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AIMS AND SCOPE

The aim of the Journal is to advance the research and practice in structural engineering
through the application of computational methods. The Journal will publish original papers and
educational articles of general value to the field that will bridge the gap between high-performance
construction materials, large-scale engineering systems and advanced methods of analysis.

The scope of the Journal includes papers on computer methods in the areas of structural
engineering, civil engineering materials and problems concerned with multiple physical processes
interacting at multiple spatial and temporal scales. The Journal is intended to be of interest and use to
researches and practitioners in academic, governmental and industrial communities.
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OBLIAA MHOOPMALIUA O XXYPHAIE

International Journal for Computational Civil and Structural Engineering
(MeskAyHAPOAHBII J)KYPHAA IO PACYETY TPAXKAAHCKHX M CTPOUTEABHBIX KOHCTPYKIIHI)

Mesxaynapoanblii HayuHbIi kypHaa “International Journal for Computational Civil and
Structural Engineering (MexayHapoaHbIii ;KypHAJI M0 pacyeTy rpaxIaHCKUX U CTPOUTEIbHbIX
xoHcTpykuuii)” (IJCCSE) sBnsercs BeayiuM HayuyHbIM NEPUOAMUECKUM H31aHUEM I10 HAIIPABJICHUIO
«VHXEeHepHBIC U TEXHUUECKUE HAyKn», n3aaBaeMbIM, HaunHas ¢ 1999 rona (ISSN 2588-0195 (Online);
ISSN 2587-9618 (Print) Continues ISSN 1524-5845). B xypHayie Ha BEICOKOM Hay4YHO-TEXHHUYECKOM
YPOBHE paccMaTpUBAIOTCS MPOOIEMbI YHCIEHHOTO U KOMIIBIOTEPHOT'O MOICTTMPOBAHUS B CTPOUTEILCTBE,
aKTyaJIbHbIE BOTIPOCHI pa3pabOTKH, UCCIIEJOBAHMS, Pa3BUTHS, BEpUDHUKALINY, aripoOaIiy 1 MPUIIOKE-
HUI YHUCICHHBIX, YNCIEHHO-aHATMTUYECKUX METOA0B, MPOrPAMMHO-aITOPUTMUYECKOTO 00eCreUeHHs
Y BBITIOJIHEHNSI aBTOMATU3MPOBAHHOTO IPOEKTUPOBAHHSI, MOHUTOPHHIA U KOMIUIEKCHOTO HAYKOEMKOTO
PacUYeTHO-TEOPETHUECKOTO M SKCIIEPUMEHTATIHLHOTO 000CHOBAHUS HANPSHKEHHO-/1e(hOPMHUPOBAHHOTO (H
WHOTO0) COCTOSIHUS, POYHOCTH, YCTOMYMBOCTH, HAIEKHOCTH 1 0€30M1aCHOCTH OTBETCTBEHHBIX 00BbEKTOB
IPa’KAAHCKOTO U MPOMBIIIJIEHHOTO CTPOUTENILCTBA, SHEPIeTUKH, MAILIMHOCTPOCHHUS, TPAHCIIOpTa, OHO-
TEXHOJIOTHIA M JIPYTHX BHICOKOTEXHOJIOTUYHBIX OTPACIICH.

B penakumoHHbIi COBET )KypHalia BXOIAT U3BECTHBIE POCCUICKUE U 3apYOEKHBIE S TENTN HAyKU
Y TEXHUKU (B TOM YHCIIE aKaJIEMUKH, YJICHBI-KOPPECTIOHICHThI, THOCTPAHHBIE YWICHBI, TOYETHbIE YJICHBI
1 cOBETHUKH Poccuiickoll akaieMuu apXUTEKTYpbl M CTPOUTEIbHBIX HayK). OCHOBHOM KpUTEpHil OT-
Oopa crateil 1 myONrKaluy B )KypHaJie — UX BHICOKUI HayYHBIH YPOBEHb, COOTBETCTBHE KOTOPOMY
OTIpEIeIIIETCS B XO/I€ BBICOKOKBATU(DUIIMPOBAHHOTO PELECH3UPOBAHUS U OObEKTUBHON SKCIEPTHU3HI,
MOCTYTAIONINX B PEAAKIIMIO MAaTEPHAIIOB.

Kypuan exooum 6 llepeuenv BAK PD sedywux peyeH3upyemvix HayyHbIX U30aHUl, 8 KOMOPbIX
O0JIHCHBI ObIMb ONYONUKOBAHBI OCHOBHbIE HAYUHbLE PE3YIbMAaNmbl OUCCEPMAYULL HA COUCKAHUE YYeHOU
cmenenu KaHouoama Hayk, Ha COUCKAHUe Y4eHou cmeneHu 0OKmopa HAayK 10 HAyYHBIM CIeIHallb-
HOCTSIM U COOTBETCTBYIOIIMM UM OTPACIIsM HayKU:

* 01.02.04 — Mexanuka aeopMUpyeMOro TBEpJOro Teja (TeXHUYECKUEe HayKH),

05.13.18 — MaremaTnueckoe MOAECIUPOBAHUE YNCIEHHBIE METO/IbI U KOMITJIEKCHI ITPOrpaMM
(TeXHUUYECKHUE HAYKH),

05.23.01 — CtpoutenbHble KOHCTPYKLIUH, 3aHHUSI U COOPYKEHHUs (TEXHUYECKUE HAyKN),
05.23.02 — OcHoBanwust ¥ GyHAAMEHTHI, TOJI3EMHBIE COOPYKEHHUS (TEXHUYECKUE HAyKN),
05.23.05 — CtpouTtenbHbIe MaTepHUAIIbl U U3ACNIUS (TEXHUYECKUE HAYKH),

05.23.07 — I'mapOoTEeXHUUECKOE CTPOUTENLCTBO (TEXHUUECKUE HAYKH ),

* 05.23.17 — CrpoutenbHas MEXaHUKa (TEXHUYECKHE HAYKH).

B Poccuiickoit denepanuu xypHan uHAEKCUpyeTcss POCCMICKUM MHIEKCOM HAyYHOTO IUTH-
posanus (PUHLY).

JKypran éxooum 6 6azy oannwvix Russian Science Citation Index (RSCI), nonnocmoto unmezpu-
posanuyto ¢ niamgopmoti Web of Science. JKypHan uMeer MeXTyHApOIHBINA CTAaTyC U BBICHIJIACTCS B
BeAyIIe OMOIMOTEKH U HayYHbIe OPTaHU3aI[MH MUDA.

Hznaresan xypHana — Mzoamenbcmeo Accoyuayuu cmpoumenshblx 8bICUIUX Y4eOHbIX 3a6e-
oenuti /ACB/ (Poccus, . MockBa) u 10 2017 rona Mz0amenvcruti oom Begell House Inc. (CILIA, T.
Hrto-Mopk). OpuImansHEIME TapTHEPAME H3aHUS ABIAETC Poccuiickas akademus apxumexkmypbl
u cmpoumenvuwix Hayk (PAACH), ocymecTBisitonas HayYHO€ KypupOBaHHe U3nanus, u Hayuno-uc-
cnedosamenvckuil yeump Cma/{uO (3A0 HULL CtallunO).

Hesn :KypHaJa — JeMOHCTPUPOBATH B MyOIUKAIMIX POCCHICKOMY M MEXITyHAPOAHOMY IPO-
(heccroHaIbHOMY COOOIIECTBY HOBEHIIIHE TOCTIKEHHS HAYKH B 00JIaCTH BEIYHACITUTEIBHBIX METOIOB
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peuieHus GyHIaMEHTAIbHBIX U MPUKIAJIHBIX TEXHUUYECKUX 3ajay, MPEK/Ie BCEro B 00JaCTH CTPOU-
TEJIbCTBA.

3agaum KypHaJa:

* IPE0CTaBICHUE POCCUMCKUM U 3apyOeHbIM YUEHBIM U CIIELIMaINCTaM BO3MOKHOCTH Ty OJu-
KOBaTh Pe3yNbTaThl CBOMX MCCIIEOBAHU;

* IPUBJICUEHUE BHUMAHHUS K HauOOJee aKTyalbHbIM, IEPCIEKTUBHBIM, IIPOPHIBHBIM U WHTE-
PECHBIM HaIPaBJICHUSAM Pa3BUTHS U MPUIIOKEHUI YUCICHHBIX U YHCICHHO-aHAIMTUYECKUX METO/IOB
pemieHus pyHIaMEHTaIbHBIX U MPUKJIAJIHBIX TEXHHYECKUX 3a7a4, COBEPILIEHCTBOBAHMSI TEXHOJIOT UM
MaTeMaTU4YeCKOT0, KOMITBIOTEPHOTO MOJEIMPOBAHUS, pa3padOTKU U BEpU(PHUKALUU PEaTU3YIOLIETO
MIPOrPaMMHO-AJITOPUTMUYECKOTO 00ECIIeUEHUS;

* obecrieueHre 0OMEeHa MHEHUSMH MEX/1y UCCIIEA0BaTeNIIMU U3 Pa3HBIX PETMOHOB U TOCYAapCTB.

Temaruka sxxypuaga. K paccMoTpeHnIo 1 myONnMKauy B )KypHaJIe IPUHAMAIOTCS aHATUTHUECKHIE
MaTepualbl, HayuyHble CTaTbU, 0030Pbl, PELICH3UU U OT3BIBbI HA Hay4YHbIE MYOIUKALUU 110 (yHIaMeH-
TaJbHBIM U IPUKJIAJHBIM BOIPOCAM TEXHUYECKHUX HAyK, IPEXk/ie BCEro B 00IaCTH CTPOUTENbCTBA. B
KypHaJe TaKKe MyOIuKyI0TCs HH(OPMAIIMOHHbBIE MaTepHAIIbl, OCBEIIAOIIIE HAYYHbIE MEPOTIPHUSTHS
U TIepeIoBbIe JOCTHKEeHHs Poccuiickol akaileMU apXUTEKTypbl M CTPOUTEIBHBIX HayK, HAy4YHO-00-
pa30BaTeNbHBIX U MPOEKTHO-KOHCTPYKTOPCKUX OPTraHU3aAIMA.

Temaruka crareid, MPUHUMAEMBIX K IyOIHMKalUU B JKypHaJe, COOTBETCTBYET €r0 HAa3BaHUIO U
OXBaTbIBACT HANPABJICHUS HAYYHBIX UCCIIEOBAHUN B 00JIACTH pa3pabOTKU, UCCIIEIOBAHMS U TPUIIO-
YKEHUH YUCIICHHBIX U YUCIIEHHO-aHAIUTUYECKUX METO0B, IPOTPAMMHOT0 00€CIIeUeHHsI, TEXHOJIOTHii
KOMIIBIOTEPHOTO MOJICIMPOBAHMS B PEIICHUH MTPUKIIAIHBIX 33/1a4 B 001aCTH CTPOUTEIBCTBA, a TAKKE
COOTBETCTBYIOIIME NMPOPUIbHBIE CIENUATbHOCTH, MPEACTABIECHHBIE B JUCCEPTALMOHHBIX COBETaX
o UIBHBIX 00pa30BATEBHBIX OPraHU3alMAX BBICIIEr0 0Opa30BaHusl.

Penakumonnas nojauruka. [TomuTrka penakiimoOHHOM KOJUIETHH KypHasia 0a3upyeTcst Ha co-
BPEMEHHBIX IOPUAMYECKUX TPEOOBAaHUSAX B OTHOUIEHHHM aBTOPCKOTO IpaBa, 3aKOHHOCTH, Ilaruara
U KJIEBETHI, U3J0KEHHBIX B 3aKoHOzaTenbcTBe Poccuiickoit denepanuy, U 3THUECKUX MPUHIIMIAX,
MOJI/IEP’KUBAEMBIX COOOIIECTBOM BEAYIIMX M3JaTeIel HayuHOU EPUOANKH.

3a nybnukayuto cmameti niama ¢ asmopos He e3vimaemcs. Ilyonukayus cmameii 6 JHcypHae
becnaamuas. Ha T1aTHOM OCHOBE B JKypHasle MOTYT ObITh OIyOJIHMKOBAaHBI MaTe€pUasbl PEKIaMHOTO
XapakTepa, UMEIOLIUE NMPSMOE OTHOLIEHUE K TEMAaTHKE JKypHaJa.

XKypnai npegocrapisieT HENOCPEACTBEHHbIN OTKPBITBINA TOCTYI K CBOEMY KOHTEHTY, MCXO/Is U3
CJIEAYIOIIETO IPUHIUMA: CBOOOIHBINA OTKPBITHIHM TOCTYH K pe3ysbTaTaM UCCIIeI0BaHUN CITIOCOOCTBYET
YBEIUYEHUIO TII00ATBHOTO 0OMEHa 3HAHUSMH.

HNupexcupoBanue. [IyOnukanuy B )KypHajie BXOISIT B CUCTEMbl PACUETOB MHJIEKCOB ILIUTUPOBAHUS
aBTOPOB U >KypHAJIOB. «MHIEKC IIUTUPOBAHUS — YUCIIOBOM MOKa3aTellb, XapaKTePU3YIOLMI 3HAYMMOCTh
JTAHHOU CTAThU M BBIYKCIISFOIIHICS Ha OCHOBE MOCIICTYFOIIMX ITyOTMKAINIA, CCHITAFOIIIXCS HA TAHHYO Pa0oTYy.

ABTtopam. [Ipexe ueM HarpaBUTh CTAaThIO B PENAKIMIO KypHasa, aBTOpaM CIEIyeT O3Ha-
KOMUTBCSI CO BCEMHU MaTepuallaMu, pa3MeIleHHbIMU B pa3jenax caiTa )KypHajla (MHTepHEeT-CalT
Poccuiickoii akageMun apXuTeKTypbl U CTpouTenbHBIX HayK (http://raasn.ru); mompasznen «M3nanus
PAACH» unm untepuer-caiit M3narensctBa ACB (http://iasv.ru); monpaznen « Kypuan [JCCSE»): ¢
OCHOBHOH MH(opManueit o XKypHaje, ero eI IMHU U 3a7a4aMi, COCTABOM PEAAKIIMOHHON KOJUIErHU
U PEJAaKLIMOHHOI'O COBETA, PEAAKIIMOHHOMN MOJIUTHUKOM, TOPSAIKOM PELIEH3UPOBaHMsI HAIIPaBJIIEMbIX B
KYpHaJ CTaTel, CBeIEHUsIMU O COOJIIOACHUM PEJAaKLIMOHHON 3THUKH, O MOJUTHKE aBTOPCKOTO MpaBa
U JIMLEH3UPOBaHMs, O MPEICTaBICHUH KypHasla B HH(OPMALIMOHHBIX cUcTeMaX (MHIEKCUPOBAHUN),
nHpopMalLueil 0 MOANUCKE Ha KypHAaJl, KOHTAKTHBIMU JaHHBIMH U TIp. JKypHan paboTaeT mo JuieH-
3un Creative Commons Tuna cc by-nc-sa (Attribution Non-Commercial Share Alike) — JIuniensus «C
yka3aHueM aBTopcTBa — Hekommepueckas — Konuner».
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PeuenzupoBanue. Bce HayuHble cTaThby, MOCTYNUBIINE B PEAAKIMIO JKypHaia, MPOXOAST
o0s13aTeNbHOE JIBOMHOE CIIeToe pelieH3MpOBaHUE (PELIEH3EHT HE 3HACT aBTOPOB PYKOMHCH, aBTOPHI
PYKOIHCH HE 3HAIO PEIICH3EHTOB).

3auMcTBOBaHUS M Miaruar. PenakiumoHHast KOJIeTus KypHaya Mpu pacCMOTPEHUH CTaThU
MIPOBOAMUT MPOBEPKY MaTepuaa ¢ MOMOIIbI0 CUCTEMbI «AHTHIUIaruar». B ciydae oOHapykeHUs
MHOTOYHMCIIEHHBIX 3aMMCTBOBaHUM pelakius 1eHcTByeT B coorBeTcTBUU ¢ nipaBuiamu COPE.

IMonnucka. Xypnan 3apeructpupoBan B depepaibHOM areHTCTBE MO CPEACTBAM MacCOBOM
nHGOPMAIK U OXpaHbl KyJIsTYpHOTro Hacseaus Poccuiickoit @enepanun. Mnaekc B o01epoccuiickom
karanore POCITEUATD — 18076.

[To BompocaM MOANMMCKK HA MEXKIyHApPOIHBIA Hay4dHBIH )ypHan “International Journal for
Computational Civil and Structural Engineering (Me>xayHapoaHbIii )KypHaJl O pacyeTy rpa)IaHCKHX
U CTPOUTENbHBIX KOHCTPYKINI)” oOpammaiitech B AreHTcTBO «Pocneuars» (OduimaabHbIi caiT B
cetu UnTepHeT: http://www.rosp.ru/) uiv B U31aTeIbcTBO ACCOIMAITUN CTPOUTENHHBIX By30B (ACB)
B COOTBETCTBUU CO CJICTYIOIIUMU KOHTAKTHBIMU TaHHBIMH:

000 «H30amenvcmeo ACB»

Opunnueckuii anpec: 129337, Poccus, . Mocksa, SIpocnasckoe 1., 1. 26, oduc 705;

®dakruueckuit aapec: 129337, Poccus, r. Mocksa, SIpocnasckoe 1., 1. 19, kopm. 1, 5 sTax,

oduc 12 (TL Cone Momn);

Tenedonsr: +7 (925) 084-74-24, +7 (926) 010-91-33;

WuTepHer-caiiT: www.iasv.ru. AJpec 3J1eKTPOHHON MOYTHI: 1asv(@iasv.ru.

KonrakTHas undopmanms. [To BceM Bonpocam paboThl peaKkIMU, PELIEH3UPOBAHNUS, COITIACO-
BaHUS MPaBKU TEKCTOB U IMyOJIMKAIIMK CTAaTEH clieAyeT 00panarbes K IMaBHOMY PeIakTopy *KypHaia
uieny-koppecnonnenty PAACH Cuooposy Braoumupy Huxonaesuyy (agpeca 3J€KTPOHHOM MOUYTHI:
sidorov.vladimir@gmail.com, sidorov(@iasv.ru, iasv(@iasv.ru, sidorov(@raasn.ru) uim K TEXHIYE€CKOMY
penakTopy xkypHaina coBeTHUKy PAACH Kaiimykogy Tatimypaszy bampazosuuy (aapeca 3MeKTPOHHON
noutsl: tkaytukov@gmail.com; kaytukov(@raasn.ru). Kpome Toro, no ykazaHHbIM BOIIPOCaM, a TAKXe
I10 BOIPOCaM pa3MeElIeHUs B )KypHaJje PEKIaMHbBIX MaTepHaioB MOKHO 00paIliaThCs K TeHepaJlbHOMY
nupektopy OO0 «M3marensctBo ACBY» Huxumunou Haoexcoe Cepeeesne (aapeca dIEKTPOHHOH T10-
9TBI: iasv(@iasv.ru, nsnikitina@mail.ru, ijccse@iasv.ru).

Kypnaa cranoBurcst TexHosnoruunee. Msnarensctso ACB c centsa6pst 2016 rona sBnsiercs
YJIeHOM MeXIyHapOoIHOW accolmanuy u3aareneld HaydHou nurepaTypsl (Publishers International
Linking Association (PILA)), ocymecTBiastomeld cBor nesarenbHocTh Ha muatdopme CrossRef.
OpuruHaiabHBIM CTaThIM, yOJIUKYEMBIM B KypHalie, OyIyT MPUCBAUBATLCS YHHUKAJIbHBIE HOMEpPA
(manexcer DOI — Digital Object Identifier), uro 3HaunTETEHO OOJIETYUT MMOMCK METATAHHBIX U MECTO-
HaXOXKJEHHE IIOJTHOTEKCTOBOTO ITpou3seaeHus. DOI —3To cuctema onpeneneHus HayYHOro KOHTEHTa
B cetu HTEpHET.

C okTs16pst 2016 roma cTayr BO3MOYKEH ITPUEM CTaTei Ha pAaCCMOTPEHUE U PEIICH3UPOBAHUE Yepes
OHJIaiiH cuctemy npuema crareid Open Journal Systems Ha caiiTe xypHana (3JIeKTpOHHAas! PeIaKIHs):
http://ijccse.iasv.ru/index.php/IJCCSE.

ABTOp MeEeT BO3MOKHOCTbH CJIEIUTH 3a POJIBYKEHUEM CTaThU B PEIaKIMK KypHAJIa B IUNYHOM
kabunete Open Journal Systems 1 oay4aTh COOTBETCTBYIOILIME YBEIOMIICHHS 110 3JIEKTPOHHOI MouTe.

B despaine 2018 rona xypHan Obu1 3apeructpupoad B Directory of open access journals (DOAJ)
(3TO OZIMH M3 CaMbIX U3BECTHBIX MOMCKOBBIX CEPBUCOB B MHUPE, KOTOPBI MPeJ0CTaBIsAET OTKPHITHIN
JOCTYI K MarepuaiaM U WHICKCHPYET HE TOIHKO 3arOJIOBKH KYpHAJOB, HO M HAyYHBIC CTAaThH), B
cenTs0pe 2018 roga BxiroueH B npoayktsl EBSCO Publishing.

B HOs16pe 2020 roma )KypHaJl Ha4yall HHISKCUPOBATHCS B MEXTYHApPOIHOM O6a3e Scopus.
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ANALYSIS OF COMBINED DISKS WITH PIECEWISE
THICKNESS

Elena B. Koreneva
Moscow Higher Combined-Arms Command Academy, Moscow, RUSSIA

Abstract: The combined constructions subjected to an action of expanding loads and consisting of separate sections are
examined. Each of the mentioned sections has its own rigidity. These parts may be made from the same or from the various
materials. The materials can be anisotropic or isotropic, homogeneous or inhomogeneous. The constructions under study
have the round scheme and they are considered as circular disks with piecewise thickness. In the places of the separate parts
conjugation the disks’ thickness can be discontinuous or continuous. The analytical approach is used. The solutions are
obtained in closed form and expressed in terms of Legendre functions, Legendre, Gegenbauer and Laguerre polynomials.

Keywords: combined disks, piecewise thickness, special functions.

