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Abstract: The implementations of the theory of multicomponent dry friction [1-19] for analyze the dynamics of 
some robotic systems, such as a butterfly robot [16-18, 20] or a humanoid robot is proposed. Since the main 
controlled element of these systems is a spherical, elastic composite shell, it is required to calculate the 
distribution of normal contact stresses inside the contact spot. The contact pressure distribution for such elements 
is constructed using the S. A. Ambartsumyan’s equation for a transversally isotropic spherical shell. This 
equation is modified by introducing the averaged contact pressure and normal displacements for the shell. The 
construction of the resolving integral equation for the contact pressure is based on the principle of superposition 
and the method of Green's functions. For this, the corresponding Green's function is constructed, which is the 
normal displacement of the shell as a solution to the problem of the effect of concentrated pressure. Green's 
function as well as the contact pressure, it is sought in the form of series expansions in Legendre polynomials, 
taking into account additional relations for the reduced contact pressure and normal displacements. Using the 
Green's function, an integral equation solving the problem is constructed. As a result, the problem is reduced to 
determining the expansion coefficients in a series of the reduced contact pressure.  Restricting ourselves to a 
finite number of terms in the series of expansions, using the discretization of the contact area and the properties 
of Legendre polynomials, the problem is reduced to solving a system of algebraic equations for the expansion 
coefficients for the reduced pressure. After that, from the additional relation, the coefficients of the required 
expansion of the contact pressure in a series in Legendre polynomials are determined. To describe the conditions 
of shell contact with the surface, the theory of multicomponent anisotropic dry friction is used, taking into 
account the combined kinematics of shell motion (simultaneous sliding, rotation and rolling). The coefficients of 
the dry friction model can be calculated using simple explicit formulas [1-19] based on numerical experiments. 
 
Keywords:  spherical composite shell; contact problem; theory of the multicomponent anisotropic dry friction. 
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INTRODUCTION 
 
The theory of the multicomponent dry friction is 
very effective instrument for the correctly 
describing of effects of the combined dry 
friction in many engineering systems. One of 
the distinguished features of this theory is 
possibility to carry out analytical investigation 
of the equations of motions. Connection 
between the parameters, which are defined the 
force state inside of contact spot, and the 
kinematical parameters is given by the simple 
analytical functions. It’s so-called the 
approximate model of the combined dry friction 
or phenomenological model. Only six numeric’s 
coefficients are required to calculate. These 
coefficients can be calculated analytically, 
numerically or defined from the experiments. 
Procedure of analytical or numerical definitions 
of the friction model coefficients is based on the 
calculation of the first moments of the 
distribution of the normal pressure inside of 
contact patch. In order to use these results to 

analyze the dynamics of some robotic systems, 
such as a butterfly robot or a humanoid robot, it 
is necessary to calculate the normal pressure 
inside the contact spot for various composite 
spherical shells.  
In investigation described below the contact 
pressure distribution is constructed using the S.A. 
Ambartsumyan’s equation for a transversally 
isotropic spherical shell. This equation is 
modified by introducing additional relationships 
for the reduced contact pressure and normal 
displacements. The construction of the resolving 
integral equation for the contact pressure is based 
on the principle of superposition and the method 
of Green's functions. For this, the corresponding 
Green's function is constructed, which is the 
normal displacement of the shell as a solution to 
the problem of the effect of concentrated 
pressure. Green's function as well as the contact 
pressure, it is sought in the form of series 
expansions in Legendre polynomials, taking into 
account additional relations for the reduced 
contact pressure and normal displacements. 
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Using the Green's function, an integral equation 
solving the problem is constructed. As a result, 
the problem is reduced to determining the 
expansion coefficients in a series of the reduced 
contact pressure. Restricting ourselves to a finite 
number of terms in the series of expansions, 
using the discretization of the contact area and 
the properties of Legendre polynomials, the 
problem is reduced to solving a system of 
algebraic equations for the expansion coefficients 
for the reduced pressure. After that, from the 
additional relation, the coefficients of the 
required expansion of the contact pressure in a 
series in Legendre polynomials are determined. 
 
 
CONTACT PROBLEM SOLUTION  
 
To determine the contact pressure, we pose a 
static contact problem for a spherical shell of 
radius R , thickness h  and an absolutely rigid 
reference plane  [21]. We assume that the shell 
is made of a transversely isotropic material in such 
a way that the main direction of elasticity, 
perpendicular to the plane of isotropy, at each 
point of the shell coincides with the outer normal 
n  to the middle surface of the shell. 
Contact between shell and reference plane  
occurs along a flat circular area (contact patch) 

 some radius r belonging to the plane : 
(fig. 1). Taking into account the small 

size of the contact area r R  the radius of the 

contact spot in the zero approximation is 
determined from the condition of intersection of 
the undeformed middle surface of the shell 
 

sin ,  arccos ,TR wr R
R

 (1.1) 

 
where Tw  - displacement at the frontal point of 

the shell. 
In this case, in the contact area, the normal 
displacements of the shell are determined as 
follows (Fig. 1) 
 

1 cos .Tw R w   (1.2) 

 

 

Figure 1. Contact problem 
 

Assuming that the contact problem is 
axisymmetric, we use the S.A. Ambartsumyan 
[21] for a transversely isotropic spherical shell, 
connecting the normal displacements of the 
shell w   with influencing pressure on her p   
 

22

2

1 1 2

1 1 ,

1
sin ,

sin

c h w

R h p
Eh

(1.3) 

 

2
2

2 2

2

2 2

,
12 1

,
10 1

hc
R

Ehh
R G

  

 
E  - Young's modulus for directions in the plane 

of isotropy,  Poisson's ratio, which 

characterizes the contraction in the plane of 
isotropy under tension in the same plane,  
G  - shear modulus for planes normal to the 
plane of isotropy. 
Note that the structure of equation (1.3) does not 
allow us to apply expansions in series in 
Legendre polynomials, since the presence of the 
operator factor 2  on the left side turns it to 
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zero at 1n , where n Is the number of a 
member of the expansion series. To overcome 
this difficulty, in contrast to the solution 
proposed in [21], we introduce auxiliary 
functions of averaged pressure as well as 
averaged deflection for the shell as follows: 
 

1 1
2 21 ,  1 .p p w w     (1.4) 

 
Then equation (1.3) in new functions takes the 
form 
 

22

2

1 1

1 1 .

c h w

R h p
Eh

      (1.5) 

 
In this case, the form of equation (1.5) allows us 
to apply the expansion in series in Legendre 
polynomials to the solution. 
To solve the contact problem, we use the 
Green's function ,G , which is a solution to 

the following equation 
 

 

22

2

1 1 ,

1 1 ,

c h G

R h
Eh

 (1.6) 

 
where  Is the Dirac delta function. 

We expand the required function ,G  and 

in series in Legendre polynomials 

 

 

0

0

; cos ,

cos ,

2 1
cos sin .

2

n n
n

n n
n

n n

G G P

P

n P

 (1.7) 

 
Substitution of (1.7) into (1.6) taking into 
account the relation 

cos cos ,  1n nP mP m n n  leads 

to the equation 
 

22

2

1 1

1 1 .

n

n

c m h m G

R h m m
Eh

 

 
Where does it follow 
 

 
2

22

cos sin ,  

1 12 1
.

2 1 1

n n n

n

G A P

h m mnA R
Eh c m h m

 (1.8) 

 
Using the Green's function, we obtain an 
integral connection between normal 
displacements and the function p  [22-26] 
 

0

, .w G p d         (1.9) 

 
Let's expand p  in a series in Legendre 

polynomials 
 

0

cos .k k
k

p p P  (1.10) 

 
Substituting (1.10) into (1.9), we obtain 
 

0 0

0

cos ,

cos cos sin

n k n nk
n k

nk n k

w

A p P  (1.11) 

 

Insofar as 
2

2 1nk knn
, where kn  Is the 

Kronecker symbol, relation (1.11) takes the 
form 

Application of the Theory of the Multicomponent Dry Friction in Some of Control Robot Systems
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0

2

22

cos ,

1 1
.

1 1

n n n
n

n

w B p P

h m mRB
Eh c m h m

   (1.12) 

 
Let us construct a system of linear algebraic 
equations for the coefficients np ... On the right-

hand side of (1.12), we restrict ourselves to 
taking into account the first 1N  terms 

 

0

cos .
N

n n n
n

w B p P            (1.13) 

 
Suppose that displacements w  set in the 

contact area : 0, , where 

arcsin r R  - define the boundary of the 
contact area. 
Select in the contact area 1N  points with 
coordinates k , 0,1, 2,...k N ... Replacing 

the approximate equality (1.13) by the exact 
one, for each k-th point k  we obtain an 

algebraic equation containing 1N  unknown 

np .Thus, since the number of such 

equations 1N , we get the system from  
1N  equations for 1N  unknown 

 

1 1 1 1

1 1

,

,  ,  

,

cos ,  

,

kn nN N N

k N

kn n n k

k k

b p

w

b B P

w w

Bp w
B p

w    (1.14) 

 
the solution of which is the vector p  expansion 
coefficients (1.10). 
Desired contact pressure p  can also be 

represented as a series expansion in Legendre 
polynomials 

0

cos .n n
n

p p P  (1.15) 

 
Representation (1.4) implies a connection 
between the coefficients np  and np  

 
2 ,n np m p  (1.16) 

 
from which the first 1N  expansion 
coefficients in a series of the required contact 
pressure. 
As an example, consider a contact problem for a 
shell with the following parameters:  

1R  m, 1 20h  m, 0.3 , 112 10E  Pa, 
100.7 10G  Pa, 0.01 .Tw R  

Figure 2 shows the distribution of shell 
displacements in the contact zone 

: 0,  

 
 

 

Figure 2. Distribution of displacements over the 
contact area 

 

 
Figure 3 shows the distribution of contact 
pressure as a solution to problem (1.14) - (1.16). 
The solid curve corresponds to 20N , dashed 
line - 30N ... 
Further improvement of the solution of the 
contact problem based on the transient function 
approach [27] could require higher-order shell 
theories approximating the three-dimensional 
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stress state in irreducibility domains near 
contact spot boundaries (e. g. see [28-30]). 

 

 

Figure 3. Contact pressure distribution 
 
 
DRY FRICTION MODEL OF SHELL 
CONTACT WITH THE ROUGH PLANE  
 
The dynamic interaction of a weakly deformed 
solid with a rough reference plane is determined 
by the normal reaction N , the resulting vector 
of tangential forces T , the rolling resistance 
moment M  and the dry friction 

moment M  [2]. These values can be 

determined by integrating the normal contact 
pressure, as well as the total tangential pressure 
obtained under the assumption of the validity of 
the differential form of the Amonton-Coulomb 
law for a small element of the area inside the 
contact spot [1-13] along the contact area S . 
Taking into account the anisotropy of dry 
friction, the integral model of the force state 
inside the contact spot has the form 
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Here 0v  is the longitudinal absolute velocity; 

w  angular rolling velocity; w  angular 

spinning velocity; ( )R M  radius of curvature of 
a rolling body calculated at a point M ; 

( )Mr  radius vector of a point M S  in the 

contact plane; 3e  normal unit vector of the 

contact plane; = hh e e  "rolling friction 

tensor" for an anisotropic elastic body: 
 
 T= > 0.w w q w h w  

 
A detailed analysis of equations (2.1) was 
carried out in [2]. In particular, it was shown 
that in most engineering problems, it is 
sufficient to consider orthropic dry friction 
defined by the following friction tensor as it was 
shown in [2, 5, 10]: 
 

 
1 0

= , 0, 0
0

f f
k

f  (2.2) 

 
where f  and f  are the main components of 
the friction tensor.  
It is convenient to write the proposed friction 
model (2.1) in a coordinate system Oxy , with 
the origin in the center of the contact spot, such 
that the corresponding basis vectors 1e  and 2e  

are collinear to the main directions of the 
friction tensor. In addition, it is natural to 
assume that static contact pressure has the 
property of axial symmetry: 

0 0( , ) = ( , )x y x y , and rolling friction is 

isotropic. 
An approximate analytical model of the force 
inside interaction the contact spot is constructed 
under the assumption that the rolling shell 
moves with longitudinal velocity 0 1= vv e  along 
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the axis of the global stationary coordinate 
system, with angular velocity of rolling 

2= rw e  and angular velocity of spinning 

. 
It is assumed that the contact area has axial 
symmetry with a characteristic size of the 
contact spot R  (for example, the diameter of the 
corresponding set on the plane ,x y ). 

In the presence of motion, tangential stresses 
arise, leading to distortion of the symmetrical 
diagram of the distribution of normal contact 
stresses. Assuming that the displacement of the 
center of gravity of the contact spot relative to 
the geometric center is described by a vector d  
whose modulus was calculated in [1, 6-12], the 
symmetry breaking can be represented by the 
following formula:  
 

0( , ) = ( , )(1 )x yx y x y d x d y  

 
where xd  and yd  are the projections of the 

vector d  on the axis x  and y , respectively. 
The resulting friction force vector can be 
represented as the sum of two components: 

1 2= T TT e eP , where TP is the longitudinal 

abut T  is transverse components of the friction 

force. As it was shown in [1-12], the latter of 
them arises due to the relationship of friction 
effects. 
As a result, integral representations (2.1) can be 
substantially simplified, as it was implemented 
in [1-12]. 
However, integral relations are too complex to 
apply to the analysis of the dynamics of real 
systems, while their approximations by 
analytical functions are quite accurate and 
simple at the same time. Using the technique 
described in detail in previous works [1-12], 
an approximate analytical model of friction 
describing the interaction of an elastic rolling 
shell with a solid surface, in the case of 
combined kinematics and orthotropic friction, 
can be presented in the following form: 

      

2
0 0 0

2 2 6 6

0

2 2

= , = ,
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F v kF vuF F
v au v b
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u mv
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Here =u R , 0F  is the longitudinal 

component of the friction force of the beginning 
of the motion, but 0M  is the friction torque of 

the beginning of the motion. The coefficients of 
the model (2.3) can be calculated using simple 
explicit formulas [2] based on numerical 
experiments, the results of which are presented 
in Fig. 2-3. 
 
 
CONCLUSIONS 
 
A formulation is proposed and a method is 
developed for solving the problem of the motion 
of a composite spherical transversely isotropic 
shell on a solid surface, taking into account the 
combined dry friction. Taking into account the 
assignment of the reduced contact pressure 
function, S.A. Ambartsumyan's modified 
equation was used, which allows us to apply 
series expansions by Legendre polynomials. 
Using the Green's function, the problem is 
reduced to solving a system of algebraic 
equations with respect to the coefficients of 
decomposition into a series of functions of the 
reduced contact pressure and displacements. 
The relationship between the true and reduced 
contact pressure allows us to determine the 
coefficients of the contact pressure 
decomposition series. 
To describe the conditions of shell contact with 
the surface, the theory of multicomponent 
anisotropic dry friction is used, taking into 
account the combined kinematics of shell 
motion (simultaneous sliding, rotation and 
rolling).  
The coefficients of the approximated dry 
friction model (2.3) can be calculated using 
simple explicit formulas [2] based on numerical 
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experiments, the results of which are presented 
in Fig. 2-3. 
 
 
ACKNOWLEDGEMENTS 
 
A.A. Kireenkov and G.V. Fedotenkov were 
supported by the RFBR under the grant Nr. 20-
08-01120. Investigations performed by S. I. 
Zhavoronok were a part of the State Task for 
Basic Researches Nr. 121112200124-1. 
 
 
REFERENCES 
 
1. Kireenkov A., Zhavoronok S. A Method of 

Parameters Identification for the Coupled 
Dry Friction Model for Pneumatic Tires, in: 
WCCM-ECCOMAS2020. 
URL https://www.scipedia.com/public/Kiree
nkov_Zhavoronok_2021a. 

2. Kireenkov A. A., Zhavoronok S. I. 
Anisotropic combined dry friction in 
problems of pneumatics' dynamics // J. 
Vibration Engineering and Technology, Vol. 
8, 365–372 (2020). 

3. Kireenkov A. A., Zhavoronok S. I. 
Numeric-Analytical Methods of the 
Coefficients Definition of the Rolling 
Friction Model of the Pneumatic Aviation 
Tire, in: 8th International Conference on 
Coupled Problems in Science and 
Engineering, COUPLED PROBLEMS 2019 
(2021), pp. 204-212. 

4. Kireenkov A. A., Ramodanov S. M. 
Combined Dry Friction Models in the Case 
of Random Distribution of the Normal 
Contact Stresses Inside of Contact Patches, 
in: 8th International Conference on Coupled 
Problems in Science and Engineering, 
COUPLED PROBLEMS 2019 (2021), pp. 
176-182. 

5. Kireenkov A. A., Zhavoronok S. I.  
Implementation of analytical models of the 
anisotropic combined dry friction in 
problems of pneumatics' dynamics // 

MATEC Web of Conferences, Vol. 211 
(2018), 08004 

6. Kireenkov A.A., Nushtaev D.V., 
Zhavoronok S.I. A new approximate model 
of tyre accounting for both deformed state 
and dry friction forces in the contact spot on 
the background of the coupled model // 
MATEC Web of Conferences, Vol. 211 
(2018), 08003. 

7. Kireenkov A. A. Improved friction model 
of the aviation tyre contact with the landing 
strip // IFAC-PapersOnLine Vol. 51, No. 2, 
pp. 890-894. 

8. Kireenkov A. A., Zhavoronok S. I. 
Coupled Dry Friction Models in Problems 
of Aviation Pneumatics’ Dynamics //  
International Journal of Mechanical 
Sciences (2017), Vol. 127, pp. 198-203. 

9. Kireenkov A. A. Improved theory of the 
combined dry friction in problems of 
aviation pneumatics’ dynamics, in: 
Proceedings of the 7th International 
Conference on Coupled Problems in Science 
and Engineering, COUPLED PROBLEMS 
2017 (2017), pp. 1293-1298. 

10. Zhavoronok S. I., Kireenkov A. A. On the 
effect of the anisotropic dry friction and the 
deformed state of tires on the shimmy 
initiation, in: Proceedings of the 7th 
International Conference on Coupled 
Problems in Science and Engineering, 
COUPLED PROBLEMS 2017 (2017), pp. 
216-226. 

11. Ramodanov S. M., Kireenkov A. A. 
Controllability of a rigid body in a perfect 
fluid in the presence of friction, in: 
Proceedings of the 7th International 
Conference on Coupled Problems in Science 
and Engineering, COUPLED PROBLEMS 
2017 (2017), pp.179 – 184. 

12. Kireenkov A. A. Further development of 
the theory of multicomponent dry friction, 
in: COUPLED PROBLEMS 2015 - 
Proceedings of the 6th International 
Conference on Coupled Problems in Science 
and Engineering (2015), pp. 203-209. 

Application of the Theory of the Multicomponent Dry Friction in Some of Control Robot Systems



22 International Journal for Computational Civil and Structural Engineering

13. Kireenkov A. A., Semendyaev S. V., 
Filatov V. V. Experimental study of 
coupled two-dimensional models of sliding 
and spinning friction // Mechanics of Solids 
(2010), Vol. 45, No. 6, pp. 921–930. 

14. Kireenkov A. A. Combined model of 
sliding and rolling friction in dynamics of 
bodies on a rough plane // Mechanics of 
Solids (2008), Vol. 43, No. 3, pp. 412-425. 

15. Kireenkov A. A.  Coupled models of 
sliding and rolling friction// Doklady 
Physics (2008), Vol. 53, No. 4, pp. 233-236 

16. Kireenkov A. A.  Modelling of the force 
state of contact of a ball rolling along the 
boundaries of two rails // AIP Conference 
Proceedings (2021), Vol. 2343,120002. 

17. Kireenkov A. Influence of the Combined 
Dry Friction on the Dynamics of the Rigid 
Ball Moving Along Two parallel Rails, in: 
9th edition of the International Conference 
on Computational Methods for Coupled 
Problems in Science and Engineering 
(COUPLED PROBLEMS 2021). 
URL https://www.scipedia.com/public/Kiree
nkov_2021b. 

18. Kireenkov A. Dry Friction Model of a 
Contact of a Solid Ball Moving Along the 
Boundaries of Two Rails, in: WCCM-
ECCOMAS2020.URL: www.scipedia.com/
public/Kireenkov_2021a. 

19. Kireenkov A. A. Preface: mathematical 
models and investigations methods of 
strongly nonlinear systems // AIP 
Conference Proceedings (2021), Vol. 2343, 
120001. 

20. Surov M., Shiriaev A. and al. Case study 
in non-prehensile manipulation: Planning 
and orbital stabilization of one-directional 
rollings for the `Butterfly robot, in: 
Proceedings - IEEE International 
Conference on Robotics and Automation 
(2015), pp. 1484-1489. 

21. Ambartsumyan S. A. Theory of 
Anisotropic Shells, Moscow, Nauka, 1974.  

22. Mikhailova E.Yu., Fedotenkov G.V. 
Nonstationary Axisymmetric Problem of the 
Impact of a Spherical Shell on an Elastic 

Half-Space (Initial Stage of Interaction) // 
Mechanics of Solids (2011), Vol. 46, No. 2, 
pp. 239–247.  

23. Tarlakovskii D. V., Fedotenkov G. V.  Two-
Dimensional Nonstationary Contact of Elastic 
Cylindrical or Spherical Shells // Journal of 
Machinery Manufacture and Reliability 
(2014), Vol.43, No.2, pp. 145–152.  

24. Fedotenkov G. V., Mikhailova E. Yu, 
Kuznetsova El. L., Rabinskiy L. N. 
Modeling the unsteady contact of spherical 
shell made with applying the additive 
technologies with the perfectly rigid stamp // 
International Journal of Pure and Applied 
Mathematics (2016), Vol. 111, No. 2, pp. 
331-342.  

25. Mikhailova E. Yu., Tarlakovskii D. V., 
Fedotenkov G. V. Transient contact problem 
for spherical shell and elastic half-space, in: 
Shell Structures: Theory and Applications, 
Vol. 4. CRC Press / Balkema, Taylor & 
Francis Gr., Leiden (2018), pp. 301-304. 

26. Tarlakovskii D. V., Fedotenkov G. V. 
Nonstationary 3D motion of an elastic 
spherical shell // Mechanics of Solids 
(2015), Vol. 46, No, 5, pp. 779-787. 

27. Fedotenkov G. V., Zhavoronok S. I. 
Transient contact of a cylindrical shell and a 
rigid body // AIP Conference Proceedings 
(2021), vol. 2343, 120010. 

28. Amosov A. A., Zhavoronok S. I. An 
approximate high-order theory of thick 
anisotropic shells // International Journal for 
Computational Civil and Structural 
Engineering (2003), Vol. 1, No. 5, pp. 28-38.  

29. Zhavoronok S. I., Leontiev A. N., Leontiev 
K. A. Analysis of thick-walled rotation shells 
based on legendre polynomials // International 
Journal for Computational Civil and Structural 
Engineering (2010), Vol. 6, No. 1-2, pp. 105-
111. 

30. Zhavoronok S. I. A general higher-order 
shell theory based on the analytical dynamics 
of constrained continuum systemsin: Shell 
Structures: Theory and Applications, Vol. 4. 
CRC Press / Balkema, Taylor & Francis Gr., 
Leiden (2018), pp. 189-192.  

Alexey A. Kireenkov, Grigory V. Fedotenkov, Anton V. Shiriaev, Sergey I. Zhavoronok 



23Volume 18, Issue 1, 2022

 
Alexey A. Kireenkov is a Senior Reseacher of the 
Ishlinsky Institute for Problems in Mechanics of Russian 
Academy of Sciences (IPMech RAS) and Associate 
Professor of the high mathematics departments of the 
Moscow Institute of Physics and Technology (National 
Investigation University). Address: IPMech RAS, 
Prospekt Vernadskogo 101, korp.1, 119526, Moscow, 
Russia. Phone: +7(916)8685839. 
 
Grigory V. Fedotenkov is a Senior Researcher of the 
Laboratory of dynamical Tests of the Research Institute of 
Mechanics of Lomonosov Moscow State University, 
Associate Professor of the Moscow Aviation Institute 
(National Research University). Phone: +7(916)4598363. 
Address: 119192, Michurinskiy Prospekt, 1, Moscow, 
Russia 
 
Anton V. Shiriaev is Professor (full) of the Department of 
Engineering Cybernetics, Norwegian University of 
Science and Technology - (NTNU). Phone: +4773590246 
Address: Department of Engineering Cybernetics, NTNU, 
NO-7491 Trondheim, Norway. 
 
Sergey I. Zhavoronok, Ph.D., Leading researcher of the 
Department of Mechanics of Smart and Composite 
Materials and Systems, Institute of Applied Mechanics of 
Russian Academy of Sciences (IAM RAS); Associate 
Professor of the Department of Informatics and Applied 
Mathematics of the National Research University MGSU. 
Address: Leningradskiy Prospekt 7, 125040, Moscow, 
Russia, IAM RAS. Phone: +7(495) 941-1777; +7(916) 
134-2843. e-mail: Zhavoronok@iam.ras.ru  
 
 
 

   –   
     

. .  ,    
 -

: +7 (916) 
868-58-39. -mail: kireenk@ipmnet.ru  
 

   –   
    

  
. . , 

: +7 (916) 459-83-63 -mail: greghome@mail.ru  
 

   –  
   -

NO-7491 
-

 ,  
+4 (773) 590-246 -mail: anton.shiriaev@ntnu.no  
 

  ,   
     

     
   , 

 

 
.: +7 (916) 134-2843. -mail: Zhavoronok@iam.ras.ru  

 

 
 

Application of the Theory of the Multicomponent Dry Friction in Some of Control Robot Systems



24 International Journal for Computational Civil and Structural Engineering

CONTROL OF HEAVY CONCRETE CHARACTERISTICS AF-
FECTING STRUCTURAL STIFFNESS 

 
Semen S. Kaprielov 1, Andrey V. Sheinfeld 1, Nikita M. Selyutin 2 

1 Research Institute of Reinforced Concrete named after A.A. Gvozdev JSC "Research Center "Construction", 
Moscow, Russia 

2 Enterprise Master Beton LLC, Moscow, Russia 
 

Abstract. New experimental data have been obtained on the strength and deformation characteristics of heavy 
concrete o strength classes B30-B100 (strength from 36.2 to 115.1 MPa), prepared from self-compacting mix-
tures using crushed stone from various dense rocks as a coarse aggregate - granite, basalt and gabbro-diabase, as 
well as crushed stone from gravel. 
It has been established that the values of the compressive strength of concrete "Rbn" (prism strength) are 24% 
higher than the normalized indicators given in Table 6.7 of the current set of Building Code of the Russian Fed-
eration SP 63.13330.2018. For high-strength concrete on crushed granite of strength classes from B70 to B100, 
the values of the static modulus of elasticity Eb, which largely determines the stiffness of reinforced concrete 
structures, exceed by 5-14% the values given in Table 6.11 of SP 63.13330.2018. At the same time, the use of 
gabbro-diabase or basalt crushed stone as a coarse aggregate instead of granite does not affect the strength and 
Poison’s ratio. However, this allows increasing the static modulus of elasticity of concrete by 9 and 19%, respec-
tively. The values of the dynamic modulus of elasticity of heavy concrete are in the range from 41.1 to 60.4 GPa 
and exceed the static modulus of elasticity of concrete by 2.2-5.3 GPa depending on the classes of concrete. 
The paper shows the possibility of using a less time-consuming method for monitoring the values of the static 
modulus of elasticity of concrete in structures by determining the dynamic modulus using the calibration de-
pendence Eb - Ed. 
The obtained results indicate that the real potential of high-strength concretes is not fully used in structures de-
signed in accordance with normative characteristics Rbn and Eb provided for by SP 63.13330.2018. The actual 
values of these characteristics are higher and can be controlled by technological tricks. 

