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LATERAL-TORSIONAL BUCKLING ANALYSIS OF
ASYMMETRIC THIN-WALLED BEAMS
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Abstract: A review and analysis of domestic and international design codes (Eurocode EN 1993-1-1, American
standard ANSI/AISC 360-22 and Russian standard SP 16.13330.2017) regarding the lateral-torsional buckling of
flexural elements indicate that current standards lack a universal solution for evaluating the lateral-torsional
buckling stability of beams with arbitrary cross-sections under arbitrary loading conditions. The available litera-
ture provides design recommendations for the buckling analysis of symmetric and asymmetric I-beams and
channels under a limited number of loading configurations and boundary conditions. Therefore, evaluating the
buckling stability of non-standard beams (such as strengthened sections, which often exhibit complex and
asymmetric geometries) is significantly hindered by the absence of practical engineering methods.

This paper proposes a method for analyzing the elastic lateral-torsional buckling stability of thin-walled steel
beams with asymmetric cross-sections under arbitrary loading scenarios and boundary conditions. The method is
developed based on the analytical solution to a system of differential buckling equations in accordance with
Vlasov's thin-walled beam theory, considering the elastic stage of material behavior. The proposed method is
formulated in compliance with the design approaches adopted in SP 16.13330.2017, making it suitable for inte-
gration into the regulatory framework. The primary advantage of this method lies in its versatility. The validity
of the method is confirmed by calculation examples and verification finite element modeling performed using
the Simcenter FEMAP with Nastran software suite.

Keywords: lateral-torsional buckling (LTB), thin-walled steel beam, Vlasov’s beam theory,
elastic critical moment, finite element analysis (FEA)

PACYET U3Ir'MBHO-KPYTUJIbLHON YCTOMYUBOCTHU
HECUMMETPHUYHbBIX TOHKOCTEHHBIX BAJIOK

O.A. Tycnuna

Hauunonanbnelil necnenoBaTenbckuil MOCKOBCKUN TOCYIapCTBEHHBIA CTPOUTENbHBIN YHUBEPCUTET, I'. MOCKBa,
POCCHA

AnHoTtanusi: O630p U aHaJIU3 OTCUYECTBCHHBIX U 3apyOeKHBIX HOpMaTHBHEIX MeToauK (Eurocode EN 1993-1-1,
ANSI/AISC 360-22, CIT 16.13330.2017) pacuerta 00Ieii yCTOHYMBOCTH MU3rHMOACMbIX 3JIEMEHTOB IOKa3bIBACT,
4YTO B HACTOAIICE BPpEMA B CTaHAApTaX OTCYTCTBYCT YHUBEPCAJIBHOC PCIICHUEC M1 OUCHKH yCTOﬁ‘lHBOCTH 6an01<
IIPOU3BOJIBHOIO CEYEHMsI IIPU IPOU3BOJIBHOM 3arpy’K€HUU. B TEXHUUYECKOH JIMTEpaType HMpencTaBIeHbl PEKO-
MEHJAlUHU 0 pacyeTy yCTOWYMBOCTH CHMMETPHUYHBIX W HECUMMETPHYHBIX JBYTAaBPOB, @ TaKKe IIBEIUICPOB
JIMIIB JUTA OTPaHMYESHHOTO YNCIIa PaCUETHBIX CXEM M YCIIOBUH 3akperuieHus. Pacuer ycroiunBocT Oalok HETH-
1oBoro npo¢uis (HanpuMep, YCHICHHBIX CEYEHHH, 3a4acTyl0 MMEIOLIMX CIOXHYI0 acCHMMETPUYHYIO (opmy)
3aTPYIHEH M3-32 OTCYTCTBUS MH)KCHEPHBIX METOIHK.

B craTee mpeanokeHa METOIMKA pacyeTa YCTOHYNBOCTH TUIOCKON (POPMBI M3rnba TOHKOCTEHHBIX CTANBHBIX Oa-
JIOK HECUMMETPUYIHOTO CCUCHHS TIPH TIPOM3BOJIBHBIX TPAHUYHEIX YCIOBHUAX W BapHaHTax 3arpykeHus. [Ipemmy-
IIECTBOM IIPEIaraeéMoro MoaX0/1a SBISIETCS ero YHHBepcalbHOCTh. MeToanka pa3paboTaHa Ha OCHOBE aHAJH-
THYECKOTO PEIICHUS CHCTEMBI TU(PEpeHITATbHBIX YPABHEHUH YCTOMYMBOCTH B COOTBETCTBUU C TEOPHEW TOH-
KOCTEHHBIX cTeprkHeil B.3. BiiacoBa B ynpyroii cramuu pabotsl Marepuana. Meroanka npencrabicHa B Gopme,
cooTBeTCTBYIONIEeH pacueTHbIM moaxoaam CIT 16.13330.2017, uro mo3BosisieT BHEAPUTH €€ B HOPMATUBHBIN J10-
KyMEHT. J[0CTOBEpHOCTh METOAMKHU IOJTBEPIKACHA PACUCTHBIMH NPUMEpPaMU U BepU(PHKAIMOHHBIM KOHEYHO-
3JIEMEHTHBIM MOJICJIMPOBAHIEM, BBIITOJHCHHBIM C Hcrnoib3oBanueM [1K Simcenter FEMAP with Nastran.

KoaioueBble ci10Ba: ycTOWYMBOCTB IIIOCKOH (hOPMBI M3rHOa; TOHKOCTEHHBIE CTaIbHbIC OaJIKH,
TeopHsl TOHKOCTEHHBIX CTeprkHEl BriacoBa, ynpyruii KpuTH4eckuii MOMEHT, METO/] KOHEUHBIX A1ieMeHToB (MKD)
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1. INTRODUCTION

Steel beams are susceptible to lateral-torsional
buckling (LTB). At a certain critical bending
moment (M), the beam loses stability. It un-
dergoes combined lateral deflection and twist-
ing.