PACHET KOMBUHHUPOBAHHBIX TUCKOB
KYCOUYHO-IEPEMEHHOMH TOJIIUHBI

E.b. Kopenesa

MockoBcKoe BEIcIIee 00IIeBOHCKOBOE KoMaHAHOE opaeHoB JKykoBa, JleanHa 1 OKTA0pBrCcKoil PeBomtorm
Kpacroznamennoe yunnuiie, T. Mocksa, POCCUA

AHHOTanus: M3yyarorcsi KOMOMHHPOBAHHBIE KOHCTPYKIMH, PA0OTAIOIINE TPEUMYILIECTBEHHO Ha PACTSKEHUE U COCTOSI-
II1€ U3 OT/ACNBHBIX YUaCTKOB, KaJKABIM U3 KOTOPBIX 001a/IaeT CBOUM 3aKOHOM M3MEHEHHS JKECTKOCTH. DTH Y9aCTKH MOTYT
OBITH CIETaHbl U3 OHOTO M TOTO K€ WJIM M3 Pa3IMYHBIX MAaTepHaIoB. DTH MaTepHalbl MOTYT OBITh aHW30TPOIHBIMHU U
N30TPOIHBIMH, OJHOPOAHBIMH 1 HEOTHOPOAHBIMU. B paccMaTpuBaeMbIX KOHCTPYKIHSX B MECTAX COSMHEHMUS OT/IEIIBHBIX
JacTel TOJIMNHA MOXKET OBITh HEMPEPHIBHON MIIM UMETh Pa3pbIBBI HEIIPEPBIBHOCTH. V3ydaeMble KOHCTPYKINH HMEIOT B
IUTaHe KPYTOBYIO ()OPMY 1 PaCCMaTPUBAIOTCS KAK KPYIVIbIE TUCKH KyCOYHO-TIEPEMEHHOI! TONMIUHEL. B 1anH0# pabdoTe s
pacdera MOJOOHBIX KOHCTPYKIUH BIIEPBbIE UCTIONb3YETCSl aHATUTHUECKAs METOJMKA. PEIIeHNs MOTydYeHbl B 3aMKHYTOM
BHJE U BRIpaKeHBI B pyHKIMAX JIexkanapa, B mommHoMax Jlexannpa, [erendayapa, Jlareppa.

KatoueBble cj10Ba: KOMOMHUPOBAHHBIE UCKHU, KyCOYHO-TIEPEMEHHAs TOJIINHA, CIICINAIbHBIE (DYHKIIH.

1. INTRODUCTION methods, in particular, the finite elements method,
are widely used. The work [4] concerns the problem

In literature the considerable number of works are  of buckling of orthotropic plates with free and

devoted for computation of plates and shells of
various forms. For example the monographies [1]
and [2] are to be mentioned. In the monography
[3] the orthotropic and isotropic plates of variable
thickness, subjected to the action of complicated
loads are examined; the analytical methods were
applied.

The modern software allows to investigate the
similar constructions in detail. The numerical

rotationally restrained edges. 3D vibration of cross-
ply laminated plates is studied in [5]. The oscillation
problems of isotropic and orthotropic rectangular
plates of linear thickness are considered in [6].
The work [7] is devoted to the numerical analysis
of experimental research on buckling of closed
shallow conical shells under external pressure.
Free vibration analysis of a rotating varying-
thickness-twisted blade with arbitrary boundary
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conditions is examined in [8]. The article [9]
considers the optimization of three-dimensional
up to yield bending behaviour using the full layer-
wise theory for FGM rectangular plate subjected
to thermo-mechanical loads. Comparative
assessment of finite element modelling techniques
for wind turbine rotors blades is represented in
[10]. The work [11] concerns nonlinear primary
resonance analysis of nanoshells. Geometrical
influence on the vibration of layered plates is
discussed in [12].

Some problems of statics, vibration and stability
of thin-walled constructions are solved in [13] by
the use of the equation decomposition method.
The elements with piecewise variable thickness
occur in modern structures and buildings. First
the analytical approach for the solution of similar
problems was proposed in the works [14], [15].
In the mentioned works the circular plates resting
on an elastic basis are examined. The inner part
of these plates has the variable thickness and
the outer part has the constant thickness. The
conditions of the parts conjugation were fulfilled.
The solutions were obtained in terms of Bessel
functions. The problems of symmetric flexure of
orthotropic and isotropic combined plates with
piecewise thickness were considered in [16],
[17]. The separate parts of these plates have
various laws of cylindrical rigidity variation. In
[16], [17] the solutions were obtained in terms of
Gegenbauer and Laguerre polynomials.

In the present work the analytical method for
the first time is applied for the analysis of the
combined circular disks with piecewise variable
thickness subjected to an action of expanding
loads. The solutions of the problems under study
are obtained in closed forms and expressed in terms
of Legendre functions; Legendre, Gegenbauer and
Laguerre polynomials.

2. THE BASIC SOLUTIONS EXPRESSED
IN TERMS OF LEGENDRE FUNCTIONS

As it was mentioned above, the circular disks with
piecewise variable thickness subjected to an action

of expanding loads are analyzed.

Volume 17, Issue 2, 2021

We will write the differential equation, describing
the symmetric deformation of the circular isotropic
disks with the radially variable thickness and
loaded by the surface stretching radial forces with
the intensity ¢:

5 1+—
d°N, a4 1dD]JdN,
dx’ x D dx | dx
1o,
__l_o-ld_DNr }/'Oxao qr (1)
ayx D dx a

Eh(x)
-0
the tension; N, - the normal stress; ¢ - Pois-

where D= is the cylindrical rigidity for

%
son’s ratio; x = [LJ ; 1y, 0 - the parameters.
o

Further we will determine the laws of cylindri-
cal rigidity variation which allow to receive the
solutions in terms of Legendre functions. For
this aim we compare the coefficients of the ho-
mogeneous differential equation, corresponding
to (1), with the coefficients of the Legendre dif-
ferential equation [3], [18], [19]:

u=0,

d*u  2x @{V(V—l)_ u } @)

d  1-x? dx| 1-x° (1_x2)2

where u and v are the parameters of the Le-

gendre functions. Producing the comparision,
we have

2
1+ —
@% 14D __ 2x
x D dx 1-x*’
_l—ald_D_v(erl)_ u
ogx D dx  1-x* (I_XZ)Z.

We get that for the values of the parameters
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+(1-0) (3

1
0[02—2, ILl:O, Vl’zzi Z

and for the following law for the rigidity for the
tension

which corresponds to the thickness

h=h(l-x)" 0<x<;
» &)
hzho(xz—l) J < x <oo;

the solution of the homogeneous differential
equation, corresponding to (1), has the form:

N, = AP,(x) + BO,(x). ©)

Then we compare the coefficients of the corre-
sponding to (1) differential equation with the
coefficients of another Legendre equation:

d*v 2u+Dxdv (v—u)v+u+l|
- —+
dx*  1-x* dx 2

v=0, (7)
1-x

which comes out of (2) by means of the follow-
ing substitution:

u= (22 —1)%\/.

As a result we get the following expression for
the parameters:

1, |1
0 ==2, Vi, ZEi\/Z+(l—a—,u)(,u+l), (8)

where u is the arbitrary value.
We get the rigidity for the tension

D=D,1-x*]""", ©)

Elena B. Koreneva

as a result the thickness of disks is expressed in
the form:

h=hll-x* " 0<x<1;

(10)

J<x<oo0.

h=hoo? 1)

In this case the solutions are represented in
terms of adjoined Legendre functions:

u
N, =[aPr () + BOr (0| -1 2. (1)
We mark that the use of another Legendre equa-
tions for the consideration of disks of variable
thickness symmetric deformation will not give
any results.

Some disks’ profiles for the cases when the so-
lutions are given in terms of the adjoined Le-
gendre functions are shown on the fig.1.

h

1
sol
10,0 i 6
9,0 \
8,0 \ =02
7’0 p=0p
S N AN A
RIANIANEN
4,0 U= 0\\ NG \\
AN\
2.0 — T~
1,0 4= 10,25 \\%
0 X

04 05 06 07 08 09 1,0

Figure 1. Some disks’ profiles for the cases
when the solutions are obtained in terms of
the adjoined Legendre functions

We note the special case when the solutions are
given in terms of the cone functions. We set

1 . . .
V= Y +ip . Then the solution can be written in

the following form:
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N, = 4P",

——+]
S tp

+BO", x.

——+]
S tp

(12)

The case of specific interest is when one of the
adjoined Legendre functions parameters

1 . o
u= i(EJrnj, when n is the positive integer;

then the solutions of the equation (1) for the ri-
gidities (4) and (9) are expressed in terms of

Legendre polynomials. For example, the ad-
1 1

joined Legendre functions PVE (x), PV_E (x),
1 1
02(x), O,%(x) can be represented by the fol-

lowing formulae:

P;(x) = —(x2 —1)% X

{(ﬁm)”h(ﬁmri}

1
Qv% (x) = i\/g(f - 1)_‘1‘(x+ N —JV_E;
1
P\/_%(x) — \/ZMX
T

2v+1

(13)

x[(ﬂm)”i_(ﬂm)r“i}

1
s 2 _1Ya L
sz(x)ziv27t£x2—llL(x+ sz—ly 2,
v+

where x>1.
Using the recurrence relations

(v =g+ )P (2)— (v + e+ DPl () =
=? 1P (x);
P ()= xB" (x) = —(v—p+IN — 1P (x);
XP!'(x) = Pl (x) =—(v+ y)ﬁpf*l (x),
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from these formulae the expressions for the
3 5

functions P?(x), P?(x) etc. can be conse-
quently received. For instance, we can write:

. oL
0,°(x) = %(xz —l)_z(x+\/x2 —IT 2 x

x[x+(v+%j\/x2 —1};
1
Pvl’5 (x)= %(x2 —1)_% (x+ \x? —ITV_E X

< [v-3 e =13
(veg 1]

Next the particular solution of inhomogeneous
equation (1) is to be considered. For this pur-
pose the Cauchy functions for the solution re-
ceived above are to be obtained.
The Wronskian for the solutions of the Legen-
dre equation is used for this aim:

K(u,v
w(x) = B,
I-x
K(u,v) = (14)
ei"“ZZ”F(1+ﬂ+ij(1+ﬂ+vj
~ 2 2) 27272

F(1+V—“jr(1+v—”j
2 2 2 2 2
where /'(x) - gamma-function.

The Cauchy functions for the solution (6) and
the rigidity (4) are:

Y, (x;5x) = vi=[x,0,(x) -0, (x)]P.(x)+
+ [xlpv (x) =P, (x )]Qv (x)};

Y, (x5 %) = (62 =)0, () P, (x)
— P(x)0, ()]

(15)

in this case x =0 and, hence, K(u,v)=1.
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The Cauchy functions for the solution (11) and
the disk’s rigidity (9) are:

0 u
2 Y )
Y (x5x) = (s _11)<(2/£xv)_1) 2

x - [0 = 1w 0 o)~ v+ )0 () Py +
o= B () = (v )P () Jo (o (16)

u W
Y (x;x) = 1) > ) - X

K(p,v)
< {01 ()P (x) = P ()0 (x)}

For the real x, u, v the Wronskian W (x) is

complex-valued, if u# HTH, where n is inte-

ger. In this case W (x) contains the factor e*".
However the Cauchy functions will be real, be-
cause the adjoined Legendre function contains
the similar factor.

Thus, the particular solution of the inhomoge-
neous equation (1) is:

N = j F(@Y(zx)dz, (17)

X

where f'(z) is the right part of (1).

It is recommended to determine numerically the
values of (17) for the actual parameters.

Next we go to the cases when the solutions are
expressed in terms of orthogonal polynomials.

3. THE BASIC SOLUTIONS IN TERMS
OF GEGENBAUER POLYNOMIALS

For receiving of the solutions we compare the
coefficients of the homogeneous equation, cor-
responding to (1), with the coefficients of Jacobi
equation [18], [20]. The analysis shows that the
solution is possible, when the parameters a = f;

it corresponds to the case of the ultraspherical
Gegenbauer polynomials C,},; (x).

Elena B. Koreneva

The differential equation for the Gegenbauer
polynomials is

2A+1
- X

1—x?

m(m+2\)

1—x?

r !

y=0. (18)

Fulfilling the above-mentioned comparision, we
get the following parameters

0!0 = _2,
_ (19)
m, =xi\/x2 +¥(zx+1)
and the rigidity for the tension is
1
D= Do(l—xz)‘(“zj,o <x<l:
I (20)

D =D, (x2 - 1)_(M2),0 <x<oo.

The solution of the homogeneous equation has
the following form:

1
o
N, =AC;(x)+B(1_—xj2 x
2 @1)
><F(—n—k+l,n+k+l;i—k;—1_x},
2 272 2

where F( ) is the hypergeometric function.

For the disks with the rigidity (20) and the solu-
tion (21) the Cauchy functions are to be deter-
mined. The expression for Wronskian is

W(x) = I'(m+2)) (% _ kazml «

m! T(2).) )

x (1 —x? )—x—%'

Further we obtain the following formulae for the
Cauchy functions:
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m! T (1 x? )"%

Yi(x5x)=

11 2
_(l—xl )—2—k Z—(m+}\,)
2

J{ mx, Cx( x)— m+2h—1
1 1 xl

1

Yy (xp5x) = 1 5
22 (Z—X)F(m +200)

1-x)2

&_l)(l—xl
227‘”(;—%)F(m+27u){[(2 4 2

F( m— 7»+E
2’

oz

n/F(27L)(1—x2)M% 1-x 2" 1
. | {( lj F(_m_“z

1

e
j 2F(—m—%+%,m+%+l;§—k;l_xlj—

22 2

35

A
F( m— x+l m+A+—; ——x;l_xj : (23)
2’ 22

Ly
+C,§,(x1)(—j F(—m—k+l,m+k+l;§—k;l__xj}
2 2 2’0 )

The particular solution of the inhomogeneous
equation is determined by means of the expres-
sion (17).

4. THE BASIC SOLUTIONS IN TERMS
OF LAGUERRE POLYNOMIALS

Let us determine the possibility to obtain the
solutions in terms of Laguerre polynomials

L(,j)(x) [18], [20]. The differential equation for
these polynomials is

oa+1—x m

Vi+r———y+—y
X X

=0. (24)

After the described above transformations we
get the following parameters:

2
oy =——, a==" (25)
l-o
The rigidity for the tension is
D=Dye". (26)
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The general solution of the homogeneous equa-
tion for the case under study is

N, = AL (x)+Bx “ F(-n—o;l—a;x), (27)
where | Fi(x) is the confluent hypergeometric
function.

The Wronskian for the solution (27) is deter-
mined by the following formula:

m+ao —-a—-1_x
W(x)= . ox e,

where

[m+aj_ (m+a—-m+)m _(a+D)m
m ) m! ooml (28)
(a+1),, =(a+1)(a+2)..(a+m).

The Cauchy functions for the solutions (27) are
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-1
m+a

. _ -1 _—x; o+l

Yl(xl,x)—( . ] a e 'x" x

X {[ole_a_l F(-m—-o;l—a;x,)+
+ l_“m :F(m oa+1;2—a;x)]x
XL?n - m+a m i|
(x) { X o (X1)— " n-1(X1) (29)

xx “F(-m—a;l—o;x)};
-1
m+o
Y, (x5x) = ( j o le M x M x
m

X {— L(,Z‘)(xl)x“ JF(—m—o;l—a;x)+
bl F(em—asl— )L, (0]

Here, the particular solution is also determined
with the use of the formula (17), where the
function Y, (x;;x) is determined by means the
expression (29).

5. THE STATEMENT OF THE
COMPUTATION PROBLEM OF THE
CIRCULAR DISK WITH PIECEWISE
THICKNESS

The disks, subjected to an action of the stretch-
ing loads and consisting of two sections with
different laws of thickness variation, are under
study. The disks’ profile has a gap in the place
of these parts conjugation (fig.2).

1646\

0,0 0,5 0,9
Figure 2. The profile of the disk with piecewise
thickness

The rigidity for the tension in the first section is
approximated by the formula (26). The normal
stress when 0,0 < x < 0,5 is determined in the
following way:

Elena B. Koreneva

N = AL+ B Bl =)+ 0
+N& ().

The rigidity for the tension in the second section
is approximated by the formula (9). We have
when 0,5<x<0,9:

N® = NO 4[4, P (x)+ B0 (x)|x
P (31)
X (x2 —1) 2 +N(cz)(x),

where N((;1 ), N ((;2) are the particular solutions
determined by means the expression (17).

6. THE CONCLUSION

In the present work the exact analytical solu-
tions of computational problems of circular
disks with piecewise variable thickness, sub-
jected to an action of expanding loads, are ob-
tained. The constructions under study consist of
two or several sections. Each of the mentioned
parts has its own law of thickness variation.
These sections can be made from the same or
from the different materials, which can be ho-
mogeneous or inhomogeneous, isotropic and
anisotropic. In the places of conjugation the
disk’s thickness can be continuous or discontin-
uous. The received solutions are obtained in
terms of Legendre functions and Legendre,
Gegenbauer and Laguerre polynomials.
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INTELLIGENT AND DIGITAL TECHNOLOGIES IN THE
CONSTRUCTION OBJECTS TECHNICAL DIAGNOSTICS

Galina G. Kashevarova, Anastasia E. Semina, Svetlana V. Maksimova
Perm National Research Polytechnic Universities, Perm, RUSSIA

Abstract. The intelligent and digital technologies implementation into the civil engineer expert activities is able to provide
alternative solutions to different qualifications specialists. This will increase the speed of data processing and the reliability
of the expert opinion on the technical condition of the operated construction objects as well as will allow assessing their
real residual resource for making a decision on the possibility of further exploitation. The ontology and the original
technology for the main system components determination are necessary to achieve the goal (the confinement model)
used for the structural and functional analysis of the knowledge system. The entire technologies set for the architectural
and construction objects (digital documentation, scan results, thermal imager data, non-destructive survey methods data),
data about structure’s defects and damage, appropriate software as well as intelligent technologies (fuzzy logic, neural
networks) are used for more thoroughly diagnose certain construction parts and transmit digital information to determine the
technical condition category. Also, this data set can be used for following situations: a control of the dynamics of changes
in the technical state of a construction object, an improvement the accuracy of determining the scope of repair work, an
enhancement the quality of project documentation, methods for assessing the quality of restoration work and measures
for the conservation of architectural monuments, etc.

Keywords: intelligent and digital technologies, ontology, confinement-model, architectural and construction objects,
category of technical condition.

NHTEJJIEKTYAJIBHBIE U IU®POBLIE TEXHOJIOI'MHN
B TEXHUYECKOM JJUATHOCTUKE OFBbEKTOB
CTPOUTEJIbBCTBA

I'I. Kawesaposa, A.E. Cemuna, C.B. Makcumosa
IlepMmckuit HallMOHANBHBINA UCCIIEA0BATEIBCKUM MOJIMTEXHUYECKUN yHUBEPCUTET, I. [Tepmb, Poccust

AnHoTanus. BHenpeHne HHTeINIeKTya bHBIX U III(POBBIX TEXHOJIOTUH B SKCIIEPTHYIO IEATEIEHOCTH HIDKEHEPOB-CTPOUTENEH CITOCOOHO
TIPE/IOCTABIATH AJITePHATUBHEIC PEIICHHNS CTIEIHANNCTaM pa3HOH KBaTH(HUKAINU. DTO MOBBIMIAET CKOPOCTh 00PaOOTKN JaHHBIX H JI0-
CTOBEPHOCTH 3KCIIEPTHOTO 3AKJIIOYEHHS O TEXHIIECKOM COCTOSIHUH HKCIUTYaTHPYeMBIX 0OBEKTOB CTPOUTENBCTBA ISl IPUHSATHS PEIICHHS
0 BO3MOXKHOCTH UX JaJIbHEHIIeH SKCIUTyaTallny, a TAKXKe MO3BOJIAET OI[EHUTH UX PeabHBII 0CTaTOUHBIH pecypc. [Iist CTPyKTypHOTO U
(YHKIMOHATEHOTO aHAIN3a CHCTEMBI 3HAHUH HCIIOIB30BAHBI: OHTOJIOTHIECKUH aHAIN3 U OPUTHHATIbHAS TEXHOIOTHS (KOH(pAHHMEHT-
MOJIEJIMPOBAHNUE) ONPEICIICHNS! OCHOBHBIX KOMIIOHEHTOB CHCTEMBI, HEOOXOANMBIX JJISI TOCTIDKEHHS LIENTH - OTPE/IeIeHHs] KaTerOpruu
TEeXHNYECKOTO COCTOSIHHUSI CTPOUTENHLHOTO 00beKTa. J{ist Ooee TIaTeIbHONH JUArHOCTHKH OTAENBHBIX JeTaled KOHCTPYKIUN apXu-
TeKTYPHBIX M CTPOUTEIBHBIX OOBEKTOB M IIepeiadn NU(PPOBOH MHPOPMAIMU NCIIONb3yeTCs TMOTHBIN Habop TexHomorui (mmdpoast
JOKYMEHTAIHs1, pe3y/IbTaThl CKAHUPOBAHUS, JaHHBIE TEINIOBH30pa, JaHHBIE METOJJ0B HePa3pyIIAIOIIero KOHTPOIIS), JaHHBIE O Ie(eKTax
1 TIOBPEXKICHNSX KOHCTPYKIHH, COOTBETCTBYIOIIEE ITPOrpaMMHOE 0OecIiedeHNe, a TakKe HHTEIUIEKTyalbHbIe TeXHOJIOTHH (HEeUeTKast
JIOTHKa, HeHpoHHBIe ceTH). Takike, ’TOT HabOp JAaHHBIX MOXKET OBITH HCIIOIB30BAH JJISI: KOHTPOJISI AMHAMHUKH N3MEHEHUS TEXHIIECKOTO
COCTOSIHUSI 00BEKTa CTPOUTEINIHCTBA, TOBBIIICHHUSI TOYHOCTH OIPEJIeNIeHIs 00beMa PEMOHTHBIX paboT, MOBBIICHHS Ka9eCTBA IPOSKTHOM
JIOKYMEHTAIINH, CTIOCOO0B OIIEHKH Ka9eCTBa PECTaBPAI[OHHBIX paOOT U MEPOIIPHUSITHH 0 KOHCEPBAIIUH ITAMATHUKOB apXUTEKTYPHI U JIp.

KaroueBrble ciioBa: HWHTCJUICKTYAJIbHBIC U III/I(l)pOBI)IG TCXHOJIOTHUH, OHTOJIOI'HA, KOH(I)afIHMCHT-MO,Z[eHB, APXUTCKTYPHO-
CTPOUTCIIbHBIC O6’LGKTLI, KaTreropus TCXHUYCCKOIo COCTOAHUS
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1. INTRODUCTION

Exploitation of any construction structure in
accordance with the specific regulations demands
technical diagnostics conduction. Often, conclusions
of the technical examination are approved in the
short time under uncertainty. Decisions are usually
based on the opinions of the specialists considering
their professional experience. Lack of sufficient
knowledge leads to the erroneous conclusions and
might be the cause of the premature failure of the
construction object. Accordingly, there is growing
attention to the development of intelligent expert
systems in the complex field, such as diagnostics,
inspection and monitoring of buildings structures.
Such systems serve as a tool for information support
for the development and decision-making processes.
Deep knowledge in the field of construction and
experience of an expert are required to address
the problems of constructions survey, such as the
complex nature of the building structures along with
lack of regulatory documents connections, multiple,
incomplete, inaccurate and contradictory results
of an engineering object diagnostics, insufficient
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diagnosis
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Physicomechanica
and chemical
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Technical condition

category

formulated assessment criteria, the problem of the
"length of the technical conditions scale" (GOST
(State Standard) scale, including 4 categories) and
the blurring of the categories boundaries [1].

