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AIMS AND SCOPE
The aim of the Journal is to advance the research and practice in structural engineering 

through the application of computational methods. The Journal will publish original papers and 
educational articles of general value to the field that will bridge the gap between high-performance 
construction materials, large-scale engineering systems and advanced methods of analysis.

The scope of the Journal includes papers on computer methods in the areas of structural 
engineering, civil engineering materials and problems concerned with multiple physical processes 
interacting at multiple spatial and temporal scales. The Journal is intended to be of interest and use to 
researches and practitioners in academic, governmental and industrial communities.
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ОБЩАЯ ИНФОРМАЦИЯ О ЖУРНАЛЕ
International Journal for Computational Civil and Structural Engineering

(Международный журнал по расчету гражданских и строительных конструкций)

Международный научный журнал “International Journal for Computational Civil and 
Structural Engineering (Международный журнал по расчету гражданских и строительных 
конструкций)” (IJCCSE) является ведущим научным периодическим изданием по направлению 
«Инженерные и технические науки», издаваемым, начиная с 1999 года (ISSN 2588-0195 (Online); 
ISSN 2587-9618 (Print) Continues ISSN 1524-5845). В журнале на высоком научно-техническом 
уровне рассматриваются проблемы численного и компьютерного моделирования в строительстве, 
актуальные вопросы разработки, исследования, развития, верификации, апробации и приложе-
ний численных, численно-аналитических методов, программно-алгоритмического обеспечения 
и выполнения автоматизированного проектирования, мониторинга и комплексного наукоемкого 
расчетно-теоретического и экспериментального обоснования напряженно-деформированного (и 
иного) состояния, прочности, устойчивости, надежности и безопасности ответственных объектов 
гражданского и промышленного строительства, энергетики, машиностроения, транспорта, био-
технологий и других высокотехнологичных отраслей.

В редакционный совет журнала входят известные российские и зарубежные деятели науки 
и техники (в том числе академики, члены-корреспонденты, иностранные члены, почетные члены 
и советники Российской академии архитектуры и строительных наук). Основной критерий от-
бора статей для публикации в журнале − их высокий научный уровень, соответствие которому 
определяется в ходе высококвалифицированного рецензирования и объективной экспертизы, 
поступающих в редакцию материалов.

Журнал входит в Перечень ВАК РФ ведущих рецензируемых научных изданий, в которых 
должны быть опубликованы основные научные результаты диссертаций на соискание ученой 
степени кандидата наук, на соискание ученой степени доктора наук по научным специаль-
ностям и соответствующим им отраслям науки: 

•  01.02.04 – Механика деформируемого твердого тела (технические науки),
•  05.13.18 – Математическое моделирование численные методы и комплексы программ  
    (технические науки),
•  05.23.01 – Строительные конструкции, здания и сооружения (технические науки),
•  05.23.02 – Основания и фундаменты, подземные сооружения (технические науки),
•  05.23.05 – Строительные материалы и изделия (технические науки),
•  05.23.07 – Гидротехническое строительство (технические науки),
•  05.23.17 – Строительная механика (технические науки).
В Российской Федерации журнал индексируется Российским индексом научного цити-

рования (РИНЦ). 
Журнал входит в базу данных Russian Science Citation Index (RSCI), полностью интегри-

рованную с платформой Web of Science. Журнал имеет международный статус и высылается в 
ведущие библиотеки и научные организации мира. 

Издатели журнала – Издательство Ассоциации строительных высших учебных заве-
дений /АСВ/ (Россия, г. Москва) и до 2017 года Издательский дом Begell House Inc. (США, г. 
Нью-Йорк). Официальными партнерами издания является Российская академия архитектуры 
и строительных наук (РААСН), осуществляющая научное курирование издания, и Научно-ис-
следовательский центр СтаДиО (ЗАО НИЦ СтаДиО).

Цели журнала – демонстрировать в публикациях российскому и международному про-
фессиональному сообществу новейшие достижения науки в области вычислительных методов 
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In recent decades, the world has experienced 
urbanization and intense urban growth. At the 
same time, in order to unload the traffic flow in 
cities, underground space is being developed and 
new metro lines are being built. However, the 
underground is a source of increased vibration 
and noise levels. As a rule, new tunnels are laid 
in the formed urban development, which causes 
an increase in vibration and noise in buildings 
and structures adjacent or located above metro 
lines, as well as new construction is carried 

out near existing metro stations and tunnels.
Constantly acting vibration loads from the 
movement of the subway affect the physical and 
mechanical properties of soils and the bearing 
capacity of structures in operation, erected and 
reconstructed buildings and structures [1]. It is 
not possible to provide a complete and reliable 
assessment of these actions only by instrumental 
methods.
Therefore, it is very important to develop complex 
numerical modeling tools that will allow obtaining

MODELING OF THE SUBWAY DYNAMIC INFLUANCE ON THE 
GROUND STRUCTURE

Maria S. Barabash,  Bogdan Y. Pysarevskiy
«LIRA SAPR» Ltd, Kiev, UKRAINE

National Aviation University, Kiev, UKRAINE

Abstract: The article discusses a new approach to modeling the behavior of structures under the influence of dynamic 
loads, including loads from ground and underground transport. The approach is to apply the direct integration method, as 
well as the SBFEM method to calculate the forces in load-bearing building structures under dynamic influences, taking 
into account a number of factors - the damping properties of the subgrade, physical nonlinearity of soils and the passage 
of waves in the soil space. The article presents the main theoretical premises, the results of a numerical experiment of a 
real monolithic building, built in the zone of influence of the subway.

Keywords: dynamic influences, finite elements, structural modeling, internal forces, vibration acceleration, vibration 
velocity, subway, vibration, soil, boundary conditions, design, dynamic characteristics, damping 

МОДЕЛИРОВАНИЕ ДИНАМИЧЕСКОГО ВОЗДЕЙСТВИЯ 
МЕТРОПОЛИТЕНА НА НАЗЕМНОЕ СООРУЖЕНИЕ 

М.С. Барабаш,  Б.Ю. Писаревский
ООО «ЛИРА САПР», г. Киев, УКРАИНА

Национальный авиационный университет, г. Киев, УКРАИНА

Аннотация: В статье рассматривается новый подход к моделированию поведения конструкций при влиянии 
динамических нагрузок, в том числе и нагрузок от наземного и подземного транспорта. Подход заключается в 
применении метода прямого интегрирования, а также метода SBFEM для вычисления усилий в несущих строитель-
ных конструкциях при динамических воздействиях с учетом ряда факторов - демпфирующих свойств грунтового 
основания, физической нелинейности грунтов и прохождения волн в грунтовом пространстве. В статье приводятся 
основные теоретические предпосылки, приводятся результаты численного эксперимента реального монолитного 
здания, построенного в зоне влияния метрополитена.

Ключевые слова: динамические воздействия, конечные элементы, моделирование конструкций, внутренние 
усилия, виброускорения, виброскорости, метрополитен, вибрация, грунт, граничные условия, проектирование, 

динамические характеристики, демпфирование
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A mathematical and numerical model of vibration 
impact has been created, taking into account the 
time factor and the infinity of the soil mass.
A variant of modeling the system "source of 
vibration loads-soil-base-load-bearing structures 
of the building" is proposed.
A technique was proposed and implemented in 
SP LIRA-SAPR, which takes into account the 
continuous passage of a wave into an infinite 
region under dynamic influences.
The main recommendations are the use of damping 
devices in the construction of buildings in the 
zone of influence of the metro and the adoption 
of measures to reduce the level of penetrating 
vibration.
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SIMULATION OF AERODYNAMIC INSTABILITY
OF BUILDING STRUCTURES ON THE EXAMPLE

OF A BRIDGE SECTION.
PART 2: SOLUTION OF THE PROBLEM IN A COUPLED 

AEROELASTIC FORMULATION AND COMPARISON WITH 
ENGINEERING ESTIMATES

Alexander M. Belostotsky 1,2,3, Irina N. Afanasyeva 1,4, Irina Yu. Negrozova 2,
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Abstract: In this paper, we study aerodynamic instability using the example of a two-dimensional problem of flow around 
a simplified section of a flexible suspension bridge (on the Tacoma River, USA). A direct dynamic coupled calculation was 
performed to determine the critical speed of manifestation of aerodynamic instability. The results obtained were compared 
with the results of engineering estimates presented in [40]. This example shows that to solve such problems it is possible 
to use the lighter des turbulence model instead of the les turbulence model and, therefore, a coarser mesh. In contrast to 
existing engineering techniques, direct numerical modeling of the interaction between the structure and the air flow allows 
one to take into account the reverse effect of the structure on the flow, as well as the mutual influence of several types of 
aerodynamic instability.

Keywords: aerodynamic instability, galloping, divergence, FSI, URANS SST turbulence model, DES SST turbulence 
model

МОДЕЛИРОВАНИЕ АЭРОДИНАМИЧЕСКОЙ
НЕУСТОЙЧИВОСТИ СТРОИТЕЛЬНЫХ КОНСТРУКЦИЙ 

НА ПРИМЕРЕ СЕЧЕНИЯ МОСТА.
ЧАСТЬ 2: РЕШЕНИЕ ЗАДАЧИ В СВЯЗАННОЙ

АЭРОУПРУГОЙ ПОСТАНОВКЕ
И СОПОСТАВЛЕНИЕ С ИНЖЕНЕРНЫМИ ОЦЕНКАМИ
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Аннотация: В настоящей работе исследуется аэродинамическая неустойчивость на примере двумерной задачи 
обтекания упрощенного сечения гибкого подвесного моста (на реке Такома, США). Выполнен прямой динами-
ческий связанный расчет для определения критической скорости проявления аэродинамической неустойчивости. 
Полученные результаты сравнивались с результатами инженерных оценок, представленных в [40]. На данном 
примере показано, что для решения подобных задач можно использовать более «легкую» модель турбулентности 
DES вместо модели турбулентности LES и, следовательно, более грубую сетку. В отличие от существующих инже-
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1. INTRODUCTION

Long span and flexible structures such as bridges 
with long spans are highly sensitive to wind 
influences. Such structures are susceptible to 
aeroelastic phenomena. Over the past 150 years, 
many such cases have been known and described.
Until the 1940s, the wind load was considered 
secondary and even its static component was 
not taken into account. This continued until the 
most famous destruction of the Tacoma Narrows 
Bridge in the United States. Almost from the 
very beginning of construction work, problems 
with the stability of the bridge began to appear, 
even in light winds. The bridge immediately 
gained a reputation as an unstable structure. Due 
to the fact that the windy weather of the bridge 
swayed, he was given the nickname "Galloping 
Gertie". Numerous attempts were made to 
stabilize the structure, but they could not solve 
this problem – on November 7, 1940, a collapse 
occurred as a result of the increasing vibrations 
of the bridge deck in the air stream. This disaster 
marked the beginning of an intensive and 
purposeful study of the interaction of flexible 
structures with wind flow. The first fundamental 
scientific works on this topic appeared, namely 
the works of Theodor von Karman [1], Alan 
Garnett Davenport [2–3], Barshtein M.F. [4], 
Simiu [5], Scanlan [5–8], Den Hartog [9]. 
Based on these studies, engineering methods 
for assessing the occurrence of aerodynamic 
instability were developed and introduced into 
regulatory documents [10–12].
In a number of cases, the issues of wind flow 
around unique buildings and structures during 
their design are solved experimentally. For this, 
the testing of models in laboratory conditions 
is widely used, as a rule, in wind tunnels (WT). 

Experimental studies of the assessment of the 
aerodynamic characteristics of structures were 
carried out by such scientists as M.I. Kazakevich 
[11], S.M. Gorlin [12], Alan Davenport [2, 15], 
A. Kareem [16], B. Blocken [17] and others.
The experimental approach, which was practically 
uncontested 20–30 years ago, has a number of 
serious drawbacks. A correct analysis of the 
mutual influence of the air flow and the structure 
is practically impossible in an experiment in a 
wind tunnel due to the difficulty of observing 
the similarity of a scale model of a deformable 
structure. Almost all modern experimental 
studies are based on the assumption that the 
structure behaves as an absolutely rigid body, and 
fluctuations in the flow and damping are imitated 
by “springs”. In this case, the reverse effect of the 
deformed structure on the structure of the air flow 
has been repeatedly confirmed. Failure to take 
into account the reverse effect can lead to both 
an overestimation of the critical wind speeds (at 
best), and their underestimation (in the worst case).
Due to the rapid development of mathematical 
modeling, numerical methods and implementing 
software systems against the background of 
an impressive growth in computing power, 
another approach has been actively developing 
in recent years – mathematical (numerical) 
modeling, free from the limitations of physical 
(experimental) modeling methods. Today it is 
possible to carry out a direct numerical solution 
of related problems of aero-hydroelasticity 
and directly simulate the phenomena of 
aerodynamic instability without resorting 
to numerous serious assumptions adopted 
in experimental methods. As a result, more 
accurate assessments of the criteria for the 
occurrence of aerodynamic instability of unique 
and especially critical flexible structures are 

нерных методик, прямое численное моделирование взаимодействия конструкции и воздушного потока позволяет 
учесть обратное влияние конструкции на поток, а также взаимное влияние нескольких видов аэродинамической 
неустойчивости.

