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AIMS AND SCOPE
The aim of the Journal is to advance the research and practice in structural engineering 

through the application of computational methods. The Journal will publish original papers and 
educational articles of general value to the field that will bridge the gap between high-performance 
construction materials, large-scale engineering systems and advanced methods of analysis.

The scope of the Journal includes papers on computer methods in the areas of structural 
engineering, civil engineering materials and problems concerned with multiple physical processes 
interacting at multiple spatial and temporal scales. The Journal is intended to be of interest and use to 
researches and practitioners in academic, governmental and industrial communities.
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ОБЩАЯ ИНФОРМАЦИЯ О ЖУРНАЛЕ
International Journal for Computational Civil and Structural Engineering

(Международный журнал по расчету гражданских и строительных конструкций)

Международный научный журнал “International Journal for Computational Civil and 
Structural Engineering (Международный журнал по расчету гражданских и строительных 
конструкций)” (IJCCSE) является ведущим научным периодическим изданием по направлению 
«Инженерные и технические науки», издаваемым, начиная с 1999 года (ISSN 2588-0195 (Online); 
ISSN 2587-9618 (Print) Continues ISSN 1524-5845). В журнале на высоком научно-техническом 
уровне рассматриваются проблемы численного и компьютерного моделирования в строительстве, 
актуальные вопросы разработки, исследования, развития, верификации, апробации и приложе-
ний численных, численно-аналитических методов, программно-алгоритмического обеспечения 
и выполнения автоматизированного проектирования, мониторинга и комплексного наукоемкого 
расчетно-теоретического и экспериментального обоснования напряженно-деформированного (и 
иного) состояния, прочности, устойчивости, надежности и безопасности ответственных объектов 
гражданского и промышленного строительства, энергетики, машиностроения, транспорта, био-
технологий и других высокотехнологичных отраслей.

В редакционный совет журнала входят известные российские и зарубежные деятели науки 
и техники (в том числе академики, члены-корреспонденты, иностранные члены, почетные члены 
и советники Российской академии архитектуры и строительных наук). Основной критерий от-
бора статей для публикации в журнале − их высокий научный уровень, соответствие которому 
определяется в ходе высококвалифицированного рецензирования и объективной экспертизы, 
поступающих в редакцию материалов.

Журнал входит в Перечень ВАК РФ ведущих рецензируемых научных изданий, в которых 
должны быть опубликованы основные научные результаты диссертаций на соискание ученой 
степени кандидата наук, на соискание ученой степени доктора наук по научным специаль-
ностям и соответствующим им отраслям науки: 

• 1.1.8 – Механика деформируемого твердого тела (технические науки),
• 1.2.2 – Математическое моделирование численные методы и комплексы программ
(технические науки),
• 2.1.1 – Строительные конструкции, здания и сооружения (технические науки),
• 2.1.2 – Основания и фундаменты, подземные сооружения (технические науки),
• 2.1.5 – Строительные материалы и изделия (технические науки),
• 05.23.07 – Гидротехническое строительство (технические науки),
• 2.1.9 – Строительная механика (технические науки) 
В Российской Федерации журнал индексируется Российским индексом научного цити-

рования (РИНЦ). 
Журнал входит в базу данных Russian Science Citation Index (RSCI), полностью интегри-

рованную с платформой Web of Science. Журнал имеет международный статус и высылается в 
ведущие библиотеки и научные организации мира. 

Издатели журнала – Издательство Ассоциации строительных высших учебных заве-
дений /АСВ/ (Россия, г. Москва) и до 2017 года Издательский дом Begell House Inc. (США, г. 
Нью-Йорк). Официальными партнерами издания является Российская академия архитектуры 
и строительных наук (РААСН), осуществляющая научное курирование издания, и Научно-ис-
следовательский центр СтаДиО (ЗАО НИЦ СтаДиО).

Цели журнала – демонстрировать в публикациях российскому и международному про-
фессиональному сообществу новейшие достижения науки в области вычислительных методов 
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решения фундаментальных и прикладных технических задач, прежде всего в области строи-
тельства. 

Задачи журнала:
• предоставление российским и зарубежным ученым и специалистам возможности публи-

ковать результаты своих исследований;
• привлечение внимания к наиболее актуальным, перспективным, прорывным и инте-

ресным направлениям развития и приложений численных и численно-аналитических методов 
решения фундаментальных и прикладных технических задач, совершенствования технологий 
математического, компьютерного моделирования, разработки и верификации реализующего 
программно-алгоритмического обеспечения;

• обеспечение обмена мнениями между исследователями из разных регионов и государств.
Тематика журнала. К рассмотрению и публикации в журнале принимаются аналитические 
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Abstract: The article considers the influence of taking into account wave reflection and the discrepancy between 
the results of waves without reflection and with reflection in numerical modeling, compares the results of 
numerical modeling and the analytical method for determining dangerous directions of waves when servicing ships 
in the port. The reflectivity of hydraulic structures and the factors on which it depends are considered. Empirical 
formulas for obtaining the reflection coefficient for the designs of slope structures are presented. An expression 
for the reflection coefficient is used not only for smooth slopes, but also for permeable ones. The results are 
compared with the methodology given in normative SP 38.13330.2018. The stepwise behavior of the reflection 
coefficient is analyzed, depending on the gentleness of the wave and the slope laying. 
 

Keywords: numerical modeling, analytical methods, reflection waves, reflection factor, critical parameter 
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An important aspect of port operation is ensuring 
safe interaction of vessels with berthing facilities 
[1]. The criteria for this safety are assessed by 

permissible wave heights, permissible wind 
speed and, in some cases, permissible current 
speed. As is known, ports can be protected and 
unprotected from waves. At the moment, there is 
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INTRODUCTION 
 
An important aspect of port operation is ensuring 
safe interaction of vessels with berthing facilities 
[1]. The criteria for this safety are assessed by 

permissible wave heights, permissible wind 
speed and, in some cases, permissible current 
speed. As is known, ports can be protected and 
unprotected from waves. At the moment, there is 

one regulatory document designed to determine 
the permissible wave parameters when servicing 
vessels for berths that are not sufficiently 
protected from waves.1There are also guidelines 
and recommendations that combine the ability to 
determine acceptable wave parameters for 
servicing ships and determine the port's 
security.2,3, while the use of these documents 
does not exclude their use for unprotected ports. 
At first glance, in all three presented documents 
the methodology for determining safe conditions 
for interaction of vessels with berthing facilities 
during mooring, parking and cargo operations is 
quite similar, but upon closer examination, some 
differences are revealed. Further, it is considered 
how critical the existing differences in the 
methods are and how they can affect the final 
conclusion on the safety of mooring. 
As an example, the conditions of the facility, 
hereinafter referred to as the Terminal (Fig. 1), 
which is located in the Kola Bay of the Barents 
Sea, are considered. For comparison, the 
calculation data obtained as a result of numerical 
modeling (the SWAN wind wave calculation 
model [2-3] and the COASTOX-CUR current 
and water level model) and the results of 
analytical calculation in accordance with the SP 
38.13330 methodology were considered.4, 2018 
edition. Examples of combined modeling are 
presented in [4-9]. 
The assessment of safe conditions is carried out 
for piers No. 1, No. 2 and the port fleet pier; the 
design vessels with their characteristics are given 
in Table 1. 
According to Figure 1, pier #1 corresponds to 
control points 5, 6 and 22, pier #2 – 7, 8, 40, 23 
and 24 and the harbor fleet pier – 10. Control 
points 5, 6, 7, 8 and 40 are used to determine 
wave heights directly at the berth, and control 
points 22, 23 and 24 are located at a distance 

 
1R 31.3.07-01. Guidelines for calculating loads and 
impacts from waves, ships and ice on marine hydraulic 
structures: Supplement and clarification of SNiP 2.06.04 - 
82*. Moscow, 2001. 
2RD 31.33.10-87. Recommended Practice for Accounting 
for Hydrometeorological Conditions in the Design of 

from the berth for approximately the width of the 
vessel. The wave parameters based on the results 
of the analytical calculation give values only near 
the object. For numerical modeling, the 
directions of the calculated storms include 5 
rhumbs: N, NE, E, SE and S; for the analytical 
method, calculated storms of 4 rhumbs were 
tested: NE, E, SE and S. 
 

Table 1. Parameters of design vessels 

Parameter 
Name of the vessel 

SK-6000 SK-
11700 Arc 8 Tugboat 

Draught in 
cargo, m 13.5 15.0 14.00 

6.0 Draft in 
ballast, m 8.2 9.0 11.45 

Maximum 
width, m 40.0 45.61 41.90 13.0 

Total length, 
m 286.45 363.57 289.60 30.0 

Displacement, 
thousand tons 105.81 178.29 124.20 0.645 

 

 
Figure 1. Bathymetry of the Terminal water 

area with indication of control points for issuing 
results 

 
Further, based on the results of wave calculations, 
a table of dangerous wave directions is presented 
for servicing calculation vessels (for mooring 

Wharves with Insufficient Protection from Wave Action. 
Moscow, 1987. 
3RD 31.33.03-88. Recommended Practice for the Deter-
mination of Permissible Wind and Wave Conditions for 
Design of Seaports. Moscow, 1989 
4SP 38.13330.2018. Loads and impacts on hydraulic 
structures (wave, ice and from ships): Updated version of 
SNiP 2.06.04-82*. Moscow, 2018. 
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operations, parking of a moored vessel and 
performing cargo operations) at the Terminal. 
Table 2 shows that there is practically no 
difference in the results when using different 
methods for determining safe waves, but taking 
into account wave reflection plays a significant 
role. When taking into account reflection, four 
directions of waves become dangerous, instead of 
one, S without taking into account reflection. It is 
also clear that the results diverge for two adjacent 
berths (along one berth wall). At the same time, 
approaching the corner of the cordon line (i.e., to 
the berth of the port fleet) the waves increase 
significantly, especially taking into account 
reflection. 
Wave fields for the berthing area and on the 
approach to it for a storm with a recurrence rate of 
once per year for all dangerous directions based 
on the results of numerical modeling are shown in 
Table 3. 

Table 2. Dangerous wave directions for servicing 
vessels at piers No. 1, No. 2 for design vessels 

and the port fleet pier for tugboat 
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Continuation of table 3 
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Continuation of table 3 
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Continuation of table 3 
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Continuation of table 3 

The largest discrepancy between the wave 
parameters calculated with reflection and without 
reflection is obtained for the NE direction, since 
in this direction the wave front is almost normal to 
the cordon line and the ship's side, while the port 
fleet pier is in the wave shadow for both scenarios, 
as is pier no. 2. And for waves in the N direction, 
the results with and without reflection are the 
same practically. For points located at a vessel's 
width from the berth, for berth no. 1 from the NE 
to the S direction, the differences in the heights of 
reflected waves of different strengths from waves 
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the NE to the S, the difference in the heights of 
reflected waves of different strengths from waves 
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Thus, wave reflection plays an important role in 
the resulting wave heights, taking into account the 
configuration of port facilities relative to the 
direction of the waves. In turn, this can 
significantly affect the conclusions about the safe 
conditions for servicing ships in the port. 
When wind waves interact with hydraulic 
structures, they undergo transformation – mainly 
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diffraction and reflection of waves, often multiple 
times. At the same time, underwater channels and 
natural bottom irregularities [10-11], as well as 
floating objects, which, in turn, act as sources of 
secondary waves due to their own oscillations 
[12], can also influence wind waves. 
the wave climate in the port water area is formed 
by the interference of approaching, reflected and 
secondary generated waves. 
The layout of sea ports assumes maximum 
protection of the inner water area from the impact 
of large wind waves. However, during a storm, the 
water area of any port may experience weakened 
but noticeable waves [13]. In this case, taking into 
account the reflection of waves from the port's 
hydraulic structures plays an important role in 
shaping the wave climate in the port water area. If 
the degree of reflection is underestimated, the 
wave load on the structures will be 
underestimated, and the danger of wave impact on 
ships sheltering in the port water area during a 
storm will be underestimated. In addition, 
incorrect consideration of wave reflection will 
also affect the unpredictable development of 
lithodynamic processes in the water area. 
Washout at berth and protective structures can 
lead to a loss of local stability of structures, as well 
as to excessive accumulation of sediments and the 
accompanying need for extraordinary dredging 
operations in the shipping waters of the port. If the 
degree of wave reflection from structures is 
unreasonably overestimated, there will be an 
overspending of funds and materials. In any case, 
incorrect consideration of wave reflection can 
have negative consequences for both the port's 
economy and its operational functionality. 
 
 
METHODS 
 
The reflectivity of hydraulic structures is usually 
characterized by the reflection coefficient, which 
is the ratio of the height of the reflected wave to 
the height of the approaching wave, that is: 
 

=    (1) 

The reflection coefficient depends on both the 
type and roughness of the reflecting surface and 
the parameters of the approaching waves, as well 
as on the angle between the front of the incoming 
waves and the axis of the reflecting surface. 
Determining the exact values of the reflection 
coefficient for a specific hydraulic structure 
design for different approach angles and wave 
parameters can only be done through physical 
experiments. Therefore, in engineering practice, 
they resort to a set of empirically obtained 
reflection coefficients collected in the scientific 
literature [14-16] and shown here in the figure 
below. 

 

 
Figure 2. Approximate wave reflection factor of 

various structures 
 
The choice of reflection coefficient values in the 
given ranges depends on the steepness of the 
suitable waves - the longer the waves, the greater 
the reflection coefficient. The upper limit of the 
ranges roughly corresponds to long-period swell 
waves. 
In this case, if when calculating the parameters of 
wind waves in the port water area, the degree of 
wave reflection from berths with a vertical wall 
is intuitively clear and with sufficient accuracy 
and engineering reserve is specified by a 
reflection coefficient of 0.8-0.9. Then when 
considering alternative options for the design of 
a berth wall (for example, with a berth slope), as 
well as when it is necessary to take into account 
reflection from slope coastal protection 
structures, the assignment of a wave reflection 
coefficient becomes a non-trivial task. 
Empirical formulas are known for obtaining the 
reflection coefficient for some designs of slope 
structures. They are based on the connection with 
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diffraction and reflection of waves, often multiple 
times. At the same time, underwater channels and 
natural bottom irregularities [10-11], as well as 
floating objects, which, in turn, act as sources of 
secondary waves due to their own oscillations 
[12], can also influence wind waves. 
the wave climate in the port water area is formed 
by the interference of approaching, reflected and 
secondary generated waves. 
The layout of sea ports assumes maximum 
protection of the inner water area from the impact 
of large wind waves. However, during a storm, the 
water area of any port may experience weakened 
but noticeable waves [13]. In this case, taking into 
account the reflection of waves from the port's 
hydraulic structures plays an important role in 
shaping the wave climate in the port water area. If 
the degree of reflection is underestimated, the 
wave load on the structures will be 
underestimated, and the danger of wave impact on 
ships sheltering in the port water area during a 
storm will be underestimated. In addition, 
incorrect consideration of wave reflection will 
also affect the unpredictable development of 
lithodynamic processes in the water area. 
Washout at berth and protective structures can 
lead to a loss of local stability of structures, as well 
as to excessive accumulation of sediments and the 
accompanying need for extraordinary dredging 
operations in the shipping waters of the port. If the 
degree of wave reflection from structures is 
unreasonably overestimated, there will be an 
overspending of funds and materials. In any case, 
incorrect consideration of wave reflection can 
have negative consequences for both the port's 
economy and its operational functionality. 
 
 
METHODS 
 
The reflectivity of hydraulic structures is usually 
characterized by the reflection coefficient, which 
is the ratio of the height of the reflected wave to 
the height of the approaching wave, that is: 
 

=    (1) 

The reflection coefficient depends on both the 
type and roughness of the reflecting surface and 
the parameters of the approaching waves, as well 
as on the angle between the front of the incoming 
waves and the axis of the reflecting surface. 
Determining the exact values of the reflection 
coefficient for a specific hydraulic structure 
design for different approach angles and wave 
parameters can only be done through physical 
experiments. Therefore, in engineering practice, 
they resort to a set of empirically obtained 
reflection coefficients collected in the scientific 
literature [14-16] and shown here in the figure 
below. 

 

 
Figure 2. Approximate wave reflection factor of 

various structures 
 
The choice of reflection coefficient values in the 
given ranges depends on the steepness of the 
suitable waves - the longer the waves, the greater 
the reflection coefficient. The upper limit of the 
ranges roughly corresponds to long-period swell 
waves. 
In this case, if when calculating the parameters of 
wind waves in the port water area, the degree of 
wave reflection from berths with a vertical wall 
is intuitively clear and with sufficient accuracy 
and engineering reserve is specified by a 
reflection coefficient of 0.8-0.9. Then when 
considering alternative options for the design of 
a berth wall (for example, with a berth slope), as 
well as when it is necessary to take into account 
reflection from slope coastal protection 
structures, the assignment of a wave reflection 
coefficient becomes a non-trivial task. 
Empirical formulas are known for obtaining the 
reflection coefficient for some designs of slope 
structures. They are based on the connection with 

a critical parameter similar to the wave breaking 
parameter, which was obtained in [17-18] for a 
regular monochrome wave and the expression for 
which is written as follows: 
 

=
/

,   (2) 
 
where – wave height; T – wave period; – slope 
angle. 
The dependence of the reflection coefficient on 
the critical collapse parameter for a smooth slope 
(for example, reinforced with slabs), obtained in 
work [18], is written as follows: 
 

= 0.1    (3) 
 
It was later shown that this expression is valid 
only for small values of the critical parameter 

.Therefore, it was further refined in the work 
[19] for large values of the critical parameter to 
the following form: 
 

= tanh(0.1 )  (4) 
 
and also, in the approximation of irregular waves, 
with the breaking parameter determined by the 
significant wave height and the average period 
over the spectrum: 
 

=     (5) 
 
The authors of the work [19] first proposed to use 
the same expression to calculate the reflection 
coefficient not only for smooth slopes, but also 
for those with significant porosity. For this 
purpose, the following values of calibration 
coefficients were proposed: 
 

Table 4. Values of calibration coefficients for 
slopes with significant porosity to formula (5) 

Slope structure   
Permeable, stones or shaped blocks 0.75 15 

Impermeable, stone or shaped 
blocks 

0.80 10 

Plate slope 1.00 4.54 

Later, based on newly obtained extensive 
experimental data on reflection coefficients, it 
was shown in [20] that this dependence with the 
proposed coefficients allows obtaining reliable 
results only for smooth slopes. In the same work, 
the authors proposed a new formula for smooth 
and porous slopes with a steepness from 1:1.5 to 
1:4.0: 
 

= tanh( ),  (6) 
 
Where  and B are calibration coefficients that 
take the following values: 
 

Table 5. Values of calibration coefficients for 
slopes with significant porosity to formula (6) 

Slope structures   
Permeable, stones 0.12 0.87 

Permeable, shaped blocks 
(tetrapods, cubes) 

0.10 0.87 

Impermeable, stones or shaped 
blocks 

0.14 0.90 

Plate 0.16 1.43 
 
Then this method of determining reflection 
coefficients was developed in terms of 
reflection from smooth slopes of mixed waves 
(mainly bimodal – wind waves together with 
swell waves) [21], in terms of using the 
capabilities of neural networks [22-23], and 
also received additional confirmation from 
natural data [24]. 
As can be seen from the figure below, the use 
of expression (4) allows us to approximate 
expression (3) in the region of small values of 

the region 
- to get the reflection coefficients that 

asymptotically tend to 1.0, i.e., total reflection. 
The graph shows the boundary solutions of 
expressions (5) and (6) - for a smooth 
impermeable slope and for a permeable porous 
slope. This allows us to estimate the minimum 
and maximum reflection coefficients from 
slope structures that can be obtained. 
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Figure 3. Dependence of the reflection 

coefficient on the critical parameter, obtained 
using expressions (3 – 6) for smooth and porous 

slopes 
 
In domestic engineering practice, the method 
given in SP 38.13330 is used to determine the 
reflection coefficients of waves from slope 
structures. The expression for the reflection 
coefficient according to this method can be 
written as follows: 
 

= , cos , / , (7) 
 
where  and – coefficients of slope roughness 
and permeability, taking the following values: 
 

Table 6. Values of the coefficient of slope 
roughness and permeability (SP 38.13330.2018 

Table D.1) 

Slope structure 

Relative 
roughness, r/h 
(where r is the 
average size of 

the material 
fixing) 

  

Concrete 
(reinforced 

concrete) plate 
- 1 0.9 

Gravel-pebble or 
stone covering, 

concrete 
(reinforced 

concrete) blocks 

Less than 0.002 1 0.9 
0.005-0.01 0.95 0.85 

0.02 0.9 0.8 
0.05 0.8 0.7 
0,1 0.75 0.6 

More than 0.2 0.7 0.5 
,  – the coefficient depending on the flatness 

of the wave and the slope is taken from the 
following table: 

Table 7. Values of the coefficient depending on 
the wave flatness and slope laying (SP 

38.13330.2018 Table A.4) 
Wave 

flatness, /
 

Values ,  at slopes of the 
reflective surface i 

1 0.5 0.25 
10 0.5 0.02 0,0 
15 0.8 0.15 0,0 
20 1 0.5 0,0 
30 1 0.7 0.05 
40 1 0.9 0.18 

 
The analysis of the coefficients proposed by 
the normative methodology shows that the 
reflection coefficient is a function of the 
steepness or flatness of the waves, the slope 
and the angle between the wave front and the 
axis of the reflecting structure. If we assume 
that the waves approach the structure 
normally, and the wavelength, according to 
the linear wave theory, is expressed through 
the period of the waves according to the 
dispersion relation (without taking into 
account the water depth): 
 

=   (8) 
 
then it becomes possible to analytically link the 
value of the normative reflection coefficients and 
the critical parameter . 
For example, the figure below shows a 
comparison of the reflection coefficients that 
can be obtained using expressions (5) and (6), as 
well as using the normative methodology. As 
above, the boundary conditions of reflection 
from the slope are considered: from an 
impermeable smooth slope and from a 
permeable extremely porous slope. It should be 
noted that taking into account the characteristic 
size of the slope fastening material, r, gives the 
normative reflection coefficients in the region 
between the absolutely smooth and extremely 
porous slope. 
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following table: 

Table 7. Values of the coefficient depending on 
the wave flatness and slope laying (SP 

38.13330.2018 Table A.4) 
Wave 

flatness, /
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15 0.8 0.15 0,0 
20 1 0.5 0,0 
30 1 0.7 0.05 
40 1 0.9 0.18 

 
The analysis of the coefficients proposed by 
the normative methodology shows that the 
reflection coefficient is a function of the 
steepness or flatness of the waves, the slope 
and the angle between the wave front and the 
axis of the reflecting structure. If we assume 
that the waves approach the structure 
normally, and the wavelength, according to 
the linear wave theory, is expressed through 
the period of the waves according to the 
dispersion relation (without taking into 
account the water depth): 
 

=   (8) 
 
then it becomes possible to analytically link the 
value of the normative reflection coefficients and 
the critical parameter . 
For example, the figure below shows a 
comparison of the reflection coefficients that 
can be obtained using expressions (5) and (6), as 
well as using the normative methodology. As 
above, the boundary conditions of reflection 
from the slope are considered: from an 
impermeable smooth slope and from a 
permeable extremely porous slope. It should be 
noted that taking into account the characteristic 
size of the slope fastening material, r, gives the 
normative reflection coefficients in the region 
between the absolutely smooth and extremely 
porous slope. 
 

 
Figure 4. Comparison of reflection coefficients 

obtained using expressions (5) and (6) and 
using the normative methodology 

 
According to the obtained results, there is a 
connection between the reflection coefficients 
and the critical parameter. A jump in the value of 
the normative reflection coefficients is noted in 
the interval 2 < < 3.152. In this case, the 
reflection coefficients in the interval 2 < <
2.23 are characterized by a sharp increase in the 
growth rate, while the reflection coefficients in 
the interval 2.23 < < 3.15 increase with 
moderate intensity. Note that a jump in the 
reflection coefficients is observed on both 
smooth and porous slopes. 
 
 
RESULTS AND DISCUSSION  
 
An analysis of the behavior of the standard 
reflection coefficients made it possible to 
determine that the abrupt nature of the behavior 
is manifested in the coefficient, which depends 
on the gentleness of the wave and the slope and 
is determined according to the table: 
 

Table 8. Values of the reflection coefficient 
depending on the wave flatness and slope 

embedment 
Wave 

flatness, /
 

Values ,  at slopes of the 
reflective surface i 

1 0.5 0.25 
10 0.5 0.02 0,0 
15 0.8 0.15 0,0 
20 1 0.5 0,0 
30 1 0.7 0.05 
40 1 0.9 0.18 

In this case, the area where the reflection 
coefficients jump is highlighted in color in Table 8. 
Bringing the normative coefficients to smooth 
growth relative to the critical parameter seems to be 
an important task today, since it allows us to obtain 
a more reasonable result. The assumption about the 
smoothness of their behavior relative to the critical 
parameter is associated with the functions of the 
dependence of the reflection coefficients on the 
critical parameter, obtained in the literature cited 
above and confirmed by extensive experimental 
data. In this regard, in this paper we propose to 
consider the updated wave reflection coefficients in 
the part of Table 8 highlighted by the color scheme. 
The updated parameters of the reflection 
coefficient, depending on the wave flatness and 
slope laying, are given in Table 9. 
 

Table 9. Updated values of the reflection 
coefficient depending on the wave flatness and 

slope embedment 

Wave 
flatness, /  

Values ,  at slopes of the 
reflective surface i 

1 0.5 0.25 
10 0.5 0.02 0,0 
15 0.8 0.15 0,0 
20 1 0.25 0,0 
30 1 0.40 0.05 
40 1 0.55 0.18 

 
The position of the reflection coefficient values 
in relative dependence on the critical parameter 
is shown in Figure 5. 
 

 
Figure 5. Comparison of reflection coefficients 
obtained using expressions (5) and (6) and using 
the normative methodology with adjusted 
coefficient values ,  
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The obtained distribution of reflection 
coefficients depending on the critical parameter 
is more consistent with modern ideas about the 
interaction of waves with slope hydraulic 
structures, which is confirmed by the comparison 
given above. 
When analyzing the reflection of wind waves 
from a structure, it is also necessary to take into 
account the irregularity of wind waves. Thus, 
with total reflection, the height of a monochrome 
wave doubles at all nodes of the standing wave 
formed. Thus, the height of the waves at a 
distance from the reflecting structure will be 2h. 
At the same time, the significant wave height that 
characterizes irregular waves doubles only at the 
reflective surface, and in the water area in front 
of the structure (at a distance greater than one 
wavelength) it increases by 1.4 times. 
This is important to take into account, for 
example, when calculating the wave protection 
of berths located opposite wave-reflecting 
structures. 
 
 
CONCLUSION 
 
It is shown that taking into account the reflection 
of waves from the berth under consideration can 
lead to a significant change in the conclusion 
about the safety of the conditions for mooring 
vessels at the berth. This applies both to the 
methods for determining the conditions of 
mooring according to normative documents and 
to the numerical modeling of waves at the berth. 
The reflection coefficient from the surfaces of 
hydraulic structures depends on the steepness or 
flatness of the approaching waves, the slope, the 
roughness and permeability of the reflecting 
structure, and the angle between the wave front 
and the axis of the reflecting structure. Analysis 
of the normative methodology SP 38.13330 for 
determining the reflection coefficient, performed 
as a function of the reflection coefficient on the 

a certain value of the critical parameter. A 
method is proposed to eliminate this problem and 

obtain corrected values of the reflection 
coefficients.  
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The obtained distribution of reflection 
coefficients depending on the critical parameter 
is more consistent with modern ideas about the 
interaction of waves with slope hydraulic 
structures, which is confirmed by the comparison 
given above. 
When analyzing the reflection of wind waves 
from a structure, it is also necessary to take into 
account the irregularity of wind waves. Thus, 
with total reflection, the height of a monochrome 
wave doubles at all nodes of the standing wave 
formed. Thus, the height of the waves at a 
distance from the reflecting structure will be 2h. 
At the same time, the significant wave height that 
characterizes irregular waves doubles only at the 
reflective surface, and in the water area in front 
of the structure (at a distance greater than one 
wavelength) it increases by 1.4 times. 
This is important to take into account, for 
example, when calculating the wave protection 
of berths located opposite wave-reflecting 
structures. 
 
 
CONCLUSION 
 
It is shown that taking into account the reflection 
of waves from the berth under consideration can 
lead to a significant change in the conclusion 
about the safety of the conditions for mooring 
vessels at the berth. This applies both to the 
methods for determining the conditions of 
mooring according to normative documents and 
to the numerical modeling of waves at the berth. 
The reflection coefficient from the surfaces of 
hydraulic structures depends on the steepness or 
flatness of the approaching waves, the slope, the 
roughness and permeability of the reflecting 
structure, and the angle between the wave front 
and the axis of the reflecting structure. Analysis 
of the normative methodology SP 38.13330 for 
determining the reflection coefficient, performed 
as a function of the reflection coefficient on the 

a certain value of the critical parameter. A 
method is proposed to eliminate this problem and 

obtain corrected values of the reflection 
coefficients.  
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THE CONCEPT OF REPRESENTATION OF GEOMETRIC 
SOLIDS IN BUILDING INFORMATION MODELING 

 
Evgeniy V. Konopatskiy, Maxim V. Bezsolnov 

Nizhny Novgorod State University of Architecture and Civil Engineering, Nizhny Novgorod, RUSSIA 
 

Abstract. The problem of using the boundary model of geometric solids representation in BIM is formulated. A 
new concept of solid geometric modeling is presented, which allows to define geometric solids as a selected part 
of space, according to which geometric solids are represented by an organized set of points by analogy with other 
geometric objects. The mathematical apparatus “Point Calculus” is used for analytical description of geometric 
solids. Examples of modeling geometric solids in point calculus are given. The advantages of this approach are 
the possibility of representation of geometric information in BIM in compact vector form and realization of parallel 
calculations at the level of mathematical apparatus. The prospect of further research is the use of the proposed 
concept for the representation of various elements of building structures with the subsequent optimization of the 
representation of geometric objects in the IFC format. This will significantly reduce the volume required for the 
transfer of geometric information between the systems of information modeling and computer-aided design, 
increase their performance and radically solve the problem of interoperability of existing BIM software packages. 
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INTRODUCTION 
 
Modern society is rapidly entering the 
information age. One of the areas of active 
implementation of information systems is the 

construction industry. Being conservative by 
nature, the construction industry imposes special 
requirements to software products for 
information modeling of buildings and 
structures. Such models contain a huge number 
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of components, so in the process of working with 
them there is a need to operate huge amounts of 
information in real time. This necessity arises not 
only at the stage of creating a model of the object 
in the form of a full-fledged digital twin of capital 
construction objects, but also for its support at all 
stages of the life cycle. Existing domestic and 
foreign BIM are well suited for solving 
engineering problems with a limited number of 
construction objects and at this stage cannot 
provide the necessary performance to create a 
full-fledged digital twin at the level of 
neighborhood, district, city or region. 
Another disadvantage is the lack of a single 
integrated software for construction and 
architecture, combining the capabilities of BIM 
and CAE. This leads to the need to import 
information models of capital construction 
objects into calculation complexes and is the 
source of the next problem associated with 
insufficient interoperability of domestic and 
foreign BIM and CAE. In addition, there are 
certain problems with the continuity of 
information models for different versions of the 
same software product, which significantly 
complicates digital support of construction 
objects at all stages of the life cycle, which, 
unlike software product versions, is counted in 
decades. 
Many of the above-mentioned problems are 
related to the limited possibilities of 
representation of geometric information about 
the shape and position of objects in three-
dimensional space or, in other words, the 
geometric core of BIM. At the moment there are 
several types of representation of geometric 
models, which include point, wireframe, 
boundary, structural and voxel models. The use 
of point and wireframe models is fraught with 
significant drawbacks. For example, the 
computational burden is high. Since the 
representation of even one geometric solid in the 
form of a point cloud can load a rather powerful 
computer. It is simply impossible to operate a set 
of them in real time. Therefore, the most widely 
used in BIM is the boundary model [1], which in 
foreign literature sources is represented by the 

abbreviation BREP (Boundary REPresentation) 
or B-rep [2-4]. If we use the CSG structural 
model, the result is still the representation of a 
geometric solid in the form of a closed shell [5-
7]. 
Note that it is geometrically incorrect to call a 
closed shell a full-fledged solid model. This is 
just such a common convention, which is 
nevertheless widely used, including the popular 
data representation format IFC [8], which since 
2019 is included in the National Standard of the 
Russian Federation [9]. All the more so that in 
computer-aided engineering (CAE) systems 
realized on the basis of the finite element method 
[10-12], it is often the volumetric finite elements 
that are used. 
Ideologically the closest to the description of real 
geometric solids is the voxel model [13-15]. It 
provides representation of objects as a three-
dimensional array of volumetric (cubic) 
elements. In essence, the voxel geometric model 
is a generalization of the pixel (raster) model for 
three-dimensional space and inherited all the 
disadvantages of raster models, which include: 
 large amounts of information required to 

present voluminous data; 
 significant memory overhead; 
 a set of problems related to enlarging or 

reducing images. 
In contrast to all of the above approaches, a 
fundamentally new concept of geometric solids 
definition was proposed in [16-18], which is 
devoid of the described disadvantages and can 
become an effective basis for the creation of 
high-performance BIM of the new generation. 

 
 

1. METHODS 
 
According to [19], a solid in geometric modeling 
is a connected set of points located on the inner 
side of one outer shell and several inner shells 
located inside the outer shell, together with the 
points of these shells. This definition is too 
complicated to understand and requires 
explanation of additional terms. But its meaning 
boils down to the fact that a solid is represented 
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as a closed shell. In English-language literature 
there is a different but similar in meaning 
definition of a solid in the form of a closed shell 
(B-Rep): “A solid is represented as a collection 
of connected surface elements, which define the 
boundary between interior and exterior points.”. 
The same approach is described in other works 
related to the representation of geometric solids 
in various information modeling and computer-
aided design systems. 
In contrast, in [16-18] a fundamentally new 
concept of defining geometric solids as a three-
parameter set of points belonging to three-
dimensional space was proposed, based on which 
the point equations of the set of prismatic, 
pyramidal, cylindrical, conical, spherical, elliptic 
and toroidal solids in the point calculus were 
derived. 
What is the new concept based on? The simplest 
of geometric objects is a point. The point itself 
does not even have a size. It is a geometric analog 
of an infinitesimal value. However, using a set of 
points, it is possible to obtain geometric objects 
of any degree of complexity. As our organism 
consists of atoms, so any geometrical object of 
any space can be described by an organized set 
of points. 
Let's consider examples and for this purpose first 
answer the question - what is the difference 
between a circle and a circle? In the first case it 
is a closed curve, in the second case it is an area 
inside a closed curve or, in other words, a 
selected part of the plane inside a circle. 
Generalizing to three-dimensional space, we get 
the definitions of sphere and ball. As in the plane 
case, the difference between these geometric 
objects is that a sphere is a closed shell, and a 
sphere is the set of all points of three-dimensional 
space bounded by a sphere, or, in other words, a 
selected part of three-dimensional space bounded 
by a sphere. As can be seen from the above 
examples, geometric solids and surfaces are 
completely different geometric objects that 
cannot be identified. Moreover, in [16-18] it is 
convincingly shown by examples that a surface 
is a two-parameter set of points, and a geometric 
solid in three-dimensional space is a three-

parameter set. In both cases we are talking about 
variables or current parameters. 
One of the possible realizations of the new 
concept is the use of multidimensional 
interpolation tools [20-22]. However, in the 
absence of the mathematical apparatus of point 
calculus, which allows any geometric object to 
be represented as an organized set of points, these 
works do not implement full-fledged solid 
models, but models based on parametric porous 
objects. Significantly better results are given by 
the geometric theory of multidimensional 
interpolation [23], already based on the use of the 
mathematical apparatus of “Point Calculus”, 
which is ideologically better suited for analytical 
representation of solid models of geometric 
solids. 
There is an opinion that solid models cannot be 
described by an equation. If we consider only a 
set of equations in explicit form, this is indeed 
true. And this is due to the fact that one of the 
axes of the coordinate system is used as a 
function. Accordingly, the number of variables 
of an explicit equation is always one less than the 
dimensionality of the space in which the 
geometric object is defined. At the same time, the 
point calculus, which uses the apparatus of 
projection on the axes of the global coordinate 
system, allows to use all coordinate axes, the 
system of which defines the space of the required 
dimension. This makes it possible to obtain 
equations of geometrical solids by means of 
simple arithmetic operations on coordinates of 
points and functions from parameters. It is 
important that the number of parameters 
corresponds to the dimensionality of the space. 
Let's consider an example. One of the most 
commonly used geometric objects in BIM is a 
parallelepiped. Parallelepiped is used to model 
walls, floors, roofs, window and door openings, 
etc. If you use the BREP boundary geometric 
model to specify the parallelepiped, then for its 
parameterization in general case it is necessary to 
define 6 planes. Each of these planes should be 
defined with the help of geometrical objects and 
conditions of their mutual position. In the general 
case there will be 54 such parameters: 3 points 
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as a closed shell. In English-language literature 
there is a different but similar in meaning 
definition of a solid in the form of a closed shell 
(B-Rep): “A solid is represented as a collection 
of connected surface elements, which define the 
boundary between interior and exterior points.”. 
The same approach is described in other works 
related to the representation of geometric solids 
in various information modeling and computer-
aided design systems. 
In contrast, in [16-18] a fundamentally new 
concept of defining geometric solids as a three-
parameter set of points belonging to three-
dimensional space was proposed, based on which 
the point equations of the set of prismatic, 
pyramidal, cylindrical, conical, spherical, elliptic 
and toroidal solids in the point calculus were 
derived. 
What is the new concept based on? The simplest 
of geometric objects is a point. The point itself 
does not even have a size. It is a geometric analog 
of an infinitesimal value. However, using a set of 
points, it is possible to obtain geometric objects 
of any degree of complexity. As our organism 
consists of atoms, so any geometrical object of 
any space can be described by an organized set 
of points. 
Let's consider examples and for this purpose first 
answer the question - what is the difference 
between a circle and a circle? In the first case it 
is a closed curve, in the second case it is an area 
inside a closed curve or, in other words, a 
selected part of the plane inside a circle. 
Generalizing to three-dimensional space, we get 
the definitions of sphere and ball. As in the plane 
case, the difference between these geometric 
objects is that a sphere is a closed shell, and a 
sphere is the set of all points of three-dimensional 
space bounded by a sphere, or, in other words, a 
selected part of three-dimensional space bounded 
by a sphere. As can be seen from the above 
examples, geometric solids and surfaces are 
completely different geometric objects that 
cannot be identified. Moreover, in [16-18] it is 
convincingly shown by examples that a surface 
is a two-parameter set of points, and a geometric 
solid in three-dimensional space is a three-

parameter set. In both cases we are talking about 
variables or current parameters. 
One of the possible realizations of the new 
concept is the use of multidimensional 
interpolation tools [20-22]. However, in the 
absence of the mathematical apparatus of point 
calculus, which allows any geometric object to 
be represented as an organized set of points, these 
works do not implement full-fledged solid 
models, but models based on parametric porous 
objects. Significantly better results are given by 
the geometric theory of multidimensional 
interpolation [23], already based on the use of the 
mathematical apparatus of “Point Calculus”, 
which is ideologically better suited for analytical 
representation of solid models of geometric 
solids. 
There is an opinion that solid models cannot be 
described by an equation. If we consider only a 
set of equations in explicit form, this is indeed 
true. And this is due to the fact that one of the 
axes of the coordinate system is used as a 
function. Accordingly, the number of variables 
of an explicit equation is always one less than the 
dimensionality of the space in which the 
geometric object is defined. At the same time, the 
point calculus, which uses the apparatus of 
projection on the axes of the global coordinate 
system, allows to use all coordinate axes, the 
system of which defines the space of the required 
dimension. This makes it possible to obtain 
equations of geometrical solids by means of 
simple arithmetic operations on coordinates of 
points and functions from parameters. It is 
important that the number of parameters 
corresponds to the dimensionality of the space. 
Let's consider an example. One of the most 
commonly used geometric objects in BIM is a 
parallelepiped. Parallelepiped is used to model 
walls, floors, roofs, window and door openings, 
etc. If you use the BREP boundary geometric 
model to specify the parallelepiped, then for its 
parameterization in general case it is necessary to 
define 6 planes. Each of these planes should be 
defined with the help of geometrical objects and 
conditions of their mutual position. In the general 
case there will be 54 such parameters: 3 points 

for each of the 6 planes plus 3 coordinates to 
define each point. Of course, this is not the most 
optimal parameterization and the parameters can 
be less, but each of the parameters will have to be 
replaced by geometric conditions. And the 
programmatic implementation of each geometric 
condition is a computational burden on the CPU. 
When there are few modeled objects on the 
screen, this load actually remains unnoticeable. 
But when creating and supporting digital twins of 
capital construction objects with a large number 
of elements (for example, with a digital twin of a 
micro district or a city district) it will be at least 
uncomfortable to work with such a model. In 
order to provide more comfortable work, it is 
necessary to sacrifice the model detailing. 
If we implement the proposed concept of solid 
modeling, in the most general case, only 12 
parameters will be sufficient to unambiguously 
determine the shape and position of a 
parallelepiped. This was possible because the 
geometric conditions were described using 
simple point equations and represented in a 
compact vector form. 
How was this realized in practice? First, a rather 
primitive geometrical scheme of the solid model 
of the parallelepiped was developed (Fig. 1). 
 

 
Figure 1. Geometric scheme for defining the 

solid model of a parallelepiped 
 
To parameterize the solid model of the 
parallelepiped we will use simple relations of 
three points of lines DA , DB  and DC  on its 
sides (Fig. 1): 

,  ,  .DP DQ DRu v w
DA DB DC

 

 
As a result, we have three point equations of 
straight lines: 
 

,  ,
.

P A D u D Q B D v D

R C D w D
 

 
To determine the current point M  of the desired 
three-parameter set of points, we use the 
pointwise parallel transfer formula twice: 
 

 
.

N P Q D
M R N D

M A D u B D v C D w D
 (1) 

 
Equation (1) ,  ,  ,  A B C D  – are contains the 
initial points, which not only form a local 
simplex of the three-dimensional space to 
determine the desired set of points, but also 
uniquely determine the position and dimensions 
of the parallelepiped in the global coordinate 
system. The parameters ,  ,  u v w  in the proposed 
parameterization (Fig. 1) vary from 0 to 1, 
ensuring that the interior of the parallelepiped is 
filled with points. 
Using the properties of the point calculus, we can 
represent equation (1) in another, more compact, 
form: 
 

1 .M Au Bv Cw D u v w  
 
These two forms of representation of geometric 
objects in the point calculus are completely 
identical and can always be derived one from the 
other. The choice of the form of representation of 
the point equation depends on the particular 
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problem and is determined solely by the 
convenience of use. 
It should be noted that the points 

,  ,  ,  ,  A B C D M  in equation (1) are coordinate 
vectors. The number of coordinates depends on 
the dimensionality of space. Transitioning to the 
coordinate form for three-dimensional space, we 
obtain the following system of parametric 
equations: 
 

 
1
1 .

1

M A B

M A B

M A B

x x u x v x w x u v w

y y u y v y w y u v w

z z u z v z w z u v w

 (2) 

 
Thus, for unambiguous determination of all 
parameters of position and shape of the 
parallelepiped solid model in the global 
coordinate system, only 12 parameters were 
needed without exception.
Note that all equations of the system (2) are 
completely identical except for the coordinates of 
the points. If each of the equations of the system 
(2) is assigned a separate thread for computation, 
we will get the result 3 times faster. With this 
approach, the computational threads are 
completely balanced. They start and end at the 
same time, performing the same number of 
computational operations. This minimizes the 
downtime of a multi-core processor and 
optimizes its computational load. 
Of course, this is not the only possible 
parameterization of the solid parallelepiped 
model. Besides, it should be noted that in 
equations (1) and (2) the parameters ,  ,  u v w  
change linearly. But the same parameters can 
also change nonlinearly. Then, by controlling the 
functions of the parameters, it is possible to 
construct a non-uniform distribution of points 
inside a geometric solid and thus model 
anisotropic geometric solids. Using this 
approach, it is possible to determine physical 
properties by means of geometrical solids with 
non-uniform distribution of points inside the 
geometrical solid. 

The described solid parallelepiped model is a 
general case of representation of geometrical 
solids as a selected part of three-dimensional 
space. In other words, it is a generalization of the 
BREP boundary model, which can be obtained 
by fixing the boundary values of the parameters 

,  ,  u v w : 
 

0 .     1 .
0 .     1 .
0 .     1 .

u BCD u BCD
v ACD v ACD
w ABD w ABD

 

 
Similarly, we can obtain the frame geometric 
model by simultaneous fixation of two 
parameters, thus determining all 12 edges of the 
parallelepiped (Fig. 1). At simultaneous fixation 
of three parameters, we obtain all 8 nodal points 
of the parallelepiped, including initial points 

,  ,  ,  A B C D . By changing the parameter values 
from 0 to 1, we can obtain a point geometric 
model in the form of a cloud of discrete points. 
Note that the proposed concept is not limited to 
geometric solids of simple shape. The same 
concept can be used to model more complex 
geometric solids. For example, Figure 2 shows a 
visualization of a solid model of a channel 
surface, whose axis is a transcendental curve and 
whose constituent is a closed curve of the 
“sinusoid” type, whose axis is a circle. 
 
 

 
 

Figure 2. Visualization of the solid model of the 
channel surface 
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2. RESULTS AND DISCUSSION 
 
Comparing the proposed solid modeling concept 
with existing approaches and methods, we 
highlight several aspects. 
1. A distinctive feature of the proposed concept 
compared to existing methods is the 
representation of solid models in the form of an 
organized set of points, where the dimensionality 
of the space coincides with the number of current 
parameters. 
2. Voxel geometric models are close in their 
ideology to full-fledged solid modeling. The 
proposed concept of modeling geometric solids 
as an organized set of points can be defined as a 
vector representation of voxel models. After all, 
if the size of a voxel is set to infinitesimal, it 
becomes a point, and we ideologically come to 
the description of geometric objects as an 
organized set of points, but at the same time we 
get rid of the above-described disadvantages of 
the voxel model. Thus, we will get a vector 
geometric model of solid, which is more 
preferable in BIM compared to the raster model 
because it provides a more convenient and 
compact approach to the use and storage of 
geometric information. 
3. Another ideologically similar approach is the 
use of finite element methods, finite volumes, 
boundary elements, etc. In engineering 
mechanics, it is called analytical solid modeling 
[24]. It is more related to engineering 
calculations than to information modeling in 
construction. If the size of a volumetric element 
tends to an infinitesimal value (to a point), we 
will obtain a point solid model, which is close in 
its meaning to the proposed one, but the 
computational complexity of the finite element 
method will tend to infinity and remain 
unattainable for modern computing systems. At 
the same time, these same models are described 
by simple vector equations in point calculus and 
can be effectively used to calculate the stress-
strain state of elements of building structures, 
buildings and structures. In addition, the 
proposed concept opens new possibilities for 

modeling thermal, sound, light, electric, 
magnetic and other fields. 
4. In [25], equations in homogeneous 
coordinates similar to the system of equations (2) 
are given. It is noted that they describe the 
mapping of a linear tetrahedron. As an argument, 
a verification of the equation using the nodal 
points of the tetrahedron is given. In Figure 1, 
these are the points ,  ,  ,  A B C D . Note that if a 
nodal mesh is created to solve the problem and 
only the nodes of this mesh will be used in the 
calculation, then this statement is valid and gives 
the desired result. But if the parameters are 
variable, then we will get exactly the solid model 
of a parallelepiped. It is easy to check this if we 
substitute the values of the parameters 

1,  1,  1u v w  for the system of equations 
(2). Then the obtained point will be outside the 
tetrahedron ABCD  and will form one of the 
vertices of the parallelepiped built on its basis. 
5. As can be seen from equations (1) and (2) 
solid models of geometric solids in the point 
calculus are defined directly in the space in 
which they are located. This approach allows us 
to fully realize the new paradigm of three-
dimensional design and eliminates the need to 
use transformation matrices, since all the 
necessary information about the shape and 
position of a geometric solid is contained in a 
rather compact form. 
 
 
CONCLUSIONS 

 
The proposed approach is very science-intensive 
and at the moment it has not been fully 
investigated. Since in fact the mathematical 
apparatus of vector representation of a new class 
of geometric objects, previously unexplored, is 
proposed. But already at this stage it is possible 
to highlight the advantages of the proposed 
approach and the prospects for its further use in 
information modeling of capital construction 
objects: 
1. A new concept of solid modeling directly in 
three-dimensional space. 
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2. New methods for storing geometric-graphic 
information based on the use of compact point 
equations and computational algorithms based 
on them. 
3. No need to use transformation matrices. 
4. Realization of parallel calculations on data at 
the level of mathematical apparatus “Point 
Calculus”. 
5. Realization of parallel computations on tasks 
due to the use of constructive algorithms of 
geometric modeling on projective and affine 
basis. 
6. New methods for calculating the stress-strain 
state of solids based on functionally controlled 
anisotropy and alternative to the finite element 
method. 
7. Replacing voxel models with vector models. 
And this is by no means a complete list of the 
opportunities that the proposed concept opens up 
for BIM. 
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DEFLECTION AND AXIAL FORCE IN GEOMETRICALLY NON-
LINEAR BEAM WITH PINNED SUPPORTS 

 
Alexander P. Suvorov, Irina A. Makarova 

National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 
 
Abstract: The problem of beam bending for large deflections is described in general. The nonlinear 
beam theory is considered for a simply-supported beam subjected to uniform load. The governing equa-
tions for displacements of this beam are derived. Numerical method for solving the governing equations 
is proposed. Convergence of the numerical method is studied. Numerical results are shown in the form of  
figures and formulas. These results suggest that the deflection predicted by the nonlinear theory at a spe-
cific point can be expressed solely as a function of the linear deflection at the same point. It is also 
shown how the axial force in the beam depends on the nonlinear deflection. Analytical expression for the 
axial force in the beam for small deflections is derived without solving the differential equation. For 
larger deflections, another representation for the axial force is obtained in terms of auxiliary functions 
that are defined only in terms of nonlinear and linear deflections. Comparison of the present results with 
the ABAQUS results is given. It is shown that the present theory can quite accurately predict the deflec-
tion and axial force in the beam for large deflections. However, the product of the axial force by the co-
sine of the slope angle at the support rather than the axial force itself will be a more accurate estimate of 
the horizontal support reaction. 
 

Keywords: large deflection, axial force, nonlinear beam theory, finite difference method, 
convergence of iterative method, ABAQUS, nonlinear differential equations, principal of virtual work 
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1. INTRODUCTION 
 
In this paper we analyze a beam of length L  
subjected to the uniformly distributed load q . 
The beam is simply supported at its ends and 
also constrained from the axial movement at the 
supports. When dealing with thin metal sheets, 
we often have the situation when the thickness 
of the sheet t  is small compared to the distance 
between the supports. In this case, it becomes 
important to take into account possible large 
deflections of the beam, which may be compa-
rable with the thickness t  and even larger than 
t . Denote the deflection of the beam by v . 
The elementary beam theory allows us to ac-
count for these large displacements by incorpo-
rating axial strain of the beam into the equa-
tions. This strain is represented as the sum of 

the usual term 
dx
du  that is linearly dependent on 

the axial displacement u , and the term 
2

2
1

dx
dv  

that depends on the vertical displacement v  
nonlinearly. This approach is used in almost all 
previous investigations [1-11].  
The axial strain naturally leads to the existence 
of the axial force N . For the theory in its sim-
plest form, the axial force N  is assumed con-
stant along the length of the beam and it is also 
equal to the horizontal reaction at the supports. 
This assumption is very accurate only for suffi-
ciently small displacements. 
Timoshenko and Woinowsky-Krieger [1,2] de-
rived exact solutions for beams with various 
supports. In particular, for a beam with pinned 
supports they obtained a nonlinear equation that 
can be solved for the axial force N  
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Et
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Here E  is the Young’s modulus.  
For faster calculations various approximate ex-
pressions were also proposed [1,3]. If we set 
 

,
t
Lv

L
t

qL
N= lin 2/1

5
384

2  

 
then the axial force N  (and subsequently, the 
horizontal reaction) can be found as a root of the 
cubic equation 
 

,
t
Lv=+ lin

2
2 2/1

3
1  

 
where linv  is the known displacement predicted 
by the linear theory, evaluated here at the center 
of the beam, 2/L=x . 
For larger displacements, more accurate formula 
for calculation of the horizontal support reaction 

xR  is desired. It can be obtained by using the 
fact that the axial force will vary along the 
length of the beam and the support reaction is 
equal only to the axial force at the center of the 
beam.  
In this paper, we will obtain certain estimates 
for the axial force that are very simple and don’t 
require solutions of any nonlinear equations. 
The exact solution of the differential equation is 
also not required. In addition, we will obtain a 
simple upper bound for the axial force.  
In our governing equations, we still assume that 
the axial force N  is constant along the length (to 
simplify the equations), but after finding N , the 
deflection v , the beam’s slope v'  at the support, 
we will be able to estimate the horizontal support 
reaction more accurately by evaluating the prod-
uct of the axial force and the cosine of the slope 
angle at the support, i.e., v'N=Rx  cos . By com-
paring xR  with ABAQUS software calculations, 
we have obtained a good match for the horizontal 
support reaction both for smaller and larger de-
flections. The value of the axial force N  slightly 
overestimates the actual value of the horizontal 
support reaction if the displacements become 
large enough. 

