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AIMS AND SCOPE

The aim of the Journalis to advance the research and practice in structural engineering
through the application of computational methods. The Journal will publish original papers and
educational articles of general value to the field that will bridge the gap between high-performance
construction materials, large-scale engineering systems and advanced methods of analysis.

The scope of the Journaincludes papers on computer methods in the areas of structural
engineering, civil engineering materials and problems concerned with multiple physical processes
interacting at multiple spatial and temporal scales. The Journal is intended to be of interest and use
to researches and practitioners in academic, governmental and industrial communities.

KPATKUE CBEOEHMA O XXYPHAIE
INTERNATIONAL JOURNAL FOR COMPUTATIONAL CIVIL AND
STRUCTURAL ENGINEERING

XKypnan International Journal for Computational Civil and Structural Engineering sipisi-
€TCSl MEXKIyHAPOJHBIM MEPUOIUYECKUM U3IaHUEM, YUPEAUTEIIAMHU U U3AAaTENIIMH KOTOPOTO BBICTY-
naroT MOCKOBCKUI TOCYAapCTBEHHBIN cTpouTeNnbHbIl YHUBepcUTeT (M3marensctBo ACB) u M3 na-
tenbctBo Begell House Inc. (CIIA, r. Horo-Hopk).

B penakunoHHBIN COBET *KypHaya BXOASIT U3BECTHBIE POCCHIICKUE U 3apyOeKHbIE ACSITETN
HayKH 1 TeXHUKA. OCHOBHOM KpuTepuil 0TOOpa craTel i myOauKaluy B )KypHalle — UX BBICOKHN
Hay4YHbI ypOBEHb, COOTBETCTBHE KOTOPOMY OIPENENseTCs] B XOJ€ BBICOKOKBATH(PHUIIMPOBAHHOTO
PENeH3UPOBAHUS U O0BEKTUBHOM IKCIIEPTU3BI, MOCTYMAIONINX B PEIAKIIMIO MATEPHAIIOB.

Kypnan Bxoaut B Ilepedenp BeaylIuX peUeH3UPYyEMbIX HAYUHBIX )KYPHAJIOB U U3/IaHUM, B
KOTOPBIX JOJKHBI OBITh Oy OJIMKOBaHBI OCHOBHBIC HAYUHBIE PE3YJIBTAThI TUCCEPTAIUH.

Kypnan 3apeructpupoBan B deepaibHOM areHTCTBE M0 CPEACTBAM MacCOBOW MH(MOpMa-
MU ¥ OXPaHbI KyJIbTypHOTO Hacienus Poccuiickoit denepanuu. MHaekc B o0IIepoCCHIICKOM KaTa-
nore POCITEHATD — 18076.
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GUIDELINES FOR PREPARATION OF MANUSCRIPT
AND RELATED INFORMATION

Vladimir N. Sidorov', Pavel A. Akimov?

!Editor-in-Chief of International Journal for Computational Civil and Structural Engineering
*Technical Editor of International Journal for Computational Civil and Structural Engineering

ABSTRACT: Each paper must be typed on snow white paper sheets of A4 (210x297mm) size only on one side
in boxes as shown on this sample. The abstract must be typed in 16 cm width box. The text of paper in the first
page must be written in two columns 8.25 cm in width. All next pages must also have two coRbnois &

width. Each page should have margins: 32 mm top, 32 mm bottom and 20 mm right and left. The plper shou
be typed using 12 point size Times New Roman type-face, or very similar, using single spacaen ek

lines applying word processor and printed on laser printer. It can be here pointed such editorsfas Wiard

dows (preferable), Word Perfect, Tex or LaTeX. The appearance of manuscript of paper should be similar as far
as possible to this sample. The paper should be submitted by traditional post: the original with 2 copies for re-
view and the electronic version on diskette or on CD.

Key words: International Journal for Computational Cigihd Structural Engineiag, preparation of
manuscripts, electronic image preparation, sabion of peer reviewand accepted articles.

1. PREPARATION OF MANUSCRIPTS The figures can be embedded in word processor
or must be drawn in black inRrawings can be
This document is tymk by Microsoft Word produced directly on manuscript sheet or may
2003 and Times New Roman 12 point size typ&e produced on separate piece of white paper
face. and then stuck at ¢happropriate positiorRho-
tographs must be glossy Btk and white prints
The material of the paper should be arranged and stuck at the appropte position. This also
as follows: Title (16 points), Author(s) (14 applies to other items such @bles The best —
point), Affiliation(s), Abstract, key words, In-drawings, photographsnd tables should be
troduction, Main body of paper, Acknowledgetyped by word processoAll symbols includ-
ments (if any), References (if any, 10 points)ng equations should be typed
Appendices (if any), full authors addresses as
endnote (10 points, spacing within endnote=1, o, = 8;he + 2ug; . (1)
style for numbering=rmbers, line separating
text and endnotes=lin

, e — margin to margin iy, yever sometimes embedding figure files in
right column).

Microsoft Word is not acceptable for final
: : I output, because of the loss of resolution. In this
The title, author's name(s) and affiliation(s) connection author may sawe addiction all or

should be given in a style similar to that show@gecteq files with figures separately on diskette
above in this sample and centerdtie head- .. cp acceptable formats for figures are

ings should be bold and ighed to left. First- jpeg  TIFF or EPS files saved from original
order headings and panté the text should be application at 300-600 dpi.

separated by one free liftem the text. Second-

order headings should hagapital first letters. The Figures, line drawings, photographs, tables

may be positioned either within the one column,
o large centered exactly across the full width of
he page. The equations should be numbered at
he right side of the columnThe references
should be given at the end of the paper.

ing page, should be ofjeal length. At the bot-
tom of the last right column of last page is en
note with author’s address(es).
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The Figures, Tables dnEquations should bevelope for A4 sheets with stiffener may be used.
separated from the text by minimum one singl€he electronic version of the manuscript on
free line. diskette or CD must be mailed to Editor-in-

‘ Chief as well Label CD or diskette with au-

g thor's last name(s), title of the article, abbrevi-

! ated journal name and datlease provide a list

of the software programs used for the art and
text and the file names on the disk.

4. CORRESPONDENCE

Fi ﬁre 1 . . .
g Enquires regarding Inteational Journal for

The manuscript is expected to be written in Computational Civil andtructural Engineering

thor who is not proficient in English is advise L
to take help of linguisbefore typing. It should % Editor-in-Chief

be thoroughly checked for spelling mistakes. Professor Viadimir N. Sidorov

Department of Applied Mathematics and In-

2. SUBMISSION FOR PEER REVIEW formation Technology =
Moscow State Universitpf Civil Engineer-
Authors in all countries, at their opinion, ing, 26, Yaroslavskoe Shosse, 129337 Mos-

should sendthree (3) copies of their manuscript Cow, Russia o _
to Editors-in-Chief professor Vladimir N. Si- €mail: sidorov.vladimir@gmail.com
dorov (see chapter 4 Correspondence) or techni- . :
cal editor professoiPavel A. Akimov. Elec- Q Technical Editor .
Professor Pavel A. Akimov

tronic submissions are encouragedEmail a . .
PDF or DOC (Microsoft Word) file with Depart_ment of Applied Mathematics and In-
formation Technology

manuscript to the Editor-in-Chief or technical Moscow State Universitpf Civil Engineer-

editor. The Editor-in-Chief will seek reviews of .
the paper from experts and will assure rapid Icno%v ZSGSZ?QOSlaVSkoe Shosse, 129337 Mos-

turnaround within six mnths of submission. - . ,
Each manuscript will receive at least 2 re- e-mail: pavel.akimov@gmail.com
views. In deciding on acceptance of the pa- REFERENCES

per, experts will examineoriginality, quality of

contents, neatness ofgsentation and readabil-1. Fish, J. and Belsky, V. (1995a). “Multigrid method for
ity of the submitted text. The Editor-in-Chief @ periodic_het.erogeneous" medium. Part 1: Conver-
will correspond with the ahor in the light of gig‘;]ZStlljggesl'_gé'D case”. Comp. Meth. Appl. Mech.
these reviews. Submission implies that the ag- righ '3 and Belsky, V1095b). “Multigrid method for
thor will be willing to make any necessary revi- 3 periodic heterogeneous medium. Part 2: multidimen-
sions. Retain all origindigures until conclusion  sions”. Comp. Meth. Appl. Mech. Engng., 126, 17-38.

of the review process.

) Vladimir N. Sidorov, Department of Applied Mathe-
3. SUBMISSION OF ACCEPTED ARTICLE matics and Information Technology, Moscow State
University of Civil Engineering, 26, Yaroslavskoe
. Shosse, 129337, Moscow, RUSSIA, E-mail:
Aﬁer mangspnpt has been ac_:cepted and gll r€3idorov.viadimir@gmail.com
quired revisions have been incorporatethil 2 pavel A. Akimov, Department of Applied Mathematics
manuscripts (black & white) and two copies and Information Technology, Moscow State University
to Editor-in-Chief by traditional post. The en- of Civil Engineering, 26, Yaroslavskoe Shosse, 129337,
Moscow, RUSSIA, E-mailpavel.akimov@gmail.com
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MPABUJIA O®OPMJIEHUSA CTATEM JIJIS1 )KYPHAJIA
INTERNATIONAL JOURNAL FOR COMPUTATIONAL CIVIL
AND STRUCTURAL ENGINEERING

B.H. Cudopoé’, I.A. Akumoé’

'TnaBubIit penakTop sypHana International Journal for Computational Civil and Structural Engineering
*Texunueckuii pegakTop sKypHania of International Journal for Computational Civil and Structural Engineering

AHHOTAIIUA: Kaxnas cTatbs MpeaCcTaBIsSeTCA B 3JEKTPOHHOM U Ie4aTHOM Buze (Oymara Oemnas, pasmep A4
(210x297 mMMm), me4aTh OJAHOCTOPOHHSSI — CM. HACTOSIIMK oOpasen). SI3bIK MyOaMKaLUK CTaTeil — aHTJTMHCKUit
(pennoyuTHTENIFHO) WIIM PYCCKHUH, PU 9TOM B Cily4ae ITyOJIMKAlMU CTaThH Ha PYCCKOM SI3bIKE aHHOTAIMsI CTa-
TBH, KIIIOYEBBIC CJIOBA, CBEJEHMs 00 aBTOpax M Ha3BaHHE CTaThU JOJDKHBI OBITH IPEJCTABIECHbI aBTOpaMH Ha
AHTJIMICKOM s13bIKe. TeKCT ToImkeH OBITh MOATOTOBIIEH B nporpamme Microsoft Word (dopmar daiina — DOC),
JKeJIaTeJIbHO TaKXKe MpeIoCTaBIeHUE KOoNuK cTaTthi B Gopmare PDF. AnHoTanus nedyaraercs B 1oJie IIMPUHON
16 cM. TekcT Ha epBOl CTpaHMLE CTATbH TEYaTAETCs B BE KOJOHKHU, MHUPUHON 8.25 cM kaxnas. Ilomns: Bepx-
Hee — 32 MM., HIKHEe — 32 MM., ipaBoe — 20 MM., neBoe — 20 mM. OcHOBHOM mpudT AN Habopa CTaTbu —
Times New Roman, 12 mT., MeXCTPOYHBIA WHTEPBAI — OMUHAPHBINA. ByMakHBI 3K3EMIUISAp CTaTbU IOJDKCH
OBITH pacnieyaTaH Ha Ja3epHOM NpHUHTEpe. BHemHuit BuA cTaTthy o popMe ohOpMIICHNS JOJKEH COOTBETCTBO-
BaTh HAcTOsAIMIEMy oOpasiy. IleyaTHbIe SK3eMIUTAPH! CTAThH (OPUTHHAT U JBE KOMHUH) U €€ AIIEKTPOHHAs dopMa
(Ha mUCKeTe WM KOMIAKT-ANCKE) JOJDKHBI MEPECHUIATHCS TO moyte. sl mepechlIky 3JIeKTPOHHON (popMbI 1o-
MOJTHUTEIBHO HEOOXOANMO HCIOIb30BaTh 3JCKTPOHHYIO MOUTY.

Karouesbie ciioBa: International Journal for Computational Civil and Structural Engineering, noaroroska
CTaThy, IOArOTOBKA 3JIEKTPOHHBIX BEPCUM, PELIEH3UPOBAHNE
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Viadimir N. Sidorov', Pavel A. Akimov’
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*Technical Editor of International Journal for Computational Civil and Structural Engineering

ABSTRACT: Each paper must be typed on snow white paper sheets of A4 (210x297mm) size only on one side
in boxes as shown on this sample. The abstract must be typed in 16 cm width box. The text of paper in the first
page must be written in two columns 8.25 cm in width. All next pages must also have two columns 8.25 cm in
width. Each page should have margins: 32 mm top, 32 mm bottom and 20 mm right and left. The paper should
be typed using 12 point size Times New Roman type-face, or very similar, using single spacing between text
lines applying word processor and printed on laser printer. It can be here pointed such editors as Word for Win-
dows (preferable), Word Perfect, Tex or LaTeX. The appearance of manuscript of paper should be similar as far
as possible to this sample. The paper should be submitted by traditional post: the original with 2 copies for re-
view and the electronic version on diskette or on CD.

Key words: International Journal for Computational Civil and Structural Engineering, preparation of
manuscripts, electronic image preparation, submission of peer reviews and accepted articles.

1. IOJArOTOBKA CTATEM Marepuaj CcTaTbd J0JKEH PacmojaaraTbecs

ciaeayomum oopasom: 3aronoBok (Times New

Hacrosimuit o6pazen moarotosiaeH B TekctoBoM  Roman, 16 nr.), aBTopsl (Times New Roman,
nporieccope Microsoft Word 2003, ucnons3zy- 14 mnT.), cBeicHHWsi 00 aBTOpax, aHHOTAIWSA,
etcs mipudT Times New Roman, 12 nr. kitoueBbie cnoBa (Times New Roman, 10 or.).
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nanee pacmonaratorcs 3aronoBok (Times New
Roman, 16 mt.), aBTophl (Times New Roman,
14 mrt.), cBemeHuss o0 aBTOpax, AaHHOTAIWS,
kimoueBsie cioBa (Times New Roman, 10 mr.)
Ha aHIJIMICKOM s3bIKe). BBeneHue, OCHOBHOM
TEKCT CTaThH, MPUIOKEHHUS U 3aMeYaHUs Ieya-
TAlOTCS C Mcnojb3oBaHue mpudra Times New
Roman, 12 nr.; ciucko JIUTEpaTyphl, pa3BepHY-
ThIe cBeJieHUs 00 aBTOopax — Times New Roman,
10 nT. MexcTpouHbIii UHTEpBal — OJMHAPHBIN.
BripaBHHBaHUE B TEKCTE€ — MO HIMPUHE, BHIPaB-
HUBaHHE (HOPMYJ — IO TPAaBOMY Kparo, popmy-
JIBI )KENIaTEIbHO HYMEpOBATh.

3aro10BoK cTaTbH, CBefleHHs 00 aBTOpax
MIPEICTABIAIOTCS B popMe, IPUBEIEHHON B Ha-
CTosilieM 00Opas3le, BHIPABHUBAHUE IO LIEHTPY.
IToa3aroyioBKH B CTaThe BBIICISAIOTCS IOJIY-
XKHUPHBIM MIPU(TOM C BBIPABHMBAHUEM IO Jie-
BoMy Kparo. IloasaronoBku nepBoro ypoBHS
JIOJKHBI OBITH OTJZIEJIEHBI OT OCHOBHOI'O TEKCTa
OJIHOM IyCTOM CTPOKOM, ITOA3ar0JI0BKH BTOPOIO
YPOBHS BBIIEISAIOTCS KypPCUBOM.

O0e KOJIOHKU Ha KaKJOW CTpaHUIle, BKIFOYasi Mo-
CJIEJTHIOIO, IOJDKHBI UMETh OJIMHAKOBYIO JUTHHY. B
KOHIIE CTaThU JOJKHBI OBITh MIPUBEICHBI pa3Bep-
HYTBIE CBE/ICHUSI 00 aBTOPAX, COJACPKAIIUE B TOM
yrcie UX KOHTaKTHbIC JaHHbIE (Ha JIBYX SI3bIKax
IpH Iy OIMKAIIMY CTaThU HA PYCCKOM SI3BIKE).

Pucynku (depHo-0Oernbie) JODKHBI OBITH BCTaB-
JIEHBI B TEKCT CTaThbH WJIM MPHIIOKEHBI B OyMaK-
HOM BHJIC Ha OTJEJIbHBIX JINCTAX, C YKa3aHUEM B
KaKHX MeCTaX CTaTbU UX CIEIyeT PACHOJIOKHTh.
Toxe camoe kacaetcst u ¢pororpaduii, popmar
¢dororpaguit — uepHo-6emnbIil. OUeHb KenaTelb-
HO TIPHJIaraTh 3JEKTPOHHBIC BEPCUU PUCYHKOB U
¢dotorpaduii! Ananornuneie TpeOOBaHUS Kaca-
torcs Tabamu. Hawmydmmii BapuaHT Takoil, Ko-
raa pucyHku, ¢otorpaduu u TabIUIBI BCTaBIe-
HbI B (paii, HOArOTOBIEHHBIN B TEKCTOBOM IIPO-
reccope Microsoft Word. Bee cumBoJibI, B TOM
YHcJIe UCN0JIb3yeMble B YPABHEHHMAX 10IKHbI
ObITH MeYaTHHIMH.

o =0;Ae+2ug; . (1)

Volume 5, Issue 1&2, 2009

Opnnaxo, pucyHku u (ororpaduu, BcTab/ieH-
Hble B (paila TekcToBOro mpoueccopa Micro-
soft Word He Bcerna MMewT mNpuemiIeMoe
AJIA MeYaTH KavecTBO M3-3a UX HU3KOrO pas-
peuieHus. B 3TOM CBSI3M aBTOpPY HACTOATEIBHO
PEKOMEHIYETCSI  NONOJHUTEIBHO IPUIOKUTH
(Ha TUCKeTe WM KOMITAKT-TUCKE) K CTaThe (aii-
Ibl, coaepxkamue pucyHkH. JlomycTumbie
¢opmartel nasi pucynkoB — JPEG, TIFF unum
EPS, pazpemenne — 300-600 dpi.

Pucynku, dhotorpadum u Tabnuipl, B cIydae ux
OOJIBLIMX Pa3MEpOB, TAKKE MOTYT pacrojaraTh-
Csl B OJIHY KOJIOHKY C BBIDaBHHBAHHEM IO IIIU-
puHe. PopMysbl B CTaTbe HyMEPYIOTCS C BbI-
paBHHMBAaHUEM IO TpaBOMYy Kpato. CHHCOK JHu-
TepaTypbl JOJDKEH ObITh NPUBEAECH B KOHIIE
cratbu. Pucynku, ¢ororpadum wu TabnHIEI
JIOJDKHBI OBITH OT/IEJEHBI OT OCHOBHOT'O TEKCTa
KaK MUHUMYM OJHOM ITyCTOU CTPOKOM.

PHCYHOK 1

IIpeanonaraercsi, YTo CTAaThsl HAMHCAHA HA
rPaMOTHOM H XOPOIIO YWUTAEMOM AHIJIHIi-
CKOM WM pycckoM si3bike. [Ipu HeoOxommumo-
CTH, TIepe]l OTIPABKOW CTaThU aBTOPAM CIICAYET
MIPOKOHCYJILTUPOBAThCS y nepeBoauukoB. Cra-
Thbsl HE OyJeT MOAPOOHO MPOBEPATHCSA PEAAKIIN-
el Ha npeaMeT HaJIWu4duAad JMHIBUCTUYCCKUX
omuOoK. B Toxke Bpems pemakius oCcTaBisIeT 3a
co00¥i MPaBO OTKJIOHUTH CTaThiO, MPH HATUYUH
B IIOCJIEOHEN OOJIBIIIOrO0 KOJIWYECTBA OIIMOOK
JUHTBUCTUYECKOTO XapaKTepa.

2. OTHPABKA CTATBU HA
PEHHEH3UPOBAHUE

ABTOpbI (M3 Poccum M IPyrux cTpaH) A0JK-
Hbl BBICJATh B ajpec peJaKUHM TPU HK3EMII-
Jisipa CTaTbd Ha MM IJIABHOI'O PEJAKTOpa XKYyp-
Hasa, npodeccopa Cunoposa Brnaaumupa Hu-

9
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konaeBuya (cMm. maparpad KonrakTHble cBene-
HUS) WM TEXHUYECKOMY PENaKkTopy >KypHaia,
npodeccopy Axumony IlaBmy AnekceeBuuy.
DNEeKTPOHHBIC BEPCUHU CTaTEH HEOOXOIUMO BBI-
CJIaTh TAK)KE€ I10 AJIEKTPOHHOM IOYTE IJIABHOMY
pEeNaKkToOpy WM TEXHUUYECKOMY PENaKTOpy XKyp-
Hayia. OJEKTPOHHBbIE M TIe4yaTHble (OpMbI He
Bo3BpamatoTcs. Kaxxaas npuxonduias B pegax-
LUI0 KypHajla CTaThsl HampaBisgeTcs Uil pac-
CMOTpPEHHUSI  JKCHEpPTaM  COOTBETCTBYIOLIETO
npoduns. Kak mpaBuio, mo kaxxkaoi crarbe
HAa3Ha4aKwTcs JBa IKcnepra. Bpems nmposene-
HUS HKCIEPTHU3bl CTATbU HE MOXKET MPEBBIIIATH
6 MecsueB. CBOM 3aKIIOYEHUS M OLIEHKHA IO
CTaThe HKCHEPThl COOOLIAIOT IJIABHOMY pelakK-
TOpY KypHajla, IPU 3TOM Ha KaXKIYIO CTaTbIO
JIOJDKHO TIPUMTH HE MEHee JBYX 3aKJIIOYeHUH.
3amMeuaHuss U TNPEIOKEHUS SKCIEPTOB JOBO-
JSTCA 10 CBEJCHMS aBTOpA CTAaTbH, MOCIE YEro
OH BHOCHUT HEOOXOJMbIE H3MEHEHHUSI.

3. OTIIPABKA CKOPPEKTUPOBAHHOU
CTATbU

[Tocne ogoOpenus 3KcnepTaMu CTaTbi U BHECE-
HHA aBTOpaMH BCECX H€O6XOI[I/IMI)IX I/I3MCHCHI/H>'I,
OKOHYATEJIbHBIA BapUaHT CTaThM (OyMa>KHBIN B
TpPeX JK3EMIUISIPAaX U DJICKTPOHHON Ha IHCKETE
WIM KOMIIAKT-IUCKE) BBICBUIAETCA B aJpec pe-
JAKIMU, HAPUMEDP B JKECTKOM KOHBepTe ¢op-
mara A4 no noure. Tak:ke Heo0OX0aAMMO IMO-
CJ1aTh JJeKTPOHHYI0O BEpPCHI0 CTATBH 10
3JIEKTPOHHOH MNOYTe TJIABHOMY peIaKTopy.
Ha nuckere mnm KoMmakT-AucKe HEOOXOIUMO
HamucaTh HMMEHa aBTOPOB, Ha3BaHUE CTaThH,
Ha3BaHME XypHaNa U naTy. Takke jKeIaTelbHO
yKa3aTh CIHCOK IPOrpaMM, KOTOpPbIE UCIOJIb30-
BaJIMCh NPU MOJATOTOBKE CTaThU M CIUCOK (haii-
JIOB, HAXOMAIIUXCS Ha IUCKETE WM KOMIAKT-
mucke. I[lnmara ¢ acnupaHTOB 3a MyOJIMKAIIUIO
pYKONUCEN HE B3UMAETCH.
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DEFORMATION OF REINFORCED CONCRETE SPHERICAL
DOME WITH CUTOUTS ON THE DAMPED FOUNDATION BEDS

Vladimir G. Dmitriev, Anatoly A. Sudyin

Moscow State Opened University, Moscow, RUSSIA

ABSTRACT: This research develops adequate mathematical models and efficient numerical methods for investigation
of specific features of nonlinear deformation of reinforced concrete shells with cutouts under various static and dynamic
loading, including seismic forces. Influence of the parameters of viscoelastic damping elements on the crack growth
resistance of reinforced concrete spherical dome with cutouts of various shapes is studied with the use computational

experiment.

Keywords: mathematical modeling, shells, numerical methods, reinforced concrete structures, finite differences, con-
servative finite-difference schemes

Influence of the integral values of damping ele-
ments’ parameters on the stress-strain state of
the bearing elements of reinforced concrete
structures of shell type with various cutouts
under seismic forces is investigated by the
mathematical modeling methods in this re-
search. Shell elements of revolution type with
variable thickness h=h(a;,a;) are considered,
where oj,0, are Gaussian parameters of basic
surface. Edges of the cutouts are assumed to be
coinciding with the grid lines of coordinate sys-
tem.

Due to the predominantly bending type of
strain-stress state in the proximity of the cutout,
characterized with the significant surface de-
formations even at low load levels, computing
of manifold shell structures has to be performed
taking into consideration geometrically nonlin-
ear effects, which, unlike linear approach, pro-
vides good correlation with the experimental
data [1-3]. This research uses formulas of Re-
issner-Mindlin-Timoshenko hypothesis, allow-
ing more precise description of deformation
specifics of reinforced concrete shells of me-
dium thickness (R/h=30+100) and low trans-
verse shear rigidity; R is a characteristic value
of curvature radius.

It is assumed that concrete and reinforcing car-
cass are operated in the elastic stage. Shell
structure is subject to the system of various
static and dynamic loads (own weight, equip-

ment weight, snow load, seismic forces etc.)
[4,5].

Geometrically nonlinear equations for tangential
Ei1, Ex», Ei; and transverse E;3, E,; deforma-
tions of shell’s coordinate surface are formula-
rized as follows:

1 1
E, =81+5912; E, =82+§6§;
E,=Q,+Q,+6,6,;

E;=7,-6,; Ejy=7,-60,, (1)

and where A;k; are Lame’s parameters and ei-
gen curvatures of coordinate surface z=0 in the
coordinate directions o, (-h/2<z<+h/2); u;=u,
W=V, Us=w, Us=Yy], Us=y, are generalized dis-
placements uy (k =1,2,...,5); 0,0, are pivot an-
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gles according the “rigid” normal hypothesis
and v,,y, are full pivot angles of normal.

The bending deformation components are de-
scribed by the following equations:

1 1 1 O0A
11:_%; Kzzz_ay2 + N (E
A, Oa, A, oo, AA, Oa,

1 oy 1 oy 1 ©OA
Kp=—""Ft——"- Ly, +

A, 0o, A,00, AA, Ou,

+k,Q, +k,Q,. 3)

Both one-sided and two-sided reinforcement
schemes are considered in this research.
Reinforcing carcass is modeled as an
orthotropic layer with equivalent rigidity and
subject to tension-compression and transverse
shear in reinforcement direction at null Pois-
son’s ratios and null tangential shear modulus in
the layer’s plane. The equivalent layers’ thick-
nesses hj, h, are determined by reinforcement
factors as follows:

h, =, -h; h, =u, -h, 4)
where p,U, are reinforcement factors in layers
z<0 and z>0 respectively. Force factors, reduced
to the coordinate surface - tangential force Ty,
shear force S, transverse force Q;3;, bending
moment M;; and twisting moment H — are ex-
pressed in terms of deformation components as
follows:

T, =By +C.)E) +V,BLEy + B Ky
S=B;E;  Qu=(A,,+CHE;;

M;, =D, +D;)K,; +v,D,K,, + B, .E,;
H=D,K,,, (5)

where the rigidities are expressed in terms of
concrete and reinforcing carcass physical prop-
erties as follows:

_ Eph
= ; D,
1-v;

E.h’

B =——;
b 12(1-v2)
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G.h’
D — b .
33 12

B.=YE,(zh) (6

h}
)

Ala :kzzn:Ga 'hia

i=1

C,=k’G,h; B, =G,h;

5

Cla = iEa 'hi;
ol

D, = ZE,{(Z? -h;)+
im1

where E;,Ga are Young’s and shear moduli of
reinforcement, Ep,Gp,vp are Young’s module,
shear module and Poisson’s ratio of concrete, z;,
7, are coordinates of hj, h, layers’ midsurfaces,
k’=5/6. In the formulae (6) n=2 is applied in
two-sided reinforcement scheme, n=1 is applied
in one-sided reinforcement scheme. Forces in
the cross-section o,=const may be determined
similarly to (6) [3].
Lagrange variation principle is applied to
formulate equations of static equilibrium:
0D =0I1-0A =0, (7)
and Hamilton variation principle is applied to
formulate equations of motion:

51 = " (5K — 81T — 8A)dt = 0, (8)

where IT and K are potential energy of deforma-
tion and kinetic energy of shell, A is the external
forces’ work [1,2]. After corresponding rear-
rangements, based on (7), an operator form of
equations of static equilibrium can be written as
follows:

[L(xl 0l (U)]k + qk = O’ (9)

where [L, , (U)], are corresponding differen-

tial operators for generalized displacement vec-
tor U=U(u;,uz,u3,u4,u5), qx=qx(o1,02) are load-
ing vector’s components, including qg as
weight loads. In a similar way to the above,
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based on (8), equations of motion can be written
as follows:

[Lo, o, (U] +q, = myiy, (10)

where qx=qi(a1,02,t). Inertial parameters for re-
inforced concrete structures are determined as

mk =pbh+zpahi +Zpahj (k:1,2)3)5
i=1 j=1

h* & [h? |
\ :—pfz +>p, iJr(zf-hi) : (11)
i=1 L i
- -
th3 N hj 2
= + —+(z.-h) |,
5 12 JZzllpa 12 ( j _|)

where p, is carcass density, pp is concrete den-
sity, nm=1 are used for the one-sided rein-
forcement scheme, n,m=2 are used for the two-
sided reinforcement scheme in coordinate direc-
tion o (nratio) or o, (m ratio) [3].

Various boundary conditions on external and
internal contours (cutout contours), mathemati-
cal formulations of which display specific types
of supports, are considered in this research. Ini-
tial conditions are formulated for generalized
displacements uy and their velocitiesu, .

For the analysis of shells on damped foundation
beds (Figure 1) the system of “structure — foun-
dation bed plate” is considered as a jointly act-
ing composite structure. Mathematical model of
the shell on the foundation bed plate is formu-
lated in an accordingly similar way [3,6].

The foundation bedplate’s movement is as-
sumed being a rigid body displacement x; only
along vertical axis, coinciding with the shell’s
rotation axis (Figure 1).

Characteristics of fairly wide range of modern
damping elements can be described by the vis-
coelastic model [4,7], so that the rigid
bedplate’s equation of motion can be written as
follows

m X, +F, +F, —(P, +F, +F) =0, (12)

Volume 5, Issue 1&2, 2009

where my is the bedplate mass, P=m; -g is the
bedplate’s weight, F is the load on the bedplate
(installed equipment, etc.), Fs is the shell’s reac-
tion, F. and F. are elastic and viscous reactions
of the damping element. Generally, F*ZF*(‘[), in
the quasi-static F'=const. Accordingly to the
rule of signs (Figure 1b)

F = st ‘-rda,; E =c,(x; +X,,); E =¢,X;;
'y

T, =T, -sina; —Q,, -cosa,;

Q11:Q13_T11'61_S'92> (13)

where c,, ¢, are integral values of elastic and
viscous components of damping element,
Xsw=Xsw(t) 18 the known law of foundation dis-
placement due to dynamic loads, particularly
seismic wave [4,5,7]. On the boundary I't kin-
ematical boundary conditions are formulated for

rigidly bound shell and foundation bedplate
(Figure 1b):

u=X,-sino;

v=y,=v,=0.

W =—X; - COSOl;
(14)

Developing of difference scheme is done with
the use finite-differences method, applied for
discretization along spatial and time coordi-
nates. Two orthogonal uniform grids with the
parameters A;=const, A,=const are applied in the
arguments o,0, continuous variations range of
the main coordinates plane: the main grid which
nodes have integer indices 1,j and the auxiliary
grid which nodes have the fractional indices (it
1/2,j£1/2) (Figure 2).

In the nodes of the main grid the generalized
displacements uy(ouj,02) and velocities u, (0,0
») are corresponding to the grid functions uy(i,))
and u, (1,)). Differential operators are approxi-
mated by the finite differences of the second

order accuracy O( 7\,21+7L22) using the piecewise

linear interpolation in the mesh by the grid func-
tions uk(i,j) in the main grid nodes.

Variation-difference method is applied to obtain
the finite-difference equivalents of the equations
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Figure 2
of static equilibrium and equations of motion. D, = ZZ(HU -A;), (15)
For the purpose of determining potential energy I ’ ’

of deformation II;; and external force work Aj;

in the grid area on the element AFi,jZ(c*-AlAz-M where A; A are the variation range of argu-
A2)ij (Figure 2, shaded area), where ¢ is the ments o; and o,. Weight factors, reflecting
weight factor, the discrete Lagrangian (10) for jntegration area when the shell’s surface or
the domain L;(A,A2) can be formularized as a  contour are mapped on the grid area, are to be
following sum: introduced in (15) at the time of performing
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numerical integration [2,8]. Summation in (15)
is done using those nodes of difference scheme,
in which generalized displacements uy(i,j) are
varying. Finally, the difference equivalent of
equations of static equilibrium (10) follows the
Lagrangian’s minimum condition (15)

P __y, (16)
auk (17 J)

and can be written in the operator form as fol-
lows:

[Lxl,xz (Uk)]i,j + (Qk)i,j =0, (17)

where [L i 1. i

difference operators for generalized displace-
ment grid functions vector u(i;); (Qx)i; are grid
functions of generalized components of surface,
weight and contour load.

For the numerical solution of non-stationary
problems in the time domain t>0 a main grid
t™M=Atn (At=const, n>0) is introduced, which
nodes are corresponding to the grid functions of
the generalized displacements uk(i,j). Velocities
grid functions u, (i,j) are corresponding to the

are corresponding finite-

nodes of the auxiliary grid t™?. Differential
operators are approximated by the finite differ-
ences of the second order approximation O(At%).
By presenting kinetic energy in discrete form as

Ky = ZZ{O’S[Z(mkui)i,j}AFi,j}’ (18)

and by replacing integration in (8) by the
summation over the grid area t™, the discrete
form of the functional I may be formulated as
the following sum:

Iy = Y OSIEK )™ + (6K,

n

—(f"2,)™ JAt, (19)

Volume 5, Issue 1&2, 2009

where D" is the discrete Lagrangian (15) ex-
pressed through the values of grid functions of
generalized displacements [u, ] and physical
and mechanical properties and loads on the n-th
time layer as its arguments. Thus, the finite-
difference equivalents of motion equations (10)
are following the variation-difference equations
of the type

& =0. (20)
olu, 17}

so that using (17) we have

'L, (U)+Q I} =

_ [f,c 'm0, 5 —[fie'ma, )5 e

At

*

where ff,f5,f5,6,,f,,f5, are weight factors [1-
3]. It is assumed for the shells structural analysis
that the line mapping the cutout boundary on the
main coordinate plane passes through main grid
nodes. The generalized displacements and ve-
locities grid functions in the nodes on the cut-
out’s boundary contour are determined from the
main equations’ solution carried out by the ap-
proximation in these nodes.

The variation-difference formulation of the ini-
tial-boundary value problem allows construction
of conservative difference schemes, which pro-
vide convergence of the numerical solution
uk(i,j) to the exact ux(au,02) with the refinement
of the grid .

Numerical solution of the static problems is per-
formed by adaptation of quasi-dynamic form of
stabilization method («dynamic relaxation»
method) for solving of grid equations (17) [1-
3,8-10]. In going to evolutionary problems, the
equations of equilibrium (17) are replaced by
the equations, similar to the equations of the
shell’s movement in the viscous media, of the
following type:

17



[Lxl,xz (Uk)]i,j + (Qk)i,j = (C*mkﬁk)i,j +

+(c'g ) (22)

i

where &(i,j) are the specific viscosity parame-
ters of the artificial media. Approximation of
the equations (22) on the time grid with pitch
At=const similar to (18) — (21) allows to get the

explicit formulae for the generalized velocities

[, ]?;n/z) on the time layer t™"?:

Tl

[1.1 ](n+1/2) _ [ka B gfcn_l/Z)At]i,j
KA [2mk + sf{n”/z)AtJj’j
amL, ;. (U)+Q, "

+— 5
Ci [2mk + sfj‘“/z)mjij

(23)

and the generalized displacements [uk]il}”) on

the time layer t™*":

o] =l 17 A i 0

(24)
Thus, the difference approximation of non-
stationary equations (22) leads to the iteration
process (23), (24) of the solution of the initial
static problem (17). The relaxation method,
adapted for the numerical solution of grid equa-
tions (17) in the form of optimal linear iteration
process [8], reduces the initial nonlinear static
problem (17) solution to the solution of the
quasi-dynamic problem (22), which
significantly simplifies developing and imple-
mentation of computation algorithm for solving
static problems of shells’ nonlinear mechanics.
Convergence’s acceleration and stability of dif-
ference scheme define iteration’s process pa-
rameters:

my by oMy
gk = 2a8,(k) A’
My o T 1o 0

m
_ K
At, = 2a,(k) _
Mgy T Moo

(25)
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where [ ), M2,k are minimal and maximal ei-
genvalues of finite-difference operators’ matri-
ces in equations (17); ag ) and &, are correc-
tion factors close to 1 [2,8]. Taking into account
physical relations (5),(6) estimation formulae
for Wi k), Mo, Will be written as follows:

- minimal eigenvalues

B
Hio) _4[ b+C2§ Il
(A1) 2 A,
33 2 T A
— ; 26
(AL,)° 2 AJ 20
D,+D A
Hig =16 o 14a 4E_I+
(Ad) 2 A,
2v,Dy, +4Dj, 2E£sin2 E£+
(AL (AR)" 2A, 2 A,

D, +D
Mt Bt | 22 sin* Ex—z} +
(Ay1,) 2A,

+k?(B, +C,,) +2kk,v,B, +k3(B, +C,,);

D,+D,, . A
Mg =4 ——2 sin? 220
’ (Ay)

- maximal eigenvalues
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Moy 2
’ (A) 2 A,
By 52 A, |
(Ar) 24, ]
B, +C A
My =4 b—2;"‘-c0s2£—2+
’ (A27\‘2) 2 A2
B A
Jrﬁcos2 gA_l} 27
1”71 1
D,+D A
Moz = 16{ﬁ0054§1\_1
17¥1 1
+ 2VbD;’ 4Dy, —-cos’ Eﬁcosz Thy
(Alxl) (A27\'2) 2 Al 2 A2

+Db+—DZ4a ost B |
(AZKZ) 2 AZ
+k; (B, +C,,)+2kk,v,B, +k3(B, +C,,);

D,+D A
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D,+D A
T :4[ b 22a cos> T A,
(A27\'2) 2 A2

where Aj, k; are representative values of Lame’s
parameters and principal curvatures.
Approximation of time derivatives in the equa-
tions (21) using finite-difference operators of
the second order of accuracy O(At?) allows to
develop the unified difference scheme in the
shape of (23),(24) for both static and dynamic
problems, which is important for the computing
of building structures’ strength against dynamic
load when it is necessary to take into considera-
tion the initial strain-stress state (own weight,
external loads, etc.). Artificial viscosity factors
ex may be used for taking into account energy’s
dissipation and can be estimated as follows:
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e =a, S_k my oMo i , (28)
T\ i T Moo

where Ok is the logarithmic vibrations decre-
ment, ) are correction factors [2,6].

Finite-difference equivalents of equations of
motion or static equilibrium of foundation bed-
plate, works consistency equations (12)-(14)
and numerical computing algorithms for static

and dynamic problems are constructed similar
to (15)-(28), so that

. lm+2) [2mf —SVAt]_ . 1-172)
[Xf] B [2mf +8VAt] [Xf] i

* (n)
2At-[P.+F +F —F
+ [ f S C] ; (29)
2m, +¢ At

17 =17+ i 102

Influence of the integral properties of viscoelas-
tic damping elements on to the strain-stress state
of the spherical dome with various cutouts on
the damped foundation bedplate under dynamic
loading, modeling vertical components of seis-
mic forces [4,7], is investigated with the follow-
ing geometrical parameters of the composite
structure: R/h=100; 1¢/R=0,87; Hy/r=0,54;
Rir=1,2; Rih=41,6; ao=15% a=60° (Figure
1,3).

The considered spherical dome has 4 diametri-
cally opposite equivalent cutouts with bounda-
ries I'; and I'; coinciding with the coordinate
curves a,=const and o,=const respectively and
one circular cutout I'y in the dome’s vertex x=0.
Homogeneous free-contour-type boundary con-
ditions exist on the cutouts boundaries I'g,I';,I%.
The shell’s contour I'(x=Ly) is rigidly con-
nected to the foundation bedplate; Ly=R(o+-0).
Cutouts have the following geometrical parame-
ters: ro/R=0,26; x(I'1)=0,535-Ly; p=36".

Shell’s material is a reinforced concrete B30
with the carcass of A-Il-class [5]. Meridianal
tix and peripheral p;y reinforcement factors (4)
in the layer z<0 are assumed as u;,=0,09;
tiy=0,1, and in the layer z>0 these factors are
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Figure 3

assumed as [2=0,05, p,=0,07. Foundation bed-
plate mass my; and shell mass mg ratio is
m¢mg=2,42. The load is a combination of own
weight of the composite structure and of the
vertical component of seismic wave load on the
foundation bedplate, which may be either rig-
idly fixed on the ground soil or installed on the
viscoelastic damping elements system (Figure
1). Integral value c, of the elastic component of
the damping element is determined by the value
of predefined setting h, of the elastic elements
under the own weight of the foundation bed-
plate, taken equal to h,=0,25-h. Integral value &,
of the viscous component is determined by the
viscosity in the case of aperiodic foundation
bedplate’s motion as follows:

e, =2-k 4c,m,, (30)
where k¢>0 is a correction factor.
Analysis of typical seismograms [4,7], taking
into account their stochastic nature, has shown
that in many cases instrumental seismogram can
be approximated by the set of trigonometric

functions on the certain time intervals Aty
(k:19293:--9ksw)
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+X, sinm _tk‘l —for t,_, <t<t,;
k
X - 31)
0 —for t>t,

where ty=0, tg,=max(ty), Xk, Aty=ty-tx.; are am-
plitude-frequency responses of approximation
functions defined in accordance with the known
parameters of instrumental seismogram. An
approximated seismogram, used in the calcula-
tions, is constructed from two sine half-waves
(ksw=2) with the following parameters: X,/X;=-
0,7 (X:>0); Aty/At1=1; t/T=1,08; a/a=1,43,
where tg,=At;+At,, Tt is the free vibrations pe-
riod of damped foundation bedplate

T, =2-n /&,
CZ

and a;,a, are maximum values of accelerations
for the first and second half-waves. Assumed
values of parameters X;=0,015 m and
a,=0,255¢g correspond to the seismicity level of
about 7+8 points [4,7].

(32)
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Due to structure’s symmetry the computing area
of the considered structure can be reduced to 1/8
of the shell with the following dimensions:
0<x<L,, 0<6<0,257; o,=0. For the assumed
number of discretization points NxM=52x61,
the unknowns number is K=5355. Transient
processes in the shell structure under the seis-
mic wave’s excitation Xxg, with the parameters
described by (31) have been investigated for
three cases: a) foundation bedplate rigidly fixed
on the ground soil, x/=Xq; b) foundation bed-
plate installed on elastic damping elements,
ke=0; c,#0; c) foundation bedplate installed on
viscoelastic damping elements, where integral
value ¢, is defined by (30) at k=1, so that the
viscosity level is optimal for iteration process
(29).

Table 1
Case Non- Damped bedplate
damped
bedplate
X=Xsw cZ;tO; Czqt();
&=0 &,#0
kg -5,08 -1,48 -1,3
AX;
X, -1 -0,6 -0,382
(X)m | 0,255.g | 0,122.g | 0,071-g
Ko 2,32 0,862 0,716

Deformation processes investigation results for
the reinforced concrete spherical dome under
seismic forces with non-damped and damped
foundation bedplates are presented in the Table
1, where

k, = max[%} AX; =max(X; —X;,);

S

G+
k_=ma b | 33
. X(R J (33)

bt
and where Py is the dome’s weight (for static

problem according to (13) F=P, k=1); Xp 1s
the initial displacement of the damped founda-
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tion bedplate, defined by static loading and
equal to xp=0,354-h (or xp=0 for the non-

damped plate); Gg is the maximum tensile

stress in concrete computed on the faces of
shells z=th/2 basing on the principal stresses
values and considering the plane character of
actual stress condition; Ry is the ultimate
(break-point) tensile strength of concrete.
Investigations results have shown that the
damping elements’ properties noticeably influ-
ence to the strain-stress state of reinforced con-
crete shells with cutouts. For the non-damped
foundation bedplate the first crack appeared
near the I'; cutout’s corner oblique at an angle
oc=47,60 to the coordinate curve o. Next cracks
were localized at the support contour I't near I';
cutout’s edge. Using of the damping elements
system allowed to reduce maximum stress in
shell significantly and to raise crack growth re-
sistance noticeably; with the value of factor ks
for viscoelastic damping elements being near its
corresponding value for the static problem,
ks=0,54.

Similar mathematical model can be developed
also for the horizontal component of the seismic
wave.
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ACTUAL PROBLEMS OF NONLINEAR DESIGN
OF REINFORCED CONCRETE STRUCTURES

AnnaV. Ermakova
South Ural State University, Chelaybinsk, RUSSIA

ABSTRACT: The paper includes the main states of the report of the same name delivered by the author at the
conference of scientific council of Russian Academy of Architecture and Civil Engineering “Software for
Architecture and Civil Engineering”. 26 November 2008. The main problems connecting with a computer
realization of design of reinforced concrete structures for accounting of their nonlinear properties were explained
in the report. The ways of solving of some problems by means of Additional Finite Element Method were

suggested in the report too.

1. GENERAL PROBLEMS OF
NONLINEAR ANALYSIS BY MEANS
OF FINITE ELEMENT METHOD

The problem of obtaining of the yielding
matrices of finite elements is solved for bar
systems if the method of redundant reactions is
used.

The problem solving for the other systems has
met some serious difficulties, therefore the
development of Finite Element Method in this
direction was reduced.

PROBLEM: obtaining of the yielding matrices
of finite elements for non-bar systems.

At present Finite Element Method is realyzed by
the second variant, i.e. by the variant of
deflection method. In this case the solving of
any problem is reduced to the sequential
fulfilment of six computer operations:

1. Composition of design diagram;

2. Calculation of stiffness matrices of separate

finite elements;
3. Formation of general stiffness matrix of the

system;

4. Solution of algebraic system of linear
equations;

5. Calculation of strains, stresses and node
reactions;

6. Analysis of stress-strain of the structure.

The problem may be considered solved after
fulfilment of these operations in linear design of
one loading. However it should be noted that
linear design in most cases does not give

sufficiently certain information of the structural
behaviour. The presence of physical and
geometric nonlinearity of structural behaviour
under load prevents it.

PROBLEM: allowance of the physical
nonlinear properties in design of reinforced
concrete structures under static load.

The main nonlinear properties are: plasticity of
concrete, bond between concrete and
reinforcement, cracking, prestressing, reload,
action of temperature. Algorithms describing
the real behaviour of material are required for
realization of this design [2,3].

The SN and P’s require to carry out the design
of concrete and reinforced concrete structures at
limit states taking account of their nonlinearity.
This design is based on use of the method of
limit equilibrium [4].

In particular s.6.1.3. [5] contains the partition:
“The definition of ultimate stresses and strains
of concrete and reinforced concrete structures
one must carry out on the base of design
diagrams (models) most close to the real
physical character of behaviour of structures
and materials at ultimate limit state.”

The realization of design according to these
requirements is possible if all physical nonlinear
properties exhibiting by the structure at the
moment when the ultimate limit state is reached,
i.e. with regard to the degree of influence and
the moment of appearance of each separate
nonlinear property.
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Thus the requirements of the SN and P’s do not
agree with the algorithms of the used programs
where a taking account of the different
nonlinear properties of the structures are
developed insufficiently.

PROBLEM: computer realization of the design
of structures at limit state.

Besides in this case it is necessary to fulfil a
step-by-step loading of the structure for
obtaining of the real phase portrait of its real
stress-strain state. In addition it is necessary to
guarantee a taking account of nonlinear
properties which appear at this step only.

PROBLEM: computer realization of step-by-
step design of reinforced concrete structures.

2. PROBLEMS OF THE CALCULATING
OPERATIONS OF FINITE ELEMENT
METHOD

Now we may pass to an analysis of the
problems, which appear progressively in
computer realization of stractural design by
finite element method at each of six calculating
operation:

1.Composition of a design diagram of the
structure, i.e. a representation of the structure in
the form of assembly of separate finite elements
(FEs). This operation includes the assignment of
size, shape of finite elements and the way of
their joint. Usually the finite elements are
jointed in the definite points — nodes.

There is rather often the difficulty connecting
with the fact that far off always the increase of
number of finite elements in design diagram
leads to the increase of precision of design at
this stage. It is necessary to remain the size of
finite elements which correspond to the
theoretical premises of it’s elaboration.
Especially it is relating to the thin plates.

PROBLEM: necessity of estimation of design

diagrams from the point view of optimal
combination of the degree of detailing with the
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precision of linear and nonlinear structural
design.
2. Calculation of a stiffness matrix of the
separate finite element. This matrix determines
the connection between node forces (stresses)
and corresponding node displacements:
R=K.V, (1)
where R = vector of node reactions of the finite
element; V' = vector of node displacements of
the finite element; K, = stiffness matrix of the
given finite element.
In solving of linear problems the finite elements
of linear isotropic material are used as far as
precisely these elements were used for
elaboration of their properties. For example, the
theory of behaviour of thin plates was used for
the thin finite elements. The number of finite
elements ought to be optimal as well as their
size. It is closely connecting with the in
previous section.

PROBLEM: necessity of estimation of finite
elemenst in design diagrams from the point of
view of their optimal number and size in solving
of linear and nonlinear structural design.

In the solving of nonlinear problems the main
difficulty is contained in the necessity of
inclusion of accounting of the different phisycal
nonlinear properties of the finite elements,
where these properties are differed from each
other both in the character and in the moment of
appearance. This main difficulty requires the
solving of some accompaning problems which
in structural design may be divided into four
groups.

PROBLEMS of solving of nonlinear design
connected with analysis of finite elements
behaviour:

1) necessity of taking account of behaviour of
the specific constructive material of finite
elements, for example, for reinforced
concrete structures they are concrete and
reinforcement,
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2) gradual appearance of different nonlinear
properties as the ultimate limit state is
reaching,

3) passage from one type of stress-strain state
to another one, for example, at cracking or
appearance of residual strains  after
unloading;

4) enabling of a mechanism of gradual
destruction of the finite element.

3. Formation of a decision system of linear

algebraic equations from the equations of

equilibrium at each node of the considered
structure with node displacements as the
unknowns:

2

where V' = matrix—column of unknown node
displacements; P = matrix—column of external
load; K = stiffness matrix of the considered
structure. This matrix is formed from
coefficients of stiffness matrices of the separate
finite elements and is constant during solving of
linear problem (K=const).
In case the nonlinear problem is considered the
equation (2) has the next form:
Knonl V= P: (3)
where K, = stiffness matrix of the structure
with linear properties. During design this matrix
ought to be changed step-by-step depending on
the nonlinear properties, which are exhibited by
the finite elements (K,,,; # const).
It is reached by gradual loading of the structure
and by inclusion of iteration at each step.
The iteration may be constructed by one of two
ways:
1) change of matrix K, and solving of system
of equations (3) at each iteration;
2) use of method of additional loads (method
of elastic weights) [6].
If the second way is used the stiffness matrix of
the structure is considered as the sum of two
components:

Knonl =K +A4 Knonla (4)
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where K = stiffness matrix of the structure with
linear properties; A  Kyon = nonlinear
component, providing the change of matrix K
up to the value K, .

If the structure exhibits some
properties, this nonlinear component
next form:

nonlinear
has the

AKnonl:AKnonl,I+AKnonl,2+- .. +AKnonl,i+AKnon1,m
(5)

where A Koni the part of nonlinear
component of the matrix A K, , determining
it’s change due to manifestation of i -th (i=/-n)
nonlinear property.

If we substitute (2) for (4) and carry of the
second term in the right hand part of equation
we may obtain the main decision equation in the
form:

KV=P—-AK,mV, (6)
where (— A K0, V) = the additional load taking
account of the nonlinear properties of the
structure.

The equation (6) may be solved by a number of
linear iterations.

PROBLEM: necessity of providing of gradual
change of stiffness matrix of the structure due to
manifestation of nonlinear properties at each
iteration of each step of loading.
4. Calculation of node displacements by means
of solution of the system of linear algebraic
equations:

v=K'p, (7)
where K 7 = inverse stiffness matrix of the
considered structure.
Most commonly Gauss elimination of
unknowns is used for solution of the system of
linear algebraic equations. This means that the
step-by-step elimination of unknowns in the
system of equations first is carried out
beginning with the second equation up to the
last one (direct execution), and then the of step-
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by-step calculation of unknowns is carried out
beginning with the last equation up to the first
one (reverse execution).

The operations of derect and reverse executions
are fulfilled completely at each iteration of each
step of loading if the nonlinear properties are
taking into account by change of stiffness
matrix of the structure.

The process of iteration may be constructed
more rationally if the nonlinear properties are
taken into account by method of additional
loads due to reduction for the most part of
operations of direct execution at all iterations
except the first one.

However both of these cases in design of
reinforced concrete structures ought to provide
the conditions of realization of design by
method of limit equilibrium recommended by
SN and P’s.

PROBLEM: necessity of construction and
development of iteration process in two
directions (for the whole structure and for the
separate finite element) on the basis of
possibilities of FEM in the solving of n-
nonlinear analysis:

1) guarantee of gradual change of stiffness
matrix of the structure K., in order that it
gradually transfers into stiffness matrix of
the structure at limit state Kj;,,;

2) gradual taking account of each nonlinear
property exhibited by finite elements up to
their collapse for the moving off behaviour
of the whole structure one-by-one in the
step-by-step design by method of limit
equilibrium.

5. Calculation of strains, stresses and node

reactions on the basis of determined

displacements.

In the linear analysis stresses o , strains ¢ , node

reactions R of the finite element are calculated

rather simple by means of determined node
displacements V" after solving of the system of

equations (7).

The culculation of these values is difficult in the

nonlinear analysis. In this case the influence of

nonlinear properties may be taken into account by
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two ways (Fig.1): the first way is based on the use
of the method of additional stresses; the second
one uses the method of additional strains [7,8].

If we use the method of additional stresses the
next formula for definition of stress in the finite
element with nonlinear properties ,,,; 1S the
main one:

Ononl — O +A4 O nonls (8)
where o = the stresses of the same finite
element with linear properties; A4 ¢ nom = the

value of stresses taking into account the
variation of linear stresses due to appearance of
nonlinear properties.

If it is necessary to take into account the
influence of n nonlinear properties this value 4
O noni 18 the sum of n terms:

A Unonl:A Unonl,1+A O-nonl,2+--- +A O-nonl,i+A Ononlns

)

where A 6,,,,; = the variation of stresses due to
appearance of the i-th nonlinear property
(i=1-n) .

In the second variant if the method of additional
strains is used the formula for definition of the
strains of finite element with nonlinear
properties is the main one:

Enonl = € +A & nonls (10)
where ¢ = the strains of the same finite element
with linear properties; A € ,,,; = the value of
strains taking into account the variation of linear
strains due to appearance of nonlinear
properties.

If it is necessary to take into account the
influence of » nonlinear properties this value A ¢
wonl 18 the sum of 7 terms:

Agnonl:Agnonl,I +A8nonl,2+~ .. +A8nonl,i+A8nonl,m

(11)

where A €,,,; = the variation of stresses due to
appearance of the i-th nonlinear property

(i=1-n) .
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Figure 1. Diagram of allowance for nonlinear properties by means of the vector of additional load
F: 1 —nonlinear relationship between strains &,,,; and stresses ;. (line OA); 2 — linear
relationship between strains ¢ and stresses ¢ (line OBC); E = initial modulus of elasticity of
material; €,0n, Onom = nonlinear strains and stresses under external load P; o= elastic stresses
corresponding to nonlinear stresses &, 1.€. simultaneous applied external load P and additional
load F'; Aoy.n= value of change of elastic stresses o up to o;..; € = elastic strains corresponding to
nonlinear ;,,,1; A= value of change of elastic strains & up to nonlinear strains &,
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Figure 2. Three-lined diagram of g,—¢; state of compressed concrete [9].
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Thus for each of these n nonlinear properties it’s
own algorithm which realizes the degree of it’s
influence on the behaviour of the structure is
necessary.

Specifically in design of reinforced concrete
structures SN and P’s [9] suggest to input a
three-lined diagram relationship between
stresses (op) and strains (g5) of concrete (Fig.2).
Introduction of this diagram requires a definite
effort.

In the second variant if the method of additional
strains is used the formula for definition of the
strains of finite element with nonlinear
properties is the main one:

Enonl = € +A4 € nonl, (10)
where ¢ = the strains of the same finite element
with linear properties; A & ,,,; = the value of
strains taking into account the variation of linear
strains due to appearance of nonlinear
properties.

If it is necessary to take into account the
influence of n nonlinear properties this value 4 ¢
2onl 18 the sum of n terms:

A gn(mZ:A 8n0nl,1+A 8n0nl,2+~-~ +A4 gnonl,i+A Enonlns

(In

where A &,,,; = the variation of stresses due to
appearance of the i-th nonlinear property
(i=1-n) .

Thus for each of these n nonlinear properties it’s
own algorithm which realizes the degree of it’s
influence on the behaviour of the structure is
necessary.

Specifically in design of reinforced concrete
structures SN and P’s [9] suggest

to input a three-lined diagram relationship
between stresses (o) and strains (ep) of concrete
(Fig.2). Introduction of this diagram requires a
definite effort.

Besides a singular difficulty appears if it is
necessary to analyse the reinforced concrete
structures under reloading and unloading.

For example, the three stages of behaviour are
considered in a single reloading: initial loading,
unloading, reloading (Fig.3). At each of these
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stages the special relationship between stresses
(o» ) and strains (&) in concrete [2] ought to be
input. It means that it is necessary to do a
passage from one diagram of o,—¢, state to
another one and to take into account of an
appearance of  nonrecoverable  plastic
deformation of concrete in unloading (residual
strain ¢, 2).

PROBLEM: necessity of development of
algorithms taking into account the peculiarities
of influence of each nonlinear property on
behaviour of the structure

6. Analysis of stress-strain of the structure.

This stage is assigned to estimation of the
obtained results, analysis of the achieved degree
of stress-strain state of the structure, comparison
of this state with limit state which is determined
by SN and P’s. At limit state the structure
exhibits all inherent in the given conditions
physical nonlinear properties. At the same time
at the achieved state the degree of manifestation
of each nonlinear property may reach some
intermediate stage, but not the limit state.
Therefore the parameters charactarizing this
intermediate stage are necessary.

In description of this stage it is necessary to take
into account of the fact that the limit state of the
structure may be reached when limit state is
reached in one finite element or in several ones.
It is necessary to determine these critical for the
given construction finite elements.

PROBLEM: comparison of the reached stress-
strain state with the limit state determined by
SN and P’s.

3. THE MAIN PROBLEMS OF ANALYSIS
BY FINITE ELEMENT METHOD

The three main problems may be distinguished
after analysis of enumerated above difficulties
without solving of which the computer
realization of this analysis is impossible:
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Figure 3. Diagrams of relationship between stresses and deformations of concrete under uniaxial
compression in single reloading: a) full unloading; b) partial unloading; 1— loading; 2 — unloading;
3 —reloading; op = stresses of concrete; £, = initial module of elasticity of concrete in loading; &, =

deformation of concrete; &,;» = nonrecoverable plastic deformation of concrete in unloading or
residual deformation.

1) determination of the way of description of
gradually changed  properties of each finite
element of the design diagram;

2) determination of the character of gradual
change of structural behaviour in accordance
with the achieved degree of its limit state at this
moment;

3) choice of the way of construction of iteration
in solving of the main system of algebraic
equations thus it shall provide a gradual
elimination of separate finite element out off
behaviour of the structure and gradual change
of it’s properties.

These three interconnected problems define a
run of the problem solving and it’s computer
realization.

4. SOLVING OF SOME PROBLEMS
BY ADDITIONAL FINITE
ELEMENT METHOD

Now we may pass to the developed Additional
Finite Element Method (AFEM), which is a
variant of the Finite Element Method destined
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for analysis of reinforced concrete structures at
limit state [10,11,12].

AFEM adds to the traditional sequence of
problem solving by FEM the units of two
wellknown methods for structural design: limit
state method and method of additional loads.
AFEM suggests to use in solving of the first
problem and the second one of the stated above
problems such known concepts as limit state of
the structure and limit state of the finite element.
Each finite element from the design diagram is
considered as a separate small structure of
simple form with it’s own limit state defined by
the given conditions of loading. Each finite
element may have several such limit states.

For example the triangular deep-beam finite
element has two types of limit states (in
compression and in tension). The concrete finite
element “Bar of general attitude” has 12 limit
states. If this finite element is reinforced it has
23 limit states. Moreover the behaviour of finite
element at each limit state has it’s own
singularities. This fact requires the special
research of each type of finite element and the
determination of number, type and way of
description of each it’s characteristic limit state.
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For transformation of the initial finite element
with linear properties into the finite element
with nonlinear properties depending on the
reached stage of their limit state it is offer to
use additional finite element (AFE). Each
additional finite element is a geometric replica
of the main finite element with it’s own
stiffness, which transforms the stiffness of the
main finite element into a necessary one at the
given stage.

It’s scheme of action on the intermediate stages
is:

Finite element with nonlinear properties = Finite
element with linear properties + Additional
finite element for allowance of the nonlinear
properties.

The scheme of action at limit state is:

Finite element at limit state = Finite element
with linear properties + Additional finite
element for the allowance of the limit state. The
main characteristic of the additional finite
element is it’s stiffness matrix AK,,,;., which is
determined by the next formula:

AKnonl,e = Knonl,e - Ke’ (12)
where K,,n . = stiffness matrix of the main finite
element with nonlinear properties; K, = stiffness
matrix of the same finite elment with linear
properties. For example, if at the given stage of
design K,on. = 0,5K,, then K,y = 0,5K, —K,
=—-0,5K..

Stiffness matrix connects node reactions of
additional finite element (A4R,,;) with node
displacements V' :

ARnonl = AKnonl,e Va (13)
At each stage design diagram of the structure
consists of two design diagrams: the initial
design diagram from the main finite elements
with linear properties and the additional design
diagram.

The additional design diagram is a geometric
copy of the initial design diagram with it’s own
stiffness, which changes the stiffness of the
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main design diagram in accordance with the
nonlinear properties exhibited at this moment.
It’s scheme of action on the intermediate stages
is:

Design diagram consisting of the finite elements
with nonlinear properties = Design diagram
consiting of the finite elements with linear
properties + Additional design diagram
consisting of the additional finite elements for
allowance of the nonlinear properties.

The scheme of action at limit state is:

Design diagram of the structure at limit state
(ideal failure model) = Design diagram
consisting of the finite elements with linear
properties + Additional design diagram for
allowance of limit state of structure.

The main characteristic of the additional design
diagram is it’s stiffness matrix AK,,,, which is
determined by the next formula:

AKnonl = Knonl _K; (14)
where K, = stiffness matrix of the structure
with nonlinear properties; K = stiffness matrix
of the structure with linear properties.

The additional design diagram consists of
additional finite elements and gradually
transforms the initial design diagram into the
design diagram which corresponds to the
reached stage of limit state of the structure.
Where the main finite elements go through
several stages before the achievement of
ultimate limit state the additional design
diagram ought to consist of several design
diagrams, each of which combines the
additional finite elements corresponding to each
stage.

For example, the triangular concrete finite
element goes through two stages in
compression: plastic behaviour and complete
failure. In tension the same finite element goes
through four stages: plastic behaviour; reload in
part due to cracking; partial plastic behaviour
after cracking; collapse.

It means that the resulting additional design
diagram ought to be formed from the
corresponding component design diagrams,
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each of which combines additional finite
elements taking into account the definite stage
of behaviour of the main finite elements. For
description of the structure at ultimate limit state
the concept of ideal failure model, which is the
design diagram of the structure at ultimate limit
state, is used.

The ideal failure model is necessary for
simulation of the ultimate limit state of the
structure. The ideal failure model differs from
the initial design diagram by presence of finite
elements in limit state and by another changes
simulating the ultimate limit state of the
considered structure.

The example of gradual transformation of the
initial design diagram of concrete bending
cantilever into the ideal failure model (design
diagram at ultimate limit state) by means of
additional design diagrams consisting of
additional finite elements is given in Fig.4.
Introduction of additional finite elements makes
possible not only to combine FEM and design
the structure at limit state but also to solve the
third problem connecting with the choice of way
of solving of the main system of linear
equations of FEM.

In this case the iterative process may be
constructed for the guarantee of gradual
elimination of each finite element out of
behaviour of the structure and in view of that
the change of properties of the structure. If it is
necessary a step-by-step design of the structure
may be realized for a gradual definition of the
finite elements which ought to be eliminated out
of behaviour of the structure at the given step.
Besides, the critical for the given structure finite
elements, when their elimination defines the
ultimate limit state of the structure, may be
determined. Realization of the iterative process
by use of both by change of stiffness matrix of
the structure K,,,; and by use of elastic weights
method. In the second case the additional load
of the whole structure is formed on the basis of
additional design diagram, which consists of the
values of additional load of each finite element
composed it. Each of these values is equal to the
modulus of node reactions with the opposite
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sigh  (=4R,on), Wwhich appears in the
corresponding additional finite element.

Thus the developed Additional Finite Element
Method (AFEM) permits to solve a number of
problems connecting with nonlinear design of
reinforced concrete structures. The method has a
generalized character independent of the type
and nature of the exhibited nonlinear physical
property. Simultaneously the method is
sufficiently flexible and in all it’s universality it
reflects the essential singularities of each
property. The method reflects a change of
stress-strain state of the structure and gives the
possibility to realize a step-by-step design of
reinforced concrete structures and to determine
it’s ultimate limit state.

REFERENCES

1. IMoctHoB B.A. UncneHHble METOIBI pacyeTa
CYZOBBIX KOHCTPYKLHUH. - JL,
Cynoctpoenue, 1977 — 280 c.

2. Kapnenko H.W. OOmme mMoneny MeXaHUKU
xenezoberona. M., Ctpoiuznar, 1996— 416 c.

3. Ilyraes B.B. WuxeHepHsie MeTOAbl B

HEJIMHEHON TEOpUH MPEIETBLHOTO
paBHOBecusi obonouek. — M.: T'oruka, 2001
—368c.

4. I'Bo3neB A.A. Pacuer HeCyIlen
CHOCOOHOCTH  KOHCTPYKLUMH IO METOHy
IpeleIbHOro  paBHOBecusa.  Bpm. 1,

CymHocTh MeTOAa U €ro o0ocHoBaHUE. M:
I'occTponuznat, 1949 — 280 c.

5. CHull 52-01-2003. beronnsie Hu
JKEJIEe300€TOHHbIE KOHCTPYKIMU. — M.,
OI'VIT LIIIT, 2004 — 26 c.

6. Naprommmua A.A. Ilmactmunocts. — M.:
I'ocTrexuszmar, 1948 — 376 c.

7. 3enkeBny O.K. Merog  KOHEYHBIX

AJIEMEHTOB B TexHUKe. M.: Mup,1975-541c.

8. Pacyer u mpOEKTUpOBAHHE BJIEMEHTOB
KeJIe300€TOHHBIX KOHCTPYKIIMI Ha OCHOBE
npumeHenus OBM. /Oatya A.A., Kapsikun
A.A., Kytun 10.®. Koncnekr nekuuii, Y.4.
[Ton pen. Oatyna A.A. — Yenabunck: YIIH,
1980 - 67 c.

31



Anna V. Ermakova

P
3 6
Yo
4 8
7
3
2
d 8
2 6
1 5
_} X
] 4 7

a) initial design diagram consisting of triangular deep- beam finite elements with linear properties;
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b) additional design diagram consisting of additional finite elements, which take into account of

plastic properties of concrete (stiffness matrix of all eight additional finite elements is not equal to 0);
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¢) additional design diagram consisting of additional finite elements, which take into account of
appear of residual deformations in finite element Ne 4 after it’s partial unload due to cracking
(stiffness matrix of additional finite element Ne 4 only is not equal to 0).
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d) additional design diagram consisting of additional finite elements, which take into account of
crack in finite element Ne 4 (stiffness matrix of finite element Ne 4 only is not equal to 0);
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e) additional design diagram consisting of additional finite elements, which take into account
collapse of finite element Ne 1 if the criterion of ultimate strength in compression is reached
(stiffness matrix of only additional finite element Ne 1 is not equal to 0);
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f) ideal failure model of cantilever (design diagram at ultimate limit state) after appearance of crack
in finite element Ne 4 and finite element Ne 1 reachs the criterion of ultimate strength in
compression.

Figure 4. Transformation of initial design diagram of concrete bending cantilever into ideal failure
model (design diagram at ultimate limit state) by means of additional finite elements (AFE).
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STABILITY ANALYSIS

OF SPACE TRUSSES

Vera V. Galishnikova
Volgograd State University of Architecture and Civil Engineering, Volgograd, RUSSIA

ABSTRACT: A space truss is unstable if the determinant of its incremental stiffness matrix is null. A numerical
method is presented that predicts unstable configurations (singular states) by computing the nonlinear load-
displacement behavior of the truss prior to instability, detecting nearly singular configurations and then
computing the singular state. The method is robust since the parameters which control the computation can be
chosen over a wide range without impairing the convergence of the algorithm. The stability analysis of space
trusses in this paper is derived by specialization of the nonlinear theory of elastic bodies. The initial value
formulation of the governing equations is derived analytically and transformed to the algebraic form by the finite
element method. The equations are solved by the constant arc increment method outside the singularity range
and by a new method of limit analysis near a singular point.

Key words: space truss; geometrical nonlinearity; stability analysis; singular points; finite element method

INTRODUCTION

Loss of stability is an inherent problem of the
nonlinear behavior of structures. A space truss
is unstable if it can displace incrementally
without a change in its loading and supports.
The load path which follows after an unstable
configuration can be unique (snap-through), or
there can be several possible load paths
(bifurcation). Singularity of the tangential
stiffness matrix is a necessary condition for the
instability of an instant configuration of a
structure. This condition is, however, not
sufficient for instability. The structure is only
unstable if, in addition, the load decreases due
to a finite incremental displacement in the
direction of the eigenvector which is associated
with the eigenvalue null at the singular point.

The detection of configurations, in which the
tangent stiffness matrix of a structure is
singular, is not difficult in principle: the
determinant of the tangent stiffness matrix of an
unstable structure is null. In practice, significant
difficulties arise. Since the determinant of a
matrix is equal to the product of its eigenvalues,
its value for large matrices can lie outside the
range of data type double in computers. The
determinant therefore cannot be used directly as
a criterion for instability. Near singular points of
the tangential stiffness matrix, the product of the
eigenvalues contains at least one value which
nearly equals null. The determinant is nearly

null, and the governing incremental equations
become ill-conditioned. As a result, the methods
for the solution of the nonlinear equations
become unreliable near singular points.
Therefore, in order to be able to treat the
problem of structural stability reliably, three
main problems must be solved: identification of
nearly singular configurations, direct
computation of singular points and singular
configurations, and continuation of load paths
beyond singular points.

Exact methods for the determination of the
configurations of a structure in which its tangent
stiffness matrix is singular are treated in the
works of Belytschko [1], Wriggers [2]. The
continuation of load paths is treated
systematically by Wagner [3]. He presents
several methods of deflation which permit
reliable solution of the nearly singular
governing equations near singular points if the
eigenstate with the smallest eigenvalue is
known. However, according to Belytschko [1]
robust automatic procedures for continuation are
not yet available.

This paper presents methods for computing the
nonlinear load-displacement behavior of a truss
prior to instability, for detecting nearly unstable
configurations of a truss, and for determining
the loading, displacements and reactions of the
unstable configuration of a truss. Methods for
continuation of load paths are beyond the scope
of this paper.
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1. GOVERNING EQUATIONS

The behaviour of space trusses is described with
analytical governing equations which are a
specialisation of the nonlinear theory of
elasticity [4].

It is shown in [5] that the analytical incremental
governing equations for a load step of a space
truss are given by:

Zj6(8+Ag)(s+ As)dv - j Sesdv =
e C, € C (l)
5e + 8(ad,) aq, + 8(ad ) ar,

where & = v, + (V,+V;, +V;,)/2 is an axial
strain in the Green strain tensor for the current
displacement state, S is the axial stress in the
2.Piola-Kirchhof tensor; d.,q,, and r, are
system displacement, load and reaction vectors.
The error term in equation (1) is

Se=—Y j 5(ac”) sdv+
¢ C (2)
8(ad) g, +8(ad,)"r,

Equations (1) and (2) are approximated with
iterated values of the strain increment and its
variation:

ag = (1+V, +aV,/2)av, +
(V2,1 + A\_/2,1/2) AV, + (V3,1 + A\73,1/2) AV,
8(ac) = (1+V,, +a¥,)8(aV,,) +

(Vz,l + AVZ,I) S(sz,l )+ (V3,1 +A\_/3,1) S(AVS,I)

where Vv, are the derivatives of the

displacement coordinates in the state C® with
respect to y,, aV,, are the derivatives of the
displacement increments from the state C® to
the state C®"; 4V, —are approximate
derivatives of the displacement increments.

