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Abstract: Particle transport by a fluid flow occurs in many applied construction problems, including pumping 
mortar into porous soil, creating watertight diaphragm walls, and constructing dams and underwater structures. A 
model of deep bed filtration of suspensions and colloids in a homogeneous porous medium with a finite number 
of vacancies for retained particles is considered. A suspension of constant concentration is injected into the inlet 
of a porous medium containing clean water. If the sediment growth rate remains positive as the sediment 
concentration approaches the upper limiting value, the filtration process continues for a finite time. In this case, 
the filtration function that specifies the sediment growth rate in the mathematical model is not blocking. At each 
point of the porous medium, sedimentation begins from the moment the concentration front passes and ends after 
a finite period of time depending on the distance to the porous medium inlet. A global exact solution to the 
problem is constructed in the filtration domain, which consists of two zones. In the zone bordering the 
concentration front, the solution has a standard form, and in the zone adjacent to the upper limiting values of the 
concentrations of suspended and retained particles, it has the form of a traveling wave.  
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1. INTRODUCTION 
 
Filtration of small particles in porous media 
occurs in natural phenomena and in 
technological processes and is one of the main 

problems of underground hydromechanics. The 
transport and sedimentation of particles in 
porous soil must be taken into account when 
designing foundations, tunnels and underground 
structures [1-6]. 
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When filtering a suspension in a porous 
medium, sediment formation can be caused by 
various reasons. Electrical, gravitational and 
hydrodynamic forces act on particles in a fluid 
flow. If the sizes of pores and particles are 
close, then the size - exclusion capture 
mechanism plays an important role - particles 
freely pass through large pores and get stuck in 
small pores [7-10]. 
When the number of particles in the carrier 
liquid is small, the suspended particles do not 
interact with each other and the sediment 
growth rate is proportional to the suspended 
particles concentration. The proportionality 
coefficient between the sediment growth rate 
and the suspended concentration is called the 
filtration function. As a rule, the sediment 
growth rate decreases with increasing sediment 
concentration and becomes zero at a certain 
sediment limit. In this case, particle 
sedimentation ceases and suspended particles 
pass through the porous medium without 
hindrance, since all vacant places for retained 
particles are filled. The corresponding filtration 
functions are called blocking. For a 
monodisperse suspension, the filtration function 
is linear and is called the Langmuir coefficient. 
If the suspension contains different particles, the 
filtration function is nonlinear [11-14]. 
As a rule, mathematical models of such 
processes assume an infinite time to reach the 
maximum sediment. However, in some cases, 
the sediment growth rate remains significant 
throughout the filtration time and the maximum 
sediment is formed in a finite time. This model 
is considered in the article. The filtration 
function that ensures a finite filtration time can 
be blocking or non-blocking [15-18]. 
Mathematical difficulties in constructing a 
solution to a model with a non-blocking 
filtration function are associated with the 
ambiguity of the solution when the maximum 
sediment is reached. They were overcome using 
the condition of continuity of sediment 
concentration in a porous medium. In addition 
to the exact solution found, an example with an 
unlimited filtration function is considered. 

2. MODEL OF PARTICLE TRANSPORT 
 
The model of particle transport in a porous 
medium includes a mass balance equation and a 
sediment growth equation [19]. The initial and 
boundary conditions describe the injection of a 
constant concentration suspension into a porous 
medium that does not contain suspended or 
settled particles. 
In the domain { 0, 0}x t  consider the 
system 
 

0
C C S
t x t

,              (1) 

( )
S S C
t

,                    (2) 

 
where filtration function ( )S  is continuous 
and positive for 0 , 0m mS S S , and 

( ) 0S  for mS S . At the point mS  the 
function ( )S  is non-zero: ( ) 0M MS . 
Unique solution of the system (1), (2) is 
determined by boundary-initial conditions 
 

0
1

x
C ,                             (3) 

0 0
0, 0

t t
C S .                     (4) 

 
Concentration front t x  divides the domain  
into two subdomains 0 { 0, 0 }x t x  and 

1 { 0, }x t x . In 0  the system (1)-(4) 
has zero solution: 0, 0C S . In 1  the 
solution is positive. Solution C has a break on 
the concentration front; solution S is continuous 
in  and 
 

0
t x

S .                             (5) 

