭɞеɬ ɡаɤɥɸчаɬьɫя в ɬоɦ, чɬо 

ɩаɪаɦеɬɪы ɫоɫɬояɧия v i
~

 явɥяɸɬɫя оɩеɪаɬо-

ɪаɦи виɞа (3.13), (3.14) 

 

),,,(
~~~~~

 xvv TT

ii                  (3.16) 

 

Заɛɭɞеɦ ɧа вɪеɦя оɛ аɪɝɭɦеɧɬе 
~

 в (3.16) и 

ɩоɥɧɭɸ ваɪиаɰиɸ  
~

i  ɩɪеɞɫɬавиɦ в виɞе 

ɫɭɦɦы ɞвɭх ɧеɡавиɫиɦых ваɪиаɰиɣ: иɡо-
хɪоɧɧоɣ ваɪиаɰии v d v dT T

~ ~ ~ ~

   , ɤо-

ɝɞа ɩɪи ɮиɤɫиɪоваɧɧоɦ t ваɪьиɪɭеɬɫя виɞ 

ɮɭɧɤɰиɣ     
~ ~

( ) , ( ) (T T t0  ) и 

ваɪиаɰии v d ti

t

~
, оɛɭɫɥовɥеɧɧоɣ ваɪьиɪова-

ɧиеɦ ɧеɡавиɫиɦоɝо аɪɝɭɦеɧɬа t  
 

tdvdvdvv t

i

T

i

T

ii
~~~~~~

           (3.17) 

 

Еɫɥи v i
~
явɥяеɬɫя ɬеɧɡоɪоɦ вɬоɪоɝо ɪаɧɝа, ɬо 

ɩоɞ веɥичиɧоɣ v i
~


, ɧаɩɪиɦеɪ, ɩоɧиɦаеɬɫя 

ɮɭɧɤɰиоɧаɥьɧая ɩɪоиɡвоɞɧая 

 

v i

T

~

~

, ɬ.е., 

ɬеɧɡоɪ чеɬвёɪɬоɝо ɪаɧɝа, а ɩоɞ веɥичиɧоɣ 

v i

T

~
- чаɫɬɧая ɩɪоиɡвоɞɧая оɩеɪаɬоɪа v i

~
ɩо 

вɪеɦеɧи (ɬеɧɡоɪ вɬоɪоɝо ɪаɧɝа). 

Аɧаɥоɝичɧо ɩоɫɬɭɩиɦ и ɫ оɩеɪаɬоɪаɦи 
~


 

(2.6) , оɩиɫываɸщиɦи ɩовɪеɠɞаеɦоɫɬь. 
Пɪеɠɞе вɫеɝо, ɫоɝɥаɫɧо ɩɪиɧиɦаеɦоɣ ɝиɩо-
ɬеɡе Дɸɝаɦеɥя-ɇеɣɦаɧа иɦееɦ вɦеɫɬо (2.6) 

 


~

 = ),,(
~~~


xTT               (3.18) 

 

Бɭɞеɦ ɫчиɬаɬь, чɬо 
~

 явɥяеɬɫя ɬеɧɡоɪоɦ 

вɬоɪоɝо ɪаɧɝа. Тоɝɞа ɫоɝɥаɫɧо “оɫɧовɧоɣ” 

ɝиɩоɬеɡе ɦоɠɧо ɡаɩиɫаɬь ɩоɥɧɭɸ ваɪиаɰиɸ 

оɩеɪаɬоɪа ɩовɪеɠɞаеɦоɫɬи (3.18) в виɞе  
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tddd tTT

~~~~~~

             (3.19) 

 

Теɩеɪь вɫɩоɦɧиɦ оɛ аɪɝɭɦеɧɬе 
~

 в выɪа-

ɠеɧиях (3.16) и ɛɭɞеɦ ɪаɫɫɦаɬɪиваɬь их ɧа-
ɥичие в (3.16), ɤаɤ ɫɥоɠɧɭɸ оɩеɪаɬоɪɧɭɸ 

ɮɭɧɤɰиɸ оɬ аɪɝɭɦеɧɬов, ɭɤаɡаɧɧых в (3.18). 

Поɞɫɬавиɦ ɩоɥɭчеɧɧые ɩɪеɞɫɬавɥеɧия (3.17) 

и (3.18) в ɭɪавɧеɧие (3.11) 
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(3.20) 

 

Пɪиɪавɧивая в (3.20) выɪаɠеɧия ɩɪи ɧеɡави-

ɫиɦых ваɪиаɰиях d T d d d t, , ,
~ ~
  , ɩоɥɭчиɦ 
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   (3.21) 
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        (3.24) 

 

Пɪеɞɩоɥоɠиɦ, чɬо вɫе ɬеɪɦоɞиɧаɦичеɫɤие 
ɮɭɧɤɰии ɫоɫɬояɧия  , ,s e иɦеɸɬ аɞɞиɬив-
ɧɭɸ ɫоɫɬавɥяɸщɭɸ, ɡавиɫящɭɸ ɬоɥьɤо оɬ 
ɬеɦɩеɪаɬɭɪы, ɧаɩɪиɦеɪ, 

 

 ( , ) ( )
~ ~ ~

T v T v vi i i
i

N  

0

1

(3.25) 

 

Тоɝɞа ɦоɠɧо ввеɫɬи ɞве ɬеɩɥоёɦɤоɫɬи веще-
ɫɬва: c cp v, , ɩɪичёɦ, ɤаɤ ɫɥеɞɭеɬ иɡ (3.4) и 

(3.7), 
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2 (3.26) 
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(3.27) 

 

Поɷɬоɦɭ 
 

   
 0

0
T

c

T
d T

p

T

T

        (3.28) 

 

По ɡаɤоɧɭ Дɸɥоɧɝа - Пɬи ɭ ɬвёɪɞых вещеɫɬв 
ɞɥя ɬеɦɩеɪаɬɭɪы выɲе ɧеɤоɬоɪоɣ, ɧаɡывае-
ɦоɣ ɬеɦɩеɪаɬɭɪоɣ Деɛая, cp = const. В ɷɬоɦ 

ɫɥɭчае 
 

c
T

T
c

Tp pln ln
0 0

1 






         (3.29) 

 

Еɫɥи   ɦаɥо ɩо ɫɪавɧеɧиɸ ɫ T0 , ɬо 
 

c
T

T
c

Tp pln
0 0
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           (3.30) 

 

Сɪавɧивая (3.21), (3.22), и (3.23) а ɬаɤɠе ɫчи-

ɬая ɬеɩɥоёɦɤоɫɬь вещеɫɬва ɡаɞаɧɧоɣ, ɩоɥɭ-
чаеɦ, чɬо ɮɭɧɤɰия ɷɧɬɪоɩии s ɩоɥɧоɫɬьɸ 

оɩɪеɞеɥеɧа ɡаɤоɧоɦ ɫвяɡи ɦеɠɞɭ ɧаɩɪяɠе-
ɧияɦи и ɦоɦеɧɬɧыɦи ɧаɩɪяɠеɧияɦи ɫ оɞɧоɣ 

ɫɬоɪоɧы и ɞеɮоɪɦаɰияɦи и иɫɤɪивɥеɧияɦи ɫ 
ɞɪɭɝоɣ: 
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   (3.31) 
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Поɷɬоɦɭ ɭɪавɧеɧие ɩɪиɬоɤа ɬеɩɥа (3.12) 

ɩɪиɦеɬ виɞ: 
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(3.32) 
 

Виɞ ɮɭɧɤɰии ɪаɫɫеиваɧия  *  ɞоɥɠеɧ ɤоɧ-

ɤɪеɬиɡиɪоваɬьɫя в ɡавиɫиɦоɫɬи оɬ выɛоɪа 
оɩɪеɞеɥяɸщих ɫооɬɧоɲеɧиɣ в ɫооɬвеɬɫɬвии 

ɫ выɪаɠеɧиеɦ (3.24). 

 

4. Ɉɩɪеɞеɥяɸщие ɫооɬɧоɲеɧия (3.1), (3.2) 

явɥяɸɬɫя ɞовоɥьɧо оɛщиɦи. Дɥя ɩɪиɦеɧеɧия 
ɪаɡвиваеɦоɣ ɬеоɪии ɧа ɩɪаɤɬиɤе ɧɭɠɧо ɪаɫ-
ɫɦоɬɪеɬь ɛоɥее ɤоɧɤɪеɬɧые ɫɥɭчаи. Выɛеɪёɦ 

ɫɧачаɥа ɧаиɩɪоɫɬеɣɲиɣ ваɪиаɧɬ: Бɭɞеɦ ɪаɫ-
ɫɦаɬɪиваɬь ɧеɩоɥяɪɧɭɸ ɫɪеɞɭ ɫ ɥиɧеɣɧыɦи 

оɩɪеɞеɥяɸщиɦи ɫооɬɧоɲеɧияɦи. 

Пɭɫɬь ɧаɦ ɡаɞаɧы выɪаɠеɧия ɧаɩɪяɠеɧиɣ 

чеɪеɡ ɞеɮоɪɦаɰии и ɩовɪеɠɞаеɦоɫɬь в виɞе 
 







t

lklkji

t

T

lklkjiji

dtV

dt

0

0

)(),(
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


        (4.1) 

 

Сооɬɧоɲеɧия (4.1) явɥяɸɬɫя чаɫɬɧыɦ ɫɥɭча-
еɦ ɫооɬɧоɲеɧиɣ (3.1). Пɪи ɷɬоɦ ɞɥя ɬеɧɡоɪа 
ɩовɪеɠɞаеɦоɫɬи 

~

( )t  ɡаɩиɲеɦ, ɤаɤ чаɫɬ-

ɧыɣ ɫɥɭчаɣ ɫооɬɧоɲеɧиɣ (2.6) выɪаɠеɧие 
 

 t

T

lklkjiji dtX
0

)(),(            (4.2) 

 

Дɥя ɫоɤɪащеɧия ɡаɩиɫи воɫɩоɥьɡɭеɦɫя ɫиɦ-

воɥичеɫɤиɦ оɩеɪаɬоɪɧыɦ оɛоɡɧачеɧиеɦ [14] 

и ɡаɩиɲеɦ ɫооɬɧоɲеɧия (4.1) в виɞе 
 

lklkji
T

lklkjiji V               (4.1) 

 

а ɫооɬɧоɲеɧие (4.2) в виɞе 
 

T

lklkjiji X                    (4.2) 
 

Иɡ ( . )41   и ( . )4 2   иɦееɦ 

 

  i j i j k l k l

TS 
               (4.3) 

S Vi j k l i j k l i j mn m n k l

               (4.4) 

 

ɬ.е., ɦы ɩоɥɭчиɥи ɫооɬɧоɲеɧия, ɮоɪɦаɥьɧо 
ɫовɩаɞаɸщие ɫ ɫооɬɧоɲеɧиеɦ ɤɥаɫɫичеɫɤоɣ 

ɬеоɪии ɬеɪɦовяɡɤоɭɩɪɭɝоɫɬи [5]. Заɦеɬиɦ, 

чɬо ɬɪаɞиɰиоɧɧо в ɫооɬɧоɲеɧиях (4.2) [3] 

ɬеɧɡоɪ ɩовɪеɠɞаеɦоɫɬи ɫвяɡываɸɬ ɫ ɧаɩɪя-
ɠеɧиеɦ: 
 

)5.4()(),(
0

lklkjilk

t

lkjiji YdtY    

 

Ɉɞɧаɤо, ɩоɞɫɬавив (4.3) в ( . )41  , ɩоɥɭчиɦ 

 

lklknmnmji
T

lklkjiji YV            (4.6) 

Ввеɞёɦ еɞиɧичɧыɣ ɬеɧɡоɪ чеɬвёɪɬоɝо ɪаɧɝа 
~

 [17] 

    i j k l i k j l i l j k 1

2
      (4.7) 

 

ɬоɝɞа (4.6) ɦоɠɧо ɡаɩиɫаɬь в виɞе 
 

( ) i j k l i j mn mn k l k l i j k l k l

TV Y      (4.8) 

 

Пɭɫɬь ɬеɧɡоɪ-оɩеɪаɬоɪ Wi j k l


явɥяеɬɫя оɛɪаɬ-

ɧыɦ, ɩо оɬɧоɲеɧиɸ ɤ оɩеɪаɬоɪɭ, ɡаɤɥɸчёɧ-

ɧоɦɭ в ɥевоɣ чаɫɬи (4.8) в ɤɪɭɝɥые ɫɤоɛɤи, 

ɬ.е. 
 

( ) i j k l i j mn mn k l k l p q i j p qV Y W   
   (4.9) 

 

Тоɝɞа ɫооɬɧоɲеɧия (4.8), а ɡɧачиɬ и (4.6) 

ɦоɠɧо, ɤаɤ и ɩɪеɠɞе ɡаɩиɫаɬь в виɞе (4.3), 



Моɞеɥиɪоваɧие ɷвоɥɸɰиоɧɧоɣ ɞеɫɬɪɭɤɰии ɤоɦɩоɡиɰиоɧɧых ɦаɬеɪиаɥов  

Volume 5, Issue 1&2, 2009 141

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ɬоɥьɤо ɬеɩеɪь оɩеɪаɬоɪ S i j k l


 иɦееɬ виɞ ɧе 

(4.4) а 
 

S Wi j k l i j m n m n k l

               (4.10) 

 

Таɤиɦ оɛɪаɡоɦ ɞоɤаɡаɧа ɷɤвиваɥеɧɬɧоɫɬь 
ɡаɩиɫеɣ (4.2) и (4.5). 

Раɡɭɦееɬɫя, ɦы ɛɭɞеɦ ɫчиɬаɬь оɩɪеɞеɥяɸ-

щие ɫооɬɧоɲеɧия (4.3) оɛɪаɬиɦыɦи, ɬ.е., их 
ɦоɠɧо ɪаɡɪеɲиɬь оɬɧоɫиɬеɥьɧо ɞеɮоɪɦаɰиɣ: 

 

 i j

T

i j k l k lQ 
            (4.11) 

 

ɝɞе 
 

S Qi j mn mn k l i j k l

    ( . )4 12  

 

Ɉɩɪеɞеɥяɸщиɦ ɫооɬɧоɲеɧияɦ (4.11) ɫооɬ-
веɬɫɬвɭɸɬ ɞве иɫхоɞɧые ɮоɪɦы ɡаɩиɫи 
 

  i j

T
i j k l k l i j k l k lK A  

( . )413  

 

Ɉɞɧа ɮоɪɦа в виɞе (4.5), а ɞɪɭɝая в виɞе 
( . )4 2  . В ɩеɪвоɦ ɫɥɭчае 

Q K A V
i j k l i j k l i j mn mn k l

     ( . )4 14  

 

а во вɬоɪоɦ 
 

Q B K
i j k l i j mn mn k l

   ( . )4 15  

 

ɝɞе ɬеɧɡоɪ-оɩеɪаɬоɪ B i j k l


 явɥяеɬɫя оɛɪаɬ-

ɧыɦ ɤ ɬеɧɡоɪɭ оɩеɪаɬоɪɭ  

 

( ) i j k l i j mn mn k lA X  
, ɬ.е. 

 

B A Xi j k l k l mn k l p q p q mn i j mn

   ( )     (4.16) 

 

Таɤиɦ оɛɪаɡоɦ, и в ɫɥɭчае (4.13) оɛе ɮоɪɦы 

ɡаɩиɫи ( . )4 2   и (4.5) ɷɤвиваɥеɧɬɧы. 

Дɥя иɡоɬɪоɩɧоɝо ɫɥɭчая ɫооɬɧоɲеɧия (4.13) 

ɦоɝɭɬ ɛыɬь ɡаɩиɫаɧы в виɞе 

e K s Ai j i j i j
    ( . )4 17  

  T K A  
1 1

01

9
418( . )  

 

ɝɞе 
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(4.19) 
 

Сооɬɧоɲеɧие (4.5) в ɷɬоɦ ɫɥɭчае ɩɪиɦеɬ виɞ  
 


 

i j i jY s
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ɝɞе аɧаɥоɝичɧо (4.19): 
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        (4.22) 

 

Поɷɬоɦɭ ɫооɬɧоɲеɧия (4.11) ɦоɝɭɬ ɛыɬь ɡа-
ɩиɫаɧы в виɞе  
 

e Q s
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i j i j
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Таɤ чɬо ɞɥя ɷɬоɝо ɫɥɭчая иɦееɦ 
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Q K A Y

Q K A Y

   

   
 
 

( . )

( . )

4 25
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Ɉɩиɲеɦ ɬеɩеɪь, ɤаɤиɦ оɛɪаɡоɦ ɦоɠɧо оɬы-

ɫɤаɬь ɷɤɫɩеɪиɦеɧɬаɥьɧо яɞɪо Q (t) , ɫооɬвеɬ-

ɫɬвɭɸщее оɩеɪаɬоɪɭ Q


 в (4.23). Дɥя ɩɪоɫɬо-
ɬы ɛɭɞеɦ ɫчиɬаɬь яɞɪо Q ɪаɡɧоɫɬɧоɝо ɬиɩа 
Q t( ) , а ɮоɪɦɭ ɡаɩиɫи (4.23) - ɫооɬвеɬɫɬ-
вɭɸщеɣ ɮоɪɦе Боɥьɰɦаɧа-Воɥьɬеɪɪы, ɬ.е. в 
виɞе иɧɬеɝɪаɥа Сɬиɥьɬьеɫа: 
 

e t Q t d si j i j

t

( ) ( ) ( )   
0

       (4.27) 

 

Пɪи ɷɬоɦ иɡ (4.25) ɫɥеɞɭеɬ 
 

 Q t K t A t d Y

t

( ) ( ) ( ) ( )    
0

 (4.28) 

Мыɫɥеɧɧо ɩɪовеɞёɦ ɷɤɫɩеɪиɦеɧɬ ɧа ɩоɥɡɭ-
чеɫɬь оɛɪаɡɰа ɛеɡ ɤоɧɰеɧɬɪаɬоɪа. Пɪиɤɥаɞы-

вая ɤ ɬаɤоɦɭ оɛɪаɡɰɭ ɦɝɧовеɧɧо ɧаɩɪяɠеɧия 
 

),(0,)(0   jisthss ji
    (4.29) 

ɝɞе s  0 - ɧеɤоɬоɪая ɩоɫɬояɧɧая, а h ( ) - 

еɞиɧичɧая ɮɭɧɤɰия Хевиɫаɣɞа, ɧаɣɞёɦ иɡ 
(4.20) 
 

)()()( 0
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tYssdtYsY

t

   
(4.30) 

 

Иɧваɪиаɧɬы ɬеɧɡоɪа  i j ɫовɩаɞаɸɬ ɫ еɝо 
еɞиɧɫɬвеɧɧоɣ ɤоɦɩоɧеɧɬоɣ    , а ɡɧачиɬ 
иɡ вɫех ɦеɪ ɩовɪеɠɞаеɦоɫɬи (2.2) ɛɭɞеɬ 
еɞиɧɫɬвеɧɧая ɮɭɧɤɰия s Y t  ( ) . Иɡ ɭɫɥовия 
ɪаɡɪɭɲеɧия (2.4) ɷɬа ɮɭɧɤɰия ɫɬаɧеɬ в ɦо-
ɦеɧɬ ɪаɡɪɭɲеɧия t *  ɤоɧɫɬаɧɬоɣ 

 

s Y t C const 0 ( )*    

 

Пɪеɞɩоɥоɠиɦ ɬеɩеɪь, чɬо иɡ ɫеɪии ɷɤɫɩеɪи-

ɦеɧɬов ɫ ɪаɡɥичɧыɦи ɩоɫɬояɧɧыɦи ɡɧаче-

ɧияɦи s  0  ɦы ɡɧаеɦ ɡавиɫиɦоɫɬь вɪеɦеɧи 

ɪаɡɪɭɲеɧия t * оɬ ɧаɝɪɭɠеɧия s  0 . Поɷɬоɦɭ 
ɦы ɦоɠеɦ ɩоɫɬɪоиɬь оɛɪаɬɧɭɸ ɮɭɧɤɰиɸ 

 

s S t 0 4 32 * *( ) ( . )  

 

Тоɝɞа иɡ (4.31) ɦы ɧахоɞиɦ яɞɪо Y t( ) : 

 

Y t
C

S t
( )

( )
( . )* 4 33  

 

ɫ ɬочɧоɫɬьɸ ɞо ɩоɫɬояɧɧоɝо ɦɧоɠиɬеɥя. 
(Аɧаɥоɝичɧо иɡ ɷɤɫɩеɪиɦеɧɬа ɧа вɫеɫɬоɪоɧ-

ɧее ɪаɫɬяɠеɧие ɦоɠɧо ɧаɣɬи яɞɪо Y t1 ( ) ). 

Даɥее ɦоɠɧо ɩоɫɬɭɩиɬь ɫɥеɞɭɸщиɦ оɛɪа-
ɡоɦ. Пɪи ɦаɥых ɭɪовɧях ɧаɩɪяɠеɧиɣ, ɤоɝɞа 
о ɞеɫɬɪɭɤɰии ɧе ɦоɠеɬ иɞɬи ɪечи, ɦы ɧахо-
ɞиɦ яɞɪо ɩоɥɡɭчеɫɬи K t( ) , а ɩɪи ɛоɥьɲих 
ɭɪовɧях ɧаɩɪяɠеɧиɣ, иɫɩоɥьɡɭя ɫооɬɧоɲе-
ɧия (4.27), ɧахоɞиɦ ɮɭɧɤɰиɸ ɩоɥɡɭчеɫɬи Q 

(t). Поɫɥе ɷɬоɝо яɞɪо A (t) ɧахоɞиɬɫя иɡ ɪе-
ɲеɧия иɧɬеɝɪаɥьɧоɝо ɭɪавɧеɧия Воɥьɬеɪɪы 

вɬоɪоɝо ɪоɞа 

Y t d A Q t K t

t

( ) ( ) ( ) ( )    
0

   (4.34) 

 

Точɧо ɬаɤɠе ɩоɫɬɭɩаеɦ и в ɫɥɭчае оɛɴёɦɧоɣ 

ɩоɥɡɭчеɫɬи, ɬ.е. ɪеɲаеɦ иɧɬеɝɪаɥьɧое ɭɪав-
ɧеɧие 
 

Y t d A Q t K t

t

1

0

1 1 1( ) ( ) ( ) ( )       (4.35) 

 

5. Раɫɫɦоɬɪиɦ ɬеɩеɪь ɫɥɭчаɣ ɥиɧеɣɧоɣ ɧе-
ɩоɥяɪɧоɣ аɧиɡоɬɪоɩɧоɣ ɫɪеɞы. Пɪовеɞёɦ 

ɛоɥее ɩоɞɪоɛɧые ɪаɫɫɭɠɞеɧия ɞɥя ɫɥɭчая 
ɬɪаɧɫвеɪɫаɥьɧоɣ иɡоɬɪоɩии. В ɷɬоɦ ɫɥɭчае 
вɫе выɤɥаɞɤи вɩɥоɬь ɞо ɮоɪɦɭɥы (4.16) оɫ-
ɬаɸɬɫя ɫɩɪавеɞɥивыɦи.  

Дɥя ɬɪаɧɫвеɪɫаɥьɧо иɡоɬɪоɩɧоɣ ɫɪеɞы ɤаɠ-

ɞыɣ ɫиɦɦеɬɪичɧыɣ ɬеɧɡоɪ вɬоɪоɝо ɪаɧɝа 
ɭɞоɛɧо ɩɪеɞɫɬавиɬь в виɞе, оɛоɛщаɸщиɦ 

ɪаɡɛиеɧие ɬеɧɡоɪа ɧа ɲаɪовɭɸ и ɞевиаɬоɪ-
ɧɭɸ ɫоɫɬавɥяɸщие [17], ɧаɩɪиɦеɪ 
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                jijijijiji qpll 2
2

1 0~             (5.1) 

                 jijijijiji QPll 2
0~             (5.2) 

                 jijijijiji ll  2
0~            (5.3) 

 

 

Каɠɞыɣ иɡ ɬеɧɡоɪов (5.1)-(5.3) иɦееɬ ɩо ɩяɬи 

ɧеɡавиɫиɦых иɧваɪиаɧɬов, ɧо ɦы ɛɭɞеɦ ɪаɫ-
ɫɦаɬɪиваɬь ɤваɡиɥиɧеɣɧые (и ɞаɠе ɥиɧеɣ-

ɧые ɫооɬɧоɲеɧия), и ɩоɷɬоɦɭ ɩɪиɦеɦ во 
вɧиɦаɧие ɬоɥьɤо ɩо чеɬыɪе иɧваɪиаɧɬа ɞɥя 
ɤаɠɞоɝо ɬеɧɡоɪа: ɞва “ɥиɧеɣɧых” и ɞва 
“ɤваɞɪаɬичɧых” 

 

,,,;,,,;,,,
0~0~0~  QPqp        (5.4) 

 

Ɉɩɪеɞеɥяɸщие ɫооɬɧоɲеɧия (4.13) в ɷɬоɦ 

ɫɥɭчае ɦоɝɭɬ ɛыɬь ɡаɩиɫаɧы в виɞе 
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Сооɬɧоɲеɧия (4.5) ɩɪиɦɭɬ виɞ 
 

)7.5(; jijijiji QZPY
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             (5.8)  

 

Точɧо ɬаɤ ɠе, ɤаɤ и в ɩɪеɞыɞɭщеɦ ɩɭɧɤɬе, 
ɦоɠɧо ɩоɤаɡаɬь ɷɤвиваɥеɧɬɧоɫɬь ɡаɩиɫеɣ 

(5.7) и ɡаɩиɫи 
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В ɥɸɛоɦ ɫɥɭчае, ɩɪиɧяɬы ɡа оɫɧовɭ ɫооɬɧо-
ɲеɧия (5.7), (5.8) иɥи (5.9), (5.10). Моɠɧо 
ɫооɬɧоɲеɧия (5.50), (5.60) ɩеɪеɩиɫаɬь в виɞе 
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Зɧая ɬеɧɡоɪ ɩовɪеɠɞаеɦоɫɬи 
~

 (5.3) и еɝо 

иɧваɪиаɧɬы (5.4), ɫоɫɬавɥяеɦ ɦеɪы ɩовɪеɠ-

ɞаеɦоɫɬи M M1 ,.....,   ɤаɤ ɮɭɧɤɰии ɷɬих иɧ-

ваɪиаɧɬов. Пɪиɦеɦ ɭɩɪощаɸщее ɩɪеɞɩоɥо-
ɠеɧие, чɬо ɦеɪы ɩовɪеɠɞаеɦоɫɬи ɡавиɫяɬ 
ɬоɥьɤо оɬ ɬех иɧваɪиаɧɬов, ɤоɬоɪые ɫооɬвеɬ-
ɫɬвɭɸɬ ɩɪеɞɫɬавɥеɧиɸ оɩɪеɞеɥяɸщих ɫооɬ-
ɧоɲеɧиɣ в виɞе (5.11), (5.12). Тоɝɞа ɤɪиɬе-
ɪии ɪаɡɪɭɲеɧия ɦоɠɧо ɡаɩиɫаɬь: 
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иɥи ɩɪоще 
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Пɪеɞɩоɥоɠиɦ ɬеɩеɪь, чɬо оɫɭщеɫɬвɥяеɬɫя 
ɷɤɫɩеɪиɦеɧɬ ɧа ɪаɫɬяɠеɧие ɰиɥиɧɞɪичеɫɤо-
ɝо оɛɪаɡɰа в ɧаɩɪавɥеɧие x1 . В ɷɬоɦ ɫɥɭчае 
ɩɪи ɩоɥɡɭчеɫɬи 

    i j i j h t 11

0

1 1 14( ) (5. )  

 

Тоɝɞа, ɫчиɬая, чɬо и в ɷɬоɦ ɩɭɧɤɬе вɫе оɩеɪа-
ɬоɪɧые ɫооɬɧоɲеɧия оɩиɫываɸɬɫя ɪаɡɧоɫɬ-
ɧыɦи яɞɪаɦи в ɮоɪɦе иɧɬеɝɪаɥов Сɬиɥьɬье-
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ɫа, ɞɥя ɦаɥых ɭɪовɧеɣ ɧаɩɪяɠеɧиɣ ɧаɣɞёɦ 

иɡ ɷɤɫɩеɪиɦеɧɬа ɧа ɩоɥɡɭчеɫɬь яɞɪа 
K t K t K t1 2( ) , ( ) , ( ) иɫɩоɥьɡɭя ɫооɬɧоɲе-
ɧия (5.5), (5.6). Пɪи ɛоɥьɲих ɭɪовɧях ɧа-
ɩɪяɠеɧиɣ ɧаɣɞёɦ яɞɪа Q t Q t Q t1 2( ) , ( ) , ( ) ; 

иɫɩоɥьɡɭя ɫооɬɧоɲеɧия (5.11), (5.12). 

Еɫɥи ɦы ɪаɫɬяɧеɦ ɰиɥиɧɞɪичеɫɤиɣ оɛɪаɡеɰ в 
ɧаɩɪавɥеɧие x3  

    i j i j h t 33

0

3 3 15( ) (5. )  

 

ɬо ɧаɣɞёɦ оɩиɫаɧɧыɦ оɛɪаɡоɦ яɞɪа ɩоɥɡɭче-
ɫɬи, K t K t2 3( ) , ( )  а ɬаɤɠе Q t Q t2 3( ), ( ) . ɇаɣ-

ɞеɧɧые ɞвɭɦя ɫɩоɫоɛаɦи яɞɪа 
K t Q t2 2( ) , ( ) ɦоɠɧо ɛɭɞеɬ ɫɪавɧиɬь. 
Иɡ ɷɤɫɩеɪиɦеɧɬа ɧа ɩоɥɡɭчеɫɬь ɩɪи ɤɪɭче-
ɧии оɛɪаɡɰа 
      i j i j i j h t 13

0

1 3 3 1( ) ( )  (5.16) 

 

ɧахоɞяɬɫя яɞɪа ɩоɥɡɭчеɫɬи L t R t( ) , ( ) . Кɪо-
ɦе ɬоɝо, иɡ ɫеɪии ɷɤɫɩеɪиɦеɧɬов ɬаɤоɝо ɧа-
ɩɪяɠёɧɧоɝо ɫоɫɬояɧия ɦоɠɧо ɧаɣɬи ɡавиɫи-

ɦоɫɬь ɫɤɪɭчиваɸщеɝо ɧаɩɪяɠеɧия  13

0  оɬ 
вɪеɦеɧи ɪаɡɪɭɲеɧия 
  13

0

13 S t* *( )                (5.17)  

 

Зɧая ɮɭɧɤɰиɸ (5.17) ɦы ɫɦоɠеɦ, аɧаɥоɝичɧо 
ɬоɦɭ, ɤаɤ ɷɬо оɩиɫаɧо в ɩɪеɞыɞɭщеɦ ɩɭɧɤɬе, 
ɧаɣɬи яɞɪо Z t( ) иɡ ɫооɬɧоɲеɧия (5.8). В ɫа-
ɦоɦ ɞеɥе, ɤоɦɩоɧеɧɬа ɬеɧɡоɪа ɧаɩɪяɠеɧиɣ  13 вхоɞиɬ ɬоɥьɤо в оɞиɧ иɧваɪиаɧɬ 

( )Q  13

2

2 3

2 , а ɩоɷɬоɦɭ и ɦеɪа ɩо-
вɪеɠɞаеɦоɫɬи оɩɪеɞеɥяеɬɫя ɬоɥьɤо ɷɬиɦ иɧ-

ваɪиаɧɬоɦ ( ) , ɤаɤ ɫɥеɞɭеɬ иɡ вɬоɪоɝо ɫо-
оɬɧоɲеɧия (5.7). Поɷɬоɦɭ, ɡɧая яɞɪо Z t( )  

(5.13) 

 

Z t
C

S t
( )

( )
(5. )* 2

13

18  

 

ɦы ɦоɠеɦ ɧаɣɬи яɞɪо B t( ) оɩеɪаɬоɪа B


, 

вхоɞящеɝо в ɫооɬɧоɲеɧия (5.5), ɪеɲая иɧɬе-
ɝɪаɥьɧое ɭɪавɧеɧие, аɧаɥоɝичɧое (4.34) 
 

Z t d B R t L t

t

( ) ( ) ( ) ( )    
0

   (5.19) 

 

Сɥоɠɧее оɛɫɬоиɬ ɞеɥо ɫ оɩɪеɞеɥеɧиеɦ яɞеɪ 
A t A t A t A t( ) , ( ) , ( ) , ( )1 2 3 . 