The intelligent and digital technologies introduction
into the civil engineer expert activities provides the
alternative solutions to the different qualifications
specialists. The main task of the intelligent
technologies is the knowledge processing related
to solving complex issues in which logical (or
semantic) information prevails over computational
information [2, 3]. Taking the implementation into
the process of technical condition diagnostic an
additional technological level is advisable for this
purpose. It should include the computer processing
of the accumulated knowledge and practical
experience. At the same time the knowledge
embedded in a computer-oriented knowledge-base
(KB) must be organized and formalized so that the
user can quickly receive the necessary information.
The structure of a comprehensive intelligent
system for diagnostics of mass construction
objects elaborated considering the current level of
the computer technology development along with
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Figure 1. The structure of an integrated intelligent system for diagnostics of construction objects.
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evolution of the telemetry methods, digital and
intelligent technologies. The developed structure
consists of several expert systems (ES) which can
operate separately or as a whole system (Fig. 1).

Integration of the buildings technical condition
diagnostics results into a holistic system mixed with
the telemetry possibilities, laser scanning, intelligent
and digital technologies, mathematical modeling
enable to accelerate data processing and increase the
reliability of the expert opinion about the technical
condition of the exploited building constructions.
Such system based on the identification of defects
in load-bearing and enclosing structures as well as
foundations and other constructions, also will allow
evaluating the real residual constructions resource
for decisions about the reconstruction, overhaul and
destruction. An integrated approach to solving all
these problems will allow obtaining a multiplier
effect, while each included expert system expands
due to the other system elements capabilities. In the
near prospect the expert systems and neural network
combination with the traditional programming
technology will provide a revolutionary
breakthrough in the applications integration of
ready-made intelligently interacting modules.
The current state of the expert systems and neural
networks development in the construction sector can
be characterized as a stage of the increasing interest
as evidenced by the many publications of the authors:
D.A. Pospelov, T.A.Gavrilova, V.F. Xoroshevskij,
D. Rutkovskaya, E. Bernat, L. Gil, K. M. Hamdia,
K. Van Balen, H. Li, S. Shtovba, A. Rotshtein, O.
Pankevich, V.A. Sokolov, T.N. Soldatenko and others.
In the technical diagnostics of the construction
objects as well as in general construction sector,
there are a lot of the national and international
standards which must be taken into account since
they form the basis for solving the ensuring safety
problems of the construction facilities. This is a
ready-made system model needs to be correctly
represented in the formalized terminology to
provide the user under certain structural rules
which a computer can autonomously use in solving
specific issues based on logical inference.

But at this stage, there is a certain gap between
the technical development of general and detailed

technical diagnostics building structures methods
[4-7] and the intelligent systems methodology for
organizing expert knowledge [8-14]. Consequently,
there are the limitations in the possibilities of
wider practical application of the intelligent
systems in construction. The major difficulty is the
interpretation of the entire volume of regulatory
requirements into a machine-readable format.

In a certain sense the Al system simulates the
intellectual activity of a person in general and the
logic of the human reasoning in particular. Any
intellectual person activity is inherently systemic.
It involves the use of a set of the interrelated
procedures on the way from setting a task and goals
to finding and using solutions. And as the logic
of the human expert reasoning in an intellectual
system, machine processing should be easy to
process; it should be structured, i.e. to represent the
system of the subject area as a conceptual diagram.
This requires: professional knowledge (theoretical
and practical); understand the thinking process of
a person — an experienced expert or a decision-
maker in a specific type of activity, highlighting
the main steps of this process; use a ready-
made software tool that reproduces these actions.

2. ONTOLOGICAL MODELS IN THE
KNOWLEDGE SYSTEM STRUCTURAL
AND FUNCTIONAL ANALYSIS

Numerous models and knowledge representation
methods have been proposed and tested with
varying success for structuring information, such
as: various logical models, semantic and neural
networks, frames, production rules, etc. [13—18].
In recent years meaningful ontology works has
been developed implementing new processing and
presenting information methods at the junction of
systems analysis, artificial intelligence and applied
data analysis. Such works contain conceptual
schemes for organizing the knowledge system of
specific subject areas and ways of targeting this
knowledge [19-22]. Ontology is widely used in all
fields of natural language information processing.
“Ontology” is a term in the artificial intelligence
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theory applied by specialists as one of the main
formalisms of knowledge representation. It means
formally presented knowledge in the form of
anarray objects description as well as concepts and
connections between them. In the simplest form
the ontology composition is reduced to the basic
concepts allocation for a specific subject area and the
construction of links between themas the definition
of relationships and interactions of basic concepts.
An important feature of the ontological models in
intelligent systems is that they are designed to be
processed by agent software. All information needs
to be presented in a formal form since a computer
cannot understand the situation in the world as a
person. For this purpose all concepts must be linked
and patterns must be established, i.e. the expert's
conclusions structure (frame) has to be identified.
Domain ontology is usually built by domain experts
or with their assistance. Meanwhile significant is
not the concepts themselves as people's knowledge
about these concepts and their exploitation by
people. The logical and associative theories of
thinking as two most popularapply as a basis
forreconstruction an expert's reasoning. Traditional
logic forms criteria that guarantee the accuracy,
consistency of general concepts of reasoning
and conclusions (classification, generalization,
comparison, categorization, inference, abstraction,
etc.). But a person rarely thinks in terms of
mathematical logic. Thinking is a chain of ideas
connected by general concepts. The main operations
of such thinking are: associations acquired on
the various connections basis, recalling past
experiences, trial and error with random successes,
etc. It all depends on the specific tasks, source
material, and subject area complexity. Ontology
allows restoring missing logical connections
providing a systematic approach to the subject area
study and makes inferences based on presented
information. Ontological models are considered as
knowledge bases of a special kind.

Any model is always a reality simplificationwith
inherent fragmentation. In the process of
identification of the various pieces of knowledge
the main thing needs to be considered as follow: a
basis for understanding processes and phenomena

Volume 17, Issue 2, 2021

in relation with the development of knowledge
about the subject area defines through the "center
of'the situation" as some holistic image, structure or
important criterion. In meeting real challenges, the
domain ontology can be constructed in various ways.
Itis important to know how to highlight the main lines.

3. THE CONFINEMENT MODELLING
TECHNOLOGY AS AN APPLIED TOOL
FOR THE MAIN SYSTEM COMPONENTS
DETERMINATION

T.V. Gagin [23] proposed an original method for
determination of the main system components
which essential to achieve the stated objective
and studying their influence on each other. This
fundamentally stable model of the self-reproducing
system developers called the Confinement® model.
The “confinement” is the term taken from physics
and literally means retention (confinement).
The formation of ontology using confinement
modelling is a system-cognitive analysis
procedure. The domain model is represented
in a sign oriented graph form with feedbacks
(Fig. 2). Various events or key elements of the
situation are located at the vertices of the graph.
The arcs connecting the vertices represent the
causal relationships between them. The essence
of this approach lies in the presence of the fact
that the system is closed in the form of a system
loop, which contains the necessary and sufficient

Figure 2. The confinement model.
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direct and reverse cause-and-effect relationships.
The elements of the system loop are the focus
of attention where to look and where to search.
Meanwhile is considered that the result is
generally known, and the model is focused on
the strategy for achieving this result.

Recently this technology actively used in various
sectors scientific developments [24, 25]. The
confinement system allows seeing key points and
important relationships as well as helps to highlight
the most important and necessary information for
solving a certain issue, i.e., makes it possible to
take a systematic look at the process. Filling of
the confinement model at the level of common
sense (the numbers of the elements correspond
to the order of their determination) allows
discovering not only the elements necessary for
understanding the system, but also their most
important relationships: each element in its place
should be logically linked to six others: three
should call it, and three - to follow from it.
Accordingly, each element is both an effect and a
cause. (1) is the goal and the result of the system.
(2), (3) and (4) are the immediate causes of this
result. At the same time the cause (2) in addition
to the result itself should strengthen the cause (3)
which enhances the cause (4). The element (4)
itself must call the result and be strengthened by
it. (5) is the element which have to simultaneously
calls all three previous reasons. It is important that
all three reasons. Reason (5) is related to (2). (6) is
the reason for (2) and (5) at the same time. (7) has
to call (6) and (2). (8) is the element interconnected
with (7) and calls (6) and (5). (9) is the important
element which should close the system and this is
a serious test of our discourse. It is the cause for
(7) and (8), being simultaneously a consequence
of both cause (4) and the main result of system (1).
The links indicated in the diagram (fig. 2) by the
dotted line are described by the word "calls".
In the finished diagram they have to close the
middle circle: (3) - (9) - (6). The confinement
model is clearly layered into three circles: inner,
middle and outer. The inner and outer circles are
practically equal. The central one is considered to
be the manager and serves as a connecting link,
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transferring the influence from the inner circle to
the outer one and vice versa.

There are three sectors within the model. They are
marked with different colours: "R" - red, "G" - green,
"B" - blue. Elements in the "R" sector (1) - (4) - (9)
describe the "key results" and "specifics". These
are the most "real" and obvious parts of the system.
The "G" sector (6) - (7) - (8) is an incentive for the
transformation of the specifics of the "R" sector into
actions and the conclusions of the "B" sector (2) -
(3) - (5) which are the "procedural-thinking” sector
covering the area of decisions, rules and conclusions.
The logic of checks suggests the magical role of
the element which is simultaneously located in
the "control" central circle and the "transforming"
G sector (the element (6) in the scheme). It often
turns out to be significant and decisive.

4. CASE OF THE CONFINEMENT
MODELLING APPLICATION TO
CONSTRUCT THE CONCEPTUAL
MODEL STRUCTURE FOR DIAGNOSING
THE BUILDINGS AND STRUCTURES
TECHNICAL STATE

Technical diagnostics of construction objects is
carried out through a combination of mutually
consistent and complementary practical,
calculation, research and analytical procedures.
Let’s consider one example of the conceptual
model forming process of an intelligent control
system for the decision-making process on the
buildings and structures technical condition
(Fig. 3), using the technology of confinement
modelling and a ready-made template [23].

The main criteria of damages type decisions and
the requirement of the measures to bring the
construction object to further safe exploitation
is the technical condition category (CTC) of
the building or structure (normative, operable,
partially operable or emergency technical state).
The technical condition category determinations of
a construction object as a whole as the purpose of
the construction expertise is the main component
of the system (1). For this purpose the conduction
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of'a survey of the building structures is necessary
(8). It includes a large list of works consisting of
various sections of building science.

Regular engineering inspections of the construction
objects (6) should be carried out at least once every
10 years and at least once every 5 years for buildings
operating in adverse condition in accordance with
the requirements of the "Rules for the Inspection of
Building Structures" and other regulatory documents.
There may be scope for conduction extraordinary
checks of the operational suitability of structures
after emergency impacts (earthquakes, fire, explosive
impacts, etc.) or upon detection of significant defects,
damage and deformations during maintenance (7).

The results of the building structures inspection
make it possible to diagnose the technical
condition of certain structures (5) and the
construction object as a whole (1), i.e. carry out
a set of surveys and necessary calculations to
identify significant diagnostic parameters (2)
and the defects and damage causes (3) used to
judge the technical condition of the object. For
this purpose, different methods of research and
building elements examinations are applied as
well as the survey the physical and mechanical
properties of structures, foundations, soils
(strength, deformation, physical and moral
deterioration and other factors and parameters).
This is necessary for a correct assessment and
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Figure 3. Ontograph of the definition of the CTC
(the category of the technical condition) of a
construction object.
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classification of the true state of structures (4)
based on the results of examinations (8) and
diagnostics (5). As a result, the risk should be
assessed of destruction and residual resource if
identified category of the technical state decrease
for some structural elements. Such assessment
is conducted for a feasibility study of the
relevance of carrying out measures for the repatir,
reconstruction or demolition of the facility (9).
Hence a conceptual confinement model of an
intelligent system for diagnosing the technical
condition of construction objects was formed. A
specific system process operates within this system. It
can be considered as a level 1 ontology that includes
the required number of system processes.
Understanding the confinement model forming
principles makes it possible next points: to unify
the process of developing ontological knowledge
bases and other subject areas, to facilitate lining
of the structure in comparison with the known
methods of constructing ontology [16, 20, 25],
helps to filter out unimportant factors (which
seemed important) and focus on those which are
really affect the result.

At the same time, it should be understood that
there is no single correct way to model the subject
area. Always there are viable alternatives [6, 22].
Confinement modelling is an applied tool that
allows facilitating the development of knowledge
formalization models in intelligent systems, focusing
on essentials further makes the right decisions by
building action plans. Any element of this model can
also be a sublevel. Creation of the sublevel structures
both confinement models and other technologies and
knowledge representation models can be used.

5. DIGITAL TECHNOLOGIES FOR
RECEIVING AND PROCESSING
INFORMATION FOR ARCHITECTURAL
AND CONSTRUCTION OBJECTS WITH
THE TERRITORY REFERENCE

Nowadays rapid digitalization of the architectural
and construction industry is changing the

technologies and possibilities of obtaining and
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processing information which is necessary for
the construction objects diagnostics. Digital
technologies are intensively implemented into the
specialists’ activities in the field of urban planning
and architecture. Laser scanning, photogrammetry,
and digital documentation methods make it
possible to effectively collect three-dimensional
and spatial data for architectural and construction
objects into a database (DB) of point clouds [26,
27]. This is especially relevant for already existing
and historical buildings or architectural complexes
that can have defects and damage.

Parametric information models (BIM-models)
are created [28] based on obtaining sufficiently
accurate three-dimensional photogrammetric
initial data for each building or structure after
data processing. In figure 4 shows the results of
such processing for a real architectural object St.
Nicholas Church in Usolye of the Perm Krai as
well as on figure 5 examples of the constructed
BIM models in the cities of the Upper Kama region
are presented.

Currently within the technical regulation
framework is actively continuing implementation
process of information modelling technologies
at all stages of the life cycle of buildings and
structures. This work carried out in creation the
necessary regulatory and technical base process
taking into account the needs of the construction
process participants. Information models of
each object are associated with the geographic
information systems (GIS), i.e., with reference to
the territory using an identification codes system
assigned to each building (Fig. 6) [29].
Formalization and transformation into a machine-
readable format and for the purpose of effective
search, the obtained data is structured in the census
form of the objects (Fig. 7).

The entire technologies set for architectural objects
digital documentation not only in the form of
three-dimensional point clouds, but also geospatial
referenced data, as well as data about structures,
defects and damage, provides researchers many
options for subsequent work [30].

For instance, the historical and architectural heritage
of Usolye database made it possible not only to
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Figure 4. Photogrammetric data processing on
the example of St. Nicholas Church in Usolye.

Figure 5. Examples BIM - models of churches and bell
towers based on a point clouds and measured data in
the cities of the Upper Kama region (Perm region).
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visualize the entire historical and architectural
environment in three-dimensional form but also to
present cartographic analytical materials necessary
for management decisions. The strategy for the
Usolye Stroganovskoye territory development was
elaborated on the basis of such three-dimensional
and cartographic materials.

6. CONCLUSION

Using the scan results, thermal imager data, non-
destructive survey methods data, appropriate software
as well as intelligent (for example, neural network)
technologies, it is possible to more thoroughly
diagnose certain units and parts and transmit digital
information to determine the category of technical
condition designs. Also, this information can be used
for following situations: to control the dynamics
of changes in the technical state of a construction
object, to improve the accuracy of determining the
scope of repair work, improve the quality of project
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GENERAL INFO

VISUAL DESCRIPTION
HISTORIC INFO

URBAN PLANNING

ACESSABILITY
CONSTRUCTIVE
DEFORMATIONS
ANALYSIS

Figure 7. Census documents.
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LASER SCANNING POINT CLOUDS PROCESSING

3D MODELLING

documentation, improve methods for assessing the
quality of restoration work and measures for the
conservation of architectural monuments, etc.

A well-structured database about the architectural
and urban planning environment will allow not
only effectively use existing information, but also
add new information. In the presence of relevant
and reliable input data, intelligent systems will
be able to analyse not only the diagnostics of the
technical condition and safety of construction
objects, but also the urban planning situation.
The architecture represents a collection of not only
numerical data, but also three-dimensional and
semantic (ontology) data, which requires expert
experience in data evaluation. Within architecture
sector logical information often prevails over
computational information and this can become
a prospective field for intelligent systems.
Promotion of intelligent systems in relation to
the functioning of each stage of the building "life
cycle" will allow solving specific problems in the
field of the architecture and constructions.
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SUSPENSION LARGE SPAN ROOFS STRUCTURES IN RUSSIA

Pavel G. Eremeev, Ivan 1. Vedyakov, Andrey 1. Zvezdov

JSC Research Center of Construction

Abstract: Considered are large-span structures with suspended roof structures with a span of up to 200 m, erected in
Russia over the past 40 years. Among them, there are different types of structures for covering sports facilities: cable-
stayed systems, structures of the "bicycle wheel" type, combined systems, thin-sheet metal hanging shells, etc. The main
technical characteristics of structures, principles of operation of structures, their advantages and disadvantages are given.
The development of technologies in recent decades has determined the emergence of new forms, materials, design and
construction methods. Unique large-span structures have an increased level of responsibility; their collapse can lead to severe
economic and social consequences. In this regard, it is relevant to analyze the experience in the design and construction
of large-span suspended structures.

Keywords: hanging large-span coatings in Russia, cable-stayed systems, structures of the "bicycle wheel" type, thin-
sheet metal hanging shells, scientific and technical support

BUCSIUUE BOJIBIIENPOJIETHBIE KOHCTPYKIIUU
MOKPBLITUN B POCCUH

ILI. Epemees, H.H. Beoakos, A.HU. 36e3006
AO «HUII «CTpouTenscTBO»

AnHoTanus: PaccMoTpeHB! OONBIIETIPONIETHBIE COOPYKEHHUS C BUCIINMA KOHCTPYKIIMSAMHU MOKPBITHI mposeToM g0 200
M, Bo3BeZIeHHBIX B Poccnn 3a mociennue 40 siet. B ux gucrie, pa3Hble THIIBI KOHCTPYKLHI TOKPBITHI CIIOPTUBHBIX COOPY-
JKEHH: BAHTOBBIE CUCTEMBI, KOHCTPYKLMHU THIIA «BEJIOCHIIETHOE KOJIECO», KOMOMHHPOBAHHbIE CHCTEMBI, TOHKOJIUCTOBBIE
METaJTIMYeCKUe BHUCSYME OOONOYKH U T.1. J{aHBI OCHOBHBIE TEXHHYECKHE XapaKTEPUCTUKU COOPY)KCHMH, PUHLIUIIBI
PpabOThl KOHCTPYKLHMH, UX MPEUMYIIECTBA M HEAOCTaTKU. Pa3BUTHE TEXHOJIOTHI B MOCIIEAHHIE NECATHIICTHS ONPEEITHIO0
MOSIBJICHHE HOBBIX (hOPM, MaTepUajioB, METOAOB MPOEKTUPOBAHUS M CTPOMTENIBCTBA. YHHKAIBHBIE OOJBLICIPOJICTHBIE
COOPYIKEHHS UMEIOT ITOBBIIICHHBI YPOBEHb OTBETCTBEHHOCTH, HX O0OPYyLICHHE MOXKET IPHBECTHU K TSHKEIIBIM SKOHOMHUYE-
CKHMM M COLMAJIBHBIM ITOCITIEACTBUAM. B 3TOM CBS3M, aKTyaJIbHBIM SIBJISETCS QHAJIN3 OIIBITA IPOSKTHPOBAHHUS U BO3BEICHHS
0OJIBLICHIPOJICTHBIX BUCSYMX KOHCTPYKIIHH.

KiroueBble cjioBa: BUCSIINE 60HbHI€HpOJ'ICTHLIC TIOKPBITHSA B POCCI/II/I, BAaHTOBBIE CUCTEMBI, KOHCTPYKIIUU THUIIA «BEJIO-
CHIICTHOEC KOJIECO», TOHKOJIMCTOBBIC METAJINIMYCCKHUE BUCAYHNC 060JIO‘{KI/I, HAYyTHO-TEXHUYECKOE COIIPOBOXKIACHNUE

INTRODUCTION

Hanging systems for covering structures were first
proposed by the outstanding Russian engineer and
scientist V.G. Shukhov. In 1896, at the All-Russian
Exhibition in Nizhny Novgorod, he designed and
built four pavilions (two — in plan dimensions 30
x 70 m, one 50 x 100 m and one round — 68 m
in diameter) with hanging roofs with a total area

of more than 10,000 m?. The cover was made of
thin crisscrossing steel rods and strips (Fig. 1).
A pavilion 25 m in diameter, round in plan, was
covered with a hanging shell made of riveted iron
sheets 1.6 mm thick (Fig. 2). This was another step
forward: from trusses with purlins to openwork
mesh, and from it to a continuous thin sheet, which
was used for the first time in the world and for
many years was the only case of such a coating.
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Figure 1. Hanging covering of the pavilion of the

of the engineering and construction pavilion in
N. Novgorod.

RESULTS

JSC "Research Center" Construction" developed
new technical solutions, confirmed by copyright
certificates and patents, carried out numerical
and experimental studies of numerous hanging
roofs of large-span structures. JSC "Research
Center" Construction " took part in the design,
provided scientific and technical support for their

Volume 17, Issue 2, 2021

manufacture and installation. Below is a summary
of the most interesting objects.

The most effective types of spatial structures of
coatings include hanging shells made of a thin
metal sheet stretched in two directions, combining
bearing and enclosing functions in one material.
Even in the case when a conventional roof is
used, they do not require purlins, panels and other
intermediate elements that are not involved in the
spatial operation of the system [4, 5, 6].

The use of such structures allows: to reduce the
consumption of materials; reduce the time, labor
intensity and cost of construction; reduce the cost
of underlying structures (columns, foundations)
by reducing the weight of the coating; minimize
transportation costs.

A thin-sheet (up to 6 mm) shell can cover structures
with a span of more than 300 m with a plan outline
from the simplest geometric shapes (square,
rectangle, triangle, circle, oval, etc.) to a more
complex combined outline. Thin-sheeted shells
can have various surface shapes — cylindrical,
spherical, hip-shaped, saddle-shaped, compound
in the form of a combination of shells with the
same or different surface shape. They are easy
to manufacture and install, and have a minimum
headroom. Thin-sheet panels with a width of up
to 12 m and a span length are manufactured at the
factory and delivered to the construction site rolled
up. The tensile forces from the span structure
are absorbed by the compressed-curved support
contour, which works in conjunction with the
membrane, which ensures its stability. The rational
perception of these forces by the contour is one of
the main tasks of designing thin-sheet pavements.
This task is solved by the correct choice and mutual
alignment of the surface shape and the outline of
the coverage plan. Due to the lightness and low
bending stiffness of the membranes, the problem
arises of reducing their deformability. Stabilization
of the coating can be provided in different ways:
by its own weight, ballast weight, suspension of
technological equipment; the introduction of the
coating of reinforcing ribs with bending stiffness;
prestressing the membrane. Experimental and
theoretical studies of membrane shells were
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carried out, field surveys and monitoring of the
erected structures were carried out, operating
experience was generalized, recommendations for
design and installation were developed. A number
of structures with membrane coverings have been
erected and are being successfully operated.
Indoor multifunctional stadium "Olympic"
(Moscow, 1980). An oval building with plan
dimensions of 224x183 m, covered with a 5 mm
thick membrane shell (Fig. 3). The membrane
is reinforced with a radial-ring system, which
ensured the installation of the shell; during
operation, it is used to fasten various technological
equipment. The support contour with a section
of 5x1.75 m is made of monolithic reinforced
concrete in a metal formwork. The membrane is
designed to withstand a load of 10 kPa in the center
and 3.5 kPa at the periphery.