 
In the domain 1  the solution to the problem 
(1) - (4) coincides with the solution to problem 
(1) - (3), (5). 
According to condition (3) at the porous 
medium inlet 0x  Eq. (2) takes the form 
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( )
S S
t

.                        (6) 

 
For 0 mS S  filtration function ( )S  is 

continuous. Solution to Eq. (6) is given by 
implicit formula 
 

0

0 ( )

S dS t
S

,                    (7) 

 
where 
 

0 0
( ) ( , )

x
S t S x t .                (8) 

 
Denote 
 

0

0 ( )

mS dSt
S

.                      (9) 

 
For 00 t t  the solution (8) is given by the 
formula (7). 
For 0t t  Eq. (6) takes the form 
 

0
S
t

.                     (10) 

 
Solution to Eq. (15) with initial condition 

0 0( ) mS t S  is constant: 
 

0( ) mS S .                   (11) 
 
At the inlet 0x  the solution 0( )S t  increases 
from zero at 0t  to mS  at 0t t  and is constant 
at 0t t . 
To obtain the solution at the concentration front 
substitute Eq. (2) into Eq. (1) 
 

( ) 0
C C S C
t x

.         (12) 

 
Solution to Eq. (12) with boundary condition 
(3) is 

(0)( ) xC x e .                   (13) 
 
The line 0t x t  divides the domain 1  into 
two zones 
 

1 0

2 0

{ 0, },

{ 0, }.

V x x t x t
V x t x t

 

 

1V  is a standard filtration zone and 2V  is a 
traveling wave zone [20, 21]. 
 
 
3. EXACT SOLUTION 
 
In zone 1V  the solution to system (1)-(3), (5) is 
obtained by the standard methods [22-24]. 
Express C from Eq. (2): 
 

/

( )

S tC
S

,                        (14) 

 
and substitute into Eq. (12): 
 

/ /
0

( ) ( )

S t S t S
t S x S t

.   (15) 

 
Using the formula 
 

2

2

/

( )

/ ( ) /
,

( ) ( ) ( )

S t
x S

S t x S S S S x
S t x S t S

, 

 
change the order of differentiation in (15): 
 

/ /
0

( ) ( )

S t S x S
t S t S t

.   (16) 

 
Integrate (16) in t: 
 

/ /
( )

( ) ( )

S t S x S K x
S S

.        (17) 
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The integration constant ( )K x  is determined 
from condition (5): 
 

0

0 0 ( ) 0
t x

t

S SS K x
x t

. 

 
Eq. (17) takes the form 
 

/ /
0

( ) ( )

S t S x S
S S

.         (18) 

 
Denote characteristic variables 
 

,t x x x . 
 

In the characteristic variables Eq. 18) takes the 
form 
 

/
0

( )

S x S
S

.               (19) 

 
Solution to Eq. (19) with boundary condition (8) 
has the form 
 

0 ( )

( )

S

S

dS x
S S

.                 (20) 

 
In Cartesian variables the solution (20) takes the 
form 
 

0 ( )

( , ) ( )

S t x

S x t

dS x
S S

.              (21) 

 
Differentiate Eq. (21) in t : 
 

0

0 0

/ /
0

( ) ( )

S t S t
S S S S

.             (22) 

 
Substitute Eqs. (2) and (6) in the formula (22): 
 

0

1
0

C
S S

.                      (23) 

 

Express C from Eq. (23): 
 

0

( , )
( , )

( )

S x tC x t
S t x

.               (24) 

 
Formula (24) defines the Riemann invariant of 
the system (1)-(3), (5). 
Denote the solution at the border 0t x t  of 
zone 1V : 
 

0
1( ) ( , )

t x t
S x S x t ,            (25) 

 
At the starting point of the border 00,x t t  
and the solution is 0 0( ) mS t S . Formula (21) 
takes the form 
 

1( ) ( )

mS

S x

dS x
S S

.                 (26) 

 
To obtain the solution in the travelling wave 
zone 2V  multiply Eq. (19) by ( )S : 
 

( ) 0
S S S
x

.               (27) 

 
In zone 2V  the solution to Eq. (27) with 
condition 
 

0
( , ) mx

S x S ,                   (28) 

 
is not unique, because filtration function ( )S  
has a break at the point mS S . For a fixed 0t  
the solution is constant mS S  at 0 ( )mx x  
and decrease at ( )mx x , where ( )mx x  is a 
continuous increasing function and 
 

0( ) 0mx t .                       (29) 
 
Denote the line  separating subzones 1U  and 

2U  of constant and non-constant solution 
 

0{ ( ), , }mx t . 
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Solution in the domain 1U  is 
 

( , ) , ( , ) 1mS x S C x .        (30) 
 
Note that Riemann invariant (24) holds in 
subzone 1U . 