Раɡɭɦееɬɫя, и ɩɪи ɩɪовеɞеɧии ɷɤɫɩеɪиɦеɧ-

ɬов ɬиɩа (5.14), (5.15) ɦы ɬаɤɠе ɦоɠеɦ ɧаɣɬи 

ɡавиɫиɦоɫɬи ɪаɫɬяɝиваɸщих ɧаɩɪяɠеɧиɣ  11

0

33

0,  оɬ ɫооɬвеɬɫɬвɭɸщих вɪеɦёɧ ɪаɡ-
ɪɭɲеɧия 
 

)20.5()(,)( **

33

0

33

**

11

0

11 tStS    

 

Мы ɦоɠеɦ ɬаɤɠе ɩɪовеɫɬи ɷɤɫɩеɪиɦеɧɬ ɧа 
ɩоɥɡɭчеɫɬь ɩɪи ɤɪɭчеɧии: 

 

              )21.5()()( 1221

0

21 thjijiji     

 

и иɡ ɧеɝо оɩɪеɞеɥиɬь ɧе ɬоɥьɤо ɭɠе ɧаɣɞеɧ-

ɧые ɪаɧьɲе яɞɪа ɩоɥɡɭчеɫɬи K t Q t( ) , ( ) , ɧо и 

ɭɫɬаɧовиɬь ɡавиɫиɦоɫɬь ɫɞвиɝовоɝо ɧаɩɪя-
ɠеɧия  12

0  оɬ вɪеɦеɧи ɪаɡɪɭɲеɧия t *  

  12

0

12 22 S t* *( ) (5. )  

 

Ɉɞɧаɤо ɤаɠɞая иɡ ɤоɦɩоɧеɧɬ ɬеɧɡоɪа 

  11 33 12, ,  вхоɞиɬ в иɧваɪиаɧɬы P , ,
~ 0

 

и ɬеɦ ɫаɦыɦ ɮиɝɭɪиɪɭеɬ в ɤɪиɬеɪиях ɩɪоч-
ɧоɫɬи (5. )13  . Таɤ, чɬо ɞɥя ɧахоɠɞеɧия яɞеɪ 
A t A t A t A t( ) , ( ) , ( ) , ( )1 2 3  ɧеоɛхоɞиɦо иɫɩоɥь-
ɡоваɬь ɤоɦɛиɧаɰиɸ ɦеɪ ɩовɪеɠɞаеɦоɫɬи 

(5. )13  . 
Поɥьɡɭяɫь ɩɪоиɡвоɥоɦ ɦаɫɲɬаɛа ɤоɦɩоɧеɧɬ  ij  и ɦеɪ ɩовɪеɠɞаеɦоɫɬи (5.13), (5. )13  , 
ɩоɫɥеɞɧие ɦоɠɧо ɧоɪɦиɪоваɬь [12]. Эɬа 
ɧоɪɦиɪовɤа ɡаɤɥɸчаеɬɫя в ɬоɦ, чɬо ɦы ɦо-
ɠеɦ оɞɧɭ иɡ ɤоɦɩоɧеɧɬ ɬеɧɡоɪа ɩовɪеɠɞае-
ɦоɫɬи 

~

, вхоɞящɭɸ в ɤɪиɬеɪиɣ (5. )13  , ɫɞе-
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ɥаɬь ɪавɧоɣ еɞиɧиɰе. ɇаɩɪиɦеɪ, еɫɥи ɧеɤо-
ɬоɪыɣ ɬеɧɡоɪ 

~

( )s ɫооɬвеɬɫɬвɭеɬ чиɫɬоɦɭ 

ɫɞвиɝɭ 

   12 1 2 23( ) (5. )s

i j  

 

ɬо оɞɧɭ иɡ ɤоɦɩоɧеɧɬ ɷɬоɝо ɬеɧɡоɪа ɦоɠɧо 
ɫɞеɥаɬь ɪавɧоɣ еɞиɧиɰе, а оɫɬаɥьɧые ɛɭɞɭɬ 
ɧɭɥевыɦи и ɦоɠɧо ɩоɥоɠиɬь 
 

M C consts

s

s( ) (5. )
~

( )   24  

 

Моɠɧо выɛɪаɬь ɞɪɭɝоɣ ɬеɧɡоɪ )(

~

r , ɫооɬвеɬ-

ɫɬвɭɸщиɣ ɩɪоɫɬоɦɭ ɪаɫɬяɠеɧиɸ в ɧаɩɪав-
ɥеɧии x1 . Тоɝɞа ɤоɦɩоɧеɧɬɭ  11

( )r ɦоɠɧо ɩо-
ɥоɠиɬь ɪавɧоɣ еɞиɧиɰе. ɇо ɭ ɬаɤоɝо ɬеɧɡоɪа 
ɤоɦɩоɧеɧɬа  2 2

( )r ɦоɠеɬ оɬɥичаɬьɫя оɬ ɧɭɥя, 
ɩоɥоɠиɦ её ɪавɧоɣ   1: 

   11 2 21 1 25( ) ( ), (5. )r r    

 

Ɉɫɬаɥьɧые ɤоɦɩоɧеɧɬы ɬеɧɡоɪа 
~

( )r
 ɪавɧы 

ɧɭɥɸ. Дɥя ɬеɧɡоɪа 
~

( )r
 ɦоɠɧо ɡаɩиɫаɬь ɦе-

ɪɭ ɩовɪеɠɞаеɦоɫɬи и ɭɫɥовие ɩɪочɧоɫɬи в 
виɞе 
 

M C constr

r

r( ) (5. )
~

( )   26  

 

Поɫɥе ɧахоɠɞеɧия ɬаɤих ɤоɧɫɬаɧɬ ɤɪиɬеɪии 

ɩɪочɧоɫɬи ɫɬаɧовяɬɫя ɧоɪɦиɪоваɧɧыɦи 

 

)27.5()()(,)()( )(

~~

)(

~~

r

rr

s

ss MMMM  
 

Иɡ (5. )13   виɞɧо, чɬо ɛеɡ оɝɪаɧичеɧия оɛщ-

ɧоɫɬи ɤɪиɬеɪии ɩɪочɧоɫɬи ɦоɝɭɬ ɛыɬь ɡаɩи-

ɫаɧы в виɞе 
 

)28.5(,,, 4

0

3

~

21 CCCC    

 

ɇоɪɦиɪовɤа ɷɬих ɤɪиɬеɪиев ɩоɡвоɥяеɬ ɩо-
ɥоɠиɬь в ɧих 
 

)29.5(,1,1,1,1 2233312111    

 

Пɭɫɬь ɧаɦ иɡвеɫɬɧы ɷɤɫɩеɪиɦеɧɬы, ɭɫɬаɧав-
ɥиваɸщие ɡавиɫиɦоɫɬь ɧаɩɪяɠеɧиɣ оɬ вɪе-
ɦеɧи ɪаɡɪɭɲеɧия (5.17), (5.20), (5.22). Раɫ-
ɫɦоɬɪиɦ ещё ɪаɡ ɤаɠɞыɣ иɡ ɧих. В ɫɥɭчае 
ɧаɩɪяɠёɧɧоɝо ɫоɫɬояɧия, оɩиɫываеɦоɝо 
(5.16), ɩоɥɭчаеɦ еɞиɧɫɬвеɧɧɭɸ, оɬɥичɧɭɸ оɬ 
ɧɭɥя, ɤоɦɩоɧеɧɬɭ ɬеɧɡоɪа 

~

: 

 

                     )30.5(22 31313131    ZQZ  

 

Эɬа ɤоɦɩоɧеɧɬа вхоɞиɬ ɬоɥьɤо в иɧваɪиаɧɬ  . Поɷɬоɦɭ ɫоɝɥаɫɧо (5.28) и (5.29), иɦееɦ 

иɡ (5.30) 

 

Z t
S t

( )
( )

(5. )* 1
31

13

 

 

Раɫɫɦоɬɪиɦ ɬеɩеɪь ɧаɩɪяɠёɧɧое ɫоɫɬояɧие 
(5.21). В ɷɬоɦ ɫɥɭчае ɦы ɬаɤɠе иɦееɦ еɞиɧ-

ɫɬвеɧɧɭɸ ɤоɦɩоɧеɧɬɭ ɬеɧɡоɪа  i j , оɬɥич-
ɧɭɸ оɬ ɧɭɥя: 
 

)32.5(21212121    YPY  

 

Эɬа ɤоɦɩоɧеɧɬа ɬаɤɠе вхоɞиɬ в еɞиɧɫɬвеɧ-

ɧыɣ иɧваɪиаɧɬ ɬеɧɡоɪа ɩовɪеɠɞаеɦоɫɬи  . 

Поɷɬоɦɭ ɫоɝɥаɫɧо (5.28), (5.29), иɦееɦ иɡ 
(5.32): 

 

Y t
S t

( )
( )* 1

12

               (5.33) 

 

Дɥя ɧаɩɪяɠёɧɧоɝо ɫоɫɬояɧия (5.14) оɬɥич-
ɧыɦи оɬ ɧɭɥя ɤоɦɩоɧеɧɬаɦи ɬеɧɡоɪа ɩовɪе-
ɠɞаеɦоɫɬи явɥяɸɬɫя: 
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)34.5(

2

1

2

1

2

1

114

~

4

0

33

111

~

122

~

2222

111

Б

111

~

1111















 



 












YY

YYYPY

YYYPY

 

 

Эɬи ɤоɦɩоɧеɧɬы вхоɞяɬ в иɧваɪиаɧɬы  
 

)35.5(,)(
2

1
,

2

2
33

0

2211

~

2211    

 

Иɫɩоɥьɡɭя ɩеɪвыɣ иɡ иɧваɪиаɧɬов (5.35) и 

(5.28), (5.29), ɩоɥɭчиɦ иɡ (5.34): 
 

Y t
S t

( )
( )

(5. )* 1
36

11


 

 

Дɥя вɬоɪоɝо иɡ иɧваɪиаɧɬов (5.35) иɦееɦ: 
 

Y t
S t1

11

1
37( )

( )
(5. )*  

 

 

и, ɧаɤоɧеɰ, ɞɥя ɩоɫɥеɞɧеɝо: 

Y t
S t4

11

2
38( )

( )
(5. )*  

 

Дɥя ɧаɩɪяɠёɧɧоɝо ɫоɫɬояɧия, ɫооɬвеɬɫɬ-
вɭɸщеɝо ɩɪоɫɬоɦɭ ɪаɫɬяɠеɧиɸ в ɧаɩɪавɥе-
ɧии оɫи x3 , иɦееɦ оɬɥичɧыɦи оɬ ɧɭɥя ɤоɦ-

ɩоɧеɧɬы ɬеɧɡоɪа 
~

: 

 

   
   
   

11 2

0

2 33

2 2 2

0

2 33

33

0

3

0

3 33

39

  
  
  








 

 

 

~

~

(5. )

Y Y

Y Y

Y Y

 

 

Эɬи ɤоɦɩоɧеɧɬы вхоɞяɬ в иɧваɪиаɧɬы: 
 

,
2

33

0
2211

~            (5.40) 

 

ɩоɷɬоɦɭ иɦееɦ иɡ (5.29): 

)(2

1
)(,

)(

1
)(

*

33

2
*

33

3
tS

tY
tS

tY
 

     (5.41) 

 

Иɬаɤ, ɮоɪɦɭɥаɦи (5.33), (5.36)-

(5.38),(5.40),(5.41) оɩɪеɞеɥеɧы вɫе яɞɪа, яв-
ɥяɸщиеɫя ɦаɬеɪиаɥьɧыɦи ɮɭɧɤɰияɦи оɩе-
ɪаɬоɪов (5.7), (5.8), а ɡɧачиɬ, оɩɪеɞеɥеɧы вɫе 
яɞɪа, оɩиɫываɸщие оɩеɪаɬоɪɧые ɫооɬɧоɲе-
ɧия (5.11). 

Заɦеɬиɦ, чɬо ɞɥя яɞɪа ɩоɥɡɭчеɫɬи Y (t) иɦе-
еɬɫя ɞва оɩɪеɞеɥеɧия: (5.33) и (5.36). Сɥеɞо-
ваɬеɥьɧо, ɫоɝɥаɫɧо ɪаɫɫɦаɬɪиваеɦоɣ ɬеоɪии, 

ɷɤɫɩеɪиɦеɧɬаɥьɧо оɩɪеɞеɥяеɦые ɮɭɧɤɰии 

S t S t11 12

* *( ) , ( ) - ɩоɞоɛɧы: 

 

S t S t11 121 42* *( ) ( ) ( ) (5. )    

 

Пɪи ɷɬоɦ ɩоɫɬояɧɧая  вɩоɥɧе оɩɪеɞеɥеɧа иɡ 
ɫоɩоɫɬавɥеɧия S t S t11 12

* *( ) , ( ) . Еɫɥи ɷɤɫɩе-
ɪиɦеɧɬ ɧе ɩоɞɬвеɪɠɞаеɬ ɩоɞоɛия (5.42), ɬо 
ɦеɪа   C1  ɩɪиɦеɧиɬеɥьɧо ɤ ɫɥɭчаɸ ɩɪо-
ɫɬоɝо ɪаɫɬяɠеɧия ɧе ɡавиɫиɬ оɬ  2 2  (иɥи 

ɦоɠеɬ ɛыɬь ɡаɦеɧеɧа ɧа ɛоɥее оɛщɭɸ). 

 

6. Поɥяɪɧая ɫɪеɞа, ɬ.е. ɫɪеɞа, в ɤоɬоɪоɣ ɭчи-

ɬываɸɬɫя ɦоɦеɧɬɧые ɧаɩɪяɠеɧия, ɛɭɞеɬ вве-
ɞеɧа ɧаɦи ɞаɥее ɪаɡɥичɧыɦи ɫɩоɫоɛаɦи. Ɉɞ-
ɧаɤо ɮоɪɦаɥьɧо ɦы ɛɭɞеɦ ɫчиɬаɬь ɦоɦеɧɬ-
ɧые ɧаɩɪяɠеɧия ɬеɧɡоɪоɦ вɬоɪоɝо ɪаɧɝа 

~

, 

ɞɥя ɤоɬоɪоɝо ɫɩɪавеɞɥивы оɩɪеɞеɥяɸщие ɫо-
оɬɧоɲеɧия оɩеɪаɬоɪɧоɝо виɞа (3.1, 3.2). 

Дɥя ɤоɧɤɪеɬиɡаɰии ɷɬих оɩɪеɞеɥяɸщих ɫо-
оɬɧоɲеɧиɣ ɦы ɦоɠеɦ иɫɩоɥьɡоваɬь ɫооɬɧо-
ɲеɧия ɬиɩа (4.1). ɇаɩɪиɦеɪ, 
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    (6.2) 

 

Пɪи ɷɬоɦ ɞɥя ɬеɧɡоɪов ɩовɪеɠɞаеɦоɫɬи  
~ ~

/,  (2.6) в ɫооɬвеɬɫɬвии ɫ выɛɪаɧɧыɦ ча-

ɫɬɧыɦ ɫɥɭчаеɦ (4.2), ɡаɩиɲеɦ 
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)(),()(),(  (6.3) 
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(6.4) 

 

Каɤ и в ɩɭɧɤɬе 4 ɦы ɛɭɞеɦ иɫɩоɥьɡоваɬь ɫо-
ɤɪащёɧɧые (оɩеɪаɬоɪɧые) оɛоɡɧачеɧия ɞɥя 
ɡаɩиɫи ɫооɬɧоɲеɧиɣ ɬиɩа (6.1)-(6.4): 
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                      (6.3) 

 T
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T

lklkjiji xX  //                   (6.4) 
 

Каɤ и в ɫɥɭчае ɩɭɧɤɬа 4, ɦы ɦоɠеɦ ɡаɩиɫаɬь 
( . ) ( . )/ /61 6 4  в виɞе 
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Ɉɩɪеɞеɥяɸщие ɫооɬɧоɲеɧия (6.5), (6.6) ɛɭ-
ɞеɦ ɫчиɬаɬь оɛɪаɬɧыɦи: 
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ɝɞе в ɫɥɭчае, еɫɥи ɪаɫɫɦаɬɪиваɸɬɫя ɪаɡɧоɫɬ-
ɧые яɞɪа (ɬ.е. ɭɦɧоɠеɧие оɩеɪаɬоɪов ɤоɦɦɭ-
ɬаɬивɧо) 
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а оɩеɪаɬоɪ R i j k l


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, ɬ.е. 
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Бɭɞеɦ ɫчиɬаɬь, чɬо оɩеɪаɬоɪы 

Q Q q q
i j k l i j k l i j k l i j k l

   
, , ,

/ /

в ɫооɬвеɬɫɬвии ɫ 
(4.14) иɦееɬ виɞ 
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ɩɪи ɷɬоɦ ɫɩɪавеɞɥивы оɩɪеɞеɥяɸщие ɫооɬ-
ɧоɲеɧия виɞа (4.13) 
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а ɬеɧɡоɪы ɩовɪеɠɞаеɦоɫɬи  i j i j, / ɫвяɡа-
ɧы ɫ ɬеɧɡоɪаɦи ɧаɩɪяɠеɧиɣ и ɦоɦеɧɬɧых 
ɧаɩɪяɠеɧиɣ ɫооɬɧоɲеɧияɦи 
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В ɞаɥьɧеɣɲеɦ ɦы ɛɭɞеɦ ɪаɫɫɦаɬɪиваɬь 
ɬɪаɧɫвеɪɫаɥьɧо иɡоɬɪоɩɧɭɸ ɫɪеɞɭ. Ввеɞёɦ 

ɪаɡɥоɠеɧия, аɧаɥоɝичɧые (5.1)-(5.3) ɞɥя ɬеɧ-

ɡоɪов   i j i j i j, , /  
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и ɫооɬвеɬɫɬвɭɸщие иɧваɪиаɧɬы 

      ~ ~ ~
/ / / /, , , ; , , , ; , , , ( . )

0 0 0

6 20M N u v 
. Тоɝɞа оɩɪеɞеɥяɸщие ɫооɬɧоɲеɧия (6.10) 

ɞɥя ɷɬоɝо ɫɥɭчая ɦоɠɧо ɡаɩиɫаɬь в виɞе 
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Теɧɡоɪы ɩовɪеɠɞаеɦоɫɬи  i j i j, /  выɪа-
ɠаɸɬɫя чеɪеɡ ɬеɧɡоɪы ɧаɩɪяɠеɧиɣ и ɦо-
ɦеɧɬɧых ɧаɩɪяɠеɧиɣ ɫɥеɞɭɸщиɦ оɛɪаɡоɦ 
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Заɞаɞиɦ ɦеɪы ɩовɪеɠɞаеɦоɫɬи (2.2) 

Mm ( , )
~ ~

/   ɤаɤ ɮɭɧɤɰии иɧваɪиаɧɬов, ɬеɧ-

ɡоɪов ɩовɪеɠɞаеɦоɫɬи  
~ ~

/, . Сɥеɞɭя [12] 

оɛɪаɡɭеɦ ɫɭɦɦаɪɧыɣ ɬеɧɡоɪ ɩовɪеɠɞаеɦоɫɬи 

   i j i j i j

/ / / ( . )  6 31  

 

Ɉɛɪаɡɭеɦ еɝо иɧваɪиаɧɬы  
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и выɛеɪеɦ ɤɪиɬеɪиɣ ɩɪочɧоɫɬи в виɞе 
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Каɤ чаɫɬɧыɣ ɫɥɭчаɣ, ɪаɫɫɦоɬɪиɦ (6.33) в ви-

ɞе, аɧаɥоɝичɧоɦ ɤɪиɬеɪиɸ (5.28): 
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Ɉɩɪеɞеɥяɸщие ɫооɬɧоɲеɧия (6.21)-(6.26) ɫ 
ɭчёɬоɦ ɫооɬɧоɲеɧиɣ (6.27)-(6.30), ɧаɩиɫаɧ-

ɧых ɤаɤ оɛоɛщеɧие ɫооɬɧоɲеɧиɣ (5.9), 

(5.10), ɡаɩиɲеɦ в виɞе 
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Чɬоɛы ɧаɣɬи ɷɤɫɩеɪиɦеɧɬаɥьɧо яɞɪа ɩоɥɡɭ-
чеɫɬи, ɫооɬвеɬɫɬвɭɸщие оɩеɪаɬоɪɧыɦ оɩɪе-
ɞеɥяɸщиɦ ɫооɬɧоɲеɧияɦ (6.21)-(6.26), 

(6.35)-(6.38), ɧеоɛхоɞиɦо ɪеаɥиɡоваɬь ɩɪо-
ɰеɫɫы ɩоɥɡɭчеɫɬи ɩɪи ɧеоɞɧоɪоɞɧоɦ ɧаɩɪя-
ɠёɧɧоɦ ɫоɫɬояɧии, ɧаɩɪиɦеɪ, виɞа [12] 

 

)39.6()()(;)()( thxthx jijijiji

  
 

ɝɞе  jiji  ;    ɤие-ɧиɛɭɞь иɡвеɫɬɧые 

ɮɭɧɤɰии ɤооɪɞиɧаɬ x

ɬочɤи ɬеɥа;   t     - ɩа-

ɪаɦеɬɪ хаɪаɤɬеɪиɡɭɸщиɣ иɧɬеɧɫивɧоɫɬь ɧа-
ɝɪɭɡɤи. 

Раɡɭɦееɬɫя, оɩиɫаɧɧые в ɩɪеɞыɞɭщеɦ ɩɭɧɤ-
ɬе ɷɤɫɩеɪиɦеɧɬы, в ɤоɬоɪых ɧе ɭчиɬываеɬɫя 
вɥияɧие ɦоɦеɧɬɧых ɧаɩɪяɠеɧиɣ, оɫɬаɸɬɫя в 
ɫиɥе. Дɪɭɝиɦи ɫɥоваɦи, вɫе яɞɪа ɩоɥɡɭчеɫɬи, 

оɛоɡɧачаеɦые ɛоɥьɲиɦи ɧеɲɬɪиховаɧɧыɦи 

ɥаɬиɧɫɤиɦи ɛɭɤваɦи, ɫчиɬаеɦ иɡвеɫɬɧыɦи. 

Поɥоɠиɦ ɞɥя ɩɪоɫɬоɬы, чɬо ɩеɪеɤɪёɫɬɧые 
ɷɮɮеɤɬы в оɩɪеɞеɥеɧии ɬеɧɡоɪов ɩовɪеɠ-

ɞаеɦоɫɬи, оɬɫɭɬɫɬвɭɸɬ. Дɪɭɝиɦи ɫɥоваɦи, 

ɩɭɫɬь оɬɫɭɬɫɬвɭɸɬ оɩеɪаɬоɪы y
i j k l


и 

y i j k l


/ в (6.17), а ɡɧачиɬ, оɬɫɭɬɫɬвɭɸɬ в выɪа-

ɠеɧиях (6.27)-(6.30) вɫе оɩеɪаɬоɪы, оɛоɡɧа-
чаеɦые ɧаɦи ɦаɥыɦи ɥаɬиɧɫɤиɦи ɛɭɤваɦи: 

y y y z y y y zn, ,..., , ; , ,..., ,/ / / /

1 1 4 .  

Раɫɫɦоɬɪиɦ ɞɥя ɩɪиɦеɪа ɩɪоɰеɫɫ (6.3*), в 
ɤоɬоɪоɦ оɬɥичɧые оɬ ɧɭɥя ɛɭɞɭɬ ɬоɥьɤо 
ɤоɦɩоɧеɧɬы ɫ иɧɞеɤɫаɦи (13): 

 

)40.6()()(;)()( 31313131 thxthx
    

 

Иɫɩоɥьɡɭеɦ (6.27), (6.29) и (5.31). Тоɝɞа оче-
виɞɧо 
 

)41.6()(,
)(

/

31

/

31*

31

3131 tz
tS

   

 

И ɦы иɦееɦ иɡ (6.34)  
 

)42.6(; 2

//

31

///

3131

//

31 C   

 

В ɷɤɫɩеɪиɦеɧɬе (6.40) ɦы ɭɫɬаɧовиɦ ɧеɤоɬо-

ɪɭɸ ɬочɤɭ x


( )1 , в ɤоɬоɪоɣ вɩеɪвые ɛɭɞеɬ 
ɩɪоиɫхоɞиɬь ɪаɡɪɭɲеɧие. Тоɝɞа ɞɥя ɤаɠɞоɝо 
чиɫɥовоɝо ɡɧачеɧия ɩаɪаɦеɬɪа ɧаɝɪɭɠеɧия   13 ɛɭɞеɬ оɩɪеɞеɥеɧо вɪеɦя ɪаɡɪɭɲе-

ɧия t * , ɬ. е. ɛɭɞеɬ ɧаɣɞеɧа ɮɭɧɤɰия  
 

)43.6()( *

3131 tf  

 

Вɧоɫя ɷɬо ɡɧачеɧие в (6.41) и ɩɪиɧиɦая во 
вɧиɦаɧие ɧоɪɦиɪовɤɭ (5.29): 
 

)44.6(,1,1,1,1 ///

22

//

33

//

31

//

21

//

11    

 

ɩоɥɭчиɦ иɡ (6.42) иɫɤоɦое яɞɪо  
 

)45.6(
)(

1

)(

1
)(

*

3131

31

3131

/

tStf
tz 


   

 

Раɫɫɦоɬɪиɦ ɬеɩеɪь ɧаɩɪяɠёɧɧое ɫоɫɬояɧие 
 

)46.6()()(,)()( 21212121 thxthx
    
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В ɷɬоɦ ɫɥɭчае ɦы иɦееɦ иɡ (6.27), (6.29): 
 

)47.6()(,
)(

/

21

/

21*

21

2121 tY
tS

   

 

оɬɤɭɞа ɩоɫɥе ɩɪиɦеɧеɧия ɤɪиɬеɪии ɩɪочɧо-
ɫɬи, ɧахоɞиɦ 
 

)48.6(
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1

)(

1
)(

*

2121
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/

tStf
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
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Раɫɫɦоɬɪиɦ ɬеɩеɪь ɪаɫɬяɠеɧие в ɧаɩɪавɥе-
ɧие оɫи x 1 : 

 

)49.6()()(,)()( 11111111 thxthx
    

 

Тоɝɞа ɩоɥɭчаеɦ в ɫооɬвеɬɫɬвии ɫ (5.34), 

(5.36) и (5.37) 

 
  )50.6(
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Ɉɛɪаɡɭеɦ иɧваɪиаɧɬы ɬеɧɡоɪа 
~

/ /
, ɩо аɧа-

ɥоɝии ɫ (5.35) 
 

 

)53.6()(
2)(

)52.6()(
)(

)1(
2

1

)51.6()(
)(

)1(

2

/

411*

11

11/

3333

0

/

11111*

11

/

22

/

112211

//
~

/

11*

11

11

/

22

/

112211

//

tY
tS

tY
tS

tY
tS

k
















 
 

ɭчиɬывая ɡɧачеɧие   ɩɪи ɪаɡɪɭɲеɧии оɛ-

ɪаɡɰа  
  11 11 6 54 f t( ) ( . )*  

 

ɩоɥɭчиɦ иɡ (6.51)-(6.53), ɩɪиɧиɦая во вɧи-

ɦаɧие ɭɫɥовия ɧоɪɦиɪовɤи 
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Дɥя ɧаɩɪяɠёɧɧоɝо ɫоɫɬояɧия, ɫооɬвеɬɫɬ-
вɭɸщеɝо ɩɪоɫɬоɦɭ ɪаɫɬяɠеɧиɸ в ɧаɩɪавɥе-
ɧии оɫи x3 , иɦееɦ ɩо аɧаɥоɝии ɫ (5.39)-

(5.41) 
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И в ɷɬоɦ ɫɥɭчае ɞɥя яɞɪа ɩоɥɡɭчеɫɬи Y t/ ( )  

иɦееɬɫя ɞва оɩɪеɞеɥеɧия: (6.48) и (6.55), оɬ-
ɤɭɞа ɫɥеɞɭеɬ ɫооɬɧоɲеɧие, ɫвяɡываɸщее 
ɷɤɫɩеɪиɦеɧɬаɥьɧые ɮɭɧɤɰии f t f t11 22( ) , ( ) : 
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ɝɞе 
 

 
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6 61( . )  

 

Пɪи  0  ɮɭɧɤɰии f t f t11 2 2( ) , ( ) ɛɭɞɭɬ 
ɩɪоɩоɪɰиоɧаɥьɧыɦи 
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f t11

12

11

1 6 62( ) ( ) ( . )/  
  

 

Заɦеɬиɦ, чɬо веɥичиɧа  /  вɩоɥɧе оɩɪеɞеɥе-
ɧа ɫоɩоɫɬавɥеɧиеɦ ɷɤɫɩеɪиɦеɧɬов (6.54) и  12 12 f t( )* . 

Таɤиɦ оɛɪаɡоɦ, ɭɤаɡаɧ ɩɭɬь ɞɥя ɧахоɠɞеɧия 
вɫех ɧеоɛхоɞиɦых яɞеɪ ɩоɥɡɭчеɫɬи. 
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ɉРИɆЕɇЕɇИЕ ɆАɌРИЦ ɀЕɋɌКɈɋɌИ И ɆАɋɋ  

КɈɇЕЧɇЫХ ɗɅЕɆЕɇɌɈȼ ȼЫɋɈКИХ ɉɈРЯДКɈȼ  

ДɅЯ ɈɉРЕДЕɅЕɇИЯ ЧАɋɌɈɌ ɋɈȻɋɌȼЕɇɇЫХ 

ɉРɈДɈɅɖɇЫХ КɈɅЕȻАɇИɃ 
 

О.Л. Рудых, В.А. Быркаɧов 
Даɥьɧевоɫɬочɧыɣ ɝоɫɭɞаɪɫɬвеɧɧыɣ ɭɧивеɪɫиɬеɬ ɩɭɬеɣ ɫооɛщеɧия, Хаɛаɪовɫɤ, РɈССИə 

 

АɇɇɈɌАЦИЯ: В ɫɬаɬье, иɫɩоɥьɡɭя ɩɪоɝɪаɦɦɧыɣ ɤоɦɩɥеɤɫ (ПК) Maple, ɩоɥɭчеɧы ɦаɬɪиɰы ɠёɫɬɤоɫɬи и 

ɦаɫɫ оɞɧоɦеɪɧых ɤоɧечɧых ɷɥеɦеɧɬов (КЭ) выɫоɤих ɩоɪяɞɤов (ɤваɞɪаɬичɧоɝо, ɤɭɛичеɫɤоɝо и чеɬвёɪɬоɝо 
ɩоɪяɞɤа). Иɫɩоɥьɡɭя ɩоɥɭчеɧɧые ɦаɬɪиɰы, выɩоɥɧеɧо оɩɪеɞеɥеɧие чаɫɬоɬ ɫоɛɫɬвеɧɧых ɩɪоɞоɥьɧых ɤо-
ɥеɛаɧиɣ, иɫɩоɥьɡɭя ПК Maple. Реɡɭɥьɬаɬы ɪаɫчёɬов ɩоɤаɡаɥи, чɬо ɬочɧые ɡɧачеɧия чаɫɬоɬ ɫоɛɫɬвеɧɧых 
ɩɪоɞоɥьɧых ɤоɥеɛаɧиɣ ɧахоɞяɬɫя ɞɥя КЭ  выɫоɤих ɩоɪяɞɤов ɩɪи ɦеɧьɲеɦ чиɫɥе КЭ. 

 

Ключевые слова: ɦеɬоɞ ɤоɧечɧых ɷɥеɦеɧɬов, ɦаɬɪиɰы ɠёɫɬɤоɫɬи, ɦаɬɪиɰы ɦаɫɫ, ɩɪоɝɪаɦɦɧые ɤоɦ-

ɩɥеɤɫы, ɩɪоɞоɥьɧые ɤоɥеɛаɧия, ɤоɧечɧые ɷɥеɦеɧɬы выɫоɤих ɩоɪяɞɤов, оɩɪеɞеɥеɧие чаɫɬоɬ ɫоɛɫɬвеɧɧых 
ɤоɥеɛаɧиɣ. 
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ABSTRACT: In this work, using programmed complex (PC) Maple, stiffness matrix and mass matrix of a linear 

finite elements (FE) of high order (square-law, cubic and the fourth order) are received. Using obtained matrixes, 

the determination of the frequencies of natural longitudinal oscillations using PC Maple was done. The results of 

calculation have shown that proper values of the frequencies of natural longitudinal oscillations are found for FE 

high order under smaller number of FE. 
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ɐеɥь ɦеɬоɞов ɫɭɩеɪɷɥеɦеɧɬов (МСЭ) и ɪе-
ɞɭɰиɪоваɧɧых ɷɥеɦеɧɬов (МРЭ)  [1, 2] ɫо-
ɫɬоиɬ в ɭɦеɧьɲеɧии ɩоɪяɞɤа ɫиɫɬеɦы аɥɝеɛ-
ɪаичеɫɤих ɭɪавɧеɧиɣ ɦеɬоɞа ɤоɧечɧых ɷɥе-
ɦеɧɬов (МКЭ). Поɧиɦаɧие ɦехаɧиɡɦа ɷɬих 
ɦеɬоɞов ɞаёɬ ɤɥɸч ɫиɫɬеɦаɬичеɫɤоɦɭ ɭɥɭч-
ɲеɧиɸ их ɬочɧоɫɬи. Пɪи ɷɬоɦ ɞɥя ɩовыɲе-
ɧия ɷɮɮеɤɬивɧоɫɬи ɦеɬоɞов ɤоɧɞеɧɫаɰии и 

ɪеɞɭɰиɪоваɧия ɧеиɡвеɫɬɧых ɩɪи ɪеɲеɧии 

ɡаɞач ɞиɧаɦиɤи ɫооɪɭɠеɧиɣ  ɦеɬоɞаɦи МСЭ 

и МРЭ ɫɥеɞɭеɬ ɛоɥее ɝɥɭɛоɤо иɡɭчиɬь иɫ-
хоɞɧые ɦаɬɪиɰы ɠёɫɬɤоɫɬи (Мɀ) и ɦаɫɫ 

(ММ) ɤоɧечɧых ɷɥеɦеɧɬов (КЭ) иɫɩоɥьɡɭе-
ɦые ɩɪи ɪеаɥиɡаɰии МКЭ [3]. 

Раɫɫɦоɬɪиɦ ɫɬеɪɠеɧь, иɫɩыɬываɸщиɣ ɩɪо-
ɞоɥьɧые ɤоɥеɛаɧия  (ɪиɫ. 1). Дɥя ɷɬоɝо 
ɫɬеɪɠɧя ɧаɣɞеɦ чаɫɬоɬɭ ɫоɛɫɬвеɧɧых ɩɪо-
ɞоɥьɧых ɤоɥеɛаɧиɣ МКЭ. 

Дɥя ɞаɧɧоɣ ɡаɞачи еɫɬь ɬочɧые ɡɧачеɧия 
ɫоɛɫɬвеɧɧых чаɫɬоɬ, ɩоɥɭчеɧɧые иɡ ɬочɧоɝо 
ɪеɲеɧия ɞиɮɮеɪеɧɰиаɥьɧых ɭɪавɧеɧиɣ в 
чаɫɬɧых ɩɪоиɡвоɞɧых, оɩиɫываɸщих ɩɪо-
ɞоɥьɧые ɤоɥеɛаɧия. Их ɦоɠɧо оɩɪеɞеɥиɬь 
ɩо ɮоɪɦɭɥе [4]:  



Пɪиɦеɧеɧие ɦаɬɪиɰ ɠеɫɬɤоɫɬи и ɦаɫɫ ɤоɧечɧых ɷɥеɦеɧɬов выɫоɤих ɩоɪяɞɤов ɞɥя оɩɪеɞеɥеɧия чаɫɬоɬ 
ɫоɛɫɬвеɧɧых ɩɪоɞоɥьɧых ɤоɥеɛаɧиɣ  

Volume 5, Issue 1&2, 2009 153

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 
Риɫ. 1. Схеɦа ɫɬеɪɠɧя иɫɩыɬываɸщеɝо ɩɪоɞоɥьɧые ɤоɥеɛаɧия 
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ɝɞе n – ɧоɦеɪ чаɫɬоɬы ɫоɛɫɬвеɧɧых ɤоɥеɛа-
ɧиɣ; L – ɞɥиɧа ɫɬеɪɠɧя; ЕА – ɠёɫɬɤоɫɬь 
ɫɬеɪɠɧя ɩɪи ɪаɫɬяɠеɧии-ɫɠаɬии; m - ɩоɝоɧ-

ɧая ɦаɫɫа ɫɬеɪɠɧя. 
Чаɫɬоɬы ɫоɛɫɬвеɧɧых ɤоɥеɛаɧиɣ в ɫɬеɪɠɧе 
ɩɪеɞɫɬавиɦ в виɞе 
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ɝɞе nk – ɤоɷɮɮиɰиеɧɬ, ɩоɥɭчаеɦыɣ ɩɪи ɩɪи-

ɛɥиɠеɧɧоɦ оɩɪеɞеɥеɧии n – чаɫɬоɬы ɫоɛɫɬ-
веɧɧых ɤоɥеɛаɧиɣ. 

Сиɫɬеɦа ɥиɧеɣɧых аɥɝеɛɪаичеɫɤих ɭɪавɧе-
ɧиɣ МКЭ в ɞиɧаɦиɤе ɫооɪɭɠеɧиɣ (ɞɥя ɭɩ-

ɪощеɧия ɛеɡ ɭчёɬа ɫиɥ ɞеɦɩɮиɪоваɧия) иɦе-
еɬ виɞ: 

        pqKqМ  ,              (3) 

 

ɝɞе  M  - ММ ɫиɫɬеɦы;  K  – Мɀ  ɫиɫɬеɦы;  q  – веɤɬоɪ ɧеиɡвеɫɬɧых;  p  – веɤɬоɪ ɧа-
ɝɪɭɡɤи. 

Пɪоɛɥеɦа ɫоɛɫɬвеɧɧых ɡɧачеɧиɣ ɞɥя ɫиɫɬе-
ɦы ɭɪавɧеɧиɣ (3) ɧахоɞиɬɫя иɡ ɭɪавɧеɧиɣ 

     02  МK                       (4) 

 

ɝɞе  - чаɫɬоɬы ɫоɛɫɬвеɧɧых ɤоɥеɛаɧиɣ, оɩ-

ɪеɞеɥяеɦые ɩоɪяɞɤоɦ ММ. 

Дɥя ɫиɫɬеɦы, ɩɪеɞɫɬавɥеɧɧоɣ ɧа ɪиɫ. 1,  Мɀ 

ɞɥя ɥиɧеɣɧоɝо ɫɬеɪɠɧевоɝо КЭ ɪаɛоɬаɸщеɝо 
ɧа ɪаɫɬяɠеɧие-ɫɠаɬие иɦееɬ виɞ 
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ɝɞе   - ɞɥиɧа КЭ. 