Thus, equations (1) are linear in the unknown

displacement increments aV, to aV,. These
equations are approximate because the
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derivatives aV, to aV;, are approximated with

values from the previous cycle of iteration in the

load step.

Equations (1) are transformed into algebraic

governing equations by linear interpolation of

the displacement on the axis of the bar:
V=_Syv,

€)

where Vv is the displacement vector from
reference to instant configuration, Sis the
interpolation matrix for the displacement
coordinates in instant configuration, V_ is the
element nodal displacement vector from
reference to instant configuration.

The derivatives of the displacement coordinates
are obtained from (3):

4

_ T
Vm,l - gmve’

where g, are derivative vectors. Substitution of
the derivatives of the displacement increments
(4) into (1) and (2) leads to the following
algebraic incremental equations:

8(ad) K ad =8(ad,) €, + aq, + ar,),(5)

where K is a system stiffness matrix, €,is a
system error vector, ad_,aQg,al, are system
displacement, load and reaction increment
vectors respectively.

The system stiffness matrix is assembled from
the element contributions:

K, = ZTJ Re KRG T, (6)

Unit values of the displacement variables at the
nodes of the truss are chosen as variations of the
system displacement vector in (5). The resulting
system of algebraic governing equations for the
increments of the displacements and the
reactions of a space truss in a load step is:
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K.ad, = e, + aq, + ar, (7)

The system error vector is given by
e = 2 TRye +q.+r, (8

The element error vectors are computed as
follows:

€ =- AES((1+V1,1)91+V2,1 g,+tVs, g,) 9)

2. STEP-WISE SOLUTION PROCEDURE

The load path of a truss in Fig.l is the
relationship between the norm a of the system
displacement vector and the norm p of the
system force vector.

pA

linear

o

a

as as+1
Figure 1. Normalised displacement- force diagram
of a space truss (load path)

Since the physical dimensions of the
displacements and  forces  differ, the
displacement norm is scaled with a factor p.
a = pydid,
(10)
b = plp, with p,=q.+r,

The calibration factor p is chosen so that the
slope of the curve for the first step of the
analysis has a specified value m:

1 |p/p
m\ dd,
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po= (11)

where d,,p, are displacement and force vectors
computed by linear analysis for the pattern load.
The system equations are ordered so that the
displacement vector contains first the free and
then the prescribed values. This leads to the
following block structure:

P i s MR
Ky Koylld, Aq, al, €,

where ad, is free displacement increment, and
ad, is prescribed displacement increment.

Let the load pattern g,and the displacement
pattern d,, which act on the truss be specified.
The fraction A of the load and displacement
patterns which acts on the truss in a given
configuration is called the load factor of that

configuration. The load factor increment specifies
the change in loading during a load step:

A, = aA(y, aQ,= ak(q,, Adz = A}“dZt (13)

where aA is a load factor increment.

The load factor increment for a load step is not
known a priori. It is determined by the
following iterative procedure, which also yields
the displacement and reaction increments for the
load step.

Total load solution for iteration m in step s:
The incremental stiffness matrix and the load
vector of the truss are computed in each
iteration M of step S. The nonlinear terms are
neglected in iteration 0 and are approximated
with the results of iteration m-1 in the
The

(s,m)
2t

subsequent iterations.

d{®>™ and the reactions r

displacements
for the load pattern

(s,m)

)

computed with the incremental stiffness matrix:

and the displacement pattern d,, are

(s;m)  (s,;m) __ (s,m) (s,m)
K>™d™ = g™ +r,

_ -1 ¢~ (s;m)

- K11 (qn - K12d2t)

_ (s,m) (s,m)
=K Zldlt + K22d2t — Oy

(14)
di™

(sm)
r2t
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The force vector p>™ for total load is the sum
of the load and reaction vectors:

(s.m)

_ gsm (sm)
t - qt + rt

(15)

Incremental solution for increment m instep s:
The increments (14) of the load and of the
prescribed displacement are substituted into
(13). Equations (12) are solved for the
displacement increment and the reaction
increment as functions of the unknown load
factor increment Al :

K™ Ad ™ = sl Mg ® 4 ar O™ e (16)

Equations (16) are solved for the free displacement
increments and for the reaction increment:

Ad(™ = AAE™ S 4 5™,

F8M _K -1 o) (17
1 - 11 el
(sm) _ 4 (sm), (), +(sm)
INSRIEVV il B S (18)
(sm) _ (sm) _ (9
tz =K 21f1 - ez
The increment of the force vector is:
Ap(S,m) — A;\,(S’m) gs,m)+ t(s,m) (19)

After the value aX of the load factor increment
is computed as shown below, it is substituted
into (17) to (19) to obtain the incremental
vectors  ad®™, Aq®™, and ar®™. The
incremental vectors are added to the state of the
structure at the beginning of the step to obtain
the trial values for state S+1 :

d(s+l,m) — d(s) +Ad(s,m)

(s+tl,m) _ ~(S) (s,m)
q =Qq " +aq
r(s+1,m) =r (s) +A (s,m)

(20)

Termination of the iteration: The system error
vector €, is computed for the trial state (18) of
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the structure, using expression (9). The iteration
in step S is terminated if the norm of the system
error vector is less than a preset limit.
Otherwise, the computations in step S are
continued with iteration m+1. The error limit
can, for example, be a prescribed fraction of the
force norm in the first load step. If the iteration
in step S has converged, the algorithm proceeds
to step S+1 and the steps which follow. The
process is terminated when the load factor 1.0 is
reached.
Load factor increment: The load factor
increment is chosen so that the length of the
chord of the arc for step s in the load path is
equal to the length h,of the chord for the first
load step, which follows from the prescribed
value a), of the load factor in the first iteration
of the first load step:

N = aAipop, + wargded,  (21)
The arc length h,computed with (21) in the first
cycle of iteration of the first load step h, is
recomputed at the end of each cycle of iteration
in the first load step. In order to simplify the
expressions which are derived in this section,
the notation for the variables is redefined. The
system displacement vector at the end of the
step 1s given by:

d=d+f+za (22)

where dand dis a system displacement vector
at the end and at the beginning of the step
respectively, fis a displacement correction
vector, ais displacement reference vector
(pattern displacement or eigenvector), and Zis
load increment aA for the step.

The system force vector at the end of the step is
given by:

pPp=p+t+2zb (23)
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where pand pis system force vector end and at
the beginning of the step respectively; tis a

force correction vector, and bis force reference
vector (pattern force or reaction due to
eigenvector).

The displacement norms at the beginning and
the end of the step are:

a = py(d+HT@d+f)

a = u\/(d +f+za) (d+f + za)

(24)

The force norms at the beginning and the end of
the step are:

b = JP+t) (p+t)

(25)
b, = \/(p+t+zb)T(p +t+2b)

The chord length in step S is set equal to the
chord length h, in the first load step:

(a,-a)’+(b,-b)’ = K (26)

The following dimensionless parameters are
defined:

n = d+f)'d+f), n=@"d+)/n,

n, = @a)/n, n = (p+ 9 (p+1), (27)
n, = (0" (p+)/n,, n=(b'b)/n,

The terms on the left hand side of equation (26)
are expressed in terms of the parameters (27):

(a,-a) =p'n(2+2nz+nz -
241+2nz+n,Z*)
(b,-b) =n,(2+2n,z+n,Z" -

241+2n,z+n,Z")

Substitution of expressions (28) into equation
(26) shows that the equation for the
determination of the load factor increment z is

(28)
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highly nonlinear. It is solved iteratively by the
method of Newton-Raphson. The residual
function f(2z) is defined as follows:

f(2) = (a-a)+({b-b)’-h (29

Since the derivative of the residual function is
null at z=0, the iteration cannot be started at
the origin. In order to obtain a suitable starting
value z, for the iteration, the residual function
(27) is approximated by a Taylor expansion at
z=0. It is truncated after the fifth term in order
to obtain a quadric equation in the load factor
increment z :

df,

1d°f
f(2)="1,+ ——>7
@)=t +

2 dZ’
ld3f0 7+ Ld“fo 74
6 dz° 24 dz*

z+ +

(30)

Equation (30) is solved for the load factor
increment by one of the available standard
algorithms. The equation can have 4 real roots
or 2 real and 2 conjugate complex roots or 2
pairs of conjugate complex roots. If it has 4 real
roots, the two roots with the smallest absolute
value are considered. If it has at least two real
roots, the root which leads to the largest
distance between the pivot state S—1 and new
state S+1 on the load path is chosen as starting
point for the Newton-Raphson iteration for the
load factor increment and denoted by z,.

The approximate solution z,.of equation (29)
which is determined with the Taylor expansion
(30) is improved by Newton-Raphson iteration.
At the beginning of cycle m of the iteration, the
residual function f_ and its first derivative are
computed. The iterated value Zz, of the load
factor increment is obtained by solving the
linearization of equation (30):

df
f o+ =0z . -2)=0
s (Zn = Zn)
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= (31)

df, )
Zo = Z4n— (_m] fm
The iteration is continued until the change in the
load factor increment in a cycle of the iteration
is less than a prescribed value.

3. DETERMINATION OF NEARLY
SINGULAR POINTS

The step-wise solution procedure requires that
submatrix K, in (12) is regular so that d>™ in
(14) and f, in (17) can be computed. Since K,
is singular or nearly singular in the vicinity of a
singular point, additional algorithms are
required which solve two tasks: detection of
configurations in which the truss is near a
singular point; computation of the system
displacement and reaction vectors at the
singular point.

Consider the decomposition of matrix K,, into
the product of a left triangular matrix S with
unit diagonal coefficients, a diagonal matrix D
that can contain positive and negative
coefficients d,, and a right triangular matrix
S'. The determinant of K,, is equal to the
product of the coefficients of D

K, = SDS

(32)
detK,, = detS detD detS" = d,...d,,
Matrix D is used as follows to detect nearly

singular configurations of a structure:

(a) The linear elastic stiffness matrix of the
structure is determined at the start of the
analysis and decomposed as shown in (32) into
the product S, D, S. The coefficients d,, of the
diagonal matrix D, are stored in the algorithm.
(b) The tangential stiffness matrix for the instant
configuration is decomposed into the product
SDS' . Let the coefficients of D be d,.

(c) If at least one of the diagonal coefficients of
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the diagonal matrix D has changed sign as
compared to the linear elastic value, the
structure has passed a singular point and is
considered to be in a nearly singular range. The
instant configuration is called a nearly singular
configuration.

3 ke{0,1,...,n-1}: sign(d®) = sign(d,.)) —
state is a nearly singular configuration (33)

If the decomposition of the tangent stiffness
matrix K'* has  negative diagonal
coefficients, the algorithm back-steps to
configuration S and performs stability analysis
with this configuration as nearly singular point.

4. DETERMINATION OF SINGULAR
CONFIGURATIONS

If the truss is near a singular point, two strategies
can be followed: the singular limit-point is
avoided empirically or the system displacement
vector and the system reaction vector at the
singular point are determined. The first approach
is simpler and can be used at snap-through points
where there is only one direction in which the
truss can displace beyond the singular point. The
second approach must be used if a load path is to
be continued beyond a bifurcation point.

A singular point is determined by computing the
displacement and reaction vectors for which the
tangent stiffness in the governing
equation (7) is singular. Let A be a nearly
singular point which precedes the singular point
L. The displacement increments from the nearly
singular point A to the singular point L are
expressed as functions of the unknown load
factor increment from A to L with (17).

The derivatives of the displacement increments
are substituted into the expressions for the
tangent element stiffness matrices. The resulting
expressions for the tangent element stiffness

matrix
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matrices are nonlinear functions of the load
factor increment aA. The value of aA which
drives the determinant of the tangent stiffness
matrix to null is determined by iteration.

In iteration 0, the terms which are nonlinear in
ah are neglected. The value of aA for which
the determinant of the tangent stiffness matrix is
null is determined by solving for the
eigenvalues of the general eigenvalue problem:

det(K, + alK ) = 0

A (K X eh

KX =

where K is a residual stiffness matrix, K isa
modification stiffness matrix.

The increment in the element displacement
vector due to the displacement (17) is given by

AV, = RLWTe ad, (35)
The  derivatives of the displacement
increment AV, with respect to the axial

coordinate Y, are obtained using expression (4):

AV,

m,1

= éng R;/Te(AX d, +f),or

AV =

m,1 A7\’ d ml + dm29 (36)

mYesy ‘e m

1 1
d =—-9g R.Td d_=—g RLTf
ml a g t m2 ag esy 'e
The derivatives of the node displacement of the
truss at the singular point with respect to Yy, are
denoted by V,, and expressed with (37) as
functions of the load factor increment aA :

v,

m,1

d

= Vp, +aV,, = d +add

mo
37
= Vm,l + dm2 ( )

mo

Tangential stiffness matrix K _at the singular
point has constant K_, deviatoric K, and

geometric K j components:
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AE

K, = =G
a 11

c

(38)

— AE
Kd :?(CIGH + Cszz + C3G12) (39)

AE

K :?04(611 +Gzz) (40)

9

where G, are the products of vectors g, in

(4

Gy =
G

k,me {1,2,3}
K#m

0Ok
O Om + O s

The coefficients in (39) to (41) are:

¢ = (d+ard,)(2+d,+ard,,)
C, = (dy+ah d21)2
¢, = (d,,+ard,)1+d,+ard,)
c, = (d,+ard,)+
(d,p +a1d,)?/2+ (dy +ardy))? /2 (41)

Expressions (39) to (42) show that tangential
element stiffness matrix can be written as a
quadratic function of the load factor increment:

K, = Ky +aK _ + aAK

e (42)
Herein K, 1is a residual element stiffness
matrix, K, and K_ are components of a
modification element stiffness matrix.

The component system matrices K, for the
incremental system stiffness matrix are
assembled from the element matrices:

T T
K. = DTIR,KsRLT,
e

esy 'e

i €{0,1,2} (43)

The residual and modification stiffness matrices
in (35) are computed with the approximate load
factor increment aA :
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K, =K, K, =K +2K , (44)

The load factor increment for the singular point
is determined iteratively as follows.

Cycle 0: Only the terms which are linear in
2aL? are retained in the system stiffness matrix:
K?=K,+ s K with K ¥ =K ,
K, =Y TIR K, RLT, (45)

Cycle m: The nonlinear term aA™oaA™ is
approximated by aA™ ar(™" :
K™ = K, +aA™K ™
K™ = K, +aA™XK
T T
K, =) TiRgK,RLT,

(46)

The eigenvalue problem (34) is solved by
inverse vector iteration for the matrix pair
(Kp,K™)  to yield aA™.  Matrices
K, and K _ contain rows and columns which
are associated with prescribed displacements.
Eigenstates corresponding to rigid body motions
are not of interest for the limit point analysis.
The inverse vector iteration is therefore
restricted to the stiffness submatrix K,, which
corresponds to the free displacements. If
matrices K, and K_are determined for a
nearly singular state, aA is small compared to
the next larger eigenvalue, so that the iteration
converges very fast.

Sate of the truss at the singular point: The
iteration is terminated if the absolute value of the
change in the load factor increment aA in a
cycle is less than a prescribed limit value such as
107°. The load factor increment is then used to
compute the displacements at the singular point:

Ad® =

d®

AP AP

= d® 4+ Ad® @
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where d“is a system displacement vector at
the singular point L, d”is a system
displacement vector at nearly singular pointA ,
d?is pattern displacement at pointA, and
2»d®is displacement increment from nearly
singular point A to the singular point L.

5. IMPLEMENTATION AND
VERIFICATION OF THE METHODS

The methods presented are implemented as
parts of the software test bed developed on the
Java platform.

An example is presented that demonstrates the
accuracy of the algorithms implemented in the
software. The exact analytical solution obtained
by the author [5] is used for the verification of
the numerical results.

For the numerical analysis of the behavior of the
tripod the model shown in Fig.2 is used that has
the following properties. The base a is 2.00 m.
The height of the apex above the supports is
0.15m. The bars carry axial forces but not
bending moments. The area of the bar cross-
section is 10 cn’. The modulus of elasticity of
the bar material is 2.0%10° KN/m’. The
supports A and C of the truss are pinned. The
truss carries a vertical pattern
load P = (0.0,—10.0) kKN at the apex D.

The step size of the constant arc increment
method is determined by the initial load factor
increment for step 0. The iteration in a load step is
terminated if the norm of the unbalanced forces in
the trial state at the end of the step is less than the
product of the linear force norm with the initial
load factor and a specified error test factor.

Table 1 presents the results of the numerical
analysis of the truss for test factor f, =10
and initial load factor increment AA =0.50.

It can be seen that the accuracy of the
deformation analysis is very high, and the
computed values for the singular points are
practically exact.
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Figure 2: Displacements of a regular tripod

Table 1: Error in the Displacement-Load Curve for f, =107 and AL =0.50

Displacement Load Exact value Error

Step U, m P, kN P, kN &%
1 -0.003082264 -5.000000000 -4.999854298 0.002914125
5 -0.016185170 -22.858054820 -22.857765439 0.001266007
10 -0.034951366 -39.633274572 -39.632216805 0.002668957
15 -0.060788321 -48.295855224 -48.239346556 0.117142275
16 -0.063396583 -48.305776344 -48.305776344 0.000000000

17 -0.063397460 -48.305776352 -48.305776352 0.000000000

| The configurationis at a TURNING PO NT in step 17 |

| Load factor = 4, 830577635 |
20 -0.078854674 -46.14152722 -46.13481196 0.014555718
25 -0.111247574 -30.26025916 -30.25931986 0.003104151
30 -0.172802252 18.63782577 18.6373315 0.002652021
35 -0.22123336 46.1693256 46.15869695 0.023026335
38 -0.236603178 48.30577635 48.30577635 0.000000000

39 -0.23660254 48.30577635 48.30577635 0.000000000

| The configuration is at a TURNING PO NT in step 39 |

| Load factor = -4.830577635 |
40 -0.241526461 48.06152525 48.06710242 -0.011602873
45 -0.261347109 41.82901148 41.82691188 0.005019737
50 -0.278910691 28.1970399 28.19639703 0.002279947
60 -0.309085064 -16.61143186 -16.61164357 -0.001274461
65 -0.32230765 -46.06856653 -46.06872352 -0.000340782
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CONCLUSIONS

The procedure of stability analysis which is
presented in this paper includes the following
methods: method for computing the nonlinear
load-displacement behavior of a truss prior to
instability, method for determination of nearly
singular configurations of a truss, and method
for determining the loading, displacements and
reactions of the unstable configuration of a
truss. These methods have been implemented in
an object-oriented Java application that is used
as a test bed for the research in geometrically
nonlinear analysis. The results obtained
demonstrate that the proposed methods are
suited for the stability analysis of space trusses.
The developed algorithm is capable of finding
singular points with high accuracy and permits
subsequent calculation of snap-through and
bifurcation paths.
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STUDY OF POSSIBLE APPLICATION OF DIFFERENT DESIGN
MODELS OF “FOUNDATION - SOIL” SYSTEM
FOR A PILE-RAFT FOUNDATION OF A HIGH-RISE BUILDING

Galina G. Kashevarova, Oleg U. Smetannikov, Alexandra U. Zobacheva

Perm State Technical University, Perm, RUSSIA

ABSTRACT: Different design models of ‘foundation — soil’ system with taking into account physically nonlin-
ear properties of materials are considered in the distinctive paper. Possibilities of simplification of settlement

model are investigated.

Keywords: Design models, foundation, soil, nonlinear properties of materials, settlement model

INTRODUCTION

Soil-base structures refer to the class of hard
formalized problems because soil is usually a
non-homogenous poorly studied medium,
whereas a foundation must provide the possibil-
ity of interaction between the upper structure
and the soil base.

The objective of this paper is to simulate and
study a stress-strain state of a ‘foundation-soil’
system taking into account physically non-linear
soil properties, soil compaction when driving
the piles and a comparative analysis of the re-
sults obtained in different design models.
Investigations were conducted using a Com-
bined Pile-Raft Foundation as an example be-
cause that has often been in use in high-rise
buildings lately.

The following sequence of problems was
solved:

I. Study of non-elastic soil properties in-
fluence on the base settlements when us-
ing different pile field models.

II. Study of soil compaction influence on
the base settlements when driving the
piles and the comparative analysis of us-
ing different compaction models.

An universal multi-functional programmed fi-
nite-element system ANSYS was used for doing
the calculations and investigation.

There are a lot of methods to define soil me-
chanical properties, their number being as large
as the number of researchers. Rather simple

models of soil bases are used in the practice of
building design at present, for example: Vincler
mechanical model and its modifications; models
of elastic half-space and linear-strained layer of
finite thickness; non-linear models.

Vincler model, in principle, can’t reflect the real
interaction between the structure and the bed-
rock adequately. But it continues to be used in
building design because It is ultimate mathe-
matical simple.

Application of linear elasticity theory to soils is
grounded by the fact that in accordance with the
requirements in normative documents founda-
tions are to be so designed that the pressure to
soil wouldn’t induce non-linear settlements.

The use of soil base model in the form of a lin-
ear- strained layer is directed by the normative
documents currently in use, issued more than 20
years ago, and is defined by the possibility to
realize it in some simple engineering design
methods.

In the course of maintenance soil bases can be
subjected to some additional forces that were
not specified by the design (for example, recon-
struction, superstructure, building new struc-
tures into already existent development, chang-
ing physico-mechanical soil properties, etc.). In
these cases it is necessary to use non-linear soil
models.

Modern methods of computing mathematics and
industrial programmed systems in powerful
computers allow the wide use of numerical load
tests with the use of non-linear soil mechanics,
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b)

Figure 1. A foundation fragment with non-uniform soil mass in depth;
a) yoz plane symmetry; b) Two layers in z-direction: 0,15m - % of the pile layer ; 0,45m - of the layer be-
tween piles
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whose basis is the notion of soil as an elasto-
plastic substance.

Soil mass is represented as a form of a finite-
element model taking into account soil hetero-
geneity and non-linear relations between
stresses and strains based on this or that
strength theory. Giving different physico-
mechanical properties to each element or a
group of elements it is possible to simulate any
soil base structure with appropriate parameters
obtained in the result of field and laboratory
tests. The main problem of creating a spatial
picture of soil structure is connected with the
fact that geological survey data are usually
based on the results obtained for a limited num-
ber of boreholes. The nature of soil seam bed-
ding when going farther from the borehole sur-
face is not known for sure and can be deter-
mined only with some degree of possibility.

The Combined Pile-Raft Foundation under
study represents a rectangular reinforced con-
crete 36x18x1.25m raft rested on piles (the
cross section of a pile is 0.3x0.3m, the length of
a pile is 6m). The foundation raft is reinforced
by the grid with 200mm spacing in upper and
lower zones; the reinforcement diameter is
28mm. The middle layer has antisettlement rein-
forcement neglected in design.

A foundation fragment with non-uniform soil
mass in depth was taken as a design model for
stress-strain state study (fig.1a). On virtue of yoz
plane symmetry of the model only its half is
considered. Two layers in z-direction are taken
(fig.1b). The first one with the depth of 150mm
contains half of the pile layer; the second one
has 2 of the layer between piles (450mm deep).
The volume model was made with the help of
the fragment extrusion method.

A three-dimensional model of ‘foundation-base’
system occupies volume V, which consists of
the volumes of the foundation elements (V) and
soil base (V) and is limited to the surface I'
(Fig.1a). ‘Foundation-base’ system is referred to
rectangular Cartesian coordinates, whose origin
is found in the centre of a foundation raft.
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I. STUDY OF NON-ELASTIC SOIL
PROPERTIES INFLUENCE ON THE
BASE SETTLEMENTS WHEN USING
DIFFERENT PILE FIELD MODELS.

The following design models of ‘foundation-

soil’ system were considered:

1. The spatial model of a Pile-Raft foundation,
in which piles were directly included into
the design model of foundation and simu-
lated with the help of volume finite elements
as well as a pile.

2. In another design model a pile field was re-
placed by its homogenious anisotropic ana-
log with averaged properties — effective
characteristics.

To determine stress-strain state of the system we

have the following system of equations:

- equilibrium equations

o, (F)+p(F)F(r), =0, rev, (1)
where: oj; — components of stress tensor G; 7 -
radius-vector of the spatial position of the parti-
cle; pF; — components of mass force vector.

- geometrical Koshi relationships

Sij(F)=l(ui,j(’_;)—l—uj,i(?))’

Fel

where g; — components of strain tensor € ; u;—
components of displacement vector.
- physical (defining) relationships for the case
of linear connection between stresses and
strains.
Gij(?)zcijkl(?)gkl(?)’ FelV  (3)
where Cj;; — components of elastic constant ten-
Sor.
When taking into account non-linear relation
between stresses and strains in soil (Drucker-
Prager theory of plastic flow), where & —

components of plastic strain tensor &7 (defined
by the law of flow)
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cij(?):Cg‘/‘kl(?)[skl(?)_sfl(?)]’ Fev,. (4

- Boundary conditions of mixed type depend on
the conditions of loading and grouting (Fig.1.a,
the conditions of grouting on boundaries I's and
I'¢ are not shown). Equally distributed surface
loads are assigned to the parts of body bounda-
ries. They include the weight of the building, P;
= 28,000t, transmitted to the foundation through
load-bearing walls. This load is applied to the
pile surface.

c,(Mn,(F)=P(F) FeT, 5)
c,;(F)n;(r)=0 rel,

Apart from boundary stress conditions we as-

sign boundary displacement conditions prohibit-

ing the displacement in the soil mass faces in

the direction of a normal to a certain face and

rigid grouting of a low base plane.

u (7)=0 rel,ul,
u,(r)= relsuly
u,(7)=0 rel, (6)

The soil mass was seen as a limited finite area
whose outer boundaries were chosen so that
edge effects on them practically could influence
neither the settlements beneath the structure nor
the stresses in the constructions of a building
(namely, mass depth is 30m, the mass boundary
is removed to the distance of 0.7 building
length). The conditions of complete adhesion
between system elements were assigned.

To determine elastic properties of reinforced
raft layers (reinforced concrete) the following
relations were used (Foight hypothesis):

(7)

Initially the problem of a stress-strain state of

spatial ‘foundation-base’ system was solved as
linear-elastic (fig.3a). Then non-linear Drucker-
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Prager model of soil was used, defining rela-
tions which are:

6,(r) = Cpu(Mlen(r) -4, rev,

or

&=\

1
i (2\/127@)5‘1]4'[38”], (8)

where:

A=

200 g 2siny
J0.5+3> 7 33 —siny)

— constant material soil; §- deviator of stress
tensor; @ - deviator of strain tensor.
The transition to plastic state is

cekv Y4 = 0 (9)
G, (:6?11(6) + [I 5 (§)% - equivalent strain;
_ 6C,cosy

%= ﬁ(3—siny)
[(6)=0

- yield material soil;

-06,6.) - l-stand

i iy i i i

1
1,(6)= 5 (0,0
2-nd invariants of the stress tensor;

C, - Coefficient of internal friction; y - Angle

Shear.

Non-linear properties of concrete were not taken
into consideration when doing this calculation.
Soil material in the pile field was also consid-
ered elastic.

The non-linear analysis showed redistribution,
the jump of a base settlement value near the raft
edges and essentional (about 1,5 times) increase
of the maximum displacement (settlement)
value. Rafr deflection value practically did not
change in comparison with a linear variant.

In another design model a pile field was re-
placed by its homogenious anisotropic analog
with averaged properties — effective characteris-
tics.
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L x

Figure 2 Three-dimensional element periodicity
of a pile field
1 — fragment of pile (concrete),
2 — fragment of soil

The following things were considered:

e various methods of characterization;

e different variants of pile arrangement in a

pile field;
e different material composition of a soil
mass.

Effective characteristics were defined by the
solution of two boundary-value problems calcu-
lating stress-strain state of three-dimensional
element periodicity (fig.2), finite element de-
composition being so done that the boundaries
of the elements coincided with the soil — con-
crete separation boundaries.
Displacements Uy (i=x, y) were applied in se-
quence to x- and y-directions and a uniform
stress field was formed.
Boundary conditions under the kinematic im-
pact along x- and y-axes exist. What is more,
tangential stresses on all surfaces are equal to
Zero.
In numerical experiments coefficients of elastic-
ity and Poisson ratios in directions of main sys-
tem axes were defined with the help of formulae:

0 0
(o) £ £
_ xx/ . _ wo. _ zz
Ex - 0o ny__ 0 ° sz__ 0 (10)
gxx gxx gxx
where
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) (2)
& — & — Uconst g = Uconst
9 » l 2 zz l 2

X y z

<c7xx> = Il/iaxde .

Calculated effective characteristics are:

E =E. =0,182¢81la E =0,189¢101Ia
v, =v,=025e-2 v_=0,356

xy

To find effective shear modules, spatial bound-
ary-value problems of pure shear of a periodic-
ity element were considered, and

G,=G,=067%T7Ma  G_=0,671e71la

The results obtained and the character of verti-
cal displacements are comparable with similar
results of the previous model. The difference is
not more than 1,5%, which speaks about ade-
quacy and possible application of this simplified
pile field model when calculating raft settle-
ments.

Computational experiments with closer ar-
rangement of piles in a pile field were con-
ducted as an additional legitimacy check of the
replacement of the volume occupied by the pile
field by its homogenous transversally isotropic
analog in stress-strain state problems (fig. 3b,d).
And again, alteration of design settlement val-
ues under the replacement of material in a pile
field by its homogenous transversally isotropic
analog appeared insignificant (the difference
was no more than 2%).

To generalize the results obtained, an ad-
ditional investigation of various material com-
position of soil mass on base settlements was
carried out. The analysis of obtained results
showed that the degree of influence of non-
linear soil layer properties in different combina-
tions when taken into consideration was differ-
ent (tabl. 1). But in all cases the design model
with homogenous transversally isotropic mate-
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AU=0,0337 m AU=0,0343 m

AU=0,032 m

-. 136609 -, L0437 -.072140 -.0399L7 - 007666 -. 136509 -. 104370 -.0721%0 -.039917 -.007606
-.Lz0M04 -. 006263 -.056032 -

Figure 3. Computational experiments with closer arrangement of piles in a pile field
a) Settlements in linear soil model in which piles are directly include into the design model of foundation; b)
Settlements in linear soil model with homogenious anisotropic properties of pile field; c) Settlements in non-
linear soil model in which piles are directly include into the design model of foundation; d) Settlements in
non-linear soil model with homogenious anisotropic properties of pile field

Tablel. Settlements and deflection calculated for a shallow foundation

The difference settlements (%)

Combination | in linear soil model and non-linear | non-linear soil model, in which piles are

of soil layers one directly include into the design model of

foundation and model with homogenious
anisotropic properties of pile field

(1)-(2) 13,34 1,29
(1)-(3) 5,26 0

2)-(3) 5,28 2,06
(2)-(3) 8,02 2,09

(1) — Sandstone; (2) — Clay; (3) — Rocky Marl
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rial is suitable for the description of a soil base
stress- strain state.

To generalize the results obtained, an additional
investigation of various material composition of
soil mass on base settlements was carried out.
The analysis of obtained results showed that the
degree of influence of non-linear soil layer
properties in different combinations when taken
into consideration was different (tabl. 1). But in
all cases the design model with homogenous
transversally isotropic material is suitable for
the description of a soil base stress- strain state.

II. STUDY OF SOIL COMPACTION
INFLUENCE ON THE BASE
SETTLEMENTS WHEN DRIVING THE
PILES AND THE COMPARATIVE
ANALYSIS OF USING DIFFERENT
COMPACTION MODELS

In pile driving process soil material in a pile
field is compacted due to the reduction of the
volume that it occupies. Bearing resistance (soil
strength) is increased with the compaction, and,
therefore, foundation settlement resistance is
increased, t0o.
For taking into account soil compaction differ-
ent methods were used:
1. Simulation of a real soil compact process.
2. Alternation of unconsolidated soil strength
properties so that its strength can conform
to consolidated soil strength.
In the first case the following problems were solved:
Assuming that compaction takes place in the
direction of normal to the forming pile surface,
horizontal displacements

BCB
10

Ux :BCB -

were applied to the soil —pile contact boundary
in the direction of x-axis. Soil compaction oc-
curred in consequence of the increase of the
volume assigned to a pile from negligibly small
value to its actual sizes (Fig.4 snows the size
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increase of volume lalong x-axis to the value
equal to Bcg, The midline of the interval be-
tween piles was fixed in all directions. To fix
boundaries y= O and y=H associated sets
(scheme setting of flat-strained state). The vol-
ume occupied by a pile was assumed empty
(area 1 in Fig.4). A non-linear problem, de-
scribed by equations (1), (2), (4) was solved.
The results of the stress-strain state model defi-
nition for the soil being consolidated during the
pile driving process are given in Figures 5-6.
When solving the problem uniform component
distributions of stress tensor ¢ in the soil from
maximal module value on the pile boundary to
the minimal value on the midline of the interval
between piles were obtained (Fig.5).

Normal components of stress tensor (6, I=x, y,
z) coincide with principal normal stresses o, 6>
, 03 (here 61 > 0, > o3 taking into account the
symbol). Tangential stress values are negligibly
small in comparison with normal components
and can be considered zero values. The soil in
the pile field resulted from the compaction after
pile driving appears to be in the state of hydro-
static compression.

After that the process of soil mass shear with
respect to the pile across the pile-soil contact
surface (Fig.7) was simulated with the account
of previous results. Displacements U, are ap-
plied to the pile contact boundary in a prelimi-
nary consolidated pile field element in the direc-
tion opposite to y-axis.

The results of the model shear reaction study are
shown in Figure 8. There are also the results of
the experiment with the soil without preliminary
compaction and the results of the elastic solution.
Another method of the consideration of soil
compaction in a pile field was carried out with-
out simulation of the process of real compac-
tion, but with the help of characteristics given to
the soil and equivalent to compacted state.

For the description of soil behavior as elastic-
plastic material the model of Drucker —Prager
(8) — (9) was used. Fluidity surface for that
model in principal stress space represents a cir-
cular cone (Fig. 9). The location and geometri-
cal surface characteristics are defined by
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Figure 4. FE-model of soil compaction when driving the piles
1 — part of pile volume; 2 — part of soil volume
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Figure 6. Distributions of principal normal stresses in element of pile field after driving the piles
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Drucker-Prager model parameters, C, and Y.
The part of a cone situated in a positive half-
space is removed to a compression stress value.
To assign soil the properties similar to its com-
pacted state, it is necessary to take into account
compression stress occurring in real compaction
process o¢, (see Fig.9). Fluidity surface dis-
placement along the line of equal principal
stresses conforms to the increase of soil specific
adhesion value.

Values o, in elements depending on the dis-
tance to a pile and resulted from the stress-strain
state definition of real compacted soil are given
in Fig.10 (on the left).

To define mean stress values corresponding to the
coordinates of the grid point centres in the model
without compaction (X'¢j) different from the com-
pacted grid coordinates (X¢;) it is necessary to set
functional relation o, = f (x). Cube polynomial
was chosen as an approximation function:

f(x) =a, +ax+a,x’ +ax’

Coefficients a; i = 0.3 were obtained in the re-
sult of equation system solution using the
method of least squares.

Specific adhesion value for the soil material in
pile field element was assigned by the formula

Cy, =C, + o (x'ci)- tgy .

Then an experiment on shearing the pile field
element was done similar to the one described
above, which resulted in the definition of an
equal tangential stress value on the foundation
contact boundary and its behavior as the applied
vertical displacement was increasing (Fig.11).
The axial-symmetric element loading problem
of pile field periodicity with a foundation part
was solved with the use of this soil compaction
model (Fig.12).

The problem of base settlement definition was
solved in two settings:

1) Soil material is elasto-plastic with the ac-
count of compaction as the result of pile
driving.

2) Soil material is linear-elastic.

The results of problem solution are given in
Fig.13.

The distribution of vertical displacements and
their values for problems land 2 are completely
the same. This fact states the legitimacy of the
application of soil material having elastic prop-
erties in a pile field, whereas in other parts of
soil mass the relation between material stresses
and strains can be non-linear.

CONCLUSIONS

1. The account of physically non-linear soil
properties in the problems defining a ‘foun-
dation-base’ system stress-strain state leads
to the essential increase of maximal base
settlement values and to the alternation in
the ways of their distribution, but, at the
same time, it practically does not influence
the amount of pile deflection.

2. Settlement definition for buildings on pile-
pile foundations is better to do with the re-
placement of pile field volume by its homo-
geneous anisotropic analog. The use of such
a design model allows to lower solution er-
ror specified by the presence of so called
‘degenerate’ elements in the finite-element
model. The difference in settlement defini-
tion results is not more than 2%.

3. The properties of pile field soil can be as-
sumed linear-elastic.
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MATRIX ANALYSIS OF VISCOELASTIC ELEMENTS

Alexey Kuznetsov
University of Ballarat, School of Information Technology and Mathematical Sciences
University of Ballarat, Mt. Helen Campus, Victoria, AUSTRALIA

ABSTRACT: Behavior of the main viscoelastic models is studied by reducing the governing sedendif-
ferential equations to systems of equations of thedidr. That results in constructing the fundamental matri-
ces, which retain the main properties of the considered models. Cases of degeneracy, noplsatagemer-
acy, and semistability of these matrices are analyzed.

Keywords: Kelvin's element, Maxwell's eleemt, standard linear element, viscoelasticity, fundamental matrix,
non-semisimple degeneracy, semistability

1. INTRODUCTION . where x is the deflection from the equilibrium
position; the massn, the viscosity factom, and

Herein we analyze behaxiof different viscoe- the spring raték are material constants independ-

discrete mass systems composed of masses

bounded with each other by different combina-
tions of springs and dashpots. These systems

arise in different areasf science and technoI-Wh th ¢ | loading t (i lied to th
ogy starting from analyses of vibrating molecu- en the external loading t (i3 applied to the

lar chains [1 - 4] tobiology and biochemistry Vibrating mass, Eq. (2.1) becomes inhomogene-
[5], transport enginedrg [6, 7], and seismic OUS:

protection [8, 9].

In the following sections we shall study the MX+MX+kx=p. (2.3)
main models (elements) and outline a procedure

of reducing the second order differential equay introducing a new variable=x Eq. (2.1)
tions of vibrations to a system of differentiacan easily be duced to a system of coupled
equations of the first ordeThis is known as the equations of the first order:

generalized Hamiltonian formalism. Analyzing

m>0, >0, k> 0. (2.2)

the corresponding fundameantmatrices allows X=V
us to establish some important properties of the = —nv— kx (2.4)
solutions and their structure. Such an analysis is
done apparently, for the first time. . .
or in a matrix form
2. KELVIN'S (VOIGT'S) ELEMENT . Xz =Gox2 X2, (2.5)

Such an element (Fig.1) was introduced ind&herex, =(x,Vv) is a two-dimensional vector
pendently by Thomson (Lord Kelvin) [10] andgndg

Voigt [11]. Linearity of this element means that

the ordinary differentiaequation for the freely 1

0
vibrating mass is linear: Goyo :( ] : (2.6)
o i
MX + X+ kx =0 (2.1)
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The analysis of (2.5), (2.6) reveals that to formwahere W is a unitary matrix with deWy/ 3 ,1
well-defined system, the both masa and gnd

spring ratek should not vanish (ik vanishes

matrix G,,, becomes degenerate), while the

2
viscosity factorn can vanish, thus —%— (Zrlnj _K 0
.. . . ‘]2><2:
Proposition 2.1.a) Matrix G,,, is not degen- n n 2 K
erate, if along with (2.2) 0 “om [?n) m
k0. 2.7) (2.12)

when (2.8) does not hold, while at (2.8) there is

b) Matrix G,,, admitsnon-semisimple degen- a Jordan block:

eracy [12], if

k=-1, (2.8) (2.13)

here the non-semisimple degeneracy means ap-
pearing the Jordan block at reduci@y,, to
the Jordan normal form.

c) Matrix G,, , is asemistable matrix [12]:

Diagonal elements in (2.12) and (2.13) are ei-
genvalues of matrixG,,,. Proofs c) and d)

flow out from analyzing structure of the eigen-
values in (2.12) and (2.13).
Re(, )< 0, k=12 (2.9) The inhomogeneous Eg. (2.3) in a matrix form
is
where A, are eigenvalues of matris,, ,. Re-

lation (2.9) admits another interpretation: at any X2 =Gou2 X2 +P2, (2.14)
admissible values of parametens k, and n

satisfying (2.2), (2.7)there are no exponentiallywherep, = (O, %) :
growing free vibratn solutions, and atj#0

all the_admissible solutions oscillate without atpamark 2.1.a) The outlined procedure of reduc-
tenuation. N y ing the higher order diffential equations to a
d) A necessary and sufficient condition for apsystem of differential eqtians of the first order
pearing oscillating atterting solutions is is well known (e.g. [13]) and serves a basis for
constructing the fundamental matrix method.
n Even the considered case of a single Kelvin's
K>om 70 (2.10) element demonstrates principle advantage of the
matrix formalism (2.14) over the direct formal-
Proof a) follows from the preceding consideraism based on Eg. (2.3). Indeed, while the direct
tion. Proof of b) is straightforward and flows ouformalism allows one to get solutions related
from analyzing the Jordan normal form oPnly to the external force loadingxt), the ma-
Goyo: trix method gives sotlions corresponding to
both applied externaforce loadingsp(t) and

Goyp = w13 oW, (2.11) the applied displacemeni(t) . In the latter case
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the external “loading” vectop, is p, =(u, o), physical limits for the material constants in Egs.

Later on, we shall present some other adva@'l) are.
tages of the matrix formalism.
b) In a case, wherk=0 and matrixG,,, is

degenerate, no vibration occurs:

m>0, k>0,k'> 0,1> O (3.2)

Again, by introducing a new variable = X,
system (3.1) can be reduced to the following

X(t) = Cy +Cpe /M, (2.15) system:
For the inhomogeneous Eg. (2.3) with oscillat- X=V
ing force p(t) = poe"”t , the corresponding solu- nX, =K'(X—X5) (3.3)
tion (up to a free vibratmsolution (2.15)) is mv =—k'(x—X,) —kx=0
X(t) = — Po gt (2.16) orin a matrix form:
ico— me?
X3=G33 X3, (3.4)

Solution (2.16) reveals that ab— 0 motion

becomes unbounded, resembling motion of ah

viscous fluid. wherexs = (x,%p,v) and

¢) When matrix G,,, fails to be semisimple,

the solution of Eq. (2.5) is of the form 0 0 1

GSX3 = % —% 0 . (35)

_(k+k% % 0
Expression (2.17) reals that at the non-
semisimple degeneracy, no free vibrations oé&nalogously to Eg. (2.14), the equation of
cur. forced vibrations for the standard linear element
is:

x(t)=(C +Ct)e Vet (2.17)

3. STANDARD LINEAR ELEMENT . %3=GCg3-X3+Pa3, (3.6)

Sometimes in applications instead of Kelvin's D
element a more general element called the stéﬁﬁhere p3_(0’0’/n) for the ‘exiemal force

dard linear element is used [14, 15]; see Fig.Bading p(t) and p3:(u,0,0) for the applied

For tha_lt elemen_t the corresponding system 8{splacemenu(t).
governing equations becomes a more elaborate:

Proposition 3.1.a) Matrix Gz, 3 is not degener-

mMX+nX, +kx=0
ate, if and only if along with (3.2)

X+ Xo = X , (3.1)
nX; =k k'#0, k=0, n=0. (3.7)

where x; is a deflection of the spring’, and b) Matrix G;,5 admits non-semisimple degen-
X, is a deflection of tb dashpot. The naturaleracy, if
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. _ _ . thus at (3.8) no oscdting motion exists.
) Matrix Gs, 3 is a semistable matrix.
Proofs a) and b) are straightforward and flows
out from analyzing theleterminant and the Jor-4. MAXWELL'S LINEAR ELEMENT
dan normal form ofGj, 3. It should be noted

that at (3.8) th corresponding Joad block is of Maxwell’s linear element [15] represents a se-
the third rank: ries connection of a spring and a dashpot; see
Fig. 3. For such an element the governing sys-
, tem of equations is
%%, 1 0
'J3><3: 0 —‘I%'% 1 . mX+kX1:O

0 0 - /%.% X1 + X5 = X (4.1)

(3.9) nX; =k
To prove c) consider eheigenvalue problem for where x; is a deflection of the spring, ang is
Gj,3: a deflection of the dapot. The natural physical
limits for the material constants in Egs. (4.1)
are:
-\ 0 1
K K/ _ m>0, k>0,n> 0. (4.2)
det A A A 0|=0(3.10)
k! ' I .
(ke % % Y Vanishing k or n leads to existence of only

rigid motions of massn.
By introducing a new variables= x, system

Equation (3.10) is a jynomial equation with (4.1) can be reduced to the following system:

respect tak

X=V

_;L3_(E];L2_(k+k'jx_(%):o (3.11) % = K(X=X,) (4.3)

n m
mv =—-K(X—X,)=0

with negative coefficients. Applying to Eq. _
(3.11) theDescartes rule of signs (e.g. [16]) re- Or in a matrix form:
veals that there are no positive real roots. Simi-
lar argument shows that two possible complex- X3 =G33 X3, (4.4)
conjugate roots can hame positive real parts.
, _ _ wherexz =(X,X,,v) and
Remark 3.1.a) Relation (3.8) is not unique, at
which the non-semisimple degeneracy takes
place. 0 0
b) At (3.8) the free-vibration solution of Egs. Gaa=| ¥ _k/ 0l 4.5
(3.1) is of the form: 33 A /1 (43)

S

m m
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Proposition 4.1. a) Matrix Gz, 3 is degenerate

at any physically admissible values of parame-
tersmkn.

b) Matrix G, 3is not non-semisimple degener-

ate.
) The Jordan normal form @b, 3 Is:

0 0 0

Jaa=|0 —fo* \/(%n)z‘%n 0
0 0 S5 m)z‘%n

(4.6)

d) Matrix G, 3 is semistable.

Proof of conditionsa) —d) is analogous to proof
of Proposition 3.1.

Remark 4.1. a) Analysis of eigenvalues (4.6)
reveals that at

(%n)z = %1 (4.7)

there are no oscillating solutions.
b) The zero eigenvalue corresponds to a con-
stant motion of the system.

5. CONCLUSIONS.

Analysis of the basic viscoelastic elements re-
veals that for all the e¢widered cases their fun-
damental matrices are semistable, which ensures
that no exponentiallyascending solutions can
exist. For Kelvin’s and standard linear elements
the non-semisimple degeneracy associated with
appearing the Jordan blocks can take place. This
results in change of treructure of the solution;
see, representations (2.17) and (3.12). For Max-
well's linear element the non-semisimple de-
generacy is impossible.

Volume 5, Issue 1&2, 2009
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Figure 2. Maxwell’'s element
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METOJ MHO)KI/ITEJIEUﬁ JATPAHZKA B 3AJAYAX CHHTE3A
OIITUMAJIBHOU BAJIOYHOU KOHCTPYKIIUA

K.P. Aitoemupoe

JlarecTaHCKui TOCyIapCTBEHHBIN TeXHHYECKUHN YHUBEpCHUTET, T. Maxaukana, POCCHUA

AHHOTAIMA: B Hacrosiuel craTbe paccMaTpUBaEeTCsl METOJ MHOKUTENEN Jlarpanka B 3a1auax CUHTE3a OIl-
TUMAaJIbHOW OaO4YHON KOHCTPYKIUH. JJaHHBIN MOIX0A MOXKET OBITh IPUMEHEH M Pa3BHUT IIPU pacyeTe W MpPOeK-
TUPOBAHUH KOHCTPYKIUI THIIA IUTACTHH, KOPOOYIATHIX M MPU3MATHIECKUX CUCTEM H T.JI.

KaroueBble ciioBa: MHOkuTeNnH Jlarpanixa, 3ajaua ONTUMU3AIMHY, OaJIOYHbIE KOHCTPYKIHU

LAGRANGIAN MULTIPLIER METHOD FOR SYNTHESIS
OF OPTIMAL BEAM STRUCTURE

K.R. Aydemirov
Dagestan State Technical University, Makhachkala, RUSSIA

ABSTRACT: Lagrangian multiplier method for synthesis of optimal beam structure is under consideration in
the distinctive paper. Besides, it can be applied and developed for structural analysis and design of plates, box-

type systems, prismatic systems and others.

Keywords: Lagrangian multiplier, optimization, beam structures

[Ipn mpoexkTupoBaHWM KOHCTPYKIMH HE0OXO-
TUMO O0O€CTIeUUTh J1Ba OCHOBHBIX IPOTHUBOpE-
YUBBIX TPEOOBAHUU — OOECIICYUTH HAICIKHOCTD
U TIPOYHOCTh KOHCTPYKIIMH, W HAMOOJBIIYIO
SKOHOMUIO Marepuana. Jljis 3Toro mmeer 3Ha-
YeHUE 3HAHUE 3aKOHOB M3MEHEHHUS Macchl (00b-
€Ma) B 3aBUCHMOCTH OT OCHOBHBIX MapaMeTpOB
KOHCTPYKIUU. Takoro THIa 3aa4i OTHOCSTCS K
KJIacCy 3a7ad HEITWHEHHOro MporpaMMHUpOBa-
HUS, KOTOPBIE COJEp)KaT IEJeBYI0 (YHKIIHIO,
COOTBETCTBYIOIIIYI0 BBIOPAHHOMY KPUTEPHUIO
ONTUMAIBHOCTH U CHCTEMY OTpaHMYEHUMN, OTH-
CBIBAIOIINE YCIOBHS (YHKIIMOHUPOBAHHS KOH-
CTPYKIIHIA.

f=1-U(x) (1)

f(U;X)- ¢bynkaus odovema, U(x)- dyHKIUS
W3MEHEHHUS IUIOMAJN TONEPEYHOr0 CEUYCHHUS
KOHCTPYKIIHH.

Cucrema OrpaHWYCHHI BKIIOYACT CIIEIYIOIIHE
yCIIOBUS: TPEOOBAHMS 1O MPOYHOCTH, YCTOMYH-

BOCTH, THOKOCTH, N1e()OPMATUBHOCTH; OTPAHU-
YeHUsl TI0 HauOOJbIIEeH MepBOM YacToTe, orpa-
HUYEHHE HAa MAKCHUMAaJbHYIO aMIUIUTYIy KoJle-
O0aHUM WM, TO XK€ caMoe, Ha JMHAMMUYECKH
nporud cTepxHs; rabapuTHBIE OrpaHHYCHHS
JUIsl HICKOMBIX ITapaMeTpOB KOHCTPYKIIMH; Orpa-
HUYEHUS Ha IPUMEHIEMBIN COPTaMEHT MPOKaTa,
MapKu CTaJld, COCIUHEHUS DJIEMEHTOB, OIPaHu-
YEHMsI, 3aBUCALINE OT YCJIOBUN HM3rOTOBIIEHUS,
MOHTaKa WJIN DKCIUTyaTalui KOHCTPYKLIMH.

W3 3TX orpaHuYeHui Npu NEUCTBUU HA KOHCT-
PYKIIMIO CTATUYECKON M TMHAMUYECKOU Harpys-
KM, B KQ4ECTBE OCHOBHBIX, YUUTBIBAIOTCS Clle-
IYIOIIHE yCIOBUS:

— TI0 IPOYHOCTHU

o, [ulx)]<[of )
— TI0 KECTKOCTH (TI0 CTATHYECKHUM MTPOTrHOaMm)

v,[U(x)]<[v] 3)
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— M0 JUHAMUYECKOMN >KECTKOCTH (IO TUHAMHYe-
CKHM MpOTHOaMm)

o U)<lb,] 0
— 110 DIJIEpOBOM YCTOMYHUBOCTH

o [U(xl<lo], )
— 1O COOMIOACHUSAM TabapuUTOB MOINEPEYHOTO
CEUYCHNSI KOHCTPYKILIUH

7.[UK)]< X () <d, [Uk)] (6)
a0, [U(K)]< BG) < d,, [U(k)]

rie  j=1,n - 4ucno y4acTkoB OajJKku MO ee
JUIMHE Ha KOTOpbIE OHA pa3OuBaeTcsd NpH ai-

npokcumanuu pynkuun U(x),k =1,m — uucino

MapamMeTpoB TMPOCKTHPOBAHMUS; [a]i - Jomyc-
KaeMoe HampsyKeHHE COOTBETCTBEHHO Ha pac-
TSOKCHHUE M CKATHEC; [u]- BEIIMYMHA JIOMyCKae-
Moro mepemelnenus (mporu6a); [vg] - nomyc-
KaeMblil TUHAMUYECKUI NMPOruo; [G]ip - KPUTH-
YECKOE HAMPSKEHHUE MOTEPU YCTOUYMBOCTHU; (ik
u dix - HIDKHUE W BEPXHHE TPAHMIIBI Pa3MEpPOB
nonepeunoro ceuenud. [lomumo (2-5), cienyer
MIPUHSATH JTOTIOJIHUTEIIbHBIE OTPaHUYCHUS, B CO-
OTBETCTBUU C (U3MYECKUM CMBICIIOM 3a/layH,
TaK Kak MepeMEHHbIE MmapaMeTphl (pa3Mephl 1mo-
MEPEYHOr0 CEUEHUsS) HE MOTYT OBITh OTpHIIA-

B(@) > 0.

IToMuMoO KnaccHMYECKHUX METOJ0B aHam3a [3-4],
[5-7], u3 METOI0B MAaTeMaTU4YECKOr0 MporpaM-
MHPOBAHHUS B PEIICHUH ONTUMHU3ALUOHHBIX 3a-
a4 MOKET yJauyHO NPUMEHSThCS BapUallMOH-
HbII MeTo Jlarpanxa u ero MoauduUKaIuu, Ko-
TOpPbIE TMPUBOMASAT 3a7auyy K PEIICHUIO CUCTEMBbI
ypaBHeHUM THna Ounepa. B ciyyae cBeneHus
YCJIIOBHOM 3KCTPEMAJIBHOM 3aJa4yd CUHTE3a Oll-
TUMaJIbHON KOHCTPYKIIMH K O€3yCIIOBHOH, st
pelieHus BO3MOXKHO HCIOJIb30BaTh METO/IbI CO-
NPSDKEHHBIX TpagueHToB, HbIOTOHA, MeETObI
npssMoro noucka Xyka-/[xusca, Hennepa-
Mupa u T.4. [4-7]. YciIoBUS ONTUMHU3ALMU TIPU
TUHAMHYECKHUX BO3JICHCTBUSAX MOTYT OBITH MPH-

TeabHBIMU: X (i) > 0;

K.P. Alinemuposn

HATBI JIUOO TIO HAWOOJNBIIEH TMEepBOM HYACTOTE
KoJeOaHui, MO0 MO0 MAaKCUMAaJIbHOW aMIUIATY-
JIe BBIHYKJICHHBIX KoJieOanwmii [3,4].
Arnpobanuro npejraraeMoi B paboTe METOIUKHI
pelleHnss ONTHUMM3ALMOHHON 3aJadu, IPOBO-
JUTCA Ha KOHCOJBbHBIX OaJIOYHBIX KOHCTPYKIIHU-
AX KBaJpaTHOTO, NPSIMOYTOJIBHOTO, TPEYIroJib-
HOTO U KPYIJIOTO MONEPEYHOIO0 CEUEHWH IpH
CTaTUYECKUX U JMHAMUYECKHX BO3JEHCTBUSX.
Takoro THma KOHCTPYKIMH SIBJISIFOTCSI 3JIEMEH-
TaMH HECYIIMX YacTeil pa3HOIro THIA COOpYKe-
HUW, a TaKRe KOHCTPYKUUN CTPOUTEIBHBIX M
JOpPOXHBIX MamuH (puc. 1,2).Marepuan cuura-
€TCsl JTMHEHHO-yIIpyruM. B kauecTBe Harpysku
IPUHATA COCPEIOTOUEHHAs CUIIa, MPUIIOKEHHAS
Ha KOHIIe KoHconu. B oOmieli mocraHoBke, cre-
nmaHHOW BeIme (yclnoBusi 1-6), rae Ha MepBOM
JTare pacCMaTpUBAETCs 3a/aya C aKTUBHBIMHU U
OMM3KMMU K AaKTHBHBIM OTpaHMYCHMSMH, Ha
CJIEIyIOIIMX 3Talax pacuera YYUTHIBAIOTCS OT-
paHUYEeHUs BTOPOCTENEHHOIO 3HAYEHUs, TakK
KaK KOHLEINIUS CHHTE3a KOHCTPYKLHUHU IOCie
IEpBOTO 3Tarna, Yalle BCEero, OCTaeTcsl He3aBep-
mieHHoW. Amnmpokcumupyromas Gyskmus U(X)
npeiaraeTcs Takoi(cMm.puc.1,a), uto

liml//(i) =U(x), npudem
l//(l')zl.Zbi-Xi, (n=12,.....,n) (7)
i=1

n

[TpuHMMast Ha TIEpPBOM 3Tare CUHTE3a 32 AKTHB-
HO€ OrpaHUYEHHE -OTPaHUUYEHUE IO KECTKOCTH
(3), Bolunciienre uHTErpanga Mopa ass Kaxaoro
1 - TOrO ydYacTKa IMojydeHa B Bujie (DyHKIUH,
BKIIIOUAIOIIEH HArpy3Ky, KECTKOCTHBIE Xapak-
TEPUCTUKH MaTepuaja U HEKOTOPbIH IMOJIMHOM,
3aBHUCSIIUN TOJBKO OT YUCJIA YYacTKOB, Ha KO-
TOpble pa30UBaeTCAd KOHCTPYKIMS MPU ammpoK-
CUMaIu

D()=3-i" -3-i+1 (8)

rze i - HOMep y4acTka, 1o JUIMHE KOTOPOro To-
NEepeYHOe CeYEeHUE MOCTOSHHO.

YuureBas (7), (8), ynkuus nemu (1) u orpa-
HudeHus (3) npuMyT BUA:
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f(x)=£~2bi-Xl.:>min; )
n g

PP & C,

3 ZE,bi-)(,.3

i=1

@) <[v], (10

rae E; - Moztynib ynpyrocTu Matepuana Kaxjaoro
ydacTka, P - neicTByromas Ha KOHILE KOHCOJIHU
cocpenotouenHas cuia, C. - koaduiueHT 3a-
BUCSIIUN OT (POPMBI IIONIEPEYHOTO CeUEHHS (CM.
puc. 1,6) (C; = C, =12 nana KBaApaTHOTO M
npsMoyrojibHoro ceuenus, Cs = 9/2 - ans Tpe-
yroneHuka, U C4 =4 nmns xkpyra); by, X - mm-
PHHA U BBICOTA MONEPEYHOTO CEYCHUSI.

Ecmu B (10) 0603HaYNTH

3
n,e = 3nE'[L3)]’ (n = 1329“'700; €:1,2,3,4),
“C,Pl
(11)

TO 3TO OI'paHUYCHHUEC IIPUMET BHU/]

e=0

-~ D(i)
g\x,x,,..,X, )= -a,, (12)
(57,003, ;b,.-)(%

BcemomorarenbHast GyHKIMST METO/1a HEompee-
JIEHHBIX MHOXuTesed Jlarpanxka ¢gopmupyercs
B CJIETYIOIIEM BHJIE:

Jd=f(x)+4, g (x,%,,..., (13)

x"l )

nimn

{Zb X+ X i) -a, ]}
(14)

rae f(x) - Beruucisercs no (9), g (Xx)- ABisercs
¢bynkuueit Buna (12).

Ecnu ¢ynkuums nenu (9) nocturaet 3xkcTpeMmyma
npu orpanuuenusix (12), to meron Jlarpanxka
MIPUBOAUT K YpaBHEHUSIM THIIA Dilsiepa:

o . (13)
oX,=J1,=0;, (k=i, i+1,..,m)
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U Ui KBAaApPaTHOTO W IPSAMOYTOJIBHOIO IIOIe-
PEYHOr0 CEYCHUM OHU IIPUMYT BUJ:

JED =1-21X°®D(i) =0
JE™ =1-31X,°®(i) =0

X

(16)
(17)

OTKyJa:
X = 2@y X[ = [3a@G) (18)

IlogcTaBuB COOTBETCTBYIOIIME Xi© us (18) B
ycnoBue (12), ¢ yaerom (11) u o603HaueHus

E'[v]
%= pp
MOJIyYUM
n 3
Aoy =402 02 {Zﬂ/cp(i)} (19)
i=1
3/256 )
(e=2) ~ 43/b4 4 ZVCD( (20)

®opmynsr (18), mocne MoACTAaHOBKHA B HUX BbI-
paxenuit ;g A 1o (19, 20) npumyT BHI:

[
X =200 (@2)
(04

X = W {24/@( } sy (22)

i=1

ITocienoBaTeabHO BBIYUCIUB 3HAYEHHUST A H X
JUIS Pa3IMYHOIO YHMCJIa YY4acTKOB () armpok-
cuMupyronel (QyHKIUNA, HAXOTUM COOTBETCT-
BYIOIIME 3HAUCHUS 11e1eBor (QyHKIUH, (00beMa)
o ¢opmyie (9). Kpurepuem OCTaHOBKH TIPO-
1iecca SBJSICTCS BBITOJTHEHHUE YCIOBUS
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Tabmuma
e=1 (ceyeHne KBaJApaTHOE) e=2 (ceyeHne MPsIMOYTOIHHOE)
n n
X n=1 n=2 n=3 ALX, n=1 n=2 n=3
; 4 0.8788 0.376 ;
o o o
¥ 1.4314 | 1.0986 0.9356 ¥ 1.5874 | 1.095 1.881
1 e, 4a, ‘a, ! {/bao %/bao 3lba,
¥ 1.52 1.32 ¥ 1.7813 1.443
2 B 4/0(0 4/0[0 2 B 3ba, 3/130[0
Y 1.5577 Y 1.852
’ ) ) ia, ’ ) ) iba,

SWhH-flu)<e (23)
r7e € - Hamepén 3aJJaHHOE MaJIOe YHCIIO,
BpruriciieHHbIE O NPENTIOKEHHOM METOJUKE
rmapaMeTphl ONTHUMH3AlMUA, W MHOXHTenu Jla-
rpaHXa MpH Pa3TUYHOM YHCIE yYacTKOB CTY-
MEHYaTO-TICPEMEHHOTO0 CEUCHHs, Ha KOTOpHIE
pa3buBaercs Oaska MpH anmnpoKCUMAIUH, TPEJI-
CTaBJICHBI B Ta0JIHIIE.

I'paduk m3MeHEHHsS] HEKOTOPOTO MPUBEICHHOTO
o6bema f OT N moka3aH Ha puc,2, rie

r=ry

Kak BuIHO, 3Ta KpuBas aCUMITOTHYECKH CTpe-
MUTCS K TOYHOMY M CaMOMYy HauMEHbIIEMY
3HAYECHUIO f*=1,61, npun — o, [2].

[IpennoxeHHast METOAMKA [O3BOJISIET HAUTHU HE
TOJILKO OJHO €IUHCTBEHHOE JKCTPEMallbHOE
3HaueHue (PyHKIUU IEeNU, C MOACYETOM COOT-
BETCTBYIOIIETO 3TOMY 3HAYEHHIO OIpPEJIEICHHO-
TO YUCJIa CTyNeHel 0anku, a JaeT BO3MOKHOCTh
MPOCJEIUTh 32 BCEM XOJOM BBIYMCIICHHS JIO-
KaJIbHBIX 3KCTPEMyMOB B MPOCTpaHCTBE R, Ko-
TOpbIE€ MOTYT SBIATHCSA IIOOAJBHBIMH B IIPO-
crpadctBe R (T.e. U1 Ka)I0ro KOHKPETHO
BBIOPAHHOTO YKCJIa YYACTKOB CTYIICHEH OalIKu C
MOCTOSIHHBIM TONEPEYHbIM ceueHuem). [1oato-

My, MPENJIOKEHHBIA aITOPUTM MOXKET OBITh C
YCIIEXOM TPHUHAT MPU TPOCKTUPOBAHUH OIITH-
MaJbHOTO BapuaHTa CTYNEHYaTOW KOHCTPYKIIHH
C OIpPEIENICHHBbIM Harepén 3aJaHHbld YUCIOM
Y4aCTKOB U MPOEKTUPOBLIUK CMOKET MOIYUYUTh
ONTUMAJBHBIA BapUAHT KOHCTPYKIMU TPH JIIO-
O0OM umcie y4acTKOB (n) CTymeH4yaTo - Tepe-
MEHHOI'O CEYEHHUSI.

B mpaktudeckux pacuerax OKas3bIBaeTcs JOCTa-
TOYHBIM OTPAHUYMUTHCS YHUCIOM YYacTKOB N=3
win 4, Tak KaKk Takue KOHCTPYKIIUHU JIerye U3ro-
TaBJIUBAIOTCS YEM MEPEMEHHOI0 CEUYEHUs U JO-
BOJILHO OJIM3KH K ONTHUMaJIbHBIM (CM. puc.3, a,
0). DKoHOMHUSA B pacxojie MaTepuasa Mpu OINTH-
MaJIbHOM TPEXCTyNeHYaTOW KOHCOJBHOM Oayike
M0 CPaBHEHUIO C OAJIKOW MOCTOSTHHOTO CEYCHHUS
cocrapnsieT 16,5%, a mpu 4eTbIpex CTylHeHya-
toil - 17,3%. Ilpu cpaBHEHMM ITHX BapUaHTOB
ONTUMAJIBHBIX KOHCTPYKLUH C TOYHBIM pacue-
TOM MPOUTPHILI B pacxoje mMaTepuajia COCTaB-
nsiet Bcero 1,7-2,3%. Ha ocHOBE mpOBENEHHBIX
YHUCIIEHHBIX MCCIEJIOBAHUN JIBYX THIIOB Oanok
ClielaH HEKOTOPBIM aHaIM3 ONTHUMAaIbHOU Oal-
ku. [Tycth 5TH 6anku, B ONTHUMAILHOM BapUaH-
Te, UMEIOT OJUHAKOBBIM MUHUMAJILHBIN 00HLEM

fi,min = fZ,min

NN
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/,
/]
/]
/]
Y A
7 7 “ [
/ 1 / //;¢ _>E
Y bi=Xi b bi=tr
E/nv:’/n L I’I/n'uf/;ﬁtvf/nvf/;ﬁt"I/nvf/nVE/M.’
= + + + * -+ e
4 I it
[ - |
A P;Psi0Ot
/]
Puc.1,a
1.751
1.69 4
y ! T |
: | ac-HMHTOTa: n
1 2 3 s
Puc.2
% jLve
1.66
1.39
= 1.01
0.68
0.30 ,
b VGD
0.00 -
0.1 034 068 1.0 1.34
Puc.4
o
L XG
3.90 [
2.65
2.10
1.85
1.62
4
b V.
0.00

0.1 0.34 068 1.0 1.34

Puc.5
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1.663 13913@
Ja  Ha

OTKYJla HaXOJWM IIUPHHY CEYCHHUS ISl BTOPOM
Oaku

(24)

1.34
b= (25)
4
VX
[Moctpoum rpadukn n3mMeHenus: mmupuasl " b "
or 006béma " f " M BBICOTHI ceueHus X;  (cm.

puc.4,5).

N3yuuB rpaduk Ha puc.4 cieayeT OTMETHTH,
YTO 3KOHOMHUYHBIM I10 PacXxoay Marepuaya siB-
jsiercss OaJika ¢ IMUPHUHOM TONEPEYHOro ceue-
HUS

0.1

Q,

-

U 00bEMOM

OJIHAKO TIPH ATOM, YTO BHUJIHO W3 JIPYTOTo Trpa-
¢uxka (puc.5), BbICOTa CEUCHUS yBEIUYUBACTCS.
Ecnu takast BbIcOTa SIBJIAETCS OMYCTUMOM IO
KOHCTPYKTHUBHBIM TPEOOBaHUSM M OTCYTCTBYIOT
JpyTUEe OTPaHUYCHUS, TO TIPU

0.3 0.1

fminzéa b=——
Jo "

— MPEICTABIACTCS ONTHMAJIbHBIM PEIICHUEM.
Ecnu nony4eHHbIl BapuaHT OAJIKK HE IPOXOIUT
M0 KOHCTPYKTUBHBIM, TEXHOJIOTHYECKUM U JIPY-
TMM OTPaHUYCHUSM, TO B 3aBUCUMOCTH OT ITHUX
OTpaHUYCHUH, UCTIONB3Ys TpapuKu Ha puc.4 u
5, MOXHO TIOA00paTh IPYrodl BapuaHT, MOXET
ObITh OoJiee MaTepHalOEMKUM, HO ONTHMAajb-
HBIU, C IPYTUMH YIPABJISIFOIIUMU ITapaMeTpaMHu.
O06001MB pe3yabTaThl UCCIEIOBAHUM, CIIETYET

n X3=3.99

K.P. Alinemuposn

CKazaTbh, 4TO 3TH JABa rpaduka (puc.4 u 5) on-
penensioT 00JacTh ONTHMAJbHBIX pEHICHUH
PacCMOTPEHHOUW KOHCTPYKLHUHU IPHU ONpEaeseH-
HBIX  OTPaHUYCHHSX, MPUHATHIX 32 OCHOBHBIE
(xputnyeckue). TeM caMbIM, HHXKEHED - MPOEK-
TUPOBIIMK UMEET HEKOTOPBIN MPOU3BOJ B ITOM
007acTH W MpU ONPEAETSIONUX OTPAHHUCHUSIX
BO3HHUKAIOIIUX B MPOIECCE CUHTE3a KOHCTPYK-
LM, BO BTOPOM M Jjajiee 3TanaM, KOppeKTUPYET
pelieHue BHYTPU TPaHUIBI OOJacTH  OIl-
TUMAaJbHBIX peleHuil. Takoi MeTox OonTUMH3a-
MM KOHCTPYKIIMH HATIOMHHAET METOJ MOATal-
HOM (WM HemoJHOH) onTtumm3anuu [1], rae
OTpaHUYEHUS Ha PAlMOHAIBHYIO KOHCTPYKIIUIO
dbopMupyroTCA MOCae mepBoro srama. Tem ca-
MBIM, TTOKa3aHa METOJUKA OMPECICHUS TPAHUI]
007acTH ONTHMANBHBIX PELICHUI, BHYTPHU KO-
TOPOH MPOEKTUPOBIIUK CMOXKET CY3UTh 00JIaCTh
U BbIOpaTh ONTHUMAJIbHBIM BapHaHT C y4eTOM
€Ile IONMOJIHUTEIbHBIX OIPaHUYEHUN.
[TonmyueHHblE 4YHUCHOBBIE pE3YJIBTATBl MOTYT
OBITh MCIIOJIB30BAaHBI B pacyeTax U MPOCKTHPO-
BaHWU TOJOOHOTO THIIA ONTHUMAJbHBIX KOHCT-
PYKUMH HA CTaTUYECKOE U AUHAMUYECKOE BO3-
neiictue. IlpemnoxkeHHass METOAMKA MOXKET
ObITh TPUMEHEHA W pa3BUTa MPU pacueTe H
MIPOEKTUPOBAHUN KOHCTPYKLHW THUMA IJIACTHH,
KOpOOYATHIX U MPU3MATHYECKUX CHCTEM U T.1I.
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CTPYKTYPA PEHUPKYJIAIIMOHHOI'O TEHEHUA
N MACCOHNEPEHOC TBEPAbBIX HACTHUII B
IT'MJIPOTEXHUYECKOM OTCTOMHUKE

B.K. Axmemos
MockoBcKuii rocy1apcTBEHHBIN CTPOUTENBHBIN YHUBEpPCHTET, T. MockBa, POCCHUA

AHHOTAIIUSA: Ha ocHOBE YHCIIEHHOTO peIIeHUs MOJHOW cucTeMbl ypaBHeHni HaBre—CTOKCa mcciemoBaHa
3a/mava O JBIDKEHUH IOTOKA BS3KOW KHIKOCTH B KaMepe THAPOTEXHWYECKOTO OTCTOHHHKA. B pamkax KOHBEK-
TUBHO-I1(Py3HOHHON MOJIENN U3Y4eH MpPOLIECC IePeHOca U OCAKACHUSI MEJIKHX MaJOMHEPLUOHHBIX YaCTHII.
Hposeﬂeﬂo CPaBHCHUC IMOJTYUCHHBIX PAaCUCTHBIX JAaHHBIX C pe3yJibTaTaMH 3KCIICPUMEHTOB.

