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AIMS AND SCOPE 

 

The aim of the Journal is to advance the research and practice in structural 

engineering through the application of computational methods. The Journal will pub-

lish original papers and educational articles of general value to the field that will 

bridge the gap between high-performance construction materials, large-scale engi-

neering systems and advanced methods of analysis. 

The scope of the Journal includes papers on computer methods in the areas 

of structural engineering, civil engineering materials and problems concerned with 

multiple physical processes interacting at multiple spatial and temporal scales. The 

Journal is intended to be of interest and use to researches and practitioners in aca-

demic, governmental and industrial communities. 

 

 

 

ǸǾАȀǸИǳ ǿВǳǲǳǻИЯ Ǽ ǴȁǾǻАǹǳ 

INTERNATIONAL JOURNAL FOR COMPUTATIONAL CIVIL AND 

STRUCTURAL ENGINEERING 

 
ɀɭɪɧал International Journal for Computational Civil and Structural Engi-

neering являɟɬɫя ɦɟɠɞɭɧаɪɨɞɧыɦ ɩɟɪиɨɞичɟɫɤиɦ иɡɞаɧиɟɦ, ɭчɪɟɞиɬɟляɦи и 

иɡɞаɬɟляɦи ɤɨɬɨɪɨɝɨ выɫɬɭɩаɸɬ Мɨɫɤɨвɫɤиɣ ɝɨɫɭɞаɪɫɬвɟɧɧыɣ ɫɬɪɨиɬɟльɧыɣ 

ɭɧивɟɪɫиɬɟɬ (Иɡɞаɬɟльɫɬвɨ АСВ) и Иɡɞаɬɟльɫɬвɨ Begell House Inc. (США, ɝ. 
Ньɸ-Ƀɨɪɤ). 

В ɪɟɞаɤɰиɨɧɧыɣ ɫɨвɟɬ ɠɭɪɧала вхɨɞяɬ иɡвɟɫɬɧыɟ ɪɨɫɫиɣɫɤиɟ и ɡаɪɭ-
ɛɟɠɧыɟ ɞɟяɬɟли ɧаɭɤи и ɬɟхɧиɤи. Оɫɧɨвɧɨɣ ɤɪиɬɟɪиɣ ɨɬɛɨɪа ɫɬаɬɟɣ ɞля ɩɭɛли-

ɤаɰии в ɠɭɪɧалɟ − их выɫɨɤиɣ ɧаɭчɧыɣ ɭɪɨвɟɧь, ɫɨɨɬвɟɬɫɬвиɟ ɤɨɬɨɪɨɦɭ ɨɩɪɟ-
ɞɟляɟɬɫя в хɨɞɟ выɫɨɤɨɤвалифиɰиɪɨваɧɧɨɝɨ ɪɟɰɟɧɡиɪɨваɧия и ɨɛɴɟɤɬивɧɨɣ 

ɷɤɫɩɟɪɬиɡы, ɩɨɫɬɭɩаɸщих в ɪɟɞаɤɰиɸ ɦаɬɟɪиалɨв. 
ɀɭɪɧал вхɨɞиɬ в Пɟɪɟчɟɧь вɟɞɭщих ɪɟɰɟɧɡиɪɭɟɦых ɧаɭчɧых ɠɭɪɧалɨв 

и иɡɞаɧиɣ, в ɤɨɬɨɪых ɞɨлɠɧы ɛыɬь ɨɩɭɛлиɤɨваɧы ɨɫɧɨвɧыɟ ɧаɭчɧыɟ ɪɟɡɭльɬа-
ɬы ɞиɫɫɟɪɬаɰиɣ.  

ɀɭɪɧал ɡаɪɟɝиɫɬɪиɪɨваɧ в Фɟɞɟɪальɧɨɦ аɝɟɧɬɫɬвɟ ɩɨ ɫɪɟɞɫɬваɦ ɦаɫɫɨ-
вɨɣ иɧфɨɪɦаɰии и ɨхɪаɧы ɤɭльɬɭɪɧɨɝɨ ɧаɫлɟɞия Ɋɨɫɫиɣɫɤɨɣ Фɟɞɟɪаɰии. Иɧ-

ɞɟɤɫ в ɨɛщɟɪɨɫɫиɣɫɤɨɦ ɤаɬалɨɝɟ ɊОСПȿЧАТЬ − 18076. 
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GUIDELINES FOR PREPARATION OF MANUSCRIPT 
AND RELATED INFORMATION 

 
Vladimir N. Sidorov1, Pavel A. Akimov2 

1Editor-in-Chief of International Journal for Computational Civil and Structural Engineering 
2Technical Editor of International Journal for Computational Civil and Structural Engineering 

 
ABSTRACT: Each paper must be typed on snow white paper sheets of A4 (210x297mm) size only on one side 
in boxes as shown on this sample. The abstract must be typed in 16 cm width box. The text of paper in the first 
page must be written in two columns 8.25 cm in width. All next pages must also have two columns 8.25 cm in 
width. Each page should have margins: 32 mm top, 32 mm bottom and 20 mm right and left. The paper should 
be typed using 12 point size Times New Roman type-face, or very similar, using single spacing between text 
lines applying word processor and printed on laser printer. It can be here pointed such editors as Word for Win-
dows (preferable), Word Perfect, Tex or LaTeX. The appearance of manuscript of paper should be similar as far 
as possible to this sample. The paper should be submitted by traditional post: the original with 2 copies for re-
view and the electronic version on diskette or on CD. 

 
Key words: International Journal for Computational Civil and Structural Engineering, preparation of 

manuscripts, electronic image preparation, submission of peer reviews and accepted articles. 
 
1. PREPARATION OF MANUSCRIPTS 
 
This document is typed by Microsoft Word 
2003 and Times New Roman 12 point size type-
face. 
 
The material of the paper should be arranged 
as follows: Title (16 points), Author(s) (14 
point), Affiliation(s), Abstract, key words, In-
troduction, Main body of paper, Acknowledge-
ments (if any), References (if any, 10 points), 
Appendices (if any), full authors addresses as 
endnote (10 points, spacing within endnote=1, 
style for numbering=numbers, line separating 
text and endnotes=line – margin to margin in 
right column). 
 
The title, author’s name(s) and affiliation(s) 
should be given in a style similar to that shown 
above in this sample and centered. The head-
ings should be bold and aligned to left. First-
order headings and parts of the text should be 
separated by one free line from the text. Second-
order headings should have capital first letters. 
 
The both columns of each page, including clos-
ing page, should be of equal length. At the bot-
tom of the last right column of last page is end-
note with author’s address(es). 

The figures can be embedded in word processor 
or must be drawn in black ink. Drawings can be 
produced directly on manuscript sheet or may 
be produced on separate piece of white paper 
and then stuck at the appropriate position. Pho-
tographs must be glossy black and white prints 
and stuck at the appropriate position. This also 
applies to other items such as tables. The best – 
drawings, photographs and tables should be 
typed by word processor. All symbols includ-
ing equations should be typed. 
 

ijijij 2με+λεδ=σ .                    (1) 

 
However, sometimes embedding figure files in 
Microsoft Word is not acceptable for final 
output, because of the loss of resolution. In this 
connection author may save in addiction all or 
selected files with figures separately on diskette 
or CD. Acceptable formats for figures are 
JPEG, TIFF or EPS files saved from original 
application at 300-600 dpi. 
 
The Figures, line drawings, photographs, tables 
may be positioned either within the one column, 
or large centered exactly across the full width of 
the page. The equations should be numbered at 
the right side of the column. The references 
should be given at the end of the paper. 
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The Figures, Tables and Equations should be 
separated from the text by minimum one single 
free line. 
 

 
Figure 1 

 
The manuscript is expected to be written in 
correct and easily readable English. An au-
thor who is not proficient in English is advised 
to take help of linguist before typing. It should 
be thoroughly checked for spelling mistakes. 
 
2. SUBMISSION FOR PEER REVIEW 
 
Authors in all countries, at their opinion, 
should send three (3) copies of their manuscript 
to Editors-in-Chief professor Vladimir N. Si-
dorov (see chapter 4 Correspondence) or techni-
cal editor professor Pavel A. Akimov. Elec-
tronic submissions are encouraged. Email a 
PDF or DOC (Microsoft Word) file with 
manuscript to the Editor-in-Chief or technical 
editor. The Editor-in-Chief will seek reviews of 
the paper from experts and will assure rapid 
turnaround within six months of submission. 
Each manuscript will receive at least 2 re-
views. In deciding on acceptance of the pa-
per, experts will examine originality, quality of 
contents, neatness of presentation and readabil-
ity of the submitted text. The Editor-in-Chief 
will correspond with the author in the light of 
these reviews. Submission implies that the au-
thor will be willing to make any necessary revi-
sions. Retain all original figures until conclusion 
of the review process.  
 
3. SUBMISSION OF ACCEPTED ARTICLE 
 
After manuscript has been accepted and all re-
quired revisions have been incorporated, mail 
manuscripts (black & white) and two copies 
to Editor-in-Chief  by traditional post. The en-

velope for A4 sheets with stiffener may be used. 
The electronic version of the manuscript on 
diskette or CD must be mailed to Editor-in-
Chief as well. Label CD or diskette with au-
thor’s last name(s), title of the article, abbrevi-
ated journal name and date. Please provide a list 
of the software programs used for the art and 
text and the file names on the disk. 
 
4. CORRESPONDENCE 
 

Enquires regarding International Journal for 
Computational Civil and Structural Engineering 
and manuscripts should be addressed to the 
 

 Editor-in-Chief 
Professor Vladimir N. Sidorov  
Department of Applied Mathematics and In-
formation Technology 
Moscow State University of Civil Engineer-
ing, 26, Yaroslavskoe Shosse, 129337 Mos-
cow, Russia 
e-mail: sidorov.vladimir@gmail.com 
 

 Technical Editor 
Professor Pavel A. Akimov 
Department of Applied Mathematics and In-
formation Technology 
Moscow State University of Civil Engineer-
ing, 26, Yaroslavskoe Shosse, 129337 Mos-
cow, Russia 
e-mail: pavel.akimov@gmail.com 
 

REFERENCES 
 
1. Fish, J. and Belsky, V. (1995a). “Multigrid method for 

a periodic heterogeneous medium. Part 1: Conver-
gence studies in 1-D case”. Comp. Meth. Appl. Mech. 
Engng., 126, 1-16. 

2. Fish, J. and Belsky, V. (1995b). “Multigrid method for 
a periodic heterogeneous medium. Part 2: multidimen-
sions”. Comp. Meth. Appl. Mech. Engng., 126, 17-38. 
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2) Pavel A. Akimov, Department of Applied Mathematics 
and Information Technology, Moscow State University 
of Civil Engineering, 26, Yaroslavskoe Shosse, 129337, 
Moscow, RUSSIA, pavel.akimov@gmail.com.   
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ɉɊАȼИɅА ɈɎɈɊɆɅȿɇИə СɌАɌȿɃ ȾɅə ɀɍɊɇАɅА 

INTERNATIONAL JOURNAL FOR COMPUTATIONAL CIVIL 

AND STRUCTURAL ENGINEERING 
 

В.Н. Сидоров1
, П.А. Акимов2

 
1Ƚлавɧыɣ ɪɟɞаɤɬɨɪ ɠɭɪɧала International Journal for Computational Civil and Structural Engineering 

2Тɟхɧичɟɫɤиɣ ɪɟɞаɤɬɨɪ ɠɭɪɧала of International Journal for Computational Civil and Structural Engineering 

 

АɇɇɈɌАЦИə: Каɠɞая ɫɬаɬья ɩɪɟɞɫɬавляɟɬɫя в ɷлɟɤɬɪɨɧɧɨɦ и ɩɟчаɬɧɨɦ виɞɟ (ɛɭɦаɝа ɛɟлая, ɪаɡɦɟɪ А4 

(210х297 ɦɦ), ɩɟчаɬь ɨɞɧɨɫɬɨɪɨɧɧяя – ɫɦ. ɧаɫɬɨящиɣ ɨɛɪаɡɟɰ). əɡыɤ ɩɭɛлиɤаɰии ɫɬаɬɟɣ – аɧɝлиɣɫɤиɣ 

(ɩɪɟɞɩɨчɬиɬɟльɧɨ) или ɪɭɫɫɤиɣ, ɩɪи ɷɬɨɦ в ɫлɭчаɟ ɩɭɛлиɤаɰии ɫɬаɬьи ɧа ɪɭɫɫɤɨɦ яɡыɤɟ аɧɧɨɬаɰия ɫɬа-
ɬьи, ɤлɸчɟвыɟ ɫлɨва, ɫвɟɞɟɧия ɨɛ авɬɨɪах и ɧаɡваɧиɟ ɫɬаɬьи ɞɨлɠɧы ɛыɬь ɩɪɟɞɫɬавлɟɧы авɬɨɪаɦи ɧа 
аɧɝлиɣɫɤɨɦ яɡыɤɟ. Тɟɤɫɬ ɞɨлɠɟɧ ɛыɬь ɩɨɞɝɨɬɨвлɟɧ в ɩɪɨɝɪаɦɦɟ Microsoft Word (фɨɪɦаɬ фаɣла – DOC), 

ɠɟлаɬɟльɧɨ ɬаɤɠɟ ɩɪɟɞɨɫɬавлɟɧиɟ ɤɨɩии ɫɬаɬьи в фɨɪɦаɬɟ PDF. Аɧɧɨɬаɰия ɩɟчаɬаɟɬɫя в ɩɨлɟ ɲиɪиɧɨɣ 

16 ɫɦ. Тɟɤɫɬ ɧа ɩɟɪвɨɣ ɫɬɪаɧиɰɟ ɫɬаɬьи ɩɟчаɬаɟɬɫя в ɞвɟ ɤɨлɨɧɤи, ɲиɪиɧɨɣ 8.25 ɫɦ ɤаɠɞая. Пɨля: вɟɪх-
ɧɟɟ – 32 ɦɦ., ɧиɠɧɟɟ – 32 ɦɦ., ɩɪавɨɟ – 20 ɦɦ., лɟвɨɟ – 20 ɦɦ. Оɫɧɨвɧɨɣ ɲɪифɬ ɞля ɧаɛɨɪа ɫɬаɬьи – 

Times New Roman, 12 ɩɬ., ɦɟɠɫɬɪɨчɧыɣ иɧɬɟɪвал – ɨɞиɧаɪɧыɣ. Ȼɭɦаɠɧыɣ ɷɤɡɟɦɩляɪ ɫɬаɬьи ɞɨлɠɟɧ 

ɛыɬь ɪаɫɩɟчаɬаɧ ɧа лаɡɟɪɧɨɦ ɩɪиɧɬɟɪɟ. Вɧɟɲɧиɣ виɞ ɫɬаɬьи ɩɨ фɨɪɦɟ ɨфɨɪɦлɟɧия ɞɨлɠɟɧ ɫɨɨɬвɟɬɫɬвɨ-
ваɬь ɧаɫɬɨящɟɦɭ ɨɛɪаɡɰɭ. Пɟчаɬɧыɟ ɷɤɡɟɦɩляɪы ɫɬаɬьи (ɨɪиɝиɧал и ɞвɟ ɤɨɩии) и ɟɟ ɷлɟɤɬɪɨɧɧая фɨɪɦа 
(ɧа ɞиɫɤɟɬɟ или ɤɨɦɩаɤɬ-ɞиɫɤɟ) ɞɨлɠɧы ɩɟɪɟɫылаɬьɫя ɩɨ ɩɨчɬɟ. Для ɩɟɪɟɫылɤи ɷлɟɤɬɪɨɧɧɨɣ фɨɪɦы ɞɨ-
ɩɨлɧиɬɟльɧɨ ɧɟɨɛхɨɞиɦɨ иɫɩɨльɡɨваɬь ɷлɟɤɬɪɨɧɧɭɸ ɩɨчɬɭ. 
 

Кɥɸɱевые ɫɥɨва: International Journal for Computational Civil and Structural Engineering, ɩɨɞɝɨɬɨвɤа  
ɫɬаɬьи, ɩɨɞɝɨɬɨвɤа ɷлɟɤɬɪɨɧɧых вɟɪɫиɣ, ɪɟɰɟɧɡиɪɨваɧиɟ 
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1. ɉɈȾГɈɌɈȼКА СɌАɌȿɃ 

 

Наɫɬɨящиɣ ɨɛɪаɡɟɰ ɩɨɞɝɨɬɨвлɟɧ в ɬɟɤɫɬɨвɨɦ 

ɩɪɨɰɟɫɫɨɪɟ Microsoft Word 2003, иɫɩɨльɡɭ-

ɟɬɫя ɲɪифɬ Times New Roman, 12 ɩɬ. 
 

Ɇатериаɥ ɫтатьи ɞɨɥɠеɧ раɫɩɨɥаɝатьɫя 

ɫɥеɞɭɸɳиɦ ɨɛраɡɨɦ: Заɝɨлɨвɨɤ (Times New 

Roman, 16 ɩɬ.), авɬɨɪы (Times New Roman, 

14 ɩɬ.), ɫвɟɞɟɧия ɨɛ авɬɨɪах, аɧɧɨɬаɰия, 
ɤлɸчɟвыɟ ɫлɨва (Times New Roman, 10 ɩɬ.). 
Пɪи ɩɭɛлиɤаɰии ɫɬаɬьи ɧа ɪɭɫɫɤɨɦ яɡыɤɟ 
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ɞалɟɟ ɪаɫɩɨлаɝаɸɬɫя Заɝɨлɨвɨɤ (Times New 

Roman, 16 ɩɬ.), авɬɨɪы (Times New Roman, 

14 ɩɬ.), ɫвɟɞɟɧия ɨɛ авɬɨɪах, аɧɧɨɬаɰия, 
ɤлɸчɟвыɟ ɫлɨва (Times New Roman, 10 ɩɬ.) 
ɧа аɧɝлиɣɫɤɨɦ яɡыɤɟ). Ввɟɞɟɧиɟ, ɨɫɧɨвɧɨɣ 

ɬɟɤɫɬ ɫɬаɬьи, ɩɪилɨɠɟɧия и ɡаɦɟчаɧия ɩɟча-
ɬаɸɬɫя ɫ иɫɩɨльɡɨваɧиɟ ɲɪифɬа Times New 

Roman, 12 ɩɬ.; ɫɩиɫɤɨ лиɬɟɪаɬɭɪы, ɪаɡвɟɪɧɭ-
ɬыɟ ɫвɟɞɟɧия ɨɛ авɬɨɪах – Times New Roman, 

10 ɩɬ. Мɟɠɫɬɪɨчɧыɣ иɧɬɟɪвал – ɨɞиɧаɪɧыɣ. 

Выɪавɧиваɧиɟ в ɬɟɤɫɬɟ – ɩɨ ɲиɪиɧɟ, выɪав-
ɧиваɧиɟ фɨɪɦɭл – ɩɨ ɩɪавɨɦɭ ɤɪаɸ, фɨɪɦɭ-
лы ɠɟлаɬɟльɧɨ ɧɭɦɟɪɨваɬь. 
 

Ɂаɝɨɥɨвɨк ɫтатьи, ɫвеɞеɧия ɨɛ автɨраɯ 
ɩɪɟɞɫɬавляɸɬɫя в фɨɪɦɟ, ɩɪивɟɞɟɧɧɨɣ в ɧа-
ɫɬɨящɟɦ ɨɛɪаɡɰɟ, выɪавɧиваɧиɟ ɩɨ ɰɟɧɬɪɭ. 
ɉɨɞɡаɝɨɥɨвки в ɫтатье выɞɟляɸɬɫя ɩɨлɭ-
ɠиɪɧыɦ ɲɪифɬɨɦ ɫ выɪавɧиваɧиɟɦ ɩɨ лɟ-
вɨɦɭ ɤɪаɸ. Пɨɞɡаɝɨлɨвɤи ɩɟɪвɨɝɨ ɭɪɨвɧя 
ɞɨлɠɧы ɛыɬь ɨɬɞɟлɟɧы ɨɬ ɨɫɧɨвɧɨɝɨ ɬɟɤɫɬа 
ɨɞɧɨɣ ɩɭɫɬɨɣ ɫɬɪɨɤɨɣ, ɩɨɞɡаɝɨлɨвɤи вɬɨɪɨɝɨ 
ɭɪɨвɧя выɞɟляɸɬɫя ɤɭɪɫивɨɦ. 

 

Оɛɟ ɤɨлɨɧɤи ɧа ɤаɠɞɨɣ ɫɬɪаɧиɰɟ, вɤлɸчая ɩɨ-
ɫлɟɞɧɸɸ, ɞɨлɠɧы иɦɟɬь ɨɞиɧаɤɨвɭɸ ɞлиɧɭ. В 

ɤɨɧɰɟ ɫɬаɬьи ɞɨлɠɧы ɛыɬь ɩɪивɟɞɟɧы ɪаɡвɟɪ-
ɧɭɬыɟ ɫвɟɞɟɧия ɨɛ авɬɨɪах, ɫɨɞɟɪɠащиɟ в ɬɨɦ 

чиɫлɟ их ɤɨɧɬаɤɬɧыɟ ɞаɧɧыɟ (ɧа ɞвɭх яɡыɤах 
ɩɪи ɩɭɛлиɤаɰии ɫɬаɬьи ɧа ɪɭɫɫɤɨɦ яɡыɤɟ). 
 

Ɋиɫɭɧки (чɟɪɧɨ-ɛɟлыɟ) ɞɨлɠɧы ɛыɬь вɫɬав-
лɟɧы в ɬɟɤɫɬ ɫɬаɬьи или ɩɪилɨɠɟɧы в ɛɭɦаɠ-

ɧɨɦ виɞɟ ɧа ɨɬɞɟльɧых лиɫɬах, ɫ ɭɤаɡаɧиɟɦ в 
ɤаɤих ɦɟɫɬах ɫɬаɬьи их ɫлɟɞɭɟɬ ɪаɫɩɨлɨɠиɬь. 
Тɨɠɟ ɫаɦɨɟ ɤаɫаɟɬɫя и фɨтɨɝрафиɣ, фɨɪɦаɬ 
фɨɬɨɝɪафиɣ – чɟɪɧɨ-ɛɟлыɣ. Очɟɧь ɠɟлаɬɟль-
ɧɨ ɩɪилаɝаɬь ɷлɟɤɬɪɨɧɧыɟ вɟɪɫии ɪиɫɭɧɤɨв и 

фɨɬɨɝɪафиɣ! Аɧалɨɝичɧыɟ ɬɪɟɛɨваɧия ɤаɫа-
ɸɬɫя таɛɥиц. Наилɭчɲиɣ ваɪиаɧɬ ɬаɤɨɣ, ɤɨ-
ɝɞа ɪиɫɭɧɤи, фɨɬɨɝɪафии и ɬаɛлиɰы вɫɬавлɟ-
ɧы в фаɣл, ɩɨɞɝɨɬɨвлɟɧɧыɣ в ɬɟɤɫɬɨвɨɦ ɩɪɨ-
ɰɟɫɫɨɪɟ Microsoft Word. ȼɫе ɫиɦвɨɥы, в тɨɦ 

ɱиɫɥе иɫɩɨɥьɡɭеɦые в ɭравɧеɧияɯ ɞɨɥɠɧы 

ɛыть ɩеɱатɧыɦи.  

 

ijijij 2με+λεδ=σ .                    (1) 

Оɞɧаɤɨ, риɫɭɧки и фɨтɨɝрафии, вɫтавɥеɧ-

ɧые в фаɣɥ текɫтɨвɨɝɨ ɩрɨцеɫɫɨра Micro-

soft Word ɧе вɫеɝɞа иɦеɸт ɩриеɦɥеɦɨе 
ɞɥя ɩеɱати каɱеɫтвɨ иɡ-ɡа их ɧиɡɤɨɝɨ ɪаɡ-
ɪɟɲɟɧия. В ɷɬɨɣ ɫвяɡи авɬɨɪɭ ɧаɫɬɨяɬɟльɧɨ 
ɪɟɤɨɦɟɧɞɭɟɬɫя ɞɨɩɨлɧиɬɟльɧɨ ɩɪилɨɠиɬь 
(ɧа ɞиɫɤɟɬɟ или ɤɨɦɩаɤɬ-ɞиɫɤɟ) ɤ ɫɬаɬьɟ фаɣ-

лы, ɫɨɞɟɪɠащиɟ ɪиɫɭɧɤи. Ⱦɨɩɭɫтиɦые 
фɨрɦаты ɞɥя риɫɭɧкɨв – JPEG, TIFF или 

EPS, ɪаɡɪɟɲɟɧиɟ – 300-600 dpi. 

 

Ɋиɫɭɧɤи, фɨɬɨɝɪафии и ɬаɛлиɰы, в ɫлɭчаɟ их 
ɛɨльɲих ɪаɡɦɟɪɨв, ɬаɤɠɟ ɦɨɝɭɬ ɪаɫɩɨлаɝаɬь-
ɫя в ɨɞɧɭ ɤɨлɨɧɤɭ ɫ выɪавɧиваɧиɟɦ ɩɨ ɲи-

ɪиɧɟ. Фɨɪɦɭлы в ɫɬаɬьɟ ɧɭɦɟɪɭɸɬɫя ɫ вы-

ɪавɧиваɧиɟɦ ɩɨ ɩɪавɨɦɭ ɤɪаɸ. Сɩиɫɨк ɥи-

тератɭры ɞɨлɠɟɧ ɛыɬь ɩɪивɟɞɟɧ в ɤɨɧɰɟ 
ɫɬаɬьи. Ɋиɫɭɧɤи, фɨɬɨɝɪафии и ɬаɛлиɰы 

ɞɨлɠɧы ɛыɬь ɨɬɞɟлɟɧы ɨɬ ɨɫɧɨвɧɨɝɨ ɬɟɤɫɬа 
ɤаɤ ɦиɧиɦɭɦ ɨɞɧɨɣ ɩɭɫɬɨɣ ɫɬɪɨɤɨɣ.  
 

 
Ɋиɫɭɧɨɤ 1 

 

ɉреɞɩɨɥаɝаетɫя, ɱтɨ ɫтатья ɧаɩиɫаɧа ɧа 
ɝраɦɨтɧɨɦ и ɯɨрɨшɨ ɱитаеɦɨɦ аɧɝɥиɣ-

ɫкɨɦ иɥи рɭɫɫкɨɦ яɡыке. Пɪи ɧɟɨɛхɨɞиɦɨ-
ɫɬи, ɩɟɪɟɞ ɨɬɩɪавɤɨɣ ɫɬаɬьи авɬɨɪаɦ ɫлɟɞɭɟɬ 
ɩɪɨɤɨɧɫɭльɬиɪɨваɬьɫя ɭ ɩɟɪɟвɨɞчиɤɨв. Сɬа-
ɬья ɧɟ ɛɭɞɟɬ ɩɨɞɪɨɛɧɨ ɩɪɨвɟɪяɬьɫя ɪɟɞаɤɰи-

ɟɣ ɧа ɩɪɟɞɦɟɬ ɧаличия лиɧɝвиɫɬичɟɫɤих 
ɨɲиɛɨɤ. В ɬɨɠɟ вɪɟɦя ɪɟɞаɤɰия ɨɫɬавляɟɬ ɡа 
ɫɨɛɨɣ ɩɪавɨ ɨɬɤлɨɧиɬь ɫɬаɬьɸ, ɩɪи ɧаличии 

в ɩɨɫлɟɞɧɟɣ ɛɨльɲɨɝɨ ɤɨличɟɫɬва ɨɲиɛɨɤ 
лиɧɝвиɫɬичɟɫɤɨɝɨ хаɪаɤɬɟɪа. 
 

2. ɈɌɉɊАȼКА СɌАɌɖИ ɇА  

ɊȿЦȿɇɁИɊɈȼАɇИȿ 
 

Автɨры (иɡ Ɋɨɫɫии и ɞрɭɝиɯ ɫтраɧ) ɞɨɥɠ-

ɧы выɫɥать в аɞреɫ реɞакции ɬɪи ɷɤɡɟɦɩ-

ляɪа ɫɬаɬьи ɧа иɦя ɝлавɧɨɝɨ ɪɟɞаɤɬɨɪа ɠɭɪ-
ɧала, ɩɪɨфɟɫɫɨɪа Сиɞɨɪɨва Влаɞиɦиɪа Ни-
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ɤɨлаɟвича (ɫɦ. ɩаɪаɝɪаф Кɨɧɬаɤɬɧыɟ ɫвɟɞɟ-
ɧия) или ɬɟхɧичɟɫɤɨɦɭ ɪɟɞаɤɬɨɪɭ ɠɭɪɧала, 
ɩɪɨфɟɫɫɨɪɭ Аɤиɦɨвɭ Павлɭ Алɟɤɫɟɟвичɭ.  
Элɟɤɬɪɨɧɧыɟ вɟɪɫии ɫɬаɬɟɣ ɧɟɨɛхɨɞиɦɨ вы-

ɫлаɬь ɬаɤɠɟ ɩɨ ɷлɟɤɬɪɨɧɧɨɣ ɩɨчɬɟ ɝлавɧɨɦɭ 

ɪɟɞаɤɬɨɪɭ или ɬɟхɧичɟɫɤɨɦɭ ɪɟɞаɤɬɨɪɭ ɠɭɪ-
ɧала. Элɟɤɬɪɨɧɧыɟ и ɩɟчаɬɧыɟ фɨɪɦы ɧɟ 
вɨɡвɪащаɸɬɫя. Каɠɞая ɩɪихɨɞящая в ɪɟɞаɤ-
ɰиɸ ɠɭɪɧала ɫɬаɬья ɧаɩɪавляɟɬɫя ɞля ɪаɫ-
ɫɦɨɬɪɟɧия ɷɤɫɩɟɪɬаɦ ɫɨɨɬвɟɬɫɬвɭɸщɟɝɨ 
ɩɪɨфиля. Как ɩравиɥɨ, ɩɨ каɠɞɨɣ ɫтатье 
ɧаɡɧаɱаɸтɫя ɞва ɷкɫɩерта. Вɪɟɦя ɩɪɨвɟɞɟ-
ɧия ɷɤɫɩɟɪɬиɡы ɫɬаɬьи ɧɟ ɦɨɠɟɬ ɩɪɟвыɲаɬь 
6 ɦɟɫяɰɟв. Свɨи ɡаɤлɸчɟɧия и ɨɰɟɧɤи ɩɨ 
ɫɬаɬьɟ ɷɤɫɩɟɪɬы ɫɨɨɛщаɸɬ ɝлавɧɨɦɭ ɪɟɞаɤ-
ɬɨɪɭ ɠɭɪɧала, ɩɪи ɷɬɨɦ ɧа ɤаɠɞɭɸ ɫɬаɬьɸ 

ɞɨлɠɧɨ ɩɪиɣɬи ɧɟ ɦɟɧɟɟ ɞвɭх ɡаɤлɸчɟɧиɣ. 

Заɦɟчаɧия и ɩɪɟɞлɨɠɟɧия ɷɤɫɩɟɪɬɨв ɞɨвɨ-
ɞяɬɫя ɞɨ ɫвɟɞɟɧия авɬɨɪа ɫɬаɬьи, ɩɨɫлɟ чɟɝɨ 
ɨɧ вɧɨɫиɬ ɧɟɨɛхɨɞиɦыɟ иɡɦɟɧɟɧия. 
 

3. ɈɌɉɊАȼКА СКɈɊɊȿКɌИɊɈȼАɇɇɈɃ 

СɌАɌɖИ 
 

Пɨɫлɟ ɨɞɨɛɪɟɧия ɷɤɫɩɟɪɬаɦи ɫɬаɬьи и вɧɟɫɟ-
ɧия авɬɨɪаɦи вɫɟх ɧɟɨɛхɨɞиɦых иɡɦɟɧɟɧиɣ, 

ɨɤɨɧчаɬɟльɧыɣ ваɪиаɧɬ ɫɬаɬьи (ɛɭɦаɠɧыɣ в 
ɬɪɟх ɷɤɡɟɦɩляɪах и ɷлɟɤɬɪɨɧɧɨɣ ɧа ɞиɫɤɟɬɟ 
или ɤɨɦɩаɤɬ-ɞиɫɤɟ) выɫылаɟɬɫя в аɞɪɟɫ ɪɟ-
ɞаɤɰии, ɧаɩɪиɦɟɪ в ɠɟɫɬɤɨɦ ɤɨɧвɟɪɬɟ фɨɪ-
ɦаɬа А4 ɩɨ ɩɨчɬɟ. Ɍакɠе ɧеɨɛɯɨɞиɦɨ ɩɨ-
ɫɥать ɷɥектрɨɧɧɭɸ верɫиɸ ɫтатьи ɩɨ 
ɷɥектрɨɧɧɨɣ ɩɨɱте ɝɥавɧɨɦɭ реɞактɨрɭ. 
На ɞиɫɤɟɬɟ или ɤɨɦɩаɤɬ-ɞиɫɤɟ ɧɟɨɛхɨɞиɦɨ 
ɧаɩиɫаɬь иɦɟɧа авɬɨɪɨв, ɧаɡваɧиɟ ɫɬаɬьи, 

ɧаɡваɧиɟ ɠɭɪɧала и ɞаɬɭ. Таɤɠɟ ɠɟлаɬɟльɧɨ 
ɭɤаɡаɬь ɫɩиɫɨɤ ɩɪɨɝɪаɦɦ, ɤɨɬɨɪыɟ иɫɩɨльɡɨ-
валиɫь ɩɪи ɩɨɞɝɨɬɨвɤɟ ɫɬаɬьи и ɫɩиɫɨɤ фаɣ-

лɨв, ɧахɨɞящихɫя ɧа ɞиɫɤɟɬɟ или ɤɨɦɩаɤɬ-
ɞиɫɤɟ.  
 

4. КɈɇɌАКɌɇЫȿ ȾАɇɇЫȿ 
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THE ANALYSIS OF A PRISMATI C BEAM MADE OF PHYSICAL 
NONLINEAR MATERIAL UNDER 

CONCENTRATED AND DISTRIBU TED CONTINUOUS MOVING 
LOADS 

 

Ashkan, Safar, Khoda Bandeh Lou 
Islamic Azad University, Iran, Urmia Branch 

 
Abstract:  It is assumed that a beam made of material has a physical nonlinear behavior. This beam is analyzed 

under the moving concentrated and distributed continuous loads. The vibration equations of motion are derived 

from the Hamilton’s Principle and Euler-Lagrange Equation. In this study, the amplitude of vibration, circular 

frequency, bending moment, stress and deflection of the beam has been calculated. At the state of concentrated 

moving load. The obtained analytic solution has been exemplified. The results of this study indicate that when 

the material of the beam is considered physically nonlinear, there is no critical velocity and the resonance 

phenomenon doesn’t happen. 

 

INTRODUCTION 
 

The study of dynamical effect of moving loads 

at highway and railroad bridges has a history of 

more than one and a half century. The collapse 

of Jester Bridge in England in 1847 encouraged 

both the theoretical and experimental studies. 

The Catastrophe caused tremendous human 

losses and created a lot of excitement in civil 

engineering (see Bussinesk, 1883; Cox, 1850; 

O-More, 1868; Stokes, 1849; Vinkler, 1868; 

Willis, 1849; as cited in Glushkov 1974 & 

Krolov, 1905, as cited in Kesiliev, 1969). 

Presently, there are many structures made from 

materials which are not subject to the Hook’s 

law. Therefore, there is a great tendency to 

study stress and strain in elements of structures 

made of physical nonlinear material under 

various static and dynamic loads. In the linear 

theory, the property of material is not taken into 

consideration; However, all of relevant 

parameters are taken into consideration in the 

theory of nonlinear. Thus, the physical 

nonlinear theory at small deformations 

demonstrates an exact calculation method for 

the analysis of stress, strain, and other internal 

forces in structural elements. 

In order to represent all the possible states of the 

material by one mathematical law, the following 

algebraic function may be introduced: 

 

...3

3

2

21 +++= εαεαεασ              (1) 

 

This expression is not different from the general 

relationship between σ and ε. 
 

)(εσ f=                           (2) 

 

Manzhaalovsky (as cited in Glushkov, 1974) 

employed Empeher’s method and proposed the 

following two-term formulas of the parabolic 

type on the basis of the tests carried out by. 

Stolyarov and Skramtayev (as cited in 

Glushkov, 1974). 

 

)(2

111 ncompressioforεβεασ −=       (3)     

)(2

222 tensionforεβεασ −=          (4) 

 

Where α1, α2, β1 and β2 are empire elasticity. 

Trinomial formulas of the parabolic type were 

suggested for cast iron by Hodgkinson (1822, as 

cited in Glushkov, 1974) and Cox (1850 as cited 

in Glushkov, 1974).Type (as cited in Glushkov, 

1974), proposed the use of a similar relationship 

for metal wire: 

 
32 σσασε cb ++=                   (5) 

 

In addition to exponential and power laws, 

hyperbolic relationships were suggested for 
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brittle materials. Accordingly, Cox introduced 

the following function for cast iron: 

 

σα
σε

b−=                         (6) 

 

Grubler, schlechtwg, and Deither (as cited in 

Glushkov, 1974), who developed a theory for 

bars and discs made of brittle materials, 

employed the following hyperbolic laws: 

 

ε
σσ

BA+=                        (7) 

σβσασ
σε +−⋅=

1

1

E
             (8) 

 

Finally, the relationship between stress and 

strain, in the case of physical nonlinear, is 

presented by Kauderer (1961). 

As the formula proposed by Kauderer is 

comprehensive and expresses the relationship 

between the stress and strain in three 

dimensional state, we preferred to use the 

formula for the analysis of the physical 

nonlinear stress and strain. 

 

3,2,1,
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3
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,0,

2
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G

tl

K

K
jijiji σσσσε

     (9) 

 

Where ji,∂  is Croneker symbols, and σ0 is 

average stress: 

 

3
0

zyx σσσσ ++=                (10) 

 

K and G at small deformation are respectively 

volume contraction and shear elastic module. 

The relationship among K, E, and G is indicated 

through the following formula: 

 

GK

KG
E +=

5

9
                   (11) 

 

K (σ0) is average stress function and )( 2

0tl  is 

shear stress function; it can be indicated through 

the following expression:  
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Researches have demonstrated that K (σ0) in 

physical nonlinear material on an average 

relative deformation is close to the straight line 

(i.e., K (σ0)=1). Also, the two first sentences of 

the shear stress function are enough. 

 
2

02

2

0 1)( tltl +=                     (13) 

 

In the above expression, l2 is the physical 

nonlinear coefficient 

As the formula (9) indicates, stress components 

of σz, σy, and σxy are created. The simplification 

of the formula suggests that the stress 

components are too small in comparison with 

the σz. These new components of the stress have 

less impact on the frequency of vibration and on 

the other parameters during the vibration of the 

beam. As a result, the following formula is 

obtained from the formula (9) at a two 

dimensional surface: 

 

⎟⎟⎠
⎞⎜⎜⎝

⎛ −= 3
3

2
27

2
zzz

G

E
lE εεσ             (14) 

 

The purpose of this paper was the analysis of a 

beam made of physical nonlinear material under 

the moving concentrated and distributed 

continuous loads, which was discussed through 

examples analytically. 

 
THEORY 
 

To study the effect of moving load on the 

prismatic beam, first, we are discussing moving 

concentrated load. Thus, it is assumed that the 

load P moves along the beam (fig.1). 
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To consider the effect of external moving load, 

it is assumed an equivalent distributed load 

which depends on z and t as follows: 

 

∑∞==
1

sinsin
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P
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Where,  

 

...)3,2,1(,sin)( == k
L
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π
 

 

is  the head vibration mode of the beam. 

Therefore, the potential and kinetic energy of 

the system will be as follows: 
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Also, the work of the external moving load will 

be as follows: 
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The Hamilton’s Principle for this beam will be 

expressed as below: 
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Where:  

 ∫ ∫∫ ∫ == dxdyyJdxdyyJ 4

1

2

0 ,  

 

Considering: 

 

., 0t
L

z ωτπζ ==  

 

which ζ, τ  varies respectly from 0 to π and 0 to 

2π. 

Where ω0 is circular frequency vibration of the 

system in linear case and expressing in 

Hamilton principle (19), the following formulas 

are obtained: 
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We assumed that the deformation of the beam 

would be found from the following expression: 

Fig.1. Schematic view of a prismatic beam Under moving load 
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)()(),( τζτζ qpw ⋅=              (21) 

 

Where, p(ζ) and q(τ) are coordinate and 

generalized functions respectively. 

By substitution of expression (21) in expression 

(20), we obtain the following expressions: 
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The following expression is derived from the 

calculations indicated above in (22): 
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Where: 

 

ζπ π dp
L

EJa 2

0
4

4

0
2

1 ′′= ∫  

ζπ π dp
L

J
G

E
lb 4

0
8

8

13

4

2
54

1 ′′−= ∫  

ζζρ π dpFc )(
2

1 2

0
∫=              (24) 

L

tk

L

P
d

πνπ
sin=  

 

For Integral (23), Euler formula gives: 
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By substitution  

 

0
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L
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into equation (26) we’ll have: 
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Where:                       
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By substitution of  
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into   equation (27), we’ll have: 

 ητsin)1( 2 =++′′ eXXX             (28) 

 

Where:                           
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To  solve Duffing Equation (28), we follow the 

following procedure: 
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If   we substitute the expression (30) in to 28, 

and compare the similar coefficients of sin nητ, 
we will get a lot of cubic nonlinear algebraic 

equations. To our knowledge, there is no exact 

solution for these equations. Thus, we employed 

an approximated method. For this purpose, we 

applied three constraints equation (30) and we 

assumed that Xn>>Xn+1: therefore, in this case, 

we will have the following system of nonlinear 

equations: 
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By solving of equations (31) by the method of 

Zeidel, we will have: 
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When the load is out of the beam, Exp. (27) will 

be as below in which the system will have free 

vibration. 
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Finally, by solving equation (33), we found the 

period of vibration: 

 

)(

1

4
2

θk

Q
a

b

c

a
T ⋅

⎟⎠
⎞⎜⎝

⎛ +
⋅= ω

         (34) 

 

Consequently, the circular frequency is as 

follows: 
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Where:                        
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 ω  is the circular frequency of vibration, Q is 

amplitude of vibration, and k (θ ) is a second 

order elliptic integral. As the above formula 

indicates,  

 

2Q
a

b
 

 

has a minus sign, which decreases the ω  in 

comparison with ω0 (as it was indicated in 35). 

Based on the equations expressed above, the 

explanation of the analysis of deflection, 

bending stress, and bending moment are as 

follows. 
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DEFLECTION 
 
Deflection is obtained from the equation (21). 
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As it will be indicated in the tables below, the 

Coefficients X3 and X5 are too small and 

neglected. 
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BENDING STRESS 
 
Bending Stress is Calculated by using Eq. (14) and  
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w
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which is called KIRHOF principle. 

 

⎥⎥⎦
⎤

⎢⎢⎣
⎡

⎟⎟⎠
⎞⎜⎜⎝

⎛
∂
∂−∂

∂=
3

2

2

3

3

22

2

27

2

z

w
y

G

E
l

z

w
yEzσ     (38) 

 

BENDING MOMENT 
 
Bending Moment in every section of the beam 

is designed by the following equations: 
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The expression  

 

2

2

z

w

∂
∂

 

 

equals the following expression: 

 

l

a

l

z

l

d

z

w πππ
ω sinsin

22

0

2

2 ⋅−=∂
∂

 

 

Now the Obtained analytic solutions are being 

applied to  the following example. It has been 

assumed that the material of the beam is copper 

(fig.2). 

J0=1,236×10
4
 

J1=58,44×10
4 
cm

6
 

G=0,46×10
4
 kg/cm

2
 

E=1,241×10
6
 kg/cm

2
 

l2=0,18×10
6
, L=2 m, P=20 kN 

Then vibration amplitudes are determined and 

are shown in Table 1. 

Based  on Table (1) the diagram of resonance is 

indicated in Figure 3. 

Deflection, Stress, and Bending moment in the 

section of the beam are calculated by using 

formulas (36), (37), and (38) for 

,12 azand ==η  which are indicated in Tables 

2 and 3. 

Bending stress in the middle section of the beam 

is indicated in Fig.4. 

The Critical velocity is for given example is 

obtained 135,95 m/s Dynamical Coefficients 

according to velocity is obtained and have 

written in Table 4. 

Dynamic Coefficients at linear State are derived 

by the Formula given by Krolov (1905). 
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Where:       

                      

l
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πνθω
θβ === ,,  
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Table 1. Dimensionless vibration amplitudes 
X

I η2
 

1

1X  
1

2X  
1

3X  

X3 X5 

0,0 -70,83 69,83 1,00 -23,94 -32,49 

0,889 -27,04 13,52 - 0,1902 -1,31×10
-3

 

1 -17,03 - - 0,041 -1,01×10
4
 

2 1,00 - - 3,69⋅10
-6

 -1,63×10
11

 

 

 
 

Table 2. Calculation of deflection and bending moment at the point of load 
a 

8

l
 

4

l
 

8
3

l
 

2

l
 

8
5

l
 

4
3

l
 

8
7

l
 

W (cm) -0,054 -0,1856 -0,3468 -0,3712 -0,316 -0,1856 -0,054 

M (K.N.m) 2,057 6,842 11,922 14,05 11,922 6,842 2,057 

 
 

Table 3. Stress in the middle section of the beam 
Y (cm) 6,61 7,9676 8,9816 10 

σz (mpa) 1150 1320 1422 1500,0 

 

 

 

Fig. 3. Resonance Curve 

Fig. 4. The diagram of stress in the middle section of the beam 
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Table 4. Dynamical Coefficients 
V (m/s) 0 25 50 75 100 124,57 135,95 

2

2 ⎟⎠
⎞⎜⎝

⎛
ω
θ=η  

0 0,0338 0,1353 0,3036 0,541 0,83895 1 

X 1 1,036 1,158 1,438 2,193 9,27 11,73 

 

 

 
 

 

Table 5. A comparison of deflection, stress, and bending  
moment at linear and nonlinear state 

State W (cm) σ (mpa) M (kNm) 

Nonlinear 0,025 7,73 9,5 

Linear 0,034 10,29 12,48 

 

 

 

 
 

 

 

 

Fig. 5. Dynamical coefficient – velocity 

Fig.6. Schematic view of a prismatic beam Under moving load 
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The Dynamical Coefficient when the load is in 

the middle of the Span,  

 

2

l
a =  

 

is estimated and showed at Fig.5. 

As shown at the Fig.5, when  

 

1

2 =⎟⎠
⎞⎜⎝

⎛
ω
θ

 

 

the critical V equals to 135,95 m/s and 

resonance happens at linear state. Whenever, at 

nonlinear state, X has definite value, equals 

11,73 Table 4. 

Based on v=50 m/s, (v=180 km/h), deflection, 

bending moment, and bending stress in the 

middle of the span are found by the obtained 

formulas for nonlinear state, and for linear state 

they are found by formulas which are given by 

Kerolov (1905 as cited in Kesiliev, 1969): 
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The numerical resultants have written at Table 

5. 

To consider the effect of moving distributed 

continuous load it is assumed that the moving 

distributed continuous load moves along the 

prismatic beam as it is shown in  Fig.6. 

The potential and kinetic energy of this system 

can be written as follows. 
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and 
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Where E, G, I2, ρ, m, and F denote modulus of 

elasticity, modules of elasticity in shear, 

nonlinearity coefficient, density, mass, of load 

per unit length and cross sectional area, 

respectively. The principl4e of Hamilton for this 

beam is as follow: 

 

dtdz
dt

dw
m

dt

dw
F

z

w
I

G

E
l

z

w
EI

dtkiПH

t

t

t

t

I

⎥⎥⎦
⎤⎟⎠

⎞⎜⎝
⎛−⎟⎠

⎞⎜⎝
⎛−

−⎟⎟⎠
⎞⎜⎜⎝

⎛
∂
∂⋅⎢⎢⎣

⎡ −⎟⎟⎠
⎞⎜⎜⎝

⎛
∂
∂⋅

−−=

∫ ∫
∫

=

=

22

4

2

2

1

0

3

4

2

2

2

2

0

2

1

2

1

54

1

2

1

)(

2

1

2

1

ρ

 

          (42) 

 

by considering,  
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and Euler equation: 
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where  
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by considering Eq.(43)  and Eq.(42) and further 

simplification the differential motion equation 

can be written as: 
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Where  
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As solving of the Equation (44) is difficult the 

consecutive approximated method is used. 

Furtheremore, to make the solving procedure 

easier, it is assumed at linear state. 

 τζ cossin00 ⋅= kQw               (45) 

 

where Q0  , Is amplitude of vibration of beam at 

linear state. 

If Eq.(45) is substituted at right side of Eq.(44) 

and is simplified, the following equation is 

derived: 
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Private solving of Eq.(11) is defined as follow: 
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Where a1, a2, a3, a4 are constant coefficients, by 

substitution Eq. (47) in to Eq.(46) and 

comparing the same coefficients sinkζcosτ, a1, 

a2, a3, a4 and ω  are obtained, which are as 

follows: 
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Thus circular frequency of system ω is obtained: 
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The critical velocity is derived by considering 

the criteria ω=0,0 
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If l2=0,0 the critical volacity is obtained at linear 

state,   
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If at Eq. (52), m=0,0 that is the load is out of 

beam: 
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 ω is the circular frequency at free vibration at 

physical nonlinear. It is seen from Eq.(52) the 

circular frequency of system depends on 

nonlinearity of material and the velocity of load. 

To understand the analysis obtained here an 

example is presented in this section. For the 

assumed beam shown in Fig.(1) the parameters 

used in studied are as what follows: 

E=2,1⋅10
5×MPa 

G=0,87×10
5
 MPa 

l2=0,085×10
6
 

q=mg=20 kN/m (unit weight of load) 

P=ρfg=0,66 kN/m (unit weight of beam) 

I0=1,51⋅10
-3

 m
4
 

I1=1,3⋅10
-4

 m
6
 

L=12 m 

Circular frequency is obtained from Eq.(52) and 

plotted in Fig.8. 

The critical velocity is obtained from equation 

(53): Vcr=103,044 m/sec. The dynamic 

coefficient (Yd/Ys) at the middle point of beam 

is drived from Eq.(52) and plotted in Fig.9. 

Diagram of motion at interval of a period is 

showed as below. (for v=30 m/se,       50 m/se) 

Fig.10. 

 

CONCLUSIONS 
 

To conclude, a beam can be used for modeling 

of a bridge. Therefore, the results of this study 

are applicable for the designing of bridges under 

external loads. The created forces of the bridge 

depend on the velocity of the load.  

In case of concentrated moving load with the 

increase of the speed, theoretically, resonance 

might happen as it is similar when the material 

behaves linearly. But if the material is assumed 

physically nonlinear, the process of resonance 

doesn’t happen; that is when η2
=1, X has 

definite value. (Fig.3). Accordingly, the internal 

forces in elements of the bridge, will have 

definite values too. 

To summarize, when the behavior of material is 

assumed to be physically nonlinear: 

1. A method of analysis was obtained to analyze 

beams under moving loads. 

2. Accordingly, the internal forces caused by 

external loads are reduced to 10-15 percent in 

comparison with the linear state. Thus, the 

obtained results are economical. 

3. For the estimation of the amplitudes of free 

vibration motion, a precise formula has been 

obtained and the amplitudes of the system in 

forced vibration motion is obtained from infinite 

cubic nonlinear equations. 

4. As it was indicated, the more the parameter, 

e, which depends on many other parameters, 

decreases, the amplitudes of vibration increase. 

5. As the obtained results indicate, when the 

material of the beam is physically non-linear, 

the circular frequency decrease. 

6. Based on the speed of the loads, dynamical 

coefficients are found. In case of distributed 

continuous moving loads. The following results 

are obtained: 

1. The circular frequency and the dynamic 

coefficient are estimated according to different 

values of velocity (Fig. 8&9). 

2. The amplitude of vibration at the middle of 

the beam during the vibration period is 

calculated at v=30 m/s and v=50 m/s. Thus, as 

fig.10 indicates the more the speed of the 

moving load, the more the amplitude of the 

vibration. 

3. The internal forces for the beam can be 

calculated, as the estimation of the bending 

moment in the middle of the span indicates 

(Fig.11). 
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Fig.8. Frequency – Velocity Curve 

Fig.9. Dynamic Coefficient – Velocity Curve 

 

Fig. 7. Section of beam 

150 
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The bending moment at the middle point (a=L/2) 

 

 

Fig.10. Amplitude of Vibration at the middle of  beam during  vibration  period  

Fig.11. Bending moment – Velocity Curve 
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NOTATION 
 
A=external work of the moving load  α=the distance of the concentrated load from 

the support 

E=module of elasticity 

F=an area of the section 

G=sheer elastic module 

H=Hamilton Principle 

J0=moment of inertia 

∫ ∫= dxdyxJ 4

1
 

K=volume contraction 

K(σ0)=average stress function 

Ki=kinetic energy 

L=the span of the beam 

)( 2

0tl =sheer stress function 

l2=nonlinear coefficient 

p(ζ)=coordinate function 

P=concentrated load 

p(z)=the head vibration made of the beam 

q(τ)=generalized function 

q(z,t)=equation distributed load 

w(z,t)=deformation of the beam 

X=dimensionless amplitude (dynamic 

coefficient) 

Z= a distance of any point from the support σ=stress 

σ0=average stress σX, σY, σZ=original stress ε=strain εij=three – dimensional strain ρ=density π=potential energy ω0=circular frequency θ=circular frequency of load 

V=velocity    
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Аɧɧɨтация: Оɞɧиɦ иɡ аɤɬɭальɧых ɧаɩɪавлɟɧиɣ ɫɬɪɨиɬɟльɫɬва являɟɬɫя ɪаɡɪаɛɨɬɤа ɷɤɨлɨɝичɟɫɤи чиɫɬɨɣ 

ɬɟхɧɨлɨɝии ɫɠиɝаɧия ɩɪиɪɨɞɧɨɝɨ ɬɨɩлива в ɫɨвɪɟɦɟɧɧых ТЭЦ. Кɨɦɛиɧиɪɨваɧɧыɟ выɫɨɬɧыɟ ɫɨɨɪɭɠɟɧия 
(КВС), ɤɨɬɨɪыɟ ɫлɭɠаɬ ɞля ɷɬɨɣ ɰɟли, ɨɛɴɟɞиɧяɸɬ ɞыɦɨвɭɸ ɬɪɭɛɭ и ɦɨɤɪɭɸ ɝɪаɞиɪɧɸ. В ɪаɛɨɬɟ ɪаɫ-
ɫɦаɬɪиваɸɬɫя вɨɩɪɨɫы ɦаɬɟɦаɬичɟɫɤɨɝɨ ɦɨɞɟлиɪɨваɧия ɡаɤɪɭчɟɧɧых ɬɟчɟɧиɣ в ɤɨɦɛиɧиɪɨваɧɧых вы-

ɫɨɬɧых ɫɨɨɪɭɠɟɧиях.  
 

 

MATHEMATICAL MODELLING OF THE SWIRLING  

FLOWS IN THE COMBINED HIGH-RISE  

BUILDINGS 
 

Vadim K. Akhmetov 
Moscow State University of Civil Engineering, Moscow, Russia 

 
Abstract: Working out of ecologically pure technology of burning of natural fuel in modern thermal power sta-

tions is one of actual aims in contemporary construction. The combined high-rise buildings which serve for this 

purpose, unite a chimney and wet cooling tower. Problems of mathematical modelling of the swirling flows in 

the combined high-rise buildings are under consideration in the distinctive paper. 

 

1. ɉɈСɌАɇɈȼКА ɁАȾАЧИ. 