 
Keywords: High-strength heavy concrete, deformation characteristics of concrete, structural stiffness, 

crushed stone from dense rocks, modulus of elasticity, Poisson's ratio, compressive strength, organomineral modifier, 
self-compacting concrete mix. 
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INTRODUCTION 
 
The construction of high-rise buildings and oth-
er unique structures predetermined the increas-
ing importance of the deformation characteris-
tics of concrete affecting the stiffness of struc-
tures. 
Calculations performed for the limit states of 
both the first and second groups in most cases 
show that the limiting design factor is not the 
strength of concrete, but its deformation param-
eters characterizing the process of deformation 
and movement of structures under load. 
Among several normalized deformation charac-
teristics of concrete, the most significant for the 
stiffness of structures is the static modulus of 
elasticity (Eb), which, according to SP 
63.13330.2018, is currently tied mainly to 
strength classes and types of concrete. Other 
deformation characteristics, according to SP 
63.13330.2018, are either tied to the modulus of 
elasticity (shear modulus (G = 0.4Eb), or it is 
accepted as constant value (ratio of lateral strain 
to longitudinal one - b =0.2; ul-
timate compression and tension strain short-

b0 bt0=0.0001), or not 
standardized (dynamic modulus of elasticity of 
concrete Ed). 
In a general approximation, the modulus of elas-
ticity of heavy concrete, considering the charac-
teristics of its composition, can be determined 
by the expression: 
 

       Eb= E  ·V  +  Efa ·Vfa  + Eca·Vca ,         (1) 
 
where:  
E , Efa and Eca are modulus of elasticity of 
cement stone, fine and coarse aggregates respec-
tively; 
V ,Vfa and Vca are the specific volumes of 
cement stone, fine and coarse aggregates in 
concrete respectively. 
A more accurate determination of the modulus of 
elasticity allows more complex calculation mod-
els, which additionally considers other factors 
that can affect the parameters of the concrete 
structure - the porosity of the cement stone, the 
degree of cement hydration, the properties of the 
contact zone, the properties of coarse aggregate, 
etc. Examples of such calculation models are 
given by P.-C. Aitcin [1]. Aitcin notes its’ differ-
ences associated with the use in the calculations 
of certain factors depending on the technology of 
preparation and the material composition of con-
crete. This indicates the importance of technolog-
ical factors (the quality of the concrete compo-
nents and their volume ratio, the method of prep-
aration and the consistency of concrete mixtures) 
in regulating the most important deformation 
characteristic - the static modulus of elasticity. 
A number of studies, devoted to this issue, show 
the role of the characteristics of the filler, the 
mortar part of concrete, the structure of the ce-
ment stone and the contact zone in changing the 
elastic modulus [2-6]. 
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Particularly noteworthy is the study of the defor-
mation characteristics of high-strength concretes 
of strength classes B60-B100, which are the main 
structural material of unique structures [7-14]. 
Studies [15-18] of concretes with high-strength 
fractionated aggregates and with highly active 
cement at a reduced water-cement ratio con-
firmed the pattern represented by expression (1). 
Increased values of the strength and elasticity 
modulus of concrete are provided by the high 
density and strength of the cement stone, high-
quality aggregate and its increased concentration, 
i.e., dense packing in the volume of concrete. 
Studies of modified concretes with organo-mineral 
modifiers of the MB type revealed an important 
role in changing the elasticity modulus of such ce-
ment stone parameters as phase composition (bal-
ance of hydrate neoplasms) and porosity, which are 
regulated by the dosages of additives [10-14]. This 
allows not only to control the strength and defor-
mation characteristics of high-strength concretes 
under short-term and long-term loading of struc-
tures, but also to derive a corrective function for 
S.V. Aleksandrovsky and I.E. Prokopovich used to 
describe the creep measure [13]. 
The dependences between the deformation charac-
teristics of high-strength concretes and the parame-
ters of the cement stone structure established in 
[10-12, 19] allow significantly expand the ideas of 
A.E. Sheikin [20] on the influence of technological 
factors and the structure of cement stone on the de-
formation characteristics of concrete. In particular, 
it has been shown that the values of the static mod-
ulus of elasticity for fine-grained concretes of the 
same class in terms of compressive strength can 
vary depending on the phase composition and dif-
ferential porosity of the cement stone [10–13]. 
If accept that the static modulus of elasticity is a 
complex and variable parameter, the value of 
which depends on a number of factors, includ-
ing the modulus of elasticity and the specific 
content of concrete components, it seems rele-
vant to assess the influence of the type and qual-
ity of large aggregates, the most common in 
Russia, on deformation characteristics and 
strength both conventional and modified high-
strength heavy concretes. Despite the availabil-

ity of information on this issue [5-9], the as-
sessment of the significance of the factor of the 
nature of the aggregate on the deformation char-
acteristics of concrete should probably be de-
cided considering the specific properties of ma-
terials and compositions of concrete mixtures. 
The purpose of the research was to determine the 
effect of coarse aggregate made of different rocks 
on the strength and deformation characteristics of 
concretes of classes from B30 to B100, prepared 
from self-compacting mixtures, with the justifica-
tion of the method for controlling the initial modu-
lus of elasticity of concrete in erected structures. 
To achieve the purpose, the following tasks 
have been solved: 
 - Determination of strength and deformation 
characteristics of 7 series of self-compacting con-
cretes of classes B30-B100 at the age of 28 and 90 
days. Each of which had the same composition, 
but was prepared with 4 types of coarse aggregate; 
- Establishing the dependences of the defor-
mation characteristics of concretes with various 
types of coarse aggregates on the class of con-
crete in terms of compressive strength; 
- Evaluation of the obtained results by its compar-
ing with the standard values given in the Building 
code of the Russian Federation SP 63.13330.2018 
“Concrete and reinforced concrete structures. 
General provisions”, recommended by FIB inter-
national standard Model Code MC 2010 and Eu-
ropean standard EN 1992-1-1:2004 Eurocode 2; 
- substantiation of the method for control of the 
static modulus of elasticity of concrete in erected 
structures by establishing a calibration depend-
ence between the values of the static (Eb) and dy-
namic (Ed) modulus of elasticity of concrete. 
 
 
1. MATERIALS AND TEST METHODS 
 
1.1. Applied materials 
 
The materials (cement, modifier, microfiller, sand 
and crushed stone), which satisfy the standards of 
the Russian Federation and applied in the produc-
tion of self-compacting concrete mixes for con-
struction projects at the Moscow-City MIBC, were 
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used for the preparation of concrete in laboratory 
conditions. In addition, other types of coarse aggre-
gate were used: crushed gravel, gabbro-diabase and 
basalt crushed stone. The reason for choosing 4 
different types of crushed stone was the difference 
in true density and in parameters characterizing 
strength, in particular: “mass loss during compres-
sion in the cylinder” and “grain content of weak 
rocks”, which allow more accurate than the classi-
fication parameter dependent on its "crushability", 
to evaluate the strength of coarse aggregate. 
The characteristics of the materials were as follows: 
- Portland cement PC 500-D0-N with a normal 
density of 24.6% and a C3A content of 4.9%, 
which meets the requirements of the RF stand-
ard GOST 10178; 
- organo-mineral concrete modifier MB10-50S A-
II-2, including microsilica (45%), fly ash (45%) 
and superplasticizer (10%) [21], which meets the 
requirements of the RF standard GOST R 56178 
and TU 5743- 083-46854090-98 amend. No. 1-3; 
- microfiller - non-activated mineral powder 
grade MP-1 (ground limestone) with a particle 
size of less than 1.25 mm, corresponding to the 
requirements of the RF standards GOST R 
52129 and GOST R 56592; 

- SikaPlast E4 superplasticizer based on a mix-
ture of modified lignosulfonates and polycar-
boxylate esters, which meets the requirements 
of the RF GOST 24211 standard; 
- Class I quartz sand with fineness modulus Mcr 
= 2.55, with a content of dust and clay particles 
of 0.95%, corresponding to the requirements of 
the RF GOST 8736 standard; 
- crushed stone from gravel with a fraction of 3-
10 mm, corresponding to the requirements of 
the RF standard GOST 8267; 
- crushed stone of granite fraction 5-10 mm, 
corresponding to the requirements of the RF 
standard GOST 8267; 
- crushed stone gabbro-diabase fraction 5-10 
mm, corresponding to the requirements of the 
RF standard GOST 8267; 
- crushed stone basalt fraction 5-10 mm, corre-
sponding to the requirements of the RF standard 
GOST 8267; 
- water for mixing concrete mixtures that meets 
the requirements of the RF GOST 23732 standard. 
Table 1 provides physical and technical charac-
teristics and mineralogical composition of 
coarse aggregate varieties. 

 
Table 1. Physical and technical characteristics and mineralogical composition of coarse aggregate 

 

Characteristic Type of coarse aggregate (crushed stone) 
gravel granite gabbro-diabase basalt 

1 2 3 4 5 
True density, kg/m3 2650 2670 3070 3000 
Mass loss during compression in 
the cylinder,% 

6.02 6.55 3.17 1.03 

Breakability grade 1200 1400 1400 1400 
The content of lamellar and an-
gular grains, % 

7.98 22.0 8.2 28.0 

Grain content of weak rocks, % 4.15 1.50 0 0 
The content of dust particles, % 0.99 0.96 0.70 0.8 
Mineralogical composition, %: 
- organogenic limestone 40.0 - - - 
- quartz 8.8 - - - 
- flint 7.7 - - - 
- dolomite 7.6 - - - 
- quartzite 4.9 - - - 
- limestone organogenic silicified 2.8 - - - 
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- tuff sandstone 2.5 - - - 
- sandstone 1.6 - - - 
1 2 3 4 5 
- iron oxides and hydroxides 0.5 - - - 
- granite 23.6 54.8   
- granodiorite - 40.9 - - 
- diorite - 3.8 - - 
- intensely altered rock (dolerite) - 0.5 - - 
- intensively altered basalt - - 60.5 - 
- intensively modified gabbro - - 39.5 - 
- intensively altered picrobasalt - - - 97.8 
- effusive rock intensively altered - - - 2.2 

 
 
1.2. Compositions and Properties of Concrete 
Mixes 
 
In laboratory of Research Institute of Rein-
forced Concrete, 7 series (28 compositions) of 
concrete from self-compacting mixtures with a 
cement consumption of 290 to 480 kg/m3 with 
the addition of MB modifier and microfiller at a 
water-binding ratio W / (C + MB) from 0.25 to 
0.69 have been prepared. Each series was pre-
pared with 4 types of coarse aggregate - crushed 
stone from gravel, granite, gabbro-diabase and 
basalt crushed stone. The compositions of con-
crete mixtures were selected with the expecta-
tion of the same volumetric dosage of each of 
these materials. Respectively, the actual volume 
of coarse aggregate in different concrete series 

was in a narrow range - from 0.310 to 0.335 
m3/m3. Table 2 presents the compositions and 
properties of self-compacting concrete mixtures 
are presented. 
Concrete mixtures were prepared in a 60-liter 
forced-action mixer with mixing of each batch 
for 5 minutes. The test results of concrete mix-
tures showed (table 2) that their average density 

gregate and varies in a wide range - from 2386 
to 2541 kg/m3. The mobility of mixtures, deter-
mined by the spread of a normal cone [22], is in 
the range from 55 to 70 cm. Considering also 
the absence of signs of water separation and 
stratification of mixtures, according to [23], this 
allows to classify them as self-compacting. 
 

Table 2. Compositions and Properties of Self-Sealing Concrete Mixes 
Seri
es 
nu
mb
er 

Compositions of concrete mixes, kg/m3 Properties of concrete mixtures 

C MB MP
-1 P G SP W  

kg/m3 
VG,  
m3/m3 

SC,  
cm 

W/(C
+MB) 

1 290 - 150 820 8551/8702/ 9953/9704 3,52 198 2316-2456 0,322-0,326 55-58 0.69 
2 300 30 170 835 8301/8352/9603/9404 - 176 2341-2471 0,308-0,313 55-59 0.53 
3 300 50 180 845 8351/8502/9703/9504 - 158 2368-2503 0,314-0,318 60-63 0.45 
4 350 65 150 815 8201/8402/9553/9304 - 160 2360-2495 0,309-0,311 60-70 0.39 
5 420 70 100 825 8301/8452/9553/9304 - 161 2406-2531 0,310-0,317 60-68 0.33 
6 450 100 50 790 8701/8752/10053/10004 - 154 2414-2549 0,327-0,333 62-70 0.28 
7 480 130 50 725 8801/9052/10153/9854 - 152 2417-2552 0,328-0,339 62-70 0.25 

 

Notes:  C is Portland cement; MB is organomineral concrete modifier; MP-1 is microfiller; P is quartz sand; G is 
crushed stone: 1) gravel, density 2650 kg/m3, 2) granite, density 2670 kg/m3, 3) gabbro-diabase, density 3070 kg/m3, 4) 
basalt, density 3000 kg/m3; SP is superplasticizer; W is water,  is average density of the mixture; VG is the volume of 
coarse aggregate in the volume of the concrete mix; SC is the mobility along the spread of a normal cone. 
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1.3. Object of research and test methods 
 
Six samples-cubes of 100×100×100 mm size 
have been prepared from concrete mixtures with-
out vibration compaction to determine the cubic 
compressive strength of concrete (R) at the age 
of 28 and 90 days according to the standards of 
the Russian Federation GOST 10180 and GOST 
31914. And 6 prism samples of 100 × 100 × 400 
mm have been prepared to determine the prism 
compressive strength of concrete (Rb), static and 
dynamic modulus of elasticity, Poisson's ratio at 
the age of 28 and 90 days according to the stand-
ards of the Russian Federation GOST 24452, 
GOST 31914 and [24, 25]. 
Control samples were stored before testing un-
der normal temperature and humidity conditions 
(temperature plus 20 ± 2 °C, humidity 95 ± 5%). 
The determination of the static modulus of elas-
ticity and Poisson's ratio was carried out on a 
hydraulic press (see Figure 1) using 3 prism 
samples. The loading of the prism specimens 
was carried out in steps equal to 0.1Rb with 
holding at each step for 4-5 minutes to a level of 
40% of the prism strength. 
 

 
Figure 1. Tests of prism specimens with deter-
mination of the static elasticity modulus and 

Poisson’s ratio of concrete on a hydraulic press 
 
Determination of the dynamic modulus of elas-
ticity (Ed) was carried out on the device Erudite 

MKIV CNS Farnell Limited (PC 1004) (see 
Figure 2) using 3 prism specimens. The deter-
mination of the dynamic modulus of elasticity 
of concrete with a length of prism specimens of 
400 mm was carried out at a longitudinal reso-
nant oscillation frequency in the range of 4–6 
kHz according to the formula of the technical 
manual [24]: 
 
                         Ed n2 l2 10-12,                  (2) 
 
where: n – is resonant frequency of longitudinal 
vibrations, Hz; l – is specimen length, mm;  – is 
average density of concrete in a sample, kg/m3. 
 

 
Figure 2. Tests of prism specimens with deter-
mination of the dynamic elasticity modulus of 

concrete using the Erudite MKIV (PC 1004) de-
vice 

 
The value of the static and dynamic modulus of 
elasticity, as well as the Poisson's ratio at each 
age, was taken as the average value of the test 
results of all 3 prism specimens. 
The actual class of concrete in terms of com-
pressive strength (Bf) and the compressive 
strength of prisms (Rbn) were determined in ac-
cordance with the RF standard GOST 18105, 
considering the requirements of GOST 31914 
for the minimum value of the required strength 
coefficient KT = 1.14 (with a coefficient of vari-
ation V = 10%) according to the formulas: 
 

                         Bf=
R

KT
= R

1,14
 ,                           (3) 

            Rbn=Rb· 1-1,64· V
100

= 0,836 Rb,       (4) 
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2. TEST RESULTS AND DISCUSSION  
 
Table 3 presents test results for concretes with 
various types of coarse aggregates in terms of: 
average density, cubic (R) and design 

compressive strength of prisms (Rb), actual class 
(Bf), compressive strength of prisms (Rbn) static 
Eb) and dynamic (Ed) elastic modulus, and also 
Poisson's ratio ( ) at the age of 28 and 90 days. 

 

Table 3. Strength and short-term deformation characteristics of concrete 
 

Se
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Indicators of concrete compressive 
strength. MPa 

Deformation characteristics of 
concrete 

R  Rb Rbn Eb . 

GPa 
Ed. 

GPa  

1 2 3 4 5 6 7 8 9 10 

1-1 
28 2326 36.2 32 35.0 29.3 32.2 37.1 0.207 
90 2332 38.3 33 37.8 31.6 33.6 37.4 0.206 

1-2 
28 2330 36.5 33 36.2 30.3 32.5 38.1 0.206 
90 2327 40.1 35 38.6 32.3 34.5 39.5 0.207 

1-3 
28 2448 37.6 33 36.3 30.3 36.0 41.1 0.207 
90 2451 38.1 33 37.6 31.4 37.8 41.5 0.205 

1-4 
28 2452 38.4 34 36.3 30.3 38.8 42.8 0.204 
90 2448 39.6 35 38.0 31.8 39.3 43.7 0.205 

2-1 
28 2358 61.0 53 57.2 47.8 38.3 41.8 0.212 
90 2352 65.3 57 60.0 50.2 39.1 42.2 0.208 

2-2 
28 2378 61.8 54 56.0 46.8 39.2 42.8 0.214 
90 2384 65.4 57 63.4 53.0 40.1 43.7 0.206 

2-3 
28 2476 62.2 55 58.1 48.6 40.5 44.2 0.223 
90 2481 66.1 58 62.4 52.2 41.4 45.9 0.211 

2-4 
28 2480 62.8 55 57.8 48.3 44.1 47.3 0.214 
90 2479 67.4 59 61.5 51.4 46.4 48.6 0.206 

3-1 28 2363 68.2 60 58.4 48.8 38.8 42.1 0.205 
3-2 28 2387 68.0 60 63.7 53.3 39.5 43.5 0.206 
3-3 28 2451 70.0 61 61.8 51.7 42.8 48.0 0.209 
3-4 28 2502 66.8 59 60.5 50.6 44.8 49.2 0.198 

4-1 
28 2372 65.6 58 60.4 50.5 38.8 42.3  
90 2358 76.5 67 71.3 59.6 38.9 42.5 0.207 

1 2 3 4 5 6 7 8 9 10 

4-2 
28 2414 73.8 65 68.6 57.3 40.2 45.3  
90 2407 80.2 70 74.5 62.3 40.5 45.7 0.198 

4-3 
28 2483 76.0 67 70.1 58.6 43.0 47.4  
90 2482 81.8 72 74.9 62.6 43.2 48.0 0.214 

4-4 
28 2473 73.6 65 68.0 56.8 46.2 51.1  
90 2496 82.3 72 75.8 63.4 46.5 51.3 0.213 

5-1 
28 2410 78.2 69 71.8 60.0 42.4 47.7  
90 2418 82.8 73 76.8 64.2 43.5 48.2 0.220 

5-2 
28 2432 82.6 72 79.8 66.7 43.2 48.9  
90 2426 92.5 81 85.3 71.3 44.1 49.4 0.205 
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5-3 
28 2518 87.8 77 82.3 68.8 47.6 50.4  
90 2523 97.5 85 89.2 74.6 48.0 50.7 0.196 

5-4 
28 2523 91.4 80 83.7 70.0 51.2 56.5  
90 2536 101.5 89 93.4 78.1 51.6 56.6 0.210 

6-1 
28 2412 97.5 86 91.1 76.2 44.8 48.4  
90 2418 100.4 88 94.5 79.0 45.6 48.8 0.222 

6-2 
28 2423 100.3 88 92.6 77.4 46.1 50.2  
90 2426 109.2 96 100.0 83.6 48.0 52.8 0.220 

6-3 
28 2515 107.0 94 98.2 82.1 51.0 55.0  
90 2519 111.3 98 104.4 87.3 52.0 55.9 0.228 

6-4 
28 2532 102.9 90 94.6 79.1 54.1 58.8  
90 2540 113.1 99 100.5 84.0 56.2 59.9 0.235 

7-1 
28 2425 100.2 88 95.4 79.8 46.8 50.6  
90 2430 103.8 91 97.2 81.3 47.0 51.2 0.226 

7-2 
28 2443 102.8 90 97.2 81.3 47.5 52.9  
90 2438 114.8 101 104.2 87.1 48.1 53.1 0.230 

7-3 
28 2520 112.8 99 102.1 85.4 51.6 56.4  
90 2511 115.1 101 105.0 87.8 52.0 56.6 0.237 

7-4 
28 2553 108.5 95 104.5 87.4 55.4 60.2  
90 2544 114.6 101 107.0 89.5 56.4 60.4 0.242 

 
 
2.1. Average density 
 
The average density of heavy concretes with 
various types of coarse aggregates varies in a 
wide range from 2326 to 2553 kg / m3 and 
generally corresponds to the trend of changes in 
the average density of concrete mixes (see Table 
2) and in some cases slightly exceeds the 
standard value up to 1.8%. according to RF 
Standards GOST 25192 and SP 63.13330.2018 
(2000-2500 kg/m3), however complies with the 
requirements of EN 206:2013 (2000-2600 
kg/m3). 
 
2.2. Compressive strength of cubes 
 
The cubic compressive strength (R) of all 
concretes with various types of coarse 
aggregates at the age of 28 days is in the range 
from 36.2 to 112.8 MPa and corresponds to the 
actual compressive strength classes of concrete 
from Bf32 to Bf99. And in age 90 days, it is in 
the range from 38.1 to 115.1 MPa and 
corresponds to the actual classes of concrete in 

terms of compressive strength from Bf33 to 
Bf101. 
The use of various types of coarse aggregate 
(crushed stone of gravel, granite, gabbro-
diabase and basalt crushed stone) slightly 
changes the cubic compressive strength of 
concrete (see Figure 3), which for all concrete 
compositions ranges from 89 to 111% of the 
strength of concrete on crushed granite. At the 
same time, concretes with granite, gabbro-
diabase and basalt crushed stone aggregate with 
a crushability grade of 1400 have approximately 
the same cubic compressive strength. And on 
crushed stone of gravel with a crushability grade 
of 1200, the strength of concrete takes minimum 
values. 
 
2.3. Compressive strength of prisms 
 
The design prism compressive strength (Rb) of 
concrete of classes B30 to B100 at the age of 28 
days is in the range from 35.0 to 104.5 MPa. 
And at the age of 90 days it was from 37.6 up to 
107.0 MPa, does not depend on the type of 
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coarse aggregate and is a linear function of the 
concrete class in terms of compressive strength 
(see Figure 4). 
The experimentally obtained actual values of 
the concrete prism compressive strength (Rbn) 
are 24% higher than those normalized according 
to the building code SP 63.13330.2018 (see 
Figure 4). The calculation of reinforced concrete 
structures for strength, performed on the basis 
of the normalized and design characteristics of 
concrete according to table 6.7 of the building 

code SP 63.13330.2018, in essence, leads to 
significant reserves of their bearing capacity. 
If we evaluate the above results according to the 
criterion of the prismatic strength ratio, deter-
mined as the ratio of the prismatic compressive 
strength of concrete to cubic strength (Kpp = Rb / 
R), then its actual values are in the range from 
0.86 to 0.99 and significantly exceed the values 
of this coefficient calculated according to the 
parameters given in SP 63.13330.2018 (from 
0.71 to 0.73). 

Figure 4. Axial compressive strength of heavy-weight concrete with various types of coarse 
aggregates 

Figure 3. Compressive strength of concrete cubes with various types of coarse aggregates  
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2.4. Elastic modulus 
 
Table 3 and Figure 5 provide the results of de-
termination of static (Eb) and dynamic (Ed) 
modulus of elasticity and dependencies on the 
actual classes of concrete (Bf32-Bf101) with 
compressive strength 36.2 -115.1 MPa with var-
ious types of coarse aggregates. 
The obtained results (see Figure 5) show that 
the static and dynamic modulus of elasticity of 

concrete are directly proportional to the com-
pressive class of concrete and largely depend on 
the type of coarse aggregate, in particular: 
- static modulus of elasticity of heavy concrete 
with aggregate on crushed stone from gravel of 
actual classes Bf32-Bf91 (strength 36.2-103.8 
MPa) is in the range from 32.2 to 47.0 GPa; the 
dynamic modulus of elasticity exceeds the static 
modulus by 3.1-4.9 GPa and is in the range 
from 37.1 to 51.2 GPa; 

 

 
 

Figure 5. Static (a) and dynamic (b) elastic modules vs compressive strength of concretes of B30-
B100 classes 

 
- static modulus of elasticity of heavy concrete with 
aggregate on crushed granite actual classes Bf33-
Bf101 (strength 36.6-114.8 MPa) is in the range 
from 43.2 to 48.1 GPa; the dynamic modulus of 
elasticity exceeds the static modulus by 3.2-5.7 
GPa and is in the range from 38.1 to 53.1 GPa; 
- static modulus of elasticity of heavy concretes 
with filler on gabbro-diabase crushed stone of 
actual classes Bf33-Bf101 (strength 37.6-115.1 
MPa) is in the range from 36.0 to 52.0 GPa; the 
dynamic modulus of elasticity exceeds the static 
modulus by 2.7-5.2 GPa and is in the range 
from 41.1 to 56.4 GPa; 
- static modulus of elasticity of heavy concrete with 
aggregate on basalt crushed stone of actual classes 
Bf34-Bf101 (strength 38.4-114.6 MPa) is in the 
range from 38.8 to 56.4 GPa; the dynamic modulus 

of elasticity exceeds the static modulus by 2.2-5.3 
GPa and is in the range from 42.8 to 60.4 GPa. 
Comparison of the experimentally obtained 
values of the static elastic modulus, and, 
consequently, the stiffness of reinforced 
concrete structures made of heavy concrete of 
compressive strength classes B30-B100, 
prepared with various types of coarse aggregate, 
with standardized values showed that: 
- the static modulus of elasticity of concretes of 
classes B30-B70 on ordinary large aggregates 
(granite crushed stone and gravel crushed stone) 
corresponds to the values given in SP 
63.13330.2018, Model Code MC 2010 and EN 
1992-1-1: 2004 Eurocode 2; 
- the static modulus of elasticity of high-strength 
concretes of classes B71-B100 on the same 
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conventional large aggregates (granite crushed 
stone and gravel crushed stone) exceeds by 5 ... 
14% the values given in SP 63.13330.2018, 
corresponds to Model Code MC 2010 and is 
consistent with previously obtained results [10-
14, 17, 18]; 
- the use of gabbro-diabase and basalt crushed 
stone as a coarse filler allows increasing the 
static modulus of elasticity of heavy concretes 
of compressive strength classes B30-B100 by 9 
and 19%, respectively, which is consistent with 
the information given by the FIB in Table 5.1-6 
of Model Code 2010, and paragraph 3.1.3 of EN 
1992-1-1:2004 Eurocode 2. 
The increase in the static modulus of elasticity 
of concretes on gabbro-diabase and basalt 
crushed stone in comparison with concretes on 
granite crushed stone is obviously associated 
with higher characteristics of the elastic 
properties of the rocks from which it is 
obtained. As is known, the elastic modulus of 
granite is 30-68 GPa, while in denser rocks it is 
higher: gabbro 60-125 GPa, diabase 80-110 
GPa, basalt 20-100 GPa [15, 20, 26]. 
The same nature of the curves presented in 
Figures 5a and 5b indicates the presence of a 
linear dependence of the static modulus of 

elasticity of concrete not only on the compressive 
strength, but also on the dynamic modulus of 
elasticity, which corresponds to the information 
given in [27]. Based on the data in Table 3, the 
relationship between the static modulus of 
elasticity and the dynamic modulus of elasticity of 
heavy concretes of classes B30-B100 with various 
types of coarse aggregates was established (Figure 
6), which can be expressed by the equation: 
 
                   = 0.982 3.437,                (5) 
 
The indicators of the dependence presented in 
Figure 6 are as follows: the number of test results 
(n) - 52; the average value of the static modulus of 
elasticity (Ebm) is 44.1 GPa; calculated standard 
deviation of the established dependence (S2) is 
1.203 GPa; standard deviation of the static 
modulus of elasticity actually obtained from the 
results of concrete testing (S3) is 0.819 GPa; the 
root-mean-square deviation of the method used in 
constructing the dependence was assumed to be 
0.02Ebm (S4=0.881 GPa); correlation coefficient of 
the established dependence (r) is 0.99; the error in 
determining the static modulus of elasticity 
[(S2/Ebm  

 

 

Figure 6. Dependence between values of static (Eb) and dynamic (Ed) elastic modulus of heavy-
weight concretes of B30-B100 classes  
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The obtained indicators allow using the de-
pendence established in this way to determine 
the static modulus of elasticity of concrete 
from core specimens taken from structures, 
based on the results of a less laborious deter-
mination of the dynamic modulus of elasticity, 
since the value of the correlation coefficient 
of the dependence is more than 0.7, and the 
value of the error in determining the initial 
static modulus of elasticity is less than 15%. 
 
 
 
 

2.5. Poison’s ratio 
 
Poisson's ratio of heavy concretes of classes B30-
B100 is in the range from 0.196 to 0.242, basically 
corresponds to the normalized value of the Pois-
son’s ratio , =0.2) according to clause 6.1.17 of 
the building code of the Russian Federation SP 
63.13330.2018. With an increase in the concrete 
compressive strength class from B30 to B100, the 
average Poisson's ratio increases from 0.20 to 0.23 
and practically does not depend on the type of 
coarse aggregate (see Figure 7). 

 

 
Figure 7. Poisson’s ratio of concretes of B30-B100 classes 

 
 
CONCLUSION 
 
1. It is shown the possibility of controlling the 
strength and deformation characteristics of 
heavy concretes of classes B30-B100 (strength 
from 36.2 to 115.1 MPa) prepared from self-
compacting mixtures due to technological fac-
tors - the use of various types of coarse aggre-
gates and modifiers. 
2. Use the crushed stone from more dense and 
durable rocks - gabbro-diabase or basalt (true 
density 3000- 3070 kg/m3, modulus of elasticity 
up to 125 GPa) as a coarse filler instead of 
crushed stone from gravel or crushed granite 
(true density 2650-2670 kg / m3, modulus of 

elasticity up to 68 GPa), does not lead to signif-
icant changes in the cubic and prism compres-
sive strengths of concrete and Poisson's ratio, 
but allows increasing the static modulus of elas-
ticity of concrete by 9-19%. 
3. The values of the dynamic modulus of elas-
ticity of heavy concrete were obtained. This is 
in the range from 41.1 to 60.4 GPa and, depend-
ing on the classes of concrete, exceed the static 
modulus of elasticity of concrete by 2.2-5.3 
GPa. The possibility of using a less time-
consuming method for monitoring the values of 
the static modulus of elasticity of concrete in 
structures by determining the dynamic modulus 
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using the calibration dependence Eb - Ed is 
shown. 
4. The obtained results show that the values of 
the strength and deformation characteristics of 
modern concretes of classes B30-B100 exceed 
the standard values given in the code of rules of 
the Russian Federation SP 63.13330.2018, in 
particular: 
- the actual prism compressive strength is 24% 
higher than the standard values according to ta-
ble 6.7 of the building code; 
- the static modulus of elasticity of high-strength 
concretes of classes B80-B100 is 5-14% higher 
than the standard values according to table 6.11 
of the building code. 
5. The above is the basis for making appropriate 
changes to the building code of the Russian 
Federation SP 63.13330.2018 in terms of in-
creasing the standard values of prism strength 
and the modulus of elasticity of heavy concrete. 
6. The ability to control the values of the modu-
lus of elasticity of heavy concrete by selecting a 
large aggregate of the appropriate origin and 
quality should considered when calculating and 
designing reinforced concrete structures and, as 
an appropriate addition, is included in the build-
ing code of the Russian Federation SP 
63.13330.2018. This is in line with the recom-
mendations of CEB-FIP Model Code 2010 and 
EN 1992-1-1:2004 Eurocode 2. 
 