KaroueBble ciioBa: YpaBHCHUA HaBBG-CTOKCa, PEUUPKYIANUOHHBIC TCUCHUS,
KOHBGKTI/IBHO-}_‘[I/Iq)(l)yM/IOHHaH MOACIb, OCAXIACHUEC YaCTHI]

STRUCTURE OF A RECIRCULATING FLOW AND
MASS TRANSFER OF RIGID PARTICLES IN
HYDROTECHICAL SETTLE CONSTRUCTION

Vadim K. Akhmetov
Moscow State University of Civil Engineering, Moscow, RUSSIA

ABSTRACT: On the basis of numerical solution of the complete Navier—Stokes equations the problem of mo-
tion of a viscous flow in hydrotechnical settle construction is investigated. The mass transfer and the deposition
processes for fine low-inertia particles are studied following convection-diffusion model. The comparison of ob-
tained calculated dates with experimental results is presented.

Keywords: Navier—Stokes equations, recirculating flow, convection-diffusion model, deposition of particles

1. IOCTAHOBKA 3AJIAYH

B ruspoTexHU4eCKOM CTPOUTEIHLCTBE OJTHOU U3
BOKHEHIINX 3a7ay SIBJIAETCS yAaJeHHe JTOHHBIX
Y B3BEIICHHBIX HAaHOCOB M3 TIOTOKOB BOJEI, IO-
CTYMaOIUX B JHEPreTHYecKue, UpPpPUTalHOH-
HbIC€ U BOJOXO3SHCTBEHHBIC BOJIOBOJBI. Y aane-
HUE JOHHBIX HAHOCOB MOXET OBbITh OCYIIECTB-
JICHO 33 CYET COOTBETCTBYIOLIEH KOHCTPYKIIUU
BOJI03a00pa 0€3 CTPOUTENIBCTBA CIEIHATBHBIX
coopyxeHuil. [l ocakaeHus B3BEIIICHHBIX Ha-
HOCOB TpeOyeTcsi BO3BEIEHUE JIOPOTrOCTOSIINX
OTCTOMHHMKOB, B KOTOPBIX YaCTHIIBI OCEJAIOT HA
IHO [OJ JNEUCTBUEM CHJIBI TSKECTH. 3JHAHUI
TUIPOIMHAMUKY MTOTOKA HEOOXOMUMBI TSl CO3-
JaHUS JTOTIOJHUTEIHHBIX OJIATOMPHSITHBIX yCIIO-
BUH, CIIOCOOCTBYIOIIMX Haubosee OBICTpOMY U
3¢ (HEeKTHBHOMY OCAKICHHIO HaHOCOB. Dusnye-
CKOE MOJIETUPOBAHUE TEUYCHHM B YCTpPOMCTBax

70

TAaKOro THUMA TMPEICTaBISAET COOOW OCTATOYHO
TpyJdoeMKylo 3amaudy. llosTomy MaTemaTuue-
CKO€ MOJEIMPOBAHUE TEYEHUW B OTCTOMHHUKE C
Y4EeTOM OCaXJIEHUS YacTHUIl SIBISETCS aKTyallb-
HOU 3a7a4ei.

OnHa W3 NPOCTEUIIMX KOHCTPYKLHM, HpUMe-
HsieMasi JUIs OTOW 1eTH, n3o0pakeHa Ha puc. | u
UMeeT CIEeNYIomUid npuHIUN padotel. U3 moj-
BOJISIIIIETO KaHAJla BOJa MOMAIaeT B KaMepy OT-
CTOMHHKA, MUHYS TIOPOT, MPEACTABIAIONINNA CO-
0ol BHE3almHoOe yriyOJieHne BhICOTON /. B ka-
Mepe OTCTOMHUKa (OpMHUPYETCsS pa3BUTas pe-
HUPKYJSLUUOHHAS 30HA. [IpunoHHoe TeueHue B
KamMepe TPaHCIOPTUPYET OCEBIIME YACTHUIIbI Ha-
HOCOB K BXOJIHOMY IOpOTY, B HWXXHEH YacTu
KOTOPOr'0 pacrojiaraeTcsi MPOMbBIBHAS IIETb.
Uepe3 Hee HAHOCHI COPACBHIBAIOTCS B HIDKHHI
Obed coopyKEeHUS.
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Yy
Uy — —
Oy — .
H
N D -
L —_
h 1 =0+

o

Puc. 1. Cxema Teuenmns

B xauecTBe MaTeMaTHUeCKOM MOJICIIN TCUCHUS B
Kamepe OTCTOMHHMKA pacCMOTPUM 3aJady o
IBIDKCHUY IOTOKA BSI3KOM HEC)KMMAaEeMOU KUJI-
KOCTH 4epe3 MOpor BbICOTOM /1, B HUXKHEH yac-
TH KOTOPOTO MMEETCSl CTOK C 3aJIaHHBIM Pacxo-
nom (,. BBenem AeKapTOBYIO CHCTEMY KOOp-
quHaT Oxy C LEHTPOM B OCHOBAaHMM IOpOra.

Cucrema ypaBHeHuii Haspe—CTOKCa, OmNMCHI-
BaoIllasl JJAMUHApHOE TEYEHHE BS3KOW HECKU-
MaeMoH KHUJKOCTHU B IEPEMEHHBIX (DYyHKIHS TO-
Ka \y ¥ 3aBUXPEHHOCTh (2, MOXXET OBbITH 3aIu-

CaHa CJICAYINM 06pa30M:

2 2
ot Ox oy Re| ox° oy
(1)
2 2
VLIV g, @
ox oy
oV
Vx:a—w, V)}:_@, QO=—2 _%_ (3)
oy ox ox 0Oy

3nece V_, Vy — OceBas W monepevyHass KOMIO-

HEHTBI CKOPOCTH COOTBETCTBEHHO, OTHECEHHBIE
K XapaKTEepHOMY 3HAYCHHIO OCEBOM CKOpPOCTH
U, Ha Bxoze B orcroiinuk, Re=U h/v — uuc-
so PettHonpnca, v — KMHeMaTHdeckas BA3KOCTh
KUIKOCTH.

[Ipeanonaraercsi, 4To rpaHuma cBOOOTHOM IMO-
BEPXHOCTU SBJIIETCS MPSIMOM )y = y, = const,
napajyieabHol ocu x. TeueHue paccMarpuBa-
ercs B npsiMoyrousibHO#M obmactn G (0< x<x,,
0<y<y,). Benmmuuna y, = H/h xapakrepu-

3yeT TIayOWHY IOTOKa B Kamepe OTCTOMHHKA
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(y,'— BbIicOoTa TOpoTa), a y, =h,/h — pasmep

MMPOMBIBHOT'O OTBCPCTHUH.

['pannunbie ycnoBus mist cucremsl (1)—(3) cra-
BATCS cienyromum obpazom. Ha Bxone B kame-
py orcrorHuka npu x =0, 1<y <y, 3amaercsa

pPaBHOMEPHBINA 0CEBOM MOTOK ¢ pacxogoM (O, u
ckopocteio U,. IIpu x=0, 0<y <y, wumeem
CTOK C OTHOCHUTENIBHBIM pacxonoMm O, =0,/0,
U MapaboIMuecKUM pacipeeeHueM CKOPOCTH.
Ha TtBepabix moBepxHocTsaXx mpu 0<x<x,,
y=0 u x=0, y, <y<1 3agarorca yciaoBus
npwinnanus. Ha NoOBEpXHOCTH  KUAKOCTH
0<x<x,, y=y, CTaBiATCs yCIOBHs PAaBEHCTBA
HYJIFO KacaTelIbHBIX HANpPsDKEHWH, a B BBIXOJ-
HOM ceueHnd x =x,, 0<y <y, — mArkue rpa-

HUYHBIE YCIIOBUS, 3aKIIOYaroIuecs B TpeboBa-
HUW PABEHCTBA HYJIIO MPOU3BOJIHBIX OT \y U (2
1o x . COBOKYNHOCTb I'PaHUYHBIX YCJIOBUH MO-
JKeT OBITh 3arrcaHa B BU/IC:

0
v =y, (), a—‘)fzo, x=0, 1<y<y,
0
v =y,(»), 8—1120, x=0, 0<y<y,
v =0, %:0, x=0, y<y<l, (4

v =y, (0)=const, %V=O, y=0,0<x<x,

y=y,(y,)=const, 2=0,y=y,,0<x<x,,

oy o0
—:0’ —:0, X=X . OS S 5
o ox k Y=V
WO(y):y_la
3 y2 y3 2
- o0l4 22 |_£
v, (») 2, o) 29 3y 3

Jlnst yucneHHoro pemeHus kpaeBoit 3amaun (1)—
(3) ¢ rpaHMYHBIMH YCIOBUSIMU (4) HCIOIB30-
BaJICSi KOHEYHO-PA3HOCTHBIA METOJ, M3JI0KEH-
HbIH B [1, 2].
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2. PE3YJIBTATHI PACUETOB ITOJIEA
TEYEHUU

PacueTsl TeueHusa B kamepe OTCTOMHHKA, OIpe-
nensieMmble KpaeBor 3amadeit (1)—(3), mpoBoau-
muck nipu 3HaueHusx Re =100; 150; 200; 250;
y» =01, y. =17, 1.8; 1,9; 2; 2,1. OcHoBHOE
BHUMaHHE YJIESUIOCh M3YUYEHHUIO0 00pa3oBaHUs
30HBI BO3BPATHOI'O MOTOKAa 3a MOPOrOM U HC-
CJIEIOBAHMIO 3aBUCUMOCTH JJIMHBI 3TOU 30HBI OT
BBICOTBI IOPOTa U MHTEHCUBHOCTH CTOKa B MPO-
MbIBHOE OoTBepcTHe. 1o pesynbraram Bbrumcie-
HUI CTPOMJIMCH KapTUHBI JMHUNA TOKAa U Mpogu-
JIM CKOPOCTH B Pa3IMYHBIX CEYECHMSIX MTOTOKa. B
pacueTax ucrnosb3oBaiachk cetka 81x257 ¢ anu-
HOW pacueTHol obnactu x, =20. Illar o Bpe-

MeHH cocTaBiasr Ar=0,1+0,3.

Y

15
g —
05 = p
T T T T
0 2 4 6 8  x 10
y
15
—_—
05-2
6
T T T T
0 2 4 6 8  x 10
y
1.5
1
HED)
6
I T T T T
0 2 4 6 8 x 10

Puc. 2. JIunnn Toka npu Re =150
v =18; 0,=0;0,2;0,4 (a—s)

PaccMoTpuM Hambosiee BaXKHbIE CBOMCTBA HC-
CIIC/IOBAaHHBIX TEUYEHHI Ha MPHUMEpPE PaCUETHBIX
JAHHBIX, TOTy4eHHbIX pu Re =150, y, =18.

[Ipu oTcyTCTBUMM CTOKa NMPUXOAMM K 3a/ade O
«4UCTOM» OOTEeKaHWW Topora (CTymeHbkH). B
3TOM Ciy4ae HEeTOCPEACTBEHHO 3a IMOPOroM 00-
pasyeTcs Tak Ha3bplBaeMas 3acTOWHas 30Ha,
BHYTPH KOTOPOH JIMHUU TOKA 3aMKHYTHI U KH/I-
KOCTh COBEpLIAET IHMPKYJSIUOHHOE TEUCHHE
(puc. 2, a). Hanuuue croka *UAKOCTU B OCHO-
BaHuM nopora (Q, =0,2) NpuBOAUT K TOMY, 4TO

y JHa KaMepbl OTCTOMHUKA MOsBIsETCS 00IacTh
MPOTHUBOTOKA, KOTOpas OTKUMAET 3aCTONHYIO

B.K. AxmeToB

30HY BBepx (puc. 2, 6). B HemocpencTBeHHOIM
OJIM30CTH OT MPOMBIBHOTO OTBEPCTHS XapaKTep
JIMHUI TOKAa HAIlOMHMHAET TEYEHHE, COOTBETCT-
BYIOIIIEEC PEUICHUI0 KJIACCHYECKOW 3amaun 00
MCTEUYEHUU KUIKOCTH U3 pe3epByapa. C yBemnu-
YEHUEM pPacxola XUIAKOCTH B IIPOMBIBHOE OT-
Bepctue (O, =0,4) AauHa 30HBI BO3BPAaTHOIO Te-

4YeHUs yMeHbIaeTcs (puc. 2, ).

OKCIEpUMEHTAIbHbIE HCCIIEI0BAHUS TEUCHUM B
KamMepe OTCTOMHHKA, CXeMa KOTOpOoro u3olpa-
’)K€Ha Ha puC. |, IPOBOIMINCH COTPYIHUKAMHU
Kadeappl HCMOJIB30BaHUS BOJIHOW JHEPrHUU
MI'CY. Mogmenp oTCTOMHHKA ObliIa BBIIIOJHEHA
W3 OPICTEKJa B BUJIE JIOTKA CO BXOJHBIM MOPO-
roM. O0mIas aianMHa JJoTKa cocTaBisiiaa 5050 MM,
JUIMHA moaBoAAmiero kanana — 1200 MM, ainHa
kamepbl oTcToitHuka — 2800 MmM. Bozaa B rosos-
HYIO 4acTh OTCTOMHUKA T0J/laBaJlaCh HACOCOM C
pacxomoMm skuakoctu Q) =3-+15 n/c, umcao

Peiinonpaca cocrapmsno Re~10*—-10°. Tlo
JTaHHBIM U3MEPEHUN CTPOUITUCH KaPTUHBI JIMHUN
TOKa W OTNpeAeNsach JJIMHA 30HBI BO3BPATHOTO
TEYCHUSI.

Pe3ynbTaThl SKCIIEPUMEHTOB MOKHO CPaBHUTH C
MOJYYCHHBIMH YHCJICHHBIMH DPCIICHUSAMU Ha
OCHOBE MOHATHA 00 3(PPEKTUBHBIX MapaMeTpax
TedyeHusi. BBenem At 3TOro B COOTBETCTBHH C
runote30il [IpaHaTis BeMWYMHY UIMHBI TyTH
cMmereHust ¢, KOTopas cBs3aHa ¢ TypOyJIeHTHOM
BSI3KOCTBIO v, CIICAYIOUMM  00pa3oMm:

0* =v,(0V,/8y)’ DpdekTnBHAs BA3KOCTH B

MOTOKE OIpenensieTcs CyMMOM

Vet
Vep = V+V,, IpUYEM V, >> V. B3sgB U3BeCTHYIO

BenuuuHy ¢~ 0,11 aynd TeyeHui Takoro Tuna u
OLICHUB BEJIMYUHY OV, /0y M3 IKCIECPUMEHTAIb-
HBIX JaHHBIX, TOJTY4YHM, 4TO 3(dexTuBHOE UnC-
a0 Peitnonmpaca cocraBnger Re =Ujh/v=

~ 140 —150.

Ha puc. 3 noka3aHo cpaBHEHUE JJIUHBI L 30HBI
BO3BPAaTHOTO TEYCHHUS, PACCUMTAHHOW MyTEM
pemienus kpaeBoit 3amauu (1)—(9) c skcmepu-
MEHTQJIBHBIMU JIAHHBIMH, TIOJIYYCHHBIMH Ha
BBINICYKA3aHHOW  TUAPABINYCCKONH  MOJICIH.
ToukamMu OTMEUEHBI JAHHBIE OSKCIICPUMEHTOB
JUIS 3TOTO K€ JHara3oHa W3MEHEHHS BBICOTHI
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CrpyKTypa penupKyJISIIHOHHOTO TEYEHHS M MacCONEPEeHOC TBEPABIX YaCTHIl B THAPOTEXHUYECKOM OTCTOHHHKE

nopora. BumHo, 4TO MMEETCS JOCTAaTOYHO XO-
poliiee COOTBETCTBUE TEOPUH C SKCIIEPUMEHTOM.
B menom 3a cuer BBIOOpPa COOTBETCTBYIOIIETO
a¢dextuBHOrO umcna PeliHonbaca ymaercs
MPAaBWIBHO OIKCHIBAaTh KPYMHOMACIITaOHEIE
BUXPEBbIE CTPYKTYpHI (Takue, Kak perupKyJs-
LIUOHHBIE 30HBI).

Sr—
L:j\i\\
\\ N
AN
\
\
A% \
\
'S
7 A\ \
A \
\A
\
' \
\ A\
\
\A \
5 A !
0 0.2 Q] 0.4

Puc. 3. CpaBHeHue pacueTHOM IJIMHBI
PELMPKYJISIIUOHHOM 30HBI pu Re=145,
yi =1,65; 1,7; 1,75 (xpuBsle [-3) c

IKCIIEPUMEHTOM

3. MOCTAHOBKA3AJIAYU OB OCA K-
JNIEHUU YACTHI] B OTCTOMHUKE

YpaBHEHUs] ABWKEHHSI YACTHUI] NOJ JCHUCTBHEM
CUJIBI TSIKECTH U CUJIbI BSI3KOTO CONPOTUBIICHUS
(cTokcoBa cuia) B LWJIMHIPUYECKOH CHUCTEME
KOOpIuHAT U Oe3pa3MepHoit popMe UMEIOT BU:

dv_
X — 5
dt ZSt( V) - ©)
dv. 1
R R S , 6
dt Fr ( ys) ( )
2 2
Fr = &, St = psr; UO
gh Ovph

npencrasistomue coboit yucna @pyna u Cro-
KCa COOTBETCTBEHHO, a MHJIEKC S OTHOCHUTCS K
yactuuaM. [Ipu ycnoBum St<<1, uro umeer
MECTO B OOJBIIMHCTBE CIy4yaeB TE€YEHUH B OT-
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CTOWHUKaX, u3 (5) cinenyer, yTo NPOAOJIbHAL
CKOpPOCTb YacTHUI] COBINAJAET CO CKOPOCThIO OC-
HOBHOrO noroka (V_=V).

CKOpOCTL JBHXXCHHA YaCTHUILIbI Vys B IIOICpeU-

HOM HAIpaBJeHUH OyJeM ONpEeNeNsTh U3 ypaB-
HeHus (6), KOTOpoe TPH yCIIOBUH CTaI[MOHAPHO-
¢t nmotoka (0/0t =0) mpumeT BUA:

ov,, 1

*ar | Fr ZSt( Vi) - )

PaccmotpuM mpoliecc mnepeHoca 4acTull IS
pPacCUUTAHHBIX TEYCHUH B 1. 2. YpaBHEHHUE CO-
XpaHCHUA MACChI 4aCTHUI] 3alIMChIBACTCA B BUJC!:

2 2
@-F—(V )+ ( . C) ! ac+2y§

5

(8)
B KOTOPDOM ¢ — KOHIICHTpalus 4YacTHll,
Sc=v/D — gucno munra, D — xo3ddunu-
eHT nudp¢ysun. KonsekruBHo—auddysnonnoe
ypaBHeHue Buaa (15) mpumeHsIoch s Mojie-
JUPOBAHUS TECYCHUM CMECEH C IOTeped MacChl
YaCcTHIl OCaXJCHHEM Ha CTEHKax, Halpumep B
[3, 4]. Pacnipenenenne V, B (8) ompenensioch

ot Ox B ReSc| ox?

u3 peieHus: ypasuenus (7).
[Ipennonaras, 4To NpUMech U3 YaCTHIl BBOAUT-
Csi B OCHOBHOH NOTOK B HAayajJbHOM CEYEHHH

x=0mpu y, <y<y, (y,>1, y,<y),3a-
MUIIEM TPAaHUYHBIE YCIIOBUS ISl ypaBHEHUS (§)
B BUJC:

d
x=0: So=0, 0<y<y,, y,<y<y;
ox
CZI’ ySISySySZ
d
X=X, —=0, 0<y<y,, 9)
Ox
y=0, y=y.: @:0, 0<x<x, .
oy

Kpaesas 3amaua (8), (9) pemanack METOAOM yc-
TAQHOBJICHUS TIO0 PAa3HOCTHOM cXeme, MpUMeHsie-
MOH JUIsl YpaBHEHHs MEpeHOca 3aBUXPEHHOCTH

(1)
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4. PE3YJIBTATHI PACYETOB IOJIEN
KOHIEHTPAIIU

YucneHHoe pelieHue 3ajadyd O pacrpeieieHuu
KOHIIGHTPALUU YacTHI] JIJIl PAaCCUUTAHHBIX BbI-
e TEYCHUM MPOBOJIMUIOCH B IHMANa30HE Mapa-

metpoB Sc=1-5, St=10"-10".

8 x 10
Puc. 4. Jluanu TOCTOSHHBIX 3HAYEHUN
KoHUeHTpauuu mpu Re=150; y, =18;

Fr=0,01; St=5-10"; 0,=0;0,2;0,4 (a-s)

Haubonee xapaktepHble pe3yibTaThl PacyeToB
IIpEICTaBICHbl Ha pUC. 4 B BUJE JIMHUI paBHOU
KoHeHTpauuu. IlITprxoBoil IMHHUEN HAa ATUX
pUCYHKaX M300pa’keH KOHTYpP 30HBI BO3BPATHO-
ro TeuyeHus. BHyTpu Hee JMHUU paBHOM KOH-
LEHTpAIMi UMEIOT 3Ur3aroo0pas3Hblii BU, MpU-
4yeM B MPUI0OHHOM o0nacTH (puc. 4, a) obpaTtHoe
TEUYEHHUE CIOCOOCTBYET NEPEHOCY YaCTHIl B CTO-
POHY HAuyaJbHOTO CTBOPA U HAIMYUE IPOMBIB-
HOT'O OTBEPCTHS B TOJIOBHOW YacCTU OTCTOMHUKA
no3BoisieT 3((eKTUBHO yHamATh U3 IMOTOKA
B3BCILICHHBIE HAHOCHI. YBEIWYEHHUE pacxoaa O,

B MIPOMBIBHOE OTBepcTHe (puc. 4, 6, 8) MPUBO-
IUT K OoJee MHTEHCHUBHOMY OCAQKICHHUIO Yac-
TUL, JHWHUHU paBHOfI KOHILCHTpAauu CHIIBHEC
OTKJIOHSIFOTCSI KO JTHY KaMepbl OTCTOWHUKA; 3HA-
YUTCIIbHO MOBLIIIACTCA KOHUOCHTpALUA 4YaCTUL] B
00JacTi BO3BPATHOTO TEUCHHUS.

Ha puc. 5 nokasaHo cpaBHEHHE B pacrpeaene-
HHAX MONEPEYHON CKOPOCTH V, OCHOBHOTO I1O-

TOKa U CKOPOCTH V. OC&KICHHs 4acTull. Pas-

B.K. AxmeToB

JUYUE B XapaKTepe paclpeAciieHusl 3aMETHO
TOJIbKO Ha HeOOJbIIOM paccrosiHuu x = 0,234
(kpuBble [, 6) OT BXOAHOro cedeHus. Jlanee
BHH3 1O MOTOKY npodunb V oTivdaercs ot

npoduist ¥V, MpakTHYECKU Ha IOCTOSHHYIO Be-

JUYHUHY, COOTBETCTBYIOIIYI0 Oe3pa3mMepHOi
CKOpPOCTH OCQXJIEHMUSI YacTHI][ B TMOKOSIIECs

KUIKOCTH Vy’; =-2St/Fr.

-0.05
0 0.6 1.2 y 1.8
Puc. 5. Pacnpenenenue paauaibHON CKOPO-

cru V, (kpuBble [—3) M CKOPOCTH OCaxie-
wus Vo (xkpusbie 4-6) mpu Re=150,
0,=0,y =18, 2=0,234; 0,938; 5

XapakTep OTJIO0KEHUS YaCTHUI[ Ha JHO OTCTOM-
HHUKA WUIIOCTPUPYETCA pacHpeeIeHUsIMU KOH-
LEHTPAallMd ¢ W II0OTOKAa KOHLEHTPAaluu Vysc

npu y =0, npeacraBneHHsli Ha puc. 6. Ilo

9TUM 3aBUCUMOCTAM MOXXHO OIIPEAEIUTh pac-
CTOSIHUE, HA KOTOPOM IPOUCXOJUT MAaKCUMalb-
Hoe ocaxzaeHue udactul. C yBeIM4YeHHEM pac-
xola (J; B IPOMBIBHOE OTBEPCTHE MECTOIIOJNO-

KCHHE MakCMMyMa B pacnpefenesnn ¢ u V, ¢

CTaHOBHUTCA 0oJiee BBIPRXKEHHBIM M CMELIAeTCs
BBEPX IO MOTOKY K BXOAHOMY CE€UYEHHUIO.

Jns Oosiee HaArjIsgHOTO MpPEACTABICHUS MPO-
1ecca OCaXKJACHUsI YaCTUIl B KaMepe OTCTOMHUKA
BBEJIEM CIIEYIOIME MUHTETPAJIbHBIE XapaKTepu-
CTUKH: pacxonbl yactull (. =~ 4yepe3 BBIXOJHOE

out

cedeHue x =x,, O, — Ha JHO OTCTOMHMKA IIPH
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0.008 0.8

Vys c

i
/

=<
N\
\
~Aro @

\

/ 0.4

0.004 /
7

0

0 10 z 20
Puc. 6. PacmnpenencHue KOHIEHTpAIMUA C
(I TpUXOBBIC JTUHWUHW) M TIOTOKA KOHIICHTpA-
unn V¢ (crounbie aunHun) npu y =0,
Re=150, y, =18, 0,=0; 0,1; 0,2; 0,3
(kpuBblie 1—4)

y:O’ Qst
x=0,0<y<y;:

— B IIPOMBIBHOE OTBEpPCTHE IIpHU

O, = fk(Vx e, Vs O, = —f(VW 0) o dx,
0 0

I
Qst = _J. (V\t C) x=0 dy N
0
O6mmit pacxon Q,, +0O,+ O, , OTHECECHHBIN K

pacxony (), YacTul B HAYaJIbHOM CEUCHHHU

yS2

0, = J. V. c)

Vs,

x=0 dy

B COOTBETCTBUM C 3aKOHOM COXPAHEHMs MacChl
JOJDKEH OBITh paBeH €AMHUIE. JTO CBONCTBO
UCIIOJIL30BAJIOCh It KOHTPONS TOYHOCTH BBI-
YHUCIICHUH.

3asucumoctu Q. ., O,, (., OTHECEHHBIE K

Q,, , OT BelNW4MHBI pacxoja (), MOKa3aHbl MIPU
Re=150, y, =18 Ha puc. 7. Ha Hux taxxke

BUJIHO, YTO YBEJIIMYECHHUE PACXOAA KUIAKOCTH B
MIPOMBIBHOE OTBEPCTHE TMPUBOIUT K OoJiee WH-
TEHCUBHOMY OTJIOXKEHUIO YaCTHIl HA JHO KaMme-
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1
OQout
Op
Qst \ J
0.5 \
2
-
— | 3
//
0 0.2 0; 04

Puc. 7. 3aBucumoctu pacxonoB yactuy Q

out >

0,, O, (xpuBble /-3) OT BEIUYHHBI CTOKA
O, mpu Re=150, y, =18, Fr=0,01,
St=5-10"

pPBI OTCTOMHHKA, B TO BPEMS KaK pacxoj 4acTHI]
(., HENOCPEICTBEHHO B IIPOMBIBHOE OTBEPCTUE

YBCIINIUBACTCA HC3HAYUTCIIBHO.
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HPUJIOXKEHUA JUCKPETHO-KOHTUHYAJIBHOI'O METOJIA

KOHEYHBLIX JIEMEHTOB JJIA OIIPEAEJTEHUA

COBCTBEHHBIX 3HAYEHNUH U COBCTBEHHBIX ®YHKIIUHA

KPAEBBIX 3AJIAY CTPOUTEJbHONU MEXAHUKHA
YACTD 1: IBYMEPHAA 3ATAYA TEOPUU YIIPYTOCTH

M.B. 30110m06|, II.A. Axumoe, B.H. Cuoopos, O.A. Ko3vipes

MocKoBCKuUil rocy1apcTBEHHBIN CTPOUTENbHBIN yHUBEpcUuTeT, I'. Mocksa, POCCUA

AHHOTAIIUS: Hacrosimas cTatbs OTKPBIBACT CEPUIO0 padOT aBTOPOB, TOCBAIICHHYIO PACCMOTPEHHUIO BOIIPO-
COB HCIOJIb30BaHUS JUCKPETHO-KOHTHHYAIFHOTO MeTo/a KOHEeYHbIX ieMeHToB (JIKMKD) mns onpenenenus
COOCTBEHHBIX 3HAUEHWH W COOCTBEHHBIX (DYHKIWH KpaeBBIX 3aJad CTPOHTENbHOW MexaHuku. OOnacTs mpume-
Heans JJKMKD coctaBisioT 00BEKTHI, B KOTOPBIX HMEETCSI TOCTOSTHCTBO (DPU3UKO-TEOMETPHIECKUX XapaKTepH-
CTHK TI0 OJHOMY M3 KOOPIMHATHBIX HAIpaBICHUH (Ha3pIBAEMOMY OCHOBHBIM HAIPaBJICHHEM) TIPU MIPOU3BOIBHO
MEHSIOIINXCS BHEIIHUX Harpy3kax W Jo0oM xapakrepe 3akpemieHnid. JIKMKD sBusroTcs AnuCKpeTHO-
KOHTHHYaJIbHBIM B TOM CMBICJIE, YTO [0 OCHOBHOMY HAIIPaBJICHHUIO COXPaHAETCS KOHTHHYAIBHBIH XapakTep 3a-
Jla9d ¥, COOTBETCTBEHHO, aHAIUTHYECKUH BHJI MTOJIyYaeMOT0 PEIICHHUs, B TO BpeMs KaK MO OCTaIbHBIM IPOU3BO-
JUTCSI IUCKPETH3alus C UCIIOJIb30BaHMEM TEXHHKH METOAa KOHEUYHBIX JJIEMEHTOB (B MTOre MMEeM aHcamOllb
JMCKPETHO-KOHTHHYQJILHBIX KOHEYHBIX 3JIEMEHTOB). M3510)KeHUe BeqeTcs AjIsl IByMEPHOH 33/1a4i TEOPUH YIpY-
TOCTH.

KioueBble c10Ba: TMCKPETHO-KOHTHHYAIBHBIN METO/I KOHEUHBIX 3JIEMEHTOB, KpaeBas 3a7a4a, COOCTBEHHOE
3Ha4YeHKe, cOOCTBEHHAs! (PYHKIIMS, IByMEpHast TEOPHS YIIPYTOCTH.

APPLICATIONS OF DISCRETE-CONTINUAL FINITE ELEMENT

METHOD FOR SOLVING EIGENVALUE PROBLEMS IN
STRUCTURAL MECHANICS
PART 1: TWO-DIMENSIONAL ELASTIC THEORY

Mlexander B. Zolotov{, Pavel A. Akimov, Viadimir N. Sidorov, Oleg A. Kozirev

Moscow State University of Civil Engineering, Moscow, RUSSIA

ABSTRACT: The distinctive paper is devoted to use of discrete-continual finite element method for solving of
eigenvalue problems of two-dimensional elastic theory. Operational and variational formulations are presented.
The discrete-continual design model for structures with constant physical and geometrical parameters in one di-
rection is offered on the basis of so-called discrete-continual finite elements. Element coordinate system and ap-
proximation of nodal unknowns are under consideration. Special generalized block-structured stiffness matrix of
discrete-continual finite element are assembled. Resultant discrete-continual operational formulation is given.
Effective computing algorithms for eigenvalues and eigenvectors are presented as well. All methods and algo-
rithms considered in the distinctive paper have been realized in software engineering.

Key words: of discrete-continual finite element method, boundary problem, eigenvalue problem,
two-dimensional elastic theory

BBEJIEHHUE JUIsL ONpeZeNieHUus] COOCTBEHHBIX 3HAYEHHH U

COOCTBEHHBIX (DYHKIMI KpaeBbIX 3aJad pacuera

B Hacrosieil cratbe paccMaTpUBAIOTCA BOMPO-  CTPOUTENBHBIX KOHCTPYKUMUMU, 3JaHUN U COOpPY-

ChI

UCTOJNb30BAaHUSl  TUCKPETHO-KOHTUHYalb- keHui. Obnacts npumenenuss IKMKD cocras-

HOro MeToja KOHEUHbIX 3yieMeHTOB (JJKMKD) ns10T 00BEeKThl, B KOTOPBIX UMEETCS] IOCTOSHCT-
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BO (PM3HKO-TE€OMETPHUYECKUX XAPAKTEPUCTHUK IO
OJTHOMY M3 KOOpAMHATHBIX HampaBieHUM (Ha-
3bIBAEMOMY OCHOBHBIM HAIPaBJIEHUEM) IIpU
IIPOU3BOJILHO MEHSIOIIMXCSI BHEUIHUX Harpys-
Kax U J1000M XapakTepe 3akperuienuii. [Tpume-
paMu Takux OOBEKTOB BBICTYyHaroT Oanku, Oai-
KH-CTEHKH, TOHKOCTEHHBIE CTEpXHH, IOJIOCHI,
JIEHTOUYHbIE (DYHIaMEHTBI, IUINTHI, IJIACTUHBI,
000JI0YKH, BBICOTHBIE U MPOTSDKEHHBIE 3/1aHUS,
TpyOOINPOBO/IbI, TNIOTHHBI, PEIbCHI, pE3EPBYaphl
u ap. Boobue, KOHCTPYKIIMHM C TOCTOSTHHBIMU
Wi KYyCOUYHO-TIOCTOSIHHBIMU ¢buzuko-
Ir€OMETPUYECKUMHU XapaKTePUCTUKAMH 10 OJI-
HOMY M3 HaIpaBJICHUH COCTABIIAIOT OOJBIINH-
CTBO B 3[aHUSAX U COOPYKEHHsIX (OCOOEHHO TH-
MOBBIE KOHCTPYKLIUU B COOPHBIX COOPYHKEHUSIX).
B pamkax JIKMKD nonmxaercsa MEpHOCTH 3a-
Jla4ud, 3TOT METOJ CBOJUTCS K PELICHUIO CUCTEM
OOBIKHOBEHHBIX AU PepeHIInanbHbIX ypaBHe-
Huii. B paborax [1-3] Obutd NpenioKeHbl METO-
Ibl TIOJTYYEHUs TOYHBIX AHAIUTHUYECKUX pellle-
HUH TaKUX CUCTEM, IPAKTUIECKH CBOOOIHBIE OT
BCEX BBIYUCIUTEIbHBIX HEOCTATKOB.

JKMKD  sBasitoTcst  AUCKPETHO-KOHTHHYAJb-
HbIM B TOM CMBICJE, YTO 1O OCHOBHOMY Ha-
MIPaBJICHUIO COXPAHSAETCS KOHTUHYaJbHBIA Xa-
paKkTep 3a7ayd M, COOTBETCTBEHHO, aHAJIUTHYe-
CKUH BHJ TOJYy4YyaeMOro pEIICHHs, B TO BPEMs
KaK 10 OCTaJbHBIM MPOU3BOJUTCSA TUCKPETU3A-
LU C KCIOJb30BAaHHUEM TEXHUKH METoAa KO-
HEYHBIX 3JEMEHTOB (B MTOre MMeeM aHcamOJb
JTUCKPETHO-KOHTUHYAJIbHBIX KOHEUHBIX 3JIEMEH-

TOB).

Od4eBUIHO, YTO TIPU YHCICHHOM PEIICHUH
CIIOKHBIX 3aJla4  CTPOUTEIILHOW MEXaHHKH
MPEIBAPUTEIIEHOE ~ AHAJTUTHYECKOE H3YUYCHHE

OTJENbHBIX JIOKAJbHBIX CBOMCTB MPOOIEMBI
MOXET OKa3aTh 3HAYUTEIBHYIO MOMOIb. Poib
JIKMKD, nomumo Toro (akta, 4To OH MO3BOJIS-
€T TIOJyYUTh PEIICHUE B aHATUTHIECKOU popme
CO BCEMU BBITCKAIOIIUMH OTCIOJA OYCBHIHBIMH
MPEUMYIIECTBAMHU, COCTOUT €Il€ U B TOM, UTO
CpPaBHEHHE C AHAIUTUYECKUMHU PEHICHUSIMHU
CJIOKHOM 3a7aud B 0oJiee MPOCTHIX M YACTHBIX
CIy4asiX TO3BOJSET JaTh OIEHKY HPUHATOM
pacyeTHOM CXeMbl KOHCTPYKIIUHU, UCTIOIB3YEMO-
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ro METOJa, ajJrOpUTMa M MOJYYEHHOI'O pelie-
HUS, B YaCTHOCTH €r0 TOYHOCTH.

N3noxenue Benercss Ha NPUMEPE JIBYMEPHOU
3a/1a4u TEOPUU YIPYTOCTH.

1. KOHTUHYAJIBHAS IIOCTAHOBKA
3ATIAYH C BBIAEJIEHUEM
OCHOBAHHOI'O HAITPABJIEHHUSA

1.1. Hekotopsie mpeaBapuTeJbHble 0003HA-
YeHHsl M HEKOTOpbIe ONpelesiioIHe COo0T-
HomeHusi. BeeneM cienyromyo cucrteMy 000-
3HaueHni: () — oOmacTh, OmMCBHIBaeMas pac-
CMaTpUBAacMOil KOHCTpyKIMeH (Hampumep, Oai-
Koi-crenkou (puc. 1.1)); I'=0Q - rpanuma
obnactn Q; X =[x, x,] — BEKTOp KOOpAMHAT
ToukM; # =[u, u, ] — BEKTOP COCTABIAIOIIMX
nepemenienuit; 7 =[n, n,| — BEeKTOp coCTaB-
JSFOLIMX HOPMAJU K FPaHHUIIE.

KOMIOHEHTBI TeH30pa HANPSDKCHHH &, Ompeie-

JSIOTCS PopMyJIaMHu:

g, =0

u 11

£;=05-(0u; +0,u,),
i=1,2; j=1,2, i#j. (L1)
@opMyJIbI 1J1s1 KOMIIOHEHT TEH30pa HaPsHKEHUN

Gij:

o, =0,Ac+2ue,;, i=1,2; j=1,2. (1.2)

i

3nech A M g — COOTBETCTBYIOLIHME KO3 Puiu-
entbl Jlame; o, — cumBoin Kpouekepa.

1.2. KoHTHHya/IbHasi omepaToOpHasi IOCTa-
HOBKa 3a1a4u. [IycTtb pusuko-reomerpuyeckue
XapaKTEPUCTUKNA KOHCTPYKIMH IO NEPEMEHHON
X, (OCHOBHOE HalpaBlieHHE) MOCTOSHHBI. To-

I71a, B COOTBETCTBUU C [1-3] ennHOE ypaBHEHUE
OTIEPATOPHOM MOCTAHOBKU 33/1a4W ONPEICICHUS
COOCTBEHHBIX 3HAUYEHUN U COOCTBEHHBIX (YyHK-
Ul UMeET BU;
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] ,A
4
. K
4 4
4
E A
P 4
4 4 <
b <
A pal
< 4 4
< 4
. g 4 4 P
A{j 0 a
4 4 v <7 3
N < 4 a i 4
: i X
“ 2
<
< <
4 @
24 5 4 A
4 < 4 & 4
<
< - pal

Puc. 1.1. IIpumep paccMaTpuBaemMoii AByMEPHOU KOHCTPYKIIHH.

P U+ o+ a=si, (1.3)
e G, =%~ Gu=-%; (14
0
¥ = — ; 1.5
S
g»:[ 0 “} (1.6)
ou 0
0 U
A=04; u=0u;d =-0,, i=1,2; (1.8)
B )L (x,x,)eQd _%.
H—@(xl,xz)—{o’ o) £ 5. = » :(1.9)
w=[u u]; (1.10)

0 =0(x,,x,) — XapakrepucTuieckas (QyHKUUS
obmactu Q; o, =0,(x,,x,) — AeAbTa-QyHKIHA
I'=0Q;
COOCTBEHHAs! BEKTOP-(QYHKIHS, S — HCKOMOE

COOCTBEHHOE 3HAYEHHE.
BBoxs 0003HaueHME

TPaHUIIBI u=u(x,x,) — HCKOMas

v=[v, v, 1" =[0,u, ou,] =0m=u, (1.11)
nepenuckiBaeM (1.3) B Bue

gV v+ a=su, (112

rae vi=0,v. (1.13)

O6benuuss (1.11) u (1.12), nonyunm (auwxe FE
— TOXAECTBEHHBIH OTMeparTop):

=7
Yo 4
- PV+EV+Y U =5u
1501050
=7
~ 115
et -opm 19

Cuctema (1.15) B MaTpuyHOM BHJIE NPEACTaBU-
Ma CJIeAYIOIHUM 00pa3oMm:
U=9U0, (1.16)
0 E

oG } (1.17)

v Tuy

¢ =
me 4 [%&(%M—sm

U:U(xl,xz):[ ggll;j; } (1.18)
U'=0,U ; (1.19)

PaccmorpumM, Hampumep, ABYXTOYEUHYIO Kpae-
By10 3amauy. [lycTh rpaHUuYHBIC YCIOBHS 3aja-
10TCs B ceueHusix x, =0 u x, =/, roe / — -

Ha KOHCTPYKIMU. B ciyuyae mapHUpHBIX 3aKpe-
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IUIEHHUH (110 OCAM X, M X, ) CeYeHusaX x, =0 u
x, =] (paBEHCTBAa HyJIO COOTBETCTBYIOIIHX

KOMITOHEHTOB TIEPEMEIICHHH ) TPaHUYHBIE yCII0-
BUSA Hpe,Z[CTaBI/IMBI B BUJIC
B,U (x,,0)+BU (x,,[)=0,  (1.20)

rae B, u B, — MaTpuibl TpaHUYHBIX YCIOBUH, B
JAaHHOM ClIy4ae

(1.21)

S O~ O
S O OO
— o O O
S O O O
S O O O

Wrak, 3amaya popmupyercs ciaenyromum odpa-
30M: ONPEAETUTh TaKyl0 OTIMYHYIO OT TOXIe-
CTBEHHOTO HyIns BekTop-pymkimio U (x,,x,) u
TaKO€ 3HAUYE€HUE S, IPU KOTOPOM CIIPABEIJIUBBI
ypaBHeHue (1.16) u rpannunsie ycnosus (1.20).

1.3. Y4er ynpyronoaatjuBbIX onop (0cHoBa-
HHMe Tuna BuHKjIepa mo ABYyM HampaBJeHH-
sim). [Ipu peleHMH nNpakTUYECKUX 3a/ay He-
PEAKO UMEIOT MECTO Cllyyau, KOrja Ha 00JacTu
Q), ee rpanuiie [ =00 WM UX YaCTAX 3aJaHbBI
YIPYrOIOAATIUBEIE OIOPHBI, HENPEPBIBHBIE II0
OCHOBHOMY HaIpaBIICHUIO.

Bextop R PEaKTHBHBIX YCHIIHi{, BO3HHKAIOIINX
B OIIOpEC, UMCCT BUA!

R=[R R, =Cu,
u

; - 7= T.
rne C:dlag{clacz}a u_[ 1 u2] s (123)
C - MaTpuia yrnpyrux XapakTCpuCTUK OIIOPHI;
u — BCKTOP HepeMeH_[eHI/Iﬁ OIIOPBI; C; — K03(1)-
(I)I/IHI/ICHT OTIIOpa OHOPbI IO HAITPAaBJICHHUIO OCHU
Ox; .

1
Hanuuue ynpyromnonaTivBbIX OHOP BHOCHUT
KOPPEKTHPOBKY B OIEPAaTOPHYIO IIOCTAHOBKY

3a/1auu: OIepaTop (Z B (1.16) ompenensercs
crenyroiei GopMmynoi:
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~ 0 E
7 _{%(% +C—sE) %1%](1.24)

2. JIMCKPETHO-KOHTHUHYAJIbHASA
ITOCTAHOBKA 3AJIAYA

2.1. /IMCKPETHO-KOHTHHYAJIbHASl ANIPOKCH-
MHPYHOIIAas MOAe/b KOHCTPYKUIMHU. Jluckper-
HO-KOHTHHYAJIbHBIH  KOHEYHBIN  3JIeMEHT
(AKK?D). [lmg mocTaHOBKM W pEIICHUsl pac-
cCMaTpuBaeMoOil KpaeBOW 3ajayM MCXojHas 00-
nactb () okailmuigercs pacumpeHHod @ . Ilpu-
HUMAETCSl JIMCKPETHO-KOHTUHYaJbHAsl MOJENb
CJIEAYIOIIETO THUMA: B TOMEPEYHOM HalpaBJe-
HUM KOHCTpYKUuH (BroJib ocu Ox,) NPOU3BO-
JIUTCS CETOYHAasl alIpoOKCUMAalHs, a B IPOJOJIb-
HOM (OCHOBHOM) (Bmoisib ocu Ox, ) — pelaercs
KOHTHHYalbHas 3aaa4a (puc. 2.1).

Ob6nacte @ pa3dbuBaeM Ha MOAOOIACTH — JTUC-
KPETHO-KOHTUHYAJIbHbIE KOHEYHBIE 3JIEMEHTHI
(JAKKD) o, (puc. 2.2).

a)=LNJa),. , (2.1)
i=1

rie o={(x,,x,): x,€[0,h]; x,€<[0,]}; (2.2)
@, ={(x,X%,): X, € [x1i= le I x, €[0,1]}5(2.3)

x1i+1:x1i+h,-: i:l,z,...,N_l; (2.4)
i+1 i
h,’: xl __x“ l<N7 i=1>2:"'7N’ (25)
0, i=N

rjae [, h — COOTBETCTBEHHO MOMEPEUHBIN pa3mep
CETKHU 3JIEMEHTOB U JUIMHA KOHCTPYKIIUHU B TIPO-
JOJILHOM HarpaBieHuu; N — KOJMYECTBO Y3JIOB
B HIOTIEPEYHOM HaIpaBJICHUHY;
(x),x,), i=1,2,..,N — KOOpIMHATHI Y3IIOB
CETKHM JIEMEHTOB; /i, — IIaru CETKU (pa3Mepsl

AJIEMEHTOB B IONIEPEUYHOM HAIIPaBJICHUN).
OmnpeznensieM XapaKTePUCTUYECKYIO (DYHKIIHIO
DJIEMEHTa W CETOYHBbIE (YHKIWHU, XapaKTepu-
3yIOIIKE CBOMCTBA MaTepuasla KOHCTPYKLIUU:
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A X
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N
X
N-1
hN_l‘ b )
A
Q)]
‘ 1
h ] i+1 —
i+1‘| X3
b !
h J <L
i-1 1 1
] =
X
2
|
f 1
h, X,

Puc 2.1. Cxema nuckpeTu3anuu KOHCTPYKIUH.

A X

(1+1)-#1 yzen At

!

=

4

—5%

1-H y3eT ;

<1 i-it JIKKD

>
0 X,
Puc. 2.2. TunoBoi TuCKPETHO-KOHTUHY AJIbHBIN KOHEYHBIN AJIEMEHT.
0 I, xew,NQ 26 JIOKaJbHAasl 3aMEHa IEPEMEHHBIX BHYTpPHU 3JIe-
() = 0, xgw.NQ’ (2:6)  yenra. Ilepexoaum U3 MCXOAHON CUCTEMBI KO-
1
— _ OpIIMHaT B  JJIeMEeHTHble  (puc.  2.2):
A4=04 w=0u. (2.7)

PaccMoTprM  Kako#-nmub0 MpPOW3BOJIBHBIN 1 -if
37eMeHT Mozenu (puc. 2.2). 3ameHa nepemMeH-
HBIX WrpaeT OOJIbIIYI0 POJb MPU YHUCIEHHOM
pelIeHNH KpPaeBbIX 3a1ad CETOYHBIMH METOMAA-
MH, TaK KaKk B 3TOM CJIy4yae OCYILECTBISETCS

(x,,x,) = (i,t,x,). 30ecb [ — JIOKaJIbHAsi KOOP-
JIMHATa, BBE/ICHHAs 110 HampasieHuto ocu Ox, U
ceszanHas ¢ JIKKO:

t=(x,—x)/h; te[0,1].  (2.8)
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2.2. AINpOKCUMALMS HEU3BECTHBIX (PyHKIIMIA.
B kxauecTBe OCHOBHBIX HEHM3BECTHBIX B Y3Jax
IIPUHUMAIOTCSI  COCTaBIAIOIIME IEpEMEIIECHUI
U;, U, U UX IPOU3BOJHBIE V, U V, IO IIEPEMEH-
HO# X, , T.€. JUIA i -TO y3J1a 9TO u|,uy, V|, V}.

B npocreiiem ciyyae nons u,, u, U v, 4 Vv,
no ceyeHuro paccmarpusaemoro JIKKD mnona-

rarorcst nuHeWHBIMH. ClemoBaTenbHO, MOXKEM
3aI1McarTh

u; =u,(x,) =u’ +thu,, j=1,2;

j=1,2.

(2.6)

v, =v,(x) =V, +1AV], (2.7)
3/1ecb MOYKHO TPOBECTH NPSMYIO aHAJIOTHIO C
GyHKIMAME (OPMBI, KOTOpBIE HCIIOIb3YIOTCS B
cranaaptHoM MKD npu pemennu 3anady, cBsi3aH-
HBIX C PaCTsHKEHUEM (CxkaTueM) cTepkHel. Bel-
MIOJTHUB CXOKYIO MIPOLIEAYPY OCTPOEHUS POPMYJT
anMnpoKCUMALIMHU, UMEEM:

(@) — no» (@)
Up=a; j =Py TPt (2.8)

j=L2, (x,x,) € o,

+ a;’;t v

WJIM MHAY€ B MaTPUUHO-BEKTOPHOU popme

— T — ;T Rp®
J=12, (xl’xz)ea)i’
rie @) =[e”) &1 B =[8" BT (2.10)
i=[1t]". (2.11)

I/ITaK, OYCBHUAHO, YTO UMCIOT MECTO CJICAYIOLUINEC
COOTHOIICHMA:

u"=ca”, v'=Cp", j=12, (2.12)
u' . v,
rne u(l) ifrl ) ‘71('1) - ifrl g C:B (1)}
u; v
(2.13)
O6pamas marpuity C TOIy4YUM:
4 |10
C —{_1 1] (2.14)
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CnenoBaTenbHO, OIpEIEsIeM

_ 7T ~-1—=(i) _ 7T ~-1=(0)
u, =t Cu, v,=t"Cwvy",

(2.15)
j=L2, (x,,x,) € o,
WJIM MHAYe
_ (i) )
=N@®)u;", =N@)v; (2.16)
] =1,2, (xl,xz) € w,,
me N=N@=t'C'=[N, N,] (217

— MaTtpuna QyHKIUH (HOPMBI (KIIOTIEPEUHBIX))
no ceuenuto JIKKD ¢ anementamu

N,(t)=1-t; N,(t)=1. (2.18)
2.3.ANNpOKCUMAIHA YACTHBIX MPOU3BOJAHBIX
NMEePBOro NMOPSAAKA 0T HEU3BECTHBIX (PYyHKUMA
Ha JAKK?J. BeipaxeHus mjisi 4acTHBIX MPOU3-
BOJHBIX TMEPBOTO TMOPSAKA OT HEU3BECTHBIX
(GYHKUMH 10 MEpEeMEHHbIM X, M X, 3alHChIBa-

FOTCS CJIC Ty FOTITAM obpazom

(x,,x,) € w,):

(HMKE

1 |
81uj(x1,xz)=;N (l‘)ujU(xz), j=12; (2.19)
1o |
81V‘/(x1ax2)=zN (f)vj)(xz), ]=1’2; (220)

0, (x,,%,) = v, (x,,3,) = N 7 (x,),
J=12; (221

rje N'(¢) =%N(z‘) =[N/ N.]. (222

[TpousBomHble OT MaTpuubl (YHKIUNA (HOpMBI
(2.17) naxomsatcs muddepeHITupOBaHUEM €€
aneMeHToB (2.18), T.e.

N(@#)=-1; N)()=0. (2.23)
O4eBHIHO, 4YTO COOTBETCTBYIOIUIME Y3JIOBEIC
byHKIMU ompenenstorcs mo QgopmynaM, sB-
JSIOMUMHUCS  YacTHBIMH — ciydasmu  (2.19)-
(2.20):
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[aluj]i =
1] 1 171N —(i-1) Loy i
:5 h_N (l)uj (x2)+h_N (O)MJ' (x2) ’
i1 i
i=2,3,.,N-1;
(2.24)
| R
[0u)] == N'O)&(x); (225
1
1 1ogy —(N—
(61" = —N'Da" ()5 (2:26)
N-1
[0v,] =
1] 1 171N —=(i-1) Loy s, ®
=S| VOV @)+ N O v () |
i1 i
i=2,3,.,.N-1;
(2.27)

oI =N O (): (228

1

P’ = N (w). (229)

N-1

2.4. Onpenenenne nedopmanuii U HanpsKe-

Huii Ha JIKKD. B cootBerctBuu ¢ (1.1)-(1.2)

niocie onpeaenenus (2.19)-(2.21) umeem:

— (bopmybl IS OTIpeNieNieHrsT KOMIIOHEHT TEH-
30pa nedopmaruii:

(2.20)
£y (X1,X,) = 0yu, (X, X,) = v, (x;,x,) ;5 (2.31)

&1, (X),X,) =&, (x,x,) =
=0.5-(0,u, (x,,%,) + 0yuy (x),X,)) = (2.32)
=0.5-(0u, (x,x,) +v,(x,,x,));

&, (x,x,)=0u,(x,,x,) ;

— ¢dopmyna mus ompeneneHus: OOBEMHOM Jie-
dbopmanuu:

e(x;,x,) =&, (x,%,) + &y (x),X,) =
2.33
=0,y (x;,x,) +v,(x,x,); ( )

— (opMyJIbl U1 ONpesieNeHUs] KOMIIOHEHT TeH-
30pa HaNpsKEHUM:

o, =As+2ug, =
2.34
=(A+21)0,u,(x,,x,) +2uv, (x,,X,); (234)
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0, =AE+2uE,, =
2.35
= 20,1, (3, %)+ (A4 240, (5 )y )
O, =0, =2us), =

:ﬂ(aﬂ/‘z(xlaxz)+V1(x1=x2))‘ (2-36)

Cornacho (2.24)-(2.29) nedopmanuu u Hampsi-
JKEHUS B y3JIaX HaXOIATCS 1o hopmyram:

[e,] =[0,]; [ex] =v5; (2.37)
[e,] =[6,] =0.5-([0u,] +v)); (2.38)
[0,] =(A+2m0u] +2w5;  (2.39)
[O-zz]i = 2/1[81”1][ +(A+ Z/J)V; ; (240
[0, I'= [0 I'= u([0u, I+ Vll) . (24D

2.5. ANnpokcuManus HEKOTOPBHIX BCIOMOIa-
TeJbHBIX OmepaTopoB. PaccmoTpum ammpok-
CHUMAIMIO CIEAYIOLIUX ONEepaTopoB Ha i -M JUC-
KpPETHO-KOHTHHYaJIbHOM KOHEYHOM JIEMEHTE:

*

a, 0,a0,, 0,a, ao,, rae a==0a; (2.42)

a — HekoTopas QyHKIHSI-KOd(DOULIUEHT.

[Ipn BBIBOJE OCHOBHBIX (OPMYJ amIpOKCHMa-
UM CJIEYeT COOTBETCTBEHHO PACCMOTPETH BbI-
paXKeHUs

(aw,w), (ﬁrc_zalw,w), (8Tc7w,z),

(@d,z,w), (2.43)

rIe w M z — HEKOTopble (YHKIIMH, JINHEHHbIC
10 MEpPEeMEHHOU X, T.e. M0 aHajmoruu c (2.6)
NPEJICTaBUMBIC B BUJIC

w=w,+tAw;; z=z,+tAz,, (2.44)
rne  Aw, =w,,—w; Az, =z, —z; (2.45)
W, z; 1 W,,,, Z,,, —3HaueHus QyHKIUi w u z

B y31ax i WU i+1 sneMeHTa ¢ KOOpAMHATaMH

COOTBETCTBEHHO X, =X U X, = X,

1) Oneparop a .
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xli+l XIHI
(aw,w) = J.awwdx1 = .[ awwdx, = a, J-wzdxl ,
; x| x|
(2.46)

= it} adx, ,

ixll

rae a, (2.47)

1

OTKYJIa, TONB3YsICh (2.46), mOCIe 3aMEHbI mepe-
MEHHBIX ¥ HHTETPUPOBAHHUSI TTOTYUHM:

(aw,w) =

6 i i+ 6 i+1 3 1+1:|
(2.48)

_ w, w,
(a W, W) ) aih[ (K(go’()) [W[H }’ [W[Jrl }j ’ (249)
1{2 1
00 _ 1
Koo =1 [1 2} |

Ilo aHanoruu nonydaeM U OCTaJbHBIE BBIpaXe-
HUS.

2) Oneparop (0,ad,w,w).

1 1
:aih{gwf+—w.w =W W, =W,

(2.50)

. a, w, w,
a =L gD ! 2.51
(0,a0,w,w) A ( 0 |:Wi+l:|’|:wi+l:|j’ (2.51)
1 -1
rae K" :{_1 1 } (2.52)
3) Oneparop (8fc_lw, w).
i _ on| Wi Z;
(alawaz)_ai(KO [WH.] jla |:Zi+1}j, (253)
I|-1 1
rac K(go,l) = El:_l 1:‘ . (254)
4) Onepatop (ao,w,z).
= _ 0| Wi Zi )
(a@lw,z) ai[KO |:W,~+1}’ |:ZH1 :D ’ ( 55)
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re KO0 = %{_11 ﬂ . (2.56)

Utak, pestomupys (2.48)-(2.56), 3amuceiBaem
CJIEIYIOIIEe OKOHYATEeNbHbIC (OPMYJIBI  arl-
MIPOKCUMAIIUU OTIEPATOPOB:

ap=ahKp: davg=""K"p: (257)
diap=a,K""p; adp=aKi"p, (2.58)

112 1 1 -1
00 _ 1 D _ )
e K _6[1 2},1(0 {_1 1},(2.59)
11-1 1 1]-1
KO _ . g0
o 2[—1 1}’ 0 2[ 1

@ — HekoTopas (pyHKUHWA, JTUHEHHas MO mepe-

_1 )
1 } (2.60)

MEHHOH X, ;

=0, +tAp;; Ap. =@, —¢; (2.61)

@; ¥ @, —3HaueHUI QYHKIMH @ B y3/max [ U

i+1 nieMenTa c KOOpAuHaTaMH COOTBETCTBCH-

i+,

i
HO X, =X, U X, =X, ; a — HeKoTopas (QyHK-

usi-koddumeHT, a =60 a.

2.6. ®opMupoBaHHEe HEKOTOPbIX BCIIOMOra-
TeJbHbIX T[JI00AJbHBIX MaTpul. PykoBo-
JCTBYSCh CTPYKTypoil oneparopoB (1.4)-(1.7) u
MOJTyYEeHHBIMH BbIle popMynamu (2.59)-(2.60),
dopmupyeM crenyromue IMO3JIeMEHTHbIE MaT-
PUIIBL:

Az,l,i = /’lihiK(gojO) ; A2,2,[ = (ﬁ’[ + 2#[)hl—K(§O’O) 5
(2.62)
Al,l,i = /%K(go,l) 5 Al,Z,i = /JiK(go’l) ; (2.63)
A, = /UiK(()LO) s A= ﬂiK(()l’O) ; (2.64)

h,

l

L 1
Ay = (A + zll'li)h_K(gl’l); Ay = 4, —K";

(2.65)

Ay, =hK. (2.66)
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Ha ocnoBanuu matpui (2.62)-(2.66) B cooTBeT-
CTBUM CO CTaHJApPTHOM TEXHUKOM MeToda KO-
HEYHBIX AJIEMEHTOB (METOJI KOHEUHBIX BKJIAJIOB,
CyMMHUPOBAHHE C HAKOIUICHHUEM [6-7]) MOXKHO
c(hOpMHUPOBATH COOTBETCTBYIOIIHNE TIIOOATBHEIC

MaTpHUIbI Az,la Az,za Al,l’ A1,25 A1,3’ Al,4’ AO,I’
AO’2 Hu AEJ..
Tak, Hanpumep, ecu A, — Kakas-mubo mosJe-

MEHTHasi MaTpUlia 2-T0 NOpsJIKa,

TO COOTBETCTBYIOINAs TJIO0QJIbHAS MaTpHUIla
2N -ro nopsiiKa UMEET BHU]I

* %
*  kk %
* k% %
* k% %
A= . ,
*% %
* k% %
* %

I7Ie CUMBOJI «*» 0003Ha4aeT HEKOTOPBIN 3Jie-
MEHT MaTpulbl 4, cuMBOl «**» o00o3Hauaer

CYMMHUPOBaHHE COOTBETCTBYIOIIUX 3JIEMEHTOB
MaTpuLbl A4, .

2.7. ®opMupoOBaHNEe OCHOBHBIX IJI00AJILHBIX
maTpul. CorjacHO NpPUBENCHHBIM BBILIE IO-
CTPOEHHUSIM MMEET MECTO CIIEIYIOIIEE COOTBET-
CTBHUE MEX]Iy KOHTHHYaJIbHBIMU OIll€paToOpamMu U
MaTpULAMU:

‘vi = va; ‘Zw = uv; ‘Quu = Kuu’
(2.67)
4,, 0 | 0 4,
rne va 0 142’2 s Kuv - Al,z 0 ’
(2.68)
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_ O Al,3 . _ AO,I 0 .
Kvu - A1’4 0 > Kuu - 0 Ao’z ” (269)
_ AE 0 .
K, _{ . AJ, (2.70)
K, =K, K, . (2.71)

2.8. 3apanue rpaHuyHbIX ycjaoBuil. PaccMort-
pUM  NPOCTEHIIMM BApUAHT JBYXTOYEUYHOUN

KkpaeBoii 3a1aun. [lycts x5, =0 u xJ, =/ — xo-
OpIMHATHl TPAHMYHBIX TIOMEPEUHBIX CEUeHHH

KOHCTPYKUHMH. ['paHUYHBIC YyCITOBHUS 3alHUChIBa-
IOTCS B BUJE:

BO,nUn (0)+Bl,n(7n (1)20, (272)

rae By, u B, — MaTpuilbl rPaHUYHbIX YCIIO-

BUIA;

— = u
U, =Un(x2)={_”}, (2.73)

S u,
L= ()= " (2.74)

u2,n
ul n ul n (xz) [ ull u12 ulN ]T ’ (275)
u,, :ﬁz,n(xz):[ué u22 uév ]T, (2.76)
vo=v (x,)=|_""|; (2.77)

V2,n
Vig = Vi, (x)=[ Vll V12 V1N ]T ; (2.78)
Vo =V, () =[vy v; v, 175 (2.79)

i i i i %)
u,, uy, 1 v, v, —3HaUeHUs QYHKUUH u,, U, U
v, V, B I-M y3ll¢ AUCKPETHO-KOHTHHYAILHOTO

KOHEYHOT'O DJIEMEHTA.
PaccMoTpuM HIDKE 3alaHue HEKOTOPBIX CTaH-
JApTHBIX THUIIOB KpaeBBIX YCIOBHHA 1O (hopme
(2.72) B mpou3BOIBHON IPAHUYHON TOUYKE C KO-
OpJIMHATON xé’,k. Crporo roBops, 31eChb BO3-

MOXHBI [[BA OCHOBHBIX BapUaHTa T'PaHUYHON
Touku: 1) xj, =x) =0 — Kkpaiinss nesas rpa-

HUYHAs TOuKa; 2) Xxi, =x.,=[, — Kpaiinss

IIpaBas rpPaHUYHAsI TOYKA.
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Llapnupnoe 3axpennenue. ImeeM napy KOHTHU-
HyaJIbHbIX TPAaHUYHBIX YCIOBUH:

ul(xl’xg,k) =0, uz(xhx;k) =0,

x, €[0,h].
(2.80)

o b _ b _
Ilycte BHavane umeeM ciyva x,, =x,, =0.

Ha nuckpeTHO-KOHTHHYaJbHOM YpOBHE YCIO-
BUsiM (2.80) oTBEHaroT ycloBUs BUAA

u (+0)=0, i=12,..,N;
u(+0)=0, i=12,..,N.

(2.81)
(2.82)

b
JUist ciydast x;, =X, , =/, OYCBHHO, COOTBET-

CTBCHHO UMCEM:

u(-0)=0, i=1,2,..,N;
ui(1-0)=0, i=12,..,N.

(2.83)
(2.84)

3anucaB rpaHu4Hble ycinoBus B Buzae (2.81)-
(2.82) nm (2.83)-(2.84) nepeiinem Teneps K BO-
npocy ux npezacrasieHus B popme (2.72). Anro-
put™ (popMHUpOBaHus Matpul B, u B,, npen-

crasiieH B Ta0mmnax 2.1 u 2.2 COOTBETCTBEHHO.
Cso000nwitl kpati. VimeeM KOHTHHYallbHBIE T'pa-
HUYHBIC YCIIOBUSI:

Glz(xpx,[;c)zo’ 622(x17x§,k):07 x, €[0, 4]
(2.85)

i ¢ yaetom (2.39)-(2.41)

244001, 1(x,, %5, + (A +24)v, (x,,x3,) =0,

u([0,u,](x, ,xé’,k)Jrv1 (x, ,xi”k ) =0, x, €[0,A].
(2.86)

CooTBeTCTBYIOLINE AUCKPETHO-KOHTUHYAIIbHBIE
TPaHUYHBIC YCJIOBUS 3aIUCBIBAIOTCS CIIEIYTO-
UM 00pa3oM:

24[0u, ]i(xik )+(A+ 2/‘)"; (xs,k) =0,
,Lt([@luz]i(xf’k) +v (xé’,k)) =0, i=12,..,N
(2.87)
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WIH
— apuaT 1 rpanuuHOi Touku (x5, = x5, =0)

244[0,u, 1 (+0) + (A + 2 )V (+0) =0,
i=1,2,..,N; (2.88)
w([0,u,] (+0)+v (+0)=0, i=1,2,..,N;
(2.89)

— BapuaHT 2 TPaHUYHOU TOUKHU (xé’ P = xi’ ,=1)

20, ] (I = 0) + (A + 2, (1 - 0) =0,

i=1,2,.,N; (2.90)
p([0,u, ] (1 =0) +v(I-0)) =0,
i=1,2,..,N; (2.91)

Anroput™M GOpMUPOBaHUS COOTBETCTBYIOIUX
maTtpul, B,, W B, mpeiacraBieH B TaOnuuax

2.3 1 2.4 COOTBETCTBEHHO.

2.9. /IMCKpPeTHO-KOHTHHYAJbHAsl ONepaTop-
Hasl mocTaHoBKA 3ana4u. CoracHo GopMyiam
NpeABIYIIEro MyHKTa MOXKEM Iepenucarh Io-
ctadoBKy (1.16)-(1.19) cnenyrommm oOpazom:

U =KU,, (2.92)

. 0 E
e £, ‘[ K (K, -5 K,) KI?} (299
U'=0,U,; (2.94)

B cBoro ouepenp, rpannunslie ycnosus (1.20)
nepexonar B (2.72).

[Tpu HanMYUM YNIPYTOMOJATIUBBIX OIOpP MaTpH-
1a (2.93) npuHUMaeT BUI:

~ 0 E
KS - |: Kv_l(Kuu + CG _SKE) Kv_vllzuv:|’ (295)

v

Co =diagic,;,C 550y Clisens Oy s

rjie (2.69)

C1sCanrewnsCoirens Con )

— MaTpHLla XapaKTEPUCTHK YIPYTONOJaTIMBBIX
OIOp; 3aMETHUM, YTO €CIH B [ -M y3Ilie YIpyro-
HOATINBas omnopa OTCYTCTBYET, TO
¢,;=¢,;=0.

B i
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Tabmuna 2.1. ANropuTM™ 3amoJIHEHUs MaTpulel B, IpH 3aJaHUU MIAPHUPHO-HETIOIBUIHON ONOPHI

B I'PAaHUYHOM TOYKE (BapUaHT I'PaHUYHOM TOUKH 1).

Homepa 3HaueHue OKBUBAJICHTHOE
/I 3aI0JIHSEMbIX AJIEMEHTOB DJIEMEHTA VYcnosue
MaTpUI MaTpHIIbI
1. | G,i), i=1,2,..,N 1 u (+0)=0, i=12,...,N
2. | (N+i,N+i), i=1,2,..,N 1 uy(+0)=0, i=1,2,..,N

[Mpumeuanue: Bee snemenTsr Matpuisl B 0, HC YKa3aHHBIC B TAOJIMIIC PABHBI HYIIIO.

Tabmuua 2.2. AAroput™ 3anoHEHUs MaTpULbl B, TpH 3aJaHUU MIAPHUPHO-HETIOIBUIHON ONOPBI

B I'PaHUYHON TOUYKE (BapUAHT I'PAHUYHON TOUYKH 2).

Ne Homepa 3HaueHue OKBUBAJIECHTHOE
n/m 3aIOJIHSIEMbIX AJIEMEHTOB DJIEMEHTA VYcnosue
MaTpUIL MaTpHIIbI
1. | @N+i,0), i=1,2,..,N 1 u/(I1-0)=0, i=1,2,..,N
2. | BN+i,N+i), i=1,2,..,N 1 u,(1-0)=0, i=12,..,N

I[Tpumeuanve: Bee anemenTtsr MaTpuipl B 1.,n HE yKa3aHHBIC B TAOJIMLE PABHBI HYIIO.

Tabnuna 2.3. AnropuT™m 3anoidHEHHs MaTpuusl B,

IIpY 3aJaHUN IIAPHUPHO-

HEMOJIBUIHON OMOPHI B IPAHUYHON TOYKE (BapHaHT I'PaHUYHON TOUKH

).

No Howmepa 3HaveHHE 2JIEMEHTA DKBUBa-
/T 3aIOJTHSIEMBIX AJIEMEHTOB MAaTPHIIbI JICHTHOE
MaTpuIl yCJIOBHUE
1 2 3 4
| Q-
1 (1,1) Zﬂh—Nl(O)
1‘ (2.88),
2 (1,2) Zﬂh—Né (0) =
1
3 (L3N +1) A+2u
1
4 (i,i—1) pu—N(1)
hy,
. 1 1 2.88)
: — N, +-—N!(0 (2.88),
5 (i,1) ’u{hi_l 2( ) hl- 1( )} i=23, ..
N -1
. 1
6 @,i+1) ,uh—Nz(O)
7 (i,3N +i) A+2u
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1 2 3 4
1
8 (N,N-1) 2,uh—N1’(1)
II’I (2.88),
9 (N, N) 2u——N.(1) i=N
hN—l
10 (N, 4N) A+2u
11 1
(N +1,N +1) u--Ni(0)
1
B 1 (2.89),
(N+1,N+2) yh—N;(O) i=1
1
13 (N +1,2N +1) H
14 1 1
(N+i,N+i—1) —u—N/(1)
2" h,
15
(N +i,N+i) l/u LN' (1)+LN'(O) (2.89),
’ 2%\ h, 7 n ! i=23,..,
N -1
16 I 1
17 (N+i,2N +1) M
18 1
(2N, 2N 1) uo = Ni()
N-1
T . (2.89),
(2N,2N) u——Ni(1) i=N
hN—l
20 (2N,3N) u

[Tprmeuanue: Bee aneMeHTs! MaTpuLbl B, HE YKa3aHHBIE B TAOJIMLE PABHBI HYIIIO.

Tabavna 2.4. AJNropuT™ 3allONHEHHs MaTpuubl B,

IpYA 33JaHUU IIAPHUPHO-

HENOJBUIHOW OMOPBI B TPAHMYHOM TOYKE (BapUaHT 'PAaHUYHOU TOY-

KM 2).
Ne Homepa 3HaueHue dIeMEHTa OKBUBa-
n/n 3aIOJIHSIEMbIX AJIEMEHTOB MaTpHUILIbI JIEHTHOE
MaTpUI yCIIOBHE
1 2 3 4
1
1 2N+11) 2,uh—Nl (0)
1‘ (2.90),
2 (2N +1,2) 2ﬂh—N£(0) =
1
3 Q2N +L3N+1) A+2u
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1 2 3 2
1
4 (2N +i,i—1) uh—N{(l)
i-1
2N +ii L vy +2 w0 e
5 (2N +1,1) H h_—1 2()"'; 1(0) =23, ...,
T N-1
6 QN +i,i+1) po N2 (0)
7 (2N +i,3N +1i) A+2u
|
] (3N,N-1) 2u—N(1)
hN—l
1 , (2.90),
9 (3N, N) 2ﬂ—hN71 Ny(D) i=N
10 (3N, 4N) S
11 L
GBN+1LN+1) #o~Ni(0)
_ 11 (2.91),
(BN +1,N +2) #o-N:(0) ‘=
1
13 (3N +1,2N +1) H
14 11,
(BN +i, N+i-1) S Hu—Ni(1)
2 hi—l
15 o 1 1, (2.91),
BN +i, N +i) Eu{ZNz(l)+;Nl(0)} i=23,...,
T 1 1 N -1
(BN +i, N+i+1) SH-N:(0)
17 (3N +1,2N +1) H
18 LY
(4N,2N -1) po—NiD)
. IIH (2.91),
(4N, 2N) H—N;(1) i=N
hN—l
20 (4N,3N) -

ITpumeuanue: Bee ameMeHTsl MaTpULbl B, , HE yKa3aHHBIE B TaOJIMIIE PABHBI HYJIIO.

