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EXPERIMENTAL METHOD FOR STRUCTURAL CONCRETE 
DAMPING PROPERTIES EVALUATION 

 
Vladimir A. Smirnov, Michail Yu. Smolyakov 

 

Moscow State University of Civil Engineering (MGSU), Moscow, RUSSIA 
 

Abstract. This article proposes a solution for structural materials such as concrete and cement mortars dynamic 
properties investigation using experimental modal analysis technique. The studied dynamic characteristics of 
structural materials include the dynamic modulus of elasticity and the loss factor or its derivatives: the 
logarithmic oscillation decrement or the relative damping coefficient. Closed expressions are presented for 
determining the loss factor of mechanical vibrations, obtained on the basis of solving the differential equation for 
vibrations of a single-mass dynamic system. A method for calculating the loss factor based on the analysis of the 
spectrum of the transfer function of an oscillatory system loaded with an impulsive dynamic force is presented, 
in which the results of measuring accelerations at various points of the sample are used as a response. The 
experiments were carried out on short and long samples made from samples of structural materials - cement 
mortars with a density of 1500 - 1900 kg/m3 with special aggregates. Based on the solution of the equation of 
oscillations of a beam with distributed masses, a formula is presented for determining the dynamic modulus of 
elasticity of the beam material. 
 

Keywords: dynamic tests, modal analysis, loss factor, modulus of elasticity, damping 
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INTRODUCTION 
 
The main parameters necessary for calculating 
the amplitudes of forced vibrations of structures 
are their dynamic characteristics - primarily the 
coefficient of mechanical energy loss, as well as 
the dynamic modulus of elasticity of the 
structural material. As a result of the application 
of external or internal loads, finite deformations 
will occur in the structural elements, which, 
under certain conditions, will lead to oscillations 
with very large amplitudes or to the loss of 
stability of the processes of static or dynamic 
deformation. It is very important for modern 
engineering practice to be able to predict the 
occurrence of such movements, instability or 
vibrations with large amplitudes in order to be 
able to control the level of static and dynamic 
stresses, the magnitude of the amplitudes during 
dynamic behavior, as well as the levels of 
transmitted or radiated noise in accordance with 
the needs of practical applications [1]. 
The importance of taking into account damping 
parameters is also due to the fact that the 
presence of damping can cause the process of 
energy transfer between the forms of 
oscillations of superstructures, which can, under 
certain conditions, lead to their destruction. 
Such an effect was noted and studied in [2, 3]. 
 
 
DYNAMIC MODEL 
 
To determine the dynamic characteristics of 
samples of structural materials, ultrasonic 
research methods [16], methods of experimental 
modal analysis [11, 13–15], as well as methods 

with the application of a given forced external 
load [7, 8, 12] are used. 
Consider the simplest single-mass model of 
vibrations of a damped system, shown in Fig. 1. 
The equation of oscillations of the system under 
consideration under the action of a harmonic 
load is written as: 
 

2

2
cos

d w dwm C kw F t
dt dt

. (1) 

 
A particular solution wp is a certain function 
w(t) that satisfies an inhomogeneous differential 
equation and, in particular, has the form [1, 2]: 
 

              
22 2 2

2

cos
,

/ .

p

F t
w

k m C

arctg C k m

 (2) 

 

 
Figure 1. System with one degree of freedom 

and viscous damping 
 
Then the general solution of equation (1) can be 
written as: 

 

1 2 1

22 2 2
1

sin cos cos ,

/ .

at
c p D Dw w w e C t C t A t

A F k m C
 (3) 

 
Arbitrary constants C1 and C2 are determined by 
the initial conditions. 
One of the general methods for assessing 
damping, as noted in [1, 7, 10], is to determine 

the width of the resonant peak of oscillations at 
those points of the curve for dynamic 
displacements, at which the dynamic 
displacement makes up a certain proportion of 
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the resonant dynamic displacements of the 
system, for example, points A and B in figure 2.
It is usually assumed that points A and B 
correspond to frequencies at which the 
amplitude of dynamic displacements is several 
times less than the maximum amplitude. 

 

 
 

Figure 2. Frequencies that determine the 
bandwidth of the resonant amplitude 

 

Consider the viscous damping of the system. 
The frequency of resonant vibrations is 
determined by the expression [1, 9, 11]: 
 

2

1
2

k C
m km

   (4) 

 
Substituting (4) into (3), we find the oscillation 
amplitude at resonance: 
 

11/22
, 2 / 2 1 / 4p

FW C km C km
k

 (5) 

 
In order to find the frequencies corresponding to 
points A and B, in which the amplitude is n 
times less than the resonant Wp,res, the dynamic 
displacement determined by the expression 

22 2 2/ 1/pw F k m C  should be 

equated to the dynamic displacement (5) 
multiplied by 1/n at resonance, as a result of 
which we obtain: 

 
22 22 2 2

22
2 1 1 4 1 0.

4 4 4
i im mC C Cn

k km k km km
   (6) 

 
When 2/4km << 1, we obtain: 
 

2
1,2 / 1 1

2

Cm k n
km

, (7) 

 
Where do we get ratio: 
 

22 1 2 1
2

Cn
km

. (8) 

 

By 2n  we obtain: 
 

2 2
2

C
km

,  (9) 

 

where / 2 / c  - damping ratio; 

2  - critical damping of the system. 

Similar transformations can be performed for a 
system with hysteresis damping.  
In this case, the amplitude at resonance is equal 
to:  
 

,p
FW
k

.   (10) 

 
The frequencies corresponding to points A and 
B in Figure 2, in which the amplitude of 
dynamic displacements is n times less than the 
resonant amplitude Wp,res, are equal to: 
 

2
1,2 1 1

k n
m

.  (11) 

 

Then with 2n  we get:  
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1 1 , (12) 

 
And with  << 1:  
 

1 1
2 2

.  (13) 

 
The relation between /  and  is linear 

only for small values of . Note that for  > 1 
there is no frequency 1 under the assumption 
of hysteresis damping, at which the amplitude 
of dynamic displacements would be equal to 

/ 2pW . In fact, for n > 1, the "peak" 

amplitude will be less than the static 
displacement F/k. This is true not only for the 
case of hysteresis damping, but also for those 
cases where the parameters ( ) and k( ) are 
determined from experiments with real 
materials. 
The dynamic modulus of elasticity reflects only 
the elastic properties of the material without the 
influence of creep, since when the sample 
vibrates, stresses appear in it, which are very 
small in magnitude. For this reason, the 
dynamic modulus of elasticity is approximately 
equal to the initial modulus of elasticity 
determined during static tests, and is much 
higher than the static modulus of deformation 
[4, 9]. The difference in the values of the 
dynamic and static modules is also due to the 
fact that the heterogeneity of concrete affects 
these modules by a different mechanism. 
Within the framework of this study, the 
parameters of the frequencies of natural 
vibrations were determined using the methods 
of experimental modal analysis [7, 8], according 
to the results of which the frequencies of 
bending vibrations of the samples were 
determined. 
The modulus of elasticity of the structural 
material was determined by the well-known 
formula for a hinged beam: 

2

k
k EI
l m

,  (14) 

 
where m is the mass per unit length of the beam, 
l is the span of the beam, EI is the bending 
stiffness of the beam, k is the shape number. 
Based on formula (14) and the relationship 
between the circular and technical frequency in 
the form 2 f , we get an expression for 
determining the modulus of elasticity of the 
specimen in the form: 
 

2 4

4 2

4mf lE
k I

.   (15) 

 
 
EXPERIMENTAL MODEL 
 
The tests were carried out on samples made 
from different concrete compositions obtained 
in [5, 6]. The size of the samples in the first 
batch was 40x40x160 mm, and the second - 
800x50x30 mm, which were installed on a 
tooling with hinged support at the ends. 
The tests were carried out according to the 
method of GOST ISO 7626-5-99. The 
perturbation was created by exciting vibrations 
of a concrete prism with an impact hammer, 
applying 5 successive pulses at each location of 
the acceleration sensors. 
A Bruel&Kjaer 8202 impact hammer (with a 
Bruel&Kjaer 8200 force sensor) was used to 
register the applied load, Bruel&Kjaer 4375 
charge miniature accelerometers were used to 
register the response. does not affect test results. 
Synchronous recording of the excitation and 
response parameters was carried out by the 
SCADAS Mobile-I measuring system. The 
sample test scheme is shown in Figure 3.  
After each impact, the signals from the force 
and vibration sensors are fed to low-pass filters 
(LPF), which allow avoiding the transfer of 
high-frequency components to the measurement 
frequency range during sampling, after which 
they are analog-to-digital conversion (ADC) to 
form a sample. 

Experimental Method for Structural Concrete Damping Properties Evaluation
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Figure 3. Experimental set-up for short 

specimen 
 
Each digital entry corresponds to one impact. 
For each entry, the DFT is calculated. To 
improve the estimate, averaging over the 

frequency domain of several implementations of 
the frequency response obtained for the same 
measurement and excitation points can be 
applied. 
For each point, at least 5 impulse actions were 
carried out with an impact hammer and the 
parameters of the input action - the applied 
force and the response of the structure - 
accelerations at different points were recorded, 
as shown in Figure 4 for one of the episodes of 
dynamic tests. 
To obtain transfer functions, we analyzed the 
spectrum of the applied load, for which we built 
its auto spectral characteristic. For each block of 
impulse actions, the frequency response of the 
sample was built, which was averaged using a 
weighted average over several implementations. 

 
 

 
b  

 
 

Figure 4.  
 

An example of the computed transfer function 
for a rack of one of the samples is shown in 
Figure 5, together with a signal coherence plot 
(a value close to 1 indicates a high signal-to-
noise ratio, which improves measurement 
accuracy). 

Based on the results of determining the 
frequency response - modal analysis, a 
stabilization diagram is constructed, within the 
framework of which the oscillation modes that 
are stable in frequency and damping are 
determined.  
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Figure 5. Representation of the results of calculating the frequency response of the sample 

 
 

EXPERIMENTAL RESULTS
 
Based on the determination of a stable oscillation 
frequency corresponding to the bending shape, in 
which the maximum of the real part of the 
oscillation form corresponds to the antinode in the 
sensor located in the middle of the span of the test 

sample, and the phase shift (the imaginary part of 
the shape vector) between the sensor located in the 
middle and in thirds of the span the sample differs 
by /2, the loss coefficient  and the relative 
damping coefficient  are determined. The test 
results for short specimens are shown in Table 1 
and for long specimens in Table 2. 

 
 

 

Table 1. Test results for short specimens 

Specimen 
name 

Avg value 

  
Dynamic 

modulus, Pa
 0.042 0.021 1.69E+10 
-  0.028 0.014 1.88E+10 
 0.133 0.067 1.02E+10 
-  0.171 0.085 9.93E+09 
 0.051 0.025 1.98E+10 
-  0.038 0.019 2.19E+10 
 0.091 0.045 1.51E+10 
-  0.109 0.054 1.61E+10 
 0.070 0.035 2.56E+10 
-  0.071 0.035 2.73E+10 
 0.034 0.017 2.09E+10 
-  0.025 0.013 2.01E+10 

 0.020 0.010 3.74E+10 
-  0.017 0.008 3.95E+10 

Table 2. Test results for long specimens 

Specimen 
name 

Avg value 

  
Dynamic 

modulus, Pa 
 0.126 0.063 2.91E+10 
-  0.124 0.062 3.27E+10 

0.157 0.079 1.94E+10
-  0.161 0.080 1.94E+10 
 0.153 0.076 7.85E+10 
-  0.104 0.052 3.71E+10 
 0.105 0.053 1.06E+12 
-  0.358 0.179 1.43E+10 
 0.094 0.047 4.14E+10 
- 0.080 0.040 4.63E+10 
 0.136 0.068 3.08E+10 
-  0.088 0.044 3.77E+10 

 0.069 0.035 6.27E+10 
-  0.078 0.039 8.07E+10 

 
The results of comparing tests of short and long 
samples are shown in Figure 6. 

Experimental Method for Structural Concrete Damping Properties Evaluation
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Figure 6. The results of comparing the damping 

parameters obtained on samples of different 
sizes 

 
 
CONCLUSION 
 
As the test results show, the introduction of 
ceramic microspheres increases the loss factor 
by 1.75 times with an increase in the density of 
the composition from 1500 to 1900 kg/m3. the 
introduction of spherical microspheres at the 
same time reduces the loss factor by 9 times. At 
the same time, the introduction of fiber into 
compositions with silicon spheres leads to a 
proportional decrease in the loss factor by a 
factor of 1.5 relative to compositions without 
fiber with an increase in the density of the 
composition. the introduction of fiber into 
compositions with glass microspheres increases 
the loss factor by 1.28 times relative to 
compositions without fiber. 
The elastic modulus increases for all 
compositions with increasing sample density. At 
the same time, compositions with ceramic 
microspheres have a 30–40% higher elastic 
modulus than compositions with glass 
microspheres. The introduction of fibers into 
compositions with glass microspheres has very 
little effect on the change in their modulus of 

elasticity. The introduction of fiber into 
compositions with ceramic microspheres 
increases their modulus of elasticity by 11% 
compared to compositions without fiber. 
For the base composition of heavy concrete 
(marking "TB"), the presence of fiber reduces 
the average value of the loss factor from 0.02 to 
0.017 (34% reduction). In this case, the value of 
the modulus of elasticity increases by 12%. 
The loss factor for samples depends on their 
shape and size. With an increase in the span of 
the sample (decrease in the first resonant 
frequency), the value of the loss factor 
increases. 
To obtain adequate values of the damping 
coefficients, they should be determined on 
similar samples with close values of the 
frequencies of free oscillations. To take into 
account the dependence on frequency, it is 
recommended to carry out measurements on 
several samples with approximation of the 
results. 
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Abstract: This paper presents the methodologies for numerical modelling of snow deposits and snow transport on 
long-span roofs for steady and unsteady flow. The calculation of snow loads on long-span roofs is a complex 
problem, solving which often involves deviating from the building code recommendations. Experiments in wind 
tunnels, although widely used, do not allow reproducing the full-scale effects of all snow accumulation processes. 
At the same time, the continuous improvement of mathematical models, numerical methods, software and 
computer technologies makes the development and implementation of numerical modelling technologies in real 
construction practice and regulatory documents inevitable. In this paper it is shown that the use of the well-known 
erosion-deposition model, supported by field observations and experimental data, allows reproducing reasonably 
accurate snow distributions on long-span roofs. The importance of the “synthesis” between physical and 
mathematical modelling and the application of the building codes is emphasized, as only the joint use of 
approaches can comprehensively describe modelling of snow accumulation and snow transport and provide better 
solutions to a wider range of related problems.  
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1. INTRODUCTION 
 
Calculating the snow load on the roofs of large-
span buildings and structures, including unique 
ones, often involves deviating from the building 
code recommendations for the shape coefficient 
and using experimental methods to determine the 
possible location of snowdrifts. Due to the fact that 
snow accumulation is a complex, highly non-linear 
and multi-scale phenomenon, the simulation of 
which is subject to different approaches depending 
on the problem in question, the development of a 
unified, verified and validated methodology for its 
numerical modelling is non-trivial. However, for 
most construction problems, the main interest is the 
snow transport, the greatest contribution to which 
(according to [4], from 50% to 75%) is made by 
saltation. In this regard, a methodology has been 
developed that allows to model snow transport and 
snow accumulation on large-span roofs of by 
means of numerical simulation of saltation, the 
results of which can then be used in combination 
with the building code recommendations for 
determining the design roof shape coefficient . 
Based on our previous studies ([1, 2, 3]), a decision 
was made to use the erosion-deposition model to 
simulate saltation. Since it describes the change of 
the height of the snow surface in time, the 
methodology was initially developed for unsteady 
flow. Then, to reduce resource intensity and 
increase efficiency, the methodology was 
developed for steady flow. The results of the 
verification and validation of the methodologies 
showed that, due to the extremely stochastic nature 
of the snow accumulation process, the use of 
modelled snow distribution maps alone is not 
sufficient to set the design shape coefficient . 
Nevertheless, numerical modelling makes it 
possible to identify areas of snow accumulation 
dangerous from the point of view of mechanical 
safety of the building, which cannot be predicted 

by the building code recommendations. Therefore, 
the symbiosis of the numerical modelling with the 
guidelines from the building code makes it possible 
to obtain the most crucial snow distributions on a 
particular roof.  
 
 
2. UNDERLYING PRINCIPLES 
 
Both methodologies utilize the erosion-deposition 
model (described in [6]), developed on the basis of 
some previous works of the early 1990s. The 
aforementioned model is based on the assumption 
that snow mass entrainment is the result of 
aerodynamic forces, while deposition is the result 
of settling and attachment of snow particles 
brought by wind flow. The change in snow cover 
height over time is described by the expression: 
 

= , (1) 

 
where  is the height of the snow surface,  is 
time, and  is the bulk density of snow. 
The snow mass exchange flux between air and 
snow cover  is given by: 
 

=  (2) 

= 1 ( ) (3) 

= ( ) ( ), (4) 

 
where  is the deposition flux,  is the erosion 
flux,  is the snow concentration in the air near 
the snow accumulation surface,  is the average 
snowfall velocity,  is the coefficient depending 
on the degree of cohesion (snow particles 
intergranular bonding),  is the air density,  is 
the friction velocity,  is the threshold friction 
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velocity, and  is the Heaviside function. The 
friction velocity is determined by the following 
formula: 
 

=  (5) 

 
where  is the local shear stress on the surface 
calculated by numerical simulation of wind flows 
over the surface in question. Threshold friction 
velocity  is determined experimentally. If the 
friction velocity  is lower than the threshold 
velocity , deposition is observed, otherwise, 
erosion is observed. 
 
 
3. METHODOLOGY FOR UNSTEADY FLOW 
 
The flowchart of the methodology for unsteady 
flow can be represented as the following list: 
 
1. Analysis of the object 
Analysis of climatic characteristics at the 
location, identification of possible snow 
accumulation and snow drift zones. 
2. Problem statement 
Selection of blowing directions and velocities, 
specifying the flow characteristics for each phase 
(snow concentration, friction velocity, etc.). 
3. Computational model generation 
Creation of a geometric model of the 
computational domain and a computational mesh 
that takes into account the points of interest of the 
object. 
4. Selection and tuning of the turbulence model 
Bearing in mind the computational optimization 
considerations. 
5. Definition of the calculation parameters 
Initial and boundary conditions, timestep size, 
numerical schemes and solvers. 
6. Aerodynamic analysis 
Transient analysis which utilizes custom code to 
calculate the change in snow height. 
7. Engineering analysis of the calculation results 
The equation (1) is solved at each timestep  
with help of custom code, where = , and 

the snow-surface mesh is deformed by moving 
each node in z direction by =  provided by 
the equation. The problem is solved until a 
satisfactory result has been achieved. 
 
 
4. VERIFICATION OF THE METHODOLOGY 
FOR UNSTEADY FLOW 
 
Two problems were considered as verification 
problems: 
1) The model problem (flow around a cube), for 
which snow accumulation is investigated 
qualitatively, with the formation of characteristic 
structures (windward and leeward snowdrifts and 
a horseshoe-shaped trace); 
2) The building code problem (snow distribution 
on a gable roof), for which snow accumulation is 
investigated both qualitatively and 
quantitatively, with calculation of the shape 
coefficient  
 
4.1 Solution of the model problem for 
unsteady flow: a two-phase flow around a 
cube 
In a rectangular computational domain of 
10×10×5 m a Eulerian two-phase flow around a 
1×1×1 m cube (primary phase is air, secondary 
phase is solid particles) with a logarithmic 
velocity profile at the inlet is simulated for 60 
min with timestep of 1 s. In this problem the 
density of the secondary phase is 150 kg/m3. An 
aerodynamic domain (Fig. 1c) is formed from the 
finite-volume mesh (Fig. 1b). A series of 
additional steady-state calculations were carried 
out to select the initial value of the snow volume 
fraction at the inlet and the initial friction 
velocity. Based on the results, they were set to 

-4% and 0.3 m/s, respectively. Realizable k-  
model was used for turbulence modelling. 
The calculated snow accumulation (Fig. 1d) in 
general agrees with the field experiment (Fig. 
1a): two characteristic drifts on the windward and 
leeward sides and a horseshoe-shaped trace of the 
erosion flow are observed. The results suggest 
that the application of the erosion-deposition 
model for the saltation is sufficient to produce 
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snow drifts of characteristic shapes and to 
simulate snow transport. However, they also 
demonstrate the stochasticity of the snow 

accumulation and the resource-intensive nature 
of the modelling itself, for a very small timestep 
is required for problem’s adequate convergence. 

 
 

 

  
a) snowdrift around a low-rise construction 

(from [8]) 
b) outer layer of the finite-volume mesh 

(~35.8k cells) 

  
c) layout of the aerodynamic domain d) snowdrift around the cube at the end of 

the simulation (t = 3600 s) 
Figure 1. Unsteady numerical modelling of snow accumulation and snow transport around a 

cube
 
4.2 Solution of the building code problem for 
unsteady flow: a two-phase flow around a 
gable roof  
In a rectangular computational domain of 
40×38×15 m, a Eulerian two-phase flow around 
a 10×8×6 m building with the same 
characteristics as given in paragraph 4.1 is 
simulated for 50 min with timestep of 1 s. An 
aerodynamic domain (Fig. 2c) is formed from the 
finite-volume mesh (Fig. 2b). In this problem, a 

series of additional steady-state calculations were 
also carried out to select the initial value of the 
snow inlet volume fraction and the initial friction 
velocity. Realizable k-  model was used for 
turbulence modelling, as well. 
The calculated snow accumulation (Fig. 2d) 
allows to conclude that qualitatively snow 
erosion was obtained on the windward side of the 
roof, snow deposition was obtained on the 
leeward side, and a horseshoe-shaped trace was 

Nikita A. Britikov



27Volume 18, Issue 4, 2022

obtained around the building, but quantitatively 
the result does not agree with the building codes, 
because snow erosion is almost complete 
(in contrast to the expected μ = 0.75 according to 
the code).  

In conclusion, based on the results of the 
verification, it is demonstrated that the erosion- 
deposition model can be applied to simulate 
snow accumulation and snow transport for 
unsteady flow and allows to obtain a qualitative 

  
a) snow distribution on a gable roof  

(from [9]) 
b) outer layer of the finite-volume mesh 

(~143k cells) 

  
c) layout of the aerodynamic domain d) snow distribution on a gable roof at the end 

of the simulation (t = 3000 s) 

Figure 2. Unsteady numerical modelling of snow accumulation and snow transport on a gable roof 
 
result; however, obtaining adequate quantitative 
result requires multiple calculations with varying 
initial conditions and analysis of intermediate 
results, which are special cases of snow 
accumulation. 
 
 
5. VALIDATION OF THE METHODOLOGY 
FOR UNSTEADY FLOW 
 
The validation is performed for a real building 
under construction for which snow accumulation 
on the roof is to be investigated.  
In a rectangular computational domain of 
519×953×125 m, a two-phase flow around an 

industrial building with the same characteristics 
as in paragraph 4.1 is simulated for 40 min with 
timestep of 1 s. In this problem the density of the 
secondary phase is 300 kg/m3. An aerodynamic 
domain (Fig. 3c) is formed from the finite-
volume mesh (Fig. 3b & 3d). Initial conditions, 
the inlet velocity and snow volume fraction, were 
varied to obtain different snow accumulation 
patterns on the roof. The parameters are 
presented in Table 1.  
As a result, three snow accumulation 
distributions were obtained on the roof. Although 
qualitatively they allow determining the direction 
of snow transport and quantitatively the height of 
snow cover, it is not possible to draw a general 
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conclusion for the value of the design shape 
coefficient μ from them, as individual cases of 
snow accumulation are obtained. 

In conclusion, the results suggest that it is not 
possible to directly use the data from the unsteady 
flow modelling to determine the design shape 
coefficient μ. 

  
a) geometry of the industrial building b) finite-volume mesh (~1.7m cells) 

  
c) layout of the aerodynamic domain d) inflation in the boundary layer 

  
 

e) final snow distribution for 
case 1 (see table 1 for details)

f) final snow distribution for 
case 2 

g) final snow distribution for 
case 3 

Figure 3. Unsteady numerical modelling of snow accumulation and snow transport  
around an industrial building 

 
Table 1. Validation cases summary 

Case  
number 

Simulated  
snowfall 

Velocity at 
10 m above 

ground [m/s] 

Snow surface 
maximum 

height [cm] 

Snow phase maximum 
concentration [%·10-3] 

Snow 
distribution 

1 Mild 0.84 20.9 0.19 Close to even 
2 Mild 1.69 114 1.34 Uneven 
3 Moderate 0.84 105 1.2 Uneven 

μ
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6. METHODOLOGY FOR STEADY FLOW 
 
Due to the problems identified during 
verification and testing of the methodology for 
unsteady flow, it was necessary to change the 
approach and develop a methodology for steady 
flow, reducing resource intensity but not losing 
accuracy. 
For these reasons, the erosion-deposition model 
is supplemented by two hypotheses: 
Hypothesis 1: There is initially some amount of 
snow 0 = const on the roof; 
Hypothesis 2: The flux qg and its constituent 
parameters are time-independent. 
The modelled shape coefficient μm is also 
introduced to emphasize the difference between 
it and the design shape coefficient μ. 
Then, integrating expression (1), we obtain: 
 

=
1

, (6) 

 
where = ( )  is the change in 
snow cover height,  is the observed time period, 
and  is the characteristic value of snow on the 
ground at the relevant site. 
Assuming  to be time-independent, (6) can be 
rewritten as: 
 

( )
=   

= +  (7) 

 
Separate observing time periods for snow 
deposition  and for snow erosion . are also 
introduced. Finally: 
 

= +  (8) 

 
By varying the initial amount of snow , the 
observing time periods   , and the wind 
speed at the inlet, different snow accumulation 
distributions and different contours of the 

modelled shape coefficient m on the roof can be 
obtained to find the most unfavourable ones, 
which are determined from the mechanical safety 
considerations for the building. 
It is important to note, with reference to the 
conclusions of the validation of the methodology 
for unsteady flow, that the obtained distributions 
of the modelled shape coefficient μm are used 
qualitatively in conjunction with the building 
code recommendations. Based on the synthesis 
of these approaches, the design shape coefficient 
μ is obtained. 
For turbulence modelling, the Generalized k-  
model (see [5]) is used. Through adjustments of 
certain coefficients, it can be tuned for particular 
objects and can predict the boundary layer flow 
more accurately, which is crucial for determining 
the shear stress and, subsequently, the friction 
velocity. It comprises the capabilities of 
previously used k-  and k-  models, which at this 
point renders their further use redundant.  
The flowchart of the methodology for steady 
flow can be represented as the following list: 
 
1. Analysis of the object 
Analysis of climatic characteristics at the 
location, identification of possible snow 
accumulation and snow drift zones. 
2. Problem statement 
Selection of blowing directions and velocities, 
specifying the flow characteristics (friction 
velocity, etc.). 
3. Computational model generation 
Creation of a geometric model of the 
computational domain and a computational mesh 
that takes into account the points of interest of the 
object. 
4. Tuning of the turbulence model 
Adjustment of the GEKO coefficients for proper 
simulation of the flow around the particular 
object. 
5. Definition of the calculation parameters 
Initial and boundary conditions, numerical 
schemes and solvers. 
6. Aerodynamic analysis 
Steady-state analysis which utilizes the modified 
erosion-deposition model, supplemented by 
hypotheses 1 and 2. 
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7. Engineering analysis of the calculation 
results 
Derivation of the design shape coefficient  
through the synthesis of numerical modelling and 
building codes. 
 
 
7. VERIFICATION OF THE METHODOLOGY 
FOR STEADY FLOW 
 
Similar problems were considered for 
verification but the geometry of the dynamic 
contour of the CSTB wind tunnel (Fig. 4a) was 
used for the computational domain, as the data 
from [7] was utilized.  
 
7.1 Solution of the model problem for steady 
flow: a one-phase flow around a cube 
In a computational domain of 23×10×6 m, the 
one-phase flow around a 1×1×0.5 m cube with a 
logarithmic velocity profile at the inlet is 
simulated for 150 iterations. As with the previous 
simulations, an aerodynamic domain is formed 
from the finite-volume mesh (Fig. 4b & 4c).  
The calculated snow accumulation (Fig. 4d & 4e) 
is consistent with both field observations, 
physical modelling in the wind tunnel and 
numerical modelling results for unsteady flow. 
The snow distribution on the top face of the cube 
is also observed, although not taken into account 
during the verification procedure. Similar to the 
unsteady flow case, two characteristic drifts on 
the windward and leeward sides and a horseshoe-
shaped trace of the erosion flow are observed. 
The results allow to conclude that the modified 
erosion-deposition model can adequately 
simulate snow accumulation and snow transport 
for steady flow.  
 
7.2 Solution of the building code problem for 
unsteady flow: a one-phase flow around a 
gable roof 
In the same computational domain from the 
paragraph 7.1, the one-phase flow around a 
1×1×0.92 m building with a logarithmic velocity 
profile at the inlet is simulated for 150 iterations. 

