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AIMS AND SCOPE
The aim of the Journal is to advance the research and practice in structural engineering through 

the application of computational methods. The Journal will publish original papers and educational articles 
of general value to the field that will bridge the gap between high-performance construction materials, large-
scale engineering systems and advanced methods of analysis.

The scope of the Journal includes papers on computer methods in the areas of structural 
engineering, civil engineering materials and problems concerned with multiple physical processes interacting 
at multiple spatial and temporal scales. The Journal is intended to be of interest and use to researches and 
practitioners in academic, governmental and industrial communities.
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ОБЩАЯ ИНФОРМАЦИЯ О ЖУРНАЛЕ
International Journal for Computational Civil and Structural Engineering

(Международный журнал по расчету гражданских и строительных конструкций)

Международный научный журнал “International Journal for Computational Civil and 
Structural Engineering (Международный журнал по расчету гражданских и строительных 
конструкций)” (IJCCSE) является ведущим научным периодическим изданием по направлению 
«Инженерные и технические науки», издаваемым, начиная с 1999 года (ISSN 2588-0195 (Online); 
ISSN 2587-9618 (Print) Continues ISSN 1524-5845). В журнале на высоком научно-техническом 
уровне рассматриваются проблемы численного и компьютерного моделирования в строительстве, 
актуальные вопросы разработки, исследования, развития, верификации, апробации и приложе-
ний численных, численно-аналитических методов, программно-алгоритмического обеспечения 
и выполнения автоматизированного проектирования, мониторинга и комплексного наукоемкого 
расчетно-теоретического и экспериментального обоснования напряженно-деформированного (и 
иного) состояния, прочности, устойчивости, надежности и безопасности ответственных объектов 
гражданского и промышленного строительства, энергетики, машиностроения, транспорта, био-
технологий и других высокотехнологичных отраслей.

В редакционный совет журнала входят известные российские и зарубежные деятели науки 
и техники (в том числе академики, члены-корреспонденты, иностранные члены, почетные члены 
и советники Российской академии архитектуры и строительных наук). Основной критерий от-
бора статей для публикации в журнале − их высокий научный уровень, соответствие которому 
определяется в ходе высококвалифицированного рецензирования и объективной экспертизы, 
поступающих в редакцию материалов.

Журнал входит в Перечень ВАК РФ ведущих рецензируемых научных изданий, в которых 
должны быть опубликованы основные научные результаты диссертаций на соискание ученой 
степени кандидата наук, на соискание ученой степени доктора наук по научным специаль-
ностям и соответствующим им отраслям науки: 

•  01.02.04 – Механика деформируемого твердого тела (технические науки),
•  05.13.18 – Математическое моделирование численные методы и комплексы программ  
    (технические науки),
•  05.23.01 – Строительные конструкции, здания и сооружения (технические науки),
•  05.23.02 – Основания и фундаменты, подземные сооружения (технические науки),
•  05.23.05 – Строительные материалы и изделия (технические науки),
•  05.23.07 – Гидротехническое строительство (технические науки),
•  05.23.17 – Строительная механика (технические науки).
В Российской Федерации журнал индексируется Российским индексом научного цити-

рования (РИНЦ). 
Журнал входит в базу данных Russian Science Citation Index (RSCI), полностью интегри-

рованную с платформой Web of Science. Журнал имеет международный статус и высылается в 
ведущие библиотеки и научные организации мира. 

Издатели журнала – Издательство Ассоциации строительных высших учебных заве-
дений /АСВ/ (Россия, г. Москва) и до 2017 года Издательский дом Begell House Inc. (США, г. 
Нью-Йорк). Официальными партнерами издания является Российская академия архитектуры 
и строительных наук (РААСН), осуществляющая научное курирование издания, и Научно-ис-
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NUMERICAL SOLUTION OF THE PROBLEM  
OF BEAM ANALYSIS WITH THE USE  

OF B-SPLINE FINITE ELEMENT METHOD

Pavel A. Akimov 1, 2, 3, 4, Marina L. Mozgaleva 1, Taymuraz B. Kaytukov 1 
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Abstract: Numerical solution of the problem of beam analysis (bending analysis of the Bernoulli beam) with the use of B-spline 
finite element method is under consideration in the distinctive paper. The original continual and finite element formulations of the 
problem are given, some actual aspects of construction of normalized basis functions of a B-spline are considered, the corresponding 
local constructions for an arbitrary finite element are described, some information about the numerical implementation and an 
example of analysis are presented.

Keywords: wavelet-based finite element method, B-spline finite element method, finite element method,  
B-spline, numerical solution, beam analysis

ЧИСЛЕННОЕ РЕШЕНИЕ ЗАДАЧИ О ПОПЕРЕЧНОМ ИЗГИБЕ 
БАЛКИ НА ОСНОВЕ ВЕЙВЛЕТ-РЕАЛИЗАЦИИ  

МЕТОДА КОНЕЧНЫХ ЭЛЕМЕНТОВ  
С ИСПОЛЬЗОВАНИЕМ В-СПЛАЙНОВ

П.А. Акимов 1,2,3,4, М.Л. Мозгалева 1, Т.Б. Кайтуков 1
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Аннотация: В настоящей статье рассматривается численное решение задачи о поперечном изгибе балки Бернулли на 
основе вейвлет-реализации метода конечных элементов с использованием B-сплайнов. Приведены исходные континуаль-
ная и конечноэлементная постановки задачи, рассмотрены некоторые актуальные вопросы построения нормализованных 
базисных функций B-сплайна, описаны соответствующие локальные построения для произвольного конечного элемента, 
представлены некоторые сведения о численной реализации и пример расчета.

Ключевые слова: вейвлет-реализация метода конечных элементов, метод конечных элементов,  
B-сплайны, численное решение, изгиб балки

INTRODUCTION

As is known, the B-spline in a given simple knot 
sequence can be constructed by employing piecewise 
polynomials between the knots and joining them 
together at the knots [1].

Compared with commonly used Daubechies wavelets 
[2-6] B-spline wavelet on interval (BSWI) has explicit 
expressions, facilitating the calculation of coefficient 
integration and differentiation [1]. Besides, the 
multiresolution and localization properties of BSWI 
can also supply some superiority for engineering 
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structural analysis [1]. The early applications of spline 
can be found, for instance, in papers of H. Antes [7], 
J.G. Han [8, 9, 25], Y. Huang [8, 9], W.X. Ren [8, 9]. 
The spline wavelet finite element method was further 
developed in papers of D.P. Chen [26], X.F. Chen [10, 
11, 13-16, 21, 22, 24], H.B. Dong [21], J.G. Han [23], 
Y.M. He [15], Z.H. He [16], Z.J. He [10, 11, 13-15, 
21, 22, 24], Y. Huang [23, 25], Z.S. Jiang [20], B. Li 
[11, 13, 15, 21], M. Liang [17, 19], J.Q. Long [18], G. 
Ma [18], T. Matsumoto [18, 20], S.T. Mau [28], H.H. 
Miao [13], Q,M. Mo [16], T.H.H. Pian [26-28], K.Y. 
Qi [21], W.X. Ren [23, 25], K. Sumihara [27], P. Tong 
[28], Y.W. Wang [20], J.W. Xiang [10-12, 15-20], Z.B. 
Yang [13, 14, 22], X.W. Zhang [14, 22, 24], Y.H. Zhang 
[10], Y.T. Zhong [12].
The distinctive paper is devoted to numerical solution 
of the problem of beam analysis (bending analysis of 
the Bernoulli beam) with the use of B-spline finite 
element method.

1. FORMULATIONS OF THE PROBLEM

The unknown function of the beam deflections y(x), 
caused by the load q(x), can be defined using the 
condition for the minimum energy functional of 
the beam Ф(y) (i.e. unknown function provides a 
minimum value for this functional):

      ,   (1.1)

where EJ(x) is the bending stiffness of the beam; β is 
the coefficient of elasticity of the base (coefficient of 
bedding); q(x) is the given load; l is the length of the 
beam; x is coordinate along the length of the beam.
Let us divide the interval [o, l], occupied by the beam 

into Ne parts (elements); he = l/Ne is the length of the 
element. Let us also divide each element into Nk  parts, 
for example, Nk = 5 (Figure 1). Let us introduce the 
following notation system: ie is the element number; 
x1(ie) is the coordinate of the starting point; x6(ie) is the 
coordinate of the end point of the element number ie, 
respectively. We take yi and y'

i as unknowns at boundary 
points i = 1,6. We take yi, i = 2, 3, 4, 5 as unknowns at 
the inner points. Thus, the number of unknowns per 
element with such discretization is defined by formula

N = Nk – 1 + 2 ⸱ 2 = Nk + 3 = 8.
The number of boundary points for all elements is 
equal to

Nb = Ne + 1.
The number of interior points for all elements is 
equal to

Np = Ne (Nk – 1).

The total (global) number of unknowns with such a 
discretization turns out to be equal to

Ng = Np + 2Nb.
Thus, we have

 
  
           (1.2)

2. SOME ASPECTS OF THE CONSTRUCTION 
OF NORMALIZED BASIS FUNCTIONS OF 
THE B-SPLINE

The construction of B-spline basic functions is 
determined by the recursive Cox-de Boer formulas:

Figure 1. Finite element discretication (sample).

Numerical Solution of the Problem of Beam Analysis With the Use of B-Spline Finite Element Method



14 International Journal for Computational Civil and Structural Engineering

                                                        (2.1)
    

         (2.2)

We will consider such a construction for the case xi 
= i are integers. Let us note that, 

φi,k (t) = φ0,k (t – i)

and therefore, recursive formulas (2.1)-(2.2) can be 
represented in the form

                     (2.3)

          (2.4)

The function φ0,1 (t) can be represented by formula

         .          (2.5)

Let us denote by ∆1 the operator of the first difference. 
Then we have

                 .                (2.6)

We can substitute formula (2.5) into (2.4) in order to 
determine φ0,2 (t):

 

Let us denote by ∆2 the operator of the second 
difference. Then we have

       .  (2.7)

We can define function φ0,3 (t):

       .

Omitting intermediate calculations, we get

      
         (2.8)

Based on formulas (2.8) and (2.4), we can define the 
function

      .

Omitting intermediate calculations, we get

                   .      (2.9)

It can be proved that for even k = 2m we have

                               (2.10)

and for odd (uneven) k = 2m + 1 we have

               .   (2.11)

Note that φ0,k(t) is a polynomial of degree k – 1 with 
bounded support and, as follows from the difference 
operator, this support is equal to the interval [0, k]. 
In addition, we should note the following property 
of B-spline basis functions:

                              for arbitrary t.                    (2.12)

3. LOCAL CONSTRUCTIONS  
    FOR ARBITRARY FINITE ELEMENT

Let us introduce local coordinates:

                     .

In this case, we have the following relations:
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                 ,         
     
  
  
  
   
           ,        .        (3.1)
  
    
Since the number of unknowns on the element is 
equal to N = 8, we use a B-spline of the seventh degree 
in order to represent the unknown deflection function.
Let us use the following notation:

     ;

               (3.2)

This function is a B-spline, symmetric with respect 
to t = 0 and its support is defined by an interval [–4, 
4] (Figure 2).

Let us use the following notation system:

φ1(t) = φ(t + 3), φ2(t) = φ(t + 2),
φ3(t) = φ(t + 1), φ4(t) = φ(t),

φ5(t) = φ(t – 1),
φ6(t) = φ(t – 2), φ7(t) = φ(t – 3),

                    φ8(t) = φ(t – 4), 0 ≤ t ≤ 1.             (3.3)

We represent the unknown deflection function in 
the form

           ,
 
           .        (3.4)

We can substitute (3.4) into (1.3), taking into account 
relations (3.1).

        ,           (3.5)

where we have

          
  ;

              .

Let's define the parameters through the nodal 
unknowns on the element:

Figure 2. B-spline of the seventh order φ(t) = φ0.8(t + 4).

Numerical Solution of the Problem of Beam Analysis With the Use of B-Spline Finite Element Method



16 International Journal for Computational Civil and Structural Engineering

Therefor we have    

        ,                         (3.6)

where

            ;

            ;
            ;

.

Therefor we have

          .                      (3.7)

Substituting (3.7) into              , we obtain
              =

                                                                 ,           (3.8)

where  

is the local stiffness matrix;

is the local load vector.
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4. INFORMATION ABOUT NUMERICAL 
    IMPLEMENTATION

The presented algorithm can be implemented 
using MATLAB tools. The MATLAB system has 
convenient functions for working with polynomials. 
Moreover, the main parameter of these functions is the 
vector of coefficients of the polynomial. To determine 
the coefficients of basic polynomials φk on an interval 
[0  1], we can firstly determine their values at eight 
points of the interval t = [t1, t2, ..., t8],                  ,
i = 1, 2, ..., 8;

Fk(i) = φk(ti), i = 1, 2, ..., 8, 
k = 1, 2, ..., 8 .

Then, using the polyfit function, we define their 
coefficient vector:

pk=polyfit(t,Fk,7)

This function is used to determine the coefficients 
of the optimal polynomial using the least squares 
method. In the considering case, we are looking for a 
polynomial of the 7th degree (i.e. we have to define 8 
coefficients of polynomial, according to its 8 values), 
therefore, we get a polynomial passing through the 
given values.
In order to calculate the derivatives we can sequentially 
use the polyder function:

dpk=polyder(pk)
is the vector of coefficients φ'k;
d2pk=polyder(dpk) 

is the vector of coefficients φ".
        

k

In order to calculate the product of polynomials we 
can use the conv function:

pij=conv(pi,pj)
is the vector of coefficients φiφj;
d2pij=conv(d2pi, d2pj) 
is the vector of coefficients φ"φ".

      
i    j

In order to calculate the antiderivative of a polynomial 
we can use the polyint function:

Pi=polyint(pi)
is the vector of coefficients ∫φidt;

Pij=polyint(pij) 
is the vector of coefficients ∫φiφjdt; 
d2Pij=polyint(d2pij) 

is the vector of coefficients ∫φ"φ"dt.
      

i   j

Then the calculation (formula (3.5))

          .

can be summarized as follows:

           ( polyval(d2Pij,1)-

polyval(d2Pij,0))+
+ βhe( polyval(Pij,1)-

polyval(Pij,0)),

where the function polyval (p, t) allows 
researcher to calculate the values   of a polynomial 
with a vector of coefficients p at a given point t.
As for the calculation (see (3.5)), 

here, for example, the following options are possible:
– point load setting (using delta functions);
– setting the load averaged on the element,

           (polyval (Pi, 1) –
- polyval (Pi, 0))

   P

   L

If q is represented by a polynomial, then, as in the case 
of calculating the elements of a local matrix         ,
here researcher can use the function of multiplying 
polynomials conv followed by determining the 
antiderivative of the product using the polyint 
functions and calculating the definite integral using 
the polyval function.

Figure 3. Example of analysis.
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5. EXAMPLE OF ANALYSIS

As a model example let us consider a beam on an 
elastic foundation with the following parameters: 

                                            ,  P = 100 kN

is load given at the midpoint (Figure 3);

L = 8m; hb = 1.3m; bb = 1m;
E = 2560 · 104 kN / m2; k = 75 · 103kN / m3.

In this case we should consider the following 
boundary conditions:

– the beam is hingedly supported on both sides (the 
first case);

– the beam is rigidly fixed on both sides (the second 
case);

– the beam is hingedly supported on the left end, the 
right end is free (the third case);

the beam is rigidly fixed to the left end, the right end 
is free (the fourth case).
Let us set Ne = 4 (the number of elements). 
Then we have

Ng = Np + 2Nb = 4 · (5 – 1) + 2 · (4 + 1) = 26;

is the total number of unknowns;

he = L / Ne = 8 / 4 = 2

is the length of the element;

hp = he / 5 = 2 / 5 = 0.4

is the step between the coordinates of the nodes;

Nx = L / hp + 1 = 8 / 0.4 + 1 = 21

is the total number of nodes.
Several results of analysis are presented at Figures 
4, 5, 6 and 7.

Figures 4. Comparison of results for the first case.