3. IOCTPOEHUE PELIEHUS 3AIAYH U (x,)=(e,(x,)—¢.(x, ~)C.,  (3.1)

S

Ob6mee pemenue 3amaum (2.92), (2.72) umeer

rie &,(x,) — QyHmamMeHTanpHas MaTpHIa-
BUJI:

¢yHkus cuctemsl (2.92), umeronias BUa
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&(x,)=Te¢,, (xz)Ts_l; (3.2)

T, — maTpuua, CTOJIOLBI KOTOPOH SBIIAIOTCS COO-

CTBEHHBIMU BEKTOpPaMH MaTpulel K ; & , — aua-

TOHaJIbHAs MAaTPUILIA, onpeAensemMas GopMynon

gs,o (x,) =diag{y(x,, /’is,l ) eXp(/ls,lxz ),

33
o A2 XD,y )5 O
Avp» P=1,2,.., N — COOCTBEHHbIC 3HAYCHHUS
MaTPHIIBI IZS;
o(x,), Re(2,,)<0
Z('XZJ/,i’s,p) _{ _0(_x2)’ Re(is’p) > 0’ (34)
L x>0
H(x2)_{0’ x2<0; (35)

C, — BEKTOp MOCTOSIHHBIX KO3 (HULNUEHTOB, OII-
penensieMblX M3 TPAaHUYHBIX YycloBui (2.72).
Tosicanm mportecc Haxoxaernus C., .

[Tonumas ycnosus (2.52) B Buze

B,,U,(+0)+B,,U,(I-0)=0, (3.6)

u oactasisis (3.1) B (3.6), momydnm:

B, ,[(s,(+0) —£,(-D))C, 1+
+B,,[(¢,(1)~£,(-0)C,1=0

WIn Bma =0, (3.7)
rie
B, =B,,6,(+0)- B, ,&,(-0) - (3.8)

—B,,&,(-)+B, &, ().

Kak usBectHO, HeHyneBol BekTop C, ylnoBile-

TBOpSIOIUK (3.7), CyIIECTBYET TOTJa M TOJHKO
TOrJa, Koraa

det(B,.,)=0. (3.8)
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4. AJITOPUTM HAXOXKJEHUS
COBCTBEHHBIX 3HAYEHUI
U COBCTBEHHBIX ®YHKIIAM
KPAEBOMH 3ATAYHN

Hrak, MeTroamka OIpeaeIeHus COOCTBEHHBIX
3HAYEHUI ¥ COOCTBEHHBIX (PYHKIMI paccMaTpu-
BA€MOI KpaeBOM 3a/1a4l COCTOUT B CIEIYIOLIEM:
1) 3agaroTcst (C HEKOTOPBHIM TIOCTOSIHHBIM WITH
HNEPEMEHHBIM ILATOM) S, S5, S3,.0s S;,... (IPHU-

4eM, OYEBUIHO, §, <8, <§; <...<S; <...)

2) IlocnenoBatenbHo BbruMcistorcs [10-11]
d.,d,,d,,...d,..,t;e
dy=det(B,, ), k=12,3,.. 4.1)

B wunTepBanax [s,,s,,;] Ha KOHIAX KOTOPBIX

BCJIMYHHA ONPCACTIUTCIIA MCHACT 3HAK, T.C.

d,-d., <0, 4.2)

HaxXOJIUTCS COOCTBEHHOE 3HaUEHHE KpaeBoOu 3a-
Iauu.
Ecnu Bemnunna

T =St — Sk 4.3)
TaKas, 4To

T, <A,

raie A — 3aJaHHas TOYHOCTb ONPEACIEHMS, TO
COOCTBEHHOE 3HA4E€HHE Ha MHTEpBAle [§,,5,;]

MOJKET OBITh HalIeHO 1O opMyIie
~ 1
S, =5(sk +8,,) - (4.4)

B nporuBHOM ciyuae, 1.e. korna d, -d,,, <0 u
7, > A, TO A7 HaXOXKIEHHS HMCKOMOTO coOCT-

(S5 8441]
METOJT TIOJIO-

BCHHOI'O 3HA4YCHUA Ha HUHTCPBAJIC

MOXKHO TPHMEHHUTh, HarpuMmep,
BUHHOTO feneHus [9].
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3aMeTI/IM, 4YTO BaXHO BBI6I/IpaTB BCIIMYUHBL 7,

TakuM 00pa3oM, YTOOBI Ha KaKJJOM MHTEpBaje
[s,,8,,,] HaxoauIoCh He Oosiee OAHOrO COOCT-

BEHHOT'O 3HAYCHMUS.

Pasymeercs, B ciryuae
d,-d,. =0, (4.5)

MOJKHO CZI€JIaTh OYEBUHBIM BBIBOJ, YTO COOCT-

BEHHOE 3HAYCHHE KPAaeBOM 3aJlay¥l COBIATACT C
guciaoM s, w/wm s,,,. Tak, ecmu d, =0, 10
s, =s,,aecmu d,,, =0,10 5, =5,,,.

Crenyer OTMETUTh, YTO ONKMCAHHBIA aJTOPUTM
[4-5] obmamaeT cepbe3HbIM HemocTaTkoM. [leno
B TOM, YTO NPHU pPEHICHUU 3aaa4 OOJbIION pas-
MEPHOCTH MOPSAIO0K MaTpullbl B, . MOKET ObITh

3HAYUTENILHBIM, a €€ ONpPEeIUTEIb ObITh BEIU-
YUHOH BechMa HeOOJBIIOW. DTO, B CBOKO OuUe-
pelb, MOXKET MPUBECTH K TPYAHOCTSAM MPHU YUC-
JIEHHOW peain3auuu. B 3Toil CBSI3M MOXKHO
MPEIJIOKUTh ATBTEPHATUBHBIA MOAXO0/, 3aKIIO-
YaIOIIUICA B CJICAYIOIIEM:

1) 3agaroTcst (C HEKOTOPBIM TIOCTOSIHHBIM HJIH
HNEPEMEHHBIM IATOM) S, S5, S3,.ees S; ... (IPH-

4eM, OUEBHUIHO, §; <§, <83 <...<S, <...);

2) BBIUHCIAIOTCA COOCTBECHHBIC 3HAYCHHS MaT-
pul Brjsk,k:1,2,3,‘..,T.e. s Ao A gor oo Aaic-

3) Ecmm cpemu  COOCTBEHHBIX  3HAYCHHMA
Ai> Aags A s -es Aoy s AMEIOTCS HYJIEBBIE, TO S,

— HCKOMOE COOCTBEHHOE 3HAYEHHE C KpaTHO-
CTBIO, PAaBHOM YHMCIy HYJEBBIX COOCTBEHHBIX
3HAYCHUH MATPHULBI B . 3aMETUM, YTO MOUCK

HYJIEBBIX COOCTBEHHBIX 3HAYCHHUU Ha NPaKTHKe
BEIETCS ¢ HEKOTOpOW TOYHOCThIO A . MHbIMH
cioBamuy, eciu | A|< A, To A mojaraeTcs HyJle-

BBIM.

3ameuanue. UccienoBanus mTPOBOAWINCH B
pamkax HUP «IlocTtpoeHne u aHanu3 KOppEKT-
HBIX AHAJIWTHUYECKUX METOJOB W aJITOPUTMOB
pacyeta KOHCTPYKLMM PETYJSIPHOM CTPYKTY-
pb», BbimonHsiemoi no Ilmany HUP Poccuii-
CKOHM aKaJeMUHU apXUTEKTYpbl U CTPOUTENIBHBIX
Hayk (PAACH) na 2007-2009 rr. u B pamkax

, IT.A. Axumos, B.H. Cunopos, O.A. Kossipes

HUP «Pa3paboTka Teopuu M aaropuTMoB IO-
CTPOEHHUSI KOPPEKTHBIX AHAIMTUYCCKUX pella-
TeJIe MHOTOTOYEYHBIX KPAaeBbIX 3a1ad IpUMe-
HUTEIIBHO K pacyeTaM CTPOUTEIIBHBIX KOHCT-
PYKLHUI», BBIIOJHIEMOM II0 aHAJIUTHYECKON
BEJIOMCTBEHHOW I11es1ieBOM mporpamme «Pa3Bu-
THE HAy4YHOIO IIOTEHLMAja BBICIIEH IIKOJIbI
(2009-2010 roamr)» /mpoekt 6414/.
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HPUJIOXKEHUA JUCKPETHO-KOHTUHYAJIBHOI'O METOJIA

KOHEYHBLIX JIEMEHTOB JJIA OIIPEAEJTEHUA

COBCTBEHHBIX 3HAYEHNUH U COBCTBEHHBIX ®YHKIIUHA

KPAEBBIX 3AJIAY CTPOUTEJbHONU MEXAHUKHA
YACTD 2: 3AJAYA U3I'MBA IIVIMTHI

M.B. 30110m06|, II.A. Axumoe, B.H. Cuoopos, O.A. Ko3vipes

MocKoBCKuUil rocy1apcTBEHHBIN CTPOUTENbHBIN yHUBEpcUuTeT, I'. Mocksa, POCCUA

AHHOTALMSA: Hacrosimiasi ctaThsl MOCBALIEHA BOIPOCAM UCIHOIb30BaHUS JUCKPETHO-KOHTUHYAIBHOTO METO-
Jia KoHeuHbIX 3neMeHToB (JJKMKD) s onpeneneHus COOCTBCHHBIX 3HAYCHUH U COOCTBEHHBIX (DYHKIIHIA Kpae-
BBIX 3a/1a4 u3ruda mmt. O0IacTh IPUMEHEHUS B JAHHOM CIIy9ae COCTABIAIOT IUIUTHI, B KOTOPBIX MMEETCs Io-
CTOSTHCTBO (DPM3UKO-TEOMETPHUCCKUX XapPaKTEPHCTUK MO OJHOMY W3 KOOPIWHATHBIX HANPaBICHUHN (HA3bIBAEMO-
My OCHOBHBIM HAIIPaBJICHHEM) TIPU MPOH3BOJIHHO MEHSIOMINXCA BHEUTHHX HAarpy3kax U JI0OOM XapakTepe 3a-
kpermieanid. JJKMKD sSBisroTCS AUCKPETHO-KOHTHHYAJIBHBIM B TOM CMBICIIE, YTO 110 OCHOBHOMY HAIPaBJICHUIO
COXpaHseTCd KOHTHHYAJIBHBIA XapakTep 3aJaddl M, COOTBETCTBEHHO, aHAINTHYECKUI BHUJ IOJy4aeMOT0 pere-
HUS, B TO BPEeMs KaK I10 APYroMy IIPOM3BOAUTCS TUCKPETU3AIMS C UCIOIB30BAHNEM TEXHHUKH METO/1a KOHEUHBIX
3JIEMEHTOB (B UTOTE UMEEM aHCaMOJIb JUCKPETHO-KOHTHHYAIbHBIX KOHCUHBIX 3JIEMEHTOB).

KawueBble cjioBa: TUCKPETHO-KOHTHHYAJIbHBIA METOJI KOHEYHBIX DJIEMEHTOB, KpacBas 3aJ1a4a, COOCTBCHHOE
3HAa4YCHHE, COOCTBEHHAS (DYHKIIHSA, U3TUO ILIHT.

APPLICATIONS OF DISCRETE-CONTINUAL FINITE ELEMENT

METHOD FOR SOLVING EIGENVALUE PROBLEMS IN
STRUCTURAL MECHANICS
PART 2: PLATE ANALYSIS

lAlexander B. Zolotov{, Pavel A. Akimov, Viadimir N. Sidorov, Oleg A. Kozirev
Moscow State University of Civil Engineering, Moscow, RUSSIA

ABSTRACT: The distinctive paper is devoted to use of discrete-continual finite element method for solving of
eigenvalue problems of plate analysis. Operational and variational formulations are presented. The discrete-
continual design model for structures with constant physical and geometrical parameters in one direction is of-
fered on the basis of so-called discrete-continual finite elements. Element coordinate system and approximation
of nodal unknowns are under consideration. Special generalized block-structured stiffness matrix of discrete-
continual finite element are assembled. Resultant discrete-continual operational formulation is given. Effective
computing algorithms for eigenvalues and eigenvectors are presented as well. All methods and algorithms con-
sidered in the distinctive paper have been realized in software engineering.

Key words: of discrete-continual finite element method, boundary problem, eigenvalue problem,
plate analysis

BBEJIEHUE

Hacrosimiast ctatbst mpojosikaer ceputro padboT
[4-5], nocBsILIEHHBIX BOMpPOCaM MCIOJIb30BaHUS
JTUCKPETHO-KOHTUHYAJIBHOTO METOJ1a KOHEUHBIX
anemenToB (JJKMKD) nnst onpenenenus coOcTt-
BEHHBIX 3HAUYEHUH ¥ COOCTBEHHBIX (QYyHKIUI

92

KpaeBbIX 3aJa4 pacyeTa CTPOMUTENbHBIX KOHCT-
PYKLUHMH, 3JaHUM U coopyxeHui. M3moxeHue
BEJIETCA Ha MpUMeEpe 3a7aun 00 U3rude riInThl B
paMKax KJIaCCUYECKOM TeOpHUU TOHKHUX IUIHT [1-
3,13]. AHanu3 M pacyeT  HaIpSDKEHHO-
nepopmupoBanHoro coctosHus (HJC) mwr,
MOJIBEPIKEHHBIX U3TUOY, TPAJAUIMOHHO CUUTACT-



[MpunosxeHns: JUCKPETHO-KOHTHHYAILHOTO METO/1a KOHEUHBIX JIEMEHTOB JUIS ONpeeeHHs] COOCTBEHHBIX 3HAUCHUH U
COOCTBEHHBIX (DYHKITHI KpaeBBIX 33[a4 CTPOUTEIbHON MeXaHUKH. YacTp 2: 3amavya u3ruda IIuThl

Csl 3HAYUTENIBHO CJIOKHEE aHaIW3a M pEIICHU
IUIOCKHUX 3aJlad TEOPUM YIPYrocTd U, TeM 0o-
Jee, KpaeBbIX 3anad Ans omneparopa Jlaruiaca,
PacCMOTPEHHBIX, B YaCTHOCTH, B [4-5].

Ob6nactp nmpumenenust JJKMKD B nanHoM ciny-
Yyae COCTAaBJSIOT IUIUTHI, Y KOTOPBIX HMEETCs
MOCTOSIHCTBO (PU3MKO-TE€OMETPUUYECKUX Xapak-
TEPUCTUK IO OJHOMY M3 KOOpPAMHATHBIX Ha-
IIpaBJICHUH (Ha3bIBAEMOMY OCHOBHBIM HaIlpaB-
JEHUEM) MNP TPOU3BOJIBHO  MEHSIOLIUXCS
BHEIIHUX HAarpy3kax u JIOOOM Xapakrepe 3a-
KkperuieHuid. [lpennaraemplii MeTOn SBIAETCS
JTUCKPETHO-KOHTUHYAIIBHBIM B TOM CMBICTIE, UTO
10 OCHOBHOMY HaIIPaBJICHUIO COXPAHSAETCS KOH-
TUHYaNBHBIA XapakTep 3aJaddl M, COOTBETCT-
BEHHO, AHAJUTHYECKUN BHJ IOJIYy4yaeMoro pe-
IICHHsI, B TO BPeMs KaK MO OCTaJbHBIM MPOU3-
BOAMTCS JHUCKPETU3allUsi C MCIOJIb30BaHUEM
TEXHUKH METO/a KOHEYHbIX 31eMeHTOB (MKD).
B wurore wumMeem aHcaMOJb  JIUCKPETHO-
KOHTHUHYaJIbHBIX KOHEUHBIX 3JIEMEHTOB. TakuMm
o0pa3oM, IOCTPOEHHUE aJITOPUTMOB pEIICHUS
OCYIIECTBIISIETCS 32 CUET Pa3yMHOTO COYETAHUS
YHUCJIEHHBIX M AQHAJIUTUYECKUX IMOJAXO0J0B. AHa-
JUTUYHOCTH TONYyYaeMbIX MPU ITOM pELICHHH
CYILIECTBEHHO CIIOCOOCTBYET YJIyUILIEHUIO Kaye-
CTBa HCCIEJOBAaHUS pPACCMATPUBACMBIX ILIHT.
Haiinennas ¢ momonipto JIKMKD kaptuna HJIC
pa3BUBAET UHTYULIMIO pacUueTYHKa 1 TOHUMaHKe
paboThl IUIUT, XapakTepa BIHUSAHUS HA HUX pa3-
HOTO poOJia JIOKANBHBIX M TJI00ANbHBIX (haKTo-
poB. IKMKD ocobenno s¢ddexktuBeH B 30HaX
KpaeBoro 3¢dekra, Tam, Iie YaCTh COCTaBJISIO-
UIMX pEelIeHMs IPEICTaBiIsieT co00i ObICTPOU3-
MeHstomuecss (PyHKIUHA, CKOPOCTh HM3MEHEHHS
KOTOPBIX HE BCETJa MOXKET OBbITh aJIeKBAaTHO Y-
TeHa TPAAUIIMOHHBIMU YHCIEHHBIMU METOJIaMH,
HCIOJIb3YEMBIMH TIPH pacyeTax IUIUT (B TOM
YHCclie 1 METOJOM KOHEUHBIX monoc). [Ipenmy-
mectBamMu JIKMKD Takxke SBISIIOTCS TIOHMXKE-
HUE Pa3MEpHOCTU MpPH YHCIEHHOM pELIICHUH
(nByMepHast 3aja4a, 1o CyTH, CBOJUTCS K OJIHO-
MEpHOMN) U OTCYTCTBHE KaKUX-THOO oOrpaHuye-
HUM Ha JJIMHY IUIMT IO OCHOBHOMY HarpabJie-
HUIO (00BEM BBIUMCIUTENIBHONW PaboOThl B pam-
kax JIKMKD ne 3aBucut oT 3TOr0 mapametpa, B
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OTJIMYMM, Hampumep, oT cra”zaptHoro MKO
WA METO/a KOHEUHBIX I10JI0C).

1. KOHTUHYAJIBHAS IIOCTAHOBKA
3ATIAYH C BBIAEJIEHUEM
OCHOBAHHOI'O HAITPABJIEHHUSA

1.1. Hexotopble mnpeaBapurejbHble 0003HA-
YyeHUs] M HEKOTOpble Ompee/sioline COO0T-
HolIeHHsl. BeneM crenyromiyio cucreMy 0060-
3HaueHwWil: () — o0yacTh, OMUCHIBaeMas pac-
cMarpuBaeMoi rmroit; /' = 0C) — rpanuna oo-
nactu Q; x,, X, — UCIIOJIb3yEMbIE€ KOOPIAUHATHI;

u,,uU, — COCTABIIAIOIIUE IEPEMEILCHUI 10 0CAM
Ox,,0x, (puc. 1.1);

— T
n=[n, n,] — BEKTOp COCTaBIAIOLUIUX BHYT-

W — Tporud TIITUTHL

pEHHEM HOpMaiu K
V*=0!+20/0;+05 -
omeparop; 4 — TONIIMHA TUTHTHL;, V — Kod(du-
LUEHT Ilyaccona Marepuana IUIUTBI;
0,=0/0x,, k=1,2; D=ER /[120-v?)] -

HUIMHAPHUYCCKAsA KECTKOCTh IUIUTEI, ¢ — IJIOT-

TpaHHIIE;
OUTapMOHUYECKUM

HOCTb Harpy3KH.

1.2. TpagunuoHHAasi U ONEPATOPHAA MOCTAa-
HOBKH 3a7a4d 00 u3rude miuthbl. Tpaguim-
OHHasi TIOCTAaHOBKAa KpaeBOW 3aJaud pacyeTa
TUTUTHI BKJIIOYAET OMHMCAaHUE MCXOTHOM 00JacTh
(), 3aHMMaeMON TUTMTOMN, YCJIOBUN Ha TpaHUIIS
obnmactu ['=0Q ¥ yciaoBHH BHYTpH 00J1acTH,
KOTOpBIE B MPOCTEHIIEM Cly4dae OMHCHIBAIOTCS
ypaBHenueM Co¢u XKepmen — Jlarpanxa [13]

DV*w(x)=sw(x), x=(x,x,)eQ, (1.1)
rJIe S — HCKOMOE COOCTBEHHOE 3HAUCHHE.
CootBeTrcTByIOIIas oneparopHas (HOpMyIUpPOB-
Ka KpaeBoM 3ajauu, BKJIIOYAIOIIAsl BCE TPU Yac-
TH TPAAUIIMOHHOW MOCTAaHOBKHU B COTJIACOBaH-
HOM C BBIYMCIUTEIBHON TOYKHU 3PEHHS BHUIE, B
YaCTHOCTH, JJIsi €CTECTBEHHBIX KPAeBBIX YCIO-
BUU U MPU HAIUYUU YIIPYTOro OCHOBAaHUA (¢ —
KECTKOCTh OCHOBAHUS) UMEET BU/I:
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0T (M) +20,0,(6M,,) +03(M,) = —sw,

1.2
(x,,X,) € @, (12)
rie
Ml :D(751+V12)' M _D(Vll+lz)' (1 )
M, =05-D(A-v)x,;
X :_612""; X :_azw’ X =—20,0,w (1.4)

— COOTBETCTBEHHO M3rMOaonme M KpyTAIIUN
MOMEHTHI, U3MEHEHUSI KPUBU3HBI U KPYUYCHHS;
@ — pacIMpeHHasi 00JacTh, okaimisionas € ;
0 — xapakrtepuctuueckass (QyHKUMA oOJacTu

Q; 6, — nenpra-pyHKmsa rpanunpl [ =0Q,
, xeQ)
6=6(x,,x,) = {0 o 9
0, =0,(x,,x,)=00/0n. (1.6)

Cdhopmynupyem onepaTopHyro MOCTaHOBKY 3a-
naun B nepemenieHusx. Iloxcrasmss (1.4) B
(1.3) u manee momyuenHoe B (1.1), mocne mpe-
oOpa3oBaHuil Oy/ieM UMETh

— 07 [6D(0; w +VvO5w)] -

—-0,0,[6D(1-v)0,0,w]—
—03[8D(vO; W+ O5w)] =

(1.7)

—sw, (x,,x,) € .

OmnepaTop kpaeBoil 3amaun (1.7) B COOTBETCT-
BuM ¢ aHanorueit MKD MoXHO Ha3BaTh KOHTH-
HyaJIbHbIM OIEPATOPOM >KECTKOCTH KOHCTPYK-
nuu. [loctanoBka (1.7) Ha TPaKTHKE SBISETCS
OCHOBHOI, TaKk Kak HEOOXOJMMOCTb YJOBJIETBO-
peHUS] KHHEMAaTUYECKUM TPAaHUYHBIM yCIIOBUSIM,
KaK MpaBUJIO, YUUTHIBAE€TCS B Ipoliecce pelle-
HUA 331a44 Ha JUCKPETHOM YpPOBHE.

1.3. KoHTHHya/lbHasi omepaTopHasi MOCTa-
HOBKA 33[1a4M € BblJeJIeHHMEeM OCHOBHOI'0 Ha-
npasJieHHusl. BbienuM ogHO HampaBjieHUeE, Co-
OTBETCTBYIOLIEE MEPEMEHHON X,, BJIOJb KOTO-
poro (pU3MKO-reOMETPUIECKHIE XapaKTCPUCTHKU
TUTUTHI OCTAIOTCS HEM3MEHHBIMU, Ha3bIBAEMOE B
I[aJII)Hef/'IHICM OCHOBHBIM HWJIM «HPOJOJIbHBIM)).

, IT.A. Axumos, B.H. Cunopos, O.A. Kossipes

Beimonuss npeoOpa3oBaHus, MOXEM MEpeHTH
oT moctaHoBKH (1.7) kK OOBIKHOBEHHOMY AH(-
(bepeHIaTbHOMY YPaBHEHHIO YETBEPTOTO IIO0-
psaKa ¢ omepaTopHbIMH Kod(hHIIMeHTaMu, KO-
TOpoe 0e3 yueTa «IOMepPeuHbIX» KPaeBbIX yCJI0-
BUH 3aIIMCBHIBACTCS CIAEAYIOLUIMM 00pa3oM:

~ $,05w+ L,0ow+ Fyw=—sw, (x,,x,) € @,

(1.8)

rae
¢, =6D; (1.9)
=—{676Dv+20,6D(1-v)d, + Do} ]; (1.10)
¥, =—0;6D0; . (1.11)

OTmeTuM, 9TO TPUBENEHHBIE OMEpPaTOpHBIE KO-
s dULMEHTHl BKIIOYAIOT B ce0s TOIBKO Kpae-
BbI€ YCJIOBHUSI BJIOJIb OCHOBHOTO HAarpaBJICHUS.
[TocTanoBka (1.8)-(1.11) sBIseTCS MCXOMHOM C
TOYKU 3pEHHS Pa3paOOTaHHBIX aBTOPAMHU METO-
J0B. C MO3UIMHK albHEHIIEro aHaIUTHYECKOTO
pemieHust c(hOpMYITUPOBAHHYIO TaKUM 00pa3oM
3a7a4y HE0OXOIMMO CBECTH JHOO K TEPBOMY
MOPSI/IKY.

BBens o603HaueHUs

V= 1(x,x,) =w(x,x,) ; (1.12)
) =, (x,x,) =0, (x,x,) =
: , (1.13)
= y1(x;,X,) = 0,w(x,x,) = w(x,,x,);
=5 (x,x,) = 05w(x,,x,) = w'(x;,X,);
s = Va(x,x,) =0,p5(x,,x,) = (1.15)

= yy(x,,x,) = Géw(xl,xz) =w"(x,,x,).

U, paccmatpuBas ux Hapsagy ¢ (1.8), Oymem
HUMETh:

Y'=97, (1.16)
yl(xz

rie ¥(x,)=|” ()  V'(x,) = 0,7 (x,): (1.17)
y4(x2)
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Xy, Uy

XZ') u:

X3

dx,

dx,

a2 p

yOx

Puc. 1.1. TuddepeHnmanbHO MalIbIid SJIEMEHT TUTUTHI U HATIPSDKEHUST B CEUCHUSX.

0 1 0 0

~ 0 0 1 0

¥, = 0 o o 1l @1®
(S +sE) 0 'y, 0

PaccmoTpuM, Hanmpumep, ABYXTOYEUHYIO Kpae-
ByI0 3anady. [lyCTh IpaHWYHBIC YCJIOBHS 3aja-
I0TCS B ceyeHusix x, =0 u x, =/, rne [ — nm-

Ha KOHCTPYKLMHU. B cilyuae mapHUpPHBIX 3aKpe-
mwieHudt (no ocsim Ox, u Ox,) cedyeHusix x, =0

u x, =/ IrpaHUYHBIC YCJIOBUA NPCACTABUMBI B
BHUAC
B,Y (x,,0)+B,Y (x,,[)=0, (1.19)

rae B, u B, — MaTpuibl TpaHUYHBIX YCIOBUH, B
JTAaHHOM ClIy4ae

. (1.20)

SO OO
S O~ O
S O O O
— o O O
S O O O
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Wrak, 3anaya popmupyercs ciaenyromum odpa-
30M: ONPEAETUTh TaKyl0 OTIMYHYIO OT TOXJe-
CTBEHHOTO HYJIs BEKTOp-GyHKIHMIO Y (x,,X,) H
TaKo€ 3Ha4eHUe S, IPU KOTOPOM CIIPABEIUBbI
ypaBHeHue (1.16) u rpannunsie ycinosus (1.19).

1.4. Y4er ynpyronoaatjimBbixX onop (0CHoOBa-
Hue Tuna Buukiepa). [Ipu pemenun npaktu-
YEeCKUX 3a7jad HEPEJKO MMEIOT MECTO Ciyvaw,
Korja Ha obmactu O, ee rpanune I =00 uiau
UX YacTsIX 3aJaHbl yIpPyTronoJaTIUBBIE OIMOPHI,
HENpPEphIBHBIE 10 OCHOBHOMY HAIpPaBJICHHUIO.
PeaktuBHOE ycuiue R, BOZHHKAIOIIEe B OTMOPE,
OTIpeNieNsIeTCs TI0 CIeAyIonel hopmyIie:

R=cw, (1.21)
rie ¢ — ymnpyras XapakTepUCTHKa Omopsl (Ko-
3GGUIMEHT OTIOpa OMOpbl MO HAIMPABICHHIO
ocu Ox,).

Hanuuue ynpyromonaTivBbIX OMNOpP BHOCHUT
KOPPEKTUPOBKY B OIEPaTOPHYIO MOCTAaHOBKY

3a/1aun: OIepaTop f B (1.16) ompenensiercs
bopmyIoii:
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BN
[

oS O O
S O =
oS = O

. (1.22)

O = O O

% (S +c+sE) 0 4,'%,

2. JIMCKPETHO-KOHTUHYAJIbHASA
ITOCTAHOBKA 3AJJAYA

2.1. JIMCKpPEeTHO-KOHTHHYAJIbHASl ANINPOKCH-
MHUPYHOIIAS MOAeJb KOHCTPYKUMHU. Juckper-
HO-KOHTHMHYAJIbHBI  KOHEYHBIN  3JIeMEHT
(AKKD). Jlng mocTaHOBKM W PpEIIEHUs pac-
cMaTpUBaeMOil KpaeBOW 3alauM HCXOHast 00-
nactb () oxanmisieTcs pacliupeHHod o . Ilpu-
HUMAETCSl JAMCKPETHO-KOHTHHYaJIbHAsA MOJEIb
CIIEYIOIIETO TUIA: B IMOINEPEYHOM HarpabJe-
HUM KOHCTpYyKUuH (Baosib ocu Ox,) MPOU3BO-

JUTCSI CETOYHAs aIlpPOKCUMAlUs, a B MPOJOJb-
HOM (OCHOBHOM) (Baousib ocu Ox, ) — pemaercs
KOHTUHYalbHas 3a7a4a (puc. 2.1).

Obnacte @ pa3buBaeM Ha MOAOOIACTH — JHUC-
KpETHO-KOHTHHYaJbHbl€ KOHEYHbIE AJIEMEHTHI
(AKKD) o, (puc. 2.2):

2.1)

N-l
o=Jo,;
=1
@ =1{(x,,x,,x;): x; €[0,];

% e[0.0,]; x e[0,h]); &2

rac

rne /,/, — pa3mepsl MPUHATOIN CETKH 3JIEMEH-
TOB, ANMPOKCUMHUPYIONIUX IUIUTy COOTBETCT-
BEHHO MO HampasieHusM ocel Ox; u Ox,;
(x/,x,), i=1,2,...,N — KOOpAMHATHI y3]IOB
CETKU B «IIOIEPEYHOM» HAlpaBlICHUU, A, — IIa-
TU CETKU;

®; ={(x,X,,X5) 1 X, E[xliaxiﬂ]'

’ 23
Xze[oalz]; xse[o,h]}; ( )
x1i+1:xf+hi9 i:1327"'3N_1; (2.4)
i+l P
poo] X = 1<N’ i=1,2,..N. (2.5)
0, i=N

, IT.A. Axumos, B.H. Cunopos, O.A. Kossipes

OmnpeznensieM XapaKTePUCTUUYECKYIO (DYHKIIHIO
AIIEMEHTA:

I, xew,NQ
ei(x)—{()’ cew NQ (2.6)
k=04 m=0u. 2.7)

PaccMoTpuM MTpOM3BONIBHBIN i-if 2IEeMEHT MoJe-
mm (puc. 2.2). 3aMeHa NEPEMEHHBIX HUIpaeT
OONBIIYI0O POJIb TIPH YHCIEHHOM PEUICHUH
KPAeBBIX 3a/1a4 CETOYHBIMH METOAAMH, TaK Kak
B 9TOM CIIy4ae OCYILECTBIISIETCS JIOKaJbHas 3a-
MEHa NEePEMEHHBIX BHYTpHU 3nemeHta. llepexo-
MM M3 MCXOIHOW CHUCTEMBI KOOPAHMHAT B 3Jc-
MeHTHbIe (puc. 2.2): (x,,x,) = (i,t,x,). 30echb t
— JIOKallbHas KOOpJAMHATa, BBEJICHHAs IO Ha-
npasiieHnI0 ocu Ox,; u cBszanHas ¢ JJKKO:

t=(x,—x)/h; tef0,1]. 2.8)

2.2. AnnpokcuManusi HEHU3BECTHBIX (YHK-
umii. Beenem B paccMoTpenue (GyHKIMA

z,(x,x,)=0,y,(x,x,), j=12,3,4. (2.9)

B KauyecTBE OCHOBHBIX HEM3BECTHBIX B y3JIaX
NpUHUMAIOTC GYHKUME V., V,, V3, ¥, B Z,
Z,, Zy, Z,, T.€. IJI [ -TO Y3114 3TO V,, V5, Vi,
vy ¥z, zy, z5, z,. COOTBETCTBEHHO BEKTOD

HCU3BCCTHBIX UMCCT BH /.

i i i i _inqT
Zy V3 Z3 Vg Z4]

(2.10)

V) =Y/ ()=l z ¥

NN
Y =Y () =[7)" Gl () @) T
(2.11)

rac

yo=Yn)=[y 21, j=123,4. (2.12)

J
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X

X
X X7

X

-1+l

X! xt

3 O 77 i

1

1-11 MIICKPeTHO-KOHTIHHY AL HENT

KOHEUHENT SIeMeHT

Puc. 2.1. IuCKpeTHO-KOHTHHYaJIbHAsl allIPOKCUMHUPYIOIAsi MOJIENb IIUTHI.

X

KOHCUHBIH AJICMCHT

Puc. 2.2. TunoBoil 1UCKPETHO-KOHTUHYaIbHbI KOHEUHBIN 3JIEMEHT.

BCKTOp HCU3BCCTHLIX BO BCEX y3JIaX 3JICMCHTA

Y=Y =[0D" 00" @D o' T
(2.13)

TIe

Vi =yix)=[¢),)" P, j=1,2,3,4.
(2.14)

bynem nomarate, 4to nmond y,, V,, V;, ¥, 1O

«TIOTIEPEYHOMY» CEUCHHIO PaccMaTpUBAEMOTrO
JKKD anmpokcumMupyroTcsi KyOMUeCKUMM TTOJIH-
HOMamu [6-7,12]. 31ech MOXHO IMpPOBECTH Mps-
MYIO aHAJIOTUIO C (QYHKUIHMAMH (OPMBI, KOTOPBIC

Volume 5, Issue 1&2, 2009

UCNOJIB3Yr0TCs B cranzaptHoM MKD mpu pere-
HUM 33Jay, CBA3aHHBIX C IONEPEUHBIM H3rHOOM
Oaok. BBINOIHUB CX0XKyI0 IpoLEeRypy MOcTpoe-
HUS GOPMYJT aIIIPOKCUMALIUH, UMEEM:

Y :yj(xlaxz) :yj(taxz) =

— ) J J 42 J 43
=aj;, taytto;t” +a;,t, (2.15)

j=L12,3,4, (x,x,)ew;

WM WHAYEe B MATPUIHO-BEKTOPHOU hopme

1

y,=t'a”; j=12,3,4, (x,,x,) €w, (2.16)

rac
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o o
a’ =laf, af, af, a1 (2.17)

t=[1t ¢ £7. (2.18)

Belpaskenus aius QyHKuMi  z,, z,, z,, z, €CTe-

CTBEHHBIM 00pa3oM MoJy4aroTcs U3 (GopMyi
(2.15)-(2.16) mytem ux nuddepeHIIpoOBaHUS:

0
Zj(x19x2) :gyj(xnxz) =
1

10

:h_[ayj(t’xz) =

(2.19)
= i[a;’,. +2ai,t+3a],t’],

j=L12,3,4, (x,,x,) €w,.

Hrak, oueBUIHO, YTO UMEIOT MECTO CIIEAYIOIINE
COOTHOIIIEHUS:

)72 =Ca', j=1,2,3,4, (2.20)
rae C,=CC; 2.21)
1 0 0 0
~ |0 1/h 0 0
0 0 0 1/h
1 0 0 0
01 0 0
C=11 1 1 (2.23)
01 2 3
O6pamas marpuiry C, TOTy4nM:
c'=c'Chy (2.24)
1 0 0 0]
L0 1 0 0
Cl=| 5 5, 5 || @29
2 1 -2 1|
1 0 0 0]
~, |0 A 0 O
=l o0 1 o (2.26)
_0 0 0 hi_

, IT.A. Axumos, B.H. Cunopos, O.A. Kossipes

CnenoBatenbHO, OIpeIeIsieM
v, = t_TCl._l)_/;. , J=1,2,3,4, (x,x,) e o, (2.27)
WIN MHa4ye

y_j(xl’xz) = N[(Z)J_/;(xz): j:192a3a4’
(x,,x,) € w,, (2.28)
rac

Ni:Ni(t):t_TC;l:[Ni,l N[,2 N[,3 N[,4]
(2.29)

— MaTtpuna QyHKIUH (HOPMBI (KIIOTIEPEUHBIX))
o ceuennro JIKKD ¢ amemenTamu

N, (t)=1-3¢*+2¢; (2.30)
N, () =h(@-2t"+1); (2.31)

N, =3 -2¢%; (2.32)
N, ({O)=h(-1*+1). (2.33)

Martpuna (2.29), B cBOIO ouepe/p, ocie mnepe-
0003Ha4YeHHI MTpeicTaBUMa B BUJIE:

N.(t)=i"N°, tne N'=C'. (2.34)

2.3. AnnpokcuManMsi YacTHBIX MPOU3BOJA-
HbIX OT MckOMbIX GyHkuuii Ha JIKKD. BeI-
paXkeHusi JJi1 YaCTHBIX MPOU3BOJHBIX OT HEMU3-
BECTHbIX (YHKIMH IO NEPEMEHHBIM X, U X,
3aMUCHIBAIOTCS  CICIYIOIUM 00pa3oM (HHXKe
(x;,x,) € w;):

— YaCTHbIE MMPOU3BOHBIC IEPBOIO MOPSIIKA!

1 i =i
alyj('xbe)=Zj(xl>x2):h_Ni(t)yj(x2)a

1

j=12,3,4; (2.35)
az)’j (x,x,) = Ni(t)al)_/;' (x,) =N, (t)y;url (x,),
j=12,3; (2.36)

— YaCTHBIC MPOU3BOAHBIC BTOPOI'O IMOpAAKaA:
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1 " —i
h_zNi(t)yj(xZ)y

i

alzyj(xl’xZ)z j=12,3,4;

(2.37)
Zj+1(x1=x2) =

N (DY (x,),

j=12,3;
(2.38)
agyj (x,,x,) = N, (t)agy; (x,) = N, (t)y,"+2 (%),
j=12. (2.39)

alazyj(xlaxz) =0,z, (xpxz) =

| Q-
:h_Ni(t)azy, (x,)=

i l

— YaCTHBIC NPOU3BOJAHBIC TPCTHLCTO MOPAIKA:

J=1,2,3,4;

1 "
aISyj(xDXZ) e N(t) (xz

1

(2.40)
a1262)/‘/ (x,%,) = 618221 (x,%,) =
:alzjﬂ(xl’xz) =

1 " i 1 " —i
—N; (t)ﬁzyj(XZ) =—N; (t)y_/ﬂ (x,),

h h;
Jj=12,3;
(2.41)
6la§yj(x17x2):622_/('}61"}(2):
= ,+2(x15x2):
1, o (2.42)
:h_]vi(t)8 (xz) N(t)ijrZ( 2)s
j=12;
53)@(%%) N(t)as_l(xz) N(t)yj+3(x2)
j=1. (243)
rie
' d ' ' ' ' .
Ni(t):d_Ni(t):[Ni,l Ni,2 Ni,3 Ni,4]7(2'44)
dZ
N"(f)——N(l) [N, N, N5 N,
(2.45)
d3
N"(f)——N(f) [N N5 N5 NGl
(2.46)

Volume 5, Issue 1&2, 2009

[TpousBosHble OT MaTpuubl (YHKIUNA (HOpMBI
(2.29) mnaxomsarcs muddepeHIMpOBaHUEM €€
anemeHToB (2.30), T.c.

N (ty=6t(t-1); (2.47)
N.,(O)=h (-4 +31%); (2.48)
N;5(6)=6t(1-1); (2.49)
N/, (t)=ht(3t-2); (2.50)
N/ () =6(2t—1); (2.51)
N/, (t)=2h,(3t-2); (2.52)
NI(1)=6(1-21); (2.53)
NI, (t)=2h,(3t-1); (2.54)
NI =12; (2.55)
N, (t) =6h,; (2.56)

NI\ ()=-12 (2.57)
N/,(t) =6h,. (2.58)

O4YeBUIHO, 4YTO COOTBETCTBYIOIIWE Y3JIOBBIC
(GYHKIMK ONpPENeNsoTcss 1Mo GopMmyaM, sB-
JISTFOIIMMCS YaCTHBIMU citydasmi (2.35)-(2.43):
— YaCTHBIC POU3BOIHBIC MIEPBOTO MOPSIKA:

[51yj]i=Z§(x2), i=1,2,.,.N, j=1,2,3,4;
(2.59)

[0,y,1 =yu(x,), i=12,.,N, j=12,3;
(2.60)

— YaCTHBIC IMPOU3BOJHBIC BTOPOI'O IMOpAJAKaA:

[alzyj]i:
1 " —11 1 "
=5 h2 —NL Dy (x2)+h N(0)y;(x,) |,
=2, N-1, j=1,2,34
2.61)
[512)/,»]1——]\7"(0) (x,); (2.62)
1
[07y,1" == N, (D7) (x,), j=1,2,3,4;

N—l

(2.63)
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[882)/] Ziys 1=L2,.,N, j=1,2,3;

(2.64)

[0y, 1 = Vs, i=L2,.,N, j=12; (2.65)

— YaCTHBIC IPOU3BOJHBIC TPETHETO IMMOPAIKA:

[alyj]i
1 m 1 —i-1 1 WO —i
=5 h3 — N4y (xz)+h7Ni( )V (x,) ),
=2,.,.N-1; j=1,2,3,4;
(2.66)
[alyj ——N"(O) (xz); (2.67)
1 m —_ .
[07y,1" = 5 NL T (xy), j=1,2,3,4
N-1
(2.68)
[alzazyj] =
1 1 " —i-1 1 ” —i
:E ENH(I)J’_,H(xz)"‘hl N (O)y,+1(x2)
=2,.,.N-1, j=1,2,3;
(2.69)
|-
[8 82)/]] = N(O)yﬁl(xz); (2.70)
1 " _N- .
[alzazyj]N K —— Ny 1(1))/]]\;11(352), J=12,3;
N-1
(2.71)
[0, 85),]]’ j+2, i=1,2,.,N, j=1,2;(2.72)
[03y /_]":yﬁ}, i=1,2,.,N, j=1.(2.73)

2.4. AnnpoxkcumManus M3rnd0armMX MOMEH-
TOB, MONEPEYHBIX CHJI, KPYTSAIIUX MOMEHTOB
U NpHUBeJeHHbIX nonepevynbix cui Ha JIKKI.
Boipaxenuss [uis n3ruOaronMx MOMEHTOB Ha
aneMeHTte mnocie onpenenenus (2.35)-(2.43) na
OCHOBE U3BECTHBIX COOTHOLIEHUH UMEIOT BUJL:

M, (x,,x,) = _D[ﬁlzyl(xl’xz) +Va§)’1(x1>x2)] =
= _D[af% (o, %,) + w5 (X, X,)];
(2.74)
D[Valyl(xl’xz)+6§yl(xl’x2)] =
= D[Valyl(xloxz) + ;3 (x,,x,)]-
(2.75)

M,(x,,x,) =

100

, IT.A. Axumos, B.H. Cunopos, O.A. Kossipes

HOHGpC‘IHBIC CWJIbl, B CBOIO OUYCpPCIAb, BbLIYUC-
JS0TCS o (popmyIiam:

O (x,x,) = _D[afyl (%1,%,) + ala§y1 (x;,x,)] =
= _D[a?yl (xp,%,) + 23 (X, X,)];
(2.76)
-D[0, alyl(x19x2)+ a;yl(xlﬁx2)] =
= D[alyz(xlaxz)+y4(x1’x2)]-
(2.77)

O,(x),x,) =

KpyTsmuit MOMEHT onpeienseTcs: BeIpaKeHUeM

H(x,,x,)=M,(x,,x,) =M, (x,x,) =

=-D(1-v)0,0,y,(x;,x,)=(2.78)
=-D(1-v)0,y,(x,x,).
HpI/IBe,Z[eHHBIe HOHepe‘IHBIe CHJIbI, 4YaCTO HC-

[I0JIb3YEMBIE IIPU 3aJaHUU T'PAHUYHBIX YCIOBUH,
UMEIOT BUJ:

Vi(x,x,) =
= D[81y1(x1axz)+(2 V)0, azyl(xlaxz)]=
= _D[alyl (x1,%,) +(2=Vv)z5(x;, x,)];

(2.79)
Vy(x,x,) =

=-D[(2-Vv)0, alyl(xl’xz)-i_a;yl(xhxz)]:
=-D[(2- V)alyz(xlaxz)+y4(x1’xz)]-
(2.80)

Cornacno (2.74)-(2.78) BHyTpeHHUE yCWUIUS B
y3J1ax HaXoAsATCs 1Mo hopMyIam:

M, ==-D([0}y,] +w}); (2.81)
Mz, =-D(V[0{y] +y3); (2.82)
0, =—D([0/»] +23); (2.83)
Qz,i Z_D([alazy1]i +yf1); (284)
H =M,,,=M,,;, =-D(- V)Z; . (2.85)

2.5. IMocTpoenne marpun xkecrkoctu JKKI.
B cootBerctBum ¢ [1-3] umeer Mecto ciemyro-
iee COOTBETCTBHE MEXKAY KOHTHHYaJIbHBIMH
oneparopamu, MNpCcACTABICHHBIMHA BBIIIC, U HUX
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TIJIUTBI

JTUCKPETHO-KOHTUHYAJIbHBIMUA ~ aHAJoraMud Ha 420 210 140 105
npousBoibHOM JIKKD: jttTdt 11210 140 105 84 |
. 420] 140 105 84 70 |’
7,=0D = K. =6,Dh (N°) { | ttTdt}No 1058470 60
0 0 60 90
(2.86) twr 110 0 30 60 |
9, = 626D +20,8D(1 )3, + 6DV’ ] !’(’ V=510 0 20 45|
= K,=K,, +K,,+K,5; 0 0 15 36
(2.87) 00 0 0
9, =-0°0D8> +6c = K =K. +K.,, jt-,,t-rdt:L 00 00
(2.88) 60 30 20 15 |’
| 90 60 45 36
i 9DV 0 77 0
rie K}, =———"=L(N}) {j dt}v,- ;(2.89) 0 0 0 0
h 0 [ - 110 30 30 30
It'(t')rdtz— ;
1 0 0 0 O
1 P 0 0 0 O
K;z:zeD(l YD () D t)Tdt}Nio; [rr@yra= 0 0 5 3
h 0 ' 00 3 6
(2.91)
o 0 Poopr= 0’ 9 ;. 2.92) Hcnonb3ys nocienaue GopMyJibl, OTYIUM:
8t o’
i . 156 22h 54 13,
K., = h " dt}N,. @9 gpn | 2on 4 13 -3 |
. Y420 54 13h, 156 —22h, |
Kq, = c;h(N}) {j tt dt}N?; (2.94) —13h,  —3h? =22k 4K’
0 (2.95)
~36  -3h 36 -3
D. v v, — 3Ha4eHUs LINHIPUIECKON KECTKOCTH ,~ 0Dy, | -33h —4k 3h R
Ha JIKKD; ¢, — 3HayeHne koadduimenTa, xapak- 217 30, 36 3h, -36 3
TEPU3YIOIIEr0 JKECTKOCTh OCHOBAHMS ISl 3a/1aH- -3h, B 33 -4k
Horo JIKKD. (2.96)
Takum 00pa3oM, 3ajmaya MOCTPOCHHS MATpPHIL 36 3 -36 3%
K., K) u K, 10 CyTH, CBOJMTCS K BBIYHCIIE- . 0Da-v)| 3 4hizl 3 - h;z .
HHIO HHTETPAJIOB L) -36 -3n 36 =3h )
] 1 ] ] 3 K =3h 4K
j idt; j fE" dt; j it jz"(f’)fdz, (2.97)
0 0 0 0
TO €CTh
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-36 -33 36 -3h |
i ODv,| —3h —4n 3k no|
7730, | 36 3k, -36 33, |
~3h, B 3h  —4h |
(2.98)
6 3h, -6 3h,
; 0D, 3h  2h -3k o
K()l_2 hi3 -6 _3hi 6 _3hi 5
3h, K =3h 2k
(2.99)
156 22k, 54 —13h,
i Och| 22h 4R} 13h, -3k
027 490 54 13n, 156  —22h
—13h, —3n’ -22h,  4h} |
(2.100)

®opmynsl (2.95)-(2.100) yno6HO mpeacTaBUTH
B MYJIbTUIUIMKaTUBHOM BHJE (BEpPXHHUU HMHICKC
T o0o3HauyaeT oOmNepalui0 TPaHCIIOHUPOBAHUS
MaTpHUILIbI):

ki=%Ph g n. @0
420
; HDIVZ
K, = 30 H. A, H,, (2.102)
; ODlvl
Kys = on H,A4,,H,; (2.103)
K;z :MHHZIZ,}H[; (2104)
. D,
Ky, —29h “UH A Hyy o (2.105)
i elclhl
K, = 20 H.A),H,;  (2.106)
rac
156 22 54 -13
2 4 13 -3
A=ha=l 5413 156 -2 P10
13 -3 -22 4
102
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[ -36 -3 36 -3
-33 -4 3 1
4, 36 3 -36 3 > (2.108)
. -3 1 33 -4 |
[ -36 -33 36 -3
o | =3 -4 3 1|
da=hi=l 36 3 36 332109
| -3 1 3 -4 |
6 3 -6 3
3 2 =3 1
A, ¢ 3 c -3 : (2.110)
3 1 -3 2
1 0 0 0
0 h, 0 0
H, = 0 0 | 0 . (2.111)
0 0 0 h

2.6. ®opmupoBaHue 1100aJIbHBIX MATPHUIl H
HX COOTBETCTBHE KOHTHHYAJIbHBIM ONEpPaTo-
pam. ®opmupoBaHUE TIIOOATBHBIX  MATPHII
K,,K, n K, 2N-MepHOro nopsjka ajis CUCTe-

Mbl JIKKD nnst Bcell KOHCTPYKLUMH OCYIIECTB-
JSE€TCS AHAJIOTUYHO CTaHIAAPTHOM METOJIUKE
dbopMupoBaHUs TI00ATBLHONW MaTPHUIIBI KECTKO-
CTU (METOJl «KOHEYHBIX BKJIAJOB» — CYMMHPO-
BaHUEe ¢ HakorueHueMm [6-7,12]). Kontunyans-
HbIC ONEPaTOPhl, MPEICTABICHHBIC paHee, M
MaTpPHUIIBI COMTOCTABIIEHBI TAK:

% =>K,; ¥ =>K,; % =K,; (2.112)

o E 0 0

~ 0 0 E 0

L=K= o o o gl@ID
1

2.7. 3ananue rpaHMYHBbIX ycJaoBuil. CtaTuye-
CKHE TpaHUYHbIE YCIOBUSA Uil paccMarpu-
BaeMOIl KOHCTPYKILIMU YYHUTHIBAIOTCS B BEKTOpPE
y3JI0BbIX Harpy3ok. Jlnsg pemenuss 3anayu
JOJIKHBI OBITH MPHUHSTHI BO BHUMaHUE KHHEMa-
TUYECKHE TPAaHUYHbBIC YCIIOBHUS.

[lyctp xé’,k, k=1,2,...,n, —KoopauHATBl TIpa-

HUYHBIX TIONEPEYHBIX CEYECHUH KOHCTPYKLUH
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[punoxeHus: TUCKPETHO-KOHTHHYAIBHOTO METO/Ia KOHEUHbBIX 3JIEMEHTOB ISl OMPE/Ie/ICHNs] COOCTBEHHBIX 3HAYCHUI U
COOCTBEHHBIX (DYHKITHI KPaeBBIX 33[1a4 CTPOUTEIEHON MeXaHUKH. YacTh 2: 3amava u3ruda IInThl

Puc. 2.3. IIpumep pacnonokeHus KOOPJAUHAT TPAHUYHBIX TONEPEYHBIX CEUCHUH.

(puc. 2.3). 'pannuHbie yCIOBHUSI B HHUX 3aITUCHI-
BAIOTCS B BUJIC:

B.Y,(x3, = 0)+ BY, (x;, +0) = g+,
k=2,3,..,n,-1;
B B (2.114)
BY,(x, -0)+B,Y,(x;, +0)=8  +g, ,
(2.115)
rae B, ,B, — MaTpHIbl IPaHUYHBIX YCIOBHIA,

8N-Tro nopsiika; g, ,g,
k=2,3,..,n,-1; g',g, 3agaHHble 8 N-

KBaApPaTHLIC

MEpHBIE BEKTOPHI IPaBBbIX YaCTEH TI'PaHUYHBIX
YCIJIOBHIA;

Y, =Y,(x,)=[(.)" 3., G G T,
(2.116)

rIe

Vi =V, ) =[ ) o) DT
j=12,3,4
(2.117)

— ry00anbHble BEKTOP-(QYHKINHU Y3JIO0BBIX HEU3-
BECTHBIX.

2.8. 3ajaHne HEKOTOPBIX CTAHAAPTHBIX TH-
OB TPAHMYHBIX YCJOBMil IOMEPEeYHBIX MO
OTHOIIEHHWI) K OCHOBHOMY HAaIpPaBJIeHHIO.
PaccmoTpuM 3amaHne HEKOTOPBIX CTaHAAPTHBIX

Volume 5, Issue 1&2, 2009

TUIOB TPAaHUYHBIX YCJIOBHH MOMNEPEYHBIX MO OT-
HOIIEHUIO K OCHOBHOMY HAllpaBJIEHHIO B (opMe
(2.114)-(2.115) B npou3BOIBLHON T'PAaHUYHON TOY-
K& ¢ KOOPIMHATOH x,,. CTpOro roBops, 34ech

BO3MOYKHBI TPY OCHOBHBIX BapHaHTa TPaHUYHOM
Toukn: 1) 0<x), </, — mpoMeKyTOUHas Tpa-

HUYHAs TOUKa; 2) x,, =x), =0 — kpaiinss ye-
Bas TpaHWYHAs TOYKa; 3) X, = X5 w =1

KpaifHss npaBas rpaHMYHasi TOUKa.
Kecmkas 3adenxa. VimeeM mapy KOHTHHYajlb-
HBIX TPaHUYHBIX YCIOBUIL:

yl(xlﬂxg,k) =0, J’2(x1’x§,k) =0,
x,€[0,/,]. (2.118)
Ilycrs BHavane umeeM ciydait 0 < x;,, </,. Ha

JMCKPETHO-KOHTUHYaJIbHOM YpPOBHE YCIIOBHUSIM
(2.118) oTrBeuaroT ycinoBus Buaa

yf(x;’,k—O):yf(x;,k+0):0, i=1,2,...N;
(2.119)
z)(xy, —0)=z{(x), +0)=0, i=1,2,..,N;
(2.120)
yi(xy, —0)=yy(x;, +0)=0, i=1,2,..,N;
(2.121)
zy (x5, —0)=z5(x;, +0)=0, i=1,2,..,N.
(2.122)
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3ameruM, 4to ycioBus (2.119) u (2.120) coot-
BETCTBYIOT MepBOMY ycioBuio u3 (2.118), a yc-
noBus (2.121) u (2.122) — Bropomy u3 (2.118).

31ech HA TAHHOM TMPHUMEPE IMOJIE3HO MOSCHUTH
CBSI3b MEXJIY KOHTUHYAIBbHBIMH U JUCKPETHO-
KOHTHHYaJIbHBIMU ycJIOBUsIMU. [lepBbie 3ana-
I0TCSA TIO0 «IOTIEPEYHOMY» (IO OTHOIICHHIO K
MEePEMEHHON X, ) CEUYCHMIO ITUINTHI HETPEPHIBHO
(x, €[0,/,]), Torna xak BTOpbIE TUCKPETHO B

KOHEYHOM Habope TOYEK
((x},x,), i=1,2,...,N). B oT0ii CBA3HU, HATIPH-
Mep, JUIs BBIIOJIHEHUS 1epBoro ycioBus (2.118)
Majio moTpedoBarh paBeHcTBa (2.119), koTopoe
O3HAayaeT JHIIb PAaBEHCTBO HYJIO COOTBETCT-
Bylolie QyHkiuu B y3nax. s TOXIECTBEH-
HOT'O HETIPEPHIBHOTO PABEHCTBA (DYHKIMU HYIIIO
10 BCEMY CEUEHUIO, OYEBUIHO, CIEAYET J0NOJI-
HUTEJIBHO TOJIOKUTh €€ MEPBYI0 MPOU3BOIHYIO
10 X, TAKXKE HYJIEBOM B 3TUX XK€ CaMbIX y3/ax.

B nanpHelimem Oynem mojb30BaThCs 3TUM Ipa-
BUJIOM U Npu (OPMYJIMPOBKE APYIMX I'paHHUY-
HBIX YCJIOBUH.

Hus cnydas xé”k = xé”l =0 yacThb ycioBUiH ecTe-

CTBEHHBIM 00pa3oM mcue3aeT u BMecTo (2.88)-
(2.119)-(2.122) momy4aem:

Y, +0)=0, i=1,2,.,N; (2.123)
z) (x5, +0)=0, i=1,2,.., N; (2.124)
yi(xy, +0)=0, i=1,2,..,N; (2.125)
Zi(x2, +0)=0, i=1,2,..,N, (2.126)

TOrJa Kak mpu x, , = x. ., =1, Oynem umers:

yi(x5,=0)=0, i=1,2,..,N; (2.127)
z) (x5, —0)=0, i=1,2,..,N; (2.128)
yi(xy, —0)=0, i=1,2,..,N; (2.129)
z(x2, —0)=0, i=1,2,..,N. (2.130)

3anucaB rpaHuuHble ycioBus B Buue (2.119)-
(2.130), mepeitaem Tenepb K BOMPOCY HX Mpe-
ctaBienus B popme (2.114)-(2.115). Anroputm
dopmupoBanust Matpull B, U B mpencraBieH

B Tabnunax 2.1 u 2.2 cooTBeTCTBEHHO. BeKTOpHI
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2,8, k=23,.,n,~1, g’ n g, sanaorcs

HYJICBBIMHU, T.C.

gk_:O’ g;:o, k:2,3,...,nk—1;
g =0; g, =0. (2.131)

Hlapnupnoe 3axkpennenue. ViMeeM KOHTHHYAJIb-
HbIE TPAaHUYHBIE YCIOBUS:

yl(xlﬂxg,k)zo’ y3(xl’x§,k):07
x €[0,/,]. (2.132)

COOTBETCTBYIOIINE JUCKPETHO-KOHTUHYAIbHBIC
FpaHUYHBIC YCJIOBUA 3alMCBIBAIOTCA CJICOYIO-
UM 00pazoM:

— BapuaHT | rpannyHON Touku (0 < xé’,k <l,)

Y (x5, —0)=y/(x;, +0)=0, i=1,2,..,N;

(2.133)
7 (x5, —0)=z{(x;, +0)=0, i=1,2,...,N;
(2.134)
yé(xf,k -0)= yé(x;k +0)=0, i=1,2,..,N;
(2.135)
Zi(x), —0)=25(x5, +0)=0, i=1,2,..,N;
(2.136)

— BapUaHT 2 TPaH4HOM TOUKH (x5, = x5, =0)

Y, +0)=0, i=1,2,..,N; (2.137)
7} (x5, +0)=0, i=1,2,..,N; (2.138)
yi(x5, +0)=0, i=1,2,..,N; (2.139)
zy(xs, +0)=0, i=1,2,...,N; (2.140)

— BAPHAHT 3 TPAHUYHOM TOUKH ( Xy, = X;, =1,)

y(x5, —0)=0, i=1,2,..,N; (2.141)
7 (x5, —0)=0, i=1,2,..,N; (2.142)
yi(xy, —0)=0, i=1,2,.,N; (2.143)
zy(x;, —0)=0, i=1,2,.,N. (2.144)

['pannunbie ycnoBus (2.133)-(2.144) moxem
nepenucath B (opme (2.114)-(2.115). Aunro-
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[MpunosxeHns: JUCKPETHO-KOHTHHYAILHOTO METO/1a KOHEUHBIX JIEMEHTOB JUIS ONpeeeHHs] COOCTBEHHBIX 3HAUCHUH U
COOCTBEHHBIX (DYHKITHI KpaeBBIX 33[a4 CTPOUTEIbHON MeXaHUKH. YacTp 2: 3amavya u3ruda IIuThl

Tabnuua 2.1. AIroput™ 3amoyHeHHs MAaTPULBl B, TpH 3aJaHUU JKECTKOH 3a/Ie/IKH B TPAaHUYHOM

TOUKE (BapUAHThI TPAHUYHOM TOUKH 1, 2).

Ne Homepa 3HaueHue OKBUBaJICHTHOE
n/m 3aMOTHAEMBIX AJIeMEHTa yCJIOBHE
3JIEMEHTOB MaTpHII MaTpUIbI
1 (,2i-1), i=1,2,..,N 1 y(x5,+0)=0, i=1,2,..,N
2 (N+i,20), i=1,2,..,N 1 2/ (x5, +0)=0, i=1,2,..N
3 2N +i,2N+2i-1), i=1,2,..,N 1 yi(xt, +0)=0, i=1,2,..,N
4 BN +i,2N+2i), i=1,2,...N 1 Z;(x§k+0):o, i=1,2,..,N

- + >
[pumeyanus: 1. Ilpu Bapuante 3 rpaHndHON Touku Martpuna B, 3agaercs HyseBoil. 2. Bee aie-

+
MCHTBI MaTpuI| Bk , HC YKAa3aHHBIC B Ta6J'II/II_[e, PaBHBI HYJIIO.

Tabmuua 2.2. ANropuT™ 3arnojHEHUs] MaTpUulbl B, TpH 3aJlaHUU >KECTKOH 3a/eJIKU B T'PAHUYHOU

TOYKE (BapUaHThl IPAaHUYHOM TOUKH 1, 3).

No Homepa 3HayeHue OKBUBAJICHTHOE
H/ II 3aI10JIHACMBIX 2JICMECHTOB DJIEMEHTAa YCJIOBUC

MaTpHII MaTpPHIIbI
1 (4N +i,2i-1), i=1,2,..,.N 1 yli(xg,k—O):O, i=1,2,.,N
2 (5N +i,2i), i=1,2,..,N 1 Zj (x5, -0)=0, i=1,2,..,N
3 (6N +i,2N+2i-1), i=1,2,..,.N 1 y;‘(xgk_o):(), i=1,2,..,N
4 (TN +i,2N+2i), i=1,2,..,.N 1 Z(xs, —0)=0, i=1,2,...,.N

ITpumeuanus: 1. Ilpu BapuanTe 2 rpaHU4HOI TOUKM MaTpulia B, 3anaercs HyleBou. 2. Bee ane-

MEHTBI MaTpUll B, , HE yKa3aHHbIE B Ta0JHILIE, PABHbI HYJIIO.

Tabuuia 2.3. ATropuT™ 3alOHEHUs. MaTPULBl B, TpH 3a1aHUM JKECTKOU 3aeNIKH B IPAHUYHOM

TOUYKE (BapHAHTHI TPAHUYHON TOUKH 1, 2).

No Howmepa 3HayeHue OKBUBAJICHTHOE
H/ I 3aII0JIHACMBIX 3JICMCHTOB 3JICMCHTA YyCJIOBUC

MaTpull MaTpUuIbI
1 (,2i-1), i=1,2,..,N 1 yi(x5,+0)=0, i=1,2,..,N
2 (N+i,20), i=1,2,....N 1 z/(x;, +0)=0, i=1,2,..,N
3 (2N +i,4N+2i—-1), i=1,2,...N 1 yixt, +0)=0, i=1,2,...N
4 (BN +i,4N +2i), i=1,2,..,N 1 Z(x, +0)=0, i=1,2,.,N

ITpumeuanusi: 1. Ilpu BapuaHTe 3 rpaHUYHON TOYKM MaTpuua B, 3agaercs HyjeBoil. 2. Bee ane-

MEHTBI MaTpHI[ B, , He yKa3aHHbIC B TAOIHIIE, PABHBI HYIIIO.
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Tabauna 2.4. AMropuT™ 3amodHEHHUs] MATPULBl B, TpPH 3aJaHUH KECTKOW 3aJeNKU B TPaHUYHOU

TOYKE (BapyaHThl TPAHUYHON TOUYKH 1, 3).

No Howmepa 3HaueHue DKBUBAJICHTHOE

l'[/ II 3aIlI0JIHACMBIX 3JICMCHTAa yCJIOBUC
OJICMCHTOB MATPUI] MaTpUIbI

1 (4N +i,2i-1), i=1,2,..,.N 1 yf(xf,k—0)=0a i=1,2,...N

2 (BN +1i,2i), i=1,2,..,N 1 Zlf(x;k_o):o, i=1,2,...N

3 (6N+i,4N+2i—-1), i=1,2,..,.N 1 y;’(x;k_o)z(), i=1,2,..N

4 (7N +i,AN+2i), i=1,2,..,.N 1 Z;‘(x;k_o):(), i=1,2,...N

ITpumeuanus: 1. Ilpu BapuanTe 2 rpaHu4HOI TOUKM MaTpulia B, 3anaercs HyleBou. 2. Bee ane-

MEHTBI MAaTpULl B, , HE yKa3aHHbIE B Ta0JHLIE, PABHbI HYJIIO.

put™ QopmupoBaHus Matpur B, u B, mpex-
cTaBJieH B Tabiauuax 2.3 u 2.4.
Bekropel g,,8;, k=2,3,..,n, -1, g' u g,

3a7al0TCsl HYJIEBBIMH, T.€. OINpEAeISIoTcs (op-
Mmyuoit (2.131).

Ce0000nwiil Kpati. VimeeM KOHTHHYaJllbHBIE I'pa-
HUYHBIC yCIIOBUS:

Mz(xl’xg,k):()i Vz(xl’xg,k)zo’
x, €[0,/,] (2.145)

uu ¢ yuetom (2.74)-(2.80)

- D[Vafyl (xlaxé),k) + J’3(x1’x§,k)] =0,

x, €[0,/,]. (2.146)
—D[alzyz(xlaxg,k)+(2—V)J’3(x1,x§,k)]ZO,
x, €[0,/,]. (2.147)

COOTBETCTBYIOIIME TUCKPETHO-KOHTHHYAJIbHBIC
TpaHUYHBIC YCJIOBUS 3alMCBIBAKOTCA CJIICAYIO-
M 00pazoMm:

— BapuaHT | rpannyHoON ToukH (0 < x;k <l,)

—D(V[0; », ] (x5, = 0)+ 3 (x5, —0)] =
= _D[V[alz% I (Xg,k +0)+y; (xg,k +0)]=0,
i=1,2,...,N;
(2.148)
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- D(V[afyl ]i (xg,k -0)+ Z; (x;k -0)]=
= =D[V[3] 1, ]'(x;, +0)+ 23 (x5, +0)] =0,
i=1,2,..,N;
(2.149)
—D([0}y,] (xy, —0) + y3(xy, —0)]=
=-D[2-)[0;y,] (x4 +0) + ¥5(x5, +0)]=0,
i=1,2,...,.N;
(2.150)
—D([0}y,]' (x5, —=0)+z3(x5, —0)] =
= =D - V)01 (x5, +0)+ 24 (x5, +0)] = 0;
i=1,2,...,N;
(2.151)

— BapuaHT 2 rpaHuYHOl Toukm (x5, = x5, =0)

= DIV[O; 1,1 (x5, +0) + 3 (xy, +0)]=0,

2.152

i=1,2,..., ;( )

_D[V[alsyl]i(x;k +0) + Z; (xg,k + 0)] = Oa (2153)

i=1,2,..,N;

=D[(2=)[0;»,] (x3, +0) + y3(x3, +0)] =0,
i=1,2,...,N;

(2.154)
= D[(2=v)[0,y,] (x5 +0) + z3(x;, +0)] =0,

i=1,2,..,N.
(2.155)

— BapuaHT 3 TpaHUYHOU TOUKH (xé’ P = xf ny = l,)
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[MpunosxeHns: JUCKPETHO-KOHTHHYAILHOTO METO/1a KOHEUHBIX JIEMEHTOB JUIS ONpeeeHHs] COOCTBEHHBIX 3HAUCHUH U
COOCTBEHHBIX (DYHKITHI KpaeBBIX 33[a4 CTPOUTEIbHON MeXaHUKH. YacTp 2: 3amavya u3ruda IIuThl

Tabnuua 2.5. AIropuT™ 3amoyHeHHsT MAaTPULBl B, TpH 3aJaHUU JKECTKOH 3a/Ie/IKH B TPAaHUYHOM

TOUYKE (BapUaHThl TPAHUYHON TOUKH 1, 2).

Ne Homepa 3HaueHue dIEMEHTA OKBUBa-
/T 3aII0JHSIEMBIX JJIEMEHTOB MaTpPHULbI JICHTHOE
MAaTPHI] yCJIOBUE
1 2 3 4
1 (11 L
_DVh_le,l(O)
1
2 (1,2) |
- 2 NI,Z(O)
hy (2.148),
3 (1,3) 1 i=1
_Dvh_z 15(0)
1
4 (1,4) .,
- 2 1,4(0)
1
5 (L4N +1) -D
6 ,2i=3), i=2,3,..,N-1
(h2073), 1223, _lDV l — N0,
2 i— 1
7 i,2i-2), i=2,3,...,N—1 1 1 N
—EDvh2 N,
8 (i,2i-1), i=2,3,..,N-1 1 1, 1,
—=Dv| =N ;()+—5N;,(0) (2.148),
2 h”, h, .
! i i=23,...,
9 @i,2i), i=2,3,..,N-1 1 1 1 N—1
—EDV[EN[IA(I)‘F}Z—ZN
10 ,2i+1), i=2,3,..,N-1
(l’ l )) l b b b _lDV_ZN" (0)
2 h;
11 ,2i+2), i=2,3,...,N-1
(l’ l )3 l b b 2 —lDV—zN” (0)
2 h;
12 | (LAN+2i-1), i=2,3,.,N -1 -D
13 (N,2N-3) 1
-Dv——Nj ()
N-I
14 (N,2N-2) 1 "
—-Dv B Nle(l)
N-1
15 (N,2N-1) " (2.148),
—Dv—=—Ny,;(1) i=N
N-1
16 (N,2N) "
-Dv——Ny,,(D)
N-I
17 (N,6N-1) -D
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1 2 3 4
18 (N+1,1) |
—DV—3N1’1(O)
hl
19 (N+1,2) | R
—-Dv— le(O)
h; (2.149),
20 (N+1,3) | R i=1
—DV—SN]J(O)
hl
21 (N +1,4) L m
—Dv—NY,(0)
hl
22 (N+1,4N +2) -D
23 (N+i,2i-3), i=2,3,..,N-1 1 | R
——Dv——Nj 11(1)
2 hl—l
24 N+i,2i-2), i=2,3,..,N—-1
( +l’ l )9 l b b b —lDV 1 Nlrlllz(l)
2 hl—l
25 (N+1i,2i-1), L N—1 1 1 N N
—=Dv| 5N 13(1)+ N1 (0) (2.149),
2 h, .
- i=23,...,
26 (N+1i,2i), i=2,3,...N—1 1 1 ., " N-=1
5 Dv| =N ,(D+ N 2(0)
2 hl 1 1
27 N+i,2i+1), i=2,3,.,N-1
( l’ l )9 l 2 2 b _lDV_,jN’” (0)
2 h;
28 N+i,2i+2), i=2,3,..,N-1
( +1, 21+ )a 1 9Dy eeey _lDV_3Nm3(0)
2 h;
29 (N+1i,4N +2i—1), -D
i=2,3,.,N-1
30 (2N,2N -3) 1 "
-Dv——Ny.,,(D
N-1
31 (2N,2N-2) "
—-Dv 3 NN—I,Z(I)
N-1 (2.149),
i=N
32 (2N,2N-1) 1 "
—-Dv 3 NN 13(1)
N-1
33 (2N,2N) 1 N"
-Dv——Ny_,,(1)
hN 1
34 (2N,6N) -D
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1 2 3 4
35 (2N +1,2N +1) 1,
=D2-v); 5N} (0)
1
36 ON+2,2N+2
(@N+2,2N+2) D2 -v)L N (0)
hy (2.150),
37 (2N +1,2N +3) 1, i=1
_D(Z_V)Fle(O)
1
38 (2N +1,2N +4) 1,
—D(2—V)h—2N1,4(0)
1
39 (2N +1,6N +1) -D
40 (2N +i,2N +2i-3), 1 1,
i=2,3,.,N-1 _ED(z_V)r:Ni—l,l(l)
41 (2N +i,2N +2i—2), 1 1,
i=2,3,.,N-1 ~5P@ Vo)
42 (2N +i,2N +2i—1), ) 1 ;
i=2,3,..,N-1 _ED(Z_V) h_zNi'Ll,a(l)"‘EN&(O)
i ,. (2.150),
43 (2N +i,2N +2i), 1 1 1 i=23,..,
i=2,3,...N-1 —ED(Z—V) ZNLA(D_'_h_iZMTZ(O) N_1
44 (2N +i,2N +2i+1), 1 1
i=2,3,.,N-1 —50(2—V)gN,-,3(0)
45 (2N +i,2N +2i +2), 1 .
i=2,3,.,N-1 —5P2-v)o N0
46 (2N +i,6N +2i—1), D
i=2,3,.,N—-1
47 (3N,2N -3) |-
_D(z_v)hz_NN—l,l(l)
N-1
48 3N,2N -2
BN, 2N=2) - DR-V)— N, ()
Iy (2.150),
i=N
49 (3N,2N —1) T
_D(2_V)h2_NN—1,3(1)
N-1
50 (3N, 2N) 1
_D(z_v)hz_NN—1,4(1)
N-1
51 (3N,8N —1) -D
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1 2 3 4
52 BN +1,2N +1)
-D(2- V) NH(O)
1
53 3N+1,2N +2
(Gl 2N2) - D@-v) N (0)
h, (2.151),
54 (BN +1,2N +3) 1. i=1
_D(Z_V)FNm(O)
1
55 (BN +1,2N +4) 1
—D(2—V)FNL4(O)
1
56 (BN +1,6N +2) D
57 (BN +1,2N +2i-3), 1 "
i=2.3,.,N-I -5 Pe- )h31N " (@)
58 (3N +i,2N +2i-2), 1
i=2,3,.,N-1 —5D@- V)hTNllz(l)
59 (3N +i,2N +2i—1), ) ]
i=2,3,..,N-1 _ED(Z V) —- h3 13(l)+h N (0)
il , (2.151),
60 (3N+i, 2N+2l), 1 i=23,...,
i=2,3,..,N-1 __D(2 V) 11 ‘71,4(1)+h_i3N:2(0) N-1
61 (3N +i,2N +2i +1), 1 1.,
i=2,3,.,N-1 —5 PENL0)
62 (3N +1,2N +2i+2), 1 1.
i=2,3,...N-1 —5 DR=v)2s N5 (0)
63 (BN +i,6N +2i), -D
i=23,..,N-1
64 (4N, 6N -3) 1,
-D2-v)—5—Ny,,(D
hN—l
65 (4N, 6N -2) 1,
—D(2—V) 3 le(l)
iy (2.151),
i=N
66 (4N,6N —1) -
_D(z_v)3_NN—l,3(1)
hN—l
67 (4N, 6N) T,
-D(2- V)3_NN71,4 )
hN—l
68 (4N, 8N) -D

[Mpumeuanue: 1. ITpu BapuaHTte 3 rpaHUYHON TOUKK Matpuia B, 3ajaercs HyJeBoil. 2. Bee aneMeHTh

MaTpull B He yKazaHHbIC B TAOJIHIIE PABHBI HYJTIO.
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Tabmuna 2.6. AnropuT™ 3anojHEHUs] MaTpUllbl B, TpH 3aJlaHUU >KECTKOH 3a/leJIKU B T'PAHUYHON

TOYKE (BapHAHTHI IPAaHUYHON TOUKH 1, 3).