An aerodynamic domain (Fig. 5a) is formed from 
the finite-volume mesh (Fig. 5b). 
The calculated snow accumulation (Fig. 5d) 
suggests that qualitatively an uneven distribution 
of snow on the roof and a horseshoe-shaped trace 
around the building is obtained. Quantitatively, 
the result is close to the physical modelling (Fig. 
5c), but not close enough to the building code 
distribution (see Table 2, total discrepancy 
~22%). 
In conclusion, the advantage of the steady-state 
approach over the transient approach is 
demonstrated, but the modelling results still 
cannot be used directly for the design shape 
coefficient. It should be also noted that the 
absolute height of the snow surface depends on 
the observing time periods  and  and can be 
adjusted, but the pattern of the snow 
accumulation and snow transport itself remains 
unchanged and depends entirely on the shear 
stress pattern on the roof. 
 
 
8. VALIDATION OF THE METHODOLOGY 
FOR STEADY FLOW 
 
The methodology for steady flow has been 
validated on several real objects under 
construction, for which the synthesis of 
numerical modelling and building code 
recommendations has given the design shape 
coefficient μ. For all simulations, the following 
values of experimental constants were taken: 

 = 10-4 kg s/m4,  = 0.5 m/s,  = 0.25 m/s. 
 
8.1 Community Centre 
In a cylindrical computational domain of 
600×100 m, the one-phase flow around a civil 
building (Fig. 6a) is simulated for 200 iterations. 
Ten simulations were carried out for the two 
wind directions due to the symmetry of the 
building (180° and 210°; 20 simulations total) 
using the numerical methodology for steady flow 
with varying wind speed without considering the 
surrounding buildings. According to Table 7.1 of 
SP 131.13330.2020 Construction Climatology, 
the average wind velocity at a height of 10 m 
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during the winter period for the centre’s location 
is 2.6 m/s. Simulations were carried out in the 
velocity range from 1 m/s to 10 m/s in steps of 1 
m/s. The snow concentration C was assumed to 
be 5 g/m3, which corresponds to a moderate 
snowfall. The contours of modelled shape 

coefficient μm obtained by numerical simulation 
for steady flow (Fig. 6c & 6e) were then analyzed 
to identify the most unfavourable cases from the 
mechanical safety point of view and summarized 
in the form of contours of the design shape 
coefficient μ. 

  
a) modelled part of the dynamic contour of 

the CSTB wind tunnel 
b) finite-volume mesh (~1.47m cells) 

  
c) inflation in the boundary layer d) snow distribution on and around the cube at the 

end of the simulation (150 iterations, =3600 s) 

 
e) snow distribution in the whole aerodynamic domain 

Figure 4. Steady numerical modelling of snow accumulation and snow transport around a cube 

μ
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a) layout of the aerodynamic domain b) inflation in the boundary layer  

of the finite-volume mesh (~1.65m cells total) 

 
c) physical modelling of snow distribution on a gable roof (from []) 

 
d) snow distribution on a gable roof at the end of the simulation (150 iterations, =3600 s) 

Figure 5. Steady numerical modelling of snow accumulation and snow transport on a gable roof 

 
Table 2. Comparison of physical and numerical modelling of snow on a gable roof 

Modelling approach Windward shape coefficient Leeward shape coefficient 
Physical 0.88 1.13 

Numerical 0.96 1.03 
Discrepancy 9.1% 8.8% 
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The Community Centre simulations allowed 
thorough adjustments to the methodology. As 
such, they revealed that such a wide range of inlet 
velocities was excessive, and fewer velocities (as 
well as study cases) can be utilized in obtaining 
the contours of the modelled shape coefficient 
μm. It was also shown that an average value of 
0.25 m/s for the threshold friction velocity is 
sufficient for achieving plausible snow 
distributions for real buildings.  
 
8.2 Sports Centre 
In a cylindrical computational domain of 
1500×1200 m, the one-phase flow around a civil 
building (Fig. 7a) is simulated for 200 iterations. 
For this problem, two setups were considered: 
the one that includes the surrounding buildings 
and terrain around the Sports Centre (Fig. 7b) and 
the one that doesn’t. This was made to both 
demonstrate the influence of the environment on 
the snow distribution and obtain more varied 
distributions in search of the most unfavourable 
ones. 
In numerical modelling, three simulations were 
carried out for eight wind directions for the 
Sports Centre (0°, 36°, 90°, 144°, 180°, 213°, 
270°, 327°; 24 simulations total) using the 
numerical methodology for steady flow with 
varying wind speed. With reference to the 
conclusions of the previous case, simulations 
were only made for wind speeds of 1 m/s, 3 m/s 
and 6 m/s. To simulate a longer snowfall, in 
which an uneven snow distribution can be 
obtained, the deposition time T+ was assumed to 
be 6 h and the erosion time T– to be 240 h. 
A more traditional physical modelling in the 
wind tunnel was also carried out for the Sports 
Centre, which allowed to both compare the 
results given by two approaches and validate one 
through the other. In physical modelling, the 
same wind directions were investigated as for the 
numerical, and the characteristic wind speeds at 
which snow transport was analyzed on the model 
ranged from 3.4 to 8 m/s. The modelling was 
performed at 3.5-4% humidity using wood flour 

with a particle size of 50÷ as a snow-like 
material, which was shifted from a smooth 
painted surface at a wind speed of 3.4 m/s. As a 
result of prolonged exposure of the model 
covered with a thin layer of wood flour in the air 
flow at a speed of 6÷7 m/s, the patterns of snow 
transport were formed. Analysis of the obtained 
snow distributions was performed to zone the 
roof and obtain the physically-modelled shape 
coefficient mp for the zones. As with the 
numerical modelling, the simulations were 
carried out with and without taking into account 
the surrounding buildings, albeit in a lesser 
radius due to the wind tunnel test chamber size. 
Through the comparison of the results, it was 
clearly observed that both the physical and the 
numerical modelling provide mostly similar 
snow distributions. The overall distribution 
pattern, as well as some local snow drifts, were 
in agreement with each other (compare Fig. 7c 
vs. 7e & Fig. 7d vs. 7f and Fig. 8a vs. 8c & Fig. 
8b vs. 8d). A similar influence of the surrounding 
buildings on the obtained contours was also 
noted. As per the methodology, the results given 
by the two approaches were summarized and 
used qualitatively in the engineering analysis in 
conjunction with the building code 
recommendations, which provided the final 
contours of design shape coefficient  (Fig. 7e; 
note a small  = 2.7÷0.6 zone on the right side of 
the picture, which was specified by the code). 
In conclusion, the use of numerical modelling for 
both validation cases made it possible to provide 
the design shape coefficient , as well as identify 
some non-obvious and hazardous distributions of 
said coefficient, which could not be obtained 
solely by following the recommendations of the 
Russian building code or any other building 
codes. The physical modelling carried out for the 
Sports Centre also evidently showed that 
numerical modelling is capable of providing 
similar and thus plausible results, which are true 
to the nature of the snow accumulation and snow 
transport processes. 
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a) geometry of the Community Centre b) inflation in the boundary layer  

of the finite-volume mesh (~5m cells total) 

 
c) contours of friction velocity and modelled shape 

coefficient for wind direction 180° at 7 m/s 
d) design shape coefficient 

for wind direction 180° 

 
e) contours of friction velocity and modelled shape 

coefficient for wind direction 210° at 7 m/s 
f) design shape coefficient 

for wind direction 210° 

Figure 6. Steady numerical modelling of snow accumulation and snow transport  
for the Community Centre 
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a) geometry of the Sports Centre b) surrounding buildings and terrain 

  
c) physical modelling for wind direction 144° d) physical modelling for wind direction 213° 

  
e) numerical modelling for wind direction 144° f) numerical modelling for wind direction 213° 

Figure 7. Steady numerical modelling of snow accumulation and snow transport  
for the Sports Centre 

(provided design shape coefficient contours for these wind directions are not given in this paper) 
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a) physical modelling for wind direction 90° 

(surrounding buildings ignored) 
b) physical modelling for wind direction 90° 

(surrounding buildings considered) 

  
c) numerical modelling for wind direction 90° 
(surrounding buildings and terrain ignored) 

d) numerical modelling for wind direction 90° 
(surrounding buildings and terrain considered) 

 
e) design shape coefficient based on the results of physical and numerical modelling  

and the building code recommendations for wind direction 90° 

Figure 8. Steady numerical modelling of snow accumulation and snow transport  
for the Sports Centre 
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9. CONCLUSION 
 
The methodologies of numerical modelling of 
snow loads for unsteady and steady flows have 
been developed, verified, and validated. The 
specifics of the erosion-deposition model used at 
their basis have been studied, the limits of the 
applicability have been determined.  
The methodology for unsteady flow has proven 
to be capable of producing plausible results that 
agree with field experiment. The validation 
process also revealed its high sensitivity to initial 
conditions and ability to provide a wide variety 
of snow distributions for the same geometry 
under different flow regimes. With that said, this 
methodology is unlikely to become practically 
applicable in the nearest future. High resource 
intensity and computational time demands all 
make it difficult to apply the methodology to 
everyday engineering problems, especially when 
multiple study cases need to be examined and 
multiple simulations are required. Its ability to 
produce special cases of snow accumulation and 
snow transport also appears to be its 
disadvantage in this sense, as producing a more 
general snow distribution on the roof requires 
varying the initial conditions and summarizing 
the results. 
The methodology for steady flow, on the other 
hand, successfully combines the strengths of its 
unsteady counterpart and benefit of being time-
independent without losing too much in 
accuracy. For a wide range of long-span roof 
geometries, the steady-state approach appeared 
to be sufficient in producing plausible results. 
Comparisons with field experiments and 
physical modelling make it clear that numerical 
modelling is in no way less efficient in 
simulating snow accumulation and snow 
transport and may be used for obtaining the 
design shape coefficient μ if applied reasonably. 
In the case of the methodology for steady flow, 
the results of the numerical modelling are 
considered qualitatively to gain insight into the 
snow behaviour and used in conjunction with the 
building code recommendations to assign the 
coefficient values for the roof. With this 

approach, the methodology for steady flow can 
be applied in engineering practice due to its 
lower resource intensity and efficiency and a 
more generalized nature of the snow distributions 
it provides.  
Unsolved problems remain that the 
methodologies do not consider. For example, at 
current time they don’t account for snowmelt, the 
impact of which may be detrimental for many 
roofs and buildings, specifically for translucent 
constructions. We believe that the methodology 
may and will be expanded to take other snow 
accumulation phenomena into consideration and 
thus allow to obtain higher-quality results and 
further secure the mechanical safety of buildings.  
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MODEL OF THERMOMECHANICAL VIBRATIONS 
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Abstract. In the operation practice of overhead power transmission lines (OHL), the phenomenon of "gal-
loping" of conductors is well known – vibrations with frequencies of ~ 1 Hz and with amplitudes of the or-
der of the static sag [1, 2]. This phenomenon is observed, as a rule, when the symmetry of the conductor 
section is violated due to icy deposits, which gives the conductor some aerodynamic efficiency. However, 
this model does not explain all the observed cases of galloping. In this regard, it is advisable to pay atten-
tion to the little-known experience of Academician Abram F. Ioffe, who experimentally discovered the self-
excitation of a current-carrying conductor – a stretched string that heats up when connected to an electrical 
circuit. Solving this issue can significantly expand the understanding of the nature of conductor galloping 
and open up new ways to fend off this phenomenon, which poses a danger to the stability of the functioning 
of energy systems. This requires a mathematical model of the OHL conductor describing the interaction of 
mechanical and thermal processes. The purpose of this work is to construct the simplest version of this 
model, on the basis of which the condition of self-excitation of thermomechanical self-excitation of real 
OHL conductors can be justified. 
 
Keywords: power transmission, sagging conductor, heat generation, heat transfer, thermomechanical processes,  

vibrations, self-excitation, galloping  
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INTRODUCTION 
 
Open mechanical oscillatory systems interacting 
with energy sources and the environment are 
widely known in technology. These include, for 
example, relay thermoregulators that include 
current only in a given range; their mode of op-
eration is relaxation self–oscillation. In thermis-
tor generators, self-oscillations do not occur as a 

result of circuit interruption, but due to the de-
pendence of resistance on temperature. A spe-
cial class of thermomechanical self-oscillations 
was experimentally discovered by A.F. Ioffe, 
who demonstrated, as an illustration for a lec-
ture course in physics, the self-excitation of a 
conductor – a stretched string that heats up 
when it is connected to a DC electric circuit. 

 
 
 
 
 
 
 
 
 
 
 
The works devoted to the construction of a theo-
ry explaining this phenomenon are [3-7]. It is 
shown that self-oscillations in such systems can 
be caused by the interaction of a number of 
thermomechanical factors: Joule heat release, 
thermal and deformation changes in the electri-
cal resistance of the conductor (thermoresistive 
effect), dependence of heat transfer to the medi-
um on the vibration amplitude. In [7] there are 
indications of a repetition of the experience of 
A.F. Ioffe. Of practical interest is the question 
of whether the concept of thermomechanical 
vibrations can serve as an explanation for the 
phenomenon of conductor galloping – low-
frequency vibrations of overhead power line 
(OHL) conductors with frequencies of ~ 1 Hz 
and with amplitudes of the order of static sag. 
The authors of the cited works have made such 
an assumption, but it has not yet received con-
vincing confirmation: there is no transfer of the 
effect, modeled theoretically and observed in a 
laboratory model, to the full-scale OHL conduc-
tors. The purpose of this work is to build, if pos-
sible, an elementary model suitable for as-
sessing the conditions for self-excitation of vi-
brations and transferring them to the actual op-
erating conditions of OHL.  

 
1. MODEL OF CONDUCTOR 
VIBRATION 

 
The conductor is considered as an elastic flexi-
ble heavy thread in a homogeneous field of 
gravity (Figure 1). With a static sag that is small 
compared to the span length Sf l , the cur-

vature and tension of the conductor can be con-
sidered constant, and the conductor configura-
tion in the equilibrium state is a parabola 

2 21 4 /S S Sy f x l f x . 

It is assumed that the shape of vertical oscilla-
tions relative to the static equilibrium position 
coincides with the shape function x : 

, Sy t s y s z t x . The state parameters 

are: the sag variation z t , the angle of devia-

tion of the conductor plane from the vertical 
t , temperature t .  Ambient air tempera-

ture  is at the moment of self-excitation of 

vibrations.  
There are three conductor states:  
- natural: 
 

0 0, 0,f f , 

x
l

0f Sf
z

z&

Sf z &

Figure 1. Kinematic parameters of three conductor states 
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when there are no deformations ( 0  – installa-

tion temperature before static deformations oc-
cur in it); 
- stationary: 
 

, 0,S Sf f , 

 
when the deformations and temperature corre-
spond to equilibrium with the electric voltage 
switched on and stationary heat release SQ ; 

- perturbed (vibration mode): 
 

, 0,S Sf f z , 

 
when perturbations are imposed on static de-
formations and temperature ,z , due to chang-

es in configuration, heat release VQ t  and heat 

transfer. 
The lengths of the conductor in the natural, stat-
ic and perturbed states are respectively equal to: 
 

2 2
0

0 2 2

2

2

8 8
1 , 1 ,

3 3

8
1 .

3

S
S

S
t

f fL l L l
l l

f z
L l

l

.
 

 
Static and total deformations are: 
 

2 2
02

2 2
02

2
2

8
,

3
8

3
8

2 .
3

S S

S

S S S

f f
l

f z f
l

z zf
l

%          (1) 

 

When describing coupled thermomechanical 
vibrations, the role of the elastic potential W 

passes to the free energy [8]: 

 
3F W k e ,

 

where 3 1 2k E  is modulus of volume 

elasticity, e  is volume strain, T  is coeffi-

cient of linear thermal expansion. Expressing 
the volume strain in terms of the elongation 
strain by the formula 1 2e , find the free 

energy expression for the entire volume of the 
conductor: 
 

2

0

0

1

2

2
1 cos .

3

S T S S

S

F Bl

mgl f z z f f

    

 
Here B ES  is tensile conductor stiffness; 

2S a  – effective conductor cross section 
with section radius a; m – linear mass.  
Kinetic energy is 
 

/ 22
2 20

0

/ 2

4

2 15

l

l

VK m x dx mlV , 

 

where = + ( + )  – the speed of 

the midpoint of the span. 
Let's limit ourselves to taking into account the 
aerodynamic drag. With normal flow, the linear 
aerodynamic force is equal to F C aV V
, where , V  – density and velocity vector of 

incoming air.  The drag coefficient for a circular 
cylinder in the current range of Reynolds num-
bers 3 5Re 10 10  changes slightly and can be 
taken equal to 1,2C .   

Dissipative function [9] is 
 

3 / 2
330

0

/ 2

16

3 105

l

l

V
C a x dx C al V . 

 
We write the vibration equations in the La-
grange form:  
 

8

15
( + ) +

16

35
+ 
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+ [ + ( ) ]  

2

3
+

2

3
(1 ) = 0, 

8

15
( + ) + 2 ( + ) + 

+
16

35
( + ) + 

+ ( + ) = 0.    (2) 
 

 
2. CONDUCTOR TEMPERATURE 

 
The conductor heating occurs due to Joule heat 
generation, the power of which is uniform in 
volume. When the conductor oscillates, it ac-
quires a velocity relative to the air, as a result of 
which heat transfer occurs, uneven on the sur-
face. Taking into account the unevenness would 
dramatically complicate the model, so the heat 
transfer is taken into account according to New-
ton's law with an averaged heat transfer coeffi-
cient over the cross section and over the span 
length. In this approximation, the temperature 
distribution is axisymmetric and constant along 
the conductor length, and the first law of ther-
modynamics takes the form [8, 10]: 
 

     
0

0

3

1
,S

S V

dec k
t dt

r Q Q t
r r r

(3) 

 
where  and  c – density and specific heat ca-
pacity of the conductor. 
The stationary component of the temperature 
satisfies the equation and the boundary condi-
tions: 
 

0

0

0

0
0

1
    0;

0,

0.

S
S

S

S
S B a

a

r Q
r r r

r

r

    (4) 

Passing, as before, from e  to  and taking into 
account (4), we transform (3) to the form 
 

0

1
.V

dc E
t dt

r Q t
r r r

            (5) 

 
Let us apply to both parts of this equation the 
averaging over the cross-sectional area:  
 

= + 

+ . 

 
On the surface r a , Newton's heat transfer 
condition must be satisfied both for the total 
temperature 0S  and for its stationary 

component; hence it follows that the variable 
component must satisfy the condition 

/ r . Taking this into account and 
introducing the cross-sectional average tempera-
ture = 2 , we arrive at an equation 
for its change: 
 

= .         (6) 

 
Here, omitting for brevity a rather elementary 
justification, the result is used: for the Fourier 
numbers 2Fo ca , characteristic of the 
modes of dancing of the OHL, the amplitude of 
the periodic temperature component is almost 
constant over the conductor cross section, which 
gave reason to replace the surface temperature 

a  in (6) with its average value . 

 
 
3. HEAT RELEASE AND HEAT 
TRANSFER 
 
The power of heat release in the span of a con-
ductor with electrical resistance R is equal to 

2 2/W U R I R . In the general case, a 
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change in resistance changes the current and 
voltage simultaneously, but two limiting cases 
can be distinguished: a circuit with a stabilized 
voltage and a circuit with a stabilized current. 
In the first case, as the resistance increases, the 
heat release decreases, and in the second case, it 
increases. Small fluctuations in resistance can-
not change the current in the OHL conductors, 
which is determined by the large load re-
sistance, so the second option is of practical im-
portance 2 (1 cos2 )eW I R t , where I – effec-

tive current, e  – its frequency. Since the oscil-

lation frequency of the conductor is small com-
pared to e , we can neglect the variable com-

ponent in the expression for W . 
The change in conductor resistance R depends 
on the change in length, cross-sectional area 
(tensoresistive effect [11]), and the temperature 
dependence of resistivity: 
 

1

;

, ,

2 ;

e

e

e
T

e

T

dR d dl dS
R l S

dl d
l

dS
S

 

 

where e  – resistivity, 3 -1
1 4.10 K  – coeffi-

cient of temperature dependence of electrical 

resistivity, 2 1 2  – coefficient characteriz-

ing the tensoresistive effect,  – Poisson's ratio 
of conductor material. As a result, taking into 
account that 1T , we find 

 
2

1 24R l d , 

 
and the variable component of the heat release 
power per unit volume of the conductor is (here-
inafter, the tilde sign above the variable  is 
omitted): 
 

2

1 22 4
16V

IQ t
d

.         (7) 

Heat transfer depends on the speed of blowing 
with ambient air and on the presence of icy de-
posits on the surface of the wire. Let's look at 
the first of these factors. Heat transfer from the 
wire surface is taken into account according to 
Newton's law. The heat transfer coefficient is 
determined by the Nusselt number 

Nu d , depending on the Reynolds and 

Grashof numbers 
 

3 2

Re ,

Gr .B S B B

Vd
g d

 

 
Here: , ,  are coefficient of thermal con-

ductivity, kinematic viscosity and the coeffi-
cient of volumetric thermal expansion of air, d – 
conductor diameter. Approximation of the data 
contained in [12, 13] leads to the following rela-
tionship (at a constant flow rate): 
 

0,47 Re Gr / 2B

d
.          (8) 

 
We assume that this dependence is also true for 
the instantaneous values of the Reynolds num-
ber with its periodic change (quasi-stationary 
model), and the conductor speed during vibra-
tions will be replaced by its average value over 
the span = 2 /3. At low velocities , which 
are characteristic of the initial stage of soft self-
excitation of oscillations ( Re Gr / 2 ), the 
determining factor is the free convection effect 

and 40.39 Gr B d .  

The reason for the dance is traditionally associ-
ated with the icing of the wire [1, 2], as a result 
of which its cross section becomes similar to a 
wing profile, and the excitation of the dance is 
likened to a flutter. However, practice shows [1] 
that dancing can also occur with a uniform dep-
osition of a thin layer of ice, in which the sec-
tion does not acquire an aerodynamic quality. 
From the standpoint of the thermomechanical 
model, the role of the ice sheath may be to 
change the thermal regime of the wire. In this 
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regard, it is necessary to assess the degree of 
this influence.  
Taking into account the significant uncertainty 
in the shape of ice deposits, for evaluation we 
consider a simplified auxiliary problem, replac-
ing the axisymmetric model with a flat one: an 
infinite plate with a thickness of 2a (analogous 
to a wire) contacts with plates with a thickness 

 (analogous to an ice shell). Considering, due 
to symmetry, half of the region and placing the 
origin of coordinates on the contact surface, we 
write down the equations of heat conduction: 
 

= +  ( 0); 

=    (0 < < ). 
 
Assuming 1 1 2 2( ),   ( )i t i tT e x T e x , we ar-

rive at the equations for the amplitudes 
 

1 1 1 2 2 20, 0i q i ; 
 

1,2 1,2 1,2 1,2/ c  – coefficients of thermal conduc-

tivity of the conductor and ice, 1 1/q Q c . The 

solutions of the equations have the form of heat 

waves 1,2 1,2exp x , where 1,2 1,2i . 

The characteristic values of the thermal parame-
ters of ice are [14, 16]: 
 

3
2 200 kg m: , 2 2 kJ kg: , 

2 :  (granular frost), 
3

2 900 kg m: , 2 2 kJ kg: , 

2 :  (ice). 

 

At vibration frequencies ~1 Hz the value 
3 4

2 110 10 1 m,    250 . It follows that 

the variable temperature component does not 
penetrate deeply into the ice shell and attenuates 
at a distance of less than 1 mm from the wire 
surface. This allows us to represent the tempera-
ture amplitudes in the form: 

 

1 1 2
1 1 2 2,   x x xiq A e A e B e ,  

 
under boundary conditions: 
 

1 1 2 2

1 2

( ) 0, (0) (0),

(0) 0 .

a
 

 
Determining the constants, we find 
 

1 1 (2 )
1 1

1 1
x a xq e e . 

 
Taking into account that 2 2 1 1 0.01 0.1 , 

as well as the estimate 1 2 5a , we will make 

up for the interface 0x  the ratio of the type of 
heat transfer condition from the conductor to the 
icy shell 1 1 1ecv , from which follows an 

approximate estimate of the equivalent heat transfer 
coefficient: 
 

1
1 1 1 2 2

1

0 .       (9) 

 
Therefore, for an iced wire, the variable tempera-
ture can be calculated in the same way as for a 
bare conductor when using the value ecv  as the 

heat transfer coefficient in equation (6). Note that 
for 2 2 , which is already achieved at 

1 mm , the heat transfer with respect to the 
variable temperature does not depend on the speed 
of blowing the conductor with the air flow.  
 
 
4. RESOLUTION SYSTEM OF 
EQUATIONS AND SIMILARITY 
PARAMETERS 
 
Let's move on to compiling a resolving system 
of equations. Let us transform (2), substituting 
expressions for deformations (1) into them and 
passing to dimensionless variables: 
 

Model of Thermomechanical Vibrations of Current-Carrying Conductors



45Volume 18, Issue 4, 2022

4
, / , ,

5
S

S S

z fq t t
f g

. (10) 

 
Note that the accepted time scale differs by only 
10% from the oscillation period of a mathemati-
cal pendulum with length Sf . Let us represent 

the heat transfer coefficient (8) as 
 

,B q d ,  , =

, + , 

, = + (1 + ) , ,   

2
1 20.44 , 0.15S Bf a Gr . 

 
Considering that in static equilibrium the ten-
sion in the conductor S TT B , where 

0T T S , is related to the sag by the 

ratio 28 STf mgl , we finally obtain 
 

+ , (1 + ) + 

+(1 + 2 ) + (3 + ) + 1  
(1 + ) = 0,          (11)  

(1 + ) + , (1 + ) + 

+2 + = 0,               (12) 
 
Substituting (7), (8) or (9) into equation (6), tak-
ing into account expression (1) for strains and 
passing to the previously accepted dimension-
less values, we finally obtain:  
 

= + ( + 2 )  
(1 + ) , .          (13) 

 
The parameters , , , 1 , 2 ,  are deter-

mined by the formulas (14) below. 
The first and second terms in the right part deter-
mine the change in the heat output power due to the 
dependence of the electrical resistance on tempera-
ture and on the conductor deformation (strain-
resistive effect); the third term describes thermoe-
lastic connectivity – cooling by increasing the de-
formation (downward movement) and heating by 
decreasing it (upward movement); the last term 

determines the heat transfer due to the conductor 
movement relative to the air during vibrations. 
Thus, the system is described by equations 
(11)–(13) and a set of dimensionless similarity 
parameters: 
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In the presence of icy deposits with the parame-
ters indicated above 2 2 2, , c  heat transfer to 

air is replaced by heat transfer to ice and param-
eter  in (14) is taken as 

4
2 2 24 1 2 c cd  and the parameter 

 in (13) is assumed to be 1. 
It is advisable to express the similarity parame-
ters (14) in terms of operational and easily 
measured values in the experiment, fixing the 
design parameters and characteristics of alumi-
num as the predominant conductor material: 
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in the presence of ice 
 

4 3
0 0, 10 10Sf

d
. 

 
In an experimental study of the excitation of 
vibrations on a laboratory model, it is most con-
venient to vary the measurable operational pa-
rameters of the model: the conductor tempera-
ture before turning on the current 0 , current 

I , temperature  S  and sag Sf  in the heated 

state, leaving the design parameters of the mod-
el unchanged. 
Under the conditions of a laboratory experi-
ment, the air temperature  and the conduc-

tor temperature in the natural (installation) 
state 0  are naturally considered to be the 

same. Therefore, the entire set of coefficients 
in (15) is expressed in terms of current I , 
sag Sf , and stationary temperature S . In this 

case, it is advisable to empirically establish 
the dependence of the temperature and the 
sagging arrow on the current. This will allow, 
in the experimental study of self-excitation, 
to express all similarity parameters (14), (15) 
related to a given physical model, through a 
single and easily adjustable quantity – the 
current. 
 
 
CONCLUSION 
 
The resulting system of equations and a set of 
dimensionless similarity parameters are in-
tended for the primary analytical analysis of 
the conditions for self-excitation of thermo-
mechanical oscillations on a laboratory scale 
model and for transferring the results to natu-
ral conductors of overhead lines. In the future, 
it is planned to use the results obtained on the 
analytical model to build a detailed model that 
more fully takes into account the features of 
overhead power lines and their operating con-
ditions. 
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POWDER-ACTIVATED CONCRETE WITH A GRANULAR  
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Abstracts. In recent years, self-compacting concrete mixtures have been widely used. Such mixtures are charac-
terized by high workability without the use of vibration exposure. The application of innovative technologies al-
lows manufactoring of various materials and products for architectural and construction purposes with improved 
decorative properties. The paper provides the results of a study on the selection of compositions for decorative-
finishing powder-activated concrete with a granular surface texture according to rheological properties, strength 
and frost resistance had been adopted. 
The following components were adopted for the research. Egyptian white cement was used as a binder, mi-
croquartz as a microfiller, screenings of crushing granite and cooper slag of 0–0.63 mm fraction was used as a 
finely dispersed component, granite cuts 0.63–5.0 mm and cooper slag of 0.63–2.5 mm fraction as an aggregate 
sand. A new generation superplasticizer of domestic and foreign productionplasticized the mixtures. Structural 
and rheotechnological parameters of powder-activated concretes were calculated.  
From the obtained values of the conditional rheological criteria of powder-activated concretes, it follows that all of 
them are much greater than unity and characterize a significant excess of the volumes of rheological matri ces over 
the volumes of fine-grained, coarse-grained components that fit into them with large separation of particles and grains.  
Strength as a complex mechanical characteristic, including a combination of strength, reliability and durability 
criteria, is the most important quality parameter of the concrete structure as an active and the most massive 
building material for structural purposes. A significant number of facilities made of concrete and reinforced con-
crete are being built in the southern and northern regions, characterized by extreme climatic conditions. Build-
ings and structures are exposed to cyclic loadings of various types and climatic influences, characterized by cy-
clic manifestations of negative and alternating temperatures. The research revealed high indicators of strength 
and frost resistance of decorative powder-activated concretes with a granular surface texture. 
 
