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AIMS AND SCOPE
The aim of the Journal is to advance the research and practice in structural engineering 

through the application of computational methods. The Journal will publish original papers and 
educational articles of general value to the field that will bridge the gap between high-performance 
construction materials, large-scale engineering systems and advanced methods of analysis.

The scope of the Journal includes papers on computer methods in the areas of structural 
engineering, civil engineering materials and problems concerned with multiple physical processes 
interacting at multiple spatial and temporal scales. The Journal is intended to be of interest and use to 
researches and practitioners in academic, governmental and industrial communities.
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ОБЩАЯ ИНФОРМАЦИЯ О ЖУРНАЛЕ
International Journal for Computational Civil and Structural Engineering

(Международный журнал по расчету гражданских и строительных конструкций)

Международный научный журнал “International Journal for Computational Civil and 
Structural Engineering (Международный журнал по расчету гражданских и строительных 
конструкций)” (IJCCSE) является ведущим научным периодическим изданием по направлению 
«Инженерные и технические науки», издаваемым, начиная с 1999 года (ISSN 2588-0195 (Online); 
ISSN 2587-9618 (Print) Continues ISSN 1524-5845). В журнале на высоком научно-техническом 
уровне рассматриваются проблемы численного и компьютерного моделирования в строительстве, 
актуальные вопросы разработки, исследования, развития, верификации, апробации и приложе-
ний численных, численно-аналитических методов, программно-алгоритмического обеспечения 
и выполнения автоматизированного проектирования, мониторинга и комплексного наукоемкого 
расчетно-теоретического и экспериментального обоснования напряженно-деформированного (и 
иного) состояния, прочности, устойчивости, надежности и безопасности ответственных объектов 
гражданского и промышленного строительства, энергетики, машиностроения, транспорта, био-
технологий и других высокотехнологичных отраслей.

В редакционный совет журнала входят известные российские и зарубежные деятели науки 
и техники (в том числе академики, члены-корреспонденты, иностранные члены, почетные члены 
и советники Российской академии архитектуры и строительных наук). Основной критерий от-
бора статей для публикации в журнале − их высокий научный уровень, соответствие которому 
определяется в ходе высококвалифицированного рецензирования и объективной экспертизы, 
поступающих в редакцию материалов.

Журнал входит в Перечень ВАК РФ ведущих рецензируемых научных изданий, в которых 
должны быть опубликованы основные научные результаты диссертаций на соискание ученой 
степени кандидата наук, на соискание ученой степени доктора наук по научным специаль-
ностям и соответствующим им отраслям науки: 

• 1.1.8 – Механика деформируемого твердого тела (технические науки),
• 1.2.2 – Математическое моделирование численные методы и комплексы программ
(технические науки),
• 2.1.1 – Строительные конструкции, здания и сооружения (технические науки),
• 2.1.2 – Основания и фундаменты, подземные сооружения (технические науки),
• 2.1.5 – Строительные материалы и изделия (технические науки),
• 05.23.07 – Гидротехническое строительство (технические науки),
• 2.1.9 – Строительная механика (технические науки) 
В Российской Федерации журнал индексируется Российским индексом научного цити-

рования (РИНЦ). 
Журнал входит в базу данных Russian Science Citation Index (RSCI), полностью интегри-

рованную с платформой Web of Science. Журнал имеет международный статус и высылается в 
ведущие библиотеки и научные организации мира. 

Издатели журнала – Издательство Ассоциации строительных высших учебных заве-
дений /АСВ/ (Россия, г. Москва) и до 2017 года Издательский дом Begell House Inc. (США, г. 
Нью-Йорк). Официальными партнерами издания является Российская академия архитектуры 
и строительных наук (РААСН), осуществляющая научное курирование издания, и Научно-ис-
следовательский центр СтаДиО (ЗАО НИЦ СтаДиО).

Цели журнала – демонстрировать в публикациях российскому и международному про-
фессиональному сообществу новейшие достижения науки в области вычислительных методов 
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решения фундаментальных и прикладных технических задач, прежде всего в области строи-
тельства. 

Задачи журнала:
• предоставление российским и зарубежным ученым и специалистам возможности публи-

ковать результаты своих исследований;
• привлечение внимания к наиболее актуальным, перспективным, прорывным и инте-

ресным направлениям развития и приложений численных и численно-аналитических методов 
решения фундаментальных и прикладных технических задач, совершенствования технологий 
математического, компьютерного моделирования, разработки и верификации реализующего 
программно-алгоритмического обеспечения;

• обеспечение обмена мнениями между исследователями из разных регионов и государств.
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Abstract. Despite a fairly long period of research and a significant number of publications around the world on 
the problem of the complex resistance of reinforced concrete, the existing calculation models still remain far 
from perfect. This is especially true for structures with a non-rectangular cross section. The article presents a 
version of the model and an algorithm for the analytical calculation of reinforced concrete structures of a 
circular cross section in torsion with bending, which most fully reflects the specifics of the power resistance of 
such structures. The model takes into account all the components of external forces in a rod element of a 
circular cross section, the spatial nature of cracks, with the combined action of moments, various cases of the 
location of the compressed concrete zone, depending on the ratio of the acting forces in the calculated structure. 
For a spatial crack, calculated sections are taken in the form of diagonal large and small ellipses and a spatial 
surface bounded by concave and convex spatial parabolas. In compressed and stretched concrete, a broken 
section of three sections is considered, two in the form of longitudinal trapezoid and the third, middle section in 
the form of a small ellipse rotated at an angle to the longitudinal axis of the structure. The obtained analytical 
dependencies allow one to determine interconnected design parameters, such as stresses in the concrete of the 
compressed zone, the height of the compressed concrete, stresses in the longitudinal and transverse 
reinforcement, deformations in concrete and reinforcement, the length of the projection of a spatial inclined 
crack, and others. The deformation model and algorithm can be used in the design of reinforced concrete 
structures of circular and annular cross-section, working in bending with torsion. 
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INTRODUCTION 
 
It is known that the rational and safe design of 
building structures is largely determined by the 
availability of effective and relatively simple and 
understandable methods for their calculation. 
This is especially true for critical structures of 
buildings experiencing a complex stress state, 
which undoubtedly include structures that work 
on the simultaneous action of bending with 
torsion. Until now, this is one of the most 
complex and little-studied problems of the theory 
of reinforced concrete, since it is applied and 
used in domestic [10, 15, 18, 19, 23, 24] and 
foreign [2, 5–9, 13, 16, 17, 20, 21] research and 
in regulatory documents up to the present time, 
the methods remain extremely conditional and do 
not reflect the complex resistance of reinforced 
concrete structures at all levels of loading under 
such effects. Numerical solutions using software 
systems based on the finite element method and 
other numerical methods do not reflect the 
physics and all the specifics of the deformation 
of such structures, and the results of the solutions  
obtained are not unambiguous and are largely 
determined by the qualifications of the engineer. 
Known analytical solutions usually consider the 
calculation of structures of rectangular [2, 5, 7, 9, 
13, 18, 20], and more recently box-shaped [26] 
sections and do not investigate the specifics of 
the calculation of structures of circular and 

annular sections. At the same time, structures 
with these cross-sectional shapes are often used 
in such critical structures as, for example, the 
stiffening core of high-rise buildings, bridge 
supports, cable cars, and the efficiency of their 
design solutions depends on the accuracy of the 
calculation. Therefore, the development of 
analytical methods for calculating building 
structures made of reinforced concrete, fiber- and 
steel-reinforced concrete and other similar 
multicomponent conglomerates remains in 
demand not only for verifying software systems 
and developing regulatory documents, but also 
when designing building objects that use 
fundamentally new design solutions and 
technologies that have not passed verification in 
the practice of construction and operation. 
Therefore, the purpose of this study was to build 
a deformation model and an algorithm for 
calculating the complex resistance of reinforced 
concrete structures of a circular cross section 
under the combined action of torsional and 
bending moments, which most fully reflects the 
physical features of the force deformation of 
such structures. 
Deformation model. In the development of 
studies [25], in which, to determine the 
calculated forces in reinforced concrete 
structures of the considered cross section, a 
general calculated scheme with spatial sections 
was proposed and the corresponding resolving 
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equilibrium equations and deformation 
equations were compiled that determine the 
stress-strain state in such structures under the 
considered effects on Based on the specification 
of these constitutive equations, here is an 
algorithm for determining all the calculated 
parameters used in this model. 
It is assumed that the calculated reinforced 
concrete structure is conditionally divided into 

two blocks and in the space of these blocks 
there is a spatial crack limited along the length 
of the structure by normal cross sections 1-1 at 
the beginning and 3-3 at the end of the 
projection of this crack. The area of the beam 
covered by the crack, being projected onto the 
side surface of the structure, can be described by 
a large ellipse (Figure 1) with a projection 
length equal to c. 

 
a) 

 

b) c) 

  
Figure 1. Calculatied scheme of a reinforced concrete element of a circular cross section under the 

action of bending and torque moments: a – block with small and large ellipses between normal 
sections I-I and 3-3; b, c – diagram of forces, compressed and stretched zones in section I-I and 3-3 

respectively 
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In the compressed concrete of the design section 
within the projection of the inclined crack there 
are three characteristic sections with dimensions 

1l , 2l , 3l , – longitudinal sections ( 1l  and 3l ), 
as well as a cross section of a small ellipse at a 
longitudinal distance 2l  (see Figure 1). In the 
stretched concrete there are the same three 
sections 1l , 2l , 3l , but in addition to the ellipse 
for the section 2l , there is also a parabola 
envelope in the sections 1l  and 3l . 
The small ellipse equation for a spatial section is: 
 

2 2

2 2 1
2
y z
R R

.    (1) 

 
Then in stretched concrete in the first section we 
have a spatial curve 1 2 3par , ,f ( x, y,z )  and in the 
second section a spatial parabola 

1 2 3r r rpar , ,f ( x, y,z ) . 
To construct the first spatial parabola 

1 2 3par , ,f ( x, y,z )  we find the coordinates (x,y,z) 
of point 1 (T.1) along the axis x ( 1 20 5x l . l ), 
the coordinate along the axis z ( 1z R x )  and, 
belonging to the circle in section 1-1, the 
coordinate along the axis y:    
 

2 2
1y R ( R x ) .        (2) 

 
Next, we find the coordinates (x,y,z) of point 2 
(T. 2) along the x axis ( 20 5x . l ), the z 
coordinate ( 1k b,kz R x x x ) and the y 
coordinate. 
Let us write down the equation of the first 
spatial (in the form of a propeller curve) 
parabola: 
 

      2 2
1 2 3 1 1par , ,f ( x, y,z ) z ( x ) y ( x ) .  (3) 

 
where 2

1z ( x )  and 1y ( x )  – parabolas along 
respective coordinate axes. 
The construction of the second spatial parabola 

1 2 3r r rpar , ,f ( x, y,z )  is similar to the above 

scheme the auxiliary plane curve is defined 
2  and the equation of the second spatial 

parabola is obtained accordingly: 
 

  2 2
1 2 3 2 2r r rpar , ,f ( x, y,z ) z ( x ) y ( x ) . (4) 

 
 
CALCULATION ALGORITHM 
 
In accordance with the accepted design scheme 
of the reinforced concrete structure of the beam 
of round cross section under the action of 
bending and torque moments and transverse 
forces, the most dangerous are spatial sections 
located at the support with maximum torque, 
bending moments and transverse forces.  
In this scheme, the first block is separated by 
the cross section I-I passing at the end of the 
spatial crack, is in equilibrium under the action 
of external forces applied to it from the side of 
the support and internal forces arising at the 
place of the cross section. 
When evaluating the complex resistance of the 
beam under consideration, the design scheme 
shown in Figure 1 is implemented in the 
following order. 
1. The main one is an arbitrary vertical section 
k , passing through the end of the front of the 
spatial crack, in which the intensity of 
deformations is taken i ,u b,u . 
2. We calculate the value of shear deformations 

q,u  (Figure 2): 
 

1 32q,u ,u ,ucos sin ,  (5) 
 

where angle  determines direction of main 
deformation of concrete shortening in vertical 
section k. 
3. Using the diagram of the dependence 
proposed in [23] 0a / h cos  (where a – is the 
distance from the support to the edge of the 
crack, 0h  – the working height of the section) 
the value of the shear stress limit is calculated 

qR : 
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   1 1
1

2 1
i ,u

q z ,x q,u
i,u

R
( )

. (6) 

 
4. For point 1 of state diagrams [23] of 
compressed zone concrete in the section under 
consideration using known dependencies of 
solid deformable body mechanics, strains and 
stresses are successively calculated: 
 

2 2
1 1 3x, ,u ,ucos sin ;  (7) 

2 2
1 1 3z , ,u ,usin cos ;  (8) 

   1 1 12
1

1
i ,u

x, x, z ,
i ,u

( )
( )

; (9) 

     1 1 12
1

1
i ,u

z , z , x,
i ,u

( )
( )

. (10) 

 

 
 

Figure 2. Diagram 0a / h cos : 1 - for ratio T/M = 0.1; 2 - for ratio T/M = 0.25; 3 - for ratio T/M 
= 0.5; 4 - for ratio T/M = 0.75; 5 - for ratio T/M = 1.0; 6 - for ratio T/M > 1.0 

 
 
5. The transition from stresses in compressed 
concrete on the inclined site of the section under 
consideration to stresses on the normal site is 
carried out according to the known formulas of 
mechanics of the solid deformable body: 
 
      2 2

1 1 1 1 2x, z , x zcos sin sin ;  (11) 

    1 1
1 12 2

2
x, z ,

xz ,k z ,xsin cos ; (12) 

  x,k
bx,u,k cos

 ;  (13) 

 xz,k
xz ,u xz,u cos

;              (14) 

2 2
yx,k q xz,kR .   (15) 

Here  – is the angle between the cross section 
normal to the longitudinal axis and the section 
k-k in question (see Figure 1). 
In practical calculations, the direction of the 
main deformations of compressed concrete 
shortening (angle ) in the vertical section 
passing through the end of the front of the 
spatial crack can be determined using a graph 
of dependence 0a / h cos  (see Figure 2). 
6. From equilibrium equation of projections of 
all forces acting in section I-I on axis x  
( 0X ), height of compressed zone of 
concrete in normal section (unknown x ): 
 

1 0bI ,u k s,I s,Ib x ,x x mA .      (16) 

Vladimir I. Travush, Vladimir I. Kolchunov, Sergey A. Bulkin, Maxim V. Protchenko



19Volume 18, Issue 2, 20222 
 

   1 1
1

2 1
i ,u

q z ,x q,u
i,u

R
( )

. (6) 

 
4. For point 1 of state diagrams [23] of 
compressed zone concrete in the section under 
consideration using known dependencies of 
solid deformable body mechanics, strains and 
stresses are successively calculated: 
 

2 2
1 1 3x, ,u ,ucos sin ;  (7) 

2 2
1 1 3z , ,u ,usin cos ;  (8) 

   1 1 12
1

1
i ,u

x, x, z ,
i ,u

( )
( )

; (9) 

     1 1 12
1

1
i ,u

z , z , x,
i ,u

( )
( )

. (10) 

 

 
 

Figure 2. Diagram 0a / h cos : 1 - for ratio T/M = 0.1; 2 - for ratio T/M = 0.25; 3 - for ratio T/M 
= 0.5; 4 - for ratio T/M = 0.75; 5 - for ratio T/M = 1.0; 6 - for ratio T/M > 1.0 

 
 
5. The transition from stresses in compressed 
concrete on the inclined site of the section under 
consideration to stresses on the normal site is 
carried out according to the known formulas of 
mechanics of the solid deformable body: 
 
      2 2

1 1 1 1 2x, z , x zcos sin sin ;  (11) 

    1 1
1 12 2

2
x, z ,

xz ,k z ,xsin cos ; (12) 

  x,k
bx,u,k cos

 ;  (13) 

 xz,k
xz ,u xz,u cos

;              (14) 

2 2
yx,k q xz,kR .   (15) 

Here  – is the angle between the cross section 
normal to the longitudinal axis and the section 
k-k in question (see Figure 1). 
In practical calculations, the direction of the 
main deformations of compressed concrete 
shortening (angle ) in the vertical section 
passing through the end of the front of the 
spatial crack can be determined using a graph 
of dependence 0a / h cos  (see Figure 2). 
6. From equilibrium equation of projections of 
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1 0bI ,u k s,I s,Ib x ,x x mA .      (16) 

2 
 

Knowing the circumference radius of the 
circular cross section, the area of the 
compressed zone of concrete in this sections is 
calculated b,IA  and then the height of the 
compressed zone x  of concrete in this section is 
calculated.  
From the hypothesis of proportionality of 
longitudinal deformations there are stresses in 
longitudinal working reinforcement ,s I  in 
section I-I:  
 

10 0
0

,* bu,x,I s
s,I s,I

b

h x R .(17)
  

If condition (17) is not met, voltage s,I  is 
taken equal to sR . 
Normal shortening deformations along the x 
axis in compressed concrete at various points of 
design section k-k and in section I-I can be 
found on the condition of their proportionality 
to limit deformations bu,k ,rig ,x  at the extreme 
point of section k-k (see Figure 1a): 
– from right point (rig) to section I-I (similar to 
section 3-3)  
 

1

bu,k ,rig ,x
b,I

a
a l

;  (18) 

 
– from right point (rig) to middle point (bk) 
 

1

bu,k ,rig ,x m,b
b,k ,x

a
a l

 

1 2 2

1

2 1
2 2bu,k ,rig ,x hor ,ba l l l

a l
; (19) 

 
– from right point (rig) to left point (lef)  
 

      1 2

1

bu,k ,rig ,x
bu,k ,lef ,x

a ( l l )
a l

. (20) 

 
7. From the equilibrium equation of torques of 
all internal and external forces acting in section 
I-I, relative to the axis perpendicular to this 
section and passing through the point of 
application of equal forces in concrete of 
compressed zone ( 0T ), shear stresses from 
torque and transverse force (unknown T ,I  and 

Q,I ), are determined, where they are directed 
in opposite directions, and the ratio between 
them is taken equal to the ratio 1 1T / Q  : 
 

1 1
1 1 1 0

2 2
b bb' x b'' x T ; (21) 

T ,I Q,I ;  (22) 

1T ,I

Q,I I

T
Q

.        (23) 

 
Here b'  ( b'' ) – distance in radius from the 
center of gravity of the section to the arc of the 
section contour on the side where shear stresses 

T ,I  and Q,I  are directed to one side (directed 
to opposite sides).  
For total shear stresses calculated by the 
formula (22) the condition must be met:  
 

pl .        (24) 
 
Here 1 1pl bt. R . 
The second support block is separated from the 
reinforced concrete element by a spatial section 
formed by a spiral-shaped crack and a vertical 
section passing along the compressed zone of 
concrete through the end of the front of the 
spatial crack (see Figure 1). 
For a circular cross section, the torque in section 
1-1 will be: 

 

1 1 1 1 1 1 1 1 0 1
10 5 0 5 0 5
3cirt ,I pl ,u cir , pl ,u cir sM x b z . x . x x b . x x x Q h z .    (25) 
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From the equilibrium equation of projections 
of internal and external forces acting in 

section I-I on the axis Y ( Y 0 ): 
 

 
                   0 0pl ,x pl ,x Q,m M supx b k h x b K R .                            (26) 

 
Here, it is assumed that the load forces in the 
working reinforcement on average between the 
cracks in the cross section I-I are zero.     
The lateral force perceived by the compressed 
zone concrete will be: 
 

I,b pl ,xQ x b .  (27) 
 
In turn, the transverse force perceived by the 
concrete of the stretched zone will be (Figure 4):  
 

    0II ,T pl ,x Q,mQ k h x b .  (28) 
 
On the other hand, the value of the transverse 
force as part of the entire transverse force 
perceived by the design section is   
 

       II ,T I ,bQ Q Q .       (28) 
 

The equation (26) can be used to determine a 
parameter Q,mk , hat takes into account the 
presence of adjacent spatial cracks on the 
stressed-strain state of the stretched zone in the 
middle (between the cracks) of the calculated 
cross section I-I: 
 

0

M sup pl ,x
Q,m

pl ,x

K R x b
k

h x b
. (29) 

 
8. From the equilibrium equation of bending 
moments of all internal and external forces 
acting in section I-I ( 0BM ), a generalized 
reference reaction (unknown Rsup) is 
determined: 
 

1 0 1 0s,I s,I , k I supmA h x ,x x M R a  (30) 

 
a)  b) 

 
 

Figure 3. Schemes of distribution of shear strains and shear stresses in the cross section I-I (3-3) 
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a) b) c) 

 
Figure 4. Diagram of transverse shear stresses Q  in medium cross sections I–I (3-3) 

 
Where kx x – coefficient of completeness of 
stress graphic in compressed concrete. For the 
limit states of the first group, the value of this 
coefficient can be taken to be 0.75); m is the 
number of rods of longitudinal working 
reinforcement in the section under consideration. 
 

For a circular cross section from the equilibrium 
equation of moments of internal and external 
forces in section I-I relative to the y axis passing 
through the point of application of equal forces 

IO  in the stretched reinforcement ( O,I=0), 
we obtain the unknown bend ,IM  :  

10 0bend ,I sup,I ,M m,I ,* bu,x,I b,I z ,cirM R a ; 0sc,I,up up,cir sc,up sm R A h a

sc,I,i,lefR A h a  

sc,I,i,rig ef cir s,I ,i ,lef s,i ,lef s,dR A h a R A a a  

0s,I,i,rig cir s,I ,i ,rig s,i ,rig s,d M pr ,M sup,I sup,IR A a a K K R R a ,      (31) 
 
and then lateral force from internal forces: 
 

bend ,I bend ,I
I sup,I ,M

m,I M pr ,M

M M
Q R

a a K K
.    (32) 

 
9. From the condition of zero equality of the 
sum of projections of all forces on the x axis 
(

section k, an unknown parameter is 
determined - the height of the compressed 
zone in section k ( B,k ) : 

 
s,k d s,d sm A R A s,i,rig rig s,i,rig s,i,lef lef s,i,lefR A R A

sc,i,rig c,rig sc,i,rig sc,i,lef c,lef sc,i,lefR A R A 10 xy,u,Mt 1b,lA 10 xy,u,Mt 3b,lA

1b, ,rig b,A 1 1 3 3 3sc, ,rig sc, ,rig b, ,lef b, sc, ,lef sc, ,lefA A A

110Bb,k b,k ,x xy,u,Mt b,l ,adX
310 xy,u,Mt b,l ,adA 1b, ,rig b, ,cir ,adA  

3b, ,lef b, ,cir ,adA 0b,k b,k ,coreX .    (33) 
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The following restrictions must be taken into 
account for B,k: 
 

0 00 1 0 3B,k. h x . h ;  (34) 
B,k kx x .  (35) 

 
In equation (34), b,kX  – projection of the 
resulting directions in the grain of concrete on 
the axis x; 

1b,lA – area of compressed concrete 
on the site 1l ; 

3b,lA – area of compressed 
concrete on the site 3l ; b, ,cirA  – concrete area 
of the right sector of broken section (sector with 
height 1B,x ); b, ,cirA  – concrete area of the left 
sector of broken section (sector with height  

3B,x ); 
1b,l ,adA  – concrete area with height 1x  

at the site 1l ;
3b,l ,adA  – concrete area with 

height 3x  at the site 3l ; b, ,cir ,adA  – area of 
compressed concrete of part of the right sector 
with height 1x ; b, ,cir ,adA  – compressed 
concrete area of the left sector part with height 

3x ; b,k ,core  – area of part of compressed 
zone of concrete in section k of small ellipse 
enclosed between points AB and section of arc 
of ellipse spaced from surface of small ellipse 
by height B,k  (see figure 1); 

Bb,k ,x  – area of 
part of compressed zone of concrete limited by 
sections of arcs of ellipses in section k-k, spaced 
from each other at a distance B,k; 

1

rign

s,i,rig rig s,i,rig
k

R A  (
1

rigm

sw,i,rig rig sw,i,rig
k

R A ) 

– forces in stretched longitudinal reinforcement 
(transverse clamps) located in the area of the 
RH circuit of the first section of the spatial 
parabola 1 2 3par , ,f ( x, y,z )  (site 1l ); 

1

lefm

sw,i,lef lef sw,i,lef
k

R A  (
1

lefn

s,i,lef lef s,i,lef
k

R A ) 

– forces in the stretched longitudinal 
reinforcement (transverse clamps) located in the 
area of the left contour of the second section of 

the spatial parabola 1 2 3r r rpar , ,f ( x, y,z )  (site 
3l ); 0h  – section working height, 7,lef , 7,rig , 

8,lef , 8,rig , – parameters that take into 
account the components of the "heating" effect 
in the working reinforcement. 
To determine the projection of component 
stresses in compressed concrete b,kX   the x axis 
is previously calculated as the following 
unknown in the section k-k. 
Deformations of longitudinal reinforcement in 
the left and right parts of the section s,k ,rig ,x  
and s,k ,lef ,x  on condition of their 
proportionality in section x and section k-k:  
 

s,I m,s
s,k

a
a

 

2 0 5
2s,I

h h ba c . b
h b c

a
;  (36) 

 1s,I
s,k ,rig ,x

a l
a

;     (37) 

1 2

1

s,k ,rig ,x
s,k ,lef ,x

a ( l l )
a l

.   (38) 

 
The relationship between angular deformations 
is recorded: 
 

zx,pl * zx,Mt ,elk ;     (39)  
 
where * t t ,crck M / M . In the first 
approximation for the crack torque we take  

0 4t ,crc tM , M .  
We also take limit values of tangent stresses 

zx,pl q chR R .  
Knowing the angular deformations from the 
torque, the values   of the tangent stresses 
from the action of the transverse force are 
determined  
 

zx,Q zx zx,Mt ;   (40) 
yx,Mt yx

**
zx,Mt zx

k ;  (41) 

 
For the middle point (bk) of the compressed 
zone of the broken design section k-k, the 
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zx,Q zx zx,Mt ;   (40) 
yx,Mt yx

**
zx,Mt zx

k ;  (41) 

 
For the middle point (bk) of the compressed 
zone of the broken design section k-k, the 

2 
 

projection of the component stresses in the 
compressed concrete b,kX  on the x axis in the 

section 2l  is calculated by the formula: 

 

1 1 1 2 2
2 1

2 2z , bu,x,I ,* hor ,b

b,kX
a 12 10 3zx,u,Q xy,u,Mt ,* ;    (42) 

 
The height of the compressed zone kx  in the 
section k-k between the cross sections I-I and 
III-III (see Figure 1) can be found from a linear 
proportion; 
 

1 3
2k

x xx ,          (43) 

 
where 1– is the height of the compressed zone 
in section I-I; 3x  – is the height of the 
compressed zone in section III-III. 
By calculating the height of the compressed 
zone of concrete B,kx  in section k-k from 
equation (34) and using the conditions of 
proportionality between the heights of the 
compressed zone in sections k-k and 1-1, the 
following ratios are written to determine the 
height of the compressed zone in section 1-1: 
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from which is calculated 
 

1 1
1
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Similarly, the height of the compressed zone is 
in another normal section 3B,x ( see Figure 1): 
10. Intensity of load in clamps on the right side 
of round cross section is determined from 
equality of zero of sum of projections of all 
forces acting in space section k-k on z axis 
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Here 7,lef , 7,rig  – parameters that take into 
account the components of the "heating" effect 
in the reinforcement. At each iteration step, 
these parameters are taken into account as 

constants, not as functions and are determined 
based on the second level model [25]; Q  – the 
transverse force of the section from the support 
to the section k-k. 
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For the middle point (bk) of the compressed 
zone of the broken design section k-k the 
projection of the component stresses in the 

compressed concrete on the z axis in the 
section  2l  is calculated by the formula: 

 

                  12 14
2

2b,k zx,u,Q zx,u,MtZ 9 11
2

2zy,u,Q zy,u,Mt               (47) 

 
Here, the components of tangent stresses in 
compressed concrete are calculated by analogy 
as in para. 9, with replacement by zx,u,Q  by 

zx,ad ,Q , zx,u,Mt  by zy,ad ,Q ,  zy,u,Mt  by 

zy,ad ,Mt  etc. 
The load intensity in the clamps on the left side 
of the round cross section sw,lefq  is based on the 
ratio: 
 

sw,lef sw,rigq q 11, Q ;   (48) 
 
It is assumed that the projections of inclined 
cracks on the left and right sides of the circular 
section are approximately the same 1 2  and 
then the value of the coefficient 11 11,* , 
where b is taken equal to the radius of the cross 
section of the calculated structure. Values of 
tangent stresses taking into account the action of 
transverse force on the left or right of section 
are performed with plus-minus sign ( Q ) 
respectively. 
At that, condition check is performed for load 
intensity in clamps sw,lefq   : 
 

11
0 8bt sw sw sw

sw,lef , Q
s s

n R A . R Aq
u u

. (49) 

 
Values of parameters included in formula (51) 
are calculated by formulas: 
 

sw
sw bt bt

b
n R ;  

 bt sw
sw,lef ,min

s

n R A q ;
u

       (50) 

11
0

Q Q, pl ,u Q, ch
c

h
;   (51) 

At the same time, tangent stresses Q,k  are 
based on the condition of proportionality of 
relations of stresses and forces in section k and 
in section I-I: 
 

1Q,I

Q,k k ,m

Q
Q

.   (52) 

 
Here 1Q,  and Q,k  – tangent stresses due to the 
action of the transverse force in the normal section 
I-I and in the center of the compressed zone of the 
spatial section k- k, respectively; 1Q  and k ,mQ  – a 
transverse force acting in the normal section I-I 
and in the center of the compressed zone of the 
space section k-k, respectively. 
11. Stresses in longitudinal reinforcement s  
are determined from the equation of moments of 
all internal and external forces ( 0BM ), 
acting in the vertical longitudinal plane relative 
to the axis Z , passing through the point of 
application of equal forces in the concrete of the 
compressed zone: 
 

1 0 10 5 0s s , k k sup ,mmA h . x M R a  (53) 
 
This checks the condition:  
 

s m R .   (54) 
 
If this condition is not met, then s  we take it 
equal to m R , where m l / l ), lx – 
distance from the beginning of the stress 
transfer zone in the pre-stressed reinforcement 
to the section under consideration; If there is no 
prestress in the design, the factor 1am . 
The bending moment, as a function of the 
calculated parameters of the section k-k, is from the 

2 
 

static condition of equal to zero moments of all 
internal and external forces acting in the vertical 
longitudinal plane relative to the y axis passing 
through the point of application of equal forces in 
the concrete of the compressed zone kb  

Mb,k=0,see Figure 1)  
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This constraint is detailed in [25]. 
The bending moment corresponding to the level 
of crack formation is from the following 
constraint 
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  (55) 

 
Here, 2 2bt .R  - design tensile strength of 
concrete; 2  - a coefficient taken for a 
circular section equal to two; 3 32bendW D / .  
The generalized reference reaction 
corresponding to the moment of crack formation 
is accepted sup,crcR 0 4, sup,uR . 
From here, the transverse force from internal 
forces in the design section is determined: 

bend ,k bend ,k
k sup,k ,M

m,k m,b M pr ,M

M M
Q R

a a ( c ) K K
.    (56) 

 
12. Intensity of load in clamps located in lower 
stretched zone of round cross section is 
determined from equality of sum of projections 

of all forces acting in spatial section k- k on y 
axis equal to zero ( =0, refer to Figure 1) we 
have:  
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Here, 8*  – parameters, which take into 
account components of "heating" effect of 
reinforcement. At each iteration step, these 
parameters are taken into account as constants, 
not as functions, and are determined based on 
the second level model [25];   
For the middle point (bk) of the compressed 
zone of the broken design section k-k, the 
projection of the component stresses in the 
compressed concrete on the y axis in the section 

2l  is calculated by formula: 
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Here, the components of tangent stresses in 
compressed concrete, by analogy with formula 
(49) with the replacement of the corresponding 

components of tangent stresses zy,ad ,Q  instead of 

zy,u,Q  and yx,ad ,Mt  instead of yx,u,Mt , 

zy,ad ,Q zy,u,Q zy,crc,Q ;

yx,ad ,Mt yx,u,Mt yx,crc,Mt . 
13. The torque, as a function of the 
calculated parameters of the section k-k, is 
from the static condition of equal to zero 
moments of all internal and external forces 
acting in the vertical transverse plane relative 
to the x axis passing through the point of 
application of equal forces in the concrete of 
the compressed zone kb ( b,k=0, see Figure 1) 

8t ,k sw, sw,rig sw,lef q hor ,b 7,* ,* sM ( q ,q ,q , , , , ,R , 

1 2 30s B,k b,l b,l b,lA ,x ,h ,A ,A ,A ,

11 9 yz,u,Mt yz,u,Q b, ,cir b, ,cir hor ,b, , , ,A ,A , ) . 
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For the middle point (bk) of the compressed 
zone of the broken design section k-k the 
projection of the component stresses in the 

compressed concrete on the z axis in the 
section  2l  is calculated by the formula: 
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as in para. 9, with replacement by zx,u,Q  by 
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It is assumed that the projections of inclined 
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section are approximately the same 1 2  and 
then the value of the coefficient 11 11,* , 
where b is taken equal to the radius of the cross 
section of the calculated structure. Values of 
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respectively. 
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based on the condition of proportionality of 
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Here 1Q,  and Q,k  – tangent stresses due to the 
action of the transverse force in the normal section 
I-I and in the center of the compressed zone of the 
spatial section k- k, respectively; 1Q  and k ,mQ  – a 
transverse force acting in the normal section I-I 
and in the center of the compressed zone of the 
space section k-k, respectively. 
11. Stresses in longitudinal reinforcement s  
are determined from the equation of moments of 
all internal and external forces ( 0BM ), 
acting in the vertical longitudinal plane relative 
to the axis Z , passing through the point of 
application of equal forces in the concrete of the 
compressed zone: 
 

1 0 10 5 0s s , k k sup ,mmA h . x M R a  (53) 
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If this condition is not met, then s  we take it 
equal to m R , where m l / l ), lx – 
distance from the beginning of the stress 
transfer zone in the pre-stressed reinforcement 
to the section under consideration; If there is no 
prestress in the design, the factor 1am . 
The bending moment, as a function of the 
calculated parameters of the section k-k, is from the 
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static condition of equal to zero moments of all 
internal and external forces acting in the vertical 
longitudinal plane relative to the y axis passing 
through the point of application of equal forces in 
the concrete of the compressed zone kb  

Mb,k=0,see Figure 1)  
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Here, 2 2bt .R  - design tensile strength of 
concrete; 2  - a coefficient taken for a 
circular section equal to two; 3 32bendW D / .  
The generalized reference reaction 
corresponding to the moment of crack formation 
is accepted sup,crcR 0 4, sup,uR . 
From here, the transverse force from internal 
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determined from equality of sum of projections 
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axis equal to zero ( =0, refer to Figure 1) we 
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Here, 8*  – parameters, which take into 
account components of "heating" effect of 
reinforcement. At each iteration step, these 
parameters are taken into account as constants, 
not as functions, and are determined based on 
the second level model [25];   
For the middle point (bk) of the compressed 
zone of the broken design section k-k, the 
projection of the component stresses in the 
compressed concrete on the y axis in the section 

2l  is calculated by formula: 
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Here, the components of tangent stresses in 
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(49) with the replacement of the corresponding 
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13. The torque, as a function of the 
calculated parameters of the section k-k, is 
from the static condition of equal to zero 
moments of all internal and external forces 
acting in the vertical transverse plane relative 
to the x axis passing through the point of 
application of equal forces in the concrete of 
the compressed zone kb ( b,k=0, see Figure 1) 
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This constraint is detailed in [25]. 
14. The length of the projection of the spatial 
crack is determined using the function f ( x, y,z )  
for the diagonal large ellipse of the circular 
cross-section structure introduced into the 
design scheme, with a smaller b R  and larger 

diagonal 2l( c ) R l( c )a
2cos

 2 2
2

l( c ) R
cos

), 

respectively: 

 
2 2

0 0
22

1
2 2

2

( y y ) ( z z )
l( c ) R R( )

cos

.  (59) 

 
Based on this, the size of the spatial crack for 
projecting it onto the horizontal axis is:  

 

1 2 3 2 2
2 3 2yRc l ( c ) l l ( c ) cos R

( R z )
.   (60)  

where, 1 3
245

2
l ( c ) l ( c ) d cos d cos d ;    0z ;    20 5 0 5 2 2

2
. l . R Ry

cos cos cos
. 

1 2 3 2 2
2yRc l ( c ) l l ( c ) cos

( R z )

2 2 2 3 2
2

2R R R
R

2 3 2R R  

1 41 4 24R . R .  
 

As a result, for the length boundary of the 
spatial crack, we can write:             
 

1 41 4 24. R c . R . 
 
In addition, for the length of the spatial crack, 
the limitation of the existing standards must be 
checked - no more than 0c , determined by the 
formula of paragraph 8.1.9 SP 63.13330.2018: 
 

0
1

2s s,I

sw,

R A ( h b )
c

q
,      (61) 

 
and take into account the limitation 2c h b .  
 
 
CONCLUSION 
 
1. A block analytical calculated model and an 
algorithm for estimating the complex 
resistance of a reinforced concrete structure of 
a circular cross section from the action of 
bending with torsion, with modeling of the 
calculated sections by small and large ellipses 
and modeling of the calculation spatial crack 

by sections of specially constructed spatial 
parabolas. 
2. Straining model equations for determination 
of unknown bending bend ,kM  and torque 
moment t ,  height of compressed zone of 
concrete B,k, deformations s,k ,rig ,x , s,k ,lef ,x  
and stresses s,k ,rig ,x , s,k ,lef ,x  in 
reinforcement on the left and right of design 
section, intensity of load in clamps located 
respectively on the left and right side of design 
section sw,lefq  sw,rigq   and intensity of load in 
clamps located in lower stretched zone of 
section qsw, . obtained using physical ratios for 
concrete and reinforcement and static conditions 
in spatial design section.  
3. In the spatial section k, for the block cut off 
by a complex section passing along a spiral-
shaped crack in the compressed zone, all 
reinforcement is taken into account, falling into 
this cross section and "heating" effect "in the 
stretched longitudinal and transverse 
reinforcement, falling into this spatial section, 
as well as normal and tangent stresses, located 
on sections normal to longitudinal axis at the 
distance x from support and that, as bending 

2 
 

moments increase, height of compressed zone of 
concrete in section k between first and third 
round normal cross sections decreases.  
4. For dangerous spatial crack length of 
projection of this crack is found With projection 
on horizontal axis of diagonal large ellipse of 
function f ( x, y,z )  with smaller diagonal b R  
and ellipse with larger diagonal 

1 2 3a l ( c ) l l ( c )  for which restriction is 
accepted 1 41 4 24. R c . R .  
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This constraint is detailed in [25]. 
14. The length of the projection of the spatial 
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for the diagonal large ellipse of the circular 
cross-section structure introduced into the 
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COMPRESSIVE CYLINDER STRENGTH AND DEFORMABILITY 
OF EXPANDED CLAY FIBER-REINFORCED CONCRETE WITH 

POLYPROPYLENE FIBER 
 

Yulia G. Maskalkova, Valeryia A. Rzhevutskaya 
Belarusian-Russian University, Mogilev, BELARUS 

 
Abstract. This article presents the experimental studies results of the reinforcement effect with 
polypropylene fiber (0.5 %, 1 %, and 1.5 %) on the strength (compressive cylinder strength) and 
deformation (compressive strain) characteristics for expanded clay concrete. The most effective fiber 
percentage is the content of 1.5 % by weight of the cement mass, based on obtained experimental 
results. An increase in the compressive cylinder strength (up to 13 %), a significant increase in the value 
of ultimate compressive strain in concrete (corresponding to the peak stress) of the stress-strain diagram 
(up to 50 %), and the plastic failure of expanded clay fiber-reinforced concrete are noted.  
 

