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Abstract: An approach to directly assessing the stability of a flat frame structure under unsteady dynamic loading
is proposed and numerically investigated. In contrast to the traditional choice of a single static or quasi-static
calculation case, at cach step of integrating the equation of motion, an instantancous stability problem is formed,
taking into account the inertial components on the left-hand side of the operator equation and in the local forces
that determine the geometric rigidity of the calculation model. The contribution of longitudinal and transverse
forces, as well as nodal bending moments in resisting the loss of stability of beam elements of the Timoshenko
model, is considered together. The method is implemented in the author's finite element program in Python and
compared with the nonlinear quasi-static calculation in the Simulia Abaqus/Standard PC environment using the
Riks method (Static, Riks). The buckling resistance of the load-bearing frame structure of an industrial building
was studied. Its finite element model includes 246 nodes and 369 finite elements. The equation of motion is solved
in the time interval 0 — 129.99 sec with a step of 0.01 sec. Analysis of the entire time history showed the presence
of single spectral emissions; after checking the temporal stability of the eigenvalues, the physical minimum of the
stability margin factor Amin (SMF) was established at step 7913 (time 7= 79.13 s, Amin = 25.10992). Additionally,
the multimode event at step 4138 and time slices selected based on the maximum displacements of nodes in
hazardous areas are considered. For two slices generated using the same exact method, SIMULIA Abaqus
confirmed the same ranking: the critical value of the load proportionality factor (LPF) obtained using the Ricks
method is 48.21736 for # = 41.38 s and 44.42943 for 1 = 79.13 s. It is shown that the absolute values of the direct
SMF and LPF are not identical due to the difference in the formulations of the problem being solved, but the
consistency of the dangerous moment in time confirms the diagnostic value of the proposed method.

Keywords: dynamic stability; frame structure; finite element method; Timoshenko beam; inertial forces;
geometric stiffness; stability margin; SIMULIA Abaqus; Riks method

OLIEHKA YCTOMYNUBOCTHU PAMHBIX KOHCTPYKLIUI
MPU UX TUHAMUYECKOM HATPYKEHUU C YYETOM
HUHEPIHIUOHHBIX COCTABJIAIOIIUX BHYTPEHHUX
YCUJINHN

B.H. Cuoopoes, B.K. Axmemos, /I.0. Knumywixkun
HaunonaneHelil uccnenoBarenbckuii MOCKOBCKHIM TOCYJapCTBEHHBIN CTPOUTEIbHBIN YHUBEPCUTET, I'. MOCKBa,
POCCHA