В ɞиɧаɦиɤе ɫооɪɭɠеɧиɣ ɞɥя ɩɪиɛɥиɠеɧɧоɝо 
оɩɪеɞеɥеɧия чаɫɬоɬ ɫоɛɫɬвеɧɧых ɤоɥеɛаɧиɣ 

чаɫɬо ɩɪиɦеɧяɸɬ ɫɩоɫоɛ ɩɪивеɞеɧɧоɣ ɦаɫɫы 

и ɦеɬоɞ ɩеɪеɧоɫа ɦаɫɫ [5]. В МКЭ ɷɬи ɞва 
ɩоɞхоɞа ɪеаɥиɡɭɸɬɫя в ММ ɥиɧеɣɧоɝо 
ɫɬеɪɠɧевоɝо КЭ, ɤаɤ  ɦеɬоɞы ɪаɫɩɪеɞеɥёɧ-

ɧых ɦаɫɫ и ɫоɫɪеɞоɬочеɧɧых ɦаɫɫ [5], и ɫо-
оɬвеɬɫɬвеɧɧо иɦеɸɬ виɞ 
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ɝɞе m – ɪаɫɩɪеɞеɥёɧɧая ɩоɝоɧɧая ɦаɫɫа 
ɫɬеɪɠɧя. 
В ɬаɛɥ. 1 ɩɪивеɞеɧы ɪеɡɭɥьɬаɬы ɪаɫчеɬов 
МКЭ ɦеɬоɞоɦ ɫоɫɪеɞоɬочеɧɧых ɦаɫɫ и ɦе-
ɬоɞоɦ ɪаɫɩɪеɞеɥёɧɧых ɦаɫɫ. Каɤ виɞɧо, ɩɪи 

вычиɫɥеɧиях ɫоɛɫɬвеɧɧых чаɫɬоɬ ɧиɡɤоɝо 
ɩоɪяɞɤа МКЭ ɫɩоɫоɛ ɫоɫɪеɞоɬочеɧɧых ɦаɫɫ 
ɞаеɬ ɩоɝɪеɲɧоɫɬь в ɦеɧьɲɭɸ ɫɬоɪоɧɭ, а ɫɩо-
ɫоɛ ɪаɫɩɪеɞеɥёɧɧых ɦаɫɫ – в ɛоɥьɲɭɸ, ɩɪи 

чеɦ ɩоɝɪеɲɧоɫɬи ɷɬи ɩочɬи ɪавɧы, оɬɥича-
ɸɬɫя ɥиɲь ɡɧаɤоɦ. Дɥя ɩоɥɭчеɧия ɛоɥее 
ɬочɧоɝо ɪеɲеɧия ɧаɦи в ɪаɛоɬе [6] ɩɪеɞɥо-
ɠеɧа ɤоɦɛиɧиɪоваɧɧая ММ 
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ɝɞе  - веɫовоɣ ɤоɷɮɮиɰиеɧɬ.  
Еɫɥи ɩɪиɧяɬь 5,0 , ɬо ɤоɦɛиɧиɪоваɧɧая 
ММ КЭ иɦееɬ  виɞ 



Ɉ
.Л

. Рɭɞы
х
, В

.А
. Бы

ɪɤаɧов
 

International Journal for C
om

putational C
ivil and Structural E

ngineering 
1
5
4
 

                                               

 

 

Таɛɥиɰа 1 

Соɩоɫɬавɥеɧие веɥичиɧ чаɫɬоɬ ɫоɛɫɬвеɧɧых ɤоɥеɛаɧиɣ ɩɪи ɩɪоɞоɥьɧых ɤоɥеɛаɧиях 

Схеɦа ɞиɫɤɪеɬиɡаɰии 

Чи
ɫɥ
о 
К
Э

 Зɧачеɧие ɤо-
ɷɮɮиɰиеɧɬа 
nk  в ɮоɪɦɭ-
ɥе 2 (ɬочɧое 
ɡɧачеɧие) 

Зɧачеɧие ɤо-
ɷɮɮиɰиеɧɬа 
nk  в ɮоɪɦɭɥе 

2 (ɫɩоɫоɛ ɫо-
ɫɪеɞоɬо-

чеɧɧых ɦаɫɫ) П
оɝ
ɪе
ɲ
ɧо
ɫɬ
ь,

 %
 

Зɧачеɧие ɤо-
ɷɮɮиɰиеɧɬа 
nk  в ɮоɪɦɭ-
ɥе 2 (ɫɩоɫоɛ 

ɩɪивеɞеɧɧых 
ɦаɫɫ) П

оɝ
ɪе
ɲ
ɧо
ɫɬ
ь,

 %
 

Зɧачеɧие ɤо-
ɷɮɮиɰиеɧɬа 
nk  в ɮоɪɦɭ-
ɥе 2 (ɤоɦɛи-

ɧиɪоваɧɧыɣ 

ɫɩоɫоɛ) П
оɝ
ɪе
ɲ
ɧо
ɫɬ
ь,

 %
 

 
1 57,11 k  21 k  -10,0 31 k  10,0 57,11 k  -0,18 

 

2 
57,11 k  

71,42 k  

531,11 k  

696,32 k  

-2,6 

-21,6 

611,11 k  

629,52 k  

+2,6 

+19,5 

57,11 k  

37,42 k  

-0,08 

-7,3 

 

3 

57,11 k  

71,42 k
85,73 k  

553,11 k  

243,42 k  

796,53 k  

-1,1 

-10 

-26,2 

589,11 k  

196,52 k  

427,93 k  

+1,1 

+10,3 

+20,0 

57,11 k  

65,42 k  

98,63 k  

-0,016 

-1,375 

-11,1 

 

4 

57,11 k  

71,42 k
85,73 k
0,114 k  

561,11 k  

445,42 k  

652,63 k  

846,74 k  

-0,6 

-5,7 

-15,3 

-28,6 

581,11 k  

987,42 k  

059,93 k  

1,134 k  

+0,6 

+5,8 

+15,3 

+19,1 

57,11 k  

69,42 k  

58,73 k  

52,94 k  

-0,005 

-0,42 

-3,46 

-13,42 

 

5 

57,11 k  

71,42 k
85,73 k
0,114 k
14.145 k  

564,11 k  

54,42 k  

071,73 k  

91,84 k  

877,95 k  

-0,4 

-3,7 

-10 

-19 

-30 

577,11 k  

889,42 k  

66,83 k  

986,124 k  

703,165 k  

+0,4 

+3,7 

+10,3 

+18,1 

+18,1  

57,11 k  

704,42 k  

746,73 k  

39,104 k  

02,125 k  

-0,002 

-0,17 

-1,38 

-5,5 

-14,95 
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Риɫ. 2. Схеɦа ɤоɧечɧоɝо ɷɥеɦеɧɬа 

 

Таɛɥиɰа 2  

Вɥияɧие чиɫɥа и ɬиɩа КЭ ɧа ɬочɧоɫɬь оɩɪеɞеɥеɧия чаɫɬоɬы ɩɪоɞоɥьɧых ɤоɥеɛаɧиɣ и ɧа ɭве-
ɥичеɧие ɦаɲиɧɧоɝо вɪеɦеɧи 

Чиɫɥо 
КЭ 

Маɲиɧɧое 
вɪеɦя (ɫɩоɫоɛ 

ɩɪивеɞеɧɧых 
ɦаɫɫ), ɦɫ 

Поɝɪеɲɧоɫɬь ɩɪи 

оɩɪеɞеɥеɧии 

1
 ɫɩоɫоɛоɦ ɩɪиве-

ɞеɧɧых ɦаɫɫ, % 

Маɲиɧɧое вɪеɦя 
(ɤоɦɛиɧиɪоваɧɧыɣ 

ɦеɬоɞ), ɦɫ 

Поɝɪеɲɧоɫɬь ɩɪи 

оɩɪеɞеɥеɧии 

1
 ɤоɦɛиɧиɪоваɧ-

ɧыɦ ɦеɬоɞоɦ, %  

1 0,093 10 0,102 0,18 

2 0,218 2,6 0,24 0,08 

3 0,281 1,1 0,309 0,016 

4 0,562 0,6 0,618 0,005 

5 0,639 0,4 0,703 0,002 

6 1,029 0,3 1,132 0,001 

10 4,051 0,1 4,456 0,0003 

 

.
5,25,0

5,05,2

6 


 mМ i                    (9) 

 

В ɬаɛɥ. 2  ɩɪивеɞеɧо вɥияɧие чиɫɥа КЭ  ɧа 
ɬочɧоɫɬь ɩɪиɛɥиɠеɧɧоɝо ɪеɲеɧия ɩɪи оɩɪе-
ɞеɥеɧии ɩеɪвоɣ чаɫɬоɬы ɩɪоɞоɥьɧых ɤоɥе-
ɛаɧиɣ и ɡаɬɪаɬы ɦаɲиɧɧоɝо вɪеɦеɧи ɞɥя 
ɩɪиɦеɪа, ɩɪеɞɫɬавɥеɧɧоɝо ɧа ɪиɫ. 1, ɩɪи иɫ-
ɩоɥьɡоваɧии Maple 9.  

Иɡ аɧаɥиɡа ɬаɛɥ. 2 виɞɧо, чɬо ɩоɝɪеɲɧоɫɬь в 
оɩɪеɞеɥеɧии ɩеɪвоɣ чаɫɬоɬы ɫоɛɫɬвеɧɧых 
ɩɪоɞоɥьɧых ɤоɥеɛаɧиɣ в ɫɬеɪɠɧе ɩɪи иɫ-
ɩоɥьɡоваɧии ɤоɦɛиɧиɪоваɧɧоɣ ММ КЭ 

(ɮоɪɦɭɥа 9) ɭɦеɧьɲаеɬɫя ɩочɬи в ɫоɬɧɸ ɪаɡ 
ɩо оɬɧоɲеɧиɸ ɤ оɛычɧо иɫɩоɥьɡɭеɦыɦ ММ 

в ɩɪиɛɥиɠеɧɧых ɦеɬоɞах оɩɪеɞеɥеɧия ɩеɪ-
воɣ чаɫɬоɬы ɫоɛɫɬвеɧɧых ɤоɥеɛаɧиɣ. Пɪи 

ɷɬоɦ ɪеɲеɧие оɤаɡываеɬɫя ɞоɫɬаɬочɧо ɛɥиɡ-
ɤиɦ ɤ ɬочɧоɦɭ ɪеɲеɧиɸ (ɩоɝɪеɲɧоɫɬь ɩɪи 

оɞɧоɦ КЭ 0,18%), а ɦаɲиɧɧое вɪеɦя ɪеɲе-
ɧия ɡаɞачи о ɫоɛɫɬвеɧɧых ɡɧачеɧиях ɧе ɭве-
ɥичиваеɬɫя ɩо ɫɪавɧеɧиɸ ɫ оɛычɧо иɫɩоɥь-
ɡɭеɦыɦи ɩɪиɛɥиɠеɧɧыɦи ɦеɬоɞаɦи. 

Раɫɫɦоɬɪиɦ ɩоɥɭчеɧие Мɀ и ММ ɞɥя оɞɧо-
ɦеɪɧых КЭ выɫоɤих ɩоɪяɞɤов ɫ ɩоɦощьɸ 

ПК Maple иɫɩыɬываɸщеɣ ɬоɥьɤо ɩɪоɞоɥь-
ɧые ɞеɮоɪɦаɰии. 

Выɛиɪаеɦ ɩоɥиɧоɦиаɥьɧɭɸ ɮɭɧɤɰиɸ, ɤоɬо-
ɪая ɞоɥɠɧа оɬвечаɬь ɫɥеɞɭɸщиɦ ɬɪеɛоваɧи-

яɦ: 

а) оɛеɫɩечиваɬь ɭɫɥовия ɧеɩɪеɪывɧоɫɬи ɩе-
ɪеɦещеɧиɣ в ɭɡɥах, вɞоɥь ɝɪаɧиɰ ɦеɠɞɭ 
ɷɥеɦеɧɬаɦи и в ɩɪеɞеɥах ɷɥеɦеɧɬов; 

ɛ) ɛыɬь ɥиɧеɣɧо-ɧеɡавиɫиɦоɣ ɮɭɧɤɰиеɣ; 

в) оɛɥаɞаɬь ɧеоɛхоɞиɦоɣ ɩоɥɧоɬоɣ, ɬ.е. 
ɛыɬь ɞоɫɬаɬочɧое чиɫɥо ɪаɡ ɞиɮɮеɪеɧɰи-

ɪɭеɦоɣ; 

ɝ) иɦеɬь ɫɬоɥьɤо чɥеɧов, ɤаɤова ɫɬеɩеɧь 
ɫвоɛоɞы КЭ. 

Пɪиɦеɦ иɧɬеɪɩоɥяɰиоɧɧыɣ ɩоɥиɧоɦ (ɥи-

ɧеɣɧыɣ, ɤваɞɪаɬɧыɣ, ɤɭɛичеɫɤиɣ и ɬ.ɞ.) в 
виɞе: 
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321 ...  n
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ɝɞе  z – ɩеɪеɦещеɧие вɧɭɬɪи КЭ; i – ɧеиɡ-
веɫɬɧые ɤоɷɮɮиɰиеɧɬы, оɩɪеɞеɥяеɦые иɡ 
ɝɪаɧичɧых ɭɫɥовиɣ КЭ. Выɪаɠеɧие (10) в 
ɦаɬɪичɧоɣ ɮоɪɦе иɦееɬ виɞ: 

 

          A
~

nz ,                      (11) 

 

ɝɞе  nz – ɩеɪеɦещеɧие в n-оɣ ɬочɤе вɧɭɬɪи 

КЭ;    n

т  ...21  – веɤɬоɪ ɧеиɡвеɫɬɧых 

ɤоɷɮɮиɰиеɧɬов;    nxx ...1A
~   – иɧɬеɪɩоɥя-

ɰиоɧɧая  ɦаɬɪиɰа (ɤоɷɮɮиɰиеɧɬы ее явɥяɸɬ-
ɫя ɮɭɧɤɰияɦи ɤооɪɞиɧаɬ ɷɥеɦеɧɬа). 
Дɥя оɩɪеɞеɥеɧия ɷɥеɦеɧɬов веɤɬоɪа    вы-

ɪаɠеɧие (11) ɡаɩиɲеɦ ɞɥя  ɭɡɥовых и ɩɪоɦе-
ɠɭɬочɧых ɬочеɤ ɩɪяɦоɥиɧеɣɧоɝо КЭ (ɪиɫ. 2): 
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1
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1

1

22
1

1

,    (12) 

 

иɥи в ɦаɬɪичɧоɣ ɮоɪɦе: 
       Az .                     (13) 

 

Иɡ выɪаɠеɧия (13) веɤɬоɪ    ɪавеɧ: 

 

      z 1
A .                    (14) 

 

Аɩɩɪоɤɫиɦиɪɭɸщие ɦаɬɪиɰы [N] и [B] ɧаɣ-

ɞеɦ ɩо ɮоɪɦɭɥаɦ: 

       1
AA

~ N ;                    (15) 

      1
A

A
~ 


x

B .                    (16) 

 

Мɀ и ММ КЭ ɦоɠɧо ɧаɣɬи иɧɬеɝɪиɪоваɧиеɦ: 

 

      dxBEABK

l  
0

ɬ
;          (17) 

      dxNANM

l  
0

ɬ  .          (18) 

 

Иɫɩоɥьɡɭя ɮоɪɦɭɥы (10) – (18), ɩоɥɭчаеɦ в 
Maple 9 Мɀ и ММ КЭ ɞɥя ɪаɡɥичɧых аɩ-

ɩɪоɤɫиɦиɪɭɸщих ɮɭɧɤɰиɣ (ɥиɧеɣɧая, ɤваɞ-
ɪаɬичɧая, ɤɭɛичеɫɤая, чеɬвёɪɬоɣ ɫɬеɩеɧи) 

ɦаɬɪиɰы ɮɭɧɤɰиɣ ɮоɪɦы [N] и её ɩɪоиɡвоɞ-

ɧых [B] (ɬаɛɥ. 3) и Мɀ и ММ (ɬаɛɥ. 4). 

Иɫɩоɥьɡɭя ɩоɥɭчеɧɧые ɦаɬɪиɰы, ɛыɥи ɩɪо-
веɞеɧы ɪаɫчеɬы ɫоɛɫɬвеɧɧых чаɫɬоɬ ɤоɥеɛа-
ɧиɣ ɫɬеɪɠɧя ɩɪи ɪаɡɧых ɬиɩах и ɤоɥичеɫɬве 
КЭ. Реɡɭɥьɬаɬы ɪаɫчеɬа ɫоɩоɫɬавɥеɧы ɫ ɬоч-
ɧыɦ ɪеɲеɧиеɦ.  

Реɡɭɥьɬаɬы ɪеɲеɧия ɡаɞачи ɫ ɦаɬɪиɰаɦи, 

ɩоɥɭчеɧɧыɦи ɫ ɩоɦощьɸ ɥиɧеɣɧых иɧɬеɪ-
ɩоɥяɰиоɧɧых ɮɭɧɤɰиɣ, ɪаɫɫɦоɬɪеɧы в ɪаɛо-
ɬе авɬоɪа [4].  

В ɬаɛɥ. 5 ɩɪивеɞеɧы ɪеɡɭɥьɬаɬы ɪеɲеɧия ɡа-
ɞачи ɫ ɦаɬɪиɰаɦи, ɩоɥɭчеɧɧыɦи ɫ ɩоɦощьɸ 

иɧɬеɪɩоɥяɰиоɧɧых ɮɭɧɤɰиɣ ɪаɡɧоɝо ɩоɪяɞ-

ɤа. Таɤɠе ɩɪивеɞеɧо ɡаɬɪачеɧɧое ɧа вычиɫ-
ɥеɧия ɩɪоɰеɫɫоɪɧое вɪеɦя ɩɪи ɬочɧоɫɬи ɪаɫ-
чеɬа 10

-10
, ɧа оɞɧояɞеɪɧоɦ ɩɪоɰеɫɫоɪе Pen-

tium IV 2.4 ГГɰ ɫ ɩаɦяɬьɸ 1 Гɛ. 

Ɉɛɪащаяɫь ɤ ɬаɛɥ. 5, ɦоɠɧо ɭвиɞеɬь, чɬо ɞɥя 
ɞоɫɬиɠеɧия ɬочɧоɫɬи в 0,026% ɧеоɛхоɞиɦо 20 

ɥиɧеɣɧых КЭ иɥи 2 ɤваɞɪаɬичɧых (оɞиɧ ɤɭɛи-

чеɫɤиɣ ɷɥеɦеɧɬ ɞаеɬ еще ɛоɥьɲɭɸ ɬочɧоɫɬь), 
ɩɪи ɷɬоɦ ɡаɬɪачиваеɬɫя в 44 ɪаɡа ɦеɧьɲе ɦа-
ɲиɧɧоɝо вɪеɦеɧи (ɤɭɛичеɫɤиɣ в 80). 

Пɪи ɧеɡɧачиɬеɥьɧоɦ ɭвеɥичеɧии ɡаɬɪаɬ ɦа-
ɲиɧɧоɝо вɪеɦеɧи ɬочɧоɫɬь ɭвеɥичиваеɬɫя в 
ɫоɬɧи ɪаɡ. Таɤиɦ оɛɪаɡоɦ, ɩɪи ɫоɩоɫɬавиɦоɣ 

ɬочɧоɫɬи КЭ ɫ ɪаɡɧыɦи иɧɬеɪɩоɥяɰиоɧɧыɦи 

ɮɭɧɤɰияɦи (ɧаɩɪиɦеɪ, ɥиɧеɣɧая и ɤваɞɪа-
ɬичɧая аɩɩɪоɤɫиɦаɰии) ɩо вɪеɦеɧи ɭɠе вы-

иɝɪываеɬ ɛоɥее ɫɥоɠɧая иɧɬеɪɩоɥяɰия 
(ɤваɞɪаɬичɧая ɩɪоɬив ɥиɧеɣɧоɣ). 

 

Заɤɥɸчеɧие:  
1. В ɫɬаɬье ɩоɥɭчеɧы ММ и Мɀ оɞɧоɦеɪ-

ɧых КЭ выɫоɤих ɩоɪяɞɤов ɫ иɫɩоɥьɡова-
ɧиеɦ ПК Maple 9. 
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Таɛɥиɰа 3  

Маɬɪиɰы [N] и [B] ɞɥя ɥиɧеɣɧоɝо и выɫоɤих ɩоɪяɞɤов оɞɧоɦеɪɧых КЭ 

Тиɩ КЭ 
Аɩɩɪоɤɫиɦиɪɭɸщая 

ɮɭɧɤɰия Маɬɪиɰа ɮɭɧɤɰиɣ ɮоɪɦы [N] ɦаɬɪиɰа [B] 
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Таɛɥиɰа 4 

Маɬɪиɰы ɦаɫɫ [M] и ɠеɫɬɤоɫɬи [K] ɞɥя оɞɧоɦеɪɧых КЭ выɫоɤих ɩоɪяɞɤов 
Тиɩ 

КЭ 
Маɬɪиɰа ɦаɫɫ КЭ, [M] Маɬɪиɰа ɠеɫɬɤоɫɬи КЭ, [К] 
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Таɛɥиɰа 5 

Соɩоɫɬавɥеɧие веɥичиɧ чаɫɬоɬ ɫоɛɫɬвеɧɧых ɤоɥеɛаɧиɣ ɩɪи ɩɪоɞоɥьɧых ɤоɥеɛаɧиях 
Поɪяɞоɤ иɧɬеɪɩоɥяɰиоɧɧых ɮɭɧɤɰиɣ, ɤоɧечɧых ɷɥеɦеɧɬов 

ɥиɧеɣɧая ɤваɞɪаɬичɧая ɤɭɛичеɫɤая 4-я ɫɬеɩеɧь Коɥ-во 
ɷɥеɦеɧɬов Поɝɪеɲ-

ɧоɫɬь, % 

Вɪе
ɦя, 
ɦɫ 

Поɝɪеɲ-

ɧоɫɬь, % 

Вɪе-
ɦя, 
ɦɫ 

Поɝɪеɲ-

ɧоɫɬь, % 

Вɪе-
ɦя, 
ɦɫ 

Поɝɪеɲ-

ɧоɫɬь, % 

Вɪеɦя, 
ɦɫ 

1 10  0,375 0,09 0,0068 0,17 0,68×10
-6

 0,36 

2 
2,6 

19,5 
0,12 

0,026 

1,65 
0,31 

0,00011 

0,0697 
0,36 2,54×10

-7
 0,72 

3 

1,146 

10,23 

20,02 

0,17 

0,005 

0,375 

2,33 

0,55 

0,00001 

0,0068 

0,125 

0,33 

<10
-10

 

0,68×10
-6

 

3,6×10
-3

 

2,1 

4 

0,64 

5,83 

15,35 

19,14 

0,22 

0,0016 

0,125 

0,862 

2,68 

0,64 

1,78×10
-6

 

0,00126 

0,0248 

0,0163 

1,1 

-6,36×10
-8

 

7,0×10
-6

 

3,9×10
-4

 

5,0×10
-3

 

2,83 

5 

0,412 

3,73 

10,27 

18,11 

18,15 

0,26 

0,00067 

0,052 

0,375 

1,297 

2,85 

0,78 

0,44×10
-6

 

0,34×10
-3

 

6,8×10
-3

 

0,047 

0,19 

1,9   

10 0,103 1,08       

20 0,026 13,7       

 
2. Выɩоɥɧеɧо ɫоɩоɫɬавɥеɧие ɦеɠɞɭ ɪаɡ-

ɥичɧыɦи ɬиɩаɦи КЭ выɫоɤих ɩоɪяɞɤов 
ɞɥя оɩɪеɞеɥеɧия чаɫɬоɬ ɫоɛɫɬвеɧɧых 
ɩɪоɞоɥьɧых ɤоɥеɛаɧиɣ.  

3. КЭ выɫоɤих ɩоɪяɞɤов оɛеɫɩечиваɸɬ 
ɫхоɞиɦоɫɬь ɤ ɬочɧоɦɭ ɪеɲеɧиɸ ɩɪи ɝо-
ɪаɡɞо ɦеɧьɲеɦ чиɫɥе КЭ и ɦеɧьɲих ɡа-
ɬɪаɬах ɦаɲиɧɧоɝо вɪеɦеɧи. 

4. Поɥɭчеɧɧые ɪеɡɭɥьɬаɬы ɦоɝɭɬ ɛыɬь иɫ-
ɩоɥьɡоваɧы ɩɪи оɩɪеɞеɥеɧии ɫоɛɫɬвеɧ-

ɧых чаɫɬоɬ в ɫɬɪоиɬеɥьɧых ɤоɧɫɬɪɭɤɰиях 
и в воɥɧовоɞах  ɞɥя аɤɭɫɬичеɫɤоɣ ɪаɞио-
ɥоɤаɰии. 
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ɉАɆЯɌИ АɅЕКɋАɇДРА ȻɈРИɋɈȼИЧА ɁɈɅɈɌɈȼА 

 

IN MEMORY OF ALEXANDER BORISOVICH ZOLOTOV 

 
 

 
 

12 ɫеɧɬяɛɪя 2008 ɝоɞа ɭɲеɥ иɡ ɠиɡɧи вы-

ɞаɸщиɣɫя ɪоɫɫиɣɫɤиɣ ɭчеɧыɣ, Почеɬɧыɣ 

аɤаɞеɦиɤ Роɫɫиɣɫɤоɣ аɤаɞеɦии аɪхиɬеɤɬɭɪы 

и ɫɬɪоиɬеɥьɧых ɧаɭɤ, Почеɬɧыɣ ɪаɛоɬɧиɤ 
выɫɲеɝо оɛɪаɡоваɧия Роɫɫии, Почеɬɧыɣ 

ɩɪоɮеɫɫоɪ Моɫɤовɫɤоɝо ɝоɫɭɞаɪɫɬвеɧɧоɝо 

ɫɬɪоиɬеɥьɧоɝо ɭɧивеɪɫиɬеɬа, ɩɪоɮеɫɫоɪ, 
ɞоɤɬоɪ ɬехɧичеɫɤих ɧаɭɤ, ɩɪоɮеɫɫоɪ ɤаɮеɞ-
ɪы иɧɮоɪɦаɬиɤи и ɩɪиɤɥаɞɧоɣ ɦаɬеɦаɬиɤи 

Моɫɤовɫɤоɝо ɝоɫɭɞаɪɫɬвеɧɧоɝо ɫɬɪоиɬеɥьɧо-
ɝо ɭɧивеɪɫиɬеɬа Аɥеɤɫаɧɞɪ Боɪиɫович Зоɥо-
ɬов, ɫоɡɞаɬеɥь ɤɪɭɩɧеɣɲеɣ ɪоɫɫиɣɫɤоɣ ɇа-
ɭчɧоɣ ɲɤоɥы «Чиɫɥеɧɧое ɦоɞеɥиɪоваɧие и 

ɦеɬоɞы ɩɪиɤɥаɞɧоɣ ɦаɬеɦаɬиɤи в ɡаɞачах 
ɫɬɪоиɬеɥьɫɬва». Эɬа ɲɤоɥа ɧе ɬоɥьɤо ɞаɥеɤо 
ɩɪоɞвиɧɭɥа ɧовɭɸ ɛɭɪɧо ɪаɡвиваɸщɭɸɫя 
веɬвь ɫовɪеɦеɧɧоɣ вычиɫɥиɬеɥьɧоɣ ɬеоɪии 

ɫооɪɭɠеɧиɣ и ɦаɬеɦаɬичеɫɤоɣ ɮиɡиɤи, ɧо и 

вɧеɫɥа ɧеоɰеɧиɦыɣ вɤɥаɞ в ɭɤɪеɩɥеɧие 
ɦощɧоɫɬи и в ɪаɡвиɬие ɧаɪоɞɧоɝо хоɡяɣɫɬва 
ɧаɲеɣ ɫɬɪаɧы. 

Аɥеɤɫаɧɞɪ Боɪиɫович Зоɥоɬов ɪоɞиɥɫя 7 яɧ-

ваɪя 1937 ɝоɞа в ɝоɪоɞе Моɫɤве в ɫеɦье ɫɥɭ-
ɠащих. Свое оɛɪаɡоваɧие оɧ ɧачаɥ в ɫɪеɞɧеɣ 

оɛщеоɛɪаɡоваɬеɥьɧоɣ ɲɤоɥе №114 ɝоɪоɞа 
Моɫɤвы. Поɫɥе ее оɤоɧчаɧия оɧ, ɭвɥеɤаяɫь 
ɦаɬеɦаɬиɤоɣ, ɩоɫɬɭɩиɥ в Моɫɤовɫɤиɣ иɧɫɬи-

ɬɭɬ иɧɠеɧеɪов ɬɪаɧɫɩоɪɬа ɧа ɫɬɪоиɬеɥьɧыɣ 

ɮаɤɭɥьɬеɬ, ɤоɬоɪыɣ оɤоɧчиɥ в 1959 ɝоɞɭ. В 

1959-1960 ɝоɞах оɧ ɪаɛоɬаɥ ɞоɪоɠɧыɦ ɦаɫ-
ɬеɪоɦ во Вɫеɫоɸɡɧоɦ ɬɪеɫɬе ɩо ɪеɤоɧɫɬɪɭɤ-
ɰии ɠеɥеɡɧоɞоɪоɠɧых ɩɭɬеɣ (Реɤɩɭɬь), а в 
1960 ɝоɞɭ ɩеɪеɲеɥ ɧа ɞоɥɠɧоɫɬь иɧɠеɧеɪа в 
Гоɫɭɞаɪɫɬвеɧɧыɣ ɩɪоеɤɬɧо-иɡыɫɤаɬеɥьɫɤиɣ 



Паɦяɬи Аɥеɤɫаɧɞɪа Боɪиɫовича Зоɥоɬова 
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иɧɫɬиɬɭɬ «Гиɩɪоɩɪоɦɬɪаɧɫɫɬɪоɣ» Миɧи-

ɫɬеɪɫɬва ɬɪаɧɫɩоɪɬɧоɝо ɫɬɪоиɬеɥьɫɬва 
СССР. ɇо ɬяɝа ɤ ɦаɬеɦаɬичеɫɤиɦ ɧаɭɤаɦ и 

их ɩɪиɥоɠеɧияɦ оɤаɡаɥаɫь ɫиɥьɧее, и в 1962 

ɝоɞɭ А.Б. Зоɥоɬов ɩоɫɬɭɩиɥ в очɧɭɸ аɫɩи-

ɪаɧɬɭɪɭ ɐеɧɬɪаɥьɧоɝо ɧаɭчɧо-
иɫɫɥеɞоваɬеɥьɫɤоɝо иɧɫɬиɬɭɬа ɫɬɪоиɬеɥьɧых 
ɤоɧɫɬɪɭɤɰиɣ иɦ. В.А. Кɭчеɪеɧɤо (ɐɇИИСК) 

и оɞɧовɪеɦеɧɧо ɧа ɦехаɧиɤо-
ɦаɬеɦаɬичеɫɤиɣ ɮаɤɭɥьɬеɬ Моɫɤовɫɤоɝо ɝо-
ɫɭɞаɪɫɬвеɧɧоɝо ɭɧивеɪɫиɬеɬа иɦ. М.В. Ло-
ɦоɧоɫова (МГɍ иɦ. М.В. Лоɦоɧоɫова). С 

ɩɪиɫɭщиɦ еɦɭ ɭɩоɪɫɬвоɦ и ɧаɫɬоɣчивоɫɬьɸ 

оɧ ɩоɝɪɭɡиɥɫя в ɧаɭɤɭ, ɭɫɩеɲɧо оɤоɧчив ɮа-
ɤɭɥьɬеɬ в 1967 ɝоɞɭ.  

В 1970 ɝоɞɭ А.Б. Зоɥоɬов ɡащиɬиɥ ɤаɧɞиɞаɬ-
ɫɤɭɸ ɞиɫɫеɪɬаɰиɸ «Чиɫɥеɧɧое ɪеɲеɧие вɬо-
ɪоɣ ɩɪоɫɬɪаɧɫɬвеɧɧоɣ ɡаɞачи ɬеоɪии ɭɩɪɭ-
ɝоɫɬи» ɩо ɫɩеɰиаɥьɧоɫɬи 022 – «Соɩɪоɬив-
ɥеɧие ɦаɬеɪиаɥов и ɫɬɪоиɬеɥьɧая ɦехаɧиɤа», 

ɩоɥɭчивɲɭɸ выɫочаɣɲɭɸ оɰеɧɤɭ виɞɧоɝо 
ɭчеɧоɝо в оɛɥаɫɬи ɫɬɪоиɬеɥьɧоɣ ɦехаɧиɤи и 

ɦехаɧиɤи ɞеɮоɪɦиɪɭеɦоɝо ɬвеɪɞоɝо ɬеɥа, 
чɥеɧа-ɤоɪɪеɫɩоɧɞеɧɬа Аɤаɞеɦии ɫɬɪоиɬеɥь-
ɫɬва и аɪхиɬеɤɬɭɪы СССР Аɥеɤɫея Рɭɮовича 
Рɠаɧиɰыɧа, охаɪаɤɬеɪиɡовавɲеɝо ɪаɛоɬɭ ɤаɤ 
ɞоɤɬоɪɫɤɭɸ. Хаɪаɤɬеɪɧа ɪаɡɧоɫɬоɪоɧɧоɫɬь 
иɧɬеɪеɫов Аɥеɤɫаɧɞɪа Боɪиɫовича в ɬе ɝоɞы. 

