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AIMS AND SCOPE
The aim of the Journal is to advance the research and practice in structural engineering 

through the application of computational methods. The Journal will publish original papers and 
educational articles of general value to the field that will bridge the gap between high-performance 
construction materials, large-scale engineering systems and advanced methods of analysis.

The scope of the Journal includes papers on computer methods in the areas of structural 
engineering, civil engineering materials and problems concerned with multiple physical processes 
interacting at multiple spatial and temporal scales. The Journal is intended to be of interest and use to 
researches and practitioners in academic, governmental and industrial communities.
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ОБЩАЯ ИНФОРМАЦИЯ О ЖУРНАЛЕ
International Journal for Computational Civil and Structural Engineering

(Международный журнал по расчету гражданских и строительных конструкций)

Международный научный журнал “International Journal for Computational Civil and 
Structural Engineering (Международный журнал по расчету гражданских и строительных кон-
струкций)” (IJCCSE) является ведущим научным периодическим изданием по направлению «Инже-
нерные и технические науки», издаваемым, начиная с 1999 года (ISSN 2588-0195 (Online); ISSN 2587-
9618 (Print) Continues ISSN 1524-5845). В журнале на высоком научно-техническом уровне рассматри-
ваются проблемы численного и компьютерного моделирования в строительстве, актуальные вопросы 
разработки, исследования, развития, верификации, апробации и приложений численных, численно-ана-
литических методов, программно-алгоритмического обеспечения и выполнения автоматизированного 
проектирования, мониторинга и комплексного наукоемкого расчетно-теоретического и эксперимен-
тального обоснования напряженно-деформированного (и иного) состояния, прочности, устойчивости, 
надежности и безопасности ответственных объектов гражданского и промышленного строительства, 
энергетики, машиностроения, транспорта, биотехнологий и других высокотехнологичных отраслей.

В редакционный совет журнала входят известные российские и зарубежные деятели науки 
и техники (в том числе академики, члены-корреспонденты, иностранные члены, почетные члены 
и советники Российской академии архитектуры и строительных наук). Основной критерий от-
бора статей для публикации в журнале − их высокий научный уровень, соответствие которому 
определяется в ходе высококвалифицированного рецензирования и объективной экспертизы, 
поступающих в редакцию материалов.

Журнал входит в Перечень ВАК РФ ведущих рецензируемых научных изданий, в которых 
должны быть опубликованы основные научные результаты диссертаций на соискание ученой 
степени кандидата наук, на соискание ученой степени доктора наук по научным специаль-
ностям и соответствующим им отраслям науки: 

• 1.1.8 – Механика деформируемого твердого тела (технические науки),
• 1.2.2 – Математическое моделирование численные методы и комплексы программ
(технические науки),
• 2.1.1 – Строительные конструкции, здания и сооружения (технические науки),
• 2.1.2 – Основания и фундаменты, подземные сооружения (технические науки),
• 2.1.5 – Строительные материалы и изделия (технические науки),
• 05.23.07 – Гидротехническое строительство (технические науки),
• 2.1.9 – Строительная механика (технические науки) 
В Российской Федерации журнал индексируется Российским индексом научного цити-

рования (РИНЦ). 
Журнал входит в базу данных Russian Science Citation Index (RSCI), полностью интегри-

рованную с платформой Web of Science. Журнал имеет международный статус и высылается в 
ведущие библиотеки и научные организации мира. 

Издатели журнала – Издательство Ассоциации строительных высших учебных заве-
дений /АСВ/ (Россия, г. Москва) и до 2017 года Издательский дом Begell House Inc. (США, г. 
Нью-Йорк). Официальными партнерами издания является Российская академия архитектуры 
и строительных наук (РААСН), осуществляющая научное курирование издания, и Научно-ис-
следовательский центр СтаДиО (ЗАО НИЦ СтаДиО).

Цели журнала – демонстрировать в публикациях российскому и международному профес-
сиональному сообществу новейшие достижения науки в области вычислительных методов реше-
ния фундаментальных и прикладных технических задач, прежде всего в области строительства. 

International Journal for Computational Civil and Structural Engineering
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Задачи журнала:
• предоставление российским и зарубежным ученым и специалистам возможности публи-

ковать результаты своих исследований;
• привлечение внимания к наиболее актуальным, перспективным, прорывным и инте-

ресным направлениям развития и приложений численных и численно-аналитических методов 
решения фундаментальных и прикладных технических задач, совершенствования технологий 
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Abstract: The paper presents the results of an experimental study of the characteristics of high-strength self-
compacting heavyweight and lightweight concretes of strength classes B60–B100 at different ambient relative 
humidity levels. The aim of the study was to evaluate the effect of environmental humidity on strength, elastic 
modulus, shrinkage and creep strains, creep compliance, and creep coefficient of high-strength self-compacting 
modified concretes. The tests were carried out in accordance with GOST 24452 and GOST 24544 in climatic 
chambers at relative air humidity levels of 20, 60, and 90% for 240 days. A formula for the numerical determination 
of the creep coefficient is proposed and recommended for inclusion in GOST 24544. It was found that a decrease 
in ambient relative humidity may lead to an increase in creep strains by more than 1.7 times. It is shown that the 
calculation procedure specified in GOST 24544 may, in some cases, overestimate ultimate creep strains, with the 
overestimation becoming more pronounced as the concrete strength class increases and the ambient humidity de-
creases. The creep coefficient values of high-strength heavyweight and lightweight concretes do not exceed 1 and 
are more than two times lower than the standard values specified in SP 63.13330.2018 and EN 12390. The obtained 
results demonstrate that experimental determination of creep coefficients can significantly improve the efficiency 
of using modern modified concretes in the construction of unique buildings and structures. 
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INTRODUCTION 
 
High-strength concretes based on highly fluid and 
self-compacting concrete mixes are currently 
widely used in civil, industrial, and transportation 
construction, both in reinforced concrete and steel-
reinforced concrete structures [1–3]. However, 
while the influence of various technological factors 
on the structure, strength, and corrosion character-
istics of these concretes has been sufficiently stud-
ied [4–7], the influence of service conditions—pri-
marily relative humidity—on long-term defor-
mation characteristics still requires further investi-
gation [8–10].  
The consideration of the long-term deformation 
characteristics of concrete in the design of rein-
forced concrete structures according to SP 63. 
13330.2018 is achieved by reducing the initial 
modulus of elasticity of concrete according to 
Equation (1) using a creep coefficient that de-
pends on the concrete’s compressive strength 
class and the relative humidity of the ambient air.  
 

Eb, =
Eb

1+ b,cr

(1) 

 
where: 
 Eb is the modulus of elasticity of concrete, MPa 
 Eb,  is the effective deformation modulus of con-
crete under long-term loading, MPa; 
 b,cr is the creep coefficient  
The creep coefficient b,cr is a parameter that re-
flects the ratio of ultimate plastic strains to elastic 

strains. It should be noted that no regulatory doc-
ument in the Russian Federation contains a for-
mula that expresses the physical meaning of the 
creep coefficient ( b,cr). However, in [11], it is de-
rived by substituting the ratios of stresses to 
strains (2) for the initial modulus of elasticity and 
the modulus of deformation under sustained load-
ing, provided that the concrete specimens are sub-
jected to the same loading level during testing in 
accordance with GOST 24452 and GOST 24544. 
 

Eb= ,     Eb, =
+

,   (2) 
 
where: 

 is the stress in a concrete specimen during 
short-term tests for elastic modulus and long-
term tests for concrete creep, MPa; 

  is the elastic component of strains when load-
ing a concrete specimen to a constant stress  in 
accordance with GOST 24452, when setting it up 
for long-term tests to determine concrete creep; 

 - ultimate creep strains of concrete obtained 
under long-term stresses  in the specimen ac-
cording to GOST 24544. 
Then, the formula for determining the creep co-
efficient is expressed as in (3), confirming its 
physical meaning, which lies in the ratio of the 
ultimate creep strains to the elastic strains of the 
concrete.  
 

b,cr= , (3) 
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The method for determining the ultimate creep 
strains of concrete is specified in GOST 24544 and 
is based on probabilistic prediction of the behavior  
of the decay curve of creep obtained from tests last-
ing 180 days, assuming an infinitely long time. For 
this purpose, this function is linearized from the –
t coordinates to the t/ –t coordinates. After con-
structing a regression line in these coordinates, the 
ultimate value of the creep strains is determined as 
the cotangent of the angle of inclination of this line 
to the x-axis (t). This method of extrapolating de-
formation curves over time is not new. It was ac-
tively used by O. Ya. Berg [8] in the 1970s, but was 
first proposed as early as the 1950s [12]. This ap-
proach first appeared in GOST 24544 in 1981, as at 
that time it yielded satisfactory results that, on the 
whole, did not contradict physical concepts regard-
ing the nature of concrete creep. It has remained 
unchanged since then. However, the values of the 
ultimate creep strains of modified high-strength 
concretes obtained using this approach do not al-
ways correspond to experimental data for longer 
test durations, as will be shown below. 
Consider the evolution of the creep coefficient 
values for concrete, including high-strength con-
crete, in the regulatory documents of the USSR 
and Russia.  
In 2002–2003, at the A.A. Gvozdev Research Insti-
tute of Civil Engineering Structures, A.S. Zalesov, 
V.A. Klevtsov, and V.V. Shugaev conducted a re-
view of foreign literature, based on which the creep 
coefficient b,cr for high-strength concrete of class 
B60 was adopted at the following relative humidity 
levels: over 75%—1.0, at 40–75% – 1.4, and at less 
than 40% – 2.0. These values were included in the 
subsequently published SP 52-01-2003 for B60-
class concrete. As a precaution, the authors recom-
mended extending these values to higher concrete 
classes up to B100 [13]. 
As the Russian construction industry was already 
producing high-strength concretes of classes B60–
B100 in the early 2000s, and these were in demand 
for the construction of reinforced concrete struc-
tures for unique buildings, and there were no large-
scale experimental studies of the long-term defor-
mation characteristics of such concretes, based on 
the above review, the creep coefficient values for 

B60 concrete were extended in SP 63.13330.2012 
to high-strength concretes of classes B70–B100. 
Since then, the creep coefficients bcr for high-
strength concretes of classes B60 to B100, as spec-
ified in the currently valid standard SP 
63.13330.2018, have remained unchanged. 
Over the past 20 years, Russian researchers have 
published data on the long-term deformation char-
acteristics of high-strength heavy concretes of clas-
ses up to B80 [9, 10, 13], which are not fully re-
flected in regulatory documents. However, that the 
standards of the European Committee on Concrete, 
as well as the regulatory documents of Norway, 
Finland, the Netherlands, and Sweden already con-
tained extensive information on heavy-duty con-
crete of classes B90–B100; German standards al-
ready included information on concrete up to class 
B115; and the Model Code 2010 already included 
characteristics for concrete up to class B120. 
The importance of differentiating the creep coeffi-
cient has already been noted by many experts [14, 
15], since the constant values of creep coefficients 
adopted in current codes which are overestimated 
for classes B70–B100 on the one hand, assume an 
insufficiently justified increased deformability of 
building frame elements. To compensate for this, an 
increase in the cross-sections of the elements is re-
quired. On the other hand, the actual redistribution 
of forces changes in rigid joints, which will already 
lead to a distortion of the calculation results relative 
to the actual stress-strain state (SSS) of the building. 
As high-strength, self-compacting lightweight 
structural concretes of classes B60–B70 with an 
average density grade of D1800–D2000 were de-
veloped in Russia in 2023 [4, 16, 17, 18], evalu-
ating the deformation characteristics of such con-
cretes in comparison with those of heavy con-
cretes will provide a more complete view of the 
behavior of high-strength modified concretes un-
der long-term loading.  
This is relevant because, as noted in publications [18–
21], concretes of equal strength may differ signifi-
cantly in their deformation characteristics (modulus 
of elasticity, ultimate strains, shrinkage and creep 
strains, etc.) depending on technological factors. At 
the same time, it should be admitted that publications 
containing data on the influence of ambient relative 
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humidity on the long-term characteristics of high-
strength concretes are few in number [22]. 
Therefore, the objective of this study was to conduct 
comparative long-term tests in accordance with 
GOST 24452 and GOST 24544 on high-strength, 
self-compacting modified heavy and lightweight 
concretes of classes B60–B100, determining their 
strength, initial modulus of elasticity, shrinkage and 
creep deformations, as well as the creep coefficient, 
using various methods for calculating ultimate creep 
deformations at different relative ambient humidity 
levels (20, 60, and 90% in accordance with the clas-
sification in SP 63.13330.2018). 
 
 
2. MATERIALS AND TEST METHODS 
 
To produce high-strength self-compacting con-
crete, materials (Portland cement, organomineral 
modifier, microfiller, aggregates) were used that 
are mass-produced in the Russian Federation and 
are employed in the production of concrete mixes 
for various construction projects, including: 
- Portland cement CEM I 42.5 ZHI, compliant 
with the requirements of GOST R 55224;  
- MB10-50S A-II-2 organomineral concrete 
modifier, comprising microsilica (45%), fly ash 
(45%), and superplasticizer (10%), complying 
with the requirements of GOST R 56178; 
- Microfiller – non-activated mineral powder 
(ground limestone) grade MP-1, 0–1.25 mm frac-
tion, complying with the requirements of GOST 
R 52129 and GOST R 56592; 

- Class I quartz sand with a particle size modulus 
of Mkr = 2.42, meeting the requirements of GOST 
8736; 
- Granite crushed stone, 5–10 mm fraction, meet-
ing the requirements of GOST 8267;  
- expanded clay gravel, 5–10 mm fraction, bulk 
density grade M500, strength grade P125, aver-
age density 910 kg/m³, complying with the re-
quirements of GOST 32496; 
- water, complying with the requirements of 
GOST 23732. 
Under laboratory conditions, self-compacting con-
crete mixtures were prepared from the above mate-
rials, including three heavy concrete mixes of clas-
ses B70, B80, and B100, and one lightweight con-
crete mix of class B60, with a cement content of 349 
–495 kg/m³, with the addition of the organomineral 
modifier MB10-50S in an amount ranging from 14 
to 26% of the cement mass and a water-to-cement 
ratio (W/(C+MB)) ranging from 0.23 to 0.39.  
It is worth noting that B60 lightweight concrete 
has approximately the same composition and 
volume of cement paste as B100 heavy concrete, 
and the reduction in average density is achieved 
by replacing 0.254 m³ of heavy granite crushed 
stone with a density of 2,700 kg/m³ with light-
weight expanded clay gravel with an average 
density of 910 kg/m³ [23]. At the same time, the 
true water-cement ratio will also be approxi-
mately the same, due to the higher water demand 
of porous expanded clay gravel, whose water ab-
sorption is 14.5% by mass.     
The compositions and properties of self-compact-
ing concrete mixtures are presented in Table 1. 

 
Table 1. Compositions and Properties of Self-Compacting Concrete Mixes 

Compo
sition 
No. 

Compositions and Properties of Self-Compacting Con-
crete Mixes, kg/m3 

Properties of Self-Compacting Concrete 
Mixes 

C B P S CS GEC W SF, cm kg/m3 
Vcs, m3/m3 W/(C B) 

1 349 50 150 818 868 - 155 63 2390 0.351 0.39 

2 444 99 0 809 808 - 146 60 2405 0.334 0.27 

3 497 129 0 745 914 - 144 62 2430 0.363 0.23 

4 495 105 0 743 229 218 160 57 1950 0.355 0.27 
Notes: C – Portland cement; MB – organo-mineral modifier; MP – microfiller; S – sand; CS – granite crushed 
stone; GEC – expanded clay gravel; W – water; SF – standard cone slump;  – average density of the concrete 
mix; Vcs – volume of cement paste; W/(C+MB) – water-cement ratio.  
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The mixtures were prepared in a 0.050 m³ forced-
action mixer and mixed for 5 minutes.  
The test results for the mixtures showed (Table 1) 
that the average density of the heavy concrete 
mixtures falls within a narrow range of 2390–
2430 kg/m³ and meets the requirements of GOST 
26633 (2000–2600 kg/m³), while the average 
density of the lightweight concrete mixture is 
1950 kg/m³ and meets the requirements of GOST 
25820 (no more than 2000 kg/m³).  
The slump of all mixtures, determined by the 
spread of a standard cone according to GOST R 
59715, ranges from 57 to 63 cm. This allows 
them to be classified as self-compacting, taking 
into account the absence of signs of bleeding and 
segregation of the mixtures, in accordance with 
GOST R 59714. 
Specimens were cast from the prepared concrete 
mixtures and stored under standard conditions (at 
a temperature of 20±2 °C and relative humidity 
of 95±5%): 
- 12 cubes measuring 100×100×100 mm for de-
termining average density and cube compressive 
strength in accordance with GOST 27005, GOST 
10180, and GOST 31914; 
- 21 prisms measuring 100×100×400 mm for de-
termining prismatic compressive strength and 
modulus of elasticity in accordance with GOST 
24452, as well as shrinkage and creep defor-
mations in accordance with GOST 24544. 
To better align the results of long-term tests with 
the actual performance of structures using vari-
ous concrete classes and the design age typically 
specified for them in the working documentation, 
the specimens were tested at ages ranging from 
28 to 90 days. 
The modulus of elasticity was determined at a 
load level of 30% of the prismatic strength (Rb). 
The prisms were loaded in increments of 0.1Rb, 
with a 5-minute dwell time at each increment. 
Tests of the specimens for shrinkage and creep 
were conducted in standard spring-loaded test 
rigs for one and two specimens in automated cli-
matic chambers at a constant temperature of 
20±2 °C, but with different relative humidity lev-
els of 20, 60, and 90% (±5%) over a period of 

240 days [11]. During long-term testing, the de-
formation readings of the samples were deter-
mined using a portable deformometer, the oper-
ating principle of which is described in [25]. 
Moisture loss in concrete was determined by the 
difference in the average density of the same cu-
bic specimens after curing under normal condi-
tions and after additional curing for 240 days at 
various relative humidity levels [11]. 
The residual water content of high-strength con-
cretes was determined by drying the cube speci-
mens to a constant mass at a temperature of +105 
°C after they had been cured at various relative 
humidity levels for 240 days [11]. 
The water absorption of high-strength concretes 
was determined in accordance with GOST 
12730.3 on cube specimens after they had been 
cured at various relative humidity levels for 240 
days [11]. 
The ultimate creep strains of high-strength con-
cretes, required for calculating the creep coeffi-
cient, were determined using two methods for 
comparison: 
- using the calculation method specified in GOST 
24544, with a regression line; 
- based on experimental data obtained when the 
creep strains reached a plateau. 
The duration of exposing the samples to load dur-
ing the experimental determination of the ulti-
mate creep strains of concrete was carried out un-
til their attenuation—for 240 days, which ex-
ceeds the duration of tests according to GOST 
24544 (180 days) by 33%. It was assumed that 
the data from the experimental studies are the 
most reliable results, since the use of a computa-
tional method for prediction can lead to signifi-
cant errors in the estimation of ultimate creep 
strain values. 
 
 
3. RESULTS AND DISCUSSION  
 
Test results for heavy and lightweight modified 
high-strength self-compacting concretes in terms 
of: cube strength (R) and actual compressive 
strength class (Bf), prism strength (Rb) and mod-

Semyon S. Kaprielov, Pyotr D. Arleninov, Andrey V. Sheinfeld, Polina S. Kalmakova, Nikita M. Selyutin



19Volume 22, Issue 2, 2026

The mixtures were prepared in a 0.050 m³ forced-
action mixer and mixed for 5 minutes.  
The test results for the mixtures showed (Table 1) 
that the average density of the heavy concrete 
mixtures falls within a narrow range of 2390–
2430 kg/m³ and meets the requirements of GOST 
26633 (2000–2600 kg/m³), while the average 
density of the lightweight concrete mixture is 
1950 kg/m³ and meets the requirements of GOST 
25820 (no more than 2000 kg/m³).  
The slump of all mixtures, determined by the 
spread of a standard cone according to GOST R 
59715, ranges from 57 to 63 cm. This allows 
them to be classified as self-compacting, taking 
into account the absence of signs of bleeding and 
segregation of the mixtures, in accordance with 
GOST R 59714. 
Specimens were cast from the prepared concrete 
mixtures and stored under standard conditions (at 
a temperature of 20±2 °C and relative humidity 
of 95±5%): 
- 12 cubes measuring 100×100×100 mm for de-
termining average density and cube compressive 
strength in accordance with GOST 27005, GOST 
10180, and GOST 31914; 
- 21 prisms measuring 100×100×400 mm for de-
termining prismatic compressive strength and 
modulus of elasticity in accordance with GOST 
24452, as well as shrinkage and creep defor-
mations in accordance with GOST 24544. 
To better align the results of long-term tests with 
the actual performance of structures using vari-
ous concrete classes and the design age typically 
specified for them in the working documentation, 
the specimens were tested at ages ranging from 
28 to 90 days. 
The modulus of elasticity was determined at a 
load level of 30% of the prismatic strength (Rb). 
The prisms were loaded in increments of 0.1Rb, 
with a 5-minute dwell time at each increment. 
Tests of the specimens for shrinkage and creep 
were conducted in standard spring-loaded test 
rigs for one and two specimens in automated cli-
matic chambers at a constant temperature of 
20±2 °C, but with different relative humidity lev-
els of 20, 60, and 90% (±5%) over a period of 

240 days [11]. During long-term testing, the de-
formation readings of the samples were deter-
mined using a portable deformometer, the oper-
ating principle of which is described in [25]. 
Moisture loss in concrete was determined by the 
difference in the average density of the same cu-
bic specimens after curing under normal condi-
tions and after additional curing for 240 days at 
various relative humidity levels [11]. 
The residual water content of high-strength con-
cretes was determined by drying the cube speci-
mens to a constant mass at a temperature of +105 
°C after they had been cured at various relative 
humidity levels for 240 days [11]. 
The water absorption of high-strength concretes 
was determined in accordance with GOST 
12730.3 on cube specimens after they had been 
cured at various relative humidity levels for 240 
days [11]. 
The ultimate creep strains of high-strength con-
cretes, required for calculating the creep coeffi-
cient, were determined using two methods for 
comparison: 
- using the calculation method specified in GOST 
24544, with a regression line; 
- based on experimental data obtained when the 
creep strains reached a plateau. 
The duration of exposing the samples to load dur-
ing the experimental determination of the ulti-
mate creep strains of concrete was carried out un-
til their attenuation—for 240 days, which ex-
ceeds the duration of tests according to GOST 
24544 (180 days) by 33%. It was assumed that 
the data from the experimental studies are the 
most reliable results, since the use of a computa-
tional method for prediction can lead to signifi-
cant errors in the estimation of ultimate creep 
strain values. 
 
 
3. RESULTS AND DISCUSSION  
 
Test results for heavy and lightweight modified 
high-strength self-compacting concretes in terms 
of: cube strength (R) and actual compressive 
strength class (Bf), prism strength (Rb) and mod-

ulus of elasticity (Eb ml), resid-
rwc), and water absorption 

wa) of the concretes before and after testing at 

different ambient relative humidity levels (W) 
are presented in Tables 2 and 3. 
 

 
Table 2. Strength and deformation characteristics of high-strength concretes under short-term 

loading and at various relative humidity levels 

Composi-
tion No W, % 

Properties of high-strength concrete before and after 240 days of testing, MPa 
R f Rb Eb·10-3 

prior to 
testing 

after 
240 
days 

prior to 
testing 

after 
240 
days 

prior to 
testing 

after 240 
days 

prior to 
testing 

after 240 
days 

1 
20 - - - - - 74,4 - 41,3 
60 - - - - - 76,7 - 41,7 
90 81,2 88,4 71 77 76,8 82,0 40,5 42,8 

2 
20 - - - - - 85,7 - 42,8 
60 - - - - - 88,3 - 44,2 
90 92,3 104,2 81 91 88,7 99,2 42,4 45,0 

3 
20 - - - - - 107,1 - 44,9 
60 - - - - - 110,0 - 46,4 
90 114,3 116,8 100 100 104,6 112,2 44,6 47,2 

4 
20 - - - - - 66,4 - 35,0 
60 - - - - - 65,3 - 34,6 
90 69,5 70,2 61 61 64,5 64,6 33,3 34,5 

Notes :  W –  re la t ive  humidi ty ;  R  –  cube  compress ive  s t rength ;  Bf  –  ac tua l  compress ive  s t rength  c lass ;  Rb  
–  pr i sm compress ive  s t rength ;  Eb  –  in i t i a l  modulus  of  e las t ic i ty ;  “ -”  –  va lue  no t  de te rmined .    
 

Table 3. Moisture characteristics of high-strength concrete after curing for 240 days under varying 
relative humidity conditions 

Composition 
No. W, % 

Properties of high-strength concrete after 240 days of testing 

f ml, mass.% rwc, mass.% wa, mass.% 

1 
20 - 0,67 2,99 0,85 
60 - 0,47 3,24 0,50 
90 77 0,18 3,98 0,25 

2 
20 - 0,46 2,38 0,46 
60 - 0,33 2,72 0,28 
90 91 0,15 3,10 0,12 

3 
20 - 0,33 2,04 0,33 
60 - 0,25 2,24 0,16 
90 100 0,01 2,80 0,08 

4 
20 - 1,00 4,91 1,21 
60 - 0,62 5,32 1,05 
90 61 0,00 5,98 0,97 

Notes :  W –  re la t ive  humidi ty ;  B f  –  m l  –  r w c  –  re s idual  
w a  –  wa te r  absorp t ion. 

 
As shown in Tables 2 and 3, the curing of heavy-
weight concrete at the same temperature but un-
der different relative humidity conditions over a 
240-day period results in a significant increase in 
the concrete’s strength and initial modulus of 

elasticity. As the concrete class and relative hu-
midity increase, moisture loss and water absorp-
tion decrease, while the residual moisture con-
tent, compressive strength, and initial modulus of 
elasticity of the concrete increase. Thus, at an 
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ambient relative humidity of 90%, the increase in 
prism strength of heavy-duty concrete ranges 
from 7% to 12%, and the initial modulus of elas-
ticity increases by 6%. When the ambient relative 
humidity decreases from 60% to 20%, the in-
crease decreases and amounts to no more than 
5% for prismatic strength and no more than 4% 
for the modulus of elasticity. 
The curing of lightweight concrete at a constant 
temperature but under varying relative humidity 
conditions over a period of 240 days results in a 
slight increase in strength of up to 3% and in the 
initial modulus of elasticity of up to 5% as shown 
in Table 3. As relative humidity increases, mois-
ture loss and water absorption in lightweight con-
crete decrease, while residual water content in-
creases as shown in Table 4. At the same time, 
unlike heavy concrete, when relative humidity 
decreases from 90% to 20%, the prismatic 

strength and initial modulus of elasticity of light-
weight concrete increase by 2–3%. 
These results can be explained by the structural 
characteristics of the cement paste in high-
strength modified concretes. Previous studies of 
the structure of high-strength cement paste [5, 9, 
25] have shown that it is characterized by a 30–
50% increase in the volume of gel pores at the 
supramolecular level of dispersion with diame-

3 m, which are insensi-
tive to changes in the relative humidity of the en-
vironment. The formation of such pores is asso-
ciated with a 1.5–2.5-fold increase in the content 
of highly dispersed CSH(I)-type calcium hydro-
silicates, which constitute an ultradisperse solid 
structure of a lamellar (“scaly”) form with a size, 

m 
(2.5 nm), with the interlayer space filled with wa-
ter as shown in Figure 1.  

 

           
    )                                                                             b) 

Figure 1. Structure of high-strength cement stone (a) and low-alkali calcium silicate hydrates¹ of 
the CSH(I) type (b) 

_____________ 
1) The photograph of low-base calcium hydrosilicates was taken by B. Möser at the Finger Institute for Building Materials 
 
The interlayer water, or hydration shell, has a density 
of 1200–1350 kg/m³, which contributes to the sys-
tem’s stiffness and increases its modulus of elasticity 
[26–29]. Taken together, this forms a high-density, 
strong, and rigid gel-like tobermorite mass. The 
structural feature described above determines the ul-
tra-low water absorption and permeability to water 
and gases of modified cement stone and concretes, 
as noted by N.K. Rosental et al. [6–7]. 
The minimal (3–5%) increase in the compressive 
strength and initial modulus of elasticity of light-
weight concrete over time can be explained by 

the fact that a significant volume of lightweight, 
porous expanded clay gravel (0.240 m³/m³), 
which has low strength and deformation charac-
teristics, reduces their increase due to the com-
paction of the cement paste.   
The summary results of relative shrinkage and 
creep deformations, as well as the creep modulus 
and coefficient, obtained during long-term tests 
of high-strength self-compacting heavy and 
lightweight concretes at different relative air hu-
midity levels are presented in Table 4. 
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ambient relative humidity of 90%, the increase in 
prism strength of heavy-duty concrete ranges 
from 7% to 12%, and the initial modulus of elas-
ticity increases by 6%. When the ambient relative 
humidity decreases from 60% to 20%, the in-
crease decreases and amounts to no more than 
5% for prismatic strength and no more than 4% 
for the modulus of elasticity. 
The curing of lightweight concrete at a constant 
temperature but under varying relative humidity 
conditions over a period of 240 days results in a 
slight increase in strength of up to 3% and in the 
initial modulus of elasticity of up to 5% as shown 
in Table 3. As relative humidity increases, mois-
ture loss and water absorption in lightweight con-
crete decrease, while residual water content in-
creases as shown in Table 4. At the same time, 
unlike heavy concrete, when relative humidity 
decreases from 90% to 20%, the prismatic 

strength and initial modulus of elasticity of light-
weight concrete increase by 2–3%. 
These results can be explained by the structural 
characteristics of the cement paste in high-
strength modified concretes. Previous studies of 
the structure of high-strength cement paste [5, 9, 
25] have shown that it is characterized by a 30–
50% increase in the volume of gel pores at the 
supramolecular level of dispersion with diame-

3 m, which are insensi-
tive to changes in the relative humidity of the en-
vironment. The formation of such pores is asso-
ciated with a 1.5–2.5-fold increase in the content 
of highly dispersed CSH(I)-type calcium hydro-
silicates, which constitute an ultradisperse solid 
structure of a lamellar (“scaly”) form with a size, 

m 
(2.5 nm), with the interlayer space filled with wa-
ter as shown in Figure 1.  
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Figure 1. Structure of high-strength cement stone (a) and low-alkali calcium silicate hydrates¹ of 
the CSH(I) type (b) 

_____________ 
1) The photograph of low-base calcium hydrosilicates was taken by B. Möser at the Finger Institute for Building Materials 
 
The interlayer water, or hydration shell, has a density 
of 1200–1350 kg/m³, which contributes to the sys-
tem’s stiffness and increases its modulus of elasticity 
[26–29]. Taken together, this forms a high-density, 
strong, and rigid gel-like tobermorite mass. The 
structural feature described above determines the ul-
tra-low water absorption and permeability to water 
and gases of modified cement stone and concretes, 
as noted by N.K. Rosental et al. [6–7]. 
The minimal (3–5%) increase in the compressive 
strength and initial modulus of elasticity of light-
weight concrete over time can be explained by 

the fact that a significant volume of lightweight, 
porous expanded clay gravel (0.240 m³/m³), 
which has low strength and deformation charac-
teristics, reduces their increase due to the com-
paction of the cement paste.   
The summary results of relative shrinkage and 
creep deformations, as well as the creep modulus 
and coefficient, obtained during long-term tests 
of high-strength self-compacting heavy and 
lightweight concretes at different relative air hu-
midity levels are presented in Table 4. 

Based on the results of long-term tests of heavy 
and lightweight high-strength concretes, kinetics 
curves were plotted showing the increase in their 

relative shrinkage and creep deformations at var-
ious relative air humidity levels. 

 
Table 4. Deformation characteristics of high-strength concrete under a load applied for 240 days at 

different relative humidity levels 

Composition 
No. 

W,  
% 10  

Stress and creep strains Creep coeffi-
cient, 

b,cr / b,cr  
, 

MPa 10   

10  10   

/  
5, MPa-1 

1 
20 38.0 24.5 57.0 50.6 40.5 1.25 1.65 0.89 / 0.71 
60 28.5 24.5 55.0 28.6 27.5 1.04 1.12 0.52 / 0.50 
90 4.5 24.5 54.0 18.1 17.3 1.05 0.71 0.33 / 0.32 

2 
20 36.1 28.0 62.0 55.6 39.7 1.40 1.42 0.89 / 0.64 
60 25.2 28.0 61.0 35.4 27.5 1.29 0.98 0.58 / 0.45 
90 2.2 28.0 63.0 29.0 23.9 1.21 0.85 0.46 / 0.38 

3 
20 33.3 32.0 63.8 63.2 39.2 1.61 1.23 0.99 / 0.61 
60 22.5 32.0 62.1 37.0 25.5 1.41 0.80 0.59 / 0.41 
90 2.0 32.0 62.1 26.6 20.5 1.30 0.64 0.43 / 0.33 

4 
20 27.5 19.4 59.3 28.2 25.8 1.09 1.33 0.48 / 0.44 
60 21.1 19.4 60.2 24.4 19.0 1.28 0.98 0.41 / 0.32 
90 5.5 19.4 62.7 13.3 10.1 1.32 0.52 0.21 / 0.16 

Notes: W is the relative humidity;  is the stress in concrete specimens under long-term loading; sh is the shrinkage strains; el is the 
elastic component of relative strains when loading a concrete specimen to a constant stress ;  is the ultimate relative creep strains 
calculated according to GOST 24544;  is the ultimate relative creep strains obtained experimentally after 240 days of testing; b,cr   
and b,cr are the creep coefficients obtained using formula (1) at different ultimate relative creep strains, calculated according to GOST 
24544 and obtained experimentally; C is a measure of creep, determined by the formula = / . 
 
Figures 2 and 3 show approximate graphs of the 
relative shrinkage and creep deformations of 
high-strength self-compacting heavy concrete of 
class B100 and lightweight concrete of class B60 
under long-term loading at various relative air 

humidity levels. The kinetics of shrinkage and 
creep in heavy concrete of classes B70 and B80 
do not differ qualitatively from those of heavy 
concrete of class B100.  

 

 
Figure 2. Shrinkage strains of high-strength self-compacting heavy concrete of class B100 (a) and 

lightweight concrete of class B60 (b) over time at different relative air humidity levels 
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As shown in Table 5, relative humidity has a sig-
nificant effect on the shrinkage strains sh of both 
heavy and lightweight concretes, which is con-

sistent with the results of determining the mois-
ture characteristics of high-strength concretes af-
ter curing for 240 days under various relative hu-
midity conditions as can be seen from Table 4. 

 

 
Figure 3. Creep strains of high-strength self-compacting heavy concrete of class B100 (a) and light-

weight concrete of class B60 (b) under long-term loading at different relative air humidity levels 
 

s relative humidity decreases, the shrinkage de-
formation of high-strength concrete increases 
significantly, ranging from 2.0–5.5 × 10 5 at 90% 
humidity, 21.1–28.5 × 10 5 at 60% humidity, and 
27.5–38.0 × 10 5 at 20% humidity, but do not ex-
ceed the value of 43.0 × 10 5 recommended in 
[30] for B60-grade concrete. At the same time, 
the strength and type of concrete have a signifi-
cantly smaller effect on the shrinkage defor-
mations of concrete as can be seen from Table 5 
and Figure 3. However, while the shrinkage 
strains of heavy concretes of classes B70–B100 
decay rapidly and stabilize at 120–140 days, 
lightweight concrete of class B60 is character-
ized by relatively linear shrinkage deformation 
curves up to 150–170 days of observation. This 
is likely due to the fact that, in the presence of 
porous aggregate in the composition of light-
weight concrete, in a partially water-saturated 
state, two mass-moisture transfer processes over-
lap. On the one hand, there is moisture loss from 
the cement paste due to evaporation at low rela-
tive air humidity. On the other hand, there is 
moisture influx into the cement paste from the 

porous aggregate, which acts as a reserve water 
volume uniformly distributed throughout the vol-
ume of the lightweight concrete. 
An analysis of the results of determining the 
creep strains of high-strength self-compacting 
heavy and lightweight concretes under long-term 
loading (over a period of 240 days) revealed the 
following patterns: 
- the time-dependent growth of creep strains fol-
lows a decaying exponential function, which for 
high-strength self-compacting heavy and light-
weight concretes stabilizes at 180–200 days, de-
pends on relative air humidity and does not con-
tradict known physical laws (see Figure 3); 
- The values of elastic strain el for all four con-
crete mixtures fall within a fairly narrow range of 
54.0–63.8 × 10 -5. Despite a significant difference 
in prismatic strength from 64.6 to 112.2 MPa and 
elastic modulus from 34.5 to 47.2 GPa, they dif-
fer by no more than 18%. This circumstance is a 
consequence of the wide range of specimen load-
ing levels, from 19.4 to 32.0 MPa, regulated by 
GOST 24452 and GOST 24544 at 0.3 times the 
prismatic strength as can be seen from Table 5; 

Semyon S. Kaprielov, Pyotr D. Arleninov, Andrey V. Sheinfeld, Polina S. Kalmakova, Nikita M. Selyutin



23Volume 22, Issue 2, 2026

As shown in Table 5, relative humidity has a sig-
nificant effect on the shrinkage strains sh of both 
heavy and lightweight concretes, which is con-

sistent with the results of determining the mois-
ture characteristics of high-strength concretes af-
ter curing for 240 days under various relative hu-
midity conditions as can be seen from Table 4. 

 

 
Figure 3. Creep strains of high-strength self-compacting heavy concrete of class B100 (a) and light-

weight concrete of class B60 (b) under long-term loading at different relative air humidity levels 
 

s relative humidity decreases, the shrinkage de-
formation of high-strength concrete increases 
significantly, ranging from 2.0–5.5 × 10 5 at 90% 
humidity, 21.1–28.5 × 10 5 at 60% humidity, and 
27.5–38.0 × 10 5 at 20% humidity, but do not ex-
ceed the value of 43.0 × 10 5 recommended in 
[30] for B60-grade concrete. At the same time, 
the strength and type of concrete have a signifi-
cantly smaller effect on the shrinkage defor-
mations of concrete as can be seen from Table 5 
and Figure 3. However, while the shrinkage 
strains of heavy concretes of classes B70–B100 
decay rapidly and stabilize at 120–140 days, 
lightweight concrete of class B60 is character-
ized by relatively linear shrinkage deformation 
curves up to 150–170 days of observation. This 
is likely due to the fact that, in the presence of 
porous aggregate in the composition of light-
weight concrete, in a partially water-saturated 
state, two mass-moisture transfer processes over-
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porous aggregate, which acts as a reserve water 
volume uniformly distributed throughout the vol-
ume of the lightweight concrete. 
An analysis of the results of determining the 
creep strains of high-strength self-compacting 
heavy and lightweight concretes under long-term 
loading (over a period of 240 days) revealed the 
following patterns: 
- the time-dependent growth of creep strains fol-
lows a decaying exponential function, which for 
high-strength self-compacting heavy and light-
weight concretes stabilizes at 180–200 days, de-
pends on relative air humidity and does not con-
tradict known physical laws (see Figure 3); 
- The values of elastic strain el for all four con-
crete mixtures fall within a fairly narrow range of 
54.0–63.8 × 10 -5. Despite a significant difference 
in prismatic strength from 64.6 to 112.2 MPa and 
elastic modulus from 34.5 to 47.2 GPa, they dif-
fer by no more than 18%. This circumstance is a 
consequence of the wide range of specimen load-
ing levels, from 19.4 to 32.0 MPa, regulated by 
GOST 24452 and GOST 24544 at 0.3 times the 
prismatic strength as can be seen from Table 5; 

- As relative humidity decreases, the ultimate 
creep strains cr² of high-strength heavy and light-
weight concretes, obtained experimentally at 240 
days of age, increase and range from 10.1–23.9 × 
10 5 at 90% humidity, 19.0–27.5 × 10 5 at 60% 
humidity, and 25.8–40.5 × 10 5 at 20% humidity. 
At the same time, the strength of heavy concrete 
has virtually no effect on the ultimate relative 
creep strains, which for concrete grades B70–
B100 fall within a narrow range: at 90% humid-
ity—39.2–40.5 × 10 5, at 60% humidity—25.5–
27.5 × 10 5, and at 20% humidity—17.3–23.9 × 
10 5 as shown in Table 5; 
- The ultimate creep strains   of high-strength 
heavy and lightweight concretes, determined us-
ing the method specified in GOST 24544 with a 
regression line, exceed the experimental values 
by 4–9% to 21–61% as shown in Table 5. Con-
sidering that the duration of the long-term load 
was 240 days and exceeded the 180-day duration 
specified in GOST 24544 by 33%, as well as the 
stabilization of creep strains after 180–200 days 
of testing, it can be concluded that the values of 
ultimate creep strains calculated according to 
GOST 24544 are, in some cases, overestimated. 
At the same time, the accuracy of the standard 
method for calculating ultimate creep strains de-
creases with an increase in concrete class and a 
decrease in relative air humidity. This is clearly 
evident in a comparison of the values of ultimate 
creep strains in Table 5 and Figure 3a. Accord-
ingly, the creep coefficients calculated using 
Equation (3) will also be overestimated; 
- The creep strains of lightweight high-strength 
concrete of class B60 are lower than those of 
heavy concrete of classes B70–B100 (see Figure 
3 and Table 5). This result can be explained by 
the fact that the composition and volume of the 
cement paste, which characterizes creep strains 
under long-term loading, were practically identi-
cal for heavy concrete of class B100 and light-
weight concrete of class B60, while the loading 
levels applied to the specimens, taken as 0.3 
times the prismatic strength of the concrete, dif-
fered by 65% and ranged from 32.0 to 19.4 MPa. 
This is confirmed by the results of determining 
the creep modulus of high-strength concretes, 

which are practically identical for heavy concrete 
of class B100 and lightweight concrete of class 
B60 as shown in Table 5 and Figure 4; 
- the creep modulus of high-strength self-com-
pacting heavy and lightweight concretes of clas-
ses B60–B100 ranges from 0.52 to 1.65 × 10 5 
MPa 1 and does not exceed the value of 3.9 × 
10 5 MPa 1 recommended in [30] for B60 con-
crete in the absence of data on the characteristics 
of the concrete mix composition. As relative air 
humidity decreases, the creep modulus of high-
strength concretes increases and amounts to: 
0.52–0.85 × 10 5 MPa 1 at 90% humidity, 0.80–
1.12 × 10 5 MPa 1 at 60% humidity, and 1.23–
1.65 × 10 5 MPa 1 at 20% humidity as can be 
seen from Figure 4. 
 

 
Figure 4. Creep modulus of high-strength self-

compacting heavy and lightweight concretes un-
der prolonged (240-day) loading at various rel-

ative air humidity 

 
Based on the obtained results for elastic and ulti-
mate relative creep strains, the creep coefficients 
for high-strength self-compacting heavy and 
lightweight concretes of classes B60–B100 were 
determined using Equation (3), used for the de-
sign of reinforced concrete structures under long-
term loading, and a comparison was made with 
the values given in SP 63.13330.2018 and EN 
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12390. In this case, the values of the creep coef-
ficients were determined taking into account the 
ultimate relative creep strains calculated accord-
ing to the GOST 24544 method ( )  and ob-
tained from experimental data ( ) as shown in 
Table 5. 
Analysis of the results of determining the creep 
coefficients of high-strength self-compacting 
heavy and lightweight concretes under long-term 
loading revealed the following patterns: 
- As relative humidity decreases, the creep coef-
ficients ( b,cr1 and b,cr2) of high-strength heavy 
and lightweight concretes of classes B60–B100, 
obtained by calculation and experiment, increase 
and range from 0.16 to 0.46 at 90% humidity, 
0.32–0.59 at 60% humidity, and 0.44–0.99 at 
20% humidity as can be seen from Table 5; 
- The creep coefficients of high-strength heavy 
concretes of classes B70–B100 depend to a lesser 
extent on the compressive strength grade than on 
the relative humidity of the air, which can be ex-
plained by the similar quality of the cement paste, 
determined by the use of the organomineral mod-
ifier MB10 -50S in an amount of 14–24% of the 
cement mass, and the identical volume of cement 
paste (334–363 m³/m³) in the composition of 
self-compacting concretes; 

- The creep coefficients of lightweight concrete 
are 30–100% lower than those of heavy concrete, 
which is clearly due to the lower loading on light-
weight concrete specimens during long-term 
tests, while the quality, and the amount of cement 
paste (MB10-50S dosage of 21% of cement mass 
and true cement paste volume of 355 m³/m³); 
- The creep coefficients determined by calcula-
tion exceed the experimentally obtained values 
by 4 to 62%. At the same time, the differences in 
creep coefficient values for heavy concrete in-
crease with a decrease in relative air humidity 
and an increase in strength, while for lightweight 
concrete, they decrease with an increase in rela-
tive air humidity. These results show that the de-
termination of ultimate relative strains at low rel-
ative air humidity values using the calculation 
method specified in GOST 24544 requires ad-
justment. 
Table 5 and Figure 5 present a comparison of ex-
perimentally determined creep coefficients for 
high-strength self-compacting heavy and light-
weight concretes at various air humidity levels 
(20, 60, and 90%) and their standard values, ref-
erenced to the classification adopted in the code 
of rules SP 63.13330.2018 and Eurocode EN 
12390. 

 
Table 5. Experimental and standard values of the creep coefficients for high-strength concrete at 

different relative air humidity levels 

W, % 

Creep coefficient b,cr  for high-strength concrete of 60- 100 grades 

experimental data According to 
63.13330.2018 

According to 
EN 12390 

1) 2) 2) 2) -100 , % -  , % 

> 75 0.16 0.32 0.38 0.33 1.0 - 84) 0.97-0.71 - 83) 
40-75 0.32 0.50 0.45 0.41 1.4 -(64 77) 1.41-0.98 - 77) 
< 40 0.44 0.71 0.64 0.61 2.0 -(65 78) - - 

Notes :  W – re la t ive  humidi ty ;  1 )  –  l igh tweight  concre te ;  2 )  –  –  d i ffe rence  be tween  
exper imenta l  da ta  and  s tandard  va lues. 
 
A comparison of the creep coefficients of high-
strength self-compacting heavy and lightweight 
concretes of classes B60–B100, obtained experi-
mentally, with their standard values according to 
SP 63.13330.2018 and EN 12390 showed that: 
- The standard values of creep coefficients for 
concrete classes B60–B70 according to SP 

63.13330.2018 generally correspond to the val-
ues in EN 12390. However, for higher-grade con-
cretes (B80–B100), the standard values in EN 
12390 are 30% lower than those in SP 
63.13330.2018 (see Table 5); 
- values of the creep coefficients ( b,cr and b,cr) 
for high-strength heavy concretes of classes 
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A comparison of the creep coefficients of high-
strength self-compacting heavy and lightweight 
concretes of classes B60–B100, obtained experi-
mentally, with their standard values according to 
SP 63.13330.2018 and EN 12390 showed that: 
- The standard values of creep coefficients for 
concrete classes B60–B70 according to SP 

63.13330.2018 generally correspond to the val-
ues in EN 12390. However, for higher-grade con-
cretes (B80–B100), the standard values in EN 
12390 are 30% lower than those in SP 
63.13330.2018 (see Table 5); 
- values of the creep coefficients ( b,cr and b,cr) 
for high-strength heavy concretes of classes 

B70–B100, obtained by calculation and experi-
ment at various relative air humidity levels (from 
20% to 90%), do not exceed 1.0 and are more 
than two times lower than the standard values 
specified in SP 63. 13330.2018 and EN 12390 
(see Figure 5); 
- the insignificant difference in creep coefficients 
for heavy concretes of different classes B70, B80, 
and B100 indicates that a single value can be used 
for them at the same relative air humidity; 

- The values of the creep coefficients ( b,cr and 
b,cr) for high-strength lightweight concrete of 

class B60, obtained through calculation and ex-
perimentation at various relative air humidity 
(from 20% to 90%), do not exceed 0.5 and are 
four times lower than the standard values speci-
fied in SP 63.13330.2018 and EN 12390 (see Fig-
ure 5).

 

 
Figure 5. Comparison of experimental creep coefficients for high-strength heavy and lightweight 
concretes of classes B60–B100 at different relative air humidity levels with their standard values 

according to SP 63.13330.2018 and Eurocode EN 12390 
 

The results obtained are determined both by the 
structural characteristics of the modified cement 
paste and by its content in the concrete mixture, 
which determines the concrete’s strength and de-
formation properties. It can be assumed that in 
low-cement concretes of classes below B60, pre-
pared using organomineral modifiers of the MB 
type or individual components included in its 
composition (microsilica and fly ash), the values 
of the creep coefficients ( b,cr ) at various relative 

air humidity levels will be lower than those spec-
ified in the SP 63.13330.2018 code. 
 
 
4. CONCLUSIONS 
 
1. Comparative tests have been carried out on 
high-strength self-compacting heavy and light-
weight concretes of classes B60–B100 with a 
Portland cement content of 350–500 kg/m³ and 
an organo-mineral modifier MB10-50S added at 
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0.59 at 60% humidity, and 0.61–0.99 at 20% hu-
midity, which is two times or more lower than the 
standard values specified in Eurocode EN 12390 
and the code of rules SP 63.13330.2018.   
The creep coefficients of high-strength, self-
compacting lightweight concrete of class B60, 
obtained through calculation and experimenta-
tion, increase as relative air humidity decreases, 
ranging from 0.16 to 0.21 at 90% humidity, 0.32–
0.41 at 60% humidity, and 0.44–0.48 at 20% hu-
midity, which is four times lower than the stand-
ard values specified in Eurocode EN 12390 and 
the design code SP 63.13330.2018.   
8. Based on the results obtained, it is recom-
mended that GOST 24544 include a direct for-
mula for determining the creep coefficient of 
concrete, extend the duration of long-term tests 
on high-strength concretes to 270 days, and 
amend the procedure for determining the ulti-
mate creep strains of concrete in Appendix G, 
and to include in SP 63.13330.2018 a provision 
regarding the possibility of experimentally deter-
mining the concrete creep coefficient, which will 
significantly improve the efficiency of using 
modern modified concretes in the construction of 
unique buildings and structures. 
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a rate of 14–26% of the cement mass. The 
strength (cubic and prismatic compressive 
strength) and deformation (initial modulus of 
elasticity, shrinkage and creep strains, measure 
and coefficient of creep) characteristics of the 
concretes during their curing before and after 
prolonged (240 days) loading at various relative 
ambient humidity levels of 20, 60, and 90% in 
accordance with GOST 10180, GOST 31914, 
GOST 24452, and GOST 24544. 
2. A decrease in ambient relative humidity from 
90% to 20% slows down, but does not halt, the 
hardening processes of high-strength heavy and 
lightweight concretes over a period of 240 days. 
The increase in compressive strength and modu-
lus of elasticity of heavy concretes at minimum 
humidity decreases from 7–12% to 4–5%, while 
for lightweight concrete, it even increases 
slightly by 1–3%, which is consistent with previ-
ous studies of the structure of high-strength ce-
ment stone with organo-mineral modifiers of the 
MB type.  
One of the main features of the pore structure of 
modified cement stone is a shift in the balance 
between the volumes of capillary pores at the 
macro-level of dispersion, responsible for the mi-
gration (mass transfer) of moisture, and the so-
called gel pores at the supramolecular level of 
dispersion with a diameter of 1–5 nm—toward 
the latter. Thus, the 30–50% increase in the vol-
ume of more dispersed and less permeable to wa-
ter and gases gel pores in the cement stone struc-
ture makes high-strength concretes less sensitive 
to changes in the relative humidity of the envi-
ronment. 
3. The shrinkage strains of high-strength self-
compacting heavy and lightweight concretes of 
classes B60–B100 increase significantly by a 
factor of 7–13 as the relative humidity of the air 
decreases from 90% to 20%, ranging from 2.0–
5.5 × 10-5 to 27.5–  same time, 
the strength and type of concrete have a signifi-
cantly smaller effect on the shrinkage strains of 
concrete. The shrinkage strains of heavy con-
cretes of classes B70–B100 decay rapidly and 
stabilize at 120–140 days. For lightweight con-
crete of class B60, the shrinkage deformation 

curves exhibit relative linearity up to 150–170 
days of observation. This is likely due to the su-
perposition of two moisture-mass transfer pro-
cesses: moisture loss by the cement pastes due to 
evaporation at low relative air humidity, and 
moisture influx into the cement paste from the 
porous aggregate, which acts as a reserve of wa-
ter uniformly distributed throughout the volume 
of lightweight concrete. 
4. The elastic strains of high-strength self-com-
pacting heavy and lightweight concretes fall 
within a narrow range of 54.0–63.8 × 10 5, and 
despite a significant difference in prismatic 
strength (from 64.6 to 112.2 MPa) and modulus 
of elasticity (from 34. 5 to 47.2 GPa), they differ 
by no more than 18%, which is a consequence of 
the wide range of specimen loading levels (from 
19.4 to 32.0 MPa), regulated by GOST 24452 
and GOST 24544 at a uniform value of 0.3 times 
the prismatic strength. 
5. The ultimate creep strains of high-strength 
heavy and lightweight concretes, obtained exper-
imentally at 240 days of age, increase with de-
creasing relative air humidity and range from 
10.1–23.9 × 10 5 at 90% humidity, 19.0–27.5 × 
10 5 at 60% humidity, and 25.8–40.5 × 10 5 at 
20% humidity. 
The ultimate creep strains, determined using the 
method specified in GOST 24544, exceed the ex-
perimental values by 4 to 61 percent. At the same 
time, the accuracy of the standard calculation 
method decreases as the concrete class increases 
and relative air humidity decreases, which neces-
sitates revisions to the method.  
6. The creep modulus of high-strength self-com-
pacting heavy and lightweight concretes of clas-
ses B60–B100 increases as relative air humidity 
decreases and is as follows: 0.52–0.85 × 10 5 
MPa 1 at 90% humidity, 0.80–1.12 × 10 5 MPa 1 
at 60% humidity, and 1.23–1.65 × 10 5 MPa 1 at 
20% humidity. 
7. The creep coefficients of high-strength self-
compacting heavy concretes of classes B70–
B100, obtained by calculation and experiment, 
increase with decreasing relative air humidity 
and amount to 0.32–0.46 at 90% humidity, 0.41–
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0.59 at 60% humidity, and 0.61–0.99 at 20% hu-
midity, which is two times or more lower than the 
standard values specified in Eurocode EN 12390 
and the code of rules SP 63.13330.2018.   
The creep coefficients of high-strength, self-
compacting lightweight concrete of class B60, 
obtained through calculation and experimenta-
tion, increase as relative air humidity decreases, 
ranging from 0.16 to 0.21 at 90% humidity, 0.32–
0.41 at 60% humidity, and 0.44–0.48 at 20% hu-
midity, which is four times lower than the stand-
ard values specified in Eurocode EN 12390 and 
the design code SP 63.13330.2018.   
8. Based on the results obtained, it is recom-
mended that GOST 24544 include a direct for-
mula for determining the creep coefficient of 
concrete, extend the duration of long-term tests 
on high-strength concretes to 270 days, and 
amend the procedure for determining the ulti-
mate creep strains of concrete in Appendix G, 
and to include in SP 63.13330.2018 a provision 
regarding the possibility of experimentally deter-
mining the concrete creep coefficient, which will 
significantly improve the efficiency of using 
modern modified concretes in the construction of 
unique buildings and structures. 
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IMPROVING THE PROPERTIES OF CEMENT COMPOSITES 
BY CURING THEM USING AGGRESSIVE INFLUENCES 
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Abstract: It is noted that the curing of cement composites is impossible without effects and is a reaction to them. 
In this case, the forces of the resulting resistance, according to the laws of thermodynamics, are aimed at 
weakening the impact. Experimental prerequisites and arguments are given that by choosing the time, intensity 
and duration of aggressive action on cement composites during their curing, it is possible to obtain more impact-
resistant or ordered and durable structures of the material. The creation of conditions for the hardening of cement 
composites using liquid aggressive media leads to the formation of a dense inert layer on their surface, more 
adapted to the effects of this type. Using temperature and humidity influences, freezing and thawing, and loads, 
more durable composites were obtained. Thus, the curing of cement composites using time- and intensity-
determined harsh temperature and humidity conditions, freezing and thawing, aggressive liquids, and loads 
makes it possible to obtain more durable or resistant structures of the material to specific destructive factors. 
 

