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Abstract: Ancient architectural buildings are of great value for all modern humanity. Over time, under the 
influence of vibrations, water and other man-made and natural factors, the foundations of such buildings are 
destroyed, the soil structure changes. Currently, one of the most popular methods of strengthening soils and 
strengthening foundations is the jet grouting technology. When the liquid grout passes through the porous rock, 
the suspended particles of the grout form a deposit. In this paper, we study a one-dimensional model of 
suspension deep bed filtration in a porous medium with different particle capture mechanisms. The considered 
filtration model consists of the balance equation for the masses of suspended and retained particles and the 
kinetic equation for deposit growth. In this case, the deposit growth rate is determined by the concentration 
function of suspended particles, which, in turn, depends on the properties of the suspension and the geometry of 
the porous medium. The solution to the problem is obtained for linear and non-linear concentration functions. An  
asymptotic solution of the problem is constructed for both types of functions near the concentration front of 
suspended and retained particles. It is shown that the asymptotic and numerical solutions are close over a long 
time interval. 
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INTRODUCTION 
 
Historical buildings are an integral part of the 
world cultural heritage. They reflect the 
historical trajectory of the country's 
development and are the product of the 
development of ancient history, culture, art and 
religion. Humanity needs history and culture, 
and it is through historical monuments that it 
comes into contact with both. Thanks to the 
protection and restoration of historical 
buildings, a person can complement the cultural 
heritage of his country, record history, and 
ensure his identity [1]. 
In most cases, the age of buildings with 
architectural value exceeds 100 years. Over a 
long service life, the foundations of monuments 
are under threat of destruction due to increased 
loads and vibrations, and the structure of soils 
changes over time. Water penetrating into the 
soil in various ways has a special effect (a sewer 
breakthrough, an increase in the groundwater 
level). To prevent the loss of historical values 
and cultural monuments, it is necessary to 
strengthen the soils under them, which will 
reduce the risk of deformations and destruction. 
There are many examples of strengthening the 
soils of historical buildings in the world 
practice. For example, this is the Angel's 
Stradome in Krakow, the Branicki Palace and 
the historic Foxal 13 and 15 building in 
Warsaw, the Kutb Miner in Delhi (fig. 1), the 
Tsaritsyno State Museum-Reserve in Moscow 
(fig. 2), etc. [2-6]. 
 

 
Figure 1. The Qutb Miner 

 
Figure 2. Tsaritsyno State Museum-Reserve 

 
Since the 1970s, jet grouting technology has 
been used in the work on effective soil 
strengthening and foundation strengthening  
[7-9], which is currently one of the most popular 
in this field. Grout (fluid system), or grout with 
air (double fluid system), or grout with air and 
water (triple fluid system) is injected into the 
ground through nozzles of small diameter 
placed in a pipe for the grout lowered into the 
well. The tube rotates continuously at a constant 
speed and slowly rises to the surface of the 
earth. The jet propagates radially from the axis 
of the well, and after a while the injected 
solution solidifies, forming a body of cemented 
soil of a quasi-cylindrical shape [10]. 
Filtration of a suspension transporting through a 
porous medium, taking into account the 
retention of solid particles on a porous frame 
and a gradual decrease in the porosity and 
permeability of the medium, is of great interest 
in jet grouting. Suspension filtration is divided 
into two groups: cake filtration and deep bed 
filtration [11]. The first type of filtration 
consists in the retention of particles at the 
porous medium inlet, it is characteristic of 
suspensions with large particles and a high 
concentration, the second is associated with the 
deposit formation in the entire porous medium, 
if small suspended particles of a suspension 
with a low concentration can be freely 
transported through the pores [12]. In the case 
when the suspension has particles of different 
sizes, these two types of filtration are used 
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simultaneously [13]. We will consider the deep 
bed filtration model.  
There are various mechanisms for capturing 
particles in a porous medium: size exclusion, 
electric forces (London-Van der Waals, 
double electric layer, etc.), gravitational 
segregation, multi particle bridging [14]. In 
this paper, size exclusion mechanism is 
considered, when large particles are captured 
by small pores, clog them, and pass 
unhindered through large pores [15-17], and a 
mixed mechanism that includes size exclusion 
mechanism and multi particle bridging 
mechanism [fig. 3]. In the case of multi 
particle bridging, suspension particles form 
arched bridges at the pores, thereby block 
them. 

 

  
a) b) 

Figure 3. Particle capture mechanisms in the 
porous medium a) size exclusion b) size 

exclusion together with multi particle bridging 
 
In the classical model of deep bed filtration, 
the system of partial differential equations 
consists of mass balance equation end kinetic 
equation of deposition. Exact solutions have 
been found for some classes of one-
dimensional problems [18-20], for others it is 
possible to obtain only an asymptotic solution 
[21-23]. For a wide class of models, a solution 
is obtained by numerical methods [24-26]. 
 