Раɛоɬая в вычиɫɥиɬеɥьɧоɦ ɰеɧɬɪе ɐɇИИСК 

в ɞоɥɠɧоɫɬях ɦɥаɞɲеɝо ɧаɭчɧоɝо ɫоɬɪɭɞɧи-

ɤа, ɝɥавɧоɝо иɧɠеɧеɪа, ɫɬаɪɲеɝо ɧаɭчɧоɝо 
ɫоɬɪɭɞɧиɤа, ɡавеɞɭɸщеɝо ɥаɛоɪаɬоɪиеɣ, ɩо-
ɦиɦо веɞеɧия иɫɫɥеɞоваɧиɣ в оɛɥаɫɬи ɪаɡви-

ɬия и ɩɪиɥоɠеɧия ɦаɬеɦаɬичеɫɤих ɦеɬоɞов 
ɪеɲеɧия ɫɬɪоиɬеɥьɧых ɡаɞач, оɧ ɪеɲиɥ и ɪяɞ 

иɧɬеɪеɫɧых ɩɪоɛɥеɦ в еɫɬеɫɬвеɧɧых ɧаɭɤах. 
В 1973 ɝоɞɭ А.Б. Зоɥоɬов ɛыɥ ɩɪиɝɥаɲеɧ в 
Моɫɤовɫɤиɣ иɧɠеɧеɪɧо-ɫɬɪоиɬеɥьɧыɣ иɧ-

ɫɬиɬɭɬ иɦ. В.В. Кɭɣɛыɲева (МИСИ) ɧа 
ɞоɥɠɧоɫɬь ɞоɰеɧɬа ɤаɮеɞɪы ɩɪиɤɥаɞɧоɣ ɦа-
ɬеɦаɬиɤи ɩо ɤаɬеɝоɪии «веɞɭщиɣ ɫɩеɰиаɥиɫɬ 
ɫ ɩɪоиɡвоɞɫɬва», в 1976 ɝоɞɭ еɦɭ ɛыɥо ɩɪи-

ɫвоеɧо ɭчеɧое ɡваɧие ɞоɰеɧɬа. В ɬечеɧие 10 

ɥеɬ оɧ ɡаɧиɦаɥ ɩоɫɬ ɡавеɞɭɸщеɝо вычиɫɥи-

ɬеɥьɧыɦ ɰеɧɬɪоɦ (Вɐ) МИСИ, явɥяяɫь оɞ-

ɧовɪеɦеɧɧо оɪɝаɧиɡаɬоɪоɦ и ɪɭɤовоɞиɬеɥеɦ 

ɧаɭчɧоɝо оɬɞеɥа Вɐ, ɡаɧиɦавɲеɝоɫя ɫоɡɞа-

ɧиеɦ ɦаɬеɦаɬичеɫɤоɝо оɛеɫɩечеɧия и ɪаɡви-

ɬиеɦ ɫɪеɞɫɬв вычиɫɥиɬеɥьɧоɣ ɬехɧиɤи ɞɥя 
ɪеɲеɧия ɧаɭчɧо-ɬехɧичеɫɤих ɫɬɪоиɬеɥьɧых 

ɡаɞач и авɬоɦаɬиɡаɰии ɫɬɪоиɬеɥьɧоɝо ɩɪоеɤ-
ɬиɪоваɧия. 
В оɬɞеɥе веɥиɫь ɪаɡɪаɛоɬɤи ɦеɬоɞов и оɫɭ-

щеɫɬвɥяɥиɫь чиɫɥеɧɧые иɫɫɥеɞоваɧия ɞɥя 
ɪаɡɥичɧых ɡаɞач ɪаɫчеɬа ɫɬɪоиɬеɥьɧых ɤоɧ-

ɫɬɪɭɤɰиɣ, ɡɞаɧиɣ и ɫооɪɭɠеɧиɣ. Заɤаɡчиɤа-
ɦи выɫɬɭɩаɥи ɤаɤ ɩоɞɪаɡɞеɥеɧия МИСИ, ɬаɤ 
и вɧеɲɧие оɪɝаɧиɡаɰии. А.Б. Зоɥоɬовыɦ и 

еɝо ɫоɬɪɭɞɧиɤаɦи выɩоɥɧеɧ ɪяɞ ɤɪɭɩɧых 
ɧаɭчɧых ɪаɛоɬ и ɪеɲеɧы ɫоɬɧи ɩɪаɤɬичеɫɤи 

ваɠɧых ɡаɞач, ɫвяɡаɧɧых ɫ ɪаɫчеɬаɦи ɦɧо-
ɝоɦеɪɧых ɤоɧɫɬɪɭɤɰиɣ, ɡɞаɧиɣ и ɫооɪɭɠе-
ɧиɣ, в ɬоɦ чиɫɥе ɫ ɪеаɥиɡаɰиеɣ ɩоɞхоɞов, 
оɫɧоваɧɧых ɧа ɧовых ɮиɡичеɫɤих ɩоɫɬаɧов-
ɤах, ɭчиɬываɸщих ɪеаɥьɧые оɫоɛеɧɧоɫɬи и 

ɫвоɣɫɬва ɫовɪеɦеɧɧых ɤоɧɫɬɪɭɤɰиоɧɧых ɦа-
ɬеɪиаɥов. Выɧɭɠɞеɧɧо ɧеɩоɥɧыɣ ɩеɪечеɧь 
ɩеɪечиɫɥяеɦых ɡɞеɫь ɪаɫɫчиɬаɧɧых оɛɴеɤɬов 
вɤɥɸчаеɬ ɡавоɞ КаɦАЗ в ɇаɛеɪеɠɧых Чеɥ-
ɧах; ɤоɦɩɥеɤɫ ɡɞаɧиɣ ɧа Каɥиɧиɧɫɤоɦ ɩɪо-
ɫɩеɤɬе в ɝоɪоɞе Моɫɤве; ɪеаɤɬоɪы АЭС; 

ɫɥоɠɧые оɛоɥочечɧые ɩоɤɪыɬия ɩɪоɦыɲ-

ɥеɧɧых и ɝɪаɠɞаɧɫɤих ɡɞаɧиɣ; ɫɬыɤи, ɩɪи-

ɦеɧяеɦые в ɤɪɭɩɧоɩаɧеɥьɧых ɡɞаɧиях ɪаɡ-
ɥичɧоɣ ɷɬаɠɧоɫɬи; ɫɬыɤи ɤоɥоɧɧ ɤаɪɤаɫа 
ɦɧоɝоɷɬаɠɧых ɡɞаɧиɣ; ɬɪехɦеɪɧые ɤоɪоɛча-
ɬые ɤоɧɫɬɪɭɤɰии; оɩоɪы; ɞаɬчиɤи ɞавɥеɧия; 
оɛɴеɤɬы ɠеɥеɡɧоɞоɪоɠɧоɝо хоɡяɣɫɬва; ɩɥо-
ɬиɧы (в ɬоɦ чиɫɥе ɫ ɭчеɬоɦ ɮаɡовых ɩеɪехо-
ɞов, ɫвяɡаɧɧых ɫ ɩɪоɦеɪɡаɧиеɦ); ɮɭɧɞаɦеɧ-

ɬы; ɤоɪɩɭɫа выɫоɤоɝо ɞавɥеɧия (в ɬоɦ чиɫɥе 
ɧа ɫиɥовые воɡɞеɣɫɬвия ɩо ɞеɮоɪɦаɰиоɧɧоɣ 

ɬеоɪии ɩɥаɫɬичɧоɫɬи); оɛоɥочɤи и ɩɥаɫɬиɧы 

(ɩо ɬехɧичеɫɤиɦ ɬеоɪияɦ, ɭчиɬываɸщиɦ 

ɫɞвиɝовые хаɪаɤɬеɪиɫɬиɤи и ɧеɥиɧеɣɧо ɭɩ-

ɪɭɝɭɸ ɪаɛоɬɭ ɦаɬеɪиаɥа); ɤоɧɫɬɪɭɤɰии иɡ 
ɧеɫɠиɦаеɦых ɦаɬеɪиаɥов; ɠеɥеɡоɛеɬоɧɧые 
ɩɥиɬы (в ɬоɦ чиɫɥе ɩо ɬеоɪии ɇ.И. Каɪɩеɧ-

ɤо); ɧеоɞɧоɪоɞɧые ɩоɥɭɩɪоɫɬɪаɧɫɬва ɫо ɫɮе-
ɪичеɫɤиɦи ɩоɥоɫɬяɦи; ɩоɞɡеɦɧые ɡɞаɧия 
оɛоɝаɬиɬеɥьɧых ɮаɛɪиɤ (ɪаɫчеɬ ɬеɪɦоɧа-
ɩɪяɠеɧɧоɝо ɫоɫɬояɧия); ɬеɦɩеɪаɬɭɪɧые ɩоɥя 
ГЭС; ɧеоɞɧоɪоɞɧые ɩоɥɭɩɥоɫɤоɫɬи иɡ ɪаɡ-
ɥичɧых ɦаɬеɪиаɥов и ɬоɧɧеɥи (ɫ ɭчеɬоɦ 
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вɧɭɬɪеɧɧеɝо ɬɪеɧия в ɦаɬеɪиаɥе); оɪɬоɬɪоɩ-

ɧые ɩɥаɫɬиɧы иɡ аɫɛоɰеɦеɧɬа (в чаɫɬɧоɫɬи, 

ɩо ɦоɞеɥи Г.А. Геɧиева); оɛɥеɝчеɧɧые ɩаɧе-
ɥи-оɛоɥочɤи КɀС (ɫ ɭчеɬоɦ их ɫовɦеɫɬɧоɣ 

ɪаɛоɬы ɫ ɪеɛɪаɦи и ɞеɮоɪɦаɰиɣ ɫɞвиɝа ɩо 
ɬоɥщиɧе); ɦɧоɝоɫɥоɣɧые ɡаɦɤɧɭɬые оɛоɥоч-
ɤи ɫ ɥеɝɤиɦ ɡаɩоɥɧиɬеɥеɦ; ɫɬеɧовые ɩаɧеɥи 

ɫ ɞвеɪɧыɦи ɩɪоеɦаɦи; ɞвɭхɤоɧɫоɥьɧые ɩа-
ɧеɥи ɩоɞ ɪиɝеɥи; ɛаɲɦаɤи ɩоɞ ɤоɥоɧɧы; 

оɛɴеɤɬы ɦеɬɪоɩоɥиɬеɧа и ɬ.ɞ. 

В 1989 ɝоɞɭ А.Б. Зоɥоɬов ɡащиɬиɥ ɞоɤɬоɪ-
ɫɤɭɸ ɞиɫɫеɪɬаɰиɸ ɧа ɬеɦɭ «Поɫɬаɧовɤа и 

аɥɝоɪиɬɦы чиɫɥеɧɧоɝо ɪеɲеɧия ɤɪаевых ɡа-
ɞач ɫɬɪоиɬеɥьɧоɣ ɦехаɧиɤи ɦеɬоɞоɦ ɫɬаɧ-

ɞаɪɬɧоɣ оɛɥаɫɬи» ɩо ɫɩеɰиаɥьɧоɫɬи 05.23.17 

– «Сɬɪоиɬеɥьɧая ɦехаɧиɤа», в 1992 ɝоɞɭ еɦɭ 
ɛыɥо ɩɪиɫвоеɧо ɭчеɧое ɡваɧие ɩɪоɮеɫɫоɪа. 
С 1991 ɩо 2008 ɝоɞ Аɥеɤɫаɧɞɪ Боɪиɫович 

ɪаɛоɬаɥ в ɞоɥɠɧоɫɬи ɩɪоɮеɫɫоɪа ɤаɮеɞɪы 

иɧɮоɪɦаɬиɤи и ɩɪиɤɥаɞɧоɣ ɦаɬеɦаɬиɤи Мо-
ɫɤовɫɤоɝо ɝоɫɭɞаɪɫɬвеɧɧоɝо ɫɬɪоиɬеɥьɧоɝо 
ɭɧивеɪɫиɬеɬа (МГСɍ). В 2007 ɝоɞɭ еɦɭ ɛыɥо 
ɩɪиɫɭɠɞеɧо Почеɬɧое ɡваɧие «Почеɬɧыɣ 

ɩɪоɮеɫɫоɪ Моɫɤовɫɤоɝо ɝоɫɭɞаɪɫɬвеɧɧоɝо 

ɫɬɪоиɬеɥьɧоɝо ɭɧивеɪɫиɬеɬа». 

Аɥеɤɫаɧɞɪ Боɪиɫович оɛɥаɞаɥ ɛɥеɫɬящиɦ 

ɬаɥаɧɬоɦ ɪɭɤовоɞиɬеɥя, ɭɦевɲеɝо ɭвɥечь 
ɫвоиɦ ɩɪиɦеɪоɦ ɬаɥаɧɬɥивɭɸ ɦоɥоɞеɠь. 
Поɦиɦо аɤɬивɧоɣ ɧаɭчɧоɣ ɞеяɬеɥьɧоɫɬи оɧ 

вɫеɝɞа очеɧь ɛоɥьɲое вɧиɦаɧие ɭɞеɥяɥ ɩɪо-
ɛɥеɦаɦ ɩɪеɩоɞаваɧия. Ɉɧ ɦɧоɝие ɝоɞы чиɬаɥ 
ɥеɤɰии ɩо ɞиɫɰиɩɥиɧаɦ «ɩɪиɤɥаɞɧая ɦаɬе-
ɦаɬиɤа», «чиɫɥеɧɧые ɦеɬоɞы», «иɧɮоɪɦаɬи-

ɤа», «ɫɬɪоиɬеɥьɧая иɧɮоɪɦаɬиɤа» в МГСɍ, 

ɛыɥ оɫɧовоɩоɥоɠɧиɤоɦ ɤɭɪɫов «вычиɫɥи-

ɬеɥьɧая ɦехаɧиɤа», «аɥɝоɪиɬɦичеɫɤие яɡыɤи 

и ɩɪоɝɪаɦɦиɪоваɧие», «ɦаɬеɦаɬичеɫɤие ɦо-
ɞеɥи ɪаɫчеɬа ɫооɪɭɠеɧиɣ» ɞɥя ɫɬɭɞеɧɬов, 
аɫɩиɪаɧɬов и ɫоɬɪɭɞɧиɤов. Чиɬавɲиеɫя иɦ 

ɤɭɪɫы ɥеɤɰиɣ ɲиɪоɤо иɡвеɫɬɧы ɧаɭчɧоɣ оɛ-

щеɫɬвеɧɧоɫɬи и ɩɪеɩоɞаваɬеɥяɦ выɫɲих 
ɭчеɛɧых ɡавеɞеɧиɣ, ɤоɬоɪые ɩɪохоɞиɥи ɩо-
выɲеɧие ɤваɥиɮиɤаɰии в МГСɍ. Аɥеɤɫаɧɞɪ 

Боɪиɫович ɩɪиɧиɦаɥ аɤɬивɧое ɭчаɫɬие в 
ɪаɡɪаɛоɬɤе ɦеɬоɞичеɫɤоɣ ɞоɤɭɦеɧɬаɰии ɩо 
ɫɩеɰиаɥьɧоɫɬи 230401 (073000) «Пɪиɤɥаɞɧая 
ɦаɬеɦаɬиɤа» и ɧаɩɪавɥеɧиɸ ɩоɞɝоɬовɤи 

150300 (553300) «Пɪиɤɥаɞɧая ɦехаɧиɤа», 

ɤоɬоɪые явɥяɥиɫь ɭɧиɤаɥьɧыɦи ɞɥя выɫɲих 
ɭчеɛɧых ɡавеɞеɧиɣ ɫɬɪоиɬеɥьɧоɝо ɩɪоɮиɥя 
Роɫɫии. Ɉɧ оɫɭщеɫɬвɥяɥ ɪɭɤовоɞɫɬво ɤɭɪɫо-
выɦи и ɞиɩɥоɦɧыɦи ɪаɛоɬаɦи ɤаɤ ɫɬɭɞеɧɬов 
МГСɍ, ɬаɤ и ɞɪɭɝих выɫɲих ɭчеɛɧых ɡаве-
ɞеɧиɣ (в чаɫɬɧоɫɬи, Моɫɤовɫɤоɝо ɝоɫɭɞаɪɫɬ-
веɧɧоɝо иɧɫɬиɬɭɬа ɷɥеɤɬɪоɧиɤи и ɦаɬеɦаɬи-

ɤи, Дɧеɩɪоɩеɬɪовɫɤоɝо ɧаɰиоɧаɥьɧоɝо ɭɧи-

веɪɫиɬеɬа (ɦехаɧиɤо-ɦаɬеɦаɬичеɫɤиɣ ɮа-
ɤɭɥьɬеɬ), МГɍ иɦ. М.В. Лоɦоɧоɫова и ɞɪ.). 
В 1997 ɝоɞɭ оɧ ɛыɥ ɧаɝɪаɠɞеɧ ɧаɝɪɭɞɧыɦ 

ɡɧаɤоɦ «Почеɬɧыɣ ɪаɛоɬɧиɤ выɫɲеɝо оɛɪа-
ɡоваɧия Роɫɫии», в 2001 ɝоɞɭ – оɬɦечеɧ Ди-

ɩɥоɦоɦ Меɠɞɭɧаɪоɞɧоɣ аɫɫоɰиаɰии ɫɬɪои-

ɬеɥьɧых выɫɲих ɭчеɛɧых ɡавеɞеɧиɣ (АСВ). 

А.Б. Зоɥоɬов ɛыɥ оɫɧоваɬеɥеɦ и ɛеɫɫɦеɧɧыɦ 

ɪɭɤовоɞиɬеɥеɦ ɧаɭчɧых ɤоɥɥеɤɬивов, ɭɫ-
ɩеɲɧо ɪаɛоɬаɸщих и в ɧаɫɬоящее вɪеɦя. Ɉɧ 

воɡɝɥавɥяɥ ɮɭɧɤɰиоɧиɪɭɸщɭɸ в МГСɍ 

ɤɪɭɩɧɭɸ ɧаɭчɧɭɸ ɲɤоɥɭ «Чиɫɥеɧɧое ɦоɞе-
ɥиɪоваɧие и ɦеɬоɞы ɩɪиɤɥаɞɧоɣ ɦаɬеɦаɬиɤи 

в ɡаɞачах ɫɬɪоиɬеɥьɫɬва», оɛɴеɞиɧяɸщɭɸ 

ɭчеɧых, ɲиɪоɤо иɡвеɫɬɧых ɤаɤ в Роɫɫии, ɬаɤ 
и ɡа ɪɭɛеɠоɦ. Ɉɫɧовɧое ɧаɩɪавɥеɧие ɞея-
ɬеɥьɧоɫɬи ɲɤоɥы ɫоɫɬоиɬ в ɪаɡɪаɛоɬɤе ɦаɬе-
ɦаɬичеɫɤих ɦоɞеɥеɣ и чиɫɥеɧɧых ɦеɬоɞов 
ɪеɲеɧия ɫɬɪоиɬеɥьɧых ɡаɞач. Поɞ ɪɭɤово-
ɞɫɬвоɦ А.Б. Зоɥоɬова и ɩɪи еɝо ɧеɩоɫɪеɞɫɬ-
веɧɧоɦ ɭчаɫɬии ɡащищеɧы ɲеɫɬь ɞоɤɬоɪ-
ɫɤих и ɛоɥее ɞваɞɰаɬи ɤаɧɞиɞаɬɫɤих ɞиɫɫеɪ-
ɬаɰиɣ. Ɉɧ оɪɝаɧиɡоваɥ и ɤɭɪиɪоваɥ ɞеɣɫɬ-
вɭɸщиɣ ɩɪи ɲɤоɥе ɤɪɭɠоɤ ɫɬɭɞеɧчеɫɤоɝо 
ɧаɭчɧоɝо оɛщеɫɬва, иɡ ɤоɬоɪоɝо выɲɥи ɦɧо-
ɝие ɫɩеɰиаɥиɫɬы, ɭчеɧые и ɩɪеɩоɞаваɬеɥи, в 
ɬоɦ чиɫɥе, оɞиɧ иɡ ɡавеɞɭɸщих ɤаɮеɞɪоɣ 

иɧɮоɪɦаɬиɤи и ɩɪиɤɥаɞɧоɣ ɦаɬеɦаɬиɤи 

МГСɍ. 

А.Б. Зоɥоɬов ɞоɥɝие ɝоɞы ɛыɥ чɥеɧоɦ ɞиɫ-
ɫеɪɬаɰиоɧɧоɝо ɫовеɬа      Д 212.138.12 ɩо ɡа-
щиɬе ɤаɧɞиɞаɬɫɤих и ɞоɤɬоɪɫɤих ɞиɫɫеɪɬа-
ɰиɣ ɩо ɫɩеɰиаɥьɧоɫɬяɦ «Сɬɪоиɬеɥьɧая ɦе-
хаɧиɤа» (05.23.17), «Мехаɧиɤа ɞеɮоɪɦиɪɭе-
ɦоɝо ɬвеɪɞоɝо ɬеɥа» (01.02.04) и «Маɬеɦаɬи-

чеɫɤое ɦоɞеɥиɪоваɧие, чиɫɥеɧɧые ɦеɬоɞы и 

ɤоɦɩɥеɤɫы ɩɪоɝɪаɦɦ» (05.13.18) в МГСɍ. 
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А.Б. Зоɥоɬов – иɡвеɫɬɧыɣ ɭчеɧыɣ-

ɫɩеɰиаɥиɫɬ в оɛɥаɫɬи ɫɬɪоиɬеɥьɧоɣ ɦехаɧи-

ɤи, ɦехаɧиɤи ɞеɮоɪɦиɪɭеɦоɝо ɬвеɪɞоɝо ɬеɥа, 
ɦаɬеɦаɬичеɫɤоɝо ɦоɞеɥиɪоваɧия и чиɫɥеɧ-

ɧых ɦеɬоɞов. В ɬечеɧие вɫеɣ ɫвоеɣ ɩɪоɞоɥ-
ɠиɬеɥьɧоɣ ɧаɭчɧо-ɩеɞаɝоɝичеɫɤоɣ ɞеяɬеɥь-
ɧоɫɬи оɧ явɥяɥɫя оɫɧовɧыɦ ɤоɧɫɭɥьɬаɧɬоɦ и 

ɩɪиɡɧаɧɧыɦ ɷɤɫɩеɪɬоɦ ɩо чиɫɥеɧɧыɦ ɦеɬо-
ɞаɦ во вɫех оɪɝаɧиɡаɰиях, в ɤоɬоɪых ɪаɛо-
ɬаɥ. Чɭɠɞыɣ ɤаɪьеɪиɡɦа, оɧ ɩоɥɭчиɥ ɩɪи-

ɡɧаɧие ɬоɥьɤо ɛɥаɝоɞаɪя ɫвоеɦɭ ɧеɡаɭɪяɞ-

ɧоɦɭ ɬаɥаɧɬɭ, ɧаɭчɧоɣ иɧɬɭиɰии, оɝɪоɦɧыɦ 

ɪаɡɧоɫɬоɪоɧɧиɦ ɡɧаɧияɦ и иɫɤɥɸчиɬеɥьɧоɣ 

ɪаɛоɬоɫɩоɫоɛɧоɫɬи. Аɥеɤɫаɧɞɪ Боɪиɫович 

ɪаɡɪаɛоɬаɥ и ɪаɡвиɥ ɦеɬоɞ ɫɬаɧɞаɪɬɧоɣ 

(ɪаɫɲиɪеɧɧоɣ) оɛɥаɫɬи ɞɥя ɩоɫɬаɧовɤи и аɩ-

ɩɪоɤɫиɦаɰии ɤɪаевых ɡаɞач ɪаɫчеɬа ɫɬɪои-

ɬеɥьɧых ɤоɧɫɬɪɭɤɰиɣ, ɡɞаɧиɣ и ɫооɪɭɠеɧиɣ; 

ɦеɬоɞы ɪеɲеɧия ɬɪехɦеɪɧых ɡаɞач ɫɬɪои-

ɬеɥьɧоɣ ɦехаɧиɤи и ɦехаɧиɤи ɞеɮоɪɦиɪɭе-
ɦоɝо ɬвеɪɞоɝо ɬеɥа ɫ иɫɩоɥьɡоваɧиеɦ ɷɤоɧо-
ɦичɧых ɪаɡɧоɫɬɧых ɩоɞхоɞов; ɥеɧɬочɧые 
аɥɝоɪиɬɦы ɮоɪɦиɪоваɧия и ɪеɲеɧия ɤɪае-
вых ɡаɞач ɪаɫчеɬа ɫɬɪоиɬеɥьɧых ɤоɧɫɬɪɭɤ-
ɰиɣ, ɡɞаɧиɣ и ɫооɪɭɠеɧиɣ; ɦɧоɝоɫеɬочɧые 
(ɩоɥɭиɬеɪаɰиоɧɧые) ɦеɬоɞы, ɦеɬоɞы аɝɪеɝи-

ɪоваɧия, ɦɧоɝоɭɪовɧевые ɦеɬоɞы ɞɥя ɪаɫче-
ɬа ɫɬɪоиɬеɥьɧых ɤоɧɫɬɪɭɤɰиɣ, ɡɞаɧиɣ и ɫо-
оɪɭɠеɧиɣ; еɞиɧыɣ аɥɝоɪиɬɦ ɪеɲеɧия ɤɪае-
вых ɡаɞач ɧа оɫɧове ɦеɬоɞа ɛаɡиɫɧых ваɪиа-
ɰиɣ; ɦеɬоɞ ɮɪаɝɦеɧɬаɰии ɞɥя ɪаɫчеɬа ɫɬɪои-

ɬеɥьɧых ɤоɧɫɬɪɭɤɰиɣ; ɦеɬоɞ ɥоɤаɥиɡаɰии 

ɞɥя ɪаɫчеɬа ɫɬɪоиɬеɥьɧых ɤоɧɫɬɪɭɤɰиɣ; ɦе-
ɬоɞ ɥоɤаɥьɧоɝо аɧаɥиɡа ɫɬɪоиɬеɥьɧых ɤоɧɫɬ-
ɪɭɤɰиɣ, иɫɩоɥьɡɭɸщиɣ веɣвɥеɬ-аɧаɥиɡ; ɦе-
ɬоɞы ɞиɫɤɪеɬɧых ɝɪаɧичɧых ɭɪавɧеɧиɣ ɞɥя 
ɪаɫчеɬа ɫɬɪоиɬеɥьɧых ɤоɧɫɬɪɭɤɰиɣ; ɫɩеɤ-
ɬɪаɥьɧыɣ ɦеɬоɞ ɝɪаɧичɧых ɷɥеɦеɧɬов ɞɥя 
ɪаɫчеɬа ɫɬɪоиɬеɥьɧых ɤоɧɫɬɪɭɤɰиɣ; ɦеɬоɞы 

оɩɬиɦиɡаɰии ɤоɧɫɬɪɭɤɰиɣ; чиɫɥеɧɧо-
аɧаɥиɬичеɫɤие ɦеɬоɞы ɪаɫчеɬа ɫɬɪоиɬеɥьɧых 

ɤоɧɫɬɪɭɤɰиɣ, ɡɞаɧиɣ и ɫооɪɭɠеɧиɣ; ɦеɬоɞы 

ɬочɧоɝо аɧаɥиɬичеɫɤоɝо ɪеɲеɧия ɦɧоɝоɬо-
чечɧых ɤɪаевых ɡаɞач ɫɬɪоиɬеɥьɧоɣ ɦехаɧи-

ɤи; ɤоɪɪеɤɬɧыɣ ɞиɫɤɪеɬɧо-аɧаɥиɬичеɫɤиɣ 

ɦеɬоɞ ɪаɫчеɬа ɫɬɪоиɬеɥьɧых оɛɴеɤɬов ɪеɝɭ-
ɥяɪɧоɣ ɫɬɪɭɤɬɭɪы; ɩɪеɞɥоɠиɥ оɩеɪаɬоɪɧые 

и ɛеɡɭɫɥовɧые ваɪиаɰиоɧɧые ɩоɫɬаɧовɤи 

ɤɪаевых ɡаɞач ɪаɫчеɬа ɫɬɪоиɬеɥьɧых ɤоɧɫɬ-
ɪɭɤɰиɣ. 

Личɧо А.Б. Зоɥоɬовыɦ и ɩоɞ еɝо ɧеɩоɫɪеɞɫɬ-
веɧɧыɦ ɪɭɤовоɞɫɬвоɦ ɪаɡɪаɛоɬаɧы ɭɧивеɪ-
ɫаɥьɧые ɩɪоɝɪаɦɦɧые ɤоɦɩɥеɤɫы ɞɥя ɪаɫче-
ɬа ɞвɭɦеɪɧых и ɬɪехɦеɪɧых ɫɬɪоиɬеɥьɧых 
ɤоɧɫɬɪɭɤɰиɣ, а ɬаɤɠе ɪеɲеɧия ɲиɪоɤоɝо 
ɤɥаɫɫа ɤɪаевых ɡаɞач ɧа оɫɧове еɞиɧых аɥ-
ɝоɪиɬɦов и ɩɪоɝɪаɦɦ. Пɪовеɞеɧɧые ɪаɛоɬы 

оɬɦечеɧы Почеɬɧоɣ ɝɪаɦоɬоɣ Миɧиɫɬеɪɫɬва 
выɫɲеɝо и ɫɪеɞɧеɝо ɫɩеɰиаɥьɧоɝо оɛɪаɡова-
ɧия СССР ɡа ɥɭчɲɭɸ ɧаɭчɧɭɸ ɪаɛоɬɭ и ɡо-
ɥоɬоɣ ɦеɞаɥьɸ «За ɞоɫɬиɝɧɭɬые ɭɫɩехи в 
ɪаɡвиɬии ɧаɪоɞɧоɝо хоɡяɣɫɬва СССР» ВДɇХ 

СССР (ɡа ɪаɡɪаɛоɬɤи в оɛɥаɫɬи САПР – ɬех-
ɧоɥоɝичеɫɤие ɥиɧии ɩɪоеɤɬиɪоваɧия ɫɬɪои-

ɬеɥьɧых ɤоɧɫɬɪɭɤɰиɣ). 

Аɥеɤɫаɧɞɪ Боɪиɫович − авɬоɪ и ɫоавɬоɪ 4 

ɦоɧоɝɪаɮиɣ, 7 ɭчеɛɧых ɩоɫоɛиɣ, ɛоɥее 260 

ɧаɭчɧых и ɭчеɛɧо-ɦеɬоɞичеɫɤих ɩɭɛɥиɤа-
ɰиɣ. Реɡɭɥьɬаɬы выɩоɥɧеɧɧых иɦ иɫɫɥеɞо-
ваɧиɣ ɦɧоɝоɤɪаɬɧо ɞоɤɥаɞываɥиɫь ɧа ɪаɡ-
ɥичɧых вɫеɫоɸɡɧых, вɫеɪоɫɫиɣɫɤих и ɦеɠ-

ɞɭɧаɪоɞɧых ɤоɧɮеɪеɧɰиях, ɫиɦɩоɡиɭɦах, 
ɤоɧɝɪеɫɫах, ɫеɦиɧаɪах. ɇа ɩɪоɬяɠеɧии вɫеɣ 

ɠиɡɧи оɧ веɥ аɤɬивɧое ɦеɠɞɭɧаɪоɞɧое ɫо-
ɬɪɭɞɧичеɫɬво ɫ ɤоɥɥеɝаɦи иɡ ɭɧивеɪɫиɬеɬов, 
иɫɫɥеɞоваɬеɥьɫɤих и ɩɪоеɤɬɧых оɪɝаɧиɡаɰиɣ 

Геɪɦаɧии, Фɪаɧɰии, Поɥьɲи, Сɥоваɤии, 

США, ɍɤɪаиɧы и ɞɪɭɝих ɫɬɪаɧ, выɫɬɭɩаɥ ɡа 
ɪɭɛеɠоɦ ɫ ɥеɤɰияɦи и ɧаɭчɧыɦи ɞоɤɥаɞаɦи. 

А.Б. Зоɥоɬов вхоɞиɥ в ɪеɞаɤɰиоɧɧые ɤоɥɥе-
ɝии и ɫовеɬы ɦɧоɝих ɪоɫɫиɣɫɤих ɩеɪиоɞиче-
ɫɤих ɩечаɬɧых иɡɞаɧиɣ, а ɫ 2003 ɝоɞа ɡаɧи-

ɦаɥ ɩоɫɬ ɡаɦеɫɬиɬеɥя ɝɥавɧоɝо ɪеɞаɤɬоɪа 
ɦеɠɞɭɧаɪоɞɧоɝо ɠɭɪɧаɥа International Jour-

nal for Computational Civil and Structural En-

gineering. 

А.Б. Зоɥоɬов ɫɬояɥ ɭ иɫɬоɤов ɫоɡɞаɧия в Роɫ-
ɫиɣɫɤоɣ аɤаɞеɦии аɪхиɬеɤɬɭɪы и ɫɬɪоиɬеɥь-
ɧых ɧаɭɤ ɇаɭчɧоɝо Совеɬа «Пɪоɝɪаɦɦɧые 
ɫɪеɞɫɬва в ɫɬɪоиɬеɥьɫɬве и аɪхиɬеɤɬɭɪе», 

чɥеɧоɦ ɤоɬоɪоɝо в ɫаɦоɦ ɩеɪвоɦ ɫоɫɬаве оɧ 

ɫɬаɥ в 2005 ɝоɞɭ. В 2007 ɝоɞɭ оɧ ɛыɥ ɭɞоɫɬо-
еɧ Диɩɥоɦа Роɫɫиɣɫɤоɣ аɤаɞеɦии аɪхиɬеɤ-
ɬɭɪы и ɫɬɪоиɬеɥьɧых ɧаɭɤ ɡа ɦоɧоɝɪаɮиɸ 
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«ɇеɤоɬоɪые аɧаɥиɬиɤо-чиɫɥеɧɧые ɦеɬоɞы 

ɪеɲеɧия ɤɪаевых ɡаɞач ɫɬɪоиɬеɥьɧоɣ ɦеха-
ɧиɤи», еще оɞиɧ ɞиɩɥоɦ, ɭɠе ɩоɫɦеɪɬɧо, 
ɛыɥ ɩɪиɫɭɠɞеɧ Аɥеɤɫаɧɞɪɭ Боɪиɫовичɭ в 
2009 ɝоɞɭ ɡа ɞɪɭɝɭɸ ɦоɧоɝɪаɮиɸ − «Маɬе-
ɦаɬичеɫɤие ɦеɬоɞы в ɫɬɪоиɬеɥьɧоɣ ɦехаɧи-

ɤе». В 2008 ɝоɞɭ оɧ ɛыɥ иɡɛɪаɧ Почеɬɧыɦ 

чɥеɧоɦ Роɫɫиɣɫɤоɣ аɤаɞеɦии аɪхиɬеɤɬɭɪы и 

ɫɬɪоиɬеɥьɧых ɧаɭɤ. 
Моɠɧо ɫɤаɡаɬь, чɬо оɬ ɲɤоɥьɧоɣ ɫɤаɦьи ɞо 
ɫаɦых ɩоɫɥеɞɧих ɧеɞеɥь ɠиɡɧи оɧ ɧеɩɪе-
ɪывɧо ɠиɥ в оɛɥаɫɬи выɫоɤих иɧɬеɪеɫов 
ɧаɭɤи, иɦи ɝоɪеɥ. Аɥеɤɫаɧɞɪ Боɪиɫович ɛыɥ 
ɩɪеɤɪаɫɧыɦ ɫеɦьяɧиɧоɦ, оɬɞавɲиɦ ɥɭчɲие 
чɭвɫɬва щеɞɪоɣ ɞɭɲи и ɝоɪячеɝо ɫеɪɞɰа ɫво-
еɣ ɞɪɭɠɧоɣ и ɩɪеɞаɧɧоɣ ɫеɦье. Боɥьɲиɦ 

ɫчаɫɬьеɦ ɛыɥа ɞɥя ɧеɝо вɫɬɪеча ɫ Веɪоɣ 

Аɥеɤɫаɧɞɪовɧоɣ, ɫ ɤоɬоɪоɣ оɧи ɩɪоɠиɥи в 
ɥɸɛви и ɫоɝɥаɫии ɛоɥее 50 ɥеɬ. Двеɪи их 
ɝоɫɬеɩɪииɦɧоɝо ɞоɦа вɫеɝɞа ɛыɥи ɪаɫɩахɧɭ-
ɬы ɞɥя ɭчеɧиɤов, ɤоɥɥеɝ и ɞɪɭɡеɣ. 

ɇеɥьɡя ɧе оɬɦеɬиɬь и ɧевеɪояɬɧɭɸ ɭвɥечеɧ-

ɧоɫɬь Аɥеɤɫаɧɞɪа Боɪиɫовича ɫɩоɪɬоɦ. Ɉɧ 

ɞоɛиваɥɫя выɫоɤих ɪеɡɭɥьɬаɬов в ɫаɦых ɪаɡ-
ɧых виɞах: ɛеɝ, ɤоɧьɤоɛеɠɧыɣ ɫɩоɪɬ, аɥьɩи-

ɧиɡɦ, ɩɥаваɧье, ɝɪеɛɥя ɧа ɛаɣɞаɪɤах, веɥо-
ɫɩоɪɬ, ɛеɝовые ɥыɠи. Вɩɥоɬь ɞо ɫаɦоɝо ɩо-
ɫɥеɞɧеɝо вɪеɦеɧи оɧ ɩɪоɤɥаɞываɥ ɦɧоɝоɤи-

ɥоɦеɬɪовые ɥыɠɧые ɬɪаɫɫы в Поɞɦоɫɤовье, 
а ɡаɞаваеɦыɣ ɩɪи ɷɬоɦ ɬеɦɩ их ɩɪохоɠɞеɧия 
ɦоɝ ɛыɬь ɩоɞɞеɪɠаɧ ɞаɥеɤо ɧе вɫеɦи еɝо ɛо-
ɥее ɦоɥоɞыɦи ɩоɩɭɬчиɤаɦи. 

