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Abstract: Particle transport by a fluid flow occurs in many applied construction problems, including pumping
mortar into porous soil, creating watertight diaphragm walls, and constructing dams and underwater structures. A
model of deep bed filtration of suspensions and colloids in a homogeneous porous medium with a finite number
of vacancies for retained particles is considered. A suspension of constant concentration is injected into the inlet
of a porous medium containing clean water. If the sediment growth rate remains positive as the sediment
concentration approaches the upper limiting value, the filtration process continues for a finite time. In this case,
the filtration function that specifies the sediment growth rate in the mathematical model is not blocking. At each
point of the porous medium, sedimentation begins from the moment the concentration front passes and ends after
a finite period of time depending on the distance to the porous medium inlet. A global exact solution to the
problem is constructed in the filtration domain, which consists of two zones. In the zone bordering the
concentration front, the solution has a standard form, and in the zone adjacent to the upper limiting values of the
concentrations of suspended and retained particles, it has the form of a traveling wave.
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HEPEHOC YACTUL C KOHEYHBIM BPEMEHEM
OUJIbTPAIIUHU
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Annorauusi: [lepeHoC 4YacTUIl TIOTOKOM J>KHJKOCTH BCTPEYAETCs BO MHOTHUX TMPUKIATHBIX CTPOUTEITBHBIX
3agadax, B TOM 4YHUCJIC HpI/l 3aKa4yKe paCTBopa B HOpHCTblﬁ prHT, HpI/I CO3JaHUHN BO[[OHerOHI/lIJ,aeMI)IX CTCH B
TPYHTE M NPH KOHCTPYHPOBAHHM IUIOTHH M MOJBOJHBIX COOpyXeHHH. PaccmarpuBaercss mMojens TiTyOMHHON
(UIBTpanMu CyCICH3WH W KOJUIOWZOB B OJHOPOIHON MOPHCTON cpene, KOTOpas HMMEeT KOHEYHOE YHCIIO
BaKaHTHBIX MECT Uil 3aJepKaHHbIX YacTul. Ha BXOJ NOPUCTOM cpenbl, coaepiKalled 4YHCTYIO BOAY,
BIPBICKMBAETCSI  CYCIIEH3Usl IOCTOSIHHOM  KOHIeHTpauuu. Ecim ckopocTh pocTta ocajka ocTaercs
TTOJIOKUTETHHOHN MpH MPUOTIKEHUN KOHIICHTPAIIMN OCaka K TPEIeTbHON BEINIHHE, TO MPOIecC PIITBTPAIIH
MPOJOIDKAeTC KOHEUHOe BpeMs. B aToM cimydae QyHKOWS (QUIBTpAIH, 3aaromas CKOPOCTh POCTa OCaaKa B
MaTeMaTHIECKOH MOJIeNH, He ABISETCS ONOKUpYromel. B kKakmoil Touke MOPHCTOM Cpeapl OCaXICHUE OcaaKa
HAYMHACTCS C MOMCHTA MPOXO0XKICHU (PPOHTA KOHICHTPALNH M 3aKaHIMBACTCS Yepe3 KOHEUHBIN MPOMEKYTOK
BPEMEHH, 3aBUCSIINN OT PacCTOSHHH O BXOZa MOPUCTOH cpenbl. IlocTpoeHO rimobanpbHOE TOYHOE PEIICHHE
3ama4n B 001acTH (PUIbTPAIMK, KOTOPask COCTOUT M3 JIBYX 30H. B 30He, rpaHuuaiieii ¢ pOHTOM KOHIICHTPAIUA,
peH_IeHI/IC HUMCEECT CTaHHapTHBIﬁ BHJ, a4 B 30HC, HpHMBIKaIOHleﬁ K HpC}IGJ’IBHBIM 3HAYCHUAM KOHLICHTpaHI/Iﬁ
B3BEIICHHBIX U OCAKICHHBIX YACTHII - BU OETYIIeH BOITHBI.

KaroueBsie ciioBa: riryOunHas GuibTparnys, mopucras cpena, GyHKIus GUIbTPALIH,
KOHLIEHTPALHSI OCAKJICHHBIX YaCTHUI], TOYHOE PEIICHNE

1. INTRODUCTION problems of underground hydromechanics. The

transport and sedimentation of particles in
Filtration of small particles in porous media porous soil must be taken into account when
occurs in natural phenomena and in designing foundations, tunnels and underground
technological processes and is one of the main  structures [1-6].
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When filtering a suspension in a porous
medium, sediment formation can be caused by
various reasons. Electrical, gravitational and
hydrodynamic forces act on particles in a fluid
flow. If the sizes of pores and particles are
close, then the size - exclusion capture
mechanism plays an important role - particles
freely pass through large pores and get stuck in
small pores [7-10].