 

Оɞɧиɦ иɡ аɤɬɭальɧых ɧаɩɪавлɟɧиɣ ɫɬɪɨи-

ɬɟльɫɬва являɟɬɫя ɪаɡɪаɛɨɬɤа ɷɤɨлɨɝичɟɫɤи 

чиɫɬɨɣ ɬɟхɧɨлɨɝии ɫɠиɝаɧия ɩɪиɪɨɞɧɨɝɨ ɬɨ-
ɩлива в ɫɨвɪɟɦɟɧɧых ТЭЦ. Кɨɦɛиɧиɪɨваɧ-

ɧыɟ выɫɨɬɧыɟ ɫɨɨɪɭɠɟɧия (КВС), ɤɨɬɨɪыɟ 
ɫлɭɠаɬ ɞля ɷɬɨɣ ɰɟли, ɨɛɴɟɞиɧяɸɬ ɞыɦɨвɭɸ 

ɬɪɭɛɭ и ɦɨɤɪɭɸ ɝɪаɞиɪɧɸ. Схɟɦа ɬаɤɨɝɨ 
ɭɫɬɪɨɣɫɬва ɩɪивɟɞɟɧа ɧа ɪиɫ. 1, а ɩɪиɧɰиɩ 

ɪаɛɨɬы ɫɨɫɬɨиɬ в ɫлɟɞɭɸщɟɦ. Дыɦɨвɨɣ ɝаɡ, 
ɩɪɟɞваɪиɬɟльɧɨ ɨчищɟɧɧыɣ в ɭɫɬаɧɨвɤɟ ɫɟ-
ɪɨɭɞалɟɧия, ɩɨɞаɟɬɫя в ɧиɠɧɟɣ чаɫɬи вы-

ɬяɠɧɨɣ ɛаɲɧи в ɩɨɬɨɤ вɨɡɞɭха, ɪаɡɨɝɪɟɬɨɝɨ в 
ɬɟɩлɨɨɛɦɟɧɧиɤɟ. Пɪи ɞвиɠɟɧии ɩɨ выɬяɠ-

ɧɨɣ ɬɪɭɛɟ ɩɨɬɨɤ ɞыɦа ɫɦɟɲиваɟɬɫя ɫ ɬɟɩлыɦ 

вɨɡɞɭхɨɦ и ɡа ɫчɟɬ ɟɫɬɟɫɬвɟɧɧɨɣ ɬяɝи ɭɞаля-
ɟɬɫя в аɬɦɨɫфɟɪɭ. 
Пɪɨɟɤɬиɪɭɟɦыɟ КВС ɞɨлɠɧы ɭɞɨвлɟɬвɨɪяɬь 
ɪяɞɭ ɬɪɟɛɨваɧиɣ. Тɟɦɩɟɪаɬɭɪа вывɨɞиɦых 
ɝаɡɨв ɧɟ ɞɨлɠɧа ɨɩɭɫɤаɬьɫя ɧиɠɟ ɨɩɪɟɞɟлɟɧ-

ɧɨɝɨ ɩɪɟɞɟла, ɩɪи ɤɨɬɨɪɨɦ ɩɪɨиɫхɨɞиɬ ɤɨɧ-

ɞɟɧɫаɰия, ɩɪивɨɞящая ɤ ɤɨɪɪɨɡии ɬɪɭɛы. 

Сɤɨɪɨɫɬь выхɨɞа ɝаɡɨв ɞɨлɠɧа ɛыɬь ɛɨлɟɟ 4 

ɦ/ɫ вɨ иɡɛɟɠаɧии ɡаɞɭваɧия вɟɬɪа в ɬɪɭɛɭ. 
Кɨɧɰɟɧɬɪаɰия вɟщɟɫɬв, выɛɪаɫываɟɦых в 
аɬɦɨɫфɟɪɭ, ɞɨлɠɧа ɛыɬь в ɩɪɟɞɟлах ɞɨɩɭɫ-
ɬиɦых ɧɨɪɦ. 

 

U1  T1 U2 , T2 

Ɋиɫ. 1. Схɟɦа ɬɟчɟɧия  
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Оɞɧɨ иɡ ɩɟɪɫɩɟɤɬивɧых ɧаɩɪавлɟɧиɣ ɩɨвы-

ɲɟɧия ɷффɟɤɬивɧɨɫɬи ɪаɛɨɬы КВС ɫвяɡаɧɨ ɫ 
иɫɩɨльɡɨваɧиɟɦ ɩɪɟɞваɪиɬɟльɧɨɣ ɡаɤɪɭɬɤи 

ɩɨɬɨɤа ɞыɦɨвых ɝаɡɨв ɧа вхɨɞɟ в выɬяɠɧɭɸ 

ɬɪɭɛɭ. Заɤɪɭɬɤа ɩɨɬɨɤа ɩɨɡвɨляɟɬ ɡɧачиɬɟль-
ɧɨ иɧɬɟɧɫифиɰиɪɨваɬь ɩɪɨɰɟɫɫы ɬɟɩлɨɦаɫ-
ɫɨɨɛɦɟɧа, ɫɩɨɫɨɛɫɬвɨваɬь ɭлɭчɲɟɧиɸ ɫɦɟ-
ɲɟɧия ɧаɝɪɟɬых ɝаɡɨв, ɫɧиɠаɬь ɤɨɧɰɟɧɬɪа-
ɰиɸ вɪɟɞɧых ɩɪиɦɟɫɟɣ ɧа выхɨɞɟ иɡ ɬɪɭɛы, 

ɩɪɟɩяɬɫɬвɨваɬь ɨɛɪаɡɨваɧиɸ ɨɬɪыва ɩɨɬɨɤа 
ɭ ɫɬɟɧɨɤ ɬɪɭɛы. 

Оɛщая ɩɨɫɬаɧɨвɤа ɡаɞачи ɨ ɫɦɟɲɟɧии ɞвɭх 
ɧɟиɡɨɬɟɪɦичɟɫɤих ɬɭɪɛɭлɟɧɬɧых ɩɨɬɨɤɨв 
ɨɫɧɨваɧа ɧа иɫɩɨльɡɨваɧии ɩɨлɧых ɭɪавɧɟ-
ɧиɣ Ɋɟɣɧɨльɞɫа. Оɧа ɞɨɫɬаɬɨчɧа ɫлɨɠɧа и ɟɟ 
ɪɟɲɟɧиɟ ɬɪɭɞɨɟɦɤɨ. ɍɩɪɨщɟɧɧая ɦɨɞɟль ɛа-
ɡиɪɭɟɬɫя ɧа ɩаɪаɛɨлиɡɨваɧɧых ɭɪавɧɟɧиях 
Навьɟ–Сɬɨɤɫа. В ɪаɛɨɬɟ [1] ɩɪɟɞлɨɠɟɧ ɷф-

фɟɤɬивɧыɣ ɦɟɬɨɞ ɪɟɲɟɧия ɭɪавɧɟɧиɣ ɩɨɝɪа-
ɧичɧɨɝɨ ɫлɨя, в ɤɨɬɨɪɨɦ иɫхɨɞɧая ɫиɫɬɟɦа 
ɫвɨɞиɬɫя ɤ ɨɛыɤɧɨвɟɧɧыɦ ɞиффɟɪɟɧɰиаль-
ɧых ɭɪавɧɟɧияɦ, ɡаɩиɫаɧɧыɦ ɧа лиɧиях ɬɨ-
ɤа. Для иɡɭчɟɧия ɩɪɨɰɟɫɫа ɫɦɟɲɟɧия ɞвɭх 
ɧɟɡаɤɪɭчɟɧɧых ɬɭɪɛɭлɟɧɬɧых ɩɨɬɨɤɨв ɷɬɨɬ 
ɦɟɬɨɞ ɭɫɩɟɲɧɨ ɩɪиɦɟɧялɫя в [2]. В ɞаɧɧɨɣ 

ɪаɛɨɬɟ ɩɪɨвɨɞиɬɫя ɨɛɨɛщɟɧиɟ и ɪаɡвиɬиɟ 
ɷɬɨɝɨ ɦɟɬɨɞа ɩɪиɦɟɧиɬɟльɧɨ ɤ иɫɫлɟɞɨваɧиɸ 

ɡаɤɪɭчɟɧɧых ɬɟчɟɧиɣ. 

 

2. ɆАɌȿɆАɌИЧȿСКАə ɆɈȾȿɅɖ  

И ɆȿɌɈȾ ɊȿɒȿɇИə.  

 

Ɋаɫɫɦɨɬɪиɦ ɡаɞачɭ ɨ ɫɦɟɲɟɧии ɧаɝɪɟɬых ɝа-
ɡɨв в выɬяɠɧɨɣ ɬɪɭɛɟ КВС, ɛɨɤɨвая ɩɨвɟɪх-
ɧɨɫɬь ɤɨɬɨɪɨɣ в ɰилиɧɞɪичɟɫɤɨɣ ɫиɫɬɟɦɟ 
ɤɨɨɪɞиɧаɬ zr ,,ϕ  ɡаɞаɟɬɫя ɭɪавɧɟɧиɟɦ )(zR . 

Заɤɪɭчɟɧɧыɣ ɩɨɬɨɤ ɞыɦɨвɨɝɨ ɝаɡа ɩɨɫɬɭɩаɟɬ 
в ɰɟɧɬɪальɧɭɸ чаɫɬь )0( 1Rr ≤≤  вхɨɞɧɨɝɨ 
ɫɟчɟɧия )0( =z  ɷɬɨɣ ɬɪɭɛы. Вɧɟɲɧиɣ ɧɟɡа-
ɤɪɭчɟɧɧыɣ ɩɨɬɨɤ ɬɟɩлɨɝɨ вɨɡɞɭха ɩɨɞаɟɬɫя 
ɤɨаɤɫиальɧɨ ))0(( 01 RRrR =≤≤ . ɍɫɬаɧɨ-
вивɲɟɟɫя ɬɭɪɛɭлɟɧɬɧɨɟ ɡаɤɪɭчɟɧɧɨɟ ɬɟчɟɧиɟ 
ɫɦɟɫи ɧаɝɪɟɬых ɝаɡɨв ɨɩиɫываɟɬɫя ɭɪавɧɟ-
ɧияɦи ɫɨхɪаɧɟɧия ɦаɫɫы ɫɦɟɫи, иɦɩɭльɫа, 
ɷɧɟɪɝии и ɦаɫɫы ɩɪиɦɟɫɟɣ. Каɠɞɨɟ ɭɪавɧɟ-
ɧиɟ иɡ ɫиɫɬɟɦы ɡаɤɨɧɨв ɫɨхɪаɧɟɧия в ɩɪи-

ɛлиɠɟɧии ɩɨɝɪаɧичɧɨɝɨ ɫлɨя ɦɨɠɟɬ ɛыɬь 
ɡаɩиɫаɧɨ в виɞɟ 
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0=Aε  ɩɪи EA ,1= . 

 

Зɞɟɫь ɩɪиɧяɬы ɨɛɨɡɧачɟɧия: U , V , W  – 

ɨɫɟвая, ɪаɞиальɧая и аɡиɦɭɬальɧая ɫɨɫɬав-
ляɸщая ɫɤɨɪɨɫɬи ɫɨɨɬвɟɬɫɬвɟɧɧɨ, μ  – ɞиɧа-
ɦичɟɫɤая вяɡɤɨɫɬь, g  – ɭɫɤɨɪɟɧиɟ ɫилы ɬя-
ɠɟɫɬи, T  – ɬɟɦɩɟɪаɬɭɪа, pc  –ɭɞɟльɧая ɬɟɩ-

лɨɟɦɤɨɫɬь, h  –ɷɧɬальɩия, H  – ɩɨлɧая ɷɧ-

ɬальɩия, q  – ɬɟɩлɨвɨɣ ɩɨɬɨɤ, E  – ɤɨɧɰɟɧ-

ɬɪаɰия ɩɪиɦɟɫи, αγ  – ɦаɫɫɨвыɣ ɩɨɬɨɤ ɩɪи-

ɦɟɫи, σ , ασ  – чиɫла Пɪаɧɞɬля, τ – ɫила ɬɪɟ-
ɧия. 
Пɪиɦɟɧиɦ ɦɟɬɨɞ ɩɨвɟɪхɧɨɫɬɟɣ ɪавɧых ɪаɫ-
хɨɞɨв [1]. В ɰилиɧɞɪичɟɫɤɨɣ ɫиɫɬɟɦɟ ɤɨɨɪ-
ɞиɧаɬ zr ,,ϕ  ɨɩɪɟɞɟлиɦ ɝлаɞɤиɟ лиɧии 

 

)(zr nδ= ,     Nn ...,,2,1,0= , 

 

ɤаɠɞая иɡ ɤɨɬɨɪых ɩɪɟɞɫɬавляɟɬ лиɧиɸ ɬɨɤа 
и ɭɞɨвлɟɬвɨɪяɟɬ ɭɪавɧɟɧиɸ 

 

V
z

U n =∂
∂δ

  ɩɪи  )(zr nδ= .          (2) 

 

Сɟɬɤа лиɧиɣ )(znδ  ɡаɪаɧɟɟ ɧɟиɡвɟɫɬɧа и 

ɫɬɪɨиɬɫя вɦɟɫɬɟ ɫ ɪɟɲɟɧиɟɦ. Очɟвиɞɧɨ, чɬɨ 
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00 =δ  – ɨɫь ɫиɦɦɟɬɪии, а )(zRN =δ  – ɫɬɟɧ-

ɤа ɤаɧала. Ƚаɡɨɞиɧаɦичɟɫɤиɟ фɭɧɤɰии вы-

чиɫляɸɬɫя ɧа ɩɪɨɦɟɠɭɬɨчɧых лиɧиях 
 

)(
2

1
)( 12/1 ++ +== nnn zr δδδ , 

1...,,2,1,0 −= Nn . 

Ɋаɫɫɦаɬɪивая в ɤачɟɫɬвɟ ɧɟиɡвɟɫɬɧых фɭɧɤ-
ɰии 
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2

1 22

12/1 nnnf δδ −= ++ , 1,...,2,1,0 −= Nn  

 

и иɧɬɟɝɪиɪɭя ɭɪавɧɟɧиɟ (1) ɩɨ r  ɨɬ nr δ=  ɞɨ 

1+= nr δ  ɫ ɭчɟɬɨɦ (2), ɩɨлɭчиɦ ɫиɫɬɟɦɭ 
ɨɛыɤɧɨвɟɧɧых ɞиффɟɪɟɧɰиальɧых ɭɪавɧɟ-
ɧиɣ ɧа ɤаɠɞɨɣ лиɧии )(2/1 zr n+= δ  
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Зɞɟɫь ɬɨчɤа ɨɡɧачаɟɬ ɞиффɟɪɟɧɰиɪɨваɧиɟ ɩɨ 
z . Сиɫɬɟɦа ɭɪавɧɟɧиɣ (3) ɡаɩиɫаɧа в ɛɟɡɪаɡ-
ɦɟɪɧɨɦ виɞɟ. Для ɷɬɨɝɨ U , T , ρ , E , p , W  

ɨɬɧɟɫɟɧы ɫɨɨɬвɟɬɫɬвɟɧɧɨ ɤ ɦаɤɫиɦальɧыɦ 

ɡɧачɟɧияɦ 1U , 1T , 1ρ , 1E , 1p , 1W  вɧɭɬɪɟɧ-

ɧɟɣ ɫɬɪɭи ɧа вхɨɞɟ 0=z  в ɤаɧал, а f  – ɤ 
2

0R . Тɪи ɛɟɡɪаɡɦɟɪɧых ɩаɪаɦɟɬɪа ɫиɫɬɟɦы 

(3) 2

10 /UgRg =π , 11 /UWw =π , 

2

11 /UTc pT =π  ɩɪɟɞɫɬавляɸɬ ɫɨɛɨɣ чиɫлɨ 
Фɪɭɞа, ɩаɪаɦɟɬɪ ɡаɤɪɭɬɤи и аɧалɨɝ чиɫла 
Маха M : ))1(/(1 2 −= γπ MT . 

В ɪаɫɫɦаɬɪиваɟɦɨɦ ɩɪиɛлиɠɟɧии ɞавлɟɧиɟ 
ɨɩɪɟɞɟляɟɬɫя ɭɪавɧɟɧиɟɦ 
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ɤɨɬɨɪɨɟ ɩɨɫлɟ иɧɬɟɝɪиɪɨваɧия ɦɨɠɟɬ ɛыɬь 
ɡаɩиɫаɧɨ в виɞɟ 
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Для ɧахɨɠɞɟɧия ),( rzp  вычиɫляɟɬɫя 
),( rzpw  ɩɨ фɨɪɦɭлɟ ɫɪɟɞɧих, ɪаɫɫчиɬываɟɬ-

ɫя ),( rzpw�  ɩɨ ɪɟɤɭɪɪɟɧɬɧыɦ ɫɨɨɬɧɨɲɟɧияɦ 

 

1,,2,1,

,

2/12/11

2/12/11

−=+=
=

+++ Nnfpp

fp

nn

w

n

w

n

w

…��

�

α
α

 

1,,2,1,0

,)(5.0 12/1

−=
+= ++

Nn

ppp w

n

w

n

w

n

…

���
 

2/1

2
1

2

2

2

2/1

+⎟⎟⎠
⎞⎜⎜⎝

⎛ −−=+
n

U

U
WWW

r

f

T

w
n δ

ρ
π
π

γ
γα ��  
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Плɨɬɧɨɫɬь ρ  ɧа ɤаɠɞɨɣ лиɧии вычиɫляɟɬɫя 
ɩɨ фɨɪɦɭлɟ 
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В ɭɪавɧɟɧия (4), (5) вхɨɞяɬ ɞиɫɫиɩаɬивɧыɟ 
члɟɧы 
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ɝɞɟ вɟличиɧа в ɫɤɨɛɤах ɨɡɧачаɟɬ 
nn QQQ −= +1][ . Таɤиɦ ɨɛɪаɡɨɦ, ɡаɞача ɫвɨ-

ɞиɬɫя ɤ иɧɬɟɝɪиɪɨваɧиɸ 15 +N  ɭɪавɧɟɧиɣ 

ɫиɫɬɟɦы (3), (4) ɫ ɭчɟɬɨɦ выɪаɠɟɧиɣ (5), (6). 

Ƚɪаɧичɧыɟ ɭɫлɨвия ɧа ɨɫи ɬɟчɟɧия ɞля ɧɟиɡ-
вɟɫɬɧых },,,{ ETWUA =  ɫиɫɬɟɦы (3) ɫлɟ-
ɞɭɸɬ иɡ ɭɫлɨвиɣ ɫиɦɦɟɬɪии. В ɩɪиɫɬɟɧɧɨɣ 

чаɫɬи ɬɟчɟɧия ɩɨ ɦɟɪɟ ɞвиɠɟɧия ɝаɡа ɪаɡви-

ваɟɬɫя ɩɨɝɪаɧичɧыɣ ɫлɨɣ. В ɞаɧɧɨɦ иɫɫлɟ-
ɞɨваɧии ɫчиɬалɨɫь, ɩɨɝɪаɧичɧыɣ ɫлɨɣ явля-
ɟɬɫя ɬɨɧɤиɦ и ɡɨɧа ɪавɧɨɦɟɪɧɨɝɨ ɬɟчɟɧия 
ɩɪɨɫɬиɪаɟɬɫя ɞɨ ɫɬɟɧɤи, ɩɨɷɬɨɦɭ ɩɪиɧиɦа-
лɨɫь 
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Сиɫɬɟɦа ɭɪавɧɟɧиɣ (3)–(6) ɡаɦыɤаɟɬɫя ɡаɞа-
ɧиɟɦ ɦɨɞɟли ɬɭɪɛɭлɟɧɬɧɨɫɬи. Пɪиɧиɦаɟɬɫя 
алɝɟɛɪаичɟɫɤая ɦɨɞɟль ɧа ɨɫɧɨвɟ ɩɪɟɞɫɬав-
лɟɧия ɨ вɟличиɧɟ ɞлиɧы ɩɭɬи ɫɦɟɲɟɧия il  

Пɪаɧɞɬля, ɤɨɬɨɪая ɞля ɡаɤɪɭчɟɧɧых ɬɟчɟɧиɣ 

ɫвяɡаɧа ɫ ɬɭɪɛɭлɟɧɬɧɨɣ вяɡɤɨɫɬьɸ itν  ɫлɟ-
ɞɭɸщиɦ ɨɛɪаɡɨɦ: 
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ɝɞɟ иɧɞɟɤɫ i  ɩɪиɧиɦаɟɬ ɡɧачɟɧия z  ɞля ɨɫɟ-
вɨɝɨ ɧаɩɪавлɟɧия и ϕ  ɞля аɡиɦɭɬальɧɨɝɨ. 
Ȼɟɡɪаɡɦɟɪɧыɟ ɡɧачɟɧия ɷɦɩиɪичɟɫɤих ɤɨɧ-

ɫɬаɧɬ ɡаɞавалиɫь ɪавɧыɦи: 068.0/ 0 =Rlz ; 

034.0/ 0 =Rlϕ . Даɧɧыɟ ɡɧачɟɧия ɩɨлɭчɟɧы в 
ɷɤɫɩɟɪиɦɟɧɬах [3] ɞля ɡаɤɪɭчɟɧɧых ɬɟчɟɧиɣ 

ɬиɩа ɝаɡɨвых ɡавɟɫ. Пɪɨвɟɞɟɧɧыɟ в [4, 5] иɫ-
ɫлɟɞɨваɧия ɩɨɤаɡали, чɬɨ ɩɪи иɫɩɨльɡɨваɧии 

ɷɬих ɡɧачɟɧиɣ zl  и ϕl  иɦɟɟɬɫя хɨɪɨɲɟɟ ɫɨɨɬ-
вɟɬɫɬвиɟ чиɫлɟɧɧых ɪɟɡɭльɬаɬɨв ɫ ɷɤɫɩɟɪи-

ɦɟɧɬальɧыɦи ɞаɧɧыɦи. 

 

3. ɉɊИɆȿɊЫ ЧИСɅȿɇɇɈГɈ  

ɊȿɒȿɇИə. 

 

Ɋаɫчɟɬы ɩɪɨвɨɞилиɫь ɩɪи ɫлɟɞɭɸщих ɪаɫ-
ɩɪɟɞɟлɟɧиях в ɧачальɧɨɦ ɫɟчɟɧии 0=z : 
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ɝɞɟ 011 / RRr = . Оɛлаɫɬь ɪɟɲɟɧия ɨɩɪɟɞɟля-
лаɫь ɞлиɧɨɣ 00 2.2 Rz = , ɛɨɤɨвая ɩɨвɟɪх-
ɧɨɫɬь ɩɪиɧиɦалаɫь лиɛɨ ɰилиɧɞɪичɟɫɤɨɣ 

10 =R , лиɛɨ ɡаɞавалаɫь ɭɪавɧɟɧиɟɦ 

zzR 15.01)( −= . В ɤачɟɫɬвɟ ɧачальɧɨɝɨ ɩɪɨ-
филя аɡиɦɭɬальɧɨɣ ɫɤɨɪɨɫɬи ɞля вɧɭɬɪɟɧɧɟ-
ɝɨ ɩɨɬɨɤа в (8) ɩɪиɧиɦалɨɫь ɪаɫɩɪɟɞɟлɟɧиɟ 
ɬиɩа ɫвɨɛɨɞɧɨɝɨ вихɪя [5]. 

Тиɩичɧыɟ ɡɧачɟɧия ɩаɪаɦɟɬɪɨв ɤɨɦɛиɧиɪɨ-
ваɧɧых выɫɨɬɧых ɫɨɨɪɭɠɟɧиɣ ɫɨɫɬавляɸɬ: 
ɞиаɦɟɬɪ ɨɫɧɨваɧия 90 ɦ, выɫɨɬа 100 ɦ, ɪаɫ-
хɨɞ ɞыɦɨвых ɝаɡɨв вɨ вɧɭɬɪɟɧɧɟɦ ɩɨɬɨɤɟ 
300 ɦ3

/ɫ ɩɪи ɬɟɦɩɟɪаɬɭɪɟ ɝаɡɨв 120ºС, ɪаɫхɨɞ 

вɨɡɞɭха ɞля вɧɟɲɧɟɝɨ ɩɨɬɨɤа 5000 ɦ3
/ɫ ɩɪи 

ɬɟɦɩɟɪаɬɭɪɟ ɝаɡɨв 70ºС. В ɫɨɨɬвɟɬɫɬвии ɫ 
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ɷɬиɦ ɡɧачɟɧия ɛɟɡɪаɡɦɟɪɧых вɟличиɧ в ɪаɫ-
чɟɬах ɡаɞавалиɫь ɪавɧыɦи 72.0=σ , 

45.6=gπ , 5754=Tπ . 

Пɪиɦɟɪы ɪаɫчɟɬɨв ɬɟчɟɧиɣ вɧɭɬɪи выɬяɠɧɨɣ 

ɬɪɭɛы ɩɪɟɞɫɬавлɟɧы ɧа ɪиɫ. 2. Ʌиɧии ɬɨɤа 
ɞɨɫɬаɬɨчɧɨ ɛыɫɬɪɨ ɫхɨɞяɬɫя ɤ ɰɟɧɬɪɭ ɩɨ ɦɟ-
ɪɟ ɭвɟличɟɧия ɪаɫɫɬɨяɧия z . Эɬɭ иɧфɨɪɦа-
ɰиɸ ɦɨɠɧɨ иɫɩɨльɡɨваɬь ɞля ɩɪɨфилиɪɨва-
ɧия ɫɬɟɧɨɤ выɬяɠɧɨɣ ɬɪɭɛы ɫ ɰɟльɸ ɫɨɤɪа-
щɟɧия ɝаɛаɪиɬɨв вɨɡвɨɞиɦɨɝɨ ɫɨɨɪɭɠɟɧия, 
ɭɦɟɧьɲɟɧия ɪаɫхɨɞɨв ɧа ɦаɬɟɪиалы и ɩɨ-
выɲɟɧия ɭɫɬɨɣчивɨɫɬи ɤɨɧɫɬɪɭɤɰии. 

 

Ɋаɛɨɬа выɩɨлɧɟɧа ɩɪи фиɧаɧɫɨвɨɣ ɩɨɞɞɟɪɠ-

ɤɟ Ɋɨɫɫиɣɫɤɨɝɨ фɨɧɞа фɭɧɞаɦɟɧɬальɧых иɫ-
ɫлɟɞɨваɧиɣ (№ 06–01–00778). 
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 Ɋиɫ. 2. Ʌиɧии ɬɨɤа ɩɪи 1=πw , 33.01 =r , 8.02 =T , 12 =E , 02 =W , =2U 0.2 (а), 0.4 (ɛ); 
1)( =zR  – ɫɩлɨɲɧыɟ лиɧии, zzR 15.01)( −=  – ɲɬɪихɨвыɟ лиɧии 
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ɈɉȿɊАɌɈɊ ɀȿСɌКɈСɌИ И ȻȿɁɍСɅɈȼɇАə 

ȼАɊИАЦИɈɇɇАə ɉɈСɌАɇɈȼКА ɁАȾАЧИ ИɁГИȻА ɉɅИɌЫ 
 

А.Ȼ. Золотов, М.Ʌ. Моɡɝалева, В.Н. Сидоров, П.А. Акимов, М.В. Вороɛьев 
Мɨɫɤɨвɫɤиɣ ɝɨɫɭɞаɪɫɬвɟɧɧыɣ ɫɬɪɨиɬɟльɧыɣ ɭɧивɟɪɫиɬɟɬ, ɝ. Мɨɫɤва, Ɋɨɫɫия 

 
Аɧɧɨтация: В ɫɬаɬьɟ фɨɪɦɭлиɪɭɟɬɫя ɨɩɟɪаɬɨɪ ɠɟɫɬɤɨɫɬи ɫɦɟɲаɧɧɨɣ ɤɪаɟвɨɣ ɡаɞачи. Пɪɟɞлаɝаɟɦая фɨɪ-
ɦɭлиɪɨвɤа вɤлɸчаɟɬ в ɫɟɛя ɩɨɫɬаɧɨвɤɭ ɡаɞачи ɤаɤ вɧɭɬɪи ɨɛлаɫɬи, ɬаɤ и ɧа ɟɟ ɝɪаɧиɰɟ. Пɨɤаɡываɟɬɫя, 
чɬɨ ɬаɤɨɣ ɨɩɟɪаɬɨɪ являɟɬɫя ɫаɦɨɫɨɩɪяɠɟɧɧыɦ и ɟɦɭ ɫɨɨɬвɟɬɫɬвɭɟɬ ɛɟɡɭɫлɨвɧая ваɪиаɰиɨɧɧая ɩɨɫɬа-
ɧɨвɤа. 

 

 

STIFFNESS OPERATOR AND UNCONDITIONAL VARIATIONAL 

FORMULATION OF THE PROBLEM OF PLATE BENDING 
 

Alexander B. Zolotov, Marina L. Mozgaleva, Vladimir N. Sidorov,  

Pavel A. Akimov, Mikhail V. Vorobjev 
Moscow State University of Civil Engineering, Moscow, Russia 

 
Abstract: Stiffness operator of the mixed boundary problem is formulated in the distinctive paper. The present-

ing formulation includes statement of a problem inside domain and on domain boundary. It is shown, that this 

operator is self-conjugated with corresponding unconditional formulation. 

 
В ɫɬаɬьɟ фɨɪɦɭлиɪɭɟɬɫя ɨɩɟɪаɬɨɪ ɠɟɫɬɤɨɫɬи 

ɫɦɟɲаɧɧɨɣ ɤɪаɟвɨɣ ɡаɞачи. Пɪɟɞлаɝаɟɦая 
фɨɪɦɭлиɪɨвɤа вɤлɸчаɟɬ в ɫɟɛя ɩɨɫɬаɧɨвɤɭ 

ɡаɞачи ɤаɤ вɧɭɬɪи ɨɛлаɫɬи, ɬаɤ и ɧа ɟɟ ɝɪа-
ɧиɰɟ. Пɨɤаɡываɟɬɫя, чɬɨ ɬаɤɨɣ ɨɩɟɪаɬɨɪ яв-
ляɟɬɫя ɫаɦɨɫɨɩɪяɠɟɧɧыɦ и ɟɦɭ ɫɨɨɬвɟɬɫɬвɭ-
ɟɬ ɛɟɡɭɫлɨвɧая ваɪиаɰиɨɧɧая ɩɨɫɬаɧɨвɤа. 
Оɩɟɪаɬɨɪɧая фɨɪɦɭлиɪɨвɤа ɡаɞачи ɞля ɟɫɬɟ-
ɫɬвɟɧɧых ɤɪаɟвых ɭɫлɨвиɣ иɦɟɟɬ виɞ 
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M
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 (1) 

или                           FLw = ,                         (2) 

 

ɝɞɟ иɡɝиɛаɸщиɟ и ɤɪɭɬящиɣ ɦɨɦɟɧɬы 

122211 ,, MMM  ɨɩɪɟɞɟляɸɬɫя фɨɪɦɭлаɦи 

1212

221122

221111

)1(
2

1
 

   ),(

    ),(

χν
χνχ

νχχ

−=
+=
+=

DM

DM

DM

              (3) 

 

вхɨɞящиɟ в ɷɬɨ ɩɪɟɞɫɬавлɟɧиɟ ɤɨɦɩɨɧɟɧɬы 

ɬɟɧɡɨɪа ɤɪивиɡɧы 122211 ,, χχχ  ɨɩɪɟɞɟляɸɬ-
ɫя ɤаɤ 
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                   (4) 

 

)1(12 2

3

ν−= Eh
D  – ɰилиɧɞɪичɟɫɤая ɠɟɫɬɤɨɫɬь; 

h  – ɬɨлщиɧа; ν  – ɤɨɷффиɰиɟɧɬ Пɭаɫɫɨɧа; w  
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– ɩɪɨɝиɛ ɩлиɬы; c  – ɠɟɫɬɤɨɫɬь ɨɫɧɨваɧия; q  

– ɩлɨɬɧɨɫɬь ɧаɝɪɭɡɤи; Q , xM , yM  – ɩɨɩɟ-
ɪɟчɧая ɫила и ɤɪɭɬящиɟ ɦɨɦɟɧɬы ɧа ɝɪаɧиɰɟ 
ɩлиɬы. 

 

ИСХɈȾɇЫɃ ɈɉȿɊАɌɈɊ ȼ 

ȾȿКАɊɌɈȼЫХ КɈɈɊȾИɇАɌАХ 

 

Заɞачɭ (1) ɦɨɠɧɨ ɩɪɟɞɫɬавиɬь в виɞɟ 
 

FML =− θ*

2 ,                       (5) 

ɝɞɟ             [ ]*

1

*

2

2

2

2

1

*

2 2 ∂∂∂∂=L     и  [ ]Τ= 122211 MMMM , 

kk −∂=∂* ,    2,1, =∂
∂=∂ k
xk

k  

 

Иɡ фɨɪɦɭл (3) ɫлɟɞɭɟɬ ɩɪɟɞɫɬавлɟɧиɟ ɞля 
вɟɤɬɨɪа ɦɨɦɟɧɬɨв M : 

 χCM =  ,                        (6) 

ɝɞɟ                 

⎥⎥
⎥⎥

⎦

⎤

⎢⎢
⎢⎢

⎣

⎡
−=
2

1
00
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νν
ν

DC   и  [ ]Τ= 122211 χχχχ . 

 

В ɫвɨɸ ɨчɟɪɟɞь иɡ фɨɪɦɭл (4) выɬɟɤаɟɬ 
ɩɪɟɞɫɬавлɟɧиɟ ɞля вɟɤɬɨɪа ɤɪивиɡɧы χ : 

 

=χ
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⎢
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2

                    (7) 

или                            wL2−=χ ,                    (8) 

ɝɞɟ                                               
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⎥
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⎤
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⎢
⎣

⎡
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∂
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=
12
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L . 

 

Таɤиɦ ɨɛɪаɡɨɦ, ɨɩɟɪаɬɨɪ L  ɡаɞачи (2) (иɫ-
хɨɞɧая фɨɪɦɭлиɪɨвɤа (1)) ɦɨɠɟɬ ɛыɬь ɩɪɟɞ-

ɫɬавлɟɧ в ɫлɟɞɭɸщɟɦ ɦɭльɬиɩлиɤаɬивɧɨɦ 

виɞɟ 
 

2

*

2CLLL = .                       (9) 

 

Ɋаɫɫɦɨɬɪиɦ ɨɩɟɪаɬɨɪы 2L  и *

2L . Их ɦɨɠɧɨ 
ɩɪɟɞɫɬавиɬь ɤаɤ ɩɪɨиɡвɟɞɟɧия ɞиффɟɪɟɧɰи-

альɧых ɨɩɟɪаɬɨɪɨв ɩɟɪвɨɝɨ ɩɨɪяɞɤа 
 

∇= 12 LL     и    *

1

**

2 LL ∇= ,      (10) 

ɝɞɟ                           

grad
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1 =⎥⎦
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1
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L , 

 

Ɋаɫɫɦɨɬɪиɦ ɞɟɣɫɬвиɟ ɨɩɟɪаɬɨɪа L  ɧа фɭɧɤ-
ɰии, иɦɟɸщиɟ ɫɤачɨɤ ɩɪи ɩɟɪɟɫɟчɟɧии ɝɪа-
ɧиɰы ɨɛлаɫɬи, ɬ.ɟ. ww θ=  ( =θ )(xθ –

хаɪаɤɬɟɪиɫɬичɟɫɤая фɭɧɤɰия ɨɛлаɫɬи ɨɩɪɟ-
ɞɟлɟɧия ɤɪаɟвɨɣ ɡаɞачи) 

 

=wLθ wCLLwCLL θθ ∇∇= 1

*

1

*

2

*

2 . 

 

Пɪɟɞваɪиɬɟльɧɨ ɨɩɪɟɞɟлиɦ ɝɟɨɦɟɬɪичɟɫɤиɟ 
вɟличиɧы: вɟɤɬɨɪ ɧɨɪɦали и вɟɤɬɨɪ ɤаɫа-
ɬɟльɧɨɣ в ɬɨчɤах ɝɪаɧиɰы ɨɛлаɫɬи: 

 ν – вɟɤɬɨɪ вɧɭɬɪɟɧɧɟɣ ɧɨɪɦали: 1|| =ν , 

τ – вɟɤɬɨɪ ɤаɫаɬɟльɧɨɣ: 1|| =τ . 

 

Каɤ виɞɧɨ иɡ ɪиɫɭɧɤа 1 ɦɟɠɞɭ ɤɨɨɪɞиɧаɬаɦи 

ɧɨɪɦали и ɤаɫаɬɟльɧɨɣ иɦɟɟɬɫя ɡавиɫиɦɨɫɬь 
21 ντ =  и 12 ντ =− , или в ɦаɬɪичɧɨ-

вɟɤɬɨɪɧɨɦ виɞɟ: 
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ɫɨɨɬвɟɬɫɬвɟɧɧɨ, τν ⎥⎦
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⎡ −=
01
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. 
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Ɋиɫ. 1. 

 

В ɩɨɫлɟɞɭɸщих выɤлаɞɤах ɩɪи ɞиффɟɪɟɧ-

ɰиɪɨваɧии хаɪаɤɬɟɪиɫɬичɟɫɤɨɣ фɭɧɤɰии 

вɨɫɩɨльɡɭɟɦɫя ɫɨɨɬɧɨɲɟɧиɟɦ 

 

Γ=∂ δνθ kk ,                        (11) 

 

ɝɞɟ Γδ – ɞɟльɬа-фɭɧɤɰия, ɫɨɫɪɟɞɨɬɨчɟɧɧая ɧа 
ɝɪаɧиɰɟ ɨɛлаɫɬи. Мɨɠɧɨ ɫɪаɡɭ ɨɬɦɟɬиɬь, чɬɨ 
 νδθ Γ=∇    и   ** νδνδθ ΓΤΓ −=−=∇ .   (12) 

 

Кɪɨɦɟ ɬɨɝɨ, ввɟɞɟɦ ɨɛɨɡɧачɟɧиɟ 
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                      (13) 

 

Тɨɝɞа 
 

νδθ Γ= Γ1L    и   **

1 νδθ Γ−= ΓL . 

 

Ɋаɫɫɦɨɬɪиɦ ɞɟɣɫɬвиɟ ɞиффɟɪɟɧɰиальɧɨɝɨ 
ɨɩɟɪаɬɨɪа 2L  ɧа ɩɪɨиɡвɟɞɟɧиɟ хаɪаɤɬɟɪи-

ɫɬичɟɫɤɨɣ фɭɧɤɰии ɨɛлаɫɬи θ и ɩɪɨиɡвɨль-
ɧɨɣ фɭɧɤɰии w : 

 

wLwL θθ ∇= 12 N ))()((1 wwL ∇+∇=
Γ

θθ
νδ

=∇+= Γ ))((1 wwL θνδ
N )())(()(

2

111 wLwLwL

L

∇+∇+= Γ θθνδ
wLwwL 21 )( θδνδ ν +∇Γ+= ΓΓ . 

 

Пɨɞɫɬавляɟɦ ɩɨлɭчɟɧɧɨɟ выɪаɠɟɧиɟ в иɫ-
хɨɞɧыɣ ɨɩɟɪаɬɨɪ: 
 

=wCLL θ2*
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2θ wCL ∇Γ+ Γ νδ*
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=+ Γ )(1
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2 wCLL νδ  
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2θ= wLCL )( 1

*

2 ΓΓ +∇Γ+ δνδ ν  

 

Ɋаɫɫɦɨɬɪиɦ выɪаɠɟɧиɟ ɞля ɫɨɩɪяɠɟɧɧɨɝɨ 
ɞиффɟɪɟɧɰиальɧɨɝɨ ɨɩɟɪаɬɨɪа ψθ*

2L , ɝɞɟ  
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– ɩɪɨиɡвɨльɧая, иɦɟɸщая вɬɨɪɭɸ ɩɪɨиɡвɨɞ-

ɧɭɸ, вɟɤɬɨɪ-фɭɧɤɰия: 
 ψθ*

2L ψθ*1*L∇= = ))()(( *

1

*

1

* ψθψθ LL +∇
=+Γ−∇= Γ )( *

1

** ψθψδ ν L  

ψθψθψδ ν *
1

**
1

*** )( LL ∇+∇+Γ−∇= Γ ψδψνδψθ ν***

1

**

2 Γ∇−−= ΓΓ LL  

ψδνδψθ ν )( ***

1

**

2 ΓΓ Γ∇+−= LL  

 

Заɦɟɧиɦ ψ  ɧа wCL2  и ɩɨɞɫɬавиɦ в ɩɨлɭ-
чɟɧɧɨɟ ɪаɧɟɟ ɩɪɨɦɟɠɭɬɨчɧɨɟ выɪаɠɟɧиɟ иɫ-
хɨɞɧɨɝɨ ɨɩɟɪаɬɨɪа 
 

wLθ +Γ∇+−= ΓΓ wCLLLw 2

***

1

* )( δνδθ ν
wLCL )( 1

*

2 ΓΓ +∇Γ δνδ ν  

 

Оɛɨɡɧачиɦ 

 

A 2

***

1

* )( CLL ΓΓ Γ∇+−= δνδ ν ,       (14) 

 

ɬɨɝɞа 
 

)( 1

*

2

* ΓΓ +∇Γ−= δνδ ν LCLA .       (15) 

 

Таɤиɦ ɨɛɪаɡɨɦ, ɩɪихɨɞиɦ ɤ ɫлɟɞɭɸщɟɦɭ ви-

ɞɭ ɨɩɟɪаɬɨɪа ɡаɞачи, ɨɩɪɟɞɟлɟɧɧɨɦɭ ɧа вɫɟɦ 

ɩɪɨɫɬɪаɧɫɬвɟ 
 

wLθ wwLw *AA −+= θ .           (16) 

 

Пɪɟиɦɭщɟɫɬвɨ ɩɪɟɞлаɝаɟɦɨɣ ɩɨɫɬаɧɨвɤи (7) 

ɫɨɫɬɨиɬ в явɧɨɣ ɡаɩиɫи ɨɩɟɪаɬɨɪɨв, ɤɨɬɨɪыɟ 
ɧɟɨɛхɨɞиɦы ɞля ɞальɧɟɣɲих иɫɫлɟɞɨваɧиɣ. 

Кɪɨɦɟ ɬɨɝɨ, ɬаɤая ɩɨɫɬаɧɨвɤа ɩɪавильɧɨ ɨɬ-
ɪаɠаɟɬ вɟɫɨвыɟ хаɪаɤɬɟɪиɫɬиɤи, ɫɨɨɬвɟɬɫɬ-
вɭɸщиɟ ɤаɤ ɨɩɟɪаɬɨɪаɦ вɧɭɬɪи ɨɛлаɫɬи, ɬаɤ 
и ɨɩɟɪаɬɨɪаɦ ɧа ɝɪаɧиɰɟ, и ɦɨɠɟɬ ɪаɫɫɦаɬ-
ɪиваɬьɫя ɧа лɸɛɨɣ ɨɤаɣɦляɸщɟɣ ɨɛлаɫɬи. 

 

 

 

 

ИСХɈȾɇЫɃ ɈɉȿɊАɌɈɊ ȼ 

ГɊАɇИЧɇЫХ КɈɈɊȾИɇАɌАХ 

 

Пɪи ɩɪɟɞɫɬавлɟɧии иɫхɨɞɧɨɣ ɡаɞачи ɫ иɫ-
ɩɨльɡɨваɧиɟɦ ɝɪаɧичɧых ɤɨɨɪɞиɧаɬ (ɬаɤ ɧа-
ɡываɟɦыɟ «аɫɫɨɰииɪɨваɧɧыɟ ɤɨɨɪɞиɧаɬы») 

ɩɪиɦɟɦ, чɬɨ ɩɨлɨɠиɬɟльɧɨɟ ɧаɩɪавлɟɧиɟ 
ɧɨɪɦали ɤ ɝɪаɧиɰɟ вɧɭɬɪɟɧɧɟɟ и ɩɨлɨɠиɬɟль-
ɧɨɟ ɧаɩɪавлɟɧиɟ ɨɫɧɨвɧɨɣ ɝɪаɧичɧɨɣ ɤɨɨɪ-
ɞиɧаɬы ɩɪɨɬив чаɫɨвɨɣ ɫɬɪɟлɤи. Кɪɨɦɟ ɬɨɝɨ, 
ɨɫи ɤɨɨɪɞиɧаɬ 1x  и 2x  ɧаɩɪавлɟɧы, ɫɨɨɬвɟɬ-
ɫɬвɟɧɧɨ, вɩɪавɨ и ввɟɪх. (Сɦ. ɪиɫ. 1.) Оɬɦɟ-
ɬиɦ, чɬɨ ɩɨлɨɠиɬɟльɧɨɟ ɧаɩɪавлɟɧиɟ ɧɨɪɦа-
ли вɧɭɬɪь выɬɟɤаɟɬ иɡ ваɪиаɰиɨɧɧых ɩɨɫɬа-
ɧɨвɨɤ. Ƚɪаɧичɧыɟ ɤɨɨɪɞиɧаɬы ɨɪɬɨɝɨɧальɧы 

и ɨɛɪаɡɭɸɬɫя иɡ лиɧии вɞɨль ɝɪаɧиɰы и ɧɨɪ-
ɦали ɤ ɧɟɣ. 

Заɩиɲɟɦ фɨɪɦɭлы вычиɫлɟɧия ɩɪɨиɡвɨɞɧых 
в ɬɨчɤах ɝɪаɧиɰы ɩɨ ɧɨɪɦали и ɤаɫаɬɟльɧɨɣ: 

 

2211
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ττ
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τ
ν

                     (17) 

 

или в вɟɤɬɨɪɧɨ-ɦаɬɪичɧɨɣ фɨɪɦɟ 
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 ∇= ΓQ ,            (18) 

 

ɝɞɟ ΓQ  – ɦаɬɪиɰа ɩɟɪɟхɨɞа ɨɬ ɞɟɤаɪɬɨвых 
ɤɨɨɪɞиɧаɬ ɤ ɝɪаɧичɧыɦ, ɬ.ɟ.: 
 

[ ]τννν
νν
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⎤⎢⎣
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Q .     (19) 

 

Сɨɩɪяɠɟɧɧыɣ ɨɩɟɪаɬɨɪ ɝɪаɞиɟɧɬа в ɝɪаɧич-
ɧых ɤɨɨɪɞиɧаɬах иɦɟɟɬ виɞ 

 

ΓΓΓΓ ∇=∇=∇=∇ QQQ ***** )( ,         (20) 

ɬ.ɤ.         =Γ*Q ΓQ . 

 

Заɦɟɬиɦ, чɬɨ 
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=Γ
2

Q ⎥⎦
⎤⎢⎣

⎡
− 12

21 νν
νν ⎥⎦

⎤⎢⎣
⎡

− 12

21 νν
νν ⎥⎦

⎤⎢⎣
⎡=

10

01
, 

 

ɨɬɤɭɞа ɫлɟɞɭɟɬ 
 

=−Γ1Q ΓQ  

 

Тɨɝɞа ɫɩɪавɟɞлива ɡавиɫиɦɨɫɬь 
 

ΓΓ∇=∇ Q ⎥⎦
⎤⎢⎣

⎡
∂−∂
∂+∂=
τν
τν νν

νν
12

21 τν τν ∂+∂= .  (21) 

 

Слɟɞɨваɬɟльɧɨ, 
 

ΤΤ ∂+∂=∇ τν τν *** .               (22) 

 

Кɪɨɦɟ ɬɨɝɨ 
 

**** )( ΓΓΓΓ ∇=∇=∇ QQ ΓΓ∇= Q* . 

 

Далɟɟ, ɨɩɪɟɞɟлиɦ ɩɨлɭчɟɧɧɭɸ в ɩɪɟɞыɞɭ-

щɟɦ ɩɭɧɤɬɟ ɨɫɧɨвɧɭɸ фɨɪɦɭлиɪɨвɤɭ ɤɪаɟ-
вɨɣ ɡаɞачи ɩɪиɦɟɧиɬɟльɧɨ ɤ ɝɪаɧичɧыɦ ɤɨ-
ɨɪɞиɧаɬаɦ. Тɨчɧɟɟ, ɩɟɪɟɨɩɪɟɞɟлɟɧиɸ ɩɨɞ-

лɟɠаɬ ɝɪаɧичɧыɟ ɞиффɟɪɟɧɰиальɧыɟ ɨɩɟɪа-
ɬɨɪы A  и *A . Для ɷɬɨɝɨ ɩɪɟɞваɪиɬɟльɧɨ 
ɩɪɟɞɫɬавиɦ в ɝɪаɧичɧых ɤɨɨɪɞиɧаɬах ɨɩɟɪа-
ɬɨɪы 1L  и *

1L : 

 

1L =
⎥⎥
⎥
⎦

⎤
⎢⎢
⎢
⎣

⎡
∂+∂∂+∂
∂+∂

∂+∂
=

τντν
τν

τν

τντν
τν

τν
1122

22

11

0

0

 

ννν
ν

ν
∂
⎥⎥
⎥
⎦

⎤
⎢⎢
⎢
⎣

⎡
=

12

2

1

0

0

τττ
τ

τ
∂
⎥⎥
⎥
⎦

⎤
⎢⎢
⎢
⎣

⎡
+

12

2

1

0

0

νν ∂Γ= ττ ∂Γ+ ,               

(23) 

ɝɞɟ 

νΓ ⎥⎥
⎥
⎦

⎤
⎢⎢
⎢
⎣

⎡
=

12

2

1

0

0

νν
ν

ν
 

τΓ ⎥⎥
⎥
⎦

⎤
⎢⎢
⎢
⎣

⎡
=

12

2

1

0

0

ττ
τ

τ
⎥⎥
⎥
⎦

⎤
⎢⎢
⎢
⎣

⎡
−

−=
21

1

2

0

0

νν
ν

ν
. 

 

(Заɦɟɬиɦ, чɬɨ ɦаɬɪиɰа νΓ  ɭɠɟ ɛыла ɨɩɪɟɞɟ-
лɟɧа в ɩɪɟɞыɞɭщɟɦ ɩɭɧɤɬɟ) 
Оɬɫɸɞа ɩɨлɭчиɦ ɩɪɟɞɫɬавлɟɧиɟ ɞля ɫɨɩɪя-
ɠɟɧɧɨɝɨ ɨɩɟɪаɬɨɪа *

1L : 

 
*

1L *)( νν ∂Γ= *)( ττ ∂Γ+ ** ννΓ∂= ** ττΓ∂+    (24) 

ɝɞɟ  

⎥⎦
⎤⎢⎣

⎡=Γ=Γ
12

21*

0

0

νν
νν

νν T  

⎥⎦
⎤⎢⎣

⎡=Γ=Γ
12

21*

0

0

ττ
ττ

ττ T ⎥⎦
⎤⎢⎣

⎡
−

−=
21

12

0

0

νν
νν

. 

 

Пɨɞɫɬавиɦ ɩɨлɭчɟɧɧыɟ выɪаɠɟɧия в A  и *A : 

 

A 2

***

1

* )( CLL ΓΓ Γ∇+−= δνδ ν
2

***

2

***

2

*

1

* CLCLCLL ΓΓΓ Γ∂−Γ∂−−= δτδννδ ντνν  

=− *A =+∇Γ ΓΓ )( 1

*

2 δνδ ν LCL

τννν τδνδδν ∂Γ+∂Γ+ ΓΓΓ CLCLCLL *

2

*

21

*

2  

 

Оɛɨɡɧачиɦ 

 

⎥⎥
⎥
⎦

⎤
⎢⎢
⎢
⎣

⎡
=⎥⎦

⎤⎢⎣
⎡
⎥⎥
⎥
⎦

⎤
⎢⎢
⎢
⎣

⎡
=Γ=Γ

21

2

2

2

1

2

1

12

2

1

2

0

0

νν
ν
ν

ν
ν

νν
ν

ν
νννν , 

[ ]21

2

2

2

1

* 2 νννννν =Γ , 

ντττν ντντ
ντ
ντ

ν
ν

ττ
τ

τ
ν Γ=

⎥⎥
⎥
⎦

⎤
⎢⎢
⎢
⎣

⎡
+

=⎥⎦
⎤⎢⎣

⎡
⎥⎥
⎥
⎦

⎤
⎢⎢
⎢
⎣

⎡
=Γ=Γ

1221

22

11

2

1

12

2

1

0

0

, 

[ ] *

12212211

* νττν ντντντντ Γ=+=Γ . 

 

Кɪɨɦɟ ɬɨɝɨ, ɡаɦɟɬиɦ, чɬɨ τ∂  и *τ∂  ɩɟɪɟɫɬаɧɨ-
вɨчɧы ɫ Γδ . Тɨɝɞа 
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A =− *A  

2

***

1

* )( CLL τντνδ Γ∂+−= Γ
+Γ∂− Γ 2

** CLνννδ  

Γ∂Γ++ δν τντ )( 1

*

2 LCL

νννδ ∂Γ+ ΓCL*

2 . 

 

Ввɟɞɟɦ ɫлɟɞɭɸщиɟ ɨɛɨɡɧачɟɧия ɞля фиɡиɤɨ-
ɝɟɨɦɟɬɪичɟɫɤих ɩɨɧяɬиɣ и ɫɨɨɬвɟɬɫɬвɭɸщих 
иɦ ɞиффɟɪɟɧɰиальɧых ɨɩɟɪаɬɨɪɨв. 
 

 =
⎥⎥
⎥
⎦

⎤
⎢⎢
⎢
⎣

⎡
=

12

22

11

M

M

M

M =wLM   

 

– вɟɤɬɨɪ вɧɭɬɪɟɧɧих ɦɨɦɟɧɬɨв, 
ɝɞɟ ML  – ɨɩɟɪаɬɨɪ вычиɫлɟɧия вɧɭɬɪɟɧɧих 
ɦɨɦɟɧɬɨв: 
 

2CLLM −=
⎥⎥
⎥
⎦

⎤
⎢⎢
⎢
⎣

⎡
∂∂

∂
∂

⎥⎥
⎥
⎦

⎤
⎢⎢
⎢
⎣

⎡
−

−=
21

2

2

2

1

22)1(00

01

01

ν
ν

ν
D

⎥⎥
⎥
⎦

⎤
⎢⎢
⎢
⎣

⎡
∂∂−
∂+∂
∂+∂

−=
21

2

2

2

1

2

2

2

1

)1( ν
ν

ν
D . 

 

 wLM Mνν =   

 

– иɡɝиɛаɸщиɣ ɦɨɦɟɧɬ (ɩɨ ɧɨɪɦали), 

ɝɞɟ νML  – ɨɩɟɪаɬɨɪ вычиɫлɟɧия ɦɨɦɟɧɬɨв ɩɨ 
ɧɨɪɦали: 

 

MM LL *ννν Γ= [ ]21

2

2

2

1 2 ννννD−=

⎥⎥
⎥
⎦

⎤
⎢⎢
⎢
⎣

⎡
∂∂−
∂+∂
∂+∂

21

2

2

2

1

2

2

2

1

)1( ν
ν

ν
. 

 

 wLM Mττ =   

 

– ɤɪɭɬящиɣ ɦɨɦɟɧɬ (ɩɨ ɤаɫаɬɟльɧɨɣ), 

ɝɞɟ τML  – ɨɩɟɪаɬɨɪ вычиɫлɟɧия ɦɨɦɟɧɬɨв ɩɨ 
ɤаɫаɬɟльɧɨɣ: 

 

MM LL *τντ Γ= = [ ]12212211 ντντντντ +− D

⎥⎥
⎥
⎦

⎤
⎢⎢
⎢
⎣

⎡
∂∂−
∂+∂
∂+∂

21

2

2

2

1

2

2

2

1

)1( ν
ν

ν
 

 wL
Q

Q
Q Q=⎥⎦

⎤⎢⎣
⎡=

2

1
  

 

– вɟɤɬɨɪ вɧɭɬɪɟɧɧих ɩɨɩɟɪɟчɧых ɫил, 
ɝɞɟ QL  – ɨɩɟɪаɬɨɪ вычиɫлɟɧия вɧɭɬɪɟɧɧих 
ɩɨɩɟɪɟчɧых ɫил: 
 

MQ LLL *
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⎡
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0
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2

2
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2

22

2
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2

21

2

21

2
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)1(

)1(

νν
νν

D

=⎥⎦
⎤⎢⎣

⎡
∂+∂∂
∂+∂∂−

)(

)(
2

2

2

12

2

2

2

11D 2

2

1 ∇⎥⎦
⎤⎢⎣

⎡
∂
∂− D . 

 

Слɟɞɨваɬɟльɧɨ, 
 

2∇∇−= DLQ . 

 wLQ Qνν =   

 

– ɝɪаɧичɧая ɩɨɩɟɪɟчɧая ɫила, 
ɝɞɟ νQL  – ɨɩɟɪаɬɨɪ вычиɫлɟɧия ɩɨɩɟɪɟчɧɨɣ 

ɫилы ɧа ɝɪаɧиɰɟ: 
 

QQ LL *νν = 2*∇∇−= νD 2∇∂−= νD 2*∇∂= νD . 

 wLMQV V=∂+−= ττν *   

 

– ɬаɤ ɧаɡываɟɦая ɨɛɨɛщɟɧɧая ɩɨɩɟɪɟчɧая ɫила, 
ɝɞɟ VL  – ɨɩɟɪаɬɨɪ вычиɫлɟɧия ɨɛɨɛщɟɧɧых 
ɩɨɩɟɪɟчɧых ɫил ɧа ɝɪаɧиɰɟ: 
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ττν MQV LLL *∂+−=  

 wννϕ ∂=   

 

– ɭɝɨл ɩɨвɨɪɨɬа ɩɨ ɧɨɪɦали. 

Иɫɩɨльɡɭя ɩɪɟɞɫɬавлɟɧɧыɟ выɲɟ ɨɛɨɡɧачɟ-
ɧия, ɩɨлɭчаɟɦ ɫлɟɞɭɸщɟɟ ɨɩɟɪаɬɨɪɧɨɟ ɫɨɨɬ-
ɧɨɲɟɧиɟ 
 

wLθ += Lwθ VΓδ ννδ MΓ∂+ * νν ϕδΓ− *

ML

wLV Γ− δ*                  (25)    

 

Таɤая ɡаɩиɫь ɨɩɟɪаɬɨɪɧɨɣ ɩɨɫɬаɧɨвɤи вɤлɸ-

чаɟɬ в явɧɨɦ виɞɟ ɧɟɩɨɫɪɟɞɫɬвɟɧɧɨ фиɡичɟ-
ɫɤиɟ вɟличиɧы, ɤɨɬɨɪыɟ ɨɩɪɟɞɟляɸɬ ɤɪаɟвыɟ 
ɭɫлɨвия. 
 