Figures 5. Comparison of results for the second case.
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ANALYTICAL CALCULATION OF DEFLECTION
OF A MULTI-LATTICE TRUSS WITH AN ARBITRARY NUMBER

OF PANELS

Mikhail N. Kirsanov
National research University "MPEI",

Moscow, RUSSIA

Abstract: The scheme of a planar externally statically indeterminate truss with four supports is proposed. In analytical form, for 
several types of loads, the problem of forces in the rods and deflection of the structure is solved, depending on the number of 
panels, the size and intensity of the load. The solution uses the Maple computer mathematics system. The deflection at Midspan 
is determined using Maxwell – Mohr's formula, the forces in the rods – the method of cutting out nodes from the system of 
equilibrium equations for all nodes, which includes four reactions of the supports. By induction, a series of solutions for trusses 
with a consistently increasing number of panels is generalized to an arbitrary number of panels. For the elements of the sequences 
of coefficients are developed and are solved by homogeneous linear recurrence equations. The resulting formulas for the deflection 
of the structure under various loads have the form of polynomials in the number of panels. A linear asymptotic solution for the 
number of panels is found. The kinematic degeneration of the structure and the distribution of node speeds corresponding to 
this case were found. The dependences of the reaction of supports and forces in the most compressed and stretched rods on the 
number of panels are determined.

Keywords: truss, deflection, induction, Mohrs' integral, Maple, kinematic degeneration 

АНАЛИТИЧЕСКИЙ РАСЧЕТ ПРОГИБА МНОГОРЕШЕТЧАТОЙ 
ФЕРМЫ С ПРОИЗВОЛЬНЫМ ЧИСЛОМ ПАНЕЛЕЙ

М.Н. Кирсанов
Национальный исследовательский университет "Московский энергетический 

институт",Москва, РОССИЯ

Аннотация: Предлагается схема плоской внешне статически неопределимой фермы с четырьмя опорами. В аналитиче-
ской форме для нескольких видов нагрузок решается задача об усилиях в стержнях и прогибе конструкции в зависимости 
от числа панелей, размеров и интенсивности нагрузки. Для решения используется система компьютерной математики  
Maple. Прогиб в середине пролета определяется по формуле Максвелла – Мора, усилия в стержнях – методом вырезания 
узлов из системы уравнений равновесия всех узлов, в которую включаются и четыре реакции опор. Методом индукции 
серия решений для ферм с последовательно увеличивающимся числом панелей обобщается на произвольное число 
панелей. Для элементов последовательностей коэффициентов составляются и решаются однородные линейные рекур-
рентные уравнения. Полученные формулы для прогиба конструкции при различных нагружениях имеют вид полиномов 
по числу панелей. Найдена линейная  асимптотика решения по числу панелей. Обнаружено кинематическое вырождение 
конструкции и распределение скоростей узлов, соответствующее  этому случаю. Определены зависимости реакций опор 
и усилий в наиболее сжатых и растянутых стержнях от числа панелей.

Ключевые слова: ферма, прогиб, индукция, интеграл Мора, Maple, кинематическое вырождение

INTRODUCTION

The calculation of rod structures is usually performed in 
numerical packages based on the finite element method 
[1–4]. The usual solution of the mechanics problem, 
performed not in a numerical package, but in a system 

of symbolic mathematics, without changing the basic 
equations and calculation scheme, gives an analytical 
solution to the problem in the form of a formula. In 
the years when computer mathematics systems first 
appeared, this caused the optimism of calculators who 
know the importance of analytical solutions. However, 
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almost immediately, many on this path encountered two 
obstacles. First, most of the resulting formulas were so 
complex that it was not only impossible to use them, but 
even difficult to view them, since their listing took up 
several pages. The second disadvantage of the solutions 
obtained in this way is that the range of applicability of 
the obtained formulas (if they are obtained in a relatively 
compact form) is usually not wide. Among the parameters 
of formulas, you can easily enter the size of the calculated 
object, elastic or rheological properties of the material, 
and the intensity of a certain load. In order to use a formula 
with a different number of structural elements, such as 
rods or panels, if you are talking about trusses, you must 
output a formula that is intended for this number. If 
overcoming the first disadvantage of analytical solutions 
associated with their bulkiness is possible with some 
skill in working with simplification operators included in 
computer mathematics systems, the second disadvantage 
can be overcome using the induction method [5]. The 
induction method is applicable for regular constructions 
that have periodicity cells of the structure. Solutions are 
known for a number of planar [6–13] and spatial [14] 
statically definable trusses. The significance of regular 
statically definable schemes was first evaluated by 
Hutchinson R. G., Fleck N. A., Zok F. W., Latture R. M., 
Begley M. R. [15–17]. Monographs [18,19] are devoted 
to such schemes and methods of their calculation. The 
reference book [20] contains more than 70 schemes of 
planar trusses and formulas for calculating deflection and 
forces in rods critical to stability and strength. Tinkov D.V. 
[21] and Osadchenko N.V. [22] provides an overviews of 
some analytical solutions for planar trusses.

MATERIALS AND METHODS 

The geometry of the truss. The case of variability 
of the design

Let's consider a symmetrical lattice truss of beam type 
with 2n panels, counting the elements of the upper 
belt with length a (Fig. 1). In its middle part, the 
lower belt is slightly raised. Due to the four supports, 
the truss is externally statically indeterminate. The 
reactions of the supports of such a truss can only be 
calculated from the joint solution of the system of 
equilibrium equations of all nodes simultaneously 
with the forces in the rods. The truss contains m = 
8n + 24 rods, including six rods that model movable 
and fixed supports.
We will calculate the forces in the rods using the 
program [6-13], compiled in the language of the Maple 
system, which is close to the Pascal language. The 
program includes the coordinates of the joints and the 
structure of the connection of the rods. The matrix  of 
a system of equations consists of the guiding cosines 
of forces. The vector of the right part of the system of 
equilibrium equations includes loads on nodes. At the 
same time, in the first test calculations, it was noticed 
that for trusses with an even number of panels n in half 
the span, the matrix determinant degenerates, which 
indicates the instantaneous variability of the system 
[20, 23]. Note that calculations in numerical form 
hid the fact that the determinant turned to zero for the 
error of the calculation, and only analytical (or integer) 
calculation clearly gave out this dangerous feature of 
the construction under consideration. A picture of the 
distribution of possible velocities of nodes is obtained 
(Fig. 2), confirming the kinematic variability of the 
truss.
The following velocity ratios are obtained from 
considering the positions of the instantaneous 
velocity centers of individual rods: u'/h = v/a, 2u/c = 
v/a where                       . Most of the truss joints and 
supports remain stationary.

Figure 1. The load on the bottom belt, n = 5
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RESULTS

The Forces In The Rods

The distribution of forces in the truss rods at a = 4 
m, h = 3 m from the action of the load applied to the 
nodes of the lower belt, obtained from the numerical 
calculation data (Fig. 3), shows that the upper belt is 
partially compressed, the lower one is stretched in its 
central part . Compressed elements are highlighted 
in blue, stretched elements in red, and unloaded ones 
in black. The thickness of the lines is proportional 
to the modulus of force. The efforts are related to 
the value of force P. With an increase in the number 
of panels, the stretched zone in the lower zone 
naturally expands. It should be noted that the most 
compressed rods are not in the middle of the span. 
Using the induction method, one can obtain analytical 
expressions of the reactions of supports and forces in 
some rods of the truss (marked in Fig. 1). We have the 
following expressions for the reactions of supports:

 YA = 2P(k – 1), YB = P / 2,
XA = P(4k – 3)a / (2h).

Forces in the middle of the upper belt:
O1 = –P(4k2 – 2k(–1)k – 4k + (–1)k – 1)a / (4h),
O2 = –P(4k2 + 2k(–1)k – 4k + (–1)k + 1)a / (4h).

Forces in the lower belt: 
 U1 = P(4k2 + 2k(–1)k – 12k – (–1)k + 1)a / (4h),
U2 = P(4k2 – 2k(–1)k – 12k – (–1)k + 3)a / (4h)

Deflection

Truss deflection (vertical displacement of the middle 
node C from the lower belt) it is determined by the 

Maxwell-Mohr's formula                                                   , 

where the sum is calculated only for deformable truss 
rods. It is indicated:          – forces from the unit force 
applied to the lower belt,        – forces in the rods 
from a given load, li – the length of the rods, EF — 
their stiffness. 

Figure 2. Velocities distribution of an instantaneous variable truss, n =2

Figure 3. The distribution of forces in the truss, n =5
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Let's consider the case of a uniform load on the nodes 
of the upper belt (Fig. 1). Regardless of the number 
of panels, the deflection has the form:
               ∆ = P(C1a3 + C2c3 + C3h3) / (h2EF) .               (1)                        

Coefficients for size degrees depend only on the 
number of panels. We consider odd numbers for which 
the determinant of the system of linear equations 
of equilibrium of nodes does not turn to zero.  To 
determine these dependencies, you need to calculate 
a number of trusses with a consistently increasing 
number of panels and find common members of the 
sequences. To determine the coefficient C1, it was 
necessary to calculate 18 trusses with the number 
k =1,..., 18 and get the sequence 1/2, 19/2, 53/2, 
383/2,..., 292115/2.
First the rgf_findrecur operator returns a linear 
homogeneous recurrent equation for elements in the 
sequence:

C1,k = C1,k–1 + 4C1,k–2 – 4C1,k–3 – 6C1,k–4 + 
+ 6C1,k–5 + 4C1,k–6 – 4C1,k–7 – C1,k–8  + C1,k–9 .

Then the General term of this sequence, as a solution 
of the recurrent equation, gives the rsolve operator:

  C1 = (20k4 + 16k3(–1)k – 80k3 – 48k2(–1)k +
+ 130k2 + 50k(–1)k – 58k – 9(–1)k + 3) / 12 .

Other coefficients are obtained in the same way:

 C2 = (k2 + k(–1)k – (–1)k) / 2
C3 = (k – 1)(1 + (–1)k) .

Expression (1) with the found dependencies Ci = 
Ci(k), i = 1,2,3 is the solution to the problem. 
The used algorithm for output of calculation formulas 
can be easily adjusted to other loads. Consider the 
load on the upper belt of the truss (Fig. 4).

The coefficients in (1) in this case have the form:
C1 = (20k4 + 16k3(–1)k – 80k3 – 48k2(–1)k +

+ 130k2 + 50k(–1)k – 70k – 15(–1)k + 9) / 12 ,
C2 = k(k + (–1)k) / 2 ,

C3 = k(1 + (–1)k) .
In the case of loading the truss with a single force 
applied to the hinge C in the middle of the lower 
belt, the problem is solved somewhat easier. The 
coefficients in expression (1) have a lower degree:

 C1 = (4k3 + 6k2(–1)k – 12k2 – 12k(–1)k +
+ 20k + 9(–1)k – 6) / 6 ,

C2 = k + (–1)k / 2 ,
C3 = 1 + (–1)k .

Figure 4. The load on the upper belt, n = 3

Figure 5. Dependence of the deflection on the number 
of panels

1 — h = 2 m, 2 — h = 3 m, 3 — h = 3 m
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The proposed truss scheme has a number of features 
that are most conveniently traced by example. 
Consider a truss of a given length L = 2(n + 1)a loaded 
in the lower zone. We also fix the total load on the 
truss: Psum = (2n – 1)P. We introduce the dimensionless 
relative deflection: ∆' = ∆EF / (Psum · L). Figure 5 at 
L = 80m shows the dependence of the deflection 
on the number of panels at various values   of the 
height of the truss. Dependencies have a pronounced 
spasmodic character. The jumps are especially large 
at low altitudes and small numbers k. As k increases, 
the curves smooth out, tending to some oblique 
asymptote. Using Maple, the slope can be calculated:

lim ∆'/ k = h / (8L) .
    

 n→∞

The angle of inclination is positive, therefore, 
with an increase in the number of panels with a 
simultaneous decrease in their length, due to the 
accepted assumption that the total length of the 
truss is constant, the relative deflection increases on 
average (including jumps). 

CONCLUSIONS

Two main conclusions can be drawn. First, the 
analytical solution for the proposed truss scheme has 
a simple form. it is valid for an arbitrary number of 
panels, including a very large number, i.e. precisely 
in cases when numerical methods can accumulate 
rounding errors and require significant counting 
time. Second, the discovery of an unexpected case of 
kinematic variability should serve as a warning for 
designers of new schemes, where the degeneracy of 
the determinant of the system of equations of equality 
may be hidden behind rounding of intermediate data.
Noticeable jumps in the deflection dependence 
on the number of panels are the basis for optimal 
selection of the number of panels. Reducing or 
increasing the number of panels by one can change 
the stiffness from 10 % to 100% depending on 
the number of panels. The linear combination of 
solutions obtained for three types of loads allows 
us to solve a wide range of problems for truss of 
the considered type in analytical form.
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1. INTRODUCTION

The plates having a circular form and consisting of 
two or a few parts with various laws of thickness 
variation are under consideration. Such plates occur 
as constructive elements in modern buildings and 
structures. Their separate parts may be made from 
the same or different materials. These materials can 
be homogeneous or inhomogeneous, isotropic or 
anisotropic. In the places of the sections conjugation 
the plate’s thickness can be continuous or it has a 

discontinuity. The analytical methods of the such 
construction computation, specifically connected 
with the theory of the special functions, are not 
yet developed. The work [1] is to be mentioned. In 
this work the foundation slab, resting on an elastic 
subgrade, was under consideration. The plate’s inner 
part has variable thickness, the outer part has the 
constant thickness. The solutions were received in 
terms of Bessel functions. The present work considers 
the bending of the combined plate with the piecewise 
variable thickness. The solutions are obtained in 
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the closed form in terms of the Lagerr’s orthogonal 
polynomials and the confluent functions.

2. THE STATEMENT OF THE PROBLEM

The works, in which to the circular plates of variable 
and constant thickness analysis the theory of the 
special functions is used, are known in literature, for 
example [2], [3], [4].
Let us go to the consideration of the combined plates 
which were described above (Fig.1).
The differential equation, describing the symmetric 
bending of the circular orthotropic plate with the 
varying thickness, has the form [3], [4]:

             (1)

here                      , σ is the Poisson’s ratio, the parameters  

n2 = n1n2 are determined by the following expressions:

            .          (2)

For isotropic plate n1 = n2 = 1.
Let us write:
                           – ∫ qzrdr + C = Qrr.                    (3)

The stresses in the orthotropic circular plate of 
variable thickness are determined from the following 
expressions:
  

            (4)

Introducing the independent argument:

            (5)

where α0, r0 – are the constants.
Substituting (5) into (1) we get, assuming qZ = 0:

               (6)

We consider the cases of symmetric bending of 
orthotropic circular plates of variable thickness which 
allow receiving the solution in terms of Lagerr’s 
orthogonal polynomials. Let us write the differential 
equation for Lagerr’s polynomials [5]:

            (7)

As the result we receive that the sought solution occur 
for the following law of flexural rigidity variation:

                            D = D0xα e–x ,           (8)
where
        α = –mn2 / σ2 ,  α0 = –σ / m .       (9)

Figure 1. The combined plates with the piecewise variable thickness

The Problems of Computation of Combined Plates With Piecewise Variable Thickness. Solutions in Orthogonal Polynomials



32 International Journal for Computational Civil and Structural Engineering

The general solution of the homogeneous equation, 
corresponding to (6), is

           (10)

In the similar way we can get the solutions in terms 
of different polynomials, for example in Chebyshev 
or Hermite polynomials. However these laws have 
more restricted domain of definition than (8).
The following law of thickness variation, 
corresponding to the flexural rigidity (8), is

          (11)

The set of curves, corresponding to the profiles (11), 
can be built. In this case it must be taken into account 
that the Poisson’s ratio σ is limited (9).

3. THE COMBINED PLATE

The combined plate with piecewise thickness 
variation is under consideration. The proposed 
method will be shown on the example of the 
combined plate consisting of two parts. However 
the suggested method can be applied for combined 
plates, consisting of several parts, analysis. Let us 
assume that in our example the plate’s thickness is 
continuous in the place of joint (Fig.2).

