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AIMS AND SCOPE

The aim of the Journal is to advance the research and practice in structural engineering
through the application of computational methods. The Journal will publish original papers and
educational articles of general value to the field that will bridge the gap between high-performance
construction materials, large-scale engineering systems and advanced methods of analysis.

The scope of the Journal includes papers on computer methods in the areas of structural
engineering, civil engineering materials and problems concerned with multiple physical processes
interacting at multiple spatial and temporal scales. The Journal is intended to be of interest and use
to researches and practitioners in academic, governmental and industrial communities.

KPATKUE CBEOEHMA O XXYPHAIE
INTERNATIONAL JOURNAL FOR COMPUTATIONAL CIVIL AND
STRUCTURAL ENGINEERING

Kypnan International Journal for Computational Civil and Structural Engineering sipis-
€TCSl MEXKTyHAPOIHBIM MEPUOIUYECKUM U3IaHUEM, YUPEAUTEIIAMHU U U31AaTENIIMH KOTOPOTO BBICTY-
narT M3narenscTtBo Accoruaruu crpoutelbHbIX By30B (ACB) /Poccus, r. MockBa/ u M3narenscr-
B0 Begell House Inc. /CIIIA, . Heto-Hopx/.

B penakunoHHBIN COBET *KypHaya BXOASIT U3BECTHBIE POCCHIICKUE U 3apyOeKHbIE ACSITETN
HayKH U TeXHUKU. OCHOBHOMW KpuTepuil 0TOOpa craTel i myOIuKaluy B )KypHale — UX BBICOKHN
HAy4YHbI ypOBEHb, COOTBETCTBHE KOTOPOMY OIPENEseTCs] B XOJ€ BBICOKOKBATH(PHUIIMPOBAHHOTO
PENeH3UPOBaHUS U OOBEKTUBHOM IKCIIEPTHU3BI, MOCTYMAIONINX B PEIAKIIMIO MAaTEPHAIIOB.

Kypnan Bxoaut B Ilepedenp BeaylnX peleH3UPYyEMbIX HAYUHBIX )KYPHAJIOB M U3/IaHUM, B
KOTOPBIX JOJKHBI OBITh Oy OJIMKOBAaHBI OCHOBHBIC HAYUHBIE PE3YJIBTAThI TUCCEPTAIUH.

Kypnan 3apeructpupoBan B denepaibHOM areHTCTBE M0 CPEACTBAM MacCoOBOM MH(MOpMa-
MU ¥ OXPaHbl KyIbTypHOTO Hacienus Poccuiickoit denepanuu. MHaekc B o0IIepocCHiickoM KaTa-
nore POCITEHATD — 18076.

6 Volume 9, Issue 3, 2013



International Journal for Computational Civil and Structural Engineering

GUIDELINESFOR PREPARATION OF MANUSCRIPT
AND RELATED INFORMATION

Vladimir N. Sidorov', Pavel A. Akimov?, Taymuraz B. Kaytukov®
'Editor-in-Chief of International Journal for Computational Civil and Structural Engineering
Associate Editor of International Journal for Computational Civil and Structural Engineering
*Technical Editor of International Journal for Computational Civil and Structural Engineering

ABSTRACT: Each paper must be typed on snow white paper sheets of A4 (210x297mm) size only on one side
in boxes as shown on this sample. The abstract must be typed in 16 cm width box. The text of paper in the first
page must be written in two columns 8.25 cm in width. All next pages must also have two columns 8.25 cm in
width. Each page should have margins. 32 mm top, 32 mm bottom and 20 mm right and left. The paper should
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dows (preferable), Word Perfect, Tex or LaTeX. The appearance of manuscript of paper should be similar as far
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1. PREPARATION OF MANUSCRIPTS

This document is typed by Microsoft Word 2003
and Times New Roman 12 point size type-face.

The material of the paper should be arranged
as follows: Title (16 points), Author(s) (14
point), Affiliation(s), Abstract, key words, Intro-
duction, Main body of paper, Acknowledgements
(if any), References (if any, 10 points), Appendi-
ces (if any), full authors addresses as endnote (10
points, spacing within endnote=1, style for num-
bering=numbers, line separating text and end-
notes=line —margin to margin in right column).

The title, author’s name(s) and affiliation(s)
should be given in a style similar to that shown
above in this sample and centered. The head-
ings should be bold and aligned to left. First-
order headings and parts of the text should be
separated by one free line from the text. Second-
order headings should have capital first |etters.

The both columns of each page, including clos-
ing page, should be of equal length. At the bot-
tom of the last right column of last page is end-
note with author’ s address(es).
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The figures can be embedded in word processor
or must be drawn in black ink. Drawings can be
produced directly on manuscript sheet or may
be produced on separate piece of white paper
and then stuck at the appropriate position. Pho-
tographs must be glossy black and white prints
and stuck at the appropriate position. This also
applies to other items such as tables. The best —
drawings, photographs and tables should be
typed by word processor. All symbols includ-
ing equations should be typed.

o =0;A& +2us; . (1)

However, sometimes embedding figurefilesin
Microsoft Word is not acceptable for final
output, because of the loss of resolution. In this
connection author may save in addiction all or
selected files with figures separately on diskette
or CD. Acceptable formats for figures are
JPEG, TIFF or EPS files saved from original
application at 300-600 dpi.

