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Abstract: Injection techniques are an effective tool for road construction, repair and maintenance. They allow
solving a wide range of problems related to soil reinforcement, pavement rehabilitation and drainage
improvement, ensuring durability and reliability of road infrastructure. Injection of various compositions
(cement, polymer, silicatized) into weak soils (peat, clay, silt) can increase their bearing capacity, reduce
deformations and prevent roadway subsidence. In addition, injection compositions fill voids and cracks formed
as a result of erosion, soil erosion or vibration from traffic, which prevents further destruction of the road base.
The study of depth filtration in injectable soil reinforcement techniques is a key aspect for optimizing and
improving the effectiveness of these technologies. It helps to understand how injection solutions penetrate the
soil, how they interact with the soil, and how this process can be controlled to achieve the best results. In this
paper, the problem of suspension filtration in a heterogeneous porous medium with a linear porosity function
varying as a function of spatial coordinate is solved. The exact solution to the problem is found. Asymptotic
solutions of the concentrations of suspended and retained particles for the case of insignificant porosity
measurement are obtained.

Keywords: deep bed filtration, suspended and retained particles, suspension, porous medium,
concentration function, asymptotic solution, porosity function

PEHIEHUE 3AJJAYHU ®UJIBTPALIUHN C
JIMHEMHOU ®YHKHUEU IIOPUCTOCTH

I'JIL Caguna

HannonansHbIi uccnenoBatensckuil MOCKOBCKUI roCyJapCTBEHHBIN CTPOUTEINBHBIN yHUBEpcUTeT, I. Mocksa, POCCUA

AnHoTanus: VHBbEKIMOHHBIC METOIBI SBISIFOTCS 3 (CKTUBHBIM HHCTPYMEHTOM ]ISl CTPOUTEIBCTBA, PEMOHTA U
o0cyUBaHHUs aBTOMOOWIBHBIX Jjopor. OHU TO3BOJSIIOT pEIIaTh IMIMPOKHU CIHEKTP 3ajad, CBSI3aHHBIX C
YKPEIUICHUEM TPYHTa, BOCCTAHOBICHUEM IOKPBITHS U YIYYIICHHEM JPEHAKHBIX CBOMCTB, oOecreunBast
JIOJITOBEYHOCTh M HAJIKHOCTh JOPOKHON HHPpAcTpyKTyphl. VHBEKIMU Pa3IUYHBIX COCTABOB (I[EMEHTHBIX,
MTOJIMMEPHBIX, CHIIMKATH3UPOBAHHBIX) B cl1a0ble TPYHTHI (TOPQ, TIMHA, WIT) MMO3BOJISIOT MOBBICUTH WX HECYIIYIO
CIOCOOHOCTh, CHU3UTH JedopMalnvid U TPEeIOTBPATHTh MPOCAJAKH JOPOXKHOTO monoTHa. [lomMumo »storo,
MHBEKIIMOHHBIE COCTABBI 3aIOJHSIOT IyCTOTHI U TPEUIMHBI, 00Pa30BaBILIUECS B PE3yJIbTaTe IPO3HHU, PA3MbIBAHUS
IpyHTa WM BHOpAIMM OT TPAHCIIOPTa, YTO MNPEAOTBPAIIACT JaJIbHEHINEe pa3pyIICHHE OCHOBAHHS JOPOTH.
I/I3yquMe FJ'Iy6PIHHOﬁ d)I/IJ'H)Tpa[H/II/I Ip UHBEKOMOHHBIX METOJaX YKPCIUICHUA T'PYHTOB ABJIACTCA KIIFOUCBBIM
ACIIEKTOM JIUIsl ONTHUMHU3AIMU M TMOBBIMCHUS d(GEKTUBHOCTH ATUX TeXHONOruid. OHO TMOMOTraeT MOHSTh, KakK
WHBCKIIMOHHBIC PACTBOPHI MPOHUKAIOT B TPYHT, KaK MPOUCXOTUT UX B3aUMOJICHUCTBHE C TPYHTOM, U KaK MOXKHO
KOHTPOJIUPOBATh JTOT MPOIECC JUisl JOCTHIKEHMs HaWIydlIdX pe3ysibTaroB. B pabore pemaercst 3amada
(bUIBTpalUK CYCIICH3UU B HEOJHOPOIHOM MOPUCTOM Cpelie C TMHEHHON (PYHKIIUEH MOPUCTOCTH, U3MCHSIOIICHCS
B 3aBUCHUMOCTH OT TIPOCTPAHCTBCHHON KOOpAWHATHL. HalJaeHO TouHOE pemieHue 3amaHus. [lodydeHs
ACHMIITOTUYCCKHE PEIICHUS KOHIICHTPALMI B3BCIICHHBIX W OCAXKJCHHBIX YACTHIL IS CIIydasi He3HAYHTEIIEHOTO
WU3MEPEHUS IIOPUCTOCTH.