Keywords: lightweight concrete, expanded clay concrete, dispersed reinforcement, polypropylene fiber, 
compressive cylinder strength, compressive strain, stress-strain diagram.

 
 

 
 
, A.  

-  
 

 
 %, 1 %, 1,5 

   %  
    . 

 %)  %) 
 

,    . 
 

 , 
, , , 

. 
 
 

1. INTRODUCTION 
 
Nowadays, expanded clay concrete is a 
promising building material since it can 
significantly reduce the self-weight in 
structures. However, the porosity of the coarse 
aggregate (expanded clay) imposes some 
restraints on the use of this material for the 

manufacture of the structure. One of the main 
features of expanded clay concrete under load is 
the absence of a descending branch in the stress-
strain diagram ‘  – ’.  
The specificity of the lightweight concrete 
deformation is taken into account in Eurocode 2 
(Section 11, Table 11.3.1), where the ultimate 
compressive strain for lightweight aggregate 
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lcu1 are recommended to be taken equal to the 
compressive strain in the concrete at the peak 

lc1 lc1 = lcu1. 
The absence of a descending branch in the 
stress-strain diagram is evidence of the brittle 
failure of the material. This negative factor can 
be eliminated by inclusion fiber to the concrete 
mix. Many articles are devoted to this topic, but 
they are often contradictory. This is probably 
due to the peculiarity of using special materials 
used to make specimens. According to the 
results of some investigations, the polymer fiber 
inclusion increases the compressive strength of 
LWAC. There are no changes in the 
compressive strength in other investigations. 
Following the results of some articles, it is 
empirically established, the dispersed 
reinforcement with polymer fibers significantly 
improves the deformability of lightweight 
concrete. Fiber promotes to eliminate of brittle 
failure of LWAC and improve mechanical 
characteristics, as evidenced in several studies 
[1–6]. 
The fiber effect on the strength characteristics of 
expanded clay concrete containing expanded 
clay aggregate 3–8 mm investigated by Fantilli 
et al. [7]. According to experimental data, the 
compressive strength of expanded clay concrete 
specimens was 21.51 MPa, 23.36 MPa, and 
22.91 MPa with the polypropylene fiber 
contents ( PPf) of 0 %, 1.4 %, and 2.0 % by 
cement mass, respectively. The maximum 
increase in strength (up to 8.6 %) was 
corresponded to PPf = 1.4 %.  
The increase in the fiber content changes 
insignificantly the compressive strength of self-
compacting expanded clay concrete (expanded 
clay aggregate 3–10 mm); it was experimentally 
established by Mazaheripour et al. [8].  The 
fiber percentage for all series investigations is 
considered sufficiently great ( PPf = 2.3–2.5 %). 
It is assumed, the presence of fiber dispersed 
reinforcement prevents the brittle failure of 
lightweight concrete. 
Similar results were obtained in [9, 10]. The 
experimental data showed the uneven change in 
the strength characteristics of the lightweight 

self-compacting concrete modified with 
polypropylene fiber as the result of an uneven 
distribution of fiber in the concrete mixture. 
Badogiannis et al. [5] ascertained an increase in 
strength of 20 % and 29 % for LWAC 
containing polypropylene fiber of 0.5 % and 
1 % by concrete volume, respectively. 
According to the test results, the following 
expression (1) was proposed (coefficient of 
determination R2 = 0.85): 

 
fcFRLWC/fcLWC = 1 + 1.01 · Vf · (l/d),        (1) 

 
where fcFRLWC – the compressive strength of the 

ber-reinforced lightweight concrete, fcLWC – the 
compressive strength of the lightweight concrete 
(Vf = 0), Vf – the reinforcement percentage with 
polypropylene fiber by concrete volume, l/d – 
the ber aspect ratio.  
Polypropylene fiber content improves the 
strength and deformability properties of 
concrete, but exceeding a certain reinforcement 
percentage will negatively result [11]. Fallah et 
al. [12] evaluated the mechanical characteristics 
of concrete containing polypropylene fiber in an 
amount of 0.1–0.5 % by concrete volume. As a 
result, the fiber content of 0.1 % had a positive 
effect on the compressive strength of concrete 
(the compressive strength increase was up to 
11.5 %). 
The literature on fiber reinforced lightweight 
concrete shows that the content of polymer fiber 
in LWAC should be no more than 2 % of the 
cement mass [13–18]. Furthermore, if this value 
is exceeded, the strength of fiber-reinforced 
concrete is always lower than the strength of 
lightweight concrete without reinforcement. 
According to [15], the content of synthetic 
fibers (carbon fiber) should be in the range of 
0.5–1.5 %. A similar conclusion can be derived 
from the test results of Singh [19], the 
maximum concrete strength is achieved with a 
polymer fiber content of 1.5 %, and the 
percentage of polymer fiber reinforcement of 
0.5 % is not effective. 
The descending branch of the stress-strain curve 
is an important keyword parameter for non-
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lcu1 are recommended to be taken equal to the 
compressive strain in the concrete at the peak 

lc1 lc1 = lcu1. 
The absence of a descending branch in the 
stress-strain diagram is evidence of the brittle 
failure of the material. This negative factor can 
be eliminated by inclusion fiber to the concrete 
mix. Many articles are devoted to this topic, but 
they are often contradictory. This is probably 
due to the peculiarity of using special materials 
used to make specimens. According to the 
results of some investigations, the polymer fiber 
inclusion increases the compressive strength of 
LWAC. There are no changes in the 
compressive strength in other investigations. 
Following the results of some articles, it is 
empirically established, the dispersed 
reinforcement with polymer fibers significantly 
improves the deformability of lightweight 
concrete. Fiber promotes to eliminate of brittle 
failure of LWAC and improve mechanical 
characteristics, as evidenced in several studies 
[1–6]. 
The fiber effect on the strength characteristics of 
expanded clay concrete containing expanded 
clay aggregate 3–8 mm investigated by Fantilli 
et al. [7]. According to experimental data, the 
compressive strength of expanded clay concrete 
specimens was 21.51 MPa, 23.36 MPa, and 
22.91 MPa with the polypropylene fiber 
contents ( PPf) of 0 %, 1.4 %, and 2.0 % by 
cement mass, respectively. The maximum 
increase in strength (up to 8.6 %) was 
corresponded to PPf = 1.4 %.  
The increase in the fiber content changes 
insignificantly the compressive strength of self-
compacting expanded clay concrete (expanded 
clay aggregate 3–10 mm); it was experimentally 
established by Mazaheripour et al. [8].  The 
fiber percentage for all series investigations is 
considered sufficiently great ( PPf = 2.3–2.5 %). 
It is assumed, the presence of fiber dispersed 
reinforcement prevents the brittle failure of 
lightweight concrete. 
Similar results were obtained in [9, 10]. The 
experimental data showed the uneven change in 
the strength characteristics of the lightweight 

self-compacting concrete modified with 
polypropylene fiber as the result of an uneven 
distribution of fiber in the concrete mixture. 
Badogiannis et al. [5] ascertained an increase in 
strength of 20 % and 29 % for LWAC 
containing polypropylene fiber of 0.5 % and 
1 % by concrete volume, respectively. 
According to the test results, the following 
expression (1) was proposed (coefficient of 
determination R2 = 0.85): 

 
fcFRLWC/fcLWC = 1 + 1.01 · Vf · (l/d),        (1) 

 
where fcFRLWC – the compressive strength of the 

ber-reinforced lightweight concrete, fcLWC – the 
compressive strength of the lightweight concrete 
(Vf = 0), Vf – the reinforcement percentage with 
polypropylene fiber by concrete volume, l/d – 
the ber aspect ratio.  
Polypropylene fiber content improves the 
strength and deformability properties of 
concrete, but exceeding a certain reinforcement 
percentage will negatively result [11]. Fallah et 
al. [12] evaluated the mechanical characteristics 
of concrete containing polypropylene fiber in an 
amount of 0.1–0.5 % by concrete volume. As a 
result, the fiber content of 0.1 % had a positive 
effect on the compressive strength of concrete 
(the compressive strength increase was up to 
11.5 %). 
The literature on fiber reinforced lightweight 
concrete shows that the content of polymer fiber 
in LWAC should be no more than 2 % of the 
cement mass [13–18]. Furthermore, if this value 
is exceeded, the strength of fiber-reinforced 
concrete is always lower than the strength of 
lightweight concrete without reinforcement. 
According to [15], the content of synthetic 
fibers (carbon fiber) should be in the range of 
0.5–1.5 %. A similar conclusion can be derived 
from the test results of Singh [19], the 
maximum concrete strength is achieved with a 
polymer fiber content of 1.5 %, and the 
percentage of polymer fiber reinforcement of 
0.5 % is not effective. 
The descending branch of the stress-strain curve 
is an important keyword parameter for non-

linear structural analysis and design of 
reinforced concrete structures in compression. 
The use of fiber affects not only the descending 
branch but also the ascending one [20]. 
The use of dispersed reinforcement (steel, 
metal, plastic, polypropylene fiber, and a 
mixture of different fibers) slightly increased 
the compressive strength of expanded clay 
concrete specimens [3, 21, 22]. The value of the 
modulus of elasticity increased in all cases, 
except for the case for LWAC containing 
polypropylene fiber.  
The increase in the value of the modulus of 
elasticity of LWAC was reported with a 
polymer fiber content of 0.1–0.3 % by concrete 
volume, while with higher fiber content, the 
value of the modulus of elasticity was 
decreased; it was noted in [12]. 
In a study [23] the dispersed reinforcement with 
basalt and polyacrylonitrile fiber (0.5 %, 1.0 %, 
and 1.5 % by concrete volume) of lightweight 
aggregate concrete present better compressive 
stress-strain test results than without 
reinforcement: the clear pronounced descending 
branch appears on the stress-strain curve.  
 
 
2. METHODS 
 
The purpose of the investigation is to evaluate 
the effect of dispersed reinforcement with 
polypropylene fiber on the strength and 
deformation characteristics of expanded clay 
concrete and to determine the optimal 
percentage of fiber reinforcement.  
The aim of the investigation is to assign the 
reinforcement percentage of expanded clay 
concrete with polypropylene fiber, based on 
improvements not only in compressive strength 
but also in deformation characteristics of 
expanded clay concrete as a result of dispersed 
reinforcement.  
For the manufacture of expanded clay concrete 
mixtures, the materials with the characteristics 
were used: 

– expanded clay gravel with round shape and a 
particle size of 4–10 mm; bulk density of 
390 kg/m3; specific density of 2330 kg/m3; 
particle density of 800 kg/m3; cylinder 
compressive strength of 1.028 MPa; water 
absorption of 13.03 % (by mass); water 
absorption of 10.23 % (by volume); porosity of 
83.23 %; 
– ordinary Portland cement type I (CEM-
I 42.5 N) manufactured by OJSC 
Krichevcementnoshifer; compressive strength at 
28 days (the activity of cement) of 42.5 MPa; 
bulk density of 1136 kg/m3; specific density of 
3050 kg/m3; water requirement of normal 
consistency 21–27 %; spread of cement paste of 
106 mm; 
 – 

2; specific density 
of 2460 kg/m3; bulk density of 1667 kg/m3; 
porosity of 32.32 %. 
According to STB 943, river sand in terms of 
grain-size distribution is related to sand of 
medium size. 
Polyp  
used in the experimental study.   
PP microF are made from granules of a high-
modulus thermoplastic polymer by extraction. 
These polypropylene  manufactured 
in the Russian Federation according to TU 
2272-001-30726220-2015. Main characteristics 
of PP microF with 12 mm length: diameter of 
50 ; aspect ratio (length/diameter) of 240; 
shape is round; density of 910 kg/m3 at 20 º ; 
melting point is more than 160 º ; electrical 
conduction is low; alkali resistance is high; 
chemical resistance is high. 
Dispersed reinforcement was carried out with a 
polypropylene fiber contents of 0.5 %, 1 %, and 
1.5 % by weight of the binder (cement) for 
Series 1–2. The percentage reinforcement of 
polypropylene fiber of 1.5 % by cement weight 
was considered for Series 3–4 as the most 
effective in accordance with the results obtained 
in [25]. The material components of the 
experimental specimens are shown in Table 1. 
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Table 1. Material components of the experimental expanded clay fiber-reinforced concrete and 

expanded clay concrete specimens  

The shape of the specimens for determining the 
strength and deformation characteristics of 
expanded clay fiber-reinforced concrete was in 
a form of a cylinder (diameter of 150 mm and a 
height of 300 mm). These specimens were 
tested for short term uniaxial loading on a 
hydraulic press in the laboratories of 
Belarusian-Russian University.  
The fiber was added to the dry components and 
then mixed with water in Series 1. Adding 
polymer fiber to the dry mixture, thoroughly 
mixing, and then proportionally adding water is 
applicable for small batches in the laboratory. A 
batch with a volume of more than 0.3 m3 using 
an inclined concrete mixer was used in that 
case. The strength of expanded clay fiber-
reinforced concrete was less in all cases than the 
strength of expanded clay concrete without 
reinforcement (Series 1). In this regard, in the 
next Series of specimen’s water was primarily 
poured into the drum of the concrete mixer, then 
the required amount of PP microF was added in 
portions to the water, after cement, sand, and 

expanded clay gravel were consistently added. 
Mixing time was increased by 15 %. This 
method of preparing a fiber-reinforced concrete 
mixture made it possible to obtain the strength 
of expanded clay fiber-reinforced concrete not 
lower than the strength of the expanded clay 
concrete without fiber (Series 2–4) [24].  
 
 
3. RESULTS AND DISCUSSION 
 
The characteristic compressive cylinder strength 
of expanded clay fiber-reinforced concrete at 28 
days was determined from the test results taking 
into account the coefficient of variation 
V < 13.5 % with a confidence probability of 
95 %. Characteristics of the experimental 
specimens are shown in Table 2. 
The actual change in the characteristic 
compressive cylinder strength of expanded clay 
fiber-reinforced concrete at 28 days depending 
on PP microF reinforcement percentage is 
shown in Fig. 1 (the data are based on Table 1). 

PP microF 
reinforcement 

percentage PPf, % 
(by binder weight) 

Characteristics of materials 
(material components referred to 1 m3 

of expanded clay fiber-reinforced concrete, kg) 
Mixture proportions 

of LWAC 

Binder Fine aggregate Coarse aggregate C : S : G W/C 
Series 1      

0  Portland 
cement 

  
(258) 

River  
sand  

 
(716) 

Expanded clay 
aggregate  

 
(333) 

1 : 2.78 : 1.29 0.85 
0.5 
1.0 
1.5 

Series 2      
0  Portland 

cement 
 

(428) 

River  
sand  

 
(787) 

Expanded clay 
aggregate  

 
(338) 

1 : 1.84 : 0.79 0.52 
0.5 
1.0 
1.5 

Series 3–4      
0  Portland 

cement 
 (428) 

River  
sand  
(787) 

Expanded clay 
aggregate  

(338) 

1 : 1.84 : 0.79 0.52 
1.5 
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Table 2. Characteristics of the experimental cylinder specimens 

 
 

Figure 1. The change in the cylinder strength of 
expanded clay fiber-reinforced concrete 
depending on reinforcement percentage 

 
The obtained results are in a good agreement 
with the results obtained earlier in the study of 
the cube compressive strength of expanded clay 
fiber-reinforced concrete [24, 25]. 
Compressive strength of expanded clay fiber-
reinforced concrete can be determined based on 
the compressive strength of expanded clay 
concrete by introducing a partial safety factor 
kPPf, taking into account the reinforcement 
percentage of PPf:
 

flc,PPf = flc kPPf,   (2) 

where flc,PPf – compressive strength of expanded 
clay fiber-reinforced concrete, P , flc – 

PPf  
(by cement 

weight) 

Mean 
value of 
density, 
kg/m3 

Cylinder compressive strength flc.cyl, MPa The relative 
value of 
cylinder 

compressive 
strength in 
comparison 

with the control 
specimen  

Remark Mean 
value flcm 

The 
coefficient of 

variation 
Var, % 

Characteristic 
value at 28 days 

flck 

Series 1       
0 1387 13.79 5.35 12.31 1.00 Fiber was 

added to dry 
mix 

0.5 1412 11.92 5.64 10.57 0.86 
1.0 1398 9.48 6.98 8.15 0.69 
1.5 1363 10.57 10.05 8.43 0.77 

Series 2       
0 1387 11.62 5.10 10.50 1.00 Fiber was 

added to 
water 

0.5 1567 11.83 4.44 10.83 1.02 
1.0 1475 11.61 5.28 10.45 1.00 
1.5 1421 13.12 7.09 11.47 1.13 

Series 3       
0 1536 11.76 5.41 10.56 1.00 Fiber was 

added to 
water 1.5 1413 12.65 4.67 11.57 1.10 

Series 4       
0 1475 11.45 4.84 10.44 1.00 Fiber was 

added to 
water 1.5 1474 12.39 4.53 11.40 1.09 
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compressive strength of expanded clay concrete, 
MPa, kPPf – partial safety factor for accounting 
the percentage of fiber reinforcement.  
According to the data presented in Fig. 1, the 
relation between the characteristic compressive 
cylinder strength of expanded clay fiber-
reinforced concrete at 28 days and the 
reinforcement percentage is not linear, but it can 
be expressed by a 2nd degree polynomial. This 
statement does not contradict the data obtained 
in [8–10]. 
The following expression (3) for the analytical 
determination of the coefficient k f was 
obtained, based on the test results of Series 2–4: 
 

k f = 1.2 + 0.27 f f  – 1.77),     (3) 
 
where PPf – the percentage of polypropylene 
fiber content in the concrete mixture by cement 
weight, %. 
A comparison of the experimental re and 
theoretical rt values is shown in Fig. 2. All 
points are located close to the straight line 
re = b rt on the ‘re – rt’ diagram.  Inclination of 
line is arctan1.0015 = 45.04°  45° (coefficient 
of determination R2 = 0.9969). 

 
 

 
 

Figure 2. The ‘re – rt’ diagram 
 
The proposed expression (3) is required 
elaboration based on the accumulated empirical 
data. 
Plastic fracture in specimens reinforced by PP 
microF with a fiber contents of 1 % and 1.5 % 
by cement weight was observed (Fig. 3). 
 

 

  

Figure 3. The failure behavior of expanded clay concrete cylinders:  
) unreinforced  = flc (the peak stress in the stress-strain diagram), b) reinforced by PP microF  

 = flc (the peak stress in the stress-strain diagram), c) reinforced by PP microF  > flc 
(a descending branch in the stress-strain diagram) 

 
In these cases, a descending branch appears in 
the stress-strain diagram (Fig. 4). Moreover, the 
actual recorded ultimate compressive strain 
increases with raising the fiber content. The 

appearance of a descending branch was not 
observed at a fiber content of 0.5 % by cement 
weight (Fig. 4). 
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Figure 4. The actual stress-strain diagram of 
expanded clay fiber-reinforced concrete 

specimens containing polypropylene fiber: 
 ) 0.5 %, b) 1 %, c) 1.5 % 

 
Fiber forms structural bonds in the concrete mix 
and prevents segregation when mixing. The use 
of fiber enables to reduce the crack width and 
crack spacing, especially at an early age [20, 21]. 
The optimal effect of dispersed reinforcement is 
achieved when fibers are located in the sample 
in the direction perpendicular to the force [4]. 
As our investigations have shown, 
polypropylene fibers are predominantly located 
perpendicular to the vertical axis in cylindrical 
specimens in case of adherence to the 
technology of concrete mix preparation with the 
fiber addition and sufficient mixing time. 
The influence of polypropylene and steel fiber 
(0.1 %, 0.2 %, and 0.3 % by concrete volume) 

on the deformation characteristics of expanded 
clay concrete was studied in [26]; it was noted 
the failure occurs as a result of pulling out or 
discontinuity of polymer fiber within the crack 
width (Fig. 5).  
 

 
 

Figure 5. The effect of fibers on cracks in 
expanded clay concrete:  

) steel fiber, b) polypropylene fiber [26] 
 

However, our investigations contradict this 
statement. Polypropylene fibers restrained 
cracking, preventing brittle fracture of 
specimens. The fibers were stretched within the 
crack, but fiber discontinuity was not noted 
(Fig. 6). 

 

 
 

Figure 6. Location of fibers within the crack at 
the moment of complete failure (see Fig. 3, c) 

 
The investigation results of the effect of 
dispersed reinforcement with polypropylene 
fiber on the compressive strength and 
deformability of expanded clay concrete are 
shown in Table 3.  
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Table 3. The effect of the fiber reinforcement percentage on the compressive strength and 
deformability of expanded clay fiber-reinforced concrete  

PPf  
The effect on 

the compressive 
strength 

Change in deformability Justification 

0.5 % Compressive 
strength 
practically does 
not change. 

The brittle failure. The 
value of compressive 
strain in the concrete at 
the peak stress lc1 
practically does not 
change. 

The fiber content is too low to have an 
appreciable effect on compressive strength 
and deformability. 

1.0 % Compressive 
strength 
decreases. 

The plastic failure. The 
value of lc1 increases 
slightly (up to 10 %). 

The fiber content is sufficient to prevent 
brittle failure, but not enough to inhibit the 
development of micro cracks. The fiber with 
low strength negatively affects the 
compressive strength. 

1.5 % Compressive 
strength 
increases (up to 
13 %). 

The plastic failure. The 
value of lc1 increases 
significantly (more than 
50 %). 

The fiber content is sufficient to prevent 
brittle fracture and inhibit the formation and 
internal micro crack development. The 
compressive strength of expanded clay 
concrete increases due to a later crippling of 
the cement stone 

 
 

   

4. CONCLUSIONS 
 
1. According to the obtained experimental data, 
dispersed reinforcement with polypropylene 
fiber does not have a significant effect on the 
strength of expanded clay fiber-reinforced 
concrete. When the content of polypropylene 
fiber is 1.5 % (by cement weight), the cylinder 
strength of expanded clay fiber-reinforced 
concrete increases up to 13 %. However, the 
increase of the strength can be due to the error 
of the testing machine during investigations. 
2. The failure of expanded clay fiber-reinforced 
concrete occurs as a result of the failure of the 
expanded clay concrete matrix, and not as a 
result of pulling out or discontinuity of 
polypropylene fibers at all investigated 
percentages of reinforcement (0.5 %, 1 %, and 
1.5 %).  
3. Expanded clay concrete reinforced by 
polypropylene fiber with a reinforcement 
percentage of 1 % and 1.5 % by cement weight 
has a positive effect on the deformability of 

concrete. A pronounced descending branch 
appears on the stress-strain diagram; it is 
determined the plastic failure of expanded clay 
fiber reinforced concrete. 
4. It is recommended to assign the percentage 
reinforcement of expanded clay concrete 
containing polypropylene fiber of 1.5 % by 
cement weight. In this case, it is possible to 
obtain the required compressive strength with a 
significant improvement in deformation 
characteristics, eliminating the brittle failure. 
5. The technology of concrete mix preparation 
with the fiber addition requires clarification. 
Adding fiber to a dry mix and then mixing with 
water has a negative effect.  
6. The compressive strength of expanded clay 
fiber-reinforced concrete flc,PPf  can be 
calculated based on the compressive strength of 
expanded clay concrete (unreinforced) flc by 
multiplying it by the partial safety factor for 
accounting the percentage of fiber 
reinforcement kPPf. 
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Abstract. A comparative analysis of the results of field tests to determine the bearing capacity of a pile at the 
facilitys in the Nur-Sultan city and Petropavlovsk city. The aim of the study was to carry out a comparative 
analysis of the results of dynamic and static tests in the two construction site in order to identify the difference in 
performance. This article provides programs and results of tests with static indentation load and dynamic load on a 
pile in different two of the construction site under different soil conditions. The results of the comparative analysis 
are the following: Dynamic tests are needed for a preliminary assessment of the dynamic bearing capacity and the 
possibility of driving piles in different soil conditions. The bearing capacity of the pile, determined by dynamic 
tests, is slightly lower than during static tests, the difference between the results is 11 and 17%. 

 
Keywords: static test, dynamic tests, pile, comparative analysis, bearing capacity. 
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INTRODUCTION 
 
The 800-bed Astana Medical University 
Hospital is being constructed on the right 

bank of the Esil River in the city of Nur-
Sultan, Kazakhstan. The total area of the 
hospital will be 140 thousand square meters. 
It will house a consultative and diagnostic 
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center, round-the-clock and day facilities 
with 800 and 110 beds, respectively. The 

architectural rendering of the hospital 
complex is shown in Figure 1. 

 

 
Figure 1. The architectural rendering of 800-bed Astana Medical University Hospital 

 
Figure 2. The architectural rendering of the hospital complex in Petropavlovsk city 

The hospital complex in Petropavlovsk city will 
be equipped with state-of-the-art equipment. 
Therefore, in order to improve their 
qualifications, 200 local doctors will undergo 
training abroad. The hospital is designed for 540 
beds, dozens of modern departments. On the 
territory of the medical complex, there is a take-

off platform for sanitary aviation. A separate 
conference building will be built here. The new 
multidisciplinary hospital will become a major 
medical center, attractive for citizens of other 
countries. The architectural rendering of the 
hospital complex is shown in Figure 2 
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PILE DYNAMIC TESTS 
 

 Pile dynamic tests in Nur-Sultan 
- -30 with 

dynamic load were carried out from September 

site "Construction and operation of the united 
university hospital for 800 beds at NJSC" 
Astana Medical University "in the city of Nur-
Sultan. In axes X1-X70 and Y1-Y-60. Test 

- -30 numbered 1, 2, 3, 4, 5, 

the ground to a depth of 8.5 m from the 
absolute elevation of the bottom of the pit 

the test piles. Driving and finishing of test piles 
was carried out from September 21 to 
September 23, 2020 using a Junttan PM-25HD 
piling rig with an NNK-8A hydraulic hammer 
with a shock mass of 8000 kg and a headband 

wooden spacers were used inside the metal 
head to prevent the destruction of the pile head. 
The drop height of the striking part of the 

 
The finishing of the piles was carried out on 

from the moment of the end of the pile driving. 
Before finishing, in order to accurately fix the 
movement, a measuring tape with a scale of 1 
mm was glued to the pile. Observation of the 
sinking of the piles was carried out using a 
level. 
Failures of piles during their finishing ranged 
from 0.26 cm to 0.42 cm with a hammer energy 
of 2.4 t* m. 
To determine the bearing capacity, the largest 
average failure of three and five blows was 
taken, obtained when finishing the pile after 
their "rest" (MSP 5.01-101-2003), (SP RK 5.01-
102-2013). The data obtained are given in the 
acts of dynamic tests of piles and are attached to 
the report 
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 Pile dynamic tests in Petropavlosk 
Dynamic tests were carried out from September 
26, 2020, using a Junttan PM-25HD pile driver. 
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The piles in these groups numbered 1, 2, 3, 4, 5, 

subjected to dynamic tests. Additional 
information related to the piles is available in 
the report on dynamic testing prepared by KGS 
Astana LLP . 
 

 
 

Figure 4. Junttan PM-25HD piling rig in 
Petropavlovsk 

 
The dynamic test results in Petropavlovsk are in 
the table 2. 
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 Summary about the dynamic tests   
In the Nur-Sultan city: 
1. The average load-bearing capacity of test 

- -30, driven to a 
depth of 8.50 m at the above construction site is 
813 kN. 
2. The permissible load on the pile, taking into 

k = 1.4 in accordance 
with paragraph 3.10. of SNiP RK 5.01.-03-2002 
“Pile foundations” should thus be taken equal to 
580kN. 
In the Petropavlovsk city:  
1. The average load-bearing capacity of test 

-30, driven to a depth of 
10.40 m at the above construction site, is 746 
kN. 
2. The permissible load on the pile, taking into 

k = 1.4 in accordance 
with paragraph 3.10. of SNiP RK 5.01.-03-2002 
“Pile foundations” should thus be taken equal to 
533 kN. 
 
 

 
 

 Pile static tests in Nur-Sultan 
Field tests of S10-30 driven piles with static, 
vertical-indentation loads were carried out from 
December 02, 2020 to January 08, 2021 at the 
construction site of the Main Building and the 
Parking lot of the facility “Construction and 
operation of a united university hospital for 800 
beds at NJSC“ Astana Medical University "In 
Nur-Sultan". 
The tests were carried out on four driven test 

-
and 62, 66 (Parking), immersed in the ground to 

he marks of their 
 These test piles 

are shown in Figure 5.   
Field tests were carried out after the piles 

driving. According to fig. 3. The load on the 
pile was created using a 100-ton hydraulic 
jack "Enerpred DU100P150" with a pumping 
station "Enerpac P462", abutting against a 
test and loading stand, weighing 120.0 tons. 
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 Summary about the dynamic tests   
In the Nur-Sultan city: 
1. The average load-bearing capacity of test 

- -30, driven to a 
depth of 8.50 m at the above construction site is 
813 kN. 
2. The permissible load on the pile, taking into 

k = 1.4 in accordance 
with paragraph 3.10. of SNiP RK 5.01.-03-2002 
“Pile foundations” should thus be taken equal to 
580kN. 
In the Petropavlovsk city:  
1. The average load-bearing capacity of test 

-30, driven to a depth of 
10.40 m at the above construction site, is 746 
kN. 
2. The permissible load on the pile, taking into 

k = 1.4 in accordance 
with paragraph 3.10. of SNiP RK 5.01.-03-2002 
“Pile foundations” should thus be taken equal to 
533 kN. 
 
 

 
 

 Pile static tests in Nur-Sultan 
Field tests of S10-30 driven piles with static, 
vertical-indentation loads were carried out from 
December 02, 2020 to January 08, 2021 at the 
construction site of the Main Building and the 
Parking lot of the facility “Construction and 
operation of a united university hospital for 800 
beds at NJSC“ Astana Medical University "In 
Nur-Sultan". 
The tests were carried out on four driven test 

-
and 62, 66 (Parking), immersed in the ground to 

he marks of their 
 These test piles 

are shown in Figure 5.   
Field tests were carried out after the piles 

driving. According to fig. 3. The load on the 
pile was created using a 100-ton hydraulic 
jack "Enerpred DU100P150" with a pumping 
station "Enerpac P462", abutting against a 
test and loading stand, weighing 120.0 tons. 

The process is described in detail in the 
articles previously published. [1,2]. Piles 

settlement graphs are show in Figure 6. 

 

 

Figure 5. Test pile layout plan 
 

 

Figure 6. Pile settlement graphs in Nur-Siltan 

 

Static pile tests results in Nur-Sultan: 
1) The bearing capacity of the piles test at the 
locations of the main hospital building and the 

respectively. 
2) The permissible pile load, taking into account 

k = 1.2 in accordance with 
clause 4.4.1.11. SP RK 5.01-103-2013 “Pile 
foundations” should be taken equal to 750 kN 
and 650 kN for the main hospital building and 
parking structure locations, respectively. 

Table 3. The static test results in Nur-Sultan 
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 Pile static tests in Petropavlovsk 
The movement of each pile was measured by 
two 6PAO deflectiometers with a scale division 
of 0.01 mm, and by four digital electronic 
displacement transducers of the type 027DG1, 
027DG2, 027DG3, 027DG4 working in 
conjunction with the aforementioned SLT2 
monitoring system. 
 

 
Figure 7. Loading stand 

 
The devices that are part of the SLT2 system are 
specially designed to monitor static load testing 
of piles in accordance with Eurocode 7. This 

system provides the ability to monitor static 
load testing of piles at a distance of up to 25 m, 
and allows personnel (testers) to remotely 
monitor behind the settlement of the piles and 
the actual load on the pile without approaching 
the potentially dangerous zone of the test site 
structure, where the system is under high 
pressure and load [3]. 
The piles were tested with static, stepwise 
increasing loads. This consisted of five load 
steps 166 kN (60 bar), next 111 kN (40 bar). 

 
The associated displacements of the piles were 
48,10 mm, 

 
Each pile was unloaded in steps, with each 
unloading step being observed for at least 15 
minutes. 

 

 
Figure 8. Pile settlements graphs in Petropavlovsk 

 
After complete unloading (to zero), observation 
of the elastic displacements of the pile was 
carried out for 60 minutes, with the movement 
of the piles being recorded every 15 minutes 
[4,5] 
Static pile tests results in Petropavlovsk 
1) The bearing capacity of the piles test at the 

kN. 

2) The permissible pile load, taking into 
k = 1.2 in 

accordance with clause 4.4.1.11. SP RK 5.01-
103-2013 “Pile foundations” should be taken 

building. 
Piles settlement graphs are show in Figure 8 
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Table 4. The static test results in Petropavlovsk 
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CONCLUSION 
 
1. Based on the results of dynamic and static 
tests, it is possible to successfully determine the 
permissible load for piles. 
2. Dynamic tests are needed for a preliminary 
assessment of the dynamic bearing capacity and 
the possibility of driving piles in different parts 
of a construction site under different soil 
conditions. 
3. Static indentation test results must be 
considered when determining the correct pile 
length. 
4. The bearing capacity of the piles, determined 
by a dynamic tests, is approximately 11% lower 
than during static tests in Nur-Sultan. 
5. The bearing capacity of the piles, determined 
by a dynamic tests, is approximately 17% lower 
than during static tests in Petropavlovsk 
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the stability of embankments under seismic loadings. In addition, a dynamic factor of safety depending on the results 
of the numerical analysis was defined. To study these parameters' effects on the embankment's stability, a parametric 
study concerning the embankment inclination and the soil type was performed. Finally, the numerical analysis results 
were compared with the results of the pseudo-static analysis according to the EC8. The results of this study show the 
significance of the numerical seismic analyses in comparison with the analytical calculations. 
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INTRODUCTION 
 
The propagation of the earthquake-induced 
waves due to an earthquake event affects the 
stability of geotechnical structures and causes 
different damages and ground settlements. The 
degree of influence depends on the geology, 

topography of the influenced area, and the 
behavior and properties of the local soil under 
cyclic loadings and it is highly related to the 
ground motion parameters. In the historical 
developments of the procedures to analyze the 
seismic stability of embankments, the pseudo-
static approach of Terzaghi (1950) based on the 



51Volume 18, Issue 2, 2022

 2012, – . 126-
131. 

2. 
 The 

applications of dynamic and static piling tests 
of Astana. The 15th Asian Regional 
conference on soil mechanics and 
geotechnical engineering. Fukuoka, Japan, 
2015, pp. 508-508. 

3. The applications of dynamic (PDA and 
traditional) and traditional static piling tests 
of Astana  city / A.S. Turashev, R.E. 
Lukpanov, A.R. Omarov, G.A. Zhukenova, 
G.K. Tanyrbergenova //  

  
 . . .  . – 2015. 

– . 1. – . 244–  

4. . Comparison results of 
static and dynamic load test at the 
construction site of Astana / S.B. 
Yenkebayev, R.E. Lukpanov, A.Zh. 
Zhussupbekov // Proc. of Korea-Kazakhstan 
Joint Geotechnical Seminar. – Incheon, 
Korea, 2012. – P. 115-121. 

5. Tulebekova A S and Zhussupbekov 
A Zh

 

 – , 2020, 
– 111 P. 

 
Ascar Zh. Zhussupbekov, President of Kazakhstan 
Geotechnical Society, Dr.Sc., Academic of National 
Engineering Academy of Kazakhstan, Chair of TC 305 
(ISSMGE) on Geotechnical Infrastructures of Megacities 
and New Capitals, Professor of Eurasian National 
University; 2, Satpayev Street Nur-Sultan, Kazakhstan, 
010008, Phone: +7-701-5118382; email: astana-
geostroi@mail.ru 
 
 
Ascar U. Yessentayev, PhD Student of Eurasian National 
University; 2, Satpayev Street Nur-Sultan, Kazakhstan, 
010008, Phone: +7-776-5730101; email: 
askaryess777@gmail.com 
 
Victor N. Kaliakin, Professor, Department of Civil & 
Environmental Engineering, University of Delaware, 

 U.S.A.; Phone: +01 
kaliakin@udel.edu 

 
 
Irina V. Drozdova, Dr.Sc., Professor, Saint Petersburg 
State University of Architecture and Civil Engineering, 4, 
Vtoray

-35-44; email: 
managment@spbgasu.ru 
 
 
 
 
 
 
 
 

 

-
-701-5118382; 

email: astana-geostroi@mail.ru 
 

 
, 2, . -

, , 010008, .: +7-776-5730101; 
email: askaryess777@gmail.com 
 

kaliakin@udel.edu 
 

-
-

-
-35-44; email: managment@spbgasu.ru 

 
 
 
 

SEISMIC DESIGN OF EMBANKMENTS – NUMERICAL 
AND ANALYTICAL STUDY  

 
Awwad Talal 1,2, Alkayyal Hassan 3  

 
1 Saint Petersburg State University of Architecture and Civil Engineering, Saint Petersburg, RUSSIA  

2 Emperor Alexander I St. Petersburg State Transport University, Saint Petersburg, RUSSIA 
3 Department of soil mechanics and Foundation Engineering, University of the Federal Armed Forces Munich, 

GERMANY 
 

Abstract: In this paper, a dynamic shear strength analysis was performed in a finite elements environment to evaluate 
the stability of embankments under seismic loadings. In addition, a dynamic factor of safety depending on the results 
of the numerical analysis was defined. To study these parameters' effects on the embankment's stability, a parametric 
study concerning the embankment inclination and the soil type was performed. Finally, the numerical analysis results 
were compared with the results of the pseudo-static analysis according to the EC8. The results of this study show the 
significance of the numerical seismic analyses in comparison with the analytical calculations. 
 

Keywords: embankments, dynamic shear strength, seismic loadings, numerical analysis, stability, 
sound absorption coefficient. 

 
 

– -
 

 
1, 2, -  3 

 

1 - - -  
2 -  

. -  
3 

 
 

 
 

 
 

 
 

INTRODUCTION 
 
The propagation of the earthquake-induced 
waves due to an earthquake event affects the 
stability of geotechnical structures and causes 
different damages and ground settlements. The 
degree of influence depends on the geology, 

topography of the influenced area, and the 
behavior and properties of the local soil under 
cyclic loadings and it is highly related to the 
ground motion parameters. In the historical 
developments of the procedures to analyze the 
seismic stability of embankments, the pseudo-
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principle of D'Alembert in the mechanics was 
used very often. The effects of an earthquake in 
this approach and its following improvements are 
represented by constant horizontal and/or vertical 
accelerations, which produce inertial forces 

 and  acting through the centroid of the 
failure mass. The stability of the slope can be 
then evaluated by resolving the static and 
pseudo-static forces on the potential failure mass. 
Simultaneously, the permanent deformations can 
be estimated using the sliding block method 
developed by Newmark (1965). In this method, 
the permanent deformations can be calculated by 
time-dependent double integrating of the 
accelerations, which are above a determined 
value called the yield acceleration , which 
makes the pseudo-static factor of safety equals to 
unity. 
The above-mentioned methods are very simple to 
comprehend and to be applied due to their 
similarity to the static slope stability analyses and 
because they can be used to analyze the stability of 
slopes with sliding surfaces of different forms 
(planer, circular, or arbitrary failure surfaces). 
However, the simplification of the very complex 
effects of the earthquake using only pseudo-static 
accelerations is very rough. In addition, these 
methods assume the soil behavior to be rigid which 
means that they do not consider the realistic soil 
behavior. Furthermore, these analyses can be 
unreliable for soils that build up large pore 
pressures or show more than 15% degradation of 
strength due to earthquake shaking. 
Despite the drawbacks and shortcomings of these 
methods, many regulations such as the Euro code 
(EC8) or the German standard (DIN EN 1998-5: 
2010-12) suggest their applications to study the 
seismic stability of slopes and embankments 
taking into consideration their application limits. 
In contrast to the conventional methods, the 
numerical methods consider the realistic 
behavior of the soil according to the utilized 
constitutive models. In addition, the analyses can 
be achieved in the time domain using real 
acceleration-time histories. Further, the values of 
the expected permanent deformations can be 
realistically determined. 

