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DEFORMATION OF COMPOSITE SHELLS DILATING
MATERIALS BEYOND ELASTIC LIMITS

Alexander A. Treshchev
Tula State University, Tula, RUSSIA

Annotation. A mathematical model is proposed for the deformation of a thin flat shell of positive Gaussian
curvature with a rectangular contour loaded with a transverse load. The model takes into account the deformation
of the shell both at the elastic stage of the material’s operation and at the plastic stage. The model is developed
for shells made of initially isotropic composite and polymer materials, for which physical linearity corresponding
to the generalized Hooke’s law is valid in the elastic stage of deformation. During the transition to the plastic
region of deformation for these materials, the manifestation of dilatation and the dependence of the yield strength
on the type of stress state are taken into account. The model describes all stages of deformation of the elastic
shell, the stage of the initial appearance of plastic zones up to the formation of plastic hinges. The model is
applicable to dilating materials whose plastic properties can be interpreted as ideal without hardening. In this
regard, two plasticity conditions, specially developed for isotropic composites, are considered. The first of them
was proposed in the works of E.V. Lomakin, and the second - in the publications of the author of the presented
study. At the same time, the disadvantages of the first version of the condition are noted. In addition, the
developed model can naturally function with the classical von Mises plasticity condition. Therefore, for
quantitative and qualitative comparison of the results obtained, calculations were carried out using three variants
of plasticity conditions. To construct the model, technical hypotheses traditional for thin shells were used within
the framework of geometrically nonlinear representations of the Karman deformation components. Nonlinear
resolving differential equations for the bending of shallow shells were obtained, which were processed by V.V.
Petrov’s two-step method of successive perturbations of parameters with subsequent numerical implementation.
For specific calculations, a shell with a square plan, hinged along the entire contour and loaded with a distributed
transverse load of constant intensity, was adopted. As a result of applying the developed mathematical model,
the dependences of the calculated maximum deflections of a shell made of polymethyl methacrylate on the load
intensity are presented. The fields of propagation of plasticity over the surfaces and through the thickness of the
shell are constructed at individual load values. In addition, the values of the loads at which plasticity first
develops on the surfaces of the shell and the ultimate loads corresponding to the formation of plastic hinges are
given in tabular form. It is shown that when dilating materials go beyond the elastic limits, traditional theories of
plasticity lead to significant errors in determining the states and ultimate loads for shallow shells. Considering
the obvious advantages for the calculation of such structures, it is advisable to apply the plasticity conditions
proposed by the author.

Keywords: plasticity conditions, shallow shell, dilatation, ideal plasticity,
dependence of yield stress on the type of stress state, limit states, geometric nonlinearity