The Figures, line drawings, photographs, tables
may be positioned either within the one column,
or large centered exactly across the full width of
the page. The equations should be numbered at
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the right side of the column. The references
should be given at the end of the paper.

The Figures, Tables and Equations should be sepa
rated from the text by minimum one singlefreeline,

Fi gUre 1

The manuscript is expected to be written in
correct and easily readable English. An au-
thor who is not proficient in English is advised
to take help of linguist before typing. It should
be thoroughly checked for spelling mistakes.

2. SUBMISSION FOR PEER REVIEW

Authors in all countries, at their opinion,
should send three (3) copies of their manuscript
to Editors-in-Chief professor Vladimir N. Si-
dorov (see chapter 4 Correspondence) or Tech-
nical editor associate professor Taymuraz B.
Kaytukov. Electronic submissions are en-
couraged. Email a PDF or DOC (Microsoft
Word) file with manuscript to the Editor-in-
Chief or technica editor. The Editor-in-Chief
will seek reviews of the paper from experts and
will assure rapid turnaround within six months
of submission. Each manuscript will receive
at least 2 reviews. In deciding on acceptance
of the paper, experts will examine originality,
quality of contents, neatness of presentation and
readability of the submitted text. The Editor-in-
Chief will correspond with the author in the
light of these reviews. Submission implies that
the author will be willing to make any necessary
revisions. Retain all original figures until con-
clusion of the review process.

3. SUBMISSION OF ACCEPTED ARTICLE

After manuscript has been accepted and al re-
quired revisions have been incorporated, mail
manuscripts (black & white) and two copies

8

to Editor-in-Chief by traditional post. The en-
velope for A4 sheets with stiffener may be used.
The electronic version of the manuscript on
diskette or CD must be mailed to Editor-in-
Chief as well. Label CD or diskette with au-
thor’s last name(s), title of the article, abbrevi-
ated journal name and date. Please provide a list
of the software programs used for the art and
text and the file names on the disk.

4. CORRESPONDENCE

Enquires regarding International Journal for
Computational Civil and Structural Engineering
and manuscripts should be addressed to the

» Editor-in-Chief
Professor Vladimir N. Sidorov
Department of Applied Mathematics
and Computer Science
Moscow State University of Civil Engineering,
26, Y arodavskoe Shose, 129337 Moscow, Russa
e-mail: sidorov.vladimir@gmail.com

» Technical Editor
Associate Professor Taymuraz B. Kaytukov
Research & Educational Center
of Computational Simulation
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1. HOAI'OTOBKA CTATEM

Hacrosmuii 06paser; moAaroToBiaeH B TEKCTOBOM
nporeccope Microsoft Word 2003, ucnosns3sy-
ercs mpudT Times New Roman, 12 nr.
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[Mpn myOnukanmu cTaThd HAa PYCCKOM SI3BIKE
nanee pacrojararorcs 3arojoBok (Times New
Roman, 16 nt.), aBropsl (Times New Roman,
14 nr.), cBemenust o0 aBTOpax, aHHOTAIWS,
kmtoueBbie cnoBa (Times New Roman, 10 mr.)
Ha aHTJIMICKOM s3bIKe). BBeneHune, OCHOBHOM
TEKCT CTaThH, MPUIOKCHHS M 3aMEYaHUs Ieva-
TalTCs ¢ ucnonb3oBanue mpudra Times New
Roman, 12 nrt.; cnucok nurepaTypsbl, pa3BepHY-
ThIE CBesleHus 00 aBTopax — Times New Roman,
10 nT. MeXCTpOUYHBI UHTEPBAI — OJMHAPHBIM.
BripaBHUBaHNE B TEKCTE — IO IIMPUHE, BHIPAB-
HuUBaHuEe (HOPMYI — MO MPaBOMY Kpato, hopMmy-
JIbI )KEJIATEIbHO HYMEPOBATb.

3aro/10BOK cTaTbu, CBeleHUsI 00 aBTOpax
NPEJCTABIAOTCS B (opMe, MPUBEIEHHON B Ha-
CTofAIlEM 00paslie, BbIpABHUBAHHE IO IIEHTPY.
Ilon3aron0BKM B cTaThe BBIACIAIOTCA MOJIY-
KHUPHBIM MPU(PTOM C BBIPABHHBAHUEM IO Jie-
BoMy Kpato. Ilon3arosioBku mnepBOoro ypoBHs
JIOJDKHBI OBITH OTZIEJIEHBI OT OCHOBHOTO TEKCTa
OJHOM IyCTOM CTPOKOM, IOA3ar0JI0BKH BTOPOTO
YPOBHS BBIIEISIOTCS KypPCUBOM.

