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STRESS FIELDS NEAR EARTHQUAKE EPICENTERS 
 

Hydyr M. Saparliev 1, Sergey V. Kuznetsov 2 
 

1 Turkmen State Architecture and Construction Institute, Ashgabat, TURKMENISTAN  
2 Moscow State University of Civil Engineering, Moscow, RUSSIA 

 
Annotation: The closed form expressions for stress fields are derived. The analysis of stress fields reveals several 
phenomena, which may be essential for the design of seismic protection of underground structures, namely (i) 
infinite peaks in both pressure and second stress invariant at the arrival of Rayleigh wave at any points on the free 
surface; (ii) finite values of stress invariant fields at any of the undersurface points; and (iii) the presence of an 
infinite peak in the displacement magnitude  
 

Keywords: Bulk wave, v. Mises equivalent stress, plastic dissipation energy; seismic source 
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1. INTRODUCTION  
 
Both analytical and numerical solutions for 
stress and displacement fields in an isotropic 
linearly elastic halfspace loaded with a surface 
delta-like force normal to the plane boundary 
are constructed and analyzed. Analytical 
solutions for stress fields are derived apparently 
for the first time using the Cagniar – de Hoop 
method, developed for the construction of a 
displacement field in a halfspace.  
Instead of analyzing individual stress 
components, stress invariants are analyzed, 
revealing several interesting phenomena, (i) 
both first and second stress invariants, together 

with the associated pressure and v.Mises 
equivalent stress are finite at the internal points 
of the halfspace; (ii) both pressure and the 
equivalent v.Mises stress tend to infinity when 
approaching the free surface at the moment of 
arrival of the Rayleigh wave; (iii) near the free 
surface the pressure field suddenly changes sign 
at the moment of arrival of the Rayleigh wave; 
(iv) at any time both pressure and equivalent 
v.Mises stress decrease exponentially with 
depth; and (v) everywhere in the halfspace both 
stress invariants remain finite at the moments of 
arrival of bulk waves. These observations and, 
in particular, the observed abrupt change in the 
sign of the pressure field at the arrival of 
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Rayleigh wave, are important for the 
development of seismic protection systems for 
undersurface structures, since at the appearance 
of negative pressure, the soil loses its bearing 
capacity, even if the equivalent v.Mises or 
Tresca criteria are small [1-18].  
The outer plane Lamb problem of displacement 
field in a halfspace or halfplane loaded with a 
concentrated dynamic force applied to the plane 
boundary is most often solved by applying 
different analytical and numerical methods.  
(A) The Cagniar – de Hoop method, used to 
invert Fourier and Laplace integral transforms 
and allowing to obtain the closed form solutions 
for displacement fields. Most of the works in 
this group are confined to deriving displacement 
fields on a free surface only, however, several 
works relate to the displacement fields in the 
whole halfspace, e.g.. It should also be noted 
that quite a large number of works in this group 
is concerned with the inner Lamb problem for a 
delta-like force acting inside the halfspace).  
(B) Self-similar solutions, known also as the 
functionally-invariant solutions. This method is 
based on an analogy between plane or 
axisymmetric problems of the linear elasticity 
and the complex potential method. The method 
of self-similar solutions is mainly used for 
constructing solutions of the inner Lamb 
problem, however, some plane problems, 
including ones related to the moving cracks, can 
also be considered; see. Another remark 
concerns the application of the self-similar 
method to solving both inner and outer Lamb 
problems for an anisotropic halfspace. 
(C) The construction of a 1D hyperbolic 
equation for the Rayleigh wave in a plane outer 
Lamb problem is suggested in, enabling to 
exclude vertical coordinate from the governing 
equation, but retaining it in the pseudo-
differential operator acting on the applied 
surface load. In this regard see also. 
(D) Finite element (FE) approaches are usually 
combined with either Lax – Wendroff energy 
preserving explicit numerical scheme or 
Godunov energy preserving explicit scheme for 
time integration, where Lamb problems were 

studied by FE coupled with Lax – Wendroff 
scheme. Other FE formulations include spectral 
finite element methods, allowing to 
considerably decreasing dispersion errors 
associated with the Runge phenomenon at 
solving Lamb problems.  
(E) Finite difference (FD) schemes are used much 
less frequently compared to FE approaches. In [1-
3] the outer and inner Lamb problems were 
studied by the FD approaches combined with 
Godunov type schemes for time-integration.  
In summary, most of the reviewed publications 
are concerned with the analysis of the 
displacement fields at the free surface of a 
halfspace or half-plane. Meanwhile, the 
displacement and stress fields in the interior of 
the halfspace or half-plane, appears to be at least 
as important as the displacement field on the 
free surface, especially taking into account 
various undersurface structures affected by the 
arrival of technogenic seismic waves. 
 
 
2. PRINCIPAL EQUATIONS  
 
Equation of motion for a linearly-elastic 
medium can be written in the form  
 

 

2 2 2
1 2

2

div rot rot ( , ) 0

0, 0

ttc c t

x t
x x x x I u x

x  (2.1)

 

 
where u  is the displacement field; x  is the 
spatial coordinate; t  is the time; I  is the unit 
3 3 -matrix;  is the unit outward normal to 
the plane boundary; and 1 2,c c  are respectively 

longitudinal and shear bulk wave velocities  
 

1 2
2

;c c
            

(2/2) 

 
Herein, ,  are Lame’s constants  
 

;
(1 2 )(1 ) 2(1 )

E E

     
(2.3) 
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where E  is Young’s modulus; and,  is 
Poisson’s ratio.  
The boundary plane is assumed to be traction-
free, except one point, where a delta-like force 
is applied  
 

0( , ) ( ) ( )t P txt x x k
    

(2.4) 

 
where  is the boundary plane; k  is a unit 

vector, specifying the direction of the applied line-
load; and, 0P  is an amplitude multiplier. The 

 
 

0 0
( , ) 0; ( , ) 0tt tt tu x u x .    (2.5) 

 
Conditions (2.4) and (2.5) should be supplemented 
by the Sommerfeld radiation condition  
 

( )

( )

( , ) 0;

( , ) 0

( , ) 0;

( , ) 0

t

t

t

t

x

x x

x k

x x k

u x

u x

u x

u x
               (2.6)

 

 
Following Cagniar – de Hoop method, the 
desired equations for the displacement field in a 
halfspace can be represented in the form  
 

          

0

1

( , ) Im ( , )
( )

Pt t
c R

u x p x  (0.1) 

 
where functions the Rayleigh function) 
 

22 2 2 2 2 2( ) 2 4 1R  

(2.8) 
 
Herein,  
 

2 21
1 2

2

1 2

1;

;

c r x x
c

x xx k x
          (2.9) 

Equation (0.1) defines the displacement field 
everywhere in the considered halfspace. 
Performing differentiation with respect to 
spatial variables in the infinitesimal Cauchy 
relations  
 

1
( , ) ( , ) ( , )

2
Tt t tx xx u x u x

      
(0.2) 

 
where T  means transposition, yields strain 
tensor. Now, Hooke’s law with account of plane 
strain condition  
 

0k k                       (0.3) 
 
where double dots mean convolution with 
respect to two indices, gives  
 

( , ) Tr ( , ) 2 ( , )t t tx x I x
       

(0.4) 

 
The behavior of individual stress components is 
less interesting than the behavior of the 
corresponding stress invariants 
 

2

2

1
=Tr( ); Tr( ) Tr( )

2

; det( )
3

I II

IJ II III   
(0.5) 

 
where J  is second deviatoric invariant, from 
which the following two associated functions 
are of great importance in various applications  
 

; 3
3 i
Ip J

             
(0.6) 

 
where p  is the pressure; and, i  is the v.Mises 

equivalent stress.  
Performing differentiation with respect to 
spatial variables in the infinitesimal Cauchy 
relations  
 

1
( , ) ( , ) ( , )

2
Tt t tx xx u x u x      (0.7) 
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where T  means transposition, yields strain 
tensor. Now, Hooke’s law with account of plane 
strain condition  
 

0k k                       (0.8) 
 
where double dots mean convolution with 
respect to two indices, gives  
 

( , ) Tr ( , ) 2 ( , )t t tx x I x       (0.9) 

 
The behavior of individual stress components is 
less interesting than the behavior of the 
corresponding stress invariants 
 

2

2

1
=Tr( ); Tr( ) Tr( )

2

; det( )
3

I II

IJ II III  
(0.10) 

 
where J  is second deviatoric invariant, from 
which the following two associated functions 
are of great importance in various applications 
 

; 3
3 i
Ip J             (0.11) 

 
where p  is the pressure; and, i  is the v.Mises 

equivalent stress.  
The invariant stress fields are shown in Fig. 1, 2 
and 3.  
 

 
a) 

 
b) 

 

 
c) 

 
Figure 1. Pressure variation over time; 

a) overview; b) near P-wave arrival; c) near 
arrival of Rayleigh wave 

 

 
a) 
 

Stress Fields Near Earthquake Epicenters



18 International Journal for Computational Civil and Structural Engineering

 
b) 

 

 
c) 

 
Figure 2. J-invariant stress field over time; 

a) overview; b) near P-wave arrival; c) near 
arrival of Rayleigh wave 

 

 
Figure 3. The modified second invariant stress 

field over time: an overview 

These plots reveal,  
(I) small peaks corresponding to the arrival of 
P -waves in both pressure and v.Mises 
equivalent stress, which is a square root of the 
second deviatoric invariant;  
(II) infinite peaks related to the arrival Rayleigh 
waves at a point 0x  located on the free surface; 

moreover,  
(III) the pressure field exhibits a double 
discontinuity upon arrival of a Rayleigh wave;  
(IV) the peaks associated with the arrival of 
Rayleigh waves, being finite at the inner points 
of the considered halfspace, still dominate over 
peaks associated with bulk waves, at least on 
depths not exceeding 1

3 l ;  

(V) the J -invariant field and hence, the 

v.Mises equivalent stress, becomes infinite at 
the arrival of Rayleigh wave; and  
(VI) at the inner points of the halfspace, the 
peak of the J -invariant at the arrival of 

Rayleigh wave dominates over the peaks 
associated with bulk wave arrivals 
 
 
3. CONCLUDING REMARKS  
 
According to the obtained results, the outer 
Lamb problem for displacement and stress 
invariant fields caused by a vertical delta-like 
force, applied at the free surface, reveals several 
phenomena, some of which are observed 

 
The displacement magnitude on the free surface 
exhibits an infinite discontinuity at the arrival of 
Rayleigh wave, while the arrival of the 
longitudinal P -wave produces a finite peak.  
The displacement magnitudes in the inner points 
of the halfspace are finite, even at a close 
distance to the free surface; the peak associated 
with the arrival of Rayleigh wave dominates 
over bulk wave arrivals up to a depth 1

3 l .  

The pressure field in the close vicinity of the free 
surface exhibits a double discontinuity upon arrival 
of a Rayleigh wave at 0Rt t , where Rt  is the 

time of the Rayleigh wave arrival. Moreover, at 

Hydyr M. Saparliev, Sergey V. Kuznetsov
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0Rt t , p , while at 0Rt t , 

p . In the interior points of the halfspace the 
double peaks corresponding to the arrival of 
Rayleigh waves dominate over peaks related to 
bulk wave arrivals, at depths 1

3 l . The appearance 

of infinite or large negative pressure values 
eventually means deterioration of soil properties.  
The J -invariant field and the associated 
v.Mises equivalent stress defined by Eq. (0.6), 
reveal the infinite peak at the Rayleigh wave 
arrival and a finite peak associated with the 
arrival of bulk P -wave. Similarly to the 
preceding fields, at the inner points of the 
halfspace the peak associated with Rayleigh 
wave dominates over peaks related to the bulk 
waves, at least for the studied depths 1

3 l . 

The observed negative pressure values associated 
with the Rayleigh wave arrival, being extremely 
dangerous for soil and the undersurface structures, 
stipulates the necessity in developing specific 
methods of seismic protection, primarily against 
short-duration Rayleigh waves, which create large 
negative pressure. In this regard, widely used 
seismic barriers, which are mainly designed 
against relatively long-period harmonic Rayleigh 
waves producing no (or small) negative pressure, 
could hardly be used in the considered case of 
short-duration waves [18-24].  
The observed infinite peaks of the pressure and 
deviatoric stress invariant, associated with the 
arrival of Rayleigh wave, stipulate the 
development of seismic barriers against 
Rayleigh waves, which should be filled with 
elastoplastic materials, obeying (i) low cohesion 
to achieve dissipation of the deviatoric strain 
energy, which is proportional to the  -stress 
invariant; (ii) either a small or preferably 
vanishing angle of internal friction to ensure 
energy dissipation at high pressure values; and, 
(iii) equal acoustic impedances (or similar ) of 
the barrier material and the ambient soil for 
trapping wave energy within the barrier 
material, to prevent diffraction of Rayleigh 
wave into protected region; see [22-24] for 
heuristic suggestions on the construction of 
seismic barriers.  

And the concluding remark concerns the 
assumed infinitesimality of strain fields, 
implying linear relations between displacement 
and strain fields. A natural extrapolation of 
these results could lead to applying both 
geometrically and physically nonlinear 
equations for finding displacement, strain and 
stress fields in the near epicenter regions. 
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OPTIMAL DESIGN OF TIMBER-FRAME BUILDINGS 
 

Tatiana  
Irkutsk National Research Technical University, Irkutsk, RUSSIA 

 
Abstract. The problem of optimal design of timber frame structures is addressed. A computational algorithm 
has been developed and tested for selecting the cross-sectional areas of structural elements to minimize mate-
rial volume while satisfying code requirements for strength and stiffness. The mathematical model is formal-
ized as a nonlinear programming problem and solved using a method based on a modified Lagrange function, 
which ensures a wide convergence region. The algorithm was implemented in the MathCAD software envi-
ronment, ensuring clarity and making it accessible to design engineers. To verify the optimization results, val-
idation calculations were performed using the Lira-Soft software (CAD system). The research results demon-
strated the robust convergence of the developed algorithm and the high accuracy of the obtained solutions. A 
demonstration of its practical applicability is provided using an example of an actual frame structure. 

 
Keywords: timber frame buildings; optimal design; Lagrangian function; nonlinear programming; 

finite-element analysis 
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INTRODUCTION 
 
In recent years, there has been a significant in-
crease in interest in optimization methods for the 
design of timber structures. Research is focused 
on finding optimal shapes, cross-sectional di-
mensions, and element layout schemes that ena-
ble the minimization of material consumption 
and construction costs while ensuring the re-
quired strength and stiffness. For instance, stud-
ies [1-3] address the application of genetic algo-

rithms for optimizing beams and trusses. In [4], 
methods for optimizing the geometry of timber 
frame structures using nonlinear finite-element 
analysis are considered. References [5-11] inves-
tigate the optimization of connections in timber 
structures, taking into account their flexibility 
and influence on overall load-bearing capacity. 
Despite the progress achieved, existing optimiza-
tion methods often face several limitations. Many 
require significant computational resources and 
are complex to implement in practice. Conse-
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quently, there is a need to develop an efficient, 
transparent, and accessible tool for the optimal 
design of timber frame structures. Such a tool 
should account for the specific behavior of tim-
ber and allow design engineers to control each 
stage of the optimization process. This would 
enhance the competitiveness of timber construc-
tion and broaden its scope of application. 
The objective of this research is the develop-
ment and testing of a computational algorithm 
for the optimal design of timber frame struc-
tures, based on the application of the Lagrange 
function and its modification, and implemented 
within the MathCAD mathematical software 
environment. Unlike existing approaches, this 
algorithm aims to strike a balance between 
computational efficiency, transparency, and 
adaptability to specific design conditions. 
The main stages of the research are as follows: 
1. Development of a mathematical model for 
the optimal design of timber frame structures, 
incorporating code requirements for strength, 
stiffness, and stability. 
2. Implementation of the computational design 
optimization algorithm within the MathCAD 
environment. 
3. Testing of the developed algorithm using an 
example of an actual frame structure. 
4. Assessment of the reliability of the optimal 
design through verification analysis using the 
LIRA-SOFT software. 
5. Evaluation of the efficiency and practical ap-
plicability of the developed algorithm. 
 
 
1. MATERIALS AND METHODS 
 
The design calculation for timber frame structures 
is carried out under the criterion of minimum 
weight (or volume). In this formulation, the design 
problem can be posed as an optimization task, 
where the feasible domain of the structures is con-
strained by regulatory requirements for strength 
and stiffness. One of the most versatile and robust 
methods for optimal design employs a modified 
Lagrangian function, which serves to enlarge the 
convergence domain of the underlying algorithm 

[12]. The problem is thus cast as a nonlinear pro-
gramming task, in which the design variables  
here, the cross sectional areas of the members  
are sought within prescribed bounds. 
 
Mathematical Model Used in the                    
Optimization Problem 
We present the mathematical model, formulated 
as a nonlinear programming problem 
 
Find   ,),(min nxExxf                               (1) 
 
subject to the following constraints: 
 
 , ( ) 0, 1,2,...jg x P x j m ,                  (2) 

, 1,2,...L U
i i ix x x i nx .               (3) 

 
Here f (x)  is the objective function (the volume 
or weight of the structure under consideration); 
{X}  is the vector of unknown (or design) vari-

ables over the interval {X
L
}-{X

U
} (the 

cross-sectional parameters of the elements);  
nx  is the number of these variables;  
gj (x)  are the constraint functions for strength, 

stiffness, and stability, j=1,…, m;  
P(x)  denotes the state parameters of the sys-
tem (displacements and internal forces develop-
ing in the structure), which depend on the de-
sign variables x,  
{P (x)} =  ({  (x)}, (S (x)}),    here,  

{ i(x)}
T
={ui(x) i(x) wi(x) xi(x) yi(x) zi(x) }  

displacement vector at node i of the FE model in 
3D space (x,y,z); 

{Sk(x)}
T
={Nk(x) Qyk(x) Qzk(x) Mxk(x) Myk(x) 

Mzk(x)}  internal force vector at section k of the 

spatial FE model. 
The equilibrium (state) equation of the system 
in terms of the nodal displacements is given by: 
 

[K (x)] {  (x)} = {F}, 
 
where [K (x)]  is the stiffness matrix of the sys-
tem;   {F}  is the vector of external loads. 
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For a spatial pin-jointed truss system: 
 

            { i (x)}
T
 = {ui (x) i (x) wi (x)}, 

            {sk (x)}
T
 = {Nk (x)}. 

 
The most resource-intensive are the constrained 
extremum solver module and the finite-element 
analysis module.  
To solve the constrained optimization problem, 
we will use the Lagrangian function FL 

 

.gYxfF T
L               (4) 

 
Here {Y} – is the vector of Lagrange multipli-
ers; [ ] – is a diagonal matrix of Boolean varia-
bles, where jj =1, if j  , and jj =0 other-
wise, where   denotes the set of potentially 
active constraints. 
To expand the convergence domain of the 
search algorithm, we introduce a modification  
of the Lagrangian function, denoted as Fp: 
 

,5,0 gkgFkF T
LfP          (5) 

 
The search algorithm for solving problem (1–3) 
includes two main operations at each iteration: 
searching for the parameter set{X} by minimiz-
ing the modified Lagrangian function Fp and 
updating the dual variables{Y}, which are de-
termined from the stationarity condition  
of the Lagrangian function FL and the modified 
function Fp with respect to X: 
 

   .,0maxy 1*1 t
t
f

t
jjt

j
t
j g

k
k

y          (6) 

 
In expression (5), [k]  is the penalty coeffi-
cients matrix, and kf  is the scaling factor for 
the Lagrange function. Figure 1 shows a 
flowchart of the sequence of operations within 
the iterations of the search algorithm, a full 
description of which is given in [12]. 
 

 

 
Figure 1. Flowchart of the sequence of computational operations during the iterations 
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If the structure is statically indeterminate, deter-
mining the cross-sectional parameters at each 
iteration requires recalculating internal forces and 
displacements by invoking the FE analysis sub-
program. In this subprogram, the stiffness matrix 
is assembled using the system's equilibrium ma-
trix [A] and flexibility matrix [B]. 

 
TABA 1  

 
Consequently, if node positions are not varied, 
the equilibrium matrix [A] requires no reassem-
bly during the iterative process. The iteration 
exit criteria at step t are: 
 

,g,XXX g
t

x
tt 1

            
(7) 

 
where g  – is the set of potentially active con-

straints; x, g   denote specified convergence 
tolerances. 
Let us consider the specifics of implementing 
this algorithm in the MathCAD software envi-
ronment. The minimization of the modified La-
grangian function Fp(X) is performed using the 
methods embedded in this package. The auto-
matic termination is controlled by the user ac-
cording to condition (7).  

This approach to the solution offers several ad-
vantages: the sequence of operations is clear and 
logically structured, the algorithm can be repro-
duced without programming skills, and its im-
plementation only requires knowledge of 
MathCAD operation principles [13]. 
 
Example of frame optimization  
in the MATHCAD system 
To verify the functionality and reliability of the 
optimization method, a sample problem of op-
timal design for a 36-bar timber frame structure 
was solved. The task requires selecting cross-
sectional areas for elements of the timber frame 
structure shown in Figure 2, where the structure 
is displayed with coordinate axes 
Input data: d=3 m, h=3 m. The material is Grade 
1 pine, with an elastic modulus along the grain 

 = 10000 MPa, allowable compressive strength 
Rc =13,365 MPa, and allowable tensile strength 
Rt =8 MPa. 
Two loading cases are specified (see Figure 3): 
- first case: force P  = 25 kN applied in the di-
rections of the x, y, z axes at node 1; 
- second case: force: P  = 25 kN applied in the 
negative z-direction at nodes 1, 2, 3, and 4. 
 

 
 
 
 
 
 
 
 

Figure 2. Structural model of the spatial frame 
 
 
 

 
 
 
 
 

Figure 3. First and second loading cases
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The structural elements are grouped by cross-
sectional types, as shown in Table 1. On each 
floor, four types of elements are considered: 4 

columns, 8 braces, 4 beams, and 2 horizontal 
ties. 

 
Table 1. Distribution of cross-sectional areas (Ai) of elements by groups 

Variation parameters 

x1 x2 x3 x4 x5 x6 x7 x8 

A1:A4 A5:A12 A13:A16 A17:A18 A19:A22 A23:A30 A31:A34 A35:A36 

 
The cross-sectional areas in each group were 
varied within the range of 6 to 90 cm2. 
The objective is to minimize the structure’s vol-
ume 
 

 
 
where nel = 36; Ak , lk – are the cross-sectional 
area and length of the -th element. 
The following constraint functions are adopted.  
The strength check for the i-th group of struc-
tural cross-section types (8 constraints) is car-
ried out according to the formulas of «  
64.13330.2017  ». 

For compressed elements  
 

,01
R

N
g

i

i
i  

 
For tensioned elements 
 

.01
tR

Ng
i

i
i  

 
Here, xi – is the design variable, Ni  is the de-
sign axial force for the most heavily loaded 
member in the i-th group (taken as the maxi-
mum force from the two loading cases).  - is 
the buckling reduction factor, calculated per 
Formulas (13–16) of «  64.13330.2017». 
For structural members  

 

.
001

8,01
2

 

 
> 70 

 

,
3000

2
 where 

.
12

, sAr
r
l  

 
The stiffness check is based on the maximum 
displacement, which occurs at node 1. There-
fore, one constraint from the first loading case 
along the x-axis is considered. 
 

.011
9g   [ ]=1,4 cm. 

 
Solution Computational operations during iter-
ations of the search algorithm are illustrated in 
Figure 1. The minimization problem for func-
tion Fp was solved using built-in MathCAD 
methods: 
 Levenberg-Marquardt method; 
 Conjugate gradient method; 
 Quasi-Newton method. 

The program automatically switches between 
these methods until convergence is achieved by 
one of them. 
 
 
2. RESULTS AND DISCUSSION  
 
Optimization results (Figure 4) provide the 
cross-sectional areas for each member group in 
the frame structure. 

1

nel

k k
k

f A l
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   1 74,46636995 
2 88,78768792 
3 42,26213826 
4 78,17657518 
5 82,57623377 
6 78,06506049 
7 6 
8 6 

Figure 4. Optimization results  
 

1 -3,89058E-08 
2 1,78E-07 
3 2,14E-07 
4 -1,03054E-06 

5 -1,06004E-06 
6 3,09E-07 
7 -0,51288 
8 -0,51288 

 

 
-0,76425 

Analysis of constraint functions reveals that 
strength constraints for the first five member 
groups are active (critical). 
Convergence plots for both the objective func-
tion and constraint functions across iterations 
are presented in Figure 5. The iterative cycle 
terminated based on condition (7). The con-
straint residuals demonstrated high precision 
(10-7).  The optimization yielded a final objec-
tive function value of 8.84109×10 cm3. 
 

 
Figure 5. Objective function evolution  
during iterations 
 

 
Figure 6. Evolution of maximum constraint re-
siduals during iterations 
 
To verify the calculation results, we will com-
pute the complete vector of strength and stiff-
ness constraints in the MathCAD program, 
where the obtained solution is checked. The 
cross-sectional area parameters here are taken 
from the optimization program.. 
Analysis of the obtained values shows that the 
strength constraints are active for second-floor col-
umns under loading case 2. For all other element 
groups, the constraints are active under loading 
case 2. For first-floor beams and bracing elements, 
the constraints are satisfied with a safety margin. 

Table 2. Strength Verification 

 
  Elem

ents 
Loading 
Case 1 

Loading 
Case 2 

Fl
oo

r 
2 C

ol
um

ns
 1 -0,791 -3,90E-08 

2 -0,966 -3,90E-08 
3 -0,415 -3,90E-08 
4 -0,966 -3,90E-08 

B
ra

ce
s 

5 -0,907 -0,787 

6 1,78E-07 -0,787 
7 -0,88 -0,787 
8 -0,617 -0,787 

9 -0,617 -0,787 

10 -0,88 -0,787 

11 -0,907 -0,787 
12 1,78E-07 -0,787 

B
ea

m
s 

13 2,15E-07 -0,972 
14 -0,941 -0,972 
15 -0,941 -0,972 
16 2,15E-07 -0,972 

B
ra

ci
n

gs
 17 -1,03E-06 -0,972 

18 -0,956 -0,972 

Fl
oo r1

 
C

ol um ns
 19 -0,77 -0,153 

20 -0,752 -0,153 
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21 -1,06E-06 -0,153 

22 -0,752 -0,153 
B

ra
ce

s 

23 -0,791 -0,777 
24 -0,365 -0,777 
25 -0,939 -0,777 

26 3,09E-07 -0,777 

27 3,09E-07 -0,777 
28 -0,939 -0,777 
29 -0,791 -0,777 
30 -0,365 -0,777 

B
ea

m
s 

31 -0,946 -0,513 

32 -0,763 -5,13E-01 

33 -0,763 -5,13E-01 
34 -0,946 -0,513 

a c i n 35 -0,956 -0,513 

36 -0,753 -0,513 
 
The stiffness constraints are satisfied with sig-
nificant safety margins for both loading cases. 
 
Verification Analysis of Spatial Frame in 
LIRA-SOFT Software 
Using the selected cross-sections, a verification 
analysis was performed in LIRA-SOFT soft-
ware (Figs. 7, 8). The internal forces obtained in 
LIRA-SOFT and MathCAD calculations 
showed complete agreement. The results con-
firm the correctness of the finite element analy-
sis implementation within the optimization algo-
rithm.  

 

        
Figure 7. Internal forces from Loading Cases 1 and 2 in LIRA-SOFT 

 

      
Figure 8. Original Frame Model and Section Utilization Percentage in LIRA-SOFT 
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An optimal design of a spatial timber frame has 
been obtained, with the optimization algorithm 
demonstrating stable convergence and high ac-
curacy of results. 
Factors affecting algorithm performance: structure 
size (number of members, nodes); degree of static 
indeterminacy; computer processing power; effi-
ciency of finite element analysis implementation 
in MathCAD; choice of optimization method. 
Advantages: 
 Clear and logically transparent algorithm 
 Implementation possible without specialized 

programming skills (basic MathCAD 
knowledge sufficient) 
 Easy modification and adaptation to specific 

problems 
Limitations: 
 No automatic iteration exit (requires user 

monitoring) - inconvenient for large/complex 
problems 
 Potentially lower performance compared to 

specialized optimization software 
 Limited MathCAD functionality 
 Implementation simplicity: relatively easy 

for MathCAD users, but lack of automation may 
hinder non-specialists 
 Scalability: performs poorly for very large 

structures due to FEA computational complexity 
and lack of automated optimization 
The timber material's influence on optimization 
algorithm development should be noted. The 
algorithm accounted for these parameters: de-
sign compressive strength, design tensile 
strength, and elastic modulus. Strength, stiff-
ness, and stability verifications were completed. 
However, comprehensive efficiency evaluation 
requires testing on more examples with varia-
tions in structure size, geometry, and loading 
conditions. Also necessary is comparing algo-
rithm runtime against other known frame struc-
ture optimization algorithms.  
 
 
CONCLUSION 
 
An optimization algorithm for designing frame 
structures has been developed and implemented 

in the MathCAD environment. The algorithm 
combines the finite element method for analyz-
ing structural stress-strain states with a modified 
Lagrange function minimization method to de-
termine optimal cross-sectional areas while sat-
isfying strength, stiffness, and stability con-
straints. 
The key advantage of this approach is its trans-
parency and accessibility, enabling engineers 
with basic MathCAD knowledge to understand 
and control the optimization process, unlike 
complex commercial packages that function as 
"black boxes." Experimental results for a 36-
bar structure demonstrated the algorithm's 
functionality. 
However, it should be noted that the algorithm's 
performance is constrained by MathCAD's ca-
pabilities. The complexity of finite element 
analysis makes it unsuitable for optimizing large 
and complex structures within reasonable 
timeframes. Moreover, the need for manual 
convergence monitoring requires user expertise 
and may significantly increase design time. 
Despite these limitations, the developed algo-
rithm can be valuable for teaching structural op-
timization fundamentals to students and engi-
neers, as well as for solving small-scale prob-
lems where transparency and manual adjustment 
capabilities are essential. 
Future research should focus on improving this 
optimization algorithm, for example by auto-
mating the convergence process. Additionally, 
more extensive experimental studies are neces-
sary to evaluate the algorithm's effectiveness 
across various timber structure types and com-
pare it with existing approaches. 
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BIO-RESISTANT CEMENT COMPOSITES WITH ACTIVE 
MINERAL ADDITIVE 
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Abstract: Bio-damage is a serious problem affecting all stages of the life cycle of building materials, from the 
production and storage of raw materials to the transportation and operation of finished products. Bacteria and 
fungi, being the main agents of biodegradation, can significantly reduce the performance characteristics of 
materials, which leads to economic losses and a decrease in the quality of building structures. As part of this 
study, a comprehensive assessment of the biostability of cement composites was carried out. Special attention 
was paid to the study of the species composition of micromycetes colonizing the surface of composites, as well 
as the determination of fouling indices. The mechanisms of the effect of microorganisms on the physico-
mechanical properties of composites, including their effect on mass content and strength characteristics, were 
studied in detail. The data obtained are important for the development of new strategies for protecting building 
materials from biodegradation, which will increase their durability and reliability under operating conditions. 
 

Keywords: bio-resistance, physical and mechanical properties, biocidal cements, composites, 
active mineral additives, strength, biocorrosion 
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INTRODUCTION 
 
The problem of bio-damage covers a wide range 
of scientific and practical tasks related to the 
protection of raw materials, materials and goods 

from damage by bacteria and fungi, both in 
conditions of long-term storage, as well as 
during production, transportation and operation. 
Currently, one of the main tasks in building 
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materials science is to increase the durability of 
building materials and products. In this case, the 
problem of biological corrosion is given a 
primary role, since the negative effects of 
bacteria, mycelial fungi and actinomycetes in 
buildings and structures pose a serious danger to 
human health [1-3]. With insufficient resistance 
of materials to microbiological corrosion, the 
operational reliability of products and structures 
decreases, their appearance and the 
environmental situation in buildings and 
structures deteriorate. To date, a large number 
of facts of destruction of industrial buildings 
and structures under the influence of 
microorganisms have been established. For 
example, the destruction of reinforced concrete 
structures at Kievsky, Kirovogradsky, 
Kamenets-Podolsky and other meat processing 
plants, the canopy of the Sennaya Ploshchad 
metro station in St. Petersburg, the outer 
concrete walls of the Svir-HPP power and 
gateway stations, and other building structures 
fully proves the destructive ability of 
microorganisms [3-5]. Every year, huge 
amounts of money are spent all over the world 
on repairing damaged structures, treating 
patients, and preventing diseases. 
Increasing the biosafety of building materials 
can be achieved through various measures, 
including the use of biocidal cements. Giving 
Portland cement, sulfate-resistant, hydrophobic, 
plasticized and other cements fungicidal and 
bactericidal properties, as well as the creation of 
special biocidal cements is the most important 
direction of modern construction [1, 3-5]. 
Recently, in world practice, preference has been 
given to various types of mixed cements [6-9]. 
The development of technology for the 
production and optimization of compositions of 
biocidal Portland cements with an active 
mineral additive for the manufacture of building 
composites with biocidal properties that have 
increased resistance in biological and chemical 
aggressive environments, resistance to various 
climatic factors, as well as improved physico-
mechanical properties is one of the urgent tasks 
being solved in this work. 

The purpose of the research was to evaluate the 
bio-stability of cement composites based on 
Portland cement with an active mineral additive, 
identify the dominant species of 
microorganisms on their surface, and study the 
effect of mycelial fungi on changes in the 
strength and mass content of materials. 
 
 
METHODS 
 
The studies were carried out on samples of 
cement stone obtained from a solution of normal 
density. The following materials were used as 
binders in the manufacture of composites: 
portland cement M–500–D0-H Russia Standard 
GOST 10178-85 (CJSC Eurocement Group, 
Komsomolsky settlement, Russia) as a mineral 
additive, metallurgical plant slags of three types 
– blast furnace, granular and converter with a 
specific surface area of 2900-3000 cm2/g, 
Russia Standard GOST 3476-74 (Novolipetsk 
Metallurgical Kombinat, Lipetsk, Russia). The 
samples were made in the form of beams with 
dimensions of 1×1×3 cm, which hardened for 
28 days in humid conditions before testing. 
Cement stone samples were tested for fungus 
resistance and fungicidal properties in 
accordance with Russia Standard GOST 9049-
91. The following micromycete species were 
used as test organisms: Aspergillus oryzae 
(Ahiburg) Cohn, Aspergillus nigerien Tieghem, 
Aspergillus terreus Thom, Chaetomium 
globosum Kunze, Paecilomyces varioti Bainier, 
Penicillium funiculosum Thom, Penicillium 
chrysogenum Thom, Penicillium cyclopium 
Westling, Trichoderma viride Pcis, ex Fr. 
The fouling of cement composites by mold 
fungi was determined by two methods. Method 
1 (without additional sources of carbon and 
mineral nutrition) and method 3 (on solid 
nutrient medium of Chapek–Doks) with the 
establishment of fungal resistance and 
fungicidal activity, respectively. The coefficient 
of biological resistance was determined as the 
ratio of compressive and flexural strength of the 
samples soaked in the medium used for testing 

Vladimir.T. Yerofeev, Margarita A. Goncharova, Vasily.F. Smirnov, Alexander. I. Rodin, Alexander P. Volkov



35Volume 21, Issue 3, 2025

for 6 months according to method 3. To 
determine the change in mass content, the 
samples removed from the medium were wiped 
with a cotton swab soaked in alcohol. Then the 
control samples and the samples kept in the 
medium were dried for 5 hours in a drying 
cabinet at a temperature of 50 C, after which 
they were weighed. The number of tested 
samples ensured an experimental accuracy of at 
least 95%.  
The identification of micromycetes was carried 
out based on their morphological and cultural 
characteristics. 
 
 
RESULTS AND DISCUSSION  
 
Table 1 shows the studied formulations and test 
results. In the studied formulations, the content 
of slag fillers varied up to 60%. From the 
conducted fouling studies of cement stone 
(Table 1), the growth of fungi was established: 
by the method of 1-0 points, by the method of 3 
– 1-3 points. In addition, the resistance of the 
cement composite to mycelial fungi was 
revealed, with a concentration of active mineral 
additives of 20-40%, these composites are 
fungicidal. Identification of micromycetes on 
the surface of cement stone after one month of 
testing according to Method 3 (see Table. 1) 
established the dominance of Aspergillus 
terreus (1), Penicillium cyclopium (2) and 
Penicillium chrysogenum (3) on almost all 
cement composites.  
As research practice shows, it is the above-
mentioned microorganisms that are the most 
dangerous and aggressive against reinforced 
concrete structures and are more common in the 
food and processing industry. Conditionally 
pathogenic strains capable of causing various 
human diseases are found among the destructive 
fungi isolated from the surface of composites. 
Thus, the fungus Aspergillus terreus (1) causes 
mycoses of the pulmonary and cardiovascular 
systems, cerebral mycoses, and also affects the 
musculoskeletal system. Penicillium 
chrysogenum (3) is capable of causing mycoses 

of the spleen, kidneys, heart, skin; ear 
inflammation, tongue and eye lesions. No less 
harmful are other micromycetes identified on 
the surface of cement composites.  
 