When the number of particles in the carrier
liquid is small, the suspended particles do not
interact with each other and the sediment
growth rate is proportional to the suspended
particles concentration. The proportionality
coefficient between the sediment growth rate
and the suspended concentration is called the
filtration function. As a rule, the sediment
growth rate decreases with increasing sediment
concentration and becomes zero at a certain
sediment limit. In this case, particle
sedimentation ceases and suspended particles
pass through the porous medium without
hindrance, since all vacant places for retained
particles are filled. The corresponding filtration
functions are called blocking. For a
monodisperse suspension, the filtration function
is linear and is called the Langmuir coefficient.
If the suspension contains different particles, the
filtration function is nonlinear [11-14].

As a rule, mathematical models of such
processes assume an infinite time to reach the
maximum sediment. However, in some cases,
the sediment growth rate remains significant
throughout the filtration time and the maximum
sediment is formed in a finite time. This model
is considered in the article. The filtration
function that ensures a finite filtration time can
be blocking or non-blocking [15-18].
Mathematical difficulties in constructing a
solution to a model with a non-blocking
filtration function are associated with the
ambiguity of the solution when the maximum
sediment is reached. They were overcome using
the condition of continuity of sediment
concentration in a porous medium. In addition
to the exact solution found, an example with an
unlimited filtration function is considered.
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2. MODEL OF PARTICLE TRANSPORT

The model of particle transport in a porous
medium includes a mass balance equation and a
sediment growth equation [19]. The initial and
boundary conditions describe the injection of a
constant concentration suspension into a porous
medium that does not contain suspended or
settled particles.

In the domain Q={x>0,7>0} consider the

system

6_C+8_C+8_S:0, (1)
ot ox ot

oS

—=A(S)C, 2
5 - AG) 2)

where filtration function A(S) is continuous
and positive for 0<S8<S§, S,>0, and
A(S)=0 for §>S5,. At the point S, the
function A(S) is non-zero: A(S,,)=A,, >0.
Unique solution of the system (1), (2) is
determined by boundary-initial conditions

=1 3)
C|t:0 = 0’ S|t:0 =0. (4)

Concentration front 7z = x divides the domain Q
into two subdomains Q, ={x>0, 0 <7< x} and

Q={x20,t>x}. In Q, the system (1)-(4)
has zero solution: C=0, S=0. In Q, the

solution is positive. Solution C has a break on
the concentration front; solution S is continuous
in Q and

=0. (5)

In the domain €, the solution to the problem
(1) - (4) coincides with the solution to problem

(D -@3), 3.
According to condition (3) at the porous
medium inlet x =0 Eq. (2) takes the form
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oS
— =AS). (6)
ot

For 0<8<S§,, filtration function A(S) is

continuous. Solution to Eq. (6) is given by
implicit formula
N)
ﬁ:;, (7)
o A(S)
where
So(1) = 8(x,1)| - ®)
Denote

)

For 0<¢<t, the solution (8) is given by the
formula (7).
For 7> ¢, Eq. (6) takes the form

as _

—=0. (10)

Solution to Eq. (15) with initial condition
S,(t,) =S, 1s constant:

So(2) =S, (11
At the inlet x =0 the solution S,(z) increases
from zero at =0 to S,, at #=¢, and is constant
at 7> ¢,.

To obtain the solution at the concentration front
substitute Eq. (2) into Eq. (1)

ocC oC
—+—+A(S)C=0. 12
o o (S) (12)
Solution to Eq. (12) with boundary condition
3)is
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C(x)= e MO

(13)

The line 7= x+¢, divides the domain €, into
two zones

Vi={x=20, x<t<x+1t,},
V,={x2>20,1t>x+1,}.

V| is a standard filtration zone and V, is a
traveling wave zone [20, 21].