Ключевые слова: аэродинамическая неустойчивость, галопирование, дивергенция, FSI, модель турбулентности 
URANS SST, модель турбулентности DES SST
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obtained and, as a consequence, their mechanical 
safety is increased. Among the works devoted 
to the numerical modeling of the phenomena of 
aeroelasticity, one can single out [18–38].
Despite the advantages of direct numerical 
modeling, it also has disadvantages. The main 
one is high computational complexity. Although, 
along with the further progress of algorithms and 
computer technology, this drawback will be more 
and more overcome, now it seems relevant to 
develop a universal and more economical approach 
to assessing the aerodynamic stability of structures.
The purpose of this study is to develop a universal 
approach to assessing the aerodynamic instability 
of bridge structures in an unsteady wind fl ow using 
a preliminary engineering estimate and subsequent 
direct mathematical (numerical) modeling of 
the structure's behavior in a coupled aeroelastic 
formulation.

2. FORMULATION OF THE PROBLEM

The problem of interaction of a simplifi ed section 
of a bridge on the Tacoma River with an air fl ow 

Figure 1. Geometric parameters of the section. Figure 2. Design model.

Table 1. Material parameters

Material parameters Parameters of the elastic model of the bridge section

Density ρ, kg / m3 1300
Linear weight, kg / m 4250
Moment of inertia, kgm / m 177 730

Elastic modulus E, Pa 2.1·1011 Vertical relative damping 0.005

Poisson's ratio ν 0.16 Relative damping by torsional degree of 
freedom 0.005

is considered. This problem was presented by a 
team of scientists from China at an international 
conference (The Seventh International Colloquium 
on Bluff  Body Aerodynamics and Applications 
(BBAA7) Shanghai, China; September 2-6, 2012). 
They presented their results in [39], which describes 
their method for solving the problem using the 
ANSYS Fluent software package in a related setting 
with the author's software package. The geometric 
parameters of the section are shown in Fig. 1.
When modeling the dynamic behavior of the 
elastic section, the scheme shown in Fig. 2. 
The parameters of the material are presented in 
Table 1. The parameters of elastic connections 
with linear damping are taken from [39] and are 
also displayed in the table. In the Ox direction, 
the geometric center of the section is fi xed. A 
torsional elastic link was applied to the entire 
cross section on average.
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Air with constant properties at a temperature of 
25ºC is considered.
In the course of solving the problem in a related 
formulation, the following parameters were 
determined:
• vertical displacements y1(t) of point 1 and y2(t) 
of point 2 (Fig. 1), the position of which changes 
over time due to wind action on the structure;
• angle of rotation θ(t), which is calculated as 
follows:

        (1)

where ∆y = y2 – y1 is vertical displacements of 
point 1 and point 2, respectively.
In order to solve the problem, the ANSYS software 
package was used. To simulate the fl uid – structure 
interaction (FSI), the “2-way FSI” simulation 
mode was used – two-way transfer of calculated 
data between various independent modules in the 
form of displacements (on the one hand) and loads 
(on the other side).

3. NUMERICAL SIMULATION 
METHODOLOGY

3.1. Numerical CFD Setup
The entire computational air domain was divided 
into fi nite volumes using the ANSYS Meshing 
module. Variants of computational grids with 

Figure 3. Calculation grid for CFD model: 
Model 4 (381 894 FE).

indication of the variable parameters were 
considered in [40]. Model 4 was chosen to 
simulate the behavior of air (Fig. 3).
The INLET condition (U = Vin, V = W = 0, where U, 
V, W are the components of the velocity vector, Vin
is a given constant fl ow velocity) with a horizontal 
directional fl ow velocity uniformly distributed 
along the height is specified as a boundary 
condition at the input. On the face opposite 
from the entrance, “soft” boundary conditions 
“Opening” were set with the averaged relative 
pressure equal to zero. On the surface of the 
streamlined body, the “liquid-structure” interface 
condition was applied. Symmetry conditions were 
set on the other faces of the computational domain. 
Zero fl ow rate was taken as the initial conditions 
for the problem.
Since the fl ow is turbulent at typical Reynolds 
numbers of ~ 106 for this problem, the turbulence 
model must be used to close the Navier-Stokes 
equations. In this paper, two turbulence models 
are considered: URANS k-ω SST and DES SST. 

3.2. Numerical CSD Setup
For the Computational Structural Dynamics model 
(CSD model), a structured fi nite element model 
of a bridge section with an element size of 0.05 
m was created (Fig. 4).

In order to simulate the plane problem, both 
sides of the section are fi xed along the Oz axis, 
which coincides with the axis of the bridge. The 
movements of the center point are limited along the 
Ox axis directed along the wind fl ow (there are no 
oscillations in the direction of the fl ow). The elastic 
vertical link was modeled by a single spring with 
damping, one end of which is fi xed at the central 

Figure 4. Computational grid for CSD model: 
Model 4 (10 913 nodes).



28 International Journal for Computational Civil and Structural Engineering

point of the section, and the other is motionless (see 
the parameters of the vertical link in Table 1). The 
elastic torsional bond is modeled through the so-
called Remote Displacement mechanism, when the 
angle of rotation of the entire section is calculated 
as the average value of the angles of rotation of all 
mesh nodes, and, accordingly, this angle and its rate 
of change cause elastic and viscous components of 
the reactions, respectively (see the parameters of 
the torsional bond in Table 1).

3.3. Coupling conditions
The time step size for CFD and CSD solvers is 
∆t = 0.02 s. The physical calculation time is 80 s.
To ensure the convergence and stability of the 
solution at each associated time step, it is necessary 
to set the following calculation parameters:
– the maximum number of iterations at each 
associated step (maximum number of stagger 
iterations);
– criterion of convergence for loads and 
displacements;
Is the under relaxation factor for calculating loads and 
displacements at each iteration of the associated step:

           φ = φpre + α(φnew + φpre)     (2)

where φnew is the value of the variable calculated at 
the current iteration, φpre is the value of the variable 
calculated at the previous iteration, α is the relaxation 
coeffi  cient (by default it is 0.75), φ is the corrected 
value of the desired value at the current iteration.
In this study, the loads were assigned a constant 
coeffi  cient of lower relaxation α = 0.5, while 
displacements were transferred without lower 
relaxation. To achieve the convergence criterion, 
5 FSI sub-iterations were assigned (the maximum 
number of iterations at each related step) and the 
convergence criterion for loads and displacements 
was set equal to 10-3.

4. RESULTS

4.1. Results of solving the problem taking in 
account coupling conditions
Below are the results of solving the problem in a 
coupled aeroelastic formulation. In fi g. 5 shows 
the obtained graphs of the dependences of the 

Vin =
8 m/s

Vin =
10 m/s

    a                                                      b      
Figure 5. DES SST model: Graphs versus time t, s at diff erent speeds

a - vertical movement of point 1, m; b - angle of rotation ϑ, °
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ϑ from time t were obtained. Loss of stability 
was determined by an infinitely increasing 
displacement and / or angle of rotation. Table 2 
shows a comparison of the critical velocity values 
in [39] (experimental and numerical simulation 
results) and this study.
Comparing the results, it can be noted that the 
value of the critical velocity for the URANS 
k-ω SST turbulence model is overestimated, in 
contrast to the results presented in [39]. This is 
partly due to the fact that this turbulence model 
can underestimate the pulsation components 
of aerodynamic loads, as well as thin out the 
frequency spectrum, which in turn did not show 
aerodynamic instability for speeds of 10 m / s 
and 12 m / s. For the DES SST turbulence model, 

vertical dynamic displacement of point 1 and the 
angle of rotation ϑ on time t for fl ow velocities of 
8 m / s and 10 m / s for the DES SST turbulence 
model. Fig. 6 presents graphs of the dependences 
of the vertical displacement of point 1 and the 
angle of rotation ϑ on time t for fl ow velocities 
Vin equal to 10 m / s, 12 m / s and 15 m / s for the 
URANS k-ω SST turbulence model. Fig. 7 shows 
the velocity fi elds at diff erent times for the DES 
SST turbulence model at a fl ow velocity of 10 m / 
s. Fig. 8 presents velocity fi elds at diff erent times 
for the URANS SST turbulence model at a fl ow 
velocity of 15 m / s.
Based on the results of calculations in a coupled 
formulation for diff erent fl ow rates, the vertical 
displacement of point 1 and the angle of rotation 

Vin =
10 m/s

Vin =
12 m/s

Vin =
15 m/s

Figure 6. Model URANS k-ω SST: Graphs versus time t, s at diff erent speeds
a – vertical movement of point 1, m; b – angle of rotation ϑ, °
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Figure 7. Velocity fields, m / s at different times t, s for a velocity Vin = 10 m / s (DES SST turbulence 
model)
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Figure 8. Velocity fields, m / s at different times t, s for a velocity Vin = 15 m / s (turbulence model 
URANS k-ω SST)
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the result was similar to the numerical simulation 
result in [39], where the LES turbulence model 
was used. The critical speeds can be clarifi ed by 
additional calculations, but this does not aff ect the 
conclusions of this study.

4.2. Comparison of Engineering Estimates and 
Direct Coupled Calculation
Comparison of the results of direct coupled 
calculation and engineering estimates [40] 
revealed the following.
For the DES SST turbulence model:
– according to the engineering estimate of the 
divergence occurrence [40], at 0 ° the critical speed 
is 7.91 m / s. The related calculation showed that 
at an input fl ow velocity of 8 m / s there was no 
unlimited increase in the angle of rotation of the 
section - it was observed at a speed of 10 m / s;
– according to an engineering assessment of the 
occurrence of galloping [40], this phenomenon 

Table 2. Comparison of the results obtained 
in the related FSI setting with the results [39]

VCR, m/s
Experiment [39] 11.5
FSI [39] 10
FSI (turbulence model URANS 
SST) 15

FSI (turbulence model DES SST) 10

should occur at a cross-sectional angle of rotation 
equal to 10° at a fl ow velocity of 9.77 m / s. 
From the graphs of the dependence of the angle 
of rotation of the section ϑ, ° and the vertical 
displacement of point 1, m, on time t, s at an input 
fl ow rate of 10 m / s, it can be seen that when 
the angle of rotation of the section approaches 
10° (time 38–47 sec) signifi cant jump in vertical 
displacement. This indicates a possible galloping 
effect at this moment. Nevertheless, further 
vertical vibrations of the structure returned to a 
stable mode (with a rapid increase in the amplitude 
of the rotation angle). This indicates a complex 
mutual infl uence of two aerodynamic instabilities, 
in which they may not arise, taking into account 
the vibrations of the structure along other degrees 
of freedom. In this calculated variant, divergence 
prevails over galloping.
For the turbulence model URANS k-ω SST:
– according to an engineering estimate of the 
occurrence of divergence [40], at 0 ° the critical 
speed was 17.18 m / s. A related calculation 
showed that even at an input fl ow velocity of 15 
m / s, an unlimited increase in the angle of rotation 
of the section was observed;
– according to an engineering estimate of the 
occurrence of galloping [40], at a cross-sectional 
angle of rotation equal to 8 ° at a fl ow velocity of 
5.76 m / s, we should observe this phenomenon. 
If we look at the graphs of the dependence of the 
angle of rotation of the section ϑ, ° and the vertical 

     a        b
Figure 9. Turbulence model DES SST, Vin = 10 m / s: Graphs of dependence on time t, s (a) rotation 

angle ϑ, °; (b) vertical movement of point 1, m
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displacement of point 1, m on time t, s at an input 
fl ow velocity of 15 m / s, we can see that the angle 
of rotation of the section equal to 8 ° is reached 
at the moment of time 68.4 s. Therefore, at about 
this point in time, galloping should be observed. 
Indeed, at about this moment in time, there is a 
sharp increase in the amplitude of the vertical 
displacement of point 1 (the center of the section).