KaioueBsie cioBa: riryOnHHas (GMIIbTpanys, B3BELICHHBIE U OCAXKICHHBIC YaCTHUIIbI, CYCIICH3HS,
HEOJHOPOIHAS TIOPUCTAs! CPesia, ACUMITOTHYECKOE PEIIeHHE, (PyHKINS TOPUCTOCTH
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INTRODUCTION

Injection reinforcement of roadbeds is a method
of repairing and reinforcing an existing road
surface by injecting special liquid compositions
(injection materials) into the space under the
roadbed or into its structure. It is an effective
way to restore the bearing capacity of the road
base, fill voids, stabilize cracks and prevent
further deterioration [1-3].

The injected material is injected under pressure
through small holes (injectors) drilled into the
road surface (fig. 1). It fills voids, cracks and
pores in the road base, strengthening its

structure and increasing its bearing capacity.
After curing, the injection material creates a
strong bond between the road surface layers and
the subgrade, preventing further deterioration.

= 12

Figure 1. Injection of injectable material

Currently, there are several types of injection
materials such as cement mortars, polymeric
materials, microcements, and composite materials
[4-7]. Each of the above types has its own
disadvantages and advantages. Thus, cement
mortars have high strength and relatively low cost,
but have limited penetration ability into small
cracks and are prone to shrinkage and cracking
[8]. Polymeric materials (polyurethanes, epoxy
resins) are characterized by high penetration
ability, elasticity, resistance to water and
chemicals, the disadvantages include their high
cost and complexity of application [9-11].

The study of solid suspension filtration in porous
media is a complex problem. Road pavement and
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road base are porous media (asphalt, crushed
stone, sand, soil). The injection material must
penetrate these pores and cracks to strengthen the
structure. During the filtration process, larger
suspension particles can become trapped in the
porous medium, while smaller particles can
continue to move through. This causes the
composition of the injected material to change as
it spreads deep into the roadway. The change in
composition can affect the strength, elasticity and
other characteristics of the cured material, which
ultimately affects the durability of the reinforced
section [12]. Also fine particles of injection
material and fragments that have separated from
the pavement can clog microcracks and pores,
which reduces the water permeability of the road
surface. This can lead to accumulation of water
inside the road structure, which in winter will
cause deterioration due to freezing and thawing.
Underestimating the influence of seepage can
lead to ineffective strengthening, shortening the
service life of the pavement and even its
destruction. It is therefore necessary to pay
attention to all aspects of the interaction
between the injection material and the porous
structure of the pavement when designing and
carrying out injection reinforcement works.

The concept of porosity is one of the most
important in the study of deep filtration of
suspension in porous media [13-15]. This
characteristic determines many of its properties
of porous media, including permeability, specific
surface area, thermal conductivity, strength and
sorption capacity. It characterizes the proportion
of the volume occupied by pores (voids) in
relation to the total volume of the material.
Homogeneous porosity is characterized by the
uniform distribution of pores throughout the
volume of the material, as well as the closeness
of their size and shape. This means that the
porosity (pore volume fraction) is almost the
same at any point in the material, and that there
are no significant differences in the size and
shape of individual pores. Many articles are
devoted to depth filtration of suspension in a
homogeneous porous medium [16-20].
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Solution to Filtration Problem with Linear Porosity Function

The study of filtration of porous medium with
inhomogeneous porosity is of great interest
[21-24]. Variable porosity is characterized by
non-uniform distribution of pores, for example,
there may exist regions with high and low
porosity. In addition, the pore diameter can vary
over a wide range. Both micropores and
macropores may be present. There can also be
differences in pore shape (e.g. prismatic,
cylindrical).

In this paper the problem of depth filtration in a
heterogeneous porous medium for the case of
variable porosity function, linearly varying
depending on the spatial coordinate x is solved.
Exact solutions for the concentrations of
suspended and retained particles, as well as
asymptotic solutions for the case of small
changes in porosity are obtained.