3. EXACT SOLUTION

In zone ¥, the solution to system (1)-(3), (5) is

obtained by the standard methods [22-24].
Express C from Eq. (2):

C- oS / ot ’
A(S)

(14)

and substitute into Eq. (12):

g(aS/az}i(aS/az}a_S:O' (15)
ot AS) ) ax AS) ) o

Using the formula

o(asiar)

ax | A(S)

_O’S/oox 05 aS N(S) _a(as/ax)
A(S) ot ox A*(S) o\ A(S) )

change the order of differentiation in (15):
ofas/ot +§ 0S / ox +6_S:0. (16)
ot\ A(S) ) ot A(S) ot

Integrate (16) in #:

os /ot as/ox
AS)  A(S)

+S=Kx). (17)
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The integration constant K(x) is determined
from condition (5):

S| =0 = (8_S+6_Sj =0 = K(x)=0.
= ox ot )|,
Eq. (17) takes the form
oS/ot 0S/ox S_0. (18)
A(S)  A(S)
Denote characteristic variables
T=1(—X, X=X

In the characteristic variables Eq. 18) takes the
form

oS/ ox
+
A(S)

S=0. (19)

Solution to Eq. (19) with boundary condition (8)
has the form

So(7)
d_S =x. (20)
v SA(S)

In Cartesian variables the solution (20) takes the
form

So(1-x)
s 1)
st SA(S)
Differentiate Eq. (21) in¢:
oS, / ot _GS/GI_O 22)

SyA(S))  SA(S)
Substitute Egs. (2) and (6) in the formula (22):

R

5SS (23)
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Express C from Eq. (23):

S(x,1)

C(x,t)= Si—x)

(24)

Formula (24) defines the Riemann invariant of
the system (1)-(3), (5).

Denote the solution at the border 7= x+1¢, of
zonel,:

S1(x) =8(x,1)

t=x+1° (25)
At the starting point of the border x =0, ¢t =¢,
and the solution is Sy(¢))=S,. Formula (21)
takes the form

% ds
JSA@):X

(26)

Si(x)

To obtain the solution in the travelling wave
zone V, multiply Eq. (19) by A(S):

oS

—+SA(S)=0. (27)
ox

In zone V,
condition

the solution to Eq. (27) with

S(x,0)|_, =S, (28)
is not unique, because filtration function A(S)
has a break at the point S=S,,. For a fixed 7 > ¢,
the solution is constant S=S§, at 0<x<x,(7)
and decrease at x > x,(7), where x=x,(7) 1s a

continuous increasing function and
X, (1) = 0. (29)

Denote the line I' separating subzones U, and
U, of constant and non-constant solution

I'= {(xm(r), r), T2>1,}.
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Solution in the domain U, is

S(x,7)=S,, C(x,7)=1. (30)
Note that Riemann invariant (24) holds in

subzone U, .
Online I'
=S

S(‘xﬁ T) x=x,(7) — Mm- (31)

The function x =x,(7) is determined from the

continuity of the solution on I'. Consider the
tangent vector / = (x,,(7),—1) to the line I" at the

point (x,,(7),7). From Eq. (31)

oS

2 =0.
ol

(2 (7),7)

(32)

Calculate the derivative (32) using Eq. (2) and (27)

oS os oS
= ==

Ol rye) O or (33)
= —SA(S)x.,(z) + A(S)C.

Equate right parts of Egs. (32) and (33) and
reduce the multiplier A(S):

=Sx! (r)+C=0 (34)
Substitution of solution (30) in Eq. (34) yields

1
-

m

x, (1) = (35)

Solution to Eq. (35) with initial condition (29) is

T

x,(7) = (36)

_l‘o
S .

m

In subzone U, the solution to Eq. (19) with
condition (31) is
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Sfd—S:x—xm(f).

SA(S) 37

N

It follows from Eq. (37) that the solution in
subzone U, has the form of the traveling wave

S=8(x-x,(r)). (38)
According to formula (29) at 7 =z, the formula

(37) coincides with (26). Formula (38) takes the
form

S=8(x—x,(1)). (39)
Differentiate Eq. (37) in t:
_6S/62'=_X',n(z_). (40)
SA(S)

Substitution of Eq. (2) and (39) into Eq. (40)
yields Riemann invariant (24) in subzone U, .

Si(x—x,(7)
5 .

m

C=C(x-x,(r))= (41)

In Cartesian variables the formula (36) takes the
form

r—x—1,
X = . 42
3 (42)
Express x from (42):
t_to
xp(f) = . 43
r(?) S (43)

m

The boundary I' between subzones U, and U,
is a straight line (43) starting from OX axis at
t=t,.

The solution (39) takes the form

S=5 (x—xr(t)). (44)
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In Cartesian variables, the formula (41) takes The various zones into which the filtration
the form domain is divided and the type of solutions in
these zones are shown in Figure 1.