Table 1 Fouling of cement stone and species 
composition microorganisms on its surface 
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2 20 - - 80 0 1 F 2 
3 40 - - 60 0 1 F 2 
4 60 - - 40 0 3 MR 1, 2 
5 - 5 - 95 0 2 MR 1,2, 3 

6 - 20 - 80 0 1 F 1 

7 - 40 - 60 0 1 F 1, 2 

8 - 60 - 40 0 2 MR 1, 2, 3 

9 - - 5 95 0 3 MR 1, 2, 3 
10 - - 20 80 0 1 F 2,3  
11 - - 40 60 0 1 F 1, 2, 3 
12 - - 60 40 0 3 MR 1, 2 

13 - - - 100 0 2 MR 1, 2, 3, 
Penicillium 
funiculosum 

 
According to a number of authors, the 
destructive effect of micromycetes on cement 
composites is due to the aggressive effects of 
fungal metabolites – organic acids, hydrolytic 
and redox enzymes - on individual components 
of materials [7, 8]. The results of changes in the 
mass content and strength characteristics of 
composites after exposure to standard mycelial 
fungi are shown below (Fig. 1, 4, 7).  
From the results obtained (Fig. 2, 3, 5, 6, 8 and 
9) It can be seen that after six months of 
exposure in a standard environment of mycelial 
fungi, the strength of cement stone samples 
from a dough of normal density changed 
depending on the slag content. 
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Figure 1. Dependence of the change in the mass 

of cement composites modified with blast 
furnace slag in the medium of micellar fungi 

 

 
Figure 2. Dependence of the change in 
compressive strength (Px,%)of cement 

composites modified with blast furnace slag in 
the in the medium of mycelial fungi 

Figure 3. Dependence of bending strength 
changes (Pz, %) of cement composites modified 
with blast furnace slag in the in the medium of 

mycelial fungi 
 

 
Figure 4. Dependence of the change in the mass 
of cement composites modified with Granular 

slag in the medium of mycelial fungi 
 

 
Figure 5. Dependence of the change in 
compressive strength ( Px,%)of cement 

composites modified with Granular slag in the 
in the medium of mycelial  fungi 
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Figure 6. Dependence of bending strength 

changes ( Pz, %) of cement composites 
modified with Granular slag in the in the 

medium of mycelial fungi 

 
Figure 7. Dependence of the change in the mass 
of cement composites modified with Converter 

Slag in the medium of mycelial fungi 
 

 
Figure 8. Dependence of the change in 
compressive strength (Px,%)of cement 

composites modified with Converter Slag in the 
in the medium of mycelial fungi 

It can be seen from the presented graphs that the 
change in the mass content of cement composite 
samples during exposure is not the same, which 
is expressed by the different content of mineral 
additives.  

 

 
Figure 9. Dependence of bending strength 

changes (Pz, %) of cement composites modified 
with Converter Slag in the in the medium of 

mycelial fungi 
 

This is probably expressed by the highest water 
absorption value of the mineral additive. 
Analyzing the changes in the mass content and 
strength characteristics of cement composites 
modified with active mineral additives, the 
following can be distinguished: after 30 days of 
holding samples in a standard environment of 
mycelial fungi, an increase in mass is observed, 
this is due to the fact that when samples are 
immersed in a biological medium, 
microorganisms sorption occurs in the pores of 
cement composite samples. At the same time, 
the presence of microorganisms also affects the 
strength characteristics, they increase. Further 
exposure of the samples leads to a decrease in 
strength characteristics. After three months, 
there is a decrease in strength and mass content, 
as the degradation of materials begins in the 
external diffusion-kinetic region, i.e. destruction 
occurs in the surface layer of the sample. Then, 
after six months, there is a second stage of 
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increasing the mass content and strength. The 
increase in characteristics begins due to the 
repeated adhesion of microorganisms to the 
pores of the already new surface of the samples. 
Summing up these studies, it should be noted 
that one of the main factors affecting the 
biostability of cement composites, according to 
the conducted research, is the chemical and 
mineralogical composition of cements. It 
determines the nature of the structure formation 
of composites, the pore space, as well as the 
species composition of microorganisms on their 
surface at the first stages of operation, which in 
turn determines the aggressiveness of the 
operating environment. As a result of the 
interaction of the biologically active medium 
with the composite, the chemical composition of 
the surface and then the inner zones of the 
material changes, which leads to a change in the 
species composition of microorganisms and, as 
a result, the operating environment. 
 
 
CONCLUSION 
 
The compositions of cement composites have 
been developed, characterized by increased 
resistance to the effects of microbiological 
aggressive media. Based on the research, the 
following cement compositions are 
recommended for the manufacture of 
composites: with an optimal content of active 
mineral additives: (20% and 40%) having 
fungal and fungicidal properties.  
The identification of microorganisms inhabiting 
cement composites was carried out, after a 
month of testing in a standard environment of 
mycelial fungi, three dominant species of 
micromycetes of the genus Penicillium 
(Penicillium cyclopium, Penicillium 
chrysogenum, Penicillium funiculosum) were 
identified. In addition to the above-mentioned 
micromycetes of the genus Penicillium, one 
species of the genus Aspergillus (Aspergillus 
terreus) has been identified. The change in mass 
content and strength characteristics under the 
conditions of the standard environment of 

mycelial fungi (Russia Standard GOST 9.049-
91, Method 3) was studied. 
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SOLUTION TO FILTRATION PROBLEM WITH  
LINEAR POROSITY FUNCTION 

 
Galina L. Safina 

Moscow State University of Civil Engineering, Moscow, RUSSIA 
 
Abstract: Injection techniques are an effective tool for road construction, repair and maintenance. They allow 
solving a wide range of problems related to soil reinforcement, pavement rehabilitation and drainage 
improvement, ensuring durability and reliability of road infrastructure. Injection of various compositions 
(cement, polymer, silicatized) into weak soils (peat, clay, silt) can increase their bearing capacity, reduce 
deformations and prevent roadway subsidence. In addition, injection compositions fill voids and cracks formed 
as a result of erosion, soil erosion or vibration from traffic, which prevents further destruction of the road base. 
The study of depth filtration in injectable soil reinforcement techniques is a key aspect for optimizing and 
improving the effectiveness of these technologies. It helps to understand how injection solutions penetrate the 
soil, how they interact with the soil, and how this process can be controlled to achieve the best results. In this 
paper, the problem of suspension filtration in a heterogeneous porous medium with a linear porosity function 
varying as a function of spatial coordinate is solved. The exact solution to the problem is found. Asymptotic 
solutions of the concentrations of suspended and retained particles for the case of insignificant porosity 
measurement are obtained.  
 

Keywords: deep bed filtration, suspended and retained particles, suspension, porous medium, 
concentration function, asymptotic solution, porosity function 
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INTRODUCTION 
 
Injection reinforcement of roadbeds is a method 
of repairing and reinforcing an existing road 
surface by injecting special liquid compositions 
(injection materials) into the space under the 
roadbed or into its structure. It is an effective 
way to restore the bearing capacity of the road 
base, fill voids, stabilize cracks and prevent 
further deterioration [1-3]. 
The injected material is injected under pressure 
through small holes (injectors) drilled into the 
road surface (fig. 1). It fills voids, cracks and 
pores in the road base, strengthening its 
structure and increasing its bearing capacity. 
After curing, the injection material creates a 
strong bond between the road surface layers and 
the subgrade, preventing further deterioration. 
 

 
 

Figure 1. Injection of injectable material 
 
Currently, there are several types of injection 
materials such as cement mortars, polymeric 
materials, microcements, and composite materials 
[4-7]. Each of the above types has its own 
disadvantages and advantages. Thus, cement 
mortars have high strength and relatively low cost, 
but have limited penetration ability into small 
cracks and are prone to shrinkage and cracking 
[8]. Polymeric materials (polyurethanes, epoxy 
resins) are characterized by high penetration 
ability, elasticity, resistance to water and 
chemicals, the disadvantages include their high 
cost and complexity of application [9-11].  
The study of solid suspension filtration in porous 
media is a complex problem. Road pavement and 

road base are porous media (asphalt, crushed 
stone, sand, soil). The injection material must 
penetrate these pores and cracks to strengthen the 
structure. During the filtration process, larger 
suspension particles can become trapped in the 
porous medium, while smaller particles can 
continue to move through. This causes the 
composition of the injected material to change as 
it spreads deep into the roadway. The change in 
composition can affect the strength, elasticity and 
other characteristics of the cured material, which 
ultimately affects the durability of the reinforced 
section [12]. Also fine particles of injection 
material and fragments that have separated from 
the pavement can clog microcracks and pores, 
which reduces the water permeability of the road 
surface. This can lead to accumulation of water 
inside the road structure, which in winter will 
cause deterioration due to freezing and thawing. 
Underestimating the influence of seepage can 
lead to ineffective strengthening, shortening the 
service life of the pavement and even its 
destruction. It is therefore necessary to pay 
attention to all aspects of the interaction 
between the injection material and the porous 
structure of the pavement when designing and 
carrying out injection reinforcement works. 
The concept of porosity is one of the most 
important in the study of deep filtration of 
suspension in porous media [13-15]. This 
characteristic determines many of its properties 
of porous media, including permeability, specific 
surface area, thermal conductivity, strength and 
sorption capacity. It characterizes the proportion 
of the volume occupied by pores (voids) in 
relation to the total volume of the material. 
Homogeneous porosity is characterized by the 
uniform distribution of pores throughout the 
volume of the material, as well as the closeness 
of their size and shape. This means that the 
porosity (pore volume fraction) is almost the 
same at any point in the material, and that there 
are no significant differences in the size and 
shape of individual pores. Many articles are 
devoted to depth filtration of suspension in a 
homogeneous porous medium [16-20]. 
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The study of filtration of porous medium with 
inhomogeneous porosity is of great interest  
[21-24]. Variable porosity is characterized by 
non-uniform distribution of pores, for example, 
there may exist regions with high and low 
porosity. In addition, the pore diameter can vary 
over a wide range. Both micropores and 
macropores may be present. There can also be 
differences in pore shape (e.g. prismatic, 
cylindrical). 
In this paper the problem of depth filtration in a 
heterogeneous porous medium for the case of 
variable porosity function, linearly varying 
depending on the spatial coordinate x is solved. 
Exact solutions for the concentrations of 
suspended and retained particles, as well as 
asymptotic solutions for the case of small 
changes in porosity are obtained. 
 
 
MATHEMATICAL MODEL 
 
Let consider a dimensionless problem of depth 
filtration in a medium with variable porosity 
with unknown concentration functions of 
suspended particles ( , )C x t  and retained 
particles ( , )S x t : 
 

( ) 0
C C Sx
t x t

, (1) 

( )
S S C
t

. (2) 

 
Here ( )x  is a variable porosity function, ( )S  
is a filtration function. The problem is solved in 

the domain 0 1,
0.
x

t  

At the inlet of the filter at 0x  the 
concentration of suspended particles is equal to 
one, i.e. 
 

(0, ) 1C t , (3) 
 
at the initial moment of time 0t  the 
concentrations of suspended and retained 
particles are equal to zero: 

( ,0) 0; ( ,0) 0C x S x . (4) 
 
Let the filtration function be of the form 

( ) mS S S , where mS  is the maximum 
value of sediment, and the porosity function be 
of the form ( )x a bx . Then equations (1) 
and (2) take the form  
 

( ) 0
C C Sa bx
t x t

, (5) 

( )m
S S S C
t

. (6) 

 

The curve 
2

2

xt ax b , called the 

concentration front, divides the domain 
0 1,

0
x

t  into two subdomains. Before the 

front at 
2

2

xt ax b , the concentrations of both 

types of particles are zero. Behind the front, the 
concentrations of suspended and retained 
particles are positive values. At the front the 

concentrations are 
2

, 0
2

x
 and 

2

, 0
2

xS x ax b .  

 
 
EXACT SOLUTION TO THE PROBLEM  
 
Taking into account that at the filter inlet 

(0, ) 1C t , we obtain from equation (6)  
 

(0, )

0 0

S t t

m

dS dt
S S

, 

 
from which we obtain  
 

(0, ) 1 t
mS t S e . 
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Then from equation (6) we have 
/

m

S tC
S S

, let 

us substitute the obtained expression into 
equation (5):  
 

/ /
( ) 0

m m

S t S t Sa bx
t S S x S S t

. 

 
Taking into account that the obtained equality is 
equal to the equation  
 

/ /
( ) 0

m m

S t S x Sa bx
t S S t S S t

, 

 
we obtain 

 
/ /

( ) 0
m m

S t S x Sa bx
S S S S t

. 

 
Moving on to the new variables 

2

,
2

,

xt ax b
x x

 we have 

 

0m
S S S S
x

. 

 
Solving the obtained equation with separating 
variables and taking into account the fact that 

0 0(0, ) (0, )S t S , we obtain the exact solution 
behind the concentration front  
 

1
( , )

1m

m
S x

S e
S x

e e
.  

 

Then 
 

2

2

2

2

1

( , )

1m

xt ax b

m

xt ax bS x

S e
S x t

e e
 (7) 

 
and 
 

2

2

2

2

( , )

1m

xt ax b

xt ax bS x

eC x t
e e

. (8) 

 
 
ASYMPTOTIC SOLUTION FOR SMALL 
CHANGES IN POROSITY  
 
Let us consider the case of small porosity 
variation, i.e. let ( )x a x , where  takes a 
small value. Let us decompose the 
concentrations of suspended and precipitated 
particles, as well as the filtration function by a 
small parameter  
 

2

0 1 2( , ) ( , ) ( , ) ( , ) ..
2

S x t S x t S x t S x t , (9) 

2

0 1 2( , ) ( , ) ( , ) ( , ) ...,
2

C x t C x t C x t C x t (10) 

2

0 1 2( ) ( , ) ( , ) ( , ) ...
2

mS S S x t S x t S x t (11) 

 
Substituting expressions (9) and (11) into (5) 
and grouping the summands by powers of , we 
obtain: 

 

at 0 :     0 0
0 0

( , ) ( , )
( , ) ( , ) 0m

S x t S x ta S S x t S x t
t x

; (12) 

at 1 :     0 1 1
0 1

( , ) ( , ) ( , )
2 ( , ) ( , ) 0m

S x t S x t S x tx a S S x t S x t
t t x

; (13) 

at 2 :     21 2 2
0 2 1

( , ) ( , ) ( , )1 1
2 ( , ) ( , ) ( , ) 0

2 2 2 m
S x t S x t S x tax S S x t S x t S x t

t t x
. (14) 
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To find 1( , )S x t , 2 ( , )S x t  and 3( , )S x t  in 

equations (12)-(14) we will make a transition to 

the variables ,
.

t ax
x x  Equation (12) is 

transformed to the form  
 

0
0 0

( , )
( , ) ( , ) 0m

S x S S x S x
x

, 

 
Then 
 

0
0

0 0

(0, )
( , )

(0, ) (0, )m m

m
S x S x

m

S SS x
S e S e S

. 

 
Passing to the old variables and taking into 

account that 0 0(0, ) (0, ) 1 t
mS S t S e , we 

obtain 
 

0

( 1)
( , )

1m

t ax
m

S x t ax

S eS x t
e e

. 

 
The transition to new variables in equation (13) 
leads it to the linear equation  
 

1
0 1

2

( , )
2 ( , ) ( , )

.
1

m

m

m

S x

m S x

S x S S x S x
x

exS
e e

 

 
Given that 1(0, ) 0S , we obtain the solution  

 
2

1 2( , )
2 1

m

m

S x
m

S x

S x eS x
e e

, 

 
consequently, 

 
2

1 2( , )
2 1

m

m

S x t ax
m

S x t ax

S x eS x t
e e

. 

 
After the transition to new variables equation 
(14) takes the form 

 

2
0 2

2 1
1

( , )
2 ( , ) ( , )

( , )
2 ( , ) 2 .

m
S x S S x S x

x
S xS x x

 

 
Solving it as linear, substituting found 0 ( , )S x , 

1( , )S x  and taking into account 2 (0, ) 0S , we 

obtain  
 

4

2 3

1
( , )

4 1

m m

m

S x S x
m

S x

S e x e e
S x

e e
, 

 
wherefrom 

 
4

2 3

1
( , )

4 1

m m

m

S x t ax S x t ax
m

S x t ax

S e x e e
S x t

e e
. 

 
Let us find 0 ( , ) , 1( , )  and 2 ( , ) . For 

this purpose, we substitute expressions (9), (10) 
into equation (6) and equate the coefficients at 
the same degrees of :  

 

at 0 :     0
0 0

( , )
( , ) ( , )m

S x t S S x t C x t
t

; (15) 

at 1 :     1
0 1 1 0

( , )
( , ) ( , ) ( , ) ( , )m

S x t S S x t C x t S x t C x t
t

; (16) 

at 2 :     2 2
0 1 1 2 0

( , ) ( , )1 1
( , ) ( , ) ( , ) ( , ) ( , )

2 2 2m
S x t C x tS S x t S x t C x t S x t C x t

t
. (17) 
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Substituting already known 0 ( , )S x t , 1( , )S x t  

and 2 ( , )S x t , we obtain 

 

0 ( , )
1m

t ax

S x t ax

eC x t
e e

, 

 
 
 

2

1 2

1
( , )

2 1

m

m

S xt ax

S x t ax

x e e
C x t

e e
, 

4

2 3

1 1
( , )

4 1

m m

m

S x S xt ax t ax

S x t ax

x e e e e
C x t

e e
. 

 
Thus, the asymptotic solutions have the form 

 
42 2

2 3

1( 1)
( , ) ...

1 2 81 1

m mm

m
m m

S x t ax S x t axS x t axt ax
mm m

S x t ax S x S xt ax t ax

S e x e eS e S x eS x t
e e e e e e

, 

2 42

2 3

1 1 1
( , ) ...

1 2 81 1

m m m

m
m m

S x S x S xt ax t ax t axt ax

S x t ax S x S xt ax t ax

x e e x e e e eeC x t
e e e e e e

 

 
RESEARCH RESULTS  
 
Fig. 2 and fig. 4 show the exact (black lines) and 
asymptotic (red lines) solutions of suspended and 
retained particle concentrations, respectively, as a 

function of the x coordinate for 1a , 1mS  and 

0.2  at t=5. In fig. 3 and fig. 5 relative errors 
of asymptotic solutions of suspended and 
retained particle concentrations at the same 
parameters are shown.   

 

 

 

 
Figure 2. Exact and asymptotic solution of 

suspended particle concentration at t=5 
Figure 3. Relative error of asymptotic solution of 

suspended particle concentration at t=5 
 

  
Figure 4. Exact and asymptotic solution of 

retained particle concentration at t=5 
Figure 5. Relative error of the asymptotic solution 

of the concentration of retained particles at t=5 
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Figs. 6-9 are similar to Figs. 2-5 for 1 . 
 

  
Figure 6. Exact and asymptotic solution of 

suspended particle concentration at t=5 
Figure 7. Relative error of asymptotic solution of 

suspended particle concentration t=5 
 
 

  
Figure 8. Exact and asymptotic solution of 

retained particle concentration t=5 
Figure 9. Relative error of the asymptotic 

solution of the concentration of retained particles 
at t=5 

 
The obtained dependences show that with 
increasing parameter , the relative errors of 
asymptotic solutions of both suspended and 
retained particle concentrations increase 
significantly. The errors have a monotonically 
increasing character. It should be noted that 
the error of the asymptotic solution of the 
concentration of retained particles is higher 
than the error of the asymptotic solution of the 
concentration of suspended particles. Thus, at 
the filter output at x=1: for 0.2  the relative 
error for ( , )S x t  is 0.0007 %, for ( , )  is 
0.0004 %, for the relative error for ( , )S x t  is 
0.0952 %, for ( , )  is 0.0584 %, which 

indicates the difference of these values in 
1.6 times. 
Fig. 10 and fig. 12 show the exact (black 
lines) and asymptotic (red lines) solutions of 
suspended and retained particle 
concentrations, respectively, as a function of 
time t for 1a , 1mS  and 0.2  at x=0.5. 

Fig. 11 and fig. 13 show the relative errors of 
asymptotic solutions of suspended and 
retained particle concentrations at the same 
parameters.   
Figs. 14-17 are similar to figs. 10-13 and are 
obtained for the value 1 .  
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Figure 10. Exact and asymptotic solution of 
suspended particle concentration at x=0.5 

Figure 11. Relative error of asymptotic solution 
of suspended particle concentration at x=0.5 

 
 
 

  
Figure 12. Exact and asymptotic solution of 

retained particle concentration at x=0.5 
Figure 13. Relative error of asymptotic solution 

of retained particle concentration at x=0.5 
 
 
 

  
Figure 14. Exact and asymptotic solution of 
suspended particle concentration at x=0.5 

 

Figure 15. Relative error of asymptotic solution 
of suspended particle concentration at x=0.5 
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Figure 16. Exact and asymptotic solution of 

retained particle concentration at x=0.5 
Figure 17. Relative error of asymptotic solution 

of retained particle concentration at x=0.5 
 
The plots show that the relative errors of 
suspended and retained particles do not behave 
monotonically. At first, the errors decrease, 
reaching the zero value, then increase, reaching 
the maximum value, and then decrease again. At 
the same time, increasing the value of the 
parameter  does not affect the maximum 
point: for ( , )  at 0.2  max 2.3044t , at 

1  max 2.3169t ; for ( , )S x t  at 0.2  

max 2.1528t , at 1  max 2.1572t . The larger 

the value of the parameter , the larger the 
relative errors of the asymptotic solutions of 
both types of particles.  
 
 
CONCLUSION 
 
The paper presents the solution of the problem 
of depth filtration with linear porosity function. 
Exact solutions of suspended ( , )  and 
retained ( , )S x t  particle concentrations are 
obtained. With Taylor series expansion of 
functions ( , )  and ( , )S x t  in powers of , 
the formulas of asymptotic solutions of 
suspended and retained particles concentrations 
with porosity function ( )x a x , where  
takes a small value, are derived. As the value of 
the parameter  increases, an increase in the 
relative errors of the asymptotic solutions for 
both types of particles is observed. As we move 
along the filter, the relative errors of the 
asymptotic solutions for the concentrations of 

suspended and retained particles monotonically 
increase, reaching the highest value at the filter 
outlet at x=1. The plots of relative errors as a 
function of time t at a fixed value of x have a 
non-monotonic character. Near the 
concentration front the errors reach their highest 
values, then there is their decrease to zero value, 
after which there is an increase in the error up to 
some value at maxt , then again decrease to zero 

value. Thus, the use of asymptotic formulas for 
solutions of suspended and retained particle 
concentrations is reasonable for arbitrary time 
intervals.  
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Abstract: In recent years, the construction of steel box girder bridges has become a widespread and standard 
practice in many major cities across Vietnam. These types of bridges are favored due to their structural strength, 
durability, and ability to accommodate modern traffic demands. Despite their increasing use, one important aspect 
often overlooked in current research is the distortion that occurs in the cross-sections of steel box girders, 
particularly during buckling. This distortion can significantly affect the structural performance and safety of the 
bridge over time. To address this research gap, this study focuses on analyzing how three critical factors—the size 
of the cross-section, the type of longitudinal link used, and the distance between longitudinal links—affect the 
buckling deformation behavior of steel box beam cross-sections. The analysis is conducted using the finite element 
method (FEM), a powerful simulation tool that enables detailed modeling of structural behavior under load. 
Through a series of simulations and evaluations, the study reveals that these parameters have a substantial influence 
on the deformation patterns and overall stability of the steel box girder. The results of this research contribute 
valuable insights that can assist engineers in designing more efficient and safer steel box bridges. Furthermore, the 
findings serve as a useful technical reference for current and future bridge design projects in Vietnam, helping to 
enhance both design standards and construction practices across the country’s transportation infrastructure. 
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INTRODUCTION 
 
Although Hanoi and Ho Chi Minh City in 
Vietnam have many steel bridges, there have been 
few domestic studies on how these structures 
function, particularly their effectiveness and 
response to warping in the cross-section of steel 
beams. Steel bridges' primary cross-sections are 
the I-section and the box-section. Intersections are 
bridges with a lot of torque when used on curved 
bridges, and the steel box girder bridge has the 
advantage of torsion stiffness. Depending on the 
width of the deck, the cross-section of a steel box 
girder bridge can take the form of a single box, 
several individual boxes, or a box with multiple 
partitions [1-3]. 
Bridge decks, reinforced concrete slabs combined 
with steel beams, and orthogonal slab decks are 
the most common types of steel bridges. Shear 
studs (Shear Stud) connect the reinforced concrete 
slab deck to the steel beams. Large bridges use 
steel orthogonal slab structures to reduce deck 
static load and save materials. The orthogonal slab 
functions as a deck slab as well as a main girder 
component. Because the orthogonal plate connects 
the main beam branches, the upper longitudinal 
connection system can be removed [4]. 
 

 
Figure 1. Cross section of steel box beam [4] 

 
The bottom slab (Bottom Flange), web, top 
flange, and reinforced concrete deck (concrete 
deck) are the basic components of a composite 
steel box girder bridge shown in the cross-
section. The bridge's box-shaped cross-section 
was closed. Anchor connection (Shear Stud) to 
ensure the unity of the steel beam and the 
reinforced concrete slab against sliding force 
and separation (Figure 1) [4-6]. 
The vertical and horizontal connection systems 
are both components of the box girder bridge's 
connection system. Figure 2.a depicts the internal 

bracing system as a K-frame. The connection 
system regulates the warping deformation of the 
box girder. Because of the shape of this K-frame 
connection system, it is easy to travel inside the 
box during construction or inspection while in use. 
The upper wing of the beam should have the truss 
form shown in Figure 2.b to control torsion during 
construction and erection [4]. 
 

 
a) 

 
b) 

Figure 2. Typical connection system in steel box 
girder bridges [4] 

 
The combined steel box girder solution satisfies 
the aforementioned criteria with exceptional 
benefits in span, high torsional stiffness, high 
aesthetics, durability, and good maintainability. 
The steel box girder is better for longer spans than 
the I-beam because it has higher flexural strength. 
The actual span is roughly 45-100m. This 
structure's span is 160 meters (Kanawha River 
bridge in Virginia state - USA). Because the steel 
box girder's structural form is more intricate than 
the I- beam's, manufacturing and installation of 
one call for highly skilled labor. Additionally, the 
weight of each steel box girder unit is typically 
higher than that of an I-beam, increasing the cost 
of construction. However, when compared to the 
I-beam span system, the steel box girder span 
system uses fewer main girders, transverse beams, 
and bracing systems, which lowers manufacturing 
costs as well as site labor costs. The characteristic 
of this type of beam is its high torsional rigidity, 
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so it is very suitable for curved bridges in 
intersections and ramps. Two bridges built in the 
US have a very small curvature of 45m (in the 
state of Massachusetts-1960) and 55m (the airport 
jetty at Dallas-1970). In contrast to other types of 
bridges, however, it should be noted that 
manufacturing vertical, horizontal, extremely 
high, and diagonal bridges can be challenging. 
Aesthetics are a notable benefit of steel box girder 
bridges. The bracing system, reinforcing ribs, 
utilities, and other components are "hidden" in the 
box, not being exposed and causing "distractions," 
while minimizing the risk of dust and dirt. This is 
in contrast to the integrated I-beam bridge. The 
direct corrosive effects of the environment are 
because they are "protected" inside the box, which 
lowers the cost of the coating system and makes it 
easy to conduct inspection and maintenance work 
inside the box [7]. 
 
 
METHODS 
 
Research subjects 
A steel beam structure with a span length of l = 
50 m, a height of H = 1 m, a bottom plate width 
of beam B varying from 1.6 m to 4.6 m, and a 
box beam with a spaced horizontal connection 

system of 10 m connecting the two beam ribs is 
modeled and analyzed (Figure 3). 
 

 
Figure 3. Cross-section of the steel box beam 

surveyed 
 

Steel according to ASTM standards, elastic 
modulus E= 1.9995 kN/m3; Poisson's coefficient 
is 0.3; thermal expansion coefficient is 1.17x10-

5; specific gravity is 77.09 kN/m3. 
 
Working characteristics of steel box girder 
bridge. 
Consider the cross-section of the eccentrically 
loaded box-shaped steel box girder P, which is 
analyzed into bending and torsion components 
(Figure 4) [8, 9]. 

 

 
a) Analysis of load components acting on the steel box girder cross-section 

 

 
b) Bending action 
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c) Torsion effect 

Figure 4. Analysis of load components P in open box girders according to the co-operative 
principle [10,11] 

 
Bending loads can warp and buckle sections 
(Figure 4.b). When impact loads are applied to 
beams, a common phenomenon known as 
longitudinal bending takes place. The cross-
section is frequently assumed to always be flat 
when performing the calculation. When loads 
are applied to open boxes, deformation occurs. 
This distortion leads to bending in the ribs, 
lower flange, and upper flange of open box 
girders. The cross-sectional shape of the slabs is 
altered by the out-of-plane bending of the beams 
that make up the slabs. For this reason, 
investigating the displacement of points on the 
cross-section will produce conclusive findings 
about the phenomenon [12, 13]. 
The torsional load was induced on the section 
(Figure 4.c). Due to the curvature of the bridge, 
lateral loads acting on a box girder cause torsion 
with the girder's longitudinal axis. The cross-
section is frequently assumed to always be flat 
when performing the calculation. Steel plates are 
bent and their cross-sections are deformed by 
torsion. In order to clearly see the effects of this 
phenomenon, one should study the displacement 
of points on the cross-section [14,15].  
 
Numerical method for determining the stress 
and strain states of steel box girders. 
The finite element method is the most popular 
numerical approach. With this technique, large, 
complex engineering problems can be solved 
quickly and accurately as needed. By using this 
technique, the texture is discretized into finite 
elements, linked by nodes, and supported by 
boundary and continuity conditions, among 
other conditions. Unknowns regarding 

Deformation and displacement at the nodes are 
the structural issue. Create differential equations 
by using fundamental mechanical principles, 
such as the energy principle, the virtual 
displacement principle, etc. This method is now 
available in commercial structural calculation 
programs like Midas, RM, Sap, Ansys, Abaqus, 
etc. that are frequently used in bridge 
construction. The elements used in the method 
include single-dimensional elements such as 
beams and bars as well as two-dimensional 
elements such as plates, shells, and solids 
(Figures 5, 6) [16-18].  
 

 
Figure 5. Plate element 

 

 
Figure 6. Solid element 
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The finite element method is regarded as a 
contemporary, all-encompassing approach that 
is currently widely used. It has demonstrated its 
benefits in quickly providing solutions to large-
scale, complex problems. If using bar elements 
(6 degrees of freedom per node), the analysis 
will not clearly demonstrate the phenomenon of 
warping as well as distortion of the section 
based on the operation of curved steel box 
girders and the above-presented stress 
calculation formula. Therefore, the topic will 

analyze in detail the steel box girder structure 
using the plate element by the finite element 
method [19, 20].  
 
 
RESULTS AND DISCUSSION  
 
Effect of cross-sectional dimensions on 
section warping. Modeling of the steel box 
girder section with nodes on the cross section is 
shown in Figure 7. 
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Figure 7. Modeling the box girder segment and the nodes on the cross-section 
 

Surveying the width of the beam bottom plate 
(B) varies from 1.6m to 4.6m, the deformation 

results of the nodes on the beam cross section 
are shown in Figure 8.  

 

 

 

 
 

Figure 8. Deformation due to self-load: a) deformation in the y-z plane; b) deformation in the x direction
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Figure 8 shows the deformation of the steel box 
girder cross-section due to the self-load. Figure 
8.a shows the deformation in the y-z plane (the 
view is opposite to the x-axis). Figure 8.b shows 
the deformation in the x direction due to the 
change of cross section. Obviously, the 

deformation in the y-z plane under the effect of 
self-load reaches the maximum when the width 
of the beam bottom plate B = 4.6m. Besides, the 
deformation in the x direction is greatest when 
the width of the beam bottom plate B = 1.6m. 

 

 

 

 

Figure 9. Cross-sectional deformation of steel box girder under symmetrical load: a) deformation 
in the y-z plane; b) deformation in the x direction 

 
Figure 9 shows the deformation of the steel box 
girder cross-section under the application of 
symmetrical concentrated loads. Figure 9.a 
shows the deformation change in the y-z plane 
(the view is opposite to the x-axis). Figure 9.b 
shows the change of deformation in the x 

direction due to the change in cross section of 
the steel box girder. From Figure 9, we can see 
that the deformation of the cross-section in the 
y-z plane and in the x direction reaches the 
maximum value when the width of the beam 
bottom plate B = 1.6m. 

 

 

 

 

Figure 10. Cross-sectional deformation of steel box girder due to eccentric load: a) deformation in 
the y-z plane;  b) deformation in the x direction           
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Figure 10 depicts the displacement change of the 
steel box girder cross-section due to eccentric load 
when the width of the beam bottom plate is 
changed. The results show that the displacement 
of the cross sectional nodes is significantly 
affected by the width of the beam bottom plate. 
 
Effect of distance of steel box girder cross-
linking system on section warping.  
Look into how the steel box girder's cross-section 
warps in relation to the cross-linking system. 

Consider the case with and without cross-linking 
of steel box girders. When using a cross-linking 
system, the distance between them varies from 
2.5m to 7.5m and as shown in Figure 11. 
 

 
Figure 11. Cross-linked beam model 

 

 

 

 

Figure 12. Deformation due to self-load: a) deformation in the y-z plane; b) deformation in the x direction 
 

Figure 12 is the deformation diagram of the 
steel box girder cross-section caused by the self-
load. Figure 12.a depicts the change in 
deformation in the y-z plane (opposite the x-axis 
view) as the crosslink spacing varies from 2.5m 
to 7.5m. Figure 12.b depicts the change in strain 

in the cross-section's x-direction as the distance 
between the cross-links increases from 2.5m to 
7.5m. 
Figure 13 is the deformation diagram of the 
steel box girder cross-section due to 
symmetrical concentrated loads. 

 

 

 

 
Figure 13. Cross-sectional deformation of steel box girder under symmetrical load: a) deformation 

in the y-z plane; b) deformation in the x direction       
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Figure 13.a shows the deformation change in 
the y-z plane (opposite of the x-axis view) when 
the crosslink distance varies from 2.5m to 7.5m. 
Figure 13.b demonstrates the change in strain in 
the x-direction of the cross-section when the 
cross-linking distance varies from 2.5m to 7.5m. 
When changing the cross-link distance of the 

steel box girder, the cross-sectional deformation 
in the y-z plane and in the x direction does not 
change significantly. 
The deformation diagram of the steel box girder 
cross-section due to eccentric load is shown in 
Figure 14. 

 

 

 

 

Figure 14. Cross-sectional deformation of steel box girder due to eccentric load: a) deformation in 
the y-z plane; b) deformation in the x direction            

 
Figure 14.a shows how the deformation in the y-
z plane (opposite the x-axis view) changes as 
the crosslink spacing varies from 2.5m to 7.5m. 
Figure 14.b depicts the x-direction strain change 
as the distance between the cross-links increases 
from 2.5m to 7.5m. The amount of deformation 
along the x-axis of the steel box girder cross-
section depends greatly on the distance between 
the cross-beams. 

Effects of types of longitudinal connection 
systems on steel box girder bridges on section 
warping.   
Investigate the effect of longitudinal 
connections on cross-sectional warping in steel 
box girders. In this paper, we consider the cases 
where there is no bridge longitudinal linkage 
system, as well as type 1 (Figure 15.a) and type 
2 (Figure 15.b) bridge longitudinal linkages. 

 

 a) 

  b) 

Figure 15. Model of steel box girder with bridge longitudinal connection system 

�*?\+`��%î�^[�+`�*��[�����xï�¢+?_�?��?+_����[?@^[@?�



62 International Journal for Computational Civil and Structural Engineering

  

Figure 16. Deformation due to self-load: a) deformation in the y-z plane; b) deformation in the x 
direction         

 
The self-load deformation diagram of the steel 
box beam cross-section is displayed in Figure 16. 
Figure 16.a illustrates how the strain has changed 
in the yx plane (the view direction is 
perpendicular to the x-axis), and Figure 16.b 
illustrates how the cross-section has changed and 
how the strain has changed in the x direction. 

Figure 17 is the deformation diagram of the 
steel box beam cross-section due to symmetrical 
concentrated load. Figure 17.a shows the change 
in strain in the yx plane (view direction is 
opposite to the x axis), figure 17.b shows the 
change in strain in the x direction due to 
changing the cross section. 

 

 

 

 

Figure 17. Deformation due to symmetrical loading: a) deformation in the yz plane; 
b) deformation in the x direction 

 
Figure 18 shows the deformation diagram of the 
cross-section of a steel box beam due to 
eccentric loading causing torsion. Figure 18.a 
shows the change in strain in the yx plane (view 

direction is opposite to the x axis), figure 18.b 
shows the change in strain in the x direction due 
to changing the cross section. 
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Figure 18. Deformation due to eccentric loading: a) deformation in the yz plane; b) deformation 
in the x direction 

 
The findings displayed in the tables and 
graphics demonstrate how the longitudinal 
connection system affects warping deformation 
in steel box beams. It is evident how much more 
deformation can be prevented when the 
longitudinal connection system is used as 
opposed to not using a vertical linkage system. 
 