Design standards regulate the lateral-torsional
buckling resistance of beams. A review of do-
mestic and international codes shows a common
approach. The critical buckling moment under
uniform bending is taken as the baseline value
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[1,2]. Then, design codes apply correction fac-
tors to account for effects like moment gradi-
ents, load height, boundary conditions and re-
straints at the ends of the unbraced length (Ls)
of the beam. The number of these factors varies
across different design codes. The American
specifications ANSI/AISC 360-22 utilize a sin-
gle-component equation that contains a single
equivalent uniform moment factor (C»). The fol-
lowing equation for critical buckling moment
provided by White and Jung [3] is proposed in
AISC 360-22 for monosymmetric [-beam:

M, =C,

2

The single-component AISC equation ac-
counts for loads applied at the shear center of
the profile. It does not consider the effect of
load height along the cross-section. This equa-
tion overestimates the buckling resistance when
the load is applied to the compression flange
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and underestimates when the load is applied to
the tension flange.

The comments on the AISC specification pro-
vide a refined equation for the critical buckling
moment according to guide [4]. This formula
was originally derived by Clark and Hill [5]:

Yy

K

w

M, =C
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where y is the coordinate of the load application
point relative to the shear center. The factors Ci,
C: and Cs depend on the moment diagram. The
effective-length factors Ky and K, — are the ef-
fective-length factors correspond to the lateral
bending and warping restraint at the ends of the
unbraced length L, respectively.

Equation (2) is the so-called three-factor formu-
la. It has the most general form that corresponds
to the solution of the differential buckling equa-
tions. The general solution allows accounting
for the influence of cross-section monosym-
metry (Wagner coefficient f,), moment gradi-
ent, end-restraint conditions, and load height
effects.

The three-factor formula was provided in previ-
ous versions of European standard ENV 1993-
1-1:1992 [6]. However, the current version of
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the Eurocode does not contain rules for deter-
mining the critical moment. The three-factor
formula is used in the NCCI design guidance [7]
but, this implementation does not include the
coefficient Cs.

The application of the three-factor formula is
limited due to the lack of recommendations for
determining the factors C;, C2 and Cs. For cer-
tain specific cases the values of these coeffi-
cients are given in guidelines [7, 8].

There are studies on determining these coeffi-
cients for specific cases [9-12]. However, these
publications mainly focus on simple design
models, typical cross-sections of the beams and
loading scenarios for simply supported beams.
The factor C; remains the least studied parame-
ter. This factor accounts for the cross-sectional
asymmetry, as well as the offset between the
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shear center and the center of gravity. Research
on this coefficient is limited, and it is frequently
ignored in engineering practice [13].

Therefore, the development of a universal pro-
cedure for determining the coefficients C;, C2
and C; in the three-factor formula is required.
This method should accommodate arbitrary
loading scenarios, cross-sectional types and
boundary conditions.

The Russian code SP 16.13330.2017 specifies
lateral-torsional buckling analysis for symmetric
and asymmetric [-beams, and channels. The de-
sign procedure covers common beam configura-
tions, boundary conditions, and loading scenari-
os. It also accounts for the load application point
along the cross-section height.

However, the SP formulas apply only to specific
design cases. These cases are limited to standard
structural models and simple loading conditions.
Applying the SP methodology to cases not ex-
plicitly covered by the code is difficult. The
procedure relies on numerous separate formulas
and empirical coefficients. This complexity ob-
scures the physical meaning of the design pro-
cedure.

An article [14] introduces a refinement to the
standard analysis method implemented in the
Russian code SP 16.13330.2017. The author
proposes a universal formula for the lateral-
torsional buckling reduction factor. However,
this formula applies only to single-span sym-
metric I-beams. Furthermore, it is limited to a
specific range of loading scenarios.

An effective approach for practical stability
analysis is proposed in paper [15]. The author
emphasizes the need to develop a unified equa-
tion for the lateral-torsional buckling reduction
factor. However, the proposed analytical formu-
las have explicit structural constraints. Their
applicability is limited to specific beam geome-
tries and loading conditions.

A solution for the deformation-based buckling
analysis of steel members is proposed in [16].
The analysis utilizes a three-dimensional de-
formed configuration, taking into account mate-
rial nonlinearity.
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The performed review of articles, design codes,
and guidelines shows certain limitations. Cur-
rent literature lacks a unified and exact solution
for the lateral-torsional buckling (LTB) analysis
of thin-walled members. Specifically, no exist-
ing methods cover arbitrary asymmetric cross-
sections under arbitrary boundary and loading
conditions. Developing such a method is a nec-
essary task.

2. THEORETIICAL STUDY

Consider an arbitrary asymmetric thin-walled
profile subjected to a transverse load ¢y (Fig. 1).

For practical purposes, it is convenient to use a
coordinate system with axes parallel to the webs
and flanges of the section (the so-called orthog-
onal X and Y axes with coordinates x and y).
The origin is located at the cross-section cen-
troid. The positive Y-axis points toward the ten-
sion fibers and the direction of the X-axis is de-
termined by the left-hand rule. The principal
coordinate system (Xo, and Yo axes with coor-
dinates xo and yv) is inclined at an angle ao rela-
tive to the orthogonal axes.

The external load ¢y acts through the shear cen-
ter along the Y-axis, parallel to the web.