On line  
 

( )
( , )

m
mx x

S x S .              (31) 

 
The function ( )mx x  is determined from the 

continuity of the solution on . Consider the 
tangent vector ( ), 1ml x  to the line  at the 

point ( ),mx . From Eq. (31) 

 

( ),

0
mx

S
l

.                 (32) 

 
Calculate the derivative (32) using Eq. (2) and (27) 
 

( ),

( )

( ) ( ) ( ) .
m

m
x

m

S S Sx
l x

S S x S C

        (33) 

 
Equate right parts of Eqs. (32) and (33) and 
reduce the multiplier ( )S : 
 

( ) 0mSx C                (34) 
 
Substitution of solution (30) in Eq. (34) yields 
 

1
( )m

m

x
S

.                  (35) 

 
Solution to Eq. (35) with initial condition (29) is 
 

0( )m
m

tx
S

.                  (36) 

 
In subzone 2U  the solution to Eq. (19) with 
condition (31) is 
 

( )
( )

mS

m
S

dS x x
S S

.           (37) 

 
It follows from Eq. (37) that the solution in 
subzone 2U  has the form of the traveling wave 
 

( )mS S x x .               (38) 

 
According to formula (29) at 0  the formula 
(37) coincides with (26). Formula (38) takes the 
form 
 

1 ( )mS S x x .              (39) 

 
Differentiate Eq. (37) in : 
 

/
( )

( )
m

S x
S S

.              (40) 

 
Substitution of Eq. (2) and (39) into Eq. (40) 
yields Riemann invariant (24) in subzone 2U . 
 

1 ( )
( ) m

m
m

S x x
C C x x

S
.     (41) 

 
In Cartesian variables the formula (36) takes the 
form 
 

0

m

t x tx
S

.                     (42) 

 
Express x from (42): 
 

0( )
1m

t tx t
S

.                    (43) 

 
The boundary  between subzones 1U  and 2U  
is a straight line (43) starting from OX axis at 

0t t . 
The solution (39) takes the form 
 

1 ( )S S x x t .             (44) 
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In Cartesian variables, the formula (41) takes 
the form 
 

1 ( )
( )

m

S x x t
C x x t

S
.        (45) 

The various zones into which the filtration 
domain is divided and the type of solutions in 
these zones are shown in Figure 1. 

 
 
 

 
Figure 1. Solution diagram of the model with finite filtration time 

 
 
4. EXAMPLE 
 
As an example, consider an unlimited filtration 
function. Let 
 

1
, 0 1;

( ) 1
0, 1.

S
S S

S
 

 
Formula (7) takes the form 
 

0

0

1 .
S

S dS t               (46) 

 
Integration of (46) gives the solution in explicit 
form: 
 

2/3

0

3
1 1 .

2
S t               (47) 

From formula (47) 
 

0

2

3
t . 

 
Finally, the solution at the inlet 0x  is 
 

2/3

0

3 2
1 1 , 0 ;

2 3( )
2

1, .
3

t t
S t

t
     (48) 

 
The deposit concentration increases from zero 
to 1 at finite time 0 2 / 3t  and becomes 
constant after reaching the upper limit 1mS . 
The graph of deposit concentration versus time 
at the inlet of the porous medium is shown in 
Fig. 2.  
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Figure 2. Retained particles concentration at 

the inlet of the porous medium 
 
At the concentration front the suspended 
concentration is given by the formula 
 

( ) xC x e . 
 
Calculate the solution in zone 

1

2
{ 0, 0 }

3
V x t x . The formula (26) 

takes the form 
 

0 ( )

( , )

1
S

S x

S dS x
S

.            (49) 

 
Calculate the integral in Eq. (49): 
 

0

0

0

2 1 1

1 1 1 1
ln .

1 1 1 1

S S
S S

x
S S

      (50) 

 
Substitute formula (47) into Eq. (50): 
 

3

3

3

2 1 1.5 1

1 1 1.5 1 1
ln .