2. METHODS 
 
2.1 Governing equations 
 
Consider a simply-supported beam of length L  
subjected to the uniformly distributed load q . 
The x -axis is directed along the beam and 

Lx0  (Fig. 1). Let the vertical displacement 
or deflection of beam’s cross-section be denoted 
by v(x)=v . Assume that the height of the cross-
section of the beam is equal to t , the width is 1. 
Then the flexural stiffness of the beam EI  can 
be found as 
 

,tE=EI
12

3

 

 
where E  is the modulus of elasticity, the stiff-
ness in tension or compression is 
 

.Et=EA  
 

 
Figure 1. Beam geometry, applied loads and 

support reactions 
 

If N  is the internal axial force (assumed con-
stant along the length of the beam), and TM  is 
the internal bending moment caused by the ap-
plied load, the differential equation for the 
beam’s deflection v  can be written as 

 
.T

'' M=NvEIv  
 
For uniformly distributed load and for simply-
supported beam the bending moment is given by 

 

.
2

xLxq=MT  

 
Due to the supports the boundary conditions for 
the function v  are 

0.0 =Lv=v  
 
Obviously, for the simply supported beam the 
second derivative of v  at the support points is 
also equal to zero, as the bending moment is 
equal to zero at the supports 

 
0.0 =Lv=v ''''  

 
Let u(x)  be the axial displacement, i.e., the dis-
placement along the x -axis of the axis of the 
beam. It is known from the non-linear strain 
theory that the longitudinal strain for the points 
lying on the axis of the beam can be found as 

 

.
2
1 2v'+u= '

x  

 
Therefore, the axial force is determined from 

 

,v'+uEA=N ' 2

2
1  

 
where EA  is the stiffness of the beam in tension 
or compression, A  is the cross-sectional area.  
From the equilibrium in the direction of the x -
axis, the axial force must be constant, i.e., 

,=
dx
dN 0  and therefore, the second differential 

equation for the function u  can be written as 
 

0.
2
1 2 =v'+uEA

dx
d '  

 
Since the axial stiffness is constant, this differ-
ential equation can be put in another form 

 
,=vv+u ''''' 0  

 
where we have used the fact that 

 

.
2
1 2 ''' vv=v'

dx
d  
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support reactions 
 

If N  is the internal axial force (assumed con-
stant along the length of the beam), and TM  is 
the internal bending moment caused by the ap-
plied load, the differential equation for the 
beam’s deflection v  can be written as 

 
.T

'' M=NvEIv  
 
For uniformly distributed load and for simply-
supported beam the bending moment is given by 

 

.
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xLxq=MT  

 
Due to the supports the boundary conditions for 
the function v  are 

0.0 =Lv=v  
 
Obviously, for the simply supported beam the 
second derivative of v  at the support points is 
also equal to zero, as the bending moment is 
equal to zero at the supports 
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Let u(x)  be the axial displacement, i.e., the dis-
placement along the x -axis of the axis of the 
beam. It is known from the non-linear strain 
theory that the longitudinal strain for the points 
lying on the axis of the beam can be found as 

 

.
2
1 2v'+u= '

x  

 
Therefore, the axial force is determined from 

 

,v'+uEA=N ' 2

2
1  

 
where EA  is the stiffness of the beam in tension 
or compression, A  is the cross-sectional area.  
From the equilibrium in the direction of the x -
axis, the axial force must be constant, i.e., 

,=
dx
dN 0  and therefore, the second differential 

equation for the function u  can be written as 
 

0.
2
1 2 =v'+uEA

dx
d '  

 
Since the axial stiffness is constant, this differ-
ential equation can be put in another form 

 
,=vv+u ''''' 0  

 
where we have used the fact that 

 

.
2
1 2 ''' vv=v'

dx
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Boundary conditions for the function xu  are 
given by 

 
0.0 =Lu=u  

 
We note that these differential equations can be 
derived from principal of virtual work. Let 

2

2
1 v'+u'  be the virtual axial strain, and 

''  be the virtual curvature. Then the internal 
virtual work can be represented as 
 

dxvEI ''''
b

a

 

dxv'+uv'+uEA+ '
b

a

' 22

2
1

2
1   

 
and the external virtual work is 
 

b

a

vdxq .  

 
Equating these works leads to the final form of 
the equation 
 

dxvEI ''''
b

a

 

.
2
1

2
1 22

b

a

'
b

a

' vdxq=dxv'+uv'+uEA+  

 
Of course, the virtual displacements must satisfy 

 
,=L= 00  

0.0 =L=  
 
When integrating the expression for the axial 
force N  along the length of the beam, we ob-
tain 
 

dxvEA=NL ' 2

2
 

 

since the axial force is constant and 
 

0=dxu' . 
 

Therefore, the differential equation for the de-
flection can also be written as 
 

xLxq=dxv
L

EAvxEIv '''

22
2 . 

 
 

2.2 Numerical solution 
Numerical solutions of two-point boundary val-
ue problems by finite difference method have 
been discussed in [12-15]. Let us describe nu-
merical algorithm for solving the present prob-
lem. To solve the given problem numerically, 
one can proceed with the algorithm that consists 
of the following steps: 
1. Assume first that the axial force N  is equal 
to zero. 
2. Solve equation for the deflection v . The 
right-hand side of this equation is the moment 

caused by transverse loads, namely, x)x(Lq
2

. 

3. Find the first and second derivatives of the 
deflection v  denoted by v'  and 'v' . 
4. Solve equation for the axial displacement u . 
The right-hand side of the equation becomes 
equal to  'v'v'– . 
5. Find the first derivative of u  denoted by u' . 
6. With the knowledge of the displacements u  
and v , find the new estimate for the axial force as 

 

.
2
1 2v'+uEA=N '

new  

 
This force should be independent of x  coordi-
nate, and it does not matter at which point this 
quantity is evaluated. 
7. Check for convergence if newN  is sufficiently 
close to N . If not, set newN=N  (update the 
axial force) and go to step 2. 
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Although this algorithm seems to be harmless it 
actually diverges when the load q  gets large 
enough and deflections grow. To remedy the 
situation, we propose using in step 7 a different 
way of updating the axial force, namely, 

 

.
22
newN+NN  

 
Thus, we take the average of the previous value 
of the axial force N  and the new value of the 
force newN . With this important correction, this 
algorithm works well even for large values of 
the load q , and it converges in a smaller num-
ber of iterations. 
We use standard finite difference scheme to 
solve differential equations for the displace-
ments v  and u . We divide the beam length into 

1n  small intervals, where n  is the number of 
points chosen to be sufficiently large. The 
length of each interval .1/ nL=h  Then, if we 
denote iv  and iu  as the displacements evaluat-
ed at point i , ni1 , the differential equations 
can be written in finite difference form as   
 

Tii
1+iii M=Nv

h
v+vvEI 2

1 2  

.2
2

2
2

111
2

1

h
v+vv

h
vv=

h
u+uu 1+iiii+i1+iii  

 
In the first equation the axial force N  is as-
sumed constant, chosen as described in the algo-
rithm presented above. To evaluate accurately 
the second and first derivatives at the boundary 
points 1=i  and n=i , we introduce ghost points 
with the coordinates h=x 0  and h+L=x . 
We give them numbers 0=i  and 1+n=i , re-
spectively. Then, the system of linear equations 
for finding iv  or iu  will comprise of 2+n  
equations because there are now 2+n  points. 
The first equation in this system of equations 
will correspond to the finite difference equa-
tions evaluated for the left support with 1=i , 
i.e.,  

T11
2 M=Nv

h
v+vvEI 2

10 2  

.2
2

2
2
1002

2
10

h
v+vv

h
vv=

h
u+uu 22  

 
Similar expressions can be formed for the last 
equation in the system of linear equations. They 
are the finite difference equations evaluated at 
right support point with n=i . 
 
2.3 Axial force for small displacements 
Let us consider the limit of small vertical dis-
placements and obtain estimate for the horizon-
tal support reaction N  in this case. In the limit 
of small deflections, the deflection predicted by 
the nonlinear theory is approximately equal to 
the displacement predicted by the linear theory. 
In the linear theory, the vertical displacement is 
given by 
 

xqLxLxq=xEIv
3

241262

43

 

 
and the slope can be found as 
 

 
24322

32 3
' qLxLxq=xEIv . 

 
The axial force can now be evaluated from the 
relationship 
 

dxv
L

EA=N ' 2

2
. 

 
After substitution of the derivative of the linear 
displacement into this equation and subsequent 
evaluation of the integral, the axial force can be 
found as 
 

2

5040
17

8 EI
qLEA=N

3

. 

 
Now consider a beam with a cross-section of 
height t , and the unit width. The area of this 
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cross-section t=A  and the moment of inertia 
12/3t=I . In this case, the axial force becomes 

 

5

6
21

280
17

t
Lq

E
=N . 

 
and thus the axial force depends on the applied 
loading quadratically.  
It is also known that the deflection v  at the cen-
ter of the beam can be found as 
 

.
32
52/

4

4

Et
qL=

t
Lv  

 
Using this expression, the above formula for the 
axial force can be transformed to 
 

t
L

t
Lv=

t
L

t
Lv=

qL
N 2/0.7772/

175
136

2/
. 

 
This is our estimate for the axial force in the 
case of small deflections. This formula gives the 
ratio of the horizontal support reaction force to 
the vertical support reaction force. 
 
2.4 Representations using dimensional theory 
Let us obtain representations for the axial force 
and displacements using dimensional theory. 
Again consider a beam with a cross-section of 
thickness t  and unit width. Introduce dimen-
sionless (normalized) deflection as 
 

.
t
v=w  

 
Denote the deflections predicted by the linear 
and nonlinear theories as linw  and w=wnl . It is 
well known that in the linear theory the dimen-
sionless deflection w  at the center is given by 

 

.
32
5

4

4

lin Et
qL=w  

 
By analyzing numerical results (presented be-
low) we can discover that the nonlinear vertical 

displacement at a particular point of the beam 
can be expressed solely in terms of linear verti-
cal displacement evaluated at the same point. 
Let the function that relates nonlinear and linear 
displacements be denoted as g . Then 
 

linnl wg=w . 
 

This function is, of course, varies from point to 
point of the beam, but it is remarkable that in 
this relationship there is no dependence on tL / .  
Let us prove this fact. Recall that our differen-
tial equation for the deflection has this form 
 

xLxq=dxv
L

EAvxEIv '''

22
2 . 

 
Let us write this equation in dimensionless 
form. We introduce dimensionless coordinate 

1x  as Lx=x /1 . Then, again using definitions 
for the area and the moment of inertia, we can 
derive 
 

11

22

166 xx
Et
qL=dx

dx
dww

dx
wd

4

4

1
1

2
1

. 

 
Therefore, 

 

lin4

4

w=
Et
qL=p

5
32  

 
is a dimensionless parameter that the deflection 
will depend on. But this parameter can be relat-
ed to the displacement linw  predicted by the lin-
ear theory. Therefore, we proved that upon fix-
ing a point on the beam with the normalized co-
ordinate 1x , the nonlinear deflection will de-
pend only on the linear deflection at the same 
point. 
The axial force can also be written in terms of 
dimensionless deflection w  as follows 
 

1
1

dx
dx
dw

L
tEt=N

2

2

2

2
. 

But Young’s modulus can be expressed in terms 
of linear displacement at the center 
 

432
5

tw
qL=E

lin

4

. 

 
Substituting this result into the equation for the 
axial force we obtain 
 

1
1lin

dx
dx
dw

wt
LqL=N

2
1

232
5 . 

 
Thus, the axial force N  admits the following 
representation 
 

nlwf
t
LqL=N

2
. 

 
Here f  is some function of nonlinear displace-
ment, the shape of which will be established be-
low, and 2/qL  is the vertical reaction force 

yR . This representation for the axial force was 
obtained by using dimensional analysis on the 
equation for the deflection v(x). It follows that 
for a fixed value of nonlinear vertical displace-
ment, the ratio of the axial force to the vertical 
support reaction force 2/qL  will depend only 
on tL / , and therefore, will be twice larger for 
the beam with 20/ =tL  compared to the beam 
with 10/ =tL . Remember, however, that the 
nonlinear displacement will also depend on tL /  
in some nonlinear fashion. 
Another important observation can be made 
from the fact that the nonlinear deflection can 
be expressed solely as a function of the linear 
deflection. The loading q  can be found in terms 
of the linear deflection at the center as follows 
 

  linw
L
tE=q

4

5
32 . 

 
For the same loading q  and for the same geom-
etry of the beam, the nonlinear deflection can be 

found. Using the connection between the linear 
and nonlinear displacements, this nonlinear de-
flection is therefore related to the magnitude of 
the loading by  
 

nlwg
L
tE=q 1

4

5
32 . 

 
Thus, for the nonlinear theory, similar to the 
linear theory, the loading will also vary as 

4/ Lt  for a fixed nonlinear deflection. This 
tells us, for example, that to produce the same 
nonlinear (normalized) deflection in the beam 
that is twice longer it is required to apply the 
loading that is 16 times smaller. 
Let us obtain representation for the axial dis-
placement in terms of vertical displacement. 
Since the first part of the axial force is given by 

 

dx
duEA=N1  

 
we can obtain, using the representation for the 
axial force, that  
 

nlwf
t
L

E
q=

dx
du 2

2
. 

 
Thus, using our representation for the loading 
q , we obtain 
 

nlnl wgwf
L
t=

dx
du 1

2

5
16 . 

 
Introduce the dimensionless axial displacement 
and coordinate x  as follows 
 

t
u=u1 ,  

L
x=x1 . 

 
It is easy to show that 
 

nlnl
1
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L
t=
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5
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cross-section t=A  and the moment of inertia 
12/3t=I . In this case, the axial force becomes 

 

5

6
21

280
17

t
Lq

E
=N . 

 
and thus the axial force depends on the applied 
loading quadratically.  
It is also known that the deflection v  at the cen-
ter of the beam can be found as 
 

.
32
52/

4

4

Et
qL=

t
Lv  

 
Using this expression, the above formula for the 
axial force can be transformed to 
 

t
L

t
Lv=

t
L

t
Lv=

qL
N 2/0.7772/

175
136

2/
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This is our estimate for the axial force in the 
case of small deflections. This formula gives the 
ratio of the horizontal support reaction force to 
the vertical support reaction force. 
 
2.4 Representations using dimensional theory 
Let us obtain representations for the axial force 
and displacements using dimensional theory. 
Again consider a beam with a cross-section of 
thickness t  and unit width. Introduce dimen-
sionless (normalized) deflection as 
 

.
t
v=w  

 
Denote the deflections predicted by the linear 
and nonlinear theories as linw  and w=wnl . It is 
well known that in the linear theory the dimen-
sionless deflection w  at the center is given by 

 

.
32
5

4

4

lin Et
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By analyzing numerical results (presented be-
low) we can discover that the nonlinear vertical 

displacement at a particular point of the beam 
can be expressed solely in terms of linear verti-
cal displacement evaluated at the same point. 
Let the function that relates nonlinear and linear 
displacements be denoted as g . Then 
 

linnl wg=w . 
 

This function is, of course, varies from point to 
point of the beam, but it is remarkable that in 
this relationship there is no dependence on tL / .  
Let us prove this fact. Recall that our differen-
tial equation for the deflection has this form 
 

xLxq=dxv
L

EAvxEIv '''

22
2 . 

 
Let us write this equation in dimensionless 
form. We introduce dimensionless coordinate 

1x  as Lx=x /1 . Then, again using definitions 
for the area and the moment of inertia, we can 
derive 
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Therefore, 
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4
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5
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is a dimensionless parameter that the deflection 
will depend on. But this parameter can be relat-
ed to the displacement linw  predicted by the lin-
ear theory. Therefore, we proved that upon fix-
ing a point on the beam with the normalized co-
ordinate 1x , the nonlinear deflection will de-
pend only on the linear deflection at the same 
point. 
The axial force can also be written in terms of 
dimensionless deflection w  as follows 
 

1
1

dx
dx
dw

L
tEt=N

2

2

2

2
. 

But Young’s modulus can be expressed in terms 
of linear displacement at the center 
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Substituting this result into the equation for the 
axial force we obtain 
 

1
1lin

dx
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dw

wt
LqL=N

2
1

232
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Thus, the axial force N  admits the following 
representation 
 

nlwf
t
LqL=N

2
. 

 
Here f  is some function of nonlinear displace-
ment, the shape of which will be established be-
low, and 2/qL  is the vertical reaction force 

yR . This representation for the axial force was 
obtained by using dimensional analysis on the 
equation for the deflection v(x). It follows that 
for a fixed value of nonlinear vertical displace-
ment, the ratio of the axial force to the vertical 
support reaction force 2/qL  will depend only 
on tL / , and therefore, will be twice larger for 
the beam with 20/ =tL  compared to the beam 
with 10/ =tL . Remember, however, that the 
nonlinear displacement will also depend on tL /  
in some nonlinear fashion. 
Another important observation can be made 
from the fact that the nonlinear deflection can 
be expressed solely as a function of the linear 
deflection. The loading q  can be found in terms 
of the linear deflection at the center as follows 
 

  linw
L
tE=q

4

5
32 . 

 
For the same loading q  and for the same geom-
etry of the beam, the nonlinear deflection can be 

found. Using the connection between the linear 
and nonlinear displacements, this nonlinear de-
flection is therefore related to the magnitude of 
the loading by  
 

nlwg
L
tE=q 1

4

5
32 . 

 
Thus, for the nonlinear theory, similar to the 
linear theory, the loading will also vary as 

4/ Lt  for a fixed nonlinear deflection. This 
tells us, for example, that to produce the same 
nonlinear (normalized) deflection in the beam 
that is twice longer it is required to apply the 
loading that is 16 times smaller. 
Let us obtain representation for the axial dis-
placement in terms of vertical displacement. 
Since the first part of the axial force is given by 

 

dx
duEA=N1  

 
we can obtain, using the representation for the 
axial force, that  
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E
q=
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Thus, using our representation for the loading 
q , we obtain 
 

nlnl wgwf
L
t=
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du 1
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Introduce the dimensionless axial displacement 
and coordinate x  as follows 
 

t
u=u1 ,  

L
x=x1 . 

 
It is easy to show that 
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or 
 

nlnl11 wgwf
L
tdx=du 1

5
16 . 

 
Therefore, for the same increment in the coordi-
nate 1dx  starting from the support (take, for ex-
ample, quarter of the beam length) and for a 
fixed value of nonlinear deflection, the incre-
ment in the axial displacement will depend only 
on Lt / , and therefore, the dimensionless axial 
displacement will be twice larger for the beam 
with 10/ =tL  compared to the beam with 

20/ =tL . This result will be illustrated below. 
 
 
3. RESULTS AND DISCUSSION 
 
Consider a simply-supported beam of length L  
subjected to the uniformly distributed load q . 
The height of the cross-section of the beam is 
denoted by t  (thickness), while the width of the 
cross-section is assumed equal to 1. 
Introduce dimensionless (normalized) deflec-
tions as 
 

.
t
v=w  

 
Denote the deflections predicted by the linear 
and nonlinear theories as linw  and nlw . In the 
linear theory the dimensionless deflection w  at 
the center can be found as 
 

.
32
5

4

4

lin Et
qL=w  

 
In what follows we investigate beams with two 
different geometries with tL /  equal to 10 and 
20. The beams are subjected to the same load q . 
On the following plots the results for the shorter 
beam with 10/ =tL  are shown with solid lines. 
For the longer beam with 20/ =tL  the results 
are shown with dashed lines. The size of the 
markers correspond (approximately) to the 

magnitude of the applied load q  applied – the 
marker with the larger size corresponds to the 
larger magnitude of the load. 
Figure 2 shows how the nonlinear displacement 
(normalized with respect to the thickness of the 
beam) depends on the linear displacement (also 
normalized).  
 

Figure 2. Dependence of the nonlinear dis-
placement at the center of the beam on the line-

ar displacement 
 

The displacement is evaluated at the center of 
the beam, and thus it is maximum, and at a 
quarter of the total length of the beam. It is clear 
that the results for the two beam geometries 
overlap and thus the function that relates non-
linear and linear displacements at a specific 
point is independent of tL / , i.e., 
 

.linnl wg=w  
 

We see clearly that the nonlinear displacements 
are significantly lower than the linear displace-
ments. For example, for the linear displacement 
equal to 1, the nonlinear displacement is about 
0.52; for the linear displacement equal to 4, the 
nonlinear one is only 1. 
Figure 3 is central in our presentation. This fig-
ure shows by how much the horizontal support 
reaction N  is smaller or larger than the vertical 
support reaction 2/qL . Let us call the ratio of 
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or 
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Therefore, for the same increment in the coordi-
nate 1dx  starting from the support (take, for ex-
ample, quarter of the beam length) and for a 
fixed value of nonlinear deflection, the incre-
ment in the axial displacement will depend only 
on Lt / , and therefore, the dimensionless axial 
displacement will be twice larger for the beam 
with 10/ =tL  compared to the beam with 

20/ =tL . This result will be illustrated below. 
 
 
3. RESULTS AND DISCUSSION 
 
Consider a simply-supported beam of length L  
subjected to the uniformly distributed load q . 
The height of the cross-section of the beam is 
denoted by t  (thickness), while the width of the 
cross-section is assumed equal to 1. 
Introduce dimensionless (normalized) deflec-
tions as 
 

.
t
v=w  

 
Denote the deflections predicted by the linear 
and nonlinear theories as linw  and nlw . In the 
linear theory the dimensionless deflection w  at 
the center can be found as 
 

.
32
5
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4

lin Et
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In what follows we investigate beams with two 
different geometries with tL /  equal to 10 and 
20. The beams are subjected to the same load q . 
On the following plots the results for the shorter 
beam with 10/ =tL  are shown with solid lines. 
For the longer beam with 20/ =tL  the results 
are shown with dashed lines. The size of the 
markers correspond (approximately) to the 

magnitude of the applied load q  applied – the 
marker with the larger size corresponds to the 
larger magnitude of the load. 
Figure 2 shows how the nonlinear displacement 
(normalized with respect to the thickness of the 
beam) depends on the linear displacement (also 
normalized).  
 

Figure 2. Dependence of the nonlinear dis-
placement at the center of the beam on the line-

ar displacement 
 

The displacement is evaluated at the center of 
the beam, and thus it is maximum, and at a 
quarter of the total length of the beam. It is clear 
that the results for the two beam geometries 
overlap and thus the function that relates non-
linear and linear displacements at a specific 
point is independent of tL / , i.e., 
 

.linnl wg=w  
 

We see clearly that the nonlinear displacements 
are significantly lower than the linear displace-
ments. For example, for the linear displacement 
equal to 1, the nonlinear displacement is about 
0.52; for the linear displacement equal to 4, the 
nonlinear one is only 1. 
Figure 3 is central in our presentation. This fig-
ure shows by how much the horizontal support 
reaction N  is smaller or larger than the vertical 
support reaction 2/qL . Let us call the ratio of 

the horizontal support reaction to the vertical 
reaction as the support reactions ratio. The fig-
ure shows how this ratio depends on the value 
of the normalized nonlinear displacement (at the 
center of the beam) for two geometries of the 
beam with 10/ =tL  and 20/ =tL . Size of the 
circles in the figure corresponds approximately 
to the magnitude of the applied load q .
Initially, of course, when the displacements are 
very small and the load is small, the horizontal 
support reaction is smaller than the vertical sup-
port reaction. It was shown in the previous sec-
tion that for small loads the support reactions 
ratio can be well fitted with the function 

tvtL //0.777  where tv /  is normalized deflec-
tion at the center (linear or nonlinear deflections 
are about the same). It is seen from the graph 
that this approximation can be used with good 
accuracy when the deflection tv /  is smaller 
than 0.2. 
The point where the support reactions ratio be-
comes exactly equal to 1 depends on the ratio 

tL / : for more flexible beams with larger tL /  it 
happens earlier, at smaller loads and at smaller 
displacements. After this point the horizontal 
support reaction quickly becomes larger than 
the vertical support reaction. It is interesting to 
observe that the point where the support reac-
tions ratio reaches maximum does not depend 
on tL / : it happens when the nonlinear deflec-
tion at the center is about 0.59. For this value of 
nonlinear displacement the support reactions 
ratio can be evaluated approximately as 

tL /0.22 . Therefore, the maximum of the sup-
port reactions ratio for 20/ =tL  is twice larger 
than for 10/ =tL . 
In addition, the figure shows the ratio of xR , 
defined as 0cos 'vN , to the vertical support 
reaction. It is seen that xR  is about the same as 
N  except for very large displacements when it 
becomes somewhat smaller than N . This im-
plies that the angle of slope of the deflected 
shape of the beam 0'v  remains small even for 
large displacements. 

We note that both the horizontal support reac-
tion and vertical support reaction always grow 
with the increase of the load and the nonlinear 
displacement, but this figure shows that the rate 
of growth of the horizontal support reaction al-
ways changes during the loading. Indeed, for 
very large displacements the support reactions 
ratio decreases and again reaches the value of 1 
and lower. Let us predict the support reactions 
ratio for large deflections from the elementary 
theory of flexible cables. Neglecting bending 
moment at the center we can obtain from the 
equilibrium of the half of the beam that this ra-
tio is equal to tvtL nl //1 4/ , where tvnl /  is 
normalized nonlinear displacement at the center. 
Thus, this formula shows that the support reac-
tions ratio for cables will eventually approach 
zero with the growth of nonlinear displacement, 
and thus also with the growth of vertical support 
reaction 2/qL . This approximation for the sup-
port reactions ratio can be used with the good 
accuracy when tvnl /  is larger than 2. 
But to use this graph for prediction of the axial 
force N  or support reactions ratio, we must also 
remember that for different tL /  ratios, the non-
linear displacement tvnl /  will also be different. 
 

 
Figure 3. Ratio of the horizontal reaction force 
to the vertical reaction force as a function of the 
nonlinear displacement for two geometries with 

tL /  equal to 10 and 20. 
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Figure 4 shows how f  depends on the nonline-
ar displacement evaluated at the center of the 
beam. The function f  is obtained by dividing 
the axial force N  by 2/qL  and tL / , i.e.,  
 

.

2 t
LqL

N=wf nl  

 
The results shown in Figure 4 do not depend on 

tL / , as expected.  
We see that the maximum value of the function 
f  is about 0.22. This maximum is achieved 

when the nonlinear displacement is 0.59.  
 

Figure 4. Dependence of the function f  on the 
nonlinear displacement at the center of the 

beam 
 

Using this maximum value, we can always ob-
tain an upper bound for the axial force N , 
 

,
t
LqL=Nu 2

0.22  

 
although it will not be accurate if the nonlinear 
deflection is very different from 0.59. 
The function f  can also be expressed in terms 
of the linear displacement since we know from 
Figure 2 how the nonlinear deflection depends 
on the linear one. This dependence )f(wlin  is 
shown in Figure 5. To avoid skewed graph, we 

plot logarithm of the linear displacement on the 
horizontal axis of the graph instead of the linear 
displacement. We clearly see that the maximum 
of the function f  is equal to about 0.22 and it is 
achieved when the normalized linear displace-
ment is equal to about 1 ( 01log10 = ). Instead of 
using Figure 5 to find the value of the function 
f  for a given linear deflection, one could use 

another option for determining the value f . 
Namely, find first the nonlinear displacement 
from Figure 2, and then determine the value of 
the function f  from Figure 4. 
Figure 6 shows maximum horizontal displace-
ment (normalized with respect to thickness) ver-
sus vertical displacement for two beam geome-
tries with tL /  equal to 10 and 20.  
 

 
Figure 5. Dependence of the function f  on the 
logarithm of the linear displacement at the cen-

ter of the beam 
 

The vertical displacement is evaluated at the 
center of the beam, but the maximum of the hor-
izontal displacement occurs at L=x 4/3  and 

L=x 4/1 . It is seen that the horizontal dis-
placement is much smaller than the vertical dis-
placement. Also, for the same value of the verti-
cal displacement, the horizontal displacement 
for the beam with 10/ =tL  is twice larger than 
that for the beam with 20/ =tL . Since the hor-
izontal displacement is maximum at L=x 4/3  
and L=x 4/1 . it follows that the horizontal dis-
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Figure 4 shows how f  depends on the nonline-
ar displacement evaluated at the center of the 
beam. The function f  is obtained by dividing 
the axial force N  by 2/qL  and tL / , i.e.,  
 

.

2 t
LqL

N=wf nl  

 
The results shown in Figure 4 do not depend on 

tL / , as expected.  
We see that the maximum value of the function 
f  is about 0.22. This maximum is achieved 

when the nonlinear displacement is 0.59.  
 

Figure 4. Dependence of the function f  on the 
nonlinear displacement at the center of the 

beam 
 

Using this maximum value, we can always ob-
tain an upper bound for the axial force N , 
 

,
t
LqL=Nu 2

0.22  

 
although it will not be accurate if the nonlinear 
deflection is very different from 0.59. 
The function f  can also be expressed in terms 
of the linear displacement since we know from 
Figure 2 how the nonlinear deflection depends 
on the linear one. This dependence )f(wlin  is 
shown in Figure 5. To avoid skewed graph, we 

plot logarithm of the linear displacement on the 
horizontal axis of the graph instead of the linear 
displacement. We clearly see that the maximum 
of the function f  is equal to about 0.22 and it is 
achieved when the normalized linear displace-
ment is equal to about 1 ( 01log10 = ). Instead of 
using Figure 5 to find the value of the function 
f  for a given linear deflection, one could use 

another option for determining the value f . 
Namely, find first the nonlinear displacement 
from Figure 2, and then determine the value of 
the function f  from Figure 4. 
Figure 6 shows maximum horizontal displace-
ment (normalized with respect to thickness) ver-
sus vertical displacement for two beam geome-
tries with tL /  equal to 10 and 20.  
 

 
Figure 5. Dependence of the function f  on the 
logarithm of the linear displacement at the cen-

ter of the beam 
 

The vertical displacement is evaluated at the 
center of the beam, but the maximum of the hor-
izontal displacement occurs at L=x 4/3  and 

L=x 4/1 . It is seen that the horizontal dis-
placement is much smaller than the vertical dis-
placement. Also, for the same value of the verti-
cal displacement, the horizontal displacement 
for the beam with 10/ =tL  is twice larger than 
that for the beam with 20/ =tL . Since the hor-
izontal displacement is maximum at L=x 4/3  
and L=x 4/1 . it follows that the horizontal dis-

placement has extremums exactly at these 
points. This fact, however, requires a strict 
proof. 
Comparison of the numerical results obtained 
using the present technique with the ABAQUS 
software results is presented in Figure 7.  
On the top figure we plot dependence of xR , 
computed as product LvN 'cos , on the vertical 
reaction force 2/qL=Ry . On the bottom figure 
we plot the axial force N , computed using the 
present method, versus the vertical reaction 
force. On both figures we compare these quanti-
ties with the horizontal reaction force computed 
in ABAQUS program (aba)Rx .  
For convenience, we show absolute (not nor-
malized) quantities for some specific choice of 
geometrical and physical parameters. But as be-
fore, solid line corresponds to 10/ =tL , and 
dashed line corresponds to 20/ =tL . 
 

Figure 6. Maximum horizontal displacement 
versus maximum vertical displacement 

 
The horizontal reaction force computed via 
ABAQUS (aba)Rx  is shown with circles for 

10/ =tL  and diamonds for 20/ =tL . A good 
match is observed between the results on the top 
figure, but on the bottom figure we see some 
discrepancy between the results for larger val-
ues of the load .q  Thus, the axial force multi-
plied by the cosine of the slope angle at the sup-

port LvN ' cos  is a better estimate for the hor-
izontal reaction force than simply N . 
Note that this graph shows that the horizontal 
support reaction always increases with in-
creasing load q  although the rate at which 
the horizontal support reaction grows dimin-
ishes.  
 

 
 

Figure 7. Comparison of  xR  and the axial 
force N , computed using the present method 

(lines), with the horizontal reaction obtained in 
ABAQUS (dots). ABAQUS results are shown 
with markers – circles for 10/ =tL  and dia-

monds for 20/ =tL . 
  
 
4. CONCLUSIONS 
 
In this paper we have considered a well-known 
problem of determining deflection and horizon-
tal support reaction for the simply-supported 
beam constrained from axial movement at the 
supports and subjected to the uniformly distrib-
uted load along the length. The axial strain of 

the beam included not only the usual term 
dx
du  

linearly dependent on the axial displacement u , 

but also the term 
2

2
1

dx
dv depending on the 

vertical displacement v  nonlinearly.  
We have presented numerical procedure for 
solving the governing system of equations for 
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the displacements u  and v . This procedure is 
iterative in which on each step the axial force 
N  is updated. In order to ensure convergence of 
this scheme, we have come up with the rule for 
updating the axial force N , namely, the value 
of the axial force for the next iteration is taken 
as the average of the axial force used at the cur-
rent iteration and the predicted value of the axial 
force also evaluated at the current iteration. 
With this update, the iterative scheme was con-
vergent even for large loads and displacements. 
Convergence was achieved within a small num-
ber of iterations.  
We have shown on the plots that the nonlinear 
deflection can be represented as a function of 
the linear deflection only. Also we have pre-
sented the graph for the function f  that enables 
us to evaluate the axial force according to 
 

.
2

f
t
LqL=N  

 
The function f  can be represented as the 
function of the nonlinear displacement or as 
the function of the linear displacement. The 
maximum of the function f  is equal to 0.22, 
and this allows us to obtain an upper bound on 
the axial force N  for any magnitude of the 
load q : 
 

.
2

0.22
t
LqLN  

 
The maximum of the function f  is achieved 
when the normalized nonlinear displacement is 
equal to about 0.59, and the normalized linear 
displacement is equal to about 1. 
We have also obtained an expression for the 
axial force in the limit of small displacements 
and it was shown that for small displace-
ments the axial force depends on the loading 
quadratically. The support reactions ratio was 
shown to be a linear function of the vertical 
displacement. These approximations work 
well when the normalized deflection at the 

center does not exceed 0.2. We have also es-
tablished that when the normalized deflection 
exceeds 2, the bending moment can be ne-
glected in the beam and the cable approxima-
tion can be used to predict the axial force. 
By comparing our results with more accurate 
ABAQUS finite element results, we have ob-
served a very good match for the axial force 
N . However, the horizontal support reaction 
can be more accurately predicted by using the 
formula 
 

.cos0cos LvN=vN=R ''
x  

 
This formula becomes more accurate for larger 
displacements and our calculations allow us to 
obtain xR  by using this formula since the 
beam’s slope v'  is available at each point. 
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the displacements u  and v . This procedure is 
iterative in which on each step the axial force 
N  is updated. In order to ensure convergence of 
this scheme, we have come up with the rule for 
updating the axial force N , namely, the value 
of the axial force for the next iteration is taken 
as the average of the axial force used at the cur-
rent iteration and the predicted value of the axial 
force also evaluated at the current iteration. 
With this update, the iterative scheme was con-
vergent even for large loads and displacements. 
Convergence was achieved within a small num-
ber of iterations.  
We have shown on the plots that the nonlinear 
deflection can be represented as a function of 
the linear deflection only. Also we have pre-
sented the graph for the function f  that enables 
us to evaluate the axial force according to 
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The function f  can be represented as the 
function of the nonlinear displacement or as 
the function of the linear displacement. The 
maximum of the function f  is equal to 0.22, 
and this allows us to obtain an upper bound on 
the axial force N  for any magnitude of the 
load q : 
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The maximum of the function f  is achieved 
when the normalized nonlinear displacement is 
equal to about 0.59, and the normalized linear 
displacement is equal to about 1. 
We have also obtained an expression for the 
axial force in the limit of small displacements 
and it was shown that for small displace-
ments the axial force depends on the loading 
quadratically. The support reactions ratio was 
shown to be a linear function of the vertical 
displacement. These approximations work 
well when the normalized deflection at the 

center does not exceed 0.2. We have also es-
tablished that when the normalized deflection 
exceeds 2, the bending moment can be ne-
glected in the beam and the cable approxima-
tion can be used to predict the axial force. 
By comparing our results with more accurate 
ABAQUS finite element results, we have ob-
served a very good match for the axial force 
N . However, the horizontal support reaction 
can be more accurately predicted by using the 
formula 
 

.cos0cos LvN=vN=R ''
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This formula becomes more accurate for larger 
displacements and our calculations allow us to 
obtain xR  by using this formula since the 
beam’s slope v'  is available at each point. 
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gate the stress–strain state of the truss under horizontal bending conditions. The influence of geometric parame-
ters on the horizontal flexibility and internal forces within the beam during horizontal bending was analyzed. 
Various techniques were employed to determine horizontal displacements, internal forces, and stresses in the 
beam due to the one-sided location of the crane and the braking of the crane trolley. Contributions from horizon-
tal bending stresses to the overall stress state of the chord were demonstrated. Factors affecting the accuracy of 
calculations for horizontal bending were identified. The validity of the research findings was confirmed by com-
paring numerical calculation results with those from a field survey. The differences between the stress-strain 
states of the truss chord and the equivalent beam have been analyzed. It has been justified that a more accurate 
method for the preliminary calculation of the riding chord for horizontal bending needs to be developed. For ver-
ification calculations of the crane secondary truss, a spatial finite element shell calculation scheme should be 
used in specialized software systems. The stiffness of the truss chord during horizontal bending greatly exceeds 
that of the crane beam. When checking crane structures for deflections in the horizontal plane, deflections should 
be determined based on the braking forces from the trolley of a single crane acting across the path, as per the re-
quirements of SP 20.13330.2016. When torsion occurs, the ride chord of the crane secondary truss undergoes a 
horizontal bending, therefore, when checking for horizontal maximum deflections, it is necessary to also take in-
to account asymmetric vertical loads due to the one-sided arrangement of the crane.  
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INTRODUCTION 
 
Crane secondary trusses (CST) are unique large-
span structures that combine the functions of 
crane and secondary trusses [1]. The riding low-
er chord is designed not only to work on vertical 
bending, but also on torsion caused by the one-
sided arrangement of the crane [2, 3], as well as 
on horizontal bending caused by braking the 
crane trolley [4]. The riding chord is a prismatic 
folded system, which was studied on the basis 
of the theory of thin-walled rods by V.Z. Vlasov 
and A.A. Umansky [5-7] by B.B. Lampsi, E.A. 
Beilin and others [8, 9]. The stress-strain state 
(SSS) of thin-walled beams of a closed profile 
and methods of its analysis are considered in 
[10-15]. According to the recommendations 
[16], with horizontal bending and torsion, the 
forces in the CST riding chord should be deter-
mined both in a single-span beam, with a span 
and a section corresponding to an equivalent 
chord. The inclusion of lattice elements in the 
operation of the CST for horizontal bending is 
not taken into account. The disadvantages of the 
calculation method used are noted in [17-21]. 
The purpose of this research are to identify the 
differences between the SSS of the truss chord 
and the SSS of an equivalent beam, to analyze 
the contribution of stresses from horizontal 
bending to the overall stress state of the chord 
and to consider factors affecting the accuracy of 
calculating the horizontal bending rate. To 
achieve the set goals, the following tasks were 
solved:  
1) Study of the influence of the geometric pa-
rameters of the CST on the horizontal compli-
ance and internal forces in its lower riding chord 
under horizontal load;  
2) Determination by various methods of internal 
forces and stresses in the CST chord from an 

asymmetric vertical load caused by the one-
sided position of the crane and a horizontal load 
caused by the braking of the crane. Analysis of 
the results obtained;  
3) Determination of the maximum horizontal 
movements of the riding chord when the crane 
is positioned one-way and the trolley is braking. 
Calculation of the CST for the second group of 
limit states for horizontal limit deflections in 
accordance with SP 16.13330.2017 and SP 
20.13330.2016. 
 
 
METHODS 
 
The first stage of the research is to analyze the 
influence of the geometric parameters of CST 
on the horizontal compliance and internal forces 
within its lower riding chord during horizontal 
bending. Four types of CST with different geo-
metric characteristics are considered:  
- Three-panel CST No. 1 with a span of 36 me-
ters and a height of 6.5 meters;  
- Three-panel CST No. 2 with a span of 36 me-
ters and a height of 15.44 meters;  
- Four-panel CST No. 3 with a span of 48 me-
ters and a height of 13 meters;  
- A three-panel experimental model CST No. 4 
with a span of 9 meters and a height of 3.3 me-
ters [17].  
The change in the stiffness ratio of the lower 
chord and the entire CST, as well as the ratio of 
the height of the prefab to its span, is considered 
[22]. 
To obtain statistical data in order to assess the 
impact of the geometric characteristics of the 
CST on the horizontal flexibility of the chord, 
we constructed 52 flat computational schemes. 
To analyze the influence of the height-to-span 
ratio of the CST, we sequentially changed the 
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metric characteristics are considered:  
- Three-panel CST No. 1 with a span of 36 me-
ters and a height of 6.5 meters;  
- Three-panel CST No. 2 with a span of 36 me-
ters and a height of 15.44 meters;  
- Four-panel CST No. 3 with a span of 48 me-
ters and a height of 13 meters;  
- A three-panel experimental model CST No. 4 
with a span of 9 meters and a height of 3.3 me-
ters [17].  
The change in the stiffness ratio of the lower 
chord and the entire CST, as well as the ratio of 
the height of the prefab to its span, is considered 
[22]. 
To obtain statistical data in order to assess the 
impact of the geometric characteristics of the 
CST on the horizontal flexibility of the chord, 
we constructed 52 flat computational schemes. 
To analyze the influence of the height-to-span 
ratio of the CST, we sequentially changed the 

height of each of the four CST's in six stages, so 
that the ratio of CST height to span length was 
consistently reduced from 0.5 to 0.1. To analyze 
the effect of stiffness ratio for each CST, we al-
so sequentially changed the stiffness of lattice 
elements in six stages. In each case, we deter-
mined bending moment in horizontal plane, 
torque, malleability of junction between lattice 
and lower chord, and stiffness of lattice [23] us-
ing formula (1): 
 

=
1 1

 ;              (1) 

 
where  liability of the CST, determined 
by the formula: 
 

=  ;                  (2) 
 
where   deflection of the CST at the point 
where force F is applied. 

 compliance of an equivalent beam with a 
section corresponding to the CST driving chord, 
determined by the formula: 
 

=  ;                      (3) 
 
where  deflection of an equivalent beam at 
the point of application of force F.   
The decrease in maximum displacements in the 
driving chord of the CTS relative to the equiva-
lent beam is determined by the formula: 
 

= 1 100 [%];         (4) 

 
The decrease in the ratio of span and height of 
the CST is determined by the formula: 
 

= 1 100 [%];             (5) 
 
where  height of CST, m; 

 CST span, m. 

The relative increase in lattice stiffness is de-
termined by the formula: 
 

= 1 100 [%];          (6) 

 
where  lattice stiffness of the first (highest) 
CST from a number of studied;  

 stiffness of the elastic supports of the in-
vestigated CST. 
The ratio of the stiffness of the lattice and the 
riding chord from the CST plane is defined as 
the ratio of the shear stiffness of the lattice sec-
tion to the bending stiffness of the section of the 
riding chord. A concentrated force F = 100 kN 
is applied to the node in question from the CST 
plane. 
The second stage of the study is to determine 
displacements, internal forces and stresses 
caused by the unilateral location of the crane 
and braking of the crane trolley. The object of 
research is CST No. 3, with an uncut lower 
chord. The calculation is performed using the 
following calculation schemes (CS):  
- CS No. 1 – equivalent beam according to the 
recommendations [16]; 
- CS No. 2 – single-span flat rod CST consider-
ing misalignment of nodes [24] and rigid con-
nections at supports [25]; 
- CS No. 3 – single-span CST flat rod consider-
ing alignment of nodes and supports; 
- CS No. 4 – continuous flat CST core; 
- CS No. 5 – uncut spatial CST using shell finite 
elements (Fig. 1). 
Loading was carried out by a single crane with a 
lifting capacity of 450 tons. The weight of the 
cargo is 396 tons. Two of the most dangerous 
positions of the crane are considered [26, 27] – 
in the middle of the span and on the support. 
The value of the horizontal load from braking of 
the trolley is determined by [28] in accordance 
with SP 20.13330.2016. For CS No. 1-4, equiv-
alent stresses were calculated analytically ac-
cording to SP 16.13330.2017, the geometric 
characteristics of the section of the riding chord 
were determined by [28]. 
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Figure 1. Deformations of CS No. 5 under horizontal load from crane braking in the middle 

of the span
 

The horizontal movements of the CST driving 
chord were calculated and the calculation was 
performed for the second group of limit states in 
accordance with SP 16.13330.2017 and SP 
20.13330.2016. 
In accordance with the appendix. D SP 
20.13330.2016 horizontal maximum deflection 
of crane track beams for a group of crane oper-
ating modes 7K-8K: 
 

= 2000 ;                       (7) 
 
where  calculated span of the structural ele-
ment. 
The deflection is determined from the braking 
forces of the trolley of one crane directed across 
the track, at the mark of the head of the crane 
rails. 
 
 
RESULTS AND DISCUSSION 
 
The results of the study of the influence of the 
geometric parameters of the CST on the hori-
zontal compliance and internal forces in its low-
er riding chord are shown in Fig. 2 and 3.  
When changing the ratio of height and span of 
the CST, the ratio of horizontal movements in 
the riding chord and the equivalent beam does 
not exceed 8.5%. When the stiffness ratio 
changes, the ratio of horizontal movements in 

the riding chord and the equivalent beam does 
not exceed 12.7%. 
With an increase in the height and span ratio of the 
CST, horizontal compliance increases and the ri-
gidity of the lattice decreases from the CST plane. 
The ratio of maximum movement in the CST rid-
ing chord and equivalent beam also decreases. 
When the stiffness of the grating and CST driving 
chord increase, the horizontal compliance decreas-
es and the stiffness of the grating increases from the 
CST plane in a linearly proportional manner.  
The graphs of percentage increase in lattice 
stiffness for all CSTs coincide when considering 
the dependence on percentage ratio of height, 
span, and stiffness. This confirms the reliability 
of the numerical experiment results. 
Considering the calculation of the lower beam 
for horizontal bending of lattice elements leads 
to a reduction in the bending moment from the 
CST plane. When designing the core of the en-
tire CST structure, the bending moments in the 
horizontal plane are at most 11% less than when 
calculated according to the equivalent girder 
beam design scheme. At the same time, using 
the beam design scheme does not allow us to 
obtain the torque values that occur in the drive 
chord during horizontal bending. As the ratio of 
CST height and span increases, the bending 
moment from the CST plane decreases. As the 
stiffness ratio of the grating and drive chord of 
the CST increases, so do the torque and bending 
moments from the CST plane.
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Figure 2. Effect of geometric parameters of CST on horizontal compliance of riding chord:  
a) effect of ratio of height and span on horizontal compliance; b) reduction in maximum horizontal 
movement in CST riding chord compared to equivalent beam; c) effect of ratio of height and span 
on rigidity of lattice; d) effect of stiffness of CST elements on horizontal pliability; e) effect of CST 

element stiffness on lattice stiffness; f) effect of CST element stiffness on lattice stiffness 
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Figure 3. Effect of geometric parameters of CST on internal forces and movements of riding chord: 
a) effect of stiffness ratio on horizontal movement and horizontal plane moment of CST No. 1 riding 
chord; b) effect of stiffness ratio on torque of CST No. 1; c) effect of height and span ratio on hori-
zontal movement and horizontal plane moment for CST No. 2; d) effect of height and span ratio on 

torque for CST No.2 
 
The operation of the riding chord under a hori-
zontal load caused by crane braking is more 
challenging than under an asymmetric vertical 
load resulting from a one-sided arrangement of 
the crane [29, 30]. With an asymmetric vertical 
load, the operating scheme of the CST can be 
divided into vertical bending and twisting of the 
riding chord, along with bending and twisting of 
lattice elements. Under a horizontal load, bend-
ing of the chord away from the CST plane oc-
curs along with its twisting, and twisting is ac-
companied by horizontal bending. Simultane-
ously, both linear and angular displacements 

have opposing signs when dividing the effect 
into components, reducing the bending moment 
of the chord relative to the plane of the CST 
compared to the bending moment in the hori-
zontal plane of an equivalent beam. 
The results of the analysis of displacements, in-
ternal forces, and stresses caused by an asym-
metric vertical load due to the one-sided posi-
tioning of the crane, as well as a horizontal load 
resulting from the braking of the crane, are pre-
sented in Table 1 and Fig. 4 and 5. 
Due to braking with a one-way crane, the max-
imum torque in the driving chord increased by 
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16%, the bending moment from the CST plane 
increased by 39%, the transverse force increased 
by 35%, and the maximum horizontal move-
ment increased by 43%. The maximum horizon-
tal movement determined by CS                        
No. 1, according to the recommendations [16], 
is more than three times higher than the move-
ment determined by spatial CS No. 5. The max-

imum horizontal movements determined by the 
flat rod CS No. 1-4 are at least 1.6 times higher 
than the movement determined by the spatial CS 
No. 5 of the shell elements. The forces and 
stresses determined by CS No. 1 for the beam 
differ significantly from the results of numerical 
calculations for the riding chord as part of CST.  

 
Table 1. Forces and movements of the CST driving chord 

No. 
CS 

Horiz. 
mov., 
mm 

Nmax in 
the 

outermost 
panels, t 

N in 
the 

middle 
panel, 

t 

Nk,max in 
the 

outermost 
panels, 

tm  

Mk in 
the 

middle 
panel, 

tm 

My,max 
in the 

middle 
panel, 

tm 

Mz,max 
in the 

middle 
panel, 

tm 

Qy,max in 
the 

outermost 
panels, t 

Qz,max 
in the 

middle 
panel, t 

The load from the crane on one side and the braking 
1 26,8 0 0 -1563 -768 8198,0 344,3 26,3 -315,1 
2 13,2 29,2 -55,5 420,9 7,53 1048,9 286,3 51,2 -311 
3 58,3 43,0 -82,5 371,4 8,39 901,0 744,6 50,0 -311 
4 14,9 314,6 207,8* 400,9 14,88 1047,4* 391,9 54,1 -309 
5 8,5 - - - - - - - - 

Crane load on one side without braking 
4 14,3 314,6 207,8 333,3 12,44 1047,4 238,3 34,9 -309 

Breaking load 
1 26,8 - - - - - 344,3 26,3 - 
2 5,3 - - 24,1 - - 111,9 24,2 - 
3 19,9 - - 40,6 - - 253,1 22,0 - 
4 5,7 - - 41,1 - - 153,6 24,7 - 
5 3,5 - - - - - - - - 

Note: forces with * were used to plot the stresses of CS No. 1-4 
 

 
a                              b                                 c                                 d                               e 

Figure 4. Diagrams of equivalent stresses [kgf/cm2] of the driving chord in the middle of the span, 
obtained by analytical calculation: a – according to CS No. 1; b – according to CS No. 2; c – ac-

cording to CS No. 3; d – according to CS No. 4; numerical calculation; d – according to CS No. 5. 
The load from the crane on one side and the braking of the trolley 
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Figure 5. Diagrams of equivalent stresses [kgf/cm2] of the driving chord in the middle of the span, 
obtained by analytical calculation: a – according to CS No. 1; b – according to CS No. 2; c – ac-

cording to CS No. 3; d – according to CS No. 4; numerical calculation; d – according to CS No. 5. 
Braking load of the crane trolley 

 
From a one-way crane load with braking, the 
torque according to CS No. 1 was four times 
higher than according to CS No. 2, and the 
bending moment from the CST plane was al-
most eight times higher. When braking without 
considering the vertical load from the crane, the 
bending moment on the CST plane, according to 
CS No. 1, is three times greater than according 
to CS No. 2. When switching from rigid con-
nections on the supports, according to CS No. 2, 
to articulated ones, according to CS No. 3, un-
der braking loads, the maximum torque increas-
es by a factor of 1.7, the bending moment in the 
horizontal plane increases by a factor of 2.3, and 
the horizontal movement increases almost four-
fold. 
In the split CST according to CS No. 2, relative-
ly uncut according to CS No. 4, under braking 
load, the torque is 1.7 times lower, the bending 
moment in the horizontal plane is 1.4 times 
lower. At the same time, the first typical single-
span CSTs have a minimum zero survivability 
[31, 32]. Later CSTs [33, 34], to ensure the 
smoothness of the axis of the riding chord dur-
ing deformations and increase its rigidity, are 
made continuous [35]. 
Due to braking with a one-way crane, the max-
imum torque in the driving chord increased by 
16%, the bending moment from the CST plane 
increased by 39%, the transverse force increased 
by 35%, and the maximum horizontal move-
ment increased by 43%. The maximum horizon-

tal movement determined by CS                   
No. 1, according to the recommendations [16], 
is more than three times higher than the move-
ment determined by spatial CS No. 5. The max-
imum horizontal movements determined by the 
flat rod CS No. 1-4 are at least 1.6 times higher 
than the movement determined by the spatial CS 
No. 5 of the shell elements. The forces and 
stresses determined by CS No. 1 for the beam 
differ significantly from the results of numerical 
calculations for the riding chord as part of CST. 
From a one-way crane load with braking, the 
torque according to CS No. 1 was four times 
higher than according to CS No. 2, and the 
bending moment from the CST plane was al-
most eight times higher. When braking without 
considering the vertical load from the crane, the 
bending moment on the CST plane, according to 
CS No. 1, is three times greater than according 
to CS No. 2. When switching from rigid con-
nections on the supports, according to CS No. 2, 
to articulated ones, according to CS No. 3, un-
der braking loads, the maximum torque increas-
es by a factor of 1.7, the bending moment in the 
horizontal plane increases by a factor of 2.3, and 
the horizontal movement increases almost four-
fold. 
In the split CST according to CS No. 2, relative-
ly uncut according to CS No. 4, under braking 
load, the torque is 1.7 times lower, the bending 
moment in the horizontal plane is 1.4 times 
lower. At the same time, the first typical single-
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Figure 5. Diagrams of equivalent stresses [kgf/cm2] of the driving chord in the middle of the span, 
obtained by analytical calculation: a – according to CS No. 1; b – according to CS No. 2; c – ac-

cording to CS No. 3; d – according to CS No. 4; numerical calculation; d – according to CS No. 5. 
Braking load of the crane trolley 

 
From a one-way crane load with braking, the 
torque according to CS No. 1 was four times 
higher than according to CS No. 2, and the 
bending moment from the CST plane was al-
most eight times higher. When braking without 
considering the vertical load from the crane, the 
bending moment on the CST plane, according to 
CS No. 1, is three times greater than according 
to CS No. 2. When switching from rigid con-
nections on the supports, according to CS No. 2, 
to articulated ones, according to CS No. 3, un-
der braking loads, the maximum torque increas-
es by a factor of 1.7, the bending moment in the 
horizontal plane increases by a factor of 2.3, and 
the horizontal movement increases almost four-
fold. 
In the split CST according to CS No. 2, relative-
ly uncut according to CS No. 4, under braking 
load, the torque is 1.7 times lower, the bending 
moment in the horizontal plane is 1.4 times 
lower. At the same time, the first typical single-
span CSTs have a minimum zero survivability 
[31, 32]. Later CSTs [33, 34], to ensure the 
smoothness of the axis of the riding chord dur-
ing deformations and increase its rigidity, are 
made continuous [35]. 
Due to braking with a one-way crane, the max-
imum torque in the driving chord increased by 
16%, the bending moment from the CST plane 
increased by 39%, the transverse force increased 
by 35%, and the maximum horizontal move-
ment increased by 43%. The maximum horizon-

tal movement determined by CS                   
No. 1, according to the recommendations [16], 
is more than three times higher than the move-
ment determined by spatial CS No. 5. The max-
imum horizontal movements determined by the 
flat rod CS No. 1-4 are at least 1.6 times higher 
than the movement determined by the spatial CS 
No. 5 of the shell elements. The forces and 
stresses determined by CS No. 1 for the beam 
differ significantly from the results of numerical 
calculations for the riding chord as part of CST. 
From a one-way crane load with braking, the 
torque according to CS No. 1 was four times 
higher than according to CS No. 2, and the 
bending moment from the CST plane was al-
most eight times higher. When braking without 
considering the vertical load from the crane, the 
bending moment on the CST plane, according to 
CS No. 1, is three times greater than according 
to CS No. 2. When switching from rigid con-
nections on the supports, according to CS No. 2, 
to articulated ones, according to CS No. 3, un-
der braking loads, the maximum torque increas-
es by a factor of 1.7, the bending moment in the 
horizontal plane increases by a factor of 2.3, and 
the horizontal movement increases almost four-
fold. 
In the split CST according to CS No. 2, relative-
ly uncut according to CS No. 4, under braking 
load, the torque is 1.7 times lower, the bending 
moment in the horizontal plane is 1.4 times 
lower. At the same time, the first typical single-

span CSTs have a minimum zero survivability 
[31, 32]. Later CSTs [33, 34], to ensure the 
smoothness of the axis of the riding chord dur-
ing deformations and increase its rigidity, are 
made continuous [35]. 
The deflection from the braking forces of the 
trolley of one crane, directed across the path, is 
3.5 mm (Table 1). Checking for the second 
group of limit states along the horizontal limit 
deflection is performed with a large margin: 
 

= 3,5 < =
36000
2000 = 18 . 