AnnoTtauus. IlpennoxeH U YMCIEHHO MCCIENOBAaH MOAXO0M K MPSIMON OLIEHKE YCTOMYMBOCTH IUIOCKOM paMHOM
KOHCTPYKIIMM B TIPOIlECCE HECTAI[MOHAPHOTO IHMHAMHUYECKOTO HArpyKeHHs. B oTiudme oT TpaaWIMOHHOTO
BBIOOpA OHOTO CTATHYCCKOTO HIJIM KBAa3HUCTATHUCCKOTO PACcUYETHOTO CIiydasi, Ha KaXXJIOM IIare WHTCTPUPOBAHUS
ypaBHEHUS JBIDKEHUS (opMupyeTcs MTHOBCHHAs 3a/ada yCTOWYMBOCTH, YYUTHIBAIOIIAS HWHEPIIMOHHEIC
KOMIIOHEHTBI B JIGBOH YacTH OIECPAaTOPHOTO YpPAaBHCHHWS ¥ B JIOKAIBHBIX VCHIUAX, OIPEACIISIIOIINX
TEOMETPUYECKYIO KECTKOCTh PACYeTHONH MOAETH. BKiam mMpoaoibHBIX M MOMEPEYHBIX CHJI, a TAKXKE Y3JIOBBIX
M3ruOAIONX MOMEHTOB TIPH COMPOTHUBICHUN NOTEPE YCTOMYMBOCTH OAIIOUHBIX 3JIEMEHTOB MOJIEN THMOIIIEHKO
paccMaTpuBaeTCsl COBMECTHO. METO pealn30BaH B aBTOPCKOW KOHEYHO-3JIEMEHTHOM mporpamMe Ha Python u
COIOCTABJICH C HEJMHEHHBIM KBaszucTatuueckuMm pacuérom B cpene [IK SIMULIA Abaqus/Standard metomom
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Pukca (Static, Riks). VccnemoBaHO CONPOTHBIICHHUE IOTEPE YCTOMYMBOCTH HECYIICH PaMHOW KOHCTPYKITUH
TIPOMBIIIUICHHOTO 3/1aHns. Ee pacueTHast KOHEUHO-3JIEMEHTHAsI MOJIETb BKIIFOUAeT 246 y3110B 1 369 CcTepiKHEBBIX
3JIEMEHTOB. YpaBHEHHUE IBMKEHMs peluaeTcsi BO BpeMeHHOM uHTepBaie 0 — 129,99 cek ¢ warom 0,01 cek.
Amnanu3 Bcell BpEMEHHOM MCTOPUH IOKa3aJl HAJMYUE OJAMHOYHBIX CIIEKTPAIbHBIX BBIOPOCOB; MOCIE KOHTPOJIS
BPEMEHHOW YCTOMYMBOCTH COOCTBEHHBIX 3HAYCHUH PU3MUIECKUI MUHUMYM KO3(QHUIHEHTA 3araca yCTOHYMBOCTH
Amin (K3Y (SMF)) ycranosiien Ha mare 7913 (MomeHT Bpemenu ¢ = 79,13 ¢, Amin = 25,10992). JlonoaHUTETHHO
paccMOTpEeHO MHOTOMOAOBOe coObiTHe Ha mare 4138 ¥ BpeMeHHbBIE Cpe3bl, BHIOpaHHBIE 110 MaKCUMyMaM
HepeMelIeH!d y3JI0B B ONAacHbIX 30HaxX. st ABYX cpe3oB, CPOPMHPOBAHHBIX E€IMHBIM TOYHBIM CIIOCOOOM,
SIMULIA Abaqus mNoATBEpAHJ OJMHAKOBOEC pAaHKMPOBAHWE: IOJYyYEHHOE METOJOM Pukca KpuTHyeckoe
3HaveHue koddduienTa nponopuroHaabHocTH Harpys3ku (LPF) pasen 48,21736 s ¢ = 41,38 ¢ u 44,42943 s
t = 79,13 c. Ilokaszano, yto abconroTHbie 3HaucHus Tpsmoro K3V m LPF He SBISAIOTCS TOXKICCTBCHHBIMU
BCJIC/ICTBHE PA3IMYMs ITOCTAHOBOK PELIAEMOIl 3a/1a4i, OJHAKO COTJIACOBAHHOCTH OIACHOTO MOMEHTa BPEMEHH
MTOJTBEPKAACT AUATHOCTHYECKYTO IEHHOCTD MPEATI0KEHHON METOINKH.

KunroueBsble ciioBa: TMHAMHUYECKask yCTOHYMBOCTD; PaMHasi KOHCTPYKIHS; METOX KOHEYHBIX HJIEMCHTOB,;
Oanka THMOLICHKO; HHEPLIMOHHBIC CHJIbI; FEOMETpHUYECKasl )KECTKOCTh; KO (HUUMEHT 3amaca yCTOHYNBOCTH;
SIMULIA Abaqus; metox Pukca

INTRODUCTION

The development of the finite element method
(FEM) transformed the analysis of complex
mechanical systems from a collection of
particular analytical problems into a general
computational procedure. Following the work of
R. Clough, which established the term finite
element method [1], variational and matrix
formulations of the FEM were developed
systematically [2, 3]. In stability analysis, this
enabled a transition from individual formulae for
assessing the stability of a member with an
effective length or of a frame to an eigenvalue
problem based on global elastic and geometric
stiffness matrices.