S (x—xp (¢
C(x—xp(1)) = w . (45)
o t—1,
x=t x=1-1, x=—"
Sy +1
ZLone U,
Zone ),
C=C(w), §=S5,(w)
C=0, S=0 w=x—x(f)
Zone V,
C>0
0<S5<S, Zone U,
c=1, §=8,
0 r() t
Figure 1. Solution diagram of the model with finite filtration time
4. EXAMPLE From formula (47)
As an example, consider an unlimited filtration 1
function. Let 07 3
1 L 0<S<l: Finally, the solution at the inlet x =0 is
AS)=31-8
> 2/3
0 S=1. 1—(1—%} ,O£t<§;
So(1) = 48
Formula (7) takes the form () ) (48)
1, t> 3

So

[ViI-5ds=t (46) _ o
0 The deposit concentration increases from zero
to 1 at finite time #,=2/3 and becomes

Integration of (46) gives the solution in explicit constant after reaching the upper limit S, =1.

form: The graph of deposit concentration versus time
at the inlet of the porous medium is shown in

2/3 .
Fig. 2.
S0=1—[1—%tj . @7 8
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Figure 2. Retained particles concentration at
the inlet of the porous medium

At the concentration front the suspended

concentration is given by the formula
C(x)=e"

Calculate the solution in zone

Vi={x=>0, Oﬁt—xsg}. The formula (26)

takes the form

FISE
S(x,7)
Calculate the integral in Eq. (49):
2(Ji-s )
ln( ) ( ) =X. 0
(1-V1=5,) (1+41-5)
Substitute formula (47) into Eq. (50):
2(V1-1.57 -V1-5) -
(1+31=157) (1-V1=5) (51)
—In =X.

(1—%/1—1.57) (1+ﬁ)

In Cartesian variables the Eq. (51) takes the
form

Volume 21, Issue 3, 2025

2(1-15(—x) -V1-5) -
(l+$’/1—1.5(t—x))(1— 1—5)_
n(l—é/l—l.S(l—x)) (1441=5)

Eq. (52) and the Riemann invariant (24) are the
solution in zone V.

(52)

In the domain V,={x>0,>x +§} the

boundary of zones U, and U, is

t 1
xp()=———.
r(?) 5373

2

implicit formula (37) for the solution takes the
form

In subzone U, :{12%, 0< xgi_%}

(53)

N —y

Calculate the integral in the left side of Eq. (53)
similarly to formula (49):

1+z ’

-z

i

[Sa

z——In
2

=2J1-S-In El N \/S;

Eq. (53) takes the form

2J1-5-In El " \/g;

In Cartesian variables, the implicit solution (54)
takes the form of the travelling wave

(1— 1—S)_
—2m—lnm—2x—t+

(35)
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The travelling wave S(w), w=2x—-t+2/3 is
shown in Figure 3.

08

06

04

L IR R A A I I ]
0 1 2 3 4 5

Figure 3. Solution in travelling wave zone.

32 3 3
concentrations reach maximum values

In  subzone Ulz{tzg, i—leSt—g}

S=1, C=1. (56)
ab o\ — t=01
\\ — =03
i \ \ | — t=05
| | — t=08
\\\ ‘ o t=1
00 -,\\\ . W% | \\.

I 1 L L
0.0 02 04 LX) 0.8 10

Figure 4. Global retained concentration profiles

A global exact solution to the model is obtained
by combining local solutions (52), (55) and (56)
in three zones. The filtration domain is the time
interval during which the concentration of
deposited particles decreases from 1 to zero.

142

Liudmila I. Kuzmina, Yuri V. Osipov

The global deposit concentration profiles - the
dependence of retained particles concentrations
on spatial coordinate x at different times are
shown in Figure 4 [25-28].

5. DISCUSSION

In particle transport problems, suspended and
retained particle concentrations grow with time
to limiting values. Filtration time determines the
time dependence of suspended and retained
particle concentrations. If time filtration is
infinite, then the retained concentration is given
by a single equation, the solution is smooth
everywhere. At a finite filtration time, the
domain of non-zero concentrations (behind the
front) is divided into three zones: the standard
filtration zone, the filtration zone with solutions
in the form of traveling waves, and the zone of
upper limiting values of suspended and retained
particle concentrations. In the first two zones,
the retained concentrations are given by
different equations, their boundary is a straight
line, which is not a characteristic of the original
system. On this line, the derivatives of the
solution are discontinuous.

One-dimensional models are rarely encountered
in practical problems. However, the presence of
exact solutions of one-dimensional models can
significantly speed up numerical calculations of
two-dimensional and three-dimensional
problems. For this, the flow of a suspension in a
porous medium must be represented as a bundle
of one-dimensional jets - trajectories of particle
transport in pores [29].

We studied the problem of particle transport in a
homogeneous porous medium, in which at the
initial moment there were no suspended and
retained particles. The initial presence of
particles in a porous medium complicates the
problem, since the porous medium becomes
inhomogeneous. Such a model will be
considered separately.