AE®OPMUPOBAHUE OBOJIOYEK U3 KOMIIO3UTHBIX
AUJITATUPYIOIIUX MATEPHUAJIOB 3A IIPEJIEJIAMHA
YIIPYTOCTH

A.A. Tpewes

Tynbckuii rocyaapcTBeHHBIN yHUBepcureT, Tyna, POCCHUA

AnHotanusi. [lpeiokeHa MaremaTtuueckas MoOJENb JIeQOPMHUPOBAHMS TOHKOHW TOJIOTOH  00OIOYKH
II0JIOKUTEIbHON ["aycCOBOM KPUBU3HBI ¢ IPSIMOYTOJIBHBIM KOHTYPOM 3arpy KeHHOH MONEpeYyHON Harpy3kon. B
MOJICJIN YUYTEHO Ae(OpMHUPOBaHNE 000J0YKN KaK YHPYroi craauu paboThl MaTtepHana, Tak ¥ B IIACTHYCCKOM.
Mogenb pa3paboTaHa it 000I0UYEK, BBIIOJIHEHHBIX N3 HAYaJlbHO M30TPOITHBIX KOMIIO3UTHBIX M IOJUMEPHBIX
MaTepHaJIOB, y KOTOPBIX B YNPyrod craguu aehOpPMHUPOBAHUS CIpaBEAIUBA (U3MUCCKAas JIMHCHHOCTB,
COOTBETCTBYIOIIast 00001meHHOMY 3akoHy ['yka. IIpu nepexoae B IIacCTHYECKyI0 001acTh Ae(hOPMUPOBAHUS I
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9TUX MATEPUAIOB YUYTCHO IIPOSABIICHUE JWIATALUU U 3aBUCUMOCTD IIPEIEIIOB TEKY4eCTU OT BUJIA HAIIPSHKEHHOIO
cocTostHUsl. Mojienb ONKChIBaeT BCE CTAaAMU JIeOPMUPOBaHHS OOOJIOYKH YHPYTIYIO, CTaJHI0 HAvallbHOTO
TMOSIBJICHHSI TUIACTHYECKUX 30H BIUIOTH JI0 OOpa30BaHMs IUIACTMYECKUX IIAPHUPOB. Mojenb NpUMEHHMa JUIs
JMJIATUPYIOLIMX MaTepPHaIOB, IUIACTHYECKUE CBOWCTBA, KOTOPBIX MOXKHO MHTEPIIPETUPOBATH KaK HealbHbIe 0e3
YIPOYHEHHs. B CBSI3M € 3TUM pPAacCMOTPEHBI J(Ba YCJIOBHS IUIACTUYHOCTH, CIENHAIBHO pa3paboTaHHBIC
MPUMEHUTENBHO K M30TPOITHBIM KoMno3uTaM. [lepBoe u3 Hux npeioxkeno B padorax E.B.JlomakuHa, a BTOpoe
— B MyONMKanusax aBToOpa MpeJICTaBICHHOTO Nccie10BaHus. [Ipr ’TOM OTMEUeHBI HEeIOCTaTKU TIEPBOTO BapUaHTa
ycnoBusi. Kpome Toro, paspaGoTaHHasi MOJIENb ECTECTBEHHBIM 00pa3oM MOXET (DyHKIHOHHPOBAThH C
KJIACCHYECKHM YCIOBUEM IIACTUYHOCTH Mu3eca. I1oaToMy U1 KOJTMYECTBEHHOTO M KaYE€CTBEHHOIO CPaBHEHUS
MOJYYaeMBIX PE3yJIbTAaTOB IPOBEIECHBI PACYETHI C MCIOJIB30BAHUEM TPEX BAPUAHTOB YCIOBHI IIACTUYHOCTH.
Jnst mocTpoeHuss MOJENM HCTIONb30BaHbl TPAJULMOHHBIE Al TOHKMX OOOJIOYEK TEXHHYECKHE TMIOTE3bl B
paMKax TeOMETPHYECKH HEIMHEWHBIX TPEICTaBICHUH KOMIIOHEHTOB jaedopmanuii mo Kapmany. [Toxyuens
HeIIMHEiHbIe pasperiatoiine nuddepeHranbHble  YpaBHEHHsT W3rnda MOoJoruX 000J0YeK, KOTOpbIe ObLIH
00paboTaHbl JABYXIIArOBHIM METOJIOM IOCJIEIOBATENbHBIX BO3MylleHHH mapamerpoB B.B.IlerpoBa c
TIOCIIEAYIOIIeH YUCIeHHOH peann3aryeil. sl KOHKPETHBIX pacyeToB MPHHATA KBajpaTHas B IUIaHEe 000JI0uKa,
LIAPHUPHO 3aKpelyIeHHas [0 BCeMYy KOHTYpY U 3arpy’keHHas paclpe/leIeHHON IONepeuHol Harpys3Koil
MOCTOSIHHOW ~MHTEHCHBHOCTH. Kak pe3ynbrar mnpuMeHeHHs pa3padOTaHHOHW MaTeMaTHYeCKOH MOJenH
MIPUBE/ICHBI  3aBUCHMOCTH  pAcCUNTAHHBIX MaKCHMalbHBIX TIPOTHOOB  OOOJOYKM, BBINOJHEHHOW W3
MOJIMMETUIMETAaKpHUIaTa, OT BEIUYMHBl WHTEHCHUBHOCTH Harpy3kd. IloCTpoeHBl mOIs pacnpoCTpaHEHHs
TUTACTUYHOCTH T10 TIOBEPXHOCTSIM M IO TOJIIMHE 000JIOUKH ITPU OTACIBHBIX BEJIMYNHAX HArpy3ok. Kpome Toro B
TaOnnyHON (hopMe NpHBEAEHBI BEIMYUHBI HArPy30K, NPH KOTOPBIX BIIEPBBIC PAa3BHBACTCS IUIACTUYHOCTH HA
TIOBEPXHOCTSIX 00O0JIOUKM M MPEACIBbHBIX HATPy30K, COOTBETCTBYIOIIMX 00PAa30BaHUIO TUIACTHYECKUX IAPHUPOB.
ITokazaHo, 4TO NpH BBIXOAE 3a NpEAEsbl YNPYrOCTH IWIATUPYIOIIMX MAaTEpUallOB TPaJULHOHHBIE TEOPUU
IUIACTUYHOCTU MPUBOJAT K CYLIECTBEHHBIM IOTPELIHOCTAM OIPEAEIEHUS COCTOSHUN U IPENEIbHbIX Harpy30K
JUIS IOJIOTHX 000JIOYEK. YUUTHIBAs SBHbIE IPEUMYIIECTBA JUIs pacdyeTa oJOOHBIX KOHCTPYKIHH Liesieco00pa3Ho
NIPUMEHSATDH NIPEJIOKEHHBIE aBTOPOM YCJIOBHUS IIIACTUYHOCTH.

