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RELIABILITY ANALYSIS OF RHS STEEL TRUSSES JOINTS
BASED ON THE P-BOXES APPROACH

Anastasia A. Soloveva, Sergey A. Solovey
Vologda State University, Vologda, Russia

Abstract: Reliability is one of the main indicators of structural elements mechanical safety. The choice of stochastic
models is an important task in reliability analysis for describing the variability of random variables with aleatory
and epistemic uncertainty. The article proposes a method for the reliability analysis of RHS (rectangular hollow
sections) steel truss joints based on p-boxes approach. The p-boxes consist of two boundary distribution functions
that create an area of possible distribution functions of a random variable. The using of p-boxes make possible to
model random variables without making unreasonable assumptions about the exact cumulative distribution functions
(CDF) or the exact values of the CDF parameters. The developed approach allows to give an interval estimate of
the non-failure probability of the truss joints, which is necessary for a comprehensive (system) reliability analysis
of the entire truss.
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METO/ OHEHKHN HAJAEXHOCTH Y3J10B CTAJIBHBIX
®EPM U3 THYTOCBAPHBIX TIPO®UJIEM (I'CIT) HA OCHOBE
P-BJIOKOB

A.A. Conosvesa, C.A. Conoswves
Bonoroackuii rocygapcTBEHHBIH yHUBEpCUTET, I. Bonoraa, POCCUA

AnHoTauus: Hae)XHOCTD SIBIISIETCSl OTHUM M3 IVIaBHBIX TOKa3aTeNeil MeXaHMUeCKOH 0€30IIacHOCTH 3JIEMEHTOB CTPO-
UTENBHBIX KOHCTPYKIHUH. [Ipy BEpOSITHOCTHOM OIIeHKE HAZCKHOCTH BaKHOW 3a/1aueil SIBIISIETCS BRIOOP CTOXaCTHYECKUX
MoJIeneil A1l ONMCaHusl M3MEHYMBOCTH CITyYalHBIX BEJIMYHMH C YYETOM aJCaTOPHOM M AMHCTEMOJIOTHYECKON Heolpe-
JICICHHOCTH. B cTarbe nmpeuioskeH MEeToJ| pacuyeTa HaJAeKHOCTH Y3JI0B CTAIBHBIX ()epM M3 THYTOCBAPHBIX Mpoduien
Ha OCHOBe P-0J10KOB (p-boxes). P-010ku cocToAT U3 IBYX IpaHUYHBIX (PyHKIMHA pacHpene’eHus, CO3AaI0NINX 00IacTh
BO3MOXKHBIX (DYHKIMH pacrpeencHus cilydaiHo# BenuunHbl. Vicnonb3oBaHuMEe p-OIOKOB MO3BOJSIET MOJCINPOBATH
CiTydaifHble BETMYMHBI €3 HeOOOCHOBAHHBIX MTPE/IIOIOKEHUH O TOYHOM BEPOSITHOCTHOM PACHPEACICHUN HITH TOYHBIX
3HAUYEHUSIX MapaMeTpoB (QyHKIMH pacrpesieneHus] BeposiTHOCTeH. Pa3paboTaHHbIi TOAXO0/ MTO3BOJISIET 1aTh B HHTEP-
BaJbHOH (hOpME OICHKY BEpOSITHOCTH 0e30TKa3HOW paboThl y3na (epMbl, KOTOpas HeoOXoauMa JUIsl KOMIUICKCHOH
(cHCTEeMHOIT) OLIEHKM HAJIS)KHOCTH BCEH (hepMBI.

KirueBsbie ci1oBa: HaIe)KHOCTb, (epMa, y3el, p-0IIoK, ciaydaiiHas BeTHYNHA, 0e30MacHOCTb,
HEONPEEIEHHOCTh, BEPOITHOCTHOE MIPOESKTUPOBAHUE

Volume 17, Issue 1, 2021 87



INTRODUCTION

Ensuring safety and reliability is one of the key
aims in the design and inspection of structural
elements. Structural reliability analysis is a
powerful tool for evaluating the structural safety
level. As noted in Eurocode 0 “Basis of structural
design”, reliability is “an ability of a structure
or a structural member to fulfil the specified
requirements, including the design working life,
for which it has been designed. Reliability is
usually expressed in probabilistic terms, and it
covers safety, serviceability and durability of a
structure”.