1 1 1.5 1 1

S
S

x
S

    (51) 

 
In Cartesian variables the Eq. (51) takes the 
form 

3

3

3

2 1 1.5( ) 1

1 1 1.5( ) 1 1
ln .

1 1 1.5( ) 1 1

t x S
t x S

x
t x S

  (52) 

 
Eq. (52) and the Riemann invariant (24) are the 
solution in zone 1V . 

In the domain 2

2
{ 0, }

3
V x t x the 

boundary of zones 1U  and 2U  is 
 

1
( )

2 3

tx t . 

 

In subzone 2

2 1
, 0

3 2 3

tU t x  

implicit formula (37) for the solution takes the 
form 
 

1 1 2

3S

S dS x
S

.          (53) 

 
Calculate the integral in the left side of Eq. (53) 
similarly to formula (49): 
 

01

1

1 1 1
2 ln

2 1

1 1
2 1 ln .

1 1

S S

S dS zz
S z

S
S

S

 

 
Eq. (53) takes the form 
 

1 1 2
2 1 ln

31 1

S
S x

S
.    (54) 

 
In Cartesian variables, the implicit solution (54) 
takes the form of the travelling wave 
 

1 1 2
2 1 ln 2

31 1

S
S x t

S
.    (55) 

Particle Transport with Finite Filtration Time



142 International Journal for Computational Civil and Structural Engineering

The travelling wave ( ), 2 2 / 3S w w x t is 
shown in Figure 3. 

 
Figure 3. Solution in travelling wave zone. 

 

In subzone 1

2 1 2
,

3 2 3 3

tU t x t  

concentrations reach maximum values 
 

1, 1S C .                    (56) 
 

 

 
 
 

 
 
 

Figure 4. Global retained concentration profiles 
 
A global exact solution to the model is obtained 
by combining local solutions (52), (55) and (56) 
in three zones. The filtration domain is the time 
interval during which the concentration of 
deposited particles decreases from 1 to zero. 

The global deposit concentration profiles - the 
dependence of retained particles concentrations 
on spatial coordinate x at different times are 
shown in Figure 4 [25-28]. 
 
 
5. DISCUSSION 
 
In particle transport problems, suspended and 
retained particle concentrations grow with time 
to limiting values. Filtration time determines the 
time dependence of suspended and retained 
particle concentrations. If time filtration is 
infinite, then the retained concentration is given 
by a single equation, the solution is smooth 
everywhere. At a finite filtration time, the 
domain of non-zero concentrations (behind the 
front) is divided into three zones: the standard 
filtration zone, the filtration zone with solutions 
in the form of traveling waves, and the zone of 
upper limiting values of suspended and retained 
particle concentrations. In the first two zones, 
the retained concentrations are given by 
different equations, their boundary is a straight 
line, which is not a characteristic of the original 
system. On this line, the derivatives of the 
solution are discontinuous. 
One-dimensional models are rarely encountered 
in practical problems. However, the presence of 
exact solutions of one-dimensional models can 
significantly speed up numerical calculations of 
two-dimensional and three-dimensional 
problems. For this, the flow of a suspension in a 
porous medium must be represented as a bundle 
of one-dimensional jets - trajectories of particle 
transport in pores [29]. 
We studied the problem of particle transport in a 
homogeneous porous medium, in which at the 
initial moment there were no suspended and 
retained particles. The initial presence of 
particles in a porous medium complicates the 
problem, since the porous medium becomes 
inhomogeneous. Such a model will be 
considered separately. 
Exact solutions to the direct filtration problem 
are used to solve the inverse problem - finding 

t 0.1

t 0.3

t 0.5

t 0.8

t 1
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the filtration function for known suspended 
concentrations at the inlet and outlet [30-32]. 
 
 
6. CONCLUSIONS 
 
The study of the particle model transport with 
non - blocking filtration function leads to the 
following conclusions: 
 The filtration time is finite, i.e. the retained 

particles concentration in the porous 
medium increases from zero to the limit 
value in a finite time. 

 At each point in the porous medium, the 
filtration time depends linearly on the 
distance to the inlet. 

 An exact solution to the model in explicit 
form is obtained. The solution has a 
different form in the standard filtration zone 
and in the traveling wave zone. 

 The concentrations of suspended and 
retained particles are related by a simple 
algebraic relationship - the Riemann 
invariant. 
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