O0e KOJIOHKH Ha Ka)XJ0M CTpaHHUIe, BKIIKOYas Mo-
CIICJTHIOIO, JIOJDKHBI UMETh OIMHAKOBYIO JUTMHY. B
KOHII€ CTaTbU JOJIKHBI OBITh IMPUBCIACHBI pa3Bep-
HYTbIE CBEJICHHS 00 aBTOpaX, COJAEPIKAIE B TOM
YHUCJIC UX KOHTAKTHBIC HAaHHBIC (Ha ABYX s3bIKax
NpY My OJIMKALIK CTaThU Ha PYCCKOM SI3BIKE).

Pucynku (depHo-0emnbie) MOMKHBI ObITH BCTaB-
JICHBI B TEKCT CTAThH WJIM TPHIIOKEHBI B OyMasK-
HOM BHJI€ Ha OTJIEJIbHBIX JIUCTAX, C YKa3aHUEM B
KaKHX MECTaX CTaTbU UX CIIEIyET PACIOIOKHTH.
Toxe kacaetcst u ororpadmii, popmat doro-
rpapmii — uepHo-Oenbiii. JKenmarenpHO mpuITa-
raTth 3JEKTPOHHBIC BEPCUU PUCYHKOB U (oTO-
rpadwuii! AHamormyHble TPEeOOBaHMS KaCaIOTCS
Tabimu. Haunydmmii BapuaHT TakoM, Korjaa pu-
CcyHKH, (hoTorpadmi W TAOJIMIBI BCTABIICHBI B
¢aiin, noarorosneHuslit B Microsoft Word. Bee
CHMBOJIbI, B TOM 4HCJIe HCIOJb3yeMble B
YPaBHEHHUSIX, T0JKHbI ObITh NeYaTHBIMM.

o =0 Ae+2ug; . (1)
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Opnnaxo, pucyHku u (¢ororpaduu, BcTab/ieH-
Hble B (paila TekcToBOro mpoueccopa Micro-
soft Word He Bcerna mMeT mNpuHemiIeMoe
AJIA MeYaTH Ka4vecTBO M3-3a UX HU3KOIO pas-
peuieHus. B 3TOM CBSAI3M aBTOpPY HACTOATEIBHO
PEKOMEHIYETCSI  NONOJHUTEIBHO IPUIOKUTH
(Ha TUCKeTe WM KOMITAKT-TUCKE) K CTaThe (aii-
Ibl, coaepxkamuye pucyHkH. JlomycTumble
¢opmartel pasi pucynkoB — JPEG, TIFF unm
EPS, pazpemenne — 300-600 dpi.

Pucynku, hororpadgum u Tabnumpl, B caydae ux
OOJIBLIMX Pa3MEpOB, TAKKE MOTYT pacrojaraTb-
Csl B OJIHY KOJIOHKY C BBIDAaBHHBAHHEM IO IIIU-
puHe. PopMysbl B cTaTbe HyMEPYIOTCS C BbI-
paBHHMBAaHUEM IO TpaBOMy Kpato. CHHCOK JIHu-
TepaTypbl OJDKEH ObITh NPUBEAECH B KOHIIE
cratbu. Pucynku, ¢ororpadum wu TabnHIEI
JIOJDKHBI OBITH OT/IEJEHbI OT OCHOBHOT'O TEKCTa
KaK MUHUMYM OJHOM ITyCTOW CTPOKOM.

PHCYHOK 1

IIpeanonaraercsi, YTo CTaThsl HAMHCAHA HAa
rPaMOTHOM H XOPOIIO YWUTAEMOM AaHIJIHIi-
CKOM WIH pycckoM si3bike. [Ipu HeoOxommumo-
CTH, TIepe]l OTIPABKOW CTaThU aBTOPAM CIICAYET
MIPOKOHCYJILTUPOBAThCS y nepeBoauukoB. Cra-
Thbsl HE OyJeT MOAPOOHO MPOBEPATHCSA PEAAKIIN-
el Ha npeaMeT HaJIW4duAad JHMHIBUCTUYCCKUX
omOoK. B Toxxe Bpems pemakius OCTaBisIeT 3a
co00¥i MPaBO OTKJIOHUTH CTaThiO, MPH HATHYUH
B IIOCJIEOHEN OOJIBIIIOrO0 KOJIWYECTBA OIINOOK
JTUHTBUCTUYECKOTO XapaKTepa.