5. CONCLUSION

On the considered two-dimensional problem 
of aeroelasticity, it is shown that it is quite 
acceptable to use a lighter, in comparison with 
LES, DES turbulence model and a coarser mesh 
(in comparison with “reference” numerical 
solutions). This will allow in the near future to take 
an important step towards a full 3D computational 
model with reasonable computing power.
Also, a test problem with a Tacoma bridge section 
showed that, although engineering techniques 
provide estimates of the possible occurrence of 
aerodynamic instability, they do not take into 
account the reverse eff ect of the structure on the 
fl ow and the mutual infl uence of several types of 
aerodynamic instability. Comparison of the results 
showed that such inaccuracies both underestimate 
and overestimate the calculated critical wind fl ow 
velocities, which can have detrimental practical 
consequences.

   a        b
Figure 10. Turbulence model URANS k-ω SST, Vin = 15 m / s: Graphs of dependence on time t, s (a) 

rotation angle ϑ, °; (b) vertical movement of point 1, m
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COMPARISON OF DETERMINATION OF SNOW LOADS FOR 
ROOFS IN BUILDING CODES OF VARIOUS COUNTRIES

Alexander M. Belostotsky 1,2,3, Nikita A. Britikov 2,3, Oleg S. Goryachevsky 1,2

1 Scientific Research Center StaDyO, Moscow, RUSSIA
2 National Research Moscow State University of Civil Engineering, Moscow, RUSSIA

3 Russian University of Transport (RUT - MIIT), Moscow, RUSSIA

Abstract: The article compares the requirements for calculating the snow load on the coatings of buildings and structures 
in accordance with the regulations of technically developed countries and associations – Russia, the European Union, 
Canada and the United States. It was revealed that in these norms the general approaches, the subtleties of calculating the 
coefficients, the set of standard coatings and the schemes of the form coefficient proposed for them differ significantly. 
This situation reflects the general problem of determining snow loads – at the moment there is no recognized unified 
scientifically grounded approach to determining snow loads on coatings of even the simplest form. The difference in the 
normative schemes of snow loads is clearly demonstrated by the example of a three-level roof.

Keywords: snow loads, regulatory documents, physical modeling, mathematical modeling

СРАВНЕНИЕ НОРМАТИВНЫХ ДОКУМЕНТОВ РАЗЛИЧНЫХ 
СТРАН В ЧАСТИ НАЗНАЧЕНИЯ СНЕГОВЫХ НАГРУЗОК

А.М. Белостоцкий 1,2,3, Н.А. Бритиков 2,3, О.С. Горячевский 1,2

1 Научно-исследовательский центр СтаДиО, г. Москва, РОССИЯ
2 Национальный исследовательский Московский государственный строительный университет,  

г. Москва, РОССИЯ
3 Российский университет транспорта (МИИТ), г. Москва, РОССИЯ

Аннотация: В статье сравниваются требования к расчёту снеговой нагрузки на покрытия зданий и сооружений 
в соответствии с нормативными документами технически развитых стран и объединений – России, Евросоюза, 
Канады и США. Выявлено, что в этих нормах значительно отличаются общие подходы, тонкости вычисления ко-
эффициентов, набор стандартных покрытий и предлагаемые для них схемы коэффициента формы. Такая ситуация 
отражает общую проблему определения снеговых нагрузок – на данный момент отсутствует признанный единый 
научно обоснованный подход к определению снеговых нагрузок на покрытия даже простейшей формы. Различие 
в нормативных схемах снеговых нагрузок наглядно продемонстрировано на примере трехуровневой кровли.

Ключевые слова: снеговые нагрузки, нормативные документы, физическое моделирование,
математическое моделирование
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FINITE ELEMENTS FOR THE ANALYSIS OF REISSNER-
MINDLIN PLATES WITH JOINT INTERPOLATION OF 

DISPLACEMENTS AND ROTATIONS (JIDR)

Viktor S. Karpilovskyi
ScadGroup Ltd., Kyiv, UKRAINE

Abstract: This paper proposes a method for creating finite elements with simultaneous approximation of 
functions corresponding to displacements and rotations. New triangular and quadrangular finite elements have 
been created, which can have additional nodes on the sides. No locking effect is observed for all the created 
elements. All created elements retain the existing symmetry of the design models. The results of numerical 
experiments are presented.

Keywords: finite elements; Reissner–Mindlin; plate problem; triangular element; rectangular element;
quadrangular element

КОНЕЧНЫЕ ЭЛЕМЕНТЫ ДЛЯ РАСЧЕТА ПЛАСТИН 
РЕЙССНЕРА–МИНДЛИНА С СОВМЕСТНОЙ ИНТЕРПОЛЯ-

ЦИЕЙ ПЕРЕМЕЩЕНИЙ И УГЛОВ ПОВОРОТА (JIDR)

В.С. Карпиловский
ОOО ScadGroup, г. Киев, УКРАИНА

Аннотация: Предложен метод построения конечных элементов с одновременной аппроксимацией функций, со-
ответствующих перемещениям и углам поворота. Построены новые треугольные и четырехугольные элементы 
конечные элементы, которые могут иметь дополнительные  узлы на сторонах. Для всех построенных элементов 
отсутствует эффект запирания. Все построенные элементы сохраняют существующую симметрию расчетных схем.
Приведены результаты численных экспериментов.

Ключевые слова: конечные элементы; Рейсснер-Миндлин; изгиб плит; треугольный элемент;
прямоугольный элемент; четырехугольный элемент
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6. CONCLUSIONS

All the created elements:
• have passed all Patch Tests;
• numerical experiments have confirmed that there 
is no locking effect;
• a good approximation of the numerical solution 
to the analytical results and the results of high-
precision calculations has been obtained. 
Elements based on thin plate elements were 
created. Approximating functions were used for:
• triangular elements [7,15];
• quadrangular elements [16].
Numerical experiments did not increase the 
accuracy of calculations in comparison with 
the approximations given in the paper with a 
significant complication of the algorithm.
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CALCULATION SCHEME OF REINFORCED CONCRETE 
STRUCTURES OF CIRCULAR CROSS-SECTION UNDER 

BENDING WITH TORSION

 Vladimir I. Kolchunov 1, Sergey A. Bulkin 2

1 South-West State University, Kursk, RUSSIA,
2 Urban planning institute of residential and public buildings (GORPROJECT), Moscow, RUSSIA

Abstract. The developed design diagram of the ultimate resistance of reinforced concrete structures in bending with torsion 
of circular cross-sections most fully reflects the features of their actual exploitation. For a spatial crack of a diagonal large 
ellipse, sections are taken in the form of a swirling propeller with concave and convex spatial parabolas from the first 
and second blocks between vertical transverse circular sections from the beginning to the end of the crack. For practical 
calculations in compressed and tensioned concrete, a polyline section of three sections is considered: two longitudinal 
trapezoids and the third middle section of the radius curve of a small ellipse close to forty-five degrees. When calculating 
unknown forces, solutions of the equations of equilibrium and deformations of the sections are made up to the end of the 
crack passing through the moment points for the resultant moments and the projections of internal and external forces. 
Shear torsional stresses along the linear longitudinal sections of the trapezoid were presented, as well as normal and shear 
stresses located on the end cross-sections at a distance x from the support. The height of the compressed area of concrete 
decreases with an increase in bending moments in the spatial section between the first and third cross-sections. It is found 
in their relationships and connections. The dowel action of reinforcement is determined using a special model of the second 
level with discrete constants. The static loading scheme was considered from the standpoint of an additional proportional 
relationship between the torques along the length of the bar in the spatial section and the first and third transverse sections. 
For a dangerous spatial crack, when projected onto the horizontal axis, the length C was found from a diagonal large 
ellipse of a round bar.

Keywords: reinforced concrete, circular section, calculation scheme, bending moment, torsion, spatial crack,
dangerous spatial crack, governing equations

РАСЧЕТНАЯ СХЕМА КРУГЛЫХ ЖЕЛЕЗОБЕТОННЫХ 
КОНСТРУКЦИЙ ПРИ СЛОЖНОМ ПРЕДЕЛЬНОМ

СОПРОТИВЛЕНИИ-КРУЧЕНИИ С ИЗГИБОМ

Вл.И. Колчунов 1, С.А. Булкин 2

1 Юго-Западный государственный университет, г. Курск, РОССИЯ
2 ЗАО «Городской проектный институт жилых и общественных зданий», г. Москва, РОССИЯ

Аннотация. Разработанная расчетная схема предельного сопротивления железобетонных конструкций при кру-
чении с изгибом элементов с круглыми поперечными сечениями наиболее полно отражает особенности их дей-
ствительной работы. Для пространственной трещины диагонального большого эллипса приняты сечения в виде 
закрученного пропеллера с вогнутой и выпуклой пространственными параболами из первого и второго блоков 
между вертикальными поперечными круглыми сечениями от начала до конца трещины. Для практических расче-
тов в сжатом и растянутом бетоне рассмотрено ломанное сечение из трех участков, – два продольных трапеции и 
третий средний близкий к сорока пяти градусам участок кривой радиуса малого эллипса. При расчете неизвестных 
усилий составлены разрешающие уравнения равновесия и деформаций поперечных сечений до конца трещины, 
проходящие через моментные точки для равнодействующих моментов и проекций внутренних и внешних сил. 
Были представлены касательные напряжения кручения по линейным продольным сечениям трапеции, а также 
нормальные и касательные напряжения, расположенные на концевых поперечных сечениях на расстоянии x от 
опоры. При этом с увеличением изгибающих моментов уменьшаются высоты сжатой области бетона в простран-
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ственном сечении между первым и третьим поперечными сечениями, которые могут быть найдены из их отноше-
ний и связей. Учитывается «нагельный» эффект в растянутой продольной и поперечной арматуре, определяемый 
с привлечением специальной модели второго уровня с дискретными константами. Статическая схема нагружения 
рассматривалась с позиций дополнительного пропорционального соотношения между крутящими моментами по 
длине стержня в пространственном сечении и в поперечных первом и третьем сечениях. При этом для опасной 
пространственной трещины при проецировании на горизонтальную ось была найдена длина С из диагонального 
большого эллипса круглого стержня.

Ключевые слова: железобетонные конструкции, круглое сечение, расчетная схема, прочность,
изгибающий момент, крутящий момент, опасная пространственная трещина, разрешающие уравнения
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GEOMETRIC REPRESENTATIONS OF EQUILIBRIUM CURVES 
OF A COMPRESSED STIFFENED PLATE

Gaik A. Manuylov, Sergey B. Kosytsyn, Irina E. Grudtsyna
Russian University of Transport (RUT - MIIT), Moscow, RUSSIA

Abstract: The work is aimed at studying the solutions of the stability problem (subcritical and postcritical equilibrium) 
of an infinitely wide regular compressed reinforced plate, using a selected T-shaped fragment that is equally stable with 
others. The authors have given a classification of possible analytical solutions for these plates. The results of the work are 
presented in the form of variants of spatial bifurcation diagrams, values   of critical loads, as well as coordinates of singular 
points for different cases of solutions.

Keywords: stability, stiffened plate, post-critical equilibrium, critical load, bifurcation curve

ГЕОМЕТРИЧЕСКИЕ ПРЕДСТАВЛЕНИЯ КРИВЫХ
РАВНОВЕСИЯ СЖАТОЙ ПОДКРЕПЛЕННОЙ ПЛАСТИНЫ

Г.А. Мануйлов, С.Б. Косицын, И.Е. Грудцына
Российский университет транспорта (МИИТ), г. Москва, РОССИЯ

Аннотация: работа направлена на исследование решений задачи устойчивости (докритического и послекритиче-
ского равновесия) бесконечно широкой регулярной сжатой подкрепленной пластины, при помощи выделенного, 
равноустойчивого с другими Т-образного фрагмента. Авторами дана классификация возможных аналитических ре-
шений для данных пластин. Результаты работы представлены в виде вариантов пространственных бифуркационных 
диаграмм, значений критических нагрузок, а также координат сингулярных точек для различных случаев решений.

