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MOIEJIUPOBAHUE HAIIPAKEHHO-AE®@OPMUPOBAHHOI'O

COCTOSAHMUA TOJICTBIX KEJE3OBETOHHBIX IIJIMT
C YYETOM NOJIBYUYECTU BETOHA

b.M. A3viee, A.C. Uenypnenko, A.B. Caiioens

JloHCKOM TOCyAapCTBEHHBINH TEXHUUYECKHH yHUBEpCUTET, I. PoctoB-Ha-/{ony, POCCHU

AHHOTanus: B cTaTbe NpUBOAMTCS BBIBOJ Pa3pelIAOINX YPaBHEHHH OIS pacyeTa ¢ y4eTOM MOI3y4eCTH TOJ-
CTBIX JK€Ie300€TOHHBIX IUUT. VICTIoNnp3yeTcs rumnoTe3a o mapadoIndecKoM 3aKOHE pacIipeeIeHUs KacaTenbHBIX
HaIpsDKEHUH 110 TOJIIMHE TUIMTHL. 3a/a4ya CBeNach K CUCTEME U3 ABYX AU(QepeHMaNbHbIX YPaBHEHUH OTHOCH-
TeJILHO mporuba u GpyHkuuu casuroB. IIpuBeneH npumep pacyera MIAPHUPHO ONEPTON 1O KOHTYPY IUIUTHI, 3a-
Ipy’KEHHOH PaBHOMEPHO pacIipe/ie/IeHHON Harpy3KoH, ¢ MCIO0JIb30BaHUEM BA3KOYIPYTrod MOJAETH HACleICTBEH-
HOTO cTapeHus OeToHa. PenieHue npon3BOIMIOCH IPU MTOMOIIH JIBOMHBIX TPUTOHOMETPHUECKHUX DPSZOB B COUe-
TaHUU C METOJOM Dijiepa JjIs onpezeieHus aedopMaluii noiI3ydecTy.

KuroueBble c10Ba: jKeIe300€TOHHBIC IIIATBI, TCOPHA TOJICTBIX IJIUT, MTOJI3Yy4YCCTh, BA3KOYIIPYI'OCTh,
YHUCJICHHBIC MCTOIbI

MODELING OF STRESS-STRAIN STATE OF THICK CONCRETE
SLABS TAKING THE CREEP OF CONCRETE INTO ACCOUNT

Batyr M. Yazyev, Anton S. Chepurnenko, Anzhelika V. Saibel
Don State Technical University, Rostov-on-Don, RUSSIA

Abstract: In the article the derivation of the resolving equations for calculation taking into account creep of
thick reinforced concrete plates is given. We use the hypothesis of a parabolic law for the distribution of tangen-
tial stresses over the thickness of a plate. The problem was reduced to a system of two differential equations with
respect to deflection and the function of shear. An example is given of a calculation of a plate hinged on the con-
tour loaded with a uniformly distributed load using a viscoelastic model of hereditary aging of concrete. The so-
lution was carried out using double trigonometric series in combination with the Euler method for determining
creep strains.
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INTRODUCTION

At present, when calculating reinforced concrete
slabs, the Kirchhoff-Love theory is widely used,
based on the hypothesis of straight normals.
This theory well describes the stress-strain state
of thin plates, in which the shear deformations
Y 7. are much smaller than the angles of ro-

tation
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Thin plates are those for which the following
relation is valid [1]:

(Lol)ebe(t) o
80 100 a 5 8

where & — plate thickness, a — the smallest size
in plane.

Calculations with allowance for the creep of
thin plates are considered in papers [2-5].

There are many different versions of refined
theories of thick plates, differing not only in the



MonenupoBaHue HaNpsHKEHHO-1e(hOPMUPOBAHHOTO COCTOSIHHS TOJICTBIX JKEJIe300€TOHHBIX IUTAT C YUYETOM IOI3YIeCTH

OeToHa

sets of accepted hypotheses and the factors con-
sidered neglected in the classical theory, but al-
so in methods of construction [6]. In dynamics
and in the theory of stability, a refined theory
generalizing Tymoshenko's theory of beam
bending taking into account the shear has be-
come widespread and allows us to accurately
calculate the integral characteristics of the plate
(critical loads, oscillation frequencies, etc.)
However, in this theory, shear deformations,
like tangential stresses 7_., 7., are assumed to
be constant across the thickness of the plate,
which contradicts the absence of tangential
loads on the plate surface in the most common
case of a uniformly distributed area load.