KaroueBble c10Ba: yCIOBHS IUNIACTHYHOCTH, MOJI0Tast 000J104Ka, TUIaTalys, UaealbHas IaCTHYHOCTb,
3aBUCHUMOCTbD IPEJEIIOB TEKYUYECTH OT BU/IA HAMIPSIAKEHHOTO COCTOSIHUS, IPEIeTIbHBIE COCTOSHHUS,
reoMeTpuYecKas HeTMHEHHOCTh

1. INTRODUCTION

In construction and other branches of
technology, polymer, composite and similar
materials are increasingly being used as
structural  materials. The physical and
mechanical behavior of these materials in most
cases contradicts traditional theories of
elastoplastic deformation. This is especially
evident after the stresses reach the yield
strength. As a result of experimental studies, the
dependence of the yield strength of composites
on the type of stress state, accompanied by
plastic compressibility or loosening, called
dilatation (dilatancy) was established [1 — 7].
Even widely known and long-used materials in
technology, such as concrete and cast iron, have
similar properties [8 — 11]. To determine the
plastic states of dilating materials, a number of
phenomenological conditions were proposed
[11 — 17], and directly for modern composites,
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the relations of limit states proposed by
Corresponding Member of the Russian
Academy of Sciences E.V. Lomakin have found
wide application. [3]:

F(oy)=f(&)o; =k, (1)

where function determined

fg) - a

depending on the type of stress state;

k = \/gz's; T, — yield strength established at
*

pure shear; & =0/0 ; — parameter of the

type of stress state; O = 5ijaij /3 - medium

stress; O; =, /3SijSij /2

Sj' =0, — o ;O — stress tensor deviator; 51-1-

stress intensity;

— Kronecker symbol.
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In this case, the type of function £(&") was

established as a result of processing
experimental data on the yield strength of a
particular material under a wide range of types
of stress states. For some specific types of this
function, condition (1) can be reduced to the
previously considered criteria of strength and
ductility, that is, it partially has a generalizing
character in relation to previously known ones
[6, 11, 14]. The parameter f* = O'/Gi or its
deformation analogue, apparently, was first used
in the works of A.V. Berezin, Yu.N. Rabotnov,
E.V. Lomakin. and V.M. Panferov [2, 18, 19].
However, recently, separate publications have
appeared [20], in which these parameters are
characterized as those proposed by their authors.
The plasticity condition (1) was repeatedly used
to solve many applied problems, the results of
which were often quite acceptable.