Two principal static approaches are used in
engineering practice. The first, linear bifurcation
analysis, determines eigenvalue load multipliers
for an idealised prestressed state. The second,
nonlinear analysis, traces the equilibrium path
with allowance for large displacements, initial
imperfections and, where necessary, material
nonlinearity [4]. The latter approach underlies
the limit-state design procedures specified in
Eurocode 3 [5] and SP 16.13330 [6]. The choice
of the initial loading remains essential: a static
loading scheme contains no information about
the distribution of inertia forces at a particular
instant of the system's motion.

Dynamic stability is a broader problem. Classical
theory  addresses  parametric  excitation,
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instability regions and the behaviour of systems
with varying coefficients in their differential
equations [7]. General criteria for the stability of
motion originate in the work of A. M. Lyapunov
[8] and the development of energy methods for
deformable systems [9]. Modern theories
emphasise the distinction between the stability of
equilibrium and the stability of motion [10]. In
civil engineering structures, this problem arises
under wind and aeroelastic actions [I11],
earthquakes, and impulsive or suddenly applied
loads [12].

Commercial finite-element packages provide
direct dynamic analysis and, separately, linear or
nonlinear stability analysis. However, an
algorithmic stability assessment of every
instantaneous state along the dynamic time
history is generally unavailable. The engineer
must therefore select one or more instants in
advance, transfer the displacements or equivalent
forces to a static model, and then perform a quasi-
static analysis. Selecting the instant of maximum
displacement of an individual node is convenient,
but does not guarantee that it coincides with the
minimum overall stability margin of the
structure.

The choice of beam-element kinematics also
affects the result. Euler-Bernoulli theory
neglects shear deformation, whereas S. P.
Timoshenko's model accounts for independent
cross-section rotation and transverse shear [13].
In dynamic analysis, the representation of elastic
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stiffness and inertia forces is important, as is the
dissipation model. References [14, 15] proposed
matrix forms of internal damping for rod
elements consistent with an energy-based
formulation.

The foundations of the instantaneous stability
problem implemented in this study were

formulated in [16, 17, 18]. The authors
previously developed the inclusion of
contributions from axial forces, bending

moments and shear forces in the geometric
stiffness of rod systems [19]. Earlier
publications associated with the present
research described the algorithm and model
parameters, but did not include numerical
modelling of the time history or a comparison of
critical states. The aim of this work is to assess
whether the direct dynamic stability margin
factor can identify unfavourable instants
confirmed by an independent nonlinear quasi-
static analysis in Abaqus/Standard [20].

The scientific novelty of the study consists in
jointly considering: (1) the inertia operator on the
left-hand side of the instantaneous eigenvalue
problem; (2) the dynamic components of local
internal forces used to define the geometric
stiffness of the computational model; (3) the
complete set of internal-force components N—Q—

Am=dlag((M\_7)[l] (KV)[,])=dlag((Sm)[,] (Sel)[l])a
Adamp=diag((D'V)[i] :(K'V)[i]):diag((sdamp)[i] :(Sel)[i])v

The ratios of inertia forces to elastic forces are
evaluated only when the denominator is
sufficiently large and are subjected to
regularisation. This prevents division by near-
zero components, but does not replace the
subsequent verification of the temporal
persistence of the eigenvalue spectrum.
The equation of motion can thus be rewritten in
operator form:

AwtEYKVO=F0). (@)
where Ag, = Aj, + Aggyp, and E is the identity
matrix. The stability formulation adopts the
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M of a rod element in stability analysis; (4) the
temporal persistence of the spectrum and
rejection of isolated eigenvalues; and (5)
comparison of the selected critical instants with
Riks-method results obtained for the same spatial
distribution of dynamic forces.

1. FORMULATION OF THE DIRECT
DYNAMIC STABILITY PROBLEM

The motion of the discrete finite-element system
is described by the matrix form of d'Alembert's
equation:

M-V()+D-V(+K-V(O=F@), (1)
where M, D and K are the global mass, damping
and elastic stiffness matrices of the

computational model; V, V and V are the
displacement, velocity and acceleration vectors;
and F(t) is the external load vector prescribed as
a function of time 7.