The paper [1] also notes that theory and methods
for structural reliability have been developed
substantially in the last few years and they are
actually a useful tool for evaluating rationally
the safety of complex structures or structures
with unusual designs. Recent evolution allows
to anticipate that their application will gradually
increase, even in the case of common structures”.
The existence of the randomness in structural
parameters and loads makes the reliability analysis
essential to structural safety [2].

One of the main tasks in structural reliability
analysis is the choice of accurate stochastic
models for random variables, taking into account
all statistical uncertainties. The article [3] notes,
that structural reliability analysis requires
addressing all sources of uncertainty. To design
reliable structural products, different forms of
uncertainty in engineering provide a challenge for
reliability analysis and carry higher requirements
on uncertainty analysis.

In accordance with [3, 4, etc.], there are two
fundamentally distinct forms of uncertainty
in the structural probabilistic design. The first
is variability that arises from environmental
stochasticity, inhomogeneity of materials,
fluctuations in time, variation in space. Variability
is sometimes called Type I uncertainty or aleatory
uncertainty to emphasize its relation to the
randomness in gambling and games of chance. It
is also sometimes called irreducible uncertainty
because, in principle, it cannot be reduced by
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further empirical study (although it may be better
characterized). The second kind of uncertainty is
the incertitude that comes from scientific ignorance,
measurement uncertainty, censoring, or other lack
of knowledge. This is sometimes called Type II
uncertainty or epistemic uncertainty. In contrast
with aleatory uncertainty, epistemic uncertainty is
sometimes called reducible uncertainty because it
can generally be reduced by additional empirical
effort at least in principle.

There are different approaches in structural
reliability analysis for uncertainty modeling.
One of the most common approaches is p-box
(probability box) approach [4, 5]. P-boxes were
introduced as interval-type bounds on cumulative
distribution functions by Williamson and Downs
[6] in 1990. In general, p-box is an area bounded
by cumulative distribution functions which is
covers the real cumulative distribution function
(unknown due to the aleatory and epistemic
uncertainties).

Trusses are the common part of many structures.
The safety and reliability of whole building or
structure depends from the trusses reliability. The
complex truss reliability consist of truss elements
(bars and joints) reliabilities. It is necessary to have
the reliability values of the bars and joints of the
truss for a comprehensive assessment of the entire
truss reliability.

The article presents the approaches for RHS
(rectangular hollow sections) steel trusses
joints reliability analysis based on p-boxes for
uncertainty modeling.

METHODS

Four limit state criteria for each joint element
should be taken into account in reliability analysis
of typical RHS truss: bearing capacity of the
chord wall to which the brace element is adjacent
(I); buckling of the chord side wall (II); bearing
capacity of the brace element near the abutment
to the chord (III); strength of welds (IV).

The Appendix L of SP 16.13330.2011 «Steel
structures» presents the following inequality for
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bearing capacity of the chord wall to which the
brace element is adjacent:

[ v LSM ]
X db ) }rc.

where N is an initial force in a brace element;
M is a bending moment in a brace element; R,
is a ultimate steel stress (design yield strength);
is a force factor: y, = 1.0 if a brace element is
compressed, y, = 1.2 if a brace element in tension;
7. 1is a factor of operation conditions; y, is a factor
of force influence in the chord; other parameters
in (1) are shown on Fig. 1.