2. RECOMMENDED CONDITION OF
PLASTICITY

*
Obviously, the parameter & =0 /0, has a

variation interval *oo, and this can lead to
mathematical uncertainties. This parameter has
been repeatedly criticized even at the level of
deformation theories [21 — 24]. When using this
parameter, the approximation of experimental data
on determining the yield strengths corresponding
to various types of stress states, the function

A(E") often exists in a limited interval & *, that

is, the plasticity condition (1) does not work in
many cases. Therefore, the author of the presented
work at one time proposed a different plasticity
condition [23, 24], free from such shortcomings,
to determine the limiting states of dilating
composites:

F(oy)=1(S)r=k,, )

where £ =0 /S, — is the normalized normal
stress on the octahedral site (parameter change
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interval £1); T=4/Sl-Sl-/3 — tangential

octahedral stress (r=0 l-\/? /3);
Sy =Vo 2 + 72 _ norm of the vector space
associated  with  the  octahedral area;

kT :’\/2/32'5.

Condition (2) has undergone deep experimental
testing and theoretical testing. Optimal options for
the function  f(&), that approximates

experimental data for a wide range of composites
are presented in [23, 24]. In particular, materials
such as polymethyl methacrylate, phenol plastic
AG-4V, graphite composites VPP and MPG-6,
cast iron MSCh38-60 are considered, for which
options for linear, exponential, piecewise linear
and piecewise exponential approximation of the

function f (f ) are adopted, respectively.

Based on the associated law technique, plastic
flow equations are formulated. Therefore, in the
presented work, this condition (2) was used to
construct a model of transverse bending of flat
shells of positive Gaussian curvature beyond the
elasticity limit.

3. PROBLEM STATEMENT AND SHELL
CALCULATION

Thin shells of a square outline with a constant
surface curvature are considered, such that a
mathematical model of their mechanics was
built using the Kirchhoff-Love hypotheses and
the Karman formalism [25]. In this case, the
connections between the significant components
of the shell deformation at any point of its body
with the displacements of the middle surface
were determined in the traditional way:

B o’ w B o°w
€11 =€ "2 55 €xnTéxpn T
X1 X2
. o’w 3)
€p=¢&p—2 )
0x;0x 5
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where w — is the deflection of the middle
surface; X;, X, — Cartesian coordinates of the

plan of the middle surface; &;; — straines in the

middle surface:

ou 1 ow g
ox; 2\ ox;

ov I ow ’

822 :—_k2W+— — |
5x2 2 axZ

ov oOu oOw ow

2(912 = + >

6)(:] 8)62 ax] a.X2

u, U — displacement of the middle surface in
the direction of the corresponding axes X; and

X,; k;, k, — curvature of the middle surface

of the shell in the corresponding directions.
It should be noted here that, in contrast to the
elastic scheme of the shell, the resulting straines

&7, m appear not only due to the influence of

membrane forces, but are also further
aggravated due to the displacement of its neutral
surfaces relative to the middle, caused by the
difference in stress values reaching the yield
strength in opposite zones of the section.
Considering that the materials considered [23,
24], when deformed within the elastic range, do
not exhibit a dependence of mechanical
properties on the kind of stress state, the
relationship equations between stresses and
strains were established according to the
generalized Hooke’s law [25]:

o =——>(e;+v-ey);
Oy =——(en+Vv-e,);
E
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where E — is the elastic modulus of the material;
v — Poisson’s ratio.