ɈȻЩАə ɉɈСɌАɇɈȼКА СɆȿɒАɇɇɈɃ 

КɊАȿȼɈɃ ɁАȾАЧИ 

 

Оɩɪɟɞɟлиɦ хаɪаɤɬɟɪиɫɬичɟɫɤиɟ фɭɧɤɰии 

ɤɪаɟвых ɭɫлɨвиɣ: 

 

⎩⎨
⎧

−
−=

ɡаɞаɧɨ ɧɟ,0

ɡаɞаɧɨ,1
)(1

w

w
xκ ⇒

⎩⎨
⎧ −=−=

ɡаɞаɧɨ-V1

ɡаɞаɧɨ ɧɟ ,0
)(1)(~

11
,

V
xx κκ ,      (26) 

⎩⎨
⎧

−
−=

ɡаɞаɧɨ ɧɟ,0

ɡаɞаɧɨ,1
)(2 ν

νϕ
ϕκ x ⇒  

⎩⎨
⎧ −=−=

ɡаɞаɧɨ-M1

ɡаɞаɧɨ ɧɟ ,0
)(1)(~

22 ν
νκκ

,

M
xx .  (27) 

 

Таɤиɦ ɨɛɪаɡɨɦ, хаɪаɤɬɟɪиɫɬичɟɫɤиɟ фɭɧɤ-
ɰии )(1 xκ  и )(~

1 xκ  в ɫɬаɧɞаɪɬɧых ɫлɭчаях 
ɨɪɬɨɝɨɧальɧы. Эɬɨ ɫвяɡаɧɨ ɫ фиɡичɟɫɤиɦи 

фаɤɬаɦи, ɬ.ɟ. ɧа ɝɪаɧиɰɟ ɡаɞаɧ лиɛɨ ɩɪɨɝиɛ, 

лиɛɨ ɨɛɨɛщɟɧɧая ɩɨɩɟɪɟчɧая ɫила. Аɧалɨ-
ɝичɧɨ, фɭɧɤɰии )(2 xκ  и )(~

2 xκ  ɬаɤɠɟ ɨɪɬɨ-
ɝɨɧальɧы, ɩɨɫɤɨльɤɭ ɫ фиɡичɟɫɤɨɣ ɬɨчɤи 

ɡɪɟɧия ɦɨɠɟɬ ɛыɬь ɡаɞаɧ лиɛɨ ɭɝɨл ɩɨвɨɪɨ-
ɬа, лиɛɨ иɡɝиɛаɸщиɣ ɦɨɦɟɧɬ. 
ȿɫли вɟличиɧа «D » ɡаɞаɧа, ɛɭɞɟɦ ɨɛɨɡɧачаɬь 
ɟё « D� ». Наɩɪиɦɟɪ, ɩɪи =)(1 xκ 1)(2 =xκ  – 

ɩɟɪвая ɤɪаɟвая ɡаɞача, ɬ.ɟ. ΓΓ = ww
�

  и  

ΓΓ = νν ϕϕ �
, а ɩɪи =)(1 xκ 0)(2 =xκ  – вɬɨɪая 

ɤɪаɟвая ɡаɞача, ɬ.ɟ. ΓΓ =VV
�

 и ΓΓ = νν MM
�

. 

В ɨɫɬальɧых ɫлɭчаях иɦɟɟɬ ɦɟɫɬɨ ɫɦɟɲаɧɧая 
ɤɪаɟвая ɡаɞача. 
Ввɟɞɟɦ ɫлɟɞɭɸщиɣ ɩɨлɟɡɧыɣ ɞля ɞальɧɟɣ-

ɲɟɝɨ иɡлɨɠɟɧия ɨɩɟɪаɬɨɪ 
 

A+= LL θ0                         (28) 

 

Эɬɨɬ ɨɩɟɪаɬɨɪ ɦɨɠɧɨ ɨɩɪɟɞɟлиɬь фɨɪɦɭлɨɣ 

 

2

*

20 CLLL θ= ,                      (29) 

 

ɨɬɤɭɞа ɫлɟɞɭɟɬ, чɬɨ ɨɧ ɫаɦɨɫɨɩɪяɠɟɧɧыɣ. 

Тɨɝɞа ɨɫɧɨвɧɨɟ ɨɩɟɪаɬɨɪɧɨɟ ɫɨɨɬɧɨɲɟɧиɟ 
(16) ɦɨɠɧɨ ɡаɩиɫаɬь в виɞɟ 
 

wwLwL *

0 A−=θ                    (30) 

 

Оɛɨɡɧачиɦ ɧаɝɪɭɡɤɭ вɧɭɬɪи ɨɛлаɫɬи 0F , ɬ.ɟ. 
 

0FLw =θ . 

 

Пɪɟɞɫɬавиɦ ɨɫɧɨвɧɨɟ ɨɩɟɪаɬɨɪɧɨɟ ɫɨɨɬɧɨ-
ɲɟɧиɟ (25) ɫлɟɞɭɸщиɦ ɨɛɪаɡɨɦ 

 

wLθ += 0F  

V)~( 11 κκδ ++ Γ −+∂+ Γ νν κκδ M)~( 22

*  

νν ϕκκδ )~( 22

* +− ΓML

wLV )~( 11

* κκδ +− Γ , 

 

ɡɞɟɫь иɫɩɨльɡɭɟɬɫя ɫɨɨɬɧɨɲɟɧиɟ 1~
11 =+κκ  

и 1~
22 =+κκ . 

С ɭчɟɬɨɦ ɤɪаɟвых ɭɫлɨвиɣ ɪаɡɨɛьɟɦ ɧа 
ɝɪɭɩɩы ɡаɞаɧɧыɟ и ɧɟиɡвɟɫɬɧыɟ вɟличиɧы 

 =wLθ  

V1κδ Γ= −∂+ Γ νν κδ M2

*

νν ϕκδ 2

* ~ΓML +− Γ wLV 1

* ~κδ  
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++ 0F V
�

1
~κδΓ −∂+ Γ νν κδ M

�
2

* ~

νν ϕκδ �
2

* ΓML wLV

�
1

* κδ Γ−                (31) 

 

ȼАɊИАЦИɈɇɇЫɃ ɉɈȾХɈȾ 

 

Ввɟɞɟɦ ɫлɟɞɭɸщиɟ ɨɛɨɡɧачɟɧия 
 

wΓA V1κδ Γ= νν κδ M2

* Γ∂+  

 

 – ɝɪаɧичɧыɣ ɨɩɟɪаɬɨɪ, ɫɨɨɬвɟɬɫɬвɭɸщиɣ 

ɡаɞаɧɧыɦ вɧɟɲɧиɦ ɧаɝɪɭɡɤаɦ, 

 

wΓA
~

νν ϕκδ 2

* ~Γ= ML wLV 1

* ~κδΓ+   

 

– ɝɪаɧичɧыɣ ɨɩɟɪаɬɨɪ, ɫɨɨɬвɟɬɫɬвɭɸщиɣ ɡаɞаɧ-
ɧыɦ ɩɟɪɟɦɟщɟɧияɦ (ɤиɧɟɦаɬичɟɫɤиɟ ɭɫлɨвия), 
 

=Γf V
�

1
~κδΓ νν κδ M

�
2

* ~Γ∂+   

 

– ɩɪавая чаɫɬь, ɫɨɨɬвɟɬɫɬвɭɸщая ɡаɞаɧɧыɦ 

ɧаɝɪɭɡɤаɦ, 

 

=Γg νν ϕκδ �
2

* ΓML wLV

�
1

* κδΓ+   

 

– ɩɪавая чаɫɬь, ɫɨɨɬвɟɬɫɬвɭɸщая ɡаɞаɧɧыɦ 

ɩɟɪɟɦɟщɟɧияɦ (ɤиɧɟɦаɬичɟɫɤиɦ ɭɫлɨвияɦ), 

 =F +0F Γf Γ− g   

 

– ɨɛɴɟɞиɧɟɧɧая ɩɪавая чаɫɬь. 
Тɨɝɞа ɩɨлɭчиɦ 

 

=wLθ wΓA wΓ− A~ F+ ,           (32) 

 

или, ɭчиɬывая  (30), 

 

wwL *

0 A− wΓ− A wΓ+ A~ F= .      (33) 

 

Ɋаɫɫɦɨɬɪиɦ выɪаɠɟɧиɟ ww Γ− AA ~*
: 

ww Γ− AA ~* νν ϕδΓ= *

ML wLV Γ+ δ* νν ϕκδ 2

* ~Γ− ML

wLV 1

* ~κδΓ− . 

 

Т.ɤ. 11 1~ κκ −=  и 22 1~ κκ −= , ɬɨ ɩɨлɭчиɦ, чɬɨ 

 

ww Γ− AA ~* νν ϕκδ 2

* Γ= ML wLV 1

* κδ Γ+  

или                   ww Γ− AA ~* w*Γ= A . 

 

Тɨɝɞа ɨɤɨɧчаɬɟльɧɨ ɭɪавɧɟɧиɟ (32) ɩɪиɦɟɬ виɞ 
 

FwL =~
,                       (34) 

ɝɞɟ                    *

0

~
ΓΓ −−= AALL . 

 

Очɟвиɞɧɨ, чɬɨ ɩɨлɭчɟɧɧая фɨɪɦɭлиɪɨвɤа 
ɤɪаɟвɨɣ ɡаɞачи иɦɟɟɬ ɫаɦɨɫɨɩɪяɠɟɧɧыɣ ɨɩɟ-
ɪаɬɨɪ. Оɬɦɟɬиɦ, чɬɨ ɬаɤая ɩɨɫɬаɧɨвɤа ɩɪɟɞ-
ɫɬавляɟɬ ɫɨɛɨɣ ɟɞиɧɨɟ ɭɪавɧɟɧиɟ, вɤлɸчаɸ-

щɟɟ в ɫɟɛя вɫɟ ɭɫлɨвия, ɨɩɪɟɞɟляɸщиɟ ɤɪаɟ-
вɭɸ ɡаɞачɭ ɤаɤ вɧɭɬɪи ɨɛлаɫɬи, ɬаɤ и ɧа ɟɟ 
ɝɪаɧиɰɟ. Пɪи ɷɬɨɦ ɟɝɨ ɦɨɠɧɨ ɪаɫɫɦаɬɪиваɬь 
ɧа лɸɛɨɣ ɨɤаɣɦляɸщɟɣ ɨɛлаɫɬи. Таɤɨɣ Оɩɟ-
ɪаɬɨɪ ɦɨɠɧɨ ɧаɡваɬь ɨɩɟɪаɬɨɪɨɦ ɠɟɫɬɤɨɫɬи. 

Саɦɨɫɨɩɪяɠɟɧɧɨɦɭ ɨɩɟɪаɬɨɪɭ (34) ɫɨɨɬвɟɬ-
ɫɬвɭɟɬ ваɪиаɰиɨɧɧая ɩɨɫɬаɧɨвɤа в виɞɟ 
ɤваɞɪаɬичɧɨɝɨ фɭɧɤɰиɨɧала. Таɤɨɣ фɭɧɤ-
ɰиɨɧал иɦɟɟɬ виɞ 
 

=Φ )(w ∫ dxwwL ),
~

(
2

1 ∫− dxwF ),(  

или  =Φ )(w ∫ dxwwL ),(
2

1
0 ∫ Γ− dxww ),(A

 ∫− dxwF ),( 0 ∫ Γ− dxwf ),( ∫ Γ+ dxwg ),( . 

 

Пɨɫɤɨльɤɭ 

 

=∫ Γ dxww ),(A ∫Γ ΓdwwLV ),(1κ
∫Γ Γ∂+ dwwLM ),(2 ννκ , 

=∫ Γ dxwf ),( ∫Γ ΓdwV ),(~
1

�κ ∫Γ Γ∂+ dwM ),(~
2 ννκ �

, 

=∫ Γ dxwg ),( ∫Γ ΓdwLw V ),(1

�κ
∫Γ Γ+ dwLM ),(2 ννϕκ �

, 

=∫ dxwwL ),( 0 ∫Ω dxwLwCL ),( 22 , 
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∫ dxwF ),( 0 ∫Ω= dxwF ),( 0 , 

 

ɤваɞɪаɬичɧыɣ фɭɧɤɰиɨɧал в ɪаɡвɟɪɧɭɬɨɦ 

виɞɟ ɦɨɠɧɨ ɩɪɟɞɫɬавиɬь ɤаɤ 
 

=Φ )(w ∫Ω dxwLwCL ),(
2

1
22 ∫Γ Γ− dwwLV ),(1κ
−Γ∂− ∫Γ dwwLM ),(2 ννκ  

∫Ω− dxwF ),( 0 ∫Γ Γ− dwV ),(~
1

�κ
+Γ∂− ∫Γ dwM ),(~

2 ννκ �
 

∫Γ Γ+ dwLw V ),(1

�κ ∫Γ Γ+ dwLM ),(2 ννϕκ �
   (35) 

 

Оɬɦɟɬиɦ, чɬɨ ɬаɤɨɣ фɭɧɤɰиɨɧал ɩɪи ɧɟɤɨɬɨ-
ɪых ɤиɧɟɦаɬичɟɫɤих ɭɫлɨвиях ( 11 =κ  или 

12 =κ ) ɦɨɠɟɬ ɧɟ ɛыɬь ɩɨлɨɠиɬɟльɧɨ ɨɩɪɟɞɟ-
лɟɧɧыɦ. Пɨɷɬɨɦɭ ɪɟɲɟɧиɟ ваɪиаɰиɨɧɧɨɣ ɡа-
ɞачи являɟɬɫя ɧɟ ɦиɧиɦɭɦ, а ɫɬаɰиɨɧаɪɧая 
ɬɨчɤа фɭɧɤɰиɨɧала (35) (фɭɧɤɰия )(xw  ɭɞɨв-
лɟɬвɨɪяɟɬ ɭɪавɧɟɧиɸ (34)). 

Оɫɨɛɟɧɧɨ ɦɨɠɧɨ ɨɬɦɟɬиɬь, чɬɨ ɩɪɟɞɫɬавлɟɧ-

ɧыɣ фɭɧɤɰиɨɧал являɟɬɫя ɛɟɡɭɫлɨвɧыɦ, ɬ.ɟ. 
ɩɪɨɫɬɪаɧɫɬвɨ фɭɧɤɰиɣ, ɧа ɤɨɬɨɪɨɦ ɨɧ ɨɩɪɟ-
ɞɟлɟɧ, ɧɟ иɦɟɟɬ ɨɝɪаɧичɟɧиɣ, ɤɪɨɦɟ ɧаличия 
вɬɨɪɨɣ ɩɪɨиɡвɨɞɧɨɣ. 

Таɤɨɣ фɭɧɤɰиɨɧал ɦɨɠɧɨ ɧаɡваɬь ɨɛɨɛщɟɧ-

ɧыɦ фɭɧɤɰиɨɧалɨɦ Ʌаɝɪаɧɠа. Оɬɦɟɬиɦ, чɬɨ 
ɟɫли ɪаɫɫɦаɬɪиваɬь ɟɝɨ ɧа ɦɧɨɠɟɫɬвɟ фɭɧɤ-
ɰиɣ, ɭɞɨвлɟɬвɨɪяɸщих ɤиɧɟɦаɬичɟɫɤиɦ ɨɝ-
ɪаɧичɟɧияɦ, ɬɨ ɩɨлɭчиɦ ɨɛычɧыɣ фɭɧɤɰиɨ-
ɧал Ʌаɝɪаɧɠа. 
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ГɊАɇИЧɇЫȿ ИɇɌȿГɊАɅɖɇЫȿ ɍɊАȼɇȿɇИə  
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Аɧɧɨтация: В ɧаɫɬɨящɟɣ ɫɬаɬьɟ ɪаɫɫɦаɬɪиваɟɬɫя ɫɦɟɲаɧɧая ɤɪаɟвая ɡаɞача иɡɝиɛа ɩлиɬы ɧа ɨɫɧɨвɟ иɫ-
ɩɨльɡɨваɧия ɨɛщɟɣ ɨɩɟɪаɬɨɪɧɨɣ ɩɨɫɬаɧɨвɤи ɫ иɫɩɨльɡɨваɧиɟɦ ɝɪаɧичɧɨɣ ɤɨɨɪɞиɧаɬɧɨɣ ɫиɫɬɟɦы и 

ɨɛɨɛщɟɧɧых фɭɧɤɰиɣ. 
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Ɋаɫɫɦаɬɪиваɟɬɫя ɫɦɟɲаɧɧая ɤɪаɟвая ɡаɞача 
иɡɝиɛа ɩлиɬы ɧа ɨɫɧɨвɟ иɫɩɨльɡɨваɧия ɨɛ-

щɟɣ ɨɩɟɪаɬɨɪɧɨɣ ɩɨɫɬаɧɨвɤи ɫ иɫɩɨльɡɨва-
ɧиɟɦ ɝɪаɧичɧɨɣ ɤɨɨɪɞиɧаɬɧɨɣ ɫиɫɬɟɦы и 

ɨɛɨɛщɟɧɧых фɭɧɤɰиɣ 

Оɩɟɪаɬɨɪɧая фɨɪɦɭлиɪɨвɤа ɡаɞачи ɞля ɟɫɬɟ-
ɫɬвɟɧɧых ɤɪаɟвых ɭɫлɨвиɣ иɦɟɟɬ виɞ 
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ɝɞɟ иɡɝиɛаɸщиɟ и ɤɪɭɬящиɣ ɦɨɦɟɧɬы 

122211 ,, MMM  ɨɩɪɟɞɟляɸɬɫя фɨɪɦɭлаɦи 
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вхɨɞящиɟ в ɷɬɨ ɩɪɟɞɫɬавлɟɧиɟ ɤɨɦɩɨɧɟɧɬы 

ɬɟɧɡɨɪа ɤɪивиɡɧы 122211 ,, χχχ  ɨɩɪɟɞɟля-
ɸɬɫя ɤаɤ 
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ν−= Eh
D  – ɰилиɧɞɪичɟɫɤая ɠɟɫɬɤɨɫɬь; 

h  – ɬɨлщиɧа; ν  – ɤɨɷффиɰиɟɧɬ Пɭаɫɫɨɧа; w  

– ɩɪɨɝиɛ ɩлиɬы; c  – ɠɟɫɬɤɨɫɬь ɨɫɧɨваɧия; q  

– ɩлɨɬɧɨɫɬь ɧаɝɪɭɡɤи; Q , xM , yM  – ɩɨɩɟ-
ɪɟчɧая ɫила и ɤɪɭɬящиɟ ɦɨɦɟɧɬы ɧа ɝɪаɧиɰɟ 
ɩлиɬы. 

Сɨɝлаɫɧɨ [2]ɨɩɟɪаɬɨɪ L  ɡаɞачи (2) (иɫхɨɞɧая 
фɨɪɦɭлиɪɨвɤа (1)) ɦɨɠɟɬ ɛыɬь ɩɪɟɞɫɬавлɟɧ в 
ɫлɟɞɭɸщɟɦ ɦɭльɬиɩлиɤаɬивɧɨɦ виɞɟ 
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В ɫвɨɸ ɨчɟɪɟɞь ɨɩɟɪаɬɨɪы 2L  и *

2L  ɦɨɠɧɨ 
ɩɪɟɞɫɬавиɬь ɤаɤ ɩɪɨиɡвɟɞɟɧия ɞиффɟɪɟɧɰи-

альɧых ɨɩɟɪаɬɨɪɨв ɩɟɪвɨɝɨ ɩɨɪяɞɤа 
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Пɪи ɩɪɟɞɫɬавлɟɧии иɫхɨɞɧɨɣ ɡаɞачи ɫ иɫɩɨль-
ɡɨваɧиɟɦ ɝɪаɧичɧых ɤɨɨɪɞиɧаɬ (ɬаɤ ɧаɡываɟ-
ɦыɟ «аɫɫɨɰииɪɨваɧɧыɟ ɤɨɨɪɞиɧаɬы» [7]) ɩɪи-

ɦɟɦ, чɬɨ ɩɨлɨɠиɬɟльɧɨɟ ɧаɩɪавлɟɧиɟ ɧɨɪɦали 

ɤ ɝɪаɧиɰɟ вɧɭɬɪɟɧɧɟɟ и ɩɨлɨɠиɬɟльɧɨɟ ɧа-
ɩɪавлɟɧиɟ ɨɫɧɨвɧɨɣ ɝɪаɧичɧɨɣ ɤɨɨɪɞиɧаɬы 

ɩɪɨɬив чаɫɨвɨɣ ɫɬɪɟлɤи. Кɪɨɦɟ ɬɨɝɨ, ɨɫи ɤɨ-
ɨɪɞиɧаɬ 1x  и 2x  ɧаɩɪавлɟɧы, ɫɨɨɬвɟɬɫɬвɟɧɧɨ, 
вɩɪавɨ и ввɟɪх. (Сɦ. ɪиɫ. 1.) Оɬɦɟɬиɦ, чɬɨ ɩɨ-
лɨɠиɬɟльɧɨɟ ɧаɩɪавлɟɧиɟ ɧɨɪɦали вɧɭɬɪь вы-

ɬɟɤаɟɬ иɡ ваɪиаɰиɨɧɧых ɩɨɫɬаɧɨвɨɤ. Ƚɪаɧич-
ɧыɟ ɤɨɨɪɞиɧаɬы ɨɪɬɨɝɨɧальɧы и ɨɛɪаɡɭɸɬɫя 
иɡ лиɧии вɞɨль ɝɪаɧиɰы и ɧɨɪɦали ɤ ɧɟɣ. 

Заɩиɲɟɦ фɨɪɦɭлы вычиɫлɟɧия ɩɪɨиɡвɨɞɧых 
в ɬɨчɤах ɝɪаɧиɰы ɩɨ ɧɨɪɦали и ɤаɫаɬɟльɧɨɣ: 
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или в вɟɤɬɨɪɧɨ-ɦаɬɪичɧɨɣ фɨɪɦɟ 

=∇Γ ⎥⎦
⎤⎢⎣

⎡
∂
∂⎥⎦

⎤⎢⎣
⎡=⎥⎦

⎤⎢⎣
⎡
∂
∂

2

1

21

21 ττ
νν

τ
ν ⎥⎦

⎤⎢⎣
⎡
∂
∂⎥⎦

⎤⎢⎣
⎡

−=
2

1

12

21 νν
νν

∇= ΓQ , 

 

ɝɞɟ ΓQ  – ɦаɬɪиɰа ɩɟɪɟхɨɞа ɨɬ ɞɟɤаɪɬɨвых 
ɤɨɨɪɞиɧаɬ ɤ ɝɪаɧичɧыɦ, ɬ.ɟ.: 
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Сɨɩɪяɠɟɧɧыɣ ɨɩɟɪаɬɨɪ ɝɪаɞиɟɧɬа в ɝɪаɧич-
ɧых ɤɨɨɪɞиɧаɬах иɦɟɟɬ виɞ 
 

ΓΓΓΓ ∇=∇=∇=∇ QQQ ***** )( ,   ɬ.ɤ.   =Γ*Q ΓQ . 
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Ниɠɟ ɩɪɟɞɫɬавиɦ ɨɩɟɪаɬɨɪы ɦɭльɬиɩлиɤа-
ɬивɧɨɝɨ ɪаɡлɨɠɟɧия ɨɩɟɪаɬɨɪа ɡаɞачи L  

(фɨɪɦɭла (2)) в ɝɪаɧичɧых ɤɨɨɪɞиɧаɬах. 
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В [2] ɛылɨ ɩɨлɭчɟɧɨ ɨɩɟɪаɬɨɪɧɨɟ выɪаɠɟɧиɟ 
ɞля ɫɦɟɲаɧɧɨɣ ɤɪаɟвɨɣ ɡаɞачи 
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 – вɟɤɬɨɪ вɧɭɬɪɟɧɧих ɦɨɦɟɧɬɨв, 
ɝɞɟ ML  – ɨɩɟɪаɬɨɪ вычиɫлɟɧия вɧɭɬɪɟɧɧих 
ɦɨɦɟɧɬɨв: 
 

2CLLM −=
⎥⎥
⎥
⎦

⎤
⎢⎢
⎢
⎣

⎡
∂∂−
∂+∂
∂+∂

−=
21

2

2

2

1

2

2

2

1

)1( ν
ν

ν
D ; 

 wLM Mνν =   

 

– иɡɝиɛаɸщиɣ ɦɨɦɟɧɬ (ɩɨ ɧɨɪɦали), 

ɝɞɟ νML  – ɨɩɟɪаɬɨɪ вычиɫлɟɧия ɦɨɦɟɧɬɨв ɩɨ 
ɧɨɪɦали: 
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– ɤɪɭɬящиɣ ɦɨɦɟɧɬ (ɩɨ ɤаɫаɬɟльɧɨɣ), 

ɝɞɟ τML  – ɨɩɟɪаɬɨɪ вычиɫлɟɧия ɦɨɦɟɧɬɨв ɩɨ 
ɤаɫаɬɟльɧɨɣ: 
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– вɟɤɬɨɪ вɧɭɬɪɟɧɧих ɩɨɩɟɪɟчɧых ɫил, 
ɝɞɟ QL  – ɨɩɟɪаɬɨɪ вычиɫлɟɧия вɧɭɬɪɟɧɧих 
ɩɨɩɟɪɟчɧых ɫил: 
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– ɝɪаɧичɧая ɩɨɩɟɪɟчɧая ɫила, 
ɝɞɟ νQL  – ɨɩɟɪаɬɨɪ вычиɫлɟɧия ɩɨɩɟɪɟчɧɨɣ 

ɫилы ɧа ɝɪаɧиɰɟ: 
 

QQ LL *νν = 2*∇∇−= νD 2∇∂−= νD 2*∇∂= νD ; 

 wLMQV V=∂+−= ττν *   

 

– ɬаɤ ɧаɡываɟɦая ɨɛɨɛщɟɧɧая ɩɨɩɟɪɟчɧая 
ɫила, 
ɝɞɟ VL  – ɨɩɟɪаɬɨɪ вычиɫлɟɧия ɨɛɨɛщɟɧɧых 
ɩɨɩɟɪɟчɧых ɫил ɧа ɝɪаɧиɰɟ: 
 

ττν MQV LLL *∂+−= ; 

 wννϕ ∂=   

– ɭɝɨл ɩɨвɨɪɨɬа ɩɨ ɧɨɪɦали; 

  1κ  и 2κ  – хаɪаɤɬɟɪиɫɬичɟɫɤиɟ 
фɭɧɤɰии ɤɪаɟвых ɭɫлɨвиɣ: 
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Хаɪаɤɬɟɪиɫɬичɟɫɤиɟ фɭɧɤɰии )(1 xκ  и )(~
1 xκ  

в ɫɬаɧɞаɪɬɧых ɫлɭчаях ɨɪɬɨɝɨɧальɧы. Эɬɨ 
ɫвяɡаɧɨ ɫ фиɡичɟɫɤиɦи фаɤɬаɦи, ɬ.ɟ. ɧа ɝɪа-
ɧиɰɟ ɡаɞаɧ лиɛɨ ɩɪɨɝиɛ, лиɛɨ ɨɛɨɛщɟɧɧая 
ɩɨɩɟɪɟчɧая ɫила. Аɧалɨɝичɧɨ, фɭɧɤɰии 

)(2 xκ  и )(~
2 xκ  ɬаɤɠɟ ɨɪɬɨɝɨɧальɧы, ɩɨ-

ɫɤɨльɤɭ ɫ фиɡичɟɫɤɨɣ ɬɨчɤи ɡɪɟɧия ɦɨɠɟɬ 
ɛыɬь ɡаɞаɧ лиɛɨ ɭɝɨл ɩɨвɨɪɨɬа, лиɛɨ иɡɝи-

ɛаɸщиɣ ɦɨɦɟɧɬ. 
Ввɟɞɟɦ ɨɛщɟɟ ɨɛɨɡɧачɟɧиɟ ɞля ɧɟиɡвɟɫɬɧых 1-

ɨɣ и 2-ɨɣ ɤɪаɟвых ɡаɞач: 
 

νν κϕκ
κκ

Mu

Vwu

222

111

~

~

+=
+=

                  (5) 

 

Пɨɫɤɨльɤɭ 

 

2,1,0~,1~~ ==⋅=⋅=⋅ sssssss κκκκκκ  

 

ɫɩɪавɟɞливы ɛɭɞɭɬ ɫлɟɞɭɸщиɟ ɪавɟɧɫɬва 
 

wu 111
~~ κκ =   ,    Vu 111 κκ = , 

νϕκκ 222
~~ =u   ,     νκκ Mu 222 = . 

 

Дɟлаɟɦ ɫɨɨɬвɟɬɫɬвɭɸщиɟ ɡаɦɟɧы в ɨɩɟɪа-
ɬɨɪɧɨɦ выɪаɠɟɧии (4) 

 

=wLθ 11uκδΓ −∂+ Γ 22

* uκδν 22

* ~ uLM κδν Γ  +− Γ 11

* ~ uLV κδ F            (6) 
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или                      =wLθ FuL +Γ ,                 (7) 

ɝɞɟ                             ⎥⎦
⎤⎢⎣

⎡=
2

1

u

u
u , 

=ΓuL 11uκδΓ −∂+ Γ 22

* uκδν 22

* ~ uLM κδν Γ
=− Γ 11

* ~ uLV κδ  

11

*

1

1

)~( uL

L

V �� 
�� 	�
Γ

ΓΓ −= κδκδ 22

*

2

*

2

)~( uL

L

M ��� 
��� 	�
Γ

ΓΓ −∂+ κδκδ νν

11uLΓ= 22uLΓ+ , 

ɬ.ɟ.     [ ]21 ΓΓΓ = LLL     и 

    =ΓuL [ ] ⎥⎦
⎤⎢⎣

⎡
ΓΓ

2

1

21
u

u
LL ,       (8) 

ɝɞɟ  1

*

11
~κδκδ ΓΓΓ −= VLL , 

   2

*

2

*

2
~κδκδ νν ΓΓΓ −∂= MLL . 

 

Пɭɫɬь ε  – фɭɧɞаɦɟɧɬальɧая фɭɧɤɰия ɨɩɟɪа-
ɬɨɪа L : 

 

22 ln
16

1
)( rrx πε = ,                (9) 

ɝɞɟ 2

2

2

1|| xxxr +==  

 

Тɨɝɞа 
 == wwθ )(* FuL +Γε .          (10) 

 

Иɫхɨɞя иɡ ɷɬɨɝɨ ɪавɟɧɫɬва, ɦɨɠɧɨ ɩɨлɭчиɬь 
ɫлɟɞɭɸщиɟ ɡавиɫиɦɨɫɬи, ɨɩɪɟɞɟлɟɧɧыɟ ɧа 
ɝɪаɧиɰɟ 
 

⎭⎬
⎫

+=
+=
Γ

Γ
FLuLLV

FuLw

VV **

*~*~~

111

111 εκεκκ
εκεκκ

 

⎭⎬
⎫

+=
∂+∂=

Γ
Γ

FLuLLM

FuL

MM **

*~*~~

222

222 εκεκκ
εκεκϕκ

ννν
ννν

 

 

Сɤлаɞываɟɦ ɨɛɴɟɞиɧɟɧɧыɟ фиɝɭɪɧыɦи 

ɫɤɨɛɤаɦи ɪавɟɧɫɬва и, иɫɩɨльɡɭя ɨɩɪɟɞɟлɟ-
ɧиɟ ɨɛщих ɧɟиɡвɟɫɬɧых, ɩɨлɭчаɟɦ ɫиɫɬɟɦɭ 
ɝɪаɧичɧых ɭɪавɧɟɧиɣ ɨɬɧɨɫиɬɟльɧɨ 1u  и 2u : 

FL

uLLu

FL

uLLu

M

M

V

V

*)~(                              

*)~(

*)~(                                  

*)~(

22

222

11

111

εκκ
εκκ

εκκ
εκκ

νν
νν

+∂+
++∂=

++
++=

Γ

Γ

  (11) 

 

Вɟɤɬɨɪɧая ɡаɩиɫь ɞля (11): 

 

[ ]
F

L

L

uLL
L

L

u

M

V

MV

M

V

*~

~

~,~*~

~

22

11

2

*

2

*

1

*

1

22

11

εκκ
κκ

δκκκκεκκ
κκ

νν

νννν

⎥⎦
⎤⎢⎣

⎡
+∂
++

+−∂−⎥⎦
⎤⎢⎣

⎡
+∂
+=

=
Γ  

 (12) 

или                       FuLu
~~ += ΓΓδ ,               (13) 

ɝɞɟ                

[ ]2

*

2

*

1

*

1

22

11 ~,~*~

~

~

κκκκεκκ
κκ

νννν MV

M

V
LL

L

L

L

−∂−⎥⎦
⎤⎢⎣

⎡
+∂
+=

=Γ
 

F
L

L
F

M

V
*~

~~

22

11 εκκ
κκ

νν ⎥⎦
⎤⎢⎣

⎡
+∂
+= . 

 

Ɋаɫɩиɲɟɦ ɩɨɞɪɨɛɧɟɟ ɨɩɟɪаɬɨɪ ΓL
~

: 

 

⎥⎦
⎤⎢⎣

⎡=Γ
2221

1211
~~

~~
~

LL

LL
L ,                  (14) 

ɝɞɟ        

1

*

111

1

*

11111

~**     

~*~~~

κεκκεκ
κεκκεκ

VVV

V

LLL

LL

−+
+−∗=

 

2

*

12

*

1

2

*

12

*

112

~**     

~*~~~

κεκκεκ
κεκκεκ

νν
νν

MVV

M

LLL

LL

−∂+
+−∂∗=

 

1

*

212

1

*

21221

~**     

~*~~~

κεκκεκ
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νν
ν

VMM

V

LLL

LL

−+
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2

*

22

*

2

2

*

22

*

222

~**     

~*~~~

κεκκεκ
κεκκεκ
νννν

νννν
MMM

M

LLL

LL

−∂+
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Выɩиɲɟɦ ɞля ɩɪиɦɟɪа ɫиɫɬɟɦы ɝɪаɧичɧых 
ɭɪавɧɟɧиɣ ɞля 1-ɨɣ и 2-ɨɣ ɤɪаɟвых ɡаɞач. 
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Пɟ ɪ в а я  ɤ ɪ а ɟ в а я  ɡ а ɞ а ч а .  

В ɷɬɨɦ ɫлɭчаɟ 
 

121 == κκ , 0~~
21 == κκ , Vu =1 , νMu =2 . 

 

Пɪи ɬаɤих ɡɧачɟɧиях 
 

ΓΓ = δ1L ,   ΓΓ ∂= δν*2L ,   [ ] ΓΓ ∂= δν*1L . 

 

Пɨɞɫɬавляɟɦ в (11) 

 [ ]
[ ] FL

M

V
LM

FL
M

V
LV

MM

VV

*1*

*1*

*

*

εδε
εδε

ννννν

νν

+⎥⎦
⎤⎢⎣

⎡∂=

+⎥⎦
⎤⎢⎣

⎡∂=

Γ

Γ
 

 

или в вɟɤɬɨɪɧɨɦ виɞɟ 
 [ ] F

L

L

M

V

L

L

M

V

M

V

M

V
*1* * εδε

ννννν ⎥⎦
⎤⎢⎣

⎡+⎥⎦
⎤⎢⎣

⎡∂⎥⎦
⎤⎢⎣

⎡=⎥⎦
⎤⎢⎣

⎡
Γ . 

 

Зɞɟɫь  
 

=ΓL
~ [ ] Γ∂⎥⎦

⎤⎢⎣
⎡ δε νν

*1*
M

V

L

L
. 

 

Оɛɨɡɧачиɦ  

 

=1A [ ]*1* νν
ε ∂⎥⎦
⎤⎢⎣

⎡
M

V

L

L
 

 

В ɬ ɨ ɪ а я  ɤ ɪ а ɟ в а я  ɡ а ɞ а ч а .  

В ɷɬɨɦ ɫлɭчаɟ 
 

021 == κκ , 1~~
21 == κκ , wu =1 , νϕ=2u . 

 

Пɪи ɬаɤих ɡɧачɟɧиях 
 

ΓΓ −= δ*

1 VLL ,   ΓΓ −= δν*

2 MLL ,   [ ] ΓΓ −= δν**

MV LLL . 

 

Пɨɞɫɬавляɟɦ в (11) 

[ ]
[ ] F

w
LL

F
w

LLw

MV

MV

**

**

**

**

εϕδεϕ
εϕδε

ννννν

νν

∂+⎥⎦
⎤⎢⎣

⎡−∂=

+⎥⎦
⎤⎢⎣

⎡−=

Γ

Γ
 

 

или в вɟɤɬɨɪɧɨɦ виɞɟ 
 [ ] F

w
LL

w
MV *

1
*

1
** εϕδεϕ ννννν ⎥⎦

⎤⎢⎣
⎡
∂+⎥⎦

⎤⎢⎣
⎡⎥⎦

⎤⎢⎣
⎡
∂−=⎥⎦

⎤⎢⎣
⎡

Γ  

 

Зɞɟɫь  
 

=ΓL
~ [ ] Γ⎥⎦

⎤⎢⎣
⎡
∂− δε νν

***
1

MV LL . 

 

Оɛɨɡɧачиɦ  

 

=2A [ ]***
1

νν
ε MV LL⎥⎦
⎤⎢⎣

⎡
∂− . 

 

Таɤиɦ ɨɛɪаɡɨɦ, ɦɟɠɞɭ ɝɪаɧичɧыɦи ɨɩɟɪаɬɨ-
ɪаɦи 1-ɨɣ и 2-ɨɣ ɝɪаɧичɧых ɡаɞач иɦɟɟɬ ɦɟ-
ɫɬɨ ɫɨɨɬɧɨɲɟɧиɟ 
 

=1A *

2A− . 

 

ɁАɆȿЧАɇИȿ 

 

Иɫɫлɟɞɨваɧия ɩɪɨвɨɞилиɫь в ɪаɦɤах НИɊ 

«Пɨɫɬɪɨɟɧиɟ и аɧалиɡ ɤɨɪɪɟɤɬɧых аɧалиɬи-

чɟɫɤих ɦɟɬɨɞɨв и алɝɨɪиɬɦɨв ɪаɫчɟɬа ɤɨɧɫɬ-
ɪɭɤɰиɣ ɪɟɝɭляɪɧɨɣ ɫɬɪɭɤɬɭɪы», выɩɨлɧяɟ-
ɦɨɣ ɩɨ Плаɧɭ НИɊ Ɋɨɫɫиɣɫɤɨɣ аɤаɞɟɦии аɪ-
хиɬɟɤɬɭɪы и ɫɬɪɨиɬɟльɧых ɧаɭɤ (ɊААСН) ɧа 
2007-2009 ɝɝ. и НИɊ «Ɋаɡɪаɛɨɬɤа и иɫɫлɟɞɨ-
ваɧиɟ ɭɧивɟɪɫальɧых ɤɨɪɪɟɤɬɧых ɦɟɬɨɞɨв 
ɬɨчɧɨɝɨ аɧалиɬичɟɫɤɨɝɨ ɪɟɲɟɧия ɦɧɨɝɨɬɨ-
чɟчɧых ɤɪаɟвых ɡаɞач ɪаɫчɟɬа ɫɬɪɨиɬɟльɧых 
ɤɨɧɫɬɪɭɤɰиɣ, ɡɞаɧиɣ и ɫɨɨɪɭɠɟɧиɣ», яв-
ляɸщɟɣɫя ɩɨɛɟɞиɬɟлɟɦ ɤɨɧɤɭɪɫа ɝɪаɧɬɨв 
ɊААСН 2007 ɝ. ɞля ɦɨлɨɞых ɭчɟɧых и ɫɩɟ-
ɰиалиɫɬɨв, вɤлɸчɟɧɧɨɣ в ɩлаɧ НИɊ ɊААСН 

ɧа 2008 ɝ. 
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ɆɈɇИɌɈɊИɇГ ȾИɇАɆИЧȿСКИХ ɉАɊАɆȿɌɊɈȼ ɇȿСɍЩИХ 

КɈɇСɌɊɍКЦИɃ ɉɈКɊЫɌИə КɊЫɌɈГɈ КɈɇɖКɈȻȿɀɇɈГɈ 

ЦȿɇɌɊА (ККЦ) ȼ КɊЫɅАɌСКɈɆ (К ɉɊɈȻɅȿɆȿ АȼАɊИИ 

ɇȿСɍЩȿГɈ ЭɅȿɆȿɇɌА ɉɈКɊЫɌИə) 
 

Ƚ.Э. Шаɛлиɧскиɣ, Д.А. Зуɛков 
Мɨɫɤɨвɫɤиɣ ɝɨɫɭɞаɪɫɬвɟɧɧыɣ ɫɬɪɨиɬɟльɧыɣ ɭɧивɟɪɫиɬɟɬ, ɝ. Мɨɫɤва, Ɋɨɫɫия 

 
Аɧɧɨтация: В ɧаɫɬɨящɟɣ ɫɬаɬьɟ ɪаɫɫɦаɬɪиваɸɬɫя вɨɩɪɨɫы ɦɨɧиɬɨɪиɧɝа ɞиɧаɦичɟɫɤих ɩаɪаɦɟɬɪɨв ɧɟ-
ɫɭщих ɤɨɧɫɬɪɭɤɰиɣ ɩɨɤɪыɬия ɤɪыɬɨɝɨ ɤɨɧьɤɨɛɟɠɧɨɝɨ ɰɟɧɬɪа в Кɪылаɬɫɤɨɦ. Диɧаɦичɟɫɤиɣ ɦɨɧиɬɨɪиɧɝ 
ɫɬɪɨиɬɟльɧых ɤɨɧɫɬɪɭɤɰиɣ являɟɬɫя ɧɟɨɛхɨɞиɦыɦ ɭɫлɨвиɟɦ ɞля иɧɬɟɝɪальɧɨɣ ɨɰɟɧɤи ɫɨɫɬɨяɧия ɫɨɨɪɭ-
ɠɟɧия, ɨɩɪɟɞɟлɟɧия ɨɫɬаɬɨчɧɨɝɨ ɪɟɫɭɪɫа ɟɝɨ ɪаɛɨɬы. 

 

 

MONITORING OF DYNAMIC PARAMETERS OF STRUCTURAL 

MEMBERS OF A ROOFING OF THE COVERED SKATING  

CENTER IN KRYLATSKY (TO A PROBLEM OF FAILURE OF A 

STRUCTURAL MEMBER OF A ROOFING) 
 

G.E.Shablinsky, D.A.Zubkov 
Moscow State University of Civil Engineering, Moscow, Russia 

 
Abstract: Several questions of monitoring of dynamic parameters of structural members of a roofing of the cov-

ered skating centre in Krylatsky are considered in the distinctive paper. Dynamic monitoring of structure is nec-

essary for integrated estimation of stress and strain state of structure and definition of expected service.                        
                                                  
ЦȿɅИ ȾИɇАɆИЧȿСКɈГɈ  

ɆɈɇИɌɈɊИɇГА 

 

Диɧаɦичɟɫɤиɟ хаɪаɤɬɟɪиɫɬиɤи ɡɞаɧиɣ (чаɫ-
ɬɨɬы и фɨɪɦы ɫɨɛɫɬвɟɧɧых ɤɨлɟɛаɧиɣ, лɨɝа-
ɪифɦичɟɫɤиɟ ɞɟɤɪɟɦɟɧɬы ɤɨлɟɛаɧиɣ) явля-
ɸɬɫя ваɠɧыɦи иɞɟɧɬифиɤаɰиɨɧɧыɦи ɩаɪа-
ɦɟɬɪаɦи, ɞаɠɟ ɨɬɧɨɫиɬɟльɧɨ ɧɟɛɨльɲиɟ иɡ-
ɦɟɧɟɧия, ɤɨɬɨɪых ɭɤаɡываɸɬ ɧа вɨɡɦɨɠ-

ɧɨɫɬь ɫɭщɟɫɬвɟɧɧых ɨɬɤлɨɧɟɧиɣ в ɫɬɪɭɤɬɭɪɟ 
ɤɨɧɫɬɪɭɤɰии (иɡɦɟɧɟɧиɟ хаɪаɤɬɟɪа ɫвяɡɟɣ, 

ɫвɨɣɫɬв ɦаɬɟɪиала и ɝɪɭɧɬɨвɨɝɨ ɨɫɧɨваɧия). 
Пɨɷɬɨɦɭ ɞиɧаɦичɟɫɤиɣ ɦɨɧиɬɨɪиɧɝ ɫɬɪɨи-

ɬɟльɧых ɤɨɧɫɬɪɭɤɰиɣ являɟɬɫя ɧɟɨɛхɨɞиɦыɦ 

ɭɫлɨвиɟɦ ɞля иɧɬɟɝɪальɧɨɣ ɨɰɟɧɤи ɫɨɫɬɨя-
ɧия ɫɨɨɪɭɠɟɧия, ɨɩɪɟɞɟлɟɧия ɨɫɬаɬɨчɧɨɝɨ 
ɪɟɫɭɪɫа ɟɝɨ ɪаɛɨɬы. 

Кɪыɬыɣ ɤɨɧьɤɨɛɟɠɧыɣ ɰɟɧɬɪ ɫɬɪɭɤɬɭɪɧɨ 
ɩɪɟɞɫɬавляɟɬ ɫɨɛɨɣ в ɩлаɧɟ ɩɨлɨвиɧɭ ɤɪɭɝа 

ɪаɞиɭɫɨɦ 117,3ɦ, ɝɞɟ ɩɪɨɫɬɪаɧɫɬвɨ ɧаɞ лɟɞɨ-
выɦ ɩɨлɟɦ и ɬɪиɛɭɧаɦи (27 ɬыɫ. ɦ2

) ɩɟɪɟ-
ɤɪываɟɬɫя фɟɪɦаɦи ɩɪɨлёɬаɦи чɭɬь ɛɨлɟɟ 
50ɦ ɫ ɩɪɨɦɟɠɭɬɨчɧɨɣ ɨɩɨɪɨɣ в виɞɟ ɨɩɨɪ-
ɧɨɣ ɤɨльɰɟвɨɣ ɛалɤи, ɩɨɞвɟɲɟɧɧɨɣ 19-ɸ 

ваɧɬаɦи ɤ ɩилɨɧɭ выɫɨɬɨɣ ɨɤɨлɨ 50ɦ. Пилɨɧ 

ɩɨɞɤɪɟɩлёɧ ɞвɭɦя ɪаɫɬяɧɭɬыɦи ɷлɟɦɟɧɬаɦи 

– ɨɬɬяɠɤаɦи, ɤɨɬɨɪыɟ ɪаɡɧɟɫɟɧы ɧа 25 ɦɟɬ-
ɪɨв ɞɪɭɝ ɨɬ ɞɪɭɝа. Сɠаɬыɣ ɩилɨɧ, ɤ ɤɨɬɨɪɨ-
ɦɭ ɫхɨɞяɬɫя 19 ваɧɬ, ɨɩиɪаɟɬɫя ɧа ɠɟлɟɡɨɛɟ-
ɬɨɧɧɭɸ ɨɩɨɪɭ – ɬɭɦɛɭ. Эɬа ɨɩɨɪа вɨɫɩɪиɧи-

ɦаɟɬ вɟɪɬиɤальɧɭɸ ɧаɝɪɭɡɤɭ ɨɬ ɩилɨɧа и ɝɨ-
ɪиɡɨɧɬальɧыɟ ɭɫилия ɨɬ ɨɬɬяɠɟɤ и ваɧɬ, 
ɩɨɞɞɟɪɠиваɸщих фɟɪɦы, а ɬаɤɠɟ ɨɩɨɪɧыɟ 
ɪɟаɤɰии ɪаɞиальɧых фɟɪɦ. ɍ ɨɬɬяɠɟɤ, 
иɦɟɸщих ɩɟɪɟлɨɦ в ɭɪɨвɧɟ вɟɪха ɝлавɧɨɣ 

ɨɩɨɪы – ɬɭɦɛы, вɟɪɬиɤальɧыɟ ɪаɫɬяɧɭɬыɟ 
ɷлɟɦɟɧɬы ɡааɧɤɟɪɟɧы в ɦаɫɫивɧыɣ ɠɟлɟɡɨ-
ɛɟɬɨɧɧыɣ фɭɧɞаɦɟɧɬ. 
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Ɋиɫ.1. Оɛщиɣ виɞ Кɪыɬɨɝɨ Кɨɧьɤɨɛɟɠɧɨɝɨ Цɟɧɬɪа. 
 

Эɬɨ ɭɧиɤальɧɨɟ ɫɨɨɪɭɠɟɧиɟ ɬɨльɤɨ в ɫɟɧ-

ɬяɛɪɟ 2004 ɝɨɞа ввɟɞɟɧɨ в ɷɤɫɩлɭаɬаɰиɸ, и 

ɞлиɬɟльɧыɣ ɦɨɧиɬɨɪиɧɝ ɟɝɨ ɫɨɫɬɨяɧия ɩɪɟɞ-
ɩɨлаɝал вɫɟɫɬɨɪɨɧɧɟɟ ɨɛɫлɟɞɨваɧиɟ ɟɝɨ 
ɫɬɪɨиɬɟльɧых ɤɨɧɫɬɪɭɤɰиɣ и ɩɟɪиɨɞичɟɫɤиɟ 
иɡɦɟɪɟɧия ɞиɧаɦичɟɫɤих ɧаɝɪɭɡɨɤ. К ɫɨɠа-
лɟɧиɸ, ɬаɤɨɣ ɦɨɧиɬɨɪиɧɝ ɧɟ ɛыл ɪɟалиɡɨваɧ, 

и 22 ɧɨяɛɪя 2007 ɝɨɞа ɩɪɨиɡɨɲлɨ ɪаɡɪɭɲɟ-
ɧиɟ вɬɭлɤи ɨɞɧɨɣ иɡ ɞвɭх ɰɟɩɧых ɨɬɬяɠɟɤ, 
чɬɨ ɩɪивɟлɨ ɤ ɞɟфɨɪɦаɰии вɫɟɝɨ ɩɨɤɪыɬия и 

ɭɝɪɨɡɟ ɟɝɨ ɩɨлɧɨɝɨ ɪаɡɪɭɲɟɧия. 
Наɫɬɨящиɣ ɰиɤл иɡɦɟɪɟɧиɣ, ɛыл выɩɨлɧɟɧ 

10 ɦаɪɬа 2005 ɝɨɞа и хаɪаɤɬɟɪиɡɨвалɫя ɡиɦ-

ɧиɦи ɭɫлɨвияɦи ɷɤɫɩлɭаɬаɰии ɩɪи ɡɧачи-

ɬɟльɧɨɦ ɭɪɨвɧɟ ɫɧɟɝɨвɨɣ ɧаɝɪɭɡɤи ɧа ɤɪɨвлɟ 
ɡɞаɧия.                                     
Иɡɦɟɪɟɧия ɤɨлɟɛаɧиɣ ɩɪɨвɨɞилиɫь ɧа ɨɩɨɪ-
ɧɨɣ ɤɨльɰɟвɨɣ ɛалɤɟ. Кɨлɟɛаɧия ɷɬɨɣ ɛалɤи 

являɸɬɫя ɤлɸчɟвыɦи ɞля ɩɨɧиɦаɧия ɞиɧа-
ɦичɟɫɤɨɣ ɪаɛɨɬы вɫɟɣ ɤɨɧɫɬɪɭɤɰии, ɬ.ɤ. ɨɧа 
ɫ ɨɞɧɨɣ ɫɬɨɪɨɧы ɨɬɪаɠаɟɬ ɤɨлɟɛаɧия ɩилɨɧа 
и ваɧɬ ɩɨɞɞɟɪɠиваɸщих ɟё, а ɫ ɞɪɭɝɨɣ ɫɬɨ-
ɪɨɧы – ɤɨлɟɛаɧия ɨɩиɪаɸщихɫя ɧа ɧɟё фɟɪɦ 

ɩɟɪɟɤɪыɬия. Тɪи виɛɪɨɦɟɬɪа СМ – 3 ɛыли 

ɭɫɬаɧɨвлɟɧы ɧа ɨɩɨɪɧɭɸ ɛалɤɭ ɪяɞɨɦ ɫ ɨɞ-

ɧиɦ иɡ ɭɡлɨв ɤɪɟɩлɟɧия ваɧɬ и фɟɪɦ ɩɟɪɟ-
ɤɪыɬия ɞля иɡɦɟɪɟɧия вɟɪɬиɤальɧых ɤɨлɟɛа-
ɧиɣ и 2-х вɡаиɦɧɨ ɩɟɪɩɟɧɞиɤɭляɪɧых ɝɨɪи-

ɡɨɧɬальɧых ɤɨлɟɛаɧиɣ (ɬаɧɝɟɧɰиальɧых и 

ɪаɞиальɧых). В ɤачɟɫɬвɟ вɨɡɛɭɞиɬɟлɟɣ ɤɨлɟ-
ɛаɧиɣ ɫлɭɠила вɟɬɪɨвая ɧаɝɪɭɡɤа и ɪаɛɨɬа 
ɬɟхɧɨлɨɝичɟɫɤɨɝɨ ɨɛɨɪɭɞɨваɧия ККЦ.  Оɛɪа-
ɡɟɰ ɡаɩиɫи ɫɤɨɪɨɫɬɟɣ ɤɨлɟɛаɧиɣ и ɫɨɨɬвɟɬɫɬ-
вɭɸщиɟ иɦ ɫɩɟɤɬɪальɧыɟ ɩлɨɬɧɨɫɬи ɩɪивɟ-
ɞɟɧы ɧа ɪиɫ. 2. Пɪи  виɡɭальɧɨɦ аɧалиɡɟ ɡа-
ɩиɫɟɣ ɤɨлɟɛаɧиɣ ɦɨɠɧɨ ɡаɦɟɬиɬь, чɬɨ вɫɟ 
ɨɧи иɦɟɸɬ ɫлɨɠɧыɣ хаɪаɤɬɟɪ ɫɭщɟɫɬвɟɧɧɨ 
ɪаɡличɧыɣ ɩɨ ɤаɠɞɨɦɭ ɧаɩɪавлɟɧиɸ. Вɟɪɬи-

ɤальɧыɟ ɤɨлɟɛаɧия иɦɟɸɬ ɡаɦɟɬɧɨ ɛɨлɟɟ 
ɧиɡɤɨчаɫɬɨɬɧыɣ хаɪаɤɬɟɪ ɩɪи ɫɭщɟɫɬвɟɧɧɨ 
ɛɨльɲих ɡɧачɟɧиях аɦɩлиɬɭɞ ɩɨ ɫɪавɧɟɧиɸ 

ɫ ɝɨɪиɡɨɧɬальɧыɦи ɤɨлɟɛаɧияɦи. Ɋаɫɫɦɨɬ-
ɪиɦ ɬɟɩɟɪь ɫɩɟɤɬɪальɧыɟ ɩлɨɬɧɨɫɬи ɷɬих ɡа-
ɩиɫɟɣ.  В вɟɪɬиɤальɧɨɦ ɧаɩɪавлɟɧии ɨɬɦɟ-
чɟɧɨ 5 ɩиɤɨв в ɞиаɩаɡɨɧɟ 0 – 10 Ƚɰ. Саɦыɣ 

ɧиɡɤɨчаɫɬɨɬɧыɣ и ɨɬɧɨɫиɬɟльɧɨ выɫɨɤиɣ 

ɩиɤ ɡафиɤɫиɪɨваɧ ɧа чаɫɬɨɬɟ 0,7 Ƚɰ. Далɟɟ 
ɫлɟɞɭɟɬ ɫаɦыɣ выɫɨɤиɣ ɩиɤ ɧа чаɫɬɨɬɟ 1,1  



Мɨɧиɬɨɪиɧɝ ɞиɧаɦичɟɫɤих ɩаɪаɦɟɬɪɨв ɧɟɫɭщих ɤɨɧɫɬɪɭɤɰиɣ ɩɨɤɪыɬия ɤɪыɬɨɝɨ ɤɨɧьɤɨɛɟɠɧɨɝɨ ɰɟɧɬɪа (ККЦ) 
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Ɋиɫ.2-а. Оɛɪаɡɟɰ ɡаɩиɫи ɤɨлɟɛаɧиɣ ɧа ɨɩɨɪɧɨɦ ɤɨльɰɟ ɤɨɧɫɬɪɭɤɰии ККЦ; ɫвɟɪхɭ вɧиɡ: вɟɪ-
ɬиɤальɧыɟ, ɬаɧɝɟɧɰиальɧыɟ и ɪаɞиальɧыɟ ɤɨлɟɛаɧия (ɡаɩиɫь ɫɞɟлаɧа 10.03.2005), ɦɦ/ɫ. 

 

Сɩɟɤɬɪальɧая ɩлɨɬɧɨɫɬь ɡаɩиɫи вɟɪɬиɤальɧых ɤɨлɟɛаɧиɣ. 

Сɩɟɤɬɪальɧая ɩлɨɬɧɨɫɬь ɡаɩиɫи ɬаɧɝɟɧɰиальɧых ɝɨɪиɡɨɧɬальɧых ɤɨлɟɛаɧиɣ. 