Bending moment M occurs in most types of
truss structures from the truss self-weight load
and misalignments (eccentricities) of the truss
member’s connections. As the forces in the truss
bars from the self-weight are a small variable
value, the bending moment M is considered as a
deterministic (constant) value.
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In case if the condition >0.5 met, then

Y
7, = 1.5 —F/(RyA) and the mathematical model of
the limit state (1) based on SP 16.13330.2011 can
be written as:
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Wave line above the symbols is the indicator of
random variables in mathematical models of limit
states. _

As the force in brace member N and in chord
member F depends on the joint load P and the
truss geometric parameters, then inequality (2)
can be written as:

where &/ -
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where 6, and ¢, are factors for internal forces in truss
bars depending on the truss geometric parameters.
The inequality (2) can be converted to the next form:

I
P< Pm‘r’

1.5M SF )
k ( Sy-kp+2|.
d IJ NRp+ A J

4)

7 _
where B.= [l.:RJ,

In other cases, the reliability analysis of the truss
joints according to the criterion of the bearing
capacity of the chord wall can be carried out using
the mathematical model:

q.}. 1
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The geometric parameters (Fig. 1) in the factor &,
can be adopted as constant values on the structural
design stage. After the construction of the truss
structure, the reliability can be recalculated
taking into account changes in the parameter k,
by the actual values of geometric parameters after
manufacturing and installation of the truss in site.
The mathematical model for the truss’s joint
reliability analysis according to the buckling of
the chord side wall criterion (II) can be written as:

5 1l
P< Pui'i‘ ’

(6)
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4
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The mathematical model for the RHS truss’s joint
reliability analysis according to the criterion of
bearing capacity of the brace element near the
abutment to the chord (III) can be written as:
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And, the mathematical model for the RHS truss’s  non-joint loads (self-weight and bracing/purlin
joint reliability analysis according to the criterion ~ weight), an equivalent joint load P* is selected,

of strength of welds (IV) is: which creates similar forces F and N in the truss
elements.

P PIEV, (8) There. are possible some diﬂ“erc?nt lim'it state

“" equations. For example, “Design guide for

T TP rectangular hollow section (RHS) joints under

predominantly static loading” [7] proposed 5
limit state criterion: chord face plastification,
i : ~5di b local yielding of brace, chord punching shear,
N [1 +0. 01(3 oL R0 ldb] l b chord shear, chord side wall failure. In general,
: there are the same shape of presented in [7]
equations and equations (4)—(8). A similar
R, is a design resistance of the welding corner observation is true for the equations in the
seams to the shear; k/ is a leg of a fillet weld; ,Bf paper [8]. The reliability analysis approach
is a fillet weld factor. presented below can be easily adapted to the
The design mathematical models (4)—(8) contain  design equations in [7, 8, etc.].
joint loads of P (Fig. 1). To account for deterministic

plv _ 1 4ﬂf kf dp-7. R nf M

3000

3000 I3 3000 l 3000 |7 3000 | 3000 | 3000

] 1 “l gl 4

g
T
3.0-2

3.0-P

Figure 1. Design scheme of truss and joint No. 3 Figure 1. Design scheme of truss and joint No. 3
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RESULTS AND DISCUSSION

Table 1 presents the forces in the truss (Fig. 1) bars.
As noted above, there are different p-box
models for random variables depending on
quantity and quality of statistical data. For
example, if the cumulative distribution function
of a random variable is known — normal
distribution, but there are interval estimations of
expected value my e[my: mx] and standard
Sy €[Sy: Sx], the
boundary distribution functions can be used for
the p-box model:

deviation following

N
NES o IS
F ()= exp{ [ bx ] | #x<ex

(12)

1 otherwise

where a, is a “mean” value which is calculated as
a,=0. S(XI o TX ), b, is a measure of variance
Wthh is calculated as bX= 0.5(X —Xmm)/\/—lna,
where X andX  isamaximum and a minimum
value in the set of {X}; a is a cut (risk) level [9].
The Gumbel distribution (or Generalized
Extreme Value distribution Type-I) is often
used for stochastiseveral ¢ modeling of the