Although the application of the finite element 
method is simple, it requires good knowledge of 
numerical modeling, an accurate understanding 
of the problem to be solved, and deep 
comprehension of the material laws, which 
govern the soil behavior. In the following, the 
most important requirements for numerical 
modeling under dynamic loading will be 
discussed. 
 
 
1. THE APPLICATION OF THE FINITE 
ELEMENTS METHOD IN THE DYNAMIC 
ANALYSIS 
 
The dynamic calculations are mainly concerned 
with the phenomenon of wave propagation. 
Therefore, the dimensions of the model must be 
chosen so that the wave reflections at the model 
boundaries won’t influence the important area of 
the model, which includes the studied structure. 
This leads to a model with big size and a large 
number of elements. In addition, the movements 
of the soil at the model boundaries must be 
represented realistically using suitable boundary 
conditions. An additional, artificial, and a special 
type of boundary condition, which can absorb the 
earthquake-induced energy waves, must be also 
used. As a consequence of complying with the 
above-motioned requirements, the energy waves 
that propagate inside the model are continuously 
removed from it. 
The mesh coarseness has also a great influence 
on the results. A coarse mesh with a small 
number of nodes causes the displacement 
components of high frequencies to be filtered. 
The proposed maximum dimension of an 
element must be between 1/8 Kuhlemeyer und 
Lysmer (1973) and 1/5 Lysmer et al. (1975) of 
the shortest wavelength.  
After creating the model and generating the 
mesh, the mass, damping, and stiffness matrices 
of all elements are calculated and the global 
equation of motion of the model is time-
dependent solved to determine the vectors of 
acceleration, velocity, and displacement of every 
node in the model. 
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Although the application of the finite element 
method is simple, it requires good knowledge of 
numerical modeling, an accurate understanding 
of the problem to be solved, and deep 
comprehension of the material laws, which 
govern the soil behavior. In the following, the 
most important requirements for numerical 
modeling under dynamic loading will be 
discussed. 
 
 
1. THE APPLICATION OF THE FINITE 
ELEMENTS METHOD IN THE DYNAMIC 
ANALYSIS 
 
The dynamic calculations are mainly concerned 
with the phenomenon of wave propagation. 
Therefore, the dimensions of the model must be 
chosen so that the wave reflections at the model 
boundaries won’t influence the important area of 
the model, which includes the studied structure. 
This leads to a model with big size and a large 
number of elements. In addition, the movements 
of the soil at the model boundaries must be 
represented realistically using suitable boundary 
conditions. An additional, artificial, and a special 
type of boundary condition, which can absorb the 
earthquake-induced energy waves, must be also 
used. As a consequence of complying with the 
above-motioned requirements, the energy waves 
that propagate inside the model are continuously 
removed from it. 
The mesh coarseness has also a great influence 
on the results. A coarse mesh with a small 
number of nodes causes the displacement 
components of high frequencies to be filtered. 
The proposed maximum dimension of an 
element must be between 1/8 Kuhlemeyer und 
Lysmer (1973) and 1/5 Lysmer et al. (1975) of 
the shortest wavelength.  
After creating the model and generating the 
mesh, the mass, damping, and stiffness matrices 
of all elements are calculated and the global 
equation of motion of the model is time-
dependent solved to determine the vectors of 
acceleration, velocity, and displacement of every 
node in the model. 

2. THE MODEL DESCRIPTION 
 
To achieve the main aims of this study, a plane 
strain model was created using the program 
PLAXIS 2D - version 9.0. The soil layers were 
simulated with volume elements of 15 nodes. 
The dimensions, boundary conditions, and the 
coarseness of the mesh were chosen so that the 
already mentioned requirements are met. The 
model has a total width of 305 m and a total 
height of 110 m. The width and the height of the 
slope are 105 m and 60 m and it has an angle of 

30 ^o, so that the lateral boundaries and the 
basis of the model are at distances of 100 m and 
50 m away from the slope as shown in figure 1. 
The option ‘standard Fixities’ was used to define the 
allowed movements at the model boundaries so that 
the lateral points of the model can only move 
vertically while the base points were totally fixed.  
The seismic action was applied at the lower 
boundary of the model through prescribed 
displacement. Simultaneously, energy absorbent 
boundaries were added at the model vertical sides 
to eliminate the effects of the reflected waves on 
the model boundaries. Only the horizontal 
component of the earthquake was considered in 
the performed calculations. Figure 2 depicts the 
model with its boundary conditions. The mesh 
was generated with a fine coarseness. 
 

 
Figure 1. The created model, its dimensions and 

mesh (without scale, all units are in m) 
 

 
Figure 2. The boundary conditions of the model 

3. THE CONSTITUTIVE MODEL HSS 
 
The applied hardening soil small strain model (or 
abbreviated HSS-model) has the same features as 
the hardening soil model. In addition, it provides 
new features added by Benz (2007). The yield 
surface of the HSS-model can be extended 
depending on the plastic strain without exceeding 
the Mohr-Coulomb limit conditions. Due to the 
consideration of the double hardening, this model 
can’t only account for the elastic and plastic 
strains ( ) and ( ), but it also divides the plastic 
strains into deviatoric and isotropic portions 
depending on the load direction. The soil 
stiffness calculated in every calculation step 
depends not only on the stress level but is also 

the value of the shear modulus (G) is greatly 
increased when the shear strain decreases as 
illustrated in Figure 3. 
As it was observed from the laboratory 
experiments and the field tests, soil shows high 
stiffness under dynamic loads, which act within 
a short time and in a small strain domain. Since 
the HSS-model can take into account the 
dependency of the soil stiffness on the level of 
the shear strain, the use of this material model for 
the dynamic calculations is ideal. In addition, the 
HSS-model can also account for hysteretic 
damping according to the shear strain, so that the 

the increase of the shear strain as shown in Figure 
4. 
 
 

 
Figure 3. Characteristic stiffness-strain 

behavior of soil with typical strain ranges 
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Figure 4. The soil damping capacity related to 

the shear strain 
 
Depending on the previously mentioned 
explanations and features of the HSS-model, it 
can be concluded that this material law is suitable 
to analyze the studied problem. However, the 
shortcomings and the limitations of this model 
should also be taken into consideration. The HSS 
model cannot generate the accumulated strains 
due to multiple load cycles. In addition, it cannot 
generate the excess pore water pressures in the 
undrained calculations, which leads to the 
inability of the HSS-model to account for 
liquefaction, which is the most important 
phenomenon in the dynamic analysis. 
 
 
4. THE DYNAMIC SHEAR STRENGTH 
REDUCTION ANALYSIS 
 
The calculations were carried out stepwise. In the 
first step, the model has constructed then a static 
shear strength reduction (abbreviated SSR) 
analysis was performed to calculate the static 
factor of safety  and finally the seismic 
analysis was carried out. Table 1 shows the soil 
properties of the used dense, well-graded sand 
(SW). 
The applied seismic acceleration-time history as 
depicted in figure 5 has a maximum acceleration 
of     = 2.4  , a duration of = 23.43 , 

 
 
 

Table 1. Properties of the SW soil 
Soil property Symbol Unit value 
Soil unit weight  [kN m ] 20
Secant stiffness in 
standard drained 
triaxial test 

 [kN m ] 30000 

Tangent stiffness for 
primary oedometer 
test 

 [kN m ] 30000 

Unloading/reloading 
stiffness  [kN m ] 90000 

Power for stress-
dependency of 
stiffness 

m [-] 0.6 

Cohesion  [kN m ] 0.1 
Friction angle  [o] 40 
Dilatancy angle  [o] 6 
Shear strain at which 

= 0.772  , [-] 1.0*10-

4 
Shear modulus at very 
small strain  [kN m ] 1.0*105 

Poisson’s ratio  [-] 0.2 
Reference stress for 
stiffness 

 [kN m ] 100 

Failure ration   [-] 0.9 
Interface strength  [-] 1 

 
In each subsequent calculation step, the 
previously done process (excluding the 
calculation of the static factor of safety) was 
repeated but using manually reduced shear 
parameters according to the Fellenius rule 
(Fellenius, 1927). The shear strength 
parameters were reduced using a reduction 
factor RF started from 1,000 (no reduction) and 
increased with a rate of 0,025 in each following 
step till the failure was observed. This analysis, 
in which the shear strength parameters were 
step by step reduced and the seismic analyses 
were carried out, is called the dynamic shear 
strength reduction analysis or abbreviated as 
dynamic SSR-Analysis. This analysis is just an 
extension of the static shear strength reduction 
analysis to the dynamic conditions based on the 
Fellenius rule. 
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liquefaction, which is the most important 
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The calculations were carried out stepwise. In the 
first step, the model has constructed then a static 
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analysis was performed to calculate the static 
factor of safety  and finally the seismic 
analysis was carried out. Table 1 shows the soil 
properties of the used dense, well-graded sand 
(SW). 
The applied seismic acceleration-time history as 
depicted in figure 5 has a maximum acceleration 
of     = 2.4  , a duration of = 23.43 , 

 
 
 

Table 1. Properties of the SW soil 
Soil property Symbol Unit value 
Soil unit weight  [kN m ] 20
Secant stiffness in 
standard drained 
triaxial test 

 [kN m ] 30000 

Tangent stiffness for 
primary oedometer 
test 

 [kN m ] 30000 

Unloading/reloading 
stiffness  [kN m ] 90000 

Power for stress-
dependency of 
stiffness 

m [-] 0.6 

Cohesion  [kN m ] 0.1 
Friction angle  [o] 40 
Dilatancy angle  [o] 6 
Shear strain at which 

= 0.772  , [-] 1.0*10-

4 
Shear modulus at very 
small strain  [kN m ] 1.0*105 

Poisson’s ratio  [-] 0.2 
Reference stress for 
stiffness 

 [kN m ] 100 

Failure ration   [-] 0.9 
Interface strength  [-] 1 

 
In each subsequent calculation step, the 
previously done process (excluding the 
calculation of the static factor of safety) was 
repeated but using manually reduced shear 
parameters according to the Fellenius rule 
(Fellenius, 1927). The shear strength 
parameters were reduced using a reduction 
factor RF started from 1,000 (no reduction) and 
increased with a rate of 0,025 in each following 
step till the failure was observed. This analysis, 
in which the shear strength parameters were 
step by step reduced and the seismic analyses 
were carried out, is called the dynamic shear 
strength reduction analysis or abbreviated as 
dynamic SSR-Analysis. This analysis is just an 
extension of the static shear strength reduction 
analysis to the dynamic conditions based on the 
Fellenius rule. 

 

 
Figure 5. The applied acceleration-time history 

 
To investigate the effect of embankment slope 
angle on the results, similar calculations with 
four different models with different slope angles 
( = 25 , 28 , 32  and 35 ) were performed. 
Three new models with cohesive, stiff, high 
plasticity clay (CH) with different slope angles 
( = 21 , 23   and 25 ) were created to 
investigate the influence of the soil cohesion on 
the embankment stability under seismic 
conditions. In these models, the soil parameters 
listed in Table 2 were used. 
 

Table 2. Properties of the CH soil 
Soil property Symbol Unit value 
Soil unit weight  [kN m ] 18 
Secant stiffness in 
standard drained 
triaxial test 

 [kN m ] 15000 

Tangent stiffness for 
primary oedometer 
test 

 [kN m ] 15000 

Unloading/reloading 
stiffness  [kN m ] 45000 

Power for stress-
dependency of 
stiffness 

m [-] 0.8 

Cohesion  [kN m ] 15 
Friction angle  [o] 25 
Dilatancy angle  [o] 0 
Shear strain at which 

= 0.772  
,  [-] 8.0*10-

5 
Shear modulus at very 
small strain 

 [kN m ] 60*103 

Poisson’s ratio  [-] 0.2 
Reference stress for 
stiffness 

 [kN m ] 100 

Failure ration   [-] 0.9 
Interface strength  [-] 1 

5. ANALYSIS OF THE RESULTS 
 
After the end of each calculation step, the 
developments of the plastic points (Mohr-
Coulomb plastic points) and the incremental 
strains ( ) resulted from the seismic analyses 
were visually observed by creating time-
dependent animations. In addition, the values of 
the total displacement at the top point of the 
model resulted from the seismic analyses 
( , ) were read and noted. 
The development of failure surfaces inside the 
embankment body during the seismic phases of 
calculations was utilized to assess the stability 
of the embankment depending on the visual 
observations of the time-dependent 
developments of the plastic points and the 
incremental strains resulted from the dynamic 
SSR-analysis. According to these visual 
observations, the slope failed when a 
continuous failure surface appeared at a 
particular time during the dynamic analysis. In 
this context, the time-dependent development 
of the incremental strains must also be 
considered because the plastic points can’t be 
used alone as a failure criterion. 
Figures 6 and 7 show the failure surface resulted 
from the plastic points compared with the 
observation of incremental strains at the same 
time increment for the model with the slope angle 
of = 30 . 
 
 

 
Figure 6. The failure surface resulted from the 

visual observations of the plastic points (the red 
points) 
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Figure 7. The failure surface resulted from the 
visual observations of the incremental strains 
 

Furthermore, the development of the total 
dynamic displacements , with the 
increasing values of the reduction factor RF 
during the dynamic SSR-analysis was also 
observed. Figure 8 illustrates the curve 
representing this relationship for the model with 
the slope angle of = 30 . 
Depending on the principles of the shear 
strength reduction analysis, a dynamic factor 
of safety (FS)_dyn, which represents an 
amount that can be used to evaluate the 
stability of an embankment under seismic 
conditions,  can be defined as the shear 
strength reduction factor RF, at which a 
continuous failure surface during the dynamic 
SSR-analysis was observed. The dynamic 
factor of safety can also be obtained from the 
curve representing the development of the 
dynamic displacements during the SSR 
analysis. In this case, the dynamic factor of 
safety is defined as the shear strength 
reduction factor, at which this curve leaves its 
semi-linear development and turns into an 
exponential shape. At this value of RF, the 
values of the dynamic displacements increase 
suddenly very rapidly. This outcome was 
found out by noticing the coincidence between 
the appearance of a failure surface based on 
the plastic points and the incremental strains 
from one side and the development of the 
shape of the curve representing the 
development of the total dynamic 
displacements during the seismic SSR 
analysis on the other side. 

 
Figure 8. the development of the total dynamic 
displacement during the dynamic SSR-analysis 

 
 

6. THE ANALYTICAL ANALYSIS 
 
The same models discussed in the SSR analyses 
were created again using the program “Phase02-
Slide” in order to compare the results of the 
performed dynamic analyses with the results of 
the conventional pseudo-static method. Figure 9 
depicts the model of the slope angle of = 30 . 
The pseudo-static analysis used in this paper 
benefited the slices method of Bishop (1955) in 
the pseudo-static conditions by adding inertial 
forces acting in the centroid of each slice within 
the potential failure body and resolving the static 
and pseudo-static forces to calculate the pseudo-
static factor of safety . To determine the 
value of the pseudo-static coefficient , the 
response spectrum method according to 
Eurocode 08, Part 5 was utilized. 

 
 

7. DISCUSSION OF THE RESULTS 
 
Figures 9 and 10 show the changes in the values 
of the static , pseudo-static and 
dynamic factors of safety with the 

previously described models. 
It is clear that the values of the static factor of safety 
decrease when the values of the slope angle 
increase. This is also to be noticed in the values of 
dynamic and pseudo-static factors of safety, so that 
the steeper the slope is, the lower the dynamic 
safety level of the embankment is. Furthermore, the 

cohesion of the soil plays an important role in 
increasing slope stability. This fact can be shown 
by observing the rate of reduction in the values of 
the dynamic factor of safety with the increasing 
values of the slope angle for the CH-clay models in 
comparison with the models of SW-sand. 
 

 
 

Figure 9. The decrease of the factors of 
safety with the increase of the slope angle for 

the models of the SW-soil 
 

By comparing the results of the pseudo-static 
analysis with the result of the dynamic finite 
elements calculations, a rough coincidence can be 
noted between the results of both analyses, so that 
the pseudo-static analysis can only provide a rough 
prediction of the embankment slope stability under 
seismic conditions. It can also be noted that the 
results of the pseudo-static analysis may not always 
be on the safe side, since the results of this type of 
analysis are highly dependent on the input value of 
the pseudo-static coefficient 

 

  
 

Figure 10. The decrease of the factors of 
safety with the increase of the slope angle for 

the models of the CH-soil 

8. CONCLUSION 
 
In this paper, a full description of the dynamic 
shear strength reduction analysis implemented in 
a finite elements environment was explained and 
applied to investigate the stability of 
embankments under seismic conditions. In 
addition, the paper provides information about 
the definition of a dynamic factor of safety as a 
measure for the evaluation of seismic slope 
stability. Furthermore, a parametric study 
containing the soil parameters and the 
embankment slope angle was carried out to 
predict the influences of these parameters on the 
stability of the embankments under seismic 
conditions. Finally, the results of the static, 
pseudo-static, and dynamic analyses were 
compared and the main features and 
interpretations of the results were discussed.  
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8. CONCLUSION 
 
In this paper, a full description of the dynamic 
shear strength reduction analysis implemented in 
a finite elements environment was explained and 
applied to investigate the stability of 
embankments under seismic conditions. In 
addition, the paper provides information about 
the definition of a dynamic factor of safety as a 
measure for the evaluation of seismic slope 
stability. Furthermore, a parametric study 
containing the soil parameters and the 
embankment slope angle was carried out to 
predict the influences of these parameters on the 
stability of the embankments under seismic 
conditions. Finally, the results of the static, 
pseudo-static, and dynamic analyses were 
compared and the main features and 
interpretations of the results were discussed.  
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Abstract. The object of the study is multi-layer reinforced concrete structures of concrete with various 
physical and mechanical characteristics of materials - concrete and reinforcement under the influence of 
loading. Analysis of the stress state of multilayer reinforced concrete beams by using different materials is a 
complex problem due to the different mechanical and physical characteristics of materials and the cracking 
behavior of concrete. This article presents an analysis of the stress-strain state of three-layered reinforced 
concrete structures using the finite element method in the program ANSYS Mechanical. Numerical modeling 
allows on ANSYS allows combining different combinations of loads, the variability of the strength and 
deformation characteristics of materials and various types of reinforcement in multilayer reinforced concrete 
beams. Comparison is made between the experimental results, numerical results and finite element analyses 
with respect to initial crack formation and the ultimate load capacity of beams. The results of the study were 
shown that as the grade of concrete in the external layer increases from B15 to B20 and the grade of 
lightweight concrete in the internal layer increases from B0.75 to B1.5, the crack resistance can be increased 
by 59.7% and the bearing capacity of the test beam is increased by 16.4%. When the thickness of the external  
layers varies from 40mm to 80mm, making the crack resistance increased by 47.5% and the bearing capacity 
of three-layer concrete beams greatly increased by 6.7%. The obtained scientific results enable to determine 
rational parameters for modeling various structural solutions of multilayer reinforced concrete structures. 
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INSTRUCTION 
 
Today, the development of technologies new ma-
terials from concrete has helped create many kinds 
of enclosing structures for civil and industrial 
buildings. Enclosing structures not only meet the 
requirements for bearing capacity but also meet 
other requirements such as thermal insulation, 
sound insulation, fire resistance, corrosion re-
sistance, ... One of the effective solutions to solv-
ing this problem is the use of multilayer rein-
forced concrete structures with a middle layer of 
low thermal conductivity concrete, that consists 
of: the external layers made mainly of structural 
concrete to provide the load-bearing of elements 
such as: heavy concrete [1, 2], fine-grained con-
crete [3] or clay concrete [4, 5]; The internal layer 
of heat insulation and sound insulation is used by 
light concrete of low strength, such as foam con-
crete [6, 7], coarse-pored concrete [8], polystyrene 
concrete [1, 9], etc. 
In this type of construction, made of non-
uniform materials, under loadings, stress and 
strain distribution is a rather complex process, 
so the ratio between the modulus of elasticity of 
the middle and outer layers haves a strong influ-
ence on the stress and strain distribution. Vari-
ous methods are used to calculate multilayer re-
inforced concrete structures. For calculating 
strength and deformation, the authors [10, 11] 
proposed to bring a three-layer reinforced con-
crete cross-section with a monolithic bond to an 
I-beam, based on the ratios of the initial elastic 
modulus of concrete of the layers using the hy-
pothesis of flat sections. In the literature [12-14] 

a method for calculating a multilayer structure 
using a contact layer based on the Kirchhoff-
Love hypothesis was used. 
It was found that the stress–strain state of multi-
layer reinforced concrete structures was influ-
enced by many factors. The influence of the 
physical and mechanical properties of concrete 
and the geometrical parameters of the layers 
was analyzed in references [15– 16]. The influ-
ence of geometric and physical nonlinearity, 
plastic and geological properties of concrete on 
the stress–strain state of multi-layer structures 
was studied in references [17, 18].  
At present, the development of science and 
technology has allowed to perform a wide varie-
ty of researches using the finite element method 
and pro-vide results close to full-scale experi-
ments. Meth-ods of debonding evaluation in 
FRP strengthened concrete beams based on fi-
nite element model (FEM)-modeling proposed 
in References [19–20]. In this study, the authors 
propose a solution to analyze the stress-strain 
state of three-layer reinforced concrete by using 
a finite element model (FEM) with the help of 
the program ANSYS.  
 
 
1. MATERIALS AND METHODS 
 
1.1 Model of tested samples and material 
properties 
This article considers three-layered beams with a 
width of 160 mm, a height of 250 mm and a 
length of 3000 mm. For external layers, concrete 
of class B15, B20 and B25 (Table 1) is commonly 
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used, with a thickness from 40mm to 80mm. For 
the middle layer, lightweight concrete with low 
thermal conductivity is used, with polystyrene 
concrete class B0.75, B1 and B1.5, and with the 
thickness from 170mm to 90mm. 

In the tested beam, armature is obtained with 2 
rebars with a diameter of 8 mm (A-500), y = 
475.2 MPa, u = 660.5 MP , modulus of elastic-
ity of the armature Es = 206,000 MPa. 

 
 

 
Figure 1. Three-layer concrete beam model of test 

 

Table 1. Parameters and characteristics of concrete in tested beams 
 External layer   Internal layer  
 B15 B20 B25  B0,75 B1 B1,5 
Rb, (MPa) 11 15 18.5  0.84 1.1 1.61 
Rbt, (MPa) 1.15 1.4 1.6  0.44 0.51 0.61 
Eb, (MPa) 23000    27000 30000  650 850 1100 
v 0.2 0.2 0.2  0.2 0.2 0.2 

 
 

1.2 Finite element modeling for three-layers 
reinforced concrete beam on ANSYS 
The research methods are based on numerical 
simulation of stresses and strains of multilayer 
reinforced concrete elements under the action of 
various load combinations. The use of modern 
software systems enables to carry out numerous 
variable studies, combining a different combina-
tion of loads and variability  
of strength and deformation characteristics of 
materials – structural concrete, low-strength 
concrete for the middle layer, as well as to com-
pare the results obtained from PC ANSYS with 
the theoretical results of the calculation. One of 
the most modern, universal software complexes 
ANSYS, based on finite element method was 

used in the article as well as volumetric eight-
node finite elements of type SOLID65 and rod 
elements LINK180 [21]. 
The element Solid65 is used to model the con-
crete. This element has eight nodes with three 
degrees of freedom at each node –translations in 
the nodal x, y and z directions. This element is 
capable of plastic deformation, cracking in three 
orthogonal directions, and crushing. A schematic 
of the element is shown in Figure. 2 (a). The el-
ement Link8 is used to model steel reinforce-
ment. This element is a 3D spar element and it 
has two nodes with three degrees of freedom – 
translations in the nodal x, y, and z directions. 
This element is also capable of plastic defor-
mation. This element is shown in Figure. 2 (b). 
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                                             (a)                                                         (b) 
 

Figure 2. (a) Solid65 Element and (b)Link8 element 
 
 

 
 

Figure 3. Stress-strain relationship for concrete 
b - compressive stresses of concrete; 

Rb - prismatic strength of concrete; 
b - the deformation of concrete; 

b1 b0 b2 - the deformation of concrete corre-
sponding to the stress b1= 0.6*Rb; b0= Rb = b2 

 

Figure. 3 shows the stress- strain relation of 
concrete [22]. Following equations are used to 
compute the multilinear isotropic stress-strain 
curve for the concrete (Figure. 3): 

 
When 0    b1, with    b=Eb b    (1) 
When b1    b0, with 
 

= [ 1 + ]        (2) 

 
When b0    b2, with b= Rb 

b1 are determined by 
b1= 0.6Rb 

 
with b1=                        (3) 

 

 
(a)                                                                               (b) 

Figure 4. Three-layers concrete beam model in ANSYS. a) Model of three-layer concrete beam 
b) Modeling of steel bars in concrete beams 
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2. RESULTS AND DISCUSSION 
 
2.1 The results and analysis the stress-strain 
state of three- layered reinforced concrete 
structures of experiment and on ANSYS 
The analysis and comparison of stress and de-
formation of the three-layer beam under the ef-
fect of load between finite element method with 
using software complexes ANSYS, numerical 

method and experiment is done on three-layer 
beams in Figure. 1. The parameters and proper-
ties of materials are shown in Table. 2. 
The analysis results of moment (M) and deflec-
tion (f) of three-layer beam on ANSYS are 
shown in Figure 5 and Table 3. 
Beam start to crack and to be damaged, are 
shown in Figure. 6 and Figure. 7. 
 

 
Table 2. Parameters and characteristics of concrete in tested beams 

The layers of beam External layer  Internal layer 
The thickness of the layers h, cm 0.04  0.17 
Prismatic strength of concrete Rb, (MPa) 21.5  1.54 
Tensile strength of concrete Rbt, (MPa) 1.8  0.36 
The initial modulus of elasticity Eb, (MPa) 12100  1310 
Coefficient Poisson v = 0.00189 |Rb|+ 0.12 0.16  0.122 
Shear modulus G = E0/(2(1 + v)), MP  5216  346 
The average density of concrete, kg/m3 1800  440 

 

 

 
Figure 5. Load-Displacement curve for tested beam 

 

 
Figure 6. Beam start to crack, at moment Mcrc = 2.11 kN.m 

 

 
Figure 7. Beam is damaged, at moment Mult = 10.20 kN.m 
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Figure 7. Beam is damaged, at moment Mult = 10.20 kN.m 

Table 3. Comparation of the results of analysis 
Model At the formation of cracks At failure of beam 

 Moment 
Mcrc (kN.m) 

Deflection f, 
(mm) 

Moment 
Mult (kN.m) 

Deflection f, 
(mm) 

On ANSYS 2.11 1.10 10.20 17.7 
Experimental study [1] 2.23 1.12 9.6 8.30 
 
Numerical study based on the mono-
lith converter of cross-section [1] 

2.09 1.20 11.1 17.96 

     
The analysis results in Table. 3 are shown that 
moment (M) and deflection (f) of the three-
layer beam at the crack’s formation and at the 
beam’s failure on ANSYS near experimental 
results than results by using numerical 
models. The difference of the results of the 
beam bearing capacity analysis between the 
ANSYS model and experiment is 1% at the 
crack’s formation and 5.8% at the beam’s 
failure. This difference between the numerical 
and experimental models respectively is 6.3% 
và 13.5%.  
The analysis results of stress and deformation of 
three-layer beams on ANSYS are close to the 
experimental results, it allows to use this meth-
od in the research and evaluation of bearing ca-
pacity of the three-layer beam under the effect 
of load.  
 
2.2 Effect of concrete grade changes in 
external and internal layers on the bearing 
capacity of three-layer concrete beams 
The three-layer reinforced concrete beams in 
Figure. 1 are used to analyze the effect of con-
crete grade changes in external and internal lay-
ers on the bearing capacity of three-layer con-
crete beams. The heavy concrete class B15, B20 
and B25 are used in external layers thickness 
40mm. The lightweight concrete class B0.75, 
B1 and B1.5 are used in internal layers thick-
ness 170mm.  
Table 4 presents the cases of investigating 
changes in concrete grades in the external and 
internal layers: 
 
 
 

Table 4. Concrete grade in cases investigated 

Case 
Layer 1: 
NC layer 

Layer 2: 
LW layer 

Layer 3:  
NC layer 

1 B15 B0.75 B15 
2 B15 B1 B15 
3 B15 B1.5 B15 
4 B20 B0.75 B20 
5 B20 B1 B20 
6 B20 B1.5 B20 
7 B25 B0.75 B25 
8 B25 B1 B25 
9 B25 B1.5 B25 

 
Where: The normal concrete layer below is layer 1; the 
lightweight concrete layer in the middle is layer 2; the 
normal concrete layer above is layer 3. 

 
For three-layer concrete beams, the vertical dis-
placement spectrum and moment at the for-
mation of cracks and at the failure of the beam 
are shown in Table. 5, Figure. 8 and Figure. 9. 

 
Table 5. Comparation of the results of analysis 

Model At the formation of 
cracks At failure of beam 

 Moment 
Mcrc (kN.m) 

Deflection 
f, (mm) 

Moment 
Mcrc (kN.m) 

Deflection 
f, (mm) 

Case-1 1.16 0.43 9.07 22.06 
Case-2 1.18 0.41 9.82 19.96 
Case-3 1.19 0.39 10.19 17.36 
Case-4 1.52 0.57 9.44 23.07 
Case-5 1.54 0.54 10.19 18.85 
Case-6 1.57 0.51 10.37 16.26 
Case-7 1.74 0.52 9.65 23.24 
Case-8 1.81 0.51 10.48 18.67 
Case-9 1.90 0.51 10.55 17.13 
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For three-layer reinforced concrete beams, as the 
grade of concrete in the external layer increases 
from B15 to B20, the bearing capacity of the test 
beam is increased. The moment at the crack's 
formation increased from 1.16 kN.m to 1.74 kN.m 
(increase by 50%), on the beams using lightweight 
concrete B0.75 in the internal layer; and increased 
from 1.19 kN.m to 1.9 kN.m (increase by 59.7%), 
on beams using lightweight concrete B1.5 in the 
internal layer (in Figure.8). The moment at the 

beam’s failure can be increased from 9.07 kN.m 
to 10.55 kN.m (increase by 16.4%), is shown in 
Table.5 and Figure. 9. 
When the concrete grade in the external layers is 
the same, the grade of lightweight concrete in 
the internal layer increases from B0.75 to B1.5, 
the moment at the beam’s failure can be 
increased from 9.07 kN.m to 10.19 kN.m 
(increase by 12.4%) (in Figure.9).

 

 
 

Figure 8. Chart of the relationship between crack's moment and concrete grade in external layers 
 

 
 

Figure 9. Chart of the relationship between bearing capacity of beams and concrete grade in inter-
nal layers
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2.3 Effect of thickness of the external and 
internal layers on the bearing capacity of 
three-layer concrete beams. 
In this case, three-layered beams with width 
160mm, height 250mm and length 3000 mm, 
shown in Figure1, are studied. The external lay-
ers of tested beams made by heavy concrete 
(normal concrete) grade B15, with changes of 
thickness from 40mm to 80mm and the 
internal layers of tested beams made by light-
weight concrete grade B1, with changes of 
thickness from 170mm to 90mm. 
Table 6 presents the cases of investigating 
changes of thickness of the external and internal 
layers on bearing capacity of three-layer rein-
forced concrete beams. 
The results of the analysis the stress and defor-
mation state on the beams are shown in Table. 7 
and Figure.10. 
 
 

Table 6. Thickness of layers in cases investigated 

Case 
Layer 1: 
NC layer 

Layer 2: 
LW layer 

Layer 3:  
NC layer 

10 40 mm 170 mm 40 mm 
11 60 mm 130 mm 60 mm 
12 80 mm 90 mm 80 mm 

 

Where: The normal concrete (B15) layer below is layer 1; 
the lightweight concrete (B1) layer in the middle is layer 
2; the normal concrete (B15) layer above is layer 3. 
 

Table 7. Comparation of the results of analysis 

Model At the formation of 
cracks At failure of beam 

 Moment 
Mcrc (kN.m) 

Deflection 
f, (mm) 

Moment 
Mcrc (kN.m) 

Deflection 
f, (mm) 

Case-10 1.18 0.41 9.82 19.96 

Case-11 1.57 0.44 10.19 20.26 

Case-12 1.74 0.46 10.46 19.15 
 

 
 

Figure 10. Load-displacement curve for tested beams 
 

In the beam samples case-10; 11 and case-12, 
the material used by the external and internal 
layers of the three-layered beams remains con-
stants, when thickness of the external layers var-
ies from 40mm to 80mm, making the crack re-
sistance and the bearing capacity of three-layer 

concrete beams greatly changed. The moment at 
the crack's formation increased from 1.18 kN.m 
to 1.74 kN.m (increase by 47.5%), the bearing 
capacity of tested beams increased from 9.82 
kN.m to 10.46 kN.m (increase by 6.7%). 
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3. CONCLUSION 
 
The obtained experimental and theoretical re-
sults lead to the following conclusions: 
(1) The final analysis shows similar results ob-
tained by numerical methods using the ANSYS 
PC, compared to experimental studies and theo-
retical calculations. The results of analysis of 
moments and deflections of multilayer rein-
forced concrete beams of ANSYS are usually 
lower compared to the result of moments and 
deflections when calculated according to the 
theory scheme (from 1 to 5.8%). 
(2) The analysis of concrete grade changes in 
the layers shows that as the grade of concrete in 
the external layer increases from B15 to B20, 
the crack resistance can be increased in 59.7% 
and the bearing capacity of the test beam is in-
creased in 16.4%. When the concrete grade in 
the external layers is the same, the grade of 
lightweight concrete in the internal layer in-
creases from B0.75 to B1.5, the moment at the 
beam’s failure can be increased in 12.4%. 
(3) The analysis of changes thickness of the ex-
ternal and internal layers shows that when the 
thickness of the external layer varies from 
40mm to 80mm, making the crack resistance in-
creased in 47.5% and the bearing capacity of 
three-layer concrete beams greatly increased 
6.7%. 
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flow into a wide diverting riverbed behind a non-pressure pipe of a rectangular section. A system of nonlinear par-
tial differential equations of motion has been adopted as the mathematical model of the flow in the physical plane. 
When moving to the plane of the velocity hodograph, the nonlinear system of equations is transformed into a linear 
system with respect to partial derivatives. Using the obtained system of equations, various problems along the flow 
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From the third equation of the system (3), it fol-
lows: 
 

( )p z f x,y , 
 
where ( )f x, y  denotes the arbitrary function. 
Since , constz z p p  on a free sur-
face, we arrive to the hydrostatic law of pressure 
distribution on the vertical:  
 

( )p p z z . 
 
Denoting the watercourse bottom coordinate 
with 0z , we get: 
 

0
p z h
x x

,    
0

p z h
y y

. 

 
The Eqs. (3) under these conditions is written in 
the form: 
 

0

0

g ( );

g ( ).

x x
x y

y y
x y

u uu u z h
x y x
u u

u u z h
x y y

 

 
Having supplemented this system of equations 
with the continuity equation for a two-
dimensional flow 
 

( ) ( ) 0x yhu hu
x y

 

 
we obtain the system of equations: 
 

 

0

0

g ( );

g ( );

( ) ( ) 0.

x x
x y

y y
x y

x y

u uu u z h
x y x

u u
u u z h

x y y

hu hu
x y

   (4) 

In case of the discharge channel horizontal bot-
tom 0z , Eqs. (4) can be written as follows: 
 

 

g 0;

g 0;

( ) ( ) 0.

x x
x y

y y
x y

x y

u u hu u
x y x

u u hu u
x y y

hu hu
x y

  (5) 

 
The system of partial differential equations (5) 
describes the two-dimensional flow in terms of 
open stationary flows in a horizontal conduit 
without taking into account the flow resistance 
forces. This system is a system of essentially 
nonlinear equations isolated with respect to the 
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where 0 is a constant for the whole flow.  
The system of equations is the main one for 
solving the problem of planned flows directly in 
the flow physical plane. 

 
1.2. The flow equations in the velocity hodo-
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The system of equations (6) accepts a transition 
to the velocity hodograph plane as suggested by 
S.A. Chaplygin for the gas flows study [11, 12]. 
As a result of this transformation, the nonlinear 
system of equations (6) transformed into a linear 
system with respect to partial derivatives. 
Introducing the squared velocity coefficient 
 

2

02g
V

H
t = , 

 
where 2 2 2

x yV u u= + ; angle “ ” characterizing 
the local flow velocity vector direction; current 
function ( , ) ; potential function 

( , ) , we obtain a system of equations in 
the velocity hodograph plane ( , )  
 

 

0
2

0

0

0

3 1 ;
2 (1 )

2 ,
1

h
H

h
H

    (7) 

 
where ,  are the independent variables.  
Wherein: 
 

1
20 0(1 ); 2gh H V H= - t = t , ;1

3
1

 
2

0
0 0 2g

V
H h= + , 

 
where 00 ,Vh  are define depth and flow velocity 
at some characteristic point. 
The system solution (7) is reduced to solving 
the following equation  
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where 1i = -  - is an imaginary unit; x, y are 
the coordinates of a liquid flow particle in terms 
of its flow; ,  are the independent variables of 
a liquid particle flow in the velocity hodograph 
plane; ( , )  is a potential function; 

( , )  is a stream function. 
Eqs. (7) makes it possible solving the boundary 
problem of flow spreading first in the velocity 
hodograph plane ( , ) , and then using the 
relation (8) to obtain a solution to the problem 
in the physical plane ( , )x y . 
In the works [7, 8], a whole spectrum of the 
system’s analytical solutions (7) has been ob-
tained. However, it was proved that the sys-
tem solution (7) 
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is the solution providing sufficient adequacy to 
the real flow for the flow outlet vicinity in the 
range from the rectangular pipe up to the flow 
expansion: 
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where b is the culvert width; y defines the trans-
verse coordinate of the extreme streamline, see 
Fig.1. 
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Figure 1.  

 
 
2. THE PROBLEM SOLUTION IN THE 
VELOCITY HODOGRAPH PLANE 
 
Solving the boundary problem in the velocity 
hodograph plane means determining the con-
stant “A” in the formulas (9) and determining 
the flow parameters ,  at the intersection 
points of an arbitrary streamline and an arbitrary 
equipotential. 
 
2.1. The constant  definition.  
The extreme streamline cuts off 50% of the ap-
plication rate (referred to «h0») from the longi-
tudinal symmetry axis. Therefore: 
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following from the characteristic theory [3, 4]: 
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2.2. Defining the flow parameters ,  at the 
arbitrary streamline intersection points with 
an arbitrary equipotential.  
According to the equations (9), the following 
equalities are completed along the arbitrary 
streamline: 
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where [0,1]K  is the flow coefficient along 
the streamline under consideration;  is the 
parameter “ ” at the intersection of the equipo-
tential under consideration with the longitudinal 
symmetry flow axis. 
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The system of equations (10) is solved analyti-
cally with the standard methods by reducing it 
to solving a cubic equation [13]. In this case, the 
equation root should satisfy the condition: 
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Next, it is necessary to move to the physical re-
gion of the streams with known parameters ,  
at the intersection point of an arbitrary line flow 
with an arbitrary equipotential. 
 
 
3. DETERMINATION OF THE X, Y 
COORDINATES IN THE PLANE ( , )x y  
CORRESPONDING TO THE POINT ,  
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When inspecting the arbitrary streamline, start-
ing from the culvert, one can reach the given 
point with the coordinates , . Therefore, we 
consider 0d  in the equation (8). Moreover, 
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follows from (8). 
Separating the variables in Eq. (11), we obtain: 
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Eqs. (12) confirm that along the streamline:  
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The velocity vector along the streamline is in-
clined with angle “ ” to the flow symmetry axis 

x, i.e., it is tangential to streamline. 