+ centroid

+ shear center
Xo,Y - principal axes
of inertia

Yop yv

Figure 1. Asymmetric thin-walled profile.
Cross-section scheme

Figure 1 defines the geometric and loading pa-
rameters of the cross-section: ao is the inclina-
tion angle of the principal Yo-axis to the Y-axis;
axo and ayo are the shear center coordinates in
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the principal axes of inertia; exo and eyo are the
coordinates of the load application point in the
principal axes of inertia; gxo and gyo are the load
components parallel to the principal axes, de-
fined as: ¢, =¢q,sine,, q,, =q,cosq,.

The transverse load gy is assumed to act through
the shear center thereby eliminating pre-
buckling torsion. Thin-walled members with
open profiles cross-sections exhibit low torsion-
al stiffness. When a beam is subjected to eccen-
tric transverse loads, its twist angle exceeds he
serviceability limit state before reaching the
critical buckling load; thus, the serviceability
limit state criteria become decisive [17, 18].

For the case under consideration the system of
governing linear differential equations for elas-
tic lateral-torsional buckling based on Vlasov’s
thin-walled beams theory [19] is formulated as
follows:

EIE" +(M,0) =0

yo
T
EIwHIV+((2ﬂXMyO—2IBny0—G],)t9') +

+ (qxoexc0 +¢,0€,00 ) O+M & + Myon" =0

where Ixo, 10 are the principal moments of iner-
tia; o is the warping constant; /r is the St. Ve-
nant torsional constant; Sy, f, are the mono-
symmetry constants; €.0o=€,—dy>

€0 =¢€,—4a, are the load application point

coordinates relative to the shear center; Mxo, Myo
are the bending moments about the principal
axes: M, =M cosa,, M, =—M sing,.
Equations (3) are formulated with respect to the
principal axes of inertia (Xo, Yo) using the coor-
dinates xo, yo. The unknowns in equations (3)
are the functions of the shear center displace-
ments: £ =¢&(z), n=n(z) are the linear dis-
placements along the Xo and Yo axes, respec-
tively and 6 =6(z) is the twist angle about lon-
gitudinal axis Z.
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The monosymmetry constants fx and fy ac-
count for the eccentricity of the centroid relative
to the shear center and the additional torque in-
duced by normal bending stresses from the mo-
ments Myo and Mxo and are defined as follows:

U

U
ﬁx: - _axO’ ﬂ7:_xo_a0
21, o2r, 7

(4)

where Uxo, Uyo are the cross-sectional properties
representing the third-order moments of inertia,
calculated with respect to the principal axes of
inertia:

()

The solution to the system of differential buck-
ling equations (3) is described below. From the
first and second equations of system (3), the fol-
lowing expressions can be obtained

M —M cosa

é!!:_ x012.9: 0[2.0
EIl 10
. (6)
n = -M,, P.g- M sine, 2.9
E]xO x0

By substituting and transforming the system of
equations (3), the following buckling equation is
obtained:

ELO" 28, (M0 -GLO"+

2 (7)
+(eyc-Mx"—£lz-ka}0:0
E

y0

EI
0 .
where k, = cos’ «, +E—ysm2 a,;
x0

ﬂra\‘ :ﬁy Cosao +ﬁx Sinao

Equation (7) can be written in terms of the rela-

tive longitudinal coordinate ¢ =§(where [ is the
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unbraced length of the member and z is the ab-
solute longitudinal coordinate).
The following definitions can be defined:

[

K = M
(é,) EIyO X (é,)
28 El e Bl
o= f]w , b = ﬂre,s y0 , b2 __xe 0 , (8)
IGI, IGI, IGI,
B, .
GI

1

Then, the buckling equation (7) is expressed as
follows:

a0" —0"—b,(x0') +(bx"—cx?)0=0  (9)

The components of equation (9) account for the
factors affecting lateral-torsional buckling:

- parameter b; reflects the effect of cross-
sectional asymmetry and the eccentricity be-
tween the center of gravity and the shear center;

- parameter b2 accounts for the load application
point along the cross-section height, represent-
ing either the destabilizing or restoring effect of
the load.

The function x({) in equation (9) describes the
bending moments distribution M (¢) along the

unbraced length of the beam (bending moment
diagram). The moment distribution is a function

of the external load: M ({)=f (qy). Thus, solv-

ing equation (9) yields the critical load value
qv.cr at which lateral-torsional buckling occurs.
To solve the equation (9), a sinusoidal distribu-
tion of the twist angles is assumed along the un-
braced length: 6= Asinz{ (¢ €[0;1]). Applying
the Bubnov—Galerkin method, the differential
equation of stability is expressed as follows:

J((bl +4b2)/<+i21c2jcos27r§dg’ +
" § (10)
+I(blx—%xzjd§+(aﬂ2 +1) =0

0 T
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Equation (10) can be transformed as follows:

1 1 1
b, U/ccosbr{dg“ +de§]+4b2IKcos2ﬂ§d§+
0 0 0

(In
1 1
+%[JK2 cos2nddd — J'szé’] + (aﬂ2 + 1) =0
4 0 0
The following definitions are introduced:
1
_[Kcos27r§d§ =14,
0
1 1
IKCOSZﬂCdC+IKd§=ﬂ-CB (12)
0 0

1 1
sz cos2ﬂ§d§—jkzd§=iz -D,
0 0

where parameter A= -q,l’

»0
Thus, equation (11) becomes:

(b-Cy +44, b)) A ——5D,2% +(an* +1) =0 (13)
T

The dimensionless parameters in Equations (12)
are given by:

1

_fo (¢)cos22gdS
A, =2 .
q,!
[ M, (¢)cos2agds + [ M, (&)dg
Cp =2 — (14)
q,!
[M?(¢)d¢ - [ M2 (¢ )eos2n¢de
DB — 0 0 >
(4,7°)

Introducing the parameter p=-47"4,, the final

form of the buckling equation can be written as
follows:
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%12_( ],%D;p.b_zz].l_
T B B (15)
-~ (a;rz+1) 0

By solving the quadratic equation (15), the val-
ue of Aer at which the beam buckling occurs is
determined:

2
P Ea P S pb_z N
2c D, D,
- - - (16)
7t C, 1 b 1 (1+7z a)
bt —p—5 | t—————=
4c D, D, rx D, c

Then, the critical load gy.c- and the critical mo-
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EI
Mcr = Kl ’ qy,nrlz = Kl ’ lyo : ﬂ'cr (17)

The coefficient K; in formula (17) is determined
by the bending moment diagram and the specif-
ic cross-section along the beam length where the
moment value is calculated.

Substituting the values of the parameters a, bi,
bz, ¢ from (8) into formula (16), we introduce
the following coefficients:

Cp=—7=,Cy (18)
R R T x

In its final form, the equation for the elastic lat-
eral-torsional buckling critical moment is ex-
pressed as follows:

m’El

M

2
T E]y

cr :CI

ment M- can be expressed as follows:
7°El ,
kI’ kI’

In fact, the derived formula (19) represents an
analogue of the three-factor equation for the
critical moment (see equation (2)). The key dif-
ference is that formula (19) is written in a gen-
eralized form and can be applied to any cross-
sectional shape, which is highly relevant, for
instance, when analyzing strengthened struc-
tures. Furthermore, formula (19) enables the
analysis of lateral-torsional buckling under un-
symmetrical bending, i.e., when the load does
not act within a principal plane of inertia.

In the general case, calculating with formula
(19) requires knowing the cross-sectional geo-
metric properties, the coordinates of the shear
center and the centroid, the inclination angle of
the principal axes of inertia, and the load appli-
cation point coordinates, as well as computing
the coefficients Cr, Ciru Cur.

When applying formula (19) in practice, certain
difficulties may arise. These primarily concern
the determination of the warping constant /., and
the parameter fres. Its components Sr and f) in-
corporate the geometric properties Uxo and Uy,

ECIH lBres' + 2} 5 CHJ +

160

' El
2 Z'CH\J + 12 ®

(111 Bros + 575 +G1,J (19)

kI’

which represent third-order moments of inertia
and require the evaluation of integrals over the
cross-sectional area. However, existing methods
of structural mechanics enable these computa-
tions for any cross-sectional shape. For common
section types (e.g., asymmetric [-beams and
channels), simplified formulas [20] and tabular
solutions can be recommended. Standard rolled
section catalogs can be supplemented with the
respective values.

Furthermore, an automated computational tool
for evaluating the geometric properties of arbi-
trary thin-walled cross-sections will be devel-
oped within the framework of future research.
The primary difficulty in applying formula (19)
lies in determining the coefficients C;, Cr and
Cur. These coefficients incorporate the integral
parameters 4z, Cp and Dg, that account for both
the shape of the bending moment diagram and
the buckling mode.

To evaluate the parameters Az, Cp and Dg, the
moment distribution function M (<) along the

member length must be defined for integration
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according to (12). In practice, analytical calcula-
tions are hindered by the complexity of deriving
moment functions and the labor-intensiveness of
manual integration (16). Actual bending mo-
ment diagrams are rarely described by simple
functions. Therefore, design codes must not be
limited only to special loading cases. A univer-
sal engineering method for lateral-torsional
buckling analysis is required. This methodology
must account for arbitrary moment diagrams,
any boundary conditions, and diverse buckling
modes.

3. ANALYTICAL SOLUTION

The coefficients C;, Ciy and Cir were analytical-
ly determined for various bending moment dia-
gram cases. For this purpose, the actual bending
moment diagram within the unbraced segment
is approximated by the function M, (¢). Next,

Output Set: Eigenvalue 6 5.435173
Deformed(0.33): Total Translation o y o o o o
Nodal Contour: R1 Rotation 05 B OB 48 L0 L

[ T [ [ [ [ I

by defining the buckling mode shape as a func-
tion of the twist angle distribution 6= A4sinz¢

the integral parameters for the differential equa-
tions were evaluated

The most characteristic beam buckling modes
were identified using finite element analysis
(FEA). As a rule, the lateral-torsional buckling
of a beam occurs within the span. This phenom-
enon involves out-of-plane displacement and
twisting toward the compressed top flange. This
buckling mode is defined as the "mid-span"
buckling mode.

Under specific loading configurations, continuous
beams with a less developed bottom flange exhib-
ited a distinct buckling mode. This mode involves
out-of-plane displacement of the compressed bot-
tom flange near the support (Fig. 2). This phe-
nomenon is defined as the "support-zone" buck-
ling mode. Here, buckling occurs along the com-
pressed bottom flange within the beam segments
on the left and right sides of support.

-0.16 -0.057 0.049 0.15 026 037 047 058 068 079 0.89 1.