snow load [10, 11]. If there is uncertainty in

e i m(fﬁ_;(, 5, l if x<my ) estimation of snow load statistical parameters
Fny. Sy). f x2my my elmy: mx] and SyelSy; Sxl, the
following boundary distribution functions (p-box
= Frrof"m(m)i _§ ) if x < 'i)( . 10) model) can be used:
F?‘!O?ﬂ?(mx’= S l If x> my
[y —045-5¢]-5)|
. . .. . . €Xp| — eXp| — = if x< my
where F"™() is a cumulative distribution function | _ 0.78-Sx .
of normal distribution. o e o r b, 0455, ]-x W :
If there are extremely small statistical data about exp| — exp| — X fxzmy
. S : 078-Sy
random variable, the fuzzy distribution functions -
can be used [9]: [ [mX 045-8 ] o
exp| — exp 0785 [zjx{m)(
L X
2 Fxy(x)= - ;
X—dy
_ l—exp[—[ AJ}U‘,{>GX - ﬂml’ 0.45- SY] 1 e
P . p| — exp if x=2mx
Fx(x= bx AaL) | L 0m8-5x l
0 otherwise
Table 1. Forces in the truss (Fig.1) bars
Bar Force SN Bar Force SN
1-2,10-11 —0,5P -0.5 4-5,7-8 -P -1
1-3,9-11 0 0 4-6, 6-7 _P/2 —1/42
2-3,9-10 5P /2 ~J572 4-7 +45.P +4.5
2-4,7-10 +25P +2.5 3-4,7-9 +3P/2 +~/372
3'59 8'95 5'65 - 4ﬁ -4
6-8
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Table 2. Statistical data about loads on the truss
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No. Joint load Distribution Expected value of Deviation of force
force P, kN P, kN
1 Load from the truss self- Constant value 4.5 -
weight and weight of the
braces (P%9)
2 | Ribbed reinforced concrete | Normal, (9)-(10) [70.0; 73.0] [1.0; 3.0]
slabs weight
3 | Structural insulation weight | Fuzzy, (11)-(12) ax—45.0 b=2.6
4 Roof membrane weight Normal, (9)-(10) [2.5; 3.0] 0.3
5 Snow load Gumbel [10] | o ela; a|-50; 400] | pelp: p]-[8.0120]
Roof membrane welght Structural insulstion weight
p-box mods] pbox m
:s"": ﬁ;:;f‘:; = E;od-.:l koed p-box ﬁ’iﬁﬁ ;ans weight
B
|
=
lfll.O 0.0 J‘;LO .-’O:I.O S:I.l'l 3:1.0 D:'l.ﬂ 100.0 KN
Figure 2. P-boxes plots of truss loads by the Table 2
Interval estimates for statistical parameters are
refined for snow regions or individual localities
Fxtx) depending on the available statistical sample of
] Exty) 99.5-percentile weather station data on yearly snow cover height
maxima (or the snow weight directly).
Fig. 2 presents the p-boxes plots of joint loads by
statistical data of the Table 2. There is a problem
of different type p-boxes addiction for stochastic
estimation of the total load.
mt] For p-boxes addiction, it is necessary to transform
it into a Dempster-Shafer type structure [4].

0.05-percentile

Figure 3. P-box discretization on focal elements
A, with basic probabilities mi
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Continuous boundary cumulative distribution
functions in p-boxes are sampled into a certain
number of blocks (Fig. 3). The distributions
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during discretization are limited to 0.05 and 99.5
percentiles [4].
The basic probability (discretization level) m;, is

17

0.01 [4], and > m; =1.
=1

In such case, we get 100 interval estimations

A, of random variable X (Fig. 3). For example,
one hundred intervals can be obtained by

discretization the p-box of the joint load from
the weight: [ gmow. ﬁ.lmaw}

y —snow —SRoOwW
[PE”O“’; P2 }

[Pf;;g“’, P100
one hundred intervals can be obtained for joint
loads, for example, joint load form reinforced

usually takes as m, =

SNow

J Similarly,

concrete slabs weight: {Pf; Pl I [PE_: 1_35}
[E{'gg; 15{00}-

After p-boxes discretization, it is possible to
summarize the p-boxes [4, 6] from different
joint loads to the one common p-box. The
table form (Table 1) is useful for two p-boxes
addiction. Boundary distribution functions of
p-boxes after discretization are can be presented
as Dempster-Shafer [12] structures. Detailed
information on mathematical operations with
Dempster-Shafer structures is given in the
research [4].