During the transition of the shell deformation
process from the elastic stage to the plastic
fluidity of the material, the material can develop
in one zone of sections, or in two (stretched and
compressed). Such shell conditions are
aggravated due to the dependence of the yield
strength on the type of stress state, as shown in
Fig. 1.

aj

b) B Oy

M.S.

_F_\

Cij

=
=
-

Figure 1. Diagrams of stress distribution across
shell sections beyond elasticity: a — one-sided
plasticity; 6 — bilateral plasticity

In Fig. 1 Al-j indicates the stresses that cause
plasticity in the lower zone, and through Bij —
in the upper zone. The functions Aij and Bl-j
are calculated in accordance with the plasticity
condition (2). In the process of plastic
deformation of the shell material, it can be
distinguished into two stages: the state of one-
sided plasticity and the state of two-sided
plasticity (Fig. 1). The plasticity condition is
first triggered in the outer fibers of one surface
of the shell, and with increasing load, bilateral
plasticity develops.

The problem of transverse bending of the shell
is formulated within the framework of the
theory of small elastoplastic deformations. In
this case, as shown above, the traditional
fundamentals of the technical theory of thin
shells are used, and the stress-strain diagrams of
materials have a physical yield strength (there is
a yield plateau), which allows the use of a
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model of an ideal elastoplastic body. In
addition, the loading of the shell is assumed to
be simple.

Considering that the bending of the shell is
considered at all stages of elastoplastic
deformation, it is convenient to present the
dependence of stresses on strains in a single
general form:

oy =Fy(ry —z4;); i j=1.2, (4%)

E E
here  Fyy=Fyp=——7; Fo=—";
w =T = 274y

T =&1p7VEx, V=& +tVe, 'y = &7,
A =W, +W, 555

Ay =Wop05 Y11 =Warrs Y22 =We22s X1 = Wapa-

Ayy =W, +WW, 5

The coordinates of the neutral surface of the

shell x; =cj; are determined based on the

stress being equal to zero o, = (. Then we
have ¢; =I’Z-J-/A,-j. The positions of the
boundaries of the plastic zones in terms of

stresses a,-j and b,-j are determined from the
obvious conditions, that O;; = A,-j at X3 = d;

and O = B,-j at X3 :bz‘j (see Fig. 1), from

which we obtain

oo B Ay By By B

ij > Ty
Fy - 4y by - 4y

In the general case, in the process of
elastoplastic deformation of the shell, its
mechanical behavior, taking into account the
accepted assumptions, is reduced to solving a
system of three nonlinear differential
equilibrium equations [25]:

NN =05 Nppy+Ny,,=0;
M, +2M 5,5+ Mys,5,+

Ny (W, g1k + 2N W, 15+ Ny (W, 55 +k,) +
+q = 0, (6)

where g — is the intensity of the transverse load;
N;. M,

torque moments.

Forces and moments are determined by
integrating stresses over the thickness of the
shell according to known rules:

— membrane forces, bending and

hi2 hl2
Ni/' = jdy»dx3; M,-j = IO'i]-x3dx3. (7)
~h/2 ~h/2

In the elastic stage of shell deformation, system
(6), taking into account traditional concepts (3),
(4) and (7), is reduced to three nonlinear
differential equations for displacements #, U
and w, the solution of which is known from the
literature [25].

Taking into account the transformation of the
equations of state to a general form that is valid
at all stages of shell deformation (4), the

parameters 7; will be determined by the equal

areas of stress diagrams distributed over the
thickness of the shell, corresponding to forces
(7). Thus, with the development of one-sided
plasticity, we have

dij hi2
“hi2 a;

and with bilateral plasticity —

bij ajj hi2
Nj = [Bydx;+ [oydx;+ [Audxs. 9)
—-h/2 bij aij

Obviously, the moments will be determined in
accordance with rules (7) as follows:
with the development of one-sided plasticit —
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ajj hl2
_[O'Ux3dx3 + IA X3dxs;  (10)
~-h/2

ajj

when bilateral plasticity occurs —

h

by ajj >
'[Bljx3dx3 + '[0' X3dx; + _fA X3dx; .