Exact solutions to the direct filtration problem
are used to solve the inverse problem - finding

International Journal for Computational Civil and Structural Engineering
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the filtration function for known suspended
concentrations at the inlet and outlet [30-32].

6. CONCLUSIONS

The study of the particle model transport with
non - blocking filtration function leads to the
following conclusions:

The filtration time is finite, i.e. the retained
particles concentration in the porous
medium increases from zero to the limit
value in a finite time.

At each point in the porous medium, the
filtration time depends linearly on the
distance to the inlet.

An exact solution to the model in explicit
form is obtained. The solution has a
different form in the standard filtration zone
and in the traveling wave zone.

The concentrations of suspended and
retained particles are related by a simple
algebraic relationship - the Riemann
invariant.

REFERENCES

1.

Zhou Z., Zang H., Wang S., Du X., Ma
D., Zhang J. Filtration Behavior of
Cement-Based Grout in Porous Media //
Transport in Porous Media, 2018, vol. 125,
pp. 435-463.

Xie B., Cheng H., Wang X., Yao Z., Rong
C., Zhou R., Zhang L., Guo L., Yu H,,
Xiong, W., Xiang X. Theoretical Research
on Diffusion Radius of Cement-Based
Materials Considering the Pore
Characteristics of Porous Media //
Materials, 2022, vol. 15, 7763.

Zhu G., Zhang Q., Liu R., Bai J., Li W,,
Feng X. Experimental and Numerical
Study on the Permeation Grouting
Diffusion Mechanism considering Filtration
Effects // Geofluids, 2021, 6613990.

Wang X., Cheng H., Yao Z., Rong C.,
Huang X., Liu X. Theoretical Research on

Volume 21, Issue 3, 2025

11.

12.

13.

. Santos

Sand Penetration Grouting Based on
Cylindrical Diffusion Model of Tortuous
Tubes // Water, 2022, vol. 14, 1028.
Faramarzi L., Rasti A., Abtahi S.M. An
Experimental Study of the Effect of Cement
and Chemical Grouting on the Improvement
of the Mechanical and Hydraulic Properties
of Alluvial Formations // Journal of
Construction & Building Materials, 2016,
vol. 126, pp. 32-43.

Tsuji M., Kobayashi S., Mikake S., Sato
T., Matsui H. Post-Grouting Experiences
for Reducing Groundwater Inflow at 500 m
Depth of the Mizunami Underground
Research Laboratory, Japan // Procedia
Engineering, 2017, vol. 191, pp. 543-550.
Rabinovich A., Bedrikovetsky P.,
Tartakovsky D. Analytical model for
gravity segregation of  horizontal
multiphase flow in porous media // Physics
of Fluids, 2020, vol. 32 (4), pp. 1-15.
Kuzmina L., Osipov Y. Deep bed filtration
with multiple pore-blocking mechanisms //
MATEC Web of Conferences, 2018, vol.
196, 04003, pp. 1-6.

Kuzmina L.I., Osipov Y.V., Sosedka M.G.
Modelling of filtration with two capture
mechanisms // Lecture Notes in Civil
Engineering, 2023, vol. 282, pp. 21-31.

A., Bedrikovetsky P. Size
exclusion during particle suspension
transport in porous media: stochastic and
averaged equations // Computational and
Applied Mathematics, 2004, vol. 23(2-3),
pp- 259-284.

Altoe J.E., Bedrikovetsky P., Siqueira
A.G., de Souza A.L.S., Shecaira F.S.
Correction of basic equations for deep bed
filtration with dispersion // Journal of
Petroleum Science and Engineering, 2006,
vol. 51, pp. 68—84.

Iritani, E., Katagiri, N. Developments of
Blocking Filtration Model in Membrane
Filtration / KONA Powder and Particle
Journal, 2016, vol. 33, pp. 179-202.

Tien, C., Ramarao, B., Yasarla, R. A
blocking model of membrane filtration //

143



14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

144

Chemical Engineering Science, 2014, vol.
111, pp. 421-431.

Kuzmina L.I., Osipov Yu.V. Determining
the Lengmur coefficient of the filtration
problem // International Journal for
Computational ~ Civil and  Structural
Engineering, 2020, vol. 16(4), pp. 48-54.
Bedrikovetsky, P. Upscaling of stochastic
micro model for suspension transport in
porous media // Transport in Porous Media,
2008, vol. 75, pp. 335-369.