2. OTHPABKA CTATBU HA
PEHEH3UPOBAHUE

ABTOpbI (U3 Poccum M IPyrux cTpaH) A0JK-
Hbl BBICJATh B ajJpec peJaKUMH TpU Iedart-
HBIX 3K3CMILIApa CTaTbM HAa MM TJIaBHOI'O pcC-
JlaKTOpa KypHana, npodeccopa Cunoposa Bia-
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numupa HukonaeBuua (KOHTakTHass MHQoOpMa-
uus npuBeneHa B pasaene «KoHTakTHbie naH-
HBIE») WM TEXHUYECKOMY PEIaKTOPy *KypHana,
noueHnty KaiitykoBy Taiimypasy batpazoBuuy.
DNEeKTPOHHBIC BEPCUU CTaTe HEOOXOAMMO BHI-
CJIaTh TAKXKE€ IO AJIEKTPOHHON MOYTE TJIABHOMY
penakTopy *KypHaia. DIEKTPOHHBIEC U IEYaTHbIE
¢bopmbl He Bo3Bpamarorcsa. Kaxpas mpuxons-
masi B peJaklMio )KypHajaa CTaThsl HaIlpaBIseT-
C AN PAcCMOTPEHHUsl HKCIEPTaM COOTBETCT-
Bytomiero npoduist. Kak npaBuiio, no kamxmoi
cTaThbe Ha3HA4YalTCs ABa JKcnepra. Bpems
MIPOBEJICHUS HKCIIEPTU3BI CTATHU HE MOXKET Ipe-
BbIIATh 6 MecsieB. CBOM 3aKJIIOUCHUS U OICH-
KM TIO0 CTaThe HKCIEPThl COOOIIAIOT TJIaBHOMY
peAaKTOpy JKypHaja, Ipy 3TOM Ha Ka)Jaylo cTa-
THIO JIOJDKHO MPUNTH HE MEHee ABYX 3aKioue-
HUM. 3amMedaHuss M MPENJIOKEHUS SKCIEPTOB
JOBOJISITCSL 10 CBEJIEHUSI aBTOpa CTaThH, MOCHE
9Yero OH BHOCHUT BCE HEOOXOAMMbIC N3MEHEHHUS.

3. OTIIPABKA CKOPPEKTUPOBAHHOU
CTATbU

[Tocne ogoOpenus 3KcnepTaMu CTaTbu U BHECE-
HHUA aBTOpaMH BCECX H€O6XOI[I/IMI)IX I/IBMCHCHI/II;'I,
OKOHYATEJIbHBIA BapUaHT CTaThM (OyMa>KHBIN B
TpPeX JK3EMIUISIPAaX U DJIEKTPOHHON Ha IHCKETE
WIM KOMIIAKT-IUCKE) BBICBUIAECTCA B aJpec pe-
JAKIMU, HAPUMEDP B JKECTKOM KOHBepTe (op-
mara A4 no noure. Tak:ke Heo0X0AMMO IO-
CJIaTh JJeKTPOHHYI0O BEpPCHI0 CTATBH 10
3JIEKTPOHHOH MOYTe TJIABHOMY pPeIaKTopy.
Ha nuckere wnm KOMOakT-AuCKe HEOOXOIUMO
HamucaTh HMMEHa aBTOPOB, Ha3BaHUE CTaThH,
Ha3BaHME XypHana U naTy. Takxke jkeIaTelbHO
yKa3aTh CIHCOK IPOrpaMM, KOTOpPbIE UCIOJIb30-
BaJMCh NPU MOATOTOBKE CTaThU M CIUCOK (haii-
JIOB, HAXOMAIIUXCS Ha IUCKETe WM KOMIIAKT-
mucke. Ilnmara ¢ acnupaHTOB 3a MyOJIMKAIIHUIO
pYKONUCEN HE B3UMAETCH.
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ABOUT INFLUENCE OF MOISTURE ON STRESS STATE
OF SOIL TAKING INTO ACCOUNT INHOMOGENEITY

Vladimir I. Andreev, Anatoliy S. Avershyev
Moscow State University of Civil Engineering, Moscow, RUSSIA

ABSTRACT: This paper contains the problems caused by the uneven distribution of moisture in the soil. As an
example, the problem of rupture of the pipe is solved in a cylindrical formulation. The problem is solved in a sta-
tionary and non-stationary formulations taking into account changes the modulus of elasticity of soil moisture.
The problem is reduced to a differential equation with variable coefficients. This complicates the solution of the
problem compared with the solutions for constant modulus of elasticity, but it provides a more accurate solution.

Key words: soil, clay, swelling, moisture, moisture-conductivity, moisture-elasticity, forced deformation,
stress state, inhomogeneity

THE PROBLEMS CAUSED
BY THE DISTRIBUTION
OF MOISTURE IN THE SOIL

Soil is multicomponent environments which
structure includes solid particles and pores. Par-
ticle sizes range from large (rock formation the
size of > 2 mm) to small (clay particles < 0.005
mm). Pores are formed by liquid and air. Usu-
ally liquids are water solutions of salts. Volume
fractions of the phases of soil determine its
physical and mechanical properties.