The authors are grateful to Dr. Krylov S.B., 
Ph.D., Arleninov P.D., engineer Kolmakova 
P.S. for participation in the planning of the ex-
periment and in the analysis of the results. 
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THE EFFECT OF DRAW-OFF ON FILTRATION REGIME OF 
EARTH-FILL DAM 

 
Nikolay A. Aniskin, Stanislav A. Sergeev 

 National Research Moscow State University of Civil Engineering, Moscow, RUSSIA 
 

Abstract. The article discusses the solution to the problem of transient seepage in relation to cases of rapid 
drawdown or draw-off, which may be caused by technological necessity or an emergency. This paper provides 
an overview of research and calculation methods for the problem under consideration. Using the PLAXIS 
software package, a numerical solution of the filtration problem for a homogeneous soil dam with a drainage 
prism is obtained. This problem has been repeatedly solved using other methods and computational programs. 
Comparison of the obtained results with those performed earlier by other methods showed their reliability and 
good comparability. The obtained results of solving the filtration problem at the next stage of the study of the 
structure operability can be used to assess the filtration strength of the soils of the dam and the stability of the 
upstream slope. 

 
Keywords: drawdown, draw-off, filtration flow, depression surface, filtration gradient, slope stability. 
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INTRODUCTION 
 
The operation of earth-fill dams often requires 
drawdown or draw-off. It can be caused by the 
technological scheme of the work of a hydraulic 
structure - the use of water for various purposes, for 
example, power generation, irrigation or water 
supply. Also, draw-off can be caused by the need to 
reduce the current water head in the event of an 

emergency situation in the hydraulic structure. 
Such a decrease in the water level, which 
sometimes occurs at a sufficiently high speed, 
causes a change in the filtration regime of the earth-
fill dam: the position of the depression surface, the 
direction and magnitude of the velocities and 
filtration gradients change. These changes can lead 
to negative consequences: the occurrence of 
filtration deformations, a decrease in stability and 
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the collapse of the slope due to the action of the 
emerging hydrodynamic filtration loads [1-4].  
In the practice of hydraulic engineering, there are 
cases of accidents at structures caused by a rapid 
drawdown or draw-off [5-7]. As an example, a 
massive slope collapse at the 116 m high San Luis 
dam in California occurred in 1981 as a result of 
lowering the upstream level by 55 m in 120 days 
during the dry season [5, 6]. A 340 m wide 
landslide brought down an array of soil with a 
volume of 310000 m3 into the reservoir. After 
repair work, during which 1 100 000 m3 of soil 
was additionally poured into the body of the dam, 
the dam's operability was restored. 
An important issue in the design of soil dams is 
the prediction of the behavior of the structure 
with changes in water level and ensuring its 
stability and safety [8, 9]. The solution to this 
problem has two parts: 
1) Solution of transient seepage problem, which 
makes it possible to determine changes in the 
position of the depression surface, filtration 
head, filtration gradients and velocities, 
distribution of filtration hydrodynamic load in 
the upper prism of a soil dam. 
2) Assessment of the stability of the dam slope, 
taking into account the results of solving the 
filtration problem. 
In this paper, we consider the solution of transient 
seepage problem. The paper provides an overview 
of the development and current state of the issue 
in solving such problems. The results of the 
numerical solution of a transient seepage problem 
for a earth-fill dam with a rapid drawdown or 
draw-off using the PLAXIS software package are 
presented. Comparison of the obtained results 
with the available analytical solution, the results of 
physical modeling and numerical solution using 
the FILTR program is given. 
 
 
METHODS 
 
The solution of the considered filtration 
problem is based on the theory of transient 
motion of an incompressible fluid in a non-
deformable porous medium. The porous 

medium is completely saturated with liquid. For 
the first time, general differential equations 
describing the process of transient seepage were 
formulated by N.E. Zhukovsky [10], but due to 
the complexity of the solution, these equations 
were used much later. Hydraulic methods based 
on the Boussinesq equation [11] have received 
significant development in the practice of 
calculating transient seepage problems: 
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where H – head, t – time period, k – coefficient 
of filtration, hm – average head, μ – water 
absorption coefficient,  – soil porosity. 
The main assumption adopted in hydraulic 
theory is the constancy of horizontal filtration 
velocities along the vertical section. 
Boussinesq's hypothesis about the constancy of 
horizontal velocities along the vertical section of 
the filtration flow was tested in the works of 
Musket (1949) (Muskat) [12, 13], and later V. M. 
Shestakov [14], which showed its inaccuracy. 
The main results of the considered filtration 
calculations are the determination of the position 
of the depression surface and the values of the 
head gradients. Many researchers in the late 30s - 
early 40s of the last century [11] adopted an 
approximate scheme, according to which it was 
believed that during the fall of the water level in 
the head water, the depression curve does not have 
time to change its position and is in the initial 
position. Analyzing the picture of filtration 
movement in the dam slope obtained under this 
assumption, R. Muller [11] came to the conclusion 
that the average head gradient near the slope is 
approximately equal to Sin  (where  is the angle 
of inclination of the slope surface to the horizon) 
and is directed along the slope surface. However, 
further research by numerous authors showed that 
such a scheme often overestimates filtration 
gradients and forces and is acceptable for low-
permeability soils. The problems associated with 
the calculations of transient seepage found their 
development in the works of V. I. Aravin [15], N. 
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N. Bindeman [16], N. N. Verigin [17], V. M. 
Dombrovsky [18], G. Kamensky [19], L.S. 
Leybenson [20], V.S. Lukyanova [21], P.Ya. 
Polubarinova-Kochina [3, 4], I.A. Charny [22], 
V.M. Shestakova [14, 23, 24], Musket (1949) 
(Muskat) [13], H.R. Cedergreen [1], E. Reinius 
[25] and others. 
All studies of transient seepage problems 
presented above were carried out under certain 
restrictions, which is caused by the imperfection 
of the methods used. A homogeneous area was 
considered, a constant rate of reservoir drawdown 

was taken, and a set of structures for which the 
proposed methods could be applied was limited. 
Today, a qualitatively higher level of solving 
such problems is achieved using numerical 
methods and, first of all, using the finite element 
method (FEM) [26, 27]. The solution of the 
filtration problem in most of the used 
computational programs and complexes is 
reduced to solving the basic differential 
equation of the theory of filtration using the 
known boundary and initial conditions: 
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where =f(x,y,z,t) is the required head function 
in the computational domain, changing in time 
t; , , z - filtration coefficients in the 
directions of the coordinate axes X, Y, Z;  - 
coefficient of soil water loss. 
It is assumed that the movement of water between 
the soil particles occurs when the pores are 
completely filled with water under the action of a 
hydraulic gradient from an area with higher 
pressure to an area with lower pressure. The 
ability of the soil to conduct a saturated water flow 
under the influence of a hydraulic pressure 
gradient is characterized by a filtration coefficient. 
By value, it is equal to the velocity of the filtration 
flow with an equal unit of the hydraulic pressure 
gradient. The problem is to determine the position 
of the free (depression) flow surface with such a 
formulation of the task. This is solved by 
excluding finite elements from the computational 
domain, for which the value of the filtration head 
obtained from the solution turns out to be less than 
their altitude position [26, 27]. 
In the considered filtration problems, the water 
level in the head water changes, as a result of 
which the pores that are not completely filled with 
water are saturated (when the level rises) or water 
outflows from them (when the level decreases). 
These issues (in relation to porous soils) were 
considered in the works of famous scientists in the 
field of soil hydrology [28]. The concept of the 

basic hydrophysical characteristic was introduced 
as a characteristic of the water-holding capacity of 
the soil [28]. There are many models that 
characterize the hydraulic behavior of unsaturated 
soils [29-31]. 
The PLAXIS software package used in this work 
includes modules for performing calculations of 
steady-state groundwater filtration. The PlaxFlow 
module allows calculations of transient 
groundwater filtration. Filtration parameters 
include the water permeability of the soil (in a 
saturated state), as well as models and filtration 
parameters in an unsaturated zone. One of the 
most common and proven models is used – the 
Van Genuchten model [31], the basic equation of 
which relates water saturation to head as follows: 
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where 
w

w
p

p
  pw- pore suction pressure, w - 

unit weight of pore liquid, Sres – residual water 
saturation, which characterizes the part of the liquid 
remaining in the pores even with high suction, Ssat  

– may be less than one, because pores can be 
occupied by gas, ga – a parameter that characterizes 
the amount of gas that has penetrated into the soil, 
gn – parameter characterizing the rate of fluid loss 
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from the soil, 
n

n
c g

gg )1( - parameter used in the 

general Van Genuchten equation. 
Further, the paper presents some results of 
numerical solutions of transient seepage 
problems performed using the PLAXIS program 
and their comparison with analytical solutions, 
results of physical and numerical modeling 
using the FILTR program [32]. 
 
 
RESEARCH OBJECT 
 
To evaluate the numerical solution of the 
problem of transient seepage when the water 

level of the head water changes, obtained using 
the PLAXIS software package, a test problem 
was solved, which has solutions by various 
methods [11, 14, 32]. A homogeneous sand dam 
with a drainage prism was considered (Fig. 1). 
The height of the dam is 24.0 m, the upstream 
slope was laid - 1: 3.0, downstream slope - 1: 
1.85. In the downstream fill, drainage is 
arranged in the form of a drainage fill with a 
height of 5.0 m. The initial water level of the 
head water is H1 = 22.0 m, the water level of the 
tailwater is constant and equal to h2 = 3.0 m. 
The sand filtration coefficient is k = 1.92 m/day, 
water absorption coefficient  = 0.2. The 
drawdown rate is v = 1.0 m/day. 

 
 

 

Figure 1. Schematic diagram of an earth dam with a drainage banquet 
 

 
The moments of time  = 4 days (drawdown by 
4 meters, the permanent water level 18.0 m),  = 
12 days (drawdown by 12 meters, the 
permanent water level 10.0 m) and  = 18 days 
(drawdown by 18 meters, the permanent water 
level 4.0 m). 

RESULTS 
 
The comparison results for the position of the 
depression surface in the design sections are 
presented in Fig. 2 and Table 1. 
  

 

 
Figure 2. Position of depression curves, where (a) is the normal water level, (b), (c), (d) is the 

position at times  = 4, 12, 18 days 

( ) 

(b) 

(c) 

(d) 
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A fairly good comparability of the results 
obtained by all methods can be noted. So, at the 
moment of time  = 4 days, the difference in the 

altitude of the points on the depression surface 
is in the interval (0.1-0.5) m, which does not 
exceed 3% of the headwater level. 

 
 

Table 1. Results for the position of the depression surface in the design sections 

Time  
Coordinates of the surface points of the depression curve 

Design sections 
1-1 2-2 3-3 4-4 5-5 6-6 7-7 8-8 

days 

hydraulic integrator 
V.S. Lukyanov 

 18.0 18.0 17.1 16.0 14.3 11.9 8.5 

V.M.Shestakov's 
method 

 18.0 17.3 16.8 15.7 13.9 11.6 7.9 

FILTR  18.0 17.8 17.0 16.1 14.4 11.7 7.5 
Plaxis  18,0 17.7 16.7 15.9 14.2 11.6 7.6 

days 

hydraulic integrator 
V.S. Lukyanov 

12.3 13.0 13.5 12.8 12.3 11.2 9.7 7.2 

V.M.Shestakov's 
method 

13.0 13.9 14.0 13.7 13.0 12.0 10.0 7.8 

FILTR 13.1 13.3 13.5 13.0 12.5 11.4 9.3 6.2 
Plaxis 12.6 12.9 13.2 12.9 12.4 10.7 8.9 6.0 

days 

hydraulic integrator 
V.S. Lukyanov 

9.5 10.0 10.6 10.5 10.2 9.2 8.2 6.2 

V.M.Shestakov's 
method 

11.6 11.9 12.0 11.5 11.0 10.0 8.9 6.0 

FILTR 10.8 11.0 11.1 10.9 10.5 9.5 8.0 5.5 

Plaxis 10.2 10.4 10.5 10.2 9.7 8.9 7.4 5.1 
 
 
At the moment of time  = 18 days, the 
difference in results at some points increases 
to 1.5 m (PLAXIS - Shestakov's method in 
sections 2-2, 3-3). It is possible to note a 
slight excess of the results for the second and 
third calculated points in time according to the 
method of V.M. Shestakov with other 
methods and good comparability of numerical 
solutions and modeling on a hydraulic 
integrator. 
Figure 3 shows the distribution of filtration 
heads for the design points in time, obtained 
from the solution of the transient seepage 
problem using the PLAXIS software package. 
The obtained pictures of the filtration head 
distribution allow us to estimate the dynamics 

of changes in the direction of movement of the 
filtration flow depending on the water level in 
the head water. For the moment of time  = 4 
days (Fig. 3, b), in an insignificant part of the 
upstream slope above the drawdown mark of 
18.0 m, there was an outflow of water and 
drainage of the soil. Movement in the entire 
calculated area below the depression surface 
is directed from the upstream slope to the 
downstream fill side. By the moment of time   
= 12 days (Fig. 3, c) in the center of the soil 
massif of the dam, an area with increased head 
is formed relative to the area adjacent to the 
upstream slope of the dam. This indicates the 
occurrence of the movement of the filtration 
flow towards the upstream slope of the dam. 
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With a further decrease in the water level (Fig. 
3, d), the head distribution does not change 

and the movement of water from the center to 
the upstream slope continues. 
 

 
Figure 3. Distribution of filtration head, where (a) - the normal water level, (b), (c), (d) is the 

position at times  = 4, 12, 18 days 
 

The occurrence of a filtration flow directed 
towards the head water during the drawdown 
negatively affects the stability of the slope [7- 
9]. To assess the stability, it is necessary to 
know the distribution over the calculated area of 
the volumetric hydrodynamic load, which is 
directly proportional to the filtration gradient. 
As a result of solving the considered problem 
using the PLAXIS calculation complex, 

distributions of filtration gradients were 
obtained at calculated time points. Table 2 
shows the values of the components of the 
filtration gradients and their comparison with 
the results of calculations in FILTR. Fig. 4 
shows the results of calculations in the form of a 
distribution of horizontal components of the 
filtration gradient. 

 
 

Table 2. Results of calculations of the components of the filtration gradient 

Time Software 
package 

Component of the filtration gradient 
upstream slope downstream slope 

horizontal, ix vertical, iy horizontal, ix vertical, iy 
normal 

water level 
FILTR -0.01 0.02 -0.52 0.72 
Plaxis -0.001 0.02 -0.6 0.55 

days 
FILTR 0.04 -0.12 -0.43 0.71 
Plaxis 0.02 -0.17 -0.57 0.51 

days 
FILTR 0.31 0.07 -0.33 0.59 
Plaxis 0.25 -0.1 -0.39 0.34 

8 days 
FILTR 0.32 0.09 -0.26 0.46 
Plaxis 0.31 -0.1 -0.29 0.23 
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The results of calculations in two computing 
complexes showed a fairly good comparability 
of the results. Thus, at the initial moment of 
time (Fig. 4, a), the horizontal components of 
the filtration gradient change quite smoothly 
from a value close to zero near the upstream 
slope to a value of  -0.52 at the outlet of the 
filtration flow into the drainage prism (the "-" 
sign corresponds to the direction of the 

horizontal component of the velocity towards 
the downstream fill). Throughout the massif, the 
vertical component of the gradient is positive, 
which corresponds to the direction of the vector 
of the vertical component of the velocity to the 
base of the dam. At the outlet of the filtration 
flow into the drainage prism, its value reaches 
0.72. 

 

 
Figure 4. Distribution of horizontal components of the filtration gradient in the Plaxis software 

package where (a) - the normal water level, (b), (c), (d) is the position at times  = 4, 12, 18 days 

 

The obtained distributions of filtration gradients 
for other calculated cases (Fig. 4, b, c, d) are 
qualitatively and quantitatively comparable 
(Table 2). The values and places of occurrence 
of the maximum gradients are revealed: at the 
surface of the upper slope near the exit point of 
the depression surface and at the inlet of the 
filtration flow into the drainage prism. 
The results of the numerical solution of the 
transient seepage problem can be further used 
to assess the stability of the slopes of a earth 
dam. 
 

CONCLUSIONS 
 
1. The numerical solution of the transient 
seepage problem obtained using PLAXIS is 
quite reliable. This is confirmed by good 
comparability with the results of other solution 
methods: on a hydraulic integrator, according to 
V.S. Shestakov's method. 
2. A good agreement was obtained between the 
results of the numerical solution using the 
FILTR software (using the "classical" solution 
of the basic differential equation of the filtration 
theory) and the PLAXIS software (using the 

( ) (b) 

(c) (d) 
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Van Genuchten soil water absorption-water loss 
model). 
3. The used technique and computational 
complex allows obtaining a reliable detailed 
picture of changes in the position of the 
depression curve, filtration gradients and 
velocities with a decrease in the water level. 
4. The obtained results of solving the transient 
seepage problems are necessary to assess the 
filtration strength of the elements of ground 
dams and to check the stability of the slopes of 
the construction, since in the case of rapid 
drawdown or draw-off, additional 
hydrodynamic forces that worsen it arise. 
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Abstract. Construction projects, especially tunnel projects in the Arab world, suffer from poor documentation of 
data and information, and therefore there is a difficulty in estimating the budget or total costs or indicators of 
earned value, and with the advancement of artificial neural networks, the urgent need arises to estimate the 
earned value indicators for tunnels projects in the absence or lack of data required for the purpose of estimating 
costs and durations together. Objective: The primary aim of the current study is to introduce Artificial 
Intelligence (AI) in conducting statistical approach for earned value management of the tunnels projects. 
Methodology: The study was based on the assurance of different variables that effect on the Earned Value 
Management (EVM) of the tunnels projects that involves historical data in Iraq and Jordan. Five independent 
variables were randomly selected (Actual Cost AC, Planning Value PV, Earned Value EV, Actual Duration AD 
and Planning Duration PD), which were all around characterized for each tunnel project, and one dependent 
variable Cost Performance Index (CPI) was selected. NEUFRAME V.5 Program was selected, which is the 
premier neural network simulation environment. The methodology of ANN embraced for finding best network 
architecture and inside parameters that control and monitoring the preparation procedure which did by utilizing 
the default parameters of the NEUFRAME programming package. Results: The experimentation results reveal 
that, Mean Absolut Percentage Error (MAPE) and Average Accuracy percentage (AA) generated by ANN model 
(CPI) were found to be 9.6% and 90.368%, respectively. Therefore, the ANN model (CPI.model.1) shows a 
magnificent concurrence with the real estimations. 
 

Keywords: Forecasting, artificial neural networks, tunnel project, cost performance index. 

 
 

 

 
 

 1 -  2 -  3, 
 4 

 

1  
2 -  

3 -   - -
 

4 IEI UNITEN), 
 

International Journal for Computational Civil and Structural Engineering, 18(1) 51–60 (2022)

DOI:10.22337/2587-9618-2022-18-1-51-60



52 International Journal for Computational Civil and Structural Engineering

- 

 
 

:  
. 

 
 
1. INTRODUCTION 

 
From numerous decades, earned value 
management has happened to an extraordinary 
significance in the space of engineering 
industry. Managing the earned worth 
administration subject beginnings from the 
commencement of thought in the brain of the 
proprietor or the engineer and proceeds for the 
duration of the life of the task. Earned Value is a 
notable task the executive's apparatus that 
utilizes data on cost, duration and work 
execution to build up the present status of the 
undertaking. By methods for a couple of 
straightforward rates, it permits the supervisor 
to extrapolate current patterns to foresee their 
presumable last impact. The technique depends 
on a rearranged model of a task however end up 
being valuable by and by of cost control. It is 
being created to account better for schedule and 
time stages [1].  
There are a lot of definitions for Earned Value 
Management (EVM), (Zhuo, 2005) defined 
EVM as an effective method of combination 
control to the scope, schedule and cost of the 
project [2]. EVM is a method of project 

management, which facilitates project control 
and provides support in forecasting final cost 
[3]. VM is an administration system for project 
execution monitoring. EVM coordinates cost, 
and timetable control under a similar structure, 
and it gives execution changes, and records 
which permit chiefs to distinguish over-
expenses and deferrals [4]. EVM can offer 
many benefits to construction companies. They 
include [5, 6]:  
1) Accurate estimate of task culmination and 
total cost. 
2) Objective measurement of accomplishments 
against cost and schedule,   
3) Early alerts to deferrals and overruns. 
4) Information about schedule and cost 
variances during the course of the project. 
5) Minimizing little changes in plan that can 
turn out to be huge after some time (scope 
creep) and that can lessen gainfulness. 
6) Improvement in the control of contract 
performance. 
7) Demonstrating a competitive advantage and 
improving customer goodwill. 
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2. RESEARCH OBJECTIVES 
 
The primary goal of this study was, to present a 
factual methodology for earned value 
management of the construction tunnels 
projects. This target can be done during 
following advances:  
1) An overview of EVM in engineering project 
management.  
2) Identify the variables' that have an effect on 
the earned value management of tunnels 
projects. 
3) Developing a mathematically model for 
earned value management using the Artificial 
Neural Network technique (ANN), to predict the 
Cost Performance Index (CPI) in tunnels 
projects 
4) Verification and approval of the scientific 
model created. 
5) Illation of a simply mathematical formula in 
order to estimating the CPI of tunnels projects. 
6) Finding the value of accuracy of the 
mathematical formula, and the explained of the 
value of the correlation between predicting CPI 
(calculated), and CPI as actual value. 
 
 
3. RESEARCH METHODOLOGY  

 
Current methodology utilizes to accomplish the 
current study objectives can be abridged as 
follow advances: 
1) Theoretical Survey: Theoretical survey was 
made to review the development of ANN on the 
EVM in project management field. The concept 
of the neural networks, and concept of earned 
value management, which include the review of 
literatures involving references, distractions, 
articles, handbooks and web-site relating to the 
task of research especially that are related to the 
construction projects sector. 
2) Field Work Included Four Stages: 
a) Preliminary stage, involves data description 
and identification, which describes the factors 
affecting the application of predicting the earned 
value for tunnels project, It is worth noting that 
the method of collecting historical data is a 

direct method through continuous field visits to 
spending projects under implementation, and it 
is the same method used in reference [7]  
b) Secondary stage includes building of the 
ANN model to estimating Cost Performance 
Index (CPI). 
c) Thirdly stage presents the verification and 

 
d) In the final stage, conclusions are drawn for 
this study and the results are discussed. 
 
 
4. APPLICATION OF ARTIFICIAL 
NEURAL NETWORK IN EARNED VALUE 
MANAGEMENT 
 
One of the most powerful and popular 
multilayer feed forward network is trained with 
back-propagation. The training of the developed 
network is conducted by back-propagation 
algorithm which was developed and involves 
only four e of the 
input training patterns, the calculation and back-
propagation stage of the associated error, and 
the adjustment stage of the weights [8].  
Main aim of this study is to develop artificial 
neural networks model to predict and estimate 
the earned value indicators of tunnel projects in 
Iraq and Jordan. To attain this, there was a 
requirement to determine the factors that react 
the efficiency for tunnel projects. Therefore, the 
researchers in this study are attempting building 
and evaluation EVM model through the 
following stages: 
1) Chose Software of ANN 
2) Diagnostics of ANN model factors.  
3) Building and evaluation of the developed 
ANN models  
4) Validation of the developed ANN model 

 
4.1. Neuframe Software Applications 
 
The reproduction of neural system on a 
NEUFRAME program exhibits its hidden 
numerical equations in a basic with completely 
control-able structure. A few applications that 
help the foundation of neural systems like 
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this examination was chosen NEUFRAME 
Program, where NEUFRAME is the head neural 
system reproduction condition. The 
NEUFRAME run gives a simple to-utilize, 
visual, object-situated way to deal with critical 
thinking utilizing savvy advances. It gives 
highlights to empower organizations to research 
and apply clever innovations from introductory 
experimentation through structure installed 

applications utilizing programming segments. 
NEUFRAME is an incorporated gathering of 
knowledge Technology instruments that 
incorporate ANN rationale that permit putting 
the intensity of artificial neural lattice to turn on 
beginning of black box. Fig. 1 shows the 
schematic of the NEUFRAME V.5 program 
which is worked to decide the connection 
between the autonomous factors (information) 
and ward factors (yield) [9].  

 
 

 

 
Figure 1. NEUFRAME V.5 interface (Researcher) 

 

4.2. Diagnostics of ANN Model Factors   
 
This study embraces historical information 
investigation as the establishment to this 
technique. In addition, the utilization of 
verifiable information helps with giving a 
connection between the principle factors 
influencing the earned value parameters of the 
tunnels projects to make estimates for new 
projects. Therefore, historical data of tunnels 
projects were collected, which were done 
between 2005 and 2017 in Ministry of 
Housing and construction in Kurdistan of Iraq, 
with Amman Municipality in Jordan, as 
shown in Fig. 2. 

  
Figure 2. Tunnel Project in Amman 

(Researcher) 
 

Six factors were painstakingly chosen and were 
all around characterized for each tunnel project. 
These illustrative factors can be ordered into 
two sorts: dependent and independent factors. 
1) Dependent variables (factors): Cost 
Performance Index (CPI) is defined as the 
dependent factor and each individual tunnel 
project is used as the basic unit of the surveillance.  
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2) Independent variables (factors): After 
building up the reliant factors which are to be 
anticipated by neural system model, it was 
important to create autonomous factors to 
clarify any variety in project cost. Only five 
variables were adopted in this study as 
independent variables as follows:  
a) F1: AC, Actual Cost. 
b) F2: EV, Earned Value. 
c) F3: PV, Planning Value,  
d) F4: AD, Actual Duration. 
e) F5: PD, Planning Duration, 
 
4.3. Development of CPI-ANN Model 
 
Neural Network (NN) models should be in an 
efficient way to improve its presentation. Such 
strategy needs address main considerations, for 
example, advancement of model inputs, 
information and data division and pre-handling, 
improvement of model design (architecture), model 
enhancement (training and preparing), halting 
standards, and model approval (validation). An 
organized procedure for building up the model has 
been utilized to tackle the current issue. This 
methodology fuses four principle stages:  
a) Inputs and output Model  
b) data division and pre-handling 
c) Architecture of ANN Model 
d) Equation of ANNs Model  

 
4.3.1. Development of Model Inputs and 
Outputs 
The determination of model info factors that have 
the most noteworthy effect on the model 
execution is a significant advance in creating 
ANN models. Introducing as enormous number of 
info factors as conceivable to ANN models for the 
most part builds the system size, bringing about a 
decline in preparing speed, and a decrease in the 
effectiveness of the system. Various strategies 
have been proposed to help the determination of 
info factors, for example, Method of prior 
knowledge: in view of earlier information, the 
suitable information factors can be chosen. This 
Methodology is basically used for the field of 
undertaking the board, and is received in this 

examination. As a primer stage to neural system 
displaying, the current issue needs to distinguish 
and label the information as info or as yield. 
NEUFRAME v.4 gives Microsoft Excel sheet, 
which is utilized through this progression. The 
independent factors influencing the issue are 
recognized and considered as (N) input 
parameters, which are spoken to by hubs at the 
info cushion of a neural system. The output of the 
model is Cost Performance Index (CPI). 
 
4.3.2. Data and Information Division 
Information and data pre-preparing is significant 
for utilizing ANN efficacious. It figures out 
what data is introduced to make the model 
during the preparation phase [10, 11]. In this 
way, the following stage in the advancement of 
ANN models is separating the accessible raw-
data into three subsets, training, testing and 
validation sets. Learning was performed on the 
preparation set, which utilized for evaluating the 
loads while the cross-approval set was utilized 
for speculation that is to create best model for 
concealed models. In any case, the test set is 
utilized for estimating the speculation capacity 
of the system and assessed arranges execution. 
The complete accessible information is 45 
tunnel projects that are isolated arbitrarily into 
three sets with the accompanying proportion: 
a) Training set: includes (30) projects equal to 
(67%). 
b) Testing set: includes (10) projects equal to 
(22%). 
c) Validation set: includes (5) projects equal to 
(11%). 