MATHEMATICAL MODEL 
 
Consider the classical model of deep bed 
filtration in the domain {0 1, 0}x t  
 

( , ) ( , ) ( , )
0

C x t C x t S x t
t x t

, (1) 

( , )
( , ) ( , )

S x t S x t F C x t
t

 (2) 

 
with a boundary condition 
 

0 : (0, ) 1x C t  (3) 
 
and initial conditions 
 

0 : ( ,0) 0; ( ,0) 0t C x S x . (4) 
 
Here ( , )C x t  is the concentration of suspended 
particles, ( , )S x t  is the concentration of retained 

particles,  ( , )S x t  is the filtration function, 

( , )F C x t  is the concentration function. 

The line t x  determines the concentration 
front of suspended and retained particles. In the 
domain (1) {0 1, 0 }x t x , located 
below this line, concentrations ( , )C x t  and 

( , )S x t  are equal to zero. In the domain 
(2) {0 1, }x t x  concentrations ( , )C x t  

and ( , )S x t  are positive. The solution ( , )C x t  
has a break along the front, the solution ( , )S x t  
is continuous everywhere and is zero at the 
concentration front. 
In this paper, we will consider a cubic function 
of the general form as a filtration function 
 

2 3
0 1 2 3S S S S , 

 
which is decreasing to zero, i.e. there is a value 

S  such that 2 3
0 1 2 3 0S S S . The 

specific type of filtration function used in our 
calculations has been determined 
experimentally [27]. 
The system (1)-(2) takes the form 
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2 3
0 1 2 3 ( ) 0

C C S S S F C
t x

, (5) 

2 3
0 1 2 3 ( )

S S S S F C
t

 (6) 

 
with boundary and initial conditions (3)-(4). 
Turning in equation (5) to the characteristic 
variables ,t x x x , we obtain the 
equation 
 

2 3
0 1 2 3 ( ) 0

C S S S F C
x

. 

 
Let us find a solution ( , )C x  at 0 , which 
corresponds to the concentration front line 
t x . Given that the solution ( , )S x  is zero at 

0 , we get 
 

0 ( ) 0
C F C
x

. 

 
Consider concentration functions of the form 
F C  and 3(1 )F C , which 

correspond to the size-exclusion and mixed 
mechanisms of particle capture. For a linear 
function F C  we get 

 

0

C
x

. 

 
Taking into account (3), we have 
 

0

1

0

( )C x

dc x
C

, 

 
the solution 0 ( )C x  is determined with formula  
 

0
0 ( ) xC x e . (7) 

 
For a nonlinear function 3(1 )F C  

we get 
 

0

1

03
( ) (1 )C x

dc x , 

 
then 
 

0

0

(1 )

0 2(1 )

1
( )

1

x

x

eC x
e

. (8) 

 
At the filter inlet 0x  taking into account the 
boundary condition (3), the solution 0 (0, )S t  is 
determined by equation (6):  
 

2 3
0 1 2 3

S S S S
t

, 

 
Then 
 

(0, )

2 3
0 1 2 30

S t dS t
S S S

. (9) 

 
 
ASYMPTOTIC SOLUTION NEAR THE 
CONCENTRATION FRONT 
 
Linear concentration function 
For linear concentration function F C  let 

us find asymptotic solutions near the 
concentration front t x  in the form:  
 

0 1

2
2

( , ) ( ) ( )( )

1
( )( ) ...,

2

C x t
 (10) 

2
1 2

3
3

1
( , ) ( )( ) ( )( ) ...

2
1

( )( ) ...,
6

S x t S x t x S x t x

S x t x
 (11) 

 
limiting in both solutions to the first three terms 
due to cumbersome calculations. The first term 
of the suspended particle asymptotic 0 ( )  is 

determined by the formula (7), 0 ( ) 0S x  since 
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the concentration of deposited particles is zero 
at the concentration front. 
Differentiate the expansion (10) by x  and t , the 
expansion (11) by t  and substitute these 
expressions into the system of equations (5)-(6). 