Moisture is the ratio of water mass to the mass
of solid particles: w = m,/m,;. Change of mois-
ture promotes occurrence forced swelling strains
€y, SO that there are such things as swelling
(when moistening) or draft (when drying) soils.
These processes take place because of the pres-
ence capillary forces between the soil particles
and liquid. Swellable soils are so clay soils,
which are in increasing their moisture increase
in volume and value of the index

P:(eL —eo)/(l—i-eo)z 0.03,

where e, — the coefficient of porosity of soil of
natural and moisture; e; — the coefficient of po-
rosity at moisture on fluidity border [1].

Increase in moisture and swelling can be caused
by surface water infiltration (of atmospheric
precipitation) or leaking of plumbing and sani-
tary.

14

Some clay soils don’t swell when soaking by
water, however swell when soaking by chemical
solutions, for example solutions of acids and
alkalis. In this case swelling can be even
stronger. Leakages of the sewer waters saturated
with solutions of organic substances also can
cause strong swelling.

On swelling indirectly affect phase fraction of
clay particles in the soil and the concentration of
dissolved salts in the unbound water [2].

The temperature increase of soil connected with
leakages of hot water or with hyperthermal
technological processes causes strengthening of
swelling or leads to swelling of soil which don't
swell at natural temperatures. Thus in bulking-
up soil moisture migration in the direction of a
source of the increased temperature, a similar
migration of moisture in heaving soil during
freezing to the freezing front.

In the foundations of the buildings and construc-
tions of different function is always a comple-
mentary (to natural) moisture, even in that case
when soaking as a result of leakages is absent.In
this case, the additional moisture due to the so-
called "screening effect" the basis under struc-
ture as a result of violations of the processes of
natural aeration of the base. In such cases mois-
ture of soil inevitably increases to some estab-
lished, final moisture which is in balance with a
construction weight [1].
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MOISTURE FROM THE POINT
OF VIEW OF MATHEMATICS

In 1855 A. Fick received the diffusion equation
which is known as Fick's second law. This law
is just for the description distribution of the field
of moisture [3,4]:

ow ) (10)

—=c,-V'w,
ot

¢, — the coefficient of moisture-conductivity,
you were calculated using the formula [5]:

=kw-a-(l+e)

s

c

when k, = k; -(w/w,)' — the coefficient of filtra-
tion of discontinuous flow, k,— the coefficient
of filtration of continuous flow, w, — moisture
saturated clay, i — a relative ice content, o — a
proportionality coefficient, e =n/(1-n)— the
coefficient of porosity of soil, n — porosity of
soil, y, — the density of the soil particles.

As moisture and temperature distribution in
bodies are described by similar laws then the
solution of problems moisture-conductivity can
use ready solutions of problems of temperature-
conductivity a lot of which is given in [6].

The entry condition in a problem of moisture-
conductivity content represents moisture distri-
bution in an initial timepoint, i.e.
w(X1,X2,%3,t0) = @(x1,%2,x3). Usually for soil initial
distribution of moisture is constant also equal to
natural moisture of soil:

W(X1,X2,X3,t0) = Wo = CONSL.

From boundary conditions is more often than
the others use boundary conditions of the first
kind - distribution of the moisture on the surface
at any time, 1.e. Wyul(t) = (7).

Consideration of symmetry and stationarity sig-
nificantly simplifies problem. In reality, the sta-
tionary regime is reached after a large amount
of time at constant boundary conditions.

Volume 9, Issue 3, 2013

SOLUTION OF PROBLEMS
MOISTURE-CONDUCTIVITY

ON THE EXAMPLE OF BREAKING
THE PIPE

In solution of the problem of breaking the pipe-
line can be used axial or central symmetry. Let's
stop on the problems with axial symmetry. Let
on the internal radius a of the cylindrical massif
there was rupture of a pipe. External radius is
equal to b =10-a. The problem is solved with
the following initial and boundary conditions:

w(r,0) =w,,
wa,t)=w, =K-w,,
w(b,t) =w,.

We will solve the problem in dimensionless
variables:

2
a

t=—-1, r=a-p.

w

2)

Fick's law (1) taking into account the axis of
symmetry and the replacements (2) will be-
come:

ow 0w 1 ow
= T
ot op> p Op

Stationary solution
In the solution in a stationary mode when
ow/ot = 0, the distribution of moisture will be:

w, -In(p/p,)—w, -In(p/p,)
In(p, /p,)

w(p) = ) (3)

where p, and p, correspond to the values of the
variable p on a and b borders.

Non-stationary solution
Non-stationary solution will be sought in form

[6]:
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w(p,1) =0(p) + 9(p, 1), 4)
where 0(p) satisfies to the equation

d’0 1 do
et Y (5)
p

and to the following boundary conditions:

e(pa) = Wa 4
_ (6)
0(p,) =w,.
The function U(p,t) satisfies to the equation
08 0’9 1 09
=t Q

E_ﬁ p Op

and the following initial and boundary condi-
tions:

8(p.0) =w,,
S(pa,T):w(pa,T)—e(pa):O, (8)
8(p,, 1) =w(p,,1)—6(p,)=0.