The special auxiliary functions are introduced for 
the realization of the separate parts joint and for 
consideration of the action of discontinuous loads, 
distributed along the circles non-coinciding with the 
plate’s contour.
First we shall write the wronskian for the solutions (10):

          (12)

Next the Cauchy functions for the solutions (10) 
Y1(x1; x), Y2(x1; x) are to be obtained. The indicated 
functions are defined by the expressions:

Further the auxiliary functions ϑi (x1; x) (i = 1,2,3), 
which properties are described in [4], introduced into 
consideration are sought in the form:

             (14)

here ϑC is the particular solution of the inhomogeneous 
equation (6). In our case

          (15)

As a result we receive:

Figure 2. The combined plate consisting of two parts
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where

It should be noted that in consideration of the 
combined plates with the piecewise variable rigidity 
the Cauchy functions and the auxiliary functions ϑi 
are different for separate sections. It is valid since the 
each part has its law of thickness variation h(x) and 
its own parameters’ values. Therefore we introduce 
the appropriate notation Y(1), Y(1), Y(2), Y(2) and ϑ(1), ϑ(2).        1     2      1      2           i      i
Let that the combined plate, shown on the Fig.2, is 
made from the isotropic material that is n2 = 1. We 
assume that the Poisson’s ratio is σ = 1/3. The plate’s 
thickness in the first section when 0,5 ≤ x ≤ 1,0 is 
approximated by the formula (11) when m = 2. On 
the second section 1,0 ≤ x ≤ 2,0 the plate’s thickness 
is approximated by the same formula (11) when the 
parameter m = 1. The plate’s thickness in the place of 
the sections’ joint x = x2 = 1,0 is continuous.
We denote as ϑ0, M0, Q0 correspondingly the angle 
of rotation, the moment and the force on the inner 
contour of the plate. The expression for the angles of 
rotation for the first section x1 ≤ x ≤ x2 is

           (17)

For the second section when x2 ≤ x ≤ x3 the angles of 
rotation are determined by the formula

          (18)

where ϑ1(x1), M1(x1), Q1(x1) are received by the use 
of the formulae (17) and (4).
The expressions for the deflections can be also 
received. The proposed method can be successfully 

applied for the combined plates with the piecewise 
thickness variation consisting of several parts.

4. THE CONCLUSION

The work develops the analytical method of the 
combined plates with the piecewise variable thickness 
computation. The constructions under study have 
the circular shape and consist of several parts with 
different laws of thickness variation. These parts 
may be made from the same or from the different 
materials which can be isotropic or orthotropic. In 
the places of the separate sections joint the thickness 
can be continuous or discontinuous. For the receiving 
of the solutions the theory of the special functions is 
used. The solutions are obtained in closed form and 
expressed in terms of Lagerr’s polynomials and the 
confluent hypergeometric functions.
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1. INTRODUCTION

In order to fulfill the requirements of mechanical 
safety of buildings and structures, which are 
regulated by law [1] and have been developed in 
modern normative and technical documents [2, 3], 
it is urgent to study structural systems that change 
the design scheme for various reasons during local 
destruction [4, 5, 6]. Taking into account the affecting 
of sudden local destruction on the stress-strain state 
and dynamics of structures is an urgent need for 
predicting their work and assessing the bearing 
capacity and / or stability. Such structural systems 
include structures lying on the ground, which can 
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be considered in their design as beams on an elastic 
foundation. To date, there are a number of works 
[7, 8, 9] devoted to the study of dynamic processes 
caused by the sudden formation of defects in beams 
with partial support on an elastic foundation.

2. MODELS AND METHODS

We consider a "beam-base" system, in which the beam 
was initially completely on an elastic foundation, but 
when a defect suddenly formed under a part of the 
beam, the base was excluded from power work of 
this structure (Figure 1). Figure 1 shows that the 
left side of the beam with length αL is located on an 
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elastic foundation with a constant coefficient r0, the 
right side of the beam with length βL is cantilever. 
It is of interest to solve the problem of determining 
the natural frequencies and forms of transverse 
vibrations of a beam with free edges, in the case of 
an added mass m1 and a dynamic load F(t) applied at 
an arbitrary point d when a part of the base under the 
right part of the beam suddenly has been excluded.
The differential equation of forced transverse 
vibrations of a beam on an elastic foundation of 
constant cross-section, taking into account the 
resistance forces for any law of change of the 
disturbing force q(x, t), has the form [9–11]:

            (1)

where E is elasticity modulus of a beam material; 
I is inertia moment of a beam cross section, y(x,t) is 
transverse deflection of the beam axis in the section 
x; q(x,t) – disturbing load that changes its value in 
time t; μ = q/g: q – evenly distributed load (dead load) 
attached along the beam; g – acceleration of gravity; 
α – coefficient characterizing internal friction of 
material; r0by(x,t) – the intensity of the reaction of the 
elastic Winkler foundation that varies its values along 
the length of the beam [10, 11, 12]; r0 – modulus of 
subgrade reaction; b – width of the beam.
We solved the problem in three stages using the 
method of initial parameters.
At the first stage, we determined the natural transverse 
vibrations of the beam taking into account its own 
weight, and at the second stage – taking into account 
its own weight and the added mass m1. At the third 
stage, we solved the problem taking into account 
the disturbing force, which varies in time according 
to the harmonic law F(t) = F sin yt and is applied at 
an arbitrary point d. Here: F is the amplitude value 
of the disturbing force; γ is the angular frequency of 
change in the disturbing force.

The first stage.

Let us determine the circular frequencies and forms 
of natural transverse vibrations of a beam with free 
edges of length L and flexural rigidity EI (Figure 1).

It is known [13] that the dissipation of vibration energy 
on the frequencies and modes of natural vibrations of 
building structures affects only slightly, attenuation in 
their calculations is usually neglected.
A simple periodic solution to the equation of natural 
vibrations of the beam (1) is the main vibration, which 
changes according to the harmonic law:
                       y(x,t) = φ(x) sin(ωt + α),                (2)

where φ(x) – function that establishes the distribution 
law of the maximum deviations of the points of the 
beam axis from the equilibrium position; α – initial 
phase of oscillation; ω = ωϰ – the circular frequency 
of natural transverse vibrations of the beam at the base, 
and ω = ωk – circular frequency of natural transverse 
vibrations of a beam without a base, (rad / s).
Using the method of separation of variables, problem 
(2) can be reduced to the equation of natural vibrations 
for the left side of the beam αL on the basis of:
                             φIV (x) + ϰ4φ(x) = 0 ,                 (3)

where we accepted designation: 

                                     (4)

For the right side of the beam βL without a base, the 
equation of natural vibrations is:
                             φIV (x) + k 4φ(x) = 0 ,                   (5)
where we accepted designation:

                               .                          (6)

The solution of equations (3) and (5) is conveniently 
represented in the form of Krylov functions:

              (7)

Figure 1. Beam with free edges, the left part of 
which αL is located on an elastic foundation.
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Using the conditions of conjugation of the sections 
αL and βL, we express the displacements and forces 
of the second section through the initial parameters 
of the first section:

where λ = ϰ corresponds to the beam laying on an 
elastic foundation and λ = k corresponds to the beam 
without foundation. 
Let us write down the values of the boundary 
conditions for a beam with free edges on an elastic 
foundation:

              (8)
 

For an arbitrary section of the beam in the first 
section 0 ≤ x1 ≤ αL, which is located on an elastic  
foundation, displacements and forces are determined 
by the equations:

             (9)

Here i=1, 2, 3, etc. 
In the second section of the beam without a base
0 ≤ x2 ≤ βL displacements and forces for an arbitrary 
section are determined:

Transverse Oscillations of the Beam on an Elastic Base if the Boundary Conditions Change
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Using the boundary conditions on the right edge (8) 
at x2 = βL, we obtain the system of equations:

For a nontrivial solution of equations (12), it is 
necessary that the determinant, composed of the 
coefficients at arbitrary constants EJ y10 and EJ θ10i, 
be equal to zero: 

 
 
The roots of equation (13) are the countless row of 
values ki and ϰ. In order to solve the equation, we 
introduce the relation ki = εi ϰi. Here ε is constant 
value. For each root value ki and ϰ a certain 
angular frequency of natural transverse vibrations 
corresponds.
Using expression (4), we obtain a formula for 
determining ωiϰ circular frequencies of natural 
transverse vibrations of a part of a beam αL on an 
elastic foundation:

                      (14)

where λiϰ = ϰiαL, and i = 1, 2, 3 etc. – frequency 
sequence number.
For a part of the beam βL without a base, using (6), 
we get:
           (15)

where λik = ki βL. 
Let us determine the natural angular frequencies of 
transverse vibrations of the beam parts αL on the base 
and βL without the base, which form the spectra ω1ϰ 
< ω2ϰ <...< ωnϰ and ω1k < ω2k <...< ωnk. 
To determine the modes of natural vibrations, we 
substitute the values of the roots value ki and ϰi into 

the solution of the first equation (11), which will 
determine the values of the relative ordinates i-th of 
that form of natural vibrations.
The second stage.
Let us determine the natural angular frequencies and 
forms of transverse vibrations, taking into account 
the own weight and the added mass m1 at point d 
(Figure 2).

For an arbitrary section of the beam in the first section 
0 ≤ x1 ≤ αL displacements and forces are determined 
by equations (9) only up to the point of application 
of the mass. For x1 > d free vibrations of the beam 
occur with the inertial force I. At point d we add the 
inertial force I and compose the system of equations:

Figure 2. Beam with added mass m1.
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Further, we have composed formulas for determining 
the deflections, angles of rotation, moments and shear 
forces of the second section of the beam without 
a base 0 ≤ x2 ≤ βL using (9) and the conjugation 
conditions:

 We denote:

Transverse Oscillations of the Beam on an Elastic Base if the Boundary Conditions Change
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Using the boundary conditions on the right edge (8) 
at x2 = βL, taking into account the inertial force I (17), 
we obtain the system of equations: 

The determinant of this system:

Defining a set of values ki and ϰ we perform 
introducing constant εi. Using expressions (14) and 
(15), we determine the values ωiϰ circular frequencies 
of natural transverse vibrations of a part of the beam 
αL on an elastic foundation and the values ωik for part 
of the βL beam without base.
In order to determine the modes of natural vibrations, 
the values of the roots ki and ϰ substitute in the 
solution of the first equation (18), which determines 
the values of the relative ordinates of i-th form of 
natural vibrations.

The third stage.
Let us determine the efforts under the action of a 
dynamic load F(t) = F sin yt, applied at an arbitrary 
point d (Figure 3) for the same beam. 

Let's return to the differential equation of forced 
vibrations of the beam (1). We assume that the 
disturbing force acts according to the law q(x,t) = q(x)
sin yt. Assuming that forced vibrations also change 
according to a harmonic law:

                          y(x,t) = φ(x)sin (yt),                     (21)

we obtain an inhomogeneous differential equation of 
forced vibrations of a beam on an elastic foundation:
                          φIV (x) + ϰ4 φ(x) = q(x),                   (22)

where:   .                                        (23)

For a beam without a base, the inhomogeneous 
differential equation of forced vibrations takes the 
form:
                       φIV (x) + k4 φ(x) = q(x) ,                (24)

where: .                                             (25)

We have obtain the general solutions of the 
inhomogeneous equations (22) and (24) as the sum 
of the general solutions of the homogeneous equation 
and the particular solution, which depends on the 
type of load. Further, using the method of initial 
parameters, we have obtain universal formulas for 
determining deflections, angles of rotation, moments 
and shear forces for an arbitrary section of the beam 
in the general case of the action of a disturbing load 
q(x,t).
We use the values of the boundary conditions on the 
left and right edges of the beam (8).
For an arbitrary section of the beam in the first section 
0 ≤ x1 ≤ αL, that located on an elastic foundation and 
under the action of a dynamic load F(t), that applied 
at an arbitrary point d, displacements and forces are 
determined by the equations:

Figure 3. Beam with dynamic force F(t)
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In the second section of the beam without a base
0 ≤ x2 ≤ βL the displacements and forces for an 
arbitrary section are determined by (10). Using 
the conditions of conjugation of the sections and, 
expressing the displacements and forces of the second 
section through the initial parameters of the first 
section, we get:

 We denote:

Transverse Oscillations of the Beam on an Elastic Base if the Boundary Conditions Change
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Using the boundary conditions on the right edge 
(8) for x2 = βL, we obtain a system of equations for 
determining y10i and θ10i:
    

           (28)

Using (26) and (28), at a given frequency of forced 
oscillations γ, we determine ϰ and k:

                         (29)

                            (30)

Applying equations (26) and (27) taking into account 
certain values of the roots ϰ and k, that corresponds 
to given frequency γ of forced vibrations, and values 
of F(t), we have determine forces in the beam under 
forced vibrations. 

3. RESULTS AND ANALYSIS

Initial for calculations: beam width b=1.25 m, height 
h=1.5 m, length L=12.0 m, elasticity modulus of 
material E=2,1х106 t/m2, modulus of subgrade 
reaction r0 =5000 t/m3,  force F=10.0 t, mass m1 = 
F/g= 1.0194 t.
At the first and second stages, according to the results 
of calculations of the beam with αL = βL, the values 
of the roots ϰi and ki of the equations (13) and (20) 
are adopted such that εi from ki = εiϰi equal 0.5; 1.0 
and 2.0. Also, the value εi is taken from the condition 
of equality of natural frequencies of transverse 
vibrations ωiϰ = ωik of two parts of beam. Root values  
ϰi and ki, indicated in column 7 of tables 1 and 2 for a 
beam on a full base are defined in [15], in column 8 
for a beam without a base – in [14]. The calculation 
results are presented in table 1.
At the first stage, the first three modes of beam 
vibrations were constructed with αL = βL without 
added mass m1 (Figures 4, 5 and 6) corresponding 
to natural frequencies for ε.
Further, at the second stage, according to the results 
of calculations of a beam with an added mass m1 
located in a quarter of the beam d = L / 4 at αL = 

Table 1.  Roots and natural angular frequencies (rad 
/ sec) of transverse vibrations for αL= β.

Figure 4.1st mode of vibration with αL = βL 
without mass m1

Figure 5.The 2nd mode of vibration at αL = βL 
without mass m1

Figure 6.The 3rd mode of vibration at αL = βL 
without mass m1
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βL, we obtain the values of the roots ϰ and ki. The 
calculation results are presented in Table 2.
The first three modes of vibrations of the beam 
are constructed for αL = βL with the added mass 
m1 located at the point d = L / 4. Vibration modes 
corresponding to natural frequencies for ε are 
presented in Figures 7, 8 and 9.

At the third stage, an example with the same beam 
under the action of a disturbing force F=10.0 t, 
applied in the points d=L/2 and d=L/4 is considered. 
Forced vibration frequencies are γ1=220 rad/s and 
γ2=400 rad/s. The displacements and forces in the 
beams are determined at various values αL. The 
figures 10–13 show the bending moment plots.

Table 2. Roots and natural angular frequencies (rad 
/ s) of transverse vibrations at αL = β with mass m1 
at point d = L / 4

Figure 7. 1st mode of vibration at αL = βL with 
mass m1 at point d = L / 4

Figure 8. 2nd mode of vibration at αL = βL with 
mass m1 at point d = L / 4

Figure 9. The 3rd mode of vibration at αL = βL 
with mass m1 at point d = L / 4

Figure 10. Diagrams of bending moments under 
the action of the force F (t) at the point d = L / 2 at 

γ1 = 220 rad / s

Figure 11. Diagrams of bending moments under 
the action of the force F (t) at the point d = L / 2 at 

γ2 = 400 rad / s

Transverse Oscillations of the Beam on an Elastic Base if the Boundary Conditions Change
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Analysis of the calculation results of the third stage 
allows us to draw the following conclusions.
The action of a disturbing force in the middle of 
the beam (d = L / 2) with a frequency of forced 
vibrations γ = 220 rad / s, close to the frequency of 
natural vibrations (for ωiϰ = ωik) for the first mode 
of vibration, leads to an increase in displacements 
and efforts in sections of the beam more than three 
times when excluding part of the base from the work. 
Under similar conditions, the action of a disturbing 
force with a forced vibration frequency γ = 400 rad 
/ s, close to the natural vibration frequency for the 
second form, does not lead to a significant change in 
the forces in the beam sections when part of the base 
is excluded from operation.
The action of a disturbing force in a quarter of the 
beam (d = L/4) with a frequency of forced vibrations
γ = 220 rad/s and γ = 400 rad/s, when part of the 
base is excluded from the work, does not lead to a 
significant change in the forces in the beam sections.