Ne Howmepa 3HaueHue dIEeMEHTA OKBUBa-
n/n 3aM0JIHIEMBIX 3JIEMEHTOB MaTpHULIbI JIEHTHOE
MaTpUI yCJIOBHE
1 2 3 4
1 (4N +1,1) ..,
_D"h_le,l(O)
1
2 4N +1,2
( 9 ) _DV%NIICZ (O)
hy (2.148),
3 (4N +1,3) ., i=1
—DVh—sz(O)
1
4 (4N +1,4) | R
_Dvh_leA(O)
1
5 (4N +1,4N +1) -D
6 4N +1,2i-3), i=2,3,..,N—-1
( P, 1= _lDV l — N0,
2 i— 1
7 (4N +i,2i-2), i=2,3,..,N-1 1 1
_EDVhZ i 12(1)
8 (4N +i,2i-1), i=2,3,..,N-1 1 1, 1,
—=Dv| =N ;()+—5 N/, (0) (2.148),
2\, by i=23
9 (4N +1,2i), i=2,3,.,N—1 1 : 1 Nol
_EDVLh_zNiIA(l)—l—_zNi,Z(O)
i-1 1
10 4N +1,2i+1), i=2,3,..,N—-1
( l’ l )9 l b b b _lDV_ZN" (0)
2 h;
11 4N +1,2i+2), i=2,3,.,N-1
( 1,21 )7 l 9Dy ey —lDV—zN”3(O)
2 h;
12 (4N +i,4N +2i-1), -D
i=2,3,.,N-1
13 (5N,2N -3) |
—Dv 2 NN 11(1)
N-1
14 (5N,2N =2) |
-Dv——Ny_,(1)
N-1
15 (5N,2N -1) r ., (2.148),
—Dv——Ny_ (1) i= N
N-1
16 (5N,2N) r .,
-Dv 2 NN14(1)
N-1
17 (5N,6N -1) -D
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1 2 3 4
18 (BN +1,1) | R
—DV—3N1’1(O)
hl
19 (5N +1,2) | B
-Dv 3 le(O)
hy (2.149),
20 (5N +1,3) | i=1
—DV—SN]J(O)
hl
21 (5N +1,4) |
—DV—3N1,4(0)
hl
22 (O5N+1,4N+2) -D
23 (5N +i,2i-3), i=2,3,..,N—-1 1 1 ”
——Dv— 3 N, 11(1)
2 hl—l
24 (5N +i,2i-2), i=2,3,..,N-1 1 1 "
-—Dv—- 3 Nz 12(1)
2 hl—l
25 (BN +i,2i-1), i 3., N-1 1 1 N N
—=Dv| N 13(1)+ N71(0) (2.149),
2 h, .
i=23,...,
26 (5N +1i,2i), i=2,3,..,.N—-1 1 1 N—1
——Dv 3 N 14(1) N 2(0)
2 hl 1 1
27 SN+i,2i+1), i=2,3,..,.N-1
( l’ l )) l 2 2 b _lDV_,jN’” (0)
2 h;
28 SN+1i,2i+2), i=2,3,...,N—-1
( +l, l+ )’ l bl b 2 _lDV_3NIN3(0)
2 h;
29 (5N +i,4N +2i-1), -D
i=2,3,..,N-1
30 (6N,2N -3) 1 ”
-Dv——Ny,,(D
N-1
31 (6N,2N-2) ”
-Dv— NN—I,Z(I)
N-1 (2.149),
i=N
32 (6N,2N —-1) 1 po
—-Dv 3 NN 13(1)
N-1
33 (6N,2N) 1 N
-Dv——Ny_,,(1)
hN 1
34 (6N,6N) -D
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1 2 3 4
35 (6N +1,2N +1) T
—D(2—V)ﬁN1,1(0)
1
36 6N+2,2N+2
(ON+2,2N+2) D2 -v)L N (0)
hy (2.150),
37 (6N +1,2N +3) 1, i=1
_D(Z_V)Fle(O)
1
38 (2N +1,2N +4) 1.,
—D(2—V)h—2N1,4(0)
1
39 (6N +1,6N +1) -D
40 (6N +i,2N +2i-3), 1 1 ..,
i=2,3,.,N-1 _ED(z_V)ENi—I,l(l)
41 (6N +i,2N +2i-2), 1 1,
i=2,3,.,N-1 ~3 PR NA. D)
42 (6N +i,2N +2i—1), ) ) 1
i=2,3,..,N-1 _ED(Z_V) h_zNi'Ll,a(l)"‘EN&(O)
i ,. (2.150),
43 (6N+i, 2N+2l), 1 1 1 i=23,...,
i=2,3,...,N—1 __D(Z_V) _ZN:'—14(1)+_2]V1”2(O) N-1
2 hi—l hi
44 (6N +i,2N +2i+1), 1 1
i=2,3,.,N-1 —50(2—V)gN,-,3(0)
45 (6N +1,2N +2i +2), 1 1
i=2.3,..N-1 —5P2-v)o N0
46 (6N +i,6N +2i—1), -D
i=2,3,.,N-1
47 (7N, 2N -3) |-
_D(z_v)hz_NN—l,l(l)
N-1
48 7N,2N -2
(TN, 2N =2) - D@-V) 1N}, ()
Iy (2.150),
i=N
49 (7N,2N -1) 1,
_D(2_V)h2_NN—1,3(1)
N-1
50 (7N,2N) 1
_D(z_v)hz_NN—1,4(1)
N-1
51 (7N, 8N —1) -D
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1 2 3 4
52 TN+1,2N +1
( ) -D(2- V) Nu(o)
1
53 (7N +1,2N +2) D) Nm
h, (2.151),
54 (TN +1,2N +3) . i=1
_D(Z_V)FNm(O)
1
55 (TN +1,2N +4) .
—D(2—V)FNL4(O)
1
56 (7N +1,6N +2) -D
57 (TN +i,2N +2i-3), 1
i=2,3,.,N-I -5 Pe- )h31N " (@)
58 (TN +i,2N+2i-2), 1
i=2,3,.,N-1 —5D@- V)hTNl (D)
59 (TN +i,2N +2i—1), ) ]
i=2,3,..,N-1 _ED(Z V| - h3 13(1)+h N/ (0)
i ’ (2.151),
60 (7N+i,2N+2i), 1 i=23,..,
i=2,3,..,N-1 __D(2 V) ‘71,4(1)"'_3]\[:2(0) N—_1
zl 7
61 (TN +i,2N +2i+1), 1 |-
i=2,3,.,N-1 —5 PENL0)
62 (TN +i,2N +2i+2), 1 T
i=2,3,..N-1 —5 DR=v)2s N5 (0)
63 (7N +1i,6N +2i), - D
i=2,3,..,N-1
64 (8N, 6N —3) T
—D(2—V)h3—NN_1,] @
N-1
65 8N,6N -2
BN-oN=2 D)V )
Ry (2.151),
i=N
66 (8N, 6N_1) 1 "
_D(z_v)h3_NN—l,3(1)
N-1
67 (8N,6N) 1w
-D(2- V)hg,_NNflA )
N-1
68 (8N,8N) -D

ITpumeuanus: 1. Ilpu BapuanTe 2 rpaHu4HOI TOUKM MaTpulia B, 3anaercs HyleBou. 2. Bee aie-
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=DV}, T (x5, —0)+ 5 (x5, —0)]=0

> (2.156

i=1,2,...,N; ( )

_D[V[afy] ]i(xg,k _0)+Z§(x?,k _10)]=0: (2157)

l: b 9 ;
- D[(2 _V)[alz%]i(xs,k -0)+ )’; (xf,k -0)]=0,
i=1,2,...,N;

(2.158)
~D[2-W)[0)y,] (x7, —0)+ 25 (x;, —~0)] =0,
i=1,2,...,N.

(2.159)

Ilocne 3amucu IpaHUYHBIX YCJIOBUM B BUIE
(2.148)-(2.159) mnepenucbiBaeM uX B ¢opme
(2.114)-(2.115).  Anroput™m  (opMupoBaHUS
MaTpull B, ©W B[, y4uTHIBAIOIIUX IMPHBEICH-

HbIC paHee COOTHOIICHUS, MPEJCTAaBICH B Tal-
mnax 2.5 u 2.6.

Bekroper g,,8;, k=2,3,...,n, -1, g/ u g,
3a[1al0TCs HYJIEBBIMU, T.€. OMpPENestoTcs Gop-
myoi (2.131). Jlanee mist KOMIAKTHOCTH MPH-
BOAMMBIX (hOPMYI ¥ MIPOCTOTHI U3IIOKEHUS pac-
cmorpuMm citydad D, =D; v, =v, i=1,2,..,N.

2.9. ®opmupoBaHue paspeliaoeid MHOIro-
TOYe4yHoil KpaeBoii 3apaun. CornacHo (2.81)-
(2.82), KOHTUHYaJIBHON TTOCTAHOBKE COOTBETCT-
BYeT JAMCKPETHO-KOHTHUHYAJIbHAsI B BHUJIE CHUCTe-
MBI OOBIKHOBEHHBIX AH((epeHInanbHbIX ypas-
HEHU

Y'=KY,, (2.160)
rac
0 E 0 0
~ 0 0 E 0
.= 0 0 0 E ;(2.161)
K'(K,+sK;,) 0 K,'K, 0
Y/(x,) =8, (x,); (2.162)

K, — marpuna, ¢opmupyemas Mo alrOpHTMy
HOCTPOCHUS MaTpulbl K, , IpU4eM Ha JTare ee
dbopmupoBanus s

BCECX AUCKPCTHO-
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KOHTHHYaJIbHBIX KOHEUYHBIX 3JIEMEHTOB 3aJaeT-
ciD=0mnc =0.

VuuteiBas (2.160) w rpaHWUYHBIC YCIOBHS
(2.114)-(2.115) nepexonum B pamkax JJKMKD
MHOTOTOYEYHON KpaeBO# 3ajade (C mapamer-
poM s ) g cucteMbl 8N ypaBHEHMIA:

Y/=KY,
B.Y,(x3, —0)+BY,(x;, +0) =g, +&/,
k=2,3,..,n, -1
Bl_z(x;l _0)+Br-1:7n(x§,nk +0)=g/ +§n—k
(2.163)

OTOT 3Tan Npou3BOAUTCA MO pa3pabOTaHHON Me-
TOJIMKE, KOTOpasi moaApoOHo onucana B [1-3].

2.10. Yuer rpaHMYHBIX YCJOBHH BJ0JIb OC-
HOBHOI'0 HAaNpaBJeHHsA. 3alaHHe HEKOTOPbIX
CTAHJAPTHBIX THUIIOB TI'PAHUYHBIX YCJIOBHH
BJ10/JIb OCHOBHOI'0 HampasJieHus. PaccMoTpes
paHee aJrOpUTM 3aJaHKsl TPAaHUYHBIX YCIIOBHUH,
MIONIEPEYHBIX 10 OTHOUIEHUIO K OCHOBHOMY Ha-
IIPABJICHUIO, ONUUIEM TENEPh BOIPOCHl yyeTa
IPAaHUYHBIX YCJIOBHMM BJIOJIb OCHOBHOI'O HaIpaB-
JEHUS C MO3ULUN YyKa3aHHUs KOPPEKTHUPOBOK,
KOTOpBIE BHOCSTCSI B IOCTaHOBKY (2.160). Onu-
caHMs OyJieM BECTH Ha NMpHUMEpbl MPOCTEHIINX
THIIOBBIX CIIy4acB: JKECTKas 3aJeJKa, IIapHHUp-
HO€ 3aKperuieHne U cBOOOmHBIA kpaid. Ilyctsb
JUISL  ONPENEICHHOCTH T'pPaHUYHbIC YCIOBHS
BJIOJIb OCHOBHOT'O HAIpPAaBJICHUS 3aJal0TCS 10
«TIPOJIONIBHBIMY) CEYEHHAM IUIMTBI X, =X, U

X, = X;', OKa3aHHBIM Ha puc. 2.4. YcioBuMmcs

JUIST OOJIBIIIEN KOMITAKTHOCTH JAJIBHEHIIETO W3-
JIOKEHUS ONMMCHIBATh 3aJaHHE TPAHUYHBIX YC-
JIOBUH TOJIBKO B CECUEHUU X, = xll, IS CeYeHHUS

x, =X, 3aJaHH€ OCYIIECTBIAETCS aHATIOTHYHO.

Cs0600mbiti kpaii. IMeeM KOHTHHYyaJIbHbIE T'pa-
1

HUYHBIC YCIOBUS U X, = X,

Ml(xll,xz):O, Ql('xll’xZ):O’

x,€[0,,]. (2.164)
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h

Puc. 2.4. 3ananue rpaHUYHBIX YCIOBUM BIOJIb OCHOBHOTO HAaIlpaBJICHUSI.

JIaHHBII TUI TPAHWYHBIX YCIOBHHM BIOJb OC-
HOBHOI'O HANpAaBJICHUS ABIISIETCS] IPOCTEUILIUM C
TOYKH 3PEHMsI yueTa, a UMEHHO, HUKAKHX MO-
nudukanuidi B MOocTaHOBKY (2.163) BHOCUTH He
TpeOyeTcs, Takue TPAaHUYHBIC YCJIOBHS BJOJb
OCHOBHOTO HalpaBlIeHUsT OyAyT YYTEHBI aBTO-
MaTHYECKHU.

Ulapnupnoe  3axpennenue. KOHTHUHYyaJIbHbIE
IpPaHUYHBIC YCIOBUS AJISl CEYCHHS X, = xll , oue-

BHUOHO, 3allMCBIBAIOTCA B BUJC:

J’1(x11ax2):()’ alzyl(xllrxz):():

x,€[0,,]. (2.165)
Btopoe u3 ycioBwuit (2.165) Oyner BBINOJHEHO
aBTOMAaTHYECKH U He TpeOyer ydera B (2.163).
Uro kacaercst mepBoro ycinoBus B (2.165), To
3/1eCh CIIElyeT HCIOJb30BaTh BMecTo (2.163)
CJIETyIONIYIO TOCTAHOBKY:

/=K7Y,
B.Y,(x, —0)+BY,(x;, +0)=g; +g,
k=2,3,..,n, -1
Bl_?n(xg,l _0)+B;k7n(x§,nk +0) =g/ +§n;
(2.166)

rae y — marpuna 8N -ro nopsiika, JeMEHThI KO-
TOpPOH OIpeseNstoTCs Mo hopMyIie

116

X =6, =8 iy j=1,2,.., 4N . (2.127)

Kpome Toro, m3 cooOpakeHUi COBMECTHOCTH
HEU3BECTHBIX, MPHU 3aJlaHUU TPAHUYHBIX YCIO-
BUI B CEUCHMS IONEPEYHBIX MO OTHOLICHHUIO K
OCHOBHOMY HAIIPaBJICHUIO CJIEIYET IOJIOKUThH
IEpEMEIIEHUE y3/1a 1 U ero Npou3BOIHYIO IO
INEPEMEHHON X, paBHBIMH HYJIO, T.€. (HUXKE

y;(xz))

1o.b .
»(x)=0, k=1,2,...n,;
1 b
Vo(x3,)=0, k=1,2,..,n,. (2.168)
JKecmkas 3adenxa. JIns ceUeHMs X, = X, MUMEEM
napy KOHTHHYaJIbHBIX TPAaHUYHBIX YCIIOBUIL:

yll(xg,k)zoa le(xg’k)=0, x,€[0,7,].
(2.169)

371ech, Kak U B Cllydae IMIApHUPHOTO 3aKperie-
HUS, TTOCTaHOBKY (2.163) cnemyer moauduiu-
poBaTh, mpeactaBuB B Bujae (2.166), mpu sTomM
AIIEMEHTHI MATPHUIl ) HEOOXOAUMO BBIUHUC-

JSTh 110 hopMyJie

2 =0, =8, =8, i, j=1,2,..,4N . (2.170)

3ameuyanue. lccnenoBaHus HPOBOAWINCH B
pamkax HUP «IlocTtpoeHne u aHanu3 KOppEKT-
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HPUJIOXKEHUA JUCKPETHO-KOHTUHYAJIBHOI'O METOJIA
KOHEYHBLIX JIEMEHTOB JJIA OIIPEAEJTEHUA
COBCTBEHHBIX 3HAYEHNUH U COBCTBEHHBIX ®YHKIIUHA
KPAEBBIX 3AJIAY CTPOUTEJbHONU MEXAHUKHA
YACTD 3: TPEXMEPHASA 3AJIAYA TEOPUHU YIIPYT'OCTHU

M.B. 30110m03|, II.A. Axumoe, B.H. Cuoopos, O.A. Ko3vipes

MocKoBCKuUil rocy1apcTBEHHBIN CTPOUTENbHBIN yHUBEpcUuTeT, I'. Mocksa, POCCUA

AHHOTALMSA: Hacrosimiasi ctaThsl MOCBALIEHA BOIPOCAM UCIHOIb30BaHUS JUCKPETHO-KOHTUHYAIBHOTO METO-
Jia KoHeuHbIX 3neMeHToB (JJKMKD) s onpeneneHus COOCTBCHHBIX 3HAYCHUH U COOCTBEHHBIX (DYHKIIHIA Kpae-
BBIX 33/1a4 pacdera CTPOUTEIHHBIX KOHCTPYKIHH (B paMKax TPEXMEpHOH Teopuu ympyroctu). O0macTs mpume-
Heansa JJKMKD coctaBisioT 00BEKTHI, B KOTOPBIX HMEETCSI MOCTOSTHCTBO (DPU3UKO-TEOMETPHIECKUX XapaKTepH-
CTHK TIO0 OJHOMY M3 KOOPIMHATHBIX HAIpaBICHUH (Ha3pIBAEMOMY OCHOBHBIM HAIIPABIICHUEM) TIPU MIPOU3BOIBHO
MEHSIOIINXCS BHEIIHUX Harpy3kax W Jro0oM xapakrepe 3akpemieHnid. JIKMKD sBusrorcs AuCKpeTHO-
KOHTHHYaJIBHBIM B TOM CMBICJIE, YTO [0 OCHOBHOMY HAIIPaBJICHHIO COXPaHAETCS KOHTHHYAIBHBIH XapakTep 3a-
JIa9d ¥, COOTBETCTBEHHO, aHAIMTHYECKUH BH]I MTOIYyYaeMOT0 PEIIeHHs, B TO BpeMs KaK MO OCTaIbHBIM IIPOU3BO-
JIUTCSl TUCKPETU3alusl C MCIOJIb30BAHUEM TEXHUKH METOJIa KOHEUHBIX 3JIEMEHTOB (B MTOTe UMEEM aHcaMOJib
JIMCKPETHO-KOHTUHYATbHBIX KOHEUHBIX 3JIEMEHTOB).

Kiio4ueBble c10Ba: TMCKPETHO-KOHTHHYAIBHBII METO/I KOHEUHBIX 3JIEMEHTOB, KpaeBas 3a7a4a, COOCTBEHHOE
3Ha4YeHHe, COOCTBEHHAs! QYHKIMS, TPEXMEpHas TEOPUs YIIPYTOCTH.

APPLICATIONS OF DISCRETE-CONTINUAL FINITE ELEMENT
METHOD FOR SOLVING EIGENVALUE PROBLEMS IN
STRUCTURAL MECHANICS
PART 3: THREE-DIMENSIONAL ELASTIC THEORY

lAlexander B. Zolotov{, Pavel A. Akimov, Viadimir N. Sidorov, Oleg A. Kozirev
Moscow State University of Civil Engineering, Moscow, RUSSIA

ABSTRACT: The distinctive paper is devoted to use of discrete-continual finite element method for solving of
eigenvalue problems of three-dimensional elastic theory. Operational formulation of the problem is presented.
The discrete-continual design model for structures with constant physical and geometrical parameters in one di-
rection is offered on the basis of so-called discrete-continual finite elements. Element coordinate system and ap-
proximation of nodal unknowns are under consideration. Special generalized block-structured stiffness matrix of
discrete-continual finite element are assembled. Resultant discrete-continual operational formulation is given.
Effective computing algorithms for eigenvalues and eigenvectors are presented as well. All methods and algo-
rithms considered in the distinctive paper have been realized in software engineering.

Key words: of discrete-continual finite element method, boundary problem, eigenvalue problem,
three-dimensional elastic theory

BBEJIEHUE COOCTBEHHBIX (DYHKIIMI KpaeBbIX 3aJad pacuera
CTPOUTENBHBIX KOHCTpYKUui [4-5]. B nanHOM

Hacrosmmass cTaTtbs NpoaoipKaeT CEpuro padoT, ciydyae H3JI0XKEHUE BENETCS A TPEXMEpPHOU

MOCBSAIICHHBIX  MCIIOJB30BAaHUIO  JUCKPETHO-  TEOpUH yHpyroctu [6].

KOHTHUHYaJIbHOTO METO/JAa KOHEUHBIX 3JIEMEHTOB

JUI ONpeeNeHUs COOCTBEHHBIX 3HAUYEHUH U
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1. KOHTUHYAJIBHASA IOCTAHOBKA
3AJTIAYH C BBIIEJIEHUEM
OCHOBAHHOI'O HAITPABJIEHUSA

1.1. Hexotopble mpeaBapurtesibHble 0003Ha-
YeHHMSI M HEKOTOpPbIe Ompeesiioime CooT-
HoueHus. Benem cienyromnryio cucremy 000-
3HaueHui: () — oOjacTh, omMchIBaeMmas pac-
CMaTpUBaeMOl KOHCTpPYKUHMEH (CM., HalpuMep,
puc. 1.1); I'=0Q — rpanuma obmactu (;

— T
X=[x, x, x;] — BEKTOp KOOPAMHAT TOYKH;

— T
u=[u, u, u;] — BEKTOP COCTaBIIAIOLIUX IIE-

pememenuit; 7=[n, n, n,]' — BekTOp CO-
CTaBSIIOIIMX  HOPMalM K  IOBEPXHOCTY;
F=[F F, F,]' — Bektop COCTaBISIOIIHUX

HAarpy3oK, JeHCTBYIONIMX BHYTPHM OONacTH;
f=0f f, f»]' — BekTOp COCTaBJIAIOMKX

Harpy30K, IeUCTBYIONINX Ha rpaHulle 00JacTH.
KOMIIOHeHTBI TeH30pa HAalpPsDKEHUH &, Ompee-

JSH0TCs POPMYIIaMu:

g;=0u; &, =05-Ou;+0u,),

i=1,2,3; j=1,2,3, i#j. (l.1)

@opMyIIbl AJ11 KOMIIOHEHT TEH30pa HAPSKECHUI

O-[j:

i=1,2,3; j=1,2,3, (1.2)
(1.3)

o, =0, e +2ue,,
rae E;,=8&,+&p +E43;

A W g — COOTBETCTBYIOIIHE KOIPPHUINECHTHI
Jlame; 6, — cumBon KpoHekepa.

1.2. KoHTHHya/IbHasi omepaTopHasi IOCTa-
HOBKA 32/1a44 C BbleJIeHHeM OCHOBHOIO Ha-
npasJjienus. Ilycte Qusuko-reomerpuueckue
XapaKTEPUCTUKU KOHCTPYKLHHU 10 NEPEMEHHON
X, (OCHOBHOE HampaBICHHE) MOCTOSHHBI. To-
r7a, B COOTBETCTBUU C [1-3] ennHOe ypaBHEHHE
OIIEpaTOPHON MOCTAHOBKY 3a/1a4 OIPEIEIICHUS
COOCTBEHHBIX 3HAYEHUH M COOCTBEHHBIX (DYHK-
U UMEET BUL:

Volume 5, Issue 1&2, 2009

~ 9%+ 9 0+, a=su, (1.3)
rae Gy =Y =0y Tp==F; (14
Zz 0 0 ]
.=l 0 m 0 |5 (15
0 0 A+24 |
0 0 0,4
.=l 0 0 8,4, (16
o om0 |
) 1 00
9, =>0.10,0 1 0+
= 00 1
0,10, 0,m0, 0
+|ojmo, o,mo, O+ (1.7
0 0 0
040, 0,10, 0
+| 0510, 0,40, O}
0 0 0
A=04; u=0u; (1.8)
0,=-0,, i=1,2,3; (1.9)
_ L (x,,x)€Q
9—9(x1,x2)—{0’ (5%, %) & O (1.10)
o6
o, =—; 1.11
r=> (1.11)
0=0(x,,x,,x;) — XapakTepucTudyeckas (yHK-

s obnactu Q; 6, =0,(x,x,,x;) — AeIbTa-
Gynkuust rpanuuel [ =0Q; u =u(x,,x,,X;) —
HUCKOMasi COOCTBEHHAst BEKTOp-(QYHKIHS; § —

HCKOMOE COOCTBEHHOE 3HAUECHHE.
BBoas 0003HaueHme

= _ T _
V—[Vl V2 V3] - ; _ _ (112)
=[0,u, Ou, Ou,] =0,u=u,
nepenuceiBaeMm (1.3) B Buze
— PV + L V+ G, T =50, (1.13)
rae v =0,. (1.14)
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X2¥

Puc. 1.1. [Ipumep paccMatpuBaemMoil TpEXMEPHON KOHCTPYKIHUU.

O6wemunss (1.12) u (1.13), noayunm (amxe E —
TOKIECTBEHHBIN OIepaTop):

u'=v
_ (1.15)
Sﬂv +P V+P U =50

uv “u M

nim

u'=v
1.16
{ —fwﬂverf( ( )

—-s Eu,

“uu

Cucrema (1.16) B MaTpuuHOM BHJI€ TIPEICTaBU-
Ma CIlIe1yIoIIKUM 00pazoMm:

U=9U, (1.17)
~ 0 E
riae yfs—{ 79 —sE) W@J, (1.18)
| u(x,x,,x5) |
U U(x1>x2:x3 _|:V(x1,xz,x3 :|’ (119)
=0,U (1.20)

PaccMoTpuM, HanmpuMmep, JBYXTOYCUHYIO Kpae-
ByI0 3amady. [lycTh rpaHWYHBIC YCIOBUS 3a]a-
I0TCS B cedeHusix x, =0 u x, =/, rne [ — -
Ha KOHCTPYKIMH. B cilydae mpoCThIX 3aKperuie-
HHUI 1O OCSIM X, U X, (paBEHCTBA HYJIO COOT-

120

BCTCTBYIOIIUX KOMIIOHCHTOB nepeMemeHI/Iﬁ)
rpaHUYHbIC YCJIOBUA TPCACTABUMbBI B BUIC

BU (x,,0)+BU (x,,[)=0,  (1.21)

rae B, u B, — MaTpULbl TPAHUYHBIX YCIOBHUH, B

JaHHOM CJIy4dac

.(1.22)

(=
S O O O
—_ o O O
S O O O
S O O O

Wrak, 3amaua GopMupyeTcs CleayroImuM oopa-
30M: OINPEACIUTh TAKyI0 OTIIMYHYIO OT TOXKIe-
CTBCHHOI'O HYJIS BEKTOP-(PYHKIIHIO
U (x,,x,,x;) 1 Takoe 3HA4E€HUE S, NPH KOTO-

poMm crpaBeanuBsl ypaBHenue (1.17) u rpanuy-
Hble ycnmoBus (1.21).

1.3. Y4er ynpyronogat/jiuBbIX onop (0CHOBa-
HHe TUnNa BuHK/Jepa mo AByM HamnpaBJ/ieHM-
saM). [Ipy pemeHun npakTHYECKUX 3a1ad He-
PElKO UMEIOT MECTO Clly4yaH, KOorja Ha o01acTu
Q, ee rpanune /' =0C) WU UX YACTIX 3a/1aHbl
YIPYTONOJATJIMBBIE ONOPBI, HENPEPBIBHBIC 110
OCHOBHOMY HaIIpaBJICHHUIO.
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Bektop R peakTUBHBIX YCHINM, BOSHUKAIOLIUX
B Omopc, UMCCT BUA!

R=[R R, R =Cu, (1.23)
rie C =diag{c,,c,,c;}; (1.24)
u=[u u, u 1" (1.25)

C — maTpula ynpyrux XapakTEPUCTHUK OTOPHI,
U — BEKTOp IepeMelLIeHuil onopsl; ¢; — K03¢-
(UIIMEHT OTIOpa OMOPHI MO HAIMPABJICHUIO OCH
Ox. .

1
Hanuuue ynpyromoaaTiuBbIX OMOP BHOCHUT
KOPPEKTHUPOBKY B ONEpPAaTOPHYIO IIOCTAHOBKY

3a/la4: oIepaTop ﬁ B (1.17) ompenensercs
crenyroiei GopMmynoi:
~ E
¥, = . 0 e
* T NS, +C-sE) %9,

“uy

](M@

2. JMCKPETHO-KOHTUHYAJIbHAS
INIOCTAHOBKA 3AJIAYA

2.1. JIncKpeTHO-KOHTHHYAJIbHASI ANNPOKCH-
MHUPYHOIIAs MOAe/Jb KOHCTPYKUMHU. Jluckper-
HO-KOHTHMHYAJIbHBII  KOHEYHBbI  3JIeMeHT
(AKK?J). Jlns mOCTaHOBKM M PEIICHUs pac-
CMaTpUBaeMOlN KpaeBOHW 3aJaud HMCXOJHas 00-
nacte () okaimisiercs pacuupeHHod o . [lpu-
HHUMAETCSl JAMCKPETHO-KOHTHHYaJbHAs MOJEIb
CJIIENYIOLIEr0 THUIIA: B IIONEPEYHOM Halpaslie-
HUM KOHCTpyKuuHu (Bmosb oced Ox; u Ox,)
MIPOU3BOJUTCSL CETOYHAs AIIIPOKCUMAalHs, a B
npoxonsHOM (ocHOBHOM) (Bois ocu Ox;) —

peliaercs KOHTUHYyalbHas 3a1a4a (puc. 2.1).
Obnacte @ pa3duBaeM Ha MOAOOJIACTH — JUC-
KPETHO-KOHTHHYaJIbHbIE KOHEUYHBIE HJIEMEHTBI
(AKKD2) @, (puc. 2.2).

(2.1)

o={(x,x,,X%;): (x,x,)€S8,; x5 €[0,/]},(2.2)
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a)?/ :{(x15x2>x3): (XI’XZ)ESIZ; x3 E[O’ l]}’ (23)

S

Ho ceTkoi U ij-m JIKKD B nonepeynom Harpas-
JEHUM KOHCTPYKLMH; /[ — JJIMHA NOCIEIHEH B
IpOJOJIbHOM (OCHOBHOM) HampasieHuu; N,, N,

S” — 06nacTy, ONUCAHHBIE COOTBETCTBEH-

[

— NPUHATOE KOJIMYECTBO Y3JIOB IO Hampablie-
umo oceir Ox, u Ox,; (xV,x7.x)), h', WY,
i=1,.,N,; j=1,..,N, — COOTBETCTBEHHO KO-
OpAUHATHI Y3JIOB U aru cetku; N =N, -N,;

X =l h] Y = 2.4)
i=1,.,N, -1 j=1,. N,
=XV, X =Xl +hd, 2.5)
i=1,.,N, L j=1,.,N, -1

B i+lj_ ij . N
pi=d% T XL ESN y N 2.6
1 0,i=N, J .5 (2.6)
. ij+l_ ij .
pi=l% T J<N N )

0, j=N, ’

OmnpeznensieM XapaKTePUCTUYECKYIO (HYHKIIHIO
JJIEMEHTa U CETOYHblE (YHKLUHU, XapaKTepu-
3yIOILUE CBOMCTBA MaTepraia KOHCTPYKIIMHU:

0 (x)= I, xew;NQ 2.8)
AN xgw;NQ; ’
Ay =00 ;=01 (2.9)

PaccMoTpuM  Kakoi-mubO TMPOM3BONBHBIN  ij-i
aneMmeHT mojaenu (puc. 2.2). Ilepexomum u3 uc-
XOAHOM CHUCTEMBl KOOpPAMHAT B JJIEMEHTHBIE
(puc. 2.3): (x,,x,,x;) = (i,t,,t,,x;). BBenem B
IPOU3BOJILHOM IIONEPEYHOM CEUYEHUM JIaHHOTO
3JIEMEHTA JIOKAIBHYIO cucreMy koopauHat Of, u
Ot, (puc. 2.3), npu stom ¢, €[0,1]; ¢, €[0,1].
Buytpu xaxnoro JKKD mpoussenem noxais-
HYIO NEpEeHyMEepalMio y3j10B, B YAaCTHOCTH, IS
ij-TO DJIEMEHTAa: Lji=L1LL i+1,j=2,1;
Lj+1=12;i+1,j+1=272.
Janee 3amsArtas B 0003HaYeHUM HOMepa y3iia ceT-
k1 Oyzer omyckarbes, Haripumep 1 1 Bmecro 1,1.

3aMeTHM, YTO
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X
Puc. 2.1. CxeMa quckperusaiy KOHCTPYKIIUH.
X3

0 -
X
JUCKPETHO-KOHTHUHY ATbHBIN

KOHEYHBIN 31€MEHT (1) i

S ®
X2 ¥

Puc. 2.2. TunoBoi AMCKPETHO-KOHTUHYAJIbHBIM KOHEUHBIN 3JIEMEHT.

Jns 3a7aHHOTO TMOMNEPEYHOTrO CEYEHUSI KOHCT-
PYKIIMM BEKTOPbl KOOPJAMWHAT IPOU3BOJIbHOMN
touku JIKKD B ameMeHTHOM U UCXOMHOM cHCTe-
Max UMEIOT BU/I:

t=[t, t,1; x=[x x 1. (2.10)

1 2 > 1 2 : :

dopmyrna peodpazoBaHUsT KOOPIAMHAT 3aIHCHI-
BaeTCs CIEAYIOIMUM 00pa3oMm:

¥=%'+{,AX +L,AX +t,A X, (2.11)

122

— =21 =11, —_—12 -1,
Ax=Xx-X,; AXx=Xx-X,;

ApXx=X"-%"-AX. (2.12)

rIe

3nech X, £? — BEKTOpHI KOOPAMHAT y31a 3Jie-
MEHTa B UCXOAHOM U DJIIEMEHTHOW CUCTEMaxX KO-
OpJIMHAT COOTBETCTBEHHO, i=1,2,..,N;;
j=1L2,.,N,; p=12;g=12.

B pesynbrare 3aMeHbl NepeMEHHBIX, BbIYHCIIE-
HHE IPOU3BOJAHBIX IO HEPEMEHHBIM X, U X,
MPOU3BOIUTCS coryacHo ¢opmynam auddde-
PEHITMPOBAHUS CIIOKHON (PYHKITHH
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[IpunoxeHns AUCKPETHO-KOHTHHYATHFHOTO METOIa KOHEYHBIX 3JIEMEHTOB IS ONIPEIeIICHIsI COOCTBEHHBIX 3HAUCHHUIA U
CcOOCTBEHHBIX (DYHKITUI KPaeBBIX 3a/1a4 CTPOUTEIbHON MexaHuKHU. YacTh 3: TpexmepHas 3a1ada TCOPUH YIIPYTOCTH

Sitlj+l
X n

11 _
tn t%}
0 o
11 21 t
> :
_ 12 22
t12
n 722
tn

t,Y

Puc. 2.3. Ilepexon k nokanpHOU cucTteMe koopauHat Ha JIKKD.

op Op 0t,
ox Z@t ox,

s

s=1,2. (2.13)

Benmuunbl 0, /Ox, u3 (2.13) oGpasyior siko-
6uan cucrembl. Matpuna Skobu:

on, o1,

D_%: axl axZ — a, ap =a’(214)
Dt % ot, Uy Oy
0 x, 0x,
riae a,, 2%, (2.15)
S Ox

N

a popmyna muddepenmupoBanus GyHKIUUA @
10 IIEPEMEHHBIM X, X,

o
o Zm L.os=1,2.  (2.16)
k

xS

DJIeMEHTBhl MAaTPHUIbl (YHKIIMOHAIBHOIO OIpe-
nemurens = Dx/ Dt HaxomsTcs Kak

Ox J J
/Bkv :a_;::Asxlg +t37sA12xlg’ (217)
k=1,2; s=1,2.
Martpunpl  (QyHKIHMOHAIBHBIX —OIpeaeuTenei

Dx/Dt w Dt/DXx cBsizansl GpopmyJoit

D()?)_{D(t_)} wm a=, (2.18)

Volume 5, Issue 1&2, 2009

o, oy _l ﬂzz _ﬂIZ
e |:a21 a22:|_-]|:_ﬂ21 1811:|, (@19)

J = det[ﬂ] =By = PP (2.20)

rac

2.2. AnnpokcuManMsi HEHU3BECTHBIX (YHK-

nuid. B kxadecTBe OCHOBHBIX HEHU3BECTHBIX B

y371ax TPUHUMAIOTCS COCTaBJISAIOLIME IepeMe-

IWICHUN U, ,U,,U; U UX IPOU3BOAHBIE V,,V,,V,

0 MEPEMEHHON X3, T.€. IS pg-TO y3lax 3TO
Pq Pq Pq Pq Pq Pq

u* ust uy, v vy vy, B COOTBETCTBEHHO

BCKTOP HEM3BCCTHBIX

_ _ T
ur =Un”"(x3)=[_’;q}, (2.21)
n
ul? v/
rae w) =u) () =uy |; v =y ()= v’ |,
ui? v
(2.22)

a BEKTOP HEM3BECTHBIX BO BCEX y3/1aX DJICMCHTA
Ul = :[(UII)T (UZI)T
U @'

0" (x) (2.23)

B npocreiimem cirydae nons u,,u, ,Us,V,,V,,V;

no ceuenuto JIKKD anmpokcumupyrorcs nouu-
HOMaMHu IEpBOTO TMOPSJIKA, 3aBUCALIMMHU OT
JIBYX apryMeHTOB (OWJIMHEHHas anmpoKcHMa-
1US):
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U=+t A +LAu+tLA LT (2.24)
= =11

v=v +LAV+LAV+LLALY, (2.25)
rue
— _ =21 =11, — _ =12 =11,
Au=u—u,; Au=u-u,,
— —22 =21 —.

Apu=u"—u —Au; (2.26)
— =21 =11, — =12 =1,
Av=v —v ; Av=v —-v

Ay =v2 =y —Av. (2.27)

CooOTBeTCTBYIOIINE BBIpAKEHUS s Aedopma-
U M HAOPSDKEHUW OMpPENeIsItoTCS Ha OCHOBE
dopmyn (1.1), (1.2) u cootHomeHuit (2.24)-
(2.27).

2.3. IlocTpoenne marpun xecrkocru JAKKI.
®opmupoBanne Marpunpsl kectkoctn JIKKO
K7, umeromei 24-it MOPSIAOK, TPOU3BOAMUTCS
METOZOM Oa3WCHBIX Bapualui IO CIeayronei
bopmye:

(K"), =D, (e, +e)—D,(e,)~D,(e,)+D;(e,),
s=1,2,..,24; t=1,2,...,24,
(2.28)

rae @(u) — kBaApaTU4HAs 4acTh (QyHKIIMOHATIA
SHEPTUU Ha dJIEMEHTE,

- 3.3
B() =+ [>>0,6,dx, (2.29)
2 Q i=l j=1
TO €CThb
®,(U")=0.5-(K'U",U");  (230)

rie €;,€, — 24-X MEepHbIC BEKTOPBI, JJICMCHTHI

KOTOPBIX OTPeNeNsIoTCs o hopmyIie

(€), =6, (e), =0, k=1,2,..,24. (2.31)

Crpykrypa MaTpuipsl sxectkoctu K7 JIKKD
CclIeyIouast:
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K" =
K, K, Kun K, K. K, K, K,
K, K, K, K. K. K, K, K,
K, K. K. Ko K. Kp K. K@
_| Ku KL OKW K Ky OKD KLY OKY
K, K, K, K. K. K. K. K.
K, K K. K. K., K. K, K
K, K, K, K. K. K, K. K.
K. Ko KKy KL KD KL K
(2.32)
3nece K" K" K" K", I,m=1,2,3,4 -

MAaTpHUIIbI 3-TO MOPSJIKA.
Ha ocnoBanum wmarpunsl sxectkoctn JKKO
(2.32) bopmupyroTCsi JOMOTHUTENBHBIC IMOAJIE-

MeHTHble MaTpuubl K, K/, K’/ u K 12-ro
nopsiaKa:
M 11 12 13 14 ]
KMI/ Kuu Kuu KUM
21 22 23 24
Kfj _ Kuu Kuu Kuu Kuu . (2 33)
77 K31 K32 K33 K34 ’ .
uu uu uu uu
41 42 43 44
L Kuu Kuu Kuu Kuu _
11 12 13 14
KMV KMV KUV KMV
21 22 23 24
Kij _ Kuv Kuv Kuv Kuv . (2 34)
uw K31 K32 K33 K34 > :
uv uv uv uv
41 42 43 44
L Kuv Kuv Kuv Kuv _
11 12 13 14
Kvu KVU KVU KVU
21 22 23 24
Kij _ Kvu Kvu Kvu Kvu . (2 35)
v T K31 K32 K33 K34 > .
vu vu vu vu
41 Yl 43 44
KVM KVU KVM KVU
11 12 13 14
KVV KVV KVV KVV
21 2 23 24
lj J— KVV KVV KVV KVV (2 36)
wo K31 K32 K33 K34 .
vy vy vy A%
41 42 43 44
KVV KVV KVV KVV

2.4. ®opmupoBaHue 1100aJbHBIX MATPHUL H
HX COOTBETCTBHE KOHTHHYAJIbHBIM OIEPaTO-
pam. CocTaBleHUE COOTBETCTBYIOUIMX IJIO-
Oampubix Matpun K, K, ,K, u K, 6 3N-

MepHoro mnopsaka cuctemsl JKKD nns Beeit

uu > uv?
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[TpunoxxeHns: TUCKPETHO-KOHTHHYAIBHOTO METOa KOHEUHBIX 3JIEMEHTOB ISl OPEICNICHNsI COOCTBEHHBIX 3HAYCHUH U
COOCTBEHHBIX (DYHKIIMHA KPaeBBIX 331a4 CTPOUTEIbHON MexaHukH. YacTh 3: TpexmepHas 3a1a4a TEOPUN YIPYTOCTH

KOHCTPYKIIUA  OCYIIECTBIIICTCS  aHAJIOTHYHO
CTaHJApTHOH MeToauKe (OpMUPOBaHUS TIIO-
0abHOM MaTPHIIBl KECTKOCTH (METOJ «KOHEY-
HBIX BKJIQJIOB» — CYMMHpPOBaHHE C HAKOIUICHU-
em [7-8]).

HNmeetcs comoctaBnenue omeparopoB (1.4)-
(1.7) u maTpwur;

4

uu

¥ =K

uy uv ?

=K, %, =K.,

vu 3

9, =>K,. (2.37)

2.5. 3apanue rpaHu4HbIX ycaoBuid. ['paHuu-
Hele  ycmoBus  (1.21) Ha  OUCKpETHO-
KOHTHHYaJIbHOM YPOBHE IMEPEXOST B CIEAYIO-
ye:

B,,U,(0+B,U, (=0, (2.38)

rae By, W B;, — MaTpuIlbl TPaHUYIHBIX YCIIO-

BHﬁ, B TaHHOM CJIy4ac

E 0 0 O 0 0 0 O
0O FE 0 O 0 0 0 O
BO’"_O 0o 0 o} B, E 0 0 o)
0O 0 0 O 0 FE 0 O
(2.39)
E — equauyHas matpuna N -ro mopsiaka;
U,=U,(x)=[@,)" ) 1;: (240
w, =i,(x;) =@, @>" .. @)1
(2.41)
v, =v,0) =[G ¢H" . @G
(2.42)

2.6. /INCKPETHO-KOHTHHYAJIbHAS MOCTAHOBKA
3agaun. CoryiacHo NpUBEACHHBIM paHee ¢op-
MyJlaM MOXEM Tepernucarb moctaHoBky (1.17)-
(1.20) cnemyromum oOpa3om:

Un' = Izsaz >

1?:{ 0 E

(2.43)

} ; (2.44)

rﬂe ’ KV_VI (KMU - S KE) KV_VI IZMV
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U =0,U,; (2.45)

K, — marpuna K, IOCTpOCHHAas IPU YCIO-

w2

BHH, YTO BCIOZY /Ty =1 m;=1;

-K

uv uv vu *

(2.46)

[Tpu HanMUYUM YNIPYTOMOJATIUBBIX OIOpP MaTpH-
1a (2.44) npuHUMaeT BU/I:

K, = |: Kv_vl (K, +0CG ~sK,) K\flzuv:| , (2.47)
Cll
me G| D (248)
CN,NZ
Cy =diag{c, ;, ¢y, C5% 5 (2.49)

Cij — MaTpula XapakKTCpUCTUK YIIPYTOMOoAaTIIN-

BBIX OTOp; 3aMETUM, YTO €CIId B ij -M y3J€ yII-
pyromoaTiuBas
Clyj =Coy =Cyy = 0.

ornopa  OTCYTCTBYeT, TO

I'pannunbie yenmosus (1.21) mepexonsar B (2.38).
KpaeBas 3amaua (2.43), (2.38) (c mapamerpom
§) pemiaeTcs Mo pa3pabOTaHHOW METOIUKE,
KOTOpasi MopoOHO onrcaHa B [4].

3ameuanue. lccienoBanuss NPOBOAWINCH B
pamkax HUP «IlocTtpoeHne u aHanu3 KOppEKT-
HBIX AHAJIUTUYECKUX METONOB U aJrOPUTMOB
pacuera KOHCTPYKLMH PpEryJjsipHON CTpYKTY-
pe», BemmonHsiemor mno Ilmanmy HUMP Poccuii-
CKOHM aKaJIeMUU apXUTEKTypbl U CTPOUTENBHBIX
Hayk (PAACH) na 2007-2009 rr. u B pamkax
HUP «Pa3paboTka Teopuu U aaropuTMOB IIO-
CTPOEHHUSI KOPPEKTHBIX AHAIMTUYECCKUX pella-
TeJIe MHOTOTOYEUHBIX KpaeBBIX 3aJad MpUMe-
HUTEIIBHO K pacyeTaM CTPOUTEIBHBIX KOHCT-
PYKLHUI», BBIIOJHIEMOM II0 aHAJIUTHYECKON
BEJIOMCTBEHHOM IIes1eBOM mporpamme «Pa3Bu-
THE HAy4YHOTO IIOTEHIIMAja BBICIIEH IIKOJIBI
(2009-2010 roasr)» /mpoekt 6414/.
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NCITOJBb30OBAHUE JUCKPETHOI'O BASUCA XAAPA JIJI5
HOJYUYEHMUS JTOKAJIBHOT'O PEHIEHUSA KPAEBBIX 3AJTAY

M.JI. Mo3zanesa, M.B. 30110m06|

MockoBCKuil rocy1apcTBEHHBIH CTPOUTEIBHBIN yHIBEepcuTeT, Mocka, POCCUA

AHHOTANMSA: Hacrosimast cTaThsi MOCBSIIEHA ONMUCAHHUIO Pa3pabOTaHHOTO JTOPUTMAa MPSIMOTO M 0OpaTHOro
JCKPETHOTO BeHBIeT-IpeoOpa3oBaHms 1o Oa3ucy Xaapa. B mepBoii u Bo BTOpO# 9acTSX CTAThU MPUBOIATCS all-
TOPUTMBI OZJTHOMEPHOTO M JIBYMEPHOTO IIPe00pa3oBaHusl, COOTBETCTBEHHO. B TpeTbeil yacTu npencraBieH IpuMep
MO/IX0/1a K ITOJYYEHHUIO JIOKAJIbHOTO PEIICHNS KPAeBbIX 33/a4 C UCIIONIb30BaHUEM TUCKPETHOTrO Oa3nuca Xaapa.

KuroueBsle cjioBa: TUCKpeTHBIH 0aznc Xaapa, allrOPUTM MPSIMOTO B 0OpaTHOTO Mpeodpa3oBaHus Xaapa, JIo-
KaJIbHOE pelIeHne KpaeBoH 3a/1auu.

APPLICATION OF DISCERE HAAR BASIS
FOR LOCAL SOLUTION OF BOUNDARY PROBLEMS

Marina L. Mozgaleva, Mlexander B. Zolotov{
Moscow State University of Civil Engineering, Moscow, RUSSIA

ABSTRACT: The distinctive paper is devoted to application of discrete Haar basis for local solution of bound-
ary problems. Discrete Haar transformations are one of the most effective numerical methods of the wavelet-
analysis. Corresponding algorithms are simple and economic. Besides, there is a possibility of the separate solv-

ing of local and global problems.

Key words: wavelet analysis, Haar basis, boundary problems, structural mechanics

BBEJEHHUE

JluckpeTrHble peoOpa3oBaHus Xaapa SBISIOTCS
OHUM M3 Hanbosee 3(P(PEKTUBHBIX YUCICHHBIX
METOIOB BeliBiieT-aHain3a. CBsi3aHHbIe C 0a3u-
coM Xaapa BBIYHCICHHS, HEOOXOIUMBIC IS
pelIeHns pa3iINyHbIX 3a]a4, B YaCTHOCTH Kpae-
BBIX 33/1ady MAaTeMaTU4YECKOW (PU3UKU U CTPOU-
TEIbHON MEXaHHUKH, O00JaaroT MPOCTHIMU U
SKOHOMUYHBIMHM anroput™Mamu. [lpu sTom mo-
SBJISIETCS. BO3MOXKHOCTh PAa3/A€IbHOTO PEHICHUS
JIOKAIIbHBIX U TTI00ATBHBIX 3a/1a4.

1. OJHOMEPHOE
BEHUBJIET-IIPEOBPA3OBAHUE

Ilpunamele 0003nauenusn

¢JP - j-ast ¢pyHKIUMS Xaapa Ha pP-OM YPOBHE,

I<jSN,; 0<ps<M,,

. M
rae M ,- xonmuectBo ypopmei: n=2"" -

Pa3sMEPHOCTb JUCKPETHOT'O IIPOCTPAHCTBA

nl 20t =M ) g <
1, p=M,

p<M,

p

- Konu4ecTBO (pyHKIMI Xaapa Ha p-M ypOBHE.

B nmanpueiimem Oyaem o003HaYaTh hp =27 +l

- KOJIMYECTBO HCHYJICBBIX 3HAYCHUMN q)YHKI_II/II/I

Xaapa Ha p-M yposHe (mar @7 ).

+1
(V2)r*' , 0<p<M,

norma, =
TN =, p=m,
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- HopMa QyHKIMs Xaapa Ha p-M YpOBHE.

3nauenusn pynuxyuu Xaapa ¢ i-oii mouxe ouc-
Kpemmno20 npocmpancmaea

0<p<M,
) } o1

l,hp'(J—1)§l<hp'(J—5)
. 1 RN .
(i)=———— -1, hp-(j—2)<i<hp- ] :

norma, 2

0, j<hp-(j=-1)v jzhp-j

pr=M

v]p - K0Ihpuyuenmol paznoxcenus OUcCKpem-
nou pynkuuu f(i)no pyuxuyusm Xaapa:

=330 47

p=0,=1

Anzopumm evtuucienus KoIphpuyuenmos

Dasznoxcenus vj.’ (npamoii onepamop - ananus)

BBGI[CM BCIIOMOI'aTCJIbHbBIC BEIINYMHBI Mf

ui=f(j), j=1,....,n

- HYJICBOM 1I1ar

norma, =~2

VP = Uz Uy,

7 norma, ,j=1,...,N,
u? =uf,_ +uf, ’
norma,,, = norma, 2

-1

)4

p=0,... M
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norma = \/;
M,

M _
M ”1 p y p—M
VI =

p

norma

Anzopumm eviuucnenua 3HaA4eHU OUCKpem-
HOW (yHKUuu, umerouieil paziolyiceHue no
dyukyuam Xaapa (odpammusiii onepamop -
cunme3s)

BBenem BcioMorarenbHble BEIUYNHBL U f
HYeB80U uaz

norma ,, = A~n
P

norma ., _; =A~n
P

norma p

norma , | = norma /I\2

f@)=u’, 1<i<n
2. JIBYMEPHOE
BEHWBJIET-IPEOBPA3OBAHUE

Ilpunamele 0603nauenus

w’ - GyHKums Xaapa Ha p-OM YpOBHe:

S152 71,72
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Hcnonp3oBanue aAucKkpeTHOro 6asnca Xaapa AJs MOTy4eHHs JIOKaJIbHOTO PEIICHHS KPAaeBbIX 33/1a4

1<j, SN, k=120 p<M,

M
rae M, — xonuuectBo yposmei; n=2""

pPa3MEepPHOCTh TUCKPETHOTO MPOCTPAHCTBA

_n12rt 2% o< pam,
p 2

1L, p=M,

N, x N, - xomuectso dpyHkuuit Xaapa Ha p-
OM ypOBHE.

B nanbreiimem 6ynem o6osnauats Ap = 27 o
hp X hp - KOIMYECTBO HEHYJEBBIX 3HAYECHHMIA
¢ynxuuu Xaapa Ha p-m yposHe (/ip - mar no

KaX/I0My HarpaBJIeHUIO QYHKLIUHU Xaapa).
3HayeHUs MHAEKCOB S|, S, ONPENENAIOT TPU

0a30BbIe QYHKIIUU:

\VEO,jl,jz
1 -1
1 -1
s; =1 s5,=0
wg,l,ilsjz
1
-1 -1
s;=0 s,=1
Wilajl 2
1 _
-1
s;=1  s5,=1

hp =27 0<p<M

M

n=2"7°,

? —HOopMa

% o

¢dbyukmum Xaapa Ha p-M YPOBHE.

3nauenusn ynkuuu Xaapa ¢ mouke i=(il,i2)

0O<p<M,
y/SljSzjl./z (il’iZ) -

(_l)kl -8 +k2 ) , ecnu

0, BoOCTanbHbIX cny4aax

M .. 1 1
Wooiliih)=——5=—

M
P
H'//m

P
5152112

kpemnou pyuxuuu f(i)no pyuxuusm Xaapa:

- Koyhpuuuenmol paznoxcenus ouc-

OucKkpemmno20 _npocmpaucmea: iq=I, ...,n |,
q=1,2
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Ji)=
MP NP NP
— P P
= Vig . - .+
ZZ Z( 1,0,]1,j2y,1,0,]1,_/2
p=0j=1j,=1
P P P P
Vag . o . Viq . .
0.1,j1,/2 !/,0,11]1,]2 L1 /1,2 !/,LLJl )2 )
Anzopumm evtuucienus KkoIpguyuenmos

p

aA3/1091CenUs V
p S12 12

(npamoii onepamop - ananus3)

BBC,Z[GM BCIIOMOI'aTCIBbHBIC BECIINYNHBI ui i

u.?l.jz :f(/1,j2), jq =1,..,n, q=1,2 - nynesoit
mar

zZl=(-1)", z2=(-1)";

P —

S1825 /1012

1
_ p )

» (W3 1 0j t 2wy 55+
5

P . P
+22 u2.i1—11 2)p +z1-22 uzjlr 2jp )
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p+1
J1sJ2

4

= (u? + +
(U3} 2 ¥ UY 20

P P
2/1-1,2), 2/1,2/2)

1<j, <N, q=12; 0<p<M,
ult”
M
Vo011 = % , p=M,
H'//m

Anzopumm evluucienus 3HaveHull OUCKpent-
HOUl (hynKyuu, umeroueil pasnoxicenue no
dyukyuam Xaapa (oopammnuiii onepamop -

cunmes)

BBenem BcnoMorarteabHbIE BEIMUYUHBI u b

M,
M V0,0,1,1

P —
U, M,
Yo

p=M -1,...,

l<z

{

( l+1

- HyJIEBOM 11ar

0; g=1,2

} —uenas 4acTtb

p —

Ui oy =11 Vi, T2 Vong T
WSJ

p+1

p
+z,-z, "V S
1 2 J1:J2

LLj1,J> )

fiiy) = ”Z,z‘z ,

3. MPUMEP IOJXOJA
K HOJIYUEHHUIO JJOKAJIBHOT' O
PEIEHWSI KPAEBOII 3AIAUH

Jluckpemnasa Kpaeeaa 3ad0aua 6 €OUHUYHOM
oazuce

Bapuayuonnas nocmanosxa. OnpenenuTts cra-
[IMOHAPHYIO TOYKY (PYHKIIMOHAIA YHEPTUU
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d)u(ﬁ):%(Luﬁ,u)—(fu,ﬁ) 3.1

Onepamopuasa  nocmarnosxka. CrauuoOHapHas
TOYKA COOTBETCTBYET PELICHUIO OIEPATOPHOIO
YpaBHEHHUS

Kpaeesasn 3a0aua 6 ouckpemnom éazuce Xaapa
O603HaunM Q — Martpuna 0a3uUCHBIX BEKTOPOB

Xaapa,  pacmloNOKEHHBIX IO  CTPOKaM:
R T

0= {ql‘j}i,j:I,N > 4 = [%1, 92, -9y I -

i-i BeKTOp 6asuca. Torma  BekTOp

u=[u_ u, , Uy 1" w3 equnnunoro Gasuca

B Oasmce Xaapa MOXET HMETh CJEayIolIce
HpeIICTaBJ'IeHI/Ie

i=Y@ng =Svg 0w 63
i=0

i=0

npustoM v =Qu, v, =(g',ut)

[Toncrasnss (3.3) B (3.1), nepexoaum K Bapua-
IUOHHOW (HOPMYJIMPOBKE HMCXOTHOM 3a/layu B
6azuce Xaapa:

<I>u(u)=;(LMQ*v,Q*w—(ﬁ,,Q*v):

~(0L,0W7)~(0],.7) - 3-4)

1

_ 5(va,v)—(fvi) =0,(v)

CooTtBeTcTBYIOIIAs oneparopHasi GopMyInpoB-
Ka:

Lyv=f, (3.5)
Jokanuzayus pewenun

[Tpobnema nokanmu3alM pelieHus B BBIOpaH-
HOH 30HE (paKTUUECKH MEPEXOAUT B MPoOIeMy
T.H. «OCPEAHECHUA» PELICHUs BHE dTOU 30HBL. B
pasznoxxenuu (3.3) mo 6aszucy Xaapa mpHUCYTCT-
BYIOT OJTHOBPEMEHHO KOMIIOHEHTBHI, COOTBETCT-
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Hcnonp3oBanue aAucKkpeTHOro 6asnca Xaapa AJs MOTy4eHHs JIOKaJIbHOTO PEIICHHS KPAaeBbIX 33/1a4

BYIOIIME CETOYHBIM 00JacTsM BCEX YpPOBHEH.
O6o3Ha4MM y? - KOMIIOHEHTa Pa3lIoXKeHHs, CO-

OTBETCTBYIOIIAs j-My Y3]Iy CETOYHOW OOJacTH
p-ro ypoBHs. IIpu satom 0<p<m, rae p=0 —
MCXO/HAsi MeNKas ceTka. Torma omepamnust oc-
peIHEHUsT MOXKET OBbIThb ONpeeNeHa Clenyro-
M o0pazom:

P _ p+1 . .

v = By , jelJ(i) (3.6)
3neck J(i) — HOMepa CeTOYHBIX JIEMEHTOB YPOB-
HS P, TOMAJAIOIIMX B i-d CETOYHBIA 3JIEMEHT
ypoBHs (p+1). B — HEKOTOPBIH KOAPPHUIMEHT,

ONTUMHU3UPYIOILHUI ONEpaLIo OCPETHEHUSI.

Ilpumep ocpeonenus ona 0gymepHozo oasuca
Xaapa

PaccMoTpuM ceTtouHoe pa3dueHHE IBYX YpOB-
Hel m=2. Hcxonmnas cetouyHass oOmnacTh IpHU
N=2"=4 — KOIMYEeCTBO y3J0B 10 Ka)XIOMy Ha-
[IPaBJICHUIO:

[ 4 @ L @
uil ui2 ui3 ui4
¢ L L L )
uzi u2 w3 w4
[ L L 4 L ]
u3l u32 u33 us4
[ \ 4 L ®
u41 u42 3 W44

Cerounsle obnactu B 6azuce Xaapa:

0-i1 ypoBEHB

[ J [ ]
0 0
V 11k V 12k
[ ]
hg R
V 21k V 22k
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1-i1 ypoBeHb

1
V 11k

3eck HHAEKCOM k 0003HauaeTcss T 0a3uCHOMI
¢byukuun: k=1,2,3 .

/na nyneeozo ypoensa

Vi =

= [(“21'71,2]71 - u2i71,2j)+ (uZi,Zj—l —Uyin; )N/2 =
=—h-Du(2i—1,2;5-1)

= [(”2[—1,2_;’—1 “Uyinj-1 )+ (u2i—1,2j Uiy )N/2=

=—h-Dyu(2i-1,2j-1)

0

Vi3 =
=y 1)1 —Upi_1p) —Upinjy FUn; ]/ 2=
=2h* - DDu(2i—1,2j—1)

1,j=1,2

Dj — omeparop 4YUCIEHHOTO Iu(QepeHIpoBa-
HUS MO k-My HamnpaBiICHUIO B BapUallMOHHO-
Pa3HOCTHOM MOCTaHOBKE

Jlnsa nepeozo ypoens
0O003HaUYUM

s —_—
Uy =(Uy; 1y gy g iy )4

1,j=1,2

1
vin = () —up) +(uy —uy) =

= —4h-Du’(1, 1)
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1 . p . .
Vi = () —uy) + (u), —u3,) =
=—4h-Dyu’(1,1)

V1113 = (uy) —ujy —uy +uy)=

=4h* - D,Du’(1,1)

3HayeHue kodpduureHTa 3 BeIOUpaeM U3 ycio-
BUSI TTIOCTOSTHCTBA Pa3HOCTHBIX MPOU3BOHBIX HA
AIIEMEHTE CETKH 1-TO ypOBHS T.€.:

0 _ .1
vl.jl—vlll/4,

0 _ .1
vl.j2—v112/4,
0 _ 1

vl.j3—v113/8
i,j=1,2
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MOJIEJIMPOBAHUE DBOJIOLMOHHOM JECTPYKLIUU
KOMIO3ULIMOHHBLIX MATEPUAJIOB

b.E. Ilooeops

MockoBckuil rocyaapcTBeHHbI yHUBepcuTeT uM. M.B. JlomoHocoBa, r. Mocksa, POCCHUA

AHHOTAIIUA: lnpokoe BHEIpEeHUE B NMPAKTUKE CTPOUTENHCTBA HOBBIX MAaTEpUaIOB, B TOM YHCJE HaHOMa-
TEpUaJioB  TpeOyeT pa3BUTUS HOBBIX TEOPETUUECKMX M OKCIIEPUMEHTAJBHBIX MCCIEAOBaHUI B 00JIacTH
MIPOYHOCTHOTO aHalIM3a M TeopuM Han&xHOcTH. Hacrosias cTaThsd MOCBSIEHAa PACCMOTPEHHUIO BOIPOCOB
MO/JIEIMPOBAHMSI IBOJIIOUOHHON AECTPYKIMH KOMIIO3ULIMOHHBIX MaTEPUAIIOB.

Kuarwuesble cjioBa: OBOJIIOIIMOHHAA ACCTPYKIHA, KOMIIO3UITMOHHBIC MAaTCPUAJIbl, MOACITIUPOBAHUC

SIMULATION OF EVOLUTIONARY DESTRUCTION
OF COMPOSITE MATERIALS

Boris E. Pobedrya
Moscow State University of Civil Engineering, Moscow, RUSSIA

ABSTRACT: Wide introduction of building of new materials including nanomaterials requires new theoretical
and experimental researches in structural analysis and reliability theory. The distinctive paper is devoted to simu-

lation of evolutionary destruction of composite materials.

Keywords: evolutionary destruction, composite materials, to simulation

[[Inpokoe BHEAPEHHE B MPAKTUKE CTPOUTEIBCT-
Ba HOBBIX MaTE€pHUaJOB, B TOM YHCII€ HAHOMATe-
puanoB [1] TpeOyeT pa3BUTHS HOBBIX TEOPETH-
YECKHUX U IKCIIEPUMEHTAIbHBIX UCCIIEIOBAHUN B
o0JjacTy MPOYHOCTHOTO aHajdu3a U TEOpUU Ha-
IEXKHOCTH.

Knaccuueckuit mogxon k mpobieme paspyiie-
HUS MaTepUAIOB B MEXaHUKE AePOPMUPYEMOTO
TBEPJOrO TEJA U, B YACTHOCTH, B CTPOUTEIBHOMN
MEXaHUKe 3aKiroyaeTcs B cienyromeMm. CHava-
JlJa TEM WIM WHBIM CIIOCOOOM ¢ HEOOXOIMMOI
TOYHOCTBIO onpenensiercs HaIpsHKEHHO-
neOpMUPOBAHHOE COCTOSIHME B Telleé C BHI-
OpaHHOW MOJENBIO, 3aJaHHBIMH  BXOJHBIMH
JTaHHBIMM U reoMetpueil. [locne 3toro nmpume-
HAETCS TOT WIM UHOU KPUTEPUI ITPOYHOCTH.
OnHako TakoW MOJAXOJ MMEET CYIIECTBEHHBIE
HenocTaTku. PaccMoTpum, Hanpumep, CTepKeHb
U3 KaKoro-HUOyJb YIPYroro CTPOUTEIHLHOTO
Marepuasia, apMHUPOBAHHOIO TOHKHUMH OJIHOHA-
MPaBJIECHHBIMU BOJOKHAMH U3 JPYTrOro ymnpyro-
ro Marepuana. [Ipu pacTsyKeHUU TaKOTO CTepPK-
HS YIIPYTHE BOJIOKHA OyAyT MOOYepEéNHO pBaTh-

cs, 1 ero 3(p(PEeKTUBHBIA MOIYJIb OyJAET YMECHbB-
martbest. CrneaoBaTeabHO, OH 3aBHCHUT OT HEKO-
TOPOTO TIapaMeTpa, XapaKTePHU3YIOIIETo IecCT-
pykiuio marepuana. DakT 3aBUCUMOCTH OTpe-
JENSIONINX COOTHOIICHUH OT TTapaMeTpOB TaKO-
ro poga OyaeM Ha3bIBaTh 3BOJIIOIMOHHOMN JIeCT-
pykuuen. Onpenenstonue COOTHOIICHUS, WH-
BapUAHTHBIE OTHOCHUTEIHHO BPEMEHH, Ha3bIBa-
IOTCSl CKIIEPOHOMHBIMU. B MpOTHBHOM ciydae
OHHU OyAyT pEOHOMHBIMH [2].

1. Ecim omnpenensitoiiue COOTHOILIEHHUS pac-
CMaTpUBAEMON MOJENU SBJISIOTCS CKJIEPOHOM-
HBIMH, TO, KakK IIPaBUJIO, ONPCANOIaractcsa, 4To
COCTOSIHUE HEKOTOpOM MaKpouyacTHIbl B MO-
MEHT BpEeMEHH ¢ Oy/eT MPOYHBIM, €CIIH HEKOTO-
pble yHHBEpCcalbHbIE CKaJIspHbIE (PYHKIMHU TEH-
30pOB HaIpsDKEHUN o , AedopManuii &, TemIe-

patypsl T, 1 Bo3MOkHO Habopa emé HeKOTOPBIX
apaMeTpoB A, XapaKTEPHU3YIOIIUX IBOJIOLH-
OHHYIO JIECTPYKIHUIO, MEHBIIE HEKOTOPBIX Ma-
TepuanbHbIX KoHcTaHT C, >0
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floer.a)<c, .m=12..m (1)

m 2

Ecnu ogna u3 aTuX QyHKIUNA JOCTUTaeT 3Haue-
Hus C, , TO HACTyMaeT pa3pylieHHe BUAa, COOT-

m?>

BETCTBYIOUIET0 HOMEPY QYHKIIUH m.

Bcee “knmaccuueckne” KpUTEpUM MPOYHOCTU U
MHOTHE HUX O0000IEHHUsl SBISIOTCS YaCTHBIMHU
ciyqasimu kputepus (1.1), [3,4]. Ucxons us on-
peneNnsitonmx cooTHomeHud, B kpurepuu (1.1)
MOJKET OBbITh HUCKITIOYEH OJIMH U3 TEH30pPHBIX ap-
ryMeHTOB ¢ wiu & . OpHako, JUIsi MHOTOKpAT-

HBIX HArpy’KCHHWW TEH30p HAIpPSOHKEHUHW O , Ha-

IIPUMEP, HE MOXKET SIBISITbCS HEMOCPEICTBEH-
HOW XapaKTEPUCTHUKOM, OINUCHIBAIOIICH pa3py-
LIEHHE, TaK KaK OJHO M TO € HaIpPSHKEHHOE
COCTOSIHME TIOCJIE HEKOTOPOr0 YHCJIA ILHKIOB
MIPUBEIET K pa3pyLICHUIO.