Figure 2. Support-zone buckling mode: lateral-torsional buckling in the bottom-flange compression
zones near the support

Table 1. Design models adopted to determine the coefficients Ci, Cir and Cui for the

mid-span buckling mode

Bending moment
diagram

Design model and equations for approximating the bending moment diagram

q

L T T T 2 T 2022 2 T 22202 2 2 2 A A

€al

B=sin N, ©=sin ny¢
B e A
M, - g ! /T T
| - AN
1.1 Non-linear == 4+ | ! A W\u

moment diagram EM2.0- Mmax Mua | em10°]
| Segment 1

E T ol

Segment 2
0 | 1€ ¢

Unbraced length
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qylz .(aMlé/2 +by, ¢+, )vé/ € [O; 80](segment 1)

Linear moment
diagram without
kinks

M. (¢)=
q,I"- (aMzgz +byy¢ i )’4 € [02(1 -&, ):l(segment 2)
=sin ¢ ///A/VN\\\ L
\7 - garl N
/// \\\ M1
MZ // F \\
‘ ' m m
# 1 ‘ | A Ao
; 2-.2 . em2,0°| ‘ L em1,0|
Piecewise linear .
moment diagram . M seqmont
with a single | sgmemz ™ _ 0
kink 0 T-€a CI
" Unbraced fength
M (é,) _ F;l '(bFlg +Cp ),C; S [0, Ea](segment 1)
Fyl ' (bFzé/ TCpy )7 ge [0; (1 -, )] (segment 2)
B=sin 'IT(\
A
TN £2=0.001
M, // \\\\ . Ma=M,
13 D g

\\Unbraced length

M ($)=Fl-(b.¢ +c,).¢ €[0:1]

Table 2. Design models adopted to determine the coefficients Ci, Cir and Cui for the

support-zone buckling mode

Bending moment
diagram

2.1 Non-linear
moment diagram

Design model and equations for approximating the bending moment diagram
G2 ‘ o
illiiilliilllilV*WV*#VWV#WVVV*WV

8=y sinmpml o > Ma
=Y, sin N~ 7 \
Y > h2 1
/ Mhiaz N Mg 1
// [ \
Ao LI AN S/ o
T \\\ 7
Fro “~ol " —lo=y,sin nm
12/2 112
l2 i
| Segment 2
. Segment2
0 1_881 ¢ Segment 1
4 €a 0
|
Unbraced length
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()

F (1,8 +d,,¢).¢ €[0:e, ] (segment 1)
Fyal-(ZMzé'2 +dM2§'),§ c [0;(1—£a )] (segment 2)

O=y;sinnml -~
N

M

X

S/ N M M=M,=0
F // N F
y1 \
’/ I \ w\'\h\ l 2
gy L[| AN / WH—
\\ i
Fol
B=y,-sin n,{
2.2
. . . Segment 1 Segment 2
Piecewise linear " Tea Tga ¢
moment diagram h l2
| ,
A %I

Fyol-(dm{-i-em),é’ e[O;ga](segment 1)
Ii;ol-(dF2§’+eF2),§’e[O;(l—ga):I(segment 2)

\\Unbraced length

Table 1 presents the design models adopted to
determine the coefficients Ci, Cir and Cur under
various bending moment diagrams along the
unbraced length for the mid-span lateral-
torsional buckling mode. The design models for
the support-zone buckling mode are represented
in Table 2.

4. PROPOSED ENGINEERING METHOD

For practical application, analytical formulas
and tabular solutions have been developed to
determine the coefficients C;, Cir and Curunder
various bending moment distributions. Two

types of lateral-torsional buckling modes are
defined: mid-span and support-zone.

I. Mid-span buckling mode. The following
bending moment diagram configurations are
considered:

1.1. Non-linear moment diagram.

1.2. Piecewise linear moment diagram with a
single kink.

1.3. Linear moment diagram without kinks.
1.4. Piecewise linear moment diagram with two
or more kinks.

The design models adopted for the mid-span
lateral-torsional buckling check of a continuous
beam under various bending moment diagrams
are presented in Figure 3.

G2 0 Q4
+++Q1+HHHHlHHHH+HHHHHHHHHHHHHHH
i % i Non-linear diagram E'V|1 i
! ! M, | (sec. 1.1) - i
a) A LIf [T 1 1
U S T e % { T
2 M [ My

Unbraced length
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P|eceW|se linear diagram

&1 3\\‘ m ¢4

b S T

=\
b
g
%

A
Unbraced length/

Linear diagram

F4

Unbraced length

Actual diagram M,
P (B A IR O

g A T

7 | e
Mig Mmax Design non-linear
EMmax]| diagram (sec. 1.4)

Unbraced length

Figure 3. Mid-span buckling mode. Design models for the bending moment diagram: a) non-linear;
b) piecewise linear with a single kink, c) linear; d) piecewise linear with two or more kinks

1.1. Non-linear moment diagram (Fig. 3, a).

The coefficients Ci, Cir and Cur are:

548-7°-M,_

\/125 5.

CII =

+M2)+2278 55-M?2,,+261.81-(M,+M,)-130.91- M M,
2191-7%-(2M,,, — M, — M)

\/125.5~(M12 +M;)+2278.55- M., +261.81-(M, + M,)-130.91- M, M,

14.5-(M,+M,)+25.1-M,,,

) 1255+

1.2. Piecewise linear moment diagram with a
single kink (Fig. 3, b)

The coefficients C;, Cir and Cur are determined
using the following formulas:

K, C
CI \/7 CII _%B C111 :\/DLB
where K, = M“'(l_g”).g”
M,-M,-(1-¢,)-M, ¢
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M; +M§)+2278.55-M;,.d +261.81-(M, +M,)-130.91- MM,

The parameters Dp, Cp and p determined as a
function of the relative position of the kink &,
using the design charts presented in Fig. 4-6.
Parameter Dz is given by: D, =D, + D, ,,

72 2
DB,I = bFlKD,bFl + cFlKD,cFl + bFlcFlKD,hFlcFl

2 2
Dy, = bFZKD,bFZ +CpaKp pa + bFZCFZKD,bcmFZ

:CB’1+C

Parameter Cs is given by: C, 52

CB,I = bFl 'KC,bFl +Cp 'Kc,cFl

CB,Z = bFl 'Kc,bFz +Cp 'Kc,ch
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The coefficients br u cr characterize the mo-
ment distribution and equal:

M,-(1-¢,)-¢,
Crpy = 5
M,-M -(1-¢,)-M,-¢,
— (Ma_Ml) (l_ga) .
M, -M,(1-¢,)-M,¢,’
~ M, (1-¢,)-¢, _
M, -M,(1-¢,)-M, g,
(M,-M,)-¢,
VY ;
a l'(l_ga)_MZ'ga

The coefficients Kp u K¢ are represented in Fig. 4
and 5. Parameter p is given in Table 3 and Fig. 6.