 

 
4.3.3. Model Architecture  
One of the most significant and hard errands in the 
improvement of ANN models into decide the 
model engineering. For the most part, there is no 
immediate and exact method for deciding the 
most suitable number of neurons to remember for 
each concealed layer, and this issue turns out to be 
increasingly confounded as the quantity of 
shrouded layers in the system increments. Since 
ANN has one hidden layer can rough any 
persistent capacity, giving that adequate 
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connection weights are utilize. Only one hidden 
layer was used to build CPI model. The 
methodology embraced for finding the ideal ANN 
design and interior parameters that mentoring the 
preparation procedure that were completed by 
utilizing the default parameters of the 
NEUFRAME package with one hidden layer and 
one hidden node. Also, a learning rate is (0.30), 
also, momentum term is (0.90), and hidden layer 
had sigmoid transfer functions and output layer 
had sigmoid transfer functions. Results were 
summarized in Table 1 for the CPI model. 
 

Table 1: Effect of Parameters on ANN 
Performance 

ANN Model for CPI 

Nodes Learning Rate 
Momentum 

term 
1 0.3 0.9

Transfer functions 
Hidden layers Output layers 

Sigmoid Sigmoid 

Error % 
Error of 
Training 

Error of 
Testing 

Correlation 
Coefficient 

4.50 5.40 0.88
 

 
4.3.4. Equation of CPI Model  
The modest number of comradeship 
(connection) weights got by NEUFRAME for 
the ideal ANNs model (CPI model) empowers 
the system to be converted into relative 
straightforward equation. To exhibit this, the 
structure of ANNs model as appeared in Fig. 3, 
while connection weights and limit plane (bais) 
are condensed in Table 2. 
 

  
Figure 3. Architecture of the CPI Model 

(Researcher) 
 

 
Table 2. Weight and Bais in ANN Optimal 

weight from nodes input layer to nodes in hidden layer 

W1=1 W2=2 W3=3 W4= 4 W5= 5 W6=6 

2.88 2. 55 0.77 1.88 0.66 2.44 

j j 
1.44 2.33 

 

 
Utilization the association weight with Baises as 
in Table (2), calculate CPI can be expressed as 
follow equation: 
 

CPI = {1/[1+e(2.33+2.44 tanh (x))]+0.81}  (1) 
 

Where: 
 

X = [1300 + (2.88*AC) + (2.55*PV) + 
(0.77*EV) + (1.88*AD) +   

(0.66*PD)]                    (2) 
 

A numerical model is given to more readily 
clarify the execution of the recipe. The 
condition was tried against the information 
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utilized in the CPI model preparing, data and 
information as in below: 
 

AC= 25,898,722 $ 
EV= 25,555,077 $ 
PV= 22,365,353 $ 

AD= 275 day 
PD= 310 day 

 

The estimated value using equation (1) was 
(0.854), compares well with actual value 
(measured value), (CPI=0.961). The difference 

predicted neural network developed in this 
research, as will be seen in the next section. 

 
4.3.5. Validation of the Developed CPI-ANN 
Model 
The synopsis of registering Cost Performance 
Index (CPI) by ANN for confirmation of 
assessing models is appeared in the following 
Table 3. Where section (2) presents actual Cost 
Performance Index that has been gotten from 
tunnels projects under development in Iraq, and 
section (3) speaks to assess Cost Performance 
Index subsequent to applying ANN condition on 
them, where ANN condition is acquired by 
NEUFRAME V.4, and the correlation between 
the actual and estimated Cost Performance 
Index is appeared. 
Correlation coefficient through columns (Actual CPI 
and measure CPI by ANN is 75.0%), in this way it 
very well may be presumed that this model shows a 

decent concurrence with the genuine estimations, as 
shown in Fig. 4. Where, Y-axes represent Actual 
CPI, X-axes represent Estimated CPI. 
 

 
Figure 4. Comparison of Predicted and 

Observed CPI for Validation Data 
 
The description of five (5) observations of 
tunnels projects (variables) was shown in 
Table 4. 
 

Table 3. Validation of the developed ANN 
model 

Estimate CPI by 
ANN 

Actual CPI Projects 

0.98 0.96 1 
0.85 0.78 2 
1.0 0.90 3 

0.84 0.97 4 
0.97 0.89 5 

 
 

 

Table 4. Verification for CPI Model. 
Project. AC PV EV AD PD CPI  

1 21,889,822 20,567,354 21,556,078 395 355 0.98 
2 98,511,540 105,978,004 87,977,501 360 495 0.85 
3 18,889,197 15,281,994 17,280,998 405 405 1.0 
4 23,299,665 25,112,254 25,781,671 370 495 0.84 
5 28,622,733 29,660,594 27,779,457 355 315 0.97 

 
 

In this way it very well may be presumed that 
this model shows a decent concurrence with the 
genuine estimations. 
 

a) Mean Absolute Percentage Error (MAPE):  
According to (Aidan et al, 2020) and (Jasim et 
al, 2020) error of mean absolute percentage is 
designate by the next equation [12, 13]: 

R² = 0,0645

0

0,5

1

1,5

0,80,850,90,9511,05
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MAPE = { 
| |

 
 * 100 % \n }       (3) 

 
Table 5. Mean Absolute Percentage Error 

(MAPE) 
MAPE% Estimate 

CPI by 
ANN 

Actual 
CPI 

Projects 

18.68 0.98 0.96 1 
5.46 0.85 0.78 2 
6.60 1.0 0.90 3 
6.54 0.84 0.97 4 
10.88 0.97 0.89 5 

48.16/5=9.6 MAPE% 
 
b) Average Accuracy (AA %): 
According to (Zamim et al, 2019) and (Jaber et al, 
2020) Average Accuracy performance is defined 

be designate by the next equation [14, 15, 16]: 
 
AA %= 100-MAPE% = 100-9.6 = 90.368%  (4) 
 
Discussion the results in current study are 
specified in Table (6). MAPE % and average AA 
% created by ANN model (CPI) were originated 
to be 9.6% and 90.368% respectively. Therefore, 
it can be summarized that CPI-ANN model shows 
an excellent agree within the raw data. 
 

Table 6. Conclusion of the Comparative 
Study 

 
 
5. CONCLUSIONS 
 
Earned Value is exceptionally amazing asset to 
assessment execution for tunnels projects.. There 
is shortcoming in chronicling information and 

records in development and construction sector 
for Iraqi and Jordan. Methodology is primarily 
relied upon the assurance of different components 
that influence the EVM of the tunnels projects 
extends that includes historical information. In 
addition, five independent factors were arbitrarily 
chosen which were very much characterized for 
individual construction tunnel project and one 
only depended variable (CPI) was chosen. 
Information gathered was examined and the 
exploration issue recognized. In this manner, 
supervised learning algorithm was utilized for 
preparing the ANN. This relies upon the back-
propagation algorithm, which is a kind of 
supervised learning algorithms that generally 
utilized in project management. The data was 
divided randomly into three sets: training set, 
testing set and cross validation set according to 
these percentage 67 %, 22 % and 11 % 
respectively for model (CPI). ANN technique was 
used to find the optimum model, which included 
one only hidden layer together, one only neuron 
with sigmoid transfer function, also, the output 
neuron had a sigmoid transfer function. Accuracy 
performances of the optimum model are 90.368% 
and Mean Absolute Percentage Error (MAPE) 
9.6%. This study recommends the necessity of 
adopting artificial neural networks in estimating 
earned value in construction projects in general 
and tunnel projects in particular, as they are 
considered an important, simple and accurate 
method in planning and cost control work. 
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Abstract. When constructing solar aerobaric power plants, it is necessary to develop effective ways to accelerate 
convective flows initiated by the action of a high-temperature working fluid heated due to the concentration of 
solar radiation, accumulation of dissipated heat losses and the use of the greenhouse effect. As an option for 
organizing the flow in the aerodynamic module of the solar aerobaric power plants, article considered a diagram 
of the cyclotron acceleration of the flow during horizontal and vertical transfer of convective air currents formed 
in cells containing alternately located cold and hot side boundaries and differently heated upper and lower bases.  

Keywords: numerical modeling, RES, aerodynamic modules, solar radiation. 
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INTRODUCTION 
 
Traditional renewable energy technologies include 
direct photovoltaic converters of electrical energy 
[1]. Also, it is known the usage of the parabolic 
mirrors which concentate solar rays and heat a 
high-temperature coolant. The energy of this 
coolant is directed to Stirling engines [2]. 

 

Figure 1. Scheme of generating artificial wind 
in the ‘Solar Chimney’ power plant. 1- solar 
radiation; 2- solar collector; 3- draft pipe; 

4- turbine with an electric generator. 

Wind turbines use natural wind flows without any 
modernization. In solar aerobaric power plants 
(SABPP) of the Solar Chimney type shown in Fig. 
1, the artificially generated air flow is created due 
to the ascending convection of air heated in a solar 
greenhouse (collector) [3]. The technology for 
solar energy converting to electricity through the 
energy of artificial wind is less known in world 
practice than semiconductor and wind power 
plants or geothermal plants with a steam-gas 
thermodynamic cycle. However, in recent years, 
more and more works have appeared related to the 
study of issues of increasing the efficiency of this 
type of power plants [4] - [6]. These works also 
include the assessment of the effectiveness of such 
power plants' combined use not only for 
generating electricity, but also for obtaining fresh 
water [7], and for the removal of man-made 
pollution from the air of large cities [8], [9]. At 
SABPP of the “Solar Chimney” type, air heating 

and heat accumulation is carried out in a solar 
collector (greenhouse), which is formed by a 
horizontal soil surface and a translucent roof (Fig. 
1). A draft tube is installed along the central axis 
of the greenhouse, where a turbine generator is 
placed, which converts the energy of convective 
movements of heated air into electrical energy. 
The main amount of thermal energy released by 
the infrared component of solar radiation goes into 
the atmosphere above the draft tube through the 
inner cavity of it and the turbine. The 
accumulation of thermal energy for the night 
period is carried out, in particular, due to the 
installation of containers with water on the surface 
of the solar collector. 
The physical foundations of the conversion of 
solar energy in this case are as follows. The 
temperature difference between the air mass at 
the base and at the top of the pipe creates a 
steady-state convective air flow velocity. The 
magnitude of this speed is determined by the 
internal resistance of the air outlet duct, the main 
value of which falls on a turbine with a coupled 
electric generator. The inclination of the turbine 
blades during the axial flow of the stream, its 
friction against the surface of the blades and the 
generator load determine the air resistance of the 
turbine mainly. The flow rate in the pipe is 
constant during axial vertical movement of air 
masses due to the continuity of the flow. The 
temperature can also be considered practically 
the same throughout the movement of air in the 
pipe with low heat losses. As a result, the main 
amount of heat energy is released through the 
turbine into the atmosphere. 
An analysis of such structures using solar energy 
with transformation into a laminar-convective flow 
of ascending air flows indicates a relatively low 
value of the coefficient of utilization of solar 
radiation energy entering the collector territory 
[10], [11]. This is due to the fact that the process of 
converting the energy of radiant heating of the 
greenhouse air environment into the energy of 
streams is carried out in the Solar Chimney 
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structures only within the framework of vertical 
convection, without using the energy formed 
during horizontal advection. This is the basis of all 
known to date "greenhouse" solar energy 
complexes. Therefore, in the estimates of the solar 
energy conversion coefficient, it is necessary to 
state the relatively low efficiency of generating of 
artificial wind, which is a source of electricity [12]. 
 
 
FORMULATION OF THE PROBLEM AND 
METHODS FOR INVESTIGATION 
 
Among the possible decisions that can ensure an 
increase in the efficiency of energy generation 
of currents excited by solar heating, the most 
important is to transform air flow into a 
controlled tornado rotating the turbine [13], 
[14]. With an appropriate trajectory, such a flow 
will contain two components of motion and 
velocity - axial (vertical) and tangential 
(rotation in a plane perpendicular to the pipe 
axis). A feature of an artificial tornado should 
also be local vortices in the form of a system of 

high-speed rotating air vortex bundles filling the 
cross-section of the flow in the pipe before 
entering the turbine. These vortices cause the 
hydrodynamic instability of turbulent flow in 
the pipe and collector and can significantly 
increase the energy of the process and the 
efficiency of converting thermal energy into 
useful energy generated by the turbine [15]. 
One of the tasks in the construction of solar 
aerobaric power plants is the development of 
effective ways to accelerate convective flows 
initiated by the action of a high-temperature 
working fluid heated due to the concentration of 
solar radiation, the accumulation of dissipated 
heat losses and the use of the greenhouse effect. 
As an option for organizing the flow in the 
aerodynamic module SABPP, we further 
consider the scheme of cyclotron acceleration of 
the flow during horizontal and vertical transfer 
of convective air streams formed in cells 
containing alternately located cold and hot side 
boundaries and differently heated upper and 
lower bases. Fig. 2 shows a diagram of such a 
method for accelerating a convective flow. 

 

 

Figure 2. Scheme of the acceleration of the convective flow during the passage of air masses 
swirling with an angular velocity  through the cells with alternately heated and cooled side walls. 
The wind flow entering the cells has a velocity 0 ( , , )x yV V V U . The heat flux entering the channel from 

the lower boundary equalsQ , the temperature of the lower boundary is 0T , the upper boundary is 

1T . The cold side walls of the convective cells of the module have a temperature 2 1it , the hot side 
boundaries are 2it , the numbers of the cells are 0,1,2...i n . 
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The following system of differential equations 
[12] was used for the model theoretical 
calculation of the parameters of the convectively 

swirling flow arising in the annular channel of 
the aerodynamic module SABPP.

 
2

3 1 2 2 1
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2 ( )i i i

j i i i
j i j j
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t x x x x

,                   (1)

 

2

j
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,                                                          (2)

 
0i

i

V
x

.                                                                     (3) 

 

Here Ui is component of velocity vector 
(i,j=1,2,3);  is angular swirling of vortex at the 
periphery of the system;  is an internal 
temperature;  is an external temperature;  is 

a pressure; 0 is an air density under normal 
conditions;  and  are viscosity and thermal 
conductivity factors respectively; ij  is 

Kronecker delta. The density depends on the 
temperature as follows (4):  
 

0( ) [1 ( )]T T T .             (4) 

 
In this equation, the properties of the medium 
were characterized by the coefficient of thermal 
expansion: 01 ( )T . 

The boundary conditions of the problem were 
formulated as follows: 
1) The heat flux between the lower and upper 
boundaries, respectively heated to temperatures 

0T  and 1T , was taken equal to 

0 0 1 3( )Q c T T X , where 0c  is heat 

capacity of air. 
2) a wind velocity flow 0V  was introduced into 

the system of cells at an angle  to the 
horizon through the lower surface of the 
module. 
3) At the lateral odd boundaries of the cells of 
the energy-dynamic channel, temperatures 2 1it  

were set that were lower in absolute value with 
respect to the temperatures 2it  of the lateral even 

sides of the numbered cells 0,1, 2...i n . 

At the initial moment of time, the movement 
in the system was assumed to be absent, and 
the temperatures outside  and inside T were 

known. 
An additional rotation with an angular 
velocity  was imparted to the air flow in the 
system of cells. The momentum exchange 
coefficients were determined according to the 
well-known Kolmogorov relation obtained 
from the averaged equation of the balance of 
turbulent energy. 
The problem has been solved numerically 
using the MATLAB software, which is a 
fourth-generation high-level programming 
language and an interactive environment for 
numerical calculations, visualization and 
programming. The calculation was carried out 
for an aerodynamic channel with a length of 
10 m, a height of 2.0 m, an outer radius of 2.0 
m and an inner radius of 1.0 m. The system of 
equations (1) - (3) was transformed to a 
dimensionless form. All values were 
normalized to the scale of length H, 

temperature -
1

, speed - gH , time - 
H
g

. 
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Numerical analysis was performed using the 
finite difference method. 

Table 1 presents the main parameters of the 
problem, which remained unchanged in 
numerical calculations. 

 
Table 1. The main parameters of the problem. 

Parameter Designation Value 
Vertical dimension H 2 m 
Horizontal dimension L 10 m 
Channel outer radius R 2,0 m 
Internal radius of the channel r 1,0 m 
Dimensionless vertical step z  0.0625 
Dimensionless horizontal step x  0.052 
Dimensionless time step t  1 
Peripheral vorticity  0.05 s-1 

Air density  1,29 kg/m3 
Heat capacity of air  1007 J//kg degree 
Number of time steps N 1000  

 
In the first series of calculations, the conditions 
for the formation of a flow through the cells in 
18 hours were analyzed. Table 2 shows the 

conditions of the first series of numerical 
experiment. 

 
Table 2. Initial conditions of the problem (the first series of numerical calculations). 

Parameter Value 
t11 20  
t12 80  
t13 18  
t14 100  
t15 16  
t16 120  
Q 500 W /m2 
To 100  
T 20  
T1 40  

 20  
 30  

Vo 5m/s 
n 5 

 
The numerical calculation grid includes the 
number of points along the X3 axis equal to N = 

16 and the number of points along the 
horizontal axis M = 96. The dimensionless step 
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of dimensions in the vertical direction was 
designated z  and x  horizontally. The 
dimensionless time step was denoted as. The 
total number of time steps t  varied depending 

on the specific conditions of the problem. 
 

NUMERICAL SIMULATION RESULTS 
 
Fig. 3 shows the distribution of the temperature 
established over time inside the channel along 
the flow. 

11=20 13=18
15=16

16=120

12=80

14=100 

0

20

40

60

80

100

120

140

0 20 40 60 80 100

T,

X,10-1

  
Figure 3. The temperature distribution in the cells convective SABPP aerodynamic channel in 

the first series of numerical experiment 
 

Speed change along the direction of horizontal 
convective transport is given in Fig. 4. The 
figure shows that the steady-flow mode exiting 
aerodynamic cellular module completed through 

almost 5 hours after start heating. Subsequently 
the flow rate, which is formed at the outlet of 
the module, remains unchanged. 
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Figure 4. Numerical experiment data (series 1). The speed was normalized to a value in the 

incoming wind flow module 
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The transfer rate of air masses noticeably 
increases when they move through convective 

cells between cold and hot walls. For example, 
see Fig. 5. 
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Figure 5. Change in flow rate when moving through alternately heated and cooled convective cells. 

The numerical calculation data refer to the moment 26 minutes after the heating is turned on 
 

Fig. 6 illustrates the nature of air movement 
between the cells. It shows streamlines. At the 
cold wall, circulation occurs in a vertical plane 

with counterclockwise rotation. Near the heated 
wall, the circulation movement changes 
direction (Fig. 6). 

 

              

Figure 6. Streamline pattern in a vertical section of an aerodynamic module with alternately heated 
and cooled side walls. The values given on the isolines correspond to the circulation of the speed, 

expressed in normalized units, referred to the value of the circulation of the wind speed at the 
radius of the channel 

Cell #1 Cell #2 Cell #3 Cell #4 Cell #5 
ho

t ho
t 

ho
t 

Vav=15 m/s 
V,102 m/s 



68 International Journal for Computational Civil and Structural Engineering

An essential sign of a circulating increase in 
velocity in an aerodynamic channel with 
convective cells is the acceleration of the flow. 

This is evidenced by the calculation results 
shown in Fig. 7. 
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Figure 7. Change in the flow acceleration along the path of air movement through the convective 
cells of the aerodynamic module 

 
It is accelerated in odd cells, in which the 
transfer movement of air masses goes in the 
direction from the cold side wall of the channel 
to the hot one. Moreover, as the cell number 
grows, the acceleration value increases. 
According to the calculation results for the 
conditions of series 1 of the numerical 
experiment (see Table 1), the change in 
acceleration a in odd cells ( 0,1, 2....i n ) of the 

SABPP aerodynamic channel separated by hot 
and cold partitions is determined by the 
following relation 
 
                      0,303 (2 1) 0,163a i          (5) 

 
If the number of cells in the channel is 8, then 
the flow acceleration will reach a value equal to 
2.6 m / s2 in the last section. 

In cells, where convective flow is transferred 
from a hot wall to a cold one, the air movement 
downstream slows down. However, in general, 
the tendency to accelerate the flow in the 
direction of convective transfer prevails over 
deceleration. The empirical trend formula for 
calculating the acceleration a (m / s2) in the 
channel with the outer radius R (m) is as 
follows: 
 
                    0,094 0,0355a R                  (6) 

 
From the relation (6), it follows that with the 
outer radius of the aerodynamic channel with 
the height H = 2m and the outer radius R less 
than 0.37 m, the flow will practically slow 
down. 
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CONCLUSIONS 
 
Numerical modeling of the approach for 
acceleration of convective flows initiated by solar 
heating of air masses in the aerodynamic module 
of helioaerobaric power plants with horizontal and 
vertical transfer of convective air streams formed 
in cells containing alternately located cold and hot 
side boundaries and differently heated upper and 
lower bases has been carried out. An analysis of 
several series of numerical experiments was 
carried out. This shown the optimal conditions for 
the intensification formed in the flow cells with a 
decreasing and increasing temperature difference 
between the walls along the flow were 
determined. 
According to the results of experiments, it can be 
concluded for the studied heating and cooling 
options that the proposed method for intensifying 
flows in the SABPP aerodynamic module divided 
into differently heated and side walls allows to 
increase the speed of the forming current an order 
in relation to the natural wind speed and obtain a 
cyclotron flow acceleration of the order of 2.6 
m/s2. The variant of the aerodynamic module 
SABPP with a multicellular structure of heating 
and a convective flow passing through it can be 
recommended for practical implementation.  
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THE LOOP RESULTANT METHOD FOR STATIC 
STRUCTURAL ANALYSIS 

 
Vladimir V. Lalin, Huu H. Ngo 

Peter the Great St. Petersburg Polytechnic University, St. Petersburg, Russian Federation 
 

Abstract: This work deals with the loop resultant method applied to linear static response of statically 
indeterminate rod-systems. The method uses the representation of this system in the form of a union of statically 
indeterminate loops. An algorithm for construction the flexibility matrix of the system is proposed. The 
unknowns of a system are the loop resultants. This method is based on the use of compatibility equations of 
deformations, the general solution of homogeneous equations of equilibrium is obtained by transposition of the 
compatibility matrix. The advantages of this method are the number and location of zero blocks and non-zero 
blocks of the system flexibility matrix depend only on the numbering of loops. Application of this method is 
considered for analysis of structural frame. 
 

Keywords: force method; loop resultant method; flexibility matrix; compatibility equation of deformations; 
statically indeterminate system. 
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1. INTRODUCTION 
 
Most of the engineering structures in civil 
engineering are statically indeterminate systems 
[1,2], which are omnipresent nowadays. For 
determining the structural responses the force 
method and the displacement method [1-3] have 
already been applied successfully in hand-
computation of static and dynamic analysis. 
However for hand calculations, solving a system 
of equations of more than 10 unknowns was a 

major challenge. Thus, matrix calculus was 
developed to write an algorithm (or a 
programme) in a programming language and it 
is used on a digital electronic computer for 
automation of the solution of the system of  
equations [4]. Through the matrix approaches 
and the finite element method [4,5] achieved 
reliable results in structural analysis. However, 
most of current programmes use the 
displacement method or the mixed method 
[5,6].  
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Besides that, the first matrix approaches have 
been applied to improvement and automation of 
the force method [7-12]. Many algorithms of the 
force method have been studied to apply to 
structural design, such as an efficient analysis 
for cyclically symmetric space truss structures 
using an orthogonal self-stress matrix [13], a 
new structural analysis and optimization 
algorithm for determining the minimum weight 
of structures under displacement and stress 
constraints [14], the genetic algorithm for 
nonlinear analysis and optimal design of 
structures [15]. 
Within the algorithm of the integrated force 
method [16,17] the compatibility conditions are 
used. The papers [18-20] are also noticed that 
the use of the compatibility conditions is 
important for the automatic proccess of the 
force method. An efficient algorithm of the 
force method, which was called the loop 
resultant method, was developed by [21], this 
method will be discussed in more detail in next 
sections. 
 
 
2. FORMULATION OF THE 
FLEXIBILITY MATRIX 
 
We formulate the different flexibility matrices 
for element-rod (ER) which are based on their 
strain energy as the following formula: 
 

2 2 2

0

1

2

L N s Q s M s
W ds

EA kGA EI
. (2.1) 

 
Let’s find the integral of (3.1), we have 
 

1

2
TW , (2.2) 

 
where L is the length of the element-rod, EA is 
the axial stiffness, kGA is the shear stiffness, EI 
is the bending stiffness. 
The element-rod with rigid nodes, namely the 
type I, has the matrix (3x1) of internal forces 

T=[Fx Fy M]
 
at any point A is shown as in 

Figure 2.1. The point A is any point, but the 
point A is the same  point for all elements. Rigid 
cantilevers connect the element nodes with the 
point A.   Thus, the bending moment M(s), the 
shear force Q as well as the axial force N of the 
element-rod are obtained, respectively: 
 

( ) ( ( ) )

( ( ) ) ,
A x

A y

M s y s y F
x s x F M

 (2.3) 

x x y yQ F n F n , (2.4) 

x x y yN F t F t . (2.5) 
 

 
Figure 2.1. The nodal resultant of the element-

rod (the type I) 
 

Here C is the center point of the element-rod; t 
and n are the unit tangent and the unit normal 
vectors of the element-rod, respectively; Fx, Fy, 
nx, ny and tx, ty are the projections of  three 
vectors F, n and t, respectively. 
The type I (an element-rod with rigid ends), the 
type II (an element-rod hinged at one end and 
rigid at the other) and the type III (an element-
rod with hinged ends) are shown in Figure 2.2. 
 

 
Figure 2.2. The different types of the 

elementrod 
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The flexibility matrices  of individual 
element-rods depend on their types. The 
flexibility matrix  (3x3) of the first type (its 
the shortest path from node 5 to node 6) can be 
expressed as 
 
 T

AI Q Q , (2.6) 

 
where the diagonal flexibility matrix for the 
horizontal element-rod cooresponding to the 
natural coordinate system can be described as 
below 
 
 3

; ;
12

L L L Ldiag
EA kGA EI EI

, (2.7) 

 
The orthogonal matrix (3x3) of a rotational 
element-rod is 
 
 0

0

0 0 1

x x

y y

t n
Q t n  (2.8) 

 
and the adding matrix (3x3) of the vector C1A is 
 
 2

2

0
A

y x y y
L x y x x
EI

y x
, (2.9) 

 
here x=xC1-xA; y=yC1-yA are the coordinates of a 
vector C1A. 
The second type of the element-rod hinged at 
one end, which is linked by a shortest path from 
node 1 to node 2, has the matrix (2x1) of 
int T=[Fx Fy] and its the flexibility 
matrix (2x2) is expressed as: 
 
 

11 12

21 22
II , (2.10) 

 

where 
2 22

2
11 3

y yx t ttL L
EA kGA EI

; 

2

12 21

1 1

3x y
LLt t

EA kGA EI
; 

 
2 2 2

2
22 3

y x xt t tL L
EA kGA EI

. 

 
An element-rod with hinged ends is a third type 
in which two nodes 3, 4 are connected by one 
shortest path, has the matrix (1x1) of internal 

xFx+tyFy, its the flexibility matrix is 
presented as 
 
 

III
L

EA
. (2.11) 

 
The following kinematical variable e are energy 
conjugated w T=[ex ey 
where ex ey - are relative displacements of the 
ends of the cantile - is 
relative angle of rotation of the ends of the 
cantilevers at the point A. 
 
 
3. THE BASIC LOOPS and 
COMPATIBILITY CONDITIONS 
 
For the loop resultant method, Figure 3.1 shows 
two simple types of structural open-loop and 
closed-loop, which can be characterized by 
parameter: the degree of statically indeterminate 
loop, denoted by ni

st. 

 

 

Figure 3.1. Two basic loops a ( a
stn =3), b 

( b
stn =1) 
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In the following, we consider two principal 
rules to be applied for the process in building an 
algorithm. 
Rule 1: The sum of the degree of each statically 
indeterminate loop i

stn  should be equal to the 

total degree of entire statically indeterminate 
structure nst. 
 
 ...i a b i

st st st st st
i

n n n n n . (3.1) 

 
Rule 2: Selected loops can have one or several 
common element-rods and vice verca, but it is 
necessary to satisfy the condition of 
completeness of each loop, i.e. the individual 
element-rod must appear at least once in the 
basic loops.  
The algorithm of the loop resultant method can 
be described in the following steps: 
Step 1. Choose basic loops. 
Step 2. Determine the flexibility matrix of 
element- i. 
Step 3. Construct the flexibility block diagonal 
matrix 
 
 { }idiag . (3.2) 
 
Step 4. Establish the compatibility matrix B. 
Step 5. Complete the flexibility matrix of the 
framed structure 
 
 TL B B . (3.3) 
 
Step 6. Solve the system of equations 
 
 oL X B e . (3.4) 
 
Step 7. Compute the internal forces 
 
 TB X . (3.5) 
 
We note that for the current algorithm, BT is the 
transpose of a matrix B; X is the loop resultant 
matrix of the system; eo is the initial 
deformations of the system. 

To construct the compatibility matrix B, we 
consider the relationship of the deformation 
between different element-rods of the structural 
loop (Figure 3.1) using two transformation 
matrices H1, H2. 
 