Table 3. Addiction of two Dempster-Shafer structures [4]

[gfﬂﬂw; Pf”"“‘} , 0.01 {PW‘: ps“"“} 0.01 {P{gg", pr’;‘S‘"}, 0.01
[gj‘ ;?ﬂ : [gf””“# P ;Ff””“’#ﬁf} : [Pé”m‘ + PP 4 Fﬂ : [pi“{;g“ + P2 P00 +P]]
0.01 0.0001 0.0001 0.0001
[1% Pz} {ff”‘“‘" PP +§E] : [ggm’ + PPy 4 Pz} o [Pfgg“ + P PlO0 + Pg} :
0.01 0.0001 0.0001 0.0001
Plog: Phoo| | [ 279 4 Bl P 4 oo | | [ P57 + P10 B + Phoo PSOW 4 Pr 0 P100° + PLoo
100 K 100 1] |22 100 L00  £100:
., 0.01 , 0.0001 , 0.0001 , 0.0001

The elements in Table 1 are written as follows
A; € {gi;ﬁi}, m;, where P,; P, are lower and

upper bounds of the focal element 4, m, is a basic
probability for the focal element 4. .

The lower and upper boundary distribution
functions can be constructed from these intervals
based on the provisions of the Dempster-
Shafer evidence theory [4, 12]. These boundary
distribution functions will create a p-box of
joint load P. For more than two p-boxes, a
combination of the sums of all dispatching options
is considered. Information about automating the
interval calculation process can be found in [4].

Volume 17, Issue 1, 2021

The p-box (Fig. 4) can be obtained by addiction
of p-boxes and constant value of different joint
loads in the Table 2. Such p-box is presented as
empirical boundary distribution functions F,(P)
and F,(P) consisting of possible combinations of
different joint loads. The probability of non-failure
can be calculated as:

IHE PI'(.P SPy)= EP(PH.{:‘ )9
P =Pr(P < By) = Fp(Pyy).

For example (Fig, 4), the non-failure probability
interval for truss bar 2-3 in joint 3 by the
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bearing capacity of the brace element near the

abutment to the chord is P‘27H3—Fp iﬁ?],
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7’5’?3 ~Fp Pw) The reliability is presented in

interval form [ p pm péﬂ 3]

Ep(P)

Fo(P)

|

0.0 | | |
120 130 140 150 160 170 180

| | l I |1
190 200 210 0/ 2".@\ 'l_40

PBI.\ P"!]l ‘IlP“ll

P, kN

Figure 4. The p-box obtained by addiction of the b-boxes in the Table 2

There will be several reliability intervals for

every truss joints [ P2 .; Pi- 71, wherezisan

i— j ?
indicator of limit state criterion, i-j is an indicator
of truss bar.

A comprehensive assessment of the reliability
of the selected truss joint can be obtained from a
given subset of intervals [ P7_ 75 - Pi_ ;7] using the
following equations [13]:

G

P = max| 0, ZP —(n-1
i , z={I, 00,11V},
P =min(P;_ )

where n is a number of brace elements in the truss
joint.

The advantage of using mathematical models
(4)—(8) 1s that it simple to use different limit
state models [7, 8, etc.] in presented algorithm
replacing P

The mathematical models (4)—(8) can be presented
for existing steel trusses as:

P< ﬁult (6:3,113{ )9

where o, is an steel ultimate stress obtained by
the steel samples tests results.

Such models can be used in cases when there
is no information about steel of existing truss
or at degradation of physical and mechanical
properties of structural steel. Algorithms for
analyzing the reliability of truss joints can be
taken from paper [14] in such design situations.
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Values of truss joints reliability can be used
in structural reliability analysis of truss as a
mechanical system or in decision making and
risk analysis problems [15, 16].

CONCLUSIONS

1. The p-boxes can be used for more careful
modeling of random variables in the structural
reliability analysis problems;

2. If the reliability interval [ P; P] is too wide
for decision making, it is necessary to obtain
narrower boundary distribution functions by
increasing the quantity or quality of statistical
data about random variables;

3. The proposed reliability analysis method for
HSS truss joints can be used in truss reliability
analysis as a structural system.
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