When performing conditions (5) — (8) equality
(4) will be fair.
Let's find the solution for function 0(») with us-
ing (5) and (6):

e(p) — Wy 'ln(p/pa)—wa 'ln(p/ph)
In(p, /p,)

Let's find the solution for function Y(p,t) by
means of a method of division of variables, us-
ing (7) and (8):

3(p, 1) =R(p)-T(1).
We get:
R-0T/0t=0°R/0p>-T+0R/0p-T/p.

After the transformation:

Vladimir I. Andreev, Anatoliy S. Avershyev

oT /ot 0°R/0p” +(0R/dp)/p )
T R '

Left hand side of equality depends only on 7,
and the right only on p. Equality (9) will be fair
only when both parts of equality don't depend
neither from t, nor from p, i.e.:

oT /ot _0*R/0op” +(AR/0p)
T R

'p = A=const .

Constant 4 we will replace with expression —&°
to show that it is negative. If it was positive then
the function of moisture increases without limit
in time, which is contrary to the physics of con-
sidered process.

After the calculation:

T(t)=B-exp(—k* 1),
R(p)=C,-Jy(kp)+C, -Y,(kp).

We get:
8(p,v) =[C, -, (k p) +C, - Y, (kp)]- exp(~k” - 7)
From the boundary conditions (8) imply:

C -J (k- C, Y (k- =0
{1 okp)+C, - Y (k-p,) > (10)

C - Jolk-p,)+C, - Yy(k-p,)=0.

The system will have a non-trivial solution if its
determinant is equal to 0O:

Jolk-p,) Yy(k-p,)
Jolk-p,) Yy (k-p,)

or

Jo(k-p,)-Yo(k-p,)=Jo(k-p,)-Yo(k-p,)=0. (11)
Bessel functions are aperiodic and have an infi-
nite number of roots. Therefore, the function
J(p,t) will be a fundamental system of solutions.
Function 9(p,t) taking becomes:
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e trace that over time function to seek to pass to a
S(pﬂ T) = Z [Cl : ‘]0 (kn .p) + CZ : YO(kn ' p)])( . Statlonary mode.

n=l

X exp(—kn2 “T).

Function of moisture taking into account (4) be-
comes:

_w,-In(p/p,)-w, In(p/p,)
In(p, /p,)

w(p,T) +

0

+3[C - Jy(k, )+ C, - Yy (e, p) ]

n=1

X exp(—kn2 - T).

Having expressed by means of the first equality
(10) G, through Cj, and also having used prop-
erties of Bessel functions, we will write out in a
general view expression for moisture function:

w, -In(p/p,)=w, -In(p/p,)
in(p, /p,)

+m-(w, —w,,)-ii:exp(—kn2 0ok, p) % (12)

w(p,1) =

+

x JO(kn p)YO(kn 'pa)_JO(kn .pa)'YO(kn p) .
J(?(kn pa)+J§(knpb)

where k, —the eigenvalues of the fundamental

system of solutions that are out of the equation sl
(11). C) 11 = N = 100

Of course, it is impossible to consider infinitely ~ £8- 1. Non-stationary moisture distribution
large number of members of a row therefore the with a different number of terms of a row.
question of the speed of convergence of the so- .

lution with limited number 7 of terms of a row “""""":‘-\\

(fig. 1 a, b, ¢) is raised. e \_\\

It is impossible to be limited to one term of a i I‘. "\‘

row (fig. 1 a) as in this case, the solution doesn't { ‘1-\‘\\

correspond to initial distribution of moisture e T N

(wo = const). At number of terms of the row, — ‘\\ Sl e

equal to ten (fig. 1 b), in an initial timepoint are B N i U e ™

traced too big deviations of moisture from the |
situation w, = const. Satisfactory convergence

solutions is monitored only when the number A % 3 & 7 & S50
terms of the series 7,,,=100 (fig. 1 c¢). Also the =0 == T=0 — = T2 — T O
solution (3) and the solution (12) at 72,,,,=100 are

submitted in fig. 2 [7], where it is possible to

E
!
I
!
(]
)
[}
]
1
r
[
]
I"
‘W
I
4
|-
i 7
I
i
/
i

-stationary conditions.
Fig. 2. Moisture distribution along the radius
at various time points.

Volume 9, Issue 3, 2013 17



PROBLEM OF MECHANICS

In many works devoted to research of swelling
of soil, shows the experimental dependences of
the modulus of elasticity on moisture [8, 9].
However, most of the problems in the mechan-
ics for the moistened soil are solved for the case
where E=const, where E is defined as a mean
value. Fig. 3 shows typical dependence of the
modulus of elasticity of clay on moisture [9].

400

EMPa
300 \ -
)
200 — ﬂL i
”’“ Tl
0 '

03 04 05 06 07 08 0.9ww]l
Fig. 3. Dependence of the modulus of
elasticity of the clay on the relative moisture.
1 — experimental data; 2 — approximating
dependence.