From the first equation of the system (10), we 
determine: 
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Additional information from the  
experimental research.  
It was experimentally revealed in the work [12-
17] that there is a vertical front with a length 
“XD” along the flow symmetry axis, along 
which the flow parameters do not change 
(Fig.1). 
There is an abrupt change in angle “ ” from ze-
ro to  after point “K”. “XD” length was deter-
mined by processing more than a hundred ex-
periments. The following formula of which has 
been obtained: 
 

0
D 0

max 0

1
trunc 1

sin ( 2)
F

X h
F

, 

 

where 
2

0
0

0g
V

F
h

=  is the Froude number at the 

flow outlet from the pipe; 0h  denotes flow 
depth at the pipe outlet; max  is the maximum 
flow angle; values of D 0,X h  are determined ex-
perimentally and given in cm. 
Integrating the Eq. (14), we obtain: 
 

 

max
M

0

sin
2g

KY Y
H

,  (15) 

 

where         0 M
M 1 2

0 M M

cos
(1 )

hA
H

;  

The Model of Free Spreading a Flow Rapid Behind a Rectangular Pipe



80 International Journal for Computational Civil and Structural Engineering

 

 

0 T
T 1 2

0 T T

cos
(1 )

hA
H

; 

 
T T,   are the flow parameters defining the ini-

tial equipotential. 
The system’s first equation integration (12) 
leads to the following one: 
 

M

T

* *0
M D T 1 2 3

0 02g
AhX X X J K J K J

H H
, 

 
where * 2 T

maxsinK , T
max  defines the maxi-

mum angle of the flow spreading along the se-
lected streamline; 
 

1
1 ln
(1 ) 1

J ;  

 2
2 1ln

1
J ; 3 ln

1
J  . (16) 

 
In a particular case from Eq. (15) and Eq. (16), 
it follows that, along the flow symmetry axis, 
the relationship between X and  takes the form: 
 

D D

0 0 0

0 0 00 0

1 11 1ln ln
(1 ) (1 )2g

X X X

Ah
H H

, 

 

where D tg
2 2

kbX . The angle k  and the pa-

rameter k  are determined from the system: 
 

max1 2

1 2 1 2
0 0

sin sin ;

cos 1 .
(1 ) (1 )

k

k

k

k k

 

 
Along the extreme streamline, it follows from 
Eq. (15) and Eq. (16) that: 

D

2
0 max

0 0

2
max

2sin1 1ln
(1 ) 12g

1 1 2sinln ;
(1 ) 1

k k

k k k k

X X

Ah
H H

 (17) 

2
0 max

1 2 1 2
0 0

sin coscos .
2 (1 ) (1 )2g

k

k k

hbY A
H H

 (18) 

 
We determined depths and flow rates with the 
known parameter “ ” according to the formulas: 
 

1 2
0 0(1 ); 2gh H V H . 

 
 

4. THE TRANSITION FROM 
A TWO-DIMENSIONAL MODEL TO 
A ONE-DIMENSIONAL 
 
This module is necessary to use the flow re-
sistance laws and takes into account the re-
sistance forces.  
We use the flow rate conservation equation 
 

Q BVH= , 
 
where 

 
1 2

0 02g ; (1 )V H h H  
 

or in other form: 
  
 1 2

0 0(1 ) 2gQ BH H   (19) 
 
Assuming the known width of the flow 2B Y= , 
where Y is taken from a two-dimensional flow 
model, it is possible to determine the parameter 
“ ” from the solution of the cubic equation: 
 

1 2

0 0

(1 )
2 2g

Q
YH H

. 
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sistance laws and takes into account the re-
sistance forces.  
We use the flow rate conservation equation 
 

Q BVH= , 
 
where 

 
1 2

0 02g ; (1 )V H h H  
 

or in other form: 
  
 1 2

0 0(1 ) 2gQ BH H   (19) 
 
Assuming the known width of the flow 2B Y= , 
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model, it is possible to determine the parameter 
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1 2
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(1 )
2 2g

Q
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For 0 1 , the root of  can be deter-
mined from the equation: 
 

2
2

2 3
0 0

(1 )
4 2g

Q
Y H H

. 

 
We will further define the parameters of a con-
ditionally one-dimensional flow with the char-
acteristics: 
 
 1 2(1 ); 2gh H V H .  (20) 
 
The corresponding X coordinate is determined 
by equation (17). Therefore, the parameter “ ” 
is determined for the abscissa “X” given. Fur-
ther, Y( ) is determined from equation (18). And 
the average depths and velocities ,h V  in the 
considered non-pressure flow line are deter-
mined by formulas (20). 
 
 
THE RESULTS OF THE STUDY 
 
1. The model proposed in the work represents 
the analytical methods’ development for calcu-
lating the potential flows with the previously 
unknown boundaries. This allows determining 
the entire range of geometric and kinematic 
flow parameters with an error not exceeding 
10% up to the flow expansion 7 10 . 
2. The model adequacy for all flow parameters 
up to the flow expansion 7 10  improves 
the accuracy of the previously existing methods, 
which allows the designers of the road culverts’ 
hydraulic structures to increase its reliability 
using the results of the structure fastening de-
signers’ work. 
3. This model can be applied as an initial model 
for calculating the real flows behind the culverts 
taking into account the fluid resistance. 
4. The authors propose an additional module to 
take into account the fluid resistance.  
5. The transition to a one-dimensional model 
allow us to take into account the action of the 
fluid resistance and recalculate the flow parame-

ters required by the designers of the hydraulic 
structure. The paper indicates only the direction 
for possible consideration of the fluid resistance, 
which will be further developed and detailed. 
6. The package of applied programs is available 
at the Department of General Engineering Dis-
ciplines of the Platov South-Russian State Poly-
technic University. 
 
 
CONCLUSIONS 
 
The model proposed in the paper represents the 
development of analytical methods for calculat-
ing potential flows with previously unknown 
boundaries and before the flow  7 10  ex-
pands. It allows determining the entire range of 
geometric and kinematic parameters of the flow 
with an error not exceeding 10%. The substanti-
ation of this position is confirmed by experi-
mental experiments and numerical calculations 
given in [8, 12]. 
The adequacy of the model in all parameters of 
the flow before 7 10  expansion improves 
the accuracy of previously existing methods, 
which allows the designers of the hydraulic 
structure of road culverts to increase its reliabil-
ity using the results of the work of the designers 
of the fastening of the structure. 
The article proposes a module of transition from 
a two-dimensional water flow model to a one-
dimensional one. This module is necessary for 
using the laws of fluid resistance and takes into 
account the fluid resistance. 
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DEFINITION OF THE BEAMS FROM A NONLINEARLY 
DEFORMED MATERIAL BY THE RITZ-TIMOSHENKO 
METHODS AND FINITE DIFFERENCES TAKING INTO 

ACCOUNT THE DEGRADATION RIGIDITY FUNCTIONS 
 

Vladimir P. Selyaev, Sergey Yu. Gryaznov, Delmira R. Babushkina 
National Research Mordovia State University, Saransk, RUSSIA 

 
Abstract. The article solves the problem of determining the deflections of a beam made of a nonlinearly de-
formable material – a polyester composite held in water using the numerical methods of Ritz-Timoshenko 
and finite differences. The influence of an aggressive environment on the material of the structure was taken 
into account by introducing the degradation function of stiffness into the calculation algorithms of the above 
methods. The problem of determining the time and conditions for the onset of the limiting state of the struc-
ture in the second group in accordance with the current norms and rules has been solved. 
 

Keywords: beam, nonlinearity, deflection, Ritz-Timoshenko method, finite difference method, stiffness, 
degradation function, limiting state. 
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INTRODUCTION 
 
Construction materials and structures may be 
subject to the destructive effects of aggressive 
environments at any stage of the life cycle of the 
object. The probability of occurrence of some 
adverse events is taken into account at the 
design stage of structures by the introduction of 
conditional reserve coefficients that guarantee 

the impossibility of the occurrence of limit 
states. However, in practice, emergency 
situations often occur in which the structure can 
go into the limit state in a fairly short period of 
time. For example, numerous studies have 
proved the nonlinearity of the development of 
chemical degradation processes [1-8]. 
Consequently, in the existing mathematical 
models, all unreasonable coefficients should 
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be replaced by functional dependencies that 
take into account the influence of complex 
stochastic and chronological processes [9-11]. 
Among the known approaches to assessing 
durability and reliability [12-20], the most 
accurate, perfect and experimentally 
reasonable is the method of assessing the 
chemical resistance of construction materials 
and structures using degradation functions 
[10, 21-24]. 
The purpose of the work: to determine the 
change in deflections of a polyester composite 
operating under the combined effects of 
mechanical loads and an aggressive 
environment; to determine the conditions for the 
onset of the limit state for group 2, using the 
method of degradation functions. 
 
 
 

MATERIALS AND METHODS 
 
It has been experimentally established [10] that the 
process of destruction of the material within the 
cross-sectional area of the element has an uneven 
character. The aggressive medium begins to 
penetrate deep into the material through weak 
areas, through pores, capillaries, amorphous 
particles. Consequently, the elastic-strength 
characteristics will change non-linearly along the 
cross-section, which can be traced on the 
corresponding graphs – isochrones of degradation 
(Fig. 1, b). The position of the degradation 
isochrones is characterized by three parameters: the 
coordinate of the destruction front – the depth 
index (a), the characteristic of the linearity of the 
degradation mechanism – ( ), and the chemical 
resistance coefficient of the material – ( ). 
 

 
Figure 1. Basic models of deformation modulus change: a – linear, b – nonlinear 

 
It has been experimentally established that the 
numerical values of the modulus of deformation 
and micro-hardness, determined with high 
accuracy by sclerometric methods, have a 
directly proportional relationship. Therefore, the 
degradation function of stiffness ( ), 
characterize by the law of variation of the 
modulus of deformation over the section of the 
element, was determined as the basic one. It is 
important to note that in this work, the process 

of transferring an aggressive medium into the 
sample was studied only along the y axis. 
Let is consider a single-span, pivotally 
supported beam with a length = 10   with a 
constant cross-section × = 0,3 × 0,4  of 
polyester composite (Table. 1), loaded along the 
entire length with a uniformly distributed load 

= 17 /  (Fig. 2). 
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Figure 2. The design scheme of the beam 
 
 

For bendable elements, the degradation 
stiffness function, based on a combined 
power approximation of the isochron of 
degradation, in relative coordinates has the 
following form: 
 

( ) = . . ( . . . . )   , (1) 
 
where is . .1 = 1 = 1/ 0 = 1/ 0  – the 
coefficient of chemical resistance of the 
material, determined by the degradation 
isochrones, using numerical values of the 
change in micro-hardness over time on the 
sample surface [25]; 

. .2 = 2 = 2/ 0 = 2/ 0  – the coefficient 
of chemical resistance of the material, 
determined at the depth  of the damaged 
material layer; 

 – the height of the cross section of the 
element;

= ( )  – coordinate of the leading edge 
of corrosion, characterizing the depth of damage 
to the material (depth indicator); 

( ) = 0,1  – a coefficient that takes into 
account the instrumental accuracy of 
determining the coordinate ; 
 = 0,02 /  – the diffusion coefficient 
of the aggressive medium into the material 
determined experimentally; 

– time of exposure to aggressive solution;
/  – relative characteristics of the corrosion 

front. 
In formula (1), the parameter p characterizes the 
type of isochron degradation, their position and 
shape. It can be determined experimentally from 
the analysis of isochron degradation, or selected 

from a pre-formed statistical database of 
compliance of materials, conditions of physico-
chemical and mechanical effects, as well as the 
duration of the aggressive environment. 
Numerically, the parameter p can be equal to 
any positive rational number, provided the 
inequality is one. 
For the polyester composite exposed in water, 
the values of elastic strength characteristics, as 
well as the values of degradation functions (1), 
were obtained at each time point under 
consideration  (Table 1). 
To solve the problem of bending a beam from 
a non-linearly deformable material, an 
analytical function of the following form 
approximating the deformation diagram «  – 
», was chosen: 

 
=  ,                (2) 

 
where the constants = ( ) 3,16
10  , = ( )/ 5,12
10   are determined from the condition of 
conformity of the approximating function (2) to 
the normalized indicators [26]. 
 
 
RESULTS AND DISCUSSION 
 
To solve the problem of determining the 
deflections of the beam, 2 methods were used: 
the Ritz-Timoshenko method (MRI) and the 
finite difference method (MD). Both options 
were automated in Microsoft Excel 2010. To
verify the software algorithms, additional 
calculations were performed in the Lira-CAD 
2013 software package (Fig. 3). 
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Table 1. Elastic strength characteristics of polyester composite 

Parameter 
Exposure time of samples in water , day 

0 15 30 175 265 400 

1 2 3 4 5 6 7 

,  132.853 122.581 117.153 84.819 74.592 60.477 

 0.0042 0.0047 0.0051 0.005 0.005 0.0049 

,  31631.667 26081.064 22971.176 16963.8 14918.4 12342.245 

,  150 140.572 135.304 99.773 93.466 82.197 

 0.006 0.0065 0.0066 0.0076 0.0083 0.0097 

,  25000 21626.462 20500.606 13128.026 11260.964 8473.918 

. .  1 0.825 0.726 0.536 0.472 0.39 

. .  1 1 1 1 1 1 

,  0 5.5 7.7 18.7 23 28.3 

/  0 0.1375 0.1925 0.4675 0.575 0.7075 

( ) 1 1 0.998 0.962 0.92 0.827 
 

 
 

 
 

Figure 3. Linear calculation of beam deflections in the Lira-CAD 2013 PC 
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Table 2. Comparison of the results of linear calculations of Lira, MRI and MD at ( ) = 1 

Cross-section 
coordinate x, 

m 

Deflections , mm 

Lira MRI  MD  

0 0 0 0 0 0 

0.625 8.680 8.681 0.01 8.707 0.31 

1.25 16.980 16.982 0.01 17.029 0.29 

1.875 24.566 24.570 0.01 24.635 0.28 

2.5 31.158 31.162 0.01 31.241 0.27 

3.125 36.524 36.529 0.01 36.619 0.26 

3.75 40.485 40.491 0.01 40.588 0.26 

4.375 42.913 42.919 0.01 43.021 0.25 

5 43.730 43.737 0.01 43.840 0.25 

| max | 43.730 43.737 0.01 43.840 0.31 
 
 

Table 3. Comparison of the results of linear calculations of Lira, MRI and MD at ( ) = 0,827 

Cross-section 
coordinate x, 

m 

Deflections , mm 

Lira MRI  MD  

0 0 0 0 0 0 

0.625 10.495 10.497 0.02 10.527 0.30 

1.25 20.531 20.535 0.02 20.590 0.29 

1.875 29.704 29.710 0.02 29.785 0.27 

2.5 37.674 37.681 0.02 37.774 0.26 

3.125 44.163 44.171 0.02 44.275 0.26 

3.75 48.952 48.961 0.02 49.075 0.25 

4.375 51.888 51.897 0.02 52.0160 0.25 

5 52.876 52.886 0.02 53.007 0.25 

| max | 52.876 52.886 0.02 53.007 0.30 
 
 

Definition of the Beams From a Nonlinearly Deformed Material by the Ritz-Timoshenko Methods and Finite Differences 
Taking Into Account the Degradation Rigidity Functions



90 International Journal for Computational Civil and Structural Engineering

6 

Note to Tables 2 and 3: the beam is symmetrical 
relative to the middle of the span, so the results 
are presented in abbreviated form. 
The introduction of the degradation stiffness 
function into the algorithm for solving the 
problem by the Ritz-Timoshenko method (MRI) 
was implemented as follows. 
This method is based on the Lagrange-Dirichlet 
theorem on the minimum of the total potential 
energy of a body in equilibrium. Taking into 
account formula (2), the expression for the total 
potential energy of the beam will be written as 
follows: 

 

=
1
2  

1
6  ,                 (3) 

 
where is = 3/12   = 7/448  – the 
moments of inertia of the beam section (axial 
and higher order, respectively). 
In equation (3), the multipliers  and  
represent nothing else than the stiffness of the 
beam, linear and higher order, respectively. 
Multiplying them by the value ( )  obtain 
formulas for recording the stiffness of the beam 
taking into account the degradation function: 

 
= ( ) ;  = ( ) .        (4) 

 
The operation of an external distributed load 

( ) is determined by the formula: 
 

= ( )  .               (5) 

 
Adding (5) and (3) taking into account (4), 
obtain a formula for determining the total 
bending energy of the beam 

 

( ) =
1
2

( )
1
6

( )

( )  .                               (6) 

 
The deflection of a beam can be represented as a 
series with a finite number of terms: 

 

( ) = ( ),    ( = 1, 2, … ),    (7) 

 
where is  – the desired constants (generalize 
coordinates); 

( )  – approximating functions (constructed 
by the method of initial parameters), each of 
which must satisfy geometric boundary 
conditions.  
Formula (6) from the generalize coordinates 
[27] will be written as: 

 
( ) =  .            (8) 

 
From the condition of the minimum of 

the total potential energy of the beam, obtain the 
following nonlinear algebraic equation with 
respect to the deflection amplitude : 

 
= 2 6 = 0 .          (9) 

 
Here the coefficients 1, 2, 3  are determined 
by the formulas: 

 

=
1
2

( )  ;  =
1
6

( )  ;  

= ( )  .                             (10) 

 
The final resolving equation will be written as: 

 
+ + = 0 .                  (11) 
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It follows from formula (7) that in order to 
determine the deflections of the beam, it is 
necessary to find at least one real root of equation 
(11), at which the identical equality of this 
equation is fulfilled. However, this equation is not 
solved in radicals, i.e. there are no formulas that 
would make it possible to calculate the roots by 
coefficients. This was first proved by the 
Norwegian mathematician Nils Abel. However, 
the roots of the 5th degree equation can be found 
with any predetermined accuracy using numerical 
methods. In this case, the actual roots were 
calculated with 1 10  precision. Thus, the 
maximum deflection of the beam, determined by 
the above method (MRI), taking into account the 
degradation function ( ) = 0,827 was =
52,888 . At the same time, the root of 
equation (11) was 1,69 10 . 
To solve this problem by the finite difference 
method (MD), the following algorithm for 

introducing the degradation function of stiffness 
into the calculation is proposed. 
The basic differential equation of bending of a 
beam made of a nonlinear elastic material has 
the form: 

 

( ) + 2
( )

+
( )

= ( ) .                                          (12) 
 

Equation (12) includes both the stiffness 
variable along the length of the beam and its 
derivatives. In this case, they can be calculated 
only numerically using finite-difference 
approximation formulas [28]. 
After a series of transformations, equation (12), 
written in finite-difference form, can be 
transformed relative to the deflection value  
by the following formula: 

 
=  ,                             (13) 

 
where the variable coefficients depending 
on the stiffness will be recalculated at each 

new iteration stage according to the 
formulas: 

 

=  ; = 4 + 2 +  ; = 6 2  ; 

= 4 2 + ; = +  .                                 (14) 
 

Consequently, the smaller the step of dividing 
the beam lengthwise into finite elements , the 
smaller the error value of the finite-difference 
approximation. Thus, to take into account the 

stiffness degradation process, it is proposed to 
multiply formulas (14) by the value of the 
degradation function ( ). 
Then the main equation (13) will be written as: 

 
=

( ) ( )
( )  .                       (15) 

 
Solving the system of finite-difference 
equations (15) with respect to deflections  in 
each section of the beam under consideration 
(we take  = 0,625 ), we determine the 
deflections along the entire length, taking into 
account the degradation function. 
The boundary conditions in the finite-difference 
form when the beam length is split (hinted along 

the edges, Fig. 4) into n = 16 parts will be 
determined by the formulas [28]: 

 
= = 0 ;  + = 0 ;  
+ = 0 ; + = 0 ;  

+ = 0 .                (16) 
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Figure 4. Accounting for boundary conditions in a finite difference scheme 

 
The solution of a system of linear algebraic 
equations involves an iterative calculation 
process. This task was solved using the built-in 
iterative processor in Microsoft Excel 2010. The 
maximum number of iterations was 32767 with 
the accuracy of the calculation 1 10 . Thus, 
the maximum deflection of the beam, 
determined by the above method (MKR), taking 
into account the degradation function ( ) =
0,827 was = 53,013 . 
The discrepancies in the values with the previous 
calculations turned out to be insignificant, 
however, it is important to note that the beam was 
loaded by  of the destructive load, as 
evidenced by the magnitude of the relative 
deformations in the middle of the span =
0,00101,  while the limit deformations for this 
material = 0,006. That is, the beam material 
under such a load works linearly elastic. 
According to clause 15.1.1 of SP 
20.13330.2016, when calculating building 
structures for the second group of limit states, 
the condition must be met: 

 
 ,                          (17) 

 
where is  – the deflection and displacement of 
the structural element (or the structure as a 
whole), determined taking into account the 
factors affecting their values; 

 – the maximum deflection or displacement 
established by the norms. For a beam with a span 
of 10 m, the maximum deflection is 0,0478 m. 
In order to predict the moment of the onset of the 
limit state for the 2 group of limit states, as a result 

of the influence of an aggressive environment, 
taken into account with the help of the degradation 
function, the formula can be used: 

 
( ) = ( ) ,                        (18) 

 
where is 0 – the initial deflection (before the 
start of the aggressive environment). 
Therefore, solving the inverse problem, it is possible 
to determine the critical value of the degradation 
function at which the limiting state occurs: 

 
( ) = =

0,0437
0,0478 = 0,914 .        (19) 

 
The graph of the change in the degradation 
function ( )  over time (Fig. 5) can be 
approximated with a high degree of accuracy by 
higher-order polynomial dependencies, 
however, for this particular case, the accuracy of 
the approximation turns out to be high already 
when using the quadratic equation. 
Substituting the limiting value of the 
degradation function (19) into the quadratic 
equation shown in the graph (Fig. 5) instead of 
the value y, obtain an expression for 
determining the approximate moment of time x 
of the onset of the limiting state: 
 

= 9,5712 10 5,0601 10
+ 8,6421 10 = 0 .                 (20) 

 
Solving the quadratic equation (20) obtain 
275  (Fig. 5). 
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Figure 5. Dependence of the degradation function ( ) on the duration of the medium t, day  

for the conditions according to Table 1 
 

CONCLUSIONS 
 
Thus, based on the above, the following 
conclusions can be made: 
1. In the work, numerical methods of Ritz-
Timoshenko and finite differences were used to 
determine the deflections of a polyester 
composite beam. The control calculation of the 
design in question was performed in the Lira-
CAD 2013 PC, thereby confirming the 
correctness of the proposed automation 
algorithms for MRI and MD in the Microsoft 
Excel 2010 program. 
2. In the calculation formulas of the methods 
under consideration, an additional mathematical 
dependence was introduced, which is a 
degradation function of the stiffness of the bent 
element. Thanks to this, it was possible to 
determine the deflections of the beam taking 
into account the aggressive effects of the 
environment, in this particular case – water. 

3. It was found that the limit state for the 
second group, for a polyester composite beam, 
taking into account a given uniformly 
distributed load, occurs already at the linear 
elastic stage of the material. Thus, it can be 
concluded that the geometric parameters of the 
bent element under consideration are not 
optimal, therefore, the solution of the 
optimization problem is required. 
4. In the work, the value of the limiting 
degradation function of stiffness was 
determined, at which the limit state for the 
structure occurs in the second group. 
5. The construction of a graphical interpretation 
of the dependence of the degradation function of 
stiffness on the duration of the aggressive 
medium, followed by approximation by 
polynomial dependencies, allowed us to 
determine with a sufficient degree of accuracy 
the moment of the onset of the limiting state of 
the structure for the second group. 
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Abstract. Modern window structures made of PVC profiles can experience significant temperature deformation 
during both winter and summer operation. This effect is not considered in the current engineering methods of 
PVC windows calculation, which causes a number of problems in their operation (freezing and blowing through 
the windows, the failure of fittings, etc.). The use of laboratory methods of testing windows for temperature 
loads is limited due to their labor intensity and the high cost of testing equipment. We propose to develop an 
engineering method for calculating the mechanical operation of PVC windows under the action of temperature 
loads, which can be used at an early stage of design. One of the stages of its creation is a theoretical description 
of the temperature deformation of a PVC window profile when it works together mechanically with a 
reinforcing core. The article describes the nature of the forces transmitted by the PVC profile on the core during 
thermal bending (the case of temperature deformation at negative outside temperatures is considered). It was 
proposed to decompose these forces into two components: longitudinal, caused by different values of 
temperature shrinkage of PVC profile and reinforcing core, and transverse, caused by thermal bending of PVC 
profile. Mathematical models have been developed to calculate both force components and temperature 
deformation of the profile at different numbers and spacing of attachment points. A physical model has been 
proposed for implementation in the numerical calculation program, which allows a more accurate description of 
the temperature deformation of a long profile. Calculation of the test problem according to the proposed 
methodology and by means of full-fledged three-dimensional finite-element modeling in the COMSOL 
Multiphysics program was performed. A comparison of the results showed a discrepancy of less than 10%. It 
was found that the key influence on the deformations of PVC window profiles with a reinforcing core will have 
characteristics of the outermost joints "PVC profile – reinforcing core", because the greatest forces arise in them 
under the action of temperature loads.  
 

Keywords: PVC windows, temperature deformation, finite-element modeling, COMSOL Multiphysics, 
PVC profiles. 
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1. INTRODUCTION 
 
Currently, the quality assessment of windows is 
based on the use of declared (nominal) values of 
their technical and operational characteristics. 
Nominal technical and operational characteristics 
of windows are determined under standard 
laboratory test conditions without reference to the 
actual climatic conditions of operation [1]. Thus, 
most standards for test methods of air 
permeability of windows (EN 1026 in Europe, 
ASTM E283 – in North America, GOST 26602.2 
– in Russia) requires tests at the same and constant 
temperature on both sides of the window [2–4]. 
This approach is reasonable and appropriate for 
the purpose of comparing the products of 
individual manufacturers with each other. 
However, this does not correspond to the real 
operating conditions of windows during the cold 
season, when their tightness becomes an important 
factor influencing the quality of the microclimate 
in the room [5–8]. Temperature loads lead to 
deformation of the profile elements of the 
window. This leads to a decrease in the 
compression force of window seals, which 
violates the tightness of the window and can 
increase its air permeability by several times 
compared with the results of standard tests [9,10]. 
For the first time this phenomenon was studied in 
1970 in the work [11] where it was found 
experimentally that the air permeability of 
windows with double vertical sliding sash 
increases with decreasing outside air temperature. 

A very important work in the topic under study is 
the work [12]. It discusses the disadvantages of 
the method used in the USA (at the time of 1985 
year) for determining the air permeability of 
window structures (ASTM E283). One of the 
criticism points is precisely the lack of 
consideration of temperature loads. The author 
proposed to develop a new method for testing the 
air permeability of windows, taking into account 
the temperature load. This method has been 
implemented in the new ASTM E1424 – 91 
standards, which now runs parallel to ASTM 
E283. In the Russian Federation, the methodology 
for determining the air permeability of window 
structures with regard to temperature effects was 
patented in 2012 [13], but it has never become 
mandatory.  
Studies on the subject in Western Europe and 
North America have ceased since the publication 
of the work [10] in 1998. The work evaluated the 
effect of changes in the air permeability of 
windows when the outside temperature decreases 
on the energy balance of the building. As a result, 
it was concluded that this phenomenon has an 
insignificant effect on the energy balance of the 
building and therefore in the daily design 
activities it can be neglected. However, these 
results were obtained at the design temperature 
of the outside air during the heating period of -
5°C, which is acceptable for the countries of 
Europe, but unacceptable for countries with cold 
climate [14–16]. In the Russian Federation the 
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problem of temperature deformation of window 
structures and their impact on air permeability, 
on the contrary, began to receive attention in 
recent years. A number of experiments have been 
conducted, which confirm the conclusions of 
earlier studies – the air permeability of window 
structures may increase 3-10 times when the 
outside air temperature decreases to -30...-  
[17–20]. The works [21,22] show that 
temperature deformation of modern PVC and 
aluminum windows in winter conditions can be 
comparable to deformations from wind load. In 
the work [23], which was the result of a large 
number of laboratory tests, it is proposed to 
develop a set of criteria for the applicability of 
windows for different climatic operating 
conditions, and the temperature deformation are 
considered in this case as one of the mandatory 
factors to be taken into account. 
Methods of experimental investigation of window 
temperature deformation, with all their obvious 
advantages, have significant limitations: the 
complexity and high cost of the necessary test 
equipment, significant time and labor costs to 
conduct tests. Accordingly, it seems appropriate to 
develop a theoretical method for calculating the 
temperature deformation of windows, which 
would allow the engineer to make effective design 
decisions. To date, only a limited number of 
papers have attempted to study the temperature 
deformation of modern windows by analytical or 
numerical methods. The authors of this paper 
previously published an article [24] in which they 
examined in detail the bending process of 
unreinforced PVC window profile from the action 
of temperature load, taking into account the actual 
temperature distribution in its cross section. The 
present article deals with the joint operation of the 
PVC profile and the reinforcing core. 
 
 
2. METHODS 
 
In winter conditions, there are temperature 
differences on different sides of the window. 

Its value depends on the climatic region of 
construction, and in the Russian Federation 
can reach up to 60°C. As a consequence, the 
profile elements of the window undergo a 
bend in the direction of the warm room. The 
presence of steel reinforcing core significantly 
affects the nature of deformation of PVC 
window profile under temperature load. PVC 
profile is connected to the core by means of 
self-tapping screws, the number and pitch of 
self-tapping screws may vary depending on 
the length of the profile. As it was found out 
[24], the temperature field arising in the cross 
section of the steel core is practically 
homogeneous (due to the large value of the 
thermal conductivity coefficient of steel [25]). 
This means that the core experiences only 
longitudinal temperature deformations and 
remains straight, while the PVC profile tends 
to bend. For simplicity, let us assume that the 
forces between the core and the PVC profile 
are transmitted only at the joints of the self-
tapping screws (in other words, we will not 
consider the contact interactions, which in the 
general case may occur in the problem under 
consideration). Since the stiffness of the 
reinforcing core is many times greater than the 
stiffness of the PVC profile, at the first stage 
we will consider the core as an absolutely 
rigid body. Let us also neglect the fact that the 
locations of the self-tapping screws (and, 
therefore, the forces occurring in them) are 
eccentric with respect to the neutral axes of 
the PVC profile and the core, and we will 
consider these forces to be centrally applied. 
The forces occurring at the connection points 
of the profile and the core will have both 
longitudinal and transverse components (see 
figure 1). Transverse components are due to 
the tendency of the PVC profile to bend, they 
compensate for this bend. The longitudinal 
components are due to the difference in 
longitudinal temperature deformations of the 
profile and the core. 
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Figure 1 – Forces transmitted from PVC profile to reinforcing core (at 4 attachment points) 
 

To determine the magnitude of these forces, we 
use the superposition principle. Let us assume 
that due to the smallness of the deformations of 
the PVC profile, their longitudinal and 
transverse components can be found 
independently of each other. 
 
2.1 Determining the longitudinal force 
components 
Assume that the profile and the reinforcing core 
experience only longitudinal temperature 
deformations. We will look for the solution in 

general form (see Figure 2). Let the PVC profile 
has an arbitrary length and is connected to the 
reinforcing core with m fasteners (the distances 
between the fasteners can also be arbitrary). 
Each fastener has two points: one referring to 
the core (we will denote the coordinate of this 
point by a capital letter "X"), the other referring 
to the PVC profile (we will denote the 
coordinate of this point by a lowercase letter 
"x"). Initially, the X and x coordinates are the 
same in each fixture: i iX x  

 

 
Figure 2. Physical model for determining the longitudinal forces at the attachment points 
 

As a result of temperature stresses, the 
reinforcing core changes its length (its 
corresponding attachment points move and 
occupy a new position X'). Since the core is 
regarded as an absolutely rigid body, then: 
 

 
1 1

' (1 ( ))
0 ' 0

i i s m refX X T T

X X
 (*) 

 
PVC has a much higher coefficient of linear 
thermal expansion than steel, so when PVC 
cools down, the profile shrinks much more 

than the core (in the problem at hand we 
calculate exactly for winter operating 
conditions). Free shrinkage of the PVC profile 
is prevented by the forces generated at the 
fixing points. The PVC profile is stretched in 
this process. As a result of the deformation, 
the attachment points belonging to the PVC 
profile move from the old position x to the 
new position x'. At the same time, due to the 
supposed suppleness of the mount, the points 
X' and x' belonging to the same mount can 
move relative to each other, and a force occurs 
between them ' 'i x i iH X x . The 
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conditions described above are 
mathematically expressed by the following 
system of equations: 
 

1
2 1 2 1

2
3 2 3 2
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1 1

1 1 1

2 1 2 2

1 2 1 1
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N x X
N N x X

N N x X
N x X

 (**) 

 
where 1unc unc

ax axk  is the coefficient of 
longitudinal deformation of the PVC profile 
axis at unconstrained temperature deformation 
(see [24]) and Ni is the longitudinal force 
between the i and i+1 attachment points. 
Equations (**) with account of (*) form a linear 
closed system that can be solved by the matrix 
method. By solving this system, we can find the 
vector of unknown quantities and determine the 
magnitude of longitudinal forces arising in the 
PVC profile. 
 
2.1 Determining the traverse force 
components 
Assume that the PVC profile attachment points 
to the reinforcing core can slide freely along the 
core axis. Then, when bending the PVC profile 
at the connection points only transverse forces 
will occur. Consider a few cases: 
1. PVC profile is connected to the core with 2 
self-tapping screws (true for short profiles); 
2. PVC profile is connected to the core with 3 
self-tapping screws; 

3. PVC profile is connected to the core with 4 
self-tapping screws; 
4. PVC profile is connected to the core with 
more than 4 self-tapping screws. 
 
2.2.1 Two attachment points 
In the first case, no transverse force will occur 
at the two connection points. PVC profile will 
curve freely with the curvature Kunc (profile 
curvature at unconstrained temperature 
deformation – see [24]), the distance between 
the mounting points will be reduced (because 
they can freely slide along the core). Now 
apply a force N to the sliding attachment 
points, determined by the method described in 
the previous section. This takes into account 
that the PVC profile at the same time as 
bending also experiences tension. After the 
longitudinal force is applied, the deflection of 
the PVC rod will decrease. Calculation of 
deflections, in which the influence of the 
longitudinal force is taken into account, will 
give more accurate results, but will also lead 
to more complex calculation formulas. On the 
contrary, neglecting the influence of the 
longitudinal force will result in simpler 
calculation formulas, but at the same time a 
less accurate result Table 1 shows a 
comparison of the analytical solution for 
bending of the profile axis in two these 
statements. The calculation scheme of the 
problem is shown in Figure 3. The calculation 
takes into account that in the case of small 
displacements, the curvature of the profile is 
equal to the second derivative of the 
deflection function. 
 

 
Figure 3 – Calculation scheme 
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Table 1. Analytical solution for different formulations of the problem 
 Taking into account N (1) Excluding N (2) 
The analytical 
solution 
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The maximum 
deflection 
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2
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The maximum possible step between the screws 
when attaching the reinforcing core to PVC 
profiles is determined by the technological 
recommendations of PVC profile manufacturers, 
but usually not more than 400 mm. Comparative 
calculations on specific examples showed that the 
difference between the values of maximum 
deflection calculated according to formulas (1) 
and (2) of Table 1 is the greater the parameter L 
is. At L = 0.4 m this difference is about 1.5% (the 
maximum deflection in this case reaches about 1 
mm). Such a difference can be neglected and the 
deflections can be calculated using the simpler 
formulas (2) in Table 1. Note that if the maximum 
deflection of the PVC profile is less than the gap 
that exists between the reinforcing core and the 
PVC profile, then there will be no contact between 
them, otherwise the PVC profile will be pressed 
(central part) into the wall of the reinforcing core 
and the calculation scheme will change, in the 
joints there will be transverse forces. 

 
2.2.2 Three attachment points 
In the second case, the central fixing point will 
prevent the free bending of the PVC profile. 
This will result in balanced lateral forces at the 
attachment points (see Figure 4). 
In the previous example, it was found that the 
longitudinal force does not significantly affect 
the deflections of the profile. In this and the 
following sections of the paper, in addition to 
deflections, the transverse reaction forces (R) at 
the attachment points will also be determined. 
The attachment points of the PVC profile to the 
reinforcing core may in general also be 
malleable in the transverse direction. This 
allows them to shift relative to the center line of 
attachment. Let us assume that the value of this 

displacement is proportional to the shear force 
occurring in the anchorage i z iR u . To 
estimate the most significant factors in 
determining the transverse reaction forces, the 
problem will be solved in 4 formulations: 
1. Without taking into account N / Without 
taking into account compliance 
2. Without taking into account N / Taking into 
account compliance 
3. Taking into account N / Without taking into 
account compliance 
4. Taking into account N / Taking into account 
compliance 
Since the problem is symmetrical, there will be 
no longitudinal force at the central attachment 
point: the same tensile force N will act 
throughout the PVC profile. Due to the 
symmetry of the problem, it is sufficient to 
consider only half of the profile. Results of the 
analytical solution for the described statements 
of the problem are shown below, computational 
schemes are shown in Figure 4. 

 
Figure 4. Calculation diagram (top – without 

taking into account compliance, bottom – taking 
into account compliance) 
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The equation for determining R: 
1. Without consideration of compliance / 
without consideration of N: 
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A comparative calculation on specific examples 
showed that the longitudinal forces have little 
effect, including on the values of transverse 
reaction forces (difference of about 3%). That is 
why here and in the following calculations they 
can be disregarded. At the same time, the joint 
compliance significantly reduces the value of 

into account in the calculation. 
 
2.2.3 Four attachment points 
The calculation scheme for the considered case 
is shown in Figure 5. As justified above, the 
longitudinal forces will not be taken into 
account in determining the transverse reaction 

forces. The analytical solution for R is 
following: 
 

1 2
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3

unc
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Figure 5. Calculation scheme 
 

2.2.4 Joint compliance factor 
In this article, two coefficients of the joint 
compliance "PVC profile – reinforcing core" 
were introduced in the calculations: longitudinal 

x and transverse z. The longitudinal 
compliance coefficient is caused by 
deformations of the connection node (local 
deformation of the profile wall, rotation of the 
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finite-element model allowed to estimate the 
value of x. It can be taken as 4.3…5·106 N/m. 
The question of the effect of PVC plastic 
properties on the value of x remains open. The 
transverse compliance coefficient is due in large 
part to the bending stiffness of the reinforcing 
core itself – with transverse loads, the core 
bends and the attachment points shift relative to 
the center line. The value of this displacement is 
directly proportional to the value of the shear 
force (which corresponds to the introduced 
definition of the value z). These considerations 
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The equation for determining R: 
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A comparative calculation on specific examples 
showed that the longitudinal forces have little 
effect, including on the values of transverse 
reaction forces (difference of about 3%). That is 
why here and in the following calculations they 
can be disregarded. At the same time, the joint 
compliance significantly reduces the value of 

into account in the calculation. 
 
2.2.3 Four attachment points 
The calculation scheme for the considered case 
is shown in Figure 5. As justified above, the 
longitudinal forces will not be taken into 
account in determining the transverse reaction 

forces. The analytical solution for R is 
following: 
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With this in mind, the equations for R can be 
rewritten. 
 
2.2.5 More than 4 attachment points 
With a larger number of attachment points, the 
outermost two (at the opposite ends of the 
profile) remain the most stressed, while there 
are almost no transverse forces at the central 
points. However, the redistribution of forces 
between the attachment points leads to a change 
in the shear forces arising at the extreme points 
with respect to those values determined by the 
formulas from the previous sections. The 
appearance of new attachment points violates 
the linear character of z, results in its increase 
(the core bends less at the same temperature 
moment), also the pairing of forces is violated: 
in the second attachment point from the edge, 
the shear force module will be slightly higher 
than in the first (by 8% tentatively). If this 
difference is neglected, then in first 
approximation we can assume that the pair of 
forces arising between the first attachment 
points fully compensates the temperature 
moment in the PVC profile section: 
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A more accurate determination of the transverse 
components of the reaction forces with a large 
number of attachment points is possible using a 
numerical solution. We can use the same 
physical model from which the formulas in 
section 2.2.4 were derived: two rods with 
different bending stiffness are connected at the 
attachment points by hinges, one of the rods 
tends to bend under the temperature load and 
bends the second rod by acting on it through the 
attachment points  
 
 
3. RESULTS AND DISCUSSION 
 
To check the correctness of the proposed 
methodology, a comparative calculation of the 
reinforced profile Veka system SL70 (see figure 
6) on the temperature load was carried out. The 
same problem was solved analytically, as well 
as in the finite element modeling program 
COMSOL Multiphysics. 