Ключевые слова: устойчивость, подкрепленная пластина, послекритическое равновесие, критическая нагрузка, 
бифуркационная кривая
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Note that the diagrams shown in Figures 6 and 
7 correspond to the case when the critical loads 
of wave formation are less than the critical loads 
of the total deflection, since  the post-bifurcation 
waveform is unstable, the bearing capacity of 
the reinforced plate is determined mainly by the 
sensitivity to initial imperfections by the type of 
waveforming.
If the geometry of the stiffened plate is changed 
so that the critical undulation load is greater than 

the critical load of the total deflection (Figure 11), 
then, in principle, it is possible to increase the 
bearing capacity of the reinforced plate by lifting 
it to a value close to the total deflection load. 
Bifurcation diagrams for cases where the critical 
load of wave formation exceeds the critical load of 
the total deflection (a - the case of wave formation 
in the ribs, b - the case of wave formation in the 
plate) are shown in Figure 11.
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ANALYTICAL AND NUMERICAL METHODS FOR 
DETERMINING THE CARRYING CAPACITY OF A PILE 

BARETT ON WEAK SOILS IN DEEP PITS

 Rashid A. Mangushev 1, Nadezhda S. Nikitina 2, Le Trung Hieu 3,
Ivan Yu. Tereshchenko 4

1 Saint-Petersburg State University of Architecture and Civil Engineering, Saint-Petersburg, RUSSIA
2,3 National Research Moscow State University of Civil Engineering, Moscow, RUSSIA

4 LLC "GIPROATOM"; Moscow, Russia

Abstracts: The article provides an analysis of the bearing capacity of barrett piles in difficult geological conditions at a construction 
site in the city of Hanoi, Vietnam based on the results of analytical calculations according to Russian building codes, mathematical 
modeling and field full-scale tests. The paper describes a numerical test of a single barrette for Mohr-Coulomb and Hardening Soil 
models in the Midas GTS NX software package. The bearing capacity of a barrette in soft soils is also proposed to be determined 
by an analytical solution for calculating the settlement of a single pile, taking into account the unloading of the pit after soil 
excavation. The results of full-scale tests at the site of future construction, graphs of "load-settlement" of the barrette head from 
the applied vertical load and the general assessment of the bearing capacity of the barret pile by various methods are shown.

Keywords: pile-barrett, settlement-load dependence, bearing capacity, FEM, analytical solution, mathematical modeling

АНАЛИТИЧЕСКИЕ И ЧИСЛЕННЫЕ МЕТОДЫ
ОПРЕДЕЛЕНИЯ НЕСУЩЕЙ СПОСОБНОСТИ СВАЙ-БАРЕТТ 

НА СЛАБЫХ ГРУНТАХ В ГЛУБОКИХ КОТЛОВАНАХ

Р.А. Мангушев 1, Н.С. Никитина 2, Ле Чунг Хиеу 3, И.Ю. Терещенко 4

1 Санкт-Петербургский государственный архитектурно-строительный университет (СПбГАСУ),
г. Санкт-Петербург, РОССИЯ

2,3 Национальный исследовательский Московский государственный строительный университет (НИУ МГСУ),
г. Москва, РОССИЯ
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Аннотация: в статье приводится анализ несущей способности свай-баретт в сложных инженерно-геологических 
условиях на строительной площадке в городе Ханой, Вьетнам по результатам аналитических расчетов по Российским 
строительным нормам, математического моделирования и полевых натурных испытаний. Описывается проведение 
численного испытания одиночной баретты для моделей грунтов Mohr-Coulomb и Hardening Soil в программном 
комплексе Midas GTS NX. Несущую способность баретты в слабых грунтах также предлагается определять по 
аналитическому решению расчета осадки одиночной сваи с учетом разгрузки котлована после разработки. Показаны 
результаты натурных испытаний на площадке будущего строительства, графики «нагрузка-осадка» оголовка баретты 
от приложенной вертикальной нагрузки и общая оценка несущей способности сваи-барреты по различным методам.

Ключевые слова: свая-баретта, зависимость осадка-нагрузка, несущая способность, МКЭ,
аналитическое решение, математическое моделирование

INTRODUCTION 

Currently, the demand for the construction of high-
rise buildings is very high in large metropolitan 

areas of the world [1]. Difficult geotechnical 
conditions dictate special requirements for the 
design of zero cycle structures for such facilities 
[2]. Therefore, piles-barrettas are gaining great 
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popularity as deep foundations, which can 
perceive signifi cant longitudinal and transverse 
forces due to the increased bearing capacity both 
in material and in soil compared to alternative 
types of pile foundations [3]. At the preliminary 
design stage, when full-scale tests of piles have 
not yet been carried out, in order to assign the 
main structural parameters of foundations, a 
computational design method is used based on 
analytical and numerical calculations for limit 
states [1]. Taking into account the base formed 
by a layer of weak soils, the great depth of the 
excavation and the laying of barrett piles, a special 
approach to the calculation of the bearing capacity 
of the piles, taking into account the stress-strain 
state of the enclosing soil mass, is required [4,5,6].
On the construction site of a high-rise building 
with a developed underground part in the city 
of Hanoi, Vietnam, barrettas with a section of 
800x2800 mm and a length of 37 meters were 
designed as foundations. In order to determine 
the bearing capacity of a single barrette on the 
ground, analytical calculations were carried out 
according to the method of Russian standards 
and mathematical modeling in the geotechnical 
software package. After assigning the parameters 
of the pile foundation, at the construction site, 
full-scale tests of a single barrette with a static 
indentation load were made and carried out.

GEOTECHNICAL CONDITIONS OF THE 
CONSTRUCTION SITE

According to the results of engineering and 
geological surveys, the geological zone under the 
well has a depth of 61 m, consists of 9 soil layers: 
IGE-1: compacted embankment; IGE-2: fl uid clay, 
brownish-gray, mixed with organic inclusions; 
IGE-3: loose sand, ash-gray, medium brown 
of medium density, unimportant IGE-4: fl uid-
plastic clay, brownish-gray, mixed with organic 
inclusions; IGE-5: fi ne, gray and yellowish-gray 
sand, medium density, unimportant; IGE-6: soft-
plastic loam, brownish-gray; IGE-7: fi ne sand, 
medium size, unimportant; IGE-8: fl uid-plastic 

loam, brown-gray, dark gray, mixed organic; 
IGE-9: gravel and pebble soil. The engineering 
and geological conditions of the construction site 
are relatively diffi  cult with layers of weak soils 
and a high level of groundwater at an elevation of 
-4.50 m from the earth's surface. The physical and 
mechanical properties of soils are shown in Table 1.
A barrette with a section of 800x2800 mm and a 
length of 37 meters rests on a strong layer of IGE-
9 – gravel-pebble soil (Figure 1).

DETERMINATION OF THE BEARING 
CAPACITY OF PILES BY ANALYTICAL 
METHODS

In accordance with Russian standards [7], the 
bearing capacity of hanging piles is determined 
depending on the physical and mechanical 
properties of the foundation soil and the depth of 
the pile. Analytical calculations have shown the 
value of the total bearing capacity of this barrette 
equal to Fd,calc1 = 27285 kN. At the same time, 
77% fell on the heel of the pile and only 23% on 
the side surface.

Figure 1. Layout of the pile-barrets in the ground

Analytical and Numerical Methods for Determining the Carrying Capacity of a Pile Barett on Weak Soils in Deep Pits



96 International Journal for Computational Civil and Structural Engineering

Taking into account the signifi cant thickness of soft 
soils with a low modulus of deformation within the 
barrette shaft, the deformability of the pile under 
load will play a signifi cant role. Therefore, in the 
calculations, it was decided to limit the bearing 
capacity on the ground by the limiting settlement of 
a single pile, equal to 40 mm, similar to full-scale 
and numerical tests. The method for determining the 
settlement of a single pile depending on the average 
value of the soil shear modulus G within the pile and 
under its lower end is also described in the provisions 
of the Russian standard [7]. According to the results of 
the analytical calculation, it was found that the bearing 
capacity of the barrett from the condition of limiting 
the settlement to 40 mm was Fd,calc2 = 18450 kN.
The depth of the projected pit is almost 15 meters. 
At depths of more than 5 meters, the eff ect of 
"unloading-reloading" becomes most pronounced 
for a certain thickness of the base as a result of 
excavation of the pit. This phenomenon will 
manifest itself especially in foundations composed 
of weak soils with a low modulus of deformation.
Therefore, to calculate the settlement of barrett in deep 

pits, it was proposed to determine the shear modulus 
G taking into account the unloading of the base.
For this purpos, a new term Hur is introduced, 
which means the depth of the unloading strata. The 
lower boundary of the unloading stratum is taken 
at a depth z = Hur, where the condition is fulfi lled:
  
              σzγ  =  0,5 σzg,                                 (1)

where σzγ is a vertical stress from the own weight 
of the soil, selected when cutting the excavation, 
at a depth z from the level of the bottom of the 
excavation, kPa. Determined according to the 
provisions of the Russian standard for geotechnical 
construction [8].
σzg is a vertical stress due to the own weight of the 
soil at a depth z from the level of the bottom of 
the excavation, kPa.
In this case, the depth of the unloading thickness 
Hur should be no more than Hmax, equal to (4 + 
0.1b) at 10 <b ≤60 and 10 m at b> 60 m, where b 
is the width of the pit.
In the problem under consideration, Hur = 10 m.

Table 1. Physical and mechanical properties of soils
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To calculate the settlement when determining the 
average value of the soil shear modulus, within 
the unloading thickness Hur for soils, the elastic 
shear modulus Gur is taken, defined as

where Eur is a modulus of soil deformation upon 
removal / reapplication of the load,
υur is a coefficient of lateral deformation of the soil 
when removing / reapplying a load.
According to the results of the analytical calculation, 
taking into account the unloading of the soil in the 
excavation, it was found that the bearing capacity 
of the barrette from the condition of limiting the 
settlement of 40 mm was Fd,calc3 =24600 kN.

MODELING

Numerical modeling of changes in the stress-strain 
state of the soil mass in the process of virtual testing 
of the experimental barrette pile was carried out 
using the geotechnical software package Midas 
GTS NX in a spatial setting. A finite element 
model of the test barrette-surrounding soil mass 
system in Midas GTS NX is shown in Figure 2.
The dimensions of the computational area are taken 
in terms of 30.8 x 32.8 m and a depth of 66.2 m. 

For the formation of finite elements, a hybrid mixed 
mesh, mainly hexahedral types of finite elements, was 
used. The grid step is condensed in the area where the 
barrets are located and is discharged to the boundaries 
of the computational domain. Consideration of 
the behavior of the soil at the contact between the 
barrett and the base mass was modeled using special 
interface contact elements. The stiffness parameters 
are assigned taking into account the reduction in 
contact strength, taking into account the reduction 
factors given in the Russian design standards [7].
Mathematical modeling of the test was carried out 
step by step in several stages:
1. Formation of the initial stress-strain state of 
the soil mass;
2. Development of the foundation pit;
3. Barretta device;
4. Loading the barrette (Figure 2). Gradual 
application of a vertical indentation load to the 
test barrette of 2500 kN at each stage.
To calculate the bearing capacity of a barrette in 
the Midas GTS NX program, two subgrade models 
were considered:
– Ideal-elastoplastic Mohr-Coulomb model.
– Elastoplastic model of the hardening soil 
“Hardening Soil”.
The deformed model diagram and vertical 
displacements at an intermediate stage of testing 
(at P = 20,000 kN) for various soil models are 
shown in Figure 3.

Figure 2. Mathematical FE-model
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The criterion for ensuring the bearing capacity of 
the pile on the ground is the vertical displacement 
of the barrette head, equal to 40 mm. This condition 
is met at the calculated vertical load equal to Fd,MC 
= 16440 kN for the Mohr-Coulomb model and 
Fd,HS = 23600 kN for the Hardening Soil model.

FULL-SCALE TESTS

Experimental barrette piles were made on the site 
for the construction of a high-rise building in the 
city of Hanoi. Tests of a single barrette with a 
section of 800x2800 mm and a length of 37 meters 
with a vertical static load were carried out using 
hydraulic jacks up to a maximum load of 30 MN 
using the Top-Down method.
The condition of the maximum settlement of 
the pile head under a load of 40 mm is achieved 
under a vertical load Fd,site = 27500 kN (Figure 4). 
This value is taken as the bearing capacity of the 
barrette on the ground.

RESULTS

The results of determining the bearing capacity 
of a barrette on the ground by analytical and 

numerical methods, as well as the results of field 
tests, are presented in Table 2.
The combined load-settlement graph for various 
considered methods for determining the bearing 
capacity of a barrette is shown in Figure 5.