To represent the dynamic contributions, diagonal
coefficient matrices are introduced that relate the
inertia and dissipative forces to the elastic forces
at the corresponding global degrees of freedom:

2
3)

hypothesis that dissipative forces do not produce
a potential contribution that directly changes the
critical state [17]. Accordingly, only the inertia
operator A;, is retained on the left-hand side of
the eigenvalue problem.
The instantaneous stability problem at time t is
written as:

(A TE) K-O=K"-®-A, (5)
Here A is the diagonal matrix of stability margin
factors, and the columns of @ describe the

corresponding buckling modes. The smallest
positive real value A, (f) is treated as the
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minimum instantaneous stability margin factor
of the structure.

The complete geometric stiffness matrix of the
computational model is assembled as the sum:

r r r r
K :KN+KM+KQ. (6)
where K% is the conventional contribution of
axial forces, K}, is the contribution of nodal
bending moments, and Kg is the contribution of
shear forces. The local internal-force vector of a

two-node planar rod element has the form [N,
Q1, M1, N2, Q2, M:]. Only the elastic and inertial
contributions are included when forming the
dynamic internal forces.

Thus, inertia forces are accounted for both on
the left-hand side of (5) and in the internal forces
that determine the geometric stiffness matrix K’
on the right-hand side of the eigenvalue
problem. This distinguishes the direct dynamic
factor from the proportionality factor of a frozen
static load. Figure 1 summarises the comparison
procedure.

I 11 111 1\ \
Dynamic Instantaneous Time Critical-state Independent
analysis eigenproblem history selection verification

] =
u(®), v(v), a() Amin(®) linear and
N,Q,M nonlinear stability
- analyses

Figure 1. Sequence used to compare the direct dynamic and quasi-static results

2. COMPUTATIONAL MODEL AND
NUMERICAL IMPLEMENTATION

2.1. Geometry, Finite Elements, and Material
Properties

The stability of a load-bearing planar steel frame
of an industrial building was investigated. The
frame comprises columns, beams, truss chords
and internal working platforms. Its overall

dimensions along the coordinate axes are 47.70 x
27.41 m. The finite-element computational
model contains 246 nodes and 369 two-node rod
elements, with three degrees of freedom per
node. Before constraints are applied, the system
has 738 degrees of freedom; boundary conditions
constrain 27 degrees of freedom at nine nodes.
The computational model and control nodes are
shown in Figure 2.

. o IS : ~ N
AR S L O R
L 103
} (:/
% <]
ra 225 <
o 0= 1
] ~
= S
= 7
- N
A fixed support e node 103 e node 156 e node 157 e node 225

Figure 2. Finite-element model of the investigated frame and control nodes
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Inspection of the local element stiffness matrices
identified 13 short elements for which the shear
contribution resulted in a non-positive-definite
local stiffness matrix. Twelve elements were
treated using the Euler—Bernoulli model without

changing their geometry. One element, 5 mm
long, was replaced by a rigid kinematic link
between neighbouring nodes. This regularisation
preserves the global topology and eliminates
artificial local mechanisms.

Table 1. Main parameters of the computational model

Parameter

Adopted value

Model size

246 nodes; 369 elements; 738 nodal degrees of freedom

Overall dimensions

X:—=0.05t047.65m; Y:0to27.41 m

Material

E =210 GPa; p = 7850 kg/m*; v = 0.30; reference yield stress 350 MPa

Cross-sections

15 types; A=2.12 x 102 t0 5.91 x 102 m? 1=2.20 x 10° to 1.082 x 102 m*

Time grid At =10.01 s; 13,000 samples; analysis interval 0-129.99 s
Damping Rayleigh damping ratio = 0.05; calibration against eigenmodes 1 and 111
Stability model Timoshenko elements; deformed-configuration analysis; N, Q, and M included in the stability equation
Loads 167 components: 130 constant, 28 harmonic, and 9 piecewise-linear

Spectral control

Regularization of ill-conditioned systems; symmetric seven-step temporal window

2.2. Loading and Time Integration of The
Equations of Motion

The loading history comprises 167 active
components: 92 concentrated and 75 distributed
loads. Their time dependence consists of 130
constant, 14 sinusoidal, 14 cosinusoidal and nine
piecewise-linear components. Of these, 137 act

vertically and 30 horizontally. This time-
dependent  representation  reproduces the
combined action of constant operational loads,
harmonic actions and transient equipment
operating regimes. Representative piecewise-
linear load histories applied to the frame are
shown in Figure 3.