JIns peOHOMHBIX OMPENEHAIOIMINX COOTHOILICHHI
CYILLIECTBYET JIPYTroM THUI KPUTEPUEB paspylile-
HUs, KOTOpBIE Ha3bIBAIOTCS KPUTEPHUSMU JJIU-
TeabHOM mpouHocTH [3.,4,5]. Ilpeanonaraercs,
YTO CYIIECTBYET IIOJOKUTEIbHAS BO3pACTarO-
mas BO BpeMeHH (QyHKUus @ (¢), Ha3blBaeMas

MOBPEXKJICHHEM, TTOBPEKIAEMOCTRIO WU  Jie-
(dekToMm, mpupaiieHue KOTOPOW MPOMOPIHO-
HaJbHO HEKOTOPOW YHHUBEpPCATbHON (YHKIIMH
HampspkeHus o (¢) (O0ObIYHO 5TO WM OJHA
KOMIIOHEHTa TEH30pa HaIpsOKEHHA, Hampumep,
pacTspkeHHe O, , WIM HEKOTOpas BeJIMYMHA,

CBSI3aHHAsl C MHBApUAaHTaMM TEH30pa HaIlpsbKe-
HUIl ¥ Ha3blBaeMasl SKBUBAJICHTHBIM HaIlpsbKe-
HUEeM O,). Pa3pylieHue HacTymaeT, Kak TOJIbKO

BeMMYMHA @ (¢) JOCTUraeT CBOEr0 MAaKCH-
MaJIbHOI'O JIs1 JaHHOI'0O MaTcpuajia u TeMIicpa-
Typhl 3HaYeHHs @, . Bpems paspymieHus !
a(t),
0< 7 <t , ompenensercs, HAIPEMEpP, ypaBHe-

oJid  JaHHOr'0O 3aKOHa HarpyXCHUA

HHUEM

’I*df _ (1.2)
2t (o(7))
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KOTOPOC HAa3bIBACTCA HNPHUHIHUIIOM JIMHENHOIO
CYMMMPOBaHUS MOBPEXKACHUM [6].

B kayecTBe SKBUBAJIECHTHOIO HAIPSKEHUS INPU-
MEHSIOTCS BbIpaxeHus [7]:

1
o, = 5(0'1 + /3 O'u) (1.3)
nu [8]:
1 -
o, = 5(0'1 +30,)a? (1.4)
rae
3o
= 1.5
7 o, +/3 o, (15)

3aece nocrosHHasg 0 < a < 1 onpenensercs
U3 OSKCIEPUMEHTa, O, - HauOoJIblIee TJIaBHOE
pacTATUBAIOINIECEe HAMPSIKEHWE, O - TUIAPOCTa-
TUYECKOE JaBJE€HHUE, a O, - HHTEHCUBHOCTh
TEH30pa HaIPSKEHUH.

s mapameTpa NOBpexACHUN @ 3alHMCBIBACTCS
KMHETUYECKOE ypaBHEHUE Bua [9]

do

—=9(w,0,) (1.6)

Bun ¢ynkuuun (p( a),ae) B psiie CllydyaeB KOH-
KpETU3UpYyETCs, Hanpumep, [3]

O-max
Q (a),ae ) =F q

(1.7)
rac O'e = O-max_ MaKCUMAJIbHOC PAaCTATUBAIOIICC

HanpspkeHue. B ciyyall cTeneHHON 3aBUCHUMO-
CTHU

(p(a),GE)=F lg_maxa) = 4 lainaxw
(1.8)
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rac Aun - MMOCTOAHHBIC, OHNPCACIACMBIC H3
JKCTIepUMeHTa, ypaBHeHue (1.6) JIerko HWHTEr-
pUpyeTcsl Mpu HadaJdbHOM ycioBuu @ = 0 mpu

t=0:

(l—a))'Hl o
—ﬁ = A.([O'max(f)dl'—

1
n+1

(1.9)

B YaCTHOCTHU, OJIA PACTAKCHHA CTCPXKHA CCUC-
HHSL Y., TIOCTOSIHHOW HArpy3Koii P nMeem:

(o}

L. 1.10
max_zo_ ()

o, = const

Torma u3 (1.9) cnenyet
(1-0)"™ =1 = - 4(n+1)a, ¢ (1.11)

[IpuHUMas, YTO B MOMEHT pa3pylIeHHs ! Tia-
pametp @ =1 , momyqaem u3 (1.9):

. 1

=V 1.12
(n+1) 40, (12
[Tonoxum:
n+l
Q=(1+0)" +1 (1.13)
Torga u3 (1.9) umeem
= A(n+1) o 1.14
— = - + :
dt n o-max ( )
iy, yuauteiBas (1.12),:
dQ 1 (1.15)
dt t*(t) '

U3 (1.15) nomygaem ¢ yuérom, yro 2= 0 B Ha-
YaabHBIA MOMEHT U () = | mpu pa3pyiieHuu:

Q (1.16)

“dr
L) -
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nm (1.2).

TakuM o0Opa3oM, KHHETHYECKOE YpaBHEHHE
(1.6) mpu crenenHoi 3aBucumMoctu (1.8) »KBH-
BaJICHTHO MPHUHIMIY JIUHEHMHOIO CyMMHpOBa-
Hus nospexaenuit (1.2) [9].

2. Haxomnnenue moBpeXAeHUN Ul pa3IudHbIX
MaTEpHAJIOB U PA3NIMYHBIX KX YCIOBHH DJKC-
IUTyaTaluy MPOMCXOANUT OY€Hb pazinuuHo. Ciy-
YaroTCs U XPYNKUE pa3pyLIeHUs MpH IMoyi3yye-
ctu. Knaccnueckum npuMepoM BHE3AIIHOTO
pa3pylIeHUs] MOTYT CIIy>)KUTb yCTaJOCTHBIE pa3-
pyLIEHUs, BO3HUKAIOIIUE NPU ACUCTBUU Iepe-
MEHHBIX (LMKIMYECKHUX) Harpy3ok. B meramnu-
YECKUX CIUIaBaX C HEPABHOBECHOW CTPYKTYpOM
C T€YEHHEM BPEMEHHU IPOUCXOIAT MEIJICHHBIE
WU3MEHEHHUSI MEXaHUYECKUX CBOMCTB, 3aBUCSIIUE
OT TemIepaTypbl. B BOJIOKHHUCTBIX KOMIIO3UTaX
[10] mox Harpy3Koi pBYTCS HEKOTOPBIE BOJIOK-
Ha, B pe3yJbTaTe Yero CO BPEMEHEM KOMIIO3UT
CTaHOBUTCS HEIEeecocoOHbIM. B 3THX ciydasx
4acTO  MCHOJB3YIOTCS  TEPMOJMHAMHUYECKHE
Kputepuu npouHoctu [11]. Marepuansl, ucnsl-
TBHIBAIOIIME OOJIyYeHHUE SACPHBIMH YaCTHIIAMHU,
U3MEHSIOT C YBEJIMYEHHEM J103bl OO0JyueHHs
MEXaHMYECKHUE CBOICTBa BCIIEJCTBHE Hapylle-
HUI CTPYKTYpBI U3-3a BEIOMBAaHUS aTOMOB U 00-
pa3oBanus neheKkToB. (XOpOoIIo M3BECTHO “OX-
pynuuBaHuEe” MAaTEpHaIOB aTOMHBIX PpEaKTo-
pOB).

BHemHssA cpea MOKET TakKe CHIBHO BIIMATH
Ha TMPOYHOCTHBIE XapaKTEPUCTUKU MaTepuaia
u3-3a sBieHUd auddys3uu, XUMHUYECKHX Mpo-
1eccos, koppo3un. Croa k€ OTHOCUTCS 3pO3Us
MaTEpUAJIOB IIPU KaBUTALMU U T.1.
@DEeHOMEHOJIOTHYECKH  Ha3BaHHbBIE  IPOLIECCHI
MOKHO MHTEpPIPETUPOBATh KaK HEKHE IpoLec-
CBI TIOBPEXKJICHHS, HAKOIUICHNE 1e()EKTOB, MHUK-
porop, TpewyH. | NIOTEeTUYECKN MOXKHO Ipel-
MOJIO’KUTh, YTO MHOTAA MOTYT IPOUCXOAUTH U
MPOLIECCHI “3anmeunBaHus’ 1ePEKTOB.

Jlnst onrcaHust BCeX 3TUX MPOILIECCOB JKelaTelb-
HO abCTparupoBaThCsi OT KOHKPETHOTO SIBJICHHUS
¥ CMOJIETTUPOBATh “‘TIOBPEKIAEMOCTh TaK, YTO-
ObI OXBaTUTh KaK MO>KHO OOJIbIIIE SIBICHUMH, pa3-
JUYHBIX TI0 CBOSH (U3MUYECKOM MPUPOJIE.
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Ecnmu B KkadecTBE CTPOMTENBHBIX MaTEpHAIOB
UCTIONIB3YIOTCS HAHOKOMITO3UTHI, HPUXOIUTCS
paccMaTpuBaTh JIByXYpPOBHEBBI KOHTHHYYM,
IPOCTEHIINM TPUMEPOM KOTOPOTO  SIBIISICTCS
koHTHHYYM Koccepa [12].

[IpeanonaoxumM, 4To CyIIECTBYET MaKpOOOBEKT

5
4 (t, xj , Ha3bIBa€MOr0 IOBPEXACHHUEM, KO-
o -

TOPBIM B CUCTEME KOOPAMHAT X B MOMEHT / 3a-
Na€Tcsl HEKOTOPBIMU YUCIaMU (KOMIIOHEHTaMHu )
Xis Xos Xz »-ees X, W 00OJANACT cCIEIYIOIUMHU
CBOMCTBaMH:

a. y sBmsercd (yHKIMEHW COCTOSIHUS Makpo-
YaCTHULBI, T.€., OAHO3HAYHO OIpPENENseTCs Ipo-
LIECCOM  HarpyXeHusi (TEH30pOM  Hampske-
HUW O, TEH30paMM MOMEHTHBIX HAaIpPsLKCHUN

pasnuyHOro mnopsakau (7 ) , TeMiepaTypoun
T'( 7 ) u tak nanee). QyHKIUOHAT ¥

t

4 {q‘(r),,tf(z'),T(z'),...} (2.1)

=0

MIPEINOJIaraeTcsl BIIOJIHE HENPEPBhIBHBIM Ha He-
KOTOPOM KJIacce TOCTaTOYHO IMIAAKUX (PyHKIHUit
Harpy>kKeHus BIUIOTh O COCTOSIHUM, KaK YTOJIHO
OJU3KUX K pa3pylLICHUIO.

b. y xapakTepu3yeT HaKOIJICHUE OBPEKICHUN
U COCTOSIHUE, HENOCPEICTBEHHO IpeaulecT-
BYyIOIllEE€ pa3pyllieHut0 Makpodactuipl. Cyiie-
CTBYIOT HEKOTOpbIE HEOTpULATEJIbHBIE MEpHI,
Ha3bIBa€Mbl€ ME€paMH MOBPEXKICHUIN

M, ()=, (X Xrs , T) m=12,...m'<n (2.2)

KOTOpBIE SIBJISIFOTCS (PYHKUUSMU KOMIIOHEHT ¥
u T , AHBapUAHTHBIMU OTHOCUTEJIBHO IPYIIIbI
npeodpa3oBaHuil cummeTpuu I', U cymecTByoT
COOTBETCTBYIOIINE NOJOKUTEIbHBIE KOHCTAHTBI
marepuana C, (m=1,2,...,m") Takue, 4ro ecnu

JUTSL MI000r0 m

M, (x) < C, (2.3)
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TO COCTOSIHHE MAaKpOUYACTHUIIbI IPOYHO; ECITH KE
JUJIS1 KaKoTo-HUOY b m = k

M, (x) =G (2.4)

a mst ocranbHelx M, < C, ), TO IPOUCXOAUT

(14

paspyleHue tuna “k’.

C. X SABJICTCA  HYJICBBIM Ha HHTCPBAJIC
0 7r<t, T.C., BCE KOMIIOHEHTBI
VARW S ERTW £ u MepbI

M, (y),m=1,2,3,..,m' paBHB HyIIO, €CIH
Ha 3TOM HWHTEpPBAJiCc PAaBHBI HYJIO IapamMeTphbI
Harpyxenus o (7)), u (7), ...

[ToBpexxaeHne ) B MOMEHT ¢ KaK ()yHKIHMOHAI
TpEXMEPHBIX TeH30pOB o (7)), 1 (7),... (2.1)

MOXET OBITh TOJBKO TPEXMEPHBIM TEH30POM
WIM COBOKYITHOCTBbIO TE€H30POB HEKOTOPBIX IO-
psaakoB. B mocnenHem cirydae ¥ Mephl TOBPEXK-
nenuss M, (y ) ONpenensoTcs MO0 COBOKYITHO-
CTH KOMIIOHEHT 3THX TEH30poB. B KkauecTBe
MPOCTEUIIIEr0 BapHaHTa TEOPUU HAKOIUICHHI
HOBPEXJICHUNA MaKpOYaCTHUIBI MOXET OBITh BbI-
OpaH citydaid, KOrJia TEH30p jJ SIBIISICTCS CUM-
METPUYHBIM TEH30pOM BTOpOro paura [13], xo-
TS U HE UCKJIIOYAIOTCS ClIy4au, Koraa j 3aja-
€rcs KoMOMHAIMeNH HECKOIBKUX CKaJISIPOB.
byneM cuutaTh, 4TO CyIIECTBYET HEKHMU THIIO-
TETUYECKHI OOBEKT “NMOBPEXKIAEMOCTh” ¥, KO-
TOPBI MOXET OBITh COBOKYIHOCTbIO TEH30POB
Pa3IMYHOTO PaHra, U KOTOPBIH SABISAETCS olepa-
TOPOM IIpoLECCa HATPyKECHHUS.

=0 (o,xT,x,..) (2.5)

[Ipu »TOM pa3zpylIeHHe OINpeAeNseTcs YCIo-
BUSIMHU, HAaKJIaIbIBAEMBIMH Ha MEphl TOBPEK-
naemocts (2.3) , (2.4) , a camu mepsl M, ()

(2.2) oOpa3yroTcs U3 COBMECTHBIX HHBAPHAHTOB
TEH30POB, COCTABJIAIOIINX MTOBPEKIAEMOCTD ¥ .

B cootHomenmsx (2.5) B KauecTBe apryMeHTa

N
BBEJIEH PainyC BEKTOP X , YTOObI NOJYEPKHYTh,
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4yTO ornepaTtop (2.5) 3aBUCUT SBHO OT KOOPAUHAT
MaTepHUaIbHBIX TOYEK, T. €. MaTepuas SBISETCS
HEOJHOPOAHBIM, TPUYEM €ro MarepuaibHbIe
(yHKIIMH MOTYT OBITh Pa3pPHIBHBIMH.

B cuny cymecTBoBaHUS ONEpPaTOPHBIX OIpesie-
JSIOUIMX COOTHOLIEHUIN MOJENH, MBI MOXXEM B
KauecTBE apryMeHTOB omnepaTtopa (2.5) BMecTo
TEH30pa HAMPSOHKCHUsI ¢ U MOMEHTHBIX HaIpsi-

KEHUH 4 BHIOpaTh TeH30p AedopMamuu & |

€ro TPaJIMeHThI Pa3IMYHOTO MOPSAKa K :

X = }((E,K,T,;,...) (2.6)

Yacto MexaHHWYeCKHE CBOWCTBa Marepuala
CWJIBHO M3MEHSIOTCS B IIPOLECCE PA3BUTHUSA IIO-
BpexnaeMoctu. lloatomy ompexpensitonme co-
OTHOIIECHMS JTOJDKHBI OBbITh 3alMCaHbl Tak, 4TO-
OBl B HUX YYUTHIBAJIACh MOBPEKIAAEMOCTD (2.5)
numu (2.6).

Jlis HEeU30TEpMHUYECKHUX IPOLIECCOB 3TH OIpe-
JEJSAIOIINAE COOTHOIIEHUS TOJKHBI 3aBUCETh U
OT TeMreparypsl. MiTak, Mbl I0Jly4aeM IBOWHYIO
CBA3aHHOCTb  COOTHOILEHUMN: MEXaHUYECKHE
CBOICTBa MaTepuasa 3aBUCST OT MPOLIECCOB IO-
BPEXKJAEMOCTH U TEMIEPATYPHI, a MOBPEXKIac-
MoOCTb U Temneparypa 3aBucat oT HIIC, T. e. ot
MIPOLIECCOB HArpy>KeHUs U aepopMupoBanus. B
CBSI3M C 3TUM HEOOXOIMMO MPOaHAIU3UPOBATH
TEPMOAUHAMUKY CIIJIOLIHOW CPEJIBI.

3. 3anuiieM omepaTopHbIE ONPEAEISIONIUE CO-
OTHOIICHUS C Y4YETOM TOBpexmaeMocTu (2.5),
(2.6) B BUIE

O-ij:Fij(gaKalyTax) (31)

,uij:Kij(‘E‘alfv/'Z:T:x) (32)

—

r7ie apryMEeHT X HAallOMHUHAET O TOM, YTO pac-
CMaTPUBAIOTCSI  HEOAHOPOIHBIE  MaTepHUAaIbI
(KOMIO3UTHI).

Jlo6aBum k (3.1) u (3.2) ompexnensronue cooT-
HOIICHHS, CBS3BIBAIOIINE BEKTOP TEIJIOBOTO

Volume 5, Issue 1&2, 2009

—

MOTOKA ¢ W TPAJUECHT TEMIIEpaTyphbl, B BUJAE 3a-
KOHa TemonpoBogHOCcTH Dypbe

-

q=—A-gradT, q=-A\,T, (3.3)

IJIe TOJOXUTEIBHO ONpeAeIEHHBI CHUMMET-
PUYHBIA TEH30p BTOPOTO paHra A Ha3bIBaeTCs

TCH30pPOM TCIIOMPOBOJHOCTH.
U3 ABYX OCHOBHBIX 3aKOHOB TCPMOAHWHAMUKU
[14]

dE = 6Q — 54%
TdS =60+ W dt

(3.4)
(3.5)

rae E - BHyTpeHHss sHeprus, S - s3HTponus, Q -
nputok Temna, A" - pa6oTa BHYTpeHHHX cHII,
W - ¢yHKuus paccenBaHus, NOIy4daeM, Kak
CJIEJICTBUE, YpPaBHEHHE

d¥Y + SdT+W'dt = — 547 (3.6)
rae Y. cBoOOHAA sHeprus ['eapMronbua
Y=E-TS (3.7)

Pa60Ty BHYTPEHHUX CHUJI MOJXHO 3aIllMCaTh B BU-
e

~549 = [(0,,de, + u,dx,;)dV (3.8
Vv

a IIPUTOK TCILIa

50=dt| [pgav - [ q-ndz| 39
4

z

BBoas miioTHOCTH TEepMOAMHAMHYECKUX (YyHK-
it ., e, s, w

Y= J.pl//dv E= J.pedv,

S= jpsdv, /8 Jw ©-19)
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3anuieM ypaBHeHue (3.6) B Buie
pdy + psdT +w =0, ds,; + u, di,; (3.11)
VYpaBuenue (3.5) mpu UCHOIB30BAHUU BBEAEH-

HbIX 0003HaueHui (3.9), (3.10) u 3akona dypbe
(3.3) MOXHO 3amucarth B BUC

ds - .
pTE:pq—divq+w (3.12)
Bocnonb3yemes TUIIOTE301 roramens-

Heiimana [14] u 3anuiieM onpenesnsoolue co-
otHomtenus (3.1), (3.2) B Bune

o, =Fi(c k', x.%) (3.13)
v T T Ed
/LliJ':Ki./(‘E‘ ,’f aZax) (314)
rie
e'=ze-a9 , x'=k—p3 (3.15)

31ech « - TEH30p TEIUIOBOrO paclIUpeHus, a f

Ha30BEM TEH30pOM TEIUIOBOI'O MCKPUBJIECHUS,
- mepenaj TemMreparypsl, T. €. pa3HOCTb MEXK-
Ny TEKyILUeH TeMneparypol 7 ¥ HEKOTOPbIM Ha-
qajgbpHbIM €€ 3HaueHueM 1. ( $=T-T )
OTmeTuM, YTO 0 HEJTAaBHErO BPEMEHH OKCIIe-
PUMEHTAJILHO HaXOJUTh OINPEAEISIIOIUU COOT-
Homenus Buna (3.13), (3.14) 6pU10 HEBO3MOK-
Ho. B pabotax [15, 16] Obl1 mpeasiokeH Haxo-
JIUTh WX aHAJUTUYECKH Onarojaps BBEICHHIO
TaK Ha3blBAEMOr0 IMapameTpa CTPYKTYphbl KOM-
MO3HTA.

TepmoauHaMuyeckue  (QYHKLUH — COCTOSIHHSA
s, ¥ B ypaBHenusx (3.11), (3.12) 3aBucsaT ot
Temrneparypbl 7' 1 HEKOTOPbIX TePMOAUHAMUYE-
CKMX ITapaMETPOB COCTOsHUA V , , i=1,2,...,n

KOTOpBbIE HE BCEI/la MOXKHO YKa3aThb B SIBHOM
Buzie. O000UIIMM Teneps “OCHOBHYIO” THIOTE3Y
[14] , xoTopast OyJeT 3aKiIoYaTbCsi B TOM, YTO
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napaMeTpbl COCTOSIHHSA Vv, SIBIIIIOTCS OIEpaTo-

pamu Buaa (3.13), (3.14)

v,=v,(e" k", x,x) (3.16)

3abynem Ha Bpemst 00 aprymente y B (3.16) u
HOJHYI0 BapHaLUIO O f, TPEICTaBUM B BHJIE

CYMMBI JIByX HE3aBHCHUMBIX BapHaIMi: H30-
xpoHHo# Bapuanuu v de’ + v dx ", xo-

r1a npu (UKCHPOBAHHOM ! BAPbHPYETCS BHJ
pynxmuit & "(7), x "(r) (0<r<t) m

Bapuauuu v ; dt, 00yCIOBJIECHHON BapbHpOBa-

HUEM HE3aBUCHMOI'O apryMeHTa ¢

ov,=vide" +vidi" +vidt (3.17)

Ecnn v, sABIseTcss TEH30pOM BTOPOIO paHra, To
IO/l BEJIMYMHON V[, Hampumep, HOHUMACTCS
ov,

oe'”’

GbyHKIMOHAIbHAS MPOU3BOIHAS T.€.,

TEH30p 4YeTBEPTOrOo paHra, a IMoj BEIUYUHOMN

1

v - 4acTHasi MPOM3BOJHAS OIEpaTopa v, IO

BpeMEHH (TE€H30p BTOPOTO PaHTa).
v

AHaJOrM4YHO NOCTYIMM M C ONEPATOPAMU ¥

(2.6) , ONHCHIBAIOUIUMHU TOBPEKIAEMOCTb.
[Ipexxne Bcero, corjaacHO NMPUHUMAEMOW THIIO-

te3e roramens-Helimana numeem BMecTo (2.6)

x = 2"k x) (3.18)

bynem cuurtath, 4TO ) SBISAETCA TEH30POM

BTOporo panra. Torga coriacHo ‘“OCHOBHOI™
THIOTE3€¢ MOKHO 3aMKcaTh MOJHYI BapHUaIUIO
omneparopa nospexaaeMoctH (3.18) B Buze
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Sy=y°de" +xdx" + y'dt (3.19)

Tenepr BcmomMHMM 00 aprymeHTre y B BbIpa-

xenusx (3.16) u Oynem paccMmarpuBaTh UX Ha-
anure B (3.16), Kak CIOXHYIO ONEpaTOPHYIO
(YHKIIMIO OT apTyMEHTOB, YKa3aHHBIX B (3.18).
[ToacraBum nonmyueHHble npeacTaBienus (3.17)
u (3.18) B ypaBuenue (3.11)

ﬁl//dT+p0’7—v dg +pé,—v dK‘ +
é’T ov ov,

i i

vy é’l//
+ vidt + d
pﬁvl pé’v ){
+pa—l’//vj‘-;(T+pé’—l’//vj‘;(tdt+psdT+

i i

v, ~ X v
+W dt=0'l.jdgl.j+yl.jdlcl.jz
=F(e" ", y,x)de+K(e",x",y,x)dy
(3.20)

[TpupaBuubas B (3.20) BeIpakeHHs IpU HE3aBU-
cumbIx Bapuauusax d T',d ¢, dk, d t, nomyuum

v al// ‘o al//v’.(-,B—
oT é’v ~t e Oy, -

- (3.21)
o L, 0¥ o
—_ vyt -V, - . —_
oy, e, v

i i

P g—fyf P Z:_zlff 2 =F(e" k", 1,x) (3.22)

pg—"”v"wng 2 =K (e T 70) (3.23)

1

él// t 5‘/ X .t *
—V. +p—V -} =—0
Py VP o, X

1

(3.24)

[Ipennonoxum, 4To BCE TEPMOAMHAMUYECKUE
(YHKIIMU COCTOSHUS Y/ ,S , € UMCIOT aJITUTHB-

HYI0 COCTaBJIAIOLIYIO, 3aBUCALIYI0 TOJIBKO OT
TEMIIepaTypbl, HAIPUMeED,

Volume 5, Issue 1&2, 2009

v (T,v,)=w(T) + 2 v, -v,(329

Torma MOXHO BBECTH IBE TCIIOEMKOCTH BeEllle-

cTBa: ¢ , , €, NPUYEM, KaK CIeIyeT U3 B4)m
(3.7),
L A ey
“Toor EYE o7 29
Jde, o’y s,
= =-T = 3.27
v T o7 o T or 2D
IToaToMy
2y, [
- = | =dT 3.28
oT J'T ( )

T

ITo 3akony lromonra - Ity y TBEpABIX BelecTB
JUISl TEMIIEPATyphl BBIILIE HEKOTOPOM, Ha3bIBae-
Mo#i Temmieparypoii ebast, ¢, = const. B 3ToMm

cllyuae
T g
¢, ln?o =c, In l+?0 (3.29)
Ecmu $ mano no cpaBHenuto ¢ 7, T0
T g
c, ln?o ~c, ?0 (3.30)

CpasnuBas (3.21), (3.22), u (3.23) a Takxke c4u-
Tas TEIUIOEMKOCTh BEILECTBA 3aJlaHHOMW, IMOJy-
gaeMm, 49TO (QYHKIUS DHTPONMUU S TOIHOCTHIO
ompejielieHa 3aKOHOM CBSI3U MEXAy Hampsbke-
HUSMU 1 MOMEHTHBIMU HANPSHKEHUSIMU C OJTHOM
CTOPOHBI U JieOpMaLIUSIMU U UCKPUBJICHHUSIMH C
JIpyrou:

ps=pc, lnT£+a-{7(gT,KT,;(,x) +

. o (3.31)
+,B~K(5T,KT,;(,x)
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[Moatomy ypaBHenue mnpuroka Temia (3.12)
MIPUMET BU/I:

pec, ci—ztw:div(/}- gradT)—

- T%{G'F(éj,KT,}(,XJ-I-ﬂ'K(é‘T,KT,}(,x):|+
+pg+o’

(3.32)

*
Bun ¢yHkium paccemBaHUS @  JODKEH KOH-

KPETH3HPOBAThCS B 3aBHCUMOCTH OT BbIOOpa
OTIPEICIISIONINX COOTHOIIEHUI B COOTBETCTBHUH
¢ BeIpakeHueM (3.24).

4. Ompenenstomue cootHomenus (3.1), (3.2)
SIBJIIFOTCSI TOBOJILHO 001MMU. J{71s1 mpuMeHeHus
pa3BUBAaEMOM TEOPHM Ha MPAKTUKE HYKHO pac-
CMOTpETh 00JIee KOHKPETHbIE ciiydyau. Bribepém
CHayaJla HaunpocTerunii BapuaHT: byaem pac-
CMaTpUBaTh HEMOJSPHYIO CPEly C JIMHEHHBIMU
ONPEIEAIOIMMHA COOTHOLIEHUSMH.

[Iycte HamM 3anaHbl BBIpAXKCHHUS HANPSLKEHUM
yepe3 nedopMaliy U MOBPEXIAEMOCTb B BUJIE

t
o, =J.1“l.jk, (to)el (t)dr+
! 4.1)
+I Vijkl t7)x u(0)d7
0

CootHomienus (4.1) sBIAIOTCA YaCTHBIM CIIyYa-
em cooTHomienuii (3.1). Ilpu sTom g TeH3z0pa
MOBPEXKIAEMOCTH y (¢) 3amMIeM, Kak 4acT-

HBIH cyyail cooTHOMIeHUH (2.6) BEIpaKeHUE

ZiJ:IXijkl(taT)ggl(T)dT (4.2)
0

JUIs COKpalleHHs 3alKiCU BOCHOJIb3YEMCSl CUM-
BOJIMYECKUM ONEpPATOPHBIM 0003HaueHueM [14]
U 3anuuieM cooTHoleHus (4.1) B Buae

U U
o, =Cijur &1, +V iju 1 (4.1
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a cooTHoIeHue (4.2) B BUJIE

Zij=Xijklg£l 4.2)

N3 (41)" u (42)" umeem
C,;;= S ijkl € 1{1 (4.3)
Siiki=Tijki +Vijmn Xomnkl 4.4)

T.€., Mbl MOJYYHUJIM COOTHOUIEHMS, (pOopMalIbHO
COBIIAJAIOIIME C COOTHOUIEHUEM KJIaCCHUYECKOM
TEOPUU TEPMOBS3KOYyNpyroctu [5]. 3ameTum,
4TO TPAAUIMOHHO B cooTHommeHusx (4.2) [3]
TEH30p MOBPEXJIAEMOCTH CBS3BIBAIOT C HAIps-
JKEHUEM:

Xij :_[ Y u@tr)o,(t)dr=Yiuo, (4.5)
0
Opnaxo, noacrasus (4.3) B (4.1)', momyuum

) r v )
Gi.j:rijklgkl‘i'Vijmn Ymnklakl

(4.6)

BBeném eauHUYHBINA TEH30p YETBEPTOrO paHra
A [17]

1
A =

ijkl 2(5ik 5_/1 + 5f1 5_/‘k) 4.7)

torna (4.6) MOXKHO 3amucath B BUIE

o o )

(A[jkl _Vijmn Ymnk/) O-k] = Fijk/ ‘C"IZI (48)

v
Ilycrs Tensop-oneparop W, ,,, siBisercst obpar-

1
HBIM, TI0O OTHOIICHUIO K ONepaTopy, 3aKII0YEH-
HOMY B JiIeBOHM uacTtu (4.8) B KpyTible CKOOKH,
T.C.

o v v

(A[jkl —Viimn Yonkt ) Wiipg = A (4.9)

ijpq

Torma coorHomenust (4.8), a 3HauuT u (4.6)
MOKHO, KaK W Tpexjae 3amucatb B Buae (4.3),
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()
TOJILKO TENEepb ONeparop S;;r; HWMEET BUJ HE
44)a

v v v
Sijkl = Wijmn ankl (410)
Takum oOpa3oM J0Ka3aHa HKBUBAJICHTHOCTH
3anuceit (4.2) u (4.5).

Pazymeercsi, Mbl OyneM cUYUTaTh OMNpPEICIISIIO-
e cooTHolneHus (4.3) oOpaTUMBIMU, T.€., UX
MOHO Pa3peuInTh OTHOCUTEIBHO JAehOpMaIiHii:

4.11)
rae

Sijmn ankl (412)

Ai jkl
Omnpenensronum  cooTHomeHusiM (4.11) coot-
BCTCTBYIOT ABC UCXOJHBIC q)OpMBI 3aIlincu

SI-T]- = Ki_jkl O 4 + Ai_/kl X ki (413)

Onna dopma B Buae (4.5), a mpyras B BUIC
(42)" . B nepBoM citydae

Q0 = Kijir + Aijmn Ve (4.14)
a BO BTOpOM
Qijkl = Bijmn Kmnkl (415)

()
rie TeH3op-omneparop B, sABIseTcs oOpar-

HBIM K TEH30pY OIepaTopy

o )

(Aijkl — Aijmn ankl ) , T.C.

v o

Bijki ( Aklmn - Aklpq qumn) = A (4.16)

ijmn

Taxkum o6pa3om, u B cirydae (4.13) obe popmbr
3anucu (4.2)" u (4.5) SKBUBaJICHTHBI.

Jlnst u3oTpomHOro ciaydas cootHorneHus (4.13)
MOTYT 6I>ITB 3aIlIMCaHbl B BUIC
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e; =Ks,, + 4 ;?ij (4.17)
U 1] v o
0" =Ko+ Az  (418)
rie
T T
&,=0"0,+e,,0,=00,+s, ,
1 0 —
Xij =§Z5ij + X
0'=¢,-3a9 , O':lokk ,
3
0
X=X kk
U Ki-3K 1y
Kijn=—""28,5, +—K(8,,6,+8,8,1)
v A1-34

1 v
ijk1 = 0,0k +5A(51.k 0;+0,0,)
(4.19)

CootHomienue (4.5) B 3TOM ciiyyae NpUMeT BUJL

;?ij =Ys, (4.20)
0 v
¥y =Y o (4.21)
rje ananoruyHo (4.19):
o Yi-3Y
Y ijer =— 0,0+
(4.22)

1u
+§Y(5ik§jl+§i15jk)

[TosTomy cootHomieHus (4.11) moryT ObITH 3a-
IUCAHbI B BUJIE

e, =0s, (423)
0" =0 o (424)

Taxk garto JJIs1 9TOTO ClIydass UMEEM
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OnumieMm Tenepp, KakuM 00pa3oM MOKHO OTHI-
CKaTh KCHEpUMEHTaIbHO 11po O (¢) , COOTBET-

CTBYIOIIIEE OTIEPaTOpPy é B (4.23). Jlns mpocTo-
TBl OyJeM cuuTaTh sApo0 () Pa3HOCTHOTO TUMA
QO(t—1), a dopmy 3anucu (4.23) - cOOTBETCT-
Byromeil ¢popme bonbiimana-Bonbreppsl, T.€. B
Buje unrerpaiga CTuibTheca:

e, (1) = [ot-ryds, (r)  (427)
[Ipu sTom u3 (4.25) ciaenyet

O(t) = K(1) + [A(1-7)dY(7) (4.28)

MpiciieHHO MpoBeNEM HKCIEPUMEHT Ha IOJ3Y-
yecTh oOpasua 0e3 koHueHTpaTtopa. [Ipukiasi-
Bas K TAKOMY 00pa3ily MTHOBEHHO HaIpsHKEHUS

saﬂzsgﬁh(t), s, =0(#a,j= ) (4.29)
e s 5 - HEKOTOpas TOCTOsHHAs, a h(7)-

enquHUYHAS (QYHKIUS XeBUcaija, HalaéMm u3
(4.20)

X ap=Y5 1y =[Y(t=0)ds,,(c) = 50, V() (430)
0

WuBapuanTsl TEH30pa } ; COBMAJAIOT C €ro
€IUHCTBEHHOU KOMIIOHEHTOU ;?a 5 » @ 3HAUUT

W3 BceX Mep TmoBpexmaemoctd (2.2) Oyner
enuHCTBEHHas QyHKMs s , 5 ¥ (7). U3 ycnosust

paspymenust (2.4) sta QyHKIHA CTaHET B MO-
MEHT pa3pylIeHus] / KOHCTaHTOU

sgﬂ Y(t") = C = const

[Ipennonoxum Tenepp, 4TO U3 CEPUU IKCIIEPU-
MEHTOB C pa3JIMYHBIMU TIOCTOSIHHBIMU 3Haue-
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HHUAMHU S S{ﬁ MBI 3HA€M 3aBUCUMOCTH BPCMCHU

paspylleHus ¢ OT HarpyXeHus s 4+ 1loaTomy

MBI MOKEM ITOCTPOUTH OOPATHYIO (PYHKLIUIO

sos=8"(1) (4.32)
Torma u3 (4.31) Ml HaxoquM sApo Y () :
C
Y(t)=—= 433
(0= (433)

C TOYHOCTBIO [0 TIOCTOSSHHOTO MHOKHUTEISL.
(AHAOTUYHO M3 DKCIIEPUMEHTa Ha BCECTOPOH-
Hee pacTsHKeHHE MOXHO HalTu sipo Y, (1) ).

Jlamee MOXXHO TOCTYNHUTH CIEIYIOUIMM 00pa-
30M. [Ipu MasbIX ypOBHSX HalpsDKEHHUH, KOTJa
0 JIECTPYKIIMM HE MOXKET MATH pedH, MBI Haxo-
IuM siapo monmsydectd K (¢), a mpu OOJBIINUX

YPOBHSIX HAIPSHKCHUH, HMCHONB3YS COOTHOIIE-
Hus (4.27), HaxonuM (QYHKUUIO mon3ydectd O
(¢). Ilocne storo sapo A (¢f) HAXOAUTCS U3 pe-
IICHUS] WHTETPaJbHOTO ypaBHeHHS Bombreppsl
BTOPOTO PoAa

[v(t-t)yda(e) = 0(t) - K(1) (434

TouHO TakXe MOCTyNnaeM U B ciayyae 0ObEMHOM
MOJI3yUYEeCTH, T.€. pelllaeM HMHTErpajJbHOE ypaB-
HEHUe

[Yi(t-ryd 4, (v) = 0,/(1) - K, (1) (435)

5. PaccmMoTpuM Temnepp ciaydail JIMHEMHON He-
MOJISIPHOM  aHM30TpOnHOM cpenbl. [IpoBeaém
Oosiee TOAPOOHBIE pacCyXICHHUS IS CIydast
TpaHcBepcalbHOU U30Tponuu. B sTom cimyuae
BCE BBIKJIAJIKA BIUIOTH J0 (Gopmyisl (4.16) oc-
TAIOTCS CIIPABEITUBBIMH.

Jisi TpaHcBepcalbHO M30TPOITHOW Cpeibl KaxK-
Iblii CUMMETPHYHBIM TEH30p BTOPOTO paHra
yA00HO TpPEACTaBUTH B BHJE, 0000IIAIONTIM
pa3bueHre TeH30pa Ha IIapOBYIO U JIEBUATOP-
HyI0 cocTapJstomue [17], Hanpumep
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~ 0

gijzéeyij+glilj+pij+2qij (5.1)
~ 0

o,,=0y,,+oll,+F +20, (5.2)
~ 0

Xi=X7+xll+¢, +2%, (5.3)

Kaxnpiii u3 renzopos (5.1)-(5.3) umeer mo nsaTu
HE3aBHCHMBIX WHBAPHAHTOB, HO MBI OyJieM pac-
CMaTpHBaTh KBa3WIMHEHHbIE (M JaKe JIMHEH-
HbIC COOTHOIICHHSI), W TOATOMY IPHMEM BO
BHUMAaHHE TOJIKO 10 YEThIPE MHBApHAHTA JUIS

KaKIOro TEH30pa: JBa ‘“NMUHEHHBIX” U JBa
“KBaJpaTUYHBIX "
~ 0 ~ 0 ~ 0
0,e,p,q;0,0,P,0; x, 1,6, ¥  (5.4)

Omnpenensronue cooTHomenus (4.13) B stom
cJIydyac MOryT 6BITB 3aIlIMCaHbl B BUC

pi_/:KE_j+A¢i_/‘ s 4,;,=LO,;+By (5.5)
~ U 0 U ~ U 0

éT:K10'+K20+ Al/}/’+A2/}/’

0 U 0 U 0

e =Ko+ Kso+ Ay y + As gy

CooTtHomreHus (4.5) mpuMyT BH]T

¢ij:Y ij 5 Wij:ZQij (57)
~ U~ u 0
=Yio+Y20
LTS (5.8)
x=Yio+Y;so

TouHO Tak ke, KaKk U B NPEAbIAYIIEM ITYHKTE,
MOKHO TII0Ka3aTh OSKBUBAJICHTHOCTH 3almceit
(5.7) u 3anucu

¢ij:Xpij > l//ij:quj (5.9)

v ~ V] 0
= X, 0 + X, ¢
U 0

X3€

o (5.10)
= X49 +

R o N
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B n1r000M ciiyyae, MpUHATBI 32 OCHOBY COOTHO-
menust (5.7), (5.8) umm (5.9), (5.10). MoxHo
cootHomeHus (5.50), (5.60) nepenucaTs B BUIE

pij:QPij 5 qij=RQij (5.11)
~ V] ~ V] 0
6" = Qo+ Q,0

0

(5.12)

U 0

0, o

o -
= Q0,0 +
3Hast TeH30p moBpexgaemMoctd y (5.3) u ero
WHBapHaHTHI (5.4), COCTaBIsIEeM MEphbI MOBPEXK-

naemoctd M, ,.....,M , KaK (GYHKIIUU 3TUX WH-

BapuaHTOB. [IpriMeM ympomiaromiee Mmpeanoso-
JKEHUE, YTO MEphl IMOBPEKIAEMOCTU 3aBUCST
TOJILKO OT T€X WHBAPUAHTOB, KOTOPHIE COOTBET-
CTBYIOT MPEACTABICHUIO OMPEACISIONUX COOT-
nomenuit B Buzue (5.11), (5.12). Torma xpure-
pPHUH pa3pyIIeHUsT MOXKHO 3aIHCaTh:

M, (¢) < C
M,(¥)< G,

~ 0
M, (x.x)<C

~ 0
M4(;(,;()SC4

(5.13)

WU TIPOILE
¢ <C, , Y<C,

~ 0
ay + b y <C, (5.13)'

0
by +dy <£C,

[Ipenmonoxxum Tenepb, YTO OCYILECTBISETCS
AKCIIEPUMEHT Ha PACTSHKCHHE [UIHHIPHYECKO-
ro obpasia B HampasleHHE X,. B 3ToM ciydae

IIPH MOJI3Y4YECTH

o, =016,6;, h(t) (5.14)

t

Torna, cunTasi, 4TO U B ITOM IYHKTE BCE Omepa-
TOPHBIC COOTHOIICHHA OIIMCBIBAKOTCSA PA3HOCT-
HBIMU siipamMu B Gopme unterpasioB CTUIIbThE-
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ca, Ul MajblX YPOBHEH HaIIpsSHKEHUN HAUAEM
U3 OKCIepUMEHTa Ha IOJ3y4ecTb  sjpa
K, (t),K,(t), K(t)ucnonp3yst COOTHOIIE-
Hus (5.5), (5.6). Ilpu GonpmMX YpOBHSX Ha-
npsbkeHui HaipéM saapa Q, (t),0, (¢), O(t);
UcIonb3ys cootHomeHus (5.11), (5.12).

Ecnu MBI pacTsiHeM UIMHAPUYECKUI oOpaser] B
HaIpaBJICHUE X,

o, =03 0,50 ;5 h(1)

t

(5.15)

TO HaiIEM ONMUCAHHBIM 00Pa30M siApa Mo3yye-
cru, K, (¢),K, (¢t) a taxxe O, (¢),0; (¢). Haii-
JICHHbIE JBYMSI criocobamu spa
K, (t),0, (t) MOXHO OyIeT CpaBHUTb.

W3 skcneprMeHTa Ha MON3Yy4YeCcTh NMpHU Kpyue-
HUU 00pa3ia

_ 0

0,; =013 (51'1 5(/3 + 5:‘3 5(,‘1) h(t) (5-16)
HaxoaTcs sapa nonszydectu L(¢) , R(t). Kpo-
M€ TOro, M3 CEePUU SKCIIEPUMEHTOB TAKOrO Ha-
HPsDKEHHOTO COCTOSIHUS MOXKHO HAWTH 3aBHUCH-
MOCTb CKPYYHMBAIOIIETO HANPSKEHUS Oy  OT

BpEMEHH pa3pyllieHus

ol3=81;(t) (5.17)
3nas pyskimio (5.17) MbI CMOXKEM, aHAJIOTUYHO
TOMY, KaK 3TO OIMUCAHO B MPEbIIyIIEM MMyHKTE,
HaiTH sapo Z(¢)u3 cootHomenus (5.8). B ca-
MOM Jiejie, KOMIIOHEHTa TEeH30pa HampsKEeHUI
O ,; BXOOUT TOJIBKO B OJUH HHBapUaHT

(QO=.lc},+ 03, ), a NIOJTOMY M Mepa IO~

BPCIKAACMOCTHU OIIPCACIIACTCSA TOJIBKO 3TUM HUH-
BapuanToM (V'), Kak ciemyer W3 BTOPOTO CO-

otHomenus (5.7). Iloatomy, 3Has sapo Z(¢)
(5.13)

CZ
Z(t) =+ <

S0 (5.18)
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)
Mbl MOXEM Halitu sanpo B(t)omnepatopa B,

BXOJISIIETO B COOTHOIICHHs (5.5), pemrast uHTe-
rpalibHOE YpaBHEHHE, aHaioruuHoe (4.34)

[z(t-v)dB(z) = R() - L) (5.19)

CrnoxHee 00CTOMUT J1eJI0 C ONpEACTICHUEM siiep
A1), A1), 4,(1), A,(0).

Pasymeercs, U Ipu IIPOBENCHUM DKCIEPUMEH-
ToB Tuma (5.14), (5.15) MBI TaKxKe MOXKEM HaUTH
3aBUCUMOCTH  PACTATHBAOIINX HaHpH)KeHI/Iﬁ

0 0 .
O 4, , O 33 OT COOTBCTCTBYIOIIUX BPEMCH pPas-

pyLICHUS

O-?le;(t*) 76(3)3:S§3(t*) (5.20)

MBI MOXKEM TaKKe NMPOBECTH JKCIIEPUMEHT Ha
IIOJI3y4ECTh IIPU KPYUCHUMU:

G, =00 (8,8 ;48,8 h(t)  (521)

U M3 HEro ONpE/eINTh HEe TOJIbKO YXe HaiIeH-
Hbl€ paHblle sapa nonzyuectu K (1),0(¢),Hou

YCTaHOBUTL 3aBUCHUMOCTH CABHUI'OBOI'0 HaIps-

)KEHU O |, OT BPEMEHH pa3pylIeHus
0o _ * *
o, =8,(0) (522)
OI[HaKO Kaxaas Hn3 KOMIIOHCHT TeH30pa

~ 0
0,50 33,0 |, BXOJIUT B UHBAapUaHThl P, o ,0
U TEM CaMbIM (UTYypHPYET B KPHTEPHUSIX MPOU-
HoctH (5.13)". Tak, 4To IUIst HAXOXKIEHUS sIIep

A(t),4,(t),A4,(t), A;(t) HEOOXOIUMO HCHOIb-
30BaTh KOMOWHAIIMIO Mep MOBPEKIAEMOCTH
(513)".

[Tonp3ysick poU3BOJIOM MacmTaba KOMIOHEHT
X ; ¥ mep nospexpaemoctu (5.13), (513)',

IOCJIEHNE MOXHO HopMmuposatb [12]. Ota
HOPMHPOBKA 3aKJIIOYAETCS B TOM, YTO MBI MO-
KEM OJIHY M3 KOMIIOHEHT TE€H30pa MOBpeXkaae-
MOCTH ), BXozsmiyio B kpurepuii (5.13)", cne-
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JaTh paBHOW enuHuue. Hampumep, eciin HEKo-

()

TOpPBI TEH30p Y =~ COOTBETCTBYET YHUCTOMY

CIABUTY
x5 =8,6, (523)

TO OJIHY M3 KOMIIOHEHT 3TOr0 TE€H30pa MOXKHO
c/enaTh paBHOW €AMHUIE, @ OCTAJbHBIE OyayT
HYJIEBBIMU M MOKHO IOJIOKUTh

M (x®) = C, = const (5.24)

MosxHO BBIOpaTh Apyroii Tensop y'”, coorBerT-

CTBYIOLIUK IIPOCTOMY PACTSHKEHUIO B HAIPaB-

(r)

JICHUH X, . Torna KOMIIOHCHTY Y ;" MOXHO IIO-

JIOKUTh paBHOM eaunuue. Ho y Takoro tensopa
KOMIIOHEHTa ¥ ) MOKET OTJIMYaThCS OT HyJIs,

NOJI0XKM €€ paBHOH A < 1:

V=1, y=21<1 (5.25)

OcTajbHEIE KOMIIOHEHTHI TeH3opa y ") paBHBI

nymo. J{ns Tensopa y ) MOXHO 3ammcath Me-

Py TMOBPEXKIAEMOCTH MU YCIOBHE MPOYHOCTU B
BHJIE

M. (y") =C. = const (5.26)

ITocne HaxoXIeHUA TaKUX KOHCTAHT KPUTEPUHU
[IPOYHOCTHU CTAHOBATCS HOPMUPOBAHHBIMU

M (D<M (™) M, (D<M, (")  (527)

N3 (513)" BugHO, 4TO O€3 OrpaHWYCHHS OOII-

HOCTH KPUTEPHUU MPOYHOCTH MOTYT OBITh 3aIu-
CaHbl B BUJE

0

V4

#<C,,¥<C,,|x|<C, . | x|<C,  (5.28)
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HopMupoBka 3TUX KpUTEpUEB MO3BOJSET IO-
JIOXKHThH B HUX

Xu=Lxn=Lxs=Lxs=l1x,=4 (529)
[TycTh HaM M3BECTHBI PKCIIEPUMEHTHI, YCTaHAB-
JIMBAOIINE 3aBUCHMOCTh HAIPSDKEHHH OT Bpe-
Menu paspymenus (5.17), (5.20), (5.22). Pac-
CMOTpUM elié pa3 Kaxabld u3 HuXx. B cioydae
HANPSDKEHHOTO ~ COCTOSTHUS,  OIHCHIBAEMOTO
(5.16), monmyyaeM €IMHCTBEHHYIO, OTIIMYHYIO OT
HYJIsSI, KOMIIOHEHTY T€H30pa ¥ :

Xi=2y 3=220,=Zc,; (5.30)

OTa KOMIIOHEHTa BXOOUT TOJIBKO B MHBAPUAHT

V. Ilostomy cormacuo (5.28) u (5.29), umeem
u3 (5.30)

Z(t) = (531)

S (D)

PaccmoTpum Temeph HampsHKEHHOE COCTOSHHE
(5.21). B aToM cnydae MBI TakkKe UMEEM €/IMH-
CTBCHHYIO KOMIIOHEHTY TEH30pa Y, , OTJIHY-

HYIO OT HYJIS:

v )
Xn=9,=YR,=Yo,, (5.32)
3Ta KOMIIOHCHTA TAKXEC BXOAUT B CIAMHCTBCH-
HBI WHBAPUAHT TEH30pa MoBpexaaeMoctH O .

[TosTomy cormacuo (5.28), (5.29), umeem wu3
(5.32):

Y(t)= (5.33)

S (0

Hns wanpsbxéanoro cocrosiHus (5.14) ornmu-
HBIMHM OT HYJISI KOMIIOHEHTaMHU TEH30pa MOBpe-
JKTAEMOCTH SIBJISIIOTCSL:
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(5.34)

0 v~ V]

-~ :;(=Y40'=5Y40'H

OTH KOMITIOHEHTBI BXOOAT B MHBApPUAHTLI

V2 -1 0
¢=T‘Zu_7(22 alzz(ﬂfu"‘lzz)a X=xs (5.35)

Ucnons3ys mepBbiii u3 mHBapuaHtoB (5.35) u
(5.28), (5.29), nomyuum u3 (5.34):

S/ (1)

Y(t) = (536)

Jlnst BTOpOTO M3 uHBapuaHToB (5.35) umeem:

Y ()= 1*+ A (537)
Sy (1)
W, HAKOHEII, JUIS TTOCIEAHETO:
2
L= (538)
Jlnsg  HanpsKEHHOTO COCTOSIHUS, COOTBETCT-

BYIOILIETO MPOCTOMY PACTSIKEHUIO B HaIlpaBlle-
HUM OCH X; , IMEEM OTJIMYHBIMH OT HyJsI KOM-

TIOHCHTHI TCH30pa Y :

~ V] 0 v
Xu=x=Yro=Y, 04
~ v 0 V]
Xn=x=Y0=Y,0, (539)
0 v 0 v
Xp=x =Ys0=7Y30,
9TI/I KOMITOHCHTHBI BXOIST B I/IHBapI/IaHTLI:
- +
IR ek (40)

nmosToMy umeeM u3 (5.29):
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= L Vel (541)
S3(1) 285(1)
Urak, dbopmynamu (5.33), (5.36)-

(5.38),(5.40),(5.41) ompenenensl Bce snpa, sB-
JISIFOIIMECS MaTepPHaIbHBIMU (YHKIUSMHU OTIe-
patopos (5.7), (5.8), a 3HaUUT, ONPECIICHBI BCE
S7pa, OMKCHIBAIOIINE ONEPATOPHBIC COOTHOIIIC-
Hus (5.11).

3ameTum, 4TO IS siApa monsydectu Y (f) ume-
etrcst ABa ompeneneHus: (5.33) u (5.36). Cneno-
BaTEIIbHO, COTJIACHO PacCMaTPUBACMON TEOpUH,
AKCIEPUMEHTAJIbHO ONpeeNgeMble (PYHKIMU

ST, (1), S, (t)- 10106HbI:

Su@ = (1-2)8,(t) (542)

I[Tpu 3TOM NOCTOSIHHAS A BIIOJIHE OINpEeIcHa U3
* *

conocraBnenus S |, (¢), S, (¢). Ecam skcme-

PUMEHT He TOATBepkaaeT nomodbus (5.42), to

mepa ¢ < C; NPUMEHHUTENBHO K CIy4ar Ipo-

CTOrO PACTSDKEHUS HE 3aBHCHUT OT Y ,, (MM

MO3KET OBITh 3aMEHEeHa Ha OoJiee 00IIyI0).

6. Ilonspuas cpena, T.e. cpeaa, B KOTOPOM yuu-
TBIBAIOTCSI MOMEHTHBIC HaNpsDKEHUs, Oy/IeT BBe-
JICHa HaMU Jajnee pa3Nu4HbIMH criocobamu. Of-
HaKo (popmabHO MBI OyleM CUHTAaTh MOMEHT-
HbIE HANPsUKEHUS TEH30pOM BTOPOTO paHra u ,

JUISL KOTOPOT'O CIPABEAIMBEI ONPEIEISIONIIE CO-
OTHOIIEHUs orneparopHoro Buaa (3.1, 3.2).

JIns KOHKPETH3alMU 3TUX OINPENeINSIOMNX CO-
OTHOILLIECHUHA MBI MOKEM HCIOJIb30BaTh COOTHO-
menus tuna (4.1). Hampuwmep,

t
0 =| T )] (Ddr +
0
t
+J-7ijkl (t.7)K ()T +
0 (6.1)

t
+J-Vijkl (6, D) u(T)dT +
0

t
+J-vijkl ) x l/cz (r)dr
0
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b= j T (60K (0)dT +
0

+ _[ Y ;_/kl (tr)e 1{1 (r)dt +
0 (6.2)

+ I/i_//kl (tar)}(lil (r)dt+

o t—~

t
+ IV z/'/kz (t,0) x 1 (D)dT
0

I[Ipy >TOM I TEH30POB TOBPEKITAEMOCTH
7, 7 (2.6) B COOTBETCTBHY C BHIOPAHHBIM Ua-

CTHBIM city4aeMm (4.2), 3anuiem
t t

2= Xy @0 (@dr+ [ x4 (00 ()dT (6.3)
0 0

t t

Zl// :J.Xi/jkl (t,Z')K',f, (D)dr + J.Zt/‘jkl (tar)ggl (r)dr
0 0

(6.4)

Kak ¥ B myHkre 4 MbI OyIEM HCIIONIB30BaTh CO-

Kpali€HHble (onepaTropHble) 00O3HAUYEHHUS JUIS
3aIMCcH COOTHOIIeHHH Tuma (6.1)-(6.4):

v U ) )
oy _F’J"l‘gkl +7ijk1Kkl +Vl/k1}(k1+vukllk1 (6. 1)

Hij :rz/'_jklZ£l+y;_/klg;l+z;k1Z2l+vi/jklel (6.2)
) o v

lijzX"J'k’g{/"'xijk/K/{/ (6.3)'

X =X iju K g +Xiju €, (6.4)

Kak u B ciyuyae nmyHkTa 4, Mbl MOXKEM 3aIuCaTh
(6.1) —(64) B BHIEE

v v
T T
O-ij :Sijklgk] + Sijkl Ky (65)
o/ o/
T T
M= Sk g+ Sijr &y (6.6)

rIe
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U V) V) V)
Siiki=Tijer + Vijmn Xmnki (6.7)
o/ o/ . o/

Sijkl = rijkl + Vijmn ankl (68)
V) v v V)

Sijki :]/ijkl—'_vijmn X mnkl (69)
u/ v v v,

Sijkt =Y ikt TVijmn X mnki (6.10)

Omnpenenstonue cootHomenus (6.5), (6.6) Oy-
JICM CYMTATh OOPATHBIMH:

ngj:Qijklo-kl +ql‘jk1/uk1 (611)
Zisz i/jkl:ukl + qi/_;k; O 1 (6.12)

IZI€ B Cllydae, €ClIU pacCMaTpUBAIOTCSA Pa3HOCT-
HBIE s171pa (T.€. YMHOXKEHHE ONIEPAaTOPOB KOMMY-

TaTHUBHO)
U U o/ o/ U V]
Qiikl =Rijmn Smnkl ’Qiik/ =Rijmn Smnkl s
U V] v o/ V] o/

qijkl :—Rijmn S mnkl o qiikl :—Rijmn S mnkl (6 13)

U
a oreparop R,;;x; fABIseTCs 0OpaTHBIM K omepa-

TOPY S[_jmn Smnkl — Sijmn Smnkl! 5 T.C.

v v U/ U/

Rijmn(Smnpquqkl — S mnpq Squl):Aijkl (614)

Bbynem CUUTAaTh, qTO0

) k.)/ ) U/
Qijkl ,Ql.jkl 24,41 »9,;;4, B COOTBETCTBHH C

(4.14) umeer Bug

orepaTopsl

v )

U &)
Qijkl = Kijkl + Aijmn Ymnkl

u/ v/ v/ v/

Qijkl = Kijkl + Ai_/’mn Ymnkl

- ’ e (6.15)
ik = Kijer + @ijmn Y mnki

o/ v/ o/ v/

qijkl = kijkl + Aijmn ymnkl

MPH 3TOM CIPABEUIMBBI OMPEEINISIONINE COOT-
HoteHus Buaa (4.13)
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v v v v
T— s .. .. /
&, =Kijuo ytkii gl + i 1 140 0 X

r /
K =Kijw fly,+kija 0+ Aije g +aiji Y g

(6.16)

a TEH30pbI MOBPEKIACMOCTH 7 ,; , 7 ; cBs3a-

Hbl C TCH30paMH HaprDKeHI/Iﬁ U MOMECHTHBIX
HaprI)KeHI/Iﬁ COOTHOLICHUAMU

v )
Xij=YimOy+yiutu »
W

Zz] ijlﬂkl"‘yz,klo_kl (6.17)

B nanpHelimem ™Mbl OyzneM paccMaTpuBaTh
TPAHCBEPCAIBHO HU30TPONHYIO cpeny. Baeném
paznosxeHusi, ananoruunsle (5.1)-(5.3) nns ten-

/
30POB L X ij s X i;

~ 0
,ul.j=,u}/1j+,ull +M,;+2N,;

K, —K‘7/”+K‘ll +tu, +2v,; (6.18)
_/

)(;j:ZJ/iﬂLZ LI +¢,+2¥,, (6.19)

u COOTBETCTBYIOIIIHE WHBapUAHTHI
0 ~ 0

- . L / / /
ﬂ,ﬂ,M,N,K,K,M,V,l,I 7¢7LP
. Torma ompenenstomue cootHoueHus (6.10)
JUTSI 3TOTO CTy4dasi MOYKHO 3aIlMCaTh B BUJIE

D KP +kM +A¢ +a¢ (6.21)

u; A—K/M +k P, +A ¢ +a ¢ (6.22)

LQU+ZN +B‘P +b‘{’/ (6.23)

v, —L N, e o B ‘I’/+b ¥, (6.24)
0 K](;N+K2(;+;é1,£~l+k2,u+

+::11;N(+;12;(;+;1;E +Zz;0(/

;T:I%2&+1%3;+;2;;+1;3;3+

i +A2;}+23;O(+Zz;;/+;3;05’ (6.25)

148

B.E. TlobGenps

~ ul~ Ul U~ Ulo

k=K\u+Kru+kioc+k.o+

u/~/ u/ 0/ u/~ u/O
+Avy Ay ‘a y+asy
0 u/ ~ ulo U ~ Ulo
k=Kou+Ksu+k,o+kso+
ol o~ oo Ul o~ v,
+ Ay’ +A3;( +az;(+a3;( (6.26)
TeH30pbl NOBPEXAAEMOCTH ¥ ; j,;(f ; BbIpa-

JKAIOTCSL 4Yepe3 TEH30pbl HANpsKEHUH U Mo-
MEHTHBIX HaINPsDKEHUH ciaeyromumM oopa3oM

¢, =Y P +yMU, ZQ”+Z . (627)
~ u ~ U 0 U ~ U o0
=Yio+Y:0+ +
)g U ~ u 0 3;161 3/2'21 (628)

;(=Y40'+Y30+y4,u+y3,u
o/ o/ o/
/ /
¢.,=Y M, +y B,;;'¥Y; Z N, +z Ql/ (6.29)
~ ol ~ Ul 0o U~ Ulo

;(/:Yl,u+Y2y+yla+y26

o/ U/~ ulo U~ Ulo (630)
X =Yau+Ysu+y,o+y,o
3az[azmM Mepel  ToBpexmaemoctn  (2.2)
M, ( 7, y') xak pyHKIMM HHBAPMAHTOB, TEH-
(6. 20)N B

30pOB TNOBPEKIAEMOCTH ;( ;( . Cnenys [12]

o0Opa3yemM cyMMapHbIi TEH30p OBPEKIAEMOCTH

=0+ 10 (6.31)
O0pasyeM ero MHBapHUAaHTHI
" 2 1 1
A AN R 4 (632)
U BbIOEpEM KpUTEpHIi IIPOYHOCTH B BUJIC
~ 0
M, (2" 2" ¥ < C, (633

Kax gactnbiii ciyqaii, paccmorpum (6.33) B Bu-
1€, aHaJIOTUIHOM KpuTteputo (5.28):
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~ 0
¢"<C,,¥Y"'<C,,y<C,, y<C, (6.34)

Omnpenensirorue cootHomeHus (6.21)-(6.26) c
yu€toM cooTHomeHui (6.27)-(6.30), nanucan-
HBIX Kak o00oOmeHue cooTtHommeHuit (5.9),
(5.10), 3anuiem B Buze

p,;=OPF +qM,; ; q,,=RO, +rN,; (6.35)
/

@] u/ ) _u/ u/
u, =0 M, +q'F,;;v,;=R'N,+r'Q,, (6.36)

i

~ u ~ U 0 U ~ U 0
0" =0,0+0,0+q,u+q,u
0 ul ~ u20 u1~ u20 (637)
¢'=0,0+0,0+q, u+q,u
NT u/~ U/O u/~ u/O
=0l u+Q,u+qlo+
| OO (638)
k" =0, u+Qiu+q,0+qs0

UToObl HATH AKCIIEPUMEHTANBHO AApa MOJ3Y-
YEeCTH, COOTBETCTBYIOIINE OMEPATOPHBIM OIpe-
JIENSomuM  cooTHomeHusiM — (6.21)-(6.26),
(6.35)-(6.38), HE0OXOIUMO peanu3oBaTh IPO-
LIECChI TIOJ3YyYeCTH MPU HEOJHOPOIAHOM HAIps-
XKEHHOM COCTOSIHUM, Harpumep, Buzaa [12]

o, =By (D) 3 w1, =Pu, (Oh@)  (6.39)

e o, My KHe-HUOYIb N3BECTHBIC

—

(YyHKIMM KOOpAMHAT X TOYKM Tena; t - ma-
paMeTp XapaKTepU3yOUIMi MHTEHCUBHOCTb Ha-
IPY3KH.

Pasymeercs, onncaHHble B IpebIIyIIEM TyHK-
T€ HKCIIEPUMEHTHI, B KOTOPHIX HE YUHUTHIBACTCS
BJIMSIHUE MOMEHTHBIX HAlPsKEHUM, OCTAOTCS B
cune. [lpyrumu ciioBamu, BCe pa MoiI3y4yecTH,
o0o03HayaeMble OOJNBIIMMH HEIUTPUXOBAHHBIMU
JTaTUHCKUMH OyKBaMH, CAUTAEM N3BECTHBIMHU.
[TonoxxuM [ TPOCTOTHI, YTO NEPEKPECTHBIE
3G eKTH B ONpENeIeHUH TEH30POB TOBPEK-
JAEMOCTH, OTCYTCTBYIOT. Jlpyrumm cioBamy,

V)
MyCTh Vi H

OTCYTCTBYIOT  OINEPATOPbI
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v
/
Vi B (6.17), a 3HaUMT, OTCYTCTBYIOT B BbIpA-

xkeHusx (6.27)-(6.30) Bce omepaTtopsl, 0003Ha-
yaeMble HaMH MaJIbIMH JIATHHCKUMHU OYKBaMHU:
ST I V- A S /-
Paccmotpum miis mpumepa mporece (6.3%), B
KOTOPOM OTJIMYHBIE OT HyJsI OyIyT TOJBKO
KOMITOHEHTHI ¢ mHaeKkcamu (13):

& =B (D) =Bt s (XVh(t)  (6.40)

Hcnonwzyem (6.27), (6.29) u (5.31). Toraa oue-
BUIHO

- p
X13=0 3

S5(0) s Xn=HBz () (641)

U Mb1 umeem u3 (6.34)

1125113"'){{3 ; \P//:Z{gzcz (6.42)

B sxcnepumente (6.40) Mbl yCTAaHOBUM HEKOTO-

—

pyIO TOYKY X() , B KOTOpPOW BIIE€pBbIE OyneT

IIPOUCXOAUTH paspylieHue. Toraa s Kaxxaoro
YHCJIOBOTO 3HAYCHHS MapamMeTpa HarpyKeHHs
P =, Oyner ompeneneHo BpeMs paspylie-

HUS | , T. €. OyleT HaiieHa QyHKITIS
Bi=r) (6.43)

Buocst 310 3Hauenue B (6.41) u mpuHUMas BO
BHUMaHUE HOPMUPOBKY (5.29):

rn=bxh=lyn=lyn=lyh=2" (644)
nosryuuM u3 (6.42) uckomoe sapo
o
Z (== ! s 1 (6.45)

My fi3 () _;13 S1*3 (?)

Paccmotpum Teneps HanpsHKEHHOE COCTOSTHUE

0 =P u (M) , 11, =B, (I(E)  (6.46)
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B sTtom cnyuae mbl umeem u3 (6.27), (6.29):

- B
X12=0pn <

. yl=u, BY'(t
ST (1) X =t BY (D)

(6.47)

OTKyJa IIOCJIE€ NPUMEHEHHsI KPUTEPUH ITPOYHO-
CTH, HAXOUM

1 o 1
Y ()== g (6.48)
/112f12 (®) J227) Slz(t)
PaccmorpuMm Tenepp pacTsKEHUE B Halpabiie-
HUE OCH X | :

G =B . py =P, (D) (6.49)

Torma momyuaem B cootBerctBuM C (5.34),
(5.36) u (5.37)

Xu p Jlil :£;n [Y/ (t)+)]1/(t)]

=Ongr

Sy (0) 2
— A /=£_ v/ /
_O-nﬁsl*l(t)alzz 2#11[ Y'(1)+Y (t)]
_ 1 B

=Gllﬂ%,7(§3=5ﬂuﬂ/(ﬂ

X2 (6.50)

X

/
O6pasyeM MHBapHAaHTHI TeH3opa y ', Mo aHa-

noruu ¢ (5.35)

k
¢//:E‘Zn _Zzz+li1 _Z/zz‘:

Do, —
=l Y'(¢ 6.51
S0 Bu, Y @) (6.51)
- 1
Z//:E(Zn"'lzz"')({l"'léz):
(+)B — —
=—F—0,t Y (¢ 6.52
ST(0) ntBu Y@ ( )
0 po —
12133"‘){;3:?&3"‘?#11&/0) (6.53)
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yUUTHIBas 3HaueHWe [ Tpu paspylieHHH 00-
pasna

1= f11(t*) (654)

nosyyuM u3 (6.51)-(6.53), npuHuMas BO BHU-
MaHU€e yCIIOBUSI HOPMHUPOBKH

(-4) 1 oy (-2

Y (t)=—= — (6.55)
M Su @) Hy A0
/ o
A0 M SATE Ce R T 1
My S (@ Hy A0
20
Y4/(t):_2 L 2% *1 (6.57)
Hy O] Hy A 0]
I[J'I}I HaprDKéHHOFO COCTOAHUA, COOTBCTCT-

BYIOILIETO MPOCTOMY PACTSHKEHHIO B Harpaslie-
HUM OCH X, , uMeeM no aHanoruu c (5.39)-

(5.41)

(o2
Ve Tz 1
U f3() s S 3(9)

+47 1 ~ 1+4
2t 5 S 3 (0) 245 Ss*s(t)

(6.58)

O 33

Yz/(t):

(6.59)

U B 3TOM ciydae s sxpa nomsydectu Y (1)
uMeeTcs nBa onpezaenenus: (6.48) u (6.55), ot-
Ky/Ja CIEAyeT COOTHOILIEHHE, CBS3bIBAIOIICE
JKCIepUMeHTaNIbHbIE PpyHKIMU [ | (¢) , f ,, (¢):

/
l_/1 1 __ 1 +o *l (6.60)
Hy Su(®) i f () S, (@)
rae
o o
o= o 12 (661)
M H i

Ilpn ¢ =0 Jynkumn [ ,(¢), [ ,,(¢) Oynyr
OpOoNOPUHOHAIIBHBIMU
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£ = (-ah i
o

11

(6.62)

3ameTuM, uTO BelMuMHA A BIOJNHE ONpesese-
Ha COIIOCTaBJIECHUEM OHKCIEPUMEHTOB (6.54) u

,Blzzflz(t*)~

Taxkum 00pa3om, yKka3zaH MyTh JJISI HAXOXKICHUS
BCEX HEOOXOJIMMBIX SiZIep MOJI3YUECTH.
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HPUMEHEHUE MATPHUIl "KECTKOCTHU N MACC
KOHEYHBIX 9JIEMEHTOB BBICOKHUX ITOPAIKOB
JJIAA ONPEAEJEHUSA YACTOT COBCTBEHHbBIX
MPOJIOJIbHBIX KOJJEBAHUM

O.JI. Pyowix, B.A. Buipkanoe

JlapHEBOCTOUHBIN FOCYAapCTBEHHBIH YHUBEPCUTET ITyTei coobimenus, Xadbaposck, POCCH S

AHHOTAILIUA: B cratbe, ucnons3yst nporpammusiid kommieke (IIK) Maple, monydeHbr MaTpHIIBI )KECTKOCTH H
Macc OJTHOMEPHBIX KOHEUHBIX 1eMeHTOB (KD) BEICOKHX MOPSAAKOB (KBaAPATHYHOTO, KYOMYECKOTO U YEeTBEPTOTO
nopsiaka). Mcrnonb3ys norydeHHbIE MAaTPULIbI, BHIIIOJIHEHO OMPEIEIEHHE YaCTOT COOCTBEHHBIX MPOAOJIBHBIX KO-
nebanuit, ucronn3ys [1IK Maple. Pesynbrarsl pacyéToB nmokasaim, 4YTO TOYHbIC 3HAYCHUS] YACTOT COOCTBEHHBIX
MIPOJOIBHBIX KoyieOaHuil HaxonsaTcs Ayt KD BBICOKUX MOPSAIKOB IIpH MeHbIeM dncie KO.

KarwueBble cjioBa: METOI KOHEYHBIX JIEMCHTOB, MATPHUIIBI )KECTKOCTH, MATPHUIIBI MACC, POrPAMMHBIC KOM-
IUIEKCHI, IPOJIOJIbHBIC KOJICOAHHsI, KOHCUHBIC 3JICMEHTHI BBICOKHX TTOPSIKOB, OTPEICIICHUE YaCTOT COOCTBEHHBIX
KOJIEOaHUI.

APPLYING OF THE STIFFNESS MATRIX AND MASS MATRIX
OF FINITE ELEMENTS OF HIGH ORDER FOR
DETERMINATION OF THE FREQUENCIES OF NATURAL
LONGITUDINAL OSCILLATIONS

Oleg L. Rudykh, Vladimir A. Byrkanov

Far Eastern State Transport University, Khabarovsk, Russia

ABSTRACT: In this work, using programmed complex (PC) Maple, stiffness matrix and mass matrix of a linear
finite elements (FE) of high order (square-law, cubic and the fourth order) are received. Using obtained matrixes,
the determination of the frequencies of natural longitudinal oscillations using PC Maple was done. The results of
calculation have shown that proper values of the frequencies of natural longitudinal oscillations are found for FE

high order under smaller number of FE.

Keywords: finite element method, stiffness matrix, mass matrix, programmed complexes, longitudinal fluctua-
tions, finite elements of high order, determination of the frequencies of natural longitudinal oscillations.

Hens metomoB cymnepanemenToB (MCD) u pe-
OyIupoBaHHbIX 31emeHToB (MPJ) [1, 2] co-
CTOUT B YMEHBIIICHUH TOPS/IKA CUCTEMBI aJre0-
panvecKnx ypaBHEHHUH METOJa KOHEUHBIX dJie-
MeHtoB (MKD). Ilonumanue mMexaHuU3Ma STHUX
METOJIOB JaéT K04 CHCTEMaTHYECKOMY YIyd-
IICHUIO0 MX TOYHOCTH. [Ipw 3TOM aJsl TOBBIIIIE-
HUs 3()PEKTUBHOCTH METOMOB KOHJCHCAIMH U
peAyLMPOBAHUS HEW3BECTHBIX IPH PEIICHUN
3a/1a4 AMHAMUKH COOpykeHuid metomamu MCD
u MPD crnenyer 6onee rayObOKO HM3YYUTh HC-
xoaHble Marpuibl k€ctkoct (MXX) m macc
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(MM) xoneunsix snemeHToB (KD) mcmonbiye-
Mble npH peanuzanuu MKO [3].