MATHEMATICAL MODEL

Let consider a dimensionless problem of depth
filtration in a medium with variable porosity

with unknown concentration functions of
suspended particles C(x,7) and retained
particles S(x,?):
8C 8C oS
—4—+4+—=0, 1
M) " (1)
s D _AE®)C @)
ot

Here o(x) is a variable porosity function, A(S)

is a filtration function. The problem is solved in
0<x<],

t>0.

At the inlet of the filter at x=0 the
concentration of suspended particles is equal to
one, i.e.

the domain {

C0,0)=1, 3)
at the initial moment of time ¢=0 the
concentrations of suspended and retained

particles are equal to zero:
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C(x,0)=0; S(x,0)=0. 4)
Let the filtration function be of the form
A(S)=S,—-S, where S, is the maximum
value of sediment, and the porosity function be
of the form ¢(x)=a+bx. Then equations (1)

and (2) take the form
8C 6C 8S

+bx)—+— =0, 5
(a ) ot 6x or )
B _(s,-9)1c. ©

ot

x2

The  curve t=ax+b PR called the
concentration front, divides the domain
{?f 66 =1, into two subdomains. Before the

2
X )
front at f <ax+ b; , the concentrations of both

types of particles are zero. Behind the front, the
concentrations of suspended and retained
particles are positive values. At the front the

2
. X
concentrations are C (x, ax + b;} >0 and

2
S(x,ax+bx—J
2

EXACT SOLUTION TO THE PROBLEM

0.

Taking into account that at the filter inlet
C(0,¢)=1, we obtain from equation (6)

5(0,0)

oc_,N

from which we obtain

S(0,0=8,(1-¢").
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t Th
Then from equation (6) we have C = as/0 , let e
us substitute the obtained expression into g e"‘”‘"’% 1
equation (5): "
S(x,1) = - ©)
o(as/ot) o(as/or) as e o
(a+bx)— +— +—=0.
o\ S,-S) ox\S,-S) ot
and
Taking into account that the obtained equality is .
equal to the equation )
Cx, 1) = . ®
0 os/ot) o(es/ex) as Srre T
—| (a+bx) +— +—=0,
ot S —-S) ot\S,—-S) ot
biai ASYMPTOTIC SOLUTION FOR SMALL
we obtain CHANGES IN POROSITY
(a+bx) os /ot + oS/ ox +6_S =0 Let us consider the case of small porosity
S,—S §,-S§ ot variation, i.e. let @(x) =a+ex, where ¢ takes a
' ‘ small value. Let wus decompose the
Moving on to the new  variables concentrations of suspended and precipitated
_, b x’ particles, as well as the filtration function by a
=7 ax=b7s we have small parameter
X=X,
82
as S(x, 1) =8,(x,t)+&S$,(x,0) +—S,(x,0)+.., (9)
a_+(S'”_S)S:0' 22
X

C(x,1) = C, (x,0) +£C,(x,) +—C, (x,0) + ..., (10)
Solving the obtained equation with separating 2
variables and taking into account the fact that
S,(0,7)=S5,(0, t), we obtain the exact solution
behind the concentration front

2

AS)=S, —So(x,t)—aSl(x,t)—%Sz(x,t)+...(11)

Substituting expressions (9) and (11) into (5)
and grouping the summands by powers of ¢, we

S (eT _ 1) obtain:

S

Sx,1)=—F7—".
e +et -1

008,060 85,060

at g’ p S (S, =Sy (x,0)) Sy (x,2) = 0; (12)
oS, (x,t)  0S,(x,t) 0OS,(x,1)

te': o6 | OND O D (g 08 (x,1)S (x,6) =0 13

e T T o (Sum25(x0)S (60 ()

ater: 0 adSwh 10500 e oS n-Sixn=0. (14)

ot 2 ot 2 ox 2
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Solution to Filtration Problem with Linear Porosity Function

To find S,(x,7), S,(x,¢) and S;(x,7) in

equations (12)-(14) we will make a transition to

T=1—ax,

the variables {x— Equation (12) is

transformed to the form

BT | (5, - 8,(6,1) 8, (1,1 =0,
Oox
Then

S, S,(0,7)
S, e* " —8,(0,1)e’ " +5,(0,7)

S,(x,1) =

Passing to the old variables and taking into
account that S,(0,7)=5,(0,1)=S5,(1-¢"), we

obtain

Sm (etfax _ 1)

X

S (x,t)= )
0( ) eSm, + et—ax _1

The transition to new variables in equation (13)

leads it to the linear equation

oS, (x,1) N

™ (Sm -25,(x, ‘r)) S (x,1) =

+S,x
et

=-xS, 5.