4. CONCLUSIONS

1) under different conditions of support of the 
"beam-base" system, different frequencies of natural 
vibrations based on the results of calculating the roots 
of the secular equation can correspond to different 
parts of one beam. The values of the roots that 
determine the main modes of vibration of the beam 
as a whole are the values of the roots for a part of the 
beam on the base, while the natural frequency of the 
transverse vibrations of the part of the beam on the 
base is greater than or equal to the natural frequency 
of vibration of the part of the beam without the base;

2) under different conditions of support of the "beam-
base" system, the values of the natural frequencies of 
transverse vibrations can be equal for different modes 
of vibration of two different parts of the beam. In this 
case, the action of a disturbing force with a frequency 
of forced vibrations equal to the frequency of natural 
vibrations leads to the formation of resonance for 
each of the two different modes of vibration of each 
part of the beam;
3) with the application of an additional mass m1 at 
the beam point, the vibration frequencies change its 
values. If the mass of the system increases, then the 
vibration frequencies of the system decrease and vice 
versa that corresponds to a similar conclusion for a 
beam on a full base [15];
4) when performing a dynamic calculation, it is 
necessary to consider all possible options for the 
application of masses, taking into account the points 
of their location in combinations with options for 
changing the conditions for supporting the beam on 
an elastic foundation. The number of determined 
frequencies and modes of natural vibrations for 
beams on an elastic foundation should not be less 
than two;
These conditions must be taken into account when 
analyzing the dynamic behavior of a structure under 
the action of variable loads in the event of a change 
in the conditions of bearing on an elastic foundation.
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1. INTRODUCTION

Fortunately, major failures of buildings and facilities 
occur comparatively rarely, but in case of their 
occurrence, result in significant social and material 
damage, especially if they are associated with 
casualties.
As a rule, the building failures related to ground beds 
and foundations are the most destructive, and they 
are caused by errors in designing, construction and 
operation of facilities. In many cases, such failures 

result from the integrated interaction of  components 
of such causes.
From the technical point of view, the building failures 
are due either to soil forced out from underneath the 
foundation bed (loss of ground bed stability), or to 
large and unacceptable settlements for given type of 
a building and their non-uniformity (unacceptable 
deformation of ground bed). Generally, the destruction 
of the foundation material is observed not very often.
As a rule, the engineering information on building 
failures is extremely rare, therefore, all the more 
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useful to study and analyze the available data in 
order to accumulate experience and to prevent 
disasters from occurring, failure conditions or major 
destructions of buildings in the future.
During the last decades in Saint Petersburg, the 
cause pattern essentially changed regarding the 
destruction of adjacent buildings when new buildings 
are being constructed. Thus, if in 1960–1990 the 
building deformations were be prevalent during 
operation (70%) in relation to technological causes 
of deformations (30%), then since 1990 up to date, 
this ratio is 35% to 65%.
Departure from the construction practices in 
new construction and sometimes even simply 
gross mistakes in construction of the foundation 
beds and foundations are the causes for major 
deformations (including hazardous ones) of the load-
bearing structures of the buildings and facilities of 
surrounding development.

2. HAZARDOUS DEFORMATIONS 
OF ADJACENT BUILDINGS IN 
CONSTRUCTION OF NEVSKY PALACE 
HOTEL SUBSTRUCTURE ON NEVSKY 
PROSPEKT, ST.PETERSBURG

In 1992, it was started the reconstruction of the 
Baltiyskaya Hotel and its remodeling as modern 
Nevsky Palace Hotel. The high status of the hotel 
required that an underground car parking was 
constructed under the main part of the building 
(Figure 1).
The designing and reconstruction were carried out by 
foreign companies. It was not planned to underpin 
the foundations of the hotel facade part facing 
Nevsky Prospekt and the foundation on the side of 

the additional entrance from Stremaynnaya Street. 
These parts of the building are supported by the old 
rubble stone foundations. 
On the side of Nevsky Prospekt, the foundations 
under the facade wall are rubble-stone ones formed 
by bedding limestone on  sand-and-lime mortar and 
have the bed depth of  2,95 m. Timber sleepers were 
found under their bed.
After the central part of the hotel, a 8-m deep pit 
was excavated and around it, a diaphragm wall was 
constructed that was made of secant (having an 
intersection) augured cast-in-situ piles  20 m  long 
with a cross section of  D=0,8 m. The piles were 
made using the technology of drilling with casing 
pipe and delivering concrete through a tremie pipe 
from bottom upwards.
Initially, cracks started appearing in the surrounding 
buildings during the penetration of the first ten pipes. 
Apparently, it was occurring the consolidation of 
the bearing layers of the ground bed – fine-grained 
and silty sand under the foundation beds of these 
buildings – and the destructuration of the underlying 
stratified thixotropic sandy loams and loams. In 
the process of the construction operations, cracks 
continued opening and new cracks appeared. It might 
be associated with the destructurated water-saturated 
soils flowing in through the open end of the pipe and 
then being taken off by an auger.
The most considerable damages occurred in the 
nearby buildings in the process of constructing 
"even" piles when drilling in the concrete of 
the previously constructed piles. Obviously, the 
vibration action that takes place in drilling of the 
"primary" piles with special-purpose drilling tools 
provided with three-cone bits around the perimeter 
resulted in the thixotropic destructuration of soil 
and the deterioration of its strength and deformation 
properties. The soil transformed into the running state 
and, in the absence of so-called "soil plug", easily 
got through to the bottom of the borehole, which 
led to an additional scope of the soil excavation in 
drilling the boreholes and to the development of wider 
subsidence trough. These deformations has major 
effect on the further damage to the masonry strength 
of the nearby buildings. The settlements of 17 and 13 
cm occurred at the nearest points of the foundations 
of the buildings in Nevsky Prospekt that were located 
nearby the excavation pit.

Figure 1. Diagram of underground car parking 
construction under Nevsky Palace Hotel
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The resulting deformations in the envelopes of the 
surrounding buildings lead to the relocation of the 
inhabitants of five buildings in Nevsky Prospekt and 
neighbor Stremyannaya Street (Fig. 2).

3. ATTACHING OF TWO NEW BUILDINGS 
ON DRILLED CAST-IN-SITU PILES TO 
EXISTING BUILDING OF OPERATING  
NEVSKY PALACE HOTEL

At the end of 2005, in the place of the demolished 
buildings at 55 and 59, Nevsky Prospekt, the works 
started to construct the foundations of new buildings 
for the Corinthia Nevsky Palace Hotel.
It was planned to construct Buildings No. 59 (without 
basement) and No. 55 with a basement 4,5 m deep 
on drilled cast-in-situ piles 32 m long and 880 and 
620 mm in diameter using a casing pipe.
The demolished buildings were seriously damaged in 
1992 when a diaphragm wall was constructed by the 

с)
 Figure 2.   General view of hazardousdamages of 

buildings in the vicinity of hotel in Nevsky Prospekt 
(a and b) and Stremyannaya Street (c)

b)

a)

Figure 3. Layout of seismic pickups, settlement 
benchmarks and tell-tales;

Legend: ■ – seismic receiver installation points;
----- – Outline of excavation pit;  

▬ – Tell-tale and its number;
▲ – Settlement benchmarks; Monitoring well o 

control underground  water level (measurement of 
piezometric level); 

● – Test piles and its number; 
○ – Anchor piles  
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tangent pile method for the underground car parking.
Prior to starting the works, the buildings in Nevsky  
Prospekt and Stremyannaya Street surrounding the 
two construction sites were surveyed and fitted with 
tell-tales installed on the existing cracks and with 
deformation benchmarks for geodetic monitoring. As 
an example, Figure 3 shows the as-built diagram of 
the layout of seismic pickups, settlement benchmarks 
and tell-tales of the monitoring wells to monitor the 
underground water levels, etc.
In total, observations were carried out twice a week for 
95 benchmarks and more than 50 tell-tales. Four wells 
were used to monitor the underground water levels [ 1 ]. 
When carrying out the works related to underpinning 
of the foundations and ground beds of the buildings 
surrounding the construction site by the method 
of injecting cement grout into the contact area, as 
well as when constructing the foundations of the 
drilled cast-in-situ piles, their vibration impact on 
the enclosing structures of the neighboring buildings 
was controlled. 

The foundation of the neighboring building, which 
was erected in the beginning the XIX century, were  
the stone masonry, but the down part of it put granite 
steening. This was required use injection of the 
compound cement mortar  to provide the continuity 
of foundation before piling work (Fig. 4a). Figure  
4b shows a process of underpinning the building 
foundations using the Hilty equipment.
Figure 5a shows a picture of the process of  measuring 
vibrations of the walls of the surrounding buildings. 
The taken measurements of the vibration acceleration 
in the load-bearing structures of the buildings 
allowed establishing, in particular, that the process of 
underpinning the foundations and ground beds is safe, 
according to the technology applied, for the walls of 
the building, and that it was not acceptable to use more 
than one drilling rig at a time on the construction site.
At the simultaneous operation of two and more 
self-propelled drilling rigs of the BG 25 type, the 
measured  vibration acceleration in the building walls 

Figure 4. Underpinning of  foundations and ground 
bed of building in Stremyannaya Street (a and b)

a)

b)

a)

b)

Figure 5. The complex science investigations 
on the construction site: taking vibration 

measurements during the construction of drilled 
cast-in-situ piles (a); the stamp test of the soil on 

the bottom pile’s level (b).
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exceeded the maximum permissible values b) and 
might cause the structures to be destroyed.
Prior to starting the mass construction of the drilled 
cast-in-situ piles, the static tests were carried out on 
test piles, and the tests showed that their load-carrying 
capacity was at least 2000 kN, which is considerably 
higher than their design load (Figure 6).
Further in the mass construction of the above piles, 
random sampling was performed regarding the 
quality and integrity of the body of the drilled cast-
in-situ piles by non-destructive testing integrity of 
the body of the drilled cast-in-situ piles by non-
destructive testing methods using seismic-acoustic 
instrument IDS-1  [ 2 ]
The monitoring of the settlement benchmarks 
on the neighboring buildings showed that, when 

constructing the piles for the new Hotel building at 59 
Nevsky Prospekt, the additional deformations of their 
foundations were less than 20 mm and no damages 
occurred in their superstructures.
As sheet piling for an excavation pit 4,5 to 6,2 m deep 
for an underground floor of a new Hotel Building at 
55 Nevsky Prospekt, it was used the Larsen IV pile 
sheeting driven by a Muller non-resonant vibration 
generator in the area along Stremyannaya Street and 
the ALCELOR jacked pile sheeting driven by a press 
system of cassette type installed on a base of a Banut 
655 pile-driving machine (Figure 8 a and b). 
Back at the time when the non-standard additional 
settlement started developing, a decision was made to 
underpin their ground beds and, for one of the wings, 
to strengthen the superstructures with metal bands. 
The pile sheeting was jacked along Building No. 53, 
Nevsky Prospekt. At different depths along the line 
of the pile sheeting jacking, various inclusions were 
encountered in the form of timber sleepers, old rubble 
stone foundations and large boulders. To withdraw the 
inclusions, a trench was excavated down to a depth 
of 2,7 m. This resulted in additional settlement of 
approximately 25 mm for the buildings at a distance 
of less than 2 m from the excavation pit. In the 
following pit excavation, these settlements increased 
and reached up to 60 mm for individual benchmarks.
The geodetic monitoring of the facade verticality for the 
existing Hotel building showed its deviation up to 50 
mm from the vertical line towards Nevsky Prospekt. In 
view of that, a prompt decision was made to underpin the 
foundation of that wall with drilled injected piles 14 m 
long and 150 mm in diameter. The action taken made it 
possible to complete the construction of the substructure 
and to start constructing the superstructures [3].
Further geodetic monitoring of the settlements for 
the new buildings and the neighboring buildings 
identified no hazardous tendencies. By the end of 
the construction, the settlements of the new buildings 
did not exceed 30 mm, and the settlements of the 
neighboring buildings stabilized.
At the end of May 2009, the new Hotel buildings 
were successfully commissioned (Figure 9).

4.CONCLUSION

The experience of this construction showed how 
important is to comply with the requirements of 

Figure 6. Static tests of piles using hydraulic jacks

Figure 7. The cross section of the basement  and 
piles with the difference depth according of the 

level bearing capacity  soils.
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the construction operations method and to take into 
consideration the specific engineering and geological 
conditions of a given construction site. Our experience 
shows that even the use of the most state-of-the-art 
foreign technologies without adapting them to the 
application in soft water-saturated silty-clayed soils of 
Saint Petersburg may result in dramatic consequences. 
Thus, the use of secant augered cast-in-place piles for the 
pit sheeting without a special-purpose cutting working 
head that allows minimizing the dynamic action on 
soft soils becomes unacceptable and hazardous when 
constructing in the compact building systems. Later 
on, domestic geotechnical companies began using, in 
construction of pit sheeting of augered cast-in-place 
piles, a system of adjoining piles injecting cement 
mortar between them.
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OVERVIEW OF THE UNATED STATES AND THE EUROPEAN 
UNION STANDARDS IN TERMS OF ANALYSIS OF BUILDINGS AND 

STRUCTURES UNDER SEISMIC WAVE ACTION

Yu.P. Nazarov1, E.V. Poznyak1,2
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Abstract: The article discusses the terms of the US and EU standards (ASCE -7-10, ASCE-4-98, FEMA P-1051/2016, EN 1998-
6: 2005) concerning the calculations of earthquake -resistant buildings and structures taking into account wave seismic effects 
in the ground base. For the considered standards, wave propagation models and accepted approaches to seismic analysis were 
investigated; limitations on the use of the standard methods were identified. 

Keywords: Seismic waves, wave model of seismic ground motion, seismic analysis, rotational seismic ground motion,
linear dynamic analysis, rotational response spectra.

АНАЛИЗ НОРМ США И ЕВРОСОЮЗА В ЧАСТИ РАСЧЕТОВ
ЗДАНИЙ И СООРУЖЕНИЙ НА ВОЛНОВЫЕ СЕЙСМИЧЕСКИЕ 

ВОЗДЕЙСТВИЯ

Ю.П. Назаров1, Е.В. Позняк1,2
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Аннотация: В статье приведен анализ положений ряда сейсмических норм США и Евросоюза (ASCE-7-10, ASCE-4-98, 
FEMA P-1051/2016, EN 1998-6:2005) по проектированию сейсмостойких зданий и сооружений с учетом волновых сейс-
мических эффектов в грунтовом основании. Исследованы заложенные в нормы модели распространения волн и принятые 
подходы к проектному расчету, выявлены ограничения по применению нормативных методик.

Ключевые слова: Сейсмические волны, волновая модель сейсмического движения грунта, расчет на сейсмостойкость, 
ротационное сейсмическое движение грунта, линейный динамический анализ, ротационные спектры ответа.