DISCUSSION

As it is well known, the ideal-elastoplastic soil 
Mohr-Coulomb model does not describe the 
behavior of the soil during unloading [9]. The same 
applies to the analytical method for determining the 
settlement of a single pile according to the Russian 
standard, where the soil is considered as a linearly 
deformed half-space, characterized by the shear 
modulus and Poisson's ratio. The results obtained 
by these methods are in good agreement with each 
other. The values of the bearing capacity differ 
by about 10% (Table 2), and at the initial stage 
of loading (at P <12500 kN) the graphs exactly 
coincide. However, the solutions based on these 
techniques do not agree well with the results of field 
tests and cannot be applied for practical purposes 
for conditions of soft soils and deep pits.
The proposed modification of the analytical method 
for calculating the settlement of a single pile in 
order to take into account the unloading of the base 

   a)        b)
Figure 3. Deformed diagram and vertical displacements of the model under a load of 20,000 kN: a) 

Mohr-Coulomb model, b) Hardening Soil model
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Figure 4. Results of full-scale static tests of barrette piles

Table 2. Bearing capacity of pile-barrets by diff erent methods

Figure 5. Combined load-settlement graph based on the results of analytical calculations, 
numerical modeling and fi eld tests
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during the development of a deep excavation made 
it possible to describe the behavior of a barrette 
under load with sufficient accuracy. The bearing 
capacity with a limiting settlement of 40 mm is in 
good agreement with the numerical solution (with 
the adopted Hardening Soil model), the analytical 
method for strength characteristics, and the results 
of full-scale static tests.

CONCLUSIONS

1) Complex design solutions of the zero cycle and 
difficult geological conditions of the construction 
site require a special approach to the design of 
deep foundations.
2) When using different soil models (MC and HS) 
in mathematical modeling of the test of a barrette 
in a deep pit, the graphs of barrett displacement 
under load are significantly different. For 
numerical calculations of piles in soft soils and 
deep pits, it is recommended to use the Hardening 
Soil model, which takes into account the work of 
the soil along the secondary loading branch. This 
solution, with sufficient accuracy for practical 
purposes, describes the results of field tests.
3) A good convergence of the value of the bearing 
capacity of the barrett on the soil is shown by the 
analytical solution for determining the settlement, 
where the reduced shear modulus G is determined 
taking into account the thickness of the base 
unloading, for which the soil deformation modulus is 
applied when removing / reapplying the load Eur. This 
technique is applicable for preliminary calculations 
of settlement and bearing capacity of piles.
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STATIC BENDING STRENGTH
OF SANDWICH COMPOSITE PLATES WITH TETRACHIRAL 

HONEYCOMBS

Alexey V. Mazaev, Marina V. Shitikova 
Voronezh State Technical University, Voronezh, RUSSIA

Research Institute of Building Physics of Russian Academy of Architecture and Construction Sciences, Moscow, 
RUSSIA

Abstract: The article presents a numerical strength analysis of sandwich plates with solid face layers and tetrachiral 
honeycomb core layer under static bending conditions. An aluminum alloy was chosen as the material of plates. For 
honeycomb core layers, the discretization (number of unit cells) and the relative density were varied with a constant 
thickness. Calculations were performed for the case of bending with rigidly clamped ends and three-point bending 
within the framework of the theory of elasticity by the finite element method. The strength analysis enables one 
to determine the load values, at which the maximal stresses according to the von Mises criterion were equal to the 
conventional yield stress of the material. The aim of this work is to study the effect of discretization and relative 
density of honeycomb core layers of tetrachiral type on the strength of sandwich plates. 

Keywords: composite plates, tetrachiral honeycombs, multilayer plates, strength analysis, static bending,
finite element method

ПРОЧНОСТЬ СЛОИСТЫХ КОМПОЗИТНЫХ ПЛАСТИН
С ТЕТРАКИРАЛЬНЫМИ СОТАМИ

ПРИ СТАТИЧЕСКОМ ИЗГИБЕ

А.В. Мазаев, М.В. Шитикова
Воронежский государственный технический университет, г. Воронеж, РОССИЯ

Научно-исследовательский институт строительной физики РААСН, г. Москва, РОССИЯ

Аннотация: В работе производился численный анализ прочности слоистых композитных пластин со сплош-
ными внешними слоями и сотовой прослойкой тетракирального типа в условиях статического изгиба. В 
качестве материала пластин выбран алюминиевый сплав. У сотовых прослоек варьировалась дискретизация 
(количество элементарных ячеек) и относительная плотность при постоянной толщине. Расчеты производи-
лись при жестком защемлении с торцов и трехточечном изгибе в рамках теории упругости методом конечных 
элементов. В процессе анализа прочности определялись значения нагрузки, при которых максимальные на-
пряжения по критерию Мизеса приравнивались к условному пределу текучести материала. Целью работы 
является изучение влияния дискретизации и относительной плотности сотовых прослоек тетракирального 
типа на прочность композитных пластин.

Ключевые слова: композитные пластины, тетракиральные соты, многослойные пластины, анализ прочности, 
статический изгиб, метод конечных элементов
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CONCLUSIONS

Based on the results of the numerical analysis, 
it has been shown that composite plates with 

tetrachiral honeycombs with a relative density 
of honeycomb cores from 20 to 70% have a 
significantly higher strength relative to solid 
plates with an equal volume of a solid body. At
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ON THE CHOICE OF PRESTRESSING PARAMETERS

Anatolii V. Perelmuter
SCAD Soft, Ltd, Kiev, UKRAINE

Abstract: This paper focuses on the regulation of forces in a statically indeterminate system under the action of many 
loads. This regulation is realized by prestressing. The paper compares two proposed methods for selecting rational values 
of the prestressing parameters: maximizing the minimum bearing capacity margin for the elements of the system (1) and 
equalizing the margins for all elements (2). An illustrative example is provided.

Keywords: prestressing, bearing capacity margins, Chebyshev solution, margin equalization

О ВЫБОРЕ ПАРАМЕТРОВ ПРЕДНАПРЯЖЕНИЯ
А.В. Перельмутер 

 НПО «СКАД Софт», г. Киев, УКРАИНА

Аннотация: Рассматривается задача о регулировании усилий в статически неопределимой системе находящейся 
под воздействием многих нагружений. Регулирование выполняется путем создания предварительного напряже-
ния. Сопоставляются два предлагаемых метода для выбора рациональных значений параметров преднапряжения: 
максимизация минимального по элементам системы запаса несущей способности (1) и выравнивание запасов по 
всем элементам (2). Приведен иллюстративный пример.

Ключевые слова: преднапряжение, запасы несущей способности, чебышевское решение,
выравнивание запасов
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As you can see, in this example ensuring uniform 
bearing capacity margins is more advantageous in 
terms of the weight of the structure. 
There can be other relationships between the 
considered solutions as well. The choice between 
them depends on many factors and is informal.
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DYNAMIC BEHAVIOR OF REINFORCED
CONCRETE COLUMN  

UNDER ACCIDENTAL IMPACT
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Abstract: The analysis of scientific literature shows that to date, the physical parameters of the deformation of reinforced concrete 
bar structures during their dynamic buckling and the influence of the dissipative properties of the structural system on this process 
remain insufficiently studied. In this regard, the paper proposes an analytical solution to the problem of dynamic buckling of a 
reinforced concrete column when it is loaded with an impact load, taking into account the presence of initial geometric and (or) 
physical imperfections and damping properties of the system, as well as an analysis and assessment of the column deformation 
parameters based on the obtained analytical solution. An expression for the dynamic deflection of a bar element under its axial 
loading with a high-speed shock load, taking into account damping, is obtained in an analytical form. For practical calculations 
in a quasi-static formulation, the paper proposes an expression for the dynamic factor kd of bar structures under axial shock load. 
A numerical example of calculating a reinforced concrete column using the obtained analytical expressions with and without 
damping is considered. It was found that the maximum deflection of the elastic axis of the column under high-speed loading was 
achieved at t = 0.04 s. In this case, the total dynamic deflection taking into account damping was 4.8% less than the deviation 
without taking into account damping and 1.18 times more than the corresponding static value.

Keywords: reinforced concrete, column, buckling, accidental impact, progressive collapse, deflection, velocity, 
acceleration

ДЕФОРМИРОВАНИЕ ЖЕЛЕЗОБЕТОННОЙ ВНЕЦЕНТРЕННО 
СЖАТОЙ КОЛОННЫ ПРИ ДОГРУЖЕНИИ

УДАРНОЙ НАГРУЗКОЙ

C.Ю. Савин 1, В.И. Колчунов 1,2
1 Национальный исследовательский Московский государственный строительный университет,

г. Москва, РОССИЯ
2 Юго-Западный государственный университет, г. Курск, РОССИЯ

Аннотация: Анализ научной литературы показывает, что к настоящему времени остаются недостаточно исследо-
ванными физические параметры деформирования железобетонных стержневых конструкций при их динамическом 
продольном изгибе и влияние на этот процесс диссипативных свойств конструктивной системы. В связи с этим, 
в рассматриваемой работе предложено аналитическое решение задачи о динамическом продольном изгибе желе-
зобетонной колонны при ее догружении ударной нагрузкой с учетом наличия начальных геометрических и (или) 
физических несовершенств и демпфирующих свойств системы, а также дан анализ и оценка параметров деформи-
рования колонны на основе полученного аналитического решения. В аналитической форме получено выражение 
динамического отклонения упругой оси стержневого элемента при его продольном нагружении высокоскоростной 
ударной нагрузкой с учетом демпфирования. Для практических расчетов в квазистатической постановке пред-
ложено выражение коэффициента динамичности kd стержневых конструкций на продольную ударную нагрузку. 
Рассмотрен численный пример расчета железобетонной колонны с использованием полученных аналитических 
выражений при учете демпфирования и без него. Установлено, что наибольшее отклонение упругой оси рассматри-
ваемой колонны при высокоскоростном нагружении было достигнуто при t = 0.04 s. При этом полное динамическое 
отклонение с учетом демпфирования на 4,8 % меньше отклонения без учета демпфирования и в 1,18 раз больше 
соответствующей статической величины.

Ключевые слова: железобетон, колонна, продольный изгиб, ударная нагрузка, прогрессирующее обрушение, 
отклонение, скорость, ускорение
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APPLICATION OF GRADIENT PROJECTION METHOD
TO PARAMETRIC OPTIMIZATION OF STEEL LATTICE 

PORTAL FRAME

Vitalina V. Yurchenko 1, Ivan D. Peleshko 2, Nikita A. Biliaiev 3

1 Kyiv National University of Civil Engineering and Architecture, Kyiv, UKRAINE
2 Lviv Polytechnic National University, Lviv, UKRAINE

3 BM Prefab Engineering, Kyiv, UKRAINE

Abstract. The paper has proposed a mathematical model for parametric optimization problem of the steel lattice portal frame. 
The design variable vector includes geometrical parameters of the structure (node coordinates), as well as cross-sectional 
dimensions of the structural members. The system of constraints covers load-carrying capacities constraints formulated 
for all design sections of structural members of the steel structure subjected to all ultimate load case combinations. The 
displacements constraints formulated for the specified nodes of the steel structure subjected to all serviceability load case 
combinations have been also included into the system of constraints. Additional requirements in the form of constraints on 
lower and upper values of the design variables, constraints on permissible minimal thicknesses, constraints on permissible 
maximum diameter-to-thickness ratio for the structural members with circle hollow sections, as well as the conditions for 
designing gusset-less welded joints between structural members with circle hollow sections have been also considered in 
the scope of the mathematical model. The method of the objective function gradient projection onto the active constraints 
surface with simultaneous correction of the constraints violations has been used to solve the formulated parametric 
optimization problem. New optimal layouts of the steel lattice portal frame by the criterion of the minimum weight, as 
well as minimum costs on manufacturing and erection have been presented.