Keywords: decorative concrete, powder activation, composition selection, structural and rheotechnological indi -

cators, strength, frost resistance 
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INTRODUCTION 
 

In recent years, self-compacting concrete mix-
tures have been widely used. Such mixtures are 
characterized by high workability and do not 
require the use of vibration exposure [1, 2]. 
Modern construction is already impossible to 
imagine without it. Due to the unique rheologi-
cal properties, such as good flowability, high 
resistance to delamination and effective air re-
moval, self-compacting concrete is actively 
used primarily in those areas of construction 
where the use of vibration compacting is diffi-
cult. For example, it is relevant for work in resi-
dential areas where the requirements for sound 
insulation are stringent, as well as when forming 
products with high reinforcement density or 
complex geometry [3]. The production of self-
compacting concrete mixtures is less expensive.  
To date, it is relevant the studies aimed to ob-
taining construction materials and products with 
new properties, for example, ensuring environ-
mental safety, expanding the use of additives 
that give surfaces special properties, etc. Among 

them, chemically resistant, biostable, self-
cleaning decorative and other products and coat-
ings are known [2]. One of the effective tech-
nologies for implementation in construction is 
also 3D printing, which is carried out by layer-
by-layer extrusion in accordance with a given 
three-dimensional digital model [4]. 
The usage of innovative technologies allowsman-
ufacturing of various materials and products with 
improved decorative properties for architectural 
and construction purposes. Decorative concrete 
with a granular surface texture can be obtained 
using waste screenings from stone crushing quar-
ries, which have accumulated more than 6 billion 
tons in the Russian Federation. These all allow 
obtaining fine aggregates and aggregate sand. 
A large number of works [5] are devoted to the 
selection of concrete compositions with a ra-
tional binder consumption. In concretes of op-
timal structure, the cement paste not only covers 
the surface of the aggregate grains, but also fills 
the remaining voids between them. For this pur-
pose, the principle of successive filling of voids 
is used. According to this principle, the grains 
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of finer fractions fall into voids between coarse 
aggregate grains without causing its expansion. 
It is known that a decrease in the voidness be-
tween the grains of fine aggregate (sand) causes 
descending of the consumption of the binder, 
and the strength of the solution increases [6]. 
One of the most effective ways to control the 
rheological properties and aggregate stability of 
cement composites, including decorative ones, 
is the use of substances that have surface activi-
ty at the solid-solution interface. In the industry 
of construction materials, these additives are 
called as plasticizers and superplasticizers (SP). 
The introduction of plasticizing additives helps 
to increase the strength of cement stone by re-
ducing the water-cement ratio [7]. 
As it follows from the basics of physical chemis-
try, a concrete mixture must contain a sufficient 
amount of a highly concentrated water-dispersed 
mixture (matrix), which can be converted from 
aggregation-unstable to aggregation-stable using a 
plasticizer. In this case, it is necessary to meet the 
basic rule: an increase in the volume of the dis-
persed phase should be provided without increas-
ing the consumption of cement, but by adding 
powder filler in an amount of 40–70%, and in 
low-cement concrete - up to 90–100%. [8]. Such a 
high content of dispersed powder, for example, 
ground quartz sand, leads to increase the volume 
of the water-cement-mineral mixture and 
achievement of a high thinning effect of the su-
perplasticizers. In this case, it is also necessary to 
take into account the limiting values of the volume 
concentration of the solid phase VC : 

 

SP

SP W

,V
VC

V V
  

(1) 

 
where SPV – is thevolume of the solid phase (ce-

ment, ground sand, fine sand, aggregate sand, 
crushed stone); WV – is the water volume.  

Kalashnikov V.I. noted that an important task of 
choosing mineral additives as microfillers of cement 
concretes is to determine not only their rheotechno-
logical activity in comparison with cement systems, 
but also their reactive activity in relation to cement 

systems in terms of binding hydrolytic lime released 
during cement hydration, and the possibility of for-
mation of intergrowth contacts on defect-free sur-
faces of microcrystals formed on the surface of hy-
drated particles of cement and microfiller. 
Structural strength as a complex mechanical 
characteristic is the most important parameter of 
the quality of the concrete structure as an active 
and most widespread construction material for 
structural purposes [9]. It includes a combination 
of strength, reliability and durability criteria. 
Modern construction shows more pronounced 
the tendency to use high-strength materials, in 
particular concrete. Over the past decades, the 
strength of used ready-mixed concrete has in-
creased 1.5 times in some countries. And there 
is a task to increase it up 2–3 times (to the level 
of 100–150 MPa) in the coming decades [9]. 
A significant number of construction projects 
are being built in the southern and northern re-
gions, which have extreme natural and climatic 
conditions. Buildings and structures under oper-
ating conditions are subjected to cyclic mechan-
ical loadings and climatic influences. For this 
conditions, special operational requirements are 
imposed on construction materials and products. 
For example, the durability of pavement and 
similar elements of transport communications 
and landscaping is mainly estimated by indica-
tors of frost resistance and strength. 
In the construction industry, decorative con-
cretes are used in the manufacture of various 
building products [10, 11]. Based on this, com-
plex studies on the formation of a dense and 
time-stable structure of decorative concretes un-
der cyclic physical and mechanical impacts 
have a particular interest. As well know, it is 
also necessary to ensure the required workabil-
ity of concrete mixtures in addition to the re-
quirements of strength and frost resistance of 
hardened concrete. The workability is more 
consistent with powder-activated concrete. 
Decorative powder-activated concrete is one of 
the most promising materials for use in the con-
struction of buildings and structures of in-
creased architectural expressiveness since it al-
lows choosing a rational recipe composition.  
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The reason for the high strength of new generation 
concrete is not only the presence of a powder 
component. To enhance the action of the super-
plasticizer (SP) in new generation concretes 
(NGC), there should be fine-grained sand of 0.16–
0.63 mm fraction, capable of being liquefied by 
plasticizers in an aqueous extract of cement paste.  
One of the main quality criteria in assessing du-
rability and service life without loss of strength 
and aesthetic characteristics of architectural and 
decorative concretes operating under atmos-
pheric conditions is the frost resistance. A large 
number of studies in this field are devoted to the 
investigation of the resistance of concrete to the 
effects of frost in a water-saturated state and to 
increase their frost resistance [12]. Most re-
searchers note that the fundamental reason for 
the frost destruction of cement concrete is the 
phase transition of water into ice, accompanied 
by an increase in its volume and the appearance 
of stresses in a rigid frame. The water to cement 
ratio significantly affects the porosity and frost 
resistance of concrete. At the same time, it was 
also found that finely ground additives intro-
duced in an amount of up to 25–30% by weight 
of cement contribute to an increase the frost re-
sistance of concrete due to better filling of voids 
between fine aggregate grains. In addition, a 
decrease in the specific consumption of cement 
per unit volume of concrete reduces the relative 
volume of cement stone and reduces internal 
stresses from unmanifested capillary shrinkage. 
Thereby, it increases the crack resistance of the 
concrete matrix and its frost resistance.  
As a rule, the frost resistance grade of the old 
generation concretes does not exceed F 300–
400, which is quite sufficient for the predicted 
high durability of concretes [13]. However, the 
period of operation before the disappearance of 
the decorative expressiveness of surfaces signif-
icantly reduced for architectural and decorative 
concretes in this case. 
For hard operating conditions, the developed 
concretes must perceive more than 1000 cycles 
of alternating freeze-thaw. At the initial stage of 
selecting the composition of concrete, it is nec-
essary to evaluate the rheotechnological proper-

ties of the components for their liquefaction us-
ing various superplasticizers, not only individu-
al cement and mineral suspensions, but also 
their compositions. 
In this regard, studies aimed to creation of con-
struction materials with increased strength, density 
and high frost resistance are urgent. The task of 
the composition selectingwas not only to obtain 
high-strength concrete with a low water absorp-
tion value, but also to significantly increase frost 
resistance without the use of special air-entraining 
additives that increase the cost of concrete. 

 
 

AIMS AND SCOPE OF THE RESEARCH 
 
The present research aims to the selection of 
compositions of decorative and finishing pow-
der-activated concretes with a granular surface 
texture according to rheological properties, 
strength and frost resistance indicators. 
The tasks of the Research: 
1. Analysis of the state of art in researches on 

concretes of a new generation with the allo-
cation of structural and rheotechnological 
properties of powder-activated concretes. 

2. Selection of the components for the formation 
of powder-activated concrete, considering cost 
minimization, providing the required view of 
the granular texture of the concrete surface, and 
ensuring high rheology of concrete mixtures 
based on the selected components. 

3. Calculation of the structural and rheotechno-
logical indicators of decorative and finishing 
powder-activated concrete and selection of 
the optimal compositions for technological 
properties. 

4. Experimental studies of powder-activated 
concrete, depending on the type of superplas-
ticizer and various fillers. 

5. Determination of the volumes of various ma-
trices, volumetric content of water-dispersed, 
water-dispersed-fine-grained and mortar 
components, relative excesses of volumes of 
conditional rheological matrices in decora-
tive powder-activated concretes. 
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6. Experimental studies of powder-activated 
concrete strength and frost resistance, de-
pending on the type of superplasticizer (SP) 
and fillers used. 

 
 

MATERIALS AND METHODS 
 

In these studies, the rheotechnological properties 
of cement composites of several types and several 
types of dispersed fillers in suspensions plasti-
cized with plasticizers of various types were in-
vestigated at the first stage. And at the second 
stage, the strength and frost resistance of cement 
composites plasticized by superplasticizer such as 
Melflux-1641 were studied. The selection of 
components was carried out in regard with the 
combination of the following parameters: the cost 
of the components, providing the required view of 
the granular texture of the concrete surface, ensur-
ing high rheology of concrete mixtures based on 
the selected components. 
Fillers including those of the above type, were 
used as a finely dispersed component that in-
creases the volume of the rheological matrix of 
the first row, which was microquartz from the 
Lebedinsky Mining and Processing Plant. And 
as filling components, that provide a granular 
surface texture, screenings of crushed granite of 
0–5.0 mm fracture and cooper slag of 0–2.5 mm 
were adopted. The binder was Egyptian white 
cement (CEM 52.5). Materials of both domestic 
and foreign production were used as SP and GP, 
including Melflux 1641 and Khidetal -9. 
We used a standard cone (GOST 10181–2014) 
to determine the rheotechnological parameters 
of the concrete mixture. The relevant regulatory 
documents (GOST 18105-2018; GOST 10060-
2012) were used to determine the strength indi-
cators and frost resistance of concrete. 
Based on experiments, four most optimal com-
positions were proposed with optimized rheo-
logical matrices in terms of the content of ce-
ment, microquartz (ground sand), fine sand of 
0.16–0.63 fracture and aggregate sand. 
The studied compositions that differ in the type 
of superplasticizer and the quantitative content 

of filling components are given in [14]. In addi-
tion to mass contents, the volume content of the 
components, as well as the sediments of a 
standard cone, are indicated there. 
The volumes of various matrices, the volume 
content of water-dispersed, water-dispersed fi-
ne-grained and mortar components in new gen-
eration concretes were calculated. These results 
are also in [15].The technology for calculating 
indicators is given below. 
Frost resistance was determined according to 
GOST 10060-2012 “Concretes. Methods for 
determination of frost-resistance" according to 
the 3rd accelerated method, for which the sam-
ples are saturated with a 5% aqueous solution of 
sodium chloride. The tests were carried out in 
an independent laboratory of the production en-
terprise Penza Construction Department LLC in 
a freezer of the KTX-14 type at a temperature of 
minus 50 °C. The test mode was as follows: 8 
hours of freezing, 16 hours of thawing. 

 
 
CALCULATION OF STRUCTURAL AND 
RHEOTECHNOLOGICAL INDICATORS 
OF DECORATIVE AND FINISHING 
POWDER-ACTIVATED CONCRETE 
 
The calculation of structural and rheotechnologi-
cal indicators of decorative and finishing pow-
der-activated concretes of a new generation, as 
well as relative excess volumes of conditional 
rheological matrices, was carried out using 
methods developed by V.I. Kalashnikov. 
The volumes of various matrices, depending on 
their type, are calculated using the following 
formulas: 

 
I kind:  

MIV V V V ;           (2) 

II kind: 
TII I PV V V ;     (3) 

III kind: 
ZIII II PV V V ,     (4) 

 
where CV – isthe volume of cement per 1000 li-

ters of concrete mix; 
MPV – is thevolume of mi-

croquartz (ground sand) per 1000 liters; WV – is 
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the water volume per 1000 liters; 
TPV – isthe 

volume of fine sand based on stone crushing 
screenings of granite stone and cooper slag of 
0–0.63 mm fraction per 1000 liters; 

ZPV – isthe 

volume of aggregate sand based on a fraction of 
0.63–2.5 mm per 1000 liters. 
For comparison, the volumes of matrices in 
concrete of the old generation with the above 
composition can be calculated as follows: 
 

Ikind: I C WV V V ;   (5)  

III kind: 
TIII I PV V V .  (6) 

 
Taking into account the established volumes, 
the volume content of water-dispersed, water-
dispersed-fine-grained mortar suspension com-
ponents in plasticized powder-activated con-
crete of a new generation is calculated. The cal-
culation of the volume content of water-
dispersed ( WD

V ), water-dispersed fine-grained (

TWDP
V ) and solution ( sol.

V ) suspension compo-

nents in plasticized powder-activated crushed 
stone concrete of a new generation is carried out 
according to the formulas: 

 

MC P W
WD

conc.mix

100%V V V V
V

;                                         

(7) 

M T

T

C P W P
WDP

conc.mix

100%V V V V V
V

;  (8) 

M T ZC P W P P
sol.

conc.mix

100%V V V V V V
V

. (9) 

 
The limits of volume concentrations of the stud-
ied concrete mixes are: WD

V varies from 39.91 

to 43.94%, 
TWDP

V varies from 63.85 to 66.19% 

and for sol.
V  from 99.61 to 99.76%. 

Only one composition in self-compacting mix-
tures has the volume concentration of a water-
dispersed suspension less than 40%. Moreover, 
even in those mixtures, the rigid consistency of 
which is associated with a change in the content 

of the filler, the volume concentration of the wa-
ter-dispersed suspension is more than 60%. 
Concrete mixtures of optimal composition have 
an equal volume concentration of the mortar 
component (over 60%). This is the fundamental 
difference between the developed concretes and 
traditional ones, in which the volumetric con-
centrations WD

V and sol.
V are in the range of 24–

26% and 54–57%, respectively. 
For the topological analysis of all types of new 
concretes, developed and traditional concretes 
of the old generation, it is effective to use di-
mensionless rheological criteria. For powder 
concrete, the first criterion is the relative excess 
of the volume of the conditional rheological ma-
trix of the I kind 

T

WD
PI , i.e., relative excess of the 

volume of the water-dispersed system WDV over 

the absolute volume of fine sand 
TPV . It is calcu-

lated by the following formula: 
 

T M TT

WD
P WD C P W PPI V V V V V V ,  (10) 

 
where CV , 

MPV , WV ,
TPV – areabsolute volumes 

of cement, ground sand, water, fine sand, re-
spectively. 
There are two rheological matrices in powder-
activated sandy concretes of the new generation: 
a water-dispersed matrix of the I kind and a wa-
ter-dispersed fine-grained matrix of the II kind, 
including cement, microquartz (ground sand), 
fine sand and water. Fine sand in this matrix 
participates in the rheological process, provid-
ing the displacement of aggregate sand grains in 
the matrix of the I kind. The latter one is located 
discretely in a matrix of the II kind, ensuring the 
fluidity of the system without steric obstacles. 
The relative excess of the volume of the rheo-
logical matrix of the II kind over the absolute 
volume of aggregate sand is calculated by the 
formula: 
 

T

Z T M T ZZ

WDP
P WDP C P W P PP

I V V V V V V V , (11) 
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where CV , 
MPV , WV ,

TPV , 
ZPV – are absolute vol-

umes of cement, ground sand, water, fine sand, 
aggregate sand, respectively. 
The excess rheological matrix of the II kind also 
provides the necessary distances between the ag-
gregate sand grains. For narrow granulometry of 
sand, the theoretical calculation of distances can 
be close to the real one. For a wider granulometry, 
a distribution curve of the granulometric composi-
tion should be constructed, and then the distances 
between grains in narrow fractions can be calcu-
lated. Topological patterns of particle placement 
in narrow fractions are then combined into a sin-
gle topological pattern with the free space maxi-
mization algorithm. This approach belongs to the 
problems of computer materials science, which 
can be useful for studying the topology of new 
generation concretes and optimizing the granulo-
metric composition of components. 
For concretes of the old generation, these crite-
ria may not be excess volumes of rheological 
matrices over the volumes of sand and crushed 
stone, but shortcomings. They are calculated 
according to the formulas: 

 

Z ZZ

CD
P CD C W PPI V V V V V , (12) 

Z

CDP
SH CDP C W P SHSHI V V V V V V . (13) 

 
 

ANALYSIS OF EXPERIMENTAL             
RESULTS 
 
From the point of view of rheotechnological indi-
cators, all compositions showed a fairly high qual-
ity as follows from the results of the study. Ac-
cording to the calculated values of conditional 
rheological matrices of the I and II kind, composi-
tions 2 and 1 seem to be the most qualitative, 
compositions 4 and 3 are slightly less qualitative. 
Compositions 2 and 1 are self-compacting con-
cretes with a cone draft of 27.4 and 28.5 cm, 
which corresponds to the American SF2 standard. 
There is a regularity in achieving close values of 
conditional rheological matrices (

T

WD
PI , T

Z

WDP
PI ), 

equal to 1.67–1.97 and 1.78–1.98, respectively. 

Thus, the volume content of the water-dispersed-
fine-grained suspension component (

TWDP
VC ) for 

self-compacting powder-activated sand concrete 
should be in the range of 60–70%. The self-
flowing can be ensured only at a high content of 
water-dispersed-fine-grained suspension. 
The difference between compositions 2 and 1 is 
that the composition 1contains the increased vol-
ume of the conditional rheological matrix of the I 
kind due to a larger amount of microquartz (300 
kg/m3) relative to composition 2 (200 kg/m3). 
While maintaining the sum of the masses of all 
components in composition 2, a part of mi-
croquartz is replaced by screening of stone crush-
ing for greater saturation with granular compo-
nents of the concrete mix and providing the most 
complete visual picture of the surface. As a result 
of this, rheotechnological, physical and technical 
indicators fall very slightly (see tables 1, 2). At the 
same time, in such self-compacting concrete mix-
tures, it is important to ensure aggregative stability 
and prevent sedimentation of particles. 
As can be seen from the values of the condition-
al rheological criteria of powder-activated con-
cretes, all of these values are much greater than 
unity and characterize a significant excess of the 
volumes of rheological matrices over the vol-
umes of fine-grained, coarse-grained compo-
nents that fit into them with large separation of 
particles and grains. 
The physical and technical properties of powder-
activated concretes of four compositions were 
studied. Indicators of compressive and bending 
strength and complex indicators for evaluating the 
effectiveness of materials of 4 compositions were 
obtained from testing of standard samples. 
To assess the economic indicators of individual 
compositions, we determine the specific con-
sumption of cement per unit of compressive and 
flexural strength as follows: 
 

cR
c

s C
R

, kg/MPa,   (14) 

b

S

b
R

CC
R

, kg/MPa.   (15) 
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The specific strength per unit of cement con-
sumption was determined by the formulas: 
 

c

S
CR

RR
C

, MPa/kg;   
b

S b
CR

RR
C

,  MPa/kg.  (16) 

 
The ratio of strength indicators in compression 
and bending was also determined as follows: 
 

bK R R .      (17) 

 
According to the data from [15] it follows that 
composition No. 3 [15] has improved perfor-
mance. The table 1 presents the results of com-
prehensive studies of the properties of concrete, 
taking into account the data from table 3 in [15].

 
Table 1. Properties of decorative powder-activated sand concretes 

 
Components Disperse-

fractional 
composition 

Per 1 m3, 
kg 

Volum
eper 

1 m3, l 

W/C, 
W/T 

P, 
kg/m3 

P
C

 
P
C

 ZP
C

 
Strength 

MPa, at days
1 28

1 2 3 4 5 6 7 8 9 10 11 

Cement 600 
DO Egyptian 

3800 cm2/g 500 161 0,4 

w1 da
ys 
 

2415 

0,4 1,4 2,1 1 
R =37 

Rb= 6,1 
R =90 
Rb= 11 

Melflux 1641 
0,9 % ofC 

— 4,5 
 

3  
 

 
 3,916

P
C

 c

s
RC = 5,55 

 

c

s
CRR = 0,18 

 

b

s
RC = 45,4 

 
R /Rb = 8,18

 

Microquartz 3400 cm2/g 200 75,5 0,081 theor 
2434 

T

WD
P 1,67I  

Screening 
stone 
crushing 
granite 
 

0-0,63 mm 
 
 

450 
 
 

165 
 
 

 
 

 
 

Z

WDT
P 1,78I  

 
 

seal 
0,992 
 
 

T

T

WD

WDP

sol.

WD

WDP

sol.

436,5

698,4

1090,8

39,91 %

63,85 %

99,73 %

V

V

V

V
V

V
C
C

C
 

 
 
 
 
 
 
 

 
 

0,63-5,0 
mm 

930 344  
 

Cooperslag 
 
 

0-0,63 mm 252 96,9  
 

 
 

 
 

 
 

CSs =11cm 
 
 
 

0,63-2,5 
mm 

126 48,4 

dry  

dry
V  

Water 

— 
2464 
— 
200 

— 
894,4  
200 

conc.mixM   2664 — 

conc.mixV   — 1094  
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We calculated the dimensionless parameters of 
raw components' ratios and criteria of condi-
tional rheological matrices, which have the fol-
lowing values: P / C 3,55 ; s

C 0, 418R
MPa/kg; 

T

WD
P 1,67I ;

Z

CDP
P 1,78I . 

It should be noted that a change in these criteria in 
the direction of a slight decrease or increase leads 
to a decrease in strength indicators by 10–20%. It is 
important that an extremely low specific consump-
tion of cement per unit of concrete strength in 
compression (

c

s
R  = 5.55 kg / MPa) and tension in 

bending (
b

s
RC = 45.4 kg / MPa) has been achieved. 

Strength ratio of indicators is bR R  = 0.112. 

The supposed correctness of the forecast of high 
frost resistance depending on the kinetics of water 
absorption was accounted. It was less than 1.5% 
by weight after four days of exposure. After two 
weeks of testing, this value was 1.98% and ex-
ceeded the 4-day water absorption by approxi-
mately 25–28%. That is, such a kinetics of water 
absorption for a sufficiently long time causes a 
large number of free pores which remain after wa-
ter saturation of concrete for four days before test-
ing for frost resistance. It is known that the vol-
ume of water increases by 9.6% at freezing. Thus, 
it can be safely predicted that an almost threefold 
excess of the volume of free pores over the incre-
ment in the volume of water when it passes into 
ice contributes to extremely high frost resistance. 
The results of the experiment showed that after 
1000 cycles of alternating freezing and thawing the 
weight of the samples decreased by an average of 
0.7%. At the same time, there were no obvious 
signs of external destruction such as chipping of the 
corners of the samples, peeling of the surface, 
which shows the presence just of minimal destruc-
tive processes in the concrete structure and a slight 
change in strength. Besides, this result guarantees 
the preservation of the visual architectural appeal of 
the concrete surface over a long period of operation 
under the influence of harsh environmental factors. 
After 1000 cycles of alternating freeze-thaw, the 
samples were tested for strength. The standard 
compressive strength of the test concrete after 28 
days of hardening in normal humidity conditions 

was 85 MPa. By the end of the test, the samples 
stored in saline had a strength of 92 MPa. In this 
case, the samples that were tested had a strength 
of 90 MPa (after 1000 freeze-thaw cycles). That 
is, the loss of strength was slightly more than 2%, 
which is within the experimental error and meets 
the requirements of GOST. 
Thus, the composition of architectural and decora-
tive concrete proposed for implementation corre-
sponds to the required properties in terms of 
strength and frost resistance. The results provide a 
basis for setting the limit levels of loads on con-
crete of various coatings, as well as for establish-
ing requirements for the properties of concrete 
when designing it for operating conditions. 

 
 

CONCLUSIONS 
 

1. In recent years, self-compacting concrete mix-
tures have been widely used. Such mixtures are 
characterized by high workability without the us-
age of vibration compacting. Using innovative 
technologies, various materials and products for 
architectural and construction purposes with im-
proved decorative properties can be manufactured. 
2. According to physical chemistry, it follows 
necessity for the concrete mixture to have a suf-
ficient amount of highly concentrated water-
dispersed mixture (matrix), which can be con-
verted from aggregation-unstable to aggrega-
tion-stable with the help of a plasticizer. In this 
case, it is required to stay the basic rule: an in-
crease in the volume of the dispersed phase is 
provided without increasing the consumption of 
cement, but by adding powder filler in an 
amount of 40–70%, and in low-cement concrete 
- up to 90–100%. 
3. The studies have been performed to select the 
compositions of decorative and finishing con-
cretes with a granular surface texture according 
to rheological properties. Egyptian white ce-
ment served as a binder, micro-quartz as a mi-
crofiller, and screenings of crushed granite and 
cooper-slag of 0–0.63 mm fraction and the same 
components as filler sand of 0.63–5.0 mm and 
0.63–2.5 mm fractions. The new generation su-
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perplasticizers plasticized the mixture. At the 
initial stage of selecting the concrete composi-
tion, it is necessary to evaluate the rheotechno-
logical properties of the components for their 
liquefaction using various superplasticizers, not 
only individual cement and mineral suspen-
sions, but also their compositions. 
4. The paper provides determined in the study 
structural and rheotechnological indicators of 
powder-activated concretes such as volumes of 
various matrices, volumetric contents of water-
dispersed, water-dispersed-fine-grained and 
mortar components, relative excesses of vol-
umes of conditional rheological matrices in 
decorative powder-activated concretes. 
5. The research results shows that all composi-
tions showed a fairly high quality in terms of 
rheotechnological indicators. According to the 
calculated values of conditional rheological ma-
trices of the I and II kind, compositions 2 and 1 
seem to be the most qualitative, compositions 4 
and 3 are slightly less qualitative. Compositions 
2 and 1 are self-compacting concretes with a 
cone draft of 27.4 and 28.5 cm, which corre-
sponds to the American SF2 standard. There is a 
regularity in achieving close values of condi-
tional rheological matrices (

T

WD
P ,I T

Z

WDP
PI ), equal 

to 1.67–1.97 and 1.78–1.98, respectively. Thus, 
the volume content of the water-dispersed-fine-
grained suspension component ( WDP

VC ) for self-

compacting powder-activated sand concrete 
should be in the range of 60–70%. Only a high 
content of water-dispersed-fine-grained suspen-
sion ensure absolute self-flowing. 
6. The difference between compositions 2 and 1 is 
that in composition 1, the volume of the conditional 
rheological matrix of the I kind increases due to a 
larger amount of microquartz (300 kg/m3) relative 
to composition 2 (200 kg/m3). While maintaining 
the sum of the masses of all components in compo-
sition 2, part of the microquartz is replaced by 
screening of stone crushing for greater saturation 
with the granular components of the concrete mix-
ture and ensuring the most complete visual picture 
of the surface (while the sum of the masses of all 
components is preserved). This leads to a slight 
decrease in rheotechnological and physical and 

technical indicators. It is essential to ensure aggre-
gative stability and prevent particle sedimentation 
in such self-compacting concrete mixtures. 
7. All values of the conditional rheological cri-
teria of powder-activated concretes are signifi-
cantly greater than one and characterize a signif-
icant excess of the volumes of rheological ma-
trices over the volumes of fine-grained, coarse-
grained components that fit into them with large 
separation of particles and grains. 
8. The second stage included studies of the 
strength and frost resistance of concrete. As a 
result of testing for strength and frost resistance, 
high rates of these properties were revealed for 
decorative concretes. 
9. The reason for the high strength of new gen-
eration concrete is not only the presence of a 
powder component. New generation concrete 
should contain fine-grained sand of a fraction of 
0.16–0.63 mm capable of being liquefied by 
plasticizers in an aqueous extract of cement 
paste to enhance the action of the SP. 
10. The results of the experiment showed that 
the weight of the samples decreased by an aver-
age of 0.7% after 1000 cycles of alternate freez-
ing and thawing. At the same time, there were 
no obvious signs of external destruction, which 
allows us to assume the presence of minimal 
destructive processes in the concrete structure 
and a slight change in strength. Besides, this 
result guarantees the preservation of the visual 
architectural appeal of the concrete surface over 
a long period of operation under the influence of 
harsh environmental factors. 
11. The samples were tested for strength after 
1000 cycles of alternate freezing-thawing. The 
characteristic compressive strength of the test 
concrete after 28 days of hardening under nor-
mal humidity conditions was 85 MPa. The sam-
ples stored in saline had a strength of 92 MPa. 
In this case, the samples that were tested had a 
strength of 90 MPa (after 1000 freeze-thaw cy-
cles). That is, the loss of strength was slightly 
more than 2%, which is within the experimental 
error and meets the requirements of GOST. 
12. Thus, the composition of architectural and 
decorative concrete developed and proposed for 
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implementation corresponds to the properties in 
terms of strength and frost resistance. The ob-
tained results allow setting the limit levels of loads 
on concrete of various coatings, as well as estab-
lishing the requirements and properties of concrete 
for designing with regard to operating conditions. 
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THE EFFECT OF THE AXIAL AND SHEAR STIFFNESSES 
ON ELASTIC ROD’S STABILITY 
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Abstract. This article is about the nonlinear problems of the theory of elastic Cosserat – Timoshenko’s rods in the 
material (Lagrangian) description. The variational definition for the problem as finding the stationary point of the 
Lagrangian functional and differential formulation of static problems were given. The exact stability functional 
and stability equations of the plane problem for physically linear elastic rods taking into account the axial, shear 
and bending stiffnesses were received. The exact value of the critical load was obtained taking into account the 
axial, shear and bending deformations in the problem of the stability of a rod compressed by an axial force. In the 
present paper the stability of classical simplified rod’s models such as the Timoshenko beam and the Euler–
Bernoulli beam was investigated. Also, the stability of third simplified rod’s model, based on beam’s axial and 
bending stiffnesses, was explored. The stability functionals, the stability equations and critical loads formulatio ns 
for this three types of simplified models were derived as a particular case of the general theory. There were made 
the comparisons of described solutions which regards all the rod’s stiffnesses and solutions, based on simplified 
models. The effect of the axial and shear stiffnesses on rod’s stability was analyzed. 
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three groups of differential equations: 
equilibrium equations, geometrical equations 
and physical equations. 
Equilibrium equations for the plane problem are: 

 
( cos sin ) + = 0;

( sin + cos ) + = 0;

+ ( sin + cos ) +

+ ( sin cos ) + = 0,

       (1) 

 
where N is axial force; Q is shear force; M is 
bending moment; qx, qy and m are distributed power 
and moment loads respectively. Functions x(s), 
y(s), and (s) are three degrees of freedom in the 
plane problems of the geometrically nonlinear 
deformation of the rod. In the reference unstressed 
configuration every point of the rod can be 

s 
length of the unstrained rod. (...)’ denote derivative 
with respect to s.  
The components of axial, shear and bending 

functions x(s), y(s), and (s) by geometrical 
equation: 
 

= cos + sin 1;

= sin + cos ; 

= .