 

 
Figure 6. PVC profile with a length of 1,060 mm with a core of 1,000 mm, fastened with self-

tapping screws in 4 places with the pitch of 300 mm 
 

The calculation was performed for the 
following conditions: tex = - in = 

 = 8.7 W/(m2  = 23 W/(m2 
the profile in question its thermal resistance is 
known R0 = 0.77 (m2 [24] 
described in detail how to use these data to 
calculate the temperature field in the cross 
section of the PVC profile (taking into 
account the reinforcing core) and to determine 
its parameters of free temperature deformation 

under the effect of this temperature field: the 
curvature (Kunc) and the longitudinal 
deformation coefficient ( unc

axk ). The results of 
the calculation using this method are shown in 
Figure 7. In this case, Kunc = -0,02567 1/m; 

0.998348unc
axk . 

Let us write down all other necessary data for 
the calculation (see table 2). 
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Table 2. Calculation data 
l1 0.3 m APVC 9.05 cm

2
 

l2 0.3 m EPVC 2.7·10
9
 Pa 

Is 2.13 cm
4
 PVC 7·10

-5
 K

-1
 

Es 2·1011 Pa x 4.3·106 N/m 
s 1.2·10-5 K-1 Tm -  

IPVC 58.62 cm4 Tref  

 
Solving the system of equations (*) and (**), we 
find: 1 2 31446 N; 1855 N; 1446 NN N N . 
Next, we determine the transverse force 
components: 

 
 

 
9 80.02567 2.7 10 58.62 10 0.3 0.3 118.5 N

2 2.7 58.620.3 0.3 0.3 1
3 200 2.13

R  

 

 
Figure 7. Temperature field 

 
Thus, the forces acting on the reinforcing core 
from the PVC profile side will have the value 
shown in Figure 8. 
 

 
Figure 8. Forces acting on the core from the 

PVC profile side 
 

In the COMSOL Multiphysics program 
(hereafter COMSOL), a similar problem was 
posed. The model created in COMSOL reflected 
the real three-dimensional geometry of the PVC 
profile and the core, all elements in it were 
considered to be perfectly elastic, at the points 
of self-tapping between the PVC profile and the 
core were given hinged connections. In the 
cross section of the profile elements, a 
temperature field similar to that shown in Figure 
7 was set (see Figure 9).  

 
Figure 9. 3D model of the reinforced profile and 

the temperature field in it (legend in  
 
To ensure the uniqueness of the solution, the 
boundary conditions of the "Rigid Connector" 
type were imposed on the end faces of the 
PVC profile in a flexible type of connection: 
on one end, connections were imposed for 
movements in all directions and for rotation 
around the longitudinal axis of the profile (x 
axis), on the other end, only for movements 
along the y and z axes (free rotations). Such 
boundary conditions do not create any 
obstacles for internal deformations of the 
profile, but provide its fixed position in space. 
The results of the simulation are shown in 
Figure 10. The reaction forces in the joints 
connecting the PVC profile and the core are 
shown in the table 3. 
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Figure 10. Deformations (legend in mm) 

 
As can be seen, the results of the manual 
calculation according to the proposed method 
are in good agreement with the results of 
numerical modeling. The observed 
discrepancies are primarily due to the fact that 
the attachment points of the profile to the core 

(and consequently the application points of the 
reaction forces) are eccentric with respect to the 
neutral axes of the core and the profile itself, 
which causes: torsion (to which the metal core 
is more subject) and bending of the profiles not 
only around the z axis (axis position – see 
Figure 10), but also around the y axis. However, 
as part of the structure of the window, the PVC 
profile has less free deformation conditions. In 
this way the end edges of PVC profiles are 
rigidly connected to each other by welding, such 
a connection prevents the torsion of the profiles 
and their bending around the second axis 
(thereby bringing the real picture of the stress-
strain state of the profile even closer to the 
model that was developed in this article). These 
prerequisites will make it possible to determine 
the forces occurring in the corner joints of PVC 
windows, which will be a topic for further work 
by the authors. 

 
Table 3. Comparison of calculation results 

No. of 
joint 

Based on simulation 
results 

Based on manual 
calculation results Divergence, % 

Longitudinal 
component 

Transverse 
component 

Longitudinal 
component 

Transverse 
component 

Longitudinal 
component 

Transverse 
component 

1     -9.1 -7.4 
2  -   -  8.5 -7.4 
3 -  -  -  -  8.5 -7.4 
4 -  -  -   -9.1 -7.4 

 
 

4. CONCLUSION 
 
In this work, a method of analytical calculation 
of the temperature deformation of a PVC profile 
reinforced with a metal core was proposed, thus: 
1. The nature of the forces occurring at the 
attachment points of the reinforcing core to the 
PVC profile was described. The greatest forces 
occur in the extreme fasteners that fix the PVC 
profile to the reinforcing core. The compliance 
of these joints has a decisive influence on the 
deformation of PVC profiles under the action of 
temperature loads.  

2. A mathematical model was developed to 
calculate the longitudinal components of the 
forces in the attachment points due to different 
values of temperature shrinkage of PVC profile 
and reinforcing core; 
3. A mathematical model was developed to 
calculate the longitudinal components of the 
forces in the attachment points caused by the 
thermal bending of the PVC profile; 
4. In order to increase the calculation accuracy 
with a large number of attachment points (for 
long profiles), a physical model of the joint 
mechanical operation of PVC profile and core 
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was proposed, this model is planned to be 
implemented in the numerical calculation 
program; 
5. A comparative calculation of the bending of 
a reinforced PVC profile with a length of 1 m 
using the proposed methodology, as well as 
with the full three-dimensional finite-element 
modeling in the program COMSOL 
Multiphysics was carried out. Comparison of 
the calculation results showed convergence with 
an error of less than 10%. 
The theoretical conclusions proposed in this 
article are part of a more extensive, currently 
under development methodology for calculating 
the mechanical operation of modern window 
structures with regard to temperature loads. This 
methodology will allow engineers to make 
effective decisions early in the design process 
and greatly reduce the amount of expensive and 
time-consuming laboratory testing. 
In what follows, the authors propose to consider 
the following issues: 
1. Influence of plastic properties of PVC on the 
value of the coefficient of transverse 
compliance of joints "PVC profile – reinforcing 
core" z; 
2. Oblique bending of PVC profiles (this 
problem is especially acute for PVC profiles 
with a marked asymmetry of the cross-section); 
3. Static operation of the nodes connecting the 
profile elements of the window with each other; 
4. Influence of rigidity of translucent filling 
(insulating glass unit) and bracing elements of 
fittings on deformations of profile window 
elements.  
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Abstract: a study was carried out on influence of stage-by-stage construction of a cylindrical shell on stress-
strain states of an existing nearby shell in a soil body. Additionally, a case is considered in which the stage-
by-stage construction of shells was not taken into account. The obtained results were analyzed by the authors. 
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1. INTRODACTION 
 
There is a problem of evaluating the impact of 
potential future construction of the cylindrical 
shell of a new tunnel on the stress-strain state of 
the cylindrical shell of an existing tunnel built 
earlier. Similar problems emerged when 
designing the first variant (with two tube 
tunnels) of the Lefortovo tunnel in Moscow. 
Calculations of such systems are known in two-
dimensional formulation. For example, S. B. 
Kositsyn and D. B. Dolotkazin explored the 
effect of some features of the Lefortovo tunnel 
on its stress-strain state by the finite element 
method [4]. 

2. NUMERICAL ANALYSIS OF STRESS-
STRAIN STATES OF CYLINDRICAL 
SHELLS IN A SOIL BODY 
 
The calculation of the stress-strain state of shells 
was performed by the finite element method in 
the ANSYS Mechanical software package [2, 3, 
6, 8, 11, 12]. 
The developed spatial computational models 
includes two parallel cylindrical shells and a soil 
body. The purpose of the study is to determine 
how the phased construction of a new 
cylindrical shell affects the stress-strain state of 
the existing shell built earlier. The geometric 
characteristics of cylindrical shells in the 
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1. INTRODACTION 
 
There is a problem of evaluating the impact of 
potential future construction of the cylindrical 
shell of a new tunnel on the stress-strain state of 
the cylindrical shell of an existing tunnel built 
earlier. Similar problems emerged when 
designing the first variant (with two tube 
tunnels) of the Lefortovo tunnel in Moscow. 
Calculations of such systems are known in two-
dimensional formulation. For example, S. B. 
Kositsyn and D. B. Dolotkazin explored the 
effect of some features of the Lefortovo tunnel 
on its stress-strain state by the finite element 
method [4]. 

2. NUMERICAL ANALYSIS OF STRESS-
STRAIN STATES OF CYLINDRICAL 
SHELLS IN A SOIL BODY 
 
The calculation of the stress-strain state of shells 
was performed by the finite element method in 
the ANSYS Mechanical software package [2, 3, 
6, 8, 11, 12]. 
The developed spatial computational models 
includes two parallel cylindrical shells and a soil 
body. The purpose of the study is to determine 
how the phased construction of a new 
cylindrical shell affects the stress-strain state of 
the existing shell built earlier. The geometric 
characteristics of cylindrical shells in the 

computational model are close to the initial data 
of the work [4]. The diameter of the shell D = 
13.5 m, the thickness of the shell t = 0.7 m, 
depth of cylindrical shells Z = 25.0 m, distance 
between the axes of shells – 2D. The distance 
between the shell and the left and right sides of 
the soil body is W = 5D. The distance between 
the shell and the upper side of the soil body is H 
= 5D. Both cylindrical shells consists of 32 
separate rings with a width of 2.8 m. 
The material of the cylindrical shell is presented 
by a linear-elastic model with the following 
characteristics: density  – 2300 kg/m3, elastic 
modulus E – 30000 MPa, Poisson's ratio µ – 
0.2. The material of the soil body [9] is 
presented by an elastic-plastic model of Mohr–
Coulomb with the following parameters: density 
 – 2000 kg/m3, deformation modulus Edef – 10 

MPa, Poisson's ratio µ – 0.3, cohesion u – 10 
kPa, friction angle  – 25°. These material 
models require a physically nonlinear 
calculation. 
The soil body has constraint on the side faces 
and on the bottom face. The load consists of the 
own weight of the soil body and the cylindrical 
shells. In addition, there is a gap between the 
shell and the soil body in the computational 
model [7, 10], which takes into account the 
influence of a slurry shield during the 
construction of the cylindrical shell (the friction 
coefficient f = 0.6) [5]. 
The calculation was done geometrically, 
structurally and physically nonlinear statement. 
The design case consists of 65 stages of 
determining the stress-strain state of the 
cylindrical shell and the soil body: the first 
(zero) stage calculates the natural state of the 
soil body without the shell, the next 64 stages 
calculate the stress-strain state of the model 
after activating each individual ring of shells 
(thirty-two stages for each shell). The change in 
the stress-strain state is considered for the 
elements of the shell installed first. This makes 

it possible to evaluate the impact of the 
construction of the second shell on the first. 
The spatial computational model is shown in 
figure 1. The cylindrical shells are shown in 
figure 2. 

 
 

Figure 1. Spatial computational model in 
ANSYS Mechanical 

 
 

 
Figure 2. View of cylindrical shells 

 
The equivalent stresses curves according to the 
IV strength theory (von Mises) [1] of the 
cylindrical shell rings are shown in figures 3 – 
11. Vertical green lines on the graphs separate 
the stages of construction of the first and second 
shells. 
Table 1 shows the values of the stress increase 
caused by the construction of the second shell, 
and their percentage share for the considered 
rings of the first shell. 
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Figure 3. The maximum equivalent stresses according to the IV strength theory (von Mises) of 01 

ring of the first shell 
 

 

Figure 4. The maximum equivalent stresses according to the IV strength theory (von Mises) of 04 
ring of the first shell 
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Figure 3. The maximum equivalent stresses according to the IV strength theory (von Mises) of 01 

ring of the first shell 
 

 

Figure 4. The maximum equivalent stresses according to the IV strength theory (von Mises) of 04 
ring of the first shell 

 
Figure 5. The maximum equivalent stresses according to the IV strength theory (von Mises) of 08 

ring of the first shell 
 

 

Figure 6. The maximum equivalent stresses according to the IV strength theory (von Mises) of 12 
ring of the first shell 

Influence of Stage-By-Stage Construction of a Cylindrical Shell on Stress-Strain States of an Existing Nearby Shell in a 
Soil Body



116 International Journal for Computational Civil and Structural Engineering

 

Figure 7. The maximum equivalent stresses according to the IV strength theory (von Mises) of 16 
ring of the first shell 

 

 

Figure 8. The maximum equivalent stresses according to the IV strength theory (von Mises) of 20 
ring of the first shell 
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Figure 7. The maximum equivalent stresses according to the IV strength theory (von Mises) of 16 
ring of the first shell 

 

 

Figure 8. The maximum equivalent stresses according to the IV strength theory (von Mises) of 20 
ring of the first shell 

 
Figure 9. The maximum equivalent stresses according to the IV strength theory (von Mises) of 24 

ring of the first shell 
 

 
Figure 10. The maximum equivalent stresses according to the IV strength theory (von Mises) of 28 

ring of the first shell 
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Figure 11. The maximum equivalent stresses according to the IV strength theory (von Mises) of 32 

ring of the first shell 
 

Table 1. The increase in the equivalent stresses according to the IV strength theory (von Mises) in 
the considered rings of the first shell 

Shell ring Increase in equivalent stresses, MPa % 
1 0.08 0.1 
4 0.04 0.2 
8 0.59 3.1 

12 0.91 4.7 
16 0.94 4.9 
20 1.11 5.6 
24 1.26 6.5 
28 1.25 7.8 
32 2.89 116.8 

 
The results show that the construction of the 
second shell has little impact on the existing 
shell. The increase in equivalent stresses is 
116.8 % only in the last ring. This is due to the 
fact that the last ring is underloaded more than 
the others during the construction of the first 
shell. However, this ring takes a new load 
equally with the others during the construction 
of the second shell. The stresses increase does 
not exceed 7.8 % in rings from 1 to 28. The 

maximum equivalent stresses in the shells are 
46.3 MPa in the calculations without taking into 
account the construction stages. Table 2 shows 
the stresses in the first shell from the calculated 
cases, taking into account and without taking 
into account the stages of construction, as well 
as the difference of these stresses as a 
percentage. Higher stresses were obtained in all 
the shell rings without taking into account the 
construction stages, except for the first one. 
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Table 1. The increase in the equivalent stresses according to the IV strength theory (von Mises) in 
the considered rings of the first shell 

Shell ring Increase in equivalent stresses, MPa % 
1 0.08 0.1 
4 0.04 0.2 
8 0.59 3.1 

12 0.91 4.7 
16 0.94 4.9 
20 1.11 5.6 
24 1.26 6.5 
28 1.25 7.8 
32 2.89 116.8 

 
The results show that the construction of the 
second shell has little impact on the existing 
shell. The increase in equivalent stresses is 
116.8 % only in the last ring. This is due to the 
fact that the last ring is underloaded more than 
the others during the construction of the first 
shell. However, this ring takes a new load 
equally with the others during the construction 
of the second shell. The stresses increase does 
not exceed 7.8 % in rings from 1 to 28. The 

maximum equivalent stresses in the shells are 
46.3 MPa in the calculations without taking into 
account the construction stages. Table 2 shows 
the stresses in the first shell from the calculated 
cases, taking into account and without taking 
into account the stages of construction, as well 
as the difference of these stresses as a 
percentage. Higher stresses were obtained in all 
the shell rings without taking into account the 
construction stages, except for the first one. 

Table 2. The maximum equivalent stresses according to the IV strength theory (von Mises) for the 
calculated cases with and without taking into account the stages 

Shell ring 
Maximum equivalent stresses, MPa The difference of the 

maximum equivalent 
stresses, % 

Without taking into 
account the stages 

With taking into account 
the stages 

1 46.3 63.5 37 % 
4 46.3 21.6 – 53 % 
8 46.3 19.8 – 57 % 

12 46.3 20.2 – 56 % 
16 46.3 20.0 – 57 % 
20 46.3 20.8 – 55 % 
24 46.3 20.7 – 55 % 
28 46.3 17.2 – 63 % 
32 46.3 5.4 – 88 % 

 

 
3. CONCLUSION 
 
The authors consider the features of the stress-
strain state of a system consisting of two 
parallel cylindrical shells and a soil body. In this 
paper it is shown how the phased construction 
of a new cylindrical shell affects the existing 
nearby shell. The results obtained showed that 
this effect is insignificant. The stress increase 
for all the considered rings of the first shell does 
not exceed 7.8 %, except for the last ring, where 
the stress increase is 116.8 %. 
Additionally, the stress-strain state of the first 
shell is compared with and without taking into 
account the stages of construction. The 
comparison showed that it is necessary to take 
into account the stages of construction of 
cylindrical shells in such tasks. 
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STUDY OF THE INFLUENCE OF THE KINETICS OF 
HYDROGEN SATURATION ON THE STRESS-DEFORMED 

STATE OF A SPHERICAL SHELL  
MADE FROM TITANIUM ALLOY  

 
Aleksander A. Treshchev, Violetta O. Kuznetsova 

Tula State University, Tula, RUSSIA 
 

Abstract. In this paper, a mathematical model is considered that allows one to determine the stress-strain state of a 
spherical shell made of titanium alloy VT1-0, the external load is assumed to be transverse uniformly distributed, 
acting on the outer surface, the medium is assumed to act on the inner surface of the shell. For this, a nonlinear 
model was used, presented in normalized stress spaces. Fastening along the contour of the shell is rigid. Nonlinear 
resolving equations for calculating a spherical shell are obtained. An algorithm for solving the problem of 
hydrogenation of titanium alloy shells has been developed. A practical solution was made by a two-step method of 
sequential perturbations of parameters using the MatLab and Maple software packages. To solve the system of the 
obtained differential equations, the method of finite differences is applied. The calculation of the stress-strain state 
of the shell is obtained taking into account the diffusion process of an aggressive hydrogen-containing medium, 
and the obtained solution is compared with the results of the classical nonlinear theory without taking into account 
the aggressive medium. The results of comparing these solutions demonstrate quantitative differences in the 
parameters of the shell deformation process, which are explained by a more accurate account of the influence of 
the type of stress state. This approach has a rather flexible mechanism for considering the initial and induced 
differential resistance, demonstrates a high accuracy of matching the obtained theoretical results with empirical 
data on loading a wide range of materials under complex types of stress state. 
 

Keywords: flat shell, titanium alloy, finite differences, nonlinear equations, initially isotropic material, 
large deflections. 
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INTRODUCTION 

 
One of the first theories for calculating 
structural elements operating in aggressive 
hydrogen-containing media, taking into account 
the change in material properties over time, 
apparently, should be noted the model proposed 
in the works [1 – 4].  
In previous studies, to construct a mathematical 
model of the behavior of materials in a hydrogen-
containing medium, it was proposed to use the 
theory of Yu.N. Rabotnov [5, 6] taking into 
account physical and chemical effects on the 
surface and in the volume of the deformable But, 
as practice has shown, this theory does not take 
into account a number of effects inherent in the 
problem under consideration, such as the 
presence of triple nonlinearity, as well as induced 
differential resistance, which undoubtedly leads 
to a decrease in the accuracy of the results. This 
study also considers the change in the properties 
of materials under the influence of a changing 
concentration of an aggressive medium, but 
initially nonlinear relationships were used built in 
normalized stress spaces, which consider a 
continuous change in the state of a structural 
material depending on the type of stress state and 
quantitative characteristics at a point. A more 
effective mathematical model for solving the 
problem of the effect of hydrogenation on the 
stress-strain state of a flat spherical shell made of 
titanium alloy is proposed, a numerical solution 
of the problem is constructed based on the finite 
difference method. To solve the problem with 
triple nonlinearity, a two-step method of 
sequential perturbations of parameters was 
adopted [7], which allows linearizing the 
resolving equations and also has a high accuracy. 
The numerical implementation of this approach 
was carried out by the finite difference method of 
increased accuracy. The integration of the 

functions of the stress-strain state and rigidity 
parameters over the thickness was carried out by 
the Simpson method [8]. 

 
 

FORMULATION OF THE PROBLEM 
 

The object of research is a flat spherical shell 
made of titanium alloy VT1-0, loaded with an 
external uniformly distributed transverse load 
with an intensity of up to 5 MPa, rigidly fixed 
along the perimeter, the radius of curvature of 
the shell is taken equal to R =  3 m, the radius 
of the base of the shell is taken equal to 

1,5 m, and a hoist arrow – f =  0,4 m.  
The location of any point on the median surface of 
a spherical shell is determined by a Gaussian 
coordinate system 1 , 2 , and the position of an 
arbitrary point in thickness is determined by the 
coordinate 3 , considering that u  – horizontal 
displacements along a radial coordinate r  (the 
projection 1 ),  – radial displacements, w  – 
vertical displacements (deflections) under the 
action of a lateral load q . The design scheme of 
the shell is shown in the figure 1.  

 

 
Figure 1. The design scheme of the shell 
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For a flat spherical shell, the constancy of the 
main radius of curvature of its middle surface 
within the plan is valid: 
 
 ,21 RRR  (1) 
 

Rkkk /121  – main curvature. 
Consider the equilibrium of a spherical shell 
with thickness 0,05h  m, under the influence 
of a transverse axisymmetric uniformly 
distributed load q  and a hydrogen-containing 
medium with a concentration . We accept the 
kinetic potential of deformations in the form [9, 
10]: 
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where )(eA , )(eB , )(Ce , )(De , (Ee ), 

)(pA , )(pB , )(pC , )(pD , )(pE  – 
functions that determine the physical and 
mechanical characteristics of the material that 
appear in the recording of the potential of the 
quasilinear and nonlinear parts and depend on 
the degree of hydrogen saturation. The 
quantitative characteristics of the stress state are 
determined by the modulus of the total stress 
vector on the deviator site: 
 
 22

0S ,   
 
but a quality picture – is determined by the 
normalized stresses on this site, which depend 
on the angle  between normal and vector 0S , 
and also the harmonic phase invariant : 
 
 0/cos S ;    0/sin S ;  
 3/)det(23cos ijS ,  

where 3/ijij  – medium stress or normal 
octahedral; 2/1)3/( ijij SS  – tangential 
octahedral stress; ij  – the Kronecker symbol; 

ijijijS  – stress deviator )3,2,1(, ji . 
The dependences of the mechanical properties 
on the degree of hydrogenation of the material 
are presented in the form of a polynomial 
expansion of the coefficients of the kinetic 
potential in powers of the concentration of the 
medium , and the expansion coefficients of 
the polynomials are determined by least-squares 
processing of empirical data on the deformation 
of titanium alloy specimens to axial tension and 
compression at different levels  (0; 0,02; 0,04 

 0,08%), which for the VT1-0 alloy take the 
form: 
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where ikik pe ,  – polynomial coefficients, 
i  = 0...2; k = 1...5 [9, 10]. 
Connections of strain and stress tensors are 
established from potential (2) using 
Castigliano's formulas: 
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Taking into account the axisymmetry of the 
problem and the fact that the shell is subjected 
to pressure q  on the outer surface of the shell, 
the geometric dependences take the form: 
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where 1, 2  – relative deformations in the 
middle surface; 1 2 – mid-surface 
curvatures.  
Considering equations (2) - (6) and Kirchhoff-
Lav's hypotheses, the relationship between the 
simplified form of deformations and stresses is 
represented in the form: 
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Inverting matrix equations (7), we obtain the 
dependences of stresses on deformations: 
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where 1[A][B] ; 11 12, … – components of 
the symmetric compliance matrix [A], which are 
functions containing the deformation potential 
W1 (2), depending on the type of stress state and 
the degree of hydrogenation of the titanium 
alloy.  
These components are determined according to 
[9, 10] as follows: 
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The forces and moments are determined by 
integrating the stresses across the shell thickness 
in the traditional way: 
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The moments and forces are expressed in terms 
of the components of the deformations of the 
middle surface of the shell in the following way: 
 
 2121111 )()( KKN   
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 ;)()( 222121 PP   (10) 
 2121111 )()( PPM   
 ;)()( 212111 DD   
 2221122 )()( PPM   
 ,)()( 222121 DD   
 
where the integral characteristics of material 
functions, taking into account the influence of 
the degree of hydrogenation, are calculated 
through its concentration  as follows: 
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In connection with the triple nonlinearity of the 
problem, the resolving equations are formulated 
in a linearized form using the two-step method 
of sequential perturbations of the parameters of 
V.V. Petrov [7]. Physical dependencies are 
presented in the following linearized form: 
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The inversion of relations (11) leads to the 
following dependences of stresses on 
deformations in increments of the following form: 
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Dependences of deformation increments at a 
point on the deformation increments of the 
middle surface 1 and 2  and it’s curvature 

1 , 2  are presented in the form: 
 
 ;1111 ze    z22 2 2e .  
 
Then the equations for the connection of efforts 
with deformations of the middle surface in 
increments have the form: 
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The axial symmetry of the problem under 
consideration makes it possible to simplify the 
equilibrium equations in increments as follows: 
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Integrating equations (12) over the thickness of 
the shell according to the rules (9), and 
introducing the results into equilibrium 
equations (14), we arrive at two linearized 
differential equations in displacements: 
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The resulting gradient system of equations (15) 
needs to be supplemented with boundary conditions 
in increments. Due to the axial symmetry of the 
problem, at the center of the shell the rotation of the 
normal to the middle surface, radial displacements 
and their increments will be equal to zero ( ,0, 1w  

,0u  ,0, 1w  0u ).  
In the process of chemical adsorption, hydrogen 
molecules disintegrate into atoms that diffuse 
deep into the material [9, 10]. The flux density J 
is proportional to the spatial concentration 
gradient , the diffusion equation takes the form:  
 

 
z

DDgradJ , (16) 

 
where constD  – diffusion coefficient, z – 
coordinate in the direction of diffusion that 
corresponds to the axis 3 . 

In accordance with the experimental data 
presented in [11], as well as in connection with 
unidirectional diffusion, the kinetic equation of 
hydrogenation corresponds to Fick's second law, 
and its solution is known due to the double 
Fourier transform (direct and inverse), the result 
of which has the form: 
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t
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where t  – is a current time. 
The solution of equation (17) for the process of 
one-sided diffusion has a well-known 
approximate analytical solution presented in the 
works [9, 10]: 
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where 2/ hDtFO  – is a Fourier number; i  – is 
a row member number; 1  and 2  – boundary 
values of the concentration of the medium on 
the lower and upper surfaces of the shell. 
For the shell, the following boundary conditions 
are accepted: in the event of an aggressive 
medium acting on the side of the application of 
a power load: 
 
 1),2/( th ,   20),2/( th ,  
 
where  – equilibrium concentration of a 
hydrogen-containing medium.  
The initial conditions are: 
 
 0)0,(z .  
 
The calculations were performed using the 
MATLAB and Maple software packages. The 
results of calculating a spherical shell operating 
in an aggressive environment of hydrogen with 
various concentrations from 0 to 0.08% using 
the proposed model are presented below.  

Aleksander A. Treshchev, Violetta O. Kuznetsova



127Volume 18, Issue 2, 2022

 11111

2

111

2

122

2
,,,4,4,2 wwPrwkPrwkPr

  

 11111

2

111

2
,,4,4 wwPrwkPr

  

 1111,11

3

111111

3

1111

3
,,2,,,4,2 wwPrwwPrwkPr

  

 111111

3

1111

3
,,,4,,4 wwPrwkPr

  

 111111

3

111111

3

1111

3
,,2,,2,4 wwPrwwPrwkPr

  

 
wkPrwwPr

1112

3

111111

3
,2,,2

  

 111

3

1112

3

1112

3
,2,4,,4 ukKrwkPrwkPr

  

 qrwkKrwkKr 32

12

32

11

3
242 ; (15) 

 11111

2
,11 wPkDr

  

 111111111111111
,,11,, wrPkDwKkPrkrDrP

  

 111111

2
,uKkPr

  

 111111

2

1
,, wKkPrw

  

 111111

2
,,,, Puwwwkkr

  

 111111

2
,,,, Kuwwwkr

  

 1121
,, Puwkrkwr

  

 
krDwKurwkr 1121112

2 ,,,   
 1112111211 ,, wwKKkPkPr   
 1222212

2
11

22
12

22
11

2 ,)( wPkDKkrKkrrPkrPk   
 rkwPuKkPr 2

1111111 ,   
 0222211 KkPuwkrkrwK .  
 
The resulting gradient system of equations (15) 
needs to be supplemented with boundary conditions 
in increments. Due to the axial symmetry of the 
problem, at the center of the shell the rotation of the 
normal to the middle surface, radial displacements 
and their increments will be equal to zero ( ,0, 1w  

,0u  ,0, 1w  0u ).  
In the process of chemical adsorption, hydrogen 
molecules disintegrate into atoms that diffuse 
deep into the material [9, 10]. The flux density J 
is proportional to the spatial concentration 
gradient , the diffusion equation takes the form:  
 

 
z

DDgradJ , (16) 

 
where constD  – diffusion coefficient, z – 
coordinate in the direction of diffusion that 
corresponds to the axis 3 . 

In accordance with the experimental data 
presented in [11], as well as in connection with 
unidirectional diffusion, the kinetic equation of 
hydrogenation corresponds to Fick's second law, 
and its solution is known due to the double 
Fourier transform (direct and inverse), the result 
of which has the form: 
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where t  – is a current time. 
The solution of equation (17) for the process of 
one-sided diffusion has a well-known 
approximate analytical solution presented in the 
works [9, 10]: 
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where 2/ hDtFO  – is a Fourier number; i  – is 
a row member number; 1  and 2  – boundary 
values of the concentration of the medium on 
the lower and upper surfaces of the shell. 
For the shell, the following boundary conditions 
are accepted: in the event of an aggressive 
medium acting on the side of the application of 
a power load: 
 
 1),2/( th ,   20),2/( th ,  
 
where  – equilibrium concentration of a 
hydrogen-containing medium.  
The initial conditions are: 
 
 0)0,(z .  
 
The calculations were performed using the 
MATLAB and Maple software packages. The 
results of calculating a spherical shell operating 
in an aggressive environment of hydrogen with 
various concentrations from 0 to 0.08% using 
the proposed model are presented below.  

 
Figure 2. Distribution of hydrogen 

concentration by shell thickness 
 

 
Figure 3. Stresses 11 along the radius from 

below 
 

 
Figure 4. Stresses 22 along the radius from 

above  

 
Figure 5. Deflections in the shell 

 

 
Figure 6. Horizontal displacements

 
 

CONCLUSION 
 

After analyzing the presented graphs shown in 
figures 2 - 6, it is easy to note the similarity of 
the results calculated using the model considered 
in the presented article with classical nonlinear 
solutions without taking into account hydrogen 
saturation. The conducted research is fully 
consistent with the experimentally established 
facts, which shows that during a certain time 
interval corresponding to large gradients of 

hydrogen concentrations, there is an intense 
change in the nature of the stress-strain state of 
structures. In this case of a spherical shell, 
quantitative changes reach 20% for stresses in 
compressed and 24% in stretched zones. The 
control of the impact of an aggressive hydrogen 
environment in the work was organized on the 
basis of nonlinear relationships that consider the 
induced sensitivity to hydrogen saturation in a 
wide range of changes in the types of stress state 
[8, 9, 12, 13]. 
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In this work, a mathematical model of the effect 
of hydrogen saturation on the stress-strain state 
of a shallow spherical shell is constructed and a 
numerical solution to the problem is presented 
with an illustration of deflections, displacements 
and stresses. 
The model of the influence of gas saturation, 
constructed in this work, is based on the 
approaches to constructing constitutive relations 
for materials with different resistance, proposed in 
works [8, 9, 12, 13]. This approach uses a rather 
flexible mechanism for taking into account a 
variety of stress states and demonstrates a high 
accuracy of agreement between the results 
obtained and experimental data on the 
deformation of a wide range of materials under 
complex types of stress states. In turn, the model 
for accounting for materials with different 
resistance, proposed in the works of I.G. 
Ovchinnikov [1 – 4], is based on the simplest 
nonlinear theory of elasticity and is built 
considering the uniaxial stress state and, therefore, 
has an approximate mechanism of the influence of 
the type of stress state on the strength of materials.  
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In this work, a mathematical model of the effect 
of hydrogen saturation on the stress-strain state 
of a shallow spherical shell is constructed and a 
numerical solution to the problem is presented 
with an illustration of deflections, displacements 
and stresses. 
The model of the influence of gas saturation, 
constructed in this work, is based on the 
approaches to constructing constitutive relations 
for materials with different resistance, proposed in 
works [8, 9, 12, 13]. This approach uses a rather 
flexible mechanism for taking into account a 
variety of stress states and demonstrates a high 
accuracy of agreement between the results 
obtained and experimental data on the 
deformation of a wide range of materials under 
complex types of stress states. In turn, the model 
for accounting for materials with different 
resistance, proposed in the works of I.G. 
Ovchinnikov [1 – 4], is based on the simplest 
nonlinear theory of elasticity and is built 
considering the uniaxial stress state and, therefore, 
has an approximate mechanism of the influence of 
the type of stress state on the strength of materials.  
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Abstract. An approach to solving the urgent problem of optimizing the load-bearing structures of buildings and 
structures based on adapted genetic algorithms is presented. As a tool for finding a solution, iterative schemes are 
used, in which, in the classical approach to evolutionary modeling, a system of constraints is used that forms the 
operational requirements for reinforced concrete, steel and other structures. In this case, the value of the risk of 
material losses is used as one of the measures of the design optimality. This value is used to assess the feasibility of  
increasing the initial costs of manufacturing structures, taking into account the degree of their mechanical safety in 
case of emergency impacts. Groups of scenarios are considered as such impacts, including local damage to one or 
more load-bearing elements. A limitation is formed on the resistance to progressive collapse of the structure, which 
is interpreted as preventing large displacements and limiting deformations of certain parts or the structure as a 
whole. The magnitude of the risk is determined by a relative index determined as the ratio of the likely cost for 
damage from material loss to the initial cost of manufacturing the structure. The block diagrams that implement 
such iterative processes, information about the developed software and an example of optimization of the 
reinforced concrete supporting structure of the frame of an administrative multi-storey building are considered. 
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INTRODUCTION 
 
The problem of optimizing reinforced concrete 
and steel frames considering their safety level is 
mostly understudied. There are only a few 
studies that concern particular aspects of the 
problem to a different extent [1-4]. At the same 
time, some studies focus on both mechanical 
and technogenic safety [5]. As an example of 
optimizing, let’s consider relatively simple 
objects, while hazards shall be excluded from a 
single iterative procedure. Structures safety is 
considered according to the values loss risk 
factor calculation [6-7]. In this regard, it may be 
difficult to optimise a design solution, 
considering costs of construction site life cycle 
stages in its in normal operations and 
considering its resistance to beyond design basis 
effects. Recent search schemes based on modern 
information technologies allows for getting 
better in solving this problem. Firstly, these are 
genetic algorithms [8-10], particle swarm 
methods [11-13], ant colony [14], and firefly’s 
methods [15]. These algorithms may get 
accustomed to solving optimisation tasks both 
reinforced concrete, steel and other structures of 
various types. The article is concerned with the 
common approach to optimisation of reinforced 
concrete and steel load bearing structures 
considering the level of their mechanical safety, 
as well as evolutionary algorithms 
implementation for truss and plated and truss 
structures. It is proposed to introduce a measure 
of relative integral socio-economic losses risk as 
an estimate of safety level. The risk considers 
both normal operations of structural systems as 
part of a functional ongoing process in the 
building and emergency conditions related to 
mechanic damage of individual units or 
elements. 
 
 
1. THE PROBLEM FORMULATION 
 
As an optimal design goal, we’ll use 
minimization of value terms of materials 
consumption of a structure, the labour intensity 

involved in its manufacture, and also safety 
level at emergency. 
 

min ; 

1 2, ,..., Np , (1) 

 
where  is a notional value (conventional 
units), that considers the materials that make up 
the load bearing structure, manufacturing 
features and socio-economic losses risks;  is 
a set of design parameters that vary in search 
process, consisting of pN  disjoint subsets it , 

(1,..., )pit N ; it  – a set of parameters 
consisting of parameter values admitted for 
selection in search process, corresponding to its  
it type.     
This parameter type implies, for example, 
combinations of building element cross 
sections, position of structural joints, material 
classes of which it is made, plate width and etc.  
Expressions for calculation of the value  for 
specific cases of structure optimisation have 
various notations, for example, for reinforced 
concrete frames [16]: 
 

min( )c r fC P P P P , (2) 
 
where , ,c r fP P P prime cost of materials and 
manufacture for concrete, fittings, casing and 
associated materials, respectively, minP  – some 
small real number; 
– for steel frames [17]: 
 

1
min

n
i i

i
M A l , (3) 

 
where   is steel density, ,i iA l   are area and 
length of structure element, respectively, and n 
is their number; 
– for wood structures [18]:  

Anatoliy V. Alekseytsev, Al Ali Mohamad 



133Volume 18, Issue 2, 2022
 

INTRODUCTION 
 
The problem of optimizing reinforced concrete 
and steel frames considering their safety level is 
mostly understudied. There are only a few 
studies that concern particular aspects of the 
problem to a different extent [1-4]. At the same 
time, some studies focus on both mechanical 
and technogenic safety [5]. As an example of 
optimizing, let’s consider relatively simple 
objects, while hazards shall be excluded from a 
single iterative procedure. Structures safety is 
considered according to the values loss risk 
factor calculation [6-7]. In this regard, it may be 
difficult to optimise a design solution, 
considering costs of construction site life cycle 
stages in its in normal operations and 
considering its resistance to beyond design basis 
effects. Recent search schemes based on modern 
information technologies allows for getting 
better in solving this problem. Firstly, these are 
genetic algorithms [8-10], particle swarm 
methods [11-13], ant colony [14], and firefly’s 
methods [15]. These algorithms may get 
accustomed to solving optimisation tasks both 
reinforced concrete, steel and other structures of 
various types. The article is concerned with the 
common approach to optimisation of reinforced 
concrete and steel load bearing structures 
considering the level of their mechanical safety, 
as well as evolutionary algorithms 
implementation for truss and plated and truss 
structures. It is proposed to introduce a measure 
of relative integral socio-economic losses risk as 
an estimate of safety level. The risk considers 
both normal operations of structural systems as 
part of a functional ongoing process in the 
building and emergency conditions related to 
mechanic damage of individual units or 
elements. 
 