Keywords: cement composites, curing, aggressive effects, strength, loads, freezing and thawing, structure,  
material 
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INTRODUCTION 
 
In the 1970s, Professor V.I. Solomatov 
proposed the idea that the interaction of liquid 

aggressive media with concrete components can 
lead not only to deterioration but also contribute 
to compaction, structural strengthening, etc., 
i.e., improve their properties. We have termed 

processes of this kind "positive corrosion of 
concrete” [1], and its consequences such as 
compaction and strengthening are the “positive 
effect of corrosion” [2].  
These experimentally confirmed propositions 
were further developed in the study [3] . This 
was based on the fact that if liquid aggressive 
media can cause effects such as compaction, 
hardening, and increased physicochemical 
resistance, then under the action of other 
destructive environmental factors (loads, 
freezing and thawing, etc.), corresponding 
positive changes are also feasible. 
The scientific literature contains some instances 
where the action of an aggres-sive factor was 
thought to have improved or contributed to the 
improvement of a material’s properties. For 
example, according to L. A. Malinina [4], 
reducing the relative humidity of the 
environment during the initial hardening period 
can regulate the evaporation of moisture from 
concrete and result in a finer-pored structure. 
According to our research [5], there is always 
such an initial curing time for cement concrete 
in air (t = 20 ± 2°C, W = 65–75%), at which its 
compressive strength during subsequent 
hardening in water is greater than that of a 
material that initially hardened for 24 hours 
under normal conditions.  
Concrete curing also occurs through loading [6, 
7, 8], freezing [9, 10, 11], and exposure to 
aggressive liquids [12]. According to research 
by A. V. Satalkin [6], concrete at an early age 
under compressive stresses up to no more than 
0.6 Rpr experiences an increase in its 
compressive strength. It is evident that in this 
case, the material is strengthened due to 
resistance forces that contributed to the 
formation of a structure better adapted to this 
particular load. 
Investigations by I. A. Kireenko, S. A. 
Mironova, and I. N. Akhverdov show that 
freezing cement concrete at specific stages of its 
hardening can improve its structure and, 
consequently, increase its strength [9]. However, 
this should not occur before the induction period 
has completed. According to the data in [13], 

cement concrete subjected to a single freeze-
thaw cycle after two weeks of storage in water 
increased its strength by 17%. Studies by A. G. 
Olginsky and V.L. Chernyavsky [14, 15] 
indicate that cement composites can adapt to the 
effects of a low-intensity aggressive 
environment even in their mature state. There 
are cases where loading concrete, both in the 
early and mature stages, with compressive or 
tensile forces led to a corresponding increase in 
strength of up to 20% [16]. 
Based on the above studies, the issue of 
applying aggressive treatments to ce-ment 
composites to improve their properties has not 
been fully investigated. It is necessary to 
determine the optimal age at which cement 
concrete should be subjected to such treatments. 
Furthermore, what is needed is not merely data, 
but specific methodologies (protocols) for 
applying aggressive treatments to composites to 
improve their properties. In this regard, the 
proposed study is relevant, as it aims to address 
these objectives. 
 
 
METHODOLOGY 
 
This study presents the results of investigations 
conducted to demonstrate that a cement 
composite can more effectively resist a specific 
destructive factor if, during a certain stage of its 
evolution (hardening), it is exposed to that same 
factor at a predetermined intensity and for a 
predetermined duration. Thus, the following 
objectives were stated: 
- theoretical justification of the possibility of 
improving the properties of cement composites 
by applying aggressive environmental factors 
during the hardening process; 
-  experimental studies to determine the effect 
on cement composites of an initial “harsher” air 
curing environment, as well as the effects of 
freezing and thawing and exposure to 
aggressive liquid media during a specified 
period of hardening; 
-  analysis of the correlation between 
experimental data and theoretical justification. 
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determine the optimal age at which cement 
concrete should be subjected to such treatments. 
Furthermore, what is needed is not merely data, 
but specific methodologies (protocols) for 
applying aggressive treatments to composites to 
improve their properties. In this regard, the 
proposed study is relevant, as it aims to address 
these objectives. 
 
 
METHODOLOGY 
 
This study presents the results of investigations 
conducted to demonstrate that a cement 
composite can more effectively resist a specific 
destructive factor if, during a certain stage of its 
evolution (hardening), it is exposed to that same 
factor at a predetermined intensity and for a 
predetermined duration. Thus, the following 
objectives were stated: 
- theoretical justification of the possibility of 
improving the properties of cement composites 
by applying aggressive environmental factors 
during the hardening process; 
-  experimental studies to determine the effect 
on cement composites of an initial “harsher” air 
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period of hardening; 
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Portland cement M500 D0 from the 
Alekseevsky Cement Plant in Mordovia was 
used to produce cement stone and fine-grained 
concrete. The compressive strength of the 
cement stone was determined by testing 
specimens of 20 × 20 × 20 mm, while that of the 
fine-grained concrete was determined by testing 
halves of specimens measuring 40 × 40 × 160 
mm in accordance with GOST 310.4-81.  
The composition ratios of the cement stone and 
fine-grained concrete are presented throughout 
the paper. The following curing conditions were 
adopted, including exposure to aggressive 
environments: 

Cement stone with W/C = 0.33 
 Curing under normal conditions (t = 20 ± 

2°C, W = 95–100%); 
 1 day under normal conditions, then 27 

days in water (t = 20 ± 2°C); 
 1 day under normal conditions, then 13 

 
 1 day under normal conditions, then 27 

 
 1 day under normal conditions, then 27 

 
Fine-grained concrete with mix proportion 1:3 
and W/C = 0.45 
 1 day under normal conditions, then 27 

days in water (t = 20 ± 2°C); 
 1 day under normal conditions, then 27 

 
 1 day under normal conditions, then 1 day 

 
 1 day under normal conditions, then 3 days 

in  
Other exposure conditions: The duration and 
parameters of exposure to a "harsh" air 
environment, as well as the number of freeze-
thaw cycles, are shown in the figures of the text. 
Frost resistance was determined according to 
GOST 10060-2012 (Method 1). 
 
 
RESULTS AND DISCUSSION  
 
A hardening cementitious composite is a 
dynamic system which, according to [17], 
contains more microstates than it would if it 

were in a mature state. This means there are 
more competing structures, from which the ones 
best adapted to the external environment can be 
“strictly” selected.  
Consider the possibilities of open systems from 
the perspective of thermodynamics. The 
tendency of physicochemical systems toward 
irreversible motion toward equilibrium is 
expressed by entropy (S). It is also a measure of 
the system’s degree of order, i.e., a measure of 
structure formation. The rate of change of 
entropy for open systems can be determined by 
the expression [18]: 
 

= +                              (1) 
 
where  is the rate of change in entropy due to 
external influences,  is the same due to 
internal processes. 
For isolated systems 

 
=0                                (2) 

 
Then 
 

  =                                (3) 
 

The second law of thermodynamics states that 
entropy is always produced by internal 
processes, i.e.  

 
  0                                 (4) 

 
As a result, for an isolated system, we have 

 
0                                  (5) 

 
This means that the entropy of an isolated 
system increases if the processes within it are 
out of equilibrium. The disorder of the system 
(material) increases, with the resulting negative 
consequences. While the value  is never 
negative,  has no definite sign. This allows us 
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to view evolution as a process in which the 
system can reach a state of lower entropy 
through the exchange of matter and energy with 
the external environment. It is evident that by 
adjusting mass and heat fluxes, one can 
influence the entropy increase, i.e., achieve the 
creation of an ordered or more adapted material 
structure, which is then fixed as a result of 
curing. 
Thus, there are arguments that suggest that the 
application of aggressive influences to improve 
the properties of cement composites is most 
effective during the hardening phase. 
Furthermore, it is recommended that the material 
be adapted to aggressive environmental factors—
not only liquid ones—in advance, during the 
hardening stages, to avoid disrupting the 
equilibrium of its structure during service [5]. 
Based on the above, it is possible to determine 
the timing, intensity, and duration of exposure 
to a high-temperature air environment during 
the curing of composites, when structural 
formation processes will prevail over 
degradation, and to consolidate the formed 
structures through curing. Thus, by pre-curing 
the molded fine-grained concrete with an open 
surface at a temperature of 40 ± 3°C and a 
humidity of 70–80%, followed by curing for up 
to 28 days in water, an increase in compressive 
strength in water of more than 20% was 
achieved (Fig. 1). 
For comparison, a material was used that 
initially cured for 24 hours under normal 
conditions and then for up to 28 days in water. 
In Fig. 1, the strength value of such concrete 
was taken as the initial reference point. 
Figure 2 shows the results of studies in which 
fine-grained cement concrete, af-ter two weeks 
of storage in water, was subjected to three 
cycles of alternating freez-ing and thawing, 
followed by a 28-day immersion in water, and 
gained approximately 18% in strength. The 
increase in material strength is attributed to 
more complete cement hydration resulting from 
increased water penetration into the concrete 
structure due to the rise in water pressure during 
freezing and its activity during thawing. 

 
Figure 1. The relationship between the strength 
of concrete with a 1:3 mix ratio (W/C = 0.45) 

and the duration of initial air-setting at elevated 
temperatures and relative humidity (RH) of 70–
80%: 1 – hardening at 40 ± 3°C;  2 – same at 

50 ± 3°C; 3 – same at 60  ± 3°C 
 

 
Figure 2. The effect of alternate freezing and 
thawing of fine-grained concrete during its 

hardening in water (after 14 days) on 
compressive strength: 1 – composition 1:3 with 

W/C = 0.45; 2 – the same with W/C = 0.5 
 
According to [9], this is a result of the increased 
density of the crystalline hy-drate structure and 
the reduced porosity of the cement paste. It is 
evident that freezing leads to the emergence of 
structural features in concrete that, according to 
established theory, contribute to increased 
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resistance to this same type of stress. And the 
curing of cement paste (W/C = 0.33) using a 
0.5% sulfuric acid solution led to an increase in 
its resistance in a 2% solution of the same acid 
(Fig. 3). 
 

 
Figure 3. Effect of curing conditions on the 

– 
cured for 1 day under standard conditions, 27 

days in water;2 – 1 day under standard 

14 days in water; 3 – 1 day under normal 
conditions, 27 days in a 2% solution of 

– 1 day under normal conditions, 
 

 

The physical and chemical resistance of 
concrete also increases when the com-ponents 
of the curing medium are merely individual 
constituents of that medium. Thus, the curing of 
cement paste (W/C = 0.33) using 2% acidic 
salts—ammonium sulfate and aluminum 
sulfate—contributed to a significant increase in 

be noted, however, that the use of curing media 
containing aggressive components in all cases 
led to a partial loss of initial strength. The initial 
strength values, according to Fig. 1, were: 1 – 
68 MPa, 2 – 56 MPa, 3 – 54 MPa, 4 – 47 MPa. 
At the same time, cement stone cured under 
such conditions always exhibited higher 
strength (by 18–22%) after aging in an 
aggressive environment than that aged in water. 
The table presents the results of a test on the 
resistance of fine-grained concrete with a 1:3 
mix ratio and a water-cement ratio (W/C) of 

hardening period, was exposed at specified 
intervals to the same medium but at a lower 
concentration (0.5%) and under different 
conditions than those applied to the cement 
paste. 

 
Table 1. The Effect of the Curing Environment on the Resistance of Fine-Grained  

Curing Environment , 
MPa 

Duration of 
exposure, days 

, MPa K  

1 days under standard conditions, 27 days in water 21.9 20 13.1 0.6 
1 days under standard conditions, 1 days in water, 
26 days under 0.5% solution of H SO  

21.7 20 16.9 0.78 

1 days under standard conditions, 3 days in water, 
24 days under 0.5% solution of H SO  

19.8 20 16.6 0.84 

    
The table shows that concrete specimens 
exposed to an aggressive agent of a specified 
intensity and duration during the hardening 
period are more resistant, once matured, to the 
same type of environment but at a higher 
concentration. Their compressive strength after 
exposure to the environment is 27% and 29% 
higher than that of concrete that hardened in 
water.  

Cement paste and fine-grained concrete, which 
were partially adapted to a weak sulfuric acid 
solution, had a dense protective layer on their 
surface, the main components of which were: 
silicic acid gel, sulfates, and cement paste 
minerals modified by them. 
The condition for the formation of a composite 
more resistant to a specific aggressive influence 
during its hardening with the formation of 
adapted bonds can be expressed as follows: 
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( ) ( ),                          (6) 
 
where ( ) is the rate at which defects are 
eliminated and adapted bonds are formed as a 
result of positive interactions over a period of 
time ,  ( ) is the the rate of decay of initial 
bonds over a time interval .  
Previous studies [5] also confirm the positive 
effect of early loading on the performance 
properties of concrete. At the same time, the 
application of a bending load to the concrete 
during the curing period—amounting to 
approximately 5% of the ultimate load at the 
moments of its application, which is 
significantly less than in known studies—did 
not lead to an increase in the average flexural 
strength but contributed to a 5.2-fold reduction 
in the coefficient of variation of the flexural test 
results.  At the same time, the flexural strength 
guaranteed with 95% confidence increased by 
13%, while deflections and their deviations 
from the mean value decreased by more than 
12% and 30%, respectively.   
Studies have also shown that the duration of 
load application during the concrete hardening 
period depends on the magnitude of the load. 
The failure factor should not lead to material 
failure. 
 
 
CONCLUSION 
 
1. The hardening of cementitious composites 
through the application of temperature and 
humidity stresses, freezing and thawing cycles, 
and aggressive liquids—with precisely 
controlled duration and intensity—enables the 
creation of material structures that are stronger 
or more resistant to specific destructive factors. 
2. To produce a composite that would more 
effectively resist a specific destruc-tive factor, it 
is necessary for the composite to be exposed to 
that same factor during a specific period of its 
development, but at a predetermined intensity 
and duration. In this case, the aggressive factor 
must not lead to the destruction of the 
composite. 

3. Since exposure to liquid corrosive media of a 
certain intensity and duration during the 
specified curing periods of cement composites 
can lead to their partial or complete adaptation 
to the exposure, it can be concluded that during 
the adaptation of the composite (system), a 
selection of processes occurs that contribute to 
increasing its resistance to a specific impact. 
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EFFECT OF THE WAVE PROCESSES CAUSED BY EXTERNAL 
INFLUENCE ON THE FILTERING OF AQUEOUS SOLUTIONS  

IN THE EXPANDED LOADING LAYER 
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Vladimir N. Sidorov 2, Evgeniy V. Alekseev 2 

1 Novosibirsk State University of Architecture and Civil Engineering (Sibstrin), Novosibirsk, RUSSIA 
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Abstract: In this paper, the influence of traveling waves arising from external action on the filtering process of 
aqueous solutions in the expanded loading layer is investigated. A three-dimensional dynamic generalized model 
of fluid motion in a porous medium under a nonlinear external influence is used as the primary mathematical 
model. A model describing traveling waves is obtained. Nine particular cases of this model with three types of 
nonlinearity process of filtering are examined: power, exponential, and logarithmic. The external influence is 
also selected power, exponential, and logarithmic. The particular models describe both expansion and 
contraction of the loading layer on the type of filtration nonlinearity, the type of external influence, and the 
traveling wave parameters. For filtering with the expanding loading layer we found the time at which maximum 
it's expansion is achieved. When the loading layer  contaminates we found the time at which it will be destroyed. 

 
Keywords: filtering of aqueous solutions, expanded loading layer, traveling wave, nonlinear external influence, 

porous medium 
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INTRODUCTION 
 
The science of the movement of fluids, gases, and 
their mixtures in porous media iscalledsubsurface 

hydromechanics. The object of study in 
subsurface hydromechanics is filtration flow - the 
flow of a fluid (gas, gas- fluid mixture) in a 
porous medium. Subsurface hydromechanics has 
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extensive applications in other sciences, including 
hydrogeology, engineering geology, soil studies 
during the initial stages of building and structure 
construction, hydraulic engineering, and others. 
The first experiments to study water filtration in 
saturated soils were conducted by the French 
scientist A. Darcy, who in 1856 formulated an 
experimental law expressing the dependence of 
filtration rate on pressure gradient. During this 
same period, another French scientist, J. Dupuis, 
published a monograph outlining the theory of 
groundwater filtration, deriving formulas for well 
flow rates, and solving other filtration problems. 
American scientists C. Slichter and M. Musket 
made significant contributions to the development 
of subsurface hydromechanics. The founders of 
the Russian school of filtration theory were N.E. 
Zhukovsky and N.N. Pavlovsky. Underground 
hydromechanics is one of the constituent theories 
of oil and gas field development and oil and gas 
production technology. The founder of Russian oil 
and gas underground hydromechanics is L.S. 
Leibenzon. He became the founder of 
underground hydraulics, which played a major 
role in creating the scientific foundations for oil 
field development. Scientists S.A. Khristianovich, 
B.B. Lapuk, I.A. Charny, V.N. Shchelkachev and 
others, made outstanding contributions to the 
development of the theory of fluid and gas 
filtration in oil-gas-water-bearing formations. All 
these studies arebased on the classical 
mathematical model of a porous medium. The 
classical model of a porous medium and some of 
its simple generalizations have been studied in 
many works [1–7]. In these studies, boundary 
value problems related to the motion of fluids and 
gases in porous media were investigated using 
analytical and numerical methods. 
Studying the motion of fluids or gases in porous 
media using classical models does not always 
adequately describe real processes. This is due 
to the fact that these models do not take into 
account the presence of an external influence. 
For more adequately describe real processes, it 
is necessary to develop and study new, more 
complex models with an external influence. The 
study of a general three-dimensional nonlinear 

dynamic model of fluid or gas motion in a 
porous medium with a non-stationary source 
was initiated in the works of the authors [8–11]. 
In our study, we investigate the influence of a 
traveling wave on the filtering of aqueous 
solutions in an expanded loading layer. As a 
model for describing this influence, we used a 
general three-dimensional nonlinear dynamic 
model of fluid motion in a porous medium with 
a nonlinear an external influence. This model is 
defined by the following equation 
 

               t
p p f p ,                (1)                      

 
where ,p p t x    is a pressure in the loading 

layer, 3 2 2 2, , ,
x y z

x y z Rx ,  

t  is a time, p  and f p   are any 
functions, which are determined empirically. 

0p  defines a nonlinearity of the process, 

f p  defines nonlinear nature of the influence 
of a traveling wave on the filtering of aqueous 
solutions in an expanded loading layer. A case 

0f p  corresponds, for example, to the 

presence of a source. A case 0f p  
corresponds, for example, to the presence of an 
absorption. The functions p  and f p  
satisfy to the condition 

 
0p f p .                                           

 
This condition means that the process is   
nonlinear and the influence is not a constant 
value. 
 
 
METHODS 
 
The primary research method in our work is the 
modeling of physically significant problems 
using group analysis of differential equations, 
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which is one of the most effective methods for 
obtaining maximum information about solutions 
to differential equations. 
The concepts and algorithms of modern group 
analysis of differential equations can be found, 
for example, in [12–16] and the references cited 
therein.  
In the specific examples considered, for each 
obtained nonlinear model, the equation defining 
this model is reduced to an equivalent system of 
first-order differential equations. The resulting 
Cauchy problem for each such system is solved 
numerically using the Runge-Kutta-Felberg 
method, the concepts and algorithms of which 
can be found, for example, in [17] and the 
references cited therein. 
 
 
RESULTS AND DISCUSSION  
 
The study conducted in this paper is new and 
has not been previously reported in the 
literature. 
A general traveling wave for a porous medium 
has the form 
 
         , ,p t x y z          (2) 
 
Where , ,  are arbitrary real numbers, 
satisfying the condition 2 2 2 0 . 
Substituting (2) into (1) yields the following 
differential equation 
 

2 2 2

0.

d dd
d d d

d
f

d

   (3) 

 
The functions , f  and constants 

, ,  specifies each particular model of a 
traveling wave. 
We will be study at some particular models and 
indicate what influence in these models have on 
the filtering in the expanded loading layer.  

1. First particular models 
At  where ,  are arbitrary real 
numbers, satisfying the condition 0 , 
equation (3) takes a form 
 

    

22 2 2 2
2

2
1 0.

d
d

dd fd d

              (4) 

 
This equation defined model depending 
on , , , ,  and f . 
Equation (4) is equivalent to the following 
system  
 

 
1

1
2 2 2, ,

fd d
d d

    (5) 

 
where is new unknown function. 

Let at initial time 0 0t t   at a fixed point 

0 0 0 0, ,x y zx  the pressure and the rate 

of its change are given 
 

   0 0 0 00 1, 0, , .p
p t p t p

t
x x    (6) 

 
We will find a function satisfying system 
(5) to solve this problem.  
The initial data for system (5) has a form 
 

     0 0 1

0 0 0 0 0

1
0 0, ,

.
p p p

t x y z
.      (7) 

 
Due to the smoothness of the right-hand sides of 
system (5), the solution of the Cauchy problem 
(5), (7) exists and is unique in the neighborhood 
of the point 0 .  
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1.1. In the first example, we obtain this 
solution at bf a  ( ,a b  are arbitrary real 
numbers). At 1, 1, 1, 2, 1,     

0 10 0 0 01, 1, 1, 1, 1, 5,t x y z p p

1, 1a b  we solved numerically the Cauchy 
problem (5), (7) by the Runge-Kutta-Fehlberg 
method [17] (with order of accuracy 4). The 
graph of the function  is shown in the 
Fig. 1. 

 

 
Figure 1. Pressure distributions for the model 1.1 
 
This graph shows that the pressure in the 
loading layer L  increases at 3; 6,6 . This 
means that the loading layer gets clogged. At 

6, 6  the pressure reaches its maximum 
value and begins to decrease at 6, 6 . This 
means that at 6, 6 , filtering ceases and the 
loading layer is destroyed. The onset of 
destruction time is: 
 

sup 6, 6t x y zLx . 
 

1.2. In the second example, we obtain this 
solution at expf a b  ( ,a b  are 
arbitrary real numbers). At  1, 1, 1,  

0 0 0 05, 1, 1, 1, 1, 1,t x y z  
0 11, 5,5, 1, 0,5p p a b  we solved 

numerically the Cauchy problem (5), (7) by the 
Runge-Kutta-Fehlberg method [17] (with order 

of accuracy 4). The graph of the function 
is shown in the Fig. 2. 

 

 
Figure 2. Pressure distributions for the model 1.2 

 
This graph shows that the pressure in the 
loading layer decreases. This means that the 
loading layer expands. Let p  is the pressure 
at which the maximum expansion of the 
loading layer L  is achieved. And this pressure 
is reached at the point , ,x y zx  in the 

loading layer at 0 4 . This 

solution has a physical meaning at 
0; . The time to reach maximum 

expansion of the loading layer is determined 
by the formula  
 

supt x y zLx . 
 

1.3. In the second example, we obtain this 
solution at lnf a  ( a  is arbitrary real 
number). At 1, 1, 1, 1,5, 1,  

1, 1, 1, 1, 0 10 0 0 0 1, 0,05,t x y z p p  
1, 1a b  we solved numerically the Cauchy 

problem (5), (7) by the Runge-Kutta-Fehlberg 
method [17] (with order of accuracy 4). The 
graph of the function  is shown in the 
Fig.3.  
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Figure 3. Pressure distributions for the model 1.2. 

 
From this graph, it follows that the pressure 
increases briefly at 0; 1, 2  and reaches its 
maximum value at 1, 2 , then the pressure at  

1, 2  decreases. This means that the loading 
layer L  is heavily contaminated and is rapidly 
beginning to deteriorate. The onset of 
destruction time is: 
 

sup 1, 2t x y zLx . 
 

2. Second particular models 
At exp  where ,  are 
arbitrary real numbers, satisfying the 
condition 0 , equation (3) takes a form 
 

      

22 2 2
2

2

  

  

exp( )

( ) 0.

d
d

dd fd d

         (8) 

 
This equation defined model depending on 

, , , ,  and f . 
Equation (8) is equivalent to the following 
system  
 

         
2 2 2

exp( ) ,

exp( )
,

d
d

fd
d

              ( ) 

where is new unknown function. 
We use the function satisfying this system 
and conditions (6). 
The initial data for system (5) has a form 
 

   0 1

0 0 0 0 0

0 0 0, exp( ),

.
p p p

t x y z
.      (10) 

 
Due to the smoothness of the right-hand sides of 
system ( ), the solution of the Cauchy problem 
( ), (10) exists and is unique in the 
neighborhood of the point 0 . 
2.1. In the first example, we obtain this solution 
at bf a  ( ,a b  are arbitrary real numbers 
At 01, 1, 1, 5, 1, 1,t  

1, 1, 1, 0 10 0 0 1, 1, 1,x y z p p a  
2b  we solved numerically the Cauchy problem 

( ), (10) by the Runge-Kutta-Fehlberg method 
[17] (with order of accuracy 4). The graph of the 
function  is shown in the Fig. 4. 

 

 
Figure 4. Pressure distributions for the model 2.1. 

 
From this graph, it follows that the pressure in 
the loading layer decreases. This means that the 
loading layer expands. Let p  is the pressure at 
which the maximum expansion of the loading 
layer L  is achieved. And this pressure is 
reached at the point , ,x y zx  in the loading 

layer at 0 4 . This solution 

6 
 

has a physical meaning at 0; . The 
time to reach maximum expansion of the 
loading layer is determined by the formula  
 

supt x y zLx . 
 

2.2. In the second example, we obtain this 
solution at expf a b  ( ,a b  are 
arbitrary real numbers) At 1, 1,  

1, ,0 0 0 01, 2, 1, 1 1, 1,t x y z
 0 11, 0,01, 1, 1p p a b  we solved 
numerically the Cauchy problem ( ), (10) by the 
Runge-Kutta-Fehlberg method [17] (with order 
of accuracy 4). The graph of the function 

is shown in the Fig. 5. 
 

 
Figure 5. Pressure distributions for the model 2.2. 

 
From this graph, it follows that the pressure 
increases briefly at 0; 3  and reaches its 
maximum value at 3 , then the pressure at  

3  decreases. This means that the loading layer 
L  is heavily contaminated and is rapidly beginning 
to deteriorate. The onset of destruction time is: 
 

sup 3t x y zLx . 
 

2.3. In the second example, we obtain this solution 
at lnf a  ( a  is arbitrary real number). At 

1, 1, 1, 2,  

, 0 10 0 0 01, 1 1, 1, 1, 0t x y z p p , 
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problem ( ), (10) by the Runge-Kutta-Fehlberg 
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of the function  is shown in the Fig.6. 
 

 
Figure 6. Pressure distributions for the model 2.2. 

 
From this graph, it follows that the pressure 
increases at  and reaches its 
maximum value at , then the pressure at  

 decreases. This means that the loading 
layer L  is heavily contaminated and is rapidly 
beginning to deteriorate. The onset of 
destruction time is: 
 

t x y zLx . 
 

3. Third particular models 
At ln  where  is arbitrary real 
nonzero number, , equation (3) takes a form 
 

22

2
2 2 2

2     

  ( ) 0.

d d
d d

d f
d

      (11) 

 
This equation defined model depending on 

, , ,  and f . 
Equation (11) is equivalent to the following 
system  
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This equation defined model depending on 

, , ,  and f . 
Equation (11) is equivalent to the following 
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3.3. In the second example, we obtain this 
solution at lnf a  ( a  is arbitrary real 
number). At 1, 1, 1, 6,  
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1 0,1, 1, 1p a b  we solved numerically 
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Figure 9. Pressure distributions for the model 2.2. 

 
From this graph, it follows that From this graph, 
it follows that the pressure corresponding to 
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physical meaning at 0; . The time to 
reach maximum expansion of the loading layer 
is determined by the formula  
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CONCLUSION 
 
In this paper, we investigate the influence of 
externally applied traveling waves on the 
filtering of aqueous solutions in an expanded 
loading layer. To describe this process, we 
used a three-dimensional nonlinear dynamic 
generalized mathematical model of fluid 
motion in a porous medium with a nonlinear 
external influence. A general model 
describing traveling waves, defined by 
equation (3), was obtained. 
Specific cases of this model with three types of 
filtering process nonlinearity werestudied: 
power, exponential, and logarithmic. These 
nonlinear models are defined by equations (4), 
(8), and (11), respectively. For each of these 
models, three special cases were examined, for 
which the external influence was chosen as 
power, exponential, and logarithmic. The 
resulting nine models depend on seven arbitrary 
constants, which are determined empirically 
depending on the filtering process. 
For each of these nine models, we investigated 
the problem of determining the pressure of an 
aqueous solution in a loading layer assuming 
that the pressure and its rate of change at a fixed 
point in the bed are known at the initial time. 
For specific values of the constants on which 
these models depend, this problem was solved 
numerically. The results are shown in Figures 1, 

describe both the expansion and fouling of the 
bed, depending on the type of nonlinearity in the 
filtering process, the type of external influence, 
and the parameters of the traveling wave. For 
filtering with an expanding loading layer, we 
found the time at which maximum expansion is 
achieved. For fouled loading layers, we found 
the time it takes for the loading layer to 
collapse. 
The presence of seven arbitrary constants on 
which the nine models studied depend allows 
these models to beused to solve other physically 
significant problems. 
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LES SENSITIVITY TO DOMAIN SIZE AND GRID RESOLUTION  
IN IDEALIZED URBAN STREET CANYON 

 
Norharyati Saleh 1, Mohd Hisbany Mohd Hashim 1, Mohd Faizal Mohamad 2, 

Roslin Ramli 3, Herlien D. Setio 4 
1 Faculty of Civil Engineering, Universiti Teknologi MARA Shah Alam, MALAYSIA  

2 Faculty of Mechanical Engineering, Universiti Teknologi MARA Shah Alam, MALAYSIA 
 3 Maritime Engineering Technology, Malaysian Institute of Marine Engineering Technology, Universiti Kuala Lumpur, 

Lumut, Perak, MALAYSIA 
4 Falcuty of Civil and Environmental Engineering, Institut Teknologi Bandung, Bandung, Jawa Barat, INDONESIA 

 
 

Abstract: A series of large-eddy simulations (LES) was performed to investigate the effects of computational 
domain size and grid resolution on flow prediction within an idealized urban street canyon. Three streamwise 
domain lengths were examined in combination with coarse, medium, and fine grid resolutions. The building 
height, H, was kept constant, and the canyon aspect ratio (street width to building height) was set to unity. Flow 
statistics were evaluated at the central canyon of each configuration and compared with available wind-tunnel 
data.The LES results indicate that the simulated mean velocity profiles agree well with experimental 
measurements for all cases. Both domain size and grid resolution exhibited minimal influence on the mean 
velocity components, suggesting that mean flow within a street canyon can be reliably predicted using a 
relatively small computational domain when combined with medium or fine grid resolutions. This offers a 
computationally efficient option for mean flow analysis. In contrast, turbulence statistics were found to be more 
sensitive to grid resolution than to domain size. Fine grid resolution significantly improved the prediction of 
velocity fluctuations and momentum transport, whereas smaller domains tended to produce less consistent 
turbulence results. Consequently, while small or medium domains may be suitable for mean flow assessment, 
they are not recommended for detailed turbulence analysis.Overall, this study highlights the importance of 
balancing domain size and grid resolution to obtain reliable LES results while minimizing computational cost, 
providing practical guidance for CFD–LES studies of urban street canyon flows. 

 
Keywords: Computational Fluid Dynamic (CFD), Street Canyon, Turbulence flow, Large-eddy simulation 

(LES), Wind-tunnel, Computational parameters  
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INTRODUCTION 
 
Urban areas are major contributors to air 
pollution due to dense human activities [1]. At 
the same time, the urban mobility landscape is 
undergoing rapid transformation as cities 
confront increasingly complex challenges 
related to transportation, sustainability, and 
urban development [2]. A substantial portion of 
this pollution originates from vehicular 
emissions trapped within street canyons, one of 
the most characteristic micro-environments of 
contemporary cities [3]. A street canyon is 
formed by rows of adjacent buildings flanking 
both sides of a roadway, creating a confined 
geometric unit within the urban canopy layer  
[4]. The airflow within these canyons is strongly 
influenced by wind-driven circulation patterns, 
which are governed by microscale 
meteorological processes. Understanding these 
flow behaviours is essential, as they directly 
affect pollutant dispersion, thermal comfort, and 
overall urban environmental quality as well as 
better energy-efficient construction 
implementation. [5-7]. 
The poor understanding of the unsteady and 
intermittent wind field inside the canyon has 

been considered as one of the major obstacles 
that cause the build engineer not sufficiently 
able to minimize and avoid the creation of an 
inhospitable environment within the urban area. 
Thus, the extensive investigation and particular 
guideline for the analysis of atmospheric 
processes in the street canyons should be 
continued as an active and growth research 
within this century [8]. 
The majority of the previous studies focus on a 
street with perpendicular background wind 
conditions, as this is the worst case situation for 
ventilation and pollutant removal [9-13]. On 
regards to street canyon geometries, Oke [9] 
reported the occurrence of three distinct flow 
regimes inside a street canyon at various aspect 
ratio threshold, namely isolated roughness flow, 
wake interference flow and skimming flow. The 
skimming flow was shown to be the most 
adverse effect for the ventilation and pollution 
removal while comparing with the three flow 
regimes profile. The normal velocity in the 
street canyon is often a significant degree lower 
than the free-stream velocity in the atmosphere 
in this flow regime. Thus, a wind vortex forms 
inside a street canyon when the mean wind 
direction is perpendicular to the street [10]. 
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implementation. [5-7]. 
The poor understanding of the unsteady and 
intermittent wind field inside the canyon has 

been considered as one of the major obstacles 
that cause the build engineer not sufficiently 
able to minimize and avoid the creation of an 
inhospitable environment within the urban area. 
Thus, the extensive investigation and particular 
guideline for the analysis of atmospheric 
processes in the street canyons should be 
continued as an active and growth research 
within this century [8]. 
The majority of the previous studies focus on a 
street with perpendicular background wind 
conditions, as this is the worst case situation for 
ventilation and pollutant removal [9-13]. On 
regards to street canyon geometries, Oke [9] 
reported the occurrence of three distinct flow 
regimes inside a street canyon at various aspect 
ratio threshold, namely isolated roughness flow, 
wake interference flow and skimming flow. The 
skimming flow was shown to be the most 
adverse effect for the ventilation and pollution 
removal while comparing with the three flow 
regimes profile. The normal velocity in the 
street canyon is often a significant degree lower 
than the free-stream velocity in the atmosphere 
in this flow regime. Thus, a wind vortex forms 
inside a street canyon when the mean wind 
direction is perpendicular to the street [10]. 

Furthermore, the pollutant concentrations are 
higher on the leeward side rather than the 
windward side due to flushes effect by the 
vortex flow pattern. Meanwhile, according to 
Meroney et al., [11], a constant rotating vortex 
has been generated within the urban canyon 
under perpendicular wind direction, limiting the 
ventilation process and trapping pollution inside 
the canyon. Vardoulakis et al. [12] further 
claimed that when the wind speed is greater 
than 1.5 to 2 m/s and the flow is perpendicular 
to the canyon, the free-stream velocity over the 
canyon in typical canyons results in the 
skimming flow, which is identifiable by the 
formation of a single vortex within the canyon. 
According to research conducted by Li et al. 
[13], the perpendicular inflow wind direction to 
the street had the worst effects on pollution 
transport in street canyons due to the formation 
of a recirculating vortex within an even street 
canyon and a significant shear layer at the roof 
level. 
The fluid stream pattern inside the street 
canyons has govern the mechanism of passive 
and inert pollutant. Previous literature have 
looked on the characteristics of stream flow and 
mechanism pollutant dispersion in urban street 
canyons using field measurements, laboratory 
experiments, and CFD [13-18]. On-site 
measurement is a useful research method for 
demonstrating the real-world microclimate of a 
street canyon, such as the reduced wind speed 
and enhanced pollution levels. However, a 
number of factors influence this approach, 
including the continuously changing 
meteorological conditions [15]. Wind tunnels, 
on the other hand, have been widely employed 
in both industry and research for many years. 
Wind tunnels have been used to verify 
aerodynamic theories and facilitate the design of 
aircraft, as well as to build new aircraft, wind 
turbines, and other designs that included 
dynamic interaction with an airflow [16].  
The field measurement and wind tunnel 
measurement have a distinct drawback since 
most of the data sampled only a one-point 
measurement [17]. In addition, due to the time 

and cost issues associated with in-field 
measurement and wind tunnel testing, CFD has 
become the primary tool used to explore and 
predict flow fields. CFD can provide a 
comprehensive data of the flow structure and 
pollutant distributions in temporal and spatial 
scale, whereas other methods are still lack of 
this criteria [18-19]. The three type of CFD 
methods that have been adopted and 
successfully used in urban street canyon 
environment are include Direct Numerical 
Model (DNS), Large Eddy Simulation (LES), 
and Reynolds-Averaged Navier-Stokes (NS) 
equations (RANS) modelling.  
By resolving the full field of spatial and 
temporal scales of turbulence, the DNS 
technique directly simulates, computes, and 
solves the Navier-Stokes equation. This 
signifies that no turbulence model was used. As 
a result, DNS providing a high-fidelity 
resolution for fluid flow simulation and has 
frequently regarded as a numerical experiment. 
However, in term of computing resources, the 
DNS method acquires highly cost as compare to 
RANS and LES and thus not really used for 
industrial flow computations [20]. As a 
consequence, the most comprehensive 
applications of CFD is seen to be the RANS 
equations and the LES. 
 The RANS method, in general, is based on 
mean flow properties where the time-averaging 
of the Navier-Stokes equations has been 
applied. Due to its minimal computational 
resource requirements and reasonably computed 
accurate flow field, this method has been widely 
employed in engineering flow computations 
throughout the previous few decades [21]. 
Several previous studies used RANS for various 
flow conditions in street canyon have been 
reported; Mishra et al. [22] looked on the 
influence of street canyon configurations on the 
pollutant dispersion and ventilation performance 
with various aspect ratios and different street 
length. Lien [23] has been studied of the 
disrupted flow for buildings immersed in a 
neutrally stratified deep rough walled turbulent 
boundary-layer flow, Cheng et al. [24] focused 
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on how street canyon geometry could affect the 
ventilation and pollutant removal process, Ai et 
al. [25] investigates the buildings located in 
long street canyon under a wind-caused single-
sided natural ventilation and Cui et al. [26] 
looked on the impact of three type of envelope 
features on wind flow and pollution exposure to 
occupants within street canyon. However, the 
conventional k-model has an obvious flaw in 
terms of model correctness, despite the fact that 
most RANS models serve the most economical 
cost in terms of computational resources. One of 
the significant flaws in the model assessments is 
the concept of a steady-state solution that could 
be the major source of the inconsistencies. 
 Meanwhile, LES used the separated filtered in 
the transport equations where it permitted only 
bigger eddies to be resolved, in the meantime 
the smallest eddies are being modelled. [27]. 
The use of LES to accommodate the 
inadequacies of RANS has recently gained 
popularity. Due to its consistency and precision, 
the LES approach has been more superior than 
the RANS method [28].  
A list of LES-based studies on flow structures 
and pollution related issues in street canyons 
that has been published; Alwi et al. [29] 
conducted the LES model to investigated the 
effect of various eave design on the 
modification of flow structure and turbulent 
characteristic for 2D semi-open street canyons. 
Meanwhile, Liu et al. [30] used model of street 
canyon for various aspect ratio to simulate the 
performance of air and pollutant exchange rate, 
Li et al. [31] further explored the pollutant 
dispersion process for deep canyons geometries, 
Mohamad et al.  [32] looked on the mechanism 
of average and fluctuation for air flow for 
building with overhang and Munixta et al.  [33] 
performed the evaluation of  mean and 
turbulence structure flow under building 
geometry effect such as roof and façade aspect. 
 Base on literatures, it is noticed that CFD is one 
of the most widely used tools for studying such 
flow problems in an urban environment due to 
its ability to provides detailed information on 
the relevant flow variables under controlled 

conditions [34]. However, the accuracy and 
reliability of the data have found to have some 
skepticism issue involve while applying 
numerical modelling to problems associated 
with wind engineering [35-37]. Due of their 
limitations and errors, CFD models still require 
further improvement [37]. 
The fundamental objection to this issue, 
according to Franke et al. [38], is the approach's 
availability of various physical and numerical 
factors that can be freely chosen by the user. 
The physical modelling based on models of 
turbulence used and the type of boundary 
conditions are considering as one of sources of 
error in CFD results accuracy. Meanwhile, the 
second contribution is made by numerical 
simulation factors such as size of computational 
domain, design for grid resolution, and 
numerical iteration method. While CFD models 
have been widely used to examine atmospheric 
processes in street canyons, the need for 
adequate computational parameters is one of the 
most essential elements to determine predictive 
accuracy. The computational dimensions, as 
well as the grid design and quality, are some of 
the computational parameters that have a 
considerable impact on the predictability and 
accuracy of the flow field.  
Liu and Barth [39] used an LES model to 
explore the flow and turbulence scalar transfer 
mechanism in a 3D-idealized street canyon. 
Before validating the results, a grid dependence 
analysis was performed to ensure grid solution 
accuracy. Cui et al. [40] investigated a turbulent 
structure flow within a three-dimensionally 
modelled street canyon. The comparison of grid 
resolution (fine and coarse only) and initial 
wind profile, as well as the variation of 
Smagorinsky constant for the LES model, was 
carried out for the purpose of accuracy and 
validation.  
Cheng and Liu [41], on the other hand, used a 
two-dimensional idealized street canyon to 
evaluate the flow field and pollutant dispersion 
case using the LES model simulation. The study 
is motivated by the concept of the influence of 
computational domain size, which suggested 
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on how street canyon geometry could affect the 
ventilation and pollutant removal process, Ai et 
al. [25] investigates the buildings located in 
long street canyon under a wind-caused single-
sided natural ventilation and Cui et al. [26] 
looked on the impact of three type of envelope 
features on wind flow and pollution exposure to 
occupants within street canyon. However, the 
conventional k-model has an obvious flaw in 
terms of model correctness, despite the fact that 
most RANS models serve the most economical 
cost in terms of computational resources. One of 
the significant flaws in the model assessments is 
the concept of a steady-state solution that could 
be the major source of the inconsistencies. 
 Meanwhile, LES used the separated filtered in 
the transport equations where it permitted only 
bigger eddies to be resolved, in the meantime 
the smallest eddies are being modelled. [27]. 
The use of LES to accommodate the 
inadequacies of RANS has recently gained 
popularity. Due to its consistency and precision, 
the LES approach has been more superior than 
the RANS method [28].  
A list of LES-based studies on flow structures 
and pollution related issues in street canyons 
that has been published; Alwi et al. [29] 
conducted the LES model to investigated the 
effect of various eave design on the 
modification of flow structure and turbulent 
characteristic for 2D semi-open street canyons. 
Meanwhile, Liu et al. [30] used model of street 
canyon for various aspect ratio to simulate the 
performance of air and pollutant exchange rate, 
Li et al. [31] further explored the pollutant 
dispersion process for deep canyons geometries, 
Mohamad et al.  [32] looked on the mechanism 
of average and fluctuation for air flow for 
building with overhang and Munixta et al.  [33] 
performed the evaluation of  mean and 
turbulence structure flow under building 
geometry effect such as roof and façade aspect. 
 Base on literatures, it is noticed that CFD is one 
of the most widely used tools for studying such 
flow problems in an urban environment due to 
its ability to provides detailed information on 
the relevant flow variables under controlled 

conditions [34]. However, the accuracy and 
reliability of the data have found to have some 
skepticism issue involve while applying 
numerical modelling to problems associated 
with wind engineering [35-37]. Due of their 
limitations and errors, CFD models still require 
further improvement [37]. 
The fundamental objection to this issue, 
according to Franke et al. [38], is the approach's 
availability of various physical and numerical 
factors that can be freely chosen by the user. 
The physical modelling based on models of 
turbulence used and the type of boundary 
conditions are considering as one of sources of 
error in CFD results accuracy. Meanwhile, the 
second contribution is made by numerical 
simulation factors such as size of computational 
domain, design for grid resolution, and 
numerical iteration method. While CFD models 
have been widely used to examine atmospheric 
processes in street canyons, the need for 
adequate computational parameters is one of the 
most essential elements to determine predictive 
accuracy. The computational dimensions, as 
well as the grid design and quality, are some of 
the computational parameters that have a 
considerable impact on the predictability and 
accuracy of the flow field.  
Liu and Barth [39] used an LES model to 
explore the flow and turbulence scalar transfer 
mechanism in a 3D-idealized street canyon. 
Before validating the results, a grid dependence 
analysis was performed to ensure grid solution 
accuracy. Cui et al. [40] investigated a turbulent 
structure flow within a three-dimensionally 
modelled street canyon. The comparison of grid 
resolution (fine and coarse only) and initial 
wind profile, as well as the variation of 
Smagorinsky constant for the LES model, was 
carried out for the purpose of accuracy and 
validation.  
Cheng and Liu [41], on the other hand, used a 
two-dimensional idealized street canyon to 
evaluate the flow field and pollutant dispersion 
case using the LES model simulation. The study 
is motivated by the concept of the influence of 
computational domain size, which suggested 

that increasing the domain size would result in 
higher resolution data. Meanwhile, Michioka et 
al. [42] investigated the impact of the 
computational domain size on the flow field 
within the street canyon. The LES simulation 
analysis was used to predict the effects of the 
coherent structure on pollutant removal in 
general. Meanwhile, Dai et al. [43] show 
application of LES to realistic building 
problems and discuss setup/validation best 
practices that translate to street-canyon studies. 
The accuracy performance of the CFD models 
was found to be affected by parameter 
characteristics such as computational domain 
and grid resolution in previous research. 
However, to the author's knowledge, no specific 
and rigorous examination of the effect and 
correlation for both parameters on the accuracy 
of flow statistics has been done. By knowing the 
proper approach for the selection of those 
computational setting is certainly useful to 
optimize the time and cost consumption for 
CFD simulation particularly for the LES model 
for instance [44].  
Therefore, the motivation for the overall current 
study is to use the LES model as a tool to 
validate and statistically analyses in detail the 
correlation of the two computational 
parameters; computational domain and grid 
resolution towards the accuracy of the flow field 
within the idealized urban street canyon 
environment.  
The LES method was chosen primarily because 
of its capacity to provide deeper insights into 
the mean flow and statistics of the resolved 
fluctuation, which were obviously appropriate 
for the study's goals. Finding should be 
expected to enrich the fundamental 
understanding and also increase the confidence 
in the used of CFD simulations. 
 
 
METHODS 
 
2.1 Governing Equations  
By applying a filter operation, the flow 
equations that consists of the continuity (1), 

momentum and mass conservation equations (2) 
as follow is assumed to be isothermal and 
incompressible, 

 

                                         
             (1) 

           
             (2) 

 
where the filtered value is indicated by the 

overbar, u is the velocity vector and P is the 
pressure and  is the fluid kinematic viscosity. 
For this study, the sub-grid scale (SGS) stress 
was modelled by the standard Smagorinsky 
model with Smagorinsky’s constant Cs of 0.12 
to reproduce the turbulent nature due to 
elements of roughness. The Reynolds number is 
defined as Re = uH H= square 
block height) and all the terms are calculated 
and analyze by using an open-source software 
of OpenFOAM v2.3.1.   

 
2.2 Simulation Domain  
Three different computational domains are 
adopted in this study as shown in Fig. 1 (a and 
b). Each domain is characterised by the length 
in each direction in term of streamwise (Lx), 
spanwise (Ly) and vertical (Lz) directions. 
Case1 is defined as 2H x H x 6H (one canyon: 
small), 6H x H x 6H for Case2 (three canyons: 
medium) and 10H x H x 6H for Case3 (five 
canyons: large) (see Table 1). Case1 with a grid 
size of H/16 is used for validation with the wind 
tunnel experiment by Michioka [42] and Brown 
[45]  as depicted in Fig. 1a.  
To investigate the correlation of the domain size 
and grid resolution size, three runs are 
implemented (see Fig. 2, 3 and 4) for coarse 
(H/8), medium (H/16) and fine (H/32) 
resolution run where define as G8C, G16C and 
G32C, respectively. A uniform height (H=0.12 
m) of square arrays are arranged at the bottom 
surface corresponds with the domain size. As 
the aspect ratio of all simulations is unity, the 
height of the domain was set to 6H as proposed 
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by Franke [46] and the spanwise domain length 
was kept at H, since the effects of the spanwise 
direction was not concerned in this study, which 
adopted the two-dimensional analysis.  
 

(a)  

(b)  
Figure 1. Schematic of the computational domain 

adopted in this study (a) Case 1 for validation 
purpose (b) Configurations of simulated urban 
street canyon for Case 1, Case 2 and Case 3

 

 
Figure 2. Diagrams of the Run Case 1 for Grid 

Size Resolution of H/8, H/16 and H/32 

Table 1. Computational Domains and Total 
Grids 

G8 Case 1 Case 2 Case 3 
Lx/H 2 6 10 
Ly/H 1 1 1 
Lz/H 6 6 6 
Nx 16 48 80 
Ny 8 8 8 
Nz 48 48 48 

Number of 
cells 

5632 45056 229376 

G16    
Lx/H 2 6 10 
Ly/H 1 1 1 
Lz/H 6 6 6 
Nx 32 96 160 
Ny 16 16 16 
Nz 96 96 96 

Number of 
cells 

16896 135168 688128 

G32    
Lx/H 2 6 10 
Ly/H 1 1 1 
Lz/H 6 6 6 
Nx 64 192 320 
Ny 32 32 32 
Nz 192 192 192 

Number of 
cells 

28160 225280 1146880 

 
 

 
Figure 3. Diagrams of the Run Case 2 for Grid 

Size Resolution of H/8, H/16 and H/32 
 

 
Figure 4. Diagrams of the Run Case 3 for 

Grid Size Resolution of H/8, H/16 and H/32 
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To simulate infinitely repeated street canyons 
cyclic boundary conditions are applied for both 
directions of streamwise and spanwise. The 
bottom surface and building surfaces are 
subjected to no-slip boundary conditions, while 
the velocity components at the top boundary are 
subjected to free-slip boundary conditions. This 
conditions allowed for the velocity normal to the 
boundary and the velocity gradient along the wall 
to be zero. The summary inflow boundary 
condition for the LES model is shown in Table 2. 

 
Table 2.  

LES Boundary Conditions 
Boundary condition Velocity (u) 

Inlet Cyclic 
Outlet Cyclic 
Top Slip 

Bottom Non-slip 
Side Wall Cyclic 

Block Non-slip 
 

To keep the mean velocity over a cross-section 
at 2 m/s, an additional source term in the 
Navier-Stokes (NS) equations is used to drive 
the flow. The time step is set to 1.0 x 10-4 to 
ensure the mean Courant number is less than 
one. The sampling frequency of the data is 
500Hz. For all cases of simulations for this 
study, the Reynolds number was in the range of 
10000-12000, indicating that a fully developed 
turbulence flow was produced by using current 
LES model.  
 
 
RESULTS AND DISCUSSION  
 
3.1 Model Validation  
As is well known, the validation process is 
required to determine the accuracy and 
dependability of the CFD simulation results. The 
degree to which a model accurately represents the 
real world from the perspective of the intended 
model uses can be defined through validation. 
One of the most effective approaches to get 
perfect practice with a CFD is to compare it to 
published or experimental data Oberkampf  [47].  

For this study, the dimensions of the building 
model and computational domain were chosen 
to compare the obtained results of this study 
with the experimental study results of  Michioka 
[42] and Brown [45]. Michioka [42] performed 
the research in the Central Research Institute of 
Electric Power Industry's wind tunnel facility 
(CRIEPI) for two-dimensional street canyon 
model. The wind tunnel was built in a bigger 
test section (17.0 m x 3.0 m x 1.7 m) and 
consisted of a series of 25 evenly spaced bars. 
Meanwhile, Brown [45] carried out the 
experiment in the US Environmental Protection 
Agency's meteorological wind tunnel. An 
idealised street canyon with unity aspect ratio 
are made up of six identical canyons formed 
from seven identical square cross-section 
building components (0.15 m x 3.8 m x 0.15 m). 
The turbulent flow sample was taken at the sixth 
street canyon, which features fully developed 
wind profiles.  
Fig.5 shows a vertical profile of the streamwise 
mean velocities of current LES at three vertical 
plane positions within a target street canyon 
together with the wind tunnel experiments. As 
mentioned before, the validation has been 
performed by using Case 1 (one street canyon). 
The current LES results agree well with the 
previous wind tunnel by Brown [45] and 
Michioka [42] particularly inside the canyon. At 
(z/H<1), the reversed flow is successfully 
reproduced at all measured positions. However, 
approximately at (z/H>1), the profile of mean 
vertical velocity for current LES is quite steep 
compared to the profile of wind-tunnel 
experiment by Michioka [42] and more obvious 
in Brown [45]. The difference may have 
resulted from the coarse roof-level mesh 
resolution near the roof level where strong wind 
shear is present as well as due to limited domain 
size as suggested by Cui [40] The current LES 
does not have a refined mesh structure near the 
building level and thus attribute to the 
insufficient numbers of small eddies within the 
LES system.  
On the other hand, the current LES adopts a 
limited domain size that allows only those eddies 
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whose sizes are smaller than half the canyon 
width (e.g. 0.12 m) to be developed where this is 
not the case in the wind tunnel experiments. The 
larger eddies whose sizes are larger than canyon 
width can be properly produced by the roughness 
elements and instability of flow in upstream 
locations resulted from the fact that those 
maximum eddies are confined by the dimension 
of the cross-section of the tunnel itself. 
 