When calculating the stress-strain state of
plates, theories are often used in which the

quantities 7, and y_ as well as 7. and 7, in
thickness are variable. The smallest errors are
obtained by refined theories in which a parabol-
ic change in stress 7_ and 7, along the plate
thickness is assumed. Among these theories, we
can distinguish the theory of S.A. Ambartsu-
myan [7], also taking into account normal
stresses o

z°

1. DERIVATION OF RESOLVING
EQUATIONS

In deriving the resolving equations, we will use
the basic hypotheses adopted in [7]. The ele-
ment of reinforced concrete slab considered is
shown in Fig. 1.

For the tangential stresses 7, and 7, along
the thickness of the plate, we take the distribu-
tion according to the law of a quadratic parabo-

la:
2 2
— 1-4= |z, _o 1-4=|, @
ox h Y h
where ¢ = go(x, y) — shear function.
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Figure 1. Element of reinforced concrete slab.

We assume that the tangent stresses 7_  and
7, , as well as the normal stresses o_, the arma-

ture does not perceive, ie:

(13)

T =Tppr Lo =Ty, O.=0.

Stresses 7_, 7, and o, and are related by the

zy
equation of equilibrium:

o
0t Tl 00 _g 4)
o> o

Substituting (2) into (4), we obtain:

oo 5 z*
s = Vil 1-42 | 5
Oz (p[ th ®)

Integration of equation (5) will give:

o, =-Ve®(z)+C(x,y), (6)

where QD(Z)=Z(1—4Z2 /(3h2)),

C(x,y) is an arbitrary integration function de-

termined from the boundary conditions:

atz=-h/2:0,=—q(x,y);
atz=h/2:0, =0.
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Substituting the boundary conditions in (6), we
obtain:

h
§V2(0 =C(x,y);
L (7
—q(x,y) :§V2¢+C(x,y).

Summing the first and second equalities in (7),
we find the function C (x, y) :

C(x,y):—q(x,y)/Z. (8)

Substituting (8) in the first equation (7), we ob-
tain the resolving equation for the shear func-
tion:

Vz(p=—%@. 9

We obtain an expression for o, by substituting
(8)and (9) in (5):

3

q 3z  z
S S 10
7 2( 7 h3] (10)

The Cauchy relations for shear strains have the
form:

_Ou_ Ow _~ _0Ov Ow
Y= T T oy

(1)

From the physical point of view, the defor-
mations ., and y_ represent the sum of elastic

deformations and creep strains:

Tﬂ+
G

T £ *
Zx+7/zx;7zy: yzy’ (12)

7’zx:G

where G — shear modulus of concrete.
Substituting (2) into (12) and equating (12) to
(11), we obtain:
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*_aW

2
u _ aw—la—(p(l—f—jwzx —-(13)
X

2 7 ax Goaxl R

Integration of (13) with respect to z gives:

10 I ow
u:Ea—f@(z)Jr!yzxdz—Zngfl(x’y)' (14

We will consider the case of symmetric rein-
forcement, then the middle plane is not deform-
able, and when

z=0 u=0,
from which it follows that

fl(x,y)=0.

Similarly, for displacements v, we can write:

v:——é(z)—zé—w+ y;dz. (15)

G oy Y
Deformations ¢,, &, U y,, , and are defined as
follows:

_u_ 0w @0

toox ox’
2 2

g =@=—26W+96¢+F;

Yoy o’ Goy 7
2 2

o v 2089,

= = +1I_,
To =y "o G oxoy  owiy

(16)

a 1 * a 1 *
where I =— |y . dz; I’ =— |y_dz;
toox _([J/zx ooy _([J’Zy

I, _9 7:dz+£ y.dz.
Y axo Y 6)/0
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It follows from (16) that the deformations, and
consequently also the stresses in the plate along
the thickness, are distributed nonlinearly.

The relationship between strains and stresses in
concrete in the case of a volumetric stress state
is written as:

& = + &
x bx?
E
b
O-by V(O-bx+o-bz) * 17
E = by ( )
7 E
b
_Thxy *
7xy_F bxy

We express from (17) the stresses through de-
formations:
o*w

E o’w
o, =——25(z +v—
1-v? ox’ oy

2 2
—(FX+VFV))+ 20 a(2D+v6(20 +
' 1-v\ ox oy

E, o’'w  O'w
z| —5+v—;
oy ox

j-l—é‘bx +V8by +

Vo-bz .