 Сɩɟɤɬɪальɧая ɩлɨɬɧɨɫɬь ɡаɩиɫи ɪаɞиальɧых ɝɨɪиɡɨɧɬальɧых ɤɨлɟɛаɧиɣ. 

Ɋиɫ. 2-ɛ. Оɛɪаɡɟɰ фɪаɝɦɟɧɬа ɡаɩиɫи и ɫɨɨɬвɟɬɫɬвɭɸщиɟ ɫɩɟɤɬɪальɧыɟ ɩлɨɬɧɨɫɬи ɤɨлɟɛаɧиɣ 

ɧа ɨɩɨɪɧɨɦ ɤɨльɰɟ ККЦ. 
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Ɋиɫ. 3. Фɪаɝɦɟɧɬы ɡаɩиɫи ɭɫɤɨɪɟɧиɟ (ɦɦ/c

2
) вɛлиɡи ɭɡлɨвɨɣ ɬɨчɤи ɧа ɨɩɨɪɧɨɦ ɤɨльɰɟ ККЦ 

(ɡаɩиɫь ɫɞɟлаɧа 10.03.2005). 
 

Ƚɰ и ɟщё ɬɪи ɡаɦɟɬɧых ɩиɤа ɧа чаɫɬɨɬах 1,4; 

2,5 и 4,6 Ƚɰ.  В ɝɨɪиɡɨɧɬальɧɨɦ ɬаɧɝɟɧɰи-

альɧɨɦ ɧаɩɪавлɟɧии ɩɟɪвыɟ ɬɪи ɨɬɧɨɫиɬɟль-
ɧɨ ɧɟвыɫɨɤих ɩиɤа ɫɨɨɬвɟɬɫɬвɭɸɬ чаɫɬɨɬаɦ 

ɩɟɪвых 3-х ɩиɤɨв в вɟɪɬиɤальɧɨɦ ɧаɩɪавлɟ-
ɧии (0,7 Ƚɰ; 1,1 Ƚɰ и 1,4 Ƚɰ). 

Два ɫаɦых выɫɨɤих и, ɩɪиɦɟɪɧɨ, ɪавɧɨвɟли-

ɤих ɩиɤа ɫɨɨɬвɟɬɫɬвɭɸɬ чаɫɬɨɬаɦ 4,2 и 4,6 

Ƚɰ. В ɝɨɪиɡɨɧɬальɧɨɦ ɪаɞиальɧɨɦ ɧаɩɪавлɟ-
ɧии ɫаɦыɣ выɫɨɤиɣ ɩиɤ ɡафиɤɫиɪɨваɧ ɧа 
ɧиɡɲɟɣ чаɫɬɨɬɟ 2,3 Ƚɰ. Заɬɟɦ ɦɨɠɧɨ ɨɬɦɟ-
ɬиɬь ɟщё ɞва ɨɬɧɨɫиɬɟльɧɨ выɫɨɤих ɩиɤа ɧа 
чаɫɬɨɬах 4,6 Ƚɰ и 26,6 Ƚɰ. 

ɍчиɬывая ɫɩɟɰифиɤɭ ɬɨчɤи иɡɦɟɪɟɧия ɤɨлɟ-
ɛаɧиɣ, ɦɨɠɧɨ ɩɪɟɞɩɨлɨɠиɬь, чɬɨ в ɩɨлɭчɟɧ-

ɧых ɫɩɟɤɬɪах ɩɪɨявилиɫь ɫɨɛɫɬвɟɧɧыɟ ɤɨлɟ-
ɛаɧия ɩилɨɧа, фɟɪɦ ɩɟɪɟɤɪыɬия и ɨɩɨɪɧɨɝɨ 
ɤɨльɰа ɷɬɨɝɨ ɫлɨɠɧɨɝɨ иɧɠɟɧɟɪɧɨɝɨ ɫɨɨɪɭ-
ɠɟɧия. Для ɛɨлɟɟ ɝлɭɛɨɤɨɝɨ аɧалиɡа хаɪаɤ-
ɬɟɪа ɤɨлɟɛаɧиɣ ɩɨɤɪыɬия ɤɨɧьɤɨɛɟɠɧɨɝɨ 
ɰɟɧɬɪа ɩɪɟɞɫɬавляɟɬ иɧɬɟɪɟɫ ɩɪɟɞɫɬавиɬь ɷɬи 

ɤɨлɟɛаɧия в ɭɫɤɨɪɟɧиях и ɫɦɟщɟɧиях, ɩɪɨ-
иɡвɟɞя ɫɨɨɬвɟɬɫɬвɟɧɧɨ ɞиффɟɪɟɧɰиɪɨваɧиɟ и 

иɧɬɟɝɪиɪɨваɧиɟ фɭɧɤɰии ɫɤɨɪɨɫɬɟɣ ɤɨлɟɛа-
ɧиɣ. 

На ɪиɫ.3 ɩɪивɟɞɟɧы фɪаɝɦɟɧɬы ɡаɩиɫи ɭɫɤɨ-
ɪɟɧиɣ, иɡ ɤɨɬɨɪых виɞɧɨ, чɬɨ в вɟɪɬиɤальɧɨɦ 

ɧаɩɪавлɟɧии аɦɩлиɬɭɞы ɭɫɤɨɪɟɧиɣ, ɞɨɫɬи-

ɝаɸщиɟ 6 ɦɦ/ɫ2
, ɩɪиɦɟɪɧɨ вɞвɨɟ ɩɪɟвыɲаɸɬ 

аɦɩлиɬɭɞы ɭɫɤɨɪɟɧиɣ в ɝɨɪиɡɨɧɬальɧых ɧа-
ɩɪавлɟɧиях. Сɭщɟɫɬвɟɧɧɨ иɡɦɟɧилиɫь ɫɩɟɤ-
ɬɪальɧыɟ ɩлɨɬɧɨɫɬи (ɪиɫ.4). Пɪɟɨɛлаɞаɸщиɟ 
ɩиɤи ɡɞɟɫь ɩɨлɭчɟɧы ɧа 4,9 Ƚɰ в вɟɪɬиɤаль-
ɧɨɦ ɧаɩɪавлɟɧии; 5,4 Ƚɰ в ɝɨɪиɡɨɧɬальɧɨɦ 

ɬаɧɝɟɧɰиальɧɨɦ ɧаɩɪавлɟɧии и 3,9 Ƚɰ в ɝɨ-
ɪиɡɨɧɬальɧɨɦ ɪаɞиальɧɨɦ ɧаɩɪавлɟɧии. 

На ɪиɫ.5 и ɪиɫ.6 ɩɪивɟɞɟɧы фɪаɝɦɟɧɬы ɡаɩи-

ɫи ɫɦɟщɟɧиɣ и ɫɨɨɬвɟɬɫɬвɭɸщиɟ иɦ ɫɩɟɤ-
ɬɪальɧыɟ ɩлɨɬɧɨɫɬи. Каɤ виɞиɦ, ɦаɤɫиɦаль-
ɧыɟ аɦɩлиɬɭɞы ɫɦɟщɟɧиɣ (ɪиɫ.5) иɦɟɸɬ ɦɟ-
ɫɬɨ в вɟɪɬиɤальɧɨɦ ɧаɩɪавлɟɧии, ɩɪɟвыɲая 
ɝɨɪиɡɨɧɬальɧыɟ ɫɦɟщɟɧия в 3 – 6 ɪаɡ. Пɪи 

ɷɬɨɦ аɦɩлиɬɭɞы вɟɪɬиɤальɧых ɫɦɟщɟɧиɣ 

ɦɨɝɭɬ ɩɪɟвыɲаɬь 20 ɦɤɦ. 

Сɩɟɤɬɪальɧыɟ ɩлɨɬɧɨɫɬи ɡаɩиɫɟɣ ɫɦɟщɟɧиɣ 

ɩɪɟɞɫɬавлɟɧы ɧа ɪиɫ.6. На ɧих выɞɟляɸɬɫя 
ɧиɡɤɨчаɫɬɨɬɧыɟ ɤɨлɟɛаɧия. Таɤ ɧа ɫɩɟɤɬɪɟ 
вɟɪɬиɤальɧых ɤɨлɟɛаɧиɣ иɦɟɟɬ ɦɟɫɬɨ ɬɨльɤɨ 
ɨɞиɧ ɩɪɟɨɛлаɞаɸщиɣ ɩиɤ ɧа чаɫɬɨɬɟ 1,1 Ƚɰ.  

На ɫɩɟɤɬɪɟ ɝɨɪиɡɨɧɬальɧых ɬаɧɝɟɧɰиальɧых 
ɤɨлɟɛаɧиɣ иɦɟɟɦ ɪяɞ выɫɨɤих ɩиɤɨв ɧа чаɫ-
ɬɨɬах 1,1 Ƚɰ; 1,4 Ƚɰ; 2,3Ƚɰ; 3,1 Ƚɰ. На ɫɩɟɤ-
ɬɪɟ ɝɨɪиɡɨɧɬальɧых ɪаɞиальɧых ɤɨлɟɛаɧиɣ 

ɩɨлɭчɟɧ ɨɞиɧ ɩɪɟɨɛлаɞаɸщиɣ ɩиɤ ɧа чаɫɬɨ-
ɬɟ 3,9 Ƚɰ.   
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Ф.105, ɤ.1, ɬ.1-вɟɪɬиɤ. 

 
Ф.105, ɤ.2, ɬ.1-ɬаɧɝ. 

 
Ф.105, ɤ.3, ɬ.1-ɪаɞ. 

Ɋиɫ.4. Сɩɟɤɬɪальɧыɟ ɩлɨɬɧɨɫɬи ɡаɩиɫи ɭɫɤɨɪɟɧиɣ в ɭɡлɨвɨɣ ɬɨчɤɟ ɧа ɨɩɨɪɧɨɦ ɤɨльɰɟ Кɪы-

ɬɨɝɨ Кɨɧьɤɨɛɟɠɧɨɝɨ Цɟɧɬɪа (ККЦ). Заɩиɫь ɫɞɟлаɧа 10 ɦаɪɬа 2005 ɝɨɞа. 
 

Аɧалиɡиɪɭя ɫɩɟɤɬɪы ɭɫɤɨɪɟɧиɣ и ɫɦɟщɟɧиɣ, 

ɦɨɠɧɨ ɨɬɦɟɬиɬь ɫлɟɞɭɸщиɟ ɨɫɨɛɟɧɧɨɫɬи. На 
ɨɛɨих ɫɩɟɤɬɪах в вɟɪɬиɤальɧых ɤɨлɟɛаɧиях 
ɩɪиɫɭɬɫɬвɭɟɬ ɩиɤ ɧа чаɫɬɨɬɟ 1,1 Ƚɰ. Пɪи 

ɷɬɨɦ ɧа ɫɩɟɤɬɪɟ ɫɦɟщɟɧиɣ ɨɧ являɟɬɫя ɞɨ-
ɦиɧиɪɭɸщиɦ. Дɨɦиɧиɪɭɸщɟɣ чаɫɬɨɬɨɣ ɧа 
ɫɩɟɤɬɪɟ вɟɪɬиɤальɧых ɭɫɤɨɪɟɧиɣ являɟɬɫя 
чаɫɬɨɬа 4,9 Ƚɰ, а в ɪаɞиальɧɨɦ ɧаɩɪавлɟɧии 

в ɫɩɟɤɬɪах ɭɫɤɨɪɟɧиɣ и ɫɦɟщɟɧиɣ ɞɨɦиɧи-

ɪɭɟɬ чаɫɬɨɬа 3,9 Ƚɰ. 

ȿɫɬɟɫɬвɟɧɧɨ, ɷɬиɦ чаɫɬɨɬаɦ ɫɨɨɬвɟɬɫɬвɭɸɬ 
ɪаɡɧыɟ ɡɧачɟɧия ɭɫɤɨɪɟɧиɣ, а ɡɧачиɬ и ɧа-
ɝɪɭɡɨɤ ɩɟɪɟɞаваɟɦых чɟɪɟɡ ваɧɬы ɧа ɩилɨɧ и 

ɞалɟɟ ɧа ɰɟɩɧыɟ ɨɬɬяɠɤи. Нɨ ɩɪɨвɟɞɟɧɧɨɟ 
иɫɫлɟɞɨваɧиɟ ɩɨɤаɡываɟɬ, чɬɨ ɨɬɬяɠɤи иɫ-

ɩыɬывали ɞɨɩɨлɧиɬɟльɧɨ ɤ ɫɬаɬичɟɫɤиɦ ɧа-
ɝɪɭɡɤаɦ ɦɧɨɝɨɰиɤлɨвыɟ и ɪаɡɧɨчаɫɬɨɬɧыɟ 
ɞиɧаɦичɟɫɤиɟ ɧаɝɪɭɡɤи. За ɩɟɪиɨɞ ɷɤɫɩлɭа-
ɬаɰии ККЦ ɤɨличɟɫɬвɨ ɞиɧаɦичɟɫɤих ɰиɤ-
лɨв ɧаɝɪɭɠɟɧия ɫɨɫɬавилɨ ɨɬ 10

7
 ɞɨ 50

7
. Пɪи 

ɷɬɨɦ ɨɫɨɛɟɧɧɨ влияɬɟльɧыɦи ɧа ɭɫɬалɨɫɬ-
ɧыɣ хаɪаɤɬɟɪ ɪаɡɪɭɲɟɧия вɬɭлɤи ɰɟɩɧɨɣ ɨɬ-
ɬяɠɤи ɦɨɝли ɛыɬь чаɫɬɨɬы в ɞиаɩаɡɨɧɟ 4 – 5 

Ƚɰ в ɪаɞиальɧɨɦ и вɟɪɬиɤальɧɨɦ ɧаɩɪавлɟ-
ɧиях. Иɦɟɧɧɨ в ɷɬɨɦ ɞиаɩаɡɨɧɟ чаɫɬɨɬ и в 
ɷɬих ɧаɩɪавлɟɧиях ɡафиɤɫиɪɨваɧы ɦаɤɫи-

ɦальɧыɟ ɭɫɤɨɪɟɧия ɤɨлɟɛаɧиɣ, а ɡɧачиɬ и 

ɞɨɩɨлɧиɬɟльɧыɟ ɞиɧаɦичɟɫɤиɟ ɧаɝɪɭɡɤи ɧа 
ɨɬɬяɠɤи ɤɨɧɫɬɪɭɤɰии ɩɨɤɪыɬия ККЦ.



Ƚ.Э. Шаɛлиɧɫɤиɣ, Д.А. Зɭɛɤɨв 
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Ф.105, ɬ.1, фɪаɝɦɟɧɬ ɡаɩиɫи ɫɦɟщɟɧиɣ в ɦɦ; ɫвɟɪхɭ вɧиɡ: вɟɪɬиɤальɧыɟ, ɝɨɪиɡɨɧɬальɧыɟ 

ɬаɧɝɟɧɰиальɧыɟ, ɝɨɪиɡɨɧɬальɧыɟ ɪаɞиальɧыɟ. 
Ɋиɫ.5. Фɪаɝɦɟɧɬ ɡаɩиɫи ɫɦɟщɟɧиɣ (ɦɦ) вɛлиɡи ɭɡлɨвɨɣ ɬɨчɤи ɧа ɨɩɨɪɧɨɦ ɤɨльɰɟ Кɪыɬɨɝɨ 

Кɨɧьɤɨɛɟɠɧɨɝɨ Цɟɧɬɪа. 

 
ф.105, ɤ.1, ɬ.1-вɟɪɬиɤ. (ɩɨ ɫɦɟщɟɧияɦ). 

 
ф.105, ɤ.2, ɬ.1-ɬаɧɝ. (ɩɨ ɫɦɟщɟɧияɦ).

 
ф.105, ɤ.3, ɬ.1-ɪаɞ. (ɩɨ ɫɦɟщɟɧияɦ). 

Ɋиɫ. 6. Сɩɟɤɬɪальɧыɟ ɩлɨɬɧɨɫɬи ɡаɩиɫɟɣ ɫɦɟщɟɧиɣ вɛлиɡи ɭɡлɨвɨɣ ɬɨчɤи ɧа ɨɩɨɪɧɨɦ ɤɨльɰɟ 
Кɪыɬɨɝɨ Кɨɧьɤɨɛɟɠɧɨɝɨ Цɟɧɬɪа. 
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Аɧɧɨтация: В ɧаɫɬɨящɟɣ ɫɬаɬьɟ ɩɪивɟɞɟɧы ɦɟɬɨɞиɤа и ɪɟɡɭльɬаɬы ɧаɬɭɪɧых ɞиɧаɦичɟɫɤих иɫɫлɟɞɨва-
ɧиɣ ɞвɭх ɤɨɧɫɬɪɭɤɬивɧɨ ɛлиɡɤих ɨɛɴɟɤɬɨв, вɨɡвɟɞɟɧɧых в ɪаɣɨɧах ɫ 8-ɦи ɛалльɧɨɣ ɪаɫчɟɬɧɨɣ ɫɟɣɫɦич-
ɧɨɫɬьɸ. Эɬɨ ɡɞаɧиɟ «Пиɬьɟвɨɣ ɝалɟɪɟи» в ɝ. ȿɫɫɟɧɬɭɤи и ɡɞаɧиɟ «Цɟɧɬɪальɧɨɝɨ ɪыɧɤа» в ɝ. Аɧɝаɪɫɤɟ. 
Диɧаɦичɟɫɤиɟ иɫɫлɟɞɨваɧия их ɛыли ɩɪɨвɟɞɟɧы в ɫвяɡи ɫ ɷɤɫɩɟɪɬɧыɦи иɫɫлɟɞɨваɧияɦи аваɪии ɤɨɧɫɬ-
ɪɭɤɬивɧɨ ɛлиɡɤɨɝɨ ɤ ɧиɦ ɡɞаɧия «Ȼаɫɦаɧɧɨɝɨ ɪыɧɤа» в ɝ. Мɨɫɤвɟ. 
 

 

IN-PLACE DYNAMIC TESTS OF PUBLIC BUILDINGS 

WITH TENSION STEEL CABLE ROOFS 

IN SEISMIC-ACTIVE REGIONS 
 

G.E.Shablinsky, D.A.Zubkov 
Moscow State University of Civil Engineering, Moscow, Russia 

 
Abstract: Method and results of in-place dynamic tests of two structurally similar objects in regions design seis-

micity of 8 are under consideration in the distinctive paper. These objects are building of “Drinking Gallery” in 

Essentuki town and building of “Central Market” in Angarsk town. Dynamic tests have been done in connection 

with expert researches dealing with failure of structurally similar building of  “Basmanny Market” in Moscow. 

                    
Дɨɫɬɨвɟɪɧɨɫɬь ɪɟɡɭльɬаɬɨв ɪаɫчɟɬɨв ɫɟɣɫɦɨ-
ɫɬɨɣɤɨɫɬи ɡɞаɧиɣ и ɫɨɨɪɭɠɟɧиɣ вɨ ɦɧɨɝɨɦ 

ɡавиɫиɬ ɨɬ аɞɟɤваɬɧɨɫɬи их ɪаɫчɟɬɧых ɫхɟɦ 

ɪɟальɧɨɣ ɪаɛɨɬɟ ɤɨɧɫɬɪɭɤɰиɣ. Сɨвɪɟɦɟɧɧыɟ 
ɩɪɨɝɪаɦɦы ɪаɫчɟɬɨв ɞля ЭВМ ɩɨɡвɨляɸɬ 
ɭчиɬываɬь ɩɪаɤɬичɟɫɤи лɸɛыɟ ɤɨɧɫɬɪɭɤɬив-
ɧыɟ ɨɫɨɛɟɧɧɨɫɬи ɫɬɪɨиɬɟльɧых ɨɛɴɟɤɬɨв. 
Пɪɨɛлɟɦа, ɨɞɧаɤɨ, ɡаɤлɸчаɟɬɫя в ɬɨɦ, чɬɨ 
ɞалɟɤɨ ɧɟ вɫɟ ɤɨɧɫɬɪɭɤɬивɧыɟ ɷлɟɦɟɧɬы ɬɨɝɨ 
или иɧɨɝɨ ɡɞаɧия или ɫɨɨɪɭɠɟɧия иɦɟɸɬ 
чɟɬɤɨ выɪаɠɟɧɧыɟ ɩаɪаɦɟɬɪы ɞля ввɟɞɟɧия 
их в ɪаɫчɟɬ. Эɬɨ ɨɬɧɨɫиɬɫя чаɫɬɨ ɤ хаɪаɤɬɟɪɭ 

ɫɨɟɞиɧɟɧиɣ ɷлɟɦɟɧɬɨв ɤɨɧɫɬɪɭɤɰиɣ, ɧали-

чиɸ ɪаɡличɧɨɝɨ ɪɨɞа ɧɟ ɧɟɫɭщих ɩɟɪɟɝɨɪɨ-
ɞɨɤ, ɧɟɞɨɫɬаɬɨчɧɨ ɨɛɨɫɧɨваɧɧых ɞиɧаɦичɟ-
ɫɤих ɫвɨɣɫɬв ɝɪɭɧɬɨвɨɝɨ ɨɫɧɨваɧия и ɞɪ.  
Ɋɟɡɭльɬаɬы ɪаɫчɟɬɨв ɩɪи ɷɬɨɦ ɦɨɝɭɬ ɨɤа-
ɡаɬьɫя ɧɟɞɨɫɬаɬɨчɧɨ ɨɛɨɫɧɨваɧɧыɦи. В ɬа-
ɤих ɫлɭчаях ɞля ɨɫɨɛɨ ɨɬвɟɬɫɬвɟɧɧых и ɤɨɧ-

ɫɬɪɭɤɬивɧɨ ɫлɨɠɧых ɨɛɴɟɤɬɨв ɰɟлɟɫɨɨɛɪаɡ-
ɧɨ ɩɪɨвɨɞиɬь ɪɟɬɪɨɫɩɟɤɬивɧɭɸ ɩɪɨвɟɪɤɭ их 
ɫɟɣɫɦɨɫɬɨɣɤɨɫɬи (ɞиɧаɦичɟɫɤɨɣ ɩɪɨчɧɨɫɬи) 

ɧа ɨɫɧɨвɟ ɧаɬɭɪɧых ɞиɧаɦичɟɫɤих иɫɫлɟɞɨ-
ваɧиɣ. В ɷɬих ɫлɭчаях ɞиɧаɦичɟɫɤая ɪаɫчɟɬ-
ɧая ɫхɟɦа ɨɛɴɟɤɬа ɦɨɠɟɬ ɛыɬь ɫɤɨɪɪɟɤɬиɪɨ-
ваɧа ɩɨ ɪɟɡɭльɬаɬаɦ ɨɩɪɟɞɟлɟɧия ɟɝɨ ɞиɧа-
ɦичɟɫɤих хаɪаɤɬɟɪиɫɬиɤ в ɧаɬɭɪɧых ɭɫлɨви-

ях. В ɩɟɪɫɩɟɤɬивɟ ɧаɤɨɩлɟɧиɟ и ɫиɫɬɟɦаɬи-

ɡаɰия ɪɟɡɭльɬаɬɨв ɧаɬɭɪɧых ɞиɧаɦичɟɫɤих 
иɫɫлɟɞɨваɧиɣ ɡɞаɧиɣ и ɫɨɨɪɭɠɟɧиɣ ɩɨɡвɨлиɬ 
иɫɩɨльɡɨваɬь ɞля ɧих в ɪаɫчɟɬах ɛɨлɟɟ ɨɛɨɫ-
ɧɨваɧɧыɟ ɪаɫчɟɬɧыɟ ɫхɟɦы.  

В ɧаɫɬɨящɟɣ ɪаɛɨɬɟ ɩɪивɟɞɟɧы ɦɟɬɨɞиɤа и 

ɪɟɡɭльɬаɬы ɧаɬɭɪɧых ɞиɧаɦичɟɫɤих иɫɫлɟ-
ɞɨваɧиɣ ɞвɭх ɤɨɧɫɬɪɭɤɬивɧɨ ɛлиɡɤих ɨɛɴɟɤ-
ɬɨв, вɨɡвɟɞɟɧɧых в ɪаɣɨɧах ɫ 8-ɦи ɛалльɧɨɣ 

ɪаɫчɟɬɧɨɣ ɫɟɣɫɦичɧɨɫɬьɸ. Эɬɨ ɡɞаɧиɟ 
«Пиɬьɟвɨɣ ɝалɟɪɟи» в ɝ. ȿɫɫɟɧɬɭɤи и ɡɞаɧиɟ 
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«Цɟɧɬɪальɧɨɝɨ ɪыɧɤа» в ɝ. Аɧɝаɪɫɤɟ. Ⱦиɧа-
ɦиɱеɫкие иɫɫɥеɞɨваɧия иɯ ɛыɥи ɩрɨвеɞе-
ɧы в ɫвяɡи ɫ ɷкɫɩертɧыɦи иɫɫɥеɞɨваɧия-

ɦи аварии кɨɧɫтрɭктивɧɨ ɛɥиɡкɨɝɨ к ɧиɦ 

ɡɞаɧия «Ȼаɫɦаɧɧɨɝɨ рыɧка» в ɝ. Ɇɨɫкве.  
В ɪаɛɨɬɟ ɩɨɞлɟɠали иɡɦɟɪɟɧиɸ чаɫɬɨɬы и 

аɦɩлиɬɭɞы ɤɨлɟɛаɧиɣ иɫɫлɟɞɭɟɦых ɨɛɴɟɤ-
ɬɨв. Для ɷɬɨɝɨ в ɤачɟɫɬвɟ иɡɦɟɪиɬɟльɧых 
ɩɪиɛɨɪɨв иɫɩɨльɡɨвалиɫь виɛɪɨɦɟɬɪы ɦаяɬ-
ɧиɤɨвɨɝɨ ɬиɩа СМ-3, ɦɨɞɟɪɧиɡиɪɨваɧɧыɟ 
ɭɫɬаɧɨвɤɨɣ вɧɭɬɪи их ɤɨɪɩɭɫа ɦɧɨɝɨɩɨɡиɰи-

ɨɧɧых ɭɫилиɬɟлɟɣ ɫ ɧɟɡавиɫиɦыɦи иɫɬɨчɧи-

ɤаɦи ɩиɬаɧия. В ɤачɟɫɬвɟ ɪɟɝиɫɬɪаɬɨɪа иɫ-
ɩɨльɡɨвалɫя ɩɟɪɫɨɧальɧыɣ ɤɨɦɩьɸɬɟɪ ɬиɩа 
ɧɨɭɬɛɭɤ в ɤɨɦɩлɟɤɬɟ ɫ ɦɧɨɝɨɤаɧальɧыɦ аɧа-
лɨɝɨ-ɰифɪɨвыɦ ɩɪɟɨɛɪаɡɨваɬɟлɟɦ (АЦП). 

Ɋɟɝиɫɬɪиɪɨвалиɫь в ɨɫɧɨвɧɨɦ фɨɧɨвыɟ ɤɨ-
лɟɛаɧия ɨɛɴɟɤɬɨв. Эɬɨ ɤɨлɟɛаɧия, выɡываɟ-
ɦыɟ ɨɛщиɦ виɛɪаɰиɨɧɧыɦ фɨɧɨɦ вɛлиɡи 

ɨɛɴɟɤɬɨв, ɫɨɡɞаваɟɦыɦ ɞвиɠɟɧиɟɦ ɪаɡлич-
ɧɨɝɨ ɬɪаɧɫɩɨɪɬа, ɪаɛɨɬɨɣ ɤаɤɨɝɨ-лиɛɨ ɨɛɨ-
ɪɭɞɨваɧия и вɟɬɪɨвыɦи ɧаɝɪɭɡɤаɦи. Кɪɨɦɟ 
ɬɨɝɨ, ɪɟɝиɫɬɪиɪɨвалиɫь ɤɨлɟɛаɧия ɨɛɴɟɤɬɨв 
ɨɬ ɫɩɟɰиальɧɨ ɫɨɡɞаваɟɦых иɦɩɭльɫɧых 
вɨɡɞɟɣɫɬвиɣ ɫ ɰɟльɸ вɨɡɛɭɠɞɟɧия в ɧих ɫвɨ-
ɛɨɞɧых ɤɨлɟɛаɧиɣ. В ɤаɠɞɨɦ ɷɤɫɩɟɪиɦɟɧɬɟ 
ɪɟɝиɫɬɪаɰия ɤɨлɟɛаɧиɣ ɩɪɨиɡвɨɞилаɫь ɨɞɧɨ-
вɪɟɦɟɧɧɨ в ɧɟɫɤɨльɤих ɬɨчɤах ɨɛɴɟɤɬа. Иɡ-
ɦɟɪɟɧия ɤɨлɟɛаɧиɣ ɩɪɨвɨɞилиɫь ɩɨ ɬɪɟɦ ɧа-
ɩɪавлɟɧияɦ: ɝɨɪиɡɨɧɬальɧɨɦɭ ɪаɞиальɧɨɦɭ, 
ɝɨɪиɡɨɧɬальɧɨɦɭ ɬаɧɝɟɧɰиальɧɨɦɭ, вɟɪɬи-

ɤальɧɨɦɭ.  

В ɤачɟɫɬвɟ ɩɟɪвɨɝɨ ɨɛɴɟɤɬа ɛылɨ ɩɪиɧяɬɨ 
ɡɞаɧиɟ «Пиɬьɟвɨɣ ɝалɟɪɟи» (ПȽ) в ɝ. ȿɫɫɟɧ-

ɬɭɤи. Эɬɨ ɡɞаɧиɟ иɦɟɟɬ в ɩлаɧɟ фɨɪɦɭ ɤɪɭɝа 
ɫ ɞиаɦɟɬɪɨɦ в ɨɫях 59,5 ɦ. Оɛщая выɫɨɬа 
ɡɞаɧия ɨɬ ɧиɠɧɟɣ ɨɬɦɟɬɤи фɭɧɞаɦɟɧɬа  ɞɨ 
вɟɪха ɩɨɤɪыɬия 12,4 ɦ (ɨɬ ɧɭлɟвɨɣ ɨɬɦɟɬɤи 

ɩɨвɟɪхɧɨɫɬи ɝɪɭɧɬа ɞɨ вɟɪха ɩɨɤɪыɬия 9,5 

ɦ). Кɨɧɫɬɪɭɤɬивɧɨɣ ɨɫɨɛɟɧɧɨɫɬьɸ ɡɞаɧия 
являɟɬɫя ваɧɬɨвɨɟ ɩɨɤɪыɬиɟ. Нɟɫɭщиɦи ɤɨɧ-

ɫɬɪɭɤɰияɦи ɡɞаɧия являɸɬɫя 24 ɪаɫɩɪɟɞɟ-
лɟɧɧых ɩɨ ɞлиɧɟ ɨɤɪɭɠɧɨɫɬи ɠɟлɟɡɨɛɟɬɨɧ-

ɧых ɤɨлɨɧɧы, ɧа ɤɨɬɨɪых ɩɨɤɨиɬɫя вɧɟɲɧɟɟ 
ɠɟлɟɡɨɛɟɬɨɧɧɨɟ ɨɩɨɪɧɨɟ ɤɨльɰɨ ɫɟчɟɧиɟɦ 

0,7×0,7 ɦ. Нɟɫɭщиɦи ɤɨɧɫɬɪɭɤɰияɦи ɩɨɤɪы-

ɬия являɸɬɫя 48 ɩаɪɧых ваɧɬ иɡ аɪɦаɬɭɪɧɨɣ 

ɫɬали ɞиаɦɟɬɪɨɦ 36 ɦɦ. С ɨɞɧɨɝɨ ɤɨɧɰа ваɧ-

ɬы ɡаɤɪɟɩлɟɧы ɧа вɧɟɲɧɟɦ ɨɩɨɪɧɨɦ ɤɨльɰɟ, 
а ɫ ɞɪɭɝɨɝɨ – ɧа ɫɬальɧɨɦ вɧɭɬɪɟɧɧɟɦ ɤɨльɰɟ 
ɞиаɦɟɬɪɨɦ 14,8 ɦ. Свɟɪхɭ ɩɨ ваɧɬаɦ ɭлɨɠɟ-
ɧы ɫɛɨɪɧыɟ ɠɟлɟɡɨɛɟɬɨɧɧыɟ ɩлиɬы, ɤɨɬɨɪыɟ 
и ɫɨɫɬавляɸɬ ɨɫɧɨвɧɭɸ ɧаɝɪɭɡɤɭ ɧа ɧих. В 

ɤаɠɞɨɣ ɬɨчɤɟ иɡɦɟɪɟɧия ɩɪɨвɨɞилиɫь в  ɝɨ-
ɪиɡɨɧɬальɧɨɦ ɪаɞиальɧɨɦ, ɝɨɪиɡɨɧɬальɧɨɦ 

ɬаɧɝɟɧɰиальɧɨɦ и вɟɪɬиɤальɧɨɦ ɧаɩɪавлɟ-
ɧиях. Чɟɬыɪɟ ɬɨчɤи ɪаɡɦɟщɟɧы ɧа вɧɟɲɧɟɦ 

ɨɩɨɪɧɨɦ ɤɨльɰɟ, вɧɭɬɪɟɧɧɟɦ ɤɨльɰɟ и ɧа 
ɝɪɭɧɬɟ ɪяɞɨɦ ɫɨ ɡɞаɧиɟɦ. Кɪɨɦɟ ɬɨɝɨ, ɞвɟ 
ɬɨчɤи ɪаɫɩɨлɨɠɟɧы в ɫɪɟɞɧɟɣ чаɫɬи ваɧɬ и 

ɨɞɧа в ɫɪɟɞɧɟɣ чаɫɬи ɩɪɨлɟɬа вɧɟɲɧɟɝɨ 
ɤɨльɰа ɦɟɠɞɭ ɤɨлɨɧɧаɦи. Кɨɧɫɬɪɭɤɬивɧая 
ɫхɟɦа ɡɞаɧия ɩɪивɟɞɟɧа ɧа ɪиɫ.1.  

В ɤачɟɫɬвɟ вɬɨɪɨɝɨ ɨɛɴɟɤɬа ɛылɨ ɩɪиɧяɬɨ 

ɡɞаɧиɟ «Цɟɧɬɪальɧɨɝɨ ɪыɧɤа» (ЦɊ) в ɝ. Аɧ-

ɝаɪɫɤɟ. Кɨɧɫɬɪɭɤɬивɧɨ ɷɬɨ ɡɞаɧиɟ ɩɨхɨɠɟ ɧа 
ɡɞаɧиɟ ПȽ в ɝ. ȿɫɫɟɧɬɭɤи, ɧɨ ɨɬличаɟɬɫя ɨɛ-

щиɦи ɪаɡɦɟɪаɦи, ɪяɞɨɦ ɤɨɧɫɬɪɭɤɬивɧых 

ɨɫɨɛɟɧɧɨɫɬɟɣ ɨɬɞɟльɧых ɷлɟɦɟɧɬɨв. Вɧɟɲ-

ɧиɣ ɞиаɦɟɬɪ ɡɞаɧия в ɨɫях ɫɨɫɬавляɟɬ 46,5 ɦ; 

выɫɨɬа ɤɨлɨɧɧ – 12,0 ɦ; ɞиаɦɟɬɪ вɧɭɬɪɟɧɧɟ-
ɝɨ ɤɨльɰа – 8,0 ɦ. Каɤ и в ɩɟɪвɨɦ ɫлɭчаɟ, 
вɧɟɲɧɟɟ ɨɩɨɪɧɨɟ ɤɨльɰɨ ɠɟлɟɡɨɛɟɬɨɧɧɨɟ; 
вɧɭɬɪɟɧɧɟɟ – ɫɬальɧɨɟ. В ɨɬличиɟ ɨɬ ɡɞаɧия 
ПȽ в ɤачɟɫɬвɟ ваɧɬ ɡɞɟɫь иɫɩɨльɡɨвалиɫь 
ɫɬальɧыɟ ɤаɧаɬы, ɤɨɬɨɪыɟ в ɩɪɨɰɟɫɫɟ ɦɨɧ-

ɬаɠа ɩɨɞвɟɪɝалиɫь ɩɪɟɞваɪиɬɟльɧɨɣ выɬяɠ-

ɤɟ ɞля ɭɦɟɧьɲɟɧия их ɞɟфɨɪɦаɰиɣ ɩɪи ɷɤɫ-
ɩлɭаɬаɰии ɡɞаɧия. Нɟɫɭщиɦи ɤɨɧɫɬɪɭɤɰия-
ɦи ɡɞɟɫь являɸɬɫя 24 ɪаɫɩɪɟɞɟлɟɧɧыɟ ɩɨ 
ɞлиɧɟ ɨɤɪɭɠɧɨɫɬи ɠɟлɟɡɨɛɟɬɨɧɧыɟ ɤɨлɨɧɧы, 

ɧа ɤɨɬɨɪых ɩɨɤɨиɬɫя вɧɟɲɧɟɟ ɨɩɨɪɧɨɟ ɠɟлɟ-
ɡɨɛɟɬɨɧɧɨɟ ɤɨльɰɨ ɫɟчɟɧиɟɦ 1,3 × 0,8 ɦ, ɫвя-
ɡаɧɧɨɟ ɫ вɧɭɬɪɟɧɧиɦ ɤɨльɰɨɦ 72-ɦя ваɧɬаɦи. 

Пɪиɛɨɪы ɪаɡɦɟщалиɫь в 8-ɦи ɬɨчɤах ɧа 
вɧɟɲɧɟɦ ɨɩɨɪɧɨɦ ɤɨльɰɟ, в 8-ɦи ɬɨчɤах ɧа 
вɧɭɬɪɟɧɧɟɦ ɤɨльɰɟ и в ɨɞɧɨɣ ɬɨчɤɟ ɧа ɝɪɭɧ-

ɬɟ. В ɤаɠɞɨɣ ɬɨчɤɟ иɡɦɟɪялиɫь ɝɨɪиɡɨɧɬаль-
ɧыɟ ɪаɞиальɧыɟ, ɝɨɪиɡɨɧɬальɧыɟ ɬаɧɝɟɧɰи-

альɧыɟ и вɟɪɬиɤальɧыɟ ɤɨлɟɛаɧия. Кɨɧɫɬ-
ɪɭɤɬивɧая ɫхɟɦа ɡɞаɧия ɩɪивɟɞɟɧа ɧа ɪиɫ. 2. 
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Ɋиɫ.1. Кɨɧɫɬɪɭɤɬивɧая ɫхɟɦа ɡɞаɧия «Пиɬьɟвɨɣ ɝалɟɪɟи» в  

ɝ. ȿɫɫɟɧɬɭɤи. 

 

Для ɨɩɪɟɞɟлɟɧия ɞиɧаɦичɟɫɤих хаɪаɤɬɟɪи-

ɫɬиɤ ɡɞаɧиɣ, виɛɪɨиɡɦɟɪиɬɟльɧыɟ ɩɪиɛɨɪы 

ɧа ɧɟɦ ɪаɡɦɟщалиɫь ɩɨ ɨɩɪɟɞɟлɟɧɧɨɣ ɫхɟɦɟ. 
Тɨчɤи ɪаɡɦɟщɟɧия ɩɪиɛɨɪɨв ɩɪивɟɞɟɧы ɧа 
ɪиɫ.3. Тɨчɤи 5, 7, 9, 11 ɪаɡɦɟщалиɫь ɪяɞɨɦ ɫɨ 
ɡɞаɧиɟɦ ɧа ɝɪɭɧɬɟ. Тɨчɤа 2 ɪаɡɦɟщалаɫь ɧа 
вɧɟɲɧɟɦ ɤɨльɰɟ ɩɨɫɪɟɞиɧɟ ɦɟɠɞɭ ɤɨлɨɧɧа-
ɦи 19 и 20. Тɨчɤи 4 и 15 ɪаɡɦɟщалиɫь ɩɨɫɪɟ-
ɞиɧɟ ɞлиɧы ваɧɬа ɦɟɠɞɭ вɧɟɲɧиɦ и вɧɭɬ-
ɪɟɧɧиɦ ɤɨльɰаɦи. Пɪи ɨɛɪаɛɨɬɤɟ ɡаɩиɫɟɣ 

выɞɟлялиɫь ɫɨɛɫɬвɟɧɧыɟ ɤɨлɟɛаɧия ɡɞаɧия. 
Для аɧалиɡа фɨɪɦ ɤɨлɟɛаɧиɣ вɟлиɫь ɫиɧ-

хɪɨɧɧыɟ ɡаɩиɫи ɨɞɧɨвɪɟɦɟɧɧɨ в ɪяɞɟ ɬɨчɟɤ. 
На ɪиɫ. 4 ɩɪивɟɞɟɧы фɪаɝɦɟɧɬы ɡаɩиɫи ɫɦɟ-
щɟɧиɣ в ɞвɭх ɬɨчɤах ɡɞаɧия «Пиɬьɟвɨɣ ɝалɟ-
ɪɟи»  в ɬɨчɤɟ 1 ɧа вɧɟɲɧɟɦ ɨɩɨɪɧɨɦ ɤɨльɰɟ 
и в ɬɨчɤɟ 3 ɧа вɧɭɬɪɟɧɧɟɦ ɤɨльɰɟ (ɝɨɪиɡɨɧ-

ɬальɧыɟ ɪаɞиальɧыɟ ɤɨлɟɛаɧия ɧа ɨɞɧɨɣ 

ɨɫи). Каɤ виɞиɦ, ɨɛɟ ɬɨчɤи иɦɟɸɬ ɫиɧфаɡɧыɟ 
ɤɨлɟɛаɧия. Пɪи ɷɬɨɦ аɦɩлиɬɭɞы ɫɦɟщɟɧиɣ 

ɬɨчɤи 3 ɧɟɫɤɨльɤɨ ɩɪɟвыɲаɸɬ аɦɩлиɬɭɞы 

ɬɨчɤи 1. 

На ɪиɫ.5. ɩɪɟɞɫɬавлɟɧы ɫɩɟɤɬɪальɧыɟ ɩлɨɬ-
ɧɨɫɬи, ɩɨɫɬɪɨɟɧɧыɟ ɞля ɷɬих ɞвɭх ɬɨчɟɤ. Для 
ɪаɞиальɧых ɤɨлɟɛаɧиɣ ɬɨчɤи 1 иɦɟɟɦ ɨɞиɧ 

ɩɪɟɨɛлаɞаɸщиɣ ɩиɤ ɧа чаɫɬɨɬɟ 3,6 Ƚɰ. Для 
ɪаɞиальɧых ɤɨлɟɛаɧиɣ в ɬɨчɤɟ 3 иɦɟɟɦ ɨɞиɧ 

ɩɪɟɨɛлаɞаɸщиɣ ɩиɤ ɧа чаɫɬɨɬɟ 3,6 Ƚɰ и ɨɬ-
ɧɨɫиɬɟльɧɨ ɧɟвыɫɨɤиɣ ɩиɤ ɧа чаɫɬɨɬɟ 1,8 Ƚɰ. 

На ɪиɫ.6 ɩɪивɟɞɟɧ фɪаɝɦɟɧɬ ɡаɩиɫи ɫɦɟщɟ-
ɧиɣ ɡɞаɧия «Цɟɧɬɪальɧɨɝɨ ɪыɧɤа» в ɝ. Аɧ-

ɝаɪɫɤɟ ɞля ɬɨчɟɤ 1 и 3. Заɩиɫи ɫɞɟлаɧы ɩɪи 

иɦɩɭльɫɧых вɨɡɞɟɣɫɬвиях ɧа вɧɭɬɪɟɧɧɟɟ 
ɤɨльɰɨ. 
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Ɋиɫ.2. Кɨɧɫɬɪɭɤɬивɧая ɫхɟɦа ɡɞаɧия ɰɟɧɬɪальɧɨɝɨ ɪыɧɤа в ɝ. Аɧɝаɪɫɤɟ. 
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Ɋиɫ. 3. Ɋаɫɩɨлɨɠɟɧиɟ иɡɦɟɪиɬɟльɧых ɬɨчɟɤ. 
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Ɋиɫ.4. Фɪаɝɦɟɧɬы ɡаɩиɫи ɫɦɟщɟɧиɣ (ɦɦ) фɨɧɨвых ɤɨлɟɛаɧиɣ: ɬɨчɤа 1 ɧа ɧаɪɭɠɧɨɦ ɤɨльɰɟ в 
ɪаɞиальɧɨɦ ɧаɩɪавлɟɧии, ɬɨчɤа 3 ɧа вɧɭɬɪɟɧɧɟɦ ɤɨльɰɟ в ɪаɞиальɧɨɦ ɧаɩɪавлɟɧии. 

 

 

Тɨчɤа 1, ɪаɞиальɧыɟ ɤɨлɟɛаɧия. 

 

Тɨчɤа 3, ɪаɞиальɧыɟ ɤɨлɟɛаɧия 

 

Ɋиɫ.5.  Сɩɟɤɬɪальɧыɟ ɩлɨɬɧɨɫɬи ɡаɩиɫɟɣ фɨɧɨвых ɤɨлɟɛаɧиɣ ɧа вɧɟɲɧɟɦ и вɧɭɬɪɟɧɧɟɦ 

ɨɩɨɪɧых ɤɨльɰах ɡɞаɧия «Пиɬьɟвɨɣ ɝалɟɪɟи» в ɝ. ȿɫɫɟɧɬɭɤи. 
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Аɧɝаɪɫɤ, ɫвɟɪхɭ вɧиɡ: ɬ.1 – ɪаɞ., ɬ.3 – ɪаɞ., ɫɦɟщɟɧия в ɦɦ. 

Ɋиɫ. 6. Фɪаɝɦɟɧɬ ɡаɩиɫи ɫɦɟщɟɧиɣ (ɦɦ): ɬɨчɤа 1 ɧа ɧаɪɭɠɧɨɦ ɤɨльɰɟ в ɪаɞиальɧɨɦ ɧаɩɪав-
лɟɧии, ɬɨчɤа 3 ɧа вɧɭɬɪɟɧɧɟɦ ɤɨльɰɟ в ɪаɞиальɧɨɦ ɧаɩɪавлɟɧии. 

 

 
Аɧɝаɪɫɤ, ɬɨчɤа 1 – ɪаɞиальɧыɟ ɤɨлɟɛаɧия. 

 

 
Аɧɝаɪɫɤ, ɬɨчɤа 3 – ɪаɞиальɧыɟ ɤɨлɟɛаɧия 

Ɋиɫ.7.  Сɩɟɤɬɪальɧыɟ ɩлɨɬɧɨɫɬи ɡаɩиɫɟɣ  ɤɨлɟɛаɧиɣ в ɬɨчɤах 1 и 3,  ɨɬ иɦɩɭльɫɧых вɨɡɞɟɣ-

ɫɬвиɣ. 

 



Ƚ.Э. Шаɛлиɧɫɤиɣ, Д.А. Зɭɛɤɨв 

International Journal for Computational Civil and Structural Engineering 62 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

   

 
Ɋиɫ.8. Фɨɪɦы и ɫɨɨɬвɟɬɫɬвɭɸщиɟ чаɫɬɨɬы ɤɨлɟɛаɧиɣ. 

 

Виɡɭальɧыɣ аɧалиɡ ɡаɩиɫи ɫɦɟщɟɧиɣ ɧа 
ɪиɫ.6 ɩɨɤаɡываɟɬ, чɬɨ аɦɩлиɬɭɞы ɫɦɟщɟɧиɣ 

ɬɨчɤи 1 ɩɪиɦɟɪɧɨ в 1,7 ɪаɡа ɩɪɟвыɲаɸɬ аɦ-

ɩлиɬɭɞы ɫɦɟщɟɧиɣ ɬɨчɤи 5, и ɩɪи ɷɬɨɦ иɦɟ-
ɟɦ ɩɪаɤɬичɟɫɤи ɫиɧфаɡɧыɟ ɤɨлɟɛаɧия ɷɬих 
ɬɨчɟɤ. Сɩɟɤɬɪальɧыɟ ɩлɨɬɧɨɫɬи, ɩɨɫɬɪɨɟɧ-

ɧыɟ ɩɨ ɷɬиɦ ɡаɩиɫяɦ, ɩɪивɟɞɟɧы ɧа ɪиɫ.7. 

Для ɬɨчɤи 1 ɩɨлɭчɟɧы ɝɪафиɤи ɫ ɬɪɟɦя ɪаɡ-
ɧɨвɟлиɤиɦи ɩиɤаɦи ɧа чаɫɬɨɬах 2,1Ƚɰ; 

2,8Ƚɰ; 3,2Ƚɰ. Для ɬɨчɤи 3 ɩɨлɭчɟɧы фаɤɬичɟ-
ɫɤи ɞва выɫɨɤих ɩиɤа ɧа чаɫɬɨɬах 2,8 Ƚɰ и 

3,2Ƚɰ. Пɪɟɨɛлаɞаɸщиɣ ɩиɤ ɧа ɨɛɟих ɬɨчɤах 

ɧа чаɫɬɨɬɟ 3,2 Ƚɰ. 

Пɨɫɬɪɨɟɧɧыɟ ɩɨ ɪɟɡɭльɬаɬаɦ  ɨɛɪаɛɨɬɤи ɡа-
ɩиɫɟɣ ɤɨлɟɛаɧиɣ ɨɛɨих ɨɛɴɟɤɬɨв фɨɪɦы  ɤɨ-
лɟɛаɧиɣ ɩɪивɟɞɟɧы ɧа ɪиɫ. 8. 

 

Для ɡɞаɧия «Пиɬьɟвɨɣ ɝалɟɪɟи» в ȿɫɫɟɧɬɭ-

ɤах: 
Чаɫɬɨɬа 1,7 Ƚɰ – вɟɪɬиɤальɧыɟ ɤɨлɟɛаɧия 
ваɧɬɨвɨɝɨ ɩɨɤɪыɬия. ɍɩɪɭɝиɟ ɞɟфɨɪɦаɰии 

ɫɬɟɪɠɧɟɣ ваɧɬ ɧа ɨɫɟвɨɟ ɪаɫɬяɠɟɧиɟ – ɫɠа-
ɬиɟ ɩɪи ɫлаɛых вɟɪɬиɤальɧых и ɝɨɪиɡɨɧ-

ɬальɧых иɡɝиɛɧых ɞɟфɨɪɦаɰиях вɧɟɲɧɟɝɨ 
ɨɩɨɪɧɨɝɨ ɤɨльɰа. 
Чаɫɬɨɬа 2,7 Ƚɰ – ɩɪɟɞɩɨлɨɠиɬɟльɧɨ иɡɝиɛ-

ɧыɟ ɞɟфɨɪɦаɰии вɧɟɲɧɟɝɨ ɨɩɨɪɧɨɝɨ ɤɨльɰа 
ɫ ɞвɭɦя вɨлɧаɦи в ɨɤɪɭɠɧɨɦ ɧаɩɪавлɟɧии. 

Чаɫɬɨɬа 3,6 Ƚɰ – ɨɛщиɟ ɤɨлɟɛаɧия вɧɟɲɧɟɝɨ 
ɨɩɨɪɧɨɝɨ ɤɨльɰа ɤаɤ ɠɟɫɬɤɨɝɨ ɬɟла ɧа ɭɩɪɭ-
ɝих ɨɩɨɪах – ɤɨлɨɧɧах. Вɛлиɡи ɷɬɨɣ чаɫɬɨɬы 

ɡафиɤɫиɪɨваɧы ɬаɤɠɟ ɤɪɭɬильɧыɟ ɤɨлɟɛаɧия 
вɧɟɲɧɟɝɨ  ɤɨльɰа  и  ɟɝɨ  иɡɝиɛɧыɟ  ɞɟфɨɪɦа- 
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Чаɫɬɨɬы ɫɨɛɫɬвɟɧɧых ɤɨлɟɛаɧиɣ ɡɞаɧиɣ                                  Таɛлиɰа 1 

Чаɫɬɨɬы ɫɨɛɫɬвɟɧɧых ɤɨлɟɛаɧиɣ 

ɡɞаɧиɣ ɧа ɭɪɨвɧɟ вɟɪха вɧɟɲɧɟɝɨ 
ɨɩɨɪɧɨɝɨ ɤɨльɰа 

№  

ɩ/ɩ 

Наиɦɟɧɨваɧиɟ ɡɞаɧия Чаɫɬɨɬы 

ɫɨɛɫɬвɟɧɧых 
вɟɪɬиɤальɧых 
ɤɨлɟɛаɧиɣ 

ваɧɬɨвɨɝɨ 
ɩɨɤɪыɬия (Ƚɰ) 

Ɋаɞиальɧыɟ ɤɨ-
лɟɛаɧия (Ƚɰ) 

Таɧɝɟɧɰиальɧыɟ
Кɨлɟɛаɧия (Ƚɰ) 

1 2 3 4            5 

  1 Зɞаɧиɟ «Пиɬьɟвɨɣ ɝалɟɪɟи» 

в ɝ. ȿɫɫɟɧɬɭɤи 

1,7;  3,6 3,6;   4,7 4,6 – 4,9 

  2 Зɞаɧиɟ «Цɟɧɬɪальɧɨɝɨ 
ɪыɧɤа» в ɝ. Аɧɝаɪɫɤɟ 

2,4;  3,2 2,1;    3,2 2,1;   3,2 

 

ɰии. Вɨɡɦɨɠɧɨ иɦ ɫɨɨɬвɟɬɫɬвɭɸɬ ɩиɤи ɧа 
чаɫɬɨɬах 4,2Ƚɰ и 4,8 Ƚɰ. 

Для ɡɞаɧия «Цɟɧɬɪальɧɨɝɨ ɪыɧɤа» в Аɧɝаɪ-
ɫɤɟ: 
Чаɫɬɨɬа 2,1 Ƚɰ – иɡɝиɛɧыɟ ɤɨлɟɛаɧия вɧɟɲ-

ɧɟɝɨ ɨɩɨɪɧɨɝɨ ɤɨльɰа ɫ 2-ɦя вɨлɧаɦи в ɨɤ-
ɪɭɠɧɨɦ ɧаɩɪавлɟɧии. 

Чаɫɬɨɬа 2,4 Ƚɰ – вɟɪɬиɤальɧыɟ ɤɨлɟɛаɧия 
ваɧɬɨвɨɝɨ ɩɨɤɪыɬия (ɭɩɪɭɝиɟ ɞɟфɨɪɦаɰии 

ɬɪɨɫɨв  - ваɧɬ ɧа ɨɫɟвɨɟ ɪаɫɬяɠɟɧиɟ ɫɠаɬиɟ). 
Чаɫɬɨɬа 3,2 Ƚɰ – ɨɛщиɟ ɤɨлɟɛаɧия вɧɟɲɧɟɝɨ 
ɨɩɨɪɧɨɝɨ ɤɨльɰа ɧа ɤɨлɨɧɧах вɦɟɫɬɟ ɫ ɩɨ-
ɤɪыɬиɟɦ  в ɝɨɪиɡɨɧɬальɧɨɣ ɩлɨɫɤɨɫɬи ɩлɸɫ 
ɨɞɧɨвɪɟɦɟɧɧɨ вɟɪɬиɤальɧыɟ ɤɨлɟɛаɧия ɩɨ-
ɤɪыɬия. Пɪи ɷɬɨɦ вɧɟɲɧɟɟ ɨɩɨɪɧɨɟ ɤɨльɰɨ 
ɫɨвɟɪɲаɟɬ ɬаɤɠɟ  иɡɝиɛɧыɟ ɤɨлɟɛаɧия ɫ 3-ɦя 
вɨлɧаɦи в ɨɤɪɭɠɧɨɦ ɧаɩɪавлɟɧии. 

Свɨɞɧыɟ ɪɟɡɭльɬаɬы ɨɩɪɟɞɟлɟɧия чаɫɬɨɬ 
ɫɨɛɫɬвɟɧɧых ɤɨлɟɛаɧиɣ ɨɛɨих ɡɞаɧиɣ ɧа ɨɫ-
ɧɨвɟ аɧалиɡа ɛɨльɲɨɝɨ ɤɨличɟɫɬва ɡаɩиɫɟɣ 

их ɦиɤɪɨɤɨлɟɛаɧиɣ в ɪяɞɟ хаɪаɤɬɟɪɧых ɬɨ-
чɟɤ ɩɪɟɞɫɬавлɟɧы в ɬаɛлиɰɟ 1. 

Каɤ виɞиɦ, ɧиɡɲая чаɫɬɨɬа вɟɪɬиɤальɧых 
ɤɨлɟɛаɧиɣ ваɧɬɨвɨɝɨ ɩɨɤɪыɬия ɡɞаɧия 
«Пиɬьɟвɨɣ ɝалɟɪɟи» ɫɭщɟɫɬвɟɧɧɨ ɦɟɧьɲɟ, 
чɬɨ ɨɩɪɟɞɟляɟɬɫя ɟɝɨ ɛɨльɲиɦ ɞиаɦɟɬɪɨɦ. 

Сɨɛɫɬвɟɧɧыɟ чаɫɬɨɬы ɞɪɭɝих ɤɨɧɫɬɪɭɤɬив-
ɧых ɷлɟɦɟɧɬɨв ɨɤаɡалиɫь ɫɭщɟɫɬвɟɧɧɨ 
ɦɟɧьɲиɦи ɞля ɡɞаɧия «Цɟɧɬɪальɧɨɝɨ ɪыɧ-

ɤа» в ɝ. Аɧɝаɪɫɤɟ.  
 