The wave seismic effects on buildings and structures 
occur when seismic waves pass through the ground 
base. Since seismic waves velocities are finite, 
there is a time-delay between kinematic parameters 
(displacements, velocities, accelerations) at various 
points of the ground. For correct analysis of spatial 
buildings and structures, it is necessary to consider 
a space-time field of displacements, velocities 
and accelerations at points of their ground base. 
As presented in [1–3], the effect of seismic wave 
propagation is introduced into the analysis by seismic 
impact vector consisting of three translational and 
three rotational (angular) components at each point 

of the ground base. In particular, in [1] is discussed 
the conditions under which the field of ground wave 
motions at the base is reduced to a single seismic 
impact vector applied to the geometric center of 
the base. Ideas about the rotational components of 
seismic motion, which must be considered in structural 
analyses together with translational ones, appear in 
many scientific publications, see, for example, [4–7]. 
The need to take into account the rotational seismic 
motion at the base for some types of buildings and 
structures is present in foreign standards. This problem 
has been most fully resolved in the EU building codes, 
and to a much lesser extent – in the United States. 
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In the ASCE-7-10 [8], the rotational motion is 
simulated by random eccentricities for overlaps of 
structure (the corresponding explanations are given 
in [9]). A similar approach to accounting for wave 
phenomena in the engineering design is observed in 
the American atomic standards ASCE 4-98 ([10], 
C.3.3.1.2). ASCE 4-98 accepts the hypothesis about 
vertical propagation of body seismic waves. 
The seismic analysis is performed on vertical 
displacements of the base from P-waves and 
horizontal displacements from shear waves. Apparent 
velocity of vertical shear waves on the surface tends 
to infinity and there are no rotations. The simplified 
model of seismic motions as vertically propagating 
body waves should be used with the simultaneous 
setting of overlap’s random eccentricities, for 
guarantee that the building or structure will not be 
affected by any unaccounted wave effects. Further in 
С.3.3.1.2, it is noted the complexity of the real wave 
motions in the base and the corresponding features of 
the dynamic behavior of structures, such as associated 
horizontal, vertical, torsional and rocking motions, 
depending on the soil parameters, the foundation, the 
frequency range, etc.
Сonsider in detail the approach implemented in the 
European seismic standards EN 1998-6: 2005 [11]. In 
EN 1998-6:2005, spatial translational and rotational 
ground motions should be taken into account for 
tall structures (towers, masts, chimneys, etc.). In 3.1 
"Definition of the seismic input" EN 1998-6:2005 it is 
written: "In addition to the translational components 
of the earthquake motion, defined in EN 1998-
1:2004, 3.2.2 and 3.2.3, the rotational component of 
the ground motion should be taken into account for 
tall structures in regions of high seismicity." A Note 
1 to p.3.1 states that conditions under which the 
rotational component of the ground motion should 
be taken into account in a country, will be found 
in National Annex. The recommended conditions 
are structures taller than 80 m in regions where the 
product agS exceeds 0.25g, where ag is the design 
ground acceleration for type А ground; S is the soil 
factor; agS – design acceleration of soil for a given 
soil. Informative Annex gives a possible method 
to define the rotational components of the ground 
motion and provides guidance for taking them into 
account in the analysis. It should be noted that the 
National Annexes of the EU countries (for example, 

Cyprus, Greece) use Appendix A in its original form 
without changes [13-14]. An analysis according to 
the informative Annex A of EN 1998-6: 2005 "Linear 
dynamic analysis accounting for the rotational 
components of the ground motion" should be carried 
out if there are no results of a special study or well-
documented field measurements. In these cases, the 
rotational response spectra may be determined as:

              (1)

             (2)

             (3)

where Rθ(T), Rθ(T), Rθ(T) are the rotation response             x          y          z
spectra around x, y and z axes, rad/s2; Se(T) is the 
elastic response spectra for the horizontal components 
on the site, m/s2; T  is the period, s; vs is the average 
S-wave velocity of the top 30 m of the ground profile, 
m/s.
The velocity vs is directly evaluated by field 
measurements, or through the laboratory measurement 
of the shear modulus G and the soil density ρ as vs = √G/ρ,
or vs is accepted for standard ground type A, B, C and 
D equal to 800, 580, 270 and 150 m/s, respectively.
Rotational response spectra have the same physical 
meaning as response spectra for translational motion, 
but in terms of angular accelerations: this is the 
maximum angular acceleration of an oscillator with 
natural period T and a damping coefficient ξ in response 
to ground rotations with peak angular acceleration θ̈. 
The analysis is performed simultaneously for three 
translational and three rotational components of the 
seismic ground motions.
Appendix A shows the equations of motion for a 
flat cantilever model (Fig.1), which is described 
by horizontal translational displacements ut of 
the concentrated masses mt relative to the base. 
The seismic action is determined as translational 
horizontal ̈X and rotational θ̈ ground motions with 
the corresponding spectra Se(T) and Rθ(T). In EN 
1998-6:2005, the equations of motion are written as:

 [M]{̈u} + [C]{̇u} + [K]{u} = –({m}̈X + {mh}θ̈ ),   (4)

where [M] = diag[mi] is diagonal inertia matrix, [K] 
is the stiffness matrix, [С] is the damping – matrix, 
{m} is vector comprising masses mi, {mh} is vector 
comprising products  (Fig.1). 
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The forces on the right part of (4) are represented 
as two independent loads. The participation factors 
are determined for each load. For modal analysis, 
the participation coefficients of mode k are equal, 
respectively for the first and second loads in the right 
part (4):
 

      

where {Φ} is the k-th modal vector; {Φh} is the 
vector of the products of the modal amplitude Φ at 
the i-th degree of freedom and its elevation hi.
For linear systems in the time domain, full dynamic 
response to both loads is calculated as superposition 
of responses for each load. For linear response 
spectrum method, the resulting dynamic response 
are found by the rule SRSS (Square Root of the Sum 
of Squares).
We try to determine the generalized wave model 
[1–3, 15] corresponding the spectra (1)–(3). In 
the generalized wave model, it is assumed that 
translational motion Xi along the i-th axis is caused 
by shear displacements from SH- and SV-waves and 
longitudinal displacements from P-waves (Fig. 2):

X1 = u1 + v1 + w1,  X2 = u2 + v2 + w2,
X3 = u3 + v3 + w3.   

Without longitudinal displacements from P-waves 
which do not cause rotations:
         X1 = v1 + w1, X2 = u2 + w2, X3 = u3 + v3.       (5)

Further, we assume that all components of the wave 
motion in (5) are harmonic waves from the Fourier 
spectrum with the same frequency, wave number, and 
their own phase delay:

Figure 1. The flat cantilever mode

Figure 2.  The generalized wave model
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Accelerations of the translational motion are equal:
 

 

 

with maximum absolute values: 

Rotational accelerations are calculated using well-
known formulas (see, for example, in [1, 2]):

The maximum absolute values of rotational 
accelerations are equal to
 

Rotational spectra (1)–(3) are expressed only in terms 
of acceleration of horizontal translational motion, so 
Ẍ3 = 0 and A31 = A32 = 0, therefore

  ,

               (7)

Assuming that the amplitudes in the above formulas 
are of the same order, we estimate translational and 
rotational accelerations

            (8)

The estimation (8) shows the ratio of the maximum 
amplitudes of the rotational and translational 
components of the seismic impact. For the linear 
system, the estimation (8) is also true for the 
translational and rotational response spectra. The 
wave number k is related to the wavelength λ = vsT, 
and, accordingly, to its period T and phase velocity vs:

             (9)

The spectra (1)-(3) with accounting (8) and (9):
  

          (10)

Consider in (10) the Type 1 elastic response spectra 
for horizontal translational motion Se(T) determined 
in Table 1 [11, 12].
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Fig. 3 and 4 show graphs of the rotational response 
spectra (10) and translational response spectra given 
in Table.1. The translational spectra are shown as a 
solid line, the rotational spectra as a dotted line. Fig. 
3 is drawn for soil A with Vs = 800 m/s, Fig. 4 – for 
soil D with Vs = 150 m/s.
The graphs of the rotational spectra in Fig. 3 and 4 
show that the rotational motion corresponding to 
(1)-(3) is a high-frequency component of the seismic 
action, the contribution of which to the structural 
response increases for soft, loose soils. The reduction 
coefficients in (1)-(3) equal to 0.85 for rotational 
spectra with respect to two horizontal axes. It seems 
to have been introduced artificially (for example, to 
account for the non-synphase of seismic waves or 
the weakening of the dynamic response due to the 
scattering of seismic waves).

CONCLUSIONS

1. The US standards ASCE-7-10 and ASCE-
4-98 accepted a model of vertical body wave 
propagation. In this case, the horizontal and vertical 
displacements of the base are caused by shear waves 
and compression waves respectively; there are no 
rotational components since the apparent velocity of 
vertical shear waves tends to infinity. The accidental 
eccentricity is used to indirectly account for various 
effects, including: plan distributions of mass that 
differ from those assumed in design, variations in the 
mechanical properties of structural components, non-
uniform yielding of the lateral system, and torsional 
and rotational ground motions [9]. However, the 
accidental eccentricity approach cannot be called 
successful for simulating torsional and rotational 
ground motions, since the motion of a dynamical 
system with eccentricities and with ground rotations 
has different causes and is described by different 
equations. Simple illustrative examples of the 
equations of motion can be found in [16].
2. In the European Union standard EN 1998-6:2005 
it is proposed a method of analysis of tall structures 
(towers, masts, chimneys, etc.) for simple flat 
cantilever (Fig.1) with the equation of motion (4). 
Rotational response spectra (1)-(3) are expressed 
through the response spectra of horizontal translational 
motion. The method is based on a simplified wave 
model as a composition of SH-waves propagating 

Table 1. Type 1 Elastic response spectra

Figure 3. Translational and rotational response 
spectra. Ground А, Type I

Figure 4. Translational and rotational response 
spectra. Ground D, Type I
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in two orthogonal horizontal directions with a finite 
phase velocity. For this wave model, the rotational 
response spectra are obtained, and the rules for 
calculating the resulting forces under the combined 
action of translational and rotational components of 
seismic motion are described. The spatial extended 
and large-span buildings and structures are not 
considered in the Eurocode. The reason is probably 
in a lack of scientific and methodological basis.

REFERENCES
1.  Nazarov Y.P. Analiticheskie osnovy rascheta 

sooruzheniy na seysmicheskie vozdeystviya 
[The analytical calculation fundamentals of 
constructions on seismic loads]. – М.: Nauka, 
2010; 414. (RUSSIAN)

2.     Nazarov Y.P. Raschetnye modeli seysmicheskikh 
vozdeystviy [Models of seismic actions for 
calculation]. – М.: Nauka, 2012; 468.  (RUSSIAN)

3.  Yuri P. Nazarov, Elena Poznyak, Anton V. 
Filimonov. A brief theory and computing of 
seismic ground rotations for structural analyses. 
Soil Dynamics and Earthquake Engineering, 71 
(2015), Pages 31–41.

4.  Lee W.H.K., Kanamori H., Jennings 
P., Kisslinger C. / International Handbook of 
Earthquake & Engineering Seismology, Part B.  
Academic Press, 2003.

5.   Bońkowski P.A., Zembaty Z., Minch M.Y. 
Time history response analysis of a slender tower 
under translational-rocking seismic excitations. 
Engineering Structures 155. (2018). 387–393.

6.    D. Basu, A.S. Whittaker, M.C. Constantinou. 
Characterizing rotational components of 
earthquake ground motion using a surface 

distribution method and response of sample 
structures. .Engineering Structures 99 (2015) 
685–707

7.   F. Vicencio, N.A. Alexander. A parametric study 
on the effect of rotational ground motions on 
building structural responses, Soil Dynamics 
and Earthquake Engineering, Volume 118, 2019, 
Pages 191–206.

8.  ASCE/SEI 7-10 Minimum design loads for 
buildings and other structures.

9.  FEMA P-1051/2016 NEHRP Recommended 
Seismic Provisions: Design Examples.

10. ASCE 4-16 Seismic Analysis of Safety-Related 
Nuclear Structures and Commentary

11.  EN 1998-6:2005 Eurocode 8: Design of structures 
for earthquake resistance - Part 6: Toers, masts 
and chimneys

12.  EN 1998-1:2005 Eurocode 8: Design of structures 
for earthquake resistance - Part 1: General rules, 
seismic actions and rules for buildings.

13. CYS EN 1998-6:2005 Eurocode 8: Design of 
structures for earthquake resistance. Part 6: 
Towers, masts and chimneys 

14. BS EN 1998-6:2005 UK National Annex to 
Eurocode 8. Design of structures for earthquake 
resistance. Towers, masts and chimneys

15. Yu.P. Nazarov, E.V. Poznyak. Estimate of 
Rotational Components of Seismic Ground 
Motion//Soil Mechanics and Foundation 
Engineering, 2016, Volume 52, Issue 6, pp 
355–360.

16. E.V. Poznyak. Osnovy teorii seismostoykosti 
stroitel’nykh konstrukziy. [Fundamentals of 
the earthquake resistance theory of building 
structures]. – M.: Izdatel’stvo MEI. 2016.

Yuri P. Nazarov, doctor of technical Sciences, head of the sector "Earthquake resistance of structures" of JSC Research Center 
of Construction. 109428, Moscow, 2nd Institutskaya str., 6, building 1. Email: nazarov-dom@mail.ru. Tel.: +7 (495) 602-00-70 

Назаров Юрий Павлович, д.т.н., заведующий сектором «Сейсмостойкость сооружений» АО «НИЦ «Строительство».
109428, г. Москва, 2-я Институтская ул., д.6, корпус 1. Email: nazarov-dom@mail.ru. Tel.: +7 (495) 602-00-70. Fax: +7 (499) 171-22-50.

Elena V. Poznyak, Ph. D., associate Professor of the Department of robotics, mechatronics, dynamics and strength of machines 
Moscow Power Engineering Institute National Research University, Moscow, 14 Krasnokazarmennaya street, Moscow, 111250, 
Russia. Tel.: +7 495 362-77-00

Елена Викторовна Позняк, к.т.н., доцент кафедры робототехники, мехатроники, динамики и прочности машин ФГБОУ 
ВО НИУ «МЭИ», 111250, Россия, г. Москва, Красноказарменная улица, дом 14. Tel.: +7 495 362-77-00

Overview of the Unated States and the European Union Standards in Terms of Analysis of Buildings and Structures Under 
Seismic Wave Action



60 International Journal for Computational Civil and Structural Engineering

CLASSIFICATION OF INTERNAL RESONANCES IN NONLINEAR 
FRACTIONALY DAMPED UFLYAND-MINDLIN PLATES 
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Abstract: In the present paper, the nonlinear free vibrations of fractionally damped plates are studied, equations of motion of 
which take the rotary inertia and shear deformations into account and involve five coupled nonlinear differential equations in 
terms of three mutually orthogonal displacements and two angles of rotation. The procedure resulting in decoupling linear parts 
of equations has been proposed with further utilization of the generalized method of multiple time scales for solving nonlinear 
governing equations of motion, in so doing the amplitude functions have been expanded into power series in terms of the small 
parameter and depend on different time scales. The occurrence of the internal or combinational resonances in Uflyand-Mindlin 
plates has been revealed and classified.

Keywords: Nonlinear elastic Uflyand-Mindlin plate, fractional damping, fractional derivative Kelvin-Voigt model,
generalized method of multiple time scales  

КЛАССИФИКАЦИЯ ВНУТРЕННИХ РЕЗОНАНСОВ
В НЕЛИНЕЙНЫХ ПЛАСТИНКАХ УФЛЯНДА-МИНДЛИНА 

С ДРОБНЫМ ДЕМПФИРОВАНИЕМ 
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Аннотация: В данной работе изучаются нелинейные колебания пластинок на основе моделирования сил внешнего 
демпфирования с помощь производных дробного порядка. При этом используется система пяти нелиненйых уравнений 
движения, учитывающая деформации сдвига и силы инерции, относиельно трех перемещений  в трех взаимно орто-
гональных направлениях и двух углов поворота. В  качестве метода решения используется обобщенный метод многих 
временных масштабов. Выявлены возможные типы внутренних и комбинационных резонансов, которые могут возникать 
в платинках Уфлянда-Миндлина, и дана их классификация.    