(eS'"x +ef — 1)

Given that §,(0,7) =0, we obtain the solution

consequently,

2 S, x+t—ax
S x’e

S(x,t)=— .
60 Z(es'”x +e ™ —1)2

After the transition to new variables equation
(14) takes the form

M+(Sm —2S0()C, T))SZ('X’ T) =
Oox
- 257(x, -2 2D,
ot

Solving it as linear, substituting found S,(x,1),

S,(x,7) and taking into account §,(0,7) =0, we

obtain
SmeSmx+‘rx4 (eSmx _ et _ 1)
SZ (‘x’ T) = S 3 )
4(e et — 1)
wherefrom
SmeSmx+t—axx4 (eSmx _ et—ax _ 1)
S 2 (x, ¢ ) =

4(65’")‘ +e ™" — 1)3

Let us find C,(x,?), C,(x,t) and C,(x,t). For

this purpose, we substitute expressions (9), (10)
into equation (6) and equate the coefficients at
the same degrees of ¢:

S x2eSmx+r
Sl (xv T) == - 2
Z(eS’”x +e' —1)
at g”: %=(Sm—So(x,t))Co(x,t); (15)
at €' % =(S,, =S, (x,)) C,(x,0) = 8, (x,1)C, (x,1) ; (16)
at & %% (S, —S,(x.1)) Cz(zx’ 9 —Sl(x,t)Cl(x,t)—%Sz(x,t)CO(x,t). (17)
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Substituting already known S;(x,7), S,(x,7) e ( oS 1)
and S,(x,?), we obtain Gx.)=~ 75
2et e 1)
t—ax x4et—ax eS X _1 eS X e —ax _1
C,(x, z)_e—, C,(x,1) = ( )( 3 )
+e -1 4(e e )
Thus, the asymptotic solutions have the form
S (etiax _ ) e S xz S, x+t—ax 2 S eSmx+t7axx4 (eSmx _ etfax _ 1)
S('x) ) Smx - 2 B 3 +...,
+e™ -1 2 ( 1) (e e —1)
etiax 8 XZez ax (e X ) 4 t —ax (eSmx _1)(eSmx _et—ax _1)
Cox0)=——x -+ - - +
e +e " -1 2( | (e,,,x_l_et—ax_l)
RESEARCH RESULTS function of the x coordinate for a=1, S, =1 and

€=0.2 at =5. In fig. 3 and fig. 5 relative errors
of asymptotic solutions of suspended and
retained particle concentrations at the same
parameters are shown.

Fig. 2 and fig. 4 show the exact (black lines) and
asymptotic (red lines) solutions of suspended and
retained particle concentrations, respectively, as a

— Exact solution — Asymptotic solution K
C I
0.980785 0.0004 |
0.980784 -
E 0.0003 |
0.980783 -
0.980782 0.0002
0.980781 - [
0.980780| 0.0001 |
0.980779 '
0.80002 080004 080006 0.80008 08001 02 0.4 06 08 10~
Figure 2. Exact and asymptotic solution of Figure 3 Relative error of asymptotic solution of
suspended particle concentration at =5 suspended particle concentration at =5
% "
0965106+ G000
0.0006
0965104 + 0.0008
| 0.0004 -
0.965102+
' 0.0003
0.965100/ 0.0002
| 0.0001 -
0.965098 |
5 ) TIR'Y L - .
080002 080004 080006 080008 080010 ! 02 04 0.6 038 L0
Figure 4. Exact and asymptotic solution of Figure 5. Relative error of the asymptotic solution
retained particle concentration at t=5 of the concentration of retained particles at =5
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Solution to Filtration Problem with Linear Porosity Function

Figs. 6-9 are similar to Figs. 2-5 for e =1.

— Exact solution — Asymptotic solution
¢
0.97540
0.97538
[
0.97536
[
0.97534
!
097532}
| e = - —
¥ 0.80002  0.80004 0.80006 0.80008  0.80010

Figure 6. Exact and asymptotic solution of
suspended particle concentration at =5

i Exact solution — Asymptotic solution
095535}
095530/
0,955255_-
0,955205-
080002 080004 0.80006 0.80008  0.80010