 
For an equivalent beam at a given load, the maxi-
mum horizontal displacement is 26.8 mm (Table 
1), the rigidity condition is not met. The stiffness 
of the CST chord for horizontal bending is 7.7 
times higher than the stiffness of the beam. 
Since the CST riding chord undergoes horizon-
tal bending during torsion [30], the horizontal 
deflection limit should include a component of 
horizontal displacement caused by an asymmet-
ric vertical load due to the one-sided location of 
the crane. The maximum horizontal displace-
ment resulting from the combined effects of the 
loads caused by the single-sided position of the 
crane and the braking of the crane trolley is 8.5 
mm (Table 1). The contribution to the overall 
horizontal movement from the asymmetric ver-
tical load component is 1.4 times greater than 
that from braking, and should not be ignored 
when checking for stiffness. 
 

= 8,5 < =
36000
2000 = 18 . 

 
The check is in progress. Taking into account 
the component of the asymmetric vertical load, 
the stiffness of the chord is more than 3 times 
higher than the stiffness of the equivalent beam. 
As part of the author's supervision, specialists 
from TSNIIproektstalkonstruction and Chelyab-
proektstalkonstruction carried out an inspection of 
the converter shop of the Magnitogorsk Metallur-
gical Combine [36-39], commissioned in 1990, 
which uses longitudinal CSTs. A series of full-

scale tests was carried out with the measurement 
of SSS in the most frequently damaged nodes of 
CST No. 3 using the strain gauge method. In [29, 
30], the results of numerical calculation of CS No. 
5 are compared with the results of a field survey. 
They have a relatively small discrepancy, presum-
ably caused by the influence of welding stresses 
and the accumulation of crack-like defects in the 
near-seam zones [40, 41]. 
 
 
CONCLUSIONS 
 
1. The CS of the beam [16] does not display the 
operation of the CST riding chord for horizontal 
bending. The horizontal displacements deter-
mined by the CS of the beam greatly exceed the 
displacements determined by the spatial CS of 
the shell finite elements. The forces and stresses 
determined by the CS of the beam differ signifi-
cantly from the results of numerical calculations 
of the riding chord as part of the CST. The use 
of a CS beam does not allow to obtain the val-
ues of the torque that occurs in the driving chord 
during horizontal bending. It is necessary to de-
velop a more accurate method of preliminary 
calculation of the CST driving chord for hori-
zontal bending. 
2. With horizontal bending of the riding chord 
caused by braking of the crane trolley, flat rod 
CS give a significant error in determining dis-
placements and stresses (analytically calculated 
from internal forces) relative to the spatial CS. 
For the verification calculation of the CST, it is 
recommended to use spatial CS from shell finite 
elements. The entire frame or part of the struc-
ture should be included in the CS [42]. 
3. Verification of the second group of limit states 
is carried out in accordance with SP 
20.13330.2016, which does not distinguish CST 
from other crane structures. It is recommended to 
determine the deflection from the braking forces 
of the trolley of one crane directed across the path. 
During torsion, the CST riding chord experiences 
horizontal bending, the contribution to the total 
horizontal movement of the component from the 
asymmetric vertical load caused by the one-sided 
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arrangement of the crane may exceed the contri-
bution from the horizontal load caused by the 
braking of the trolley. When checking the CST for 
the second group of limit states for horizontal lim-
it deflections, it is necessary to take into account 
not only the horizontal forces from braking the 
crane trolley, but also the asymmetric vertical 
loads from its one-sided location. The rigidity of 
the CST riding chord for horizontal bending sig-
nificantly exceeds the rigidity of the crane beam. 
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HYDRAULIC ENGINEERING CONCRETE BASED ON A 
COMPOSITE BINDER USING DISPERSED PERLITE AND A 

COLLOIDAL ADDITIVE 

Larisa A. Urkhanova 1, Andrey A. Ivanov 2, Solbon . Lkhasaranov 2

1 National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 
2 East Siberian State University of Technology and Management, Ulan-Ude, RUSSIA 

Abstract: Concreting of massive hydraulic structures is accompanied by the phenomenon of exothermic heating of 
structures caused by the process of cement hydration. Under natural conditions, the heat released in massive concrete 
is slowly removed from the structure. Often, a significant temperature difference occurs between the central part of the 
massif and its surface. If the critical value of the temperature difference is reached, temperature cracks occur, violating 
the monolithicity of the structures. 
In order to solve the problem of crack formation, the article considers the possibility of obtaining hydraulic concrete 
using a composite binder based on finely dispersed aluminosilicate rocks - perlites, a colloidal additive in the form of 
silicic acid sol and a superplasticizer. 
To obtain a composite binder, aluminosilicate materials - perlite rocks with different degrees of crystallinity were ground 
in a laboratory vibratory grinder to the required specific surface. To obtain a colloidal additive - silicic acid sol, the meth-
od of hydrolysis of soluble salts was used in the work, in particular sodium fluorosilicate Na2SiF6 without removing sodi-
um cations Na+. The crack resistance index of hydraulic concrete Ktr was determined indirectly by the ratio of the tensile 
strength of concrete under bending to the compressive strength - Rben/Rcom. The grade of concrete water resistance was 
assessed by an express method for determining the water resistance of concrete by its air permeability. 
It has been established that the most rational compositions are composite binders containing 10-20% glassy perlite, with a 
specific surface area of 600 m2/kg, a colloidal additive in the form of silicic acid sol in an amount of 0.4% of the cement 
weight and the Polyplast superplasticizer, which provides an increase in the compressive strength of hydrated stone after 
28 days by 33% and an increase in bending strength by 40-45% compared to the control composition. At the same time, 
the crack resistance index of hydraulic concrete Ktr using finely dispersed perlite, silicic acid sol and the Polyplast poly-
carbide superplasticizer increases by 21% compared to the control concrete composition, the concrete grade for water re-
sistance is W16, which is 60% higher than the water resistance grade of the control concrete composition. 

Keywords: hydraulic concrete, plasticizing additive, silica sol, glassy perlite, crystallized perlite, 
degree of dispersion, specific surface, water resistance, crack resistance, compressive strength 
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INTRODUCTION 
 
Currently, due to the development of hydraulic 
engineering construction in the Siberian and Far 
Eastern regions of Russia, there is a need for con-
crete for hydraulic engineering structures. Accord-
ing to GOST 26633-2015, it is recommended to 
use sulfate-resistant and pozzolanic cements as a 
binder for the production of hydraulic engineering 
concrete. However, the use of such cements leads 
to a significant increase in the cost of hydraulic 
engineering concrete, since these types of Portland 
cement are much more expensive than ordinary 
Portland cement and the production volume of 
such cements is limited [1].  
Concretes for hydraulic engineering structures 
must meet increased durability requirements 
imposed on them under operating conditions at 
the boundary of air and water environments. 
Under such conditions, cracking in hydraulic 
engineering concrete is most dangerous. As a 
result of cement hydration, heat is released, 
which initially causes compressive stresses in 
hydraulic engineering structures. Then, as a re-
sult of a decrease in temperature, concrete 
shrinkage occurs and tensile stresses appear. At 
the moment when tensile stresses exceed the 
tensile strength of concrete, cracks are formed 
[2-4].  

Improvement of the characteristics of hydraulic 
concrete can be achieved by introducing active 
mineral additives into Portland cement, which 
eliminate the negative impact of a high tempera-
ture gradient during cement hydration by modi-
fying the structure of the cement stone, increas-
ing water resistance, increasing corrosion re-
sistance, reducing overall porosity, increasing 
the physical and mechanical and operational 
properties of hydraulic concrete [5-7]. In addi-
tion, the formation of the physical and mechani-
cal characteristics of concrete is interconnected 
with the formation of new complex hydrate 
compounds with improved characteristics and a 
certain crystallization structure, which also af-
fects the physical and mechanical properties of 
concrete. There are works on the use of micro-
silica in combination with surfactants, which, in 
accordance with their chemical nature, have a 
positive effect on improving the properties of 
artificial stone, but the effectiveness of their ac-
tion as a result of limited reaction activity does 
not ensure the creation of concrete of a new lev-
el of properties [8]. 
In the presented work, perlite rocks subjected to 
mechanochemical activation in energy-intensive 
devices, an ultrafine silica additive and a super-
plasticizer based on polycarboxylate were used 
to obtain hydraulic concrete. An ultrafine silica 
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INTRODUCTION 
 
Currently, due to the development of hydraulic 
engineering construction in the Siberian and Far 
Eastern regions of Russia, there is a need for con-
crete for hydraulic engineering structures. Accord-
ing to GOST 26633-2015, it is recommended to 
use sulfate-resistant and pozzolanic cements as a 
binder for the production of hydraulic engineering 
concrete. However, the use of such cements leads 
to a significant increase in the cost of hydraulic 
engineering concrete, since these types of Portland 
cement are much more expensive than ordinary 
Portland cement and the production volume of 
such cements is limited [1].  
Concretes for hydraulic engineering structures 
must meet increased durability requirements 
imposed on them under operating conditions at 
the boundary of air and water environments. 
Under such conditions, cracking in hydraulic 
engineering concrete is most dangerous. As a 
result of cement hydration, heat is released, 
which initially causes compressive stresses in 
hydraulic engineering structures. Then, as a re-
sult of a decrease in temperature, concrete 
shrinkage occurs and tensile stresses appear. At 
the moment when tensile stresses exceed the 
tensile strength of concrete, cracks are formed 
[2-4].  

Improvement of the characteristics of hydraulic 
concrete can be achieved by introducing active 
mineral additives into Portland cement, which 
eliminate the negative impact of a high tempera-
ture gradient during cement hydration by modi-
fying the structure of the cement stone, increas-
ing water resistance, increasing corrosion re-
sistance, reducing overall porosity, increasing 
the physical and mechanical and operational 
properties of hydraulic concrete [5-7]. In addi-
tion, the formation of the physical and mechani-
cal characteristics of concrete is interconnected 
with the formation of new complex hydrate 
compounds with improved characteristics and a 
certain crystallization structure, which also af-
fects the physical and mechanical properties of 
concrete. There are works on the use of micro-
silica in combination with surfactants, which, in 
accordance with their chemical nature, have a 
positive effect on improving the properties of 
artificial stone, but the effectiveness of their ac-
tion as a result of limited reaction activity does 
not ensure the creation of concrete of a new lev-
el of properties [8]. 
In the presented work, perlite rocks subjected to 
mechanochemical activation in energy-intensive 
devices, an ultrafine silica additive and a super-
plasticizer based on polycarboxylate were used 
to obtain hydraulic concrete. An ultrafine silica 

additive in the form of a sol and an active min-
eral additive subjected to mechanical activation 
will contribute to improving the microstructure 
of cement stone due to water reduction of the 
cement system, the formation of a dense pack-
ing of particles of a dispersed composite binder 
and hydration interaction of Portland cement 
with silica-containing additives [9], improving 
the physical and mechanical properties of con-
crete with their use.  
 
 
MATERIALS AND METHODS 
 
To improve the properties and increase the 
crack resistance of hydraulic concrete based on 
finely dispersed, colloidal additives and surfac-
tants, Portland cement CEM I 42.5 N GOST 
31108-2020 OOO Timlyuycement was used as 
a binder. Finely ground glassy and crystallized 
perlite from the Mukhor-Talinskoye deposit 
(Republic of Buryatia) were used as active min-
eral additives depending on the composition. 
The chemical compositions of glassy and crys-
tallized perlite are given in Table 1.    
  

Table 1. Chemical composition of glassy and 
crystallized perlite, mass.% y

 
 
Perlites were pre-crushed in a laboratory vibra-
tory grinder VI-4x350 to a specific surface of 
550 - 600 m2/kg. A superplasticizer based on 
modified polycarboxylates (OOO "Polyplast-
Sibir") was used as a surfactant, introduced into 
the cement with mixing water in an amount of 
0.2% of the cement weight. The basis of the su-
perplasticizer "Polyplast" are polycarboxylate 
esters. To obtain a silicic acid sol - a colloidal 
additive, a method of hydrolysis of soluble salts 
was used in the work, in particular sodium 
fluorosilicate Na2SiF6 without removing sodium 
cations Na+. The optimal concentration of the 
sol is 0.75%. Hydrolysis of sodium fluorosili-
cate occurs according to the following reaction: 

 
Na2SiF6 +4H2 4SiO4,   (1) 

 
The resulting silicic acid sol in the form of an 
aqueous solution has a density of 1.018 g/cm3, 
the value of the hydrogen index pH = 4.5-4.8, 
was introduced into the composition of concrete 
with mixing water with an optimal concentra-
tion of 0.4% of the cement weight. 
The superplasticizer "Polyplast PK type S" 
based on modified polycarboxylates (OOO 
"Polyplast-Sibir") was used as a surfactant, in-
troduced into the composition of cement with 
mixing water. The basis of the superplasticizer 
"Polyplast" are polycarboxylate esters. 
The binder was prepared by thoroughly mixing 
Portland cement and finely dispersed glassy and 
crystallized perlite, crushed to a specific surface 
of 550-600 m2/kg. 
Concrete mix using composite binder with 
workability grade P3 (cone slump 12 cm) was 
prepared by mixing in a laboratory concrete 
mixer for 1 min pre-dosed components - Port-
land cement, finely dispersed perlite, sand 
with fineness modulus Mkr. = 2.1, crushed 
stone of fraction 10-20 mm and water contain-
ing dosed silica-containing component - silicic 
acid sol and superplasticizer Polyplast. From 
concrete mix of equal mobility, cube samples 
measuring 100x100x100 mm were molded, 
which were tested according to standard 
methods. For each type of test, samples were 
made in accordance with the requirements of 
GOST 10181-2014 "Concrete mixes. Test 
methods", GOST 10180-2012 "Concretes. 
Methods for Determining Strength Using Con-
trol Samples", GOST 12730.5-2018 "Con-
crete. Methods for Determining Water Re-
sistance", GOST 24452-2023 "Concrete. 
Methods for Determining Prism Strength, 
Elastic Modulus, and Poisson's Ratio". The 
crack resistance index of hydraulic concrete 
Ktr was determined indirectly by the ratio of 
concrete tensile strength under bending to 
compressive strength - Rben/Rcom. 
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RESULTS AND DISCUSSION 
 
All the components under study in rational 
quantities provide improvement of physical and 
mechanical properties of hydraulic concrete 
(Table 2). 
 

Table 2. Effect of dispersed perlite, specific 
surface area of 600 m2/kg and silica sol on 
physical and mechanical properties of hy-

draulic concrete 
Name Compressive 

strength, in MPa, 
after hardening for 

Bending 
strength, in 
MPa, after 
hardening 

for 

tr 
(Rben 

/Rcom) 
 

3 
days 

7 
days 

28 
days 

7 
days 

28 
days 

 
Control 

composition 
24,6 34,8 38,7 4,1 7,1 0,18 

PC+ 
10% Vitreous 

perlite+ 
Polyplast 

25,4 36,3 39,9 4,3 7,3 0,18 

PC+ 
20% Vitreous 

perlite+ 
Polyplast 

25,6 37,4 40,7 4,5 6,9 0,17 

PC+ 
Sol 6+ 

Polyplast 

30,8 37,4 40,9 5,6 9,1 0,22 

PC+ 
10% Vitreous 

perlite+ 
+ Sol + 

Polyplast 

33,1 39,0 48,6 6,9 10,6 0,22 

PC+ 
20% Vitreous 
perlite + Sol 

+ 
Polyplast 

35,2 42,4 53,4 7,8 10,9 0,20 

PC+ 
10% Crystal-
lized perlite + 

Sol + 
Polyplast 

32,6 38,5 41,1 4,0 6,9 0,16 

PC+ 
20% Crystal-
lized perlite + 

Sol + 
Polyplast 

33,2 40,0 42,9 4,4 7,6 0,17 

 
Introduction of finely ground perlite into the 
concrete composition leads to an increase in the 
water-binding ratio by 7-13%. The use of the 
polycarboxylate superplasticizer Polyplast in an 

optimal amount of 0.2% of the binder weight 
not only reduces water consumption by 9-16%, 
thereby compensating for the loss of strength of 
hydrated stone associated with a decrease in the 
amount of cement in the composition, but also 
changes the structure of hardened concrete. 
Colloidal additive in combination with finely 
ground perlite and plasticizer has a positive ef-
fect on increasing the strength of concrete. The 
maximum values of compressive strength were 
shown by the compositions with the addition of 
vitreous perlite and silicic acid sol: PC + 20% 
vitreous perlite + sol in the amount of 0.4% of 
the cement mass + Polyplast - 53.4 MPa, which 
is 33% higher than the strength of the control 
composition, respectively. 
The use of polycarboxylate polymer in combi-
nation with fine and ultrafine silica-containing 
additives, to the greatest extent, starting from an 
early age, increases the tensile strength of con-
crete in bending. The maximum values of con-
crete tensile strength in bending at the age of 28 
days were shown by concrete compositions: PC 
+ 10% vitreous perlite + sol in the amount of 
0.4% of the cement mass - 10.6 MPa; PC + 20% 
vitreous perlite + sol in the amount of 0.4% of 
the cement mass – 10.9 MPa, which is on aver-
age 40-45% greater than the flexural strength of 
the control concrete composition.  
The increase in strength is the result of the influ-
ence of perlite on the structure and chemical and 
mineralogical composition of hydraulic concrete 
on a composite binder. A significant role is played 
by the chemical factor of perlite action, which is 
expressed in a change in the balance between the 
hydrated phases in the composition of cement 
stone towards an increase in the volume of strong-
er and more stable low-base calcium hydrosili-
cates (CHS) with the formation of dense con-
glomerate structures [9, 10]. The amorphous 
phase of silica, contained in large volumes in vit-
reous perlite, leads to an increase in compressive 
strength due to the replacement of the mechanical-
ly weak phase of calcium hydroxide with a 
stronger hydrosilicate phase [11]. 
The presence of a glassy phase (60-80%) in the 
perlite composition causes an increase in the 
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strength of composite cement compared to the 
use of crystallized perlite of equal chemical 
composition, which is associated with an in-
crease in the content of the amorphous phase in 
aluminosilicate rocks, their further amorphiza-
tion during fine grinding in energy-intensive 
grinders [12]. Amorphous silica in perlite binds 
free calcium hydroxide formed during cement 
hydration, with the formation of an additional 
amount of low-basic calcium hydrosilicates.  
In addition, as studies have shown, the morpholo-
gy of the particles of the original crushed materi-
als of natural and artificial origin changes depend-
ing on the grinding method [13]. In an energy-
intensive grinder, which includes a rod vibratory 
grinder, during the grinding of glassy perlite, more 
rounded grains of the material are formed with a 
small amount of roughness on the surface, as a 
result of which the particles fit more tightly to 
each other with an increase in the contact surface, 
which indicates the efficiency of grinding the raw 
material in the rod vibratory grinder. When grind-
ing crystallized perlite, grains of a flat, elongated 
shape are formed with the formation of a less 
dense packing of mixtures using it. 
A colloidal additive, represented by a silicic acid 
sol, turns into a gel, compacting the microstruc-
ture of the hardening system, and also enhances 
the hydration activity of silicate-containing miner-
als of Portland cement and interacts with hydrolyt-
ic lime, thereby ensuring the formation of tober-
morite-like calcium hydrosilicates, which in turn 
reinforce the hardening system, providing in-
creased bending strength [14].  
The crack resistance index of hydraulic concrete 
Ktr, indirectly estimated by the ratio Rben/Rcom, 
using finely dispersed perlite and silica sol is 0.22, 
which exceeds the crack resistance index of con-
crete without additives by 21%. 
The results of the physical and mechanical 
properties of concrete confirm the resistance of 
concrete based on a composite binder, with col-
loidal and plasticizing additives to crack for-
mation. To increase the durability and crack re-
sistance of hydraulic concrete, studies were car-
ried out to determine the deformation properties 
of concrete (Table 3). 

Table 3. Deformative properties of hydraulic 
concrete based on composite binder 

Compound Prism 
strength, 

MPa 

Modulus of 
elasticity Eb, 
MPa × 103 

Poisson's 
ratio 

3 
days 

28 
days 

3 
days 

28 
days 

3 
days 

28 
days 

PC 19,8 34,6 22974 32362 0,18 0,216 
PC + 20% 
vitreous 
perlite + 
Polyplast 

23,4 40,2 24084 35680 0,18 0,202 

PC + Sol + 
Polyplast 

25,6 39,6 23742 34493 0,17 0,191 

PC + 20% 
vitreous 

pearl + Sol 
+ Polyplast 

30,1 46,3 26247 37345 0,17 0,199 

 
The prismatic strength of hydraulic concrete on the 
optimal compositions with the combined use of 
finely dispersed perlite, silica sol and superplasti-
cizer Polyplast in relation to the compressive 
strength is 17%, while on the control samples this 
ratio is 9%, which confirms the increased resistance 
of concrete to cracking. The increase in the pris-
matic strength of hydraulic concrete is mainly due 
to the high cubic strength of the presented concrete 
compositions compared to the control sample.  
The modulus of elasticity of the hydraulic con-
crete compositions using finely dispersed perlite 
+ superplasticizer Polyplast and the composition 
of silica sol + superplasticizer Polyplast in-
creased on average by 3-5% in 3 days and by 7-
10% in 28 days compared to the control compo-
sition. The composition with the combined use 
of vitreous perlite, silica sol and the superplasti-
cizer Polyplast increases the modulus of elas-
ticity compared to the control composition at 3 
days by 14%, at 28 days - by 15%, respectively. 
The increase in the modulus of elasticity of hy-
draulic concrete based on a composite binder oc-
curs due to the compaction of the structure due to 
the interaction of perlite, sol and superplasticizer 
with cement hydration products and the formation 
of additional bonds in the form of calcium hydro-
silicates. Also, the increase in the modulus of elas-
ticity is associated with a lower water-cement ra-
tio, at which porosity decreases, which causes an 
increase in the modulus of elasticity [15, 16]. 
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The Poisson ratio at the age of 3 days for the 
composition with vitreous perlite remained un-
changed compared to the control composition. 
The Poisson ratio for the compositions with sili-
ca sol + Polyplast and the composition with vit-
reous perlite + sol + Polyplast decreased by 5% 
compared to the control composition. At the age 
of 28 days, the Poisson's ratio for the composi-
tions: vitreous perlite + Polyplast; sol + Poly-
plast; vitreous perlite + sol + Polyplast de-
creased by 6, 11 and 8%, respectively. 
The decrease in the Poisson's ratio of modified 
concrete can be explained by the fact that when 
introducing a polycarboxylate superplasticizer and 
silicic acid sol, due to the modification of the con-
crete structure, a greater number of structural ele-
ments are formed in the hydrated shells of the 
grains, and, consequently, the sliding surface of the 
particles increases, which leads to a more intensive 
reduction in transverse deformations and a decrease 
in the Poisson's ratio [17, 18]. 
To ensure the durability of hydraulic concrete, it 
is important to ensure a high value of water re-
sistance. The concrete grade by water re-
sistance, estimated by the express method of 
determining the water resistance of concrete by 
its air permeability, for the compositions of hy-
draulic concrete using finely dispersed perlite + 
superplasticizer Polyplast and the composition 
of silica sol + superplasticizer Polyplast is W12 
and W14, which exceeds the water resistance of 
concrete without additives by 20 and 40%, re-
spectively (Table 4). The composition with the 
combined use of glassy perlite, silica sol and 
superplasticizer Polyplast increases the concrete 
grade by water resistance by 60% compared to 
the control composition - up to W16. 
The increase in water resistance can be ex-
plained by the fact that during the polyconden-
sation process, which takes place at all stages of 
the sol-gel process, microgel structures are 
formed containing molecules of different mo-
lecular weights (from monomer to polymers) 
[19-21]. Polycondensation in the volume of par-
ticles leads to their compaction. At the gelation 
stage, this reaction helps to strengthen the coag-
ulation contacts between particles [22]. In turn, 

the gelation products fill the micropores of the 
concrete structure with sol particles and the 
products of its interaction, thereby creating a 
dense structure [23-25]. The introduction of per-
lite into the composition of concrete leads to the 
formation of low-basic calcium hydrosilicates, 
which in turn also increase water resistance. 
 

Table 4.  Concrete grade by water resistance 
Compound Time of pressure 

drop in the cham-
ber of the VV-2 

device, s 

Concrete grade 
by water re-

sistance 

PC  W10 
PC + 20% vitreous 
perlite + Polyplast 

 W12 

PC + Sol + 
Polyplast 

 W14 

PC + 20% vitreous 
perlite + Sol + Pol-

yplast 

 W16 

 
 
CONCLUSIONS 
 
It is possible to obtain durable concrete for hy-
draulic structures with high initial strength, in-
creased water resistance and crack resistance by 
using highly effective plasticizers, active miner-
al additives of natural origin, subjected to me-
chanical activation in order to obtain finely dis-
persed additives, and ultra-dispersed additives 
obtained using sol-gel technologies.  
Thus, it can be concluded that the additive for 
hydraulic concrete using vitreous perlite, silicic 
acid sol and superplasticizer based on polycar-
boxylate polymers is effective, the use of which 
promotes the formation of low-basic calcium 
hydrosilicates, the formation of a denser micro-
structure of cement stone, while improving the 
strength properties of modified cement stone in 
concrete, which, in our opinion, can increase the 
thermal crack resistance of hydraulic concrete. 
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VARIATION OF PORE WATER PRESSURE IN OVER-
CONSOLIDATED CLAY UNDER CYCLIC LOADING: 
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Abstract: Under cyclic loading, the cyclical effect of external load during loading time will result in 
multiple rearrangement of soil particles, and thus causing the particles to arrange more closely together 
than un static loading. As the soil volume decreases with increase in the number of loading cycles, the 
accumulated excess pore water pressure dissipates through draining of the soil. This study presented results 
of prediction the behavior of clay in partially drained cyclic plane test. The results from cyclic triaxial test 
on a highly plastic marine clay were formulated to predict the time dependent variations of excess pore 
pressure and axial strains during partially drain cyclic loading. The study further revealed that when 
saturated clay is exposed to cyclic loading, the reduction in effective stress due to the generation of excess 
pore water pressure leads to a decrease in soil strength. Over the long term, the accumulation of pore water 
pressure in saturated clay is influenced by various factors, including the magnitude of the applied load, its 
frequency, and the intrinsic properties of the soil. 
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1. INTRODUCTION 
 
The classic theory of consolidation was 
developed by Terzaghi (1943) [1]. This is still 
today the foundation of one-dimensional (1-D) 
consolidation theory. This theory, developed for 
the prediction of long term settlement of soil, 
uses the rate of seepage of pore water under the 
action of external load to determine the 
deformation of a layer of saturated soil. 
Conventional consolidation analysis based on 
Terzaghi’s one-dimensional theory overlooks 
the non-linear characteristics of soil. Davis and 
Raymond (1965) [2] introduced a non-linear 
theory of soil consolidation. Wilson et al. (1974) 
[3], through theoretical analysis, noted that 
consolidation under cyclic loading progresses 
more slowly than under an equivalent sustained 
load, making it impossible to achieve 100% 
consolidation with cyclic loading. Baligh et al. 
(1978) [4] proposed a straightforward method 
for predicting the behavior of an inelastic clay 
layer initially in a normally consolidated state 
and subjected to cyclic loading. Favaretti et al. 
(1995) [5] developed a simplified solution to 
predict consolidation under cyclic loading for 
non-dimensional time intervals. 
When the load is first applied the total stress 
increases but, as shown above for 1-D 
conditions, there can be no instantaneous 
change in vertical effective stress, implying that 
the pore-pressure must increase by exactly the 
same amount as the increase in total stress. 
Subsequently, there will be flow from regions of 
higher excess pore pressure to regions of lower 
excess pore-pressure, and the excess pore 
pressures will dissipate leading to change in 
effective stress and the soil will deform 
(consolidate) with time [6-8]. 
When soft clay soils are exposed to time-
dependent cyclic loading, excess pore water 
pressure gradually builds up. After a certain 
number of cycles, this pore water pressure 
begins to dissipate, leading to progressive 
deformation over time often significantly 
greater than that caused by static loading. 
Common examples of cyclic loads include 

earthquakes, ocean waves, high-intensity traffic, 
seasonal fluctuations in groundwater levels, and 
changing fuel levels in oil tanks. Long-term 
cyclic loads, can sometimes induce 
consolidation of the underlying soil. 
Yin et. al (1989) [9, 10] reported a case study on 
settlement of a road in “Jie Pu highway, in 
Guangdong province, China”, built on a low 
bank road embankment on typical soft alluvial 
clay. It settled substantially after opening to 
traffic, which was nearly 2m over a length of 
1700m. Xie et al. (2006) [11] reported a case 
study on long term settlement of break water 
constructed at the port of Tianjin in China due 
to static and wave-induced cyclic loads.  
Chen et al. (2005) [12] predicted that pore water 
pressure increases during loading and decreases 
during unloading under low frequency cyclic 
loading with different boundary conditions. 
Guo-Wei Li and Hu [13-15] studied the effect 
of dynamic cyclic loading and surcharge 
preloading method on the settlement of low 
embankments and showed that the settlement 
increases with increasing amplitude of cyclic 
load and the effectiveness of surcharge 
preloading depends on the difference between 
the magnitude of surcharge and amplitude of the 
cyclic load. This study presents selected results 
of the effects of the frequency on the post-
construction settlement of low embankments 
subjected to cyclic loading and showed that 
under drained condition the variation of pore 
water pressure is compatible with the axial 
creep strain of soft clay in the over-consolidated 
state. The measured pore water pressure values 
can be used to assess the long-term settlement 
of the soft ground after construction. 
When a clay sample is suddenly loaded in the 
oedometer test its void ratio or compression 
decreases with time. The consolidation process 
is traditionally divided into primary and 
secondary consolidation phases. During the 
primary consolidation phase settlement is 
controlled by the dissipation of excess pore 
pressures and Darcy’s law. Whereas during 
secondary consolidation the rate of settlement is 
controlled by soil viscosity, Leroueil (1996) 
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Guo-Wei Li and Hu [13-15] studied the effect 
of dynamic cyclic loading and surcharge 
preloading method on the settlement of low 
embankments and showed that the settlement 
increases with increasing amplitude of cyclic 
load and the effectiveness of surcharge 
preloading depends on the difference between 
the magnitude of surcharge and amplitude of the 
cyclic load. This study presents selected results 
of the effects of the frequency on the post-
construction settlement of low embankments 
subjected to cyclic loading and showed that 
under drained condition the variation of pore 
water pressure is compatible with the axial 
creep strain of soft clay in the over-consolidated 
state. The measured pore water pressure values 
can be used to assess the long-term settlement 
of the soft ground after construction. 
When a clay sample is suddenly loaded in the 
oedometer test its void ratio or compression 
decreases with time. The consolidation process 
is traditionally divided into primary and 
secondary consolidation phases. During the 
primary consolidation phase settlement is 
controlled by the dissipation of excess pore 
pressures and Darcy’s law. Whereas during 
secondary consolidation the rate of settlement is 
controlled by soil viscosity, Leroueil (1996) 

[16]. However, settlement requires a hydraulic 
gradient, i.e. excess pore pressure exists at that 
stage. Secondary consolidation or creep is 
characterized by the slope of the 
consolidation/compression curve. 
Soft soil is widely distributed over coastal and 
riverside regions, where the embankment loads 
are sensitive for differential settlement. In a 
marine environment, cyclic loading forms a 
significant proportion of the loading and this 
decides the safety of many structures founded 
on the ocean bed. By and large, marine 
structures subjected to cyclic loading are 
offshore petroleum production platforms, 
offshore pipelines, storm surge barriers and 
harbor structures [17]. The foundations of these 
structures truly transmit the cyclic loads to the 
soil below in one form or another. Rail track 
subgrade is very important for railway stability 
and therefore the behaviour of soft soil subgrade 
under cyclic loading is of paramount 
significance in railway engineering. Most of rail 
tracks travel through coastal areas comprising of 
soft soils and highly compressible marine 
deposits. Load cycles from moving trains 
rapidly generate high excess pore pressures. In 
the absence of good drainage conditions, cyclic 
pore pressure will dramatically reduce the 
effective load bearing capacity of the soft 
formation [18]. 
Zhu et al. 2005 [19] presented a study on the 
deformation behavior of a saturated soft clay 
under cyclic loading. Considering the intrinsic 
anisotropy of the soil, a soil specimen was 
initially restored to the in-situ stress state under 
K0 consolidation in a triaxial cell, and the 
specimen was then sheared in the same triaxial 
cell under axial cyclic loading and tested under 
a drained or undrained creep condition. The test 
results show that the increase of excess pore 
water pressure initially lagged behind that of 
stress. The stable excess pore pressure was 
about 50% of the stress amplitude for an drained 
specimen. However the residual excess pore 
water pressure was approximately 20% of stress 
amplitude for a drained specimen. 

When a pressure is applied to a saturated soil 
and drainage is allowed, the gradient of the 
excess pore pressure causes flow of water out of 
the soil, Prediction the dissipation of pore water 
pressure is important to understanding the 
behaviour of soils under cyclic loading and also 
for estimation of their effective stresses. In the 
proposed paper, an analytical solution for one-
dimensional consolidation of soft cohesive soil 
under cyclic loading has been developed based 
on the formulations given by Thang.,.N.N. 
(2023) [20] and a hyperbolic relationship for 
generation of pore water pressure under drained 
condition. The model successfully explained the 
generation and dissipation of pore water 
pressure during consolidation under cyclic 
loading. 
 
 
2. MODEL OF CYCLIC TRAFFIC LOAD 
 
2.1 Numerical Model of Traffic Load Form 
A method for analyzing the behavior of clay 
under long-term cyclic loading has been 
proposed by Hyodo and Yasuhara, in which 
Terzaghi’s consolidation equation is proposed 
for calculating the settlement of low 
embankment subjected to the traffic load [21, 
22]. Hyodo and Yasuhara used a 10-ton truck 
moving at different speeds of 0km/h, 10km/h, 
20km/h, 30km/h, and 35km/h to simulate 
vehicular load and investigated the vertical 
stresses acting on top of a subgrade and at 
different depths of a low embankment. On the 
subgrade, the vertical stress waveform at some 
points, shown in Fig. 1, described as sine curve. 
 

 
Figure 1. Vertical pressure waveform [21] 
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Based on the multi-layer elastic theory, Ling 
and Shoji [23, 24] conducted research on the 
residual deformation of saturated clay subgrade 
under vehicular load, analyzing the impact of 
vehicle speed and loading time without 
considering the influence of inertia and 
viscosity on the loading time. Different vehicle 
speeds of 40km/h, 60km/h, 80km/h, and 
100km/h were used to establish an asphalt 
pavement structure. The loading time at any 
point on top of the subgrade is 0.7205s, 0.4805s, 
0.3605s and 0.2885s, respectively. The 
relationship between vehicle speed and loading 
time is shown in Figure 2. 
 

 
Figure 2. Vehicle speed - Loading time [23, 24] 
 
As shown in Figure 3, the triangular waveform 
load simulates the vertical stress distribution on 
top of the subgrade for a typical pavement 
structure, with a correlation coefficient greater 
than 0.9. Therefore, the waveform load can be 
used to simulate the effect of traffic loads on top 
of the subgrade. In this Figure, the dotted line 
represents the surface of the subgrade at any 
point; the solid line is the vertical stress 
distribution caused by traffic load that affects 
the surface of the subgrade; the dashed line is 
the triangular waveform load simulating 
variation of vertical stresses. 
XIE et al. (2006) [26] presented the variations 
of excess pore water pressure with 
dimensionless depth Hz / , in case of 
trapezoidal cyclic loading. They presented a 
nonlinear analytical solution for the 1-D 
consolidation of soft soil under cyclic loading. 
A soil stratum with thickness H, vertical 

permeability coefficient k  volume 
compressibility coefficient m , and 
consolidation coefficient C  is shown in Fig. 4. 
 

 
Figure 3. Vertical stress distribution on top of 

subgrade under vehicular load [25] 
 
 

 
Figure 4. Model of clay layer under cyclic 

loading [26] 
 

It shown that the greater the value of Hz / , the 
greater the excess pore water pressure, 
indicating that the effective stress '  and excess 
pore water pressure u  vary with depth. In this 
state the pore water pressures and the effective 
stresses have final or equilibrium values; this is 
a steady state condition under cyclic loading. 
 
2.2 Cyclic Loading Test Model 
Based on the results of previous experimental 
studies and combining the actual conditions of 
the vehicular traffic flow and loading 
characteristics of laboratory equipment, a 
continuous half-sinusoidal dynamic load 
waveform is chosen for this study. This takes 
into consideration a non-continuous load 
distribution and thus accounts for the distance 
between vehicles.  
The dynamic load waveform is illustrated in 
Figure 5, where T1, t0 are the continuous and 
interrupted duration of traffic load, respectively. 

Ngoc-Thang Nguyen, Guo-Wei LI



83

Based on the multi-layer elastic theory, Ling 
and Shoji [23, 24] conducted research on the 
residual deformation of saturated clay subgrade 
under vehicular load, analyzing the impact of 
vehicle speed and loading time without 
considering the influence of inertia and 
viscosity on the loading time. Different vehicle 
speeds of 40km/h, 60km/h, 80km/h, and 
100km/h were used to establish an asphalt 
pavement structure. The loading time at any 
point on top of the subgrade is 0.7205s, 0.4805s, 
0.3605s and 0.2885s, respectively. The 
relationship between vehicle speed and loading 
time is shown in Figure 2. 
 

 
Figure 2. Vehicle speed - Loading time [23, 24] 
 
As shown in Figure 3, the triangular waveform 
load simulates the vertical stress distribution on 
top of the subgrade for a typical pavement 
structure, with a correlation coefficient greater 
than 0.9. Therefore, the waveform load can be 
used to simulate the effect of traffic loads on top 
of the subgrade. In this Figure, the dotted line 
represents the surface of the subgrade at any 
point; the solid line is the vertical stress 
distribution caused by traffic load that affects 
the surface of the subgrade; the dashed line is 
the triangular waveform load simulating 
variation of vertical stresses. 
XIE et al. (2006) [26] presented the variations 
of excess pore water pressure with 
dimensionless depth Hz / , in case of 
trapezoidal cyclic loading. They presented a 
nonlinear analytical solution for the 1-D 
consolidation of soft soil under cyclic loading. 
A soil stratum with thickness H, vertical 

permeability coefficient k  volume 
compressibility coefficient m , and 
consolidation coefficient C  is shown in Fig. 4. 
 

 
Figure 3. Vertical stress distribution on top of 

subgrade under vehicular load [25] 
 
 

 
Figure 4. Model of clay layer under cyclic 

loading [26] 
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greater the excess pore water pressure, 
indicating that the effective stress '  and excess 
pore water pressure u  vary with depth. In this 
state the pore water pressures and the effective 
stresses have final or equilibrium values; this is 
a steady state condition under cyclic loading. 
 
2.2 Cyclic Loading Test Model 
Based on the results of previous experimental 
studies and combining the actual conditions of 
the vehicular traffic flow and loading 
characteristics of laboratory equipment, a 
continuous half-sinusoidal dynamic load 
waveform is chosen for this study. This takes 
into consideration a non-continuous load 
distribution and thus accounts for the distance 
between vehicles.  
The dynamic load waveform is illustrated in 
Figure 5, where T1, t0 are the continuous and 
interrupted duration of traffic load, respectively. 

T1 is the period of time that the dynamic load 
acted on the soft ground in one cycle. In this 
model, traffic loads are simulated as a half-sine 
wave cyclic load. For each test group, the cyclic 
load frequency, f, is constant in order to 
minimize the differences between the various 
types of vehicular traffic and their speeds and 
also to reduce the impact of varying distances 
between vehicles. P is the sum of vehicle weight 
and overburden pressure of the embankment; 

dmax is the amplitude of traffic load. The same 
values of dmax are used for a group test, 
irrespective of the impact of varying sizes of the 
vehicles. 
 

 
Figure 5. Simulation of the effect of traffic 

loading 
 

Fujiwara et al. 1990 [27] conducted 
experimental study on the shear characteristics 
of clays with respect to cyclic stress-strain 
history and its corresponding pore pressures. 
The results of the study clarified the effect of 
load frequency, effective confining pressure, 
cyclic stress level and over-consolidation ratio 
on the excess pore pressure during cyclic 
loading. 
Nash (2001) [28] also explained the physical 
process of consolidation under cyclic loading. 
When the load is applied for the first 
application, the entire load is carried by the 
water in the pores as excess pore pressure; the 
gradient of the excess pore pressure causes 
drainage and part of the load is transferred to the 
soil structure with an increase in the effective 

stress. When the load is removed, stress is 
reduced, the soil tries to rebound; these negative 
pore pressures cause water to flow into the soil, 
which causes a reduction in effective stress. 
When loaded again, a part of the load is carried 
by the residaal effective stress and the rest is 
carried by the water as excess pore pressure. 
 
 
3. LABORATORY STUDIES 
 
3.1. Sample and specimen 
Soil samples were taken from a soft clay deposit 
located beneath the embankment. The test was 
conducted on a group of specimens; that had 2 
cm and 30 cm2 height and cross-sectional area, 
respectively. The main physico-mechanical 
properties determined from the samples 
according to standard procedures are shown in 
Table 1. 
 

Table 1. Physico-mechanical properties of soil 
samples 

Physico-mechanical properties Value 
Density 3) 1.595 
Water Content   61.61 
Specific Gravity Gs 2.70 
Void Ratio e 1.736 
Liquid Limit wl  57 
Plastic Limit wp  32 
Plasticity Index Ip 25 
Liquidity Index IL 1.178 
Degree of Saturation Sr  98.9 
Compression Factor 0.1-0.2 -1) 1.372 
Compression Modulus Es  1.356 
Coefficient of 
consolidation 

Cv100  0.391 
Cv200 0.487 

Cv100 -3cm2
v200 10-3cm2

with the pre-consolidation stresses of 100kPa and 
200kPa, respectively. 
 
A series of creep tests were carried out by using 
the plane strain creep apparatus for both 
normally and over-consolidated clay. In the 
initial loading step, the specimens were 

x - z) of 
(25 - 25) kPa for 24 hours in order to eliminate 
the differences of various soil specimens, such 
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as the differences in the initial pre-compression, 
the physical properties and the non-uniform 
dispersion of the clay particles. In the next 
steps, the specimens were subjected to vertical 

z values of 75, 100, 150 
kPa for cyclic loading tests. The loading scheme 
of cyclic test scheme is summarized in Table 2. 
 
3.2. Test procedure 
A test equipment for creep under plain strain 
condition due to Li et al., [29- 31], Yuzhou et 
al., [32] and Thang., N. N [33, 34] was 
developed as illustrated principle sketch of the 
apparatus in Figure 6a. The test was developed 
based on the principle of conventional triaxial 
testing, featuring both the loading system of the 
former and air pressure controlling system of 
the latter. A data acquisition system, is 
connected to the computer shown in Figure 6b. 
 

 
a) Sketch of the apparatus 

 

 
) Data acquisition system 

Figure 6. Principle schematic sketch of cyclic 
test [29] 

 
 
 

Table 2. Loading scheme of cyclic tests 

No 

St
at

e Static Loading Cyclic 
Loading 

x/ 
kPa 

z/ 
kPa 

d/ 
kPa 

f/ 
Hz 

N
o -1

 

N
or

m
al

 
co

ns
ol

id
at

i
on

 

25 25 - - 
37.5 75 20 0.05 
50 100 20 0.05 
75 150 20 0.05 

  25 25 - - 

N
o -2

 

O
ve

r 
co

ns
ol

i-
da

tio
n 37.5 75 20 0.05 

50 100 20 0.05 
75 150 20 0.05 

 
 

4. TEST RESULTS AND ANALYSIS 
 
4.1. Excess Pore Water Pressure 
Figure 7 shows the excess pore water pressure 
histories for both normally and over-
consolidated soil specimens under cyclic 
loading for plane strain tests scheme shown in 
Table 3 with cyclic load amplitude of 20 kPa 
and frequency of 0.05Hz. The excess pore 
pressure due to effect of cyclic loading 
developed and increased rapidly to reach the 
peak value and then dissipated gradually to the 
stable equilibrium value in creep deformation 
process. The results are similar to that of static 
load condition in [34]. 
Table 3 provides a summary of the average 
excess pore pressure values observed in cyclic 
loading tests. The results indicate that as the 
level of cyclic loading increases, the peak 
values of excess pore pressure, umax, decrease 
in both normally consolidated and over-
consolidated states. Moreover, the values of 
umax for over-consolidated state are much 
smaller in comparison with those in normally 
consolidated state at the same value of 
external load. The results also show that umax 
decrease with increasing external load under 
cyclic loading. 
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Figure 7. Variation of excess pore water 
pressure due to cyclic load 

 
Table 3. Summary of excess pore water 

pressure generation in plane strain tests under 
cyclic loading condition 

Consoi
dation 

Stress       state 
( x, z)/kPa 

Normally 
Consolidation 

Over 
Consolidation 

Peak 
PWP/
kPa 

Peak 
Time
/mins 

Peak 
PWP/
kPa 

Peak 
Time/
mins 

37.5, 75 ( d = 20) 14.4 25 7.6 90 
50, 100 ( d = 20) 11.2 35 6.5 110 
75, 150 ( d = 20) 9.7 38 5.9 95 

d  
0.05Hz 
 
Actually, the generation and dissipation of 
excess pore water pressure depend on the 
pores spaces and contact interaction between 
the soil particles. Immediately after the load 
application, deformation occurs throughout 
the soil skeleton which produces the excess 
pore pressure while sliding at some of the 

grain contacts produces non-recoverable 
strains. As a result of sliding at contacts 
which have failed, permanent deformation 
occurs. 
Since the pore water is resisting the particle 
rearrangement, the pore water pressure is 
added above the static value and immediately 
the increase in total stress takes place to 
reach a maximum value. Due to the water 
draining out during loading, however, soil 
particle rearrangement and pore pressure 
starts to decrease again. Thus, in the end of 
the loading process, excess pore pressure 
dissipates to a stable equilibrium value, 
corresponding with the soil particles being in 
a state of high stability and the void ratio of 
soil sample decreases significantly. 
Figure 8(a-c) show the excess pore pressure 
histories of over-consolidation samples for a 
time period of 10 minutes at different times 
corresponding to the various loading stages, 
( x, z), of (37.5, 75), (50, 100) and (75, 150) 
kPa. 
The curves show that the distribution of 
excess pore pressure with elapsed time 
during the beginning of loading duration, in 
which the deformation in rapidly incresing 
status, has cyclical form with difference 
frequency and amplitude for different loading 
stages. The amplitude of pore pressure 
increased with decreasing magnitude of 
loading, while the frequency increased with 
increasing magnitude of external loading. 
The pore water pressure in a saturated soft 
cohesive soil may increase with the number of 
cyclic loadings. At the initial loading stage, 
pore water pressure is generated and varied 
under the effect of cyclic load with the 
cyclical variation. In the short period of time, 
the changing of pore water pressure in sine 
form in which the amplitude and frequency 
are similar to that of the cyclic load, as shown 
in Fig 9a and Fig 9b for normally and over 
consolidated, respectively. 
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Figure 8. Variation of excess pore water 
pressure in shortly time due to cyclic load for 

over-consolidation samples 
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Figure 9. Variation of excess pore water 
pressure due to cyclic loading in creep 

deformation stage 
 

Figure 9 illustrates the variation of pore pressure 
versus logarithm of elapsed time, for the started 
time of t = 4000 minutes and shows that the 
variation of pore pressure corresponding to the 
different load levels in the cyclical variation. In 
this stage, the soil exhibit a tendency for volume 
reduction when cyclically loaded. In the next 
stage of loading process when the time is long 
enough, however, the accumulated pore water 
pressure decreases by drainage as well as the 
rate of variation of volumetric strain decreases 
with increase in number of loading cycles. The 
values of volumetric strain tend to the constant 
values, the pore water pressure is approaching a 
stable equilibrium value approximate of the zero 
and the volume of the water drained out is 
almost the constancy. The distribution of pore 
water pressure in the creep process are 
illustrated in Figure 9, in which the creep 
deformation of soil consist of volumetric and 
axial creep strain at the relatively stable values. 
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Figure 9. Variation of excess pore water 
pressure due to cyclic loading in creep 

deformation stage 
 

Figure 9 illustrates the variation of pore pressure 
versus logarithm of elapsed time, for the started 
time of t = 4000 minutes and shows that the 
variation of pore pressure corresponding to the 
different load levels in the cyclical variation. In 
this stage, the soil exhibit a tendency for volume 
reduction when cyclically loaded. In the next 
stage of loading process when the time is long 
enough, however, the accumulated pore water 
pressure decreases by drainage as well as the 
rate of variation of volumetric strain decreases 
with increase in number of loading cycles. The 
values of volumetric strain tend to the constant 
values, the pore water pressure is approaching a 
stable equilibrium value approximate of the zero 
and the volume of the water drained out is 
almost the constancy. The distribution of pore 
water pressure in the creep process are 
illustrated in Figure 9, in which the creep 
deformation of soil consist of volumetric and 
axial creep strain at the relatively stable values. 

4.2. Stabilization State of Soft Clay 
The influence of cyclic loads on the generation 
and dissipation of pore water pressure in the 
loading stages are different. In the initial phase 
of each loading step, pore water pressure varies 
similar to the variation of cyclic load as 
analysed above. However, after reaching the 
maximum value, the pore water was discharged 
out, it decrease and tends to the stable value of 
zero when the time is long enough. The Table 4 
recored the different values of Ts based on the 
plane strain creep test results, in which Ts are 
named as the duration time from the initial 
applying load to the time when variation of the 
PWP is almost independent with the cyclic load. 
Results in Table 4 indicate that the influence of 
cyclic load to cyclical variation of the pore 
water pressure is different from the current 
loading level and consolidation state of soil; the 
higher in ( x, z) values, the bigger in values of 
Ts. It reflects that in case of the higher current 
loading level, the longer in effect of cyclic 
loading on the variation of pore water pressure. 
They also show that the values of Ts is become 
smaller when soil changed from normally to 
over consolidated state at the same external 
loading level. 
 

Table 4. Ts for the pore water pressure in 
stabilization state under cyclic loading 

Duration 
time 

Consolida-
tion state 

Current loading 
( x, z) /kPa 

(37.5, 
75) 

(50, 
100) 

(150, 
300) 

Ts/ min 
Normally 4200 6000 7500 

Over 3800 5500 6000 
 
The minimum value, umin, the maximum value 
umax, the changed value, u, and periodic time, 
T, of the pore water pressure during creep 
period are summarized in the Table 5. These 
resutls indicate that the distribution of pore 
pressure during creep deformation is 
independent of loading stages. 
 