PaccMoTpuM cTepieHb, UCHBITHIBAIOIIMN MPO-
nonpHbIe KoneOanwst  (puc. 1). us storo
CTEpKHS HaWJeM YacTOTy COOCTBEHHBIX IpO-
OJIBHBIX KoJieOanuit MKD.

Js maHHOM 3aa4d €CTh TOYHBIC 3HAYCHUS
COOCTBEHHBIX YaCTOT, MOJYyYEHHBIC W3 TOYHOTO
pemreHus U QGepeHIHATBHBIX YpPaBHCHUH B
YACTHBIX TPOU3BOIHBIX, OMMCHIBAIOIIUX MIPO-
noJibHBIE KosieOaHust. X MOXHO ompeneinnuTh
o popmyre [4]:



HpI/IMCHCHI/IC MaTpuI] )KECTKOCTU U MaCC KOHCYHBIX 3JIEMEHTOB BBICOKHX IMMOPAAKOB IJIsI ONIPEACICHUSA YaCTOT

COOCTBEHHBIX MPOJOIBHBIX KOJIeOaHU

NN

L

Puc. 1. Cxema CTCPIKHS UCHBITHIBAOIICTO IMTPOAOJIBHBIC KoJIeOaHMs

(2n-D)r |EA ()

! 2L m

T7Jic n — HOMEp 4YacTOThl COOCTBEHHBIX KoJjeba-

Huii; L — pnuHa crepxHs; EA — XECTKOCTh

CTEP)KHSI TIPH PACTSKCHUH-C)KATUU;, M - TIOTOH-
Hasi Macca CTEePIKHSL.

YacToTbl COOCTBEHHBIX KOJEOAHUN B CTEPKHE
MIPEICTaBUM B BUJIE

k |EA
== == 2
=7 m (2)

rae k,— Ko3(pQUIUCHT, MOoydyaeMblii IpU TpH-
OJINKEHHOM OIPENETICHUHN 1 — YacTOThl COOCT-
BEHHBIX KOJIEOaHUH.

Cucrema nUHEHHBIX anreOpandeckux ypaBHe-
Huit MKD B auHamuke coopykeHuid (ans ym-
pouienus 0e3 yuéra cui AeMrnupoBaHus) NMe-
€T BUJ:

Mg+ (K Ra)={p). 3)

rjae [M ] - MM cucreMsr; [K ] — MX cucremsr;
{q} — BEKTOpP HEHU3BECTHBIX; {p} — BEKTOp Ha-

Tpy3KH.
[Ipobrema cOOCTBEHHBIX 3HAYCHHM NJIsi CHUCTE-
MbI ypaBHEHH (3) HAXOAUTCS U3 YPaBHEHUH

[K]-w*[M]=0 (4)

IIC @ - YaCTOThI COOCTBEHHBIX KOJI€OAHMH, OII-
pexnensiemele nopsakoM MM.

Jlns cuctemsl, npeacraBiaeHHoM Ha puc. 1, MK
JUTsL IMHEWHOTO cTepkHeBoro K3 paboratomiero
Ha pacTsHKCHHE-CKATHE UMEET BUJL
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= N e
[ |-1 1

rae / - mmnaa KD.

B nunamuke coopyskeHM ISl TPUOIMKEHHOTO
OTpe/ieNieHUs] 4YacTOT COOCTBEHHBIX KOJICOaHHI
9acTO MPUMEHSIIOT CITOCO0 MPUBEACHHON MaCChI
u Meroa nepenoca macc [S5]. B MKD stu nBa
noaxoaa peamusyrorcs B MM smHeENWHOrO
crepkHeBoro KD, kak Meroasl pacmnpenenéH-
HBIX MacC U COCPEJIOTOYCHHBIX Macc [5], u co-
OTBETCTBEHHO UMEIOT BU/]I

ml|2 1
ml|1 0
M =—
=200 ) ™)
rane m — paCHpe,Z[eJIéHHa}I IIOI'OHHas1 Macca

CTEpOKHS.
B Tabn. 1 mpuBeneHsl pe3yibTaThl PacyeTOB
MKD MeTonoM coCpeOTOUYEHHBIX MacCc U Me-
TOJIOM pactipeneléHHbIX Macc. Kak BUIHO, pU
BBIYHCIICHUSIX COOCTBEHHBIX YacTOT HHU3KOTO
nopsiaka MKD cnocob cocpeioTOYeHHBIX Mace
JIAeT MOTPEUTHOCTh B MEHBIIIYIO CTOPOHY, a CIIO-
co0 pacnpenenEHHbIX Macc — B OOJIBIINYIO, TIPH
9YeM TOTPEUTHOCTH ATH MOYTH PaBHBI, OTJIMYa-
I0TCA JMIIb 3HakoM. Jlns mosydenus Oosee
TOYHOTO pelIeHHus HamMu B pabote [6] mpemio-
KeHa KoMOnHupoBaHHass MM

M, =a’%€ﬁ H+(1—a)m7£{(l) ﬂ 8)

r7ie o - BECOBOI K03(pPUIIHEHT.
Ecnu npunsate o =0,5, To KoMOMHUpPOBaHHAS

MM KD nmeet BUI
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Tabmnuua 1
ConocraBieHle BEJIMYNH YaCTOT COOCTBEHHBIX KOJIEOaHUM TP MPOJI0JIbHBIX KOJIe0aHUAX
Snaverme koo | SHAICHHE KO- X 3HaueHHUE KO- X 3HaueHUE KO- X
Q Y S— ka(b(bmmeHTa é" i(q)(pnuneHTa é i(l)(l)I/IIH/IeHTa éﬂ
Cxema guckpernsamn | 2 | Kp B dopmy- | 1 B dpopmyze % n B gopmy- % n B Gopmy- %
2 2 (tounoe 2 (cmmocob co- 3 ne 2 (cmoco® 3 ne 2 (komOu- 3
= cpenoTo- g* MPUBEICHHBIX g* HUPOBAaHHBIH ?
3HAUCHHC) YEHHBIX Macc) = Macc) = croco0) =
1
Y ) 1 ki =1,57 ki =~2 10,0 ki =+/3 10,0 ki =1,57 -0,18
J 2 , k| =1,57 k; =1,531 26 | ki=L611 | 1256 kj =1,57 20,08
d L T ky =4,71 ky =3,696 -21,6 | ky =5,629 | +19,5 ky =4,37 -7,3
1 2 3 ki =1,57 ki =1,553 1,1 ki =1,589 +1,1 ki =1,57 0,016
/ ¢ ¢ T 3 ky =4,71 ko =4,243 -10 ko =5,196 | +10,3 ky = 4,65 -1,375
L k3 =785 | k3y=5796 | -262 | k3y=9427 | +20,0 | k3 =698 -11,1
ki =1,57 ki =1,561 -0,6 ki =1,581 +0,6 ki =1,57 -0,005
’ 7 2 3 4 _ _ _ _
— o o A ko =4,71 ko = 4,445 -5,7 ky =4,987 +5,8 ky =4,69 -0,42
/ I ky =785 ky = 6,652 -15,3 | k3 =9,059 | +15,3 k3 =7,58 -3,46
kg =11,0 kg =7,846 -28,6 kg =13,1 +19,1 kg =9,52 -13,42
k=157 | kj=1564 | -04 | kj=1577 | +04 | k=157 | -0,002
q 72 3 45 ky =4,71 ky =4,54 3,7 | ko =4,889 +3,7 | kyp =4,704 -0,17
/ 5 ky =7,85 ky =7,071 -10 k3 =8,66 +10,3 ky =7,746 -1,38
| kg =11,0 kg =891 -19 kg =12,986 | +18,1 kg =10,39 -5,5
ks =14.14 ks =9,877 -30 ks =16,703 | +18,1 ks =12,02 -14,95
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HpI/IMCHCHI/IC MaTpuI] )KECTKOCTU U MaCC KOHCYHBIX 3JIEMEHTOB BBICOKHX IMMOPAAKOB IJIsI ONIPEACICHUSA YaCTOT

COOCTBEHHBIX MPOJOIBHBIX KOJIeOaHU

X

i

Puc. 2. CxemMa KOHEUHOTO dJIEMEHTA

Tabnuua 2

Bnusgnaue uncna u tina KD Ha TOYHOCTH onpeacJICHHUA 4aCTOThI IPOAOJIbHBIX KoJICOaHMH 1 Ha YBC-
JINYCHUC MAIIMHHOTO BPEMCHU

[TorpemnocTs npu HorpemHocTs mpu
Uniero MamuHHOe onpeseeHIN MammHHOe BperIv OIpeEeICHUN
K3 Bpems (crocod @, criocoGom mpuEe- (KOMOMHMPOBaHHBIA | KOMOMHHPOBAH-
HPHUBEAECHHBIX 1 METOJ), MC 1
Macc), MC JEHHBIX Macc, % HBIM METOZIOM, %
1 0,093 10 0,102 0,18
2 0,218 2,6 0,24 0,08
3 0,281 1,1 0,309 0,016
4 0,562 0,6 0,618 0,005
5 0,639 0,4 0,703 0,002
6 1,029 0,3 1,132 0,001
10 4,051 0,1 4,456 0,0003
mfl |25 05 Paccmorpum nmonyuenne MXX u MM s oniHO-
M; = 6 {0,5 2’5}' ©) MepHbIX KD BBICOKMX MNOPSIKOB C MOMOILBIO

B tabn. 2 mpuseneHo BiausHue yuciaa KO Ha
TOYHOCTb NMPHUOIMKEHHOTO PEIIEHUs MPH OIpe-
JIEJIEHUN TIEPBOM 4YacTOTHl IPOAOJIBHBIX KOJIe-
O0aHUM M 3aTpaThl MAIIMHHOTO BPEMEHH JUIs
IIpUMepa, IPEJCTaBIEHHOr0 Ha puc. 1, mpu uc-
nonb3oBanuu Maple 9.

W3 ananusa Tabia. 2 BUAHO, YTO MOTPEIIHOCTH B
ONpE/EIEHUN MEpPBOMl 4YacTOThl COOCTBEHHBIX
IIPOAOJIbHBIX KOJeOaHWH B CTEpXkKHE NpU HUC-
M0JIb30BaHUK KoMOMHHMpoBaHHoH MM KD
(dpopmyna 9) ymeHbIIaeTCs MOYTH B COTHIO pa3
M0 OTHOIIEHHUIO K OOBIYHO HMCIOJB3yeMbiM MM
B MPUOIMKEHHBIX METOJax OIpeNeeHus nep-
BOM 4YacTOThl COOCTBEHHBIX KojeOanuil. Ilpu
3TOM pELICHHE OKAa3bIBAE€TCS JOCTATOYHO OJIM3-
KM K TOYHOMY PpELICHHIO (TIOrPEHIHOCTh MpPH
onHoM K3 0,18%), a mammHHOE Bpems pelie-
HUS 33/1a4¥ 0 COOCTBEHHBIX 3HAUYCHUSIX HE yBe-
JMYUBACTCS MO CPAaBHEHMIO C OOBIYHO HUCIIOJNb-
3yeMBIMU NMPUOIKEHHBIMH METOJAMH.

Volume 5, Issue 1&2, 2009

[IK Maple wucmbITBIBarOmEH TONBKO MPOJIOJIh-

HbIe 1ehopMalHH.

BriOupaem nonmHOMHAIBbHYIO (DYHKIIHIO, KOTO-

past 10JbDKHA OTBEYATh CIEAYIOLIMM TpeOOBaHU-

AM:

a) oOecrieuyuBaTh yCIOBHS HENPEPHIBHOCTH Iie-
pEMEIEHU B y3/1ax, BJOJb IPAHULl MEXKIY
3JIEMEHTAaMU U B IIpeJieiax IEMEHTOB;

0) OBITh TMHEWHO-HE3aBUCUMON (YHKIIMEH;,

B) oOnazaTh HEOOXOIWMOH TIOJHOTOM, T.€.
OBITH TOCTaTOYHOE YHCIIO pa3 auddepeHIm-
pyeMon;

I) HMMETh CTOJIbKO YJIEHOB, KaKOBa CTENEHb
cBoOoIBI KD.

[IpumeM HWHTEPNONSALMOHHBIA TOJIUHOM (JIU-

HEHHbIM, KBaapaTHbIM, KyOumdeckudd U T.1.) B

BUJIE:

— 2 n—1
Z=a,to,x+ox +..+a,x

(10)
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rae  zZ-— nepememenue Buytpu KO; o — neus-

BECTHbIE KOX(PUIMEHTHI, ONpeiensieMble U3
rpaHnuHbIX ycnoBuid KO. Beipaxkenue (10) B
MaTpU4HOH hopme uMeeT BHUL:

2, =[A e},

z,— IepeMelICHUEe B N-OM TOYKE BHYTPH

(1D

rac
K3; {a}" =[a, a, ...a,] — Bextop HemsBecTHBIX

K03 (HULIMEHTOB; [K]= [1 X... x”] — MHTEpIos-
IUOHHAss MaTpuia (K03 GUIIUECHTHI ee SIBIISIOT-
csl yHKUUSMH KOOPIMHAT 3JIEMEHTA).

Jlns onpeneneHus: IEMEHTOB BEKTOpa {a} BbI-
paxenue (11) 3amumieM A y3/I0BBIX U IPOMeE-
KYTOUHBIX Touek npsimonuHeltHoro K3 (puc. 2):

e G
Z n n a,
2l (2_lj 4%t a2
n n :
z, . . an
11/ "]
WM B MAaTPUYHOU (opme:
{z}=[A]- o). (13)
N3 Beipaxkenus (13) BexTop {a} paBeH:
laj=[A]" -z} (14)

Arnmpokcumupytomye Matpunbl [N] u [B] Haii-
1eMm 1o popmynam:

|7V]==E§}[/\T4;

21~ 22y

(15)
(16)

MX 1 MM K3 M0XHO HaliTH HHTETPUPOBAHUEM:
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[K]=[[8] - £4-[8]-ax:

0

(17)

M= [T ot ] v )

Hcnons3ysa ¢opmyns (10) — (18), nonydaem B
Maple 9 M)XK u MM KD st pa3nudsbIx an-
MPOKCUMUPYIOMINX (PyHKIMN (TUHEIHAs!, KBaI-
paTu4Hasi, KyOW4YecKas, 4YEeTBEPTONW CTEIEHH)
maTpullbl pyHkuuii Gopmel [N] u e€ npousBoa-
HbIX [B] (Ta6sn. 3) u MK u MM (tabu. 4).
Hcnone3yst momydeHHbIE MaTpHIlbl, ObUIA TIPO-
BEJICHBl pacyeTbl COOCTBEHHBIX YacTOT Koisieba-
HUU CTEP)KHSI TIPU PA3HBIX THUMAaX U KOJUYECTBE
K3. Pe3ynpTaThl pacuera cOmocTaBlieHbl C TOY-
HBIM PEIICHUEM.

PesynpTaThl pemieHuss 3amadd ¢ MaTpullaMu,
MOJyYCHHBIMH C TIOMOIIBI0 JIMHEWHBIX HHTEp-
MOJISIITMOHHBIX (PYHKIIUHA, PACCMOTPEHBI B pabo-
Te aBTopa [4].

B Tabn. 5 nmpuBeneHbl pe3yabTaThl PEIICHUS 3a-
Ja4l C MATPUIIAMU, MTOTYYSHHBIMH C TIOMOIIIBIO
MHTEPIONSAIMOHHBIX (YHKIUI pa3HOTro MOpsI-
ka. Taxke mpHUBEIEHO 3aTPAYCHHOE Ha BBHIUKC-
JICHUS TPOLIECCOPHOE BpeMs MPU TOUHOCTH pac-
gera 107, Ha OJHOSIAEPHOM TIpoueccope Pen-
tium IV 2.4 IT'T11 ¢ mamstero 1 I70.

OO6parasicb kK Tadn. 5, MOXXHO YBUAETh, YTO JJIS
noctkenns Tounoctd B 0,026% Heobxomumo 20
muHenHbIX KD umm 2 kBagpaTudHbIX (OIUH KyOH-
YECKHUI JIEMEHT JIAeT eIlle OOJBIIYI0 TOYHOCTH),
IpU ATOM 3aTpauuBaetrcs B 44 paza MEHbIIE Ma-
IIMHHOTO BpeMeHH (KyOudeckuii B 80).

[Ipy HEe3HAUWUTENHHOM YBEIMYEHUH 3aTpaT Ma-
IIMHHOTO BPEMEHU TOYHOCTh YBEIIMYMBACTCS B
coTHHU pa3. Takum 0Opa3oM, MPU COMOCTABUMOMA
touHocTH KD ¢ pazHbIMU HHTEPHOISIUOHHBIMU
byHKIUAMU (HampuMep, JTUHEHHas U KBaJpa-
TUYHAsI alMpOKCUMAIMN) 0 BPEMEHHU YK€ BbI-
UTphIBaeT 0OoJiee CIIOXKHAs ~ WHTEPIIOJISIINS
(kBampaTU4Has IPOTUB JTUHEHHOM ).

3aKIIt0YeHue:

1. B craree nonyuenst MM u MK ogHomep-
HbIX KO BBICOKHMX MOPSJIKOB C UCIOIb30BA-
unuem [1K Maple 9.
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Tabmnuua 3
Martpuist [N] u [B] a5 nuHeHOTO U BBICOKUX MOPSIKOB OAHOMEpHBIX KO
ATIMPOKCUMHPYIOIIAsT .
Tun KD by HKL Martpuna ¢ynkuuii popmser [N] Matpuia [B]
X X I 1
JluHennpIi Uu=a, +a,X 1- T 1 1
. 5 3x  2x* 4x 4x> X 2X 3 4x 4 8x 1 4x
KBaI[paTI/ILIHLII/I U=a1+a2X+a3X 1—|—+ |2 I—+ |2 —I—+ |2 _|_+|_2 I— |—2 —|—+|—2
_Ux 9xT 9xT 9x 4SXT 27XT | [ 41 isx 27%" 9 45x 81X
) . 20017 20 1 20 2P 2012 20 112 2P
KybOndecknii | U=, + a,X+a; X" +a,X . .
9x 18x* 27X’ x 9x* 9%’ L9 36x 8Ix 1 9x 27X
B R E R BT ERTE 2012 20 112 2P
25x  70x*  80x® 32x* 25 140x 80x> 128x’
1- T Ty Ty BT TN E 4
3l 3l 3l 3l 3 3l I 3l
16x 208x> 96x> 128x* 16 416x 288x> 512x°
cee — 3 + 3 — " cee [ 3 + 3 — 1 cee
| 3l | 3l | 3l I 3l
. U=a, +a,X+ 12x  76x>  128x’  64x* 12 152x  384x> 192x°
4_I/ICTeHeHI/I 2 3 4 e f— e ..._7+ f— e
+a X" +a, X +asX | |2 |3 |4 [ | 2 |3 |4
16X_112x2 224x° _128x4 ...E_224X+224X2 _512X3
3 317 31° 3l 3 312 |? 3l
X 22x* 16x’  32x* 1 44x  48x> 128x’
T T T T T e eyt T 4
I 3l I 3l (] I 3l

HuHe

QOIr0¥ XI9HIIrOTOdII XI9HHOE10909
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Tabauna 4
Matpuisl mace [M] u sxectkocTr [K] mist omHomMepHbIx KD BBICOKHX MOPSIAKOB
F{(Igi Marpuna macc K3, [M] Marpuna xxectkoct K3, [K]
=
A1 - A1 -
T 6 -1 1 | [-1 1
S
=
=
- 4 2 1 14 16 2
= _
= ALY 16 2 Al le 32 —16
= 3011 2 4 2 -16 14
2
= 128 99 -36 19 148 —189 54 -13
§ PAl | 99 648 -81 -36 E —-189 432 -297 54
L% 1680 —36 —81 648 99 401 54 —-297 432 -189
% 19 -36 99 128 —13 54 —-189 148
- 292 296 -—174 56 —29 ] [ 4925 —6848 3048 —1472 347 ]
GE Al 206 1792 -384 256 56 EA - 6848 16640 —14208 5888 —1472
% SIZW -174 -384 1872 -384 -174 —I 3048 —14208 22320 —14208 3048
G 56 256 —384 1792 296 OB 1472 5888 14208 16640 - 6848
| -29 56 -—174 296 292 | 347 1472 3048 6848 4925
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[IpuMeHeHre MaTPUIL KECTKOCTH K MAacC KOHEUHBIX 3JIEMEHTOB BBICOKHX ITOPSIIKOB ISl OTPEICIICHUS 4aCTOT
COOCTBEHHBIX MPOJOIBHBIX KOJIeOaHU

Tabmuua 5

ConocTtapiieHUE BEJIMYMH YaCTOT COOCTBEHHBIX KOJIEOaHUI PU MPOJOJIbHBIX KOJIEOAHUIX

HOpSII[OK I/IHTepHOJUIIII/IOHHI)IX q)YHKHI/II\/JI, KOHCYHBIX DJICMCHTOB
Kon-Bo JIMHEHHas KBaJpaTU4YHAas KyOHnueckas 4-s1 creneHb
3JICMCHTOB | [lorpemi- Bpe ITorpem- Bpe- [Torpem- Bpe- ITorpem- | Bpewms,
HOCTb, % ML, HOCTb, % M HOCTb, % Mo, HOCTb, % MC
MC MC MC
1 10 0,375 0,09 0,0068 0,17 | 0,68x10° 0,36
2,6 0,026 0,00011 7

2 19.5 0,12 1.65 0,31 0.0697 0,36 | 2,54x10 0,72
1,146 0,005 0,00001 <107

3 10,23 0,17 0,375 0,55 0,0068 0,33 | 0,68x10° 2,1
20,02 2,33 0,125 3,6%107
0,64 0,0016 1,78x10° -6,36><106'8
5,83 0,125 0,00126 7,010

4 1535 | %22 o862 | ¥%| 00248 | V| 30x10¢ | 28
19,14 2,68 0,0163 5,010
0,412 0,00067 0,44x10°
3,73 0,052 0,34x107

5 10,27 0,26 0,375 0,78 | 6,8x107 1,9
18,11 1,297 0,047
18,15 2,85 0,19

10 0,103 1,08

20 0,026 13,7

2. DBBbINOJHEHO COMOCTaBICHUE MEXKIY pas3- Boponenok E.fA., MMamuit O.M., Counn-

TuyHbIMH TUNIaMu KD BBICOKHMX MOpPSIKOB
JUIST  ONPENENIEHUsT YacTOT COOCTBEHHBIX
MPOJOTBHBIX KOJICOAHHIA.

KO BBICOKMX TIOPSAKOB O0OECIICYHBAIOT
CXOMMOCTh K TOYHOMY PEIIEHUIO0 TPU TO-
pa3no MesblieM uyuciie KO u MeHbImmux 3a-
TpaTax MAIIUHHOTO BPEMEHHU.

[TomyueHnHble pe3ysbTaThl MOTYT OBITH HC-
MOJIb30BaHbI TIPHU OMpPEACTICHUH COOCTBEH-
HBIX YaCTOT B CTPOUTEIbHBIX KOHCTPYKIIHSIX
¥ B BOJIHOBOJAX MJIs aKyCTHUYECKOH paauo-
JIOKAIIHH,
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HAMATHU AVTIEKCAHAPA BOPUCOBHNYA 30JI0TOBA

IN MEMORY OF ALEXANDER BORISOVICH ZOLOTOV

12 centsiOps 2008 rojga ymen M3 JKU3HHU BbI-
JAlOIIMcs POCCUNCKUN yueHbld, [lodeTHbIi
akaneMHMK PoccuiiCKON akaJeMuu apXHUTEKTYpbI
U CTPOUTENbHBIX HaykK, [lodeTHbIi pabOTHHMK
BeICIIero oOpa3oBanus Poccuu, IloderHbrit
npogeccop MOCKOBCKOrOo ToCyJapCTBEHHOTO
CTPOMTENBHOTO  YHHBEpCHTETa, mpodeccop,
JIOKTOp TEXHHYECKHX Hayk, mpodeccop kaden-
pel MHPOPMATHKH M TIPUKIATHOW MaTeMaTHUKU
MOCKOBCKOr0 rocyapCTBEHHOTO CTPOUTEIIBHO-
ro yHusepcutera Anexkcanap bopucosuu 3omno-
TOB, CO3/aTelib KpynHenuen poccuiickord Ha-
YYHOU MIKOJIbI «YMCIEHHOE MOJEIUPOBAHUE U
METOJbl MPUKIAAHON MaTEeMAaTHKH B 3aJadax
CTPOMUTENBCTBA». JTa LIKOJIa HE TOJIBKO JaJeKO
IPO/ABHMHYJIa HOBYIO OYpHO pa3BUBAIOILYIOCS
BETBb COBPEMEHHOM BBIYMCIMTEIBHON TEOPUU

COOPY)KEHUH M MaTeMaTHUECKON (DM3WKHU, HO H
BHECJA HEOLICHMMBI BKJaX B YKpEIUICHHE
MOIIHOCTH U B Pa3BUTHE HAPOIHOIO XO3siicTBa
Halle CTPaHBbI.

Anekcanap bopucosud 3050TOB poauics 7 siH-
Baps 1937 roga B ropoge Mockse B ceMbe Clly-
xamux. CBoe 00pa3oBaHNMe OH Ha4ajl B CPETHEH
oOmeoOpa3oBarenbHoil mmikosie Nell4 ropona
Mockssbl. [lociie ee OKOHYaHUSI OH, YBJIEKASCh
MaTeMaTUKOM, NOCTyNuI B MOCKOBCKHI MHCTH-
TYT WHXEHEPOB TPAHCIOPTa HA CTPOUTEIbHBII
¢bakynbpTeT, KoTOpbli OKOHUMI B 1959 roxy. B
1959-1960 rogax oH paboTan HOPOKHBIM Mac-
TepoM BO Bcecoro3HoM TpecTe 1o peKOHCTPYyK-
LMY KEJIEe3HOAOPOXKHBIX myTel (PekmyTs), a B
1960 rony nepemien Ha JOMKHOCTh MHKEHEPA B
l'ocynapcTBEHHBI MTPOEKTHO-U3BICKATEIBCKHI
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nHCTUTYT «l'unpomnpomrpancecrpoiny  MuHu-
CTEpCTBA  TPAHCHOPTHOTO  CTPOUTENIBCTBA
CCCP. Ho T1dra x mMaTeMaTH4eCKUM HayKaMm H
UX TPWIOKEHUSIM OKa3ajach cuiibHee, U B 1962
rogy A.b. 3010TOB mocTynwi B OYHYHO acIu-
paHTypy [lenTpanpHOTO HAy4HO-
HCCIIEI0BATEIBCKOIO MHCTUTYTA CTPOUTEIBHBIX
koHcTpyKumid uM. B.A. Kyuepenko (ITHUNCK)
u OJIHOBPEMEHHO Ha MEXaHMKO-
MaTeMaTH4eckuil (pakyapbTeT MOCKOBCKOTO TO-
cyzapcTBeHHOro yHusepcurera uMm. M.B. Jlo-
monocoBa (MI'Y um. M.B. Jlomonocona). C
IPUCYLIMM €MY YIOPCTBOM M HaCTOMYMBOCTBIO
OH TIOTPY3WJICS B HAyKYy, YCIIEITHO OKOHYMB (ha-
KyJbTeT B 1967 rony.

B 1970 rony A.b. 3010TOB 3amuTHII KaHAU1AT-
CKYyI0 nucceprannio «UucieHHoe pemeHue BTo-
POl POCTPAaHCTBEHHOM 3a/laydl TEOpUU YIIPY-
roct» no crneuranbHoctu 022 — «ConpoTus-
JIEHHE MaTEepUaJIOB U CTPOUTEIbHASI MEXaHUKAY,
MOJIyYMBIIYK0 BBICOYANMIIYI0 OLIEHKY BHIHOIO
YUEHOTO B 00JIACTH CTPOUTEILHOW MEXaHUKHU H
MEXaHUKU JepOpMHPYEMOro TBEPAOIro Tela,
YJIeHa-KOPPECHIOHAEHTa AKaJeMUU CTPOMUTENb-
ctBa u apxurektypsl CCCP Anekces PydoBuua
P>xanurpina, oxapakTepu30oBaBIIero paboTy Kak
JOKTOPCKYI0. XapakTepHa pa3HOCTOPOHHOCTH
nHTepecoB Anekcanapa bopucosuua B T€ rojbl.
PaGoras B BeruncnutensHoM 1eHtpe LIHUMCK
B JIOJDKHOCTSAX MJIQJIILIEr0 HAy4yHOTO COTPYIHU-
Ka, TJaBHOTO HMH)KEHEpa, CTApLIEr0 HAay4yHOTro
COTPYJIHUKA, 3aBEIYIOIEro jadopaTopuei, mno-
MHUMO BEJICHUS UCCIIEJOBaHUI B 00JIaCTH pa3BU-
TUS U TIPUIOKEHHUS] MAaTEMAaTUYECKUX METOJ0B
pELIECHUS CTPOUTENBHBIX 3aJa4, OH PELINI U P
MHTEPECHBIX IPOOJIEM B ECTECTBEHHBIX HAayKaX.

B 1973 rogy A.b. 3o10T0OB OBUT IpHUITIAIIEH B
MOCKOBCKMI HWHXEHEPHO-CTPOUTEIIBHBI UH-
crutyr uM. B.B. Kyii6simesa (MUCHU) Ha
JOJKHOCTB JIOIIEHTa Kadeapbl IpUKIaJHOW Ma-
TEMATHKU [0 KaTETOPUH «BEAYIIUHN CIELUAIUCT
C Ipou3BOACTBa», B 1976 rony emy OblIO npu-
CBOCHO y4Y€HOE 3BaHHE JoLeHTa. B Teuenue 10
JEeT OH 3aHHMMaJ IOCT 3aBEIyIOUIEr0 BBHIYMCIIU-
tenbHBIM 1IeHTpoM (BL) MUCH, sBnssce on-
HOBPEMEHHO OPTraHMU3aTOPOM U PYKOBOJUTEIEM
Hay4yHoro otzaena BII, 3aHumaBmerocs cosna-
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HUEM MaTeMaTH4ecKoro oOecreueHust U pa3Bu-
THEM CPEJCTB BBIUMCIUTEIBHON TEXHHUKHU IS
pElIeHNs] HAy4YHO-TEXHUYECKUX CTPOUTEIBHBIX
3a/1a4 ¥ aBTOMAaTU3allUd CTPOUTEIBHOIO MPOEK-
TUPOBAHUA.

B otnene Benuch pa3pabOTKM METOAOB U OCY-
IIECTBIISJINCh UYNCJIEHHBIE MCCIEAOBAHUS IS
pa3IMYHBIX 3a]a4 pacyeTa CTPOUTEIBbHBIX KOH-
CTPYKLHH, 3JaHUN M COOpPY>KEHHUH. 3aKa3zuuKa-
MU BbICTyNaiIM Kak noapasaenenuss MUCH, tak
U BHewHue opraHu3anuu. A.b. 3010TOBbIM 1
€ro COTPYAHMKAMH BBIIOJHEH P KPYMHBIX
HAyYHBIX pabOT U pElIeHbl COTHU MPAKTHYECKH
BaXXHBIX 3aJ1a4, CBSI3aHHBIX C pacyeTaMU MHO-
TOMEPHBIX KOHCTPYKIMH, 3JaHUA U COOpYyXke-
HUH, B TOM 4MCJE C pealu3aluei MoaxoJloB,
OCHOBaHHBIX Ha HOBBIX (PU3MUECKHUX MOCTAHOB-
KaX, YYWTBHIBAIONINX pealbHbIe OCOOCHHOCTH H
CBOMCTBA COBPEMEHHBIX KOHCTPYKIIMOHHBIX Ma-
TepUanoB. BBIHYKXIEHHO HENOJHBIN IEpeUYcHb
MEPEYUCISIEMBIX 3/1ECh PACCUUTAHHBIX 0OBEKTOB
BKitouaet 3aBoj KamA3 B HaGepexnbsix Yern-
Hax; KOMIUIeKC 31aHuii Ha KanmuHuHCckOM mpo-
criekte B Topoae Mockge; peaktopsl ADC;
CIIOXHBIE O00OJIOUEYHBIE TMOKPBITUS MPOMBIIII-
JCHHBIX M TPaXIAHCKUX 3JIaHUM; CTBIKH, MpH-
MEHSIEMbIE B KpPYITHONAHEIbHBIX 3JaHUAX pa3-
JUYHON 3Ta)XXHOCTH; CTBIKM KOJOHH Kapkaca
MHOTO3TXXHBIX 3[IaHUI; TpeXMEpHbIe KOpooOua-
Thle KOHCTPYKLUH; ONOPBI; AATYUKU JIaBJICHUS;
O00BEKTHI KENEe3HOAOPOKHOTO XO3SICTBA; ILIO-
THUHBI (B TOM YHUCJIE C y4eTOM (ha30BBIX MEPEX0-
JIOB, CBSI3aHHBIX C TIpoMep3aHueM); GyHIaMeH-
ThI; KOpIIyca BBICOKOI'O JaBJICHUS (B TOM YHCIIE
Ha CHJIOBBIE BO3JCHCTBUS MO AePOpPMAIIOHHOM
TEOPHUH TUIACTUYHOCTH); OOOJIOYKU U TIACTUHBI
(MO TEXHUYECKUM TEOPUSM, YUUTHIBAIOIINM
CIABUTOBbIE XapaKTEPUCTUKU M HEJIUHEHHO YII-
pyryio paboTy MaTepuana); KOHCTPYKIHMH W3
HEC)KMMAEMbIX MAaTEpHaJIOB; KEJI€300€TOHHBIE
Tkl (B ToM uucae no teopun H.U. Kapnen-
KO); HEOJTHOPO/IHbIE MOJYIPOCTPAHCTBA CO Cce-
PUYECKUMH TOJIOCTSMU; MOA3EMHBIE 3IaHUS
obOoratutenbHBIX (abpuk (pacueT TepMOHa-
MPSDKEHHOTO COCTOSIHUS); TEMIIEpPaTyPHBIE MOJIS
I'5C; HeomHOpOHBIE MOMYIUIOCKOCTH U3 pas-
JUYHBIX MaTepuaJoB M TOHHENU (C y4eToM
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BHYTPEHHEI0 TPEHUsI B MaTepHalie); OpTOTPOI-
HbI€ IJIACTUHBI U3 acOolleMeHTa (B YaCTHOCTH,
mo mozaenu I'.A. T'enuneBa); oberdeHHbIC MaHe-
mu-o6onouku KXKC (c yuyeTom MX COBMECTHOM
pabotbl ¢ pebpamu u aedopmanuii cABHUra IO
TOJIIIMHE); MHOTOCIIONHBIE 3aMKHYThIE 000J104-
KM C JIETKUM 3aIlOJIHUTENIEM; CTEHOBBIC MaHEIN
C JIBEpHBIMHU IPOEMaMU; JIBYXKOHCOJIbHBIE TIa-
HEMW TOJ purend; OalIMakd TMOJ KOJOHHBI,
O00BEKTHI METPOIIOJIUTEHA U T. 1.

B 1989 rony A.b. 3010TOB 3amuTuin AOKTOp-
CKyl auccepranuio Ha Temy «lloctaHoBka u
AJITOPUTMBbI YHCIIEHHOTO PEIICHUs] KPaeBbIX 3a-
a4 CTPOUTENBHONW MEXaHUKH METOJOM CTaH-
JIapTHOM obmacTu» mo cnenuansHocTu 05.23.17
— «CtpoutenpHasi MexaHuka», B 1992 rony emy
OBLIIO MPUCBOCHO yYEHOE 3BaHME Mpodeccopa.
C 1991 nmo 2008 ron Anekcanap bopucoBuu
paboTtan B momKHOCTH Tpodeccopa Kadeapbl
MH(OPMATUKU U TPUKIATHOW MaTeMaTuku Mo-
CKOBCKOT'O T'OCYJJapPCTBEHHOTO CTPOMUTEIBHOTO
yausepcutera (MI'CY). B 2007 roxy emy ObL1o
npucyxaeHo IloyetHoe 3Banue «llodeTHbIi
npodeccop MOCKOBCKOTO TOCYIapCTBEHHOTO
CTPOUTETBHOTO YHUBEPCUTETA.

Anexcanap bopucoBnu o0naman OiecTsmmM
TaJaHTOM PYKOBOJUTENS, YMEBUIETO YyBJIECYb
CBOMM TIPUMEPOM TaJAHTIUBYIO MOJIOJCKD.
[ToMuMO aKTMBHOW HAay4YHOU IEATEIBHOCTH OH
BCErJa OUYEHb OOJIBIIIOE BHUMAHUE YJIIETs TPo-
6nemam mpenofaBaHus. OH MHOTHE TOJIbI YUTAI
JIEKIMHA TIO TUCHHUIUIMHAM «IPUKIIAHAS MaTe-
MaTHKay», «YUCIIEHHBIE METOAB», «HH(POpMATH-
Ka», «ctpoutenbHas uHpopmatukay B MI'CY,
ObLT OCHOBOIOJIO)KHUKOM KYpPCOB «BBIYHCIIH-
TeJbHAs MEXaHUKA», «AITOPUTMHUYECKUE SI3BIKU
U IPOrpaMMHUPOBAHUE», «MATEMAaTUYECKHE MO-
JIETIM pacdeTa COOPYKEHUN» I CTYAEHTOB,
acIMpaHTOB M COTPYAHHUKOB. YUuTaBuiuecs UM
KypCBI JIEKIIUH IIUPOKO M3BECTHBI HAy4YHOH 00-
LIECTBEHHOCTH U MPENnoAaBaTeIsiM BBICIIUX
y4eOHBIX 3aBEJICHUM, KOTOPHIE MPOXOAMIH T10-
BhllieHue kBanudukanuu B MI'CY. Anekcanmp
bopucoBny mnpuHMMan akTHBHOE YydYacTHE B
pa3paboTKke METOAMYECKON MOKYMEHTAIMH IO
cnenuansHocT 230401 (073000) «IIpuxnannas
MaTeMaTHKa» ¥ HaIMpaBJICHUIO MOJATOTOBKHU
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150300 (553300) «IIpukmanHas MeXaHHKay,
KOTOpBIE SBIISJTUCH YHUKAJIBHBIMH JIJIS1 BBICIIUX
y4eOHBIX 3aBEJCHUN CTPOHUTEIBHOTO MpOQuis
Poccun. OH ocyniecTBiisil pyKOBOACTBO KypCO-
BBIMU U AUIJIOMHBIMU PabOTaMH KakK CTYJCHTOB
MI'CY, Tak u apyrux BBICHIHUX y4eOHBIX 3aBe-
JeHuil (B yacTHOCTH, MOCKOBCKOIro rocyaapcr-
BEHHOTO MHCTHUTYTa JJIEKTPOHUKU U MaTeMaTH-
KM, J{HEmponeTpoBCKOro HAallMOHAJIBHOIO YHU-
BepcuTeTa (MEXaHMKO-MaTeMaTHieckuid  (ha-
kynbteT), MI'Y um. M.B. JlomoHoOCOBa u 1ip.).
B 1997 romy oH ObUT HarpaxkaeH HarpyaHBIM
3HakoM «lloyeTHbIN paOOTHUK BBICIIETO OOpa-
3oBaHus Poccum», B 2001 rogy — ormeuen [{u-
wioMoM MeXTIyHapOAHOM accoluanuu CTPOU-
TENBHBIX BBICIIUX Y4eOHBIX 3aBeneHuit (ACB).
A.b. 301m0TOB OBLIT OCHOBaTENIEM U OECCMEHHBIM
PYKOBOJMUTENEM HAy4YHbIX KOJUIEKTHBOB, YC-
HEIHO paboTaroIuX U B HacTosmee Bpems. OH
BO3rIaBsl  (QyHKIMOHUpYHoyio B MI'CY
KPYMHYI0 Hay4yHYIO KOy «YucieHHoe moe-
JUPOBAHUE U METO/BI MIPUKIAIHON MaTeEMaTUKU
B 33/1auyaX CTPOUTEIbCTBA», OOBETUHSIOUIYIO
YYEHBIX, IIMPOKO U3BECTHBIX Kak B Poccum, Tak
u 3a pybexxoM. OCHOBHOE HarpaBlieHHE Jes-
TEJIBHOCTH IIKOJIBI COCTOUT B pa3pabOTKe Mare-
MaTHUYECKMX MOJENed U YUCICHHBIX METOJIOB
pelieHns cTpouTenabHbIX 3anad. Ilog pykoBo-
nctBoM A.B. 3o50ToBa M mpu ero Hemocpeact-
BEHHOM YYacCTHM 3allUILIEHbl IIECTh JOKTOp-
CKHX M 0oJiee MBaaaTH KaHIUJATCKUX AHCCep-
taumii. OH OpraHu30Ball U KypUPOBAI JIEUCT-
BYIOUIMHM TPH MIKOJIE KPYXKOK CTYyJIEHYECKOTO
HAYYHOTO 00IIecTBa, U3 KOTOPOTO BHIILIA MHO-
THe CIEIUANNCTHI, yUeHbIE U MPEeroaaBaTelu, B
TOM 4YHCIIe, OJUH W3 3aBEAYIOIUX Kadenpoi
WHDOpPMAaTUKU ¥ TPUKIATHOW MaTeMAaTHUKH
MI'CY.

A.b. 3010TOB moirue roAasl ObLT YJIEHOM JHC-
CEpTaIMOHHOTO COBETa 1 212.138.12 no 3a-
[IUTE KaHAUJATCKUX U JIOKTOPCKHUX TUCCepTa-
Ui mo crnenuanbHOCTIM «CTpouTenbHas Me-
xaauka» (05.23.17), «Mexanuka aepopmupye-
Mmoro TBepaoro Tena» (01.02.04) u «Marematu-
YEeCKO€ MOJEIUPOBAHKE, YUCICHHBIE METOIBI U
KoMIuIeKchl mporpamMm» (05.13.18) B MI'CYV.
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Ab. 3010T0B —  U3BECTHBIM  YyYEHBIN-
CHELUAINUCT B 00JACTU CTPOUTEIBHOM MEXaHH-
KU, MEXaHUKH Je(pOPMHPYEMOT0 TBEPIOTO Tea,
MaTE€MaTUYECKOrO0 MOJEIUPOBAHUS M YHCIICH-
HBIX METOJOB. B TeueHue Bcel CBOEW IMPOAOII-
JKUTEJIbHOW HAy4YHO-TIEAaroruyecko aesiTemnb-
HOCTH OH SIBJISTICS. OCHOBHBIM KOHCYJIbTAHTOM U
IPU3HAHHBIM JKCIIEPTOM IO YHCICHHBIM METO-
JlaM BO BCEX OpraHU3alMsIX, B KOTOPBIX pado-
tan. YyxXnpli Kapbepus3Mma, OH IOJYyYHWJI IpHU-
3HaHUE TOJBbKO Ojaronaps cBoeMy He3ayps-
HOMY TaJaHTy, HAYYHOW MHTYMUILIUH, OTPOMHBIM
Pa3HOCTOPOHHUM 3HAHUSAM M HCKIIOYUTEIBHOU
paborocnocoOHocTH. Anekcanap bopucosuu
pa3paboTall ¥ pa3BWI METOJ CTaHAAPTHOMH
(pacumpenHoit) 00JacTH 71l TOCTAHOBKH U arl-
IIPOKCUMALIMA KpaeBBIX 3a7ad pacyeTra CTPOu-
TEJIbHBIX KOHCTPYKUUH, 34aHUN U COOPYKECHMUI;
METOJIbl PEIICHUsI TPEXMEPHBIX 3aJad CTPOU-
TEJIIbHOW MEXaHUKU M MEXaHWKH Aeopmupye-
MOT'0 TBEPJOTO Te€jla C UCIOJIB30BAHUEM IKOHO-
MUYHBIX Pa3HOCTHBIX IOJXOJAOB; JIEHTOYHBIE
QITOPUTMBI (DOPMUPOBAHUS M pelIeHHs Kpae-
BBIX 33Jla4 pacyeTa CTPOUTENBHBIX KOHCTPYK-
UM, 30aHUM U COOPYKEHUH; MHOIOCETOYHBIE
(moxyuTepalMoOHHbIE) METOABI, METO/IbI arperu-
pPOBaHHs, MHOTOYPOBHEBBIE METOBI AJIS pacye-
Ta CTPOUTEIBHBIX KOHCTPYKIMM, 34aHUM U CO-
OpY’KEHHI; €IUHBIA aIrOPUTM PELICHUS Kpae-
BBIX 33]]a4 HAa OCHOBE ME€TO0/1a OA3UCHBIX Bapua-
1uil; MeTos (parMeHTaluu A pacyeTa CTpou-
TEJIbHBIX KOHCTPYKLMH; METOJ JIOKAJIN3Aaluu
JUISL pacueTa CTPOUTENBbHBIX KOHCTPYKLMH; Me-
TOJ1 JIOKQJIbHOTO aHAJIN3a CTPOUTEIIBHBIX KOHCT-
PYKLMM, UCHOJIb3YIOIIMM BEUBJIET-aHAIU3; Me-
TOJIbl TUCKPETHBIX I'PAHUYHBIX YpPaBHEHHUH IS
pacuera CTPOUTENBbHBIX KOHCTPYKLHH; CIIEK-
TpaJIbHBI METOJl TPAaHUYHBIX DJIEMEHTOB JUIS
pacuera CTPOMTEJIBHBIX KOHCTPYKLHN; METOIbI
ONTUMHU3ALNH KOHCTPYKIUI; YU CIIEHHO-
AQHAJINTUYECKUE METOJBI pacuyeTa CTPOUTEIIBHBIX
KOHCTPYKUHH, 3JaHUN U COOPYKEHUU; METOJIbI
TOYHOTO AHAJIUTHUYECKOIO PEIIEHUS MHOIOTO-
YEYHBIX KPAeBbIX 33/1a4 CTPOUTEIBHOU MEXaHU-
KHM; KOPPEKTHBIH JUCKPETHO-aHAIUTUYECKHUM
METOJl pacueTa CTPOUTEIbHBIX OOBEKTOB pEry-
JSIPHOM CTPYKTYpBI; NMPEIIOKHUII ONEPATOPHBIE
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u Oe3yClOBHBIC BapHallMOHHBIE MOCTAHOBKH
KpaeBbIX 3aJa4 pacyeTa CTPOMUTENbHBIX KOHCT-
PYKLIHA.

JInuno A.B. 30JI0TOBBIM M TIOJ] €r0 HEMOCPECT-
BEHHBIM PYKOBOJCTBOM pa3pabOTaHbl yHHBEp-
CaJIbHbIE IIPOrPAMMHBIE KOMILIEKCHI AJIs pacye-
Ta JBYMEPHBIX U TPEXMEPHBIX CTPOMUTEIBHBIX
KOHCTPYKLIMH, a TakXKe peIIeHUs IIHPOKOro
KJlacca KpaeBbIX 3a/lad Ha OCHOBE €IUHBIX all-
rOpUTMOB U mIporpamm. [IpoBeneHHbIE pabOTHI
orMeueHsbl [loueTHol rpamorori MuHucrepcTBa
BBICILIETO U CPEJHET0 CHEIHaIbHOTO 00pa3oBa-
Hust CCCP 3a nyunryio HayuHyro paboTy U 30-
JOTOM Menanbio «3a JOCTUTHYThIE YCIEXU B
pasButun HapogHoro xo3aiicrea CCCP» B/IHX
CCCP (3a paspabotku B oomactu CAIIP — Tex-
HOJIOTHYECKUE JIMHUM NPOEKTUPOBAHUS CTPOU-
TENbHBIX KOHCTPYKIIH).

Anexkcanap bopucoBuu — aBTOp U coasTop 4
MoHorpaduii, 7 yueOHBIX TocoOuid, 6omee 260
HaYYHBIX M Y4eOHO-METOAMYECKHX ITyOJnKa-
uui. Pe3ynpTaTel BBITOJIHEHHBIX UM HCCIENO-
BaHUN MHOI'OKPAaTHO JOKJIaJbIBAJIUCh HA pas-
JMYHBIX BCECOIO3HBIX, BCEPOCCUHCKUX M MEXK-
JQYHapOAHBIX KOH(EpPEHIHUAX, CHUMIO3HyMaXx,
KOHrpeccax, ceMuHapax. Ha mpotsbkeHun Bceit
JKU3HU OH BEJI aKTUBHOE MEXAYHapoAHOE CO-
TPYAHUYECTBO C KOJUIETAaMH U3 YHUBEPCUTETOB,
HCCIJIEIOBATENbCKUX U NMPOEKTHBIX OpraHU3alMi
I'epmanun, ®panuuu, I[lonbmm, CroBakuw,
CIIA, Ykpaunsl 1 Ipyrux CTpaH, BbICTyHal 3a
pPYOE)KOM C JIEKIUSAMHU ¥ HAYYHBIMH JTOKJIAZAMH.
A.b. 30510TOB BXOAMI B peJaKLMOHHBIE KOJLIe-
MU M COBEThl MHOTMX POCCHUHCKUX IepUOIuye-
CKHMX Ne4yaTHBIX m3jganuu, a ¢ 2003 roja 3aHu-
MaJ TOCT 3aMECTUTENsl IJIABHOTO perakTopa
MEXIyHapoAHOTo XypHana International Jour-
nal for Computational Civil and Structural En-
gineering.

A.B. 30510TOB CTOSUT Yy UCTOKOB co3/1anusi B Poc-
CUICKOM aKaJeMUU apXUTEKTYpPbl U CTPOUTEb-
Hbix Hayk Hayunoro Cosera «lIporpammubie
CpEelCTBa B CTPOMTEILCTBE M APXUTEKTYpPE»,
4JICHOM KOTOPOTO B CaMOM II€PBOM COCTaBE OH
ctan B 2005 roxy. B 2007 roay oH ObLT yI0CTO-
eH Jlunnoma Poccuiickoi akageMuUHd apXuTEK-
TYpbl U CTPOMTENBHBIX HAyK 3a MOHOTpaduio
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«HekoTopble aHANUTHUKO-YHUCIECHHBIE METO]IbI
pelIeHns KpaeBbIX 3a/ay CTPOUTENbHON Mexa-
HUKW», €LI€ OJIUH JUIUIOM, YXE€ MOCMEpPTHO,
OBl TIpUCYXXIEeH AJekcaHapy bopucosudy B
2009 roxy 3a apyryro MmoHorpaduio — «Mare-
MaTH4YEeCKHEe METOJbl B CTPOUTEIHHON MeXaHU-
ke». B 2008 rogy on 6bu1 n30bpan IloueTHbIM
yiaeHoM Poccuiickoil akaieMuu apXUTEKTYphl U
CTPOUTETBHBIX HAYK.

Mo’kHO cKa3aTh, YTO OT IIKOJFHON CKaMBH O
CaMbIX TMOCJIEHUX HEAeNb >KHU3HU OH HeIlpe-
PBIBHO JKWJI B O0JaCTH BBICOKUX HHTEPECOB
HAyKH, UMU Topen. Anekcanap bopucoBud ObLT
MIPEKPACHBIM CEMbSHUHOM, OTJABUIMM JIy4IlIUe
YyBCTBA IIEIPOM AU U TOPSUYETO cepila CBO-
el Jpy>XKHOM M TpegaHHOM cembe. bonbimm
cyacTheM OblIa JUIi HEro BCTpeya ¢ Bepoii
AJIEKCaHJIPOBHOM, C KOTOPOM OHM MPOXKHUIU B
mo0Bu U cornmacuu Oomee 50 mer. JBepm ux
rOCTENPUUMHOTO JIoMa Bcerja ObLTU pacraxHy-
ThI 17151 YYEHUKOB, KOJUJIET U JIpy3eH.

Henb3s He OTMETUTH U HEBEPOSITHYIO yBJIEUEH-
HOocTh Anekcanapa bopucosuua cnioptroM. OH
N0OMBasCs BHICOKMX PE3yJIbTaTOB B CAMBIX pa3-
HBIX BUJAX: Oer, KOHBKOOEKHBIHN CIIOPT, albIIu-
HU3M, IIJIaBaHbe, Tpebisi Ha Oaiimapkax, BEJO-
CHOpT, OeroBbIe NBDKU. BIIIOTH A0 caMoro mo-
CJIETHEr0 BPEMEHHU OH MPOKIIAJIbIBaJl MHOTOKH-
JIOMETPOBbIE JbDKHBIE Tpacchl B [loaMockoBbe,
a 3aJJaBaE€MbIil IPU STOM TEMIT UX MPOXOKIACHUS
MOT OBITh MOJIEPIKAH JTAIIEKO HE BCEMH ero 0o-
Jiee MOJIOABIMU MOy TYUKAMH.

Anexcanap bopucosny ymen us xusHu. Ho Bce
UM CO3JJaHHO€ HAaBEKH OCTAeTCsl B HAIMCAHHBIX
MM KHUTaX M HaYUYHBIX CTAThsIX, B ME€PEIaHHBIX
3HAHUAX, B AMSATH U cepAuax Apy3eil, yueHu-
KOB W MOCJeI0BaTeNel, a Takke Oyaylmux Ha-
YYHBIX paOOTHHKOB.

Konneeu, yuenuxu
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O HAYYHO-TBOPUYECKOM JESATEJBbHOCTHU
AJIEKCAHAPA BOPUCOBHNYA 30 I0TOBA

B.H. Cuoopos, I1.A. Akumos

MocKoBCKUI rocy1apCTBEHHBIN CTPOUTENbHBIN yHUBEepcUTeT, I'. Mocksa, POCCHUA

AHHOTALMUSA: Hacrosimasi craThs NOCBSIIEHA OMHMCAHWIO HAyYHO-TBOpPUYECKOW aestenbHOCcTH [loueTHOro
akagemnka Poccuiickoil akafeMuH apXUTEKTYPhI M CTPOUTEIBHBIX HayK, [lodeTHOro paboTHUKA BBICIIETO 00pa-
3oBaHus Poccum, [louetHoro mpodeccopa MOCKOBCKOTO TOCYAAapCTBEHHOTO CTPOMTENIBHOTO YHHBEPCHUTETA,
npodeccopa, TOKTopa TEXHHYECKUX Hayk, mnpodeccopa kadeapbl MHGOPMATHKA U MPHUKIATHON MaTeMaTHKU
MOCKOBCKOT0 Trocy1apCTBEHHOTO CTPOUTENBHOIO YyHUBEpcuTeTa Anekcannp bopucosnd 3omorosa

Kurouesbie cioBa: Anexcanap bopucosnd 30510T0B

ABOUT SCIENTIFIC AND CREATIVE ACTIVITY
OF ALEXANDER BORISOVICH ZOLOTOV

Viadimir N. Sidorov, Pavel A. Akimov
Moscow State University of Civil Engineering, Moscow, RUSSIA

ABSTRACT: The distinctive paper is devoted to description of scientific and creative activity of Emeritus Aca-
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1. MOCJYKHOM CITUCOK
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Anekcanap bopucosud 30510TOB poauics 7 siH-
Baps 1937 rona B ropoge Mockse. B 1959 rony
okoHunn CtpoutensHbld (pakynpreTr MOCKOB-
CKOrO MHCTUTYTa HWHXEHEPOB TpaHCIOpTa
(MMUUT), nonyuyuB crenuanbHOCTh MH)XKEHEpa-
ctpoutens. Ilocne okonuanuss BY3a paGortan
MacTepoM Bo Bcecoro3HoM TpecTe 1o peKoHCT-
PYKLIHHU KeNe3HONOpOXKHbIX myTei (PekmyTs),
3aTeM MPOEKTHPOBIIMKOM B oTAene « HxeHep-
Hble KOHCTpYKUMM» [ocynapcTBeHHOro mnpo-
€KTHO-U3BICKATEIbCKOT0 HMHCTUTYyTa «[umpo-
IIPOMTpPAHCCTPO» MMUHHMCTEPCTBA TPaHCIIOPT-
Horo crpoutensctBa CCCP. B 1962 rony mo-
CTYNIHUJ B OYHYIO acnupantypy LlenTpambHOro
HAy4HO-HUCCJIE10BATEIBCKOIO MHCTUTYTA CTPOU-
TEJIbHBIX KOHCTpyKIMi uMm. B.A. Kyuepenko
(IHNUUCK) u OIHOBPEMEHHO Ha MEXaHUKO-
MareMatnueckuil dakyapTeT MOCKOBCKOTO TO-
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CyapCTBEHHOro yHuBepcurera uM. M.B. Jlo-
MoHocoBa (MI'Y), koropsiii okoHumsn B 1967
rogy. PaGotanm B BBIYHCIUTENBHOM IIEHTpPE
MHNNCK B mOMKHOCTSAX MIIQAIIETO HAYYHOTO
COTpYAHHUKA, TJABHOIO WHXXEHEpPA, CTapIlero
Hay4YHOTO COTPYJHHKA, 3aBEIyIOIIEro Jjabopa-
topueir. B 1973 rony 6bu1 npuriamen B Moc-
KOBCKUH HHXEHEPHO-CTPOUTEIbHBI HHCTUTYT
uM. B.B. Kyiiosimesa (MHUCH) Ha HOMKHOCTH
noreHTa kadeapsl HHGOPMATHKH W TIPHKIAT-
HOM MaTeMaTHKU MO KaTerOpUH «BEIYIIHH cIie-
LUATTUCT C MPOMU3BOACTBa». B Teuenue 10 et
3aHUMaJ MOCT 3aBEAYIOIIETO BBIUUCIUTEIBHOTO
uentpa MUCHU (Bl MUCH), sBnssice omHO-
BPEMEHHO OpraHU3aTOPOM M PYKOBOAUTENIEM
HayyHoro otaena BI[ MUCH, 3anumaBmierocs
Hay4YHO-TEXHUYECKUM M  MaTeMaTHUYeCKUM
o0OecrieueHreM CpEeCTBAMH BBIUHUCIUTEIHHOM
TEXHUKHU PELICHUS CTPOUTENBbHBIX 3a7a4 M aB-
TOMATHU3AIMH CTPOUTEIHLHOTO MPOCKTUPOBAHMS.
B otnene Benuch pa3pabOTKH METONOB M YHC-
JICHHBIC WCCJICIOBAHMS JJIA PA3IMYHBIX 33724
pacyeTa CTPOUTENbHBIX KOHCTPYKUNMN, 31aHUM 1
COOpPY)KCHHM. 3aKa3uMKaMu BBICTYIAIU TOJ-
paznenenuss MUCU u BHeUIHUE opraHu3aiyi.
B 1970 romy 3ammuTui KaHAUAATCKYIO JHUCCEP-
Talulo Ha TeMy «YucieHHoe perieHue BTOpOi
MPOCTPAHCTBEHHOM 3a7a4 TEOPUU YIPYTOCTH»
no crnenuanbHocT 022 — «ConpoTuBIEHHE Ma-
TEpPUAJIOB U CTpOUTEIbHAsT MexaHuka». B 1989
rojly 3allUTHI JAOKTOPCKYIO IUCCEpTAIUI0 Ha
teMy «llocTaHOBKAa W aNTOPUTMBI YUCICHHOTO
pElIeHUs] KpaeBbIX 3a/lady CTPOUTEIbHOM Mexa-
HUKH METOJIOM CTaHJApPTHOM 00JIacTw» IO Cre-
uuaneHocTu 05.23.17 — «CTpoutenbHas Mexa-
Hukay. B 1976 rony eMy ObUIO IPUCBOCHO yue-
HOE 3BaHUE JIOIEeHTa, a B 1992 roxy — npodec-
copa.

SIBNsICS YJIEHOM IUCCEPTAMOHHOTO COBETA IO
3aIUTe KAHAUJIATCKUX W JOKTOPCKUX JHUCCEp-
Tauui 1o crneunanbHocTsM 05.23.17 — «Ctpou-
TenpHag Mexanumkay, 01.02.04 — «Mexanuka
nedopmupyemoro tBepaoro tena» u 05.13.18 —
«MaremaTudyeckoe MOJACIUPOBAHUE, YHUCIICH-
HbI€ METOJBI U KOMIUIEKCHI porpamm». C 2005
rona siBisuicss wienoM Hayunoro Cosera Poc-
CUICKOW aKaJieMUU apXUTEKTYPbl U CTPOUTENb-
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Hbelx Hayk (PAACH) «IIporpammusle cpeactsa
B CTPOMUTEILCTBE U apxuTekType». B 2007 rony
obu1 30pan [loyetneim npodeccopom MI'CY, a
B 2008 — [ToueTHbiM uneHom PAACH.

beut Harpaxxaen: B 1984 rony — IloverHoii rpa-
MoToit MunByza CCCP 3a nyuniyro Hay4yHyIO
paboTy, ero 3aciyrd OTMEUYEHBI 30J0TOH Mena-
JbI0 «3a TOCTUTHYTHIE YCHEXH B Pa3BUTHM Ha-
ponnoro xo3siictea CCCP» BIAHX CCCP (3a
paspabotku B obmactu CAIIP — texHomormue-
CKHE€ IJIMHUM TPOEKTUPOBAHUS CTPOUTEINBHBIX
KOHCTpYKIMiA); B 1997 rony — HarpyaHbIM 3Ha-
koM «[loueTHplii paOOTHHUK BBICIIETO 00pa3oOBa-
Hust Poccun»; B 2001 roxy — Jummomom Mex-
JTYHapoOJHOHM accolMaluy CTPOUTENBHBIX BBIC-
mmx yueOHbIX 3aBenenuit, B 2007 u 2009 romax
— Numnomamu PAACH.

Anexcanap bopucosuu ymien u3 xu3Hu 12 cen-
T26pst 2008 rona.

2. HAYYHO-IIEJATOT'HYECKAS
JAEATEJIBHOCTb

ITpodeccop A.B. 30510TOB — U3BECTHBIH yueHbIi
U CHEIMAIKUCT B 00JIACTH CUMCIICHHBIX, AHAJIUTHU-
YECKUX M YHMCIEHHO-aHAIUTUYECKUX METOJI0B
pacdera CTPOUTENBHBIX KOHCTPYKLMM, 31aHUN U
COOPY’KEHUI C HCIOJIb30BAHUEM BBIUMCIUTEIb-
HOM TEXHUKH, a TAaK)K€ ONBITHBIA OpPraHU3aToOp
BY30BCKOM HayKd, NMPUHUMAJl CaMO€ aKTHUBHOE
y4acTHE B MOATOTOBKE M BOCIUTAHUU HAyYHBIX
KaJIpOB.

A.b. 30710TOB Ha MpOTSKEHUU Bced mpodec-
CHUOHANILHOM JNIeATEIbHOCTU OBLI PYyKOBOJIUTE-
JIEM Hay4YHBIX KOJUIEKTHBOB, YCIEIIHO pabo-
TaIUX U B HacTtosdwee Bpems. OH OCHOBaj
KpynHylo HaydHyto mkonry MUCHU — MI'CY
«HucneHHoe MOJAENUPOBAHUE U METOIbI IMpH-
KJIAJHOM MaTEMaTHUKH B 3a/1a4ax CTPOUTEIbCT-
Ba», O0BEANHSIIONIYIO YUEHBIX, IIUPOKO H3BECT-
HBIX, Kak B Poccun, Tak u 3a pyoexxom. OCHOB-
HOE HaNpaBJICHUE JIEATEIbHOCTH ILKOJIBI COCTO-
UT B pa3pabOTKe MaTeMaTUYECKUX MOJENEH U
YUCJICHHBIX METOJOB PEIICHUS CTPOUTENIbHBIX
3anaud. [lox pyxoBoactsom A.B. 3omoToBa u nmpu
€ro HENOCPEJCTBEHHOM YYaCTHUU 3allUIICHBI
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IecTh JOKTOPCKUX W Oojee ABaallaTH KaHIHU-
JaTtckux aucceprauuii. OH OpraHu3oBal U Ky-
pUpOBaJl JEUCTBYIOIIUNA IIPU LIKOJE KPYXKOK
CHO.

Cdepa nayunoit pesrenpHocTH A.B. 3o0moToBa
OblJIa TOCTATOYHO OOIMpHA. BBIHYX/IEHO KpaT-
KO€ OTpa)X€HUE OTACNIbHBIX €€ HaIpaBJICHHUM
MIPE/ICTABICHO HUXKE.

MeTtoa pacumiupeHHoil (cTaHAapTHOM) olJiac-
TH JJs NOCTAHOBKH M ANNPOKCUMAIUH
KpaeBbIX 3a/1a4 pacyeTa CTPOUTEJIbHbIX KOH-
CTPYKUM, 31aHUH U COOPYKEHHUI.

Yuenuku: Aunpees B.U. [1], Akumos [L.A. [2],
AunexceeB [.H. [3], benbckuii B.I'. [4], benbrit
M.B. [5], broxuna H.C., BynrakoB B.E. [6],
KaittykoB T.b. [7], Jlapuonos A.B. [8], JleiiTec
E.C. [9], Jlonmatunckas E.JI. [10], MenBeabrko
B.H. [11], Mensenpko [.B. [12], Mo3sraiesa
ML [13], Mcxanas XK.MU. [14], CamoB O.B.
[15], Cunopos B.H. [16], Xaputonos B.A. [17],
[Hupunckas U.B. [18] u ap.

CymHOCT, METOAa pacIIMpeHHON (cTaHAapT-
HOI) 00JIaCTH 3aKIII0YaeTcsl B BBHIPAOOTKE enu-
HOM, He 3aBHCSIIEH OT reoOMeTpHUUecKux u ¢u-
3MYECKUX XapaKTEPUCTHK, OTIEpaTOPHON 3aliCH
WCXOJHOW KpaeBOW 3aJaud U €€ JAUCKPETHOTO
aHajora, a 3aTéM M B MOCTPOCHHH 3(P(PEKTUB-
HBIX YHCIICHHBIX allTOPUTMOB.

OcHoBHast ujiest Ha 3Tarne MOCTaHOBKH MPOCTa U
COCTOHUT B O0BEAMHEHUU BCEX YacTEH MCXOTHOM
IIOCTAHOBKHM B OJTHOM YPaBHEHHMU C COOTBETCT-
BYIOIIMMH BECOBBIMU XapakTepucTukamu. Jlyis
9TOr0  HCHOJB3YIOTCS  XapaKTepUCTHUECKAs
¢byHKIMS paccmaTpuBaeMoi obnactu () u ee
MIPOU3BOJHBIE, COCPEAOTOUEHHBIE HA TPAHMUIIE.
Ilycts L — auddepeHnnanbHblii caMOCOMps-
KEHHBIN oIepaTop Ui JUIMITUYECKON cucte-
MBI 2-TO Topsiika U3 M ypaBHEHHN B TIpO-
cTpaHcTBe N -MepHBIX QYHKIIHI, MpHUeM

L=D'AD; D=V®E,;

vz[al aN]T=grada (1)

rae E,, — eauHu4Has Matpuna M -ro NopsaaKa;
® — 3HaK, 0003HAYAIOIINN OTIEPAITUIO MPSIMOTO
MPOM3BEICHUS MATPUIL.

168

B.H. Cunopos, I1.A. AxumoB

O06o3HaunM: € — xapakTepucTuyeckas (QyHK-

st obnactu Q; O, =0(p) — menbra-QyHKIUSL
rpanuusl I =0Q; v=[v, ...v,]" — Bektop

BHYTPEHHEH HOpMaiu K rpanuie obnactu €2

v, =v®E,;* — 3Hak, 0003Hauaromuil omne-

paLuIo CONpSKEHUs; /| — onepaTop €CTECTBEH-
o *

HBIX ~ KpaeBbIX  YCIIOBHUH, [=-v, AD;

I"=-D"Av,; ¥,=D"04D. TlokasaHo, uTO

UMEIOT MECTO CJIEAYIOIINEe OCHOBHBIE OIepa-
TOPHBIC COOTHOIICHUS METOAa PACIIUPEHHON
obnactu

Fu=0Lu+6.lu; LOu=Fu—1 (5u);
LOu=0Lu+Su—1(Su). (2)

Hemnocpencreenno u3 dopmyn (2) BeIBOASTCS
OTepaTophl KPaeBbIX 3a/ad C COTJIACOBAHHBIMH
BECOBBIMHM XapaKTEPUCTUKAMH KpaeBBIX YCIO-
Buil. @opMynupyeMbie MPU ITOM ONEPATOPHBIC
MOCTaHOBKU KpaeBBIX 3a/lad MOTYT paccMarpu-
BaTbCs Ha JIIOOOH oKaiiMirgromeii 00acTH, 4TO
O0COOEHHO Ba)KHO ISl YMCJIEHHOM peajn3aluu.
B sTomM cwmpicie yaoOHO MTPHUMEHSTh METOJ
paciIMpeHHoN (CTaHIapTHOM) 00JacTH, CBOJIS-
IIWICST K PAcCMOTPEHHUIO COOTBETCTBYIOIIUX
3a7a4 Ha €IWMHON YNPOIIEHHOW, T.€. CTaHIapT-
HOU 00JacTH, HaMpUMEpP NPSIMOYTOJBHUKE WIIH
Kpyre. OTo o00Jerdaer TOCTPOCHUE YHHUBEP-
CAIbHBIX QJITOPUTMOB PpELICHUS W JaeT BO3-
MOXHOCTh TIOBBICUTH A()PEKTUBHOCTh WX YHC-
JICHHOW peanu3aluu (3a cYeT MPUMEHEHHsS BEK-
TOPHBIX aJITOPUTMOB JIJIsl OIlepaluii ¢ MaccuBa-
MH). ANMNpoKCUMAIUs CTaHIAPTHOH o0OJacTu
COCTOUT, HAallpUMEDP, B 3a/laHUU CETKH, TOIOJIO-
THYECKH DKBHUBAJICHTHOW TMPSIMOYTOJILHOM Ta-
KM 00pa3oM, 4TOOBl OHA KaK MOXXHO JIydYIIe
COOTBETCTBOBAJIA OYEPTAHUSIM KOHCTPYKIIUH,
T.€. UICXOHOM oOmacTu (puc. 1).

Pa3paborka m nporpaMMHasi peajJu3anusi Me-
TOJOB peLICHHs TpPeXMEpHBbIX 3aJa4y CTPOH-
TeJbHON MEXaHUKH U MeXaHUKH AedpopMu-
pyeMoro TBepAOro TejJa € HCHOJIb30BAHUEM
IKOHOMHMYHBIX Pa3HOCTHBIX MIOAX010B
Yuenuku: Jleirec E.C. [19].
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Puc. 1. I[Ipumep BbIOOpa anmpoKCUMUPYIOIIEH CETKH.

Jlyis peteHus: ONepaTOPHBIX YPaBHEHHUA MOKHO
WCIOJIb30BaTh IIArOBbIE METONbl. ITO JHO0
WUTEpAlMOHHBIE TPOIECCH, JIMOO pPa3HOCTHHIC
cXembl (10 BpEMEHH) JJIA pPEelIeHUs HeCcTalro-
HapHBIX 3a7a4. VX olmas cTpykTypa B OCHOB-
HOM MOXET OBITh Tpe/icTaBlieHa (hopmMyIon

u =ut — B (Lu* - FY), (3)

rae k — HoMep Iara; 7 — UTepalMOHHBIN Ma-
pameTp MO0 mar Mo BpeMEHH; B — Hekui
BCIIOMOTATENbHBIM  OmepaTop, YyJIydlIaroiuii
CXOJIMMOCTh HWTEPAIMOHHOTO Tporecca 0o
o0ecrevynBarONIMi  YCTOMUYMBOCTh PAa3HOCTHOM
CXembl, L — IUCKPETHBIM OllepaTop 3aJauy;
(Lu* — F*) — HeBs3Kka pemenmus.

B oOmiem ciyuyae omepatop B TPUHATO Ha3bl-
BaTh SKBHBaJCHTHBIM. OH JOJKEH YIOBJIETBO-
pATh IBYM TPYIHO COBMECTUMBIM TpeOOBaHU-
sM. [lepBoe — OBITH JIETKOOOPATUMBIM, T.€. YTO-
OBl JJIs1 IPOU3BOJILHOTO BEKTOpA V JIETKO (MH-
HUMYM apu(pMEeTHYECKUX ACUCTBUI) peuanach
3agaya Bw=v. Bropoe — ObITh OIM3KUM K HC-
XOJHOMY ormeparopy L, T.e. YTOOBI CHEKTp
omepatopa B'L ObT1 ONM30K K €IWHHMIE
(m(Bu,u) < (Lu,u)<Mu,u) npu M/m=1).
D10 obecreunBaeT Majioe KOJIMYECTBO OIepa-
UM 711 TOCTHKEHHS CXOAMMOCTU. B memnom
MOHATHE YKOHOMUYHOCTH HUTEPALIMOHHOTO TpO-
1ecca omnpesensercss oOIMMHU 3aTpaTaMu Bpe-
MeHn DOBM, KOoTOpoe B OCHOBHOM MPOIOPIIHO-
HAJIBHO MPOU3BEACHUIO YHCIIa UTepaluii Ha KO-
JUYECTBO apu(PMETHUECKUX EUCTBHU IS OJI-
Hou wurepanuu. [locienHee, B CBOIO Ouepenp,
3aBUCHT TaKX€ OT CKOPOCTH BBIUMCIICHUS He-
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Basku v = Lu* — F* u nmonpasku w=B"'v. B
3TOM CJIy4yae HENOCPEACTBEHHAsl peaau3alus
ONEPATOPHBIX AJITOPUTMOB, MPUBOAIIAS B Me-
TOJIe CTaHJAPTHOM 00JacTU K BEKTOPHBIM OIle-
painusiM, TO3BOJIIET BO MHOTO pPa3 yCKOPHUTHh
npouecc cyera Ha DOBM. B kauectBe urepanu-
OHHBIX METOJIOB PEIICHUS ypaBHEHUW MOTYT
UCIIONIb30BAaThCA  METOA  (paKTOPU30BAHHOTO
oreparopa, MoINepeMEeHHO-TPEYTOJIbHBIA METOI,
MHOI'OCETOYHbIE METOAbI U T.1. Hanpumep, mis
MeToJ1a (PaKTOPHU30BAHHOTO OTEpaTopa MpoIece
cTpoutcs 1o gopmynam (@ — HTEpaIMOHHBINA
napamerp).