Аɥеɤɫаɧɞɪ Боɪиɫович ɭɲеɥ иɡ ɠиɡɧи. ɇо вɫе 
иɦ ɫоɡɞаɧɧое ɧавеɤи оɫɬаеɬɫя в ɧаɩиɫаɧɧых 
иɦ ɤɧиɝах и ɧаɭчɧых ɫɬаɬьях, в ɩеɪеɞаɧɧых 
ɡɧаɧиях, в ɩаɦяɬи и ɫеɪɞɰах ɞɪɭɡеɣ, ɭчеɧи-

ɤов и ɩоɫɥеɞоваɬеɥеɣ, а ɬаɤɠе ɛɭɞɭщих ɧа-
ɭчɧых ɪаɛоɬɧиɤов. 
 

 

Кɨллеги, учеɧики 



International Journal for Computational Civil and Structural Engineering, 5(1&2) 166-185 (2009) 

 

166 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Ɉ ɇАɍЧɇɈ-ɌȼɈРЧЕɋКɈɃ ДЕЯɌЕɅɖɇɈɋɌИ 

АɅЕКɋАɇДРА ȻɈРИɋɈȼИЧА ɁɈɅɈɌɈȼА 
 

В.Н. Сидоров, П.А. Акимов 
Моɫɤовɫɤиɣ ɝоɫɭɞаɪɫɬвеɧɧыɣ ɫɬɪоиɬеɥьɧыɣ ɭɧивеɪɫиɬеɬ, ɝ. Моɫɤва, РɈССИə 

 

АɇɇɈɌАЦИЯ: ɇаɫɬоящая ɫɬаɬья ɩоɫвящеɧа оɩиɫаɧиɸ ɧаɭчɧо-ɬвоɪчеɫɤоɣ ɞеяɬеɥьɧоɫɬи Почеɬɧоɝо 
аɤаɞеɦиɤа Роɫɫиɣɫɤоɣ аɤаɞеɦии аɪхиɬеɤɬɭɪы и ɫɬɪоиɬеɥьɧых ɧаɭɤ, Почеɬɧоɝо ɪаɛоɬɧиɤа выɫɲеɝо оɛɪа-
ɡоваɧия Роɫɫии, Почеɬɧоɝо ɩɪоɮеɫɫоɪа Моɫɤовɫɤоɝо ɝоɫɭɞаɪɫɬвеɧɧоɝо ɫɬɪоиɬеɥьɧоɝо ɭɧивеɪɫиɬеɬа, 
ɩɪоɮеɫɫоɪа, ɞоɤɬоɪа ɬехɧичеɫɤих ɧаɭɤ, ɩɪоɮеɫɫоɪа ɤаɮеɞɪы иɧɮоɪɦаɬиɤи и ɩɪиɤɥаɞɧоɣ ɦаɬеɦаɬиɤи 
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1. ɉɈɋɅɍɀɇɈɃ ɋɉИɋɈК 

 

Аɥеɤɫаɧɞɪ Боɪиɫович Зоɥоɬов ɪоɞиɥɫя 7 яɧ-

ваɪя 1937 ɝоɞа в ɝоɪоɞе Моɫɤве. В 1959 ɝоɞɭ 

оɤоɧчиɥ Сɬɪоиɬеɥьɧыɣ ɮаɤɭɥьɬеɬ Моɫɤов-
ɫɤоɝо иɧɫɬиɬɭɬа иɧɠеɧеɪов ɬɪаɧɫɩоɪɬа 
(МИИТ), ɩоɥɭчив ɫɩеɰиаɥьɧоɫɬь иɧɠеɧеɪа-
ɫɬɪоиɬеɥя. Поɫɥе оɤоɧчаɧия ВɍЗа ɪаɛоɬаɥ 
ɦаɫɬеɪоɦ во Вɫеɫоɸɡɧоɦ ɬɪеɫɬе ɩо ɪеɤоɧɫɬ-
ɪɭɤɰии ɠеɥеɡɧоɞоɪоɠɧых ɩɭɬеɣ (Реɤɩɭɬь), 
ɡаɬеɦ ɩɪоеɤɬиɪовщиɤоɦ в оɬɞеɥе «Иɧɠеɧеɪ-
ɧые ɤоɧɫɬɪɭɤɰии» Гоɫɭɞаɪɫɬвеɧɧоɝо ɩɪо-
еɤɬɧо-иɡыɫɤаɬеɥьɫɤоɝо иɧɫɬиɬɭɬа «Гиɩɪо-
ɩɪоɦɬɪаɧɫɫɬɪоɣ» Миɧиɫɬеɪɫɬва ɬɪаɧɫɩоɪɬ-
ɧоɝо ɫɬɪоиɬеɥьɫɬва СССР. В 1962 ɝоɞɭ ɩо-
ɫɬɭɩиɥ в очɧɭɸ аɫɩиɪаɧɬɭɪɭ ɐеɧɬɪаɥьɧоɝо 
ɧаɭчɧо-иɫɫɥеɞоваɬеɥьɫɤоɝо иɧɫɬиɬɭɬа ɫɬɪои-

ɬеɥьɧых ɤоɧɫɬɪɭɤɰиɣ иɦ. В.А. Кɭчеɪеɧɤо 
(ɐɇИИСК) и оɞɧовɪеɦеɧɧо ɧа ɦехаɧиɤо-
ɦаɬеɦаɬичеɫɤиɣ ɮаɤɭɥьɬеɬ Моɫɤовɫɤоɝо ɝо-
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ɫɭɞаɪɫɬвеɧɧоɝо ɭɧивеɪɫиɬеɬа иɦ. М.В. Ло-
ɦоɧоɫова (МГɍ), ɤоɬоɪыɣ оɤоɧчиɥ в 1967 

ɝоɞɭ. Раɛоɬаɥ в вычиɫɥиɬеɥьɧоɦ ɰеɧɬɪе 
ɐɇИИСК в ɞоɥɠɧоɫɬях ɦɥаɞɲеɝо ɧаɭчɧоɝо 
ɫоɬɪɭɞɧиɤа, ɝɥавɧоɝо иɧɠеɧеɪа, ɫɬаɪɲеɝо 
ɧаɭчɧоɝо ɫоɬɪɭɞɧиɤа, ɡавеɞɭɸщеɝо ɥаɛоɪа-
ɬоɪиеɣ. В 1973 ɝоɞɭ ɛыɥ ɩɪиɝɥаɲеɧ в Моɫ-
ɤовɫɤиɣ иɧɠеɧеɪɧо-ɫɬɪоиɬеɥьɧыɣ иɧɫɬиɬɭɬ 
иɦ. В.В. Кɭɣɛыɲева (МИСИ) ɧа ɞоɥɠɧоɫɬь 
ɞоɰеɧɬа ɤаɮеɞɪы иɧɮоɪɦаɬиɤи и ɩɪиɤɥаɞ-

ɧоɣ ɦаɬеɦаɬиɤи ɩо ɤаɬеɝоɪии «веɞɭщиɣ ɫɩе-
ɰиаɥиɫɬ ɫ ɩɪоиɡвоɞɫɬва». В ɬечеɧие 10 ɥеɬ 
ɡаɧиɦаɥ ɩоɫɬ ɡавеɞɭɸщеɝо вычиɫɥиɬеɥьɧоɝо 
ɰеɧɬɪа МИСИ (Вɐ МИСИ), явɥяяɫь оɞɧо-
вɪеɦеɧɧо оɪɝаɧиɡаɬоɪоɦ и ɪɭɤовоɞиɬеɥеɦ 

ɧаɭчɧоɝо оɬɞеɥа Вɐ МИСИ, ɡаɧиɦавɲеɝоɫя 
ɧаɭчɧо-ɬехɧичеɫɤиɦ и ɦаɬеɦаɬичеɫɤиɦ 

оɛеɫɩечеɧиеɦ ɫɪеɞɫɬваɦи вычиɫɥиɬеɥьɧоɣ 

ɬехɧиɤи ɪеɲеɧия ɫɬɪоиɬеɥьɧых ɡаɞач и ав-
ɬоɦаɬиɡаɰии ɫɬɪоиɬеɥьɧоɝо ɩɪоеɤɬиɪоваɧия. 
В оɬɞеɥе веɥиɫь ɪаɡɪаɛоɬɤи ɦеɬоɞов и чиɫ-
ɥеɧɧые иɫɫɥеɞоваɧия ɞɥя ɪаɡɥичɧых ɡаɞач 
ɪаɫчеɬа ɫɬɪоиɬеɥьɧых ɤоɧɫɬɪɭɤɰиɣ, ɡɞаɧиɣ и 

ɫооɪɭɠеɧиɣ. Заɤаɡчиɤаɦи выɫɬɭɩаɥи ɩоɞ-
ɪаɡɞеɥеɧия МИСИ и вɧеɲɧие оɪɝаɧиɡаɰии. 

В 1970 ɝоɞɭ ɡащиɬиɥ ɤаɧɞиɞаɬɫɤɭɸ ɞиɫɫеɪ-
ɬаɰиɸ ɧа ɬеɦɭ «Чиɫɥеɧɧое ɪеɲеɧие вɬоɪоɣ 

ɩɪоɫɬɪаɧɫɬвеɧɧоɣ ɡаɞачи ɬеоɪии ɭɩɪɭɝоɫɬи» 

ɩо ɫɩеɰиаɥьɧоɫɬи 022 – «Соɩɪоɬивɥеɧие ɦа-
ɬеɪиаɥов и ɫɬɪоиɬеɥьɧая ɦехаɧиɤа». В 1989 

ɝоɞɭ ɡащиɬиɥ ɞоɤɬоɪɫɤɭɸ ɞиɫɫеɪɬаɰиɸ ɧа 
ɬеɦɭ «Поɫɬаɧовɤа и аɥɝоɪиɬɦы чиɫɥеɧɧоɝо 
ɪеɲеɧия ɤɪаевых ɡаɞач ɫɬɪоиɬеɥьɧоɣ ɦеха-
ɧиɤи ɦеɬоɞоɦ ɫɬаɧɞаɪɬɧоɣ оɛɥаɫɬи» ɩо ɫɩе-
ɰиаɥьɧоɫɬи 05.23.17 – «Сɬɪоиɬеɥьɧая ɦеха-
ɧиɤа». В 1976 ɝоɞɭ еɦɭ ɛыɥо ɩɪиɫвоеɧо ɭче-
ɧое ɡваɧие ɞоɰеɧɬа, а в 1992 ɝоɞɭ – ɩɪоɮеɫ-
ɫоɪа. 
əвɥяɥɫя чɥеɧоɦ ɞиɫɫеɪɬаɰиоɧɧоɝо ɫовеɬа ɩо 

ɡащиɬе ɤаɧɞиɞаɬɫɤих и ɞоɤɬоɪɫɤих ɞиɫɫеɪ-
ɬаɰиɣ ɩо ɫɩеɰиаɥьɧоɫɬяɦ 05.23.17 – «Сɬɪои-

ɬеɥьɧая ɦехаɧиɤа», 01.02.04 – «Мехаɧиɤа 
ɞеɮоɪɦиɪɭеɦоɝо ɬвеɪɞоɝо ɬеɥа» и 05.13.18 – 

«Маɬеɦаɬичеɫɤое ɦоɞеɥиɪоваɧие, чиɫɥеɧ-

ɧые ɦеɬоɞы и ɤоɦɩɥеɤɫы ɩɪоɝɪаɦɦ». С 2005 

ɝоɞа явɥяɥɫя чɥеɧоɦ ɇаɭчɧоɝо Совеɬа Роɫ-
ɫиɣɫɤоɣ аɤаɞеɦии аɪхиɬеɤɬɭɪы и ɫɬɪоиɬеɥь-

ɧых ɧаɭɤ (РААСɇ) «Пɪоɝɪаɦɦɧые ɫɪеɞɫɬва 
в ɫɬɪоиɬеɥьɫɬве и аɪхиɬеɤɬɭɪе». В 2007 ɝоɞɭ 

ɛыɥ иɡɛɪаɧ Почеɬɧыɦ ɩɪоɮеɫɫоɪоɦ МГСɍ, а 
в 2008 – Почеɬɧыɦ чɥеɧоɦ РААСɇ. 

Быɥ ɧаɝɪаɠɞеɧ: в 1984 ɝоɞɭ – Почеɬɧоɣ ɝɪа-
ɦоɬоɣ Миɧвɭɡа СССР ɡа ɥɭчɲɭɸ ɧаɭчɧɭɸ 

ɪаɛоɬɭ, еɝо ɡаɫɥɭɝи оɬɦечеɧы ɡоɥоɬоɣ ɦеɞа-
ɥьɸ «За ɞоɫɬиɝɧɭɬые ɭɫɩехи в ɪаɡвиɬии ɧа-
ɪоɞɧоɝо хоɡяɣɫɬва СССР» ВДɇХ СССР (ɡа 
ɪаɡɪаɛоɬɤи в оɛɥаɫɬи САПР – ɬехɧоɥоɝиче-
ɫɤие ɥиɧии ɩɪоеɤɬиɪоваɧия ɫɬɪоиɬеɥьɧых 
ɤоɧɫɬɪɭɤɰиɣ); в 1997 ɝоɞɭ – ɧаɝɪɭɞɧыɦ ɡɧа-
ɤоɦ «Почеɬɧыɣ ɪаɛоɬɧиɤ выɫɲеɝо оɛɪаɡова-
ɧия Роɫɫии»; в 2001 ɝоɞɭ – Диɩɥоɦоɦ Меɠ-

ɞɭɧаɪоɞɧоɣ аɫɫоɰиаɰии ɫɬɪоиɬеɥьɧых выɫ-
ɲих ɭчеɛɧых ɡавеɞеɧиɣ, в 2007 и 2009 ɝоɞах 
– Диɩɥоɦаɦи РААСɇ. 

Аɥеɤɫаɧɞɪ Боɪиɫович ɭɲеɥ иɡ ɠиɡɧи 12 ɫеɧ-

ɬяɛɪя 2008 ɝоɞа. 
 

 

2. ɇАɍЧɇɈ-ɉЕДАȽɈȽИЧЕɋКАЯ  

ДЕЯɌЕɅɖɇɈɋɌɖ 

 

Пɪоɮеɫɫоɪ А.Б. Зоɥоɬов – иɡвеɫɬɧыɣ ɭчеɧыɣ 

и ɫɩеɰиаɥиɫɬ в оɛɥаɫɬи ɫчиɫɥеɧɧых, аɧаɥиɬи-

чеɫɤих и чиɫɥеɧɧо-аɧаɥиɬичеɫɤих ɦеɬоɞов 
ɪаɫчеɬа ɫɬɪоиɬеɥьɧых ɤоɧɫɬɪɭɤɰиɣ, ɡɞаɧиɣ и 

ɫооɪɭɠеɧиɣ ɫ иɫɩоɥьɡоваɧиеɦ вычиɫɥиɬеɥь-
ɧоɣ ɬехɧиɤи, а ɬаɤɠе оɩыɬɧыɣ оɪɝаɧиɡаɬоɪ 
вɭɡовɫɤоɣ ɧаɭɤи, ɩɪиɧиɦаɥ ɫаɦое аɤɬивɧое 
ɭчаɫɬие в ɩоɞɝоɬовɤе и воɫɩиɬаɧии ɧаɭчɧых 
ɤаɞɪов. 
А.Б. Зоɥоɬов ɧа ɩɪоɬяɠеɧии вɫеɣ ɩɪоɮеɫ-
ɫиоɧаɥьɧоɣ ɞеяɬеɥьɧоɫɬи ɛыɥ ɪɭɤовоɞиɬе-
ɥеɦ ɧаɭчɧых ɤоɥɥеɤɬивов, ɭɫɩеɲɧо ɪаɛо-
ɬаɸщих и в ɧаɫɬоящее вɪеɦя. Ɉɧ оɫɧоваɥ 
ɤɪɭɩɧɭɸ ɧаɭчɧɭɸ ɲɤоɥɭ МИСИ – МГСɍ 

«Чиɫɥеɧɧое ɦоɞеɥиɪоваɧие и ɦеɬоɞы ɩɪи-

ɤɥаɞɧоɣ ɦаɬеɦаɬиɤи в ɡаɞачах ɫɬɪоиɬеɥьɫɬ-
ва», оɛɴеɞиɧяɸщɭɸ ɭчеɧых, ɲиɪоɤо иɡвеɫɬ-
ɧых, ɤаɤ в Роɫɫии, ɬаɤ и ɡа ɪɭɛеɠоɦ. Ɉɫɧов-
ɧое ɧаɩɪавɥеɧие ɞеяɬеɥьɧоɫɬи ɲɤоɥы ɫоɫɬо-
иɬ в ɪаɡɪаɛоɬɤе ɦаɬеɦаɬичеɫɤих ɦоɞеɥеɣ и 

чиɫɥеɧɧых ɦеɬоɞов ɪеɲеɧия ɫɬɪоиɬеɥьɧых 
ɡаɞач. Поɞ ɪɭɤовоɞɫɬвоɦ А.Б. Зоɥоɬова и ɩɪи 

еɝо ɧеɩоɫɪеɞɫɬвеɧɧоɦ ɭчаɫɬии ɡащищеɧы 
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ɲеɫɬь ɞоɤɬоɪɫɤих и ɛоɥее ɞваɞɰаɬи ɤаɧɞи-

ɞаɬɫɤих ɞиɫɫеɪɬаɰиɣ. Ɉɧ оɪɝаɧиɡоваɥ и ɤɭ-

ɪиɪоваɥ ɞеɣɫɬвɭɸщиɣ ɩɪи ɲɤоɥе ɤɪɭɠоɤ 
СɇɈ. 

Сɮеɪа ɧаɭчɧоɣ ɞеяɬеɥьɧоɫɬи А.Б. Зоɥоɬова 
ɛыɥа ɞоɫɬаɬочɧо оɛɲиɪɧа. Выɧɭɠɞеɧо ɤɪаɬ-
ɤое оɬɪаɠеɧие оɬɞеɥьɧых ее ɧаɩɪавɥеɧиɣ 

ɩɪеɞɫɬавɥеɧо ɧиɠе. 
 

Ɇеɬоɞ ɪасɲиɪеɧɧоɣ (сɬаɧɞаɪɬɧоɣ) оɛлас-
ɬи ɞлɹ ɩосɬаɧовɤи и аɩɩɪоɤсиɦаɰии 

ɤɪаевых ɡаɞач ɪасчеɬа сɬɪоиɬельɧых ɤоɧ-

сɬɪɭɤɰиɣ, ɡɞаɧиɣ и сооɪɭɠеɧиɣ. 

ɍчеɧиɤи: Аɧɞɪеев В.И. [1], Аɤиɦов П.А. [2], 

Аɥеɤɫеев Д.ɇ. [3], Беɥьɫɤиɣ В.Г. [4], Беɥыɣ 

М.В. [5], Бɥохиɧа ɇ.С., Бɭɥɝаɤов В.Е. [6], 

Каɣɬɭɤов Т.Б. [7], Лаɪиоɧов А.В. [8], Леɣɬеɫ 
Е.С. [9], Лоɩаɬиɧɫɤая Е.Л. [10], Меɞвеɞьɤо 
В.ɇ. [11], Меɞвеɞьɤо Д.В. [12], Моɡɝаɥева 
М.Л. [13], Мɫхаɥая ɀ.И. [14], Саɞов Ɉ.В. 

[15], Сиɞоɪов В.ɇ. [16], Хаɪиɬоɧов В.А. [17], 

Шиɪиɧɫɤая И.В. [18] и ɞɪ. 
Сɭщɧоɫɬь ɦеɬоɞа ɪаɫɲиɪеɧɧоɣ (ɫɬаɧɞаɪɬ-
ɧоɣ) оɛɥаɫɬи ɡаɤɥɸчаеɬɫя в выɪаɛоɬɤе еɞи-

ɧоɣ, ɧе ɡавиɫящеɣ оɬ ɝеоɦеɬɪичеɫɤих и ɮи-

ɡичеɫɤих хаɪаɤɬеɪиɫɬиɤ, оɩеɪаɬоɪɧоɣ ɡаɩиɫи 

иɫхоɞɧоɣ ɤɪаевоɣ ɡаɞачи и ее ɞиɫɤɪеɬɧоɝо 
аɧаɥоɝа, а ɡаɬеɦ и в ɩоɫɬɪоеɧии ɷɮɮеɤɬив-
ɧых чиɫɥеɧɧых аɥɝоɪиɬɦов. 
Ɉɫɧовɧая иɞея ɧа ɷɬаɩе ɩоɫɬаɧовɤи ɩɪоɫɬа и 

ɫоɫɬоиɬ в оɛɴеɞиɧеɧии вɫех чаɫɬеɣ иɫхоɞɧоɣ 

ɩоɫɬаɧовɤи в оɞɧоɦ ɭɪавɧеɧии ɫ ɫооɬвеɬɫɬ-
вɭɸщиɦи веɫовыɦи хаɪаɤɬеɪиɫɬиɤаɦи. Дɥя 
ɷɬоɝо иɫɩоɥьɡɭɸɬɫя хаɪаɤɬеɪиɫɬичеɫɤая 
ɮɭɧɤɰия ɪаɫɫɦаɬɪиваеɦоɣ оɛɥаɫɬи   и ее 
ɩɪоиɡвоɞɧые, ɫоɫɪеɞоɬочеɧɧые ɧа ɝɪаɧиɰе. 
Пɭɫɬь L  – ɞиɮɮеɪеɧɰиаɥьɧыɣ ɫаɦоɫоɩɪя-
ɠеɧɧыɣ оɩеɪаɬоɪ ɞɥя ɷɥɥиɩɬичеɫɤоɣ ɫиɫɬе-
ɦы 2-ɝо ɩоɪяɞɤа иɡ M  ɭɪавɧеɧиɣ в ɩɪо-
ɫɬɪаɧɫɬве N -ɦеɪɧых ɮɭɧɤɰиɣ, ɩɪичеɦ 

 

ADDL * ;   MED  ;  

  gradN  T

1 ]    ...    [ ,    (1) 

 

ɝɞе ME  – еɞиɧичɧая ɦаɬɪиɰа M -ɝо ɩоɪяɞɤа; 
  – ɡɧаɤ, оɛоɡɧачаɸщиɣ оɩеɪаɰиɸ ɩɪяɦоɝо 
ɩɪоиɡвеɞеɧия ɦаɬɪиɰ. 

Ɉɛоɡɧачиɦ:   – хаɪаɤɬеɪиɫɬичеɫɤая ɮɭɧɤ-
ɰия оɛɥаɫɬи  ; )( pГ    – ɞеɥьɬа-ɮɭɧɤɰия 
ɝɪаɧиɰы Г ; T

N ]    [ 1    – веɤɬоɪ 
вɧɭɬɪеɧɧеɣ ɧоɪɦаɥи ɤ ɝɪаɧиɰе оɛɥаɫɬи  ; 

ME E ; * –  ɡɧаɤ, оɛоɡɧачаɸщиɣ оɩе-
ɪаɰиɸ ɫоɩɪяɠеɧия; l  – оɩеɪаɬоɪ еɫɬеɫɬвеɧ-

ɧых ɤɪаевых ɭɫɥовиɣ, ADE

*l ; 

EAD **l ; ADD *0 L . Поɤаɡаɧо, чɬо 
иɦеɸɬ ɦеɫɬо ɫɥеɞɭɸщие оɫɧовɧые оɩеɪа-
ɬоɪɧые ɫооɬɧоɲеɧия ɦеɬоɞа ɪаɫɲиɪеɧɧоɣ 

оɛɥаɫɬи 

 

uLuu Г l 0L ;   )(0 uuuL Г *l L ;    

)( uuLuuL ГГ  *ll  .     (2) 

 

ɇеɩоɫɪеɞɫɬвеɧɧо иɡ ɮоɪɦɭɥ (2) вывоɞяɬɫя 
оɩеɪаɬоɪы ɤɪаевых ɡаɞач ɫ ɫоɝɥаɫоваɧɧыɦи 

веɫовыɦи хаɪаɤɬеɪиɫɬиɤаɦи ɤɪаевых ɭɫɥо-
виɣ. Фоɪɦɭɥиɪɭеɦые ɩɪи ɷɬоɦ оɩеɪаɬоɪɧые 
ɩоɫɬаɧовɤи ɤɪаевых ɡаɞач ɦоɝɭɬ ɪаɫɫɦаɬɪи-

ваɬьɫя ɧа ɥɸɛоɣ оɤаɣɦɥяɸщеɣ оɛɥаɫɬи, чɬо 
оɫоɛеɧɧо ваɠɧо ɞɥя чиɫɥеɧɧоɣ ɪеаɥиɡаɰии. 

В ɷɬоɦ ɫɦыɫɥе ɭɞоɛɧо ɩɪиɦеɧяɬь ɦеɬоɞ 

ɪаɫɲиɪеɧɧоɣ (ɫɬаɧɞаɪɬɧоɣ) оɛɥаɫɬи, ɫвоɞя-
щиɣɫя ɤ ɪаɫɫɦоɬɪеɧиɸ ɫооɬвеɬɫɬвɭɸщих 
ɡаɞач ɧа еɞиɧоɣ ɭɩɪощеɧɧоɣ, ɬ.е. ɫɬаɧɞаɪɬ-
ɧоɣ оɛɥаɫɬи, ɧаɩɪиɦеɪ ɩɪяɦоɭɝоɥьɧиɤе иɥи 

ɤɪɭɝе. Эɬо оɛɥеɝчаеɬ ɩоɫɬɪоеɧие ɭɧивеɪ-
ɫаɥьɧых аɥɝоɪиɬɦов ɪеɲеɧия и ɞаеɬ воɡ-
ɦоɠɧоɫɬь ɩовыɫиɬь ɷɮɮеɤɬивɧоɫɬь их чиɫ-
ɥеɧɧоɣ ɪеаɥиɡаɰии (ɡа ɫчеɬ ɩɪиɦеɧеɧия веɤ-
ɬоɪɧых аɥɝоɪиɬɦов ɞɥя оɩеɪаɰиɣ ɫ ɦаɫɫива-
ɦи). Аɩɩɪоɤɫиɦаɰия ɫɬаɧɞаɪɬɧоɣ оɛɥаɫɬи 

ɫоɫɬоиɬ, ɧаɩɪиɦеɪ, в ɡаɞаɧии ɫеɬɤи, ɬоɩоɥо-
ɝичеɫɤи ɷɤвиваɥеɧɬɧоɣ ɩɪяɦоɭɝоɥьɧоɣ ɬа-
ɤиɦ оɛɪаɡоɦ, чɬоɛы оɧа ɤаɤ ɦоɠɧо ɥɭчɲе 
ɫооɬвеɬɫɬвоваɥа очеɪɬаɧияɦ ɤоɧɫɬɪɭɤɰии, 

ɬ.е. иɫхоɞɧоɣ оɛɥаɫɬи (ɪиɫ. 1).  

 

Раɡɪаɛоɬɤа и ɩɪоɝɪаɦɦɧаɹ ɪеалиɡаɰиɹ ɦе-
ɬоɞов ɪеɲеɧиɹ ɬɪехɦеɪɧых ɡаɞач сɬɪои-

ɬельɧоɣ ɦехаɧиɤи и ɦехаɧиɤи ɞефоɪɦи-

ɪɭеɦоɝо ɬвеɪɞоɝо ɬела с исɩольɡоваɧиеɦ 

ɷɤоɧоɦичɧых ɪаɡɧосɬɧых ɩоɞхоɞов 

ɍчеɧиɤи: Леɣɬеɫ Е.С. [19]. 



Ɉ ɧаɭчɧо-ɬвоɪчеɫɤоɣ ɞеяɬеɥьɧоɫɬи Аɥеɤɫаɧɞɪа Боɪиɫовича Зоɥоɬова  

Volume 5, Issue 1&2, 2009 169

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1

2

m
2

.

.

.

.

.

1 2 . . . . . i .. . .. m
11

i2

 
Риɫ. 1. Пɪиɦеɪ выɛоɪа аɩɩɪоɤɫиɦиɪɭɸщеɣ ɫеɬɤи. 

 

Дɥя ɪеɲеɧия оɩеɪаɬоɪɧых ɭɪавɧеɧиɣ ɦоɠɧо 
иɫɩоɥьɡоваɬь ɲаɝовые ɦеɬоɞы. Эɬо ɥиɛо 
иɬеɪаɰиоɧɧые ɩɪоɰеɫɫы, ɥиɛо ɪаɡɧоɫɬɧые 
ɫхеɦы (ɩо вɪеɦеɧи) ɞɥя ɪеɲеɧия ɧеɫɬаɰио-
ɧаɪɧых ɡаɞач. Их оɛщая ɫɬɪɭɤɬɭɪа в оɫɧов-
ɧоɦ ɦоɠеɬ ɛыɬь ɩɪеɞɫɬавɥеɧа ɮоɪɦɭɥоɣ 

 

)(11 kkkk FLuBuu    ,            (3)  

 

ɝɞе k  – ɧоɦеɪ ɲаɝа;   – иɬеɪаɰиоɧɧыɣ ɩа-
ɪаɦеɬɪ ɥиɛо ɲаɝ ɩо вɪеɦеɧи; B  – ɧеɤиɣ 

вɫɩоɦоɝаɬеɥьɧыɣ оɩеɪаɬоɪ, ɭɥɭчɲаɸщиɣ 

ɫхоɞиɦоɫɬь иɬеɪаɰиоɧɧоɝо ɩɪоɰеɫɫа ɥиɛо 
оɛеɫɩечиваɸщиɣ ɭɫɬоɣчивоɫɬь ɪаɡɧоɫɬɧоɣ 

ɫхеɦы; L  – ɞиɫɤɪеɬɧыɣ оɩеɪаɬоɪ ɡаɞачи; 

)( kk FLu   – ɧевяɡɤа ɪеɲеɧия. 
В оɛщеɦ ɫɥɭчае оɩеɪаɬоɪ B  ɩɪиɧяɬо ɧаɡы-

ваɬь ɷɤвиваɥеɧɬɧыɦ. Ɉɧ ɞоɥɠеɧ ɭɞовɥеɬво-
ɪяɬь ɞвɭɦ ɬɪɭɞɧо ɫовɦеɫɬиɦыɦ ɬɪеɛоваɧи-

яɦ. Пеɪвое – ɛыɬь ɥеɝɤооɛɪаɬиɦыɦ, ɬ.е. чɬо-
ɛы ɞɥя ɩɪоиɡвоɥьɧоɝо веɤɬоɪа v  ɥеɝɤо (ɦи-

ɧиɦɭɦ аɪиɮɦеɬичеɫɤих ɞеɣɫɬвиɣ) ɪеɲаɥаɫь 
ɡаɞача vBw  . Вɬоɪое – ɛыɬь ɛɥиɡɤиɦ ɤ иɫ-
хоɞɧоɦɭ оɩеɪаɬоɪɭ L , ɬ.е. чɬоɛы ɫɩеɤɬɪ 
оɩеɪаɬоɪа LB 1  ɛыɥ ɛɥиɡоɤ ɤ еɞиɧиɰе 
( ),(),(),( uuMuLuuBum   ɩɪи 1/ mM ). 

Эɬо оɛеɫɩечиваеɬ ɦаɥое ɤоɥичеɫɬво оɩеɪа-
ɰиɣ ɞɥя ɞоɫɬиɠеɧия ɫхоɞиɦоɫɬи. В ɰеɥоɦ 

ɩоɧяɬие ɷɤоɧоɦичɧоɫɬи иɬеɪаɰиоɧɧоɝо ɩɪо-
ɰеɫɫа оɩɪеɞеɥяеɬɫя оɛщиɦи ɡаɬɪаɬаɦи вɪе-
ɦеɧи ЭВМ, ɤоɬоɪое в оɫɧовɧоɦ ɩɪоɩоɪɰио-
ɧаɥьɧо ɩɪоиɡвеɞеɧиɸ чиɫɥа иɬеɪаɰиɣ ɧа ɤо-
ɥичеɫɬво аɪиɮɦеɬичеɫɤих ɞеɣɫɬвиɣ ɞɥя оɞ-

ɧоɣ иɬеɪаɰии. Поɫɥеɞɧее, в ɫвоɸ очеɪеɞь, 
ɡавиɫиɬ ɬаɤɠе оɬ ɫɤоɪоɫɬи вычиɫɥеɧия ɧе-

вяɡɤи kk FLuv   и ɩоɩɪавɤи vBw 1 . В 

ɷɬоɦ ɫɥɭчае ɧеɩоɫɪеɞɫɬвеɧɧая ɪеаɥиɡаɰия 
оɩеɪаɬоɪɧых аɥɝоɪиɬɦов, ɩɪивоɞящая в ɦе-
ɬоɞе ɫɬаɧɞаɪɬɧоɣ оɛɥаɫɬи ɤ веɤɬоɪɧыɦ оɩе-
ɪаɰияɦ, ɩоɡвоɥяеɬ во ɦɧоɝо ɪаɡ ɭɫɤоɪиɬь 
ɩɪоɰеɫɫ ɫчеɬа ɧа ЭВМ. В ɤачеɫɬве иɬеɪаɰи-

оɧɧых ɦеɬоɞов ɪеɲеɧия ɭɪавɧеɧиɣ ɦоɝɭɬ 
иɫɩоɥьɡоваɬьɫя ɦеɬоɞ ɮаɤɬоɪиɡоваɧɧоɝо 
оɩеɪаɬоɪа, ɩоɩеɪеɦеɧɧо-ɬɪеɭɝоɥьɧыɣ ɦеɬоɞ, 

ɦɧоɝоɫеɬочɧые ɦеɬоɞы и ɬ.ɞ. ɇаɩɪиɦеɪ, ɞɥя 
ɦеɬоɞа ɮаɤɬоɪиɡоваɧɧоɝо оɩеɪаɬоɪа ɩɪоɰеɫɫ 
ɫɬɪоиɬɫя ɩо ɮоɪɦɭɥаɦ (  – иɬеɪаɰиоɧɧыɣ 

ɩаɪаɦеɬɪ). 
 








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 B          
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

1

;   ɝɞе    N

p

s

p

s BB
1

;      

p

ss

ppp

s

p DaDEB * .      (4) 

 

Дɥя оɛɪащеɧия оɩеɪаɬоɪа B  ɧеоɛхоɞиɦо 
ɩоɫɥеɞоваɬеɥьɧое ɪеɲеɧие ɡаɞач 
 

s

p

s

p

s

p ggB 1 ,      ss vg 0 ,     s

Ngw  ,     (5) 

 

оɫɭщеɫɬвɥяеɦое ɲиɪоɤо иɡвеɫɬɧыɦ ɦеɬоɞоɦ 

оɞɧоɦеɪɧоɣ ɩɪоɝоɧɤи. 

 

Ʌеɧɬочɧые алɝоɪиɬɦы фоɪɦиɪоваɧиɹ и 

ɪеɲеɧиɹ ɤɪаевых ɡаɞач ɪасчеɬа сɬɪои-

ɬельɧых ɤоɧсɬɪɭɤɰиɣ, ɡɞаɧиɣ и сооɪɭɠе-
ɧиɣ. 

ɍчеɧиɤи: Сиɞоɪов В.ɇ. [16,20]. 

Пɪи ɪеɲеɧии ɥиɧеɣɧоɣ ɫɬаɰиоɧаɪɧоɣ ɡаɞачи 

ɩоɫɥе ɩеɪехоɞа ɤ ɞиɫɤɪеɬɧыɦ оɩеɪаɬоɪɧыɦ 

ɭɪавɧеɧияɦ    ɩоɥɭчаеɦ   ɫиɫɬеɦɭ   ɥиɧеɣɧых  



В.ɇ. Сиɞоɪов, П.А. Аɤиɦов 
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Риɫ. 2. Двɭхɫеɬочɧая аɩɩɪоɤɫиɦаɰия. 
 