           (2) 

 
Physical equations for the linear elastic material 
are: 
 

= ;  = ;  = ,       (3) 
 

where k1 = EA is axial stiffness; k2 = GAk is 
shear stiffness; k3 = EI is bending stiffness; E is 
Young’s modulus; A is cross-section area of the 
rod; G is shear modulus; k is cross-section form 
coefficient; I is moment of inertia. 
The Lagrange functional can be written in the 
following way: 
 

( , , ) = + +

( ) ( ( )

) ( ) ( ),                               (4) 

1.  INTRODUCTION 
 
The desire to reduce the material consumption of 
structures leads to the use of more flexible 
structural elements in modern construction. This 
increases the possibility of loss of stability of 
these elements. Traditional assessment methods 
of the rod’s stability based on the classical 
Euler’s formula, give only approximate values of 
critical loads for compliant elements. This is due 
to the fact that only the bending stiffness of the 
rods is taken into account in the Euler’s formula. 
In this paper, we obtain exact solutions to the 
stability problems of rods that take into account, 
in addition to bending stiffness, also axial and 
shear stiffnesses. 
The apparatus of the classical variational calculus 
is used to solve this problem. The traditional 
approach to the variational formulation of the 
problem of rod’s nonlinear deformation is to use 
the variational equation in the form of the principle 
of possible displacements [1-18]. In this paper, it is 
shown that the variational problem can be 
formulated as a problem of finding the stationarity 
point of a Lagrange-type functional, using 
energetically conjugate vectors of forces and 
deformations [19]. In this case, it becomes possible 
to obtain exact stability equations as the Euler’s 
equations for the second variation of the 
Lagrangian functional for the first time. From the 
exact stability functional and stability equations, it 
is possible as a consequence to obtain an 
approximate stability functional and stability 
equations, in which only bending stiffness (the 
Euler–Bernoulli beam) or only bending and shear 
stiffnesses (the Timoshenko beam) or only bending 
and axial stiffnesses (the Euler–Bernoulli beam 
taking into account the axial stiffness) are 
considered. 
 
 
2.  VARIATIONAL FORMULATIONS OF 
THE NONLINEAR STABILITY 
PROBLEMS OF ELASTIC RODS 
 
Formulation of the geometrically nonlinear 
problem for the physically linear rod consists of 
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where: F1 is "dead" load parallel to the X axis; F2 
is "dead" load, parallel to the Y axis; 1 - 
external moment applied at the end of the rod at 
s = L.  
In [20 - 23], it was proved that the differential 
formulation of the problem (1)-(3) is 

AT variational 
problem of the search of the stationary point of 
functional (4). 
The stability functional of the plane problem for 
physically linear elastic rods taking into  
account the axial, shear and bending stiffnesses, 
resulting from the second variation the Lagrange 
functional, can be written in the following way: 
 

( , , ) = + 2 +

+ ( + 1) + + ( 2 ) +

+ ,              (5) 

 
where the following notation is used: 
 

= ; = ; = ; 
= cos sin +  sin +

+ cos ;                                                     (6) 
= +  

sin ; 
= . 

 
The 
equilibrium state characteristics, satisfying the 
system of equations (1) - (3), as well as boundary 
conditions. These quantities are characteristics of 
the equilibrium state, whose stability is studied. 
The quantities with the subscript "B" are denoted 
variations; u(s), (s), and (s) variations of 

respectively. 
The stability equations are the Euler’s equations 
for the variational problem 
equations resulting from the condition = 0 
are the further equations: 

( )

( + ) = 0;

( + ) +

+ ( ) = 0;

+ ( + ) +

+ ( ) + ( +

+ + ( ) +

+ ( +

+ ( + ) = 0.

(7) 

 
System (7) is a system of equations for the 

 

(1) - (3). 
Equations (7) are the exact equations of the problem 
of the equilibrium state of the rod for the case of the 
plane problem. We would like to stress that the 
derived 
simplifying assumptions were made about the 
displacement and rotation angles quantity, and the 
character of the equilibrium state of the rod. The 
resulting functional (5) and equations (7) are written 
in general terms and are applicable for any type of 
load and boundary conditions.  
In [20 - 23], stability equations (7) were also 
obtained by the second way like the equations in 
variations of the equilibrium equations (1). 
The classic Euler problem (hinged rod under the 
axial potential dead load shown in Figure 1) is 
considered as an example. The equilibrium 
configuration is rectilinear. 
 

 
Figure 1. Design model of the rod 

 
Boundary values for this example are: 
 

= 0:  (0) = 0;   (0) = 0;   (0) = 0;  
= L:  ( )| +

;   (L) = 0;   (L) = 0.                   (8) 
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The exact solution of the nonlinear problem (1) - 
(3) and (8) is described by the formulas: 
 

= 0;  = 0;  = = ;  

= 0;  = 0;  
= ;  = 0;  = 0.              (9) 

= + 1 = + 1 = 1 . 

 
Substitute equations (9) into the stability 
functional (5) using expressions (6). The 
functional components containing u describes 
the axial deformations, not associated with the 
load T, and can be omitted when studying 
stability. Finally, the stability functional for this 
example can be written as: 
 

( , ) = 1 +

+ + 1 2 .         (10) 

 
The stability equations, which follow from the 
condition = 0, have the form: 
 

1 = 0;

+ 1

1 + = 0.

        (11) 

 
A detailed solution to the system of equations 
(11) was considered in [20 - 23]. 
The critical (minimal) force value is calculated 
from the quadratic equation [20 - 23]: 
 

+ = 0,       (12) 

 

where = – Euler's force for the hinged rod 

[24]. 
It is easy to show that the only positive value of 
the critical load, following from equation (12) is: 

 

= ,              (13) 

 
Solution (13) is the exact solution of the problem 
of the hinged rod when axial, shear and bending 
stiffnesses are taken into account.  
 
 
3.  THE STABILITY OF SIMPLIFIED 
ROD’S MODELS 

3.1.  The Timoshenko beam 
The Timoshenko beam theory is based on taking 
into account the effect of shear deformation on 
the stress and strain state of the rod. The classic 
Euler problem (hinged rod under the axial 
potential dead load shown in Figure 1) is 
considered as an example. When analyzing the 
stability of the Timoshenko beam, the 
assumption is made that the change in the 
geometric dimensions of the rod under 
subcritical deformations is considered negligible. 
For instance, the length of the rod is unchanged 
in the process of loading. Thus, the rod is stressed 
but not deformed. So: 

 
= = ;  = 0;      

 ( ) = 0. 
 
The stability functional for the Timoshenko 
beam follows from the stability functional in 
equation (10), taking ( ) = 0: 

 

( , ) = [ + ( ) +

+ ( 2 )] .                     (14) 
 

The stability equations for the Timoshenko beam, 
arising from the stability functional in equation 
(14), can be written in the following way: 
 

( ) = 0;

+ ( ) 1 + = 0.
     (15) 

The solution to the system of equations (15), 
which is an exact solution to the stability problem 
for the Timoshenko beam, taking into account 
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the shear and bending stiffnesses, can be written 
in the following way: 
 

= 1 + 1 .             (16) 

 
To assess the effect of the axial stiffness of an 
initially rectilinear rod compressed by an axial 
dead load T, as shown in Figure 1, let us compare 
the values of the critical load calculated by the 
exact formula, according to equation (13), taking 
into account the axial, shear and bending 
stiffnesses, with values, calculated by equation 
(16) for the Timoshenko beam, taking into 
account only the shear and bending stiffnesses. 
Figure 2 shows the graphs for the strut, made of 
the I-beam, as an example. 
 

 
Figure 2. The effect of the axial and shear 

stiffnesses on values of the critical load 
 

Based on the analysis of the results, we can 
conclude that the inclusion of the axial stiffness 
increases the critical load. Thus, we take into 
account the rod’s internal "reserves" under the 
action of the "dead" axial load, adding the axial 
stiffness to the calculation of the rod’s stability. 

3.2.  The Euler–Bernoulli beam 
Let us consider the stability of the Euler-
Bernoulli beam, which does not take into account 
the effect of shear deformation on the stress and 
strain state of the rod, as well as the hypothesis 
of non-deformability of the rod in the subcritical 
state is accepted. The classic Euler problem 
(hinged rod under the axial potential dead load 
shown in Figure 1) is considered as an example, 
as for the Timoshenko beam. 

The stability functional for the Euler-Bernoulli 
beam follows from the stability functional in 
equation (10), taking ( ) = 0; ( ) = 0  

 

( , ) = [ ] .   (17) 
 

Euler’s equation, which follows from the 
condition = 0, can be written as: 
 

+ = 0.                 (18) 
 

The solution to the stability equation (18) is the 
classical common Euler formula for the critical 
load exclude the axial and shear stiffnesses. 
 

= .                     (19) 

 
To assess the effect of the axial and shear 
stiffnesses of an initially rectilinear rod 
compressed by an axial dead load T, as shown 
in Figure 1, let us compare the values of the 
critical load calculated by the exact formula, 
according to equation (13), taking into account 
the axial, shear and bending stiffnesses, with 
values, calculated by equation (19) for the 
Euler-Bernoulli beam, taking into account only 
the bending stiffness. Figure 2 shows the 
graphs for the strut, made of the I-beam, as an 
example. For illustrative purposes, the figure 2 
also shows the graph of the critical load values 
for the Timoshenko beam, calculated by 
equation (16), and the graph of the critical load 
values for the Euler-Bernoulli beam, taking 
into account axial stiffness, calculated by 
equation (22). 
Based on the analysis of the results, we can 
conclude that the inclusion of the axial and shear 
stiffnesses significantly reduces the critical load. 
Thus, the use of the classical Euler formula in 
equation (19) leads to the risk of loss of stability 
by the rod even before reaching the critical load 
calculated by the equation (13). 

3.3.  The Euler–Bernoulli beam taking into 
account the axial stiffness 
Let us consider the stability of the Euler-
Bernoulli beam, which takes into account the 
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axial stiffness, but does not take into account the 
effect of shear deformation on the stress and 
strain state of the rod. However, the hypothesis 
of non-deformability of the rod in the subcritical 
state is not accepted in contrast to the classic the 
Euler-Bernoulli beam. The classic Euler problem 
(hinged rod under the axial potential dead load 
shown in Figure 1) is considered as an example, 
as for the Timoshenko beam. 
The stability functional for this simplified rod’s 
model follows from the stability functional in 
equation (10), taking ( ) = 0  

 

( , ) = .  (20) 

 
Euler’s equation, which follows from the 
condition = 0, can be written as: 
 

+ = 0.              (21) 

 
The solution to the equation (21), which is an 
exact solution to the stability problem for the 
Euler-Bernoulli beam, taking into account the 
axial and bending stiffnesses, can be written in 
the following way: 
 

= 1 1 .           (22) 

 
To assess the effect of the shear stiffnesses of an 
initially rectilinear rod compressed by an axial dead 
load T, as shown in Figure 1, let us compare the 
values of the critical load calculated by the exact 
formula, according to equation (13), taking into 
account the axial, shear and bending stiffnesses, 
with values, calculated by equation (22) for the 
Euler-Bernoulli beam, taking into account the axial 
and bending stiffnesses. Figure 2 shows the graphs 
for the strut, made of the I-beam, as an example. For 
illustrative purposes, the figure 2 also shows the 
graph of the critical load values for the Timoshenko 
beam, calculated by equation (16), and the graph of 
the critical load values for the Euler-Bernoulli beam, 
calculated by equation (19). 

Based on the analysis of the results, we can 
conclude that the value of the critical load 
obtained from equation (22) is greater than the 
value obtained from the exact formula (13) and 
the value obtained from Euler's formula (19). 
Thus, the use of equation (22) leads to the risk of 
loss of the rod’s stability even before reaching 
the critical load calculated by the equation (22). 
Therefore, as shown in figure 2, it is 
unacceptable to take into account the axial 
stiffness without taking into account the shear 
stiffness, when analyzing the rod’s stability. 
 
 
4.  CONCLUSIONS 
 
1. The formulations of the problems are 

presented in the form of a system of 
differential equations and variational 
formulations in the form of the problem of 
finding the stationarity point functional of the 
Lagrange type. 

2. For the plane problems, equations of 
equilibrium stability problems are obtained as 
the Euler equations for the second variation of 
the Lagrange functional 

3. The exact universal solution in equation (13), 
taking into account axial, shear and bending 
stiffnesses, which gives the exact value of the 
critical load was obtained for the problem of the 
stability of a rod compressed by an axial force. 

4. There were made the comparisons of exact 
solutions which regards all the rod’s 
stiffnesses and solutions, based on three 
simplified models. 

5. It was shown, that considering axial stiffness 
leads to increasing the values of the critical 
load. Thus, we take into account the rod’s 
internal "reserves" under the action of the 
"dead" axial load, adding the axial stiffness to 
the calculation of the rod’s stability. 

6. It was shown, that inclusion of the axial and 
shear stiffnesses significantly reduces the 
critical load. Thus, the use of the classical 
Euler formula leads to the risk of loss of 
stability by the rod even before reaching the 
critical load calculated by the exact equation. 
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7. It was shown, that taking into account the 
axial stiffness, without taking into account the 
shear stiffness, significantly increases the 
critical load. Therefore, it is unacceptable to 
take into account the axial stiffness without 
taking into account the shear stiffness, when 
analyzing the rod’s stability. 

8. It was shown, that the obtained exact value of 
the critical compressive load, taking into 
account all rod’s stiffnesses, has a lower value 
than the critical load value calculated by the 
classical Euler’s formula. Since both formulas 
are equally simple for manual calculation, the 
resulting exact formula can be recommended 
for use in all cases in which Euler's formula 
was previously used. 
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FORMATION OF COMPUTATIONAL SCHEMES  
OF ADDITIONAL TARGETED CONSTRAINTS THAT 

REGULATE THE FREQUENCY SPECTRUM OF NATURAL 
OSCILLATIONS OF ELASTIC SYSTEMS WITH A FINITE 

NUMBER OF DEGREES OF MASS FREEDOM, THE 
DIRECTIONS OF MOVEMENT OF WHICH ARE PARALLEL, 

BUT DO NOT LIE IN THE SAME PLANE 
PART 3: THE SECOND SAMPLE OF ANALYSIS  

AND CONCLUSION 
 

Leonid S. Lyakhovich 1, Pavel A. Akimov 2, Nikita V. Mescheulov 1 

1 Tomsk State University of Architecture and Civil Engineering, Tomsk, RUSSIA  
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Abstract: For some elastic systems with a finite number of degrees of freedom of masses, in which the directions 
of mass movement are parallel and lie in the same plane (for example, rods), special methods have been developed 
for creating additional constraints, the introduction of each of which purposefully increases the value of only one 
natural frequency and does not change any from the natural modes. The method of forming a matrix of additional 
stiffness coefficients that characterize such targeted constraint in this problem can also be applied when solving a 
similar problem for elastic systems with a finite number of degrees of mass freedom, in which the directions of 
mass movement are parallel, but do not lie in the same plane (for example, plates). At the same time, for such 
systems, only the requirements for the design schemes of additional targeted constraints are formulated, and not 
the methods for their creation. The distinctive paper is devoted to solution of corresponding sample of plate anal-
ysis with the use of approach that allows researcher to create computational schemes for additional targeted con-
straints for such systems. 
 

Keywords: natural frequency, natural modes, generalized additional targeted constraint, sample of analysis 
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THE SECOND SAMPLE OF ANALYSIS 
 
Let us consider a hinged rectangular plate [4, 10-
14, 19, 20] 6 m by 6 m in size, carrying concen-
trated masses (Fig. 1a [4]) 
 

,1000]1[ kgm  ,1100]2[ kgm  
,1150]3[ kgm  kgm 1200]4[ . 

 
The thickness of the plate is 0.12 m. The modulus 
of elasticity of the plate material 
 

PamNE  1024/ 1024 929 . 
 
Poisson's ratio 2.00 . 

Assume that it is required to increase the value of 
the fourth frequency of natural oscillations up to 
250 s-1 (or up to 250 Hz, respectively). To do this, 
in accordance with formulas (7), (8), (9) given in 
[4], we form a matrix of additional stiffness co-
efficients (4) (see [4]). All the data necessary to 
use dependencies (7), (8), (9) from [4] are given 
in Table 1. After forming the matrix of additional 
stiffness factors, taking into account their influ-
ence, we determine from equation (10) given in 
[4], the modified spectrum eigenfrequencies and 
their corresponding vibration modes [1-6, 13]. 
The modified spectrum of natural frequencies and 
their corresponding forms are shown in Table 2. 
It can be seen from the Table 2 that taking into 
account the additional stiffness factors did not 
change any of the modes of natural oscillations 
of the plate, but only increased the value of one 
of the frequencies from 205.4514 s-1 to the spec-
ified value of 250 s-1. 

The initial variant of the computational scheme 
of the targeted constraint is shown in Figure 1a 
and Figure 1b. 
For the base we will take the vertical member of 
the first node. Let’s compute the forces  
 

[ ] = [ ] [ , 4],   = 1, . . , 4 
 
were ][im  are given values;  ]4,[iv  are presented 
at the fourth columns of Table 1 and Table 2. 
The forces are shown in Table 3. 
It is also necessary to set the force in one of the 
vertical members. Let's accept 
 

[1] = [1] = 589.2890  
 
Let's perform the formation of design schemes of 
sighting for different values of the lengths of the 
base vertical member ]1[0stl . Table 4 contains fif-

teen variants of lengths of the base vertical mem-
ber ]1[0stl . 

The development (formation) of computational 
schemes of targeted constraint was done without 
taking into account restrictions on the length of 
the vertical members. Consideration of re-
strictions will be considered as well. 
In each variant, after the development of the 
computational scheme, the areas of transverse 
sections of the rods of the targeted constraint 
were computed. As in the first sample […], when 
minimizing the volume of the targeted constraint 
material (formula (16)_from […]), the case is 
considered when, according to the design condi-
tions, we have 2][i  and 1][i . Let’s con-
sider all the rods of a solid circular section. The 
modulus of elasticity of the material of the rods 
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is equal to = 2.06 10 . The cross-sec-
tional areas of the rods and the volume of the 

bonding material were determined by depend-
ences (13)-(16) from [4]. 

Table 1. Values of eigenfrequencies (natural vibration frequencies) of the plate  
and coordinates of their corresponding eigenmodes (natural modes) (the second example). 

 61.6965 141.4295 146.2905 205.4514 
1 0.4908 0.0001 0.7080 -0.5893 
2 0.4965 -0.7093 0.0895 0.5154 
3 0.5058 -0.0676 -0.7003 -0.4432 
4 0.5068 0.7016 0.0181 0.4367 

 
Table 2. Modified frequency spectrum of natural vibrations of the plate  

and coordinates, corresponding to them natural forms (the second example). 
 61.6965 141.4295 146.2905 250.00 

1 0.4908 0.0001 0.7080 -0.5893 
2 0.4965 -0.7093 0.0895 0.5154 
3 0.5058 -0.0676 -0.7003 -0.4432 
4 0.5068 0.7016 0.0181 0.4367 

 

a)  b)  
Figure 1. The second sample: variant of the computational targeted constraint: 

a) three-dimensional visualization; b) top view. 
 

Table 3. To the analysis of the targeted constraint in the computational scheme (the first example). 
i 1 2 3 4 

][im  1000 1100 1150 1200 
]1,[iv  -0.5893 0.5154 -0.4432 0.4367 

][0 iR  -589.2890 566.8873 -509.7103 524.0320 

 
For each version of the length of the base vertical 
member, Table 8 shows the lengths of the re-
maining vertical members and the amount of tar-
geted constraint material VSV . 

In all considered variants, the lengths of the first 
and third vertical members are positive, and the 
lengths of second and fourth vertical members 
are negative. 
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Table 8 shows that the minimum amount of con-
straints material is achieved at [1] = 1.17  
(highlighted line number 11 from Table 4). The 
areas and diameters of the cross-sections of the 

targeted constraint vertical members are equal 
the following: 
 

20.0004865Fst , Dst 0.02489 ,  

 
Figure 2. The second sample: general view of this targeted constraint. 

 
Table 4. The parameters of targeted constraint (the first sample). 

No. [1] [2] [3] [4]  
1 1 0.9737 0.7968 1.0162 0.02495 
2 1.5 1.4606 1.1952 1.5242 0.01567 
3 2.15 2.0934 1.7131 2.1848 0.01268 
4 2.45 2.3855 1.9521 2.4896 0.01247 
5 2.6356 2.5662 2.1000 2.6782 0.01254 
6 3.0 2.9211 2.3904 3.0485 0.01300 
7 3.25 3.1645 2.5896 3.3025 0.01351 

 
20.0002432Fp , Dp 0.01760 . 

 
The general view of this targeted constraint is 
shown in Figure 2. 
As we have already noted, structurally, such a 
computational scheme is almost unrealizable. In 
these cases, the targeted constraint should be 
shifted in the direction of movement of the 
masses in the positive or negative direction of the 
axis Z  by the value at which the values of all 
lengths of the main vertical members will be of 
the same sign. When performing a shift, the rela-
tionship between the forces in the rods is pre-
served. 
When the constraint is shifted in the positive di-
rection of axis Z  by the value of 

minmin])[( lklZ stV  the length of all vertical 

members will become “positive”. In this case, the 
length of the largest vertical member will be 

minminmax ])[(])[( lklil stst , and the length of the 

smallest vertical member will be minl . 
When the constraint is shifted in the negative di-
rection of axis Z  by the value of 

minmax])[( lilZ stN  the length of all vertical 

members will become “negative”. In this case, 
the largest absolute value of length of all vertical 
member will be minminmax ])[(])[( lklil stst , and 

the smallest absolute value of length of all verti-
cal member will be minl . 
When forming restrictions on the lengths of the 
vertical members and, accordingly, the area of 
admissible values of the length of the vertical 
member ]1[0stl , which is variable when 
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minimizing the volume of the material of the tar-
geted constraint, it is necessary to determine the 
value 
 

minmax

0
3 ])[(])[(

][[

klil
gl

stst

st . 

Table 5. Results representing the computational schemes of targeted constraints  
taking into account shifts in a one-dimensional search for the minimum  

volume of targeted constraints material (the second sample) 
]1[0stl  VZ  

]1[stl  ]2[stl  ]3[stl  ]4[stl  SVV  VZ  

1.07 2.352 0.100 1.901 0.232 0.008941 1.282 
1.08 2.373 0.100 1.918 0.233 0.008938 1.293 
1.09 2.395 0.100 1.935 0.235 0.008920 1.305 
1.10 2.416 0.100 1.952 0.236 0.008910 1.316 
1.11 2.437 0.100 1.969 0.237 0.008902 1.327 
1.12 2.458 0.100 1.9857 0.239 0.0088961 1.338 
1.13 2.479 0.100 2.002 0.240 0.008891 1.349 
1.14 2.500 0.100 2.019 0.241 0.008888 1.360 
1.15 2.521 0.100 2.036 0.242 0.008887 1.371 
1.16 2.542 0.100 2.053 0.243 0.008887 1.382 
1.17 2.563 0.100 2.070 0.244 0.008888 1.393 
1.18 2.584 0.100 2.086 0.246 0.008890 1.404 
1.19 2.605 0.100 2.103 0.2467 0.008895 1.415 
1.2 2.626 0.100 2.120 0.248 0.008900 1.426 
1.25 2.731 0.100 2.204 0.254 0.008946 1.481 

 

]1[0stl  NZ  

]1[stl  ]2[stl  ]3[stl  ]4[stl  SVV  NZ  

1.07 -0.100 -2.352 -0.551 -2.221 0.009497 -1.17 
1.08 -0.100 -2.373 -0.555 -2.240 0.009488 -1.18 
1.09 -0.100 -2.395 -0.560 -2.260 0.009481 -1.19 
1.10 -0.100 -2.416 -0.564 -2.280 0.009476 -1.2 
1.11 -0.100 -2.437 -0.568 -2.300 0.009473 -1.21 
1.12 -0.100 -2.458 -0.572 -2.320 0.009471 -1.22 
1.13 -0.100 -2.479 -0.576 -2.339 0.009471 -1.23 
1.14 -0.100 -2.500 -0.581 -2.359 0.009473 -1.24 
1.15 -0.100 -2.521 -0.585 -2.379 0.009476 -1.25 
1.16 -0.100 -2.542 -0.589 -2.399 0.009481 -1.26 
1.17 -0.100 -2.563 -0.593 -2.419 0.009487 -1.27 
1.18 -0.100 -2.584 -0.598 -2.439 0.009495 -1.28 
1.19 -0.100 -2605 -0.602 -2.458 0.009504 -1.29 
1.2 -0.100 -2.626 -0.606 -2.478 0.009514 -1.3 
1.25 -0.100 -2.731 -0.627 -2.577 0.009587 -1.35 
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It will be the same for all variants, presented in 
Table 4. If we determine 3  from the data of row 

number 11 of Table 4, then we get 
 

475.0)2929.117.1/(7.13 . 
 

Let's consider two options for forming restrictions 
on the lengths of the vertical members and, accord-
ingly, the range of acceptable values for the length 
of the base vertical member ]1[0stl , which is varia-

ble while minimizing the volume of targeted con-
straint material: 

 
Figure 3. The second sample: general view of this targeted constraint. 

 
1) l 6.2max , l 0.1min ; 

][)( 03minmax glll st ; ]1[1875.1 0stl ; 
2) l 4.2max , l 0.1min : ]1[0925.1 0stl . 
 
Let's shift each variant of the computational 
scheme of targeted constraint from Table 4 both 
in the positive and in the negative direction of the 
axis Z . The results representing the computa-
tional schemes of targeted constraints, taking into 
account shifts in a one-dimensional search for the 
minimum volume of targeted constraint material, 
are shown in Table 5. 
The values of the shift values of the computa-
tional schemes VZ  and NZ  were determined ac-

cording to the data in Table 4 and taking into ac-
count the selected option of restrictions. 
In the first variant of the restrictions on the length 
of base vertical member, when  
lst 1875.1]1[0 , and the targeted constraint is 

shifted in the positive direction of the axis Z , the 
minimum volume of targeted constraint material 

3008887.0VSV  is reached at glst 16.1][ . 

The areas and cross-sectional diameters of the 
rods of targeted constraint are equal to 
 

20.0005078Fst , Dst 0.02543 , 
20.0002539Fp , Dp 0.01798 . 

 

The lengths of the vertical members are given in 
table 9 at glst 16.1][ . They are all positive. 

The optimum is achieved when the restrictions 
on the length of the base vertical member in the 
form of inequality ( lst 1875.116.1]1[0 ) 

are met. Thus, this extremum is global. A general 
view of this targeted constraint is shown in Fig-
ure 3. 
Also, in the first version of the restrictions on the 
length of base vertical member, constraint is 
shifted in the negative direction of the axis Z . In 
this case, the minimum volume of material 

3009471.0VSV  is achieved at glst 12.1][ , 

and the areas and diameters of the cross-sections 
of the rods of targeted constraint are equal to 
 

20.0005298Fst , Dst 0.02597 , 
20.0002649Fp , Dp 0.01837 . 