Grouping the terms at the same degrees of 
( )t x , equate them to zero and get a system of 
equations: 

 
0( )t x :      0 0 0( ) ( ) , 1 0 0( ) ( )S x ; 
1( )t x :      1 0 1 1 1 0( ) ( ) ( ) ( ) , 2 0 1 1 0 1( ) ( ) ( ) ( )S x ; 

2( )t x :     2
2 0 2 1 1 1 1 0 2 2 0 1

1 1 1
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

2 2 2
 

2
3 0 2 1 1 1 1 0 2 2 0 1

1 1 1
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

2 2 2
S x  

 
Solving this system of equations, we obtain: 
 

0
0 ( ) x , 0

1 0( ) xS x e ; 
0 0

1 1( ) 1x x , 0 0
2 0 1( ) 2 1x xS x e e ; 

0 0 022 2 2
2 1 0 2 1 1 0 22 3 2x x x , 

0 0 022 2 2
3 0 1 0 2 1 1 0 2( ) 3(2 ) 6 2x x xS x e e e . 

 
Note that the first solution of the obtained 
system coincides with solution (7). 
 

Substituting the obtained solutions in (10)-(11), 
we obtain asymptotic expansions:  
 

0 0 0

0 0 0

1

22 2 2 2
1 0 2 1 1 0 2

( , ) 1 ( )

1
2 3 2 ( ) ...,

2

x x x

x x x

C x t e e e t x

e e e t x
 

0 0 0

0 0 0

2
0 0 1

22 2 2 3
0 1 0 2 1 1 0 2

1
( , ) ( ) 2 1 ( )

2
1

3(2 ) 6 2 ( ) ...
6

x x x

x x x

S x t e t x e e t x

e e e t x
 

 
Nonlinear concentration function  
Consider the nonlinear concentration function 

3(1 )F C . In order to avoid 

cumbersome calculations, we will limit 
ourselves in expansions (10)-(11) to the first 
two terms: 
 

0 1( , ) ( ) ( )( ) ...C x t , (12) 

 
 

2
1 2

1
( , ) ( )( ) ( )( ) ...

2
S x t S x t x S x t x (13) 

 
Here the main term of the asymptotic is given 
by formula (8). 
Similarly to the case with a linear function, we 
obtain a system of equations: 
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0( )t x :      3
0 0 0 0 0( ) (1 ) ( ) ( ) , 3

1 0 0 0 0( ) (1 ) ( ) ( )S x ; 
1( )t x :      2 3

1 0 1 1 0 1 0 0 1 1 0 1( ) (1 ) ( ) (1 ) ( ) ( ) 3 ( ) ( ) ( ) ( )C x , 
2 3

2 0 1 1 0 1 0 0 1 1 0 1( ) (1 ) ( ) (1 ) ( ) ( ) 3 ( ) ( ) ( ) ( ).S x  

 
Solving the recurrent system, we obtain: 
 

0

0

(1 )

0 2(1 )

1

1

x

x

eC
e

, 
0 0

0 0

(1 ) 3(1 )3 3
0 0

1 2(1 ) 2(1 ) 3

(1 ) (1 )
( )

1 (1 )

x x

x x

e e
S x

e e
; 

2
1 1 0 0 0( ) ( ) ( ) 1 1 ( )C x C x , 

2 6 2 5 4 3
2 0 1 0 0 1 0 0 1 0 0 1 0

2 2 2
0 1 0 0 1 0

( ) 4 ( ) 3 ( ) 6 ( )(1 ) 4 ( )(1 )

2 ( )(1 ) ( )(1 ) .

S x
C x C x

 

 
Substituting the obtained expressions into 
decompositions (12), (13), we obtain 
asymptotic solutions 
 

0

0

(1 )
2

1 0 0 02(1 )

1
( , ) ( ) ( ) 1 1 ( ) ( )

1

x

x

eC x t C x
e

, 

0 0

0 0

(1 ) 3(1 )3 3
0 0

2(1 ) 2(1 ) 3

2 6 2 5 4 3
0 1 0 0 1 0 0 1 0 0 1 0

2 2 2 2
0 1 0 0 1 0

(1 ) (1 )
( , ) ( )

1 (1 )

1
4 ( ) 3 ( ) 6 ( )(1 ) 4 ( )(1 )

2

2 ( )(1 ) ( )(1 ) ( ) .

x x

x x

e e
S x t t x

e e

C x C x t x

 

 
 

NUMERICAL SOLUTION OF THE 
PROBLEM 
 
Let us solve the problem by the numerical 
method of finite differences. For the 
convergence of the method, the steps along 
the time axis t  and the coordinate axis x  are 
chosen 0.01t xh h , it ensures the 

fulfillment of the Courant condition [28]. The 
coefficients of the filtration function are 
obtained experimentally: 0 1.551, 

3
1 3.467 10 , 6

2 1.16 10 , 
7

3 1.16 10  [29].  In this case, the 

solution at the filter inlet, determined by 
equation (9), is given implicitly 

2

71.87arctg(0.41 2 ) 59.12ln(193.28 )

29.56ln(69177.9 203.28 )

71.87arctg 0.41 59.12ln193.28

29.56ln(69177.9) .