Figure 8. Exact and asymptotic solution of
retained particle concentration =5

The obtained dependences show that with
increasing parameter ¢, the relative errors of
asymptotic solutions of both suspended and
retained particle concentrations increase
significantly. The errors have a monotonically
increasing character. It should be noted that
the error of the asymptotic solution of the
concentration of retained particles is higher
than the error of the asymptotic solution of the
concentration of suspended particles. Thus, at
the filter output at x=1: for € =0.2 the relative
error for S(x,7) is 0.0007 %, for C(x,¢) is
0.0004 %, for the relative error for S(x,7) is
0.0952 %, for C(x,t) is 0.0584 %, which

Volume 21, Issue 3, 2025

' 0.2 0.4 0.6 0.8 1o
Figure 7. Relative error of asymptotic solution of
suspended particle concentration =5

0.02+

0.2 04 06 08 10°
Figure 9. Relative error of the asymptotic

solution of the concentration of retained particles

at =5

indicates the difference of these values in
1.6 times.

Fig. 10 and fig. 12 show the exact (black
lines) and asymptotic (red lines) solutions of
suspended and retained particle
concentrations, respectively, as a function of
time ¢ for a=1, S =1 and £€=0.2 at x=0.5.

Fig. 11 and fig. 13 show the relative errors of
asymptotic solutions of suspended and
retained particle concentrations at the same
parameters.

Figs. 14-17 are similar to figs. 10-13 and are
obtained for the value ¢ =1.
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— Exact solution — Asymptotic solution %
C
0.870768 - 0.000015
0.870767
0.870767 - 0.000010 -
0.870767 -
0.870767| 5.x107%}
0.870767 -
200000 2.00000 2.00001 2.00001  2.00001 3 4 6 8 10 ;
Figure 10. Exact and asymptotic solution of Figure 11. Relative error of asymptotic solution
suspended particle concentration at x=0.5 of suspended particle concentration at x=0.5
— Exact solution — Asymptotic solution %
»
0671557} N
0.671556+ 0.00008
0.671555 | 0.00006
0671555
i 0.00004 -
0.671554 -
5 0.00002 -
0.671554}
200000 200000 200001  2.00001  2.00001 T2 4 6 8 0"
Figure 12. Exact and asymptotic solution of Figure 13. Relative error of asymptotic solution
retained particle concentration at x=0.5 of retained particle concentration at x=0.5
— Exact solution —— Asymptotic solution %
c
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Figure 14. Exact and asymptotic solution of Figure 15. Relative error of asymptotic solution
suspended particle concentration at x=0.5 of suspended particle concentration at x=0.5
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Solution to Filtration Problem with Linear Porosity Function

— Exact solution — Asymptotic solution
s

0.64194/
0.64193
0.64192
0.64191

0.64190/

0.64189 -

R . . . . . '
2.00002 2.00004 2.00006 2.00008 2.00010

Figure 16. Exact and asymptotic solution of
retained particle concentration at x=0.5

The plots show that the relative errors of
suspended and retained particles do not behave
monotonically. At first, the errors decrease,
reaching the zero value, then increase, reaching
the maximum value, and then decrease again. At
the same time, increasing the value of the
parameter ¢ does not affect the maximum
point: for C(x,¢) at €¢=0.2 ¢ =2.3044, at

e=1 1t =23169; for S(x,t) at =02

m

toa =2.1528 at e=1 ¢ =2.1572. The larger

the value of the parameter &, the larger the
relative errors of the asymptotic solutions of
both types of particles.

CONCLUSION

The paper presents the solution of the problem
of depth filtration with linear porosity function.
Exact solutions of suspended C(x,7) and

retained S(x,7) particle concentrations are

obtained. With Taylor series expansion of
functions C(x,¢) and S(x,7) in powers of ¢,
the formulas of asymptotic solutions of
suspended and retained particles concentrations
with porosity function ¢(x)=a+ex, where ¢

takes a small value, are derived. As the value of
the parameter ¢ increases, an increase in the
relative errors of the asymptotic solutions for
both types of particles is observed. As we move
along the filter, the relative errors of the
asymptotic solutions for the concentrations of
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0.015

X | -
2 4 6 8 10

Figure 17. Relative error of asymptotic solution
of retained particle concentration at x=0.5

suspended and retained particles monotonically
increase, reaching the highest value at the filter
outlet at x=1. The plots of relative errors as a
function of time ¢ at a fixed value of x have a
non-monotonic character. Near the
concentration front the errors reach their highest
values, then there is their decrease to zero value,
after which there is an increase in the error up to
some value at 7, then again decrease to zero

value. Thus, the use of asymptotic formulas for
solutions of suspended and retained particle
concentrations is reasonable for arbitrary time
intervals.
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