Kuzmina L.I., Osipov Yu.V., Vetoshkin
N.V. Calculation of long-term filtration in a
porous medium. // International Journal for
Computational  Civil and  Structural
Engineering, 2018, vol. 14(1), pp. 92-101.
Kuzmina L., Osipov Y. Long-term
filtration of particles in a porous medium //
BIO Web of Conferences, 2024, vol. 107,
03003.

Kuzmina L.I., Nazaikinskii V.E., Osipov
Y.V. On a Deep Bed Filtration Problem
with Finite Blocking Time // Russian
Journal of Mathematical Physics, 2019, vol.
26(1), pp. 130-134.

Herzig J.P., Leclerc D.M., Le Goff P.
Flow of Suspensions Through Porous
Media — Application to Deep Filtration //
Journal of Industrial & Engineering
Chemistry, 1970, vol. 62(8), pp. 8-35.
Logan J.D. Transport Modeling in Hydro-
geochemical Systems, Interdisciplinary
Applied Mathematics, vol 15, Springer,
New York, 2001.

Kuzmina L., Osipov Y. Traveling Wave
Solution to Filtration Model in Porous
Medium // Advances in Transdisciplinary
Engineering, 2023, vol. 43, pp. 450-455.
Courant R., Hilbert D. Partial differential
equations, Reprint of the 1962 Original,
Edited, Wiley-InterScience, New York,
1989.

Polyanin  A.D., Manzhirov  A.V.
Handbook of mathematics for engineers
and scientists, Chapman & Hall/CRC, Boca
Raton, FL, 2006.

24.

25.

26.

27.

28.

29.

30.

31.

Liudmila I. Kuzmina, Yuri V. Osipov

Vyazmina E.A., Bedrikovetskii P.G.,
Polyanin A.D. New classes of exact
solutions to nonlinear sets of equations in
the theory of filtration and convective mass
transfer // Theoretical Foundations of
Chemical Engineering, 2007, vol. 41(5), pp.
556-564.

Wang D., Ge L., He J., Zhang W., Jaisi
D.P., Zhou D. Hyperexponential and
nonmonotonic retention of
polyvinylpyrrolidone-coated silver nano-
particles in an Ultisol // Journal of
Contaminant Hydrology, 2014; vol. 164,
pp. 35-48.

Leisi R., Bieri J., Roth N.J., Ros C.
Determination of parvovirus retention
profiles in virus filter membranes using
laser scanning microscopy // Journal of
Membrane Science, 2020, vol. 603,
118012.

Yuan H., Shapiro A.A. A mathematical
model for non-monotonic deposition
profiles in deep bed filtration systems //
Chemical Engineering Journal, 2011, vol.
166, pp. 105-115.

Malgaresi G., Collins B., Alvaro P.,
Bedrikovetsky P. Explaining non-
monotonic retention profiles during flow of
size-distributed  colloids // Chemical
Engineering Journal, 2019, wvol. 375,
121984.

Bedrikovetsky, P. Mathematical theory of
oil and gas recovery: with applications to
ex-USSR oil and gas fields, Springer
Science & Business Media, Des Moines,
2013.

Alvarez A.C., Bedrikovetsky P.G., Hime
G., Marchesin A.O., Marchesin D.,
Rodrigues J.R. A fast inverse solver for
the filtration function for flow of water with
particles in porous media // Inverse
Problems, 2006, vol. 22, pp. 69-88.
Alvarez A.C., Hime G., Marchesin D.,
Bedrikovetsky P.G. The inverse problem of
determining the filtration function and
permeability reduction in flow of water with

International Journal for Computational Civil and Structural Engineering



Particle Transport with Finite Filtration Time

32.

33.

particles in porous media / Transport in
Porous Media, 2007, vol. 70(1), pp. 43—-62.
Kuzmina L., Osipov Y. Inverse Filtration
Problem of Multiparticle Suspension //
Advances in Transdisciplinary Engineering,
2024, vol. 62, , pp. 2-11.

Du X., Wong G.K. Predicting filtration
coefficient —and  formation  damage
coefficient for particle flow in porous
media using machine learning // Results in
Engineering, 2025, vol. 25, 104545.

CITMCOK JIMTEPATYPbI

1.

Zhou Z., Zang H., Wang S., Du X., Ma D.,
Zhang J. Filtration Behavior of Cement-
Based Grout in Porous Media // Transport in
Porous Media, 2018, vol. 125, pp. 435-463.
Xie B., Cheng H., Wang X., Yao Z., Rong
C., Zhou R., Zhang L., Guo L., Yu H,,
Xiong, W., Xiang X. Theoretical Research
on Diffusion Radius of Cement-Based
Materials Considering the Pore
Characteristics of Porous Media // Materials,
2022, vol. 15, 7763.