 
1. THE PROBLEM FORMULATION 
 
As an optimal design goal, we’ll use 
minimization of value terms of materials 
consumption of a structure, the labour intensity 

involved in its manufacture, and also safety 
level at emergency. 
 

min ; 

1 2, ,..., Np , (1) 

 
where  is a notional value (conventional 
units), that considers the materials that make up 
the load bearing structure, manufacturing 
features and socio-economic losses risks;  is 
a set of design parameters that vary in search 
process, consisting of pN  disjoint subsets it , 

(1,..., )pit N ; it  – a set of parameters 
consisting of parameter values admitted for 
selection in search process, corresponding to its  
it type.     
This parameter type implies, for example, 
combinations of building element cross 
sections, position of structural joints, material 
classes of which it is made, plate width and etc.  
Expressions for calculation of the value  for 
specific cases of structure optimisation have 
various notations, for example, for reinforced 
concrete frames [16]: 
 

min( )c r fC P P P P , (2) 
 
where , ,c r fP P P prime cost of materials and 
manufacture for concrete, fittings, casing and 
associated materials, respectively, minP  – some 
small real number; 
– for steel frames [17]: 
 

1
min

n
i i

i
M A l , (3) 

 
where   is steel density, ,i iA l   are area and 
length of structure element, respectively, and n 
is their number; 
– for wood structures [18]:  

 

( ) ( )
( ) mintim tim pl pl

n n

C V X C V X
f X

a b
, (4) 

 
where ( )X  is a vector of variables; ( )timV X , 

( )plV X  are wood and plywood volumes in the 
fabricated structure; ,n na b  are bay and width 
of a wood structure; timC , plC  are weight 
coefficients for wood and plywood.  
In solving the minimisation problem (1) by way 
of task (2) and (4), socio-economic losses risks 
is not considered in the goal function, that 
significantly diminishes the mechanical safety 
level of such optimized structures. The goal 
function is proposed as follows:   
 

mins s , 

, ,
1 1

N M
s i j i j

i j
, (5) 

 
s  is a value related to costs for materials, 

structure fabrication, joint connection 
arrangement and etc.; s  is the value terms of 
socio-economic losses risk defined by the 
probability ,i jp  for emergency j at stage i of 
structure life cycle. This probability can be 
determined based on the well-known Bayes' 
formula for conditional probability, N, M are a 
number of emergencies considered in 
optimisation for life cycle stages and those that 
may occur at this stage. 
In solving load bearing structures optimisation 
problems, the following main active constraints 
are used: 
– structure elements strength. This criterion can 
be expressed in strains, deformations and 
critical forces in dangerous cross section of a 
building element. These factors should not 
exceed the set design resistances, deformations, 
and forces; 
– structure stiffness along linear displacements 
or angles of rotation; 

– stability of system geometrical shape in the 
presence of its structural (topological) changes. 
Passive constraints may be presented by 
conditions for ensuring structure overall 
stability, local durability of its structural 
elements, observing the requirements for 
unification of constructive solution, 
manufacturing or assembling processes. 
It’s obvious that the growing complexity of 
design solutions creates the necessity of varying 
dozens of design parameters. In this regard, 
manual approaches to optimisation become 
unacceptable, while gradient-based optimization 
algorithms are not efficient. With that said, 
methods evolve based on a combination of 
search algorithms, linear and non-linear 
mathematical programming. The major problem 
in implementation of such an optimisation 
approach for load bearing structures lies in the 
necessity of multiple automatic calculation at 
structure strain-stress distribution. Let us 
consider one of the variant for this calculation 
arrangement. 
  
 
2. GENERAL SOLUTION SEARCH 
CIRCUIT 
 
A number of basic stages is proposed for 
evolutionary algorithm implementation in terms 
of design solution. 
2.1. Defining one or several optimisation 
criteria corresponding to problem solution goal. 
For example, cost minimum, ensuring strength, 
collapse resistance in emergency and etc. Here a 
decision is also taken about optimisation task 
decomposing, its phasing for a purpose of 
optimal topological synthesis, search for 
rational form. An example of such 
decomposition is addressed in work [19].    
2.2. Formation of data on structure 
computational model, design parameter sets, 
force, kinematical, structural and technological 
constraints of the task. 
2.3 Development or selection of a mathematical 
model for estimation of constraint satisfaction. 
A proven calculation model can be used for 
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bearing structures set forth in regulatory 
documents, and also computing model based on 
finite elements method. Moreover, for 
evolutionary approach implementation there is a 
problem for solver integration into the iterative 
search scheme. One of such methods will be 
stated in this paper. 
2.4 Verification of constraint satisfaction, 
calculation of target function values and 
implementation of preserving the best solution 
for further reproduction and improvement of 
decisions. In using several optimality criteria, the 
target function value can be calculated based on 
weight coefficients kx  per each of the criteria: 
 

1
, 1

Nc
k k k

k k
 , (6) 

 
where kC  is a goal function value upon 
criterion k, Nc  is a number of criteria. 

2.5 Verification of the condition of search 
process end. Provided that the condition for 
ending the iterations is satisfied the search is 
stopped. If it’s not, then based on existing best 
solutions, structure options are modified by way 
of changing some varied parameters and 
proceeding to stage 2.4. 
Some integral iteration number pN  is 
considered as a criterion of ending the iterations 
for genetic search during which no 
improvements occur in the iteration process: 
 

/3 !n
pN mn , (7) 

 
where n  is a number of independently varied 
parameters; m  is the arithmetic mean for values 
admitted for each parameter selection. 
Implementing the condition for ending the 
iterations is shown in Fig. 1. 
 

 
 

Figure 1. For realisation of iteration stopping criterion 
 

 
Upon completion of iteration stopping, a 
decision obtained as a result of search is 
verified for satisfaction of passive (not 
considered during the iteration process) 
constraints. 
Such constrains may include local durability of 
joint connection elements, design features 
related to ensuring structural support, local plate 
durability, ensuring necessary installation 
conditions and etc. Studies [20-23] explain in 
more detail the evolutionary algorithm in 

respect to individual types of load bearing 
building constructions. We’ll demonstrate the 
content of stage 2.2 and stage 2.4 of 
evolutionary approach using the example of 
reinforced concrete simple beam (figures 2, 3). 
In this case, 4 parameters vary independently: 
higher and lower fitting diameters, concrete and 
fitting class. Some parameters may remain 
permanent. 
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Figure 2. Presentation of reinforced concrete beam and sets of such structures in evolutionary 
approach: examples of setting varying and non-varying parameters (a), (b), vision of initial 

occasionally generated decision set (c), example of coding parameter values (d), set of permitted 
parameter values (e) 

 
The choice of structure members for further 
solution improvement is made based on 
roulette-
where the choice probability is determined by 
the value: 
 

1
, 1 , 1..4

N
I

i i j i i
j

l f f f C I , (8) 

 
Structure modification is made based on 
operators, examples of which are shown in fig. 
3, b, c. In making a decision about preservation 
of the best solution the following elitism EC 
criteria are used (fig. 3d):  
 

max

( )
( ) ( )

.

i

i i

i

C , (9) 

 
The first condition in the system means absence 
in elite set  a copy from the set , and 
second condition means that the meaning of a 
target criteria for a member from set  must 
be less than maximum from the elite set. It 
should be noted that dimensions nM  of a current 
set and neM  elite set of decisions may differ. 
Practical use of evolutionary approach showed 
that  15 50nM ,  10 25nM . 
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Figure 3.  -

 
  

 
3. INTERACTION WITH PROGRAM 
COMPEX SOLVERS  
  
Current requirements to structural designing 
assume the assessment of their strain-stress 
distribution taking into account physical, 
geometrical and constructive nonlinearity. It 
calls for using modern program complexes with 
a possibility of exchanging data with a solver 
and exterior programme developments. 
Simcenter “Femap”. Preprocessor of this 
complex can integrate with all modern solvers, 

while we’ve used NX Nastran solver. The 
scheme of organisation of evolutionary search 
program interaction [24, 25] with Simcenter 
“Femap” is shown in fig. 4. 
The operating system is used to exchange data 
between the finite element complex solver and 
the genetic search program. This is possible if 
there is an open format for the input / output 
file, as well as the ability to run the solver 
without using special pre / postprocessor 
commands. 
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 for bearing structure optimization 
 

4. EXAMPLE OF USING 
EVOLUTIONARY ALGORITHM IN 
VARIOUS APPROACHES TO DESIGNING 
 
Let us consider the designing of the frame of 
half precast multi-storey civil building. Frame 
ceilings and finishes are precast. It is believed, 
that their parameters to be non-variable. It 
means, that they are not considered within the 
search. 
There are three options of frame designing to be 
considered: 
– using solutions given in typical design 
documentation (s. B1.020) allowing for normal 
operations (I); 

– using evolutionary search with no regard for 
safety limits according to presentation (5) in 

0s (II); 
– using evolutionary algorithm in accordance 
with presentation with a possibility of 
considering emergencies 0s  while 
ensuring mechanical safety at level 

/ 0.2s s . Frame calculation scheme is 
As an emergency script, it 

is offered to have an opportunity of 
excluding their design diagram one from 

-
mechanical damage fig. 5, b.  
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As the figure 5, c, d shows, in normal operations 
regardless of possible emergency conditions, the 
approach to designing according to rules (I) 
allows for gaining the structure value comparable 
to optimisation algorithms (II), (III). Moreover, 
structure cost-cutting using (II) approach 
significantly decreases its safety. Using constrains 
in view of the risks in optimisation algorithms 
(III), a 40% safer structure option has been 
obtained with very insignificant appreciation (to 
10%) in comparison to approach (I). 
 
 
DISCUSSION  
 
Considering emergency condition scripts, 
conventional approach (I) does not allow for 
obtaining minimal design cost in reaching a 
relative level risk 0.2 . Utilising genetic 
search (II) in minimal cost may appear 
unacceptable due to a low safety level, which 
appeared to be almost 2 times lower than in 
approach (I). Approach (III) is the most cost-
saving solution in constraints to safety level.  
 
 
CONCLUSION  
 
1. An approach has been developed to bearing 
structure parameter optimisation based on 
evolutionary algorithm.  
2. Solving the problems of optimizing building 
load bearing structures of normal and advanced 
responsibility level must include a requirement 
for considering the risk of consequences from 
an accident.  
3. A scheme of interaction of evolutionary 
search iteration procedure with modern program 
complexes. 
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CARBONATE AS A BACTERICIDAL ADDITIVE FOR 
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Abstract: Experimental studies of the resistance of cement stone and concrete to the influence of mold fungi have 
been carried out. The effectiveness of the use of nanomodified calcium carbonate and the PHMG biocide as 
bactericidal additives for concrete has been investigated. The influence of Glenium and C-3 plasticizers on the 
effectiveness of the action of bactericidal additives has been investigated. Both investigated biocidal additives 
showed a fungicidal effect on concrete specimens. The use of nanomodified calcium carbonate as a bactericidal 
additive for concrete is effective as the use of PHMG biocide. The introduction of this bactericidal additives does 
not reduce the strength of the hardened concrete. 
 

Keywords: concrete, mold fungi, biocidal additives, PHMG, calcium carbonate. 
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INTRODUCTION 
 
Biocorrosion is an important problem in modern 
construction. The growth of organisms such as 
bacteria, lichens and building materials can 
negatively effect on the structure of reinforced 
concrete. Microbes destroy the building 
material, not only manifesting themselves on its 
surface. They reduce strength characteristics of 

reinforced concrete penetrating inside the 
structure and causing metal corrosion. The 
destruction of structures by biocorrosion can 
cause colossal damage and repairing of such 
structures leads to high financial costs [1,2]. 
The degree of mold growth depends on 
environmental factors, material properties and the 
characteristics of the mold itself. Biocorrosion 
research aims to predict whether mold will grow 
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on a specific material under favorable conditions, 
certain humidity and temperature. To prevent the 
growth of mold fungi, such research must be 
carried out at the stage of development of new 
building materials and must be considered in the 
design, construction and operation of the building. 
The knowledge gained will help to protect the 
future building structure from biocorrosion.  
The most susceptible building materials to mold 
are wooden structures. Sugar and starch in the 
wood are suitable for the growth and 
reproduction of fungi [3, 4]. But it is necessary 
to understand that fungal mycelium can become 
a breeding ground for other fungi or for other 
microorganisms. The destructive effect of this 
microorganisms will manifest itself on other 
materials, in particular on concrete. There are 
foreign studies of biocorrosion of concrete 
structures, which show that the most dangerous 
for cement are sulfur-oxidizing and sulfate-
reducing bacteria [5, 6].  
Molds reproduct by spores, so it is usual to 
Cladosporium, Penicillium and Aspergillus to 
have their spores in the air. Mold fungi can stay on 
the surface of the material for a long time in the 
form of spores and do not appear in any way until 
conditions for their favorable development arise. 
The most important factor for the development of 
mold fungi is the humidity of the environment, 
which depends not only by the climatic features, 
but also by the operating conditions of the rooms 
in buildings or by short-term exposure to moisture 
on the building structure [7, 8]. Indoor mold 
growth is also harmful to humans and it can cause 
adverse health effects.  
A large number of works are devoted to the study 
of the biological resistance of cement composites 
aimed of the effect of the type of binders, fillers 
and biocidal additives on the mold fouling and 
resistance of materials to molds [9, 10, 11].  
Theme of bacterial protection became especially 
relevant in 2020, when the epidemic of the 
SARS-CoV-2 virus had arrived. Scientists were 
faced with the need to create antibacterial 
surfaces capable of destroying bacteria [14]. 
Chinese scientists [12] conducted an analysis of 
studies of inorganic and organic antibacterial 

additives, which showed that inorganic 
additives with metal ions are more effective 
than organic due to a longer duration of action. 
It was concluded that the use of antibacterial 
nanoadditives is a promising way to increase the 
biostability of building materials [13]. 
Antibacterial nanoadditives contain nanoparticles 
of heavy metals in their composition. However, in 
some cases, the resulting product becomes toxic 
and unusable that is why the most common metals 
are silver or copper. Copper and silver 
nanoparticles show a complete absence of toxic 
effects on humans [15]; therefore, the use of copper 
ions is most promising for the development of 
bactericidal nanoadditives. Copper has not only 
antibacterial but also antiviral properties. [16,17]. 
British scientists [18] conducted a study showing 
that no viable SARS-CoV-2 was found on the 
copper surface after 4 hours. 
Modern nanotechnology makes it possible to 
increase the resistance of the material to 
biodegradation that will lead to increasing the 
durability of the concrete structure. 
Carbonate rocks are the basis for the production 
of building materials. Introduction of carbonate 
into the composition of concrete does not reduce 
its strength [19, 20]. Calcium carbonate 
nanomodified with copper particles can become a 
promising bactericidal nanoadditive for mortars. 
This additive is currently used in the production 
of antibacterial silicone rubber and plastics. The 
surfaces of materials made with this additive will 
retain antibacterial properties until the copper 
nanoparticles are not removed mechanically. 
 
 
MATERIALS AND METHODS 
 
The purpose of this experimental study was to 
determine the effectiveness of the use of 
nanomodified calcium carbonate as a bactericidal 
additive for concrete. The effectiveness of the 
additive was researched through the 
determination of the resistance of cement stone 
and concrete to the effect of mold fungi. 
For experimental specimens, Portland cement 
CEM I 42.5 R produced by LLC 
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The knowledge gained will help to protect the 
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The most susceptible building materials to mold 
are wooden structures. Sugar and starch in the 
wood are suitable for the growth and 
reproduction of fungi [3, 4]. But it is necessary 
to understand that fungal mycelium can become 
a breeding ground for other fungi or for other 
microorganisms. The destructive effect of this 
microorganisms will manifest itself on other 
materials, in particular on concrete. There are 
foreign studies of biocorrosion of concrete 
structures, which show that the most dangerous 
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Molds reproduct by spores, so it is usual to 
Cladosporium, Penicillium and Aspergillus to 
have their spores in the air. Mold fungi can stay on 
the surface of the material for a long time in the 
form of spores and do not appear in any way until 
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The most important factor for the development of 
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which depends not only by the climatic features, 
but also by the operating conditions of the rooms 
in buildings or by short-term exposure to moisture 
on the building structure [7, 8]. Indoor mold 
growth is also harmful to humans and it can cause 
adverse health effects.  
A large number of works are devoted to the study 
of the biological resistance of cement composites 
aimed of the effect of the type of binders, fillers 
and biocidal additives on the mold fouling and 
resistance of materials to molds [9, 10, 11].  
Theme of bacterial protection became especially 
relevant in 2020, when the epidemic of the 
SARS-CoV-2 virus had arrived. Scientists were 
faced with the need to create antibacterial 
surfaces capable of destroying bacteria [14]. 
Chinese scientists [12] conducted an analysis of 
studies of inorganic and organic antibacterial 

additives, which showed that inorganic 
additives with metal ions are more effective 
than organic due to a longer duration of action. 
It was concluded that the use of antibacterial 
nanoadditives is a promising way to increase the 
biostability of building materials [13]. 
Antibacterial nanoadditives contain nanoparticles 
of heavy metals in their composition. However, in 
some cases, the resulting product becomes toxic 
and unusable that is why the most common metals 
are silver or copper. Copper and silver 
nanoparticles show a complete absence of toxic 
effects on humans [15]; therefore, the use of copper 
ions is most promising for the development of 
bactericidal nanoadditives. Copper has not only 
antibacterial but also antiviral properties. [16,17]. 
British scientists [18] conducted a study showing 
that no viable SARS-CoV-2 was found on the 
copper surface after 4 hours. 
Modern nanotechnology makes it possible to 
increase the resistance of the material to 
biodegradation that will lead to increasing the 
durability of the concrete structure. 
Carbonate rocks are the basis for the production 
of building materials. Introduction of carbonate 
into the composition of concrete does not reduce 
its strength [19, 20]. Calcium carbonate 
nanomodified with copper particles can become a 
promising bactericidal nanoadditive for mortars. 
This additive is currently used in the production 
of antibacterial silicone rubber and plastics. The 
surfaces of materials made with this additive will 
retain antibacterial properties until the copper 
nanoparticles are not removed mechanically. 
 
 
MATERIALS AND METHODS 
 
The purpose of this experimental study was to 
determine the effectiveness of the use of 
nanomodified calcium carbonate as a bactericidal 
additive for concrete. The effectiveness of the 
additive was researched through the 
determination of the resistance of cement stone 
and concrete to the effect of mold fungi. 
For experimental specimens, Portland cement 
CEM I 42.5 R produced by LLC 

«Gornozavodskcement» was used as a binder. 
Fine-grained river sand sifted to a fraction of 0.315-
0.2 mm was used as a fine aggregate for concrete. 
Plasticizing additives «Glenuim ACE 440» 
manufactured by LLC «BASF» and plasticizer «C-
3» manufactured by JSC «GK Polyplast» were 
introduced in the dosage recommended by 
manufacturers into concrete compositions together 
with mixing water. All experimental compositions 
had a normal solution consistency according to 
GOST 310.4-81 standart, because the type of 
plasticizer influenced to the W/C ratio of solution.  
Researched antibacterial additive was a calcium 
carbonate modified with copper nanoparticles 
manufactured by GV Holdings Co (South Korea). 
This additive was used as the main bactericidal 
nanoadditive for the research. As an alternative 
bactericidal additive, the additive «PHMG» 
produced by LLC «Alterkhim-Pro» (Dzerzhinsk, 
Russia) was chosen. To ensure uniform 

distribution of the additives in the concrete 
mixture, they were previously introduced into the 
mixing water. The number of components by 
weight is given for 1 kg of cement in table 1. 

oncrete specimens were molded in the form of 
small briquette bars with size dimensions 1x1x3 
cm. This size of specimens allows to put them 
in Petri dishes for testing for fungal resistance 
and then use to determine the strength of 
hardened concrete. For the manufacture of 
formwork these forms were modeled in the 
Autodesk 3dsmax software (Fig. 1A). The 
created model was printed (Fig. 1B) on a 3d-
printer in the laboratory of Perm Polytechnic 
University (Perm, Russia). The use of additive 
technologies made possible to reduce the cost of 
molds production and increased the accuracy of 
the concrete specimen. Forming of concrete 
specimen was carried out in the laboratory of 
Perm Polytechnic University (Perm, Russia). 

 

             
Figure 1. 3D model of formwork and 3D printed formworks 

 
Table 1. Types of experimental compositions 

 C, 
kg 

S, 
kg 

W, 
kg 

Plastisizer Antibacterial 
additive 

Type of composition 

type mass, 
kg 

type mass, 
kg 

1 1  0,32     Cements stone – no additives 
2 1  0,32    0,005 Cements stone with 0,5%C CaCO3 
3 1 3 0,34 Glenium 0,01  0,005  

Experimental compositions with 0,5%C 
dosage of additive 

4 1 3 0,34 Glenium 0,01 PHMG 0,005 
5 1 3 0,36 -3 0,005  0,005 
6 1 3 0,36 -3 0,005 PHMG 0,005 
7 1 3 0,34 Glenium 0,01   Concrete – no additives 
8 1 3 0,36 -3 0,005   
9 1 3 0,34 Glenium 0,01 PHMG 0,02 Experimental compositions with 2%C 

dosage of additive 10 1 3 0,34 Glenium 0,01  0,02 
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After 28 days of hardening, the concrete 
specimens were packed into groups according 
to the compositions and then transported to 
the laboratory of microbiological analysis of 

Lobachevsky University (Nizhny Novgorod, 
Russia). They were tested for resistance to 
mold fungi. 
 

 

      
Figure 2. Concrete specimens before experiment and in Petri dish 

 
The tests were carried out in accordance to 
GOST 9.049-91 according to methods 1 and 3. 
When tested according to method 1, the material 
is contaminated with mold spores in water and 
placed in a sterile Petri dish. In this case, molds 
grow only on the nutrients contained in the 
material. If the material is not a nutrient medium 
for molds, then the growth of molds will not 
occur, therefore, the material is fungus-resistant. 
When tested according to method 3, the material 
is contaminated with mold spores and then 
exposed in a Petri dish with a nutrient medium 
for fungi. In this case, fungi will grow on the 
nutrient medium, but if the material is 
fungicidal, then mold fungi will not grow on it, 
and as a result of the diffusion of the biocide 
into the nutrient medium, an inhibition zone is 
formed in which mold growth will not be 
observed. 
Specimens were exposured in Petri dishes for 1 
and 3 months at temperature 28 ± 2 °C and 
humidity of more than 90%. Thus, the 
specimens were kept in an environment 
favorable for the development of molds. 5 
concrete specimens were taken for each 
composition and method. 
After the experiment each of the tested groups 
was packed separately according to the methods 
and transported to Ogarev Mordovia University 
(Saransk, Russia), where the specimens were 
tested for compressive strength.  

 
Figure 3. Mold fungi growth 

 
The compressive strength of the samples was 
determined from the results of testing 5 
specimens for each composition. Specimens 
were placed in a special tooling that allowed the 
specimens of this size to be tested using 
standard test equipment. Flexural strength was 
not determined due to the low strength of the 
fine-grained concrete specimens caused by their 
small size. The average compressive strength of 
the 5 specimens tested is taken to display the 
result. 

 
 

RESULTS 
 
Results according to method 1 testing show that 
all researched compositions of concrete and 
cement stone were found to be fungus-resistant. 
This happened because cement stone and 
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for molds, then the growth of molds will not 
occur, therefore, the material is fungus-resistant. 
When tested according to method 3, the material 
is contaminated with mold spores and then 
exposed in a Petri dish with a nutrient medium 
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into the nutrient medium, an inhibition zone is 
formed in which mold growth will not be 
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Specimens were exposured in Petri dishes for 1 
and 3 months at temperature 28 ± 2 °C and 
humidity of more than 90%. Thus, the 
specimens were kept in an environment 
favorable for the development of molds. 5 
concrete specimens were taken for each 
composition and method. 
After the experiment each of the tested groups 
was packed separately according to the methods 
and transported to Ogarev Mordovia University 
(Saransk, Russia), where the specimens were 
tested for compressive strength.  

 
Figure 3. Mold fungi growth 

 
The compressive strength of the samples was 
determined from the results of testing 5 
specimens for each composition. Specimens 
were placed in a special tooling that allowed the 
specimens of this size to be tested using 
standard test equipment. Flexural strength was 
not determined due to the low strength of the 
fine-grained concrete specimens caused by their 
small size. The average compressive strength of 
the 5 specimens tested is taken to display the 
result. 

 
 

RESULTS 
 
Results according to method 1 testing show that 
all researched compositions of concrete and 
cement stone were found to be fungus-resistant. 
This happened because cement stone and 

concrete are not a breeding ground for molds, 
therefore, their growth was not observed on the 
specimens. But the fungal resistance of a 
material does not itself guarantee that the 
material will be protected from mold. During 
the operation of the concrete structure, various 
contaminants brought by water and winds settle 
on the surface of material. Thus, various 
bacteria, algae and other contaminants can 
appear on the surface of the concrete and they 
will already be a breeding ground for mold. 
They will contribute to biocorrosion and 

destruction of building material, therefore it is 
important to provide the building material to be 
not only fungal resistant, but also fungicidal. 
That can be determined by method 3 
experiment. 
Table 2 shows the results of testing specimen 
according to method 3. The points indicate the 
degree of mold fungi growth, where R is the 
size of zone of inhibition in the presence of a 
fungicidal effect. The introduction of biocidal 
additives caused a fungicidal effect.

 
Table 2. Results after 4 weeks of exposition in mold fungi by methods 1 and 3 

 Type: 
Cem - cement 
C – conctrete 
A - additive 

Plasticizer Antibacterial 
additive 

Degree of mold fungi 
growth, points 

Result 

Type %C    

1 Cem    0 - 1 2 Fungi resistant
2 Cem + A  3 0,5 0 0 (R = 4-5 mm) Fungicidal 
3 C + A Glenium  0,5 0 0 (R = 2-4 mm) Fungicidal 
4 C + A Glenium PHMG 0,5 0 0 (R = 8-10 mm) Fungicidal 
5 C + A -3 3 0,5 0 - 1 0 (R = 1-5 mm) Fungicidal 
6 C + A -3 PHMG 0,5 0 0 (R = 12-15 mm) Fungicidal 
7 C Glenium   0 0 (R = 1-2 mm) Fungi resistant
8 C -3   0 - 1 2 Fungi resistant
9 C + A Glenium PHMG 2 0 0 (R = 8-15 mm) Fungicidal 
10 C + A Glenium  2 0 - 1 0 (R = 1-4 mm) Fungicidal 
        

The degree of mold growth after 4 months of 
exposure can be observed in photos of Petri 
dishes with the studied specimens. The most 
indicative result of the effect of nanomodified 
calcium carbonate is noticeable on specimens of 
cement stone.  
 

 
Figure 4. Degree of mold growth on cement stone: 
1 – no additive, 2 – with nanomodified 3 

Photos are shown Specimens with the biocidal 
nanomodified calcium carbonate show a 
fungicidal effect with an inhibition zone of 4-5 
mm after 1 month of exposure. After 3 months of 
exposure, the inhibition zone decreased to 2-3 
mm, however, the specimens continued to 
demonstrate fungicidal effect. Compositions 
No.3- No.10 were a specimens of concrete with a 
plasticizer. This building material is used in 
building structures, therefore the results of testing 
of these specimens for fungal resistance will be 
more practically applicable. Compositions No.7 
and No.8 were prepared to assess the effect of the 
plasticizing additive on fungal resistance. Fig.5 
shows the results of mold growth of concrete 
specimens made with different plasticizers but 
without biocidal additives.  
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Figure 5. Degree of mold growth on concrete: 

7 – plasticizer Glenium ACE 440;  
8 – plasticizer C-3 

 
The results show that Glenium ACE 440 
polycarboxylate superplasticizer performs much 
better than C-3 plasticizer. Specimens with 
Glenium plasticizer showed a negligible 
fungicidal effect with an inhibition zone of 1-2 
mm, while specimens with C-3 plasticizer show 
a mold growth rate of up to 2 points according 
to method 3. Concrete with C-3 plasticizer is 
fungus resistant, but it is no longer fungicidal, 
like concrete with Glenium plasticizer. 
For experimental compositions No.3- No.6, 
the dosage of biocidal additives was chosen 
the same and equal to 0.5% of the cement 
mass (0,5%C). This made it possible to assess 
the effect of the additive on the fungicidal 
properties of concrete with a plasticizer. 
Despite the fact that concrete with a 
plasticizer Glenium and without a biocidal 
additive already shows a fungicidal effect, it 
was important to find out how the joint 
introduction of biocidal additives and 
plasticizers will affect the fungicidal 
properties of concrete. The results in Table 2 
show that concrete with both types of 
additives show a fungicidal effect, but in 
compositions with PHMG (No.4 and No.6) the 
zone of inhibition is much larger and reaches 
15 mm.  
For compositions with nanomodified CaCO3, 
the inhibition zone does not exceed 5 mm. This 
difference is also noticeable in the photographs 
shown in Fig.6 and Fig.7.   
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Figure 7. Degree of mold growth on concrete 

with a -3 plasticizer: 
5 – nanomodified 3 additive; 

6 – PHMG additive 
 
For experimental compositions No.9 and No.10, 
an increased dosage of biocidal additives was 
chosen. It was equal to 2% by weight of the 
cement. These 2 compositions were made in 
order to understand the effect of an increased 
dosage of a biocidal additive on the fungicidal 
properties of concrete. Concrete specimen were 
made with Glenium plasticizer. The results in 
Table 2 show that increasing the dosage of the 
biocidal additive does not enhance the 
fungicidal effect on concrete. The inhibition 
zone did not exceed 5 mm with an increase in 
the dosage of nanomodified calcium carbonate. 
With an increased dosage of the PHMG biocide, 
the inhibition zone was 8-15 mm, which also 
corresponds to the result obtained at a dosage of 
0.5%. It can be assumed that the increasing of 
dosage of researched additive does not make 
sense, since positive results have already been 
obtained with dosages of 0.5% of additive. 
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For experimental compositions No.9 and No.10, 
an increased dosage of biocidal additives was 
chosen. It was equal to 2% by weight of the 
cement. These 2 compositions were made in 
order to understand the effect of an increased 
dosage of a biocidal additive on the fungicidal 
properties of concrete. Concrete specimen were 
made with Glenium plasticizer. The results in 
Table 2 show that increasing the dosage of the 
biocidal additive does not enhance the 
fungicidal effect on concrete. The inhibition 
zone did not exceed 5 mm with an increase in 
the dosage of nanomodified calcium carbonate. 
With an increased dosage of the PHMG biocide, 
the inhibition zone was 8-15 mm, which also 
corresponds to the result obtained at a dosage of 
0.5%. It can be assumed that the increasing of 
dosage of researched additive does not make 
sense, since positive results have already been 
obtained with dosages of 0.5% of additive. 
 

 
Figure 8. Degree of mold growth on concrete 
with a Glenium plasticizer with antibacterial 

3 additive dosage: 7 – 0%; 3 – 0,5%C;  
10 – 2%C 

 

 
Figure 9. Degree of mold growth on concrete 

with a Glenium plasticizer with PHMG additive 
dosage: 7 – 0%; 4 – 0,5%C; 9 – 2%C 

 
Fig.8 and Fig.9 clearly demonstrate that the degree 
of mold growth does not depend on the dosage of 
the bactericidal additive in the selected ranges of 
0.5–2%. For a visual comparison, the figures show 
the test results of specimen from the composition 
No.7, where only the Glenium plasticizer was used 
and no biocidal additives were introduced. 
Mold growth rate depends on the exposure time. 
All of the above results describe the degree of mold 
growth after 4 weeks of exposure. This time is 
sufficient to assess the fungicidal properties of the 
material in accordance to GOST 9.049-91. In 
practice, mold growth can manifest itself at a much 
later time, since mold, like any living creature, will 
adapt to environmental conditions for some time 
and then grow and develop over time. Fungicidal 
properties of the material may appear in the form of 
a zone around the specimen only at the early time 
of exposure, but later this zone may overgrow, 
since one species of fungi will become a breeding 
ground for other type of fungi. In this case, the 
fungicidal property of the material will not allow 
mold fungi to cause biocorrosion.  
In this study, Petri dishes with specimens of 
compositions No.3- No.6 were additionally 
photographed after 3 months of exposure. This 

allows a visual assessment of the growth rate of 
molds over time. Fig.10 and Fig.11 show that 
concrete compositions with Glenium plasticizer 
and two investigated biocidal additives after 3 
months of exposure continue to demonstrate a 
fungicidal effect. No significant mold growth was 
observed in the inhibition zone and mold did not 
grow on the specimens themselves. This allows us 
to conclude that the nanomodified CaCO3 additive 
shows the same efficiency as the PHMG biocidal 
additive even after 3 months of exposure to molds. 
Fig.12 show that the composition of concrete with 
the plasticizer C-3 and the nanomodified CaCO3 
after 3 months show a fungicidal effect, but there is 
noticeable overgrowing of the zone after 3 months. 
If PHMG was chosen as a biocidal additive, even 
after 3 months, there is a clear absence of additional 
mold growth after 3 months. It can be concluded 
that the combined use of PHMG and the Glenium 
plasticizer is the most effective way for ensuring 
the durability of a concrete structure to the extent of 
its resistance to the destructive effects of molds. 
 

 
                                                           B 
Figure 10. Degree of mold growth on concrete 
with a Glenium plasticizer with antibacterial 

3 additive (composition No.3). 
 – after 1 month, B – after 3 months 

 

 
A                             B 

Figure 11. Degree of mold growth on concrete 
with a Glenium plasticizer with antibacterial 

PHMG additive (composition No.4). 
 – after 1 month, B – after 3 months 
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Figure 12. Degree of mold growth on concrete 
with a -3 plasticizer with antibacterial 3 

additive (composition No.5). 
 – after 1 month, B – after 3 months 

 

 
                         B 

Figure 13. Degree of mold growth on concrete 
with a -3 plasticizer with antibacterial PHMG 

additive (composition No.6). 
 – after 1 month, B – after 3 months 

 
But we should know that PHMG can be toxic 
for human and cannot be used in construction, 
that is why nanomodified CaCO3 can be used to 
protect concrete structure. 
Compressive strength is an important 
characteristic of concrete. Biocorrosion leads to a 
deterioration of the strength characteristics of 
concrete structures. The decrease in strength of a 
structure from the effects of mold can pass slowly 
and imperceptibly. If it is not detected in time, the 
destruction of the structure can occur suddenly. In 
this study, all tested concrete specimens proved to 
be fungus-resistant after 1 month of exposure. 
Therefore, a noticeable decrease in the strength of 
the samples as a result of the destructive effect of 
molds should not be observed. 
For the practical applicability of this study and 
substantiation of the effectiveness of the use of 
nanomodified additives, the compressive strength 
of specimens from all compositions was 
additionally investigated. Due to small size of the 
tested specimens (1x1cm), the results obtained are 
relative, however, they allow to make a 
comparative analysis. 

Specimens were divided into 3 groups. The first 
and second group of specimens after 28 days of 
hardening were exposed to mold fungi 
according to methods 1 and 3, respectively. The 
third group of samples after 28 days of 
hardening was left for storage at a temperature 
of 20 ± 2 °C and a humidity of 60%.  
After the experiment on fungal resistance with 
specimens of groups 1 and 2, specimens of all 
groups were tested for compressive strength at 
one day. For compositions No.3- No.6, samples 
were additionally tested after 3 months of 
exposure. Fig.14 show the compressive strength 
results of samples stored in room conditions 
compared to samples stored in a Petri dish at 28 
± 2 °C and humidity of above 90%. 
The increased temperature and humidity during 
tests according to methods 1 and 3 led to an 
acceleration of the compressive strength of 
concrete. That is evident from the results of tests of 
specimens tested according to method 1, where the 
compressive strength increased by 3-6 times 
compared to specimens stored at room temperature. 
 

 
Figure 14. Relative compressive strength of 

concrete specimens 
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Concrete with C-3 plasticizer has lower 
compressive strength compared to concrete with 
Glenium plasticizer. This is clearly seen on 
compositions with a biocidal additive at a 
dosage of 0.5%C. Compositions with Glenium 
plasticizer have 1.2 - 2.5 times greater 
compressive strength than compositions with C-
3 plasticizer. This is observed both on 
specimens stored at room temperature and on 
specimens exposed to mold, where much better 
conditions for the concrete curing were created.  
The introduction of biocidal additives together 
with the Glenium plasticizer leads to a slight 
increase in the compressive strength of the 
concrete. 
For compositions No.3 - No.6 were obtained 
results that allow to compare the compressive 
strength of the specimens after 1 and 3 months of 
exposure. The results show that the additional 
increasing of strength of the specimens during the 
second and third months of exposure is already 
insignificant and at 3 months of exposure all 
compositions have the same strength as they had 
after 1 month of exposure. Glenium plasticizer 
accelerates early strength development, which is 
also evident in the results of these tests. Strength 
diagrams are shown in Fig. 15. 
 

 
Figure 15. Relative compressive strength of 

specimens 

DISCUSSION  
 
The results of the study show the effectiveness of  
usage of each type of additive as a bactericidal 
additive and as a hardening additive.  
Cement stone specimens showed a fungicidal 
effect, so the introduction of nanomodified 
calcium carbonate into the cement stone can be 
effective.  
Composition of concrete with Glenium ACE 
440 plasticizer also showed a fungicidal effect, 
which can be explained by the high quality of 
this type of plasticizer. The manufacturer 
indicates that this plasticizer increases the 
durability of concrete structures, therefore, it is 
likely that the manufacturer includes fungicidal 
additives to the plasticizer, which led to an 
insignificant fungicidal effect of concrete. Mold 
already begun to grow up to 2 points on 
concrete specimens only with C-3 plasticizer 
and while tested according to method 3. 
The introduction of PHMG into the concrete 
composition gives greater efficiency than the 
introduction of nanomodified calcium carbonate 
in the same dosage. This is noticeable from the 
results of measuring the zone of inhibition. All 
compositions with PHMG show an inhibition 
zone of up to 15 mm, while concrete samples 
with the addition of nanomodified calcium 
carbonate show fungicidal activity with an 
inhibition zone of maximum 5 mm.  
Increasing of the fungicidal effect is not 
observed while increasing of the dosage of 
biocidal additives above 0.5%. Concrete 
retained its fungicidal properties, but the 
inhibition zone of the material remained the 
same size as it was at a dosage of 0.5%. 
Therefore, increasing the dosage of the biocidal 
additive above 0.5% is not advisable. 
The compressive strength of concrete specimens 
with Glenium plasticizer is in all cases higher than 
the strength of specimens made of concrete with 
C-3 plasticizer. This can be explained by the high 
quality of the plasticizer and the presence of 
hardening accelerators in its composition. 
The introduction of PHMG slightly increases 
the compressive strength of concrete specimens, 
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which corresponds to the manufacturer's 
description. However, the 2-3 times increase in 
compressive strength declared by the 
manufacturer was not achieved. At a dosage of 
PHMG equal to 0.5% - 2%, the strength of 
concrete specimens increased by an average of 
14-18%. 
 