Table 5. Excess pore pressure under cyclic 
loading 

Current 
loading 
( x, z) 

/kPa 

Consol
idation 
state 

umin 
/Kpa 

umax 
/kPa 

u 
/kPa 

T 
/min 

37.5, 75 
Norm 0.151 0.698 0.547 820 

Over -0.218 0.095 0.313 950 

50, 100 Norm 0.133 0.534 0.401 760 

Over -0.123 0.181 0.304 930 

75, 150 Norm -0.176 0.286 0.462 670 
Over -0.182 0.423 0.605 890 

min, umax and 

 
 
Under plane strain conditions with sufficiently 
long loading duration, changes in pore water 
pressure are minimal, and it dissipates to a 
stable equilibrium value close to zero. During 
the creep deformation stage, the variation in 
pore water pressure is unaffected by cyclic 
loading on soft clay. Therefore, calculating 
long-term soil settlement under cyclic loading 
can effectively use methods designed for static 
loading conditions, simplifying the calculations 
while yielding similar results. 
 
 
5. CONCLUSION 
 
The results for cyclic loading tests show that the 
excess pore pressure develops and increases 
rapidly to reach the peak values as soon as the 
external loads was applied on the sample, and 
then decreases gradually to a stable value of 
zero during creep deformation stage of soil 
specimen. The peak excess pore pressure in 
both normally and overconsolidation state 
increase with increasing magnitude of external 
loading. However, the rate of distribution of 
excess pore pressure is much slower when soil 
samples changed from the normally to over-
consolidated state. 
On the other hand, due to effect of cyclic 
loading, the variation of pore water pressure 
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corresponding to the different load levels in 
both normally and over-consolidated state has 
cyclical variation. The amplitude of pore 
pressure increased with decreasing magnitude of 
loading, while their frequency increased with 
increasing magnitude of external loading. 
When the loading time is long enough, the 
variation of pore water pressure is relatively 
small. Pore water pressure dissipated to a stable 
equiblirium value of approximately zero. The 
variation of pore water pressure is independent 
of the effect of cyclic loading on the soft clay 
during the creep deformation stage. Therefore, 
in calculating the long-term settlement of soil in 
case of cyclic loading can deal with the method 
applied for static loading condition in order to 
be simply calculation and the results are similar. 
Subsequent dissipation of the permanent excess 
pore water pressure results in both axial and 
volumetric strain. This results in increase in the 
interaction forces of the soil skeleton, and thus 
making the structure of soil particle highly 
stable. Thus in the next loading step, the 
maximum value of pore pressure does not 
exceed the value reached in the previous loading 
step. 
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corresponding to the different load levels in 
both normally and over-consolidated state has 
cyclical variation. The amplitude of pore 
pressure increased with decreasing magnitude of 
loading, while their frequency increased with 
increasing magnitude of external loading. 
When the loading time is long enough, the 
variation of pore water pressure is relatively 
small. Pore water pressure dissipated to a stable 
equiblirium value of approximately zero. The 
variation of pore water pressure is independent 
of the effect of cyclic loading on the soft clay 
during the creep deformation stage. Therefore, 
in calculating the long-term settlement of soil in 
case of cyclic loading can deal with the method 
applied for static loading condition in order to 
be simply calculation and the results are similar. 
Subsequent dissipation of the permanent excess 
pore water pressure results in both axial and 
volumetric strain. This results in increase in the 
interaction forces of the soil skeleton, and thus 
making the structure of soil particle highly 
stable. Thus in the next loading step, the 
maximum value of pore pressure does not 
exceed the value reached in the previous loading 
step. 
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FEATURES OF MODELING THE OPERATION OF 
REINFORCED CONCRETE STRUCTURES USING 

INCONSISTENT FINITE ELEMENT MODELS 
 

Ivan V. Nesterov, Ksenia K. Pantyukhova, Elizabeth A. Sheiko 
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Abstract: This article is devoted to the development of inconsistent finite element models of reinforcing rods for 
strength analysis of reinforced concrete structures. Currently, reinforcement in the calculations of reinforced 
concrete structures is taken into account using various methods. The authors pay special attention to the 
embedded finite element model. The article discusses mathematical models and technology for the output of 
stiffness matrices of reinforcing rods embedded in finite elements of various configurations. Using the derived 
finite elements, a number of comparative test calculations of reinforced concrete beams were carried out. 
Numerical solutions on inconsistent FE grids were compared with the results obtained on a consistent finite 
element grid.   
   
Keywords: finite element method, reinforced concrete structures, consistent finite element model, inconsistent 

finite element model, reinforcement, discrete model, simplex element, plate element 
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INTRODUCTION 
 
Currently, reinforced concrete structures are 
widely used in the construction industry. 
Reinforced concrete is a complex composite 
material for strength analysis. Therefore, when 
calculating this class of structures, it is 

necessary to take into account such factors as 
creep, shrinkage, nonlinear deformations from 
the acting load, etc. One of the main problems 
that arise when calculating reinforced concrete 
structures is modeling the interaction of the 
reinforcement frame and concrete. 
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There are different methods for calculating 
reinforced concrete structures. The finite 
element method (FEM) is the most common 
among designers for studying the stress-strain 
state of a structure [1]. The finite element 
method is implemented in many software 
packages used for strength analysis of 
engineering structures. It is worth highlighting 
the most popular of them: Midas, Abaqus, 
ANSYS, Sofistik, Scad, etc. 
The joint work of reinforcement and concrete in 
finite element models is taken into account in 
different ways. The most common, simple and 
affordable method is to recalculate the given 
physical characteristics of concrete, taking into 
account the percentage of reinforcement 
according to standard SNiP methods. 
Calculation recommendations are specified in 
SP 63.13330.2018 "Concrete and reinforced 
concrete structures" [2], as well as in the 
methodological guide for the calculation of 
reinforced concrete elements "Methodological 
recommendations for the use of SP 
35.13330.2011" [3]. This method of accounting 
for fittings is convenient for standard (simple) 
cross-sections. In a complex section, when 
reduced to an equivalent one, the stress 
distribution may differ significantly from the 
real picture of the stress-strain state. The most 
accurate method is to create a discrete model 
based on consistent finite element grids (FE). In 
this simulation, the nodes of the reinforcing rods 
coincide with the nodes of the concrete 
component (Fig. 1).  
 

 
Figure 1. Discrete model on matched FE grids 

 
However, the process of creating such a design 
scheme is very laborious. The reinforcement 
frame can consist of different types of rods 
having different positions, lengths, etc. For 
example, there may be horizontal, vertical, and 

inclined rods in one design scheme. During the 
design process, the configuration (parameters) 
of the beams and reinforcement frame often 
change. Accordingly, each time you will have to 
redo the calculation scheme. Therefore, it is 
impractical to use a consistent finite element 
model for such tasks. Basically, this model is 
applicable for simple reinforcement frames, or 
for test calculations.   
Methods that do not require consistency of the 
grid nodes, the concrete component, and the 
reinforcement frame are more convenient for 
calculation. One of these is a discrete model 
using scalable contour lines [4]. With this 
method, the initial model is discretized. The 
finite elements through which the reinforcement 
passes are divided into subdomains in the form 
of polyhedra (Fig. 2).          
  

 
Figure 2. Discrete model using scalable 

contour lines [4] 

There is also a distributed FE model, which also 
does not require the consistency of FE nodes [5]. 
In this method, the reinforcement is modeled as 
thin plates that are “stretched” onto the plates of 
the concrete component through which the rod 
passes. An anisotropic plate is obtained. This 
technology is implemented in the Abaqus and 
Ansys software packages. Currently, embedded 
finite element models are being intensively 
developed [6,7], which make it possible to 
accurately take into account the influence of 
reinforcement in the design scheme of reinforced 
concrete structures, without worrying about 
matching the grid nodes of the concrete 

Ivan V. Nestero, Ksenia K. Pantyukhova, Elizabeth A. Sheiko



95

component and the reinforcement frame. This 
approach is convenient for software users, but 
for software developers there are difficulties 
associated with the need to create an additional 
library of finite elements and make adjustments 
to the architecture of the software package. This 
model is most fully implemented in the Midas 
software package. In domestic strength analysis 
systems, the embedded model is insufficiently 
developed and requires a full-fledged software 
implementation.  

 
 

A GENERAL ALGORITHM FOR THE 
FORMATION OF FINITE ELEMENT 
STIFFNESS MATRICES FOR AN 
EMBEDDED FE MODEL OF 
REINFORCED CONCRETE 
 
The theoretical basis of the integrated 
reinforcement accounting model is the 
hypothesis of the compatibility of concrete and 
reinforcement deformations, as a result of which 
nodal reactions are added to the nodal reactions 
of the plate element from single displacements 
according to degrees of freedom from 
deformation of the reinforcing rod in the contour 
of the plate, but not from single displacements of 
the rod nodes, but from single displacements of 
the plate nodes through which it passes (3). This 
additive is calculated using the integral over the 
length of the embedded rod. 
 

 
Figure 3. Deformation of a plate finite element 

with an integrated reinforcing rod 
 

Thus, based on the hypothesis of joint 
deformations of concrete and reinforcement, 
the field of displacement of the reinforcing rod 
is actually a cross-section of the field of 
displacement of the plate. Based on this, the 
reaction matrix of a plate element with an 

integrated reinforcing rod can be obtained by 
the formula (1). 
 

= + = +

+ , (1)

 

 
Where  - is the deformation matrix of the plate 
element (concrete), 
             - is the matrix of Hooke's law [8],  
            - reinforcement deformation matrix, 
             - is the cross-sectional area of the 
reinforcement. 
Using this approach, several finite elements were 
derived: a triangular simplex element, a 4-node 
plate FE, a 9-node plate FE, and a bending plate.  
 
 
OUTPUT OF THE STIFFNESS MATRIX 
OF A TRIANGULAR SIMPLEX 
ELEMENT WITH AN INTEGRATED 
REINFORCING ROD  
 
Using the above algorithm, we obtain a stiffness 
matrix for a triangular simplex element with an 
integrated reinforcing rod. For a triangular finite 
element, the basic functions are the equations of 
the plane, respectively, the displacement field is 
a function of two variables (2). 
 

( ) =
( ) 0
0 ( )

( ) 0
0 ( )  

( ) 0
0 ( ) (2) 

 
In order to obtain the displacement field (3) for 
the embedded reinforcing rod in the triangle, it 
is necessary to switch to the local coordinate 
system of the rod.  
 

( ) = ( ) 0
0 ( )

( ) 0
0 ( )  

( ) 0
0 ( ) (3) 
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This makes it possible to obtain the 
displacement field of the embedded rod by a set 
of functions of one variable, which are sections 
of functions of the triangle shape (4) (Fig.4). 
 

 
 

Figure 4. Basic functions of an embedded 
reinforcing bar in a triangle 

 

( ) =
( )

, 

( ) =
( )

, 

( ) =
( )

, (4) 

 
Where , , , , , , , , ,  - 
parameters of the direct line 
The embedded reinforcing rod in the plate 
element has its own tilt angle relative to the 
global coordinate system (Fig.5), therefore, the 
stiffness matrix of the embedded element must 
be multiplied by the rotation matrix (5). 

 

 
 

Figure 5. Tilt angle of the embedded rod 
 

=
0 0

0 0

0 0

, = (5) 

 

The final stiffness matrix of a triangular simplex 
element with an integrated reinforcing rod is 
obtained by summing the stiffness matrix of a 
triangular plate element and the reinforcement 
matrix (6). 
 

= + [ ] , (6) 
 
Where  - is the deformation matrix of the 
plate element (concrete),  
             - is the deformation matrix of the 
reinforcement,  
             - is the matrix of transition to the 
local coordinate system of the rod (5), 
             - is the matrix of Hooke's law [8],  
             - is the cross-sectional area of the 
reinforcement. 

 
 

OUTPUT OF THE STIFFNESS MATRIX 
OF A FLAT QUADRILATERAL WITH AN 
INTEGRATED REINFORCING ROD 
 
In a similar way, a stiffness matrix was obtained for 
a four-node plane FE with an embedded reinforcing 
rod. The basic functions of a flat quadrilateral are 
linear surfaces, so the displacement field is also a 
function of two variables (7). 
 

( ) =
( ) 0

0 ( )

( ) 0

0 ( )
 

 
( ) 0

0 ( )

( ) 0

0 ( )
(7) 

 
To obtain the stiffness matrix based on the 
embedded rod, it is necessary to switch to the 
local coordinate system of the rod. Thus, the 
displacement field of the embedded reinforcing 
rod (8) becomes a function of one variable. 

 
( ) =

( ) 0

0 0

( ) 0

0 0

( ) 0

0 0
 

( ) 0

0 0
(8)

 
The basic functions for an embedded 
reinforcing bar in a flat quadrilateral are shown 
below (Fig.6) (9): 
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This makes it possible to obtain the 
displacement field of the embedded rod by a set 
of functions of one variable, which are sections 
of functions of the triangle shape (4) (Fig.4). 
 

 
 

Figure 4. Basic functions of an embedded 
reinforcing bar in a triangle 
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Where , , , , , , , , ,  - 
parameters of the direct line 
The embedded reinforcing rod in the plate 
element has its own tilt angle relative to the 
global coordinate system (Fig.5), therefore, the 
stiffness matrix of the embedded element must 
be multiplied by the rotation matrix (5). 

 

 
 

Figure 5. Tilt angle of the embedded rod 
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The final stiffness matrix of a triangular simplex 
element with an integrated reinforcing rod is 
obtained by summing the stiffness matrix of a 
triangular plate element and the reinforcement 
matrix (6). 
 

= + [ ] , (6) 
 
Where  - is the deformation matrix of the 
plate element (concrete),  
             - is the deformation matrix of the 
reinforcement,  
             - is the matrix of transition to the 
local coordinate system of the rod (5), 
             - is the matrix of Hooke's law [8],  
             - is the cross-sectional area of the 
reinforcement. 

 
 

OUTPUT OF THE STIFFNESS MATRIX 
OF A FLAT QUADRILATERAL WITH AN 
INTEGRATED REINFORCING ROD 
 
In a similar way, a stiffness matrix was obtained for 
a four-node plane FE with an embedded reinforcing 
rod. The basic functions of a flat quadrilateral are 
linear surfaces, so the displacement field is also a 
function of two variables (7). 
 

( ) =
( ) 0

0 ( )

( ) 0

0 ( )
 

 
( ) 0

0 ( )

( ) 0

0 ( )
(7) 

 
To obtain the stiffness matrix based on the 
embedded rod, it is necessary to switch to the 
local coordinate system of the rod. Thus, the 
displacement field of the embedded reinforcing 
rod (8) becomes a function of one variable. 

 
( ) =
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0 0

( ) 0

0 0
 

( ) 0

0 0
(8)

 
The basic functions for an embedded 
reinforcing bar in a flat quadrilateral are shown 
below (Fig.6) (9): 

 
 

Figure 6. Basic functions of an embedded 
reinforcing bar in a flat quadrilateral 
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Where  - is the parameter of the line,  

,  - are the dimensions of the sides 
of a flat quadrangle,  

1, 1 - is the initial coordinate of the 
reinforcing bar. 
The reinforcing bar embedded in the rectangle 
relative to the global coordinate system is 
rotated by an angle A (Fig.7). 
 

 
Figure 7. Angle of inclination of the embedded 

rod 

The stiffness matrix of the rod must be 
multiplied by the cosine matrix consisting of 
diagonal blocks (10). 
 

=
0 0 0

0 0 0
0 0 0
0 0 0

, = (10) 

 
The final stiffness matrix of the plate four-node 
FE, taking into account the reinforcement, is 
obtained by summing the local stiffness matrix 
of the plate element (concrete component) and 
the matrix of the embedded reinforcing rod 
according to the formula (11). 
 

= +

, (11)

 

 
Where  - is the deformation matrix of the 
plate element (concrete),  
   - is reinforcement deformation matrix,  

 - is the matrix of transition to the local 
coordinate system of the rod (10),  

 - is the matrix of Hooke's law [8],  
 - is the cross-sectional area of the reinforcement. 

 
 

OUTPUT OF THE STIFFNESS MATRIX OF 
A FLAT 9-NODE QUADRILATERAL WITH 
AN INTEGRATED REINFORCING ROD 
 
The stiffness matrix of a flat 9-node quadrilateral 
with an integrated reinforcing rod is derived 
according to the principle of triangular and four-
node finite elements. In this case, only the basic 
functions are second-order surfaces. Accordingly, 
the displacement field for a 9-node element is a 
dependence of two variables (12). 

 

( ) =
( ) 0
0 ( ) |… | 

( ) 0
0 ( ) (12) 
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To obtain the stiffness matrix of a 9-node plate 
core with an integrated reinforcing rod, it is 
necessary to switch to the local coordinate 
system of the rod. For a reinforcing bar, the 
displacement field is a cross-section of the 
shape functions of a 9-node finite element and is 
a function of one variable (13). 

 
( ) = ( ) 0

0 0
|… | ( ) 0

0 0
(13) 

 
The basic functions for an integrated reinforcing 
rod in a flat 9-node plate FE are shown below 
(Fig.8) (14): 
 

 
 

Figure 8. Example of the basic function of an 
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Where  - is the parameter of a straight line 
that takes any real values,  

,  - are the dimensions of the sides 
of a flat quadrangle,  

1, 1 - is the initial coordinate of the 
reinforcing bar. 
Also, as with the previous elements, the embedded 
rod has an angle of inclination A (Fig.9), therefore 
it is multiplied by the cosine matrix (15).  
 

 
Figure 9. Angle of inclination of the embedded rod 
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The final stiffness matrix of the plate 9-node FE, 
taking into account the reinforcement, is obtained 

by summing the local stiffness matrix of the plate 
element and the matrix of the embedded 
reinforcing rod according to the formula (16). 
 

= +

, (16)

 

 
 

OUTPUT OF THE STIFFNESS MATRIX OF 
A BENDING QUADRILATERAL WITH AN 
INTEGRATED REINFORCING ROD 
 
The output of the stiffness matrix of a bending 
quadrilateral with an integrated reinforcing rod 
differs from the previous elements. In this 
element, the basic functions are second-order 
surfaces. The displacement field is obtained 
from the following relation (16): 
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( )
( )

( )
= ( ) (16) 

 
The reinforcement in the bending quadrangular 
element is modeled using rigid links [9]. The 
matrix of rigid insertion (15): 
 

= 0
0 , =

1 0 0
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0 0 1
,

 =
1 0 0

1 0
0 0 1

, (15)
 

 
Where - the matrix of rigid insertion, 

 ,  - height of the rigid insert. 
For the reinforcing rod, the stiffness matrix of 
the rod embedded in a flat quadrilateral is used. 
This matrix is then multiplied by a matrix of 
rigid inserts on both sides (15). The final 
stiffness matrix of a bending quadrilateral with 

an integrated reinforcing bar is obtained by 
adding the stiffness matrix of the bending plate 
and the stiffness matrix of the reinforcing bar, 
taking into account the rigid inserts (16). 
 

= 12
( ) +

(16)
 

 
 

TESTING OF FINITE ELEMENTS WITH 
INTEGRATED REINFORCEMENT ROD 
 
For strength calculations of reinforced concrete 
structures based on the embedded FE model, the 
authors developed a C++ program that includes 
a library with the finite elements described 
above. Test calculations of beams with 
reinforcing rods were performed. A beam with 
the following geometric characteristics was 
accepted for calculation: height - 14, length -
102.5, thickness -11.5. All dimensions are 
indicated in cm. A four-point loading scheme 
was used for calculations (Fig. 10). The physical 
characteristics of concrete and reinforcement are 
indicated in the calculation scheme (Fig. 10).  
 

 
 

Figure 10. Calculation scheme 
 
The comparison of the results obtained on the 
inconsistent meshes of the FE (the left part of 
the beam) was performed with the model on the 
consistent meshes of the FE (the right part of the 
beam). The model based on matched grids is 
calculated in the KATRAN software package. 

 
Test-1  

 
 

Figure 11. Calculation scheme 
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The first test calculations were performed on 
grids with triangular finite elements. The first 
calculation was performed on a relatively coarse 
mesh with a single reinforcing rod (Fig. 12). 
The results are shown in Table 1. 
 

 
 

Figure 12. Finite element model and 
reinforcement forces on a sparse grid 

 
In the second test calculation, the grid was 
thickened by 2 times (Fig. 13). The position of the 
reinforcing rod in the design scheme remains the 
same. The results are shown in the table 2. 

 
Table 1 

Criteria Inconsistent 
model 

A 
consistent 

model 
Error 

rate, % 

Displacement 
at node A 
(middle of the 
beam), cm 

0.378035 0.3794 0.36 

Effort, kg 5602.65 5953.26 5.89 
 

 
Figure 13. A finite element model and 
reinforcement forces on a dense grid 

 
Table 2 

Criteria Inconsistent 
model 

A 
consisten
t model 

Error rate, 
% 

Displacemen
t at node A 
(middle of 
the beam), 
cm 

0.394302 0.39465 0.088 

Effort, kg 6140.95 6138.514 0.0397 

Test-2 

 
 

Figure 14. Calculation scheme 
 

In the next test, a reinforcement frame with 
horizontal and vertical rods was added to the 
design scheme (Fig. 14). The results are shown 
in Table 3. (Fig. 15) 
 

 
 

Figure 15. A finite element model with a 
reinforcing frame 

 
Table 3 

Criteria Inconsisten
t model 
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consistent 

model 
Error rate, 

% 

Displacemen
t at node A 
(middle of 
the beam), 
cm 

0.389066 0.38933 0.0678 

Efforts in 
the upper 
bar, kg 

887.339 887.23 0.0123 

Efforts in 
the lower 
bar, kg 

6127.89 6125.876 0.0329 

Efforts in 
vertical bar, 
kg 

339.589 330.588 2.7 
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Figure 16. Calculation scheme 
 

A four-cornered flat plate element with an 
integrated reinforcing rod. 
Testing was performed for a beam with the 
same geometry as in the previous calculation 
(Fig. 16). But inclined reinforcing rods were 
added to the design scheme. The results are 
shown in table 4. (Fig. 17) 
 

 
 

Figure 17.  A finite element model with an 
inclined bar 

 
Table 4 

Criteria Inconsistent 
model 

A 
consistent 

model 
Error 

rate, % 

Displacement 
at node A 
(middle of the 
beam), cm 

0.395492 0.39983 1.08 

Efforts in the 
lower bar, kg 

6162.27 6203.283 0.66 

Efforts in the 
inclined rod, 
kg 

583.711 574.792 1.5 

 
Test-4 
A beam with a reinforcing frame was also 
calculated. The calculation scheme is fully 
consistent (Fig. 14). The results are shown in 
Table 5 (Fig.18). 
 

 
 

Figure 18. A finite element model with a 
reinforcing frame 

 

Table 5 
 

Criteria Inconsistent 
model 

A 
consistent 

model 
Error rate, 
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Displacement 
at node A 
(middle of 
the beam), 
cm 

0.390491 0.39429 0.96 

Efforts in the 
upper bar, kg 890.381 896.729 0.71 

Efforts in the 
lower bar, kg 6147.75 6193.572 0.74 

Efforts in 
vertical bar, 
kg 

266.051 272.928 2.5 

 
Test-5 
A flat 9-node quadrilateral with a embedded 
reinforcing rod. 
Based on this type of FE, a beam with a 
reinforcing frame was calculated (Fig. 14). The 
calculation results are shown in Table 6 (Fig. 19). 

 
Table 6 

Criteria Inconsisten
t model 

A consistent 
model 

Error rate, 
% 

Displacement 
at node A 
(middle of 
the beam), 
cm 

0.39667 0.39429 0.6 

Efforts in the 
upper bar, kg 

896.003 896.729 0.081 

Efforts in the 
lower bar, kg 

6189.72 6193.572 0.062 

Efforts in 
vertical bar, 
kg 

240.527 272.928 11.87 

 

 
 

Figure 19. Finite element model with 
reinforcement frame 
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Test-6 
A bending quadrilateral with a embedded 
reinforcing rod.
To test the bending plate with an integrated 
reinforcing bar, a spatial model with a T-shaped 
cross-section was created. The section parameters 
are shown in the figure (Fig. 20). The length of the 
beam is 500 cm. Reinforcement rods are located 
in the upper and lower parts of the beam. The 
physical characteristics of the materials have not 
changed. 
 

 
Figure 20. Cross-section profile of the T-beam 

 
To verify the results, a calculation was 
performed with a model on a consistent grid 
(Fig.21), where rigid inserts are an element of 
great rigidity, with which the reinforcement rod 
is connected to the plate model (Fig. 22, the 
right part of the beam). 
 

 
Figure 21. A finite element model with an 
armature frame on mismatched grids  

 
The calculation results are shown in Table 7 
(Fig. 22). 
 

 
Figure 22. A finite element model with a 

reinforcing frame 

Table 7 

Criteria Inconsisten
t model 

A 
consistent 

model 
Error rate, 

% 

Displacement 
at node A 
(middle of 
the beam), 
cm 

9.37E-04 9.54E-04 1.8 

Efforts in the 
upper bar, kg 

2.8928 2.9 0.24 

Efforts in the 
lower bar, kg 

6.57577 6.59 0.22 

 
 

CONCLUSION  
 

The method of constructing finite element 
models of reinforced concrete structures using 
embedded rod finite elements based on the 
hypothesis of compatibility of the deformation 
field of reinforcement and concrete has been 
improved. 
The stiffness matrices of flat and flexural plate 
finite elements with the inclusion of 
reinforcing rods inconsistent with the nodes of 
the main grid of the FE were verified and 
tested. 
A software package has been developed that 
implements finite element models of 
reinforced concrete structures with integrated 
reinforcement. 
Based on a series of test calculations, a 
comparative analysis of coordinated and 
uncoordinated FE models of reinforced 
concrete structures was carried out, which 
showed high accuracy of finite element models 
with integrated reinforcing rods. 
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NEW MAGNETIC LINEAR SENSOR FOR CRACK 
MONITORING IN STRUCTURES 

 
Sergej I. Evtushenko, Maksim M. Zheleznov, Mikhail . Kuchumov, 

Liubov A. Adamtsevich 
National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 

 
Abstract: Due to the recent deployment of new sensing technologies and monitoring devices aiming to control 
technical condition of structures and its safety, the problem of optimization of data acquisition process and 
economic expediency during Structural Health Monitoring has arisen. This article presents the design and 
implementation of a new linear displacement sensor prototype with advanced functionality capable to measure 
three significant parameters affecting the condition of concrete and brick structures: cracks width, environmental 
temperature and humidity. The measuring method is based on the efficient principle of converting input values 
using Hall effect, which is rarely found in structural monitoring. The sensor prototype also includes a hardware 
set for immediate processing and transmitting data, which ensures efficient remote monitoring. As a result of the 
work, research and analysis of methods and principles for measuring linear displacements were carried out, 
selection and justification of the choice of hardware components of the sensor were performed, electronic circuit 
and functional diagrams were developed. Furthermore, work was done on modeling the structural elements of 
the sensor and their final production was executed. According to the results of tests of the sensor prototype, 
numerical characteristics were obtained, its performance was confirmed and, eventually, the ways of further 
improvement are proposed.  
 

Keywords:  Structural Health Monitoring, magnetic sensor, linear sensor, cracks 
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1. INTRODUCTION 
 
Currently, most methods of surveying and 
assessing the technical condition of building 
structures involve the use of portable technical 
means and a relatively simple instrumental base 
with limited functionality. Although highly 
reliable, these monitoring methods have a 
significant drawback, namely that they can only 
be performed during a scheduled survey, repair 
or reconstruction. In addition, the monitoring 
methods used today can be very labor-intensive, 
costly, and thus ineffective when performing 
tasks at technically complex facilities, which 
include, for example, seaports, bridges, tunnels, 
as well as unique facilities for which technical 
regulations have not been established. Most 
facilities have individual space-planning and 
design solutions, and the types of materials used 
in the structures. Building structures are 
operated in various conditions and are not 
always located in easily accessible places 
(monitoring unique buildings, surveying 
chimneys, hydraulic structures, bridges and 
overpasses). [1] The authors are confident that 
in order to solve such complex engineering 
problems dictated by the dynamic development 
of the construction industry, it is necessary to 
improve the currently used measurement base 
and introduce new measurement tools that could 
provide the most accurate results and increase 
the quantity and quality of information obtained 
both for applied (for example, within the 
framework of geotechnical monitoring) and 
experimental purposes. 
 
 
2. LITERATURE REVIEW 
 
Detecting cracks in bridge structures is 
inherently challenging due to the size, 
complexity, and varied materials of bridges. 
According to Bao et al. [2], visual inspections, 
the most traditional method, are often 
inadequate because they are subjective, labor-
intensive, and prone to human error. Advanced 
methods, such as ultrasonic testing or 

thermography, provide more precise detection 
but face limitations regarding accessibility, 
especially in hard-to-reach areas of large 
bridges [3]. Even when cracks are detected, 
interpreting the data to assess the severity and 
progression of damage presents another 
challenge. As noted by Johnson et al. [4], SHM 
systems generate vast amounts of data, which 
can overwhelm engineers and lead to delays in 
decision-making. Additionally, integrating data 
from different sensors and monitoring systems 
to provide a comprehensive understanding of 
bridge health remains a complex task, often 
requiring advanced algorithms. Environmental 
and operational conditions greatly affect crack 
monitoring efforts. Temperature fluctuations, 
humidity, and vibration from traffic can all 
influence the readings of crack monitoring 
sensors, leading to false positives or negatives. 
According to Kim et al. [5], bridges in regions 
with extreme weather conditions present unique 
challenges, as sensors must be resilient to harsh 
environments while maintaining accuracy. 
It is worth noting the importance of a correct 
and comprehensive assessment of historical 
buildings. Given the availability of constant, 
reliable information about both the state of the 
elements and environmental conditions, it 
becomes possible to simulate realistic damage 
scenarios that may occur in the future [6] and 
prevent structural anomalies. This approach is 
the key to expanding knowledge of old 
structures. However, currently used 
conservative methods for aged buildings have a 
number of limitations and may be unreliable. 
For example, they often underestimate the load 
carrying capacity, which may result in 
uneconomical or unnecessary mitigation 
measures being taken to maintain old structures 
[7]. Therefor the use of more sophisticated 
methods is needed for old structures 
maintenance to avoid moving towards its 
discontinuation and losing benefits of their 
functioning. 
While significant advancements have been 
made in crack monitoring technologies for 
bridge SHM, several challenges remain. These 
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include the limitations of detection 
technologies, difficulties in data interpretation, 
environmental influences, and the high costs 
associated with current monitoring systems. 
Addressing these challenges requires continued 
research and innovation, particularly in 
improving sensor durability, and developing 
cost-effective monitoring solutions. Recent 
studies have explored those advancements in 
wireless sensor networks offer promising 
avenues for more cost-effective and efficient 
monitoring solutions [8]. 
Among the various aspects of Structural Health 
Monitoring (SHM) discussed in this work, the 
authors focus on measuring linear displacements 
that could indicate potential issues, such as 
crack detection, monitoring expansion joints, 
and observing changes in the geometric 
alignment of structural junctions. One 
promising solution to these challenges involves 
recent advancements in electromagnetism. 
Many studies have explored new, advanced 
sensors for position, displacement, and crack 
monitoring based on magnetic effects [9-12]. 
However, the use of magnetic sensors has 
traditionally been more prevalent in mechanical 
engineering and the automotive industry. There 
has been limited research on their application in 
SHM systems, and their use in current practice 
remains minimal. 
In order to analyse the current state of scientific 
research in the target area, statistics were 
collected on the number of publications 
presented in the international Scopus database 
in the main areas: "Linear sensor"; "Linear 
position sensor"; "Linear potentiometer"; 
"Linear converter"; "Displacement sensor"; 
"Photogrammetry"; "Crack monitoring". 
The highest number of publications is displayed 
for the keyword "Linear sensor ". So, in the 
period from 2011 to 2021, 69,336 publications 
were published, which is of considerable 
interest to scientists in this field. Figure 1 
represents growth dynamics of the number of 
publications by keywords. 
At the same time, within the framework of the 
presented study, the authors decided to take a 

sample for further research, compiled according 
to the two keywords "Linear sensor" and "Crack 
monitoring". A total of 205 document search 
results for the specified keywords are displayed. 
The distribution of publications by years is 
shown in Figure 2. 
 

 
 

Figure 1. Growth dynamics of publications by 
keywords: "Linear sensor"; "Linear position 

sensor"; "Linear potentiometer"; "Linear 
converter"; "Displacement sensor"; 

"Photogrammetry"; "Crack monitoring" 
presented in the international Scopus database 

in the period from 2013 to 2023 
 

 
 

Figure 2. Distribution of publications by years 
by keywords "Linear sensor" and "Crack 

monitoring" 
 

The distribution of publications by country is 
shown in Figure 3 (the first 15 countries), and 
Figure 4 shows the distribution of publications 
by branches of knowledge. 
As can be seen from Figure 3a, the leaders in 
the area under consideration are authors from 
the China (69 publications), the second place is 
occupied by authors from United States (33 
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title year abstract citates 
 [18] 2015 This article proposes a method to obtain crack initiation, location and width data 

in concrete structures subjected to bending and equipped with an optical 
backscatter reflectometer system. 

78 

 [19] 2017 The objective of this review is to demonstrate how acoustic emission (AE) 
location in loaded polymer composites can be used to gain a deeper 
understanding of damage onset and growth and associated failure events and 
sequences. 

73 

 [20] 2019 This article investigates the possibility of using new microwave sensors for 
crack detection in reinforced concrete structures. 

71 

 [21] 2018 Glass fiber reinforced polymers have attracted increasing attention in recent 
years, but this material has low elastic modulus, and linear elastic properties 
compared with steel bars, which leads to different bond characteristics between 
bars and concrete. In this article, an active sensing approach based on 
piezoelectric ceramics is proposed and developed to detect the bond failure 
between glass fiber reinforced polymer bars and concrete structures. 

71 

 [22] 2019 There is a need to develop a structural health monitoring method to evaluate 
micro-sized fatigue cracks in metallic structures, since cracks are considered as 
precursors to structural failure. However, traditional linear ultrasound-based 
technology is insensitive to cracks when they are barely visible in metallic 
environments. In this paper, we present a nonlinear ultrasonic technology based 
on crack-wave interaction to study fatigue crack growth. 

62 

 [23] 2014 “Sensor sheets” based on large-area electronics consist of a dense array of single 
strain sensors. They are an effective and affordable structural health monitoring 
tool that can detect and continuously monitor crack growth in structures. This 
paper presents a study of the quantitative relationship between crack width and 
strain, the latter measured by a single sensor that will be part of the sensor sheet. 

62 

 [24] 2016 This research work assessed the feasibility of using telecommunication single-
mode optical fiber (SMF) as a distributed fiber-optic strain and crack sensor in 
concrete pavement monitoring 

56 

 [25] 2022 Flexible pressure sensors with high sensitivity over a wide pressure range are in 
great demand, but they are difficult to fabricate to meet the practical application 
requirements in daily activities and more significantly in some extreme 
conditions. This work demonstrates a thin, lightweight, and high-performance 
pressure sensor based on flexible porous phenyl silicone/functionalized carbon 
nanotube film. 

54 

 [26] 2020 Marine structures are subject to fatigue damage due to fluctuating environmental 
and operational forces. This article compares the use of mode shapes from a 
finite element model with that of extended experimental mode shapes. Modal 
expansion is applied to a scaled offshore platform in a laboratory to evaluate the 
deformation response using finite element mode shapes and extended 
experimental mode shapes using different expansion methods. Based on this 
study, the expansion of experimental mode shapes has the potential to reduce 
errors in stress/strain estimation. However, the expansion is a fitting process and 
thus contains case-dependent fitting error. In this research work, finite element 
mode shapes outperform some mode shape expansion methods due to these 
fitting errors. 

51 

 [27] 2018 This article presents a study of the features of nonlinear scattering of guided 
waves from fatigue cracks initiated in rivet holes, considering the state of a 
rough contact surface. 

50 

3 

publications), the three leaders are closed by 
authors from the UK (16 publications). At the 
same time, the largest number of publications 
relates to the field of knowledge "Engineering" 
(39,1%). Thus, considerable attention is paid to 
the issues of using the sensor in monitoring 
building structures. 
 

 
 

Figure 3. Statistics on the publications of the 
sample by country 

 

 
Figure 4. Statistics on the publications of the 

sample by branches of knowledge 
 
A brief description of the most cited 
publications from the sample is presented in 
Table 1. 
 

 
Table 1. Summary of the most cited publications in the sample 

title year abstract citates 
 [13] 2017 The article addresses the issue of the minimum number of sensors required and 

their placement for structural health monitoring using the example of an Italian 
monumental bell tower, which was monitored for over nine months. The 
correlations between natural frequencies and environmental parameters are 
examined in detail, and the predictive capabilities of linear statistical regression 
models based on the use of multiple continuous environmental monitoring 
sensors are assessed. 

186 

 [14] 2014 Engineering structures are subject to fatigue damage during their service life, 
which entails early detection and continuous monitoring of fatigue damage from 
its inception to growth. A hybrid approach for fatigue damage characterization 
was developed using two types of damage indicators constructed based on linear 
and nonlinear characteristics of acoustoultrasonic waves. The results showed 
that nonlinear characteristics of acoustoultrasonic waves outperform their linear 
counterparts in terms of detectability. 

168 

 [15] 2014 This article presents predictive modeling of nonlinear propagation of guided 
waves for structural health monitoring using both finite element method and 
analytical approach. In the study, the nonlinearity of guided waves is generated 
by interaction with a nonlinear breathing crack. 

129 

 [16] 2015 By means of numerical simulation and subsequent experimental verification, 
two damage indices are comparatively constructed based on the linear and 
nonlinear time characteristics of Lamb waves, which are used to localize the 
fatigue damage near the rivet hole of the aluminum plate.

109 

 [17] 2016 The renewable energy industry is constantly improving and developing all over 
the world, wind energy seems to be the most in demand, which leads to the need 
to ensure a high level of reliability, availability, maintainability and safety of 
wind turbines. This article is devoted to the issue of ensuring the reliability of 
wind turbines through the use of a new fault location approach for acoustic 
emission techniques in wind turbines 

85 
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title year abstract citates 
 [18] 2015 This article proposes a method to obtain crack initiation, location and width data 

in concrete structures subjected to bending and equipped with an optical 
backscatter reflectometer system. 

78 

 [19] 2017 The objective of this review is to demonstrate how acoustic emission (AE) 
location in loaded polymer composites can be used to gain a deeper 
understanding of damage onset and growth and associated failure events and 
sequences. 

73 

 [20] 2019 This article investigates the possibility of using new microwave sensors for 
crack detection in reinforced concrete structures. 

71 

 [21] 2018 Glass fiber reinforced polymers have attracted increasing attention in recent 
years, but this material has low elastic modulus, and linear elastic properties 
compared with steel bars, which leads to different bond characteristics between 
bars and concrete. In this article, an active sensing approach based on 
piezoelectric ceramics is proposed and developed to detect the bond failure 
between glass fiber reinforced polymer bars and concrete structures. 

71 

 [22] 2019 There is a need to develop a structural health monitoring method to evaluate 
micro-sized fatigue cracks in metallic structures, since cracks are considered as 
precursors to structural failure. However, traditional linear ultrasound-based 
technology is insensitive to cracks when they are barely visible in metallic 
environments. In this paper, we present a nonlinear ultrasonic technology based 
on crack-wave interaction to study fatigue crack growth. 

62 

 [23] 2014 “Sensor sheets” based on large-area electronics consist of a dense array of single 
strain sensors. They are an effective and affordable structural health monitoring 
tool that can detect and continuously monitor crack growth in structures. This 
paper presents a study of the quantitative relationship between crack width and 
strain, the latter measured by a single sensor that will be part of the sensor sheet. 

62 

 [24] 2016 This research work assessed the feasibility of using telecommunication single-
mode optical fiber (SMF) as a distributed fiber-optic strain and crack sensor in 
concrete pavement monitoring 

56 

 [25] 2022 Flexible pressure sensors with high sensitivity over a wide pressure range are in 
great demand, but they are difficult to fabricate to meet the practical application 
requirements in daily activities and more significantly in some extreme 
conditions. This work demonstrates a thin, lightweight, and high-performance 
pressure sensor based on flexible porous phenyl silicone/functionalized carbon 
nanotube film. 

54 

 [26] 2020 Marine structures are subject to fatigue damage due to fluctuating environmental 
and operational forces. This article compares the use of mode shapes from a 
finite element model with that of extended experimental mode shapes. Modal 
expansion is applied to a scaled offshore platform in a laboratory to evaluate the 
deformation response using finite element mode shapes and extended 
experimental mode shapes using different expansion methods. Based on this 
study, the expansion of experimental mode shapes has the potential to reduce 
errors in stress/strain estimation. However, the expansion is a fitting process and 
thus contains case-dependent fitting error. In this research work, finite element 
mode shapes outperform some mode shape expansion methods due to these 
fitting errors. 

51 

 [27] 2018 This article presents a study of the features of nonlinear scattering of guided 
waves from fatigue cracks initiated in rivet holes, considering the state of a 
rough contact surface. 
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3. MATERIALS AND METHODS 
 
Within this work the authors set the following 
tasks, solution of which would make it possible 
to achieve the necessary technical requirements 
for the sensor: 
1. Finding the principle of input signal 
conversion, the choice of a measuring element. 
2. Determination of the set of hardware 
components, electronic circuit schemes and its 
primary prototyping; 
3. Selection of the required technical 
characteristics of electronic components; 
4. Justification of the set of hardware selected. 
 
3.1. The development of a methodology for 
input signals conversion 
When choosing a method for measuring linear 
displacements, the following methods were 
considered: 

1. Mechanical-electrical (using 
microrheostat); 
2. Mechanical-optical (using optical 
encoder); 
3. Mechanical-magnetic (using a 
combination of Hall sensor and permanent 
magnet). 

The third method was chosen as most preferred, 
because it outperformed the others in all key 
metrics: simplicity, cost, reliability. Common 
disadvantages of rheostat sensors are the 
presence of sliding contact and, consequently, 
contact resistance, abrasion and possible 
oxidation of contact surfaces, the possibility of 
their contamination, the creation of electrical 
noise. The main drawbacks to optical encoders 
are its mechanical fragility, and poor reliability 
in dust-polluted environments. Apart from that, 
high rate of linearity and the durability to the 
vibrations, created by the other operating 
devices, make magnetic sensors preferable [28]. 
As a magnetic field recorder, a Hall sensor was 
chosen, analogous to 100G, bipolar, in an SS41 
design with the following characteristics: 

 output signal, digital; 
sensing type, dipolar; 
turn-on induction, 1000, Gauss; 

switch-off induction, -1000, Gauss; 
temperature range, -40…150 o  
weight, 0.09 g. 

As it was planned by the authors the magnet and 
Hall sensor are fixed to the movable sensor 
parts located on both sides of the crack in 
building structure. Depending on the distance 
between the Hall sensor and the magnet, the 
Hall sensor generates an output voltage level 
corresponding to the magnetic induction of the 
current relative position of the measuring pair. 
Another task was to find the suitable shape of 
the magnet. The fact is that the shape of the 
magnet determines the location of its magnetic 
lines, the uniformity of distribution and 
collinearity of which, as well as the linearity of 
the change in the vector angle of the magnetic 
flux, directly affect the accuracy of 
measurements and the complexity of sensor 
calibration. Within the framework of this work, 
toroidal and rectangular magnets were 
considered, their physical properties were 
determined by measuring the analog signal 
received from the output of the Hall sensor 
when interacting with magnets in various 
positions (see Figures 5). 

 

 
Figure 5. Model of the layout for preliminary 

tests 
 

Based on the results of initial prototyping and 
analysis of the received signal, a rectangular 
magnet with an axial direction of magnetization 
was chosen as the source of the magnetic field, 
which made it possible to achieve a 
measurement range of 20 mm, with the 
following characteristics: 
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    • Length, 20 mm; 
    • Width, 10 mm; 
    • Thickness, 2 mm; 
    • Weight, 3 g; 
    • Magnetization: axial; 
    • Max. temperature 80 Co; 
    • Degaussing time, 1% per 10 years. 

Later, the problem arose of placing a magnet in 
the Measuring Part (MP) of the linear sensor 
prototype, which was solved at the stage of 
design development.

 
3.2. The development of an electronic control 
board
The main issues existed on this stage of work 
were: 
1. Formation of requirements to the Electronic 
Control Board (ECB) and its general technical 
capabilities; 
2. Determination of the list of components 
necessary to solve the tasks set for the ECB; 
3. Design of the housing that should meet the 
specifics of working environment, determining 
the locations of the key components of the 
board, soldering points for connectors; 
4. Computer modelling of the ECB; 
5. Production of a printed circuit board and 
soldering of the ECB components; 
6. Software and constructive debugging of the 
ECB components; 
7. Finalization of the ECB. 
As part of the development, three stages of step-
by-step refinement of the ECB took place. The 
model of the current design is shown in Figure 6. 
The electronic control board of the linear sensor 
prototype is a dielectric printed circuit board 
included a number of electronic components 
and measuring unit connected by electronic 
measuring circuit. The main function of the 
ECB is to receive, process and transmit a signal 
generated by the transducer (Hall sensor) with 
information about the linear displacement of the 
object under study. The main electronic 
components of the ECB: 

• POA (programmable operational 
amplifier)  with built-in analog-to-digital 
signal converter PGA280; 
    • STM32F373CCT6 microcontroller; 

    • transceiver RS-485 ADM2687EBRIZ; 
    • LDO voltage regulator LD117AS33TR; 
    • power supply unit: POWERLINE 
ICR18650 2200 mAh accumulator; 
    • GSM-module SIM800; 
    • temperature and humidity sensor 
DHT22; 
    • reference voltage source 
REF2033AIDDC; 
    • DC/DC converter EM 0515V; 
    • quartz resonator HC-49S; 
    • a set of resistors, capacitors, diodes; 
    • connecting parts: screw terminal 
blocks, PLD-40 connectors. 

 

 
Figure 6. Model of the Electronic Control 

Board 
 

An analog signal from Hall sensor is supplied to 
the operational amplifier PGA280. Further, the 
signal amplified to a certain level is converted 
into a digital representation using the built-in 
ADC, and then processed by the 
microcontroller. 
Amplifiers are used to amplify weak DC 
signals. After analyzing ready-made solutions in 
the semiconductor market, we settled on the 
Texas Instruments PGA280 programmable 
operational amplifier. It is characterized by: 

 • wide input supply range, ±15.5…±18 V; 
 • switchable gain, 128V/V…1/8 V/V; 
 
V/V; 
• absence of zero drift over a long period of 
observation; 
 • small temperature drift 0.5 ppm/°C. 
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3. MATERIALS AND METHODS 
 
Within this work the authors set the following 
tasks, solution of which would make it possible 
to achieve the necessary technical requirements 
for the sensor: 
1. Finding the principle of input signal 
conversion, the choice of a measuring element. 
2. Determination of the set of hardware 
components, electronic circuit schemes and its 
primary prototyping; 
3. Selection of the required technical 
characteristics of electronic components; 
4. Justification of the set of hardware selected. 
 
3.1. The development of a methodology for 
input signals conversion 
When choosing a method for measuring linear 
displacements, the following methods were 
considered: 

1. Mechanical-electrical (using 
microrheostat); 
2. Mechanical-optical (using optical 
encoder); 
3. Mechanical-magnetic (using a 
combination of Hall sensor and permanent 
magnet). 

The third method was chosen as most preferred, 
because it outperformed the others in all key 
metrics: simplicity, cost, reliability. Common 
disadvantages of rheostat sensors are the 
presence of sliding contact and, consequently, 
contact resistance, abrasion and possible 
oxidation of contact surfaces, the possibility of 
their contamination, the creation of electrical 
noise. The main drawbacks to optical encoders 
are its mechanical fragility, and poor reliability 
in dust-polluted environments. Apart from that, 
high rate of linearity and the durability to the 
vibrations, created by the other operating 
devices, make magnetic sensors preferable [28]. 
As a magnetic field recorder, a Hall sensor was 
chosen, analogous to 100G, bipolar, in an SS41 
design with the following characteristics: 

 output signal, digital; 
sensing type, dipolar; 
turn-on induction, 1000, Gauss; 

switch-off induction, -1000, Gauss; 
temperature range, -40…150 o  
weight, 0.09 g. 

As it was planned by the authors the magnet and 
Hall sensor are fixed to the movable sensor 
parts located on both sides of the crack in 
building structure. Depending on the distance 
between the Hall sensor and the magnet, the 
Hall sensor generates an output voltage level 
corresponding to the magnetic induction of the 
current relative position of the measuring pair. 
Another task was to find the suitable shape of 
the magnet. The fact is that the shape of the 
magnet determines the location of its magnetic 
lines, the uniformity of distribution and 
collinearity of which, as well as the linearity of 
the change in the vector angle of the magnetic 
flux, directly affect the accuracy of 
measurements and the complexity of sensor 
calibration. Within the framework of this work, 
toroidal and rectangular magnets were 
considered, their physical properties were 
determined by measuring the analog signal 
received from the output of the Hall sensor 
when interacting with magnets in various 
positions (see Figures 5). 
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tests 
 

Based on the results of initial prototyping and 
analysis of the received signal, a rectangular 
magnet with an axial direction of magnetization 
was chosen as the source of the magnetic field, 
which made it possible to achieve a 
measurement range of 20 mm, with the 
following characteristics: 
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of internal electronic components from 
environmental influences. 
The results of designing the MP of the linear 
sensor prototype for its further production by 
the FDM printing method (3D printing with 
PETG polymer) are shown in Figures 7, 8. 

 

 
Figure 7. Model of the sensor’s MP (zero 

position) 
 

 
Figure 8. Model of the sensor’s MP (extreme 

positions) 
 

3.4. Production of the linear sensor prototype 
The production of a linear displacement sensor 
prototype took place in three stages: 
1. Soldering and mounting of ECB electronic 
components; 
2. Refinement of a typical housing by installing 
additional connectors, spacers, brackets and 
installing an ECB inside the housing; 
3. Production of the MP by 3D printing and 
subsequent refinement. 
A general view of the finished ECB with 
mounted elements is shown in Figure 9. 

 

 
Figure 9. General view of the ECB 
 

It should be mentioned that in addition to the 
components placed on the board, the circuit 
involves a separate modem board designed 
specifically for embedded solutions - SIM800. 
To locate the modem board inside the case, 
special bracket was made (see Figure 10). It 
solves several problems, including convenient 
location of the modem board (for connecting an 
external antenna, changing a SIM card), noise 
immunity of the radio part due to the removal of 
the board from the rest ECB components. 

 

 
Figure 10. GSM module board bracket and 

board spacers 
Figure 11 shows the attachment of the SIM800 
GSM module board to the inner surface of the 
sensor housing. 

3 

Also, POA (programmable operational 
amplifier) has a 16-fold margin for the accuracy 
of the measured signal, low drift, near-zero 
errors. 
The bit depth of an ADC is the bit depth of its 
output signal, that is, the number of bits in the 
value at the ADC output. For example, a 16-bit 
PGA280 ADC can output 216 = 65536 values 
(from 0 to 65536 if we are talking about positive 
numbers). Thus, we can determine the further 
accuracy of the linear sensor prototype, which 
the selected ADC can provide. This can be done 
using the following formula: 

 
=  ,                          (2) 

 
where P is the ADC capacity, bit; D – range of 
measurement of linear displacements, mm; X is 
the accuracy of measuring linear displacements 
(discreteness), mm. 
 

= = 0,0003 mm.            (3) 
 
Since the measuring range of linear 
displacement is 20 mm, under ideal conditions, 
the hardware of the prototype sensor can 
measure linear displacement with an accuracy 
of 0.0003 mm. 
The STM32 microcontroller is a popular and 
highly demanded platform that allows you to 
create professional solutions for automation in a 
wide variety of areas, based on 
STMicroelectronics microcontrollers with an 
ARM processor, various modules and 
peripherals. The processor frequency is 76 
MHz, which is enough to calculate and transfer 
data almost instantly and provide a reading time 
of less than 1 second. 
Protection of wires and connections is a 
fundamental task to ensure durability of the 
SHM system and data quality [29]. Therefore, it 
is more preferred to utilize wireless 
communication interface. In linear sensor it is 
provided by the presence of the SIM800 module 
in the ECB. This module is in no way inferior to 
a conventional cell phone in terms of functional 

characteristics, and with its help you can send 
SMS messages, make or receive phone calls, 
connect to the Internet via GPRS, TCP / IP 
without distance limitation. 
Environmental factors have a significant impact 
on the parameters of structures, especially 
concrete [30]. Thus it is also possible to 
integrate a temperature and humidity sensor into 
the ECB, for example, DHT22 with the 
following confirmed technical characteristics: 

• humidity measurement range, 0…100%; 
• temperature measurement range,                            
-  

 
3.3. The development of a functional scheme 
of work and design 
The functional diagram of the linear sensor 
prototype consists of two distinct structural 
components: the Measuring Part (MP), which 
includes a Hall sensor, and the Electronic 
Control Board (ECB) housed in a sealed casing. 
The MP produces an output signal in response 
to an input action within the system and sends 
this signal to the analogue input of the ECB. 
The analogue signal, which carries information 
about the linear movement, is then processed, 
and the resulting data is transmitted over a 
wireless communication channel. 
The linear sensor comprises a Measuring Part 
(MP) made up of two grooved rails that move 
linearly in relation to each other. One rail has a 
Hall sensor mounted on it, while the other 
features a magnet placed directly beneath the 
sensor, separated by an air gap of less than 1 
mm. The rails are connected by a hinge, which 
enables them to adjust their position in two 
planes at the same time, parallel to the object's 
surface. 
The second structural element of the sensor is 
the housing, installed in close proximity to the 
MP, with the necessary set of connectors and 
pressure seals, in which the ECB is located, 
connected to the Hall sensor by a wired 
interface. The standard G258C 160x80x55mm 
enclosure (option with transparent top cover), 
meeting the IP54 standard, provides protection 
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of internal electronic components from 
environmental influences. 
The results of designing the MP of the linear 
sensor prototype for its further production by 
the FDM printing method (3D printing with 
PETG polymer) are shown in Figures 7, 8. 
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position) 
 

 
Figure 8. Model of the sensor’s MP (extreme 

positions) 
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To locate the modem board inside the case, 
special bracket was made (see Figure 10). It 
solves several problems, including convenient 
location of the modem board (for connecting an 
external antenna, changing a SIM card), noise 
immunity of the radio part due to the removal of 
the board from the rest ECB components. 
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Figure 11 shows the attachment of the SIM800 
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Also, POA (programmable operational 
amplifier) has a 16-fold margin for the accuracy 
of the measured signal, low drift, near-zero 
errors. 
The bit depth of an ADC is the bit depth of its 
output signal, that is, the number of bits in the 
value at the ADC output. For example, a 16-bit 
PGA280 ADC can output 216 = 65536 values 
(from 0 to 65536 if we are talking about positive 
numbers). Thus, we can determine the further 
accuracy of the linear sensor prototype, which 
the selected ADC can provide. This can be done 
using the following formula: 
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where P is the ADC capacity, bit; D – range of 
measurement of linear displacements, mm; X is 
the accuracy of measuring linear displacements 
(discreteness), mm. 
 