S S
S S

t

 

 
The graphs of suspended particle 
concentrations at a time 100t  for linear 
(fig. 4a) and cubic (fig. 4b) concentration 
functions are shown in fig. 4: the red line 
corresponds to the numerical solution of the 
problem, the black line corresponds to the 
asymptotic solution. It can be seen from the 
figures that the asymptotics for both 
concentration functions gives a fairly good 
approximation, the greatest discrepancy is 
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observed at the filter inlet. The relative error 
of the asymptotics in the case of a linear 
concentration function is about 5%, in the 
case of a nonlinear filtration function – 3%. 

Fig. 5 shows the relative errors of the 
asymptotic concentration of suspended 
particles for different times t : 1t  (black 
line), 10t   (blue line), 50t  (green line), 

100t  (red line). 
 

  

a) F C  b) 3(1 )F C  
Figure 4. Numerical and asymptotic solutions of suspended particles concentrations at 100t  

 

  
a) F C  b) 3(1 )F C  

Figure 5. Relative errors of suspended particles concentration asymptotics for various t  
 
In fig. 6 the graphs of retained particle 
concentrations at 0.5x  (fig. 6a) and at the filter 
outlet 1x  (fig. 6b) for the concentration 
function F C  are presented. The numerical 

solution is indicated by a red line, the asymptotic 
solution is indicated by a black line. Similar 

graphs for the case 3(1 )F C  are 

shown in fig. 7. The relative errors of the 
asymptotic concentration of retained particles for 
various filtration functions are shown in fig. 8. 
The case 0.5x  corresponds to the red line and 
the case 1x  corresponds to the black line.    

 

  
a) 0.5x  b) 1x  

Figure 6. Numerical and asymptotic solutions of retained particle concentrations for F C  
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a) 0.5x  b) 1x  

Figure 7. Numerical and asymptotic solutions of retained particle concentrations for 
3(1 )F C  

 

  
a) F C  b) 3(1 )F C  

Figure 8. Relative errors of suspended particles concentration asymptotics at 0.5x  and 1x  
 
The graphs show that the deviation of the 
asymptotic from the numerical solution 
increases with increasing time, approximately 
up to the time moment 50t , the relative error 
of the asymptotic for both concentration 
functions is less than 2%, at the time 100t  at 
the filter outlet, the relative error of the 
asymptotic in the case of a linear concentration 
function is slightly more than 6%, with a 
nonlinear function  8%. 
 
 
CONCLUSION 
 
The mathematical model of deep filtration with 
a dimensional particle capture mechanism and 
mixed mechanism that includes size exclusion 
mechanism and multi particle bridging 
mechanism is considered in paper. With the first 
particle capture mechanism, solid particles 
freely pass through pores whose diameter is 
larger than the particle size and clog pores with 

a smaller diameter. With mixed mechanism, 
some solid particles freely pass through the pore 
necks, some get stuck in them, and others can 
block the pores, forming arch bridges. Several 
particles are connected, attached to the edges of 
the pore, thereby blocking it and preventing the 
suspended particles from entering the pore. In 
the considered model, the linear concentration 
function F C  describes size exclusion 

mechanism, the nonlinear function 
3(1 )F C  describes mixed 

mechanism. In the filtration model, a 
polynomial of the third degree was used as a 
filtration function ( )S . 
The constructed asymptotics of the 
concentrations of suspended and retained 
particles near the concentration front give good 
approximations to numerical solutions even in 
sufficiently large time intervals. The asymptotic 
solution of the suspended particle concentration 
of the second order, constructed for a nonlinear 
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concentration function, is closer to the 
numerical solution, the relative error at the time 
is about 3%, while the error of the third-order 
asymptotic in the case of a linear concentration 
function is slightly more than 5%. For retained 
particles, the second-order asymptotic in the 
case of a linear concentration function better 
approximates the numerical solution than the 
first-order asymptotic when using a nonlinear 
concentration function, for example, at the filter 
outlet at a time 100t , the relative error of the 
second-order asymptotic is 2% less than the 
error of the first-order asymptotic. 
It should be noted that by limiting the 
asymptotic of suspended particle concentration 
to two terms with a nonlinear concentration 
function, an approximate solution for the linear 
filtration function is actually constructed. Thus, 
we can determine when a solution with a 
nonlinear filtering function begins to deviate 
significantly from the asymptotic of the linear 
function. 
In field studies of reservoir water filtration in 
porous rock, measurement errors are at least 
10 % [30]. Therefore, the proposed asymptotic 
formulas adequately describe the filtration 
process up to time 100t . 
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