 
CONCLUSION 
 
In this study the resistance to mold fungi was 
determined for cement stone specimens and 
samples of concrete with different plasticizing 
additives. Two types of antibacterial additives 
were investigated: calcium carbonate modified 
with copper nanoparticles and the biocidal 
additive PHMG. All studied specimens were 
found to be fungus resistant. Concrete 
compositions with biocidal additives are 
fungicidal or at least fungistatic for 1 month of 
exposure.  
The introduction of nanomodified additives into 
concrete may be relevant from the point of view 
of novelty, however, this study shows that the 
introduction of the biocidal additive PHMG on 
the studied concrete compositions gives the 
same. At the same time, an increase in the 
dosage of biocides is not advisable since it will 
only lead to an increase in the cost of concrete. 
Its compressive strength and biocidal 
characteristics will remain the same.  
In further studies, reduced dosages of biocidal 
additives and various plasticizing additives for 
concrete should be considered, since they can affect 
the biocidal properties of the concrete in different 
ways. Polymeric materials are actively used in 
modern construction. The use of nanomodified 
additives can be effective precisely in them; 
however, this topic requires further research. 
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same. At the same time, an increase in the 
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Abstract: Technical diagnostics of facilities is an urgent problem during its operation. An integral part of the 
implementation of diagnostic monitoring systems is the development of a decision support system (DSS) 
based on the analysis of acoustic emission (AE) diagnostic data and machine learning methods. A necessary 
condition for the application of machine learning methods in the development of DSS is the process of 
extracting diagnostic features from the AE signal. In the present work, an improved method is proposed for 
extracting diagnostic features from time series of AE signals. This includes two successive steps. At the first 
step, the frequency and frequency-time characteristics are calculated in a sliding window of short duration, 
which describe local changes in the shape and structure of single pulses. At the second step, the resulting 
matrix of informative features is aggregated by calculating statistical moments of various orders, which 
makes it possible to effectively detect long-term trends in the AE signal changes emitted by the defect. 
Verification of the proposed method was carried out on a full-scale control object of the oil tank RVS No. 3 
("NTEK LLC"). Based on the results obtained, a conclusion was made about the effectiveness of the 
proposed method in the development of diagnostic monitoring systems based on acoustic emission data. 
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INTRODUCTION 
 
Diagnostics of the technical condition of facilities 
without its decommissioning is an urgent problem. 
Its solution deals with the need to continuously 
monitor the technical condition of building 
structures, develop integrated diagnostic 
monitoring systems, as well as effectively manage 
the risks of accidents at control objects. As a part 
of the practical implementation of the diagnostic 
monitoring system, an important task is to predict 
the failure of an object and assess the possible 
damage caused by an emergency situation at a 
construction site using the decision support system 
(DSS) [1]. 
Machine learning methods are widely used in 
modern DSS. It is noted that these methods 
promise assessing the technical condition using 
the data of instrumental non-destructive testing, 
in particular, the results of acoustic emission 
(AE) diagnostics [1]. 
A necessary condition for the use of machine 
learning to assess the hazard class is the 
extraction of a set of informative features 
characterizing the evolution of defects (“feature 
extraction”) from the registered AE signal [2]. 
A useful AE signal has a number of features that 
complicate the task of feature extraction: 
 a) Data from sensors (AE transducers) are 
usually recorded with a high sampling rate of at 
least 1-2 MHz, which entails a large amount of 
monitoring data. In this regard, of particular 
importance is the provision of compression of 
the initial data when extracting features and, on 
the other hand, the sensitivity of the informative 
features themselves to changes in the local 
structure of the AE time series when a single 
pulse of short duration appears. 
b) The evolution of defects-sources of acoustic 
emission is slow [1]. 
The characteristic time for the development of 
defects before the onset of a pre-destructive state 
ranges from several weeks to several years, 
depending on the technical condition of a particular 
building structure and its operating conditions. At 
the same time, in order to determine the hazard 
class of AE source defects and to reveal the kinetics 

of their evolution, it becomes necessary to register 
and analyze long-term trends of the corresponding 
informative features. 
The present work proposes an improved method for 
extracting features from the time series of acoustic 
emission signals by means of sliding time windows 
of different widths with overlaps. This method can 
be used for the analysis of experimental AE time 
series of long duration obtained during the 
diagnostics of full-scale building objects. 
 
 
METHODS 
 
In this paper, we study a method for extracting 
diagnostic features of the defect’s presence in a 
structural member, based on the calculation of a 
number of statistical values that are directly 
related to the shape parameters and the local 
structure of the sequence of acoustic emission 
and noise pulses recorded during the control of 
the technical condition of a building structure. It 
is essential that the registration of noisy time 
series of acoustic emission in this case should 
be implemented in such a way that ensures the 
identification of the true shape of the useful AE 
signal against the background of noise. This 
condition is satisfied if recording noisy AE data 
using a non-threshold method [4]. 
At the first step, informative features in the 
frequency and time domains are calculated in sliding 
windows with overlaps in order to identify local 
changes in the signal shape on a small-time scale, 
which are associated with the occurrence of signal 
source defects. The length of such an analyzing 
window is chosen from the following 
considerations. On the one hand, the window length 
should be small enough to ensure the stationarity of 
the noisy signal and its spectrum within the window. 
On the other hand, the window length should be 
large enough to ensure the representativeness of the 
calculation of statistical features in the time domain 
and the required spectral resolution in the frequency 
domain respectively. 
Based on the results of preliminary studies of 
experimental AE time series, it was found that 
the most informative on small time scales is the 
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following set of features in the time and 
frequency domains: 
1) Spectral centroid. 
It is defined as the weighted average amplitude 
of the frequency spectrum of the signal: 
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The centroid is a measure of the shape of the 
spectrum. The growth of the centroid indicates the 
predominance of high-frequency components in 
the spectrum of the noisy signal, due to the 
presence of interference. 
2) Range factor. 
This factor describes the standard deviation of 
the spectrum, which is related to the width and 
position on the frequency axis of the signal 
bandwidth [6]: 
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Noise pulses usually have a larger peak-to-peak 
factor, while the appearance of AE pulses 
associated with a structural defect leads to a 
small spectral spread and a corresponding 
decrease in the peak-to-peak factor. 
3) Spectrum attenuation factor. 
This factor determines the frequency below 
which the qth fraction of the area under the 
spectrum amplitude distribution function is 
concentrated (the corresponding frequency is 
analogous to the percentile in statistics [7]): 
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The attenuation coefficient also describes the 
shape of the spectrum and can be used to 
differentiate the useful AE signal and noise, as 
well as signals related to source defects of 
various hazard classes. 
4) Spectral flux density (sequence) of pulses. 
It is defined as the square of the difference 
between the normalized magnitudes of the 
spectra of two successive time windows: 
 

This measure is sensitive to local changes in the 
amplitude of the spectrum associated with the 
dynamics of the evolution of the shape of the 
AE time series during the occurrence and 
development of AE source defects that belong 
to different hazard classes. 
At the second step, the features calculated at the 
first step are aggregated over time to identify 
patterns of useful AE pulses due to the 
development of defects. Aggregation is carried 
out in sliding windows up to several seconds 
wide by averaging over a number of statistical 
parameters: mathematical expectation, standard 
deviation, median, extreme values, coefficients 
of variation, skewness and kurtosis. 
The width of the aggregating window is chosen 
from the following considerations. The window 
length should be small enough to reveal the 
differences between the noise and signal 
components and, on the other hand, large 
enough to reveal the differences between the 
signal components of different hazard classes 
that arise in the process of long-term evolution 
of AE signal source defects. 
For each averaging parameter, a time series is 
formed, consisting of samples, the value of each 
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following set of features in the time and 
frequency domains: 
1) Spectral centroid. 
It is defined as the weighted average amplitude 
of the frequency spectrum of the signal: 
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The centroid is a measure of the shape of the 
spectrum. The growth of the centroid indicates the 
predominance of high-frequency components in 
the spectrum of the noisy signal, due to the 
presence of interference. 
2) Range factor. 
This factor describes the standard deviation of 
the spectrum, which is related to the width and 
position on the frequency axis of the signal 
bandwidth [6]: 
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Noise pulses usually have a larger peak-to-peak 
factor, while the appearance of AE pulses 
associated with a structural defect leads to a 
small spectral spread and a corresponding 
decrease in the peak-to-peak factor. 
3) Spectrum attenuation factor. 
This factor determines the frequency below 
which the qth fraction of the area under the 
spectrum amplitude distribution function is 
concentrated (the corresponding frequency is 
analogous to the percentile in statistics [7]): 
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The attenuation coefficient also describes the 
shape of the spectrum and can be used to 
differentiate the useful AE signal and noise, as 
well as signals related to source defects of 
various hazard classes. 
4) Spectral flux density (sequence) of pulses. 
It is defined as the square of the difference 
between the normalized magnitudes of the 
spectra of two successive time windows: 
 

This measure is sensitive to local changes in the 
amplitude of the spectrum associated with the 
dynamics of the evolution of the shape of the 
AE time series during the occurrence and 
development of AE source defects that belong 
to different hazard classes. 
At the second step, the features calculated at the 
first step are aggregated over time to identify 
patterns of useful AE pulses due to the 
development of defects. Aggregation is carried 
out in sliding windows up to several seconds 
wide by averaging over a number of statistical 
parameters: mathematical expectation, standard 
deviation, median, extreme values, coefficients 
of variation, skewness and kurtosis. 
The width of the aggregating window is chosen 
from the following considerations. The window 
length should be small enough to reveal the 
differences between the noise and signal 
components and, on the other hand, large 
enough to reveal the differences between the 
signal components of different hazard classes 
that arise in the process of long-term evolution 
of AE signal source defects. 
For each averaging parameter, a time series is 
formed, consisting of samples, the value of each 

of which is determined by a single aggregating 
window of a given width. Combining these series 
into a two-dimensional array forms a matrix of 
informative features. The resulting matrix is used 
further as input data for the application of machine 
learning algorithms in classifying the detected 
defects by hazard classes. 
 
 
RESULTS AND DISCUSSION 
 
Verification of the proposed approach was 
carried out on the data of experimental time 
series of acoustic emission obtained during the 
diagnostics of the technical condition of the oil 
tank RVS No. 3, containing defects of various 
hazard classes, located in the control object. 
Figure 1 shows graphs of the differential 
distribution function of a number of informative 
features that describe the shape of the AE signal 
and its change during the transition from one 
hazard class of the AE source defect to another. 
As an example, the calculation results are shown 
for three features in the frequency domain - the 
spectral centroid and the spectral density of the 
AE pulse flux. In this case, the following 
parameters were used for the calculation on a 

small-time scale (analyzing windows): the width 
of the sliding time window is 18 ms, the overlap 
is 14 ms, the width of the spectral window in 
calculations in the frequency domain is 32768 
samples, the type of the spectral window is the 
Hamming weight function [6]. 
It follows from Figure 1 that the probability 
distribution densities of the statistical features 
listed in the previous section significantly depend 
on the hazard class of the AE source defect and, 
accordingly, on the shape of the generated 
acoustic emission signal: the spectral flux 
distribution mode (Fig. 3a) shifts towards higher 
values with an increase in the hazard class from 
the first to the third, however, the magnitude of 
the shift is weakly expressed. In this case, the 
value of the distribution density corresponding to 
the mode, on the contrary, increases significantly. 
The distribution mode of the spectral centroid 
(Fig. 3b) changes in the opposite way, namely, 
the value of the distribution density 
corresponding to the mode remains practically 
unchanged, and the mode itself noticeably shifts 
to the region of large values of the centroid 
frequency with an increase in the hazard class. At 
the same time, the value of the asymmetry 
coefficient increases.  

 

 

  
 b 

Figure 1. Probability distribution densities of statistical signs of local changes in the shape of the 
AE signal for defects-sources of acoustic emission of I, II, III hazard classes: a) spectral flux 

density; b) spectral centroid 
 

Table 1 summarizes the results of the 
calculation of statistical parameters at short time 
intervals. From the analysis of the data 
presented in Table 1, it follows that the 
probability density of the distribution of the 
selected features correlates with the hazard 
class. Accordingly, there is reason to believe 

that the time series of feature values 
corresponding to the obtained distribution 
functions can be used as input data at the second  
step of the proposed method, while it is 
advisable to use the parameters shown in Table 
1 for averaging. 
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Table 1. Statistical values of the distribution function of diagnostic features 
for different hazard classes 

Informative feature / 
distribution function 

parameter 

Defect hazard 
class 

Mode Median Skewness Kurtosis 

Spectral flux I-class 0.0002 0.0007 2.8611 18,8905 
II-class 0.0005 0.0006 2.1951 12.4415 

III-class 0.0006 0.0008 2.3149 14.1484 
Spectral centroid I-class 0.0448 0.0452 8.5160 95.4774 

II-class 0.0473 0.0473 11.2270 176.0832 
III-class 0.0552 0.0541 9.2873 133.9230 

 

 
To assess the degree of information content of the 
signs, a priori information about the hazard classes 
of AE source defects, obtained, as noted above, by 
an independent control method, was used. Figure 2 
shows the results of feature calculation in the space 
of two SNE components. The points corresponding 
to the aggregation window, which belongs to a 
certain hazard class of the AE source defect, are 
marked in one color: green - the first class, yellow - 
the second, red - the third. It follows from Figure 2 
that the grouping of features in the SNE-
component space generally agrees with the color 
coding by hazard classes, while the classification 
error estimated using the “Accuracy” metric [14] 
does not exceed 2.5%. Thus, the proposed set of 
features and the method of its calculation make it 
possible to correctly divide acoustic emission 
signals into groups in accordance with the hazard 
class of AE source defects. 
 

 
 

Figure 2. Averaged statistical signs of acoustic 
emission for the control object with sources of 
three hazard classes in the space of two SNE 

components 
 
 

CONCLUSIONS 
 
The paper presents a method for extracting 
diagnostic features from time series of acoustic 
emission signals in order to build on its basis a 
decision support system that provides diagnostic 
monitoring of the technical condition of 
facilities. 
As diagnostic features, it is proposed to use a set 
of statistical parameters that are calculated in 
the frequency and time domains and describe 
the shape and local structure of the AE signal 
sequence: spectral centroid, flux, peak-to-peak 
coefficient, and spectrum attenuation 
coefficient. 
The proposed approach was tested on a real test 
object - a vertical steel tank containing a 
defective weld. Based on a numerical 
comparison of the classification results in a two-
dimensional feature space with a priori known 
from the experiment grouping of signals 
according to the hazard classes of AE source 
defects, it was found that the proposed set of 
features and the method of its calculation make 
it possible to establish a correspondence 
between the numerical values of the feature 
vector and the hazard class. 
Thus, these diagnostic features can be used to 
describe the process of evolution of AE source 
defects in the control object from one hazard 
class to another and can be effectively used in 
building a decision support system as part of 
diagnostic monitoring systems for building 
structures. 
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shows the results of feature calculation in the space 
of two SNE components. The points corresponding 
to the aggregation window, which belongs to a 
certain hazard class of the AE source defect, are 
marked in one color: green - the first class, yellow - 
the second, red - the third. It follows from Figure 2 
that the grouping of features in the SNE-
component space generally agrees with the color 
coding by hazard classes, while the classification 
error estimated using the “Accuracy” metric [14] 
does not exceed 2.5%. Thus, the proposed set of 
features and the method of its calculation make it 
possible to correctly divide acoustic emission 
signals into groups in accordance with the hazard 
class of AE source defects. 
 

 
 

Figure 2. Averaged statistical signs of acoustic 
emission for the control object with sources of 
three hazard classes in the space of two SNE 

components 
 
 

CONCLUSIONS 
 
The paper presents a method for extracting 
diagnostic features from time series of acoustic 
emission signals in order to build on its basis a 
decision support system that provides diagnostic 
monitoring of the technical condition of 
facilities. 
As diagnostic features, it is proposed to use a set 
of statistical parameters that are calculated in 
the frequency and time domains and describe 
the shape and local structure of the AE signal 
sequence: spectral centroid, flux, peak-to-peak 
coefficient, and spectrum attenuation 
coefficient. 
The proposed approach was tested on a real test 
object - a vertical steel tank containing a 
defective weld. Based on a numerical 
comparison of the classification results in a two-
dimensional feature space with a priori known 
from the experiment grouping of signals 
according to the hazard classes of AE source 
defects, it was found that the proposed set of 
features and the method of its calculation make 
it possible to establish a correspondence 
between the numerical values of the feature 
vector and the hazard class. 
Thus, these diagnostic features can be used to 
describe the process of evolution of AE source 
defects in the control object from one hazard 
class to another and can be effectively used in 
building a decision support system as part of 
diagnostic monitoring systems for building 
structures. 
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STRENGTH MODEL FOR CALCULATING CENTRALLY 
COMPRESSED CONCRETE ELEMENTS WITH COMPOSITE 

REINFORCEMENT, TAKING INTO ACCOUNT THE SPACING 
OF STIRRUPS 

 
Ashot G. Tamrazyan, Andrey E. Lapshinov 

National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 
 
Abstract. The article discusses the relevance of developing techniques for confined elements with FRP 
reinforcement. The method for calculating centrally confined concrete columns with non-metallic GFRP 
reinforcement (without regard to its compression work) is proposed for the first time in the Russian 
Federation. The strength model was developed based on the well-known theoretical model of confined 
concrete. The article considers the effect of strengthening the concrete core of the columns, which is obtained 
due to the more frequent placement of both transverse and longitudinal reinforcement. The dependence of the 
bearing capacity of concrete columns on the strength of the transverse reinforcement material is shown. It 
was proved that with a decrease in the spacing of the longitudinal reinforcement, the area of the effectively 
confined concrete core inside the reinforcement cage increases.  It was shown that, due to the low 
compressive modulus of elasticity of the FRP reinforcement, the stress in it will be comparable to the 
concrete stress. Therefore, the compressive strength of the FRP reinforcement can be neglected in the case of 
determining the bearing capacity of centrally confined concrete elements. As a result, a strength model for 
calculating confined concrete elements with FRP reinforcement was proposed, considering the spacing of 
transverse reinforcement, the longitudinal and transverse reinforcement ratio, and the strength of the material 
of transverse reinforcement. The developed strength model can be applied not only for square, but also for 
columns of round and rectangular sections. 
 

Keywords: confinement, stirrups, GFRP, spacing, reinforcement ratio. 
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INTRODUCTION 
 

In recent years, studies of confined concrete are 
becoming more and more widespread [1,2]. It 
was noted that concrete works most efficiently 
under three-dimensional stress, which led to the 
appearance of structures with both various types 
of confinement reinforcement and an increased 
spacing of transverse reinforcement [3]. The 
advantages of increasing the bearing capacity of 
columns by creating a three-dimensional stress 
state with the use of transverse reinforcement 
are obvious and have great potential [4]. There 
is also a whole spectrum of compressive 
members suffering from reinforcement 
corrosion, where the use of steel reinforcement 
leads to early failure of the structure due to 
corrosion and shortens the life cycle. In such 
harsh conditions (for example, in tanks, silos, 
bunkers, reservoirs) columns with non-metallic 
FRP reinforcement can be successfully used, 
increasing the life cycle of structures, their 
overhaul intervals and reducing capital repair 
costs. 
However, a strength model that would 
consider the effect of an increased spacing of 
transverse reinforcement on the strength of 
centrally confined elements has not been 
introduced in the Russian Federation so far. 
There is still no methodology for calculating 
centrally confined columns reinforced with 
longitudinal and transverse FRP reinforcement 
in our country. In the modern design standards 
of the Russian Federation [7], the design 
resistance of FRP reinforcement for 
compression is taken equal to 0. In the design 
standards of different countries, FRP 
reinforcement as compression reinforcement 
is also not considered [8, 9]. Canadian 
researchers [10] proposed the following 
formula (1) for calculating centrally confined 
circular elements considering confined GFRP 
reinforcement: 

 
FfugFgc AfAAfP )(85.0 '

0 , (1) 
 

where 0.85 – coefficient defined as the ratio 
between the strength of concrete in a structure 
and the cylindrical strength of concrete;  
f’c – cylinder strength of concrete; 
Ag – column cross-section area; 
AF – cross-sectional area of confined FRP 
reinforcement; 

g – a new coefficient that considers the 
compressive strength of FRP reinforcement 
depending on its tensile strength. 
ffu – tensile strength of FRP reinforcement. 
From formula (1), it can be established that with 
the strength of FRP reinforcement of 1000 Mpa 
an g = 0.3, the strength of 
composite reinforcement considered in the 
design will be 300 Mpa.  
It is known that the design compressive strength 
of reinforcement is determined to a greater 
extent by the ultimate compressibility of 
concrete bu=2·10-3. The ultimate 
compressibility of concrete depends on the 
strength of the concrete, its grade, composition, 
and the duration of the load application. With an 
increase in the grade of concrete, the ultimate 
deformations decrease, however, with an 
increase in the duration of the load application, 
they increase. 
Since, due to bond, the reinforcement deforms 
with the concrete sc= bu, the limiting stresses 
in it are determined by the formula of Hooke's 
law: 
 

sscsc E    (2) 
 

where Es – modulus of elasticity of the 
reinforcement. Therefore, the design resistance 
of the steel reinforcement will be equal to 
Rsc=400 , which is accepted in modern 
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extent by the ultimate compressibility of 
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compressibility of concrete depends on the 
strength of the concrete, its grade, composition, 
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increase in the grade of concrete, the ultimate 
deformations decrease, however, with an 
increase in the duration of the load application, 
they increase. 
Since, due to bond, the reinforcement deforms 
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sscsc E    (2) 
 

where Es – modulus of elasticity of the 
reinforcement. Therefore, the design resistance 
of the steel reinforcement will be equal to 
Rsc=400 , which is accepted in modern 

design standards for traditional reinforced 
concrete structures.
Using Hooke's law (2) it can be obtained that 
the limiting stresses in the FRP reinforcement at 
the compressive modulus of elasticity 30 000 
MPa and standard strain values for concrete 
0,2% achieved only around 50-60 , which 
can be comparable to the compressive stresses 
of concrete. Under such stresses, considering 
the ratio of reinforcement in confined structures 
(usually no more than 2-3%), the share of FRP 
reinforcement in the bearing capacity of the 
column will be very small, comparable to the 
computational error, which greatly limits the 
prospects for its use in confined elements. 
Thus, the stresses in confined FRP 
reinforcement, due to the low modulus of 
elasticity, cannot reach such high values 
proposed by Canadian researchers; therefore, 
this approach is practically inapplicable. In 
addition, this strength model ignores the 
influence of the transverse reinforcement 
parameters (diameter, spacing, strength) on the 
strength of a confined element, which, as studies 
show [11, 12], is incorrect. The results of 
studies carried out with the usual, not frequent 
spacing of the stirrup [13], show no increase in 
the strength of the samples. Therefore, it is 
necessary to develop a methodology that 
considers the step of the transverse 
reinforcement, the ratio of longitudinal and 
transverse reinforcement, and the strength of the 
stirrups. 

 
 

METHODS 
 

During the development of the strength model, 
general scientific research methods were used 
(analysis and synthesis, methods of 
generalization, induction, and deduction). To 
develop the calculation methodology, the well-
known model of confined concrete proposed by 
Mander et al in 1988 [14] was taken and 
adapted for columns with FRP reinforcement. 
A comparative stress-strain diagram is shown in 
Figure 1. This figure shows two curves. One 
curve is for unconfined concrete (bottom), the 

other is for confined (top). The upper curve has 
2 branches - ascending and descending. The 
ascending branch has a variable slope and starts 
at a point with a value Eb. Further, the slope of 
the curve decreases until it reaches the value of 
the maximum limited strength Rcb, cb. 
Thereafter, a descending branch begins with a 
slight negative slope, reflecting plastic behavior. 
The end of the curve has a point with maximum 
deformation bu, in which the destruction of the 
first stirrup occurs. The bottom curve reflects 
the behavior of unconfined concrete. It has the 
same ascending branch as the confined concrete 
curve, with a peak value f’c (Rb), c0. Then, the 
descending branch follows to the value 
1,5…2 c0. Further, the dependence is a straight 
line until zero strength is reached when cracks 
appear ( sp). In our case, it is extremely 
important to find the dependence for 
determining the stress-strain state of a limited 
concrete core inside the stirrups. 
 

 
Figure 1. Axial Stress-Strain Model proposed by 

Mander et al. (1988) for monotonic loading 
 

A distinctive feature of the methods for 
calculating structures with a triaxial stress state 
of the inner core is considering the increased 
strength of concrete in the longitudinal 
direction.  
When comparing the efficiency of structural 
elements with different methods of 
reinforcement, the factors of the efficiency of 
concrete work is  and the efficiency of the 
structural element as a whole - m. 
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bb R                         (3) 

bbss ARARNm   (4) 
 

where b – longitudinal stresses in concrete at 
the moment of failure;  
N – bearing capacity of the element. 

For elements reinforced only with longitudinal 
reinforcement and the usual standard spacing of 
transverse reinforcement 1m , previously 
conducted experiments [15] found that the 
efficiency of confined concrete largely depends 
on the method of reinforcement (Table 1). 
 
 

Table 1. The dependence of the efficiency factors of concrete µ and the structural element m on 
the reinforcement method 

Type of element, reinforcement µ m 
Steel tube confined concrete (STCC) 1,5…2,0 3,0…4,2 
With reinforcement 
Spiral 

 
1,2…1,4 

 
1,4…1,8 

Mesh 
List 
Angle (L-shape) 

1,3…1,5 
1,2…1,4 
1,1…1,2 

1,4…1,8 
1,4…1,7 
1,2…1,5 

   
The efficiency of a confined concrete core 
operating in confined conditions can vary 
significantly depending on the type of concrete. 
So, for example, for steel tube confined concrete 
(STCC) concrete  varies from 3.0 for 
lightweight aggregate concrete to 4.2 for 
conventional concrete; for elements with mesh 
and spiral reinforcement - from 1.4 to 1.8, 
respectively; with corner reinforcement - from 
1.2 to 1.5. 
Columns of circular cross-section are rarely 
used in structures for industrial and civil 
construction therefore, for further research, we 
will use columns of square and rectangular 
cross-section. 
For the calculation of traditional tube confined 
concrete structures with a reinforcing cage 
inside the tube, previously it was proposed to 
distinguish three characteristic zones in its cross 
section, which are in different stress-strain state 
[3]. 
In our case, due to the frequent setting of 
transverse reinforcement, only 2 characteristic 
zones can be considered in the cross section of 
the element – 1 inside the reinforcement cage 
and 2 from the outer edge of the column to the 
inner edge of the reinforcing cage (Figure 2). 

1 zone concrete works under 
conditions of a biaxial stress state, while in the 
zone 2 the stressed state of concrete can be 
characterized as uniaxial compression. 
 

 
Figure 2. Plot of lateral pressure over the core 

 
For the rest, the calculation is proposed to be 
carried out by analogy with square-section 
concrete not taking the steel shell into account. 
 
 
RESULTS 

 
The strength of the concrete core of a composite 
reinforcing cage element operating under 
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For the rest, the calculation is proposed to be 
carried out by analogy with square-section 
concrete not taking the steel shell into account. 
 
 
RESULTS 

 
The strength of the concrete core of a composite 
reinforcing cage element operating under 

volumetric compression is determined as the 
average value of the strength of the peripheral 
and central zones: 
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where fbR ,3  the compressive strength of the 
central zone of a concrete core having indirect 
reinforcement in the form of frequently installed 
transverse FRP reinforcement. zsA ,  area of the 
zone inside the stirrups. 
Strength of concrete reinforced core fbR ,3  is 
determined by the formula (6) with replacement 
of Rb by Rb,s and  by s (or f ). In our case 

s - the relative value of the lateral pressure in 
the limiting state from the side of the 
reinforcing cage on the concrete core and Rb,s – 
compressive strength of concrete with indirect 
reinforcement with stirrups. 
Rb,3f is calculated by the formula: 
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where s - relative radial stresses inside the 
reinforcement cage. 
The value of s  is calculated by the following 
formula [6,13]: 
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In the formula (7) the structural element  is 
replaced by f, defined as follows: 
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The value of f  is calculated by the following 
formula: 
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where scy , - spiral yield strength; 

fc - transverse reinforcement ratio with 
stirrups. 
The transverse reinforcement ratio with stirrups 
depends on the area of the stirrup Afc, the area 
limited by the diameter of the spiral deff and 
spacing of stirrups s. fc  is calculated according 
to the formula: 
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Formulas (9) and (10) reflect the previously 
made assumption that the smaller the spacing of 
transverse reinforcement, the higher the relative 
radial stresses inside the reinforcement cage 
and, therefore, the higher the strength of the 
concrete core. 
In our case, in formula (9) instead of the yield 
point of steel scy ,  it is necessary to use the 
tensile strength of the material from which the 
stirrups are made, namely GFRP reinforcement. 
In current construction practice, bent steel rods 
are already shipped to site prefabricated or bent 
on site. Unlike the FRP reinforcement, steel has 
an elastoplastic nature and, therefore, can be 
easily fixed to “cold”. Current design codes 
specify bending radius for steel reinforcement 
from 2,5ds for mild steel, which corresponds to 
a maximum deformation of 20%. In the case of 
FRP reinforcement, there may be problems with 
potential buckling of the fibers on the inner 
(compressed) side. Besides that, the typical 
ultimate strain of composites ranges from 1% to 
2.5%, therefore strains in the fibers must be 
controlled to avoid early failure of the entire 
rebar. As a result, the cold bending of composite 
rebar requires larger radius than steel rebar. 
It is believed that the bending strength of FRP 
reinforcement bars is lower than the strength of 
a straight bar [16, 17]. The key factor is the 
parallelism of the fibers. So, for fibers, the 
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decrease in strength begins for angles from 5º. 
For laminates with an angle of inclination of the 
fibers from the b-axis 30º strength is only 10% 
of the initial (Figure 3). 
The compromise between mechanical 
properties, ease of manufacture and use of 
composite stirrups is a bend diameter 7 times 
larger than the stirrup diameter [18]. In addition, 
some researchers [19] obtained graphs of the 
dependence of the strength of FRP 
reinforcement rods on the angle of inclination of 
the fibers (Figure 4). 
 

 
Figure 3. The influence of deviation angle of 

fibers to strength of UD laminates for different 
fiber contents [19] 

 

 
Figure 4. Induced strain values in cold bent 

bars [18] 
 

Considering the above, we can conclude that for 
composite stirrups the strength of the rebars on 
the bends critically depends on the angle of 
inclination of the fibers. This fact is reflected in 
the design standard of the Russian Federation 
for structures reinforced with FRP 
reinforcement [7]. So, according to clause 
5.2.10 [7], the design value Rfw of the resistance 
of FRP reinforcement to tensile at the bend 
radius of stirrups made of rebars with a diameter 

dfw, equal to at least 6dfw should be defined by 
the formula: 
 

fffw RER 5,0004.0    (11) 
 
Thus, at the most common value of the tensile 
elastic modulus of GFRP reinforcement 50 000 

 it is necessary to substitute values no more 
than Rfw=200 MPa in the formula (11) instead 
of scy ,  . 
It is also important to determine the area of the 
effectively confined core of the section. 
According to [4], the area of an effectively 
limited concrete core is less than the area of 
the core inside the center lines of the stirrups, 
excluding the area of the longitudinal 
reinforcement fc. The confined concrete zone is 
assumed to be the area within the center lines of 
the stirrup’s perimeter (Figure 5). 
 

  
Figure 5. Zone of confined concrete for square 

columns 
 

The total ineffective area of the confined core 
at the level of the stirrups, taken that their 
number is n:  
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Considering that the boundary of effectively 
confined concrete between two adjacent stirrups 
has the shape of a square parabola with an initial 
angle of inclination 45º, the ratio of the area of 
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Considering that the boundary of effectively 
confined concrete between two adjacent stirrups 
has the shape of a square parabola with an initial 
angle of inclination 45º, the ratio of the area of 

effectively confined concrete to the area of the 
core will be as follows: 
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As can be seen from Fig. 5, the contour of an 
effectively limited core is not square or rectangular, 
as it was assumed earlier [20]. From the equation of 
the area of a square parabola, the ordinate of the 
parabola depends on the abscissa (the spacing of 
the longitudinal reinforcement). That is, with a 
decrease in the distance between the bars of the 
longitudinal reinforcement, the ordinate of the 
parabola also decreases. At the same time, the area 
of unconfined concrete is reduced, and the area of 
efficiently confined concrete is increased. Based on 
the above, we can conclude that saturation with 
longitudinal reinforcement, i.e., an increase in its 
spacing, directly affects the area of an effectively 
confined core enclosed inside the stirrups and, as a 
result, affects an increase in the bearing capacity of 
the centrally compressed element. 
Thus, the area of confined concrete in the 
section is determined in the middle between two 
adjacent stirrups: 
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Accordingly, the effective area in the middle 
section is calculated as follows: 
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It can be seen from the formula above that the 
smaller the spacing of the transverse 

reinforcement, the larger the area of effectively 
confined concrete in the core of the section will 
be and, therefore, the higher the bearing capacity 
of the centrally compressed element will be. This 
proves the previously stated assumption that with 
a decrease in the spacing of the transverse 
reinforcement, the bearing capacity of a confined 
concrete element increases with FRP 
reinforcement. In addition, the spacing of the 
longitudinal reinforcement also affects the area 
of the effectively compressed core of the section. 
The more often the longitudinal reinforcement is 
installed in the section, the smaller the variable 
w' will be, the larger the area of the effectively 
compressed core and, therefore, the greater the 
bearing capacity of the element will be. 

 
 

DISCUSSION 
 
As a result, the bearing capacity of a 
compressed element with FRP reinforcement 
can be represented as following: 
 

)(,33, ebefbfult AARARN  (17) 
 
This formula takes into account the increased 
strength of an effectively confined core Rb3,f 
whereas the compressive strength of the FRP 
reinforcement is not taken into account.  
Generally, the method takes into account the 
spacing of the transverse reinforcement, the 
saturation of the longitudinal and transverse 
reinforcement, the strength of the material of the 
transverse reinforcement (stirrups). 
It can be noted that the developed model can be 
adapted for round and rectangular columns as 
well. Only in the case of columns with a circular 
cross-section, the efficiency of using FRP 
reinforcement should be higher due to the 
greater strength of the transverse reinforcement 
material without bends.For comparison with the 
experimental data, a comparison was made with 
the research results obtained in [11,12,21]. The 
comparison results (table 2 and figure 6) shows 
good correlation between theoretical and 
experimental values. 
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Table 2. Experimental results and model prediction for GFRP reinforced compressed members
 Specimen b(d), 

mm 

w
’
, 

mm 

s, mm Rb, MPa Rb,3f, MPa  N
exp 

N
theor

 
 

1 2  3 4 5 6 7 8 9 

L
a
p

s
h

in
o

v
, 

M
a
d

a
ty

a
n

 [
1

2
] 

B 1-1 200 75 500 14,9 15,65 615,1 646 0,95 

B 2-1 200 75 500 14,9 15,22 504,5 624,9 0,81 

B 1-2 200 75 250 14,9 16,36 600,1 640 0,94 

B 2-2 200 75 250 14,9 15,53 532,2 626,8 0,85 

B 1-3 200 75 167 15,9 18,05 738,3 689,6 1,07 

B 1-4 200 75 100 15,2 18,59 746,1 688,6 1,08 

B 2-4 200 75 100 15,9 16,67 619,8 680,1 0,91 

B 1-1 200 75 500 14,9 15,63 568,4 650,4 0,87 

G 2-1 200 75 500 14,9 15,22 561,1 628 0,89 

G 1-2 200 75 250 14,9 16,35 583,3 643 0,91 

G 2-2 200 75 250 14,9 15,52 491,2 629,8 0,78 

G 1-3 200 75 167 14,9 17,05 586,1 641,4 0,91 

G 1-4 200 75 100 15,2 18,64 798,4 678,6 1,18 

G 2-4 200 75 100 15,2 16,74 726,2 646,4 1,12 

L
a
p

s
h

in
o

v
, 

T
a
m

ra
z
y

a
n

 [
1

1
] 

G 2-3 200 74 167 19,73 21,9 849,6 818,6 1,04 

G 2-4-6 200 74 100 19,73 23,18 901,3 839,1 1,07 

G 2-4-  200 74 100 19,73 23,18 901,3 839,1 1,07 

G 2-4-4 200 148 100 19,73 23,18 849,6 779,1 1,09 

 1-4 200 74 100 19,73 23,79 1042,3 848 1,23 

S 1-4 200 74 100 19,73 23,79 1091 1210 0,9 

CS 1-5 200 74 50 19,73 27,14 1140 1270,7 0,9 

CS 1-5 200 74 50 19,73 27,14 1042,2 908,7 1,15 
CS 2-5 200 74 50 19,73 26,08 993,6 891,5 1,11 

CS 2-5-4 200 74 50 19,73 26,08 901,3 891,5 1,01 
CS 2-5-6 200 75 50 19,73 26,08 936,5 890,4 1,05 

La
ps

hi
no

v,
 e

t a
l

[2
1]

 

C.4Ø10-50-1 150 100 50 22,4 35,95 670,5 541,4 1,24 
C.4Ø10-50-2 150 100 50 27,8 41,97 652,3 664,6 0,98 
C.4Ø10-100-1 150 100 100 20,1 27,68 501,5 471,2 1,06 
C.4Ø10-100-2 150 100 100 20,1 27,68 538,9 471,2 1,14 
C.8Ø10-50-1 150 50 50 26,2 40,20 721,6 666,8 1,08 

 
In the table 2: CB – columns with BFRP rebars, CG – columns with GFRP rebars, CC – 
columns with CFRP rebars, CS – columns with steel rebars, C.4Ø – columns with GFRP rebars. 
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Figure 6. Comparison of calculated and experimental strength data of the author's tests [11,12,21] 
 

CONCLUSION 
 

1. Based on the above-described model of 
confined concrete, a model for calculating the 
strength of a centrally compressed concrete 
element with FRP reinforcement has been 
adapted and proposed for the first time in RF. 
2. The proposed method considers the effect of 
the frequent spacing of the transverse 
reinforcement and saturation of longitudinal 
reinforcement on the strength of centrally 
confined concrete elements with FRP 
reinforcement. 
3. The influence of the strength of the 
transverse reinforcement material on the bearing 
capacity of the centrally compressed concrete 
element has been justified. 
4. An increase in the bearing capacity of 
confined elements with a decrease in the 
spacing of transverse reinforcement and 
saturation of the amount of longitudinal 
reinforcement is theoretically justified. 
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RELATIONSHIP BETWEEN STRENGTH AND DEFORMATION 
CHARACTERISTICS OF HIGH-STRENGTH 

SELF-COMPACTING CONCRETE 
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1 Research and testing center «MGSU STORY-TEST» National Research Moscow State University of Civil 
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Abstract. The paper provides data on the strength and deformation characteristics of heavy self-compacting 
concrete of classes B30-B100 with a cubic compressive strength of 36.5-114.8 MPa. It has been established 
that the values of the concrete prism compressive strength (36.2-104.2 MPa) are 42-64% higher than the 
normalized values given in the building code of the Russian Federation SP 63.13330.2018. The values of the 
static modulus of elasticity for high-strength concretes of classes B80-B100 are 44.1-48.1 GPa and exceed by 
5-12% the values given in SP 63.13330.2018. The ultimate compressive strains of concrete of classes B30-
B100 are in the range from 261×10-5 to 326×10-5 and exceed the value of 200×10-5 given in SP 
63.13330.2018. Complete deformation diagrams of self-compacting concretes of classes B30-B100 have 
been constructed. The nonlinearity of these ones decreases with increasing concrete strength. The descending 

- e compres-
sive strain of 403.3 × 10-5 under a loading level of 0.85Rb. Concrete of classes B55-B100 has no descending 
branch. Previously established dependencies are refined for the analytical description of strains and stresses 
at any stages of loading structures. 
 

Keyword. High-strength self-compacting concrete, complete strain diagrame, deformation characteristics, 
Poisson's ratio, ultimate compressive strains, compressive strength, static modulus of elasticity. 
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INTRODUCTION 
 
All regulatory documents for the calculation of 
reinforced concrete structures both in Russia 
(set of rules SP 63.13330.2018) and abroad (in-
ternational standard Model Code MC 2010, Eu-
ropean standard EN 1992-1-1: 2004 Eurocode 
2) are based on the relationship between the 
strength and deformation characteristics of con-
crete. 
In Russia, the generalized strength parameter is 
the compressive strength class of concrete de-
termined by the values of cubic (R) and prism 
(Rb) compressive strength. Among several nor-
malized deformation characteristics of concrete, 
the most significant is the static modulus of 
elasticity (Eb), which according to SP 
63.13330.2018 “Concrete and reinforced con-
crete structures. General Provisions”, depends 
mainly on the classes and types of concrete. The 
remaining deformation characteristics are either 
depends on the elastic modulus (shear modulus 
(G=0,4 Eb), or are taken constant (transverse 
strain coefficient - Poisson's ratio b=0.2; ulti-
mate strain for axial compression under short-
term load =0.002). 
At the same time, foreign standards give 
strength and deformation characteristics (except 
for Poisson's ratio) for each class of concrete. 
An analysis of the existing concrete strain dia-
grams under compression in Russian and for-
eign regulatory documents has shown that the 
ultimate compressive strain of concrete in many 
countries is taken as a variable. And non-linear 
dependences of strain diagrams are proposed, 
considering the ascending and descending 
branches [1]. In addition, the values on the as-
cending branch of the corresponding cylindrical 
strength and the total strain, taking into account 
the descending branch, are determined for each 
class. 