= = 0,0003 mm.            (3) 
 
Since the measuring range of linear 
displacement is 20 mm, under ideal conditions, 
the hardware of the prototype sensor can 
measure linear displacement with an accuracy 
of 0.0003 mm. 
The STM32 microcontroller is a popular and 
highly demanded platform that allows you to 
create professional solutions for automation in a 
wide variety of areas, based on 
STMicroelectronics microcontrollers with an 
ARM processor, various modules and 
peripherals. The processor frequency is 76 
MHz, which is enough to calculate and transfer 
data almost instantly and provide a reading time 
of less than 1 second. 
Protection of wires and connections is a 
fundamental task to ensure durability of the 
SHM system and data quality [29]. Therefore, it 
is more preferred to utilize wireless 
communication interface. In linear sensor it is 
provided by the presence of the SIM800 module 
in the ECB. This module is in no way inferior to 
a conventional cell phone in terms of functional 

characteristics, and with its help you can send 
SMS messages, make or receive phone calls, 
connect to the Internet via GPRS, TCP / IP 
without distance limitation. 
Environmental factors have a significant impact 
on the parameters of structures, especially 
concrete [30]. Thus it is also possible to 
integrate a temperature and humidity sensor into 
the ECB, for example, DHT22 with the 
following confirmed technical characteristics: 

• humidity measurement range, 0…100%; 
• temperature measurement range,                            
-  

 
3.3. The development of a functional scheme 
of work and design 
The functional diagram of the linear sensor 
prototype consists of two distinct structural 
components: the Measuring Part (MP), which 
includes a Hall sensor, and the Electronic 
Control Board (ECB) housed in a sealed casing. 
The MP produces an output signal in response 
to an input action within the system and sends 
this signal to the analogue input of the ECB. 
The analogue signal, which carries information 
about the linear movement, is then processed, 
and the resulting data is transmitted over a 
wireless communication channel. 
The linear sensor comprises a Measuring Part 
(MP) made up of two grooved rails that move 
linearly in relation to each other. One rail has a 
Hall sensor mounted on it, while the other 
features a magnet placed directly beneath the 
sensor, separated by an air gap of less than 1 
mm. The rails are connected by a hinge, which 
enables them to adjust their position in two 
planes at the same time, parallel to the object's 
surface. 
The second structural element of the sensor is 
the housing, installed in close proximity to the 
MP, with the necessary set of connectors and 
pressure seals, in which the ECB is located, 
connected to the Hall sensor by a wired 
interface. The standard G258C 160x80x55mm 
enclosure (option with transparent top cover), 
meeting the IP54 standard, provides protection 
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Figure 11. Mounting unit for the SIM800 GSM 

module board 
 

The manufacturing of sensor’s MP was carried 
out using the FDM printing method (3D printing 
with PETG polymer). 
The finished MP of the sensor is shown in 
Figure 12. 
Summing up the stages of design development 
and manufacturing of a linear displacement 
sensor prototype, it became possible to 
determine the main functional and design 
characteristics: 
1. Execution IP54, due to the selected housing 
and the organization of the input of cable 
connections through pressure seals of the 
appropriate calibre; 
2. Possibility to connect to the power supply as 
from an external source using the appropriate 
connector or use the built-in battery; 
3. Ability to connect two analogue sensors for 
simultaneous measurement of linear 
displacements in two planes;

 

 
Figure 12. The final version of the Measuring 

Part 
 
A general view of the linear sensor prototype is 
shown in Figure 13. 

 
Figure 13. General view of the linear sensor 

prototype 
 

3.5. Laboratory test 
Laboratory test of the linear sensor prototype 
were carried out in order to validate the 
correctness of the technical solutions adopted, 
as well as to obtain reliable information about 
the characteristics of the prototype. 
Testing of the linear displacement sensor 
prototype consisted in studying the amplitude 
and time characteristics of the electrical signal 
received from the sensor by connecting an 
oscilloscope. 
 

 
Figure 14. Obtaining an electrical signal from a 

sensor prototype 
 
4. Results and Discussion 
Based on the results of sensor prototype 
development and testing, the following 
technical characteristics were achieved: 
- measuring range of linear displacements, 
0…20 mm (±10 mm in each direction from the 
zero position); 
- accuracy of measurement of linear 
displacements, 0.0003 mm; 
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- measuring base of linear displacements, 110 
mm; 
- overall dimensions, 160x80x55 mm; 
-weight, 350 g. 
Experimental results validate the accuracy of 
the linear displacement sensing with a 
competitive behaviour. Given that under ideal 
conditions sensor provides high measurement 
accuracy, further research needed to determine 
the sensitivity to electromagnetic interference 
and signal contamination [31], which is typical 
for magnetic sensor, and degree of its influence 
on measurements accuracy in the field 
conditions needs to be found. 
It is also worth noting that data processing, 
reduction and storage are fundamental SHM 
issues, in particular having a large number of 
sensors installed on the monitored structure. The 
availability of procedures able to reduce then 
transmission data volumes is a key aspect for 
reliability and sustainability of SHM systems. 
The proposed solution where the sensor also 
acts as a data logger combines two subsystems 
of the SHM system at once – sensing and data 
aqusation and transmitting. It may mitigate the 
necessary data analyses capacity of the system, 
deployment costs and enhance reliability and 
resources optimization, which is crucial for the 
modern SHM systems [32]. 
 
 
CONCLUSION 
 
When investigating the causes of negative 
processes occurring in the load-bearing 
structures of buildings and facilities at the 
stress-strain state, as well as the dynamics of 
their development, it is crucial to 
comprehensively measure not only the 
parameters of visible defects, such as cracks, but 
also to simultaneously record changes in the 
parameters of the soil foundation under external 
dynamic loads. Only in this way can the 
observer obtain comprehensive information 
about the current state of the technical object 
and the natural environment, which together 
form a geotechnical system whose components 
are constantly in close interdependence. For this 

purpose, the authors propose to add to a load 
cell [33] determining the stress state of the soil 
to the measurement system to expand the 
amount of data received during SHM. 
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Abstract: The article presents the derivation of a formula taking into account the coefficient of convexity under 
load, which takes into account the bulging of rubber along the edges of a steel-rubber vibration isolator. The article 
also provides a comparison for a vibration isolator with a hole and a vibration isolator without holes. It also presents 
a formula that allows taking into account the ambient temperature when calculating vibration isolators. Graphs of 
the dependence of the elastic modulus on temperature for a rubber-metal isolator with a hole are given. 
 

Keywords: vibration isolation, vibration isolator with holes, steel-rubber vibration isolator, 
vibration isolator without holes, effects of vibration isolation systems on human health 
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1. INTRODUCTION 
 
Transportation routes are the circulatory system 
of any state. It is impossible to imagine trade, 
production, and everything that our world is 
based on without transportation routes. But lately 
it is not the quantity of roads, and even not their 
quality, but the quality of human life provided by 
transportation routes that comes to the fore. 

Urban rail transport is an important part of the 
urban transportation system and one of the stra-
tegic vectors of development of megalopolises 
due to its advantages such as high speed, energy 
efficiency, environmental friendliness, as well 
as safety and punctuality. At the same time, the 
vibrations caused by the movement of the train 
on the rails propagate through the ground and 
affect the buildings located near the rail lines. 
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These vibrations have a negative impact on the 
health of peoples. 
Thus, it is critical to study the vibrations caused 
by both rail and subway traffic and their impact 
on human health and the urban environment.  
At the same time, as the need for people to im-
prove their quality of life continues to grow, 
there are increasing demands for protection 
from vibration induced by external factors.  
Although vibration isolation measures applied 
directly to the railroad track can somewhat re-
duce the impact on the building, they are still 
insufficient for full-fledged vibration isolation 
of the structure. 
One of the ways to damp the vibration impact 
arising due to the movement of rail transport is 
the use of rubber-metal vibration isolators in-
stalled in a reinforced concrete deck under the 
lload-bearing structures of buildings, or in the 
walls and columns at different levels. With the 
rapid development of the subway, the require-
ments for the stability of movement and comfort 
of high-speed trains are constantly increasing, as 
well as the requirements for the comfort of 
buildings located near shallow subway lines [1-
4]. Therefore, it is necessary to accurately de-
fine the stiffness of rubber vibration isolators in 
order to effectively design and predict the struc-
ture of buildings. The operating conditions and 
load capacity of vibration isolators are constant-
ly changing. The change of static stiffness of 
vibration isolators depending on temperature 
and load should be expressed by the appropriate 
formula, which will be of great importance in 
the authors' further studies on the analysis of 
dynamic properties [5-7]. The calculation of 
mechanical properties of rubber vibration isola-
tors has always been the focus of research, but 
previous studies have focused mainly on dy-
namic stiffness. Most models consider different 
combinations of elements such as springs, isola-
tors; and the main impact factors are frequency 
and amplitude [8-10]. Currently, there are some 
studies on the static stiffness of rubber vibration 
isolators under deformation conditions at room 
temperature. For rubber vibration isolators with 
different shapes, there are several theories and 

empirical formulas for calculation. Most of 
these formulas assume linear stiffness or con-
sider a certain geometric nonlinear stiffness. In 
addition, the finite element method is widely 
used in the study of rubber behavior. This meth-
od can accurately simulate small static defor-
mation in regard with experiments. These de-
formations are calculated using strain energy 
and tensor function [11, 12], but the parameters 
calculated by computer simulation still depend 
on the experimental data. 
Ogden [13] has already pointed out that the pro-
cedure for modeling vibration isolators at dif-
ferent temperatures is a very difficult task, and 
Destrade [14] proposed mathematical equations 
to describe rubber vibration isolators based on 
commonly available data. 
Cheremisinoff [15] studied the effect of humidi-
ty, temperature on the load carrying capacity of 
rubber isolators. 
Dickens [16] examined the effect of temperature 
on the stiffness of insulators at temperatures 
ranging from 10°C to 60°C. 
Hwang [17] conducted field experiments of iso-
lators at temperatures ranging from 0°C to 28°C 
to validate his fractional derivative model for 
calculation of isolators. 
The insulator developed by Hou [18] was tested 
in the extreme range from -70°C to 300°C and 
confirmed its intended characteristics. 
Gajewski [19] presented the theory of finite el-
ement modeling for large deformations and ana-
lyzed the effectiveness of different models. In 
addition, Gajewski [20] proposed a method to 
estimate the magnitude of energy dissipation of 
elastic materials at large deformations. These 
results are important in the study of large de-
formations. 
Cardon et al. [21] studied the relationship be-
tween rubber properties and temperature. 
They focused mainly on the shear modulus, 
and the temperature ranged from 20°C to 
60°C. But at present there are very few studies 
on the behavior of rubber vibration isolator at 
low temperatures. 
Stevenson [22] studied the relationship be-
tween low-temperature crystallization and the 
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strain modulus of rubber vibration isolator. 
The results showed that the strain modulus 
increases significantly with low-temperature 
crystallization. In addition, the relationship 
between low-temperature deformation and 
crystallization was also studied. Authors of 
the papers [23] and [24] analyzed and studied 
the performance of rubber insulators at low 
temperature. The results showed that low 
temperature has a significant effect on the 
properties of rubber. 
Kari [25] proposed a nonlinear temperature 
model of rubber vibration isolator based on 
shape factor and investigated the effect of tem-
perature on geometric parameters under load. 
To calculate the shape factor, they used the 
equivalent cylinder approximation in the equa-
tion to calculate the shape factor. 
 
 
2. RESEARCH METHODS 
 
For an ideal rubber material, the entropy of the 
molecular chain can be utilized to analyze the 
elasticity. In microscopic theory, the complex 
structure is simplified using some assumptions 
and the ideal structure is considered to facilitate 
calculation and analysis.  
Let us summarize the static theory and derive 
the modulus of elasticity E. According to the 
theory of elasticity, the following equation is 
satisfied for the rubber layer: 
 

= =
3

, (1) 
                        

where E is the rubber modulus of elasticity;  is 
the stress;  is the strain; M  is the mean mo-
lecular weight between cross-linked nodes;  is 
the rubber density; Rair is the Universal gas con-
stant; T is the temperature. 
Due to the complexity of the composition and 
inner structure of rubber materials, Mc is diffi-
cult to measure directly. However, Mc can be 
obtained from the modulus of elasticity at a cer-
tain temperature and small strain. This method 
can be used to derive an expression for Mc. The 

formula for Mc can be used to further derive the 
modulus of elasticity of rubber at different tem-
peratures. 
 

=
3 RTk

, 
(2) 

=
3 RT

=
TEk

, 

 
where k is the room temperature adopted as 
25±2°C; 

k is the rubber density at room temperature; 
Ek is the modulus of elasticity at room tem-
perature. 
The density of rubber varies with temperature 
since its volume varies with temperature. The 
linear coefficient of thermal expansion of rubber 
is denoted as . Since  is extremely small, the 
coefficient of volume expansion can be ex-
pressed as (1 + . Thus the density of 
rubber is as follows: 
 

[1 + 3 ( )] =     > , 
 

= [1 + 3 ( )]     < ,    
 

=         = , (3) 
                         
In addition, the following formula can be de-
rived: 

 

=
1

[1 + 3 ( )]       > , 

 
= [1 + 3 ( )]      < , (4) 

                                                           
= 1  = , 

          
If one accepts T =       <   , 
and multiply the numerator and denominator by 
1 + 3 T, then it follows: 
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   1 + 3 ( ) = 1 + 3  =
(1 3 )(1 + 3 )

1 + 3 = 

=
(1 9 )

1 + 3 =
1

1 + 3 , (5)

 

 
If  is extremely small, we can use an approxi-
mation and simplify equation (2) as follows by 
substituting   : 
 

= (1 + 3 T) , (6) 

 
The formula shows that for a rubber vibration 
isolator, the modulus of elasticity increases 
when the temperature increases in a certain 
range.  Other relationships are also available, 
such as formula (33). 
In addition, due to the nonlinearity of rubber, 
the stiffness will gradually decrease with in-
creasing temperature when the load is relatively 
high. Changes in modulus of elasticity and stiff-
ness do not always correspond to each other. 
This will be discussed in detail: see conclusions, 
Fig. 5b formula (31). 
 
 
3. CALCULATION OF VIBRATION 
ISOLATOR WITH A HOLE 
 
Based on extensive experience, researchers have 
developed a simplified method for calculating 
the stiffness of vibration isolators with a certain 
accuracy. For a rubber vibration isolator with a 
round shape, at small deformations, the empiri-
cal formula for the static stiffness K is as fol-
lows: 
 

=
µ

, (7) 
 
where Ac is the support area, E is the elasticity 
modulus, H is the height of the vibration isola-
tor,  is the form factor.  
 

µ = 1 + 2S . (7.1) 

This factor accounts for the ratio between the 
height and width of the vibration isolator, which 
directly affects its stiffness and deformation 
properties [26]. 
Let us assume the area factor S, which can be 
obtained from the following formula: 
 

= =
( )

2 (R + r)H = 2H  , (8) 

 
where Af is the free area, which is a sum of in-
ner and external areas of vibration isolator with 
a hole, R is the outer radius of the vibration iso-
lator, r is the inner radius of the vibration isola-
tor.  
Based on formulas (7) and (8), the empirical 
expression for the stiffness of the vibration iso-
lator is as follows: 
 

=
( + (1

2) )
= H + 2  , (9) 

 
As a vibration isolator is compressing, the size 
of the rubber gasket is continuously changing. 
The stiffness K is related to the deformation and 
is not a fixed value. Thus, the static stiffness of 
the vibration isolator is nonlinear. In the calcu-
lation of the free area, we assume that the vibra-
tion isolator is compressed uniformly, but it has 
convex edges after deformation. Assuming that 
the change of the inner radius is the same as the 
outer radius, we obtain, 
 

= = , (9.1) 
 
where R1 is the outer radius of the vibration iso-
lator, r1 is the inner radius after compression, R 
is the outer radius of the vibration isolator be-
fore compression, r is the inner radius of the vi-
bration isolator before compression, d is the 
change in the radius. Since the volume remains 
constant, we get: 
 

( )(H ) = ( ) , 
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   1 + 3 ( ) = 1 + 3  =
(1 3 )(1 + 3 )

1 + 3 = 

=
(1 9 )

1 + 3 =
1

1 + 3 , (5)

 

 
If  is extremely small, we can use an approxi-
mation and simplify equation (2) as follows by 
substituting   : 
 

= (1 + 3 T) , (6) 

 
The formula shows that for a rubber vibration 
isolator, the modulus of elasticity increases 
when the temperature increases in a certain 
range.  Other relationships are also available, 
such as formula (33). 
In addition, due to the nonlinearity of rubber, 
the stiffness will gradually decrease with in-
creasing temperature when the load is relatively 
high. Changes in modulus of elasticity and stiff-
ness do not always correspond to each other. 
This will be discussed in detail: see conclusions, 
Fig. 5b formula (31). 
 
 
3. CALCULATION OF VIBRATION 
ISOLATOR WITH A HOLE 
 
Based on extensive experience, researchers have 
developed a simplified method for calculating 
the stiffness of vibration isolators with a certain 
accuracy. For a rubber vibration isolator with a 
round shape, at small deformations, the empiri-
cal formula for the static stiffness K is as fol-
lows: 
 

=
µ

, (7) 
 
where Ac is the support area, E is the elasticity 
modulus, H is the height of the vibration isola-
tor,  is the form factor.  
 

µ = 1 + 2S . (7.1) 

This factor accounts for the ratio between the 
height and width of the vibration isolator, which 
directly affects its stiffness and deformation 
properties [26]. 
Let us assume the area factor S, which can be 
obtained from the following formula: 
 

= =
( )

2 (R + r)H = 2H  , (8) 

 
where Af is the free area, which is a sum of in-
ner and external areas of vibration isolator with 
a hole, R is the outer radius of the vibration iso-
lator, r is the inner radius of the vibration isola-
tor.  
Based on formulas (7) and (8), the empirical 
expression for the stiffness of the vibration iso-
lator is as follows: 
 

=
( + (1

2) )
= H + 2  , (9) 

 
As a vibration isolator is compressing, the size 
of the rubber gasket is continuously changing. 
The stiffness K is related to the deformation and 
is not a fixed value. Thus, the static stiffness of 
the vibration isolator is nonlinear. In the calcu-
lation of the free area, we assume that the vibra-
tion isolator is compressed uniformly, but it has 
convex edges after deformation. Assuming that 
the change of the inner radius is the same as the 
outer radius, we obtain, 
 

= = , (9.1) 
 
where R1 is the outer radius of the vibration iso-
lator, r1 is the inner radius after compression, R 
is the outer radius of the vibration isolator be-
fore compression, r is the inner radius of the vi-
bration isolator before compression, d is the 
change in the radius. Since the volume remains 
constant, we get: 
 

( )(H ) = ( ) , 
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1
2

( )
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1
2

( )
H , (10) 

 

=
1
2
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Where H is the initial height of the vibration 
isolator, and hdef is the deformation. Formulas 
(8) and (9) are modified as follows: 
 

= =
( )

2 ( + ) H
=

=
2 H

, (11)
 

 

=
µ

H =
1 + 2

H =

=
( )E

H  1 +
( )

2 H
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where S1 is the ratio of areas, Af1 is the free ar-
ea, K1 is the stiffness, Ac1 is the support area, 1 
is the form factor. 
Static force F1 is defined as follows: 
 

= =
( )E

H   

  1 +
( )

2 H
, (12) 

 
Usually, the end friction causes the area change 
of the vibration isolator after deformation to be 
smaller than the calculated value, but the free 
area change is larger in the presence of the sup-
porting steel plate. 
 

= = ( ), (13) 
 
As for rubber, the compression behavior of the 
sample between bonded surfaces can be esti-

mated quantitatively by means of the elastic 
modulus. This parameter is related to the geom-
etry of the rubber sample. In the case of com-
pression without bonded surfaces, the rubber 
block exhibits axial and uniform lateral defor-
mation as shown in Figure 1(a).  
The deformation of the vibration isolator is non-
uniform in compression. Therefore, the assump-
tion of cylindrical deformation of the rubber 
gasket is unfeasible. It should be close to ellipti-
cal deformation because the lateral surface will 
take the shape of an ellipse. Figure 1(a) shows 
the initial state of the vibration isolator, and 
Figure 1(b) shows the hypothetical half-
elliptical state, which is obtained in practice. 
During deformation, the steel plate is treated as 
a rigid body, and hence the bearing area of the 
vibration isolator is not changed. However, the 
free area of the rubber gasket is changed. When 
the rubber pad is deformed, the side surface 
takes the shape of a semi-ellipse. It is assumed 
that the convex part is a semi-ellipse in the ver-
tical section, and that the semi-axes of the inner 
and outer semi-ellipses are equal, as shown in 
Figure 1(b). By taking the center of the vibra-
tion isolator as the origin of the rectangular co-
ordinate system, we denote the axis of the con-
vex part as a and the axis to the steel plate as b. 
 

 
 

Figure 1a. Vibration isolator with a hole before 
loading 

 

 
 

Figure 1b. Vibration isolator with a hole after 
loading 
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Figure 2. Diagram of geometrical characteris-

tics of the vibration isolator 
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In the present paper, a vibration isolator with 
one central hole is considered. For further stud-
ies, the authors aim to derive formulas for a rec-
tangular isolator with multiple holes. 
The volume enclosed in the outer elliptic curve 
is represented as Vout, and the volume inside the 
elliptic curve is represented as Vin. Considering 
the right half, the following can be derived: 
 

= ( ) = = 
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a
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Thus, we have  
 

=
( )( 2 )

, (16) 
 
Since b satisfies 
 

=
H

2 , (17) 

 
then 
 

=
( )

, (18) 

 
The free area of the vibration isolator, denoted 
as Af2, can be calculated as follows: 
 

= 4 ( ) = 4  +

=  
= 4 + + ( 4 ) =
4 ( + ) = 2 ( + ) , (19)   

Considering the free area in the cases of the el-
liptic deformation hypothesis, it can be seen 
that: 
 

= = 2 ( + ) , (20) 
 
Formula (20) is based on the assumption that 
the internal and external deformations are of the 
same elliptic shape. If this assumption is not ful-
filled, then Af2 f1. However, the difference 
between Af2 and Af1 is always extremely small. 
In practice, the stiffness of rubber increases as 
the load increases. This is because an increase in 
load leads to a change in both the geometric 
shape and nonlinearity of the material. When 
the rubber element is compressed, the sample 
becomes anisotropic since the molecular chain 
is more oriented in the transverse direction. 
As the compression ratio of the vibration isola-
tor increases, the greater the degree of rubber 
bulging and the greater the change in rubber 
properties. This change can be expressed by the 
convexity factor bul, which can be defined as 
follows: 
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µ = 1 +  , (21) 
 
where a and b are accepted in accordance with 
(16) and (17). 
Then the stiffness of the vibration isolator, K2, 
taking into account the convexity coefficient, is 
defined as follows: 
 

=
1 + 2

H µ =

=
(R r )E
H  1 +

(R r )
8b (R + r) 1 + = 

=
(R r )E
H  

 1 +
(R r )

2 H
1 + , (22) 

 
The applied force F2 is determined by the for-
mula: 
 

= =
(R r )E

H z   

 1 +
(R r )
2(H z) 1 + , (23) 

 
where hdef = z 
During operation, the temperature of the vibra-
tion isolators may change, usually between -
10°C and +10°C. If the temperature changes, 
the volume of the rubber will change due to 
thermal expansion and contraction. 
Considering the room temperature TK as the 
standard condition, when the temperature 
change is T, the volume of the round rubber 
part expands to 
 

(1 + T) 3 (R r ), (24) 
  
 and the height is as follows 
 

(1 + T) , (25) 
  
However, because of the restraint imposed by 
the steel plate, the bearing surface is assumed to 

remain unchanged since the thermal expansion 
of steel is much lower than that of rubber. The 
lateral changes are limited to a certain extent. If 
the temperature increases, the rubber will pro-
trude outward. Otherwise it will become con-
cave inward. 
Then equation (15) can be modified as follows: 
 
(1 + ) = (1 + ) 3 ( ) = 

= = 2 ( ) =
  

 

= 2 (R r ) + a ( + ),                    (26) 
 
From the equation (26) we can conclude that 
 

=
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, (27) 

 
where  
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then   
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Form factor µ2 is defined as follows 
 

µ = 1 + 2 = 1 + 2 =
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(R r)

2 (1 + T)H  
, (30)

 

 
As the temperature changes, equations (22) and 
(23) can be further modified as follows: 
 

= = 

(R r )E
(1 + T)H z
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=
1 + 2

(1 + T)H µ =

=
(R r )E

(1 + T)H

 

1 +
(R r )

2 (1 + T)H
1 + ,   (31)

 
 
4. RESULTS AND DISCUSSION 
 
At high temperatures, the degree of rubber 
crosslinking gradually increases with tempera-
ture, resulting in an increase in the hardness and 
elastic modulus of the rubber. If the temperature 
increases even further, the polymer molecular 
chain will fracture. There is no need to consider 
the role of material degradation, as the range of 
engineering applications is usually less than 60 
°C. When the rubber temperature is lower, the 
molecular activity is weakened and the rubber 
crystallizes. This condition leads to an increase 
in the elastic modulus of the rubber at low tem-
peratures. 
When the rubber is above 0 °C, the crystalliza-
tion effect is significantly weaker. 
The elastic modulus and stiffness of the rubber 
increase significantly with decreasing tempera-
ture when the temperature is below 0 °C. There-
fore, in some theoretical studies, 0 °C is chosen 
as the transition point. In this study, it is as-
sumed that at temperatures above 0 °C, the 
modulus of elasticity changes according to 
equation (6), and at temperatures below 0 °C, 
the modulus of elasticity has a certain depend-
ence on the ambient temperature. 
To account for temperature as a variable, a coef-
ficient  is adopted. This coefficient is the ratio 
of the modulus of elasticity of rubber at low 
temperature to the modulus of elasticity at 0°C , 
which can be expressed as follows: 
 

= , (32) 

 
=  , (32.1) 

where E is the elasticity modulus at 0°C, and T0 
is the temperature at 0°C. 
Thus, we get: 
 

= (1 + 3 T)    273 , 

= (1 + 75 )    < 273 , (33) 

 
where (1 + 75 ) have been previously derived 
in the study [27]. 
Consider the vibration isolator of the following 
sizes with and without hole. 
 
 
 
 
 
 
 
 
 
 

Figure 3a. Adopted vibration isolator with an 
aperture 

 
 
 
 
 
 
 
 

Figure 3b. Adopted vibration isolator without 
hole 

 
The modulus of elasticity E is 2.28 MPa at room 
temperature [28].  
For the isolator under consideration, the coeffi-
cient of thermal expansion is as follows 
 

= 6.6  10 , (34) 
 
Using equation (33), the modulus of elasticity E 
can be calculated at different temperatures, 
which is shown in the diagrams below.  
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Figure 3b. Adopted vibration isolator without 
hole 

 
The modulus of elasticity E is 2.28 MPa at room 
temperature [28].  
For the isolator under consideration, the coeffi-
cient of thermal expansion is as follows 
 

= 6.6  10 , (34) 
 
Using equation (33), the modulus of elasticity E 
can be calculated at different temperatures, 
which is shown in the diagrams below.  
 

 
 

Figure 4a. Plot of elastic modulus versus tem-
perature for a rubber-metal isolator 

 

 
Figure 4b. Plot of elastic modulus versus tem-
perature for a rubber-metal isolator without a 

hole 
 
These figures show that at temperatures above 
0°C, the modulus of elasticity E increases slow-
ly with increasing temperature, and when the 
temperature drops below 0°C, the modulus of 
elasticity E increases rapidly with decreasing 
temperature. Although there are some uncertain-
ties, the main trend of this curve reflects the 
theoretical analysis and the results of tests con-
ducted by other authors [29].  
These plots show the variation of stiffness ob-
tained from formula (31) with convexity fac-
tor, as well as formulas (11) and (12) without 
convexity factor at T=25°C under different 
load. 

 
Figure 5a. Stiffness of the vibration isolator 
with a hole under different load at t=25C 

 
Figure 5a shows that the difference between the 
original formula (11) and the formula with con-
vexity factor (31) becomes more significant with 
increasing pressure. The maximum error is about 
10.86% and the RMS error is 7.71%. The error 
increases with increase in pressure, but the accu-
racy is higher at low pressure. From the above 
analysis, it can be noted that the formula with 
convexity coefficient is effective and accurate in 
reflecting the change in stiffness caused by load 
variation. The experimental data shown in Fig.5 
and Fig.5b are taken from [27] and [29]. 
 

 
Figure 5b. Stiffness of vibration isolator with 

hole at different t under 57kN load 
 
Figure 6 shows that formula (31) with the con-
vexity factor is more accurate between -60°C 
and +60°C. If the temperature is above 0°C, the 
calculation result obtained using the modified 
formula (31) is close to the result obtained using 
the original (12) empirical formula. The maxi-
mum error with the modified formula (31) is 
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12% and the RMS error is 9%. Although the 
error gradually increases when the temperature 
is above 60°C, it is usually ignored. If the tem-
perature is below 0°C, the maximum error with 
formula (31) is 5% and the RMS error is 3%. 
The maximum error with empirical formula (12) 
is 16% and the RMS error is 10%. From the 
above analysis, it can be seen that formula (31) 
can reflect the change in stiffness depending on 
temperature [28]. 
The stiffness of the vibration isolator changes as 
the pressure or compression amplitude changes. 
This is due to the nonlinearity of the stiffness. In 
particular, the stiffness decreases slightly with 
increasing temperature when the temperature is 
above 0°C and the preload is below 45 kN. The 
stiffness increases slightly with increasing tem-
perature when the temperature is above 0°C and 
the preload is above 45 kN. This is mainly be-
cause the temperature affects not only the elastic 
modulus but also the geometric nonlinearity of 
the vibration isolator. When the temperature is 
below 0°C, changes in pressure have little effect 
on the stiffness trend. The stiffness hardly 
changes with temperature at the same load when 
the temperature is above 0°C. If the temperature 
is below 0°C, the greater the load, the more 
dramatic the change of stiffness with tempera-
ture [30, 31]. 
 
 
5. CONCLUSIONS 
 
This study has examined the relationship be-
tween modulus of elasticity and rubber tempera-
ture. At low temperature, a more efficient for-
mula for determining the modulus of elasticity 
(33) is proposed. The formula (31) with the 
convexity coefficient con for more accurate cal-
culation of the stiffness and modulus of elastici-
ty of rubber vibration isolator is obtained.  
There is a strong relationship between the mod-
ulus of elasticity and the temperature of the rub-
ber. If the temperature is above 0°C, the modu-
lus of elasticity gradually increases with in-
creasing temperature. While the temperature is 
below 0°C, the modulus of elasticity increases 

significantly with decreasing temperature due to 
the effect of partial crystallization. Therefore, it 
is effective to use variable modulus of elasticity 
in calculations.  
Thus, formula (31) with the correction by the 
convexity coefficient bul has a good applied 
value. Formula (31) can also be applied to rub-
ber vibration isolators of other sizes and types. 
The modified formula (31) with convexity coef-
ficient con takes into account the effect of tem-
perature and load simultaneously. The calculated 
values are close to the actual ones, and the calcu-
lation error under normal operating conditions is 
less than 10%. Therefore, it can be considered 
that formula (31) with convexity coefficient con 
is effective for stiffness calculation. Considera-
tion of the influence of temperature in formula 
(31) significantly increased the accuracy of the 
results compared to the original formula (11). 
Different loads have the same effect on the 
stiffness trend at low temperature, and the stiff-
ness increases significantly with decreasing 
temperature. However, the stiffness is less tem-
perature dependent when the temperature is 
above 0°C, but still increases slightly with in-
creasing temperature. 
Theoretically, the elastic modulus increases 
with increasing temperature as can be seen from 
(6) and Fig. 4a. However, in most cases, the 
measured stiffness decreases with increasing 
temperature Fig. 6. This seemingly contradicto-
ry phenomenon is explained in the derived 
equation (31). 
The theory of the static stiffness of rubber vibra-
tion isolator is of great importance in the study 
of the dynamic performance of rubber and pro-
vides a method for further derivation of the dy-
namic stiffness formula. The dynamic properties 
of rubber under temperature and pre-pressure 
will be given more attention in future research. 
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TORSION IN THE ELEMENTS OF THE METAL DOME FRAME, 
SUPPORTED BY SPARSELY INSTALLED COLUMNS 

 
Evgeny V. Lebed  

 

National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 
 

Annotation. The effect of torsion on the stress state of the main elements of a metal ribbed-annular dome was 
investigated. The dependence of the torsion effect on the increase in the distance between the columns support-
ing the dome was revealed. At the same time, the dependence of torsion on the type of nodal junctions of the 
frame elements among themselves was determined. The object of the study was a ribbed-ring dome, all elements 
of which are made of steel pipes. The dome had different support schemes on columns of steel pipes, installed 
not under each rib, but cyclically symmetrical along the contour. There were four such schemes. In addition, the 
type of nodal connections of the frame elements to each other has been changed for each scheme. There were 
five different types of conjugations. The research was carried out through calculations of various models. There 
were twenty models in total. During the calculations, the stresses in the main elements of the dome models were 
determined, which were compared with each other. In this case, comparative diagrams of the stress state depend-
ences of the elements of the ribbed-ring dome are obtained. The effect of torsion on the stress state of the ele-
ments of the ribbed-ring dome of the considered models is estimated. The degree of change in the stress state of 
individual frame elements due to torsion has been established. According to the results of the study, significant 
stress changes due to torsion in the upper ring and noticeable in the meridional ribs were noted. The dependence 
of the nature of their changes on the type of nodal connections has been established. It is recommended to take 
into account the torsion effect when designing metal rib-ring domes.   
 

Keywords: ribbed-ring dome, computer model, meridional ribs, upper and lower rings, columns, torsion, 
nodal connections, static calculation 

 
 

 
 

.  
 

 
 

. 
-  

-

 
-

-
-     

    -          
         

-  
 

-  

International Journal for Computational Civil and Structural Engineering, 21(1) 136–145 (2025)

DOI:10.22337/2587-9618-2025-21-1-136-145



137

 2 

INTRODUCTION 
 

Recently, publications have begun to actively 
pay attention to the study of the operation of 
metal structural elements taking into account 
torsion. The vast majority of publications are 
usually devoted to open-profile beams. For ex-
ample, the article [1] studies the behavior of a 
cantilever beam during torsion, and the article 
[2] compares the results of a theoretical and ex-
perimental study of the operation of an I-beam 
during bending. In addition to beams, frame rod 
systems are being considered. For example, in 
the article [3], an L-shaped and U-shaped frame 
with channel elements is considered, and the 
subject of the study is the bimoment diagrams. 
The article [4] considers a U-shaped rod systems 
of I-beams, and the subject of the study is the 
angle of rotation of the cross-section elements at 
the node.  
There are no publications in the open press on 
the study of torsion in the elements of metal 
domes. Due to the spatial rigidity and cost-
effectiveness of metal consumption, domes oc-
cupy a leading place as long-span coatings [5]. 
Metal domes are used as load-bearing frames for 
building coverings due to the reliability of such 
core systems [6, 7].  
The geometric schemes of metal dome frames 
depend on the covered spans and the purpose of 
the building [8, 9]. Ribbed-ring domes are con-
sidered to be the simplest according to the geo-
metric scheme. But even in ribbed-ring domes, 
various geometric schemes are possible, related 
to the number of sectors around the circumfer-
ence and tiers in height. In addition, an im-
portant factor in the operation of the dome 
frame is the curvature and the number of col-
umns supporting them. The static scheme of the 
entire building frame and the internal forces in 
the elements of the dome frames depend on this, 
but there are no studies of metal domes support-
ed by sparsely installed columns in the open 
press.  
Usually columns in ribbed-ring domes are 
placed under each meridional rib. However, 
with a large number of sectors or edges in the 

dome frame, such a design solution may be in-
convenient for various reasons. In this case, 
fewer columns are used compared to the number 
of meridional ribs, which leads, as shown by the 
previous study of the author [10], to a change in 
the nature of the dome, which is manifested by a 
change in internal forces in the elements of the 
dome frame. The same study showed that, de-
spite the similarity of the shape of the dome de-
formations, with a decrease in the number of 
columns under the dome, there is a significant 
increase in deflections of the dome frame.  
Studies of dome-type rod systems in various 
computer programs have been carried out by 
many scientists. For example, the stress state of 
dome frames was analyzed when its geometric 
parameters changed [11], with different ratios of 
dome height to diameter for different spans 
[12]. As well as when the roof is included in the 
work in the cells of the frame between the steel 
ribs and rings [13], with different dome height-
to-diameter ratios and different cross-sections of 
the elements [14], with different heights com-
pared to the span of the dome frame with con-
nections [15]. Previously, the author performed 
a comparative study of ribbed-ring domes with 
different numbers of connections [16] and dif-
ferent sizes of the upper ring [17].  
In addition to torsion, there are no publications 
(except for the author's) on the study of the de-
pendence of the stress state on the increase in 
the distance between the columns supporting the 
dome. In addition, it is possible to use various 
types of coupling elements of dome frames with 
each other, which also affects the torsion in the 
elements. The effect of the stiffness of the nodal 
joints on the stressed state of the dome is dis-
cussed in the publication [18]. This article pre-
sents a comparative analysis of a low steel dome 
of a ribbed-ring type with a diameter of 41 m 
and a height of 7 m. The dome consisted of 20 
ribs and 10 rings, supported on foundations di-
rectly by each meridional rib. Purlins with glass 
cladding were used as rings. The models of this 
frame were considered, which differ in two ap-
proaches to calculation – linear and nonlinear, 
as well as the type of connection – with rings at-
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tached to the ribs and without attachment to 
them. There are no explanations about the spe-
cific interpretation of compounds in the com-
puter model. In addition, in some models, clad-
ding is included in the work, and in some– di-
agonal connections in all sectors. The 
publication analyzed dome deformations, inter-
nal forces, and stresses in the elements, but 
without torsion.  

 
 

METHODS 
 

In order to determine the effect of torsion on the 
stress state of the main elements of the metal 
rib-ring dome frame numerical studies using the 
finite element method using the SCAD software 
package were performed [19, 20]. Twenty vari-
ants of design models of a dome structure were 
considered for the study. They differed from 
each other, firstly, in the schemes of supporting 
the dome on the columns and, secondly, in the 
types of nodal connections of the frame ele-
ments to each other. Twenty different computer 
models of the dome structure frame were con-
sidered for the study. They differed from each 
other, firstly, by different schemes of supporting 
the dome on the columns and, secondly, by dif-
ferent types of nodal connections of the frame 
elements to each other.  
The object of the study was the frame of a 
spherical ribbed-ring dome with a radius of cur-
vature of 23 m, consisting of 36 ribs and 7 rings 
(Fig. 1). Thus, the dome is divided by ribs into 
36 sectors. The diameter of the lower ring is 
39.3 m, the diameter of the upper ring is 5.0 m, 
the height of the dome frame is 11 m. The pa-
rameters of the metal dome elements were 
adopted based on the results of a preliminary 
calculation for operational loads from electro-
welded pipes: the meridional ribs are O 530×9, 
the upper ring is O 530×9, the lower ring is O 
630×20, the remaining rings are O 273×7.  
In the course of the study, four dome support 
schemes were considered, the distinguishing 
feature of which was the number of sectors be-
tween the columns. So, if the columns were in-
stalled under each riber of the dome, i.e. through 

one sector, then the scheme was designated as 1. 
If the columns were installed through two, four 
and six sectors, then the schemes were designat-
ed as 2, 4 and 6, respectively (Fig. 2). All sup-
port schemes are characterized by the cyclic 
symmetry of the arrangement of columns along 
the contour. The columns in all schemes have a 
height of 7.0 m and are made of electro-welded 
pipes O 402×10.  
 

 
Figure 1. The ribbed-ring dome under study 

 
The research was carried out on computational 
models of frameworks as spatial rod systems. In 
the calculated models, each structural element 
of the dome frame was represented by a single 
rod final element of the KE–10 with six degrees 
of freedom at the nodes. Calculations were per-
formed for static impacts in a linear formula-
tion. In the scheme 1 (Fig. 2, a), the number of 
elements 504, the number of nodes 288, total 
number of degrees of freedom 1728. In the 
scheme 2 (Fig. 2, b), the number of elements 
486, the number of nodes 270, total number of 
degrees of freedom 1620. In the scheme 4 
(Fig. 2, c), the number of elements 477, the 
number of nodes 261, total number of degrees 
of freedom 566. In the scheme 6 (Fig. 2, d), the 
number of elements 474, the number of nodes 
258, total number of degrees of freedom 1548. 
In all schemes, restrictions on movement in the 
directions of all six degrees of freedom were 
imposed in the support nodes. In all schemes, 
the upper ring, the lower ring and the meridional 
ribs are integral, i.e. all 36 constituent rods of 
these rings and 6 rods of each rib are rigidly 
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connected to each other. And each of the inter-
mediate rings is formed from separate rods be-
tween the ribs.  
Nodes at the junctions of the ribs with the upper 
and lower rings, the joints of the columns with 
the lower ring, and the joints of the rods of the 
intermediate rings with the meridional ribs in 
the computational models of each of the 
schemes (see Fig. 2) were assigned both hinged 
and rigid. In the course of the study, five types 
of combinations of nodal connections were con-
sidered, which are conventionally called types 
of connections. Their designation and descrip-
tion of the allowed rotations in the joints in the 
normal (UY) and tangential (UZ) planes are 
given in Table 1. For example, for the S3 type 
(see Table 1) these joints are hinged in the nor-

mal (UY) and tangential (UZ) planes (Fig. 3). 
Type S2 (see Table 1) differs from S3 by pro-
hibiting UY rotation only at the junctions of the 
ribs with the upper ring (see Fig. 3). Type S1 
(see Table 1) differs from S2 by prohibiting the 
rotation of UY only at the junctions of the in-
termediate rings with the ribs (see Fig. 3). Type 
R1 (see Table 1) differs from S1 by prohibiting 
UY rotation at the joints of the ribs and columns 
with the lower ring (see Fig. 3). And for the R2 
type of connection, they are rigid in the normal 
(UY) and tangential (UZ) planes (see Table 1). 
The torsion of rods around their axes (UX) has 
always remained prohibited. 
Note that the rotation designations UY, UZ here 
and in Table 1 correspond to the local axes of 
the finite elements in the SCAD program. 

 
Figure 2. Schemes of frames with different numbers of sectors between the columns under the 

dome: a – 1 sector, b – 2 sectors, c – 4 sectors, d – 6 sectors. 
 

 
Figure 3. The initial calculation model of the frame with hinged nodal connections 
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Table 1. Resolution of rotations in nodes of various types of element connections of SCAD program 
 

Types of 
nodes  

Element connections 

Ribs with  upper ring Ribs with lower ring Columns with lower 
ring 

Intermediate rings 
with ribs 

UY UZ UY UZ UY UZ UY UZ 
S3         
S2         
S1         
R1         
R2         

The sign  means permission of rotation in node, and the absence of the sign means restrain of rotation. 
 

The frames were calculated based on the com-
bined effect of the load on the weight of the en-
closing and load-bearing structures, as well as 
the asymmetric snow load acting on one side of 
the dome, as the most significant compared to 
the symmetrical one. All loads were applied at 
the nodes of the computational models of the 
framework.  
In the course of the study internal forces 

, , ,x y tN M M M  in the elements of the model 
frames were determined to calculate the stresses 
(in the SCAD program they were designated as 

, , ,y z kN M M M  respectively), which were se-
lected in the most stressed elements of the 
frame.  
Since this study focuses on torsion, attention was 
focused on the torque tM  and the dependence of 
its magnitude on different frame schemes and 
types of connections elements in them. 
Since the torsion of the elements causes tangential 
stresses in the sections, to assess the degree of in-
fluence of torsion on their stress state the reduced 
stresses were calculated using the formula  
 

2 23t .  (1) 
 
Here are the normal stresses  for the tubular 
section  
 

A Wx

N M ,  (2) 

where 2 2
x yM M M – this is the resultant of 

the moments ,x yM M . 
Tangential stresses  in the presence of torque 

tM  in the pipes  
 

W
t

t

M
.          (3) 

 
The effect of torsion on the stress state was de-
termined by the difference between the reduced 
and normal stresses t . 

 
 

RESULTS 
 

The torques tM  manifests itself in all the ele-
ments of the framework, but in comparison with 
the moments ,x yM M  is characterized by rela-
tively small values. In the columns and interme-
diate rings, the values of the torques tM  are in-
significant. The meridional ribs of the dome the 
torques tM  are relatively small, but they show 
stable values by type of conjugation, with some 
increase with a decrease in the number of col-
umns under the dome (Fig. 4).  
In the upper ring of the dome the torque tM  
values depend on the types of connections and 
increase with a decrease in the number of col-
umns under the dome (Fig. 5). In the lower ring 
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of the dome, the torque tM  values significantly 
depend on the types of connections and increase 
with a decrease in the number of columns under 
the dome by several times (Fig. 6). In schemes 
with the number of sectors between columns 4 
and 6, the moments in the upper and lower rings 
of the dome reach significant values. 
 

 
Figure 4. Maximum moments M t in the meridi-

onal ribs of the dome. Types of connections: 
1 – S3, 2 – S2, 3 – S1, 4 – R1, 5 – R2 

 

 
Figure 5. Maximum moments M t in the upper 
ring of the dome. Types of connections: 1 – S3, 

2 – S2, 3 – S1, 4 – R1, 5 – R2 
 

 
Figure 6. Maximum moments M t in the lower 
ring of the dome. Types of connections: 1 – S3, 

2 – S2, 3 – S1, 4 – R1, 5 – R2 
 

Taking into account the identified torques tM , 
a comparison of the reduced stresses t  calcu-
lated according to formula (1) was carried out. 
Note that these stresses are conditional, since 

their calculation uses the maximum values  
and the maximum values  that occurred in 
different sections of the same type of elements. 
This is explained by the fact that in reality val-
ues are combined in a wide range of values – 
from maximum  with minimum , to mini-
mum  with maximum . 
In the meridional rings of the dome, the values 
of the reduced stresses t  depend on the types 
of connections and hardly change with a de-
crease in the number of columns under the 
dome (Fig. 7), with the exception of scheme 6. 
In the upper ring of the dome, the values of the 
reduced stresses t  also depend on the types of 
connections and clearly increase only when 
switching to scheme 6 with a reduced number of 
columns under the dome (Fig. 8).  
The dependence of the reduced stresses t  on 
the number of columns under the dome is most 
reflected in the lower ring of the dome. The val-
ues t  increase several times when switching to 
schemes with a reduced number of columns (in 
schemes 2, 4 and 6) and, at the same time, de-
pend on the types of connections (Fig. 9).  

 

 
Figure 7. Reduced stresses t in the meridional 

ribs of the dome. Types of connections:  
1 – S3, 2 – S2, 3 – S1, 4 – R1, 5 – R2 

 

 
Figure 8. Reduced stresses t in the upper ring 
of the dome. Types of connections: 1 – S3, 2 – 

S2, 3 – S1, 4 – R1, 5 – R2 
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Figure 9. Reduced stresses t in the lower ring 

of the dome. Types of connections: 1 – S3,  
2 – S2, 3 – S1, 4 – R1, 5 – R2 

 
To quantify the effect of torsion on the stress 
state of the dome elements, the ratio of the dif-
ference between reduced and normal stresses to 
reduced stresses, the so-called fractional effect 
of torsion, was calculated using the formula  
 

t
t

t
.  (4) 

 
In the meridional ribs of the dome the fractional 
effect of torsion t  is relatively small and var-
ies in the range from 1% to 5%. It depends on 
the type of node connections and increases 
slightly in scheme 6 with a reduced number of 
columns under the dome (Fig. 10).  
In the upper ring of the dome, the fractional in-
fluence of torsion in one type of connections 
(S2), depending on the dome support scheme, is 
extremely high and varies from 11% to 26%, in 
the other (S1) –  is not significant, since it does 
not exceed 1%. In other cases, the fractional ef-
fect of torsion t  is relatively small and varies 
in the range from 3% to 8% (Fig. 11).  
In the lower ring of the dome, the fractional ef-
fect of torsion t  in only one type of connec-
tions (S1), depending on the dome support 
scheme, does not exceed 6%, and with the larg-
est number of columns. In other types of con-
nections, regardless of the support scheme, the 
torsion effect t  does not reach even 1% 
(Fig. 12). This phenomenon, with a significant 
increase in torque tM  with a decrease in the 
number of dome support columns, is explained 

by the fact that the bending moments ,x yM M  
increase much faster.  

 

 
Figure 10. The fractional effect of torsion  t on 

t in the meridional ribs of the dome. Types of 
connections: 1 – S3, 2 – S2, 3 – S1, 4 – R1, 

5 – R2 
 

 
Figure 11. The fractional effect of torsion  t on 

t in the upper ring of the dome. Types of con-
nections: 1 – S3, 2 – S2, 3 – S1, 4 – R1, 5 – R2 

 

 
Figure 12. The fractional effect of torsion  t on 

t in the lower ring of the dome. Types of con-
nections: 1 – S3, 2 – S2, 3 – S1, 4 – R1, 5 – R2 

 
 

CONCLUSIONS 
 

Based on the presented material, the following 
conclusions can be drawn:  
1. With different types of nodal connections of 
the elements of the ribbed-ring dome, in combi-
nation with sparsely installed columns, torques 
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tions (S1), depending on the dome support 
scheme, does not exceed 6%, and with the larg-
est number of columns. In other types of con-
nections, regardless of the support scheme, the 
torsion effect t  does not reach even 1% 
(Fig. 12). This phenomenon, with a significant 
increase in torque tM  with a decrease in the 
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by the fact that the bending moments ,x yM M  
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Figure 12. The fractional effect of torsion  t on 

t in the lower ring of the dome. Types of con-
nections: 1 – S3, 2 – S2, 3 – S1, 4 – R1, 5 – R2 

 
 

CONCLUSIONS 
 

Based on the presented material, the following 
conclusions can be drawn:  
1. With different types of nodal connections of 
the elements of the ribbed-ring dome, in combi-
nation with sparsely installed columns, torques 

 8 

of different magnitudes arise in different ele-
ments.   
2. In the meridional ribs of the dome, torsion has 
a noticeable (up to 5%) effect on their stress state 
in all dome support schemes and in various types 
of coupling elements, except for rigid ones. 
3. Torsion has the most significant effect on the 
upper ring. When the nodes are swivel in the 
tangential and normal directions, with the ex-
ception of the junctions of the ribs with the up-
per ring, the voltage may increase by 11-26%, 
otherwise by no more than 1%. With other types 
of swivel  connections, the torsion effect is lim-
ited to 8%, and with rigid connections - less 
than 5%.  
4. In the lower ring of the dome, with hinged 
connections  only in the tangential direction, 
torsion affects its stress state from 6% to 3% in 
schemes with columns under each rib and 
through the rib, respectively. In other types of 
nodes, regardless of the support scheme, the ef-
fect of torsion does not reach 1%.  
5. Additional studies should be conducted to 
determine the possible effect of torsion on the 
stress state of metal ribbed-ring domes with 
non-tubular profile elements. It is also necessary 
to do this to evaluate the torsion in the interme-
diate rings of the dome, since it is necessary to 
take into account their work between the ribs 
along the beam circuit from a distributed load.  
6. When designing metal ribbed-ring domes, it 
is recommended to take into account the effect 
of torsion on the bearing capacity of their ele-
ments, especially the upper ring.  
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Abstract: Deep learning (DL), a major part of artificial intelligence (AI) is considered as a transformational 
technology in different areas of science, such as structural engineering. This critical review uncovers the 
potential contribution of deep learning in solving complex issues facing structural engineering, such as 
optimizing structural design, predicting and monitoring material behaviour, and monitoring in real-time the 
structural health. Through developed neural network architectures such as generative adversarial networks 
(GANs), recurrent neural networks (RNNs), and convolutional neural networks (CNNs), engineers can identify 
solutions based on traditional deterministic data extraction. However, issues like computational requirements, 
model interpretability and data scarcity are widely adopted. This review highlights recent advancements, 
practical applications, and the limitations of deep learning in structural engineering, proposing pathways for 
future research to enhance its efficacy and integration in real-world scenarios. 
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1. INTRODUCTION 
 
Structural engineering has long relied on tried-
and-error methods such as finite element analysis  
[1, 2], deterministic models [3], and material 
science [4] to design safe and reliable structures 
[5]. Yet, with increasingly complex 
infrastructures and unpredictable environmental 
factors, the limits of these traditional techniques 
are being tested [6]. Therefore, deep learning, a 
cutting-edge technology rooted in artificial 
intelligence (AI), offer a new paradigm for 
problem-solving in structural engineering [7]. 
However, employing deep learning in this field is 
still in its nascent stages, yet its potential to 
revolutionize the industry is significant [8]. From 
optimizing the structural design to predicting the 
behavior of materials under stress, deep learning 
provides a data-driven approach to challenges 
that have historically been difficult to model 
using traditional engineering tools. 
This review will explore the current applications 
for deep learning regarding structural 
engineering, discuss the advantages and 
limitations of integrating AI technologies, and 
suggest pathways for future research. 
 