Crane-transfer components — every prescribed knot

Node 225 impact — magnified

50

2 49 69 89

=150

G
=3

109 129 st 91,02 91,03 91,04 91,05 9L06 91[07

-150

-250

Applied force, kN
& o
g

-450

Fy, kN

-350

450

=550

-650 -
Time. s

==s==Node 101: Fx =~ ====Node 101: Fy  ====Node 217: Fy

==s=Nodes 138, 146: Fy

550

650 -
Time, s

Figure 3. Representative piecewise-linear load histories applied to the frame

Equation (1) is integrated using the Newmark
method with a time step of 0.01 s. At each step, a
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system of linear equations is solved with the
following effective coefficient matrix:
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Z-2 M+~ -D+K 7
! At

The acceleration and velocity are then recovered
recursively. During direct integration, the nodal
coordinates of the computational model are also
updated at the new step using the displacements
from the previous step. The stiffness, mass and
damping matrices are recalculated for the current
geometry. The damping coefficients are
determined at the first time step and subsequently
remain constant.

2.3. Processing of the Stability Spectrum

The -eigenvalues are determined for the
instantaneous combination of elastic and
geometric stiffness. A regularised solution is
used when conditioning deteriorates. The final
spectrum retains positive, nearly real values
associated with physical buckling modes;
auxiliary roots are excluded.

A temporal criterion is used to exclude isolated
spectral rearrangements: a sequence of
neighbouring values and the continuity of the
corresponding eigenmodes are examined. The
start-up interval is excluded, and the minimum-
factor series is additionally processed using a
symmetric seven-step window. A physical
minimum is identified as a decrease along the
same spectral branch that persists over a time
interval.

3. QUASI-STATIC ANALYSIS IN
SIMULIA ABAQUS

The calculation = was  performed in
Abaqus/Standard using a model assembled from
B31 beam elements. An implicit dynamic
analysis of the structure is first carried out, and
the resulting nodal displacements U,
accelerations A and resultant nodal forces are
extracted over the prescribed full time interval.

The stability investigation comprised three
levels: linear modal analysis, direct implicit
dynamic analysis and geometrically nonlinear
stability analysis using the Riks method (arc-
length method). This combination allows the
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agreement of mass—stiffness characteristics,
dynamic response and limit states to be assessed
separately.

The Riks method is an arc-length continuation
method for nonlinear equilibrium analysis in the
vicinity of a bifurcation. At each increment, the
displacement vector and the load multiplier are
updated simultaneously, while an additional arc-
length constraint defines the step length in load—
displacement space. This permits the solution to
pass a limit point and trace a descending
equilibrium branch, where conventional load
control becomes unstable [20, 21].

The maximum load multiplier at the limit point
is adopted as the critical result. For the states at ¢
=41.38 sand ¢ = 79.13 s, the force distributions
and deformed geometry were transferred using
the same synchronised procedure and used for
quantitative comparison. States selected from the
displacement maxima of individual nodes were
considered additional control cases.

Five states of the dynamic process were used
for nonlinear verification: # = 41.38, 41.62,
41.65, 79.13 and 124.04 s. The first and fourth
were selected from characteristic values of the
global stability factor; the others were selected
from displacement maxima at the control
nodes. In each case, the static model
reproduces the force distribution of the
corresponding dynamic state.

The comparison considers the time at which an
unfavourable state occurs, the relative ranking of
the cases, the critical multiplier and the buckling-
mode characteristics. Absolute agreement
between the factors is not required, because the
direct dynamic and nonlinear quasi-static
formulations use different operators.