 
Figure 5. Vertical profiles of streamwise mean 

velocity at x/H=0.25, x/H=0 and x/H=-0.25 
respectively. Current LES: solid line, Michioka 
et al., [42]: empty circle and Brown et al., [45]: 

empty triangular 
 

Therefore, with the availability of these extra 
eddies, more intensive momentum transfer from 
the mean wind to inside the canyon could happen 
and thus developed a stronger primary vortex. 
Apart from the differences, considering the 
profiles of current LES become smoother across 
the building height as predicted in the wind-tunnel 
experiment, it is acceptable that the current LES 
reproduces the mean flow field inside and over the 
street canyon and the fully developed wind 
profiles have been sampled. It should be noted 
that the limited domain size has been selected for 
this study for economic reasons as well as due to 
limitations of computer resources. 

 
3.2 Flow and Turbulent Statistic 
This section analyzes the influence of two key 
computational parameters; domain size and grid 

resolution on the turbulent flow structure within 
the idealized street canyon. The subsequent 
discussion also examines the corresponding 
effects on momentum transport statistics. The 
LES results were obtained by decomposing 
instantaneous flow variables into mean and 
fluctuating components, as the mean values 
provide a more reliable representation of overall 
flow characteristics. Due to computational 
constraints, the analysis was conducted along 
the central plane of the domain, excluding 
variations in the spanwise (y) direction. 
Comparisons among cases were performed 
along five vertical lines within the canyon to 
assess velocity and turbulence distributions as 
shown in Fig. 6. To characterize the overall 
flow behavior, spatial and temporal averages of 
the flow field were evaluated in the x–z plane at 
the centerline (y/H = 0). Results are presented in 
statistical profiles for each grid resolution (C1G, 
C2G, C3G) and domain size (G8C, G16C, 
G32C). 
 

 
 

Figure 6. The Positions for Data Comparison 
where the Blue Line i
x/H = -0.25, Black Line is x/H= 0, Purple Line 

is x/H = 0.25 and Green Line is x/H = 0.45 
 
 
3.2.1 Mean Velocities Components  
Fig. 8 and Fig. 9 presents the vertical 
distribution of the normalized streamwise 
velocity (u) and vertical velocity (w) at five 
positions within the target street canyon of unity 
aspect ratio. The first measurement point (x/H = 
–0.45) corresponds to the upstream wall on the 
leeward side, while the subsequent positions at 
x/H = –0.25, 0, 0.25, and 0.45 represent the 
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whose sizes are smaller than half the canyon 
width (e.g. 0.12 m) to be developed where this is 
not the case in the wind tunnel experiments. The 
larger eddies whose sizes are larger than canyon 
width can be properly produced by the roughness 
elements and instability of flow in upstream 
locations resulted from the fact that those 
maximum eddies are confined by the dimension 
of the cross-section of the tunnel itself. 
 

 
Figure 5. Vertical profiles of streamwise mean 

velocity at x/H=0.25, x/H=0 and x/H=-0.25 
respectively. Current LES: solid line, Michioka 
et al., [42]: empty circle and Brown et al., [45]: 

empty triangular 
 

Therefore, with the availability of these extra 
eddies, more intensive momentum transfer from 
the mean wind to inside the canyon could happen 
and thus developed a stronger primary vortex. 
Apart from the differences, considering the 
profiles of current LES become smoother across 
the building height as predicted in the wind-tunnel 
experiment, it is acceptable that the current LES 
reproduces the mean flow field inside and over the 
street canyon and the fully developed wind 
profiles have been sampled. It should be noted 
that the limited domain size has been selected for 
this study for economic reasons as well as due to 
limitations of computer resources. 

 
3.2 Flow and Turbulent Statistic 
This section analyzes the influence of two key 
computational parameters; domain size and grid 

resolution on the turbulent flow structure within 
the idealized street canyon. The subsequent 
discussion also examines the corresponding 
effects on momentum transport statistics. The 
LES results were obtained by decomposing 
instantaneous flow variables into mean and 
fluctuating components, as the mean values 
provide a more reliable representation of overall 
flow characteristics. Due to computational 
constraints, the analysis was conducted along 
the central plane of the domain, excluding 
variations in the spanwise (y) direction. 
Comparisons among cases were performed 
along five vertical lines within the canyon to 
assess velocity and turbulence distributions as 
shown in Fig. 6. To characterize the overall 
flow behavior, spatial and temporal averages of 
the flow field were evaluated in the x–z plane at 
the centerline (y/H = 0). Results are presented in 
statistical profiles for each grid resolution (C1G, 
C2G, C3G) and domain size (G8C, G16C, 
G32C). 
 

 
 

Figure 6. The Positions for Data Comparison 
where the Blue Line i
x/H = -0.25, Black Line is x/H= 0, Purple Line 

is x/H = 0.25 and Green Line is x/H = 0.45 
 
 
3.2.1 Mean Velocities Components  
Fig. 8 and Fig. 9 presents the vertical 
distribution of the normalized streamwise 
velocity (u) and vertical velocity (w) at five 
positions within the target street canyon of unity 
aspect ratio. The first measurement point (x/H = 
–0.45) corresponds to the upstream wall on the 
leeward side, while the subsequent positions at 
x/H = –0.25, 0, 0.25, and 0.45 represent the 

leeward quarter line, canyon centerline, 
windward quarter line, and windward wall, 
respectively. The vertical coordinate (z) was 
normalized by the building height (H), and the 
velocity statistics were normalized by the 
reference velocity (u
where the flow field was relatively uniform and 
the wind speed remained nearly constant. The 
comparison includes all three computational 
domains—Case 1, Case 2, and Case 3—each 
simulated with coarse (G8C), medium (G16C), 
and fine (G32C) grid resolutions.  
As shown in Fig. 8, all cases produced similar 
streamwise velocity (u) profiles. LES 
effectively captured the reversed flow region 
(z/H < 1.0), indicating the primary vortex, and 
the shear layer formation near the building 
height due to flow separation similar to previous 
studies by Cui et. al. [40], Michioka et. al. [42] 
and Liu & Wong [48]. Above the rooftop, the 
velocity gradients became smoother across all 
cases, reflecting frictional damping. Variations 
above the canyon (z/H > 2.5) were more 
pronounced for coarse grids, where the 
streamwise velocity gradient was noticeably 
steeper. At z/H = 5, the mean velocity 
differences between coarse and fine grids 
ranged from 8.5–10.3% (C1G), 2.9–11.2% 
(C2G), and 1.9–7.4% (C3G), confirming 
improved consistency with grid refinement. 
Fig. 9 shows the vertical velocity (w) 
distribution, where all cases exhibited 
comparable trends within the canyon (z/H < 
1.0). The upward flow transported aged air 
outward, while the downward motion 
recirculated cleaner air toward the canyon core. 
However, coarse-resolution runs slightly 
underestimated w values, reflecting limited 
resolution accuracy. At z/H = 0.5, variations 
between coarse and fine grids ranged from 
50.7–60.1% (C1G), 65.5–70.3% (C2G), and 
31.7–46.8% (C3G). Overall, finer and medium 
grids produced smoother and more stable 
profiles compared with the coarse grid. 
These findings highlight that LES performance 
strongly depends on grid resolution. The coarse 
grid failed to resolve the full range of large 

eddies responsible for momentum and scalar 
transport, leading to deviations in the velocity 
fields. Since LES resolves large, energy-
containing structures while modeling smaller 
eddies via subgrid-scale closure, adequate grid 
density is essential. Hence, finer meshes (H/16 
and H/32) yielded better prediction accuracy 
and more realistic flow representation within the 
street canyon [49]. 
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(c) 

Figure 8. Vertical Profiles of the Mean 
Streamwise Velocity for All Cases of Domain 
Sizes; (a) Case1 (b) Case2 and (c) Case3 with 
Different Grid Resolution at x/H=-0.45, -0.25, 

0, 0.25 and 0.45. The Square Dot Lines Refer to 
the: Grid 8 (Coarse), Dash Line: Grid 16 
(Medium) and Solid Line: Grid 32 (Fine) 

 
 
 

Les Sensitivity to Domain Size and Grid Resolution in Idealized Urban Street Canyon



60 International Journal for Computational Civil and Structural Engineering
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(c) 

Figure 9. Vertical Profiles of the Mean Vertical 
Velocity for All Cases of Domain Sizes; (a) 

Case1 (b) Case2 and (c) Case3 with Different 
Grid Resolution at x/H=-0.45, -0.25, 0, 0.25 and 
0.45. The Square Dot Lines Refer to the: Grid 8 

(Coarse), Dash Line: Grid 16 (Medium) and 
Solid Line: Grid 32 (Fine) 

 
3.2.2 Standard Deviation Components  
Fig. 10 and Fig. 11 show the vertical distributions 
of the standard deviations of streamwise and 
vertical velocities (
effect of grid resolution on LES performance 
within the 2D street canyon with various size 
domains
produced comparable results, except for the coarse 
grid, which exhibited noticeable deviations in 
(Fig. 10). The maximum 
near the rooftop, representing strong shear-
induced turbulence, and were well captured in the 
medium and fine grid cases but underpredicted by 
the coarse grid. 

Both 
floor due to the no-slip boundary condition, where 
viscous effects dampened velocity fluctuations 
and suppressed turbulence generation. Above the 

appeared, particularly in the small domain (C1G). 
At z/H = 5, 
20% lower than for the medium (G16) and fine 
(G32) grids, while percentage differences for C2G 
and C3G ranged from 3.2–11.4% and 2.4–28%, 
respectively. A steeper 
observed for the fine grid in the large domain 
(C3G) above z/H > 4, indicating improved 
resolution of shear structures. 
 

 
(a) 

 
(b) 

 
(c) 

Figure 10. Vertical Profiles of the Streamwise 
Standard Deviation for All Cases of Domain 

Sizes; (a) Case1 (b) Case2 and (c) Case3 with 
Different Grid Resolution at x/H=-0.45, -0.25, 

0, 0.25 and 0.45. The Square Dot Lines Refer to 
the: Grid 8 (Coarse), Dash Line: Grid 16 
(Medium) and Solid Line: Grid 32 (Fine) 
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20% lower than for the medium (G16) and fine 
(G32) grids, while percentage differences for C2G 
and C3G ranged from 3.2–11.4% and 2.4–28%, 
respectively. A steeper 
observed for the fine grid in the large domain 
(C3G) above z/H > 4, indicating improved 
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(a) 

 
(b) 

 
(c) 

Figure 10. Vertical Profiles of the Streamwise 
Standard Deviation for All Cases of Domain 

Sizes; (a) Case1 (b) Case2 and (c) Case3 with 
Different Grid Resolution at x/H=-0.45, -0.25, 

0, 0.25 and 0.45. The Square Dot Lines Refer to 
the: Grid 8 (Coarse), Dash Line: Grid 16 
(Medium) and Solid Line: Grid 32 (Fine) 

As shown in Fig. 11, 
behavior with greater variation above the canyon. 
At z/H = 5, differences among grid resolutions 
were 20.5–42.8% for C1G, 14.2–25.5% for C2G, 
and 3.7–16.7% for C3G. Both nd 
magnitudes increased from leeward to windward, 
reflecting intensified shear and recirculation near 
the windward wall. Overall, coarse grids 
dissipated small-scale turbulence and 
underestimated velocity fluctuations, whereas 
finer grids more accurately resolved the energy-
containing eddies and provided higher fidelity in 
representing the canyon flow dynamics. 
 

 
(a) 

 
(b) 

 
(c) 

Figure 11. Vertical Profiles of the Vertical 
Standard Deviation for All Cases of Domain 

Sizes; (a) Case1 (b) Case2 and (c) Case3 with 
Different Grid Resolution at x/H=-0.45, -0.25, 

0, 0.25 and 0.45. The Square Dot Lines Refer to 
the: Grid 8 (Coarse), Dash Line: Grid 16 
(Medium) and Solid Line: Grid 32 (Fine) 

3.2.3 Turbulence Kinetic Energy (TKE) 
Similar to the mean velocity components, the 
turbulence kinetic energy (TKE) was 
n
measured at z = 2H, as shown in Fig. 12. The 
decomposition of instantaneous flow into mean 
and fluctuating components produced variance 
terms, whose square roots represent the velocity 
fluctuations. Half the sum of these variances 
corresponds to the mean kinetic energy per unit 
mass contained in the turbulent motions. TKE is 
a key parameter for evaluating LES 
performance, as it reflects the ability of the 
model to capture energy-containing eddies. To 
examine the effects of grid and domain size, 
TKE values were extracted at z/H = 1.0 (roof 
level) and z/H = 5.0 (above the canyon) for all 
simulation cases. 
Fig.12 shows the vertical profiles of TKE 
inside and above the street canyon. A distinct 
TKE peak appeared near the rooftop (z/H = 
1.0) for all simulations except the coarse-
resolution case (G8), where only a mild peak 
was observed. Large discrepancies were 
evident among the coarse-grid runs (C1G, 
C2G, and C3G), confirming the resolution 
sensitivity of LES results. In general, TKE 
values above the canyon were substantially 
higher than those within the canyon, as the 
shear layer generated strong turbulence over 
the roof, while the weaker recirculating flow 
below produced relatively uniform and low 
TKE distribution  [48]. 
To quantify the grid resolution effect, the 
TKE variation ratio between coarse and fine 
grids was computed. At z/H = 1.0, variations 
of 27–55.6%, 23.2–30.2%, and 25.5–32.0% 
were recorded for runs C1G, C2G, and C3G, 
respectively. Above the canyon, the coarse-
grid profile exhibited a steeper gradient than 
the finer-resolution cases, indicating less 
stable turbulence representation. Despite 
general agreement below roof level, the 
differences near z/H = 1.0 highlight the 
critical influence of grid size on LES 
performance in urban canyon flows. 
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(a) 
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(c) 

Figure 12. Vertical Profiles of TKE for All 
Cases of Domain Sizes; (a) Case 1 (b) Case 2 

and (c) Case 3 with Different Grid Resolution at 
x/H=-0.45, -0.25, 0, 0.25 and 0.45. The Square 
Dot Lines Refer to the: Grid 8 (Coarse), Dash 
Line: Grid 16 (Medium) and Solid Line: Grid 

32 (Fine) 
 
The TKE peak near the windward wall 
corresponded to the shear layer formed by flow 
separation at the leeward building edge—
recognized as the primary source of turbulence 
in isothermal canyon flows. High TKE values at 
the roof corners confirm this mechanically 
driven turbulence production. Conversely, 
smaller and more uniform TKE distributions 
near the leeward wall indicated low local 
velocity gradients. Among the simulations, C3G 
(fine resolution, large domain) produced the 
most consistent and realistic TKE distribution, 

while coarse-grid runs systematically 
underestimated TKE magnitudes. These 
discrepancies align with the observed 
underprediction of velocity (Fig. 8-9) and 
standard deviation components (Fig. 10–11), 
suggesting that coarse grids failed to fully 
capture the energy exchange between the high-
momentum flow above the canyon and the low-
momentum recirculating air below, as similarly 
reported by Cui et al. [40]. 
 
3.2.4 Reynold Shear Stress  
Fig. 13 presents the Reynolds shear stress 
profiles obtained from the LES simulations for 
different grid resolutions (C1G, C2G, and C3G) 
at five locations within the target street canyon. 
An increase in Reynolds shear stress magnitude 
was observed above the canyon for all cases as 
grid resolution improved from coarse to fine. 
The coarse and medium grid runs generally 
underestimated the Reynolds shear stress and 
failed to capture a distinct peak near the 
building height. In contrast, the fine grid 
simulations produced well-defined profiles, 
showing clear maxima at the windward roof 
edge, consistent with the expected location of 
strong shear-layer formation. 
The most pronounced increase in Reynolds 
shear stress with grid refinement occurred in the 
small-domain case (C1G), as shown in Fig. 13 
(a). At z/H = 1.0, the coarse grid predicted 
values approximately 32.4–59.9% lower than 
the medium and fine resolutions. For C2G and 
C3G, the variation was less significant, with 
percentage differences of 25.4–36.8% and 27.3–

4), the shear stress profiles tended to converge 
across all cases, indicating improved agreement 
above the canyon except for the coarse grid in 
the small domain. Within the canyon, all 
simulations showed relatively small shear stress 
values compared to those above the rooftop, 
consistent with weaker turbulence intensity 
below the shear layer. 
The discrepancies observed for coarse and 
medium grids were consistent with the low TKE 
values reported in Fig. 12. This correlation 
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recognized as the primary source of turbulence 
in isothermal canyon flows. High TKE values at 
the roof corners confirm this mechanically 
driven turbulence production. Conversely, 
smaller and more uniform TKE distributions 
near the leeward wall indicated low local 
velocity gradients. Among the simulations, C3G 
(fine resolution, large domain) produced the 
most consistent and realistic TKE distribution, 

while coarse-grid runs systematically 
underestimated TKE magnitudes. These 
discrepancies align with the observed 
underprediction of velocity (Fig. 8-9) and 
standard deviation components (Fig. 10–11), 
suggesting that coarse grids failed to fully 
capture the energy exchange between the high-
momentum flow above the canyon and the low-
momentum recirculating air below, as similarly 
reported by Cui et al. [40]. 
 
3.2.4 Reynold Shear Stress  
Fig. 13 presents the Reynolds shear stress 
profiles obtained from the LES simulations for 
different grid resolutions (C1G, C2G, and C3G) 
at five locations within the target street canyon. 
An increase in Reynolds shear stress magnitude 
was observed above the canyon for all cases as 
grid resolution improved from coarse to fine. 
The coarse and medium grid runs generally 
underestimated the Reynolds shear stress and 
failed to capture a distinct peak near the 
building height. In contrast, the fine grid 
simulations produced well-defined profiles, 
showing clear maxima at the windward roof 
edge, consistent with the expected location of 
strong shear-layer formation. 
The most pronounced increase in Reynolds 
shear stress with grid refinement occurred in the 
small-domain case (C1G), as shown in Fig. 13 
(a). At z/H = 1.0, the coarse grid predicted 
values approximately 32.4–59.9% lower than 
the medium and fine resolutions. For C2G and 
C3G, the variation was less significant, with 
percentage differences of 25.4–36.8% and 27.3–

4), the shear stress profiles tended to converge 
across all cases, indicating improved agreement 
above the canyon except for the coarse grid in 
the small domain. Within the canyon, all 
simulations showed relatively small shear stress 
values compared to those above the rooftop, 
consistent with weaker turbulence intensity 
below the shear layer. 
The discrepancies observed for coarse and 
medium grids were consistent with the low TKE 
values reported in Fig. 12. This correlation 

suggests that reduced TKE production is 
associated with lower Reynolds shear stress, 
highlighting the coupling between turbulent 
kinetic energy and momentum transport in the 
flow field. The insufficient grid resolution limits 
the ability of LES to resolve small-scale eddies, 
resulting in underpredicted shear stress 
magnitudes. 
 

 
(a) 

 
(b) 

 
(c) 

Figure 13. Vertical Profiles of Reynold Shear 
Stress for All Cases of Domain Sizes; (a) Case 1 

(b) Case 2 and (c) Case 3 with Different Grid 
Resolution at x/H=-0.45, -0.25, 0, 0.25 and 

0.45. The Square Dot Lines Refer to the: Grid 8 
(Coarse), Dash Line: Grid 16 (Medium) and 

Solid Line: Grid 32 (Fine) 
 
Overall, the fine grid resolution (G32) yielded 
the most accurate and consistent representation 
of Reynolds shear stress, effectively capturing 

the momentum exchange between the velocity 
fluctuations within and above the canyon. 
Furthermore, regardless of the domain size 
(Case 1, Case 2, or Case 3), the Reynolds shear 
stress profiles were in good agreement when 
simulated with fine grid resolution, confirming 
that grid refinement has a more dominant 
influence on LES performance than the 
computational domain size. 
 
3.3 Data Comparison: Computational 
Domain and Grid Resolution 
The streamwise mean velocity and velocity 
fluctuation of standard deviation as well as the 
Reynold shear stress components were used to 
represent the performance of the LES data. The 
percentage variation of ratio value for each 
component cases are presented in graph to 
determine the contribution of both parameters 
that could influence the accuracy of LES 
simulation inside and above the street canyon. 
Secondly, comparison was then conducted on 
those three components using the results from 
the wind tunnel data by Michioka et. al., [42].  

 
3.3.1 Mean Velocity 
Fig. 14 compares the streamwise mean velocity 
profiles from the LES simulations with the wind 
tunnel measurements of Michioka et al. [42] at 
x/H = 0. All simulation cases showed good 
agreement with the experimental data, 
particularly within the canyon and near the 
rooftop level. Noticeable variations among 
cases appeared only at higher elevations, 
especially for the grid resolution runs (Figures 
14 a–c). 
Overall, the current LES successfully 
reproduced the mean velocity distribution and 
yielded comparable results regardless of the 
computational domain size. In contrast, 
variations in grid resolution had a minor but 
consistent effect, where refinement from coarse 
to fine grids slightly increased the mean velocity 
magnitude without significantly altering the 
overall statistical profile. This suggests that the 
mean velocity field is relatively insensitive to 
both domain size and grid resolution, a trend 
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consistent with the findings of Cui et al. [40] 
and Cheng and Liu [41]. Considering 
computational efficiency, the use of a smaller 
domain with medium or fine grid resolution is 
deemed sufficient and reliable for predicting 
mean flow characteristics in a two-dimensional 
urban street canyon. 
 

 
(a)                                 (b)                               (c) 
Figure 14. Comparison of Vertical Profile 

Streamwise Mean Velocity by Domain Run and 
Grid Resolution Run; (a)(b) and (c) with Wind 
Tunnel Experiment by Michioka et al., (2011) 

[6]. Symbol Refer as Previous 
 
 
3.3.2 Standard Deviation 
Fig. 15 compare the streamwise velocity 
fluctuation components (standard deviation) for 
different computational domains and grid 
resolutions. Larger variations were observed in 
the coarse-resolution (G8C) and small-domain 
(C1G) simulations compared to other cases, 
indicating stronger grid dependence under 
limited domain conditions.  
When compared with the wind tunnel 
experiment by Michioka et al. [42], the LES-
predicted standard deviations were generally 
lower, as shown in Fig. 15. This discrepancy 
can be attributed to the restricted computational 
domain and the absence of a refined mesh near 
the roof level, where strong wind shear and 
turbulent mixing occured. The smaller domain 
may have constrained the shear layer 
development above the buildings, resulting in 
weaker resolved velocity fluctuations [50]. 

Additionally, the exchange of high-momentum 
air above the canyon and low-momentum air 
within the canyon was less active in the coarse-
grid simulations compared with the fine-
resolution cases [40], further reducing 
turbulence intensity. 
Despite these limitations, the overall profile 
patterns indicated that fine-grid LES runs 
successfully captured the dominant turbulent 
velocity fluctuations inside the canyon, largely 
independent of domain size (Fig. 15 (a)–(c)). 
This finding suggests that a medium 
computational domain combined with a fine 
grid resolution offers a practical balance 
between computational efficiency and 
simulation accuracy. Such a configuration was 
able to reproduce the essential turbulent 
characteristics within the street canyon while 
minimizing computational cost without 
significant loss of fidelity. 
 

 
(a)                                 (b)                               (c) 
Figure 15. Comparison of Vertical Profile 

Streamwise Standard Deviation by Domain Run 
and Grid Resolution Run; (a)(b) and c  with 
Wind Tunnel Experiment by Michioka et al., 

(2011) [6]. Symbol Refer as Previous 
 
3.3.3 Reynold Shear Stress 
Fig. 16 presents the comparison of Reynolds 
shear stress for the different computational 
domains and grid resolution cases. As observed 
in Fig. 16 (a), the trend closely mirrors that of 
the velocity fluctuation results discussed in 
Section 3.3.2, where larger variations occurred 
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development above the buildings, resulting in 
weaker resolved velocity fluctuations [50]. 

Additionally, the exchange of high-momentum 
air above the canyon and low-momentum air 
within the canyon was less active in the coarse-
grid simulations compared with the fine-
resolution cases [40], further reducing 
turbulence intensity. 
Despite these limitations, the overall profile 
patterns indicated that fine-grid LES runs 
successfully captured the dominant turbulent 
velocity fluctuations inside the canyon, largely 
independent of domain size (Fig. 15 (a)–(c)). 
This finding suggests that a medium 
computational domain combined with a fine 
grid resolution offers a practical balance 
between computational efficiency and 
simulation accuracy. Such a configuration was 
able to reproduce the essential turbulent 
characteristics within the street canyon while 
minimizing computational cost without 
significant loss of fidelity. 
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3.3.3 Reynold Shear Stress 
Fig. 16 presents the comparison of Reynolds 
shear stress for the different computational 
domains and grid resolution cases. As observed 
in Fig. 16 (a), the trend closely mirrors that of 
the velocity fluctuation results discussed in 
Section 3.3.2, where larger variations occurred 

in the coarse-resolution (G8C) and small-
domain (C1G) simulations compared with other 
cases. The Reynolds shear stress within the 
street canyon showed minimal sensitivity to 
domain length, indicating that extending the 
computational domain did not substantially 
enhance turbulence representation. However, 
grid resolution had a more pronounced effect on 
the momentum transport characteristics within 
the urban boundary layer. The fine-grid 
simulations (G32) provided better-resolved and 
more comparable results, effectively capturing 
the shear-layer dynamics and momentum 
exchange processes above the canyon. 
These results also aligned well with the wind 
tunnel data, although the LES slightly 
underpredicted the Reynolds shear stress 
magnitude. This difference is likely due to the 
limitations in grid resolution and subgrid-scale 
modeling, which may dampen small-scale 
turbulence production.  
 

 
(a)                                 (b)                               (c) 
Figure 16. Comparison of Vertical Profile 

Reynold Shear Stress by Domain Run  and  Grid 
Resolution Run; (a)(b) and (c) with Wind 

Tunnel Experiment by Michioka et al., (2011) 
[6]. Symbol Refer as Previous 

 
Overall, grid resolution was found to have a 
greater influence on LES performance than 
domain size. While the small-domain simulation 
adequately reproduced the general fluctuation 
trends, it exhibited less smoothness compared 
with the medium and large domains. Hence, the 

present study suggests that a medium 
computational domain, coupled with a fine grid 
resolution, offers an optimal balance between 
computational efficiency and accuracy for 
momentum transport analysis in urban street 
canyons. 
 
 
CONCLUSION 
 
This study evaluated how grid resolution and 
computational domain size influence LES 
predictions of turbulent flow within an idealized 
street canyon. The results show that mean 
velocity profiles were only marginally affected 
by grid refinement and were largely 
independent of domain size, with all simulations 
agreeing well with available wind-tunnel data. 
Mean flow characteristics could therefore be 
captured reliably even with a small domain 
when medium or fine grid resolutions were 
used. 
In contrast, turbulence quantities such as 
velocity fluctuations, Reynolds shear stress, and 
momentum transport, were strongly dependent 
on grid resolution. Domain size had a weaker 
influence, and LES systematically 
underpredicted these turbulence statistics 
compared with wind-tunnel measurements. This 
discrepancy was attributed to limited domain 
extent and insufficient mesh refinement near the 
roof level, which restricted the formation of 
large eddies and reduced momentum transfer. 
Overall, grid resolution played a more critical 
role than domain size in reproducing the 
turbulent structure of canyon flow. For accurate 
turbulence analysis, a fine grid combined with a 
sufficiently large domain is recommended. 
However, a medium domain with fine resolution 
may offer an acceptable balance between 
computational cost and accuracy, particularly 
when mesh refinement is applied in key regions. 
These findings provide practical guidance for 
optimizing numerical resources in LES studies 
of urban street canyons without compromising 
predictive reliability. 
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Abstract: This study investigates an experimental-analytical approach to improving the accuracy of calculating 
the nominal composition of heavy concrete using a database of test protocols from NEFU (2015–2025). Particular 
attention is paid to working with low-quality aggregates – sand with a fineness modulus below 1.4. Significant 
discrepancies between the calculated and actual concrete compositions were identified, reaching up to ±250 kg/m³. 
A corrective coefficient linking the cement-to-water ratio (C/W) with the proportion of aggregates is proposed. Its 
application reduced the error to ±60–150 kg/m³ and improved the convergence of results to 1.5% without loss of 
strength. 
higher sensitivity to variations in the C/W ratio within a narrow range of 1.3–2.7. The discrepancy between calcu-
lated and actual concrete density varies widely, leading to material overconsumption and reducing the reliability 
of computational mix design methods. An empirical relationship has been established linking the key variable mix 
parameters (water-cement ratio and aggregate proportion), which can be used as a correction factor. Without the 
coefficient, the deviation range was 1.8–5.0%, while with its application it ranged from –0.6% to 1.5% without 
deterioration of concrete mixture properties or physical and mechanical characteristics. 
 

Keywords: heavy concrete, mix design, experimental coefficient, experimental data, C/W ratio, database 
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INTRODUCTION 
 
Modern construction technologies demand precise 
design of concrete mixtures considering multiple 
factors: strength, workability, durability and cost-
effectiveness [1, 2]. However, traditional mix de-
sign methods based on manual calculations and 
trial batches remain labor-intensive and prone to er-
rors, making experimental-analytical approaches 
incorporating statistical data processing and com-
puter modeling particularly relevant [3, 4, 5].   
Research across various scientific fields demon-
strates that combining experimental data with 
mathematical modeling significantly improves 
calculation accuracy [6, 7]. Promising develop-
ments include integration of material databases 
[8], application of semi-empirical models [9] and 
automation of trial batches, which together with 
advances in artificial intelligence and big data 
open new possibilities for construction materials 
design [10, 11, 12].  In concrete science, the main 
challenges of manual mix design stem from com-
ponent variability (cement, aggregates, admix-
tures), multiple influencing factors (water-ce-
ment ratio, curing conditions) and calculation 
complexity [12], prompting development of spe-
cialized software like the Borland Delphi 7 pro-
gram automating heavy concrete mix design con-
sidering required strength and component prop-
erties [12]. Successful implementation of such 
methods requires comprehensive databases with 
well-defined dependencies for use as adjustment 
coefficients in calculated concrete mixes.   
Practical experience in concrete design shows that 
when using low-quality aggregates (fine aggregate 
fineness modulus below 1.4), producing quality 
concrete mixtures requires high-performance 
chemical admixtures and reduced proportion of 
such inferior components. This aspect remains in-
sufficiently addressed in scientific literature. While 
existing concrete design guidelines recommend de-
creasing fine aggregate content with increasing ce-
ment quantity, for concretes with fine aggregate 
fineness modulus below 1.4 this proportion must be 
further reduced to control workability - a non-
standard case not covered by current recommenda-
tions, leading to significant discrepancies between 

design and actual compositions [13, 14]. It should 
be noted that concrete research advancements have 
introduced increasingly diverse components into 
concrete mixtures [15-18]. However, concrete the-
ory considers water-cement ratio and aggregate 
proportions as primary variables significantly af-
fecting concrete properties, meaning other mix pa-
rameters' influence can only be determined through 
data analysis.   
This study aimed to improve accuracy of nominal 
concrete mix design calculations using an exper-
imental-analytical approach incorporating data-
base analysis. The research addressed the follow-
ing tasks: compiling a database from concrete 
mix design protocols conducted at NEFU; ana-
lyzing data for compliance with formal logic and 
determinability through nominal mix design 
methods; deriving sufficiently reliable dependen-
cies for use as adjustment coefficients in nominal 
concrete mix design calculations. 
 
 
SUBJECT, OBJECTIVES, AND METHODS 
 
The database was compiled from records of mix 
design and testing of heavy concretes obtained at 
NEFU (North-Eastern Federal University) be-
tween 2015 and 2025. The dataset included 95 
mix design protocols for heavy concretes, featur-
ing concretes with compressive strengths ranging 
from 11 to 63 MPa, fresh concrete mixture den-
sities from 2274 to 2534 kg/m³, and concrete 
slump values from 6 to 17 cm, corresponding to 
workability grades P2–P3 (Figure 1). According 
to the protocols, the concretes were produced us-
ing: sands with bulk density of 1211-1511 kg/m³, 
true density of 2600-2714 kg/m³ and fineness 
modulus of 1.14-1.34 (Figure 2); crushed stone 
with bulk density of 1366-1438 kg/m³, true den-
sity of 2600-2680 kg/m³ and fractional composi-
tion of 5-10, 5-20, 10-25 mm (Figure 3). 
The heavy concrete mix design calculation is 
based on GOST 27006 and its methodological 
manual "Recommendations for mix design of 
heavy concrete and fine-grained concrete mix-
tures". 
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ing tasks: compiling a database from concrete 
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determinability through nominal mix design 
methods; deriving sufficiently reliable dependen-
cies for use as adjustment coefficients in nominal 
concrete mix design calculations. 
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The database was compiled from records of mix 
design and testing of heavy concretes obtained at 
NEFU (North-Eastern Federal University) be-
tween 2015 and 2025. The dataset included 95 
mix design protocols for heavy concretes, featur-
ing concretes with compressive strengths ranging 
from 11 to 63 MPa, fresh concrete mixture den-
sities from 2274 to 2534 kg/m³, and concrete 
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workability grades P2–P3 (Figure 1). According 
to the protocols, the concretes were produced us-
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modulus of 1.14-1.34 (Figure 2); crushed stone 
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The heavy concrete mix design calculation is 
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Figure 1. Properties of heavy-weight concrete and concrete mixture in the studied test reports: 
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Equation (1) determines the cement-water ratio 
(C/W) that approximately provides the required 
average strength of concrete class at design age 
(28 days). 
 

C/W =
, ×

, ×
, (1)  

 
 C/W – the cement-water ratio providing the 

required concrete strength; 
Rc28 – the cement strength (activity), taken equal 
to the cement class indicator upon its compliance 
after laboratory tests, MPa; 
Rb28 – the required average strength of normally 
cured concrete class at 28 days age, MPa. 
During mix design, the average class strength is 
set equal to the concrete strength at variation co-
efficient Vn = 13,5%. For this purpose, the speci-
fied concrete class is multiplied by the specified 
strength coefficient KT equal to the specified var-
iation coefficient (formula 2). 
 

= × ,  (2) 
 

B – strength value corresponding to the 
adopted concrete class, MPa 
KT – specified strength coefficient. 
The water consumption (W) is determined based 
on the water demand of the concrete mixture, de-
pending on the required workability and the type 
of plasticizing admixture. 
With known water content (W) and cement-wa-
ter ratio (C/W), the cement content (C) per 1 m³ 
of concrete can be calculated. 
 

= (C/W) × ,  (3) 
 
where C/W  – cement-water ratio; 
W – water content. 
The absolute volume of aggregates, Va (L), is 
then calculated using the formula: 
 

= 1000 ( / ) ( / ), (4) 
 
where c – true density of cement, kg/L; 

w – density of water, taken as w = 1 kg/L. 

The quantity of fine aggregate (S) in the absolute 
volume of aggregates is calculated by the for-
mula: 
 

= × × ,  (5) 
 
where S – sand content, kg/m³; 
rs – proportion of sand in the aggregate mixture; 

s – true density of sand particles, kg/L. 
The quantity of coarse aggregate is calculated by 
the formula: 
 

= × ( ) × ,  (6) 
 
Where CA – coarse aggregate content, kg/m³; 
rCA – proportion of sand in the aggregate mixture; 

 – average density of crushed stone particles, 
kg/L. 
According to concrete mix design rules, after ob-
taining the nominal mix composition with speci-
fied properties, its average density is determined 
according to GOST 10181, and for each compo-
sition the actual material consumption per 1 m³ 
of concrete is calculated using the formula: 
 

C,S,CA,W,Ad = mix × c,s,ca,w,ad, (7) 
 
Where C, S, G, W, and Ad – actual consumption 
of cement, fine aggregate, coarse aggregate, wa-
ter, and admixture per 1 m³ of concrete, respec-
tively, kg;  
gc, gs, gca, gw, gad  – mass of cement, fine aggre-
gate, coarse aggregate, water, and admixture in 
the batch, respectively, kg; 

mix – density of the concrete mixture, kg/m³; 
– total mass of all materials in the batch, kg. 

The objective of this study was to derive an ex-
perimental coefficient that would allow for closer 
alignment between the nominal mix proportions 
and the actual material consumption per 1 m³ of 
concrete. This approach enables more accurate 
prediction of the physical and mechanical prop-
erties of concrete in non-standard mix designs. 
To establish the relationships, a period was se-
lected in accordance with GOST 18105, which 
requires at least 30 values obtained over a period 
not exceeding three months. For the experimental 
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Equation (1) determines the cement-water ratio 
(C/W) that approximately provides the required 
average strength of concrete class at design age 
(28 days). 
 

C/W =
, ×

, ×
, (1)  
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adopted concrete class, MPa 
KT – specified strength coefficient. 
The water consumption (W) is determined based 
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the batch, respectively, kg; 
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– total mass of all materials in the batch, kg. 

The objective of this study was to derive an ex-
perimental coefficient that would allow for closer 
alignment between the nominal mix proportions 
and the actual material consumption per 1 m³ of 
concrete. This approach enables more accurate 
prediction of the physical and mechanical prop-
erties of concrete in non-standard mix designs. 
To establish the relationships, a period was se-
lected in accordance with GOST 18105, which 
requires at least 30 values obtained over a period 
not exceeding three months. For the experimental 

validation of the analytical results, the following 
raw materials were used: 
For heavy-weight concrete, in accordance with 
GOST 26633, Portlandcement grade CEM I 
42.5N was used. The cement was produced by 
JSC "Yakutcement" and complies with the re-
quirements of GOST 31108-2016 (Table 1). 
Fine aggregate: Natural river sand from the 
floodplain of the Lena River was used. The prop-
erties of the sand are presented in Table 2. 
Coarse aggregate: Limestone crushed stone 
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coarse aggregate are provided in Table 3. 
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with the following standards: 
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 Cement quality parameter Unit Value 
1 Cement strength class MPa 42,5 
2 Standard consistency % 26,5 
3  % 2,55 
4  % 0,026 
5 Initial setting time min 135 
6 Signs of false setting –  

 
 Characteristics of river sand 

 Parameter name Unit Requirements according to 
GOST 8736-2014 

Actual 
values 

1 Bulk density kg/m³ Not standardized 1444 

2 Fineness modulus  Over 1.0 to 1.5 (for "very 
fine" group) 1,09 

3 Content of dust and clay particles % Max. 5 (for Grade II sand) 0,25 
4 True density g/cm³ 2,0-2,8 2,62 
5 Organic impurities content Reference color Lighter than reference Lighter 
6 Void content % Not standardized 44,89 

 
  

 Parameter Name Unit Requirements per 
GOST 8269.0-97 

Actual 
Values 

1 

Grain size distribution, full sieve residues: 
- 10 mm 
- 15 mm 
- 20 mm 
- 25 mm 

% 

 
90-100 
30-60 

 
 

 
99 
68 
5 

0,4 
2 Content of dust and clay particles (by mass) %  1 
3 Content of flaky and elongated grains (by mass) % Group 2 (>10 to 15) 13 

4 Crushability grade 
Mass loss during dry testing % Grade M600 

(>12 to 16) 14 

5 Content of weak grains (by mass) %  2 
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RESULTS AND DISCUSSION 
 
According to the initial mix design requirements 
(Table 4), a theoretical calculation of the baseline 
composition of heavy concrete was performed 
following the existing method described above. 
The calculation was carried out considering a 
sand ratio (r) taken as 0.41, as recommended by 
the manual, and as 0.35, based on experience in 
designing concrete mixes using the available 
sand. Using the calculated compositions, con-
crete mixtures were produced, and their techno-
logical properties—workability and density—
were determined (Table 5). Subsequently, for 
each composition, the actual material consump-
tion per 1 m³ of concrete was calculated. After 
that, the concrete mixture was molded into 
100×100×100 mm cubes, with 6 specimens per 
composition. Following hardening under normal 
conditions for 28 days, the concrete properties—
average density and compressive strength—were 
determined. 
 

 Mix design requirements for heavy 
concrete 

Parameter Specifications 
Compressive strength 
class B25 

Workability grade P3 
Production conditions: 
- Molding Vibration 

- Curing Normal curing (28 
days) 

Raw materials: 
Binder: Portland cement 
-Type/grade CEM I 42.5N 
Fine aggregate River sand 
-Fineness modulus (Mk) 1.09 
-Bulk density, kg/m³ 1444 
-True density, g/cm³ 2.65 
Coarse aggregate Crushed stone 
-Fraction, mm 5–20 
-Bulk density, kg/m³ 1425 
-True density, g/cm³ 2.65 

 Properties of concrete mixture and concrete depending on the composition 
  1  2  3 

C/W ratio 2,2 1,9 2,5 
Sand ratio (r) 0,41 0,35 0,41 0,35 0,41 0,35 

Water (W) 
Calculated 200 200 200 200 200 200 
Actual 206 210 205 204 205 207 

Cement (C) 
Calculated 440 440 380 380 500 500 
Actual 455 463 390 387 513 518 

Sand (S) 
Calculated 728 622 762 650 694 593 
Actual 750 654 800 662 711 614 

Coarse aggregate (CA) 
Calculated 1048 1154 1096 1208 999 1101 
Actual 1121 1214 1150 1229 1023 1140 

Density of concrete mixture, kg/m³ 
Calculated 2416 2416 2438 2438 2394 2394 
Actual 2532 2541 2545 2482 2452 2479 

 4,6 4,9 4,2 1,8 2,4 3,4 
Workability (slump, cm) 9 13 6 15 11 15 
Density of concrete, kg/m³ 2335 2432 2330 2357 2327 2385 
Compressive strength, MPa 32 33,1 23 22,7 33 36,7 

 
 

Based on the test results, concrete mixtures 
obtained from compositions with a sand ratio 
(r) of 0.41, as recommended by the manual, 
did not meet the workability requirements of 
the mix design requirements. Compositions 1 
and 3 with a sand ratio (r) of 0.35 fully com-
plied with the design requirements; however, 
a significant deviation between the calculated 
and actual concrete compositions was ob-
served, ranging from 1.8% to 3.4%. With such 
a deviation, the actual cement consumption 
may be 18 kg higher per 1 m³ than the calcu-
lated value, which is a substantial discrep-
ancy. Therefore, our next task was to derive an 
experimental coefficient from the existing da-
tabase that would allow the nominal composi-
tion values to approximate the actual material 
consumption per 1 m³ of concrete. 
To establish the relationships, a period was se-
lected in accordance with GOST 18105, com-
prising 30 values obtained over a three-month 
period. In general, the analyzed database sup-
ports the theory of a positive effect of the wa-
ter-to-cement (W/C) ratio (or its inverse, C/W) 
on the 28-day compressive strength of concrete 
(Figure 4). Notably, the analyzed concrete 
compositions show a higher sensitivity of 
strength to the C/W ratio (C/W range: 1.3 to 
2.7) compared to the relationship presented in 
the reference guidelines (C/W range: 0.9 to 
2.9). This may be attributed to the poor quality 
of sand used in the concretes [13]. 
Furthermore, the deterministic relationship 
between the density of freshly placed concrete 
mixture and hardened concrete density (Figure 
5) raises questions. The lack of a stable corre-
lation may be attributed to air-entraining and 
foam-suppressing admixtures, which cause in-
stability in the early-stage concrete mixture 
density (first 15 minutes). Since concrete mix-
ture density values are crucial parameters for 
calculating actual mix proportions, subse-
quent work employed the calculated fresh con-
crete density determined by formula (8), 
which depends on the average hardened con-
crete density: 
 

mix = 1,01 × 0,26 × C+W (8) 
 
Thus, more deterministic values of calculated 
fresh concrete density can be obtained from the 
recorded average hardened concrete density 
(Fig. 5). 
The data show (Fig. 6) that the difference be-
tween the nominal composition and actual mate-
rial consumption per 1 m³ in the analyzed proto-
cols varies widely from -250 to 150 kg per 1 m³. 
This represents a significant error leading to ma-
terial overconsumption and reduces the reliabil-
ity of computational methods for obtaining con-
crete mix designs. Given the substantial discrep-
ancy between nominal mix proportions and ac-
tual material consumption per 1 m³ of concrete, 
the critical task was to derive an experimental co-
efficient that would align these values and, con-
sequently, enable more effective prediction of the 
physical-mechanical properties of concrete in 
non-standard mixes. 
According to concrete theory, the water-ce-
ment ratio (W/C) and aggregate proportion are 
considered as the variable mix parameters that 
significantly influence concrete properties. 
However, there is a lack of research establish-
ing the relationship between these parameters 
when determining concrete composition. We 
believe that establishing an empirical relation-
ship between these parameters will allow more 
efficient calculation of concrete mix designs 
using the absolute volume method and reduce 
the error between nominal composition and ac-
tual material consumption per 1 m³. 
To establish the actual proportions of sand and 
coarse aggregate in concrete compositions using 
derived equations (9) and (10) from formulas (5) 
and (6), we utilized the experimental data pre-
sented in Table 6.  
 

=
×

   (9) 
 

=
×

   (10) 
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RESULTS AND DISCUSSION 
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following the existing method described above. 
The calculation was carried out considering a 
sand ratio (r) taken as 0.41, as recommended by 
the manual, and as 0.35, based on experience in 
designing concrete mixes using the available 
sand. Using the calculated compositions, con-
crete mixtures were produced, and their techno-
logical properties—workability and density—
were determined (Table 5). Subsequently, for 
each composition, the actual material consump-
tion per 1 m³ of concrete was calculated. After 
that, the concrete mixture was molded into 
100×100×100 mm cubes, with 6 specimens per 
composition. Following hardening under normal 
conditions for 28 days, the concrete properties—
average density and compressive strength—were 
determined. 
 

 Mix design requirements for heavy 
concrete 

Parameter Specifications 
Compressive strength 
class B25 

Workability grade P3 
Production conditions: 
- Molding Vibration 

- Curing Normal curing (28 
days) 

Raw materials: 
Binder: Portland cement 
-Type/grade CEM I 42.5N 
Fine aggregate River sand 
-Fineness modulus (Mk) 1.09 
-Bulk density, kg/m³ 1444 
-True density, g/cm³ 2.65 
Coarse aggregate Crushed stone 
-Fraction, mm 5–20 
-Bulk density, kg/m³ 1425 
-True density, g/cm³ 2.65 
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Cement (C) 
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Calculated 728 622 762 650 694 593 
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Density of concrete mixture, kg/m³ 
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(r) of 0.41, as recommended by the manual, 
did not meet the workability requirements of 
the mix design requirements. Compositions 1 
and 3 with a sand ratio (r) of 0.35 fully com-
plied with the design requirements; however, 
a significant deviation between the calculated 
and actual concrete compositions was ob-
served, ranging from 1.8% to 3.4%. With such 
a deviation, the actual cement consumption 
may be 18 kg higher per 1 m³ than the calcu-
lated value, which is a substantial discrep-
ancy. Therefore, our next task was to derive an 
experimental coefficient from the existing da-
tabase that would allow the nominal composi-
tion values to approximate the actual material 
consumption per 1 m³ of concrete. 
To establish the relationships, a period was se-
lected in accordance with GOST 18105, com-
prising 30 values obtained over a three-month 
period. In general, the analyzed database sup-
ports the theory of a positive effect of the wa-
ter-to-cement (W/C) ratio (or its inverse, C/W) 
on the 28-day compressive strength of concrete 
(Figure 4). Notably, the analyzed concrete 
compositions show a higher sensitivity of 
strength to the C/W ratio (C/W range: 1.3 to 
2.7) compared to the relationship presented in 
the reference guidelines (C/W range: 0.9 to 
2.9). This may be attributed to the poor quality 
of sand used in the concretes [13]. 
Furthermore, the deterministic relationship 
between the density of freshly placed concrete 
mixture and hardened concrete density (Figure 
5) raises questions. The lack of a stable corre-
lation may be attributed to air-entraining and 
foam-suppressing admixtures, which cause in-
stability in the early-stage concrete mixture 
density (first 15 minutes). Since concrete mix-
ture density values are crucial parameters for 
calculating actual mix proportions, subse-
quent work employed the calculated fresh con-
crete density determined by formula (8), 
which depends on the average hardened con-
crete density: 
 

mix = 1,01 × 0,26 × C+W (8) 
 
Thus, more deterministic values of calculated 
fresh concrete density can be obtained from the 
recorded average hardened concrete density 
(Fig. 5). 
The data show (Fig. 6) that the difference be-
tween the nominal composition and actual mate-
rial consumption per 1 m³ in the analyzed proto-
cols varies widely from -250 to 150 kg per 1 m³. 
This represents a significant error leading to ma-
terial overconsumption and reduces the reliabil-
ity of computational methods for obtaining con-
crete mix designs. Given the substantial discrep-
ancy between nominal mix proportions and ac-
tual material consumption per 1 m³ of concrete, 
the critical task was to derive an experimental co-
efficient that would align these values and, con-
sequently, enable more effective prediction of the 
physical-mechanical properties of concrete in 
non-standard mixes. 
According to concrete theory, the water-ce-
ment ratio (W/C) and aggregate proportion are 
considered as the variable mix parameters that 
significantly influence concrete properties. 
However, there is a lack of research establish-
ing the relationship between these parameters 
when determining concrete composition. We 
believe that establishing an empirical relation-
ship between these parameters will allow more 
efficient calculation of concrete mix designs 
using the absolute volume method and reduce 
the error between nominal composition and ac-
tual material consumption per 1 m³. 
To establish the actual proportions of sand and 
coarse aggregate in concrete compositions using 
derived equations (9) and (10) from formulas (5) 
and (6), we utilized the experimental data pre-
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 True density of 
sand, kg/m³ 

Bulk density of 
coarse aggregate, 

kg/m³ 

Mixture component mass, kg Concrete 
density, 
kg/m³ 

28-day 
strength, 

MPa gc gs gca gw gpl gad 
1 2640 2620 472 683 1186 203 - - 2366 35,5 
2 2650 2660 491 677 1186 185 3,4 9,8 2362 38,8 
3 2650 2600 471 688 1172 190 2,8 - 2335 32,7 
4 2700 2660 476 672 1183 197 - - 2375 33,7 
5 2620 2630 462 761 1138 200 - - 2335 35,9 
… … … … … … … … … … … 
95 2680 2650 314 873 1020 182 - - 2106 12,4 

 
The analysis demonstrates that the total aggre-
gate fraction does not consistently equal unity 
(Figure 7). Notably, a distinct correlation exists 
between the increased aggregate content and ce-
ment concentration in the mix. This relationship 
can be mathematically expressed by equation 
(11) and subsequently employed as a correction 
factor for mix design optimization. 

 
= (0,007 × + 0,731)  (11) 

 

A similar trend can be observed in external data-
bases using coarser sands (fineness modulus of 
the fine aggregate greater than 1.4) (Figure 8) 
[19]. It is noticeable that the rate of increase in 
the aggregate fraction with higher cement con-
tent is greater when using fine sands. 
The application of the derived coefficient to ex-
isting theoretical mix designs reduced the error 
range from -250 to 150 kg/m³ down to -60 to 150 
kg/m³ (Fig. 9). 
For practical validation, concrete compositions 
for class B25 were calculated according to the 
method using the obtained coefficient (Table 7). 
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(Figure 7). Notably, a distinct correlation exists 
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ment concentration in the mix. This relationship 
can be mathematically expressed by equation 
(11) and subsequently employed as a correction 
factor for mix design optimization. 
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 Proportion of aggregates in concrete compositions depending on cement content 

according to different databases 
 

 
Figure 9. Deviation between designed concrete composition and measured concrete density 
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Figure 9. Deviation between designed concrete composition and measured concrete density 
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# C/W 
Sand  
ratio 
(r) 

Water 
(Calc/Act) 

Cement 
(Calc/Act) 

Sand 
(Calc/Act) 

Coarse  
Agg. 

(Calc/Act) 

Fresh Density, 
kg/m³  

(Calc/Act) % 
Slump, 

cm 
Hardened 
Density, 
kg/m³ 

Strength 
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2438  
/ 2424 0.6 15 2385 36.7 
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terial consumptions of the concrete compositions 
were determined, and the average deviations be-
tween the calculated and actual component con- 

sumptions were obtained. Based on the obtained 
data, it can be seen that by applying the coeffi-
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out the coefficient, the range of deviations was 
from 1.8% to 4.9%; with the coefficient applied, 
the deviations ranged from -0.6% to 1.5%. More-
over, no deterioration occurs in the technological 
properties of the concrete mixture or the physical 
and mechanical characteristics.  
 
 
CONCLUSION 
 
This study aimed to improve the accuracy of 
nominal concrete mix design calculations using 
an experimental-analytical approach involving 
database analysis. The key findings are as fol-
lows: 
1. The strength of concrete incorporating very 

relatively high sensitivity to variations in the 
C/W ratio within a narrow range of 1.3 to 2.7. 
2. The discrepancy between the calculated den-
sity of concrete using very fine sands and its ac-
tual density varies significantly, ranging from -
250 to 150 kg/m³. This substantial error leads to 
material overuse and reduces the reliability of 
computational mix design methods. 
3. An empirical relationship has been estab-
lished between the key variable mix parameters 
that significantly influence concrete properties - 
the water-cement ratio (W/C) and the proportion 
of aggregates in the concrete. This relationship is 
expressed as a formula that can serve as a correc-
tion coefficient when calculating sand and coarse 
aggregate quantities in concrete mixes. The data 
demonstrate that applying this coefficient yields 
better agreement between actual and calculated 
mix proportions. Without the correction coeffi-
cient, the discrepancy range was 1.8-5.0%, while 
with the coefficient it reduced to -0.6-1.5%, with 
no reduction in compressive strength observed. 
The study thus demonstrates that concrete mix 
design efficiency can be improved and discrep-
ancies between nominal compositions and actual 
material quantities per m³ reduced by establish-
ing empirical relationships between key variable 
mix parameters. Future research should focus on 
developing numerical models to correlate con-
crete characteristics with the quantitative and 

qualitative composition of components, along 
with experimental validation, to establish a more 
reliable methodology for proportioning heavy-
weight concrete mixes when using aggregates of 
varying quality. 
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Anatoliy V. Alekseytsev, Valentina M. Tusnina 
National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 

Abstract: This paper presents an analytical method for the calculation of compressed-bent reinforced concrete 
(RC) columns subjected to emergency transverse impact, characteristic of relevant anthropogenic hazards such 
as collisions with vehicles or other impacting objects. The proposed approach accounts for two primary failure 
mechanisms: flexural failure and diagonal shear failure, and enables the assessment of the ultimate horizontal 
load capacity, considering the dynamic strengthening of both concrete and reinforcement. The method is based 
on constructing ultimate capacity curves, which reflect the relationship between the maximum lateral force and 
the applied axial compressive force. It also introduces coefficients for the confinement of transverse 
deformations and parameters for the load intensity resisted by the transverse reinforcement. Particular attention 
is given to modeling the confinement effect on concrete, the influence of the pitch, diameter, and grade of the 
transverse reinforcement, and the potential for preventing progressive collapse. The proposed methodology 
serves as an effective tool for analyzing the robustness of buildings and structures under emergency mechanical 
impacts of anthropogenic origin. The developed approach can be applied in designing preventive measures to 
enhance column resistance against transverse impacts and contributes to the evaluation of the mechanical safety 
level of RC structures. This is especially important for columns with high slenderness and for elements with 
various types of initial or acquired damage. 