 
CONCLUSION 
 
Based on the research results obtained, the 
following conclusions can be drawn: 
1. The internal forces and displacements in a 
steel box girder bridge structure are significantly 
affected by the warping effect, which arises due 
to torsional deformation. This effect alters the 
distribution of stresses and strains, potentially 
compromising the structural integrity and 
serviceability of the bridge over time. 
2. To effectively reduce the warping effect in the 
cross-section of a steel box beam, it is essential to 
carefully select an appropriate B/H ratio, 
determine the optimal number of horizontal 
beams, and choose a suitable type of vertical 
connection based on structural requirements. 
3. The findings of this study can serve as a 
valuable reference for the design and 
optimization of steel box girder bridges in 
Vietnam. However, to ensure structural safety 

and long-term performance, the phenomenon of 
cross-sectional warping must be thoroughly 
evaluated and carefully incorporated into the 
design process. 
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AUTOMATED ANALYSIS OF ELECTRICITY CONSUMPTION 
DURING WATER TRANSPORTATION THROUGH A PIPELINE 

AFTER ITS RENOVATION BY ALTERNATIVE TECHNOLOGIES 
WITH CONSIDERATION OF TEMPERATURE FACTOR 

 
Vladimir A. Orlov, Sergey P. Zotkin, Maria A. Bolshakova 

 

National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 
 

Abstract. The article considers the causes of energy consumption increase during operation of pressure pipeline 
networks of water supply systems and possibilities for their control. In an automated mode using mathematical 
modeling, an analysis was carried out of energy saving ways during water transportation in dilapidated pressure 
pipelines subjected to trenchless repair with alternative materials. The most effective repair options include 
applying a flexible polymer sleeve, multilayer hoses, polyethylene pipes and sprayed protective coatings to the 
inner wall of the pipeline, as well as pulling pipes made of unplasticized polyvinyl chloride into the pipeline. The 
role of information technologies is shown that allow us to solve problems of prompt planning of works on 
pipeline transport renovation with finding the optimal option by reducing energy consumption during water 
transportation taking into account the temperature factor when laying surface and underground pipelines. 

 
Keywords: modeling, energy costs, temperature factor, pipelines, reconstruction technologies, 

protective materials, design assessment 
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INTRODUCTION 
 
Effective management of energy consumption 
in various industries today is an important tool 
for achieving key goals in the field of energy 
efficiency and environmental protection [1-3].   
For urban water utilities, the tasks of saving 
material and financial resources during the 
construction and repair of pressure pipelines 
made of alternative materials, as well as 
maintaining or reducing the cost of electricity 
during the transportation of liquids are a priority 
[4, 5]. These tasks become even more important 
if the temperature factor, which is typical for 
different regions with warm, moderate and cold 
climates, as well as the methods of laying the 
pipeline (underground, ground or above the 

 [6, 7].   
To successfully solve the problems of reducing 
energy costs in the case of pipeline repair, a 
significant role is given to the assessment of 
their technical condition and the selection of 
optimal materials for reconstruction or 
modernization. The required qualitative and 
quantitative indicators of water and maintaining 
energy costs during the operation of the 
engineering pipeline network should be ensured 
by the following requirements [8, 9]: 
- an appropriate degree of reliability for 
uninterrupted water supply to consumers at any 
time of day or night in the required quantity;  
- the ability to resist corrosion, as well as 
various other influences (stray currents, 

 
- using network elements made from modern 
building materials that have a long service life 
and lower hydraulic resistance coefficients; 
- minimal amount of damage to ensure a high 
degree of tightness of the pipeline system. 
In order to reduce capital costs, the network is 
designed according to the principle of having 
minimal costs for construction and further 
efficient operation. The above requirement can 
be met provided that the diameter and material 
of pipelines with the appropriate hydraulic 
characteristics are correctly selected, ensuring 
the preservation or reduction of energy costs for 

transporting water, as well as maintaining its 
organoleptic characteristics. 
Numerous water losses in the system, as well as 
an increase in energy costs in water supply 
system pipelines, occur for the following 
reasons [10]: 
- due to significant losses of liquid in the 
network caused by improper use of water in 
buildings and structures; 
- impossibility of efficient operation of pumping 
equipment;  
- unsatisfactory quality of urban water supply 
networks; 
- low level of control over the operating 
parameters of pipeline system elements.  
Foreign researchers note that the efficiency of 
hydrophore station control (i.e. pumping stations 

role in energy consumption in water distribution 
systems, when modeling is necessary by 
correlation between the amount of water supplied 
and electricity [11]. The proposed method has 
proven itself as a useful tool for assessing the 
daily consumption of electrical energy, taking into 
account the flow rate and growth of water 
pressure in the form of fuzzy numbers. The results 
obtained show that it is theoretically possible and 
reliable to use trapezoidal fuzzy numbers in the 
calculation to assess the daily consumption of 
electricity by hydrophore stations. The error in the 
assessment is less than 6%. 
According to domestic experience, the maximum 
energy saving effect at pumping stations of water 
supply systems is achieved by implementing a set 
of measures, including equipment modernization, 
the use of energy-saving pumping equipment, 
monitoring the hydraulic mode of water supply in 
the pumping station area, the use of a set of tools 
to improve the hydraulic mode of the networks, as 
well as a system for optimal control of the water 
supply mode [12].  
For the implementation of labor-intensive 
technical, economic and hydraulic calculations 
of construction projects and renovation of 
pipeline networks, domestic practice, for the 
purpose of optimizing hydraulic modes and 
thereby reducing energy consumption during 
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water transportation, widely uses automated 
software packages of the Samara State 
University of Architecture and Civil 

V8, VNII VODGEO, etc. The informational 
operation of the above programs is based on the 

of certain network elements taking into account 
the operation of pumping equipment and spare 
tanks [13-15]. 
The priority tasks of public utilities include correct 
and clear management of water supply systems in 
urban areas. The main goal of improving 
management systems is to develop cost-effective 
and efficient technologies that provide automatic 
control over the thermal state of pipelines and 
optimization of thermal conditions of water mains 
and distribution networks [16]. The scientific 
community has repeatedly emphasized the need to 
use low-roughness pipelines that operate within 
certain temperature ranges to minimize energy 
consumption during water transportation [17, 18]. 
Some researchers have come to the conclusion 
that the use of information technologies based 
on automated programs allows for the efficient 
operation of water supply networks under 
various influences that occur in real operating 
conditions of the facility during various repair 
and restoration work on the network [19, 20]. 
The information technologies listed above are 
capable of performing various tasks, which can 
be quite broad. For example, conducting 
analysis, as well as optimization of the 
parameters of elements of urban water supply 
systems, taking into account the issues in the 
field of energy conservation [21].  
As an example, we can note the experience of 
laying pipelines in various areas of the northern 
territories of the country, where the soil contains 

temperature is below zero. Ensuring the 
reliability of water supply and preventing 
freezing of pipes, which consists in preventing 
internal icing of the pipeline during operation 
and transportation of water for all types of 
pipeline laying, remains an important 
technological task [22]. 

 At the same time, researchers note that internal 
icing of water pipelines that occurs during 
emergency shutdowns not only does not disrupt 
their operation, but also has in a number of 
cases the following advantages and economic 
benefits [23, 24]:  
-a crust of ice that forms on the inner surface of 
the pipe acts as a protective film, preventing 
direct contact of water with steel; this 
potentially reduces the rate of corrosion of 
pipes, increases their service life and improves 
water quality; 
- the formation of ice on the inner surface of the 
pipe smooths out its roughness, which leads to a 
significant reduction in pressure losses, which 
allows energy costs for liquid supply to be 
reduced by 18-20%. 
It should be noted that icing is only possible 
when the water temperature is close to 0°C.  
Certain patterns regarding the influence of the 
temperature parameters of the environment and 
the supplied liquid on the hydraulic 
characteristics of pipelines were noted by 
researchers in the middle of the last century [25]. 
The main tasks were to determine the friction 
pressure losses along the length of the flow 
during hydraulic and aerodynamic calculations of 
pipelines of all types, especially for the supply of 
water, oil and gas over long distances. 
In recent years, in foreign practice, one of the 
types of forecasting the electrical load of a water 
supply pipeline system for the purpose of its 
effective management also uses the principle of 

input variables. Foreign researchers propose 
calculating a complex parameter - a thermal 
index, where two types of weather parameters 
are incorporated (temperature and relative 
h 17]. 
The issues of saving and maintaining energy 
costs are on the agenda in regions with cold and 
hot climates. For example, the northern part of 
our country, called the Far North, has the 
peculiarity of having permafrost soils on almost 
the entire territory. They can be found in the 
Arctic, part of the Arkhangelsk Region, the 
Komi Republic and a large area of the Siberian 
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region. The average annual temperature in this 
area is below zero. Thus, this will obviously 
affect the efficiency of the pipeline [26].  
In the southern regions where liquids such as oil 
are pumped, increasing the energy efficiency of 
the pipeline-pumping station system requires a 
comprehensive approach based on mathematical 
modeling that incorporates the influence of both 
the temperature factor and changes in the 
characteristics of centrifugal pumps [27]. 
 
 
METHODS  
 
The research consists of assessing the energy costs 
for transporting water when restoring the transport 
capacity of an old steel pipeline with a diameter of 
325 mm and a length of 1,45 km for underground 
and above-ground installation options and for the 
corresponding temperature conditions.  
The research method consists in the analysis of 
design solutions for selecting an optimal method 
of trenchless repair of an underground pipeline 
in an automated mode, in which, taking into 
account the temperature factor, the possibility of 
reducing energy costs for transporting water is 
assessed. Several automated complexes were 
subject to operation [28].    
The following trenchless technologies were 
considered as methods for restoring the capacity 
of an old steel pipeline: 
- pulling pipes made of unplasticized polyvinyl 
chloride UPVC SDR 41 (with an outer diameter 
of 225 mm, an inner diameter of 214 mm and a 

pipeline, followed by filling the intertube space 
with mortar; SDR is the ratio of the pipe 
diameter to its wall thickness; 
- pulling and securing in an old steel pipeline a 
multilayer polymer sleeve-hose Primus Line, 
pre-deformed in the factory and fastened with 
tape, followed by its straightening within the old 
pipeline after inflation with steam under 
pressure; 
- pulling deformed polyethylene pipes into an 
old pipeline using Swagelining technology 
without forming an intertube space; 

- applying a sprayed Scotchkote coating with an 
appropriate wall thickness that ensures the load-
bearing capacity of the pipeline system after 
repair; 
- application of a sprayed Subcote coating with 
an appropriate layer thickness, which guarantees 
an increase in the load-bearing capacity of the 
repaired section of the pipeline after restoration 
work; 
- use of a thin polymer sleeve as an internal 
lining that ensures the load-bearing capacity of 
the pipeline being restored. 
Figure 1 shows in general terms fragments of 
the implementation of some of the listed 
trenchless technologies that are adopted to solve 
the problems of renovation of steel pipelines. 

Subcote and Scotchkote spraying (botto
and polymer sleeve pulling by method of air 

 
Figure 2 shows the internal surfaces of an old 
pipeline after treatment with protective coatings 

.  
Scotchkote protective coating is a non-soluble 
aliphatic isocyanate polyurethane that cures 
after application to the internal surface of the 
pipeline within 8-10 minutes. 
The Subcote material is based on a polyurethane 
resin that quickly polymerizes on the inner wall 
of the pipeline being restored. This coating has a 
wide range of applications, allowing for 
effective spraying on the inner surface of pipes 
made of steel, cast iron, concrete, chrysotile 
cement and even old polymer pipes. 
For the technology of inserting a flexible 
polymer sleeve into a pipeline and fixing it, in 
relation to its wall thickness, as well as strength 
characteristics, materials were used indicated in 
[29]. 
The costs of electrical energy for transporting 
water to the point of consumption are 
determined by automated programs, where 9 
parameters characterizing the operation of the 
pipeline system are highlighted in the dialog 
box [30]. 
The type of dialog box is presented in Table 1. 
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Figure 1. Selective methods of pipeline renovation using technologies 

 

 
Figure 2. Illustration of the internal surfaces of a restored steel pipeline with spray coatings applied 

 
 

Table 1. Input information of the dialog box of the program for calculating energy costs for 
underground steel pipeline conditions 

 

1. Pipeline material steel 
2. Inner diameter of the pipeline, m 0,315 
3. Length of the pipeline, m 1450 

3/s 0,072 
5. Efficiency of the pumping unit 0,95 
6. Temperature of the liquid flow 10 
7. Temperature of the pipe wall 10 
8. Coefficient in the formula for specific resistance of the pipe material K 0,0017 
9. Power n for diameter in the formula for specific resistance 5,1359 
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The temperature of water transported from an 
underground water source, as well as the 
temperature of the steel pipeline wall for two 
installation options are taken as follows: 
-10 oC, and the pipe temperature is 30 oC (for 

 
-10 oC, and the pipe temperature is 10 oC (for 
underground installation, i.e., when the pipe 
temperature is identical to the temperature of 
water from an underground water supply 

 
The base water flow rate for all cases is taken to 
be 0,072 m3/s (or 72 l
hydraulic resistance for a steel pipe is calculated 
using the formula  
A d-5,1359. 
A preliminary analysis of the printouts for two 
installation options for a steel pipeline at a flow 
rate of 0,072 m3/s showed that the power 
consumption is, respectively,: 
Eu 

 
Eo 

 
Thus, owing 
viscosity of the transported liquid during ground 

laying, due to the increase in the temperature of 
the pipeline wall and the change in the 
coefficient of hydraulic friction  from 
0,015247 to 0,013867, the values of electricity 
consumption differ by 

 the technology of 
pulling a PVC-U pipe into the steel pipeline for 
its repair, a preliminary strength calculation of a 
two-layer pipe structure was performed using an 
automated program with a dialog box presented 
in Table 2 [31].  
The resulting two-layer structure after repair and 
construction work meets the strength conditions. 
In particular, it ensures: 
- compliance with the conditions of maximum 
permissible deformation in the pipe cross-
section; 
- resistance to floating, i.e. overcoming the 
Archimedes force of the round shape of the 
polymer pipe pulled into the restored pipeline. 
The calculated data for the "steel + PVC-U" 
structure showed that the resulting two-layer 
pipe structure meets the listed strength 
requirements. 
 
 

 
Table 2. Input information of the dialog box of the program for strength calculation of a two-layer 

structure "steel + PVC-U" 
1. Diameter of the pipeline to be renovated, m 0,315 
2. Diameters of the new pipeline pulled into the old one: 
         outer, m 
         inner, m 

 
 
0,225 
0,214 

3. Volumetric weights, N/m3: 
         cement mortar 
         pulled pipe 
         transported water 

 
25000,0 
9500,0  
9800,0 

4. Internal pressure of the transported medium corresponding to the reduced 
design stress 

0,00 

5. Value of possible vacuum in the inter-pipe space, MPa 0,00 
6. Standard service life of the pulled pipeline, years 50,0 
7. Maximum operating temperature of the pulled pipeline, degrees Celsius  

30,00 
8. Maximum permissible value of ovalization of the cross-section, % 5,0 
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As far as the renovation using Primus Line 
technology is concerned, two versions of the 
pulled-through sleeve-hose were subject to 
analysis: 
- two-layer aramid fabric with a thickness of 9,0 
mm with an outer diameter of 315 mm and an 
inner diameter of 297 mm; 
- similar single-layer fabric with a layer 
thickness of 6,5 mm; while the outer and inner 
diameters are 315 and 302 mm, respectively. 
According to the calculated data obtained as a 
result of using the software package [32], 

when using the Swagelining technology with a 
polymer pipe SDR 50 with a diameter of 355 
mm, subjected to preliminary 
thermomechanical compression and 
subsequent expansion after pulling into the 
old steel pipeline, the internal diameter of the 
two-layer pipe structure will be 300,73 mm 

, as an example, also 
provides data on pipes with a wide range of 
SDR values, which can be considered as an 
alternative to the selected option. 

 
Table 3. Output summary information with data on pipeline diameters and pressure losses at 

different SDR values 
 

     Values of SDR   
Calculated values 11 17 21 26 33 41 50 
Internal diameter after 
renovation, mm 

 
248,7
7 

 
272,16 

 
280,7
6 

 
287,4
5 

 
292,96 

 
297,5
4 

 
300,73 

Head loss after renovation, m 2,995 1,791 1,498 1,309 1,174 1,074 1,011 
 
As follows from the calculated data in Table 3, 
when using Swagelining technology with SDR 
50 pipeline, pressure losses are minimal, which 
will allow achieving the greatest energy saving 
effect during water transportation.   
 
 
RESULTS AND DISCUSSION  
 

methods for renovating an old steel pipeline. 
A. Calculation of energy savings for 
transporting water in a two-layer pipe structure 
"steel + PVC-U" for underground installation 
and an efficiency of 0,95. 
Value of the coefficient of specific resistance of 
a PVC-U pipe: PVC-U d-5,1977 [4]. 
Energy savings for a two-layer ground pipeline 
are negative equal to -16.965 thousands 
per year. 
Thus, it should be noted that this reconstruction 
option using a PVC-U pipe is unacceptable due 
to the increase in energy costs due to a 
significant narrowing of the flow cross-section 
of the pipeline after repair. 

transporting water in a two-layer pipe structure 
"steel + Primus Line sleeve-hose" for 
underground installation and an efficiency of 
0,95. 
Option 1. Using a two-layer aramid fabric 9.0 
mm thick (outer diameter is 315 mm, inner 
diameter is 
specific resistance coefficient is A d-
5.7276. 
The energy savings for a two-layer ground 
pipeline are 10.899 thousands  
Thus, it should be noted that, despite the slight 
narrowing of the flow cross-section of the 
pipeline after repair, this reconstruction option 
using the coating is acceptable because of the 
reduction in energy costs due to the reduction in 
hydraulic resistance of the pipeline wall. 
Option 2. Using a single-layer aramid fabric 6,5 
mm thick (outer diameter is 315 mm, inner 
diameter is 
coefficient is A d-5,7276. 
The energy savings for a two-layer ground 
pipeline are 12.768 thousands 
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Thus, we note that this renovation option is not 
expensive in terms of energy savings. 
C. Calculation of energy savings for water 
transportation in a two-layer pipe structure 
"steel + pre-compressed polyethylene" 
(Swagelining  for underground installation and 
an efficiency of 0,95. 
The possibility of using SDR 50 polymer pipes 
(outer diameter is 355 mm, inner one is 300,73 

coefficient of specific resistance is A = 
d-5.2146. 

The energy savings for a two-layer ground 
pipeline are 7.919 thousands  
Therefore, it can be concluded that this 
reconstruction option is somewhat inferior to 
the above-mentioned renovation options in 
terms of energy savings.    
D. Calculation of energy savings for water 
transportation in a two-layer pipe structure 
“steel + spray coating” (Scotchkote
underground installation. 

diameter of the steel two-pipe pipeline will be 
315-2 5=305 mm, and the specific resistance 
coefficient is =0,0008d-5,1883. 
Energy savings on a two-layer ground pipeline 
amount to 12.84 thousands  
This reconstruction option is not expensive in 
terms of energy savings.   
E. Calculation of energy savings for water 
transportation in a two-layer pipe structure 
"steel + spray coating (Subcote  for 
underground installation and efficiency of 0,95. 

After carrying out repair and restoration work, 
the internal diameter of the steel two-pipe 
pipeline will change and become 315-2 4=307 
mm, and the specific resistance coefficient is 

=0,0008d-5,19. 
Energy savings on a two-layer ground pipeline 
amount to 13.423 thousands  
This reconstruction option is also not expensive 
in terms of energy savings. 
F. Calculation of energy savings for water 
transportation in a two-layer pipe structure 
“steel + polymer sleeve” for underground 
installation and efficiency of 0,95. 

into a pipeline, the internal diameter of the steel 
pipeline will become 315-2 3=309 mm, and the 
specific resistance coefficient is =0,0007d-
5,2791.    
The wall thickness of the thin-wall polymer 
pipeline equal to 3 mm was selected based on 
the results of the automated calculation [33]. 
The energy savings for the two-layer ground 
pipeline is 14.513 thousands  
Thus, it should be noted that this reconstruction 
option is the most acceptable in comparison 
with the others in terms of energy savings. 
Table 4 presents the summary calculation 
results for underground installation, which 
allow the designer to assess the degree of 
potential reduction in energy costs for water 
transportation after renovation work on the steel 

methods has been executed. 

 
Table 4. Summary data on reduction in electricity costs for underground installation after execution 

of renovation work (without the unacceptable option of renovation with PVC-U pipe) 
  

Name of the double-layer pipeline Reduction in electricity consumption 
compared to the base case, % 

Steel + sleeve-hose (Primus Line  
Option 1 
Option 2 

 
34,0 
40,7 

Steel + pre-compressed polyethylene (Swagelining   
25,2 

Steel + spray coating (Scotchkote  40,9 
Steel + spray coating (Subcote  42,7 
Steel + polymer sleeve 46,2 
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Taking into account the data in Table 4, the 
method of pulling a polymer sleeve into a steel 
pipeline and fixing it inside the pipeline can be 
adopted as the most acceptable trenchless 
renovation technology in terms of the energy 
costs, among other methods under 
consideration, for which the energy 
consumption can be reduced by 46,2%. 

According to calculations, given the cost of 1 
 equal to 5,25 rubles for industry, the 

monetary costs for renovation options for the 
case of underground pipeline laying with a 
pump efficiency of 0,95 and a flow rate of 0,072 
m3/s will amount to the values presented in 
Table 5. 

 
Table 5. Comparative data on the values of energy costs and savings in money when transporting 

water through a renovated pipeline depending on the repair method  
 

 
Name of the double-layer pipeline 

Energy savings on water 
transportation per year in 
thousands of  

Reduction of water 
transportation costs per year 
in thousands of rubles. 

Steel + sleeve-hose (Primus Line  
Option 1 
Option 2 

 
10,899 
12,768 

 
57,22 
67,03 

Steel + pre-compressed polyethylene 
(Swagelining  

 
7,919 

 
41,57 

Steel + spray coating (Scotchkote   
12,84 

 
67,41 

Steel + spray coating (Subcote   
       13,423 

 
    70,47  

Steel + polymer sleeve        14,513     76,19  
   

Thus, the cheapest option for savings on 
electricity when transporting water can be 
considered as the "steel + polymer sleeve" 
method. This trenchless technology is considered 
the least expensive in terms of money savings. 
Other technologies can also be used, but they 
provide a slightly smaller effect on energy 
savings. It should be noted that the use of any 
other methods of pipeline renovation among the 
trenchless technologies used in practice is not 
excluded after assessing the values of possible 
energy savings when using them. 
 
 
CONCLUSIONS 
 
1. 
automated programs, a project assessment of the 
possible reduction in electricity costs (taking 

transportation of water through an old pressure 

pipeline, after repair and restoration work has 
been executed, was obtained using a specific 
example. 

dynamics of the reduction in energy costs for 
transporting water through a restored pipeline, as 
well as savings in funds for several alternative 
methods for pipeline repair, are presented. 
3. The technology of applying a protective 
coating in the form of a polymer sleeve has been 
identified as the most effective method of 
trenchless pipeline renovation in terms of the 
possibility of achieving energy saving effects. 
4. It has been proposed that the management of 
the operating parameters of the pipeline system 
should be carried out at the design stage by 
selecting the most cost-effective option for its 
construction and repair, taking into account cost 
estimates, temperature conditions of the ambient 
environment and the transported water, as well 
as the minimum cost of electricity consumption. 
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DEFORMATION OF COMPOSITE SHELLS DILATING 
MATERIALS BEYOND ELASTIC LIMITS 

 
Alexander A. Treshchev 

 

Tula State University, Tula, RUSSIA 
 

Annotation. A mathematical model is proposed for the deformation of a thin flat shell of positive Gaussian 
curvature with a rectangular contour loaded with a transverse load. The model takes into account the deformation 
of the shell both at the elastic stage of the material’s operation and at the plastic stage. The model is developed 
for shells made of initially isotropic composite and polymer materials, for which physical linearity corresponding 
to the generalized Hooke’s law is valid in the elastic stage of deformation. During the transition to the plastic 
region of deformation for these materials, the manifestation of dilatation and the dependence of the yield strength 
on the type of stress state are taken into account. The model describes all stages of deformation of the elastic 
shell, the stage of the initial appearance of plastic zones up to the formation of plastic hinges. The model is 
applicable to dilating materials whose plastic properties can be interpreted as ideal without hardening. In this 
regard, two plasticity conditions, specially developed for isotropic composites, are considered. The first of them 
was proposed in the works of E.V. Lomakin, and the second - in the publications of the author of the presented 
study. At the same time, the disadvantages of the first version of the condition are noted. In addition, the 
developed model can naturally function with the classical von Mises plasticity condition. Therefore, for 
quantitative and qualitative comparison of the results obtained, calculations were carried out using three variants 
of plasticity conditions. To construct the model, technical hypotheses traditional for thin shells were used within 
the framework of geometrically nonlinear representations of the Karman deformation components. Nonlinear 
resolving differential equations for the bending of shallow shells were obtained, which were processed by V.V. 
Petrov’s two-step method of successive perturbations of parameters with subsequent numerical implementation. 
For specific calculations, a shell with a square plan, hinged along the entire contour and loaded with a distributed  
transverse load of constant intensity, was adopted. As a result of applying the developed mathematical model, 
the dependences of the calculated maximum deflections of a shell made of polymethyl methacrylate on the load 
intensity are presented. The fields of propagation of plasticity over the surfaces and through the thickness of the 
shell are constructed at individual load values. In addition, the values of the loads at which plasticity first 
develops on the surfaces of the shell and the ultimate loads corresponding to the formation of plastic hinges are 
given in tabular form. It is shown that when dilating materials go beyond the elastic limits, traditional theories of 
plasticity lead to significant errors in determining the states and ultimate loads for shallow shells. Considering 
the obvious advantages for the calculation of such structures, it is advisable to apply the plasticity conditions 
proposed by the author. 
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1. INTRODUCTION 
 
In construction and other branches of 
technology, polymer, composite and similar 
materials are increasingly being used as 
structural materials. The physical and 
mechanical behavior of these materials in most 
cases contradicts traditional theories of 
elastoplastic deformation. This is especially 
evident after the stresses reach the yield 
strength. As a result of experimental studies, the 
dependence of the yield strength of composites 
on the type of stress state, accompanied by 
plastic compressibility or loosening, called 
dilatation (dilatancy) was established [1 – 7]. 
Even widely known and long-used materials in 
technology, such as concrete and cast iron, have 
similar properties [8 – 11]. To determine the 
plastic states of dilating materials, a number of 
phenomenological conditions were proposed 
[11 – 17], and directly for modern composites, 

the relations of limit states proposed by 
Corresponding Member of the Russian 
Academy of Sciences E.V. Lomakin have found 
wide application. [3]: 
 

kfF iij )()( * ,             (1)  

 

where )( *f  – a function determined 

depending on the type of stress state; 

s3k ; s  – yield strength established at 

pure shear; i/*
 – parameter of the 

type of stress state; 3ijij /  – medium 

stress; 2SS3 ijiji /  – stress intensity; 

ijijijS  – stress tensor deviator; ij  

– Kronecker symbol. 
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In this case, the type of function )( *f  was 

established as a result of processing 
experimental data on the yield strength of a 
particular material under a wide range of types 
of stress states. For some specific types of this 
function, condition (1) can be reduced to the 
previously considered criteria of strength and 
ductility, that is, it partially has a generalizing 
character in relation to previously known ones 

[6, 11, 14]. The parameter i/*
 or its 

deformation analogue, apparently, was first used 
in the works of A.V. Berezin, Yu.N. Rabotnov, 
E.V. Lomakin. and V.M. Panferov [2, 18, 19]. 
However, recently, separate publications have 
appeared [20], in which these parameters are 
characterized as those proposed by their authors. 
The plasticity condition (1) was repeatedly used 
to solve many applied problems, the results of 
which were often quite acceptable. 
 
 
2. RECOMMENDED CONDITION OF 
PLASTICITY 

 

Obviously, the parameter i/*
 has a 

variation interval , and this can lead to 
mathematical uncertainties. This parameter has 
been repeatedly criticized even at the level of 
deformation theories [21 – 24]. When using this 
parameter, the approximation of experimental data 
on determining the yield strengths corresponding 
to various types of stress states, the function 

)( *f  often exists in a limited interval * , that 

is, the plasticity condition (1) does not work in 
many cases. Therefore, the author of the presented 
work at one time proposed a different plasticity 
condition [23, 24], free from such shortcomings, 
to determine the limiting states of dilating 
composites: 
 

kfF ij )()( ,                (2) 

 
where 0S/  – is the normalized normal 

stress on the octahedral site (parameter change 

interval 1); 3SS ii /  – tangential 

octahedral stress ( 32i / ); 

22
0S  – norm of the vector space 

associated with the octahedral area; 

S32k / . 

Condition (2) has undergone deep experimental 
testing and theoretical testing. Optimal options for 
the function )(f , that approximates 

experimental data for a wide range of composites 
are presented in [23, 24]. In particular, materials 
such as polymethyl methacrylate, phenol plastic 
AG-4V, graphite composites VPP and MPG-6, 
cast iron MSCh38-60 are considered, for which 
options for linear, exponential, piecewise linear 
and piecewise exponential approximation of the 

function )(f  are adopted, respectively. 

Based on the associated law technique, plastic 
flow equations are formulated. Therefore, in the 
presented work, this condition (2) was used to 
construct a model of transverse bending of flat 
shells of positive Gaussian curvature beyond the 
elasticity limit. 

 
 

3. PROBLEM STATEMENT AND SHELL 
CALCULATION 

 
Thin shells of a square outline with a constant 
surface curvature are considered, such that a 
mathematical model of their mechanics was 
built using the Kirchhoff–Love hypotheses and 
the Karman formalism [25]. In this case, the 
connections between the significant components 
of the shell deformation at any point of its body 
with the displacements of the middle surface 
were determined in the traditional way:  
 

2
1

2

1111 x
wze ;     2

2

2

2222 x
wze ; 

21

2

1212 xx
wze ,                (3) 
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where w – is the deflection of the middle 

surface; 1 , 2  – Cartesian coordinates of the 

plan of the middle surface; ij  – straines in the 

middle surface: 
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1

1
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2
1wk

x
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; 

2

2
2

2
22 x

w
2
1wk

x
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2121
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w

x
u

x
2 ;  

 
u ,  – displacement of the middle surface in 

the direction of the corresponding axes 1  and 

2 ; 1k , 2k  – curvature of the middle surface 

of the shell in the corresponding directions. 
It should be noted here that, in contrast to the 
elastic scheme of the shell, the resulting straines 

ij ,  appear not only due to the influence of 

membrane forces, but are also further 
aggravated due to the displacement of its neutral 
surfaces relative to the middle, caused by the 
difference in stress values reaching the yield 
strength in opposite zones of the section.  
Considering that the materials considered [23, 
24], when deformed within the elastic range, do 
not exhibit a dependence of mechanical 
properties on the kind of stress state, the 
relationship equations between stresses and 
strains were established according to the 
generalized Hooke’s law [25]: 
 

)( 2211211 ee
1

E
;  

)( 1122222 ee
1

E
; 

1212 e
1

E
,                     (4) 

where  – is the elastic modulus of the material; 
 – Poisson’s ratio. 

During the transition of the shell deformation 
process from the elastic stage to the plastic 
fluidity of the material, the material can develop 
in one zone of sections, or in two (stretched and 
compressed). Such shell conditions are 
aggravated due to the dependence of the yield 
strength on the type of stress state, as shown in 
Fig. 1.  

 

 
Figure 1. Diagrams of stress distribution across 
shell sections beyond elasticity:  – one-sided 

plasticity;  – bilateral plasticity 
 

In Fig. 1 ijA  indicates the stresses that cause 

plasticity in the lower zone, and through ijB  – 

in the upper zone. The functions ijA  and ijB  

are calculated in accordance with the plasticity 
condition (2). In the process of plastic 
deformation of the shell material, it can be 
distinguished into two stages: the state of one-
sided plasticity and the state of two-sided 
plasticity (Fig. 1). The plasticity condition is 
first triggered in the outer fibers of one surface 
of the shell, and with increasing load, bilateral 
plasticity develops. 
The problem of transverse bending of the shell 
is formulated within the framework of the 
theory of small elastoplastic deformations. In 
this case, as shown above, the traditional 
fundamentals of the technical theory of thin 
shells are used, and the stress-strain diagrams of 
materials have a physical yield strength (there is 
a yield plateau), which allows the use of a 
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model of an ideal elastoplastic body. In 
addition, the loading of the shell is assumed to 
be simple. 
Considering that the bending of the shell is 
considered at all stages of elastoplastic 
deformation, it is convenient to present the 
dependence of stresses on strains in a single 
general form: 
 

)( ijijijij zrF ;    i, j = 1, 2,          (4*) 

 

where 
22211

1

EFF ; 
112

EF ; 

221111r ; 112222r ; 1212r ; 

221111 ww ,, ; 112222 ww ,, ; 

1212 w, ; 1111 w, ; 2222 w, ; 1212 w, . 

 
The coordinates of the neutral surface of the 
shell ij3 cx  are determined based on the 

stress being equal to zero 0ij . Then we 

have ijijij rc / . The positions of the 

boundaries of the plastic zones in terms of 

stresses ija  and ijb  are determined from the 

obvious conditions, that ijij A  at ij3 ax  

and ijij B  at ij3 bx  (see Fig. 1), from 

which we obtain 
 

ijij

ijijij
ij F

ArF
a ;  

ijij

ijijij
ij F

BrF
b .    (5) 

 
In the general case, in the process of 
elastoplastic deformation of the shell, its 
mechanical behavior, taking into account the 
accepted assumptions, is reduced to solving a 
system of three nonlinear differential 
equilibrium equations [25]: 
 

0NN 212111 ,, ;   0NN 222112 ,, ; 

222212121111 MM2M ,,,  

),(,),( 22222121211111 kwNwN2kwN  

0q ,                              (6) 
 
where q – is the intensity of the transverse load; 

ijN , ijM  – membrane forces, bending and 

torque moments. 
Forces and moments are determined by 
integrating stresses over the thickness of the 
shell according to known rules: 
 

2h

2h
3ijij dxN

/

/

;  

2h

2h
33ijij dxxM

/

/

.  (7) 

 
In the elastic stage of shell deformation, system 
(6), taking into account traditional concepts (3), 
(4) and (7), is reduced to three nonlinear 
differential equations for displacements u ,  
and w, the solution of which is known from the 
literature [25]. 
Taking into account the transformation of the 
equations of state to a general form that is valid 
at all stages of shell deformation (4), the 
parameters ijr  will be determined by the equal 

areas of stress diagrams distributed over the 
thickness of the shell, corresponding to forces 
(7). Thus, with the development of one-sided 
plasticity, we have 
 

2h

a
3ij

a

2h
3ijij

ij

ij

dxAdxN
/

/

,          (8) 

 
and with bilateral plasticity –  
 

2h

a
3ij

a

b
3ij

b

2h
3ijij

ij

ij

ij

ij

dxAdxdxBN
/

/

.  (9) 

 
Obviously, the moments will be determined in 
accordance with rules (7) as follows:  
with the development of one-sided plasticit –  
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2h

a
33ij

a

2h
33ijij

ij

ij

dxxAdxxM
/
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;    (10) 

 
when bilateral plasticity occurs –  
 

2
h

a
33ij

a

b
33ij

b

2h
33ijij

ij

ij

ij

ij

dxxAdxxdxxBM
/

. 