4. RESULTS

4.1. Minimum Stability Factor Over the
Complete Time History

Linear verification was performed by
comparing the first ten natural frequencies
(Table 2). The mean absolute deviation of the
in-house model from Abaqus was 2.87%, and
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the maximum deviation was 8.96%. For the
first six modes, which are most significant in
the dynamic-response range considered, the

mean deviation was 1.48%. This confirms the
agreement of the global mass and stiffness
matrices of the two models.

Table 2. Comparison of the natural frequencies

Mode In-house model, Hz Abaqus, Hz Difference, %
1 0.5931 0.5911 0.34
2 0.8211 0.8265 0.66
3 1.1694 1.1743 0.42
4 1.4475 1.4675 1.36
5 1.7356 1.7630 1.55
6 1.9389 1.9831 2.23
7 2.0621 2.1880 5.75
8 2.3922 2.6275 8.96
9 2.8024 2.9517 5.06
10 3.1217 3.2024 2.52
After isolated spectral rearrangements are develops near 1 = 79.13 s; its lowest original

excluded, the mean minimum stability margin
factor over the working interval is 25.52, the
median is 25.61, and the coefficient of variation

physical value is 25.11. Figure 4 additionally
marks only those states for which independent
analyses were performed.

is 0.899%. A persistent global minimum
26.1
124.04 s

. 258
B g 79.13 s
g <E 25.6 global minimun
£ 5 41.38-41.65 s !
g 5 254 controf interval
= il
= 25.2 '[

25.0

5.0 175 30.0 42.5 55.0 67.5 80.0 925 105.0 117.5 130.0
Time, s

Figure 4. Time history of the minimum stability factor and the investigated states

4.2. Nonlinear Analyses of the Investigated
States

At t = 41.38 s, the maximum translational
displacement of the dynamic model is 69.994
mm and occurs at node 157. The nonlinear

Volume 22, Issue 3, 2026

stability analysis yielded a critical load multiplier
of 48.217358. After this maximum was reached,
a stable descending equilibrium branch
developed.
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At t = 79.13 s, the maximum translational
displacement of node 157 is 71.317 mm, and the
critical load multiplier is 44.429428. Thus,

relative to the state at # = 41.38 s, both the direct
dynamic method and the nonlinear analysis
indicate a reduction in the stability margin.

Direct dynamic assessment

25.7

25.586
25.5
£ 254
< 25.202 25.200 25.207
25.2 25.11
25.0
Nonlinear Riks analysis
49.5 | 48.217
47.0
.~ 44.429
3 445 .
.164
39.5
41.38 41.62 41.65 79.13 124.04
Time, s

Figure 5. Comparison of the direct and nonlinear stability assessments

The extended series also includes the states at 1 =
41.62 and 41.65 s, selected from displacement
maxima at nodes 103 and 156. Their critical
multipliers are 41.206482 and 41.529232,
respectively. For the state at 7= 124.04 s, the
completed analysis reached a critical multiplier
of 42.164177 and continued onto a descending
branch, ending at 42.103489.

Comparison of the two analyses in Figure 5
shows a mirror-like variation of the principal
indicators A, (stability margin factor, SMF)
and 4, (load proportionality factor, LPF).
Figures 6-10 show the complete equilibrium
paths for the five investigated states. The
abscissa gives the translational displacement of
the corresponding control node, and the ordinate
gives the current load multiplier. All five states,
at 1 = 41.38, 41.62, 41.65, 79.13 and 124.04 s,
exhibit a maximum followed by a descending
branch. For the state at 124.04 s, the completed
calculation establishes the critical multiplier as
42.164177. Large post-critical displacements
characterise numerical continuation of the path
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and are not interpreted as service displacements
of the structure.