 
The lengths of the vertical members are given in 
Table 5 at glst 12.1][ . The lengths of all ver-

tical members are negative in this case. Since the 
optimum is reached when the restrictions on the 
length of the base vertical member in the form of 
inequality lst 1875.112.1]1[0  are met, this 

extremum is also global. The general view of this 
targeted constraint is shown in Figure 4. This ver-
sion of the computational scheme can also be 
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implemented when the direction of the axis Z  is 
reversed. It is obvious that this action does not 
change the targeted properties of the constraint. 
A general view of the targeted constraint for such 
a case is shown in Figure 5. 
In the second variant of the restrictions on the 
length of base vertical member with 

lst 0925.1]1[0  and shift of the targeted con-

straint in the positive direction of the axis Z  or 
in the negative, the minimum volume of targeted 
constraint material is reached at the border of the 
area of admissible values of the length of the base 
vertical member at lst 0925.1]1[0  (Table 5). 

 
Figure 4. The second sample: general view of this targeted constraint. 

 
When the targeted constraint is shifted in the pos-
itive direction of the axis Z , the minimum is 

3008920.0VSV , and the areas and diameters 

of the sections of the rods of targeted constraint 
are equal to 
 

20.0005250Fst , Dst 0.02585 , 
20.0002625Fp , Dp 0.01828 . 

 
When the targeted constraint is shifted in the neg-
ative direction of the axis Z , the minimum is 

3009481.0VSV , and the areas and diameters 

of the sections of the rods of targeted constraint 
are equal to 
 

20.0005375Fst , Dst 0.02616 , 
20.0002688Fp , Dp 0.01850 . 

 
So, in the second variant of restrictions on the 
lengths of the vertical members, the minimums 
of the volume of the targeted constraint material 
turned out to be boundary. Therefore, their values 
are somewhat higher than the corresponding val-
ues for the first variant of restrictions, in which 
the minima SVV  were implemented as global 

ones. 
 

 
CONCLUSION  
 
The first sample, considered in […] confirms the 
possibility of development of computational 
scheme of targeted constraint for systems with a 
finite number of degrees of freedom of masses, 
in which the directions of mass movement are 
parallel, but do not lie in the same plane. It also 
illustrates the possibility of minimizing the vol-
ume of material when creating targeted con-
straint. At the same time, the limitations of the 
lengths of the main vertical members, which de-
termine the geometry of the targeted constraint, 
were taken into account. In the first sample the 
special case is considered – all the lengths of the 
main vertical members turned out to be positive 
within development of computational scheme of 
the targeted constraint. 
The second sample illustrates an approach that 
makes it possible to develop targeted constraints 
taking into account the restrictions on the lengths 
of the vertical members and modify the compu-
tational schemes for cases where the values of the 
lengths of some main vertical members turn out 
to be positive, while others are negative. 
So, the distinctive series of papers proposes an 
approach that allows researcher to create (de-
velop) computational schemes of targeted 
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constraints for elastic systems with a finite num-
ber of degrees of freedom of masses, in which the 
directions of mass movement are parallel, but do 
not lie in the same plane. Some special properties 
of such targeted constraints are revealed. Within 
development of computational scheme of the tar-
geted constraint, the material consumption for its 
creation is minimized, and some design limita-
tions are taken into account. Particular attention 
is paid to the modification of targeted constraints, 
when, during their development, it becomes nec-
essary to shift the computational scheme. 
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Abstract. The slope stability is a major concern to geotechnical engineers. Traditional methods of slope stability 
analysis have potentially ignored the influence of surface cracks. It is also known that seasonal rainfall and 
seepage through crack are closely related with slope failure. First, surface cracks provide special flow channels 
which increase the soil permeability and decrease the soil strength. Second, water-filled cracks apply an 
additional active force on the slope. Finally, cracks can create a part of the critical failure surface that has no 
shear strength. The objective of this paper is to investigate the influence of existing cracks on the stability of a 
cracked soil slope in different state. The effects of crack depth, slope angle and water-filled cracks on the 
stability of the cracked slope are explored. The analysis was conducted using the computer modelling programs 
Optum G2 to analysis of slope factor of safety. The results show that with increasing of slope angle the factor of 
safety decreases and this problem is significant in the slope with water filled cracks. Also, Factor of safety for all 
of slope angles in Dry and water filled cracks states with increasing the crack depth, decrease significantly. 
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INTRODUCTION 
 
The fact of landslides and instability of slopes is 
a major concern in many parts of the world. The 
failure mechanism of slopes and geological 
history of a slopes can be very complicated and 
important for a slope stability analysis. Seasonal 
rainfall is an essential cause for many slope 
failures and catastrophic landslides. The 
primary reason for landslide was loss of matric 
suction of soil due to rainwater infiltration. It is 
familiar that rain water infiltration into 
subsurface soil slopes or through soil cracks will 
start to saturate the soil layers and eventually 
reduce the matric suction of soil. The notable 
reduction of matric suction causes the reduction 
of soil shear parameters. Factors such as soil 
texture, intensity and rainfall duration and 
degree of saturation, soil moisture content, 
surface cover and slope angle also influence 
rainfall infiltration [1-2].   
The classical and primary way to analyze of 
slope stability is accessed using two methods; 
either continuum mechanics, or the limit 
equilibrium approach. Generally cracks are 
formed at the tension zones and a series of 
micro cracks is formed at the upper surface and 
will cause obvious cracks at tension zones at dry 
periods after a prolonged wet and dry cycle. The 
cracks usually supply easy pathways for rainfall 
infiltration into soil mass and subsurface layers 
[3]. The water head due to the soil cracks causes 
the additional force for rain water infiltration. 
The water content in deeper layers is higher in 
cracked slopes than uncracked slopes due to rain 
infiltration. Generally higher matric suction will 
obtain at dry seasons at unsaturated soil zones 
and it improves the shear strength of the soil [4]. 
A new approach is used by Stephen and Colin to 
specify the direct prediction of the tension 
cracks on a river bank. This tension cracks are 
assumed to be formed by two essential group of 
forces. The first group is formed by shrinkage 
on soil and is caused by desiccation fact. The 
second is related with gravitational force where 
the weight of the soil separates a great block on 
a soil slope. The tension cracks are founded at 
upper layer failure surface when the tensile 

s) in the upper soil layer be more than 
the tensile stress ( ) of the soil [5]. Cai et al. 
investigated the vertical cut slope stability with 
using a number of soil parameters such as the 
geometry of crack at upper slope surface, curves 
relating the parameter of strain energy density 
factor and the non-dimensional variable from 
slope geometry =  ratio of slope height 
to distance of crack from edge of slopes. In this 
research, the curves were developed through 
numerous parametric studies. They concluded 
that the failure surface is not circular on a 
simple straight line. However, failure surfaces 
are regularly in good and suitable agreement 
with the results of classical slope stability 
analysis [6].  
Fan et al. studied the effects of rainfall 
infiltration on fractured slopes. The authors 
showed that rainwater infiltrates into existing 
fractures in slopes, and that pore water pressure 
in soil rises correspondingly [7]. Wang et al. 
illustrated that cracks in soil slopes decrease 
stability of slope through three effects: (1) water 
filled cracks exert an additional and active 
driving force on the slopes (2) Cracks supply 
particular flow channels which increase 
permeability of soil and decrease soil strength 
and (3) cracks can form part of the critical and 
serious slip surface that has no special shear 
strength [8]. 
GUI and Han showed two Malaysian landslides 
that occurred after heavy rainfall in 1999. They 
investigated that the stability of this slopes was 
significantly affected by the rainfall. They 
concluded rainfall infiltration into existing 
fractures reduced the matric suction and shear 
strength of the slope. This was further worsened 
when rainfall infiltration increased the 
mobilized shear stress and self-weight of the 
slopes [9]. Post analyses of landslides 
phenomenon in the past by Nurly et al. at Air 
Laya, Indonesia concluded that existing tension 
cracks caused slope failure. Rainfall infiltration 
caused in formation of weak planes which 
activate to failure of slope [10].  
More recently, Zeng et al [11] and Mukhlisin and 
Khiyon [12] investigated the effect of the 
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characteristics, such as the angle, depth, location 
and density of surface cracks, on the pore water 
pressure and stability of slopes under rainfall 
infiltration by numerical modeling. They 
concluded that as the crack depth increases, both 
the pore water pressure in the crack and the 
infiltration depth increase at the end of rainfall 
phenomenon, and the safety factor of the slope 
remarkably decreases. In terms of crack angle, the 
former research showed that as the crack angle 
increases, the infiltration depth decreases. The 
latter described that when the crack angle is 
parallel to the sliding surface, the safety factor of 
the slope is clearly decreased, which is consistent 
with the result of Zhang et al. [13]. Also, Zeng et 
al. reported that when the crack density increases, 
the isolated saturated zones with positive pore 
water pressures attach with each other in the slope 
gradually. Mukhlisin and Khiyon concluded that 
the crack distance is to the top of the slope is 
closer, the safety factor of the slope is lower. 
From the above studies, one can note that the 
distribution characteristics of surface cracks in 
depth have main and essential influences on the 
seepage operation and stability of slopes. 
However, little attention was paid on the influence 
of cracks on stability of slopes. For this reason, 
this paper aims to investigate the distribution 
characteristics, including the crack depth, effect of 

stability of slopes by numerical calculations. The 
program "Optum G2" is employed in the analysis 
of the slope stability in different state. 
 
 
THEORY AND METHOD 
 
A commercial finite element limit analysis 
(FELA) software, OptumG2 [14], was employed 
to analyze of cracks effect on the stability of slope 
in different state. This rigorous numerical 
technique has been successfully employed to 
solve various problems in geotechnical 
engineering as demonstrated by Ukritchon and 
Keawsawasvong, Nielsen [15-16]. 
Darcy's law can be used in the flow of water 
through both unsaturated and saturated soils. 

The difference is that the soil permeability 
(hydraulic conductivity) is no longer a constant 
value under conditions of unsaturated flow. The 
hydraulic conductivity varies with changes in 
water content of soil. According to conservation 
of flux the partial differential water flow 
equation in two dimensions can be defined [17]. 
 

+ + =            (1) 

 
Where, "H" is the total head,  and  are the 
hydraulic conductivity in "x" and "y" direction, 
"Q" is the applied boundary flux,  is the 
volumetric water content and "t" is time.  
This equation expresses that the difference 
between the flow entering and leaving an 
elemental volume of soil at a point in special time 
is equal to the change in the storage of the soil. 
More basically, it reveals that the sum of the rates 
of change of flow in the x and y direction plus the 
external flux is equal to the rate of change of the 
water content with respect to time [18].  
The safety factor is mostly used to assess whether 
a slope is stable or not. Many methods are 
developed to assess the factor of safety. Most of 
this methods are based on limit equilibrium 
methods. A potential sliding mass is first divided 
into many vertical slices in the limit equilibrium 
state. Then the force and moment of each of this 
slices are calculated individually. Finally the 
safety factor of the slope is analyzed by adding up 
the results of all of the slices. The differences 
between different methods are the static equations 
used and inter-slice forces included. 
Spencer’s method accepts a constant 
relationship for the inter slice shear to normal 
force ratio. The critical failure surface of with 
the lowest safety factor needs to be determined. 
Finding the critical failure surface involves a 
trial procedure. There are many ways to 
describe the positions and shape of trial failure 
surfaces. Between these methods an auto search 
method can give circular or combined slip 
surfaces. A crack can form a part of the 
combined failure surface using this method [19]. 
While Limit Analysis method deals with the 
problem of determining the ultimate magnitude 

Mojtaba Hosseini, Peyman Beiranvand, Mohammad Mohammadiasl, Ashkan Hassanvand



85Volume 18, Issue 4, 2022

of reference loads, Strength Reduction analysis 
(phi-c reduction method) deals the 
complementary problem of determining the 
strength necessary to prevent collapse and 
failure given a set of actual loads. The Strength 
Reduction analysis in Optum G2 software goes 
on by computing a strength reduction factor by 
which the material parameters need to be 
reduced in order to reach a condition of 
incipient collapse. A safety factor greater than 1 
thus expresses a stable system while a safety 
factor less than 1 implies that additional strength 
is required to prevent collapse and failure. 
 
 
NUMERICAL SIMULATION  
 
The two-dimensional numerical model of clayey 
soil slope in different state (without crack, Dry 
crack and water-filled crack) is investigated. In 
order to examine the influence of the spatial 
distribution characteristics of cracks on safety 
factor of slopes, a numerical parametric study is 
conducted to better understand the performance 
of this slopes. The slope had a height of 10m, wet 
density of soil is 20 3, initial cohesion is 
60 2 and other investigated parameters are 
listed in Table 1. Figure 1 presents the model 
geometry for a slope of without crack, Dry crack 
and water-filled crack, respectively. In this study, 
the crack thickness is assumed to be 10cm based 
on the results of field surveys and shear strength 
of the cracks is assumed to be zero. 

 
Table 1. Scheme of numerical calculations used 

in numerical modeling  
Parameter Value Parameter 

state 
Height of slope (m) 10 constant 

Wet density 
( ) 

20 constant 

cohesion 60 constant 
crack depth, Dcrack 

(m) 
0, 1, 2, 3, 4 variable 

Slope 
(degree) 

30, 45, 60, 75 variable 

Crack condition in 
slope 

Without crack, 
Dry crack, water 

filled crack 
variable 

 
(a) Without crack 

 
(b) Dry crack 

(c) Water filled crack 
Figure 1. Geometry model of slope in different 

state of analyses  
 
 

NUMERICAL RESULTS AND 
DISCUSSION 
 
To investigate the effect of crack depth on the 
safety factor of slope with different slope angle, 
Dry and water filled cracks with 1, 2, 3 and 4m 
depths located at Longitudinal direction of the 
slope of the slope is considered. Figures 2 to 5 
show the variation of factor of safety with crack 
depth for the case with slope angle of 30, 45, 60 
and 75 degree, respectively. It clearly observe that 
factor of safety for all of slope angles in Dry and 
water filled cracks states with increasing the crack 
depth, decrease significantly. The reason of 
decreasing of safety factor is that the deep crack 
does form a part of slip surface. In Figures 6 and 7 
are showed the displacement contours for 2m crack 
depth, 45 degree slope angle in Dry and water filled 
cracks states respectively. 
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Figure 2. Variation of factor of safety with crack 

 
 

 
Figure . Variation of factor of safety with crack 

 
 

 
Figure . Variation of factor of safety with crack 

depth for  

 
. Variation of factor of safety with crack 

 

 

Fig . Displacement contour for dry crack 
state (Dcrack ) 

 

Figure . Displacement contour for water filled 
crack state (Dcrack ) 
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To study the effect of slope angle on the slope 
stability in different crack depth, three conditions 
are considered: 1) slope without crack, 2) slope 
with dry cracks, 3) slope with water filled cracks. 
Figures 8 to 12 show the variation of factor of 
safety with slope angle for the case with without 
any crack, crack with depth of 1, 2, 3 and 4 m, 
respectively. The results of finite element limit 
analysis using Optum G2 program demonstrated 
that with increasing of slope angle the factor of 
safety decreases and this problem is significant in 
the slope with water filled cracks. As the shear 
strength of the crack is zero, it is reasonable that 
the safety factor decreases when the slip surface 
passes through the crack especially in water filled 
cracks state. The decrease of slope stability in 
water filled cracks state is mainly because of the 
increase in water content, which leads to a 
decreased shear strength of the slope soil. 
 

 
Figure 8. Variation of factor of safety with slope  

angle in without crack slope 
 

 
Figure 9. Variation of factor of safety with slope  

angle in Dcrack  

 
Figure . Variation of factor of safety with 

slope angle in Dcrack  
 

 
Figure 11. Variation of factor of safety with 

slope angle in Dcrack  
 

 
Figure 12. Variation of factor of safety with 

slope angle in Dcrack m 
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CONCLUSION 
 
In this study, numerical modeling results of 

soil slope were presented using a commercial 
finite element limit analysis (FELA) software. 
The effect of crack depth, slope angle on the 
factor of safety in two state for cracks (dry crack 
and water filled crack) were examined. Based 
on the numerical analysis using FELA software 
conducted in this study, the following results 
were obtained: 
- Factor of safety for all of slope angles in Dry 
and water filled cracks states with increasing the 
crack depth, decrease significantly 
- The reason of decreasing of safety factor is 
that the deep crack does form a part of slip 
surface. 
- With increasing of slope angle the factor of 
safety decreases and this problem is significant 
in the slope with water filled cracks. 
- As the shear strength of the crack is zero, it is 
reasonable that the safety factor decreases when 
the slip surface passes through the crack 
especially in water filled cracks state. 
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SIMULATION OF THE STRENGTH OF TWO-LAYER PIPE 
STRUCTURES IMPLEMENTED IN THE TRENCHLESS REPAIR 
METHOD AND ASSESSMENT ITS ENERGY SAVING DURING 

WATER SUPPLYING 
 

Vladimir A. Orlov, Sergey P. Zotkin, Dmitry A. Peterburgsky 

National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 
 

Abstract. The article proposes approaches for assessing the strength characteristics of two-layer pipelines 
formed as a result of using a trenchless method for the reconstruction of dilapidated steel pipeline networks by 
pulling pipes made of unplasticized polyvinyl chloride (UPVC) into them. The results of simulation of filling the 
annular space between steel and polymer pipes are presented with an analysis of the three states of a two-pipe 
system in order to ensure strength characteristics. The paper provides an analysis of the possibility of saving 
energy when using PVC-U pipes in a two-layer pipe structure at various temperatures of supplying water and a 
stable temperature of the pipeline wall. Besides, it proposes the introduction of a set of developed automated 
programs for design. 
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INTRODUCTION 
 
The situation in the field of underground pressure 
pipelines of water supply systems both in our 
country and abroad remains very difficult, since 
almost half of their total number needs to be 
repaired or replaced (modernized) [1]. This brings 
the problems of prompt restoration of aging 
pipeline networks and increasing the reliability of 
their operation. The ensuring of the strength and 
hydraulic characteristics required by the project 
play a dominant role when using various types of 
repair materials [2, 3]. 
The trenchless method of reconstruction is the 
most effective one in terms of saving material and 
monetary costs, as well as the efficiency of 
performing restoration work on dilapidated 
pipeline networks made of various materials that 
is worn-out structure with reduced deformation 
and strength characteristics. This method allows 
not only to eliminate existing defects in the 
pipeline network, but also to increase their 
throughput [4, 5]. One of the most popular 
methods for the reconstruction of aged pipelines 
in a trenchless way is the pulling and fixing of 
new pipelines made of polymeric materials into 
them. That allows obtaining a two-layer pipeline 
with the required technical indicators, which 
include, first of all, the high strength 
characteristics of the new two-pipe structure, as 
well as the possibility of energy saving during 
fluid motion due to relatively small specific 
resistances [6]. However, among the many 
modern polymeric materials used for the 
manufacture of pipes (polyethylene, polybutylene, 
polypropylene, polyvinyl chloride, etc.), it 
becomes necessary to choose one that has a 
number of advantages compared to others, in 
particular, to ensure the required strength 
characteristics of a new double-pipe structure, 
lower coefficient of linear elongation, energy 
savings when supplying liquids, durability and 
other factors [7]. Such materials include 
unplasticized polyvinyl chloride (UPVC). The 
PVC-U pipe dragged into the dilapidated pipeline 
after the operations of backfilling the annular 
space with mortars in order to increase the load 

capacity of the new two-layer pipe structure. 
Another actual task is introducing electronic 
models for assessing the integrated operation of 
water supply systems, including water supply 
networks and their repair by various methods with 
the achievement of the energy saving effect [8, 9]. 
 
 
SIMULATION APPROACHES FOR THE 
STRENGTH CHARACTERISTICS OF 
TWO-LAYER UNDERGROUND PIPE 
STRUCTURES. 
 
The pressure pipes manufactured by Chemkor 
JSC from non-plasticized polyvinyl chloride 
(UPVC) made in accordance with GOST 32415-
2013 and used both for open laying and restoring 
the performance of dilapidated supplying 
networks from various materials using trenchless 
technology for pulling new pipes into the aged 
pipeline with the formation of a two-layer 
structure were the materials for research. The low 
value of the resistivity coefficient of the internal 
walls of AUPVC = 0.0008d-5.1977 (where d is 
the diameter of the pipeline in m), as well as a 2.5 
times lower coefficient of linear extention 
compared to traditional ones for use in trenchless 
technologies repair of pipelines with polyethylene 
pipes. It reduces the likelihood of a significant 
curvature of the new pipeline in the old one under 
the influence of ambient temperature and the 
supplied liquid. However, this does not exclude 
the filling of the annular space, which guarantees 
the provision of the required strength indicators 
(load capacity) of the two-pipe structure. 
The paper provides the methods of computer 
simulation of the strength characteristics of two-
layer pipe structures during the implementation 
of repair work using the trenchless approach, as 
well as an assessment of the possibility of 
energy saving when supplying water through a 
two-layer pressure system after repair work. 
The process of simulation of strength 
characteristics consists of applying the 
algorithm developed by the authors of the article 
and an automated computation program, which 
analyzes the static and dynamic components of 
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ensuring the load capacity of the restored 
pipeline system [10]: 
- the strength of the PVC-U pipe, pulled in the 
aged pipeline; 
- allowable deformations of the diameter of the 
new pipeline in the aged one under the influence 
of mortars filling the annular space, i.e., 
compliance with the conditions for not 
exceeding the degree of ovalization of the 
circular cross-section of the pipe by a value of 
not more than 5% in diameter; 
- the probability of the PVC-U pipe floating due to 
the Archimedean force and thereby eliminating 
the negative case of its support on the inner 
surface (hard arch) of the old pipeline, which can 
provoke the early appearance and propagation of 
cracks near point loads and increase the abrasion 
of the walls of the new pipeline [11]. 
Figure 1 shows a cross-sectional diagram of the 
repair two-layer pipe structure. 
The most popular in practice mortars on gravel 
or crushed stone with a density of 24,000 N/m3 
and, as an alternative, a cement-slag mortar with 
a density of 8,000 N/m3, were considered as 
mixtures used for backfilling during the 
simulation period. The tasks of modeling, in 
particular, included the determination of the 
loads that counteract the mixture. These loads 
act on the PVC-U pipe with various options for 

filling the annular space (uniform or uneven) 
with mortar. 
 

 
 
Figure 1. Cross section of a repair pipeline with 

backfilling of the annulus with mortar 
1 - the inner wall of the aged pipeline renovated 

with an internal diameter Din.; 2- PVC-U 
pipeline with outer diameter dout and inner 

diameter din; 3- mortar in the annulus 
 
Table 1 presents the values of the initial 
parameters of the input information for one of 
the considered examples of automated 
simulation. 

 
Table 1. Initial information for strength calculation 

Number Names of parameters and their designation Values 
1. Inner diameter of the pipeline to be renovated, Din, m 0.6 
2. Diameters of the new pipeline being pulled into the aged one, 

                                          - d external, m                      
                                          - d internal, m                        

 
0.476 
0.452 

3. Volume weights, N/m3 

                      - cement mortar g cm                         
                      - pulled pipe gpp                             
                      - supplying liquid (water) gw                

 
24000.0 
9500.0 
9800.0 

4. The internal pressure of the supplied medium, corresponding 
to 
reduced design stresses , MPa 

0.0 

5. The value of the possible vacuum in the annulus vac, MPa      0.0 
6. Standard service life of the pulled pipeline t, years 50.0 
7. Maximum operating temperature of the pulled pipeline T,°  20.00 
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8. Characteristic long-term strength of the pipe material 
(depending on the values of t and T) Rch, MPa 

5.0 

9. Depth of the pipeline from the ground , m               10.00 
10. The value of groundwater pressure on the arch of the pipeline 

gw, MPa         
0.02 

11. Coefficients: 
- laying conditions k1 
- stability of the pulled pipeline k2 
- working conditions ky 
- joint strength kc 0.90 
- influence of temperature on the deformation properties of 
the material ke 
- load distribution and support reaction of the base z 

 
0.80 
0.60 
0.60 
0.90 
0.80 
1.30 

12. Maximum permissible value of ovalization of the cross 
section , % 

5.000 

13. Creep modulus of the pipe material in tension (depending on 
the values of t and Rch) o, MPa            

 
100.0 

14. Backfill deformation modulus, depending on the backfill 
material g , MPa              

0.50 

 
According to the results of the field survey, the 
aged pipeline under operation is a worn-out 
structure with reduced deformation and strength 
characteristics. It is necessary to strengthen the 
pipe structure operating in these conditions 
which consists of separate modules of PVC-U 
socket pipes connected in series. The pipe 
pulled into the dilapidated pipeline should 
ensure increase the load capacity of the two-
layer pipe structure and be a barrier against the 
phenomena of groundwater infiltration into the 
pipeline body and exfiltration of the transported 
water into the annulus after the operations of 
filling the annular space with mortars. 
Below, paper provides examples of automated 
calculations and their interpretation based on the 
results of the reconstruction of an aged pressure 
steel pipeline with an internal diameter of 600 
mm for two selective options for the diameters 
of PVC-U pipes from among the available 
products in the range of Chemkor JSC: 
- PVC-U SDR 41-500, having a socket with a 
diameter of 549 mm, an inner diameter of 475 
mm and an outer diameter of 487 mm 

(hereinafter, the term SDR refers to the ratio of 
the pipeline diameter to its wall thickness); 
- PVC-U SDR 21-500, having a socket with a 
diameter of 578 mm, an inner diameter of a pipe  
of 452 mm and an outer diameter of 476 mm. 
Thus, the pipes presented above differ in wall 
thickness (for the first example 12 mm and for 
the second one 24 mm), i.e., it is conventionally 
considered as thin-walled and thick-walled.  
Additional information includes the following: 
the maximum allowable water pressure in the 
pipeline is 0.8 MPa; 
The significant depth of the pipeline of 10 m 
(see Table 1) was chosen as extreme one, i.e., it 
guarantees that compliance with (not exceeding) 
the basic values of the design parameters will be 
ensured due to a certain margin of safety at a 
lower pipe penetration. In addition, it should be 
noted that a prerequisite for the implementation 
of the method for pulling new pipes into the old 
one and backfilling it is performing of 
preliminary dewatering using wellpoints when 
there is groundwater above the pipeline. 
Table 2 presents the results of automated 
calculation for two selective pipe options. 
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Table 2. Summary output information on the results of the strength analysis of two-pipe structures 
when mortar with a density of 24000 N/m3 is used for backfilling 

Name of design indicators of bearing capacity uPVC pipe  
 SDR 41-500 SDR 21-500 
1.   By strength to the effect of internal water pressure, 
MPa 

0,8  0,8 

2. According to the maximum permissible ovalization 
(deformation) of the cross section of the pipeline, %: 
- for the case of uniform filling of the annular space in 
the absence of water in the pipeline 
- the same if there is water in the pipeline 
- for the case of uneven filling of the annular space in 
the absence of water in the pipeline 
- the same if there is water in the pipeline 

 
 
 
13,398 
7,073 
 
11,309 
9,1214 

 
 
 
3,438 
1,778 
 
3,055 
2,526 

3. On the stability of the round shape (profile) of the 
pipeline being pulled to the ascent through the value of 
the radial pressure on the pipe walls, MPa: 
- for the case of uniform filling and the absence of water 
in the pipeline 
- the same if there is water in the pipeline 
- for the case of uneven filling of the annular space in 
the absence of water in the pipeline 
- the same if there is water in the pipeline 

 
 
 
0,019 
 
0,026 
 
0,045 
0,043  

 
 
 
0,021 
 
0,027 
 
0,044 
0,043 

 
Analysis of the data presented in Table 2 shows 
that both pipelines are able to withstand the 
established pressure standards (0.8 MPa) 
according to the first condition. There are some 
discrepancies in terms of the second and third 
conditions. In particular, ovalization exceeds the 
established standards by 5% for the PVC-U 
SDR 41-500 pipeline, and it remains within the 
normal range for the PVC-U SDR 21-500 
pipeline. A similar trend is observed when 
analyzing data for the third condition, where the 
value of the radial pressure on the pipe walls for 
various cases exceeds or does not exceed the 
critical values. In particular, the ascent 
resistance has been provided only for the case of 
uniform backfilling and the absence of water in 
the pipeline for the PVC-U SDR 41-500 pipe, 
since in this case the radial pressure on the 
pipeline walls is 0.019 MPa, i.e., less than 
critical one which is 0.0254 MPa.  The ascent 
stability is not respected for another cases. 
According to the third condition, the standards 
are observed in all cases for PVC-U pipe SDR 

21-500, since the critical pressure is 0.074 MPa 
according to the calculation. 
Thus, the option of pulling PVC-U SDR 41-500 
pipes into an old pipeline with backfilling of the 
annular space using trenchless method cannot 
be considered acceptable due to the relatively 
small thickness of the pipe wall. 
As noted above, the strength characteristics of a 
two-pipe system were analyzed using a cement-
slag mortar with a density of 8000 N/m3 as an 
alternative backfilling option. This circumstance 
was due to the fact that the practical application 
of the option of pulling PVC-U SDR 21-500 
pipes into the old pipeline with filling with 
mortar with a density of 24,000 N/m3 can lead 
to relatively large deformations of the pipeline 
cross-section (in the range of 1.778-3.438) as 
presented in Table 2. 
The calculations which have been performed 
using an automated program showed that a 
lighter construction backfilling material allows 
reducing the probability of ovalization of the 
pipeline cross section according to the second 
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strength condition for 4 cases under 
consideration to values of 0.924, 0.735, 0.961 
and 1.4638%, respectively. This will affect 
positively on the durability of the restored two-
pipe structure. In addition, all cases also have 
positive results of 0.029, 0.036, 0.037 and 0.038 
MPa, respectively, at a critical pressure of 0.077 
MPa according to the third strength condition 
for checking the stability of a two-pipe structure 
for ascent. 
An intermediate conclusion on the analysis of 
the results of automated calculation is a 
recommendation for the use of pipe modules 
made of PVC-U SDR 21-500 for the 
reconstruction of an old steel pipeline with 
backfilling of the annular space with cement-
slag mortar. 
 