Cycling track "Krylatskoe" (Moscow, 1980) —
dimensions in plan 168%138 m, shape close to an
ellipse. The membrane covering 4 mm thick is

Pavel G. Eremeev, Ivan 1. Vedyakov, Andrey 1. Zvezdov

made in the form of two saddle-shaped thin-sheet
shells (Fig. 4), fixed on the arches with a span of
168 m. Internal arches do not have intermediate
supports and are combined into a spatial block.
The outer arches in the middle part of the span are
supported by the consoles of the stands. Arches —
steel box-section with dimensions of 3x2 m.
The universal sports complex “Izmailovo”
(Moscow, 1980) consists of several volumes — the
main hall measuring 66x72 m and two training
halls — 36x36 m, each of which is covered with a
2 mm thick stainless-steel membrane (Fig. 5). The
supporting contour with a section of 0.5%6.0 m is
made of precast-monolithic reinforced concrete.
The membrane was assembled by welding at
ground level, from panels with a width of 9 + 12
m, pre-enlarged at the factory from rolled tapes.
The finished membrane was lifted by winches
along the corner columns to the design position.
For more than 35 years, the monitoring of
structures has been carried out at all Olympic

Figure 3. Indoor stadium of the sports complex
"Olympic" in Moscow.

Figure 4. Cycling track in Krylatskoye in
Moscow.

Figure 6. Ice Sports Palace in Angarsk.
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facilities, ensuring their reliability, timely repair
work, and making informed decisions on extending
the period of trouble-free operation of facilities.
The membrane covering of the Ice Sports
Palace (Angarsk, 2010) is made in the form of a
cylindrical shell with dimensions in plan 90x87
m (Fig. 6). The closed support contour made of
monolithic reinforced concrete consists of two
rectilinear and two curved side elements. In the
corners, the contour is reinforced with spacers.

Figure 7. Speed skating center in Kolomna
(Moscow region).

Volume 17, Issue 2, 2021

Indoor speed skating center (Moscow region,
2006), has an oval plan with dimensions of
200x110 m. The cover is designed in the form of
a saddle membrane shell 4 mm thick (Fig. 7). The
supporting contour of a rectangular section 1.2x2
m is made in the form of a steel box filled with
concrete. The contour along the long sides’ rests
on two arches with a span of about 75 m, and in
the rest of the sections on articulated posts with a
pitch of about 12 m.

The overlaps of a number of structures are made
in the form of combined spatial structures,
which include stretched elements and elements
working in compression and bending [7, 8, 9, 10,
11]. In combined systems, the design length of
compressed-bent elements is reduced, stretched
elements made of high-strength metal are
rationally used, and the structure's performance for
uneven loads is improved. There are many types
of combined systems, even the simplest of them
are distinguished by great freedom in choosing
the design scheme, materials used, manufacturing
and installation methods. Elementary circuits are
combined in a variety of ways into complex spatial
structures.

The building of the "Old Gostiny Dvor" (Moscow,
1998) [12] has the shape of an irregular trapezoid
in plan. The courtyard with side dimensions of 56,
187, 84 and 163 m, with an area of 1500 m?, is
covered with a translucent glass shell (Fig. 8). The
load-bearing combined structures of the coating
forma cylindrical surface. They consist of a convex,
compressed-curved upper chord made of [-beams,
a stretched lower chord made of steel strips,
and two V-shaped struts connecting the chords.
The football stadium “Lokomotiv-RZD
Arena” (Moscow, 2001) was built oval in plan
(205.7%157.3 m) for 29 thousand spectators (Fig.
9). The roof over the stands (canopy outreach 33
m) is suspended from four cable-stayed trusses. In
the corners of the pavement, reinforced concrete
pylons (about 50 m high) are installed, at the top
of which there are hanging cables of two ropes
(diameter 140 mm). To them are attached in pairs
inclined cables with a diameter of 50 mm, to which
the visor is suspended [13].
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Ice Sports Palace (Moscow, 2005) — a building in
the form of a cylinder with a diameter of 100 m
and a height of 50 m (Fig. 10). The hanging mesh
shell consists of an outer support contour, an inner
ring, and a radial-annular system of flexurally rigid
threads with diagonal ties.

Indoor speed skating center (Moscow, 2003). The
construction plan is a segment of a circle with a
radius of 117 m with a central angle of ~ 160°
(Fig. 11).

The covering is formed by the same type of
timber-metal trusses. A system of radial trusses
(two spans 50.4 m each), with an annular beam in
the middle of the covering, is suspended from 19
cables, which transmit the force to the foundation
through a pylon (height 50 m) and two guys
reinforcing it [3].

The Volgograd Arena is a round structure with a
diameter of 290.0 m with a coating consisting of
two parts: above the stands and above the foyer
(Fig. 12). The covering over the stands (oval
243.8%x206.7 m, with an opening above the playing
area 123.0x85.9 m) is a "bicycle wheel" type
system with one compressed outer contour and

Figure 11. Indoor speed skating center.
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two stretched inner contours (from a package of
cables) connected by radial cable-stayed trusses.
Football stadium in Nizhny Novgorod. The
pavement of the round structure with a diameter
of 290.0 m consists of two parts: the pavement
above the stands and the pavement above the
foyer (Fig. 13). The covering above the stands
(oval 240.3x201.8 m, with an opening above the
playing area 123.0x85.9 m) is a radial-circular
rod shell of the "bicycle wheel" type, with load-
bearing elements made of welded [-beams. "Rostov
Arena" (Fig. 14) with an oval-shaped surface
measuring 257.2x218.5.0 m with a rectangular
cutout (130.5%x91.8 m) above the football field. The
main supporting structures are a system of radial
cantilever beams with an outreach of 51.34 m, united
by circular girders and ties. The cantilever beams are
attached by two inclined cable-stayed suspensions
to the top of the pylons located along the perimeter
of the stadium, the forces from which are absorbed
by the braces, which are locked onto the grillages.
Kaliningrad Stadium (Fig. 15). The structure
in plan has the shape of a rectangle measuring
166.7 x 203.7 m with rounded corners with a

D ek B R S

=,

Figure 13. Stadium in Nizhny Novgorod.
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rectangular opening above the football field. The
bearing structures of the pavement are a spatial
core system that includes radial and ring trusses,
united by ties. All main bar elements are designed
from steel box sections. Cantilever radial trusses
with an outreach of 38.2 m are suspended from the
top of the pylons located along the perimeter of the
stadium, the efforts from which are absorbed by the
braces, which are closed on the frame of the stands.
Football stadium in Krasnodar. The covering
above the stadium stands is a cable-stayed system,
such as a "bicycle wheel" with two compressed
steel outer contours and a stretched inner ring in
the form of a set of cables connected by a system
of radial cable-stayed trusses (Fig. 16).

The VTB-Arena stadium in Moscow has an oval
shape in plan. The maximum dimensions are
300x187 m, the height of the structure is 66 m
(Fig. 17). There is also a covered arena under
the shell. The shell itself is made in the form of a
spatial rod system, reinforced with trusses in the
coverage area above the stands.

JSC "Research Center" Construction" took part in
the design of the above objects, provided scientific
and technical support for their manufacture and
installation, which included [1, 2]:

— theoretical numerical research;

— testing of large-scale models in order to identify
the actual operation of various systems, check the
initial assumptions and conclusions of theoretical
studies;

— carrying out field surveys and generalization of
operating experience;

— development of practical recommendations for
the calculation and design of large-span metal
structures, taking into account the issues of their
manufacture and installation.

These studies allowed solving numerous problems
associated with identifying the actual operation
of structures, additional reserves for increasing
their efficiency and reliability. Based on the
generalization of the experience of research,
design, construction and operation of large-span
spatial structures, a number of recommendations
have been developed.

CONCLUSION

1. Hanging large-span structures have an increased
level of responsibility, their failures can lead to
severe economic and social consequences. In

Figure 15. Kaliningrad Stadium.
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Figure 17. VTB-Arena.
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this regard, additional requirements should be
taken into account for the nomenclature and scope
of surveys and design work, the manufacture
and installation of structures, the rules for their
acceptance and operation.

2. Design should be based on the choice of rational
design solutions linked to the functional purpose,
architecture, manufacturing and installation
methods, operating conditions, the ideas put
forward should be technically and economically
justified.

3. When designing, problems arise that go beyond
the normative documents, which require special
knowledge and practical experience from the
engineer. An important feature of the process is
the generation of ideas based on the creativity of
the designer.

4. To increase the reliability of the results,
verification calculations should be carried out
using various modern certified software systems.
It should be borne in mind that using a computer
has a downside, the risk of errors increases. A clear
understanding of how the structure works, based
on the rules of structural mechanics, is required.
5. Ensuring high reliability of hanging large-
span structures requires mandatory scientific and
technical support, which usually includes:

— development of recommendations for
determining snow and wind loads based on the
results of blowing a model of a structure in a
specialized wind tunnel. Climatic loads are taken
taking into account the service life of the structure;
— performing verification calculations;

— carrying out, in some cases, experimental
studies of large-scale physical models and full-
scale assemblies to assess the bearing capacity
and reliability of structures; verification of the
calculation model and calculation methods;

— development of "Specifications for the
manufacture and installation of structures" with
additional requirements that are not included in
the current regulatory and technical documents.
— Carrying out technical monitoring at the stage
of construction and the first years of operation.

Pavel G. Eremeev, Ivan 1. Vedyakov, Andrey 1. Zvezdov
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Abstract: During the construction of hydraulic and underground structures, a grout solution is pumped into the ground
to create waterproof partitions. The liquid grout is filtered in the porous rock and clogs the pores when hardened. The
mathematical model of deep bed filtration describes the transfer of suspension particles and colloids by a fluid flow through
the pores of a rock. For a one-dimensional filtration problem in a homogeneous porous medium with almost constant
coefficients, an asymptotic solution is constructed. The asymptotics is compared with the numerical solution.
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1. INTRODUCTION

Filtration of suspensions and colloids in porous
media occurs in many natural and technological
processes: the spread of microorganisms in the
aquatic environment, filtration of water in rocks,
treatment of industrial and domestic wastewater,
a decrease in oil production due to the deposition
of small particles entrained in water near the well,
and much more [1-3]. During the construction
of tunnels and underground storage facilities for
hazardous toxic and radioactive waste, a liquid
grout is pumped into the rock under pressure to

Volume 17, Issue 2, 2021

create watertight walls. The grout filters in the
porous soil and clogs the pores after solidification
[4].

The transport of micro- and nanoparticles in a
porous medium is accompanied by the retention
of particles and the formation of a deposit. Various
retention mechanisms of particles carried by a fluid
flow in a porous medium of complex structure
are determined by electric, gravitational and
hydrodynamic forces [5—7]. Filtration models take
into account either a single prevailing retention
mechanism, or several mechanisms acting
simultaneously [8, 9].
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The mathematical model of deep bed filtration
includes the equation for the balance of the
masses of suspended and retained particles and
the kinetic equation of deposit growth, which
form a quasilinear hyperbolic system of the first
order partial differential equations [10]. To solve
filtration problems, both numerical and analytical
methods are used [11-16]. Analytical methods
allow to obtain exact and asymptotic solutions
and their dependence on parameters. This makes
it possible to fine-tune experiments and to solve
inverse filtration problems [17-19].

The classical filtration model assumes that the
properties of the porous medium do not change with
the formation of deposit. More sophisticated models
take into account the dependence of porosity and
permissible flow on the concentration of deposit [20].
In these models, it is assumed that a suspension or
colloidal solution of constant volume concentration
is injected at the inlet of a porous medium.

We consider a one-dimensional model for deep
bed filtration of particles carried by a fluid flow in
a homogeneous porous medium. It is assumed that
the carrier fluid is incompressible; at the porous
medium inlet the suspended particles concentration
is variable. Experiments show that the coefficients
of the filtration equations depending on the
retained concentration do not change much. This
allows us to construct an asymptotic solution
to the filtration problem. The asymptotics
is compared with the numerical solution.

2. MATHEMATICAL MODEL

In the domain Q = {0 <x <1, >0}, consider the
system of first-order differential equations

0 0 oS

a(g(S)C)+§(f(S)C)+5 =0, (1)
B _As)C. 2)
ot

Here the blocking filtration function A(S) is
smooth and positive at 0 <§<S ,§ > 0; A(S)
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=0 at§=>S ; the functions g(S) and f(S) are
positiveat 0 < S<S ; C(x,7), S(x,t) — the unknown
volumetric concentrations of suspended and
retained particles [21].

For the uniqueness of the solution to the system
(1), (2), the initial and boundary conditions are set

C

o =P, p(1)>0, 3)

C| 0’ S|t:0 =0. (4)

=0

Condition (3) means that a suspension of variable
concentration is injected at the inlet of the porous
medium; by condition (4), at the initial moment
of time, the porous medium does not contain
any suspended and retained particles. The
concentrations front of the suspended and retained
particles given by the formula x = vz, v = f{0)/g(0)
moves with a speed v from the inlet to the outlet
of the porous medium. Ahead of the front in the
domain Q = {0<x<1, <x}, the solution is zero;
behind the front in the domain Q = {0 <x<1,1¢
> x}, the decision is positive. Since conditions (3)
and (4) do not matched at the origin, the solution
C is discontinuous at the concentration front; the
solution S is continuous in the whole domain Q.

Consider the condition on the concentrations front

=0. (5)

x=vt

In the domain Q,, the solution to problem (1)—(4)
coincides with the solution to the Goursat problem
(D-3), ).

In characteristic variables 7 =t — x/v, y = x, the
Goursat problem takes the form

2 (2(5)0) =2 (£(S)C)+
% V8§ . ©
+5(f(5)c)+E =0
B _AS)C. %
or
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Conditions (3) and (5) take the form

C,, =P, (8)

=0, (9)

3. ASYMPTOTICS FOR ALMOST
CONSTANT COEFFICIENTS

Assume that the coefficients of equations (1), (2)
admit expansions

g(S)=g,+¢eg,S+...,

f(S=fo+¢efiS+..,
AS)=A,+ eANS+.....

(10)

Here ¢ is a small positive parameter.
The solution to the system (6), (7) is obtained in
the form [22, 23]

S(y,7)=so(y,7) +&8(y,7) + ..., (11)
C(y,r)=cy(y,0)+ec,(y,7)+....
Substitute the expansions (10), (11) into the
equations (6), (7) and equate the terms at the
same powers of €. We obtain a recurrent system
of differential equations

f%j}oﬂ\oco 0, (12)
0s
a_;:Ao 05 (13)
fo +A 1+f
" (14)

S(x,) = APt —x/ v)e ™ (1+8((B+O.SP(t—x/v))(D(e’A" —1)+A1e’AX))),
C(x,0)=p(t—x/v)e ™ (1 +&(B+DP(t —)C/V))(e—Ax _1))_
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Os
—L = Aye, + A Sy

(15)

Conditions for the equations (12)—(15) follow
from (8) and (9)

(16)
(17)

Solution to the system (12)—(15) with the
conditions (16), (17)

Co = p(T)e_Aya So = AOP(T)e_Aya (18)

\=p()(B+DP(r))e (e ~1), (19)

Ay (Bp (1) +0.5DP* (7)) e -

( 1)+ 0.5A,A P (r)e . 20)

Here

4=52 P = [

0

- filv, D:Al—%l\o.

0

Substituting the solutions (18)—(20) into the
expansions (11) and passing to the Cartesian
coordinates, we obtain an asymptotic solution to
the problem (1)—~(4) in the domain Q,

21
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4. RESULTS OF NUMERICAL
MODELLING

The numerical calculation was carried out for
the coefficients of equations (1), (2) obtained
from the results of experiments with particles
of a suspension with a radius of 2.179 microns
in the laboratory of the University of Adelaide,
Australia [24]

ayCatx=1

0g

f

0 40 60 50 100
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2(S)=0.9743-8.8818-10*S,
£(S)=0.9947 + 6.2733-10° S,
A(S)=0.5106-0.0060S .

The calculation was made for a linearly increasing
suspended concentration at the porous medium
inlet p(¢r) = 1 + 0.01z. Figures 1-4 show the
asymptotics at € = 0.01 (yellow line) and the
numerical solution (blue line).

b Satx=1

t

20 40 =] 0 100

Figure 1. Concentrations at the porous medium outlet x=1 a) suspended C(1,t); b) retained S(1,t).
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Figure 2. Concentrations at fixed time t=20 a) suspended C(x,20), b) retained S(x,20).
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Figure 3. Concentrations at fixed time t=40 a) suspended C(x,40), b) retained S(x,40).
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a) Catt=60
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Figure 4. Concentrations at fixed time t=60 a) suspended C(x,60); b) retained S(x,60).

At the porous medium outlet x = 1, the relative error
of the asymptotics increases with time. For the
suspended and retained particles concentrations,
the error reaches 2.5% and 0.1% at r = 40,
1% and 5% at ¢t = 60, 5% and 10% at r = 100,
respectively. For a fixed time, the relative error
of the asymptotics throughout the whole porous
medium does not exceed 1% at 1 =20, 2% at t =
40, and 4% at ¢t = 60 for both types of particles
concentrations.

5. CONCLUSIONS

The study of the mathematical model of deep
bed filtration of suspensions and colloids in a
porous medium allows us to draw the following
conclusions.

— An asymptotic solution to the filtration problem
is constructed.

— The main term of the asymptotics coincides with
the exact solution of the problem with constant
coefficients.

— The asymptotics is close to the numerical
solution.

— The asymptotic solution depending on the model
parameters can be used to fine-tune laboratory
experiments and to solve the inverse filtration
problem.

Volume 17, Issue 2, 2021
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SOLUTION OF UNSTEADY-STATE MOISTURE TRANSFER
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Abstract: Moisture regime of enclosing structures is one of the most complicated and controversial directions in construction
industry. Temporary climate impact on enclosing structures and low moisture inertia of building materials lead to the
situation in which it is impossible to calculate the steady-state moisture regime. Numerical methods are usually used to
assess the moisture behaviour of the enclosing structures. In the current paper, a differential equation of moisture transfer
is formulated. The solution of the unsteady-state equation of moisture transfer was obtained using the discrete-continuous
approach. Thus, a formula which allows scientists to calculate unsteady-state moisture transfer in multilayer walls of
buildings was obtained. A two-layer building enclosing structure with aerated concrete base and mineral wool insulation
was calculated.

Keywords: moisture regime, mathematical model, discrete-continuous method, moisture potential,
multilayer enclosing structure.

HNCIOJIB30OBAHUE JMCKPETHO-KOHTHUHYAJIBHOT O
MOJAXOJIA K PEHIEHUIO YPABHEHUS HECTAIIMOHAPHOI'O
BJIAT'OIIEPEHOCA B MHOT'OCJIOMHBIX CTEHAX 3IAHUI

K.I1. 3yoapes "*

! HarioHabHbI HCClie[oBaTelbcKii MOCKOBCKHIA TOCY/IapPCTBEHHBIH CTPOUTEIbHBIN YHHBEpcHTET, I. Mocksa, POCCHU S
2 HayuHO-HCCIIeIOBATENILCKA HHCTUTYT CTPOUTENBHOM (HH3UKH POCCHIICKOM akaleMUH apXUTEKTYPhI B CTPOMTEIBHBIX
HayK, . MockBa, POCCUA

AHHoOTauus: Bra)XHOCTHBIM PEXUM OTPaXTAIOMINX KOHCTPYKIWH 3MaHUHN SBIAETCS OOHUM M3 HambOoJee CIOXKHBIX U
MIPOTUBOPEUMBBIX HANPABICHUI B CTPOUTENLCTBE. [I0CTOSHHOE N3MEHEHNE KIMMAaTHUECKUX BO3/IEHCTBHI HA Orpaxkja-
IOLIYI0 KOHCTPYKIMIO M HU3Kasl BIAXHOCTHAsI MHEPLUS CTPOUTENBHBIX MAaT€PHUAIOB MPUBOAAT K CHUTYaIlH, B KOTOPOH
HEBO3MOKHO MPOHM3BOANTH PAcUeThl CTAMOHAPHOTO BIAKHOCTHOTO pexuMa. /I OLEHKH BIAKHOCTHOTO COCTOSIHHS
OTpaXkIaroIIel KOHCTPYKIIMK HCTIONB3YIOTCS YHCIEHHBIE MeToabl. B HacTosmeit padore chopmymmpoBano auddepen-
LHaIbHOE ypaBHEHHE BiaronepeHoca. [lomydeHo pemeHne HeCTalMOHAPHOTO YPABHEHMS BIATOIEPEHOCA C MOMOIIBIO
JMCKPETHO-KOHTHHYAJIBHOTO NO/IX0Aa. B pe3ynbrare Obla nmomydeHa popmyia, KOTopas TO3BOJISIET PACCUUTHIBATH HECTA-
LIMOHAPHBI BJIArornepeHoc B MHOTOCIIONHBIX CT€HaX 31aHuil. bblia paccunTaHa AByXCIIOMHAs OrpakIaoLasi KOHCTPYKLUS
C OCHOBAaHHEM M3 ra300€TOHA ¥ yTEIUTUTENIEM U3 MUHEPAIbHON BaThI.

Ki1ro4eBble €j10Ba: BIaXHOCTHBIN PEKUM, MaTeMaTHIECKas MOJIEIb, JUCKPETHO-KOHTHHYAIbHBIN METOI, TOTEHINAT
BIIQ)KHOCTH, MHOTOCJIOIHAS OTPayK1AF0Iast KOHCTPYKIIHSL.
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Using Discrete-Continuous Approach for the Solution of Unsteady-State Moisture Transfer Equation for Multilayer

Building Walls

1. INTRODUCTION

Heat and moisture transfer inside enclosing
structures is a vital problem in modern
construction industry [1-7].

In nowadays, there are many multilayers walls
that are used in building, so it is crucial to assess
heat-conductivity coefficients under various
climate conditions [8, 9], durability of building
materials [10—13] and influence of the moisture
content inside enclosures on human health [14—
18].

Calculations of moisture transfer are based on a
transfer potential. For instance, it can be
gradient of water vapor partial pressure [19].
Moreover, moisture transportation can be
described by some moisture transfer potentials.
For example, gradient of water vapor partial
pressure and gradient of capillary pressure [20]
or liquid content pressure [21]. The most
convenient method is a moisture potential
theory, which allows scientists to solve only one
moisture transfer equation using the moisture
potential [22]. A huge number of moisture
potentials exist but in Russian Federation the
moisture potential F, which is included in
regulatory documents, was developed by V.G.
Gagarin and V.V. Kozlov [23].