~h/2 by a;

(11)

The set of equations (4%*), (10), (11) with the
simplest transformations gives expressions for
moments in the form:

where
Alj hZ 2 Flj ry 2 h2
i 5|, Y|t ij )
2\ 4 2 4
3 01,3
ij :__y( i t=by ) with one-sided
plasticit

+F—( -b}), S; =-F;(a; -b})/3
7y (= i), i (@ —bj)

— w1th bilateral plasticity.

In this case, the set of dependencies (4%), (8),
(9) after transformations allows us to obtain

expressions for membrane forces:

where

h h
Ty =4 5% + Fy 1y a1+? ;
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F. h
Cz] = —711 aij2 —7 with one-sided
plasticit
h h
T;j = AZJ(E—CIJ+BiJ-(b—Ej+’
2 2

— w1th b11atera1 plasticity.

Considering dependencies (3), (4), (4%), (5),
(12), (13) together, and introducing them into
the equilibrium equations (6), we obtain a
mathematical model that describes the
deformation of the shell from dilating materials
in all three stages. This model is represented by
a system of three nonlinear differential
equations:

8(T” +Cy, 'Au) n 8(T12 +C);, 'AIZ)

=0;
Ox; ox,
Ty, +Cpy ‘4‘12)+ O(To +Csy - 4p)) —0.
Ox; ox, ’
0°(R;; +5,, ‘A11)+ 0’ (Ryy +5,, 'A22)+
oxy ox;
0% (Ryy +S12-4p5) _
Ox ;0x
o’w
=g +(T,, + K, ‘Au)'—2+
ox;
o’w
+(T22 +K; ‘Azz)'—2+
0x5

+2(7"12 +K), ‘A12)+K1(T11 +K 'A11)+
+K2(T22+K22 ‘Azz)]- (14)

It should be noted that the dimensions of the
depths of development of plastic deformations

along the thickness of the shell a; and bl-j do

not depend on the direction (d;; =d,, =dad,;,,
b;; =b,, =b;,), since these parameters are
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determined by the totality of stresses O

arising in accordance with the plasticity
condition (2), and not by a separate stress
component. Therefore, you can easily omit the
indices in these parameters, using the general
notations @ and b for them. In order for system
(14) to be closed, it is necessary to add
boundary conditions, which in the presented
work are assumed to be the same along the
entire support contour as for hinged fastening

(for example, with: x; =/: w=0, v=0,
u=0, M;; =0 (I — the length of the

support contour along the corresponding axis)).
The solution of the system of nonlinear
differential equations was carried out within the
framework of the two-step method of successive
perturbations of parameters proposed by V.V.
Petrov [26]. Before applying the two-step
method procedure, it is necessary to linearize
the resolving differential equations (14) and
boundary conditions using the method of
successive loadings [26]. The numerical
implementation of the considered model was
carried out using the finite-difference method.
When assigning mesh sizes, the convergence of
the numerical procedure was assessed.

For specific calculations, a flat shell, square in
plan, 10001000 mm in size, 10 mm thick,
made of polymethyl methacrylate, was adopted.
The lifting boom of the middle surface of the
shell in the center of the plan was taken to be
100 mm. For polymethyl methacrylate, the

following mechanical characteristics were
accepted: elastic modulus E=3300 MPa;
Poisson's ratio v=0,3; plasticity constant

k,=58,9 MPa. A function that depends on the

kind of stress state /' (&), and is included in the
plasticity condition (2) was adopted in
accordance with the data on processing
experimental studies of limit states [23, 24] in
exponential form:

S(&) =exp(4,5), (15)
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where 4 7=0,424.