(11) 
 

The set of equations (4*), (10), (11) with the 
simplest transformations gives expressions for 
moments in the form: 
 

ijijijij SRM ,             (12) 

 
where 
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– with bilateral plasticity. 
In this case, the set of dependencies (4*), (8), 
(9) after transformations allows us to obtain 
expressions for membrane forces: 
 

ijijijij CTN ,               (13) 

 
where  

2
h

arFa
2
hAT ijijijijijij , 

4
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2
F

C
2
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ij
ij  – with one-sided 

plasticit; 

2
hbBa

2
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)( ijijijij barF ; )( 2
ij

2
ijijij baFC  

– with bilateral plasticity. 
Considering dependencies (3), (4), (4*), (5), 
(12), (13) together, and introducing them into 
the equilibrium equations (6), we obtain a 
mathematical model that describes the 
deformation of the shell from dilating materials 
in all three stages. This model is represented by 
a system of three nonlinear differential 
equations:  
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It should be noted that the dimensions of the 
depths of development of plastic deformations 
along the thickness of the shell ija  and ijb  do 

not depend on the direction ( 122211 aaa , 

122211 bbb ), since these parameters are 
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determined by the totality of stresses ij  

arising in accordance with the plasticity 
condition (2), and not by a separate stress 
component. Therefore, you can easily omit the 
indices in these parameters, using the general 
notations a and b for them. In order for system 
(14) to be closed, it is necessary to add 
boundary conditions, which in the presented 
work are assumed to be the same along the 
entire support contour as for hinged fastening 
(for example, with: lx1 : 0w , 0 , 

0u , 0M11  ( l  – the length of the 

support contour along the corresponding axis)). 
The solution of the system of nonlinear 
differential equations was carried out within the 
framework of the two-step method of successive 
perturbations of parameters proposed by V.V. 
Petrov [26]. Before applying the two-step 
method procedure, it is necessary to linearize 
the resolving differential equations (14) and 
boundary conditions using the method of 
successive loadings [26]. The numerical 
implementation of the considered model was 
carried out using the finite-difference method. 
When assigning mesh sizes, the convergence of 
the numerical procedure was assessed. 
For specific calculations, a flat shell, square in 
plan, 1000×1000 mm in size, 10 mm thick, 
made of polymethyl methacrylate, was adopted. 
The lifting boom of the middle surface of the 
shell in the center of the plan was taken to be 
100 mm. For polymethyl methacrylate, the 
following mechanical characteristics were 
accepted: elastic modulus =3300 MPa; 
Poisson's ratio =0,3; plasticity constant 

k =58,9 MPa. A function that depends on the 

kind of stress state )(f , and is included in the 
plasticity condition (2) was adopted in 
accordance with the data on processing 
experimental studies of limit states [23, 24] in 
exponential form: 
 

)exp()( 1Af ,            (15) 

 

where 1=0,424. 
The calculation of the shell was carried out 
taking into account three variants of plasticity 
conditions: 1) use of condition (2); 2) according 
to condition (1) taking into account the 

corresponding function 
*

 and constant 

s3k  [3]; 3) application of the Mises 

condition, which does not take into account the 
dependence of the yield strength on the type of 
stress state. The load on the shell was assumed 
to be uniformly distributed over the entire 
surface. The load step interval was taken for all 
calculation options at a constant 5 kPa in the 
elastic stage of deformation, and when the yield 
strength was reached – 5 kPa, decreasing to 100 
Pa as the intensity of deflections increased. 
Taking into account the symmetry of the load 
case and the geometry of the shell in plan, its 
fourth part was calculated, covered with a mesh 
of size 15×15, which ensured the necessary 
accuracy of the solution. 
As the results of the calculations in Fig. 2 shows 
the processes of increase in the maximum 
relative deflections of the shell in its plan center 

hw /  as the intensity of the transverse load q  
increases using three models of plasticity 
conditions. The solid line shows the dependence 
of the growth of deflections obtained using 
condition (2), the dashed line - in accordance 
with the E.V. Lomakin model (1), and the dash-
dotted line - with the classical Mises model. In 
Fig. 2, the following designations for the 
characteristic states of the shell are introduced: 
I.1 – the occurrence of plastic deformations 
during calculations using the plasticity condition 
(2); I.2 – moment of formation of a plastic hinge 
when calculating according to condition (2); II.1 
– the occurrence of plastic deformations during 
calculations using the plasticity condition (1); 
II.2 – moment of formation of a plastic hinge 
when calculating according to condition (1); 
III.1 – the occurrence of plastic deformations 
during calculations using the von Mises limit 
state; III.2 – formation of a plastic hinge when 
calculating using the von Mises limit state. 
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Figure 2. Increase in maximum deflections 

depending on load intensity 
 

In Fig. 3 and 4 demonstrate the trends in the 
propagation of areas of plastic deformation 
along the surfaces of the shell (upper and 
lower). Pictures of plasticity zones are also 
calculated for three variants of plasticity 
conditions and are presented at two 
characteristic values of load intensity. The areas 
of the shell surfaces in which plastic 
deformations occurred are shaded. 
Fig. 5 and 6 illustrate the deep distribution of 
zones of plastic deformation along the thickness 
of the shell along the axis of symmetry, which is 
the coordinate axis and along the diagonal. 
Pictures of the depth penetration of plasticity 
zones are also calculated for three variants of 
plasticity conditions and are presented at two 
characteristic values of load intensity. The areas 
of deep development of plastic deformations 
along the thickness of the shell are shaded as 
follows: solid lines characterize the boundaries 
of plasticity zones corresponding to condition 
(2); dashed lines – condition (1); dash-dotted 
lines – to the Mises condition. 

 

 

 

 
Figure 3. Development of plastic zones along 
the lower and upper surfaces of the shell at a 
load intensity of 3,85 MPa: a) – calculation 
according to condition (2); b) – calculation 
according to condition (1); c) – calculation 

according to the Mises condition 
 

 

 

 
Figure 4. Development of plasticity zones along 

the lower and upper surfaces of the shell at a 
load intensity of 4,12 MPa: a) – calculation 
according to condition (2); b) – calculation 
according to condition (1); c) – calculation 

according to the Mises condition 
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Additionally, to illustrate the characteristic 
states in the process of elastoplastic deformation 
of a shell made of polymethyl methacrylate, 
Table 1 shows numerical parameters for the 
intensity of loads that first cause plasticity and 
the formation of plastic hinges, calculated for 
three variants of limit state conditions. The 
percentages of discrepancy between the values 
of limit states when calculating using conditions 
(1) and (2) in comparison with the Mises theory 
are given in parentheses. 

 

 

 
 

Figure 5. Development of plasticity zones along 
the thickness of the shell at a value load 
intensity 3,85 MPa: a) along the axis of 

symmetry along the coordinate 1 ; b) along the 
diagonal of the shell (0 – center of the shell 

plan; H – boundary hingedly supported 
contour; C – corner point of the shell plan) 

 
 

 

 
Figure 6. Development of plasticity zones along 

the thickness of the shell at a value load 
intensity 4,12 MPa: a) along the axis of 

symmetry along the coordinate 1 ; b) along the 
diagonal of the shell (0 – center of the shell 

plan; H – boundary hingedly supported 
contour; C – corner point of the shell plan) 

 
Table 1 

Variant of 
the 

plasticity 
condition 

Load intensity at  
appearance of plasticity, 

MPa 

Load intensity 
upon the 
onset of 

plastic hinges, 
MPa 

On the top 
surface 

On the 
bottom 
surfaces 

Treshchev 
(2) 

3,85 
(28,1%) 

2,6 (25,8%) 4,43 (40,0%) 

Lomakin 
(1) 

4,82 
(2,3%) 

2,97 
(10,0%) 

4,92 (26,0%) 

Mises 4,93 3,27 6,20 

 
 

4. ANALYSIS OF THE RESULTS 
OBTAINED 

 
Analysis of the results of calculating the elastic-
plastic states of the shell shown in Fig. 2 shows 
that when plastic deformations appear at the 
initial stage, the values of maximum deflections 
obtained using conditions (2) and (1) differ 
insignificantly and do not exceed 9%. With 
increasing load, the discrepancy between these 
values tends to maintain the specified interval. At 
the same time, there are significant differences in 
the values of deflections calculated with 
conditions (2) and (1) in relation to the 
calculation results taking into account the Mises 
theory. These differences with developed 
plasticity zones reach 30%. To prevent violation 
of the rigor of the calculation, changes in the 
parameters of the stress-strain states of the shell 
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were analyzed in order to detect local unloadings, 
which were not established until the formation of 
plastic hinges. Additional data from Table 1 
demonstrate the fact that the load intensity 
causing the appearance of plasticity in the lower 
fibers of the shell, calculated using equation (2) 
differs from option (1) by 14,2%. The difference 
in calculating maximum deflections according to 
model (2) in comparison with the classical Mises 
theory reaches 25,8%, and for model (1) – 10%. 
Similar differences in the magnitude of the loads 
causing the appearance of plastic deformations in 
the upper fibers of the shell are 25,2%, 28,1% 
and 2,3%, respectively (see Table 1). 
The intensity of the load causing the formation 
of plastic hinges, calculated using condition (2), 
differs from the data of the Mises theory by 
40%, and for the version using equation (1) – by 
26%. Between themselves, the values of the 
indicated loads calculated on the basis of 
conditions (2) and (1) differ by 11,1%.  
Analyzing the areas of development of plasticity 
on the surfaces and along the thickness of the 
shell at a load of 3,85 MPa, it can be noted that 
the patterns calculated using condition (1) and 
Mises are close to each other, differing in the 
depth of penetration (see Fig. 3 and 5). In this 
case, condition (2) gives qualitative differences 
from the previous two options, since plastic 
deformations already occur in the corner 
sections of the upper fibers, and on the lower 
surface the plasticity region is more developed. 
An increase in load does not lead to significant 
changes in the qualitative patterns of plasticity 
development on surfaces, but numerical 
discrepancies are found in the sizes of these 
zones between the calculation options under 
conditions (2) and (1). At the same time, the 
qualitative and quantitative pictures of the areas 
occupied by plasticity in the upper surfaces of 
the shell differ when calculated with condition 
(2) and according to the Mises theory. This can 
be detected in particular at 4,12 MPa, when, 
when calculating using condition (2), plasticity 
extends completely to the corner zones of the 
shell, while the Mises theory predicts that 
plastic deformations, developing from the 

corner regions to the central ones, retain 
elasticity directly in the corners. 
 
 
5. CONCLUSION 
 
The presented mathematical model of the 
deformation of thin shells made of dilating 
materials and the calculations carried out using 
the example of polymethyl methacrylate clearly 
show that when determining the states of such 
structures beyond elasticity, traditional theories 
of plasticity lead to significant errors. These 
errors manifest themselves when determining the 
limiting states of the formation of plastic hinges, 
when the Mises theory leads to an error in the 
values of the maximum loads on a hinged shell 
of up to 40% (polymethyl methacrylate material), 
and in the values of deflections – up to 49,7%.  
It should also be noted that due to the 
advantages of the plasticity condition (2), its use 
is more appropriate for calculating shells 
beyond elasticity, which has been confirmed 
experimentally. 
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COMPREHENSIVE INTELLECTUAL AND STATISTICAL 
ANALYSIS OF WATER CONSUMPTION 

 
Elena V. Ignatova, Elena Kh. Kitaytseva 

National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 
 

Abstract: This article deals with the water consumption regime in a residential building. The study is based on 
data of cold and hot water hourly consumption in a multi-storey apartment building. The measurement period is 
one month. The study comprehensively uses statistical analysis of water consumption and data mining of group 
outliers. Statistical data analysis is designed to determine the distribution pattern of different data samplings. The 
analysis is carried out for three different samplings of apartment water consumption data. As a result, group 
outliers of hourly water consumption are identified.  Machine learning methods are used to identify group 
outliers. The task boils down to clustering the hours of the day to find hours with reduced (nighttime) water 
consumption. Clustering is carried out using five methods, and clustering quality is assessed by three metrics. As 
a result, nighttime consumption periods are determined for different samplings of water consumption data in 
apartment buildings. In general, comprehensive intellectual and statistical analysis of water consumption is 
useful for solving the tasks of designing water supply and sanitation systems, adjusting the operating modes of 
engineering equipment, and clarifying the calculated parameters of water consumption in apartment buildings. 
 

Keywords: statistical analysis, data mining, machine learning, clustering, hourly water consumption, 
apartment building 

 
-

 
 

,  
 

 

 
– 

  

  
   .   

 
 . 

  
  . -

 
, 

. 
 

 
 

 
 

INTRODUCTION 
 
The object of the study is the consumption of 
cold and hot water in an apartment building. 
The subject of the study is the mode of water 

consumption depending on the time of day and 
day of the week. The purpose of the study is to 
obtain reliable characteristics of water 
consumption modes in a house based on the 
integrated use of various data analysis methods.  
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The problem of determining the regime and 
volume of water consumption is relevant for all 
countries. Digitalization programs are being 
implemented in Russia, which should turn 
apartment buildings into high-tech and energy-
efficient digital facilities. A mandatory 
component of such facilities is a smart resource 
consumption telemetry system.  
It is possible to take meter readings daily 
(hourly, every second), store digital information 
in data centers, quickly compile reports and 
transmit data to interested authorities and 
relevant information systems. It should be noted 
that telemetry data is collected for statistics and 
is mainly used in financial settlement services 
for automatic accrual of payments for used 
resources [1].  
An analysis of the scientific literature in the 
field of water consumption research shows that 
water consumption monitoring data can be used 
to solve other important tasks, including to 
refine engineering calculations, adjust 
regulatory indicators, and make 
recommendations on resource conservation [2]. 
It should be noted that when designing water 
supply systems, overestimated design loads lead 
to an increase in pipeline diameters, an increase 
in heat loss of hot water pipes, and an 
overestimation of the required characteristics of 
pumping equipment. In addition, overestimated 
values of estimated water consumption led to an 
unjustified increase in the diameters of drainage 
systems.  
Despite the common goals facing the 
researchers, the study of the process relies on 
diverse information. For example, article [3] 
analyzes the second flow rate passing through 
different devices installed in the same 
apartment, article [4] analyzes the hourly flow 
rate in an 80-apartment residential building. The 
article [5] examines hourly expenses in an 
urban-type settlement, the article [6] deals with 
the daily water consumption of a city where 
about one hundred thousand inhabitants live in 
apartment buildings. In all these articles, the 
object of research is water consumption in 
residential apartment buildings. It is noted in [7] 

that there is practically no data on water 
consumption in public buildings. 
A commonly used method of data analysis is 
visualization of water consumption. Graphs help 
to understand the process on a qualitative level, 
but they do not provide accurate quantitative 
characteristics.  
In the article [5], based on graphs, the maximum 
water consumption in an urban-type settlement 
is analyzed depending on the day of the week. 
The nighttime water consumption period is 
allocated for different days of the week. As a 
result, the schedules of the actual daily 
consumption do not coincide with the schedules 
of the standard daily uneven water consumption. 
A similar study is conducted in the article [8]. 
The telemetry data of water consumption in a 
multi-storey residential building is used. 
Nighttime hours of reduced consumption of hot 
and cold water are defined for weekdays and 
weekends. The graphs show a significant 
difference between night and day water 
consumption. 
The main characteristics of water consumption 
in a house (average, median, minimum, 
maximum, and standard deviation) are 
determined using descriptive statistics.  
In the article [9], based on a statistical analysis 
of data on water consumption in an apartment 
building, it is concluded that the actual average 
daily water consumption per inhabitant is less 
than recommended by standards for calculating 
internal water supply systems. A similar 
conclusion is found in the article [4]. 
Several papers attempt to describe empirical 
samplings using a theoretical distribution law. The 
intensity of water consumption using individual 
devices is described by a Gamma distribution [3]. 
The intensity of water consumption by a building 
is estimated by a normal distribution [4], the 
number of simultaneously operating appliances in 
the building is described by a binomial 
distribution [7]. 
The least squares method was used to determine 
the time of intensive consumption of hot water 
during the day in apartment buildings [10]. The 
total time of intensive consumption of hot water 
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per day is defined as 18-21 hours. However, the 
specific hours are not specified. From this study, 
it can be concluded that the period of reduced 
water consumption lasts 3-5 hours per day.  
The tasks of identifying trends, seasonality, or 
cyclicity in water consumption can be solved 
based on time series analysis [11, 12]. Artificial 
intelligence methods are increasingly being used 
to solve classification, clustering, optimization, 
and forecasting problems [13]. Machine 
learning methods make it possible to recover 
missing data [14]. 
If we consider the volume of nighttime water 
consumption to be significantly different from 
the volume of water consumption at other hours 
of the day, then they can be considered as a 
group data outlier. Searching for group outliers 
involves identifying abnormal patterns or 
behaviors within datasets. Unlike individual 
outliers, group outliers exhibit anomalies 
common to a subset of observations within a 
larger population.  Statistical methods or 
machine learning algorithms can be used to 
detect group outliers [15]. Data clustering 
methods can be considered suitable intelligent 
machine learning algorithms. 
In the article [16], the DBSCAN machine 
learning method was used to identify uneven 
water consumption in an apartment building, 
designed to cluster data considering their 
distribution density. Unfortunately, the quality 
of clustering was not discussed. A variety of 
density-based clustering methods are described 
in [17]. It is important to note that the choice of 
clustering quality assessment metrics is of great 
importance. Metrics make it possible to identify 
the most suitable methods for the available data 
set [18]. 
Research [19] shows the complex use of various 
analysis methods to study water consumption 
patterns and search for anomalies based on 
payment documents of water consumers with 
mechanical meters. The DBSCAN clustering 
method and time series analysis were used 
together. The integrated use of various data 
analysis methods helps to solve tasks more 
effectively. 

METHODS 
 
The numerical experiment is used in the 
research. Water consumption data is processed 
and analyzed based on the integrated use of 
statistical analysis and data mining. The units of 
measurement of water consumption are liters. 
At the first step of the study the data is cleaned. 
At the second step of the study statistical 
analysis is carried out on various samplings to 
determine patterns of water use by apartments. 
At the third step of the study the task of 
clustering the hours of the day is solved to 
determine the periods of reduced (nighttime) 
consumption of cold and hot water in the house. 
Machine learning methods are used. 
 
Data preprocessing 
The first stage of data processing is its cleaning. 
Each data set requires an individual approach, 
but the general rule of data validation remains 
the search for impossible or unlikely events.  
Equal hourly water consumption by different 
apartments at different times is a regular event. 
The same daily water consumption by different 
apartments is a possible event. The same hourly 
water consumption during the day for the entire 
observation period is an unlikely event. A 
composite key was used to search for duplicate 
information for the entire observation period. 
This key includes: 
 total water consumption for the entire 

observation period; 
 number of hours with no consumption; 
 maximum flow rate; 
 average consumption; 
 standard deviation; 
 the number of cases with an hourly 

consumption of more than 100 l/h. 
All the above parameters are determined for the 
entire observation period separately for the 
consumption of cold and hot water. Several 
apartments are excluded from the analysis as 
duplicate data. Apartments with zero water 
consumption for the entire measurement period 
are excluded from the analysis. 
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Data preprocessing is performed in an Excel 
environment. 
 
Statistical data analysis  
Preliminary data analysis includes the 
calculation of the main sampling parameters: 
minimum (min), maximum (max), mean (m), 
standard deviation (s), quartiles (Q1, Q2, Q3), 
coefficient of skewness (A) and kurtosis (E), 
mode (Mo). 
The consumption of cold and hot water during 
the entire observation period is considered as 
samplings: 
 hourly consumption by apartments (sampling 

1); 

 average hourly consumption for all 
apartments (sampling 2); 

 average daily hourly consumption of 
apartments (sampling 3). 
The frequency distribution of cold and hot water 
consumption for each sampling is visualized. 
Statistical data analysis is performed in the 
Excel environment. 
 
Clusterization  
To identify the hours of reduced (night) water 
consumption, the task of clustering the hours of 
the day is solved. Clustering is understood as an 
algorithm that divides data into clusters, that is, 
groups of elements with similar characteristics. 
Similarity is determined by calculating the 
conditional "distance" between the elements. 
Machine learning methods for clustering are 
tailored to the characteristics of the source data. 
The use of clustering methods is often 
associated with setting the required number of 
clusters or other necessary algorithm 
parameters. To identify the hours of reduced 
(nighttime) water consumption, 5 clustering 
methods are used: Affinity Propagation, 
DBSCAN, Agglomerative Clustering, K-means, 
Spectral Clustering. 
At first the Affinity Propagation method is used, 
because it does not require specifying the 
number of clusters. Then the DBSCAN method 
is used, which also does not require specifying 

the number of clusters. It requires specifying the 
minimum number of elements in clusters 
(Nbmin) and the conditional distance between 
cluster elements ( ). Three options for 
parameter values are considered for this method. 
Then Agglomerative Clustering method, K-
means method, and the Spectral Clustering 
method are used consistently. These three 
methods require setting the number of clusters. 
Several numerical experiments were conducted 
with different numbers of clusters. The initial 
approximation is the number of clusters 
determined by the Affinity Propagation method. 
Three metrics were selected to assess the quality 
of clustering [11]. 
The Davies-Bouldin (DB) index is based on the 
distance from cluster objects to their centroids, 
and separability is based on the distance 
between the centroids: 
 

=

1

( )

+

( )

      (1)  

 
Where: 

( )

=

1

 

K – number of clusters, 
 – size of cluster,  
 - centroid of cluster k.  

As the clustering result improves, the DB index 
should decrease. 
The Calinsky-Harabasz (CH) index is based on 
the distance from cluster points to their 
centroids, and separability is based on the 
distance from cluster centroids to the global 
centroid. 
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Where: 
K – number of clusters, 

– size of cluster k,  
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 - centroid of cluster k, 
 - global centroid of sampling,  

N – sample size. 
The CH index should increase.  
Silhouette (Sil) coefficient defined as the 
average of silhouettes across all elements. 
The silhouette of an element shows the 
difference between the average distance with 
elements inside its cluster and the average 
distance with elements of another cluster: 
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- average distance from xi  ck to other objects in 
the ck cluster, 

( , ) =

1

 
 - distance from xi  ck to objects from another 
cluster , 

 – size of cluster k,  
N – sample size. 
The Sil index should aim at 1.  
Clusterization is performed using Python 
programming language libraries. 
 
 
RESULTS AND DISCUSSION 
 
Data preprocessing 
Using a composite key allows you to detect 
duplicates in the measurement results of both 
cold and hot water. The results are presented in 
table 1. 
The first three data blocks contain information 
that is completely repetitive throughout the 
entire observation period. The first two blocks 
include 2 apartments each, the third block 
includes 3 apartments. The fourth block 
contains one apartment, where the information 
about the consumption of cold water completely 

coincides with the information about the 
consumption of hot water. The fifth block 
includes apartment numbers in which no 
consumption of cold and/or hot water was 
recorded during the entire observation period.                      

 
Table 1. Apartment numbers with duplicated 

information on cold and hot water consumption 
Block 

 
Cold water  Hot water  

apartment duplicate apartment duplicate 
1 1 2 - 4 5 - 
2 4 5 - 26 28 - 
3 50 51 53 50 51 53 
4 62 - - - 62 - 
5 7 - - 7 38 61 

 
Further analysis will provide information on the 
consumption of cold and hot water in these 9 

not counted. As a result, the sampling consists 
of the hourly water consumption for 73 
apartments for 32 days. 
The analysis of daily water consumption shows 
that out of 2336 (73*32) cases, in 26 cases 
(1.1%) there is no consumption of cold and hot 
water, in 105 cases (4.5%) there is no 
consumption of hot water, in 28 cases (1.2%) 
cold water. Hourly readings for those 
apartments where there is no consumption of 
cold and/or hot water during the day are 
removed from the initial sampling. The volume 
(n) of the final sampling of hourly cold and hot 
water costs is 52248. 
 
Statistical data analysis  
The results of the statistical analysis are 
presented in Table 2. It should be noted that the 
values are similar or practically identical to the 
average values of m for all 3 samplings for cold 
and hot water, while the standard deviations of s 
for samplings 2 and 3 are several times smaller 
than for sampling 1. 
Averaging during the organization of samplings 
2 and 3 makes it possible to offset the error in 
determining hourly costs, the values of which 
are less than 10 liters. Unlike Sampling 1, the 
quartiles Q1 and Q2 of samplings 2 and 3 have 
values other than 0. 
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The values of the skewness indicators A and 
kurtosis E for sampling 2 are less than the 
corresponding values for samplings 1 and 3. 
The values of A and E for this sampling indicate 
that the distribution tends to a normal 
distribution.  

 
Table 2. Statistical analysis 

Param. Cold Water (CW) Hot Water (HW) 
Samplings 

CW1 CW1 CW1 HW1 HW2 HW3 
n 52248   768 2177 52248 768 2177 
Min, 
l/h 0 0,1 0,4 0 0 0,4 
Max, 
l/h 420 21,1 91,3 820 33,2 79,6 
m, l/h 8,2 7,6 8,2 11,5 10,7 11,5 
s, l/h 17,9 3,9 7,7 34,2 6,5 10,5 
Q1, 
l/h 0 5 3 0 6 4 
Q2, 
l/h 0 8 6 0 10 9 
Q3, 
l/h 10 10 11 10 15 16 
Mo, 
l/h 0 7 1 0 9 3 
A 5,3 0,3 3,0 6,7 0,4 1,9 
E 55,7 -0,2 18,2 69,4 -0,1 5,5 
m+ 
3s, l/h 62 19 31 114 30 43 
Out-
liers 
 % 

893 2 35 1040 4 37 
1,7 0,3 1,6 2 0,5 1,7 

Q1+ 
3(Q3-
Q1), 
l/h 30 20,5 27,9 30 32,2 40 

Out-
liers      
% 

 
5290 

 
1 

 
53 

 
6357 

 
1 

 
52 

10,1 0,1 2,4 12,2 0,1 2,4

 
Regardless of the method of estimating 
anomalous values, the number of outliers in 
samplings 2 and 3 is lower both absolutely and 
relative to the size of sampling 1. 
Figures 1-3 show the frequency distribution of 
hourly consumption of cold (CW) and hot (HW) 
water by apartments for 3 samplings. 
The distribution pattern is the same for 
samplings 1 and 3 (figures 1 and 3). The 
distribution of hourly water consumption 

averaged across apartments (sampling 2) differs 
(figure 2). 
Visualization of the average hourly 
consumption of all apartments (figure 2) allows 
us to identify two consumption modes, 
regardless of whether the consumption of cold 
or hot water is considered.  
 

 
Figure 1. Frequency distribution of cold (CW) 
and hot (HW) water consumption - sampling 1 

 

 
Figure 2. Frequency distribution of cold (CW) 
and hot (HW) water consumption - sampling 2 

 

 
Figure 3. Frequency distribution of cold (CW) 
and hot (HW) water consumption - sampling 3 

 
The first mode corresponds to the mode 
occurring at a flow rate of 2.5 l/h, the second 
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mode corresponds to the mode occurring at a 
flow rate of 10 l/h. The points forming the first 
mode are a group outlier for the sampling. 
Identifying a group outlier is equivalent to 
dividing a sampling into two subsets. Solving 
this problem is laborious, and clusterization 
methods must be used to automate this process. 
 
Clusterization 
Clustering is performed for the hours of total 
water consumption by the apartments in the 
house. The data is converted into datasets in 
which hourly water consumption is assigned to 
one of the 24 hours of the day (from 0 to 23). In 
addition, subsets of data are generated 
separately for weekends and weekdays of the 
measurement period. 
The results of using various clustering methods, 
considering experiments with the number of 
clusters, are evaluated for quality. As a result, 
the number of clusters with the best clustering 
quality is determined for each method. Table 3 
shows five clustering methods and three 
measures of the quality of their results. 

 
Table 3. Results of quality assessment of 
clusterization of hot water consumption 

Methods 
  

-
meter  

Metrics (index) 

DB CH Sil 
Affinity 

Propagation 
- 0,93 14,00 0,33 

DBSCAN =2000 1,12 17,15 0,33 
=2100 1,09 17,20 0,35 

=2200 1,17 11,25 0,30 

Agglomerative
 Clustering 

K =3 1,15 16,95 0,33 

K =4 0,97 13,78 0,32 

K =5 0,90 11,99 0,31 

K-means 
K =3 1,09 17,20 0,35 

K =4 1,10 14,10 0,33 

K =5 1,37 11,82 0,19 

Spectral 
Clustering 

K =3 1,16 16,91 0,32 

K =4 1,50 11,01 0,19 

K =5 1,33 12,01 0,21 
 

The Affinity Propagation method allocates four 
clusters. Based on the metrics for the DBSCAN 
method, the parameters =2100 and Nbmin=2.  
Four clusters are defined for the Agglomerative 
Clustering method, three for the K-means 
method, and three for the Spectral Clustering 
method.  
As an example, Figures 4-8 show the results of 
clustering the hours of hot water consumption in 
a house over the entire measurement period.  
The hours of the day are shown on the 
horizontal axis, and the volume of hot water 
consumption is shown on the vertical axis. For 
clarity, there is one dot corresponding to each 
hour. The ordinate of the point is calculated as 
the median of a set of values for hourly hot 
water consumption over the entire observation 
period. The point color is selected automatically 
depending on the cluster number. Different 
methods give different numbering and number 
of clusters. 
 

 
Figure 4. Affinity Propagation method result 

 

 
Figure 5. DBSCAN method result 
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Figure 6. Agglomerative Clustering method 

result 
 

  
Figure 7. K-means method result 

 

 
Figure 8. Spectral Clustering method result 

 
The results of clustering using different methods 
are presented in Table 4. The method numbers 
match their enumeration above.  
The table shows that the results obtained by 
different methods for different samplings are in 
most cases close or identical. The final 
conclusion about the period of nighttime 
(reduced) water consumption is based on the 
results obtained by most methods. 
 

Table 4. Hours of reduced (overnight) 
consumption of cold and hot water: 1-Affinity 

Propagation, 2-DBSCAN, 3-Agglomerative 
Clustering, 4-K-means, 5-Spectral Clustering 

Water Days  
of week 

Methods Result , 
Hours 1 2 3 4 5 

Cold 
Water 

All days 1-6 1-6 2-6 1-6 1-6 1–6   

Weekdays 1-6 1-6 1-6 1-6 1-6 1–6   

Weekends 1-6 2-6 2-6 1-6 1-6 1–6   

Hot 
Water 

All days 2-7 2-7 1-7 1-7 1-7 1–7   

Weekdays 2-6 2-6 2-6 2-6 1-7 2–6   

Weekends 1-9 1-9 2-8 1-9 1-9 1–9   

 
 
CONCLUSION 
 
1. The scale of water consumption facilities, 
methods, and conditions for obtaining source 
data, as well as the structure and format of data 
storage, are important for analyzing water 
consumption.  
2. To solve various problems, it is usually 
necessary to transform data values (normalization, 
averaging) and change the data structure. 
3. Improving data quality involves removing 
duplicates, anomalies, deviations from the 
norm, and zeros. However, in data related to 
hourly water consumption, it is necessary to 
carefully study anomalies and outlines, 
including analyzing them as group outlines. 
4. Data samplings for analyzing water 
consumption in an apartment building can be 
formed for various objects (the building, 
apartments, appliances, tenants) and for 
different time periods (the entire observation 
period, days of the week, hours of the day). 
Samplings for statistical analysis can be formed 
based on averaged data values.
5. Different data samplings may have different 
distribution laws. The choice of further data 
analysis methods depends on the identified 
distribution function. 
6. Intelligent machine learning methods for 
clustering differ in cluster formation algorithms, 
control parameters, and the quality of the result. 
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During the research, it is necessary to use a set 
of clustering methods and evaluate their quality.  
7. Most clustering methods have yielded 
consistent results. The Agglomerative 
Clustering method has shown special results in 
many cases and has not been considered.  
8. The results of the study can be used in the 
design of water supply and sanitation systems, 
setting operating modes of engineering 
equipment, clarifying the regulatory parameters 
of water consumption in apartment buildings. 
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ANALYTICAL EVALUATION OF BASE CONTROL SYSTEM 
EFFECTIVENESS FOR REGULATION SEISMIC RESPONSE OF 

SUSPENDED EQUIPMENT BRACED WITH METAL FRAMES BY 
HYSTERESIS DAMPERS 

 
Aleksandr M. Anushchenko  

CKTI-VIBROSEISM Co. Ltd., Saint-Petersburg, RUSSIA 
 

 
Abstract: Equipment suspended from metal frames, such as steam boilers, usually has a bracing system that 
reduces the oscillation amplitude of equipment during an earthquake to technologically acceptable values. 
Hysteresis dampers are often used as bracing elements, the installation of which affects frame dynamic response. 
If frame stress-strain state worsens when dampers are used, it is advisable to additionally use a Base Control 
System (BCS), the optimal parameters of which must be selected during the design process. This ensures both 
the strength and reliability of building structures in case of an earthquake, and the most financially economical 
technical solution. BCS includes elastic spring elements that carry the load from the frame and equipment, and 
viscous dampers that decrease vibrations and increase the overall damping of the structural system. Detailed 
finite element models are not applicable for optimization analysis purposes. It requires significant time and 
computing resources in conditions of the nonlinear nature of the constructive system. In this paper an analytical 
model of the "suspended equipment – frame" system with bracing hysteresis dampers and BCS is proposed. This 
model is easily implemented using MathCAD software programming tools. The paper also analyzes the 
possibility of implementing BCS for the purpose of seismic insulation of frames and boilers during seismic 
impacts of various frequency compositions. It is shown how different parameters of the seismic insulation 
elements can affect the efficiency of its installation. It is noted that it is necessary to determine the most optimal 
number of viscous dampers, at which the maximum decrease in the seismic response is observed. 
 

Keywords: metal frame, suspended steam boiler, hysteresis damper, base control system, seismic response, 
earthquake, analytical model 
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INTRODUCTION 
 
Large-sized suspended equipment can oscillate 
with considerable amplitude during an 
earthquake. As a rule, its displacements are 
limited to small values for technological reasons. 
First of all, it is possible to destroy pipelines and 
cables that ensure the normal operation of the 
equipment. In addition, significant displacements 
cause a high level of bending stresses in 
suspension system, which can lead to plastic 
deformations, suspension breakage and 
equipment collapse. Any of the above situations 
are considered emergencies. A minimal 
consequence of these is a temporary equipment 
failure. The most significant consequences are 
technogenic disasters, which can be accompanied 
by environmental damage, destruction of 
infrastructure, and loss of life. To ensure safe 
operation in case of earthquakes, various means 
of seismic isolation, energy dissipation and 
vibration damping are used [1-4]. 
Thermal power plants (TPP) are danger objects. 
Most of them are equipped with high-energy 
steam boilers suspended from freestanding 
metal frames inside TPP buildings (fig. 1). In 
this paper, boilers suspended from frames are 
considered as one of the most common types of 
sus-pended equipment. 
Boilers and frames have weights up to several tens 
of thousands of tons, dimensions in plan and 
height up to 100 m [3-6]. The dynamic 
characteristics of the frames and boilers are well 
studied, and regardless of the standard sizes they 
have a number of similar characteristics [6]: 

– the predominant oscillation frequencies of the 
frame in both horizontal directions are 
approximately the same and are in the range  
of 1 – 2 Hz; 
– the predominant oscillation frequencies of 
suspended boilers are in the range of  
0.1 – 0.5 Hz; 
– the modal mass of the first oscillation 
frequency for the frame is 60 – 80%, the type of 
vibration is flexural, similar to a single-mass 
oscillator; the ratios between the frame mass 
(Mf) and boiler mass (Mb) as a rule, the ratio of 
Mf / Mb = 1/4 is observed. 
– the torsional forms of natural oscillations are 
of little importance. 
 

 
Figure 1. Metal frame with suspended 

equipment (steam boiler) 
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Studies [7-11] have shown that hysteresis 
dampers of various types, for example, 
cantilever type dampers and axial dampers (fig. 
2) with a localized zone of plastic deformations, 
can be effective to reduce the amplitude of 
boiler vibrations and prevent emergencies. 
These structures have passed cyclic dynamic 
tests (fig. 3) showed stable hysteresis operation 
for a large number of loading cycles up to 
maximum operating amplitudes without failure. 
The hysteresis is reproduced qualitatively in 
numerical simulation programs (fig. 4). This 
allows you to carry out design work without 
additional expensive full-scale tests. 
 

 
a) cantilever-type damper (installation scheme) 

 
b) axial damper (installation scheme) 

Figure 2. Hysteresis dampers for antiseismic 
bracing frame and boiler 

 

 
Figure 3. Full-scale experiment for axial 

damper 
  

 
Figure 4. Comparison of test and numerical 

results for hysteresis damper 
 

Hysteresis dampers reduces boiler 
displacements effectively during an earthquake. 
It is established that their introduction corrects 
the dynamic characteristics of the structural 
system "frame-boiler". Therefore, it is required 
to perform an optimization analysis of the 
effectiveness of the solution being developed. 
This makes it possible to reduce the movements 
of the frame elements and reduce the 
momentary load on the supporting zones of the 
frame columns, which ensures its earthquake 
resistance.  
However, in some cases, the optimal parameters 
of hysteresis dampers cannot be selected. The 
introduction of these elements leads to a 
deterioration of the stress-strain state of the 
building structures of the frame. In this case, the 
design solutions of the frame are adjusted [12] 
(changes in the cross-sections of the elements; 
the device of additional connections and 
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stiffness elements) or traditional seismic 
insulation systems are used [8,13,14]. 
Among all of the existing spatial passive 3D 
developments of isolation devices, the most 
effective and reliable system seems to be the 
Base Control System (BCS) [15-18]. The 
application of the base control system for 
various NPP equipment [17,18] and for massive 
turbine foundations [19,20] has been widely 
studied at the present time. However, 
possibilities of effective use BCS for the 
“frame-boiler” system have not been studied in 
detail before. This work is intended to fill this 
gap. 
It is proposed to consider the possibility of 
using BCS that includes elastic elements – 
spring supports and viscous dampers (fig. 3 – a). 
Due to the application of spring elements the 
mode shape of the isolation structure is changed 
and fundamental period of vibration increases. 
The second measure is based on the increase of 
damping that may be combined with the 
reduction of the frequency. More other, BCS 
provides vibration damping in both the 
horizontal and vertical directions of seismic 
vibrations. It is known that most traditional 
means of seismic isolation increase the vertical 
response due to their significant rigidity. This is 
unacceptable for the frame-boiler system, since 
it is possible to significantly redistribute the 
forces in the suspensions and overload them, 
which requires compensatory measures. BCS 
has been experimentally tested and its 
effectiveness has been confirmed by CKTI-
VIBROSEISM Co. Ltd. (fig. 3 – b) [13]. 
 

 
a) viscous damper and spring (BCS elements) 

 
b) BCS full-scale test 

Figure 5. Base Control System for regulating 
seismic response [13] 

 
 
METHODS AND MATERIALS 
 
It is impractical to perform full-scale tests or 
detailed finite element calculations for 
preliminary estimates of the effectiveness of 
BCS. Therefore, in this work, an analytical 
model of the structural system "suspended 
equipment (boiler) – hysteresis dampers – metal 
frame – BCS" is being developed. 
The analytical model makes it possible to 
estimate the acceleration and displacement of its 
components, which are used as basic parameters 
for evaluating the effectiveness of the developed 
seismic insulation solutions. It is impossible to 
perform a direct assessment of the stress-strain 
state of building structures; however, an indirect 
qualitative assessment can be given. 
The analytical model assumes the use of 
simplified models of dampers. One of the most 
widely accepted differential model Bouk-Wen 
[21-23] is used to describe the hysteresis nature 
of dampers. In this model, the restoring force 
and deformation are related by a nonlinear first-
order differential equation containing a number 
of parameters that refine the shape of hysteresis 
loops in accordance with experimental data [24-
26]. According to [21,24], a hysteresis damper 
can be represented as elastic post yielding 
spring ( ) and hysteretic spring (Z), giving in 
total a full restoring force (

,

): 
 

,

= + . (1) 
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The hysteresis force Z is expressed as 
 

= +

| |

, (2) 

 
there  – displacement; 
 – time; 
, ,  – parameters regulating the duration of 

plastic deformations and the shape of the 
hysteresis loop;  

 – parameter regulating the sharpness of the 
transition from the elastic to the plastic stage; 

 – a parameter equal to the difference 
between elastic  and plastic  stiffness 
according to a characteristic bilinear diagram: 
 

= . (3) 
 

individually for each designed device with 
hysteresis according to experimental or 
calculated graphs of material deformation for 
one full cycle of operation. 
Focusing on the researches of Aida, Nishida et 
al. [9,27] and decoupling criteria in regulatory 
documents (ASCE 4-16, ASN guide 2006, CEA 
2008, ETC-C 2012) [28-30], it was previously 
proposed to idealize the "frame – N hysteresis 
dampers – boiler" system to 3DOF oscillator 
(fig. 5) [6,7], where: 
– the subsystem approximating vertical load-
bearing frame structures below the level of the 
mass center consists of mass m1 and connection 
elastic bonds to the base with stiffness k1 and 
damping c1; 
– the subsystem approximating the frame 
overlap with adjacent vertical structures consists 
of mass m2 connected by elastic bonds (stiffness 
k2 and damping c2) with mass m1; 
– masses m1 and m2 with elastic bonds k1, c1 
and k2, c2 provide the first modal response of 
the frame; 
– the subsystem approximating a boiler consists 
of mass m3, elastic bond with mass m2 (a model 
of a boiler suspension system with stiffness k3 
and damping c3) and hysteresis bond with mass 
m1 (a model of dampers). 