2 1 2 3 4( ) 0H e e e e , (3.6) 
 
where 2 [ ( )]cx cy cx cyH t t y t x t ; tc is the 

unit vector which passes through the two 
hinges; tcx, tcy are the projections of the vector 
tc; x = xA-xC, y = yA-yC. Thus the compatibility 
matrix B (1x12) is 
 
 2 2 2 2[ ]B H H H H . (3.7) 
 
When the loop has only one hinge, the 
compatibility matrix B (2x12) is 
 
 1 1 1 1[ ]B H H H H . (3.8) 
 

here 1

1 0

0 1

y
H

x
; x = xA-xH, y = yA-yH; H 

denotes the hinged position. 
When the loop has not hinge, the compatibility 
matrix B (3x12) is 
 
 [ ]B I I I I . (3.9) 
 
where I is identity (3x3) matrix. 
 

 
Figure 3.1. The basic loop 
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4. THE NUMERICAL EXAMPLE 
 
The example is shown in Figure 4.1. The 
flexural rigidity EI is constant, the Young’s 
modulus is E=3·107 kN/m2, the sizes of a 
rectangular cross-section are b=200 mm, h=200 
mm, L=2 m. Determine the bending moments of 
structural frame under external loads P1=8 kN, 
P2=4 kN. 

 

Figure 4.1. The framed structure under dead 
loads P1 and P2 

 
First, the loop resultant method requires the 
component of information system which is shown 
in Figure 4.2, includes the point A, the type of the 
ER, the coordinate of the center point of the ER. 

 

Figure 4.2. The four loops 

In the loop resultant method basic loops may be 
chosen as shown in Figure. 4.3, which has four 
statically indeterminate loops: a

stn =2, b
stn =1, c

stn
=1, d

stn =3. 

 

 
Figure 4.3. Selected basic loops. 

 
Now, we consider the selected loops in Figure 
4.3, which are reduced to the statically 
determinate loops in Figure 4.4, and we then 
calculate bending moments MPi (Figure 4.4) of 
the loops caused by external loads. When the 
basic loop subjected to external loads, it is 
necessary that the added internal forces allow it 
to reach balance, which can be mutually 
excluded in the whole system. 
 

 

Figure 4.4. Bending moments MPi of loop 
fragments 

 
Next, we compute bending moments on 
statically determinate loops caused by unit force 
in the direction of the desired deformation as in 

Vladimir V. Lalin, Huu H. Ngo
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Figuge 4.5 (their bending moment diagrams are 
shown in Figures 4.6, 4.7). 
 

 

Figure 4.5. The loops subjected to unit force 
 

 
Figure 4.6. The loops a, b, c in the unit state 

 

 
Figure 4.7. The loop d in the unit state 

For calculating the initial deformations eo, it is 
necessary to construct bending moment 
diagrams ijM  due to unit primary unknowns 

ijX , j = 1, 2, 3, i = a, b, c, d and diagrams M 
Pi 

due to external load. 
The components of the matrix deformation Beo 
are a set of displacements and rotations of basic 
loops, which are calculated by the formula. 
 
 *

,
ji Pi

ji Pi

M M
dS

EI
, (4.1) 

 
The matrix deformation Beo may be constructed 
for all structure 
 
 (Beo)T

1a,Pa  2a,Pa  1b,Pb  1c,Pc  
1d,Pd 2d,Pd  3d,Pd]. 

(4.2) 

 
In our case we get 
 
 (Beo)T=(1/EI)×[-29.33 64 40 

-26.67  104 110.67 -56]. 
(4.3) 

 
In structural frame, we consider only the 
bending moment, i.e. the axial flexibility (1/EA) 
and the shear flexibility (1/kGA) are equal to 
zero. The corresponding flexibility matrices 
(2.6), (2.10), (2.11) are 
 

2 2 2
2

2
2 2

( )

( ) ( )
12 12

( )
12

. 1

y x y

I x

L y Lt t t xy y
EI

L L t x x
EI

symm

, 

3 3
2

3
2

3 3

.
3

y x y

II

x

L Lt t t
EI EI

Lsymm t
EI

, ( ) 0III  (4.4). 

 
So the flexibility matrix i for each element-rod 
of the frame can be calculated by using the 
formulas (4.4). 
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1

2.7 0.0

0.0 0.0
2=0, 

3

0.0 0.0

0.0 2.7
, 4

32 8.0 8.0

8.0 2.7 2.0

8.0 2.0 2.0

, 

5

18.7 0 6.0

0.0 0 0.0

6.0 0 2.0

, 6

2.7 0 2.0

0.0 0 0.0

2.0 0 2.0

, 

7

8.00 12.0 4.0

12.0 18.7 6.0

4.0 6.0 2.0

8=0, 

9

18.7 12.0 6.0

12.0 8.0 4.0

6.0 4.0 2.0

, 10

2.7 4.0 2.0

4.0 8.0 4.0

2.0 4.0 2.0

. 

 
After the flexibility matrices of element-rods are 
found, the following block diagonal matrix must 
be established. 
 

=(1/EI)×diag{ 1 2 3 4 5 6 7; 8; 
9; 10}. 

 
Using the formula (3.7), (3.8), (3.9), we 
construct the compatibility matrix B (7x24) for 
the whole system: 
 

 
1 1 1

2 2 2 2

2 2 2 2

3 3 3 3 3 3 3 3 3 3

0 0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0

H H H
H H H H

B
H H H H
I I I I I

, (4.9) 

where Inxn is the unit matrix of size nxn. 
Using the formula (3.3) for the flexibility matrix of structural frame, we have 
 
 13.33 8.00 4.00 0.00 2.67 4.00 2.00

8.00 10.67 2.67 0.00 4.00 8.00 4.00

4.00 2.67 13.33 4.00 12.0 8.00 4.00
1

0.00 0.00 4.00 13.33 29.3 8.00 8.00

2.67 4.00 12.00 29.3 74.7 24.0 24.0

4.00 8.00 8.00 8.00 24.0 18.67 10.0

2.0

L
EI

.

0 4.00 4.00 8.00 24.0 10.0 10.00

 (4.10) 

 
The solution of equations (3.4) leads to following results. 
The loop resultants are 
 
 [ 793.776 2687.37 677.853 283.478 925.688 4937.73 1923.37]X . (4.11) 
 
According to the formula (3.5) we get the stress resultant as 
 

 [ 793.776 2687.37 677.853 0.0000 677.853 1209.17

4937.73 2490.33 1209.17 4937.73 2490.33 925.688

4937.73 1923.37 793.776 2009.51 8038.05 283.478

1209.17 4259.88 5201.74 1719.46 2250.37 12672.8].

 (4.12) 
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The final bending moment which are shown in 
Table 4.1, may be calculated by the formula 
Mfinal = MPn + M, where Mp  MPi (Figure 
4.4), M is calculated by formula (2.3). 
 

Table 4.1. The bending moments of the 
structural frame. 

ER 
Bending 
moments 
MP (N·m) 

Bending 
moments of 
the resultant 

system M 
(N·m) 

Bending 
moments 
Mfinal (N·m) 

1s 0.000000 0.0000000 0.0000000 
1e 0.000000 -1587.550 -1587.550 

2s,2e 0.000000 0.0000000 0.0000000 
2m -2000.00 0.0000000 -2000.000 
3s 0.000000 0.0000000 0.0000000 
3e 0.000000 -1355.700 -1355.700 
4s -8000.00 +7529.120 -470.8800 
4m 0.000000 +2591.390 +2591.390 
4e 0.000000 -2346.330 -2346.330 
5s 0.000000 -2346.330 -2346.330 
5e 0.000000 +71.99000 +71.99000 
6s 0.000000 +71.99000 +71.99000 
6e 0.000000 +1923.370 +1923.370 
7s 0.000000 +1587.550 +1587.550 
7e 0.000000 -2431.470 -2431.470 

8s,8e 0.000000 0.0000000 0.0000000 
9s +8000.00 -8884.830 -884.8300 
9e +12000.0 -11303.16 +696.8400 
10s +12000.0 -13734.63 -1734.630 
10e +20000.0 -17173.56 +2826.44 

 
We note that the numbers 1…10 describe the 
ordinal ERs; the value of the bending moment at 
the start, middle and end of the ER are denoted 
by s, m and e, respectively. 
 
 
5. CONCLUSIONS 
 
It is well know that the classical force method is 
not easily fully automated. In the present paper 
the technique, the so-called loop resultant 
method, is used to automate the classical force 
method by using an algorithm, which may be 
constructed the computationally easy way to 

static analysis for statically indeterminate 
structures. 
The extension of this algorithm that could be 
applied to dynamic analysis is still under 
investigation. 
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ASSESSMENT OF THE INFLUENCE OF THE ROTATIONAL 
COMPONENTS OF SEISMIC ACTION ON THE SSS OF 

A MULTISTOREY REINFORCED CONCRETE BUILDING  
 

Andrej A. Reshetov, Ekaterina M. Lokhova  
Moscow State University of Civil Engineering (National Research University), Moscow, RUSSIA 

 
Abstract. The urgent task of earthquake-resistant construction is to improve the methods of calculating the 
seismic effect. Currently, most calculations for seismic effects are made taking into account only the translation-
al components of the earthquake. However, seismic soil rotations make a tangible contribution to the dynamic 
response of structures that are sensitive to the wave effect of seismic impact. Modern studies show that building 
structures have a spatial nature of work, and in calculations for seismic loads, in addition to three translational 
components, it is necessary to consider the impact on buildings and structures from additional three rotational 
components. The purpose of this work is to assess the influence of rotational components on the stress-strain 
state of a multielement reinforced concrete building. In the course of the work, calculations of a reinforced con-
crete building were made without taking into account and taking into account the rotational components of the 
seismic impact, based on the results of which a comparative analysis was made. The calculation for the earth-
quake was performed by an explicit direct dynamic method of central differences in the LS-DYNA software in 
six settings: the action of the translational component is set along the X axis; the action of the translational com-
ponent is set along the X axis and rotational component – relative to the Y axis; the action of the translational 
component is set along the Y axis; the action of the translational component is set along the Y axis and rotational 
component – relative to the X axis; the impact of three translational components; the action of three translational 
and three rotational components. As a result of a comparative analysis of the obtained displacements and stress-
es, it was concluded that taking into account rotational components does not make a tangible contribution to the 
SSS of the building under consideration. 
 

Keywords: Accounting For Rotational Components, Method Of Central Differences, 
Earthquake-Resistant Construction, Nonlinear Dynamic Methods. 
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1. INTRODUCTION 
 
About a third of the population of the Russian 
Federation lives in seismically active regions, 
while earthquakes rank third after typhoons 
and floods in terms of damage caused. Hun-
dreds and thousands of people die during de-
structive earthquakes. Reducing the negative 
consequences of earthquakes is possible 
thanks to the approaches of earthquake-
resistant construction, one of the tasks of 
which is to determine and study the processes 
of interaction between buildings and their 
foundations. Currently, when calculating for 
an earthquake, only translational components 
are taken into account, while a number of 
works of scientists, in particular Yu P Nazarov 
[1–4], shows that when designing in seismic 
regions for all buildings and structures, it is 
also necessary to take into account rotational 
components seismic impact. 
The first mention of rotational vibrations of 
the base area was the monograph by A G 
Nazarov [1]. The monograph specifies that the 
considered elementary area of the base has six 
degrees of freedom, which consist of three 
translational and three rotational, from which 
it follows that the vibrations made by the ele-
mentary platform are decomposed into transla-
tional and rotational. Ten years later, the first 
analytical description of rotational vibrations 
was made by N M Newmark [5], where the 
relationship between the torsion of the struc-
ture and the rotational component of the seis-
mic action was shown. A number of works by 
N M Newmark [5-7] laid the foundation for 
further studies of the properties of fields of 
seismic activity. As a result of research by V 
V Lee and M D Trifunac [8], the possibility of 

obtaining synthetic rotational accelerograms 
using exact physical dependencies describing 
the propagation of elastic waves was stated, a 
description of one of the methods for calculat-
ing the rotational components was made. The 
accelerograms obtained by this method have 
realistic properties and resemble the real rota-
tional motion of the soil foundation. 
The purpose of this study is to assess the influ-
ence of rotational component on the stress-strain 
state of a reinforced concrete building. 
 
 
2. MATERIALS AND METHODS 
 
The dynamic method used in this work is based 
on the equation of motion, which has the follow-
ing form: 
 

· · ,aM u C u K u f  (1) 
 
where: 

 – system mass matrix; 
 – damping matrix; 
 – system stiffness matrix; 
 – vector of external influences. 

The explicit method of central differences is 
used in the work. The solution of the differential 
equation (1) is reduced to a system of nonlinear 
differential equations at each step of time inte-
gration. Integration of the equation of motion 
can be performed both according to explicit and 
implicit schemes, but the most effective method 
is considered to be the explicit method of central 
differences implemented in the LS-DYNA soft-
ware and used in this work. 
Let each time step ,it t   then the expressions 
for the central differences of the derivatives of 
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the displacement at the time ti can be written in 
the following form: 
 

1 1 1 1
2

2
; .

2 ( )
i i i i i

i i
u u u u u

u u
t t

 (2) 

 
Substituting equation (2) in (1) for a linear elas-
tic system, we get: 
 

1 1 1 1
2

2
,

2( )
i i i i i

i i
u u u u u

m
tt

 (3) 

 
where it is assumed that ui and ui-1 are known 
from the solution for the previous time steps. 
Moving these known ones to the right side, we 
get the following equation: 
 

1 12 2 2

2
.

2 2( ) ( ) ( )i i i i
m c m c m

t tt t t (4) 

 
Let us replace with variables: 
 

12 2 2

2
; .

2 2( ) ( ) ( )i i i i
m c m c m

t tt t t
 (5) 

 
Then (5) can be written in the following form: 
 

1 .i i  (6) 
 
The method of finding 1iu  at a time point 1i  
based on the equilibrium of equation (1) at time 
i without using the same equation at a time 1i  
is called explicit. To calculate 1u  , we use for-
mula (2) for  0i  and we get: 
 

1 0 11 1
0 0 2

2
; .

2 ( )

u u uu uu u
t t

 (7) 

2

1 0 0 0

( )
( ) .

2

tu u t u u
(8) 

0 0 0
0 .u

m
(9) 

 
The object of the study is a monolithic rein-
forced concrete structure with a cross ar-

rangement of girders. The height of the build-
ing is 8 floors (24 m). The dimensions of the 
structure in the plan are 20.4 m in width and 
length. Vertical load-bearing elements are pre-
sented in the form of columns located with a 
pitch of 6 m in one direction and 9 m in the 
other (Fig. 1). In the course of the develop-
ment of the scheme, the following sections and 
thicknesses were adopted: a square section of 
0.4 × 0.4 (h) m for columns, a rectangular sec-
tion of 0.4 × 0.5 (h) m for girders, the thick-
ness of the floors was taken equal to 0.2 m. 
The design parameters of the material are tak-
en as for concrete B25: modulus of elasticity E 
= 3·1010 Pa  kg/m³, attenua-
tion coefficient c = 0,05 of the critical, Pois-
son's ratio = 0.2. In addition to its own weight, 
all slabs are subject to a vertical force equal to 
200 kg·s/m². 
The calculation of the structure for seismic ac-
tion was carried out in the LS-DYNA software, 
where an explicit method of integrating the 
equation of motion was implemented. Columns 
and girders were modelled with finite elements 
of the BEAM type, slabs – with flat finite ele-
ments of the SHELL type. The material type is 
set as ELASTIC. Constant vertical loads are 
specified with the BODY_Z function. All nodes 
of intersections of girders, columns and slabs are 
rigid, and the finite element mesh of girders and 
slabs is joint. The step of dividing all finite ele-
ments is taken equal to 0.3 m. In total, the model 
contains 46400 finite elements, 4784 of which 
are bar (BEAM), and 41616 are flat four-node 
(SHELL). 
Modelling of the seismic impact was carried 
out with the assumption that the structure un-
der study is located on some absolutely rigid 
platform (Fig. 2) for which the dependences of 
accelerations/velocities/displacements on time 
are set. All rotational components are calculat-
ed according to the integral model. Damping 
was simulated in proportion to the strain rate. 
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Figure 1. 
the building under study 

Figure 2.
model in the design scheme 

 
 

All nodes of the platform model in Fig. 2 are 
combined into one absolutely rigid nodal body 
with a central main node for which the diagrams 
of the dependence of translational and rotational 
accelerations on time were set.  
As the analysed calculation results, the work con-
siders nodal displacements of nodes numbered 
13071 (central), 15383 (extreme) relative to the 
centre of the platform located on the upper slab 
and the forces in the lower finite element (B 9253) 
of the extreme corner column. A general view of 
the design scheme of the building under study in 
the LS-DYNA software is shown in Fig. 3. 

 
Figure 3. General view of the design scheme 

2.1 Calculation from accounting the 
rotational component relative to the Y axis 
 
In the course of the work, a calculation was car-
ried out taking into account the rotational com-
ponent relative to the Y axis, which included the 
following calculations: 

1. Taking into account one translational compo-
nent the action of which is directed along the X 
axis. 
2.Taking into account two components, where 
one is translational along the X axis, and the 
other arises from the translational one along the 
X axis, rotational component — relative to the Y 
axis. Accelerograms of a given seismic action 
are shown in Fig. 4-5 for translational and rota-
tional actions, respectively. 
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Figure 4. Accelerogram of translational motion 
along the X-axis 
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Figure 5. Accelerogram of rotational movement 
with r -axis from the action ax 
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2.2 Calculation from accounting the 
rotational component relative to the X axis 
 
In the course of the work, a calculation was 
also carried out taking into account the rota-
tional component relative to the X axis, which 
included the following calculations: 
1. Taking into account one translational compo-
nent the action of which is directed along the Y 
axis. 

2.Taking into account two components, where 
one is translational along the Y axis, and the 
other arises from the translational one along 
the Y axis, rotational component — relative to 
the X axis. Accelerograms of a given seismic 
action are shown in Fig. 6-7 for translational 
and rotational actions, respectively. 
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Figure 6. Accelerogram of translational motion 
-axis 

Figure 7. Accelerogram of rotational movement 
-axis from the action ay 

 
2.3 Calculation from accounting the six 
rotational components 
 
Also in the course of the work, a calculation was 
made for a six-component seismic action, which 
included the following calculations: 
1. Taking into account three translational com-
ponents the action of which is directed along 
three mutually perpendicular axes. 

2. Taking into account six components, where 
three are translational, and the other three are 
rotational and arise from translational. 
Accelerograms of a given seismic action are 
shown in Fig. 8-10 for translational and in Fig. 
11-13 for rotational actions. 
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Figure 8. Accelerogram of translational mo-
tion along the X-axis 

 

Figure 9. Accelerogram of translational motion 
-axis 

 

A
cc

el
er

at
io

n 
 a

, m
/s

2  

 

A
cc

el
er

at
io

n 
 

 r
ad

/s
2  

 
 Time, s  Time, s 

Figure 10. Accelerogram of translational mo-
tion along the Z-axis 

Figure 11. Accelerogram of rotational movement 
-axis from the action ay, az 
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Figure 12. Accelerogram of rotational movement 
-axis from the action ax, az 

Figure 13. Accelerogram of rotational movement 
-axis from the action ay, ax 

 
 
3. RESULTS 
 
Fig.14–16 reflect the results (for calculation 
from item 2.1) obtained, the comparison of the 
maximum and minimum values of which are 
given in Table 1. Fig.17–19 reflect the results 

(for calculation from item 2.2) obtained, the 
comparison of the maximum and minimum val-
ues of which are given in Table 2. Fig.20–26 
reflect the results (for calculation from item 2.3) 
obtained, the comparison of the maximum and 
minimum values of which are given in Table 3. 
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Figure 14. 
ment values of node No 13071 along the X axis 

 

Figure 15. 
ment values of node No 15383 along the X axis 
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Figure 16
stresses of element B9253 

 

Figure 17. 
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Figure 18. 
ment values of node No 15383 alo  

Figure 19. 
stresses of element B9253 
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Figure 20. 
ment values of node No 13071 along the X axis 
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Figure 22
ment values of node No 13071 along the Z axis 

 

Figure 23. e-
ment values of node No 15383 along the X axis 
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Figure 24. 
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ment values of node No 15383 along the Z axis 
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Figure 26  

 
Table 1. Comparison of the maximum and minimum values of displacements and stresses 

from accounting y  

 
From the action 

ay 
From the action 

ay + x   Difference 

Node 13071 
uymax, m 4,02·10-2 3,56·10-2 11,44 % 
uymin, m -4,05·10-2 -4,64·10-2 12,72 % 

Node 15383 
uymax, m 4,05·10-2 3,57·10-2 13,45 % 
uymin, m -4,04·10-2 -4,64·10-2 12,93 % 

Element 9253 max
M , Pa 2,17·107 2,18·107 0,49 % 
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Table 2. Comparison of the maximum and minimum values of displacements 
 and stresses from accounting x  

 
From the action 

ax 
From the action 

ax + y  Difference 

Node 13071 
uxmax, m 7,48·10-2 7,47·10-2 0,13 % 
uxmin, m -5,11·10-2 -4,91·10-2 4,07 % 

Node 15383 
uxmax, m 7,52·10-2 7,51·10-2 0,13 % 
uxmin, m -5,10·10-2 -4,90·10-2 4,08 % 

Element 9253 max
M , Pa 2,88·107 2,91·107 0,95 % 

 
 

Table 3. Comparison of the maximum and minimum values of displacements  
and stresses from taking into account three and six rotational components 

 3 components 6 components Difference 

Node 13071 

uxmax, m 7,48·10-2 8,01·10-2 7,09 % 
uxmin, m -5,11·10-2 -4,23·10-2 20,80 % 
uymax, m 4,02·10-2 4,28·10-2 6,07 % 
uymin, m -4,05·10-2 -3,66·10-2 10,66 % 
uzmax, m -9,27·10-4 -9,28·10-4 0,11 % 
uzmin, m -1,47·10-2 -1,48·10-2 0,67 % 

Node 15383 

uxmax, m 7,49·10-2 7,37·10-2 1,63 % 
uxmin, m -5,14·10-2 -3,76·10-2 26,7 % 
uymax, m 3,98·10-2 4,15·10-2 4,09 % 
uymin, m -4,02·10-2 -4,27·10-2 5,85 % 
uzmax, m -5,82·10-4 -7,58·10-4 23,22 % 
uzmin, m -4,88·10-3 -4,80·10-3 1,67 % 

Element 9253    
max
M , Pa 3,35·107 3,33·107 0,60 % 

 
 
4. CONCLUSION 
 
For the buildings considered in the work of a 
relatively simple geometric shape that are not 
related to structures of increased number of sto-
reys, taking into account the rotational compo-
nents of the seismic effect leads to a decrease in 
the horizontal displacements of the upper mark 
to 27%, an increase in vertical displacements to 
23% and an increase in stresses by 0.6%. 
The results of the study are agreement with 
similar works [1-4] and allow us to conclude 
that the influence of the rotational components 
on the stress-strain state of the building under 
study is insignificant. 
The calculation for a monolithic reinforced con-
crete 8-floor building, taking into account the 

rotational components of the seismic effect, was 
carried out in the LS-DYNA software and ac-
cording to the data obtained in Fig. 14–26 and 
Tables 1–3, we can conclude that for buildings 
of relatively simple geometric shape that are not 
related to structures of increased number of sto-
reys, with significant plan symmetry, when cal-
culating the seismic effect, it is possible to ne-
glect the effect of the rotational component, 
since they do not suffer from such dangerous 
phenomena as swinging about two horizontal 
axes or twisting relative to the vertical one, and 
the effect of rotational components on such 
structures does not make a tangible contribution 
to the stress-strain state. 
However, this does not mean that the same con-
clusion can be drawn for high-rise buildings and 
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structures of complex geometric shapes, signifi-
cant asymmetry and developed in plan. Thus, 
further work on the study of the spatial work of 
buildings involves a detailed study based on 
modern calculation methods, which should en-
sure the required reliability and safety of build-
ing structures designed in seismic regions. 
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CALCULATIONS OF 3D ANISOTROPIC MEMBRANE 
STRUCTURES UNDER VARIOUS CONDITIONS OF FIXING 

Anatoly I. Bedov 1, Ruslan F. Vagapov 2, Azat I. Gabitov 2, Alexander S. Salov 2 
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Abstract: A unified approach in solving equilibrium problems of standard cells of membrane structures made of 
various absolutely flexible materials, including anisotropic (orthotropic) materials is presented in this paper. The 
objects of study are rectangular membranes under various conditions of fixing and/or supporting. The problems 
were considered in a geometrically nonlinear formulation, with the deformations and the squares of the rotation 
angles thereunder being considered to be comparable with each other, but small compared to unity. A resolving 
system of differential equations in partial derivatives written in displacements is obtained therewith. These 
equations combining with the presented boundary conditions are numerical models of a number of fragments of 
real membrane structures. The closed nonlinear system of equations was integrated using the discrete braking 
method. Therewith both longitudinal and transverse vibrations of anisotropic masses were analyzed using a 
conditional dynamic model to select the initial values of the displacements. The problem of equilibrium of a 
square isotropic membrane with a free boundary under a uniformly distributed load is presented as an example. 
The resulting graphs and tables show the distribution of forces and displacements. They may be used for 
calculating membrane structures. The developed technique may be applied to those values of the initial 
parameters under which the calculations have not yet been made. 

 
 

Keywords: membranes, membrane structures, geometrically nonlinear formulation, 
dimensionless form of resolving equations, compliant contour, free boundary, absolutely rigid fixing, 

peculiar points, method of undetermined reduction factors, discrete braking method, 
uniaxial state of stress zone, displacement equation, dynamic models, anisotropic masses. 
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INTRODUCTION 
 
Membrane structures widely applied in 
construction practice are implemented in 
materials with various properties and structure 
(metal sheet, polymer films, technical fabrics, 
etc.). When calculating, such structures are 
divided into standard cells being the anisotropic 
membranes either fixed and/or supported on 
four, three or two sides [6, 8, 13, 14, 16-18]. 
A vast amount of references [15] is devoted to 
the solution of equilibrium problems for 
rectangular membranes fixed along a contour or 
along two boundaries, with a detailed review 
thereof being considered herein [2].  
This article is devoted to the calculation of 
rectangular orthotropic membranes with 
different fixing conditions. 
Therewith the load was assumed to be uniformly 
distributed. The problem is considered in a 
geometrically nonlinear formulation, whereby 
the deformations and the squares of the rotation 
angles are considered to be comparable with each 
other, but small as compared to unity [1, 3, 4]. 
The following geometric relations correspond to 
these conditions:  
 

= +
1

2
; 

= +
1

2
; 

= + + . 

 
 
 

(1) 

 
To give a more convenient dimensionless form 
to the resolving system and the subsequent 
solution the method of undetermined reduction 
factors [5, 6] is used here [5, 6]: = ,

= , = , where , ,  – are 

unknown yet arbitrary constants,  , ,  – are 
dimensionless functions proportional to 
displacements in the direction of the coordinate 
axes (Fig. 1).  
 

 
Figure 1. Original membrane scheme 

 
The orthotropy axes of the membrane material 
were considered to be oriented parallel to the 
sides thereof, thereby enabling to simplify the 
physical relations to the form:  
 

= ;  

 = + , =
g

. (2) 

 
Here and elsewhere, a number of dimensionless 
parameters are used:  
 

= ( ) ; = ( ) ;  
( ) = 1;  = + g; (3) 
g = ;  = .  

 
where, , ,  – are forces; 2 , 2    – 
are the plan dimensions and the membrane 
thickness, respectively; , , , , , – 
are elastic characteristics of the material.  
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Let us assume that the structures of the considered 
membranes and the nature of loading thereof do not 
allow for uniaxial state of stress zones. Equilibrium 
equations in a similar formulation are:  
 

+ = 0; + = 0; 

+ + 2

= . 

(4) 

 
A resolving system written in displacements 
may be obtained under (1)-(4) after a number of 
transformations 
 

+ + + + 

+ + = 0; 

+ g + + + 

+ + = 0; 

+
1

2
+ +

2
 

+2 + +  

+ + +
2

+
1

+
1

2

= 1. 

(5) 

 

This system was used in numerical calculations. 
Equations (10) combined with boundary 
conditions may be interpreted as a model of a 
number of standard cells in membrane 
structures found in actual designing.  
Therefore, we had a system of three equations 
for displacements written in a specific 
dimensionless form that in the case of an 
isotropic membrane coincides with the system 
of resolving equations obtained by M. S. 
Kornishin [11] for plates, with the cylindrical 
rigidity thereof tending to zero. 
A closed nonlinear system composed of 
equations (5) and the corresponding boundary 
conditions (Table 1) was integrated by the 
discrete braking method [10, 19]. Application of 
this method in solving 3D problems is known to 
deal with unacceptable costs of computer time, 
since the integration step must be small due to 
stability limitations associated with a large 
difference in the periods of longitudinal and 
transverse oscillations, being avoided by 
introducing anisotropic masses of simpler forms 
than in paper [12] to the dynamic models. 
Information on the hypothetical laws of 
variation of the required functions Q was 
included to these conditional concepts (Fig. 2), 
in addition to the weight factors p.   

Table 1. Main kinds of boundary conditions 
 

Kind of support contour Boundary conditions at 
   

Absolutely rigid 
 u    u    u  

v  v  v  
w  w  w  

Three sides are absolutely 
rigid, with the one being 

free 

 u    u    n  

v  v  n  
w  w  n   

Flexible, of symmetrical 
cross section 

 - n ]

 
  - n  

 - 

n ]  

  - n   - n ]    - n  

 + 

- n ]  

 + 

- n ]  

 + 

- n ]  
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The symbols      are used in the 

table to denote the relative rigidity of the 
contour for bending and compression. An 
appropriate combination of the given boundary 

conditions enables obtaining of a mathematical 
model of any kind of support for membrane 
structures [3, 7, 8]. 