The calculation of the shell was carried out
taking into account three variants of plasticity
conditions: 1) use of condition (2); 2) according

to condition (1) taking into account the
k

corresponding  function é and constant

k=+/37 ¢ [3]; 3) application of the Mises

condition, which does not take into account the
dependence of the yield strength on the type of
stress state. The load on the shell was assumed
to be uniformly distributed over the entire
surface. The load step interval was taken for all
calculation options at a constant 5 kPa in the
elastic stage of deformation, and when the yield
strength was reached — 5 kPa, decreasing to 100
Pa as the intensity of deflections increased.
Taking into account the symmetry of the load
case and the geometry of the shell in plan, its
fourth part was calculated, covered with a mesh
of size 15%15, which ensured the necessary
accuracy of the solution.

As the results of the calculations in Fig. 2 shows
the processes of increase in the maximum
relative deflections of the shell in its plan center

w/h as the intensity of the transverse load ¢

increases using three models of plasticity
conditions. The solid line shows the dependence
of the growth of deflections obtained using
condition (2), the dashed line - in accordance
with the E.V. Lomakin model (1), and the dash-
dotted line - with the classical Mises model. In
Fig. 2, the following designations for the
characteristic states of the shell are introduced:
I.1 — the occurrence of plastic deformations
during calculations using the plasticity condition
(2); 1.2 — moment of formation of a plastic hinge
when calculating according to condition (2); 1.1
— the occurrence of plastic deformations during
calculations using the plasticity condition (1);
1.2 — moment of formation of a plastic hinge
when calculating according to condition (1);
III.1 — the occurrence of plastic deformations
during calculations using the von Mises limit
state; I11.2 — formation of a plastic hinge when
calculating using the von Mises limit state.
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Figure 2. Increase in maximum deflections
depending on load intensity

In Fig. 3 and 4 demonstrate the trends in the
propagation of areas of plastic deformation
along the surfaces of the shell (upper and
lower). Pictures of plasticity zones are also
calculated for three variants of plasticity
conditions and are presented at two
characteristic values of load intensity. The areas
of the shell surfaces in which plastic
deformations occurred are shaded.

Fig. 5 and 6 illustrate the deep distribution of
zones of plastic deformation along the thickness
of the shell along the axis of symmetry, which is
the coordinate axis and along the diagonal.
Pictures of the depth penetration of plasticity
zones are also calculated for three variants of
plasticity conditions and are presented at two
characteristic values of load intensity. The areas
of deep development of plastic deformations
along the thickness of the shell are shaded as
follows: solid lines characterize the boundaries
of plasticity zones corresponding to condition
(2); dashed lines — condition (1); dash-dotted
lines — to the Mises condition.

///

a)
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b)

.%/////d,

s e

c)

Figure 3. Development of plastic zones along
the lower and upper surfaces of the shell at a
load intensity of 3,85 MPa: a) — calculation
according to condition (2); b) — calculation
according to condition (1); c) — calculation
according to the Mises condition

X

Figure 4. Development of plasticity zones along
the lower and upper surfaces of the shell at a
load intensity of 4,12 MPa. a) — calculation
according to condition (2); b) — calculation
according to condition (1); c) — calculation
according to the Mises condition

a
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Additionally, to illustrate the characteristic
states in the process of elastoplastic deformation
of a shell made of polymethyl methacrylate,
Table 1 shows numerical parameters for the
intensity of loads that first cause plasticity and
the formation of plastic hinges, calculated for
three variants of limit state conditions. The
percentages of discrepancy between the values
of limit states when calculating using conditions
(1) and (2) in comparison with the Mises theory
are given in parentheses.