Ключевые слова: нелинейно упругая пластинка Уфлянда-Миндлина, демпфирование с помощью дробной произво-
дной, модель Кельвина-Фойгта с дробной производной, обобщенный метод многих временных масштабов

1. INTRODUCTION

Recently the interest to nonlinear dynamic response 
of viscoelastic plates or elastic plates vibrating in a 
viscoelastic surrounding medium has been greatly 
renewed due to the appearance of advanced materials 
exhibiting nonlinear behavior, and a comprehensive 
review in the field, including experimental results, 
could be found in [1–7]. In so doing the damping 
forces are usually taken into account according to the 

Rayleigh's hypothesis [2,8], resulting in the modal 
damping [9],  i.e. it is assumed that each natural mode 
of vibrations possesses its own damping coefficient 
dependent on its natural frequency. For describing the 
viscoelastic features of plates, the Kelvin-Voigt model 
[5] or standard linear solid model [6] are of frequent 
use in engineering practice considering either linear 
or nonlinear springs in viscoelastic elements [10].
The analysis of free undamped [11] and damped [5] 
vibrations of nonlinear systems is of great importance 
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for defining the dynamic system's characteristics 
dependent on the amplitude-phase relationships and 
modes of vibration. Moreover, nonlinear vibrations 
could be accompanied by such a phenomenon as 
the internal resonance, resulting in strong coupling 
between the modes of vibrations involved [11–16] 
and hence in the energy exchange between the 
interacting modes.
The internal resonance could be observed in the case 
of some combination of natural frequencies of one 
and the same type of vibrations. Thus, nonlinear 
vibrations of rectangular plates, dynamic behavior of 
which is described by von Karman equations in terms 
of the plate's deflection and stress function, have 
been considered in [13] by reducing the governing 
equations to a set of two modal equations applying 
the Galerkin procedure.The case of the one-to-
one internal resonance (when frequencies of two 
modes of flexural vibration are equal to each other) 
accompanied by the external resonance (when the 
frequency of the harmonic force is close to one of 
the natural frequency) has been studied.
The one-to-one internal resonance has been 
investigated also in [14] and [15] for nonlinear 
vertical vibrations of rectangular plates under 
the action of harmonic forces acting in the plate's 
plane [14] and out of the plate's plane [14,15], in 
so doing a set of three equations in terms of two in-
plane displacements and deflection and a set of five 
equations considering the shear deformations have 
been used in [14] and [15], respectively. However, 
considering the inertia forces only for vertical 
vibrations and utilizing the Galerkin procedure, 
in both papers a set of two nonlinear equations 
has been obtained in terms of two flexural modes, 
which are assumed to be coupled via the one-to-one 
internal resonance. For the first two natural modes 
of flexural vibrations, the cases of the 1:2 and 1:3 
internal resonances have been also studied in [15].
Another type of the internal resonance has been 
investigated by Rossikhin and Shitikova [16–20], 
when one frequency of in-plane vibrations is equal 
(the 1:1 internal resonance [18,20]) or two times 
larger (the 1:2 internal resonance [16,19]) than a 
certain frequency of out-of-plane vibrations. As 
this takes place, a set of three nonlinear differential 
equations in terms of three mutually orthogonal 
displacements has been used considering inertia 

of all types of vibrations, what allows the authors 
to study the combinational resonances of the 
additive and difference types as well [17, 20–22]. 
Combinational types of the internal resonance 
result in the energy exchange between three 
or more subsystems. It should be noted that 
investigations in this direction were initiated 
by Witt and Gorelik [23], who pioneered in the 
theoretical and experimental analysis of the energy 
transfer from one subsystem to another using 
the simplest two-degree-of-freedom mechanical 
system, as an example.
Moreover, in order to study nonlinear free damped 
vibrations of a thin plate, the viscoelastic Kelvin-
Voigt model involving fractional derivative [24] 
has been utilized, since this model possesses the 
advantage over the conventional Kelvin-Voigt model 
[11–15], because it provides the results matching the 
experimental data. Thus, for example, experimental 
data on ambient vibrations study for the Vincent-
Thomas [25] and Golden Gate [26] suspension 
bridges have shown that different modes of vibrations 
possess different magnitudes of damping coefficients. 
Besides, the increase in the natural frequency results 
in the decrease in the damping ratio. In order to lead 
the theoretical investigation in the agreement with the 
experiment, in 1998 it was suggested in [27] to utilize 
the fractional derivatives to describe the processes of 
internal friction occurring in suspension combined 
systems, what allowed the authors in a natural way to 
obtain the damping ratios, which depend on natural 
frequencies.
Nowadays fractional calculus is widely used for 
solving linear and nonlinear dynamic problems of 
structural mechanics, what is evident from numerous 
studies in the field, the overview of which could be 
found in the state-of-the-art articles by Rossikhin 
and Shitikova [28,29], wherein the examples of 
adopting the fractional derivative Kelvin-Voigt, 
Maxwell and standard linear solid models are 
provided for single-mass oscillators, rods, beams, 
plates, and shells.
In particular, linear vibrations of Kirchhoff-Love 
plates with Kelvin-Voigt fractional damping were 
considered for rectangular and circular plates, 
respectively, in [30] and [31] using one equation 
for vertical vibrations, while utilizing three 
equations of in-plane and transverse vibrations in 
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[8,32], and later multiplate systems were analyzed 
in [28,33]. It has been proved [29,34] that if 
viscoelastic properties of plates are described by 
the Kelvin-Voigt model assuming the Poisson’s 
ratio as the time-independent value (though for real 
viscoelastic materials the Poisson's ratio is always 
a time-dependent function [35]), then this case 
coincides with the case of the dynamic behavior 
of elastic bodies in a viscoelastic medium. Thus, 
the authors of [30,31], and not only them, replaced 
one problem with another, namely: a problem of the 
dynamic response of viscoelastic Kirchhoff-Love 
plates in a conventional medium with a problem 
of dynamic response of elastic Kirchhoff-Love 
plates in a viscoelastic medium, damping features 
of which are governed by the fractional derivative 
Kelvin-Voigt model. The vibration suppression 
of fractionally damped thin rectangular simply 
supported plates subjected to a concentrated 
harmonic loading has been studied recently in 
[36] in order to minimize the plate deflection at 
the natural frequencies of the plate, in so doing 
the vibration suppression is accomplished by 
attaching multiple absorbers modelled as Kelvin-
Voigt fractional oscillators,  i.e. generalizing the 
approach suggested in [28,33].
As for the analysis of nonlinear vibrations of plates, 
then except the above mentioned papers [16,18–21], 
the fractional derivative Kelvin-Voigt model was used 
in [37–42] and fractional derivative standard linear 
solid model in [7,43,44] but without considering the 
phenomena of the internal resonance.
Thus, free and forced vertical vibrations of 
an orthotropic plate have been studied in [37] 
considering first four modes of flexural vibrations, 
and during the analysis of force driven vibrations 
the frequency of a harmonic force was assumed 
to be equal to one of natural frequencies. The von 
Karman plate equation with fractional derivative 
damping was utilized in [38] for analyzing the 
cases of primary, subharmonic and superharmonic 
resonance conditions, when the harmonic force 
frequency, respectively, is approximately equal, 
three times less or larger than the first or second 
natural frequency of vertical vibrations. Nonlinear 
random vibrations of the same plate was studied 
in [41]. Dynamic nonlinear response to random 
excitation of a simply supported rectangular plate 

based on a foundation, damping features of which are 
described by the fractional derivative Kelvin-Voigt 
model, has been considered in [40]. The analysis 
of chaotic vibrations of simply supported nonlinear 
viscoelastic plate with fractional derivative Kelvin-
Voigt model has been carried out in [42] for the case 
when the plate is subjected to an in-plane harmonic 
force in one direction and a transverse harmonic 
force. The Galerkin decomposition has been used to 
obtain the modal equation of the system, in so doing 
the authors restricted themselves only by the first 
mode. The fractional derivative standard linear solid 
model has been utilized in [44] for a viscoelastic 
layer for active damping of geometrically nonlinear 
vibrations of smart composite plates using the higher 
order plate theory and finite element method with 
discretizing the plate by eight-node isoparametric 
quadrilateral elements.
Recently the approaches suggested in [19,20] for 
solving the problem on free nonlinear vibrations 
of elastic plates in a viscoelastic medium, damping 
features of which are governed by the Riemann-
Liouville derivatives of the fractional order, and 
in [45] for studying the dynamic response of the 
fractional Duffing oscillator subjected to harmonic 
loading have been generalized for the case of 
forced vibrations of a simply-supported nonlinear 
thin elastic plate under the conditions of different 
internal resonances, when two or three natural modes 
corresponding to mutually orthogonal displacements 
are coupled [46–49].
In the present paper, the procedure proposed in [20] 
for solving the problem of free nonlinear vibrations 
of elastic plates in a fractional derivative viscoelastic 
medium, when the damped motion is described by a 
set of three nonlinear equations, has been extended 
for the case of free vibrations of a simply-supported 
fractionally damped nonlinear thin elastic plate, 
the motion of which is described by five equations 
involving shear deformations and rotary inertia.

2. PROBLEM FORMULATION

In order to consider free damped vibrations of a 
nonlinear simply-supported rectangular plate, first we 
recall the equations of motion of a nonlinear elastic 
rectangular plate, which take into account shear 
deformations and rotary inertia [50]
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subjected to the initial

 

as well as the boundary conditions (a) along the 
y-axis direction 

and (b) along the x-axis direction 

where u = u(x, y, t), v = v(x, y, t) and w = w(x, 
y, t) are the displacements of points located 
in the plate's middle surface in the x-, y-, and 
z-directions, respectively, ψx(x, y, t) and ψy(x, y, 
t) are the angles of rotation of the normal to the 
middle surface and in the plane tangent to the lines 
z and x, k is the shear coefficient, μ is the Poisson's 
ratio, a and b are the plate's dimensions along the 
x- and y-axes, respectively, h is its thickness, and 
t is the time.
Let us rewrite equations (1)-(8) in the dimensionless 
form introducing the following dimensionless values: 
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Substituting then (9) in (1)-(8), omitting asterisks for 
ease of presentation, and introducing the forces of 
resistance of the surrounding medium, resulting in 
damped vibrations, as it was suggested in [16,18], yield 

where β1 = a/b and β2 = h/a are the parameters defining 
the dimensions of the plate, χi (i = 1, 2, ..., 5) are damping 
coefficients, overdots denote time-derivatives, lower 
indices after a comma label the derivatives with 
respect to the corresponding coordinates, and Dy 

is the Riemann-Liouville fractional derivative [51] 
defined as 

3. METHOD OG SOLUTION

Let us seek the solution of equations (10)–(14) in 
the form of expansions in terms of eigen modes of 
vibration 

where ximn(t) (i = 1, 2, ..., 5) are the generalized 
displacements corresponding to the plate's in-plane 
displacements, its deflection and angels of rotation, 
while the eigen forms satisfying the boundary 
conditions (7)-(8) have the form 

Substituting (16) and (17) in equations (10)-(14), 
multiplying then (10)-(14) by nimn(x,y), respectively, 
integrating over x and y, and applying the condition of 
orthogonality of the eigen modes within the domains 
0 ≤ x,y ≤ 1, we are led to a set of coupled nonlinear 
second-order differential equations in ximn(t)
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where 

Nonlinear parts of equations (18)-(20) have the form 

where 
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The analysis of the structure of equations (18)-(22) 
shows that equations (18) and (19) are coupled with 
each other via linear terms and with equation (20) in 
terms of nonlinear terms Fjmn(j = 1,2,3) . Equations 
(21) and (22) are coupled with each other and with 
Eq. (20) only via linear terms. Thus, the linearized 
equations (18)-(22) are decoupled in two linear 
subsystems.

3.1. Solution of the eigen value problem and 
decoupling the equations of motion

To determine the natural frequencies of linear 
vibrations ωimn (i = 1,2,3,4,5), it is a need to solve 
the linear eigen value problem. The characteristic 
equation of the linearized equations (18) and (19) 
has the form 

the solution of which gives the natural frequencies 
of in-plane vibrations 

which coincide with those obtained in [16,19].
The linearized set of equations (20)-(22) provides the 
following frequency equation: 

where 

The solution of equation (27) results in three sets 
of natural frequencies, ω3mn, ω4mn and ω5mn, and the 
least of them, ω3mn, corresponds to the frequency of 
flexural vibrations. It is defined as 

The other two roots of equation (27) correspond to 
the high frequency vibrations and have the form 

The natural frequencies correspond to mutually 
orthogonal eigen vectors 
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Following [20], let us expand the matrices Smn
                   ij
(i, j = 1,2), Smn (i,j = 3,4,5) and generalized                         ij

displacements ximn entering in equations (18)-(22) in 
terms of the eigen vectors (31) and (32) 

Now substituting expansions (33)-(35) in Eqs. (18)-
(22) and then multiplying (18)-(19) successively by 
LI    , LII  , and (20)-(22) successively by LIII  , LIV , and   imn    imn                                                   imn    imn
finally by LV   with due account for the conditions of                  imn
orthogonality of the eigen vectors 

we are led to the following set of equations of motion:

in terms of new generalized displacements Xjmn 

It should be emphasized that the left-hand side parts 
of (37)-(41) are linear and independent of each other, 
while equations (37)-(39) are coupled only by non-
linear terms in their right-hand sides.
Moreover, the set of equations (37)-(41) is decoupled 
into three subsystems, namely: the first subset compiles 
three nonlinear fractional derivative equations (37)-
(39), the second and the third subsystems involve 
one linear fractional derivative equation each, i.e. 
equations (40) and (41), respectively. Thus, in order to 
find a solution, it is need to examine each subsystem.

3.2. Analysis of the reduced equations of motion

Equations (40) and (41) describe free damped 
vibrations of a linear oscillator with a viscoelastic 
resistance force modelled in terms of the fractional 
derivative Kelvin-Voigt model [24]. For the case of 
weak damping, i.e. when χi = εæi or χi = ε2æ with
0 < ε = 1, approximate analytical solutions of 
equations similar to (40) and (41) have been found in 
[28,52] utilyzing the fractional derivative expansion 
method [27], which is the extension of the multiple 
time scales procedure [53]. The case of ε -order 
damping and the half-derivative, i.e. when the order 
of the fractional derivative is γ = 1/2, was treated in 
[54] using the averaging perturbation technique.
Free damped vibrations of a linear fractional derivative 
Kelvin-Voigt oscillator in a medium with finite 
viscosity, i.e. without any restrictions on the magnitude 
of the damping coefficient χi, have been studied 
analytically in [24,52] utilizing the construction of the 
Green function, which was proposed for the first time 
for such fractional derivative equations by Professor 
Yury Rossikhin in his PhD thesis [55] in 1970 and then 
published in 1971 in the pioneer paper [56]. Further 
this procedure was generalized for dynamics of linear 
oscillators, beams, plates and shells using different 
fractional operator models, and their overview could 
be found in [24,28,29].
As for the first subsystem (37)-(39) involving three 
nonlinear equations with fractional derivative terms, 
then it has the similar structure as the set of three 
governing equations considered previously but 
ignoring the influence of the rotary inertia and shear 
deformations [19].
Following [19,20] it could be shown that the solution 
of equations (37)-(39) could be constructed using the 
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generalized method of multiple time scales suggested 
in [27]. We will not repeat this procedure, since it is 
described in detail in [20,57], and it could be easily 
adopted to equations (37)-(39) within an accuracy 
of coefficients.
Thus, it has been revealed that nonlinear vibrations of 
the plate could be accompanied by different types of 
the internal resonance when two or more modes could 
be coupled, resulting in the energy exchange between 
the coupled modes. Moreover, its type depends on 
the order of smallness of the viscosity involved into 
consideration. Thus, it has been found that at the ε – 
order, damped vibrations could be accompanied by 
the following types of the internal resonance: 
the two-to-one internal resonance (2:1), when one 
natural frequency is twice the other natural frequency,
 
                  ω1 = 2ω3 (ω1 ≠ ω2, 2ω3 ≠ ω2),     (47)
                  ω2 = 2ω3 (ω1 ≠ ω2, 2ω3 ≠ ω1),     (48)

the one-to-one-to-two internal resonance (1:1:2), 
that is, 
                             ω1 = ω2 = 2ω3 ;                 (49)

at the ε2 -order, damped vibrations could be 
accompanied by the following types of the internal 
resonance: 
the one-to-one internal resonance (1:1) 

                    ω1 = ω2 (ω3 ≠ ω1, ω3 ≠ ω2),      (50)
                    ω1 = ω3 (ω2 ≠ ω1, ω2 ≠ ω3),
                    ω2 = ω3 (ω1 ≠ ω2, ω1 ≠ ω3),      (51)

the one-to-one-to-one internal resonance (1:1:1) 

                  ω1 = ω2 = ω3  ,                        (52)

the combinational resonance of the additive-
difference type 

                   ω1 = ω2 + 2ω3 ,                      (53)
                   ω1 = 2ω3 – ω2 ,
                              ω1 = ω2 – 2ω3 ,                                        

(54)

where ω1 and ω2 are the frequencies of certain 
modes of in-plane vibrations in the x- and y- axes, 
respectively, and ω3 is the frequency of a certain mode 
of out-of-plane vibrations.

For each type of the resonance, the nonlinear sets 
of resolving equations in terms of amplitudes and 
phase differences could be obtained using the same 
procedure as in [20]. The influence of viscosity on 
the energy exchange mechanism is revealed by the 
fact that each mode is characterized by its damping 
coefficient connected with the natural frequency by 
the exponential relationship with a negative fractional 
exponent. Thus, during free vibrations of the plate 
with internal resonances three regimes could be 
observed: stationary (absence of damping at γ = 0), 
quasistationary (damping is defined by an ordinary 
derivative at γ = 1), and transient (damping is defined 
by a fractional derivative at 0 < γ < 1).