 

  

Figure   Characteristics of anisotropy of conditional masses of dynamic models 

As a result of the numerical solution of the 
difference analogues of the above equations, the 
values of the displacement components at all 
points were obtained. Therewith, central 
differences with an error of the reminder term of 
the order of the second degree of strength were 
used on a square net; extrapolation of the 
desired functions beyond the contour was made 
by means of the Lagrange polynomial. The final 
solutions for displacements may be presented in 
dimensional form as necessary:                  

= ;   = ;  

 = , 

 
 

(6) 

 
with one being able to proceed therefrom to 
dimensional forces to get a full view of the 
stress-strain behavior.
The problem of equilibrium of a square 
isotropic membrane with a free boundary under 
a uniform load is presented as an example. Half 
of the membrane only was examined because of 
the symmetry. Continuous characteristics with 

reasonable ordinates were received (Fig. 3). In a 
small neighborhood of the extreme right point 
of the free boundary, there were jumps of 
normal ,  and tangential  forces to be 
explained by ambiguity thereof at this peculiar 
point. An analysis of the graphs enables 
conditional division of the area of the deformed 
membrane in the direction of the x axis into 
three zones: the first one (in the neighborhood 
of the y axis) - here all the characteristics 
behave as in a membrane with four absolutely 
rigid boundaries; the second one (central part) is 
a zone where the pattern of the stress-strain 
behavior is similar to that in the case of a 
cylindrical bend; the third one (in the 
neighborhood of the free boundary) - the most 
of the characteristics have extreme values. 
Rectangular membranes with one free boundary 
were also calculated for various aspect ratios. 
The free boundary at k > 1.5 was found not to 
affect the stress state of the membrane in the 
neighborhood of the opposite rigidly fixed side. 
Therewith, the stress and strain fields have been 
slightly changed as compared with a similar 
membrane rigidly fixed on four sides.
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Figure 3. Characteristic functions of deformations in the plane of the membrane (a), displacements 
in the vertical direction ( ), normal components of the stress state ( ), and shear components ( ) 

 
CONCLUSION 
 
In conclusion we note that the graphs and tables 
obtained show the nature of the distribution of 
forces and displacements in membranes for a 
quite wide range of changes in the main 
parameters of structures thereof. They may be 
used in calculations of membrane systems. For 
the same values of the parameters for which the 
calculations were not made you may use the 
developed methodology and the finished 
program.    
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ANALYSIS OF THE MOISTURE CONTENT EFFECT  
ON THE SPECIFIC INDEX AND DAMAGE ACCUMULATION 

KINETICS IN THE STRUCTURE OF POLYMERIC  
MATERIALS DURING NATURAL CLIMATIC AGING 

 

Vladimir P. Selyaev, Tatyana A. Nizina, Dmitry R. Nizin, Nadezhda S. Kanaeva 
National Research Ogarev Mordovia State University, Saransk, RUSSIA 

Russian Academy of Architecture and Building Science Research Institute of Building Physics, 
Moscow, RUSSIA 

 
Abstract. We present the results analyzing the climatic resistance of epoxy polymers obtained on the basis of a 
modified Etal-247 resin cured by Etal-45M under the effect of natural climatic factors in a temperate continental 
climate. The kinetics of damage accumulation in the structure of polymer samples under tensile loads was stud-
ied on the basis of the results obtained using the author's method. The essence of the technique was to determine 
the coordinates of the “critical” points of deformation curves based on the time series fractal analysis methods, 
recorded with a high readings frequency (0.01 s). To estimate the level of accumulated failures leading to the de-
struction of samples under tensile loads, we used a parameter defined as the ratio of the number of points with a 
fractality index less than 0.5 to the total number of points on deformation curves (until reaching the level of 
“critical” tensile stresses). Time intervals of 0.16 seconds were studied with analyzed area shifted with a step of 
0.01 sec. A specific index is proposed that characterizes the accumulated number of damages in the polymer 
sample structure per unit of its strength. Its achievement leads to the destruction of the composite under study. 
We have determined the moisture state effect and climatic aging duration on the damage accumulation kinetics 
in the polymer sample structure under tensile loads. 

 
Keywords: climatic aging, polymers, moisture content, damage accumulation,  

specific index, fractal analysis.  
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1. INTRODUCTION 
 
Polymer materials are widely used almost in all 
existing industries. By analogy with other mate-
rials, the main requirement for polymer-based 
products and structures is to ensure uninterrupt-
ed operation throughout the entire service life. 
However, the solution to this problem is ex-
tremely complicated under the effect of natural 
climatic factors, as practically all products and 
structures are exposed to the effect thereof, re-
gardless of their functional purpose. This is due 
to the high complexity of climatic effects both 
for analysis and for replication in laboratory 
conditions with sufficient accuracy and com-
pleteness [1 – 6]. 
Since the complete reproduction of the envi-
ronment impact in artificial conditions at the 
moment is not possible due to the insufficient 
level of instrumental and technical develop-
ment, the main source of reliable information on 
the phenomena that arise in the polymer struc-
ture during climatic aging are natural climatic 
studies [7 – 13]. One of these phenomena is the 
reversibility of changes in the physical and me-
chanical properties of epoxy polymers, depend-
ing on the content of adsorbed moisture. Ac-
cording to the data given in the scientific litera-
ture, as well as the author's studies [14 – 16], the 
spread of strength parameters in the limiting 
moisture states (moisture saturated and dried) 
reaches 30% for polymer composites and 50% 
for unfilled epoxy resin-based polymers. As a 
result, during the operation of polymer compo-
sites, one should take into account both irre-
versible changes in properties caused by degra-
dation of the surface layers of the product, dis-
ordering of filler fibers, photodestruction and 
chemical transformations of the polymer matrix, 

as well as reversible changes caused by the pro-
cesses of sorption and desorption of atmospher-
ic moisture. 
The aim of this work is to quantitatively assess 
the kinetics of damage accumulation in the 
structure of epoxy polymer samples exposed to 
natural climatic factors, depending on their du-
ration, the level of applied mechanical impacts, 
and the polymer material moisture state. 
 
 
2. METHODS AND MATERIALS 
 
The objects of the study were samples based on 
Etal-247 resin and Etal-45M hardener by 
ENPTs EPITAL JSC. Etal-247 is a modified 
epoxy resin with a mass fraction of epoxy 
groups of at least 21.4÷22.8% and a Brookfield 
viscosity at 25 °C in the range of 650÷750 cP. 
Etal-45M hardener is a mixture of aromatic and 
aliphatic di- or polyamines modified with sali-
cylic acid. 
The samples were subjected to natural exposure 
on the test stands of the environmental and me-
teorological monitoring laboratory, construction 
technologies and examinations of the Ogarev 
National Research Mordovia State University 
(Saransk, temperate continental climate). Physi-
comechanical parameters were determined for 
samples in a control state, as well as after 67, 
151, 306, 531 and 765 days of natural exposure. 
The samples were conditioned in accordance 
with GOST 12423-2013 “Plastics. Conditioning 
and Testing of Samples”. To establish the effect 
of the moisture state on the change in the physi-
cal and mechanical parameters of epoxy poly-
mers under natural climatic factors, a series of 
36 samples exposed in parallel was divided into 
3 equal batches tested: immediately after re-
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moval from the test site (series “without condi-
tioning”); after moistening to constant weight at 
a relative humidity of 98±2% (“moisture-
saturated” series) and after drying to constant 
weight at 60 °C (“dried” series) in accordance 
with GOST R 56762-2015 ”Polymer Compo-
sites. Method for Determining Moisture Ab-
sorption and Equilibrium State”. 
Mechanical tensile tests of samples (type 2 ac-
cording to GOST 11262-2017) (ISO 527-2: 
2012) “Plastics. Tensile Testing Method”) were 
made using an AGS-X series tensile testing ma-
chine with TRAPEZIUM X software. Test tem-

of 50±5%. The tensile testing machine clamp 
movement speed was 2 mm/min.  
Quantitative values of accumulated failures are 
determined on the basis of the author’s tech-
nique, which allows determining the coordinates 
of critical points of deformation curves " " 
built by methods of fractal analysis [17 – 20]. 
As “critical” points, we consider the points of 
the deformation curves for which the ( , ) 
fractality index values calculated over the pre-
vious short time intervals using the least cover-
age method, are less than 0.5. Time intervals of 
0.16 seconds were studied with analyzed area 
shifted with a step equal to 0.01 sec. 
To estimate the level of accumulated failures 
leading to the destruction of samples under ten-
sile loads, we used a parameter defined as the 
ratio of the number of points with a fractality 
index less than 0.5 to the total number of points 
on deformation curves (until reaching the de-
structing level of tensile stresses) 
 

( , ) =
( , )

( , )

100%,             (1) 

 
where ( , ) is the number of points of the 
studied series for which the condition ( , ) <

0.5 is satisfied; ( , ) is the total number of 
analyzed points. 
To take into account the effect of changes in the 
strength parameters of polymers on the value of 
accumulated failures (until the sample reaches 

maximum tensile stresses), we introduce specif-
ic index  defined as [13] 
 

= ,                               (2) 

 
where  is the relative number of accumulated 
damages determined according to (1) when the 
sample reaches the level of maximum tensile 
stresses [%];  is the tensile strength of poly-
meric materials [MPa]. 
 
 
3. RESULTS AND DISCUSSION 
 
The change in the sample mass after drying and 
moistening according to the above modes is 
shown in Fig. 1. Depending on the moisture 
state of the samples after being removed from 
the test stands during drying and moistening to 
constant weight, a decrease and increase in the 
weight of the samples by 0.67÷1.35% and 
0.88÷1.94%, respectively, is observed. Depend-
ing on the duration of natural climatic aging, the 
range of change in the sample mass ranged (the 
sum of absolute values of the mass increase and 
decrease) from 2.09% to 2.73%, and the highest 
value was recorded for the samples in the con-
trol state.  
According to the results of the studies, it was 
established (Fig. 1, 2) that an increase in the 
moisture content of the control samples from 
0.79 to 2.72% (moisture-saturated state) leads to 
a decrease in the ultimate tensile strength from 
37.3 to 26.7 MPa, which corresponds to a resid-
ual strength of 71.5% (of the control values in 
an equilibrium-moisture state). Natural exposure 
of polymer samples of the studied composition 
without additional drying and moistening is ac-
companied by a decrease in strength parameters 
for the entire exposure time (765 days) by no 
more than 15%. In this case, the moisture satu-
ration of the samples contributes to an addition-
al decrease in the tensile strength, reaching 
24÷35% of the initial value (before the begin-
ning of natural exposure).  
The strength parameters of dried samples with the 
duration of natural climatic exposure not exceed-
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ing 306 days, are higher than those for samples 
not subjected to additional drying. Such restora-
tion of properties is referred to as a reversible 
change in strength parameters due to the elimina-
tion of free moisture. In addition, with an increase 
in the natural exposure duration, we observed a 
gradual narrowing of the range of variation of the 
polymer sample strength parameters in the mois-
ture-saturated and dried states. For time intervals 
of 531 and 765 days, the difference is only 
0.3÷0.65 MPa (Fig. 2, a). At the same time, the 
tensile strength for samples not subjected to addi-
tional conditioning is 15-18% higher than the 
same parameter in the limiting moisture states. 
Obviously, for a given natural climatic impact du-
ration, the presence of sorbed moisture in the pol-
ymer matrix structure acts as a mechanism that 
compensates for irreversible changes. At the same 
time, for the state of samples aged more than 531 
days, it is obvious that there is a certain point of 
optimum moisture content corresponding to the 
highest ultimate tensile strength value. By analogy 
with the plasticizing effect of moisture, one can 
assume a gradual decrease in the contribution of 
the considered synergistic effect analyzed in [20], 
from the maximum value at the point correspond-
ing to the moisture-saturated state to zero at the 
point corresponding to the dried state.  
 

 

Figure 1. Change in the mass (%)of Etal-247 + 
Etal-45M polymer samples during their drying 

and moisture saturation to constant mass 

Accumulation curves of failures depending on the 
level of applied stresses and elongation in tension 
for control samples in different moisture conditions 
after natural climatic exposure are shown, respec-

tively, in Fig. 3 and 4. Numerical values of the lev-
els of accumulated failures corresponding to the 
achievement of the maximum tensile loads by the 
samples are given in Table 1. It was found that the 
limiting level of accumulated damage for all types 
of moisture state of samples of the studied compo-
sition varies from 5.06 to 6.05%, increasing in the 
series: dried (5.06÷5.61%), moisture-saturated 
(5.23÷6.01%), without additional conditioning 
(5.53÷6.05%). The analysis results show (Fig. 3, a) 
that curves of failure rate accumulation depending 
on the level of applied stress for samples in equilib-
rium-moisture or dry states are similar. Moisture 
saturation of the samples leads to a significant (up 
to two times) acceleration of the process, depend-
ing on the level of applied stresses. 
 

a)                                                                    

 
b) 

 
Figure 2. Change in elastic-strength parameters 
(a – tensile strength; b – relative elongation at 
maximum load) of polymer samples of the com-
position Etal-247 + Etal-45M during natural 

climatic aging in three moisture states (without 
conditioning, moisture-saturated, dried) 
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Table 1. Change in the cumulative failure 
rate of epoxy polymer (Etal-247+Etal-45M) 

during natural climatic aging in three 
moisture conditions (without conditioning, 

moisture-saturated, dried). 
Humidity 
state of 
samples 

Natural exposure duration, days 

0 67 151 306 531 765 

without 
condition-

ing 
5,69 

6,0
5 

5,7
1 

5,7
6 

5,7
2 

5,5
3 

moisture-
saturated 

6,01 
5,6
1 

5,2
3 

5,6
4 

5,5
0 

5,8
6 

dried 5,53 
5,6
1 

5,5
1 

5,0
6 

5,4
3 

5,5
4 

 
a)                                                                                         

 
b) 

 
Figure 3. Failure accumulation curves             

for a series of polymer samples                              
(Etal-247+Etal-45M) in different moisture 

states depending on the level of applied stresses 
(a) and relative elongations at stretching (b) 

Analysis of changes in the curves for epoxy pol-
ymers (Etal-247 + Etal-45M) (Fig. 4) after natural 
exposure in a temperate continental climate for 
765 days indicates that the nature of damage ac-
cumulation depending on the level of applied 
stresses for samples in equilibrium-humidity and 
moisture-saturated states are similar, especially at 
levels of tensile stresses not exceeding 40-50% of 
destructive ones. Moisture saturation of the sam-
ples after climatic aging over the entire studied 
time interval also leads to an acceleration of dam-
age accumulation in comparison with the samples 
not subjected to additional conditioning. The 
greatest changes in the damage accumulation ki-
netics, depending on the natural exposure dura-
tion, were recorded for dried samples (Fig. 4, e, f). 
Thus, an increase in the climatic impact terms of 
up to 306 days and more leads to a significant ac-
celeration of damage accumulation even at low 
stresses (Fig. 4, e). At the same time, the shape of 
the curve “accumulated failure rate –tensile stress” 
also changes – from concave to close to linear. 
An analysis of similar curves for a series of dried 
samples plotted depending on the level of elonga-
tion under tension (Fig. 4, f) also clearly shows the 
change in the nature of damage accumulation. 
When physically bound water is removed from the 
studied epoxy polymer structure exposed to the nat-
ural factors site for 306 days or more, brittle fracture 
of the samples under tensile loads is observed. 
The correlation dependence between specific in-
dex  and the ultimate tensile strength of the 
epoxy polymer  (Etal-247 + Etal-45M) in various 
moisture states (equilibrium-humidity, moisture-
saturated and dried) with a sufficiently high reli-
ability ( = 0.856) is approximated by an ex-
ponential dependence (Fig. 5 , a) of the form 
 

= 0.492 × exp( 0.031 × ).      (3) 
 
Approximating the correlation dependence "

" (Fig. 5, b) by the equation (without taking into 
account the data for dried samples after climatic 
exposure with a duration of 306, 531 and 765 days) 

= 0.484 × exp( 0.296 × )        (4) 
 
the reliability drops to 0.684. 
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a)                                                                                         

 
c)               

 
e)        

 

 
b) 

 
d)       

 
f)               

 

Figure 4. Failure accumulation curves for a series of polymer samples (Etal-247+Etal-45M)       
during natural aging in different moisture states (a, b – without conditioning;                                   

c, d – moisture-saturated; e, f – dried) depending on the level of applied stresses(a, c, e)                          
and relative elongations at stretching (b, d, f) 

The possibility of approximating the correlation 
dependences shown in Fig. 5 (a) by for all series 
of the studied composition depending on the 

moisture state of the samples and the duration of 
natural exposure, confirms the advisability of 
using specific index  as a quantitative charac-
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teristic of assessing the level of accumulated 
damage, where its achievement leads to the de-
struction of polymers. In this case, the analysis 
of Fig. 5 (b) is an additional confirmation of the 
change in the mechanism of destruction for 
samples, with aging duration exceeding 306 
days. 
 

a)                                                                                         

 
b)                                                                                          

 
Figure 5. Correlation dependences between      

the specific index of the number of damages  
and elastic-strength characteristics                   

(a – tensile strength; b – tensile elongation)      
of an epoxy polymer (Etal-247 + Etal-45M)      

in different moisture conditions.  
 
 

4. CONCLUSION 
 
The analysis of the research results showed that 
the sorbed moisture content is the main source 
of reversible changes in the elastic-strength pa-

rameters of polymer material samples. When the 
exposure time does not exceed 306 days, the 
decrease in the ultimate strength of the samples 
in the moisture-saturated state varies in the 
range from 16 to 34% of the analogous parame-
ters for the dried samples. An increase in the 
duration of natural climatic exposure to 531 
days and more leads to a change in the nature of 
the effect of adsorbed moisture on the strength 
parameters of epoxy polymers (Etal-247 + Etal-
45M). In particular, the tensile strength of the 
samples tested immediately after removing the 
samples from the test benches (without addi-
tional conditioning) is 15-18% higher than the 
strength parameters in the limiting (moisture-
saturated and dried) moisture states. 
A sharp decrease in the deformative characteris-
tics of the dried samples was also revealed when 
the time of natural exposure reached 306 days 
or more. The climatic effect in the time interval 
from 151 to 306 days is characterized by a two-
fold decrease in the relative elongation during 
stretching of the dried samples (Fig. 2), which is 
presumably due to their additional embrittle-
ment due to the removal of sorbed moisture, 
which in this case plays the role of a compensa-
tor for irreversible changes in the polymer ma-
trix structure during natural climatic aging. In 
this case, a change in the damage accumulation 
kinetics is also observed depending on the level 
of applied tensile stresses. 
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ON THE LOSS OF STABILITY AND POSTCRITICAL 
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Abstract: Angle bars in compression are quite common in building and transport structures. However, the 
peculiarities of their behavior during the loss of stability and in supercritical equilibrium have not been 
sufficiently studied even within the limits of elastic deformations. The paper shows solutions for the stability of 
symmetric and asymmetric rods with an angle profile. The development of post-critical deformations is shown. 
The features of the behavior of the rods, obeying the hypotheses of V.Z. Vlasov. 
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Angle bars in compression are quite common in 
building and transport structures [1-3]. 
However, the peculiarities of their behavior 
during the loss of stability and in supercritical 
equilibrium have not been sufficiently studied 
even within the limits of elastic deformations. In 
this case, the choice of the examined model of 
the beam turns out to be essential [4-8]. There 
are two options here: 
1) The beam is considered as thin-walled, 
complying with the hypotheses of V.Z. Vlasov [8]; 
2) The beam is examined without the stiffening 
hypotheses of Vlasov. 
The analysis of its equilibrium states is carried 
out numerically, using the FEM, taking into 
account the effects of geometric nonlinearity [9]. 

Examining the model of a thin-walled Vlasov 
rod by M. Pignataro and his collaborators [10, 
11] using the expansion of the total potential 
energy up to cubic terms, and investigating the 
possibility of making the slope angle of the 
bifurcation curve vanish at the bifurcation point, 
obtained the necessary conditions for the 
stability of the supercritical equilibrium of the 
thin-walled beams in general and of the angle 
bars, in particular. The authors of this work 
numerically investigated the angle bars from the 
M. Pignataro’s work (and those close to them in 
geometry). However, slightly different results 
were obtained. 
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Figure 1. Branching of bifurcation curve 

 
First, let us briefly outline the results of 
M. Pignataro and his co-workers concerning the 
stability of the thin-walled Vlasov beams 
supercritical equilibrium. 
We assume that the curve of the “new” post-
bifurcation equilibrium ( ) branches off from 

bifurcation point ( = ) (Fig. 1). The 

( ) gives the expansions 
 

( ) = + +
2

+  

( ) = 0 + +
2

+  

 
The dots above denote derivatives with respect 
to ; the subscripts correspond to the derivatives 
with respect to the coordinate. Here, the proper 
form = , the potential energy in critical 
equilibrium is 
 

( ) =
1

2
+

1

6
+  

 
The slope of the tangent to the curve of the 
"new" equilibria at the bifurcation point is  
[10, 11] (Fig. 1) 
 

=  = /2  
 
If =  0, then the bifurcation diagram 
is asymmetric and the supercritical equilibrium 
is unstable. The system will be sensitive to 
initial imperfections. 
On the contrary, the necessary condition for the 
stability of the initial post-bifurcation 

equilibrium is the equality to zero . This is 
possible if the cubic term is zero. 
 

 
Figure 2. Symmetrical stable bifurcation 

diagram 
 

= 0 
 
Then the bifurcation diagram is symmetric. It 
will determine a stable initial post-bifurcation 
equilibrium if the curvature of the curve of the 
“new” equilibrium is positive ( > 0), where 
[10, 11] (Fig. 2) 
 

= , (for = 0) 

 

The expression for the cubic term   

according to M. Pignataro is
 

1

6
=
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Where , ,  are known integral geometric 
characteristics of a thin-walled beam section. 
Under hinged boundary conditions at the ends 
of the beam, the eigenform is determined by a 
sinusoid with amplitudes ,    
 

= = [ , , ] sin  

 
The expression for the cubic term in the 
expansion of the potential energy in terms of 
these amplitudes of its own form is 
 

1

6
=

3
+ +

+ 2  
 
This expression is valid for any asymmetrical 
section. Therefore, for such a section, the cubic 
term is not equal to zero 
 

1

3
0, 

 
If 0, or 0, or 0, 
or 0. It turns out that a 
thin-walled hinged Vlasov beam with an 
asymmetric section has an unstable initial post-
bifurcation equilibrium and will be sensitive to 
initial imperfections. 
If the beam has one axis of symmetry and  is 
the critical buckling load in this plane, and  
and   are the critical loads of flexural-
torsional loss of stability from the symmetry 
plane, then for simple (not multiple) critical 
loads ( ), or if =  the 
cubic term of the expansions is equal to zero 
( = 0). Therefore, the bifurcation diagram 
is symmetric (and, most likely, stable). This is 
explained by the fact that in this case the 
amplitudes of the eigenmodes are  
 

=

0

0

, = 0 , = 0  

 
Since due to the symmetry  

= = 0; 0 
 
then  
 

1

6
=

3

+ 2  
 
This expression equals to zero because there is 
no eigenform with all non-zero components. 
If =  or = , then there is an 
eigenform  in the form of a linear combination 
of  and  or  and , which can have all 
components that are not equal to zero 
 

= 0 

 

Then 0, and the supercritical 

equilibrium of a beam with one symmetry plane 
will be unstable. The bifurcation diagram is 
asymmetric, and such a beam will be sensitive 
to initial imperfections. 
Finally, if the beam section has two symmetry 
axes, then 
 

= = = 0 
 
and the expression for the cubic term is greatly 
simplified 
 

1

6
=

3
 

 
The eigenforms’ aplitudes 
 

= 0

0

, =

0

0

, =

0

0  

 
For simple critical loads, it is obvious that 

= 0 and the bifurcation diagram is 
symmetric. If = = , then an 
eigenform with all nonzero components is 
possible in the form of a linear combination. 
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= + + =

0

0

0

 

 
Then the product 0. However, 
multiple critical loads are possible only when 

= 0. Because of this, = 0, and the 
bifurcation diagram of a beam with 2 planes of 
symmetry is always symmetric. Intuitively, it 
seems that this diagram also always determines a 
stable initial supercritical equilibrium. However, a 
rigorous proof requires considering an explicit 

expression for the quartic term . M. 

Pignataro and his collaborators gave [10, 11] 

several examples of imperfection sensitivity 
curves for beams with a section in the form of an 
equal- and unequal-angle bar, as well as with a 
section in the form of a T-beam. The dimensions 
of the one-axis symmetry beams were selected so 
that the corresponding critical loads were twofold. 
Initial imperfections are sinusoidal bends with 
amplitudes , , . These imperfections were 
specified in various combinations (Fig. 3, 4). For a 
bar with a cross-section in the form of an equal-
angle bar, the largest drop in critical loads caused 
imperfection with the same amplitudes in all 
directions (Fig. 4). 

 

 
Figure 3. Dependence of critical loads on the values of combinations of initial imperfections for an 

asymmetric angle bar 
 

 
Figure 4. Dependence of critical loads on the values of combinations of initial imperfections for a 

symmetric angle bar 
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Figure 5. Cross-section of the beam 

 
The authors of this work investigated the post-
critical equilibrium of a hinged beam 355 cm 
long with a cross-section in the form of an 
equal-angle bar 10 × 10 × 0.3 cm. Such a beam 
was also studied by M. Pignataro and his 
collaborators, but as one by Vlasov. 
There were rigid plates at the ends of the beam, 
which did not interfere with the rotation of the 
end sections. The compressive force was 
applied along the axis of the section symmetry 
(at the center of gravity or with an eccentricity 

. 5). 
Linear calculation of critical loads showed that 
the first two of them are quite close to each 
other (torsional  = 39,3 , bending Euler 

= 39,34 ). It would seem that the 
mutual influence of the corresponding closely 
related forms should significantly affect the 
beam’s post-critical behavior. 
However, similar beams of a different length 
(250 cm, 405 cm) with simple first critical loads 
showed equilibrium diagrams similar in 
character to the equilibrium diagram of a beam 
355 cm long (Fig. 6). According to this figure, 
when the compressive load is displaced from the 
gravity center along the symmetry axis towards 
the edge (i.e., 1, 2, 3, and 4), the transverse 
displacements develop smoothly until the limit 
points are reached. After that, the deformation 
of "flattening" of the corner section begins to 
develop on the unstable branch. In this case, the 
flanges of the corner do not experience 
additional compression. 
When the load shifts towards the center of the 
geometric contour 10×10 cm (points -1, -2, -3, -
4, Fig. 5, 6), then there is a catastrophic drop in 
the maximum values of the compressive load 
due to the local loss of stability development of 
the corner flanges as compressed plates with 
free edges (Fig. 7). 

 

 
Figure 6. Deformation curves of symmetric angle bar (355 cm) under compression 

 

 
Figure 7. Local loss of stability of flanges 
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The obtained result testifies to the extreme 
sensitivity of angle bars to the location of the 
concentrated compressive load application point. 
When displaced diagonally from the center of 
gravity by 3.48 cm, the maximum load decreased 
by 3 times in comparison with the bifurcation 
one (Fig. 8). This is an unpleasant result of the 
buckling shapes interaction for engineers. If a 
concentrated compressive force must be applied 
at the point of the angle symmetry axis, then this 
point can only be between the edge and the angle 
section gravity center. 

250 cm, Fig. 9), the nature of the equilibrium 
diagrams will not change.  
 

 
Figure 8. Influence of the location of 

compressive load application point for a 
symmetric angle bar on the critical loads 

Only the maximum loads at the limiting points 
increased significantly when the force P was 
shifted towards the edge. But for such a beam, 
the critical forces are simple, and they differ 
significantly from each other. 
For a lon
cross-section, the first critical force  =

31,55  determines the bending form of 
buckling, and only the tenth one (  =

37,85 ) corresponds to the torsional loss of 
stability form. The maximum loads at the 
limiting points decreased slightly. However, the 
nature of the maximum loads fall at the moment 
of wave formation did not change 

(max
max

=
12,5

32
= 0,39). 

Finally, let us consider the effect of transverse 
diaphragms (from 1 to 15) on the character of 
the hinged angle bar 355 cm long equilibrium 
curves (Fig. 10). This was an attempt to 
successively transform the FE-model of a 
“usual” beam into a Vlasov beam model with 
an invariable contour. With three or more 
diaphragms (Fig. 10), the maximum critical 
load of the central beam slightly increased (up 
to ~ 41.5 kN). 
 