 
ASSESSMENT OF THE ELECTRICITY 
SAVING WHEN USING PVC-U PIPES 
FOR WATER SUPPLYING DEPENDING 
ON TEMPERATURE CONDITIONS. 
 
At the present stage of development of 
underground infrastructure, design, 
construction, reconstruction and modernization 
of pipeline transport should be based not only 
on creating conditions for the strength of 
structures and their durability, but also on 
ensuring energy saving during their operation. 
and, if possible, managing the process of water 
supplying to achieve an economic effect. 
The calculation of electricity consumption E 
(kWh per year) at water supplying through 
pressure pipelines made of various materials, as a 
rule, is performed using the universal formula (1):  
 

E=[9,81Q3( i l)/ pump..] 24 365,        (1) 
 
where Q is the supplying water consumption, 
m3/s; i is the coefficient of specific resistance 
of the pipeline wall material 2/m6; l is the 
pipeline length, m; pump. is the efficiency of the 
pumping unit; 24 and 365 are the number of 
hours in a day and days in a year, respectively. 

The presented universal formula does not fully 
reflect the needs of designers and operating 
personnel of water utilities when they applied it 
tothe reconstruction an old pipeline by creating 
a two-layer pipe structure "steel + PVC-U", 
since it does not consider temperature 
conditions, in particular, the temperature of the 
supplied water. Previously, it was found that the 
coefficient of hydraulic friction  of pipelines 
depends on the temperature of the supplied 
water and, accordingly, the pipe walls [12]. 
With an increase in temperature, the value of  
decreases due to a decrease in the viscosity of 
water, which ultimately creates the possibility of 
saving energy during the water supplying. 
The basic calculation formula for determining 
the cost of electricity accounting the coefficient 
of hydraulic friction , has the form (2): 
 

E=0,81 Q3 l 24 365/(d5
pump.),         (2) 

 
where d is the internal diameter of the pipeline, 
m. 
Thus, formula (2) allows calculation when a 
certain inner diameter of the pipeline d and the 
coefficient of hydraulic friction  are involved. 
A specially developed automated calculation 
program [13] has been used in order to analyze 
the consumption of electricity during water 
supplying. The program allows you to calculate 
the hydraulic and energy parameters of the 
pressure pipeline in a wide temperature range. 
At the same time, the previously identified 
ranges of restrictions on the recommended 
range of Reynolds numbers and the ratio of 
dynamic viscosities related to the fluid flow and 
the pipe wall, respectively, were observed in the 
algorithm of the automated calculation program 
which accounts the non-isothermal movement 
of fluid in pipes [14]. 
Computer simulation has been carried out in 
order to assess the effect of water temperature 
and the pipeline wall on electricity 
consumption. We accepted PVC-U pipes for 
trenchless repair of a dilapidated steel pipeline, 
and the central areas of the Russian Federation 
as the place for repair work. 
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The initial parameters entered into the 
calculation program were as follows: 
- depth of occurrence of the restored pipeline of 
a two-layer structure "steel + PVC-U SDR 21-
500" 1.6 m; 
- the length of the pipeline is 3000 m; 
- average temperature of the pipeline wall (soil 
around the pipe) 15.50 C; 

- water intake by a pumping unit is carried out 
from a surface reservoir from a depth of 10 m; 
- average water temperature 22.10 C (summer) 
and 80 C (winter); 
- consumption of transported water 0.15 m3/s; 
- efficiency of the pumping unit 0.9. 
Table 3 presents summary output information 
on individual parameters of the calculated 
parameters of the summer and winter periods. 

 
Table 3. Summary output information based on the results of hydraulic and energy analysis of a 

two-pipe structure in summer and winter periods 
Calculated indicators Indicator values  
 Summer Winter 
1. Water flow rate in the pipeline, m/s 0.9348 0.9348 
2. Dynamic viscosity coefficient related to fluid flow, Pa*s  

0.0009703 
 
0.0014065 

3. Dynamic viscosity coefficient related to pipe wall temperature, 
Pa*s 

 
0.0011461 

 
0.0011461 

4. Ratio of dynamic viscosities 0.847 1.227 
5. Fluid kinematic viscosity coefficient, m2/s 0.00000094 0.00000138 
6. Reynolds number 449597.47 306279.24 
7. Estimated coefficient of hydraulic friction 0.013787 0.013819 
8. Electricity consumption through the coefficient of hydraulic 
friction, kWh per year 

58333.698 58470.157 

9. Electricity consumption through the coefficient of resistivity, 
kWh per year 

47962.585 47962.585 

 
An analysis of the calculated data presented in 
Table 3 for items 8 and 9 is typical for the 
following two conclusions.  
Firstly, electricity consumption in winter 
increases by 58470.157-58333.698=136.459 
kWh per year compared to summer according to 
the calculations in 8 for the summer and winter 
periods. With an average cost of 1 kWh of 
electricity of 9.13125 rubles (at the current 
time), the savings is 136.459x9.13125=1246.04 
rubles per year.  
Secondly, a comparison of the values of 
electricity consumption in 8 and 9, i.e., 
considering the temperatures of the water and 
the pipeline wall and without it, shows a 
significant discrepancy. For example, the 
difference in electricity consumption is 
58470.157-47962.585=10507.572 kWh per 
year, or 17.97% less for the winter period. This 

leads to the conclusion that designing, requires 
considering temperature factors in order to 
obtain the most probable values of electricity 
consumption, i.e., it is necessary to include data 
on the temperature parameters of the pipeline 
wall and transported water in projects for the 
construction of pipeline networks and to carry 
out calculations of electricity consumption. This 
is facilitated by simulation, which allows 
identification of the optimal parameters for 
controlling the process of water transportation 
based on the search for the minimum values of 
electricity consumption. Using the capabilities 
of the automated program, it is possible to 
calculate the cost of electricity in a wide range 
of temperatures of the pipe wall (of the 
appropriate material and diameter) and 
transported water for both northern and southern 
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regions at various values of water flow rates and 
efficiency values of pumping units.  
 
 
COMCLUSIONS 
 
1. The simulation of the strength characteristics 
of two-layer pipe structures using an automated 
program allowed determination of parameters 
that allow choosing the most acceptable 
technical solutions for filling the annular space 
with mortars from alternative options. 
2. The values of the permissible ovalization 
(deformation) of the cross section of the new 
pipeline dragged into the old pipeline, as well as 
its resistance to ascent under various conditions 
through the magnitude of the radial pressure of 
the mortar on the pipe walls, are proposed as 
criteria for comparing the options for filling the 
annular space with mortars. 
3. The article substantiated the application of 
new PVC-U SDR 21-500 pipes during the 
period of trenchless repair of an old steel 
pipeline for specific design conditions. This 
approach has a number of positive properties 
compared to other polymer pipes, and use 
cement-slag mortar as a material for backfilling 
the annular space, which provides less 
deformations of the cross section of new pipes. 
4. An example of designing an underground 
pressure pipeline network for the conditions of the 
middle area of the Russian Federation, based on 
the results of automated calculations, presented 
the values of saving energy costs for transporting 
water under various temperature conditions. This 
allows performing managerial functions of the 
operation of pipelines from various materials and 
diameters, varying costs of transported water and 
the type of pumps used, and during operation to 
monitor the real effect of reducing cash costs at 
the stage of design. 
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EXPLICIT DIGITAL MODELS OF LINEAR COMPLEXES 
 

Aleksandr N. Rozhkov 1,2, Vera V. Galishnikova 1,2 
1 People’s Friendship University of Russia (RUDN University), Moscow, RUSSIA 
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Abstract: It is obvious that the interoperability of existing digital models is insufficient. Current research on 
model view definitions and on their semantic enrichment addresses the issue of good interpretation of the results 
of existing models to improve interoperability. The alternative research presented in this paper is not concerned 
with interpretation. Instead, the influence of modifications in the geometric and topological concepts of the 
digital models themselves on their interoperability is investigated. The geometric and topological attributes of the 
models are made as explicit as possible. Two-dimensional line drawings are replaced by three-dimensional linear 
complexes to reduce the need for implicit information. The topology of a complex is described with topological 
tables containing all elements of the model, thus replacing the geometric neighborhood concept of the industry 
foundation classes. A highly efficient algorithm for the construction of new topological tables of large buildings 
is presented. The difficulties encountered in modifying existing topological tables are analyzed and solved. 
Topological and geometric aspects of linear complexes that cannot be treated explicitly with topological tables 
are identified and presented. 
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INTRODUCTION 
 
The information used in the design, construction 
and operation of buildings must be explicit, 

reliable and complete. Digital models of the 
buildings are the tool with which the 
information is assembled, distributed and 
applied. The models are constructed with 
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commercial software based on international 
standards. A widely used approach in the 
building industry are boundary representations 
of the building components and their assembly 
in a model using the industry foundation classes 
IFC [1].   
The IFC were originally designed to be 
interoperable. Successful implementation of this 
concept would have permitted vendor-neutral 
automatic exchange of building information 
models in digital networks [2]. Because this 
goal has not been reached, the concepts on 
which the IFC are based and the manner, in 
which digital models based on IFC are 
interpreted, are the subjects of intensive current 
research [3–6].  

The IFC are complex and voluminous, as they 
cover a very large number of topics in the 
building and construction industry. To permit 
the model users to focus on the specific 
information, which they require for their tasks, 
model view definitions MVD have been 
introduced [7]. A MVD specifies, which parts of 
an IFC data model needs to be implemented for 
a specific data exchange scenario. The MVD 
approach assumes that software companies will 
develop IFC export and import subroutines 
tailored for each MVD.  
IFC Certification [8] for consistent and reliable 
implementations of IFC specifications by 
software vendors for multiple software 
platforms was developed. The procedure 
supports checks for collisions and voids using 
geometric attributes and element identities. The 
National BIM Standard initiative [9] facilitates 
information exchange through MVDs [10]. 
Interoperability is only guaranteed within a 
single MVD, not between different MVDs. 
The semantic enrichment concept for building 
information models SeeBIM extends the MVD 
concept [11]. The concept postulates that IFC-
based models contain both implicit and explicit 
information. To interpret both types of 
information, if-then rules are formulated using a 
predefined set of object types and operators. The 
operations include reading the building model, 
testing for geometrical and topological 

relationships, and creating new objects, 
properties, and relationships. The new and the 
enriched objects conform to the definitions of an 
MVD defined for the given subdomain.  
Tools based on the MVD and SeeBIM concepts 
support the interpretation of the results of 
existing IFC-based models, but do not affect the 
models themselves. The question arises, 
whether unsatisfactory interoperability may not 
be due partly to inherent deficiencies of the IFC 
concept itself [2]. Such deficiencies cannot be 
remedied by concepts like MVD and SeeBIM. 
This paper analyzes the treatment of geometry 
and topology in the IFC concept, as described 
by Borrmann et al. [1], and investigates the use 
of topological tables as an alternative concept 
that promotes interoperability. 
The most widely used approach to the modeling 
of geometric solids with IFC is Boundary 
Representation (Brep). Classes IfcFacetedBrep 
and IfcAdvancedBrep implement flat surfaces 
and surfaces with curved edges respectively for 
simply connected domains. Corresponding 
classes for multiply connected domains are  
-    IfcFactedBrepWithVoids and 
-  IfcAdvancedBrepWithVoids.  
Solids such as walls and doors are constructed 
individually and aggregated to construct the IFC 
model. 
The neighborhood of solids in an IFC model is 
described indirectly using classes that inherit 
from IfcObjectPlacement [1]. Each IFC solid 
has a local coordinate system, whose location in 
the model is specified in a common global 
coordinate system. This method is a geometric 
specification of neighborhood, which can 
increase the risk of collision of solids and voids 
between solids due to imprecise numerical 
attributes of the solids, especially their node 
coordinates.  
This paper shows that the problematic geometric 
specification of neighborhood in IFC can be 
replaced by a truly topological specification of 
neighborhood: the contact of topological 
elements is described in topological tables. This 
is an example of the replacement of implicit 
information (the IFC user must convert 
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geometric location to topological neighborhood) 
to explicit information (the topological tables 
explicitly name the elements, with which a 
specified element is in contact).  
 
 
EXPLICIT AND IMPLICIT 
INFORMATION FOR BUILDINGS 
 
Buildings are traditionally planned with two-
dimensional line drawings showing plans, 
elevations, sections and details of the project. 
The line drawing in figure 1 shows the plan and 
a section of a room. The drawings contain 
explicit information about the original, such as 
the dimensions of the building components and 
their projections to the plane of the drawing. 
The explicit information in a drawing is not 
sufficient to create a three-dimensional mental 
model of the three-dimensional original of the 
building. For example, building components in 
a plan are not explicitly associated with the 
same components in the elevations and sections. 
Some faces of components are not shown 
explicitly in the projections. The person reading 

the drawing must add implicit information to the 
explicit information to be able to create the 
mental model. Persons with different 
background, knowledge and experience add 
different implicit information. Implicit 
information is therefore a potential source of 
inconsistency, inaccuracy and errors in 
engineering practice. The aim of our research is 
to make models explicit. 
The storage capacity and high speed of the 
digital environment provide an opportunity to 
lessen the need for implicit information. The 
strategy of our research project is to map as 
many of the topological and geometric 
properties of the original explicitly to the model 
as possible. The mapping is bijective, such that 
the information and insights gained with the 
model can be applied to the original, and vice 
versa. Line drawings remain a valuable tool in 
engineering practice. However, in the digital 
environment line drawings for selected parts of 
the project are prepared upon demand and for a 
specific purpose from a general computer model 
of the entire original that contains the explicit 
information describing the original.  
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Figure 1. Line drawing showing the plan and a section of a room 

 
LINEAR COMPLEXES 
 
The character of explicit and implicit information is 
investigated for linear complexes. The linear 
complex for the room in figure 1 is shown in figure 
2. A linear complex is a configuration composed of 

nodes, edges, faces and cells called the domains of 
the complex. A node is a single point. An edge is a 
straight line segment. A face is a plane area 
bounded by at least one closed polygonal curve 
composed of edges. A cell is a volume bounded by 
at least one closed polyhedral surface composed of 
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faces. A rank from 0 to 3 equal to their dimension 
is assigned to nodes, edges, faces and cells 
respectively to create a hierarchy.  
A domain is described by its boundary. The 
boundary of a domain of rank n consists of 
domains of rank n-1. For example, the boundary 
of a cell consists of faces. The topology of a 
complex describes relations between its 
domains. For example, the topology specifies 
the edges of a cell. The geometry of a complex 
is specified with the global coordinates of its 
nodes and the rules for the shape interpolation 
between to nodes of the domains.  
 

 
Figure 2. Perspective of the linear complex for 

the room in figure 1 
 

The topology of a complex is unique. However, 
complexes with equal topology can have different 
geometries. For example, four nodes and four 
edges can form the boundary of a rectangular face. 
If the coordinates of two adjacent nodes are 
interchanged, the topology does not change, but 
two edges intersect at internal points such that 
they no longer form the boundary of face.   
 
 
TOPOLOGICAL TABLES OF A 
COMPLEX 
 
The complex, which is shown graphically in 
figure 2, is described alphanumerically in a 
computer model. A unique name is assigned to 
each domain of the complex. The node objects are 
collected in a map using the node name as key and 
the three global node coordinates as value of an 

entry. The topology of the complex is described 
with 12 topological tables. The first column of a 
table contains all components of a given type D1 
in the complex, for example all faces. The other 
columns of the table contain objects of another 
type D2 in the complex, for example nodes. A row 
of the table contains the objects of type D2, which 
are in contact with an object of type D1. In the 
example, the table contains the nodes, which are 
in contact with a face of the complex. A 
topological table is named with the domain types 
D1 and D2, for example face-node-table. 
A complex contains 4 types of domains: nodes, 
edges, faces and cells, one of which is placed in the 
first column of a table. Once the type for the first 
column has been selected, there are three remaining 
types, one of which is entered in the other columns. 
Some tables have a constant number of domains 
per row, for example the edge-node-table, whereas 
the number varies for others, for example the face-
edge-table. The number of type combinations that 
can be formed for a table in this manner is 3*4. 
Figure 3 shows the 12 types of topological table 
arranged in matrix form.     
Entry Tkk in the matrix is the set of the domains 
of rank k. It is not a topological table. The 
entries below the diagonal are tables showing 
the domains of rank m<k, which are 
components of the domain of rank k, for 
example the nodes which are components of a 
face. The entries above the diagonal are tables 
showing the domains of rank m>k, which have a 
common domain of type Dk. For example, T13 is 
the edge-cell-table which contains the cells of 
the complex that have a common edge.  
 
 

CONSTRUCTION OF THE 
TOPOLOGICAL TABLES 
 
Objects that are instances of industry foundation 
classes IFC describe their own topology. The 
topological relationship to other objects of the 
model is specified explicitly in special cases 
such as a common face of two cells. In general, 
the overall topology is not specified explicitly. 
Additional implicit topological information 
must be derived from the relative location of the 
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objects. The concept of our project is to describe 
the topology of all elements of the complex 
explicitly in common topological tables. This 
approach demands an efficient algorithm for the 
construction of large topological tables. 
The topological tables in figure 3 are not 
independent. For example, the edge-node, face-
edge and cell-face tables together define the 
topology of the complex completely. They are 
called base tables. The other tables can be 
derived from the base tables. 
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Figure 3. Matrix of topological tables Tkm for 
linear complexes 

 
The base tables are specified by the user with a 
sequence of commands consisting of a key word 
node, edge, face or cell for the component type, 
followed by the name of the domain and a set of 
parameters. Each command defines one domain  
of the complex. The commands for a complex 
end with command do. The command sequence 
for the construction of the unit cube in figure 4 
is shown in figure 5.  

1n 2n

3n4n

5n 6n

7n8n

5f

6f
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3f

2f4f
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3e
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5e
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9e
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12e

 
Figure 4. Perspective of a unit cube 

Because the commands can be specified in 
arbitrary order, a command can contain objects 
that have not yet been defined. For example, the 
objects for the four edge objects in command 
face f2 (e2, e11, e6, e10) in figure 5 are not yet 
constructed.  
 
cell c1 (f1, f2, f3, f4, f5, f6) 
face f1  (e1, e10, e5, e9) 
face f2  (e2, e11, e6, e10) 
face   f3  (e4, e11, e7, e12) 
face f4  (e2, e12, e8, e9) 
face f5  (e1, e2, e3, e4) 
face f6  (e5, e6, e7, e9) 
edge e1 (n1, n2) 
edge e2 (n2, n3) 
edge e3 (n3, n4) 
edge e4 (n4, n1) 
edge e5 (n5, n6) 
edge e6 (n6, n7) 
edge e7 (n7, n8) 
edge e8 (n5, n8) 
edge e9 (n1, n5) 
edge e10 (n2, n6) 
edge e11 (n3, n7) 
edge e12 (n4, n8) 
node n1 (0.0, 0.0, 0.0) 
node n2 (0.0, 1.0, 0.0) 
node n3 (0.0, 1.0, 1.0) 
node n4 (0.0, 0.0, 1.0) 
node n5 (1.0, 0.0, 0.0) 
node n6 (1.0, 1.0, 0.0) 
node n7 (1.0, 1.0, 1.0) 
node n8 (1.0, 0.0, 1.0) 
do 

Figure 5. Commands for a unit cube 
 
When command face is interpreted, a persistent 
Face object is constructed and its edge attributes 
a persistent Face object is constructed and its 
edge attributes are set to null. The face is 
entered in a face map with the face name as key 
and the reference of the Face object as value. 
The names of the edges and the reference of the 
persistent Face object are stored in a transient 
shadow edge object. When command do is 
reached, all persistent objects of the complex 
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have been constructed and entered in the map. 
The set of shadow objects is traversed. The 
names of the edges are used to read the 
references of the persistent Edge objects in the 
map, which are then stored in the persistent 
Face object. After command do has been 
executed, the independent topological tables 
exist on the data base.   
For navigation in the complex, the other 
topological tables in the matrix in figure 3 must 
be constructed. An efficient algorithm has been 
developed to derive the dependent tables form 
the specified independent tables as follows. 
Because any object of class Edge, Face or Cell 
refers only to the objects describing domains of 
the next lower rank, the 12 tables can be 
constructed in four nested loops. The algorithm, 
which is used to add an element to a map, must 
automatically suppress multiple entries of the 
same object. The following operations are 
performed in the loops:  
1.  Loop over the cells c of the complex.  
2. Loop over the faces f of cell c.  
 add face f to the cell-face map with key c 
 add cell c to the face-cell map with key f  

3.  Loop over the edges e of face f of cell c 
 add edge e to the cell-edge map with key c 
 add edge e to the face-edge map with key f 
 add face f to the edge-face map with key e 
 add cell c to the edge-cell map with key e 

4.  Loop over the nodes n of edge e of face f of 
 cell c 
 add node n to the cell-node map with key c 
 add node n to the face-node map with key f 
 add node n to the edge-node map with key e 

 add cell c to the node-cell map with key n 
 add face f to the node-face map with key n 
 add edge e to the node-edge map with key n 

The innermost loop 4 can be avoided by 
arranging the six add-operations in a method 
with node n as parameter, and invoking the 
method twice in loop 3 to treat the two nodes of 
the current edge. The outer loop over the cells 
constructs the cell-face and the face-cell tables. 
The first nested loop over the faces constructs 
the cell-edge, face-edge, edge-cell and edge-
face tables. The second nested loop constructs 
the remaining tables. As an example, the 
topological tables for the unit cube in figure 4 
are presented in tables 1 to 4. 
The complexity of the table construction 
algorithm is determined by counting the number 
of add-operations for the tables:  
 Loop 1 is performed Nc times, where Nc is 

the number of cells in the complex 
 Loop 2 is performed Nf times per cycle of 

loop 1, where Nf is the average number of 
faces per cell. The total number of traversals 
of loop 2 is Nc Nf. Two domains are added 
per cycle.  

 Loop 3 is performed Ne times per cycle of 
loop 2, where Ne is the average number of 
edges per face. The total number of 
traversals of loop 3 is Nc Nf Ne. Four 
domains are added per cycle.  

 Loop 4 is performed twice per cycle of loop 
3, where 2 is the number of nodes per edge. 
The total number of traversals of loop 4 is 
2 Nc Nf Ne. Six domains are added per cycle. 

 

 
Table 1. Node-edge, Node-face and Node-cell Tables 

node edges faces cells 
n1 e1, e4, e9 f1, f4, f5 c1 
n2 e1, e2, e10 f1, f2, f5 c1 
n3 e2, e3, e11 f2, f3, f5 c1 
n4 e3, e4, e12 f3, f4, f5 c1 
n5 e5, e8, e9 f1, f4, f6 c1 
n6 e5, e6, e10 f1, f2, f6 c1 
n7 e6, e7, e11 f2, f3, f6 c1 
n8 e7, e8, e12 f3, f4, f6 c1 
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      Table 2. Edge-node, edge-face and edge-cell tables 
edge nodes faces cells 
e1 n1, n2 f1, f5 c1 
e2 n2, n3 f2, f5 c1 
e3 n3, n4 f3, f5 c1 
e4 n1, n4 f4, f5 c1 
e5 n5, n6 f1, f6 c1 
e6 n6, n7 f2, f6 c1 
e7 n7, n8 f3, f6 c1 
e8 n5, n8 f4, f6 c1 
e9 n1, n5 f1, f4 c1 
e10 n2, n6 f1, f2 c1 
e11 n3, n7 f2, f3 c1 
e12 n4, n8 f3, f4 c1 

 
      Table 3. Face-node, face-edge, face-cell tables 

face nodes edges cells 

f1 n1, n2, n5, n6 e1, e5, e9, e10 c1 

f2 n2, n3, n6, n7 e2, e6, e10, e11 c1 

f3 n3, n4, n7, n8 e3, e7, e11, e12 c1 

f4 n1, n4, n5, n8 e4, e8, e9, e12 c1 

f5 n1, n2, n3, n4 e1, e2, e3, e4 c1 

f6 n5, n6, n7, n8 e5, e6, e7, e8 c1 

 
      Table 4. Cell-node, cell-edge, cell-face tables 

cell nodes edges faces 
c1 n1, n2, n3, n4, n5, n6, n7, n8 e1, e2, e3, e4, e5, e6, e7, e8, 

e9, e10, e11, e12 
f1, f2, f3, f4, f5, f6 

The total number Nt of add-operations for the 
construction of the topological tables is:  
 

= 2 + 4 + 12

16                             (1) 
 
Usually the average number of cells per face Nf  

and the average number of edges per face Ne are 
independent of the size of a complex. The 
complexity of the algorithm then is O(Nc), 
which is highly efficient. 
 
 

MODIFICATION OF LINEAR 
 COMPLEXES 
 
Engineering design proceeds in cycles of work 
steps, during which a complex changes 
continuously. Three types of modification occur 
in a design cycle: 
 addition of new domains 
 removal of old domains 
 modification of attributes of old domains. 

The identification of the old values of type D2, 
which must be removed in the topological tables 
due to a modification, requires extensive 
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searches. It is more efficient to group the 
commands of a modification and to construct 
new tables for the modified complex defined by 
the command group. This concept is followed in 
the project.    
An additional command type remove nameset is 
defined for the removal of domains. The entries 
for the objects in the set are removed from the 
base tables. The existing command types node, 
edge, face and cell are used to add new domains 
to the base tables and to construct their 
persistent objects as before. The same command 
types are used to modify the attributes of old 
domains whose entries in the base tables already 
exist. The attributes of these domains are 
modified in their persistent objects. When 
command do is executed, the modified base 
tables are used as input stream for the 
construction algorithm described in section 4. 
The complexity for a modification group equals 
the complexity of the construction of the initial 
topological tables. 
Figure 6 shows a modified unit cube. Figure 7 
shows the command group for the modification 
of the unit cube. Node n6 is removed. Edges e5, 
e6 and e10 as well as faces f1, f2 and f6 are 
modified. Nodes n9 to n15, edges e13 to e21 and 
faces f7 to f9 are new.  
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12n 11n

14n 15n
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Figure 6. Perspective of the modified unit cube 

 
Cell c1 is modified. The constructed tables are 
similar to those shown for the unit cube in tables 
1 to 4. 
 

remove node n6  
edge e5 (n5, n13) 
edge e6 (n7, n15 
edge e10 (n2, n10) 
face f1 (e1, e10, e13, e17, e5, e9) 
face f2 (e2, e11, e6, e19, e14, e10 
face f6 (e5, e20, e21, e6, e7, e8) 
node n9 (0.5, 0.5, 0.0) 
node n10 (0.5, 1.0, 0.0) 
node n11 (0.5, 1.0, 0.5) 
node n12 (0.5, 0.5, 0.5) 
node n13 (1.0, 0.5, 0.0) 
node n14 (1.0, 0.5, 0.5) 
node n15 (1.0, 1.0, 0.5) 
edge e13 (n9, n10) 
edge e14 (n10, n11) 
edge e15 (n11, n12) 
edge e16 (n12, n9) 
edge e17 (n9, n13) 
edge  e18 (n12, n14)  
edge e19 (n11, n15)  
edge  e20 (n13, n14) 
edge e21 (n14, n15) 
face f7 (e13, e14, e15, e16) 
face  f8 (e16, e17, e18, e20) 
face f9 (e15, e18, e19, e21) 
cell c1 (f1, f2, f3, f4, f5, f6, f7, f8, f9) 
do 

Figure 7. Commands for the modification 
 
 
CONCLUSIONS 
 
The investigation has shown that topological 
tables can be constructed efficiently for linear 
complexes representing entire buildings. The 
necessity to combine the individual topology of 
a large set of standardized building components 
in the model is thus eliminated. The complexity 
of the table construction algorithm developed in 
the project is linear in the number of cells and 
thus very efficient. Topological tables for 
modified complexes are constructed with the 
same algorithm as the tables for the initial 
complex.  
Topological tables do not make all of the 
properties of an original explicit in the model. 
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The closed polygonal curves of the boundaries 
of faces and the closed polyhedral surfaces of 
the boundaries of cells are not specified 
explicitly in the tables. Faces and cells therefore 
cannot be oriented in the tables. As a result, 
topological tables do not show explicitly 
whether the bounded or the unbounded area 
defined by a closed curve in a plane is the 
interior of the face. Similarly, the tables do not 
show explicitly whether the bounded or the 
unbounded volume defined by a closed surface 
is the interior of a cell. Due to these 
deficiencies, it is not possible to differentiate 
explicitly between simply and multiply 
connected faces and cells of complexes. Other 
topics for further research are the robustness of 
the algorithms for complexes, unbounded 
domains for complete models of the 
environment of buildings and handling of 
concave domains without the necessity for 
convex triangulation. These topics are being 
investigated in an associated research project. 
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DINAMIC FORCES IN THE ECCENTRICALLY COMPRESSED 
MEMBERS OF REINFORCED CONCRETE FRAMES UNDER 

ACCIDENTAL IMPACTS 
 

Sergey Yu. Savin 1, Natalia V. Fedorova 1, Vitaly I. Kolchunov 1,2 
1National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 

2Southwest state university, Kursk, RUSSIA 
 

Abstract: Interest to solving scientific problems related to the evaluation of facilities' resistance and its 
protection against progressive collapse increases and attracts more and more attention of specialists in the field 
of structural analysis and design. Therefore, the article presents the results of a computational analysis of 
dynamic forces in eccentrically compressed reinforced concrete members of structures under accidental impact 
such as sudden removal of a load bearing member. Using relations for specific deformation energy and 
integrating it through the cross-section area, the analytical expressions for dynamic strains and curvatures have 
been obtained for physically and structurally nonlinear RC frame members under eccentric compression. These 
expressions in some cases allow symbolic solution, for example, in MathCAD software. In contrary, it can be 
solved with the approximate iterative method. To assess the reliability and effectiveness of the proposed quasi-
static method, the analysis of the cast-in-situ reinforced concrete frame resistance to progressive collapse has 
been performed. The article also provides comparison of the simulation results of the nonlinear quasi-static 
analysis and the nonlinear dynamic time-history analysis. 