Keor
0.5

——KC,bF1
0.4 ——KC,bF2
0.3
0.2
0.1

0.0

KC,cF
1.0

=s=KC;eF1

0.8 ——KC,cF2

06
04
0.2

0.0

€a
0 0.2 0.4 0.6 0.8 1

Figure 4. Design charts for the Kc coefficients
for a piecewise linear bending moment diagram

Table 3. Parameter p for a piecewise linear

bending moment diagram with a kink
0.125]10.25 10333 | 0.5 [ 0.667 | 1
0.293 1 1.5 2 1.5 1

€| 0
p |0
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KD,bF

0.3
—-—KD,bF1

——KD,bF2

0.25

——KD,cF1
——KD,cF2

KD,chF
1.0

0.8

Bz ——KD,bF1cF1

0.4 ——KD,bF2cF2

0.2

0.0 €a

0 0.2 0.4 0.6 0.8 1

Figure 5. Design charts for the Kp coefficients
for a piecewise linear bending moment diagram

p
2.0

1.6
1.2
0.8
0.4

0.0 €a
0 02 04 06 08 1
Figure 6. Design chart for the parameter p for a
piecewise linear bending moment diagram
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1.3. Linear moment diagram (Fig. 3, ¢
The coefficients Ci, Cir and Cur are determined
as a function of the end-moment ratio M, /M,

and presented in Table 4 and Fig. 7.

Table 4. Coefficients Ci, Cir and Cui for a linear
moment diagram without kinks

M, /M,
Mzmhh*cmmm] Cr Cu Cur
M

-1 2.765 0 0
-0.5 2.711 0 0.678
-0.25 2.284 0 0.856
0 1.881 0 0.94
0.25 1.564 0 0.977
0.5 1.324 0 0.993

1 1 0 1

0.000 05 | 10940 1.000
0
-1 -0.75 -0.5 -0.25 0 0.25 0.5 0.75 1
M,/M,

Figure 7. Design charts for the Ci, Ci and Cur
coefficients for a linear moment diagram

U3
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1.4. Piecewise linear moment diagram with two
or more kinks (Fig. 3, d)

The following initial design data are specified:
Mmax 1s the maximum moment within the span
(at one of the kinks); M;, M: are the support
moments (M; is the larger of the support mo-
ments in absolute value (|M,]>[M,])).

A piecewise linear bending moment diagram
with two or more kinks within the span is re-
duced to an equivalent non-linear diagram.
For this purpose, the mid-span moment value
Mnmia on the equivalent parabolic bending mo-
ment diagram is determined by the formula:

where emmar 1s the relative coordinate of the
maximum moment (from the end with moment
Mi).

The subsequent calculation is performed in ac-
cordance with Section 2.1 as for a non-linear
bending moment diagram.

I1. Support-zone buckling mode

The following bending moment diagram con-
figurations are considered (Fig. 8):

2.1. Non-linear moment diagram.

2.2. Piecewise linear moment diagram.

Q4
EREEREERREREER

G
[ EEEEEERER

Non-linear diagram

Ma (sec. 2.1)
l ; r‘;ﬂ SO 1 s NENEN NI BEE 1.0 ]
bzl h l2
Mz >0 |
M_ .>0
M""d'1 >0 Unbraced length
Cl) mid,2
Piecewise linear diagram
M. /(sec. 2.2)
I I I | I
e (e | |
] o 5 \
=1y h Io
Ma >0 '
M; = M;=0 Unbraced length
b)

Figure 8. Support-zone buckling mode. Design models for various configurations of the bending
moment diagram: a) non-linear; b) piecewise linear with a single kink

166

International Journal for Computational Civil and Structural Engineering



Lateral-Torsional Buckling Analysis of Asymmetric Thin-Walled Beams

2.1. Non-linear moment diagram (Fig. 8, a).
Input data: /;, /> are the lengths of the beam
segments with the bottom flange in compres-
sion (/, >1,); Ma is the bending moment at the
support; Mmid1 and Mmid> are the bending
moments at the midpoint of the 1% and 2
segment correspondingly; /=17 +1, is the
equivalent unbraced length; & =/ /1 is the
relative coordinate.

The coefficients Ci, Cir and Cir are:

CB

/D,

ye)
C[ = =C11 :—90111 =

I, In,

where K, =(1-¢,)-¢,

8’(1_€a)'(Mmid,1 +Mmid,2 _Ma)
M

,0:

Parameter Ds

e g 3 ) aMm; (1-¢,)
D a _ “a . Ll a
: (5 7’ 27z4j Mg, ’
1-¢,) e, (1-g) 3 | 4Mm>
" ( 5) _( 7[2) +27Z'4J' Mg2 fa
g 3, | 2M, M 2

Parameter Cs
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c =ga-(1—ga)' My +MD2~(1—5) .
B 2 Ma a Ma a

2
+[8_“+ IZJ.%.(I_SLI)_F
3 2rx M

_{(l—ga)-ga N 1 ).ZML2

3 272 M

a

(1-¢,)

The values of the moments are calculated:

M

D

M, =M, -2M

mid |1 °

=AM, M, My, =AM, - M,

m a

ML2 = Ma _2Mmid,2

2.2. Piecewise linear moment diagram (Fig. 8,
b). The coefficients C;, Cir and Cuy are:

&
C, = 2 ,C, =0,C, =0.5C
' \/(0.333~ga—0.101) ! " '

where ¢, =/ /1 is the relative coordinate; /1, I

are the lengths of the beam segments adjacent to
the support where the bottom flange is in com-
pression (where /,>1,); /=1 +1, is the equiva-
lent unbraced length.