 
2. OVERVIEW OF DEEP LEARNING  
 
Being a branch of Machine Learning, Deep 
Learning employs neural networks to execute 
various assignment like regression, classification, 
and learning [9]. It is known by this term because 
it has many layers of neurons similar to those in 
the human brain. Thus, it can also be called 
'Artificial Neural Networks' [See Figure 1]. Its 
foundation is rooted in 1943 when McCulloch and 
Pitts published a paper that introduced the neural 
network first mathematical model [10].  
A method called threshold logic (a combination of 
algorithms and mathematics) was used to simulate 

the human brain thought process. Later in 1957, a 
simple version of deep learning called Perceptron 
was suggested by Frank Rosenblatt which can 
learn from experience and adjust its weights to 
make precise predictions [11]. The breakthrough 
came in 1986 when backpropagation was 
introduced by Geoffrey Hinton [12]. This 
algorithm efficiently computes the network’s 
weights gradients. Thus facilitating multi-layer 
neural networks training. Another progress was 
achieved in 2006 when scientists began applying 
deep learning models on the GPUs (graphics 
processing units) of computers, which eventually, 
led to the application of Convolutional Neural 
Networks (CNNs) in image recognition [13]. Till 
now, the demand for Deep Learning is still 
increasing and still improving with the 
introduction of new algorithms [14]. 
 

 
Figure 1. A compression between diagrams of 

biological neuron vs artificial neuron [14] 
 

At its core, deep learning represents a dramatic 
departure from traditional machine learning 
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techniques. While conventional machine learning 
algorithms require structured data and manual 
feature selection, deep learning models excel at 
finding patterns in large, unstructured datasets like 
images, sensor data, or time-series signals from 
infrastructure monitoring systems. This makes 
them particularly suited for applications in 
structural engineering, where the real world rarely 
conforms to neat, clean data inputs. 

 

 
Figure 2. Different types of neural networks [15] 

 
For instance, convolutional neural networks 
(CNNs) can detect minute cracks in bridges, 
while recurrent neural networks (RNNs) can 
forecast the behavior of buildings during 
seismic events. Moreover, generative 
adversarial networks (GANs) were utilized for 
generative design, automatically creating 
thousands of structural layouts that meet 
specific performance criteria. Figure 2 
illustrates different types of neural networks 
used in structural engineering. 
 
 
3. DEEP LEARNING APPLICATIONS IN 
STRUCTURAL ENGINEERING 
 
3.1 Structural Health Monitoring  
SHM has traditionally been a reactive process. 
However, deep learning is transforming it into a 
proactive discipline, using CNNs to process 
high-resolution images of structures to identify 
signs of damage such as cracks or corrosion. For 
instance, in Sydney Harbour Bridge, where 

CNNs were employed to analyze real-time 
sensor data, predicting damage before it occurs. 
These models can now offer early maintenance 
solutions, reducing downtime and enhancing 
infrastructure reliability [16, 17]. Dorafshan, 
Thomas [18] have conducted an image-based 
concrete crack detection by developing a Deep 
Convolutional Neural Network (DCCN). It was 
shown that it can predict and detect cracks 
better than the traditional edge detection 
methods (Gaussian, Butterworth Sobel, Prewitt, 
Roberts, and Laplacian of Gaussian). 
Gao and Mosalam [19] have developed a Visual 
Geometry Group (VGG) based architecture to 
detect the damage in structural components [See 
Figure 3]. Furthermore, transfer learning was 
applied to obtain a robust recognition performance 
with a small training dataset, and collecting 
images for the training process was done by 
building an image dataset which is called 
Structural ImageNet. The acquired data have 
established the potential of using transfer learning 
in image-based structural damage recognition. 
Deng, Ju [20] have conducted an abnormal data 
recovery framework of an ancient palace wall by 
applying a gated recurrent unit (GRU). It was 
established that the selected method is adequate of 
obtaining accurate results of data recovery for 
ancient buildings. 
 
3.2 Load Prediction and Structural Behavior 
Modeling 
Several studies were conducted to determine the 
best AI techniques for forecasting loads. RNNs 
and long short-term memory (LSTM) models 
were found to be greatly adopted for load 
prediction, especially under dynamic conditions 
such as earthquakes. By analyzing historical data, 
these models can predict structural responses with 
high accuracy. This predictive power is crucial in 
regions prone to seismic activity, where deep 
learning has demonstrated an ability to improve 
the safety and resilience of buildings. Zhang, 
Chen [21] have employed a Deep LSTM to 
predict nonlinear seismic performance. Two 
different schemes (different input/output formats) 
were developed and it was shown that the 
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proposed network provides a reliable and efficient 
solution for nonlinear structural response 
prediction. Another research has demonstrated the 
accuracy of the LSTM algorithm in predicting the 
thermal loading of a building [22, 23]. 
Other studies have determined the efficiency of 
CNN in predicting the strength of concrete [24]. 
For instance, Deng, He [25] have suggested 
developing a CNN using a SoftMax regression 
model to predict the recycled concrete compressive 
strength before construction. The software has been 
trained using characteristics such as the water-
cement ratio, the replacement ratio recycled fine 
aggregate, coarse aggregate, the fly ash and their 
mixtures. The suggested model has demonstrated 
efficient results and precision. Other researchers 
have determined that employing CNNs provides 
accurate and reliable results regarding the dynamic 
structural performance of reinforced concrete 
(R.C.) slabs under blast loads [25, 26].  

3.2 Load Prediction and Structural Behavior 
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regions prone to seismic activity, where deep 
learning has demonstrated an ability to improve the 
safety and resilience of buildings. Zhang, Chen 
[21] have employed a Deep LSTM to predict 
nonlinear seismic performance. Two different 
schemes (different input/output formats) were 
developed and it was shown that the proposed 
network provides a reliable and efficient solution 
for nonlinear structural response prediction. 

 

 
Figure 3. Detecting damage using Transfer Learning [19] 

 

 
Figure 4. Typical PSSDB Floor panel [27] 
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Figure 5. Flowchart used of CNN-based optimizer [28] 

 
Another research has demonstrated the accuracy 
of the LSTM algorithm in predicting the thermal 
loading of a building [22, 23].  
Other studies have determined the efficiency of 
CNN in predicting the strength of concrete [24]. 
For instance, Deng, He [25] have suggested 
developing a CNN using a SoftMax regression 
model to predict the recycled concrete 
compressive strength before construction. The 
software has been trained using characteristics 
such as the water-cement ratio, the replacement 
ratio recycled fine aggregate, coarse aggregate, the 
fly ash and their mixtures. The suggested model 
has demonstrated efficient results and precision. 
Other researchers have determined that employing 
CNNs provides accurate and reliable results 
regarding the dynamic structural performance of 
R.C. slabs under blast loads [25, 26].  
 
3.3 Optimization of Structural Design 
Optimization in design isn't just about making 
structures stronger; it's about making them 
smarter. Deep learning algorithms such as 
GANs enable engineers to generate and test 
thousands of design configurations in seconds, 
optimizing for parameters like material 
properties, load capacities, and cost constraints 
[29, 30]. A study conducted in 2018 by Vafa 

employed ANN to develop the optimum steel 
deck cross-sections for the Profiled Steel 
Sheeting Dry Board (PSSDB) floor panels [see 
Figure 4] [27]. Non-dominated Sorting Genetic 
Algorithm II (A multi-objective genetic 
algorithm) was employed for this research. It 
was shown the efficacy of ANNs in improving 
structural design [27].  
Another study conducted by Ferreiro-Cabello, 
Fraile-Garcia [31] have employed deep learning 
techniques to develop metamodels with the aim 
to facilitate the optimization of one-way slabs. 
Five DNNs were developed which were capable 
of predicting CO2 emissions, embodied energy, 
cost and deflection. The suggested method 
showed reliable results with only 0.5% error. 
Abueidda, Koric [28] have applied CNN to 
predict the optimized materials design subjected 
to small/large deformations (with/without stress 
constraints) Figure 5. The developed models 
demonstrate an accurate prediction of the 
optimized designs, and they can be employed in 
other design domains and nonlinear mechanics 
scenarios. Mai, Lieu [32] have applied a deep 
novel unsupervised learning (DUL)-based 
framework to optimize a truss structures design 
subjected to various constraints, and it was 
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shown that a computational cost in most 
problems can be saved using such algorithms.  
 
 
4. CHALLENGES AND LIMITATIONS 
 
Despite its potential, Deep Learning faces 
various challenges that can be summarized in 
the following: 
 
4.1 Data Availability and Quality 
High-quality and large datasets are essential for 
deep learning. Nevertheless, data scarcity is a 
major challenge in structural engineering, 
especially when it comes to rare events like 
structural failures [33]. Techniques like transfer 
learning, where models are adapted from similar 
domains, offer a potential solution [34]. 
 
4.2 Model Interpretability 
One of the issues that discourage adapting  deep 
learning in engineering applications is its "black 
box" nature [35]. Engineers must trust these 
models for safety-critical decisions, yet their 
inner workings are often opaque, making 
regulatory approval difficult. 
 
4.3 Generalization and Scalability 
Generalization to new environments and 
scalability to larger, more complex structures 
remain significant hurdles. Models trained on 
one type of structure may not perform as well 
on another, raising concerns about their 
robustness in real-world applications. 
 
4.4 Underfitting & Overfitting 
Both Overfitting & underfitting can pose an 
obstacle to deep learning. The former occurs 
when the models cannot capture the underlying 
patterns due to their simplicity, while the latter 
occurs when training the model demands a large 
amount of time and contains noisy data because 
of its complexity [36]. Therefore, it is important 
to provide an optimal solution by employing 
balanced-complex models to avoid either case 
Figure 6. 
 

4.5 Ethical & Bias Issues 
Biases can occur during the learning algorithm 
of the model to prioritize solutions with certain 
characteristics over others. Such an issue is 
considered unethical since it can cause unfair 
results. Thus, addressing such issues is essential 
to achieve fairness.  
 
4.6 Hardware Limitations  
High-performance CPUs are essential for 
training models. However, having access to 
such hardware is hard for many researchers. 
 
 
5. FUTURE RESEARCH DIRECTIONS 
 
5.1 Hybrid Models 
Hybrid models that combine deep learning with 
traditional physics-based simulations hold 
significant promise for enhancing both accuracy 
and interpretability [37]. 
 
5.2 Transfer Learning 
Transfer learning offers a way forward in 
addressing the issue of limited data availability, 
allowing models trained on one task to be 
adapted for another. 
 
5.3 Real-Time Applications in Smart Cities 
As cities become more connected, deep learning 
will significantly contribute  in the real-time 
monitoring and management of infrastructure 
[38]. For instance, these models can optimize 
traffic flow or monitor structural health in real 
time. Consequently, decreasing the risk of 
catastrophic failures by capacitate predictive 
maintenance. 
 
 
6. CONCLUSION 
 
Deep learning is poised to transform structural 
engineering by improving prediction accuracy, 
optimizing designs, and enabling real-time 
monitoring. Although challenges remain 
particularly in data quality and model 
interpretability, the benefits of AI are too 
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significant to ignore. As deep learning continues 
to advance, it will become even more integrated 
into the field, leading to smarter, safer, and 
more resilient infrastructure. 
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CREEP EFFECT ON BEHAVIOR OF ECCENTRICALLY 
LOADED REINFORCED CONCRETE COLUMNS MADE OF 

HIGH-STRENGTH CONCRETE 
 

Dmitry A. Strakhov, Aleksey O. Baranov 
Peter the Great St. Petersburg Polytechnic University, St. Petersburg, RUSSIA  

 
Abstract: The focus of the research is on eccentrically loaded reinforced concrete elements made of high-
strength concrete with mineral additives such as fly ash and silica fume. The behavior of eccentrically loaded 
reinforced concrete elements was studied on a reinforced concrete column. At the age of 90 days the reinforced 
concrete column was subjected to a compressive force of 66 kN with an eccentricity of 12.5 cm. The loading 
duration was 245 days. During the tests, the average strains caused by eccentric loading, shrinkage, and creep 
concrete on the column were measured. In addition, the deflections and crack opening widths were measured. 
Experimental data were compared to theoretical data obtained using a stepwise version of the elastic solutions 
method (the stepwise method). In this method, the continuous change of stresses and strains of reinforced 
concrete elements under loading is replaced with a stepwise change. The considered loading time is divided into 
specific intervals (steps). Due to the creep of concrete, the conditions for compatibility of deformations are 
violated at the end of each step. The restoration of the conditions is carried out due to elastic deformations while 
simultaneously satisfying the conditions of static equivalence. The results of the comparison demonstrate that the 
stepwise meth-od adequately describes the changes of strains and deflections of eccentrically loaded reinforced 
concrete columns made from high-strength concrete over time. For the first time, the stepwise method was used 
to calculate the crack opening width. The calculation results are in good agreement with the experiments and 
show a significantly smaller increase in crack opening over time compared to that calculated according to 
Russian Building Codes. 
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INTRODUCTION 

 
The creep of high-strength concrete is of 
particular importance in the design of reinforced 
concrete structures of high-rise buildings [1,2]. 
The use of high-strength concrete allows for the 
creation of structural elements with smaller 
cross-sectional areas. This has a positive 
economic impact as it reduces the amount of 
material required to construct a structure and 
increases the usable space within the building. 
However, this leads to a reduction in their 
rigidity and an increase in the deflection. This 
trend is particularly noticeable during prolonged 
loading, when creep deformation occurs, which 
has not yet been fully studied for high-strength 
concrete. 
It is known that the addition of mineral 
additives to concrete, such as fly ash [3–5], 
silica fume [6–8], ground granulated blast 
furnace slag [9,10], metakaolin [11,12], can 
reduce creep. However, a different outcome was 
achieved in the studies [7,13,14]. 
The article [7] reported that replacing 10% of 
the cement with silica fume (SF) increased the 
creep of concrete during the early stages of 
loading (0 to 60 days) compared to a control 
mixture (without silica fume). However, after 
60 days of loading, the rate of creep 
deformation decreased, and after 360 days, the 
creep deformation of concrete with 10% SF was 
approximately 85% that of concrete without 
added SF. 
In [14], creep deformation after 150 days of 
observation was 16%, 33%, and 55% higher for 
concrete mixes containing 20%, 40%, and 60% 
ground granulated blast furnace slag (GGBFS) 
respectively, compared to the control mix 
without slag. In the study [13], the deflections 
of reinforced concrete beams in the middle part 
of the span caused by concrete creep were 30%, 

70%, and 100% higher for concrete mixes 
containing 20%, 40%, and 60% GGBFS, 
respectively, compared to beams made from 
control concrete mixes, after 150 days of 
observation. The values of the long-term load 
during the tests were 25% of the load values at 
the time of crack formation. 
Steel and basalt fibers can reduce creep strains 
in concrete, both under compressive and tensile 
loads [15–17]. Reinforcing fibers with a low 
modulus of elasticity, such as polypropylene 
fibers or polyvinyl alcohol fibers, can increase 
creep in concrete [18,19]. 
The use of aggregates made from recycled 
materials [20–22] and industrial waste [23,24] 
as a substitute for natural aggregates increases 
the creep of concrete. 
In work [25], short reinforced concrete columns 
were loaded with a long axial load. The creep 
coefficient of reinforced concrete columns 
decreased as the compressive strength of 
concrete and the reinforcement ratio increased. 
An expression is proposed to account for the 
effect of longitudinal reinforcement on the creep 
of concrete in reinforced concrete columns. In 
articles [26,27], it is noted that longitudinal 
reinforcement has a retarding effect on the creep 
of concrete. 
In the study [28], reinforced concrete cantilever 
columns were subjected to long-term loading 
with a force applied at an eccentricity. Axial 
shortening and deflection increase over time due 
to creep and shrinkage of concrete. However, 
this increase decreased rapidly as time 
increased. Axial shortening and deflection of 
eccentrically loaded cantilever columns in 
experiments agreed well with the predictions 
based on existing models for concrete creep and 
shrinkage, as proposed in ACI 209R-92 [29]. 
In the article [30], the experimental values of 
the specific creep of high-strength concrete 

were compared with the calculated values 
obtained using different theoretical models. The 
CEB-FIP [31], GL2000 [32], B4 [33], and ACI 
209 [29] models significantly overestimate the 
specific creep strains compared to the 
experimental values. The B4 model 
satisfactorily predicts the creep of high-strength 
concrete. The articles [34,35] note that existing 
models for predicting creep in conventional 
concrete cannot be applied to high-strength 
concrete. 
The analytical model presented in the article 
[36] takes into account the effects of creep, 
geometric nonlinearity, cracking, shrinkage, and 
aging in concrete. Numerical research has 
shown that creep in reinforced concrete columns 
leads to an increase in internal forces and 
deflections over time. The article [37] presents a 
new approach to calculating the behavior of 
reinforced concrete shells. The method is based 
on replacing the actual shell with an equivalent 
elastic shell. 
In [38], reinforced concrete beams made from 
high-strength concrete were tested for pure 
bending. The experimental values of the 
destructive load were slightly higher than 
predicted by the calculations. Studies [39,40] 
contain the results of experimental studies of 
high-strength fiber reinforced concrete beams 
with round cross-sections under combined 
bending and torsion. Article [41] proposes 
expressions that make it possible to consider 
force and temperature effects jointly in 
calculations of reinforced concrete bending 
elements. 
The article [42] compares the experimental data 
on strains and deflections of a reinforced 
concrete beam made of ordinary concrete under 
prolonged loading with calculated data obtained 
using the stepwise elastic solution method (the 
stepwise method). The results of the comparison 
showed good agreement. 
The creep of high-strength concrete has not yet 
been fully studied. Additionally, the behavior of 
different types of reinforced concrete structures 
made from high-strength concrete under 
prolonged loads has not been adequately 

studied. The above-mentioned stepwise method 
can quite accurately describe the behavior of 
most types of rods reinforced concrete 
structures made of ordinary concrete. However, 
no studies have compared the calculated values 
with experimental data of reinforced concrete 
elements made from high-strength concrete 
under prolonged loading. Therefore, this study 
aimed to investigate the behavior of 
eccentrically loaded reinforced concrete 
elements made of high-strength concrete under 
prolonged loading and to compare experimental 
data with theoretical data obtained using a 
stepwise version of the elastic solutions method. 
 
 
METHODS AND MATERIALS 
 
Experimental research 
The study of the behavior of eccentrically 
loaded compressed elements was conducted on 
a reinforced concrete column made from high-
strength concrete with a cross-section of 15 x 10 
cm and a height of 120 cm. 
The following materials, with their respective 
characteristics, were used to create high-
strength concrete: Portland cement CEM I 42.5 
N from JSC "CEMROS" from the 
Peterburgcement plant in St. Petersburg, Russia; 
natural sand with a SiO2 content of at least 
81.4% and a fineness modulus of 2.3 produced 
by the "REMIKS" company in St. Petersburg, 
Russia; granite crushed stone (fractions from 5-
10 mm and 10-20 mm), JSC "Semiozerskoe 
kar'eroupravlenie", quarry "Perovskij", 
Leningrad region, Russia; tap water; modifier 
for concrete "MB10-30S A I-2", LC 
"Predprijatie Master Beton", Moscow, Russia. 
The modifier "MB10-30S A I-2" [43] was 
added to the concrete mix in an amount of 
20% of the cement weight. The modifier 
contains the indicated ingredients in the 
following quantities (in % of total weight): 
silica fume 63%, fly ash 27%, and 
superplasticizer based on naphthalene-
formaldehyde polycondensation 10%.  
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Table 1. Chemical composition of modifier "MB10-
30S A I-2" and Portland cement CEM I 42.5N 

Chemical 
composition by 

weight, % 

Materials 

Modifier Cement 
SiO2 70.8 21.2 

Al2O3 12.2 4.6 
Fe2O3 2.1 4.2 

CaO 0.7 62.9 
MgO 0.6 1.7 
SO3 0.5 2.8 
K2O 0.6 0.6 

Na2O 0.4 0.3 
 

Table 2. Mix proportions of concrete (kg/m3) 

Ingredient Proportions  

Cement 490 
Sand 790 
Crushed stone 850 
Water 170 
Modifier 100 

W/C 0.35 
Density of compacted fresh 
concrete, kg/m³ 2367 

 
The modifier is a gray powdered material with a 
bulk density of 776 kg/m³. Table 1 shows the 
chemical composition of the modifier "MB10-
30S A I-2" and Portland cement CEM I 42.5N. 
Table 2 provides basic information on the 
composition of high strength concrete. 
The concrete mixture was poured into the 
moulds in a horizontal position. After that, it 
was compacted by tamping and vibration on a 
laboratory vibration table, model C279, 
manufactured by "Matest" in Italy ( ! 

). The 
specimens were kept in moulds for 24 hours at 
room temperature 20 ± 5°C. Afterward, they 
were demoulded and placed in a standard curing 
room with a controlled temperature of 20 ± 2°C 
and relative humidity of more than 95%. After 
27 days, the specimens were removed from the 
standard curing room and stored in laboratory 

conditions at a temperature of 20 ± 2 ° C and an 
air humidity of 60 ± 5% until testing. 
 
 

 
Figure 1. Production of concrete mix 

 
The concrete mixture was prepared in a 
forced concrete mixer, model C162, 
manufactured by "Matest" in Italy (Fig. 1). 
The workability of the concrete mixture was 
determined using a concrete slump test in 
accordance with the Russian State Standard 
GOST 10181-2014 [44]. The slump of fresh 
concrete cone was 18 cm. 
 
 

 
Figure 2. Compacting fresh concrete with 

tamper and vibration on laboratory vibrating 
table 

 

Table 3. Mechanical properties of high-strength 
concrete at age 28 and 90 days 

Mechanical  
properties 

Age of concrete 

28 days 90 days 
Compressive strength, 

MPa 90.4 93.6 

Splitting tensile 
strength, MPa 3.26 3.90 

Prismatic compressive 
strength, MPa 68.2 70.5 

Modulus of 
elasticity, GPa 36.5 38.3 

 
Table 3 shows the mechanical properties of high-
strength concrete at 28 and 90 days, as determined 
according to the Russian State Standards GOST 
10180-2012 [45] and GOST 24452-80 [46]. The 
compressive strength and splitting tensile strength 
of concrete were determined on cubes with a side 
length of 10 m. The values of strength obtained 
in tests were multiplied by coefficients of 0.95 and 
0.88 respectively to calculate  the compressive and 
splitting tensile strengths  of concrete for cubes 
with a basic dimension of 15 cm in accordance 
with the Russian State Standard GOST 10180-
2012 [45]. The prismatic compressive strength 
and modulus elasticity of concrete were 
determined on prism specimens with dimensions 
of 10x10x40 cm. 
The characteristics of the mechanical properties 
of high-strength concrete were used as initial 
data to calculate the behavior of an eccentrically 
loaded reinforced concrete column using a 
stepwise version of the elastic solutions method. 
Laminated plywood with a thickness of 18 mm 
was used to create the formwork for the 
reinforced concrete column. The formwork was 
previously lubricated with engine oil. Fig. 3 
shows a general view of the formwork and 
reinforcement frame. There were two bars of 
tensile reinforcement with a diameter of 12 mm 
and two bars of compressed reinforcement 
installed with 6 mm in the column. The class of 
longitudinal steel reinforcement bars was A400, 
with a yield strength of 400 MPa. Steel bars 
with a diameter of 6 mm and class A 240 with a 

yield strength of 240 MPa were used as 
transverse reinforcement. The reinforcement 
bars in the frame were joined by welding.  
 

   
Figure 3. General view of formwork, 

reinforcement frame 
 

After 24 hours of production, the column was 
removed from the formwork. Then it was placed 
in laboratory conditions with a temperature of 
20 ± 5 °C and an air humidity of 60 ± 5% until 
testing. 
Fig. 4 shows a general view of the reinforced 
concrete column in the testing setup. The age of 
the concrete at the time of testing was 90 days. A 
compressive force (P) of 66 kN was applied with 
an eccentricity (e) of 12.5 cm from the 
longitudinal axis of the element, as shown in Fig. 
5. A hydraulic jack (LLC "Belak-Rus", in Russia) 
with a capacity of 50 tons was used to apply a 
compressive force to the column. The load on the 
column was applied in steps of 15% of the total 
load value (66 kN) during testing. At each stage, 
the load was maintained for 10 minutes.
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determined on prism specimens with dimensions 
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stepwise version of the elastic solutions method. 
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shows a general view of the formwork and 
reinforcement frame. There were two bars of 
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After 24 hours of production, the column was 
removed from the formwork. Then it was placed 
in laboratory conditions with a temperature of 
20 ± 5 °C and an air humidity of 60 ± 5% until 
testing. 
Fig. 4 shows a general view of the reinforced 
concrete column in the testing setup. The age of 
the concrete at the time of testing was 90 days. A 
compressive force (P) of 66 kN was applied with 
an eccentricity (e) of 12.5 cm from the 
longitudinal axis of the element, as shown in Fig. 
5. A hydraulic jack (LLC "Belak-Rus", in Russia) 
with a capacity of 50 tons was used to apply a 
compressive force to the column. The load on the 
column was applied in steps of 15% of the total 
load value (66 kN) during testing. At each stage, 
the load was maintained for 10 minutes.
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Figure 4. General view of reinforced concrete 

column and testing setup 

 
Figure 5. Testing scheme 

 
 

The strains were measured in the middle of the 
column using dial indicators with a graduation 
of 0.001 mm (produced by "Micron" in the 
Czech Republic). The strains of the extreme 
fiber in the compression zone and the 
compressed reinforcement were measured using 
a base length of 15 cm. The strains of tensile 
reinforcement were measured using a base 
length of 35 cm. 
The deflections of the reinforced concrete 
column were measured in the middle of the 
height using dial indicators with a graduation of 
0.01 mm (produced by "Micron" in the Czech 
Republic). In addition, dial indicators were 
installed at the intended support points (70 mm 
from the column ends) to monitor possible 
movements of the test setup. 
The width of the crack of the reinforced concrete 
column was measured using a microscope with 
the price of division of 0.02 mm. 

Numerical method 
To compare the experimental results with the 
calculated ones, a stepwise version of the 
method of elastic solutions was used, which is 
based on the following principles: 
 the distribution of concrete and 

reinforcement strain along the depth of the 
element section is assumed according to a linear 
law (hypothesis of plain sections); 
 the resistance of concrete in the tensile zone 

is not taken into account; all tensile force is 
taken by the reinforcement; 
 the relationship between stresses and 

instantaneous strains is linear, i.e., stresses 
under instantaneous loading are determined as 
for an elastic body; 
 increments of creep strain (over a short time 

interval) are determined without considering the 
change in stress over the same interval. 

 
 

Figure 6. Transformation scheme ensuring implementation of condition of compatibility of 
deformations (hypothesis of plane sections) 

 
The stepwise version of the method of elastic 
solutions (stepwise method) allows one to quite 
accurately take into consideration the main 
features of the strains of reinforced concrete 
elements under long-term load action [42]. The 
ability to consider the actual duration of each 
load component is a significant advantage of 
this method both when analyzing the stress-
strain state and when calculating displacements 
(deflections) and crack opening width. 
Calculation of the behavior using the stepwise 
method is carried out as follows. 
1. The continuous change in stress and strain is 
replaced by a step change. The entire time period 
under study is divided into intervals t , that are 
quite small and not necessarily equal in size. 
2. At the beginning of the first interval, stress 
and strain are determined by solving the 
corresponding elastic problem. The resistance of 
tensile concrete is not considered. 

3. Creep strains during the interval are 
determined under the assumption of constant 
stresses during this interval.  
4. Due to creep, the conditions for compatibility 
of deformations are violated. They can be 
satisfied only through instantaneous strains, for 
which it is necessary to apply such a stress state 
that would restore the conditions of 
compatibility while simultaneously satisfying 
the conditions of static equivalence. 
Next, the following time interval is considered, 
taking into account stress changes during the 
previous interval. 
For a reinforced element of arbitrary cross-
section with a double reinforcement, the 
transformation that ensures the fulfillment of the 
condition of compatibility of deformations is 
presented in the diagram below (see Fig. 6).  
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Calculation of the behavior using the stepwise 
method is carried out as follows. 
1. The continuous change in stress and strain is 
replaced by a step change. The entire time period 
under study is divided into intervals t , that are 
quite small and not necessarily equal in size. 
2. At the beginning of the first interval, stress 
and strain are determined by solving the 
corresponding elastic problem. The resistance of 
tensile concrete is not considered. 

3. Creep strains during the interval are 
determined under the assumption of constant 
stresses during this interval.  
4. Due to creep, the conditions for compatibility 
of deformations are violated. They can be 
satisfied only through instantaneous strains, for 
which it is necessary to apply such a stress state 
that would restore the conditions of 
compatibility while simultaneously satisfying 
the conditions of static equivalence. 
Next, the following time interval is considered, 
taking into account stress changes during the 
previous interval. 
For a reinforced element of arbitrary cross-
section with a double reinforcement, the 
transformation that ensures the fulfillment of the 
condition of compatibility of deformations is 
presented in the diagram below (see Fig. 6).  
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During the interval t , creep strain develops. 
At each point of the compressed zone at the end 
of the interval, the strain is expressed 
 

0( ) ( ) ( ),y y y  (1) 
 
where y  is the distance from the compressed 
edge of the section to the point in question; 

( )y  is the total strain at a point with a 
coordinate y  until the condition of 
compatibility of strains is satisfied. 
A total strain diagram is formed at the end of 
the interval, indicated by the number 1 (Fig. 6), 
which does not satisfy the condition of 
compatibility of deformations. The purpose of 
the transformation is to find a strain diagram 
(indicated by number 2 in Fig. 6) that would 
satisfy the compatibility condition (the 
hypothesis of plane sections), as well as the 
equilibrium conditions. 
When implementing the stepwise method, the 
following notations are adopted: 0x  is the 
height of the compressed zone at the beginning 
of the interval t ; 1x  is the depth of the 
compressed zone at the end of the interval after 
the transformation has been carried out; 0  is 
the shortening deformation in the upper fiber of 
the section at the beginning of the interval (at 
the beginning of the first interval it is elastic 
strain, while at the beginning of subsequent 
intervals it contains both elastic and creep 
strain);  is the increment of creep strain in 
the top fiber of the section during the interval 

t ; 1  is the shortening deformation in the 
upper fiber of the section at the end of the 
interval t  after the transformation has been 
carried out; 0s and 0s  are the strains of 
tensile and compressed reinforcement at the 
beginning of the interval t ; 0s  and 0s  
is the increment in strains of tensile and 
compressed reinforcement during the interval; 

1s and 1s  are the strains of tensile and 

compressed reinforcement at the end of the 
interval after the transformation. 
To solve the problem, it is necessary to 
determine the following quantities 1x , 1 , 1s  
and 1s . The first two can be found from two 
static equations, and the last two can be 
expressed through and from the condition of 
compatibility of deformations. Using the latter, 
we get: 
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The universal form of writing equations (4) and 
(5) allows us to have the same forms for 
bending, eccentric compression, and eccentric 
tension. 
Having determined the values of 1x  and 1 , the 
stresses at any point in the compressed zone at 
the end of the interval can be obtained using the 
formula 
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where ( , )y t  are the stresses at the beginning 
of the interval; ( , )y t  are total strain at the end 
of the interval before transformation. 
Stresses in the tensile and compressed 
reinforcement in a section with a crack at the 
end of the interval are determined using the 
formulas: 
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change should be replaced by a step change, and 
individual steps should be applied 
"instantaneously" at the boundaries of time 
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satisfy the law of linear distribution over the 
depth of the section, and the stress state must 
satisfy the equilibrium conditions. The 
implementation of these conditions leads to the 
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the neutral axis in terms of stress is located 
closer to the compressed face of the element 
than the neutral axis in terms of total strain. 
With an instantaneous decrease in load, the 
depth of the compressed zone of the section 
increases, and the neutral axes in terms of stress 
and total strain coincide. 
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sections in the middle of each section along the 
length should be considered; the corresponding 
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During the interval t , creep strain develops. 
At each point of the compressed zone at the end 
of the interval, the strain is expressed 
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and 1s . The first two can be found from two 
static equations, and the last two can be 
expressed through and from the condition of 
compatibility of deformations. Using the latter, 
we get: 
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The universal form of writing equations (4) and 
(5) allows us to have the same forms for 
bending, eccentric compression, and eccentric 
tension. 
Having determined the values of 1x  and 1 , the 
stresses at any point in the compressed zone at 
the end of the interval can be obtained using the 
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where ( , )y t  are the stresses at the beginning 
of the interval; ( , )y t  are total strain at the end 
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end of the interval are determined using the 
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satisfy the law of linear distribution over the 
depth of the section, and the stress state must 
satisfy the equilibrium conditions. The 
implementation of these conditions leads to the 
fact that with an instantaneous increase in load, 
the depth of the compressed zone decreases, and 
the neutral axis in terms of stress is located 
closer to the compressed face of the element 
than the neutral axis in terms of total strain. 
With an instantaneous decrease in load, the 
depth of the compressed zone of the section 
increases, and the neutral axes in terms of stress 
and total strain coincide. 

The element deflections due to the total strains 
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average curvature of the axis of the 
corresponding section of the element; jM  is 
the bending moment in the section with the 
index j  from a unit force applied at the point 
and in the direction of the determined 
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In accordance with the considered calculation 
method, at the end of each time interval, the 
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fiber and tensile reinforcement ) in the section 
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sections in the middle of each section along the 
length should be considered; the corresponding 
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where , ( )s crc j  is the stress in the longitudinal 
tensile reinforcement in the section with a crack 
immediately after the formation of normal 
cracks for the section with index j . 
The stress , ( )s crc j can be determined by using 
a first approximation under instantaneous 
loading (without taking creep into account), and 
the values in accordance with the considered 
step method are known at the end of each time 
interval. 
The crack opening crca  in the calculations 
below was determined in accordance with the 
methodology adopted in the current 
standards, with the exception of the strains of 
the tensile reinforcement and the area of the 
tensile zone of concrete, which are known 
directly from the calculation using the step 
method, and the duration coefficient for 

prolonged action of the load, since its actual 
duration was taken into consideration in the 
calculations. 
 
 
RESULTS AND DISCUSSION 

 
Fig. 7 shows the experimental data of the 
average concrete strains in the compressed zone 
and the average strains of tensile and 
compressive reinforcement in a reinforced 
concrete column. By average, we mean strains 
averaged over the length of the indicator base, 
including strains in cross sections with cracks. 
In addition, the strains obtained in the 
experiment are complete, i.e., elastic strains and 
strains caused by creep and shrinkage of 
concrete.

 

 
 
Figure 7. Comparison of experimental average strains and calculated strains in section with crack 

(using the stepwise method) for reinforced concrete column made of high-strength concrete 
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where , ( )s crc j  is the stress in the longitudinal 
tensile reinforcement in the section with a crack 
immediately after the formation of normal 
cracks for the section with index j . 
The stress , ( )s crc j can be determined by using 
a first approximation under instantaneous 
loading (without taking creep into account), and 
the values in accordance with the considered 
step method are known at the end of each time 
interval. 
The crack opening crca  in the calculations 
below was determined in accordance with the 
methodology adopted in the current 
standards, with the exception of the strains of 
the tensile reinforcement and the area of the 
tensile zone of concrete, which are known 
directly from the calculation using the step 
method, and the duration coefficient for 

prolonged action of the load, since its actual 
duration was taken into consideration in the 
calculations. 
 
 
RESULTS AND DISCUSSION 

 
Fig. 7 shows the experimental data of the 
average concrete strains in the compressed zone 
and the average strains of tensile and 
compressive reinforcement in a reinforced 
concrete column. By average, we mean strains 
averaged over the length of the indicator base, 
including strains in cross sections with cracks. 
In addition, the strains obtained in the 
experiment are complete, i.e., elastic strains and 
strains caused by creep and shrinkage of 
concrete.

 

 
 
Figure 7. Comparison of experimental average strains and calculated strains in section with crack 

(using the stepwise method) for reinforced concrete column made of high-strength concrete 

 
Figure 8. Comparison of experimental and calculated values of deflections in middle part of height 

of reinforced concrete column made of high strength concrete 
 
It should be noted that Fig. 7 shows experimental 
strain values of compressed and tensile 
reinforcement according to direct readings of dial 
indicators installed on the side faces of the column 
(see Fig. 4). The readings of indicators installed 
on the end surface to determine the average strains 
of concrete in the compressed zone (the outermost 
fiber of the section) should be considered as 
overestimated by approximately 25% due to the 
indicator being located 30 mm from the outermost 
compressed fiber. Therefore, Fig. 7 (number 1) 
shows the results extrapolated from the 
experimental strain values of tensile and 
compressed reinforcement based on the law of 
plane sections. 
For comparison, Fig. 7 shows the calculation 
results obtained using the stepwise method de-
scribed above. The experimental strain 
characteristics and analytical dependencies 
approximating them, given in [47], were taken as 
the initial data for the calculation. As can be seen 
from examining the curves in the figure, there is 
satisfactory agreement between the results. The 
calculated values are slightly higher than the 
experimental ones, which can be partly explained 

by the fact that the averaged strains are recorded in 
the experiment, while in the calculations, the strains 
were obtained in the cross-section with a crack. It is 
also impossible to exclude some in-fluence of room 
temperature changes on the creep of concrete. The 
relatively low increase in strains over time is due to 
the low level of compressive stresses in concrete 
and, accordingly, the linear nature of creep.  
Fig. 8 shows experimental data on changes in 
column deflections over time, measured in the 
middle part of its height. As previously noted 
for concrete and reinforcement average strains, 
the measured deflections are total, i.e., include 
both deflections from an external load with a 
conditionally instantaneous application and 
deflections caused by strains of shrinkage and 
creep of concrete. 
In fig. 8, the experimental values of deflections 
are compared with the calculated ones, obtained 
using expressions (9) and (10) considering (11). 
It should be noted that, despite the fact that the 
calculations do not take into account concrete 
shrinkage strains, the results are quite 
satisfactory. Although these strains are small 
(when the concrete is 90 days old at the time of 
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loading), they could nevertheless affect the 
magnitude of the deflections. 
The crack opening width in the tensile concrete 
zone, measured in the middle part of the column 
height, was 0.05 mm when the column was 
loaded with a full compressive force (66 kN) 
and a loading duration of approximately 1 hour. 
The moment of crack formation corresponded to 
the moment during the period of loading with a 
compressive force of up to 40 kN (the previous 
load level was 30 kN). During the observation 
period, the crack opening width increased 
slightly, and after 245 days of being under load, 
the crack width was approximately 0.06 mm. 
Table 4 shows the values of the crack opening 
width crca  and coefficient s  depending on the 
duration of the load obtained by calculation. As 
can be seen, over a period of 245 days, the 
coefficient s  values changed very little, and the 
crack opening width increased by approximately 
12% and, at the same time, practically stabilized. 
In addition, calculated values of the crack opening 
width itself agree quite well with experimental 
data, considering measurement inaccuracies and 
the approximate nature of the calculation 
formulas. Russian Building Codes SP 
63.13330.2018 [48] assumes an increase in 
opening under prolonged load action by 40% 
compared to short-term action. This difference is 
not surprising since the standards are focused on a 
certain margin of crack resistance and cannot 
consider the specifics of each structure. 
 
Table 4. Values of crack opening width crca  and 

coefficient s  
Time since 

loading, 
(days) 

Coefficient 
s  

crca , 
mm s  10 5 

0 0.8748 0.0451 97.10 
1 0.8758 0.0455 97.86 
7 0.8783 0.0466 99.96 
28 0.8813 0.0479 102.42 
70 0.8843 0.0493 105.06 
100 0.8857 0.0500 106.36 
160 0.8873 0.0508 107.87 
245 0.8883 0.0514 108.89 

CONCLUSIONS 
 

This study aimed to investigate the behavior of 
eccentrically loaded reinforced concrete elements 
made of high strength with mineral additives 
concrete under prolonged loading and to compare 
experimental data with theoretical data obtained 
using a stepwise version of the elastic solutions 
method. The behavior of eccentrically loaded 
reinforced concrete elements was studied on a 
reinforced concrete column. Comparison was 
made for stresses and strains in the compressed 
zone of concrete, as well as in tensile and 
compressed reinforcement. In addition, a 
comparison was made of the experimental and 
calculated values of the maximum deflections and 
crack opening width, which allows us to formulate 
the following conclusions. 
1. The relatively low increase in strains 
over time is due to the low level of compressive 
stresses in concrete and, accordingly, the linear 
nature of creep. A certain excess of the 
calculated values of strains of the compressed 
zone of concrete, tensile, and compressed 
reinforcement over the corresponding 
experimental values was obtained. This excess 
is probably explained by the fact that in the 
experiments, the averaged strains were recorded 
along the length of the section between the 
cracks, while in the calculations, strains were 
obtained for the cross-section with a crack. 
2. A comparison of the experimental values 
of deflections with the values obtained by 
calculation based on the deformed state in 
accordance with (9) - (11) showed quite 
satisfactory agreement with the results. 
3. For the first time, using a stepwise 
version of the method of elastic solutions, the 
calculation of the opening width of normal 
cracks for elements made of high-strength 
concrete with a mineral additive was carried out 
according to formulas (2), (3), (6) - (11). The 
calculation results are in good agreement with 
the experiments and show a significantly 
smaller increase in crack opening over time 
compared to that calculated according to 
Russian Building Codes SP 63.13330.2018. 
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loading), they could nevertheless affect the 
magnitude of the deflections. 
The crack opening width in the tensile concrete 
zone, measured in the middle part of the column 
height, was 0.05 mm when the column was 
loaded with a full compressive force (66 kN) 
and a loading duration of approximately 1 hour. 
The moment of crack formation corresponded to 
the moment during the period of loading with a 
compressive force of up to 40 kN (the previous 
load level was 30 kN). During the observation 
period, the crack opening width increased 
slightly, and after 245 days of being under load, 
the crack width was approximately 0.06 mm. 
Table 4 shows the values of the crack opening 
width crca  and coefficient s  depending on the 
duration of the load obtained by calculation. As 
can be seen, over a period of 245 days, the 
coefficient s  values changed very little, and the 
crack opening width increased by approximately 
12% and, at the same time, practically stabilized. 
In addition, calculated values of the crack opening 
width itself agree quite well with experimental 
data, considering measurement inaccuracies and 
the approximate nature of the calculation 
formulas. Russian Building Codes SP 
63.13330.2018 [48] assumes an increase in 
opening under prolonged load action by 40% 
compared to short-term action. This difference is 
not surprising since the standards are focused on a 
certain margin of crack resistance and cannot 
consider the specifics of each structure. 
 
Table 4. Values of crack opening width crca  and 

coefficient s  
Time since 

loading, 
(days) 

Coefficient 
s  

crca , 
mm s  10 5 

0 0.8748 0.0451 97.10 
1 0.8758 0.0455 97.86 
7 0.8783 0.0466 99.96 
28 0.8813 0.0479 102.42 
70 0.8843 0.0493 105.06 
100 0.8857 0.0500 106.36 
160 0.8873 0.0508 107.87 
245 0.8883 0.0514 108.89 

CONCLUSIONS 
 

This study aimed to investigate the behavior of 
eccentrically loaded reinforced concrete elements 
made of high strength with mineral additives 
concrete under prolonged loading and to compare 
experimental data with theoretical data obtained 
using a stepwise version of the elastic solutions 
method. The behavior of eccentrically loaded 
reinforced concrete elements was studied on a 
reinforced concrete column. Comparison was 
made for stresses and strains in the compressed 
zone of concrete, as well as in tensile and 
compressed reinforcement. In addition, a 
comparison was made of the experimental and 
calculated values of the maximum deflections and 
crack opening width, which allows us to formulate 
the following conclusions. 
1. The relatively low increase in strains 
over time is due to the low level of compressive 
stresses in concrete and, accordingly, the linear 
nature of creep. A certain excess of the 
calculated values of strains of the compressed 
zone of concrete, tensile, and compressed 
reinforcement over the corresponding 
experimental values was obtained. This excess 
is probably explained by the fact that in the 
experiments, the averaged strains were recorded 
along the length of the section between the 
cracks, while in the calculations, strains were 
obtained for the cross-section with a crack. 
2. A comparison of the experimental values 
of deflections with the values obtained by 
calculation based on the deformed state in 
accordance with (9) - (11) showed quite 
satisfactory agreement with the results. 
3. For the first time, using a stepwise 
version of the method of elastic solutions, the 
calculation of the opening width of normal 
cracks for elements made of high-strength 
concrete with a mineral additive was carried out 
according to formulas (2), (3), (6) - (11). The 
calculation results are in good agreement with 
the experiments and show a significantly 
smaller increase in crack opening over time 
compared to that calculated according to 
Russian Building Codes SP 63.13330.2018. 
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EXPERIMENTAL IDENTIFICATION OF THE MEASURE OF 
INTERNAL FRICTION IN PLATES WITH A TWO-

DIMENSIONAL AUXETIC STRUCTURE  
 

Marina V. Shitikova 1,2, Ivan A. Soloviev 2, Artem V. Levchenko 2 

1 National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 
2 Voronezh State Technical University (VSTU), Voronezh, RUSSIA 

 
Abstract:   The analysis of relaxation processes occurring in metals, alloys and composites is an important prob-
lem of modern materials science. This paper presents the results of experiments to determine the measure of in-
ternal friction by impulse excitation technique (IET) in samples with different two-dimensional auxetic struc-
tures, namely, tetrachiral and re-entrant. IET is an advanced method for measuring material characteristics such 
as dynamic elastic and shear moduli, dynamic Poisson's ratio and internal friction to study deformation, soften-
ing, relaxation mechanisms and phase transformations in various materials. In the present research, five series of 
specimens of each structure have been made from photopolymer resin by sterlitography technology, which differ 
from each other in relative density. According to the test results, the dependence of internal friction on the sam-
ple density was determined. From the analysis of the obtained data, it was found that the re-entrant structure has 
a higher measure of internal friction, which indicates more pronounced viscoelastic properties, which in turn 
means a greater ability of the re-entrant structure to dampen the energy generated by the dynamic excitation. The 
values of the internal friction measure for the re-entrant structure at the peak point exceed the similar values for 
the tetrachiral structure by a factor of 6.44, in so doing with the increase in the relative density of the structure, 
the measure of the internal friction decreases irrespective of the type of the considered structures. 

 
Keywords: Stereolithographic printing, tetrachiral honeycomb structure, re-entrant honeycomb structure, 

internal friction, impulse excitation technique 
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1. INTRODUCTION 
 
The analysis of relaxation phenomena occurring 
in metals, alloys and composites is an important 
problem of modern materials science. The re-
sults obtained as a result of such studies provide 
extensive information on the kinetics of crystal 
structure defects and allow one to predict the 
behaviour of structural elements made of these 
materials under various operating conditions. 
For the phenomenological description of relaxa-
tion processes in materials subjected to suffi-
ciently weak external excitation, which is not 
reduced to plastic deformations, the hereditary 
theory of elasticity is usually adopted.  
Recent trends are aimed at a wider use of frac-
tional derivatives and other fractional operators 
in hereditary models of viscoelasticity, a de-
tailed review of which could be found in [1-4]. 
In the last two decades, various fractional calcu-
lus models have also been widely used to de-
scribe the rheological properties of various 
building materials such as concrete [5, 8, 9, 10], 
asphalt [11, 12] and bituminous [13, 14] mix-
tures, asphalt concrete [15, 16], polymer con-
crete [17], rubber concrete [18], fibrocomposites 
[18, 19], polymer foams [20] and polyurethanes 
[21]. In this case, the order of the fractional de-
rivative, or the so-called fractional parameter, is 
an additional microstructural characteristic of 
the material describing the level of its viscosity 
and microstructural changes [22], and for solid 
materials it varies from 0 (corresponding to a 
purely elastic material) to 1 (corresponding to a 
material described by the traditional viscoelastic 
model). 
Fractional calculus models are nowadays widely 
applied in materials science, rheology and me-
chanics not only because they allow one to de-

scribe a whole range of dissipative mechanisms 
(including creep and relaxation phenomena [3, 
4, 11]). with fewer parameters compared to tra-
ditional rheological formulations involving time 
derivatives of a whole order [17]. The fractional 
parameter variation could also allow one to ac-
count for a wide range of other important prop-
erties occurring over time in materials, such as 
ageing effects [19], chloride resistance of con-
crete and others. composites and their cohesion 
[9], concrete fracture [5], internal friction [10, 
20], the phenomenon of second, or volume, re-
laxation [3, 10], which should be considered 
together with the first, or shear, relaxation for 
advanced composite materials, and would also 
enable modelling the properties of viscoelastic 
materials with negative Poisson's ratios [3, 23], 
which are called auxetics. 
In order to incorporate fractional calculus mod-
els into engineering applications, it is necessary 
to define their characteristics [12, 21, 24-26], in 
particular the orders of fractional operators, for 
real structural materials, and/or structural ele-
ments, and/or engineering structures. The frac-
tional parameter is of great interest not only 
from a computational but also from a physical 
point of view. 
Several methods for fractional parameter esti-
mation have been proposed, and the majority of 
them are based on quasi-static experimental 
tests such as pre-peak steady bending tests [5], 
uniaxial dynamic modulus tests [16]. creep tests 
[8, 24], stress relaxation tests [20, 24], and 
three-point bending tests of beams [12, 15]. 
While minimizing the errors between the nu-
merical model and measurements provides the 
opportunity to estimate the material model pa-
rameters by analyzing the behaviour of materi-
als to impulsive loading over a long period of 

 

time [25], dynamic methods take the response to 
variable loading into account. According to 
[26], dynamic methods could be referred to Dy-
namic Mechanical Analysis (DMA) [14, 19] 
based on the measurement of amplitude and lag 
in the stress-strain relationship caused by oscil-
lating force, vibration testing [26] and Impulse 
Excitation Technique (IET) [27] based on the 
measurement of resonant frequencies during 
shock excitation, allowing the evaluation of 
damping characteristics [28]. Using numerical 
modelling of experimental data from external 
vibration studies of suspension bridges, which 
led to the analysis of the model using the fast 
Fourier transform, a fractional parameter identi-
fication procedure was proposed in [29], allow-
ing the authors to obtain damping coefficients 
dependent on natural frequencies of vibrations. 
There are several ways to measure internal fric-
tion in different materials. Pavlova et al. [4] 
measured damping as the logarithmic damping 
of oscillations of an inverted torsion pendulum 
 

Q-1=
1
n

 ln
Ai

Ai+n
,                     (1) 

 
where  and  are the amplitudes of the i-th 
and (i+n)-th periods of vibrations, respectively. 
Recently, devices capable of direct measuring 
the internal friction in different materials have 
been proposed. Huang et al. [6] used a DTM-II-
J dynamic elastic modulus internal friction ana-
lyzer manufactured by Hunan Zhenhua Analysis 
Instrument Co. Ltd., China. The device is based 
on the bending resonance method according to 
GB/T13665-2007 [7]. 
The principle of the bending resonance method 
is as follows: the frequency is increased until 
the strain amplitude reaches half of the reso-
nance value, which corresponds to the frequen-
cy  and the period . When the frequency is 
decreased until the strain amplitude reaches half 
of the resonance value, this frequency is denot-
ed as , and the period as . In so doing,  

is the difference value of  – , and  is the 
difference value of . Then the damping 
could be evaluated as 
 

Q-1=
| |

3 r
=

| 2- 1|
3 r

,                   (2) 

 
or 

 

Q-1=Tr
| T|
3T2T1

=Tr
|T2-T1|

3T2T1
,            (3) 

 
where  is the resonant frequency, and  is 
the resonant period [6].    
The current study is focused on the experi-
mental detection of the measure of internal fric-
tion of a metamaterial with a two-dimensional 
auxetic structure. For this purpose, plates with 
two different honeycomb structures would be 
considered, namely: tetrachiral and re-entrant. 
Auxetics have several advantages over conven-
tional materials, among them, increased energy 
dissipation, increased resistance to crack for-
mation and opening, better resistance to indenta-
tion. In this study, the effect of such factors as 
the internal dimensions of the honeycomb filler 
on the internal friction and fractional parameter 
would be investigated for metamaterials using a 
resonant frequency and damping analyzer 
(RFDA Basic) implementing the impulse excita-
tion technique (IET) [27, 28]. 
 