Keywords: reinforced concrete columns, transverse impact, dynamic loading, shear failure, flexural failure, 
dynamic strengthening, confinement effect, structural safety, progressive collapse, robustness  
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1. INTRODUCTION

1. Theoretical research review. The problem
of ensuring the bearing capacity of reinforced
concrete columns under transverse impact loads 
is one of the key issues in the field of building 
and structure safety. Modern theoretical
research is focused on developing models that
enable the quantitative assessment of the 
dynamic strength and energy absorption
capacity of structures under impulsive loads.
The main trends in the theoretical analysis of
strength are outlined in many studies. Let us
consider some of them.
Article [1] presents a comprehensive analytical
model for the dynamic response of axially 
loaded reinforced concrete columns subjected to
transverse impact. The model accounts for the 
nonlinear interaction of inertial, elastic, and 
plastic components of the response, as well as 
the influence of the axial force on damage
progression. The authors demonstrated that an
increase in axial force accelerates damage
accumulation and reduces the residual load-
bearing capacity, which has direct implications
for safety analysis under impact. In [2], an
analytical approach was proposed to assess the 
response of both reinforced concrete and 
composite columns under lateral impact. The 
method is based on a simplified elastoplastic
response theory and allows for differences in the 
energy absorption capacity of reinforced and 
composite elements. The work emphasizes that
combining reinforcement with composite 
materials enhances not only impact resistance 
but also the column's ability to maintain its 
shape until failure, which is critical for 
preventing progressive collapse. The authors of
[3] investigated resistance mechanisms and 
developed a methodology for analyzing the 
reliability of reinforced concrete columns under 
lateral impact. Their results showed that
structural safety under such impacts depends on
the interaction of flexural and shear failure 
mechanisms, as well as the nature of impact 
energy transmission through the reinforcement.
The authors proposed introducing a dynamic 

stability coefficient to estimate the probability
of exceeding ultimate deformations. Research
[4] contributes to the field by assessing the 
residual strength of corrosion-damaged 
elements. Their models showed that the 
degradation of reinforcement and concrete
properties significantly reduces the impact
toughness and damping capacity of columns,
which is particularly important when
considering progressive collapse scenarios.
Article [5] proposes a simplified method for 
predicting the degree of damage in circular
reinforced concrete columns under axial load
and lateral impact. The model is based on the 
principles of equivalent stiffness and plastic
deformation energy, allowing for the estimation 
of the threshold between elastic and catastrophic
response. A number of works address the 
influence of axial load on the nonlinear response 
of elements. For instance, [6] showed that an
increase in compressive force intensifies local 
instability and leads to brittle failure modes.
Similar results are presented in [7], which 
highlights the dependence of the failure
mechanism on the impact type: bending 
deformations dominate under soft impact, 
whereas shear damage prevails under hard
impact. Theoretical studies [8] extend strength 
analysis to elements damaged by corrosion and 
subjected to impulsive transverse loads. Similar 
works note that accounting for cross-section 
degradation and reduced bond between
reinforcement and concrete leads to a significant 
reduction in the load-bearing capacity reserve, 
especially under short-term, high-intensity 
pulses. Work [9] demonstrates that bending
deformations and stability loss depend not only 
on geometric parameters and reinforcement but
also on boundary conditions, enabling the 
refinement of computational models for real-
world operating conditions. 
Thus, modern theoretical research is focused on
refining physic-mechanical models of failure, 
introducing dynamic safety factors, and 
developing approximate methods for assessing 
the load-bearing capacity of reinforced concrete
elements under short-term transverse impacts. 
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2. Experimental research. Experimental data 
play a key role in verifying theoretical models 
and ensuring the reliability of calculations for 
the design of impact-resistant structures. 
Systematic testing of columns under transverse 
impact is presented in works such as [10], which 
investigated the behavior of square columns 
under axial compression and low-velocity 
lateral impact. The authors identified 
characteristic response stages—from elastic 
bending to crack formation and diagonal shear 
failure. In [11], the authors conducted a series of 
experiments to determine the residual load-
bearing capacity of circular columns after 
impact. The results confirmed that up to 70% of 
the initial bearing capacity can be preserved 
under moderate impact energies, which is highly 
significant for assessing building safety after 
partial damage. Article [12] investigated the 
influence of reinforcement percentage on 
column resistance to lateral impact. The 
experiments showed that increasing the 
reinforcement ratio enhances the ultimate 
energy absorption, but this effect saturates 
beyond a certain level. The authors of [13] 
compared the results of physical tests and 
numerical modeling, revealing a high 
correlation in deformation distribution and 
response velocities. Their subsequent work [14] 
enabled a detailed examination of the damage 
formation process under repeated impacts, 
which is particularly important for analyzing 
progressive collapse in emergency scenarios. 
Article [15] focused on columns with 
insufficient shear reinforcement. Their 
experiments revealed a sharp reduction in 
energy absorption capacity and strength when 
shear failure mechanisms prevailed. In [16], a 
study was conducted on the nonlinear response 
and shear behavior of columns under lateral 
impact. The experiments showed that the 
transition from a flexural to a shear mechanism 
is accompanied by localized concrete crushing 
and loss of section stability. Composite 
reinforcement is also actively investigated. The 
authors of [17] studied the use of GFRP bars in 
reinforced concrete columns under lateral 

impact. The experiments demonstrated 
improved energy absorption and failure 
resistance compared to traditional steel 
reinforcement. Researchers [18] showed that 
external strengthening with carbon fiber-
reinforced polymer (CFRP) significantly 
enhances the ability of columns to resist static 
and impact lateral loads, preventing loss of 
bearing capacity and providing a structural 
damping effect. Experimental data on the 
dynamic response of reinforced concrete 
elements, obtained in [19], demonstrate similar 
patterns of impact energy redistribution and the 
role of reinforcement stiffness in preventing 
through-failure. Thus, experimental research 
confirms the significant influence of geometry, 
reinforcement, prestressing, defects, damage, 
and external strengthening on the ability of 
columns to withstand transverse impact loads. 
3. Dynamics, Damping, and Protection 
Against Progressive Collapse. Dynamic 
aspects of reinforced concrete column behavior 
under impact loads are related to the processes 
of energy transfer and dissipation, which largely 
determine the likelihood of progressive 
collapse. The most important aspect here is the 
accounting for damping. The authors of [20] 
proposed a modified Rayleigh damping function 
for the numerical simulation of internal 
damping in frame structures. Subsequently, 
colleagues in [21] advanced this approach by 
proposing a non-stationary time-domain model 
of dynamic deformation that accounts for the 
material's delayed response. This allows for 
more accurate reproduction of oscillatory 
processes and critical states of reinforced 
concrete elements. The work of the authors [7] 
examines the dynamic behavior of columns 
under soft impacts and proposes criteria for 
damage assessment based on strain rate and 
residual stiffness. The authors emphasize that 
the structure's ability to dissipate energy through 
microcracking plays a key role in preventing 
progressive collapse. Research [15] showed that 
a lack of shear reinforcement sharply reduces 
the ability of columns to dampen impact energy, 
leading to rapid, cascading failure and loss of 
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load-bearing capacity in adjacent elements. 
These results are complemented by data from 
[16], which noted that proper design of 
transverse reinforcement can ensure a controlled 
plastic deformation mechanism, preventing 
instantaneous (brittle) failure. 
Thus, modern approaches to ensuring dynamic 
stability rely on a combination of constructive 
measures, numerical modeling of damping, and 
analysis of nonlinear response, all aimed at 
preventing sequential (chain) failures. The 
conducted literature analysis demonstrates that 
research on the behavior of reinforced concrete 
columns under transverse impact is rapidly 
evolving towards the integration of theoretical, 
experimental, and computational approaches. 
Despite significant achievements, tasks related to 
the simple and rapid safety assessment of 
reinforced concrete elements, particularly columns, 
based on engineering methods remain unsolved. 
One such method is proposed in this article. 
 
 
2. METHODS 
 
2.1 Problem formulation. Let us consider a column 
made of heavy-weight concrete with steel 
reinforcement, subjected to a compressive axial 
force, where the influence of the bending moment 
is negligible. That is, the column can be 
conventionally considered as eccentrically 
compressed with a small eccentricity. As a result of 
an anthropogenic event, the column is subjected to 
an emergency impact. This impact could be 
initiated by a collision with a vehicle or another 
impacting body. For this scenario, the limit state 
condition of the first group will be as follows: 
 

( ( ), ( )) ( ( ),  ( ), ( ))h ultf N t F t f N t Q t M t  (1) 
 
where: ()f  is load effect functional; ( ), ( )hN t F t  
are longitudinal forces and transverse loads 
varying in time; ()ultf  is resistance functional 
of the column in the limit state; ( ), ( ), ( )N t Q t M t  
are ultimate longitudinal force, ultimate 
resultant transverse force, ultimate resultant 

(principal) moment that the reinforced concrete 
structure can withstand. 
The dynamic loading process for analytical 
calculation can be represented by equations 
incorporating maximum static forces adjusted 
for dynamic effects and possible dynamic 
overloading: 
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where 1dk , 2dk 3dk  – coefficients accounting for 
dynamic effects under emergency impact; maxN , 

2 2
max x yQ Q Q , 2 2 2

max x y zM M M M are 
longitudinal force, principal transverse force, 
and principal moment induced by the combined 
(service and emergency) loads; ,N , ,Q , 

,M are corresponding internal forces resisted 
by the structural materials, considering dynamic 
strengthening. 
Under the assumption that the force impact on 
the column does not cause extensive local 
damage leading to global failure (i.e., effects 
such as punching or scabbing are absent, which 
may occur at relatively low impact velocities 
during the contact between the impactor and the 
column), failure is expected to occur either in 
the normal section (Fig. 1a) or in the inclined 
section (Fig. 1b). 
It is assumed that the ultimate values of the 
horizontal load nonlinearly depend on the 
magnitude of the compressive axial force for 
both flexural failure and shear failure 
mechanisms. This relationship is described by 
the ultimate load capacity curve (Fig. 1c), which 
demonstrates that under the same service 
compressive force N , the maximum loads 
preceding flexural failure 1,ultF  and shear failure 

2,ultF differ. If a given load combination hF  lies 
below these curves, the column maintains its 
load-bearing capacity under the actual force N . 
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Figure 1. Problem formulation: failure schemes under horizontal impact - diagonal shear failure 
(a); flexural failure (b); 1 - impactor, 2 - reinforced concrete column, 3 - concrete crushing zone; 

ultimate capacity curves (c); 1 - moment failure, 2 - shear failure 
 

2.2 Calculation Methodology for Normal 
Sections 
For the analytical substantiation of the column's 
strength with respect to the inclined section, the 
general strength condition and the specific 
inequality derived from it are used: 
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where ( , )hF N t  – horizontal force from 
emergency impact at the actual value of N  at 
time t ; – range of permissible emergency 
load values; ( )hF N – ultimate horizontal 
force resisted by the reinforced concrete column 
in the critical normal section, considering 
dynamic strengthening of materials under the 
condition N N ; L – curve of the ultimate 
values of this force. 
Thus, to assess the section strength, it is 
necessary to construct the ultimate load capacity 
curve. Let us define this curve by characteristic 
points . We assume that point A is 
located at the conditional intersection of curve 1 
with the Q-axis (Fig. 1c). Suppose the 
longitudinal force in the column cannot be zero, 
and its value is Nmin  (e.g., the self-weight of the 
column). At this point, the horizontal impact is 

maximal. Point C is located at the intersection 
with the N-axis. Here, the horizontal impact is 
minimal under the maximum compressive 
longitudinal force. Points i, i=1..n are 
intermediate and describe the shape of the curve. 
Let us consider the construction of this curve.  
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Here: 0l l – design length, accounting for the 
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Here: fM – bending moment from service 
loads; eM – moment caused by the longitudinal 
force due to accidental eccentricity. Other 
designations of calculated parameters are 
generally accepted and provided in SP 
63.13330. The equilibrium equation under a unit 
horizontal load for a rectangular column section 
is as follows: 
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Where 1 2,k k  are the dynamic strengthening 
coefficients of concrete and reinforcement, 
respectively; ( )hM F is the moment from the 

horizontal load hF =1, fe  is the eccentricity of 
the force ,e iN  considering the deflection f , 
induced by the force hF .  
The deflection f  is determined considering the 
curvature 1/ r  of the element and its stiffness. 
The stiffness for a rectangular cross-section 
element is calculated using the known formula: 
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where: ,b bE I – initial modulus of elasticity and 
moment of inertia of concrete; l  – coefficient 
accounting for the duration of load action, taken 
as 1 for this design case; e – relative 
eccentricity, taken as 0.15 for the case of small 
eccentricities; ,s sE I  – modulus of elasticity and 
moment of inertia of reinforcement. 
The deflection of the column when divided into 
m  sections of equal length l  is then 
 

1 0

1 0

1( )

1 ( ) ( )

lm
h j

j j

lm
h j h j

j

f M F dz
r

M F M F dz
D

 (8) 

 
where D  is the element stiffness, and the 
product of the sub integral functions can be 
evaluated using Simpson's formula. Solving 
equations (6) yields the value 2 ,i ultd Pk . 
Point C. The value ultP  is determined from the 
condition: 
 

2 max ( )d ult ultk M P M  (9) 
 

where max ( )ultM P  is the maximum bending 
moment in the section from the vertical force, 

ultM  is the ultimate moment resisted by the 
reinforced concrete section under bending. For a 
rectangular section, it is determined 
conventionally: 
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Figure 1. Problem formulation: failure schemes under horizontal impact - diagonal shear failure 
(a); flexural failure (b); 1 - impactor, 2 - reinforced concrete column, 3 - concrete crushing zone; 

ultimate capacity curves (c); 1 - moment failure, 2 - shear failure 
 

2.2 Calculation Methodology for Normal 
Sections 
For the analytical substantiation of the column's 
strength with respect to the inclined section, the 
general strength condition and the specific 
inequality derived from it are used: 
 

,max ,

( , ) ( )

e

h

h h ult N N

F N t F N L

F F
, 

 
(3) 

 

 
where ( , )hF N t  – horizontal force from 
emergency impact at the actual value of N  at 
time t ; – range of permissible emergency 
load values; ( )hF N – ultimate horizontal 
force resisted by the reinforced concrete column 
in the critical normal section, considering 
dynamic strengthening of materials under the 
condition N N ; L – curve of the ultimate 
values of this force. 
Thus, to assess the section strength, it is 
necessary to construct the ultimate load capacity 
curve. Let us define this curve by characteristic 
points . We assume that point A is 
located at the conditional intersection of curve 1 
with the Q-axis (Fig. 1c). Suppose the 
longitudinal force in the column cannot be zero, 
and its value is Nmin  (e.g., the self-weight of the 
column). At this point, the horizontal impact is 

maximal. Point C is located at the intersection 
with the N-axis. Here, the horizontal impact is 
minimal under the maximum compressive 
longitudinal force. Points i, i=1..n are 
intermediate and describe the shape of the curve. 
Let us consider the construction of this curve.  
 

Point A, 0,hF : 

0

,
1

2 2/ , 50;
( ) ,

, 50
b red

b b sc s tot
d

E I l
N

R
k

A R A
 

 
(4) 
 

 
Here: 0l l – design length, accounting for the 
variation in the geometric length l  of the 
column depending on its support conditions 
(considered through the coefficient ); 

,, , ,sc s tot b bR A R A  – design strengths and cross-
sectional areas of reinforcement and concrete, 
respectively;  – coefficient determined 
according to SP 63.13330 for the case of small 
eccentricities of the compressive force;  – 
slenderness of the column. 
Condition (4) specifies that slender columns 
lose their load-bearing capacity due to Euler 
buckling instability, while conventionally 
designed columns are primarily governed by 
material strength. Calculations have shown that 
for columns with 50  and under transverse 
impact, 1 1dk .  

Points 1 n . After calculating the ultimate 

value N N using (4), values ,e iN  are 
assigned, for which the ultimate values 

,P L  are computed. For each value ,e iN , 
the depth of the concrete compression zone x  in 
the critical section is calculated, and equilibrium 
equations are formulated considering a unit 
horizontal load. Subsequently, its ultimate value 
is determined. This can be expressed as: 
 

,

2 2
0

,  

( ) 2 ( / )

( ).

red e i
m

red

m s s s s s s

s s s

I N
x x

A M

x a h  

, 0 0

0.0015 , , ,s s s
s s s

b ser

E A A
R bh bh

 

.f e ;s
ed sr s

b

EA bh A
E

A  

 
 
 
 
 
(5) 
 

 
Here: fM – bending moment from service 
loads; eM – moment caused by the longitudinal 
force due to accidental eccentricity. Other 
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horizontal load for a rectangular column section 
is as follows: 
 

2
max, , 1 0

2 0

i e i f b R

sc sk R A h a
 

max max ( )f h e  

0

, 50

1 .
1 / 2f

he f
N N

 

 
 
 
(6) 
 

 
Where 1 2,k k  are the dynamic strengthening 
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where D  is the element stiffness, and the 
product of the sub integral functions can be 
evaluated using Simpson's formula. Solving 
equations (6) yields the value 2 ,i ultd Pk . 
Point C. The value ultP  is determined from the 
condition: 
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where max ( )ultM P  is the maximum bending 
moment in the section from the vertical force, 

ultM  is the ultimate moment resisted by the 
reinforced concrete section under bending. For a 
rectangular section, it is determined 
conventionally: 
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Dynamic loads can have various pulse shapes 
(Fig. 2), while equations (6) and (9) allow 
determining the dynamic equivalents of  
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Figure 2. Pulse shapes under dynamic loading: triangular (a), rectangular (b) 

the loads without considering their duration. To 
compare the values of loads specified as 
impulses with those obtained from the 
mentioned equations, the following formula can 
be used: 
 

/tP F t , (11) 
 
where tF  is the area under the pulse, t  is the 
actual impact duration on the structure. 
2.3 Calculation Method for Inclined Sections. 
Under dynamic impact on a column, particularly 
in the presence of rigid restraints at the supports, 
the strength of the inclined section may be 
exhausted either by the action of the transverse 
force or by the bending moment. The curve L  
is constructed without specific characteristics 
for different values of ,e iN , following the 
methodology below. To assess the strength of 
the inclined section, the system of inequalities is 
written as: 
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where ult

NeP  is the value of transverse impact 
load initiating flexural failure under force 

0eN , ultP  is the same under force 0eN . 

The value of ultN is determined using the second 
equation of system (4); ek  is the coefficient of 
transverse deformation confinement. 
For a square section, it can be determined using 
Fig. 3 and the dependency provided below. 
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Figure 3. Determination of the deformation confinement level: column cross-section (a); 

section s-s (b); 1 – boundary of the deformation confinement zone, 2 – core of the deformation 
confinement zone, 3 – longitudinal reinforcement, 4 – transverse reinforcement 

 
where ,sc wd  are the reinforcement percentage 
considering core area 2 and the area of 
longitudinal reinforcement only, and the 
diameter of the transverse reinforcement bar; 
d is the length of the transverse bar in the 
impact plane, as shown in Fig. 3. 
When the projection length of the inclined 
section onto the vertical axis does not exceed 
twice the effective depth of the section, the 
following formula is proposed for ult

dQ : 
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where btR – design tensile strength of concrete, 

0,b h – width and effective height of the section, 
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where c  – projection of the inclined section 
onto the vertical axis, c  is calculated as: 
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longitudinal reinforcement only, and the 
diameter of the transverse reinforcement bar; 
d is the length of the transverse bar in the 
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All notations in the formula are standard and 
provided in SP 63.13330, the value of c

swq  is 
determined by (16), assuming that 2 1k . 
 
 
3. RESULTS  
 
3.1. Comparison with Experiment. Calculation 
for Normal Section. To verify the proposed 
method, we use the experimental results from 
[10], shown in Fig. 4. For the calculation, in 
accordance with recommendations from various 
studies, including [8], we adopt the following 

dynamic strengthening coefficients for 
materials: 1k =1,15, 2k =1,2, 2 1.5dk The load 
is considered as suddenly applied with a 
rectangular pulse shape. The distance between 
the supports is 1.38 m, / 6.66s bE E .The 
equilibrium equation (10) applied to this 
experimental task is 
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Figure 4. Experimental data for verification of the calculation methodology: material and load 
characteristics, cross-section in the experiment (a), design model (b), the crushed specimen (c) 

The boundary values of the relative height of 
the concrete compression zone under bending 
are calculated as 

50,8 / (1 (442 / 2 10 ) / 0,0035) 0,49R ,
0, 49(1 0,49 / 2) 0,37R . The bending 

moment is max 1,38 / 6 0,23h hF F (k m). 
The eccentricity fe is calculated using (6). For 
this, the moment of inertia and Euler force are 
determined: 
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integrals:  
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Substituting all values into equation (10), we 
have hF =8489+5975-4493, 314hF kN, 

1,5 314 1,5 471hP F N. The theoretical 
result satisfactorily corresponds to the 
experimental one. The error is less than 15.7%. 

3.2. Example of Column Calculation for 
Inclined Section. Let a column (Fig. 5, a) be 
subjected to an emergency impact load P. The 
structure is made of concrete with compressive 
strength class B25 ( 11,5bR , 

0,9btR ), reinforcement A500 
435sR  300swR , with dynamic 

strengthening coefficients as in Section 3.1: 
1k =1,1, 2k =1,2,  and coefficient 0,7 . The 

longitudinal reinforcement area is 4 28 
4 28 2

0 24,63 d
s , and the transverse 

reinforcement consists of 4 8 bars forming a 

closed contour, spaced at 250 mm along the 
height 8 20,503 d

sw . The load is 
2000 eN , and the transverse force (under 

conditionally centered loading of the middle 
column) is 0 stQ . It is necessary to 
evaluate the maximum bearing capacity of the 
column under horizontal impact.The given load 
arrangement suggests that the most probable 
failure mechanism will be the loss of strength of 
the inclined section (Fig. 5, c). Taking this and 
the above loading into account, we write (12) in 
the form d ult

d N dQ k Q .  

 

 
 

Figure 5. Reinforced concrete column with calculation parameters: design model (a),  
cross-section S (b); 1 - contour of the deformation confinement zone, 2 - core of this zone,  

3 - longitudinal reinforcement, 4 - transverse reinforcement; cross-section s-s (c),  
inclined section (shear) failure scheme (d), bending moment diagram caused by unit impact (e) 

 
It is calculated: 24,63 / 30 30 2,73%sc , 
d=30 m - the dimension of the deformation 
confinement zone (Fig. 5, b, c). 
It is solved (14):  
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The ratio / 2000 / 2620 0,763 0,6e ultN N , 
therefore in formula (13) using the last equality. 
Next, it is determined the ultimate horizontal 
forces for flexural failure at forces 0 eN kN , 

2000 eN kN . For the bottom support fixation, 
the equation (12) is: 
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The maximum moment is determined from Fig. 
5, e, with the value 5(35 5 / 1) 2fe cm. 
The value R , ensuring the absence of brittle 
failure, is determined in the conventional way: 

 
50,8 / (1 (435 / 2 10 ) / 0,0035) 0,493R , 
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Solving equation (12), it is obtained: 
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The constructive requirement is checked: 
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elasticity coefficient:  
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The condition is satisfied. The ultimate value 
of the dynamic transverse force using 
expression is (4): 
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The value  

146,8 1, 4427 211,8 kNult d
d d NQ Q k . 

This value of the horizontal dynamic force is the 
ultimate at 2000 eN . 
3.3 Numerical Verification of Calculation 
Results. Let us perform a calculation of a solid 
finite element model, Fig. 6. 
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Figure 6. Some results of the numerical analysis: solid finite elements of concrete (a), bar elements 
of reinforcement (b), results of the assessment of shear strains in concrete and von Mises equivalent 

stresses in the reinforcement; the scales are given for time 0.19 s 
 

Concrete was represented as hexahedral 
elements deforming according to the Drucker-
Prager model with the capability to simulate 
element failure. Reinforcement was modeled as 
bars following bilinear diagrams. The 
characteristics of concrete used in the 
calculation are as follows: cohesion stress 3.3 
MPa, internal friction angle 38 deg., dilation 
angle 28 deg., tensile stress 0.9 MPa, 
compressive stress 11.5 MPa, ultimate tensile 
strain 0.0001, ultimate compressive strain 
0.0035. For the reinforcement, the following 
was adopted: ultimate tensile strain 0.025, yield 
stress of longitudinal bars 435 MPa, yield stress 
of transverse bars 300 MPa. 
The parameters of the computational process are 
as follows: overall damping – 5%; when solving 
the nonlinear problem, 25 iterations of the 

Newton-Raphson method were used at each 
integration step, with stiffness matrix updates 
every 5 iterations. The convergence criterion 
was set as a tolerance for nodal force residual 
equal to 0.1%. The integration time was taken 
as 1.5 sec, with a step 0,05 sect .  
Analysis of Figure 6 allows us to note the 
following features. When resisting only the 
longitudinal force at time 0.0 sect before the 
impact, the stresses in the longitudinal 
reinforcement are significantly lower than when 
assessed using the formula from SP 63.13330, 
while concrete, conversely, carries most of the 
load. During the realization of the impact, which 
is accompanied by an increase in the value of P  
at time 0.1 sect , a wave of deformations 
corresponding to the flexural failure mechanism 
initially forms, and an increase in equivalent 
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stresses is observed in both longitudinal and 
transverse reinforcement. In the limit state at 

0.19 sect , the shear strains in concrete exceed 
the limits for elastic behavior, meaning cracks 
form. In addition to the fan of cracks along the 
inclined section, cracks caused by bending and 
shear also form on the impact side along the 
height of the column. The stresses in the 
longitudinal reinforcement at this point are at the 
level of 50% of the design resistance, while the 
transverse reinforcement undergoes plastic 
deformation with stresses equal to 

300swR MPa. This indicates the initiation of the 
shear failure mechanism. Significant plastic 
deformations of these bars lead to a substantial 
reduction in bearing capacity and the formation of 
a kinematically unstable system. A comparison of 
the ultimate compressive force is performed. The 
analytical method gives 

0( ) 2620 kNult b b sc scN R A R A (calculated 
above). The calculation of the solid FEM model 
yielded a value of 2778 kN. For the column under 
consideration, the load-bearing capacity curves 
using points ,( ; )N P L  (see Fig. 1, c) is 
constructed. The results are presented in Fig. 7.  
The figure shows that the scope of the 
methodology is 0.14 / 0.8e ultN N , however, 
with a column strength reserve of less than 20% 

and during an emergency situation, it will most 
likely fail, so the necessity of calculation in this 
range is not in demand for practice; usually, 
columns, based on structural considerations 
(bearing possibilities), have a strength reserve of 
30-50%. 
 
 
4. DISCUSSION AND DIRECTIONS FOR 
FURTHER RESEARCH 
 
The proposed methodology describes one of the 
possible failure scenarios for a column. In this 
case, the dynamic load increases gradually at a 
low rate, and the stresses in the concrete do not 
exceed the value corresponding to its local 
crushing strength. The strain rate also remains 
below the critical level; therefore, fan-shaped 
cracks do not form, and there is no spalling or 
punching of concrete in the contact zone. Design 
models for compressed elements, including those 
presented in regulatory documents, do not yet 
account for a number of important effects. These 
include concrete dilation, energy dissipation 
during the dynamic process and its consideration 
in modeling, confinement of transverse concrete 
deformations, and the emergence of additional 
stresses in the transverse reinforcement due to this 
confinement.  

 

 
Figure 7. Load-bearing capacity curves of the column: 1bcL – calculation using the solid FEM 

model, 2bcL – calculation according to the methodology of this article 
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Figure 7. Load-bearing capacity curves of the column: 1bcL – calculation using the solid FEM 

model, 2bcL – calculation according to the methodology of this article 

However, numerical calculations demonstrate 
that these effects indeed influence the strength 
of reinforced concrete columns. The results of 
numerical modeling confirm that the load-
bearing capacity of a compressed column at an 
inclined section under transverse impact is 
determined by the stress-strain state of the 
concrete. The proposed model partially accounts 
for the effect of the closed transverse 
reinforcement contour through the parameter of 
the load intensity it resists. Nevertheless, the 
process of microcrack formation and the 
associated concrete dilation are not considered.  
The developed approach can serve as an 
additional tool in analyzing the robustness of 
buildings and structures subjected to 
emergency mechanical impacts of 
anthropogenic origin. Further development of 
the method is associated with its refinement 
for pylons and highly slender reinforced 
concrete columns. Another promising 
direction is the consideration of various types 
of initial and acquired damages, as well as the 
influence of existing strengthening systems on 
the load-bearing capacity of columns. 
 
 
CONCLUSION 
 
1. A method for the analytical calculation of 
compressed-bent reinforced concrete elements 
under transverse impact has been developed, 
considering the bending and shear failure 
mechanisms. 
2. The determination of load-bearing capacity 
accounts for the confinement of transverse 
concrete deformations under compression. This 
considers the spacing, diameter, and class of the 
transverse reinforcement. Limitations for the 
method's application have been defined – the 
design compressive force must be less than 80% 
of its ultimate value. 
3. The proposed approach enables a 
significantly faster assessment of the 
mechanical safety level of reinforced concrete 
columns under horizontal dynamic loads 
compared to solid finite element modeling. The 

developed relationships can be applied in 
designing preventive measures aimed at 
enhancing the resilience of buildings and 
structures to progressive collapse. 
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INFLUENCE OF SYNTHETIC POLYSACCHARIDES 
ADDITIVES ON STRUCTURE FORMATION OF LIME 

COMPOSITES 
 

Valentina I. Loganina 1, Al D.S.D. Salman 2, Irina V. Erofeeva 3, 
Stanislav A. Sergeev 3 

1 Penza State University of Architecture and Construction, Penza, RUSSIA 
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Abstract: The purpose of this work is to study the effect of synthetic polysaccharides on the structure formation 
and properties of lime coatings. Information is provided on the influence of synthetic polysaccharides on the 
structure formation of lime coatings. It has been shown that due to the water-retaining effect of the additive, 
more favorable conditions are created for lime carbonation. Using X-ray phase and thermographic analysis, 
optical and infrared spectroscopy, the presence of inter- and intracrystalline organic compounds was established, 
which modify the (nano)structure of newly formed calcite crystals and increase the strength of lime coatings. 
 

Keywords: lime, polysaccharides, structure, crack resistance, strength, carbonation 
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INTRODUCTION 
 
Of the many types of binders, along with 
polymer and cement, lime compositions are 
used in some cases. Lime-based binders are 
widely used for the restoration of cultural 

heritage sites [1]. During operation, coatings 
applied to brick, concrete and other walls are 
adversely affected by cyclical temperature and 
humidity factors, biocorrosion, etc. [2, 3, 4, 5]. 
An effective method of increasing the durability 
of building materials is the introduction of 
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various additives [6, 7, 8], activation of the 
sealing water and other components [9, 10, 11, 
12]. Given the low resistance of lime binder 
coatings, various modifying additives are 
introduced into the formulation [13, 14, 15, 16, 
17, 18]. In a number of studies, various organic 
additives based on blood albumin, casein, 
natural resins, egg proteins, decoctions of grain 
grains, and vegetable oils were noted in the 
composition of plaster bases of ancient 
paintings [19]. The role of organic additives 
remained unclear for a long time, due to the 
difficulty of determining them in gypsum and 
lime binders using existing analytical methods. 
Until now, organic adhesives have been 
considered as plasticizing and retarding 
additives for binding materials. Only the effect 
of glue additives on the setting time of gypsum 
binders was studied. 
The ancient masons of the Maya tribe used plant 
extracts in the manufacture of solutions [20, 21]. 
The works [22, 23, 24, 25] describe the 
properties of lime plasters with additives of 
natural polysaccharides. The authors have 
established the adsorption of organic substances 
on the surface of calcite crystals. It is of interest 
to study the possibility of using synthetic 
polysaccharides in the manufacture of lime 
formulations for the restoration of cultural 
heritage sites. 
 
 
METHODS 
 
Slaked lime (fluff) with a true density of 2230 
kg/m3, a bulk density of 280 kg/m3, an activity 
of 83 %, and a specific surface area of 559 
m2/kg were used in the work. The water-soluble 
modified polysaccharides Atren Cem LV and 
Atren Cem HV (TU 2458-062-63121839-2014) 
were used as an organic additive. 
The cohesive strength of the coatings was 
determined by the axial tensile strength on 
samples measuring 10x10x50 mm and 
calculated by the formula 
 

=                                 (1) 

where P is the destructive force, H;  
F is the cross–sectional area of the sample 
before the test, m2. 
The Vickers hardness was calculated using the 
formula  
 

=
/                       (2) 

 
where P is the load on the indenter, N;  

 is the angle between the opposite faces of the 
Vickers indenter;  
d is the diagonal of the Vickers indenter print, 
mm. 
The surface area of the print was determined by 
the diagonal d of the print, which was measured 
under a microscope. 
The rate of carbonization of lime paste was 
studied by changing the thickness of the 
carbonized layer. The kinetics of carbonization 
of control samples and with the addition of 
Atren Cem LV polysaccharide were determined. 
The thickness of the carbonized layer was 
determined by applying a 1% alcohol solution 
of phenolphthalein to a chip of the test sample. 
Areas of non-carbonated lime react to 
phenolphthalein, turning purple. Lime 
carbonation took place under natural conditions 
at a temperature of 20 °C. 
 
 
RESULTS AND DISCUSSION  
 
Formulations with the addition of 
polysaccharides are characterized by a slightly 
higher water retention capacity of 98 %. The 
research results indicate that lime formulations 
with the addition of polysaccharide in an 
amount of 1 % by weight of lime are 
characterized by delayed drying times. For 
example, the drying time to degree 3 on a 
concrete substrate is 15–20 minutes, while the 
control composition (without additives) is 7 
minutes. An increase in the frost resistance 
grade from F25 (control) to F35 (with the 
addition of polysaccharide) has been 
established. 
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Table 1. Properties of the finishing composition 
with the addition of polysaccharides 

 

Name of indicators  Value 
Water retention capacity,%  98 
Drying time to degree 3 on a 
concrete base, minutes 

15-20 

Tensile strength at the age of 3 
months, MPa (Atren Cem LV 
additive in the amount of 1% by 
weight of lime) 

0.547 

Relative deformations, mm/mm 0.392 
Frost resistance, brand F35 
Adhesion strength to concrete, MPa 1.1-1.3 
Modulus of elasticity, MPa 0.925 

 
An X-ray phase analysis of lime samples was 
performed on a D8 Advance powder 
diffractometer (Germany). It was found that the 
calcite content increases in samples with the use 
of polysaccharide additives. Obviously, due to 
the water-retaining effect of the additive, more 
favorable conditions are created for the 
carbonization of lime. The amount of calcite in 
the control samples is 87.4 %, and in the 
samples prepared with the additive - 88.87 %. 
The diffractograms show a slight increase in the 
width of CaCO3 peaks, which indicates the 
possible incorporation of organic molecules into 
calcite (Table 2). 

 
Table 2. Crystal Lattice Parameters 

Composition  
Crystal Lattice Parameters 
 

3 2 SiO2 
control

 4.98700 3.58440 4.90000 
 17.05800 4.89620    5.40000 

Slaked in the presence of an additive 
 4.99100     3.58620 4.91580 
 17.06200 4.88010 5.40910 

With an addition 
 4.98700 3.58620 4.91000 
 17.05800 4.88010 5.40000 

 

Fig. 1 shows micrographs of the hardened lime 
binder. Chains of rounded Ca(OH)2-crystals are 
found (Fig. 1, a), as well as elongated 
polyhedral plates of calcium carbonate. The 
analysis of the images shows low-contrast 
nanometer-sized regions in individual calcite 
crystals with inhomogeneities corresponding to 
the amorphous (organic) phase (Fig. 1, b), 
similar to those observed in several CaCO3 
biominerals with occluded organics. 
The inclusion (adsorption) of polysaccharide 
additives in/onto calcite is confirmed by the data 
of polysaccharide adsorption on calcite. The 
adsorption value was determined by the change 
in the surface tension of the Atren Cem LV 
additive solution of different concentrations. It 
was found that the adsorption value of the Atren 
Cem LV additive on calcite is 0.000457 g/cm2 

 

  
a b 
Figure 1. The structure of calcareous hardened 

stone: a – control composition; b - with the 
addition of polysaccharide Atren Cem HV 

 
Taken together, these results confirm the 
presence of both inter- and intracrystalline 
organic compounds that modify (nano)the 
structure of newly formed calcite crystals at 
various scales reproduces the multilevel 
hierarchical mesocrystalline features observed 
in many CaCO3 biominerals and their 
biomimetics, which include inter- and 
intracrystalline (bio)macromolecules. 
Fig. 2–3 show photos of the kinetics of 
carbonation of lime samples. 
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a b 

Figure 2. Change in the thickness of the 
carbonized layer of lime samples at the age of 4 

days: a - control composition; b - with the 
addition of polysaccharides; 1 – carbonized 

layer; 2 – non-carbonated layer 
 

  
a b 

Figure 3. Change in the thickness of the 
carbonized layer of lime samples at the age of 
10 days: a - control composition; b - with the 
addition of polysaccharides; 1 – carbonized 

layer; 2 – non-carbonated layer 
 
It is evident from Fig. 2 and 3 that the 
carbonization process begins in the surface layer 
of the material (the carbonized areas are colored 
lighter purple), gradually moving inside the 
sample. The highest degree of carbonization is 
observed in samples with the addition of Atren 
Cem LV at a humidity of 21 % (Fig. 3, b). Only 
a small area in the center of the sample is 
colored dark purple. The humidity of the control 
samples was 14 %, the thickness of the 
carbonization layer is significantly less. 
The results of the assessment of the degree of 
carbonization of lime composites are also 
confirmed by the data of X-ray phase analysis. The 
mineralogical composition of the lime composite 
was determined using a powder diffractometer 
D8Advans (Germany). It was found that the 
amount of calcite in the control samples is 87.4 %, 
in the samples prepared on lime slaked in the 

presence of the additive Atren Cem HV – 92.266 
% and in the samples prepared with the additive 
Atren Cem HV – 88.87 %. 
Polysaccharides cause a hardening effect, 
contributing to plastic deformation and, 
consequently, preventing catastrophic 
destruction caused by external factors. 
The obtained results indicate that lime 
compositions with the addition of Atren Cem 
LV polysaccharides are characterized by higher 
cohesive strength. As the hardening age 
increases, the cohesive strength of the samples 
with the addition of the synthetic polysaccharide 
Atren Cem LV increases to a greater extent. 
Thus, at the age of 28 days of hardening, the 
cohesive strength of the samples based on the 
control composition is R 0.22 MPa, and with the 
addition of polysaccharide – 0.24 MPa. At the 
age of 3 months of hardening, differences in the 
values of cohesive strength are more 
pronounced. The cohesive strength of the 
control samples is 0.264 MPa, and samples with 
the addition of Atren Cem LV in the amount of 
1% by weight of lime – 0.47 MPa, with the 
addition of Atren Cem LV in the amount of 
0.5% by weight of lime – 0.379 MPa.  
Taken together, these results indicate that organic 
substances induce a hardening effect by 
promoting plastic deformation and therefore 
inhibiting failure. The presence of crystalline 
organic molecules between and inside the lime 
coating gives higher deformative properties. This 
is evidenced by the data of the modulus of 
elasticity and hardness of the coatings. It was 
found that the modulus of elasticity of a sample of 
lime coating with the addition of Atren Cem LV 
in an amount of 1 % by weight of lime is 0.925 
MPa, and the control is 0.987 MPa. This is also 
evidenced by data on the hardness of lime 
coatings. It has been established that the Vickers 
hardness of samples based on the control 
composition is HV = 1.649 MPa, and the hardness 
of coatings based on the composition with the 
addition of Atren Cem LV is 1.144 MPa. 
It has been established that coatings based on 
compositions with the addition of 
polysaccharides are characterized by reduced 

shrinkage deformations. After 85 days of 
hardening, shrinkage deformations of coatings 
based on the control composition amount to 
6.56 %, and on the basis of the composition 
with the addition of Atren Cem LV – 2.82 %. 
 
 
CONCLUSION 
 
It was found that diffractograms of calcareous 
samples with additives of Atren Cem HV show a 
slight increase in the width of CaCO3 peaks, It has 
been established that the introduction of 
polysaccharide additives into the formulation of 
lime compounds causes the formation of inter- 
and intracrystalline organic compounds that 
modify the (nano) structure of newly formed 
calcite crystals at various scales, which helps to 
increase the strength of the composite. The results 
of the conducted studies confirm that the 
introduction of additives based on polysaccharides 
Atren Cem LV and Atren Cem HV into the 
formulation of lime compositions contributes to 
an increase in the carbonization front. 
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It is evident from Fig. 2 and 3 that the 
carbonization process begins in the surface layer 
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sample. The highest degree of carbonization is 
observed in samples with the addition of Atren 
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colored dark purple. The humidity of the control 
samples was 14 %, the thickness of the 
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The results of the assessment of the degree of 
carbonization of lime composites are also 
confirmed by the data of X-ray phase analysis. The 
mineralogical composition of the lime composite 
was determined using a powder diffractometer 
D8Advans (Germany). It was found that the 
amount of calcite in the control samples is 87.4 %, 
in the samples prepared on lime slaked in the 
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contributing to plastic deformation and, 
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control samples is 0.264 MPa, and samples with 
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1% by weight of lime – 0.47 MPa, with the 
addition of Atren Cem LV in the amount of 
0.5% by weight of lime – 0.379 MPa.  
Taken together, these results indicate that organic 
substances induce a hardening effect by 
promoting plastic deformation and therefore 
inhibiting failure. The presence of crystalline 
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coating gives higher deformative properties. This 
is evidenced by the data of the modulus of 
elasticity and hardness of the coatings. It was 
found that the modulus of elasticity of a sample of 
lime coating with the addition of Atren Cem LV 
in an amount of 1 % by weight of lime is 0.925 
MPa, and the control is 0.987 MPa. This is also 
evidenced by data on the hardness of lime 
coatings. It has been established that the Vickers 
hardness of samples based on the control 
composition is HV = 1.649 MPa, and the hardness 
of coatings based on the composition with the 
addition of Atren Cem LV is 1.144 MPa. 
It has been established that coatings based on 
compositions with the addition of 
polysaccharides are characterized by reduced 

shrinkage deformations. After 85 days of 
hardening, shrinkage deformations of coatings 
based on the control composition amount to 
6.56 %, and on the basis of the composition 
with the addition of Atren Cem LV – 2.82 %. 
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It was found that diffractograms of calcareous 
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been established that the introduction of 
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and intracrystalline organic compounds that 
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increase the strength of the composite. The results 
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OPTIMIZATION OF ABOVE-GROUND CYLINDRICAL 
REINFORCED CONCRETE TANKS UNDER BLAST LOADING 

CONSIDERING FLUID-STRUCTURE INTERACTION EFFECTS 
USING THE PSO ALGORITHM 
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Abstract: Above-ground storage tanks are significantly more vulnerable to damage from blast loading compared 
to bury or semi-buried concrete and steel tanks, primarily due to their exposed nature. To accurately assess the 
real behavior of above-ground tanks, it is essential to account for fluid-structure interaction (FSI) effects. 
Accordingly, in this study, 24 finite element models of cylindrical reinforced concrete tanks were developed in 
ABAQUS software and subjected to blast loading, incorporating FSI effects. The key variables considered 
include explosive mass, explosive distance, fluid fill level, tank wall height, and mesh size. The investigated 
responses encompass circumferential (hoop) stress and radial displacement. The design constraints were set as 
maximum allowable hoop stress (30MPa) and maximum displacement (20mm). The optimal tank was designed 
using C30 concrete and steel with a yield strength of 400 MPa. The tank dimensions were 15m in height and 
33.85m in diameter. The explosive mass and explosive distance were set at 1000kg and 10m, respectively. The 
objective function was to minimize the tank weight while simultaneously satisfying the stress and displacement 
constraints. Using the Particle Swarm Optimization (PSO) algorithm, the minimum weight of the cylindrical 
reinforced concrete tank was determined to be 23933kN, which was achieved after approximately 25 iterations. 
 

Keywords: Cylindrical Reinforced Concrete Tanks, Blast Load, Hoop Stress, Maximum Displacement, 
Optimization, PSO Algorithm 
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by Wang et al. demonstrated that a tank 
designed for seismic forces has lower resistance 
to blast, resulting from increased internal energy 
and reduced external work when adopting 
constrained boundary conditions [10]. Mittal 
researched the dynamic analysis of liquid 
storage tanks under blast using a combined 
Eulerian-Lagrangian formulation, showing that 
stresses increase with higher fluid fill level, 
decreased distance from the blast center, and 
increased height-to-radius ratio of the tank [11]. 
Li et al. investigated blast overpressure 
generated inside and outside groups of tanks. 
They provided methods for calculating internal 
and external pressures considering various 
spacing's between tanks [12, 13]. Zheng et al., 
using numerical methods, presented the stress 
and deformation in a gas tank subjected to a 
TNT explosive blast load [14]. Hu and Zhao 
modeled the effect of blast on a small-scale tank 
in FLUENT software and compared it with 
experimental specimens [15]. Peyman Safa 
conducted a nonlinear dynamic numerical 
analysis on ground-based floating roof tanks 
under blast loading for 30 different blast 
scenarios [16]. The obtained results indicated 
that the examined tank shells are vulnerable to 
some blast loading scenarios and would suffer 
damage based on the failure criteria of the API 
650 standard. Yasseri, through experimental 
studies, proposed a relationship for obtaining 
the external blast pressure distribution around 
vertical pressure tanks [17]. The results of this 
research are applicable to tanks with heights 
smaller than their diameters. The numerical 
study by Wang and Zhou on a water tank under 
blast loading showed that water can mitigate the 
tank's blast response [18]. Alipour and 
colleagues, in their research, investigated the 
effects of explosive distance, charge height 
above ground, explosive mass, tank geometry, 
internal fluid condition, and internal fluid 
pressure distribution on both cylindrical and 
cubic reinforced concrete tanks with an 
equivalent cross-sectional area of 900 m², 
considering fluid-structure interaction effects 
[19, 20, 21]. Hosseini et al. in a study, increasing 

soil density was found to intensify pressure and 
stress on buried pipes under blast loading, whereas 
low-density soil acts as a damper, reducing pipe 
damage. Using the ALE method in LS-DYNA, 
parametric analysis showed that soil with lower 
density better mitigates explosion effects on 
concrete pipes [22]. 
 
 
MATERIALS AND METHODS 
 
This study aims to perform a sensitivity analysis 
of parameters affecting hoop stress in above-
ground cylindrical reinforced concrete tanks 
subjected to blast loading using the Monte Carlo 
simulation method. All studied responses are 
calculated and recorded at control points. In this 
research, control points are defined along the 
tank's peripheral surface at three elevation 
levels: bottom, mid-height, and top of the tank 
wall. The soil stiffness is assumed to be infinite 
in this study, effectively neglecting soil-
structure interaction effects. (Figure 1) shows 
the geometric parameters of the cylindrical tank. 
The studied variables are as follows: 
Explosive Mass: The loading in this study is of 
the blast type. One of the key factors 
influencing damage to the structure is the 
magnitude of the blast force. Explosive mass is 
one of the variables studied. Therefore, two 
values of TNT equivalent explosive mass are 
used: 500 kg and 1000 kg. 
Explosive Distance: Another variable is the 
distance from the explosive charge to the tank. 
The closer the blast location is to the structure, 
the higher the likelihood of damage. The 
distances considered in this study are 10 m and 
25 m. Internal Fluid Condition: To investigate 
fluid-structure interaction effects, the tank's 
behavior can be analyzed for three conditions: 
empty, half-full, and full. Tank Height: Given 
the nature of blast loading, which acts as 
compressive waves on the tank's external wall, a 
larger loaded surface area inevitably leads to 
greater effects. Therefore, tank height, which 
directly increases the loaded surface area, is 
studied as a variable. 

C
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INTRODUCTION 
 
Storage tanks are crucial structures for fluid 
containment in transmission networks, typically 
featuring fixed plan and elevation geometries. 
Their design and analysis account for inflow 
rates, site geotechnical conditions, and 
static/dynamic loading. Therefore, a precise 
investigation of tank behavior under blast 
loading is essential. A key aspect of analyzing 
such structures involves evaluating the effects 
of fluid-structure interaction in response to 
dynamic forces. For this purpose, the fluid 
(water) is assumed to be a continuous, 
incompressible, and irrational medium. Within 
the tank domain, the equations of motion are 
based on the governing differential equation for 
hydrodynamic wave propagation and the 
corresponding boundary conditions, which is 
the Laplace equation [1]. 
The seismic response of liquid storage tanks has 
been extensively studied by numerous 
researchers. Early studies in this field assumed 
rigid tank walls and considered both linear and 
nonlinear fluid behavior. Pioneers in this area 
were Jacobsen [2] and Housner [3], who 
investigated hydrodynamic pressure effects in 
tanks subjected to horizontal excitation. 
Jacobsen focused his studies on cylindrical 
tanks with rigid walls, while Housner modeled 
rigid cylindrical and rectangular tank systems in 
a manner practical for civil engineers. In 
Housner's model, the fluid pressure is divided 
into an impulsive component due to the part of 
the fluid accelerating with the wall and a 

convective component resulting from fluid 
sloshing. Subsequently, Epstein provided a 
series of equations and tables, assuming the 
convective component acts in the upper part of 
the fluid, to determine maximum seismic forces 
[4]. Later, Haroun and Housner, using the finite 
element method, boundary solutions, and 
computer programs, presented a new model of 
the tank-fluid system, considering not only the 
fundamental cos  mode but also higher-
order  modes [5]. Veletsos then modeled 
the impulsive components of rigid and flexible 
wall tanks by substituting a pseudo-acceleration 
function for ground acceleration, followed by 
Ramerathoffer who proposed a design 
procedure for tanks considering both seismic 
components [6]. 
As observed, most existing research has 
considered earthquake forces as the dynamic 
effect on fluid storage tanks. However, such 
structures may also be subjected to other 
loadings, such as blast waves. The analysis of 
blast loading effects on structures began in the 
1960s. In 1959, the U.S. Army published a 
manual titled "Structures to Resist the Effects of 
Accidental Explosions." A revised edition 
published in 1990 has been widely used by 
military and non-military organizations for the 
design of structures to prevent blast propagation 
and protect personnel and equipment [7]. 
Subsequently, numerous numerical and 
experimental studies were conducted on the 
effects of blast on various structures, including 
fluid storage tanks [8, 9]. Among these, research 
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by Wang et al. demonstrated that a tank 
designed for seismic forces has lower resistance 
to blast, resulting from increased internal energy 
and reduced external work when adopting 
constrained boundary conditions [10]. Mittal 
researched the dynamic analysis of liquid 
storage tanks under blast using a combined 
Eulerian-Lagrangian formulation, showing that 
stresses increase with higher fluid fill level, 
decreased distance from the blast center, and 
increased height-to-radius ratio of the tank [11]. 
Li et al. investigated blast overpressure 
generated inside and outside groups of tanks. 
They provided methods for calculating internal 
and external pressures considering various 
spacing's between tanks [12, 13]. Zheng et al., 
using numerical methods, presented the stress 
and deformation in a gas tank subjected to a 
TNT explosive blast load [14]. Hu and Zhao 
modeled the effect of blast on a small-scale tank 
in FLUENT software and compared it with 
experimental specimens [15]. Peyman Safa 
conducted a nonlinear dynamic numerical 
analysis on ground-based floating roof tanks 
under blast loading for 30 different blast 
scenarios [16]. The obtained results indicated 
that the examined tank shells are vulnerable to 
some blast loading scenarios and would suffer 
damage based on the failure criteria of the API 
650 standard. Yasseri, through experimental 
studies, proposed a relationship for obtaining 
the external blast pressure distribution around 
vertical pressure tanks [17]. The results of this 
research are applicable to tanks with heights 
smaller than their diameters. The numerical 
study by Wang and Zhou on a water tank under 
blast loading showed that water can mitigate the 
tank's blast response [18]. Alipour and 
colleagues, in their research, investigated the 
effects of explosive distance, charge height 
above ground, explosive mass, tank geometry, 
internal fluid condition, and internal fluid 
pressure distribution on both cylindrical and 
cubic reinforced concrete tanks with an 
equivalent cross-sectional area of 900 m², 
considering fluid-structure interaction effects 
[19, 20, 21]. Hosseini et al. in a study, increasing 

soil density was found to intensify pressure and 
stress on buried pipes under blast loading, whereas 
low-density soil acts as a damper, reducing pipe 
damage. Using the ALE method in LS-DYNA, 
parametric analysis showed that soil with lower 
density better mitigates explosion effects on 
concrete pipes [22]. 
 
 
MATERIALS AND METHODS 
 
This study aims to perform a sensitivity analysis 
of parameters affecting hoop stress in above-
ground cylindrical reinforced concrete tanks 
subjected to blast loading using the Monte Carlo 
simulation method. All studied responses are 
calculated and recorded at control points. In this 
research, control points are defined along the 
tank's peripheral surface at three elevation 
levels: bottom, mid-height, and top of the tank 
wall. The soil stiffness is assumed to be infinite 
in this study, effectively neglecting soil-
structure interaction effects. (Figure 1) shows 
the geometric parameters of the cylindrical tank. 
The studied variables are as follows: 
Explosive Mass: The loading in this study is of 
the blast type. One of the key factors 
influencing damage to the structure is the 
magnitude of the blast force. Explosive mass is 
one of the variables studied. Therefore, two 
values of TNT equivalent explosive mass are 
used: 500 kg and 1000 kg. 
Explosive Distance: Another variable is the 
distance from the explosive charge to the tank. 
The closer the blast location is to the structure, 
the higher the likelihood of damage. The 
distances considered in this study are 10 m and 
25 m. Internal Fluid Condition: To investigate 
fluid-structure interaction effects, the tank's 
behavior can be analyzed for three conditions: 
empty, half-full, and full. Tank Height: Given 
the nature of blast loading, which acts as 
compressive waves on the tank's external wall, a 
larger loaded surface area inevitably leads to 
greater effects. Therefore, tank height, which 
directly increases the loaded surface area, is 
studied as a variable. 
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Figure 1. Geometric parameters of the 

cylindrical tank under study 
 

Scaling Laws
The characteristics of a blast wave depend on the 
energy released from the explosive material and the 
propagation medium. These properties can be 
measured under controlled laboratory conditions 
and serve as a basis for obtaining information about 
other explosions using blast scaling laws. In blast 
loading, scaling blast wave properties is a common 
practice, and several methods have been proposed 
for estimating blast waves. Using scaling laws 
based on experimental results, the properties of a 
blast wave from any desired charge weight and 
distance can be estimated, assuming a perfect gas 

these laws are not suitable for very strong shock 
waves or distances very close to the explosion 
source. The Henrych scaling method used in this 
study for designing cylindrical reinforced concrete 
tanks is described below. According to Henrych's 
scaling laws, if a charge weight  (kg of TNT) 
detonates at a distance  from a structure, the peak 
incident overpressure can be calculated from 
the following equations: 
 

=                                                                                                         (1) 

=

14.072
+

5.54
+

0.357
+

0.000625
     0.05 < 0.3

6.194
+

0.326
+

2.132
                                  0.3 < 1

6.662
+

4.05
+

3.288
                                       1 < 10

  

(2)  
 

Where Z is the scaled distance. 
 