; Anr?ﬂﬂﬂﬂ"

e
I oty [~
P
@ e e ST
O e
B

X
; L T L L
R o o R e o o
sttt
o o

Figure 5. Development of plasticity zones along
the thickness of the shell at a value load
intensity 3,85 MPa. a) along the axis of

symmetry along the coordinate x;; b) along the

diagonal of the shell (0 — center of the shell

plan; H— boundary hingedly supported
contour, C — corner point of the shell plan)
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Figure 6. Development of plasticity zones along
the thickness of the shell at a value load
intensity 4,12 MPa: a) along the axis of

symmetry along the coordinate x,; b) along the

diagonal of the shell (0 — center of the shell
plan; H— boundary hingedly supported
contour; C — corner point of the shell plan)

Table 1
. Load intensity at Load intensity
Variant of | appearance of plasticity,
upon the
the MPa onset of
P las‘qc.lty On the top On the plastic hinges,
condition bottom
surface MPa
surfaces
Treshchev 3,85 o o
2) (28.1%) 2,6 (25,8%) | 4,43 (40,0%)
Lomakin 4,82 2,97 o
W | ey | 0w | #2CO00
Mises 4,93 3,27 6,20

4. ANALYSIS OF THE RESULTS
OBTAINED

Analysis of the results of calculating the elastic-
plastic states of the shell shown in Fig. 2 shows
that when plastic deformations appear at the
initial stage, the values of maximum deflections
obtained using conditions (2) and (1) differ
insignificantly and do not exceed 9%. With
increasing load, the discrepancy between these
values tends to maintain the specified interval. At
the same time, there are significant differences in
the values of deflections calculated with
conditions (2) and (1) in relation to the
calculation results taking into account the Mises
theory. These differences with developed
plasticity zones reach 30%. To prevent violation
of the rigor of the calculation, changes in the
parameters of the stress-strain states of the shell
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were analyzed in order to detect local unloadings,
which were not established until the formation of
plastic hinges. Additional data from Table 1
demonstrate the fact that the load intensity
causing the appearance of plasticity in the lower
fibers of the shell, calculated using equation (2)
differs from option (1) by 14,2%. The difference
in calculating maximum deflections according to
model (2) in comparison with the classical Mises
theory reaches 25,8%, and for model (1) — 10%.
Similar differences in the magnitude of the loads
causing the appearance of plastic deformations in
the upper fibers of the shell are 25,2%, 28,1%
and 2,3%, respectively (see Table 1).

The intensity of the load causing the formation
of plastic hinges, calculated using condition (2),
differs from the data of the Mises theory by
40%, and for the version using equation (1) — by
26%. Between themselves, the values of the
indicated loads calculated on the basis of
conditions (2) and (1) differ by 11,1%.
Analyzing the areas of development of plasticity
on the surfaces and along the thickness of the
shell at a load of 3,85 MPa, it can be noted that
the patterns calculated using condition (1) and
Mises are close to each other, differing in the
depth of penetration (see Fig. 3 and 5). In this
case, condition (2) gives qualitative differences
from the previous two options, since plastic
deformations already occur in the corner
sections of the upper fibers, and on the lower
surface the plasticity region is more developed.
An increase in load does not lead to significant
changes in the qualitative patterns of plasticity
development on surfaces, but numerical
discrepancies are found in the sizes of these
zones between the calculation options under
conditions (2) and (1). At the same time, the

corner regions to the central ones, retain
elasticity directly in the corners.

5. CONCLUSION

The presented mathematical model of the
deformation of thin shells made of dilating
materials and the calculations carried out using
the example of polymethyl methacrylate clearly
show that when determining the states of such
structures beyond elasticity, traditional theories
of plasticity lead to significant errors. These
errors manifest themselves when determining the
limiting states of the formation of plastic hinges,
when the Mises theory leads to an error in the
values of the maximum loads on a hinged shell
of up to 40% (polymethyl methacrylate material),
and in the values of deflections — up to 49,7%.

It should also be noted that due to the
advantages of the plasticity condition (2), its use
is more appropriate for calculating shells
beyond elasticity, which has been confirmed
experimentally.
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