The moisture potential F' can be written as a
function of moisture and temperature [23]:

F(w,n=E,<r>-¢(w>+%jﬂ(4)d¢. (1)

where F' — moisture potential, Pa; E,— saturated

water vapor pressure, Pa; ¢ — relative air
humidity, %; u — vapor permeability coefficient,
kg/(m-s-Pa); f — moisture conductivity
coefficient, kg/(m- s- kg/kg), which depends on
moisture, ¢ — temperature, 'C; w — material
moisture , % by weight (1 kg/kg = 100 % by
weight).

Moisture transfer differential equation based on
the moisture potential F can be formulated as [23]:
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aF(gwt)_( BOw)+ 8(p(w)E(l))£6F(wt) 2)
Yo Ox°

where y, — enclosing structure dry material
density, kg /m’, T —time, s; x — coordinate, m.

In 2010, the new discrete-continuous approach
was developed by Zolotov A.B., Akimov P.A.,
Sidorov V.N. and Mozgaleva M.L. This
approach gives an opportunity to find an
analytical solution of the unsteady-state heat
transfer equation [24, 25].

The heat transfer equation can be formulated as
[24, 25]:

ot o’t

—=a—. 3

or o @)
where ¢ — thermal diffusivity coefficient, m?/s.

First-order boundary conditions for the heat
transfer equation can be written as [24, 25]:

tsz = texr' (4)
Z‘)c=l = tin‘ (5)
where ¢_, — temperature in x=0, °C; 1_,—

temperature in x=/, °C; t,, — temperature of

ext

; 1, — temperature of inside air,’C;
| — thickness of researched enclosing structure,
m.

If inside and outside temperatures do not change
during time, it is possible to use discrete-
continuous formula:

outside air,’C; t,

Ur)=e" U, - A" (E—e“)-g. (6)

where U — temperature distribution column
vector; U, — initial temperature distribution

column vector; A4 — coefficient matrix; S —
boundary conditions column vector.

Opportunities of the formula (6) has been
developed by V.N. Sidorov and S.M.
Matskevich [26-28]. First-order boundary
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conditions varied with time, and temperature
distribution was described by the following
expression at any moment of time:

Ur)=e""-U, + j " .S(o)do. ()
0

The integral in equation (7) can be determined
by method of trapezoidal.

2. THE PROBLEM

To obtain analytical solution of the unsteady-
state moisture transfer equation (2) for
multilayer building walls using discrete-
continuous method.

3. MATERIALS AND METHODS

The formula (2) was reformulated as [29,30]:

2
OF (w, 1) 0 F(w,1)
ek CE({)———. (8)
ot FO ! axz
where Kp, ~ average material heat-humidity

characteristic coefficient, m?/(s -Pa).

Thus, saturated water vapor pressure E,
depends on temperature and can be calculated
by the following expression:

E (t)=1.84-10" -exp(—5330/ (273 +1)). 9)
In order to simplify equation (8) let us consider

the steady-state heat-transfer equation with third
order boundary conditions:

o’t
—=0. 10
P (10)
ot
-A—| = t,—t). 11
ax o a&rt ( ext 1 ) ( )
ot
A—l =a,l(t,—ty) 12
ax Ly am ( in N) ( )

Kirill P. Zubarev

where ¢ — temperature of the enclosing
structure surface which contacts with outside
air, °C; a,, — heat exchange coefficient of
outside air and enclosing structure section,
W /(m*-°C); t, — temperature of the enclosing
structure surface which contacts with inside air,
Pa; «, — heat exchange coefficient of inside air
and enclosing structure section, W /(m" -°C).

Third-order boundary condition for moisture
transfer equation can be written as:

oF

—-u—1 = F_—-F). 13
/u ax o ﬁext( ext 1) ( )
oF
—| =B (F -F,). 14

/Llax . ﬂl ( in N) ( )

where F,_, — outside air moisture potential equal

to partial pressure of outside air water vapor,
Pa; F, — inside air moisture potential equal to
partial pressure of inside air water vapor, Pa; F,
— moisture potential of the enclosing structure
surface which contacts with outside air, Pa; F,
— moisture potential of the enclosing structure
surface which contacts with inside air, Pa; g, —
moisture exchange coefficient of inside air and
enclosing structure section, kg/(m’-s-Pa);
B.,— moisture exchange coefficient of outside
air and  enclosing section,
kg /(m*-s- Pa).

According to the analytical expressions (9) —
(14), there is a possibility to find discrete-
continuous solution of the moisture-transfer
equation for the multi-layer enclosing structure:

structure

F=p-(G+K-E,-A) 2. K7 _

—r(G+K-E,-A) ' —(G+K-E,-A)>-L+
+(G+K-E, .A)fl(e(G+K.Et.A).r —E)-E+

L GHKE AT

(15)
F,

where G — matrix of coefficients for materials

joint; K — matrix, which takes into account the

differences in the thermal and moisture

52 International Journal for Computational Civil and Structural Engineering



Using Discrete-Continuous Approach for the Solution of Unsteady-State Moisture Transfer Equation for Multilayer

Building Walls

properties of the materials of the calculating
enclosing structure; 4 — matrix of coefficients for
a multilayer enclosing structure; L — a column
vector, the first element of which is equal to one,
other elements are equal to 0 for a multilayer
enclosing structure B — a column vector, the first
and last elements of which describe the boundary
conditions on the outer and inner surfaces of the
enclosing structure, other elements are equal to 0
for a multi-layer enclosing structure; £, — matrix
of the saturated water vapour pressure; p — the
coefficient of the external boundary condition for
a multilayer building enclosing structure, Pa/s’.
A computer program based on formula (15)
has been created. It was made by MATHLAB
application, which is able to use an engineer’s
work.

4. RESULTS AND DISCUSSION

The new discrete-continuous formula was used for
calculation of the moisture regime of the building
wall with aerated concreate base and mineral wool
insulation. The climate data of Moscow (Russian
Federation) for temperature and moisture field was
taken as initial conditions for moisture behaviour
assessment.

The results of the moisture behaviour calculation
in the building wall with aerated concreate base

5.0
Mineral Wool | ) :
2 4.0 tion ’ Aerated Concreate Base |
=
g
Zz:3.0 | e
i
)
i 1

g 2.0
2
=
< 1.0
=

0.0 }

0.2 0.3 0.4
Coordinate x, m

Figure 1. Result of the moisture behaviour
calculation in building wall with aerated concreate
base and mineral wool insulation in January (1 —
a moisture behaviour inside enclosing structure;
2 — a maximum sorption zone).

Volume 17, Issue 2, 2021

and mineral wool insulation in January are given
at (Figure 1).

5. CONCLUSIONS

The new efficient method was proposed for
HVAC (heating, ventilation and air conditioning)
engineers. This method is based on the discrete-
continuous approach, which allows scientists
calculate unsteady-state moisture transfer by final
formula (15).
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Abstract. The paper presents COMET software which enables to design steel structural joints widely used in civil and
industrial engineering. Algorithm for designing each joint prototype has been presented as a set of operations implementing
the rules for determining the interrelated values of the joint parameters. Each prototype is developed as an independent
program that performs a full cycle of designing the joint and verification of the joint parameters according to the specified
design codes.

Searching of unknown joint parameters has been transformed to a decision making problem based on analysis of the joint
mathematical model. Automatic searching of unknown joint parameters has been implemented as a multiple targeted
improvement of a certain initial joint design in order to satisfy load-carrying capacity constraints taking into account the
structural and assortment-based constraints. Multiple improvement of current joint design is performed on the basis of
sensitivity analysis relative to variation of governing joint parameters.

Keywords: structural steel joint, decision making problem, sensitivity analysis, software implementation.

O ITIPOIT'PAMMHOMN PEAJIU3AIIMU PACUETA
U NIPOEKTUPOBAHMUS Y3JI0B U COEJUHEHU CTAJIBHBIX
KOHCTPYKIIUHA

B.C. Kapnunosckui’, 3.3. Kpuxkcynos’, A.B. Ilepenvmymep’, B.B. IOpuenxo ?

"' SCAD Soft Ltd., Kues, YKPAUHA
2 KreBCKHi HAIMOHAJIBHBIA YHHBEPCHTET CTPOUTENBCTBA U apXuTeKTyphl, Kues, YKPAUHA

AnHoranus. B craree nmpencrasnena nporpamma KOMETA, no3Bomstonas pacCUUThIBATE U MPOEKTUPOBATH Y3IIbI
METAIITMYECKUX KOHCTPYKIHMH, ITUPOKO UCHOIB3YEMBIE B IPOMBIIIJIEHHOM U IPa)IaHCKOM CTPOHUTENbCTBE. AITOPUTM
MIPOEKTUPOBAHMS Ka)KJOT0 TPOTOTHIIA y3JIa IPEJICTABIICH B BUIe HaOOpa oTeparii, pean3yIomnX MpaBuiia OIpeelICHNs
3HAUEHUH B3aNMOCBSI3aHHBIX APaMETPOB y3II0B. JIJIsl Ka)k10ro MPOTOTHIIA y371a pa3padoTaH He3aBUCHMBIN MOIYIIb MPO-
TPaMMBI, BBITIOJTHSIFOIIMH MOJHBIN MK TPOSKTHPOBAHUS y3J1a ¥ IIPOBEPKH €TI0 ITApaMETPOB Ha COOTBETCTBHIE BEIOPAHHBIM
HOpMaM IMPOEKTHUPOBAHUSL.

3aj1aua ImorcKa HeM3BECTHBIX ITapaMETPOB Y3JI0B CTAIBHBIX KOHCTPYKIMH MpeJicTaBiIeHa Kak MpoOieMa MPUHSTHS peLIeHUH
HAa OCHOBE aHaJIM3a MaTEMaTHYECKON MOAEIH y371a. ABTOMAaTHYECKUI MOUCK HEU3BECTHBIX 3HAYEHUI MMapaMeTpoB y3ia
peann3oBaH Kak MHOTOKPATHOE LIENEHANPaBIEHHOE yIy4llIeHHe HEKOTOPOrO UCXOIHOTO MPOEKTHOIO PELIEHUS € LENbIO
Y/IOBJIETBOPEHHS OTpPaHMUYECHUH HECYIIIEH CITOCOOHOCTH, a TAK)KE C yIETOM KOHCTPYKTUBHBIX M COPTAMEHTHBIX OTPAaHIYCHHH.
MHOroKpaTHOE yiIy4lleHne TEKYIIEr0 IPOEKTHOIO PELICHHS y3/1a BBINOIHAETCS Ha OCHOBE aHAIN3a YyBCTBUTEIBHOCTU
10 OTHOLIEHHIO K BAPbUPOBAHUIO YIPABIIIONUX TapaMEeTPOB y3Ja.

KiaroueBrble ciioBa: y3eia CTaJIbHOI KOHCTPYKIIUH, r[p06neMa MMPUHATUA peIHGHHﬁ, aHaJIN3 YyBCTBUTCIBbHOCTH,
InporpaMMHas peajn3anus.
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INTRODUCTION

Design and analysis of joints is one of the most
important stages of design of steel structures.
Unlike the stress-strain state analysis on the basis of
the design model, which follows the strict rules of
structural mechanics, “algorithms” for the analysis of
joints use the traditional methods (taking into account
the previous experience) of approximate solutions,
which are based on a simplified representation of
the behavior of joints. These methods are usually
closely related to the set of proven designs of joints
(prototypes) used for this type of structures.

Despite the variety of prototypes of joints of one
type (for example, columns bases), the number of
parameters that have to be determined for each of
them in the design process is limited. Taking into
account the peculiarities of the behavior of a certain
prototype of the joint in the structure (e.g., the cross
sections of structural elements coming into the joint,
loads taken by the joint etc.), and the requirements
of various design codes, the algorithm for designing
each joint prototype should be presented as a set of
operations implementing the rules for determining
the interrelated values of the parameters. Each
prototype is developed as an independent procedure
that performs a full cycle of designing the joint,
check of the parameters according to the specified
design codes, as well as the generation of a drawing
of the designed joint. Taking into account the fact
that regardless of the selected prototype most of the
parameters of the same purpose of the joints of the
same type are determined according to the same rules,
the software implementation of parametric prototypes
comes down to the organization of information
exchange between different software modules
that serve to determine the specific parameters.
The focus on the use of parametric prototypes of joints
that meet the above requirements has been adopted
in the first programs developed by SCAD Soft Ltd.
since the mid-1990s and implemented in software
COMET [3]. A similar approach to the solution of
the problem of designing steel structural joints has
been also used by other developers of CAD-CAE
systems, for example, RFEM and RSTAB modules
of Dlubal Software [1], Connections modules of
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Autodesk Robot Structural Analysis Professional [5]
or STK-SAPR and ESPRI of LIRA-SAPR.

PARAMETRIC PROTOTYPES
ORIENTATION

The current version of COMET, which will
be further considered, enables to design steel
structural joints widely used in civil and industrial
engineering [3], [4]. The application is also used
to perform a structural appraisal of a steel joint
according to the requirements of Ukrainian codes
(DBN B 2.6-163: 2010 or DBN B 2.6-198: 2014),
Russian codes (SNiP 11-23-81*, SP 53-103-2004 or
SP 16.13330.2011) and European codes (EN 1993-1-
8, EN 1993-1-1). Among other things, the selection of
codes defines the set of prototypes of joints proposed
for the analysis, which includes only the joints that
are reflected in the text of the codes.

The COMET software provides the following
groups of prototypes for steel structural joints:
nominally pinned and rigid column bases, beam
and rafter splices, hinged and rigid joints between
columns and rafters, and truss joints.

The set of parametric prototypes for each type
of joint has been determined on the basis of
different requirements, the consideration of
which has affected not only the selected designs,
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Figure 1. Set of prototypes of the design of beam
splices.
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but also the parameters necessary for their
implementation.

A set of prototypes implemented for beam splices
is given as an example in Fig. 1.

The joint prototype is selected by the designer. Only
formal checks are performed at the stage of the data
input (e.g. correspondence of the set of force factors
to the selected joint prototype). Once the calculation
is completed, it is up to the designer whether to
accept or reject the analyzed design. Given that
the time of the calculation of joint is comparable
with the time it takes to press a "button" invoking
this operation, it becomes possible to analyze other
options and make a justified decision.

Selection of joint prototype

v

Imput data:

|— — =M

SOFTWARE IMPLEMENTATION
Conceptual provisions and flowchart

The conceptual basis of the project was the idea of
creating a program with the following functions:
* automatic determination of all parameters of the
joint which formally satisfies the requirements
of design codes for the given internal forces
combinations;

* automatic determination of some parameters of
the joint, taking into account the fact that other
parameters are specified by the user and can not
be changed;

External conditions

Structural joint | Materials

parameters

: -

Change of parameters or

A 4

Imput data control
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\ 4

Imput data
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region, drawing Automatic operation in the mode DESIGN
---------- Automatic operation in the mode EXPERTISE
Figure 2. Generalized flow chart in the designer-software interaction mode.
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 implementation of all control verifications of
whether the load-bearing capacity constraints as
well as structural constraints are satisfied in the
cases when all parameters of the joint are specified
and can not be changed.

A generalized flowchart for solving the problem
in the designer-software interaction mode
corresponding to this concept is shown in Fig. 2.
In fact, the role of the program can change from
the "generator of all parameters” of the design
specified by the user, taking into accounts the
codes and external factors to the "simple check"
of the capacity of the joint in accordance with the
codes (the check of the parameters specified by the
user). In cases when the values of some parameters
have to be taken as fixed (user-defined), and
all others are determined by the conditions of
compliance with the codes, the program works
according to the second variant. The program
considers the parameters specified by the user
as the same kind of initial data like the class of
concrete or steel grade.

A role of the structural engineer is an important
feature of the concept of searching/checking the
parameters of the joint adopted in the program.
He is responsible for the choice of the design,
completeness and correctness of the loads taken
into account and acting on the structure with the
considered joint, as well as the analysis of the
applicability of the obtained solution. If in the
result of the analysis the designer changes some
parameters, the program will perform the check
and the search for such values of other parameters
that would ensure the operation of the joint and
would not contradict the codes.

Input and control of the initial data

Initial data include the information about the
structural members connected in the considered
joint, their sections and steel grades, joint’s type
(prototype), set of internal forces acting in adjacent
sections of the connected structural members
(see Fig. 3) as well as the data allowing to select
the properties of the used bolted and welded
connections (see Fig. 4).
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Taking into account the fact that the joint has to
work in different design situations, the program
enables to specify the necessary number of internal
forces combinations. These combinations can
be specified by the user or be the result of the
calculation performed by structural analyzer
SCAD. The main requirement is the simultaneous
action of forces included in one combination.

The check of the initial data is performed by the
program both in the process of their specification
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Figure 3. Dialog boxes for specifying the main
initial data for beam splices.
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(detection of formal errors) and in the design
process. Diagnostic messages are generated on
the basis of the check results.

Software modes

As noted above, the program enables to select
the parameters of the joint on the basis of the
design selected by the user and the conditions
of its reliability and operability under the given
operating conditions and materials (see Fig. 5).
Ifthe joint is already operating in the real structure,
i.e. all its parameters and operating conditions are
known, the check of the joint can be performed, the
results of which enable to make a justified decision
about the possibility of the operation of the joint
in the new conditions (for example, at high loads
on the structure).

Thus, two fundamentally different modes have
been implemented in the program — DESIGN and
EXPERTISE, which are invoked by the respective
buttons.
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Figure 5. Control of the software mode: button
«Design» — searching for structural joints
design decision (mode DESING: calculation
of variable parameters and verification of
the design decision), botton «Calculatey —
verification of the design decision (mode
EXPERTISE)

If in the result of the design the parameters of
the prototype provide the operability of the joint,
but some of them can not be accepted because of
the (possibly not formalized) requirements the
designer knows, the list of the initial data can be
extended by specifying the desired values for such
parameters. At the same time, all other parameters
not subject to the above requirements are set to
zero and the design mode repeats.

When setting the parameters the program analyzes
their values and reports detected violations of
the design requirements. These can be strict
guidelines on the need to change the specified
values, or warnings about the violation of the
recommendations of codes that can be ignored.
Thus, the technology implemented in COMET
supports the mode of active user decision making.
Such a mode can both satisfy an experienced
designer allowing him to achieve the necessary
solution, and allow the beginner to solve a design
problem with minimal interference in the decision-
making process.

Solution optimization

If the design check indicates the need to change
the design parameters, this change is performed in
the program on the basis of the sensitivity analysis.
The idea of this approach is considered below.

Inequalities of the type £, <R, should be satisfied

in all checks between the design values of the
action effects £, and the design strength R,

according to the limit state calculation method
adopted in EN 1990. It is more convenient to
represent these inequalities in the following form:

k=E, /R, <1,0(=1,.,n) (1)

where £ is the utilization factor of the i th constraint,
itis the reciprocal of the factor of safety. The value
of the factors £, is a function of the governing
design parameters X (j = 1,..., p).

It should be noted that not all design parameters
are independent. Some of them can be considered
as governing, while others are unambiguously
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calculated at the known values of the governing
parameters, and are not considered further.
Moreover, some values of the parameters can
be forced by the user; they are fixed and are not
considered in the following description as well.

Automatic selection of the unknown values of the
internal parameters of a joint design is implemented
as a multiple targeted improvement of a certain
initial design of the joint in order to satisfy the
bearing capacity constraints taking into account the
structural and assortment constraints [6, 7]. Multiple
improvement of the design is performed on the basis
of the analysis of its sensitivity to variation of the
controlled parameters of the joint design. The response
of the system, the values of the utilization factors of
the load-bearing capacity constraints, is evaluated
at each variation of a certain controlled parameter.
Let’s consider the case when it is necessary to
improve the design that does not satisfy the
requirements of the codes, since its check has
shown that some of the inequalities (1) are violated
and the utilization factor of the constraints is
greater than one. If an increment AX is given
to one of the parameters, for example X, all
utilization factors can change obtaining new
values k= k + Ak . It is logical to first use the
change of the parameter AX for which the value
of the greatest utilization factor of restrictions

improves the most, i.e. k],r =min max (k, + Ak ).
- s=1,..p i=l,...n ;

PRESENTATION OF RESULTS

Results of the design and verification are given
as a diagram of checked factors, drawing with
a preliminary design of the considered joint, a
family of graphs bounding the region of the load-
bearing capacity of the joint in the coordinate
system of the selected internal forces and the
report in RTF-format.

Factors diagrams

Results of the load-bearing capacity verifications
for compliance with the requirements of design

Volume 17, Issue 2, 2021

codes are given in the form of a factors diagram.
Each factor is accompanied by a reference to the
respective section of the code which regulates
these requirements. The values of the factors are
given in the form of the constraint utilization
factors (see Fig. 6).

Detail drawing

A graphical representation of the designed joint is
given in the form of a simplified drawing, which
describes the structure completely and in detail,
including the specification (see Fig. 7), but it does
not take into account the manufacturer's technical
requirements. In order to correct the drawing it

r o
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Figure 7. Design drawing on the screen.
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can be presented in DXF-format, a file that can
be used by various graphic editors.

Load-bearing capacity regions for structural
Jjoints

Load-bearing capacity region for the structural
joint is a family of graphs in the coordinate system
of the selected internal forces bounding the region
where all utilization factors are less or equal to one
or, by other words, where all inequalities (1) are
satisfied (see Fig. 8). Such family of graphs gives
us a representation of the load-bearing capacity of
the designed joint in terms of the selected design
code [2].

Plotting each variant of such a region deals with a
design verification of hundreds of internal forces
combinations. It seems to us that such a large-scale
verification has never been performed before.
The program also enables to show the position
of points corresponding to the internal forces
and to plot a convex shell on the basis of these
points thus bounding the part of the load-bearing
capacity region (see Fig. 8), which corresponds to
any linear combination of design internal forces
in the considered joint.

[File Mode Settings Tools Hep
[ Materals [ Connetions [ Forces | Structure | Drawing | Interaction Curves |
Fixed values of forces
Ve 0 T
Coefficient
Criicalfactor
I
I ne T
My Tm
I B Show H | & &
I (/] Show values in the screentip |
T Menu §  Calculate
|m Desian [ Repot | &  Hep

Figure 8. Plotting the load-bearing capacity
region together with points corresponded to the
acting internal forces in the joint and convex
shell of internal forces.
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CONCLUSIONS

Algorithm for designing each joint prototype has
been presented as a set of operations implementing
the rules for determining the interrelated values
of the joint parameters. Searching of unknown
joint parameters has been transformed to a
decision making problem based on an analysis
of mathematical model of the joint. Automatic
searching of unknown joint parameters has been
implemented as a multiple targeted improvement
of a certain initial joint design in order to satisfy
load-bearing capacity constraints taking into
account the structural and assortment-based
constraints. Multiple improvement of current joint
design is performed on the basis of sensitivity
analysis relative to variation of governing joint
parameters.
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INTERACTION OF LARGE PILES WITH A MULTILAYER
SOIL MASS, TAKING INTO ACCOUNT HARDENING AND
SOFTENING

Zaven G. Ter-Martirosyan, Armen Z. Ter-Martirosyan, Aleksandr S. Akuletsky

National Research Moscow State University of Civil Engineering, Moscow, RUSSIA

Abstract: This article discusses the formulation and solution of the problem of the interaction of a long pile with the
surrounding multilayer and underlying soils, taking into account the rheological properties of the surrounding soil mass.
The creep process is considered taking into account hardening and softening. The problem was considered in a linear
setting. The solution is presented by analytical method. To describe the creep process, the rheological parameters of
hardening and softening were used. An expression is obtained for finding the reduced shear modulus for a multilayer soil
mass. A dependence is obtained for determining the force on the pile heel on time, taking into account the rheological
parameters of hardening and softening. Analytical solutions in the article are supported by a graphical part. The graphs of
the dependence of the settlement of the pile, the force on the heel of the pile cutting through alternating layers, on time
for various parameters of viscosity, as well as for variable parameters of hardening and softening are given. The solutions
obtained can be used for preliminary determination of the movement of long piles with the surrounding multilayer and
underlying soils.