To identify the governing lateral-torsional buck-
ling mode, the minimum buckling load factor
kvucki among those calculated for the different

Ccr

M 5

max

modes must be determined: Ky.ow =

where Mpax 1s the maximum moment in the span
for a mid-span mode and the moment at the
support M. =M, for a support-zone mode.

S. FINITE ELEMENT VERIFICATION

A lateral-torsional buckling analysis of the con-
tinuous beam (Fig. 9) is performed using the
developed method. To verify the procedure, a
finite element buckling analysis of the beam
was performed using the FEMAP software
suite. The beam model was built using 4-node
shell elements (CQUAD4). The linear elastic
buckling analysis was carried out via the Nas-
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tran solver using Solution 105 (SOL 105),
which determines the critical loads by solving a
generalized eigenvalue problem. The SOL 105
solver evaluates the ideal elastic stability (bifur-
cation buckling). It does not account for the fol-
lowing factors: initial geometric imperfections,
residual stresses in the steel due to welding or
hot-rolling processes and material non-linearity
(plastic deformations and steel yielding).

a)
Span No.1 Span No.2 Span No.3 Span No.4
35m W;% 35m 77% 548 m 5.88m
7 K 7 A

Figure 9. Considered continuous beam a) de-
sign model; b) finite element model

Load cases (Fig. 10): 1. L1 — concentrated load
F,=150 kN in each span. 2. L1q — uniformly
distributed load ¢y,=100 kN/m in each span. 3.
L2q — uniformly distributed load ¢,=100 kN/m
in alternative spans (span No. 1 and No. 3).

Figure 10. Bending moment diagrams for load
case: a) L1; b) Llqg, c) L2q

Boundary conditions (Fig. 11). Bottom-
flange and top-flange supported beams are
considered in the finite element analysis.
Various structural configurations of beam
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supports and bracing are considered, includ-
ing beams without stiffeners, beams with end
bearing stiffeners only, and beams with stiff-
eners at each support. Double-sided stiffeners
with a thickness of 10 mm and a width of 50
mm are modeled.

Bracin

Typet ] X ) X 1
o e e A
End stiffe i
t1T) stiffeners Bracing
Type2 | i i i |
e e o Ao
Stiffeners
t10
Type3 | | | | ,,gﬂ
DO & e e
Type4 | 1 1 s |
A S & T =
Type5 | i i e |
\End stiffeners
t10
e e e g
Type6 | | | | |
\Stiffeners

t10
Figure 11. Boundary conditions

For bottom-flange supported beams, lateral
bracing at the supports is provided either by
stiffeners or by direct lateral restraints applied to
the top flange. For beams without bearing stiff-
eners, the lateral displacement of the top flange
at the supports is restricted. No intermediate
bracing is provided within the spans.

Tables 5—7 present a comparison of the critical
moment values calculated by the proposed
method (formula (19)) with the finite element
analysis data for the symmetric and monosym-
metric [-beams.

The “FEMAP” column presents the minimum
critical moment values obtained from the finite
element analysis among all analyzed types of
boundary conditions (see Fig. 11).
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Table 5. Comparison of Critical Buckling Mo- No. 2 74 72 -2.8%
ments Mer. Symmetric I-beam No. 3 106 115 7.8%
oS No. 4 133 127 -4.7%
—— No. 1 206 225 8.4%
9 L2q | No.3 130 126 -3.2%
) I No. 4 777 806 3.6%
5 0’\ | _ Load M., KNm (Bottom flange loaded)
£ g case Span P;?elzﬁzzd FEMAP Error A
“412x10.5/ || -150x19 L1 | No.4 470 396 -18.7%
A Liq No.1 662 759 12.8%
1, No.4 359 38;) _19éZ/()/0
No. 1 474 5 5.8%
Load | o Pf};gsfd\lm (Top flange loaded) L2q | No.3 384 389 1.3%
case method FEMAP Error A No. 4 777 966 19.6%
No. 1 420 457 8.1% . N _
L [No.2 312 332 6.0% Table 7. Comparison of Critical Buckling Mo-
No. 3 214 258 17.1% ments M.,. Monosymmetric I-section (type 2)
No. 4 230 240 4.2% -200x19
No. 1 372 413 9.9% Y
Lig [ No2 101 99 2.0% T8 | shear center
No. 3 151 185 18.4% 6 L
No. 4 199 212 6.1% 7 X
No. 1 407 482 15.6% £ 412x10.5
L2q No. 2 852 1048 18.7% 1o0x1o
No. 3 205 226 9.3% O
No. 4 463 614 24.6% —
Load M., KNm (Bottom flange loaded) Ty
case Span Proposed FEMAP Error A Load M., KNm (Top flange loaded)
method Span Proposed
Ll | No.4 603 635 5.0% case method | TEMAP | Eror A
Llg | No.4 478 496 3.6% No. 2 314 325 3.4%
L2q No. 3 533 652 18.3% L1 No. 3 262 312 16.0%
No. 4 463 617 25.0% No. 4 337 330 -2.1%
No. 1 601 608 1.2%
Table 6. Comparison of Critical Buckling Mo- No. 2 30 35 5.9%
ments M... Monosymmetric I-section (type 1) Llq No. 3 185 208 11.1%
‘ P No. 4 302 292 -3.4%
No. 1 729 707 -3.1%
- L2q No. 2 441 569 22.5%
o § \-412x10.5 No. 3 318 363 12.4%
s ‘ No. 4 315 372 15.3%
% shear center Load M., KNm (Bottom flange loaded)
1 case Span Proposed FEMAP | Error A
T 200x19 method
y Ll | No.4 667* 737 9.5%
Load < M., klc\llm Top flange loaded) Llg EO.; 12‘2&* 1508646 23475‘3
an Propose 0. -D7/0
case | °P method | FEMAP | Error A 124 7Xo.4 315 375 0.16
No. 1 227 206 -10.2% * support-zone buckling mode, M., is the moment at
L1 No. 2 197 196 -0.5% the support
No. 3 152 143 -6.3%
No. 4 156 137 -13.9%
Llg | No.1 195 191 -2.1%
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On average, the calculation error is 12% on the
safe side (positive values). The maximum error
of the proposed method does not exceed 25%,
remaining strictly conservative. Overestimation
of the buckling capacity across all cases is lim-
ited to less than 10%. The analytically calculat-
ed M. values are obtained assuming no re-
straints at the ends of the unbraced lengths
(u=1). These results can be refined by taking
into account warping and lateral restraints using
the effective length factor u<I.