The features of k1, k2, c1, c2 parameter 
determination are presented in detail in the 
study [6]. 
The analytical model is determined by solving a 
system of 4 differential equations of motion, 
which is written as follows for 3DOF oscillator: 
 

 + +

( )

 

( ) ( ) =  

"
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 +
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( ) =  
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(4) 

 
there "

( ) – ground acceleration; 
 – mass displacements (i = 1, 2, 3). 

 

 
Figure 6. 3DOF oscillator – an analytical 

model of the "frame – N hysteresis dampers – 
boiler" system

 
3DOF model provides quantitative and 
qualitative matching of results with finite 
element calculations (the discrepancy between 
the results is up to 10%), which allows to use 
this model at the pre-initial design stages [6,7]. 

}`*��[+^*��%=*�@*[+x`�x{��*<��~x`[?x����<[�'�%î�^[+=�`�<<�{x?�|��@�*[+x`���+<'+^�|�<\x`<��x{��@<\�`_�_�%£@+\'�`[�
Braced with Metal Frames by Hysteresis Dampers



110 International Journal for Computational Civil and Structural Engineering

BCS is mounted to the foundation. To support 
the frame with a suspended boiler on it, it is 
necessary to arrange an intermediate plate (MS). 
Its load-bearing capacity should be sufficient to 
wear loads from higher structures. 
According to experimental data [16], BCS 
spring elements (fig. 7) can be considered as 
elastic bonds (fig. 8) with a linear relationship 
between the applied force and the acquired 
displacement. 
 

 
Figure 7. BCS spring block 

 

 
Figure 8. BCS spring test and theory results 

 
Viscous dampers (fig. 9) are widely used for 
their essential advantages [31,32]: 
– reducing vibration and dynamic response of 
systems in all degrees of freedom by 
tremendous increasing of system’s damping 
with possibility to tune to optimal damping; 
– developing high damping forces under any 
dynamic impact whereas slow motions are free; 
stability to high temperature, humid, toxic and 
radiation environment. 
 

 
Figure 9. Viscous damper 

 
Viscous liquid defines damper viscous-elastic 
behavior. The simplest mathematical model 
describing such behavior is a Maxwell Model 
consists of ideal viscous damper and spring 
element chain (2-parameters Maxwell Model). 
This model demonstrates the following typical 
features:  
– reaction at the low frequency range is 
considered as viscous; 
– reaction at the high frequency range is 
considered as essentially elastic. 
Dynamic characteristics of viscous dampers 
derived from the experiments are more complex 
than 2-parameters Maxwell Model. It was 
recognized that a set of two parallel Maxwell 
chains, or 4-parameters Maxwell Model 
demonstrates quite appropriate results (fig. 10). 
This model is used in regulatory document [33] 
in the present time. 
 

 
Figure 10. Approximation of test data with  
4-parameters Maxwell Model for viscous 

damper 
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Considering BSC modeling features, 3DOF 
analytical model (fig. 6) can be supplemented 
and represented as in Figure 11. 
 

 
Figure 11. The "suspended equipment (boiler) – 

hysteresis dampers – metal frame – BCS" 
analytical model 

 
The system of 7 differential equations of motion 
[34] for the "suspended equipment (boiler) – 
hysteresis dampers – metal frame – BCS" 
system is written as: 
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there  , , ,  – stiffness and damping 
parameters of viscous dampers (4-parameters 
Maxwell Model); 

, , ,  – viscous damper model 
element displacements;

 – intermediate plate (MS) displacements. 
The solution of eq. (5) is performed 
automatically in the MathCAD program 
according to the algorithms described in [6]. 
 
 
RESULTS AND DISCUSSION  
 
In this paper an analysis of the effect of adding 
BCS on boiler and frame response is performed 
(seismic displacements are compared as the 
main parameters regulated by the norms). The 
"frame - boiler" system without hysteresis 
dampers is considered as a basic situation. The 
first design situation considers the installation of 
hysteresis dampers only. These situations are 
analyzed using eq. (4). Next, the BCS 
parameters are varied (the number of dampers 
and the stiffness of spring supports). To analyze 
a system with an additional mounted BSC a 
model according to eq. (5) is used. 
The "frame – N hysteresis dampers – boiler" 
system described in detail in the dissertation 
work was chosen as the research object [6]. The 
main parameters of the object for analytical 
models are: 
– the first natural frequency – f1 = 1.25 Hz;  
– the total horizontal stiffness of the suspension 
system – 2202000 N/m;  
– the frame mass – 1053138.1 N·s2/m; the 
overlap mass – 401355.7 N·s2/m; the frame 
mass below the level of the mass center of the 
boiler – 513720.2 N·s2/m; the boiler mass – 
921238.4 N·s2/m; 
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– m1 = 513720.2 N·s2/m, k1 = 95238095 N/m,  
c1 = 699500 N·s/m;  
– m2 = 539417.9 N·s2/m, k2 = 81300812 N/m,  
c2 = 662200 N·s/m; 
– m3 = 921238.4 N·s2/m, k3 = 2202000 N/m,  
c3 = 142400 N·s/m; 
– characteristics of hysteresis dampers:  
ki = 4.24·106 N/m, kf = 1.27·105 N/m, n = 2.0,  

0.00013 N-1/m; 
– hysteresis damper number – 6 pcs (constant 
value). 
3 variants of seismic impact spectrum (fig. 12) 
with different frequency compositions are 
considered: 
– low-frequency spectrum (Bukharest, 1977) 
with maximum response below 1 Hz (the zone 
of the main oscillation frequencies for boilers); 
– medium-frequency spectrum (synthesized [6]) 
with maximum response in the range of 1...2 Hz 
(characteristic range of the main oscillation 
frequencies for frames); 
– high-frequency spectrum (Valparaiso, 1985) 
with maximum response in the range of 2...10 
Hz (range of higher oscillation frequency forms 
for frames). 
To perform calculations using eq. (4) and eq. 
(5), accelerograms of impacts were generated in 
the CVSpec program. 
For the analysis, considering significant frame 
and boiler masses, viscous dampers of large 
standard size VD 630/325-15 were selected. 
Damper characteristics are shown in Table 1. In 
the work, the number of dampers is varied (the 
range from 2 to 42 pieces is considered). 
The mass of the additional base plate is assumed 
to be no more than 5% of the total mass of the 
frame and boiler (Ms = 100000 N·s2/m). 
The total stiffness of spring supports varies 4 
times (10000 kN/m, 20000 kN/m, 40000 kN/m, 
60000 kN/m). 
Further, all calculated results will be presented 
in figures, including cases when BCS seismic 
displacements exceed the acceptable parameter 
(Table 1). This makes it possible to analyze the 
effect of the introduction of additional damping 
on the seismic response of the system. In the 

tables such results are highlighted in red, and in 
figures they are indicated by unshaded markers. 
 

 
Figure 12. Seismic impact spectra 

 
Table 1. VD 630/325-15 characteristics 

K1, 
kN/m 

K2, 
kN/m 

C1, rad/ 
sec 

C2, rad/ 
sec 

Acceptable  
displacement, 

mm 
8479.9 14635.6 32.4 179.6 122 

 
The first series of 42 calculations was 
performed for the low-frequency spectrum. 
Figure 13 shows the change nature in maximum 
seismic displacements for boiler (a) and frame 
overlap (b). 
As we can see, the first design situation 
provides a relatively small (20%) decrease in 
boiler displacements and a sharp (up to 2 times) 
increase in frame overlap displacements, which 
significantly increases the loss probability of its 
overall stability and stresses in the frame 
columns. The addition of hysteresis dampers 
can increase the rigidity of the connections 
between the boiler and the frame. In the end, 
this requires consideration of a different system, 
when the frame and the boiler oscillate together. 
In this case, the oscillation frequency of the 
system will decrease significantly, which will 
lead to operation in the peak zone of the low-
frequency spectrum. 
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a) boiler displacement 

 
b) frame overlap displacement 

 
Figure 13. Results for the low-frequency 

spectrum (Bukharest, 1977) 
 
With a low level of rigidity and additional 
damping of the seismic insulation, it becomes 
possible to significantly enhance the effect of 
the seismic insulation of the boiler. Its 
displacements are reduced many times, 
providing a technologically safe level. At the 
same time, the seismic response of the frame 
remains or slightly exceeds the basic situation 
level, and the dynamic factor is in the range of 
1...1.4. However, this positive effect is achieved 
due to the possibility of significant movements 
of the seismic insulation, which in the case of 
BCS have limitations for both spring supports 
and viscous dampers. I.e. it is not feasible in 
practice and it is necessary to consider other 

means of seismic isolation. Increasing the 
rigidity of the seismic insulation significantly 
reduces the positive effects. It is known that 
BCS causes a decrease in the predominant 
oscillation frequency of the structure. For boiler 
frames with the first frequency at the level of 
1...2 Hz, this leads to operation in the peak zone 
of low-frequency spectrum. Accordingly, in 
almost all cases, there is an increase in the 
response of the system in comparison with the 
basic situation. 
The second series of 42 calculations was 
performed for the medium-frequency spectrum. 
Figure 14 shows the change nature in maximum 
seismic displacements for boiler (a) and frame 
overlap (b).  

 
a) boiler displacement 

 
b) frame overlap displacement 

 
Figure 14. Results for the medium-frequency 

spectrum (synthesized [5]) 
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In almost all cases, BCS shows effectiveness. 
Reduction in the frame seismic response can 
reach 70% in comparison with the basic 
situation. BSC spring elements with low rigidity 
(up to 20% of rigidity for vertical frame 
structures below the level of the mass center) 
ensures maximum effect. For more rigid BSC 
spring elements, there is a significant decrease 
in efficiency (with a low level of damping, the 
dynamic factor is in the range of 1...1.2). This 
positive effect is logical, since a decrease in the 
frame predominant oscillation frequency 
ensures operation in the zone to the left of the 
peak acceleration values of the spectrum. In 
addition, BSC spring elements with low rigidity 
provides an additional reduction in the seismic 
response of the boiler compared to the first 
design situation by an amount from 40 to 90%. 
With low stiffness of the BCS spring elements, 
the zone of the optimum number of viscous 
dampers (additional damping) is clearly visible, 
after which an increase in their number leads to 
a tightening of the BCS and a decrease in the 
positive effect. For cases of high rigidity of BCS 
spring elements, the optimum is determined by 
the asymptote. The required optimal number of 
viscous dampers increases, making this solution 
both technically and economically impractical. 
The third series of 42 calculations was 
performed for the high-frequency spectrum. 
Figure 15 shows the change nature in maximum 
seismic displacements for boiler (a) and frame 
overlap (b).  
For seismic impacts with predominant high 
frequencies (compared to the system 
frequency), the seismic isolation effect is 
maximal in the absence of additional damping 
or at a relatively low level (combined with low 
BCS rigidity). As damping and stiffness of BCS 
increase, seismic insulating effect decreases. 
With very high damping or significant rigidity, 
the system acquires signs of a rigid connection 
between the object and the base, as a result of 
which a negative effect of amplifying the 
seismic response of structures is possible. The 
dynamic factor can reach 1.2...1.8 relative to the 
basic situation. Adjusting the BCS stiffness has 

the least effect on the seismic response of the 
boiler. Basically, the introduction of BSC 
provides an additional reduction in the seismic 
response of the boiler. 

 
a) boiler displacement 

 
b) frame overlap displacement 

 
Figure 15. Results for the high-frequency 

spectrum (Valparaiso, 1985) 
 
 
CONCLUSION 
 
In this article, a nonlinear analytical model of 
the "suspended equipment (boiler) – hysteresis 
dampers – frame – BCS" system is developed. It 
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allows you to make a preliminary assessment of 
the effectiveness for developed seismic 
insulation system to ensure the required level of 
earthquake resistance of metal frames and 
boilers suspended from them. This model is 
implemented by the algorithms of the 
MathCAD program. It allows optimization 
analysis by varying parameters (characteristics 
of hysteresis dampers, types and number of 
viscous dampers, stiffness of spring supports) to 
select the most technically and economically 
reasonable seismic insulation system. 
Using BSC for seismic insulation of frames and 
boilers braced by hysteresis dampers is possible 
and can have significant positive effects on the 
seismic response both frame and boiler.  
Significant limitations are observed only for 
low-frequency seismic impacts with peak 
accelerations up to 1 Hz, which is due to the 
design features of the “frame-boiler” systems. 
For such impacts, an additional tightening of the 
frame can be proposed as a recommendation, 
which can increase the predominant oscillation 
frequency. 
BSC is most effective for seismic impacts with 
peak accelerations above 1 Hz. At the same 
time, there may be both a significant decrease in 
the frame response and an additional decrease in 
the boiler response (relative to a system with 
hysteresis dampers only). This is important 
because there may be restrictions on the number 
of hysteresis dampers or their standard sizes, 
when using only hysteresis dampers does not 
provide the required response of either the 
boiler or the frame. 
There are optimal combinations of BCS 
stiffness and damping to maximize seismic 
response reduction. 
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RESISTANCE OF STEEL FRAMES WITH RIGID AND HINGED 
JOINTS TO PROGRESSIVE COLLAPSE 

 
Anatoly V. Alekseytsev, Valentina M. Tusnina 

National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 
 

Abstract. This paper addresses a significant and current issue in the field of improving the mechanical safety of 
buildings and structures with metal frames subjected to specific types of impact. Based on experimental tests and 
numerical verification, it studies the behavior of a steel frame in an emergency. The rapid removal of the central 
column was considered as an example of such an accidental action. To increase the frame's resistance to 
progressive collapse, the structure incorporates tie rods, which redistribute additional loads. Two types of frames 
were considered: those with hinged beam-column connections and those with similar rigid units. The 
experiments revealed the nature of the change in strains over time under dynamic loading and determined the 
characteristics of vibrational processes for frames with different joint designs. The role of tie rods in stabilizing 
frames against progressive collapse was determined. The displacement variation over time was also determined. 
The approach to modelling the accident situation was found to be in satisfactory agreement with experimental 
data. It was established that frames with hinged joints have a lower load-bearing capacity at the joint connections 
than frames with rigid joints. However, they have a predictable failure mechanism and a shorter transient 
dynamic process duration following an accident impact.  
 
Keywords: dynamics, steel frames, progressive collapse, deformations, damping, mechanical safety, robustness, 

accidental action 
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1. INTRODUCTION 
    

Mechanical safety of buildings under accidental 
actions is one of the main chalanges in 
construction science. A significant number of 
studies addressing this issue makes it possible to 
identify one of the urgent tasks of increasing the 
resistance of buildings to progressive collapse. 
This is the incorporation into the design scheme 
of additional structural elements, which are 
sometimes called safety elements. Such 
elements, e.g., struts, ties, prestressed ropes, rods 
with adjustable stress, diaphragms, wall fillings, 
suspenders, etc. redistribute loads, participate in 
the perception of dynamic loading and 
significantly increase the robustness of buildings 
and structures under accidental actions.  
For industrial facilities, the robustness 
enhancement aspect is discussed in [1]. Based 
on the analysis of the stress-strain state of the 
structures of the existing reconstructed facility, 
possible accidental situations are related both to 
the structural features of the building and to the 
specifics of the technological process carried 
out in the considered metallurgical facility. 
The concept of collapse resistance design of a 
steel framed system with members in which 
internal forces are controlled is outlined in [2]. 
These members are designed considering the 
range of forces that may appear during 
progressive collapse. Their presence allows to 
regulate the area of the structural system in 
which the failure of structural elements occurs. 
The paper [3] presents the results of the study of 
robustness of damaged steel trusses, as well as the 
release time during which local failure occurs. 
Based on experimental and theoretical studies, the 
influence of local failure on load-bearing 
structures as a whole is studied. Numerical 
analysis shows that the shorter the failure time of a 
truss member, the greater the dynamic forces 
arising in the structure. Based on the obtained 
results, the failure time of the damaged rod and 
the redistribution of forces on the neighboring 
members of the truss have been calculated.  
Study [4] has been dedicated to the investigation 
of the collapse resistance of steel frames with 

prestressed tie rods. The authors developed a 
macromodel of a typical connection for static 
nonlinear analysis of structural performance 
using finite element modeling with OpenSees. 
The model was validated against experimental 
data and applied to a six-story framed building. 
The scenarios of extreme and mid-column 
removal at the first floor have been considered. 
The results of the analysis showed that the steel 
braced frame has a fairly high resistance to 
collapse. The structure did not collapse if the 
middle column failed, and the probability of 
collapse if the outermost column failed was 2%. 
The work [5] deals with the study of the 
relationship between the dynamic coefficient 
and the collapse resistance of a structure under 
the column removal scenario. It was found that 
the influence of medium and high strain rates on 
the ultimate displacement of structures under 
column removal can be ignored. It confirmed 
that the static FEM analysis of structures under 
column removal can be used to determine the 
ultimate limit state of the structure under 
medium and high strain rates. 
The paper [6] considers an approach to the 
calculation of steel framed structures taking into 
account structural nonlinearity, including the 
removal of supports, accidental impacts, etc. 
This approach is based on the direct method of 
integration balanced by static equivalents of 
reactions. 
The paper [7] analyzes the performance of the 
steel frame during the removal of the inner 
column and determines the critical deformations 
at collapse. The analysis was performed using 
finite element modeling employing the ABAQUS 
program. It considered the influence of beam span 
and height, thickness and side ratio of the floor 
slab of the building on the magnitude of these 
deformations due to the removal of the internal 
column of the considered steel frame of the 
building. Comparison of deformations of steel 
frame showed that the presence of floor slab 
significantly reduces the magnitude of 
deformations. At the same time, increasing the 
side ratio of the floor slab from 1:1 to 1:2 
increases their magnitude by 20%. 
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The finite element analysis as pointed out in [8] is 
a general approach to perform nonlinear dynamic 
analysis of steel frame collapse with semi-rigid 
joints. The numerical results showed that the real 
performance of the assemblies has a significant 
effect on the dynamic reactions and subsequently 
on the failure process of the framed structures. It 
was marked that the failure of members and their 
joints, as well as the nonlinearities of material and 
joint behavior, should be accounted for in the 
analysis of structural failure. It was found that at 
the ends of beams in rigid and linear semi-rigid 
frames only element failures have been observed, 
while in nonlinear semi-rigid frame only joint 
failure has been identified. 
The paper [9] presents a method for quantitative 
assessment of dynamic effects on a steel frame 
structure as a result of instantaneous removal of 
an internal column. This method allows us to 
calculate the value of the dynamic factor at the 
moment of reaching the limit state of structural 
failure and to predict its deformations under 
such a scenario. Similar to [7], a comprehensive 
parametric analysis was carried out in [9] to 
study the influence of various structural 
parameters such as beam span and depth, slab 
thickness and side ratio on the dynamic factor, 
including at the moment of structural collapse. 
The paper [10] presents the results of experimental 
and theoretical studies of steel frames with 
reinforced concrete slab against progressive 
collapse. Finite element modeling of the structure 
was verified according test data for joints. The 
developed models were verified by the results of 
displacement tests, forces in the members. The 
failure regimes were established. Particular 
attention was paid to the development of resistance 
mechanisms of the floor slabs and the influence of 
beam-column assembly types on the behavior of 
the structure. In addition, the influence of the 
spacer system in the structure on the resistance to 
progressive collapse was investigated. 
The results of the study of a modular steel 
structure are presented in [11]. Based on 
experimental data and numerical simulation, the 
failure mechanisms and force redistribution 
were studied for a four-story, nine-span modular 

steel structure under different failure scenarios. 
It was emphasized that the redistribution of 
forces occurs only within the span of the failed 
member or block and has little effect on the 
other part of the structure. 
A comprehensive analysis of the influence 
parameters on the failure mechanism and failure 
resistance action of a typical bolted beam-to-
column connection on angles in steel frames 
subjected to fire is given in [12]. The results of 
numerical analysis showed that all steel frame 
structures with different types of beam-to-
column connections exhibits the arch action 
after the heating phase due to the thermal 
expansion of the beams. Based on the results, a 
theoretical method was proposed to predict the 
failure mechanism of steel frames with bolted 
beam-to-column connections subjected to fire 
under progressive collapse conditions. 
The paper [13] investigates the influence of 
dynamics in progressive collapse by analyzing the 
dynamic factor for steel structures considering the 
increase in the number of floors. A numerical 
algorithm including static and dynamic analysis 
was proposed. This algorithm is applied to evaluate 
five framed structures with seismic design. An 
accurate finite element model was developed, 
taking into account imperfections and geometric 
nonlinearity, using the OpenSees software. 
In order to increase the resistance to progressive 
collapse of steel frames, the authors of [14] have 
developed and investigated the beam-column 
interface, strengthened with a folding plate welded 
to the inner side of the I-beam flange and to the 
column. The load-carrying capacity of such a 
connection for progressive collapse was evaluated 
based on the results of tests and numerical 
analysis using the ABAQUS program. A 
comparative analysis of the performance of two 
types of assemblies: standard and reinforced with 
welded plates showed that the load-bearing 
capacity of the plate- strengthened specimen is 
21.1% higher, indicating that such assemblies 
have the ability to increase the resistance to failure 
of steel framed structures. 
 The paper [15] presents the results of 
experimental and numerical analysis of the 

Resistance of Steel Frames with Rigid and Hinged Joints to Progressive Collapse



124 International Journal for Computational Civil and Structural Engineering

mechanism of progressive collapse of a steel 
frame with beam-column connections made of 
L-profiles. According to the results of the 
research, the deformations of the connecting 
elements allow a better assessment of the 
process of failure and deformation of structures 
during the progressive collapse of the frame, as 
well as the performance mechanism of the 
damaged frame and the redistribution of forces 
between the load-bearing structures occurring at 
damage. 
In [16], the effect of vertical ties on the load-
bearing capacity of steel frames under 
progressive collapse was investigated. The test 
results showed that ties can increase the ultimate 
load-bearing capacity of frames by 102.3%.  
The study [17] of steel frames with masonry 
infilling walls in the plane of the frames with 
smaller beam cross-sections demonstrate an 
increase in the load-bearing capacity of such 
structures compared to frames without such 
infilling. The supporting effect of the double 
strut that is formed inside the infilled diaphragm 
wall during the collapse phase, steel frame 
structures with infilled walls better resist to 
large displacements in accidental design 
situation than the corresponding frames without 
infilling. 
The article [18] presents the results of static and 
dynamic tests of frames with bolted beam-
column assemblies equipped with additional 
structural details to prevent progressive 
collapse. The results of tests of such assemblies 
showed that their load-bearing capacity is 
ensured even at rotations of the beam support 
part of more than 0.2 rad. 
The paper [19] is dedicated to experimental and 
theoretical studies of beam-column assemblies 
of steel frames with lightweight frame-clad 
walls for progressive collapse at the removal of 
the inner column. Based on parametric analysis, 
the influence of key design variables on the 
resistance to progressive collapse of the 
structure was examined. The results emphasize 
that the influence contributed by the wall 
cladding of the frame on the load carrying 
capacity of the steel frame is significant. 

The objective of this study is to investigate the 
load-bearing capacity of a steel frame with tie 
rods against progressive collapse. 
 
 
2. METHODS  
         
2.1 General provisions. As part of the problem 
statement, the resistance to progressive collapse 
of an experimental specimen of a framed 
structure with rigid and hinge joints of beams 
and columns and safety suspender elements was 
investigated experimentally. The purpose of the 
research was to identify the deformation 
regimes of the frame and determine the 
characteristics of its stress-strain state (STS). 
The initiation of progressive collapse was 
performed by removing the middle column. The 
release time was assumed to be small. 
Physically the removal was performed by 
horizontal impact. The experimental results 
were used to verify the accuracy of modeling 
the progressive collapse of steel frames. 
 
2.2 Experimental designs and experimental 
plan. The specimens are frames whose beams 
and columns consist of 10B I-beams (GOST 
26020-83) (Figure 1).  Two variants of joints 
were considered. In the first variant the joints of 
beams with columns at supports and between 
each other in the spans were rigid, and in the 
second variant it was hinged. The connection of 
the columns to the power floor was rigid in all 
cases. To ensure that the frame deformed 
predominantly in its plane, a structure including 
additional columns and beams was used. Beams 
made of 51x3 round pipes (GOST 10704-91) 
connected the outermost joints of the frame to 
the force floor.    
The frame was loaded with concrete blocks 
fastened to the beams by a steel cage consisting 
of plates tightened with studs. The mass of each 
of the blocks was 195 kg. The models and types 
of assemblies in rigid and hinged versions are 
shown in Figure 2.  The general view of the 
experimental specimens is shown in Figure 3.  
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Figure 1. Specimen of the framed structure with rigid joints: 1 - end columns, 2 - middle 
(removable) column, 3 -  beams, 4 - power floor,  5 - additional columns, 6 - beams, 7 - tie rods, 

8 - load blocks, 9 - support plates, 10 - studs; A-E marking of joints;  
I-I, II-II - cross-sections for measuring values of stress-strain state 

 

   
a) b) c) 

   
d) e) f) 

 

Figure 2. Joints of the experimental frames (labeled in Figure 1): (a) joint A; (b) hinged joint A; 
(c) hinged jointB; (d ) hinged jointC; (e) hinged joint C; (f) hinged joint D 

 

 
)      b)  

 

Figure 3.  General view of experimental specimens: (a) with rigid assemblies; (b) with hinged 
assemblies (showing the erecting supports used before installing the middle column) 
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The experimental investigations were planned 
according to the following scenario. For a frame 
structure with rigid and hinged joints, 3 loading 
stages were performed. In the first stage, one load 
was placed in each span of the frame. In the 
second stage, one more load was added and in the 
third stage yet another load was added. At each of 
the stages, the middle column RC was removed 
using a rod striker T (Figure 3, a). During the 
removal, the displacements and deformations of 
the frame were measured. Here, the tie rods are 
safety elements that increase the robustness of the 
frame at an accidental action. If the removal of the 
column resulted in plastic deformations, the frame 
specimen was replaced with a new one for the 
subsequent test. The recorded displacements and 
deformations were compared with each other and 
with the simulation results. 

2.3. Displacement and deformation 
measurement in time.  KF 5P1-3-200B12 strain 
gauges were glued for the beam and column in 
the cross sections shown in Figure 1 and Figure 
4. Cold-curing cyanoacrylate was used for 
gluing. There were measured longitudinal 
strains in the beam and column flanges. To 
transfer data to the computer, an analog-to-
digital converter LTR-212 with a sampling 
frequency of up to 3kHz was used. The 
frequency of 1.5 kHz was considered as 
sufficient for the experiment. An electronic 
recorder Lgraph was used for plotting 
deformation histories. Linear displacements of 
the frame beam in the vertical direction were 
measured at point D (Figure 4). 

 

  
) b) 

 
) 

Figure 4. Measurement of stresses and strains in time: general view of the rope gauge (a), 
diagram of installation of the rope gauge and strain gauges (b); 1 - column, 3 - beam, 7 -rod; 

schematic diagram of data acquisition and processing in the experiment (c) 
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After stabilization of the system subjected to 
an accidental impact, the displacements of 
other points were measured with a laser 
rangefinder. The data obtained during the 
tests had to be cleaned from noise. For this 
purpose the data were exported to MATLAB 
software, where the values of strains and 
displacements were subjected to one-
dimensional Meyer wavelet transformation 
by polynomials of 6 and 7 orders. The 
general scheme of information processing is 
shown in Figure 4, c.  

 
2.4 Preparation for the experiment. Before 
the dynamic tests, the properties of the steel of 
the frame I-beams were determined 
experimentally. Plane specimens were cut 
from the I-beam wall and tested for uniaxial 
tension in compliance with the standard 
methodology. As a result of statistical 
processing of the data it was found that the I-
beams were made of steel with physical yield 
strength of 349 13 MPa  and ultimate tensile 
strength of 522 15 . Strain of the 
specimens corresponding to the yield strength 
was, and corresponding to the tensile strength 
was 0,0018 0,0002 , and the strain of the 
specimens corresponding to the tensile 
strength was 0,233 0,026 . 
 
2.5 Numerical analysis. The frame was 
calculated using the finite element method in a 
physically, geometrically, and structurally 
nonlinear formulation based on the stepwise 
direct integration method described in [6, 20]. 
The peculiarity of this method is that the 
tangent coefficients of the general stiffness 
matrix are constructed at each step of time 
integration for the deformed state of the 
system. In this case, the associated law of 
flow theory is used to determine the values of 
elastic and shear moduli. At the same time, to 
estimate the strength, the dynamic yield 
strength d , determined by reference data as 

1 171,1d , where   is the frequency 

of the lowest tone of vibration,  is the yield 

strength obtained in static tensile tests, is 
introduced into the calculation. The 
calculation diagram of material performance 
was taken as a linear approximation of the 
actual steel deformation diagram obtained 
experimentally 
 
 
3. RESULTS AND DISCUSSION 
 
    3.1 Deformation measurement. The results 
of the experimental tests of rigid and hinged 
frames and the evaluation of their robustness are 
shown in Table 1. Figure 5 shows the resulting 
state of the experimental specimens.. 

 
Table 1. Estimation of the resistance of 

frames to progressive collapse at the removal of 
the middle column 

 

Rigid 
connection of 

elements, 
loading stage, result 

Hinge 
connection of elements 

loading stage, result 

I  
The robustness 

is assured I 
The robustness is 

assured 

II   

The robustness 
is assured 

II 

Failure 
(tie rod and 

frame 
connection) 

III  
The robustness 

is assured III 
Failure 

(tie rod support 
assembly)  

 
Plots of strain histories for the frame with 

hinged beam-column joints according to the 
strain gauge arrangement (Figure 4, b) are 
shown in Figure 6, a-d.  Similar plots for the 
frame with rigid joints are shown in Figure 6, e-
h. To compare the deformation patterns of the 
frame correctly, only the first stage of loading 
was considered, at which the robustness is 
ensured for both frames.  
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) b) 

Figure 5. Experimental specimens after testing: frame with hinge assemblies at loading stage II (a); 
frame with rigid assemblies at loading stage III (b) 

 
The displacement histiries for the first stage of 
loading is shown in Figure 7. 
Analysis of the data presented in Table 1 and 
Figure 6 allows us to draw conclusions: 
- The frame specimens with hinged joints failed 
at the loading level corresponding to 33.3 % of 
the planned one in the experiment, equal to 
1170 kg, at which the frame with rigid joints has 
the property of robustness. This result is 

observed in the presence of safety suspender 
elements. Preliminary calculations have shown 
that without the presence of safety elements at 
hinge joints, both the experimental specimen 
and any other frame of the building at the 
initiation of the accident associated with the 
removal of the middle column does not have the 
property of robustness. This means that the local 
failure propagates to a complete collapse; 

 

 
) readings of strain gauge SG 1 

 
e) readings of strain gauge SG 1 

  
b) readings of strain gauge SG 2 

 
f) readings of strain gauge SG 2 

  
   ) readings of strain gauge SG 3 g) readings of strain gauge SG 3 
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d) readings of strain gauge SG 4 h) readings of strain gauge SG 4 

 

Figure 6. The strain histories for gauges mounted on the frame beam: a-d - with hinged nodes; 
e-h - with rigid nodes 

 
 

  
 b) 

 

Figure 7. Displacement history of point D (Figure 4, b) of the frames: (a) with hinged joints; 
(b) with rigid joints 

  
- the type of frame assembly: rigid or hinged 
establishes a fundamentally different pattern of 
localization of structural failure. For hinge 
assemblies, it is a kinematic chain, the reliability 
of which is completely determined by the 
reliability of the hinge design. For rigid joints, 
the fracture pattern is a frame with a set of 
plastic joints, and the invariability of this 
system, according to the static theorem of A.A. 
Gvozdev, is determined by the limit conditions 
in one of the cross-sections; 
- the pattern of deformation under dynamic 
loading of frames with safety elements 
(increasing the robustness property) has the 
following features. At hinged joints the system 
has a structural damping coefficient of 0.01, 
while for rigid joints this coefficient is 0.00074, 
i.e., it is 13.5 times higher. The coefficient was 
calculated based on the processing of 
experimental strain data using the peak method 
known in the literature;  

- analysis of diagrams and measurements 
allowed to reveal that the frame with hinged 
joints has a lower frequency of the main 
vibration mode 

1
f 1.42 Hz , while the frame 

with rigid joints has a frequency of 2f 4.3 Hz 

, i.e. lower by 3 times; 
- peak strain values for the frame with both 
hinged and rigid nodes are observed in the first 
half-period of vibrations, while in the 
compressed zone of elements these values may 
come in the second and even in the third period 
of vibrations, which can be explained by the 
redistribution of force flows between the main 
frame system and safety elements (ties);  
The analysis of Figure 7 shows that the peak 
(maximum) deflections for frames with safety 
elements are observed in the first half of the 
vibration period, which agrees with the results 
given in the literature for a similar accidental 
situation for beam systems. It should also be 
noted that the transient dynamic process for the 
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frame with rigid joints has a value of 24 s on 
average, which is 4.8 times longer than the same 
value for the frame with hinged joints. This 
allows us to conclude that hinge joints are 
preferable for materials and design solutions 
sensitive to vibrations. 

 

3.2 Results of the calculation. To 
experimentally verify the calculation 
methodology for the accidental impact outlined 
in [6], a rod finite element model (Figure 8) was 
developed. The material properties were taken 
from the tests, and the kinematic constraints 
corresponded to the connections and supports 
made in the experimental setup. 

 
 

 
) 

 
b) 

 

Figure   8. Deformed schemes of the experimental setup model: state of the system after dynamic 
relaxation before removal of the middle column (a), after vibration damping without the middle 

column (b) 
 

According to the dynamic analysis procedure, 
initially the static equivalent of the support 
reaction was applied to the model. After that, 
the integration process continues and the 
system, passing the state of dynamic relaxation 
comes to the equivalent static state. The reaction 
is then quickly removed from the system, which 
begins to experience free vibrations under 
accidental loading. This process is shown in 
Figure 8 in the interface of the author's software 

package. The results of the comparison are 
presented in Table 2. It should be noted that the 
experimentally obtained displacements agree 
satisfactorily with the calculated ones (they 
differ on average by 15%). These differences 
are explained by the peculiarities of the nodes 
fixing the installation to the power floor. These 
nodes do not have absolute stiffness as in the 
design scheme, but a small ductility to tear-off, 
associated with the bolt fixing.  
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Table 2. Comparison of frame displacement calculation results 
 

Loading 
stage 

Frame 
specime

n 

Maximum value, mm (dynamic) Static value, mm 
(after vibration damping) 

Experiment 
( rope gauge) 

According to 
[6] 

Experiment Calculation [6] 

 (fig. 8)  b   b  

1 -1 2,05 1,91 1,2 13 0,96 9,29 
2 -2 4,5 3,84 2,3 25 1,67 18,96 
3 -3 7,3 6,56 3,8 45 3,42 35,90 
        

4. CONCLUSIONS  
 
1. It has been established that safety elements 
such as tie rods absorb dynamic loads and 
redistribute forces. This increases the resistance 
to progressive collapse and, consequently, the 
mechanical safety of buildings and structures, 
especially those prefabricated elements with 
hinged joints. 
2. The load-bearing capacity of frames with 
tie rods is 33.3% lower than for frames with 
rigid assemblies under an accidental impact 
associated with the support removal. However, 
the transient time during which the vibrations 
cease is 4.8 times shorter. This allows making 
reasonable decisions when designing structures 
with specified safety criteria, such as placement 
of equipment for which vibrations are 
dangerous or inadmissible. 
3. The damping coefficients under accidental 
action have been determined experimentally. It 
is established that frames with hinged nodes 
have 13.5 times lower structural damping 
coefficient than frames with rigid nodes.  
4. Comparison with experimental data 
established satisfactory accuracy of the 
approach to numerical modeling of the 
accidental situation. 
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PARTICLE TRANSPORT WITH FINITE FILTRATION TIME 
 

Liudmila I. Kuzmina 1, Yuri V. Osipov 2 
1 HSE University, Moscow, RUSSIA 

2 Moscow State University of Civil Engineering, Moscow, RUSSIA 
 

Abstract: Particle transport by a fluid flow occurs in many applied construction problems, including pumping 
mortar into porous soil, creating watertight diaphragm walls, and constructing dams and underwater structures. A 
model of deep bed filtration of suspensions and colloids in a homogeneous porous medium with a finite number 
of vacancies for retained particles is considered. A suspension of constant concentration is injected into the inlet 
of a porous medium containing clean water. If the sediment growth rate remains positive as the sediment 
concentration approaches the upper limiting value, the filtration process continues for a finite time. In this case, 
the filtration function that specifies the sediment growth rate in the mathematical model is not blocking. At each 
point of the porous medium, sedimentation begins from the moment the concentration front passes and ends after 
a finite period of time depending on the distance to the porous medium inlet. A global exact solution to the 
problem is constructed in the filtration domain, which consists of two zones. In the zone bordering the 
concentration front, the solution has a standard form, and in the zone adjacent to the upper limiting values of the 
concentrations of suspended and retained particles, it has the form of a traveling wave.  