However, the application of the dependencies 
given in foreign standards and literature is diffi-
cult in Russia, since the methods for determin-
ing the main characteristics of concrete have 
significant differences regarding the shape and 
size of the samples, the conditions for their 
maintenance, the speed and discreteness of load-
ing, etc. 
A number of studies [2-9] showed that the ex-
perimentally obtained dependences between the 
strength and deformation characteristics of ordi-
nary concrete with a compressive strength not 
exceeding 40 MPa cannot always be used for 
high-strength concrete with a strength of 60-120 
MPa. 
Therefore, the study of the relationship between 
the strength and the complex of deformation 
characteristics of both ordinary and high-
strength concretes with the construction of 
complete strain diagrams (including the de-
scending branch) and the refinement of the pre-
viously obtained dependencies is an urgent task. 
This is of particular interest for concretes made 
of self-compacting mixtures, the volume of 
which is growing. 
The purpose of the research was to determine 
the relationship between the strength and de-
formation characteristics of concrete classes 
from B30 to B100, prepared from self-
compacting mixtures, with the refinement of 
previously obtained dependencies 
To achieve the purpose, the following tasks 
were solved: 
 - determination of strength (cubic and prismatic 
compressive strength) and deformation (static 
modulus of elasticity, Poisson's ratio, ultimate 
compressive strains) characteristics of five 
compositions of self-compacting concrete of 
classes B30-B100; 
- construction of complete concrete deformation 
diagrams, including the descending branch; 
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- refining of the previously established in [8, 9] 
dependences of the deformation characteristics 
of concretes on their prism compression 
strength; 
- comparing of the obtained results with the 
standard values given in the building code of the 
Russian Federation SP 63.13330.2018. 
 
 
MATERIALS AND TEST METHODS 
 
Applied materials 
The materials (cement, modifier, microfiller, 
sand and crushed stone), which satisfy the 
standards of the Russian Federation and applied 
in the production of self-compacting concrete 
mixes for construction projects at the Moscow-
City MIBC, were used for the preparation of 
concrete in laboratory conditions. 
The characteristics of the materials were as fol-
lows: 
- Portland cement CEM I 52.5 N, corresponding 
to GOST 31108; 
- organomineral concrete modifier MB10-50C 
A-II-2, including microsilica (45%), fly ash 

(45%) and superplasticizer (10%) [10], corre-
sponding to GOST R 56178; 
- micro-filler - non-activated mineral powder 
MP-1 (ground limestone) with a particle size of 
less than 1.25 mm, corresponding to GOST R 
52129 and GOST R 56592; 
- superplasticizer SikaPlast E4 based on a mix-
ture of modified lignosulfonates and polycar-
boxylate esters, corresponding to GOST 24211; 
- class I quartz sand with fineness modulus 
Mcr=2.55, corresponding to GOST 8736; 
- crushed granite fraction 5-10 mm, correspond-
ing to GOST 8267; 
- water for mixing concrete mixtures, corre-
sponding to GOST 23732. 
 
Compositions and Properties of Concrete 
Mixes 
In laboratory conditions, 5 concrete composi-
tions were prepared using self-compacting mix-
tures with a cement consumption of 287 to 482 
kg/m3 with the addition of MB modifier and mi-
cro-filler at a water-binding ratio W / (C + MB) 
from 0.25 to 0.69. 
The compositions of self-compacting concrete 
mixtures are presented in table 1. 

 
Table 1. Composition of self-compacting concrete mixtures 

No 
compositio

n 

Composition of self-compacting concrete mixes, kg/m3 

 MB MP-1 FA CA SP W 

1 287 - 148 822 871 3,53 198 
2 305 29 167 836 836 - 177 
3 349 65 150 818 838 - 161 
4 423 70 101 826 846 - 161 
5 482 131 50 733 904 - 151 

 
Note:  C - Portland cement; MB - modifier; MP-1 - microfiller; FA - sand; CA - crushed stone; SP - superplasticizer; 
W - water.  
 
Concrete mixtures were prepared in a 25-liter 
forced-action mixer with mixing of each batch 
for 5 minutes. The results of tests of concrete 
mixtures showed that their mobility, determined 
by the spread of a normal cone [11], is in the 
range from 55 to 65 cm. 
 

Object of Research and Test Methods 
Samples were formed from the prepared con-
crete mixtures: 3 cubes with a size of 100 × 100 
× 100 mm to determine the cubic compressive 
strength of concrete (R) according to Russian 
standards GOST 10180 and GOST 31914; 6 
prisms with a size of 100 × 100 × 400 mm to 
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determine the prism compressive strength of 
concrete, the static modulus of elasticity, Pois-
son's ratio according to the standards of the 
Russian Federation GOST 24452 and GOST 
31914; 3 prisms with size of 70.7 × 70.7 × 280 
mm to establish complete strain diagrams of 
concrete according to the method [13, 14]. 
Control specimens were stored for 28 days un-
der normal conditions (temperature plus 20 ± 2 
°C, humidity 95 ± 5%) before testing. The load-
ing of the prisms was carried out in steps equal 
to 0,1  with holding at each step for 5 minutes 
until the destruction of the specimens. The static 
modulus of elasticity and Poisson's ratio were 

determined at a loading level of 30-40% of the 
prism strength. 
 
 
TEST RESULTS AND DISCUSSION 
 
Table 2 presents concrete test results in terms 
of: concrete class (B), cubic (R) and prism (Rb) 
compressive strength, static modulus of elastici-
ty (Eb), Poisson's ratio ( b), ultimate compres-
sive strain ( b0). And figure 1 shows complete 
strain diagrams of concrete. 

 
Table 2. Strength and short-term deformation characteristics of concrete 

No  
 

Strength and deformation characteristics of concrete 
 

MPa 
R,  

MPa 
Rb, 

MPa 
Eb, 

MPa b b0 × 105 b0-0,85 × 105 

1  36.5 36.2 32.5 0.206 261 403 
2  61.8 56.0 39.2 0.214 276 - 
3  80.2 74.5 40.5 0.198 299 - 

4  92.5 85.3 44.1 0.205 294 - 

5  114.8 104.2 48.1 0.230 326 - 

 

 
 

Figure 1. Complete concrete compressive strain diagrams –  
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Compressive Strength 
The cubic compressive strength (R) for all con-
cretes at the age of 28 days is in the range from 
36.5 to 114.8 MPa and corresponds to concrete 
compressive strength classes from B30 to B100. 
The prismatic compressive strength of concrete 
(Rb) at the age of 28 days is in the range from 
36.2 to 104.2 MPa. Evaluation of the above re-
sults according to the criterion of the prism 
strength coefficient, determined by the ratio of 
the prismatic compressive strength of concrete 
to cubic strength (Kpp = Rb / R) shows that its 
actual values are in the range from 0.91 to 0.99 
and significantly exceed the values of this coef-
ficient calculated according to the parameters 
given in the building code of Russian Federation 
SP 63.13330.2018 (from 0.71 to 0.73). 
 
Static Modulus of Elasticity 
The static modulus of elasticity of concretes of 
classes B30-B100 with prismatic strength from 
36.2 to 104.2 MPa is in the range from 32.5 to 
48.1 GPa (see Table 2). Figure 2 shows the de-
pendence between the static modulus of elastici-
ty and the prismatic compressive strength of 
concrete. 
 

 
 

Figure 2. Static elastic modules vs compressive 
strength of concretes prisms 

 
The obtained results (see Fig. 2) show that the 
static modulus of elasticity of concrete is pro-
portional to the prismatic strength and can be 
determined by the corrected formula [8] in the 
form: 

 
             Eb= 52000·Rb

23+0.92Rb
                      (1) 

 
Comparison of the calculated results and those 
obtained experimentally shows (see Figure 2) 
that this formula can be used to determine the 
static modulus of elasticity of concrete, since 
the calculation error does not exceed 5%. 
Comparison of the experimentally obtained 
values of Eb with normalized values showed 
that the static modulus of elasticity of high-
strength concretes of classes B80-B100 ex-
ceeds by 5 ... 14% the values given in SP 
63.13330.2018, corresponds to Model Code 
MC 2010 and is consistent with previously ob-
tained results [4-6, 15, 16]. 
 
Poisson's ratio 
Poisson's ratio of heavy concretes of classes 
B30-B100 is in the range from 0.198 to 0.230 
(see Table 2) and, in general, corresponds to the 
normalized value of the coefficient of transverse 
deformations , = 0.2 according to the build-
ing code of the Russian Federation SP 
63.13330.2018. 
 
Ultimate compressive strain 
Ultimate compressive strains of concrete of 
classes B30-B100 with prismatic strength from 
36.2 to 104.2 MPa are in the range from 
261×10-5 to 326×10-5 (see Table 2) and exceed 
the value of 200×10-5 given in SP 
63.13330.2018. The complete strain diagrams of 
concrete under compressive show (see Fig. 1) 
that the descending branch is observed only in 
class B30 concrete with a prism strength of 36.2 
MPa, where the total relative compressive strain 
was 403.3×10-5 at the level of 0.85Rb of the de-
scending branch. For concretes with higher 
strength, there is no descending branch, which 
corresponds to the results obtained in [9]. 
 Figure 3 shows the dependence between the 
ultimate strain and the prismatic compression 
strength of concrete. 
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Figure 3. Ultimate compressive strain vs com-
pressive strength of concretes prisms 

The obtained results (see Fig. 3) show that the ul-
timate strain of concrete increase with an increase 
in prismatic strength and can be determined by the 
corrected formula [8, 9] in the form: 
 

b0 = 0.024 Rb
Eb

3                      (2) 

 
Comparison of the calculated results and those 
obtained experimentally shows (see Fig. 3) that 
this formula can be used to determine the limit-
ing relative deformations of concrete, since the 
calculation error does not exceed 5%. 
 
Relationship between Strains and Stresses  
It is necessary to determine the values of strains 
or stresses at any stage of loading or defor-
mation of structures when calculating or testing. 
For an analytical description of relative strains 
and stresses at any stages of loading, it is pro-
posed to use the refined equations [8, 9] in the 
form: 
 

                   = b0· 1 ± 1-
Rb

n                (3) 

 
            = Rb- 1 - 

b0

n
· Rb       (4) 

 
where:  

 is strain at a given stress level; 
 is the stress at given strain, MPa; 

 is the loading level equal to the ratio of stress-
es to prismatic strength ( /Rb);  

b0 is ultimate compressive strain; 
Rb is the prismatic compressive strength of con-
crete, MPa; 
n is the degree of non-linearity of the concrete 
strain diagram, which depends on its strength 
and can be determined by the formula:  
 

               n = 3.5 - Rb·103

Eb
                       (5) 

 
The dependence between the degree of nonline-
arity of deformation diagrams and the prism 
compressive strength of concrete is shown in 
Figure 4, from which it can be seen that with 
increasing strength, the degree of nonlinearity 
decreases and tends to unity. This confirms the 
results of previous studies [8, 17]. 
It should be noted that when determining the 
strain in the descending branch of the diagram 

– , the sign in front of the root of the second 
polynomial in formula (3) should be replaced 
from minus to plus. 
Comparison of the strainf of self-compacting 
concretes of classes B30-B100, obtained exper-
imentally, with the results calculated from the 
analytical dependence (3) showed satisfactory 
convergence, which makes it possible to use 
equations (3) and (4) to assess strains and 
stresses at all stages of loading structures. 
 

 
 

Figure 4. The degree of nonlinearity of concrete 
compressive strain diagrams  

vs compressive strength of concretes prisms 
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CONCLUSIONS 
 
1. Strength (cubic and prismatic compressive 
strength) and deformation (static modulus of 
elasticity, Poisson's ratio, ultimate compressive 
strains) characteristics of five compositions of 
self-compacting concretes of classes B30-B100 
were determined using standard and special 
methods. 
2. The obtained results show that the values of 
the strength and deformation characteristics of 
high-strength self-compacting concrete of clas-
ses B80-B100 exceed the standard values given 
in the building code of the Russian Federation 
SP 63.13330.2018. 
3. Complete strain diagrams of self-compacting 
concretes of classes B30-B100 are constructed. 
The nonlinearity of these diagrams decreases as 
the strength of concrete increases. The descend-
ing branch of the -  diagram is observed only 
for concrete of classes below B55 with a prism 
strength of 36.2 MPa, while it is absent for con-
crete of classes B55-B100 with a prism strength 
of 56.0-104.2 MPa. 
4. Previously established dependences for de-
termining the static modulus of elasticity, ulti-
mate compressive strains and analytical expres-
sions for strains and stresses at any stages of 
loading the structures made of self-compacting 
concrete of classes B30-B100 have been re-
fined. 
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OF ADDITIONAL TARGETED CONSTRAINTS THAT 

REGULATE THE FREQUENCY SPECTRUM OF NATURAL 

OSCILLATIONS OF ELASTIC SYSTEMS WITH A FINITE 
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Abstract: For some elastic systems with a finite number of degrees of freedom of masses, in which the direc-

tions of mass movement are parallel and lie in the same plane (for example, rods), special methods have been 

developed for creating additional constraints, the introduction of each of which purposefully increases the value 

of only one natural frequency and does not change any from the natural modes. The method of forming a matrix 

of additional stiffness coefficients that characterize such targeted constraint in this problem can also be applied 

when solving a similar problem for elastic systems with a finite number of degrees of mass freedom, in which 

the directions of mass movement are parallel, but do not lie in the same plane (for example, plates). At the same 

time, for such systems, only the requirements for the design schemes of additional targeted constraints are for-

mulated, and not the methods for their creation. The distinctive paper proposes an approach that allows research-

er to create computational schemes for additional targeted constraints for such systems. A variant of the compu-

tational scheme, represented by a rod system with one degree of activity, is considered. Some special properties 

of such targeted constraints are revealed. When forming the computational scheme, the material consumption for 

creating a constraint is minimized, and design restrictions are taken into account. Particular attention is paid to 

the modification of the computational scheme of the constraint, when, during its formation, rods appear that 

“pass” through the original system. 

 

Keywords: natural frequency, natural modes, generalized additional targeted constraint, stiffness coefficients 

 

 

ФОРМИРОВАНИЕ РАСЧEТНЫХ СХЕМ ДОПОЛНИТЕЛЬНЫХ 

СВЯЗЕЙ, ПРИЦЕЛЬНО РЕГУЛИРУЮЩИХ СПЕКТР ЧАСТОТ 

СОБСТВЕННЫХ КОЛЕБАНИЙ УПРУГИХ СИСТЕМ  

С КОНЕЧНЫМ ЧИСЛОМ СТЕПЕНЕЙ СВОБОДЫ МАСС,  

У КОТОРЫХ НАПРАВЛЕНИЯ ДВИЖЕНИЯ ПАРАЛЛЕЛЬНЫ, 

НО НЕ ЛЕЖАТ В ОДНОЙ ПЛОСКОСТИ 

ЧАСТЬ 1: ТЕОРЕТИЧЕСКИЕ ОСНОВЫ 
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Аннотация: Для некоторых упругих систем с конечным числом степеней свободы масс, у которых 

направления движения масс параллельны и лежат в одной плоскости, (например, стержни) разработаны 
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Formation of Computational Schemes of Additional Targeted Constraints that Regulate the Frequency Spectrum of 
Natural Oscillations of Elastic Systems with a Finite Number of Degrees of Mass Freedom, the Directions
of Movement of Which are Parallel, But do Not Lie in the Same Plane Part 1: Theoretical Foundations 

методы создания дополнительных связей, введение каждой из которых прицельно увеличивает значение 

только одной собственной частоты и не изменяет ни одну из форм собственных колебаний. Метод фор-

мирования матрицы дополнительных коэффициентов жесткости, характеризующих в этой задаче такую 

прицельную связь, может быть применен и при решении аналогичной задачи для упругих систем с ко-

нечным числом степеней свободы масс, у которых направления движения масс параллельны, но не лежат 

в одной плоскости (например, пластины). Вместе с тем для таких систем сформулированы лишь требо-

вания к расчетным схемам дополнительных прицельных связей, а не методы их создания. В данной ста-

тье предлагается подход, позволяющий создавать расчётные схемы дополнительных прицельных связей 

и для таких систем. Рассмотрен вариант расчётной схемы связи, представленный стержневой системой с 

одной степенью активности. Выявлены некоторые особые свойства таких прицельных связей. При фор-

мировании расчётной схемы выполняется минимизация расхода материала на создание связи, учитыва-

ются конструктивные ограничения. Особое внимание уделено модификации расчётной схемы связи, ко-

гда при ее формировании появляются стержни, «проходящие» сквозь исходную систему. 

 

Ключевые слова: частота собственных колебаний, форма собственных колебаний,  

обобщенная прицельная дополнительная связь, коэффициенты жесткости 

 

 

As is known [1, 2, 3, 4, 5, 6], introduction of 

generalized targeted constraints is one of the 

methods for freeing a given interval of the natu-

ral frequency spectrum from one or more of 

natural frequencies.  

Original solutions of problems of forming a ma-

trix of additional stiffness and creating on the 

basis of this matrix of the computational scheme 

of the corresponding targeted constraints are 

presented in [1, 2, 3, 4]. These solutions are 

based on the displacement method for systems 

with a finite number of degrees of freedom of 

masses, in which the directions of mass move-

ment are parallel and lie in the same plane. 

It was shown in [5, 6] that the method of form-

ing a matrix of additional stiffness coefficients 

can also be applied in solving a similar problem 

for elastic systems with a finite number of mass 

degrees of freedom, in which the directions of 

mass movement are parallel, but do not lie in 

the same plane. Besides, the requirements for 

the computational schemes of additional target-

ed constraints were formulated in [5, 6] in rela-

tion to this problem. 

Let us give the order of formation of the matrix 

of additional stiffness in relation to the consider-

ing systems. 

In the papers mentioned above, the main system 

of the displacement method [7] was chosen, 

which was obtained by introducing linear rela-

tions in the direction of mass movement. For 

example, for the plate [8, 9] shown in Figure 1a, 

the main system is shown in Figure 1b.  

 
Figure 1. Sample of structure. 

 

The displacement method equations were writ-

ten in the conventional form for systems with a 

finite number of degrees of freedom: 
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In (1) the values ],[ kir  form a matrix of stiff-

ness coefficients ],[ kirA  ; ][im  are the mass 

values, forming a diagonal matrix ][imM  ; 

  is the frequency of natural oscillations of the 

system; ],[ jkv  are displacements in the direc-

tion of mass movement in the j -th natural 

mode ),..,,,..,2,1( nqj   (forms of natural oscil-

lations). Equation roots 

 

02  MA                        (2) 

 

determine the frequency spectrum of natural os-

cillations of the system 

 

 ][ ..., ],1[ ],[ ],1[ ..., ],2[ ],1[ nqqq   . (3) 

 

It is shown that the creation of generalized tar-

geted constraint that increases only one fre-

quency of natural oscillations (for example, 

][q ) to a predetermined value and does not 

change any of the natural modes and the values 

of the remaining frequencies of the spectrum is 

based on the formation of a matrix of additional 

stiffness coefficients: 

 
n

kiSOSSO kiaAAAA
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 ,           (4) 

 

where we have 

 
n

kiS kiaA
1,0 ],[


 .                    (5) 

 

The matrix 0A  must have special properties. If 

the introduced constraint is “targeted” at the 

)(q -th frequency of natural oscillations, then the 

stiffness coefficients 
n

ki
kia

1,0 ],[


 should be or-

thogonal to the coordinates of the natural modes 

of the remaining )1( n  frequencies of the spec-

trum, that is 
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With respect to the )(q -th natural frequency, at 

which the introduced constraints is “targeted”, 

the coefficients are not orthogonal, that is, 
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It can be shown that conditions (6) and (7) will 

be satisfied by the coefficients 
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The value of the multiplier is defined as the root 

of the equation 

 

0)( 2  SSOS AAMA  .                (9) 

 

Since the )(q -th natural mode of the original 

system remains its natural mode after the intro-

duction of the targeted constraint and at a fre-

quency S , the factor SOA  can be found as 
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(10) 

 

The result of solving the equation 

 

0)( 2  MAAA SSO  .            (11) 

                                                                        

must confirm that the natural modes have not 

changed, and the “targeted” frequency has in-

creased to S . 

The support device, to which the matrix of addi-

tional stiffness coefficients 0A  will correspond, 

must provide the ratio between the nodal dis-

placements the same as between the coordinates 

of the )(q -th natural mode of the original sys-

tem. It is shown that such a ratio will be realized 

if the additional support system transfers forces 
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In (1) the values ],[ kir  form a matrix of stiff-
ness coefficients ],[ kirA ; ][im  are the mass 
values, forming a diagonal matrix ][imM ; 

 is the frequency of natural oscillations of the 
system; ],[ jkv  are displacements in the direc-
tion of mass movement in the j -th natural 
mode ),..,,,..,2,1( nqj  (forms of natural oscil-
lations). Equation roots 
 

02MA                       (2) 
 
determine the frequency spectrum of natural os-
cillations of the system 
 
 ][ ..., ],1[ ],[ ],1[ ..., ],2[ ],1[ nqqq . (3) 

 
It is shown that the creation of generalized tar-
geted constraint that increases only one fre-
quency of natural oscillations (for example, 

][q ) to a predetermined value and does not 
change any of the natural modes and the values 
of the remaining frequencies of the spectrum is 
based on the formation of a matrix of additional 
stiffness coefficients: 
 

n
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where we have 
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The matrix 0A  must have special properties. If 
the introduced constraint is “targeted” at the 

)(q -th frequency of natural oscillations, then the 
stiffness coefficients n

ki
kia 1,0 ],[  should be or-

thogonal to the coordinates of the natural modes 
of the remaining )1(n  frequencies of the spec-
trum, that is 
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of the equation 
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system remains its natural mode after the intro-
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The result of solving the equation 
 

0)( 2MAAA SSO .            (11) 
                                                                        
must confirm that the natural modes have not 
changed, and the “targeted” frequency has in-
creased to S . 
The support device, to which the matrix of addi-
tional stiffness coefficients 0A  will correspond, 
must provide the ratio between the nodal dis-
placements the same as between the coordinates 
of the )(q -th natural mode of the original sys-
tem. It is shown that such a ratio will be realized 
if the additional support system transfers forces 
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to the nodes of the main rod system, the ratios 

between which are proportional to the values 

 

)](,[][][0 qivimiR  .                  (12) 

 

In [5, 6], the requirements for the computational 

schemes of additional targeted constraints were 

formulated in relation to systems with a finite 

number of degrees of freedom of masses, in 

which the directions of mass movement are par-

allel, but do not lie in the same plane. 

For such systems, the generalized targeted con-

straint should correspond to the matrix of addi-

tional stiffness coefficients 0A  (4). If the com-

putational scheme of constraint is represented 

by a variant of the hinged-rod system, then it 

should be once statically indeterminate, in the 

nodes of the system where the masses are locat-

ed, vertical members are installed in the direc-

tion of movement of the masses, and the pre-

stress of any one constraint member causes 

forces ),..,1(][ niiNst   in these vertical mem-

bers, the relationship between which are propor-

tional to the ratios between the forces ][0 iR  

(11). In this case, the constraint structure should 

not have any connections with the original sys-

tem, except for vertical members installed in the 

nodes where the masses are located. 

It was noted in [5, 6] that the computational 

schemes of generalized targeted constraint that 

meet the above requirements are multivariant 

and depend on the geometry of the original sys-

tem, the location of the masses, and some other 

characteristics of the considering object. 

In particular, it is possible to accept the compu-

tational scheme of the targeted constraint in the 

form of a once statically indeterminate hinge-

rod system, the geometry of which is deter-

mined both by the lengths of the main vertical 

members installed in the nodes in the direction 

of mass movement ),..,2,1(][ niilst   and by the 

given lengths of additional rods 

),..,2,1(][ 1nkkld  , that have no connections 

with the original system. 

Then, after forming the matrix of additional 

stiffnesses 0A  (4), computing the values SOA  

(10) and ][0 iR  (12), the problem is reduced to 

finding the lengths ),..,2,1(][ niilst   from the 

conditions for the occurrence in the main verti-

cal members of forces ),..,1(][ niiNst  , the ra-

tios between which will be proportional to the 

ratios between the forces ),..,1(][0 niiR  . 

Below, one of the options for finding the lengths 

of the rods will be presented, which determine 

the geometry of the targeted constraint, in which 

the necessary ratios between the forces in the 

main vertical members are provided. 

The considering variant is based on methods for 

minimizing the square of the difference between 

the forces arising in the main vertical members 

),..,1(][ niiNst   in the process of forming the 

targeted constraint and the values  ),..,1(][0 niiR  .  

Thus, we have the problem of minimization of 

the function 
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in the parameter space ),..,2,1(][ niilst  . 

In accordance with the above requirements, a 

computational scheme of the targeted constraint 

is created in the form of a once statically inde-

terminate hinge-rod system, in which the length 

of one of the main racks (for example, g  -th) is 

specified. Let's call this vertical member the 

base one ][0][ glstglst  . According to the de-

sign conditions, the lengths of additional rods 

)1,..,2,1(][ nkkdl   are selected, which do not 

vary during the formation of the scheme of the 

targeted constraint. The initial values of the re-

maining variable lengths 

 

)),..,1(),1(,..,2,1(][ nggiistl   

 

are also set. These actions determine the initial 

geometry of the computational scheme of the 

targeted constraint. Since the computational 

scheme of the targeted constraint is once stati-

cally indeterminate, the force in one of the main 

vertical members (for example, in q  -th) is set. . 
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The method of searching for the minimum of 

the objective (target) function (13) in the space 

of variable lengths (the steepest descent, random 

search, etc.) is selected. 

Let us consider an algorithm for implementing 

actions to form a computational scheme for tar-

geted constraint. 

We recommend application of special algo-

rithm, presented below. 

1. In accordance with the chosen method of 

searching for the minimum of the objective 

function, increments to variable lengths  

 

)),..,1(),1(,..,2,1(][][ nggilistlilst   

 

are set and the geometry of the computational 

scheme of the targeted constraint is updated. 

2. A system of equilibrium equations is con-

structed in order to determine the forces in the 

rods of targeted constraint. Since it was as-

sumed that ][][ 0 qRqNst  , now the number of 

unknown forces in the rods of the targeted con-

straint is equal to the number of equilibrium 

equations. 

3. Unknown forces in the rods of the targeted 

constraint are determined from the equations of 

equilibrium with allowance for ][][ 0 qRqNst  . 

4. The value of the objective function is computed 
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5. If we have OOOfO  , then in accordance 

with the chosen method of searching for the 

minimum of the objective function (12), the in-

crements ][il  are corrected (values ][il  and 

ratios between them are changed). We have 

 

)),..,1(),1(,..,2,1(][][ nggiilstistl  . 

 

Then the transition to the third step (item 3) is 

made. and the process continues. 

6. If the value Of  is less than a preselected 

small value OOO , then the process ends, and 

the computational scheme of the targeted con-

straint is formed with a given error (OOO ) pro-

vided that the length of the base rack is accepted 

][0][ glstglst  . 

The cross-sectional areas of the rods of targeted 

constraint are found from the condition that its 

stiffness coincides with the stiffness determined 

by matrix n

kiSSS kiaAAAA 1,0000 ||],[||   (4). 

Targeted constraint is constructed on the basis 

of forces ][0 iR , which correspond to the forces 

in the main vertical members 

),..,2,1(][][ 0 niiRiNst  , in additional vertical 

members )1,..,2,1(][ nkkNd   and in the rods 

of the belt of constraint )2,..,2,1(][ njjNP  . 

The derivation of the dependency that deter-

mines the area of the cross-sections of the rods 

of targeted constraint for the systems, in which 

the directions of mass movement are parallel 

and lie in the same plane, is given in [4]. This 

dependence with allowance for some modifica-

tions, can also be applied to the system under 

consideration 
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where 

 

][][ iFiFst  ;   ][][ jFjFP  ; 

][][ kFkFd     (15) 

 

are respectively, the cross-sectional area of the 

vertical members, belts and additional rods of 

the targeted constraint; E  is the modulus of 

elasticity of the material of the rods. The coeffi-

cients ][i , ][ j  and ][k  determine the ratios 

between the cross-sectional areas in the rods of 

targeted constraint. 

The value F  is determined by dependence 
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The method of searching for the minimum of 
the objective (target) function (13) in the space 
of variable lengths (the steepest descent, random 
search, etc.) is selected. 
Let us consider an algorithm for implementing 
actions to form a computational scheme for tar-
geted constraint. 
We recommend application of special algo-
rithm, presented below. 
1. In accordance with the chosen method of 
searching for the minimum of the objective 
function, increments to variable lengths  
 

)),..,1(),1(,..,2,1(][][ nggilistlilst  
 
are set and the geometry of the computational 
scheme of the targeted constraint is updated. 
2. A system of equilibrium equations is construct-
ed in order to determine the forces in the rods of 
targeted constraint. Since it was assumed that 

][][ 0 qRqNst , now the number of unknown 
forces in the rods of the targeted constraint is 
equal to the number of equilibrium equations. 
3. Unknown forces in the rods of the targeted 
constraint are determined from the equations of 
equilibrium with allowance for ][][ 0 qRqNst . 
4. The value of the objective function is computed 
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5. If we have OOOfO , then in accordance 
with the chosen method of searching for the 
minimum of the objective function (12), the in-
crements ][il  are corrected (values ][il  and 
ratios between them are changed). We have 
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Then the transition to the third step (item 3) is 
made. and the process continues. 
6. If the value Of  is less than a preselected 
small value OOO , then the process ends, and 
the computational scheme of the targeted con-
straint is formed with a given error (OOO ) pro-

vided that the length of the base rack is accepted 
][0][ glstglst . 

The cross-sectional areas of the rods of targeted 
constraint are found from the condition that its 
stiffness coincides with the stiffness determined 
by matrix n

kiSSS kiaAAAA 1,0000 ||],[||  (4). 
Targeted constraint is constructed on the basis 
of forces ][0 iR , which correspond to the forces 
in the main vertical members 

),..,2,1(][][ 0 niiRiNst , in additional vertical 
members )1,..,2,1(][ nkkNd  and in the rods 
of the belt of constraint )2,..,2,1(][ njjNP . 
The derivation of the dependency that determines 
the area of the cross-sections of the rods of target-
ed constraint for the systems, in which the direc-
tions of mass movement are parallel and lie in the 
same plane, is given in [4]. This dependence with 
allowance for some modifications, can also be 
applied to the system under consideration 
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][][ iFiFst ;   ][][ jFjFP ; 
][][ kFkFd    (15) 

 
are respectively, the cross-sectional area of the 
vertical members, belts and additional rods of 
the targeted constraint; E  is the modulus of 
elasticity of the material of the rods. The coeffi-
cients ][i , ][ j  and ][k  determine the ratios 
between the cross-sectional areas in the rods of 
targeted constraint. 
The value F  is determined by dependence 
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The length of the base vertical member  

 

][0][ glstglst   

 

and the values ][i , ][ j  and ][k  depending 

on the design conditions, can either be set or 

found by minimizing the volume of material of 

the targeted constraint. 

If the volume of material of the targeted con-

straint is minimized, then the objective function 

(volume of material of the targeted constraint 

SVV ) has the form: 
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When constructing the computational scheme of 

the targeted constraint, the values of some vari-

able lengths may turn out to be negative. There-

fore, absolute values of variable lengths ][ilst  

are introduced into (14), (16) and (17). 

When constructing the computational scheme of 

the targeted constraint and minimizing the func-

tion (17), the limitations of the variable values 

can be taken into account. Restrictions on the 

values of ][i , ][ j  and ][k  are related to the 

conditions of strength, stiffness, and stability of 

the rods. These restrictions are not considered in 

the distinctive paper. The restrictions on the 

lengths of the main vertical members can be 

written in the following form: 

 

),..,2,1(min,][max nililstl  ,    (18) 

 

where ][ilst  are the lengths of the main vertical 

members; minl  and maxl  are respectively 

their allowable minimum and maximum values. 

Since the ratios between the forces  

 

),..,2,1(][][ 0 niiRiNst   

 

do not change during the construction of the 

targeted constraint at OOOfO  , the ratios be-

tween the lengths of the variable values do not 

change when the length of the base vertical 

member changes. This circumstance allows us 

to attribute restrictions (18) to one variable 

length – the length of the base vertical member 

][0][ glstglst  . If for OOOfO   among the 

main vertical members the largest length is 

equal to ]1[klst , and the smallest is equal to 

]2[klst , then, denoting ]1[/][1 klstglst  and 

]2[/][2 klstglst , expression (18) can be re-

written as: 

 

0min][00max lglstl  ,            (19) 

 

where we have 

 

1max*0max ll  ;   2min*0min ll  . 

                                                                                

Now, when searching for the minimum of func-

tion (13), the range of acceptable values ][0 glst  

is determined by dependence (19). 

Constraints in the form (18), (19) are used pro-

vided that the signs of the lengths of all main 

vertical members are positive. If the signs of the 

lengths of all main vertical members are nega-

tive, then the sign of the coordinate in the direc-

tion of the vertical members is reversed. 

There are cases in construction of computational 

scheme of the targeted constraint, when the val-

ues of the lengths of some main vertical mem-

bers turn out to be positive, while others are 

negative. Structurally, such a scheme requires 

an ideally free “passage” of a part of the rods of 

targeted constraint “through” the original sys-

tem, which is almost unrealizable. In these cas-

es, the targeted constraint should be shifted in 

the direction of movement of the masses in a 

positive or negative direction by an amount at 

which the values of all the lengths of the main 

vertical members will be of the same sign. 

Let us designate by max][ilst  the largest length 

among the “positive vertical members” at 

OOOfO  , and by min][klst  the largest abso-

lute value among the “negative lengths”. 
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If the targeted constraint is moved in a positive 

direction, then the shift value must be greater 

than  

 

minmin][ lklstZV  . 

 

Obviously, in this case, the lengths of all verti-

cal members will be “positive”. In this case, the 

vertical member of the smallest length will be in 

the node where the vertical member was with 

min][klst . Now the length of the vertical mem-

ber in this node will be equal to minl . The 

longest length of vertical member will be at the 

node where the vertical member was with 

max][ilst . Now the length of the vertical mem-

ber in this node will be equal to  

 

minmin][max][ lklstilst  . 

 

If the targeted constraint is moved in a negative 

direction, then the shift value must be greater 

than  

 

minmax][ lilstZN  . 

 

Obviously, in this case, the lengths of all verti-

cal members will be “negative”. In this case, the 

vertical member with the smallest absolute val-

ue of the length will be in the node where the 

vertical member was with max][ilst . Now the 

absolute value of the length of the vertical 

member in this node will be equal to minl . The 

largest absolute length of the vertical member 

will be at the node where the vertical member 

was with min][klst . Now the absolute value of 

the vertical member length in this node will be 

equal to 

 

minmin][max][ lklstilst  . 

 

In these cases, the restrictions on the lengths of 

the vertical members take the form 

 

min)min][max][(max lklstilstl  .   (20) 

 

As noted above, at OOOfO  , the ratios be-

tween the lengths of the variable quantities do 

not change. This circumstance allows us to at-

tribute restrictions (20) to one variable length – 

the length of the base vertical member 

][0][ glstglst  . Using (20) we get 
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Since the ratios  
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remain constant when the length ][0 glst  chang-

es, then we have 
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where 
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 .               (23) 

 

                                                                                         

remains constant when changing ][0 glst . 

Thus, constraint (20) can be represented as: 

 

][03*min)max( glstll   .          (24) 

                                                                                           

Now, when searching for the minimum of func-

tion (17), the range of acceptable values ][0 glst  

for cases where the lengths of the main vertical 

member turn out to be of different signs is de-

termined by dependence (24). 

The choice of ,  and  does not af-

fect the computational scheme of the targeted 

constraint, but only affects the values of the 
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If the targeted constraint is moved in a positive 
direction, then the shift value must be greater 
than minmin][ lklst . Obviously, in this case, 
the lengths of all vertical members will be “pos-
itive”. In this case, the vertical member of the 
smallest length will be in the node where the 
vertical member was with min][klst . Now the 
length of the vertical member in this node will 
be equal to minl . The longest length of vertical 
member will be at the node where the vertical 
member was with max][ilst . Now the length of 
the vertical member in this node will be equal to  
 

minmin][max][ lklstilst . 
 

If the targeted constraint is moved in a negative 
direction, then the shift value must be greater than 

minmax][ lilst . Obviously, in this case, the 
lengths of all vertical members will be “negative”. 
In this case, the vertical member with the smallest 
absolute value of the length will be in the node 
where the vertical member was with max][ilst . 
Now the absolute value of the length of the vertical 
member in this node will be equal to minl . The 
largest absolute length of the vertical member will 
be at the node where the vertical member was with 

min][klst . Now the absolute value of the vertical 
member length in this node will be equal to 
 

minmin][max][ lklstilst . 
 
In these cases, the restrictions on the lengths of 
the vertical members take the form 
 

min)min][max][(max lklstilstl .   (20) 
 
As noted above, at OOOfO , the ratios be-
tween the lengths of the variable quantities do 
not change. This circumstance allows us to at-
tribute restrictions (20) to one variable length – 
the length of the base vertical member 

][0][ glstglst . If we denote  
 

min)min][max][/(][3 lklstilstglst  
 

and  
 

3max*00max ll ,  
 
then constraint (20) can be represented as: 
 

][000max glstl .                 (21) 
                                                                                           
Now, when searching for the minimum of func-
tion (13), the range of acceptable values ][0 glst  
for cases where the lengths of the main vertical 
member turn out to be of different signs is de-
termined by dependence (21). 
The choice of ][i , ][ j  and ][k  does not af-
fect the computational scheme of the targeted 
constraint, but only affects the values of the 
cross-sectional areas of its rods. The value of 
the length of the base vertical member affects 
both the geometry of the computational scheme 
of the targeted constraint and the cross-sectional 
areas of its rods. 
Let's consider the procedure for implementing 
actions to minimize the volume of material of 
targeted constraint. 
If the values ][i , ][ j  and ][k  are set ac-
cording to the design conditions, then, after de-
termining the initial values of the cross-
sectional areas of the rods of targeted constraint, 
we can determine the length of the base vertical 
member, at which the objective function (17) 
takes minimum value in the range of permissi-
ble values of this length ((19) or (21)). It can be 
done by the above algorithm and one of the var-
iants of the one-dimensional search method. 
If the values ][i , ][ j  and ][k  are also de-
termined from the conditions of the minimum 
material of the targeted constraint, then in this 
case one of the variants of the method of suc-
cessive approximations can be used. The initial 
values ][i , ][ j  and ][k  are preliminarily 
selected, and the initial values of the cross-
sectional areas of the rods of targeted constraint 
are determined. Each approximation of the 
method consists of two successive steps: 
1. On the basis of the algorithm given above and 
the one-dimensional search method, with known 
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cross-sectional areas of its rods. The value of 

the length of the base vertical member affects 

both the geometry of the computational scheme 

of the targeted constraint and the cross-sectional 

areas of its rods. 

Let's consider the procedure for implementing 

actions to minimize the volume of material of 

targeted constraint. 

If the values ,  and  are set ac-

cording to the design conditions, then, after de-

termining the initial values of the cross-

sectional areas of the rods of targeted constraint, 

we can determine the length of the base vertical 

member, at which the objective function (17) 

takes minimum value in the range of permissi-

ble values of this length ((19) or (24)). It can be 

done by the above algorithm and one of the var-

iants of the one-dimensional search method. 

If the values ,  and  are also de-

termined from the conditions of the minimum 

material of the targeted constraint, then in this 

case one of the variants of the method of suc-

cessive approximations can be used. The initial 

values ,  and  are preliminarily 

selected, and the initial values of the cross-

sectional areas of the rods of targeted constraint 

are determined. Each approximation of the 

method consists of two successive steps: 

1. On the basis of the algorithm given above and 

the one-dimensional search method, with known 

,  and  the length of the base ver-

tical member is determined, at which the objec-

tive function SVV  (17) takes the minimum value 

in the range of allowable length values ][0 glst  

((19) or (24)). 

2. One of the methods for finding the minimum 

of the objective function (17) (the steepest de-

scent, random search, and others) in the space of 

variable values ,  and  continues 

the process of minimizing the function (17). 

Approximations of the method (the first and the 

second steps) are repeated until the difference 

between the weight functions (17) of two neigh-

boring approximations becomes less than a suf-

ficiently small preselected value. 
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