Keywords: pile interaction, multilayer and underlying soils, analytical method, reduced modulus, rheological
properties, settlement rate, hardening factor, softening factor.

B3AUMOJIEMCTBUE CBAHU BOJIbBIIIOHA JJIUHBI C MHOI'O-
CJIOMHBIM MACCHUBOM I'PYHTA C YYETOM YIIPOUHEHUSI
U PABYIIPOUHEHUS

3.1. Tep-Mapmupocan, A.3. Tep-Mapmupocan A.C. Akyreukuii

HarmmonaneHe1i ncciiegoBaTenbckuii MOCKOBCKHIA TOCYIapCTBEHHBIN CTPOUTENBHBIN YHUBepcHUTET, T. Mocksa, POCCHUA

AHHoTauus: B maHHOi! cTaThe paccMOTpPEeHA MOCTAHOBKA U PEIICHUE 3aJaYH O B3aUMOICHCTBHH CBaX OOJBIION AITHHEI C
OKPYKArOIIAM MHOTOCIIOWHBIM U TIOJICTHIIAIOIINAM IPYHTAMHU C YIETOM PEOJIOTHIECKUX CBOWCTB OKPY’KAIOIIETO MacCHBa
rpyHTa. [Iporecc moa3y4yecTn paccMaTpUBAETCs ¢ YIETOM YIIPOYHEHHS M pa3ylpodHeHMs. 3afada paccMaTpHuBajiach B
JIMHENHOM IOCTaHOBKE. PellieHne n3n0keHo aHaIMTHYECKUM METO0M. JIJ1st onrcaHus mpouecca noa3yyeCcTH UCII0JIb30Ba-
JIUCH PEOJOTHYECKHUE TTAPaMETPHI YIIPOIHEHHS B pa3ynpouHeHns. [1oaydeHo BrIpakeHne T HaXOKISHHS IPHBEICHHOTO
MOJYIISI CIBUTA TSI MHOTOCJIOHOTO MaccuBa IpyHTa. [lomydena 3aBUCUMOCTD IS OTIPENIENICHUS YCWIHS Ha MATY CBan
OT BPEMEHH C yUETOM PEOJOTHYECKUX IMapaMeTPOB YIIPOUHEHUS M Pa3ylNpOYHEHUs. AHATUTHICCKHIE PEIICHHS B CTaThE
MTOJKPETUICHBI rpadnaeckoit yacTeto. [IpuBeneHs! rpadukn 3aBUCUMOCTH OCAIKU CBAaW, yCHWJIHS Ha ATy CBaH, Ipope3a-
OIIEeH YepeayIonIrecs IO, OT BPEMEHH IIPH PA3INYHBIX ITapaMeTpax BA3KOCTH, a TaKKe P ITePEeMEHHBIX TapaMeTpax
YIOPOYHEHUS U pa3ynpodHeHus. [lomydeHHbIe pereHns MOTyT OBITh HCIIOJIE30BAHEI IS IPEABAPUTEIHHOTO OIIPEICTICHIUS
TIepeMeIIeHHUs CBar OOIBIION JUTMHBI C OKPYKAIOIIMM MHOTOCIIOMHBIM U TIOACTHIIAIONIAM TPYHTaMH.

KuiroueBsble cJjioBa: B3aMMOAEHCTBHE CBAW, MHOT'OCIOMHBIN U MOACTHIIAIOLIUI TPYHThI, aHAIUTUYECKUNA METO/,

HPUBEICHHBII MOJYIIb, PEOJIOTHYECKHE CBOHCTBA, CKOPOCTh 0CAAKU, KOA(D(MHULIUEHT YIPOIHEHHS,
k03 (HUIHEHT pa3ypOIHEHUS.
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INTRODUCTION

Construction sites are characterized mainly by
difficult engineering and geological conditions,
represented by the presence of several layers at
the base, including weak clayey water-saturated
soils. Under these conditions, as a rule, it is used:
soil consolidation [1-5], soil reinforcement [6—
71, significant deepening of the underground part
of buildings, etc. But the pile foundation is
considered as the main type of foundation on
such sites [8—14]. When the basement of weak
clayey soils occurs, the settlement of the building
can continue for a long period of time. There are
cases when the settlements of buildings and
structures did not subside for several decades.
The most famous example of the Leaning Tower
of Pisa, the slope of which developed over
several centuries. In the design of foundations on
such soils, the forecast of settlement over time is
of great importance. The strength and stability of
structures will depend both on the rate of
development of the settlement over time and on
the final settlement of the structure. Therefore,
the approach to the description of the process of
foundation settlement should be considered as
rheological [15-22]. It is known that when a long
pile interacts with the surrounding multilayer and
underlying soils, a complex inhomogeneous
stress-strain state arises. In this paper, we
consider the problem of the interaction of a long
pile with a multilayer soil massif in a linear
formulation, which has rheological properties, as
well as the problem of determining the reduced
shear modulus for a soil massif.

Studies of the operation of a long pile show that
the effect of the length of the pile on the
surrounding soil mass extends to a distance of no
more than 6-7 pile diameters, and of the same
order in depth under its lower end [23]. The
distance between the piles less than six diameters
ensures the displacement of the pile and the soil
in the inter-pile space at the same time. These
studies allow us to consider the displacement of
the pile foundation and soil as a single massif,
and also allow the problem of the interaction of a
long pile with a soil massif to be considered as
the problem of the interaction of a pile with a soil

massif of limited dimensions in the form of a
cylinder with a diameter 25 and height L > 7/,
where / is the length of the pile (Fig. 1).

Gy
y

13/12/11
&

~ G4
~
el G;s
X
~ G 2a
Gy vy /PR

2b

Figure 1. Design model of interaction of pile
with multilayer soil column.

MATERIALS AND METHODS

Analysis of the stress-strain state of soils around
the pile and under its end showed that shear
deformations prevail when the pile interacts with
the soil, volumetric deformations can be ignored
[24]. The solution to the problem will be
considered for a round pile. We also assume that
the stiffness of the pile significantly exceeds the
stiffness of the soil.

ECG. >> Ezp. °

Let us write down the equilibrium equation for
the considered case (Fig. 1):
N=T+R, (1)

where

N=m’p, , 2
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T =2mlt ,
R=m’p,.

3)
4

Substituting equations (2), (3), (4) into equation
(1), we obtain expressions for 7 :

T:(p1_p2)%' Q)

Since £, >> E, the settlement of the pile of

each layer under consideration is equal, i.e.
(6)

where S; is a pile settlement for i-for layer; S is —
a total pile settlement.
Shear deformation of the elementary soil layer
around the pile can be determined by the
following relationship:

)
v, (r)= <

1

()

where G; is shear modulus for i -th layer; i = I,
2, ..., nis layer number.

Based on condition (6), we can write an
expression for the tangential stresses of the i-th
layer:

G, (8)

where G is a reduced shear modulus for
multilayer soil mass.
Based on the condition for the distribution of
shear stresses along the length of the pile, we
obtain:

d=1l +7,l,+7.l,, 9)
Considering (9) and (8) together, we obtain an
expression for determining the reduced shear
modulus for a multilayer soil mass:

Volume 17, Issue 2, 2021

G 1,G, +1,G, +1,G,

; (10)

where [/ is a pile length; i = 1, 2, ..., n is layer
number.

Let us write the dependence for the rate of change
in shear deformation around the pile, taking into

account the rheological properties of the
surrounding soil mass:
T T
j=—oyle, (11)
G n@)

where 7. is shear stress rate; 7, =T /2mal,
n(r) —weighted average viscosity index.

Because the forces transferred to the pile are
constant ( p, =const), the pressure rate at the

pile head does not change ( p, =0). Based on

this, we determine the rate of change in shear
stresses:

i o=—p, 2 (12)
« =Py

221
The rate of settlement of the pile from the action
of shear stresses on the lateral surface, taking into
account the elastic-viscous characteristics of the

surrounding soil mass:

VT =% ln[éj+ at, ln(é), (13)
n() \a G a

where G was obtained from (10).
Let us determine the rate of settlement of the pile
due to the deformation of the soil under the lower
end of the pile, assuming that the pile acts as a
flat round stamp. The equation is:

m(l-v,)K

VRsz 4G
0

; (14)

where p, is pressure rate under the pile heel; v,

and G, is deformation parameters of the soil
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under the lower end of the pile; K<1 —
coefficient taking into account the depth of
application of the load on the pile heel.

Based on the fact that £, >> E_ the rate of

settlement from forces on the lateral surface is
equal to the rate of settlement from the action of
forces at the level of the lower end of the pile.
Equating (13) and (14), as well as taking into
account (5) and (12), we obtain:

s 2] )
P2 \a) 7226 \a

(p,

After performing certain transformations, we get
the following differential equation:

) 1 )2
+ =—), 16
Pr TP, (A ()4 (16)
rme
_ z(l-v,)KI +l. (17)

2G,a ln(b)
a

The general solution of the differential equation
(16) is found by the formula [25]:

_ o
p,()=e { ()4

dt
P ef”(’”dtJrC]. (18)

To describe the creep process, we use the
rheological parameters of hardening and
softening. Let us consider the solution of Eq. (18)
taking into account hardening, when
n(t) =n,e” . In this case:

*J. dt J' dt
pa=e M [ | (19)
nee” 4

where 7, is initial coefficient of soil viscosity; a
is soil hardening factor.

p t_eon]OA |—l e_anoAdt+C =
2() ( 770 at

= M4 {ple @y C} = p, +Ce®™"
Integration constant C is determined from the

initial condition at = 0. Then:

1

C=(p,(0)-p, )/ e’

@2y
Finally, we obtain:

e ]

p, () =p, +(p2 0)-p, )e o

(22)

The settlement of the pile at a certain point in
time t can be determined by the formula:

m(l-v,)K
V.t)=p,t) ————, 23
&) =p,(0) 4G, (23)
where p, (f) we find by the formula (22).
Consider the solution to Egs. (22) and (23) with

the initial condition p,(0)=0 with variable
values n, =1-10"11, n,=5-10"11,
n,=1-1021, n,=5-10"1, a

a=005; [=30m; a=05m; b=65-a; E; =
30 MPa, E; = 10 MPa, E; = 25 MPa, Ey = 50
MPa; v, =v, =v, =v,=035;K=0.7

TAaKXE

70 International Journal for Computational Civil and Structural Engineering



Interaction of Large Piles with a Multilayer Soil Mass, Taking Into Account Hardening and Softening

m=1-10411 7y =1-10010
™ p=110"P 7, =1.10%P

7, =5-10"17 Ny =5-104010
—— i == "

7, =5-104P 7, =5-108P

1000

0 5 10 15 20 25 30 35 40 45
Bepws t, qac
Time t. hour
ny=1-10%11
7, =1.10%P
ne=510%m1
—— 4
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n=110"17
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Figure 2. Dependency graphs p,(t) (up) and
V. (t) (down) at various parameters of the
viscosity of the surrounding soil.

Consider the solution to Egs. (22) and (23) for
variable values «;, =0.10,, =0.15,;, =0.20
,a, =025, as well as 7, =1-10°I7; [ =30 m;
a=0.5m; b=6.5-a;E;=30MPa, E>= 10 MPa,
Es = 25 MPa, Ey = 50 MPa;
vi=v,=v,=v,=035K=0.7

Let us consider the solution of Eq. (18) taking
into account the softening, when 7(z) = n,e™” .

In this case:

Volume 17, Issue 2, 2021

—— ;=010 —e— a;=0.20
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Figure 2. Dependency graphs p,(t) (up) and
V. (t) (down) at different values of the

hardening coefficient

dt dt
RE o I |

() =e nemAe”W“m+c,a®
0

where 77, is initial coefficient of soil viscosity;
is soil softening factor.

2" 28
- M4 704

b€

207

+C |=p, +Ce ™.

p()=e (25)

Integration constant C is determined from the
initial condition at. Then:
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2
C=(p2(0)—p1)/€ e (26)
Finally, we obtain:

—2(e”-1)

PO =p, +(p,(0)—p)e "™

(27)

no=1.10"17 ny=1-10017
s 1 12
7, =1-10"P 7y =1-10°P
n,=5-10"11 ny=5-10"1
- —— -
7, =5-10"P ny=510"P
1000 SO0 0—0—Fig—0—

VCHTHe Ha IATY CBaH P,. KI1a

Forceon the heel of

0 5 10 15 20 25 30 35 40 45
Bpewms t. gac
Time t. hour

n=1-10"10 ny=1-10211
T il e 75=1:10%P
7, =5-10"17 7:=5-10"11
™ p=s5a10"P T p.=5-108P

=9
P

0 5 10 15 20 25 30 35 40 45
Bepwms t, 9ac
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Figure 4. Dependency graphs p,(t) (up) and
V. (t) (down) at various parameters of the
viscosity of the surrounding soil

Consider the solution to Egs. (27) and (23) with
the initial condition p,(0)=0 with variable
n,=1-10"11, n,=5-10"11,
n,=1-10211, n,=5-10"11, as well as
B=0.05;1=30m; a=0.5m; b=6.5-a; E1 =30
MPa, E> = 10 MPa, E3 = 25 MPa, Eg = 50 MPa;
vi,=v,=v,=v,=035K=0.7

Consider the solution to Egs. (27) and (23) for
variable values f, =0.10, 8, =0.15, 8, =0.20
, B, =0.25, as well as 77, =1-10"IT; [ =30 m;
a=0.5m; b=6.5-a;E; =30 MPa, E>= 10 MPa,

values

Es = 25 MPa Ey = 50 MPa;
v,=v,=v,=v,=035K=0.7
—~  B=0.10 B =020
B =0.15 —— pi=025
1100
L oo * e —
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Figure 5. Dependency graphs p,(t) (up) and
V. (t) (down) at different values of the

hardening coefficient
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RESULTS

Analysis of the obtained dependences shows
that over time, the stress under the pile base and
the pile settlement change at different rates and
tend to a constant value (for 1 — oo, p(t) — p,,
= const, V (t) — V, = const). Therefore, based
on condition (5), the shear stresses on the lateral
surface of the pile decrease with time. The obtained
dependencies make it possible to predict the
development of precipitation in time. According to
the data obtained, with an increase in the viscosity
coefficient, a decrease in the rate of stress change
under the pile base, as well as pile settlement, is
observed. According to the obtained dependences
(Fig. 3, 5), with an increase in the hardening
coefficient, the final pressure under the pile base and
the pile settlement decreases. Taking into account
the rheological coefficient of softening, a complex
nature of the time redistribution of efforts between
the head and the fifth pile is observed.

CONCLUSION AND DISCUSSION

When the pile interacts with the surrounding
multilayer soil massif, which has elastic-viscous
characteristics, a complex stress-strain state
arises, in which the stress under the pile base
changes over time. According to the obtained
dependencies, over time, the stresses on the
heel of the pile increase, while the shear stresses
decrease. The obtained dependencies allow
predicting the development of pile settlement in
time. The rheological properties of a multilayer
soil massif have a significant impact on the nature
of the redistribution of forces on the pile between
the lateral surface and the lower end. The results
obtained indicate that the formation of stress-strain
state around the pile in time depends on the form of
the function of changing the viscosity parameters.
Analysis of the graphs obtained shows that the
time of stabilization of the sediment, as well as the
time of stabilization of the pressure under the heel
of'the pile, significantly depends on the rheological
coefficients of hardening and softening.
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OF EIGENVIBRATIONS OF ELASTIC PLATES
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Abstract: As is known, for some elastic systems with a finite number of degrees of freedom of masses, for which the
directions of motion of the masses are parallel and lie in the same plane, methods have been developed for creating
additional constraints that purposefully change the spectrum of natural frequencies. In particular, theory and algorithm for
the formation of aimed additional constraints have been developed for the rods, the introduction of each of which does
not change any of the modes of natural vibrations, but only increases the value of only one frequency, without changing
the values of the remaining frequencies. The distinctive paper is devoted to the method of forming a matrix of additional
stiffness coefficients corresponding to such aimed constraint in the problem of natural vibrations of rods. This method can
also be applied to solving a similar problem for elastic systems with a finite number of degrees of freedom, in which the
directions of motion of the masses are parallel, but not lie in the same plane. In particular, such systems include plates.
However, the algorithms for the formation of aimed additional constraints, developed for rods and based on the properties
of rope polygons, cannot be used without significant changes in a similar problem for plates. The method for the formation
of design constraint schemes that purposefully change the spectrum of frequencies of natural vibrations of elastic plates
with a finite number of degrees of freedom of masses, will be considered in the next work.

Keywords: frequency of natural vibrations, form of natural vibrations, aimed constraint, additional constraint,
stiffness coefficients

HPULEJBHOE PET'YIMPOBAHUE CIIEKTPA YACTOT
COBCTBEHHBIX KOJIEBAHU YIIPYTUX IIACTUH
C KOHEYHBIM YU CJIOM CTENEHEH CBOBOJIbl MACC
NYTEM HAJIOKEHUSA JOMOJHUTEJIBHBIX CBA3EN

JI.C. JIaxoeuu ', I.A. Akumoe *

! ToMCKHii TOCYIapCTBEHHBIN apXUTEKTYPHO-CTPOUTENBHBIN yHUBEpCHUTET, T. Tomck, POCCHU S
? HarmoHanmbHBIN HCCIIeoBaTeibeknit MOCKOBCKHIT TOCYIapCTBEHHBIH CTPOUTENBbHBIH yHIBEpcHTeT, I. Mocksa, POC-
cus

Annoranust: K HacrosiiieMy BpeMeHH JUIsi HEKOTOPBIX YIIPYTHX CUCTEM C KOHEYHBIM YUCIIOM CTETIeHeH CBOOO/IbI Macc, Y
KOTOPBIX HAIPABJICHHS ABHKEHHSI MacC MapajuiesIbHbI U JISKAT B OJHOI MIOCKOCTH, pa3padOTaHbl METObI CO3JaHusl J10-
HOJIHUTENBHBIX CBSI3eH MPHUILIEIEHO U3MEHSIOLIUX CIEKTP YacTOT COOCTBEHHBIX KoseOanuid. B wactHoCTH, U151 cTEep)KHEH
pa3paboTaHbl TEOPUS U AITOPUTM (POPMHUPOBAHUS PHUIIECTBHBIX JOTOJHUTENBHBIX CBS3CH, BBEJICHHE KaX 101 U3 KOTOPBIX
HE U3MEHSET HU O/IHY U3 (hOPM COOCTBEHHBIX KOJIcOAHHH, a JIMIIb YBEINYNBACT 3HAYCHHE TOJIBKO OJHOW YacTOTHI, HE U3~
MEHsIsl BEJIMYMH OCTAJIbHBIX YacTOT. B JaHHOI! cTarhe moka3aHo, 4To MeTos (POPMUPOBAHHS MATPHULIBI JIOTIOTHUTEIBHBIX
K03 PUIIEHTOB )KECTKOCTH, XapaKTEPU3YIOIINX TaKyI0 MPULEIBHYIO CBS3b B 33/1a4€ O COOCTBEHHBIX KOJIEOAHHUSIX CTEPIK-
Hell, MOXKET OBITh IIPUMEHEH U IIPU PEIICHUH aHAIOTHYHO 3aa4u JJIsl yIIPYTUX CHCTEM C KOHEUHBIM YHCIIOM CTEIIeHEH
CBOOO/IbI, Y KOTOPBIX HAMpPABJICHUS JBIKCHUSI Macc IapaulelibHbl, HO HE JIe)KaT B OJHOW IUIOCKOCTH. B wactHOCTH, K
TAaKUM CHUCTEMaM OTHOCATCS IUIacTHHBL. OJHAKO, aITOPUTMbI (DOPMUPOBAHUSI MTPULIEIBHBIX JTOTOJHUTEIBHBIX CBS3CH,
pa3paboTaHHbIC ISl CTEPIKHEH Ha OCHOBE CBOWCTB BEPEBOYHBIX MHOTOYTOJIBHUKOB, HE MOTYT OBITh 0€3 CYIIEeCTBEHHBIX
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M3MEHEHHH MCTOTBh30BaHbl B aHAJIOTMYHOH 3a7ade Iy TuiacTiH. Meton (opMHIpOBaHUS PACUETHBIX CXEM CBS3CH, MpH-
LIETFHO M3MEHSIOIIHNX CIIEKTP YaCTOT COOCTBEHHBIX KOJICOAHNH YIIPYTHX IMJIACTHH C KOHEYHBIM YHCIIOM CTETIEHEH CBOOOIBI

Macc, OyIeT pacCMOTpEH B CIeayromei padore.

KiroueBble ci1oBa: yactoTa COOCTBEHHBIX KoeOaHnH, (hopma cOOCTBEHHBIX KOJIeOaHNUH, TPUIICTbHAS CBS3b,
JOTIOJTHUTENBHAS CBA3b, KOI((PHUIIMEHTHI )KECTKOCTH

When designing structures, in some cases it be-
comes necessary to deduce one or several natu-
ral frequencies from a certain frequency inter-
val. As is known (see, for instance, [1-5]), one
of the methods for solving such a problem is the
creation of aimed generalized constraints. Each
of aimed generalized constraints increases the
value of only one selected natural frequency to a
predetermined value in advance, without chang-
ing the rest of the natural frequencies and all
natural modes.

In the above-mentioned works for elastic rods
carrying a finite amount of concentrated masses
(corresponding sample is presented in Figure
la), a method was developed for creating aimed
constraints. The principal system of the dis-
placement method was chosen (Figure 15). The
equations of the displacement method were
written in the form traditional for systems with a
finite number of degrees of freedom (7))

(r[L1+ m[]e® WL, j1+ r[1,2]v[2, ]+ ...
+r[l,qMgq, j1+...+r[l,n]v[n, j]=0

P21, j1+ (7[2,2] + m[2]0* W2, j]+ ...
+r[2,9Mgq, jl+...+r[2,n]v[n, j]=0

rln [, j1+ (0,22, j]1+...+ r[n,qV[g, j]1+
+ ..t (P[n, n]+ m[n]o* W[n, j1=0

(1)

It should be noted that elements 7[i,k] form a

matrix of stiffness coefficients, A:”r[i,k]

m[i] are masses, which form a diagonal matrix,
M = |m[i]

system; V[k, j] are displacements in the direc-

; @ 1is the natural frequency of the

tion of motion of the masses in the j-th
((j=L2,..q,,..,n)) natural mode.