. Zhu G., Zhang Q., Liu R., Bai J., Li W,,

Feng X. Experimental and Numerical Study
on the Permeation Grouting Diffusion
Mechanism considering Filtration Effects //
Geofluids, 2021, 6613990.

Wang X., Cheng H., Yao Z., Rong C.,
Huang X., Liu X. Theoretical Research on
Sand Penetration Grouting Based on
Cylindrical Diffusion Model of Tortuous
Tubes // Water, 2022, vol. 14, 1028.

. Faramarzi L., Rasti A., Abtahi S.M. An

Experimental Study of the Effect of Cement
and Chemical Grouting on the Improvement
of the Mechanical and Hydraulic Properties
of Alluvial Formations // Journal of
Construction & Building Materials, 2016,
vol. 126, pp. 32-43.

Tsuji M., Kobayashi S., Mikake S., Sato
T., Matsui H. Post-Grouting Experiences
for Reducing Groundwater Inflow at 500 m
Depth of the Mizunami Underground

Volume 21, Issue 3, 2025

10.

11.

12.

13.

14.

15.

16.

Research Laboratory, Japan // Procedia
Engineering, 2017, vol. 191, pp. 543-550.
Rabinovich A., Bedrikovetsky P.,
Tartakovsky D. Analytical model for
gravity segregation of horizontal multiphase
flow in porous media // Physics of Fluids,
2020, vol. 32 (4), pp. 1-15.

Kuzmina L., Osipov Y. Deep bed filtration
with multiple pore-blocking mechanisms //
MATEC Web of Conferences, 2018, vol.
196, 04003, pp. 1-6.

Kuzmina L.I., Osipov Y.V., Sosedka M.G.
Modelling of filtration with two capture
mechanisms // Lecture Notes in Civil
Engineering, 2023, vol. 282, pp. 21-31.
Santos A., Bedrikovetsky P. Size exclusion
during particle suspension transport in
porous media: stochastic and averaged
equations // Computational and Applied
Mathematics, 2004, vol. 23(2-3), pp. 259-
284.

Altoe J.E., Bedrikovetsky P., Siqueira
A.G., de Souza A.L.S., Shecaira F.S.
Correction of basic equations for deep bed
filtration with dispersion // Journal of
Petroleum Science and Engineering, 2006,
vol. 51, pp. 68-84.

Iritani, E., Katagiri, N. Developments of
Blocking Filtration Model in Membrane
Filtration / KONA Powder and Particle
Journal, 2016, vol. 33, pp. 179-202.

Tien, C., Ramarao, B., Yasarla, R. A
blocking model of membrane filtration //
Chemical Engineering Science, 2014, vol.
111, pp. 421-431.

Kuzmina L.I., Osipov Yu.V. Determining
the Lengmur coefficient of the filtration
problem // International Journal for
Computational  Civil and  Structural
Engineering, 2020, vol. 16(4), pp. 48—54.
Bedrikovetsky, P. Upscaling of stochastic
micro model for suspension transport in
porous media // Transport in Porous Media,
2008, vol. 75, pp. 335-369.

Kuzmina L.I., Osipov Yu.V., Vetoshkin
N.V. Calculation of long-term filtration in a
porous medium. // International Journal for

145



17.

18.

19.

20.

21.

22.

23.

24.

25.

146

Computational ~ Civil and  Structural
Engineering, 2018, vol. 14(1), pp. 92-101.
Kuzmina L., Osipov Y. Long-term
filtration of particles in a porous medium //
BIO Web of Conferences, 2024, vol. 107,
03003.

Kuzmina L.I., Nazaikinskii V.E., Osipov
Y.V. On a Deep Bed Filtration Problem with
Finite Blocking Time // Russian Journal of
Mathematical Physics, 2019, vol. 26(1), pp.
130-134.

Herzig J.P., Leclerc D.M., Le Goff P.
Flow of Suspensions Through Porous Media
— Application to Deep Filtration // Journal of
Industrial & Engineering Chemistry, 1970,
vol. 62(8), pp. 8-35.

Logan J.D. Transport Modeling in Hydro-
geochemical  Systems, Interdisciplinary
Applied Mathematics, vol 15, Springer, New
York, 2001.

Kuzmina L., Osipov Y. Traveling Wave
Solution to Filtration Model in Porous
Medium // Advances in Transdisciplinary
Engineering, 2023, vol. 43, pp. 450-455.
Courant R., Hilbert D. Partial differential
equations, Reprint of the 1962 Original,
Edited, Wiley-InterScience, New York,
1989.