ɭɪавɧеɧиɣ, ɤоɬоɪая в ɫɥɭчае ɧеɛоɥьɲоɣ ɪаɡ-
ɦеɪɧоɫɬи ɪеɲаеɬɫя ɫɬаɧɞаɪɬɧыɦи ɦеɬоɞаɦи 

ɬиɩа Гаɭɫɫа. Бɥаɝоɞаɪя иɫɩоɥьɡоваɧиɸ ɪаɫ-
ɲиɪеɧɧоɣ оɛɥаɫɬи и ɪеɝɭɥяɪɧоɣ ɫеɬɤи ɦаɬ-
ɪиɰа ɫиɫɬеɦы иɦееɬ чиɫɬо ɥеɧɬочɧɭɸ ɫɬɪɭɤ-
ɬɭɪɭ ɫ ɧеɛоɥьɲиɦ ɤоɥичеɫɬвоɦ ɧеɧɭɥевых 
ɞиаɝоɧаɥеɣ, ɫооɬвеɬɫɬвɭɸщих ɬочечɧоɦɭ 
ɲаɛɥоɧɭ ɞиɫɤɪеɬɧоɝо оɩеɪаɬоɪа. Поɷɬоɦɭ, 

ɫɮоɪɦиɪовав ɦаɫɫивы (веɤɬоɪа) ɡɧачеɧиɣ 

ɷɬих ɞиаɝоɧаɥеɣ, ɩоɥɧоɫɬьɸ оɩɪеɞеɥиɦ иɫ-
хоɞɧɭɸ ɦаɬɪиɰɭ. Аɥɝоɪиɬɦы ɥеɧɬочɧоɝо   
ɩɪеɞɫɬавɥеɧия   оɩеɪаɬоɪов  оɛеɫɩечиваɸɬ  
ɛыɫɬɪое  ɮоɪɦиɪоваɧие ɞиɫɤɪеɬɧоɣ ɫиɫɬеɦы 

ɫ ɩоɦощьɸ веɤɬоɪɧых оɩеɪаɰиɣ. Дɥя ɪеɲе-
ɧия ɦɧоɝих ɧеɥиɧеɣɧых ɡаɞач ɧеɛоɥьɲоɣ 

ɪаɡɦеɪɧоɫɬи (ɧаɩɪиɦеɪ, ɞвɭɦеɪɧых) ɷɮɮеɤ-
ɬивɧыɦ явɥяеɬɫя ɫочеɬаɧие оɛоих ɞаɧɧоɝо 
ɩоɞхоɞа ɫ ɬеɦ, чɬо оɩиɫаɧ в ɩɪеɞыɞɭщеɦ 

ɩɭɧɤɬе, ɤоɝɞа в ɤачеɫɬве оɩеɪаɬоɪа B  иɫ-
ɩоɥьɡɭеɬɫя ɦаɬɪиɰа ɇьɸɬоɧа. 
 

Ɇɧоɝосеɬочɧые (ɩолɭиɬеɪаɰиоɧɧые) ɦе-
ɬоɞы и ɦеɬоɞы аɝɪеɝиɪоваɧиɹ ɞлɹ ɪасчеɬа 
сɬɪоиɬельɧых ɤоɧсɬɪɭɤɰиɣ, ɡɞаɧиɣ и со-
оɪɭɠеɧиɣ. Ɇеɬоɞы аɝɪеɝиɪоваɧиɹ. Ɇɧо-
ɝоɭɪовɧевые ɦеɬоɞы. 

ɍчеɧиɤи: Беɥыɣ М.В. [5,21-22], Бɭɥɝаɤов 
В.Е. [6,21-22], Саɞов Ɉ.В. [15]. 

Мɧɨгɨɫетɨчɧые ɦетɨды. Пеɪечиɫɥеɧɧые в 
ɩɪеɞыɞɭщих ɩɭɧɤɬах иɬеɪаɰиоɧɧые ɩɪоɰеɫ-
ɫы, ɤаɤ ɩɪавиɥо, хоɪоɲо ɫхоɞяɬɫя ɧа выɫо-
ɤочаɫɬоɬɧых ɫоɫɬавɥяɸщих ɪеɲеɧия, ɫооɬ-

веɬɫɬвɭɸщих ɥоɤаɥьɧоɦɭ ɩовеɞеɧиɸ ɮɭɧɤ-
ɰиɣ, и ɧе очеɧь хоɪоɲо ɧа ɧиɡɤочаɫɬоɬɧых 
ɫоɫɬавɥяɸщих, оɬɪаɠаɸщих ɝɥоɛаɥьɧое ɩо-
веɞеɧие ɮɭɧɤɰиɣ. Эɬо ɩɪивоɞиɬ, ɧаɩɪиɦеɪ, ɤ 
ɧевыɩоɥɧеɧиɸ ɭɫɥовиɣ ɪавɧовеɫия ɩо ɫече-
ɧияɦ и в ɰеɥоɦ ɤ ɧеɞоɫɬиɠеɧиɸ ɡаɞаɧɧоɣ 

ɬочɧоɫɬи. В ɬо ɠе вɪеɦя ɧиɡɤочаɫɬоɬɧые ɫо-
ɫɬавɥяɸщие ɞоɫɬаɬочɧо хоɪоɲо аɩɩɪоɤɫи-

ɦиɪɭɸɬɫя ɧа ɛоɥее ɤɪɭɩɧоɣ ɫеɬɤе, ɧеɠеɥи 

иɫхоɞɧая. Эɬо ɩɪивоɞиɬ ɤ ɦыɫɥи о воɡɦоɠ-

ɧоɫɬи иɫɩоɥьɡоваɧия ɞɥя оɩɪеɞеɥеɧия ɧиɡ-
ɤочаɫɬоɬɧых ɫоɫɬавɥяɸщих вɫɩоɦоɝаɬеɥь-
ɧоɣ ɤɪɭɩɧоɣ ɫеɬɤи, ɧа ɤоɬоɪоɣ чиɫɥо ɧеиɡ-
веɫɬɧых ɧаɫɬоɥьɤо ɦеɧьɲе, чɬо оɛщее вɪеɦя 
ɪеɲеɧия ɡаɞачи ɩочɬи ɧе ɭвеɥичиваеɬɫя. Ме-
ɬоɞы, в ɤоɬоɪых иɫɩоɥьɡɭеɬɫя ɩоɫɥеɞова-
ɬеɥьɧоɫɬь ɧеɫɤоɥьɤих ɫеɬоɤ, ɧаɡываɸɬɫя 
ɦɧоɝоɫеɬочɧыɦи. Иɡɥоɠиɦ иɞеɸ ɬаɤих ɦе-
ɬоɞов ɧа ɩɪоɫɬеɣɲеɦ ɫɥɭчае – ɫ иɫɩоɥьɡова-
ɧиеɦ ɞвɭх ɫеɬоɤ. 
Пɭɫɬь иɦееɬɫя ɧеɤоɬоɪая ɤоɧɫɬɪɭɤɰия, ɞɥя 
ɪаɫчеɬа ɤоɬоɪоɣ ɡаɞаɧа иɫхоɞɧая ɫеɬɤа, ɞоɫ-
ɬаɬочɧая ɞɥя аɩɩɪоɤɫиɦаɰии. Ɉɩɪеɞеɥиɦ ɧа 
ɷɬоɣ ɫеɬɤе ɛоɥее ɤɪɭɩɧɭɸ, оɛɴеɞиɧяɸщɭɸ 

ɩо ɧеɫɤоɥьɤо ячееɤ иɫхоɞɧоɣ (ɪиɫ. 2). 

Дɥя ɪеɲеɧия ɡаɞачи FLu   ɧа иɫхоɞɧоɣ 

ɫеɬɤе ɩɪиɦеɧиɦ оɛщɭɸ ɫхеɦɭ ɫ ɷɤвиваɥеɧɬ-
ɧыɦ оɩеɪаɬоɪоɦ B . Дɥя еɝо ɩоɫɬɪоеɧия воɫ-
ɩоɥьɡɭеɦɫя ɤɪɭɩɧоɣ ɫеɬɤоɣ, ɧа ɤоɬоɪоɣ иɫ-
хоɞɧая ɡаɞача ɩɪиɦеɬ виɞ 

 

000 FuL  ,   ɝɞе   LQQL *

0  ;  FQF *

0  ,  (6) 
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Q  – оɩеɪаɬоɪ иɧɬеɪɩоɥяɰии ɫ ɤɪɭɩɧоɣ ɫеɬɤи 

ɧа ɦеɥɤɭɸ;  *Q   –  оɩеɪаɬоɪ  ɫɭɠеɧия ɫ ɦеɥ-
ɤоɣ ɫеɬɤи ɧа ɤɪɭɩɧɭɸ, ɫоɩɪяɠеɧɧыɣ Q . 

Даɥее ɩɭɫɬь D  – ɥеɝɤооɛɪаɬиɦыɣ оɩеɪаɬоɪ 
(ɧаɩɪиɦеɪ, ɞиаɝоɧаɥьɧыɣ, ɬɪеɭɝоɥьɧыɣ, 

ɮаɤɬоɪиɡоваɧɧыɣ и ɬ.ɞ.). Пɪеɞɫɬавиɦ L  в 
виɞе GDL  . 

Ɉɩеɪаɬоɪ B  оɩɪеɞеɥиɦ ɤаɤ оɩеɪаɬоɪ ɡаɞачи 

 


 


000

0

 

 

FvL

FGQvDvBv
              (7) 

 

Дɥя ее ɪеɲеɧия ɫɧачаɥа оɩɪеɞеɥяеɬɫя 0v  иɡ 
вɬоɪоɝо ɭɪавɧеɧия (ɡаɞача ɦаɥоɣ ɪаɡɦеɪɧо-
ɫɬи ɧа ɤɪɭɩɧоɣ ɫеɬɤе), а ɡаɬеɦ вычиɫɥяеɬɫя 
v  иɡ ɩеɪвоɝо ɭɪавɧеɧия: 
 

)( 0

1 GQvFDv   .                (8)  

 

Хоɪоɲая ɫхоɞиɦоɫɬь ɩоɞоɛɧых ɩɪоɰеɫɫов 
оɛоɫɧовываеɬɫя во ɦɧоɝих ɥиɬеɪаɬɭɪɧых иɫ-
ɬочɧиɤах и ɩоɞɬвеɪɠɞаеɬɫя ɲиɪоɤоɣ вычиɫ-
ɥиɬеɥьɧоɣ ɩɪаɤɬиɤоɣ. Пɪи ɫоɫɬавɥеɧии 

ɛɥиɡɤоɣ ɡаɞачи ɧа ɤɪɭɩɧоɣ ɫеɬɤе ɧе оɛяɡа-
ɬеɥьɧо ɩоɥьɡоваɬьɫя оɩеɪаɬоɪаɦи иɧɬеɪɩо-
ɥяɰии и ɫɭɠеɧия в ɫɬɪоɝоɦ ɫɦыɫɥе. Таɤ, ɧа-
ɩɪиɦеɪ, ɫɭɡиɬь иɫхоɞɧɭɸ ɡаɞачɭ ɧа ɤɪɭɩɧɭɸ 

ɫеɬɤɭ ɦоɠɧо ɫɭɦɦиɪоваɧиеɦ ɤоɷɮɮиɰиеɧɬов 
в оɩеɪаɬоɪɧых ɭɪавɧеɧиях ɩо ячеɣɤаɦ ɦеɥ-
ɤоɣ ɫеɬɤи. В ɪаɦɤах ɦеɬоɞа ɫɬаɧɞаɪɬɧоɣ оɛ-

ɥаɫɬи ɷɬо оɛеɫɩечиваеɬ ɫаɦыɣ ɩɪоɫɬоɣ аɥɝо-
ɪиɬɦ ɫɭɠеɧия. 
Метɨды агрегирɨɜаɧия. В оɫɧове ɦеɬоɞов 
аɝɪеɝиɪоваɧия ɥеɠиɬ иɞея ɪаɰиоɧаɥьɧоɝо 
выɞеɥеɧия иɡ ɛаɡиɫɧых ɤоɧечɧых ɷɥеɦеɧɬов 
ɦеɥɤоɣ ɫеɬɤи ɛоɥее ɤɪɭɩɧых ɷɥеɦеɧɬов-
аɝɪеɝаɬов. Пɪи ɷɬоɦ в ɡавиɫиɦоɫɬи оɬ ɫɬɪɭɤ-
ɬɭɪы аɝɪеɝаɬа, хаɪаɤɬеɪа вɧеɲɧих и вɧɭɬ-
ɪеɧɧих ɫвяɡеɣ, оɫоɛеɧɧоɫɬеɣ ɝеоɦеɬɪии и 

ɮиɡичеɫɤих ɫвоɣɫɬв ɦаɬеɪиаɥа оɛɴеɞиɧеɧие 
ɛаɡиɫɧых ɷɥеɦеɧɬов ɦоɠеɬ оɫɭщеɫɬвɥяɬьɫя 
ɩо оɞɧоɫɬɭɩеɧчаɬоɣ иɥи ɦɧоɝоɫɬɭɩеɧчаɬоɣ 

ɫхеɦе. 
Мɧɨгɨурɨɜɧеɜые ɦетɨды. Мɧоɝоɭɪовɧевые 
ɦеɬоɞы, ɩо ɫɭɬи, ɩɪеɞɫɬавɥяɸɬ ɫоɛоɣ ɤоɦ-

ɛиɧиɪоваɧие ɩеɪечиɫɥеɧɧых выɲе ɩоɞхо-
ɞов. 
 

Еɞиɧыɣ алɝоɪиɬɦ ɪеɲеɧиɹ ɤɪаевых ɡаɞач 

ɧа осɧове ɦеɬоɞа ɛаɡисɧых ваɪиаɰиɣ. 

ɍчеɧиɤи: Аɤиɦов П.А. [23-25], Беɥыɣ М.В. 

[5], Бɥохиɧа ɇ.С., Бɭɥɝаɤов В.Е. [6], Лаɪио-
ɧов А.В. [8], Меɞвеɞьɤо В.ɇ., Меɞвеɞьɤо 
Д.В. [12], Моɡɝаɥева М.Л. [13], Мɫхаɥая 
ɀ.И. [14], Саɞов Ɉ.В. [15], Сиɞоɪов В.ɇ. [25-

26], Тɪɭɲиɧ С.И. [27], Хаɪиɬоɧов В.А. [17], 

Шиɪиɧɫɤая И.В. [18] и ɞɪ. 
Раɫɫɦоɬɪиɦ, ɧаɩɪиɦеɪ, аɥɝоɪиɬɦ ɪеɲеɧия 
ɧеɥиɧеɣɧых ɡаɞач ɬеоɪии ɭɩɪɭɝоɫɬи ɧа оɫ-
ɧове ɦеɬоɞа ɛаɡиɫɧых ваɪиаɰиɣ.  

Ваɪиаɰиоɧɧая ɩоɫɬаɧовɤа ɡаɞачи ɬеоɪии ɭɩ-

ɪɭɝоɫɬи иɦееɬ виɞ: 

 

min      ),(),(
2

1
)(    

dxuFdxu  , (9) 

 

ɝɞе )(u  – ɮɭɧɤɰиоɧаɥ ɷɧеɪɝии; u  – веɤɬоɪ-
ɮɭɧɤɰия ɩеɪеɦещеɧиɣ; F  – веɤɬоɪ-ɮɭɧɤɰия 
ɩɪавых чаɫɬеɣ (ɧаɝɪɭɡɤа); 

T]        [ 122211    – веɤɬоɪ-ɮɭɧɤɰия ɧа-
ɩɪяɠеɧиɣ; T]        [ 122211    – веɤɬоɪ-
ɮɭɧɤɰия ɞеɮоɪɦаɰиɣ; Ω – оɛɥаɫɬь оɩɪеɞеɥе-
ɧия ɡаɞачи; N – ɦеɪɧоɫɬь ɡаɞачи. 

Ɉɛɥаɫɬь   ɪаɡɛиваеɬɫя ɧа ɤоɧечɧые ɷɥеɦеɧ-

ɬы. В ɫооɬвеɬɫɬвии ɫ ɫеɬочɧыɦ ɪаɡɛиеɧиеɦ 

ɮɭɧɤɰиоɧаɥ ɷɧеɪɝии ɧа   ɦоɠɧо ɩɪеɞɫɬа-
виɬь в виɞе ɫɭɦɦы ɮɭɧɤɰиоɧаɥов ɷɧеɪɝии ɧа 
ɤоɧечɧых ɷɥеɦеɧɬах: 
 

i

i uu )()( .                 (10) 

 

ɇа ɤаɠɞоɦ i-оɦ ɷɥеɦеɧɬе воɫɩоɥɧяеɦ ɧеиɡ-
веɫɬɧɭɸ веɤɬоɪ ɮɭɧɤɰиɸ u  и ɤооɪɞиɧаɬы 

x , в чаɫɬɧоɫɬи, ɥиɧеɣɧо в ɤаɠɞоɦ ɧаɩɪавɥе-
ɧии, ввоɞя ɩɪи ɷɬоɦ ɥоɤаɥьɧые ɤооɪɞиɧаɬы 

st  – ɥоɤаɥьɧые ɤооɪɞиɧаɬы: 

Nsts ,...,1,10  . Таɤое воɫɩоɥɧеɧие оɩ-

ɪеɞеɥяеɬ веɤɬоɪ-ɮɭɧɤɰиɸ u  ее ɡɧачеɧияɦи в 
ɭɡɥах ɫеɬɤи. Сɥеɞоваɬеɥьɧо, ɪеɲеɧие ɡаɞачи 

ɬеоɪии ɭɩɪɭɝоɫɬи ɫвоɞиɬɫя ɤ оɩɪеɞеɥеɧиɸ 
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веɤɬоɪа ɭɡɥовых ɡɧачеɧиɣ )(iuk . Ɉɛоɡɧачиɦ 

ɝɥоɛаɥьɧыɣ веɤɬоɪ ɭɡɥовых ɡɧачеɧиɣ glU . 

Дɥя еɝо оɩɪеɞеɥеɧия ɩɪеɞɥаɝаеɬɫя итераци-
ɨɧɧыɣ ɩрɨцеɫɫ: 
 

0...;,1,0, 0)(1)()1(  
gl

k

k

k

gl

k

gl UkFAUU , 

                       (11) 

 

ɝɞе kA  – ɦаɬɪиɰа, ɤоɷɮɮиɰиеɧɬы ɤоɬоɪоɣ 
k

ijA  оɩɪеɞеɥяɸɬɫя ɤаɤ 
 

);/()](

)()(

)([

21

)(

2

)(

1

)(

21

)(





k

gl

j

k

gli

k

gl

ji

k

gl

k

ij

U

eUeU

eeUA





     (12) 

 
)(kF  – веɤɬоɪ ɧевяɡɤи, ɷɥеɦеɧɬы ɤоɬоɪоɝо 
)(k

iF  вычиɫɥяɸɬɫя ɩо ɮоɪɦɭɥе 
 

;/)]5.0(

)5.0([

11

)(

1

)()(




i

k

gl

i

k

gl

k

i

eU

eUF




   (13) 

 ie еɞиɧичɧыɣ веɤɬоɪ: jii je ,)(  ; ji,  – 

ɫиɦвоɥ Кɪоɧеɤеɪа; 1 >0 и 2 >0 выɛиɪаɸɬ-
ɫя в виɞе ɧеɤоɬоɪоɣ ɞоɥи оɬ веɥичиɧы оче-
ɪеɞɧоɝо ɩɪиɛɥиɠеɧия; ji,  – иɧɞеɤɫы 

ɫɩɥоɲɧоɣ ɧɭɦеɪаɰии; )(k

glU  – ɩɪиɛɥиɠеɧие ɤ 

glU  ɧа k-ɣ иɬеɪаɰии. 

Кɪиɬеɪиɣ оɤоɧчаɧия иɬеɪаɰиоɧɧоɝо ɩɪоɰеɫ-
ɫа ( max  ɡаɞаеɬɫя):  
 

max

)0()( /  FF k .            (14) 

 

Ɇеɬоɞы, свɹɡаɧɧые с лоɤалиɡаɰиеɣ и 

фɪаɝɦеɧɬаɰиеɣ, ɞлɹ ɪасчеɬа сɬɪоиɬель-

ɧых ɤоɧсɬɪɭɤɰиɣ, ɡɞаɧиɣ и сооɪɭɠеɧиɣ. 

 ɍчеɧиɤи: Аɥеɤɫеев Д.ɇ. [3], Меɞвеɞьɤо Д.В. 

[12], Моɡɝаɥева М.Л. [25], Саɞов Ɉ.В. [15]. 

Метɨды ɮрагɦеɧтации. Ɉɛеɫɩечеɧие ɩɪоч-
ɧоɫɬи, ɧаɞеɠɧоɫɬи, ɷɤоɧоɦичɧоɫɬи ɫооɪɭɠе-
ɧиɣ в ɭɫɥовиях ɩоявɥеɧия ɧовых ɦаɬеɪиа-
ɥов, ɫовеɪɲеɧɫɬвоваɧия ɤоɧɫɬɪɭɤɬивɧых 

ɪеɲеɧиɣ ɩɪи ɩɪоеɤɬиɪоваɧии ɧовых ɫооɪɭ-
ɠеɧиɣ и ɪеɤоɧɫɬɪɭɤɰии ɫɬаɪых ɩɪивоɞиɬ ɤ 
ɧеоɛхоɞиɦоɫɬи чиɫɥеɧɧоɝо ɪаɫчеɬа ɤаɤ ɫо-
оɪɭɠеɧия в ɰеɥоɦ, ɬаɤ и ɩоɥɭчеɧия ɪеɲеɧия 
ɩовыɲеɧɧоɣ ɬочɧоɫɬи ɥиɲь в ɧеɛоɥьɲоɦ 

(ɫаɦоɦ ваɠɧоɦ иɥи оɬɥичаɸщиɦɫя оɬ ɬиɩо-
воɝо ɩɪоеɤɬа) ɮɪаɝɦеɧɬе ɤоɧɫɬɪɭɤɰии. Ме-
ɬоɞы ɩоɥɭчеɧия ɩовыɲеɧɧоɣ ɬочɧоɫɬи во 
ɮɪаɝɦеɧɬе ɤоɧɫɬɪɭɤɰии иɥи, ɝовоɪя иɧаче, 
ɦеɬоɞы ɮɪаɝɦеɧɬаɰии ɦоɠɧо ɪаɫɫɦаɬɪиваɬь 
ɤаɤ ɧеɤоɬоɪое ɪаɫɲиɪеɧие ɦɧоɝоɫеɬочɧых 
ɦеɬоɞов. Деɥо в ɬоɦ, чɬо ɩɪи ɩɪиɦеɧеɧии 

ɦɧоɝоɫеɬочɧых аɥɝоɪиɬɦов ɧа ɩɪаɤɬиɤе чаɫ-
ɬо ɛываеɬ ɞоɫɬаɬочɧо ɩоɥɭчаɬь ɪеɲеɧие вы-

ɫоɤоɣ ɬочɧоɫɬи (ɬ.е. ɧа ɫеɬɤе ɫ ɫаɦыɦ ɦеɥ-
ɤиɦ ɲаɝоɦ) ɥиɲь в оɬɧоɫиɬеɥьɧо ɧеɛоɥь-
ɲоɦ, ɫаɦоɦ ваɠɧоɦ ɮɪаɝɦеɧɬе ɤоɧɫɬɪɭɤɰии. 

Эɬо ɞаеɬ воɡɦоɠɧоɫɬь ɩɪи ɪеɲеɧии ɡаɞачи 

ɧа ɩоɫɥеɞоваɬеɥьɧоɫɬи ɫеɬоɤ ɩоɩыɬаɬьɫя 
ɫɭщеɫɬвеɧɧо ɧе ɭвеɥичиваɬь ее ɪаɡɦеɪɧоɫɬь 
ɩɪи ɩеɪехоɞе оɬ ɫеɬɤи ɤ ɫеɬɤе, чɬо ɩоɡвоɥиɬ 
ɪеɲаɬь ɞоɫɬаɬочɧо ɫɥоɠɧые ɡаɞачи ɧа ɩеɪ-
ɫоɧаɥьɧых ɤоɦɩьɸɬеɪах ɦаɥоɣ ɦощɧоɫɬи. 

Таɤ, ɧаɩɪиɦеɪ, ɪаɡɪаɛоɬаɧ оɞиɧ иɡ воɡɦоɠ-

ɧых ɩоɞхоɞов ɤ ɩоɥɭчеɧиɸ ɥоɤаɥьɧых ɪе-
ɲеɧиɣ выɫоɤоɝо ɩоɪяɞɤа ɬочɧоɫɬи во ɮɪаɝ-
ɦеɧɬе ɤоɧɫɬɪɭɤɰии ɞɥя ɷɥɥиɩɬичеɫɤих ɡаɞач 
вɬоɪоɝо ɩоɪяɞɤа. Даɧɧыɣ ɩоɞхоɞ ɫɭщеɫɬвеɧ-

ɧо оɬɥичаеɬɫя оɬ ɫɬаɧɞаɪɬɧоɝо, оɫɧоваɧɧоɝо 
ɧа ɫɝɭщеɧии ɫеɬɤи, ɬеɦ, чɬо ɩоɡвоɥяеɬ иɫ-
ɩоɥьɡоваɬь ɬоɥьɤо ɪеɝɭɥяɪɧɭɸ ɫеɬɤɭ, чɬо 
ɫɭщеɫɬвеɧɧо ɭɩɪощаеɬ аɥɝоɪиɬɦы ɮоɪɦиɪо-
ваɧия и ɪеɲеɧия. Иɞея ɦеɬоɞа оɫɧовываеɬɫя 
ɧа иɡвеɫɬɧоɦ ɩɪиɧɰиɩе Сеɧ-Веɧаɧа и ɩове-
ɞеɧии ɩɪоиɡвоɞɧоɣ оɬ ɮɭɧɞаɦеɧɬаɥьɧоɣ 

ɮɭɧɤɰии. Пɪеɞɥоɠеɧ ɫɥеɞɭɸщиɣ ɤɪиɬеɪиɣ 

выɪеɡаɧия: ɤ ɡоɧе ɝаɪаɧɬиɪоваɧɧоɣ ɬочɧоɫɬи 

ɤаɤ ɛы ɩɪиɪиɫовываеɬɫя ɝɪаɮиɤ ɩɪоиɡвоɞ-

ɧоɣ оɬ ɮɭɧɞаɦеɧɬаɥьɧоɣ ɮɭɧɤɰии ɧа ɦеɥɤоɣ 

ɫеɬɤе, ɞаɥее ɷɬа ɤɪивая ɩɪиɛɥиɠаеɬɫя ɥоɦа-
ɧоɣ ɩо ɭɡɥаɦ ɤɪɭɩɧоɣ ɫеɬɤи. Таɦ, ɝɞе ɥоɦа-
ɧая ɧачиɧаеɬ ɭɞовɥеɬвоɪиɬеɥьɧо оɩиɫываɬь 
ɝɪаɮиɤ ɩɪоиɡвоɞɧоɣ оɬ ɮɭɧɞаɦеɧɬаɥьɧоɣ 

ɮɭɧɤɰии ɦоɠɧо ɭɫɬаɧавɥиваɬь ɝɪаɧиɰɭ ɡоɧы 

выɪеɡаɧия (ɪиɫ. 3). В ɤачеɫɬве чиɫɥеɧɧоɣ 

оɰеɧɤи ɩɪеɞɥаɝаеɬɫя оɰеɧɤа, ɫвяɡаɧɧая ɫ ɥо-
ɤаɥьɧыɦ    ɩеɪеɪаɫɩɪеɞеɥеɧиеɦ   ɧаɝɪɭɡɤи   ɩо  
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Риɫ. 3. Схеɦа аɩɩɪоɤɫиɦаɰии в ɦеɬоɞе ɮɪаɝɦеɧɬаɰии. 

 

ɝɪаɧиɰы ɡоɧы выɪеɡаɧия и ɫоɩоɫɬавɥеɧиеɦ 

ɪеɡɭɥьɬаɬов ɪаɫчеɬов в ɡоɧе ɝаɪаɧɬиɪоваɧɧоɣ 

ɬочɧоɫɬи ɞɥя ɧеɫɤоɥьɤих ваɪиаɧɬов ɪаɫɩɪеɞе-
ɥеɧия ɧаɝɪɭɡɤи, ɧаɩɪиɦеɪ, ɧаɝɪɭɡɤа ɡаɞаɧɧая 
в ɭɡɥах ɤɪɭɩɧоɣ ɫеɬɤи и ɥиɧеɣɧо иɧɬеɪɩоɥи-

ɪоваɧɧая ɧа ɦеɥɤɭɸ ɫеɬɤɭ. 
Метɨды лɨкализации. Пɪи ɪаɫчеɬе ɫɬɪои-

ɬеɥьɧых ɤоɧɫɬɪɭɤɰиɣ, ɡɞаɧиɣ и ɫооɪɭɠеɧиɣ 

ɧаиɛоɥее оɩаɫɧыɦ ɫ ɩоɡиɰии ɩɪочɧоɫɬи явɥя-
еɬɫя ɧаɩɪяɠеɧɧое ɫоɫɬояɧие в ɧеɛоɥьɲоɦ ɤо-
ɥичеɫɬве ɡоɧ, ɤаɤ ɩɪавиɥо, ɡаɪаɧее иɡвеɫɬɧых. 
Лоɤаɥьɧыɣ ɪаɫчеɬ ɩɪи ɩɪавиɥьɧоɦ выɛоɪе 
ɦеɬоɞа и аɥɝоɪиɬɦа ɩɪивоɞиɬ ɤ ɪеɡɤоɦɭ 
ɭɦеɧьɲеɧиɸ ɤоɥичеɫɬва ɧеиɡвеɫɬɧых и вы-

чиɫɥиɬеɥьɧоɣ ɪаɛоɬы. Иɞея ɥоɤаɥьɧоɣ ɫеɬɤи 

ɫоɫɬоиɬ в ɬоɦ, чɬо оɧа ɩовɬоɪяеɬ оɩɬиɦаɥь-
ɧɭɸ аɩɩɪоɤɫиɦаɰиɸ ɞиɫɤɪеɬɧоɣ ɮɭɧɞаɦеɧ-

ɬаɥьɧоɣ ɮɭɧɤɰии ɫеɬɤоɣ ɫ ɦиɧиɦаɥьɧыɦ ɤо-
ɥичеɫɬвоɦ ɭɡɥов. По ɫɭɬи, ɞиɫɤɪеɬɧая ɮɭɧɞа-
ɦеɧɬаɥьɧая ɮɭɧɤɰия ɫ ɩоɡиɰии оɛоɛщеɧɧых 
ɮɭɧɤɰиɣ явɥяеɬɫя ɪеɝɭɥяɪиɡаɰиеɣ ɤоɧɬиɧɭ-
аɥьɧоɣ. Поɤаɡаɧо, чɬо оɛе ɮɭɧɤɰии ɫовɩаɞа-
ɸɬ ɩɪи ɭɞаɥеɧии оɬ ɧɭɥевоɣ ɬочɤи, чɬо ɩо-
ɡвоɥяеɬ ɞеɥаɬь аɧаɥиɬичеɫɤие оɰеɧɤи аɫиɦ-

ɩɬоɬичеɫɤоɝо ɩовеɞеɧия ɞиɫɤɪеɬɧых ɮɭɧɤ-
ɰиɣ. В ɤачеɫɬве оɫɧовɧоɝо чиɫɥеɧɧоɝо ɩɪиеɦа 
ɩоɫɬɪоеɧия ɞиɫɤɪеɬɧоɣ ɮɭɧɞаɦеɧɬаɥьɧоɣ 

ɮɭɧɤɰии ɩɪеɞɥоɠеɧо ɪеɲеɧие ɡаɞачи Диɪих-
ɥе в ɞоɫɬаɬочɧо ɲиɪоɤоɣ оɛɥаɫɬи и ɞооɩɪе-
ɞеɥеɧие ее аɩɩɪоɤɫиɦаɰиеɣ ɤоɧɬиɧɭаɥьɧоɣ 

ɮɭɧɤɰии в ɭɞаɥеɧɧых ɬочɤах. Поɫɤоɥьɤɭ ɤа-
чеɫɬвеɧɧое ɩовеɞеɧие ɮɭɧɞаɦеɧɬаɥьɧоɣ 

ɮɭɧɤɰии ɞɥя оɩеɪаɬоɪов Лаɩɥаɫа и ɬеоɪии 

ɭɩɪɭɝоɫɬи ɫовɩаɞаеɬ, ɬо вɫе оɰеɧɤи и выɛоɪ 
ɲаɝа ɥоɤаɥьɧоɣ ɫеɬɤи ɞоɫɬаɬочɧо веɫɬи ɧа 
оɫɧове аɩɩɪоɤɫиɦаɰии ɩеɪвоɣ. Поɫɬɪоеɧ ɦа-
ɬеɦаɬичеɫɤиɣ аɩɩаɪаɬ, иɫɩоɥьɡɭɸщиɣ ɦɧо-
ɠиɬеɥи Лаɝɪаɧɠа (ɪеаɤɰии ɫвяɡеɣ ɧа ɫɩɪяɦ-

ɥеɧие ɮɭɧɤɰии) и ɞиɫɤɪеɬɧɭɸ ɮɭɧɞаɦеɧ-

ɬаɥьɧɭɸ ɮɭɧɤɰиɸ ɞɥя аɧаɥиɬичеɫɤоɝо и чиɫ-
ɥеɧɧоɝо иɫɫɥеɞоваɧия вɥияɧия ɭɤɪɭɩɧеɧɧоɣ 

ɫеɬɤи ɧа ɩовеɞеɧие ɪеɲеɧия. Дɥя ɪеɲеɧия 
ɡаɞачи ɫ иɫɩоɥьɡоваɧиеɦ ɥоɤаɥьɧо-
ɫɝɭщаɸщихɫя ɫеɬоɤ ɩɪиɦеɧяɸɬɫя ɦеɬоɞ ɛа-
ɡиɫɧых ваɪиаɰиɣ и ɦеɬоɞ ɪаɫɲиɪеɧɧоɣ (ɫɬаɧ-

ɞаɪɬɧоɣ) оɛɥаɫɬи. 

Ɉɬɦеɬиɦ ɬаɤɠе ɩɪиɥоɠеɧие ɦɧоɝоɭɪовɧево-
ɝо веɣвɥеɬ-аɧаɥиɡа ɞɥя чиɫɥеɧɧоɝо иɫɫɥеɞо-
ваɧия ɥоɤаɥьɧоɝо ɧаɩɪяɠеɧɧо-
ɞеɮоɪɦиɪоваɧɧоɝо ɫоɫɬояɧия ɫɬɪоиɬеɥьɧых 
ɤоɧɫɬɪɭɤɰиɣ. Пɪи ɦɧоɝоɭɪовɧевоɦ веɣвɥеɬ-
аɧаɥиɡе ɪеɲеɧие ɩɪеɞɫɬавɥяеɬɫя в виɞе ɤоɦ-

ɩоɡиɰии ɥоɤаɥьɧых и ɝɥоɛаɥьɧых ɤоɦɩоɧеɧɬ, 
чɬо ɩоɡвоɥяеɬ оɰеɧиваɬь вɥияɧие ɪаɡɥичɧых  
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Риɫ. 4. Схеɦа аɩɩɪоɤɫиɦаɰии в ɦеɬоɞе ɥоɤаɥиɡаɰии. 