 

 

Ɂакɥɸɱеɧие 
 

ɍɫɩɟɲɧɨ аɩɪɨɛиɪɨваɧа ɦɟɬɨɞиɤа ɧаɬɭɪɧых 
иɫɫлɟɞɨваɧиɣ ɞиɧаɦичɟɫɤих хаɪаɤɬɟɪиɫɬиɤ 
ɤɨɧɫɬɪɭɤɬивɧɨ ɫлɨɠɧых ɩɪɨɫɬɪаɧɫɬвɟɧɧых 
ɫɨɨɪɭɠɟɧиɣ ɧа ɨɫɧɨвɟ ɡаɩиɫɟɣ их ɦиɤɪɨɤɨ-
лɟɛаɧиɣ выɡваɧɧых ɪаɡличɧɨɝɨ ɪɨɞа ɞиɧа-
ɦичɟɫɤиɦи вɨɡɞɟɣɫɬвияɦи 

Оɩɪɟɞɟлɟɧы чаɫɬɨɬы и ɫɨɨɬвɟɬɫɬвɭɸщиɟ иɦ 

фɨɪɦы ɫɨɛɫɬвɟɧɧых ɤɨлɟɛаɧиɣ ɞвɭх ɤɨɧɫɬ-
ɪɭɤɬивɧɨ ɛлиɡɤих ɫɩɟɰиальɧых ɡɞаɧиɣ вɨɡ-
вɟɞɟɧɧых в ɫɟɣɫɦичɟɫɤи аɤɬивɧых ɪаɣɨɧах 
ɧа ɨɫɧɨвɟ ɡаɩиɫɟɣ их ɦиɤɪɨɤɨлɟɛаɧиɣ. 

Пɨлɭчɟɧɧыɟ ɪɟɡɭльɬаɬы ɧаɬɭɪɧых ɞиɧаɦи-

чɟɫɤих иɫɫлɟɞɨваɧиɣ ɛыли иɫɩɨльɡɨваɧы ɞля 
ɩɨɫɬɪɨɟɧия ɭɬɨчɧɟɧɧых ɪаɫчɟɬɧых ɫхɟɦ ɷɬих 
ɡɞаɧиɣ ɫ ɰɟльɸ ɷɤɫɬɪаɩɨляɰии их ɧа ɡɞаɧиɟ 
Ȼаɫɦаɧɧɨɝɨ ɪыɧɤа в  ɩɪɨɰɟɫɫɟ ɷɤɫɩɟɪɬиɡы 

ɩɪичиɧ ɟɝɨ ɪаɡɪɭɲɟɧия.  
Пɨлɭчɟɧɧыɟ чаɫɬɨɬɧыɟ ɫɩɟɤɬɪы ɨɛɨих ɡɞа-
ɧиɣ ɭɤаɡываɸɬ ɧа вɨɡɦɨɠɧɨɫɬь ɪɟɡɨɧаɧɫɧых 
явлɟɧиɣ в ɧих ɩɪи ɡɟɦлɟɬɪяɫɟɧиях. Слɨɠɧыɣ 

хаɪаɤɬɟɪ их ɪɟаɤɰии ɧа ɞиɧаɦичɟɫɤиɟ вɨɡ-
ɞɟɣɫɬвия и ɪаɡɪɭɲɟɧиɟ ɩɨɞɨɛɧɨɝɨ ɡɞаɧия в 
Мɨɫɤвɟ ɩɪи ɨчɟɧь ɫлаɛых ɦиɤɪɨɫɟɣɫɦичɟ-
ɫɤих вɨɡɞɟɣɫɬвиях ɬɟхɧɨɝɟɧɧɨɝɨ ɩɪɨиɫхɨɠ-

ɞɟɧия ɬɪɟɛɭɸɬ ɪɟɬɪɨɫɩɟɤɬивɧɨɣ ɩɪɨвɟɪɤи их 
ɫɟɣɫɦɨɫɬɨɣɤɨɫɬи ɧа ɨɫɧɨвɟ ɫɨвɪɟɦɟɧɧых 
ɧɨɪɦ и вɨɡɦɨɠɧɨɫɬɟɣ вычиɫлиɬɟльɧɨɣ ɬɟх-
ɧиɤи. 

       

 

 



Ƚ.Э. Шаɛлиɧɫɤиɣ, Д.А. Зɭɛɤɨв 
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ИɁГИȻ ɉɈɅɈСЫ СɊȿȾɇȿɃ ɌɈɅЩИɇЫ ɉɊИ ɇАɅИЧИИ 

ɍСИɅИɃ ȼ СɊȿȾИɇɇɈɃ ɉɅɈСКɈСɌИ 
 

Ʌеоɧтьев А.Н., Ваɝиалла Хасаɧ А.М. 
Мɨɫɤɨвɫɤиɣ ɝɨɫɭɞаɪɫɬвɟɧɧыɣ ɫɬɪɨиɬɟльɧыɣ ɭɧивɟɪɫиɬɟɬ, ɝ. Мɨɫɤва, Ɋɨɫɫия 

 
Аɧɧɨтация: Шиɪɨɤɨ ɪаɫɩɪɨɫɬɪаɧɟɧɧыɦ ɷлɟɦɟɧɬɨɦ ɫɬɪɨиɬɟльɧых ɤɨɧɫɬɪɭɤɰиɣ являɸɬɫя ɩɪяɦɨɭɝɨль-
ɧыɟ ɩлиɬы ɫ ɪаɡличɧыɦи ɡаɤɪɟɩлɟɧияɦи ɤɨɧɬɭɪа, а ɬаɤɠɟ ɪаɫɩɨлɨɠɟɧɧыɟ ɧа ɭɩɪɭɝɨɦ ɨɫɧɨваɧии. В ɪяɞɟ 
ɫлɭчаɟв ɩɪи ɪаɫчɟɬɟ ɩлиɬ, и ɨɫɨɛɟɧɧɨ ɩлиɬ, лɟɠащих ɧа ɭɩɪɭɝɨɦ ɨɫɧɨваɧии, ɧɟɨɛхɨɞиɦɨ ɤɪɨɦɟ ɩɨɩɟɪɟч-
ɧɨɣ ɧаɝɪɭɡɤи ɭчиɬываɬь ɭɫилия, ɩɪилɨɠɟɧɧыɟ в ɫɪɟɞиɧɧɨɣ ɩлɨɫɤɨɫɬи. Пɨявлɟɧиɟ ɷɬих ɭɫилиɣ ɦɨɠɟɬ 
ɛыɬь выɡваɧɨ ɫɟɡɨɧɧыɦи и ɫɭɬɨчɧыɦи ɤɨлɟɛаɧияɦи ɬɟɦɩɟɪаɬɭɪы, ɩɪɟɞваɪиɬɟльɧыɦ ɧаɬяɠɟɧиɟɦ аɪɦа-
ɬɭɪы, ɞавлɟɧиɟɦ ɨɝɪаɠɞаɸщих ɫɬɟɧ ɧа фɭɧɞаɦɟɧɬɧɭɸ ɩлиɬɭ. В ɧаɫɬɨящɟɣ ɫɬаɬьɟ ɪаɫɫɦаɬɪиваɸɬɫя вɨ-
ɩɪɨɫы иɡɝиɛа ɩɨлɨɫы ɫɪɟɞɧɟɣ ɬɨлщиɧы ɩɪи ɧаличии ɭɫилиɣ в ɫɪɟɞиɧɧɨɣ ɩлɨɫɤɨɫɬи. 

 

 

BEND OF THE STRIP OF AVERAGE THICKNESS  

AT PRESENCE OF EFFORTS IN THE MIDDLE PLANE 
 

Andrey N. Leontiev, Vagialla Khasan A.M. 
Moscow State University of Civil Engineering, Moscow, Russia 

 
Abstract: Rectangular plates with various fastenings a contour (including plates on elastic foundation) are wide-

spread element of structures. It is necessary to consider the efforts enclosed in a middle plane except for cross-

section loading in some cases. Initiations of these efforts can be caused by seasonal and daily fluctuations of 

temperature, a preliminary tension of reinforcement, pressure of enclosure walls on  foundation plate. Problem of 

bending of strip of average thickness at presence of efforts in the middle plane is considered in the distinctive 

paper. 

 
Шиɪɨɤɨ ɪаɫɩɪɨɫɬɪаɧɟɧɧыɦ ɷлɟɦɟɧɬɨɦ 

ɫɬɪɨиɬɟльɧых ɤɨɧɫɬɪɭɤɰиɣ являɸɬɫя 
ɩɪяɦɨɭɝɨльɧыɟ ɩлиɬы ɫ ɪаɡличɧыɦи 

ɡаɤɪɟɩлɟɧияɦи ɤɨɧɬɭɪа, а ɬаɤɠɟ 
ɪаɫɩɨлɨɠɟɧɧыɟ ɧа ɭɩɪɭɝɨɦ ɨɫɧɨваɧии. В 

ɪяɞɟ ɫлɭчаɟв ɩɪи ɪаɫчɟɬɟ ɩлиɬ, и ɨɫɨɛɟɧɧɨ 
ɩлиɬ, лɟɠащих ɧа ɭɩɪɭɝɨɦ ɨɫɧɨваɧии, 

ɧɟɨɛхɨɞиɦɨ ɤɪɨɦɟ ɩɨɩɟɪɟчɧɨɣ ɧаɝɪɭɡɤи 

ɭчиɬываɬь ɭɫилия, ɩɪилɨɠɟɧɧыɟ в 
ɫɪɟɞиɧɧɨɣ ɩлɨɫɤɨɫɬи. Пɨявлɟɧиɟ ɷɬих 
ɭɫилиɣ ɦɨɠɟɬ ɛыɬь выɡваɧɨ ɫɟɡɨɧɧыɦи и 

ɫɭɬɨчɧыɦи ɤɨлɟɛаɧияɦи ɬɟɦɩɟɪаɬɭɪы, 

ɩɪɟɞваɪиɬɟльɧыɦ ɧаɬяɠɟɧиɟɦ аɪɦаɬɭɪы, 

ɞавлɟɧиɟɦ ɨɝɪаɠɞаɸщих ɫɬɟɧ ɧа 
фɭɧɞаɦɟɧɬɧɭɸ ɩлиɬɭ. 

Наɩɪяɠɟɧɧɨɟ и ɞɟфɨɪɦиɪɨваɧɧɨɟ ɫɨɫɬɨяɧиɟ 
ɩлиɬы ɫɪɟɞɧɟɣ ɬɨлщиɧы ɩɪи ɟɟ иɡɝиɛɟ ɨɬ 
ɩɨɩɟɪɟчɧɨɣ ɧаɝɪɭɡɤи ),( yxp  ɨɩиɫываɟɬɫя, 

в ɫɨɨɬвɟɬɫɬвии ɫ ɩɪɟɞлɨɠɟɧияɦи 

Ȼ.Ф.Влаɫɨва [1], ɭɪавɧɟɧияɦи: 
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Зɞɟɫь  D – ɰилиɧɞɪичɟɫɤая ɠɟɫɬɤɨɫɬь ɩлиɬы, 

h – ɟɟ ɬɨлщиɧа. Пɪɨɝиɛы  w(x,y)  и ɭɝлы 

ɩɨвɨɪɨɬа ɩлиɬы  tx(x,y),  ty(x,y) ɫвяɡаɧы ɫ 
иɫɤɨɦыɦи фɭɧɤɰияɦи  t(x,y), ),( yxϕ  

выɪаɠɟɧияɦи: 
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ɝɞɟ G – ɦɨɞɭль ɭɩɪɭɝɨɫɬи вɬɨɪɨɝɨ ɪɨɞа, ν  – 

ɤɨɷффиɰиɟɧɬ Пɭаɫɫɨɧа. 
Пɪи ɷɬɨɦ ɫɩɪавɟɞливы ɡавиɫиɦɨɫɬи: 
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Пɪи ɧаличии в ɫɪɟɞиɧɧɨɣ ɩлɨɫɤɨɫɬи ɩлиɬы 

ɭɫилиɣ  Nx, Ny, Nxy=Nyx (ɪиɫ.1) вɬɨɪɨɟ иɡ 
ɭɪавɧɟɧиɣ (1) ɨɫɬаɟɬɫя ɧɟиɡɦɟɧɧыɦ, а в ɩɟɪ-
вɨɦ ɞɨлɠɧы ɛыɬь ɭчɬɟɧы ɩɪɨɟɤɰии ɷɬих ɫил 
ɧа ɨɫь Оz, вɨɡɧиɤаɸщиɟ ɡа ɫчɟɬ иɡɝиɛа ɩли-

ɬы. Заɦɟɬиɦ, чɬɨ ɭɫилия ɫɪɟɞиɧɧɨɣ ɩлɨɫɤɨ-

ɫɬи ɫвяɡаɧы ɦɟɠɞɭ ɫɨɛɨɣ ɭɪавɧɟɧияɦи ɪав-
ɧɨвɟɫия: 
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Сɩɪɨɟɰиɪɭɟɦ ɫилы  Nx, Ny, Nxy=Nyx  и их 
ɩɪиɪащɟɧия ɧа вɟɪɬиɤальɧɭɸ ɨɫь. Тɨɝɞа 
ɩɟɪвɨɟ иɡ ɭɪавɧɟɧиɣ (1), ɫ ɭчɟɬɨɦ 

выɪаɠɟɧиɣ (2) и (3), ɦɨɠɧɨ ɡаɩиɫаɬь в виɞɟ: 
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Заɦɟɬиɦ, чɬɨ ɭɪавɧɟɧиɟ (8) ɫɨвɩаɞаɟɬ ɩɨ 
виɞɭ ɫ аɧалɨɝичɧыɦ ɭɪавɧɟɧиɟɦ ɞля ɬɨɧɤɨɣ 

ɩлаɫɬиɧɤи [2] ɫ ɡаɦɟɧɨɣ в ɩɨɫлɟɞɧɟɦ 

фɭɧɤɰии  w(x,y)  ɧа фɭɧɤɰиɸ  t(x,y). 

ȿɫли ɪаɫɫɦаɬɪиваɟɦая ɩлиɬа ɪаɫɩɨлɨɠɟɧа ɧа 
ɭɩɪɭɝɨɦ ɨɫɧɨваɧии, ɬɨ ɞɟɣɫɬвɭɸщая ɧа ɧɟɟ 
ɩɨɩɟɪɟчɧая ɧаɝɪɭɡɤа ɛɭɞɟɬ ɫɨɫɬɨяɬь иɡ 
ɡаɞаɧɧых ɫил  p(x,y)  и ɪɟаɤɰиɣ ɭɩɪɭɝɨɝɨ 
ɨɫɧɨваɧия  q0(x,y). 

Пɪиɦɟɦ в ɤачɟɫɬвɟ ɭɩɪɭɝɨɝɨ ɨɫɧɨваɧия 
ɦɨɞɟль ɫ ɞвɭɦя ɤɨɷффиɰи-ɟɧɬаɦи ɩɨɫɬɟли  k0  

и  t0 [3], ɞля ɤɨɬɨɪɨɣ ɫвяɡь ɦɟɠɞɭ ɧаɝɪɭɡɤɨɣ 

ɧа ɨɫɧɨваɧиɟ  q0(x,y)  и ɟɝɨ ɨɫаɞɤɨɣ  w(x,y)  

выɪаɠаɟɬɫя фɨɪɦɭлɨɣ: 
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Пɨɞɫɬавляя выɪаɠɟɧиɟ (9) ɫɨ ɡɧаɤɨɦ ɦиɧɭɫ в 
ɩɪавɭɸ чаɫɬь ɭɪавɧɟɧия (8) и ɭчиɬывая 
ɡавиɫиɦɨɫɬь (2), ɩɨлɭчиɦ ɫиɫɬɟɦɭ 
ɪаɡɪɟɲаɸщих ɭɪавɧɟɧиɣ ɞля ɩлиɬы ɫɪɟɞɧɟɣ 

ɬɨлщиɧы, ɪаɫɩɨлɨɠɟɧɧɨɣ ɧа ɭɩɪɭɝɨɦ 

ɨɫɧɨваɧии ɫ ɞвɭɦя ɤɨɷффиɰиɟɧɬаɦи ɩɨɫɬɟли 

и ɩɨɞвɟɪɠɟɧɧɨɣ ɞɟɣɫɬвиɸ ɫил в ɫɪɟɞиɧɧɨɣ 

ɩлɨɫɤɨɫɬи: 
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Ɋаɫɫɦɨɬɪиɦ ɡаɞачɭ ɨɛ иɡɝиɛɟ ɛɟɫɤɨɧɟчɧɨɣ 

ɩɨлɨɫы ɫɪɟɞɧɟɣ ɬɨлщиɧы, ɪаɫɩɨлɨɠɟɧɧɨɣ ɧа 
ɞвɭхɩаɪаɦɟɬɪичɟɫɤɨɦ ɭɩɪɭɝɨɦ ɨɫɧɨваɧии и 

ɧахɨɞящɟɣɫя ɩɨɞ ɞɟɣɫɬвиɟɦ ɩɪɨɞɨльɧых 
ɫɠиɦаɸщих ɫил  Ny,  ɪавɧɨɦɟɪɧɨ 
ɪаɫɩɪɟɞɟлɟɧɧых ɩɨ ɩɪɨɞɨльɧыɦ ɤɪаяɦ. 

Ȼɭɞɟɦ ɫчиɬаɬь, чɬɨ ɩɪɨɞɨльɧыɟ ɤɪая ɩɨлɨɫы 

ɲаɪɧиɪɧɨ ɨɩɟɪɬы, а ɩɨɩɟɪɟчɧая ɧаɝɪɭɡɤа  
q(y)  ɩɪилɨɠɟɧа в ɧачальɧɨɦ ɫɟчɟɧии  x = 0  

и ɡаɞаɧа выɪаɠɟɧиɟɦ:  ypyp βcos)( 0= ,  ɝɞɟ 
b/πβ =  (ɪиɫ.2).                                

Пɪи ɷɬɨɦ иɫɤɨɦыɟ фɭɧɤɰии ɦɨɝɭɬ ɛыɬь 
ɩɪɟɞɫɬавлɟɧы в виɞɟ: 
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Пɨɞɫɬаɧɨвɤа выɪаɠɟɧиɣ (11) в ɭɪавɧɟɧия 
(10) ɩɨɡвɨляɟɬ ɩɨлɭчиɬь ɫлɟɞɭɸщиɟ 
ɨɛыɤɧɨвɟɧɧыɟ ɞиффɟɪɟɧɰиальɧыɟ 
ɭɪавɧɟɧия ɞля ɨɩɪɟɞɟлɟɧия фɭɧɤɰиɣ  )(xV   

и  )(xF : 
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Виɞ ɪɟɲɟɧия ɭɪавɧɟɧия (12) ɡавиɫиɬ ɨɬ 
ɫɨɨɬɧɨɲɟɧия ɤɨɷффиɰиɟɧɬɨв  ρ   и  s. 

Аɧалиɡ фɨɪɦɭл (14) ɩɨɤаɡываɟɬ, чɬɨ в ɫлɭчаɟ 
ɪаɫɬяɝиваɸщих ɫил  ( 0>yN )  ρ>s . В 

ɫлɭчаɟ ɫɠиɦаɸщих ɫил ( 0<yN ) ɩɪи ɦалɨɣ 

ɠɟɫɬɤɨɫɬи ɨɫɧɨваɧия (ɧаɩɪиɦɟɪ, ɩɪи  0k =5) 

и ɞаɠɟ ɩɪи ɨɬɧɨɫиɬɟльɧɨ ɦалых вɟличиɧах 
ɫил yN  (ɧаɩɪиɦɟɪ, ɩɪи  5.0−=yN )  ɛɭɞɟɦ 

иɦɟɬь  ρ<s . С ɭвɟличɟɧиɟɦ  0k   ɷɬɨ 
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ɫɨɨɬɧɨɲɟɧиɟ ɨɫɬаɟɬɫя ɫɩɪавɟɞливыɦ ɭɠɟ 
ɩɪи ɛόльɲих ɫɠиɦаɸщих ɫилах (ɧаɩɪиɦɟɪ, 
ɩɪи  500 =k  и  5−=yN ). Заɦɟɬиɦ, чɬɨ 

вɟличиɧа вɬɨɪɨɝɨ ɤɨɷффиɰиɟɧɬа ɩɨɫɬɟли  0t   

ɨɤаɡываɟɬ ɦалɨɟ влияɧиɟ ɧа ɫɨɨɬɧɨɲɟɧиɟ  ρ   

и  s   в ɫɬɨɪɨɧɭ ɭвɟличɟɧия  ρ . 

Пɪи  ρ>s , ɭчиɬывая ɛɟɫɤɨɧɟчɧɭɸ 

ɩɪɨɬяɠɟɧɧɨɫɬь ɩлиɬы, ɪɟɲɟɧиɟ ɭɪавɧɟɧия 
(12) ɦɨɠɧɨ ɩɪɟɞɫɬавиɬь в виɞɟ: 
 

xeCxeCxV xx γγ αα cossin)( 21
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ɝɞɟ   2/)( 22 ρα += s ,   2/)( 22 ργ −= s . 

 

Пɪи  ρ<s   ɪɟɲɟɧиɟ ɭɪавɧɟɧия (12) 

ɡаɩиɲɟɬɫя в виɞɟ: 
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Ɋɟɲɟɧиɟ ɭɪавɧɟɧия (13), ɫ ɭчɟɬɨɦ 

ɛɟɫɤɨɧɟчɧɨɫɬи ɩɨлɨɫы, иɦɟɟɬ виɞ: 
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Для ɨɩɪɟɞɟлɟɧия ɩɨɫɬɨяɧɧых 
иɧɬɟɝɪиɪɨваɧия  1C , 2C , 1D   в ɧачаль-ɧɨɦ 

ɫɟчɟɧии фɨɪɦɭлиɪɭɸɬɫя ɫлɟɞɭɸщиɟ 
ɝɪаɧичɧыɟ ɭɫлɨвия: 
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С ɭчɟɬɨɦ фɨɪɦɭл (2), (5), (6) и выɪаɠɟɧиɣ 

(11) ɷɬи ɭɫлɨвия ɩɪиɧи-ɦаɸɬ виɞ: 
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Ɋаɫɤɪывая ɷɬи ɭɫлɨвия ɞля ɪɟɲɟɧия (15) 

(ɫлɭчаɣ  ρ>s ), ɩɨлɭчиɦ: 
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ɨɬɤɭɞа:    
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Ɋаɫɤɪывая ɭɫлɨвия (18) ɞля ɪɟɲɟɧия (16) 

(ɫлɭчаɣ  ρ<s ), ɩɨлɭчиɦ: 
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ɨɬɤɭɞа:         
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Пɨɫлɟ ɨɩɪɟɞɟлɟɧия ɩɨɫɬɨяɧɧых  1C , 2C   и  

1D  вɫɟ ɤиɧɟɦаɬичɟɫɤиɟ и ɫɬаɬичɟɫɤиɟ 
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вɟличиɧы, ɨɬɧɨɫящиɟɫя ɤ ɩлиɬɟ, 
ɨɩɪɟɞɟляɸɬɫя ɩɨ фɨɪɦɭлаɦ (2), (4) − (6). 

На ɪиɫ.3 ɩɪивɟɞɟɧы ɝɪафиɤи, 

ɩɪɟɞɫɬавляɸщиɟ ɡавиɫиɦɨɫɬь ɛɟɡɪаɡɦɟɪɧɨɝɨ 
ɩɪɨɝиɛа  3

00 /)0,0( bpDww =   в ɫɟɪɟɞиɧɟ 
ɧачальɧɨɝɨ ɫɟчɟɧия ɩлиɬы ɨɬ вɟличиɧы 

ɛɟɡɪаɡɦɟɪɧых ɩɪɨɞɨльɧых ɫил  
DbNN yy /2= . 

На ɪиɫ.4 ɩɨɤаɡаɧы ɡавиɫиɦɨɫɬи 

ɛɟɡɪаɡɦɟɪɧых иɡɝиɛаɸщих ɦɨɦɟɧɬɨв  0

yM , 

вɨɡɧиɤаɸщих в ɫɟɪɟɞиɧɟ ɧачальɧɨɝɨ 
ɫɟчɟɧия, ɨɬ ɛɟɡɪаɡɦɟɪɧых ɩɪɨɞɨльɧых ɫил  

yN   ɩɪи ɞвɭх ɡɧачɟɧиях  0k  и  h/b = 0.2,  



А.Н. Ʌɟɨɧɬьɟв, А.М. Ваɝиалла Хаɫаɧ 

International Journal for Computational Civil and Structural Engineering 70 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  

 

2.0=ν ,  t0 = 0. Пɭɧɤɬиɪɧыɟ ɤɪивыɟ 
ɨɬɧɨɫяɬɫя ɡɞɟɫь ɤ ɫлɭчаɸ ɫɠаɬия ɩлиɬы  

( 0<yN ), ɫɩлɨɲɧыɟ лиɧии – ɤ ɫлɭчаɸ 

ɪаɫɬяɠɟɧия  ( 0>yN ). 

Мɨɠɧɨ виɞɟɬь, чɬɨ ɭвɟличɟɧиɟ ɩɪɨɞɨльɧых 
ɭɫилиɣ  Ny  ɩɪивɨɞиɬ ɤ ɫɭщɟɫɬвɟɧɧɨɦɭ 

иɡɦɟɧɟɧиɸ ɡɧачɟɧиɣ ɩɪɨɝиɛа и иɡɝиɛаɸщих 
ɦɨɦɟɧɬɨв: ɭвɟличɟɧиɸ ɩɪи ɫɠаɬии и 

ɭɦɟɧьɲɟɧиɸ ɩɪи ɪаɫɬяɠɟɧии. Пɪи ɷɬɨɦ в 
ɩɪɨɰɟɧɬɧɨɦ ɨɬɧɨɲɟɧии ɩɪɨɝиɛы иɡɦɟɧяɸɬɫя 
ɛɨлɟɟ иɧɬɟɧɫивɧɨ, чɟɦ иɡɝиɛаɸщиɟ 
ɦɨɦɟɧɬы. Слɟɞɭɟɬ ɨɬɦɟɬиɬь ɬаɤɠɟ, чɬɨ 
влияɧиɟ ɩɪɨɞɨльɧых ɭɫилиɣ ɧа ɩɪɨɝиɛы 

ɩлиɬы ɫɪɟɞɧɟɣ ɬɨлщиɧы ɨɤаɡываɟɬɫя 
ɧɟɫɤɨльɤɨ ɛόльɲиɦ, чɟɦ ɧа ɩɪɨɝиɛы ɬɨɧɤɨɣ 

ɩлиɬы и ɛόльɲиɦ ɩɪи ɫɠаɬии, чɟɦ ɩɪи 

ɪаɫɬяɠɟɧии. 
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Аɧɧɨтация: В ɧаɫɬɨящɟɣ ɫɬаɬьɟ ɨɩиɫаɧ алɝɨɪиɬɦ ɪаɫчёɬа ɫɠаɬɨɝɨ ɧачальɧɨ иɫɤɪивлёɧɧɨɝɨ ɫɬɟɪɠɧя ɩɪя-
ɦɨɭɝɨльɧɨɝɨ ɩɪɨфиля, ɧахɨɞящɟɝɨɫя ɩɨɞ ɞɟɣɫɬвиɟɦ вɧɟɰɟɧɬɪɟɧɧɨɣ ɧаɝɪɭɡɤи. 

 

 

ABOUT ECCENTRIC COMPRESSION OF  

THIN-WALLED BARS COMPOSED OF INITIALLY 

CURVED FINNED ELEMENTS 
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Abstract: The algorithm of analysis of initially curved thin-walled bar with rectangular profile under eccentric 

load is considered in the distinctive paper. 

 

Сɭɬь ɦɟɬɨɞиɤи ɪаɫчёɬа ɰɟɧɬɪальɧɨ ɫɠаɬых 
ɧɟиɞɟальɧых ɫɬɟɪɠɧɟɣ ɩɪяɦɨɭɝɨльɧɨɝɨ ɩɪɨ-
филя в ɤɪиɬичɟɫɤɨɦ и ɡаɤɪиɬичɟɫɤɨɦ ɫɨ-
ɫɬɨяɧиях иɡлɨɠɟɧа в ɪаɛɨɬах [1]-[4], ɝɞɟ в 
ɤачɟɫɬвɟ ɪаɫчёɬɧɨɝɨ ɦɟɬɨɞа иɫɩɨльɡɨваɧ 

ɩɪиɧɰиɩ вɨɡɦɨɠɧых ɩɟɪɟɦɟщɟɧиɣ. В ɭɤа-
ɡаɧɧых ɩɭɛлиɤаɰиях ɩɪивɟɞɟɧы аɩɩɪɨɤɫи-

ɦиɪɭɸщиɟ фɭɧɤɰии ɧачальɧых и ɩɪиɨɛɪɟ-
ɬёɧɧых ɩɪɨɝиɛɨв ɩлаɫɬиɧчаɬых ɷлɟɦɟɧɬɨв 
ɩɪɨфиля, а ɬаɤɠɟ фɨɪɦɭлы ɞля ɨɩɪɟɞɟлɟɧия 
виɪɬɭальɧых ɪаɛɨɬ ( δТ*

kj) вɫɟх вɧɟɲɧих и 

вɧɭɬɪɟɧɧих ɭɫилиɣ ɧа вɨɡɦɨɠɧых ɩɟɪɟɦɟ-
щɟɧиях ɞля  ɩлаɫɬиɧɨɤ ɫ ɞвɭɦя ɭɩɪɭɝɨ ɡа-
щɟɦлёɧɧыɦи ɧɟɧаɝɪɭɠɟɧɧыɦи ɝɪаɧяɦи. Иɡ 
ɧаɛɨɪа чɟɬыɪёх ɬаɤих ɩлаɫɬиɧ-ɫɬɟɧɨɤ ɦɨɠɧɨ 
ɫɨɫɬавиɬь ɫɬɟɪɠɟɧь ɩɪяɦɨɭɝɨльɧɨɝɨ ɩɪɨфи-

ля. Кɨɪɨɬɤиɟ ɧаɝɪɭɠɟɧɧыɟ ɝɪаɧи ɩлаɫɬиɧɨɤ 
ɨɩёɪɬы ɲаɪɧиɪɧɨ (ɫɦ. ɪиɫ.1).    

В ɞаɧɧɨɣ ɪаɛɨɬɟ ɩɨɤаɠɟɦ алɝɨɪиɬɦ ɪаɫчёɬа 
ɫɠаɬɨɝɨ ɧачальɧɨ иɫɤɪивлёɧɧɨɝɨ ɫɬɟɪɠɧя 
ɩɪяɦɨɭɝɨльɧɨɝɨ ɩɪɨфиля, ɧахɨɞящɟɝɨɫя ɩɨɞ 

ɞɟɣɫɬвиɟɦ вɧɟɰɟɧɬɪɟɧɧɨɣ ɧаɝɪɭɡɤи. Для ɷɬɨ-
ɝɨ ɪаɫɫɦɨɬɪиɦ ɭчаɫɬɨɤ в ɫɟɪɟɞиɧɟ ɩɨ ɞлиɧɟ 
ɩɪɨфиля ( ɩɨɫɤɨльɤɭ ɡɞɟɫь ɩɨявляɸɬɫя ɧаи-

ɛɨльɲиɟ ɩɨ вɟличиɧɟ ɷɤɫɰɟɧɬɪиɫиɬɟɬы ɟх , ɟɭ 
ɩɪилɨɠɟɧия ɧаɝɪɭɡɤи, ɩɪɟвыɲаɸщиɟ ɨɩɨɪ-
ɧыɟ ɡа ɫчёɬ иɫɤɪивлɟɧия ɨɫи ɫɬɟɪɠɧя), ɧɨ ɫ 
ɩɨɩɟɪɟчɧыɦ ɫɟчɟɧиɟɦ, ɪавɧыɦ ɫаɦɨɦɭ ɨɫ-
лаɛлɟɧɧɨɦɭ ɦɟɫɬɧɨɣ ɩɨɬɟɪɟɣ ɭɫɬɨɣчивɨɫɬи ( 

ɭчаɫɬɨɤ ɫ ɧаиɛɨльɲиɦи ɩɨ аɦɩлиɬɭɞɟ ɫɬɪɟл-
ɤаɦи ɧачальɧых ɩɨɝиɛɟɣ ɩлаɫɬиɧɨɤ ɫɬɟɪɠɧя 
). Пɪи ɷɬɨɦ ɩɨлаɝаɟɬɫя, чɬɨ в ɩɪɟɞɟлах ɨɬ-
ɪɟɡɤа ɫɬɟɪɠɧя ɞлиɧɨɣ l  ( ɝɞɟ l  - ɞлиɧа ɨɛɪа-
ɡɨвавɲɟɣɫя в ɪɟɡɭльɬаɬɟ выɩɭчиваɧия ɩла-
ɫɬиɧɨɤ ɩɪɨфиля ɩɪɨɞɨльɧɨɣ   ɩɨлɭвɨлɧы)  

ɪёɛɪа ɨɫɬаɸɬɫя ɩɪяɦɨлиɧɟɣɧыɦи. 

 

В ɦɨɦɟɧɬ ɦɟɫɬɧɨɣ ɩɨɬɟɪи ɭɫɬɨɣчивɨɫɬи 

ɫɬɟɪɠɧя, иɦɟɸщɟɝɨ ɩɪɟɞваɪиɬɟльɧɭɸ ɩɨ-
ɝиɛь, ɧаиɛɨлɟɟ ɫлаɛая ɩлаɫɬиɧɤа выɩɭчива-
ɟɬɫя, ɨɫɬальɧыɟ ɞɟфɨɪɦиɪɭɸɬɫя ɡа ɫчёɬ 
влияɧия ɦɨɦɟɧɬɨв вɞɨль лиɧиɣ ɤɨɧɬаɤɬа 
ɩлаɫɬиɧчаɬых ɷлɟɦɟɧɬɨв ɫɬɟɪɠɧя. Вɨɡɧи-

ɤаɸщиɟ в ɧачальɧыɣ ɦɨɦɟɧɬ выɩɭчиваɧия 
ɞɨɩɨлɧиɬɟльɧыɟ ɩɪɨɝиɛы ɬɨчɟɤ ɫɪɟɞиɧɧых 
ɩɨвɟɪхɧɨɫɬɟɣ хɨɬя ɧɟ ɪавɧы ɧɭлɸ, ɧɨ ɩɪаɤ-
ɬичɟɫɤи ɧаɫɬɨльɤɨ ɦалы, чɬɨ ɦɨɠɧɨ ɩɪɟɧɟɛ- 
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ɪɟчь ɤваɞɪаɬаɦи, ɤɭɛаɦи и ɫɦɟɲаɧɧыɦи 

ɩɪɨиɡвɟɞɟɧияɦи ɫɬɪɟлɨɤ ɫɨɫɬавляɸщих ɩɪи-

ɨɛɪɟɬёɧɧых ɩɪɨɝиɛɨв. 
С ɭчёɬɨɦ ɭɤаɡаɧɧых ɨɛɫɬɨяɬɟльɫɬв ɞлиɧа 
ɩɨлɭвɨлɧы l  и вɟличиɧа ɤɪиɬичɟɫɤɨɣ ɫилы 

ɦɟɫɬɧɨɣ ɭɫɬɨɣчивɨɫɬи м
кɪp  ɨɩɪɟɞɟляɸɬɫя 

ɫ ɩɨɦɨщьɸ ɫиɫɬɟɦы ɪаɡɪɟɲаɸщих ɭɪавɧɟ-
ɧиɣ [3]. Пɪи ɷɬɨɦ ввɨɞиɬɫя ɩɪɨɫɬɨɣ ɡаɤɨɧ 

ɪаɫɩɪɟɞɟлɟɧия ɧаɩɪяɠɟɧиɣ σkx ɞɨ ɦɨɦɟɧɬа 
ɦɟɫɬɧɨɣ ɩɨɬɟɪи ɭɫɬɨɣчивɨɫɬи (ɫɦ. ɪиɫ.1):                        

 

σkx = -
2

p
(h
ɧ

k + h
ɤ
k) – 

s

py
(h
ɤ
k – h

ɧ
k),     (1)    

 

ɝɞɟ  p  – ɫɪɟɞɧɟɟ ɫɠиɦаɸщɟɟ ɧаɩɪяɠɟɧиɟ в 
ɫɟчɟɧии ɫɬɟɪɠɧя, ɨɩɪɟɞɟляɟɦɨɟ выɪаɠɟɧиɟɦ  

 

  
сечF

P
p = .                     (2)           

                                                                     

Зɞɟɫь P  – вɧɟɰɟɧɬɪɟɧɧɨ ɫɠиɦаɸщая ɫи-

ла; сечF  – ɩлɨщаɞь ɩɨɩɟɪɟчɧɨɝɨ ɫɟчɟɧия 
ɫɬɟɪɠɧя; hɧk , h

ɤ
k – ɛɟɡɪаɡɦɟɪɧыɟ ɤɨɷффиɰи-

ɟɧɬы, ɨɩɪɟɞɟляɟɦыɟ  ɨɬɧɨɲɟɧиɟɦ ɧаɩɪяɠɟ-
ɧиɣ ɫɨɨɬвɟɬɫɬвɟɧɧɨ ɧа ɧачальɧɨɣ и ɤɨɧɟчɧɨɣ 

ɝɪаɧях k-ɨɝɨ ɩлаɫɬиɧчаɬɨɝɨ ɷлɟɦɟɧɬа ɩɪɨфи-

ля (ɩɨ фɨɪɦɭлаɦ ɫɨɩɪɨɬивлɟɧия ɦаɬɟɪиалɨв 
ɞля вɧɟɰɟɧɬɪɟɧɧɨ ɫɠаɬɨɝɨ ɫɬɟɪɠɧя ɫ ɧɟɞɟ-
фɨɪɦиɪɭɟɦыɦ ɩɪɨфилɟɦ) ɤ ɫɪɟɞɧɟɦɭ ɫɠи-

ɦаɸщɟɦɭ ɧаɩɪяɠɟɧиɸ ɪ ; s  – ɲиɪиɧа ɩла-
ɫɬиɧɤи.                 

ɍчиɬывая, чɬɨ в ɧачальɧыɣ ɦɨɦɟɧɬ ɦɟɫɬɧɨɣ 

ɩɨɬɟɪи ɭɫɬɨɣчивɨɫɬи ɫɨɫɬавляɸщиɟ виɪɬɭ-

альɧых ɪаɛɨɬ δТ*
kj , ɫɨɞɟɪɠащиɟ ɩɨɫɬɨяɧɧыɟ 

иɧɬɟɝɪиɪɨваɧия Аk2 , Ak3 , Ak4 , Ak5 , вɟɫьɦа 
ɦалы, ɩɪиɧиɦаɟɦ ɩɨɫлɟɞɧиɟ ɪавɧыɦи ɧɭлɸ. 

Тɨɝɞа, иɫхɨɞя иɡ фɨɪɦɭл ɞля ɧаɩɪяɠɟɧиɣ σkx   

[4] , ɩɨɫлɟɞɧиɟ в ɞɨɤɪиɬичɟɫɤɨɦ ɞиаɩаɡɨɧɟ 
ɨɩɪɟɞɟляɸɬɫя ɡавиɫиɦɨɫɬьɸ 
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Наɩɪяɠёɧɧɨɟ ɫɨɫɬɨяɧиɟ вɧɟɰɟɧɬɪɟɧɧɨ 
ɫɠаɬɨɣ ɩлаɫɬиɧɤи-ɫɬɟɧɤи. 

p h
ɤ
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ɧ
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σkx = -Ak1 - Ak6 y.                   (3) 

                

Сɪавɧивая выɪаɠɟɧия (1) ɫ (3) , ɩɨлɭчаɟɦ 

ɞля k – ɨɣ ɩлаɫɬиɧɤи –ɫɬɟɧɤи : 

 

                    Аk1 = 
2

p
( h

ɧ
k + h

ɤ
k );     

   Ak6 = 
s

p
( h

ɤ
k – h

ɧ
k ) .                (4)              

 

Пɨлаɝаɟɬɫя, чɬɨ выɪаɠɟɧиɟ (4) ɫɩɪавɟɞливɨ 
и ɞля ɧачальɧɨɝɨ ɦɨɦɟɧɬа лɨɤальɧɨɣ ɩɨɬɟɪи 

ɭɫɬɨɣчивɨɫɬи. В ɪɟɡɭльɬаɬɟ ɧɟɫлɨɠɧых ɩɪɟ-
ɨɛɪаɡɨваɧиɣ ɩɨлɭчиɦ фɨɪɦɭлы ɞля ɨɩɪɟɞɟ-
лɟɧия ɫɭɦɦ ɪаɛɨɬ вɫɟх вɧɭɬɪɟɧɧих и вɧɟɲ-

ɧих ɭɫилиɣ вɨ вɧɟɰɟɧɬɪɟɧɧɨ ɫɠаɬɨɣ ɧачаль-
ɧɨ ɞɟфɨɪɦиɪɨваɧɧɨɣ ɩлаɫɬиɧɤɟ-ɫɬɟɧɤɟ ɧа 
ɛɟɫɤɨɧɟчɧɨ ɦалых вɨɡɦɨɠɧых ɩɟɪɟɦɟщɟɧи-

ях. Для ɫɨɤɪащɟɧия выɤлаɞɨɤ ввɟɞёɦ ɫлɟ-
ɞɭɸщиɟ ɨɛɨɡɧачɟɧия: 
 

δТ**
kj = δT*

kj  - Kkj ,                  (5) 

              

ɝɞɟ δТ*
kj ( j=1,2,3) – виɪɬɭальɧая ɪаɛɨɬа 

вɧɭɬɪɟɧɧих и вɧɟɲɧих ɭɫилиɣ k-ɨɣ ɩлаɫɬиɧ-

ɤи ɧа вɨɡɦɨɠɧɨɦ ɩɟɪɟɦɟщɟɧии (δW)j в ɦɨ-
ɦɟɧɬ ɦɟɫɬɧɨɣ ɩɨɬɟɪи ɭɫɬɨɣчивɨɫɬи ɩɪи ɰɟɧ-

ɬɪальɧɨɦ ɫɠаɬии ɫɬɟɪɠɧя; 
Кkj  - ɫɭɦɦа вɫɟх члɟɧɨв, ɫɨɞɟɪɠащих ɩаɪа-
ɦɟɬɪ  ɪ   в δТ*

kj  [3]. 

Тɨɝɞа виɪɬɭальɧыɟ ɪаɛɨɬы δT*e
kj в ɧачальɧɨ 

иɫɤɪивлёɧɧɨɣ ɩлаɫɬиɧɤɟ-ɫɬɟɧɤɟ ɩɪɨфиля, 
иɫɩыɬываɸщɟɝɨ вɧɟɰɟɧɬɪɟɧɧɨɟ ɫɠаɬиɟ, 
ɩɪɟɞɫɬавляɸɬɫя ɫлɟɞɭɸщиɦи выɪаɠɟɧияɦи :    

                                               

δT*e
k1 =  δТ**

k1+ p tk s (π2
hkfk1

l8

1
 + 

+ 2πhkfk2
l3

1
 + 4h′kfk3

l

1
 );    (6) 

δT*e
k2 = δT**

k2 + p tk s  (2πhkfk1
l3

1
 +  

3π2
hkfk2

l8

1
 + 3πh′kfk3

l16

1
 );    (7) 

 

δT*e
k3 = δT**

k3 + p tk s  (4h′kfk1
l

1
 +  

3πh′kfk2
l16

1
 + π2

hkfk3
l8

1
 );     (8) 

 

ɝɞɟ  s  и tk – ɫɨɨɬвɟɬɫɬвɟɧɧɨ ɲиɪиɧа и ɬɨл-
щиɧа  k – ɨɣ ɩлаɫɬиɧɤи ; 

kjf  ( j = 1,2,3 ) – ɫɬɪɟлɤи  ɩɪиɨɛɪɟɬёɧɧɨɝɨ 
ɩɪɨɝиɛа ɩлаɫɬиɧɤи ɫɬɟɪɠɧя  ; 
  

h′k = ( h
ɤ
k  - h

ɧ
k ) ;    hk = ( h

ɤ
k + h

ɧ
k ) . 

 

Таɤиɦ ɨɛɪаɡɨɦ, ɩɨлɭчаɟɦ ɫиɫɬɟɦɭ ваɪиаɰи-

ɨɧɧых ɭɪавɧɟɧиɣ, ɨɩиɫываɸщих ɤɪиɬичɟ-
ɫɤɨɟ ɫɨɫɬяɧиɟ вɧɟɰɟɧɬɪɟɧɧɨ ɧаɝɪɭɠɟɧɧɨɝɨ 
ɧɟɫɨвɟɪɲɟɧɧɨɝɨ ɬɨɧɤɨɫɬɟɧɧɨɝɨ ɫɬɟɪɠɧя ɤɨ-
ɪɨɛчаɬɨɝɨ ɩɪɨфиля, ɫɨɫɬавлɟɧɧɨɝɨ иɡ ɩла-
ɫɬиɧɨɤ-ɫɬɟɧɨɤ. Для ɷɬɨɝɨ в ɨɞɧɨиɦёɧɧɨɣ 

ɫиɫɬɟɦɟ ɭɪавɧɟɧиɣ, ɡаɩиɫаɧɧɨɣ ɞля ɫлɭчая 
ɰɟɧɬɪальɧɨɝɨ ɫɠаɬия [3], иɡɦɟɧиɦ δТkj ɧа 
δТ*e

kj : 

                            

∑∑= =

n

j

q

k1 1
⎟⎟⎠
⎞⎜⎜⎝

⎛
∂
∂

ai

kj

f

f
δT*e

kj = 0,   i = 1,2,…,n       (9)                   

                                        

Выɪаɡив ɫ ɩɨɦɨщьɸ ɝɪаɧичɧых ɭɫлɨвиɣ 

ɫɬɪɟлɤи ɫɨɫɬавляɸщих ɩɪиɨɛɪɟɬёɧɧых ɩɪɨ-
ɝиɛɨв ɞля вɫɟх ɩлаɫɬиɧɨɤ ɩɪɨфиля чɟɪɟɡ ɫɨ-
ɨɬвɟɬɫɬвɭɸщиɟ ɩаɪаɦɟɬɪы ɨɫɧɨвɧɨɣ ɩла-
ɫɬиɧɤи ( фɭɧɤɰия ɞɨɩɨлɧиɬɟльɧых ɩɪɨɝиɛɨв 
ɤɨɬɨɪɨɣ ɫɨɞɟɪɠиɬ ɧаиɛɨльɲɟɟ чиɫлɨ члɟɧɨв 
), ɬ.ɟ. чɟɪɟɡ f a1, f a2 ,…, f an , и ɨɩɪɟɞɟлив 

ɡɧачɟɧиɟ чаɫɬɧых ɩɪɨиɡвɨɞɧых ɬиɩа ⎟⎟⎠
⎞⎜⎜⎝

⎛
∂
∂

ai

kj

f

f
, 

ɩɨлɭчиɦ ɫиɫɬɟɦɭ лиɧɟɣɧых ɨɞɧɨɪɨɞɧых 
ɭɪавɧɟɧиɣ ɨɬɧɨɫиɬɟльɧɨ ɧɟиɡвɟɫɬɧых f a1 

, f a2 ,…, f an . В ɫɨɨɬвɟɬɫɬвии ɫ чиɫлɨɦ ɫɬɪɟ-
лɨɤ f ai ɝлавɧыɣ ɨɩɪɟɞɟлиɬɟль ɷɬɨɣ ɫиɫɬɟɦы 

ɪаɫɤɪываɟɬɫя ɫɨɨɬвɟɬɫɬвɟɧɧɨ в ɤɭɛичɟɫɤɨɟ ( 
i =1,2, 3) ɭɪавɧɟɧиɟ ɨɬɧɨɫиɬɟльɧɨ ɩаɪаɦɟɬɪа 
p . Ваɪьиɪɭя вɟличиɧɭ l , ɬаɤɠɟ вхɨɞящɭɸ в 
ɩɨлɭчɟɧɧɨɟ ɭɪавɧɟɧиɟ, ɧахɨɞиɦ иɡ ɩɨɫлɟɞ-

ɧɟɝɨ ɧаиɦɟɧьɲɟɟ ɡɧачɟɧиɟ ɩаɪаɦɟɬɪа ɧа-
ɝɪɭɡɤи м

кɪp  , а ɡɧачиɬ, и ɫɨɨɬвɟɬɫɬвɭɸщɭɸ 
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ɟɦɭ вɟличиɧɭ ɩɪɨɞɨльɧɨɣ ɩɨлɭвɨлɧы l  . 

Кɪиɬичɟɫɤая ɫила лɨɤальɧɨɣ ɩɨɬɟɪи ɭɫɬɨɣ-

чивɨɫɬи вычиɫляɟɬɫя ɩɨ фɨɪɦɭлɟ : 

сеч
м
кɪ

м
кɪ FɪP = . 
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ɈȻɈɅɈЧКАХ ɁА ɉɊȿȾȿɅɈɆ ɍɉɊɍГɈСɌИ 
 

А.ə. Астахова 
Мɨɫɤɨвɫɤиɣ ɝɨɫɭɞаɪɫɬвɟɧɧыɣ ɫɬɪɨиɬɟльɧыɣ ɭɧивɟɪɫиɬɟɬ, ɝ. Мɨɫɤва, Ɋɨɫɫия 

 
Аɧɧɨтация: В ɧаɫɬɨящɟɣ ɫɬаɬьɟ ɪаɫɫɦаɬɪиваɸɬɫя ɬɨɧɤиɟ иɡɨɬɪɨɩɧыɟ ɨɛɨлɨчɤи вɪащɟɧия ɩɨɫɬɨяɧɧɨɣ 

ɬɨлщиɧы ɩɪи ɞɟɣɫɬвии ɤɨльɰɟвых и ɪаɫɩɪɟɞɟлɟɧɧых  ɧаɝɪɭɡɨɤ. Длиɧɧыɟ и ɤɨɪɨɬɤиɟ ɤɨльɰɟвыɟ ɨɛɨлɨч-
ɤи ɧа ɤɪɨɦɤах ɦɨɝɭɬ иɦɟɬь ɪаɡличɧыɟ ɭɫлɨвия ɨɩиɪаɧия, ɧаɩɪиɦɟɪ, ɠɟɫɬɤɨɟ ɡащɟɦлɟɧиɟ, ɲаɪɧиɪɧɨɟ 
ɨɩиɪаɧиɟ или ɫвɨɛɨɞɧыɣ ɤɪаɣ. 

 

 

ANALYSIS OF STRAIN-STRESS DISTRIBUTION 

OF ANNULAR SPHERICAL SHELLS 

COMPRESSION BEYOND ELASTIC LIMIT 
 

A.Y. Astakhova 
Moscow State University of Civil Engineering, Moscow, Russia 

 
Abstract: Isotropic thin shells of revolution with constant thickness under annular and distributed loads are con-

sidered in the distinctive paper. Long and short annular shells can have various support conditions (for instance 

fixed-end condition or hinged bearing).  

 
В ɪаɛɨɬɟ ɪаɫɫɦаɬɪиваɸɬɫя ɬɨɧɤиɟ иɡɨɬɪɨɩ-

ɧыɟ ɨɛɨлɨчɤи вɪащɟɧия ɩɨɫɬɨяɧɧɨɣ ɬɨлщи-

ɧы ɩɪи ɞɟɣɫɬвии ɤɨльɰɟвых и ɪаɫɩɪɟɞɟлɟɧ-

ɧых  ɧаɝɪɭɡɨɤ. Длиɧɧыɟ и ɤɨɪɨɬɤиɟ ɤɨльɰɟ-
выɟ ɨɛɨлɨчɤи ɧа ɤɪɨɦɤах ɦɨɝɭɬ иɦɟɬь ɪаɡ-
личɧыɟ ɭɫлɨвия ɨɩиɪаɧия, ɧаɩɪиɦɟɪ, ɠɟɫɬ-
ɤɨɟ ɡащɟɦлɟɧиɟ, ɲаɪɧиɪɧɨɟ ɨɩиɪаɧиɟ или 

ɫвɨɛɨɞɧыɣ ɤɪаɣ. 

Вывɨɞ ɨɫɧɨвɧɨɣ ɫиɫɬɟɦы ɞиффɟɪɟɧɰиаль-
ɧых ɭɪавɧɟɧиɣ ɨɫɧɨваɧ ɧа лиɧɟɣɧɨɣ ɬɟɨɪии 

ɨɛɨлɨчɟɤ ɫ ɭчɟɬɨɦ ɝиɩɨɬɟɡ Киɪхɝɨфа-Ʌява и 

фиɡичɟɫɤих ɫɨɨɬɧɨɲɟɧиях ɬɟɨɪии ɦалых ɭɩ-

ɪɭɝɨ-ɩлаɫɬичɟɫɤих ɞɟфɨɪɦаɰиɣ [ 1 ]. Пɨлаɝа-
ɟɬɫя, чɬɨ ɫɪɟɞиɧɧая ɩɨвɟɪхɧɨɫɬь ɨɛɨлɨчɤи 

являɟɬɫя ɩɨвɟɪхɧɨɫɬьɸ вɪащɟɧия ɨɬɧɨɫи-

ɬɟльɧɨ ɨɫи  z  ɛɟɡ ɨɫɨɛых ɬɨчɟɤ ɡа иɫɤлɸчɟ-
ɧиɟɦ ɝɪаɧичɧых, ɝɞɟ ɨɫɨɛɟɧɧɨɫɬь ɞɨɩɭɫɤаɟɬ-
ɫя. Оɛɨɡɧачиɦ:  θ  -  аɡиɦɭɬальɧыɣ ɭɝɨл в ɝɨ-
ɪиɡɨɧɬальɧɨɣ ɩлɨɫɤɨɫɬи, s  -  ɞлиɧɭ ɞɭɝи 

вɞɨль ɨɛɪаɡɭɸщɟɣ, ζ  -  ɪаɫɫɬɨяɧиɟ ɩɨ ɧɨɪ-

ɦали ɤ ɫɪɟɞиɧɧɨɣ ɩɨвɟɪхɧɨɫɬи ɨɛɨлɨчɤи. 

Иɫɩɨльɡɭя ɦɟɬɨɞ ɭɩɪɭɝих ɪɟɲɟɧиɣ, вɧɭɬɪɟɧ-

ɧиɟ ɭɫилия N ɩɪɟɞɫɬавиɦ в виɞɟ ɪаɡɧɨɫɬи 

лиɧɟɣɧɨ-ɭɩɪɭɝих ɪɟɲɟɧиɣ N 0  и ɧɟɤɨɬɨɪых 
ɩɨɩɪавɨɤ, ɭчиɬываɸщих фиɡичɟɫɤɭɸ ɧɟли-

ɧɟɣɧɨɫɬь ɦаɬɟɪиала ∆ [ 2,3 ]: 

 

N  =   N 0  -  ∆  . 

 

Ɋаɡлɨɠɟɧиɟ вɫɟх фɭɧɤɰиɣ ɧаɩɪяɠɟɧɧɨ-
ɞɟфɨɪɦиɪɨваɧɧɨɝɨ ɫɨɫɬɨяɧия и ɧаɝɪɭɡɤи в 
ɪяɞ  Фɭɪьɟ ɩɨ ɨɤɪɭɠɧɨɣ ɤɨɨɪɞиɧаɬɟ  θ и 

ɩɪɟɨɛɪаɡɨваɧиɟ ɩɨлɧɨɣ ɫиɫɬɟɦы ɞиффɟɪɟɧ-

ɰиальɧых ɭɪавɧɟɧиɣ в чаɫɬɧых ɩɪɨиɡвɨɞɧых 
ɩɪивɨɞиɬ ɤ ɪаɡɪɟɲаɸщɟɣ ɫиɫɬɟɦɟ. Пɨлɭчиɦ   

вɨɫɟɦь ɨɛыɤɧɨвɟɧɧых ɞиффɟɪɟɧɰиальɧых 
ɭɪавɧɟɧиɣ ɩɟɪвɨɝɨ ɩɨɪяɞɤа ɨɬɧɨɫиɬɟльɧɨ 
ɫлɟɞɭɸщих  ɧɟиɡвɟɫɬɧых фɭɧɤɰиɣ:    N r ,  

N z   -  ɪаɞиальɧɨɟ и ɨɫɟвɨɟ ɭɫилия, S  -  
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ɨɛɨɛщɟɧɧɨɟ ɬаɧɝɟɧɰиальɧɨɟ ɭɫилиɟ,  M s   -  

ɦɟɪиɞиɨɧальɧыɣ иɡɝиɛаɸщиɣ ɦɨɦɟɧɬ,  u r ,  

u z   -  ɪаɞиальɧɨɟ и ɨɫɟвɨɟ ɩɟɪɟɦɟщɟɧия,   ζ s   

-  ɭɝɨл ɩɨвɨɪɨɬа ɫɟчɟɧия. Пɪавая чаɫɬь ɫиɫ-
ɬɟɦы ɫɨɞɟɪɠиɬ ɤɨɦɩɨɧɟɧɬы ɧаɝɪɭɡɤи и 

фɭɧɤɰии, ɭчиɬываɸщиɟ фиɡичɟɫɤɭɸ ɧɟли-

ɧɟɣɧɨɫɬь ɦаɬɟɪиала  (иɦɟɸɬɫя ввиɞɭ ɤɨɷф-

фиɰиɟɧɬы ɪяɞа Фɭɪьɟ ɧɟиɡвɟɫɬɧых фɭɧɤɰиɣ 

и ɧаɝɪɭɡɤи). 