 
Keywords: reinforced concrete, eccentric compression, accidental impacts, energy dissipation, dynamic effect, 

quasi-static analysis 
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INTRODUCTION 
 
Interest to solving scientific problems related to 

collapse resistance under special impacts 
increases and attracts more and more attention 
of specialists in the field of structural design and 
analysis as evidenced by the number of research 
articles published over the past two decades. In 
many countries including Russia, the theoretical 
[1-8] and experimental [9-14] studies have been 
performed that became the basis for 
development and introduction of new regulatory 
documents for the facilities' protection against 
progressive collapse under accidental impacts 
[15-18]. Currently, the most complex and 
debatable question in the considered field is the 
assessment of the dynamic effects in structural 
systems during forces' redistribution through the 
alternate load paths, when accidental impact 
occurred [20]. 
For the assessment of such a dynamic effect in 
composite nonlinear deformable bars under 
instantaneous structural transformation, G.A. 
Geniyev proposed energy approach [21, 22]. 
Later, V.I. Kolchunov, N.V. Fedorova, N.B. 
Androsova, P.A. Korenkov and etc. [22-26] 
developed this approach. Their papers provide 
solutions for uniaxial compression and tension, 
as well as in transverse bending. They obtain the 
upper limit values of the forces and the lower 
limits of deformations in absolute value. With 
regard to cases of a more complex stress-strain 
state, the assessment of dynamic effects during 
the instantaneous load bearing member removal 
requires integrating the expressions for the 
specific strain energy over the cross-section 
area. However, such an approach may be 
associated with some computational difficulties 
when constructing the energy expressions, 
especially for structures with inelastic second-
order effects. Therefore, we consider a 
simplified practical method for assessment the 
dynamic effects in physically nonlinear 

phenomenon of buckling in such members, the 

bending moment acting in cross-sections is a 
function of the axial force. In this case, the 
ultimate bending moment perceived by the 
cross-section also depend on the magnitude of 
the acting axial force. This leads to the fact that 
the moment vs. curvature interaction diagram of 
such element changes during loading. In 
addition, there is a decrease in the magnitude of 
the ultimate forces in flexible eccentrically 
compressed reinforced concrete members in 
comparison with those one for members of zero 
slenderness ratio, i.e., for the cross-section pure 
strength [29], that can be explained as inelastic 
second-order instability. These circumstances 
must be considered when constructing a 
simplified method for estimating the dynamic 
effects in eccentrically compressed members of 
frame structures under accidental actions. 
 
 
MATERIALS AND METHODS 
 
Let us consider an eccentrically compressed 
reinforced concrete element of unit length 
subjected to the external axial force Next and the 
bending moment Mext as Figure 1,a shows. 
Because of external forces, the internal forces 
arise in the element cross-sections: Nint = Next, 
Mint = Mext. For practical purposes, we neglect 
the increments of the axial force and bending 
moment along the unit length of the bar under 
consideration since its size dL is sufficiently 
small. 
Considering the strain diagram in Figure 1,b, 
the internal axial force acting in the cross-

 
 

= = , = ,  
 
where  is the average strain value within the 
cross-section, Eb is the tangent modulus of 
elasticity of normal weight concrete at a stress 
of = 0 and at 28 days; Ab,red is the reduced 
cross sectional area. It should be noted, that 
Ab,red is the function of the axil force N. 
If we approximate the moment - curvature 
interaction diagram with the second order 
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polynomial, the internal bending moment can be 
obtained from Eq.  
 

= 1
2

= , 2  

where  is the curvature of the deformed cross-
section, BM0 = EbJb,red is the initial or 
undeformed bending stiffness, 0 is the 
curvature corresponding the ultimate moment 
Mult as Figure 1,d shows. 
 

 
Figure 1. Eccentrically compressed reinforced concrete element: a) design scheme; b) strain 

diagram; c) normal stresses' diagram; d) scheme of the axial forces vs. strain diagram; e) moment 
vs. curvature diagram 

 
In the first approximation, we find the curvature 

0 using the expression for the ultimate bending 
moment of an eccentrically compressed 
element, according to SP 63.13330: 
 

=
0.8

,  

where b2 is the ultimate compressive strain in 
concrete, x is the neutral axis depth for 
rectangular compressive stresses diagram in 
concrete in accordance with 8.1.14 SP63.13330: 
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=
+

1 +
1

+
2
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  > .

  

 

adopt characteristic strength of materials in 
regard with SP 385.132580 requirements for a 
special limit state criterion. Characteristic 
compressive strength of steel reinforcement Rsc,n 
corresponds to strain s = 0.0035 which is 
restricted by ultimate compressive strain in 
concrete.  = x/h0 is the relative depth of the 
neutral axis, R is the boundary relative depth of 
the neutral axis. 

reflects the ratio between the depth of the 
neutral axis for the rectangular distribution of 
normal stresses in the compressed zone and the 
actual depth of the neutral axis. It should be 
replaced with 0.7 for concrete of compressive 

strength classes B70-B100. Popov D. [28] 
provides the values of this coefficient for 
corrosion-damaged reinforced concrete 
elements under dynamic loading. 
Following the approach proposed by G.A. 
Geniyev [20], we accept the principle of 
constancy of the total specific strain energy. In 
addition, we introduced the assumption that this 
principle meets to compression and bending 
separately with an enough accuracy for practical 
purposes. As a result, we obtain a system of 
equations in which the first one can be resolved 
with respect to the strain , , and the second 

one resolved with respect to the strain ,  

and curvature , : 

 

, , =  , , , ;

, , =  , , , ,
 

 

 
where ,  is the specific strain energy for 
uniaxial dynamic compression caused by 
sudden load bearing structural member removal 
and determined : 
 

, =
2

=

,

 

=
, ,

2
1

,

3
. 

6  

 
,  is the specific strain energy for uniaxial 

compression with service load before sudden 
load bearing structural member removal and 
determined from Eq.  
 

, =
2

=

,

 

=
, ,

2
1

,

3
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,  is the specific flexure energy for 
uniaxial dynamic compression caused by 
sudden load bearing structural member removal 
and determined from Eq.  
 

, =
2

,

 

=
, ,

2
1

,

3 , ,

. 

8  
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,  is the specific flexure energy for 
uniaxial compression with service load before 
sudden load bearing structural member removal 
and determined from Eq.  
 

, =
2

=

,

 

=
, ,

2
1

,

3 , ,

. 

9  

, , ,  is the specific work under 
compression after the sudden load bearing 
structural member removal, 

, , ,  is the specific work 
under flexure after the sudden load bearing 
structural member removal. 
The Eqs. allow determining 
geometric parameters for the above mentioned 
relation: 

 
 

, = 1
2

.

.

+ + , 
10  

Where 
 

= + , 

 
 

, = 1
2

.

.

(0. ) + (0. ),  

. . =
,

,

,  

, = 1
2

. . .

. . .

+ 0. + . .

+ 0. . . . 

 

 
Eqs.   apply the following symbols: 
y is the current depth from geometrical cross 
sectional gravity center in Eqs. and 
from physical cross sectional gravity center in 
Eq.  

 is the compressive strain in concrete at the 
ultimate compressive stresses  = Rb,n; 
Es1, Es2 are moduli of deformation for 
reinforcement steel in tension and in 
compression at current strain values in 
accordance with stress vs. strain curve; 
As, A’s are the cross sectional areas of 
reinforcement steel in tension and in 
compression respectively; 
b is the cross-sectional width out of bending 
moment plane; 

h is the overall cross-sectional depth in the 
bending plane; 
a, a’ are the distances from gravity centers of 
reinforcement in tension and compression 
respectively to the concrete surfaces; 
Sb,red is first moment of area for reduced cross-
section measured from geometrical gravity 
center; 
yg.c. is the distance between geometrical and 
physical gravity centers of the cross-section 
when the positive direction is to the most 
compressed face; 
Jb,red is the moment of inertia of the reduced 
cross-section with respect to physical gravity 
center. 
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mathematical operations, the first equation of 
-oreder 

polynomial with respect to ( , ) that is the 
average cross-sectional strain under dynamic 

 
 

( , ) 12 ( , ) 6
+

4
+

6
+

6
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+

2
+

2
, ( , ) + 

+ , , , +
, ( , ) , ,

6
= 0. 

15  

 

symbolic form, for example, in the MathCAD 
Software. However, as a rule, it is more 
convenient to find its solution using one of the 

approximate methods. In this case, the solution 
should correspond to the physical essence of the 

: 

 
( , ) > ( , ),  ( , ) > ( , );

( , ) < ( , ),  ( , ) < ( , ),
 

1  

 
and provides the minimum value of the strain 
energy among all physically feasible solutions. 

( , ), we obtain a 7th-

order polynomial with respect to ,  that is 
the curvature of an eccentrically compressed 
element from the axis passes through the 
physical gravity center: 

 
 

( , ) + ( , ) + ( , ) + ( , ) + ( , ) + ( , ) + 
+ ( , ) + = 0, 

1  

 
where a1, a2 a8 are the constants determined 
from the Eqs. – for given stress-strain 
state of the primary and secondary design 
schemes under static loading. 

found approximately using the MathCAD 
Software. In this case, the obtained solution 
should satisfy to the physical essence of the 

 
 

( , ) > ( , ),  ( , ) > ( , );

( , ) < ( , ),  ( , ) < ( , ),
 

1  

 
and provides the minimum value of the strain 
energy among all physically feasible solutions. 
If we know the average cross-sectional strain 

( , ) and the curvature ,  relative to the 
physical gravity center of the cross-section under 
dynamic loading, then it is easy to determine the 
stress - strain state at any point of the cross-section 

limit state in accordance with SP 385.132580. 

acting in the cross-section. 
 
 
RESULTS 
 
To evaluate the proposed method, we carried 
out analysis resistance to progressive collapse of 
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the 5-

the B-1 axes failured. The spans of the frame 
are 6 m, the floors' height is 3.3 m. The frame 
material is concrete of B30 compressive class. 
The cross-sectional dimensions of the columns 

Figure 2,b
Figure 2,c,d

A500 was adopted as a longitudinal 
reinforcement steel bar, and stirrups were made 

of A240 reinforcement steel. Reinforcement 
parameters have been choosen in accordance 
with design requirements of SP 63.13330 and 
result of structural analysis for combination of 
characteristic loads according to SP 20.13330 
that included death and long-term loads, short-
term loads on floors with a characteristic value 
of 1.5 kN/m2, snow load with a characteristic 
value of 1.5 kN/ m2, wind load for I wind 
region, terrain type A.  

 
             

 
 

M, kNm      N, kN 

 
Figure 2. 5-storey reinforced concrete frame: a) primary design scheme; b) cross-section and 

reinforcement scheme of the columns; c) the same for the supporting sections of the girders; d) the 
same for girders in the middle of the span, e) the results of a nonlinear dynamic analysis for 
elements adjacent to the area of initial local failure for the time t = 0.18 s after the impact 

 
We performed the assessment of the frame 
stress-strain state according to the primary and 
secondary design schemes [7] after decay of 
oscillations using nonlinear quasi-static 
analysis. To assess the reliability of the 
proposed method, we additionally perform a 
nonlinear dynamic time-history analysis of the 
frame. Using modal analysis for secondary 

design scheme of the reinforced concrete frame 

0.97s for the lower mode which is most similar 
to the assumed deformed state of the frame after 
accidental impact. Thus, the time of 
redistribution of the reaction of the removed 
column was accepted t = 0.1T = 0.097 s. For 
comparison, the upper cross-section of the 
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column on the first floor in the B-2 axes was 
chosen. 
Table 1 provides the computation results of the 
analysis according to the proposed nonlinear 

quasi-static and dynamic time-history method. 
In addition, it provides a comparison of the 
obtained dynamic amplification factors kd and 
coefficients of dynamic overloading d. 

 
Table 1. Comparison of the computation results for nonlinear quasi-static 

and dynamic time-history analysis 
Parameter Units Quasi-static analysis Dynamic time-

history analysis 
Difference, % 

Initial data 
Ns,n kN 333 333 - 
av,s,n - 0.118·10-3 0.118·10-3 - 
Ms,n kNm 0.794 0.794 - 
av,s,n m-1 3.3·10-5 3.3·10-5 - 

Ns,n-1 kN 597.3 597.3 - 
Ms,n-1 kNm 30.4 30.4 - 

Computation results for dynamic effects 
Nd,n-1 kN 882 690 27.8 
av,d,n-1  0.29·10-3 0.25·10-3 16 
Md,n-1 kNm 72.5 51.4 41 
av,d,n-1 m-1 3·10-3 2.59·10-3 15.8 

, =
,

,

 - 1.48 1.15 - 

, =
,

,

 - 2.38 1.69 - 

, =
,

,

 - 2.65 2.07 - 

, =
,

,

 - 91.31 64.74 - 

 
 

DISCUSSION 
 
Analysis of the data presented in Table 1 
indicates that the average cross-sectional strain 
according to the proposed method is of 16% 
higher than the value by nonlinear dynamic 
analysis. Curvatures shows the difference of 
15.8%. However, difference between dynamic 
axial force and bending moment increase to 
27.8% and 41% respectively. This indicates a 
significant influence of the form of stress vs. 
strain curve. The 2nd order polynomial 
approximation was adopted in the proposed 
method, the approximation of the concrete state 
diagram by a parabola was used. And the 

nonlinear dynamic analyses applied the 
exponential approximation of the piece-wise 
linear diagram. Also, the discrepancy is due to 
the fact that the dynamic analysis has been 
performed for certain time, when the proposed 
method corresponds to instantaneous impact. At 
the same time, the excess of the stress-strain 
state parameters for proposed method provides 
the additional margin of safety of the bearing 
element. Besides, it allows assessing the special 
limit state of the reinforced concrete structures 
using the results of nonlinear static analysis for 
the primary and secondary design schemes 
eliminating nonlinear dynamic analysis. This is 
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especially useful when one conducts structural 
analysis for the complex structural systems. 
 
 
CONCLUSION 
 
1. The article provides an approach based on 
energy relations that allows assessing the 
bearing capacity of eccentrically compressed 
physically nonlinear structural elements under 
accidental impacts caused by sudden failure of a 
structural member of the facility. The approach 
uses the results of a nonlinear quasi-static 
analysis according to the primary and secondary 
design schemes and eliminate nonlinear 
dynamic time-history analysis. 
2. Structural analysis of 5-storey reinforced 
concrete frame for progressive collapse 
resistance shows that the difference between the 
computational results according to the proposed 
method and the nonlinear dynamic analysis does 
not exceed 16% for average strains and 
curvatures and 41% for internal forces. This 
discrepancy provides the addition margin of 
safety. 
3. The revealed discrepancy between the 
computational results is due to the fact that the 
dynamic analysis has been performed for certain 
time, when the proposed method corresponds to 
instantaneous impact, as well as various 
approximation of stress vs. strain and moment 
vs. curvature curves adopted in the methods 
considered in the article. 
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DYNAMIC MODEL OF BEAM DEFORMATION WITH 
CONSIDER NONLOCAL IN TIME ELASTIC PROPERTIES 

OF THE MATERIAL 
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Abstract: In this paper, the problem of numerical dynamic calculation of a beam made of composite material 
with a developed internal structure is considered.  The elastic properties are assumed to be nonlocal in time. A 
short review of the existing methods for mathematical modeling of the dynamic behavior of elements with a 
developed internal structure was carried out. A non-local in time model of dynamic deformation of a bending 
beam is constructed. Since the finite element analysis (FEA) is the most demanded numerical method for 
mechanical systems analysis, a non-local dynamic deformation model is integrated into the algorithm of this 
method. The equilibrium equation of the structure in motion is solved by an explicit scheme. The damping 
matrix is obtained from the condition of stationarity of the total deformation energy of a moving mechanical 
system. A one-dimensional non-local in time model was implemented in the MATLAB software package.  

 
Keywords: Nonlocal mechanics, nonlocal damping, numerical simulation, finite element method 
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INTRODUCTION 
 
The development of construction technologies 
and the gradual implementation of new 
composite and nano-materials with 

"controllable" physical characteristics in 
construction require the creation of appropriate 
mathematical models that allow to reliably 
describe the behavior of such materials, in 
particular under the dynamic load. 
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Generally, in order to obtain sufficient accuracy of 
the numerical calculation, three-dimensional finite 
element models are used to take into account the 
orthotropic properties of the material. However, 
these models are resource-intensive and difficult 
to form and analyze. For instance, as a result of 
computation, only the fields of the stress-strain 
state in elements and their nodes can be obtained 
as a result of 3D finite element modelling, which 
is not always sufficient for engineering analysis of 
the calculation results. As an alternative to 3D 
modeling the one dimensional elements can be 
used, constructed using reasonable mathematical 
hypotheses that allow to describe the characteristic 
properties of the material. The special hypotheses 
turn out to be necessary, since the frequently used 
classical viscoelastic models proposed in the 
works of W. Kelvin [1], J. Maxwell [2], J. 
Rayleigh [3], Voigt [4] no longer allow accurately 
model the behavior of materials with a complex 
internal structure. 
To simulate the dynamic behavior of structural 
elements made of composite materials, models 
based on the principles of non-local mechanics 
are applicable. Such models may include the 
models proposed in the works of A. Eringen and 
D. Edelen [5], D. Russell [6], Banks and Inman. 
[7], Lei [8] and V. D. Potapov [9]. 
 
 
NON-LOCAL DAMPING MODELS 
 
A wide class of non-local models applicable to 
describe the dynamic behavior of composite 
materials are non-local damping models. 
In the article [8] Y. Lei proposed a non-local 
damping model that takes into account the effects 
of time and spatial hysteresis. This model is used 
for dynamic analysis of structures consisting of 
Euler–Bernoulli beams and Kirchhoff plates. 
Unlike classic local damping models, the damping 
force in the non-local model is defined as a 
weighted average of the velocity field in the 
spatial domain determined by a kernel function 
based on distance measures. Also, the resulting 
equation of motion for beam or plate structures is 
a partial integro-differential equation, in contrast 

to the partial differential equation for the local 
damping model. Approximate solutions for 
complex eigenvalues and modes with nonlocal 
damping are obtained using the Galerkin method. 
Numerical examples demonstrate the 
effectiveness of the proposed method for beam 
and plate structures with simple boundary 
conditions, for non-local and inviscid damping 
models and various core functions. 
 

( , ) = ( , , ) ( , ) (1) 

( , ) = ( , , ) ( , ) (2) 

 
The equation of motion in this case is expressed 
as the following integro-differential equation in 
partial derivatives 
 

( )
( , )

+ ( )
( , )

+ ( , , )
( ,

 

+
( , , ) ( )

( , )

= ( , )

(3) 

 
Another solution of the problem of non-local 
damping was proposed in the article by          
Banks H.T., Inman D.J. [7], where various 
damping mechanisms are considered for a quasi-
isotropic pultruded composite beam. The 
approach used here is physical. The partial 
differential equation describes the transverse 
vibrations of a beam with a mass at the free end. 
All damping mechanisms considered in the article 
have an explicit physical basis, in contrast to the 
usual modal model. Four possible damping 
mechanisms are considered: one external and 
three internal. These include: viscous damping (air 
damping); internal damping depending on strain 
rates; spatial hysteresis; and time hysteresis. In 
addition, various combinations of these 
mechanisms are considered. 
These physical damping models are incorporated 
into the Euler-Bernoulli beam equation, with 
boundary conditions carefully formulated to be 
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compatible with different damping models. The 
resulting partial differential equation (in case of 
decaying time hysteresis) is approximated using 
cubic splines. Time histories of the measured 
experimental responses are then used to estimate 
the parameters of the models corresponding to the 
data using the method of least squares. The 
resulting least squares evaluations of various 
damping parameters are then used in a partial 
(integro-partial) differential equation for numerical 
simulation of the system response. This 
numerically generated time response of the system 
being evaluated is then compared with the actual 
data obtained experimentally. These comparisons 
allow several conclusions to be drawn regarding 
the physical damping mechanisms present in a 
composite beam. In particular, it is shown that the 
spatial hysteresis model in combination with the 
external damping model leads to the best fit to the 
experimental data. The article also notes that the 
proposed damping models cannot be successfully 
built using standard damping coefficients in 
fractions of the critical, since the traditional 
approach to modal analysis completely masks the 
physics of damping mechanisms. 
The solution for the non-local in space model of 
damping was made in the article [10]. It is shown 
that calibrated nonlocal model applied to one-
dimensional beam adequately approximate the 
results of the 3D numerical simulation. An 
alternative model with damping non-local in time 
was shown in the article [11]. In comparison to the 
model from [10] the nonlocal in time model is 
integrated into the FEA algorithm. 
 
 
MODELS OF ELASTIC MATERIAL 
PROPERTIES NON-LOCAL IN SPACE 
 
Historically, one of the first models of an elastic 
medium that cannot be described within the 
framework of the classical theory of elasticity is 
the Cosserat continuum (1909). However, for a 
long time the work of F. Cosserat remained 
unnoticed, and only starting from about 1958-60 
rr. generalized models of the Cosserat continuum 
began to be intensively developed. the theory of 

oriented media, asymmetric, moment, multipolar, 
micromorphic, etc. theories of elasticity have 
arisen. The equations of motion for the Cosserat 
model coincide with the equations of motion for a 
diatomic chain, and, therefore, in the (x, t)-
representation they have the form 
 

+ =  
(4) 

+ =  
 
here u is the transverse displacement, n is the 
microrotation,  is the density of the 
corresponding micromoments, l is the density of 
the moments of inertia of the particles. The 
remaining quantities have the same meaning as 
in the case of a diatomic chain 
Early ideas of non-local elasticity go back to the 
pioneering work of Kroner [12], Kunin [13], 
Krumhansl [14]. Improved formulations were 
then presented in Edelen and Laws [15] and 
Eringen [16, 17, 18]. Eringen model of a 
nonlocal elasticity is constructed by integration 
of an integral member to the Hook`s law: 
 

( , ) = (| `|) ( `) `, (5) 

 
The stress field at a point x in an elastic continuum 
not only depends on the strain field at the point but 
also on strains at all other points of the body. 
The Eringen model of non-local elastic material 
was further developed in works of A.A. Pisano 
[19]. The article solved the problem of stretching 
of a bar of finite length, to both ends of which 
longitudinal forces are applied. This integral-type 
relation contains a non-local damping function 
designed to capture the process of diffusion of 
non-local effects. This article is devoted to finding 
an exact solution to a simple mechanical problem. 
The solution of this problem is obtained through 
the transformation of the second kind Fredholm 
integral equation, which determines the problem, 
into two second kind Volterra integral equations. 
As a result, an exact solution in terms of strains 
for a non-local elastic rod is obtained. 
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The article [9] of V.D. Potapov is devoted to the 
study of the stability of an infinitely long rod lying 
on an elastic foundation and under the action of a 
constant or periodically changing longitudinal 
force. The rod material used in the calculations is 
characterized by non-local viscoelastic properties. 
The influence of the parameters characterizing the 
nonlocality of the viscoelastic properties of the 
material, as well as the parameters of the load on 
the buckling and stability of the rod, is analysed. 
The article assumes that the relationship between 

form: 
 

 ( , ) = (| `|)(1 R) ( , `) `, (6) 

 
where (| `|) is the kernel of non-local 
viscosity along the coordinate, E is the modulus 
of elasticity, R is the integral viscoelasticity 
operator:  
 

R ( , `) = ( ) ( , `)  (7) 

 
( , )  – – time, x, x` 

– coordinates measured along the rod axis. 
It is obvious that, in addition to nonlocality in 
space, the material considered in the article has the 
property of memory, since the kernel ( , ) 
makes it possible to take into account the deformed 
states of the system over the entire loading history. 
 
 
THE MODEL OF ELASTIC PROPERTIES 
OF A MATERIAL IS NON-LOCAL IN 
TIME 
 
The article [11] shows that a nonlocal in time 
model of the dissipative properties of the material 
can be relatively easily integrated into the FEA 
algorithm. Therefore, the nonlocal model of the 
elastic properties of the material considered in this 
work was also implemented in relation to the 
FEA. Hence, after the calibration such model can 
be used in solving of applied dynamic problems. 

For the model presented in [9], the lower limit of 
integration over the time domain was taken equal 
to minus infinity. Strictly speaking, this is 
mathematically correct, but physically, any system 
manifests itself for a finite period of time. Yu.N. 
Rabotnov in [20] notes that the beginning of the 
real existence of the system has to be chosen as a 
lower limit. Therefore, in the following equations 
the initial moment of the oscillatory process t=0 
was used as the lower limit of integration. 
 
 
DYNAMIC MODEL OF BENDING BEAM 
DEFORMATION WITH CONSIDERING 
NON-LOCAL IN TIME ELASTIC 
PROPERTIES OF THE MATERIAL 
 
Considering the above a nonlocal in time model 
of the elastic properties of the material can be 
effectively used for modeling of the composite 
elements dynamic behavior. In this paper it is 
assumed that the elastic forces in the structure 
depend not only on the displacement values at 
the current time, but also on the previous time 
history of deformation of the structure. 
Moreover, the greater the time interval between 
two moments of time, the less is the influence 
that one of them has on the other. In the other 
words, the memory is considered to be fading. 
Further calculations were carried out in the 
MATLAB software package. As a numerical 
example a 10-meter beam with fixed ends was 
modeled. The beam material is pultruded 
fiberglass. The Young's modulus of this material 
in the longitudinal direction is equal to 28 GPa. 
The beam cross section is rectangular: 0.3m 
high and 0.2m wide. The coefficient of relative 
damping of the material is assumed to be 0.015. 
The beam is loaded with an instantaneously 
applied and uniformly distributed load. 
In the FEA algorithm, the equilibrium equation 
for a structure deformed in motion is 
represented as [21]: 
 

( ) + ( ) + ( ) = ( ) (8) 
 

Taking into account the elastic properties 
nonlocal in time, this expression takes the form: 
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( ) + ( ) + 

+ ( ) ( ) = ( ) (9) 

Here ( ) is the kernel of the elasticity 
operator used in this work. This function describes 
the decrease in the influence of the past history of 
dynamic deformation of the element on the 
current value of elastic forces in the system. In this 
case, the normalization condition is satisfied: 
 

( ) = 1 (10) 

 
For numerical calculations, the error function 
was used as the memory core, which, subject to 
the normalization condition, takes the form: 
 

( ) =
2

( )  (11) 

 
parameter characterizing the scale of 

nonlocality of elastic forces in time. The small 
parameter conforms to the highly nonlocal 
properties of the material. 
For the numerical solution of the equation of 
dynamic equilibrium, the method of central 
differences was used. When converting equation 
(2) into a computational scheme using the 
method of central differences, the equation of 
motion takes the form: 
 

1
( 2 + ) + 

+
1

2
( ) + =  

(12) 

 
where  – is a discrete analogue of the integral 

kernel ( )  
 

=
2

. (13) 

 

The computational scheme for the sequential 
step-by-step calculation of  through the 
vectors  and , which are calculated in the 
previous steps, is based on (12)  
 

1
+

1

2
+

2
 

+
1 1

2
+ 

+ K = . 

(14) 

 
We set in (14): 
 

=
1

+
1

,     

 =
2

,   

=
1 1

,          

= .   

(15) 

 
The final scheme for a step-by-step solution in 
time of the discrete equation of motion (9) using 
the accepted model of deformation of a material 
with memory takes the form: 
 

=

. (16) 

 

At the first step, for i = 1, = 0  and = 0 
are taken as initial conditions. 
Further calculations were carried out in the 
MATLAB software package.  
 

 
Figure 1. Deflection history of a beam obtained 

using a model of elastic material properties 
nonlocal in time for different values of  
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As a result of the calculations, graphs of 
functions with different values of 
100, 250 and 500, were obtained. Analyzing 
these graphs, we can say that this parameter 
affects the amplitude of oscillations, but does 

in amplitude. Hence, higher deflection attitude 
corresponds to the higher level of nonlocality. 
 