Keywords: optimization, steel lattice frame, nonlinear programming, strength, buckling, stiffness,
gradient projection method, finite element method, numerical algorithm

ПРИМЕНЕНИЕ МЕТОДА ПРОЕКЦИИ ГРАДИЕНТА
ДЛЯ ПАРАМЕТРИЧЕСКОЙ ОПТИМИЗАЦИИ СТАЛЬНОЙ

РЕШЕТЧАСТОЙ РАМЫ

В.В. Юрченко 1, И.Д. Пелешко 2, Н.А. Биляев 3

1 Киевский национальный университет строительства и архитектуры, Киев, УКРАИНА
2 Национальный университет «Львовская политехника», Львов, УКРАИНА

3 BM Prefab Engineering, Киев, УКРАИНА

Аннотация. В статье предложена математическая модель для задачи параметрической оптимизации стальной 
решетчатой поперечной рамы каркаса здания, несущие элементы которой выполнены из круглых труб. Вектор 
переменных проектирования содержит геометрические параметры конструкции (координаты узлов), а также 
размеры поперечных сечений несущих элементов конструкции. Система ограничений включает ограничения 
несущей способности, сформулированные для всех расчетных сечений элементов конструкции, подлежащей 
действию всех комбинаций нагрузок первой группы предельных состояний. В систему ограничений также вклю-
чены ограничения перемещений узлов, сформулированные для определенных узлов конструкции, подлежащей 
действию всех комбинаций нагрузок второй группы предельных состояний. Дополнительные ограничения в 
форме ограничений на верхнюю и нижнюю границы варьирования переменных проектирования, ограничения 
на допустимую минимальную толщину сечения, ограничения на допустимое максимальное отношение диаметра 
к толщине трубы, а также условия конструирования бесфасоночных узлов решетчатой конструкции с элемен-
тами их круглых труб также были рассмотрены в составе системы ограничений математической модели. Для 
решения сформулированной задачи параметрической оптимизации использовался метод проекции градиента 
функции цели на поверхность активных ограничений при одновременной ликвидации невязок в нарушенных 
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ограничениях. В результате получены новые оптимальные проектные решения стальной решетчатой попереч-
ной рамы по критерию минимума массы конструкции, а также по критерию минимума сметной стоимости на 
ее изготовление и возведение.

Ключевые слова: оптимизация, стальная решетчатая рама, нелинейное программирование, прочность,
устойчивость, жесткость, градиентный метод, метод конечных элементов, численный алгоритм.
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LOCALIZATION OF SOLUTION OF THE PROBLEM  
FOR POISSON’S EQUATION WITH THE USE OF B-SPLINE 

DISCRETE-CONTINUAL FINITE ELEMENT METHOD

Marina L. Mozgaleva, Pavel A. Akimov 
National Research Moscow State University of Civil Engineering, Moscow, RUSSIA

Abstract: Localization of solution of the problem for Poisson’s equation with the use of B-spline discrete-continual finite element 
method (specific version of wavelet-based discrete-continual finite element method) is under consideration in the distinctive paper. 
The original operational continual and discrete-continual formulations of the problem are given, some actual aspects of construction 
of normalized basis functions of a B-spline are considered, the corresponding local constructions for an arbitrary discrete-continual 
finite element are described, some information about the numerical implementation and an example of analysis are presented.

Keywords: localization, wavelet-based discrete-continual finite element method, B-spline discrete-continual finite element 
method, discrete-continual finite element method, finite element method, B-spline, numerical solution, Poisson’s equation

ЛОКАЛИЗАЦИЯ РЕШЕНИЯ ЗАДАЧИ ДЛЯ УРАВНЕНИЯ
ПУАССОНА НА ОСНОВЕ ВЕЙВЛЕТ-РЕАЛИЗАЦИИ  

ДИСКРЕТНО-КОНТИНУАЛЬНОГО МЕТОДА  
КОНЕЧНЫХ ЭЛЕМЕНТОВ  

С ИСПОЛЬЗОВАНИЕМ В-СПЛАЙНОВ

М.Л. Мозгалева, П.А. Акимов
Национальный исследовательский Московский государственный строительный университет,  

г. Москва, РОССИЯ

Аннотация: В настоящей статье рассматривается локализация решения задачи для уравнения Пуассона на ос-
нове вейвлет-реализации дискретно-континуального метода конечных элементов с использованием B-сплайнов. 
Приведены исходные операторные континуальная и дискретно-континуальная постановки задачи, рассмотрены 
некоторые актуальные вопросы построения нормализованных базисных функций B-сплайна, описаны соответству-
ющие локальные построения для произвольного дискретно-континуального конечного элемента, представлены 
некоторые сведения о численной реализации и пример расчета.

Ключевые слова: локализация, вейвлет-реализация метода конечных элементов, дискретно-континуальный
метод конечных элементов, метод конечных элементов, B-сплайны, численное решение, уравнение Пуассона
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Аннотация: В настоящей статье рассматривается локализация решения задачи для уравнения Пуассона 

на основе вейвлет-реализации дискретно-континуального метода конечных элементов с использованием 

B-сплайнов. Приведены исходные операторные континуальная и дискретно-континуальная постановки 

задачи, рассмотрены некоторые актуальные вопросы построения нормализованных базисных функций B-

сплайна, описаны соответствующие локальные построения для произвольного дискретно-

континуального конечного элемента, представлены некоторые сведения о численной реализации и при-

мер расчета. 
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INTRODUCTION 
 

Various problems of continuum mechanics are 

reduced to the Poisson equation and other simi-

lar equations of elliptic type [1-6]. As is known, 

boundary value problems with the Poisson 

equation describe, in particular, a stationary 

temperature field, a stress state during torsion of 

a rod, membrane deflection, etc. In addition, the 

operator of the corresponding problem (the La-

place operator) is part of other problems that 

determine the state of structures under station-

ary and non-stationary actions. From a mathe-

matical point of view, it is the simplest qualita-
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tive analogue of other problems and an equiva-

lent operator in iterative processes [7]. In many 

numerical models, at different time steps, it be-

comes necessary to solve (numerically) one or 

several boundary value problems for the Pois-

son equation, and in some applications the 

number of time steps during one analysis of the 

model can be of the order of thousands to mil-

lions or more [8]. In this regard, the objective of 

the distinctive paper is devoted to the semi-

analytical method of analysis of corresponding 

structures with constant physical and geometric 

parameters in one of the directions (the so-

called “basic direction”) [7, 9, 10]. This objec-

tive seems to be very relevant. The considering 

method is semi-analytical in the sense that along 

the basic direction of the structure the problem 

remains continual and its exact analytical solu-

tion is constructed, while in another, non-basic 

direction, a numerical approximation is per-

formed. In general, this paper continues a series 

of papers devoted to the research and develop-

ment of various wavelet-based versions of the 

discrete-continuous finite element method. 

In the theory of boundary value problems for 

the Poisson and Laplace equations, several clas-

sical well-tested solution methods are normally 

used [1, 11-13], which, in particular, include 

method of separation of variables or Fourier 

method, Green's function method and a method 

of reducing boundary value problems for the 

Laplace equation to integral equations using po-

tential theory. 

Besides, numerical methods (finite element 

method, boundary element method, finite differ-

ence method, variational-difference method, fi-

nite volume method, method of point field 

sources, fast Fourier transform method using 

parallel computations ( with the implementation 

on the cores of the central processor and on 

graphic processors (GPU), etc.) for solving the 

Poisson equation are normally used [8, 14, 15]. 

 

 

1. FORMULATIONS OF THE PROBLEM 
 
Formulation of the problem has the form: 

 

FL u � ,   
110 ��� x ,   

220 ��� x  ;   (1.1) 

gu �
�

� ,                        (1.2) 

 

where L  is the operator of the problem within 

the initial domain; 

 
2

2

2

1 �����L ;   
11 / x���� ;   

22 / x���� ; (1.3) 

 

�  is the operator of boundary conditions. 

Let 
2x  be direction along which parameters of 

the problem are constant (so-called “main direc-

tion”). Let us introduce the following notations 

 

uuv ���� 2 ;   vv 2��� .            (1.4) 

 

Then we can rewrite (1.1) in the following form: 

 

FvLuL vvuu ���  or   FuLvL uuvv ��� ,  (1.5) 

 

where we have 

 

1

*

1

2

1 ������uuL ;   1�vvL .        (1.6) 

 

Finally we obtain system of differential equa-

tions with operational coefficients: 

 

FUAU ��� ,                 (1.7) 
 

where 

 

��
�

��
�� � 0

10
1

uuvv LLA ;   ��
�

��
�
�� � FLF

vv
1

0
;   ��

�
��
�� v
uU .  

(1.8) 
 

The system of equations (1.7) is supplemented 

by boundary conditions, which are set in sec-

tions with coordinates 01

2 �x  and 2

2

2 ��x . 

 
 
2. SOME ASPECTS OF THE 

CONSTRUCTION OF NORMALIZED 
BASIS FUNCTIONS OF THE B-SPLINE 

 

The construction of B-spline basic functions is 

determined by the recursive Cox-de Boer for-

mulas [16-21]: 
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We will consider such a construction for the 

case ixi �  are integers. Let us note that,  

 

)()( ,0, itt kki ����  

 

and therefore, recursive formulas (2.1)-(2.2) can 

be represented in the form 
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The function )(1,0 t�  can be represented by formula 

 

)(1,0 t� )]1sign()[sign(
2

1
��� tt .      (2.5) 

 

Let us denote by 1�  the operator of the first dif-

ference. Then we have 

 

)(1,0 t� )sign(
2

1
1 t��� .             (2.6) 

 

We can substitute formula (2.5) into (2.4) in or-

der to determine )(2,0 t� : 

 

)]1()2()([1)( 1,01,02,0 ������ ttttt ��� � 

����� )]1sign()[sign({
2

1 ttt

)]}2sign()1)[sign(2( ���� ttt � 

����� )1sign()1(2)sign([
2

1 tttt  

)]2sign()2( �� tt |2||1|2|[|
2

1
����� ttt . 

Let us denote by 
2�  the operator of the second 

difference. Then we have 

 

)(2,0 t� |2||1|2|[|
2

1
����� ttt |1|

2

1
2 ��� t . 

(2.7) 

We can define function )(3,0 t� : 

 

)]1()3()([
2

1
)( 2,02,03,0 ����� ttttt ��� . 

 

Omitting intermediate calculations, we get 
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Based on formulas (2.8) and (2.4), we can de-

fine the function 

 

)]1()4()([
3

1
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Omitting intermediate calculations, as a result 

we get 
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It can be proved that for even mk 2�  we have 

 

)(,0 tk� |)|)(()(
2

1

)!12(
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(2.10) 

 

and for odd (uneven) 12 �� mk  we have 
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Figure 3.1. Finite element discretication for 5�kN  (sample). 

 

 
Figure 3.2. Finite element discretication for 3�kN  (sample). 

 

 
Figure 3.3. Finite element discretication for 1�kN  (sample). 

 

)(,0 tk� |)1|)(()(
2

1
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(2.11) 

 

Note that )(,0 tk�  is a polynomial of degree 

1�k  with bounded support and, as follows 

from the difference operator, this support is 

equal to the interval ],0[ k . 

In addition, we should note the following prop-

erty of B-spline basis functions: 

 

1)(,0 ���
i

k it�  for arbitrary t .     (2.12) 

 
 
3. SOME GENERAL ASPECTS OF FINITE 

ELEMENT APPROXIMATION 
 

The discrete component of the numerical solu-

tion is represented by the direction along the 

axis corresponding to 1x . The fulfillment within 

an element (interval) for all components of a 

vector functions u  and v  (see (1.8)) is the 

same. Therefore, let us use the following nota-

tion for simplicity: 

 

1xx � , 1�� � , )(xyy � ,            (3.1) 

 

where )(xyy �  is unknown function (compo-

nent of vector function). 

Let us divide the interval ),0( �  segment into 

eN  parts (elements). Therefore ee Nh /��  is the 

length of the element. Besides, let us also divide 

each element into kN  parts. It should be noted 

that on the elements of the localization of the 

solution, parameter kN  is of greater importance 

than on the other elements. For example, on lo-

calization elements, we can set 5�kN , i.e. un-

known functions will be represented by poly-

nomials (B-splines) of the 5th degree (Figure 

3.1). 
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Let us use the following notation system: ei  is 

the element number; 61 ��� kp NN  is the 

number of nodes within the element; )(1 eix  is 

the coordinate of the starting point of the ei -th 

element; )(6 eix  is the coordinate of the end 

point of the ei -th element. Thus, the number of 

unknowns per element with such approximation 

is equal to 

 

6�� pie NN . 

 

For the elements of localization we can take re-

duced number of kN . For instance, if we take 

3�kN  (Figure 3.2) we get 41��� kp NN  

and the number of unknowns per element with 

such approximation is equal to 

 

4�� pie NN ; 

 

)(1 eix  is the coordinate of the starting point of 

the ei -th element; )(4 eix  is the coordinate of the 

end point of the ei -th element. 

Besides, let us consider the case with 1�kN  

(Figure 3.3). Therefor we have 21��� kp NN  

and the number of unknowns per element with 

such approximation is equal to 

 

2�� pie NN , 

 

where )(1 eix  is the coordinate of the starting 

point of the ei -th element; )(2 eix  is the coordi-

nate of the end point of the ei -th element. 

 

 

4. LOCAL CONSTRUCTIONS  
FOR ARBITRARY FINITE ELEMENT 

 
Let us introduce local coordinates: 

 

eie hxxt /)( )(1�� ,   )()(1 ieNie p
xxx �� , 10 �� t .  