 
Keywords: deep bed filtration, porous medium, filtration function, retained particles concentration, exact solution 
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1. INTRODUCTION 
 
Filtration of small particles in porous media 
occurs in natural phenomena and in 
technological processes and is one of the main 

problems of underground hydromechanics. The 
transport and sedimentation of particles in 
porous soil must be taken into account when 
designing foundations, tunnels and underground 
structures [1-6]. 
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When filtering a suspension in a porous 
medium, sediment formation can be caused by 
various reasons. Electrical, gravitational and 
hydrodynamic forces act on particles in a fluid 
flow. If the sizes of pores and particles are 
close, then the size - exclusion capture 
mechanism plays an important role - particles 
freely pass through large pores and get stuck in 
small pores [7-10]. 
When the number of particles in the carrier 
liquid is small, the suspended particles do not 
interact with each other and the sediment 
growth rate is proportional to the suspended 
particles concentration. The proportionality 
coefficient between the sediment growth rate 
and the suspended concentration is called the 
filtration function. As a rule, the sediment 
growth rate decreases with increasing sediment 
concentration and becomes zero at a certain 
sediment limit. In this case, particle 
sedimentation ceases and suspended particles 
pass through the porous medium without 
hindrance, since all vacant places for retained 
particles are filled. The corresponding filtration 
functions are called blocking. For a 
monodisperse suspension, the filtration function 
is linear and is called the Langmuir coefficient. 
If the suspension contains different particles, the 
filtration function is nonlinear [11-14]. 
As a rule, mathematical models of such 
processes assume an infinite time to reach the 
maximum sediment. However, in some cases, 
the sediment growth rate remains significant 
throughout the filtration time and the maximum 
sediment is formed in a finite time. This model 
is considered in the article. The filtration 
function that ensures a finite filtration time can 
be blocking or non-blocking [15-18]. 
Mathematical difficulties in constructing a 
solution to a model with a non-blocking 
filtration function are associated with the 
ambiguity of the solution when the maximum 
sediment is reached. They were overcome using 
the condition of continuity of sediment 
concentration in a porous medium. In addition 
to the exact solution found, an example with an 
unlimited filtration function is considered. 

2. MODEL OF PARTICLE TRANSPORT 
 
The model of particle transport in a porous 
medium includes a mass balance equation and a 
sediment growth equation [19]. The initial and 
boundary conditions describe the injection of a 
constant concentration suspension into a porous 
medium that does not contain suspended or 
settled particles. 
In the domain { 0, 0}x t  consider the 
system 
 

0
C C S
t x t

,              (1) 

( )
S S C
t

,                    (2) 

 
where filtration function ( )S  is continuous 
and positive for 0 , 0m mS S S , and 

( ) 0S  for mS S . At the point mS  the 
function ( )S  is non-zero: ( ) 0M MS . 
Unique solution of the system (1), (2) is 
determined by boundary-initial conditions 
 

0
1

x
C ,                             (3) 

0 0
0, 0

t t
C S .                     (4) 

 
Concentration front t x  divides the domain  
into two subdomains 0 { 0, 0 }x t x  and 

1 { 0, }x t x . In 0  the system (1)-(4) 
has zero solution: 0, 0C S . In 1  the 
solution is positive. Solution C has a break on 
the concentration front; solution S is continuous 
in  and 
 

0
t x

S .                             (5) 

 
In the domain 1  the solution to the problem 
(1) - (4) coincides with the solution to problem 
(1) - (3), (5). 
According to condition (3) at the porous 
medium inlet 0x  Eq. (2) takes the form 
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( )
S S
t

.                        (6) 

 
For 0 mS S  filtration function ( )S  is 

continuous. Solution to Eq. (6) is given by 
implicit formula 
 

0

0 ( )

S dS t
S

,                    (7) 

 
where 
 

0 0
( ) ( , )

x
S t S x t .                (8) 

 
Denote 
 

0

0 ( )

mS dSt
S

.                      (9) 

 
For 00 t t  the solution (8) is given by the 
formula (7). 
For 0t t  Eq. (6) takes the form 
 

0
S
t

.                     (10) 

 
Solution to Eq. (15) with initial condition 

0 0( ) mS t S  is constant: 
 

0( ) mS S .                   (11) 
 
At the inlet 0x  the solution 0( )S t  increases 
from zero at 0t  to mS  at 0t t  and is constant 
at 0t t . 
To obtain the solution at the concentration front 
substitute Eq. (2) into Eq. (1) 
 

( ) 0
C C S C
t x

.         (12) 

 
Solution to Eq. (12) with boundary condition 
(3) is 

(0)( ) xC x e .                   (13) 
 
The line 0t x t  divides the domain 1  into 
two zones 
 

1 0

2 0

{ 0, },

{ 0, }.

V x x t x t
V x t x t

 

 

1V  is a standard filtration zone and 2V  is a 
traveling wave zone [20, 21]. 
 
 
3. EXACT SOLUTION 
 
In zone 1V  the solution to system (1)-(3), (5) is 
obtained by the standard methods [22-24]. 
Express C from Eq. (2): 
 

/

( )

S tC
S

,                        (14) 

 
and substitute into Eq. (12): 
 

/ /
0

( ) ( )

S t S t S
t S x S t

.   (15) 

 
Using the formula 
 

2

2

/

( )

/ ( ) /
,

( ) ( ) ( )

S t
x S

S t x S S S S x
S t x S t S

, 

 
change the order of differentiation in (15): 
 

/ /
0

( ) ( )

S t S x S
t S t S t

.   (16) 

 
Integrate (16) in t: 
 

/ /
( )

( ) ( )

S t S x S K x
S S

.        (17) 
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The integration constant ( )K x  is determined 
from condition (5): 
 

0

0 0 ( ) 0
t x

t

S SS K x
x t

. 

 
Eq. (17) takes the form 
 

/ /
0

( ) ( )

S t S x S
S S

.         (18) 

 
Denote characteristic variables 
 

,t x x x . 
 

In the characteristic variables Eq. 18) takes the 
form 
 

/
0

( )

S x S
S

.               (19) 

 
Solution to Eq. (19) with boundary condition (8) 
has the form 
 

0 ( )

( )

S

S

dS x
S S

.                 (20) 

 
In Cartesian variables the solution (20) takes the 
form 
 

0 ( )

( , ) ( )

S t x

S x t

dS x
S S

.              (21) 

 
Differentiate Eq. (21) in t : 
 

0

0 0

/ /
0

( ) ( )

S t S t
S S S S

.             (22) 

 
Substitute Eqs. (2) and (6) in the formula (22): 
 

0

1
0

C
S S

.                      (23) 

 

Express C from Eq. (23): 
 

0

( , )
( , )

( )

S x tC x t
S t x

.               (24) 

 
Formula (24) defines the Riemann invariant of 
the system (1)-(3), (5). 
Denote the solution at the border 0t x t  of 
zone 1V : 
 

0
1( ) ( , )

t x t
S x S x t ,            (25) 

 
At the starting point of the border 00,x t t  
and the solution is 0 0( ) mS t S . Formula (21) 
takes the form 
 

1( ) ( )

mS

S x

dS x
S S

.                 (26) 

 
To obtain the solution in the travelling wave 
zone 2V  multiply Eq. (19) by ( )S : 
 

( ) 0
S S S
x

.               (27) 

 
In zone 2V  the solution to Eq. (27) with 
condition 
 

0
( , ) mx

S x S ,                   (28) 

 
is not unique, because filtration function ( )S  
has a break at the point mS S . For a fixed 0t  
the solution is constant mS S  at 0 ( )mx x  
and decrease at ( )mx x , where ( )mx x  is a 
continuous increasing function and 
 

0( ) 0mx t .                       (29) 
 
Denote the line  separating subzones 1U  and 

2U  of constant and non-constant solution 
 

0{ ( ), , }mx t . 
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Solution in the domain 1U  is 
 

( , ) , ( , ) 1mS x S C x .        (30) 
 
Note that Riemann invariant (24) holds in 
subzone 1U . 

On line  
 

( )
( , )

m
mx x

S x S .              (31) 

 
The function ( )mx x  is determined from the 

continuity of the solution on . Consider the 
tangent vector ( ), 1ml x  to the line  at the 

point ( ),mx . From Eq. (31) 

 

( ),

0
mx

S
l

.                 (32) 

 
Calculate the derivative (32) using Eq. (2) and (27) 
 

( ),

( )

( ) ( ) ( ) .
m

m
x

m

S S Sx
l x

S S x S C

        (33) 

 
Equate right parts of Eqs. (32) and (33) and 
reduce the multiplier ( )S : 
 

( ) 0mSx C                (34) 
 
Substitution of solution (30) in Eq. (34) yields 
 

1
( )m

m

x
S

.                  (35) 

 
Solution to Eq. (35) with initial condition (29) is 
 

0( )m
m

tx
S

.                  (36) 

 
In subzone 2U  the solution to Eq. (19) with 
condition (31) is 
 

( )
( )

mS

m
S

dS x x
S S

.           (37) 

 
It follows from Eq. (37) that the solution in 
subzone 2U  has the form of the traveling wave 
 

( )mS S x x .               (38) 

 
According to formula (29) at 0  the formula 
(37) coincides with (26). Formula (38) takes the 
form 
 

1 ( )mS S x x .              (39) 

 
Differentiate Eq. (37) in : 
 

/
( )

( )
m

S x
S S

.              (40) 

 
Substitution of Eq. (2) and (39) into Eq. (40) 
yields Riemann invariant (24) in subzone 2U . 
 

1 ( )
( ) m

m
m

S x x
C C x x

S
.     (41) 

 
In Cartesian variables the formula (36) takes the 
form 
 

0

m

t x tx
S

.                     (42) 

 
Express x from (42): 
 

0( )
1m

t tx t
S

.                    (43) 

 
The boundary  between subzones 1U  and 2U  
is a straight line (43) starting from OX axis at 

0t t . 
The solution (39) takes the form 
 

1 ( )S S x x t .             (44) 
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In Cartesian variables, the formula (41) takes 
the form 
 

1 ( )
( )

m

S x x t
C x x t

S
.        (45) 

The various zones into which the filtration 
domain is divided and the type of solutions in 
these zones are shown in Figure 1. 

 
 
 

 
Figure 1. Solution diagram of the model with finite filtration time 

 
 
4. EXAMPLE 
 
As an example, consider an unlimited filtration 
function. Let 
 

1
, 0 1;

( ) 1
0, 1.

S
S S

S
 

 
Formula (7) takes the form 
 

0

0

1 .
S

S dS t               (46) 

 
Integration of (46) gives the solution in explicit 
form: 
 

2/3

0

3
1 1 .

2
S t               (47) 

From formula (47) 
 

0

2

3
t . 

 
Finally, the solution at the inlet 0x  is 
 

2/3

0

3 2
1 1 , 0 ;

2 3( )
2

1, .
3

t t
S t

t
     (48) 

 
The deposit concentration increases from zero 
to 1 at finite time 0 2 / 3t  and becomes 
constant after reaching the upper limit 1mS . 
The graph of deposit concentration versus time 
at the inlet of the porous medium is shown in 
Fig. 2.  
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Figure 2. Retained particles concentration at 

the inlet of the porous medium 
 
At the concentration front the suspended 
concentration is given by the formula 
 

( ) xC x e . 
 
Calculate the solution in zone 

1

2
{ 0, 0 }

3
V x t x . The formula (26) 

takes the form 
 

0 ( )

( , )

1
S

S x

S dS x
S

.            (49) 

 
Calculate the integral in Eq. (49): 
 

0

0

0

2 1 1

1 1 1 1
ln .

1 1 1 1

S S
S S

x
S S

      (50) 

 
Substitute formula (47) into Eq. (50): 
 

3

3

3

2 1 1.5 1

1 1 1.5 1 1
ln .

1 1 1.5 1 1

S
S

x
S

    (51) 

 
In Cartesian variables the Eq. (51) takes the 
form 

3

3

3

2 1 1.5( ) 1

1 1 1.5( ) 1 1
ln .

1 1 1.5( ) 1 1

t x S
t x S

x
t x S

  (52) 

 
Eq. (52) and the Riemann invariant (24) are the 
solution in zone 1V . 

In the domain 2

2
{ 0, }

3
V x t x the 

boundary of zones 1U  and 2U  is 
 

1
( )

2 3

tx t . 

 

In subzone 2

2 1
, 0

3 2 3

tU t x  

implicit formula (37) for the solution takes the 
form 
 

1 1 2

3S

S dS x
S

.          (53) 

 
Calculate the integral in the left side of Eq. (53) 
similarly to formula (49): 
 

01

1

1 1 1
2 ln

2 1

1 1
2 1 ln .

1 1

S S

S dS zz
S z

S
S

S

 

 
Eq. (53) takes the form 
 

1 1 2
2 1 ln

31 1

S
S x

S
.    (54) 

 
In Cartesian variables, the implicit solution (54) 
takes the form of the travelling wave 
 

1 1 2
2 1 ln 2

31 1

S
S x t

S
.    (55) 
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The travelling wave ( ), 2 2 / 3S w w x t is 
shown in Figure 3. 

 
Figure 3. Solution in travelling wave zone. 

 

In subzone 1

2 1 2
,

3 2 3 3

tU t x t  

concentrations reach maximum values 
 

1, 1S C .                    (56) 
 

 

 
 
 

 
 
 

Figure 4. Global retained concentration profiles 
 
A global exact solution to the model is obtained 
by combining local solutions (52), (55) and (56) 
in three zones. The filtration domain is the time 
interval during which the concentration of 
deposited particles decreases from 1 to zero. 

The global deposit concentration profiles - the 
dependence of retained particles concentrations 
on spatial coordinate x at different times are 
shown in Figure 4 [25-28]. 
 
 
5. DISCUSSION 
 
In particle transport problems, suspended and 
retained particle concentrations grow with time 
to limiting values. Filtration time determines the 
time dependence of suspended and retained 
particle concentrations. If time filtration is 
infinite, then the retained concentration is given 
by a single equation, the solution is smooth 
everywhere. At a finite filtration time, the 
domain of non-zero concentrations (behind the 
front) is divided into three zones: the standard 
filtration zone, the filtration zone with solutions 
in the form of traveling waves, and the zone of 
upper limiting values of suspended and retained 
particle concentrations. In the first two zones, 
the retained concentrations are given by 
different equations, their boundary is a straight 
line, which is not a characteristic of the original 
system. On this line, the derivatives of the 
solution are discontinuous. 
One-dimensional models are rarely encountered 
in practical problems. However, the presence of 
exact solutions of one-dimensional models can 
significantly speed up numerical calculations of 
two-dimensional and three-dimensional 
problems. For this, the flow of a suspension in a 
porous medium must be represented as a bundle 
of one-dimensional jets - trajectories of particle 
transport in pores [29]. 
We studied the problem of particle transport in a 
homogeneous porous medium, in which at the 
initial moment there were no suspended and 
retained particles. The initial presence of 
particles in a porous medium complicates the 
problem, since the porous medium becomes 
inhomogeneous. Such a model will be 
considered separately. 
Exact solutions to the direct filtration problem 
are used to solve the inverse problem - finding 

t 0.1

t 0.3

t 0.5

t 0.8

t 1
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the filtration function for known suspended 
concentrations at the inlet and outlet [30-32]. 
 
 
6. CONCLUSIONS 
 
The study of the particle model transport with 
non - blocking filtration function leads to the 
following conclusions: 
 The filtration time is finite, i.e. the retained 

particles concentration in the porous 
medium increases from zero to the limit 
value in a finite time. 

 At each point in the porous medium, the 
filtration time depends linearly on the 
distance to the inlet. 

 An exact solution to the model in explicit 
form is obtained. The solution has a 
different form in the standard filtration zone 
and in the traveling wave zone. 

 The concentrations of suspended and 
retained particles are related by a simple 
algebraic relationship - the Riemann 
invariant. 
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AXISIMMETRIC FLUID MOTION IN A POROUS MEDIUM IN 
THE PRESENCE OF A NON-STATIONARY EXTERNAL SOURCE 

OR ABSORPTION  
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Abstract: The generalized axisymmetric model of fluid motion in a porous medium in the presence of a non-
stationary external source or absorption is studied by methods of group (symmetry) analysis of differential 
equations. All its invariant submodels of rank 1 are studied. They are specified by invariant solutions of rank 1 
of the equation of the original model. These solutions are obtained either explicitly, or their search is reduced to 
solving systems of ordinary differential equations of the first order. For explicit solutions at specific values of the 
parameters included in their expressions, graphs of the pressure distribution in the porous medium are 
constructed. The remaining solutions are used to study physically meaningful boundary value problems for 
which, at the initial moment of time, the pressure and either the rate of its change along the axis of symmetry or 
the radial rate of its change are specified at a fixed point of the medium. These boundary value problems are 
solved numerically for some specific values of the parameters included in them. Graphs of the functions 
determining these solutions are obtained. The conducted research is relevant in many areas of applied science 
and technology: filtration, soil mechanics, rock mechanics, oil field engineering, construction engineering, 
petroleum geology, biology and biophysics, materials science. 
 

Keywords: axisymmetric model of fluid motion, porous medium, non-stationary external source, 
non-stationary external  absorption, symmetry analysis, invariant solutions, invariant submodels 
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INTRODUCTION 
 
The classical model of fluid motion in a porous 
medium has been studied in many works (see, 
for example, [1 – 7] and the large bibliography 
provided there). However, the study of this fluid 
motion within the framework of the classical 
model does not always adequately describe real 
processes. First of all, this applies to processes 
with an external non-stationary source or 
absorption.  
The study of rank 0 invariant submodels for a 
general three-dimensional model of fluid motion 
in a porous medium in the presence of an 
external non-stationary source or absorption was 
started in [8, 9]. 
In [10], rank 1 invariant submodels were 
studied for a general two-dimensional model 
of fluid motion in a porous medium in the 
presence of an external non-stationary source 
or absorption.  
In our work we will study an axisymmetric 
model describing the motion of a fluid in a 
porous medium in the presence of an external 
non-stationary source or absorption. This 
model is obtained from the classical model by 
adding a term describing the presence of an 
external source or absorption. It is specified 
by the following partial differential equation 
 

2 21
t r r z
q q g t q

r
,    (1) 

 
where  ,q q t x  is a pressure, t  is a time,  

3
, ,x y z Rx ; 

2 2r x y ;  

( 1 0 ) is arbitrary real number,                            

characterizing the nonlinearity of the process, a 

function g t  defines a non-stationary external 

source or absorption. For each real process, this 
function is specified empirically. The case 

0g t  corresponds to the presence of an 

external source. The case 0g t  corresponds 

to the presence of external absorption.  
Let  
 

ln

1

f t
g t , 

 

where  
1 2

expf t k t k  (
1 2
,k k   are 

arbitrary real numbers). The prime denotes, as 
everywhere below, the derivative of a function 
with respect to its argument.  
Each solution of equation (1) defines a certain 
submodel of the general model. Our goal is to 
study all invariant submodels of rank 1. 
 
 
METHODS 

 
The main method of studying equation (1) is 
group (symmetry) analysis of differential 
equations. Group analysis is one of the most 
effective ways of obtaining maximum 
information about the properties of solutions of 
differential equations. The basic concepts and 
algorithms of modern group analysis of 
differential equations can be found, for 
example, in [11–15] and the references provided 
there. 

 
 

RESULTS AND DISCUSSION  
 
The following mathematical results were 
obtained by group (symmetry) analysis 
methods: 
1. The main Lie group of transformations of 
differential equation (1) was found. 
2. Using the obtained group of internal 
automorphisms, optimal systems of subgroups 
of the main group were constructed. 
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3. For each subgroup of these optimal systems, 

its universal invariant in the space 
4 ( , , , )R t r z u  

was found. This allows us to write down a 
representation of each invariant solution of 
equation (1). 
For the convenience of the reader, we omit all 
the indicated calculations. 
Using all the obtained representations of 
invariant solutions of rank 1, we investigate 
these solutions. These solutions define 4 sub-
models of the main model.  
 
The first submodel 
This submodel is defined by a solution having 
the representation 
 

 1

1
2

,
rp z f t U z ,        (2) 

 
where   is arbitrary real number. 
After substitution (2) into (1) we obtain the 
following equation for the function 
U U : 

 

     

2 1
1 2

2
1 0, .

1

U U

U

    (3) 

 
1. At 2   the solution of this equation has a 
form 
 

2
1 2 2

1 ln
1 1

U c c ,        (4) 

 

where 
1 2
,c c  are arbitrary real numbers. 

From (2) and (4) it follows that the pressure is 
determined by the formula 

     

1 2 2
1

1 2

2 2
.ln

r zp f t c c
z

r

z r z

         (5) 

 
At each fixed moment in time, the pressure is 
the same at all points on each conical surface 

0r . 

When 2
1 2 20, 1, , 2 2 1,c c f t t t  

2, 0r z  the pressure distribution is shown 

in Fig. 1.
 

 
Figure 1. 2r  

 
In this case, the pressure increases 
monotonically over time under the influence of 
an external source and tends to infinity at 
t . 
2. At 2   the solution of equation (3) is 
equivalent to the following system 
 

       
2

2

1 1
2 1 ,

1

1
3 2 .

W V W

V W

    (6) 
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Namely: 1) for any solution ,W V   of 

system (6) the function 

1

U W satisfies to 
equation (3), 2) conversely, for any solution 
U  of equation (3) pair of the functions 
 

2 1

,

1

1
2 1

W U

V U U

U

 

 
satisfies to system (6).  
Let us find the pressure distribution if at the 

initial moment of time 
0

0t t  at a fixed 

point 
0 0

,r z  the pressure and its radial 

derivative are given 
 

0 0 0 0 0 00 1

0 0

, , 0, , , ,

0, 0,

r
p t r z p p t r z p

r z
 (7)   

 

where 
0 1

0,p p are arbitrary real numbers. 

In this case the initial data for system (6) have 
the form 
 

2 2
0 0

2
0 00 0

1 1
0 0 0 0

2 2
0 0 1 00

0
0 0

,

, ,
1

1
2 1

.

W z f t p

V z f t p

r z p r z pr

r
z

 (8) 

 
Due to the smoothness of the right-hand sides of 
system (6), the solution to the Cauchy problem 
(6), (8) exists and is unique in the neighborhood 

of the point 
0

. 

According to the formula 
 

  

1
1

1
2 ,

rp z f t W z .     (9) 

 
we obtain a unique solution of equation (1) 
satisfying to conditions (7), for which the value 

1

1
2 , ,z h t p t r z  is constant along each 

conical surface 0r . 

For example, when 
0

3
0, , 1,

2
t   

0 0 0 1
1, 1, 16, 1, 0,r z p p z  

2
1f t t t  for the Cauchy problem (6), 

(8) the numerical solution by the Runge-Kutta-
Felberg method [16] (with an order of accuracy 
of 4) is shown in Fig. 2. 
From this graph, by virtue of formula (9), it 
follows that the pressure increases 
monotonically over time under the influence of 
an external source and tends to infinity at 
t . 
 

 
Figure 2. W  

 
From this graph, by virtue of formula (9), it 
follows that the pressure increases 
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monotonically over time under the influence of 
an external source and tends to infinity at 
t . 
 
The second submodel 
This submodel is defined by a solution having 
the representation 
 

     

1

1
exp

1

z
p f t U r  .        (10) 

 
Substituting (10) into (1) yields the equation 
 

21
0

1
U U Ur  

 
whose general solution is 
 

3 0 4 0

1

1 1
U c J r c Y r  

 

where 
0

J x  is the Bessel function of the first 

kind of the zero order, and 
0

Y x is the Bessel 

function of the second kind of the zero order, 

3 4
,c c  are arbitrary real numbers. 

The pressure is determined by the formula 
 

1

1

1

3 0 4 0

exp
1

.
1 1

z
p f t

c J r c Y r

   (11) 

 
On each cylindrical surface 0  the 
pressure is distributed according to the formula 

1

1
exp

1

z
p c f t . 

 

For example, at 3 4

1
1, 0, ,

4
c c 2,r  

2
0, 1z f t t  the pressure 

distribution is shown in Fig. 3. 
 

 
Figure 3. 

 2r  
 

In this case, the pressure on the cylindrical 
surface 2r  decreases monotonically over 
time under the influence of external absorption 
and tends to zero at t . 

The third submodel 
This submodel is defined by a solution having 
the representation 
 

   
1

1 ,
f t z

p rf t U r .    (12) 

 
Substituting (12) into (1) yields the equation 
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2

2

1
1

1

0.
1

U U U

U

   (13) 

 
Equation (13) is equivalent to the system 
 

1

1

2 2

,

1 1

1 1

1

1
.

U U W

W U W U

W

   (14)    

 
Let the pressure and its rate of change along the 
axis Oz  are given at the initial moment of time 

0
0t t  at a fixed point with coordinates 

0 0
0,r r z z : 

 

0 0 0 0 0 00 1
, , 0, , , ,

z
p t r z p p t r z p  (15)   

 

where 
0 2

0,p p  are arbitrary real numbers. 

The initial data for system (14) have the form 
 

            

1

1
0 00 0

1 1
11 1

000 0 2

0

0

0
0

,

,

.

U r f t p

W r f t p p

f t z

r

           (16) 

 
Due to the smoothness of the right-hand sides of 
system (14), the solution of the Cauchy problem 
(14), (16) exists and is unique in the 

neighborhood of the point 0 .

Applying formula (12), we obtain a unique 
solution to equation (1) that satisfies to the 
conditions (15), for which the value 

1
1 , ,rf t p t r z is constant along each 

Trajectory . 

For example, at 
0 0

0, 2, 1,t r  

0 0 2
1, 4, 1, 0z p p z  the Cauchy 

problem (14), (16) is solved numerically by the 
Runge-Kutta-Felberg method [16] (with an 
order of accuracy of 4). The graph of the 
function U  is shown in Fig. 4. 

 

 
Figure 4. U

 
From this graph, by virtue of formula (12), it 
follows that the pressure increases monotonically 
over time under the influence of an external 
source and tends to infinity at t . 
 
The fourth submodel 
This submodel is defined by a solution having 
the representation 
 

    

1

1

2
,

f t rp z U zf t
.       (17)                 
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After substitution (17) into (1) we obtain the 
following equation for the function 
U U : 

 

2

2

2 2 11
1

1

3 13 1
0.

11

U U

U U

   

 
This equation is equivalent to the system 
 

1

2 2

,

1 1 1

1 1

1
.

1

U U W

W U W U

W

      (18)  

 

If at the initial moment of time 
0

0t t  at a 

fixed point with coordinates 

0 0
0, 0r r z z  the pressure and its 

radial derivative are given by formulas (7), then 
the initial data for system (18) have the form  
 

1

1
002

00 0
0

0

1
1 101

0 0 0 1
0

0, ,

.

rf t
U z p

f t z

f t
W z p p

f t

    (19) 

 
Due to the smoothness of the right-hand sides of 
system (18), the solution of the Cauchy problem 
(18), (19) exists and is unique in the 

neighborhood of the point 0 . 

Applying formula (17), we obtain a unique 
solution of equation (1) satisfying to conditions 
(7), for which the value  

1

1
2

, ,
f t

z p t r zf t  

 
is constant along each conical surface 

0r . For example, when 

0 0
0, 1.8, 1,t r  0z  for the Cauchy 

problem (18), (19) the numerical solution by the 
Runge-Kutta-Felberg method [16] (with an 
order of accuracy of 4) is shown in Fig. 5. 
 

 
Figure 5. U  

 
From this graph, by virtue of formula (17), it 
follows that the pressure decreases 
monotonically over time under the influence of 
external absorption and tends to zero at t . 

 
 

CONCLUSION 
 
By the methods of group (symmetry) analysis of 
differential equations we used to study the 
generalized axisymmetric model of liquid or gas 
motion in a porous medium in the presence of a 
non-stationary external source or absorption, 
defined by equation (1).
All invariant submodels of rank 1 were 
obtained. They are defined by five invariant 
solutions of rank 1 of equation (1). These are 
solutions (5) and (11), found in explicit form, 
and solutions (9), (12) and (17), the search for 
which is reduced to systems of ordinary 
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differential equations of the first order (6), (14) 
and (18), respectively. 
For solutions (5) and (11) for some specific values 
of the parameters included in them, pressure 
distribution graphs are constructed. These graphs 
are shown in Figures 1 and 2. The physical 
meaning of these solutions is indicated. Solutions 
(9), (12) and (17) were used to study physically 
meaningful problems for which at the initial 
moment of time at a fixed point of the medium the 
pressure and either the radial rate of its change or 
the rate of its change along the axis of symmetry 
are specified. These problems are solved 
numerically for some specific values of the 
parameters included in them. Graphs of the 
functions determining these solutions are obtained. 
These graphs are shown in Figures 3, 4 and 5. 
The significance of the solutions found is as 
follows: 
1. They describe specific physical processes. 
2. These solutions can be used as tests in 
numerical calculations when studying the 
motion of liquid or gas in a porous medium in 
the presence of a non-stationary external source 
or absorption. 
3. The solutions found in the work depend on 5 
arbitrary numerical parameters and one arbitrary 
function, which are determined empirically 
depending on the physical process under study. 
This allows using the submodels determined by 
these solutions to study other physically 
meaningful problems different from those 
considered in this work. 
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HYDRODYNAMIC LOADS ON THE WALLS OF A TURBINE 
BLOCK WITH A COUNTER VORTEX DAMPER 

 
Genrikh V. Orekhov, Andrey L. Zuykov, Mikhail K. Sklyadnev  
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Abstract: The article discusses the use of a counter vortex water flow energy dissipater when using a medium-
pressure hydroelectric power station's conduit as a spillway. A design of a counter vortex damper in the chamber 
of a hydraulic turbine impeller with damping of excess flow energy in the cone of the draft tube is proposed. Re-
search was carried out on pressure pulsations on the walls of a hydraulic model of a turbine block, as a result of 
which spectra and standards of pressure pulsations on the walls of a draft tube cone were obtained during opera-
tion of the model with and without a damper. It has been shown that passing water through a turbine unit of a 
medium-pressure HPP with the working impeller removed is unacceptable and leads to the destruction of the 
structure. It was found that the installation of a counter vortex damper in the impeller chamber reduces the dy-
namic loads on the walls of the draft tube cone by 6–7 times compared to the mode without a damper. It is con-
cluded that the flow of water through a turbine unit of a medium-pressure HPP with a counter vortex damper in-
stalled in the impeller chamber satisfies the safety standards of hydraulic structures. The need to supply atmos-
pheric air to the counter vortex damper via a special air duct has been established. 

 
Keyword: counter vortex spillway, flow energy dissipation, pressure pulsation spectra and standards,  

safety of hydraulic engineering structures 
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1. INTRODUCTION 
 
The study focuses on improving the reliability 
and service life of hydroelectric power plants 
and multi-purpose hydroelectric complexes, 

many of which were built in the middle of the 
last century and require reconstruction of their 
hydraulic structures in line with modern re-
quirements. It seems to be economically reason-
able to use decommissioned energy waterways 
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as spillways when renovating these hydroelec-
tric power plants.  
The issue of bypassing idle flows through the 
energy flow path has been repeatedly raised in 
specialized literature regarding low-pressure 
hydroelectric power plants [1–8]. The most 
comprehensive review of this issue is provided 
in [9]. According to these works, the conclusion 
about the possibility of passing idle flows 
through the flow path of a turbine of an inactive 
hydroelectric unit and the resulting loads on the 
structure is based on an analysis of flow charac-
teristics at relatively low speeds. It has been es-
tablished that passing idle flows under these 
conditions is only possible with a remote impel-
ler and a reliable supply of sufficient air under 
the hydro turbine cover. It should be noted that 
due to the high dynamic loads on the structure, 
turbine manufacturers do not recommend this 
procedure and are not responsible for the conse-
quences. There is no experience in the world of 
bypassing idle flows through HPP turbine units 
at heads of more than 40 m. 
Discharging idle water through the energy water 
pipes of non-operating hydroelectric power 
plants of medium-pressure HPPs without special 
measures is unacceptable due to the risk of de-
struction, both of the water pipes themselves, 
operating in uncalculated modes, and of the hy-
droelectric complex as a whole due to erosion in 
the lower reaches. Such a measure is the dissi-
pation of flow energy within the pressure flow 
path in a special dissipation chamber, which al-
lows the flow to be released into the suction 
pipe and the lower reach at low speeds close to 
the design turbine modes. 
The idea of installing an energy dissipation 
chamber on a pressure water pipeline is not 
new. As an example, we can mention the opera-
tional deep spillway with a pressure chamber in 
the form of a sudden expansion of the flow at 
the Mica hydroelectric complex in Canada [10]. 
This spillway with a chamber diameter of 13.7 
m has a flow rate of 850 m3/s at a head of 137 
m. At the same time, pressure pulsations on the 
chamber walls due to high flow turbulence in 
the zone of intense energy dissipation reach 

30% of the difference between the velocity 
heads of the flow at the chamber inlet and inside 
it. Such a pressure energy dissipator for the dis-
charge flow is effective, but cannot be consid-
ered reliable due to the extremely high dynamic 
loads on the energy dissipation unit. It should be 
noted that such high hydrodynamic loads on the 
structure prevent the use of pressure dampers in 
spillways of medium- and high-pressure hydrau-
lic structures. Thus, the problem of reducing the 
level of hydrodynamic loads on the walls of the 
structure becomes crucial. 
In this regard, let us consider a pressure counter-
vortex energy dissipator based on the interaction 
of coaxial layers of flows swirling in opposite 
directions [11–13]. In a counter-vortex energy 
dissipator, the zone of intense dissipation of the 
mechanical energy of the flow is located be-
tween the interacting concentric counter-
rotating layers at a considerable distance from 
the walls of the dissipation chamber. This pre-
vents the appearance of high hydrodynamic 
loads on the chamber walls, especially when air 
from the atmosphere is supplied to its central 
near-axis zone. 
Objective of the study is to determine the hy-
drodynamic loads on the walls of the turbine 
block of a medium-pressure hydroelectric power 
plant with a counter-vortex energy dissipator for 
idle water flow. 
 
 
2. DAMPER DESIGN 
 
The design was developed for a hydroelectric 
power plant undergoing reconstruction with an 
operating head of H0 = 50 m. One of the hydroe-
lectric power plant's hydroelectric units, which 
has been decommissioned, is equipped with a 
spillway after the turbine has been dismantled, 
ensuring that water is discharged into the lower 
reach when the level in the upper reach rises 
when the hydroelectric power plant is shut 
down. The working range of levels in the upper 
reach of the spillway is from the operating level 
of 90.5 m to the forced level of 93.5 m, with 
levels in the lower reach of the power plant's 
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discharge channel ranging from a minimum of 
39.5 m to a maximum of 42.0 m. The upper tail-
race level of 93.0 m is taken as the initial level 
for shutting down the HPP units and activating 
the spillway. The design discharge capacity of 
the spillway is Q = 63.3 m3/s. The design brief 

specifies that the damper must be simple to 
manufacture, require minimal changes to the 
flow path design, and be removable so that it 
can be dismantled for the installation of the hy-
droelectric unit's working wheel. 

 

 
Figure 1. Flowing part of the turbine unit: 1 – water supply pipe, 2 – spiral chamber, 3 – guide 

vanes of the hydro turbine, 4 – air duct, 5 – working wheel chamber with counter-vortex damper, 
6 – suction pipe cone, 7 – suction pipe elbow, 8 – diffuser 

 
 
According to the task, the layout of the pressure 
counter-vortex damper is adopted in the cham-
ber of the remote working wheel of the hydro 
turbine with energy damping in the cone of the 
suction pipe (Figure 1). The main dimensions of 
the flow part of the turbine chamber are as fol-
lows: Dc = 3800 mm is the diameter of the pres-
sure water pipe at the inlet to the spiral cham-
ber; D0 = 3100 mm is the diameter of the instal-
lation of the axes of rotation of the guide vane 
blades; b = 880 mm is the height of the guide 
vane blades of the hydro turbine; D = 2721.2 
mm is the diameter of the inlet section of the 
suction pipe cone. 
The anti-vortex damper includes the guide appa-
ratus of the remote hydro turbine and a fairing 
with blades rigidly fixed to it. The guide appa-
ratus of the hydro turbine with rotating blades 
performs the functions of a regulating valve and 

swirls part of the idle flow. The blades rigidly 
attached to the fairing swirl the other part of the 
idle flow in the opposite direction to the swirl of 
the guide apparatus blades. The fairing directs 
one part of the flow coaxially into the other, op-
positely swirled part and leads them into a 
common damping chamber in the cone of the 
suction pipe. 
In the cone of the suction pipe, coaxial concen-
tric oppositely twisted parts of the flow mutual-
ly cancel each other's twist, thereby achieving 
the effect of damping the mechanical energy of 
the flow as a whole. 
Figure 2 shows the design of the counter-vortex 
damper, carried out in accordance with proven 
methods for calculating pressure spillway hy-
draulic structures [9], regulatory documents [15-
20], and recommendations contained in special-
ized literature [11-13]. 
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Figure 2. Counter-vortex damper: a – preliminary design of the damper layout in the impeller 

chamber of a remote hydro turbine, b – fairing with blades for swirling the internal flow in isomet-
ric view, c – assembled unit with the hydro turbine guide apparatus 

 
 
A distinctive feature of the project was that the 
internal flow swirler blades, fixed on the fairing, 
have two sections. An inlet section reverses the 
flow in the opposite direction to the swirl of the 
peripheral flow formed by the blades  
of the guide apparatus of the hydro turbine. And 
a main section, where the internal flow is given 
the required swirl parameters. In the main sec-
tion, the blades have the shape of a logarithmic 
spiral [14]. 
 