 
2. MATERIALS AND METHODS 
 
2.1. Materials for experiment 
Samples for the study are made by additive 
manufacturing using Formlabs Form 3 3D 
printer. Formlabs Clear photopolymer resin with 
the following characteristics is used for manu-
facturing: tensile strength t = 65 MPa, tensile 
modulus Et = 2.8 GPa, and flexural modulus 
Ef = 2.2 GPa. This resin is transparent, what 
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provides good quality control of the manufac-
tured samples.  
 

a) 

b) 

 
Figure 1. Type of tested structures: (a) tetrachi-

ral (b) re-entrant 
 

For laboratory experiments, samples of tetrachi-
ral structure (Figures 1a, 2a) and re-entrant 
structure (Figures 1b, 2b) were produced, the 
geometrical parameters of which are given in 
Table 1. The variable parameter is the relative 
density of the cell: 

 
 = Astr/A,                               (4) 

 
where Astr is the amount of material used to 
manufacture the structure, and A is the amount  
of material required to manufacture a full-body 
plate of the same dimensions. 
Five series of samples for each honeycomb 
structure were designed.  
The production of specimens includes the fol-
lowing steps: 
 
 
 
 

a) 

 
 

b) 

 
Figure 2. General view of produced samples: (a) tetrachiral (b) re-entrant 

 

 

Table 1. Geometrical parameters of the samples. 
Relative density , % l, mm Lh, mm da, mm d, mm tsw, mm R1, mm R2, mm ,  
Tetrachiral structure 
14 1.6227 2.08 1.3 1.3541 0.1082 - - 20 
21.1 1.6227 2.08 1.3 0.08485 0.1697 - - 20 
28.2 1.6227 2.08 1.3 0.11775 0.2355 - - 20 
35.3 1.6227 2.08 1.3 0.1529 0.3058 - - 20 
42.4 1.6227 2.08 1.3 0.19085 0.3817 - - 20 
Re-entrant structure 
14 - 1.97 - - 0.1082 0.1 0.5 30 
21.1 - 1.97 - - 0.1697 0.1 0.5 30
28.2 - 1.97 - - 0.2355 0.1 0.5 30 
35.3 - 1.97 - - 0.3058 0.1 0.5 30 
42.4 - 1.97 - - 0.3817 0.1 0.5 30 
         

1. Printing the honeycomb structures on a 3D 
printer; 
2.  Cleaning the printed elements in an ultrason-
ic bath using isopropyl alcohol; 
3. Pre-curing in an ultraviolet chamber; 
4. Bringing the honeycomb structures to the 
required dimensions and surface flatness by 
grinding; 
5. Cleaning of the ground elements from dust; 
6. Final curing of the samples in an ultraviolet 
chamber. 
 
2.2. Impulse excitation method 
In this work, internal friction measurements 
were performed using the Impulse Excitation 
Technique (IET). The Impulse Excitation Tech-
nique (IET) is an advanced method for measur-
ing material characteristics such as dynamic 
elastic and shear moduli, dynamic Poisson's ra-
tio and internal friction to investigate defor-
mation, softening, relaxation mechanisms and 
phase transformations in various materials. Ex-
perimental studies can be carried out both at 
room and high temperatures.  
The method is based on the following. A speci-
men of a strictly defined shape and dimensions 
is freely rested on a wire support (Figure 3). The 
contact between the wire and the surface of the 
specimen must be established at certain points, 
so-called nodes. The location of the support 

plays a key role in the measurement of internal 
friction. If the support points do not coincide 
with the nodes, the internal friction will be sig-
nificantly increased. In such a situation, the 
damping is generated not by the material but by 
the test machine.  
The position of nodes is calculated separately 
for each sample shape with specific dimensions. 
After a small impact on the sample, it starts to 
vibrate. The signal is picked up by a micro-
phone and transmitted to a personal computer, 
where the Resonant Frequency and Damping 
Analyzer (RFDA) software performs a Fast 
Fourier Transform (FFT), in order to calculate 
resonant frequencies, dynamic elastic and shear 
moduli, dynamic Poisson's ratio, damping fac-
tor, and internal friction. 

 

 
Figure 3. Schemes of bending and torsional 

vibrations of rectangular rods 
 
For this experiment, specimens with dimen-

sions l = 10 cm, b = 5 cm, t = 1 cm were pro-
duced. The RFDA Basic program obtained 
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of the plate. Then the specimens were mounted 
on wire supports located at the distance of 

ball attached to a flexible rod was used to im-
pact the plates. Figure 4 shows a photo of the 
experiment to determine the internal friction of 
the plates. Figure 5 shows the window of the 
initial data. 
Internal friction is characterized by the follow-
ing relationship: 
 

Q-1=
k

r
,                         (5) 

 
where k is the damping coefficient (the inverse 
of the relaxation time). 
 

  
Figure 4. Process of the experiment to deter-

mine the internal friction. 

 

Figure 5. Input data task screen 

 
3. RESULTS 
 
According to the test results, the data necessary 
for calculations according to formula (5) were 
obtained, which are given in Tables 2 and 3, and 
the graph of internal friction dependence on the 
relative density of a honeycomb filler was plot-
ted (Figure 6).  

 

Table 2. Results of damping tests of tetrachiral 
structure 

Relative 
density , % 

k, -1 r, Hz Q-1 

14 5.07 38.50 0.0487 
21.1 7.18 39.05 0.0528 
28.2 5.80 44.19 0.0434 
35.3 280.86 12178.94 0.0073 
42.4 251.35 11622.32 0.0069 

 

 

Table 3. Results of damping tests of re-entrant 
structure 

Relative 
density , % 

k, -1 r, Hz Q-1 

14 15.68 20.31 0.24 
21.1 23.05 21.76 0.34 
28.2 15.22 22.20 0.22 
35.3 14.90 22.13 0.21 
42.4 13.18 22.22 0.19 

 
From the analysis of the graphs in Figure 6, it 
could be seen that the re-entrant structure has a 
higher measure of internal friction, which indi-
cates more pronounced viscoelastic properties, 
what, in its turn, means that the re-entrant struc-
ture has a greater ability to dissipate the energy 
arising from the dynamic action. It is observed 
in both graphs that the highest internal friction 
is exhibited by the second set of samples with 
the relative density of 21.1%. In the tetrachiral 
structure with relative density greater than 
35.3%, the measure of internal friction becomes 
close to 0, resulting in the decrease of the auxe-
tic properties in structures with this relative den-
sity. However, in the re-entrant structures the 
values of Q-1, although it goes to decrease after 
the relative density value of 28.2%, remain at a 
rather high level. The values of the measure of 
internal friction for the re-entrant structure at the 
peak point exceed the same values for the tetra-
chiral structure by a factor of 6.44.  
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viscoelastic properties of metamaterials with 
two-dimensional auxetic structures. The follow-
ing conclusions could be formulated: 
1. the re-entrant structure has more pronounced 
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Q-1=
k

r
,                         (5) 
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Figure 4. Process of the experiment to deter-
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Figure 5. Input data task screen 
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STRENGTH ANALYSIS OF STEAM TURBINE BLADES 
FOR A NUCLEAR POWER PLANT 

 
Patrick L. Kiprotich, Mariia V. Volkova, Robert F. Siro 

National Research Nuclear University NRNU IATE MEPhI, Obninsk, RUSSIA 
 
Abstract: The blade is an aerofoil-shaped component of a steam turbine that has a root attached to the rotor. The 
root is the base of the blade that supports the entire structure and transmits the torque generated by the steam 
flow to the rotor. The root must be designed in a manner that takes into account its removal during maintenance 
and positional maintenance on-the-fly during turbine operation. This essentially ensures a safe working 
environment for the operators and other personnel in the nuclear power plant.  
Strength analysis of a steam turbine blade is a prerequisite procedure in the steam turbine design process during 
which the strength and durability of the blades under various operating conditions are evaluated. Such operating 
conditions include elevated temperatures, intense pressure and high rotational speeds. The purpose of this 
scientific work is to demonstrate that the blades can withstand such extreme conditions with little or no 
degradation over time. The adopted methodology involves modeling of the steam turbine blade using 
SolidWorks, and using the Finite Element Analysis (FEA) software to simulate the mechanical behavior of the 
associated blade material under various stress and strain conditions. The analysis takes into account factors such 
as stress distribution and concentration to predict the response of the blade under high pressure steam jets. The 
results of the analysis are adopted in the optimization of blade design and material selection to ensure safe and 
efficient blade operation throughout the entire lifespan of the turbine blade. The results are also useful in the 
identification of potential areas of weakness or failure that can be addressed through design changes and material 
improvements.  
 

Keywords: Strength analysis, steam turbine blade, finite element analysis, SolidWorks, Ansys, 
static structural analysis, nuclear power plant 
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1. INTRODUCTION 
 
A steam turbine is a fundamental subsystem in 
every power generation complex, particularly in 
nuclear power plants in which they convert the 
potential energy stored in high pressure steam 
into kinetic energy associated with the rotating 
turbine blades, generating a rotary motion for 
driving electrical generators which ultimately 
results into electrical power. The efficiency and 
reliability of the turbine is critically dependent 
on the performance of the blades, which are 
subjected to extreme operating conditions 
associated with very high temperatures, 
pressures and rotational speeds. In this scientific 
work, we perform a strength analysis of the last-
stage reaction-type steam turbine blades. 
Understanding the mechanical behavior of these 
blades under operational stresses is essential in 
preventing failures and ensuring the longevity 
of the turbine.  
The primary objective of this scientific work is 
to model, analyze and validate the stresses 
associated with the steam turbine blade 
subjected to the extreme conditions formerly 
mentioned. In the analysis, it is assumed that the 
manifestation of such conditions is uniform on 
all the blades and so the results associated with 
a single blade can be replicated to give a whole 
picture of the condition of all the blades in the 
turbine. By conducting a detailed analysis of the 
impact of these conditions on the blade, we get 
results that are crucial in the enhancement of the 
design and material selection for the turbine 
blades. 
By integrating advanced modeling and 
simulation techniques, the study provides a 
comprehensive understanding of the stresses 
manifesting on the turbine blades, a prerequisite 
stage in informed decision making on the basis 
of the adopted materials and design 

improvements. Additionally, the analysis 
procedure adopted in this scientific work can 
easily be applied in other types of turbines and 
components, contributing to the broader field of 
engineering and power generation. The findings 
in the study are expected to have practical 
implications in the maintenance and design of 
steam turbines, ultimately enhancing the 
stability and efficiency of power plants. 
 
1.1 A Brief Description of the Steam Turbine 
Blade and the Investigated Conditions 
A steam turbine operates under the fundamental 
principle of the Rankine Cycle, a 
thermodynamic cycle that transforms heat 
energy into mechanical work. In the Rankine 
cycle, high-pressure steam is generated in the 
steam generator. The steam is subjected to 
expansion in a series of turbine stages to create 
a rotary motion needed to facilitate the motion 
of conductive material through the magnetic 
field lines associated with permanent magnets 
of the electrical generator. The steam is then 
condensed and reintroduced into the cycle. 
The blade causes the rotation of the rotor by the 
action of reactionary or impulsive forces when a 
jet of steam traverses over its surface. It’s 
installed in slots on discs connected to a rapidly 
rotating shaft. The blade is engineered to allow 
steam to flow smoothly over its surface, altering 
direction and generating a force that induces 
rotary motion. In a nuclear power plant (NPP), 
the turbine operates at extreme conditions 
associated with high temperatures, oxidation, 
cavitation, corrosion, bending and centrifugal 
forces associated with the flowing steam, 
necessitating the selection of materials that can 
withstand such conditions. The design of the 
steam turbine blades must therefore take all 
these factors into consideration. 
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Materials such as INCONEL 718, a 
precipitation-hardened nickel-based superalloy, 
are capable of withstanding these conditions but 
require rigorous testing before use [1,2].  

The blade consists of 3 main parts; the leaf type, 
the blade root, and the blade tip, normally 
mounted in a disc containing shaft as illustrated 
in figure 1 [3]. 

 

 
Figure 1. Turbine blades: (a) The shaft and disc with turbine blades, (b) Basic structure 

of a twisted blade 
 
Each edge of a cross-section is referred to as a 
profile line, which, along with the section 
profile line and the leaf height parameters, 
adheres to gas dynamics requirements and 
ensures structural strength. Due to multi-axial 
stress state from the load, the blade must be 
modeled using 3-dimensional (3D) solid 
elements. The 3D model allows for detailed 
views of the maximum stresses, ensuring the 
design remains within safe limits. The blade’s 
shape is determined by the minimum inertia of 
the section, while its strength and vibration 
performance are influenced by several 
aerodynamic parameters, including the 
impeller’s suiting mode on the main shaft, the 
geometric inlet angle, and the exit angle [4]. 
 
1.2 Steam Turbine Blade Material Strength 
Analysis 
Numerous studies have been conducted to 
analyze the strength and life expectancy of 
steam turbine blades under various loading 
scenarios. Researchers have employed a range 
of analytical, numerical and experimental 
techniques to investigate the complex stress 

distributions, material behaviors and failure 
mechanisms associated with these components. 
Analytical methods, such as beam theory and 
energy methods, have been widely used to 
estimate the stresses and deformations in turbine 
blades subjected to centrifugal, thermal, and 
aerodynamic loads. These methods provide 
closed-form solutions and offer insights into the 
dominant failure modes, such as high-cycle 
fatigue, creep, and low-cycle fatigue [5]. 
Numerical techniques, particularly the FEA, 
have proven to be powerful tools for detailed 
stress analysis and turbine blade lifespan 
prediction. This method can incorporate 
complex blade geometries, material properties 
and loading conditions to accurately simulate 
the blade’s structural response and identify 
critical stress concentration regions [6]. 
Experimental investigations have played a 
crucial role in validating analytical and 
numerical models, as well as understanding the 
underlying failure mechanisms. Static, fatigue, 
creep and thermal cycling tests have been 
conducted on actual blade specimens or scaled 
models to provide valuable data on material 
behavior, crack initiation and propagation, and 
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the effects of the environmental factors such as 
temperature and corrosion [7].  
Strength analysis has led to the development of 
new alloys and coatings designed to enhance the 
strength and durability of turbine blades. Such 
materials exhibit superior high-temperature 
strength, creep resistance, and oxidation 
resistance, enabling longer service life and 
improved performance in nuclear power plant 
applications [8]. 
To achieve reliable performance, it is essential 
that the working stress manifesting on the 
turbine blades does not exceed the maximum 
allowable stress associated with the material.  
 
1.3 Principles of Operation of Turbines 
Turbines can be categorized based on the 
principle of their operation. In this case, we 
consider the categorization into impulse turbine 
and the reaction turbine. The impulse turbine 
operates by utilizing high-pressure steam that 
enters a stationary nozzle, consequently 
experiencing a decrease in pressure and a 
corresponding increase in velocity. The high-
velocity steam is directed towards properly 
shaped turbine blades, generating an impulse 
force as it changes the steam flow direction 
upon impact. The resultant force instigates blade 
movement, initiating a rotary motion. The 
impulse turbine maintains a constant pressure 
across the moving blades. While the stationary 
nozzles facilitate a pressure drop and an 
increase in velocity, the moving blades do not 
experience any changes in pressure. On the 
other hand, the reaction turbine consists of rows 
of fixed and moving blades. Initially, the steam 
expands in the fixed blades, increasing in 
velocity while its pressure decreases. As the 
steam gets to the moving blades, its direction 
changes, creating an impulse force on the 
blades. While traversing through the moving 
blades, it continues to expand and its pressure 
further drops, generating a reaction force that 
drives the turbine. A key characteristic of the 
reaction turbine is the pressure differential 
between the inlet and the outlet of the moving 

blades, indicating a significant pressure drop 
across the blades [5]. 
 
 
2. MATERIALS AND METHODOLOGY 
 
The adopted methodology entailed creation of 
the 3D model of the turbine blade using 
SolidWorks, adoption of the analytical 
computation scheme for the stress, adoption of 
the ANSYS supported numerical computation in 
simulating stress, and validation of results by 
comparing the adopted numerical and analytical 
computation models. The implementation 
workflow diagram is presented in figure 2. 
 

 

Figure 2. Implementation workflow 
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2.1 Steam Turbine Blade Material 
Characteristics, Properties and Physical 
Parameters   
The steam turbine blade considered in this 
scientific work is made of INCONEL Alloy 718, 
a nickel-based superalloy whose mechanical 
characteristics are outlined in table 1 [11]. 
 

Table 1. Mechanical characteristics of 
INCONEL Alloy 718 

Material characteristic Value/comment 
Physical density, g cm-3 8,221 
Melting point, 0C 1380-1425   
Modulus of elasticity, GPa 205 
Tensile strength, MPa 869.4 
Yield strength, MPa 761,2 
Creep resistance Excellent  
Corrosion resistance  Excellent in air, water 

and steam 
Oxidation resistance Good up to 1200 0C 
Wear resistance Good  
Fatigue resistance Good 
 
The INCONEL Alloy 718 turbine material 
constitutes a blend of diverse elements, each with 
specified percentage composition as outlined in 
table 2. These element compositions impart 
favorable characteristics, enabling the turbine to 
operate effectively under high-pressure steam 
conditions within the steam turbine system. 

 
Table 2. Percentage composition of materials in 

INCONEL Alloy 718 
Element Composition , % 
Nickel (Ni) 50-55 
Chromium (Cr) 17-21 
Iron (Fe) 18-22 
Niobium (Nb) 4,75-5,5 
Tantalum (Ta) 4,75-5,5 
Molybdenum (Mo) 2,8-3,3 
Titanium (Ti) 0,65-1,15 
Aluminium (Al) 0,2-0,8 
Columbium (Cb) 0,3-0,7 
Others Trace amounts 

The material properties and physical parameters 
of the turbine blade adopted in the analysis are 
presented in table 3. 
 

Table 3. Material properties and physical 
parameters 

Material properties  Magnitude 
Physical density, Kg m-3 8221 
Modulus of elasticity, E, MPa 1,95 10  
Yield strength, y, MPa 761,20 
Ultimate tensile strength, MPa 869,40 
Elongation, % 40,00 
Radius of the rotor disc, m 0,30 
Height of the blade, mm 150,00 
Cross-sectional area of the root of 
the blade, mm2 

1195,82 

Blade rotation speed, , rad s-1 314,16 
Steam mass flowrate, t hr-1 1602 
 
2.2 Analytical Solution  
2.2.1 Centrifugal Stress on the Turbine Blade 
The rotating blades encounter centrifugal forces as 
a consequence of their circular motion within the 
turbine. These forces exert an outward pressure on 
the blades, directly proportional to the square of 
the rotational speed and the distance on the blade 
from the center of rotation. Considering a 
simplified two-dimensional (2D) representation of 
the blade as depicted in figure 3 [9], the 
centrifugal force acting on the turbine blade, 
denoted by FC is calculated using equation (1). 
 

 =   (1) 
 

 
Figure 3. Load acting rotor blade 

Where m is the mass of the blade, r is the radial 
distance from the center of rotation to the blade 
tip, and the angular velocity of the blade. 
Considering an infinitesimal mass segment, 
denoted by , with a width dr, located at a 
distance r from the center of rotation, the 
centrifugal force acting on this point, represented 
by C takes the form of equation (2).   
 

= 2 (2) 
 
Given the cross-sectional area of the blade is A, 
mm2, and the material physical density  kg 
mm-3, then the infinitesimal mass of the element 
takes the form of equation (3). 
 

=   (3) 
 
Substituting equation (3) into (2), and assuming 
that both the material physical density and the 
cross-sectional area are constant, we get 
equation (4). 
 

=  2  (4) 
 
Integrating equation (4) from the centroid of the 
turbine shaft to the blade tip [10] gives the force 
exerted on the entire turbine blade in the form of 
equation (5). 
 

 =   (5) 

 
So that the resultant centrifugal force is 
determined using the equation (6). 
 

 =  
  
2

 (6) 

 
Where r1 is the radius of the rotor disc, and r2 is 
the sum of the height of the blade and the radius 
of the rotor disc, as shown in figure 2. 
Considering the data provided in table 3, we 
calculate the total radius of the blade by 
summing up the radius of the rotor disc (r1 = 0,3 

m) and the height of the turbine blade, so that, r2 
= 0,45 m. Substituting all the known parameters 
into equation (6) gives the centrifugal force on 
the blade, FC  = 54600 N. 
 
2.2.2 The Centrifugal and Bending Stresses on 
the Turbine Blades 
The centrifugal stress c at the blade root is then 
calculated using the relation (7). 
 

=   (7) 

 
Where Aroot is the cross-sectional area of the 
blade root. So that the resulting centrifugal force 
acting on the blade root, c = 45,50 MPa. 
We must also take into account the bending 
stress on the steam turbine blade due to the 
steam pressure. This stress is sensitive to 
various factors, including the blade geometry, 
material properties, operating conditions, and 
the aerodynamic forces acting on the blade. On 
a beam-like structure, this stress takes the form 
of equation (8). 
 

 =   +   (8) 

 
The tangential bending stress on the blade takes 
the form of equation (9). 
 

 =   (9) 

 
The axial bending stress on the blade takes the 
form of equation (10). 
 

 =   (10) 

 
Where M is the bending moment due to steam 
pressure, x, y  are the distances from the neutral 
axis to the outermost part of the blade in the x 
and y directions respectively, Ix, Iy are the 
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2.1 Steam Turbine Blade Material 
Characteristics, Properties and Physical 
Parameters   
The steam turbine blade considered in this 
scientific work is made of INCONEL Alloy 718, 
a nickel-based superalloy whose mechanical 
characteristics are outlined in table 1 [11]. 
 

Table 1. Mechanical characteristics of 
INCONEL Alloy 718 

Material characteristic Value/comment 
Physical density, g cm-3 8,221 
Melting point, 0C 1380-1425   
Modulus of elasticity, GPa 205 
Tensile strength, MPa 869.4 
Yield strength, MPa 761,2 
Creep resistance Excellent  
Corrosion resistance  Excellent in air, water 

and steam 
Oxidation resistance Good up to 1200 0C 
Wear resistance Good  
Fatigue resistance Good 
 
The INCONEL Alloy 718 turbine material 
constitutes a blend of diverse elements, each with 
specified percentage composition as outlined in 
table 2. These element compositions impart 
favorable characteristics, enabling the turbine to 
operate effectively under high-pressure steam 
conditions within the steam turbine system. 

 
Table 2. Percentage composition of materials in 

INCONEL Alloy 718 
Element Composition , % 
Nickel (Ni) 50-55 
Chromium (Cr) 17-21 
Iron (Fe) 18-22 
Niobium (Nb) 4,75-5,5 
Tantalum (Ta) 4,75-5,5 
Molybdenum (Mo) 2,8-3,3 
Titanium (Ti) 0,65-1,15 
Aluminium (Al) 0,2-0,8 
Columbium (Cb) 0,3-0,7 
Others Trace amounts 

The material properties and physical parameters 
of the turbine blade adopted in the analysis are 
presented in table 3. 
 

Table 3. Material properties and physical 
parameters 

Material properties  Magnitude 
Physical density, Kg m-3 8221 
Modulus of elasticity, E, MPa 1,95 10  
Yield strength, y, MPa 761,20 
Ultimate tensile strength, MPa 869,40 
Elongation, % 40,00 
Radius of the rotor disc, m 0,30 
Height of the blade, mm 150,00 
Cross-sectional area of the root of 
the blade, mm2 

1195,82 

Blade rotation speed, , rad s-1 314,16 
Steam mass flowrate, t hr-1 1602 
 
2.2 Analytical Solution  
2.2.1 Centrifugal Stress on the Turbine Blade 
The rotating blades encounter centrifugal forces as 
a consequence of their circular motion within the 
turbine. These forces exert an outward pressure on 
the blades, directly proportional to the square of 
the rotational speed and the distance on the blade 
from the center of rotation. Considering a 
simplified two-dimensional (2D) representation of 
the blade as depicted in figure 3 [9], the 
centrifugal force acting on the turbine blade, 
denoted by FC is calculated using equation (1). 
 

 =   (1) 
 

 
Figure 3. Load acting rotor blade 

Where m is the mass of the blade, r is the radial 
distance from the center of rotation to the blade 
tip, and the angular velocity of the blade. 
Considering an infinitesimal mass segment, 
denoted by , with a width dr, located at a 
distance r from the center of rotation, the 
centrifugal force acting on this point, represented 
by C takes the form of equation (2).   
 

= 2 (2) 
 
Given the cross-sectional area of the blade is A, 
mm2, and the material physical density  kg 
mm-3, then the infinitesimal mass of the element 
takes the form of equation (3). 
 

=   (3) 
 
Substituting equation (3) into (2), and assuming 
that both the material physical density and the 
cross-sectional area are constant, we get 
equation (4). 
 

=  2  (4) 
 
Integrating equation (4) from the centroid of the 
turbine shaft to the blade tip [10] gives the force 
exerted on the entire turbine blade in the form of 
equation (5). 
 

 =   (5) 

 
So that the resultant centrifugal force is 
determined using the equation (6). 
 

 =  
  
2

 (6) 

 
Where r1 is the radius of the rotor disc, and r2 is 
the sum of the height of the blade and the radius 
of the rotor disc, as shown in figure 2. 
Considering the data provided in table 3, we 
calculate the total radius of the blade by 
summing up the radius of the rotor disc (r1 = 0,3 

m) and the height of the turbine blade, so that, r2 
= 0,45 m. Substituting all the known parameters 
into equation (6) gives the centrifugal force on 
the blade, FC  = 54600 N. 
 
2.2.2 The Centrifugal and Bending Stresses on 
the Turbine Blades 
The centrifugal stress c at the blade root is then 
calculated using the relation (7). 
 

=   (7) 

 
Where Aroot is the cross-sectional area of the 
blade root. So that the resulting centrifugal force 
acting on the blade root, c = 45,50 MPa. 
We must also take into account the bending 
stress on the steam turbine blade due to the 
steam pressure. This stress is sensitive to 
various factors, including the blade geometry, 
material properties, operating conditions, and 
the aerodynamic forces acting on the blade. On 
a beam-like structure, this stress takes the form 
of equation (8). 
 

 =   +   (8) 

 
The tangential bending stress on the blade takes 
the form of equation (9). 
 

 =   (9) 

 
The axial bending stress on the blade takes the 
form of equation (10). 
 

 =   (10) 

 
Where M is the bending moment due to steam 
pressure, x, y  are the distances from the neutral 
axis to the outermost part of the blade in the x 
and y directions respectively, Ix, Iy are the 
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moments of inertia in the x and y directions 
respectively. 
Formulation of the bending stress requires 
scrutiny of the combined velocity triangle for 
steam turbine illustrated in the figure 4 [12]. 
This is a graphical assessment of the velocity 
distribution of steam as it traverses through the 
steam turbine blade. The velocities are 
represented using velocity triangles, which 
illustrate the magnitudes and directions of 
various velocity components. 
 

 
The free body diagram of the steam turbine 
blade adopted in the analysis is given in figure 5. 
 

 

The mass flowrate, , associated with all the 
blades in a circular section of the steam turbine 
under scrutiny is given in table 3. The total 
number of turbine blades in each circular 
section is given as, n = 90, therefore, the mass 
flowrate associated with a turbine blade takes 
the form of equation (11).  
 

 =   (11) 

 
So that, on substituting into equation (11),  

 =  4,94 kgs .  
With reference to the depiction in figure 4, we 
generate a combined velocity triangle diagram 
for the steam turbine blade adopted in the 
analysis as shown in figure 6.  
 

 
The approximate values for the tangential and 
axial components are obtained from figure 6. 
The dimensional lengths correspond to relative 
velocities in m s-1. From this figure, we retrieve 

0 0; 
representing the angle the incoming steam 
makes with the tangent of the wheel at the steam 
inlet, the angle the discharging steam makes 
with the tangent of the wheel at the steam outlet, 
the inlet angle of the moving blades, and the 
outlet angle of the moving blades respectively.  
The linear velocity V is calculated from the 
angular velocity of the rotor. 
At the entrance, the vertical component velocity 
of flow Vf1 corresponds to the axial component 
velocity V1, while the velocity of flow at the exit 
Vf2 aligns with the axial component V2. Since 
both Vf1 and Vf2 are identical at a velocity of 

Figure 6. Combined velocity diagram of the 
turbine blade 

Figure 5. Steam turbine blade cross-section 
with velocity diagram 

Figure 4. Combined velocity triangle for steam 
turbine 
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moments of inertia in the x and y directions 
respectively. 
Formulation of the bending stress requires 
scrutiny of the combined velocity triangle for 
steam turbine illustrated in the figure 4 [12]. 
This is a graphical assessment of the velocity 
distribution of steam as it traverses through the 
steam turbine blade. The velocities are 
represented using velocity triangles, which 
illustrate the magnitudes and directions of 
various velocity components. 
 

 
The free body diagram of the steam turbine 
blade adopted in the analysis is given in figure 5. 
 

 

The mass flowrate, , associated with all the 
blades in a circular section of the steam turbine 
under scrutiny is given in table 3. The total 
number of turbine blades in each circular 
section is given as, n = 90, therefore, the mass 
flowrate associated with a turbine blade takes 
the form of equation (11).  
 

 =   (11) 

 
So that, on substituting into equation (11),  

 =  4,94 kgs .  
With reference to the depiction in figure 4, we 
generate a combined velocity triangle diagram 
for the steam turbine blade adopted in the 
analysis as shown in figure 6.  
 

 
The approximate values for the tangential and 
axial components are obtained from figure 6. 
The dimensional lengths correspond to relative 
velocities in m s-1. From this figure, we retrieve 

0 0; 
representing the angle the incoming steam 
makes with the tangent of the wheel at the steam 
inlet, the angle the discharging steam makes 
with the tangent of the wheel at the steam outlet, 
the inlet angle of the moving blades, and the 
outlet angle of the moving blades respectively.  
The linear velocity V is calculated from the 
angular velocity of the rotor. 
At the entrance, the vertical component velocity 
of flow Vf1 corresponds to the axial component 
velocity V1, while the velocity of flow at the exit 
Vf2 aligns with the axial component V2. Since 
both Vf1 and Vf2 are identical at a velocity of 

Figure 4. Combined velocity diagram of the 
turbine blade 

Figure 3. Steam turbine blade cross-section 
with velocity diagram 

Figure 2. Combined velocity triangle for steam 
turbine 

71,93 m s-1, the axial force acting on the blade 
becomes zero, implying that only the tangential 
force is exerted on the blade. From the figure 6, 
the velocity of the steam relative to the moving 
blade Vr1 = 197,63 m s-1 at the inlet and the 
velocity of steam relative to the moving blade Vr2  
= 71,93 m s-1 at the outlet are used to calculate 
the tangential force using equation (12). 
 

 =  (  +  ) (12) 
 
So that, the tangential force Ft  = 1332,82 N. 
The tangential moment Mt caused by the 
tangential force takes the form of equation (13). 
 

 =  (   ) (13) 
 
So that Mt = 199,92 N m. 
 

Table 4. Principal moment of inertia at the 
centroid, Iy and the depth of the blade from the 

central axis 
Centroid relative to 
output coordinate 
system origin, mm 

x = 0,00 
y = 1,00 
z = -9,11 

Moments 
of inertia 

of the area, 
at the 

centroid, 
mm4  

Lxx=74635,33 
 

Lyx=0,00 
 

Lzx=-24,44 

Lxy=0,00 
 

Lyy=731171,0
7 
 

Lzy=0,00 

Lxz=-24,44 
 

Lyz=0,00 
 

Lzz=656535
,74 

Polar moment of inertia 
of the area, at the 

centroid = 731171,07 
mm4 

Angle between 
principal axes and part 

axes = 900 
Principal moments of 

inertia of the area, at the 
centroid , mm4 

Ix = 74635,33 
Iy = 656535,74 

Moments 
of inertia 

of the 
area , at the 

output 
coordinate 

system, 
mm4 

Lxx=174679,60 
 

Lyx=0,83 
 

Lzx=16,86 

Lxy=0,83 
 

Lyy=830024,4
3 
 

Lzy=-
10850,11 

 
Lxz=16,86 

 
Lyz=-

10850,11 
Lzz=657726

,64 

Table 4 entails the principal moment of inertia 
at the centroid, Iy and the depth of the blade 
from the central axis. The measurements are 
based on sectioned model. The cross-sectional 
area of the selected face, A = 1190,91 mm2. The 
value of the principal moment of inertia along 
the y-axis, Iy, and its corresponding length, y 
from the neutral axis is used to calculate the 
tangential stress by substituting these values 
into equation (9), so that t = 50,65 MPa. Due to 
the fact that the axial force acting on the blade is 
zero, the bending stress on the turbine blade, B 
=  t = 50,65 MPa. 
The total stress acting on the turbine blade is 
determined by summing up the tangential and 
centrifugal stresses on the blade, equating to 
96,15 MPa. 
 
2.3 ANSYS Supported Numerical Solution      
The Ansys Workbench’s static structural 
analysis module was used in the numerical 
computation of centrifugal and bending stresses. 
This module utilizes the FEA techniques, which 
involve breaking down a complex structure into 
smaller, simpler elements. The equations 
governing the motion and behavior of each 
individual element are then solved numerically 
to determine the stress, strain, and displacement 
distributions throughout the entire structure 
[13]. By discretizing the problem, the program 
effectively analyzes the centrifugal and bending 
stresses acting on the blade.  
The 3D model of the steam turbine blade 
subjected to numerical simulation is given in 
figure  7. 
 
2.3.1 Meshing and Solving for Centrifugal 
Stress 
In the static structural analysis module, the 
geometry file of the steam turbine blade is 
imported, the material properties of the blade 
defined, in this case, Nickel alloy INCONEL 
718 is chosen from the ANSYS material 
database, the coordinate system for the analysis 
is defined, and the meshing processes initiated. 
The FEA technique solves the equations 
governing the motion of the structures on 
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infinitesimal volume elements of the solid 
domain. The meshing process divides the 
supplied geometry into infinitesimal elements 
linked by nodes. The resulting mesh is given in 
figure 8. The mesh element size for this analysis 
was chosen based on several critical factors, 
taking into account the distinction between 
critical and non-critical regions of the blade. 

 
Figure 7. 3D model of the steam turbine blade 

adopted in the numerical solution 
  

 

The blade’s geometry has both simple and 
complex features, necessitating a variable mesh 
density approach, considering: 
a) High stress gradient areas such as the root, 
trailing edge, and the leading edge of the blade, 
in which finer mesh elements were adopted. 
This facilitated accurate analysis of stress 
concentrations. 
b) Uniform material regions such as the inner 
and outer arc of  the blade, in which coarser 
mesh elements were considered. The 
homogeneous nature of the blade material 
allowed for coarser mesh in less critical areas 
without compromising the required accuracy.  
This strategy reduced computational time and 
facilitated optimization on resource usage while 
maintaining the necessary accuracy. 
The meshing process is proceeded by definition 
of boundary conditions on the mesh as depicted 
in the figure 9. This process involves applying a 
fixed support condition to the region where the 
blade attaches to the rotor disc section. 
Additionally, a rotational velocity of 3000 rpm 
is specified, which generally corresponds to the 
operating speed of the NPP steam turbines. 
 

 
Figure 9. Boundary conditions 

 
Figure 8. Steam turbine blade mesh 

With the setup completed; including the 
material properties, coordinate system, mesh, 
and the boundary conditions, the Ansys static 
structural analysis module solution is run to 
evaluate the stresses and deformations on the 
turbine blade under the specified centrifugal 
loading conditions. 
 
2.3.2 Solving for Bending Stress 
Given that the simulation of steam flow using 
Ansys Computational Fluid Dynamics (CFD) is 
beyond the scope of the primary objective of 
this scientific work, the adopted approach in the 
computation of bending stress is not as 
straightforward as it would be if CFD is 
integrated in the solution. Instead of performing 
CFD simulation to determine the bending force 
acting on the blade, this value is arrived at by an 
analytical means. The bending force is then 
directly supplied as the primary bending load in 
the boundary conditions within the static 
structural analysis module. While a 
comprehensive CFD simulation would have  
provided a detailed and accurate representation 
of the steam-blade interaction, the adopted 
approach strikes a balance between 
computational feasibility and capturing the 
essential bending stress effects within the scope 
of the primary objective of the scientific work. 
The static structural module is then used to 
compute the bending stress in the same manner 
as previously executed in the case of the 
centrifugal stress. All the boundary conditions 
in this case are the same except for the bending 
force on the blade. 
The notable difference in the boundary 
conditions is the introduction of the bending 
force acting on the blade. The analysis setup; 
including the geometry, material properties, 
coordinate system, and the mesh remain 
identical. Figure 10 is a depiction of the bending 
force applied to the turbine blade, with the fixed 
support constraint applied at the region where 
the blade attaches to the rotor section. From this 

we determine the equivalent force exerted by 
the steam jet impinging on the blade’s surface. 
 

 
 
 
3. RESULTS 
 
Figure 11 is a depiction of the equivalent (Von-
Mises) stress distribution and total deformation 
in the model; the results of the numerical 
computation of centrifugal stress. The color 
scale indicates the stress values, ranging from a 
minimum of 0,00 MPa to a maximum of 45,33 
MPa. The areas with higher stress 
concentrations are highlighted in red and 
orange, while the lower stress regions are 
highlighted in blue and green. Figure 12 is a 
depiction of the bending stress and the 
associated total deformation force on the blade. 
The maximum bending stress experienced by 
the steam blade is 52,80 MPa. The comparison 
is given in the table 5. 

Figure 6. Equivalent force exerted by the steam 
jet impinging on the blade surface 
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infinitesimal volume elements of the solid 
domain. The meshing process divides the 
supplied geometry into infinitesimal elements 
linked by nodes. The resulting mesh is given in 
figure 8. The mesh element size for this analysis 
was chosen based on several critical factors, 
taking into account the distinction between 
critical and non-critical regions of the blade. 

 
Figure 7. 3D model of the steam turbine blade 

adopted in the numerical solution 
  

 

The blade’s geometry has both simple and 
complex features, necessitating a variable mesh 
density approach, considering: 
a) High stress gradient areas such as the root, 
trailing edge, and the leading edge of the blade, 
in which finer mesh elements were adopted. 
This facilitated accurate analysis of stress 
concentrations. 
b) Uniform material regions such as the inner 
and outer arc of  the blade, in which coarser 
mesh elements were considered. The 
homogeneous nature of the blade material 
allowed for coarser mesh in less critical areas 
without compromising the required accuracy.  
This strategy reduced computational time and 
facilitated optimization on resource usage while 
maintaining the necessary accuracy. 
The meshing process is proceeded by definition 
of boundary conditions on the mesh as depicted 
in the figure 9. This process involves applying a 
fixed support condition to the region where the 
blade attaches to the rotor disc section. 
Additionally, a rotational velocity of 3000 rpm 
is specified, which generally corresponds to the 
operating speed of the NPP steam turbines. 
 

 
Figure 9. Boundary conditions 

 
Figure 5. Steam turbine blade mesh 

With the setup completed; including the 
material properties, coordinate system, mesh, 
and the boundary conditions, the Ansys static 
structural analysis module solution is run to 
evaluate the stresses and deformations on the 
turbine blade under the specified centrifugal 
loading conditions. 
 
2.3.2 Solving for Bending Stress 
Given that the simulation of steam flow using 
Ansys Computational Fluid Dynamics (CFD) is 
beyond the scope of the primary objective of 
this scientific work, the adopted approach in the 
computation of bending stress is not as 
straightforward as it would be if CFD is 
integrated in the solution. Instead of performing 
CFD simulation to determine the bending force 
acting on the blade, this value is arrived at by an 
analytical means. The bending force is then 
directly supplied as the primary bending load in 
the boundary conditions within the static 
structural analysis module. While a 
comprehensive CFD simulation would have  
provided a detailed and accurate representation 
of the steam-blade interaction, the adopted 
approach strikes a balance between 
computational feasibility and capturing the 
essential bending stress effects within the scope 
of the primary objective of the scientific work. 
The static structural module is then used to 
compute the bending stress in the same manner 
as previously executed in the case of the 
centrifugal stress. All the boundary conditions 
in this case are the same except for the bending 
force on the blade. 
The notable difference in the boundary 
conditions is the introduction of the bending 
force acting on the blade. The analysis setup; 
including the geometry, material properties, 
coordinate system, and the mesh remain 
identical. Figure 10 is a depiction of the bending 
force applied to the turbine blade, with the fixed 
support constraint applied at the region where 
the blade attaches to the rotor section. From this 

we determine the equivalent force exerted by 
the steam jet impinging on the blade’s surface. 
 

 
 
 
3. RESULTS 
 
Figure 11 is a depiction of the equivalent (Von-
Mises) stress distribution and total deformation 
in the model; the results of the numerical 
computation of centrifugal stress. The color 
scale indicates the stress values, ranging from a 
minimum of 0,00 MPa to a maximum of 45,33 
MPa. The areas with higher stress 
concentrations are highlighted in red and 
orange, while the lower stress regions are 
highlighted in blue and green. Figure 12 is a 
depiction of the bending stress and the 
associated total deformation force on the blade. 
The maximum bending stress experienced by 
the steam blade is 52,80 MPa. The comparison 
is given in the table 5. 

Figure 10. Equivalent force exerted by the steam 
jet impinging on the blade surface 
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Table 5. Comparison of analytical and 

numerical results 

 Analytical Numerical % 
difference 

Centrifugal 
stress, MPa 45,50 45,33 0,38 

Bending 
stress, MPa 50,65 52,80 4,07 

Total, MPa 96,15 98,13 2,02 
 
 

 

 
CONCLUSION 
 
The analytical technique yielded a total stress of 
96,15 MPa, arrived at by summing up the 
centrifugal stress and bending moment stress 
caused by the impingement of steam jet on the 
blade. The total stress registered by the 
numerical technique is 98,13 MPa, slightly 
higher than the analytical results. The 
discrepancy in the computation of total stress by 
these two techniques represents 2,02% 
difference.    
The resulting discrepancy, even though slightly 
significant, underscores the importance of 

Figure 11. Centrifugal stress and associated total deformation 

Figure 12. Bending stress and associated total deformation 
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Table 5. Comparison of analytical and 

numerical results 

 Analytical Numerical % 
difference 

Centrifugal 
stress, MPa 45,50 45,33 0,38 

Bending 
stress, MPa 50,65 52,80 4,07 

Total, MPa 96,15 98,13 2,02 
 
 

 

 
CONCLUSION 
 
The analytical technique yielded a total stress of 
96,15 MPa, arrived at by summing up the 
centrifugal stress and bending moment stress 
caused by the impingement of steam jet on the 
blade. The total stress registered by the 
numerical technique is 98,13 MPa, slightly 
higher than the analytical results. The 
discrepancy in the computation of total stress by 
these two techniques represents 2,02% 
difference.    
The resulting discrepancy, even though slightly 
significant, underscores the importance of 

Figure 7. Centrifugal stress and associated total deformation 

Figure 8. Bending stress and associated total deformation 

conducting comparative studies. While in this 
case the analytical method offers a simplified 
approach, a computational simulation provides a 
more comprehensive and potentially more 
reliable means of assessing the structural 
integrity and performance of the steam turbine 
blade under realistic operation conditions.  
The difference in the results could be attributed 
to the limited scope of this scientific work, i.e., 
the decision not to incorporate the CFD analysis 
functionality into the static structural analysis 
workflow for purposes of computing the 
bending stress associated with the steam jet on 
the blade. However, the manifesting difference 
is one that is insignificant in the validation of 
the agreement between numerical and analytical 
computation techniques. 
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Abstract: Determination and investigation of longitudinal deformations of shortening of steel-reinforced con-
crete structures is an important step in the calculation of complex spatial schemes of buildings. Ignoring these 
deformations can make it difficult to operate the facility and, in some cases, lead to the failure of adjacent struc-
tures. The study of longitudinal deformations of shortening of steel-reinforced concrete structures has not been 
given due attention before. The longitudinal deformations of shortening for steel-reinforced concrete compressed 
elements using a large range of heavy concretes (from B25 to B80) and percentages of reinforcement (from 0 to 
22%) are estimated. The deformations were calculated. The analysis of experimental data obtained during test-
ing of conditionally centrally compressed models of columns of steel-reinforced concrete structures is presented. 
It is shown that the existing diagrams of concrete work do not accurately describe the work of a composite steel-
reinforced concrete structure, it is its shortening and reduced rigidity. When the structure is compressed, concrete 
loses its destruction at earlier stages of loading than it would be for concrete or reinforced concrete. This fact is 
caused by the stress-strain state of the concrete section separated by steel elements, as well as the effects of early 
detachment and slippage along the «steel-concrete» contact surface. It is necessary to use a system of additional 
coefficients to eliminate the established discrepancy in determining the magnitude of longitudinal deformation 
(shortening) under the action of short-term loads and experimentally obtained data. These coefficients should in-
crease the theoretical value of the expected relative deformations and consider the features of the work of con-
ventional and high-strength concrete as part of compressible steel-reinforced concrete structures. When deter-
mining the stiffness values for steel-reinforced concrete structures under the action of short-term loads and bring-
ing the calculated longitudinal stiffness to a value close to experimental data, it is proposed to introduce an addi-
tional coefficient. This coefficient further reduces the longitudinal rigidity of the structure depending on the 
stress level in concrete and steel. 
 

Keywords: central compression, off-center compression, vertical deformation, longitudinal stiffness, 
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INTRODUCTION 
 
The columns of high-rise buildings and the sup-
porting structures of stadium coverings, where 
the elements are subjected to significant com-
pression forces, are usually designed in steel-
reinforced concrete structures, in particular, col-
umns with rigid reinforcement. For correct 
analysis of complex spatial schemes of build-
ings, it is extremely important to correctly de-
termine the longitudinal deformations of steel-
reinforced concrete structures. Despite the fact 
that the current normative documents on analy-
sis and design of such structures SP 63.13330 
“Concrete and Reinforced Concrete Structures”, 
SP 267.1325800 “Buildings and High-Rise 
Complexes...”, SP 266. 1325800 “Steel-
reinforced concrete structures...” do not regulate 
the ultimate values of shortening for eccentrical-
ly compressed elements. Ignoring these defor-
mations can complicate the operation of the fa-
cility and in some cases lead to the failure of 
adjacent structures. The effect of longitudinal 
deformations in multi-storey and high-rise 
buildings can result in misalignment of the ver-
tical cells of the frame, which should have de-
formations no greater than those specified in 
clause D.1.9 of SP 20.13330 and clause 8.2.4.16 
of SP 267.1325800 “Buildings and high-rise 
complexes...” where the allowed displacements 
are of 1/300 of the floor height and less.  

Cells skew is calculated by the formula f1/hs + 
f2/l, where f1 and f2 are horizontal and vertical 
displacements respectively, and hs and l - cell 
height and its span as can be seen from Figure 
E.3 in SP 20.13330 “Loads and Actions". In ad-
dition, during construction and operation of 
high-rise buildings the standards GOST 27751-
2014 “Reliability of building structures and 
foundations. Main provisions” and GOST 
31937-2011 ”Buildings and structures. Rules for 
inspection and monitoring of technical condi-
tion” stipulate monitoring of deformations of 
structures. 
Shear deformations of the frame cell can cause 
damage to the exterior structural components, 
facade modules, partition walls. It can also im-
pede the operation of elevators. The drift of the 
top of the building from the vertical, as well as 
standard formulas for cell deformation only 
regulate the slab shear relative to each other and 
do not include estimates of potential additional 
vertical deformation. For example, damage can 
also occur in high-rise and multi-floor buildings 
due to varying column shortening. In the U.S. 
structural design codes [1, 19], the shortening 
effect is accounted for by the so-called Drift 
Measurement Index (DMI = Drift Measurement 
Index) for high-rise structures. This value is es-
sentially the average shear deformation of a ver-
tical rectangular cell. Its influence on envelope 
structures for their main types is taken with re-
gard to [2].  
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The columns of high-rise buildings and the sup-
porting structures of stadium coverings, where 
the elements are subjected to significant com-
pression forces, are usually designed in steel-
reinforced concrete structures, in particular, col-
umns with rigid reinforcement. For correct 
analysis of complex spatial schemes of build-
ings, it is extremely important to correctly de-
termine the longitudinal deformations of steel-
reinforced concrete structures. Despite the fact 
that the current normative documents on analy-
sis and design of such structures SP 63.13330 
“Concrete and Reinforced Concrete Structures”, 
SP 267.1325800 “Buildings and High-Rise 
Complexes...”, SP 266. 1325800 “Steel-
reinforced concrete structures...” do not regulate 
the ultimate values of shortening for eccentrical-
ly compressed elements. Ignoring these defor-
mations can complicate the operation of the fa-
cility and in some cases lead to the failure of 
adjacent structures. The effect of longitudinal 
deformations in multi-storey and high-rise 
buildings can result in misalignment of the ver-
tical cells of the frame, which should have de-
formations no greater than those specified in 
clause D.1.9 of SP 20.13330 and clause 8.2.4.16 
of SP 267.1325800 “Buildings and high-rise 
complexes...” where the allowed displacements 
are of 1/300 of the floor height and less.  

Cells skew is calculated by the formula f1/hs + 
f2/l, where f1 and f2 are horizontal and vertical 
displacements respectively, and hs and l - cell 
height and its span as can be seen from Figure 
E.3 in SP 20.13330 “Loads and Actions". In ad-
dition, during construction and operation of 
high-rise buildings the standards GOST 27751-
2014 “Reliability of building structures and 
foundations. Main provisions” and GOST 
31937-2011 ”Buildings and structures. Rules for 
inspection and monitoring of technical condi-
tion” stipulate monitoring of deformations of 
structures. 
Shear deformations of the frame cell can cause 
damage to the exterior structural components, 
facade modules, partition walls. It can also im-
pede the operation of elevators. The drift of the 
top of the building from the vertical, as well as 
standard formulas for cell deformation only 
regulate the slab shear relative to each other and 
do not include estimates of potential additional 
vertical deformation. For example, damage can 
also occur in high-rise and multi-floor buildings 
due to varying column shortening. In the U.S. 
structural design codes [1, 19], the shortening 
effect is accounted for by the so-called Drift 
Measurement Index (DMI = Drift Measurement 
Index) for high-rise structures. This value is es-
sentially the average shear deformation of a ver-
tical rectangular cell. Its influence on envelope 
structures for their main types is taken with re-
gard to [2].  
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It is obvious that in the absence of experimen-
tally and theoretically substantiated methodolo-
gy for calculation of vertical longitudinal de-
formations of complex composite steel rein-
forced concrete structures almost impossible to 
reliably determine the values of controlled ver-
tical deformations of the entire building frame 
and its structural components, misalignments of 
frame cells, which are permissible for a particu-
lar facility. For large-span structures, correct 
determination of longitudinal deformations of 
steel- reinforced concrete support structures 
guarantee normal operation of coverings and 
grandstand structures resting on them. 
The papers [3, 4] demonstrate the results of tests 
of eccentrically compressed steel-reinforced 
concrete elements with a ratio of longitudinal 
reinforcement from 3 to 20 percent. The ele-
ments are made of concrete with compressive 
strength class up to B90 and fiber-reinforced 
concrete. In these articles, as well as in [5], de-
voted to the calculation of columns for oblique 
eccentric compression, the test results and cal-
culations for the ultimate limit states are pre-
sented in detail. 
The design of frames of unique buildings and 
structures with steel-reinforced concrete ele-
ments is based on the use of certified software 
systems that implement the finite element meth-
od. Columns and supports of these structures, as 
a rule, are modeled as bars of reduced stiffness, 
or as a “combined” design by solid elements 
(separately steel, separately concrete and re-
bars), combined by common nodes. Such mod-
els, even in calculations with respect to nonline-
ar deformation diagrams of steel and reinforced 
concrete, cannot fully account for the behavior 
of the composite structure, in particular, the 
possibility of slippage of concrete relative to the 
steel core [4].  
The review of experimental studies in Russia 
and the world and normative documents [6, 13] 
shows that earlier the issue of studying longitu-
dinal shortening deformations of steel-
reinforced concrete structures was not paid 
proper attention to. In contrast to long-term 
shortening due to creep and shrinkage of con-

crete [14, 15, 16, 19, 20, 21], which have been 
extensively studied in recent years, the regulari-
ties of deformations of steel-reinforced-concrete 
structures under short-term loads are poorly 
studied.  
 
 
RESEARCH METHODS 
 
The laboratories of the V.A. Kucherenko Cen-
tral Research Institute of Steel and Concrete 
Structures have carried out large-scale tests of 
steel-reinforced concrete structures for central 
and off-centered compression. Detailed test re-
sults are given in [3, 4]. The paper [7] provides 
a methodology for calculating the strength of 
steel reinforced concrete compression-bending 
elements (columns) using a nonlinear defor-
mation model, which corresponds to the current 
standards for the analysis of reinforced concrete 
structures such as SP 63.13330. The ultimate 
limit state of the structure is determined by 
reaching the ultimate longitudinal strains of 
concrete, reinforcement and rigid reinforcing 
steel. The ultimate value of longitudinal strains 
of concrete b,ult is accepted depending on the 
ratio of concrete edge strains 1 and 2 by linear 
interpolation from -0.002 at 1/ 2=1 to -0.0035 
at 1/ 2 , where 2 is the concrete strain at the 
most compressed edge with the minus sign. In 
this case, the strength of the tensile concrete is 
not accounted for in the calculation. The ulti-
mate value of the strain of the steel of the core 
and tensile reinforcement is assumed to be 
0.025 for central and eccentric compression.  
In actual norms for the calculation of steel struc-
tures SP 16.13330 “Steel structures” a general-
ized diagram of steel deformation under load ac-
tion is given for different steels. Clause 4.2.4 es-
tablishes the possibility of modeling of nonlinear 
operation of steel according to the diagram of 
Figure B.1 and Table B.9 in SP 16.13330.2017. 
Figure 1a,b shows stress vs. strain relationships 
for steels from C255 to C550 in accordance with 
the normative parameters. The ultimate strain of 
steel should be taken corresponding to the end of 
the yield plane. For steels with yield strengths 

from 255 to 550 MPa, the value of the ultimate 
strain will vary from 0.017 to 0.047 respectively. 
In this connection, it is obvious that it is incorrect 
to take the ultimate strain as 0.025 as for rein-
forcing steel, regardless of the yield strength of 
the steel. Since for steels C235, C245, C255 this 
value will correspond to the steel performance in 
the self-strengthening region above the yield 
point, and for C355 and above the plastic proper-
ties of the steel will not be fully utilized. It is im-
portant to note that ignoring the performance of 
steel in the elastic-plastic deformation region in 
calculations using a two-line diagram of steel 
performance (the so-called “Prandtl diagram”) 
can lead to a distorted picture of strain distribu-
tion in the cross-section of the steel-reinforced 
concrete element and inaccurate results of the 
shortening calculation.  
In order to properly account for concrete strains 
in steel and reinforced concrete structures, sev-
eral variants of diagrams of behavior under load 

can be adopted. In recent standards it is allowed 
to use two- and three-line diagrams (clauses 
6.1.19...6.1.21 in SP 63.13330), as well as cur-
vilinear diagram of concrete deformation (Ap-
pendix G in SP 63.13330), which is developed 
on the basis of the works summarized in the 
monograph by Academician N.I. Karpenko [8, 
12, 16]. Also, Prof. G.V. Murashkin and co-
authors developed and presented in [9, 10] an 
exponential version of the concrete deformation 
diagram. In addition to those listed above, it is 
possible to use the curvilinear diagram given in 
the European Union standards (Eurocode 2). In 
the present work we will limit ourselves to con-
sideration of three-line diagrams (Figure 1 c) 
and curvilinear diagrams (Figure 1 d), since by 
now they are reflected in normative documents, 
implemented in finite element program com-
plexes, tested by a large number of experimental 
data and many years of experience in design and 
operation of real buildings and structures. 