Volume 17, Issue 2, 2021

Roots of the equation
[4-0*M|=0 )

determine the spectrum of natural frequencies of
the system

o[l], &[2], ..., w[q 1], @lq], @[g +1],..., @[n].
&)

The problem of creation of aimed constraint,
which increases only one natural frequency (for
instance, @[q]) to a predetermined value (s )

in advance and does not change any of the natu-
ral modes and the values of the remaining fre-
quencies of the spectrum is under consideration.
It is shown that the creation of such constraint is
based on the formation of a matrix of additional
stiffness coefficients

Ay = A5 45 = A ”ao i, k]||Zk=1 , 4)

where Ag =|a, [i,k]||zk=1. (5)
The matrix 4, must have special properties. If
the introduced constraint is “aimed” at the ¢ -th
natural frequency, then the stiffness coefficients

||a0 [i,k]”? ., Should be orthogonal to the coordi-

nates of the natural modes corresponding to the
remaining (n—1) frequencies of the spectrum.

Thus, we have

> a,li, kK, j1=0,
k=1
(=121, =12,.(q=1),(q+1),.,n)

(6)
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Figure 1. Sample of analysis.

The coefficients are not orthogonal with respect
to the ¢ -th natural frequency, at which the in-

troduced constraint is “aimed”. We have
> agli.klv,[k,q]#0, (i=12,.,n). (7)
k=1

It is shown (for instance, [2-5]) that conditions
(6) and (7) will be satisfied by the coefficients

aoli,k] = mliJmlklv,[i,q]v,[k.q].  (8)

The value of the factor A, is defined as the
root of the equation

(4= ;M) + Ag, 4| =0. 9)

Since the ¢ th natural mode of the original sys-
tem remains natural mode after the introduction
of the aimed constraint and at the frequency o,

the factor 4, can be found as

n n

=22 (alisk

KDV, [iqv, [k, q]

ASO — i=1 k=1 (10)
Z aO k]va) l q] (u[k q]
The result of solving the equation
(A+ Agyds) - 0’ M| = (11)

must confirm that the natural modes have not
changed, and the aimed frequency has increased
to ;.

The supporting device, which will correspond to
the matrix of additional stiffness coefficients,
must ensure the relationship between the nodal
displacements is the same as between the coor-
dinates of the ¢ -th form of natural modes of the

original system. It has been shown (see, for in-
stance, [2-5]) that such a relationship will be
realized if the additional support system trans-
fers forces to the nodes of the main system of
the bar. The relationships between which are
proportional to the values
R,[i]=m[i]Mi,(q)]. (12)
An example of such a generalized aimed con-
straint for a rod is a sprengel, the outline of
which is determined by a rope polygon built in
the plane of motion of masses by forces (see, for
instance, [2-5]).
This constraint is once statically undefined. Ver-
tical posts of constraint are installed in the
nodes of the main system in the direction of
mass movement. The prestressing of any one
rod will cause such forces in the truss struts, the
ratios between which will be the same as the
ratios between the forces R, [i].
The distinctive paper is devoted to the problem

of creating of aimed constraint for elastic plates
carrying a finite number of concentrated masses.
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a)

o ¢l0 ¢l5 @20 25 |

oL _old ¢l9 24

ol o ol2 ¢l7 22
ol o5 oll ¢l6 2]

Figure 2. Sample of plate and principal system of the displacement method.

As in a similar problem for the rods, it is pro-
posed to use the principal system of the dis-
placement method. Examples of such a plate
and the corresponding principal system of the
displacement method are shown in Figures 2a
and 2b.

If we accept one-dimensional numbering in the
method of displacements for plates, then the
equations in this case will also be written in the
form (1). Additional constraints in the principal
system and displacements V[k, j] in the equa-

tions correspond to the direction of motion of
the masses.

The derivation of the expressions for the coeffi-
cients of the matrix of additional stiffnesses (4)
for the rods is based on the properties of the
natural modes.

Since the natural modes of the plates, as well as
for rods, are orthogonal,
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im[k]vw[k,q]vw[k,]]:o, (g#j), (13)

k=1

then the problem for elastic plates carrying a
finite number of concentrated masses, as well as
for rods, will be based on the formation of a ma-
trix of additional stiffness coefficients (4). The

coefficients ||a0 [i,k]”: ., must also satisfy con-

ditions (6) and (7) and be determined by de-
pendencies (8).

Let us give an example that confirms that the
matrix of additional stiffness coefficients (4)
serves as the basis for creating aimed constraints
also for elastic plates carrying a finite number of
concentrated masses.

Let us consider a plate carrying 25 concentrated
masses (Figure 1a).
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Table 1. The values of the first five frequencies of natural modes of the plate
and the coordinates of their corresponding natural modes.

Initial frequencies and modes Modified frequencies and modes
w | 36.6583 | 91.0084 | 92.7466 | 146.834 | 178.911 | 91.0084 | 92.7466 | 100.00 | 146.8337 | 178.911
1 10.0830 |0.1995 ]0.0499 |-0.2495 | 0.1547 | -0.1995 | -0.0499 | 0.0830 | -0.2495 | 0.1547
2 10.1434 | 0.2935 | -0.0043 | -0.2433 | -0.0063 | -0.2935 | 0.0043 | 0.1434 | -0.2433 | -0.0063
3 [0.1649 |0.2568 | -0.1468 | 0.0129 | -0.1657 | -0.2568 | 0.1468 | 0.1649 | 0.0129 -0.1657
4 10.1420 ]0.1514 |-0.2494 | 0.2641 | -0.0063 | -0.1514 | 0.2494 | 0.1420 | 0.2641 -0.0063
5 10.0818 |0.0579 |-0.1971 | 0.2624 | 0.1548 | -0.0579 | 0.1971 | 0.0818 | 0.2624 0.1548
6 |0.1441 |0.2533 [0.1398 | -0.2517 | 0.2788 | -0.2533 | -0.1398 | 0.1441 | -0.2517 | 0.2788
7 102492 | 0.3484 | 0.0840 | -0.2447 | 0.0003 | -0.3484 | -0.0840 | 0.2492 | -0.2447 | 0.0003
8 10.2867 |0.2601 |-0.1502 | 0.0123 | -0.2788 | -0.2601 | 0.1502 | 0.2867 | 0.0123 -0.2788
9 10.2468 | 0.1025 | -0.3415 | 0.2593 | 0.0003 | -0.1025 | 0.3415 | 0.2468 | 0.2593 0.0003
10 | 0.1423 | 0.0090 | -0.2912 | 0.2642 | 0.2789 | -0.0090 | 0.2912 | 0.1423 | 0.2642 0.2789
11 10.1672 | 0.1467 | 0.2455 | -0.0058 | 0.3359 | -0.1467 | -0.2455 | 0.1672 | -0.0058 | 0.3359
12 1 0.2895 | 0.1491 | 0.2411 | -0.0017 | 0.0088 | -0.1491 | -0.2411 | 0.2895 | -0.0017 | 0.0088
13 10.3336 | 0.0082 | -0.0119 | 0.0070 | -0.3237 | -0.0082 | 0.0119 | 0.3336 | 0.0070 -0.3237
14 1 0.2877 |-0.1313 | -0.2630 | 0.0124 | 0.0088 | 0.1313 | 0.2630 | 0.2877 | 0.0124 0.0088
151 0.1657 | -0.1331 | -0.2605 | 0.0131 ] 0.3359 | 0.1331 | 0.2605 | 0.1657 | 0.0131 0.3359
16 | 0.1454 | 0.0007 | 0.2856 | 0.2417 | 0.3025 | -0.0007 | -0.2856 | 0.1454 | 0.2417 0.3025
17 10.2522 | -0.0908 | 0.3339 | 0.2415 | 0.0119 | 0.0908 | -0.3339 | 0.2522 | 0.2415 0.0119
18 1 0.2915 | -0.2485 | 0.1317 | -0.0018 | -0.2941 | 0.2485 | -0.1317 | 0.2915 | -0.0018 | -0.2941
19 10.2513 | -0.3314 | -0.1103 | -0.2446 | 0.0118 | 0.3314 | 0.1103 | 0.2513 | -0.2446 | 0.0118
20 | 0.1446 | -0.2398 | -0.1592 | -0.2432 | 0.3025 | 0.2398 | 0.1592 | 0.1446 | -0.2432 | 0.3025
21 | 0.0842 | -0.0528 | 0.1956 | 0.2437 | 0.1811 | 0.0528 | -0.1956 | 0.0842 | 0.2437 0.1811
22 1 0.1461 | -0.1445 | 0.2454 ] 0.2416 | 0.0151 | 0.1445 | -0.2454 | 0.1461 | 0.2416 0.0151
231 0.1688 | -0.2486 | 0.1349 | -0.0059 | -0.1580 | 0.2486 | -0.1349 | 0.1688 | -0.0059 | -0.1580
24 | 0.1457 | -0.2827 | -0.0135 | -0.2517 | 0.0151 | 0.2827 | 0.0135 | 0.1457 | -0.2517 | 0.0151
251 0.0838 | -0.1910 | -0.0633 | -0.2494 | 0.1811 | 0.1910 | 0.0633 | 0.0838 | -0.2494 | 0.1811

In node 9, the mass is equal to 600 kg, in node
18 it is equal to 1000 kg, and in the rest of the
nodes it is equal to 800 kg. The dimensions of
the plate in the plan are equal to 6 and 6 meters
(m), the thickness is equal to 0.12 meters. The
modulus of elasticity of the plate material is
equal to E =24000000000 N /m>, Poisson's
ratio v, = 0.2. With the principal system of the

displacement method (Figure 2b) and one-
dimensional numbering of values in accordance
with Figure 2a, the spectrum of natural frequen-
cies is determined as the roots of equation (2).
The values of the first five frequencies of natu-
ral modes of the plate and the coordinates of
their corresponding natural modes are given in
Table 1 (columns are initial frequencies and
modes).
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Suppose now it is required to increase the value
of the first natural frequency to 100 sec™. For
this, in accordance with (8)-(10), we will form a
matrix of additional stiffness coefficients. All
data necessary for using dependencies (8)-(10)
are given in Table 1 (columns are initial fre-
quencies and modes).

After the formation of the matrix of additional
stiffness coefficients with allowance for their
influence, we determine from equation (11) the
modified spectrum of natural frequencies and
the corresponding natural modes.

The first five natural frequencies and their cor-
responding natural modes are shown in Table 1
(columns are modified frequencies and modes).
It can be seen from the table that taking into ac-
count additional stiffness coefficients did not
change any of the natural modes of the plate,
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but only increased the value of one of the
frequencies from 36.6583 s-1 to a given value
of 100 s-1. This result clearly illustrates the
possibility of using dependencies (5), (8)-(10)
for solving the problem of aimed constraints for
elastic plates with a finite number of degrees of
freedom of masses.

The generalized aimed constraint for the plate,
as well as for the rod, should create additional
stiffness, ensuring the aiming of the constraint.
As noted above, the properties of the aimed
constraints for the rods are based on the properties
of the natural modes. The properties used here can
be also applied to elastic plates. This circumstance
serves as a justification for using the results of
formulating the properties of aimed constraints for
rods and in a similar problem for plates.

Thus, the matrix of additional stiffness coefficients
(4) must correspond to the generalized aimed
constraint in case of the plate. If the design scheme
of the constraint is represented by a variant of
the hinge-rod system, then it must be statically
indeterminate once.

In the nodes of the plate where the masses are
located, posts are installed in the direction of
movement of the masses, and the preliminary
stress of any one element of constraint causes
such forces in the posts of the system, the relations
between which are proportional to the relationship
between the stresses (12). At the same time, there
should be no connections with the plate in the
structure of the constraint, except for the posts
installed in the nodes of the plate, where the
masses are located.

Design schemes of generalized aimed constraints
that meet the above requirements are multivariate
and depend on the shape of the plate, the locations
of the masses and some other features of the
original object. Taking this circumstance into
account, the approaches and algorithms for the
formation of design schemes of constraint that
purposefully change the spectrum of natural
frequencies of elastic plates with a finite number
of degrees of freedom of masses represent a
separate problem and will be considered in the
next research work.

Volume 17, Issue 2, 2021

So, this paper shows that the method of forming
a matrix of additional stiffness coefficients that
determine the aimed constraint in the problem
of natural vibrations of rods can also be used to
solve a similar problem for elastic systems with
a finite number of degrees of freedom of masses,
for which the directions of motion of the masses
are parallel, but do not lie in the same plane.

The paper also substantiates and formulates the
properties and requirements to which the design
schemes of aimed constraints in the problem under
consideration must correspond.
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Abstract: Localization of solution of the problem of two-dimensional theory of elasticity with the use of B-spline
discrete-continual finite element method (specific version of wavelet-based discrete-continual finite element method) is
under consideration in the distinctive paper. The original operational continual and discrete-continual formulations of the
problem are given, some actual aspects of construction of normalized basis functions of a B-spline are considered, the
corresponding local constructions for an arbitrary discrete-continual finite element are described, some information about
the numerical implementation and an example of analysis are presented.

Keywords: localization, wavelet-based discrete-continual finite element method,
B-spline discrete-continual finite element method, discrete-continual finite element method,
finite element method, B-spline, numerical solution, two-dimensional theory of elasticity, structural analysis.

JOKAJIM3ALIMS PEILIEHUS JIBYMEPHOU 3AJTAYU
TEOPUU YIIPYTOCTU HA OCHOBE BEHMBJIET-PEAJIM3ALIUU
JAUCKPETHO-KOHTHUHYAJIBHOI'O METOJA KOHEYHBIX
JIEMEHTOB C UCIIOJIb30OBAHUEM B-CILIAMHOB

M.JI. Mo3zanesa, I1.A. Akumos, T.b. Kaitmykoe

Hanunonanbneliil nccnenoBarenbckuii MOCKOBCKUN TOCYIapCTBEHHBINA CTPOUTENbHBIN YHUBEPCUTET,
. Mocksa, POCCHL

AHHOTalIl/IﬂZ B HaCTOSIHICfI CTAaTbC paCCMATpUBACTCA JIOKAJIU3ALUA PCIICHUA I[ByMepHOﬁ 3aJauu TCOprH yrpyroctu Ha
OCHOBC BeﬁBneT-peanmaum/I JAUCKPETHO-KOHTHHYAJIbHOTO METOJd KOHCYHBIX 3JICMCHTOB € UCIIOJIb30BAHUEM B-cmnaiinos.
HpI/IBe,HeHBI HCXOAHBIC ONICPATOPHBIC KOHTUHYAJIbHAA U JUCKPCTHO-KOHTUHYAJIbHASA MMOCTAHOBKU 3a/1a4u, paCCMOTPCHBIL
HEKOTOPLIC aKTYaJIbHBIC BOIPOCHI MOCTPOCHUA HOPMAJIM30BAHHBIX 0a3HCHBIX (1)yHKHI/II\/'I B—crmaﬁHa, OIMACaHbl COOTBCTCTBY -
IOMINEC JIOKAJIBHBIC MMOCTPOCHUA IS IMPOU3BOJIBHOIO JUCKPECTHO-KOHTUHYAJIBHOT'O KOHECYHOI'O 3JICMCHTA, MPCACTABIICHBI
HEKOTOPBIC CBCACHUS O YHCIICHHOI pcam3alu U NpuMep pacdeTa.

KoaioueBble ciioBa: jokanu3anus, BEHBICT-pean3anis METoja KOHEYHBIX JJIEMEHTOB,
JIMCKPETHO-KOHTHHYAJIBHBIA METOJI KOHEUHBIX 3JIEMEHTOB, METOJI KOHEUHBIX 3JIEMCHTOB,
B-crimaiinsl, yncieHHOE penieHue, IByMepHast 3a/1a4a TEOPUH yIPYTOCTH, PacueThl KOHCTPYKIIHH.

INTRODUCTION between the knots and joining them together at
the knots [1-3].

As we have already mentioned [1, 2], the For instance, compared with commonly used

B-spline in a given simple knot sequence can be = Daubechies wavelets [4-8] B-spline wavelet on

constructed by employing piecewise polynomials interval (BSWI) has explicit expressions, facili-
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tating the calculation of coefficient integration
and differentiation [1-3]. Besides, the multireso-
lution and localization properties of BSWI can
also supply some superiority for engineering
structural analysis [1-3]. The early applications
of spline can be found in papers of H. Antes [9],
J.G. Han [10, 11, 27], Y. Huang [10, 11], W.X.
Ren [10, 11]. The spline wavelet finite element
method was further developed in papers of D.P.
Chen [28], X.F. Chen [12, 13, 15-18, 23, 24,
26], H.B. Dong [23], J.G. Han [25], Y.M. He
[17], Z.H. He [18], Z.J. He [12, 13, 15-17, 23,
24, 26], Y. Huang [25, 27], Z.S. Jiang [22], B.
Li[13, 15,17, 23], M. Liang [19, 21], J.Q. Long
[20], G. Ma [20], T. Matsumoto [20, 22], S.T.
Mau [30], H.H. Miao [15], Q.M. Mo [18],
T.H.H. Pian [28-30], K.Y. Qi [23], W.X. Ren
[25, 27], K. Sumihara [29], P. Tong [30], Y.W.
Wang [22], J.W. Xiang [12-14, 17-22], Z.B.
Yang [15, 16, 24], X.W. Zhang [16, 24, 26],
Y.H. Zhang [12], Y.T. Zhong [14].

As is known, generally the structural analysis
normally require accurate computer-intensive
calculations using numerical (discrete) methods.
The field of application of discrete-continual fi-
nite element method (DCFFEM), proposed by
A.B. Zolotov [33] and P.A. Akimov [31-33]
comprises structures with regular (in particular,
constant or piecewise constant) physical and ge-
ometrical parameters in some dimension (so-
called “basic” direction (dimension)). Consider-
ing problems remain continual along “basic” di-
rection while along other directions DCFEM pre-
supposes finite element approximation. Solution
of corresponding resultant multipoint boundary
problems [34] for systems of ordinary differential
equations with piecewise constant coefficients
and immense number of unknowns is the most
time-consuming stage of the computing, espe-
cially if we take into account the limitation in
performance of personal computers, contempo-
rary software and necessity to obtain correct
semianalytical solution in a reasonable time.
High-accuracy solution at all points of the mod-
el is not required normally, it is necessary to
find only the most accurate solution in some
pre-known domains. Generally the choice of
these domains is a priori data with respect to the

structure being modelled. Designers usually
choose domains with the so-called edge effect
(with the risk of significant stresses that could
potentially lead to the destruction of structures,
etc.) and regions which are subject to specific
operational requirements. It is obvious that the
stress-strain state in such domains is of para-
mount importance. Specified factors along with
the obvious needs of the designer or researcher
to reduce computational costs by application of
DCFEM cause considerable urgency of con-
structing of special algorithms for obtaining lo-
cal solutions (in some domains known in ad-
vance) of boundary problems. Wavelet analysis
provides effective and popular tool for such re-
searches. Solution of the considering problem
within multilevel wavelet analysis is represented
as a composition of local and global compo-
nents. Wavelet-based DCFEM is presented in
papers of P.A. Akimov [35-42], M. Aslami [38-
40], T.B. Kaytukov, M.L. Mozgaleva [35-42]
and O.A. Negrozov [38-40].

The distinctive paper is devoted to numerical
solution of the problem of two-dimensional the-
ory of elasticity with the use of B-spline
DCFEM.

1. FORMULATIONS OF THE PROBLEM

In accordance with [1] let the constancy of the
parameters of the problem be in the direction
corresponding to x, (main direction). The oper-

ational formulation of the problem with the use
of so-called method of extended domain [43],
taking into account the selection of the main di-
rection, is determined by the equation:

el

Lu=F, 0<x</,0<x,</,, (LI1)
where we have

L=-L,03+L,0,+L,,; (1.2)

Luv = 8;ﬂl)lTCjDZ _D;CDlal 9 (14)

Luu :8TD1TCD161; (15)
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F=0F+5,1; (1.6)
L (x,x,)eQ
H(xlaxz)_{o’ (xl,xz)QQ; (17)

0,(x,,x,)=00/0n; (1.8)

Q) is the domain, occupied by structure;
Q={(x,x,): 0<x,<l;; 0<x,</,};(1.9)

¢,,0, are corresponding dimensions of extend-
ed domain (linear dimensions of considering
structure); x=(x,,x,); x,,x, are Cartesian
coordinates; €(x,,x,) is characteristic function
of domain Q; &, =5, (x;,x,) is the delta func-
tion of boundary I =0Q;

boundary normal vector; u is the vector of dis-
placements (unknown vector function),

n=[n n,]" is

i = ”l (1.10)
1 0 0 0
D =0 0|; D,=|0 1|; (.11
0 1 10
20+ 2
C=| 4 2y+ﬂ o; (1.12)
0 0 7

u# and A are Lame parameters; F is the load
vector in domain Q; f is the corresponding
boundary load vector; O, =0/0x,, s=1,2;
0, =—0/ox, s=1,2.

Let us introduce the following notations

_ _ |
v=0,u :[V;} (1.13)
u'=0,u; v =0,y (1.14)
Thus we can rewrite (1.1)
L a+Lv-L0dv=F (1.15)
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Finally we obtain system of differential equa-
tions with operational coefficients:

u'=v
B L= (L.16)
v =LL u+L'Lv-LF
or
7 =1z+F, (1.17)
where
~ 0 E O

F =
u
H [ } (1.19)
The system of equations (1.17) is supplemented
by boundary conditions, which are set in sec-

tions with coordinates x, =0 and x; =/, .

2. SOME ASPECTS OF THE
CONSTRUCTION OF NORMALIZED
BASIS FUNCTIONS OF THE B-SPLINE

The construction of B-spline basic functions is
determined by the recursive Cox-de Boer for-
mulas [1]:

o B 1’ )Cigt<xi+l

k=1: (pi,l(t)_{o,t<xin2xi+l,

(2.1)
1= X)P
%,k(l‘):%+

k22: i+h—1 i 22
. (X = D@5, () =

ka _le .

We will consider such a construction for the
case X; = are integers. Let us note that,

Dix (1) = Dok (t-1)

and therefore, recursive formulas (2.1)-(2.2) can
be represented in the form
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1, 0<r<«l

k=l %l(t):{o (<ovesty &)
1

k>2- Do« (t) =E[t'¢07k—l (t)+ (24)

+(k =0, (t=D].
The function ¢, ,(¢) can be represented by formula

L

@0, (1) = Tsign(r) ~sign(t=1)].  (2.5)

Let us denote by A, the operator of the first dif-
ference. Then we have

0 =—%A1 sign().  (2.6)

We can substitute formula (2.5) into (2.4) in or-
der to determine @, , (¢) :

Por (O =110y, () + (2 -D)p,, (1 —1)] =
= % {t -[sign(¢) —sign(z —1)]+
(2—1)[sign(¢t —1)—sign(t —2)]} =

= %[t sign(r) —2(t — 1) sign(z - 1)+

(t—2)sign(t —2)] =%[|t|—2|t—1|+|t—2|.