(4.1) 

 

In this case, we have the following relations: 

 

eieiii hxxtxx /)( )(1���� ,   pNi ...,,1� ; (4.2) 

p
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dt
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hdx
d 1

� ;   dthdx e �� .          (4.3) 

 

Since the number of unknowns on the element 

is equal to 6�ieN , we use a B-spline of the 

fifth degree in order to represent the unknown 

deflection function. 

Let us use the following notation: 
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         (4.4) 

 

This function is a B-spline, symmetric with re-

spect to 0�t  and its support is defined by an 

interval ]3,3[�  (Figure 4.1). 

We take the following six functions as basis 

functions on the unit interval (Figures 4.2, 4.3): 

 

)2()(1 �� tt �� ,   )1()(2 �� tt �� ,  

)()(3 tt �� � ,   )1()(4 �� tt �� ,   

)2()(5 �� tt �� ,   )3()(6 �� tt �� ,    

10 �� t .   (4.5) 

 

Since the number of unknowns on the element 

is equal to 4�ieN , we use a B-spline of the 

third degree in order to represent the unknown 

deflection function. 

Let us use the following notation: 

 

)4()( 4,0 �� tt �� ; 
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Figure 4.1. B-spline of the fifth order )3()( 6,0 �� tt �� . 
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Figure 4.2. Basis functions )(tk� , 6,...,2,1�k . 
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       (4.6) 

This function is a B-spline, symmetric with re-

spect to 0�t  and its support is defined by an 

interval ]2,2[�  (Figure 4.4). 

We take the following four functions as basis 

functions on the unit interval (Figures 4.5): 
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Figure 4.3. Basis functions )(1 t�  and )(6 t� . 
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Figure 4.4. B-spline of the third order )2()( 4,0 �� tt �� . 

 

 

)1()(1 �� tt �� ,   )()(2 tt �� � ,    

)1()(3 �� tt �� ,   )2()(4 �� tt �� ,    

10 �� t .   (4.7) 

 

 

Since the number of unknowns on the element 

is equal to 2�ieN , we use a B-spline of the 

first degree in order to represent the unknown 

deflection function. 

Let us use the following notation: 
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Figure 4.5. Basis functions )(tk� , 4,3,2,1�k . 
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Figure 4.6. B-spline of the first order )1()( 2,0 �� tt �� . 

 
)1()( 2,0 �� tt �� ; 

|]1|||2|1[|
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1
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1
)( 2 ������� ttttt� . (4.8) 

This function is a B-spline, symmetric with re-

spect to 0�t  and its support is defined by an 

interval ]1,1[�  (Figure 4.6). 
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Figure 4.7. Basis functions )(tk� , 2,1�k . 

 
We take the following two functions as basis 

functions on the unit interval (Figures 4.7): 

 

)()(1 tt �� � ,   )1()(2 �� tt �� ,     

10 �� t .   (4.9) 

 

We represent the unknown function )(xy  with-

in the element number ei  in the form 

 

)(xy � )(tw �
�

�
pN

k
kk t
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10 �� t .   (4.10) 

 

We have to consider bilinear forms with allow-

ance for relations (4.2)-(4.3) in order to con-

struct local stiffness matrices corresponding to 

the operators uuL , vvL  (see (1.6)): 
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for the following type of functions 
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where we have  )()(1 ieNie p
xxx �� , 10 �� t . 

Let us substitute (4.12) into (4.9)-(4.10): 
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where 
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where 
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where 

 

dtttjiK ji
vv ��
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Let us define the parameters k�  and k�  through 

the nodal unknowns on the element: 
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For the case 6�ieN  we have 

 

�6Ty ie � ,                         (4.21) 

 

where 
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For the case 4�ieN  we have 
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where 
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For the case 2�ieN  we have 

 

�2Ty ie � ,                         (4.29) 

 

where 
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Similarly, we get 

 

�
ieN

ie Tz �                       (4.33) 

 

for 6�ieN , 4�ieN , 2�ieN . 
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Figure 5.1. Example of analysis. 

 

From (4.21)-(4.33) it follows 
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where 

 

pp NjiijN TT ,..,1,}{ �� ,    )( ijij tT �� .      (4.35) 

 

Generally we have the following chain of equal-

ities 

 

),( ����K �� �� ),( 11 ie
N
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N zTyTK

pp��  

),)(( 11 ieie
NN zyTKT

pp
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Therefore, substituting (4.34) sequentially in 

(4.16), (4.18), we obtain local stiffness matrices 
ie
uuK  and ie

vvK , corresponding to the operators 

uuL  and vvL . 

 

 

5. EXAMPLE OF ANALYSIS 
 
5.1. Formulation of the problem. 
Let us consider the problem shown at Figure 5.1. 

Let us consider the following geometric pa-

rameters: 2.11 �L , 0.22 �L  is the thickness. 

Let external load parameter be equal to 

100�P . 

 

5.2. Structural analysis with allowance for 
localization. 
Let the number of elements be equal to 4�eN . 

Then we have the following element length: 

 

3.04/2.1/1 ��� ee Nh � . 

 

Let’s define localization in the load area. 

For the first element and for the fourth element 

we have 1�kN  and third-order spline; distance 

between the coordinates of the nodes of the first 

element and the sixth element is equal to 

 

3.01/3.041 ��� hh . 

 

For the second element and for the third element 

we have 3�kN  and fifth-order spline; distance 

between the coordinates of the nodes of the sec-

ond element and the third element is equal to 

 

06.05/3.032 ��� hh . 

 

The total number of nodes for all elements is 

equal to 

 

1315212 ������xN . 

 

The total number of nodal unknowns is equal to  
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261322 ���� xU NN . 

 

5.3. Structural analysis without localization. 
In this case, we will consider only the standard 

linear fulfilment. In this case, the length of the 

element is taken equal to the minimum distance 

between the nodes, i.e. 06.0�eh . Then the 

number of elements is equal to 

 
2006.0/2.1 ��eN  

 

and the total number of nodes is equal to 

21�xN . In this case the total number of nodal 

unknowns is equal to 

 

422122 ���� xU NN . 

 

Graphical comparison of corresponding results 

of analysis is presented at Figures 5.2-5.4 

(U26(loc) are nodal values computed with 

allowance for localization; U2(lin) are nodal 

values computed without localization). 

As researcher can see, the results obtained are 

almost completely identical. Besides, the use of 

localization based on application of B-splines of 

various degrees leads to a significant decrease in 

the number of unknowns.  
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Figures 5.2. Comparison of the results of analysis in the middle sections: 

a) along 1x  direction (discrete direction); 
b) along 

2x  direction (continual direction). 



170 International Journal for Computational Civil and Structural Engineering

 
CONTOURF:  function U26

X2 continual direction

X
1 

di
sc

re
te

 d
ire

ct
io

n

 

 

0 0.5 1 1.5 2

0

0.2

0.4

0.6

0.8

1

1.2 0

20

40

60

80

100

 
Figures 5.3. Solution with the use of localization. 
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Figures 5.4. Solution with the use of standard (linear) approximation of function within the element. 
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BENDING WITH TORSION OF FIBER REINFORCED 
CONCRETE BEAM OF CIRCULAR CROSS SECTION

Sergey A. Bulkin
CJSC "GORPROEKT", Moscow, RUSSIA

Abstract. The article provides information about the tests of circle cross-section reinforced concrete beams made of high-
strength steel-fiber concrete on combined torsion and bending. Given information contains the main results: a diagram of 
the cracks with an indication of their opening width, the values of support reactions at the moment of cracking and at the 
moment before destruction. It was found that as the load is applied in beams made of high-strength steel-reinforced concrete, 
in the case of several cracks at the first stage, there is one crack increases. The beams are modeled in the design complex 
and given description of the main design parameters. The results of the calculation are presented and a comparative analysis 
of the results obtained with the experiments results. It is noted that the adopted models in the computational complexes 
require the development of subroutines and refinement.

Keywords: reinforced concrete structures, combined bending and torsion, deformation, strength, circle cross section 

КРУЧЕНИЕ С ИЗГИБОМ СТАЛЕФИБРОЖЕЛЕЗОБЕТОННОЙ 
БАЛКИ КРУГЛОГО СЕЧЕНИЯ

С.А. Булкин
ЗАО «ГОРПРОЕКТ», г. Москва, РОССИЯ

Аннотация. В статье приведена информация о проведенных испытаний железобетонных балок круглого сечения 
из высокопрочного сталефибробетона при действии кручения с изгибом. Приведена информация по основным 
полученным результатам: схема трещин с указанием их ширины раскрытия, значения опорных реакций в момент 
образования трещин и в момент, предшествующий разрушению образца. Установлено, что по мере приложения 
нагрузки в балках из высокопрочного сталефибробетона увеличивается в основном одна трещина, даже в случае 
возникновения нескольких трещин на первом этапе. Произведено моделирование балок в расчетном комплексе с 
описанием основных расчетных предпосылок. Приведены результаты расчета и выполнен сравнительный анализ 
полученных результатов с результатами проведенных экспериментов. Отмечено, что принятые модели в расчетных 
комплексах требуют разработки подпрограмм и уточнения.

Ключевые слова: железобетон, кручение с изгибом, деформации, прочность, квадратное сечение
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EVALUATION OF THE RELIABILITY OF BUILDING 
STRUCTURES IN SIMULIA ABAQUS: MODELING OF 

STOCHASTIC MATERIAL PROPERTIES

Alexander I. Khvostov 1, Sergei I. Zhukov 2, Sergey N. Tropkin 3,
Andrey Y. Chauskin 4

1 LLC Auriga, Moscow, RUSSIA
2 Research Computing Center of Moscow State University, Moscow, RUSSIA

3 LLC "TESIS", Moscow, RUSSIA
4 REM Systems LLC, Moscow, RUSSIA

Abstract. This article describes a software module component integrated with the SIMULIA Abaqus engineering 
analysis software package and designed to simulate random values of material parameters in a finite element model based 
on specified statistical characteristics, with the possibility of taking into account the physical nonlinearity of material 
behavior under various combinations of loads and influences. The target group of materials under study is materials of 
load-bearing elements of building structures, such as concrete, stone, steel. This software module can be recommended 
for use by specialists, engineers and scientists engaged in probabilistic analysis of the reliability of structures of buildings 
and structures, apparatus, machines, devices, with the combined use of complexes of computer modeling and engineering 
analysis. Has a certificate of state registration of the computer program "AS for modeling stochastic properties of materials" 
No. 2019667439 dated 12.24.2019.

Keywords: Finite element method, theory of reliability, random numbers, computer modeling, programming

ОЦЕНКА НАДЁЖНОСТИ СТРОИТЕЛЬНЫХ КОНСТРУКЦИЙ 
В SIMULIA ABAQUS: МОДЕЛИРОВАНИЕ

СТОХАСТИЧЕСКИХ СВОЙСТВ МАТЕРИАЛА

А.И. Хвостов 1, С.И. Жуков 2, С.Н. Тропкин 3, А.Ю. Чаускин 4

1 ООО «Аурига», Москва, РОССИЯ
2 НИВЦ МГУ, Москва, РОССИЯ

3 ООО «ТЕСИС», Москва, РОССИЯ
4 ООО «РЕМ Системс», Москва, РОССИЯ 

Аннотация. В данной статье описывается компонент программного модуля интегрированный с программным 
комплексом инженерного анализа SIMULIA Abaqus и предназначенный для моделирования случайных значений 
параметров материала в конечно-элементной модели на основе заданных статистических характеристик, с возмож-
ностью учёта физической нелинейности поведения материала при различных сочетаниях нагрузок и воздействиях. 
Целевая группа исследуемых материалов – материалы несущих элементов строительных конструкций, такие как 
бетон, камень, сталь. Данный программный модуль может быть рекомендован для применения специалистами, 
инженерами и учёными, занимающимися вероятностным анализом надёжности конструкций зданий и сооружений, 
аппаратов, машин, приборов, при совместном использовании комплексов компьютерного моделирования и инже-
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Currently, ensuring the mechanical safety of 
buildings, structures and their structures is 
regulated by regulatory legal acts based on the 
semi-probabilistic method of limit states using 
reliability coefficients. The calculation methods 
laid down in the standards do not allow the 
designer to obtain quantitative indicators of the 
reliability of the facility being developed. The 
available qualitative characteristic of reliability 
is subjective, depends significantly on the 
qualifications of experts and often leads to 
inexpedient economic decisions, including those 
based on personal reinsurance of a specialist in 
the design process. On the other hand, there are 
cases when the reliability of objects of increased 
responsibility is lower than objects of the normal 
and reduced levels. It should also be noted that at 
present, damage and defects in structures are often 
the result of design errors. One of the significant 
"modern" factors affecting the probability of 
error is the lack of time – the generally accepted 
principles of finding optimal solutions based on 
iterative design and experimental verification are 
now becoming less and less relevant.
One of the effective solutions to this problem is the 
use of universal software systems for numerical 
modeling, which have flexible customization 
options: development of new types of material, 
finite elements, solver customization, and much 
more.