Bl . N o
; tne B’ =HB; ;
BM p=1
B =E+aD,a>D,. (4)

Hns obpamenust omeparopa B HeEoOXoauMo
MOCIIeI0BaTEeILHOE PeIIeHUE 3a1a4

s s _ S s __ .S S
Bpgp_gp—l’ g&=v, w=gy, ()
OCYLIECTBIIIEMOE IIUPOKO U3BECTHBIM METOI0M
OJTHOMEPHOM MPOTOHKH.

JIeHTOYHBbIC AJrOPUTMBbI (POPMUPOBAHUA M
pelieHUs] KpaeBbIX 3aJa4 pacyeTa CTPOM-
TeJbHBbIX KOHCTPYKIHI, 31aHUI H COOpYXKe-
HMH.

Yuenuku: Cunopos B.H. [16,20].

[Ipu pemiennn IMHEMHOW CTALIMOHAPHOM 331241
rocjie Mepexojia K JUCKPETHBIM OMNEepaTOPHBIM
YPaBHEHMSAM IOJIy4aeM CHUCTEMY JIMHEHHBIX
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Puc. 2. JIByxceTo4yHast anmpoKCUManus.

ypaBHEHMI, KOTOpas B ciay4yae HeOOJbIIOi pas-
MEPHOCTH pelIaeTcs CTaHAAPTHBIMUA METOJAaMHU
tuna ['aycca. bnarogaps UCnosb30BaHUIO pac-
IIUPEHHOM 00JIACTH W PEryJIIPHON CETKH Mart-
pHuLa CUCTEMBI UMEET YUCTO JIEHTOYHYIO CTPYK-
TYpy € HEOOJIBIIMM KOJINYECTBOM HEHYJIEBBIX
IUaroHaJlel, COOTBETCTBYIOIIMX TOUYECYHOMY
mabIoHy AUCKpeTHoro omeparopa. [lostomy,
chopMHpOBaB MacCHUBBI (BEKTOpa) 3HAUYCHHIl
9TUX JIWAroHajJcH, MOJHOCTBIO ONPENEIUM HC-
XOJHYI0 Marpuly. AJTOpUTMBI JIEHTOYHOTO
NPEJCTABICHUS  ONEpPAaTOpOB 00ECIIEUUBAOT
ObICTpoe (OPMHUPOBAHUE JUCKPETHON CUCTEMBI
C IOMOUIBIO BEKTOPHBIX omnepauuid. [[ns pemie-
HUSL MHOTMX HEJIMHEWHBIX 3a7ad HeOOoJbIION
pa3MepHOCTH (HampuMmep, ABYMEPHBIX) 3¢ dek-
TUBHBIM SIBJISIETCS COUYETaHHE OOOMX IaHHOTO
MO/AX0Ja C TE€M, YTO ONUCAH B MPEAbLAYLIEM
IyHKTE, KOTJa B KayecTBe omeparopa B wuc-
nosib3yercs matpuna Herotona.

MHorocerounbie (NMOJyHTepanMOHHbIE) Me-
TOABI M METOAbI arPerupoOBaHMsA I pacyera
CTPOMTENbHBIX KOHCTPYKLMM, 3JaHUI U CO-
opyxeHuii. Metoabl arperupoBanusi. MHo-
rOypoBHEBbIE¢ METOBI.

Yuenuku: benwsiii M.B. [5,21-22], bynrakos
B.E. [6,21-22], Canos O.B. [15].
Mnozocemounvie memoowi. llepeunciennsle B
IPEABINYIINX ITyHKTaX UTEPALMOHHBIC IIPOLEC-
Cbl, KaK IIPaBUJIO, XOPOIIO CXOIATCS HA BBICO-
KOYaCTOTHBIX COCTAaBJISIONIMX PEIICHUSA, COOT-
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BETCTBYIOUIMX JIOKAJbHOMY IOBEACHUIO (PyHK-
Ui, U HE OYEHb XOPOILIO HAa HU3KOYACTOTHBIX
COCTABJIAIONINX, OTPAXAIOMUX TI00abHOE TO-
BeJleHne (PYHKITUHA. DTO IPUBOAUT, HATIPUMED, K
HEBBITNOJIHEHHUIO YCIOBUI PaBHOBECHS IO ceue-
HUSIM M B II€JIOM K HEIOCTH)KCHMIO 3a/laHHOU
TOYHOCTH. B TO ke BpeMsl HU3KO4aCTOTHBIE CO-
CTaBJISIFOIINE JOCTaTOYHO XOPOIIO AamnmpOKCH-
MUPYIOTCSI Ha OoJjiee KpPYMHOH CeTKe, HeXelu
UCXOAHAas. DTO MPUBOIUT K MBICIU O BO3MOXK-
HOCTHU HCIOJIb30BaHUS AJI ONpEACIICHUS HU3-
KOYAaCTOTHBIX COCTAaBISIIOIIUX BCIOMOIaTelb-
HOM KPYNHOW CETKH, Ha KOTOPOM YHUCJIO HEU3-
BECTHBIX HACTOJIBKO MEHBIIIE, UTO 00IIee BpeMs
pellleHus 3a/1a4il IOYTH He yBenuuuBaercsa. Me-
TOJBI, B KOTOPBIX HCIIOJIB3YETCA IIOCIENI0Ba-
TEIbHOCTh HECKOJBKHUX CETOK, HAa3bIBAIOTCS
MHOTOCETOYHbIMU. W37I0)KMM €0 Takux Me-
TOJIOB Ha MPOCTEHIIIEM ClIy4yae — ¢ UCIOIb30Ba-
HUEM JIBYX CETOK.

[Tycth uMeeTcss HEKOTOpash KOHCTPYKIIHS, IS
pacuera KOTOpOM 3aJaHa UCXOJHAs CETKa, J0C-
TaTouyHas JUIs anmpokcuManuu. OmnpenennuM Ha
3TOM ceTke OoJiee KpyIMHYIO, 0O0BbEIUHSIOIIYIO
10 HECKOJIBKO sTueeK UCXOTHOH (puc. 2).

Hns pemwennst 3agaum Lu =F Ha UCXOIHOMN
CeTKe MPUMEHHUM OOIIYI0 CXeMY C SKBHBAJICHT-
HBIM oneparopom B . [l ero nocTpoeHus Boc-
MOJIB3YEMCsl KPYIHOM CETKOM, Ha KOTOPOMl HC-
XOJIHas 3a/1a4a MPUMET BUJT

Ly, =F,, rtne Lo:Q*LQQ FOZQ*F: (6)
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Q — omeparop MHTEPHOJALMU C KPYTTHOW CETKU

.
Ha MEIKyl0; () — Omeparop Cy>KEHHs ¢ Mell-
KO CETKHU Ha KPYIHYI0, CONPSKEHHBIN (.

Janee mycts D — nerkooOpaTUMBINA oOrepaTop

(Hanmpumep,  AMArOHAIBHBIA,  TPEYTOJILHBIM,

(akropuzoBanubii U T.4.). [IpenctaBum L B

Bune L=D+G.

Omneparop B ompeaenuM Kak Oneparop 3aJauu

Bv=Dv+GQv,=F 7
Ly, =F, )

Jns ee pelieHus CHavana ONPENENACTCS V, M3

BTOPOTO ypaBHEHUs (3ajadya Majol pa3MepHO-
CTH Ha KPYITHOH CeTKe), a 3aTeM BBIYUCIISIETCA
V U3 IIepBOTr0 ypaBHEHUS:

v=D""(F+GQv,). (8)

Xopomiass CXOAMMOCTh IOJAO0OHBIX MPOLECCOB
00OCHOBBIBAETCSI BO MHOTHX JIMTEPATYpPHBIX HC-
TOYHUKAX U MOATBEP)KIACTCS IIUPOKON BbIUKC-
auTenpHOM mpakTtukod. Ilpu  cocraBineHuu
OJMIM3KOM 3a7auu Ha KPYMHOM CeTKe He 00s3a-
TEJNBHO MOJIB30BAThCSl OINEPATOpaMU HMHTEPIO-
JSIUU U CY>)KEHUS B CTpOroM cmeicie. Tak, Ha-
IIpUMeEp, Cy3UTh UCXOQHYIO 3aJjadyy Ha KpyIHYIO
CETKY MOYKHO CyMMHPOBaHUEM KO3 (UIHEHTOB
B OINIEPaTOPHBIX YPABHEHMAX IO SYEHKaM Mell-
KO ceTku. B pamkax meroma craHmapTHOU 00-
JacTy 3T0 00ecreynBaeT caMblii MPOCTON aro-
PUTM CYKEHHUSL.

Memoowr acpezuposanus. B ocHOBe MeTOI0B
arperupoBaHusl JICKUT UJES PaLUOHAIBHOTO
BBIJICJIEHUS] U3 0a3MCHBIX KOHEUHBIX 3JIEMEHTOB
MEJKOM ceTku OoJjiee KPYMHBIX 3JIEMEHTOB-
arperaroB. [Ipu 3TOM B 3aBUCUMOCTH OT CTPYK-
Typbl arperara, Xxapakrepa BHEIIHMX U BHYT-
pPEHHUX CBsI3€il, OCOOCHHOCTEH TeoMEeTpuu u
(U3NYECKUX CBOICTB MaTepuasia 0ObeIHMHEHUE
0a3MCHBIX 3JIEMEHTOB MOXXET OCYILIECTBISATHCS
10 OJHOCTYIEHYaTOW WJIM MHOTOCTYIIEHYaTON
CXEMe.

Mmnozoyposnesvie memoosbi. MHOTOypOBHEBBIE
METOIbl, MO CYTH, HPEACTaBISIOT COOOH KOM-
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OMHUPOBAHHE TMEPEUMCICHHBIX BBIIIEC IMOAXO-
JIOB.

EauHbIH aJIrOPUTM pelleHHs KPaeBbIX 3a1a4
HAa OCHOBE MeT0/1a 0a3MCHbIX BapHAllMid.
Yuenuku: Axumon I1.A. [23-25], benbiii M.B.
[5], bnoxuna H.C., bynrakos B.E. [6], Jlapuo-
HoB A.B. [8], Menearko B.H., Measenbko
A.B. [12], Mozranesa M.JIL. [13], Mcxanas
K.MN. [14], Canos O.B. [15], Cunopos B.H. [25-
26], Tpymun C.U. [27], XaputonoB B.A. [17],
[upunckas U.B. [18] u ap.

PaccmoTpum, Hampumep, alropuTM perieHHs
HEJIMHEWHBIX 3aJa4 TEOpPUHM YMNPYrocTd Ha Oc-
HOBE METO/a 0a3MCHBIX BapHaLIUK.
BapuannonHas moctaHoBKa 3aa4u TEOPUHU YII-
PYroCTH UMEET BUJ:

() = % [[@.&)dx—[[(F.@)dx — min, (9)

rae ®(u) — QyHKIMOHAN SHEPTUU; U — BEKTOP-

dyHKuMs nepemernenuii; F — BeKTOP-(yHKIHS
MpaBbIX qacTen (marpys3ka);
G=[o, 0, o,] BEKTOp-(QYyHKLUS Ha-
E=le, &y &1
byskums nepopmanuii;  — obmacTb onpezene-
HUS 3a/1a4M; N — MEpHOCTb 3a/J1auu.

Ob6nacte ) pa3OuBaeTCss HA KOHCYHBIE JICMCH-
Thl. B COOTBETCTBHMM C CETOYHBIM pazOHEeHHEM
(byHKIMOHAN >HEpPruu Ha () MOXXHO TpejacTa-
BUTbH B BHJIE CyMMbI (DYHKIIHOHAJIOB SHEPTUH HA
KOHEYHBIX JIEMEHTAX:

MIPSIKEHUN; BEKTOP-

@(ﬁ):Z@i(ﬁ). (10)

Ha xaxaoM i-oM 3J€eMEHTE BOCHOJIHSIEM HEU3-
BECTHYIO BEKTOpP (YHKIHMIO # W KOOPAUHATHI
X , B YaCTHOCTH, JJUHEWHO B Ka)KJIOM HaIllpaBJie-
HUH, BBOJS MPHU 3TOM JIOKAJbHBIE KOOPAUHATHI
t - JIOKQJIbHBIE KOOPJAWHATHI:

\

0<t <1, s=1,.,N. Takoe BOCIOJIHEHHE OII-

penensieT BeKTOp-QyHKIUIO ¢ €€ 3HAYCHHUSIMU B
y3nax ceTku. CienoBaTenbHO, pelIeHUEe 3a1a4u
TEOpUU YHPYTOCTH CBOJIUTCS K OIpPEIeTICHHI0
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BEKTOpA y3JIOBbIX 3HaueHui u, (7). O0o3HaUUM
rI00ANbHBIA BEKTOP y3/IO0BbIX 3HaueHud U, .

Jlis ero onpeneneHus npeularaeTcst umepayu-
OHHbIU NpoYyecc:

Us=0,

gl

(In

77 (k+1) _ 7 (k) 177 (k) _ .
U =UP -4 F® | k=0,1,.;

rne A, — MaTpuna, KodQQUIUEHTb KOTOPOH

A omnpenensioTes Kak

A =[OU +aje, +aye,)-
U +ae)-dU +aye;)+
+OU M a,);

(12)

F®

F") spraucnsorest mo hopmyre

— BCKTOP HCBA3KH, JJIEMCHTBI KOTOPOI'O

FYO =[@US +0.5a,e,) - a3
~oU Y -05a.e)]/ ay;

€, —€IMHUYHbIA BEKTOp: ¢,(j)=0,,; O, -
cumson Kponekepa; a;>0 u &, >0 BpIOMparoT-

cs B BHJIE HEKOTOPOH JONMM OT BEITHYHHBI OYe-
PEHOTO  MPUONMKEHUS; i, ] MHJEKCHI
crutomHoi Hymeparun; U — npubnmkenne
U,
Kpurepunii 0KOHYaHHS UTEPALMOHHOIO MPOLEC-

Ha k-ii uTepanuu.

ca(¢&,,, 3amaercs):

®| /|7 © —

[FOF ] < & = & - (14)
MeToabl, CcBsI3aHHBbIE C JIOKAJM3anMell M

(¢parmenTanueii, Aa8 pacyera CTPOUTENb-
HBIX KOHCTPYKIMA, 31aHUI U COOPYKEHHIA.

Vuenukn: Anekcee JI.H. [3], Measenpko /1.B.
[12], Mozranesa M.JI. [25], CanoB O.B. [15].

Memoowr ¢hppaemenmayuu. ObecriedeHre MPOU-
HOCTH, HaJIEKHOCTH, SKOHOMHUYHOCTH COOpYIKe-
HUU B YCIIOBHSIX TOSIBJICHHUS HOBBIX MaTepua-
JIOB, COBEPIICHCTBOBAHMS KOHCTPYKTHBHBIX
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pelIeHu IpU MPOEKTUPOBAHUU HOBBIX COOPY-
KCHUM M PEKOHCTPYKLUHU CTapbIX NPUBOIUT K
HEOOXO/IMMOCTH YHUCIIEHHOTO pacyera Kak co-
OpY>KEHH B LIEJIOM, TaK U IOJYYEHUS PELICHUS
MOBBIIIEHHOH TOYHOCTH JMIIb B HEOOJBIIOM
(caMOM Ba)KHOM MJIM OTJIMYAIOLIUMCS OT THIIO-
BOI0 MpOEKTa) (parMeHTe KOHCTPYKIMU. Me-
TOABI TOJIYYEHHUsS IOBBIIIEHHOM TOYHOCTH BO
(dparMeHTe KOHCTPYKIUH WM, TOBOpS HHAYe,
METOJIbl (hparMeHTaIlM MOYKHO paccMaTpUBaTh
KaK HEKOTOpPOE paCLIMPEHHUE MHOIOCETOYHBIX
MeTOoAOB. [[e10 B TOM, 4TO IpU NPUMEHEHUH
MHOI'OCETOYHBIX aJTOPUTMOB Ha MPAKTUKE 4ac-
TO OBIBAET TOCTATOYHO TOJIYYaTh PEHICHUE BBI-
COKOM TOYHOCTHU (T.€. HA CETKE C CaMbIM Mell-
KUM I1aroM) JIMIIb B OTHOCUTENIBHO HEOOJIb-
II0M, CAMOM Ba)XHOM (pparMeHTE KOHCTPYKLIUH.
OTO AaeT BO3MOXHOCTb NPHU PELICHUU 3aJauu
Ha TI0CJEIOBAaTEIBHOCTH CETOK IIOMBITATHCA
CyIIECTBEHHO HE YBEIMYMBATh €€ Pa3MEpPHOCThb
IIPYU NIEPEXOAE OT CETKH K CETKE, YTO IO3BOJIUT
pemath AOCTaTOYHO CJIOKHBIE 3a/Ja4d Ha Iep-
COHAJIBHBIX KOMIIBIOTEpAaX MAaJOd MOIIHOCTH.
Tak, Hanpumep, pa3paboTaH OAWH U3 BO3MOXK-
HBIX TOJAXOJOB K IOJYYEHHIO JIOKAJIbHBIX pe-
IICHUH BBICOKOTO TMOpPSAKAa TOYHOCTH BO (hpar-
MEHTE KOHCTPYKLMH Ul SJUIMNTUYECKUX 3a]a4d
BTOPOTO Nopsiaka. JlaHHBIA MOAXO0J CYILECTBEH-
HO OTJIMYAeTCsl OT CTaHJAPTHOIO, OCHOBAHHOTO
Ha CTYLIEHUU CETKH, TEM, YTO IO3BOJISET HC-
II0JIb30BaTh TOJIBKO PETYJISIPHYIO CETKy, YTO
CYILIECTBEHHO YIPOLIAET aIrOpPUTMbI (OPMUPO-
BaHUs U peuieHus. Mnesa Merona ocHOBBIBaeTCA
Ha u3BecTHOM mpuHuune CeH-Benana u nose-
J€HUH TIPOU3BOAHON OT (yHAaMeHTaIbHON
¢ynkuuu. Ilpennoxen crienyromuid Kputepui
BBIPE3aHMs: K 30HE TapaHTUPOBAHHON TOYHOCTH
Kak OBl NPHPHUCOBHIBACTCS TpaduK MPOU3BOJI-
HOM OT PyHIaMEHTaNbHOU (QYHKIIUN HA MEIKOU
CeTKe, Jlajiee 3Ta KpuBas NMpUOIMKaeTcs JoMa-
HOM MO y3JaM KpyInHOHM ceTku. Tam, rae joma-
Hasi HAYMHAET YIOBIECTBOPUTEIBHO OIHCHIBATh
rpaguK MOPOU3BOAHONW OT (PyHIAMEHTAIBHOM
(YHKIMM MOXKHO YCTaHaBJIMBAaTh IPAHUILY 30HBI
BeIpe3aHus (puc. 3). B kadecTBe uMCIEHHOH
OLICHKM NpEJIaraeTcsi OLICHKA, CBA3aHHAsA C JIO-
KaJIbHBIM IIEPEPACIPEACICHUEM HArpy3Ku I10
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Puc. 3. Cxema anmpokcumanuu B MeToie pparMeHTaIHH.

IpaHMIIbl 30HBI BBIPE3aHUsS] U COMOCTaBICHUEM
pE3yJIbTATOB PacyeTOB B 30HE T'apaHTUPOBAHHOMN
TOYHOCTHU JIJIs1 HECKOJIBKMX BAPUAHTOB pacrpesie-
JICHUsI Harpy3Ku, HapuMep, Harpyska 3aJaHHas
B y3J1aX KPyIHOM CETKU U JIMHEWHO MHTEPIIOJIH-
pOBaHHAsA HA MEJIKYIO CETKY.

Memoowvr noxanuzayuu. llpu pacuere CTpoOU-
TEJbHBIX KOHCTPYKIUH, 3[IaHUA U COOPYKEHUH
HanboJsiee ONACHBIM C MMO3ULIUH MPOYHOCTH SIBJISI-
€TCsl HaNPSDKEHHOE COCTOSIHUE B HEOOJBIIOM KO-
JIMYECTBE 30H, KaK PaBUJIO, 3apPaHEE U3BECTHBIX.
JlokaJIbHBIN pacyeT MpU TPaBUILHOM BBIOOpE
METOJja W alropuT™Ma IPHUBOAUT K PE3KOMY
YMEHBIICHUIO KOJMYECTBA HEU3BECTHBIX M BbI-
YUCIUTENBHON paboThl. Mies moKanbHOW CEeTKH
COCTOMT B TOM, YTO OHA IOBTOPSET ONTHMAJlb-
HYIO anmpoOKCUMAlMIO JUCKPETHOH (yHIameH-
TaTbHOW (PYHKIIMHM CETKOW C MUHHUMAJIBHBIM KO-
audecTBoM y310B. 1o cytu, auckperHas ¢pyHuaa-
MEHTaIbHasl (PYHKIHSI C TO3UIUU OO0OOIIECHHBIX
GYHKUIMI SBIsSIeTCA peryispu3alyeil KOHTUHY-
anpHOM. [lokazano, 4yTo 00e (pyHKIMU COBMaja-
10T IIPU yJAJEHUU OT HYJIEBOM TOYKH, 4TO IO-
3BOJISIET JI€NIaTh AHAJIMTUYECKHE OLEHKH aCHM-
NTOTHYECKOTO TOBEACHUS JUCKPETHBIX (YHK-
nui. B xauecTBe OCHOBHOIO YHCIIEHHOTO IpUemMa
MOCTPOCHUSI  JTUCKPETHOH  (pyHIaMEHTaIbHON
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(GYHKIMU NPEATIOKEHO pelleHue 3aaaun Jupux-
Je B JOCTaTOYHO HIMPOKOW OOJIAcTH U JT0Ompe-
JICJICHAE €€ alllPOKCUMAalMed KOHTHHYaJIbHON
GbyHKIMU B yJqaneHHbIX TodkaX. [lockomnbky Ka-
YEeCTBEHHOE  IOBeJeHHE  (yHIaMEHTAIbHOU
bynkimu Ui omnepatopoB Jlammaca U Teopuu
YIOPYTOCTH COBIAIAET, TO BCE OLIEHKU U BHIOOP
miara JIOKaJIbHOM CETKH JIOCTaTOYHO BECTH Ha
OCHOBE anmnpokcumanuu nepsou. I[loctpoen ma-
TEeMAaTHYECKUH armapar, HWCIHOJIb3YIOIUNA MHO-
xurenu Jlarpamka (peakiuu CBsi3el Ha CIIPSIM-
neHue (yHKIMH) W JTUCKPETHYIO (yHIaMEH-
TAIBbHYIO (PYHKIIUIO IJIS1 aHATUTUYECKOTO U YHC-
JIEHHOTO MCCIIEIOBAHMSI BIUSHUSL YKPYITHEHHON
CETKM Ha MOBeAeHuE pemieHus. s pemeHus
3aaul = C WCIIOJIb30BAHUEM  JIOKAJIBHO-
CTYIIAIOIIUXCS CETOK MPUMEHSIOTCS MeToJ| Oa-
3MCHBIX BapHUalliii U METOJ PaCIIMPEHHOM (CTaH-
JApTHOMN) 00JacTy.

OTMmeTuM TaKXke MPUIOKEHUE MHOTOYPOBHEBO-
ro BEHBJET-aHAJIN3a JJI1 YUCIEHHOI'O HCCIEeAO-
BaHUSA JIOKaJIBHOTO HaIpsHKEHHO-
ne(OPMUPOBAHHOTO COCTOSIHUSL CTPOHMTEIBHBIX
KOHCTpyKIMi. [Ipy MHOrOoypoBHEBOM BEHBIIET-
aHaJlM3€ PELIEHHUE MPEACTABISIETCA B BUJIE KOM-
MO3UIIMH JIOKAJIBHBIX U TJI00aJIbHBIX KOMITOHEHT,
YTO MO3BOJISIET OLIEHNUBATh BIMSHUE PA3IM4YHbIX
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Puc. 4. Cxema anmpokcuMalyy B METOJIE JIOKAJIA3AIUH.

BBI60p TOYUCK alIlIpOKCUMAaITiu| I
I[IOJIYUCHHA JIOKAJIBbHOT'O PEHICHIA B TOYKE 0

X;.1=0, 1, 2, 3, ... - TOYKH amIpoKCcHMAITIH

1/t (pyamamenTaTbHAS VHKITHS)

X, X| X, X3 Xy

X

Xs

Puc. 5. K BeI0OpY anmpoOKCHMHUPYIOIICH CETKH B METO/IE JTOKATH3AIIUH.

(c Touku 3peHus jokanuzanuu) dakropor. Oxa-
3bIBACTCA BO3MOXKHBIM IMOCTPOUTH HE TOJILKO 60-
Jee KAueCTBEHHYIO PACUYETHYIO MOJENlb, HO U
BHCCTU HCKOTOPLIC KOHCTPYKTHUBHBIC U3MCHCHUS.

MeToa ATUCKPETHBIX TPAHUYHBIX YPaBHEHUI
JJISl pacyeTa CTPOUTEIbHBIX KOHCTPYKIIUIA.
Yuenuku: Kaiitykos T.b. [7], Mo3raiesa M.JL.
[13], Iupunckas 1U.B. [18].

Meron [IUCKPETHBIX TI'DAHUYHBIX YPAaBHEHUM
(AT'Y) coderaeT MOJOKUTEIBHBIE CTOPOHBI Me-

174

Toma KOHe4HbIX aieMeHToB (MKD) m meroma
rpaHuyHbIX 35eMeHTOB (MI'D). Pemenue kpae-
BOIl 3aJaud CTPOUTCS B paMKax KOHEYHOOJIe-
MEHTHOM amnmpokcuManuu. Tak ke kak B MI'O
3aJa4ya CBOAUTCA K CUCTEME YpaBHEHUI OTHOCH-
TEJIbHO HEW3BECTHBIX, COCPEJOTOYCHHBIX Ha
rpanuiie o0jacTu, MPUYEM 3TO CBEJCHHUE SBIIS-
€Tcsl TOYHBIM W He TpeOyeT ammpOoKCHUMAINH
CUHTYJIIPHBIX OIEPaTOpOB, T.K. BCE ONEpallu
MIPOU3BOMSTCS HAa TUCKPETHOM alreOpanyecKoM
ypoBHe. OcHoBHOe mpeumymiectso JI'Y mno
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CpaBHCHUIO C MCTOJAOM TI'PAHUYHBIX HWHTCIPAJIb-
HBIX YPaBHEHUH 3aKJIFOYACTCS B OTCYTCTBHU Ma-
TEMATHUYCCKUX pr,[IHOCTGfI, CBA3aHHBIX C pacuc-
TOM [EJIOT0 psiAa KOHCTPYKIWH, HMMEIOIIHX
BHYTPEHHUE YTJIbI M CTyNeHbKH. Pa3paboraHHbIe
METOABl OPHEHTHPOBAHBI HA HCIOJIH30BAHUEC
KOMIIBIOTEPOB CpEIHEH MOIIHOCTH U IPE/ICTaB-
JSIOTCS  CYIIECTBEHHO OoJiee 3 PEKTUBHBIMU,
YCM CTAHAAPTHBIC MMOAXOABI.

CrnekTpajibHbIil MeTOJ TI'PAHUYHBIX 3JIEMEH-
TOB VIS pacyeTa CTPOUTEIbHBIX KOHCTPYK-
1107078

Yuenuku: Mosranesa M.JI. [24,28], Mcxanas
KMN. [14].

CrexkTpanbHbIii METOJI TPAHUYHBIX 3JIEMEHTOB
(CMI'D) ocHOBaH Ha CHEKTpPaIbHOM IPE/ICTaB-
JICHUM SJIep WHTErpajbHBIX OMEPaTOpPOB B BUIE
cyMMbI npocThiX (yHkimid. CMI'D nocratodHo
y100€H, TaK Kak MpH €ro UCHOJIb30BaHUU COOT-
BETCTBYIOILLME CHUHTYJIPHBIE Spa, BO BCAKOM
CIIy4ae B SIBHOM BUJE, OTCYTCTBYIOT, T.€. IIPOMC-
XOJIUT €CTECTBEHHAsl peryJisipu3auus 3a CYET
KOHEYHOI0 4MCJIa 4IEHOB psna. Merox umeer
MPOCTYIO MPOTPaMMHYIO PeaM3aliio U HE Tpe-
Oyer OOJBIIIOr0 00BEMa IMaMSATH KOMITBIOTEpA.
OTU TOCTOMHCTBA TMO3BOJISIOT, Hanmpumep, dop-
MaJIbHO peaJn30BaTh METOJ, NPUBOISIIIMN K ca-
MOCOIIPSKEHHBIM TPAaHUYHBIM YPABHEHUSIM, UYTO
JTACT Pl BRIMTPBHILIEH MPU YUCIICHHON peann3a-
iy (CUMMETpUYHAsh CHCT€Ma JHUCKPETHBIX
YpaBHEHHI, BOBMOKHOCTh YMEHBIIUTh IIUPUHY
JICHTBI CUCTEeMBI U T.1.). CMI'D Obl npenioxeH
AMN. Ueittnuaeim u JLI. TlerpocsHom st
ypaBHeHus Jlamnaca npu pacuere KOHCTPYKIUUH,
paboTa KOTOPBIX OINMCHIBAETCS TAKOW MaTema-
TUYECKON MOJIENBIO.

Hensto mpoBenenubix A.b. 3010TOBBIM U €ro
y4YeHHKaMH HCCIeOBaHUN ObLIO pacmpocTpa-
HEHHE ITOr0 METOJia Ha PEIICHHE 3a]1a4 TEOPUHU
YOPYTOCTH, a TakXKe uccienoBanue ero 3ddex-
TUBHOCTH, T.€. aHAJIU3 BOIIPOCOB CXOJIUMOCTH U
TOYHOCTU. BpisBieHo, uto CMID umeer psg
HEIOCTAaTKOB. Bo-mepBbIX, HEKOPPEKTHOCTH
cymmupoBaHue psana dypwse. Bo-BTOpHIX, COO-
cTBeHHbIe (yHKIMU IU(p HEepeHInaIBHOTO OTle-
paTopa B SIBHOM BHJI€ HEM3BECTHBI, B TO BPEMs
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Kak (yHIaMeHTanbHble (YHKIMH 1 O0Jib-
IIMHCTBA OIEPATOPOB C MOCTOSTHHBIMHU KO3 du-
[IUEHTAaMHU U3BECTHBI. DTOT HEAOCTATOK OTPAHU-
yuBaer oOsacteb mnpumenenus CMID. B-
TPEThUX, IPU NPUOJIMKEHUU Pa3pbIBHON (PyHK-
uu psjoM Oypbe B TOUKax, OJU3KUX K pa3pbl-
By, HaOmromaercs siBnenue ['ubOca, T.e. HEycT-
paHMMasi C yBEJIMYEHUEM KOJMYECTBA UJICHOB
psaa mnorpemHocTs BenuuuHoM 18%. Ecmm
YYeCTh, YTO PaCCMaTPUBACMBIE B HHTETPATbHBIX
ypaBHEHMUSIX (DYHKIMM MMEIOT CKauyoOK Ha rpa-
HUIIE, @ KpaeBble YCIOBUS TOHUMAIOTCS Kak
Clle]l, TO BO3HUKAIOT CYIIECTBEHHbIE MPEMsTCT-
BUSL JUISI YMCIICHHOTO PEIICHHsI W €ro aHalu3a.
Pa3zpa0otaH ps METONOB YCTpaHEHMs yKa3aH-
HBIX TOTPEITHOCTEH W YCKOPEHHUS! CXOTUMOCTH
psanoB Dypbe, NPUBOJAIIEH K CYIIECTBEHHOMN
HKOHOMHH BBIUYMCIUTENEHOU paboThl. Ilockois-
Ky SIBHBIM BHUJ JUIsl COOCTBEHHBIX (DYHKIMH 3a-
JJa9d TEOPHH YIPYTOCTH OTCYTCTBYET, NPEIo-
JKEHO MCII0JIb30BaHHEe OOpaTHOro oreparopa
TEOPHH YIIPYTOCTH Ha CTaHAAPTHOH 00JacTh Ha
OCHOBE COOCTBEHHBIX (YHKLHUH, COOTBETCT-
Byromux omneparopy Jlarumaca. Otmerum, dTO
cOOCTBEeHHbIE (DYHKIMHU 37IECh SABISIOTCS TPUTO-
HOMETPUYECKIMH.

MeToabl ONTHMHM3ALUH KOHCTPYKIMIA.
Yuenuku: benawscknii B.I'. [4].

Teopust ontummzanuu GopMm aehopMUpyeMbIX
TeJ MPEJICTaBIsIET COO0M aKkTyalbHOE HaIlpaBiie-
HUE B MPOCKTHPOBAHWU ONTHUMAJBHBIX KOHCT-
PYKLHI, Ba)XKHOE B TEOPETUYECKOM M MPHKIAI-
HOM OTHOIIEHHsX. Jl[aHHOe HampaBiIeHHE MOJy-
YUJIO Pa3BUTHE B TOM, YTO OTHOCUTCS K OOIIEH
MaTeMaTH4ecKOl TEOpUH, AaHAIN3y YyBCTBHU-
TEJILHOCTH ()OPM U PELICHUI0 KOHKPETHBIX 3a7a4
ontuMuzanu Gopm B MexaHuke aedopmupye-
MBIX TeJl. YCIeXu B pa3BUTUU paccMaTpUBaeMO-
ro HAy4YyHOrO HampaBiieHUs1 ObUIM OOECTeUYEHBI
IpeXJe BCEro JOCTHKEHUSAMHU B TEOPHU BapHa-
IIMOHHBIX 33Ja4 C HEW3BECTHBIMH TPAHUIAMHU,
TEOPUM BApUALMOHHBIX HEPAaBEHCTB, METO/I0B
pEIIeHUs] BapUAIMOHHBIX 3a/lad C OJHOCTOPOH-
HUMHU CBS3SIMH, METOJIOB KOHEUHBIX 3JIEMEHTOB,
armapaTa 0000IIeHHBIX QyHKIHA. PaccMOTpeHs
MaTeMaTH4ecKue MOCTAaHOBKU 3ajiay ONTHMAallb-
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HOTO MPOEKTHUPOBAHUS KOHCTPYKIIMM, MpuMe-
HSIEMble KOHEUHOZJIEMEHTHbIE alMpPOKCUMAIUN 1
YUCJICHHBIC aJITOPUTMbI ONTHUMU3ALINU, TMIPCI-
CTaBJIEHbl MPUMEPHI PEIICHUS] MOJEIbHBIX Tec-
TOBBIX W TPAKTHYCCKH BaAXKHBIX 3a4a4 pPacycTa
KOHCTPYKIIHA.

Ync/ieHHO-aHATTUTHYECKHE METObl pacuyera
CTPOUTEJbHBIX KOHCTPYKIUI, 3JaHMH H CO-
OpY:KeHHIl.

Yuenuku: Axkumos [1.A. [2,23-25], Jlelitec E.C.
[19], MenBensko B.H.

JocturnyTeiii B Havane 21 Beka ypoBEHb MOIILI-
HocT DBM 1 umeromuiics B apceHane HHCTPY-
MEHTapuil aHAIUTUYECKUX MaTEMaTUYECKUX
CPEICTB, B COYETAaHUU C pa3HOOOpa3HeM Mare-
MAaTUYECKUX MOJIEJIeH, MO3BOJSET CTaBUTh Ha
MOBECTKY JIHA 3a7jauu pa3pabOTKU U UCCIe0Ba-
HUS TaK Ha3bIBAEMbIX YMCIEHHO-AaHATUTUYECKUX
WU TIONyaHAIUTUYECKUX METOJIOB, COYETalo-
IIMX KAueCTBEHHBIE CBOWCTBA 3aMKHYTBIX pe-
MICHUH C OOIIHOCTBIO YHCJICHHBIX METOJIOB.
[Ipexxne Takme moaxoAbl CyLIECTBOBANIH, IJaB-
HBIM 00pa3oM, Ha WACHHOM YpOBHE, TaK Kak
MHOTHE U3 pa3padOTOK B JaHHOM HaNpaBlICHUH
1100 OBLIM HE peaTM3yeMbIMU MPAKTUICCKH U3-
3a OTCYTCTBHUS, IO KpailHEl Mepe, OJHOTO U3 Te-
PEYHCIICHHBIX ()aKTOPOB, JIHOO, B TOW WIIM UHOU
Mepe, HE YYMTHIBAJIACh BBIYMCIMUTENIbHAS CIle-
nmupuKa ¥ HEOOXOIUMOCTh MOCIICAYIOMEH KOM-
nploTepHOl peanuzauuu. [lomyananutudeckue
METO/Ibl TIO3BOJISIFOT TOJy4YaTh PEIICHUs B aHa-
auTu4decko (opme, CHocoOCTByIOIIEH yyd-
IICHUIO KadyecTBa WCCIIENOBaHUS OOBEKTOB.
Haiinennas ¢ ux nomomipto kaptuna HJIC pas-
BHBACT HMHTYUILIUIO pPACUETYMKA W TTOHUMAHUE
pabOThl KOHCTPYKIIMM, XapakTepa BIUSHUS Ha
HUX Pa3JINYHbIX JIOKAJTBHBIX U TTI00aTBHBIX (Pak-
TOPOB. DTH MOAXOJbl 0COOEHHO (PPEKTUBHBI B
30Hax KkpaeBoro 3(ddekra, Tam, A€ YacTh CO-
CTAaBJIAIONINX pEUICHUS TPEACTaBIsET COOOi
OBICTpOM3MEHSIOIHECs (PYHKIIUN, CKOPOCTh H3-
MEHEHHs KOTOPBIX HE BCETJa MOKET OBITh ajeK-
BAaTHO YYT€HA TPAJULIUOHHBIMH YHUCIECHHBIMHU
Metonamu. OOnacTbi0 TpUMEHEHHs pazpado-
TaHHOW TPYMIBI MOTYaHATUTHIECKUX METOJIOB
SIBJISIFOTCSL KOHCTPYKLIUUA U COOPY>KEHHMSI, B KOTO-
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PBIX uMeeTcst MOCTOSIHCTBO bu3uKo-
reOMETPUYECKUX XapPaKTEPUCTHK MO OJHOMY M3
KOOpJIMHATHBIX HampaBjieHuil (Oanku, Oanku-
CTEHKH, TOHKOCTEHHbIE CTPEXHH, IIOJOCHI,
JUIMHHBIE (PYHIAMEHTHI, IUTUTHI, IJIaCTUHBI, 000-
JIOYKH, BBICOTHBIE U MPOTSKEHHBIE COOPYKEHNUS,
TpyOONPOBO/IbI, MJIOTHHBI, PEIILCHI, PE3EPBYaAPHI
u T.1.). COOTBETCTBYIOLIME METOABI HA3BAHBI
JMCKPETHO-KOHTUHYAJIBHBIMU TI0 TOH MpUYMHE,
YTO M0 BBLAEISIEMOMY HAIIPABJIEHUIO MOCTOSH-
CTBa XapaKTEPUCTUK (OCHOBHOE HAIPABIICHUE)
COXpaHsETCs KOHTHHYAJbHBIM XapakTep 3aaadu
U, COOTBETCTBEHHO, aHAJMTUYECKUN BHUJI MOIY-
YaeMOro peIlieHusi, B TO BpeMsl KakK M0 OCTallb-
HBbIM MPOM3BOJUTCSA TUCKPETH3alUs TOTO WM
MHOTO poja.

Juckpemno-KOHMuHyanbHvlil Memoo KOHEUHbIX
anemenmos. B IUCKPETHO-KOHTUHYAJIIbHOM Me-
Tosie KOoHeuHbIX 37eMeHToB (JJKMKD) peanuzo-
BaHa UJes, YTO pEIICHUE 3aJjauu pacyeTa KOHCT-
PYKLHUHM WIA COOPYXKEHUS C MOCTOSHHBIMH (pu-
3UKO-T€OMETPUYECCKUMH XapPAKTEPUCTUKAMH TI0
OJTHOMY M3 HalpaBJ€HUH B paMKax MeTojAa KO-
HeuHbIX 31emMeHToB (MKD) moxer ObITh moiny-
YEHO B aHAIUTHYECKOH (opMe BIOJIb JAHHOTO
HanpasieHus. [Ipeumymecrsamu JIKMKD Tak-
e SBIIIOTCS: TMOHMXKEHHUE Pa3sMEPHOCTH NpHU
YHUCIIEHHOM pEIICHUH, OTCYTCTBHE IpaKTHYe-
CKUX OIpaHMYEHHUI Ha JUIMHY OOBEKTOB IO OC-
HOBHOMY HarpaBlieHHIO U 3()(HEeKTHBHOCTh B 30-
Hax kpaeBoro 3¢ddekra. [Tocie GopmynupoBku
ONEPAaTOPHBIX W BAPHALMOHHBIX ITOCTAHOBOK
KPaeBbIX 33/1a4 C MPUBJICYEHHEM METO/1a PACIIU-
PEHHOI 00acTU Ha STare YMCIEHHOW peann3a-
mn JJIKMKD paccmarpuBaemas KOHCTPYKIMS
pa30uBaeTcsi Ha MUCKPETHO-KOHTHHYAJIbHBIE KO-
HeuHsle anemeHTsl (JIKKD) (puc. 6).
HuckpemHno-KoHmuHyanoHvlii  Memoo 2panuy-
HbIX  27emeHmog. B OCHOBe  JHCKpETHO-
KOHTHHYaJIbHOTO METOJa TPAaHWYHBIX SJIEMEH-
toB (AKMI'D) nexar rpaHuuHble nceBAOaUb-
¢bepennmanbapie  ypaBHeHHs. COOTBETCTBYIO-
mue rnceBaoaudQepeHIaIbHbIe  ONepaTopsl
anMpOKCUMUPYIOTCSI TUCKPETHO C MPHUBIICUYCHU-
eM aHaim3a Pypbe unu BeliBier-aHanusa. llpe-
umymiectBa JJKMI™D nepen apyrumu merogamu
YHUCICHHOTO MOJIEIMPOBAHUS — IBYKPAaTHOE IO-
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JHCKPETHO-KOHTHHY aJIbHBIH

/ KOHEYHBIH 3JIEMEHT (D i

Puc. 6. IIpumep cxeMbl quckpeTu3anuu KOHCTpYKIMK B pamkax JJKMKD.

X2 ¥

Puc. 7. [Ipumepsl TUCKPETHO-KOHTUHY JIBHBIX MoJieniel rpanul B JIKMI'D.

HIDKEHUE Pa3MEpHOCTH 3aJauu (IUCKPETU3Upy-
€Tcs He BCs pacueTHas 00JacTh, a TOJIBKO I'pa-
HUIA €€ MONEPEeYHOro CeUeHus, T.e. pelaercs,
10 CyTH, OJJHOMEpHAs 3aja4ya U 33JaeTCs JIUIIb
miar Mo KOHTYpPY), BO3MOXHOCTb IPOBEIEHUS
JETAIbHOTO aHalu3a OTAEIbHBIX 30H, YIpO-
LICHHBIA 3Tal MOJArOTOBKHM JAaHHBIX, aJrOPUT-
MHUYECKas MPOCTOTa M BBICOKAs CTEHEHb YHU-
BepcaabHOCTH. Pa3paboranbl JBa BapuaHTa
JAKMI'D — HenpsiMO# U NIPSAAMOM, HENPSIMOMH, Kak
U B CTAHJAPTHOM METOJI€ I'PAaHUYHBIX 3JEMEH-
TOB, IPUMEHSIETCS HECKOJIBKO HIMpE MPSMOTO.
Ha cragum yucineHHOW peanu3anuy TpaHHUIA
00BEKTa aNMpOKCUMHUPYETCsl aHcamOieM auc-
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KPCTHO-KOHTHHYAJIbHBIX I'PaHUYHBIX 3JICMCHTOB

(puc. 7).
Jluckpemmo-xonmunyanvbHsiil 8APUAYUOHHO-
PA3HOCIHbLI Memoo. JluckpeTHo-

KOHTUHYAJIbHBIN BapUallMOHHO-PA3HOCTHBIA Me-
ton (JAIKBPM) no3BoniseT coderarts IMpOCTOTY U
HaIIAJHOCTh KOHEYHO-PA3HOCTHBIX METOOB C
IIPEUMYIIECTBAMU BapUallMOHHOW ITOCTAHOBKHU
(MeHBIIMI TOPSIIOK MPOU3BOJHBIX U aBTOMATH-
YECKOE YAOBJICTBOPEHUE pEIIECHHS OCHOBHBIM
(ecTeCTBEHHBIM) TPAaHUYHBIM YCIIOBHUSIM) C OHOM
CTOPOHBI M OYEBUJIHBIE JTOCTOMHCTBA aHAJIUTUYE-
CKOro pemeHuss ¢ Apyroi. lMcnoms3oBaHue
JAKBPM 1no3BoJsieT CpaBHUTENBHO MPOCTO TOJTY-

YUTh AUCKPETHYIO OMEPaTOpPHYIO (HOPMYIHPOBKY
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3a7]aud [0 HANPaBJICHUSM CETOYHON amnMpOKCH-
Malliy, BHEIIHE MOBTOPSIOIIYI0 €€ HCXOJIHYIO
noctaHoBky. B pamkax JIKBPM coopyxenue
pa30OuBaeTcss Ha JMCKPETHO-KOHTHHYAJIbHBIE CeE-
TOUHBIE 3NIeMeHThI (aHanoruyHo JIKMKD).
Memoobl mouno2o aHanumMuuecKko20 peulenus
MHO2OMOYEYHBIX KPAesblx 3a0ay Cmpoumenb-
HOU mexanuxu. JINCKPETHO-KOHTHHYaJIbHbIE Me-
TOJIbl pacyeTa COOpPY>KEHHUH CBOZASTCS B CBOEM
MIPOMEXYTOYHOM HTOT€ K PEIICHUI0O MHOTOTO-
4yeyHbIX KpaeBbIX 3a1a4d (MK3) crpourenbHoit
Mexanuku. Ilon MK3 nonumaercs 3anmaga c
«BHYTPEHHMMU» T'PaHUYHBIMU YCJOBUSMH, T.€.
COBOKYITHOCTh OOBIYHBIX KpaeBbIX 3ajay, pac-
CMaTpHBAaEeMbIX Ha 00JacTAX, UMEIOIIUX 00IIue
rpanunbl. CoBmectHo ¢ IILA. AKMMOBBIM pa3-
paboTaHbl yCTOHYMBbIE aHATUTUYECKHUE «pella-
TEJIM TIPOMBIIUIEHHOTO THIIA», YYHUTHIBAIOIINEC
cneun(uKy CTPOUTEIbHBIX 3a7ay U SBJISIOIIME-
Cs KOPPEKTHOM albTEpHATUBOM METONY Ha-
YajgbHBIX MapaMeTpoB. TpaluiyoHHas IMocTa-
HoBka MK3 s cuctembl OOBIKHOBEHHBIX
muddepenumanbabix ypasaenuit (OY) nepso-
ro MOpsAKa C MOCTOSTHHBIMHA KO3 (UIIEHTaMH
UMeeT BUJI:

n—l1
yO-Ay=71, xeJ&xx0);  (15)

k=1
B, y(x! —0)+ B, y(x! +0)=g, +g;,
(16)

k=2,..,n -1

B y(x/ +0)+ B, y(x, —0)=g +g, , (17)
rae y=y(x)=[y,(x) y,(x) ... y,(x)]" —nc-
Komas n-MepHas BEKTOP-(PYHKLIHS;
f=f@=[f£(x) £,(x) .. f,x)] - sanan-
Hasl 7-MEpHasi BEKTOP-(QYHKIHS MPaBbIX YacTeH;
x,f , k=1,.., n, — KOOPJHWHAThI I'PaHUYHBIX TO-
4yeK; A — MaTpuIa MOCTOSHHBIX K03 (PUIIMEHTOB,

- + —— =+
KBaJpaTHas n-ro nopsnka; B, ,B, u g,, g, —

MaTpHUIbl TPAHWYHBIX YCIOBHH N-TO TMOPSIKA U
n-MEpHBbIE BEKTOPBI IPABbIX YaCTEW I'PAHUYHBIX
YCJIOBHI.

B Xone mpoBeIeHHBIX BCECTOPOHHHX HCCIEO-
BaHWH BBISBIICHBI CJEIYIONINE KadeCTBEHHBIC
0COOEHHOCTH MaTPULIBI A:
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1. Marpuna A sBISIETCS «GKECTKOI», T.€. OTHO-
IIeHWE €€ MAaKCHUMAaJBbHOIO0 COOCTBEHHOTO
YHclia K MUHUMAIILHOMY (TI0 MOJYJIO) SIBJISI-
€TCs1 OOJILIIHNM YUCJIOM:

| Ao |/ | Ay |2 M, THE M — GOJIBLIOE YKCIIO,
(18)
OpH  3TOM <OKECTKOCTBY» aCUMITOTHYECKU
BO3pacCTaeT;

2. JlelicTBUTENIbHBIC YACTH COOCTBEHHBIX YUCEN
UMEIOT pa3Hble 3HAKY;

3. B cnektpaJibHOM pa3fioKEHUU MaTpulbl A
IIPUCYTCTBYIOT KOPJAHOBBI KJIETKU U MpU-
COEIMHEHHbIE (KOpHEBBIE) BEKTOpa, IpHU
3TOM OHHM COOTBETCTBYIOT HYJIEBBIM COOCT-
BEHHBIM 3HAUEHUSIM;

4. Yka3aHHbIE€ KOPJIQHOBbI KJIETKH HUMEIOT KO-
HEYHbI BUJ U NPAKTUUECKH HE 3aBUCAT OT
IYCTOTBl CETKHM JHUCKPETHO-KOHTHHYaJIbHBIX
JJIEMEHTOB, AaINMPOKCUMHUPYIOIMIMX  «IIOIe-
pPEYHOE» CeYEeHUE KOHCTPYKIUH;

5. Ilpn pemieHMH NPAKTHYECKUX 3a/1ad pacuera
CTPOUTENBHBIX KOHCTPYKIMH U COOpYKEHHI
cucteMa (15) HacuuThIBaeT OOJBILIOE YHMCIIO
ypaBHEHUH (HECKOJIBKO THICSY).

CrnoBa «TOYHOE AHAJIUTUYECKOE PEIIECHUE» 03-

HAyaloT, YTO PELICHUE UIIETCS He B psAAax, a Ha

OCHOBE IOCTPOCHHS AHATUTUYECKUX (DYyHKITHIA

oT marpuubl. YTo Kacaercs psaoB, TO Bcerja

BO3HUKAIOT BOIIPOCHI UX PEalbHON CXOAUMOCTH,

U 3TO, KaK MpaBWJIO, HE JAAeT TapaHTUH yCHell-

HOTO pelIeHUs B Han0oJiee BaXKHbIX CIIydasX.

[TocTpoeHre TOYHOIrO AaHAIMTUYECKOIO pelle-

HUS B TPaJWIMOHHON (opme (Hampumep, B

paMKax MeTo/a HaydajJbHbIX IapaMeTpOB) HpH-

BOJUT K NPAKTUYECKU HEPEATU3yeMbIM BbIUHC-

JeHusM. B nmepByro ouepeqb 3TO BO3HHKAET U3-

3a HaJIMYMS B CHEKTPAJIBLHOM DPA3JIOKEHUH IKC-

HNOHEHIMATIBHBIX (QYHKIHMHA C MOJOKHUTEIbHBIMU

aprymMeHTaMu (Takas (QyHKUOUS B IPHUKIATHOU

MaTeMaTUKe Ha3bIBACTCS «BBIYMCIUTEILHON Ka-

tactpodoit» u He peanusyercs Ha DBM). py-

rasg npoOiemMa CBsi3aHa C HaJIMYMEM IPHCOEIHU-

HEHHBIX BEKTOPOB M KOP/IAHOBBIX KJIETOK (MMe-

eTcs B BUJly HEEAMHUYHOTO MOpsKa) B KOpaa-
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HOBOM pa3JI0KEHUHU MATpULbl A, KOTOPOE UMe-
€T BUJI!

A=TJT", tne J={J,,JynJ,};
dimJ, =m,; (19)
T — HeBBIPOXKIICHHAST MATPHIIA, CTOJIOIAMHU KO-
TOpPOW SABISIOTCSI COOCTBEHHBIE U KOPHEBBIC
(mpucoenuHEHHbIE) BEKTOPHl MaTpuilsl A; J —
marpuna JKoprana; J, — KOpJaHOBa KIETKa,

COOTBETCTBYIOIIAasE COOCTBEHHOMY 3HAYCHHUIO
Ap; u — 00lllee KOJIMYECTBO PA3IUYHBIX COOCT-
BEHHBIX 3HAYEHUH.

B Hacrosimiee BpeMsi CyIIECTBYIOT MOIIHBIC all-
TOPUTMBI BBIYUCIICHHS COOCTBEHHBIX 3HAYCHHIA,
HO, HE CYIIECTBYET HH OJJHOTO YUCIIEHHO YCTOM-
YHBOTO METOJa BBIYMCIICHHSI JKOPAaHOBOTO pa3-
JOXKECHUS B OOIIEM cllydae, pean3aiust Ke
«YHCTO TEOPETUYECKUX» MOIXOJ0B MPUBOIAUT K
HAKOTUICHHUIO HEJOMYCTUMBIX ITOTPEITHOCTEH.
Jns nemoHctparmu cneruduku 3amadn (19)
MO>KHO TIPEJICTABHUTH B BHUJIC:

X
SR
Hr_J
3

(20)

rne 1;,, YN"I , — COOTBETCTBEHHO MAaTpHILIbI, COAEP-
JKaIllie TIPaBbIe M JICBbIE COOCTBEHHBIE BEKTOPHI,
COOTBETCTBYIOIIME HEHYJIEBHIM COOCTBEHHBIM
3HAYEHWSIM MaTpuilbl A ¢ HEOTPHUIIATEIbHBIMHU
JNECUCTBUTENBHBIMU 4acTAMU; 1, , T;z — TOXKE He-
HYJIEBBIM COOCTBEHHBIM 3HAYCHUSIM MATPHIIBI 4 C
OTPULIATEIBHBIMA  JEHCTBUTEIBHBIMA YACTSIMU;
T 29 T 2
[IUE «IIPABBIE» U «JIEBBIC» COOCTBEHHBIC U TPU-

COCANHCHHBIC BCKTOPbI, COOTBCTCTBYIOIIHUC HY-
JIEBBIM COOCTBEHHBIM 3HAUCHUSIM MaTpulbl A;

— COOTBCTCTBECHHO MaTpHUIlbl, COACPKa-
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Ji, J,, — mmaronHanbHele Marpuibl JKopnaHa,
OTBEYAIOIIME COOTBETCTBEHHO HEHYJIEBBIM COO-
CTBEHHBIM 3HAYEHHUSM C HEOTPHULATENIbHBIMH U
OTPHULIATENIbHBIMU  ICHCTBUTEIIBHBIMU  YaCTAMU,
J, — xBasugmaroHaibHas Mmarpuua JKopnana,
OTBEUAIOIAsl HYJICBHIM COOCTBEHHBIM 3HAYCHHU-
SM; MaTpULbI YN“M u 7~“12 OINpEACIAITCA U3 pe-
IIEHUs JIeBOM NpoOIeMbl COOCTBEHHBIX 3Haue-
HU.
Pa3zpaOoranHas MeToJMKa YaCTUYHOTO Opja-
HOBOTI'O Pa3JIOKEHUS COCTOUT B PACCMOTPEHHUHU
MaTpullbl K03((HUIMEHTOB 4 Kak oneparopa H
BBEJICHUU Tpex mnoanpocrpaHcTs. [lepBoe non-
IPOCTPAHCTBO OTBEYAET COOCTBEHHBIM BEKTO-
paMm, COOTBETCTBYIOLIMM HEHYJIEBBIM COOCTBEH-
HBIM 3HAQYECHMSM C HEOTPULATEIbHBIMHU JIEHCT-
BUTEIIHBIMU YacTSMH, BTOPOE — COOCTBEHHBIM
BEKTOpaM, COOTBETCTBYIOIIUM HEHYJIEBBIM COO-
CTBEHHBIM 3HAUEHUSM C OTPULATENIbHBIMU JIEH-
CTBUTEJIBHBIMH YaCTSIMH, TPETbe — COOCTBEH-
HBIM Y IIPUCOEINHEHHBIM BEKTOPaM, COOTBETCT-
BYIOILIUM HYJIEBBIM COOCTBEHHBIM 3HAYCHUSIM.
Bbruncienue npoekTopoB Ha NEpPBbIE JiBa MOJ-
IIPOCTPAHCTBA OCYIIECTBIIETCS 3a CUYET OIpee-
JICHUSI TIPABbIX U JIEBBIX COOCTBEHHBIX BEKTOPOB
MaTpHLbl KO3(QPULIHEHTOB, KOTOPOE IPOU3BO-
JUTCS 10 YCTOMYMBOMY ainropurMmy. HHbeimu
CJIOBaMU OJTHOBPEMEHHO pEIIAETCs JIeBasl U Ipa-
Basi MPOOJIEMbl COOCTBEHHBIX 3HAYCHUH, UTO SIB-
JSIETCA OYEHb CYIECTBEHHBIM IIPUEMOM JUIA I10-
Jy4YeHUs] KOHEUHOro pesyibrara. lIpoexTop Ha
HOJMPOCTPAHCTBO COOCTBEHHBIX BEKTOPOB, OT-
BEYAIOUINX HEHYJIEBBIM COOCTBEHHBIM 3HAYCHU-
M, I10CJI€ CHELUAIBbHBIX COPTUPOBOK COOCTBEH-
HBIX 3HAUEHHUN U COOCTBEHHBIX BEKTOPOB MOKET
OBITH onpesiesieH (HopMyJIOi:
P=T,(I1)"'7,. 1)
Tperse MOANPOCTPaHCTBO  SIBISETCSl  JOMOJHU-
TEJIBHBIM K JIByM NEPBBIM M HE HYXJAETCS B CIIe-
LIMJIbHOM IIOCTPOEHUH MpoekTopa. OH HaxomuTcs
KaK Pa3HOCTb TOXK/IECTBEHHOI'O oleparopa c Iep-
BBIM IIPOEKTOPOM, KOTOPOMY OH OpPTOI'OHAJICH:

P,=E-P. (22)
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Takum 00pa3om, YaCTHYHOE KOPJAHOBO PA3JIo-

JKEHHUEM UMECT BU/.

A=A +A,, tne A =TJT, A, =A—A4,.
(23)

Pa3paboTaHHbIli METOJ TOYHOTO AHATUTUYECKO-
ro pemenust 3agaun (15)-(17) ocHoBaH Ha wHcC-
MOJIb30BaHUKM  (YHJAMEHTAILHOW  MaTpUIIbI-
(yHKIMH, KOTOpasi CTPOUTCSI B HEKOTOPOM CIie-
LMaIbHOM BHJI€, HCKJIIOYAIOUIEM 3KCIOHEHLIU-
aJIbHbIe (PYHKIUU C TIOJO0KHUTEIbHBIMU apryMeH-
tamu. Ha moxampocTpaHcTBe, OTBEUaroieM coo-
CTBEHHBIM U ITPUCOEAVMHEHHBIM BEKTOPaM, COOT-
BETCTBYIOLIUM HYJIEBHIM COOCTBEHHBIM 3Haue-
HUSIM, BBIIIOJIHAETCS MPSIMOE MOCTPOEHUE pellie-
HUSL:

- - My —1 xk
e(x) =T,8,(0)T, + x(x,0)[P, + D’ FAf], (24)
k=1 .

X(x), Re(4,)<0

rae Z(x,ﬂp) =3 _ Z(_x)’ Re(ﬂ,p) >0;
I, x>0
&, (x) = diag{y(x, 4,) exp(4,x),
o (x5, 4))exp(4,x)};
m_ . =maxm,; (26)

max )
I<i<u

OTmeruMm, 4TO CymMMa B IpaBoi yacTtH (24) co-
JEpKUT He OoJiee YEeThIpeX YJICHOB U COOTBET-
CTBYET NOJMHOMHUAIBHON («OaJ04HONH») YacTH
peLeHMs.

OO1iee peleHre 3aJa4yd Ha MPOU3BOJIBHOM UH-
TepBane (X, ,X,,,) UMEET BUIL:

)7k(x) :(g(x_xllz)_g(x_xll;l))gk +‘c"*j‘k’ (27)

x € (X7, X0),

rac Ck — BCKTOP UCKOMBIX INOCTOSHHBIX KOBq)-

(UIIUEHTOB 7 -TO MOPAJIKA;

E(x)=e(x—x)—e(x—x.,); S, (x)=¢*f,,
(28)
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Je(0) = ()0, x;,x(.1)
19 X € (xlé9x1€+1)

O(x,x,x) =
Tk 0, x%(x,f,x,f+1).

(29)

Koadduuuentsr B (27) Haxoaarcs U3 rpaHHy-
HbIX ycioBuit (16)-(17).

Taxoke pazpaboTaH METO TOYHOIO aHAIUTHYE-
ckoro pemenus MK3 nnst cucrem O/[Y BTOpOro
Nopsi/iKa, KOTOPBIA B psAle ClaydyaeB NpearnodTu-
TEJIBHO UCIIOJIB30BaTh, HAIPUMED, IIPH pacueTax
it (puc. 8).

B 3axkmrouennu otMetum, 4to A.B. 30510TOBBIM
coBmecTHO ¢ II.LA. AKMMOBBIM BHEpBbIE ObUIH
MOCTPOCHBI SIBHBIE TOYHBIE aHAIUTHYECKUE pe-
IIEHUs] MHOTOTOYEUHBIX KPaeBbIX 3a/1a4 pacueTa
CTPOMTENBHBIX KOHCTPYKIMH Ui  CHUCTEM
OOBIKHOBEHHBIX Au(PepeHInanbHbIX YypaBHe-
HUI TIEPBOTO U BTOPOTO MOPSAIKOB. ITO OCHOBA
«TIPOMBILIEHHOT0» PELIaTeNsl, peajln3yeMoro B
MPOTPAMMHBIX KOMITJIEKCAX.

3. BBIYUCJIMTEJIBHASA JEATEJIBHOCTD

BoruucnutensHas nearensHocts A.b. 3osoToBa
nocnenoBarenbHo npoxoawia B BI[ ITHMMCK
um. B.A. Kyuepenxo, BIl MUCH um. B.B. Kyii-
ObIlIIeBa, KOTOPOE OH BO3MJIABJIUI, HA Kademupe
uHPOPMATUKH U TIPUKIAJAHON MaTtematuku MU-
CU-MI'CY, rae oHa npoaosmKaeTcss U B HACTOS-
niee BpeMmsi. B Teuenue Bceil cBOEM MPOJIOIIKU-
TEJIbHON HAyYHO-NIEAArOrM4eCKOu IeSITeIbHOCTH
OH SIBJISUICA U SIBJIIETCS OCHOBHBIM KOHCYJIbTaH-
TOM W TMPU3HAHHBIM SKCIIEPTOM IO YUCJICHHBIM
METOJIaM B YKa3aHHbIX opranmzauusx. Im u ero
COTPYJHUKAMH BBITIOJIHEH PAJl KPYIHBIX Hayy-
HBIX pabOT U PeUIeHbl COTHU MPAKTUYECKH BaXK-
HBIX 3aJ1a4, CBSI3aHHBIX C pacuyeTaMu MHOTOMEp-
HbIX KOHCTPYKUMH, 31aHUA U COOpPYKECHUH, a
TaKKe C peain3auuerd IMOAX0J0B, OCHOBAaHHBIX
Ha HOBBIX (PM3MUYECKUX TIMOCTAHOBKAX, YUUTHI-
BAaIOINX pealbHble OCOOCHHOCTH M CBOWCTBA
COBPEMEHHBIX KOHCTPYKLIMOHHBIX MaTepHaJIOB.
BbIHY)XI€HO HEMONHBIA MEpEeYeHb NEPEUncIsie-
MBIX 3/IEChb PACCUMTAHHBIX OOBEKTOB BKIIOUACT
3aBoJ KaMA3 B HaGepexHbIX yenHax; KOMILIEKC
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3panuit Ha KannauHckom mpocriekte B . Mock-
Be; peakTopsl ADC; CI0XKHBIE 000JI0UYCUHBIC TIO0-
KPBITHS TPOMBIIUICHHBIX W TPAaXXIAHCKHX 37a-
HUI; CTBIKH, IPUMEHSIEMbIE B KPYITHOIIAHEIBbHBIX
30aHUSAX PA3TUYHOM 3TAXKHOCTH; CTHIKM KOJIOHH
KapKaca MHOTOJTaKHBIX 3/1aHMI; TpeXMEpHbIE
KopoOuJaTble KOHCTPYKIMH; OIOPBI; JAaTUYUKU
JABIIEHUS; OOBEKTHI YKEJIE€3HOJOPOKHOTO XO35M-
CTBa; IUIOTUHBI (B TOM YHCJIE C Y4eTOM (Pa3oBBIX
MEPEXO0JIOB, CBS3aHHBIX C MpOMEp3aHueM); QyH-
JTAMEHTBI; KOpITyca BBICOKOTO JABJIECHUS (B TOM
YHCIIe Ha CUIIOBBIE BO3JCHCTBHS 1O Aedopmanu-
OHHOM TEOPUH IIACTUYHOCTH); 000JIO0UKH U ILIa-
CTUHBI (TI0 TEXHHYECKHM TEOPHSM, YUHTHIBAIO-
IIMM CABMIOBBIE XapaKTEPUCTUKH M HEJTMHEHHO
yIpyryio paboTy martepuaia); KOHCTPYKIUU W3
HEC)KUMAeMbIX MAaTepualioB; KeJae300€TOHHbIE
wThl (B ToM uucie o teopun H.M. Kapren-
KO); HEOJHOPOHbIE MOJIYIIPOCTPAHCTBA €O ce-
PUUYECKMMH TOJOCTSAMH; TIOA3EMHBIC 3[aHUs
oOoraTuTeNnbHbIX (habpuk (pacyeT TepMoHamps-
KEHHOTO COCTOSIHMSI); TEMIIepaTypHbIE IO
I'DC; HeomHOpOIHBIE NOIYIUIOCKOCTH W3 pas-
JMYHBIX MaTEpHaJOB U TOHHENU C BHYTPEHHUM
TpPEeHHEM; OPTOTPOIHbIE IUIACTHHBI M3 acOolie-
MeHTa (B yacTHOCTH, 1o mozaenu ['.A. I'enuesa);
obsieryenHble maHenu-odonouku KXKC (c yue-
TOM COBMECTHOM paboThI ¢ pedpamu u aedopma-
LU cIBUra Mo TOJIIMHE); MHOTOCIIOWHBIE 3aMK-
HYTbIE 00O0JOYKH C JIETKUM 3allOJIHUTENEM; CTe-
HOBbIE TIAHENU C JBEPHBIMHU IPOEMaMH; JBYX-
KOHCOJIbHBIE TIAHENHN TI0/I pUTEeNH; OaliMaKy Mo/
KOJIOHHBI; OOBEKTBI METPONOJIUTEHA U T.1. (CM.,
Hanpumep, puc. 9).

4. MEXXIYHAPOOHASA JEATEJBHOCTbD
N IYBJIMKALIUU

Anekcannp bopucosuu — aBTop 1 coaBTOp 5 MO-
Horpadwuii, 7 y4eOHbIX TocoOwuii, Oonee 270 Ha-
YUHBIX M Y4eOHO-METOIUYECKUX ITyOITMKAIIUH.
310, B 4acTHOCTH, MOHOrpapuu «llocraHoBka u
anmpoKCUMAaIMs KpaeBbIX 33j]a4 METOJIOM pac-
mmpenHoi oomactimy (MI'CY, 1992 ron), «Hexko-
TOpPbIC AHATUTUKO-YMCIICHHBIE METOJbl PEIICHUS
KpaeBbIX  3aMad  CTPOUTENHHOW MEXaHHKI»
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(ACB, 2004 rox; B 2007 rogy yaoctoeHa Juruio-
Ma PAACH), «IIpakTudeckne MeToasl pacdera
CTPOUTENBHBIX  KOHCTPYKIMH.  YuCIeHHO-
aHanmutuaeckue wmetoas» (ACB, 2006 ron),
«MareMaTH4eCKHe METOAbl B CTPOHUTEIHHOM
MeXaHUKe (C OCHOBaMHU TEOpHH OOOOIIECHHBIX
dbynxkiuit)» (ACB, 2008 rox; B 2009 romy yno-
croena [lummoma PAACH). Psin neuatHbIx paboT
aBTOpa TONYYWIIM IIUPOKYI0 MEXKTYHAPOIHYIO
W3BECTHOCTH U 3aCITYKCHHOE IPH3HAHUE.

A.b. 30710TOB BeNnl AaKTUBHOE MEXIyHAapOJIHOE
COTPYJHHUYECTBO C KOJJITAMU W3 YHHBEPCHUTE-
TOB, UCCJIEIOBATEIBCKUX U MPOEKTHBIX OpPraHu-
saruii ['epmanun, Tlomeimm, CrnoBakum, CLLA,
YKpauHbl U IpYTUX CTpaH, BBICTyHaeT 3a pyoe-
JKOM C JISKIIUSMH U HAyYHBIMH JOoKIagaMu. A.b.
30J0TOB BXOAUJ B PENAKIIMOHHBIC KOJJIETUU U
COBETHl MHOTHX POCCHHCKHX TICPUOJIUUECKUX
nmeyaTtHelx m3ganui, a ¢ 2003 roma 3aHmUMal
MOCT 3aMECTHUTEIIS TJIABHOTO PEIaKTOpa MEXKIY-
HapoaHoro >xypHaia International Journal for
Computational Civil and Structural Engineering.

5. YHAEBHO-METOJANYECKASA
JAEATEJBHOCTD

Crax paborst B MUCU-MI'CY cocrtaBun y
A.b. 3onoroBa 6omnee 30 ner. OH sBisieTcs oc-
HOBOTIOJIO)KHUKOM KYPCOB M Y4YEOHBIX TUIaHOB
Mo pAxy Y4eOHBIX AUCHUIUIMH («uH(pOpMAaTH-
Ka», «UUCIIEHHBIE METOJNbD», «BBIYUCIUTEIbHAS
MEXaHUKa», «aJTOPUTMUYECKUE S3BIKM U IPO-
rpaMMHPOBAHUE», «MAaTEMaTHYECKHE MOICIH
pacueTa coopyKEeHU» U Ap.), IPernojaBacMbIM
CTyJCHTaM, acClUpaHTaM ©  COTPYJHHKAM
MI'CY. A.b. 30510TOB NpuHUMaJI y4acTHE B
pa3paboTKe METOJAMYECKON JOKYMEHTAIUH II0
JIByM HOBBIM, YHUKaJIbHBIM 111 BY30B cTpou-
TenbHOro Tpodws, cnenuanbHocTaM: 073000
(230400) «IIpuknagnas matemaTrka» 1 553300
(150300) «IIpuxnannas mexaHuka». Yuraembie
A.b. 30510TOBBIM KypCBHI JIEKIMI IIMPOKO W3-
BECTHBl HAyYHOW OOIIECTBEHHOCTH U Ipernojia-
BaTeNIIM BBICIIMX Y4YeOHBIX 3aBEICHHMH, KOTO-
pble TMPOXOJMIIN TOBBIIICHHE KBaTH(UKALUU B

MI'CY.
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A.b. 30510TOB TakKe OCYIIECTBISUI PYKOBOJCTBO
KYpPCOBBIMH W JTUTUIOMHBIMH paOOTaMH Kak ISt
crtyaentoB MI'CY, tak u unbix BY30B, B yactHO-
ctu, MI'Y mm. M.B. JlomonocoBa, MOCKOBCKOTO
rOCYJJApCTBEHHOTO MHCTUTYTA AJIEKTPOHUKH U Ma-
TEMaTHKH, JIHEMpONEeTPOBCKOrO HAIMOHAIBHOIO
YHHUBEPCUTETA U JIP.
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