 

 
Figure 9. Deformation curves of symmetric angle bar (250 cm) under compression 
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Figure 10. Deformation curves of symmetric angle bar (355 cm) with diaphragms under 

compression 
 

However, with all the quantitative variants of 
the diaphragms (3, 5, 7, 15), the supercritical 
equilibrium was unstable and rather sharply 
decreasing in terms of the load. A small 
torque at the end of the beam was used as a 
disturbance. Under flexural disturbance by a 
small transverse force  (Fig. 10, edge in 
the compressed bending zone), the deflections 
developed up to the limiting point along the 
same curve, regardless of the diaphragms 
number. In general, the examined angle bar 
with diaphragms has an asymmetric 
bifurcation diagram.  
In contrast, cantilever angle bars have a 
symmetrical stable post-bifurcation pattern up to 
the secondary bifurcation load (wave formation) 
in the flanges.  
The Vlasov model of a thin-walled bar does not 
allow taking into account the actually observed 
contour deformation and secondary local wave 
formation in the profile flanges bifurcation 
effects. 
We begin to study the features of equilibrium 
curves for cantilever beams by considering 
the stability problem for a steel cantilever 
beam 200 cm long with a cross-section in the 
form of a non-equilateral corner 3×2×0.3 cm 
(Fig. 11). 
This rod has the first 5 bending eigenforms. 

 
Figure 11. Cross-section of the cantilever beam 

 
The compression load on the beam was applied 
as uniformly distributed over the end section of 
the free end. Solutions using the FEM 
(NASTRAN) showed that the bifurcation 
diagram of this cantilever rod is symmetric (the 
red and blue curves are the same and growing 
up to the moment of wave formation). 
Consequently, the post-critical equilibrium of 
such a beam is stable (Fig. 12) up to the moment 
of local wave formation near the bottom edge 
from the side of compressed fibers (Fig. 13). 
This wave formation is provoked by the 
interaction of two loss of stability forms: 
general and local. As soon as local wave 
formation occurs, the load reaches its maximum 
at the limiting point and then drops sharply (Fig. 
12). It is clear that within the Vlasov model 
framework, the described forms interaction 
effect cannot be captured. 
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Figure 12. Deformation curves of fixed asymmetric angle bar (200 cm) under compression 

 
 

 
Figure 13. Local wave formation 

 

Interesting results were obtained by the authors 
when calculating a compressed cantilever angle 
bar with a symmetric section of 10 ×10 ×0.3 
cm and a length of 450 cm. The initial post-
bifurcation equilibrium was stable up to the 
moment of wave formation in compressed 
flanges (point 1 in Fig. 14). At this point, a 
wave-like stress distribution is observed. 
Further, the equilibrium of the corner becomes 
unstable and the load drops sharply. If the 
transverse perturbation acts in the opposite 
direction (the flanges are stretched), then the 
equilibrium curve reaches the limiting point 
(point 1') along the same curve as in the first 
case.  
 

 
Figure 14. Deformation curves of fixed asymmetric angle bar (450 cm) under compression 
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Here, as in the previous example, before the 
waveform load, the bifurcation diagram of such 
a cantilever beam is symmetrical and stable (as 
opposed to hinged supported bars with an angle 
section). 
Where does the limit point on the equilibrium 
curve come from? The authors believe that this 
is due to the deformation of the contour by the 
type of "flattening" of the angle bar near the 
bottom edge, where the greatest supercritical 
bending moment develops. Flattening reduces 
the bending stiffness of the corner section. 
 
 
CONCLUSION 
 
1. Compressed elastic thin-walled angle bars 
hinged at the ends have an asymmetric 
bifurcation diagram. Therefore they are 
extremely sensitive to bending imperfections, 
which cause additional compression of the 
zones located near the free edges of the flanges. 
2. Compressed elastic cantilever beams of the 
angle bar have an initial post-bifurcation 
equilibria diagram that is symmetric and stable 
up to the load of wave formation in the flanges 
(secondary bifurcation, which is the result of the 
interaction of natural forms). 
3. The energy theory of post-bifurcation 
behavior of the Vlasov thin-walled beam, 
constructed by M. Penyatoro and his 
collaborators, unfortunately, cannot capture all 
the important features (local wave formation, 
“flattening” of sections, etc.) of the 
development of supercritical stress-strain state 
of a real thin-walled beam. 
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Abstract:The article provides an analysis and comparison of the bearing capacity of barrett piles in difficult geo-
logical conditions at a construction site in Hanoi - Vietnam based on the results of analytical calculations using 
various methods. In particular, it contains calculation results according to Building Code of Russian Federation 
SP 24.13330.2011 "Pile foundations" [1], by numerical modeling of the pile operation under load using the 
PLAXIS 3D and MIDAS GTS NX software package, based on the results of field tests with piles (static load 
method). It is noted that the bearing capacity of bored piles and barret piles, according to the results of full-scale 
static tests with a limiting settlement of 40 mm, is in good agreement with the numerical solution (with the 
adopted soil model Hardening Soil (HS)) and with the calculation by the analytical method according to the 
strength characteristics of the soil base 

 
Keywords: pile-barrett, settlement-load dependence, bearing capacity, FEM, analytical solution, mathematical modeling 
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INTRODUCTION 
 
Currently, high-rise buildings are being actively 
erected in large metropolitan areas of the world 
[4]. At the same time, the constructive safety of 
these structures is largely ensured by a reliable 
foundation, including during construction on soft 
soils [14]. The choice of the type of foundation is 
a very important stage, and it is made at the design 
stage on the basis of geological survey documents. 
The foundation structure requires a significant part 
of the cost of a high-rise structure. 
Features of geotechnical conditions define special 
requirements for the design of zero cycle struc-
tures for such facilities [5]. In this regard, barrett 
piles are increasingly used as deep foundations, 
which can perceive significant longitudinal and 
transverse forces due to the increased bearing ca-
pacity both in material and in soil compared to 
alternative types of pile foundations [6]. 
To calculate the bearing capacity of bored piles on 
the ground and before testing the piles with a stat-
ic load, one should assign the main structural pa-
rameters of the underground structure and apply 
various calculation methods of analytical and nu-
merical calculations for limit states [4] at the stage 
of preliminary design of pile foundations. 
In this regard, it is important to carry out a com-
parative analysis of the results of numerical 

modeling of the interaction of the bearing ca-
pacity of barrett piles in soft soils using various 
soil models (MC and HS) in the PLAXIS 3D, 
MIDAS GTS NX software systems and analyti-
cal calculations in accordance with the results of 
field tests [ one]. 
Many scientists have dealt with the design and 
operation of barrett foundations, including in 
conditions of soft soils [8–13]. At the same 
time, it should be taken into account that a spe-
cial approach is required to calculate the bearing 
capacity of piles, taking into account the stress-
strain state of the enclosing soil mass [9,13,14]. 
Such a comparative analysis was carried out 
during the construction of a high-rise building 
with a developed underground part in the city of 
Hanoi, Vietnam where, as foundations, barrettes 
with a section of 800x2800 mm and a length of 
37 meters were designed. 
 
 
MATERIALS AND METHODS 
 
According to the results of geological surveys, 
the explored depth of the foundation at the con-
struction site in Hanoi - Vietnam has a depth of 
61 m and consists of 9 soil layers. Physicome-
chanical and strength characteristics of soils are 
shown in Table 1. 

 
Table 1. Physical and mechanical properties of soils 

 
Layer 

Number 
Soil h, m , kN/m3 IL e , de-

gree 
, 

kPa 
, MPa 

1 Bulk packed soil 1.6 16.00 - - - - - 
2 Fluid clay 16.1 17.00 1.408 1.246 6.30 7.00 1.50 
3 Fine sand 5.1 19.00 0.350 0.771 30.00 - 13.5 
4 Fluid-plastic clay 10.2 17.20 0.811 1.171 18.00 9.10 15.0 
5 Fine sand 3.0 19.20 0.350 0.746 30.00 - 13.5 
6 Soft-plastic loam 3.4 17.80 0.695 1.002 7.40 9.60 5.00 
7 Fine sand 1.0 19.10 0.035 0.755 30.00 - 13.5 
8 Fluid-plastic loam 4.8 17.50 0.930 1.082 8.00 9.50 3.00 
9 Gravel and pebble soil >15.8 20.10 0.300 0.524 38.00 2.00 50.0 
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The barrette pile operates under indentation load 
within a depth of 37.00 m, from an elevation of 
-14.90 m to -51.90 m. 
In accordance with Russian standards [1], the 
bearing capacity of hanging piles is determined 
depending on the physical and mechanical 
properties of the foundation soil and the depth 
of the pile. In accordance with paragraph 7.2.6 
[1] it is presented in the following general form: 
 

Fd   f IL ,e, D, L ,                 (1) 

 
where IL is a soil flow rate; 
      e is soil porosity coefficient; 
     D is pile trunk diameter, m; 
     L is pile-laying depth in the ground, m 
 
The correct choice of the base soil model and its 
input parameters is of particular importance [7] 
In numerical geotechnical modeling. 
We performed mathematical modeling of the 
test step by step in several stages: 
1. Formation of the initial stress-strain state of 
the soil mass; 
2. Development of the foundation pit; 
3. Arrangement of barret piles; 
4. Loading of the barrette (see Fig. 1). 
A gradual application of a vertical indentation 
load to the experimental barrette was carried out 
by 2500 kN at each stage. 
Mathematical modeling of changes in the 
stress-strain state of the soil mass in the pro-
cess of virtual testing of the experimental bar-
rette pile was carried out using the geotech-
nical software PLAXIS 3D and MIDAS GTS 
NX in a spatial setting. 
The software package implements several soil 
models, in particular: Mohr-Coulomb model 
(MC, Coulomb-Mohr model), Soft Soil Model 
(soft soil model), Hardening Soil Model (hard-
ening soil model), Soft Soil Creep (soft soil 
model with taking into account creep), Harden-
ing Soil with Small Strain (model of hardening 
soil taking into account the stiffness of small 
deformations), Modified Cam-clay (modified 
model of Cam-clay, MCC), etc. 

It is known that each of these models has its 
own advantages and disadvantages. In more de-
tail, we considered two models most often used 
in geotechnical design: 
- ideal-elastoplastic model Mohr-Coulomb; 
- Elastoplastic model of the hardening soil 
Hardening Soil. 
 

a)      

  b)  
 

Figure 1. FE model: 
a) PLAXIS 3D; b) MIDAS GTS NX 

 
After assigning the parameters of the pile founda-
tion, full-scale tests with the vertical static load of 
a single barrette with a section of 800x2800 mm 
and a length of 37 meters were made and carried 
out at the construction site. The tests were carried 
out in accordance with Standard of Rusian Federa-
tion GOST 20276-2012 [3] using hydraulic jacks 
using the Top-Down method up to a maximum 
load of N = 30 MN. 
 
 
TEST RESULTS AND COMPARISON 
 
Based on the results of full-scale tests, we con-
struct graphs of the dependence of settlement on 
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time for each stage of the load [14]. The condition 
of the maximum settlement of the pile head under 
a load of 40 mm is achieved at a vertical load 
Fd,site = 27500 kN (see Fig. 2). This value is taken 
as the bearing capacity of the barrette on the 
ground. 
Analytical calculations have shown the value of 
the total bearing capacity of this barrette equal to 
Fd,calc1 = 27285 kN. At the same time, 77% fell on 
the heel of the pile and only 23% on the side sur-
face. 
Considering the significant thickness of weak soils 
with a low modulus of deformation within the bar-
rett trunk, we note that the pile settlement under 
load will play a significant role in the formation of 

its overall bearing capacity. Therefore, it was de-
cided to limit the bearing capacity on the ground 
by the maximum settlement of a single pile, equal 
to 40 mm, similar to field and numerical tests in 
accordance with the provisions of the Russian Ge-
otechnical Construction Standard [2]. 
The deformed model diagram and vertical dis-
placements at an intermediate stage of testing 
(at P = 20,000 kN) for various soil models are 
shown in Figures 3-4. 
Table 2 presents the results of determining the 
bearing capacity of a barrette on the ground by 
analytical and numerical methods in comparison 
with the results of field tests. 

 

 
Figure 2. Results of full-scale static tests of  barrette piles 

 
a) 

  

b) 

 

 

 

Figure 3. Deformed state and vertical displacements of the FE model in PLAXIS 3D: 
  a) Mohr-Coulomb; b) Hardening Soil                    
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a) b)  

Figure 5. Deformed state and vertical displacements of the FE model in MIDAS GTS NX:                            
a) Mohr-Coulomb; b) Hardening Soil 

 
Table 2. Bearing capacity of pile-barrets by various methods 

 
 Methodology for calculating the bearing capacity of 

piles on the ground 
Bearing capacity of the 
pile on the ground, kN 

 Field test results, Fd,site 27500 

 Analytical classical method [1], Fd,calc1 27285 (-1%) 

Considering 
unloading 

PLAXIS 3D software for Hardening Soil, Fd1,HS 23700 (-13,8%) 
MIDAS GTS NX software for Hardening Soil, Fd2,HS 23600 (-14%) 

Taking into 
account 
unloading 

PLAXIS 3D software for Mohr-Coulomb, Fd1, MC 14500 (-47%) 
MIDAS GTS NX software for Mohr-Coulomb, Fd2,MC 

16440 (-40%) 

The combined load-settlement graph for the vari-
ous considered methods for determining the bear-
ing capacity of the barrette is shown in Figure 5. 
Thus, the results of field tests of the bearing ca-
pacity of barrette piles with a section of 800×2800 
mm and a length of 37 m in comparison with the 
results of numerical and analytical calculations 
using various programs showed the following: 
• for 13.8 - 14.0%, the results of field tests 
turned out to be higher than the bearing capacity  
of the piles than in the numerical modeling in 
PLAXIS 3D and MIDAS GTS NX programs 
using the HS model; 
• for 40.0 - 47.0%, the results of field tests 
turned out to be higher than the bearing capacity 
of piles in numerical modeling in PLAXIS 3D 

and MIDAS GTS NX programs using the MC 
model; 
• 1.0% higher than the bearing capacity of piles, 
calculated from the results of analytical methods 
using tabular soil resistance [1]. 
It is clearly seen from the given example that 
the results of mathematical modeling of testing 
a barrette in a deep pit differ significantly from 
the graphs of barrett displacement under static 
load when using different soil models (MC and 
HS). This discrepancy can be explained by the 
fact that after the development of the bottom of 
the pit, part of the subgrade is unloaded and the 
subsequent loading is performed along the sec-
ondary branch "unloading-reloading", which is 
not taken into account in the MC model. 
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Figure 6. Combined diagram Load vs. Settlement  

 
CALIBRATION OF GEOMECHANICAL 
MODEL PARAMETERS 
 
Comparison of the calculation results using 
the Hardening Soil model showed good con-
vergence in bearing capacity with field data 
(Table 2). At the same time, the model devel-
oped in the Midas GTS NX software package 
most accurately describes the behavior of the 
barrett under load (Fig. 5). However, the 
graphs begin to diverge in the range of loads 
of 15000-25000 kN, in which the piles are 
supposed to work as part of the foundation of 
a high-rise building. Therefore, in order to ob-
tain reliable results in further geotechnical 
calculations, it is necessary to adjust the pa-
rameters of the mathematical model. 
The characteristics of the soil and the character-
istics of the contact elements along the barrett-
soil boundary make a significant contribution to 
the nature of the load-settlement curve. 

Russian standards [2] do not allow adjusting the 
strength parameters of soils for calculations 
based on the first limiting state. The defor-
mation parameters of the model depend on the 
strength [15]; therefore, the model was calibrat-
ed by adjusting the interface elements. 
Judging by the graph of the numerical test (Fig. 
6), weak soil layers subjected to plastic flow 
during shear along the "pile-soil" boundary after 
reaching the load value of 15,000 kN. Part of 
the efforts are transferred to stronger and tough-
er soils, in particular, gravel-pebble soil, within 
which the calibration of the parameters of work 
on the lateral surface was carried out. 
In the software package Midas GTS NX, the 
deformation and strength characteristics of the 
"interface" elements were assigned taking into 
account the coefficient of strength and stiff-
ness reduction at the material boundary R = 
0.6 for all types of soils, adopted in accord-
ance with the Russian code of rules for pile 
foundations [1]. However, there is no value of 
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the coefficient of work on the lateral surface 
of the piles for coarse-grained soils and it is 
proposed to determine it empirically in the 
document [1]. 
The work on the side surface of the barrette in 
coarse soil is better than in sand, given its struc-
ture. After adjusting the parameters of the inter-
face elements, taking into account R = 0.8 with-
in the gravel-pebble soil (Fig. 6). It was possible 
to almost accurately describe the behavior of the 
barrette under load (Fig. 7). 
 

 
Figure 6. Assigned R-factors after calibration 

and calculation results 
 

 

 
Figure 7. Load vs.settlement plots based on the results of the corrected model calculation and the 

results of field tests

CONCLUSIONS 
 
As a result of the studies, it was found that 
modeling the bearing capacity of a pile-barrets 
with a section of 800x2800 mm and a length of 
37 meters along the soil, performed in a soft-
ware package using the HS model for soil con-
ditions in Hanoi, Vietnam, showed values close 
to the results of static field tests. 
The presented method of numerical calculations 
using the HS soil model in the PLAXIS 3D and 
MIDAS GTS NX programs describes the results 
of static field tests for construction sites with a 

large thickness of soft soils with sufficient accu-
racy for practical purposes. 
To perform the final numerical calculations of 
the pile foundations of high-rise buildings, it is 
necessary to calibrate the numerical model 
based on the results of field tests. It is recom-
mended to adjust the parameters of the interface 
elements for the "barrette-ground" contact. The 
value of the coefficient of reduction of strength 
and stiffness of contact elements for barrett in 
coarse soils is recommended to be used higher 
than in sands. 
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FILTRATION PROBLEM WITH NONLINEAR FILTRATION AND 
CONCENTRATION FUNCTIONS 

 
Galina L. Safina 
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Abstract: Ancient architectural buildings are of great value for all modern humanity. Over time, under the 
influence of vibrations, water and other man-made and natural factors, the foundations of such buildings are 
destroyed, the soil structure changes. Currently, one of the most popular methods of strengthening soils and 
strengthening foundations is the jet grouting technology. When the liquid grout passes through the porous rock, 
the suspended particles of the grout form a deposit. In this paper, we study a one-dimensional model of 
suspension deep bed filtration in a porous medium with different particle capture mechanisms. The considered 
filtration model consists of the balance equation for the masses of suspended and retained particles and the 
kinetic equation for deposit growth. In this case, the deposit growth rate is determined by the concentration 
function of suspended particles, which, in turn, depends on the properties of the suspension and the geometry of 
the porous medium. The solution to the problem is obtained for linear and non-linear concentration functions. An  
asymptotic solution of the problem is constructed for both types of functions near the concentration front of 
suspended and retained particles. It is shown that the asymptotic and numerical solutions are close over a long 
time interval. 
 

Keywords: deep bed filtration, suspended and retained particles, suspension, porous medium, concentration 
function, asymptotic solution. 
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INTRODUCTION 
 
Historical buildings are an integral part of the 
world cultural heritage. They reflect the 
historical trajectory of the country's 
development and are the product of the 
development of ancient history, culture, art and 
religion. Humanity needs history and culture, 
and it is through historical monuments that it 
comes into contact with both. Thanks to the 
protection and restoration of historical 
buildings, a person can complement the cultural 
heritage of his country, record history, and 
ensure his identity [1]. 
In most cases, the age of buildings with 
architectural value exceeds 100 years. Over a 
long service life, the foundations of monuments 
are under threat of destruction due to increased 
loads and vibrations, and the structure of soils 
changes over time. Water penetrating into the 
soil in various ways has a special effect (a sewer 
breakthrough, an increase in the groundwater 
level). To prevent the loss of historical values 
and cultural monuments, it is necessary to 
strengthen the soils under them, which will 
reduce the risk of deformations and destruction. 
There are many examples of strengthening the 
soils of historical buildings in the world 
practice. For example, this is the Angel's 
Stradome in Krakow, the Branicki Palace and 
the historic Foxal 13 and 15 building in 
Warsaw, the Kutb Miner in Delhi (fig. 1), the 
Tsaritsyno State Museum-Reserve in Moscow 
(fig. 2), etc. [2-6]. 
 

 
Figure 1. The Qutb Miner 

 
Figure 2. Tsaritsyno State Museum-Reserve 

 
Since the 1970s, jet grouting technology has 
been used in the work on effective soil 
strengthening and foundation strengthening  
[7-9], which is currently one of the most popular 
in this field. Grout (fluid system), or grout with 
air (double fluid system), or grout with air and 
water (triple fluid system) is injected into the 
ground through nozzles of small diameter 
placed in a pipe for the grout lowered into the 
well. The tube rotates continuously at a constant 
speed and slowly rises to the surface of the 
earth. The jet propagates radially from the axis 
of the well, and after a while the injected 
solution solidifies, forming a body of cemented 
soil of a quasi-cylindrical shape [10]. 
Filtration of a suspension transporting through a 
porous medium, taking into account the 
retention of solid particles on a porous frame 
and a gradual decrease in the porosity and 
permeability of the medium, is of great interest 
in jet grouting. Suspension filtration is divided 
into two groups: cake filtration and deep bed 
filtration [11]. The first type of filtration 
consists in the retention of particles at the 
porous medium inlet, it is characteristic of 
suspensions with large particles and a high 
concentration, the second is associated with the 
deposit formation in the entire porous medium, 
if small suspended particles of a suspension 
with a low concentration can be freely 
transported through the pores [12]. In the case 
when the suspension has particles of different 
sizes, these two types of filtration are used 

 *�+_*�Ö���*�_*
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simultaneously [13]. We will consider the deep 
bed filtration model.  
There are various mechanisms for capturing 
particles in a porous medium: size exclusion, 
electric forces (London-Van der Waals, 
double electric layer, etc.), gravitational 
segregation, multi particle bridging [14]. In 
this paper, size exclusion mechanism is 
considered, when large particles are captured 
by small pores, clog them, and pass 
unhindered through large pores [15-17], and a 
mixed mechanism that includes size exclusion 
mechanism and multi particle bridging 
mechanism [fig. 3]. In the case of multi 
particle bridging, suspension particles form 
arched bridges at the pores, thereby block 
them. 

 

  
a) b) 

Figure 3. Particle capture mechanisms in the 
porous medium a) size exclusion b) size 

exclusion together with multi particle bridging 
 
In the classical model of deep bed filtration, 
the system of partial differential equations 
consists of mass balance equation end kinetic 
equation of deposition. Exact solutions have 
been found for some classes of one-
dimensional problems [18-20], for others it is 
possible to obtain only an asymptotic solution 
[21-23]. For a wide class of models, a solution 
is obtained by numerical methods [24-26]. 
 

MATHEMATICAL MODEL 
 
Consider the classical model of deep bed 
filtration in the domain {0 1, 0}x t  
 

( , ) ( , ) ( , )
0

C x t C x t S x t
t x t

, (1) 

( , )
( , ) ( , )

S x t S x t F C x t
t

 (2) 

 
with a boundary condition 
 

0 : (0, ) 1x C t  (3) 
 
and initial conditions 
 

0 : ( ,0) 0; ( ,0) 0t C x S x . (4) 
 
Here ( , )C x t  is the concentration of suspended 
particles, ( , )S x t  is the concentration of retained 

particles,  ( , )S x t  is the filtration function, 

( , )F C x t  is the concentration function. 

The line t x  determines the concentration 
front of suspended and retained particles. In the 
domain (1) {0 1, 0 }x t x , located 
below this line, concentrations ( , )C x t  and 

( , )S x t  are equal to zero. In the domain 
(2) {0 1, }x t x  concentrations ( , )C x t  

and ( , )S x t  are positive. The solution ( , )C x t  
has a break along the front, the solution ( , )S x t  
is continuous everywhere and is zero at the 
concentration front. 
In this paper, we will consider a cubic function 
of the general form as a filtration function 
 

2 3
0 1 2 3S S S S , 

 
which is decreasing to zero, i.e. there is a value 

S  such that 2 3
0 1 2 3 0S S S . The 

specific type of filtration function used in our 
calculations has been determined 
experimentally [27]. 
The system (1)-(2) takes the form 
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2 3
0 1 2 3 ( ) 0

C C S S S F C
t x

, (5) 

2 3
0 1 2 3 ( )

S S S S F C
t

 (6) 

 
with boundary and initial conditions (3)-(4). 
Turning in equation (5) to the characteristic 
variables ,t x x x , we obtain the 
equation 
 

2 3
0 1 2 3 ( ) 0

C S S S F C
x

. 

 
Let us find a solution ( , )C x  at 0 , which 
corresponds to the concentration front line 
t x . Given that the solution ( , )S x  is zero at 

0 , we get 
 

0 ( ) 0
C F C
x

. 

 
Consider concentration functions of the form 
F C  and 3(1 )F C , which 

correspond to the size-exclusion and mixed 
mechanisms of particle capture. For a linear 
function F C  we get 

 

0

C
x

. 

 
Taking into account (3), we have 
 

0

1

0

( )C x

dc x
C

, 

 
the solution 0 ( )C x  is determined with formula  
 

0
0 ( ) xC x e . (7) 

 
For a nonlinear function 3(1 )F C  

we get 
 

0

1

03
( ) (1 )C x

dc x , 

 
then 
 

0

0

(1 )

0 2(1 )

1
( )

1

x

x

eC x
e

. (8) 

 
At the filter inlet 0x  taking into account the 
boundary condition (3), the solution 0 (0, )S t  is 
determined by equation (6):  
 

2 3
0 1 2 3

S S S S
t

, 

 
Then 
 

(0, )

2 3
0 1 2 30

S t dS t
S S S

. (9) 

 
 
ASYMPTOTIC SOLUTION NEAR THE 
CONCENTRATION FRONT 
 
Linear concentration function 
For linear concentration function F C  let 

us find asymptotic solutions near the 
concentration front t x  in the form:  
 

0 1

2
2

( , ) ( ) ( )( )

1
( )( ) ...,

2

C x t
 (10) 

2
1 2

3
3

1
( , ) ( )( ) ( )( ) ...

2
1

( )( ) ...,
6

S x t S x t x S x t x

S x t x
 (11) 

 
limiting in both solutions to the first three terms 
due to cumbersome calculations. The first term 
of the suspended particle asymptotic 0 ( )  is 

determined by the formula (7), 0 ( ) 0S x  since 
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the concentration of deposited particles is zero 
at the concentration front. 
Differentiate the expansion (10) by x  and t , the 
expansion (11) by t  and substitute these 
expressions into the system of equations (5)-(6). 

Grouping the terms at the same degrees of 
( )t x , equate them to zero and get a system of 
equations: 

 
0( )t x :      0 0 0( ) ( ) , 1 0 0( ) ( )S x ; 
1( )t x :      1 0 1 1 1 0( ) ( ) ( ) ( ) , 2 0 1 1 0 1( ) ( ) ( ) ( )S x ; 

2( )t x :     2
2 0 2 1 1 1 1 0 2 2 0 1

1 1 1
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

2 2 2
 

2
3 0 2 1 1 1 1 0 2 2 0 1

1 1 1
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )

2 2 2
S x  

 
Solving this system of equations, we obtain: 
 

0
0 ( ) x , 0

1 0( ) xS x e ; 
0 0

1 1( ) 1x x , 0 0
2 0 1( ) 2 1x xS x e e ; 

0 0 022 2 2
2 1 0 2 1 1 0 22 3 2x x x , 

0 0 022 2 2
3 0 1 0 2 1 1 0 2( ) 3(2 ) 6 2x x xS x e e e . 

 
Note that the first solution of the obtained 
system coincides with solution (7). 
 

Substituting the obtained solutions in (10)-(11), 
we obtain asymptotic expansions:  
 

0 0 0

0 0 0

1

22 2 2 2
1 0 2 1 1 0 2

( , ) 1 ( )

1
2 3 2 ( ) ...,

2

x x x

x x x

C x t e e e t x

e e e t x
 

0 0 0

0 0 0

2
0 0 1

22 2 2 3
0 1 0 2 1 1 0 2

1
( , ) ( ) 2 1 ( )

2
1

3(2 ) 6 2 ( ) ...
6

x x x

x x x

S x t e t x e e t x

e e e t x
 

 
Nonlinear concentration function  
Consider the nonlinear concentration function 

3(1 )F C . In order to avoid 

cumbersome calculations, we will limit 
ourselves in expansions (10)-(11) to the first 
two terms: 
 

0 1( , ) ( ) ( )( ) ...C x t , (12) 

 
 

2
1 2

1
( , ) ( )( ) ( )( ) ...

2
S x t S x t x S x t x (13) 

 
Here the main term of the asymptotic is given 
by formula (8). 
Similarly to the case with a linear function, we 
obtain a system of equations: 
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0( )t x :      3
0 0 0 0 0( ) (1 ) ( ) ( ) , 3

1 0 0 0 0( ) (1 ) ( ) ( )S x ; 
1( )t x :      2 3

1 0 1 1 0 1 0 0 1 1 0 1( ) (1 ) ( ) (1 ) ( ) ( ) 3 ( ) ( ) ( ) ( )C x , 
2 3

2 0 1 1 0 1 0 0 1 1 0 1( ) (1 ) ( ) (1 ) ( ) ( ) 3 ( ) ( ) ( ) ( ).S x  

 
Solving the recurrent system, we obtain: 
 

0

0

(1 )

0 2(1 )

1

1

x

x

eC
e

, 
0 0

0 0

(1 ) 3(1 )3 3
0 0

1 2(1 ) 2(1 ) 3

(1 ) (1 )
( )

1 (1 )

x x

x x

e e
S x

e e
; 

2
1 1 0 0 0( ) ( ) ( ) 1 1 ( )C x C x , 

2 6 2 5 4 3
2 0 1 0 0 1 0 0 1 0 0 1 0

2 2 2
0 1 0 0 1 0

( ) 4 ( ) 3 ( ) 6 ( )(1 ) 4 ( )(1 )

2 ( )(1 ) ( )(1 ) .