USING THE USER SUBROUTINE UMAT

The finite element method initially developed as 
a generalization and systematization of methods 
for solving problems in structural mechanics. 
Later it found wide application in other fields of 
science and technology [6]. It is rather difficult to 
create a universal graphical interface that would 
satisfy the highly specific requirements of an ever-
growing number of extremely diverse problems 
solved using the finite element method. There 
are user subroutines for additional customization 

of the SIMULIA Abaqus software package. The 
principle of working with them is that the core of 
the software complex calls during the calculation 
a set of user-written subroutines that overload the 
corresponding functionality in Abaqus.
User subroutines are an extremely powerful tool 
that allows you to extend some of the functionality 
of the software package for which the usual 
interface for inputting initial data imposes too 
strict restrictions. Custom subroutines provide 
the ability to flexibly define material properties 
and behavior, initial and boundary conditions, and 
even directly calculate local stiffness matrices for 
custom finite element types.
User-defined routines are usually written in 
FORTRAN. Subroutines cannot call each other, 
but a number of utilities can be called from the 
Abaqus programming interface.
In Abaqus, the user can create his own type of 
material. A custom UMAT subroutine is used to 
set its behavior.
The UMAT subroutine is designed to simulate the 
nonlinear behavior of materials. In this article, we 
restrict ourselves to generating a model with random, 
locally given initial elastic properties. UMAT is 
called at each Gaussian integration point of the 
finite element when constructing its local stiffness 
matrix at each loading step. From the data passed 
by the Abaqus kernel to the UMAT subroutine, 
we need the stress tensor σ = STRESS (NTENS) 
and the strain tensor increment ∆ε = DSTRAN 
(NTENS). We must obtain the Jacobi matrix:

                

which in our case is equal to the tensor of the 
elastic constants of the material and stress at the 
next loading step

                            σk+1 = σk + E∆εk ;
 
A detailed description and a complete list of 
arguments for the UMAT subroutine can be found 
in the documentation for the SIMULIA Abaqus 
software package.

Evaluation of the Reliability of Building Structures in SIMULIA ABAQUS: Modeling of Stochastic Material Properties
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BOX-MULLER TRANSFORM

Typically, algorithms for (pseudo) random number 
generators on personal computers generate 
a sequence of numbers that obeys a uniform 
distribution. However, many physical quantities 
have a distribution close to normal (and tending to 
it, according to the Lyapunov theorem), which is 
implemented by various kinds of special sensors 
used in cryptography. The question of converting 
a uniform distribution into a normal distribution 
has been studied in detail for a long time, and the 
method of polar coordinates proposed by George 
Box, Mervyn Mueller and George Marsaglia in 
1958 has become the most widespread [9]. In this 
work, we used the following version of the Box-
Muller transformation.
Let and be independent random variables 
uniformly distributed on the interval [–1; 1]. We 
calculated s = x2 + y2. If s > 1 or S = 0, then the 
values x and y should be regenerated again. If the 
condition 0<s≤1 is satisfied, then further by the 
formulas it is necessary to calculate:

        , 

          ; 

Here z0 and z1 are independent quantities that 
satisfy the standard normal distribution.
The method considered above allows one 
to obtain a pair of independent normally 
distributed random variables with mathematical 
expectation 0 and variance 1. In order to 
obtain a distribution with other characteristics, 
it is sufficient to multiply the result of the 
function by the standard deviation and add the 
mathematical expectation.
Young's modulus for an isotropic material with 
normally distributed properties is calculated by 
the formula:

E = M[E] + σ [E] · z,

where M[E] is expected value and σ[E] is standard 
deviation of the Young's modulus of the material.

MODELING MATERIAL WITH 
ACCUMULATED DAMAGE

As an example, the first approximation of 
modeling reinforced concrete structures with 
variable values of the modulus of elasticity of 
concrete is considered. The value of the modulus 
of elasticity in building structures is an important 
indicator both in determining the strength and 
deformation characteristics of load-bearing 

        a)         b)
Figure 1. Diagrams of concrete deformation described by the CDP model: a) in tension; b) in 

compression
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structures, and is directly related to meeting the 
requirements for the first and second groups of 
limiting states. For example, Abaqus implements 
a model of fracture of brittle materials CDP [3, 
4] (Concrete Damage Plasticity), in which the 
decrease in the elastic modulus is expressed 
through the scalar value of material damage d 
and the initial Young's modulus E0:

E = (1 – d)E0;

A formulation close to this implementation is 
also regulated by the Chinese standards GB 
50010-2010 (applicable for concretes of the 
C20-C80 class with a density of 2200-2400 kg 
/ m3), for example, when determining tensile 
stresses:

σ = (1 – dt )Ecε ;

Integrally, Young's modulus is also related to 
the dynamic characteristics of the object, which 
allows, on the basis of a comparison of the 
experimentally obtained natural frequencies of 
the structure and those obtained in the process of 
virtual tests, to speak about their residual resource 
after a long time of operation or after a seismic 
effect of high intensity, where there are residual 
damage to structures [10]. 

MODELING OF REINFORCED 
CONCRETE STRUCTURES WITH A 
RANDOM DISTRIBUTION OF YOUNG'S 
MODULUS OF HEAVY CONCRETE IN 
VOLUME

Based on the current regulatory legal acts, in 
particular GOST 28570-2019 for testing concrete 
samples taken from structures, the values of concrete 
compressive strength tend to the normal distribution 
law and are described by such indicators as standard 
deviation, coefficient of variation and mathematical 
expectation. It should be noted that for concretes 
with low strength indices, the application of the 
normal distribution law may be incorrect (for 
example, for aerated concrete, where there may 
be negative strength in a significant distribution 
range, which contradicts physical principles). The 
example presented below is a demonstrator of the 
previously described methods and is a prerequisite 
for the development of practical, verified methods 
for modeling such a class of problems.
Below is the procedure for user actions when 
using stochastic values of material parameters 
by the example of modeling an elementary 
structure – a pylon or a section of a wall. 
Omitting the classic, basic stages of developing 
a finite element model, the user specifies 
the required values in the parameters of the 
custom material, as well as the path to the 

Figure 2. Derived function described in [10] and graphs of changes in the values of natural 
vibration frequency depending on Young's modulus for a reinforced concrete monolithic frame 

obtained in the process of virtual tests and calculated analytically without them
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custom subroutine in the menu for starting the 
calculation task in Abaqus. The mathematical 
expectation and standard deviation of Young's 
modulus are taken as variables M[E]and σ[E], 
as well as Poisson's ratio µ. 

Based on the verification tests performed, the 
values of Young's modulus for the FE model 
were obtained, without taking into account the 
correlation of values in space, which in reality 
may be a random spread of poor quality of the 
material obtained during the production of work.
Further, virtual tests were performed for two cases:
1. For the above-described elementary structure of 
a type of wall or pylon section, with the calculation 
of the calculated values of vertical stresses for 
concrete of class B40;
2. For a reinforced column (concrete class B25, 
steel A400), with a random value obtained for the 
entire volume of Young's modulus and subsequent 
analytical analysis of reliability over the entire 
height.

        a)       b)

       c)                d)  
Figure 3. a) Finite element mesh of the test model, elements C3D8 - 8-node hexagonal FE of a 

continuous medium with a linear shape function; b) Setting the number of variables in the graphical 
interface; c) Description of variable values; d) Description of the path to the subroutine

Figure 4. Mosaic of Young's modulus 
distribution for the test model, Pa
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In the fi rst case, after 500 virtual tests, local 
vertical internal stresses in concrete in 498 
cases did not exceed the permissible design 
values. In 2 cases, these stresses were exceeded 
and can be identifi ed as a local failure (but not 
a failure of the structure as a whole). At the 
same time, the reliability index  β = 3.35, which 
is a relatively high indicator of reliability for 
load-bearing structures, based, for example, on 

the recommendation data of EN 1990: 2002 + 
A1. Eurocode - Basis of structural design (for 
objects of normal level of responsibility with an 
estimated service life of 50 years is 3.8).
In the second case, for one test, the distribution of 
the reliability value along the column height was 
obtained, taking into account the arising internal 
forces. For this example, using custom output 
data, for a bar analogue, a reliability diagram was 

a)                                                                                    b)
Figure 5. Random design realizations of the mosaic of the distribution of the main stresses in 

concrete of class B40 of the wall model: a) Failure case (maximum compressive stress 23.55 MPa); 
b) Case to failure (maximum compressive stresses 21.38 MPa). Total failures for 500 virtual tests - 

2. Reliability value 99.96% (β ≈ 3,35).

a)                                                                                    b)

Figure 6. Control solution based on parametric optimization in a nonlinear formulation 
using volumetric fi nite elements (elements of the C3D8R and B31R types) (maximum stress in 

reinforcement 341 MPa, compressive stresses in concrete 18.5 MPa). Reliability diagram along the 
column height calculated for a bar analogue.
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obtained for the entire structural element, which 
is a convenient integral indicator for assessing 
mechanical safety.

CONCLUSIONS

1. Based on the performed analytical and 
numerical studies, using the software module for 
generating random values of material parameters 
for numerical finite element models, the following 
conclusions can be drawn:
2. 1. A software module for generating random 
values of material parameters has been developed 
and verified, which allows for numerical analysis in 
a stochastic formulation both for the construction 
industry and for other technical areas, which is 
also important in the development of new products 
using modern materials that require study and 
appropriate certification;
3. 2. The practical application of the method in the 
universal complex of computer modeling Abaqus 
is shown: a series of virtual tests was performed 
with the calculation of the reliability value and the 
reliability index, a numerical-analytical method 
for constructing a reliability diagram was applied, 
which allows to evaluate sections of structures 
that do not meet the requirements of strength, 
stability and rigidity in an integrated manner in a 
convenient form.
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REVIEW

on educational and practical tutorial: «DESIGN OF BASE, FOUNDATIONS AND 
UNDERGROUND STRUCTURES», prepared by R.A. Mangushev, A.I. Osokin, V.V. 

Konyushkov, I.P. Dyakonov, S.V. Lanko
(Saint Petersburg State University of Architecture and Civil Engineering)

The educational-practical manual, submitted for review, was prepared by the staff of the Department 
of Geotechnics of Saint Petersburg State University of Architecture and Civil Engineering. The work 
was carried out under the editorship of Corresponding Member. RAACS, Dr. Sciences, Professor R.A. 
Mangushev in A5 format and contains 594 pages of text, a bibliography of 61 titles and two appendices.

The tutorial under review was prepared for students of construction universities (bachelors, specialists 
and undergraduates), as well as for engineering workers of design and construction organizations. When 
writing it, the authors set themselves the task of showing students, university graduates and engineering 
and technical workers of design and construction organizations the main stages of calculation, design 
of foundations of buildings and underground structures; teach them to make competent decisions in 
the design, construction and reconstruction of various objects.

A feature of the tutorial under review is a wide range of issues under consideration including the range 
from the assessment of construction conditions, design of various types of foundations, underground 
parts of buildings and structures, to calculations and design of deep-laid foundations, foundations 
of high-rise buildings and structures, foundations in conditions of reconstruction and restoration of 
buildings. The main part of the issues under consideration is supported by practical examples of design.

There is a comment to tutorial. The tutorial does not cover the issues of monitoring the technical 
condition of buildings in the context of their reconstruction.

Evaluating the paper, it should be noted that despite the comment made, a full-fledged educational 
and practical tutorial has been prepared for students studying in the specialty 08.05.01 "Construction 
of unique buildings and structures", students studying in the direction "Construction" (bachelor's 
programs 08.03.01 and master's programs 08.04.01). The tutorial is also intended for employees of 
design and construction organizations in the construction industry. The presented work is written in 
workable manner, the main material of the tutorial is well illustrated by drawings, practical examples. 
The considered educational and practical tutorial "Design of base, foundations and underground 
structures" is recommended to be published in the presented form.

Head of the Department of "Bases and Foundations"
Kuban State Agrarian University, Honored Builder of the Russian Federation, Doctor of Tech. 

Sciences, Professor
A.I. Polischuk