 
Риɫ. 5. К выɛоɪɭ аɩɩɪоɤɫиɦиɪɭɸщеɣ ɫеɬɤи в ɦеɬоɞе ɥоɤаɥиɡаɰии. 

 

(ɫ ɬочɤи ɡɪеɧия ɥоɤаɥиɡаɰии) ɮаɤɬоɪов. Ɉɤа-
ɡываеɬɫя воɡɦоɠɧыɦ ɩоɫɬɪоиɬь ɧе ɬоɥьɤо ɛо-
ɥее ɤачеɫɬвеɧɧɭɸ ɪаɫчеɬɧɭɸ ɦоɞеɥь, ɧо и 

вɧеɫɬи ɧеɤоɬоɪые ɤоɧɫɬɪɭɤɬивɧые иɡɦеɧеɧия. 
 

Ɇеɬоɞ ɞисɤɪеɬɧых ɝɪаɧичɧых ɭɪавɧеɧиɣ 

ɞлɹ ɪасчеɬа сɬɪоиɬельɧых ɤоɧсɬɪɭɤɰиɣ. 

ɍчеɧиɤи: Каɣɬɭɤов Т.Б. [7], Моɡɝаɥева М.Л. 

[13], Шиɪиɧɫɤая И.В. [18]. 

Меɬоɞ ɞиɫɤɪеɬɧых ɝɪаɧичɧых ɭɪавɧеɧиɣ 

(ДГɍ) ɫочеɬаеɬ ɩоɥоɠиɬеɥьɧые ɫɬоɪоɧы ɦе-

ɬоɞа ɤоɧечɧых ɷɥеɦеɧɬов (МКЭ) и ɦеɬоɞа 
ɝɪаɧичɧых ɷɥеɦеɧɬов (МГЭ). Реɲеɧие ɤɪае-
воɣ ɡаɞачи ɫɬɪоиɬɫя в ɪаɦɤах ɤоɧечɧоɷɥе-
ɦеɧɬɧоɣ аɩɩɪоɤɫиɦаɰии. Таɤ ɠе ɤаɤ в МГЭ 

ɡаɞача ɫвоɞиɬɫя ɤ ɫиɫɬеɦе ɭɪавɧеɧиɣ оɬɧоɫи-

ɬеɥьɧо ɧеиɡвеɫɬɧых, ɫоɫɪеɞоɬочеɧɧых ɧа 
ɝɪаɧиɰе оɛɥаɫɬи, ɩɪичеɦ ɷɬо ɫвеɞеɧие явɥя-
еɬɫя ɬочɧыɦ и ɧе ɬɪеɛɭеɬ аɩɩɪоɤɫиɦаɰии 

ɫиɧɝɭɥяɪɧых оɩеɪаɬоɪов, ɬ.ɤ. вɫе оɩеɪаɰии 

ɩɪоиɡвоɞяɬɫя ɧа ɞиɫɤɪеɬɧоɦ аɥɝеɛɪаичеɫɤоɦ 

ɭɪовɧе. Ɉɫɧовɧое ɩɪеиɦɭщеɫɬво ДГɍ ɩо 
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ɫɪавɧеɧиɸ ɫ ɦеɬоɞоɦ ɝɪаɧичɧых иɧɬеɝɪаɥь-
ɧых ɭɪавɧеɧиɣ ɡаɤɥɸчаеɬɫя в оɬɫɭɬɫɬвии ɦа-
ɬеɦаɬичеɫɤих ɬɪɭɞɧоɫɬеɣ, ɫвяɡаɧɧых ɫ ɪаɫче-
ɬоɦ ɰеɥоɝо ɪяɞа ɤоɧɫɬɪɭɤɰиɣ, иɦеɸщих 
вɧɭɬɪеɧɧие ɭɝɥы и ɫɬɭɩеɧьɤи. Раɡɪаɛоɬаɧɧые 
ɦеɬоɞы оɪиеɧɬиɪоваɧы ɧа иɫɩоɥьɡоваɧие 
ɤоɦɩьɸɬеɪов ɫɪеɞɧеɣ ɦощɧоɫɬи и ɩɪеɞɫɬав-
ɥяɸɬɫя ɫɭщеɫɬвеɧɧо ɛоɥее ɷɮɮеɤɬивɧыɦи, 

чеɦ ɫɬаɧɞаɪɬɧые ɩоɞхоɞы. 

 

ɋɩеɤɬɪальɧыɣ ɦеɬоɞ ɝɪаɧичɧых ɷлеɦеɧ-

ɬов ɞлɹ ɪасчеɬа сɬɪоиɬельɧых ɤоɧсɬɪɭɤ-

ɰиɣ. 

ɍчеɧиɤи: Моɡɝаɥева М.Л. [24,28], Мɫхаɥая 
ɀ.И. [14]. 

Сɩеɤɬɪаɥьɧыɣ ɦеɬоɞ ɝɪаɧичɧых ɷɥеɦеɧɬов 
(СМГЭ) оɫɧоваɧ ɧа   ɫɩеɤɬɪаɥьɧоɦ ɩɪеɞɫɬав-
ɥеɧии яɞеɪ иɧɬеɝɪаɥьɧых оɩеɪаɬоɪов в виɞе 
ɫɭɦɦы ɩɪоɫɬых ɮɭɧɤɰиɣ. СМГЭ ɞоɫɬаɬочɧо 
ɭɞоɛеɧ, ɬаɤ ɤаɤ ɩɪи еɝо иɫɩоɥьɡоваɧии ɫооɬ-
веɬɫɬвɭɸщие ɫиɧɝɭɥяɪɧые яɞɪа, во вɫяɤоɦ 

ɫɥɭчае в явɧоɦ виɞе, оɬɫɭɬɫɬвɭɸɬ, ɬ.е. ɩɪоиɫ-
хоɞиɬ еɫɬеɫɬвеɧɧая ɪеɝɭɥяɪиɡаɰия ɡа ɫчеɬ 
ɤоɧечɧоɝо чиɫɥа чɥеɧов ɪяɞа. Меɬоɞ иɦееɬ 
ɩɪоɫɬɭɸ ɩɪоɝɪаɦɦɧɭɸ ɪеаɥиɡаɰиɸ и ɧе ɬɪе-
ɛɭеɬ ɛоɥьɲоɝо оɛɴеɦа ɩаɦяɬи ɤоɦɩьɸɬеɪа. 
Эɬи ɞоɫɬоиɧɫɬва ɩоɡвоɥяɸɬ, ɧаɩɪиɦеɪ, ɮоɪ-
ɦаɥьɧо ɪеаɥиɡоваɬь ɦеɬоɞ, ɩɪивоɞящиɣ ɤ ɫа-
ɦоɫоɩɪяɠеɧɧыɦ ɝɪаɧичɧыɦ ɭɪавɧеɧияɦ, чɬо 
ɞаеɬ ɪяɞ выиɝɪыɲеɣ ɩɪи чиɫɥеɧɧоɣ ɪеаɥиɡа-
ɰии (ɫиɦɦеɬɪичɧая ɫиɫɬеɦа ɞиɫɤɪеɬɧых 
ɭɪавɧеɧиɣ, воɡɦоɠɧоɫɬь ɭɦеɧьɲиɬь ɲиɪиɧɭ 
ɥеɧɬы ɫиɫɬеɦы и ɬ.ɞ.). СМГЭ ɛыɥ ɩɪеɞɥоɠеɧ 

А.И. ɐеɣɬɥиɧыɦ и Л.Г. Пеɬɪоɫяɧоɦ ɞɥя 
ɭɪавɧеɧия Лаɩɥаɫа ɩɪи ɪаɫчеɬе ɤоɧɫɬɪɭɤɰиɣ, 

ɪаɛоɬа ɤоɬоɪых оɩиɫываеɬɫя ɬаɤоɣ ɦаɬеɦа-
ɬичеɫɤоɣ ɦоɞеɥьɸ.  

ɐеɥьɸ ɩɪовеɞеɧɧых А.Б. Зоɥоɬовыɦ и еɝо 
ɭчеɧиɤаɦи иɫɫɥеɞоваɧиɣ ɛыɥо ɪаɫɩɪоɫɬɪа-
ɧеɧие ɷɬоɝо ɦеɬоɞа ɧа ɪеɲеɧие ɡаɞач ɬеоɪии 

ɭɩɪɭɝоɫɬи, а ɬаɤɠе иɫɫɥеɞоваɧие еɝо ɷɮɮеɤ-
ɬивɧоɫɬи, ɬ.е. аɧаɥиɡ воɩɪоɫов ɫхоɞиɦоɫɬи и 

ɬочɧоɫɬи. Выявɥеɧо, чɬо СМГЭ иɦееɬ ɪяɞ 

ɧеɞоɫɬаɬɤов. Во-ɩеɪвых, ɧеɤоɪɪеɤɬɧоɫɬь 
ɫɭɦɦиɪоваɧие ɪяɞа Фɭɪье. Во-вɬоɪых, ɫоɛ-

ɫɬвеɧɧые ɮɭɧɤɰии ɞиɮɮеɪеɧɰиаɥьɧоɝо оɩе-
ɪаɬоɪа в явɧоɦ виɞе ɧеиɡвеɫɬɧы, в ɬо вɪеɦя 

ɤаɤ ɮɭɧɞаɦеɧɬаɥьɧые ɮɭɧɤɰии ɞɥя ɛоɥь-
ɲиɧɫɬва оɩеɪаɬоɪов ɫ ɩоɫɬояɧɧыɦи ɤоɷɮɮи-

ɰиеɧɬаɦи иɡвеɫɬɧы. Эɬоɬ ɧеɞоɫɬаɬоɤ оɝɪаɧи-

чиваеɬ оɛɥаɫɬь ɩɪиɦеɧеɧия СМГЭ. В-

ɬɪеɬьих, ɩɪи ɩɪиɛɥиɠеɧии ɪаɡɪывɧоɣ ɮɭɧɤ-
ɰии ɪяɞоɦ Фɭɪье в ɬочɤах, ɛɥиɡɤих ɤ ɪаɡɪы-

вɭ, ɧаɛɥɸɞаеɬɫя явɥеɧие Гиɛɛɫа, ɬ.е. ɧеɭɫɬ-
ɪаɧиɦая ɫ ɭвеɥичеɧиеɦ ɤоɥичеɫɬва чɥеɧов 
ɪяɞа ɩоɝɪеɲɧоɫɬь веɥичиɧоɣ 18%. Еɫɥи 

ɭчеɫɬь, чɬо ɪаɫɫɦаɬɪиваеɦые в иɧɬеɝɪаɥьɧых 
ɭɪавɧеɧиях ɮɭɧɤɰии иɦеɸɬ ɫɤачоɤ ɧа ɝɪа-
ɧиɰе, а ɤɪаевые ɭɫɥовия ɩоɧиɦаɸɬɫя ɤаɤ 
ɫɥеɞ, ɬо воɡɧиɤаɸɬ ɫɭщеɫɬвеɧɧые ɩɪеɩяɬɫɬ-
вия ɞɥя чиɫɥеɧɧоɝо ɪеɲеɧия и еɝо аɧаɥиɡа. 
Раɡɪаɛоɬаɧ ɪяɞ ɦеɬоɞов ɭɫɬɪаɧеɧия ɭɤаɡаɧ-

ɧых ɩоɝɪеɲɧоɫɬеɣ и ɭɫɤоɪеɧия ɫхоɞиɦоɫɬи 

ɪяɞов Фɭɪье, ɩɪивоɞящеɣ ɤ ɫɭщеɫɬвеɧɧоɣ 

ɷɤоɧоɦии вычиɫɥиɬеɥьɧоɣ ɪаɛоɬы. Поɫɤоɥь-
ɤɭ явɧыɣ виɞ ɞɥя ɫоɛɫɬвеɧɧых ɮɭɧɤɰиɣ ɡа-
ɞачи ɬеоɪии ɭɩɪɭɝоɫɬи оɬɫɭɬɫɬвɭеɬ, ɩɪеɞɥо-
ɠеɧо иɫɩоɥьɡоваɧие оɛɪаɬɧоɝо оɩеɪаɬоɪа 
ɬеоɪии ɭɩɪɭɝоɫɬи ɧа ɫɬаɧɞаɪɬɧоɣ оɛɥаɫɬи ɧа 
оɫɧове ɫоɛɫɬвеɧɧых ɮɭɧɤɰиɣ, ɫооɬвеɬɫɬ-
вɭɸщих оɩеɪаɬоɪɭ Лаɩɥаɫа. Ɉɬɦеɬиɦ, чɬо 
ɫоɛɫɬвеɧɧые ɮɭɧɤɰии ɡɞеɫь явɥяɸɬɫя ɬɪиɝо-
ɧоɦеɬɪичеɫɤиɦи.  

 

Ɇеɬоɞы оɩɬиɦиɡаɰии ɤоɧсɬɪɭɤɰиɣ. 

ɍчеɧиɤи: Беɥьɫɤиɣ В.Г. [4]. 

Теоɪия оɩɬиɦиɡаɰии ɮоɪɦ ɞеɮоɪɦиɪɭеɦых 
ɬеɥ ɩɪеɞɫɬавɥяеɬ ɫоɛоɣ аɤɬɭаɥьɧое ɧаɩɪавɥе-
ɧие в ɩɪоеɤɬиɪоваɧии оɩɬиɦаɥьɧых ɤоɧɫɬ-
ɪɭɤɰиɣ, ваɠɧое в ɬеоɪеɬичеɫɤоɦ и ɩɪиɤɥаɞ-
ɧоɦ оɬɧоɲеɧиях. Даɧɧое ɧаɩɪавɥеɧие ɩоɥɭ-
чиɥо ɪаɡвиɬие в ɬоɦ, чɬо оɬɧоɫиɬɫя ɤ оɛщеɣ 

ɦаɬеɦаɬичеɫɤоɣ ɬеоɪии, аɧаɥиɡɭ чɭвɫɬви-

ɬеɥьɧоɫɬи ɮоɪɦ и ɪеɲеɧиɸ ɤоɧɤɪеɬɧых ɡаɞач 
оɩɬиɦиɡаɰии ɮоɪɦ в ɦехаɧиɤе ɞеɮоɪɦиɪɭе-
ɦых ɬеɥ. ɍɫɩехи в ɪаɡвиɬии ɪаɫɫɦаɬɪиваеɦо-
ɝо ɧаɭчɧоɝо ɧаɩɪавɥеɧия ɛыɥи оɛеɫɩечеɧы 

ɩɪеɠɞе вɫеɝо ɞоɫɬиɠеɧияɦи в ɬеоɪии ваɪиа-
ɰиоɧɧых ɡаɞач ɫ ɧеиɡвеɫɬɧыɦи ɝɪаɧиɰаɦи, 

ɬеоɪии ваɪиаɰиоɧɧых ɧеɪавеɧɫɬв, ɦеɬоɞов 
ɪеɲеɧия ваɪиаɰиоɧɧых ɡаɞач ɫ оɞɧоɫɬоɪоɧ-

ɧиɦи ɫвяɡяɦи, ɦеɬоɞов ɤоɧечɧых ɷɥеɦеɧɬов, 
аɩɩаɪаɬа оɛоɛщеɧɧых ɮɭɧɤɰиɣ. Раɫɫɦоɬɪеɧы 

ɦаɬеɦаɬичеɫɤие ɩоɫɬаɧовɤи ɡаɞач оɩɬиɦаɥь-
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ɧоɝо ɩɪоеɤɬиɪоваɧия ɤоɧɫɬɪɭɤɰиɣ, ɩɪиɦе-
ɧяеɦые ɤоɧечɧоɷɥеɦеɧɬɧые аɩɩɪоɤɫиɦаɰии и 

чиɫɥеɧɧые аɥɝоɪиɬɦы оɩɬиɦиɡаɰии, ɩɪеɞ-
ɫɬавɥеɧы ɩɪиɦеɪы ɪеɲеɧия ɦоɞеɥьɧых ɬеɫ-
ɬовых и ɩɪаɤɬичеɫɤи ваɠɧых ɡаɞач ɪаɫчеɬа 
ɤоɧɫɬɪɭɤɰиɣ. 

 

Числеɧɧо-аɧалиɬичесɤие ɦеɬоɞы ɪасчеɬа 
сɬɪоиɬельɧых ɤоɧсɬɪɭɤɰиɣ, ɡɞаɧиɣ и со-
оɪɭɠеɧиɣ. 

ɍчеɧиɤи: Аɤиɦов П.А. [2,23-25], Леɣɬеɫ Е.С. 

[19], Меɞвеɞьɤо В.ɇ. 

Доɫɬиɝɧɭɬыɣ в ɧачаɥе 21 веɤа ɭɪовеɧь ɦощ-

ɧоɫɬи ЭВМ и иɦеɸщиɣɫя в аɪɫеɧаɥе иɧɫɬɪɭ-
ɦеɧɬаɪиɣ аɧаɥиɬичеɫɤих ɦаɬеɦаɬичеɫɤих 
ɫɪеɞɫɬв, в ɫочеɬаɧии ɫ ɪаɡɧооɛɪаɡиеɦ ɦаɬе-
ɦаɬичеɫɤих ɦоɞеɥеɣ, ɩоɡвоɥяеɬ ɫɬавиɬь ɧа 
ɩовеɫɬɤɭ ɞɧя ɡаɞачи ɪаɡɪаɛоɬɤи и иɫɫɥеɞова-
ɧия ɬаɤ ɧаɡываеɦых чиɫɥеɧɧо-аɧаɥиɬичеɫɤих 
иɥи ɩоɥɭаɧаɥиɬичеɫɤих ɦеɬоɞов, ɫочеɬаɸ-

щих ɤачеɫɬвеɧɧые ɫвоɣɫɬва ɡаɦɤɧɭɬых ɪе-
ɲеɧиɣ ɫ оɛщɧоɫɬьɸ чиɫɥеɧɧых ɦеɬоɞов. 
Пɪеɠɞе ɬаɤие ɩоɞхоɞы ɫɭщеɫɬвоваɥи, ɝɥав-
ɧыɦ оɛɪаɡоɦ, ɧа иɞеɣɧоɦ ɭɪовɧе, ɬаɤ ɤаɤ 
ɦɧоɝие иɡ ɪаɡɪаɛоɬоɤ в ɞаɧɧоɦ ɧаɩɪавɥеɧии 

ɥиɛо ɛыɥи ɧе ɪеаɥиɡɭеɦыɦи ɩɪаɤɬичеɫɤи иɡ-
ɡа оɬɫɭɬɫɬвия, ɩо ɤɪаɣɧеɣ ɦеɪе, оɞɧоɝо иɡ ɩе-
ɪечиɫɥеɧɧых ɮаɤɬоɪов, ɥиɛо, в ɬоɣ иɥи иɧоɣ 

ɦеɪе, ɧе ɭчиɬываɥаɫь вычиɫɥиɬеɥьɧая ɫɩе-
ɰиɮиɤа и ɧеоɛхоɞиɦоɫɬь ɩоɫɥеɞɭɸщеɣ ɤоɦ-

ɩьɸɬеɪɧоɣ ɪеаɥиɡаɰии. Поɥɭаɧаɥиɬичеɫɤие 
ɦеɬоɞы ɩоɡвоɥяɸɬ ɩоɥɭчаɬь ɪеɲеɧия в аɧа-
ɥиɬичеɫɤоɣ ɮоɪɦе, ɫɩоɫоɛɫɬвɭɸщеɣ ɭɥɭч-
ɲеɧиɸ ɤачеɫɬва иɫɫɥеɞоваɧия оɛɴеɤɬов. 
ɇаɣɞеɧɧая ɫ их ɩоɦощьɸ ɤаɪɬиɧа ɇДС ɪаɡ-
виваеɬ иɧɬɭиɰиɸ ɪаɫчеɬчиɤа и ɩоɧиɦаɧие 
ɪаɛоɬы ɤоɧɫɬɪɭɤɰиɣ, хаɪаɤɬеɪа вɥияɧия ɧа 
ɧих ɪаɡɥичɧых ɥоɤаɥьɧых и ɝɥоɛаɥьɧых ɮаɤ-
ɬоɪов. Эɬи ɩоɞхоɞы оɫоɛеɧɧо ɷɮɮеɤɬивɧы в 
ɡоɧах ɤɪаевоɝо ɷɮɮеɤɬа, ɬаɦ, ɝɞе чаɫɬь ɫо-
ɫɬавɥяɸщих ɪеɲеɧия ɩɪеɞɫɬавɥяеɬ ɫоɛоɣ 

ɛыɫɬɪоиɡɦеɧяɸщиеɫя ɮɭɧɤɰии, ɫɤоɪоɫɬь иɡ-
ɦеɧеɧия ɤоɬоɪых ɧе вɫеɝɞа ɦоɠеɬ ɛыɬь аɞеɤ-
ваɬɧо ɭчɬеɧа ɬɪаɞиɰиоɧɧыɦи чиɫɥеɧɧыɦи 

ɦеɬоɞаɦи. Ɉɛɥаɫɬьɸ ɩɪиɦеɧеɧия ɪаɡɪаɛо-
ɬаɧɧоɣ ɝɪɭɩɩы ɩоɥɭаɧаɥиɬичеɫɤих ɦеɬоɞов 
явɥяɸɬɫя ɤоɧɫɬɪɭɤɰии и ɫооɪɭɠеɧия, в ɤоɬо-

ɪых иɦееɬɫя ɩоɫɬояɧɫɬво ɮиɡиɤо-
ɝеоɦеɬɪичеɫɤих хаɪаɤɬеɪиɫɬиɤ ɩо оɞɧоɦɭ иɡ 
ɤооɪɞиɧаɬɧых ɧаɩɪавɥеɧиɣ (ɛаɥɤи, ɛаɥɤи-

ɫɬеɧɤи, ɬоɧɤоɫɬеɧɧые ɫɬɪеɠɧи, ɩоɥоɫы, 

ɞɥиɧɧые ɮɭɧɞаɦеɧɬы, ɩɥиɬы, ɩɥаɫɬиɧы, оɛо-
ɥочɤи, выɫоɬɧые и ɩɪоɬяɠеɧɧые ɫооɪɭɠеɧия, 
ɬɪɭɛоɩɪовоɞы, ɩɥоɬиɧы, ɪеɥьɫы, ɪеɡеɪвɭаɪы 

и ɬ.ɞ.). Сооɬвеɬɫɬвɭɸщие ɦеɬоɞы ɧаɡваɧы 

ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧыɦи ɩо ɬоɣ ɩɪичиɧе, 
чɬо ɩо выɞеɥяеɦоɦɭ ɧаɩɪавɥеɧиɸ ɩоɫɬояɧ-

ɫɬва хаɪаɤɬеɪиɫɬиɤ (оɫɧовɧое ɧаɩɪавɥеɧие) 
ɫохɪаɧяеɬɫя ɤоɧɬиɧɭаɥьɧыɣ хаɪаɤɬеɪ ɡаɞачи 

и, ɫооɬвеɬɫɬвеɧɧо, аɧаɥиɬичеɫɤиɣ виɞ ɩоɥɭ-
чаеɦоɝо ɪеɲеɧия, в ɬо вɪеɦя ɤаɤ ɩо оɫɬаɥь-
ɧыɦ ɩɪоиɡвоɞиɬɫя ɞиɫɤɪеɬиɡаɰия ɬоɝо иɥи 

иɧоɝо ɪоɞа.  
Ⱦиɫкретɧɨ-кɨɧтиɧуалɶɧыɣ ɦетɨд кɨɧечɧых 
ɷлеɦеɧтɨɜ. В ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧоɦ ɦе-
ɬоɞе ɤоɧечɧых ɷɥеɦеɧɬов (ДКМКЭ) ɪеаɥиɡо-
ваɧа иɞея, чɬо ɪеɲеɧие ɡаɞачи ɪаɫчеɬа ɤоɧɫɬ-
ɪɭɤɰии иɥи ɫооɪɭɠеɧия ɫ ɩоɫɬояɧɧыɦи ɮи-

ɡиɤо-ɝеоɦеɬɪичеɫɤиɦи хаɪаɤɬеɪиɫɬиɤаɦи ɩо 
оɞɧоɦɭ иɡ ɧаɩɪавɥеɧиɣ в ɪаɦɤах ɦеɬоɞа ɤо-
ɧечɧых ɷɥеɦеɧɬов (МКЭ) ɦоɠеɬ ɛыɬь ɩоɥɭ-
чеɧо в аɧаɥиɬичеɫɤоɣ ɮоɪɦе вɞоɥь ɞаɧɧоɝо 
ɧаɩɪавɥеɧия. Пɪеиɦɭщеɫɬваɦи ДКМКЭ ɬаɤ-
ɠе явɥяɸɬɫя: ɩоɧиɠеɧие ɪаɡɦеɪɧоɫɬи ɩɪи 

чиɫɥеɧɧоɦ ɪеɲеɧии, оɬɫɭɬɫɬвие ɩɪаɤɬиче-
ɫɤих оɝɪаɧичеɧиɣ ɧа ɞɥиɧɭ оɛɴеɤɬов ɩо оɫ-
ɧовɧоɦɭ ɧаɩɪавɥеɧиɸ и ɷɮɮеɤɬивɧоɫɬь в ɡо-
ɧах ɤɪаевоɝо ɷɮɮеɤɬа. Поɫɥе ɮоɪɦɭɥиɪовɤи 

оɩеɪаɬоɪɧых и ваɪиаɰиоɧɧых ɩоɫɬаɧовоɤ 
ɤɪаевых ɡаɞач ɫ ɩɪивɥечеɧиеɦ ɦеɬоɞа ɪаɫɲи-

ɪеɧɧоɣ оɛɥаɫɬи ɧа ɷɬаɩе чиɫɥеɧɧоɣ ɪеаɥиɡа-
ɰии ДКМКЭ ɪаɫɫɦаɬɪиваеɦая ɤоɧɫɬɪɭɤɰия 
ɪаɡɛиваеɬɫя ɧа ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧые ɤо-
ɧечɧые ɷɥеɦеɧɬы (ДККЭ) (ɪиɫ. 6). 

Ⱦиɫкретɧɨ-кɨɧтиɧуалɶɧыɣ ɦетɨд граɧич-
ɧых ɷлеɦеɧтɨɜ. В оɫɧове ɞиɫɤɪеɬɧо-
ɤоɧɬиɧɭаɥьɧоɝо ɦеɬоɞа ɝɪаɧичɧых ɷɥеɦеɧ-

ɬов (ДКМГЭ) ɥеɠаɬ ɝɪаɧичɧые ɩɫевɞоɞиɮ-

ɮеɪеɧɰиаɥьɧые ɭɪавɧеɧия. Сооɬвеɬɫɬвɭɸ-

щие ɩɫевɞоɞиɮɮеɪеɧɰиаɥьɧые оɩеɪаɬоɪы 

аɩɩɪоɤɫиɦиɪɭɸɬɫя ɞиɫɤɪеɬɧо ɫ ɩɪивɥечеɧи-

еɦ аɧаɥиɡа Фɭɪье иɥи веɣвɥеɬ-аɧаɥиɡа. Пɪе-
иɦɭщеɫɬва ДКМГЭ ɩеɪеɞ ɞɪɭɝиɦи ɦеɬоɞаɦи 

чиɫɥеɧɧоɝо ɦоɞеɥиɪоваɧия – ɞвɭɤɪаɬɧое ɩо- 
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Риɫ. 6. Пɪиɦеɪ ɫхеɦы ɞиɫɤɪеɬиɡаɰии ɤоɧɫɬɪɭɤɰии в ɪаɦɤах ДКМКЭ. 

 

 

Риɫ. 7. Пɪиɦеɪы ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧых ɦоɞеɥеɣ ɝɪаɧиɰ в ДКМГЭ. 

 

ɧиɠеɧие ɪаɡɦеɪɧоɫɬи ɡаɞачи (ɞиɫɤɪеɬиɡиɪɭ-

еɬɫя ɧе вɫя ɪаɫчеɬɧая оɛɥаɫɬь, а ɬоɥьɤо ɝɪа-
ɧиɰа ее ɩоɩеɪечɧоɝо ɫечеɧия, ɬ.е. ɪеɲаеɬɫя, 
ɩо ɫɭɬи, оɞɧоɦеɪɧая ɡаɞача и ɡаɞаеɬɫя ɥиɲь 
ɲаɝ ɩо ɤоɧɬɭɪɭ), воɡɦоɠɧоɫɬь ɩɪовеɞеɧия 
ɞеɬаɥьɧоɝо аɧаɥиɡа оɬɞеɥьɧых ɡоɧ, ɭɩɪо-
щеɧɧыɣ ɷɬаɩ ɩоɞɝоɬовɤи ɞаɧɧых, аɥɝоɪиɬ-
ɦичеɫɤая ɩɪоɫɬоɬа и выɫоɤая ɫɬеɩеɧь ɭɧи-

веɪɫаɥьɧоɫɬи. Раɡɪаɛоɬаɧы ɞва ваɪиаɧɬа 
ДКМГЭ – ɧеɩɪяɦоɣ и ɩɪяɦоɣ, ɧеɩɪяɦоɣ, ɤаɤ 
и в ɫɬаɧɞаɪɬɧоɦ ɦеɬоɞе ɝɪаɧичɧых ɷɥеɦеɧ-

ɬов, ɩɪиɦеɧяеɬɫя ɧеɫɤоɥьɤо ɲиɪе ɩɪяɦоɝо. 
ɇа ɫɬаɞии чиɫɥеɧɧоɣ ɪеаɥиɡаɰии ɝɪаɧиɰа 
оɛɴеɤɬа аɩɩɪоɤɫиɦиɪɭеɬɫя аɧɫаɦɛɥеɦ ɞиɫ-

ɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧых ɝɪаɧичɧых ɷɥеɦеɧɬов 
(ɪиɫ. 7). 

Ⱦиɫкретɧɨ-кɨɧтиɧуалɶɧыɣ ɜариациɨɧɧɨ-
разɧɨɫтɧыɣ ɦетɨд. Диɫɤɪеɬɧо-
ɤоɧɬиɧɭаɥьɧыɣ ваɪиаɰиоɧɧо-ɪаɡɧоɫɬɧыɣ ɦе-
ɬоɞ (ДКВРМ) ɩоɡвоɥяеɬ ɫочеɬаɬь ɩɪоɫɬоɬɭ и 

ɧаɝɥяɞɧоɫɬь ɤоɧечɧо-ɪаɡɧоɫɬɧых ɦеɬоɞов ɫ 
ɩɪеиɦɭщеɫɬваɦи ваɪиаɰиоɧɧоɣ ɩоɫɬаɧовɤи 

(ɦеɧьɲиɣ ɩоɪяɞоɤ ɩɪоиɡвоɞɧых и авɬоɦаɬи-

чеɫɤое  ɭɞовɥеɬвоɪеɧие  ɪеɲеɧия  оɫɧовɧыɦ 

(еɫɬеɫɬвеɧɧыɦ)  ɝɪаɧичɧыɦ ɭɫɥовияɦ) ɫ оɞɧоɣ 

ɫɬоɪоɧы и очевиɞɧые ɞоɫɬоиɧɫɬва аɧаɥиɬиче-
ɫɤоɝо ɪеɲеɧия ɫ ɞɪɭɝоɣ. Иɫɩоɥьɡоваɧие 
ДКВРМ ɩоɡвоɥяеɬ ɫɪавɧиɬеɥьɧо ɩɪоɫɬо ɩоɥɭ-
чиɬь ɞиɫɤɪеɬɧɭɸ оɩеɪаɬоɪɧɭɸ ɮоɪɦɭɥиɪовɤɭ 
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ɡаɞачи ɩо ɧаɩɪавɥеɧияɦ ɫеɬочɧоɣ аɩɩɪоɤɫи-

ɦаɰии, вɧеɲɧе ɩовɬоɪяɸщɭɸ ее иɫхоɞɧɭɸ 

ɩоɫɬаɧовɤɭ. В ɪаɦɤах ДКВРМ ɫооɪɭɠеɧие 
ɪаɡɛиваеɬɫя ɧа ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧые ɫе-
ɬочɧые ɷɥеɦеɧɬы (аɧаɥоɝичɧо ДКМКЭ). 

Метɨды тɨчɧɨгɨ аɧалитичеɫкɨгɨ решеɧия 
ɦɧɨгɨтɨчечɧых краеɜых задач ɫтрɨителɶ-
ɧɨɣ ɦехаɧики. Диɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧые ɦе-
ɬоɞы ɪаɫчеɬа ɫооɪɭɠеɧиɣ ɫвоɞяɬɫя в ɫвоеɦ 

ɩɪоɦеɠɭɬочɧоɦ иɬоɝе ɤ ɪеɲеɧиɸ ɦɧоɝоɬо-
чечɧых ɤɪаевых ɡаɞач (МКЗ) ɫɬɪоиɬеɥьɧоɣ 

ɦехаɧиɤи. Поɞ МКЗ ɩоɧиɦаеɬɫя ɡаɞача ɫ 
«вɧɭɬɪеɧɧиɦи» ɝɪаɧичɧыɦи ɭɫɥовияɦи, ɬ.е. 
ɫовоɤɭɩɧоɫɬь оɛычɧых ɤɪаевых ɡаɞач, ɪаɫ-
ɫɦаɬɪиваеɦых ɧа оɛɥаɫɬях, иɦеɸщих оɛщие 
ɝɪаɧиɰы. Совɦеɫɬɧо ɫ П.А. Аɤиɦовыɦ ɪаɡ-
ɪаɛоɬаɧы ɭɫɬоɣчивые аɧаɥиɬичеɫɤие «ɪеɲа-
ɬеɥи ɩɪоɦыɲɥеɧɧоɝо ɬиɩа», ɭчиɬываɸщие 
ɫɩеɰиɮиɤɭ ɫɬɪоиɬеɥьɧых ɡаɞач и явɥяɸщие-
ɫя ɤоɪɪеɤɬɧоɣ аɥьɬеɪɧаɬивоɣ ɦеɬоɞɭ ɧа-
чаɥьɧых ɩаɪаɦеɬɪов. Тɪаɞиɰиоɧɧая ɩоɫɬа-
ɧовɤа МКЗ ɞɥя ɫиɫɬеɦы оɛыɤɧовеɧɧых 
ɞиɮɮеɪеɧɰиаɥьɧых ɭɪавɧеɧиɣ (ɈДɍ) ɩеɪво-
ɝо ɩоɪяɞɤа ɫ ɩоɫɬояɧɧыɦи ɤоɷɮɮиɰиеɧɬаɦи 

иɦееɬ виɞ: 
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ɝɞе Txyxyxyxyy ])(   ...   )(   )( [)( n21  – иɫ-
ɤоɦая n-ɦеɪɧая веɤɬоɪ-ɮɭɧɤɰия; 

T

nfxfxfxff ] (x)   ...   )(   )( [)( 21  – ɡаɞаɧ-

ɧая n-ɦеɪɧая веɤɬоɪ-ɮɭɧɤɰия ɩɪавых чаɫɬеɣ; 

k

b

k nkx  ..., 1,=   ,  – ɤооɪɞиɧаɬы ɝɪаɧичɧых ɬо-
чеɤ; A – ɦаɬɪиɰа ɩоɫɬояɧɧых ɤоɷɮɮиɰиеɧɬов, 
ɤваɞɪаɬɧая n-ɝо ɩоɪяɞɤа; +

kk BB  ,  и 
kg , 

kg  – 

ɦаɬɪиɰы ɝɪаɧичɧых ɭɫɥовиɣ n-ɝо ɩоɪяɞɤа и 

n-ɦеɪɧые веɤɬоɪы ɩɪавых чаɫɬеɣ ɝɪаɧичɧых 
ɭɫɥовиɣ. 