 
HYDRODYNAMIC INVESTIGATIONS 
 
Hydrodynamic loads on the walls of the damp-
ing chamber located within the cone of the suc-
tion pipe presented in Figure 1 are of crucial 
importance when deciding on the use of a coun-
ter-vortex damper for discharging water into the 
lower reach through the power water conduit of 
the reconstructed hydroelectric power plant. To 
evaluate these loads, physical studies of a model 

of a turbine unit with a counter-vortex damper 
on a scale of 1:27.2 shown in Figure 3 were car-
ried out in the hydraulic laboratory of the Mos-
cow State University of Civil Engineering. 
Using a laboratory model, pressure pulsations 
on the walls of the suction pipe cone were 
measured with silicon piezoresistive sensors 
XGZP6857A manufactured by CFSensor, Chi-
na. The range of measurable pressures was from 
–40 to +40 kPa, the measurement error was ±8.0 
Pa, and the range of measurable pressure pulsa-
tion frequencies was up to 1000 Hz. 
Measurements were taken at two points at dis-
tances of 26 and 52 mm from the beginning of 
the suction pipe cone. Six pressure sampling 
points were evenly distributed around the pe-
rimeter of the cone at each location. At each of 
the 12 points, the pressure change P(t) = Pi was 
recorded during an exposure time of approxi-
mately T = 180 seconds with a discretization 
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Figure 3. Turbine block model: a – general view, b – turbine cover with counter-vortex damper 

 
 
The experimental data sets were further subject-
ed to statistical processing and spectral analysis. 
During statistical processing, the following were 
calculated: 
 average pressure value at the point of sam-

pling during the exposure period (mathematical 
mean value) 
 

N

i
i tP

T
P

1

1

, 
 
where N = T/ t is the number of measurements; 
 pressure pulsation standard (square root of 

dispersion) 
 

N

i

i
p N

PP
1

2

, 
 

which was reduced to the pressure 0 acting on 
the model  
  

0gH
p

. 

(1) 

 
Spectral analysis was performed based on dis-
crete Fourier transform. Assuming that the pres-
sure change function over time P(t) is non-

periodic (finite), i.e., a function completely de-
fined on the interval [0, T]. The spectral analy-
sis consisted of finding the coefficients aj, bj of 
the Fourier series. 
 

1

2sin2cos)(
j

jjjj tbtaPtP
, (2) 

 
where j is the frequency of the jth mode. 
In addition to series (2), the following series 
was used in the spectral analysis 
 

1

2cos)(
j

jjj tCPtP
, 

 
where j is the amplitude of the jth mode 
  

22
jjj baC

, 
(3) 

j is the phase of the jth mode 
 

jjj abarctg
. 

 
It is known that Fourier coefficients are deter-
mined by integrals 
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For finite functions, the components of the spec-
tral density are also calculated. 
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spectral density module of the jth mode 
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and phase of spectral density of the jth mode 
 

jjjCjSjj abSS arctgarctg)(
. 

 
Numerical spectral analysis, realized in the course 
of processing measurements of pressure pulsations 
on the walls of the cone of the suction pipe of the 
model, consisted in finding the coefficients aj, bj, 

j, SCj, SSj, S( j) for finite functions defined on 
the interval [0, T] by discrete values P(t) = Pi with 
a time sampling step t = 0.001 s. It was reduced 
to calculating integrals (4)-(7) using numerical 
integration formulas by the rectangle method. 
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Next, using formulas (3) and (8), the amplitude 
Cj and the spectral density modulus S( j) at the 
frequency of the jth mode j were calculated. As 
a result, the doubled spectral density was nor-
malized (reduced to a dimensionless form) ac-
cording to the pressure H0 and frequency j. 

 

j
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T

gHgH
S

00

)(2

, 
 
where Tj = 1/ j is the period of the jth mode. 
The diagrams of the normalized spectral density 
of pressure pulsations on the stacks of the suc-
tion pipe cone of the model are shown in Figure 
4. The caption below the figure indicates the 
operating mode of the model and the normalized 
pressure pulsation standards calculated using 
formula (1). 
The spectral density curve obtained for the di-
rect discharge of idle flow through the turbine 
flow path with the remote impeller of the hy-
draulic unit is shown in red in Figure 4. In this 
case, the guide vane of the hydro turbine was set 
to a blade rotation angle of 01 = 25°14' (see 
Figure 2), no counter-vortex damper was in-
stalled in the impeller chamber, and no air was 
supplied under the chamber cover. 
In this mode, the spectral density diagram of 
pressure pulsations on the walls of the suction 
pipe cone has a clear sharp peak with a leading 
frequency of 19.5 Hz. There is no doubt that this 
is the so-called cable frequency. It is obvious 
that a highly swirled flow descends from the 
blade system of the guide apparatus into the im-
peller chamber, in which, under the action of 
centrifugal forces in the near-axis zone, a vortex 
cord with a pressure significantly lower than 
atmospheric pressure is formed in the center of 
the swirled flow, even in the conditions of a 
low-pressure laboratory model.  
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Hz
 

 

Figure 2. Normalized spectral density of pressure pulsations on the walls of the suction pipe cone: 
mode 1 ( = 0.3834) is shown in red; mode 2 (  = 0.0915) is shown in blue; mode 3 (  = 0.0574) 

is shown in light blue 
 
Under natural conditions, the vortex bundle is a 
cylindrical cavity with a pressure equal to the 
pressure of saturated water vapor or atmospher-
ic pressure (when the bundle is closed to the at-
mosphere). The vortex bundle is a source of 
high dynamics. 
A large number of studies have been devoted to 
the investigation of vortex dynamics and the 
associated phenomenon of vortex decay. Exam-
ples include [3, 21], an excellent review cover-
ing 45 years [22], and related articles [23-27]. It 
is known that cable dynamics is characterized 
by low frequency and manifests itself in the 
precession of the core (cable) of a swirling flow, 
when the entire mass of the flow is drawn into 
the dynamic process, causing the flow to lose its 
stability as a whole. Due to the involvement of 

large water masses, cable dynamics pose an ex-
ceptional danger. For cable dynamics to occur, 
the pressure in the near-axis zone (core, cable) 
of the swirling flow must be lower than in the 
downstream sections. Then, under the influence 
of a negative pressure gradient, significant 
masses of water from the downstream sections 
are drawn into the core of the counter-rotating 
flow, interact with it, rotate, and are thrown 
back. The process of periodic splashes changes 
the structure of the swirling flow. The straight 
axis of the swirling flow becomes curved and 
begins to rotate around the geometric axis of the 
water pipe at a certain angular frequency, i.e., 
the flow loses its axial symmetry and stability. 
This phenomenon of loss of stability of the 
swirling flow is called vortex breakdown. These 
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conditions appear in the cone of the suction pipe 
in the absence of a working wheel and the for-
mation of a swirling flow by the guide apparatus 
of the hydraulic turbine. The swirling flow 
formed in this way, which has a vacuum cavity 
in the axial zone, encounters a pressure drop 
determined by the level of the lower tailwater. 
As a result, the very negative pressure gradient 
arises, which activates the splash mechanism 
with subsequent cable dynamics. 
If it is established that the dynamics of the cable 
are related to the loss of stability of the swirling 
flow as a whole, then it has the rotation fre-
quency of the flow itself, or that part of the flow 
that is directly adjacent to the cable. Based on 
this position, let us consider what dynamics 
should be expected in the cone of the suction 
pipe under these conditions at the actual facility. 
The geometric characteristic of the local swirler, 
calculated using Abramovich's formula [28, 29] 
and called the Abramovich number, for the 
guide apparatus of a hydroturbine is determined 
by the formula 
 
 
 
 
 
 
 
 
 
where R is the radius of the suction pipe cone, R 
= D/2 = 2.7212/2 = 1.3606 m; R0 is the radius of 
installation of the guide vane rotation axes, R0 = 
D0/2 = 3.1/2 = 1.55 m; b is the height of the 
guide vanes of the hydro turbine, b = 0.88 m; 01 
is the angle of installation of the guide vanes, 01 
= 25 14'; n is the number of guide vanes, n = 20; 

he profile half-thickness of the guide vane 
 

Following the method of hydraulic calculation 
of local swirlers [11–13], the relative area of the 
critical annular cross-section of the swirling 
flow at A = 2.141 will be 0 = 0.4969, and the 
flow rate passed through will be Q = 48.3 m3/s. 
On the other hand, the geometric characteristic 

of the swirling flow device is equal to the Higer-
Barr swirl number [30–32], defined as the ratio 
of the azimuthal angular momentum (M) of the 
swirling flow to twice the product of its axial 
angular momentum (I) and the hydraulic radius 
(Rh) [12, 33] 
 

IR
MA

h2 , 
 
where M = QuRR; I = QV; Rh = 0D/4; V is 
the average axial velocity across the flow cross-
section at the inlet of the suction pipe cone, V 
=Q/ 0 R2; uR is the tangential flow velocity at 
the walls at the inlet of the suction pipe cone. 
From the Higer-Bera swirling number, the fol-
lowing equality follows [11]   
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QAuR
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Then the period of one flow cycle around the 
perimeter of the cone of the suction pipe is 
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and its rotation frequency will be equal to 
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This period and frequency correspond to one 
revolution of the flow at the walls of the cone of 
the suction pipe. On the surface of the vortex 
bundle, the period and frequency will be differ-
ent. Assuming a radial distribution of tangential 
velocities according to the law of potential rota-
tion, where uRR = const, it can be shown that on 
the free surface of the vortex bundle they will be 
equal to 
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and 
 

01
R

d

. 
 

Thus, the cable dynamics associated with the 
loss of flow stability as a whole will occupy the 
frequency band R <  < d, i.e. 
 

32
0

32 21

1

2 R
QA

R
QA

. 
 

By substituting numerical values, we obtain that 
the cable frequencies on the full-scale object will 
occupy the band 2.08 <  < 4.13 Hz. Consider-
ing the scale of the model M 1:27.2, the range of 
cable frequencies in hydraulic modeling accord-
ing to Euler's determining criterion should be be-
tween 10.8 and 21.5 Hz. In fact, this is the fre-
quency range we observe in Figure 4. 
The recorded normalized pressure standard of 
pulsations on the walls of the cone of the suc-
tion pipe on the model at this mode was  = 
0.3834. Assuming the maximum pressure pulsa-
tion amplitude equal to the Gaussian triple 
standard, at the actual operating pressure H0 = 
50 m, we obtain 
 
     P' = ±3 gH0 =  
            = ±3.0.3834.1000.9.81.50 = ±564  
 
or H = ±57.5 m of water column. 
It is obvious that under these conditions, half of 
the time spent discharging idle waste through 
the turbine flow path, the pressure at the faces 
of the suction pipe cone will drop to the vapori-
zation pressure, meaning that they will be sub-
ject to intense cavitation. 
In this regard, appropriate requirements must be 
imposed on the lining of the suction pipe. For 
example, the calculated alternating excess pres-
sures on streamlined surfaces from –100 to 
+200 kPa require reliable interaction between 
the lining and the concrete structure. A disrup-
tion in their interaction, even in a small area, 
can lead to rapid destruction of the entire lining. 

As far as we know, there is no satisfactory tech-
nical solution to this problem for such a com-
plex structure as a suction pipe.  
In general, we consider the passage of idle flow 
through a hydro turbine unit with a remote 
working wheel to be unacceptable due to the 
high dynamic loads on the structure, leading to 
its destruction and a serious accident at the HPP. 
Figure 4 shows in blue the diagram of the nor-
malized spectral density of pressure pulsations 
on the walls of the cone of the suction pipe in 
the mode of passing cold flow through the tur-
bine flow path when a counter-vortex damper is 
installed in the remote impeller chamber. Air 
was not supplied under the chamber cover. 
It can be seen that the installation of a counter-
vortex damper in the impeller chamber sharply, 
judging by the normalized pulsation standard 
equal to  = 0.0915, reduced the dynamic loads 
on the structure by a factor of four compared to 
the previous mode without the damper installed. 
The installation of the counter-vortex damper 
also changed the frequency distribution of the 
spectral density of pressure pulsations, shifting 
the band of cable dynamics toward higher fre-
quencies with a maximum in the 30 Hz range and 
increasing the relative spectral density in the tur-
bulent range at frequencies of 150–500 Hz. 
However, in the turbulent range, there is no shift 
in spectral density by frequency between the 
modes without and with the damper installed. 
The calculation of the cable frequency band, per-
formed according to the above method, with re-
gard to the design and hydraulic characteristics of 
the developed counter-vortex damper, showed 
that under natural conditions this band will lie in 
the range of 2.17–5.35 Hz. On a 1:27.2 scale hy-
draulic model, it will occupy the range of 11.3–
27.9 Hz, thus confirming the shift of the cable 
dynamics towards higher frequencies. 
The diagram shown in Figure 4 in blue depicts 
the normalized spectral density of pressure pul-
sations on the walls of the suction pipe cone.  It 
refers to the idle flow mode when a counter-
vortex damper is installed and air is supplied 
from the atmosphere through the air duct under 
the impeller cover (see Figures 1 and 2). 
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It has been established that supplying air from 
the atmosphere through the impeller cover into 
the vacuum vortex core of the swirling flow 
formed by the blade system of the counter-
vortex damper sharply reduces the hydrodynam-
ic loads on the structure. Thus, the recorded 
normalized standard of pressure pulsations on 
the walls of the suction pipe cone, equal to s = 
0.0574 in this mode, is 1.6 times lower than the 
standard of pressure pulsations in a similar 
mode, but without air supply. This indicates the 
need to supply atmospheric air to the counter-
vortex damper at idle water outlets of medium-
pressure hydraulic structures. It should be noted 
that the overall reduction in dynamic loads on 
the structure compared to the mode without the 
counter-vortex damper was 6.7 times. 
As a result, with the installation of an anti-
vortex damper and the supply of air from the 
atmosphere, the maximum amplitude of pres-
sure pulsations on the walls of the suction pipe 
cone under field conditions will be 
 
     P' = ±3 gH0 =  
           = ±3.0.0574.1000.9.81.50 = ±84.5 kPa 
 
or H = ±8.61 m of water column. 
It can be stated that the considered option of 
passing the idle flow through the turbine unit 
with a counter-vortex damper installed in the 
working wheel chamber of the hydraulic tur-
bine, while ensuring air supply, is quite satisfac-
tory. A positive environmental effect is the sig-
nificant aeration of the flow discharged into the 
lower reach. 
The diagram of the normalized spectral density 
of pressure pulsations on the walls of the suc-
tion pipe cone shows that when air is supplied to 
the counter-vortex damper, the spectrum in the 
central part becomes flatter and wider, covering 
the range from 10 to 50 Hz, where there are no 
pronounced leading frequencies. This indicates 
suppression of the bundle dynamics. Instead, a 
spectrum corresponding to large vortex struc-
tures formed by the intense interaction of con-
centric counter-rotating flows is observed. In the 
turbulent frequency range from 150 to 500 Hz, 

suppression of pulsations is also observed, man-
ifested in the flattening of the spectral density 
graph with a decrease in its modulus. 
 
 
4. CONCLUSION 
 
1. The article has examined the possibility of 
using a pressure counter-vortex energy dissipa-
tor for water flow in the power water pipeline of 
a medium-pressure hydroelectric power plant 
during its reconstruction into an operational 
spillway. 
2. A configuration of a pressure counter-
vortex damper in the chamber of a dismantled 
hydro turbine impeller with damping of idle 
flow energy in the suction pipe cone has been 
proposed 
3. The study established the expediency of the 
design of the counter-vortex damper with its 
attachment to the cover of the remote hydraulic 
turbine.  
4. A counter-vortex damper design has been 
developed. It includes a hydro turbine guide ap-
paratus and a fairing with non-rotating blades 
rigidly fixed to it. In this design, the guide appa-
ratus of the hydraulic turbine with rotating 
blades simultaneously performs the functions of 
a regulating valve and a swirl generator for part 
of the idle flow. The blades rigidly fixed to the 
fairing swirl the other part of the idle flow in the 
opposite direction to the swirl of the guide appa-
ratus blades. The fairing directs one part of the 
flow coaxially into the other, oppositely swirled 
part and leads them into a common damping 
chamber in the cone of the suction pipe. In the 
cone of the suction pipe, the coaxial concentric 
oppositely twisted parts of the flow mutually 
dampen each other's twist, thereby achieving the 
effect of damping the energy of the flow as a 
whole. 
5. Experimental studies of pressure pulsations 
on the walls of a hydraulic model of a turbine 
block with a counter-vortex damper were car-
ried out. As a result of the studies, normalized 
spectra and standards of pressure pulsations on 

Hydrodynamic Loads on the Walls of a Turbine Block with a Coun-ter Vortex Damper



168 International Journal for Computational Civil and Structural Engineering

the walls of the suction pipe cone were obtained 
for various operating modes of the model. 
6. It has been established that in the direct dis-
charge mode of idle flow through the turbine 
unit with the remote impeller of the hydraulic 
unit, the normalized pressure standard of pulsa-
tions on the walls of the suction pipe cone 
reaches  = 0.3834. Thus, the walls of the suc-
tion pipe cone are subjected to high dynamic 
loads. The diagram of the spectral density of 
pressure pulsations has a sharp peak with a lead-
ing frequency of 19.5 Hz on the model (3.74 Hz 
in real conditions). This corresponds to the ca-
ble frequencies at the loss of flow stability in the 
process of the so-called vortex breakdown. It is 
shown that in this mode, in addition to dynamic 
loads, the walls of the suction pipe cone will be 
subjected to intense cavitation. It is concluded 
that passing idle flows through the hydro turbine 
unit of a medium-pressure HPP with a remote 
working shaft is unacceptable and leads to the 
destruction of the structure. 
7. The method for calculating the range of ca-
ble frequencies associated with vortex decay has 
been experimentally confirmed 
8. The installation of an anti-vortex damper in 
the remote impeller chamber significantly re-
duces the dynamic loads on the walls of the suc-
tion pipe cone, bringing the pulsation standard 
to a level of  = 0.0574. This is 6.7 times lower 
than the standard in the idle flow discharge 
mode through the turbine unit without the 
damper installed. 
9. Bypassing cold losses through the hydro 
turbine unit of a medium-pressure HPP with a 
counter-vortex damper installed in the remote 
impeller chamber meets the standards and re-
quirements for the safety and reliability of hy-
draulic structures and hydroelectric power 
plants. 
10. It has been established that atmospheric air 
must be supplied to the counter-vortex damper 
through a special air duct. This study was con-
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THE NOVOSIBIRSK RESERVOIR) 
 

Tatiana V. Pilipenko 1, Dmitry V. Kozlov2, Alexander Yu. Kudryashov 1,                       
Vladimir V. Degtyarev 1, Anton S. Antonov2, Alexander N. Yurchenko2,                    

Alexander S. Anshakov2, Elena N. Guselnikova 1  
1 Novosibirsk State University of Architecture and Civil Engineering, Novosibirsk, RUSSIA  

2 National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 
 
Abstract: An increasingly urgent issue is the safety of the population, including the safety of living in the 
coastal zone of large bodies of water and in areas adjacent to hydraulic structures. The presence of such 
infrastructure facilities obligates the state to ensure their safe use for the population of the country: erecting and 
safely operating hydraulic structures, preventing the occurrence of emergency situations related to flooding and 
floodplain flooding, etc. However, adverse conditions and negative developments are increasingly occurring: 
dam collapses, accidents at waterworks, flooding and threats of urban areas flooding. All this directly relates to 
the condition of hydraulic structures (GS) and their service life; reconstruction is needed, as well as the 
construction of new ones. Protection of coastal areas of reservoirs is particularly important in today's world, as 
climate change and human impact have a negative effect on this area. One of the effective ways to protect is the 
use of coastal protective hydraulic structures (CPHS). The subject of study is an important part of the regional 
infrastructure - the Novosibirsk Reservoir, located in the Novosibirsk region and the Altai territory. The reservoir 
has multiple purposes (water supply, recreational and navigation). However, the coastline of the reservoir is 
constantly affected by various negative impacts, such as erosion, landslides, and flooding. Determining the 
optimal type of hydrological engineering structure for protecting the shoreline of the Novosibirsk reservoir based 
on analysis of existing CPHS types, their characteristics, and usage conditions is an urgent task for regions like 
the Novosibirsk area and Altai. 
 

Keywords: hydraulic engineering structure, safe operation, emergency situation, shoreline, reservoir, shore-
protecting hydraulic engineering structure  

  
 

ВЫБОР ТИПА БЕРЕГОУКРЕПИТЕЛЬНЫХ СООРУЖЕНИЙ                           
НА ВОДОХРАНИЛИЩАХ (НА ПРИМЕРЕ НОВОСИБИРСКОГО 

ВОДОХРАНИЛИЩА) 
 

Т.В. Пилипенко1, Д.В. Козлов2, А.Ю. Кудряшов1, В.В. Дегтярев1,  
А.С. Антонов2, А.Н. Юрченко2, А.С. Аншаков2, Е.Н. Гусельникова1 

1Новосибирский государственный архитектурно-строительный университет, г. Новосибирск, РОССИЯ 
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Аннотация: Все более актуальным вопросом является безопасность населения, в том числе безопасность 
проживания в прибрежной зоне крупных водных объектов и на территориях, примыкающих к 
гидротехническим сооружениям. Наличие таких объектов инфраструктуры обязывает государство 
обеспечивать население страны их безопасным использованием: возводить и безопасно эксплуатировать 
гидротехнические сооружения, не допускать возникновение чрезвычайных ситуаций (ЧС), связанных с 
подтоплением, затоплением пойменных территорий и пр. Однако, все чаще развиваются 
неблагоприятные условия и негативные события: происходят прорывы дамб, аварии на гидроузлах, 
наводнения и угрозы затопления урбанизированных территорий. Все это связано напрямую с состоянием 
гидротехнических сооружений (ГТС), сроком их службы, необходимостью реконструкции, 
потребностью в возведении новых ГТС. Защита береговой полосы водоемов приобретает особое 
значение в условиях современного мира, так как изменение климата и антропогенное воздействие 
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INTRODUCTION 
 
Since the formation of the Novosibirsk Reservoir 
(more than 50 years ago), significant changes 
have taken place in the lives of the region, 
including those related to the development of 
coastal zones of this water body, a significant 
increase in population and infrastructure necessary 
for high-quality habitation on its shores. In 
addition, anthropogenic impact and climate 
change have undoubtedly had a significant impact 
on this area. It should be noted that Novosibirsk, 
created as a result of damming the Ob River to 
build the Novosibirsk Hydroelectric Power 
Station, was supposed to be located in a chain of 
reservoirs beginning with the Katun River in the 
Altai Republic, which merges with Biya in Biysk, 
Altai Krai, forming one of the world's largest 
lowland rivers, the Ob.. However, due to various 
compelling reasons, this project has not been 
implemented. Although in recent years, the 
question of its relevance has been raised again, it 
is reasonable to say, in connection with a number 
of the above-mentioned facts that the combination 
of these conditions significantly affected and 
continues to affect the state of the coastal zone of 
the Novosibirsk Reservoir. It is essential, first and 
foremost, to ensure the safety and stability of this 
area in the face of climate change and human 
impact. 
 
 
METHODS 
 
Various methods are used to calculate coastal 
protection hydraulic structures (CPHS) at 

reservoirs, which take into account the natural 
conditions and features of the shoreline. The 
results of these calculations are refined based on 
field studies, laboratory tests, and experiments. 
The Novosibirsk valley reservoir regulates 
seasonal flow. According to its morphological 
features, it is divided into three sections: the 
upper section (130 km away from the dam), the 
middle section (60-130 km), and the lower 
section (up to 60 km). Nineteen small rivers 
flow into the reservoir, with the largest being 
the Berd River. 
When designing a CPHS at a reservoir, the 
following factors must be considered: 
Natural conditions of the coastal zone. In order 
to determine the dynamics of the collapse of the 
banks of the Novosibirsk reservoir, monitoring 
has been conducted since 2016. 
Reference points were installed along shores of 
Novosibirsk Reservoir in 2017 to monitor 
dynamics of coastal collapse. 56 total rappers 
were installed: 31 on right bank and 25 on left 
bank. Coordinates of established reference 
points summarized in special table. Every year, 
specialists conduct on-site surveys in first 
decade of June and third decade of September. 
Surveys conducted by both road and water. Data 
on dynamics of coastal collapses generated in 
tabular format (Table 1) 
In addition to monitoring the natural conditions 
of the coastal zone of the Novosibirsk reservoir, 
we used data from hydrometeorological surveys 
and the results of engineering and geological 
surveys ordered from third-party specialized 
organizations with necessary SRO permits to 
make constructive and design decisions for the 
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construction of CPHS. The data obtained was 
analyzed and applied to justify a particular type 
of construction that takes into account the type 
of soil, its properties and condition. 
The topography of the bottom and shore of the 
reservoir was carried out by a team of 
specialists who were part of the group of 
authors for this work, independently using 
specialized calibrated instruments including an 
echo sounder, flow meter, and hydrometric 
turntable. Furthermore, in IndorCAD Rivier and 
IndorCad Drow programs we performed in-
house processing of the results obtained. A 
sample map is shown in Figure 2. 
 

 
  

Figure 2. An example of creating a 
hydrographic map 

 
An important aspect of the design of the CPHS 
is the analysis of hydrological regimes. Several 
hydraulic stations are in operation at the 
Novosibirsk reservoir, including the villages of 
Verkhny Beif and Spirino etc. Based on the 
available data, the amplitudes and the frequency 
of fluctuations in water levels are determined, 
which allow for making constructive decisions. 
The level regime of the reservoir is determined 
by periodic changes in volume due to water 
intake and use, as well as fluctuations caused by 
wind.  Filling up in spring, the reservoir is 
triggered during the autumn-winter period, with 
an average operating amplitude of 4.76 m.  
The basin of the reservoir is located in the 
territory of Novosibirsk Oblast and Altai Krai. 
The area of water surface is 1,070 square

kilometers; the total volume is 8.8 cubic 
kilometers. The maximum width is 22 
kilometers, the length is 185 kilometers, and the 
maximum depth is 29 meters. The average depth 
is 9 meters and 50 percent of the area is less 
than 5 meter deep. Sanatoria, boarding houses, 
recreation centers, children's health camps, and 
other facilities are located on the shore. Coastal 
erosion processes at the Novosibirsk Reservoir 
began during its filling and were intense. These 
processes continue today. The main cause of 
erosion is wind waves, which are associated 
with a lack of loose material in the coastal area. 
The consequences of coastal erosion lead to an 
aggravation of environmental problems, such as 
the reduction of fish resources, coastal 
destruction and bottom siltation. This leads to a 
deterioration in water quality. The total length of 
the coastal strip of the Novosibirsk reservoir is 
550 kilometers, of which 332 kilometers are 
subject to treatment. When justifying a 
particular CPHS, we calculated current speeds, 
wave heights, ice conditions, and other 
parameters using existing calculation methods 
such as wave and ice loads described in the joint 
venture. The geological structure of the coast, 
consisting mainly of fine sands and loams, is the 
main factor in processing. During operation, the 
rate of coastal retreat has decreased somewhat, 
but only engineering protection can prevent 
further loss of land. Therefore, one of the most 
urgent problems is to protect the coast from the 
effects of wind and waves. Forecasts of 
dangerous engineering and geological processes 
(for example, landslides, earthquakes, etc.) are 
made based on the collected long-term data. 
But the processes of coastal erosion lead not only 
to the loss of fertile land, but also to 
sedimentation of the river. During the operation 
period, the area of the reservoir at NPU = 113.5 
m increased from 1070 km to 1082, and the 
volume increased from 8.8 to 8.02 km due to 
dead volumes. The useful capacity remained 
practically unchanged. According to 
observations, approximately 40,000 m3 of 
sediment settles annually in the bed of the 
reservoir, which causes the shallowing of the 
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water body and deterioration of its ecological 
condition as a whole. Because of the continuous 
impact of water on coastal areas, it is necessary 
to organize systematic and continuous 
monitoring of coastal areas, forecast related 
natural hazards, develop and implement effective 
methods to prevent or minimize their 
consequences.. The changes in the position of the 

coastline and the formation of islands in the area 
of predominantly fluvial morpholithogenesis of 
the Novosibirsk reservoir between 1960 and 
2024 are shown in Figure 3. Based on the results 
of monitoring, if it is necessary to strengthen the 
coastline, specialists choose hydraulic structures 
based on feasibility studies. 

 

 
Figure 1. A diagram of the Novosibirsk reservoir 

 
Table 1. Table of the dynamics of changes in the distance from the 

reference point to the shore (in meters)  

Hydraulic structures designed to protect the 
shores and bottoms of reservoirs from the 
negative effects of water are classified as shore-
protecting hydraulic structures, and provide 
engineering protection against the negative 
effects of the water. 
The choice of the HS type depends on specific 
terrain conditions, such as topography, 
geological structure, hydrological regime, etc. It 

is important to consider not only the purpose of 
protecting the coastline when choosing a 
structure but also factors such as the type of 
reservoir, economics, environmental impact, 
durability, maintenance and safety. Only after a 
comprehensive analysis of these factors can 
specialists select the correct type of structure 
and design it. 
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Figure 3. Changes in the position of the 
coastline and the formation of islands in the 

area of predominantly fluvial 
morpholithogenesis of the Novosibirsk reservoir 

from 1960 to 2024 
 
In accordance with a number of regulatory and 
legal documents in force on the territory of the 
Russian Federation, coastal protection hydraulic 
structures belong to Class III. However, the 
class of coastal protection structure can be 
increased to Class II if destruction of coastal 
protection structures could lead to an emergency 
situation. To solve the problem of neutralizing 
negative effects of water on the Novosibirsk 
reservoir, we will consider the following options 
used in practice of coastal protection: 
 rejuvenation of the coastal slope; 
 biological protection applications; 
 increasing the cross-section of the 

watercourse; 
 filling with stone; 
 applications of gabion structures; 
 using geosoft; 
 applications of monolithic (concrete, asphalt 

and other) coatings; 

 applications of precast reinforced concrete 
structures; 

 applications of sheet pile structures; 
 applications of flexible concrete coverings. 

 
All of these protection methods may be 
applicable to the specific case under 
consideration. However, some of them have 
been rejected due to their lack of compliance 
with the criteria for "safety" and "reliability". 
Other measures simply cannot be implemented 
because of the impossibility to do so, based on 
natural conditions in the area of the Novosibirsk 
Reservoir and its coastal zone. For example, 
when creating a "coastal slope rejuvenation", it 
is important to ensure that the angle of the slope 
is between 5.71 or 1 to 10 (the so-called "beach 
slope"). With this angle, the stability of adjacent 
concrete structures, as well as the stability of 
soil used as a base for those structures, is 
ensured. Thus, by flattening the coastline to a 
point less than 5.71 degrees, the coast is 
protected from destruction by breakwaters. Due 
to multi-storey buildings (e.g., Berdsk's right-
bank section of the reservoir and the left-bank 
section fully developed by population), such 
methods as rejuvenating the banks cannot be 
used in our case to strengthen them. 
The next method of coastal protection being 
considered is to increase the cross-section of a 
watercourse. However, the effectiveness of this 
method has not been confirmed by our 
calculations. With an increase in either depth or 
width in the water course, the flow rate slows 
down. It would not be constructive to increase 
the Novosibirsk reservoir's cross-section by 
increasing its width. Instead, an increase in 
depth would cause soil carried by currents to 
deposit in areas with slower currents. Over time, 
under natural processes, the cross-sectional area 
of the reservoir will return to its original size. 
This type of protection is only effective when 
combined with other types of defenses. 
Protection of the coast by filling it with stones is 
one of the oldest methods to prevent erosion. 
Our hydraulic calculations show that the 
velocities of water flow in the Novosibirsk 
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Reservoir fully correspond to those calculated 
velocities at which there is no movement of 
stones from coastal protection structures along 
the shoreline. This movement begins at flow 
velocities between 0.8 and 1.3 meters per 
second. However, natural conditions in Siberia 
have their own limitations. In winter, stones of 
coastal defenses freeze into ice. When water 
levels rise in the river (during winter or spring 
floods), ice rises, tearing off layers of frozen 
stones from the surface. Currents can tear ice 
floes with frozen rocks away from the shore and 
carry them downstream. The filling of stones 
collapses. Also, as long-term experience shows, 
a stone deposit can be destroyed by a wind wave 
of over 1.7 meters high. According to hydraulic 
calculations carried out in the absence of winter 
floods on the Novosibirsk Reservoir, the ice 
thickness is at least 1 meter, so it is impractical 
to use stone filling due to significant destruction 
as an individual unit. However, in combination 
with other hydraulic structures, this type of 
shore protection is quite effective. 
Gabion structures are another way to protect the 
coastal slope. They began to be widely used in 
hydraulic engineering construction in the late 
1990s, i.e., more than 25 years ago. Practical 
experience with the use of gabions has revealed 
their unreliability, so the use of this type of 
structure entails high operational costs. As a 
result, gabion structures have lost their 
attractiveness, and their use is declining rapidly. 
The gabion structures have been replaced by 
geogrids. Coastal protection structures using 
geogrid are very similar to gabion designs. At the 
same time, the strength of a "stone container" 
geogrid is far greater than that of a gabion grid. 
Unlike gabions, however, geogrid does not have a 
bottom, which can lead to accidents. 
Monolithic coatings in relation to conditions of 
use, and importantly from the point of view of 
reliability of coastal protection structures, the 
manufacturing technology for this type of 
monolithic (concrete, asphalt, or other) coating 
on an open construction site often fails to meet 
the requirements for frost and water resistance, 
which leads to rapid destruction of the coating. 

In addition, constructing monolithic coatings 
requires precise alignment of the slope of the 
protected surface and subsequent compaction, 
which is difficult to achieve in practice. If the 
ground subsides during use, cracks will form on 
the coating, causing accidents and potentially 
leading to emergencies if not repaired promptly. 
As for the experience of using precast 
reinforced concrete structures as shore 
protection structures in the conditions of water 
bodies, such as the Novosibirsk reservoir, they 
are inferior to other alternatives, even though 
they have a more complex construction process. 
This is because precast structures always have a 
lower support, on which the plates rest. 
When it comes to protecting the shoreline of a 
reservoir, tongue-and-groove systems can be 
fragile and unreliable, based on years of 
experience. Based on 50 years of observation, the 
thickness of sheet piles is reduced from 10±1 mm 
to 2±1 mm, leading to complete destruction. 
Let's consider the option of coastal protection in 
its relatively new form - using flexible concrete 
coverings. Flexible concrete slabs are placed on 
top of geotextiles, which act as an anti-diffusion 
barrier. In essence, the geotextile protects the 
object from negative effects of water. The main 
purpose of a flexible concrete slab is to prevent 
the destruction of the geotexiles. This type of 
coastal protection has been used recently. 
Facilities where pilot projects using flexible 
coverings have been implemented, including 
large reservoirs, are under our supervision. 
These projects were completed only five years 
ago and still meet requirements for operation 
and reliability. 
 
 
RESULTS AND DISCUSSION  
 
Having considered all types of existing coastal 
protection structures and returned to the 
shoreline of the Novosibirsk reservoir, we can 
discuss the need to combine at least two types of 
hydraulic structures in design work. Only then 
will the purpose of this work be achieved. 
Engineering protection of reservoir shorelines 
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has gone through similar stages in its 
development to coastal protection history, but in 
a shorter time frame. Only 40 years ago, when 
selecting means to protect reservoir shores, 
priority was given to breakwater walls and 
various coastal coverings, such as stone-cast, 
reinforced concrete and asphalt concrete. It took 
less than ten years to realize all the 
disadvantages of passive structures and make 
significant adjustments to the strategy for 
coastal protection of artificial reservoirs. 
Coastal protection structures installed at the 
Novosibirsk Reservoir have truly prevented 
further erosion on the protected shorelines.. 
However, in the adjacent coastal areas, abrasive 
processes have noticeably intensified, on the 
contrary. Moreover, after several years, 
breakwater walls and coastal coverings have 
often begun to collapse quickly due to erosion 
of the bottom directly in front of them and 
violation of the integrity of their base. 
Therefore, a different integrated approach to the 
design and construction of coastal protection 
structures is currently proposed. As an example, 
we should consider the section of the shoreline of 
Novosibirsk Reservoir near the village of Krasny 
Yar in Ordynsky District of Novosibirsk Region, 
which is undergoing active erosion (Fig. 4). A 
coastal protection structure with a length of 3,175 
meters is required in this area. The construction of 
the facility was selected based on a comparison of 
similar projects located at the Novosibirsk 
reservoir and the estimated costs of implementing 
measures. After analyzing the initial data for the 
selected section of coastline, two integrated 
versions of coastal protection structures are 
proposed: a sheet pile wall made from composite 
material and a banquet made from rock mass, as 
well as an artificial division of coast into bays. 
The site was divided into segments for settlement. 
Wave effects were calculated for each site 
separately (see Fig. 5).  
To prevent the abrasion of the coastal slope by 
wave load, it is planned to fill in the building 
profile of a sandy beach along the coast and 
install a beach-holding structure in the form of 
an intermittent breakwater.  