S x
C x C x

 

 
Substituting the obtained expressions into 
decompositions (12), (13), we obtain 
asymptotic solutions 
 

0

0

(1 )
2

1 0 0 02(1 )

1
( , ) ( ) ( ) 1 1 ( ) ( )

1

x

x

eC x t C x
e

, 

0 0
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(1 ) 3(1 )3 3
0 0

2(1 ) 2(1 ) 3

2 6 2 5 4 3
0 1 0 0 1 0 0 1 0 0 1 0

2 2 2 2
0 1 0 0 1 0

(1 ) (1 )
( , ) ( )

1 (1 )

1
4 ( ) 3 ( ) 6 ( )(1 ) 4 ( )(1 )

2

2 ( )(1 ) ( )(1 ) ( ) .

x x

x x

e e
S x t t x

e e

C x C x t x

 

 
 

NUMERICAL SOLUTION OF THE 
PROBLEM 
 
Let us solve the problem by the numerical 
method of finite differences. For the 
convergence of the method, the steps along 
the time axis t  and the coordinate axis x  are 
chosen 0.01t xh h , it ensures the 

fulfillment of the Courant condition [28]. The 
coefficients of the filtration function are 
obtained experimentally: 0 1.551, 

3
1 3.467 10 , 6

2 1.16 10 , 
7

3 1.16 10  [29].  In this case, the 

solution at the filter inlet, determined by 
equation (9), is given implicitly 

2

71.87arctg(0.41 2 ) 59.12ln(193.28 )

29.56ln(69177.9 203.28 )

71.87arctg 0.41 59.12ln193.28

29.56ln(69177.9) .

S S
S S

t

 

 
The graphs of suspended particle 
concentrations at a time 100t  for linear 
(fig. 4a) and cubic (fig. 4b) concentration 
functions are shown in fig. 4: the red line 
corresponds to the numerical solution of the 
problem, the black line corresponds to the 
asymptotic solution. It can be seen from the 
figures that the asymptotics for both 
concentration functions gives a fairly good 
approximation, the greatest discrepancy is 
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observed at the filter inlet. The relative error 
of the asymptotics in the case of a linear 
concentration function is about 5%, in the 
case of a nonlinear filtration function – 3%. 

Fig. 5 shows the relative errors of the 
asymptotic concentration of suspended 
particles for different times t : 1t  (black 
line), 10t   (blue line), 50t  (green line), 

100t  (red line). 
 

  

a) F C  b) 3(1 )F C  
Figure 4. Numerical and asymptotic solutions of suspended particles concentrations at 100t  

 

  
a) F C  b) 3(1 )F C  

Figure 5. Relative errors of suspended particles concentration asymptotics for various t  
 
In fig. 6 the graphs of retained particle 
concentrations at 0.5x  (fig. 6a) and at the filter 
outlet 1x  (fig. 6b) for the concentration 
function F C  are presented. The numerical 

solution is indicated by a red line, the asymptotic 
solution is indicated by a black line. Similar 

graphs for the case 3(1 )F C  are 

shown in fig. 7. The relative errors of the 
asymptotic concentration of retained particles for 
various filtration functions are shown in fig. 8. 
The case 0.5x  corresponds to the red line and 
the case 1x  corresponds to the black line.    

 

  
a) 0.5x  b) 1x  

Figure 6. Numerical and asymptotic solutions of retained particle concentrations for F C  
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a) 0.5x  b) 1x  

Figure 7. Numerical and asymptotic solutions of retained particle concentrations for 
3(1 )F C  

 

  
a) F C  b) 3(1 )F C  

Figure 8. Relative errors of suspended particles concentration asymptotics at 0.5x  and 1x  
 
The graphs show that the deviation of the 
asymptotic from the numerical solution 
increases with increasing time, approximately 
up to the time moment 50t , the relative error 
of the asymptotic for both concentration 
functions is less than 2%, at the time 100t  at 
the filter outlet, the relative error of the 
asymptotic in the case of a linear concentration 
function is slightly more than 6%, with a 
nonlinear function  8%. 
 
 
CONCLUSION 
 
The mathematical model of deep filtration with 
a dimensional particle capture mechanism and 
mixed mechanism that includes size exclusion 
mechanism and multi particle bridging 
mechanism is considered in paper. With the first 
particle capture mechanism, solid particles 
freely pass through pores whose diameter is 
larger than the particle size and clog pores with 

a smaller diameter. With mixed mechanism, 
some solid particles freely pass through the pore 
necks, some get stuck in them, and others can 
block the pores, forming arch bridges. Several 
particles are connected, attached to the edges of 
the pore, thereby blocking it and preventing the 
suspended particles from entering the pore. In 
the considered model, the linear concentration 
function F C  describes size exclusion 

mechanism, the nonlinear function 
3(1 )F C  describes mixed 

mechanism. In the filtration model, a 
polynomial of the third degree was used as a 
filtration function ( )S . 
The constructed asymptotics of the 
concentrations of suspended and retained 
particles near the concentration front give good 
approximations to numerical solutions even in 
sufficiently large time intervals. The asymptotic 
solution of the suspended particle concentration 
of the second order, constructed for a nonlinear 

 *�+_*�Ö���*�_*
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concentration function, is closer to the 
numerical solution, the relative error at the time 
is about 3%, while the error of the third-order 
asymptotic in the case of a linear concentration 
function is slightly more than 5%. For retained 
particles, the second-order asymptotic in the 
case of a linear concentration function better 
approximates the numerical solution than the 
first-order asymptotic when using a nonlinear 
concentration function, for example, at the filter 
outlet at a time 100t , the relative error of the 
second-order asymptotic is 2% less than the 
error of the first-order asymptotic. 
It should be noted that by limiting the 
asymptotic of suspended particle concentration 
to two terms with a nonlinear concentration 
function, an approximate solution for the linear 
filtration function is actually constructed. Thus, 
we can determine when a solution with a 
nonlinear filtering function begins to deviate 
significantly from the asymptotic of the linear 
function. 
In field studies of reservoir water filtration in 
porous rock, measurement errors are at least 
10 % [30]. Therefore, the proposed asymptotic 
formulas adequately describe the filtration 
process up to time 100t . 
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Abstract: Currently, permafrost is degrading due to global warming. The destructive impact of cryogenic 
processes on buildings and structures in the permafrost zone is increasing. The purpose of this study was to 
predict the decrease in the bearing capacity of pile foundations of existing buildings and the resulting 
deformations of the permafrost soils due to climate change. Numerical studies of the bearing capacity of pile 
foundations and deformations of the base of a building erected in the 1980s in Norilsk according to the first 
principle of construction on permafrost soils were carried out. Modeling showed a decrease in the bearing 
capacity of the piles of the building up to 50% over 60 years (mesured since 2000). The period after which the 
building will come into an emergency condition is determined. Article provides an assessment of the 
effectiveness of the use of seasonally operating cooling devices to ensure its operational reliability. 

 
Keywords: permafrost soils, cryolithozone, pile foundations, thermal stabilizers, bearing capacity of piles, 

building maintenance. 
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INTRODUCTION 
 
The Earth's climate has changed throughout the 
humanity’s existence. The modern warming period 
began from the mid-70s of the twentieth century 
and continues up to the present time [1] It is worth 
noting that in the 30s–40s there was also warming, 
which was especially evident in the Arctic. This led 
to its rapid development at that time [2]. The Earth's 
climate has changed throughout the existence of 
mankind. The modern period of warming began in 
the period from the mid-70s of the twentieth century 
and continues up to the present time [1] It is worth 
noting that in the 30s–40s there was also warming, 
which was especially evident in the Arctic, which 
led to its rapid development at that time [2]. An 
analysis of modern research allows us to identify 
five scenarios of climate change, for which the 
positions of the boundaries of the distribution of 
permafrost soils (PS) and the depths of seasonal 
thawing are calculated. The most popular is the 
scenario in which global warming will occur 
relatively quickly. By the end of the 21st century, the 
average temperature of the Earth's surface may 
increase from 1.1 to 6.4 °C in comparison with 
1990. In the northern hemisphere, where the most 
rapid and significant warming will be observed, the 
area of distribution of PS will decrease to 40% by 
2050 [3]. 
The degradation of permafrost has a direct 
impact on the construction sites located there 
[4]. The destructive impact of cryogenic 
processes on infrastructure facilities in the area 
of permafrost has increased as follows: by 61% 
in Yakutsk, 90% in Amderma, 42% in Norilsk 
[5]. In the Norilsk region, climate warming 
should be considered as a significant factor in 
the occurrence of accidents, which must be 
taken into account when calculating the bases in 
the permafrost zone for the entire period of 
construction and operation of facilities [6]. 
The observed upward redistribution of 
permafrost temperatures at the depth of annual 
zero amplitudes is especially dangerous for 
existing buildings and structures. 
More than 75% of all buildings and structures in 
the permafrost zone of Russia are built and 

operated according to the principle of 
maintaining the frozen state of foundation soils. 
That is the foundations are frozen into the soil, 
and this ensures the required bearing capacity 
[7]. Most urban buildings are typical panel or 
brick five-nine-story buildings on pile 
foundations [8]. 
Thus, the relevant problem is the prediction of 
deformations of the PS base and the decrease in 
the bearing capacity of pile foundations due to 
climate warming. 
Analytical forecast of reducing the bearing 
capacity of pile foundations by the middle of the 
21st century [9,10 showed that at the moment for 
buildings built in the 60-80s (I principle of 
construction on PS), the reduction in the bearing 
capacity of the pile foundation reaches 25% 
(North European parts of Russia). However, it 
remains at an average level (10-20%) for most 
regions. By 2050, it’s a high (>30%) decrease will 
be observed. 
Khrustalev L.N. determined an increase in the 
required depth of pile driving to ensure the 
stability of buildings for the period from 1950 to 
2010 for Vorkuta and to 2030 for Yakutsk due 
to an increase in the temperature of the 
permafrost caused by climate warming [11]. 
Kudryavtsev S.A. et al., propose a conceptual 
basis for the model for determining the bearing 
capacity of pile foundations based on studies 
conducted over the past 45 years of observations 
for the infrastructure facilities of the Eastern 
Range of the Far Eastern Railway located on the 
PS. According to this, the bearing capacity of piles 
decreased by 3 times from 1990 to 2020. [12,13]. 
The purpose of this article is to predict the 
decrease in the bearing capacity of pile 
foundations of existing buildings in the conditions 
of Norilsk and the resulting deformations of the 
PS base in relation with climate warming. 
 
 
RESEARCH METHOD 
 
The determination of the reduction in the 
bearing capacity of pile foundations and the 
calculation of deformations of the PS base were 
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carried out by a numerical method in the 
Settlement Calculator, which is part of the Frost 
3D software package. 
In the Frost 3D Settlement Calculator, the 
calculation of soil settlement and bearing 
capacity of piles is carried out in accordance 
with Chapter 7 of Building Code of Russian 
Federation SP 25.13330.2012 " Soil bases and 
foundations on permafrost soils". The 
calculations used the modified method SP 
25.13330.2012 embedded in the Calculator, 
which allows performing calculations on a 
three-dimensional finite-difference 
computational grid and taking into account the 
proportion of unfrozen water in the ground. 
Determination of the deformation of the base of 
the foundations performed using the numerical 
solution of a stationary differential equation in 
partial derivatives, which describes small 
transverse deflections of a thin plate, 
considering the elastic forces under 
perpendicular effects of external forces. 
The pile foundation of a multi-storey building 
with dimensions of 12x24 m, built according to 
the I principle of construction on the PS, was 
modeled. There was a ventilated underground 
under the entire volume of the building. The 
foundation consists of reinforced concrete piles 
d = 0.35 m, buried in the ground to a depth of 
13 m (piles of the extreme row) and 15 m (piles 
under the middle of the building) and united by 
a tape or slab grillage. The pressure from the 
building to the foundation was set in the case of 
a strip grillage of 204 kPa for a row of piles 
under the wall in the middle of the building and 
149 kPa in the case of an extreme row of piles, 
for a slab grillage it was 120 kPa. 
When calculating the bearing capacity and 
deformations, the temperature distribution 
obtained by the authors in the course of previous 
studies [9,6] at the base of the building in 
Norilsk, which was erected according to the I 
principle of construction on PS with a ventilated 
underground, was used, taking into account 
climate warming (Figure 1). The bearing 
capacity of pile foundations was determined by 
2000 using the temperature distribution obtained 

from meteorological data. By 2021 and 2059, it 
was determined considering the trend of climate 
warming. 

 

Figure 1. Soil temperature distribution along a 
pile with a length L = 16 m, d = 0.35 m, located 

under the middle of the building 
 
 
RESULTS 
 
By 2021, the calculation condition for the first 
limit state (ultimate state) is met. The bearing 
capacity of piles exceeds the calculated load 
applied to them (Figure 2), despite the decrease 
by 2021 compared to 2000 of the bearing 
capacity of piles of the extreme row by 13%, 
piles under the middle of the building by 11%. 
 

 

Figure 2. Calculation of the bearing capacity of 
piles by 2021. Piles are highlighted in green in 

the model. The calculation condition for the first 
limit state is met 

By 2040, part of the piles is predicted to lose 
stability due to a decrease in their bearing 
capacity caused by the predicted increase in the 

ventilated 
underground 
 
soil 

temperature 

de
pth 
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temperature of permafrost with climate warming 
(Figure 3a). In comparison with 2000, a 
decrease in bearing capacity was obtained by 
30% and 28% for the piles of the extreme row 
and piles under the middle of the building, 
respectively. The calculation of deformations of 
the building base was made. A settlement of 30 
cm was obtained and the relative difference in 
settlements was 0.047 in the transverse and 

0.016 in the longitudinal directions (Figure 3b) 
due to the loss of bearing capacity by some of 
the piles for the strip grillage. 
By the end of the simulated time period (2059), 
the bearing capacity is predicted to decrease by 
52% for the piles of the outermost row, by 49% 
for those located under the middle of the 
building, and, in the case of a strip grillage, the 
latter will lose stability. 

 

                  
a)                                                                   b) 

Figure 3. Loss of stability by part of the piles, caused by a decrease in their bearing capacity due to 
the predicted increase in the temperature of the permafrost by 2040: a) calculation model of piles 

and strip grillage, in red - piles that have lost stability; b) additional sediment received 
 

For a slab grillage, the piles’ loss of stability is 
shown in Figure 4a. Figure 4b presents the results 
of the settlement calculation. The following values 
of deformations were obtained: draft 62 cm, 
relative difference of draft 0.035 in transverse and 

0.033 in longitudinal directions. Figure 5 shows 
the general diagram of the decrease in the bearing 
capacity of piles by 2059 in relation to 2000 due 
to an increase in the temperature of the permafrost 
with a warming climate. 

 

                 
a)                                                           b) 

Figure 4. Loss of stability by part of the piles (red) caused by a decrease in their bearing capacity 
due to the predicted increase in the temperature of the permafrost by 2059: a) calculation model of 

piles and slab grillage; b) additional sediment received 
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As a result, it was found decrease of bearing 
capacity of the piles of the facilities built in 
1981 according to principle I in Norilsk. And by 
2040, the building will come into an emergency 
condition. It is necessary to plan structural and 
technological measures to ensure operational 
reliability, as well as the organization of 
geocryological and geotechnical monitoring of 
such buildings. 
 

 
 

Figure 5. Diagram of the decrease in the 
bearing capacity of piles by 2059 relative to 

2000 due to climate warming 
 
 
USE OF SEASONAL COOLING DEVICES 
 
The main existing types of structures and 
technologies used to prevent the degradation of 
permafrost soils at the base of buildings and 
structures were identified: ventilated 
undergrounds (including adjustable ones) [14], 
enclosing clips arranged in the base using 
various technologies along the contour of the 
building [15]; thermal stabilization of soils with 
the help of seasonally operating cooling devices 
(SOCD). 
Soil thermal stabilizers, otherwise called 
thermosiphons or seasonal cooling devices, 
have been successfully used since the 1960s 
[16, 17, 18]. The operation of such an 
installation is based on a physical phenomenon - 
convection. Provided that the outdoor air 
temperature is lower than the ground 
temperature, heat exchange takes place with the 
help of a condenser and a refrigerant. 

On the example of the considered model of a 
building in Norilsk, the problem was solved to 
assess the effectiveness of the use of the SOCD 
to prevent a decrease in the bearing capacity of 
foundation piles and extend the life of the 
building.  
In the Frost 3D software, the use of the SDA 
with the following characteristics was 
simulated: the length of the above-ground part is 
2 m, the underground isolated section is 3 m, the 
length of the evaporator part is 10 m, the radius 
of the evaporator pipe is 16.85 mm, the area of 
the condenser part is 2.43 m2, the evaporator 
part - 1.06 m2. 
Using the Frost 3D Heat Transfer Conditions 
Calculator, based on long-term meteorological 
data on wind speed (Scientific and Applied 
Handbook on Climate of the USSR, 1990) and 
the design parameters of the condenser, the heat 
exchange coefficients of the heat exchanger 
finned tube with air were calculated for the 
entire forecast period: 2021-2059. The decrease 
in wind speed for the SDA located in the 
ventilated underground was taken into account. 
The layout of the JCS is shown in Figure 6. In 
Frost 3D, only the evaporative part of the 
condenser is graphically specified in the model. 
 

 
Figure 6. Model of a soil mass containing piles 

and SOCD 
The technique for conducting a numerical study 
was similar to that given for modeling without a 
SOCD. 
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In the Frost 3D program, the temperature 
distribution in the soil mass was obtained with 
an interval of one month for the time interval 
1981-2059. It was assumed that the SOCD were 
installed in 2021. Figure 7 shows the base 
temperature isofields at the end of the simulated 
time period (on February 2059). 
Forecasting the change in the bearing capacity 
of pile foundations and deformations of the 
foundation from PS during the construction of 
the SOCD in connection with climate warming 
was carried out by a numerical method in the 
Settlement Calculator of the PC Frost 3D. 
 

 

Figure 7. Temperature distribution in the soil 
mass in February 2059 

 
The bearing capacity of pile foundations was 
determined after the installation of the SOCD 
(2021) by 2040 and 2059 using the obtained 
temperature distribution, considering the trend 
of climate warming. 
By 2040, the bearing capacity of the piles of the 
extreme row increases by 12%, the piles under 
the middle of the building - by 14% in relation 
to 2000 due to the installation of the SOCD. The 
calculation condition for the first limit state is 
fulfilled: the bearing capacity of the piles 
exceeds that applied to them calculated load. 
In the period from 2041 to 2059, a decrease in 
the bearing capacity of piles is again predicted 
due to an increase in the temperature of the 
permafrost due to climate warming. By 2059, a 

decrease in bearing capacity relative to 2000 
was obtained by 7% and 5% for the piles of the 
outer row and under the middle of the building, 
respectively. The calculation condition for the 
first limit state is met. The diagram of changes 
in the bearing capacity of piles in relation to 
2000 before and after the installation of the 
SOCD is shown in Figure 8. 
The use of SOCD guarantees the operational 
suitability of buildings until the middle of the 
21st in the conditions of a predicted increase in 
air temperature. However, it is necessary to 
consider the economic costs associated with the 
limited period of their operation and the need 
for replacement when making a decision on the 
construction of the SOCD. 
 

 
a) 

 
b) 

Figure 8. Change in the bearing capacity of 
piles by 2059 relative to 2000 when installing a 

SDA in 2021 to prevent the degradation of 
permafrost due to climate warming: a) 

diagram; b) schedule 
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CONCLUSION 
 
1. Numerical modeling in the Frost 3D 
program showed a decrease in the bearing 
capacity of piles of a building built in Norilsk 
in 1981 according to the first principle by 10% 
by 2021, by 30% by 2040, by 50% by 2059 
compared to 2000. The operational suitability 
of the building in 2021 is ensured (the 
maximum settlement did not exceed 5 mm), by 
2040 the building will be in an emergency 
condition (the projected settlement will be 30 
cm, the relative difference of the settlement is 
0.033-0.035). 
2. Modeling the use of SOCD to prevent the 
reduction in the bearing capacity of foundation 
piles and extend the life of a building with a 
ventilated underground showed that the bearing 
capacity of piles first increases by 15% by 
2040 compared to 2000, and then there is a 
slight decrease (5-7%). Thus, the use of SOCD 
guarantees the operational suitability of 
buildings until the middle of the 21st in the 
conditions of a predicted increase in air 
temperature. 
3. It is necessary to continue research aimed at 
developing scientific foundations for the 
preservation of soils in the permafrost zone in 
the permafrost state at the base of existing 
buildings, communications and highways by 
controlling the temperature regime of soils 
using new technologies and constructive 
measures. 
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Abstract: As is known, design solutions for the load-bearing systems of buildings and structures, as well as in-
dividual structural elements, are based on the results of a design analysis, which is usually performed by numeri-
cal methods using software systems. The same is true for structural analysis of construction objects at the stages 
of construction, operation, reconstruction. The distinctive paper is devoted to the current task of developing the 
Russian national software system for adequate determination of loads and impacts, stress-strain state, strength, 
stability, reliability and safety of buildings, structures and complexes at significant stages of their life cycle. 
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-
software systems are used in the Rus-

sian Federation for analysis the strength, stabil-
ity and deformability of building systems and 
foundations, which to some extent implement 
the requirements of the current Russian design 
codes: LIRA-SAPR, LIRA-SOFT, SCAD-
SOFT, MICRO-FE, Stark ES, PLAXIS [1-3]. 
In some cases, more powerful software systems 

Abaqus software systems, as a rule, 
are not used in the practice of mass design, but 
are used for the purposes of scientific research, 
for example, within the framework of scientific 
and technical support for the design and con-
struction of unique and especially critical facili-

 
All the main modules of these software systems 
first of all – solvers  are developed outside the 

Russian Federation. At the same time, formally 
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majority of above mentioned software systems 
LIRA-SAPR, LIRA-SOFT, SCAD-SOFT, 

MICRO-FE, Stark ES

Federation. However, due to historical reasons, the 
actual developers of LIRA-SAPR, LIRA-SOFT 
and SCAD-SOFT are 
Besides, MICRO-FE and Stark ES are based on 
solvers developed by Germany. The PLAXIS ge-
otechnical software system was developed at the 

 

foreign software systems are discussed below. 
SIMULIA Abaqus software system is widely used 
for computational justification of complex load-
bearing systems, assemblies and structures. It is the 
main one in the line of the International Atomic 
Energy Agency IAEA , where the calculation jus-
tifications of structures of nuclear power plants 
NPP  made using this software system are accept-

ed. Within the framework of sanctions analysis per-
formed in the updated version of the software sys-
tem, which will be banned, can be required. 
PLAXIS is the main software system for compu-
tational research and computational justification 
in the direction of geotechnics. It is widely used 
in the design of civil and industrial facilities, 
transport infrastructure facilities. The IAEA also 
requires the use of this software system to justi-
fy design solutions for bases and foundations for 
nuclear power plants. This software system can 
be used without upgrade option. Within the 
framework of sanctions analysis performed in 
the updated version of the software system, 
which will be banned, can be required. 
Tekla is the main software system the computa-
tional justification of steel structures and load-
bearing systems. It is widely used in the design 
of industrial buildings and technological com-

This software system 
can be used without upgrade option. For indi-
vidual objects, requirements for computational 
justification may be established in the updated 
version of the complex, which will be banned. 
LIRA-SAPR, LIRA-SOFT, SCAD-SOFT and 
MICRO-FE are the main professionally oriented 

software systems with advanced post-processors 
that take into account the provisions of design codes 
of the Russian Federation. These software systems 
can be used without the possibility of updating. 
ANSYS is the main software system for analysis of 

t-
ware system can be used without upgrade option. 
NASTRAN software system is normally used for 
research purposes with minimal use in industrial 
purposes. This software system can also be used 
without upgrade option. 
Practice shows that in recent years sanctions in-
struments have been actively used in international 
relations, which in some cases can lead to signifi-
cant delays in industrial processes, and in some 
cases, to the inability to perform certain procedures. 
Thus, several years ago, in the sanctions regime, 
access to updates of the PLAXIS software sys-
tem was closed for some time, which led to de-
lays in the performance of computational stud-
ies and the impossibility of performing individ-
ual computational procedures. 
Due to the fact that the most important modules 

-oriented software systems 
are de facto developed outside the Russian Fed-
eration, there is a risk that they will fall under 
sanctions. The situation with the denial of access 

veral 
simultaneously problem-oriented software sys-
tems for analysis of building systems and founda-
tions can lead to blocking of the most important 
component of the construction process – the anal-
ysis of design solutions for construction objects. 
In addition, the mentioned building-oriented 
software systems have a number of limitations 
that can be explained 10-20 years ago, but which 
constrain the construction industry today: a rela-
tively poor set of finite element types, a selective 

ysical, 

mentation of modern dynamic algorithms, etc. 
We believe it is expedient to consider in a short 
time the issue of developing a national problem-
oriented software system for adequate determi-
nation of loads and impacts, stress-strain state, 
strength, stability, reliability and safety of build-
ings, structures and complexes at significant 
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stages of their life cycle. It will be vital to en-
sure state ownership of such national problem-
oriented software system. 
The development of a national software system 
can be carried out on the basis of the National 
Research Moscow State University of Civil En-

MGSU  in collaboration with Uni-
versities that are members of the Industry Con-
sortium “Construction and Archi b-

and partner companies with suc-
cessful experience in development and verifica-
tion in related industries organizations with all 
the necessary competencies and highly profes-
sional specialists . The international practice of 
developing problem-oriented software systems 
shows the validity and effectiveness of using the 
potential of leading universities for such work. 
Stages of development of the national software 
system are described below. 
The first stage includes development and approval 
of the concept and architecture of the national 
software system, development of Terms of Refer-
ence. In particular it includes the following items: 
– analysis of the problem-oriented software sys-
tems of the construction profile; formation of 
goals and objectives for the development of the 
national software system; 
– development and approval of the concept and 
architecture of the national software system; 
– development and approval of the Terms of 
Reference for the development of the national 
software system. 
The second stage includes the development of 
the basic version of the national software system  
for the analysis of construction objects -
called, “Engineering level n-
cludes the following items: 
– development of a basic library of finite elements; 
– development of basic models of physical, ge-
ometric, structural and genetic non-linearities; 
– d

“solvers” of 
SLAE ; 

– development of “solvers” of the partial eigen-
value problem; 
– development of methods for solving problems 
of explicit and implicit schemes for direct inte-

gration of dynamic equations, including seismic 
analysis 
progressive collapse analysis; 
– development of methods for tasks of the line-
ar-spectral approach for seismic analysis; 
– d the first 

 
– development of a post- the first 

 
– development of two-way communication with 

r-
mation  ; 
– development of user documentation for the 
second stage of development of the national 
software system; 
– verification/validation of the national software 
system level  according to the 
rules and in the system of the Russian Academy of 

. 
The third stage includes advanced development of 
the national software system -called “Research 
level  In particular it includes the following items: 
– development of an extended library of finite 

 
– development of advanced models of non-
linearities ; 
– development of advanced non-linear static and 
dynamic “solvers ; 
– development of effective superelement 
schemes, including methods for dynamic syn-
thesis of substructures; 
– implementation of parallel procedures on sys-
tems with distributed computing for high-
dimensional problems; 
– implementation of quantum algorithms for 
particular problems of computational mechanics 
and data processing; 
– development of a preprocessor the second 

; 
– development of a post-processor the second 

; 
– development of user documentation for the 
third stage of development of the national soft-
ware system; 
– verification/validation of the national software 
system  accord-
ing to the rules and in the RAASN system. 
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Implementation of parallel development of sep-
arate stages is planned as well. 
We invite all interested persons and organiza-
tions to collaboration in development of the 
Russian national software system for adequate 
determination of loads and impacts, stress-strain 
state, strength, stability, reliability and safety of 
buildings, structures and complexes at signifi-
cant stages of their life cycle. 
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The increasing use of chemicals in all spheres of production and household activities of the population 
has led to the fact that the trend of the spread and accumulation of biologically resistant organic 
substances in the environment, including in natural reservoirs, has become obvious.
The problem is that biological treatment facilities used in the municipal sphere cannot provide deep 
removal of organic substances of technogenic origin and biologically resistant organic pollutants.
��=��x\���+_�[Z��[��[¢xx�~�[Z���+?��[+x_�x{��x'¢+_+_���*<[��*[�?�[?�*['�_[�\?x��<<�<�[Z*[��+��?�+_�
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basic calculations of hydromechanical, physicochemical, chemical, thermochemical and biological 
wastewater treatment processes. The principles of formation and examples of industrial wastewater 
treatment systems are given. The direction of development of industrial wastewater treatment systems 
\?x\x<���¢`�[Z��*@[Zx?�+<�x{�¢x[Z�<�+�_[+���*_��\?*�[+�*��+_[�?�<[�
The compositional solution of the textbook allowed the author to optimally combine the tasks of the 
educational process with the presentation of useful information for practical use.
The material presented in the book is based on modern achievements in wastewater treatment 
technology, including the results of work performed at the Department of Water Supply and Water 
Disposal NRU MGSU with the participation of the author.
The textbook methodically correctly leads the reader from the conditions of wastewater formation and 
the properties of pollutants to the methods of their extraction, technological and engineering design 
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