Let us denote by A, the operator of the second
difference. Then we have

1 1
o> (O) =Mt =2 )=+ [1=2]=2A, [1-1].

(2.7)
We can define function ¢ ;(7):

0o (1) = %[t Por(O)+ B Dyt = D)].

Omitting intermediate calculations, we get

1
o3 (1) = L] 3 =D =11+
+3(t-2) |t-2|—(t-3)|t-3]] =

11
:_E!EAlAz((t_l)“_lD- (2.8)

Based on formulas (2.8) and (2.4), we can de-
fine the function

Do (1) = %[z 905 () + (A= D)y 3 (= D]

Omitting intermediate calculations, as a result
we get

¢70,4(1):
1 2 2
=——- —[t"-|t|4¢-D)"|t-1]+
5.3 2[ [t -4 —=1)" | |
+6(t=2) [t -2 -4(t-3)|t=-3|+
+(t—4) |t—4]=

L1
=15 A) (=7 [1=2)). 29)

It can be proved that for even k£ =2m we have

1 1 m 2m-2
t)=——(A t—m t—m
P (1) (2m—1)!2( ) ((E=m)™ | D
(2.10)
and for odd (uneven) k£ =2m +1 we have
(t ——;lA A" (t=m)*" " | t-1))
Po (1) = am) 2 1(A,) m)™ [t =1]).
(2.11)

Note that ¢, (f) is a polynomial of degree

k-1 with bounded support and, as follows
from the difference operator, this support is
equal to the interval [0, k].

In addition, we should note the following prop-
erty of B-spline basis functions:

Z @, (t—1i)=1 for arbitrary . (2.12)
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—1 —2 —3 —4 —5 —0
u Uu (7] U 74 u
L @ & & @ @
X1(ie) X2 X3 X4 X5(ie) X6(ie)
< >
e
Figure 3.1. Finite element discretication for N, =5 (sample).
_1 2 _3 —4
[ u u U
L @ \ .
Xi(ie) x2 X3 X4(ie)
< >
e
Figure 3.2. Finite element discretication for N, =3 (sample).
1 —2
U U
L .
X1(ie) X2(ie)
< >

e

Figure 3.3. Finite element discretication for N, =1 (sample).

3. SOME GENERAL ASPECTS OF FINITE
ELEMENT APPROXIMATION

The discrete component of the numerical solu-
tion is represented by the direction along the
axis corresponding to x,. The fulfillment within

an element (interval) for all components of a
vector functions # and v (see (1.10), (1.13)) is
the same. Therefore, let us use the following
notation for simplicity:

X=X, f:fl, y=y(x), (31)

where y = y(x) is unknown function (compo-

nent of vector function).
Let us divide the interval (0, /) segment into

N, parts (elements). Therefore h, =¢/N, is the

length of the element. Besides, let us also divide
each element into N, parts. It should be noted

that on the elements of the localization of the so-

Volume 17, Issue 2, 2021

lution, parameter N, is of greater importance

than on the other elements. For example, on lo-
calization elements, we can set N, =5, i.e. un-

known functions will be represented by polyno-
mials (B-splines) of the 5th degree (Figure 3.1).

Let us use the following notation system: i, is
the element number; N, =N, +1=6 is the
number of nodes within the element; x,(i,) is
the coordinate of the starting point of the i, -th
element; x,(i,) is the coordinate of the end
point of the i,-th element. Thus, the number of

unknowns per element with such approximation
is equal to

N,=2N =12.

ie )4

For the elements of localization we can take re-
duced number of N, . For instance, if we take
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N, =3 (Figure 3.2) we get N, =N, +1=4

and the number of unknowns per element with
such approximation is equal to

N, =2N, =38;

x,(i,) 1s the coordinate of the starting point of
the 7,-th element; x,(i,) is the coordinate of the
end point of the 7, -th element.

Besides, let us consider the case with N, =1
(Figure 3.3). Therefor we have N, =N, +1=2

and the number of unknowns per element with
such approximation is equal to

N,=2N,6 =4,
where x,(i,) is the coordinate of the starting

point of the i,-th element; x,(i,) is the coordi-

nate of the end point of the 7, -th element.

4. LOCAL CONSTRUCTIONS
FOR ARBITRARY FINITE ELEMENT

Let us introduce local coordinates:

t=(x=x3,)/h,5 X SXS Xy oy, 05221,

4.1)

In this case, we have the following relations:

x=x, =t =(x —xl(ie))/he, i=1,..., Np; (4.2)
p p

d =Ld—; dx=h,-dt. 4.3)
dx” h? dt”

Since the number of unknowns on the element
is equal to N, =12, we use a B-spline of the
fifth degree in order to represent the unknown
deflection function.

Let us use the following notation:

CD(I) =P (t+3);

_11 34 —
(0(1)—55(%) @ |t =
:S'Lz[(zw)“|z+3|—6(z+2)4|t+2|+

F15(+1)* | t+1]=20t" |¢]+
+15(t =D |t =1|-6(t—=2)" |t -2]|+
+(t-3)" [t-3]].

(4.4)

This function is a B-spline, symmetric with re-
spect to t =0 and its support is defined by an
interval [-3,3] (Figure 4.1).

We take the following eight functions as basis
functions on the unit interval (Figures 4.2, 4.3):

P (D) =p+2), @,()=e(+]),

o) =), @,)=pt-1),

psO)=(t-2), @s)=ep-3),
0<r<1. (4.5)

Since the number of unknowns on the element
is equal to N, =8, we use a B-spline of the

third degree in order to represent the unknown
deflection function.
Let us use the following notation:

p(t)= Do.4 (t+4);
11 s 3
(0@):55(%) ()=
=3+2[(t+2)2|z+2|—4(z+l)2|t+1|+ (4.6)

+61° |t -4t =1)" |t =1]+
+(t=2)"|t-2]].

This function is a B-spline, symmetric with re-
spect to ¢t =0 and its support is defined by an
interval [-2,2] (Figure 4.4).

We take the following four functions as basis
functions on the unit interval (Figures 4.5):

o, ()= (1),
¢4(t) :¢(Z_2)5
0<r<1. (4.7)

P () =p(+1),
(03(1) :(/’(t_l)a
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B-spline 5
0.7

0.6

0 Lo\
. [
N/
/ N\

0-3 -2 -1 0 1 2 3
Figure 4.1. B-spline of the fifth order ¢(t) =@, ((t+3).

0.6
05 T -t —
0.4 > \
FI1
0.3 FI2
FI3
/ Fl4
0.2 7 FI5 5
FI6
0.1 \ /
O -
0.1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Figure 4.2. Basis functions ¢, (t), k=1,2,...,6.

Since the number of unknowns on the element o) =@y, (t+1);
is equal to N, =4, we use a B-spline of the 1 1
first degree in order to represent the unknown () :EAZ |t|:§[|t+1|_2 2] +]2=1]].(4.8)
deflection function.

Let us use the following notation:
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x 10

10

8 FI1
Fl6

6

4

2

0 o

-2
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Figure 4.3. Basis functions ¢,(t) and @4 (t).

B-spline 3

AN
[\

0.5

AV
/ \

0.7

0.2
0.1 /
0
-2 -1.5 -1 -0.5 0 0.5 1 1.5 2

Figure 4.4. B-spline of the third order ¢(t) = @, ,(t +2).

This function is a B-spline, symmetric with re- o) =p1), @,t)=0(-1),

spect to t =0 and its support is defined by an 0<r<1. (4.9)
interval [—1,1] (Figure 4.6).

We take the following four functions as basis We represent the unknown function y(x) with-
functions on the unit interval (Figures 4.7): in the element number i, in the form
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0.7
0.6
N 7 Fi1
0.5 FI2|._
PN o
Fl4
0.4
0.3 / \
0.2
\
0.1
T~ L
0 \></
0.1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Figure 4.5. Basis functions ¢, (t), k=1,2,3,4.

B-spline 1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0.1

0
-1 -0.8 -06 -04 -0.2 0 0.2 0.4 0.6 0.8 1
Figure 4.6. B-spline of the first order ¢(t) = ¢, ,(t+2).

N, We can define parameters ¢, with the use of
y(x) =w(t) = Zakq)k @), Xy SX< AN, G,
k=1

0<t<1. (4.10)

nodal unknowns of the element:
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0.9

0.8

0.7

0.6

05 —F1|_|

— FI2

0.4

0.3

0.2

0.1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Figure 4.7. Basis functions ¢, (t), k=12.

¢,(0) ®,(0) 0,(0) ¢,(0) ®5(0) ©s(0)
?(0.2) ¢,(02) ¢,(0.2) ¢,(0.2) ¢5(0.2) ¢4(0.2)
7 | 1204) 0,004) ¢,(04) ¢,04) ¢(04) ¢,(0.4)
| 9(0.6) 9,(0.6) 9,(0.6) 9,(0.6) @;(0.6) ¢,(0.6)
?(0.8) 9,(0.8) ¢;(0.8) ¢,(0.8) 9(0.8) ¢(0.8)
o) o, o) o, () @)

Figure 4.8. Matrix T .

N
- ¢,(0) ?,(0) ?5(0) ?4(0)
Vi =W(ti)=;ak¢k(t,-), Xy SXS Xy ) 7 o_| @03 ,(1/3) 9(1/3) p,(1/3)
o<i<t. @iy 2@ 223 0,23 ¢13)]
o (D @, (1) @5 (1) @, (1)
In case N, =6 we have (Figure 4.8) (4.18)
¥ =T.a, (4.12) In case N, =2 we have
V= v2 vy ve vs vl (4.13) ye=T,a (4.19)
E:[al O{z a3 a4 6{5 aG]T. (4.14) yie :[yl yZ]T; 5=[a1 az]T; (4'20)
¢,(0) (ﬂz(O):|
I N =4 h T, = . 4.21
ncase N, we have 5 [("1 A o) ( )
-y =La, (4.15)  Using (4.12)-(4.21), we get
A B DS O (4.16)
— 1—i
a=la a, a, a,]; (4.17) a=Tyy", (4.22)
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where

TN Z{Ei}i,jzl,..,Np; T;qu)j(ti)' (423)

Let us introduce the following notation system:

= (4.24)

(4.25)

is vector-unction in node number i with the el-
ement number 7, ;

Uy
u' = : |, k=12 (4.26)
u,ﬁv”
is nodal component number k of vector-
function of element number i, .
Let P be permutation matrix,
uc = {_m} (4.27)
10 0/0 0 0]
0 0 0|1 O 0
0 1 0/0 O 0
0 0 0[0 1 0
P=|. . o 0 ol (4.28)
0f: co
1]: -0
0 0 0 0 1
2N,
Dueto P! =P" we have

Volume 17, Issue 2, 2021

(4.29)

—ie

u .
{_14 =PTir".

U,

We have to consider bilinear forms with allow-
ance for relations (4.2)-(4.3) in order to con-
struct local stiffness matrices corresponding to
the operators L, , L, ., L, (see (1.3)-(1.5)):

uu > uy >
(L,u,z)=(0"D!CD,0u,z) = (D] CD,ou,6z) =

XNp ie)
- | ({2” w4 }91,7,82)dx; (4.30)
Xl(ie) ,U
(L, it,z)=(0"D] CD,uu — D CD,0u,z) =
=(D/ CD,u,0z) — (D, CD,0u,z) =

ZI(Ll l}ﬂ,é‘f)dx —j)([ i ’u}&ﬁ,f)dx;

X1(ie) X1 (ie)
4.31)
(L,u,2)=(D,CD,u,z) =

= XATie) (l:,u

Xl(ie)

2t /1}7, Dydx  (4.32)

for the following type of functions

() = () = ﬁ¢, (e’

z(x)

where we have

= 3(1) = ﬁqoj (0B, (4.33)

Xiiey SXSXy o> 0113

o’ :{ai:|: IBJ _{IBI :|, j:L_._’
a; 2

Let us substitute (4.33) sequentially into (4.30)-
(4.32), changing the variable of integration (see
(4.2)-(4.3)). Let us consider (4.30):

N,; (434)
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XNp(ie)
[ ([2” T4 }67;,62)dx
Fiie) H
h612+/‘t Ny
=3 ({ # u}2¢j<r)af,2¢j(r)ﬂf>dr=
e 0 Jj=1 Jj=1
N N 1
NV | , , 2u+ A =
—[ o] (t)dt[ # }a’,ﬂ )=
i=l j=l1 he() ’u
N, N
5 2u+ A i =
_ Zby({ H } i B, (4.35)
i=l j=1 'Ll
where we have
=—j¢,<r)¢,<t)dr (4.36)
€ 0

It should be noted, in particular, that, b, =b,
ie.if B=1{b;}, .,  ,then B" =B.

For further transformations, we use the repre-

sentation
a’ _{0‘1} a [l}raj[o]
azj 1 O 2 1 b
J — IBI — fRJ 1 J 0 .
5 [ﬂj—ﬂl B
2/"""2 ~J J 0.
it el g vt ]

([MM /J(Yf,ﬁ") = Qu+Da fi + uaip;.
(4.37)

We can substitute (4.37) in (4.35). Taking into
account (4.22)-(4.29) and the adopted notation
we get

N, N

=

P

b(Qu~+ e B + pa; By) =

1

N, N, o N, N,
=Qur )Y Y bl Bl ) Y byl =

=l j=l i=l j=l

i=1

~

94

= Qu+A)Ba,,B,) + u(Ba,,p,) =
=Qu+ )BT, LTI’Q,T Z{e) +

+u(BT, 1u;,T 7)) =

= Qu+M((T,) BT, ) +
+u((Ty) BT,y 2)) =

= (2ﬂ+2’)("411171wa21w) +/U(A11”2 szz )=
— |:(2,u+ﬂ')A11 | 0 } u’ ||z +
0 | 0w zr
N [ 0 | 0 :lﬁlze Elie _
0 | w4, ﬁ;" 2

((2u+ﬂ)AH| 0 ‘” j:
" le"—le

1A

(2,u+/1)A11 0 } e T_iej
Pu“,Pz¥|=
([ A,
(2,u+/1)A11 |0 } e _ie]
P Pu“z"|=
( | A,

=(Kfu"”,z). (4.38)
Thus, an expression is obtained for the local
stiffness matrix corresponding to the operator
L, within the element number i, :

K;;:P[(Z””)AH' 0 }PT, (4.39)

0 | lu‘All

where we have
A4, =T, BT, . (4.40)

Then we can consider (4.31) in a similar way:
XNp (ie) ) XNp (ie) U
j (Lt }A,GZ)dx - j (b }ﬁu,z)dx =
(
N, N
=1

Xi(ie) Xi(ie)
) p i ﬂ 1 —j —
r( )= 225 al,p),
=l H i=l j=1
where we have

(4.41)
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I|
oc_._

P, (0dt; s, =

© —

@, (@ ()dt . (4.42)

We should note that if

,,,,,,,,,,,,,
we get
R"=S.

Let us define the elements of the sums (4.41):

A P 1 J 0 .
o = etlaf e

([ﬂ ﬂﬁjﬁiﬁﬂa{ﬂéﬂw{ﬁf; (4.43)

Ml _ i1 7,101,
Ve = atulg e

(, M B=raipis walpl. @an

Substituting (4.43) into (4.41) and, taking into
account (4.22)-(4.29) and the accepted notation,
we obtain

Np NI) . . . .
2. 2.8, Aal By + pe ) =

i=1 j=1

N‘U N‘D . . Nﬂ Np . .
=A2 2 syl Byt 1)) s, =

i=l j=I i=l j=1

:2«(50_61,32)—}-#(,5'52,31 =
= MSTy i Ty Z5) + u(ST, iy, T, 7) =
= AT, ST, w75
+ (T, ) ST,

l—ie —ie )

U2y (AoﬂleleaZz )+

+/U(Ao1u2 ’Zl )=

ILIAOI }{_m} {E{e :|j -
O 17216 4 E;

_ 0 HAy |\ pr—ie —ie | _

_(P|:/1A01 O :|P vor j_

— (KIE —ie —l€)

2uv

(4.45)
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Thus, an expression is obtained for the local
stiffness matrix corresponding to the operator
L, within the element number i, :

K =K l’ew K ;ew s (4.46)
where we have
ie 0 | A4 _ B
Kl uv = P|:/UA]0 OlO:lPT; AlO = (TN:)TRTN::
(4.47)
e 0 — —
KZuv:P|:M01 ILIZSOIijT; AO]=(TN:)TSTN:'
(4.48)
Let us note that
K;euv - (Klleuv) . (449)

Let us further consider (4.32) in a similar way:

X Np(ie)
H T\ —
I ([ 2lu+i:lu,z)dx =

Il
R
Sy BE——
~
—

=
NS
=
_I_
NN
[
M=
3
=
]
3
S
S~
Sy
N
=
|

where we have

=h[p(Op,(Odt.  (451)

We should note that, in particular m; =m,, i.e.

lj 2

if M = {mi/.}l.’j:h_wp we get

M" =M.

For further transformations, we use the repre-
sentation
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([“ }aj B = e B+ Qu+)a] B
2u+A
(4.52)

We can substitute (4.52) in (4.50) and taking
into account (4.22)-(4.29) and the adopted nota-
tion we get:

Ny, Np

my (e B+ 2u+ A)ai By) =

i=l j=I

N N o Np Np N

=1 =1 i=1 j=1
=u(Ma,,By) +Qu+A(Ma,, B,) =
= u((T,)" MT,u" Z)°) +
+Qu+ AT, BT, ), 2) =
= Ay, Z) + Qu+ A)(Ayity ,2y) =

_ pAy | 0 } T—ie —ie | _
=| P Pu“z"|=
( ‘: 0 | Qu+A)A,

_(Kle—le —le‘) (4.53)
Thus, an expression is obtained for the local
stiffness matrix corresponding to the operator
L, within the element number i, :

My | 0 T
0 | (Z,U"'ﬂ)Aoo:lP » (434)

Ki-rf

where we have

= (T];[} )TMT];[} . (4.55)

5. SEVERAL ASPECTS
OF NUMERICAL IMPLEMENTATION

The presented algorithm can be implemented
using MATLAB tools. The MATLAB system
has convenient functions for working with pol-
ynomials. Moreover, the main parameter of
these functions is the vector of coefficients of
the polynomial. To determine the coefficients of
basic polynomials ¢, on an interval [0 1], we

can firstly determine their values at N, points
of the t=[t,t5,5ty 1, 1, €[0 1],
i=1,2,...,Np:

interval

F(i)=¢,(t), i=1,2,.,N,, k=1,2,.,N,.

Then, using the polyfit function, we define
their coefficient vector p, :

pk=polyfit (t, Fk,Nk)

This function is used to determine the coeffi-
cients of the optimal polynomial using the least
squares method. In the considering case, we
construct polynomial of the (N, —1)th degree

(i.e. we have to define N, coefficients of poly-
nomial, according to its N » values), therefore,

we get a polynomial passing through the given
values.

In order to calculate the derivatives we can se-
quentially use the polyder function:

dpk=polyder (pk)
is the vector of coefficients ¢, .

In order to calculate the product of polynomials
we can use the conv function:

pij=conv (pi,pJ)

is the vector of coefficients ¢, ;
dl0pij=conv (dpi, pj)

is the vector of coefficients g, ;
dO0lpij=conv (pi,dp])

is the vector of coefficients ¢, ;
dpij=conv (dpi, dpj)

is the vector of coefficients ¢/’ .

In order to calculate the antiderivative of a pol-
ynomial we can use the polyint function:

Pi=polyint (pi)
is the vector of coefficients I @ dt;
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>

Z

s

Pij=polyint (pi7j)
is the vector of coefficients J.(pl. @,dt;
dl10Pij=polyint (d10pi7j)
1s the vector of coefficients j¢{go JL
dO01Pij=polyint (d01lpij)
is the vector of coefficients Igoi(p;dt ;
dPij=polyint (dpij)
is the vector of coefficients J‘goi’(p}dt ;

Then the calculation of

BG,j), RGj), SGj), M(@))

can be done in accordance with formulas
M(i,j)=he[polyval (Pij, 1) -
polyval (Pij,0)1;
R(i,j)=polyval (d10Pij, 1) -
polyval (d10Pij,0);
S, j)=polyval (d01Pij, 1) -
polyval (d0O1Pij,0);
B(,j)=[polyval (dPij, 1) -
polyval (dPij, 0) ] /he,

where the function polyval (p, t) allows
researcher to calculate the values of a polyno-
mial with a vector of coefficients p at a given

point 7.
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Figure 5.1. Formulation of the problem (Sample).

5. EXAMPLE OF ANALYSIS

5.1. Formulation of the problem.

As a model example, let us consider the deter-
mination of the displacements of a beam-wall,
fixed along the side faces in both directions, un-
der the influence of a load concentrated in the
center (Figure 5.1).

Let us consider the following geometric pa-
rameters: /, =6m, ¢/, =12m.

Let us consider the following design parameters
of material of plate: coefficient of elasticity
E =26500-10* kKN/m?2, Poisson's ratio v =0.15.
Let external load parameter be equal to
P =100kN.

5.2. Structural analysis with allowance for
localization.
Let the number of elements be equal to N, =6.

Then we have the following element length:
h,=¢,/N,=6/4=15.

Let’s define localization in the load area.
For the first element we have N, =5 and fifth-

order spline; distance between the coordinates
of the nodes of the first element is equal to
h =15/5=03.
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Figures 5.2. Comparison of the results of analysis in the middle sections along x, direction

(discrete direction).

For the second element we have N, =3 and

third-order spline; distance between the coordi-
nates of the nodes of the second element is
equalto 4, =1.5/3=0.5.

For the third element and for the fourth element
we have N, =1 and first-order spline; distance
between the coordinates of the nodes of the
third element and of the fourth element is equal
to hy =h, =1.5/5=0.3.

With such approximation the total number of
nodes for all elements is equal to

N =5+3+2-1+1=11.

Then the total number of unknown nodal values
for vectors # and v =u" is equal to

N,=4-N, =4-11=44.

5.3. Structural analysis without localization.

In this case, we will consider only the standard
linear fulfilment. In this case, the length of the
element is taken equal to the minimum distance
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between the nodes, i.e. 4, =0.3. Then the num-
ber of elements is equal to

N, =6/03=20

and the total number of nodes is equal to
N, =21. In this case, the number of nodal un-

knowns for each component of the vectors u
and v =u" is equal to

N,=4-N, =4-21=84.

Graphical comparison of corresponding results
of analysis is presented at Figure 5.2 and Figure
5.3 (FEM: loc-spline are nodal values com-
puted with allowance for localization;
FEM:standart are nodal values computed
without localization).

As researcher can see, the results obtained are
almost completely identical. Besides, the use of
localization based on application of B-splines of
various degrees leads to a significant decrease in
the number of unknowns. The difference for this
example is equal to A =84 —-44=40.
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