Иɫɫлɟɞɭɟɦ ɧаɩɪяɠɟɧɧɨ-ɞɟфɨɪɦиɪɨваɧɧɨɟ 
ɫɨɫɬɨяɧиɟ в ɤɨльɰɟвых ɫфɟɪичɟɫɤих ɨɛɨлɨч-
ɤах ɩɪи ɞɟɣɫɬвии ɬɪɟх ɪавɧɨɦɟɪɧɨ ɪаɫɩɪɟɞɟ-
лɟɧɧых  ɤɨльɰɟвых ɧаɝɪɭɡɨɤ, ɩɪилɨɠɟɧɧых 
ɩɨ ɞɭɝɟ ɨɛɪаɡɭɸщɟɣ s ɫ ɲаɝɨɦ  0,25s. Ɋаɫ-
ɫɦɨɬɪиɦ ɨɛɨлɨчɤи ɫ ɭɝлɨɦ ɩɨлɭɪаɫɬвɨɪа  α  

=  60 0 , 90 0 , 160 0  и ɭɝлɨɦ ɨɬхɨɞа ɨɬ ɨɫи 

вɪащɟɧия ввɟɪхɭ ɧа δ = 5 0 .Маɬɟɪиал ɫчиɬа-
ɟɬɫя ɧɟɫɠиɦаɟɦыɦ, ɤɨɷффиɰиɟɧɬ Пɭаɫɫɨɧа 
ɩɪиɧиɦаɟɬɫя ɪавɧыɦ 0,5 в ɭɩɪɭɝɨɣ и ɭɩɪɭɝɨ-
ɩлаɫɬичɟɫɤих ɨɛлаɫɬях. Диаɝɪаɦɦа  ɪаɫɬя-
ɠɟɧия ɫɬали аɩɩɪɨɤɫиɦиɪɨваɧа лɨɦаɧɨɣ ли-

ɧиɟɣ ɫ ɦɨɞɭлɟɦ ɭɩɪɨчɧɟɧия   λ  =  0,95, иɧ-

ɬɟɧɫивɧɨɫɬь ɞɟфɨɪɦаɰиɣ ɫɨɨɬвɟɬɫɬвɭɸщая 
ɧачалɭ ɬɟɤɭчɟɫɬи ɩɪиɧиɦаɟɬɫя  ε s = 10 −3 . 

Для ɨɛɨлɨчɤи ɫ ɨɬɧɨɲɟɧиɟɦ ɪаɞиɭɫа ɤ ɬɨл-
щиɧɟ R/h = 100 ɩɪи ɠɟɫɬɤɨɦ ɡащɟɦлɟɧии ɩɨ 
вɟɪхɧɟɣ и ɧиɠɧɟɣ ɤɪɨɦɤаɦ ɨɛɨлɨчɤи ɨɛлаɫ-
ɬи ɪаɫɩɪɨɫɬɪаɧɟɧия ɩлаɫɬичɟɫɤих ɞɟфɨɪɦа-
ɰиɣ ɩɨɤаɡаɧы ɧа ɪиɫ.1.  В ɤɨɪɨɬɤих ɨɛɨлɨч-
ɤах  α = 60 0  и ɨɛɨлɨчɤах ɫɪɟɞɧɟɣ ɞлиɧы α = 

90 0 ɩɪи ɧаɝɪɭɡɤɟ  P/Eh = 0,143 ·10 −3  ɨɧи 

ɪаɫɩɪɨɫɬɪаɧяɸɬɫя ɧа ɞлиɧɟ 0,006s ɧа вɧɟɲ-

ɧɟɣ и вɧɭɬɪɟɧɧɟɣ ɩɨвɟɪхɧɨɫɬях. В ɞлиɧɧых 
ɫфɟɪичɟɫɤих ɨɛɨлɨчɤах α=160 0   ɩɪи ɬɨɣ ɠɟ 
вɟличиɧɟ ɧаɝɪɭɡɤи ɨɛлаɫɬь ɩлаɫɬичɟɫɤих  
ɞɟфɨɪɦаɰиɣ, ɨхваɬываɸщая вɫɸ ɬɨлщиɧɭ 
ɨɛɨлɨчɤи, ɪаɫɩɪɨɫɬɪаɧяɟɬɫя ɧа ɞлиɧɟ 0,24s 

ɨɬ ɧиɠɧɟɣ ɨɩɨɪы и ɧа ɞлиɧɟ 0,06s ɦɟɠɞɭ 1-

ɨɣ ɤɨльɰɟвɨɣ ɧаɝɪɭɡɤɨɣ и вɟɪхɧɟɣ ɨɩɨɪɨɣ. 

ɍвɟличɟɧиɟ ɧаɝɪɭɡɤи в 2 ɪаɡа ɫɭщɟɫɬвɟɧɧɨ 

влияɟɬ ɧа ɪаɫɩɪɨɫɬɪаɧɟɧиɟ ɩлаɫɬичɟɫɤих ɞɟ-
фɨɪɦаɰиɣ ɤаɤ ɩɨ ɬɨлщиɧɟ ɨɛɨлɨчɤи, ɬаɤ и 

вɞɨль ɨɛɪаɡɭɸщɟɣ. В ɨɛɨлɨчɤах α = 60 0  и  α 

= 90 0  ɩлаɫɬичɟɫɤиɟ ɞɟфɨɪɦаɰии ɩɨ ɬɨлщиɧɟ 
ɨɛɪаɡɭɸɬɫя ɧа ɞлиɧɟ 0,14s ɦɟɠɞɭ 1-ɨɣ ɤɨль-
ɰɟвɨɣ ɧаɝɪɭɡɤɨɣ  и вɟɪхɧɟɣ ɨɩɨɪɨɣ, ɨɛщая 
ɨɛлаɫɬь их ɪаɫɩɪɨɫɬɪаɧɟɧия  ɫɨɫɬавляɟɬ ɫɨ-
ɨɬвɟɬɫɬвɟɧɧɨ 0,44s и 0,3s. В ɨɫɬальɧɨɣ чаɫɬи 

ɨɛɪаɡɭɸщɟɣ ɞля α = 60 0  ɩлаɫɬичɟɫɤиɟ ɞɟ-
фɨɪɦаɰии ɧахɨɞяɬɫя вɛлиɡи вɧɟɲɧɟɣ и 

вɧɭɬɪɟɧɧɟɣ ɩɨвɟɪхɧɨɫɬɟɣ ɨɛɨлɨчɤи,  ɩɪи  α = 

90 0 ɨхваɬываɸɬ вɫɸ ɬɨлщиɧɭ ɧа ɞлиɧɟ 0,12s 

и 0,04s. Для ɫлɭчая α = 160 0 ɨɛлаɫɬь ɩлаɫɬи-

чɟɫɤих ɞɟфɨɪɦаɰиɣ ɪаɫɩɪɨɫɬɪаɧяɟɬɫя вɞɨль 
ɨɛɪаɡɭɸщɟɣ ɨɬ вɟɪхɧɟɣ и ɧиɠɧɟɣ ɨɩɨɪы ɧа 
0,32s. 

Мɟɪиɞиɨɧальɧыɟ  иɡɝиɛаɸщиɟ ɦɨɦɟɧɬы в 
ɤɨɪɨɬɤих ɨɛɨлɨчɤах и ɨɛɨлɨчɤах ɫɪɟɞɧɟɣ 

ɞлиɧы ɩɪиɧиɦаɸɬ ɧаиɛɨльɲиɟ ɡɧачɟɧия 
вɛлиɡи ɩɪилɨɠɟɧия ɤɨльɰɟвых ɧаɝɪɭɡɨɤ, в 
ɞлиɧɧых ɨɛɨлɨчɤах ɧаиɛɨльɲиɟ ɡɧачɟɧия 
вɨɡɧиɤаɸɬ в ɨɛлаɫɬи ɠɟɫɬɤɨɝɨ ɡащɟɦлɟɧия и 

ɩɪɟвыɲаɸɬ  ɡɧачɟɧия в ɞɪɭɝих ɬɨчɤах ɩɪи-

ɦɟɪɧɨ в 2-3 ɪаɡа [  4  ]. 

Сɨɫɬавляɸщиɟ ɝɨɪиɡɨɧɬальɧых ɩɟɪɟɦɟщɟ-
ɧиɣ ɬɨчɟɤ ɫɪɟɞиɧɧɨɣ ɩɨвɟɪхɧɨɫɬи ɩɪиɦɟɪɧɨ 
ɧа ɩɨɪяɞɨɤ ɛɨльɲɟ вɟɪɬиɤальɧых ɫɨɫɬав-
ляɸщих. Оɧи ɩɪиɧиɦаɸɬ  ɧаиɛɨльɲиɟ ɡɧа-
чɟɧия вɛлиɡи ɧиɠɧɟɣ ɨɩɨɪы. На ɪиɫ. 2 ɩɪɟɞ-

ɫɬавлɟɧ ɝɪафиɤ иɡɦɟɧɟɧия ɫɨɫɬавляɸщɟɣ 

ɝɨɪиɡɨɧɬальɧɨɝɨ ɩɟɪɟɦɟщɟɧия u r /h  в ɫфɟ-
ɪичɟɫɤих ɤɨльɰɟвых ɨɛɨлɨчɤах ɩɪи ɪаɡɧых 
ɡɧачɟɧиях ɭɝла ɩɨлɭɪаɫɬвɨɪа   α  ɞля ɧаɝɪɭ-
ɡɨɤ  P/Eh = 0,143 ·10 −3   и P/Eh = 0,286 ·10 −3 . 

Ɋаɫɫɦаɬɪиваɟɬɫя ɬɨчɤа ɨɬɫɬɨящая ɨɬ ɧиɠɧɟɣ  

ɨɩɨɪы ɧа ɪаɫɫɬɨяɧии 0,08s. Пɨ ɝɪафиɤɭ 
ɦɨɠɧɨ ɨɩɪɟɞɟлиɬь, ɤаɤая вɟличиɧа ɩɟɪɟɦɟ-
щɟɧия, ɦɟɧьɲая ɬɨлщиɧы ɨɛɨлɨчɤи, вɨɡɧиɤ-
ɧɟɬ в ɷɬɨɣ ɬɨчɤɟ в ɨɛɨлɨчɤɟ ɫ ɡаɞаɧɧыɦ ɡɧа-
чɟɧиɟɦ α и  ɧаɝɪɭɡɤи. 
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1. ȼȼȿȾȿɇИȿ.  

 

В ɪаɛɨɬɟ [1] ɪаɫɫɦɨɬɪɟɧ ɦɟɬɨɞ ɪɟɲɟɧия ɨɛ-
ɪаɬɧых ɡаɞач ɬɟɨɪии ɭɩɪɭɝɨɫɬи ɧɟɩɪɟɪывɧɨ 
ɧɟɨɞɧɨɪɨɞɧых ɬɟл ɞля ɬɨлɫɬɨɫɬɟɧɧɨɝɨ ɰи-

лиɧɞɪа. Сɭɬь ɨɛɪаɬɧɨɣ ɡаɞачи ɫɨɫɬɨиɬ в ɨɬы-

ɫɤаɧии ɡавиɫиɦɨɫɬи ɦɨɞɭля ɭɩɪɭɝɨɫɬи ɦаɬɟ-
ɪиала вɞɨль ɪаɞиɭɫа (фɭɧɤɰии ɧɟɨɞɧɨɪɨɞɧɨ-
ɫɬи )(rE ), ɬаɤɨɣ, чɬɨ ɧаɩɪяɠɟɧɧɨɟ ɫɨɫɬɨяɧиɟ 
ɰилиɧɞɪа ɩɪи ɨɩɪɟɞɟлɟɧɧɨɣ ɧаɝɪɭɡɤɟ ɛɭɞɟɬ 
ɡаɞаɧɧыɦ. В ɪаɛɨɬах [1-3] ɩɨлɭчɟɧы ɪɟɲɟ-
ɧия ɨɛɪаɬɧых ɡаɞач ɞля ɪаɡличɧых ɬɟɨɪиɣ 

ɩɪɨчɧɨɫɬи. Нɟɫɦɨɬɪя ɧа ɬɨ, чɬɨ в ɩɨɞɨɛɧых 
ɤɨɧɫɬɪɭɤɰиях вɨ вɫɟх ɬɨчɤах выɩɨлɧяɟɬɫя 
ɭɫлɨвиɟ ɩɨɫɬɨяɧɫɬва ɷɤвивалɟɧɬɧɨɝɨ ɧаɩɪя-
ɠɟɧия, ɫɨɨɬвɟɬɫɬвɭɸщɟɝɨ ɬɨɣ или иɧɨɣ ɬɟɨ-
ɪии ɩɪɨчɧɨɫɬи, ɬаɤиɟ ɤɨɧɫɬɪɭɤɰии ɧɟ явля-
ɸɬɫя  ɪавɧɨɩɪɨчɧыɦи. Таɤиɟ ɤɨɧɫɬɪɭɤɰии 

ɦɨɠɧɨ ɧаɡваɬь «ɪавɧɨɧаɩɪяɠɟɧɧыɦи». Для 

ɬɨɝɨ чɬɨɛы ɤɨɧɫɬɪɭɤɰия ɛыла ɪавɧɨɩɪɨчɧɨɣ, 

ɧɟɨɛхɨɞиɦɨ, чɬɨɛы ɧɟ ɬɨльɤɨ ɷɤвивалɟɧɬɧɨɟ 
ɧаɩɪяɠɟɧиɟ, ɧɨ и ɩɪɨчɧɨɫɬь ɦаɬɟɪиала ɩɪи 

ɡаɞаɧɧɨɣ ɡавиɫиɦɨɫɬи ( )rE  вɨ вɫɟх ɬɨчɤах 
ɛыла ɩɨɫɬɨяɧɧɨɣ. Оɞɧаɤɨ ɩɪи иɡɦɟɧɟɧии 

ɦɨɞɭля ɭɩɪɭɝɨɫɬи ɩɪɨчɧɨɫɬь ɦаɬɟɪиала, ɤаɤ 
ɩɪавилɨ, ɬаɤɠɟ иɡɦɟɧяɟɬɫя. Пɪи ɷɬɨɦ, ɤаɤ 
ɩɪавилɨ, ɫɨɛлɸɞаɟɬɫя ɬɟɧɞɟɧɰия ɛɨльɲɟ – 

ɛɨльɲɟ, ɦɟɧьɲɟ – ɦɟɧьɲɟ. Очɟвиɞɧɨ, чɬɨ 
ɞля ɫɨɡɞаɧия ɤɨɧɫɬɪɭɤɰиɣ ɛлиɡɤих ɤ ɪавɧɨ-
ɩɪɨчɧыɦ ɧɟɨɛхɨɞиɦы ɦаɬɟɪиалы, ɭ ɤɨɬɨɪых 
ɫɬɟɩɟɧь иɡɦɟɧɟɧия ɩɪɨчɧɨɫɬи ɦɟɧьɲɟ, чɟɦ 

ɫɨɨɬвɟɬɫɬвɭɸщɟɟ иɡɦɟɧɟɧиɟ ɦɨɞɭля ɭɩɪɭɝɨ-
ɫɬи. Оɞɧиɦ иɡ ɫɩɨɫɨɛɨв ɫɨɝлаɫɨваɧия ɠɟɫɬ-
ɤɨɫɬɧых и ɩɪɨчɧɨɫɬɧых ɫвɨɣɫɬв ɦаɬɟɪиала 
ɞля ɩɨɫɬɪɨɟɧия ɦɨɞɟли ɪавɧɨɩɪɨчɧɨɝɨ ɰи-

лиɧɞɪа ɦɨɠɟɬ ɛыɬь иɬɟɪаɰиɨɧɧыɣ ɦɟɬɨɞ, 

ɫɭɬь ɤɨɬɨɪɨɝɨ иɡлаɝаɟɬɫя в ɞаɧɧɨɣ ɪаɛɨɬɟ. 
 



В.И. Аɧɞɪɟɟв, И.А. Пɨɬɟхиɧ  

International Journal for Computational Civil and Structural Engineering 80 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2. ИɌȿɊАЦИɈɇɇЫɃ ɆȿɌɈȾ.  

В ɤачɟɫɬвɟ ɦаɬɟɪиала, ɧа ɩɪиɦɟɪɟ ɤɨɬɨɪɨɝɨ 
ɪаɫɫɦаɬɪиваɟɬɫя иɬɟɪаɰиɨɧɧыɣ ɦɟɬɨɞ ɩɨ-
ɫɬɪɨɟɧия ɦɨɞɟли ɪавɧɨɩɪɨчɧɨɝɨ ɰилиɧɞɪа, 
выɛɪаɧ ɩɨлиɦɟɪɛɟɬɨɧ,  ɨɬличаɸщиɣɫя вɨɡ-

ɦɨɠɧɨɫɬьɸ ɡа ɫчɟɬ иɡɦɟɧɟɧия ɫɬɟɩɟɧи ɧа-
ɩɨлɧɟɧия ɤваɪɰɟвɨɣ ɦɭɤɨɣ ɞɨɫɬаɬɨчɧɨ ɲи-

ɪɨɤɨɣ ɦɨɞифиɤаɰии ɠɟɫɬɤɨɫɬи ɩɪи ɨɬɧɨɫи-

ɬɟльɧɨ ɫлаɛɨɦ иɡɦɟɧɟɧии ɩɪɨчɧɨɫɬɧых 
ɫвɨɣɫɬв. В ɬаɛлиɰɟ 1 ɩɪивɟɞɟɧы ɞаɧɧыɟ ɩɨ  

 

Таɛлиɰа 1 

ȼɥияɧие ɫтеɩеɧи ɧаɩɨɥɧеɧия кварцевɨɣ ɦɭкɨɣ ɧа ɩреɞеɥ ɩрɨɱɧɨɫти ɩри ɫɠатии и  

ɦɨɞɭɥь ɭɩрɭɝɨɫти ɩɨɥиɦерɧыɯ кɨɦɩɨɡициɣ. 

Сɬɟɩɟɧь  
ɧаɩɨлɧɟɧия ɤваɪɰɟ-

вɨɣ ɦɭɤɨɣ 

Пɪɟɞɟл  
ɩɪɨчɧɨɫɬи ɩɪи 

ɫɠаɬии, МПа 

Мɨɞɭль  
ɭɩɪɭɝɨɫɬи,  10

4
 

МПа 

ɍвɟличɟɧиɟ ɦɨɞɭля ɭɩ-

ɪɭɝɨɫɬи, % 

- 142 3,1 100 

50 146 4,5 145 

100 160 7,1 230 

200 148 10,5 340 

300 132 13,7 442 

400 115 16,7 539 

 

ɩɪɨчɧɨɫɬи и ɠɟɫɬɤɨɫɬи ɩɨлиɦɟɪɛɟɬɨɧа ɧа 
ɨɫɧɨвɟ ɫвяɡɭɸщɟɝɨ ФАМ в ɡавиɫиɦɨɫɬи ɨɬ 
ɫɬɟɩɟɧи ɧаɩɨлɧɟɧия ɤваɪɰɟвɨɣ ɦɭɤɨɣ [4].  

Виɞɧɨ, чɬɨ ɫ ɭвɟличɟɧиɟɦ ɧаɩɨлɧɟɧия ɩɪи 

ɩɨɫɬɨяɧɧɨɦ ɭвɟличɟɧии ɦɨɞɭля ɭɩɪɭɝɨɫɬи 

ɩɪɨчɧɨɫɬь ɫɧачала ɧɟɡɧачиɬɟльɧɨ вɨɡɪаɫɬа-
ɟɬ, а ɩɨɬɨɦ ɩаɞаɟɬ. 
Сɭɬь иɬɟɪаɰиɨɧɧɨɝɨ ɦɟɬɨɞа ɡаɤлɸчаɟɬɫя в 
ɫлɟɞɭɸщɟɦ. На ɩɟɪвɨɦ ɷɬаɩɟ ɨɩɪɟɞɟляɟɬɫя 
ɡавиɫиɦɨɫɬь ( )rE )1( , ɩɪи ɤɨɬɨɪɨɣ ɷɤвива-
лɟɧɬɧɨɟ ɧаɩɪяɠɟɧиɟ )1(

0σ , ɫɨɨɬвɟɬɫɬвɭɸщɟɟ 
лɸɛɨɣ ɬɟɨɪии ɩɪɨчɧɨɫɬи, ɛɭɞɟɬ ɩɨɫɬɨяɧɧыɦ 

ɩɨ вɫɟɦɭ ɨɛɴɟɦɭ ɰилиɧɞɪа. ȿɫли ɩɪɨчɧɨɫɬь 
ɦаɬɟɪиала R  ɩɨɫɬɨяɧɧа, ɬɨ иɡ ɭɫлɨвия ɩɪɨч-
ɧɨɫɬи Rcγσ ≤0  ɦɨɠɧɨ ɨɩɪɟɞɟлиɬь, ɧаɩɪи-

ɦɟɪ, ɞɨɩɭɫɬиɦыɟ ɧаɝɪɭɡɤи.  Пɨɫɤɨльɤɭ, ɤаɤ 
ɨɬɦɟчɟɧɨ выɲɟ, ɩɪɨчɧɨɫɬь ɪɟальɧɨɝɨ ɦаɬɟ-
ɪиала ɩɪи ɞаɧɧɨɣ ɡавиɫиɦɨɫɬи ( )rE )1(  ɧɟ яв-
ляɟɬɫя ɩɨɫɬɨяɧɧɨɣ, а ɩɪɟɞɫɬавляɟɬ ɫɨɛɨɣ ɧɟ-
ɤɨɬɨɪɭɸ фɭɧɤɰиɸ )()1( rR ,  ɬɨ ɧа вɬɨɪɨɦ ɷɬа-
ɩɟ ɪаɡыɫɤиваɟɬɫя ɬаɤая ɡавиɫиɦɨɫɬь ( )rE )2( , 

ɩɪи ɤɨɬɨɪɨɣ ɞɨлɠɧɨ выɩɨлɧяɬьɫя ɭɫлɨвиɟ 
)()( )1()2(

0 rRr =σ . Пɪɨɰɟɫɫ ɩɪɨɞɨлɠаɟɬɫя ɞɨ 
ɬɟх ɩɨɪ, ɩɨɤа ɩɨɫɬɪɨɟɧɧая ɩɨ ɬаɛличɧыɦ 

ɞаɧɧыɦ ɡавиɫиɦɨɫɬь )()( rR i  ɧɟ ɛɭɞɟɬ ɫ ɬɪɟ-
ɛɭɟɦɨɣ ɬɨчɧɨɫɬьɸ ɫɨвɩаɞаɬь ɫ фɭɧɤɰиɟɣ 

)()1(

0 ri+σ . 

Ниɠɟ ɩɪивɨɞиɬɫя ɩɪиɦɟɪ ɪɟɲɟɧия ɡаɞачи 

ɞля ɩɟɪвɨɣ ɬɟɨɪии ɩɪɨчɧɨɫɬи ɩɪи ɭɫлɨвиях 
ɩлɨɫɤɨɝɨ ɧаɩɪяɠɟɧɧɨɝɨ ɫɨɫɬɨяɧия ɩɪи ɫлɟ-
ɞɭɸщих иɫхɨɞɧых ɞаɧɧых: 
 

2.0=ν , 2=
a

b
, ab pp 2= , ν−= 1k . 

 

Пɭɫɬь ɧа ɩɟɪвɨɦ ɷɬаɩɟ ɷɤвивалɟɧɬɧɨɟ ɧаɩɪя-
ɠɟɧиɟ ɩɨɫɬɨяɧɧɨ и ɪавɧɨ ( ) ( ) МПа14211

0 −== θσσ , ɬɨɝɞа ɡавиɫиɦɨɫɬь 
( ) ( )rE 1  ɫɨɝлаɫɧɨ [1] ɛɭɞɟɬ иɦɟɬь виɞ: 

 

( ) ( )
( )
( ) ( )
( )
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k

krk
A

kak
A
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ErE
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8.0=k , 
( )
( ) 667.0
1

0

1 −=σ
A

, 1.30 =E 410⋅ МПа . 

 

Оɩɪɟɞɟляɟɦ ɬɨчɤи, в ɤɨɬɨɪых ( ) ( )rE 1  ɩɪиɧи-

ɦаɟɬ ɬаɛличɧыɟ ɡɧачɟɧия: 
0.11 =r , чɬɨ ɫɨɨɬвɟɬɫɬвɭɟɬ ɡɧачɟɧиɸ 

( ) ( ) 1.31

1 =rE 410⋅  МПа  

011.22 =r , чɬɨ ɫɨɨɬвɟɬɫɬвɭɟɬ ɡɧачɟɧиɸ 
( ) ( ) 5.42

1 =rE 410⋅  МПа . 

 

Ниɠɟ ɧа ɪиɫ. 1 и 2 ɩɪɟɞɫɬавлɟɧы ɝɪафиɤи 

ɞля фɭɧɤɰиɣ ( ) ( )rE 1  и ( ) ( )r1

0σ . 

 

1.0      1.2     1.4      1.6   1.8  r/a 2.0

4.5

4.0

3.5

3.0

10
4МПа

( )1E ,

 
Ɋиɫ. 1. Зɧачɟɧия фɭɧɤɰии ( ) ( )rE 1 . 

 

1.0      1.2     1.4      1.6   1.8  r/a 2.0

МПа

144

142

141

140

139

( )1

0σ− ,

 
Ɋиɫ.2. Зɧачɟɧия фɭɧɤɰии ( ) ( )r1

0σ  

 

На вɬɨɪɨɦ ɷɬаɩɟ ɡаɞаɟɦɫя фɭɧɤɰиɟɣ ( ) ( )r2

0σ , 

ɞля ɤɨɬɨɪɨɣ в ɬɨчɤах 1r  и 2r  ɡɧачɟɧия ɷɤви-

валɟɧɬɧɨɝɨ ɧаɩɪяɠɟɧия ɛɭɞɭɬ ɪавɧы ɫɨɨɬ-
вɟɬɫɬвɭɸщиɦ ɬаɛличɧыɦ ɞаɧɧыɦ. 

В ɤачɟɫɬвɟ аɩɩɪɨɤɫиɦиɪɭɸщɟɣ фɭɧɤɰии ɞля 
ɷɤвивалɟɧɬɧɨɝɨ ɧаɩɪяɠɟɧия ɩɪиɧяɬа ɫлɟ-
ɞɭɸщая ɡавиɫиɦɨɫɬь: 
 ( )( ) ( ) ( ) 2)2(22

0

γθ σσσ rrr ⋅== ,  

 

ɝɞɟ 142)2( −=σ  МПа , 04.02 =γ .  

 

Эɬɭ фɭɧɤɰиɸ ɩɨɞɫɬавляɟɦ в ɭɪавɧɟɧиɟ ɪав-
ɧɨвɟɫия: 
 

( )( ) ( ) ( ) 0/)( 222 =−+′ rrr θσσσ , 

 

иɧɬɟɝɪиɪɭя ɤɨɬɨɪɨɟ ɩɨлɭчиɦ выɪаɠɟɧиɟ ɞля ( ) ( )rr

2σ :  

 

( )( ) ( ) ( )
r

A
rrr

2

2

2
2 2

1
+⋅⎟⎟⎠

⎞⎜⎜⎝
⎛

+= γγ
σσ ,  

ɝɞɟ         ( ) ( ) ( )
11

1212
2

22

22

++
++

−
−= γγ

γγ
ab

abpbap
A ab ,   

( ) ( ) ( )( ) ( )
11

2

22
2

22

1
++ −

+⋅−= γγ
γσ

ab

bpap ba . 

 

Иɡ ɩɨɫлɟɞɧɟɝɨ выɪаɠɟɧия ɫ ɭчɟɬɨɦ 

ba pp 5.0= ɧахɨɞиɦ вɟличиɧɭ ɞавлɟɧия ( )2

bp : 

 

( ) ( )( )( )( ) 135.96
5.012

112
2

22 =−+
−= ++

ba

ab
pb γ

σ γγ
МПа , 

а ( ) ( ) 067.485.0 22 == ba pp МПа . 

 

Пɨɞɫɬавляя ɡɧачɟɧия ɞавлɟɧиɣ ( )2

bp  и ( )2

ap  в 
( )2A , ɧахɨɞиɦ чиɫлɟɧɧɨɟ ɡɧачɟɧиɟ ɷɬɨɣ ɤɨɧ-

ɫɬаɧɬы. 

Пɨɫлɟ ɩɨɞɫɬаɧɨвɤи выɪаɠɟɧия ( ) ( )rr

2σ  в ɪаɡ-
ɪɟɲаɸщɟɟ ɭɪавɧɟɧиɟ ɞля фɭɧɤɰии )()2( rE  
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( )( )
( ) ( ) 0                               
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⎝
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−+″
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rr

E

E

r

k

E

E

r

σ

σσ
 

 

и иɧɬɟɝɪиɪɨваɧия ɞаɧɧɨɝɨ ɭɪавɧɟɧия, ɩɨлɭ-
чаɟɦ ɡавиɫиɦɨɫɬь ɦɨɞɭля ɭɩɪɭɝɨɫɬи ɨɬ ɪа-
ɞиɭɫа: 
 

( ) ( ) ( ) k

k

k

a

r
ErE

−+
+⋅−
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Зɧачɟɧия вɟличиɧ ɷɤвивалɟɧɬɧɨɝɨ ɧаɩɪяɠɟ-
ɧия и ɦɨɞɭля ɭɩɪɭɝɨɫɬи в ɬɨчɤах 1r  и 2r  

ɩɪɟɞɫɬавлɟɧы в ɬаɛлиɰɟ: 
 

 Таɛлиɰа 2 

 

r  
( )2

0σ , МПа ( )2E , 410 МПа 
1.000 -142 3.100 

2.011 -146 4.647 

 

Пɨɫɤɨльɤɭ ɡɧачɟɧиɟ фɭɧɤɰии  ( ) ( )rE 2  в ɬɨч-
ɤɟ 2r ɨɬличаɟɬɫя ɨɬ ɬаɛличɧɨɝɨ ɡɧачɟɧия, ɨɩ-

ɪɟɞɟлиɦ ɩɨлɨɠɟɧиɟ ɬɨчɤи, в ɤɨɬɨɪɨɣ ( ) ( )rE 2  

ɩɪиɧиɦаɟɬ ɬаɛличɧɨɟ ɡɧачɟɧиɟ: 872.12 =r , 

чɬɨ ɫɨɨɬвɟɬɫɬвɭɟɬ ɡɧачɟɧиɸ ( ) ( ) 5.42

2 =rE 410⋅  МПа . 

Ниɠɟ ɧа ɪиɫ. 3 и 4 ɩɪɟɞɫɬавлɟɧы ɝɪафиɤи 

ɞля фɭɧɤɰиɣ ( ) ( )rE 2  и ( ) ( )r2

0σ .  

На ɬɪɟɬьɟɦ ɷɬаɩɟ ɡаɞаɟɦɫя фɭɧɤɰиɟɣ, ( ) ( )r3

0σ , 

аɧалɨɝичɧɨɣ фɭɧɤɰии ( ) ( )r2

0σ  ɞля ɤɨɬɨɪɨɣ в 
ɬɨчɤах 1r  и 2r  ɡɧачɟɧия ɷɤвивалɟɧɬɧɨɝɨ ɧа-
ɩɪяɠɟɧия ɛɭɞɭɬ ɪавɧы ɫɨɨɬвɟɬɫɬвɭɸщиɦ 

ɬаɛличɧыɦ ɞаɧɧыɦ и ɩɨвɬɨɪяɟɦ ɩɨ аɧалɨɝии 

вɫɟ ɞɟɣɫɬвия ɩɪɟɞыɞɭщɟɝɨ ɷɬаɩа. 
Вɫɟɝɨ ɞля ɨɬыɫɤаɧия ɬɪɟɛɭɟɦых ɡавиɫиɦɨ-
ɫɬɟɣ ɩɨɬɪɟɛɨвалɨɫь ɩяɬь ɷɬаɩɨв. 
На ɩяɬɨɦ ɷɬаɩɟ в ɤачɟɫɬвɟ аɩɩɪɨɤɫиɦиɪɭɸ-

щɟɣ фɭɧɤɰии ɞля ɷɤвивалɟɧɬɧɨɝɨ ɧаɩɪяɠɟ-
ɧия ɩɪиɧяɬа ɡавиɫиɦɨɫɬь: ( )( ) 5)5(5

0

γσσ rr ⋅= , ɝɞɟ 142)5( −=σ  МПа , 

045.05 =γ . 
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Выɪаɠɟɧиɟ ɞля ( ) ( )rr

5σ  ɛɭɞɟɬ иɦɟɬь виɞ:  
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Вɟличиɧы ɞавлɟɧиɣ ( )5

bp  и ( )5

ap ɪавɧы: 

 ( ) 325.965 =bp МПа , ( ) 162.485 =ap МПа .  

 

Завиɫиɦɨɫɬь ɦɨɞɭля ɭɩɪɭɝɨɫɬи ɨɬ ɪаɞиɭɫа ɧа 
ɩɨɫлɟɞɧɟɦ ɷɬаɩɟ иɬɟɪаɰиɨɧɧɨɝɨ ɩɪɨɰɟɫɫа 
ɛɭɞɟɬ иɦɟɬь виɞ: 
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Зɧачɟɧия вɟличиɧ ɷɤвивалɟɧɬɧɨɝɨ ɧаɩɪяɠɟ-
ɧия и ɦɨɞɭля ɭɩɪɭɝɨɫɬи в ɬɨчɤах 1r  и 2r  ɞля 

( ) ( )r5

0σ  и ( ) ( )rE 5  ɩɪɟɞɫɬавлɟɧы в ɬаɛлиɰɟ: 
 

Таɛлиɰа 3 

r  
( )5

0σ , МПа ( )5E , 410 МПа 
1.000 -142 3.1 

1.858 -146 4.5 
 

На ɪиɫ. 5 и 6 ɩɪɟɞɫɬавлɟɧы ɝɪафиɤи ɞля 
фɭɧɤɰиɣ ( ) ( )rE 5  и ( ) ( )r5

0σ . Пɨɫлɟɞɧяя ɡавиɫи-

ɦɨɫɬь ɩɪаɤɬичɟɫɤи ɫɨвɩаɞаɟɬ ɫ ɡавиɫиɦɨɫɬьɸ 

ɩɪɨчɧɨɫɬи ɛɟɬɨɧа ɧа ɫɠаɬиɟ, ɫɨɨɬвɟɬɫɬвɭɸ-

щɟɣ ɨɩɪɟɞɟлɟɧɧɨɣ в ɪаɛɨɬɟ фɭɧɤɰии ( ) ( )rE 5 . 
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Ɋиɫ. 5. Зɧачɟɧия фɭɧɤɰии ( ) ( )rE 5 . 
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Ɋиɫ. 6. Зɧачɟɧия фɭɧɤɰии ( ) ( )r5

0σ . 

 

ɁАКɅɘЧȿɇИȿ 

 

В ɪɟɡɭльɬаɬɟ ɪаɡɪаɛɨɬɤи ɦɟɬɨɞа ɩɨɫɬɪɨɟɧия 
ɦɨɞɟли ɪавɧɨɩɪɨчɧɨɝɨ ɰилиɧɞɪа ɦɨɠɧɨ 
ɩɪɨвɟɫɬи ɧɟɤɨɬɨɪыɣ аɧалиɡ ɷффɟɤɬивɧɨɫɬи 

ɬаɤɨɣ ɦɨɞɟли ɩɭɬɟɦ ɫɪавɧɟɧия ɟɟ ɫ ɨɞɧɨɪɨɞ-
ɧыɦ ɰилиɧɞɪɨɦ. В ɩɨɫлɟɞɧɟɦ ɫлɭчаɟ в ɫɨɨɬ-
вɟɬɫɬвии ɫ ɩɟɪвɨɣ ɬɟɨɪиɟɣ ɩɪɨчɧɨɫɬи ɧаи-

ɛɨльɲиɦ ɩɨ аɛɫɨлɸɬɧɨɣ вɟличиɧɟ ɛɭɞɟɬ ɧа-
ɩɪяɠɟɧиɟ θσ , ɨɩɪɟɞɟляɟɦɨɟ фɨɪɦɭлɨɣ 

 ( )( ) 22
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rab
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r baab −

−+−
−−=θσ . 

 

Эɬи ɧаɩɪяɠɟɧия ɞɨɫɬиɝаɸɬ ɦаɤɫиɦɭɦа вɛли-

ɡи вɧɭɬɪɟɧɧɟɣ ɩɨвɟɪхɧɨɫɬи ɰилиɧɞɪа (r=a) и 
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ɩɪи иɫхɨɞɧых ɞаɧɧых abpp ab 2,2 == ɪав-
ɧы bp833,1=θσ . Пɪиɪавɧивая ɩɨлɭчɟɧɧɭɸ 

вɟличиɧɭ ɤ ɩɪɟɞɟлɭ ɩɪɨчɧɨɫɬи ɩɪи ɫɠаɬии, 

ɪавɧɨɦ 142МПа, ɩɨлɭчиɦ ɦаɤɫиɦальɧɨɟ 
ɡɧачɟɧиɟ ɞавлɟɧия bp  ɪавɧыɦ 77,45МПа. 
Каɤ ɛылɨ ɩɨɤаɡаɧɨ выɲɟ, ɩɨɫлɟ ɩяɬɨɝɨ ɷɬаɩа 
иɬɟɪаɰиɨɧɧɨɝɨ ɩɪɨɰɟɫɫа ɷɬɨ ɞавлɟɧиɟ ɪавɧɨ ( ) 325.965 =bp МПа. Таɤиɦ ɨɛɪаɡɨɦ, ɤɨɷффи-

ɰиɟɧɬ ɷффɟɤɬивɧɨɫɬи ɪаɛɨɬы ɪавɧɨɩɪɨчɧɨɝɨ 
ɰилиɧɞɪа ɩɨ ɫɪавɧɟɧиɸ ɫ ɨɞɧɨɪɨɞɧыɦ ɰи-

лиɧɞɪɨɦ ɪавɟɧ 1.24.   

Оɞɧаɤɨ ɫлɟɞɭɟɬ ɨɬɦɟɬиɬь, чɬɨ ɞаɧɧыɣ ɪɟ-
ɡɭльɬаɬ ɩɨлɭчɟɧ ɞля ɦɨɞеɥи ɧɟɨɞɧɨɪɨɞɧɨɝɨ 
ɰилиɧɞɪа ɫ ɧеɩрерывɧыɦ иɡɦɟɧɟɧиɟɦ 

вɞɨль ɪаɞиɭɫа ɞɟфɨɪɦаɰиɨɧɧых и ɩɪɨчɧɨɫɬ-
ɧых ɫвɨɣɫɬв. Пɨɩыɬɤа ɫɨɡɞаɧия ɬаɤих ɰи-

лиɧɞɪɨв ɧа ɨɫɧɨвɟ ɩɨлиɦɟɪɧɨɣ ɫɦɨлы, ɧа-
ɩɨлɧɟɧɧɨɣ ɞиаɛаɡɨвɨɣ ɦɭɤɨɣ, ɨɩиɫаɧа в [5]. 

Сɨɡɞаɧиɟ ɠɟ ɪɟальɧɨɣ ɛɟɬɨɧɧɨɣ ɤɨɧɫɬɪɭɤ-
ɰии вɪяɞ ли вɨɡɦɨɠɧɨ. Тɟɦ ɧɟ ɦɟɧɟɟ, ɞля 
ɩɪаɤɬичɟɫɤɨɝɨ ɤɨɧɫɬɪɭиɪɨваɧия ɨɩɬиɦаль-
ɧых ɤɨɧɫɬɪɭɤɰиɣ, ɨɫɧɨваɧɧых ɧа иɫɩɨльɡɨ-
ваɧии ɧɟɨɞɧɨɪɨɞɧых ɦаɬɟɪиалɨв, ɦɨɠɧɨ 
ɩɪɟɞлɨɠиɬь ɫɨɡɞаɧиɟ ɫлɨиɫɬых ɰилиɧɞɪɨв, 
ɫɨɫɬɨящих иɡ 3 – 5 ɫлɨɟв ɫ ɨɫɪɟɞɧɟɧɧыɦи ɩɨ 
ɬɨлщиɧɟ ɫвɨɣɫɬваɦи. Мɟɬɨɞиɤа ɩɨɫлɨɣɧɨɝɨ 
ɛɟɬɨɧиɪɨваɧия вɞɨль ɪаɞиɭɫа, в чаɫɬɧɨɫɬи 

ɩɪивɟɞɟɧа в [6]. Эɤɨɧɨɦичɟɫɤиɣ ɷффɟɤɬ в 
ɞаɧɧɨɦ ɫлɭчаɟ ɛɭɞɟɬ, ɟɫɬɟɫɬвɟɧɧɨ, ɧɟɫɤɨльɤɨ 
ɦɟɧьɲɟ, чɟɦ ɩɪи ɧɟɩɪɟɪывɧɨɦ иɡɦɟɧɟɧии 

ɦɟхаɧичɟɫɤих ɫвɨɣɫɬв 
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К ɉɅɈСКɈɃ ɁАȾАЧȿ ɆȿХАɇИКИ ȾȿɎɈɊɆИɊɍȿɆɈГɈ  

ɌȼȿɊȾɈГɈ ɌȿɅА 
 

Э.К. Аɝахаɧов, М.К. Аɝахаɧов 
Мɨɫɤɨвɫɤиɣ ɝɨɫɭɞаɪɫɬвɟɧɧыɣ ɫɬɪɨиɬɟльɧыɣ ɭɧивɟɪɫиɬɟɬ, ɝ. Мɨɫɤва, Ɋɨɫɫия 

 
Аɧɧɨтация: В ɧаɫɬɨящɟɣ ɫɬаɬьɟ ɪаɫɫɦаɬɪиваɟɬɫя ɩɪиɦɟɧɟɧиɟ ɷɤвивалɟɧɬɧɨɫɬи вɨɡɞɟɣɫɬвиɣ ɤ ɩлɨɫɤɨɣ 

ɡаɞачɟ ɦɟхаɧиɤи ɞɟфɨɪɦиɪɭɟɦɨɝɨ ɬвɟɪɞɨɝɨ ɬɟла. 
  

 

USE OF EQUIVALENCE OF EFFECTS IN PLANE PROBLEM 

OF SOLID MECHANICS 
 

A.K. Agakhanov, M.K. Agakhanov 
Moscow State University of Civil Engineering, Moscow, Russia 

 
Abstract: Use of equivalence of effects in plane problem of solid mechanics is considered in the distinctive pa-

per. 

 
Пɭɫɬь ɭɩɪɭɝɨɟ ɬɟлɨ ɧахɨɞиɬɫя ɩɨɞ ɞɟɣɫɬвиɟɦ 

ɨɛɴɟɦɧых ɫил ( )tFx , ( )tFy . В ɫлɭчаɟ ɩлɨɫɤɨɣ 

ɞɟфɨɪɦаɰии, ɩɪи ɩɨɫɬаɧɨвɤɟ ɡаɞачи в ɩɟɪɟ-
ɦɟщɟɧиях, иɦɟɟɦ: 

ɞва ɭɪавɧɟɧия ɪавɧɨвɟɫия 
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ɞва ɝɪаɧичɧых ɭɫлɨвия 
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ȿɫли ɬɟлɨ ɧахɨɞиɬɫя ɩɨɞ ɞɟɣɫɬвиɟɦ ɩɨвɟɪх-
ɧɨɫɬɧых ɫил ( )tPx , ( )tPy  и ɲаɪɨвɨɝɨ ɬɟɧɡɨɪа 
выɧɭɠɞɟɧɧых ɞɟфɨɪɦаɰиɣ ( )tξ , ɬɨ ɫɨɨɬɧɨ-
ɲɟɧия (1) и (2) иɦɟɸɬ виɞ: 
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ɍɫлɨвия ɬɨɠɞɟɫɬвɟɧɧɨɝɨ ɪавɟɧɫɬва ɩɟɪɟɦɟ-
щɟɧиɣ 

( )( ) ( )( )tUtU PF ξ,≡  и 
( )( ) ( )( )tVtV PF ξ,≡ , 

ɫлɟɞɭɸщиɟ: 
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Чɬɨɛы ɩɨлɭчиɬь ɭɫлɨвия ɬɨɠɞɟɫɬвɟɧɧɨɝɨ 
ɪавɟɧɫɬва ɩɟɪɟɦɟщɟɧиɣ ɞля ɫлɭчая ɩлɨɫɤɨɝɨ 
ɧаɩɪяɠɟɧɧɨɝɨ ɫɨɫɬɨяɧия ɧɟɨɛхɨɞиɦɨ в ɫɨɨɬ-
ɧɨɲɟɧия (5) вɦɟɫɬɨ ( )tE , ( )tν  и ( )tα  ɩɨɞɫɬа-
виɬь их ɡɧачɟɧия иɡ ɪавɟɧɫɬв [1] 
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ɡаɬɟɦ ( )tE1 , ( )t1ν  и ( )t1α  ɡаɦɟɧиɬь ɧа ( )tE , ( )tν  и ( )tα . 

Тɨɝɞа ɞля ɫлɭчая ɩлɨɫɤɨɝɨ ɧаɩɪяɠɟɧɧɨɝɨ 
ɫɨɫɬɨяɧия иɦɟɟɦ 
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Наɩɪяɠɟɧия в ɨɛɨих ɫлɭчаях ɫвяɡаɧы ɫɨɨɬ-
ɧɨɲɟɧияɦи [2] 
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Иɡ (5) и (6) ɫлɟɞɭɟɬ, чɬɨ в ɫлɭчаɟ ɩлɨɫɤɨɣ 

ɞɟфɨɪɦаɰии иɡвɟɫɬɧая аɧалɨɝия С. П. Тиɦɨ-
ɲɟɧɤɨ ɞля «ɧɟɫɠиɦаɟɦɨɝɨ» ɦаɬɟɪиала  ɧɟ 
ɩɪиɦɟɧиɦа, а в ɫлɭчаɟ ɩлɨɫɤɨɝɨ ɧаɩɪяɠɟɧ-

ɧɨɝɨ ɫɨɫɬɨяɧия ɨɧа ɩɪиɦɟɧиɦа ɛɟɡ ɤаɤих ли-

ɛɨ ɨɝɪаɧичɟɧиɣ. 
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Ɉ ɎИɁИЧȿСКɈɆ СɆЫСɅȿ ȼɅИəɇИə ɉɈȼЫɒȿɇɇЫХ  

СКɈɊɈСɌȿɃ ɇАГɊɍɀȿɇИə ɇА ȾȿɎɈɊɆАɌИȼɇЫȿ СȼɈɃ-

СɌȼА ȻȿɌɈɇА  
 

К.А. Цветков 
Мɨɫɤɨвɫɤиɣ ɝɨɫɭɞаɪɫɬвɟɧɧыɣ ɫɬɪɨиɬɟльɧыɣ ɭɧивɟɪɫиɬɟɬ, ɝ. Мɨɫɤва, Ɋɨɫɫия 

 
Аɧɧɨтация: В ɧаɫɬɨящɟɣ ɫɬаɬьɟ ɪаɫɫɦаɬɪиваɸɬɫя ɪɟɡɭльɬаɬы ɷɤɫɩɟɪиɦɟɧɬальɧых иɫɫлɟɞɨваɧиɣ авɬɨɪа, 
ɩɨɡвɨляɸщих выявиɬь ɧɟɤɨɬɨɪыɟ ɡаɤɨɧɨɦɟɪɧɨɫɬи влияɧия ɩɨвыɲɟɧɧых ɫɤɨɪɨɫɬɟɣ ɧаɝɪɭɠɟɧия ɧа  ɞɟ-
фɨɪɦаɬивɧыɟ ɫвɨɣɫɬва ɛɟɬɨɧа: ɦɨɞɭль ɞɟфɨɪɦаɰиɣ, вɟличиɧɭ ɩɪɟɞɟльɧых ɞɟфɨɪɦаɰиɣ, ɤɨɷффиɰиɟɧɬ 
ɩɨɩɟɪɟчɧых ɞɟфɨɪɦаɰиɣ, ɡɧачɟɧия ɨɛɴɟɦɧых ɞɟфɨɪɦаɰиɣ  ɩɪи ɨɞɧɨɨɫɧɨɦ и ɞвɭхɨɫɧɨɦ ɫɠаɬии 

 

 

ABOUT PHYSICAL MEANING OF INFLUENCE OF THE RAISED 

SPEEDS OF LOADING ON DEFORMATION  

CHARACTERISTICS OF CONCRETE 
 

K.A. Tsvetkov 
Moscow State University of Civil Engineering, Moscow, Russia 

 
Abstract: Results of experimental researches of the author, allowing revealing influence of the raised speeds of 

loading on deformation characteristics of concrete (modulus of deformation, value of limit deformation, Poisson 

ratio, values of volume deformations at uniaxial and biaxial compression) are considered in the distinctive paper. 

 
В ɧаɫɬɨящɟɟ вɪɟɦя ɞɨɫɬɨвɟɪɧɨ иɡвɟɫɬɧɨ, чɬɨ 
ɫвɨɣɫɬва  ɛɟɬɨɧа ɡавиɫяɬ ɨɬ ɞлиɬɟльɧɨɫɬи 

ɩɪилɨɠɟɧия ɧаɝɪɭɡɤи. Пɪичɟɦ ɷɬа ɡаɤɨɧɨ-
ɦɟɪɧɨɫɬь ɩɪɨɫлɟɠиваɟɬɫя ɤаɤ ɩɪи ɭɦɟɧьɲɟ-
ɧии ɫɤɨɪɨɫɬи ɧаɝɪɭɠɟɧия ɩɨ ɫɪавɧɟɧиɸ ɫɨ 
ɫɬаɧɞаɪɬɧɨɣ  ɩɪиɧяɬɨɣ ɩɨ ȽОСТ 24452-80, 

ɬаɤ и ɩɪи ɟɟ ɭвɟличɟɧии.   

В Ʌаɛɨɪаɬɨɪии ɷɤɫɩɟɪиɦɟɧɬальɧɨɣ ɦɟхаɧи-

ɤи ɛɟɬɨɧа ɤафɟɞɪы «Сɨɩɪɨɬивлɟɧия ɦаɬɟ-
ɪиалɨв» ȽОɍ ВПО МȽСɍ авɬɨɪɨɦ ɫɨвɦɟɫɬ-
ɧɨ ɫ иɧɠ. И.М.Ȼɟɡɝɨɞɨвыɦ ɛыли ɩɪɨвɟɞɟɧы 

ɷɤɫɩɟɪиɦɟɧɬальɧыɟ иɫɫлɟɞɨваɧия, ɩɨɡвɨ-
ляɸщиɟ выявиɬь ɧɟɤɨɬɨɪыɟ ɡаɤɨɧɨɦɟɪɧɨɫɬи 

влияɧия ɩɨвыɲɟɧɧых ɫɤɨɪɨɫɬɟɣ ɧаɝɪɭɠɟɧия 
ɧа  ɞɟфɨɪɦаɬивɧыɟ ɫвɨɣɫɬва ɛɟɬɨɧа: ɦɨɞɭль 
ɞɟфɨɪɦаɰиɣ, вɟличиɧɭ ɩɪɟɞɟльɧых ɞɟфɨɪ-
ɦаɰиɣ, ɤɨɷффиɰиɟɧɬ ɩɨɩɟɪɟчɧых ɞɟфɨɪɦа-
ɰиɣ, ɡɧачɟɧия ɨɛɴɟɦɧых ɞɟфɨɪɦаɰиɣ  ɩɪи 

ɨɞɧɨɨɫɧɨɦ и ɞвɭхɨɫɧɨɦ ɫɠаɬии.   

 

 

ɆȿɌɈȾИКА ЭКСɉȿɊИɆȿɇɌАɅɖɇЫХ 

ИССɅȿȾɈȼАɇИɃ 

 

Иɫɩыɬывалиɫь ɩɪиɡɦы ɫɟчɟɧиɟɦ 7х7х28ɫɦ  

иɡ ɛɟɬɨɧа ɫ ɩɪиɡɦɟɧɧɨɣ ɩɪɨчɧɨɫɬьɸ 

Rb=20,5МПа и ɧачальɧыɦ ɦɨɞɭлɟɦ ɞɟфɨɪ-
ɦаɰиɣ ȿ=28 800МПа. 
Диɧаɦичɟɫɤиɟ иɫɩыɬаɧия ɧа ɨɞɧɨɨɫɧɨɟ и 

ɞвɭхɨɫɧɨɟ ɫɠаɬиɟ ɩɪɨвɨɞилиɫь ɩɪи ɫлɟɞɭɸ-

щих хаɪаɤɬɟɪиɫɬиɤах ɞиɧаɦичɟɫɤɨɝɨ вɨɡɞɟɣ-

ɫɬвия: − ɫɤɨɪɨɫɬь ɪɨɫɬа ɧаɩɪяɠɟɧиɣ:  

 

соnst−= 470
*

1σ , МПа/ɫ; 
 − ɫɤɨɪɨɫɬь ɪɨɫɬа ɩɪɨɞɨльɧых ɞɟфɨɪɦаɰиɣ:  

 

t50668
*

1 =ε , ɟ.ɨ.ɞ.*10
-5

/ɫ; 
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− вɪɟɦя ɪаɡɪɭɲɟɧия:  
 

Ĳ≈0,08 ɫ. 
 

Сɨɡɞаɧиɟ ɞвɭхɨɫɧɨɝɨ ɧаɩɪяɠɟɧɧɨɝɨ ɫɨɫɬɨя-
ɧия  ɨɫɭщɟɫɬвлялɨɫь ɩɨ ɬɪаɟɤɬɨɪии ɫлɨɠɧɨ-
ɝɨ ɧаɝɪɭɠɟɧия. На ɩɟɪвɨɦ ɷɬаɩɟ в ɪɟɡɭльɬаɬɟ 
ɞɟɣɫɬвия ɩɨ ɞвɭɦ ɝɪаɧяɦ ɩɪиɡɦы ɛɨɤɨвɨɣ 

ɫɬаɬичɟɫɤɨɣ ɧаɝɪɭɡɤи в ɨɛɪаɡɰɟ ɫɨɡɞавалɨɫь  
ɫɠиɦаɸщɟɟ ɧаɩɪяɠɟɧиɟ σ2 ɧа ɧɟɤɨɬɨɪɨɦ 

ɭɪɨвɧɟ ɨɬ ɩɪиɡɦɟɧɧɨɣ ɩɪɨчɧɨɫɬи Rb 

(σ2=0,2Rb, 0,4Rb или 0,6Rb). На вɬɨɪɨɦ ɷɬаɩɟ, 
ɩɨɞɞɟɪɠивая ɩɨɫɬɨяɧɧɨɣ вɟличиɧɭ ɛɨɤɨвɨɝɨ 
ɨɛɠаɬия, ɨɛɪаɡɟɰ ɞɨвɨɞилɫя ɞɨ ɪаɡɪɭɲɟɧия 
вɨɡɞɟɣɫɬвиɟɦ вɟɪɬиɤальɧɨɣ ɫɠиɦаɸщɟɣ ɫɬа-
ɬичɟɫɤɨɣ или ɨɞɧɨɤɪаɬɧɨɣ ɞиɧаɦичɟɫɤɨɣ 

ɧаɝɪɭɡɤи, ɫɨɡɞаɸщɟɣ ɧаɩɪяɠɟɧия σ1. 

Ȼɨɤɨвɨɟ ɨɛɠаɬиɟ  ɫɨɡɞавалɨɫь ɧавɟɲиваɟ-
ɦыɦи ɧа ɨɛɪаɡɟɰ ɭɫɬаɧɨвɤаɦи ɦɟɦɛɪаɧɧɨɝɨ 
ɬиɩа, ɤɨɬɨɪыɟ ɨɛɟɫɩɟчивали ɝиɞɪɨɫɬаɬичɟ-
ɫɤиɣ ɫɩɨɫɨɛ ɩɟɪɟɞачи ɧаɝɪɭɡɤи. 