Preliminary Design of the Cylindrical Reinforced 
Concrete Tank 
In this section, a cylindrical reinforced concrete 
tank was designed based on the initial problem 
parameters. Table 1 presents the primary 
specifications used for the tank design.

 
Table 1. Initial problem specifications for the design of the cylindrical reinforced concrete tank 

Value  Parameter 
15 m  Total tank height 

33.85 m  Outer diameter of the cylindrical tank base 
C30 / 30 MPa  Concrete class and compressive strength 

25 kN/m³  Unit weight of concrete 
400 MPa  Yield strength of reinforcement steel 

7.5 m  Fluid height inside the tank 
10 kN/m³  Unit weight of fluid 
1000 kg  Mass of explosive charge 

25 m  Explosive distance of explosive from the tank 
 
Based on the specifications in Table 1 and the 
provisions of Publication No. 123, the 

cylindrical reinforced concrete tank was 
designed as detailed in Table 2.

 
Table 2. Preliminary Design of the Cylindrical Reinforced Concrete Tank 

Wall 
Thickness 

Slab 
Thickness 

Horizontal 
Reinforcement 

Vertical 
Reinforcement 

Slab 
Reinforcement 

Design 
Bending 
Moment 

Design 
Tensile 
Force 

600mm 400mm 20 @ 100  25 @100   16 @ 150  844 . / 1523 / 
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Modeling the Tank and Fluid under Blast Loading 
The modeling procedure for all studied models 
in this research was similar and consistent. The 
differences between models were solely in 
numerical values, geometric parameters, and 
research variables. Therefore, this section 
presents the general modeling procedure for one 
of the studied models. The first step in the 
modeling process is creating the required parts. 
In this study, according to the variables under 
investigation, three parts were modeled: the 
tank, the water, and the reinforcements (vertical 
and circumferential). Concrete elements are of 
type S4R, water elements are of type AC3D8R, 
and reinforcement elements are of type T3D2. 
After creating all three parts, the materials for 

water, concrete, and steel are defined and 
assigned to the created parts. 
The water density is taken as 1 × 10  /  and 
the water viscosity is set to 0.001. To define the 
fluid behavior, the Us-Up equations (Mie-
Grüneisen equation of state) are used. For this 
purpose, the speed of sound = 1480000  
the slope coefficient of the Us-Up curve = 1.79 
and the Grüneisen coefficient = 0.5 are defined. 
For the concrete tank, concrete with grade C30 is 
used, with a unit weight of 2.4 × 10  /  a 
Poisson's ratio of 0.2 and an elasticity modulus of 
23.5GPa. To define the plastic properties and 
damaged behavior of concrete, the parameters 
related to the Concrete Damaged Plasticity model 
were considered according to Tables 3 and 4. 

 
Table 3. Parameters for Concrete Damaged Plasticity Behavior 

Dilation Angle (°) Eccentricity /  Dilation Angle (°) Eccentricity 
30 0.1 1.16 0.67 0.0001 

 
Table 4. Compressive and Tensile Behavior of Concrete in ABAQUS Software 

Plastic Strain Tensile Stress (MPa) Plastic Strain Compressive Stress (MPa)  
0.0000 2.80 0.0000 11.25 1 
0.0001 2.10 0.0000 18.75 2 
0.0002 1.40 0.0000 22.50 3 
0.0003 0.70 0.0002 25.00 4 
0.0004 0.00 0.0005 23.75 5 
  0.0010 21.25 6 
  0.0020 17.50 7 
  0.0030 12.50 8 
  0.0040 10.00 9 

 
Steel is used to model the reinforcements in 
concrete. The elastic properties of steel, including 
unit weight, Poisson's ratio, and elasticity modulus 
are7.85 × 10  / , 0.3 and 210GPa 
respectively. Since blast loads (as impulsive loads) 
typically induce extremely high strain rates in the 
range of , they alter the mechanical 
properties of materials and the expected 

mechanisms in the structure. According to Table 
5, the plastic properties of steel are defined using 
the Johnson-Cook hardening model to account for 
strain rate effects on stress. According to Equation 
(3), stress in the Johnson-Cook model is defined 
as a function of plastic strain, strain rate, and 
temperature. This feature can be readily defined in 
ABAQUS software. 

 
Table 5. Johnson-Cook Model Parameters for Steel Plastic Behavior. 

Parameters Value 
A (MPa) 360 
B (MPa) 635 

n 1.03 
m 0.114 

Melting temperature (K) 1500 
Transition temperature (K) 298 

C 0.075 
Epsilon dot zero 1 
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waves or distances very close to the explosion 
source. The Henrych scaling method used in this 
study for designing cylindrical reinforced concrete 
tanks is described below. According to Henrych's 
scaling laws, if a charge weight  (kg of TNT) 
detonates at a distance  from a structure, the peak 
incident overpressure can be calculated from 
the following equations: 
 

=                                                                                                         (1) 

=

14.072
+

5.54
+

0.357
+

0.000625
     0.05 < 0.3

6.194
+

0.326
+

2.132
                                  0.3 < 1

6.662
+

4.05
+

3.288
                                       1 < 10

  

(2)  
 

Where Z is the scaled distance. 
 
Preliminary Design of the Cylindrical Reinforced 
Concrete Tank 
In this section, a cylindrical reinforced concrete 
tank was designed based on the initial problem 
parameters. Table 1 presents the primary 
specifications used for the tank design.

 
Table 1. Initial problem specifications for the design of the cylindrical reinforced concrete tank 

Value  Parameter 
15 m  Total tank height 

33.85 m  Outer diameter of the cylindrical tank base 
C30 / 30 MPa  Concrete class and compressive strength 

25 kN/m³  Unit weight of concrete 
400 MPa  Yield strength of reinforcement steel 

7.5 m  Fluid height inside the tank 
10 kN/m³  Unit weight of fluid 
1000 kg  Mass of explosive charge 

25 m  Explosive distance of explosive from the tank 
 
Based on the specifications in Table 1 and the 
provisions of Publication No. 123, the 

cylindrical reinforced concrete tank was 
designed as detailed in Table 2.

 
Table 2. Preliminary Design of the Cylindrical Reinforced Concrete Tank 

Wall 
Thickness 

Slab 
Thickness 

Horizontal 
Reinforcement 

Vertical 
Reinforcement 

Slab 
Reinforcement 

Design 
Bending 
Moment 

Design 
Tensile 
Force 

600mm 400mm 20 @ 100  25 @100   16 @ 150  844 . / 1523 / 
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RESULTS  
 
Analyzed of Models 
Given the variables addressed in this study, which 
include the water condition inside the tank (empty, 
half-full, and full), tank height (10 and 15 meters), 
explosive charge mass (500 and 1000 kg), and 
explosive distance (10 and 25 meters), we will 
examine the influence of each stated variable on 
the behavior of the above-ground tank, 
considering fluid-structure interaction effects. In 

this process, other variables are held constant. 
This procedure is repeated for each variable, and 
the impact of all variables on the structural 
response is studied and evaluated. Subsequently, 
the effects of explosive charge mass, explosive 
distance, internal water condition, and tank height 
on the overall response of the above-ground tank 
under blast loading are investigated and assessed. 
The studied scenarios in this research are named 
according to Table (7). 

 
Table 7. Introduction and Nomenclature of the Studied Scenarios in the Present Research 

Explosive Distance (m) Water Condition in Tank Explosive Charge Mass (kg) Tank Height (m) Model 
25 Empty 500 10 T1 
10 Empty 500 10 T2 
25 Half-Full 500 10 T3 
10 Half-Full 500 10 T4 
25 Full 500 10 T5 
10 Full 500 10 T6 
25 Empty 1000 10 T7 
10 Empty 1000 10 T8 
25 Half-Full 1000 10 T9 
10 Half-Full 1000 10 T10 
25 Full 1000 10 T11 
10 Full 1000 10 T12 
25 Empty 500 15 T13 
10 Empty 500 15 T14 
25 Half-Full 500 15 T15 
10 Half-Full 500 15 T16 
25 Full 500 15 T17 
10 Full 500 15 T18 
25 Empty 1000 15 T19 
10 Empty 1000 15 T20 
25 Half-Full 1000 15 T21 (RM) 
10 Half-Full 1000 15 T22 
25 Full 1000 15 T23 
10 Full 1000 15 T24 

 
ABAQUS Software Outputs 
After simulating all 24 models in ABAQUS 
software, contour outputs of hoop stress and 
displacement are obtained.
 

Table 8. Maximum Hoop Stress and Displacement Values for All 24 Models 
Model Maximum Hoop Stress (MPa) Maximum Displacement (cm) 

T1 17.4 1.12 
T2 43.4 2.41 
T3 24.8 1.40 
T4 61.9 3.40 
T5 29.7 1.62 
T6 74.3 4.11 
T7 21.7 1.20 

= (A + B )(1 + C. Ln )(1 T )             (3)

 
Where  is the dimensionless plastic strain rate 
relative to the reference strain rate, and  is the 

  is the homologous 
 A is the initial yield strength of steel 

at a reference plastic strain rate = 1/  and 
temperature of 298 K  B and n simulate the strain-
rate-independent hardening behavior of 

 C represents the strain-rate-dependent 
 m is the thermal softening 

coefficient, obtained from mechanical tests for 
steel and equal to 0.114. After assigning materials 
to the parts, all parts are assembled, and the charge 
weight and explosive distance are defined using 
the ConWep method. Accordingly, the desired 
points are defined as reference points using 
the Offset from point option, and subsequently, 
the charge weight is defined. It should be noted 
that the tank base is modeled with fixed supports 
and is fully constrained. 
 
 
VALIDATION 
 
To ensure the accuracy of the modeling performed 
in this study, the results presented here were verified 
against those from a reputable reference. For this 

purpose, one of the models examined by Moghadam 
et al. was simulated, and the obtained results were 
compared with those presented in that reference. It is 
worth noting that previous studies have compared 
different numerical modeling methods for applying 
blast loads to water storage tanks to assess their 
accuracy. In this section, the blast loading on the 
tank is applied in ABAQUS software and compared 
with the numerical modeling method proposed by 
Moghadam et al. for evaluation. Steel water tanks 
with various dimensions and fill percentages were 
analyzed under a 100 kg TNT explosion at different 
explosive distances [23]. 
In this case, a water tank with a height of 1 meter, a 
radius of 1 meter, and 50% water fill was modeled 
under a 100 kg TNT explosion at a distance of 5 
meters from the tank and evaluated in ABAQUS 
software to confirm the model’s validity. The graph 
in Figure (2) shows the resulting hoop stress on the 
tank wall under blast. The hoop stress distribution 
along the wall at the peak blast time is examined, 
and pressures are applied to the water tank. In this 
case, the hoop stress value is determined for each 
node and plotted. Table (6) compares the percentage 
error in the study conducted by Moghadam et al. 
with the present study. The comparison results 
showed that the difference was less than 5%. 

 
Table 6. Percentage Error of the Method by Moghadam et al. Compared to the Present Study [23] 

 1 2 34 5 6 7 8 9 10 
Depth(m) 0 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

Moghadam et al. [23]549538496440379321288217184112
Current study 564 546 510 432 389 330 295 214 192 115 

Error (%) 2.7 1.5 2.8 1.8 2.6 2.8 2.4 1.4 4.3 2.7 
 

 
Figure 2. Comparison of hoop stress in the studied model with the research by Moghadam et al 
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RESULTS  
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half-full, and full), tank height (10 and 15 meters), 
explosive charge mass (500 and 1000 kg), and 
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examine the influence of each stated variable on 
the behavior of the above-ground tank, 
considering fluid-structure interaction effects. In 

this process, other variables are held constant. 
This procedure is repeated for each variable, and 
the impact of all variables on the structural 
response is studied and evaluated. Subsequently, 
the effects of explosive charge mass, explosive 
distance, internal water condition, and tank height 
on the overall response of the above-ground tank 
under blast loading are investigated and assessed. 
The studied scenarios in this research are named 
according to Table (7). 

 
Table 7. Introduction and Nomenclature of the Studied Scenarios in the Present Research 

Explosive Distance (m) Water Condition in Tank Explosive Charge Mass (kg) Tank Height (m) Model 
25 Empty 500 10 T1 
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25 Full 500 10 T5 
10 Full 500 10 T6 
25 Empty 1000 10 T7 
10 Empty 1000 10 T8 
25 Half-Full 1000 10 T9 
10 Half-Full 1000 10 T10 
25 Full 1000 10 T11 
10 Full 1000 10 T12 
25 Empty 500 15 T13 
10 Empty 500 15 T14 
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10 Full 500 15 T18 
25 Empty 1000 15 T19 
10 Empty 1000 15 T20 
25 Half-Full 1000 15 T21 (RM) 
10 Half-Full 1000 15 T22 
25 Full 1000 15 T23 
10 Full 1000 15 T24 

 
ABAQUS Software Outputs 
After simulating all 24 models in ABAQUS 
software, contour outputs of hoop stress and 
displacement are obtained.
 

Table 8. Maximum Hoop Stress and Displacement Values for All 24 Models 
Model Maximum Hoop Stress (MPa) Maximum Displacement (cm) 

T1 17.4 1.12 
T2 43.4 2.41 
T3 24.8 1.40 
T4 61.9 3.40 
T5 29.7 1.62 
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= (A + B )(1 + C. Ln )(1 T )             (3)

 
Where  is the dimensionless plastic strain rate 
relative to the reference strain rate, and  is the 

  is the homologous 
 A is the initial yield strength of steel 

at a reference plastic strain rate = 1/  and 
temperature of 298 K  B and n simulate the strain-
rate-independent hardening behavior of 

 C represents the strain-rate-dependent 
 m is the thermal softening 

coefficient, obtained from mechanical tests for 
steel and equal to 0.114. After assigning materials 
to the parts, all parts are assembled, and the charge 
weight and explosive distance are defined using 
the ConWep method. Accordingly, the desired 
points are defined as reference points using 
the Offset from point option, and subsequently, 
the charge weight is defined. It should be noted 
that the tank base is modeled with fixed supports 
and is fully constrained. 
 
 
VALIDATION 
 
To ensure the accuracy of the modeling performed 
in this study, the results presented here were verified 
against those from a reputable reference. For this 

purpose, one of the models examined by Moghadam 
et al. was simulated, and the obtained results were 
compared with those presented in that reference. It is 
worth noting that previous studies have compared 
different numerical modeling methods for applying 
blast loads to water storage tanks to assess their 
accuracy. In this section, the blast loading on the 
tank is applied in ABAQUS software and compared 
with the numerical modeling method proposed by 
Moghadam et al. for evaluation. Steel water tanks 
with various dimensions and fill percentages were 
analyzed under a 100 kg TNT explosion at different 
explosive distances [23]. 
In this case, a water tank with a height of 1 meter, a 
radius of 1 meter, and 50% water fill was modeled 
under a 100 kg TNT explosion at a distance of 5 
meters from the tank and evaluated in ABAQUS 
software to confirm the model’s validity. The graph 
in Figure (2) shows the resulting hoop stress on the 
tank wall under blast. The hoop stress distribution 
along the wall at the peak blast time is examined, 
and pressures are applied to the water tank. In this 
case, the hoop stress value is determined for each 
node and plotted. Table (6) compares the percentage 
error in the study conducted by Moghadam et al. 
with the present study. The comparison results 
showed that the difference was less than 5%. 

 
Table 6. Percentage Error of the Method by Moghadam et al. Compared to the Present Study [23] 

 1 2 34 5 6 7 8 9 10 
Depth(m) 0 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 

Moghadam et al. [23]549538496440379321288217184112
Current study 564 546 510 432 389 330 295 214 192 115 

Error (%) 2.7 1.5 2.8 1.8 2.6 2.8 2.4 1.4 4.3 2.7 
 

 
Figure 2. Comparison of hoop stress in the studied model with the research by Moghadam et al 

Optimization of Above-Ground Cylindrical Reinforced Concrete Tanks Under Blast Loading Considering
Fluid-Structure Interaction Effects Using the PSO Algorithm



120 International Journal for Computational Civil and Structural Engineering

T8 54.2 3.00 
T9 30.9 1.70 

T10 77.4 4.30 
T11 37.1 2.00 
T12 92.8 5.10 
T13 20.4 1.10 
T14 51.0 2.80 
T15 29.1 1.64 
T16 72.8 4.15 
T17 34.9 1.90 
T18 87.4 4.80 
T19 25.5 1.40 
T20 63.7 3.55 

T21 (RM) 36.4 2.09 
T22 91.0 5.00 
T23 43.7 2.42 
T24 109.2 6.12 

 
Optimal Design of the Cylindrical Reinforced Concrete 
Tank 
The Particle Swarm Optimization (PSO) 
algorithm is a population-based optimization 
technique inspired by the social behavior of bird 
flocking or fish schooling. Each "particle" in the 
search space represents a potential solution. The 
main parameters of this algorithm are as 
follows: 
 Population: A set of particles (n-particles). 
 Position: The location of a particle in the 

search space (positions). 
 Velocity: The direction and magnitude of a 

particle's movement (velocities). 
 Personal Best: The best position experienced 

by each particle so far (pBest). 
 Global Best: The best position found within 

the entire swarm (gBest). 
The velocity and position of each particle are 
updated using Equations (4) and (5). 
 

(4) 
v (t + 1) = w × v (t) + c × r × pBest x (t)

+ c × r × gBest x (t)  
x (t + 1) = x (t) + v (t + 1)                                                                  (5) 
 
Where: 
 ( ) is the velocity of particle  at iteration , 
 ( ) is the position of particle  at iteration , 
  is the inertia weight, 
 1 and 2 are the cognitive and social 

acceleration coefficients, respectively, 
 1 and 2 are random numbers uniformly 

distributed between 0 and 1, 
   is the personal best position of 

particle , and 
  is the global best position. 

In this section, using the results from Table 5, a 
cylindrical reinforced concrete tank was designed 
using the PSO algorithm. The algorithm 
parameters were set as presented in Table 9. 

Table 9. Initial parameters of the PSO algorithm 
Number of ParticlesInertia Weight (w) Social Coefficient Cognitive Coefficient Maximum Number of 

Iterations 
50 0.7 1.5 1.5 100 

 
It should be noted that the two design 
constraints were set as the maximum allowable 
hoop stress (30MPa) and maximum 
displacement (20mm). The optimal tank was 
designed for C30 concrete and steel with a yield 
strength of 400MPa. The tank height and 
diameter were 15 m and 33.85 m, respectively. 

The explosive mass and explosive distance were 
considered as 5000 kg and 50 m, respectively. 
In this optimal design, the objective function 
was to minimize the tank weight while 
simultaneously satisfying the maximum stress 
and displacement constraints. According to the 
executed code provided in Appendix (C), the 
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minimum weight of the cylindrical reinforced 
concrete tank using the PSO algorithm is 

23933kN, which, as shown in Figure (3), is 
achieved after approximately 25 iterations.

 

 
Figure 3. Optimized weight of the cylindrical reinforced concrete tank versus PSO algorithm 

iterations 
 

Table 10 presents the geometric specifications 
of the weight-optimized cylindrical reinforced 
concrete tank. 
 

Table 10. Geometric specifications of the optimal tank using the PSO algorithm 
Value Parameter 
15m Total tank height 

33.85m Outer diameter of the cylindrical tank base 
50mm Concrete cover for floor and wall 

440mm Tank wall thickness 
mm Vertical reinforcement 
mm Horizontal reinforcement (hoops) 

26.76MPa Maximum hoop stress 
2.01cm Maximum displacement 

  
Determination of Fitted Curves for Problem Parameters 
A fitted line (trend line) is a straight line that 
represents the best linear relationship between 
two variables. This line is drawn such that the 
overall distance of all data points from the line 
is minimized, while also passing through the 
majority of the data. In this section, the fitted 
line (regression) between various parameters 
and the hoop stress is calculated. The goal is to 
find the equation of a straight line = +  
that best fits the data. To compute the slope and 
intercept of this line using the least squares 
method, Equations (6) and (7) are used. 
 

=
( )( )

( )
                        (6) 

=                                           (7) 
 
Where  and  are the means of the  data 
points on the horizontal and vertical axes, 
respectively. According to Figure (4), an inverse 
and approximately linear relationship is 
observed between mesh size and hoop stress. As 
the mesh size decreases from 0.3m to 0.03m, the 
hoop stress increases from 5MPa to 55MPa. 
Finer meshing is capable of estimating the 
complex stress field resulting from the 
interaction of the blast wave and sloshing 
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 Velocity: The direction and magnitude of a 
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 Personal Best: The best position experienced 

by each particle so far (pBest). 
 Global Best: The best position found within 
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The velocity and position of each particle are 
updated using Equations (4) and (5). 
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It should be noted that the two design 
constraints were set as the maximum allowable 
hoop stress (30MPa) and maximum 
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designed for C30 concrete and steel with a yield 
strength of 400MPa. The tank height and 
diameter were 15 m and 33.85 m, respectively. 
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As evident from Figure 8, increasing or 
decreasing the explosive mass within the 
variable distance range of 10 to 25 meters has 
an insignificant effect on the magnitude of hoop 
stress. This demonstrates the negligible 
influence of charge mass on hoop stress at 
larger standoff distances from the tank. 
 
 
DISCUSSION AND CONCLUSION 
 
In this research, the dynamic responses of 
cylindrical reinforced concrete water storage 
tanks under specified blast loading were 
investigated. The results indicate that 
parameters such as the water fill level, tank 
height-to-radius ratio, and distance from the 
blast center significantly influence the dynamic 
response of the tank structure. Specifically, the 
horizontal impulse increases with a decrease in 
water fill percentage and an increase in tank 
height. Furthermore, hoop stresses increase with 
a higher water fill level and a decrease in the 
standoff distance of the explosive. The most 
significant findings of this study are as follows: 
 The optimal design of a cylindrical 

reinforced concrete tank using the Particle 
Swarm Optimization (PSO) algorithm for a 
specified fluid volume resulted in a reduction 
of the tank weight by approximately 4% after 
25 iterations. 

 A decrease in mesh size led to an increase in 
hoop stress, which is primarily attributed to 
stress concentration in the underlying elements. 

 As the fluid height inside the tank increases, 
hoop stresses exhibit a parabolic pattern of 
increase. 

 Increasing the tank height within the range of 
10 to 15 meters does not significantly alter 
the hoop stresses. 
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relationship also indicates a strong dependence 
of the finite element analysis results on the 
mesh size. 

 
Figure 4. Correlation between hoop stress and 

mesh size 
 

According to Figure (5), a parabolic relationship 
is observed with maximum stress occurring at a 
fluid height of 4-6 meters. At low fluid levels, 
the impulsive effect of the blast wave 
dominates. At moderate fluid heights, the 
phenomena of fluid-structure resonance and 
sloshing occur, while at high fluid levels, the 
damping effect of the fluid and hydrostatic 
pressure become significant. 
 

 
Figure 5. Correlation between hoop stress and 

fluid height 
 

According to Figure (6), an increase in tank 
height has a negligible impact on the increase in 
hoop stress, with only a mild slope of growth. In 
contrast, as shown in Figure (7), increasing the 
explosive distance of the explosive from the 

tank causes a reduction in the tank's hoop 
stresses. Based on the present study, this 
parameter (explosive distance) is the most 
influential on the magnitude of hoop stress.
 

 
Figure 6. Correlation between hoop stress and 

tank height 
 

 
Figure 7. Correlation between hoop stress and 

explosive distance
 

 
Figure 8. Correlation between hoop stress and 

explosive mass 
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As evident from Figure 8, increasing or 
decreasing the explosive mass within the 
variable distance range of 10 to 25 meters has 
an insignificant effect on the magnitude of hoop 
stress. This demonstrates the negligible 
influence of charge mass on hoop stress at 
larger standoff distances from the tank. 
 
 
DISCUSSION AND CONCLUSION 
 
In this research, the dynamic responses of 
cylindrical reinforced concrete water storage 
tanks under specified blast loading were 
investigated. The results indicate that 
parameters such as the water fill level, tank 
height-to-radius ratio, and distance from the 
blast center significantly influence the dynamic 
response of the tank structure. Specifically, the 
horizontal impulse increases with a decrease in 
water fill percentage and an increase in tank 
height. Furthermore, hoop stresses increase with 
a higher water fill level and a decrease in the 
standoff distance of the explosive. The most 
significant findings of this study are as follows: 
 The optimal design of a cylindrical 

reinforced concrete tank using the Particle 
Swarm Optimization (PSO) algorithm for a 
specified fluid volume resulted in a reduction 
of the tank weight by approximately 4% after 
25 iterations. 

 A decrease in mesh size led to an increase in 
hoop stress, which is primarily attributed to 
stress concentration in the underlying elements. 

 As the fluid height inside the tank increases, 
hoop stresses exhibit a parabolic pattern of 
increase. 

 Increasing the tank height within the range of 
10 to 15 meters does not significantly alter 
the hoop stresses. 
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OPTIMIZATION OF CONCRETE CURING CONDITIONS IN 
MASSIVE MONOLITHIC FOUNDATION SLABS 
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Abstract: The problem of controlling temperature stresses and preventing early cracking in massive monolithic foun-
dation slabs at the stage of their hardening is considered. Existing methods often fail to account for the lag in concrete 
strength growth relative to the development of temperature gradients, which can lead to dangerous tensile stresses. The 
objective of the study is to develop a method for optimizing curing conditions aimed at minimizing tensile stress to 
strength ratio as an objective function. The method is based on combined numerical modeling of heat transfer and 
stress-strain problems, taking into account the kinetics of heat generation and concrete strength gain. The variable pa-
rameters were a coefficient determining the kinetics of concrete heat generation and the heat transfer coefficient from 
the upper surface of the slab. The interior point method, pattern search and particle swarm optimization were used to 
solve the optimization problem. Calculation results for various slab thicknesses and climatic conditions showed that to 
minimize the risk of cracking, it is necessary to reduce the heat transfer coefficient on the upper surface of the slab to 
2.5–4.7 W/(m² °C), and to use normal- and rapid-hardening concrete rather than slow-hardening concrete. This is ex-
plained by the lag in tensile strength growth behind the development of temperature differences in slow-hardening 
concrete. Optimization reduced tensile stress levels by 2.2–3.3 times compared to standard conditions, making it pos-
sible to concretize slabs up to 3 m thick without the use of artificial cooling systems.  
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INTRODUCTION 
 
The problem of monitoring thermal stresses in 
massive concrete and reinforced concrete 
structures during their construction is a press-
ing issue in global construction practice [1-3]. 
When constructing high-rise buildings and 
structures, as well as multi-story buildings, 
foundation slabs at least 1 m thick are used, 
which fall into the category of massive struc-
tures, necessitating an assessment of the risk 
of early cracking and the development of 
measures to prevent it [4-6]. 
Traditionally, the use of slow-hardening con-
crete is recommended to reduce the risk of early 
cracking, which reduces peak temperature dif-
ferences [7-11]. However, this approach often 
fails to account for the lag in the growth of 
strength properties relative to the development 
of temperature gradients, which can lead to 
dangerous levels of tensile stress. 
In recent years, considerable attention has been 
devoted to methods of numerical modeling of 
thermal and stress fields in massive structures 
[12-14]. Studies [15-18] demonstrate the effec-
tiveness of using surface thermal insulation for 
temperature control. However, most studies are 
limited to analyzing temperature fields without 
comprehensively considering the kinetics of 
strength gain and the development of concrete's 
mechanical properties. 
Modern approaches to optimizing curing condi-
tions are based on the combined solution of heat 
transfer and deformation mechanics problems 
using numerical optimization methods. Simpli-
fied models for assessing the stress-strain state 
of foundation slabs have been proposed in [19-
21]. However, the targeted selection of concrete 
parameters and heat transfer conditions to min-
imize tensile stresses remains understudied. In 
particular, there are no methods for simultane-
ously optimizing the kinetics of concrete heat 
release and the intensity of surface heat transfer, 
taking into account various climatic conditions 
and geometric parameters of structures. 
A literature review revealed a lack of compre-
hensive methods for optimizing the curing 

conditions of massive foundation slabs, aimed 
at minimizing tensile stress as an objective 
function. Existing recommendations for the 
use of slow-hardening concrete do not take 
into account the effect of delayed strength 
characteristics on stress, which can lead to 
suboptimal design solutions. Therefore, de-
veloping a method for determining optimal 
heat generation and heat transfer kinetics from 
the slab's upper surface for various concreting 
conditions is a pressing scientific and practical 
challenge. The results of this study will enable 
informed selection of concrete compositions 
and thermal insulation parameters that mini-
mize the risk of cracking. 
The purpose of the work is to develop a meth-
odology for optimizing the conditions of con-
crete hardening in massive monolithic founda-
tion slabs, aimed at minimizing the risk of early 
cracking by reducing the level of tensile stresses 
in the initial period of hardening. 
Within the framework of the set goal, the fol-
lowing tasks were solved: 
1. To develop a calculation model describing the 
combined influence of the kinetics of heat gen-
eration in concrete and heat exchange condi-
tions on the formation of temperature fields and 
the stress-strain state in massive monolithic 
foundation slabs. 
2. To define the optimization objective function 
and select the variable parameters. 
3. To conduct a series of calculations for various 
slab sizes and climatic conditions using nonlin-
ear optimization methods (interior point meth-
od, pattern search method, particle swarm 
method). 
4. To analyze the obtained optimal parameter 
values, evaluate the effectiveness of various op-
timization methods and the influence of initial 
conditions on the result. 
5. To formulate practical recommendations for 
the selection of concrete and optimal heat trans-
fer parameters to reduce tensile stresses in mas-
sive foundation slabs without the use of artifi-
cial cooling systems. 
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METHODS 
 
The maximum level of tensile stresses was 
adopted as the objective function when solving 
the problem of determining the optimal condi-
tions for concrete hardening in massive mono-
lithic foundation slabs: 
 

min ,
t

f
R

                    (1) 

 
where  is the tensile stress, tR  is the current 
tensile strength of concrete. 
The determination of the maximum level of ten-
sile stresses was carried out using a simplified 
method given in [19]. In the first stage, the tem-
perature field was calculated in a one-
dimensional formulation using the equation: 
 

2

2 ,T TW c
tz

               (2) 

 
where  is the thermal conductivity coefficient 
of the material, T  is the temperature, 

 QW
t

is the power of internal heat sources 

for 1 m3 of concrete,  is the density, c  is the 
specific heat capacity. 
The temperature field was calculated using the 
finite element method in conjunction with a soil 
massif whose thickness was assumed to be con-
stant and equal to 3 m. The values of the ther-
mophysical characteristics of the soil and con-
crete adopted in the calculation are presented in 
Table 1. 
 

Table 1. Thermophysical characteristics of soil 
and concrete 

 Density 
, 

kg/m3 

Specific 
heat ca-
pacity c , 

 

Thermal con-
ductivity co-
efficient , 

 
Soil 1600 1875 1.50 
Concrete 2400 1000 2.67 
 

On the upper surface, boundary conditions of 
the third kind were adopted (convective heat 
exchange with the environment): 
 

0,up
T h T T
z

             (3) 

 
where T  is the ambient temperature, uph  is the 
heat transfer coefficient on the upper surface. 
At the lower surface of the soil massif, boundary 
conditions of the first kind were adopted (the tem-
perature is constant and equal to botT ). The heat 
release function of concrete was taken as [22]: 
 

28
28exp 1 ,

x
Q t Q k

t
    (4) 

 
where t is the time in days, 28Q  is the amount of 
heat released during the first 28 days of harden-
ing (MJ/m3) , the coefficients k and x depend on 
the rate of hardening of the concrete. 
When calculating temperature stresses, the de-
pendence of the mechanical characteristics of 
concrete on the equivalent age eqt  was taken 
into account. The equivalent age was calculated 
by the formula: 
 

0

1 ,
t

eq
ref

t T d
T

                (5) 

 
where 20 refT C  is the temperature corre-

sponding to normal conditions, T  is the 
temperature at an arbitrary point of the founda-
tion slab at age . 
The function of change in cubic strength under 
compression was taken as [23]: 
 

28 exp 1 28 / ,eqR R s t            (6) 

 
where eqt  is the equivalent age of concrete in 
days, 28R  is the compressive strength at the age 
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of 28 days (when hardening under normal con-
ditions), s  is a coefficient depending on the ki-
netics of concrete hardening. 
Table 2 presents the values of the coefficients 
k , x  and s  according to data [24].  
 

Table 2. Values of coefficients ,  ,  k x s  accord-
ing to data [24] 

 Classification of concrete according to EN 
206.1 

 Rapid 
hardening 

Normally 
hardening 

Slow 
hardening 

Very 
slow 
hardening 

k  0.16-0.2 0.21-0.24 > 0.24 
x  0.46-0.51 0.52-0.62 > 0.62 
s < 0.25 0.25-0.43 0.43-0.7 .7 

 
This table shows a tendency towards an increase 
in the coefficient s together with the coefficient 
k. The same applies to the coefficient x. There-
fore, the coefficient k was chosen as the first 
variable parameter determining the kinetics of 
heat release of concrete, and the coefficients x 
and s were expressed through the coefficient k 
using approximating formulas: 
 

217.2   4.83   0.787;
4.94 0.512.

x k k
s k

            (7) 

 
The modulus of elasticity of concrete at equiva-
lent age eqt  was determined as a function of its 
compressive strength based on the formula [25]: 
 

0.28
22265 .

10
RE               (8) 

 
Until the equivalent age of 12 hours, it was con-
sidered that concrete was not yet a solid body 
capable of withstanding stress, and the modulus 
of elasticity was taken to be zero. 
Tensile strength, like the modulus of elasticity, 
was taken as a function of compressive strength 
[26]: 
 

0.60.29 .tR R                        (9) 

The calculations were performed at 28R = 37 
MPa, Poisson's ratio of concrete 0.2 , coeffi-
cient of linear thermal expansion 

510 1 / C .  The value 28Q  was taken as 
constant and equal to 130 MJ/ m3 . 
The second optimized variable was the parame-
ter uph . In the calculation program, up to the 
age of 12 hours, the heat transfer coefficient on 
the upper surface was assumed to be 23 
W/(m2

quently, the heat transfer coefficient was as-
signed the value uph . 
The search for the minimum of the objective 
function , upf k h was implemented in the 
MATLAB R2021b environment using three 
built-in nonlinear optimization methods: 

1. Interior point method. 
2. Pattern search method. 
3. Particle swarm method. 

The parameters of the optimization algorithms 
in MATLAB were set to default values. The 
values 0.18k  and 223 W / m Cuph were 

chosen as the starting point for the search, 
which corresponds to normally hardening con-
crete and standard heat transfer for external 
walls, roofs, and ceilings according to Russian 
design codes SR 23-101-2004. Thermal perfor-
mance desing of buildings. 
For input parameters k  and uph  the following 
constraints were adopted: 
 

0.1 0.4;
0.5 23.up

k
h                    (10) 

 
A series of nine calculations was performed for 
different values of ambient temperature T , soil 
temperature botT , initial concrete mix tempera-
ture 0T , and slab thickness h . The initial data 
for each case, as well as the objective function 
values f  at the initial search point, are present-
ed in Table 3. 
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Table 3. Considered variants of initial data for 
solving the optimization problem 

No. 
h , 

m 
, CT

 0 , CT
 

, CbotT
 

f  

1 1 5 10 5 0.581 

2 1 15 15 15 0.724 

3 1 25 20 20 0.927 

4 2 5 10 5 1.528 

5 2 15 15 15 1.637 

6 2 25 20 20 1.769 
7 3 5 10 5 2.219 
8 3 15 15 15 2.239 
9 3 25 20 20 2.277 

 
 
RESULTS AND DISCUSSION 
 
Table 4 shows the results of solving the optimi-
zation problem in the form of optimal values of 
parameters k and hup, as well as the correspond-
ing value of the objective function f for each 
option considered using three methods. The best 
solutions for each option are underlined. 
Table 4 shows that the three methods used 
yielded roughly the same results. The particle 
swarm method proved to be the most stable for 
this problem, providing the best solution in 
eight of the nine variants considered. However, 
this method has the highest computational com-
plexity, as it evaluates the objective function 
value at multiple search points rather than just 
one at each iteration. It should also be noted that  
the interior point method finds a local maximum 
in the vicinity of the initial search point, but not 
a global one, unlike the other two methods used. 
As a result of optimization, the maximum values 
of the tensile stress level were reduced from 2.2 to 
3.3 times compared to the initial search point, cor-
responding to the average heat release kinetics of 
concrete and the uncovered upper surface. 
Based on the obtained solutions, optimal heat 
transfer coefficient values range from 2.51 to 4.73 
W/(m2 C), indicating the feasibility of insulating 
the upper surface. This method for reducing the 
risk of early cracking is generally accepted and 
has been previously discussed in [15-18, 27]. 

Table 4. Results of solving the optimization 
problem 

No. Method k hup f 
1 Interior point  0.219 3.502 0.261 

Pattern search  0.219 3.474 0.261 
Particle swarm 0.220 3.436 0.260 

2 Interior point  0.202 4.726 0.280 
Pattern search  0.182 2.794 0.309 
Particle swarm 0.201 4.561 0.280 

3 Interior point  0.159 3.032 0.282 
Pattern search  0.149 2.510 0.288 
Particle swarm 0.159 3.032 0.282 

4 Interior point  0.138 2.786 0.519 
Pattern search  0.138 2.795 0.519 
Particle swarm 0.138 2.786 0.519 

5 Interior point  0.121 3.011 0.523 
Pattern search  0.128 3.131 0.524 
Particle swarm 0.121 3.034 0.521 

6 Interior point  0.113 3.979 0.562 
Pattern search  0.115 4.000 0.562 
Particle swarm 0.100 3.919 0.570 

7 Interior point  0.172 2.903 0.819 
Pattern search  0.151 2.820 0.805 
Particle swarm 0.127 2.645 0.802 

8 Interior point  0.131 2.687 0.798 
Pattern search  0.144 2.750 0.806 
Particle swarm 0.131 2.687 0.798 

9 Interior point  0.122 3.235 0.852 
Pattern search  0.125 3.250 0.853 
Particle swarm 0.122 3.235 0.852 

 
The required thickness of thermal insulation 
can be calculated based on the formula for the 
heat transfer coefficient from the insulated 
surface [27]: 
 

1 ,1f
i

i surf

h

h

                   (11) 

 
where hsurf is the heat transfer coefficient from 
an uninsulated surface, i is the thickness of the 
i-th  insulation layer, i is the thermal conductiv-
ity coefficient of the i-th  insulation layer. 
For one layer of insulation, its required thick-
ness can be calculated using the formula: 
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1 1
1 1 .

f surfh h
                (12) 

 
For example, for the “Penofol” insulation  
(closed-cell polyethylene foam with a thin layer 
of aluminum foil) at hsurf = 23 W/(m2 °C) and 

1 

coefficient of 2.51-4.73 W/(m2

to a thickness of 7.5 to 16 mm. 
The optimal values of the coefficient k, which 
determines the heat release kinetics of concrete, 
range from 0.1 to 0.22, indicating a preference 
for normal and rapid-hardening concrete over 
slow-hardening concrete. Furthermore, with in-
creasing slab thickness and ambient tempera-
ture, the optimal k value tends to decrease, sug-
gesting that under these conditions, rapid-
hardening and ultra-rapid-hardening concrete 
are preferable. 
This finding regarding the undesirability of us-
ing slow-hardening concrete in massive founda-
tion slabs contradicts generally accepted opinion 
[7-9]. However, authors who postulate the ne-
cessity of using slow-hardening concrete in 
massive structures use the maximum tempera-
ture within the structure and the temperature 
difference between the center and surface of the 
structure, rather than the level of tensile stress, 
to assess the risk of early cracking. 
Our finding regarding the undesirability of us-
ing slow-hardening concrete can be explained 
by the fact that the rate of increase in strength 
properties of such concrete lags behind the ki-
netics of heat release and, consequently, the de-
velopment of maximum temperature differences 
between the center and surface of the structure. 
Let's examine this in detail using option 6 as an 
example. Figure 1 shows heat release curves 
plotted for k = 0.18 (initial approximation), 
k = 0.115 (optimal solution), and k = 0.24 (slow-
hardening concrete). 
Fig. 2 shows the change in time of the maxi-
mum temperature difference T between the 
center and the upper surface of the structure for 
the initial approximation, at k = 0.115 and  
hup = 4 W/(m2 (optimal solution) and for 

slow-hardening concrete at k = 0.24 and 
hup = 4 W/(m2 . A decrease in heat transfer 
on the upper surface leads to a decrease in the 
maximum value T from 22 to 11 ° C. In the 
case of using slow-hardening concrete, the max-
imum temperature difference, compared to rap-
id-hardening concrete, is reduced insignificantly 
(by only 0.2 °C) 

 
Figure 1. Heat release curves 

 

 
Figure 2. Change in time of the maximum tem-
perature difference  between the center and 

the upper surface of the structure 
 

The maximum temperature difference for rap-
id-hardening concrete at k = 0.115 is reached 
at t = 3.7 days, and at this age, the tensile 
strength is 96% of the strength at 28 days 
(Fig. 3). For slow-hardening concrete, the 
maximum temperature difference is reached at 
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- use normal and rapid-hardening concrete, not 
slow-hardening concrete. 
4. The obtained result contradicts the wide-
spread belief that slow-hardening concrete is 
preferable for massive structures. It was shown 
that when using slow-hardening concrete, the 
increase in tensile strength lags behind the de-
velopment of temperature changes, leading to 
higher tensile stress levels compared to rapid-
hardening concrete, all other things being equal. 
5. The particle swarm method demonstrated the 
best efficiency in solving the given optimization 
problem, providing the lowest values of the ob-
jective function in 8 of the 9 considered vari-
ants, despite the increased computational com-
plexity. 
6. The proposed method reduces tensile stress 
by 2.2–3.3 times compared to typical conditions 
(uninsulated surface, normally hardening con-
crete). This opens the possibility of concreting 
massive foundation slabs up to 3 meters thick or 
more without the need for complex and expen-
sive artificial cooling systems. 
7. The equal strength criterion of the structure, 
observed with optimal parameters (coincidence 
of stress maxima at different points of the sec-
tion), confirms the correctness and effectiveness 
of the proposed approach to the design of hard-
ening conditions for massive concrete struc-
tures.  
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The use of the developed optimization method-
ology makes it possible to determine curing 
conditions under which it is possible to concrete 
foundation slabs up to 3 m thick or more with-
out the use of expensive cooling systems. 
 
 
CONCLUSION 
 
1. The methodology for optimizing concrete 
curing conditions in massive monolithic founda-
tion slabs has been developed and tested. This 
methodology aims to minimize the tensile stress 

Rt as an objective function. The method-
ology is based on a combined solution to the 
heat transfer problem and the stress-strain state, 
taking into account the kinetics of heat release 
and concrete strength gain. 
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- use normal and rapid-hardening concrete, not 
slow-hardening concrete. 
4. The obtained result contradicts the wide-
spread belief that slow-hardening concrete is 
preferable for massive structures. It was shown 
that when using slow-hardening concrete, the 
increase in tensile strength lags behind the de-
velopment of temperature changes, leading to 
higher tensile stress levels compared to rapid-
hardening concrete, all other things being equal. 
5. The particle swarm method demonstrated the 
best efficiency in solving the given optimization 
problem, providing the lowest values of the ob-
jective function in 8 of the 9 considered vari-
ants, despite the increased computational com-
plexity. 
6. The proposed method reduces tensile stress 
by 2.2–3.3 times compared to typical conditions 
(uninsulated surface, normally hardening con-
crete). This opens the possibility of concreting 
massive foundation slabs up to 3 meters thick or 
more without the need for complex and expen-
sive artificial cooling systems. 
7. The equal strength criterion of the structure, 
observed with optimal parameters (coincidence 
of stress maxima at different points of the sec-
tion), confirms the correctness and effectiveness 
of the proposed approach to the design of hard-
ening conditions for massive concrete struc-
tures.  
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1. INTRODUCTION

Flows of fluid with small particles in porous
media are widespread in nature and engineering.
Modeling the transport of tiny particles by fluid
in rock is used in the strengthening of loose soil
and in the design of underground storage 
facilities for hazardous waste, for tunnels and for 
hydraulic structures [1-4].
Moving particles of suspensions and colloids in
porous media are affected by various forces: 
mechanical, electrostatic, hydrodynamic,
gravitational [5-8]. Under the influence of these
forces, some particles settle on the framework of
the porous medium and form a stationary deposit.
The standard macroscopic model of long-term 
deep bed filtration of a suspension in a porous
medium includes mass conservation for both 
mobile and settled particulate matter, alongside 
the formula governing how quickly sediment
accumulates. When the number of suspended 
particles is minimal, the rate at which they
deposit is directly linked to their concentration. 
The factor that quantifies this relationship 
between deposition speed and suspended particle
density is known as the filtration function. Over
a short period of time, the filtration function can
be considered constant [11-13]. During long-
term deep bed filtration, the concentration of
sedimented particles increases and the number of
vacant sites for retained particles decreases.
Consequently, the filtration function depends on 
the deposit size and decreases as it increases. If 
the filtration function vanishes upon reaching a 
certain limiting value, it is called blocking. In
many models, a linear decreasing function, called 
the Langmuir coefficient, is used as the filtration
function [14-16]. 
The capacity of a rock as a reservoir for liquid 
and gas is characterized by porosity - the ratio of
the pore volume to the total volume of the rock. 
In a homogeneous rock, porosity can be
considered constant. To model the filtration of
suspensions and colloids in multilayered and 
heterogeneous soils, one must acknowledge that
porosity varies with spatial position within the 
porous medium. This incorporation of variable

porosity enables the filtration challenge to be
addressed within a non-uniform porous medium. 
A similar model was studied in [17], but no
analytical solutions were obtained for the 
problem with variable porosity. 
This paper fills the gap. The study examines a 
large-scale model of deep bed filtration within a 
sample exhibiting non-uniform porosity, 
focusing on the process of injecting a suspension 
or colloidal solution into a porous medium with
clean water. The transport of particles by an
incompressible carrier fluid in a plane-parallel
channel is described by a one-dimensional 
model, including a quasi-linear system of first-
order differential equations, initial conditions
and boundary conditions at the inlet of the porous 
medium [18, 19]. For the model in dimensionless
form, analytical and numerical solutions are 
constructed, for the linear filtration function, an
explicit solution is obtained. 

2. MATHEMATICAL MODEL

In the domain {0 1, 0}x t  consider a 
quasilinear system

( ) 0C C Sx
t x t

, (1) 

( )S S C
t

.  (2) 

Here the porosity function ( )x  and the filtration 
function ( , )x S are continuous and non-
negative.
For system (1), (2), the boundary conditions are 
established at the filter inlet 0x  and at the 
initial time 0t : 

0( , ) 1
x

C x t ;  (3) 

0 0( , ) 0; ( , ) 0
t t

C x t S x t .  (4) 

According to condition (3), equation (2) at the 
inlet 0x  has the form
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1. INTRODUCTION 
 
Flows of fluid with small particles in porous 
media are widespread in nature and engineering. 
Modeling the transport of tiny particles by fluid 
in rock is used in the strengthening of loose soil 
and in the design of underground storage 
facilities for hazardous waste, for tunnels and for 
hydraulic structures [1-4]. 
Moving particles of suspensions and colloids in 
porous media are affected by various forces: 
mechanical, electrostatic, hydrodynamic, 
gravitational [5-8]. Under the influence of these 
forces, some particles settle on the framework of 
the porous medium and form a stationary deposit. 
The standard macroscopic model of long-term 
deep bed filtration of a suspension in a porous 
medium includes mass conservation for both 
mobile and settled particulate matter, alongside 
the formula governing how quickly sediment 
accumulates. When the number of suspended 
particles is minimal, the rate at which they 
deposit is directly linked to their concentration. 
The factor that quantifies this relationship 
between deposition speed and suspended particle 
density is known as the filtration function. Over 
a short period of time, the filtration function can 
be considered constant [11-13]. During long-
term deep bed filtration, the concentration of 
sedimented particles increases and the number of 
vacant sites for retained particles decreases. 
Consequently, the filtration function depends on 
the deposit size and decreases as it increases. If 
the filtration function vanishes upon reaching a 
certain limiting value, it is called blocking. In 
many models, a linear decreasing function, called 
the Langmuir coefficient, is used as the filtration 
function [14-16]. 
The capacity of a rock as a reservoir for liquid 
and gas is characterized by porosity - the ratio of 
the pore volume to the total volume of the rock. 
In a homogeneous rock, porosity can be 
considered constant. To model the filtration of 
suspensions and colloids in multilayered and 
heterogeneous soils, one must acknowledge that 
porosity varies with spatial position within the 
porous medium. This incorporation of variable 

porosity enables the filtration challenge to be 
addressed within a non-uniform porous medium. 
A similar model was studied in [17], but no 
analytical solutions were obtained for the 
problem with variable porosity. 
This paper fills the gap. The study examines a 
large-scale model of deep bed filtration within a 
sample exhibiting non-uniform porosity, 
focusing on the process of injecting a suspension 
or colloidal solution into a porous medium with 
clean water. The transport of particles by an 
incompressible carrier fluid in a plane-parallel 
channel is described by a one-dimensional 
model, including a quasi-linear system of first-
order differential equations, initial conditions 
and boundary conditions at the inlet of the porous 
medium [18, 19]. For the model in dimensionless 
form, analytical and numerical solutions are 
constructed, for the linear filtration function, an 
explicit solution is obtained. 
 
 
2. MATHEMATICAL MODEL 
 
In the domain {0 1, 0}x t  consider a 
quasilinear system 
 

 ( ) 0C C Sx
t x t

, (1) 

 ( )S S C
t

.  (2) 

 
Here the porosity function ( )x  and the filtration 
function ( , )x S  are continuous and non-
negative. 
For system (1), (2), the boundary conditions are 
established at the filter inlet 0x  and at the 
initial time 0t : 
 
 0( , ) 1

x
C x t ;  (3) 

 0 0( , ) 0; ( , ) 0
t t

C x t S x t .  (4) 
 
According to condition (3), equation (2) at the 
inlet 0x  has the form 
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3. EXACT SOLUTION TO MODEL WITH 
NON-UNIFORM POROSITY 
 
Consider the problem (1)-(4) in the suspension 
domain S , where the solution is nonzero. 
Express the unknown C from equation (2): 
 

 
( )

S tC
S

,  (15) 

and substitute it into equation (1) 
 

    ( ) 0
( ) ( )

S t S t Sx
t S x S t

. (16) 

 
Using the ratio 

 

 
2

2
( )

( ) ( ) ( ) ( )
S t S t x S S S S x

x S S t S x t S
,  (17) 

 
equation (16) takes the form 
 

   ( ) 0
( ) ( )

S t S x Sx
t S t S t

. (18) 

 
Integrating equation (18) with respect to the 
variable t from 0 to t yields 
 

 ( ) ( )
( ) ( )

S t S xx S K x
S S

.  (19) 

 
Substitute 0t  into (19), and from the initial 
condition (4) obtain the integration constant: 

( ) 0K x . Equation (19) takes the form 
 

 ( ) 0
( ) ( )

S t S xx S
S S

.  (20) 

 
Pass to the characteristic variables in equation 
(20): 
 

 0
( )
S S
S

.  (22) 

 
The initial condition for equation (22) is set on 
the OT axis: 
 
 0 00( ) ( )S S t ,  (23) 
 
where the function 0S  is given by formula (7). 

The solution to equation (22) with condition (23) 
has an implicit form: 
 

 
0 0

( )

( ) ( )

S

S t

ds
s s

.  (24) 

 
Express the initial characteristic coordinate 0t  
from equation (11): 
 

 0
0

( )
x

t t y dy . (25) 

 
In Cartesian coordinates, the solution (24) is 
given by the formula 
 

 

0
0

( , )

( )
( )x

S x t

S t y dy

ds x
s s

.  (26) 

 
If ( , )S x t  is known, the solution ( , )C x t  can be 
obtained from the formula (15). Let us derive 
another relation that does not use derivatives of 
the solution and specifies the relationship 
between the solutions on the characteristics (11). 
Differentiate the equality (26) with respect to the 
variable t: 
 

 0

0 0

0
( ) ( )

S tS t
S S S S

. (27) 

 

 ( )S S
t

.  (5) 

 
Divide both parts of equation (5) by (0, )S and 
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0 ( )

t S t dt t
S

.  (6) 

 
Using condition (4), transform the integral on the 
left side of (6) 
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0 ( )

S t dS t
S
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The concentration of particles entering the 
porous medium 0( ) (0, )S t S t  is given by 
Formula (7). 
The interface between the suspension and pure 
water is marked by a concentration front. This 
front migrates from the inlet to the outlet as the 
injected suspension displaces the water. Because 
conditions (3) and (4) are not met at zero, the 
concentration solution C is discontinuous at the 
front, while the solution S is continuous. The 
domain {0 1, }S x t x  behind the front, 
containing suspended and settled particles, has a 
positive solution, whereas the pure water domain 

0 {0 1, 0 }x t x  ahead of the front has 
a zero solution. 
A non-uniform porosity ( )x  results in a 
curvilinear concentration front. To find the front 
line ( )t x , we pass to the characteristic variables 
in equation (1) [20]. Let 
 
 ( ), 1t x x ,  (8) 
 
where the apostrophe (') denotes the derivative 
with respect to the “internal time” - the 
characteristic variable . 
Substitute (2) into (1) and pass to the 
characteristic variables in equation (1): 
 
 ( )C S C . (9) 

 
In the suspension domain S , the initial 
conditions for equations (8) and (9) are 
 
 0(0) , (0) 0, (0) 1t t x C .  (10) 
 
Here 0 0t  is the starting point of the 
characteristic on the OT axis. 
Solution of equations (8) with conditions (10) are 
 

0
0

( ) ,t y dy t x . 

 
In Cartesian coordinates, the characteristics in 
the domain S  are given by the relation 
 

 0
0

( )
x

t y dy t .  (11) 

 
The concentration front is a characteristic that 
emerges from the origin of coordinates: 
 

0

( ) ( )
x

t x y dy . 