6. DISCUSSION

The critical buckling moment value M., is de-
termined when calculating according to the de-
veloped method (formula (19)).

For profiles where the load acts along the major
principal axis of inertia (i.e. «,=0, k, =1 and
B... = B,), the equation for the critical moment

is expressed as follows:

2

m =TE o (c B+ . j
o = . . . . J,-_’. +
(,ul)z I " P, 272 1

2
e, I, GI 2
+\/(C111 'ﬂy + 2;_2 'CH] +I_+ 71'2Et1y '(ﬂl)

y

The actual LTB capacity of a beam, considering
the structural configuration of its support joints,
typically exceeds the analytical solution ob-
tained from an idealized model with free warp-
ing boundaries [18, 21] as also demonstrated by
the results of the present study (Tables 5-7). To
account for the end restraints the effective-
length factor p is provided in the proposed
methodology. Future studies aim to evaluate and
recommend effective length factors for various
boundary conditions to enhance the accuracy of
the methodology.

According to the Russian steel design code SP
16.13330.2017, the lateral-torsional buckling
analysis of flexural members is performed using

M.
— <,
¢bVVx,cRy7c'

the formula:
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where Wi is the section modulus of the com-

pression flange; ¢, :% is the LTB reduction
y

factor which relates the critical buckling stress

ocr to the design yield strength of the steel Ry.

To adapt the proposed method to the verifica-

tion format of SP 16.13330.2017, the critical

M
stresses can be expressed: o, = —=,
where M., is the critical buckling moment (for
the mid-span mode M. is the maximum mo-
ment in the span; for the support-zone mode it is
the moment at the support).

7. CONCLUSIONS

Based on theoretical and numerical investiga-
tions, and taking into account available experi-
mental data, a practical method for the lateral-
torsional buckling analysis of thin-walled beams
with open asymmetric cross-sections has been
developed. The method is applicable to both
simply supported and continuous beams. The
key outcomes, assumptions, and future pro-
spects of this research are summarized below:

1. Elastic lateral-torsional buckling is consid-
ered.

2. Uniaxial bending within the major principal
plane of inertia is considered as the primary
case. An analytical solution for biaxial bending
is also provided, which is relevant for sections
where web-plane loads induce unsymmetrical
bending (for example Z-profile).

3. Transverse loads passing through the shear
center are considered to eliminate pre-buckling
torsion. For eccentric loading, the induced
torque makes the serviceability limit state crite-
ria decisive. Due to the low torsional stiffness of
open thin-walled sections, the twist angle ex-
ceeds the limiting value well before reaching the
critical buckling load [17, 18].

4. Channels and similar cross-sections with the
shear center located outside the profile are ana-
lyzed assuming the load acts centrally. This ap-
proach accounts for the structural conditions of
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load transfer across the entire flange width.
However, a serviceability limit state criteria
check must be conducted in addition to the
buckling stability assessment

5. The scientific novelty of the research lies in:

- the analytical determination of the C;, Ciy and
Cur coefficients derived directly from the differ-
ential buckling equations;

- the derivation of formulas for analyzing thin-
walled beams under unsymmetrical bending.

6. The primary advantages of the proposed
methodology are as follows:

- versatility across various cross-sectional
shapes, arbitrary loading scenarios, and bounda-
ry conditions;

- comprehensive consideration of actual bending
moment diagrams, load application heights, load
directions, and cross-sectional asymmetry;

- compliance with the standard verification for-
mats of SP 16.13330 ensuring seamless integra-
tion into national design codes.

7. Future research will focus on the following:

- investigation of end restraint stiffness under
actual structural configurations of beam support
joints and intermediate braces;

- refinement of the effective-length factor values
to account for warping, bending, and lateral re-
straints at the ends of the unbraced length;

- analysis of the effects of plastic deformations,
initial imperfections [22], and residual stresses;

- development of design recommendations for
the buckling stability assessment of steel col-
umns and rafters within tapered frames [23];

- implementation of the methodology into a
software package, including its application
within digital standards and design codes.
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