Ber = 48.217

£318

Load multi

5
o

0.0 34 6.8 102 13.6
Control-node displacement, m

Figure 6. Abaqus equilibrium path obtained by
the Riks method at t = 41.38 s (control node 157)

17.0

453 Hor = 4.11.206
5363 T~
£27.2
2 18.1
9.1

0.0
0.0 32 6.5 9.7 13.0

Control-node displacement, m

Figure 7. Abaqus equilibrium path obtained by
the Riks method at t = 41.62 s (control node 103)

Load

16.2
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457 Hor = 4.11.529
B 36.5 T~
£274
Z 183
9.1

0.0
0.0 39 7.7 11.6 15.4

Control-node displacement, m

Figure 8. Abaqus equilibrium path obtained by
the Riks method at t = 41.65 s (control node 156)

Load

19.3

Ber = 44.429

5 39.1 T~

0.0 4.0 7.9 11.9 15.9
Control-node displacement, m

Figure 9. Abaqus equilibrium path obtained by
the Riks method at t = 79.13 s (control node 157)

19.9

_ 46.4
g 37.1
£2738
Z 186
9.3

0.0
0.0 1.2 2.4 3.6 4.8 6.1

Control-node displacement, m
Figure 10. Abaqus equilibrium path obtained by
the Riks method at t = 124.04 s (control node
225)

Load

For the two strictly comparable time sections,
both methods give the same ranking: the state at
t =79.13 s is more unfavourable than that at ¢ =
41.38 s. The difference between the Python
stability margin factors at the two instants is only
0.366%, whereas the corresponding difference in
SIMULIA Abaqus is 8.526%. The LPF exceeds
the directly calculated SMF by 91.32% at 41.38
s and by 76.94% at 79.13 s (Table 3).

Table 3. Comparison of the direct and nonlinear stability assessments
t, s Selection criterion Anin [V e higher, %
41.38 | Minimum associated with the multimodal response interval 25.202190 | 48.217358 91.32
41.62 | Maximum displacement of node 103 25.246190 | 41.206482 63.22
41.65 | Maximum displacement of node 156 25.261070 | 41.529232 64.40
79.13 | Global minimum of Amin 25.109920 | 44.429428 76.94
124.04 | Maximum displacement of node 225 25.679420 | 42.164177 64.19

4.3. Time Sections Associated with Maximum
Control-Node Displacements

Quasi-static stability was assessed at time
instants selected using a local kinematic criterion
from the direct dynamic analysis in SIMULIA
Abaqus. This analysis uses Rayleigh damping
calibrated against the first and 111th natural
frequencies. The extrema of the displacement
components at nodes 103, 156 and 225 occur at
t=41.62 s, approximately 41.65 s and 124.04 s,
respectively.

At node 103, the maximum U; is 29.5477 mm; at
node 156, the minimum U is —69.9383 mm; and
at node 225, the minimum U: is —115.8233 mm.

Volume 22, Issue 3, 2026

These states are identified from the single
adopted dynamic solution in SIMULIA Abaqus
and used as independent control points for quasi-
static analysis.

Figure 11 presents fragments of the time histories
around the three control extrema. Red points
mark the extrema used to select the frozen states.
The extrema at nodes 103 and 156 belong to the
interval 41.62-41.65 s, whereas the extremum at
node 225 occurs during the impulsive change in
response at 124.04 s. None of these local
kinematic points coincides with the global
minimum stability margin factor at 79.13 s.
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Node 103: U,
maximum 29.548 mm att=41.62 s
g 31.1 R
o 26.5
5 219 W\/\W \/\/v\/v\/\/\/
§ 17.3
a 12.7
A 8.1
38.0 39.4 40.8 422 43.6 45.0
Node 156: U:
minimum —69.938 mm at t=41.65 s
g -67.8
= -68.3
§ -68.9 M
3 -694 /W\N\\A/MMWW
= -69.9 .
A -70.4
38.0 394 40.8 42.2 43.6 45.0
Node 225: Uz
e 492 minimum —115.823 mm at t = 124.04 s
:« 13.8
g -21.7
§ -57.1
% -92.6
A -128.0 .
118.0 120.2 122.4 124.6 126.8 129.0
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Figure 11. Dynamic response of the Abaqus control nodes with Rayleigh damping calibrated
against eigenmodes 1 and 111

5. DISCUSSION

5.1. Interpretation of the Compared Criteria
The proposed factor A, and the nonlinear
critical multiplier p, characterise different

mathematical formulations. In the direct method,
the inertia contribution simultaneously modifies
the instantaneous eigenvalue operator and the
local internal forces governing the geometric
stiffness of the computational model. In the Riks
method, the fixed loading of the selected state is
increased proportionally. Their numerical values
should therefore be compared in terms of trends
and ranking, rather than treating one as a
reference value for the other.