Polyanin A.D., Manzhirov A.V. Handbook
of mathematics for engineers and scientists,
Chapman & Hall/CRC, Boca Raton, FL,
2006.

Vyazmina E.A., Bedrikovetskii P.G.,
Polyanin A.D. New classes of exact
solutions to nonlinear sets of equations in
the theory of filtration and convective mass
transfer // Theoretical Foundations of
Chemical Engineering, 2007, vol. 41(5), pp.
556-564.

Wang D., Ge L., He J., Zhang W., Jaisi
D.P., Zhou D. Hyperexponential and
nonmonotonic retention of
polyvinylpyrrolidone-coated silver nano-
particles in an Ultisol // Journal of
Contaminant Hydrology, 2014; vol. 164, pp.
35-48.

26.

27.

28.

29.

30.

31.

32.

33.

Liudmila I. Kuzmina, Yuri V. Osipov

Leisi R., Bieri J., Roth N.J., Ros C.
Determination of parvovirus retention
profiles in virus filter membranes using laser
scanning  microscopy // Journal of
Membrane Science, 2020, vol. 603, 118012.
Yuan H., Shapiro A.A. A mathematical
model for non-monotonic deposition profiles
in deep bed filtration systems // Chemical
Engineering Journal, 2011, vol. 166, pp.
105-115.

Malgaresi G., Collins B., Alvaro P.,
Bedrikovetsky P.  Explaining  non-
monotonic retention profiles during flow of
size-distributed  colloids //  Chemical
Engineering Journal, 2019, vol. 375,
121984.

Bedrikovetsky, P. Mathematical theory of
oil and gas recovery: with applications to
ex-USSR oil and gas fields, Springer
Science & Business Media, Des Moines,
2013.

Alvarez A.C., Bedrikovetsky P.G., Hime
G., Marchesin A.O., Marchesin D.,
Rodrigues J.R. A fast inverse solver for the
filtration function for flow of water with
particles in porous media // Inverse
Problems, 2006, vol. 22, pp. 69—88.
Alvarez A.C., Hime G., Marchesin D.,
Bedrikovetsky P.G. The inverse problem
of determining the filtration function and
permeability reduction in flow of water
with particles in porous media //
Transport in Porous Media, 2007, vol.
70(1), pp. 43-62.

Kuzmina L., Osipov Y. Inverse Filtration
Problem of Multiparticle Suspension //
Advances in Transdisciplinary Engineering,
2024, vol. 62, , pp. 2-11.

Du X., Wong G.K. Predicting filtration
coefficient ~and  formation  damage
coefficient for particle flow in porous media
using machine learning // Results in
Engineering, 2025, vol. 25, 104545.

International Journal for Computational Civil and Structural Engineering



Particle Transport with Finite Filtration Time

Liudmila 1. Kuzmina, Candidate of Physical and
Mathematical Sciences, Associate Professor, Department
of Applied Mathematics, National Research University
Higher School of Economics, 101000, Russia, Moscow,
Myasnitskaya st., 20, e-mail: lkuzmina@hse.ru.

Yuri V. Osipov, Candidate of Physical and Mathematical
Sciences, Professor, Department of Computer Science and
Applied Mathematics, Moscow State University of Civil
Engineering, 129337, Russia, Moscow, Yaroslavskoe
Shosse, 26, e-mail: yuri-osipov@mail.ru.

Volume 21, Issue 3, 2025

Kyzomuna Jhoomuna Heanoena, NOUEHT, KaHIUAAT
(hM3UKO-MaTEeMaTHIECKAX HayK, JemaprameHt
npukiaagHoi marematuku MUOM um. A.H. Tuxonosa,
HaunonanbHblit HCCIIEIOBATEIbCKUI YHUBEPCUTET
«Bpicmias mkona sxoHoMuku»; 101000, r. Mocksa, yi.
Msicanukas, a. 20, e-mail: lkuzmina@hse.ru.

Ocunos FOpuii  Buxmoposuu, mpodeccop, KaHIUAAT
(hu3MKO-MaTeMaTHYECKUX HayK, Kadenpa uHGOPMATUKY U

MIPUKIIAIHOM MaTeMaTUKNA HarmmonansHoro
HCCIIeIOBATEILCKOT0  MOCKOBCKOTO TOCYJIapCTBEHHOT'O
CTpOUTENbHOrO  yHuBepcutera; 129337,  Poccus,

r. Mocksa, fpocmaBckoe mocce, A. 26; e-mail: yuri-
osipov@mail.ru.

147