В хоɞе ɩɪовеɞеɧɧых вɫеɫɬоɪоɧɧих иɫɫɥеɞо-
ваɧиɣ выявɥеɧы ɫɥеɞɭɸщие ɤачеɫɬвеɧɧые 
оɫоɛеɧɧоɫɬи ɦаɬɪиɰы A: 

1. Маɬɪиɰа A явɥяеɬɫя «ɠеɫɬɤоɣ», ɬ.е. оɬɧо-
ɲеɧие ее ɦаɤɫиɦаɥьɧоɝо ɫоɛɫɬвеɧɧоɝо 
чиɫɥа ɤ ɦиɧиɦаɥьɧоɦɭ (ɩо ɦоɞɭɥɸ) явɥя-
еɬɫя ɛоɥьɲиɦ чиɫɥоɦ: 

 

M ||/|| minmax  ,   ɝɞе   М – ɛоɥьɲое чиɫɥо,  
  (18) 

 

ɩɪи ɷɬоɦ «ɠеɫɬɤоɫɬь» аɫиɦɩɬоɬичеɫɤи 

воɡɪаɫɬаеɬ; 
2. Деɣɫɬвиɬеɥьɧые чаɫɬи ɫоɛɫɬвеɧɧых чиɫеɥ 
иɦеɸɬ ɪаɡɧые ɡɧаɤи; 

3. В ɫɩеɤɬɪаɥьɧоɦ ɪаɡɥоɠеɧии ɦаɬɪиɰы A 

ɩɪиɫɭɬɫɬвɭɸɬ ɠоɪɞаɧовы ɤɥеɬɤи и ɩɪи-

ɫоеɞиɧеɧɧые (ɤоɪɧевые) веɤɬоɪа,  ɩɪи  

ɷɬоɦ  оɧи  ɫооɬвеɬɫɬвɭɸɬ ɧɭɥевыɦ ɫоɛɫɬ-
веɧɧыɦ ɡɧачеɧияɦ; 

4. ɍɤаɡаɧɧые ɠоɪɞаɧовы ɤɥеɬɤи иɦеɸɬ ɤо-
ɧечɧыɣ виɞ и ɩɪаɤɬичеɫɤи ɧе ɡавиɫяɬ оɬ 
ɝɭɫɬоɬы ɫеɬɤи ɞиɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧых 
ɷɥеɦеɧɬов, аɩɩɪоɤɫиɦиɪɭɸщих «ɩоɩе-
ɪечɧое» ɫечеɧие ɤоɧɫɬɪɭɤɰии; 

5. Пɪи ɪеɲеɧии ɩɪаɤɬичеɫɤих ɡаɞач ɪаɫчеɬа 
ɫɬɪоиɬеɥьɧых ɤоɧɫɬɪɭɤɰиɣ и ɫооɪɭɠеɧиɣ 
ɫиɫɬеɦа (15) ɧаɫчиɬываеɬ ɛоɥьɲое чиɫɥо 
ɭɪавɧеɧиɣ (ɧеɫɤоɥьɤо ɬыɫяч). 

Сɥова «ɬочɧое аɧаɥиɬичеɫɤое ɪеɲеɧие» оɡ-
ɧачаɸɬ, чɬо ɪеɲеɧие ищеɬɫя ɧе в ɪяɞах, а ɧа 
оɫɧове ɩоɫɬɪоеɧия аɧаɥиɬичеɫɤих ɮɭɧɤɰиɣ 

оɬ ɦаɬɪиɰы. Чɬо ɤаɫаеɬɫя ɪяɞов, ɬо вɫеɝɞа 
воɡɧиɤаɸɬ воɩɪоɫы их ɪеаɥьɧоɣ ɫхоɞиɦоɫɬи, 

и ɷɬо, ɤаɤ ɩɪавиɥо, ɧе ɞаеɬ ɝаɪаɧɬии ɭɫɩеɲ-

ɧоɝо ɪеɲеɧия в ɧаиɛоɥее ваɠɧых ɫɥɭчаях. 
Поɫɬɪоеɧие ɬочɧоɝо аɧаɥиɬичеɫɤоɝо ɪеɲе-
ɧия в ɬɪаɞиɰиоɧɧоɣ ɮоɪɦе (ɧаɩɪиɦеɪ, в 
ɪаɦɤах ɦеɬоɞа ɧачаɥьɧых ɩаɪаɦеɬɪов) ɩɪи-

воɞиɬ ɤ ɩɪаɤɬичеɫɤи ɧеɪеаɥиɡɭеɦыɦ вычиɫ-
ɥеɧияɦ. В ɩеɪвɭɸ очеɪеɞь ɷɬо воɡɧиɤаеɬ иɡ-
ɡа ɧаɥичия в ɫɩеɤɬɪаɥьɧоɦ ɪаɡɥоɠеɧии ɷɤɫ-
ɩоɧеɧɰиаɥьɧых ɮɭɧɤɰиɣ ɫ ɩоɥоɠиɬеɥьɧыɦи 

аɪɝɭɦеɧɬаɦи (ɬаɤая ɮɭɧɤɰия в ɩɪиɤɥаɞɧоɣ 

ɦаɬеɦаɬиɤе ɧаɡываеɬɫя «вычиɫɥиɬеɥьɧоɣ ɤа-
ɬаɫɬɪоɮоɣ» и ɧе ɪеаɥиɡɭеɬɫя ɧа ЭВМ). Дɪɭ-

ɝая ɩɪоɛɥеɦа ɫвяɡаɧа ɫ ɧаɥичиеɦ ɩɪиɫоеɞи-

ɧеɧɧых веɤɬоɪов и ɠоɪɞаɧовых ɤɥеɬоɤ (иɦе-
еɬɫя в виɞɭ ɧееɞиɧичɧоɝо ɩоɪяɞɤа) в ɠоɪɞа-
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ɧовоɦ ɪаɡɥоɠеɧии ɦаɬɪиɰы A, ɤоɬоɪое иɦе-
еɬ виɞ: 

 
1-T J TA  ,   ɝɞе   } ..., , ,{ 21 uJJJJ  ;    

pp mJ dim ;     (19) 

 

T – ɧевыɪоɠɞеɧɧая ɦаɬɪиɰа, ɫɬоɥɛɰаɦи ɤо-
ɬоɪоɣ явɥяɸɬɫя ɫоɛɫɬвеɧɧые и ɤоɪɧевые 
(ɩɪиɫоеɞиɧеɧɧые) веɤɬоɪы ɦаɬɪиɰы A; J – 

ɦаɬɪиɰа ɀоɪɞаɧа; pJ  – ɠоɪɞаɧова ɤɥеɬɤа, 
ɫооɬвеɬɫɬвɭɸщая ɫоɛɫɬвеɧɧоɦɭ ɡɧачеɧиɸ p; u – оɛщее ɤоɥичеɫɬво ɪаɡɥичɧых ɫоɛɫɬ-
веɧɧых ɡɧачеɧиɣ. 

В ɧаɫɬоящее вɪеɦя ɫɭщеɫɬвɭɸɬ ɦощɧые аɥ-
ɝоɪиɬɦы вычиɫɥеɧия ɫоɛɫɬвеɧɧых ɡɧачеɧиɣ, 

ɧо, ɧе ɫɭщеɫɬвɭеɬ ɧи оɞɧоɝо чиɫɥеɧɧо ɭɫɬоɣ-

чивоɝо ɦеɬоɞа вычиɫɥеɧия ɠоɪɞаɧовоɝо ɪаɡ-
ɥоɠеɧия в оɛщеɦ ɫɥɭчае, ɪеаɥиɡаɰия ɠе 
«чиɫɬо ɬеоɪеɬичеɫɤих» ɩоɞхоɞов ɩɪивоɞиɬ ɤ 
ɧаɤоɩɥеɧиɸ ɧеɞоɩɭɫɬиɦых ɩоɝɪеɲɧоɫɬеɣ.  

Дɥя ɞеɦоɧɫɬɪаɰии ɫɩеɰиɮиɤи ɡаɞачи (19) 

ɦоɠɧо ɩɪеɞɫɬавиɬь в виɞе: 
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      (20) 

 

ɝɞе 11T , 11

~
T  – ɫооɬвеɬɫɬвеɧɧо ɦаɬɪиɰы, ɫоɞеɪ-

ɠащие ɩɪавые и  ɥевые  ɫоɛɫɬвеɧɧые веɤɬоɪы, 

ɫооɬвеɬɫɬвɭɸщие ɧеɧɭɥевыɦ ɫоɛɫɬвеɧɧыɦ 

ɡɧачеɧияɦ ɦаɬɪиɰы A  ɫ ɧеоɬɪиɰаɬеɥьɧыɦи 

ɞеɣɫɬвиɬеɥьɧыɦи чаɫɬяɦи; 12T , 12

~
T  – ɬоɠе ɧе-

ɧɭɥевыɦ ɫоɛɫɬвеɧɧыɦ ɡɧачеɧияɦ ɦаɬɪиɰы A ɫ 
оɬɪиɰаɬеɥьɧыɦи ɞеɣɫɬвиɬеɥьɧыɦи чаɫɬяɦи; 

2T , 2

~
T  – ɫооɬвеɬɫɬвеɧɧо ɦаɬɪиɰы, ɫоɞеɪɠа-

щие «ɩɪавые» и «ɥевые» ɫоɛɫɬвеɧɧые и ɩɪи-

ɫоеɞиɧеɧɧые веɤɬоɪы, ɫооɬвеɬɫɬвɭɸщие ɧɭ-
ɥевыɦ ɫоɛɫɬвеɧɧыɦ  ɡɧачеɧияɦ  ɦаɬɪиɰы  A ; 

11J , 12J  – ɞиаɝоɧаɥьɧые ɦаɬɪиɰы ɀоɪɞаɧа, 
оɬвечаɸщие ɫооɬвеɬɫɬвеɧɧо ɧеɧɭɥевыɦ ɫоɛ-
ɫɬвеɧɧыɦ ɡɧачеɧияɦ ɫ ɧеоɬɪиɰаɬеɥьɧыɦи и 

оɬɪиɰаɬеɥьɧыɦи ɞеɣɫɬвиɬеɥьɧыɦи чаɫɬяɦи; 

2J  – ɤваɡиɞиаɝоɧаɥьɧая ɦаɬɪиɰа ɀоɪɞаɧа, 
оɬвечаɸщая ɧɭɥевыɦ ɫоɛɫɬвеɧɧыɦ ɡɧачеɧи-

яɦ; ɦаɬɪиɰы 11

~
T  и 12

~
T  оɩɪеɞеɥяɸɬɫя иɡ ɪе-

ɲеɧия ɥевоɣ ɩɪоɛɥеɦы ɫоɛɫɬвеɧɧых ɡɧаче-
ɧиɣ. 

Раɡɪаɛоɬаɧɧая ɦеɬоɞиɤа чаɫɬичɧоɝо ɠоɪɞа-
ɧовоɝо ɪаɡɥоɠеɧия ɫоɫɬоиɬ в ɪаɫɫɦоɬɪеɧии 

ɦаɬɪиɰы ɤоɷɮɮиɰиеɧɬов A ɤаɤ оɩеɪаɬоɪа и 

ввеɞеɧии ɬɪех ɩоɞɩɪоɫɬɪаɧɫɬв. Пеɪвое ɩоɞ-

ɩɪоɫɬɪаɧɫɬво оɬвечаеɬ ɫоɛɫɬвеɧɧыɦ веɤɬо-
ɪаɦ, ɫооɬвеɬɫɬвɭɸщиɦ ɧеɧɭɥевыɦ ɫоɛɫɬвеɧ-

ɧыɦ ɡɧачеɧияɦ ɫ ɧеоɬɪиɰаɬеɥьɧыɦи ɞеɣɫɬ-
виɬеɥьɧыɦи чаɫɬяɦи, вɬоɪое – ɫоɛɫɬвеɧɧыɦ 

веɤɬоɪаɦ, ɫооɬвеɬɫɬвɭɸщиɦ ɧеɧɭɥевыɦ ɫоɛ-

ɫɬвеɧɧыɦ ɡɧачеɧияɦ ɫ оɬɪиɰаɬеɥьɧыɦи ɞеɣ-

ɫɬвиɬеɥьɧыɦи чаɫɬяɦи, ɬɪеɬье − ɫоɛɫɬвеɧ-

ɧыɦ и ɩɪиɫоеɞиɧеɧɧыɦ веɤɬоɪаɦ, ɫооɬвеɬɫɬ-
вɭɸщиɦ ɧɭɥевыɦ ɫоɛɫɬвеɧɧыɦ ɡɧачеɧияɦ. 

Вычиɫɥеɧие ɩɪоеɤɬоɪов ɧа ɩеɪвые ɞва ɩоɞ-

ɩɪоɫɬɪаɧɫɬва оɫɭщеɫɬвɥяеɬɫя ɡа ɫчеɬ оɩɪеɞе-
ɥеɧия ɩɪавых и ɥевых ɫоɛɫɬвеɧɧых веɤɬоɪов 
ɦаɬɪиɰы ɤоɷɮɮиɰиеɧɬов, ɤоɬоɪое ɩɪоиɡво-
ɞиɬɫя ɩо ɭɫɬоɣчивоɦɭ аɥɝоɪиɬɦɭ. Иɧыɦи 

ɫɥоваɦи оɞɧовɪеɦеɧɧо ɪеɲаеɬɫя ɥевая и ɩɪа-
вая ɩɪоɛɥеɦы ɫоɛɫɬвеɧɧых ɡɧачеɧиɣ, чɬо яв-
ɥяеɬɫя очеɧь ɫɭщеɫɬвеɧɧыɦ ɩɪиеɦоɦ ɞɥя ɩо-
ɥɭчеɧия ɤоɧечɧоɝо ɪеɡɭɥьɬаɬа. Пɪоеɤɬоɪ ɧа 
ɩоɞɩɪоɫɬɪаɧɫɬво ɫоɛɫɬвеɧɧых веɤɬоɪов, оɬ-
вечаɸщих ɧеɧɭɥевыɦ ɫоɛɫɬвеɧɧыɦ ɡɧачеɧи-

яɦ, ɩоɫɥе ɫɩеɰиаɥьɧых ɫоɪɬиɪовоɤ ɫоɛɫɬвеɧ-

ɧых ɡɧачеɧиɣ и ɫоɛɫɬвеɧɧых веɤɬоɪов ɦоɠеɬ 
ɛыɬь оɩɪеɞеɥеɧ ɮоɪɦɭɥоɣ: 

 

1

1

1111

~
)

~
( TTTTP  .                    (21) 

 

Тɪеɬье ɩоɞɩɪоɫɬɪаɧɫɬво явɥяеɬɫя ɞоɩоɥɧи-

ɬеɥьɧыɦ ɤ ɞвɭɦ ɩеɪвыɦ и ɧе ɧɭɠɞаеɬɫя в ɫɩе-
ɰиаɥьɧоɦ ɩоɫɬɪоеɧии ɩɪоеɤɬоɪа. Ɉɧ ɧахоɞиɬɫя 
ɤаɤ ɪаɡɧоɫɬь ɬоɠɞеɫɬвеɧɧоɝо оɩеɪаɬоɪа ɫ ɩеɪ-
выɦ ɩɪоеɤɬоɪоɦ, ɤоɬоɪоɦɭ оɧ оɪɬоɝоɧаɥеɧ: 

 

12 PEP  .                        (22) 
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Таɤиɦ оɛɪаɡоɦ, чаɫɬичɧое ɠоɪɞаɧово ɪаɡɥо-
ɠеɧиеɦ иɦееɬ виɞ: 

 

21 AAA  ,   ɝɞе    1111

~
TJTA  ,  12 AAA  . 

                  (23) 

 

Раɡɪаɛоɬаɧɧыɣ ɦеɬоɞ ɬочɧоɝо аɧаɥиɬичеɫɤо-
ɝо ɪеɲеɧия ɡаɞачи (15)-(17) оɫɧоваɧ ɧа иɫ-
ɩоɥьɡоваɧии ɮɭɧɞаɦеɧɬаɥьɧоɣ ɦаɬɪиɰы-

ɮɭɧɤɰии, ɤоɬоɪая ɫɬɪоиɬɫя в ɧеɤоɬоɪоɦ ɫɩе-
ɰиаɥьɧоɦ виɞе, иɫɤɥɸчаɸщеɦ ɷɤɫɩоɧеɧɰи-

аɥьɧые ɮɭɧɤɰии ɫ ɩоɥоɠиɬеɥьɧыɦи аɪɝɭɦеɧ-

ɬаɦи. ɇа ɩоɞɩɪоɫɬɪаɧɫɬве, оɬвечаɸщеɦ ɫоɛ-
ɫɬвеɧɧыɦ и ɩɪиɫоеɞиɧеɧɧыɦ веɤɬоɪаɦ, ɫооɬ-
веɬɫɬвɭɸщиɦ ɧɭɥевыɦ ɫоɛɫɬвеɧɧыɦ ɡɧаче-
ɧияɦ, выɩоɥɧяеɬɫя ɩɪяɦое ɩоɫɬɪоеɧие ɪеɲе-
ɧия: 
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Ɉɬɦеɬиɦ, чɬо ɫɭɦɦа в ɩɪавоɣ чаɫɬи (24) ɫо-
ɞеɪɠиɬ ɧе ɛоɥее чеɬыɪех чɥеɧов и ɫооɬвеɬ-
ɫɬвɭеɬ ɩоɥиɧоɦиаɥьɧоɣ («ɛаɥочɧоɣ») чаɫɬи 

ɪеɲеɧия. 
Ɉɛщее ɪеɲеɧие ɡаɞачи ɧа ɩɪоиɡвоɥьɧоɦ иɧ-

ɬеɪваɥе ),( 1

b

k

b

k xx   иɦееɬ виɞ: 
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ɝɞе kC  – веɤɬоɪ иɫɤоɦых ɩоɫɬояɧɧых ɤоɷɮ-

ɮиɰиеɧɬов n -ɝо ɩоɪяɞɤа; 
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Коɷɮɮиɰиеɧɬы в (27) ɧахоɞяɬɫя иɡ ɝɪаɧич-
ɧых ɭɫɥовиɣ (16)-(17). 

Таɤɠе ɪаɡɪаɛоɬаɧ ɦеɬоɞ ɬочɧоɝо аɧаɥиɬиче-
ɫɤоɝо ɪеɲеɧия МКЗ ɞɥя ɫиɫɬеɦ ɈДɍ вɬоɪоɝо 

ɩоɪяɞɤа, ɤоɬоɪыɣ в ɪяɞе ɫɥɭчаев ɩɪеɞɩочɬи-

ɬеɥьɧо иɫɩоɥьɡоваɬь, ɧаɩɪиɦеɪ, ɩɪи ɪаɫчеɬах 
ɩɥиɬ (ɪиɫ. 8). 

В ɡаɤɥɸчеɧии оɬɦеɬиɦ, чɬо А.Б. Зоɥоɬовыɦ 

ɫовɦеɫɬɧо ɫ П.А. Аɤиɦовыɦ вɩеɪвые ɛыɥи 

ɩоɫɬɪоеɧы явɧые ɬочɧые аɧаɥиɬичеɫɤие ɪе-
ɲеɧия ɦɧоɝоɬочечɧых ɤɪаевых ɡаɞач ɪаɫчеɬа 
ɫɬɪоиɬеɥьɧых ɤоɧɫɬɪɭɤɰиɣ ɞɥя ɫиɫɬеɦ 

оɛыɤɧовеɧɧых ɞиɮɮеɪеɧɰиаɥьɧых ɭɪавɧе-
ɧиɣ ɩеɪвоɝо и вɬоɪоɝо ɩоɪяɞɤов. Эɬо оɫɧова 
«ɩɪоɦыɲɥеɧɧоɝо» ɪеɲаɬеɥя, ɪеаɥиɡɭеɦоɝо в 
ɩɪоɝɪаɦɦɧых ɤоɦɩɥеɤɫах. 
 

 

3. ȼЫЧИɋɅИɌЕɅɖɇАЯ ДЕЯɌЕɅɖɇɈɋɌɖ 

 

Вычиɫɥиɬеɥьɧая ɞеяɬеɥьɧоɫɬь А.Б. Зоɥоɬова 
ɩоɫɥеɞоваɬеɥьɧо ɩɪохоɞиɥа в Вɐ ɐɇИИСК 

иɦ. В.А. Кɭчеɪеɧɤо, Вɐ МИСИ иɦ. В.В. Кɭɣ-

ɛыɲева, ɤоɬоɪое оɧ воɡɝɥавɥяɥ, ɧа ɤаɮеɞɪе 
иɧɮоɪɦаɬиɤи и ɩɪиɤɥаɞɧоɣ ɦаɬеɦаɬиɤи МИ-

СИ-МГСɍ, ɝɞе оɧа ɩɪоɞоɥɠаеɬɫя и в ɧаɫɬоя-
щее вɪеɦя. В ɬечеɧие вɫеɣ ɫвоеɣ ɩɪоɞоɥɠи-

ɬеɥьɧоɣ ɧаɭчɧо-ɩеɞаɝоɝичеɫɤоɣ ɞеяɬеɥьɧоɫɬи 

оɧ явɥяɥɫя и явɥяеɬɫя оɫɧовɧыɦ ɤоɧɫɭɥьɬаɧ-

ɬоɦ и ɩɪиɡɧаɧɧыɦ ɷɤɫɩеɪɬоɦ ɩо чиɫɥеɧɧыɦ 

ɦеɬоɞаɦ в ɭɤаɡаɧɧых оɪɝаɧиɡаɰиях. Иɦ и еɝо 
ɫоɬɪɭɞɧиɤаɦи выɩоɥɧеɧ ɪяɞ ɤɪɭɩɧых ɧаɭч-
ɧых ɪаɛоɬ и ɪеɲеɧы ɫоɬɧи ɩɪаɤɬичеɫɤи ваɠ-

ɧых ɡаɞач, ɫвяɡаɧɧых ɫ ɪаɫчеɬаɦи ɦɧоɝоɦеɪ-
ɧых ɤоɧɫɬɪɭɤɰиɣ, ɡɞаɧиɣ и ɫооɪɭɠеɧиɣ, а 
ɬаɤɠе ɫ ɪеаɥиɡаɰиеɣ ɩоɞхоɞов, оɫɧоваɧɧых 
ɧа ɧовых ɮиɡичеɫɤих ɩоɫɬаɧовɤах, ɭчиɬы-

ваɸщих ɪеаɥьɧые оɫоɛеɧɧоɫɬи и ɫвоɣɫɬва 
ɫовɪеɦеɧɧых ɤоɧɫɬɪɭɤɰиоɧɧых ɦаɬеɪиаɥов. 
Выɧɭɠɞеɧо ɧеɩоɥɧыɣ ɩеɪечеɧь ɩеɪечиɫɥяе-
ɦых ɡɞеɫь ɪаɫɫчиɬаɧɧых оɛɴеɤɬов вɤɥɸчаеɬ 
ɡавоɞ КаɦАЗ в ɇаɛеɪеɠɧых чеɥɧах; ɤоɦɩɥеɤɫ  
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а)   

ɛ)    

Риɫ. 8. Диɫɤɪеɬɧо-ɤоɧɬиɧɭаɥьɧая аɩɩɪоɤɫиɦиɪɭɸщая ɦоɞеɥь ɩɥиɬы: а) – в ɪаɦɤах ДКМКЭ; 

ɛ) – в ɪаɦɤах ДКРМ. 

    

   
Риɫ. 9. Пɪиɦеɪы ɪеɲеɧɧых ɡаɞач. 
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ɡɞаɧиɣ ɧа Каɥиɧиɧɫɤоɦ ɩɪоɫɩеɤɬе в ɝ. Моɫɤ-
ве; ɪеаɤɬоɪы АЭС; ɫɥоɠɧые оɛоɥочечɧые ɩо-
ɤɪыɬия ɩɪоɦыɲɥеɧɧых и ɝɪаɠɞаɧɫɤих ɡɞа-
ɧиɣ; ɫɬыɤи, ɩɪиɦеɧяеɦые в ɤɪɭɩɧоɩаɧеɥьɧых 
ɡɞаɧиях ɪаɡɥичɧоɣ ɷɬаɠɧоɫɬи; ɫɬыɤи ɤоɥоɧɧ 

ɤаɪɤаɫа ɦɧоɝоɷɬаɠɧых ɡɞаɧиɣ; ɬɪехɦеɪɧые 
ɤоɪоɛчаɬые ɤоɧɫɬɪɭɤɰии; оɩоɪы; ɞаɬчиɤи 

ɞавɥеɧия; оɛɴеɤɬы ɠеɥеɡɧоɞоɪоɠɧоɝо хоɡяɣ-

ɫɬва; ɩɥоɬиɧы (в ɬоɦ чиɫɥе ɫ ɭчеɬоɦ ɮаɡовых 
ɩеɪехоɞов, ɫвяɡаɧɧых ɫ ɩɪоɦеɪɡаɧиеɦ); ɮɭɧ-

ɞаɦеɧɬы; ɤоɪɩɭɫа выɫоɤоɝо ɞавɥеɧия (в ɬоɦ 

чиɫɥе ɧа ɫиɥовые воɡɞеɣɫɬвия ɩо ɞеɮоɪɦаɰи-

оɧɧоɣ ɬеоɪии ɩɥаɫɬичɧоɫɬи); оɛоɥочɤи и ɩɥа-
ɫɬиɧы (ɩо ɬехɧичеɫɤиɦ ɬеоɪияɦ, ɭчиɬываɸ-

щиɦ ɫɞвиɝовые хаɪаɤɬеɪиɫɬиɤи и ɧеɥиɧеɣɧо 
ɭɩɪɭɝɭɸ ɪаɛоɬɭ ɦаɬеɪиаɥа); ɤоɧɫɬɪɭɤɰии иɡ 
ɧеɫɠиɦаеɦых ɦаɬеɪиаɥов; ɠеɥеɡоɛеɬоɧɧые 
ɩɥиɬы (в ɬоɦ чиɫɥе ɩо ɬеоɪии ɇ.И. Каɪɩеɧ-

ɤо); ɧеоɞɧоɪоɞɧые ɩоɥɭɩɪоɫɬɪаɧɫɬва ɫо ɫɮе-
ɪичеɫɤиɦи ɩоɥоɫɬяɦи; ɩоɞɡеɦɧые ɡɞаɧия 
оɛоɝаɬиɬеɥьɧых ɮаɛɪиɤ (ɪаɫчеɬ ɬеɪɦоɧаɩɪя-
ɠеɧɧоɝо ɫоɫɬояɧия); ɬеɦɩеɪаɬɭɪɧые ɩоɥя 
ГЭС; ɧеоɞɧоɪоɞɧые ɩоɥɭɩɥоɫɤоɫɬи иɡ ɪаɡ-
ɥичɧых ɦаɬеɪиаɥов и ɬоɧɧеɥи ɫ вɧɭɬɪеɧɧиɦ 

ɬɪеɧиеɦ; оɪɬоɬɪоɩɧые ɩɥаɫɬиɧы иɡ аɫɛоɰе-
ɦеɧɬа (в чаɫɬɧоɫɬи, ɩо ɦоɞеɥи Г.А. Геɧиева); 
оɛɥеɝчеɧɧые ɩаɧеɥи-оɛоɥочɤи КɀС (ɫ ɭче-
ɬоɦ ɫовɦеɫɬɧоɣ ɪаɛоɬы ɫ ɪеɛɪаɦи и ɞеɮоɪɦа-
ɰиɣ ɫɞвиɝа ɩо ɬоɥщиɧе); ɦɧоɝоɫɥоɣɧые ɡаɦɤ-
ɧɭɬые оɛоɥочɤи ɫ ɥеɝɤиɦ ɡаɩоɥɧиɬеɥеɦ; ɫɬе-
ɧовые ɩаɧеɥи ɫ ɞвеɪɧыɦи ɩɪоеɦаɦи; ɞвɭх-
ɤоɧɫоɥьɧые ɩаɧеɥи ɩоɞ ɪиɝеɥи; ɛаɲɦаɤи ɩоɞ 
ɤоɥоɧɧы; оɛɴеɤɬы ɦеɬɪоɩоɥиɬеɧа и ɬ.ɞ. (ɫɦ., 

ɧаɩɪиɦеɪ, ɪиɫ. 9). 

 

 

4. ɆЕɀДɍɇАРɈДɇАЯ ДЕЯɌЕɅɖɇɈɋɌɖ 

И ɉɍȻɅИКАЦИИ 

 

Аɥеɤɫаɧɞɪ Боɪиɫович – авɬоɪ и ɫоавɬоɪ 5 ɦо-
ɧоɝɪаɮиɣ, 7 ɭчеɛɧых ɩоɫоɛиɣ, ɛоɥее 270 ɧа-
ɭчɧых и ɭчеɛɧо-ɦеɬоɞичеɫɤих ɩɭɛɥиɤаɰиɣ. 

Эɬо, в чаɫɬɧоɫɬи, ɦоɧоɝɪаɮии «Поɫɬаɧовɤа и 

аɩɩɪоɤɫиɦаɰия ɤɪаевых ɡаɞач ɦеɬоɞоɦ ɪаɫ-
ɲиɪеɧɧоɣ оɛɥаɫɬи» (МГСɍ, 1992 ɝоɞ), «ɇеɤо-
ɬоɪые аɧаɥиɬиɤо-чиɫɥеɧɧые  ɦеɬоɞы  ɪеɲеɧия  
ɤɪаевых  ɡаɞач  ɫɬɪоиɬеɥьɧоɣ ɦехаɧиɤи» 

(АСВ, 2004 ɝоɞ; в 2007 ɝоɞɭ ɭɞоɫɬоеɧа Диɩɥо-
ɦа РААСɇ), «Пɪаɤɬичеɫɤие ɦеɬоɞы ɪаɫчеɬа 
ɫɬɪоиɬеɥьɧых ɤоɧɫɬɪɭɤɰиɣ. Чиɫɥеɧɧо-
аɧаɥиɬичеɫɤие ɦеɬоɞы» (АСВ, 2006 ɝоɞ), 
«Маɬеɦаɬичеɫɤие ɦеɬоɞы в ɫɬɪоиɬеɥьɧоɣ 

ɦехаɧиɤе (ɫ оɫɧоваɦи ɬеоɪии оɛоɛщеɧɧых 
ɮɭɧɤɰиɣ)» (АСВ, 2008 ɝоɞ; в 2009 ɝоɞɭ ɭɞо-
ɫɬоеɧа Диɩɥоɦа РААСɇ). Ряɞ ɩечаɬɧых ɪаɛоɬ 
авɬоɪа ɩоɥɭчиɥи ɲиɪоɤɭɸ ɦеɠɞɭɧаɪоɞɧɭɸ 

иɡвеɫɬɧоɫɬь и ɡаɫɥɭɠеɧɧое ɩɪиɡɧаɧие. 
А.Б. Зоɥоɬов веɥ аɤɬивɧое ɦеɠɞɭɧаɪоɞɧое 
ɫоɬɪɭɞɧичеɫɬво ɫ ɤоɥɥеɝаɦи иɡ ɭɧивеɪɫиɬе-
ɬов, иɫɫɥеɞоваɬеɥьɫɤих и ɩɪоеɤɬɧых оɪɝаɧи-

ɡаɰиɣ Геɪɦаɧии, Поɥьɲи, Сɥоваɤии, США, 

ɍɤɪаиɧы и ɞɪɭɝих ɫɬɪаɧ, выɫɬɭɩаеɬ ɡа ɪɭɛе-
ɠоɦ ɫ ɥеɤɰияɦи и ɧаɭчɧыɦи ɞоɤɥаɞаɦи. А.Б. 

Зоɥоɬов вхоɞиɥ в ɪеɞаɤɰиоɧɧые ɤоɥɥеɝии и 

ɫовеɬы ɦɧоɝих ɪоɫɫиɣɫɤих ɩеɪиоɞичеɫɤих 
ɩечаɬɧых иɡɞаɧиɣ, а ɫ 2003 ɝоɞа ɡаɧиɦаɥ 
ɩоɫɬ ɡаɦеɫɬиɬеɥя ɝɥавɧоɝо ɪеɞаɤɬоɪа ɦеɠɞɭ-
ɧаɪоɞɧоɝо ɠɭɪɧаɥа International Journal for 

Computational Civil and Structural Engineering. 

 

 

5. ɍЧЕȻɇɈ-ɆЕɌɈДИЧЕɋКАЯ 

ДЕЯɌЕɅɖɇɈɋɌɖ 

 

Сɬаɠ ɪаɛоɬы в МИСИ-МГСɍ ɫоɫɬавиɥ ɭ 
А.Б. Зоɥоɬова ɛоɥее 30 ɥеɬ. Ɉɧ явɥяеɬɫя оɫ-
ɧовоɩоɥоɠɧиɤоɦ ɤɭɪɫов и ɭчеɛɧых ɩɥаɧов 
ɩо ɪяɞɭ ɭчеɛɧых ɞиɫɰиɩɥиɧ («иɧɮоɪɦаɬи-

ɤа», «чиɫɥеɧɧые ɦеɬоɞы», «вычиɫɥиɬеɥьɧая 
ɦехаɧиɤа», «аɥɝоɪиɬɦичеɫɤие яɡыɤи и ɩɪо-
ɝɪаɦɦиɪоваɧие», «ɦаɬеɦаɬичеɫɤие ɦоɞеɥи 

ɪаɫчеɬа ɫооɪɭɠеɧиɣ» и ɞɪ.), ɩɪеɩоɞаваеɦыɦ 

ɫɬɭɞеɧɬаɦ, аɫɩиɪаɧɬаɦ и ɫоɬɪɭɞɧиɤаɦ 

МГСɍ. А.Б. Зоɥоɬов ɩɪиɧиɦаɥ ɭчаɫɬие в 
ɪаɡɪаɛоɬɤе ɦеɬоɞичеɫɤоɣ ɞоɤɭɦеɧɬаɰии ɩо 
ɞвɭɦ ɧовыɦ, ɭɧиɤаɥьɧыɦ ɞɥя ВɍЗов ɫɬɪои-

ɬеɥьɧоɝо ɩɪоɮиɥя, ɫɩеɰиаɥьɧоɫɬяɦ: 073000 

(230400) «Пɪиɤɥаɞɧая ɦаɬеɦаɬиɤа» и 553300 

(150300) «Пɪиɤɥаɞɧая ɦехаɧиɤа». Чиɬаеɦые 
А.Б. Зоɥоɬовыɦ ɤɭɪɫы ɥеɤɰиɣ ɲиɪоɤо иɡ-
веɫɬɧы ɧаɭчɧоɣ оɛщеɫɬвеɧɧоɫɬи и ɩɪеɩоɞа-
ваɬеɥяɦ выɫɲих ɭчеɛɧых ɡавеɞеɧиɣ, ɤоɬо-
ɪые ɩɪохоɞиɥи ɩовыɲеɧие ɤваɥиɮиɤаɰии в 
МГСɍ.  
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А.Б. Зоɥоɬов ɬаɤɠе оɫɭщеɫɬвɥяɥ ɪɭɤовоɞɫɬво 
ɤɭɪɫовыɦи и ɞиɩɥоɦɧыɦи ɪаɛоɬаɦи ɤаɤ ɞɥя 
ɫɬɭɞеɧɬов МГСɍ, ɬаɤ и иɧых ВɍЗов, в чаɫɬɧо-
ɫɬи, МГɍ иɦ. М.В. Лоɦоɧоɫова, Моɫɤовɫɤоɝо 
ɝоɫɭɞаɪɫɬвеɧɧоɝо иɧɫɬиɬɭɬа ɷɥеɤɬɪоɧиɤи и ɦа-
ɬеɦаɬиɤи, Дɧеɩɪоɩеɬɪовɫɤоɝо ɧаɰиоɧаɥьɧоɝо 
ɭɧивеɪɫиɬеɬа и ɞɪ. 
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