 
From the continuity of the deposit concentration 
follows the condition on the concentration front 
 
 

( ) 0
t t x

S .  (12) 
 
According to condition (12), on the concentration 
front, equation (1) takes the form 
 

 ( ) (0) 0C Cx C
t x

.  (13) 

 
Equation (13) with the initial condition (3) 
determines the solution on the concentration 
front: 
 
 (0) xC e .  (14) 
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3. EXACT SOLUTION TO MODEL WITH 
NON-UNIFORM POROSITY 
 
Consider the problem (1)-(4) in the suspension 
domain S , where the solution is nonzero. 
Express the unknown C from equation (2): 
 

 
( )

S tC
S

,  (15) 

and substitute it into equation (1) 
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equation (16) takes the form 
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Integrating equation (18) with respect to the 
variable t from 0 to t yields 
 

 ( ) ( )
( ) ( )

S t S xx S K x
S S

.  (19) 

 
Substitute 0t  into (19), and from the initial 
condition (4) obtain the integration constant: 
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Pass to the characteristic variables in equation 
(20): 
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( )
S S
S

.  (22) 

 
The initial condition for equation (22) is set on 
the OT axis: 
 
 0 00( ) ( )S S t ,  (23) 
 
where the function 0S  is given by formula (7). 

The solution to equation (22) with condition (23) 
has an implicit form: 
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ds
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Express the initial characteristic coordinate 0t  
from equation (11): 
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0
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x
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In Cartesian coordinates, the solution (24) is 
given by the formula 
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If ( , )S x t  is known, the solution ( , )C x t  can be 
obtained from the formula (15). Let us derive 
another relation that does not use derivatives of 
the solution and specifies the relationship 
between the solutions on the characteristics (11). 
Differentiate the equality (26) with respect to the 
variable t: 
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0 0

0
( ) ( )

S tS t
S S S S

. (27) 
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4. NUMERICAL SIMULATION 
 
The numerical calculation of the model was 
performed at 1, 1, ( ) 1.1 0.2mS x x . 

The solution profiles (how the solution changes 
with position at a specific moment) are shown in 
Fig. 1. 
 

 
a) 

 

 
 

 
b) 

 
Figure 1. Profiles a) retained particles concentration S b) suspended particles concentration C 

 
Since the suspension spreads in the porous 
medium from the inlet 0x  to the outlet 1x , 
the profiles decrease monotonically. At 1t  the 
profiles vanish before the concentration front. 

Figure 2 shows the evolution of the solution (the 
dependence of the solution on time for a fixed 
spatial coordinate). 
 
 

a) 

 

 
 
 

 

b) 

 
Figure 2. Evolution a) retained particles concentration S b) suspended particles concentration C 

 
Before the front, the concentrations of suspended 
and retained particles are zero, behind the front 
the evolution increases and tends to the limiting 
values: 1, (0, ) 1mS S C C t . The 
discontinuity in the concentration of suspended 
particles at the front is indicated by a vertical line. 
 
 
5. DISCUSSION 
 
The analytical solutions found for the problem 
of filtration with variable porosity allow fine-

tuning of laboratory experiments and 
predicting the behavior of particles carried by 
water in rock [25-27]. 
Comparison of solutions of models with variable 
and constant porosity makes it possible to 
estimate the averaging errors when replacing 
variable porosity with constant porosity. 
Exact solutions allow us to correctly solve the 
inverse filtration problem – finding the porosity 
and filtration function from a known solution 
[28, 29]. 

t 0.25
t 0.5
t 0.75
t 1
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t 2
t 3
t 5

x 0
x 0.25
x 0.5
x 0.75
x 1

Substituting the formulae (2) and (5) into 
equation (27) yields 
 

 
0

1 0C
S S

. (28) 

 
Express the solution C from (28): 
 

 

0
0

( , )

( )
x

S x tC
S t y dy

. (29) 

 
Relation (29) is called the Riemann invariant 
[21]. 
The formulae (24), (26) and (29) generalize the 
known solution of the filtration model with 
constant porosity [22]. 
In the case where the filtration function is equal 
to the Langmuir coefficient 
 

 ( ) 1 , 0, 0m
m

SS S
S

,  (30) 

 
the solution of (26) and (29) can be obtained in 
explicit form. Calculate the integral in the 
formula (7): 
 

0 0
0

0 0

ln 1
( )

1

S S
m

m

m

S SdS dS
S SS

S

. 

 
Now we can find the solution at the porous 
medium inlet: 
 

 0 ( ) 1 m

t
S

mS t S e . (31) 

 
Calculation of the integral on the left-hand side 
of (26) gives 
 

 

0 0
0 0

( , ) ( , )
0

0
( ) ( )

1 ln ln
( )

1x x

S x t S x t

m m
S t y dy S t y dy

m

Sds ds S
s s S S S Sss

S

. (32) 

 
Substitute the formula (32) into (26) and obtain 
the solution: 
 

 
0

0

( )

( )

( 1)( , )

1

x

m

x

m

t y dy
S

m

t y dy
S x

S eS x t

e e

. (33) 

Substitute the solutions (31) and (33) into the 
Riemann invariant (29): 
 

 

 

0

0
0

0 0

( )

( )
( )

( ) ( )

1

1

1 1

x

m x
x

m
m

x x

m m

t y dy
S

m t y dy
St y dy

S
m

t y dy t y dy
S Sx x

S e
eC S e

e e e e

. (34) 

 
The formulae (31), (33) and (34) define an 
explicit solution to problem (1)-(4) in the 
suspension domain S  for the filtration function 

(30). At constant porosity ( ) 1x , the solution 
to the filtration problem is known [23]. The case 
of linear porosity was studied in [24]. 
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explicit solution to problem (1)-(4) in the 
suspension domain S  for the filtration function 

(30). At constant porosity ( ) 1x , the solution 
to the filtration problem is known [23]. The case 
of linear porosity was studied in [24]. 
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NONLINEAR STABILITY AND IMPERFECTION SENSITIVITY 
ANALYSIS OF HYBRID TIMBER BEAMS FORMULATED VIA A 

MECHANISM-BASED ENERGY APPROACH 
 

Le Thuy Nguyen, Hong Son Nguyen, Thi Thuy Van Tran 
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Abstract: This paper develops an advanced computational framework to investigate the nonlinear stability and 
imperfection sensitivity of hybrid three-layer timber beams, specifically composed of high-stiffness Birch faces 
and a relatively soft Pine core. By employing a rigorous variational energy formulation based on the principle of 
minimum total potential energy, the study explicitly models the complex interaction between flexural 
deformations and bending-induced membrane effects under large-scale initial geometric imperfections. A 
distinctive feature of the proposed model is the derivation of a mechanism-based energy index ( ), which 
provides a robust mathematical criterion for identifying the transition from bending-dominated to membrane-
activated structural regimes. The numerical implementation is executed via an efficient MATLAB-based 
algorithmic procedure, enabling a high-fidelity parametric exploration of imperfection amplitudes ranging from 
infinitesimal values to L/50. Comprehensive numerical results reveal that substantial geometric deviations lead 
to a significant "knock-down" effect on structural stability, with tangent stiffness degradation exceeding 60% in 
the pre-critical stage as the load increases. The analysis of shear stress gradients and interface slip distributions 
further highlights the susceptibility of hybrid members to local instability when membrane forces are activated. 
Furthermore, a topographical stability transition map is constructed to visualize the synergistic effects of 
interlayer slip stiffness and initial curvatures on the global buckling limits. The computational findings offer a 
robust theoretical basis for the safety-limit design of slender hybrid composite members in modern civil 
engineering applications, emphasizing the necessity of accounting for large-scale geometric nonlinearities in 
structural reliability assessments. 
 

Keywords: Computational mechanics; Hybrid timber structures; Nonlinear stability; Energy approach; 
Membrane effect; Stability mapping; Stiffness degradation 
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quantified by "knock-down factors" in stability 
theories [19, 20]. 
From a computational standpoint, the 
assessment of these nonlinearities requires 
robust numerical strategies. While high-fidelity 
three-dimensional Finite Element (FE) models 
are capable of capturing local stress states, they 
often involve prohibitive computational costs 
for extensive parametric sensitivity analyses. 
Variational energy methods, established on the 
principle of minimum total potential energy, 
offer an elegant and efficient alternative. By 
formulating a mechanism-based energy 
functional that explicitly includes bending, 
membrane, and slip energy components, 
researchers can identify critical transition points 
in structural behavior. Despite its importance, a 
robust framework that analytically links the 
energy transition index to global stability limits 
for hybrid timber remains under-explored in 
current literature. 
This paper addresses these gaps by developing 
an advanced computational framework to 
investigate the nonlinear stability of hybrid 
Birch–Pine beams. The study focuses on 
identifying the mechanical mechanisms 
governing membrane-force activation and the 
subsequent degradation of tangent stiffness. By 
introducing a mechanism index ( ), we propose 
a quantitative criterion to distinguish between 
response regimes. Furthermore, the 
investigation establishes a numerical 
relationship between large-scale imperfection 
amplitudes and global stability limits, visualized 
through topographical transition maps. 

 
 

MATHEMATICAL FORMULATION AND 
THEORETICAL FRAMEWORK 

 
The nonlinear structural response of hybrid 
three-layer timber beams is investigated using a 
variational energy approach established on the 
principle of minimum total potential energy. 
This framework accounts for the synergistic 
interaction between high-stiffness Birch faces 
and a compliant Pine core, subjected to 

interlayer slip and large-scale geometric 
imperfections. 

 
Kinematic Relations and Geometric 
Nonlinearity 
To capture the geometrically nonlinear behavior 
relevant to slender members, the von Kármán 
strain-displacement relationship is employed. 
The total transverse displacement 0(x) is defined 
as the superposition of the initial sinusoidal 
imperfection 0(x) and the additional deflection 

a(x) induced by the external load P.  
 

0 0( ) ( ) ( ) sin ( )a a
xx x x e x

L
   (1) 

 
where e0 denotes the imperfection amplitude at 
mid-span. The longitudinal strain x at the 
neutral axis of the composite section, 
considering the second-order effects of 
curvature, is formulated as:  
 

22
01

2x
ddu d

dx dx dx
          (3) 

 
The fundamental geometric configuration of the 
hybrid Birch-Pine timber beam is illustrated in 
Figure 1. This model explicitly defines the 
layout of the high-stiffness faces and the 
compliant core, including the initial sinusoidal 
imperfection profile used to simulate realistic 
manufacturing tolerances. 
 

 
Figure 1. Geometric and kinematic 

configuration of the imperfect hybrid three-
layer timber beam showing material layers and 

initial curvature e0 

-

 
 

 , 
 

 
INTRODUCTION 
 
In the contemporary era of sustainable structural 
engineering, the utilization of engineered timber 
has undergone a significant transformation, 
evolving from traditional lumber to high-
performance composite systems [1]. Among 
these, hybrid three-layer timber beams- 
typically configured with high-stiffness face 
layers, such as Birch, and a relatively compliant 
Pine core- represent a sophisticated solution for 
mid-to-high-rise applications in modern 
construction [2, 3]. The mechanical efficiency 
of such hybrid members is derived from the 
synergistic interaction between layers of 
contrasting elastic moduli, which optimizes the 
distribution of normal and shear stresses [4]. 
However, the increased slenderness associated 
with these optimized sections introduces 
complex challenges regarding their structural 
stability and nonlinear response under service 
loads [5]. 
The structural integrity of composite timber 
members is fundamentally governed by the 
interlayer shear interaction and the slip modulus 
of mechanical fasteners [6]. Traditional 
analytical frameworks, such as the -method 
established in Eurocode 5, provide a practical 
basis for evaluating effective bending stiffness 
under linear-elastic conditions [7]. While these 
methods are robust for standard design, they 
inherently neglect second-order geometric 
effects that arise as transverse deflections 
increase [8, 9]. Pioneering contributions in 

structural mechanics, particularly those by 
Timoshenko [10] and Vlasov [11], highlighted 
that for slender assemblies, the coupling 
between axial strains and curvature leads to 
significant load-path deviations. In hybrid 
timber systems, this coupling is further 
complicated by the discrete or continuous shear 
slip at the interfaces, which necessitates a more 
refined computational approach than classical 
beam theories [12]. 
Geometric nonlinearity is a critical factor in the 
safety assessment of timber structures, 
especially when considering the absence of 
externally applied axial forces [13]. A critical 
phenomenon in the large-deflection regime of 
slender beams is the activation of membrane 
forces [14]. As a member undergoes transverse 
displacement, the stretching of its neutral axis 
induces axial tension, a mechanism referred to 
as "membrane activation" [15, 16]. In 
geometrically perfect beams, this effect often 
provides a secondary stiffening mechanism; 
however, in the presence of initial geometric 
imperfections (e0), the transition from bending-
dominated to membrane-influenced behavior 
becomes highly sensitive [17]. Real-world 
timber elements are seldom perfectly straight; 
they possess initial out-of-straightness due to 
manufacturing tolerances or moisture-induced 
warping [18]. For slender hybrid beams, even a 
minor initial imperfection can trigger premature 
stiffness degradation and significantly reduce 
the critical buckling load-a phenomenon often 
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quantified by "knock-down factors" in stability 
theories [19, 20]. 
From a computational standpoint, the 
assessment of these nonlinearities requires 
robust numerical strategies. While high-fidelity 
three-dimensional Finite Element (FE) models 
are capable of capturing local stress states, they 
often involve prohibitive computational costs 
for extensive parametric sensitivity analyses. 
Variational energy methods, established on the 
principle of minimum total potential energy, 
offer an elegant and efficient alternative. By 
formulating a mechanism-based energy 
functional that explicitly includes bending, 
membrane, and slip energy components, 
researchers can identify critical transition points 
in structural behavior. Despite its importance, a 
robust framework that analytically links the 
energy transition index to global stability limits 
for hybrid timber remains under-explored in 
current literature. 
This paper addresses these gaps by developing 
an advanced computational framework to 
investigate the nonlinear stability of hybrid 
Birch–Pine beams. The study focuses on 
identifying the mechanical mechanisms 
governing membrane-force activation and the 
subsequent degradation of tangent stiffness. By 
introducing a mechanism index ( ), we propose 
a quantitative criterion to distinguish between 
response regimes. Furthermore, the 
investigation establishes a numerical 
relationship between large-scale imperfection 
amplitudes and global stability limits, visualized 
through topographical transition maps. 

 
 

MATHEMATICAL FORMULATION AND 
THEORETICAL FRAMEWORK 

 
The nonlinear structural response of hybrid 
three-layer timber beams is investigated using a 
variational energy approach established on the 
principle of minimum total potential energy. 
This framework accounts for the synergistic 
interaction between high-stiffness Birch faces 
and a compliant Pine core, subjected to 

interlayer slip and large-scale geometric 
imperfections. 

 
Kinematic Relations and Geometric 
Nonlinearity 
To capture the geometrically nonlinear behavior 
relevant to slender members, the von Kármán 
strain-displacement relationship is employed. 
The total transverse displacement 0(x) is defined 
as the superposition of the initial sinusoidal 
imperfection 0(x) and the additional deflection 

a(x) induced by the external load P.  
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where e0 denotes the imperfection amplitude at 
mid-span. The longitudinal strain x at the 
neutral axis of the composite section, 
considering the second-order effects of 
curvature, is formulated as:  
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The fundamental geometric configuration of the 
hybrid Birch-Pine timber beam is illustrated in 
Figure 1. This model explicitly defines the 
layout of the high-stiffness faces and the 
compliant core, including the initial sinusoidal 
imperfection profile used to simulate realistic 
manufacturing tolerances. 
 

 
Figure 1. Geometric and kinematic 

configuration of the imperfect hybrid three-
layer timber beam showing material layers and 

initial curvature e0 
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INTRODUCTION 
 
In the contemporary era of sustainable structural 
engineering, the utilization of engineered timber 
has undergone a significant transformation, 
evolving from traditional lumber to high-
performance composite systems [1]. Among 
these, hybrid three-layer timber beams- 
typically configured with high-stiffness face 
layers, such as Birch, and a relatively compliant 
Pine core- represent a sophisticated solution for 
mid-to-high-rise applications in modern 
construction [2, 3]. The mechanical efficiency 
of such hybrid members is derived from the 
synergistic interaction between layers of 
contrasting elastic moduli, which optimizes the 
distribution of normal and shear stresses [4]. 
However, the increased slenderness associated 
with these optimized sections introduces 
complex challenges regarding their structural 
stability and nonlinear response under service 
loads [5]. 
The structural integrity of composite timber 
members is fundamentally governed by the 
interlayer shear interaction and the slip modulus 
of mechanical fasteners [6]. Traditional 
analytical frameworks, such as the -method 
established in Eurocode 5, provide a practical 
basis for evaluating effective bending stiffness 
under linear-elastic conditions [7]. While these 
methods are robust for standard design, they 
inherently neglect second-order geometric 
effects that arise as transverse deflections 
increase [8, 9]. Pioneering contributions in 

structural mechanics, particularly those by 
Timoshenko [10] and Vlasov [11], highlighted 
that for slender assemblies, the coupling 
between axial strains and curvature leads to 
significant load-path deviations. In hybrid 
timber systems, this coupling is further 
complicated by the discrete or continuous shear 
slip at the interfaces, which necessitates a more 
refined computational approach than classical 
beam theories [12]. 
Geometric nonlinearity is a critical factor in the 
safety assessment of timber structures, 
especially when considering the absence of 
externally applied axial forces [13]. A critical 
phenomenon in the large-deflection regime of 
slender beams is the activation of membrane 
forces [14]. As a member undergoes transverse 
displacement, the stretching of its neutral axis 
induces axial tension, a mechanism referred to 
as "membrane activation" [15, 16]. In 
geometrically perfect beams, this effect often 
provides a secondary stiffening mechanism; 
however, in the presence of initial geometric 
imperfections (e0), the transition from bending-
dominated to membrane-influenced behavior 
becomes highly sensitive [17]. Real-world 
timber elements are seldom perfectly straight; 
they possess initial out-of-straightness due to 
manufacturing tolerances or moisture-induced 
warping [18]. For slender hybrid beams, even a 
minor initial imperfection can trigger premature 
stiffness degradation and significantly reduce 
the critical buckling load-a phenomenon often 
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discretization of 100 nodes along the span 
-fidelity convergence 

for stress gradients and interface slip 
distributions. 
The numerical solution strategy follows a 
systematic load-controlled incremental 
procedure. Fig. 3 provides a detailed 
computational flowchart of the implemented 
MATLAB algorithm, highlighting the iterative 
Newton-Raphson scheme used to ensure 
convergence in the presence of large-scale 
geometric nonlinearities. 
 

 
Figure 3. Flowchart of the computational 

algorithm for nonlinear stability analysis and 
mechanism index ( ) evaluation 

 
 
NUMERICAL STUDY AND PARAMETRIC 
ANALYSIS 
 
In this section, the developed computational 
framework is applied to a reference hybrid 
configuration to evaluate its sensitivity to initial 
geometric deviations. 

 
Reference Configuration and Material 
Properties 
The analysis considers three distinct hybrid 
configurations to ensure the robustness of the 
findings. The primary case study involves a 
Birch–Pine assembly with a span-to-depth ratio 
representative of modern mid-span timber 
beams. The material and geometric constants 
used in the simulation are: 

- Faces (Birch): Ef  GPa, tf  m.
- Core (Pine): Ec GPa, tc  m. 

- Connection: Slip stiffness ks ·108 N/m², 
representing a high-degree of partial interaction. 
 
Results and Discussions 
4.1. Nonlinear Equilibrium Paths and 
Imperfection Sensitivity 
The global structural response is first 
characterized by the load-deflection (P- )  curves 
for varying initial imperfection amplitudes e0
50, 100 mm), as illustrated in Fig. 4. The 
numerical results reveal that even for the 
"infinitesimal" case e0
path deviates from the linear-elastic prediction as 
the load increases, indicating a soft-spring 
behavior typical of slender hybrid members. 
Notably, the high-fidelity simulation captures the 
transition toward a horizontal plateau, signifying 
the approach to the structural stability limit. 
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Figure 4. Nonlinear load-deflection L paths for 

hybrid Birch-Pine timber beams with varying 
initial imperfection amplitudes e0 

 

The effective flexural stiffness EIeff of the 
hybrid section is calculated using an enhanced 
-method to account for partial interaction: 
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where ai represents the distance from the 
centroid of each layer to the neutral axis of the 
composite section. 
 
Variational Energy Functional 
The equilibrium state is determined by 
minimizing the total potential energy functional 

, which represents the internal strain energy 
and the potential of external loads:  
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The individual energy components are derived 
as follows: 
Bending Energy (Ub): Represents the energy 
due to curvature and effective flexural stiffness. 
Under the assumption of sinusoidal deflection 
shapes, it is expressed as: 
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Membrane Energy (Um): Resulting from the 
induced axial tension (membrane force (Nmem) 
as the beam stretches due to large deflections: 
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Slip Energy (Us): Accounts for the shear 
deformation energy at the interface governed by 
the slip stiffness ks 
 
Computational Mechanism Index ( ) 
A distinctive contribution of this study is the 
introduction of a dimensionless mechanism 

index . This index is derived to quantify the 
relative contribution of membrane forces to the 
overall structural resistance: 
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This formulation enables a rigorous 
identification of the transition load P*, where the 
structural behavior shifts from a bending-
dominated regime ( ) to a membrane-
activated regime ( ). 
To visualize the physical significance of the 
mechanism index , Fig. 3 presents the 
conceptual transition of the load-resisting 
behavior. It depicts how the internal energy 
shifts from a purely flexural regime at small 
deflections to a membrane-activated state as the 
geometric nonlinearities become predominant. 

 
Figure 3. Conceptual transition of structural 

mechanisms: (a) bending-dominated, (b) 
coupled bending-membrane, and (c) membrane-

activated regimes 
 
Algorithmic Implementation in MATLAB 
The numerical solution is executed via a load-
controlled incremental procedure. At each load 
step Pi, the nonlinear equilibrium equations are 
solved to obtain the corresponding deflection 

m. The tangent stiffness Ktan is consistently 
updated as the second derivative of the potential 
energy with respect to the deflection:  
 

  
2
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To ensure numerical stability across large-scale 
imperfections, the algorithm employs a refined 
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discretization of 100 nodes along the span 
-fidelity convergence 

for stress gradients and interface slip 
distributions. 
The numerical solution strategy follows a 
systematic load-controlled incremental 
procedure. Fig. 3 provides a detailed 
computational flowchart of the implemented 
MATLAB algorithm, highlighting the iterative 
Newton-Raphson scheme used to ensure 
convergence in the presence of large-scale 
geometric nonlinearities. 
 

 
Figure 3. Flowchart of the computational 

algorithm for nonlinear stability analysis and 
mechanism index ( ) evaluation 
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In this section, the developed computational 
framework is applied to a reference hybrid 
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geometric deviations. 

 
Reference Configuration and Material 
Properties 
The analysis considers three distinct hybrid 
configurations to ensure the robustness of the 
findings. The primary case study involves a 
Birch–Pine assembly with a span-to-depth ratio 
representative of modern mid-span timber 
beams. The material and geometric constants 
used in the simulation are: 

- Faces (Birch): Ef  GPa, tf  m.
- Core (Pine): Ec GPa, tc  m. 

- Connection: Slip stiffness ks ·108 N/m², 
representing a high-degree of partial interaction. 
 
Results and Discussions 
4.1. Nonlinear Equilibrium Paths and 
Imperfection Sensitivity 
The global structural response is first 
characterized by the load-deflection (P- )  curves 
for varying initial imperfection amplitudes e0
50, 100 mm), as illustrated in Fig. 4. The 
numerical results reveal that even for the 
"infinitesimal" case e0
path deviates from the linear-elastic prediction as 
the load increases, indicating a soft-spring 
behavior typical of slender hybrid members. 
Notably, the high-fidelity simulation captures the 
transition toward a horizontal plateau, signifying 
the approach to the structural stability limit. 
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hybrid Birch-Pine timber beams with varying 
initial imperfection amplitudes e0 
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signifying that the structural resistance is being 
fundamentally redistributed from bending to a 
high-tension catenary state. 
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Figure 7. Evolution of the normalized 

membrane force contribution Nmem /P as a 
function of the applied load P 

 
4.4. Shear Stress Concentration and Interface 
Slip 
The interaction between global nonlinearity and 
the composite interface is analyzed through the 
shear stress  and slip s distributions. Fig. 8 
illustrates the distribution of shear stress 
gradients along the beam span x (m). The 
numerical results reveal a symmetric bell-
shaped gradient, showing that peak stress 
concentrations occur at the mid-span. It is 
important to note that although the horizontal 
axis represents the position x, the peak values 
are significantly amplified as the initial 
imperfection e0 increases from 2 mm to 100 
mm. 
Furthermore, the evolution of transverse shear 
stress  (MPa) across the span x (m) is depicted 
in Fig. 9. This plot highlights the anti-
symmetric stress distribution typical of flexural 
members, where the stress sign reverses at the 
mid-span (  m). Larger e0 values lead to 
steeper stress gradients near the supports and 
mid-span, which may jeopardize the interlayer 
integrity and trigger premature delamination. 
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Figure 8.  Distribution of interface shear stress 
gradients along the beam length for different 

imperfection amplitudes e0
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Figure 9: Transverse Shear Stress Evolution

Figure 9. Evolution of transverse shear stress  
(MPa) across the span x (m) under nonlinear 

loading conditions 
 
4.5.  Stability Mapping and Design Implications  
The relationship between the initial 
imperfection magnitude e0 and the structural 
reliability is summarized in Fig. 10 through the 
stability reduction (knock-down) factor.  
The curve reveals an exponential decay, where 
even a minor imperfection significantly 
compromises the load-carrying capacity, 
providing a critical reference for establishing 
manufacturing tolerances. 
Finally, a comprehensive topographical stability 
map is constructed in Fig.11. This 3D 
visualization serves as a robust design tool, 
allowing engineers to identify 'safety zones' 

As shown in Fig. 4, the total deflection L 
reaches values up to 2.5 ·104 mm, 
demonstrating the large-displacement capability 
of the proposed variational framework 
For large-scale imperfections (e0  mm or 
L/50), the beam exhibits a significantly reduced 
initial stiffness. The non-linear curvature of the 
P-  path suggests that the structural resistance 
is no longer purely flexural. As the deflection 
approaches the beam depth, the load-carrying 
capacity is increasingly bolstered by geometric 
hardening a direct consequence of the activation 
of membrane tension. 
 
4.2. Tangent Stiffness Degradation and Knock-
down Factors 
The degradation of tangent stiffness (Ktan) is a 
crucial metric for evaluating the reliability of 
timber structures. Fig. 5 demonstrates the 
normalized stiffness ratio (Ktan/K0) relative to 
the applied load. 
Small Imperfections: Ktan remains relatively 
stable until a critical threshold is reached, where 
it drops sharply. 
Large Imperfections: A dramatic "knock-down" 
effect is observed, with an immediate loss of 
nearly 60% of the initial stiffness. 
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Figure 5. Normalized tangent stiffness 
degradation (Ktan/K0) as a function of the 

applied load P for different imperfection levels 
 
This observation implies that for hybrid 
members with realistic installation 

misalignments, traditional linear design methods 
significantly overestimate the structural 
capacity, potentially leading to unsafe 
serviceability assessments. 
The transition between structural regimes is 
quantified by the mechanism index . Fig. 6 
shows the evolution of  as a function of the 
deflection. 
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Figure 6. Evolution of the mechanism index  

versus applied load P for various initial 
imperfection amplitudes 

 
In the early loading stages,  remains close to 
zero, confirming that bending energy (Ub) is the 
dominant resistance mechanism. As the 
deflection exceeds /L 0.01,  rises 
exponentially. For e0 
energy (Um) contributes over 80% of the 
internal energy functional before the ultimate 
load limit. 
This transition identifies the "Catenary" effect in 
hybrid beams, where the high-stiffness Birch 
faces act as tension-resisting membranes, 
compensating for the stiffness loss in the soft 
Pine core. 
To further elucidate the transition mechanism, 
Fig. 7 illustrates the evolution of the normalized 
membrane force (Nmem /P) with respect to the 
applied load P. The numerical results indicate 
that for all imperfection levels, the membrane 
contribution remains negligible during the initial 
loading phase. Tuy nhiên, as the system 
approaches the stability limit, a sharp 
exponential growth in Nmem /P  is observed, 
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signifying that the structural resistance is being 
fundamentally redistributed from bending to a 
high-tension catenary state. 
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Figure 7. Evolution of the normalized 

membrane force contribution Nmem /P as a 
function of the applied load P 

 
4.4. Shear Stress Concentration and Interface 
Slip 
The interaction between global nonlinearity and 
the composite interface is analyzed through the 
shear stress  and slip s distributions. Fig. 8 
illustrates the distribution of shear stress 
gradients along the beam span x (m). The 
numerical results reveal a symmetric bell-
shaped gradient, showing that peak stress 
concentrations occur at the mid-span. It is 
important to note that although the horizontal 
axis represents the position x, the peak values 
are significantly amplified as the initial 
imperfection e0 increases from 2 mm to 100 
mm. 
Furthermore, the evolution of transverse shear 
stress  (MPa) across the span x (m) is depicted 
in Fig. 9. This plot highlights the anti-
symmetric stress distribution typical of flexural 
members, where the stress sign reverses at the 
mid-span (  m). Larger e0 values lead to 
steeper stress gradients near the supports and 
mid-span, which may jeopardize the interlayer 
integrity and trigger premature delamination. 
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Figure 8.  Distribution of interface shear stress 
gradients along the beam length for different 

imperfection amplitudes e0
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Figure 9. Evolution of transverse shear stress  
(MPa) across the span x (m) under nonlinear 

loading conditions 
 
4.5.  Stability Mapping and Design Implications  
The relationship between the initial 
imperfection magnitude e0 and the structural 
reliability is summarized in Fig. 10 through the 
stability reduction (knock-down) factor.  
The curve reveals an exponential decay, where 
even a minor imperfection significantly 
compromises the load-carrying capacity, 
providing a critical reference for establishing 
manufacturing tolerances. 
Finally, a comprehensive topographical stability 
map is constructed in Fig.11. This 3D 
visualization serves as a robust design tool, 
allowing engineers to identify 'safety zones' 
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imperfections. These maps establish a rigorous 
basis for optimizing the material architecture 
and establishing manufacturing tolerances in 
modern engineering practice. While the current 
model provides a robust foundation for static 
stability analysis, the observed nonlinear 
transition mechanisms suggest that future 
computational research should incorporate time-
dependent creep effects and stochastic 
imperfection distributions. Such advancements 
will further refine the predictive capability of 
the mechanism-based energy approach, ensuring 
the long-term reliability of hybrid composite 
structures in complex loading environments. 
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Figure 10. Structural stability reduction (knock-

down) factor as a function of the initial 
imperfection amplitude e0 (mm) 

 

 
Figure 11. 3D topographical transition map 
illustrating the synergistic effects of interface 

stiffness and geometric imperfections on global 
stability 

 
 
CONCLUSION 
 
The comprehensive investigation into the 
nonlinear stability and mechanism transition of 
hybrid Birch-Pine timber beams via a 
mechanism-based energy approach provides 
critical insights into the complex structural 
behavior of slender composite systems. The 

developed computational framework 
successfully captures the high sensitivity of the 
nonlinear equilibrium path to initial geometric 
imperfections, where numerical simulations 
quantify a drastic reduction of up to 60% in the 
pre-critical tangent stiffness for realistic 
fabrication tolerances. This phenomenon 
highlights a fundamental requirement for robust 
nonlinear solvers in the reliability-based design 
of hybrid members, as traditional linear-elastic 
predictions fail to account for the immediate 
"soft-spring" deviation observed even under 
infinitesimal misalignments. By implementing 
an incremental-iterative procedure within a 
variational framework, this study proves that the 
structural integrity of hybrid timber systems is 
governed by a delicate balance between material 
architecture and geometric nonlinearity. 
Furthermore, the study demonstrates that the 
shift from bending-dominated to membrane-
activated regimes is a quantifiable physical 
phenomenon, effectively characterized through 
the proposed mechanism index $\eta$. As 
geometric nonlinearities evolve beyond the 
small-deflection regime, the internal energy 
balance undergoes a fundamental redistribution, 
leading to a "catenary effect" where membrane 
tension eventually provides over 80% of the 
total structural resistance in the advanced post-
critical stages. This computational resolution 
extends to the hybrid interface, where the model 
identifies steep shear stress gradients and 
localized slip accumulations amplified by large-
scale deformations. Unlike previous simplified 
models, the current approach explicitly couples 
the global stability limits with localized 
kinematic discontinuities at the interface, 
revealing that large initial curvatures not only 
reduce load-carrying capacity but also intensify 
the risk of premature delamination between the 
high-stiffness Birch faces and the compliant 
Pine core. 
The resulting topographical stability maps, 
generated through the parametric efficiency of 
the implemented algorithm, serve as a predictive 
tool for identifying the synergy between 
interlayer slip stiffness and geometric 
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imperfections. These maps establish a rigorous 
basis for optimizing the material architecture 
and establishing manufacturing tolerances in 
modern engineering practice. While the current 
model provides a robust foundation for static 
stability analysis, the observed nonlinear 
transition mechanisms suggest that future 
computational research should incorporate time-
dependent creep effects and stochastic 
imperfection distributions. Such advancements 
will further refine the predictive capability of 
the mechanism-based energy approach, ensuring 
the long-term reliability of hybrid composite 
structures in complex loading environments. 
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curvature, made of an orthotropic composite that develops induced anisotropy during loading. The general formu-
lation of the boundary value problems, as substantiated in a number of studies, is carried out in an uncoupled 
setting. The occurrence of a temperature gradient is assumed to be one-dimensional, normal to the shell surfaces. 
Small temperature gradients are assumed, allowing the problem to be solved in a quasi-static manner. To account 
for the effect of induced heterogeneity—manifested as the dependence of the deformation-strength properties of 
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INTRODUCTION 
 
At the current stage of technological 
development, there is widespread use of 
advanced reinforced polymer composites 
strengthened by dispersed or continuous fibers. 
The key factor that has secured the leading 
position of these materials is their ability to 
combine high strength and stiffness 
characteristics with resistance to aggressive 
influences while maintaining minimal structural 
weight. 
Analysis carried out during experiments has 
revealed a number of nonlinear and anisotropic 
effects. These include: different resistance to 
tension and compression, nonlinearity of 
deformation curves, and a pronounced 
dependence of deformation properties on the 
dominant type of stress state. 
The aforementioned features have led to the 
development of accurate theoretical models 
and comprehensive verified testing. Despite 
significant advancements in solution methods 
and testing means, the issue remains open and 
is the subject of active scientific discussions 
[1-16]. 
A critical analysis of existing phenomenological 
theories intended for modeling bimodular 
orthotropic media has been repeatedly 
undertaken in scientific literature [17–19]. 
The identified shortcomings of the considered 
theories include: discontinuities in constitutive 
relations or on energy surfaces, insufficient 
justification of the physical meaning of 
phenomenological parameters, lack of 
accounting for the stress state type in 
mathematical formulations, the need for a 
priori constraints on material constants, and 
high dimensionality of the space of 
experimentally determined coefficients in 
polynomial approximation [14–16]. A critical 
factor reducing the practical value of these 
models is their consistent discrepancy with 
experimental data under multicomponent 
loading [8–16]. 
Thanks to their identified competitive 
advantages, fiber composite systems have 

become widespread in the design of thin-
walled spatial structures. Of particular interest 
are coverings with synclastic geometry of the 
middle surface (positive Gaussian curvature), 
which operate under cyclic thermal loading 
regimes. The constructional solutions of such 
systems often provide for technological 
openings for organizing the installation of 
utilities. 
In the practice of numerical modeling of 
thermomechanical processes in structures, 
both decoupled and coupled formulations are 
used. Nevertheless, analytical assessments of 
the degree of mutual influence of thermal and 
mechanical fields for elements made of 
materials with differing resistance indicate the 
short-term nature of transitional coupling 
processes, which decay after achieving 
steady-state temperature changes. Therefore, 
this work proposes a mathematical 
formulation for the deformation process of a 
thin-walled shell with positive Gaussian 
curvature, made of orthotropic composite with 
induced anisotropy, within a decoupled 
(separate) framework. The theoretical basis is 
an energy approach using a potential function 
adapted for materials with nonlinear property 
dependence on the stress state. This study 
demonstrates that the correct identification of 
all parameters of the energy expansion 
requires the implementation of a 
comprehensive test program with 
simultaneous shearing in three mutually 
perpendicular planes of anisotropy, which is 
beyond the capabilities of modern testing 
equipment. For this reason, as recommended 
in [22–24], a simplified version of the energy 
function in the normalized tensor space with 
quasi-linear approximation is used. Applying 
the Castigliano variational principle to this 
function, the constitutive equations are 
formulated as in [22–24,30]: 
 

                          (1) 
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PROBLEM STATEMENT 
 
An illustration of the structural solution for the 
spatial shell system of double curvature is pro-
vided in the graphical material (Figure 1b). This 
schematic presents a set of defining quantities: 
the dimensional characteristics of the structure 
and the parameters of the steady-state thermal re-
gime necessary for formulating the boundary 
value problem. 
Initial data: 
1) external uniform normal pressure up to 
q = 0,05 MPa is applied to the shallow shell (Fig-
ure 1b); 
2) the initial temperature of the shell is assumed 
to be uniform at 0 22  throughout its thick-
ness and across all surfaces, the outer surface is 
then cooled to a temperature 1 20  and 
maintained constant; the inner surface of the shell 
is heated to a temperature 2 30 (  – the 
temperature difference at a point on the shell, oc-
curring between the initial and final equilibrium 
states); 
3) the principal curvatures of the shell's middle 
surface characterize its positive curvature: 

1 1 2 21 , 1k r k r , 1 7, 25r  m, 2 26r  m;  
4) the plan dimensions of the shell are 2a  =  
10 m, 2b  = 20 m (Figure 1b), with the rise f = 
 2 m (Figure 1b); 
5) the shell thickness is taken as h = 0,1 m (Fig-
ure 1b). 
 

 
Figure 1a. General view of a shell with positive 

Gaussian curvature 
 

 
Figure 1b. Calculation scheme of a shell with 

positive Gaussian curvature 
 
The choice of the kinematic model for the inves-
tigated problem is determined by the analysis of 
dimensionless geometric parameters. Despite the 
existence of alternative approaches—refined the-
ories by S. P. Timoshenko, V. Z. Vlasov, and S. 
A. Ambartsumyan that account for transverse 
shear deformations—in this particular case, the 
thinness criterion (the ratio of thickness to a char-
acteristic radius of curvature) satisfies the ap-
plicability conditions of the classical hypotheses 
of no transverse shear and normal stresses to the 
surface (Kirchhoff–Lyav model). 
For a shell with positive Gaussian curvature, 
supported on a rectangular plan contour, the 
kinematic relations between the components of 
the displacement vector and the strains of the 
middle surface are written in the following form: 
 

11 11, ;w 22 22, ;w  

12 122 , ;w  
2

11 1 1 1, 0,5 , ;u k w w            (2) 
2

22 2 2 2, 0,5 , ;v k w w  

12 2 1 1 2, , , , ;u v w w  
 

where 11 22 12, ,  –  normal strains and shear 
strains; u , v , w  –  displacement components; 

1k , 2k   –  curvature  parameters  of   a   surface 
( 1 11/ ,k r 2 21/k r ). 

Alexander A. Treschev, Victor G. Telichko, Denis I. Doroshenko



163Volume 22, Issue 2, 2026
4 

 

Under the condition of strict alignment of the 
material's principal orthotropy axes with the axes 
of the attached Cartesian coordinate system, the 
constitutive equations (1) [30] can be 
transformed into a simpler form that accounts for 
the temperature terms: 
 

11 11 11 12 22 1Te K K ; 
22 21 11 22 22 2Te K K ;        (3) 

12 12 12e , 
 

where  
 

1111 1111 1111K = A +  
11 11 22[ ]+2 3

1111 2222+0,5 B (1 ) B  
22 11 11 22

2
1122+ ;

12 21 1122 1122 11 22K K A B ( ) ; 
 

In the above relations: ,iijjA ,iijjB ,kkkkA kkkkB  – 
celastic constants of the material; 11 11 / S , 

22 22 / S  – relative stresses; 1T , 2T  – 
oefficients of thermal expansion along the 
anisotropy axes. 
The algorithm for determining elastic properties 
through mechanical testing of specimens 
manufactured along the principal material axes 
of the composite system is presented in 
bibliographic references [22–24].  
In the considered studies, in addition to 
conducting experiments, approximating 
functions for processing experimental data were 
obtained. Based on these, dependencies relating 
the engineering constants ,kkkkA ,kkkkB ,iijjA iijjB  to 
the technical parameters of the material were 
derived. For use within this two-dimensional 
boundary value problem, the specified 
dependencies were adapted and presented in the 
following form , , 1, 2i j k : 
 

(1/ 1/ ) / 2kkkk k k ;   
( / / ) / 2iijj ij j ij j ;   

/ /ij j ji i ; 

(1/ 1/ ) / 2kkkk k k ; 
( / / ) / 2iijj ij k ij j ; / /ij j ji i .  

 
Furthermore, the bibliographic sources [22–24] 
provide reference data on the mechanical con-
stants of a wide range of orthotropic materials 
that exhibit different resistance to tension and 
compression. 
For the case of thin-walled curved structures, the 
derivation of the resolving system of differential 
equations, formulated in terms of displacements, 
is based on the complete set of fundamental 
equations of the mechanics of deformable solids. 
This procedure requires inverting the physical 
equations (3) to express the components of the 
stress tensor through the corresponding defor-
mation characteristics. 
 

11 11 11 12 22 1T ; 

22 12 11 22 22 2T ;           (4) 

12 66 12 ; 
 

where 11 22 / ; 22 11 / ; 
 

12 12 / ; 66 121/ ; 2
11 22 12K K K ; 

1 11 1 12 2T T T ;     

2 12 1 22 2T T T . 
 

The formulation of equilibrium conditions for 
shell systems is implemented through integral 
force variables of membrane and bending types. 
In the axisymmetric case, the model includes  11N
, 22N , 11M , 22M  and 11Q  . The numerical values 
of the first two forces and moments are deter-
mined by integral averaging of stresses along the 
normal to the middle surface (coordinate 3x ): 
 

311 11

2

2

h

h

N d ;    322 22

2

2

h

h

N d ; 

312 12

2

2

h

h

N d  ;   11 11 3 3

2

2

h

h

M d ;    (5) 
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supported on a rectangular plan contour, the 
kinematic relations between the components of 
the displacement vector and the strains of the 
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where 11 22 12, ,  –  normal strains and shear 
strains; u , v , w  –  displacement components; 

1k , 2k   –  curvature  parameters  of   a   surface 
( 1 11/ ,k r 2 21/k r ). 
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By inverting equations (10) with respect to the 
increments of stresses, we obtain: 
 

11 11 11 12 22 1TD e D e ; 

22 21 11 22 22 2TD e D e ;       (11) 

12 66 12D e ; 
 

                      11 22 /D ;  

12 21 21 12/ /D D ; 

22 11 /D ;  66 66 /D ; 
11

11
11

e
; 11 22

12 21
22 11

e e
; 

22
22

22

e
; 66

66
66

e
; 11

1T
e

; 

22
2T

e
; 

11 22 12 21 ; 

1 12 2 1 22( ) /T T T ; 

2 21 1 2 11( ) /T T T . 
 

The transition from stress increments (11) to in-
crements of forces and moments is carried out ac-
cording to the same rules as (5): 
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where 11N , 22N , 11M , 22M  – the incre-
ments of the corresponding forces and moments. 
By applying expressions (12) to the increment 
equations (11), we obtain: 
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The statics equations (8) after transformation 
through increments are written in the form: 
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where 3q  – increment of transverse load inten-
sity. 
The linearized equations in increments of dis-
placements of the middle surface of the Gaussian 
curvature shell were obtained by reducing ex-
pressions (9), (13), and (14) to a common form: 
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The transverse force 11Q  is defined by differen-
tiating the moment 11M  with respect to the coor-
dinate X1: 
 

11 11,1 11 1,Q M N w .               (6) 
 
By jointly using expressions (1)–(4), a functional 
relationship is established between the given 
forces/moments and the deformational-geomet-
ric parameters (components of the strain tensor 
and changes in the principal curvatures) of the 
middle surface of the shell: 
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Static equilibrium equations are invariant regard-
ing the type of constitutive relations. In the con-
text of the considered shell with positive curva-
ture, for small parameter 1zk  [25], they are 
expressed as follows: 
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22 22 2 12 12 3
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(8) 

The nonlinear nature of the problem, identified 
from the system of equations (1)–(8), manifests 
itself in three aspects: material properties, 
kinematics, and the nonlinearity of the 
computational model. Therefore, the governing 
system of differential equations is constructed 
and solved using the two-step method of 
successive parameter perturbations, developed 
by V. V. Petrov [26]. The first step of this method 
involves approximating the nonlinear 
dependencies with linear relations based on the 
incremental loading technique. 
 
 
LINEARIZATION OF THE SYSTEM OF 
DIFFERENTIAL EQUATIONS 
 
As a result of the linearization of dependencies 
(2), equations are obtained that relate the incre-
ments of the arguments and functions: 
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where  – is the increment of the arguments. 
Following the approach of [27], we will linearize 
the constitutive equations (1) by expanding them 
into a Taylor series and retaining first-order 
smallness terms: 
 

11 11 11
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12 122 1 1 66 2 1 12 1 2, , , [ , , , ,TJ w L w w w w  

2 1 66 12 2 1 12, , ] [ , , , ,u v L w w w w  

12 12 1 22 22 12, , , , , , ]w w w w u u  

66 1222 [ , ] 0L w  

(15) 

66 1 1 2 1 2 2 1, [ , , , , , , ]L w w w w u v  

66 11 2 1 2 11 2 1 12[ , , , , , , , ,L w w w w w w w w  

122 11 66 112 12 2 1 1, , ] 2 , , [ ,u v J w L u k w  

1 12 12 1 2 1 12, ] [ , , , ,w w L u k w w w  

1 12 12 112 22 2 2 2 2, , ] , , [ , ,w w J w L wk w w  

2 22 2 2 2 22 2 22, ] , [ , , , ,v L w k w w w  

22 22 22 22 222 2 2, ] , , , 0Tv J w J w  

 

1 11 2 22 11 1111 12 11 2, , , , [T T R w J wk  

2 2 2 12 1 2 12 12, , , ] 2 , [ , ,w w v J wk w w  

2 12 12 12 11 2 112 2, , , ] [ , , ,w w v J w k w w  

12 12 2 112 1122 , , , , , ]w w w w v  

66 1 1 2 1 2 2 12{ , [ , , , , , , ]L w w w w u v  

2

66 12 12 11 1 1 12 , } , { [ , 0,5( , ) ]J w w L u k w w  

2

11 11 12 2 2 2, [ , 0,5( , ) ]J w L v k w w  

12 22 1 11 11 1 1, } , { [ ,TJ w w L u k w  

1 1 11 11 12 2 2 12, , ] , [ , ,w w J w L wk w w  

2 12 22 1 11 11 1 1, ] , } , { [ ,Tv J w w L u k w  

1 1 11 11 12 2 2 12, , ] , [ , ,w w J w L wk w w  

2 12 22 1 1 12 2 2, ] , } { [ ,Tv J w k L u k w  

2 2

1 12 11 22 2 2 20,5( , ) ] , [ , 0,5( , ) ]w J w L v k w w  

22 22 2 22 12 1 1, } , { [ ,TJ w w L u k w  

1 1 12 11 22 2 2 2, , ] , [ , ,w w J w L wk w w  

2 22 22 2 22 12 1, ] , } , { [ ,Tv J w w L u  

1 1 1 12 11 22 2, , ] , [ ,k w w w J w L w k  

2 2 2 22 22 2 2, , , ] , }Tw w v J w k  

66 2 1 1 2 66 12 122{ [ , , , , ] 2 , } ,L u v w w J w w  

11 11 11 11 111 11 11 1, , 2 , , [ ,R w R w J u  

1 1 1 11 11 1 1, , ] 2 [ , ,k w w w J u k w  

11 1 1 11 11 111 1 11, , , , ] [ , ,w w w w J u k w  

111 1 11 11 1 111, , 2 , , , , ]w w w w w w  

12 22 1 1 1 1, [ , , , ]J u k w w w  

12 2 12 1 2 1 12 1 122 , [ , , , , , , ]J u k w w w w w  

12 122 1 22 12 12[ , , 2 , ,J u k w w w  

1 122 1 122 12 1122, , , , ] ,w w w w R w  

22 22 2 2 2 2, [ , , , ]J wk w w v  

22 2 2 22 2 2 222 [ , , , , ,J w k w w w w  

22 22 22 2 222 2, ] [ , , ,v J w k w w  

22 22 2 222 2222 , , , , , ]w w w w v  

66 112 2 11 22 12 122 [ , , , , 2 , ,J w w w w w w  

1 122 12 122 11 22, , , , , ,w w w w w w  

1 112 122 112 66 1122, , , , ] 4 ,w w u v R w  

12 11 22 12 122 12 1122, , 2 , ,R w R w R w  

66 2 11 2 1 12 11 22 , [ , , , , , ,J w w w w w w  

1 12 12 11 66 1 12 2, , , , ] 2 , [ , ,w w u v J w w  

1 22 2 12 1 22, , , , , ,w w w w w w  

22 12 22 22 22 22 2 222, , ] , , 2 , ,u v R w R w  

22 2222 66 12 1 2, 2 , [ , ,R w J w w  

1 2 2 1, , , , ]w w u v q  
 

To ensure a closed formulation of the problem, 
boundary conditions must be added to the differ-
ential equations (15), also expressed in terms of 
increments of displacements. 
The rigid clamping of the support contour is 
specified by the following relations: 
 

0u ;     0w ;     , 0rw .       (16) 
 
 
THE TEMPERATURE COMPONENT OF 
THE PROBLEM 
 
The differential heat conduction equation [28] 
adequately describes the heat propagation pro-
cess in structurally orthotropic solids: 
 

1 11 2 22 3 33t ,     (17) 
 

where 1 , 2 , 3  – thermophysical material 
constants along the principal axes, defining the 
thermal inertia of the material;; t –  time; T – tem-
perature. 
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Within the framework of the given problem, the 
temperature distribution is formed exclusively in 
the cross-section of the shell, and the heat trans-
fer process is one-dimensional along the 3x -axis. 
In this regard, the differential heat conduction 
equation (17) admits significant simplification 
and can be presented in the following form: 
 

3 33t ,                     (18) 
 

where 3 /  – thermal diffusivity coeffi-
cient in the direction normal to the shell surface 

 – eat transfer coefficient;  – specific heat ca-
pacity per unit volume. 
The subject of numerical investigation were 
shell systems made of fiberglass materials and 
composites with similar properties, possessing 
significant heat transfer coefficients. Due to 
high thermal conductivity, in thin-walled 
structures, the formation of a steady tempera-
ture gradient across the thickness occurs rap-
idly, and the spatial temperature distribution 
is characterized by linearity. This fact allows 
the related thermoelastic problem to be con-
sidered after reaching a steady-state regime 
with a constant temperature gradient along the 
coordinate 3x . As a result, the temperature 
across the shell section is determined by the 
expression (Figure 1b): 
 

3 2 1 3 1 2 0( ) ( ) ( ) / 2T x = T T x h+ T +T T- - .   (19) 
 
 

SOLUTION OF THE PROBLEM AND 
ANALYSIS OF THE RESULTS 
 
As a representative orthotropic material, fiber-
glass composite was investigated. The mechani-
cal property values used in this study, including 
the tensile elastic moduli along the principal ani-
sotropy axes, are consistent with data from refer-
ences [13, 14]: 1 =140 GPa, 2 =280 GPa, at 
axial compressions: 1 =70 GPa, and 2 =140 
GPa; corresponding coefficients of transverse de-
formation: 12 0, 2 ; 12 0,3; coefficients of 

linear thermal expansion in the directions of the 
principal material axes: 1T

6 13,3 10 ( ) ; 

2T
6 14,0 10 ( )  [13, 14]. 

Integration of the linearized system of differen-
tial operators (15) satisfying boundary condi-
tions (16) and considering the temperature pro-
file through the thickness of the structure (19) 
was implemented based on a high-order accu-
racy finite difference scheme, including central 
approximations at internal nodes and one-sided 
formulas in boundary regions. Spatial discreti-
zation was performed by placing 200 nodal 
points along the radial coordinate with simul-
taneous division of the thickness into 21 layers 
to implement Simpson's quadrature formula. 
The resulting algebraic system of linear equa-
tions was solved by the Gauss-Seidel iterative 
method with the application of Lüsternik relax-
ation acceleration. Numerical integration along 
the loading path was performed using Adams 
extrapolation scheme. The developed computa-
tional algorithm with branched logic was im-
plemented as part of specialized software built 
on the open environment "SCILAB". 
Verification of the developed approach was car-
ried out by comparing the calculated data with 
results based on alternative constitutive models 
from publications [8–13]. A generalized analysis 
was conducted in the following directions: 
a) with results obtained using advanced constitu-
tive relations for orthotropic materials (Model 1); 
b) calculation employing averaged mechanical 
characteristics while neglecting induced defor-
mation anisotropy properties (Model 2); 
c) results from the developed model with thermal 
effects excluded (Model 3); 
d) data obtained following the theory of C. W. 
Bert – J. N. Reddy [8, 9] (Model 4); 
e) solutions based on the model by R. M. Jones – 
D. A. R. Nelson [10, 13] (Model 5). 
f) with solutions of S. A. Ambartsumyan (Model 
6).  
Figures 2-5 and 8-11 show the calculated re-
sults of the normal stresses 11  and 22 ; Fig-
ures 14-18 show the displacements and deflec-
tions of the middle surface of the considered 
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cess in structurally orthotropic solids: 
 

1 11 2 22 3 33t ,     (17) 
 

where 1 , 2 , 3  – thermophysical material 
constants along the principal axes, defining the 
thermal inertia of the material;; t –  time; T – tem-
perature. 
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shell, obtained using various state equations for 
structurally orthotropic materials exhibiting 
deformational inhomogeneity (variable re-
sistance) during loading. Figures 6, 7, 12, and 
13 present characteristic stress distributions 
through the thickness of the shell in a specified 
cross-section. 
The results of calculating the stress-strain state of 
a shell with positive Gaussian curvature under 
combined transverse loading and temperature 
gradient revealed their significant dependence on 
the choice of constitutive relations for ortho-
tropic media that exhibit different behavior under 
various stress state types. 
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2. For the normal stresses 22 , the differences 
from the classical approach reach 45,9%; without 
considering thermal effects, 13,7%; compared to 
C. W. Bert – J. N. Reddy’s theory, 8,3%; using 
R. M. Jones – D. A. R. Nelson’s relations, 39,8%; 
and under equal thermomechanical loading con-
ditions, 38,8% relative to calculations by S. A. 
Ambartsumyan; 
3. For displacements W, the discrepancy reaches 
23,1% relative to calculations by traditional or-
thotropic shell theory with averaged material 
characteristics, 24,1% without thermal gradient 
consideration, 23,9% compared to C. W. Bert – 
J. N. Reddy’s model, 10% relative to R. M. Jones 
– D. A. R. Nelson’s variant, and 15,7% compared 
to S. A. Ambartsumyan’s theory; 
4. For displacements U, the discrepancy is 12,5% 
relative to traditional orthotropic shell theory 
with averaged characteristics, 22% without tem-
perature gradient, 23% compared to S. A. Am-
bartsumyan’s theory, 6,5% compared to C. W. 
Bert – J. N. Reddy’s model, and 17,5% relative 
to R. M. Jones – D. A. R. Nelson’s variant. 
 