2

1-v

O, =—

* *
. — j+£by+vsbx—

2 2
—(FV+VFx))+ 20 8(20+v6§20 +
’ I-v\ oy ox

. E, oy o’w
" 2(14v) OxOy

Vsz .

1-v’
. o’p
+F‘y_7/b”)]+2®8x8)z'

Bending and twisting moments, perceived by
concrete, are written in the form:

hi2 aZW aZW
M, = Iabxzdz:—Db(—2+v—2J—MZx+
s Ox oy
3 2 2 2
N 2h 8(20_“/8(20 LY qh :
15(1-v) | ox o’ ) 1-v 10

b2 o*w o°w .
= J. 0,2dz==D,| —+v— |-M,, +
e oy Ox

3 2 2
+ 25 a(erva(p +
15(1—1/) oy’ ox’
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M,

Y

vgh®
10(1-v)~

hi2 3 2
O*w 2h op .
H= I Ty 2dz ==D, (l—v) 6x8y 15 8x8y 5>
—h/2
where

D, =EJn /(12(1-v*));
H,=G hj} (—ny +7/;W)zdz;
~h/2
h/2

M, 215:—”2;!-/2(8; +V8;y —(Fx +VFy))zdz;

* % hj} (f:;y +ve,, —(Fy +vl, ))zdz.

by —
1- —h/2

We define deformations of reinforcement from
the condition of its joint work with concrete:

2 2
‘c"sx =TZy gx‘:} + @(éSX) gx? + Fx (st);
' ' azw _ cD( sx) 82

Fox = Zor ox’ G o’ +(z0);
(18)
pe D(z,) o2
€y =72y ay‘;} (G}) ayz +ry Zsy);
' o D(z,) o
v Zsy aysz (Gy) a)}?+ry(zby)

The bending moments perceived by the arma-
ture are written as:

M _=uy hz o - ,usxhz o!

sx sx 7 sx sx - sx

:Eﬁ‘h(ﬂS‘CZYX SX uYX SX YX)_

o*w W) O
=Dsr82+2/usxh E (G)azj

M, =u hz o, —u hz o, (19)

sy sy sy 5y

= Esh (/Usyzsygsy o ﬂsyzsygsy) -

D(z,) %

+2lLlSthsyEs T o 7

2ﬂsyhzsy s 9 lusx’

2
D, Z W
Y
where D_ =2u hz’ E D,

sXTs 9
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Hyes M, 44, — reinforcement factors.
The equation of equilibrium is written as:

oM

X

0*H O'M
ox* 2
X

oxdy + ay/ =—q(x, ).

(20)

Substituting the expressions for the bending and
torsional moments into the equilibrium equation
(20), we obtain the second resolving equation:

4 4 4
Dla—%sz 62W2 +,° s
0x 0x“ 0y oy
4 3 2u hz E@
_q*‘l‘a 440( 2h + lusx Zxx s (st))_l_

ox* 15(1-v) G

(21)
64¢[ Y ZySythyESCD(ZSy)}+

vh*Vgq

T 150 G
4 o'
+ >
15(1-v) ax*oy”

where
. O*M,  _*H, M,
g (xy)=-| 2t — |,
ox Ox0y oy
D =D, +D._,D,=D, +D

sx 2

Thus, the problem of calculating a thick rein-
forced concrete slab with allowance for creep
was reduced to a system of two differential
equations (9) and (21).

2. METHOD OF CALCULATION

For the hingedly supported contour of the plate,
the solution is sought in the form:

X in 7Y
zz%m sin 22 sin 5

m=1 n=1 (22)
nﬁy

mn b

m=1 n=1
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The functions ¢(x,y) and ¢*(x,y) can be ex-
panded in a Fourier series:
murx

Y sin ;
a

ZZBW sm

m=1 n=1

nry
ZZ - sin 2% sin P

m=1n=1

(23)

The coefficients of expansion are determined by
the formulas:

ab

an = %!!q (x: y) Sin m;z.x Sin mzx dXdy,
4 r * . mrx . mnrx
Con = EJ‘ [¢ (3, ) sin =—=sin ——dxdy.