This relationship can be approximated by a
power function of the form:

E(w)=E, -(w/ws)_s.

Forced strains of swelling are on a formula
similar to the formula for finding the tempera-
ture deformations:

~ [B., (w)dw,

where B,,(w) — the coefficient of swelling in the
general view dependent on moisture, but usually
taken for a constant: By, = const.

The resulting equation of the theory of elasticity
of inhomogeneous bodies for plane deformation
state in the presence of the forced deformations
€ 1S given in many sources, for example, in
[10]. If the Poisson's ratio v is constant, and
€ = ¢&,, the equation in dimensionless coordi-
nates becomes:

Vladimir I. Andreev, Anatoliy S. Avershyev

3_E dL_E 1-2v o, _
E 1-v p

The problem of moisture-elasticity was solved
in stationary and non-stationary formulation for
clay with the following values of parameters:

p.=1, pp=10, wy/w,=1.815, w,= ws, Wy = W,
Ey=19.88 MPa, 6=24, B, = v=04,
6/p.) =0, 6ps) = -y-H, y = 2695 kN/m3, H=10 m.

Stationary solution

At the solution of a stationary problem of mois-
ture-elasticity with distribution of moisture (3)
the reader can see how very different stress dis-
tribution, at the accounting of inhomogeneity
and without taking into account when the
modulus of elasticity is averaged on a formula:

. [ E(w(p))dr
" ph - pa ’

The analytical solution can be only in the case
of the homogeneous problem when £ = E,:

_EBy(w,—w,) n(p/p,) |

T 20=v) inlp,/p,)

Py .i_ 1., E'Bsw'(Wa_Wb)
Tl Lz 1} {y a 2-(1-v) }
E-B,,-(w,-w,) In(p/p,)

2-(1-v)  Inlp,/p,)

_ﬁ. piz’ A E'Bsw'(wa_wb)
P’ pi-p’ {y e 2-(1-v) }r
EBW( Wb).|: 1 _ pi :|_
2-(1- V) In(p,/p,) P;—p;

2

P,
P, —P.

Gy =

_yH

In fig. 4 and 5 [11, 12] stress state of the thick-
walled cylinder from the clay, arisen from
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swelling and external pressure o(py) =-y-H in
cases of homogeneous and inhomogeneous
process of swelling:

0
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1 I - ‘///
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\
-2 “m/// \
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Fig. 4. Radial stresses diagrams
in the stationary problem.
1 — Homogeneous material (E = E,,);
2 — Inhomogeneous material (E = E(w))
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Fig. 5. Hoop stresses diagrams in the
stationary problem.

1 — Homogeneous material (E = E,);
2 — Inhomogeneous material (E = E(w))

To verify the results we did static test which
consists in equilibrium half cylinder array under

stresses Oy and external loads. The test consists
of the equality:

Py

[oo(P)dp=—p,-0,(p,)+p, 0,.(p,) (13)

Pa
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In the homogeneous case we obtain the identity,
and in an inhomogeneous error is the 100-th
share of percent.

Non-stationary solution

As the speed of distribution of a field of mois-
ture much smaller than a speed of distribution of
elastic waves in the considered environment,
and a generating factor of the stress-deformed
state is only a field of moisture and external
pressure in a non-stationary problem it is possi-
ble to consider that environment particles move
to each timepoint instantly. It means that for a
conclusion of the allowing equation can be used
the statics equations, and time (¢ or t) will be
included in it as a parameter. Non-stationary
solution with a large number members of the
series the Bessel functions (7,,,,=100) is shown
in fig. 6 and 7 [13].

5 el L #
p 8 R =

Fig. 6. The distribution of radial stresses
in the non-stationary problem

Fig. 7. The distribution of hoop stress
in the non-stationary problem.

To verify the results we also did static test (13)
for each timepoint and the maximum error is 2
% at t=0.4.
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CONCLUSIONS

In conclusion we can say that in solving the
problem of moisture-elasticity for definition of a
field of moisture the right choice of regional
conditions that they corresponded to real proc-
ess. It is very important for receiving adequate
result it is necessary to take rather big number
of members of terms of Bessel functions as well
as the solution (12) converges slowly. Also at
the solution of a problem of moisture-elasticity
all factors creating inhomogeneity in the solu-
tion of a problem of mechanics must be consid-
ered that fig. 5 shows. Fig. 5 shows that by con-
sideration of inhomogeneity of the modulus of
elasticity the plus hoop stress most dangerous to
soil increases by 1,53 times compared to the
homogeneous problem.
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FRACTURE TOUGHNESS PREDICTION BY MEANS
OF INDENTATION TEST

Julia S. Bakhracheva
Volgograd branch of Moscow State Transport University (MIIT), Volgograd, RUSSIA

ABSTRACT: The subject considered is the theoretical dependences between parameters in a small scale yield-
ing zone length, and a plastic zone at cave-in spherical indentor. A method for estimating the fracture toughness
K| through the results of ball indentation testing is suggested. The model proposed can be used for predicting
the cracking resistance of the machine elements in a low temperature range.