 
CONCLUSIONS SUPPORTED BY 
RESEARCH 
 
The implemented computational experiment pro-
gram for evaluating the stress-strain state param-
eters of an orthotropic shell structure with posi-
tive Gaussian curvature, formulated in the nor-
malized tensor space of stresses, the correctness 
of which was demonstrated by verification with 
experimental data in publications [13], provides 
the basis for the following conclusions: 
1. The application of the proposed mathematical 
model guarantees enhanced reliability and engi-
neering accuracy in the analysis of thin-walled 
spatial systems compared to traditional ap-
proaches presented in other researchers’ works; 
2. Computational experiments clearly demon-
strate that the correct accounting of induced de-
formational anisotropy in numerical algorithms 
reveals significant limitations of traditional 
methods for predicting the stress state of curved 
shell elements. Ignoring this phenomenon can 

generate substantial deviations in forecasting the 
mechanical response of spatial structures. 
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Abstract. The problem of automated diagnostics of defects in building structures is due to the high labor intensity 
and subjectivity of visual inspections. The paper presents a prototype computer vision system based on an 
architecture featuring a lightweight feature extraction encoder, designed for the binary semantic segmentation of 
cracks in building surface images. The new proposal is to adapt the specified architecture to the problem of 
detecting thin extended objects on a non-uniform background using a combined loss function that combines binary 
cross-entropy and the Dice coefficient. The paper provides the mathematical formulation of the problem, a formal 
description of the modified optimization criterion, a data preprocessing methodology that accounts for JPEG 
compression artifacts, and the results of computational experiments. Evaluated on an independent test set, the 
resulting metrics—specifically the Dice coefficient and Jaccard index (IoU)—validate the effectiveness of the 
proposed approach and outline directions for further technological improvements. 

Keywords: computer vision, deep learning, semantic segmentation, defects of building structures, cracks, U Net, 
MobileNetV2, Dice loss function 

 
 

, 
 

 
 

. 

   

-

-   
  

 

 
U Net,  

International Journal for Computational Civil and Structural Engineering, 22(2) 176–188 (2026)

DOI:10.22337/2587-9618-2026-22-2-176-188

1. INTRODUCTION

The methodological basis for technical 
examination of the condition of building 
structures is traditionally their visual inspection 
followed by an expert assessment of the degree 
of their damage [1-10]. This approach is
characterized by high labor intensity,
dependence on the specialist’s qualifications, and 
the difficulty of achieving a sufficient level of
reproducibility of results. At the same time, the 
development of remote sensing methods,
including aerial photography from unmanned 
aerial vehicles, makes it possible to obtain high-
resolution digital images suitable for automated 
analysis using deep learning algorithms. The key 
task of automation is the so-called semantic 
segmentation of cracks – identifying pixels in the 
image that contain defects and separating them
from the background. 
Initial approaches to automated crack detection 
relied on classical computer vision methods – 
thresholding, morphological operations, and 
gradient filtering. These methods were
computationally efficient, but demonstrated low 
resistance to non-uniform backgrounds, 
shadows, and textures of materials, primarily
concrete, due to their reliance on local brightness
features without taking into account contextual
information. The subsequent development of
machine learning methods with manual feature 
construction partially compensated for these 
limitations, but transferred the problem to the 
vast area of subjectivity of feature selection by 
the developer. In parallel with the evolution of
image processing algorithms, attempts were
made to solve problems of construction flaw
detection using expert systems designed to
accumulate and formalize the knowledge of
expert engineers for comprehensive damage
diagnostics [13-28]. However, such symbolic
approaches faced the classic "intellectual 
bottleneck" problem of knowledge extraction 
and required labor-intensive manual creation of
rigid productive rule bases. They typically lacked
built-in mechanisms for directly extracting 
features from raw image data, which 

significantly limited their scalability and 
practical use. The use of convolutional neural
networks, in particular their U-Net architecture
[29], provides the ability to simultaneously
extract hierarchical features and preserve spatial 
localization in end-to-end learning mode. 
However, the direct use of “heavy” models
without taking into account the specifics of
building surfaces – small crack widths (down to
fractions of a pixel), noisy masks, high image
resolution – led to a compromise between
accuracy and computational efficiency: high-
performance models prove unsuitable for mobile
platforms, while lightweight architectures do not 
achieve sufficient localization accuracy for the 
aforementioned defects. Resolving this
contradiction is the central objective of this
study. 
The objective of this work is to develop and 
experimentally verify a prototype of binary
semantic segmentation of cracks based on the U 
Net architecture with the MobileNetV2 encoder,
trained using a combined loss function that
simultaneously optimizes pixel-by-pixel 
classification and spatial overlap measure. The 
article presents a formal statement of the 
problem, a description of the architecture, a data
preparation methodology, and the results of
computational experiments confirming the 
viability of the proposed approach. In order to
accurately place this work within the overall 
structure of the field of research, it is necessary 
to critically examine the key results achieved by 
the global community in recent years.

2. PROBLEM AREA ANALYSIS

The evolution of methods for automatic analysis
of defects in building structures is characterized
by a consistent increase in the complexity of
problem statements. The initial stage focused on 
the task of binary image classification, namely, 
based on the presence/absence of a crack. This
approach, abstracting from the spatial 
characteristics of the defect, made it possible to
achieve high accuracy rates. For example, a team
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led by S. Siva Rama Krishnan, using the 
Inception V3 architecture, achieved an accuracy 
(Accuracy of 99.98% on a dataset of 40,000 
images [30]. However, the classification 
approach does not provide spatial localization of 
the defect, which limits its applicability for 
quantitative damage assessment. 
The next stage of development is associated with 
the transition to semantic segmentation. In 2020, 
S. Bhowmick et al. demonstrated the 
effectiveness of the U-Net architecture for crack 
detection in UAV videos followed by 
morphological post-processing to quantify 
geometric parameters [31]. In 2021, P. Kumar et 
al. implemented a real-time system based on 
YOLO-v3, achieving a detection accuracy of 
94.24% with a frame processing time of 0.033 s 
[32]. In 2022, V. Gharehbaghi et al. proposed a 
12-layer deep network, FastCrackNet, optimized 
for crack identification in noise and shadows 
[33]. 
The analysis of the above key works indicates the 
following limitations: 
1. The contradiction between the accuracy of 
segmentation, assessed by the coefficient of 
geometric overlap of predicted and actual crack 
contours (mIoU > 0.7), and the high 
computational complexity of such models.  
2. Reduced segmentation quality due to training 
on limited datasets with JPEG compression 
artifacts and subjective labeling. 
3. The limitations of the binary formulation of 
the problem, which does not allow classifying 
defects by type and degree of danger. 
The current stage of research is characterized by 
the development of integrated approaches aimed 
at overcoming these limitations. On the one hand, 
multi-class and multi-modal systems are being 
developed – 
obtained mIoU = 0.77 for damage segmentation 
using the OneFormer model and mIoU = 0.52 for 
damage level classification using the SegFormer 
model on data from the earthquake in Turkey 
[34]. On the other hand, lightweight architectures 
and combined loss functions are introduced to 
simultaneously optimize pixel-by-pixel accuracy 
and spatial connectivity. A significant factor in 

the development of the field is the emergence of 
open multimodal datasets such as BRIGHT [35], 
which provide an objective basis for training and 
comparing algorithms. Additionally, work on 
damage assessment based on post-event SAR 
data [36], the use of visual language models for 
damage classification [37], and the rapid 
deployment of UAV-based AI systems in real-
world conditions [38] are noted. As a result, the 
field is moving away from isolated classification 
and segmentation solutions towards end-to-end 
systems that integrate multimodality, post-
processing, and deployment on onboard 
computing platforms. This work develops this 
direction. The prototype proposed in this paper 
retains the U-Net architecture with skip 
connections to preserve spatial details, but uses 
the lightweight MobileNetV2 encoder and a 
combined loss function (BCE + Dice). This 
choice is due to the need to ensure a compromise 
between the accuracy of fine crack detection and 
computational efficiency sufficient for 
integration into mobile platforms. 
 
 
3. MATHEMATICAL STATEMENT OF  

 THE PROBLEM 
 

The problem is formulated as follows. Let a set 
of “image – true binary mask” pairs { , }  be 
given, where × ×  is a color image of 
the surface of a building structure, and 

×  is the corresponding mask (a pixel is equal 
to 1 if it belongs to a crack, and 0 otherwise). It 
is required to construct a parameterized mapping  

( ; ): × × [0,1] ×  that associates 
with each pixel the probability of its belonging to 
the “crack” class. Thus, the binarized forecast   

 
 

 ( ) =
1, , ,

0, , < .
,                  (1) 

 
where each pixel  , = ( )  is interpreted as the 
probability of belonging to the “crack” class.  
The optimal parameters are calculated by 
minimizing the empirical risk: 
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 = arg min ( ( ; ), ). (2) 

 
The choice of the loss function    is a critical 
aspect of the formulation. When using 
exclusively binary cross-entropy, where  =

  ×   is the total number of pixels in the 
image: 
 

= log + (1 )log(1 )  ,  (3) 
 

the model optimizes pixel-by-pixel 
classification, but does not take into account the 
spatial connectivity of objects. For thin cracks 
occupying a small fraction of the frame area, this 
leads to fragmentation of the forecast. When 
using a loss function based on the Dice 
coefficient: 
 
 = 1 , = 10 , (4) 
 
the model focuses on the measure of spatial 
overlap. This can result to blurring of boundaries 
and reduced pixel accuracy. 
To balance between local accuracy and global 
shape, a combined loss function is used in this 
work: 
 
 ( , ) = ( , ) + ( , ), (5) 
 
This formulation provides simultaneous 
optimization of pixel-wise classification and 
spatial integrity of segmented objects.  
The quality of the trained model is assessed on an 
independent test sample using the Dice 
coefficient and the Jaccard index (IoU): 
 
 = , (6) 

 = . (7) 

 
 
4. NEURAL NETWORK ARCHITECTURE 

 
The U-Net architecture [29] includes an 
analytical branch (encoder), which sequentially 
compresses the image to highlight the 

characteristic features of the defect - its contrast, 
shape and texture, and a restoration branch 
(decoder). The latter one, based on these features, 
forms the final segmentation map with the 
original spatial resolution. Diagnostic bridges 
(skip connections) between symmetrical levels of 
the analytical and restorative branches ensure 
direct transfer of geometric details. This is 
critical for accurately detecting fine structures 
such as cracks a few pixels wide. 
The classic implementation of U-Net with a full-
size encoder is characterized by high 
computational complexity, which limits its 
applicability on mobile platforms. In this paper, 
MobileNetV2 [39], pre-trained on the ImageNet 
dataset, is used as the encoder. Using a pre-
trained model ensures efficient initialization of 
low-level filters and accelerates convergence 
when training a neural network on a limited, 
specialized dataset. 
The MobileNetV2 core block with expansion 
factor t and kernel of size k×k transforms the 
input tensor × ×  into the output 

× ×  via operator composition: 
 

= LinearBottleneck( ) = BN Conv ×
( )  

ReLU6 BN DWConv ×
( ) ReLU6  

 BN Conv ×
( ) + skip( ),  (8) 

 
where Conv is a regular convolution, DWConv 
is a depthwise convolution, BN is a batch 
normalization, ReLU6 is an activation function, 
skip(x) is a residual connection (if the 
dimensions are consistent). Pretraining on 
ImageNet provides good initialization of low-
level filters, which speeds up convergence when 
training on a small dataset. The decoding part of 
the architecture sequentially increases the spatial 
resolution of feature maps using bilinear 
interpolation or transposed convolutions and 
combines them with the corresponding encoder 
maps via skip connections. The final layer is a 
1×1 convolution with sigmoid activation, 
forming a single-channel probability mask of the 
size of the original image (Fig. 1).
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Figure 1. Architecture of the U Net neural network with the MobileNetV2 encoder for binary crack 
segmentation: schematic representation of the encoding and decoding branches, skip connections, 

and the final sigmoid activation layer 
 

The choice of MobileNetV2 as an encoder was 
driven by the requirements for computational 
efficiency for subsequent integration into mobile 
platforms and on-board systems of unmanned 
aerial vehicles. 
 
 
5.  DATA PREPARATION AND 
AUGMENTATION 

 
The experiments were conducted on a 
specialized dataset [40] containing pairs of 
images of concrete surfaces and corresponding 
binary crack masks. The original masks were 

saved in JPEG format, which introduced 
compression artifacts near the crack boundaries. 
To minimize the influence of artifacts, 
preliminary binarization of masks was performed 
with a threshold of 127: pixels with a value >127 
were classified as belonging to a crack, the rest 
were classified as background. This operation 
reduced the noise level, but did not completely 
eliminate the blurring of edges caused by losses 
during JPEG compression.  To increase the 
diversity of the training sample and improve the 
generalization ability of the model, augment- 
tations were used: random horizontal and vertical 
reflections, rotations at angles multiples of 90°. 

 

  
Figure 2. Schematic of the dataset preprocessing pipeline for crack detection 

Maxim O. Bakanov, Vladimir N. Sidorov, Elena A. Makarova, Nikita S. Bondarenko



181Volume 22, Issue 2, 2026

 
Figure 1. Architecture of the U Net neural network with the MobileNetV2 encoder for binary crack 
segmentation: schematic representation of the encoding and decoding branches, skip connections, 

and the final sigmoid activation layer 
 

The choice of MobileNetV2 as an encoder was 
driven by the requirements for computational 
efficiency for subsequent integration into mobile 
platforms and on-board systems of unmanned 
aerial vehicles. 
 
 
5.  DATA PREPARATION AND 
AUGMENTATION 

 
The experiments were conducted on a 
specialized dataset [40] containing pairs of 
images of concrete surfaces and corresponding 
binary crack masks. The original masks were 

saved in JPEG format, which introduced 
compression artifacts near the crack boundaries. 
To minimize the influence of artifacts, 
preliminary binarization of masks was performed 
with a threshold of 127: pixels with a value >127 
were classified as belonging to a crack, the rest 
were classified as background. This operation 
reduced the noise level, but did not completely 
eliminate the blurring of edges caused by losses 
during JPEG compression.  To increase the 
diversity of the training sample and improve the 
generalization ability of the model, augment- 
tations were used: random horizontal and vertical 
reflections, rotations at angles multiples of 90°. 

 

  
Figure 2. Schematic of the dataset preprocessing pipeline for crack detection 

Geometric transformations were performed 
synchronously for images and masks using 
bilinear interpolation for images and the 
nearest neighbor method for masks. The input 
tensors were normalized based on RGB 
channel statistics computed from the ImageNet 
dataset (Fig. 2): 

 
 = , { , , }, (9) 
where 
  = [0.485; 0,456; 0,406],  = [0.229; 0,224; 0,225].  
 
All images and masks are resized to a fixed size 
of 448×448 pixels using bilinear interpolation 
(images) and nearest neighbor (masks). The final 
input tensor had dimensions 3×448×448, the 
output mask – 1×448×448. 
 
 
6. TRAINING THE MODEL 
 
Training was performed using the stochastic 
gradient descent method with the AdamW 
optimizer, combining adaptive learning rate 
adjustment with L2 regularization (weight 
decay). The learning rate is set to 1 10 , the 
mini-batch size is 4 images. The maximum 
number of training epochs is 30, with the best 

model based on the Dice coefficient value on the 
validation set being preserved. 
The learning rate is set to 1 10  level, the 
mini-batch size is 4 images. The maximum 
number of training epochs is 30, with the best 
model based on the Dice coefficient value on the 
validation set being preserved. 
The original dataset is randomly divided into 
training (80%) and validation (20%) subsamples. 
An independent test set, not involved in the 
training process, was used for the final metrics 
evaluation. 
The dynamics of training demonstrates a 
monotonic decrease in the loss function and an 
increase in metrics during the first 10–15 epochs, 
after which a plateau is reached in the region of 
the Dice coefficient value: Dice The 
absence of a significant discrepancy between 
training and validation metrics indicates the 
adequacy of the chosen architecture and the 
absence of overfitting. The best model was 
recorded at the 24th epoch. 

 
 

7. EXPERIMENTAL RESULTS AND 
DISCUSSION 
 
The quantitative learning outcomes are presented 
in Table 1. 
 

Table 1. Quality metrics for binary crack segmentation 

Metrics Validation set 
(at the best training epoch) Test samples 

Losses (BCE + Dice) 0,4984 0,4907 
Dice coefficient (Dice) 0,7090 0,7118 

Jaccard index (IoU) 0,584 0,5875 
 

The comparability of validation and test values 
confirms the high generalization ability of the 
model. Visual analysis of the predicted masks on 
test images showed stable detection of main 
crack areas while correctly ignoring background 
textures, including concrete roughness, shadows, 
and local color changes. 
However, the following limitations of the method 
were observed: 

1. Blurring of boundaries in areas with a crack 
width of 1–2 pixels, caused by both the 
architectural limitations of the MobileNetV2 
encoder (effective receptive size) and the original 
quality of the masks (JPEG compression 
artifacts) (Fig. 3). Fragmentation of extended 
cracks in cases of local decrease in contrast or 
intersection with shaded areas. 
2. The achieved values: Dice > 0.7 confirm the 
viability of the proposed prototype as a basis for 
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further research. Increasing the accuracy to the 

quality level of practical engineering diagnostics, 
involves solving the following problems: 
– creation of a new data set with masks saved in 
PNG format without lossy compression, and with 
the involvement of expert markup from 
professional builders; 

– transition to multi-class segmentation with 
classification of defects by type (cracks, chips, 
corrosion, etc.); 
– use of more complex architectures 
(DeepLabV3+, HRNet, models with attention 
mechanisms) and specialized loss functions 
(Focal Loss, Tversky Loss); 
– implementation of morphological post-
processing, including skeletonization, closure, 
and false-positive filtering. 

 

 
 

Figure 3. Visualization of the ultra-thin cracks segmentation problem:  
the influence of the encoder receptive field and the role of skip connections  

in maintaining spatial continuity of 1–2 pixel wide defects 
 

8. CONCLUSION 
 
The developed prototype of binary semantic 
segmentation of cracks on concrete surfaces 
based on U-Net with MobileNetV2 encoder, 
trained using a combined loss function (BCE + 
Dice), demonstrated robust ability to highlight 
defects in real images of building structures. An 
approach is proposed for adapting a lightweight 
architecture to the task of segmenting thin 
extended objects on noisy data, as well as for 
experimentally substantiating the influence of 
compression artifacts of the original masks on the 
quality of the model. The obtained metrics (Test 

Dice = 0.7118, IoU = 0.5875) meet the 
requirements of the proof-of-concept stage and 
define the basic parameters for the development 
of a full-scale automated diagnostic system. 
Promising research areas include the formation 
of a representative dataset with high-quality 
masks, the implementation of a multi-class defect 
detector, and the integration of a prototype into a 
software package for processing aerial 
photography data. The practical result of this 
stage of research is the automatic generation of 
defect lists and damage cartograms in accordance 
with the requirements of GOST 31937–2024.
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THE BENDING CAPACITY OF THREE-LAYER PRECAST 
REINFORCED CONCRETE STRUCTURES ACCOUNTING FOR 

THE CONTINUOUS VARIATION IN COMPRESSIVE STRENGTH 
OF THE CONTACT LAYERS 

 
Vu Dinh Tho 1, Pham Thi Hien 1, Elena A. Korol 2, Le Ngoc Lan 1, Pham Tuan Anh 1  

 

1 University of Transport Technology, Hanoi, VIET NAM 
2 National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 

        
Abstract: This paper presents the flexural strength of precast three-layer reinforced concrete structures made from 
different types of concrete. The three-layer reinforced concrete structure consists of an outer layer of ordinary 
concrete with strength grades from B12.5 to B30 and an inner layer of lightweight polystyrene concrete. 
Experiments involving the fabrication of 150x150x150 mm concrete samples using two different materials – B25 
normal concrete and B0.75 polystyrene concrete showed that when two layers are poured consecutively with a rest 
time of less than 2 hours, a contact layer forms between the two materials. This contact layer has a structure with 
decreasing density from the outer layer using normal concrete to the inner layer using lightweight concrete with 
low compressive strength. This paper proposes a method for calculating the flexural strength of precast three-layer 
reinforced concrete structures accounting for the continuous variation in the compressive strength of the contact 
layer. Calculation results for the load-bearing capacity of three-layer reinforced concrete beam specimens using 
traditional methods, proposed methods, and experiments have shown that considering the contact layer in the 
bending behavior of three-layer reinforced concrete beams yields results closer to experimental values than 
traditional methods. Increasing the thickness and characteristics of the contact layer increases the structure's 
load-bearing capacity by up to 1%. When the compressive strength of the outer concrete layer is increased from 
B15 to B25, the load-bearing capacity of the structural plate can increase by up to 59%. When the compressive 
strength of the inner concrete layer is increased from B5 to B15 while keeping the outer layer's concrete type 
unchanged, the load-bearing capacity of the three-layer structure can increase by up to 40.1%. The proposed 
method for calculating three-layer reinforced concrete structures with different materials, accounting for the 
material properties of the contact layer, accurately captures the phenomena observed during the practical 
fabrication of such structures. 
 
Keywords: three-layer reinforced concrete structures; the contact layer; normal concrete; lightweight concrete; 

polystyrene concrete 
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1. INTRODUCTION  
 
Multilayer reinforced concrete structures with 
different features are widely used in civil and 
industrial works [1], [2]. These multilayer 
structures are used extensively as enclosure 
structures to ensure load-bearing, sound 
insulation, and heat insulation requirements [3], 
[4]. The structure of three-layer reinforced 
concrete structures includes: the middle layer is 
made from ordinary concrete material with 
strength grade B12.5 to B30 [5], [6] and the 
inner layer is made from lightweight concrete 
types such as porous concrete [7–9], 
Lightweight aggregate concrete [10], arbolite 
concrete [11]. The thickness of the middle layer 
is determined based on the calculation of sound 
insulation, heat insulation or according to the 
desired performance requirements. The 
thickness of the outer layer is usually chosen to 
ensure load-bearing requirements and to ensure 
the concrete layer protects the steel 
reinforcement [12, 13]. 
Currently, there are many methods for 
calculating multi-layered reinforced concrete 
structures. In the studies by the authors [14], 
[15] this method for calculating multi-layered 
reinforced concrete structures was presented 
by converting cross-sections of various 
materials into I-shaped cross-sections of the 

same material, based on the elastic modulus 
ratio of the layers. This calculation method 
does not account for the distinct strength and 
strain characteristics of the various types of 
concrete used in multi-layered reinforced 
concrete structures. Therefore, the calculation 
results using this method often have 
significant errors. 
The stress and strain state of multilayer 
reinforced concrete under load is a complex 
issue influenced by many factors. It has been 
studied by many authors. In publications [16],  
[17] the authors studied the influence of the 
mechanical properties of concrete and the 
geometric parameters of the inner and outer 
layers of multilayer structures on the 
structure's stress and strain. In research 
[18,19], the authors studied the stress-strain 
state of multilayer structures considering the 
nonlinear properties of concrete. The inner 
structural layer of multilayer reinforced 
concrete is often made of lightweight, 
low-strength concrete. Under load, this 
structure can easily develop small cracks in 
the inner concrete layer. To address this issue, 
the author [20] studied the influence of cracks 
appearing in the middle layer on the stress and 
strain state of a three-layer structure. 
To consider the influence of different 
mechanical properties of different types of 
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Lightweight aggregate concrete [10], arbolite 
concrete [11]. The thickness of the middle layer 
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ratio of the layers. This calculation method 
does not account for the distinct strength and 
strain characteristics of the various types of 
concrete used in multi-layered reinforced 
concrete structures. Therefore, the calculation 
results using this method often have 
significant errors. 
The stress and strain state of multilayer 
reinforced concrete under load is a complex 
issue influenced by many factors. It has been 
studied by many authors. In publications [16],  
[17] the authors studied the influence of the 
mechanical properties of concrete and the 
geometric parameters of the inner and outer 
layers of multilayer structures on the 
structure's stress and strain. In research 
[18,19], the authors studied the stress-strain 
state of multilayer structures considering the 
nonlinear properties of concrete. The inner 
structural layer of multilayer reinforced 
concrete is often made of lightweight, 
low-strength concrete. Under load, this 
structure can easily develop small cracks in 
the inner concrete layer. To address this issue, 
the author [20] studied the influence of cracks 
appearing in the middle layer on the stress and 
strain state of a three-layer structure. 
To consider the influence of different 
mechanical properties of different types of 

concrete on the stress-strain state of three-layer 
reinforced concrete structures, the authors Korol 
E. A and colleagues developed a method for 
calculating three-layer structures [21, 22]. In 
this method, the authors based their hypothesis 
on the assumption that the strain in the 
cross-section at the contact point between two 
different materials is the same, but that the 
relationship between strength and strain in each 
layer is different. This method allows 
consideration of the different mechanical 
properties of different types of materials. 
In the study [23, 24], based on experiments on 
test samples of two-layer concrete structures 
with different materials, the authors found that 
during the production of these structures, a 
contact layer forms between the two layers. This 
bonding layer is formed on the basis of the 
penetration of aggregate particles of the outer 
layer into the inner layer and vice versa, the 
penetration of aggregate particles of the inner 
layer into the outer layer. Therefore, several 
solutions have been developed to analyze 
multilayer reinforced concrete structures with 
different materials. Authors V. I. Andreev and 
colleagues [25, 26] presented a method for 
calculating three-layer reinforced concrete 
structures with a thin contact layer, 
homogeneous material with elastic or plastic 
properties. This method for calculating 
multi-layer structures does not accurately reflect 
the material properties of the bonding layer and 
their working state under the action of loads. 
In studies [27, 28], the stress-strain state of 
three-layer reinforced concrete beams was 
analyzed using the finite element method (on 
ANSYS). However, these studies were mainly 
based on the assumption that the bonding layer 
was either ignored or treated as a homogeneous 
material. This is clearly limited. In studies [14], 
[23, 24], [29] Tho VD and colleagues presented a 
method for calculating three-layer reinforced 
concrete structures that accounts for the contact 
layer formed between different material layers. 
The mechanical properties of the contact layer 
were determined by assuming an average of the 

concrete mixtures from the inner and outer 
layers. 
However, these studies have not yet captured the 
nature of contact layer formation, which arises 
from the penetration of aggregate particles from 
the high-strength concrete layer into the 
lower-strength concrete layer, and vice versa. 
Consequently, the compressive strength of the 
concrete in the contact layer decreases 
continuously from the high compressive strength 
of the outer concrete layer to the low 
compressive strength of the inner concrete layer. 
Therefore, studying the formation of the contact 
layer and proposing a solution for calculating the 
stress-strain behavior of three-layer reinforced 
concrete structures, taking into account the 
continuous variation in the compressive strength 
of the contact layer, are necessary. 

 
 

2. MATERIALS AND METHODS 
 
2.1. Materials 
In this study, in the outer layer of the three-layer 
reinforced concrete structure, heavy concrete 
with strength grade B12.5 – B30 was used [5], 
[6] and in the inner layer, lightweight 
polystyrene concrete with strength grade B0.75 
[14] and lightweight concrete with strength 
grades B5, B10, and B15 [30] were used. 
The stress-strain relationship diagram of 
concrete is described by equations (1), (2) & (3) 
and Figure 1a [14], [27], [30]. 
Algebraic expressions for the three-line diagram 
of the deformation of compressed concrete can 
be represented as: 

 
When  b1, with  , .b b red bE  
 

(1) 

When b1  b0, with      
 
 = [ 1 + ]  

 
(2) 

   
When b0 b2, with  b bR  

(3) 
 
 

ng su t b1 =0.6 Rb  
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The stress-strain relationship diagram for the 
reinforcement is described by equations (4) and 
(5) and shown in Figure 1b [30]. 

 
When  y, with 
 

      0.s s sE               (4) 
 

su value is taken as 0.025. 
When y  su, with 
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( - )
-

u y
s y s y

u y

         (5)

 

 
Figure 1a. Diagram of concrete compression 
Where: b – compressive stresses of concrete; 
Rb – prismatic strength of concrete; 

b – the deformation of concrete; 
b1 b0 b2 – the deformation of concrete 

corresponding to the stress b1=0.6*Rb; b0=Rb = 
b2 

 
Figure 1b. Stress-strain diagram for 
reinforcement 
Where: y – yield strength of steel; 

u – ultimate strength of steel; 
y – the deformation of steel when y; 
u – the deformation of steel when u. 

 

2.2. A contact layer between layers of a 
three-layer concrete structure 
In the research results [14], [23,24] the authors 
studied the formation of the contact layer 

between different types of materials: normal 
concrete B25 and lightweight polystyrene 
concrete B0.75. The concrete mix proportions 
are described in the following table 1 [23,24]. 

 
Table 1. Composition of concrete mixtures 

Class of 
concrete 

Density, 
kg/m3 

Cement 
(M400), 

kg 
Water, 

l 

Crushed 
limestone 

(sizes from 
0.5 to 1 cm), 

kg 

Sand 
(sizes from 

0 to 2 
mm), kg 

Expanded 
polystyrene 

granules 
EPS (sizes 
from 2 to 5 

mm), kg 

Chemical 
additives, 
SilkRoad 

SR-5000F, 
g 

B0.75 346 330 105 - - 0.69 710 

B25 2376 439 195 1121 621 - - 
 

Research results published [23, 24] have shown 
that, during the construction of concrete structures 
from different types of concrete with a waiting 
time of less than 2 hours, a bonding layer is 
formed between the different material layers, due 
to the movement of aggregate particles from the 

inner layer to the outer layer and aggregate 
particles from the outer layer moving into the 
inner layer, as shown in Figure 2. The thickness of 
this bonding layer is from 0 cm to 1 cm. 
Because the contact layer is formed by the 
movement of aggregate particles of different 

Stress

Strain

 b1

b

b0 b2 b

arctgEb

b2 = Rb

b1

u

y

Stress

Strain

s

y u s

arctgEs
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studied the formation of the contact layer 

between different types of materials: normal 
concrete B25 and lightweight polystyrene 
concrete B0.75. The concrete mix proportions 
are described in the following table 1 [23,24]. 

 
Table 1. Composition of concrete mixtures 

Class of 
concrete 

Density, 
kg/m3 

Cement 
(M400), 

kg 
Water, 

l 

Crushed 
limestone 

(sizes from 
0.5 to 1 cm), 

kg 

Sand 
(sizes from 

0 to 2 
mm), kg 

Expanded 
polystyrene 

granules 
EPS (sizes 
from 2 to 5 

mm), kg 

Chemical 
additives, 
SilkRoad 

SR-5000F, 
g 

B0.75 346 330 105 - - 0.69 710 

B25 2376 439 195 1121 621 - - 
 

Research results published [23, 24] have shown 
that, during the construction of concrete structures 
from different types of concrete with a waiting 
time of less than 2 hours, a bonding layer is 
formed between the different material layers, due 
to the movement of aggregate particles from the 

inner layer to the outer layer and aggregate 
particles from the outer layer moving into the 
inner layer, as shown in Figure 2. The thickness of 
this bonding layer is from 0 cm to 1 cm. 
Because the contact layer is formed by the 
movement of aggregate particles of different 
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types of concrete mixtures from the inner layer 
to the outer layer and vice versa, determining 
the mechanical properties of the concrete bond 
layer is very complex. Based on microstructural 
analysis, the authors in publications [23, 24] 
also showed that the aggregate particles in the 
heavy concrete mixture from the outer layer 
penetrating into the inner layer gradually 
decrease with the thickness of the bond layer 
and conversely, the aggregate particles in the 
polystyrene concrete mixture in the inner layer 

penetrating into the outer layer also gradually 
decrease with the thickness of the bond layer. 
This also forms the basis for the authors' 
proposal of a model for calculating structures 
with this type of bond under the action of a load. 
Without loss of generality, we can assume that the 
mechanical properties of the bonded layer between 
two different types of materials are as follows: 
Compressive strength of concrete Rb*, Compressive 
strength of concrete Rbt* and initial elastic modulus 
Eb*; thickness of the bonded concrete layer h*.  

 

Figure 2. The contact zone of layers of multilayer reinforced concrete structures 
 
2.3. Bending capacity of three-layer reinforced 
concrete beams 
2.3.1. Bending capacity of three-layer 
reinforced concrete beams (without considering 
the contact layer) 
In the studies [14], [24], [29], the authors 
presented a method for calculating the strength 
and deformation of a three-layer reinforced 
concrete structure with a monolithic section. The 

main provisions of TCVN 5574-2018 [30] can be 
applied after reducing the composite section to an 
I-beam. The stress-strain state of three-layer bent 
layers with a monolithic connection of sections 
normal to the longitudinal axis is determined by 
the positions of the elements' neutral axes under 
load. Then, the stress and strain calculation 
diagram of the structure before failure is shown in 
Figure 3 [14]. 

 

 
Figure 3. Scheme 1 for calculating the stress and strain of a three-layer reinforced concrete structure
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The bearing capacity of the structure is 
calculated on the following conditions: 
 

ultM M  (6) 

With ult – Limit bending moment of the 
member;  

 – Bending moment from loads.  
Moment ult determined by the formula: 
 

1 2 1
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The height of the compression zone of concrete is determined by the condition: 
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(8) 
 

 
2.3.2. Bending capacity of three-layer 
reinforced concrete beams (Considering the 
contact layer, which is hypothesized to be a 
homogeneous layer of material) 
The research results of authors Tho V. D, Korol 
E. A and colleagues have developed a method 
for calculating three-layer reinforced concrete 
structures with a middle layer of polystyrene 
concrete, taking into account the bond layer 
formed between two different material layers 
[23, 24]. The above studies are based on the 
hypothesis that the mechanical properties of the 
bond layer are those of a homogeneous material 
layer. Then, the stress and strain calculation 
scheme for the structure before failure is shown 

in Figure 4 [14]. The initial elastic modulus of 
the concrete of the contact layer is determined: 

 
1 2

* 2
b b

b
R RR  

 
With: h* is the thickness of the bonding layer; 
Rb* is the compressive strength of the bonding 
layer; Rb1 is the compressive strength of the 
outer concrete layer; Rb2 is the compressive 
strength of the inner concrete layer. 
The thicknesses of the outer and inner material 
layers are changed as follows: '

1 1 *0.5h h h  
and '

2 2 *h h h  

 

 
Figure 4. Scheme 2 for calculating of stress and strain of a three-layer reinforced concrete structure, 

during destruction (with contact layers)  
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The bearing capacity of the structure is 
calculated on the following conditions: 
 

ultM M   (9)

With ult – Limit bending moment of the 
member;  

 – Bending moment from loads. 
Moment ult determined by the formula:
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The height of the compression zone of concrete is determined by the condition: 
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2.3.3. Development of a method for calculating 
multi-layer reinforced concrete structures 
considering the contact layer (Considering the 
contact layer, which is hypothesized to be a 
layer of material with continuously changing 
properties) 
Experimental results [23, 24] have shown that 
this material layer undergoes continuous 
changes from the outer layer to the inner layer. 
Therefore, in this study, the authors hypothesize 
that the compressive and tensile strengths of the 
concrete in the bonding layer vary continuously 
with height h*, with these mechanical properties 

gradually decreasing from the outer to the inner 
layer.  
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The thicknesses of the outer and inner material 
layers are changed as follows: '

1 1 *0.5h h h  
and '

2 2 * .h h h  
Then, the stress and strain calculation scheme 
for the structure before crack formation and 
before failure is shown in Figure 5. 

 

 
Figure 5. Scheme 3 for calculating the stress and strain of a three-layer reinforced concrete 

structure with contact layers 
 

The bearing capacity of the structure is 
calculated on the following conditions: 
 

ultM M  (12)
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With ult – Limit bending moment of the 
member;  

 – Bending moment from load. 

 
ult determined by the formula: 
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The condition determines the height of the compression zone of concrete: 

1 1' 2 1* 1 2 1* 2 1' *
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(15) 

3. RESULTS AND DISCUSSION 
 
3.1. Experimental and theoretical results on the 
load-bearing capacity of three-layer reinforced 
concrete structures and a comparison of 
analytical results 
The results of stress-strain state analysis of 
multi-layer reinforced concrete structures using 
calculation methods according to Scheme 1, 
Scheme 2, the proposed Scheme 3, and the 

experiment were carried out on a beam sample 
(B-1) of a three-layer reinforced concrete beam 
with width b = 200mm, height h = 200mm, and 
length l = 2200mm. The structural and material 
parameters are shown in Figures 6 and 7 and in 
Table 1 [14]. 
Parameters of reinforcement used in the test 
beam: diameter 8mm, type of steel in test beam 
CB400-V, shown in Table 2 [14].  

 
Table 1. Geometric and material parameters of a three-layer reinforced concrete beams 

Test beam 
Thickness of 
outer layers, 

mm 

Class of 
concrete of the 

outer layer 

Thickness of 
inner layers, 

mm 

Class of 
concrete of 
the inner 

Thickness of 
contact 

layers, mm 
B1 (B1-1; B1-2; B1-3) 50 B25 100 B0.75 h* 

 

Figure 6. Parameters and dimensions of the test beam 
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Figure 7. The scheme of the layout instruments for bending testing 

 
Table 2. Characteristics of steel in experimental tests

Diameter (mm)  fy, MPa fu, Mpa Es 10 , Mpa 
8 390 560 206 

 
Table 3. Characteristics of concrete in experimental tests 

Class of 
concrete 

Density, 
kg/m3 

Compressive strength 
at different ages of 28 

days Rb, MPa 

Ultimate tensile strength 
in bending at the age of 28 

days Rbt, MPa 

Young’s 
modulus Eb, 

MPa 
B0.75 346 0.75 0.23 570 
B25 2376 18.06 2.56 33200 

The experimental results of the relationship 
between moment and deflection of test beam B1 

under the action of load are shown in Figures 8, 
9 [14] [24] and Table 4. 

  
Figure 8. The relationship between the moment 

and the deflection of test beam B1 
Figure 8. Views of the destruction of the tested 

beam samples 
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Table 4. The results of the destructive bending moment 

No Test 
beam 

Destructive bending moment, kN.m 

The test 
results 
[14] 

Average 
value of 

test results 

By using 
the scheme 1 [14] 

By using 
the scheme 2 [14] 

By using 
the scheme 3 (c) 

When stress in steel  
 u  u  u 

1 1-1 9.25 
9.55 8.43 9.92 8.48 9.94 8.50 9.95 2 1-2 9.56 

3 1-3 9.84 
 
From the results obtained in Table 5, it has been 
shown that the destructive bending moment by 
the test beam is larger than the value calculated 
according to scheme 1 (converted to the 
equivalent cross-section of the letter I), scheme 
2 and scheme 3, respectively, by 13.2%, 12.66% 
and 12.4% ). Based 
on the results obtained, we make the following 
observations: Using the proposed model to 
calculate the strength and strain of multi-layer 
reinforced concrete beams yields results 
consistent with the beams' actual behavior.  
 
3.2. Numerical analysis of the load-bearing 
capacity of a three-layer reinforced concrete 
beam considering the contact layer 
Based on the analysis of experimental results 
and applied theoretical models regarding the 
performance of three-layer reinforced concrete 
structures, the author finds that the model 

proposed in section 2.3.3 can be applied to 
calculate the load-bearing capacity of 
multi-layer reinforced concrete structures made 
of different materials, taking into account the 
continuously changing characteristics of the 
bonding layer between the material layers. The 
authors analyzed the load-bearing capacity of 
three-layer reinforced concrete beams using 
beam specimens, as described in section 3.1, 
accounting for variations in the concrete types 
of the inner and outer layers. In particular, the 
authors also considered variations in the 
thickness of the contact layer formed when 
constructing two layers of different concrete 
types. The reinforcing steel bars used in the 
analytical beam are 2  14, types of CB400V 
[30]. The material properties and parameters of 
the test beam are shown in Tables 6 & 7. 

 
Table 5. Characteristics of concrete in beam tests 

STT Type of 
concrete 

Class of 
concrete 

Compressive 
strength Rb, MPa 

Ultimate tensile 
strength in bending 

Rbt, MPa 

Young’s 
modulus Eb, 

MPa 

1 
Normal 
concrete 

B15 8.5 0.75 24000 
2 B20 11.5 0.9 27500 
3 B25 14.5 1.05 30000 
4 

Lightweight 
concrete 

B5 2.8 0.37 5000 
5 B10 6 0.56 8000 
6 B15 8.5 0.75 10500 

11 

Table 6. Parameters of three-layer beams 

Beam 
Thickness 
of outer 

layers, mm 

Concrete of the outer 
layer  Thickness 

of inner 
layers,  

mm 

Concrete of the inner layer 
Ratio of 
Rb1/Rb2 Class of 

normal 
concrete 

Compressi
ve strength 
Rb1, MPa 

Class of 
lightweight 

concrete 

Compressiv
e strength 
Rb2, MPa 

B2-1 50 B25 14.5 100 B5 2.8 5.18 
B2-2 50 B20 11.5 100 B5 2.8 4.11 
B2-3 50 B15 8.5 100 B5 2.8 3.04 
B3-1 50 B25 14.5 100 B10 6 2.42 
B3-2 50 B20 11.5 100 B10 6 1.92 
B3-3 50 B15 8.5 100 B10 6 1.42 
B4-1 50 B25 14.5 100 B15 8.5 1.71 
B4-2 50 B20 11.5 100 B15 8.5 1.35 
B4-3 50 B15 8.5 100 B15 8.5 1.00 

 
The results of the load-bearing capacity analysis 
of three-layer reinforced concrete beams under 
varying concrete types in the inner and outer 

layers, and with varying thickness of the 
bonding layer, are shown in Table 7. 

 
Table 7. The results of the destructive bending moment of a three-layer beams when changing the 

thickness of the contact layer 
 

* 
Destructive bending moment u, kN.m 

B2-1 B2-2 B2-3 B3-1 B3-2 B3-3 B4-1 B4-2 B4-3 
0 25.875 20.714 16.277 26.235 24.428 21.869 26.33 24.831 22.81 

0.4 25.878 20.717 16.278 26.232 24.429 21.87 26.331 24.832 22.81 
0.8 25.883 20.722 16.28 26.241 24.431 21.872 26.333 24.834 22.81 
1 25.885 20.731 16.282 26.243 24.433 21.874 26.335 24.836 22.81 

Ratio of 
Rb1/Rb2  

5.18 4.11 3.04 2.42 1.92 1.42 1.71 1.35 1 

 
The moment of failure values of the beam 
samples described in Table 7 indicate that, as the 
thickness of the connection layer increases, the 
load-bearing capacity of the beam increases. 
However, the difference in the beam's 
load-bearing capacity when considering the 

thickness of the connection layer versus not 
considering it is negligible (less than 1%). 
The results shown in Table 7 and Figure 9 
indicate that the compressive strengths of 
concrete in the outer and inner layers affect the 
load-bearing capacity of a three-layer reinforced 
concrete beam.  
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load-bearing capacity of a three-layer reinforced 
concrete beam.  

The Bending Capacity of Three-Layer Precast Reinforced Concrete Structures Accounting for the Continuous Variation 
in Compressive Strength of the Contact Layers



200 International Journal for Computational Civil and Structural Engineering

12 

 
Figure 9. Change of the ultimate bending moment of a three-layer beam when changing the types of 

concrete in the outer layer and in the inner layer 
 

With the same concrete grade of outer layer, 
when the grade of lightweight concrete in the 
internal layer increases from B5 to B15, the 
ultimate bending moment of the test beam can 
be increased from 16.28 kN.m to 22.81 kN.m 
(increase by 40.1%). With the same concrete 
grade of inner layer, when the grade of normal 
concrete in the outer layer increases from B15 
to B25, the ultimate moment of the test beam 
can be increased from 16.28 kN.m to 25.89 
kN.m (increase by 59%). 
When the concrete grade of the inner concrete 
layer is B15, changing the concrete grade of the 
outer concrete layer results in the least change 
in the ultimate moment of the three-layer 
structure. This can be understood to mean that 
when the difference in compressive strength 
between the outer and inner concrete layers is 
small, the change in the ultimate bending 
moment is small. 
 
 
4. CONCLUSIONS 
 
Based on the results analyzed above, the author 
draws the following conclusions: 

- This paper has proposed a method for 
calculating the load-bearing capacity of 
three-layer reinforced concrete beams, taking 
into account the continuous variation of the 
strength of the contact layer. The results of the 
load-bearing capacity analysis of three-layer 
reinforced concrete beams using the proposed 
method closely match the experimental results 
of beam samples. 
- The load-bearing capacity of a three-layer 
reinforced concrete beam in cases where the 
thickness of the connection layer is taken into 
account differs insignificantly from the case 
where the thickness of the contact layer is not 
taken into account. The difference in limiting 
moments in the analysis of three-layer 
reinforced concrete beams in this study is less 
than 1%. 
- The compressive strength of the outer and 
inner concrete layers significantly affects the 
change in the load-bearing capacity of a 
three-layer reinforced concrete beam. In the 
structural analysis of this study, the difference in 
load-bearing capacity can reach up to 59% when 
varying the compressive strength of the 
structure's outer concrete layer. For a change in 
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the inner concrete layer of the structure, the 
load-bearing capacity of the three-layer beam 
can differ by up to 40.1%. 

The research results have contributed to the 
development of the theory of calculating the 
structural design of three-layer reinforced 
concrete structures using different types of 
materials. Considering the properties of the 
bonding layers helps to more accurately 
describe the actual phenomena occurring during 
the construction of these concrete structures. 
However, this study only examined a few 
specific cases. To make the research more 
practically significant, a comparative analysis 
with many other experimental cases is needed. 
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NUMERICAL PARAMETRIC ANALYSIS OF AXIALLY 
COMPRESSED CIRCULAR STEEL TUBE CONFINED 

CONCRETE COLUMNS 
 

Vladislav V. Vershinin 
National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 

 
Abstract: Axially compressed circular steel tube confined concrete columns have been parametrically analyzed 
through numerical simulation with the general aim to confirm the effectiveness of concrete confinement and 
quantitatively estimate it. Numerical models have been assembled using SIMULIA Abaqus finite element analysis 
commercial software and its relevant tools, in particular Abaqus/Explicit module, the general contact algorithm, 
and the concrete damaged plasticity model. The limit states of the first group and corresponding failure 
mechanisms have been defined for the considered columns and investigated, qualitatively and quantitatively, with 
regard to their dependence onto column structural scheme, steel tube thickness and concrete grade. Totally, 33 
different cases have been simulated and analyzed. 
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1. INTRODUCTION 
 
Concrete, similarly to many other materials, 
exhibits pronounced dependence of its strength 
onto a stress state. For instance, according to 
Russian building code SP 63.13330.2018 
“Concrete and reinforced concrete structures. 
General provisions” [1], the ratio of normal-
weight concrete strength under uniaxial 
compression to its strength under uniaxial 

tension varies from 7.6 for grade B5 concrete to 
21.6 for grade B100 concrete, exhibiting non-
linear, viz. power, increase with concrete grade. 
Typical experimental values of the ratio of 
concrete strength under biaxial compression to 
its strength under uniaxial compression are in the 
range from 1.10 to 1.16 [2]. These concrete 
strength properties were reflected into elaborate 
strength criteria, developed in 1970s specifically 
to describe concrete inelastic behaviour [3-6]. 
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Concrete, being relatively inexpensive and 
available almost everywhere, is one of the most 
widely used construction materials. In 
construction, its strength properties described 
above are utilized in conjunction with various 
structural measures. The most common way is 
using reinforced concrete instead of plain one, so 
that tensile stresses in structural elements are 
taken up by the reinforcement, while concrete 
withstands to compressive stresses. Yet, 
commonly employed structural measures do not 
completely exploit concrete high compressive 
strength, especially under complex stress states. 
While most vertical structural elements 
(columns, shear walls and composite elements) 
experience complex loading – axial compression, 
shear in horizontal direction, bending about a 
horizontal axis, and torsion around the vertical 
axis, – compressive stresses are predominant in 
most cases, except, probably, an earthquake 
excitation, when horizontal inertia forces can 
result in shear stresses of the same order of 
magnitude as the compressive stresses. The 
corresponding stress state can be characterized as 
close to the uniaxial one. And only for structures 
with large length-to-width ratio the stress state is 
close to the plane strain compression. Yet, 
concrete strength under biaxial compression, 
plane strain compression, and all-around 
compression is significantly higher than that 
under uniaxial compression. Hence, there is an 
evident profit from changing the stress state of a 
structural element from a uniaxial one to some 
more complex through some structural measures. 
An effective measure is to restrict lateral 
straining of vertical structural elements, so that 
their response becomes close to uniaxial 
straining and, hence, triaxial compression. A 
common way to provide concrete confinement is 
to use a steel tube. Such a structural solution is 
called “steel tube confined concrete” and is 
commonly employed for columns, especially for 
heavily loaded ones. 
The steel tube confined concrete columns, 
despite working mainly under uniaxial 
compression, exhibit rather complex behaviour. 

Complex response of such columns is caused by 
several factors.  
First of all, it is a structural scheme of the 
considered element. Some structural solutions 
provide loads acting onto ends of both steel and 
concrete parts of the column, while in other cases 
only a concrete core is loaded, and steel tube acts 
only as a confinement. Evidently, this yields two 
different schemes of interaction between the steel 
tube and the concrete core.  
Secondly, Young’s moduli of steel and concrete 
differ from each other by almost an order of 
magnitude, and values of their Poisson’s ratios 
differ by 50%. Moreover, not only concrete 
compressive-to-tensile strength ratio increases 
with grade, so does its Young’s modulus.  
In the third place, construction steel is a highly 
plastic material, whose strains at failure exceed 
unity under some stress states, while concrete is 
a quasi-brittle material, which, being inelastically 
deformed, experiences either cracking (under 
tension) or crushing and pronounced dilation 
(under compression or shear). 
Finally, the level of strains under which concrete 
loses almost all of its bearing capacity 
(approximately 0.003-0.004) corresponds to the 
very beginning of a plastic phase of straining for 
construction steel, which retains its strength and 
stiffness well beyond this level of plastic 
straining. 
In the present work, axially compressed circular 
steel tube confined concrete columns have been 
parametrically analyzed through numerical 
simulation. The first group of column limit states 
and corresponding column failure mechanisms 
have been investigated, qualitatively and 
quantitatively, with regard to their dependence 
onto column structural scheme, steel tube 
thickness and concrete grade. 
 
 
2. PROBLEM FORMULATION 
 
The steel tube confined concrete column with a 
circular cross-section subjected to an axial 
compressive load has been considered. The 
reference cross-section diameter has been chosen 
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to be equal to 720 mm. The column height has 
been set equal to 3 m. 
Axial loading of the column has been performed 
through two rigid dies. The bottom die has been 
fixed, and the top die has been able to move only 
in vertical direction.  
The top die has been loaded through the Kelvin-
Voigt viscoelastic element, that has allowed one 
to obtain decreasing parts of a “force-
displacement” curve and damp out oscillations in 
the curve, which have appeared due to concrete 
cracking and crushing. This Kelvin-Voigt 
viscoelastic element has been assumed to 
simulate the actuator of the test machine and 
have the following properties: the elastic 
stiffness 91.0 10  N mK , and the damping 
factor 41.0 10  N s mC . 
For each die an artificial associated mass has 
been specified in the form of a point mass located 
at its center and having the following properties: 
20 kg for translational degrees of freedom and 

20.02 kg m . A point mass with the same 
properties has been specified for the free end of 
the Kelvin-Voigt viscoelastic element. 
Loading of the column has been carried out 
through assigning a constant velocity of 0.4 m s  
in the vertical direction to the free end of the 
Kelvin-Voigt viscoelastic element. 
At the contact interfaces between the dies and the 
column ends, the isotropic Coulomb friction has 
been assumed to take place with the friction 
factor  being equal to 0.2 for the contact 
interfaces between the dies and the steel tube 
ends, and 0.35 for the contact interfaces between 
the dies and the concrete core ends. 
The isotropic Coulomb friction has been 
assumed to take place at the contact interface 
between the concrete core and the steel tube as 
well. The friction factor  has been assumed to 
be equal to 0.35 at this contact interface. 
Since the parametrical analysis has been 
performed, a four index notation of the form 
 

- - -A B C D  (1) 
 

has been established to distinguish particular 
cases.  
The first index, A, specifies the column structural 
scheme. It equals to 1 in the case, when the axial 
load acts onto ends of both steel and concrete 
parts of the column, and equals to 2 in the case, 
when only the concrete core is subjected to axial 
loading, while the steel tube acts only as a 
confinement. 
The second index, B, specifies the concrete 
grade. Totally, three normal weight concrete 
grades have been considered – B30, B60, and 
B90, – with index B taking these particular 
values. Also a reference case with no concrete 
core, but only steel tube has been considered to 
be able to determine what fraction of a column 
load-bearing capacity is provided by the steel 
tube. In this case, index B equals to zero. 
The third index, C, specifies the steel tube 
thickness. Totally, three different steel tube 
thickness values have been considered, – 10 mm, 
20 mm, and 30 mm, – with index C taking these 
particular values. Also a reference case with no 
steel tube, but plain concrete column has been 
considered to quantitatively determine the 
effectiveness of concrete confinement. In this 
case, index C equals to zero. 
The fourth index, D, specifies the concrete core 
diameter. According to the index C possible 
values, the corresponding values of index D are 
720, 700, 680, and 660. 
All in all, 33 different cases have been simulated 
and analyzed: 1-0-10-0, 1-B30-10-700, 1-B60-
10-700, 1-B90-10-700, 1-0-20-0, 1-B30-20-680, 
1-B60-20-680, 1-B90-20-680, 1-0-30-0, 1-B30-
30-660, 1-B60-30-660, 1-B90-30-660, 2-B30-0-
720, 2-B60-0-720, 2-B90-0-720, 2-B30-0-700, 
2-B60-0-700, 2-B90-0-700, 2-B30-0-680, 2-
B60-0-680, 2-B90-0-680, 2-B30-0-660, 2-B60-
0-660, 2-B90-0-660, 2-B30-10-700, 2-B60-10-
700, 2-B90-10-700, 2-B30-20-680, 2-B60-20-
680, 2-B90-20-680, 2-B30-30-660, 2-B60-30-
660, 2-B90-30-660. 
In all the relevant cases, the ends of the concrete  
core have been reinforced with a single rebar 
mat. It has been assumed, that these mats have 
had a 100×100 mm grid and have been made of 
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grade. Totally, three normal weight concrete 
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core, but only steel tube has been considered to 
be able to determine what fraction of a column 
load-bearing capacity is provided by the steel 
tube. In this case, index B equals to zero. 
The third index, C, specifies the steel tube 
thickness. Totally, three different steel tube 
thickness values have been considered, – 10 mm, 
20 mm, and 30 mm, – with index C taking these 
particular values. Also a reference case with no 
steel tube, but plain concrete column has been 
considered to quantitatively determine the 
effectiveness of concrete confinement. In this 
case, index C equals to zero. 
The fourth index, D, specifies the concrete core 
diameter. According to the index C possible 
values, the corresponding values of index D are 
720, 700, 680, and 660. 
All in all, 33 different cases have been simulated 
and analyzed: 1-0-10-0, 1-B30-10-700, 1-B60-
10-700, 1-B90-10-700, 1-0-20-0, 1-B30-20-680, 
1-B60-20-680, 1-B90-20-680, 1-0-30-0, 1-B30-
30-660, 1-B60-30-660, 1-B90-30-660, 2-B30-0-
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In all the relevant cases, the ends of the concrete  
core have been reinforced with a single rebar 
mat. It has been assumed, that these mats have 
had a 100×100 mm grid and have been made of 

class A500C (according to Russian standards) 
steel rods with the diameter of 6 mm. In the cases, 
when the concrete core has been confined by the 
steel tube, these rebar mats have been welded to 
the tube. 
The steel tube has been assumed to be made of 
class C355 (according to Russian standards) steel 
in all the relevant cases. 
 