00 a a
The coefficients B,, for some loads can be de-
termined analytically. The coefficients C,, are

determined by numerical integration.
Substituting the expansions of the functions

q(x,y) and (o(x,y) into (9), we obtain:

3B,, . (24)

mr\ (nx)
()5

a b
The shear function does not depend on time, and
therefore the coefficients ¢ are determined

Pon =

only once.
Substituting (22) and (23) into (21), we obtain:
(25)

allwmn = alp’

where

4 2 2 4
ol e ol
a a b b
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vh? mr\ (nxY
“r _B’""(l_(l—v)lol(Tj +(7) ]H

Yoo 2u hz E
+C +o o' + S Pz )+
mn wmn (a4 {15(1—V) G ( s.\)}
2m'n’l’

Hyhz E CD(ZW) N _
15(1—v)a b

+E " + -
b* 15(1-v) G

ys

).

As the law of creep, we will use the equation of
the viscoelastic model of the hereditary aging of
concrete, which under the uniaxial stress state
has the form [8]:

_o() ¢ (7).
g(t) = E(t) ;[O'(T) P dr; o6
C(tr)=CE v p(er —e ),

C=3.77-10"° m’/kN,
B=5.68-10°m? /kN,
a=0.032days™"; y =0.062 days™

where

— rheological parameters of the material.

For a bulk stress state, the transition is per-
formed on the basis of the superposition princi-
ple. The differential form of equation (26) is
given in [9,10]. The calculation is carried out by
the stepping method, the creep strains at the
time f+At¢ are determined by strains and
stresses at the time ¢ using the Euler method.

3. RESULTS AND DISCUSSION

The calculation was carried out for a rectangular
plate hinged by the contour at

q=100kPa,a=2.5m, b =3 m,
E, =3-10* MPa, v=02, E =2-10° MPa,
=, =0.005, w1, =, =0.006,
h=45cm, z_ =z =12 cm,

J— ! J—
Zy, =2y = 10.5 cm.
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Fig. 2 shows the growth curve of the deflection
in the center of the plate. The dashed line corre-
sponds to a solution based on the Kirchhoft-
Love theory. The difference between displace-
ments at £ = tois 13.6%, and at r—o0 is 5.11%.

0.2

w, mm
o
=

g
+ = =Kirchhoff-Love theory

012} : —refined theory
o1
!
0.08 : : : : -
20 40 60 80 100 120
t, days
Figure 2. The graph of the growth
of the deflection.
1
05F
e
Ay
= .
E
S
-0.5] 2 :
2~ “Kirchhoff-Love theory
—refined theory
T3 02 01 0 01 02 03

z, m
Figure 3. Distribution of stresses opx
over plate thickness.

The stress o, ~distribution along the plate

thickness at the end of the creep process is
shown in Fig. 3. It can be seen from the present-
ed graph that at a given ratio 4/a the nonlinear
character of the diagrams begins to appear.

Fig. 4 and Fig. 5 show variation of the maxi-
mum stresses in concrete and reinforcement.
Stresses in concrete, obtained on the basis of the
direct normal hypothesis and using a refined
theory, differ by 4.1% at the beginning of the
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creep process, and by 9.6% at r—oo. For the
stresses in the reinforcement the difference is
0.6% and 7.1%, respectively. When the shear
strains are taken into account, the redistribution
of stresses between the reinforcement and con-
crete is less pronounced.

1.06 T T
1.04 \
102r
g \
= [
y \ —refined theory
&= 0.98 LY = =Kirchhoff-Love theory
S
0.96 N
~
= el
0.94 | TR
0.92' : - : :
20 40 60 80 100 120

t, days
Figure 4. The time variation of the maximum
Stresses Opx.

10+
9 '
&
8
=
b;(' l ‘—refined theory
6| - =Kirchhoff-Love theory| |
5 '
4 L L L
20 40 60 80 100 120
t, days

Figure 5. The time variation of the maximum
stresses Osy..

CONCLUSIONS

The equations obtained are universal and allow
us to calculate thick reinforced concrete slabs
under any creep law. As a result of the solution
of the test problem, it is established that at
a/h = 5.5 the nonlinear character of stress distri-
bution in concrete over the plate thickness be-
gins to appear. Also, at this ratio between the
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thickness of the slab and its smallest size in the
plan, the discrepancy between the displacements
obtained on the basis of the Kirchhoff-Love
theory and taking into account the shear defor-
mations reaches 13.6%, despite the fact that,
according to the generally accepted classifica-
tion, the slab is thin.
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