4. ANALYSIS OF SPECTRA OF NATURAL 
FREQUENCIES

In order to show that the phenomenon of internal 
resonance could be very critical, since in the thin 
plate under consideration the internal resonance is 
always present, it is a need to analyze the spectra of 
natural frequencies.
Thus, natural frequencies of vibrations ωimn (i = 
1,2,...,5) calculated according to (26) and (28)-(30), 
as well as frequency of vertical flexural vibrations 
without shear deformations and rotary inertia 
calculated via the formula [20]

are given in Tables 1-3 for a square plate, i.e. at β1 
= a/b = 1, at β2 = h/a = 0.1 and 0.025, respectively.
Reference to Tables 1-3 shows the influence of 
the shear deformations and rotary inertia on the 
frequencies of flexural vibrations, in so doing the 
thicker the plate, the more difference between the 
frequencies ω3 and ω̅3. Thus, for example, for the 
square plate the frequency of the fundamental mode 
at m = 1, n = 1 calculated by the classical theory at 
β2 = 0.1,  0.05 and 0.025 is reduced, respectively, by 
3.51, 1.05 and 0.7% as compared with that calculated 
by the refined theory. This difference increases for 
more high frequencies, what is evident from Table 4.
Natural frequencies for a rectangular plate at β1 = 0.5 
and β2 = 0.05 are presented in Table 5. The influence 
of the ratio of the plate's dimensions on natural 
frequencies is seen from Table 6, whence it follows 
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that the difference between the frequencies according 
to classical and refined theories increases with the 
increase in plate's length.
From Tables 1-3 and 5 it is seen that the internal 
resonances of all types (47)-(54) could take place, 

and the occurrence of this or that case depends on 
the dimensions of the plate, i.e. on magnitudes of the 
coefficients β1 and β2.
As soon as the case of the internal resonance is 
revealed, then the further treatment of nonlinear 
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equations (37)-(39) could be carried out by the 
procedure developed in [27] within an accuracy of 
the coefficients.

CONCLUSION

In the present paper, the nonlinear free vibrations 
of fractionally damped plates are studied, equations 
of motion of which take the rotary inertia and shear 
deformations into account and involve five coupled 
nonlinear differential equations in terms of three 
mutually orthogonal displacements and two angles 
of rotation. The procedure resulting in decoupling 
linear parts of equations has been adopted with further 
utilization of the generalized method of multiple time 
scales for solving nonlinear governing equations of 
motion, in so doing the amplitude functions have 
been expanded into power series in terms of the 
small parameter and depend on different time scales. 

Numerical analysis of the natural frequency spectra 
reveals the possibility of the occurrence of different 
internal and combinational resonances. 
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A.A. ILYUSHIN'S FINAL RELATION, ALTERNATIVE 
EQUIVALENT RELATIONS AND VERSIONS OF ITS 

APPROXIMATION IN PROBLEMS OF ELASTIC DEFORMATION 
OF PLATES AND SHELLS  

PART 2: ALTERNATIVE EQUIVALENT RELATIONS
OF A.A. ILYUSHIN

Aleksandr V. Starov, Sergei JU. Kalashnikov
Volgograd state technical university, Volgograd, RUSSIA

Abstract: The finite relationship between the forces and moments of plates and shells in the parametric form of the theory of 
small elastoplastic deformations is investigated of A.A. Ilyushin, to determine the load-bearing capacity of structures from a 
material without hardening. A geometric image of the exact yield surface in the space of generalized stresses is obtained. In the 
first part of the article the conclusion of the final relation is given. In the second and third parts, by introducing other parameters, 
alternative equivalent dependences of the final relationship have been developed and variants of its approximation for application 
in computational practice are considered. In the fourth part, additional properties of the final relationship are considered, the 
possibility and necessity of its use in problems of plastic deformation of plates and shells is shown.

Keywords: the plasticity theory, plastic deformation of plates and shells, a surface of fluidity, a plasticity condition.

КОНЕЧНОЕ СООТНОШЕНИЕ А.А. ИЛЬЮШИНА, АЛЬТЕРНА-
ТИВНЫЕ ЭКВИВАЛЕНТНЫЕ ЗАВИСИМОСТИ И ВАРИАНТЫ 

ЕГО АППРОКСИМАЦИИ В ЗАДАЧАХ ПЛАСТИЧЕСКОГО ДЕФОР-
МИРОВАНИЯ ПЛАСТИН И ОБОЛОЧЕК

ЧАСТЬ 2: АЛЬТЕРНАТИВНЫЕ ЭКВИВАЛЕНТНЫЕ ЗАВИСИМО-
СТИ КОНЕЧНОГО СООТНОШЕНИЯ А.А. ИЛЬЮШИНА

А.В. Старов, С.Ю. Калашников
Волгоградский государственный технический университет, г. Волгоград, РОССИЯ

Аннотация: Выполнено исследование конечного соотношения между силами и моментами пластин и оболочек в параме-
трическом виде теории малых упругопластических деформаций А.А. Ильюшина, для определения несущей способности 
конструкций из материала без упрочнения. Получен геометрический образ точной поверхности текучести в простран-
стве обобщенных напряжений. В первой части статьи приводится вывод конечного соотношения. Во второй и третьей 
частях введением других параметров разработаны альтернативные эквивалентные зависимости конечного соотношения 
и рассмотрены варианты его аппроксимации для применения в расчетной практике. В четвертой части рассмотрены до-
полнительные свойства конечного соотношения, показана возможность и необходимость его использования в задачах 
пластического деформирования пластин и оболочек.

Ключевые слова: теория пластичности, пластическое деформирование пластин и оболочек, поверхность текучести, 
условия пластичности.
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2.1. Alternative equivalent relations of a final 
relation 

In the work [9], in integrating the integrals (4.25), 
integration over the intensity of the deformations ei is 
performed instead of integrating over the coordinate 
z. Let us show that we can obtain an alternative 
finite relation by calculating the integrals (4.25) with 
respect to the coordinate z, and compare the results 
of the calculations.
Intensity of deformations, according to (4.7) [9]: 

           (2.1)

Let's consider values of intensity of deformations in 
three points disposed on an axis z

                 Le t ' s  des igna te  them 

accordingly:

           (2.2)

Considering the last as the equations concerning three 
quadratic forms Pχ, Pεχ, Pε, we copy them in a kind: 
 

         (2.3)

Solving them with respect to quadratic forms leads 
to the following results:

         (2.4)

We introduce two basic parameters λ and μ:

         (2.5)

These parametres satisfy to conditions: 0 ≤ λ ≤ 1,
0 ≤ μ ≤ 1 as ei1 – there is a maximum value of intensity 
of deformations, if Pεχ < 0. Then formulas (2.3) can 
be copied in a kind: 
 

         (2.6)

In formulas (4.23')-(4.24') [9], there are three types 
of integrals that are common in shell thickness:

         
(2.7)

These integrals tabular. According to formulas 
(380.001, 380.011, 380.021) [42]

 

 
                   (2.8)

As well as in [9], we will consider that tensile 
deformation and shift of a middle surface ε1, ε2, ε12 
are commensurable or small compared with bending 

strains of a shell                                or that the last 

are dominating if the point z0 (minimum) ei does not 
fall outside the limits a thickness of a shell, i.e. if  
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Deformations of a middle surface we will name large or 
dominating compared with bending strains if the point 
z0 is disposed out of a thickness of a shell i.e. if one of 

inequalities takes place 

Taking into account (2.8) also it is possible to express 
an integral J3 through integrals J2 and J1:

 

                      (2.9)

Corresponding integrals according to (2.8)-(2.9):

       (2.10)

 
        (2.11)
     

        (2.12)

Taking into account (2.9) also it is possible to present 
an integral J3 in a kind

       (2.13)

At change of a sign Pεχ integrals according 
to (2.10)–(2.13) J1 = J1, J2 = –J2, J3 = J3. If

Intensity of deformations (2.1) taking into account 
(2.4) becomes 

        (2.14)

According to (2.14) integrals in formulas (4.23')-
(4.24') [9]: 

 
      

 (2.15)

Corresponding integrals according to (2.8)–(2.9) 
which can be received also substitution (2.4) in 
(2.10)–(2.13):
 

                      (2.16)
     

        (2.17)
     

        (2.18)
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Taking into account (2.9) also it is possible to present 
an integral J3 in a kind

 
      
                                     .
      

  (2.19)

Taking into account (2.5) formulas (2.16)-(2.19) 
become:

           (2.20)
 

        (2.21)
     

       (2.22)
. 

        
(2.23)

Formulas (4.44) taking into account (4.66)-(4.68) [9]

      

        (2.24)

where

         (2.25)

From here with the account (4.45'), (4.45"), (4.45'") 
[9] we receive a required final relation:
    

        (2.26)

As in A.A. Ilyushin’s theory ei0 – the minimum value 
of intensity of deformations ei at z = z0, and in offered 
model ei0  – value of intensity of deformations ei at 
z = 0 also have different physical sense, we will 
designate these parametres as follows: 

The relationship between these parameters is obtained 
from (4.34) [9]
 
        (2.27)

Where Pε, Pεχ, Pχ according to (2.4):
 

        (2.28)

       (2.29)

Deciding biquadratic the equations (2.28)-(2.29), 
we find

      (2.30)
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        (2.31)

In formulas (2.30)-(2.31) upper sign (–) concerns to a 
case of a dominating bending of a shell, and lower (+) 
to a case of a dominating stretching – compression. 
Analysing (2.29), (2.31), we find limits of change of 
parametres λ, μmin, μ:
For a dominating bending of a shell:

        (2.32)

For the dominant extension – compression of the 
shell:

        (2.33)

Another variant of the relation between the 
parameters ei0,min, ei0, μmin, μ  is obtained from (4.60)
[9] and (2.4)

       (2.34)
     

           (2.35)

In formulas (2.34)-(2.35) upper sign (–) concerns to a 
case of a dominating bending of a shell, and lower (+)  
to a case of a dominating stretching – compression. 
Formulas (2.30), (2.34), (2.31), (2.35) are equivalent. 
Product of radicals in (2.34)–(2.35) is equal to 
a radical in (2.30)–(2.31). Limits of change of 
parametres  are naturally identical. Deciding (2.34) 
and (2.35) rather ei0,min, μmin, we receive (2.28) and 
(2.29). 
The right parts of system of the equations (2.26) 
are functions only two parametres λ, μ, in three-
dimensional space with variables Qn, Qm, Qnm they 

represent a surface F(Qn, Qm, Qnm) = 0, and (2.26) is 
the parametric equation of this surface and coincides 
with (4.70') [9].
If to enter new functions by analogy with (4.62)-
(4.65) [9] after enough bulky transformations of the 
right parts of the equations (2.26), relation (2.26) can 
be resulted in a kind (4.70') [9]

  

        (2.36)

It is possible to notice that function χ here does not 
enter, as and in (4.70') [9] it is not independent and 

is equal .

Similar transformations are necessary in the absence 
of high-power computer facilities. Now in it there 
are no necessities and the right parts of the equations 
(2.26) are more convenient for calculating directly. 
Ratio (2.26) and (4.70') [9] are equivalent.
As well as in the work [9] we consider three special 
cases of a final relation. 
1. The momentless tension state occurs if the 
deformations of the fibers along the thickness of the 
shell are the same: 

ei1 = ei2 = ei0 = ei0,min ,  λ = μ = μmin = 1.

In the formulas (2.31)-(2.35) it is necessary to take 
the lower sign (+). Expanding the uncertainties in 
the formulas (2.20)-(2.23) and (2.26), we obtain the 
Mizes condition (4.71)-(4.71') [9]
In formulas (2.31)-(2.35) it is necessary to take the 
lower sign (+). Opening uncertainty of formulas 
(2.20)-(2.23) and (2.26), we receive a condition of 
Mizes (4.71)-(4.71') [9]

 Qm = Qnm = 0, Qn = n2 – n1n2 + n2 + 3n2 = 1.     (2.37)                                 1                            2              12
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2. Purely moments the tension takes place in the 
absence of lengthening of a middle surface. Quadratic 
forms Pε = Pεχ = 0.
As appears from (4.19) [9], intensity of deformations  
ei  is even function z and, according to (4.34) [9], (2.2) 
is had: ei1 = ei2 , ei0 = ei0,min = 0,  λ = 1, μ = μmin = 0.
In formulas (2.31)-(2.35) it is necessary to take the 
upper sign (–). Opening uncertainty of formulas 
(2.20)-(2.23) and (2.26), we receive a condition 
(4.72)-(4.72') [9]. The final relation (4.70') [9] 
becomes: 

 Qn = Qnm = 0, Qm = m2 – m1m2 + m2 + 3m2 = 1.   (2.38)                                 1                                2               12

3. The elementary difficult tension of shells at
Pχ ≠ 0, Pε ≠ 0 takes place, if the bilinear form 

Possible versions:

 
It can take place in cases (4.74) [9] and in addition:
 

From (4.60) [9] – (2.4) it is had: ei1 = ei2 > ei0 = ei0,min, 
λ = 1, μ = μmin < 1, i.e. dominating bending strain. 
According to (2.6)

      (2.39)

Corresponding integrals according to (2.20)-(2.23):

        (2.40)

The final relation (2.26) becomes: 

        (2.41)

Considering identity (341.01 [42]
,

the final relation (2.26) becomes (4.74) [9]: 

      (2.41')

In table 2.1 shows the coordinates of points of a 
curve (2.42) and (4.74) [9] for the elementary difficult 
tension of a shell are presented.
4. A difficult tension of shells if the bilinear form Pεχ 
submits to a relation P2 = Pε · Pχ.                                   εχ

In case of a dominating stretching of a shell at the 
lower sign (+) in (2.31) it is had: 
λ < 1, μmin = 0, μ = 1+ λ . Substituting corresponding 
                                2
integrals in (2.26), we receive Qn = 1, Qnm = Qm = 0, 
i.e. the line μ = 0 degenerates in a point.
In case of a dominating bending the upper sign (–) 
in (2.31) it is received:

.
Substituting corresponding integrals in (2.26), we 
receive (4.79') [9], and excepting parametre λ also 
(4.77), (4.79), (4.80) [9]

 

                   (2.42)

In table 2.2 coordinates of points of a surface (2.26) 
and (4.70) [9] on lines λ = const for a dominating 
bending of a shell are presented λ = const. 
In table 2.3 coordinates of points of a surface (2.26) 
and (4.70) [9] on lines λ = const for a dominating 
stretching – compression are presented λ = const, in 
work [9] given table is not presented, is visible that 
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gives small enough quantity of points in a vicinity 
Qn → 1 with ordinates x = y = 0,3876, z = 0,3872.
Tables 2.4 and 2.5 is other form of representation 
of results of calculation. Table 2.4 corresponds to a 
dominating bending of a shell, table 2.5 – to a case 
to a dominating stretching – to compression.
In relation (2.26) integrals (4.25) [9] are calculated 
under unified (unequivocal) formulas. The account 
of a dominating bending of a shell and a dominating 
stretching – compression is executed at level of 
communication of parametres μ and μmin.
Let us show that a finite relation can be obtained using 
the parameters of A.A. Ilyushin and calculating the 
integrals (4.25) [9] along the coordinate z.
Quadratic forms according to (4.60) [9]:

        (2.43)

Substituting (2.43) into (2.10)–(2.13), we obtain the 
integrals J1, J2, J3:

       (2.44)

        (2.45)

        (2.46)

Taking into account the introduction of two 
basic parameters λ and μ according to (4.61) [9]

                          the relations (2.43) take the form

      (2.47)

and the integrals J1, J2, J3 are expressed in terms of 
the basic parameters λ and μ:

                ,   (2.48)
  

       (2.49)
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Table 2.1. Coordinates curve Qn, Qm (the expanded version of table 4 [9]).
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        (2.50)

In case of dominating bending strains of the formula 
(2.44)-(2.46) become: 

       (2.51)
  

       (2.52)

       (2.53)

In case of dominating lengthening of a middle surface 
from formulas (2.44)-(2.46) it is found: 
     

         (2.54)

 
  

       
  (2.55)  

      

        (2.56)

Taking into account introduction of two key 
parametres λ and μ according to (4.61) [9] in case of 
dominating bending strains of the formula (2.51)-
(2.53) become: 
 

                (2.57)

        (2.58)

         (2.59)

In case of dominating lengthening of a middle surface 
from formulas (2.54)-(2.56) it is found: 

        (2.60)

       (2.61)
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        (2.62)

Intensity of deformations (2.1), taking into account 
(2.43) it is possible to present in a kind: 

                     (2.63) 

According to (2.63) integrals in formulas (4.25) [9]: 

 

         (2.64)

Considering (2.8)-(2.9), transformations become less 
bulky and to receive (2.44)-(2.46) it is possible much 
more fast.
The relations (2.44)-(2.46) are equivalent to (4.38), (4.59), 
(4.60) [9]. This can be seen if (4.38) [9] leads to the form
 

         (2.65)

and to consider identities

          (2.66)

The relations (4.45) [9] – (2.26) can be given a 
different form if we introduce the new integral 
according to (4.28) [9]
 

 

        (2.67)

This integral tabular. According to the formula 
380.201 [42]

                     (2.68) 
From here follows

        (2.69) 

Considering (2.8), (2.68) it is possible to express an 
integral through integrals J1 and J2:

 

         (2.70)
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Then (2.69) becomes (2.71)
    

 

       (2.71)

Integral (2.69) taking into account (2.4)

 

        (2.72)

According to (2.5) formula (2.72) for an integral J0  
becomes

 

        (2.73)

The final relation (4.45) [9] – (2.26) taking into 
account (2.67) takes the form:
                    PS = J1J0 – (J1J3 – J 2)Pχ    

 (2.74)
                                                   2

                   PH = J3J0 – (J1J3 – J 2)Pε                                                   2

                  PSH = J2J0 – (J1J3 – J 2)Pεχ .                                                   2

The relations (2.74), (2.26) and (4.70') [9] are 
equivalent.