 
Figure 4. Estimated segments of the site being 

considered 
 

 
Figure 5. Points for determining the parameters 

of waves in the coastal zone 
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The first part of the complex structure is a rock 
banquet. After reshaping it by the excitement of 
water area of Novosibirsk reservoir, the banquet 
will take the form of natural stone beaches. 
Rock banquets have proven themselves as 
reliable structures that effectively perform their 
coastal protection function at Novosibirsk 
Reservoir. The disadvantage of rock banquets is 
the impossibility of using them for recreational 
purposes due to safety concerns. Calculations 
have been made for all segments and 
summarized in tables, based on which wave 
acceleration lines have been built in the most 
dangerous areas, an example of which is shown 
in Figure 6 for selected wave points along active 
wind directions. 
 

 
Figure 6. lines of wave acceleration along 

active wind directions for point No. 3, segment 
No. 2 (Point No.3) 

 
The calculations of the wave elements were 
performed taking into account division into 
depth zones, which are clearly expressed in the 
approach to the projected section of the coast. 
The deep-sea area - has a depth  

(where the average wavelength is in the deep 

sea zone), and the bottom does not affect the 
main characteristics of waves. 

Shallow - with a depth of , 
where the bottom affects the development of 
waves and their main characteristics. (The 
critical depth of water is   at which the first 

wave collapses occurs). 
Surf - with a depth of  to , within 

which wave destruction begins and ends. 
Near-shore - with a depth of less than , 

within which the flow from destroyed waves 
periodically rolls onto the shore. The calculation 
of the deep-water zone is performed at the depth 
at the edge of the zone. The average height and 
average period of waves in the deep-sea zone are 
calculated according to formulas (P 31.3.07-01): 
 

, 

 

 
The average wavelength in the deep-sea zone is 
determined by the known value of the average 

period, according to the formula: .  

The average wave height in shallow waters, , 
m, with bottom slopes less than 0.002, must be 
determined using the formula: 
 

, 

 
Where d is the depth of the water at the 
calculated point 
The height of the waves in the i% zone must be 
determined by the formula, with decreasing 
depths and bottom slopes of i  0.02: 

,
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hi= kt kr ki , 
 
where: kt – is the transformation coefficient;  
kr – is the refractive index; ki – s the coefficient 

of transition to wave height; i % security;  – 

the initial average wave height in deep water. 
The coefficients kt, kr and ki, should be 
determined according to regulatory documents. 
The transformation coefficient kt, must be 
calculated using the formula: 
 

 
 

Where 
 

 
 
d is the depth of water at the calculated point. 
The refractive index for the bottom sections 
with rectilinear isobaths (with 0<ad<60, 
degrees) should be calculated using the formula 
 

 
 
Where: d - The angle between the direction of 
the waves and the normal to the isobaths at a 
calculated point; 
CN is a parameter defined by the formula. 
The refractive index kr for bottom sections 
with curved isobaths can be determined in 
accordance with the recommendations. 

The wavelength, , m, moving from the deep-
sea water area to the transformation zone, must 
be determined using the formula. 

 
 

The depth of the first wave's collapse, dcr, in the 
surf zone with a constant bottom slope, must be 
determined using the formula. 
 

 

where  at  

 

The depth of the last wave, dcr,u, m, from which 
the waves roll onto the shore is allowed to be 
calculated using a constant slope of the bottom, 
i:dcr,u = kn

n-1 dcr, 

Where dcr,u – is the depth of the first wave 
collapse. 
The wave height in the surf zone is 1% hsur,1% 
at dcr  d  It must be determined using 

the formula.  
Where is the coefficient i, it should be taken in 
accordance with the requirements of clause 2.17 

these guidelines. where  at 

 The wavelength in the surf 

zone, , m, should be calculated using the 

formula.  A wave 
surge is formed when waves collide and its 

g
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magnitude depends on the estimated height of 

the wave along the line of first collision ( )  
and its average period. The calculation of the 
wave surge is performed according to the 

formula given in: . For Class III 

structures, in accordance with SP 
38.13330.2012, p.5.9, the maximum calculated 
water level is assumed to be 5% secure. This is 
113.70 mBS, in accordance with "Basic 
Provisions of the Rules for use of water 
resources in the Novosibirsk reservoir on the Ob 
river".  The most dangerous wind directions are 
SSW, SW and WSW (highlighted in red).  
To ensure the possibility of recreational use of 
the coast of the Novosibirsk reservoir, a beach 
300 meters long is inserted into the considered 
variant. A system of enclosing boulders and 
breakwaters is envisioned to protect the sandy 
beach from significant losses of beach-forming 
sand. This will help reduce the loss of beach 
sand due to longshore sand transfer and the bay 
dissection of the beach inserts. The bay shape of 
this beach is most resistant to the effects of 
various storm directions due to its accumulating 
capacity for beach-holding structures. During 
the initial period of banquet formation, 
deepening and processing of the shoal will 
occur before the banquet. Processed products 
will be involved in long-range sediment flow. In 
order to accumulate the largest fraction from 
recycled soils of the shoals, we provide for 
installation of spurs that simultaneously act as 
technological platforms for machines and 
mechanisms. Beach-retaining structures will 
also play this role. The presence of 
accumulation zones reduces recycling of 
structures and extends their service life. 
The outline of the banquet in the plan is close to 
the position of a cliff's brow. It should be noted 
that the jagged or broken position of the banquette 
in the plan has a greater resistance to the effects of
excitement than a rectilinear position. This is 
because when exposed to wave fragments, waves 
change direction, leading to formation of 
oncoming currents. All this contributes to 
formation of sedimentation zones and

accumulation zones, which ultimately leads to 
dissipation of excitation energy. The improvement 
of offshore areas and construction of anti-erosion 
structures allows the complex of coastal 
protection structures to be brought to parameters 
that ensure normal recreational use and enhance 
aesthetic appeal of coastal structures. Next, long-
range sediment transport calculations were 
performed.. For sand deposits with a grain size 
range of 0.1  d50  1 mm, we used the widely 
used CERC formula. At the same time, it should 
be noted that the calculation formula uses the 
height of the significant wave (Hs) and the peak 
period of the wave spectrum (Tp), both of which 
are related to average wave parameters (H and T). 
An example of calculation results for a similar 
segment is shown in Figure 7. 
The second part of the coastal protection structure 
is the artificial division of the coast into bays using 
various structures and elements made mostly of 
unsorted stone, such as bunks, breakwaters, 
blocking elements, and artificial capes. Bays can be 
filled (immediately or after formation by natural 
waves of a given size) with beach-forming material 
to form bay-shaped beaches, or they may not be 
filled with any imported soil in some cases.  
 

 
Figure 7. The contribution of waves (wind) of 

various directions to the resulting sediment flow 
in the calculated segments: A is the direction of 
wind (waves) in degrees; Q is the total volume 
of sediment flow from waves in this direction 

(m³/year) 
 
Positive values of flow are shifted to the right, and 
negative values are shifted left. The direction and 
capacity of the resulting annual coastal sediment 
flow, caused by wind waves, for the area under 
onsideration are shown in Figure 8.  

p
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Table 2. Calculation of wave elements in the 
deep-water zone for three segments 

Naming of 
indicators 

UOM 
Des
igna
tion 

The value of the current points 

Active 
points - - S SSW SW WSW W 

Wave 
acceleration 
length 

m L 6198 9056 1736
3 21328 189

54 

Wind 
speed 4% 
probability 
of Ob 
GMO 

m/sec V 21 24 23 18 16 

Average 
wave 
parameters 

       

- height m  0,83 1,02 1,13 0,98 0,87 

- period sec  3,43 3,79 4,07 3,96 3,80 

- length m  
18,3
8 22,44 25,88 24,50 22,5

6 

Estimated 
wave 
height in 
storm 
mode with 
a 4% 
probability 

       

-1% P in 
the wave 
system 

m 
 1,72 2,13 2,36 2,10 1,85 

-2% P in 
the wave 
system 

m 
 1,57 1,94 2,19 1,91 1,70 

-5%  P in 
the wave 
system 

m 
 1,44 1,79 1,99 1,75 1,55 

Depth at 
the 
boundary 
of the zone

 

m 

 9,2 11,2 12,9 12,2 11,3

 
Figure 8. The direction and capacity of the 

annual coastal sediment flow in the coastal zone 
of the site under consideration 

 
In the considered variant, beach-retaining 
structures are provided, which are intermittent 
breakwaters. In the shadow of these structures, 
the rudiments of overflows form, blocking the 
through movement of sediments along the coast 
and contributing to the dissection of the bay by 
an artificially created sand prism. With the 
division of the coast into bays, the beaches 
formed within them are the most stable. To 
ensure the formation of a wave shadow in the 
armhole of the breakwater, it is necessary that 
the length of this structure be 1.5 times greater 
than the distance between the shore and the 
breakwater. The calculated profile of the beach 
should also not extend beyond the line of 
breakwaters, while the beaches are most stable 
in bays with an approximately circular outline. 
At the same time, the length of a breakwater 
should be at least equal to the width of an 
underwater beach..  These conditions 
correspond to breakwaters, with an average 
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length of 90 m, and gaps between them 
averaging 90 meters, removed no more than 60 
meters from the filled-out sand prism, which is 
the capital class of these shore protection 
structures. The construction of coastal 
protection structures as provided in the design 
documentation aims to prevent further damage 
to the coast from dangerous natural processes, 
such as coastal slope abrasion from waves 
during stormy periods. 
The durability of the adopted design solution 
and its reliability during the service life (at least 
50 years) is justified by several factors. The 
design solution is a proven system, and the 
applied polymer composite sheet pile profile 
SHK-150UM is produced using injection 
pultrusion with a polyurethane binder. This 
ensures high stability of properties and 
resistance to aggressive environmental 
influences, as confirmed by test reports. The 
resistance to temperature fluctuations and UV 
radiation, as well as low water absorption, are 
also confirmed. The anchor system's durability 
is further justified by its anti-corrosion 
protection, while the length of the tongue-and-
groove wall measures 5260 meters. The 
calculation of the bearing capacity of the 
tongue-and-groove wall and anchor pile was 
performed using Midas GTS NX software in a 
two-dimensional formulation. Structural 
elements of the structure include: vertical 
element - sheet pile profile SHK-150UM, with a 
length of 5 meters and maximum depth of 3.8 
meters; distribution belt of paired channels 12P 
GOST 8240-97 at levels 114.20 and 113.70; 
interconnected and attached to the sheetpile 
through a bolted connection M12; anchors made 
of A400 reinforcing bars with a diameter of 28 
cm, GOST 5781-82, with a 4 meter length in 
increments of 0.4 meters, fastened to the tongue 
and groove wall through the distribution belt at 
11.4. Anchors are mounted through steel plates 
GOST 19903 -74 measuring 0.2 x 0.02 m 
through bolted connections M18; anchor piles 
are channel 14 P GOST buried in ground with 3 
meter lengths in 0.6 m steps, 4 meters apart 
from tongue-and groove walls.. The anchor rods 

are mounted to the anchor pile through a steel 
plate measuring 200 x 200 mm 15, through a 
bolted connection M18. Fastening metal parts 
with M12 and M18 bolts and nuts. The anchor 
system is protected with anti-corrosion coating 
that meets the requirements of SP 
287.1325800.2016 and SP 2.13330.0201. The 
anchor must be painted with epoxy-based 
enamel to protect it. It is also recommended to 
fill attachment points and connections of anchor 
rods with bitumen-rubber paint / mastic to 
protect them. A drainage prism is used to relieve 
filtration pressure. This prism consists of small 
fractions of crushed stone separated by Geospan 
TS-110 geotextiles. The formed sinuses are 
filled with crushed stones. Filtration holes with 
a diameter of 20 mm are arranged in sinuses 
with a spacing of 11.37 mm at a step of 0.96 ft. 
An upper polyurethane composite belt PKSH-
160 painted in bright color is installed on top of 
the walls for overall stability. Main angles of 
rotation are provided by angular polyurethane 
connectors USK-150.. Temperature-
sedimentary seams with a pitch of no more than 
25 meters are arranged in the upper belt and the 
distribution belt in the sheet pile joint. 
Backfilling is performed with soil (fine, 
homogenous, water-saturated, medium density 
sand) extracted using a hydro-mechanical 
method. The filling mark is 114.70, and the soil 
compaction coefficient is accepted according to 

SP 22.13330.2016 (clause 9.14), with 
=0.95. Fine and powdery sand is located at the 
base of the sheet-pile wall. To prevent erosion 
of the foundation, a stone berm has been 
arranged on the front side, with a width of 4800 
m and a slope of 1: 1.5. The diameter of the 
stones used for fastening was estimated to be 
0.45 m, and after reshaping the profile, stone 
fastening would provide a non-erosive 
foundation for the tongue-and-groove wall. 
Load-bearing capacity calculations for both the 
tongue and groove wall and anchor piles were 
performed. The mass of each element in the 
stone fastener was also calculated, as well as the 
parameters of stone fasteners. 
 

g
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CONCLUSION 
 
In conclusion, I would like to note that the 
authors of the work focus on the relevance of 
the problem of coastal protection of the 
Novosibirsk reservoir, primarily for the local 
population and the ecosystem as a whole. They 
demonstrate the need to develop and implement 
effective and efficient measures taking into 
account financing features and difficulties 
arising from natural changes. The CPHS 
construction considered in this paper is aimed at 
preventing further destruction of the coast by 
dangerous natural processes such as abrasion of 
the coastal slope by waves during storm periods. 
The durability of the adopted design solution 
and its reliability during the service life of the 
design (at least 50 years) is justified by the 
following factors: 
- the constructive solution is a proven bolverk 
system (Abramov, D. S., Shielded bulwarks: A 
historical review, research, design competition 
and calculation methodology features. 
Hydraulic Engineering 1(30)/2013; Kostyukov, 
V.D., Reliability of marine berths and their 
reconstruction, Moscow: Transport, 1987). 
Many structures of this type built in the 1960s 
and 1970s are still operational and have 
exceeded their designed service lives 
(Reconstruction of bolverk berths by changing 
the structure from a spacer to a gravity-based 
one, Nikolaevsky, M.Yu., Gorgutsa, R.Yu. and 
Sokolov, A.V., HYDRAULICS AND 
HYDROTECHNICS OF THE XXI CENTURY, 
No.1 (17), 2014).  
- the applied polymer composite sheet pile 
profile SHK-150UM is manufactured using 
injection pultrusion with a polyurethane binder, 
which ensures high stability of properties and 
high resistance to aggressive environmental 
influences. The resistance to temperature 
fluctuations, UV radiation, and low water 
absorption is confirmed by test reports. 
- the durability of the anchor system is justified by 
the anti-corrosion protection applied that meets 
the requirements of SP 287.1325800.2016 and SP 
28.13330.2012. To prevent the adverse effects of 

human activity on the coastal environment, a 
coastal protection zone has been established, 
where safe economic activity is regulated. 
To prevent the adverse effects of man-made 
activities on the CPHS, a coastal protection 
zone is provided where safe economic activities 
are regulated. 
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Abstract: Earthquakes are often disasters that cause significant damage to infrastructure, buildings, and even 
fatalities. As a result, many nations globally have established earthquake-resistant design standards to protect 
infrastructure, buildings, and human lives from the impacts of seismic events. The objective of this research is to 
assess how the implementation of earthquake-resistant construction standards influences the structural integrity 
and performance of buildings across Indonesia. The research was undertaken by comparing buildings designed 
based on SNI 1726:2019, Eurocode 8:2004, and IS 1893:2016. The method employed involves comparing both 
elastic and inelastic design results using pushover analysis for each standard to assess seismic performance using 
ETABS software as an analytical tool. Findings from the analysis reveal that structures designed following the 
SNI 1726:2019 required the smallest area of flexural reinforcement, followed by an increased requirement in 
Eurocode 8:2004, and the highest in IS 1893:2016. Furthermore, the nonlinear pushover analysis revealed that 
the performance point of SNI 1726:2019 was 8.38% higher than Eurocode 8:2004 and 24.03% higher than IS 
1893:2016 in the X direction, and 12.15% higher than Eurocode 8:2004 and 27.76% higher than IS 1893:2016 in 
the Y direction. 

Keywords: Design Standards, Disaster Risk Reduction, Earthquake-Resistant Buildings, Eurocode 8, IS 1893, 
SNI 1726, Structural Performance 
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1. INTRODUCTION 
 
Seismic events, or earthquakes, occur as a 
consequence of energy release in the Earth's 
crust, leading to ground surface vibrations [1]. 
As earthquakes frequently inflict significant 
destruction on structures and critical 
infrastructure, they also pose serious risks to 
human safety and result in fatalities. Many 
countries around the world are at risk from 
seismic events. Indonesia, in particular, exhibits 
high vulnerability as a result of its location 
within the Pacific Ring of Fire, a zone 
distinguished by frequent and strong 
earthquakes. Given the frequency and intensity 
of earthquakes, safeguarding buildings to 
withstand seismic forces has become 
increasingly important. To mitigate the impacts 
of earthquakes, countries have developed 
seismic design standards to ensure that 
buildings can withstand seismic loads. As a 
result, the implementation of earthquake-
resistant building design principles has become 
essential in the planning and development of 
infrastructure. 
Sub-group B of the International Association for 

conducted a cross-country comparison of 
earthquake-resistant design regulations, 
identifying both the similarities and differences 
to uncover existing knowledge gaps [2]. In this 
context, comparative studies between seismic 
design standards are crucial. These studies aim 
to identify the strengths and weaknesses of each 
standard and to provide insights for the 
development of more effective building codes in 
Indonesia. 
This research draws upon a number of prior 
studies that analyzed comparative standards for 
earthquake-resistant buildings in various 
countries. Building codes classify structures into 
varying levels of ductility categories and then 
determine and apply the relevant response 
modification factors, taking into account 
material properties, structural configuration, and 
detailing requirements. Despite variations in 
implementation, there is a significant 

convergence among modern national seismic 
codes regarding their overall design 
methodologies [3].  
The infrastructure development in Gulf countries 
is widely regarded as exemplary, with many 
structural systems reportedly designed in 
accordance with European codes. Consequently, 
a critical evaluation of these codes is essential to 
support the adoption of best construction 
practices in emerging economies, including India 
[4]. Adhikari et al [5] compared four different 
seismic design codes using identical parameters, 
including site class, peak ground acceleration 

specifications. Aksoylu et al [6] compared the 
Turkish seismic design standards with the 
American ASCE 7-16 code by evaluating several 
structural response parameters, namely seismic 
base shear force, roof displacement, time period, 
and inter-story drift.  
Srikant et al [7] in their study conducted a 
comparative analysis of seismic responses using 
the Indian Standard through both static and 
dynamic methods. The results indicated that the 
static method produced more conservative 
outcomes, particularly at the top levels of the 
structure. The study conducted by Karthiga et al 

in accordance with four seismic design codes: 

7-10, and the British Standard using the 
SAP2000 structural analysis software. The 
study concluded that Eurocode 8 resulted in the 
most economical design, whereas IS 1893 
produced the least economical outcome [8]. 
Mala et al [9] compared the seismic design 
standards NBC 105:1994 and NBC 105:2020 
for reinforced concrete apartment buildings 
using pushover analysis in ETABS. The results 
demonstrated that NBC 105:2020 provides 
greater structural capacity compared to NBC 
105:1994. Seismic analysis plays a crucial role 
in earthquake engineering, serving as an 
essential method to simplify the assessment of 
building responses under seismic loading. 
Historically, structural designs primarily 
focused on gravity loads, with seismic analysis 
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emerging as a more recent advancement in 
structural engineering practices [10]. 

 et al [11] compared in their study, which 
evaluates seismic risk and target displacement 
values by considering both measured and 

parameters for various earthquakes across 
different countries. Six nations with varying 
seismicity levels were selected for analysis, 
namely Bosnia and Herzegovina, Albania, 
Croatia, Iran, Türkiye, and Serbia, all of which 
fall within the scope of this research. Seismic 
design codes differ across regions and countries, 
each incorporating distinct control parameters 
aimed at improving the seismic performance of 
buildings. Extensive research has been conducted 
to evaluate the seismic behavior of existing 
structures [12]. By showing the limitations of 
pushover analysis when comparing structures 
built to older codes to new criteria, these findings 
advance the discipline [13].  
Tapkire et al [14] noted that the design base 
shear specified in IS 1893 is lower than that in 
Eurocode 8, primarily due to the higher 
response reduction factor employed in IS 1893. 
A comparative analysis of various seismic 
design standards reveals a consensus on key 
characteristics essential for seismic-resistant 
structures, including simplicity, symmetry, 
uniformity, and redundancy. Suliman et al [15] 
compared the seismic performance of MRF-RC 

– Reinforced 

codes: the Ethiopian Building Code Standard 
-

Construction of Reinforced Concrete Structures 
- e Algerian Seismic Monitoring 

-

modeling buildings of varying heights and 
configurations, followed by the simulation of 
realistic seismic events corresponding to 
different seismic zones. Through systematic 
analysis and performance evaluation, the study 
aims to identify optimal earthquake-resistant 
design strategies that achieve an effective 

balance between structural safety, cost-
efficiency, and functional performance [16]. 
Kumar et al [17] compared four primary 
comparative parameters: maximum deflection, 
story shear, story drift, and maximum axial 
load. The analysis concludes that the inclusion 
of shear walls increases base shear capacity, 
enhances structural stability, and contributes to 
a reduction in axial forces. 
This research focuses on comparing seismic 
design standards from several countries, namely 

1726:2019, Eurocode 8:2004, and Indian 
Standard IS 1893:2016, to analyze and 
understand their respective seismic parameters 
and the extent to which they affect the seismic 
loads imposed on building structures.  
 
 
2. METHODS 
 
The research methodology implemented in this 
study includes the following procedures: 
1. Modeling the selected building using ETABS 

software. 
2. Applying gravity loads to the structural 

model using ETABS software. 
3. The fundamental period of the structure was 

obtained through modal analysis to assess the 
dynamic behavior of the structure. 

4. Developing three separate models based on 
the specifications of different seismic codes: 

Eurocode 8, and Indian Standard IS 
1893:2016 

5. Applying lateral seismic forces, manually 
calculated according to the respective 
standards SNI 1726:2019, Eurocode 8, and 
IS 1893:2016, along with their respective 
load combinations. 

6. Analyzing the models and presenting the 
resulting data in the form of graphs and 
tables. 

7. A comparative evaluation of the analysis 
results was conducted, followed by drawing 
conclusions based on the findings of the 
study. 
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Building Specification 
In this study, the building structural model is a 
reinforced concrete special moment-resisting 
frame system engineered to withstand both 
gravitational and seismic forces. A single 
structural model with identical geometry and 
gravity loading is used; however, variations are 
applied in the implementation of seismic loads. 
The building has a total length of 24 meters, a 
width of 13 meters, and a total height of 24 
meters, consisting of 7 stories with a uniform 
story height of 4 meters. The structural elements 
include primary beams measuring 400 × 600 
mm, columns of 600 × 600 mm, and floor slabs 
with a thickness of 120 mm. These elements are 
designed to support gravity loads comprising a 
dead load of 1.45 kN/m² and a live load of 2.4 
kN/m². The applied seismic loads are based on 
three different seismic codes: SNI 1726:2019 

 
 
Time Period 
The calculation of the equivalent static seismic 
load is carried out using a seismic coefficient 
that is determined by the natural vibration 
period of the structure. The seismic coefficient 
is essential for calculating the base shear force 
during the design of earthquake-resistant 
structures. The fundamental period of the 
structure is derived using modal analysis results 
simulated using ETABS software, and 
subsequently adjusted according to the 
requirements of each respective seismic design 
code to ensure compliance with the prescribed 
limitations [18]. 
 
Earthquake Load 
Each seismic design standard has its own 
seismic parameters, procedures, and calculation 
provisions for seismic loading. As a result, the 
base shear force obtained from each standard 
will differ in magnitude. The resulting base 
shear is then distributed across each floor level 
of the building according to its height. 
The seismic parameters based on SNI 
1726:2016 used in this study include a Peak 

classification of SE, a 1-second spectral 
-period 

earthquake load is calculated using the 
following formula: 
 

V = CsW,   
 
Subsequently, the equivalent static earthquake 

 
 

F = CvV.    
 
The equivalent seismic parameters based on the 
European standard include a Peak Ground 

a behavior factor of 5.85. The base shear force 
is calculated using the following formula: 
 

    
 
Subsequently, the equivalent static earthquake 

4  

 
             

 
 
The equivalent seismic parameters based on the 
Indian standard include a Peak Ground 

earthquake 
5. The base shear force due to seismic loading is 
calculated using the following formula: 
 

Vb = Ah.W    
 
Subsequently, the equivalent static earthquake 

6  
 
 

        
 
 

The equivalent static load method is a simplified 
seismic analysis approach that estimates the 
structural response of buildings by representing 
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earthquake-induced forces as horizontal static 
loads applied at each story level [19] [20] [21]. 
The equivalent static seismic load is computed 
in accordance with various design codes, 
namely SNI 1726:2019, Eurocode 8:2004, and 
IS 1893:2016 along the x-axis; the results are 
summarized in Table 1. 
 

Table 1. The static earthquake load x direction 

Floor 
level 

SNI 
1726:2019 

Eurocode 
8:2004 

IS 
1893:2016 

   
Roof 51,16 52,46 69,69 

6 59,14 64,54 73,49 
5 45,78 53,79 51,04 
4 33,46 43,03 32,66 
3 22,34 32,27 18,37 
2 12,64 21,51 8,17 
1 4,77 10,76 2,04 

 
The equivalent static seismic load is computed 
in accordance with various design codes, 
namely SNI 1726:2019, Eurocode 8:2004, and 
IS 1893:2016, along the y-axis. The results are 
summarized in Table 2. 
 

Table 2. The static earthquake load y direction 

Floor 
level 

SNI 
1726:2019 

Eurocode 
8:2004 

IS 
1893:2016 

   
Roof 51,58 52,44 69,69 

6 59,69 64,51 73,49 
5 46,27 53,76 51,04 
4 33,88 43,01 32,66 
3 22,67 32,26 18,37 
2 12,86 21,50 8,17 
1 4,88 10,75 2,04 

 
Subsequently, the magnitude of the equivalent 
static earthquake load at each floor level was 
plotted in a graph illustrating the relationship 
between the seismic load and the height of each 
floor, resulting from seismic actions in the x 
direction and y direction, as shown in Figure 1 
& 2. 

 
Figure 1. Graph of equivalent static earthquake 

forces in x direction 
 

 
Figure 2. Graph of equivalent static earthquake 

forces in y direction 
 
Modeling 
The three-dimensional structural modeling 
includes beam, column, floor slab elements, and 
boundary conditions. In addition to the 
geometry, material properties of concrete and 
reinforcement, as well as load applications and 
load combinations, are also defined within the 
software ETABS. The structural layout 
configuration and the 3D model are presented in 
Figure 3. 
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Figure 3. 3D Representation of the building 
structure 

 
 
3. RESULT AND DISCUSSION 
 
The findings of this research include a 
comparative evaluation of seismic base shear 
forces, inter-story drift, flexural reinforcement 
requirements for beams and columns, and the 
structural performance of the building following 
nonlinear pushover analysis. 

 
Comparison of Base Shear Forces 
According to the findings, the seismic base shear 
forces measured in the x-direction, ranked from 
highest to lowest, are as follows: Eurocode 
8:2004 with 278.37 tons, followed by IS 
1893:2016 with 255.46 tons, and SNI 1726:2019 
with 229.29 tons. In the y-direction, the base 
shear values also follow a similar trend: 
Eurocode 8:2004 with 278.23 tons, IS 1893:2016 
with 255.54 tons, and SNI 1726:2019 with 
231.83 tons. This outcome is attributed to the 
differences in seismic coefficients, where 
Eurocode 8:2004 has the highest coefficient at 
0.717, followed by IS 1893:2016 at 0.0659, and 
SNI 1726:2019 at 0.059. 
A comparison of the third-story shear forces 
among the three standards is presented in a 
graph illustrating the relationship between story 
height and the magnitude of story shear force, as 
shown in Figures 4 and 5. 

 
Figure 4. Graph of story shear force in the x-

direction 
 

 
Figure 5. Graph of story shear force in the y- 

direction 
 
Comparison of Inter-story Drift 
Seismic loading causes relative lateral 
displacement between stories, known as inter-
story drift. To ensure structural safety under 
seismic loads, the inter-story drift values are 
limited according to the respective seismic 
design codes. However, the magnitude of 
inter-story drift does not always correlate 
directly with the seismic base shear values. 
This is because some codes, such as IS 
1893:2016, do not include a drift 
amplification factor, resulting in the smallest 
drift values among the three codes when 
compared to SNI 1726:2019 and Eurocode 
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8:2004. Additionally, the allowable drift limit 
prescribed by IS 1893:2016 is also the most 
stringent, contributing further to the reduced 
drift values. A comparison of inter-story drifts 
is presented in Figures 6 & 7.  
 

 
Figure 6. Graph of of inter-story drift in the x-

direction 
 
 

 
Figure 7. Graph of of inter-story drift in 

the y-direction 
 
Story Lateral Displacement 
he linear distribution of seismic forces on 
each floor in Eurocode 8:2004 results in the 
largest horizontal displacement among SNI 
1726:2019 and IS 1893:2016, as shown in 
Figures 8 & 9. 

 
Figure 8. Graph of lateral displacement in the 

x-direction 
 

 
Figure 9. Graph of lateral displacement in the 

x-direction 
 
Comparison of Performance Points 
Nonlinear analysis methods are becoming 
increasingly important for evaluating the safety 
of structures under seismic loads. While 
traditional linear elastic analysis methods are 
sometimes inadequate to fully reflect the 
structural capacity limits, nonlinear static 
analyses, such as pushover analysis, provide 
more reliable results in determining the 
performance levels and collapse mechanisms of 
structures [22]. The maximum base shear that 
the structure can bear is outlined by push-over 
analysis. The building performance level 
combines the performance level of structures 
and non-structural components [23]. This 
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method aims to simulate the inelastic behavior 
of the structure by incrementally applying 
lateral loads until a collapse mechanism is 
formed. The analysis is based on the capacity-
demand approach, and the parameters used in 
the evaluation of the pushover analysis results 
are the base shear that can be resisted by the 
building structure and the roof displacement, 
followed by the determination of the structural 
performance [24] [25]. 
Based on the pushover analysis in the X 
direction, it was found that the highest 
performance point, with a maximum base shear 
of V = 9,711.86 kN and a roof displacement of 

donesian 
code. This was followed by the Eurocode, 
which resulted in a maximum base shear of V = 

0.189 m. The Indian code produced the lowest 
performance point, with a maximum base shear 
of V = 7,830.30 kN and a roof displacement of 

The performance point resulting 
from the pushover analysis in x direction is 
presented in Table 3.  
 

Table 3. Performance Point x-direction 

Code 
Performance point  

Shear V  
in kN 

Displacement 
in m 

Indonesian code 9,711.9 0.26 

Euro code 8,960.9 0.19 
Indian code 7,830.3 0.12 

 
Based on the pushover analysis in the Y 
direction, the highest performance point was 
also achieved using the Indonesian code, 
yielding a maximum base shear of V = 
10,855.49 kN and a roof displacement 
0.248 m. Eurocode followed with a base shear 
of V = 9,679.50 kN and a roof displacement of 

the lowest values, with a maximum base shear 
of V = 8,496.60 kN and a roof displacement of 

 The performance point resulting 
from the pushover analysis in y direction is 
presented in Table 4.  
 

Table 4. Performance Point y-direction 

Code 
Performance point  

Shear V 
in kN 

Displacement 
in m 

Indonesian code 10.855,5 0,25 

Euro code 9.679,5 0,18 
Indian code 8.496,6 0,11 

 
The comparison of shear forces at the 
performance point is illustrated in the graph 
presented in Figures 10 and 11. 
 

 
Figure 10. Comparison graph of shear forces at 

the performance point in the x-direction 
 

Figure 11. Comparison graph of shear forces at 
the performance point in the y-direction 

 
Comparison of capacity curves 
The pushover analysis results yield capacity 
curves representing the relationship between 
base shear and top displacement of the building 
structure, providing insights into the strength 
and ductility of the structure under increasing 
seismic loads. A comparison of the capacity 
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curves based on SNI 1726:2019, Eurocode 
8:2004, and IS 1893:2016 is presented in 
Figures 12 and 13. 
 

 
Figure 12. Comparison of capacity curves in the 

x-direction 
 

 
Figure 13. Comparison of capacity curves in the 

y-direction 
 
The comparison of capacity curve graphs shows 
that the building designed based on SNI 
1726:2019 undergoes the highest total 

elastic 

the failure point, compared to those designed 
using Eurocode 8:2004 and IS 1893:2016. This 
indicates that SNI 1726:2019 produces the most 
ductile structural performance among the three 
design codes. 

4. CONCLUSION 
 
From the analysis and discussions outlined in 
the preceding chapter, the following conclusions 
have been derived: 
 Eurocode 8:2004 produced the highest 

seismic base shear, amounting to 278.23 tons, 
followed by the Indian Standard IS 1893:2016 
with 255.54 tons, and the Indonesian Standard 
SNI 1726:2019 with 231.83 tons. This 
difference is attributed to the fact that Eurocode 
8 uses the highest seismic force coefficient, 
followed by the Indian Standard and then the 
Indonesian Standard. 
 The inter-story drift results indicated that IS 

1893 yielded the lowest drift values, primarily 
because it does not incorporate a deflection 
amplification factor in the calculation. 
 The performance point obtained from the 

pushover analysis indicated that structures 
designed in accordance with SNI 1726:2016 
exhibited the highest values compared to those 
designed using Eurocode 8 and IS 1893:2016. 
This suggests that structures designed under 
SNI 1726:2019 demonstrate superior ductility 
performance. 
 Building structures designed in accordance 

with SNI 1726:2019 demonstrated the highest 
levels of ductility, efficiency, and cost-
effectiveness. In contrast, structures designed 
using IS 1893:2016 exhibited the lowest ductility 
and were found to be the least economical. 
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Abstract: This study discusses specific features of analyzing shallow shells using a modified sequential load 
method and a collocation method. This combination shows a rapid rate of convergence when the golden section 
principle is used to select the collocation node system. 
 

Keywords: geometric nonlinearity, zero approximation selection, collocation method, collocation node selec-
tion, golden ratio, solution residual, critical load 

  
ОСОБЕННОСТИ ПРИМЕНЕНИЯ МОДИФИЦИРОВАННОГО МЕТОДА 

ПОСЛЕДОВАТЕЛЬНЫХ НАГРУЖЕНИЙ ПРИ РАСЧЕТЕ ГИБКИХ 
ПОЛОГИХ ОБОЛОЧЕК 

 

В.В. Петров, О.А. Горбачева 
СГТУ имени Гагарина Ю.А., г. Саратов, РОССИЯ 

 
Аннотация: В статье рассматриваются особенности расчета пологих оболочек модифицированным ме-
тодом последовательных нагружений с применением метода коллокаций. Показано, что наблюдается 
быстрая сходимость модифицированного метода последовательных нагружений с применением метода 
коллокаций, если использовать принцип «золотого сечения» для выбора системы узлов коллокаций. 
 
Ключевые слова: геометрическая нелинейность, выбор нулевого приближения, метод коллокаций, вы-

бор узлов коллокаций, золотое сечение, невязка решения, критическая нагрузка 
 

Slender shells can be described by nonlinear 
differential equations. There is extensive litera-
ture on methods for solving geometrically non-
linear problems in structural mechanics. An 
overview of some of these methods can be 
found in references [1-4]. Often, there is a prac-
tical need to analyze the stress-strain state of 
slender structures over the entire range of load 
variations. However, analyzing the relationship 
between variable lateral load parameters and the 
corresponding stress-strain state of the structure, 
while considering the loading history, is labor-
intensive. Many iterative methods are sensitive 
to the initial zero approximation, especially near 
upper and lower critical loads or bifurcation 
points. In these regions, the convergence region 
of the solution tends to a single point.  
The modified method of sequential loads 
(MMSL), which combines the capabilities of the 
method of sequential loads (MSL) — conven-
ient for studying similar and other nonlinear 
problems — and the Newton-Kantorovich 

method (NKM), which converges well when 
solving nonlinear problems, is sensitive to the 
choice of zero approximation, especially near 
limit and bifurcation points. Combining them 
expands the possibilities for implementing vari-
ous calculation schemes.  
The essence of the MMSL method is that, initial-
ly, a force-displacement curve should be con-
structed for the entire load range using the method 
of sequential loads with the leading parameter of 
load increment. This curve will then serve as a 
carrier of zero approximations while refining the 
MMSL solution at each selected loading stage. 
The refined results are connected by a smooth line 
that characterizes the structure's behavior 
throughout the entire range of load changes. To 
reduce the labor intensity of solving the problem, 
strategies for coordinating the alternation of MSL 
and MNK can be employed.  
Slender shells have areas of multi-valued solu-
tions limited by upper and lower critical loads. 
If a zero approximation is in an area with a 
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