В хɨɞɟ ɷɤɫɩɟɪиɦɟɧɬа ɫиɧхɪɨɧɧɨ фиɤɫиɪɨва-
лиɫь ɭɫилия, ɩɪɨɞɨльɧыɟ и ɩɨɩɟɪɟчɧыɟ ɞɟ-
фɨɪɦаɰии. Пɪи ɞиɧаɦичɟɫɤɨɦ вɨɡɞɟɣɫɬвии 

ɪɟɝиɫɬɪаɰия ɷɬих вɟличиɧ ɨɫɭщɟɫɬвлялаɫь ɫ 
ɞиɫɤɪɟɬɧɨɫɬьɸ иɡɦɟɪɟɧиɣ 40ɦɤɫ.  
Пɪи ɪɟɝиɫɬɪаɰии ɭɫилиɣ и ɞɟфɨɪɦаɰиɣ иɫ-
ɩɨльɡɨвалиɫь ɞаɬчиɤ ɫилы, вɧɭɬɪɟɧɧиɟ ɬɟɧ-

ɡɨɞаɬчиɤи, а ɬаɤɠɟ ЭВМ, ɫɨвɪɟɦɟɧɧыɟ ɷлɟɤ-
ɬɪɨɧɧыɟ ɫɪɟɞɫɬва и ɫɩɟɰиальɧɨɟ ɩɪɨɝɪаɦɦ-

ɧɨɟ ɨɛɟɫɩɟчɟɧиɟ.  
На ɤаɠɞыɣ ɭɪɨвɟɧь ɧаɩɪяɠɟɧия σ2 ɛылɨ иɫ-
ɩыɬаɧɨ ɨɬ 2 ɞɨ 5 ɨɛɪаɡɰɨв ɩɪи ɫɬаɬиɤɟ и 

ɫɬɨльɤɨ ɠɟ ɩɪи ɞиɧаɦиɤɟ, ɩɪи ɷɬɨɦ ɤɨɷффи-

ɰиɟɧɬ ваɪиаɰии ɞля ɩɪɨчɧɨɫɬи и ɩɪɨɞɨльɧых 
ɞɟфɨɪɦаɰиɣ ɧɟ ɩɪɟвыɲал 7%.  
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СȼɈɃСɌȼ ȻȿɌɈɇА 

 

На ɪиɫ.1 ɩɪɟɞɫɬавлɟɧы ɞиаɝɪаɦɦы «σ1-ε1», 

ɩɨлɭчɟɧɧыɟ ɩɪи ɫɬаɬичɟɫɤɨɦ и ɞиɧаɦичɟ-
ɫɤɨɦ ɧаɝɪɭɠɟɧии ɞля ɨɞɧɨɨɫɧɨɝɨ ɫɠаɬия и 

вɬɨɪɨɝɨ ɷɬаɩа ɧаɝɪɭɠɟɧия в ɭɫлɨвиях ɞвɭх-
ɨɫɧɨɝɨ ɫɠаɬия.  
Оɫɧɨвɧɨɣ ɨɫɨɛɟɧɧɨɫɬьɸ ɞиɧаɦичɟɫɤɨɣ ɞиа-
ɝɪаɦɦы ɩɨ ɫɪавɧɟɧиɸ ɫɨ ɫɬаɬичɟɫɤɨɣ явля-
ɟɬɫя ɭвɟличɟɧиɟ ɩɪɨɞɨлɠиɬɟльɧɨɫɬи ɧачаль-
ɧɨɝɨ ɩɪяɦɨлиɧɟɣɧɨɝɨ ɭчаɫɬɤа, чɬɨ ɫвиɞɟ-
ɬɟльɫɬвɭɟɬ ɨ ɪаɫɲиɪɟɧии ɞиаɩаɡɨɧа ɤваɡи-

ɭɩɪɭɝɨɣ  ɪаɛɨɬы ɛɟɬɨɧа.  
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Кɪɨɦɟ ɬɨɝɨ, ɧаɛлɸɞаɟɬɫя в ɰɟлɨɦ ɫɩɪяɦлɟ-
ɧиɟ ɞиɧаɦичɟɫɤɨɣ ɞиаɝɪаɦɦы. ȿɟ ɤɪивиɡɧа 
ɫɨɨɬвɟɬɫɬвɭɟɬ ɤɪивиɡɧɟ ɫɬаɬичɟɫɤɨɣ ɞиа-
ɝɪаɦɦы ɬɨльɤɨ ɧа ɭчаɫɬɤɟ ɛлиɡɤɨɦ ɤ ɪаɡɪɭ-
ɲɟɧиɸ. 

Таɤɨɟ иɡɦɟɧɟɧиɟ виɞа ɞиаɝɪаɦɦы ɫвиɞɟɬɟль-
ɫɬвɭɟɬ ɨɛ иɡɦɟɧɟɧии ɩɨ ɦɟɪɟ  ɭвɟличɟɧия 
ɫɤɨɪɨɫɬи ɧаɝɪɭɠɟɧия ɫɨɨɬɧɨɲɟɧия ɦɟɠɞɭ 
ɤɨɦɩɨɧɟɧɬаɦи ɩɨлɧɨɣ ɞɟфɨɪɦаɰии: ɭɩɪɭɝɨɣ, 

ɩлаɫɬичɟɫɤɨɣ и ɩɫɟвɞɨɩлаɫɬичɟɫɤɨɣ. Очɟ-
виɞɧɨ, чɬɨ ɩɪɨиɫхɨɞиɬ ɧɟ ɬɨльɤɨ ɬаɤ ɧаɡы-

ваɟɦая ɡаɞɟɪɠɤа ɪаɡвиɬия ɩлаɫɬичɟɫɤих ɞɟ-
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фɨɪɦаɰиɣ, ɤаɤ ɷɬɨ ɨɬɦɟчаɟɬɫя в ɪяɞɟ лиɬɟɪа-
ɬɭɪɧых иɫɬɨчɧиɤɨв [1,3], ɧɨ и  в ɰɟлɨɦ вɨɡ-
ɪаɫɬаɟɬ ɞɨля ɭɩɪɭɝих ɞɟфɨɪɦаɰиɣ в ɭщɟɪɛ 

ɪаɡвиɬиɸ ɩлаɫɬичɟɫɤих (ɫ ɭчɟɬɨɦ ɬɨɝɨ, чɬɨ 
ɩɪɟɞɟльɧая вɟличиɧа ɞɟфɨɪɦаɰиɣ ɧɟ ɡавиɫиɬ 
ɨɬ ɫɤɨɪɨɫɬи ɧаɝɪɭɠɟɧия).  
Каɤ виɞɧɨ иɡ ɫɨɩɨɫɬавлɟɧия ɞиаɝɪаɦɦ,  

влияɧиɟ ɫɤɨɪɨɫɬи ɧаɝɪɭɠɟɧия ɧа ɦɨɞɭль 
ɩɪɨɞɨльɧых ɞɟфɨɪɦаɰиɣ ɡавиɫиɬ ɨɬ ɭɪɨвɧя 
ɧаɝɪɭɠɟɧия R/1σ  (R- ɩɪɨчɧɨɫɬь ɛɟɬɨɧа ɞля 
ɞаɧɧɨɣ ɫɤɨɪɨɫɬи ɪɨɫɬа ɧаɩɪяɠɟɧиɣ и ɭɪɨвɧя 
ɧаɩɪяɠɟɧия σ2). Начальɧыɣ ɦɨɞɭль ɩɪɨ-
ɞɨльɧых ɞɟфɨɪɦаɰиɣ ȿ0 ɧɟ ɡавиɫиɬ ɨɬ ɫɤɨɪɨ-
ɫɬи ɪɨɫɬа ɧаɩɪяɠɟɧиɣ. Заɬɟɦ ɩɨɫлɟ ɞɨɫɬиɠɟ-
ɧия ɨɩɪɟɞɟлɟɧɧɨɝɨ ɭɪɨвɧя ɧаɩɪяɠɟɧиɣ 

σ1=0,2R-0,5R, ɪаɡличиɟ в вɟличиɧах ȿ ɧачи-

ɧаɟɬ вɨɡɪаɫɬаɬь и ɫɨɨɬɧɨɲɟɧиɟ ȿbd/Eb   ɦɨɠɟɬ 
ɞɨɫɬиɝɧɭɬь 1,5 и ɛɨлɟɟ. Чɬɨ ɩɪиɦɟчаɬɟльɧɨ, 
ɧа ɷɬаɩɟ ɧаɝɪɭɠɟɧия ɛлиɡɤɨɦ ɤ ɪаɡɪɭɲɟɧиɸ 

( >1σ 0,8Rb) ɞиɧаɦичɟɫɤиɣ ȿ ɫɬɪɟɦиɬɫя   
ɫɪавɧяɬьɫя ɫɨ  ɫɬаɬичɟɫɤиɦ. 

Ƚɪаɧиɰы ɷɬаɩɨв ɞɟфɨɪɦиɪɨваɧия ɫ ɪаɡлич-
ɧɨɣ чɭвɫɬвиɬɟльɧɨɫɬьɸ ɦɨɞɭля ɞɟфɨɪɦаɰиɣ 

ɤ ɫɤɨɪɨɫɬи ɧаɝɪɭɠɟɧия ɦɨɠɧɨ ɫ  ɞɨɫɬаɬɨч-
ɧɨɣ ɬɨчɧɨɫɬьɸ ɩɪɨвɟɫɬи ɩɨ ɩаɪаɦɟɬɪичɟ-
ɫɤиɦ ɬɨчɤаɦ ɩɪɨɰɟɫɫа ɞɟфɨɪɦиɪɨваɧия – 

ɧиɠɧɟɣ и вɟɪхɧɟɣ ɝɪаɧиɰаɦ ɦиɤɪɨɬɪɟщиɧɨ-
ɨɛɪаɡɨваɧия: ɧа ɭчаɫɬɤах ɫ  0

crc1 R≤σ  и 
v

crc1 R≥σ  ɦɨɞɭль ɞɟфɨɪɦаɰиɣ ɦɨɠɧɨ ɩɪиɧяɬь 
ɧɟ ɡавиɫящиɦ ɨɬ ɫɤɨɪɨɫɬи ɧаɝɪɭɠɟɧия, а ɧа 
ɭчаɫɬɤɟ νσ crccrc RR << 1

0  ɪаɫɫɦаɬɪиваɬь ɤаɤ 
фɭɧɤɰиɸ ɫɤɨɪɨɫɬи ɪɨɫɬа ɧаɩɪяɠɟɧиɣ.  

Каɤ иɡвɟɫɬɧɨ, ɭчаɫɬɨɤ ɤɪивɨɣ ɩɪи 0

1 crcR<σ  

ɨɬɪаɠаɟɬ ɩɪɨɰɟɫɫ ɞɟфɨɪɦиɪɨваɧия ɛɟɡ ɪаɫ-
ɤɪыɬия ɬɪɟщиɧ. В ɫɨɫɬавɟ ɩɨлɧɨɣ ɞɟфɨɪɦа-
ɰии в ɧаɩɪавлɟɧии ɧаиɛɨльɲɟɝɨ ɫɠиɦаɸщɟ-
ɝɨ ɧаɩɪяɠɟɧия ɩɪɟɨɛлаɞаɸɬ ɭɩɪɭɝиɟ ɞɟфɨɪ-
ɦаɰии ε1ɭɩɪ, ɤ ɤɨɬɨɪыɦ ɫ ɭвɟличɟɧиɟɦ ɭɪɨвɧя 
ɧаɩɪяɠɟɧиɣ ɞɨɛавляɸɬɫя ɩлаɫɬичɟɫɤиɟ ɞɟ-
фɨɪɦаɰии ɩɟɪвɨɝɨ виɞа (ɞɟфɨɪɦаɰии ɛыɫ-
ɬɪɨɧаɬɟɤаɸщɟɣ ɩɨлɡɭчɟɫɬи) ε1ɩлI.  

На ɭчаɫɬɤɟ νσ crccrc RR << 1

0  ɩɪɨиɫхɨɞиɬ ɪаɡви-

ɬиɟ ɦиɤɪɨɬɪɟщиɧ. Пɪи ɷɬɨɦ ɞɨля ɭɩɪɭɝих 
ɞɟфɨɪɦаɰиɣ ɭɦɟɧьɲаɟɬɫя, а ɤ ɩлаɫɬичɟɫɤиɦ 

ɞɟфɨɪɦаɰияɦ ɩɟɪвɨɝɨ виɞа ɞɨɛавляɸɬɫя 

ɩлаɫɬичɟɫɤиɟ ɞɟфɨɪɦаɰии вɬɨɪɨɝɨ виɞа ε1ɩлII, 

ɤɨɬɨɪыɟ являɸɬɫя ɫлɟɞɫɬвиɟɦ ɪаɡвиваɸщɟ-
ɝɨɫя ɩɪɨɰɟɫɫа ɦиɤɪɨɬɪɟщиɧɨɨɛɪаɡɨваɧия.  
Пɪи ɞɨɫɬиɠɟɧии ɭɪɨвɧя ν

crcR   ɩɪɨиɫхɨɞиɬ 
ɨɛɴɟɞиɧɟɧиɟ вɫɟх ɬɪɟщиɧ в ɩɨвɟɪхɧɨɫɬь ɪаɡ-
ɪɭɲɟɧия. Пɪи ɷɬɨɦ в ɩɪɨɰɟɫɫɟ ɪаɡɪɭɲɟɧия 
ɩɪɟɨɛлаɞаɸɬ ɩɨɞвиɠɤи ɩɨ ɨɛɪаɡɨвавɲиɦɫя 
ɩɨвɟɪхɧɨɫɬяɦ. Дɟфɨɪɦаɰии ɡавɟɪɲаɸщɟɝɨ 
ɷɬаɩа ɪаɡɪɭɲɟɧия ɩɪиɧяɬɨ ɧаɡываɬь ɩɫɟвɞɨ-
ɩлаɫɬичɟɫɤиɦи ε1ɩɫ-ɩл. Ɋаɡвиɬиɟ ɩɫɟвɞɨɩла-
ɫɬичɟɫɤих ɞɟфɨɪɦаɰиɣ ɩɪɟɞɫɬавляɟɬ ɫɨɛɨɣ 

ɫаɦɨɭɫɤɨɪɟɧɧыɣ ɩɪɨɰɟɫɫ ɪаɡвиɬия вɧɭɬɪɟɧ-

ɧих ɪаɡɪɭɲɟɧиɣ, ɤɨɝɞа ɧаɤɨɩляɸщиɣɫя ɨɛɴ-

ɟɦ ɦиɤɪɨɪаɡɪɭɲɟɧиɣ ɩɪиɨɛɪɟɬаɟɬ ɧɨвɨɟ ɤа-
чɟɫɬвɨ. 
Мɨɠɧɨ ɩɪɟɞɩɨлɨɠиɬь, чɬɨ, ɩɪɟɠɞɟ вɫɟɝɨ,   
ɫɨɨɬɧɨɲɟɧиɟ ɭɩɪɭɝɨɣ, ɩлаɫɬичɟɫɤɨɣ и ɩɫɟв-
ɞɨɩлаɫɬичɟɫɤɨɣ ɞɟфɨɪɦаɰиɣ в ɫɨɫɬавɟ ɩɨл-
ɧɨɣ ɞɟфɨɪɦаɰии ɛɟɬɨɧа ɨɩɪɟɞɟляɟɬ чɭвɫɬви-

ɬɟльɧɨɫɬь ɦɨɞɭля ɩɪɨɞɨльɧых  ɞɟфɨɪɦаɰиɣ 

ɤ иɡɦɟɧɟɧиɸ ɫɤɨɪɨɫɬи ɧаɝɪɭɠɟɧия.   
ɍɩɪɭɝиɟ ɞɟфɨɪɦаɰии ɩɪаɤɬичɟɫɤи ɧɟ ɡавиɫяɬ 
ɨɬ ɫɤɨɪɨɫɬи ɪɨɫɬа  ɧаɩɪяɠɟɧиɣ, чɬɨ ɧахɨɞиɬ 
ɷɤɫɩɟɪиɦɟɧɬальɧɨɟ ɩɨɞɬвɟɪɠɞɟɧиɟ в ɬɨɦ, 

чɬɨ ɛɨльɲиɧɫɬвɨ иɫɫлɟɞɨваɬɟлɟɣ фиɤɫиɪɨ-
вали ɩɨвыɲɟɧиɟ ɧачальɧɨɝɨ ɦɨɞɭля ɞɟфɨɪ-
ɦаɰиɣ ɩɪи ɞиɧаɦиɤɟ ɩɨ ɫɪавɧɟɧиɸ ɫɨ ɫɬаɬи-

чɟɫɤиɦ вɨɡɞɟɣɫɬвиɟɦ ɧɟ ɛɨлɟɟ чɟɦ ɧа 10%, а 
в ɧаɲих ɷɤɫɩɟɪиɦɟɧɬах, ɤаɤ ɨɬɦɟчалɨɫь вы-

ɲɟ, ɞиɧаɦичɟɫɤиɣ ɦɨɞɭль ɩɪɨɞɨльɧых ɞɟ-
фɨɪɦаɰиɣ ɛыл ɪавɟɧ ɫɬаɬичɟɫɤɨɦɭ. Пɨɞ-
ɬвɟɪɠɞɟɧиɟ ɷɬɨɦɭ ɧахɨɞиɦ ɬаɤɠɟ, ɧаɩɪиɦɟɪ, 
в ɬɨɦ, чɬɨ  ɦɨɞɭль ɭɩɪɭɝɨɫɬи ɦалɨɭɝлɟɪɨɞи-

ɫɬɨɣ ɫɬали, ɦаɬɟɪиала ɫ яɪɤɨ выɪаɠɟɧɧыɦи 

ɭɩɪɭɝиɦи ɫвɨɣɫɬваɦи,  ɩɪаɤɬичɟɫɤи ɧɟ ɡави-

ɫиɬ ɨɬ ɫɤɨɪɨɫɬи ɧаɝɪɭɠɟɧия.  
Ɋаɡвиɬиɟ ɩɫɟвɞɨɩлаɫɬичɟɫɤих ɞɟфɨɪɦаɰиɣ 

ɬаɤ ɠɟ ɦалɨ ɡавиɫиɬ ɨɬ ɫɤɨɪɨɫɬи ɪɨɫɬа ɧа-
ɩɪяɠɟɧиɣ, ɬаɤ ɤаɤ ɨɧи ɭɠɟ ɧɟ ɫвяɡаɧы ɫ ɫɨ-
ɩɪɨɬивляɟɦɨɫɬьɸ ɫɬɪɭɤɬɭɪы ɦаɬɟɪиала, ɫ 
ɟɝɨ ɭɩɪɭɝɨ-ɩлаɫɬичɟɫɤиɦи ɫвɨɣɫɬваɦи. 

В ɷɬɨɣ ɫвяɡи ɩɪɟɞɫɬавляɟɬɫя ɡаɤɨɧɨɦɟɪɧыɦ, 

чɬɨ ɧаиɛɨлɟɟ ɫɭщɟɫɬвɟɧɧɨɟ ɩɨвыɲɟɧиɟ 
ɞиффɟɪɟɧɰиальɧɨɝɨ ɦɨɞɭля ɞɟфɨɪɦаɰиɣ ɫ 
ɭвɟличɟɧиɟɦ ɫɤɨɪɨɫɬи ɧаɝɪɭɠɟɧия ɨɬɦɟчаɟɬ-
ɫя ɩɪи νσ crccrc RR << 1

0 , ɬ.ɟ. ɧа ɭчаɫɬɤɟ ɫ ɧаи-
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ɛɨльɲɟɣ ɞɨлɟɣ ɩлаɫɬичɟɫɤих ɞɟфɨɪɦаɰиɣ 

ɩɟɪвɨɝɨ и вɬɨɪɨɝɨ виɞа.  
Оɬɦɟчɟɧɧая ɡавиɫиɦɨɫɬь  ȿ  ɨɬ ɫɤɨɪɨɫɬи ɧа-
ɝɪɭɠɟɧия и R/1σ  хаɪаɤɬɟɪɧа ɤаɤ ɞля ɨɞɧɨ-
ɨɫɧɨɝɨ, ɬаɤ и ɞвɭхɨɫɧɨɝɨ ɫɠаɬия. 
 

АɇАɅИɁ ɊАɁȼИɌИə ɉɈɉȿɊȿЧɇЫХ 

ȾȿɎɈɊɆАЦИɃ ɉɊИ  

ȾИɇАɆИЧȿСКɈɆ ɇАГɊɍɀȿɇИИ 

 

ȿɫли ɫɪавɧиваɬь ɡɧачɟɧия ɫɬаɬичɟɫɤɨɝɨ и 

ɞиɧаɦичɟɫɤɨɝɨ ɞиффɟɪɟɧɰиальɧых  ɤɨɷффи-

ɰиɟɧɬɨв ɩɨɩɟɪɟчɧых ɞɟфɨɪɦаɰиɣ ɩɪи ɨɞɧɨ-
ɨɫɧɨɦ ɫɠаɬии, ɫɨɨɬвɟɬɫɬвɭɸщиɟ ɨɞɧɨɦɭ и 

ɬɨɦɭ ɠɟ ɡɧачɟɧиɸ ɧаɩɪяɠɟɧия 1σ , ɬɨ ɧа-
ɛлɸɞаɟɦ ɫлɟɞɭɸщɟɟ. Дɨ ɧɟɤɨɬɨɪых ɡɧачɟ-
ɧиɣ ɧаɩɪяɠɟɧия 1σ  (ɩɪиɦɟɪɧɨ 0,5Rb), ɤɨɷф-

фиɰиɟɧɬы ɩɨɩɟɪɟчɧых ɞɟфɨɪɦаɰиɣ ɩɪи ɫɬа-
ɬиɤɟ и ɞиɧаɦиɤɟ ɫɨвɩаɞаɸɬ. Пɪи ɞальɧɟɣ-

ɲɟɦ ɩɨвыɲɟɧии ɧаɩɪяɠɟɧия σ1 ɤɨɷффиɰи-

ɟɧɬ ɩɨɩɟɪɟчɧых ɞɟфɨɪɦаɰиɣ ɩɪи ɫɬаɬиɤɟ 
ɭвɟличиваɟɬɫя ɛɨлɟɟ ɫɭщɟɫɬвɟɧɧɨ, чɟɦ ɩɪи 

ɞиɧаɦиɤɟ. Таɤ, ɩɪи ɧаɩɪяɠɟɧиях, ɫɨɨɬвɟɬɫɬ-

вɭɸщих ɫɬаɬичɟɫɤɨɣ  ɩɪɨчɧɨɫɬи ɛɟɬɨɧа, 
dν
ν

 

ɫɨɫɬавляɟɬ 1,57  (ɪиɫ.2). 

Пɪиɧиɦая вɨ вɧиɦаɧиɟ, чɬɨ ɫɤɨɪɨɫɬь ɧаɝɪɭ-
ɠɟɧия влияɟɬ ɬаɤɠɟ и ɧа ɪаɡвиɬиɟ ɩɪɨɞɨль-
ɧых ɞɟфɨɪɦаɰиɣ, ɧɟльɡя ɬɨльɤɨ иɡ фаɤɬа 
ɭɦɟɧьɲɟɧия ɡɧачɟɧиɣ ɞиɧаɦичɟɫɤɨɝɨ ɤɨɷф-

фиɰиɟɧɬа ɩɨɩɟɪɟчɧых ɞɟфɨɪɦаɰиɣ ɩɨ ɫɪав-
ɧɟɧиɸ ɫɨ ɫɬаɬичɟɫɤиɦ ɞɟлаɬь вывɨɞ ɨ ɬɨɦ, 

чɬɨ ɩɪи ɞиɧаɦичɟɫɤɨɦ ɧаɝɪɭɠɟɧии ɩɪɨиɫхɨ-
ɞиɬ ɬаɤ ɧаɡываɟɦая  ɡаɞɟɪɠɤа в ɪаɡвиɬии ɩɨ-
ɩɟɪɟчɧых ɞɟфɨɪɦаɰиɣ, чɬɨ ɨɬɦɟчаɟɬɫя  в ɧɟ-
ɤɨɬɨɪых ɪаɛɨɬах [ ]3 . Для ɷɬɨɝɨ ɧɟɨɛхɨɞиɦɨ 
ɫɪавɧиɬь вɟличиɧы ɩɨɩɟɪɟчɧых ɞɟфɨɪɦаɰиɣ, 

ɫɨɨɬвɟɬɫɬвɭɸщиɟ ɨɞɧɨɦɭ и ɬɨɦɭ ɠɟ ɭɪɨвɧɸ 

ɩɪɨɞɨльɧых ɞɟфɨɪɦаɰиɣ.  Пɨ ɪɟɡɭльɬаɬаɦ 

ɬаɤɨɝɨ ɫɪавɧɟɧия       ɩɪиɦɟɧиɬɟльɧɨ ɤ ɪɟ-
ɡɭльɬаɬаɦ ɧаɲих ɷɤɫɩɟɪиɦɟɧɬɨв  ɦɨɠɧɨ ɝɨ-
вɨɪиɬь ɨ                ɬɨɦ, чɬɨ ɪаɡвиɬиɟ ɩɨɩɟɪɟч-
ɧых ɞɟфɨɪɦаɰиɣ ɩɪи ɞиɧаɦиɤɟ  ɩɪɨиɫхɨɞиɬ, 
ɬаɤɠɟ ɤаɤ и ɩɪи ɫɬаɬиɤɟ, аɞɟɤваɬɧɨ ɪаɡвиɬиɸ 

ɩɪɨɞɨльɧых    ɞɟфɨɪɦаɰиɣ (ɪиɫ 3). 

ȿɫли ν и νd ɫɪавɧиваɬь ɧа ɷɬаɩах     ɧаɝɪɭɠɟ-
ɧия, ɫɨɨɬвɟɬɫвɭɸщих ɨɞиɧаɤɨвɨɦɭ R/1σ  

(вɟличиɧа ɧаɩɪяɠɟɧия, ɨɬɧɟɫɟɧɧая ɤ ɩɪɨчɧɨ-
ɫɬи ɞля ɞаɧɧɨɣ ɫɤɨɪɨɫɬи ɧаɝɪɭɠɟɧия), ɬɨ в 
ɷɬɨɦ ɫлɭчаɟ ɨɧи ɨɤаɡываɸɬɫя ɩɪаɤɬичɟɫɤи 

ɨɞиɧаɤɨвыɦи  (ɪиɫ.2.). 

Иɧыɦи ɫлɨваɦи, ɫɨɨɬɧɨɲɟɧиɟ  ɩɨɩɟɪɟчɧых и 

ɩɪɨɞɨльɧых ɞɟфɨɪɦаɰиɣ, ɫɨɨɬвɟɬɫɬвɭɸщɟɟ 
ɫхɨɠиɦ ɷɬаɩаɦ       ɞɟфɨɪɦиɪɨваɧия и в ɬɨɦ 

чиɫлɟ ɪаɡɪɭɲɟɧиɸ, ɧɟ ɡавиɫиɬ ɨɬ ɫɤɨɪɨɫɬи 

ɧаɝɪɭɠɟɧия. 
В ɰɟлɨɦ, ɤачɟɫɬвɟɧɧɨ ɩɨвɬɨɪяя ɤаɪɬиɧɭ ɞɟ-
фɨɪɦиɪɨваɧия ɩɪи ɫɬаɬиɤɟ, ɩɪɨɰɟɫɫ ɪаɡви-

ɬия ɩɨɩɟɪɟчɧых ɞɟфɨɪɦаɰиɣ ɩɪи ɞиɧаɦичɟ-
ɫɤɨɦ ɧаɝɪɭɠɟɧии хаɪаɤɬɟɪиɡɭɟɬɫя ɦɟɧьɲɟɣ 

аɧиɡɨɬɪɨɩиɟɣ. Эɬɨ виɞɧɨ иɡ ɫɪавɧɟɧия  ɤɨ-
ɷффиɰиɟɧɬɨв ɩɨɩɟɪɟчɧых ɞɟфɨɪɦаɰиɣ ν2-1   и  

ν3-1 ,  ɞиаɝɪаɦɦ     "" )3(21 εσ −    и  вɟличиɧ ɩɪɟ-
ɞɟльɧых ɩɨɩɟɪɟчɧых ɞɟфɨɪɦаɰиɣ. 
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Ɋɢɫ.2  ɋɪаɜɧɟɧɢɟ ɞɢɮɮɟɪɟɧɰɢаɥɶɧɵɯ 
ɤɨɷɮɮɢɰɢɟɧɬɨɜ ɩɨɩɟɪɟɱɧɵɯ ɞɟɮɨɪɦаɰɢɣ 

ɩɪɢ ɫɬаɬɢɱɟɫɤɨɦ ɢ ɞɢɧаɦɢɱɟɫɤɨɦ 
ɧаɝɪɭɠɟɧɢɢ (ɨɞɧɨɨɫɧɨɟ ɫɠаɬɢɟ).
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Ɋиɫ. 3 Сɪавɧɟɧиɟ ɡɧачɟɧиɣ ɩɨɩɟɪɟчɧых 
ɞɟфɨɪɦаɰиɣ ɩɪи ɫɬаɬиɤɟ и ɞиɧаɦиɤɟ, 
ɫɨɨɬвɟɬɫɬвɭɸщих ɨɞиɧаɤɨвɨɦɭ ɭɪɨвɧɸ 

ɩɪɨɞɨльɧых ɞɟфɨɪɦаɰиɣ.

Сɬаɬиɤа

Диɧаɦиɤа

 
 

ɍɦɟɧьɲɟɧиɟ ɪаɡличиɣ ɦɟɠɞɭ ɡɧачɟɧияɦи ε2 

и ε3 ɫɨɨɬвɟɬɫɬвɭɟɬ ɩɪɟɞɫɬавлɟɧияɦ ɨ ɬɨɦ, чɬɨ 
ɩɪи выɫɨɤих ɫɤɨɪɨɫɬях ɧɟ ɪɟалиɡɭɟɬɫя в 
ɩɨлɧɨɣ ɦɟɪɟ  ɩɟɪɟɪаɫɩɪɟɞɟлɟɧиɟ ɭɫилиɣ в 
ɩɪɨɰɟɫɫɟ ɧаɝɪɭɠɟɧия, ɛлаɝɨɞаɪя ɤɨɬɨɪɨɦɭ 
ɩɪи ɫɬаɬиɤɟ ɩɨɩɟɪɟчɧыɟ ɞɟфɨɪɦаɰии ɛɨлɟɟ 
иɧɬɟɧɫивɧɨ ɪаɡвиваɸɬɫя в ɫвɨɛɨɞɧɨɦ ɧа-
ɩɪавлɟɧии. Пɪи ɫилɨвɨɦ вɨɡɞɟɣɫɬвии ɫ вы-

ɫɨɤɨɣ ɫɤɨɪɨɫɬьɸ,    ɩɪɨɰɟɫɫ ɞɟфɨɪɦиɪɨваɧия 
ɩɪɨɬɟɤаɟɬ ɫ ɦɟɧьɲɟɣ ɩɨлɧɨɬɨɣ  ɭчɟɬа  ɫɭщɟ-
ɫɬвɭɸщɟɝɨ ɩɨля ɧаɩɪяɠɟɧиɣ, чɟɦ ɩɪи ɫɬаɬи-

чɟɫɤɨɦ  ɧаɝɪɭɠɟɧии, и ɩɪɨиɫхɨɞиɬ выɪавɧи-

ваɧиɟ ɡɧачɟɧиɣ ɩɨɩɟɪɟчɧых ɞɟфɨɪɦаɰиɣ. 
 

 

ɉɊȿȾȿɅɖɇЫȿ ȾȿɎɈɊɆАЦИИ И ɈȻɔ-

ȿɆɇЫȿ ȾȿɎɈɊɆАЦИИ ȻȿɌɈɇА КАК 

ХАɊАКɌȿɊИСɌИКИ, ɇȿ ɁАȼИСəЩИȿ 

ɈɌ ɉɈȼЫɒȿɇИə СКɈɊɈСɌИ ɇА-

ГɊɍɀȿɇИə 

 

Пɨлɭчɟɧɧыɟ ɧаɦи ɪɟɡɭльɬаɬы ɩɨɞɬвɟɪɠɞаɸɬ 
ɞаɧɧыɟ ɛɨльɲиɧɫɬва иɫɫлɟɞɨваɬɟлɟɣ [1,2] ɨ 
ɬɨɦ, чɬɨ ɩɪɟɞɟльɧыɟ ɩɪɨɞɨльɧыɟ ɞɟфɨɪɦа-
ɰии ɧɟ ɡавиɫяɬ ɨɬ ɫɤɨɪɨɫɬи ɧаɝɪɭɠɟɧия. Эɬɨ 
ɨɛɫɬɨяɬɟльɫɬвɨ ɩɨɡвɨляɟɬ ɫɭɞиɬь ɨ ɬɨɦ, чɬɨ 

ɩɪɟɞɟльɧая ɞɟфɨɪɦаɰия  являɟɬɫя  в ɧɟɤɨɬɨ-
ɪɨɦ ɪɨɞɟ чиɫлɟɧɧыɦ выɪаɠɟɧиɟɦ ɬɨɝɨ ɨɛɴɟ-
ɦа ɦиɤɪɨɪаɡɪɭɲɟɧиɣ, ɤɨɬɨɪыɣ ɩɪивɨɞиɬ ɤ 
ɩɨɬɟɪɟ ɩɪɨчɧɨɫɬи ɛɟɬɨɧа. И ɩɪɟɞɫɬавляɟɬɫя 
ɞɨɫɬаɬɨчɧɨ ɡаɤɨɧɨɦɟɪɧыɦ, чɬɨ ɤɪиɬичɟɫɤиɣ 

ɨɛɴɟɦ ɦиɤɪɨɪаɡɪɭɲɟɧиɣ ɧɟ ɡавиɫиɬ ɨɬ ɫɩɨ-
ɫɨɛа, в ɪɟɡɭльɬаɬɟ ɤɨɬɨɪɨɝɨ ɨɧ ɛыл ɫɨɡɞаɧ (в 
ɬɨɦ чиɫлɟ и  ɨɬ ɫɤɨɪɨɫɬи ɧаɝɪɭɠɟɧия). 
Иɧɬɟɪɟɫɟɧ ɬаɤɠɟ и аɧалиɡ влияɧия ɫɤɨɪɨɫɬи 

ɪɨɫɬа ɧаɩɪяɠɟɧиɣ ɧа вɟличиɧɭ ɨɛɴɟɦɧых 
ɞɟфɨɪɦаɰиɣ. Оɛɴɟɦɧыɟ ɞɟфɨɪɦаɰии, вычиɫ-
лɟɧɧыɟ ɫ ɭчɟɬɨɦ вɫɟɣ ɤɪивɨɣ ɞɟфɨɪɦиɪɨва-
ɧия, ɨɩɪɟɞɟлɟɧɧыɟ ɞля ɛлиɡɤих ɷɬаɩɨв ɧа-
ɝɪɭɠɟɧия (ɩɪи ɨɞиɧаɤɨвɨɦ ɧаɩɪяɠɟɧии σ1, 

ɨɬɧɟɫɟɧɧɨɦ ɤ ɩɪɨчɧɨɫɬи ɛɟɬɨɧа ɞля ɞаɧɧɨɝɨ 
виɞа ɧаɩɪяɠɟɧɧɨɝɨ ɫɨɫɬɨяɧия, ɭɪɨвɧя ɧа-
ɩɪяɠɟɧия σ2 и ɫɤɨɪɨɫɬи ɪɨɫɬа ɧаɩɪяɠɟɧиɣ) 

ɧɟ ɡавиɫяɬ ɨɬ ɫɤɨɪɨɫɬи ɧаɝɪɭɠɟɧия. В ɬɨɠɟ 
вɪɟɦя ɩɪи ɨɞиɧаɤɨвɨɦ ɡɧачɟɧии ɧаɩɪяɠɟɧиɣ 

σ1 ɨɛɴɟɦɧая ɞɟфɨɪɦаɰия ɩɪи ɞиɧаɦиɤɟ 
ɦɟɧьɲɟ, чɟɦ ɩɪи ɫɬаɬиɤɟ.  
Эɬɨ ɨɛɫɬɨяɬɟльɫɬвɨ в ɨчɟɪɟɞɧɨɣ ɪаɡ ɩɨɞ-
ɬвɟɪɠɞаɟɬ, чɬɨ ɧа ɨɛɪаɡɨваɧиɟ ɨɞиɧаɤɨвɨɝɨ 
ɨɛɴɟɦа ɦиɤɪɨɪаɡɪɭɲɟɧиɣ ɩɪи ɞиɧаɦичɟɫɤɨɦ 

ɧаɝɪɭɠɟɧии ɬɪɟɛɭɟɬɫя ɩɪиɤлаɞываɬь ɛɨль-
ɲиɟ ɧаɩɪяɠɟɧия, чɟɦ ɩɪи ɫɬаɬиɤɟ, в ɬɨ вɪɟɦя 
ɤаɤ ɨɛɴɟɦ ɷɬих ɦиɤɪɨɪаɡɪɭɲɟɧиɣ, ɫɨɨɬвɟɬɫɬ-
вɭɸщих ɨɞиɧаɤɨвыɦ ɷɬаɩаɦ ɞɟфɨɪɦиɪɨва-
ɧия и ɪаɡɪɭɲɟɧиɸ, ɧɟ ɡавиɫиɬ ɨɬ ɫɤɨɪɨɫɬи 

ɧаɝɪɭɠɟɧия.  
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Аɧɧɨтация: В ɧаɫɬɨящɟɣ ɫɬаɬьɟ ɪаɫɫɦаɬɪиваɸɬɫя вɨɩɪɨɫы иɫɫлɟɞɨваɧия ɧаɩɪяɠɟɧɧɨ-
ɞɟфɨɪɦиɪɨваɧɧɨɝɨ ɫɨɫɬɨяɧия ɝиɛɤɨɝɨ ɤɨлɟɫа вɨлɧɨвɨɣ ɩɟɪɟɞачи в ɡавиɫиɦɨɫɬи ɨɬ ɟɝɨ ɝɟɨɦɟɬɪичɟɫɤɨɝɨ 
иɫɩɨлɧɟɧия. 
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Abstract: Problems of analysis of strain-stress distribution of flexible wheel of wave transmission depending on 

its geometrical construction are considered in the distinctive paper. 

 
Вɨлɧɨвыɟ ɡɭɛчаɬыɟ ɩɟɪɟɞачи иɡвɟɫɬɧы в 
ɩɪаɤɬиɤɟ ɦаɲиɧɨɫɬɪɨɟɧия ɫɪавɧиɬɟльɧɨ 
ɞавɧɨ, ɨɤɨлɨ 50 лɟɬ. Для ɩɟɪɟɞач ɫ ɩɟɪɟɞа-
ɬɨчɧыɦ ɨɬɧɨɲɟɧиɟɦ  100..300  ɨɧи выɝɨɞɧɨ 
ɨɬличаɸɬɫя ɨɬ ɞɪɭɝих ɬиɩɨв ɩɟɪɟɞач ɦɟɧь-
ɲиɦи ɝаɛаɪиɬɧыɦи ɪаɡɦɟɪаɦи, ɩɪɨɫɬɨɬɨɣ 

ɤɨɧɫɬɪɭɤɰии и ɤɨɦɩɨɧɨвɤи в ɦɟхаɧиɡɦ, 

ɫɪавɧиɬɟльɧɨ выɫɨɤиɦ КПД, выɫɨɤɨɣ ɤиɧɟ-
ɦаɬичɟɫɤɨɣ ɬɨчɧɨɫɬьɸ и хɨɪɨɲиɦи, ɫ ɬɨчɤи 

ɡɪɟɧия ɧаɝɪɭɡɤи ɧа ɦɟɬаллɨɤɨɧɫɬɪɭɤɰии, ɞи-

ɧаɦичɟɫɤиɦи хаɪаɤɬɟɪиɫɬиɤаɦи. Эɬи ɩɟɪɟ-
ɞачи ɭɞачɧɨ иɫɩɨльɡɭɸɬɫя в ɦɟхаɧиɡɦах ɩɨ-
вɨɪɨɬɨв ɷɤɫɤаваɬɨɪɨв, ɛаɲɟɧɧых ɤɪаɧɨв, 
ɪаɡличɧых иɡɞɟлиɣ ɨɛɨɪɨɧɧɨɣ ɩɪɨɦыɲлɟɧ-

ɧɨɫɬи. Оɫɨɛɨɟ ɡɧачɟɧиɟ ɩɪиɨɛɪɟɬаɟɬ ɷɬɨɬ 
ɬиɩ ɩɟɪɟɞач в ɫвяɡи ɫ ɭɫɤɨɪɟɧɧыɦ ɫɨɡɞаɧиɟɦ 

в ɧаɲɟɣ ɫɬɪаɧɟ ɝиɛɤих авɬɨɦаɬиɡиɪɨваɧɧых 

ɫиɫɬɟɦ и ɪɨɛɨɬɨɬɟхɧичɟɫɤих ɤɨɦɩлɟɤɫɨв, 
хɨɪɨɲɨ вɩиɫываяɫь в их ɩɟɪɟɞаɬɨчɧыɟ ɨɬ-
ɧɨɲɟɧия и ɪаɛɨчиɟ ɫɤɨɪɨɫɬи иɫɩɨлɧиɬɟль-
ɧых ɦɟхаɧиɡɦɨв. Кɪɨɦɟ ɬɨɝɨ, вɨлɧɨвая ɩɟɪɟ-

ɞача - ɷɬɨ ɩɪаɤɬичɟɫɤи ɟɞиɧɫɬвɟɧɧая ɩɟɪɟɞа-
ча, ɫɩɨɫɨɛɧая ɩɟɪɟɞаваɬь ɞвиɠɟɧиɟ чɟɪɟɡ 
ɝɟɪɦɟɬичɧɭɸ ɫɬɟɧɤɭ, чɬɨ ɞɟлаɟɬ ɷɬɭ ɩɟɪɟɞа-
чɭ ɧɟɡаɦɟɧиɦɨɣ ɩɪи ɪаɛɨɬɟ в аɝɪɟɫɫивɧых 
ɫɪɟɞах. 
Нɟɛɨльɲɨɟ ɤɨличɟɫɬвɨ ɫɨɫɬавляɸщих ɞɟɬа-
лɟɣ в вɨлɧɨвых ɪɟɞɭɤɬɨɪах ɞɟлаɟɬ ɷɬи ɪɟɞɭɤ-
ɬɨɪа ɧаɞɟɠɧыɦи в ɷɤɫɩлɭаɬаɰии. В ɬɨ ɠɟ 
вɪɟɦя ɞɨлɝɨвɟчɧɨɫɬь и ɧаɞɟɠɧɨɫɬь вɨлɧɨвых 

ɪɟɞɭɤɬɨɪɨв в ɡɧачиɬɟльɧɨɣ ɦɟɪɟ ɡавиɫиɬ ɨɬ 
ɨɞɧɨɣ иɡ ɞɟɬалɟɣ ɷɬих ɪɟɞɭɤɬɨɪɨв - ɝиɛɤɨɝɨ 
ɤɨлɟɫа. Мɨɠɧɨ ɫɤаɡаɬь, чɬɨ ɪаɛɨɬɨɫɩɨɫɨɛ-

ɧɨɫɬь вɨлɧɨвых ɩɟɪɟɞач ɨɩɪɟɞɟляɟɬɫя ɧа-
ɞɟɠɧɨɫɬьɸ и ɞɨлɝɨвɟчɧɨɫɬьɸ иɦɟɧɧɨ ɝиɛɤих 
ɤɨлɟɫ. Пɨɷɬɨɦɭ ɧɟɭɞивиɬɟльɧɨ, чɬɨ вɨɩɪɨɫаɦ 

ɩɪɨчɧɨɫɬи и ɞɨлɝɨвɟчɧɨɫɬи ɝиɛɤих ɤɨлɟɫ ɩɨ-
ɫвящɟɧɨ ɦɧɨɝɨ ɬɪɭɞɨв [1 - 8]. Пɪи ɷɬɨɦ 

ɩɪаɤɬичɟɫɤи ɤаɠɞыɣ иɫɫлɟɞɨваɬɟль ɩɪɟɞла-
ɝаɟɬ ɫвɨɸ ɦɟɬɨɞиɤɭ ɪаɫчɟɬа. Эɬи ɪаɛɨɬы в 
ɡɧачиɬɟльɧɨɣ ɦɟɪɟ ɨɩиɪаɸɬɫя ɧа ɷɤɫɩɟɪи-

ɦɟɧɬальɧыɟ иɫɫлɟɞɨваɧия. Чɬɨ хɨɬя и ɞаɟɬ 
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вɨɡɦɨɠɧɨɫɬь ɪаɡɪаɛаɬываɬь ɪаɛɨɬɨɫɩɨɫɨɛ-

ɧыɟ ɩɟɪɟɞачи, ɧɨ ɨɝɪаɧичиваɟɬ вɨɡɦɨɠɧɨɫɬи 

ɨɩɬиɦиɡиɪɨваɬь ɩаɪаɦɟɬɪы ɝиɛɤих ɤɨлɟɫ ɫ 
ɬɨчɤи ɡɪɟɧия их ɩɪɨчɧɨɫɬи в ɡавиɫиɦɨɫɬи ɨɬ 
ɤɨɧɫɬɪɭɤɬивɧых ɩаɪаɦɟɬɪɨв - выɫɨɬы ɝиɛɤɨ-
ɝɨ ɤɨлɟɫа, ɬɨлщиɧы ɟɝɨ ɫɬɟɧɤи, ɷɤɫɰɟɧɬɪиɫи-

ɬɟɬа ɝɟɧɟɪаɬɨɪа вɨлɧ и ɞɪɭɝих ɝɟɨɦɟɬɪичɟ-
ɫɤих ɩаɪаɦɟɬɪɨв. Пɪɟɞлаɝаɟɦая ɪаɛɨɬа - ɷɬɨ 
ɧачалɨ ɰиɤла иɫɫлɟɞɨваɬɟльɫɤих ɪаɛɨɬ ɩɨ 
ɨɩɬиɦиɡаɰии ɝɟɨɦɟɬɪичɟɫɤих ɩаɪаɦɟɬɪɨв 
ɝиɛɤих ɤɨлɟɫ ɫ ɬɨчɤи ɡɪɟɧия ɧаɩɪяɠɟɧɧɨɝɨ 
ɫɨɫɬɨяɧия ɷɬих ɤɨлɟɫ. Пɪи ɷɬɨɦ ɧаɞɨ ɭчɟɫɬь, 
чɬɨ ɧаɩɪяɠɟɧɧɨɟ ɫɨɫɬɨяɧиɟ ɝиɛɤих ɤɨлɟɫ ɡа-
виɫиɬ ɤаɤ ɨɬ ɞɟфɨɪɦаɰии ɷɬих ɤɨлɟɫ ɝɟɧɟɪа-
ɬɨɪɨɦ вɨлɧ, ɬаɤ и ɨɬ ɩɟɪɟɞаваɟɦɨɝɨ чɟɪɟɡ ɷɬи 

ɤɨлɟɫа ɦɨɦɟɧɬа. 
В ɞаɧɧɨɣ ɪаɛɨɬɟ ɪаɫɫɦаɬɪиваɟɬɫя ɧаɩɪяɠɟɧ-

ɧɨɟ ɫɨɫɬɨяɧиɟ ɝиɛɤɨɝɨ ɤɨлɟɫа ɬɨльɤɨ в ɪɟ-
ɡɭльɬаɬɟ ɞɟфɨɪɦаɰии ɷɬɨɝɨ ɤɨлɟɫа ɝɟɧɟɪаɬɨ-
ɪɨɦ вɨлɧ в ɡавиɫиɦɨɫɬи ɨɬ ɟɝɨ ɝɟɨɦɟɬɪичɟ-
ɫɤих ɩаɪаɦɟɬɪɨв. 
Пɨ ɫвɨɟɣ ɤɨɧɫɬɪɭɤɰии ɝиɛɤɨɟ ɤɨлɟɫɨ вɨлɧɨ-
вɨɣ ɩɟɪɟɞачи являɟɬɫя ɫɨɫɬавɧɨɣ ɨɛɨлɨчɤɨɣ 

вɪащɟɧия. Сɨɫɪɟɞɨɬɨчɟɧɧɨɟ вɨɡɞɟɣɫɬвиɟ 
ɞвɭх ɤɭлачɤɨв ɝɟɧɟɪаɬɨɪа вɨлɧ ɩɪивɨɞиɬ ɤ 
лɨɤальɧɨɣ ɧɟɨɫɟɫиɦɦɟɬɪичɧɨɣ ɞиаɦɟɬɪаль-
ɧɨɣ ɧаɝɪɭɡɤɟ ɧа ɨɫɟɫиɦɦɟɬɪичɧɨɟ ɤɨлɟɫɨ в 
ɡɨɧɟ ɡɭɛчаɬɨɝɨ вɟɧɰа. 
Иɫɫлɟɞɨваɧиɸ ɞɟфɨɪɦаɬивɧɨɫɬи ɤɨлɟɫа вɨл-
ɧɨвɨɣ ɩɟɪɟɞачи в фɨɪɦɟ ɡащɟɦлɟɧɧɨɝɨ ɩɨ 
ɨɞɧɨɦɭ ɬɨɪɰɭ ɰилиɧɞɪа ɩɪи ɬɨчɟчɧɨɣ ɫɨɫɪɟ-
ɞɨɬɨчɟɧɧɨɣ ɞиаɦɟɬɪальɧɨɣ ɧаɝɪɭɡɤɟ ɧа ɫвɨ-
ɛɨɞɧɨɦ ɬɨɪɰɟ ɩɨɫвящɟɧа ɪаɛɨɬа [9]. Оɞɧаɤɨ 
в ɷɬɨɣ ɪаɛɨɬɟ ɧɟ ɭчиɬывалиɫь ɦɧɨɝиɟ ɤɨɧɫɬ-
ɪɭɤɬивɧыɟ ɨɫɨɛɟɧɧɨɫɬи ɤɨлɟɫа, ɬаɤиɟ ɤаɤ 
ɡɭɛья, ɭɬɨлщɟɧия ɤɨлɟɫа в ɡɨɧɟ вɟɧɰа, ɫɤɪɭɝ-
лɟɧия ɭ ɝɪаɧиɰ вɟɧɰа ɩɪи ɩɟɪɟхɨɞɟ ɤ ɨɫɧɨв-
ɧɨɣ ɬɨлщиɧɟ, ɧɟɤɨɬɨɪɭɸ ɩɪɨɬяɠɟɧɧɨɫɬь ɩɨ 
ɦɟɪиɞиаɧɭ и ɩɨ ɨɤɪɭɠɧɨɫɬи ɫилɨвɨɝɨ вɨɡ-
ɞɟɣɫɬвия вɫлɟɞɫɬвиɟ ɤɨɧɟчɧых ɪаɡɦɟɪɨв ɤɭ-
лачɤɨв ɝɟɧɟɪаɬɨɪа вɨлɧ. 

Оɩиɫаɧɧыɟ ɨɫɨɛɟɧɧɨɫɬи ɤɨɧɫɬɪɭɤɰии и ɧа-
ɝɪɭɡɤи ɦɨɝɭɬ ɛɟɡ ɡаɬɪɭɞɧɟɧиɣ ɛыɬь ɭчɬɟɧы в 
чиɫлɟɧɧɨɦ ɦɟɬɨɞɟ ɪаɫчɟɬа ɫɨɫɬавɧых ɦɧɨɝɨ-
ɫлɨɣɧых ɨɛɨлɨчɟчɧых ɤɨɧɫɬɪɭɤɰиɣ ɩɪи ɧɟ-
ɨɫɟɫиɦɦɟɬɪичɧых ɧаɝɪɭɡɤах [ 10 ]. Оɛщɟɟ 
ɨɩиɫаɧиɟ ɩɨɞхɨɞа ɫлɟɞɭɸщɟɟ. 

Ɋаɡɪаɛɨɬаɧы ɦɟɬɨɞ и ɤɨɦɩлɟɤɫ ɩɪɨɝɪаɦɦ 

ɩɪɨчɧɨɫɬɧɨɝɨ ɪаɫчɟɬɧɨɝɨ аɧалиɡа ɫлɨɠɧых 
ɫɨвɪɟɦɟɧɧых ɨɛɨлɨчɟчɧых ɤɨɧɫɬɪɭɤɰиɣ ɧɨ-
вɨɣ ɬɟхɧиɤи в ɭɫлɨвиях вɨɡɞɟɣɫɬвия ɩɟɪɟ-
ɦɟɧɧых вɞɨль ɦɟɪиɞиɨɧальɧɨɝɨ и ɨɤɪɭɠɧɨɝɨ 
ɧаɩɪавлɟɧиɣ ɬɟɦɩɟɪаɬɭɪɧɨ-ɫилɨвых ɧаɝɪɭ-

ɡɨɤ.  Мɟɬɨɞ аɧалиɡа ɡаɤлɸчаɟɬɫя в ɪаɫчɟɬɟ 
ɧаɩɪяɠɟɧɧɨ-ɞɟфɨɪɦиɪɨваɧɧɨɝɨ ɤɨɧɫɬɪɭɤɰии 

ɩɨɞ ɞɟɣɫɬвиɟɦ ɩɨвɟɪхɧɨɫɬɧɨ-ɞвɭɦɟɪɧых ɧа-
ɝɪɭɡɨɤ. 
Кɨɦɩлɟɤɫ ɫɨɫɬɨиɬ иɡ ɩɪɨɝɪаɦɦы   SHELLF95  

и  ɩɪɨɝɪаɦɦы   FOURIER. 

Мɟɬɨɞ и ɩɪɨɝɪаɦɦа  SHELLF95  ɩɪɟɞɧаɡɧа-
чɟɧы ɞля ɪаɫчɟɬа ɫɨɫɬавɧых ɦɧɨɝɨɫлɨɣɧых 
ɬɨɧɤɨɫɬɟɧɧых ɭɩɪɭɝих ɨɫɟɫиɦɦɟɬɪичɧых 
ɤɨɧɫɬɪɭɤɬивɧɨ или/и фиɡичɟɫɤи ɨɪɬɨɬɪɨɩ-

ɧых ɨɛɨлɨчɟчɧых ɤɨɧɫɬɪɭɤɰиɣ.  Слɨи ɨɛɨ-
лɨчɟчɧɨɣ ɤɨɧɫɬɪɭɤɰии ɦɨɝɭɬ ɫɨɫɬɨяɬь иɡ 
ɪаɡличɧых ɤɨɦɩɨɡиɰиɨɧɧых ɨɪɬɨɬɪɨɩɧых 
или ɨɞɧɨɪɨɞɧых иɡɨɬɪɨɩɧых ɦаɬɟɪиалɨв,  
ɧаɛɨɪа ɩɪɨɞɨльɧых и ɩɨɩɟɪɟчɧых ɩɨɞɤɪɟɩ-

ляɸщих ɷлɟɦɟɧɬɨв, ɲɩаɧɝɨɭɬɨв.  В ɪаɫчɟɬ-
ɧɭɸ ɫхɟɦɭ ɫɨɫɬавɧɨɣ ɨɛɨлɨчɟчɧɨɣ ɤɨɧɫɬ-
ɪɭɤɰии вɤлɸчɟɧы: ɰилиɧɞɪ, ɤɨɧɭɫ,  ɫфɟɪа,  
ɬɨɪ, ɨɠивальɧая ɨɛɨлɨчɤа, ɤɨльɰɟвая ɩла-
ɫɬиɧа, ɤɪɭɝлая ɩлаɫɬиɧа, ɨɛɨлɨчɤа вɪащɟɧия  
ɩɪɨиɡвɨльɧɨɣ фɨɪɦы ɤаɤ ɧаиɛɨлɟɟ иɫɩɨль-
ɡɭɟɦыɟ в ɩɪиɤлаɞɧɨɣ ɧаɭɤɟ и ɬɟхɧиɤɟ.  Ɋɟа-
лиɡɨваɧɧыɟ вɨɡɦɨɠɧɨɫɬи ɦɟɬɨɞа и ɩɪɨɝɪаɦ-

ɦы ɩɨɡвɨляɸɬ ɩɟɪɟɞаɬь в ɪаɫчɟɬɧɨɣ ɫхɟɦɟ  
ɩɪɨиɡвɨльɧɨɟ чиɫлɨ и ɬиɩ ɫлɨɟв в ɤаɠɞɨɣ 

ɨɛɨлɨчɤɟ ɤɨɧɫɬɪɭɤɰии, вɤлɸчаɬь в ɪаɫчɟɬ-
ɧɭɸ ɫхɟɦɭ ɨɞɧɨвɪɟɦɟɧɧɨ ɪаɡличɧыɟ ɤɨɧфи-

ɝɭɪаɰии ɬиɩɨв ɨɛɨлɨчɟɤ вɪащɟɧия. 
На ɬɨɪɰах ɨɛɨлɨчɟчɧɨɣ ɤɨɧɫɬɪɭɤɰии в ɤачɟ-
ɫɬвɟ ɝɪаɧичɧых ɭɫлɨвиɣ ɦɨɝɭɬ ɛыɬь ɡаɞаɧы 

ɧɟɨɫɟɫиɦɦɟɬɪичɧыɟ ɭɫилия и ɦɨɦɟɧɬы или 

ɫɨɨɬвɟɬɫɬвɭɸщиɟ ɩɟɪɟɦɟщɟɧия и ɭɝлы ɩɨвɨ-
ɪɨɬɨв. 
Оɫɟɫиɦɦɟɬɪичɧɨɟ ɧаɝɪɭɠɟɧиɟ  являɟɬɫя  ча-
ɫɬɧыɦ  ɫлɭчаɟɦ  ɪаɫɫɦаɬɪиваɟɦɨɝɨ ɧɟɨɫɟ-
ɫиɦɦɟɬɪичɧɨɝɨ  ɧаɝɪɭɠɟɧия  и  ɨхваɬываɟɬɫя  
ɩɪиɧяɬɨɣ  ɫхɟɦɨɣ иɫɫлɟɞɨваɧия. В ɷɬɨɦ ɫлɭ-
чаɟ ɫильɧɨ ɭɦɟɧьɲаɸɬɫя вɪɟɦɟɧɧыɟ ɡаɬɪаɬы 

ɧа ɩɨɞɝɨɬɨвɤɭ иɫхɨɞɧых ɞаɧɧых и ɪɟɫɭɪɫы 

ПЭВМ. 