2.2. Approximate dependencies of the final relation

The integrals J1, J2, J3, J0 can be found by the Simpson 
formula, performing integration within each half of the 
section, since the intensity of deformations ei function 
can lose monotonicity at z = 0. According to (2.14–
2.15), (2.67), the approximate values of the integrals:

     

                   (2.75)
  

 
                  (2.76)

Taking into account (2.5) formulas (2.75)-(2.76) 
become:

        (2.77)

         (2.78)

Believing that within each half of section intensity of 
deformations ei changes under the linear law

             According to 

formulas (90.1, 91.1, 92.1) [42]
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          (2.79)

From here follows:
 

                    (2.80)

        (2.81)

Taking into account (2.5) formulas (2.80)-(2.81) 
become:
 
 

        (2.82)

  
        (2.83)

Integrals J1, J2, J3, J0 (2.80) and (2.83) also can be 
found under Simpson's formula, executing integration 
within each half of section
    
 

       (2.84)

        (2.85)

        (2.86)
 

On the basis regression the analysis of a curve (2.41) 
(the minimum line Qnm, table 2.1) are received 
versions of its approximation by polynoms of the 
second, third and fourth degree and its first derivative 
is found:
Polynom of the second degree.
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Polynom of the third degree.

Polynom of the fourth degree.

In fig. 2.1-2.3 the curve (2.41) (table 2.1) (the minimum 
line Qnm) is presented, the variants of its approximation 
by polynomials of the second, third and fourth degree 
(the lines merge) and its first derivative on the basis of 
regression analysis. As you can see from the graphs, a 
polynomial of the second degree is sufficient.

Figure 2.4. Curve (2.41) (table 2.1) (the minimum line 
Qnm), variants of its approximation by a power law, and 
also the surface cross section (2.26) with a parabolic 
cylinder Qm –(1 –Qn)2 = 0 (maximum line Qnm).

Figure 2.1. Curve (2.41) (table 2.1, a minimum line 
Qnm), version of approximation by a polynom of the 
second degree and its first derivative on the basis 
regression the analysis.

Figure 2.2. Curve (2.41) (table 2.1, a minimum line 
Qnm), version of approximation by a polynom of 
the third degree and its first derivative on the basis 
regression the analysis.

Figure 2.3. Curve (2.41) (table 2.1, a minimum line 
Qnm), version of approximation by a polynom of the 
fourth degree and its first derivative on the basis 
regression the analysis.
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Table 2.2. Coordinates of points of a surface Qn, Qm, Qnm on lines λ = const  for a dominating bending of 
a shell (the expanded version of table 5 [9]).
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Table 2.3. Coordinates of points of a surface Qn, Qm, Qnm on lines λ = const for a dominating stretching 
– compression.
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In fig. 2.4 shows the curve (2.41) (table 2.1) (the 
minimum line Qnm), variants of its approximation 
by a power law, and also the surface cross section 
(2.26) with a parabolic cylinder Qm – (1 – Qn)2 = 0 
(maximum line Qnm). Other variants of approximation 
are given in part 3 of the article.

CONCLUSIONS

Alternative dependences of the finite relationship 
are developed, their equivalence to the relations 
A.A. Ilyushin is proved, approximate dependences 
of the final relationship are obtained. Based on the 
regression analysis of the minimum line , variants 
of its approximation by algebraic polynomials are 
obtained. 
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Abstract: This paper discusses the use of bar analogues for calculation of internal forces in the cross-sections of building structures, 
which are modelled by a set of finite elements. It also introduces the concepts of bar analogues, explains their basic theoretical 
premises and provides the results of the calculations of verification problems.
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Аннотация: В статье рассматривается новый подход к моделированию несущих конструкций. Подход заключается в 
использовании стержневых аналогов для вычисления усилий в поперечных сечениях строительных конструкций, мо-
делируемых совокупностью конечных элементов. Вводятся понятия стержневых аналогов, разъясняются их основные 
теоретические предпосылки, приводятся результаты расчета верификационных задач.
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Information about the object and its stress-strain 
state when calculating the bearing system, as a rule, 
differs from the actual work of the structure. When 
using the finite element method for modeling, the 
choice of a particular type of finite element, firstly, 
is done in order to ensure a sufficient degree of 
correspondence between the mathematical model and 
the actual operation of the simulated structure under 
the given conditions [1]; secondly, it is important 
to correctly model the joints between the elements, 
which is necessary, first of all, for the analysis of 
the calculation results and further design. Modern 
software systems for strength analysis and design, 
such as the LIRA-SAPR software package [2], when 
calculating according to the classical model, make 
it possible to determine the internal forces arising in 
structural elements and use them to perform other 
applied calculations: for strength, stability and for 
the design of reinforced concrete, steel and reinforced 
masonry structures. The values of internal forces in 

structural elements are indirectly influenced by the 
choice of types of finite elements in modeling.
Modern BIM technologies imply obtaining a design 
model in an automatic mode from architectural 
models that operate on three-dimensional structural 
elements. In this case, a number of load-bearing 
building structures such as pylons, lintel zone, 
deep beams, prefabricated floor slabs, diaphragms, 
building stiffeners, etc., can contain only lamellar and 
sometimes volumetric finite elements.
However, by the nature of their work, these structures 
are similar to the pivot ones. The cross sections of 
these structures are represented in the design models 
by a set of finite elements and nodes. For a detailed 
analysis of these structures, it is useful (and for 
applied calculations it is necessary) to determine the 
internal forces in their compound cross-sections, 
similar to the forces in the cross-sections of the rods. 
In the Software Package LIRA-SAPR, this problem 
is solved by the system “Rod analogs”.
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Concepts of bar analogues

A bar analogue (Fig. 1) is a group of finite elements 
and their nodes, logically connected according to 
a certain rule that determines a special algorithm 
for calculating internal forces in one bar finite 
element. Internal forces in the design sections of 
the "rod analogue" are calculated not based on the 
displacements of its nodes, but by summing nodal 
reactions from sets of selected finite elements. It is 
assumed that each such set of finite elements forms 
a composite cross-section of the analyzed structure, 
and the nodes, reactions in which are summed up, 
lie in the plane of this section. Such nodes and 
elements will be called the original objects of the 
"rod analogue".
The nodal reactions (nodal forces) of a finite element 
mean the resultant force and the resultant moment 
applied at the element node, which are the impact 
of other model elements on the given node of this 
finite element.

The vector of nodal reactions of the i-th finite element 
is calculated by the formula (1):

                            {Ri} = Ki · {Ui} ,                         (1)

where Ki is the stiffness matrix of the i-th finite 
element, Ui is the vector of displacements of nodes 
related to the i-th finite element.
The initial finite elements of a bar analog can be bar, 
plate, volumetric finite elements, special elements, as 
well as all kinds of their combinations. In this case, 
the original elements and nodes can be those for 
several "core analogues".
In order to determine the forces in the design sections 
of the "bar analogue", sets of initial nodes and 
elements are specified that form planar composite 
sections of the structure under consideration. The 
set that forms a composite section includes nodes 
lying in the plane of this section and finite elements 
adjacent to the section plane with nodes: rods – one 
node, plates – one node or edge, volumetric FE – one 
node, edge or face.
"Bar analogue" has two design sections – at the 
beginning and at the end. If the analysis of a 
composite structure requires a greater number of 
design sections along its length, then it is necessary 
to create a chain of bar analogues. The "bar analogue" 
must be in a certain position in relation to the 
considered composite structure: the planes of its 
initial and final design sections must coincide with 
the corresponding planes of the original composite 
sections of the structure.

Algorithm for calculating internal forces

Internal forces in the calculated cross-section of the 
"bar analogue" are calculated as follows.
1. The whole model is calculated, nodal reactions 
from all elements are calculated.
2. In the composite section formed by n initial nodes 
and m elements, the summed nodal reactions Rc and 
Mc from these elements are calculated (Fig. 2).
2.1. The geometric center C of the composite section 
is determined on the basis of the abutment areas Aj 
with the centers of gravity (xj; yj; zj) (2) of the original 
finite elements to the plane of the composite section: 
for a bar, its abutment area is calculated based on the 
section area, for a plate – based on the plate thickness 
and the distance between the nodes, for a volumetric 

Bar analogues for modelling of building structures

Figure 1. Bar analog: a – initial objects of the model, 
b – nodes and elements of the initial section, c – nodes 
and elements of the final section, d – target bar ("bar 
analog").
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FE – as the area of the face adjacent to the plane of 
the composite section.

2.2. Nodal reactions from the initial elements – Rij 
(4) and Mij (5) – in the composite section are summed 
taking into account the shoulder d (3) between the 
node point Ni and the geometric center of the section C.

3. The summed nodal reactions reduced to the center 
of the composite section are interpreted as internal 
forces in the corresponding design section of the 
target bar by converting from the global coordinate 
system to the local coordinate system of the composite 

section. The local coordinate system of a compound 
section is defined as a coordinate system with origin 
at the geometric center of the compound section and 
axes parallel to the local axes of the target bar.

Scope of "bar analogues"

"Bar analogues" in SP LIRA-SAPR can be used to 
determine internal forces at
1. linear static and dynamic calculations, except for 
time-history dynamic analysis [3],
2. nonlinear calculations at the last stage of loading 
(full load) [3],
3. calculations using engineering nonlinearity 
techniques [4, 5,7],
4. calculations with a changing design scheme 
(modeling of installation and dismantling processes), 
provided that all the original elements of the bar 
analogue have the same stages of assemblage and 
disassemblage (target bars are recommended not to 
be included in the process of changing the design 
scheme or to be determined at the same stages of 
assemblage and disassemblage, as the original objects 
of the corresponding rod analogs) [6, 7, 8].
 A "bar analog" can be a two-node finite element 
of any type, except for special ones, which allows 
solving problems with various characteristics of the 
scheme. By default, when creating a “bar analogue”, 
FE type 10 is used – universal spatial bar FE.

Calculation of "bar analogues" in SP  LIRA-SAPR

Calculation of “bar analogues” occurs when performing 
a complete calculation of the model at its final stage. 
The result of the calculation of "bar analogues" are 
the forces obtained in their design sections, calculated 
for all loadings. The forces obtained should not be 
interpolated along the length of the "bar analogues"; 
they are valid only at the points of its initial and final 
design sections. This should be taken into account 
when viewing the calculation results in the form of 
diagrams, or use the presentation of forces in the form 
of mosaics and / or in tabular form.
The calculated internal forces in the sections of the 
"bar analogues" are further used to determine the 
forces for the calculated combinations of loads and 
forces, as well as in the operation of the structural 
systems.

Figure 2. Calculation of the summed nodal reactions

Maria S. Barabash, Andrii V. Tomashebskyi
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Verification problems

Let's consider examples of verification problems that 
can illustrate the operation of the “bar analogues” 
system in the LIRA-SAPR software package.

Problem No. 1.

We consider a vertical cantilever bar with a square 
cross section, loaded with axial and transverse 
concentrated loads at the free end (Fig. 3).

Elasticity modulus is E = 3.0 · 107 Pa; Poisson's ratio 
is μ = 0.2; length of the bar is l = 10 m; cross section 
dimensions are b = h = 0.5 m; axial force that acts 
along axis X, Px = 10 kN; сосредоточенная сила, 
действующая вдоль оси Y, Py = 10 кН; transverse 
force that acts along axis Z, N = 10000 kN.

It is necessary to determine the internal forces in the 
support cross-section of the bar.
The solution to the problem is presented in [9]. For 
non-deformed schemes, the axial force from a vertical 
load, as well as shear forces and bending moments from 
horizontal loads, are calculated by the formulas (6):

N(0) = N ;
                     Qx(0) = Px ;    Qy(0) = Py ;                (6)

Mx(0) = Pyl ;    My(0) = Pxl .

When calculating in SP LIRA-SAPR, three design 
models were considered. These models were made of 
finite elements of various types: bar FE 10 (universal 
spatial bar FE); shell FE 48 (universal quadrangular 
FE shell with intermediate nodes on the sides); 
volumetric FE 35 (universal spatial eight-nodal iso-
parametric FE with intermediate nodes on the sides). 
In models of shell FE, a 4 × 10 FE mesh is used, and 
for volumetric models, a 4 × 4 × 10 FE mesh. Also bar 
analogues for determining the forces were created.
The calculation results are presented in table. 1. The 
forces in the “bar analogues” correspond to the forces 
calculated from the model from the bar FE 10.

Problem No. 2.

A beam clamped at the ends and loaded with a 
uniformly distributed load q (Fig. 4) is given.
Elasticity modulus is E = 3.0 · 107 Pa; Poisson's ratio 
is μ = 0.2; beam length is l = 2.4 m; the width of the 
cross section is b = 0.2 m; the height of the cross 
section is h = 0.3 m; load is q = 10 kN/m.
It is necessary to determine the internal forces at the 
characteristic points of the beam.

Figure 3. Design scheme for problem No. 1

The sought value Bar solution Solution using bar analogues

Axial forces N(0), кН 10000.00
FE 48 10000.00

FE 35 10000.00

Shear forces Qx(0), Qy(0), kN 10.00
FE 48 10.00

FE 35 10.00

Bending moments Mx(0), My(0), kN∙m 100.00
FE 48 100.00

FE 35 100.00

Table 1. Results of calculating problem No. 1

Bar analogues for modelling of building structures
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The solution to the problem is presented in [9]. 
Support reactions RA, RB, MA, MB, shear force Q, 
bending moment M, internal forces in characteristic 
sections are calculated by the formulas (7):

When calculating in SP LIRA-SAPR, several 
computational models were considered made of 
finite elements of various types: bar FE 10 (universal 
spatial bar FE), plate FE 21 (rectangular FE of a plane 

problem (beam-wall) and plate FE 28 (rectangular FE 
strain problems (deep beam) with intermediate nodes 
on the sides). In the models of plate FE, a 16 × 6 FE 
mesh is used, and bar counterparts are also created 
to determine the forces.
The calculation results are presented in table. 2. The 
forces in the target members of the bar analogues 
sufficiently correspond to the forces calculated from 
the corresponding models from the bar FE 10. 

CONCLUSIONS

The use of “bar analogues” in FE-models in some cases 
may be the most acceptable approach for the automated 
design of elements whose work is close to the work of 
rods. So, when designing a lintel, reinforcement should 
be placed at the upper and lower edges of the element, 
when designing a column – it's preferably at the corners 
of its cross section. Regulatory requirements guide 
engineers to select reinforcement based on integrated 
forces in bar cross sections. On the basis of the stress-
strain state of a bulkhead or a column, obtained from 
a model from flat finite elements, the selection of 
reinforcement is very problematic.
Bar analogues also indirectly solve the problem of taking 
into account the stress concentration at the support 
points and other points of singularity. Determination of 
stresses at nodes of finite elements is always associated 
with a loss of accuracy. For "bar analogues" this problem 
is integrally solved automatically, since the equilibrium 
is always observed.
In conclusion, we note that the system "bar analogues" 
of the LIRA-SAPR software package is a useful tool 
for the analysis and applied calculations of structural 
elements. Many areas of its application have yet to 
be determined in engineering practice.

Figure 4. Design scheme for problem No. 2

The sought value Bar solution Solution using bar analogues

Shear force in the support А, kN 12.00
FE 21 12.00
FE 28 12.00

Bending moment in the support А, kN∙m –4.80
FE 21 –4.77
FE 28 –4.79

Bending moment in the middle point of the span, kN∙m 2.40
FE 21 2.43
FE 28 2.41

Table 2. Results of calculating problem No. 2

Maria S. Barabash, Andrii V. Tomashebskyi
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