 
CONCLUSION 
 
The article provides a brief overview of existing 
methods of mathematical modeling of the dynamic 
behavior of elements made of materials with a 
developed internal structure. A non-local model of 
deformation of a bending beam is constructed 
using the finite element method. The method of 
central differences was used for the numerical 

relationship between the scale parameter  and the 
amplitude of vibrations of the bent beam is shown. 
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CONCRETE DEFORMATION MODEL FOR RECONSTRUCTED 
REINFORCED CONCRETE 

 
Vladimir I. Travush 1, Vasily G. Murashkin 2 

1 Urban planning institute of residential and public buildings, Moscow, RUSSIA 
2  «Rieltstroy», Samara, RUSSIA 

 
Abstract: During the reconstruction, or upon expiration of the service life, as well as after external impact, 
reinforced concrete structures require examination and verification calculations. Existing diagrams of concrete 
deformation are focused on designing new structures and are not adapted to the concretes of the reconstructed 
structures. Using the world experience in describing alloy deformation, the concrete deformation model based on 
using the Arrhenius equation is proposed in this article. A technique for creating an individual deformations 
model during the reconstruction is demonstrated on a specific example. The physical meaning of the coefficients 
used in the proposed model is illustrated. Examples confirming the adequacy of the proposed concrete 
deformations model during the reconstruction are given. 

 
Keywords: stress-strain diagram of concrete, reconstruction, reinforced concrete, compressive strain 
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INTRODUCTION 
 
The number of structures that require inspection 
and verification calculations increases every 
year. One of the most modern and accurate 
calculation method is the diagram method. The 
basis of such method is a mathematically 
described dependence that relates strain to 
stress ( – ) [1]. There are a significant number 

of different proposals describing the 
dependence ( – ) [2], however all of them are 
focused on the design of new structures. This 
means that they are developed for a range of 
concrete characteristics that fall within the 
framework established by regulatory 
documents. During the long-term operation, 
concrete changes its deformation and strength 
characteristics, especially when it exposed to an 
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aggressive environment or high temperatures. 
For such concretes, the ratio between strength 
and deformability goes beyond the standard 
one. Therefore, the existing relations ( – ) 
require adjustment, which is impossible without 
additional labor-intensive scientific and 
experimental studies. 
 
 
METHOD 
 
There are a number of analytical descriptions of 
the –  curves for metals and alloys based on 
the well-known Arrhenius equation obtained to 
describe the kinetic processes occurring in 
gases: 
 

k=A e-Ea/  ,                      (1) 
 
where k is the constant for chemical reaction 
rate; = (   1/2) is the total number of 
molecular interactions; e is base of natural 
logarithm; Ea is the activation energy J/mol; R 
is the gas constant 8.31 J/mol T;  is the 
temperature measured in . 
Based on the well-known Arrhenius equation, 
Zeger [3] proposed a logarithmic dependence of 
the relationship between stresses, temperature 
and metal strain rate. Davidenkov, using the 
Arrhenius equation, obtained the relationship 
between the yield strength of the metal and the 
strain rate [4]. A number of researchers noted 
that the logarithmic dependences of strains and 
stresses are in good agreement with 
experimental data for aluminum [5] at room 
temperatures. 
Polukhin [5] proposed to use the Arrhenius 
equations in order to obtain the relationship 
between temperature, stresses and strains in 
metals. Besides, he applied a similar equation to 
determine the number of equilibria point defects 
in a metal, which allow consideration of 
microdefects in the material. 
Let us focuses on the features of the application 
of the Arrhenius equation for concrete, which is 
a more complex multicomponent and 

inhomogeneous material that has many more 
structural defects compared to metals. 
Taking into account the defects and microcracks 
in concrete, which close with increasing strains 
under load, and involve an increasing number of 
bonds, the coefficient A should obviously be a 
function of strains. 
For concrete, it can be taken in the form 
 

A = (   1/2 ) = a   b ,                (2) 
 
where a and b are the coefficients determined 
from boundary conditions;  is the strain.  
As in equation (1), coefficient a reflects the 
number of connections involved, i.e., actually 
reflects the strength properties of concrete. In 
the Arrhenius equation, the total number of 
bonds involved changes with temperature, 
which is typical for a gas. If there is no 
dependence of concrete strain on temperature, 
the variable T - was replaced by the variable  
similarly to the assumptions of Seger. Thus, the 
dependence of stresses on strain for concrete 
can be represented as: 
 

e p
b

ba)(    (3) 

 
The resulting expression (3) is recommended to 
be used to describe the dependence ( – ) of 
concrete during reconstruction. The values of 
the coefficients a and b are finded from the 
survey results. 
 
 
RESULTS AND DISCUSSION 
 
As an example, a diagram of a concrete 
specimen cut from a reinforced concrete girder 
of rectangular cross section of 400 x 200 mm 
have been constructed using the test results. 
Design reinforcement consisted of 3 bars of Ø28 
placed in one row (Rs=400MPa, Es=200 
103MPa). At the time of the survey, the 
structure had been under operation for over 30 
years. The maximum compressive stress in 
concrete during testing was 32 MPa, the strain 
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was 0.003. In addition, it was found that 
compressive stress in concrete of 6.4 MPa 
corresponded to strain of 0.0005. The 
expression (3) was written using the data 
established during the testing of the specimen: 
 

 e p
b

ba
003,0

6 003,01032           (4) 

e p
b

ba
0005,0

6 0005,0104,6         (5) 

 
Having solved equations (4) and (5) together, 
the values of the coefficients for expression (3) 
have been determined as follows: a = 2.958 1012 
and b = 1.679. The curve b( b) has been 
developed for the reduced values of these 
coefficients as illustrated in fig. 1. 

 

Figure 1. Concrete stress-strain diagrams for various values of the coefficient a 
 

Analysis of equation (3) shows that an increase 
in the coefficient a lead to a proportional change 
in the maximum stresses in the diagram. The 
curves 1( ), 3( ), 5( ) are plotted for the 
coefficients a increased in 1.1; 1.3 and 1.5 
times, respectively. As a result, the value of the 
maximum stresses in the diagram increased to 
35.2 MPa, 41.6 MPa, and 48 MPa, respectively. 
The strain value at the maximum stress did not 
change. 
Concrete is a heterogeneous material with pores 
and structural defects, which lead to a decrease 
in the angle of inclination of the tangent to the 
axis of strain at the initial stage of loading. This 
fact was demonstrated in the studies of many 
authors, including Berg [6]. The coefficient b of 
the proposed deformation model accounts the 
effects of the physical and mechanical 

properties of an inhomogeneous material with 
pores and structural defects. 
The effects of the coefficient b on the diagram 
are illustrated in fig. 2. The curves 1( ), 3( ), 

5( ) were constructed for the coefficients b 
increased in 1.1, 1.3, and 1.5 times, respectively, 
with simultaneous proportional correction of the 
coefficient a to the initial level of maximum 
stresses on the diagram. Such correction is 
necessary due to the fact that the coefficient b is 
also included in the first part of equation (3). 
Respectively, one numerically affects the 
reflection of the strength characteristic. This does 
not contradict the meaning of the coefficient b, 
since pores and structural defects affect the 
strength of the material. In this case, the 
correction was aimed to demonstrate the effect of  
the coefficient b. 
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Figure 2. Concrete stress-strain diagrams obtained for variable coefficient b 

 
The more structure defects in concrete, the 
faster destruction occurs under extreme loads. In 
such problems, it is often necessary to consider 
the descending branch. If there is a need to 
clarify the descending branch on the diagram, 
the coefficient c should be added to the 
analytical expression (3). Its physical meaning 
is similar to the coefficient b only on the 
outrageous section of the diagram. The 
coefficient c can be obtained from any point on 
the descending branch of the diagram when 
testing a specimen. 
This ensures correctness of the deformation 
graph in the most difficult area of the 
fracture: 
 

e p
c

ba)(  

 
The reliability of the expression (3) to relation 
( – ) was confirmed by studies that were 
published in [7] and [8]. The work [7] presents 
experimental studies confirming the adequacy 
of using expression (3) for concrete with a 
strength of 32 MPa after 30 years of operation. 
The paper [8] provides an analysis of the 

application of equation (3) for construction of a 
stress-strain diagram of concrete exposured to 
fire at temperatures of 400   and 600  , 
according to experimental data obtained by 
VNIIPO [9] and polymer concrete tested at 
Mordovian State University [10]. 
 
 
CONCLUSION 
 
Thus, the application of the proposed 
exponential relation in order to create a 
concrete deformation model allows 
approximation of a stress-strain curve ( – ) 
in a fairly simple expression with reflection 
of the main specific properties of concrete 
associated with an inhomogeneous structure, 
the presence of microcracks, pores and other 
microdefects. Besides, this is urgent in the 
case of reconstruction, when the strength 
and deformation properties of concrete are 
determined during the survey of structures. 
It allows construct a concrete deformation 
model based on a small number of test 
results directly for the reconstructed 
structure. 
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ANALYSIS OF THE DEGREE OF INFLUENCE OF INTERNAL 
AND EXTERNAL FACTORS ON THE TEMPERATURE REGIME 

OF A LOW-CEMENT CONCRETE DAM 
 

Nikolay A. Aniskin 1, Alexey A. Shaytanov 1, Mikhail M. Shaytanov 2 
1 National Research Moscow State University of Civil Engineering (MSUCE), Moscow, Russia  

2 Lengiprorechtrans design institute 
 

Abstract: In this paper, we consider the issue of assessing the degree of influence of the selected factors on the 
temperature regime and the thermally stressed state of a concrete gravity dam being built from low-cement 
concrete for several possible construction scenarios. The studies were carried out in relation to the design and 
conditions of the construction area of the Pskem hydroelectric complex in the Republic of Uzbekistan. Variation 
factors were: cement consumption in the mixture, the initial temperature of the concrete mixture, the heat release 
of cement, the thickness of the laid concrete layer, the month of commencement of work. The environmental 
factors were the variable ambient temperature during the year by months and the influence of solar radiation. The 
calculations were carried out taking into account the seasonality of the moment the construction of the structure 
began. 2 options were considered: autumn-winter with concreting of the zone at the base of the dam from 
September to February inclusive; spring-summer with concreting of this zone from March to August inclusive. 
In addition, options were considered taking into account additional heating from exposure to solar radiation and 
without it. The studies were carried out using the methodology of experiment planning in the search for optimal 
solutions (method of factor analysis). The numerical experiment was carried out on the basis of the finite element 
method using the ANSYS software package. Using the method of factor analysis, the influence of the main 
acting factors on the temperature regime of a gravity dam made of rolled concrete was studied. A variant of a 
combination of factors is proposed to obtain the most favorable temperature regime. Regression equations are 
obtained for predicting the temperature regime of concrete gravity dams being built from low-cement content 
concrete. The results of studies using the factor analysis technique can be used in the design of concrete dams 
from rolled concrete. 

 

Keywords: concrete gravity dam, low-cement content concrete, numerical studies, temperature regime, 
thermal stressed state, factorial analysis, experiment planning theory 
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INTRODUCTION 
 
Forecasting the temperature regime of a gravity 
dam made of rolled concrete during 
construction and operational periods is 
necessary at the design stage of the 
construction. The solution of this task is rather 
complicated due to numerous functioning and 
changing in time factors. The issues of 
predictive modelling of the temperature regime 
and thermally stressed state of gravity dams 
have been considered in a number of works in 
Russia as well as abroad [1-12]. In recent years 
there have been significant changes in solving 
this issue, connected with the development of 
massive concrete dams’ construction 
technologies as well as calculation methods 
allowing to take into account various acting 
factors. Nevertheless, temperature regime 
control and thermally stressed state of building 
remain topical today. This article represents 
results of a temperature regime and thermally 
stressed state of the gravity dam made of low-
cement rolled concrete. The analysis of degree 
of influence of selected factors on temperature 
regime and thermally stressed state of the dam 
is carried out using the method of factor 
analysis [13-14].  
Several possible scenarios for determination and 
evaluation of influence degree of various factor 
on stress-deformed state of the building. The 
calculations were carried out taking into account 
the seasonality of pouring concrete: starting in 
March and in September.  The effect of solar 
radiation on the temperature regime is 
considered in detail. The calculations are 

provided for two variants: taking into account 
additional heating of the surfaces of the 
constructed structure from the influence of the 
solar radiation and not taking these into account. 
The solution of the problems of determining the 
temperature regime and thermally stressed state 
of the considered variants was obtained using 
the ANSYS software package on the basis of 
the finite element method [15-21]. 
A mathematical model of the structure, which 
makes it possible to predict the temperature 
regime and the thermally stressed state of the 
structure, was obtained from the results of the 
research. The best and the worst variants of 
value combinations of the considered factors 
from the point of view of the temperature 
regime of the structure were determined. 
 
 

 METHODS 
 
1 Theoretical basis for solving the 
temperature problem 
Numerical modelling of the temperature 
nonstationary problem taking into account heat 
emission by hydration of the cement is based on 
the solution of the well-known equation of 
thermal conductivity theory [1-6]: 
 

2 ,
Tk T Q c    (1) 

 
where: T – temperature function, ; k – thermal 
conductivity of material, m2/s; c – material 
specific heat capacity, kJ/kg  ° ; – density of 
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material, kg/m3; Q – heat released during 
hydration, kJ/m3;  - time, days. 
The equation (1) can be written the following 
way:  
 

2 ,
k Q TT
c c

  (2) 

 
The amount of heat released in the hydration 
process is defined as:
 
   (3) 

 
where: C – cement consumption per cubic meter 
of concrete, kg/m3; E – maximum heat release 
of cement, kJ/kg). Thus, the solution of the 
temperature problem for a constructed concrete 
block with thermal insulation of surfaces is 
reduced to the solution of the basic differential 
equation of the theory of heat conduction with 
internal heat sources (2). A boundary condition 
of the 3rd kind (convective heat exchange) was 
considered as the limiting condition on the 
border of the structure.  
The heat release of cement was taken into 
account using the known dependence for the 
isothermal process (4) [8-9,12,18-19]:   
 

   (4) 

 
where:  coefficient of heat release rate (5): 

                                       
 (5) 

 
where: = 10 ,  coefficient of heat 

C [8-9,12,18-19,21]. 
 
 

OBJECT OF STUDY 
 
As the object of study, a concrete gravity dam 
with a height of 197 m made of rolled concrete 
was considered, designed for the Pskem 
hydroelectric complex (Republic of 
Uzbekistan), the site of which is located in the 
mountains of the Western Tien Shan. The 
average heights in the construction area there 
vary between 2 – 4 
from the source to the outlet.    
 

 Climatic conditions of construction area 
of the facility 
The climate of the construction area is 
characterized by an average annual air 
temperature of 9, -term 
air temperature of the coldest month falls on 
January – minus 3, – on 
August – plus 24,
average monthly temperatures throughout the 
year is presented in Table 1 and Figure 1 
(curve without solar radiation). The data were 
obtained for the observation period from 1938 

 

                
Table 1. Average monthly and average annual temperatures in the area of the object 

 

Characteristic I II III IV V VI VII VII
I IX X XI XII Avg. 

year 
Average 
monthly 

temperature  
-  -           -1,1 9,5 

Concrete 
surface 

temperature 
taking into 

account solar  
radiation, º  

3,5  18,1 29,6 33,5 36,2 41,2  35,4 25,8 13,4 5,9 23,5 
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The climate in the dam site area is characterized 
by a large number of sunny days in the year – 

as one of the factors influencing the formation 
of temperature regime of the construction.  
The issue of solar radiation effect on the 
temperature regime of concrete dams in 
construction and operational periods and the 
development of a methodology for accounting 
for this effect has received relatively little 
attention to date. The works of domestic 
researchers [1,5-6,8-9,12] contain a number of 
indications on the need to take into account 
solar radiation when calculating the 
temperature regime of concrete constructions. 
The usual approach, used in hydrotechnical 
practice is usually to increase the temperature 
on the construction surface exposed to 
sunlight using the dependence [22-24]:  
 

                   (6) 
 
where t  – air temperature, R – amount of 
radiant hear absorbed by a unit surface per unit 
time; n – coefficient of heat transfer at the 
contact of the structure with air. 

For the climatic conditions in Russia the 
average daily value of the surface temperature 
due to solar radiation n varies within (4-
° 22-24]. 
The papers [22-24] propose to use some average 
parameters of thermal heating from solar 
radiation S0, /( ) depending on the 
latitude of the considered point of the Earth and 
the month of the year, obtained on the basis of 
meteorological observation data. 
The value of heating from solar radiation for a 
day with variable cloudiness can be determined 
from the dependence: 
            

                (7) 
 
where S – the amount of solar radiation heat on 
a day with variable cloudiness; S0 - the amount 
of heat of solar radiation on a sunny day; n – the 
cloudiness coefficient; k1 – coefficient taking 
into account the latitude. 
One of the first objects where much attention 
was paid to the study of the solar radiation 
influence was the high concrete dam of the 
Toktogul hydroelectric power station in the 
Republic of Kyrgyzstan, where the summer 
period is characterized by high solar activity. 

                                                                            without solar radiation 
       with solar radiation 

Figure 1. Graph of changes in in the average monthly air temperature in the construction area 
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The determination of solar radiation effect on 
the temperature regime of the dam on this site 
was carried out on the basis of data from field 
actinometric observations directly at the 
construction site. At the same time, the impact 
of the scattered solar radiation was assumed to 
be directly proportional to the impact of direct 
solar radiation, which led to a decrease in 
accuracy of the assessment results.  
The study of this issue was actively carried 
out by Chinese researchers in relation to 
transport facilities [22-24]. In particular, an 
issue of solar radiation’s impact on the 
temperature regime of bridge supports was 
considered. However, such facilities are not as 
massive as concrete dams, which results in 
more intensive cooling of the structure due to 
convective heat transfer. The ability of the 
surfaces of concrete masses to absorb solar 
energy also needs additional study.  
The solar radiation impact will be especially 
significant for the high gravity dam of rolled 
concrete considered in this paper. In this case 
due to the intensive rate of concreting and 
erecting the structure in fairly thin layers (from 

,5 to 1,5 m) the degree of solar radiation 
impact on the formation of the temperature 
regime increases.  
The modern approach to assessing the impact 
of solar radiation, conducted in this paper, 
allows to take data from both field and 
satellite observations into account as well as 
determine the amount of absorbed solar 
energy and heating of concrete mass 
connected to it according to seasonality and 
the terrain around the building site.  
The radiation regime of the surfaces under 
consideration when erecting the dam made of 
low-cement concrete (the surface of the pressure 
and downstream faces, the horizontal face of the 
laid layer) is formed by radiant energy flows. 

The total solar radiation affecting during the day 
on a horizontal surface is determined by the 
formula (8): 
 

                 (8) 
 
where J – intensity of direct solar radiation, 
W/m2, determined by means of satellite/field 
actinometric observations [1]; D – diffused solar 
radiation, W/m2, h0 – angular height of the sun, 
degrees, determined by the dependence (9):  
 

      (9) 
 
where   the latitude of the construction area; 

 declination of the sun, deg;  hour angle, 
deg.; 
The calculation of the characteristics of solar 
radiation was conducted taking into account 
the peculiarities of the location of the 
hydroelectric complex and the terrain around 
the site selected specifically for the 
construction. On Fig. 2 below is a graph for 
determining the angular height of the sun 
above the horizon and the solar azimuth, built 
taking into account the terrain. 
As the result the temperatures on the concrete 
surface of the gravity dam under construction 
were determined, considering its increase 
from solar radiation effects by months of the 
year. 
The obtained results are presented on Fig. 2 and 
Table 1. A significant increase in temperature 
on the surface due to solar radiation can be 
noted: for example, it is 17,2 º  in July. 
Data obtained as a result of calculating solar 
radiation impact temperatures on the surface of 
concrete structure by months were used in 
calculating the temperature regime at the next 
stage.  
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Figure 3. Graph of the change in the angular height  and solar azimuth, where: 1 – local time in 
the construction area (time zone of Tashkent, Uzbekistan, UTC+05:00); 2 – the movement of the 

sun on the summer solstice day on 21.06.2021; 3 – true solar time; 4 – the movement of the sun on 
the spring/autumn equinox day; 5 – the movement of the sun on the winter solstice day on 

21.12.2021; 6 – zone of active solar impact; 7 – shading caused by the surrounding terrain; 8 – the 
contour of the surrounding terrain at the construction site 

 
 Statement of studies using factor 

 
The main task of studying the temperature regime 
of a low-cement concrete dam, the results of 
which are presented in this paper, is to analyze the 
degree of influence of the selected factors, to 
assess their favorable or unfavorable effect on the 
structure. Based on the obtained mathematical 
model of the temperature regime, 

recommendations will be developed to achieve a 
favorable temperature distribution in the structure 
and a combination of acting factors will be 
determined to ensure the optimal solution. It must 
be optimal technologically and economically and 
meet the stated requirements for the reliability and 
structural safety. The issues of predictive 
modeling of the temperature regime and the 
thermally stressed state of concrete gravity dams 

Figure 2. Map of the intensity impact of direct solar radiation, kW/m2 in the construction area of 
the Pskem HPP  
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were considered in a number of works performed 
at NRU MGSU, JSC “VNIIG named after B.E. 
Vedeneev”, in the branch of JSC “Institute 
Hydroproject” – “NIIES” and other organizations 
[1-12,16-17,22-24]. Within the framework of this 
work, numerical studies were performed using the 
ANSYS software package using the finite element 
method [15-24]. The result of the work is a 
mathematical model of the structure, which makes 
it possible to predict the thermally stressed state of 
the structure and ensures maximum project 
efficiency. The analysis of the degree of influence 
of the selected factors on the temperature regime 
and the thermally stressed state of the low-cement 
concrete dam was carried out using the factor 
analysis technique [13-14]. Several possible 
scenarios are considered for accounting and 
assessing the degree of influence of various 
factors on the stress-strain state of a structure. The 
calculations were carried out taking into account 
seasonality (2 seasons: autumn-winter including 
the September – February period; spring-summer 
including the March to August period). The effect 
of solar radiation on the temperature regime is 
considered in detail. The calculations were carried 
out for two options: with and without additional 
heating from exposure to solar radiation.  
As an object of study, a gravity dam made of 
rolled low-cement concrete with a height of 197 
m was considered. Fig. 4 presents the cross-
section with the position of control points 
intended to establish temperature values. The 
formation process of the temperature regime in 
the process of layer-by-layer construction, 

filling the reservoir and the start of the 
operational period (the first year after the 
completion of construction) was considered.    
 

 
Figure 4. Cross-section of the dam with 

indication of control points 
 
To create a predictive model for the temperature 
regime of a gravity dam made of rolled 
concrete, we used the experimental planning 
technique [13-14]. To carry out computational 
studies, the following factors were chosen that 
affect the formation of the temperature regime: 
cement consumption (X1); thickness of the laid-
out layer (X2); heat generation of cement (X3), 
temperature of the laid-out concrete mixture 
(X4). The selected intervals of factor variation 
are presented in Table 2.

                                
 Table 2. Intervals of factor variation 

 
Factors of variation 

Factor 
designation 

Values 

Minimum Maximum 
1. Consumption of cement in the mixture 

(kg/m3) 
X1 

2. Thickness of the laid-out concrete layer 
(m) 

X2 ,5 1,5 

3. Heat generation of cement (KJ/kg) 
Q28/Qmax 

X3 293/339 335/388 

4. Concrete placement temperature (°C) X4   
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The heat emission rate of cement was chosen 
for the most widely used types in the 
manufacture of low-cement concrete mixes. 
This choice is associated with a faster build-up 
of strength, which allows one to speed up the 
construction of the structure. Calculations in 
accordance with the compiled planning matrices 
for the selected factors were performed for the 
following options: 
1. Depending on the month of commencement 

of construction works: May or October with 
the corresponding ambient temperatures; 

2. Depending on the consideration of solar 
radiation, the variable temperature of the 
concrete surface was assumed to be equal to 
the temperature or the ambient temperature. 
The following values obtained during the 
entire considered time period were selected 
as responses: 
1. Absolute maximum temperature in the 

concrete array (with indication of the 
location of the corresponding point), 

; 
2. Maximum temperatures at characteristic 

26 (Fig. 4), . 
3. Maximum temperature gradient between 

a point in the center of the array and a 
point on the surface of the pressure face, 
indicating the corresponding points, . 

 
 

RESULTS OF THE STUDY 
 
Let us consider some of the obtained equations 
and analyze the results obtained from the 
solution of the temperature problem. 
Option 1. Beginning of concreting in May 
without taking solar radiation into account.  
          

   ) 
 
Option 2. Beginning of concreting in October 
without taking solar radiation into account. 
 

  (11) 

Option 3. Beginning of concreting in May, 
taking solar radiation into account. 
 

  (12) 
 
Option 4. Beginning of concreting in October, 
taking solar radiation into account. 
 

  (13) 
 
Analyzing the equations obtained from the 
solution of the temperature problem, we can 
draw the following conclusions: 
 All the selected factors have a significant 

effect on the maximum temperatures at the 
selected points. This is most influenced by the 
cement consumption (factor X1), the thickness 
of the laid concrete layer (X2) and the 
temperature of the concrete mix (X4). An 

kg/m3 (the maximum value of factor X1) leads 
to an increase in the temperature in the concrete 
array by ~ (8-12)  compared to the minimum 

3.  
 The degree and sign of the influence of the 

factor X2 (thickness of the laid-out concrete 
layer) has a different effect depending on the 
laying zone, the seasonality of laying and 
whether solar radiation is taken into account. In 
the case when solar radiation is not taken into 
account and the concreting is begun in May 
(option 1), in the massive zones of the dam, 
with an increase in the thickness of the layer of 
laid concrete, the temperature of the concrete 
array decreases (the coefficients of the 
regression equation with a X2 are negative). 
However, for this case, the result changes in the 
near-ridge zone (point 26), where the reverse 
result is obtained: with an increase in the layer 
thickness, the temperature increases. At the 
beginning of concreting in October (option 2), 
the result is reversed: in the lower massive part 
of the dam, an increase in the layer thickness 
leads to an increase in temperature, and vice 
versa in the zone near the crest. 
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 For options with taking solar radiation into 
account (options 3, 4), in most areas of the dam, 
with an increase in the thickness of the layer, 
the temperature of the array decreases, which is 
explained by a decrease in the degree of solar 
heating for thick layers. An exception here is the 
zone near the base (point 26) for option 4, 
which is explained by the influence of low air 
temperature in the autumn-winter period of the 
year, when this zone is concreted. When laying 
out in thin layers, the concrete is intensively 
cooled by cold air. 
 For the considered climatic conditions, 

taking into account solar radiation makes a 
significant contribution to the increase in the 
temperature heating of the structure during its 
construction. The impact of solar radiation 
causes an increase in temperature in the 
concrete array at a maximum of (15-16) C   
 The choice of the start of dam construction 

(the options for starting work in May and 
October are considered) determines the 
formation of the temperature regime in the most 
problematic zone of the structures, that is, the 
one near the contact of the dam with the 

foundation. Thus, the start of concreting in May 
leads to an increase in temperature in the area of 
the dam close to the base by ~ (16-17)  
compared to the option of starting concreting in 
October.  
Based on the results obtained, the worst and the 
best-case scenarios were determined in terms of 
the temperature regime of the structure. The 
degree of heating of the concrete array was 
considered as an evaluation criterion. The least 
favorable is the option with the following values 
of the factors and conditions of construction: 
cement consumption – 3, layer 
thickness – ,5 m, heat release is increased, 

C, start of work in October, solar radiation is 
taken into account. The most favorable option 
corresponds to the following values of the 
factors: cement consumption – 3, layer 
thickness – 1,5 m, heat release is moderate, 

C, with the start of work in May and taking 
solar radiation into account. The temperature 
distribution for these options is shown in Fig. 5. 

 

    
                                     a)                                   

  

                                 b) 
Figure 5. The results of calculating the maximum temperature in the concrete array:  

a) the most favorable design case; b) the least favorable design case
    

The resulting mathematical model of the 
temperature regime of a gravity dam made of 
rolled concrete can be used to predict the 
temperature regime of similar structures and to 

select the optimal combination of the considered 
factors. At the next stage of research, the results 
of solving temperature problems were used to 
calculate the stress-strain state.   
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CONCLUSIONS AND DISCUSSION 
 
We have presented the practical application of 
the technique for determining the effect of solar 
radiation on the temperature regime of the low-
cement concrete dam of the Pskem 
hydroelectric power plant, taking into account 
the shading of the terrain. Such an impact 
increases the average annual temperature of the 
concrete surface by 13,98 º  or by 147,16%, 
which is a significant factor that must be taken 
into account when designing such structures in 
similar climatic conditions. In the considered 
example solar radiation causes an increase in 
temperature in the concrete array, depending on 
the considered point, by 53,72% – 89,5% (from 
8,46  – 16,14 ).  Based on the results of 
variational calculations, the most and least 
favorable design cases were determined in terms 
of the temperature regime of the dam. The worst 
case is the one with the following values of the 
factors: cement consumption – 3, layer 
thickness – ,5 m, heat release is increased, 

, 
start of work in October. The most favorable is 
the case with the following values: cement 
consumption – 3, layer thickness – 1,5 
m, heat release is moderate, initial temperature 
of t  , work begins in 
May. 
Based on the results of the calculations, 
regression equations were obtained that make it 
possible to determine the values of the desired 
indicators at the points under consideration. The 
equations are applicable to any massive low-
cement concrete dams with a base width of at 
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