The principal comparison criteria are agreement
in the unfavourable time interval, ranking of the
investigated states and the pattern of change in
the stability margin factor. The identical ranking
at t = 41.38 and 79.13 s confirms the ability of
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the proposed direct method to identify the more
unfavourable state. Differences across the full
series show that incorporating inertia into the
instantaneous eigenvalue problem provides
information absent from the frozen quasi-static
formulation.

5.2. Selection of the Governing Instant

The maximum displacement of an individual
node characterises a local kinematic response,
whereas A,,;, is obtained by solving a global
eigenvalue problem for the entire system. The
states at r = 41.62, 41.65 and 124.04 s are
therefore useful independent control points, but
do not replace the search for the minimum
stability margin factor over the complete time
history. The minimum at # = 79.13 s was found
without preselecting a control node.

The resulting series demonstrates the distinction
between two ways of selecting an analysis state.
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The displacement extrema at nodes 103 and 156
occur within the narrow interval 41.62-41.65 s,
whereas the global dynamic minimum occurs
substantially later. The proposed method thus
extends conventional analysis: it does not discard
local control indicators, but supplements them
with a global criterion operating over the entire
motion trajectory.

5.3. Numerical Robustness and Limitations
Numerical stability of the instantaneous
spectrum is an essential part of the direct method.
Individual eigenvalues may briefly change order
or switch between spectral branches. A physical
minimum must therefore be confirmed over a
sequence of neighbouring time samples and
remain associated with the same eigenmode.
The limitations include linear material elasticity
in the direct dynamic model implemented in
Python and mixed kinematics for very short
beam finite elements. The quasi-static Abaqus
model does not include systematic variation of
initial imperfections. The Python and Abaqus
models use similar, but not identical, methods to
form the local finite-element matrices.

Despite these limitations, comparison of the two
approaches identifies two robust findings. First,
the natural frequencies agree well between the
independent models, while the control dynamic
extrema in SIMULIA Abaqus provide additional
states for nonlinear verification. Second, without
preselecting a control node, the direct method
identifies an unfavourable time interval and
ranks the two principal global states consistently
with the nonlinear analysis.

CONCLUSION

- A consistent procedure for instantaneous
stability assessment of a frame during time-
domain dynamic analysis has been developed. It
accounts for inertia forces on the left-hand side
of the eigenvalue problem and all local internal-
force components N—-Q-M.

- Stability of the complete finite-element model
of the industrial load-bearing structure,

Volume 22, Issue 3, 2026

comprising 246 nodes and 369 finite elements,
was analysed at 12,498 working time samples
with a step of 0.01 s.

- In the adopted direct dynamic analysis in
SIMULIA Abaqus, with damping calibrated
against the first and 111" natural frequencies, the
control extrema were Ui = 29.5477 mm at node
103 atr=41.62s, U>=-69.9383 mm at node 156
at r=41.65 s, and U, = —115.8233 mm at node
225 at1=124.04 s.

- The physical minimum of the first mode
occurred at t = 79.13 s, with a stability margin
factor A, = 25.109920.

- The states at 1 =41.38,41.62, 41.65, 79.13 and
124.04 s were investigated nonlinearly. The
critical multipliers were 48.217, 41.206, 41.529,
44.429 and 42.164, respectively. A descending
branch was obtained for each state.

- Both methods ranked the two consistently
transferred states identically: # = 79.13 s is more
unfavourable than 41.38 s. The absolute minimum
stability factors differ because of the different
approaches to stability analysis and should not be
compared as a result and a reference value.

- Selecting a time section solely from the
maximum nodal displacement for the Riks
method implemented in SIMULIA Abaqus is not
a universal procedure.

- Automated identification of an unfavourable
instant requires a robust criterion combining
median filtering, temporal persistence of the
minimum and eigenmode tracking.

The work was supported by the Russian
Science Foundation (project No. 25-11-00140).
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