 

 
a) 

 
b) 

 
c)

 
d) 

Figure 1. Deformation diagrams for steel and concrete: a - three-linear for steel (S3L), b - biline-
ar for steel (S2L), c - three-linear for concrete according to SP 63.13330 (B3L), d - curvilinear for 

concrete according to SP 63.13330 (BCL) 
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Calculation of theoretical longitudinal defor-
mations of a bar subjected to compression with-
out moments is carried out in the following way 
to construct theoretical curves. At the break 
points of each diagram, the boundaries of the 
loading stages (I, II, III...) are drawn, within 
which the shortenings of the structure are calcu-
lated. Thus, Figure 2 shows an example of split-
ting two- and three-line diagrams into stages for 
concrete B80 and steel C255, Figure 3 shows an 
example of splitting a curvilinear diagram of 
concrete B80 with a three-linear diagram of 
steel C255 performance. The longitudinal de-
formation of the bar at the first (I) lI and sub-
sequent stages (II, III, ...) and the total longitu-
dinal deformation (shortening) L are calculat-
ed as follows:  
 

,   ,   … = ,   ,   … , 
=                      (1) 

 
where  is the effective design length of the bar, 

,   ,   … is the range of strain on the consid-
ered section of the diagram.  
For each stage, the corresponding moduli of de-
formation for steel, concrete, and reinforcement 
are determined. For stage I, these moduli will be 
denoted as , , , , ,  respectively. For each 
stage of the steel-reinforced concrete structure, 

the concrete reduction factors are calculated, 
and then the area of the reduced section , 
the longitudinal stiffness of the reduced section 
within the stage  using stage I as an exam-
ple is calculated by the formula: 
 

, = ,

,
, , = ,

,
,                     (2) 

, = + , + ,        (3) 
, = , ,                              (4) 

 
where , ,  are the areas of concrete 
cross-section, steel core cross-section and re-
bars’ cross-section respectively. The increments 
of longitudinal force N up to the correspond-
ing strain stage boundaries and the limiting val-
ue of longitudinal force N at which the strain 
increases without increasing the load are calcu-
lated using the formulas: 
 

=  .   ,  =      (5) 
 
By performing calculations using the above 
formulas allows us to estimate the value of 
shortening in compression and compare it with 
the corresponding results of numerical modeling 
and experimental data.   

 

 

 
a) 

 

 
b) 

Figure 2. To the description of the stages of performance of steel-reinforced concrete com-
pressed bar: a - superposition of two-line diagram of steel and three-line diagram of concrete 

(S2L+B3L), b - superposition of three-line diagrams of steel and concrete (S3L+B3L). 
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where , ,  are the areas of concrete 
cross-section, steel core cross-section and re-
bars’ cross-section respectively. The increments 
of longitudinal force N up to the correspond-
ing strain stage boundaries and the limiting val-
ue of longitudinal force N at which the strain 
increases without increasing the load are calcu-
lated using the formulas: 
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By performing calculations using the above 
formulas allows us to estimate the value of 
shortening in compression and compare it with 
the corresponding results of numerical modeling 
and experimental data.   
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Figure 2. To the description of the stages of performance of steel-reinforced concrete com-
pressed bar: a - superposition of two-line diagram of steel and three-line diagram of concrete 

(S2L+B3L), b - superposition of three-line diagrams of steel and concrete (S3L+B3L). 

To verify the solution of this problem, the re-
sults of central compression tests of columns 
with I-beam rigid reinforcement and concrete 
prisms without reinforcement have been exam-
ined. The study of only centrally compressed 
models, centering of which is performed with 
special care during the tests, allows us to relia-
bly assess the degree of joint operation of the 
structure and correctly measure the actual short-
ening of the models without the effects of buck-
ling at eccentric compression and non-uniform 
loading of different materials in the cross-
section. Models K-3 and K-13 have a nominal 
cross-sectional dimension of 400x400 mm in 
concrete, the length of the column model is 
1640 mm. The cross section of the steel core is a 
welded I-beam made of sheet steel C255 ac-
cording to GOST 27772. Concrete was of com-
pressive strength class B25. Calculated longi-
tudunal reinforcement was of class A400, diam-
eter - 8 mm (8 pcs.). Transverse reinforcement 
was of class A240, 120 mm spacing, 4 mm di-
ameter. The reinforcement ratio is 10.7%. To 
provide joint performance of the steel core with 
concrete it is envisaged to install studs on the 
walls of the I-beams made of short pieces of re-
inforcement with diameter of 8 mm, length of 
90...120 mm and spacing of about 200 mm. The 

general view of the steel core and location of the 
studs is shown in Figure 4, a. Models K10-3, 
K10-8, K10-11 have smaller concrete cross-
sectional dimensions of 150x150 mm. The 
length of the column model is 600 mm. The 
steel core is an I-beam made of two channels 
No.10 reinforced with sheet steel along the wall 
to achieve a higher ratio of reinforcement. For 
this purpose, steel C255 according to GOST 
27772-88 and concrete of class B80 were used. 
Working reinforcement was of class A400C; 4 
pcs number of bars, 8 mm diameter. Transverse 
reinforcement was of class A240,  50 mm spac-
ing, 4 mm diameter. The ratio of reinforcement 
is from 10% to 17.5%. The cross-section is 
shown in Figure 4, b. In addition to the steel re-
inforced concrete models, concrete prisms with-
out additional reinforcement were tested with 
characteristics corresponding to the K10 model 
group made of B80 concrete. Also, 3 cube spec-
imens with a side of 100 mm were prepared for 
each concrete casting batch, that is 39 speci-
mens tested in total. The characteristics of the 
tested models are summarized in Table 1. The 
calculated shortenings according to formulas 
1...5 are given in Table 2 for different curves, 
the designations of which are adopted in ac-
cordance with Figure 1.  

 
Figure 3. To the description of the stages of steel-reinforced concrete compressed bar perfor-
mance: combination of three-line diagram for steel and curvilinear diagram for concrete re-

spectively (S3L+BCL) 
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a) b) c) 

Figure 4. Tested cross sections: a - K-3, K-13, b - K10-3, K10-8, K10-11, K-9-7, c - SQ type model 
with square core (FEM only) 
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1 2 3 4 5 6 7 8 9 10 11 12 13 
-3 10.7 C255  + 135 28.55 39.7 39.9 164 

6481 6480 6592 
-13 10.7 C255  + 135 28.55 40.0 39.9 164 

-3 22.0   - 27 93.8 15.1 15.1 60 
2037 2038 2423 -8 22.0   - 27 93.8 15.1 15.2 60 

-11 22.0   - 94 104.4 15.2 14.9 60 
CP 1 0.0 -  - 90 97.9 15.0 14.9 60 

1258 - 1733 CP 2 0.0 -  - 90 97.9 15.0 15.0 60 
CP 3 0.0 -  - 90 97.9 15.0 15.0 60 
SQ 22.0   - - - 15.0 15.0 60 2037 2037 - 
Notes:  
µ is the ratio of reinforcement equal to the ratio of the area of steel in the cross-section to the area of flexible and rigid 
reinforcement; h, b is the dimensions of the cross-section of the concrete part, L is the length of the specimen, along 
the axis of which the external load is transferred; Nult is the ultimate load, determined by characteristic values of 
strength of materials (characteristic), by FE-modeling (FEM), Test - by the results of the experiment. 

 
Table 2. Theoretical shortening according to different diagrams, mm 

No 
At failure (for ) At appearing of plastic strain in concrete (for ) 

S2L+B3L S3L+B3L S3L+BCL S2L+B3L S3L+B3L S3L+BCL 
1 2 3 4 5 6 7 

 
 5.74 5.74 5.54 3.28 3.28 3.31 

-10-11 
-10-8 
-10-3 

1.86 1.86 1.99 1.20 1.20 1.21 

CP 1 
CP 2 
CP 3 

1.86 2.75 1.86 1.85 

SQ 1.55 1.55 1.31 1.00 1.00 1.01 

The tests were carried out using a calibrated hy-
draulic jack creating axial load up to 1000 tf (10 
MN) in the V.A. Kucherenko Central Research 
Institute for Structural Engineering. Loading 
was carried out in accordance with GOST 8829-
94 “REINFORCED CONCRETE AND 
PREFABRICATED CONCRETE BUILDING 
PRODUCTS. Loading test methods. Assesment 
of strength, rigidity and crack resistance”. Ac-
cording to standard methodic, the load was ap-
plied by steps, each step was not more than 10% 
of the failure load. The endurance for 10 
minutes was carried out at each step. When the 
design (control load) was reached, the endur-
ance was carried out for 30 minutes. Instrument 
readings were reading continuously at each step 
of loading with a frequency of 1 Hz. The “cen-
tral” compression of the model was ensured by 
centering the column model relative to the 
marks on the press tables, as well as by monitor-
ing the readings of strain gauges during the first 
steps of loading. If the corresponding strain 
gauges showed significant strain differences, the 
model was additionally aligned to the table.  
Thus, all the stress non-uniformities arising as a 
result of the tests at “central” compression in 
cross-sections are caused only by random inter-
nal eccentricities of the model. In the course of 
the tests under stepwise application of compres-
sive load, the stresses in steel and concrete ele-
ments of column models in longitudinal and 
transverse directions, vertical absolute shorten-
ing of the models by means of digital displace-
ment sensors fixed on the upper and lower ta-
bles of the press with a measurement accuracy 
of 0.001 mm were recorded at each step. 
Finite element numerical simulation in ATENA 
PC was performed for models similar in size 
and material properties, taking into account the 
nonlinear behavior of materials: curvilinear dia-
gram for concrete and three-linear diagram for 
steel. The number of steps and mesh size for 
each model was also selected separately. The 

minimum number of loading steps was at least 
20...30 and the mesh size was about 20 mm. To 
describe the performance of concrete, the mate-
rial model Fracture-Plastic Constitutive Model 
(CC3DCementitious2) was utilized. It is based 
on the combination of the tensile fracture model 
with the compressive fracture model of the ma-
terial. The FE models completely replicated the 
geometry and mechanical properties of materi-
als of the tested structures as shown in Figure 4 
and Table 1. In addition, bars with a square core 
as shown in Figure 4,c were modeled to verify 
the effect of cross-sectional shape on concrete 
performance. Structures with contact interaction 
between steel and concrete were also modeled. 
It was found that for models with small or zero 
eccentricities, the presence of a finite contact 
interaction at the steel-concrete joint practically 
does not affect the results of calculations of lon-
gitudinal deformations of the column. That is, 
there is no influence of the contact on the value 
of the ultimate load and on the value of the ul-
timate longitudinal deformation of the bar. The 
difference between forces and deformations for 
similar models with and without modeling of 
contact interaction is less than 0.5%. Therefore, 
the contact interaction at the joint “steel-
concrete” was not modeled in a special way, and 
the finite elements of steel and concrete had 
common nodes in the calculation scheme. The 
view of FE models is shown in Figure 5. 
Capacity calculation according to the nonlinear 
deformation model [3] practically does not de-
pend on the type of concrete state diagram to 
determine the cracking moment M_crc and ul-
timate moment M_ult in reinforced concrete ec-
centrically compressed and bent elements, as 
shown in [11, 12]. When comparing the results 
of calculation according to SP 63.13330 and ex-
perimental data, the authors of [11] found dif-
ferences of no more than 7.8% and 6.8% of the 
above moments, respectively, for different vari-
ants of concrete constitutive diagrams.  
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Figure 4. Tested cross sections: a - K-3, K-13, b - K10-3, K10-8, K10-11, K-9-7, c - SQ type model 
with square core (FEM only) 
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Institute for Structural Engineering. Loading 
was carried out in accordance with GOST 8829-
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PREFABRICATED CONCRETE BUILDING 
PRODUCTS. Loading test methods. Assesment 
of strength, rigidity and crack resistance”. Ac-
cording to standard methodic, the load was ap-
plied by steps, each step was not more than 10% 
of the failure load. The endurance for 10 
minutes was carried out at each step. When the 
design (control load) was reached, the endur-
ance was carried out for 30 minutes. Instrument 
readings were reading continuously at each step 
of loading with a frequency of 1 Hz. The “cen-
tral” compression of the model was ensured by 
centering the column model relative to the 
marks on the press tables, as well as by monitor-
ing the readings of strain gauges during the first 
steps of loading. If the corresponding strain 
gauges showed significant strain differences, the 
model was additionally aligned to the table.  
Thus, all the stress non-uniformities arising as a 
result of the tests at “central” compression in 
cross-sections are caused only by random inter-
nal eccentricities of the model. In the course of 
the tests under stepwise application of compres-
sive load, the stresses in steel and concrete ele-
ments of column models in longitudinal and 
transverse directions, vertical absolute shorten-
ing of the models by means of digital displace-
ment sensors fixed on the upper and lower ta-
bles of the press with a measurement accuracy 
of 0.001 mm were recorded at each step. 
Finite element numerical simulation in ATENA 
PC was performed for models similar in size 
and material properties, taking into account the 
nonlinear behavior of materials: curvilinear dia-
gram for concrete and three-linear diagram for 
steel. The number of steps and mesh size for 
each model was also selected separately. The 

minimum number of loading steps was at least 
20...30 and the mesh size was about 20 mm. To 
describe the performance of concrete, the mate-
rial model Fracture-Plastic Constitutive Model 
(CC3DCementitious2) was utilized. It is based 
on the combination of the tensile fracture model 
with the compressive fracture model of the ma-
terial. The FE models completely replicated the 
geometry and mechanical properties of materi-
als of the tested structures as shown in Figure 4 
and Table 1. In addition, bars with a square core 
as shown in Figure 4,c were modeled to verify 
the effect of cross-sectional shape on concrete 
performance. Structures with contact interaction 
between steel and concrete were also modeled. 
It was found that for models with small or zero 
eccentricities, the presence of a finite contact 
interaction at the steel-concrete joint practically 
does not affect the results of calculations of lon-
gitudinal deformations of the column. That is, 
there is no influence of the contact on the value 
of the ultimate load and on the value of the ul-
timate longitudinal deformation of the bar. The 
difference between forces and deformations for 
similar models with and without modeling of 
contact interaction is less than 0.5%. Therefore, 
the contact interaction at the joint “steel-
concrete” was not modeled in a special way, and 
the finite elements of steel and concrete had 
common nodes in the calculation scheme. The 
view of FE models is shown in Figure 5. 
Capacity calculation according to the nonlinear 
deformation model [3] practically does not de-
pend on the type of concrete state diagram to 
determine the cracking moment M_crc and ul-
timate moment M_ult in reinforced concrete ec-
centrically compressed and bent elements, as 
shown in [11, 12]. When comparing the results 
of calculation according to SP 63.13330 and ex-
perimental data, the authors of [11] found dif-
ferences of no more than 7.8% and 6.8% of the 
above moments, respectively, for different vari-
ants of concrete constitutive diagrams.  
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a) b) 

Figure 5. FE models: a - model K3; b - model K10-3 
 

RESULTS AND DISCUSSION A. Axial deformations (shortening) 
 
The comparative analysis of theoretical, numer-
ical calculations and experimental data on 
shortening deformations are shown in Figures 6, 
7. The comparison of models was performed in 
the dimensionless coordinate by force, since it is 
necessary to compare the theoretical calculation, 
in which the characteristic values of strength 
and deformation properties of materials are 
used, and experimental data, in which the values 
of destructive loads are slightly overestimated 
relative to the characteristic values. That is, one 
of the coordinates of the graphs was the value 
N/N(u,n), where N is the current compressive 
load in tests or calculations, and N(u,n) is the 
characteristic ultimate compressive load, which 
is calculated by the formula: 
 

, = + + ,   (6) 
 
where , ,  are the characteristic val-
ues of concrete compressive strength, yield 
strength of steel, design strength of reinforce-
ment, respectively. Thus, the value of N/Nu,n=1 
corresponds to the standard strength of the 
cross-section ignoring the material and opera-

tional condition partial factors. For the tested 
concrete prisms without reinforcement, Nu,n=Rbn 
Ab. Also in the plots, horizontal dashed lines 
show the load level corresponding to the design 
values of material strength Rb, Ry, Rs calculated 
by the formula:  
 

= + +     (7). 
 
Table 3 summarizes the typical points of the 
theoretical and experimental curves with each 
other, and below are figures with strain plots 
(Figures 6, 7, 8) for the respective models.  
Figure 6,a shows the shortening deformations 
for unreinforced models (concrete prism - CP) 
made of concrete of compressive strength class 
B80. In this figure and further gray dashed lines 
show the experimental data for the same type of 
models. Blue and green lines respectively indi-
cate theoretical deformations calculated by for-
mulas 1...5, based on three-line and curvilinear 
diagrams of concrete performance according to 
SP 63.13330. Fractures of the models during 
tests occurred with explosive release of energy. 
It can be seen that the deformation sections 
from 0 to N/Nu,n=1.0...1.1 are practically linear. 
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Table 3 summarizes the typical points of the 
theoretical and experimental curves with each 
other, and below are figures with strain plots 
(Figures 6, 7, 8) for the respective models.  
Figure 6,a shows the shortening deformations 
for unreinforced models (concrete prism - CP) 
made of concrete of compressive strength class 
B80. In this figure and further gray dashed lines 
show the experimental data for the same type of 
models. Blue and green lines respectively indi-
cate theoretical deformations calculated by for-
mulas 1...5, based on three-line and curvilinear 
diagrams of concrete performance according to 
SP 63.13330. Fractures of the models during 
tests occurred with explosive release of energy. 
It can be seen that the deformation sections 
from 0 to N/Nu,n=1.0...1.1 are practically linear. 

This corresponds to the actual concrete defor-
mation diagrams obtained by other authors (e.g., 
[17, 18]) in the section from 0 to the characteris-
tic compressive strength for B80 concrete 
(Rbn=57 MPa; Nu,n=1). In this case, the actual 
“straightness” of the experimental curves indi-
cates that a certain margin will be obtained 

when calculating the shortening strains using 
the normative curves. At the same time, the cur-
vilinear diagram gives a slightly larger reserve 
than the three-line diagram at stresses close to 
the calculated values of concrete strength. 
 
 

Table 3. Experimental shortenings 

No. 

Experimental shortening, mm Shortening by FEM, mm 

At failure At the initiation of plastic de-
formation in concrete Max 

The initiation of 
plastic deformation 

in concrete For unit test Mean For unit test Mean 
1 2 3 4 5 6 7 

 6.33 
6.24 

3.51 
3.69 5.16 2.85 

 6.15 3.87 

-10-11 2.38 
2.17 

1.84 
1.78 1.68 1.06 -10-8 2.33 1.81 

-10-3 1.80 1.68 
CP 1 2.03 

1.96 

1.40 

1.41 - - CP 2 2.15 1.51 
CP 3 1.69 1.31 

SQ - - - - 1.36 1.04 
 
 

 
a) 

 
b) 

Figure 6. Comparison of shortening diagrams: a - concrete models (B80), b - steel reinforced con-
crete models K3 and K13 (B25) 
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Figures 6, b and 7 present the shortening strains 
for the models with rigid reinforcement made of 
concrete of compressive strength classes B25 
and B80 (gray dashed lines). The blue, orange 
and green lines show the theoretical shortenings 
determined by formulas 1...5 for various combi-
nations of steel and concrete diagrams. The red 
line shows the results of FEM analysis utilizing 
bilinear steel diagram and curvilinear concrete 
diagram. All theoretical curves follow practical-
ly the same trajectory. This circumstance indi-
cates insignificant influence of the diagram type 
on the linear shortening of the structure. 
Experimental shortening curves for the models 
with concrete B25 have the form of smooth 
curves (Figure 6, b) with gradually increasing 
shortening with increasing load. In this case, we 
can state a good agreement of theoretical as-
sumptions for calculations by formulas 1...5 and 
by FEM (red solid line).  
Models with B80 concrete are shortened accord-
ing to a slightly different law close to linear 
(Figure 7), as it was shown above for concrete 
models without reinforcement (CP) in Figure 6, 
a. That is, the presence of rigid reinforcement 
(µ=22%) in the cross-section of the model sig-
nificantly changes the shortening strain pattern. 
At load N/Nu,n=0.5...0.6 the average shortening 

strain according to the experiment is about 0.85 
mm, while the theoretically determined one is 
about 0.55 mm. At the same time, the values of 
shortening at load levels N/Nu,n=0.87, corre-
sponding to the beginning of concrete failure 
and strains b0=0.002, agree with the theoretical 
values satisfactorily.  
Figure 8, a shows a comparison of theoretical 
and finite element calculations of linear defor-
mations for a structure with a square core. It can 
be seen that at loads N/Nu,n=0.7...0.9 the finite 
element model performs somewhat differently 
than expected theoretically by formulas 1-5. 
Comparing the curves obtained by FEM for the 
structure with I-beam and square cores (Figure 
8, b) it can be concluded that the square core 
operates more efficiently and the structure with 
it deforms less by about 20-25% at loads close 
to the calculated values of material strength. 
Comparison of experimental results and calcula-
tions are summarized in Table 4. Formulas for 
determining the difference of the compared val-
ues are given in the head of the table, where 
[Teor.] denotes the values calculated by formu-
las 1...5; [Test] are the values obtained from the 
results of experiment; [FEM] are the values ob-
tained from the results of FEM simulation. 

 
 

 

 
Figure 7. Comparison of shortening diagrams of steel-reinforced concrete models K10 (B80) 

Denis V. Konin



213Volume 21, Issue 1, 2025
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can state a good agreement of theoretical as-
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ing to a slightly different law close to linear 
(Figure 7), as it was shown above for concrete 
models without reinforcement (CP) in Figure 6, 
a. That is, the presence of rigid reinforcement 
(µ=22%) in the cross-section of the model sig-
nificantly changes the shortening strain pattern. 
At load N/Nu,n=0.5...0.6 the average shortening 

strain according to the experiment is about 0.85 
mm, while the theoretically determined one is 
about 0.55 mm. At the same time, the values of 
shortening at load levels N/Nu,n=0.87, corre-
sponding to the beginning of concrete failure 
and strains b0=0.002, agree with the theoretical 
values satisfactorily.  
Figure 8, a shows a comparison of theoretical 
and finite element calculations of linear defor-
mations for a structure with a square core. It can 
be seen that at loads N/Nu,n=0.7...0.9 the finite 
element model performs somewhat differently 
than expected theoretically by formulas 1-5. 
Comparing the curves obtained by FEM for the 
structure with I-beam and square cores (Figure 
8, b) it can be concluded that the square core 
operates more efficiently and the structure with 
it deforms less by about 20-25% at loads close 
to the calculated values of material strength. 
Comparison of experimental results and calcula-
tions are summarized in Table 4. Formulas for 
determining the difference of the compared val-
ues are given in the head of the table, where 
[Teor.] denotes the values calculated by formu-
las 1...5; [Test] are the values obtained from the 
results of experiment; [FEM] are the values ob-
tained from the results of FEM simulation. 

 
 

 

 
Figure 7. Comparison of shortening diagrams of steel-reinforced concrete models K10 (B80) 
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Figure 8. Comparison of shortening diagrams of steel-reinforced concrete models: a - with square 
core SQ (B80), b - comparison of structure performance with square and I-beam core 
 

It can be seen that the values in columns 2...7 
and 8...9 are negative, which means that the 
calculation of linear shortening deformations 
using formulas 1...5 or FEM using characteris-
tic diagrams does not provide a reserve relative 
to the experimental data. That is, if the shorten-
ing is calculated according to the standards, 
underestimated values will be obtained than 
those obtained by experiment. Thus, the differ-
ence for concrete of ordinary strength (type 
B25) will be 11...17%, and for high-strength it 
is 14...32%. This circumstance cannot be con-
sidered satisfactory. Let's pay attention to the 
fact that the results of comparison of capacity 
calculations excluding stability effects with the 
experiment provide a relatively good conver-
gence and the calculation method according to 
the formulas of SP 266 or FEM gives the nec-
essary and expected reserve. To illustrate this 
fact, one can compare the values of columns 
11...13 in Table 1. 
To eliminate the revealed discrepancy in the 
value of longitudinal shortening deformation 
under the action of short-term (short-term, 
e.g., wind) loads and experimentally obtained 
data, it is necessary to use a system of addi-

tional coefficients. These coefficients should 
increase the theoretical value of the strains, 
and should also take into account the peculiar-
ities of concrete of ordinary and high strength 
as part of compressible steel and reinforced 
concrete structures. It is established that the 
following formulas should be used to plot 
concrete deformation diagrams in accordance 
with the methodology of SP 63.13330: 
 

( ) = 1,15 , ( ) =
1,15  – for concrete class B25,       (8) 

( ) = 1,54 , ( ) =
1,18  for concrete of class B80       (9) 

 
If the coefficients specified in formulas 8, 9 are 
used, the necessary reliability and reserve of 2 
to 6% for B25 concrete and 1 to 8% for B80 
concrete will be realized in structures under 
short-term loads (see the values in brackets in 
Table 4). For other intermediate concretes it is 
allowed to interpolate the presented coefficients 
by strain values. 
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B. Axial stiffness of compressed bars 
The effective geometric characteristics of the 
cross-sections must be utilized and the stiffness-
es of the elements must be calculated. Due to 
the active inclusion in spatial performance, in-
cluding the action of wind loads, it is extremely 
important to correctly determine the stiffness of 
the elements when assessing the overall defor-
mation of the building. Based on the results of 
the conducted experiments, it is possible to es-
timate the reduced (total) axial stiffness of com-
pressed steel-reinforced concrete structures at 
each design or loading stage. It is possible to 
plot the diagram “force vs. axial stiffness” 
(N/Nu,n) - Da.i) on the basis of the adopted ap-

proach of division of diagrams into stages by 
transforming formulas 4, 5: 
 

. =   ,               (10) 
 
where li is the shortening according to the re-
sults of the experiment at load Ni at the ith stage 
of loading. The graphs of stiffness variation de-
pending on the applied load are shown in Fig-
ures 9...11. On the horizontal axis of the graphs 
the value N/Nu,n is plotted, where N is the cur-
rent compressive load at tests or calculations, 
and Nu,n is the normative ultimate compressive 
load, which is calculated according to the for-
mula 6. The vertical dashed line corresponds to 
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The effective geometric characteristics of the 
cross-sections must be utilized and the stiffness-
es of the elements must be calculated. Due to 
the active inclusion in spatial performance, in-
cluding the action of wind loads, it is extremely 
important to correctly determine the stiffness of 
the elements when assessing the overall defor-
mation of the building. Based on the results of 
the conducted experiments, it is possible to es-
timate the reduced (total) axial stiffness of com-
pressed steel-reinforced concrete structures at 
each design or loading stage. It is possible to 
plot the diagram “force vs. axial stiffness” 
(N/Nu,n) - Da.i) on the basis of the adopted ap-

proach of division of diagrams into stages by 
transforming formulas 4, 5: 
 

. =   ,               (10) 
 
where li is the shortening according to the re-
sults of the experiment at load Ni at the ith stage 
of loading. The graphs of stiffness variation de-
pending on the applied load are shown in Fig-
ures 9...11. On the horizontal axis of the graphs 
the value N/Nu,n is plotted, where N is the cur-
rent compressive load at tests or calculations, 
and Nu,n is the normative ultimate compressive 
load, which is calculated according to the for-
mula 6. The vertical dashed line corresponds to 

the load level corresponding to the design 
strength values of materials Rb, Ry, Rs, calculat-
ed by formula 7. Experimental data are shown 
in gray dashed lines. Blue, orange, green lines 
show the theoretical values of stiffnesses ac-
cording to formula 10. Red line shows the stiff-
ness of the compressed structure according to 
the numerical model. The horizontal black 

dashed line on the graphs shows the value of the 
reduced normative axial stiffness of the section 
Da,n, calculated by the formula similar to G.11 
of SP 266.1325800, where instead of the mo-
ment of inertia the cross-sectional areas are tak-
en, and the coefficients ks=kb=1 and the concrete 
deformation modulus - Eb1=0.85Eb, as under 
short-term load action. 

 

  

 

 
Figure 9. Diagrams of change in stiffness Da as 

a function of load for concrete models (B80) 
Figure 10. Diagrams of change in stiffness Da as 
a function of load for steel reinforced concrete 

models K3 and K13 (B25) 
 

The stiffness of unreinforced models (concrete 
prisms CP1...CP3 - gray dashed line in Figure 9) 
at the initial stages of loading of structures (at 
N/Nu,n=0...0.3) is much higher than the value of 
Da,n. Further, after initial compression, the stiff-
ness begins to drop to a value of about 0.75Da,n 
and remains stable up to a load of about 
N/Nu,n=1.1. The stiffness graph goes sharply 
downward to a value of about 0.4...0.5Da,n. 
Failure (Da,n=0) occurs at about the load level 
N/Nu,n=1.4. The utilization of nonlinear strain 
diagrams will allow a fairly accurate modeling 
of the behavior of concrete under load and the 
graph shows that the curvilinear diagram is ob-
viously more accurate in describing the perfor-
mance of concrete under load (green line), com-
pared to the tri-linear diagram (blue line).   
The stiffness of steel-reinforced concrete mod-
els made of B25 concrete (gray dashed line in 

Figure 10) at the initial stages of structural load-
ing (at N/Nu,n=0...0.3) is much higher than the 
value of Da,n. Further, after the initial compres-
sion, the stiffness starts to drop sharply to a val-
ue of about 0.56Da,n. At the load range 
N/Nu,n=0.3...1.05 it steadily decreases almost to 
0. Failure (Da,n=0) occurs approximately at the 
load level N/Nu,n=1.07. The comparison shows 
that the use of the curvilinear diagram also 
shows a good convergence with the experi-
mental curves (green line), while the three-line 
diagram of concrete and steel (orange) and even 
more so the two-line diagram (blue) give an un-
justified overestimation of the stiffness at loads 
N/Nu,n=0...0.5. Numerical modeling using the 
curvilinear concrete deformation diagram (red 
line) also shows a good convergence with the 
experimental stiffness diagram. 
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The stiffness of steel-reinforced concrete models 
made of B80 concrete (gray dashed line in Figure 
11) at the initial stages of loading of the structures 
(at N/Nu,n=0...0.3), as well as for the above consid-
ered models, is significantly higher than the value 
of Da,n. Further, after the initial compression, the 
stiffness begins to drop to a value of about 
0.57Da,n and remains stable up to a load of about 
N/Nu,n=0.7. After the plastic deformations start to 
develop in the steel core at the load range 
N/Nu,n=0.7...1.2 the stiffness of the element de-
creases smoothly to the value of 0.3Da,n. Here 
cracks actively develop and separation of concrete 
from steel takes place and the stiffness diagram 
sharply goes down to the value of about 0.14Da,n. 
Failure (Da,n=0) occurs at approximately the load 
level N/Nu,n=1.4. It can be seen that the diagram of 
stiffness change in steel-reinforced concrete struc-
ture made of high-strength concrete (B80) and 
with high ratio of reinforcement (model type K10) 
practically repeats the diagram for unreinforced 
concrete (Figure 9). There are the same character-

istic steps of stiffness drop and then a stable stiff-
ness value without significant decrease over the 
load range N/Nu,n=0.3...0.7. At the same time, 
modeling of stiffness by formulas 4, 5, 10 (orange 
line), as well as by the finite element method (red) 
using curvilinear diagram of concrete deformation 
and three-linear diagram for steel do not provide 
an accurate description of the change of stiffness 
(as well as deformation) of the structure in the 
range of loads N/Nu,n=0.3...0.7. 
In order to bring the axial stiffness to a value 
close to the experimental data, it is proposed to 
introduce an additional coefficient kcomposite in 
accordance with Formula 11, Table 5 and Fig-
ure 12 when calculating stiffnesses for steel-
reinforced concrete structures under the action 
of short-term loads:  
 

, = (0.85 + +
),      (11) 

 
Table 5. Correction factor to modulus of deformation  

/ ,  
 for steel reinforced concrete structures with 

heavy concrete of compressive strength class 
B25 B80 

1 2 3 
0 1 1 

0.3 0.55 0.55 
0.7 - 0.55 
1 0.1 0.3 
1  0 0 

 

 
Figure 11. Diagrams of change in stiffness Da as a function of load for steel-reinforced concrete 

models K10 (B80) 
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with high ratio of reinforcement (model type K10) 
practically repeats the diagram for unreinforced 
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istic steps of stiffness drop and then a stable stiff-
ness value without significant decrease over the 
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In order to bring the axial stiffness to a value 
close to the experimental data, it is proposed to 
introduce an additional coefficient kcomposite in 
accordance with Formula 11, Table 5 and Fig-
ure 12 when calculating stiffnesses for steel-
reinforced concrete structures under the action 
of short-term loads:  
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CONCLUSION 
 
1. Longitudinal shortening deformations for 
steel-reinforced concrete compressed members 
have been evaluated with a wide range of heavy 
concretes (from B25 to B80) and reinforcement 
ratios (from 0 to 22%). Deformations were cal-
culated manually using modified formulas of SP 
63.13330 taking into account three types of 
concrete deformation diagrams (two- and three-
line, curvilinear) and two types of steel defor-
mation diagrams (two- and three-line according 
to SP 16.13330). Finite element method analysis 
of structural models has been performed. These 
calculations take into account the characteristic 
diagrams of materials performance, as well as 
the possibility of slippage at the steel-concrete 
contact in accordance with [4]. Experimental 
data obtained during testing of conditionally 
centrally compressed column models of steel-
reinforced concrete structures have been ana-
lyzed. 
2. It has been found that the existing concrete 
performance diagrams do not accurately de-
scribe the performance of a composite steel-
reinforced concrete structure, namely its short-
ening and reduced stiffness. When the concrete 
structure operates in compression, its failure at 
earlier stages of loading than it would be for 
concrete or reinforced concrete. This circum-

stance is due to the stress-strain state of the con-
crete section separated by steel elements, as 
well as to the effects of early delamination and 
slippage on the steel-concrete contact surface. 
3. To eliminate the identified discrepancy in de-
termining the value of longitudinal deformation 
(shortening) under the action of short-term  
loads and experimentally obtained data, it is 
necessary to use a system of additional coeffi-
cients. These coefficients should increase the 
theoretical value of the expected strains b0 and 

b2, and should also account for the peculiarities 
of the operation of concrete of ordinary and 
high strength as part of compressible steel and 
reinforced concrete structures. 
4. To bring the calculated axial stiffness to a 
value close to the experimental data, it is sug-
gested to introduce an additional coefficient 
kcomposite, which additionally reduces the axial 
stiffness of the structure depending on the level 
of stresses in concrete and steel, when calculat-
ing the stiffness values for steel-reinforced con-
crete structures under the action of short-term 
loads.  
5. Considering the curvilinear diagram of con-
crete in compression provides more accurate 
results of the serviceability limit state (for de-
formations) than two- and three-line diagrams 
when performing calculations of spatial 
schemes of complex structures taking into ac-

 
Figure 12. Diagram if the coefficient  
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count physical nonlinearity on the deformed 
scheme. Curvilinear diagrams more accurately 
describe the deformations of the structure oper-
ating in compression at the initial stages of de-
formation and loading. 
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count physical nonlinearity on the deformed 
scheme. Curvilinear diagrams more accurately 
describe the deformations of the structure oper-
ating in compression at the initial stages of de-
formation and loading. 
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Abstract. The paper presents the main stages of designing the strengthening of shallow foundations with piles 
made in clay soil (injection and bored-injection) for reconstructed buildings. Such foundations are often called 
combined foundations. The basic methods for installing these piles as part of reinforced foundations are present-
ed, including injection cylindrical piles, bored-injection cylindrical piles of Titan and Atlant types, and bored-
injection conical piles. The methodology of foundation strengthening design with the use of such piles is dis-
cussed. As a result of investigations of soil properties, lithologic structure of the base and other parameters the 
procedure of evaluation of soil conditions of construction sites is shown. The data on assessment of technical 
condition of bases and foundations of reconstructed buildings are presented. The article presents the main results 
of tests of injection piles, provides guidelines for determining their load-bearing capacity. It provides infor-
mation on verification calculations performed while designing foundations reinforced by injection (bored-
injection) piles, including the determination of the design resistance of the compacted soil of the base. An engi-
neering method for calculating the settlement of reinforced foundations with injected, bored-injected piles in clay 
soils, which can be used in the design practice of reconstructed buildings, has been presented. The method al-
lows accounting for the displacement (settlement) of the soil due to its weakening in the places of wells for the 
piles and data on the change in the stress state of the base under the bottom of the slab part of the foundation. 
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BASIC PROVISIONS 

 
A way to increase the load-bearing capacity of 
shallow foundations is to change the scheme of 
operation by transferring part of the load from 
the building to the piles. The foundation thus 
formed is often called a combined foundation. 
In this case, the piles can be arranged under the 
footing of the foundation through its slab part or 
adjacent to its perimeter (Fig. 1). 
In recent years, injection and bored-injection 
piles have been increasingly used to strengthen 
the foundations of reconstructed buildings.  In-
jection piles are defined as structures that are 
formed in prepared (ready-made) boreholes by 
injecting into them under pressure a mixture of 
fine-grained concrete with subsequent pressure 
testing of the system “pile - base soil” 
(Polischuk A.I., Petukhov A.A. et al., 2003). In 
the case of such piles, the borehole is construct-
ed by preliminary pushing into the ground steel 
tubular injectors of special design (Fig. 2) [1, 2, 
3]. If the borehole is drilled using auger or other 
equipment such piles are usually called Titan 
cylindrical bored injection piles [4, 5]. [4, 5]. 
They were introduced in construction by 
Ishebek (Germany, 1956). The considered 
bored-injection cylindrical piles are used mainly 
for the action of vertical compressive and pull-
ing (anchor) loads. Sometimes they are called 
Titan bored-injection anchor piles (Fig.3). In 
Russia, the Titan piles have been used since 
about 1985-1990. As a development of Titan 
bored-injection piles, the company In-
zhProektStroy (Russia) in 2006-2008 proposed 
a design solution of Atlant bored-injection piles 
for compressive and pull-out (anchor) loads, as 
well as for moment forces (Fig. 4). 

 

 
Figure 1. Foundations reinforced by injection 
(bored-injection) piles: a - under the bottom of 
the existing strip foundation; b - adjacent to the 
slab part of the existing separate foundation; 1 - 
existing strip foundation; 2 - existing separate 

foundation; 3 - injection (bored-injection) piles; 
4 - cone hole in the slab part of the foundation; 
5 - reinforced concrete cage; 6 - bearing layer 

of the foundation soil  
 

As part of the development of design solutions 
for bored-injection cylindrical piles, D.A. 
Chernyavskiy, O.Y. Yeschenko (2010), and 
later G.G. Solonov, D.A. Chernyavskiy et al. 
(2024) proposed a device and a method for 
manufacturing bored-injection conical piles, 
which are now increasingly used in new con-
struction and building reconstruction (Fig. 5) 
[6, 24]. 
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Figure 2. Injection piles and schemes of their 
formation in the soil (authors A.I. Polishchuk, 

A.A. Petukhov et al.).: a - Injector immersion; b - 
Arrangement of injection pile by injecting fine-
grained concrete; 1 - Injector section without 
perforation; 2 - Well side surface; 3 - Air gap 
between injector and well wall; 4 - Injector 
section with perforation; 5 - Injector pipe 

widening at the bottom of the injection pile for 
air gap arrangement; 6 - Cutting plates; 7 - 

injection pipe widening along the injection pile; 
8 - well plugging; 9 - expandable part of the 

injection pile during concrete mixture injection; 
10 - lower end of the pile; 11 - injector push-in 

force; 12 - direction of concrete mixture injection 
 

 
Figure 3. Structural elements of Titan cylindri-

cal (anchor) bored injection pile (Germany) 

 
Figure 4. General view of constituent structural 

elements of the Atlant bored-injection pile (Russia) 
 

 
Figure 5. Scheme of bored-injection conical pile 
(authors D.A. Chernyavskiy, O.Y. Yeschenko): 

1 - drill bit; 2 - connecting coupling; 
3 - fine-grained concrete mixture; 4 - lateral 

surface of the borehole; 5 - hollow steel rod; 6 - 
drill bit with drilling blades 

 
 

METHODOLOGY FOR FOUNDATION 
STRENGTHENING DESIGN AND PILE 
PERFORMANCE STUDIES 

 
The design methodology for strengthening of 
shallow foundations of reconstructed buildings 
includes the following stages: selection of ex-
perimental sites for testing of full-scale injection 
( bored-injection) piles; performance of engi-
neering and geological surveys; manufacturing 
of structural elements of piles; preparation of 
fine-grained concrete mixture and its experi-
mental injection into boreholes; construction of 
injection, bored-injection piles at the selected 
site; investigation of physical and mechanical 
properties of soils in the pile space; testing of 
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METHODOLOGY FOR FOUNDATION 
STRENGTHENING DESIGN AND PILE 
PERFORMANCE STUDIES 

 
The design methodology for strengthening of 
shallow foundations of reconstructed buildings 
includes the following stages: selection of ex-
perimental sites for testing of full-scale injection 
( bored-injection) piles; performance of engi-
neering and geological surveys; manufacturing 
of structural elements of piles; preparation of 
fine-grained concrete mixture and its experi-
mental injection into boreholes; construction of 
injection, bored-injection piles at the selected 
site; investigation of physical and mechanical 
properties of soils in the pile space; testing of 

injection (bored-injection) piles by static inden-
tation load. The experience of the above meth-
odology can be borrowed from the authors' pub-
lications and technical literature [1, 7, 8, 9] for 
the period from 2003-2023. 
For example, experimental studies at the 
experimental sites in Tomsk and Kemerovo were 
grouped into series of experiments [1, 10]. Injection 
piles with lengths of 1.5, 3.5, 5.0 m without 
widening injectors and with extensions at the level 
of their lower ends in the form of tips to form an air 
gap were applied (Fig. 6). Each injector pipe had 
two sections: a “blind” section, usually up to 1.5 m 
long, and a section with 15-20 mm diameter holes 
staggered at 80-100 mm spacing. At the boundary 
between these sections, a ring of the same diameter 
as the tip widening was provided. 

 

 
Figure 6.  Design solution of tips for 57 mm (a, 

b, c) and 108 mm (d, e, f) diameter injectors 
used in the production of injection piles:  

a, d - tips for piles without widening;  
b, e - the same with widening diameter (1.37-
1.4)D; c, f - the same with widening diameter 
(1.75-1.8)D, where D is the injector diameter 

 
Injectors were immersed up to the design level 
using a hydraulic long-rod jack due to the 
cramped conditions at the experimental site in 
Tomsk and a drilling rig UGB-1BC at the ex-
perimental site in Kemerovo. Injection of fine-
grained concrete was carried out with the help 
of a CO-49 m and CO-180 pump, providing a 
constant rate of its supply of about 2.5 m3/h. 

The maximum pressure created by the pump 
was 1.5-2.0 MPa. The concrete mixture was in-
jected into the boreholes in portions of 0.1 m3 
with technological breaks for 5-10 min for “in-
termediate” pressing of the soil mass with work-
ing pressure (Fig. 7). The concrete mixture was 
injected up to the specified volume calculated 
on the basis of the geometry of the piles being 
constructed. After injection of the concrete mix-
ture, the soil in the pile space was pressurized 
by maintaining the working pressure in the 
borehole for a specified period of time to ensure 
soil compaction around the pile shaft. 

 
 

KEY RESULTS AND THEIR ANALYSIS 
 
Results of assessment of soil properties and soil 
conditions of construction. The evaluation of 
base soils enables designers to choose the most 
rational solution for the reconstruction of build-
ings in terms of their reliability and cost-
effectiveness [1, 11]. Studies of changes in physi-
cal and mechanical properties of soils around the 
shaft of injection piles were carried out on the se-
lected soil monoliths from pilot sites (Kemerovo, 
Tomsk). The change of soil density  in the sur-
rounding massif along the length of the pile was 
revealed. In the natural state, the soil density ( ) 
was 1.70-1.73 g/cm3, while at the boundary of the 
pile shaft with the soil mass the soil density 
changed and reached 1.97-1.98 g/cm3. 
 

 
Figure 7. Changes in injection pressure p 

(MPa) of the concrete mixture for injection 
piles: 1 - 5.0 m long piles (site 1); 2 - 3.5 m long 
piles (site 1); 3 - 1.5 m long piles (site 2); 4 - 5.0 

m long piles (site 1 - with soil fracturing) 
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The specific cohesion of the clayey soil after pile 
placement increased from 13.3-15.0 kPa to 18.2-
18.6 kPa within a distance of up to 500 mm from 
the lateral surface of the piles. At the same time, 
the angle of internal friction of clayey soil 
increased insignificantly, by 1-3 deg [1, 9, 10]. 
According to the results of static soil probing, it 
was found that after pile arrangement the soil 
resistance under the probe tip within the length of 
the arranged pile qc increased 1.5-2.0 times and 
amounted to 1.5-2.2 MPa. Soil resistance on the 
lateral surface of the probe fs. within the depth of 
the pile increased by 1.4-1.5 times. Based on the 
results of studies of soil properties, lithologic 
structure of the foundation and other parameters, 
the soil conditions of the test sites under 
consideration were evaluated [20, 22]. 
 
Assessment of the technical condition of foun-
dations. For reconstructed buildings, the condi-
tion of foundations shall be established based on 
the results of inspection, including the examina-
tion of the base soils and verification calcula-
tions [1, 12]. Based on the results of the work 
performed, considering the identified defects, 
damages and verification calculations, their 
technical condition can be assessed in accord-
ance with the requirements of GOST 31937-
2011 and other technical literature [13, 14]. 
Since 2011 there have been 4 groups for as-
sessing the category of technical condition of 
building structures, including base soils, ac-
cording to GOST 31937-2011 in Russia. Ac-
cording to this standard, load-bearing building 
structures and foundation soils may be in: 
normative technical condition, serviceable 
condition, limited serviceable condition and 
emergency condition. 
 
Test results of injection piles and justification 
of their bearing capacity. Tests of injection 
piles were carried out in accordance with GOST 
5686-2020. Analysis of the results of injection 
pile tests allowed to reveal the nature of their 
operation performance under load. For example, 
in the considered tests at pilot sites (Kemerovo, 
Tomsk) it was found that for injection piles with 

injectors without tips (Fig. 6) the bearing 
capacity Fd was the lowest. For piles having 
injectors with bottom end extensions in clayey 
soils their bearing capacity Fd increases. 
Significant increase of up to 20-30 % and more 
in the bearing capacity Fd of injection piles was 
detected if the diameter of the widening Dy 
exceeded the injector diameter D by a distance 
C = (0.37-0.4)D. 
To substantiate the bearing capacity of injection 
piles, the requirements of regulatory documents 
and technical literature (SP 24.13330.2021; 
Mangushev R.A. et al., 2015; Handbook of 
Geotechnical Engineering, 2023; Polishchuk 
A.I. et al., 2023) have been utilized. The value 
of external load N = Fd, which corresponded to 
their settlement equal to 10 mm, was taken as 
the bearing capacity Fd of injection piles at the 
pilot sites in the cities of Kemerovo and Tomsk 
[1]. In the absence of data on in-situ tests of 
piles, their bearing capacity can be determined 
using formulas and methods presented in 
regulatory and technical documentation and 
publications of authors [2, 9, 14, 15, 16, etc.]. 
 
Loading assessment of strengthened founda-
tions. Loading assessment of strengthened (com-
bined) foundations means the analysis of initial 
data and calculation results, which reveals the 
compliance of their design solution with the cur-
rent loads (N, M, Q) and ground conditions of 
the construction site of the building being recon-
structed [17, 18]. During the loading assessment, 
verification calculations are first performed for 
shallow foundations before they are strengthened 
(before the building is reconstructed). In particu-
lar, the design resistance of the compacted base 
soil Rup must be determined and compared with 
the pressure at the bottom of the shallow founda-

up) before and after reconstruction 
[22]. In addition, the foundation settlement S and 

pressure p exceeds the design resistance Rup (p > 
Rup) or the settlement S or the irregularity of set-

missible limits, the foundation should be 
strengthened with piles (“strengthened founda-
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Since 2011 there have been 4 groups for as-
sessing the category of technical condition of 
building structures, including base soils, ac-
cording to GOST 31937-2011 in Russia. Ac-
cording to this standard, load-bearing building 
structures and foundation soils may be in: 
normative technical condition, serviceable 
condition, limited serviceable condition and 
emergency condition. 
 
Test results of injection piles and justification 
of their bearing capacity. Tests of injection 
piles were carried out in accordance with GOST 
5686-2020. Analysis of the results of injection 
pile tests allowed to reveal the nature of their 
operation performance under load. For example, 
in the considered tests at pilot sites (Kemerovo, 
Tomsk) it was found that for injection piles with 

injectors without tips (Fig. 6) the bearing 
capacity Fd was the lowest. For piles having 
injectors with bottom end extensions in clayey 
soils their bearing capacity Fd increases. 
Significant increase of up to 20-30 % and more 
in the bearing capacity Fd of injection piles was 
detected if the diameter of the widening Dy 
exceeded the injector diameter D by a distance 
C = (0.37-0.4)D. 
To substantiate the bearing capacity of injection 
piles, the requirements of regulatory documents 
and technical literature (SP 24.13330.2021; 
Mangushev R.A. et al., 2015; Handbook of 
Geotechnical Engineering, 2023; Polishchuk 
A.I. et al., 2023) have been utilized. The value 
of external load N = Fd, which corresponded to 
their settlement equal to 10 mm, was taken as 
the bearing capacity Fd of injection piles at the 
pilot sites in the cities of Kemerovo and Tomsk 
[1]. In the absence of data on in-situ tests of 
piles, their bearing capacity can be determined 
using formulas and methods presented in 
regulatory and technical documentation and 
publications of authors [2, 9, 14, 15, 16, etc.]. 
 
Loading assessment of strengthened founda-
tions. Loading assessment of strengthened (com-
bined) foundations means the analysis of initial 
data and calculation results, which reveals the 
compliance of their design solution with the cur-
rent loads (N, M, Q) and ground conditions of 
the construction site of the building being recon-
structed [17, 18]. During the loading assessment, 
verification calculations are first performed for 
shallow foundations before they are strengthened 
(before the building is reconstructed). In particu-
lar, the design resistance of the compacted base 
soil Rup must be determined and compared with 
the pressure at the bottom of the shallow founda-

up) before and after reconstruction 
[22]. In addition, the foundation settlement S and 

pressure p exceeds the design resistance Rup (p > 
Rup) or the settlement S or the irregularity of set-

missible limits, the foundation should be 
strengthened with piles (“strengthened founda-

tion”) [9, 19]. The strengthened foundation is 
then designed [7, 14, 22]. 
Verification calculations of the final settlement 
of the foundation S strengthened by injection 
(bored-injection) piles should be performed 
according to the requirements of SP 
22.13330.2016. The engineering calculation 
method developed by the authors can also be 
utilized, according to which the foundation 
settlement Sreq (mm) of the reconstructed 
building is determined considering the nonlinear 
relationship between stresses and deformations in 
the soil [2, 21, 23] using the formula:  
 

         =   + ( 1),       (1) (1) 
 
where  is the final settlement of single injection 
piles (injection pile), mm [19, 20];  is the design 
settlement of the existing shallow foundation 
(before strengthening with piles), determined by 
calculation mm; = 1.01 1.13 is the 
coefficient, which takes into account soil 
displacement (settlement) due to soil shrinkage 
along the borehole walls during injection pile 
installation;  = 0.93–0.98 – coefficient, which 
takes into account the data on the change in the 
stress state of the soil in the basement under the 
bottom of the slab part of the foundation after the 
installation of injection piles. 
Thus, the proposed sequence of actions in the 
design of foundation reinforcement with the use 
of piles (injection, bored-injection) allows to 
properly organize the main stages of work of 
specialists and create an effective design 
solution that ensures its reliable operation for 
reconstructed buildings in clay soils. 
 
 
CONCLUSIONS 
 
1. The paper provides data on the performance 
of reinforced concrete foundations formed from 
shallow foundations when their slab part is 
reinforced with injection or bored-injection piles 
of 3...8 m length. The scope of application of 
the considered structural solutions of 

foundations extends mainly to reconstructed 
buildings in clay soils, including weak soils.   
2. It has been found that injection and bored-
injection piles made of fine-grained concrete are 
now increasingly used for strengthening 
foundations of reconstructed buildings. In 
particular, the introduction of injection piles was 
carried out at the objects of reconstructed 
buildings in Tomsk and Kemerovo (2005-2008), 
and bored-injection piles at the objects in Sochi 
and Krasnodar (2020). 
3. The proposed engineering method for 
calculating settlements of foundations 
strengthened by injection, bored-injection piles 
in clayey soils can be used for the conditions of 
building reconstruction. The method allows to 
account for the displacement (settlement) of the 
soil from the external load at the locations of 
wells and data on the change in the stress state 
of the foundation soil under the bottom of the 
slab part of the foundation. 
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