 
3. NUMERICAL MODELS 
 
Numerical models of the considered steel tube 
confined concrete column have been assembled 
and analyzed using SIMULIA Abaqus finite 
element analysis commercial software. Some of 
them are presented in Fig. 1. 
The considered problem has been solved quasi-
statically, with geometrical nonlinearity taken 
into account, using Abaqus/Explicit module, in 
which the central difference time integration 
scheme of the second order of accuracy is 
implemented. To fulfil the Courant-Friedrichs-
Lewy stability condition, a stable time increment 
has been automatically determined by the solver 
itself during the solution. (An interested reader is 
referred to software documentation [7, 8] for 
more details.) 
At each contact interface a contact problem, with 
all the features described above in Section 2, has 
been solved through a General Contact algorithm 
implemented into Abaqus/Explicit, within which 
contact constraints are enforced through a 
penalty contact algorithm. The surfaces of the 
concrete core and the steel tube at their contact 
interface have been smoothed using a Surface 
Smoothing tool to preclude artificial contact 
stress oscillations and high peaks appeared due to 
approximation of a smooth curved surfaces with 
faceted ones. (For more details on contact 
formulations and numerical methods, interested 
readers are referred to the software 
documentation [7, 8].) 
Spatial discretization of the problem has been 
performed using finite elements of various types. 
(For details on formulation of various types of 
finite elements implemented into SIMULIA 

Abaqus an interested reader is referred to the 
software documentation [7, 8].) 
The concrete core and the steel tube have been 
discretized through, respectively, 17 280 and 
7 680 continuum finite elements of the type 
C3D8R (see Fig. 2(a)). Each die has been 
discretized through four rigid finite elements of 
the type R3D4 with the point mass finite element 
of the type MASS located at its center. The 
actuator is discretized through one spring finite 
element of the type SPRINGA and one dashpot 
finite element of the type DASHPOTA with the 
point mass finite element of the type MASS 
located at its free end. The rebar mats have been 
discretized through structural finite elements of 
the type B31 (see Fig. 2(b)). Depending on the 
particular case, each mat has been meshed with 
355, 372, 389, or 480 finite elements. 
In all the relevant cases, the welded joints 
between the rebar rods and the tube have been 
simulated using a Tie Constraint tool (see Fig. 
3(b)). To tie nodes of the beam finite elements 
with six degrees of freedom to nodes of the 
continuum finite elements with three degrees of 
freedom, the internal surface of the tube has been 
covered with 1 920 surface finite elements of the 
type SFM3D4R which have zero stiffness. These 
surface elements have been specified an artificial 
areal density of 21 kg m  and tied in each node 
to corresponding nodes on the tube internal 
surface (see Fig. 3(a)).  
Interaction between the reinforcement and the 
concrete has been simulated through an 
Embedded Element tool. Translational degrees 
of freedom of embedded nodes belonging to the 
reinforcement elements have been constrained to 
the interpolated values of the corresponding 
degrees of freedom of the host concrete elements, 
while rotational degrees of freedom of the 
embedded nodes have been remained free of 
constraints. (For more information on the 
Embedded Element tool an interested reader is 
referred to the software documentation [7, 8].) 
The steel elements of the column have been 
modeled as made of homogeneous isotropic 
elastic-plastic non-damageable material with the 
Maxwell-von Mises yield criterion, an associated 
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flow rule, and isotropic hardening, that instantly 
fractures when an accumulated plastic strain 
reaches its limit value. 
 

a)  

b)  

c)  
Figure 1. Numerical models for the cases:  
a) 1-0-30-0; b) 2- -0-700, 2- -0-700,  

2- -0-700; c) 1- -20- - -20-
1- -20- - -20- - -20-  

2- -20-  

a)  

b)  
Figure 2. Finite element mesh of: a) the steel 
tube with the wall thickness of 20 mm and the 
concrete core (the tube wall is discretized with 

four continuum finite elements through the 
thickness); b) the reinforcement mat (nodes are 

labeled with small black circles) 
 

a)  

b)  
Figure 3. Tie constraints between: a) the 

auxiliary surface with zero stiffness and the 
internal tube surface; b) the reinforcement mats 

and the auxiliary surface (an assembly used  
in the cases 1-B30-20- - -20- and 

1- -20-  is presented) 
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Elastic properties of steel have been described 
through the Hooke’s law for isotropic materials 
[9]: 
 

 
ˆ̂ ˆˆ ˆ ˆ ˆ: tr 2el el el , (2)

 
where ˆ  is the Cauchy stress tensor, ˆel  is the 

Green-Lagrangian elastic strain tensor, ˆ̂C  is the 
elastic stiffness tensor of the fourth order, Î  is 
the unit tensor, tr  is the trace operator, and  
and  are the Lame constants. 
The Maxwell-von Mises yield criterion adopted 
for steel reads [10, 11]: 
 

ˆˆ ,  0k yq , (3)
 
where ˆ ˆˆ ,  k i  ,  1,  ...,  ;  i k N i k  are 
state variables, q  is the von Mises equivalent 
stress, and y y pl  is the yield stress, 
which, being the function of the accumulated 
plastic strain measured, as mentioned above, 
through the von Mises equivalent plastic strain 

pl , provides isotropic hardening. 
The associated flow rule reads [12]: 
 

ˆ
ˆpl , (4)

 
where a dot above a variable hereinafter denotes 
its material time derivative, and 0  is a scalar 
function determined from the compatibility 
condition [12]: 
 

ˆˆ ,  0   1,  ...,  k k N , (5)
 
which implies that during yielding at some 
material point the end of a stress vector must stay 
on a yield surface. 
To describe steel strength properties, a simple 
constant fracture strain criterion, named after 

Mariotte, Poncelet, and de Saint-Venant [10, 13], 
has been adopted: 
 

,pl pl f . (6)
 
It states that fracture in a material point occurs 
when the accumulated plastic strain (measured 
through the von Mises equivalent plastic strain 

pl ) reaches its limit value ,pl f , the von Mises 
equivalent plastic strain at fracture. 
Damage of material microstructure, that occurs 
during material plastic straining, and its influence 
onto material elastic properties have not been 
taken into account within the constructed 
numerical models. It has been assumed that, once 
the condition (6) is reached in a material point, 
the material instantly fractures. Finite elements, 
at which integration points the fracture criterion 
had been met, have been eroded from the 
numerical model, yet their nodes have been 
retained, in particular as free-floating masses, if 
all the adjacent finite elements have been eroded. 
Properties of the reinforcement material have been 
taken from the Russian building code SP 
63.13330.2018 [1] and are given in Tables 1 and 2. 
 

Table 1. Physical and mechanical properties of 
the reinforcement material (A500C grade steel 

according to the Russian standards) 
Parameter Value 

Density 3,  kg m  7850 
Young’s modulus ,  GPaE  200 
Poisson’s ratio  0.3 
Initial yield (true) stress 

0 ,  MPay  300.45 

Ultimate accumulated 
(engineering) strain 2s  0.024693 

Von Mises equivalent plastic 
strain at fracture ,pl f  0.023155 

Ultimate (true) stress 
, ,  MPay pl f  307.50 

 
It should be noted here, that material properties 
in Russian building codes are provided in terms 

Numerical Parametric Analysis of Axially Compressed Circular Steel Tube Confined Concrete Columns



212 International Journal for Computational Civil and Structural Engineering

of engineering stresses and engineering strains. 
Within the numerical models all stress and strain 
variables have been defined in terms of true 
stresses and true strains. Below in the text, both 
engineering and true stresses and strains are used, 
so that comments on whether this an engineering 
or a true variable are given where necessary. 
 

Table 2. True stress-true strain relationship of 
the reinforcement material under uniaxial 

tension or compression 
,  MPa   pl  

0 0 0 
300.45 0.001498876 0 
307.50 0.024693 0.023155 

 
Table 3. Physical and mechanical properties of 
the tube material (C355 grade steel according 

to the Russian standards) of various thickness t  

Parameter 
Value 

10 mmt  20,  30 mmt  
Density 

3,  kg m  7850 

Young’s 
modulus 

,  GPaE  
206 

Poisson’s ratio 
 0.3 

Initial yield 
(true) stress 

0 ,  MPay  
280.38 272.36 

Ultimate 
accumulated 
(engineering) 
strain f  

0.231073 0.225161 

Von Mises 
equivalent 
plastic strain at 
fracture ,pl f  

0.228308 0.222485 

Ultimate (true) 
stress 

, ,  MPay pl f  
569.55 551.21 

 

Properties of the tube material have been taken 
from the Russian building code SP 
16.13330.2017 “Steel structures” [14] and are 
given in Tables 3-5. 
Concrete has been modeled as a homogeneous 
isotropic elastic-plastic damageable material 
with the non-associated flow rule, and isotropic 
hardening and softening using the Concrete 
Damaged Plasticity (CDP) model based onto 
the works by Lubliner et al. [2] and Lee and 
Fenves [15], and implemented into SIMULIA 
Abaqus software with a thorough description 
given in the software documentation [7, 8]. 
Some basic relationships of the CDP model are 
presented below. 
 

Table 4. True stress-true strain relationship of 
the tube material of thickness 10 mmt  under 

uniaxial tension or compression 
,    pl  

0 0 0 
280.38 0.001358 0 
351.01 0.002884 0.001180 
359.51 0.026822 0.025076 
569.55 0.139783 0.137018 
569.55 0.231073 0.228308 

 
 

Table 5. True stress-true strain relationship of 
the tube material of thickness t = 20, 30 mm 

under uniaxial tension or compression 

,    pl  

0 0 0 
272.36 0.001320 0 
340.95 0.002802 0.001147 
348.98 0.026065 0.024371 
551.21 0.136049 0.133373 
551.21 0.225161 0.222485 
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of engineering stresses and engineering strains. 
Within the numerical models all stress and strain 
variables have been defined in terms of true 
stresses and true strains. Below in the text, both 
engineering and true stresses and strains are used, 
so that comments on whether this an engineering 
or a true variable are given where necessary. 
 

Table 2. True stress-true strain relationship of 
the reinforcement material under uniaxial 

tension or compression 
,  MPa   pl  

0 0 0 
300.45 0.001498876 0 
307.50 0.024693 0.023155 

 
Table 3. Physical and mechanical properties of 
the tube material (C355 grade steel according 

to the Russian standards) of various thickness t  
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Value 

10 mmt  20,  30 mmt  
Density 

3,  kg m  7850 

Young’s 
modulus 

,  GPaE  
206 

Poisson’s ratio 
 0.3 

Initial yield 
(true) stress 

0 ,  MPay  
280.38 272.36 

Ultimate 
accumulated 
(engineering) 
strain f  

0.231073 0.225161 

Von Mises 
equivalent 
plastic strain at 
fracture ,pl f  

0.228308 0.222485 

Ultimate (true) 
stress 

, ,  MPay pl f  
569.55 551.21 

 

Properties of the tube material have been taken 
from the Russian building code SP 
16.13330.2017 “Steel structures” [14] and are 
given in Tables 3-5. 
Concrete has been modeled as a homogeneous 
isotropic elastic-plastic damageable material 
with the non-associated flow rule, and isotropic 
hardening and softening using the Concrete 
Damaged Plasticity (CDP) model based onto 
the works by Lubliner et al. [2] and Lee and 
Fenves [15], and implemented into SIMULIA 
Abaqus software with a thorough description 
given in the software documentation [7, 8]. 
Some basic relationships of the CDP model are 
presented below. 
 

Table 4. True stress-true strain relationship of 
the tube material of thickness 10 mmt  under 

uniaxial tension or compression 
,    pl  

0 0 0 
280.38 0.001358 0 
351.01 0.002884 0.001180 
359.51 0.026822 0.025076 
569.55 0.139783 0.137018 
569.55 0.231073 0.228308 
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340.95 0.002802 0.001147 
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Figure 4. True stress-true strain curve of the 
reinforcement material (A500C grade steel 
according to the Russian standards) under 

uniaxial tension or compression 
 

 
Figure 5. True stress-true strain curve of the 
tube material (C355 grade steel according to 
the Russian standards) of various thickness 

under uniaxial tension or compression 
 
Damage of the material is characterized through 
two independent variables, td  and cd , scalar 
damage measures under tension and 
compression, respectively, which are functions 
of plastic strains, temperature and other field 
variables. Being increasing functions of the 
equivalent plastic strains ,pl t  and ,pl c  
(accumulated during tension and compression, 
respectively), these scalar damage measures 
equal to zero for an intact material and equal to 
unity for a completely damaged material. Yet, to 
avoid problems with solution convergence, it is 
recommended to limit values of the damage 
variables to 0.99. 

Within the CDP model, it is assumed that, under 
a general stress state, concrete elastic stiffness 
degradation due to its damage is isotropic. This 
assumption allows one to use a single scalar 
measure, d , to describe material damage. Using 
effective stresses, instead of ordinary stresses, to 
describe the material stress state, it appears to be 
possible to keep the general form of the Hooke’s 
law (see Eq. (2)) to describe concrete elastic 
behaviour: 
 

ˆ ˆ̂ ˆ: elC , (7) 
 
where ˆ ˆ 1 d  is the Cauchy effective 
stress tensor, and a colon denotes a double tensor 
contraction. The scalar damage measure d  is 
defined in the following way: 
 

1 1 1t c c td s d s d , (8) 
 
where 
 

1    0 1t t ts w r w , (9) 
1 1    0 1c c cs w r w , (10) 

3

1
3

1

ˆ    0 1
i

i

i
i

r r . (11) 

 
Here  1,  2,  3i i  are eigenvalues of the 
Cauchy effective stress tensor ˆ ,  is the 
Macaulay brackets, and tw  and cw  are weight 
factors, which are considered to be material 
properties and determine the extent of stiffness 
recovery of the damaged material during stress 
sign change from compression to tension and 
from tension to compression, respectively. For 
instance, the value 1cw  means that material 
damage accumulated during tension cycles has 
no influence onto its compressive stiffness. And 
vice versa, the 0cw  means that material 
damage accumulated during tension cycles has a 
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direct effect onto its compressive stiffness. 
Intermediate values of the factor cw  correspond 
to partial compressive stiffness recovery. The 
above becomes valid for the factor tw  through 
simple replacement of the term “tension” by 
“compression”, and vice versa. (For more details, 
an interested reader is referred to the software 
documentation [7, 8].) 
It is commonly assumed that, when the stress 
sign changes from tension to compression, 
complete concrete stiffness recovery occurs 
through the crack closing mechanism, that is

1cw . At the same time, it is assumed that in the 
opposite case, when the stress sign changes from 
compression to tension, there is no stiffness 
recovery, i.e. 0tw . 
It must be emphasized that, within the CDP 
model, stress state parameters are defined in 
terms of the effective stresses and 
correspondingly denoted with an over-bar. (This 
notation is applied only for stress variables. So, 
one should not confuse it with the over-bar used 
to denote the equivalent strain.) 
 Despite all the calculations within the material 
code are performed using the equivalent plastic 
strains ,pl t  and ,pl c  (accumulated during 
tension and compression, respectively), that refer 

to the damaged state of a material, to input 
material damage properties, the equivalent 
cracking strain ,ck t  and the equivalent inelastic 
strain ,in c , that refer to the intact state of a 
material, are utilized for tension and 
compression, respectively. The relationships 
between these strain measures under uniaxial 
loading conditions are the following: 
 

,
0

, 1
t t

ck tpl
t

t
d

d E
, (12) 

,
0

, 1
c c

in cpl
c

c
d

d E
, (13) 

 
where 0E  is the Young’s modulus of an intact 
material, and t  and c  are the absolute values 
of tensile and compressive stress, respectively. 
(For some graphical representation of the given 
relationships, an interested reader is referred to 
the software documentation [7, 8].) 
 In the CDP model, the yield criterion 
developed by Lubliner et al. [2] and modified by 
Lee and Fenves [15], to take into account that 
concrete properties under tension and 
compression are different, is implemented: 

 

2 1 1 1
1ˆˆ ,  3 0     1,  ... ,  

1k cJ I k n , (14) 

where  
 

1 1c

t

, (15) 

 
1I  is the first invariant of the Cauchy effective 

stress tensor ˆ , 2J  is the second invariant of the 

effective stress deviator Ŝ ,  and  are non-
dimensional material parameters, and 

,t t pl t  and ,c c pl c  are the 
effective elastic limits under uniaxial tension and 
compression, respectively. 

The parameter  can be determined through the 
following relationship: 
 

0 0

0 02
b c

b c

, (16) 

 
where 0c  is the initial elastic limit of a material 
under uniaxial compression, 0b  is the initial 
elastic limit of a material under uniform biaxial 
compression. As experiments revealed [2], the 
ratio 0 0 1.10,  1.16b c  is common for 
concrete, that yields 0.08,  0.12 . 
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direct effect onto its compressive stiffness. 
Intermediate values of the factor cw  correspond 
to partial compressive stiffness recovery. The 
above becomes valid for the factor tw  through 
simple replacement of the term “tension” by 
“compression”, and vice versa. (For more details, 
an interested reader is referred to the software 
documentation [7, 8].) 
It is commonly assumed that, when the stress 
sign changes from tension to compression, 
complete concrete stiffness recovery occurs 
through the crack closing mechanism, that is

1cw . At the same time, it is assumed that in the 
opposite case, when the stress sign changes from 
compression to tension, there is no stiffness 
recovery, i.e. 0tw . 
It must be emphasized that, within the CDP 
model, stress state parameters are defined in 
terms of the effective stresses and 
correspondingly denoted with an over-bar. (This 
notation is applied only for stress variables. So, 
one should not confuse it with the over-bar used 
to denote the equivalent strain.) 
 Despite all the calculations within the material 
code are performed using the equivalent plastic 
strains ,pl t  and ,pl c  (accumulated during 
tension and compression, respectively), that refer 

to the damaged state of a material, to input 
material damage properties, the equivalent 
cracking strain ,ck t  and the equivalent inelastic 
strain ,in c , that refer to the intact state of a 
material, are utilized for tension and 
compression, respectively. The relationships 
between these strain measures under uniaxial 
loading conditions are the following: 
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where 0E  is the Young’s modulus of an intact 
material, and t  and c  are the absolute values 
of tensile and compressive stress, respectively. 
(For some graphical representation of the given 
relationships, an interested reader is referred to 
the software documentation [7, 8].) 
 In the CDP model, the yield criterion 
developed by Lubliner et al. [2] and modified by 
Lee and Fenves [15], to take into account that 
concrete properties under tension and 
compression are different, is implemented: 

 

2 1 1 1
1ˆˆ ,  3 0     1,  ... ,  

1k cJ I k n , (14) 

where  
 

1 1c
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, (15) 

 
1I  is the first invariant of the Cauchy effective 

stress tensor ˆ , 2J  is the second invariant of the 

effective stress deviator Ŝ ,  and  are non-
dimensional material parameters, and 

,t t pl t  and ,c c pl c  are the 
effective elastic limits under uniaxial tension and 
compression, respectively. 

The parameter  can be determined through the 
following relationship: 
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, (16) 

 
where 0c  is the initial elastic limit of a material 
under uniaxial compression, 0b  is the initial 
elastic limit of a material under uniform biaxial 
compression. As experiments revealed [2], the 
ratio 0 0 1.10,  1.16b c  is common for 
concrete, that yields 0.08,  0.12 . 

The parameter  can be defined as follows: 
 

3 1
2 1

c

c

K
K

, (17) 

 
where for points on the yield surface (14), 
provided 1 0  and 1I  takes some compatible 
value, 
 

2
0

2
3

3

3
c

J
K

J
. (18) 

 
Here  is the effective Lode angle. A typical 
value [2] for concrete is 2 3cK , that yields 

3 . 
In the CDP model the non-associated flow rule is 
adopted: 
 

ˆ ˆpl , (19) 

 
where the plastic potential  is defined through 
the hyperbolic function: 

 
2

0 2 1
1ˆˆ ,  tan 3 tan      1,  ... ,  
3k t J I k n . (20) 

Here  is the dilation angle at high confining 
pressure,  is a parameter, referred to as the 
eccentricity, that defines the rate at which the 
function (20) approaches the asymptote. 
(For some graphical information on the yield 
surface (14) and the plastic flow potential surface 
(20), interested readers are referred to the 
software documentation [7, 8].) 
To facilitate solution convergence, a viscoplastic 
regularization of the constitutive equations, viz. 
a generalization of the Duvaut-Lions 
regularization [16], is implemented into the CDP 
model. Instead of an elastic-plastic material, an 
elastic-viscoplastic one is considered, so that the 
compatibility condition (5) may not be strictly 
met, i.e. stresses are permitted to be outside the 
yield surface (14). Governing equations are as 
follows: 
 

1ˆ ˆ ˆvpl pl vpl , (21) 

1
v vd d d . (22) 

 
Here ˆvpl  is the viscoplastic strain tensor, ˆ pl  is 
the plastic strain tensor evaluated for the original 
elastic-plastic material, vd  is the viscous scalar 

damage measure, d  is the scalar damage 
measure evaluated for the original elastic-plastic 
material, and  is the viscosity parameter, that 
represents the relaxation time of an elastic-
viscoplastic material. For such an artificial 
elastic-viscoplastic material, the generalized 
Hooke’s law (7) takes the following form: 
 

ˆ̂ ˆ1 :ˆ ˆv vpld C . (23) 
 
It must be emphasized, that in the CDP model the 
total damage of a material is not allowed for, and, 
hence, there is no element erosion during 
solution of any problem. While cracks cannot be 
modeled explicitly with such restrictions, they 
still can be simulated through material stiffness 
degradation due to damage along some planes. 
At the same time, with the stiffness recovery 
during stress sign change, implemented into the 
material model, and without element erosion, 
which forms a crack that have a finite dimension 
in the direction of the normal to its edges, it is 
possible to accurately simulate crack opening 
and closing. 
Adopted values of the CDP model parameters for 
various concrete grades are given in Table 6. 
Some of them have been taken from Russian 
building code SP 63.13330.2018 “Concrete and 
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reinforced concrete structures. General 
provisions” [1], while for other parameters 
recommended values have been defined (see the 
software documentation [7, 8]). 
 

 Physical and mechanical properties of 
concrete of various grades 

Parameter Value 
   

Density 3,  kg m  2500 
Poisson’s ratio  0.2 
Young’s modulus 

,  GPaE  32.5 39.5 42.5 

Dilation angle ,   30 
Eccentricity  of the 
plastic flow potential  0.1 

Ratio 0 0b c  of initial 
elastic limit under 
uniform biaxial 
compression to initial 
elastic limit under 
uniaxial compression 

1.16 

cK  0.67 
Relaxation time ,  s  0 
Extent cw  of stiffness 
recovery of the damaged 
material during stress 
sign change from tension 
to compression  

1.0 

Extent tw  of stiffness 
recovery of the damaged 
material during stress 
sign change from 
compression to tension 

0 

 
Adopted stress-strain and damage-strain 
relationships for various concrete grades are 
presented in Tables 7-12 and Figs. 6-11. The 
stress-strain relationships are based onto data 
from Russian building code SP 63.13330.2018 
“Concrete and reinforced concrete structures. 
General provisions” [1], which have been 
recalculated in terms of true stresses and true 
strains. The damage-strain relationships, also 
specified in terms of true strains, have been 

established based on the author’s experience and 
provide scalar damage measures td  and cd  being 
increasing functions of the equivalent plastic 
strains ,pl t  and ,pl c , respectively. 
 

Table 7. True stress-true strain and damage-
true strain relationships for B30 grade concrete 

under uniaxial compression 
,  MPac  c  ,in c  cd  

0 0 0 0 
10.203 0.0003138 0 0 
17.034 0.0019980 0.0014739 0.25 
17.060 0.0034939 0.0029690 0.55 
0.3417 0.0049875 0.0049770 0.99 

 
 True stress-true strain and damage-

true strain relationships for B30 grade concrete 
under uniaxial tension 

,  MPat  t  ,ck t  td  
0 0 0 0 

0.6900 0.00002123 0 0 
1.1501 0.00010000 0.00006461 0.25 
1.1502 0.00014999 0.00011460 0.55 
0.0230 0.00149888 0.00149817 0.99 

 
 True stress-true strain and damage-

true strain 
under uniaxial compression 

,  MPac  c  ,in c  cd  
0 0 0 0 

19.810 0.0005011 0 0 
33.066 0.0019980 0.0011609 0.25 
33.116 0.0034939 0.0026555 0.55 
0.6633 0.0049875 0.0049707 0.99 

 
Table 10. True stress-true strain and damage-

under uniaxial tension 
,  MPat  t  ,ck t  td  

0 0 0 0 
1.0800 0.00002734 0 0 
1.8002 0.00010000 0.00005442 0.25 
1.8003 0.00014999 0.00010441 0.55 
0.0361 0.00149888 0.00149796 0.99 
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reinforced concrete structures. General 
provisions” [1], while for other parameters 
recommended values have been defined (see the 
software documentation [7, 8]). 
 

 Physical and mechanical properties of 
concrete of various grades 

Parameter Value 
   

Density 3,  kg m  2500 
Poisson’s ratio  0.2 
Young’s modulus 

,  GPaE  32.5 39.5 42.5 

Dilation angle ,   30 
Eccentricity  of the 
plastic flow potential  0.1 

Ratio 0 0b c  of initial 
elastic limit under 
uniform biaxial 
compression to initial 
elastic limit under 
uniaxial compression 

1.16 

cK  0.67 
Relaxation time ,  s  0 
Extent cw  of stiffness 
recovery of the damaged 
material during stress 
sign change from tension 
to compression  

1.0 

Extent tw  of stiffness 
recovery of the damaged 
material during stress 
sign change from 
compression to tension 

0 

 
Adopted stress-strain and damage-strain 
relationships for various concrete grades are 
presented in Tables 7-12 and Figs. 6-11. The 
stress-strain relationships are based onto data 
from Russian building code SP 63.13330.2018 
“Concrete and reinforced concrete structures. 
General provisions” [1], which have been 
recalculated in terms of true stresses and true 
strains. The damage-strain relationships, also 
specified in terms of true strains, have been 

established based on the author’s experience and 
provide scalar damage measures td  and cd  being 
increasing functions of the equivalent plastic 
strains ,pl t  and ,pl c , respectively. 
 

Table 7. True stress-true strain and damage-
true strain relationships for B30 grade concrete 

under uniaxial compression 
,  MPac  c  ,in c  cd  

0 0 0 0 
10.203 0.0003138 0 0 
17.034 0.0019980 0.0014739 0.25 
17.060 0.0034939 0.0029690 0.55 
0.3417 0.0049875 0.0049770 0.99 

 
 True stress-true strain and damage-

true strain relationships for B30 grade concrete 
under uniaxial tension 

,  MPat  t  ,ck t  td  
0 0 0 0 

0.6900 0.00002123 0 0 
1.1501 0.00010000 0.00006461 0.25 
1.1502 0.00014999 0.00011460 0.55 
0.0230 0.00149888 0.00149817 0.99 

 
 True stress-true strain and damage-

true strain 
under uniaxial compression 

,  MPac  c  ,in c  cd  
0 0 0 0 

19.810 0.0005011 0 0 
33.066 0.0019980 0.0011609 0.25 
33.116 0.0034939 0.0026555 0.55 
0.6633 0.0049875 0.0049707 0.99 

 
Table 10. True stress-true strain and damage-

under uniaxial tension 
,  MPat  t  ,ck t  td  

0 0 0 0 
1.0800 0.00002734 0 0 
1.8002 0.00010000 0.00005442 0.25 
1.8003 0.00014999 0.00010441 0.55 
0.0361 0.00149888 0.00149796 0.99 

a)  

b)  
Figure . True stress-true strain curves for B30 
grade concrete under: a) uniaxial compression; 

b) uniaxial tension 
 

Table 11. True stress-true strain and damage-

under uniaxial compression 
,  MPac  c  ,in c  cd  

0 0 0 0 

26.416 0.0006210 0 0 

44.088 0.0019980 0.0009606 0.25 

44.131 0.0029656 0.0019272 0.55 

0.8844 0.0049875 0.0049667 0.99 

 

Table 12. True stress-true strain and damage-

under uniaxial tension 
,  MPat  t  ,ck t  td  

0 0 0 0 
1.2900 0.00003035 0 0 
2.1502 0.00010000 0.00004940 0.25 
2.1503 0.00014999 0.00009939 0.55 
0.0431 0.00149888 0.00149786 0.99 

 

a)  

b)  
Figure 7. True stress-
grade concrete under: a) uniaxial compression; 

b) uniaxial tension 
 
 
4. RESULTS 
 
For each of the 33 cases considered a force-
displacement curve and stress-strain states at 
different levels of axial compressive load, in 
particular limit states of the first group 
corresponding to local maxima of the force-
displacement curve. Several force-displacement 
curves are presented in Fig. 12. 
It has been revealed that the limit states are 
qualitatively similar for the cases with similar 
features. For instance, in the cases when vertical 
load acts only onto the concrete (irrespective of 
whether there is the steel tube or not), there is 
only one extremum on the force-displacement 
curve (see Fig. 12(c), (d)) and only one limit state 
of the first group corresponding to it, at which 
strains throughout the concrete part of some 
cross-section along the column reach the value of 

0
2
4
6
8

10
12
14
16
18

0 0,001 0,002 0,003 0,004 0,005

c, 
M

Pa

c

0
0,2
0,4
0,6
0,8

1
1,2
1,4

0 0,0005 0,001 0,0015

t,
M

Pa

t

dt = 0.25

dt = 0.55

dt = 0.99

0
5

10
15
20
25
30
35

0 0,001 0,002 0,003 0,004 0,005

c, 
M

Pa

c

0

0,5

1

1,5

2

0 0,0005 0,001 0,0015

t,
M

Pa

t

dt = 0.25

dt = 0.55

dt = 0.99

Numerical Parametric Analysis of Axially Compressed Circular Steel Tube Confined Concrete Columns



218 International Journal for Computational Civil and Structural Engineering

limit strain of concrete under short-time 
compression, 2b . 
 

a)  

b)  
 True stress-

grade concrete under: a) uniaxial compression; 
b) uniaxial tension 

 
Such a state is also the first one of the first group 
of limit states for the cases when vertical load is 
applied onto both steel tube and concrete core. In 
all such cases the corresponding force-
displacement curves have two extrema (see Fig. 
12(b)). The second limit state of the first group 
corresponds to failure of the steel tube at some 
circumferential cross-section along the column. 
In the cases when there is no concrete core and 
vertical load acts only onto the steel tube, also 
two limit states of the first group can be singled 
out, yet the corresponding force-displacement 
curves also have only one extremum (see Fig. 
12(a)). The first limit state of the first group takes 
place when some cross-section along the column 
reaches plastic state throughout its area. The 
second limit state of the first group, as for the set 
of cases mentioned above, corresponds to failure 

of the steel tube at some circumferential cross-
section along the column and is identified by the 
local maximum of the force-displacement curve. 
 

a)  

b)  
 Damage-true strain curves for B30 

grade concrete under: a) uniaxial compression; 
b) uniaxial tension 

 
Examples of the limit states of the first group 
obtained in the considered cases are given in 
Fig. 13. 
It is worth noting that the problem formulation 
when the vertical load acts only onto the concrete 
core can be translated into practice only within 
limited deformation of concrete in the vertical 
direction. After some deformation of the concrete 
core such a column in the vertical direction 
structural elements below and above it (for 
instance, floors or girders) inevitably come into 
contact with the ends of the steel tube. Evidently, 
this will change the structural scheme of the 
column and make it similar to the one when the 
vertical load from the very beginning acts onto 
the ends of both the steel tube and the concrete 
core, so that the second limit state of the first 
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limit strain of concrete under short-time 
compression, 2b . 
 

a)  

b)  
 True stress-

grade concrete under: a) uniaxial compression; 
b) uniaxial tension 
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curves also have only one extremum (see Fig. 
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second limit state of the first group, as for the set 
of cases mentioned above, corresponds to failure 

of the steel tube at some circumferential cross-
section along the column and is identified by the 
local maximum of the force-displacement curve. 
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 Damage-true strain curves for B30 

grade concrete under: a) uniaxial compression; 
b) uniaxial tension 
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group, viz. failure of the steel tube at some 
circumferential cross-section along the column, 
will eventually appear, if the vertical loading 
continues. 
 

a)  

b)  
Figure 10. Damage-

grade concrete under: a) uniaxial compression; 
b) uniaxial tension 

 
Moreover, in all the cases with the steel tube and 
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not been considered within the present research, 
because it has no practical sense. 
 

a)  

b)  
Figure 11. Damage-true 

grade concrete under: a) uniaxial compression; 
b) uniaxial tension 

 
Parameters of the limit states of the first group 
calculated for all the 33 cases considered are 
given in Tables 13 and 14. 
Below, in Figs. 14, 16, and 18, force-
displacement curves are presented for the 
simulated cases, grouped by different shared 
features to facilitate their comparison and 
estimation of influence of various problem 
parameters onto the steel tube confined concrete 
column strength. 
In Figs. 15, 17, and 19, parameters of the limit 
states of the first group for the cases given in 
Figs. 14, 16, and 18, respectively, are 
depicted. Again, grouping the cases by 
different shared features allows one to 
identify, which problem parameters have the 
largest effect onto the steel tube confined 
concrete column strength and whether their 
influence is monotonic or not. 
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Table 13. Parameters of the first limit state of 
the first group calculated for all the 33 cases 

Case No. Displacement of 
the top die, m 

Load, 
kN 

1-0-10-0 0.0113 7851.377 
1- -10-700 0.0079 16867.18 
1- -10-700 0.0083 21739.31 
1- -10-700 0.0051 22855.93 

1-0-20-0 0.0106 15001.11 
1- -20-680 0.0081 24701.27 
1- -20-680 0.0079 28890.05 
1- -20-680 0.0056 29228.33 

1-0-30-0 0.0106 22199.15 
1- -30-660 0.0106 32186.44 
1- -30-660 0.0083 35736.06 
1- -30-660 0.0057 35078.73 
2- -0-720 0.0032 5187.777 
2- -0-720 0.0031 9260.619 
2- -0-720 0.0027 11707.21 
2- -0-700 0.0035 4856.732 
2- -0-700 0.0033 8747.732 
2- -0-700 0.0032 11234.92 
2- -0-680 0.0040 4761.817 
2- -0-680 0.0033 8275.723 
2- -0-680 0.0028 10379.59 
2- -0-660 0.0034 4195.609 
2- -0-660 0.0034 7837.114 
2- -0-660 0.0029 9879.836 
2- -10-700 0.0108 19250.89 
2- -10-700 0.0104 24840.17 
2- -10-700 0.0082 24992.45 
2- -20-680 0.0125 29500.08 
2- -20-680 0.0127 34545.12 
2- -20-680 0.0101 31897.50 
2- -30-660 0.0155 39266.76 
2- -30-660 0.0150 43777.00 
2- -30-660 0.0107 36855.08 

 
In Fig. 20, and Tables 15 and 16 a steel tube 
confined concrete column strength increase 
factor k  is given. It has been calculated through 
the following relation: 
 

0k F F , (24) 

where F  is the steel tube confined concrete 
column strength, and 0F  is the strength of the 
column made of plain concrete with the diameter 
equal to that of the concrete core of the steel tube 
confined concrete column. 
 
Table 14. Parameters of the second limit state of 

the first group calculated for the relevant cases 

Case No. Displacement of 
the top die, m 

Load, 
kN 

1-0-10-0 0.5648 15972.75 
1- -10-700 0.5573 24272.70 
1- -10-700 0.5560 25232.82 
1- -10-700 0.5462 25434.39 

1-0-20-0 0.4084 27563.00 
1- -20-680 0.5046 37025.38 
1- -20-680 0.5056 38384.91 
1- -20-680 0.5130 39368.96 

1-0-30-0 0.3573 37933.93 
1- -30-660 0.3857 45513.13 
1- -30-660 0.3878 47007.78 
1- -30-660 0.3836 47231.08 

 
Table 15. Steel tube confined concrete column 
strength increase relative to that of the column 

made of plain concrete in the cases, when the 
vertical load acts onto both the steel tube and 

the concrete core 
Tube 

thickness, mm 
Concrete grade 

   
0 1 1 1 
10 3.47 2.49 2.03 
20 5.19 3.49 2.82 
30 7.67 4.56 3.55 

 
 Steel tube confined concrete column 

strength increase relative to that of the column 
made of plain concrete in the cases, when the 
vertical load acts only onto the concrete core 

Tube 
thickness, mm 

Concrete grade 
   

0 1 1 1 
10 3.96 2.84 2.22 
20 6.20 4.17 3.07 
30 9.36 5.59 3.73 
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Table 13. Parameters of the first limit state of 
the first group calculated for all the 33 cases 
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1- -30-660 0.0083 35736.06 
1- -30-660 0.0057 35078.73 
2- -0-720 0.0032 5187.777 
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2- -0-660 0.0034 7837.114 
2- -0-660 0.0029 9879.836 
2- -10-700 0.0108 19250.89 
2- -10-700 0.0104 24840.17 
2- -10-700 0.0082 24992.45 
2- -20-680 0.0125 29500.08 
2- -20-680 0.0127 34545.12 
2- -20-680 0.0101 31897.50 
2- -30-660 0.0155 39266.76 
2- -30-660 0.0150 43777.00 
2- -30-660 0.0107 36855.08 

 
In Fig. 20, and Tables 15 and 16 a steel tube 
confined concrete column strength increase 
factor k  is given. It has been calculated through 
the following relation: 
 

0k F F , (24) 

where F  is the steel tube confined concrete 
column strength, and 0F  is the strength of the 
column made of plain concrete with the diameter 
equal to that of the concrete core of the steel tube 
confined concrete column. 
 
Table 14. Parameters of the second limit state of 

the first group calculated for the relevant cases 
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the top die, m 
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1-0-10-0 0.5648 15972.75 
1- -10-700 0.5573 24272.70 
1- -10-700 0.5560 25232.82 
1- -10-700 0.5462 25434.39 

1-0-20-0 0.4084 27563.00 
1- -20-680 0.5046 37025.38 
1- -20-680 0.5056 38384.91 
1- -20-680 0.5130 39368.96 

1-0-30-0 0.3573 37933.93 
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1- -30-660 0.3878 47007.78 
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Table 15. Steel tube confined concrete column 
strength increase relative to that of the column 

made of plain concrete in the cases, when the 
vertical load acts onto both the steel tube and 

the concrete core 
Tube 

thickness, mm 
Concrete grade 

   
0 1 1 1 
10 3.47 2.49 2.03 
20 5.19 3.49 2.82 
30 7.67 4.56 3.55 

 
 Steel tube confined concrete column 

strength increase relative to that of the column 
made of plain concrete in the cases, when the 
vertical load acts only onto the concrete core 

Tube 
thickness, mm 

Concrete grade 
   

0 1 1 1 
10 3.96 2.84 2.22 
20 6.20 4.17 3.07 
30 9.36 5.59 3.73 

 

a)  

b)  

c) 

d)  
Figure 12. Force-displacement curves obtained 
for the cases: a) 1-0-20-0; b) 1- -30-
2- -0-720; d) 2-B30-10-700 (limit states of 

the first group are marked with orange and 
purple oblique crosses) 
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d)  
Figure 13. Limit states of the first group obtained 

in different cases: a) the von Mises equivalent 
plastic strain pl  prior to tube failure in the case 
1-0-20-0; b) scalar measure of concrete damage 

due to compression cd  prior to concrete core 
failure in the case 1- -30- the von Mises 
equivalent stress q  prior to concrete failure in the 

case 2- -0-720; d) the von Mises equivalent 
plastic strain pl  in the concrete core prior to its 

failure in the case 2-B30-10-700 
 

a)  

b)  

c)  
Figure 14. Force-displacement curves for 

different groups of cases: a) 10 mm thick steel 
tube; b) 20 mm thick steel tube; c) 30 mm thick 

steel tube 
 

a)  

b)  
Figure 15. Influence of the concrete grade and 
the tube thickness onto parameters of the limit 

states of the first group in the cases, which 
force-displacement curves are given in Fig. 14:  

a) the first limit state of the first group;  
b) the second limit state of the first group 
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a)  

b)  

c)  

d)  
Figure . Force-displacement curves for 

different groups of cases: a) no concrete; b) 
B30 grade concrete; c) ; d) 

 
 

a)  

b)  
Figure 17. Influence of the concrete grade and 
the tube thickness onto parameters of the limit 

states of the first group in the cases, which 
force-displacement curves are given in Fig. :  

a) the first limit state of the first group;  
b) the second limit state of the first group 
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a)  

b)  

c)  
Figure 1 . Force-displacement curves for 
different groups of cases: a) concrete core 

diameter of 700 mm; b) concrete core diameter 
) 

mm 
 

a)  

b)  

c)  
Figure 1 . Parameters of the first limit state of 

the first group in the cases, which force-
displacement curves are given in: a) Fig. 10(a); 

b) Fig. 10(b); c) Fig. 10(c) 
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a)  

b)  

c)  
Figure 1 . Force-displacement curves for 
different groups of cases: a) concrete core 

diameter of 700 mm; b) concrete core diameter 
) 

mm 
 

a)  

b)  

c)  
Figure 1 . Parameters of the first limit state of 

the first group in the cases, which force-
displacement curves are given in: a) Fig. 10(a); 

b) Fig. 10(b); c) Fig. 10(c) 
 

0

5

10

15

20

25

30

0 0,01 0,02 0,03 0,04

Lo
ad

, M
N

Displacement, m

2- -0-700
2- -0-700
2- -0-700
1- -10-700
1- -10-700
1- -10-700
2- -10-700
2- -10-700
2- -10-700

0
5

10
15
20
25
30
35
40

0 0,02 0,04 0,06

Lo
ad

, M
N

Displacement, m

2- -0-680
2- -0-680
2- -0-680
1- -20-680
1- -20-680
1- -20-680
2- -20-680
2- -20-680
2- -20-680

0
5

10
15
20
25
30
35
40
45
50

0 0,02 0,04 0,06

Lo
ad

, M
N

Displacement, m

2- -0-660
2- -0-660
2- -0-660
1- -30-660
1- -30-660
1- -30-660
2- -30-660
2- -30-660
2- -30-660

0

5

10

15

20

25

30

0 10 20 30 40 50 60 70 80 90 100

Lo
ad

, M
N

Concrete grade

no tube
10 mm
10 mm (loading only concrete)

0
5

10
15
20
25
30
35
40

0 10 20 30 40 50 60 70 80 90 100

Lo
ad

, M
N

Concrete grade

no tube
20 mm
20 mm (loading only concrete)

0
5

10
15
20
25
30
35
40
45
50

0 10 20 30 40 50 60 70 80 90 100

Lo
ad

, M
N

Concrete grade

no tube
30 mm
30 mm (loading only concrete)

 
Figure 20. Steel tube confined concrete column 
strength increase relative to that of the column 

made of plain concrete 
 
 
5. DISCUSSION 
 
First of all, the very concept of the steel tube 
confined concrete column has been confirmed to be 
viable and effective. Taking the calculated values 
of the ultimate load for the first limit state of the 
first group (see Table 13) in the cases, for instance, 
1-0-20-0 and 2-B30-0-680, that are 15 001.11 kN 
and 4 761.82 kN, respectively, one can see that 
their sum, which equals to 19 762.93 kN, is less 
than the values of the ultimate load (for the first 
limit state of the first group) in the relevant cases 1-
B30-20-680 and 2-B30-20-680, that are 24701.27 
kN and 29500.08 kN, respectively. The synergy 
effect of the steel tube and the concrete core is 
clear. (Using Table 13, one can ascertain that this is 
true for all other combinations.) 
Several important conclusions concerning effects 
of concrete grade and steel tube thickness onto 
column strength can be made already from Figs. 
14 and 15. In the cases, when the vertical load 
acts onto the ends of both the concrete core and 
the steel tube, the strength of the steel tube 
confined concrete column, measured through 
parameters of both the first and the second limit 
states of the first group, increases (as anticipated) 
with the tube thickness and (or) concrete grade. 
Yet, influence of these problem parameters is 
non-linear. 

Considering the first limit state of the first group 
and comparing the ultimate vertical load for the 
steel tube confined concrete column with that for 
the tubular steel column, one can see, that 
concrete core contribution to the column strength 
remains almost the same in absolute terms with 
the tube thickness increase for all the considered 
concrete grades, but diminishes in relative terms.  
Moreover, increasing the concrete grade above 
B60 has insignificant (even negative in the case 
1-B90-30-660) effect onto the column strength 
(see also Fig. 17(a)). The reason is simple. The 
guideline value of the limit strain under short-
time compression 2b  decreases with the grade 
for the concrete grades above B60, i.e. the high-
strength concrete is more brittle. And this limit 
strain decrease (almost) balances out the increase 
of the concrete compressive strength with regard 
to the amount of inelastic work being able to be 
done by the concrete of a particular grade. 
Looking at the shape of the force-displacement 
curves given in Fig. 14, it becomes evident that 
the second limit state of the first group is 
governed by the strength of the steel tube. Yet, 
the very existence of the concrete core has a 
significant positive effect onto the tube strength, 
and the thinner is the tube, the larger is the effect. 
Despite the concrete core is totally crushed by the 
time the second limit state of the first group is 
reached, it still has a residual bulk stiffness and 
facilitates tube stability. Since the second limit 
state of the first group is governed by the tube 
buckling, such an effect caused by the concrete 
core is unsurprising. At the same time, the 
concrete grade has a minor effect onto the 
parameters of the second limit state of the first 
group, that is clearly seen in Fig. 17(b). It is also 
expected. The bulk stiffness of the concrete 
crumbles is only a small fraction of that of intact 
concrete, so that the difference between various 
concrete grades is small in absolute terms. 
One can see in Figs. 14 and 16 that, in the cases 
when the vertical load acts onto both the steel 
tube and the concrete core, the value of the 
displacement corresponding to the second limit 
state of the first group decreases with the tube 
thickness, and it is almost independent of the 
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concrete grade. This is caused by the tube 
deformation pattern, that is buckling, during 
which the tube wall experiences local bending 
along the circumference. During single-axis 
bending, providing the same curvature of the 
neutral axis, the larger is the structural element 
thickness, the higher is its strain along the neutral 
axis. Hence, for a thick tube, the ultimate strain 
is accumulated earlier during its buckling than 
for a thinner tube. 
As it can be seen in Fig. 17, in the cases when the 
vertical load acts onto both the steel tube and the 
concrete core, the ultimate load values for both 
limit states of the first group vary almost linearly 
with the tube thickness for all the considered 
concrete grades. This linear dependence also 
takes place in the case of the tubular steel 
column, depicted in Fig. 17 as well. 
It follows from Figs. 18 and 19, that the steel tube 
confinement increases the column strength, 
characterized by the first limit state of the first 
group, several times compared to that of the 
column made of plain concrete and having the 
same diameter, as the diameter of the concrete 
core. Moreover, in the cases, when the steel tube 
acts only as a confinement (and the vertical load 
acts only onto the concrete core), its effect onto 
the steel tube confined concrete column strength 
is even greater than in the cases, when the vertical 
load acts onto the ends of both the steel tube and 
the concrete core. The explanation is simple. The 
steel tube is barreling under compression, that 
decreases its confining effect. 
From Fig. 20, it is clear that the steel tube 
confined concrete column strength, associated 
with the first limit state of the first group, varies 
almost linearly with the tube thickness for both 
considered structural schemes of the column, and 
for all the considered concrete grades, as has 
been already partially discussed above. 
 
 
6. CONCLUSION 
 
In the present work, the axially compressed 
circular steel tube confined concrete columns 
have been parametrically analyzed through 

numerical simulation. Several reference cases 
with the plain concrete circular columns and the 
tubular steel columns have also been simulated. 
Totally, 33 different cases have been considered. 
The general aim has been to confirm the 
effectiveness of concrete confinement and 
quantitatively estimate it. 
To perform the parametrical analysis, two limit 
states of the first group, characterized by values 
of the vertical displacement of the column end 
and the vertical load, have been defined for the 
considered cases. The first limit state of the first 
group has been associated with either concrete 
failure throughout some cross-section along the 
column or, for tubular steel columns, transition 
of some cross-section along the column into the 
plastic phase throughout its area. The second 
limit state of the first group has been associated 
with failure of the steel tube (in the relevant 
cases) at some circumferential cross-section 
along the column. 
The first group of column limit states and 
corresponding column failure mechanisms have 
been investigated, qualitatively and 
quantitatively, with regard to their dependence 
onto column structural scheme (viz. whether the 
vertical load acts onto the end of both the 
concrete core and the steel tube or only the 
concrete core is subjected to axial loading, while 
the steel tube acts only as a confinement), steel 
tube thickness and concrete grade. 
The effectiveness of concrete confinement has 
been clearly confirmed. 
It has been revealed that the steel tube confined 
concrete column strength, associated with the 
first limit state of the first group, varies almost 
linearly with the tube thickness for both 
considered structural schemes of the column, and 
for all the considered concrete grades. The 
largest value of the column strength increase 
factor k  (defined as the ratio of the steel tube 
confined concrete column strength to the strength 
of the column made of plain concrete with the 
diameter equal to that of the concrete core of the 
steel tube confined concrete column) amounts to 
9.36 and has been calculated for the B30 grade 
concrete and the structural scheme of the column, 
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concrete grade. This is caused by the tube 
deformation pattern, that is buckling, during 
which the tube wall experiences local bending 
along the circumference. During single-axis 
bending, providing the same curvature of the 
neutral axis, the larger is the structural element 
thickness, the higher is its strain along the neutral 
axis. Hence, for a thick tube, the ultimate strain 
is accumulated earlier during its buckling than 
for a thinner tube. 
As it can be seen in Fig. 17, in the cases when the 
vertical load acts onto both the steel tube and the 
concrete core, the ultimate load values for both 
limit states of the first group vary almost linearly 
with the tube thickness for all the considered 
concrete grades. This linear dependence also 
takes place in the case of the tubular steel 
column, depicted in Fig. 17 as well. 
It follows from Figs. 18 and 19, that the steel tube 
confinement increases the column strength, 
characterized by the first limit state of the first 
group, several times compared to that of the 
column made of plain concrete and having the 
same diameter, as the diameter of the concrete 
core. Moreover, in the cases, when the steel tube 
acts only as a confinement (and the vertical load 
acts only onto the concrete core), its effect onto 
the steel tube confined concrete column strength 
is even greater than in the cases, when the vertical 
load acts onto the ends of both the steel tube and 
the concrete core. The explanation is simple. The 
steel tube is barreling under compression, that 
decreases its confining effect. 
From Fig. 20, it is clear that the steel tube 
confined concrete column strength, associated 
with the first limit state of the first group, varies 
almost linearly with the tube thickness for both 
considered structural schemes of the column, and 
for all the considered concrete grades, as has 
been already partially discussed above. 
 
 
6. CONCLUSION 
 
In the present work, the axially compressed 
circular steel tube confined concrete columns 
have been parametrically analyzed through 

numerical simulation. Several reference cases 
with the plain concrete circular columns and the 
tubular steel columns have also been simulated. 
Totally, 33 different cases have been considered. 
The general aim has been to confirm the 
effectiveness of concrete confinement and 
quantitatively estimate it. 
To perform the parametrical analysis, two limit 
states of the first group, characterized by values 
of the vertical displacement of the column end 
and the vertical load, have been defined for the 
considered cases. The first limit state of the first 
group has been associated with either concrete 
failure throughout some cross-section along the 
column or, for tubular steel columns, transition 
of some cross-section along the column into the 
plastic phase throughout its area. The second 
limit state of the first group has been associated 
with failure of the steel tube (in the relevant 
cases) at some circumferential cross-section 
along the column. 
The first group of column limit states and 
corresponding column failure mechanisms have 
been investigated, qualitatively and 
quantitatively, with regard to their dependence 
onto column structural scheme (viz. whether the 
vertical load acts onto the end of both the 
concrete core and the steel tube or only the 
concrete core is subjected to axial loading, while 
the steel tube acts only as a confinement), steel 
tube thickness and concrete grade. 
The effectiveness of concrete confinement has 
been clearly confirmed. 
It has been revealed that the steel tube confined 
concrete column strength, associated with the 
first limit state of the first group, varies almost 
linearly with the tube thickness for both 
considered structural schemes of the column, and 
for all the considered concrete grades. The 
largest value of the column strength increase 
factor k  (defined as the ratio of the steel tube 
confined concrete column strength to the strength 
of the column made of plain concrete with the 
diameter equal to that of the concrete core of the 
steel tube confined concrete column) amounts to 
9.36 and has been calculated for the B30 grade 
concrete and the structural scheme of the column, 

in which the steel tube with the thickness of 30 
mm acts only as a confinement. 
It has also appeared that, when the steel tube acts 
only as a confinement and the vertical load acts 
only onto the concrete core, the steel tube 
confining effect is stronger and the column 
strength is higher than in the case, when the 
vertical load acts onto the end of both the 
concrete core and the steel tube. 
Finally, it has been shown that it is ineffective to 
utilize concrete grades above B60, since the 
high-strength concrete is more brittle. 
Speculating onto directions for future research, 
one may propose to extend the present one onto 
eccentric compression and other shapes of the 
column cross-section. Various techniques of 
steel confinement anchorage into the concrete 
core also seems to be a prospective area of 
research. 
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