Ю.И. Фɨɦичɟв, В.М. Завьялɨв  
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Ɋɟɲɟɧиɟ ɨɫɭщɟɫɬвляɟɬɫя ɦɟɬɨɞɨɦ ɤɨɧɟчɧых 
ɷлɟɦɟɧɬɨв в ɫɨчɟɬаɧии ɫ ɦɟɬɨɞɨɦ Фɭɪьɟ.  
Пɪиɦɟɧяɟɬɫя ɤɨɧɟчɧыɣ  ɷлɟɦɟɧɬ  в  виɞɟ  ɤɨ-
ɪɨɬɤɨɝɨ ɤɨльɰɟвɨɝɨ ɭɫɟчɟɧɧɨɝɨ ɤɨɧɭɫа, ɧаи-

ɛɨлɟɟ ɩɨлɧɨ ɭчиɬываɸщиɣ ɫɩɟɰифиɤɭ ɤɨɧ-

ɫɬɪɭɤɰиɣ, ɫɨɫɬɨящих иɡ ɨɛɨлɨчɟɤ вɪащɟɧия  
ɫ  ɪɟɡɤɨ  ɦɟɧяɸщиɦиɫя ɠɟɫɬɤɨɫɬяɦи и ɧа-
ɝɪɭɡɤаɦи. Кɨɧɰɟɩɰия ɨɛɨлɨчɤи ɩɟɪɟɦɟɧɧɨɣ 

ɬɨлщиɧы ɩɨɡвɨлила ɨɬɤаɡаɬьɫя ɨɬ ɩɪɟɞваɪи-

ɬɟльɧɨɝɨ ɪаɫчɟɬа ɝɟɨɦɟɬɪичɟɫɤих хаɪаɤɬɟɪи-

ɫɬиɤ ɲɩаɧɝɨɭɬɨв ɤаɤ ɤɨлɟɰ и ɡɧачиɬɟльɧɨ 
ɭɫɤɨɪиɬь ɷɬаɩ ɩɨɞɝɨɬɨвɤи иɫхɨɞɧых ɞаɧɧых. 
ɀɟɫɬɤɨɫɬɧыɟ хаɪаɤɬɟɪиɫɬиɤи ɨɛɨлɨчɟɤ, 
ɲɩаɧɝɨɭɬɨв и ɩɨɞɤɪɟɩляɸщих ɷлɟɦɟɧɬɨв 
ɪаɫɫчиɬываɸɬɫя в ɩɪɨɝɪаɦɦɟ авɬɨɦаɬичɟɫɤи. 

Пɪɨɝɪаɦɦа  FOURIER  ɩɪɟɞɧаɡɧачɟɧа  ɞля  
ɪаɡлɨɠɟɧия ɧɟɨɫɟɫиɦɦɟɬɪичɧых  ɧаɝɪɭɡɨɤ  в  
ɪяɞы  Фɭɪьɟ.  Пɪɨɝɪаɦɦа  ɩɨɡвɨляɟɬ виɡɭа-
лиɡиɪɨваɬь ɧа ɷɤɪаɧɟ ɦɨɧиɬɨɪа ПЭВМ ɝɪа-
фичɟɫɤɭɸ иɧфɨɪɦаɰиɸ  ɩɨ ɩɪɨфиляɦ ɧɟɨɫɟ-
ɫиɦɦɟɬɪичɧых  ɧаɝɪɭɡɨɤ.  Пɪɨɝɪаɦɦа  ɬаɤɠɟ  
выɞаɟɬ  в фаɣлы ɧа ɞиɫɤɟ ПЭВМ ɪɟɡɭльɬаɬы,  

ɤɨɬɨɪыɟ  иɫɩɨльɡɭɸɬɫя  ɩɪɨɝɪаɦɦɨɣ ɩɪɨчɧɨ-
ɫɬɧɨɝɨ аɧалиɡа в ɤачɟɫɬвɟ иɫхɨɞɧых ɞаɧɧых. 
Шиɪɨɤиɣ  ɧаɛɨɪ  вɤлɸчɟɧɧых  в  ɪаɫɫɦɨɬɪɟ-
ɧиɟ  ɬиɩɨв  ɨɛɨлɨчɟɤ, ɩɪɨиɡвɨльɧɨɫɬь ɧаɝɪɭ-
ɡɨɤ, ɛɨльɲиɟ вɨɡɦɨɠɧɨɫɬи ɩɪɨɝɪаɦɦ ɩɨ ɨɬ-
ɧɨɲɟɧиɸ ɤ  чиɫлаɦ  ɤɨɧɟчɧых  ɷлɟɦɟɧɬɨв  и  

ɝаɪɦɨɧиɤ,  ɝиɛɤая  ɫиɫɬɟɦа ввɨɞа-вывɨɞа  
ɩɨɡвɨляɸɬ  ɪаɫɫчиɬываɬь  ɛɨльɲɨɣ  ɪяɞ  

ɩɪаɤɬичɟɫɤих ɨɛɨлɨчɟчɧых ɤɨɧɫɬɪɭɤɰиɣ  

ɩɪи  ɪɟальɧых ɭɫлɨвиях ɧаɝɪɭɠɟɧия. 
Пɪɨɝɪаɦɦɧыɣ  ɤɨɦɩлɟɤɫ  ɪɟалиɡɨваɧ  ɧа 
яɡыɤɟ FORTRAN ɧа  ɩɟɪɫɨɧальɧых ɤɨɦɩьɸ-

ɬɟɪах  IBM  PC/AT  и фɭɧɤɰиɨɧиɪɭɟɬ в ɫɪɟɞɟ 
WINDOWS / MS DOS [ 11 ]. 

Оɩиɫаɧɧыɣ ɩɪɨɝɪаɦɦɧыɣ ɤɨɦɩлɟɤɫ ɩɪиɦɟ-
ɧɟɧ ɤ иɫɫлɟɞɨваɧиɸ ɧаɩɪяɠɟɧɧɨ-
ɞɟфɨɪɦиɪɨваɧɧɨɝɨ ɫɨɫɬɨяɧия ɝиɛɤɨɝɨ ɤɨлɟɫа 
ɝиɩɨɬɟɬичɟɫɤɨɣ вɨлɧɨвɨɣ ɩɟɪɟɞачи, иɦɟɸ-

щɟɣ ɝɟɨɦɟɬɪичɟɫɤиɟ хаɪаɤɬɟɪиɫɬиɤи, ɛлиɡ-
ɤиɟ ɤ ɪɟальɧыɦ ɞля ɞаɧɧɨɝɨ ɬиɩɨɪаɡɦɟɪа. 
В ɤачɟɫɬвɟ ɨɛɴɟɤɬа иɫɫлɟɞɨваɧия выɛɪаɧɨ 
ɝиɛɤɨɟ ɤɨлɟɫɨ, иɦɟɸщɟɟ ɝаɛаɪиɬɧыɟ ɪаɡɦɟ-
ɪы: ɞиаɦɟɬɪ  D2 = 400 ɦɦ, ɞлиɧа ɩɨ ɨɫи вɪа-

щɟɧия  L = 280 ɦɦ, ɨɫɧɨвɧая ɬɨлщиɧа  h = 4 

ɦɦ. Ɋаɞиɭɫ ɧачальɧɨɣ ɨɤɪɭɠɧɨɫɬи ɡɭɛчаɬɨɣ 

ɩɟɪɟɞачи  R2 = 200 ɦɦ. Вɧɭɬɪɟɧɧиɣ ɪаɞиɭɫ 
ɧаɪɭɠɧɨɝɨ ɠɟɫɬɤɨɝɨ ɤɨлɟɫа  R1 = 201 ɦɦ. 

Пɟɪɟɞаɬɨчɧɨɟ чиɫлɨ  i = 201 .  Мɨɞɭль ɡɭɛа 
ɡɭɛчаɬɨɝɨ вɟɧɰа  m = 1 (ɦɦ). В ɷɬɨɦ ɫлɭчаɟ 
ɡɭɛчаɬыɣ вɟɧɟɰ ɝиɛɤɨɝɨ ɤɨлɟɫа иɦɟɟɬ  z =  D2 

/ m = 400 ɡɭɛьɟв, ɩɪичɟɦ ɨɫɧɨвɧɨɣ ɲаɝ  pb = 

3,14 ɦɦ и ɲиɪиɧа ɡɭɛа ɩɨ ɨɫɧɨвɧɨɣ ɨɤɪɭɠ-

ɧɨɫɬи S = pb / 2 = 1,57 ɦɦ. Ƚɟɨɦɟɬɪичɟɫɤиɟ 
хаɪаɤɬɟɪиɫɬиɤи ɩɪɨфиля ɡɭɛа выɛɪаɧы ɩɨ 
ɫɩɪавɨчɧиɤɭ [12] и иɦɟɸɬ ɫлɟɞɭɸщиɟ вɟли-

чиɧы:  ha = m = 1 ɦɦ - выɫɨɬа ɝɨлɨвɤи ɡɭɛа,  
hf = 1,25 m = 1,25 ɦɦ - ɝлɭɛиɧа  вɩаɞиɧы,   hз 

= hf + ha = 2,25 ɦɦ - выɫɨɬа ɡɭɛа,      ρf = 0,38 

m = 0,38 ɦɦ - ɪаɞиɭɫ ɡаɤɪɭɝлɟɧия ɭ ɤɨɪɧя 
ɡɭɛа. Шиɪиɧа вɟɧɰа вɡяɬа  bw = 20 m = 20 ɦɦ.  

ɍвɟличɟɧиɟ  ɬɨлщиɧы  ɝиɛɤɨɝɨ ɰилиɧɞɪа в 
ɡɨɧɟ вɟɧɰа  hу = 0,1375 · m  = 0,55 ɦɦ. 

Пɨ ɞлиɧɟ ɝиɛɤɨɝɨ ɤɨлɟɫа ɧаɝɪɭɡɤа ɩɪиɤла-
ɞываɟɬɫя ɬɨльɤɨ ɧа ɡɨɧɭ вɟɧɰа ɪавɧɨɦɟɪɧɨ 
ɩɨ ɞлиɧɟ вɟɧɰа. Пɪɨɬяɠɟɧɧɨɫɬь ɩɨ ɞɭɝɟ ɨɤ-
ɪɭɠɧɨɫɬи ɞвɭх ɡɨɧ ɩɪилɨɠɟɧия ɧаɝɪɭɡɤи, 

ɩɪɨиɫхɨɞящих ɨɬ ɤɨɧɬаɤɬа ɝиɛɤɨɝɨ ɤɨлɟɫа ɫ 
ɝɟɧɟɪаɬɨɪɨɦ вɨлɧ и ɠɟɫɬɤиɦ ɤɨлɟɫɨɦ, ɫɨ-
ɫɬавляɟɬ ɩɨ 135 ɦɦ или ɩɨ 40

°
. Вɧɭɬɪи ɡɨɧ 

ɤɨɧɬаɤɬа фɭɧɤɰия иɡɦɟɧяɟɦɨɫɬи ɞавлɟɧия 
ɨɩиɫываɟɬɫя ɡаɤɨɧɨɦ  cos ( 9/2 · α2 ) ,   ɝɞɟ  α2 

- ɨɤɪɭɠɧая ɤɨɨɪɞиɧаɬа,  - 180º ≤ α2 ≤ +180º. 

Ɋаɫɫɦаɬɪивалɨɫь 3 ваɪиаɧɬа ɪаɫчɟɬа. 
Ваɪиаɧɬ 1 - В1. Ƚиɛɤɨɟ ɤɨлɟɫɨ иɦɟɟɬ фɨɪɦɭ 
ɰилиɧɞɪа. Ɋаɞиɭɫ ɫɪɟɞиɧɧɨɣ ɩɨвɟɪхɧɨɫɬи 

ɨɛɨлɨчɤи ɪавɟɧ 196,2 ɦɦ. 

Ваɪиаɧɬ 2 - В2. Ƚиɛɤɨɟ ɤɨлɟɫɨ являɟɬɫя ɫɨ-
ɫɬавɧɨɣ ɤɨɧɫɬɪɭɤɰиɟɣ, ɫɨɫɬɨящɟɣ иɡ вɧɟɲ-

ɧɟɣ чɟɬвɟɪɬи ɬɨɪа ɫ ɦɟɪиɞиɨɧальɧыɦ ɪаɞиɭ-
ɫɨɦ ɤɪивиɡɧы 50 ɦɦ, ɛɟɡ иɡлɨɦа ɩɟɪɟхɨɞя-
щɟɝɨ в ɰилиɧɞɪ ɫ ɪаɞиɭɫɨɦ 196,2 ɦɦ. 

Ваɪиаɧɬ 3 - В3. Ƚиɛɤɨɟ ɤɨлɟɫɨ являɟɬɫя ɫɨ-
ɫɬавɧɨɣ ɤɨɧɫɬɪɭɤɰиɟɣ, ɫɨɫɬɨящɟɣ иɡ вɧɟɲ-

ɧɟɣ чɟɬвɟɪɬи ɬɨɪа ɫ ɦɟɪиɞиɨɧальɧыɦ ɪаɞиɭ-
ɫɨɦ ɤɪивиɡɧы  100 ɦɦ, ɛɟɡ иɡлɨɦа ɩɟɪɟхɨ-
ɞящɟɝɨ в ɰилиɧɞɪ ɫ ɪаɞиɭɫɨɦ 196,2 ɦɦ. 
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Таɛлиɰа 
Ваɪиаɧɬы  ɪаɫчɟɬɨв  и  ɪɟɡɭльɬаɬы 

Ваɪиаɧɬ Хаɪаɤɬɟɪиɫɬиɤа  
ваɪиаɧɬа 

Pz , 

МПа 
w

max
 , 

ɦɦ 

σ22
max

  , 

МПа 
σ22

min
  , 

МПа 
В1 Цилиɧɞɪ 

D = 400 ɦɦ 

4,4960 1,0 365,0 56,7 

В2 Тɨɪ  R = 50 ɦɦ  + 

ɰилиɧɞɪ  
 D = 400 ɦɦ 

0,3564 1,0 73,3 - 27,6 

В3 Тɨɪ  R = 100 ɦɦ  + 

ɰилиɧɞɪ 
 D = 400 ɦɦ 

0,2314 1,0 63,1 -32,2 

 

Оɫɧɨвɧая ɝɟɨɦɟɬɪичɟɫɤая фɨɪɦа ɝиɛɤɨɝɨ ɤɨ-
лɟɫа являɟɬɫя ɨɞɧɨɫлɨɣɧɨɣ ɨɛɨлɨчɤɨɣ. Зɨɧа 
вɟɧɰа ɩɪɟɞɫɬавлялаɫь ɩяɬиɫлɨɣɧɨɣ ɨɛɨлɨч-
ɤɨɣ. Пɟɪвыɣ ɫлɨɣ ɩɟɪɟɞаɟɬ ɭɬɨлщɟɧиɟ ɨɫ-
ɧɨвɧɨɣ ɨɛɨлɨчɤи и иɦɟɟɬ ɬɨлщиɧɭ 4,55 ɦɦ. 

Слɨи ɫɨ вɬɨɪɨɝɨ ɩɨ ɩяɬыɣ ɨɩиɫываɸɬ ɨɤ-
ɪɭɠɧɨɣ ɩɪɨфиль 400 ɡɭɛьɟв и иɦɟɸɬ ɫлɟ-
ɞɭɸщиɟ хаɪаɤɬɟɪиɫɬиɤи выɫɨɬы ( h, ɦɦ ) и 

ɲиɪиɧы ( b, ɦɦ ):  h2 = 0,15 ,  b2 = 2,36 ;  h3 = 

0,1 , b3 = 2,08 ;  h4 = 1,0 , b4 = 1,8;  h5 = 1,0 , b5 

= 1,2 .  Слɨи  1, 2, 3  являɸɬɫя ɨɛɨлɨчɟчɧы-

ɦи, ɫлɨи 4 и 5 являɸɬɫя ɧаɛɨɪɨɦ ɩɪɨɞɨльɧых 
ɩɨɞɤɪɟɩляɸщих ɷлɟɦɟɧɬɨв. Таɤиɦ ɨɛɪаɡɨɦ, 

в ɡɨɧɟ вɟɧɰа ɨɛɨлɨчɟчɧая ɤɨɧɫɬɪɭɤɰия явля-
ɟɬɫя ɤɨɧɫɬɪɭɤɬивɧɨ-ɨɪɬɨɬɪɨɩɧɨɣ. 

Оɛɨлɨчɟчɧая ɤɨɧɫɬɪɭɤɰия выɩɨлɧɟɧа иɡ ɫɬа-
ли ɫ ɦɟхаɧичɟɫɤиɦи хаɪаɤɬɟɪиɫɬиɤаɦи: ɦɨ-
ɞɭль Юɧɝа  E = 2 ··10

5
 МПа,  ɤɨɷффиɰиɟɧɬ 

Пɭаɫɫɨɧа  ν = 0,3 . 

Вɨ вɫɟх ɬɪɟх ваɪиаɧɬах ɫɬавилиɫь ɝɪаɧичɧыɟ 
ɭɫлɨвия: ɧачальɧыɣ ɬɨɪɟɰ, ɭɞалɟɧɧыɣ ɨɬ ɡɨ-
ɧы ɡɭɛчаɬɨɝɨ вɟɧɰа - ɲаɪɧиɪɧɨɟ ɨɩиɪаɧиɟ; 
ɤɨɧɟчɧыɣ ɬɨɪɟɰ, ɧахɨɞящиɣɫя вɛлиɡи вɟɧɰа 
и ɡɨɧы ɩɪилɨɠɟɧия ɧаɝɪɭɡɤи - ɫвɨɛɨɞɧыɣ 

ɤɪаɣ. 

Ɋаɫɫɦаɬɪиваɟɦая ɡаɞача являлаɫь ɞвɭɦɟɪɧɨɣ 

ɫ лɨɤальɧыɦ ɩɪилɨɠɟɧиɟɦ ɩɨвɟɪхɧɨɫɬɧɨɣ 

ɧаɝɪɭɡɤи в ɦɟɪиɞиɨɧальɧɨɦ и ɨɤɪɭɠɧɨɦ ɧа-
ɩɪавлɟɧиях. Оɤɪɭɠɧɨɣ ɩɪɨфиль ɧаɝɪɭɡɤи ɧа 
ɨɛɨлɨчɟчɧɭɸ ɤɨɧɫɬɪɭɤɰиɸ  в ɪаɫчɟɬɟ  ɪаɡла-
ɝалɫя в ɪяɞ Фɭɪьɟ ɩɨ 19 ɝаɪɦɨɧиɤаɦ  ɫ ɧɨɦɟ-
ɪаɦи  0…18. 

Пɨɞ ɞɟɣɫɬвиɟɦ ɡаɞаɧɧɨɣ ɧаɝɪɭɡɤи ɩɪɨиɫхɨ-
ɞиɬ ɞɟфɨɪɦаɰия ɨɛɨлɨчɟчɧɨɣ ɤɨɧɫɬɪɭɤɰии, 

ɩɪичɟɦ ɩɪɟиɦɭщɟɫɬвɟɧɧɨ в ɪаɞиальɧɨɦ ɧа-
ɩɪавлɟɧии. Маɤɫиɦальɧыɣ ɩɪɨɝиɛ ɩɨлɭчаɟɬ-
ɫя в ɰɟɧɬɪɟ ɨɤɪɭɠɧых ɷɩɸɪ ɧаɝɪɭɡɤи ɩɪи   α2 

= 0º, ±180º.   Ɋаɡɧɨɫɬь ɪаɞиɭɫɨв ɠɟɫɬɤɨɝɨ и 

ɝиɛɤɨɝɨ ɤɨлɟɫ ɫɨɫɬавляɟɬ  w = R1 - R2 = 1 ɦɦ 

, ɩɨɷɬɨɦɭ вɨ вɫɟх ɬɪɟх ваɪиаɧɬах ɦаɤɫиɦаль-
ɧыɣ ɧɟɨɫɟɫиɦɦɟɬɪичɧыɣ ɩɪɨɝиɛ ɫɟɪɟɞиɧы 

ɡɨɧы вɟɧɰа ɧɨɪɦиɪɨвалɫя ɧа ɭɤаɡаɧɧɭɸ вɟ-
личиɧɭ, а ɡаɞаваɟɦая вɟличиɧа ɦɟɪиɞиɨ-
ɧальɧɨɝɨ ɤɨɦɩɨɧɟɧɬа ɞавлɟɧия  Pz  ɩɨɞɛиɪа-
лаɫь иɡ ɭɫлɨвия ɨɛɟɫɩɟчɟɧия ɡаɞаɧɧɨɝɨ ɩɟ-
ɪɟɦɟщɟɧия. Ɋɟɡɭльɬаɬы ɪаɫчɟɬɨв ɩɪивɟɞɟɧы 

в ɬаɛлиɰɟ. 
Вɨ вɫɟх ɬɪɟх ваɪиаɧɬах ɦаɤɫиɦальɧɨɟ ɨɤ-
ɪɭɠɧɨɟ ɧаɩɪяɠɟɧиɟ  σ22 ɪаɡвивалɨɫь в ɤɨɧɰɟ 
вɟɧɰа ɧа вɧɟɲɧɟɣ ɩɨвɟɪхɧɨɫɬи 3-ɝɨ ɨɛɨлɨ-
чɟчɧɨɝɨ ɫлɨя. Даɧɧɨɟ ɫɟчɟɧиɟ иɦɟɟɬ ɤɨɨɪɞи-

ɧаɬɭ 270,5 ɦɦ вɞɨль ɨɫи вɪащɟɧия. Аɦɩли-

ɬɭɞɧыɟ ɡɧачɟɧия ɦаɤɫиɦальɧɨɝɨ ɧаɩɪяɠɟɧия 
)0;5,270(

max

22 °σ , )180;5,270(
max

22 °±σ  

и ɦиɧиɦальɧɨɝɨ ɧаɩɪяɠɟɧия  
)90;5,270(

min

22 °±σ  ɩɪивɟɞɟɧы в ɬаɛлиɰɟ. 
Аɧалиɡ ɪɟɡɭльɬаɬɨв ɪаɫчɟɬа ɷɬих 3-х ваɪиаɧ-

ɬɨв ɝɟɨɦɟɬɪичɟɫɤɨɝɨ иɫɩɨлɧɟɧия ɝиɛɤɨɝɨ ɤɨ-
лɟɫа ɩɨɤаɡываɟɬ, чɬɨ ɧаиɛɨлɟɟ ɞɟфɨɪɦаɬив-
ɧыɦ являɟɬɫя ɤɨлɟɫɨ  3-ɝɨ ваɪиаɧɬа.  Пɪи 

ɧɨɪɦиɪɨваɧɧɨɣ вɟличиɧɟ ɩɪɨɝиɛа ɩɨɞ ɧа-
ɝɪɭɡɤɨɣ ɤ ɧɟɦɭ ɧɟɨɛхɨɞиɦɨ ɩɪилɨɠиɬь 
ɦɟɧьɲɭɸ ɧаɝɪɭɡɤɭ и аɦɩлиɬɭɞɧыɟ ɡɧачɟɧия 
ɦаɤɫиɦальɧɨɝɨ ɨɤɪɭɠɧɨɝɨ ɧаɩɪяɠɟɧия ɬаɤ-
ɠɟ ɩɨлɭчаɸɬɫя ɦɟɧьɲиɦи. 



Ю.И. Фɨɦичɟв, В.М. Завьялɨв  
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Аɧалиɡ ɪɟɡɭльɬаɬɨв ɩɪɨвɟɞɟɧɧых иɫɫлɟɞɨва-
ɧиɣ и ɫɪавɧɟɧиɟ ɷɬих ɪɟɡɭльɬаɬɨв ɫ ɷɤɫɩɟɪи-

ɦɟɧɬальɧыɦи иɫɫлɟɞɨваɧияɦи ɧаɩɪяɠɟɧɧɨɝɨ 
ɫɨɫɬɨяɧия ɝиɛɤих ɤɨлɟɫ ɩɨɤаɡываɸɬ: 

- иɫɩɨльɡɨваɧɧыɣ в ɪаɛɨɬɟ ɦɟɬɨɞ ɞа-
ɟɬ хɨɪɨɲɟɟ ɤачɟɫɬвɟɧɧɨɟ ɫɨвɩаɞɟɧиɟ ɪаɫɩɪɟ-
ɞɟлɟɧия ɧаɩɪяɠɟɧиɣ ɩɨ ɞлиɧɟ ɝиɛɤɨɝɨ ɤɨлɟ-
ɫа ɫ ɩɨɞɨɛɧыɦи ɞаɧɧыɦи, ɩɨлɭчɟɧɧыɦи ɷɤɫ-
ɩɟɪиɦɟɧɬальɧыɦ ɩɭɬɟɦ; 

- ɩɪɟɞлɨɠɟɧɧыɣ ɦɟɬɨɞ ɨɬɤɪываɟɬ 
ɲиɪɨɤиɟ вɨɡɦɨɠɧɨɫɬи ɞля ɭɬɨчɧɟɧия ɪаɫчɟ-
ɬɨв ɧаɩɪяɠɟɧɧɨɝɨ ɫɨɫɬɨяɧия ɝиɛɤих ɤɨлɟɫ и 

ɨɩɬиɦиɡаɰии ɝɟɨɦɟɬɪичɟɫɤих ɪаɡɦɟɪɨв ɤɨлɟɫ 
ɫ ɬɨчɤи ɡɪɟɧия ɭɪɨвɧя ɧаɩɪяɠɟɧиɣ в ɧих. 
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СɊАȼɇИɌȿɅɖɇЫɃ АɇАɅИɁ ɊАСЧЁɌА ɊȿɁИɇɈȼɈГɈ 

ȼИȻɊɈИɁɈɅəɌɈɊА ɆȿɌɈȾɈɆ КɈɇȿЧɇɈГɈ ЭɅȿɆȿɇɌА 

И ȼАɊИАЦИɈɇɇɈ-ɊАɁɇɈСɌɇЫɆ ɆȿɌɈȾɈɆ  

 
Д.К. Сиɡов 

Мɨɫɤɨвɫɤиɣ ɝɨɫɭɞаɪɫɬвɟɧɧыɣ ɫɬɪɨиɬɟльɧыɣ ɭɧивɟɪɫиɬɟɬ, ɝ. Мɨɫɤва, Ɋɨɫɫия 
 
Аɧɧɨтация: Сɬаɬья ɩɪɟɞɫɬавляɟɬ ɨɩиɫаɧиɟ ɩɪɨɰɟɫɫа ɫɬаɬичɟɫɤɨɝɨ ɪаɫчёɬа ɪɟɡиɧɨвɨɝɨ виɛɪɨиɡɨляɬɨɪа, 
ɩɪиɦɟɧяɟɦɨɝɨ ɞля виɛɪɨɡащиɬы ɨɛɴɟɤɬɨв ɨɬ виɛɪаɰии. Тɟɦа виɛɪɨɡащиɬы ɨɛɴɟɤɬɨв ɫɬɪɨиɬɟльɫɬва ɫɬаɧɨ-
виɬɫя вɫё ɛɨлɟɟ ɡɧачиɦɨɣ ɩɪи ɫɬɪɨиɬɟльɫɬвɟ в ɬɟхɧичɟɫɤих ɡɨɧах лиɧиɣ ɦɟɬɪɨɩɨлиɬɟɧа. Ɋаɫчёɬ виɛɪɨиɡɨ-
ляɬɨɪа ɩɪɨиɡвɟɞёɧ ɞвɭɦя ɦɟɬɨɞаɦи: ɦɟɬɨɞɨɦ ɤɨɧɟчɧɨɝɨ ɷлɟɦɟɧɬа и ваɪиаɰиɨɧɧɨ-ɪаɡɧɨɫɬɧыɦ ɦɟɬɨɞɨɦ. В 

ɤачɟɫɬвɟ ɦɨɞɟли виɛɪɨиɡɨляɬɨɪа ɩɪиɧяɬɨ ɬɪёхɦɟɪɧɨɟ ɬɟлɨ, иɦɟɸщɟɟ фɨɪɦɭ ɩаɪаллɟлɟɩиɩɟɞа. Ƚɪаɧичɧыɟ 
ɭɫлɨвия ɡаɞаɸɬɫя иɫхɨɞя иɡ ɭɫлɨвиɣ ɪɟальɧɨɣ ɪаɛɨɬы виɛɪɨиɡɨляɬɨɪа в ɤɨɧɫɬɪɭɤɰиях ɡɞаɧия. На вɟɪхɧɟɣ 

ɝɪаɧи виɛɪɨиɡɨляɬɨɪа ɡаɞаёɬɫя ɩɨɫɬɨяɧɧɨɟ вɟɪɬиɤальɧɨɟ ɩɟɪɟɦɟщɟɧиɟ, ɧа ɧиɠɧɟɣ—ɩɟɪɟɦɟщɟɧиɟ ɪавɧɨ 
ɧɭлɸ. В ɤачɟɫɬвɟ ɪɟɡɭльɬаɬɨв ɪаɫчёɬа ɪаɫɫɦаɬɪиваɸɬɫя ɩɨля ɩɟɪɟɦɟщɟɧиɣ. Для ɫɨɡɞаɧия ɩɪɨɝɪаɦɦы, ɪɟа-
лиɡɭɸщɟɣ ваɪиаɰиɨɧɧɨ-ɪаɡɧɨɫɬɧыɣ ɦɟɬɨɞ, иɫɩɨльɡɭɟɬɫя яɡыɤ ɩɪɨɝɪаɦɦиɪɨваɧия фɨɪɬɪаɧ. Оɫɧɨвɧɨɟ вɧи-

ɦаɧиɟ в ɫɬаɬьɟ ɭɞɟлɟɧɨ ɨɩиɫаɧиɸ ɫаɦих ɩɪɨɰɟɞɭɪ ɪɟалиɡаɰии ɤаɤ ваɪиаɰиɨɧɧɨ-ɪаɡɧɨɫɬɧɨɝɨ ɦɟɬɨɞа, ɬаɤ и 

ɦɟɬɨɞа ɤɨɧɟчɧɨɝɨ ɷлɟɦɟɧɬа.  
 

 

 

THE COMPARATIVE ANALYSIS OF CALCULATION RUB-

BER SHAKE-ABSORBER THE METHOD OF FINAL ELE-

MENT AND  VARIATIONAL-DIFFERENCE METHOD 

 
D.K. Sizov 

Moscow State University of Civil Engineering, Moscow, Russia 

 
Abstract: The article represents the description of process of static calculation rubber shake-absorber, used for 

vibroprotection objects from vibration. The theme vibroprotect objects of construction becomes more and more 

significant at construction in technical zones of lines of underground. Calculation shake-absorber is made by two 

methods: a method of a final element and variational-difference  method. As model shake-absorber the three-

dimensional body having the form of a parallelepiped is accepted. Boundary conditions are set proceeding from 

conditions of real work shake-absorber in designs of a building. On the top side shake-absorber vertical moving is 

set constant, on bottom - moving is equal to zero. As results of calculation fields of movings. For creation of the 

program realizing variational-difference  method, the programming language a Fortran is used. The basic attention 

in article is given to the description of procedures of realization as variational-difference a method, and a method of 

a final element. 

 
1. ȼȼȿȾȿɇИȿ   

 

В ɫɨвɪɟɦɟɧɧɨɦ ɫɬɪɨиɬɟльɫɬвɟ вɫё ɛɨлɟɟ 
ɨɫɬɪɨ вɫɬаёɬ ɩɪɨɛлɟɦа ɫɬɪɨиɬɟльɫɬва ɡɞа-
ɧиɣ в ɧɟɩɨɫɪɟɞɫɬвɟɧɧɨɣ ɛлиɡɨɫɬи ɨɬ ли-

ɧиɣ ɦɟɬɪɨɩɨлиɬɟɧа ɧɟɝлɭɛɨɤɨɝɨ ɡалɨɠɟ-
ɧия. В ɞаɧɧых ɭɫлɨвиях вɨɩɪɨɫы виɛɪɨ-
ɡащиɬы ɡɞаɧиɣ ɨɬ ɬɟхɧɨɝɟɧɧɨɝɨ вɨɡɞɟɣɫɬ-
вия ɧачиɧаɸɬ иɝɪаɬь ɫɭщɟɫɬвɟɧɧɭɸ ɪɨль. 

Оɞɧиɦ иɡ ɦɟɬɨɞɨв ɡащиɬы ɡɞаɧиɣ ɨɬ виɛ-

ɪаɰии ɦɟɬɪɨɩɨлиɬɟɧа являɟɬɫя ɩɪиɦɟɧɟ-
ɧиɟ выɫɨɤɨɧаɝɪɭɠɟɧɧых ɪɟɡиɧɨɦɟɬалли-

чɟɫɤих  виɛɪɨиɡɨляɬɨɪɨв.  В ɩɪɨɫɬɟɣɲɟɦ 

ɫлɭчаɟ ɪɟɡиɧɨɦɟɬалличɟɫɤиɣ виɛɪɨиɡɨля-
ɬɨɪ ɩɪɟɞɫɬавляɟɬ ɫɨɛɨɣ ɫлɨɣ ɪɟɡиɧы, ɩɪи-

вɭлɤаɧиɡиɪɨваɧɧыɣ  ɤ ɞвɭɦ ɦɟɬалличɟ-
ɫɤиɦ ɩлаɫɬиɧаɦ. Ɋяɞ авɬɨɪɨв [3],[4] ɩɪɟɞ-

лаɝаɸɬ ɫвɨи ɦɟɬɨɞиɤи ɪаɫчёɬа ɪɟɡиɧɨɦɟ-
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ɬалличɟɫɤих виɛɪɨиɡɨляɬɨɪɨв.  Оɫɧɨвɧɨɟ 
ɧаɩɪавлɟɧиɟ ɞаɧɧых ɪаɡɪаɛɨɬɨɤ ɡаɤлɸча-
ɟɬɫя в ɭɦɟɧьɲɟɧии ɪаɡɦɟɪɧɨɫɬи ɪаɫɫɦаɬ-
ɪиваɟɦɨɣ ɡаɞачи—ɬɨ ɟɫɬь ɪаɫɫɦɨɬɪɟɧиɟ 
вɦɟɫɬɨ ɩɪɨɫɬɪаɧɫɬвɟɧɧɨɣ, ɬɪёхɦɟɪɧɨɣ ɡа-
ɞачи ɧɟɤɨɬɨɪɨɣ ɭɩɪɨщёɧɧɨɣ ɡаɞачи ɩɨɧи-

ɠɟɧɧɨɣ ɪаɡɦɟɪɧɨɫɬи. В чаɫɬɧɨɫɬи в ɪаɛɨɬɟ 
[3], ɪɟɡиɧɨвыɣ виɛɪɨиɡɨляɬɨɪ ɪаɫɫɦаɬɪи-

ваɟɬɫя ɤаɤ ɫɬɟɪɠɟɧь ɫ ɩɟɪɟɦɟɧɧɨɣ фɨɪɦɨɣ 

ɩɨɩɟɪɟчɧɨɝɨ ɫɟчɟɧия, ɡавиɫящɟɣ ɨɬ ɞɟ-
фɨɪɦаɰии.  Ɋаɛɨɬ, ɧаɩɪавлɟɧɧых ɧа ɨɩɪɟ-
ɞɟлɟɧиɟ ɤɨɦɩɨɧɟɧɬ ɬɪёхɦɟɪɧɨɝɨ  ɧаɩɪя-
ɠёɧɧɨ-ɞɟфɨɪɦиɪɨваɧɧɨɝɨ ɫɨɫɬɨяɧия ɪɟɡи-

ɧɨвɨɝɨ виɛɪɨиɡɨляɬɨɪа  ɧа ɫɟɝɨɞɧяɲɧиɣ 

ɞɟɧь ɞɨɫɬаɬɨчɧɨ ɦалɨ.  
В ɞаɧɧɨɣ ɫɬаɬьɟ ɩɪɨиɡвɨɞиɬɫя ɫɪавɧɟɧиɟ 
ɪɟɡɭльɬаɬɨв ɪаɫчёɬа ɪɟɡиɧɨɦɟɬалличɟɫɤɨɝɨ 
виɛɪɨиɡɨляɬɨɪа ɫ иɫɩɨльɡɨваɧиɟ ɦɟɬɨɞа 
ɤɨɧɟчɧɨɝɨ ɷлɟɦɟɧɬа, а ɬаɤɠɟ ваɪиаɰиɨɧɧɨ-
ɪаɡɧɨɫɬɧɨɝɨ ɦɟɬɨɞа.  Оɞɧиɦ иɡ ɫаɦых ɫɭ-
щɟɫɬвɟɧɧых ɧɟɞɨɫɬаɬɤɨв ваɪиаɰиɨɧɧɨ-
ɪаɡɧɨɫɬɧɨɝɨ ɦɟɬɨɞа являɟɬɫя ɧɟɨɛхɨɞи-

ɦɨɫɬь ɩɪаɤɬичɟɫɤи ɩɨлɧɨɝɨ иɡɦɟɧɟɧия 
ɬɟɤɫɬа ɩɪɨɝɪаɦɦы ɩɪи иɡɦɟɧɟɧии ɨɛлаɫɬи  

ɪɟɲɟɧия ваɪиаɰиɨɧɧɨɣ ɡаɞачи, лиɛɨ ɩɪи 

иɡɦɟɧɟɧии фɭɧɤɰиɨɧала, ɨɩиɫываɸщɟɝɨ 
ɤɨɦɩɨɧɟɧɬы ɧаɩɪяɠёɧɧɨ-
ɞɟфɨɪɦиɪɨваɧɧɨɝɨ ɫɨɫɬɨяɧия.  Сɨвɪɟɦɟɧ-

ɧɨɟ ɪаɡвиɬиɟ ɫɪɟɞɫɬв ɤɨɦɩьɸɬɟɪɧɨɣ ал-
ɝɟɛɪы ɩɨɡвɨляɟɬ, в ɧɟɤɨɬɨɪɨɣ ɦɟɪɟ,  ɫвɟɫɬи 

ɤ ɦиɧиɦɭɦɭ ɬɪɭɞɨёɦɤɨɫɬь ɫɨɫɬавлɟɧия 
ɬɟɤɫɬа ɩɪɨɝɪаɦɦы ɩɪи иɡɦɟɧɟɧии ɩаɪа-
ɦɟɬɪɨв ɡаɞачи, ɪɟɲаɟɦɨɣ ваɪиаɰиɨɧɧɨ-
ɪаɡɧɨɫɬɧыɦ ɦɟɬɨɞɨɦ. 

 

2. ɊȿАɅИɁАЦИə ȼАɊИАЦИɈɇɇɈ-

ɊАɁɇɈСɌɇɈГɈ ɆȿɌɈȾА 

 

В ɞаɧɧɨɣ ɫɬаɬьɟ ɞля ɪɟалиɡаɰии ваɪиаɰи-

ɨɧɧɨ-ɪаɡɧɨɫɬɧɨɝɨ ɦɟɬɨɞа иɫɩɨльɡɨвалаɫь 
ɨɞɧа иɡ ɩɪɨɝɪаɦɦ ɤɨɦɩьɸɬɟɪɧɨɣ алɝɟɛɪы, 

ɩɨɡвɨляɸщая ɧɟ ɬɨльɤɨ ɩɨлɭчаɬь аɧалиɬи-

чɟɫɤиɟ выɪаɠɟɧия, ɧɨ и ɧɟɩɨɫɪɟɞɫɬвɟɧɧɨ 
ɝɟɧɟɪиɪɨваɬь ɩɪɨɝɪаɦɦɧыɣ ɤɨɞ, иɫɩɨль-
ɡɭɟɦыɣ ɡаɬɟɦ ɞля ɫɨɫɬавлɟɧия ɩɪɨɝɪаɦɦы 

ɧа яɡыɤɟ фɨɪɬɪаɧ. 

В ɫвяɡи ɫ ɬɟɦ, чɬɨ ɪɟɡиɧɭ, ɤаɤ ɤɨɧɫɬɪɭɤɰи-

ɨɧɧыɣ ɦаɬɟɪиал, в ɧаиɛɨльɲɟɦ чиɫлɟ ɫлɭ-
чаɟ ɨɩиɫываɸɬ ɫ иɫɩɨльɡɨваɧиɟɦ ɧɟɤɨɬɨ-
ɪых ɭɩɪɭɝих ɩɨɬɟɧɰиалɨв, ɧаɩɪиɦɟɪ—
ɩɨɬɟɧɰиалɨв Мɭɧи-Ɋивлиɧа, Нɟɨ-Ƚɭɤа, 
Дɭɧаɟва, и ɞɪ., лиɛɨ в ɩɪɨɫɬɟɣɲɟɦ ɫлɭчаɟ 
фɭɧɤɰиɨɧалɨв Ʌаɝɪаɧɠа в ɝɟɨɦɟɬɪичɟɫɤи 

лиɧɟɣɧɨɣ/ɧɟлиɧɟɣɧɨɣ ɩɨɫɬаɧɨвɤɟ. Таɤиɦ 

ɨɛɪаɡɨɦ, ɩɪи ɪɟɲɟɧии ɡаɞач,  ɫвяɡаɧɧых ɫ 
ɪаɫчёɬɨɦ ɪɟɡиɧɨвых иɡɞɟлиɣ чащɟ вɫɟɝɨ 
ɩɪиɦɟɧяɸɬ иɦɟɧɧɨ ваɪиаɰиɨɧɧɭɸ ɩɨɫɬа-
ɧɨвɤɭ ɡаɞачи. 

Ɋɟɲɟɧиɟ ваɪиаɰиɨɧɧɨɣ ɡаɞачи ɦɨɠɧɨ 
ɩɪɨиɡвɨɞиɬь ɧɟɫɤɨльɤиɦи ɦɟɬɨɞаɦи: ɦɟ-
ɬɨɞɨɦ Ɋиɬɰа, ɦɟɬɨɞɨɦ Ȼɭɛɧɨва-Ƚалёɪɤиɧа, 
ɤɨɧɟчɧɨɝɨ ɷлɟɦɟɧɬа и.ɬ.ɞ. Оɞɧиɦ иɡ ɦɟɬɨ-
ɞɨв ɩɨиɫɤа ɦиɧиɦɭɦа фɭɧɤɰиɨɧала явля-
ɟɬɫя ваɪиаɰиɨɧɧɨ-ɪаɡɧɨɫɬɧыɣ ɦɟɬɨɞ. Оɛ-

щиɣ алɝɨɪиɬɦ ɩɪиɦɟɧɟɧия ваɪиаɰиɨɧɧɨ-
ɪаɡɧɨɫɬɧɨɝɨ ɦɟɬɨɞа ɫɨɫɬɨиɬ  в ɪаɫɫɦɨɬɪɟ-
ɧии иɫɤɨɦых ɡɧачɟɧиɣ фɭɧɤɰии в ɭɡлах 
ɧɟɤɨɬɨɪɨɣ ɞиɫɤɪɟɬиɡиɪɭɸщɟɣ ɨɛлаɫɬь 
ɫɟɬɤи. Сɨɫɬавляɟɬɫя ɞиɫɤɪɟɬɧыɣ аɧалɨɝ 
фɭɧɤɰиɨɧала, а ɡаɬɟɦ ɧахɨɞяɬɫя ɩɪɨиɡвɨɞ-

ɧыɟ ɞиɫɤɪɟɬɧɨɝɨ аɧалɨɝа ɩɨ ɤаɠɞɨɦɭ ɞиɫ-
ɤɪɟɬɧɨɦɭ ɡɧачɟɧиɸ фɭɧɤɰии. Таɤиɦ ɨɛɪа-
ɡɨɦ,  ɩɪихɨɞиɦ ɤ ɫиɫɬɟɦɟ ɪаɡɧɨɫɬɧых 
ɭɪавɧɟɧиɣ, ɪɟɲɟɧиɟ ɤɨɬɨɪɨɣ ɦɨɠɧɨ ɩɪɨ-
иɡвɨɞиɬь лɸɛыɦ иɡвɟɫɬɧыɦ ɦɟɬɨɞɨɦ. В 

ɞаɧɧɨɣ ɫɬаɬьɟ ɪɟɲɟɧиɟ ɫиɫɬɟɦы ɩɪɨиɡвɨ-
ɞиɬɫя ɦɟɬɨɞɨɦ Зɟɣɞɟля. Сɬɪɭɤɬɭɪа ɭɪав-
ɧɟɧиɣ ваɪиаɰиɨɧɧɨ-ɪаɡɧɨɫɬɧɨɝɨ ɦɟɬɨɞа 
ɡавиɫиɬ  ɨɬ иɫхɨɞɧɨɝɨ выɪаɠɟɧия фɭɧɤ-
ɰиɨɧала, ɤɨɧɟчɧɨ-ɪаɡɧɨɫɬɧɨɣ аɩɩɪɨɤɫиɦа-
ɰии вхɨɞящих в ɧɟɝɨ ɩɪɨиɡвɨɞɧых, а ɬаɤ-
ɠɟ ɨɬ аɩɩɪɨɤɫиɦаɰии ɫаɦɨɝɨ фɭɧɤɰиɨɧала 
в виɞɟ ɤɨɧɟчɧɨɣ ɫɭɦɦы. 

На ɪиɫ.1.  ɩɨɤаɡаɧɨ ɪаɫɫчиɬываɟɦɨɟ ɬɪёх-
ɦɟɪɧɨɟ ɬɟлɨ ɪɟɡиɧɨвɨɝɨ виɛɪɨиɡɨляɬɨɪа  ɫ 
ɧаɧɟɫёɧɧɨɣ ɧа ɧёɦ ɩɪɨɫɬɪаɧɫɬвɟɧɧɨɣ 

ɬɪёхɦɟɪɧɨɣ ɫɟɬɤɨɣ. Для ɩɨвыɲɟɧия ɬɨч-
ɧɨɫɬи ɪɟɲɟɧия ɡаɞачи выɛиɪаɟɬɫя ɪаɡɧыɟ 
ɲаɝи иɡɦɟɧɟɧия ɤɨɨɪɞиɧаɬ ɩɨ вɫɟɦ ɨɫяɦ.  

В ɞаɧɧɨɣ ɫɬаɬьɟ ɪаɫɫɦаɬɪиваɟɬɫя ɪɟɡиɧɨ-
вɨɟ ɬɟлɨ в фɨɪɦɟ ɩаɪаллɟлɟɩиɩɟɞа, ɪаɡɦɟ-
ɪы ɩаɪаллɟлɟɩиɩɟɞа  0,45х0,43х0,04 ɦ.  

Ƚɪаɧичɧыɟ ɭɫлɨвия ɫлɟɞɭɸщиɟ: ɧиɠɧяя 
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ɝɪаɧь  ɧɟɩɨɞвиɠɧа—иɫɤлɸчɟɧы ɤаɤ вɟɪ-
ɬиɤальɧыɟ, ɬаɤ и ɝɨɪиɡɨɧɬальɧыɟ ɩɟɪɟɦɟ-
щɟɧия., ɬɨчɤи вɟɪхɧɟɣ ɝɪаɧи виɛɪɨиɡɨля-
ɬɨɪа ɧɟ ɦɨɝɭɬ ɩɟɪɟɦɟщаɬьɫя в ɝɨɪиɡɨɧ-

ɬальɧɨɣ ɩлɨɫɤɨɫɬи—в ɧаɩɪавлɟɧии ɨɫɟɣ 

X,Y, ɩɟɪɟɦɟщɟɧиɟ вɞɨль ɨɫи Z являɟɬɫя 
ɡаɞаɧɧɨɣ вɟличиɧɨɣ и ɫɨɫɬавляɟɬ ɨɤɨɧча-
ɬɟльɧɨ 5,57 ɦɦ. ɨɫɧɨвɧɨɣ ɡаɞачɟɣ являɟɬɫя 
ɨɩɪɟɞɟлɟɧиɟ вɫɟх ɤɨɦɩɨɧɟɧɬ НДС, ɩɪи 

ɪɟɲɟɧии ɡаɞачи иɫɩɨльɡɨваɧ фɭɧɤɰиɨɧал 
Ʌаɝɪаɧɠа лиɧɟɣɧɨɣ ɬɟɨɪии ɭɩɪɭɝɨɫɬи. 

 
Ɋиɫ.1. Ɋаɡɛиɟɧиɟ ɬɪёхɦɟɪɧɨɝɨ ɬɟла ɩɪɨ-

ɫɬɪаɧɫɬвɟɧɧɨɣ ɫɟɬɤɨɣ. 

 

 
 

Ɋиɫ.2. Пɟɪɟɦɟщɟɧия в ɫɪɟɞиɧɧɨɣ ɩлɨɫɤɨ-
ɫɬи виɛɪɨиɡɨляɬɨɪа 

 

В ɤачɟɫɬвɟ фɨɪɦɭлы, аɩɩɪɨɤɫиɦиɪɭɸщɟɣ 

фɭɧɤɰиɨɧал ɧа ɨɛлаɫɬи иɫɩɨльɡɭɟɬɫя фɨɪ-
ɦɭла ɩɪяɦɨɭɝɨльɧиɤɨв.  
В ɤачɟɫɬвɟ ɪɟɡɭльɬаɬɨв  ɩɪиɦɟɧɟɧия ва-
ɪиаɰиɨɧɧɨ-ɪаɡɧɨɫɬɧɨɝɨ ɦɟɬɨɞа ɧа ɪиɫ. 2 

ɩɪивɨɞяɬɫя ɩɟɪɟɦɟщɟɧия ɫɪɟɞиɧɧɨɣ ɩɨ-
вɟɪхɧɨɫɬи виɛɪɨиɡɨляɬɨɪа в виɞɟ иɡɨɩɨ-
лɟɣ. На ɪиɫ. 3. ɩɪивɨɞяɬɫя ɪɟɡɭльɬаɬы ɩɟ-
ɪɟɦɟщɟɧиɣ ɪɟɡиɧɨвɨɝɨ виɛɪɨиɡɨляɬɨɪа в 
ɩлɨɫɤɨɫɬи, ɩɪɨхɨɞящɟɣ чɟɪɟɡ ɰɟɧɬɪ виɛ-

ɪɨиɡɨляɬɨɪа. 
 

 
 

А)  ɩɟɪɟɦɟщɟɧиɟ вɞɨль ɨɫи Х 

 

 
Ȼ)  ɩɟɪɟɦɟщɟɧиɟ вɞɨль ɨɫи Y 

 

 
 

В) ɩɟɪɟɦɟщɟɧиɟ вɞɨль ɨɫи Z 

 

Ɋиɫ.3. Пɟɪɟɦɟщɟɧия в вɟɪɬиɤальɧɨɣ ɩлɨɫ-
ɤɨɫɬи ɪɟɡиɧɨвɨɝɨ виɛɪɨиɡɨляɬɨɪа. 

 

Наɣɞɟɧɧых ɡɧачɟɧиɣ ɤɨɦɩɨɧɟɧɬ вɟɤɬɨɪа 
ɩɟɪɟɦɟщɟɧиɣ ɞɨɫɬаɬɨчɧɨ ɞля ɨɩɪɟɞɟлɟɧия 
вɫɟх ɨɫɬальɧых ɤɨɦɩɨɧɟɧɬ НДС в ɬɪёх-
ɦɟɪɧɨɦ  ɬɟлɟ. 
 

3. СɌАɌИЧȿСКИɃ ɊАСЧЁɌ  

ɊȿɁИɇɈȼɈГɈ ȼИȻɊɈИɁɈɅəɌɈɊА 

ȼ СɈȼɊȿɆȿɇɇЫХ  

ɉɊɈГɊАɆɆɇЫХ КɈɆɉɅȿКСАХ, 

ɊȿАɅИɁɍɘЩИХ ɆȿɌɈȾ  

КɈɇȿЧɇɈГɈ ЭɅȿɆȿɇɌА  

 

Оɞɧиɦ иɡ ɧаиɛɨлɟɟ чаɫɬɨ иɫɩɨльɡɭɟɦых 
ɦɟɬɨɞɨв ɨɩɪɟɞɟлɟɧия ɤɨɦɩɨɧɟɧɬ ɬɪёхɦɟɪ-
ɧɨɝɨ ɧаɩɪяɠёɧɧɨ-ɞɟфɨɪɦиɪɨваɧɧɨɝɨ ɫɨ-
ɫɬɨяɧия являɟɬɫя иɫɩɨльɡɨваɧиɟ ɫɨвɪɟ-
ɦɟɧɧых ɩɪɨɝɪаɦɦɧых ɤɨɦɩлɟɤɫɨв, ɪɟали-

ɡɭɸщих ɦɟɬɨɞ ɤɨɧɟчɧɨɝɨ ɷлɟɦɟɧɬа.  Ɋаɫ-
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чёɬ ɤɨɧɫɬɪɭɤɰиɣ ɫ иɫɩɨльɡɨваɧиɟɦ ɦɟɬɨɞа 
ɤɨɧɟчɧɨɝɨ ɷлɟɦɟɧɬа в ɫɬаɧɞаɪɬɧых ɩɪɨ-
ɝɪаɦɦɧых ɤɨɦɩлɟɤɫах ɫвɨɞиɬɫя ɤ ɪяɞɭ 
ɨɩɟɪаɰиɣ: ɝɟɨɦɟɬɪичɟɫɤɨɝɨ ɬвɟɪɞɨɬɟльɧɨ-
ɝɨ ɦɨɞɟлиɪɨваɧия ɞɟɬали, ɡаɞаɧия ɧɟɨɛхɨ-
ɞиɦых ɫвɨɣɫɬв ɦаɬɟɪиала, ɧаɡɧачɟɧия 
ɫвɨɣɫɬв и аɬɪиɛɭɬɨв ɷлɟɦɟɧɬаɦ ɝɟɨɦɟɬɪи-

чɟɫɤɨɣ ɦɨɞɟли и, ɩɨɫлɟɞɭɸщɟɝɨ ɪаɡɛиɟɧия 
виɛɪɨиɡɨляɬɨɪа ɧа ɫɟɬɤɭ ɤɨɧɟчɧых ɷлɟ-
ɦɟɧɬɨв.   
В ɤачɟɫɬвɟ ɪɟɡɭльɬаɬɨв ɪаɫчёɬа (МКЭ) 

ɩɪивɨɞяɬɫя иɡɨɩɨля ɩɟɪɟɦɟщɟɧиɣ. 

 

 
 

Ɋиɫ.4. Ɋɟɡɭльɬаɬы ɪаɫчёɬа виɛɪɨиɡɨляɬɨɪа 
ɦɟɬɨɞɨɦ ɤɨɧɟчɧɨɝɨ ɷлɟɦɟɧɬа.  
 

4. АɇАɅИɁ ɊȿɁɍɅɖɌАɌɈȼ ɊАСЧЁɌА 

ȼИȻɊɈИɁɈɅəɌɈɊА 

 

 Каɤ виɞɧɨ иɡ ɩɪɟɞɫɬавлɟɧɧых иɡɨɩɨлɟɣ 

ɩɟɪɟɦɟщɟɧиɣ ɪɟɲɟɧиɟ, ɩɨлɭчɟɧɧɨɟ ɫ иɫ-
ɩɨльɡɨваɧиɟɦ ɦɟɬɨɞа ɤɨɧɟчɧɨɝɨ ɷлɟɦɟɧɬа 
и ваɪиаɰиɨɧɧɨ-ɪаɡɧɨɫɬɧыɦ ɦɟɬɨɞɨɦ ɞаɸɬ 
ɩɪаɤɬичɟɫɤи иɞɟɧɬичɧыɟ ɩɨля ɩɟɪɟɦɟщɟ-
ɧиɣ.  Иɫɩɨльɡɨваɧиɟ ɩɪи ɧаɩиɫаɧии ɩɪɨ-
ɝɪаɦɦ ɫиɫɬɟɦ ɫиɦвɨльɧɨɣ ɦаɬɟɦаɬиɤи ɩɨ-
ɡвɨляɟɬ в ɪяɞɟ ɫлɭчаɟв ɡɧачиɬɟльɧɨ ɫɨɤɪа-
ɬиɬь вɪɟɦя ɪаɡɪаɛɨɬɤи ɩɪɨɝɪаɦɦ и ɫвɟɫɬи 

ɨɛщɭɸ ɬɪɭɞɨёɦɤɨɫɬь ɩɨлɭчɟɧия ɪɟɲɟɧия 
ваɪиаɰиɨɧɧɨ-ɪаɡɧɨɫɬɧыɦ ɦɟɬɨɞɨɦ ɤ ɬаɤɨ-
вɨɣ ɩɪи иɫɩɨльɡɨваɧии ɦɟɬɨɞа ɤɨɧɟчɧɨɝɨ 
ɷлɟɦɟɧɬа. 
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