Keywords: machine elements, low temperature, fracture toughness, ball indentation testing, intensity of plastic
deformation, specific plastic strain energy

1. INTRODUCTION

All characteristics of a material at various
kinds of mechanical tests are macroscopical
displays of its concrete physical nature, fea-
tures of structure and a chemical compound.
Therefore resistance of weariness, fracture
toughness, properties at a tensile test, contact
deformation by all means should be connected
with each other.

Is known that increase in strength of a material
usually is accompanied by reduction of plastic-
ity and fracture toughness. It occurs because at
high-strength materials the energy absorbed at
destruction is small. The level of this energy is
determined by the size of small scale yielding
zone. If at introduction indentor in a surface of
a counterbody in a zone of contact there is a
residual dent around of it always there is plas-
tically deformed area extending on some depth
h. This area is limited to the closed surface on
which the condition of plasticity is satisfied
o—=oy (Fig. 1).

Observable at increase strength, decrease in
temperature, increase in speed of deformation
reduction of plastically deformed volume (so
also works of plastic deformation) at tests for
hardness and fracture toughness are investiga-
tion of the same phenomenon: decrease reduc-
tions in mobility of dislocations.

In works [1, 2] the method of calculation of the
specific surface plastic strain energy j, in a
small scale yielding zone before front of a

crack has been offered. Existence of depend-
ence between Kjc and \ 7 a wide temperature
range for steels having various structures and
levels of mechanical properties is shown. If
between power parameters of plastic zones at
top of a crack and at cave-in spherical indentor
connection will be established. It will appear
an opportunity for predicting the cracking re-
sistance of metals through the results of ball
indentation testing will appear will be estab-
lished.

Fig. 1. Distribution of deformations under
a residual print at introduction spherical indentor
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Fig. 2. Distribution of deformations in a plastic
zone before top of a crack: W — stretch zone width

2. ANALYSIS

Depth 4, is determined as

h = i—l.z(ijz, (1)

20y 2

where — P - the enclosed loading, o, — yield
stress , d - values of diameters of residual
prints.

For construction of the generalized curve of
current o; = f (&) in a plastic zone under a print
along an axis of cave-in it is necessary to cal-
culate the current values of intensity of pres-
sure in the center of contact o; at each value of
loading. In work [3] the size of intensity of
stress in the center of contact o; was offered for
determining as

o = 1.54p,¢;
a e, +exp[—1.55i0 +C(z—R)]’ (2)

Julia S. Bakhracheva

where py - pressure in the center of contact, R -
radius of indentor, ¢ - intensity is elastic-
plastic deformation, A and C - constants of a
material.

g =k-h-exp(-k-z), (3)

where k - the parameter described by elastic
properties of a material, / - depth of a print.
Pressure in the center of contact is calculated
as

Po = (1 + O.25%)HM , 4)

where HM - hardness on Meyer.
Further the current values of energy of plastic
deformation u;, for any point on depth of dis-
tribution of a plastic zone expected at cave-in
along an axis z from O up to 4,

o,+0;

ui - 2 ' gi s (5)

where ¢; and ¢; - the current values of intensity
of stress and deformations along an axis z on
depth of distribution of a plastic zone at the
cave-in, designed on known dependences.
Integrating dependence u; (z) from O to 4, of
the eqn (5) gives the value of specific energy
of plastic deformation on depth of a plastic
zone at introduction spherical indentor:

h

s

u,= J-ul-dx ) (6)
0

3. DISCUSSION

For verification of model data obtained in [4]
for pressure vessel and pipeline steels
(10G2FB,  VSt3kp, 17GS, 17G1S-U,
06G2NAB, 15KH2MFA) were taken. The
plane strain fracture toughness test, Charpy test
and tension testing of steels were carried out
by Krasowsky and Krasiko at the Institute of
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Strength Problems (Kiev, Ukraine). Hardness
measurements were then carried out at the
Volgograd State Technical University (Russia)
for work [5]. Experiments on contact deforma-
tion specified steels carried out spherical in-
dentor in diameter D=5 mm at loadings P from
150 to 11800 H and temperatures from 77 to
293 K on devices TSH-2 (Brinell) and TK-2
(Rockwell).

The plastic zone radius ahead of a crack is de-
fined as

-2 [Ke |
r= = )

27 o,

Comparison of values » and 4, has shown that
the size of a plastic zone before front of a crack
is more sensitive to decrease in temperature,
than at cave-in indentor. Therefore it was of-
fered to count, that the sizes of plastic zones
correspond each other at temperature 77K load
150 N, 213 K - 1000 N, 243K - 5000 N, 293K
- 11800 N.

The results of calculations of the eqn (6) are pre-
sented on Fig. 3. As can be seen from Fig. 3 the
dependency of the specific surface plastic strain
energy density, j, on specific energy of plastic
deformation on depth of a plastic zone at introduc-
tion spherical indentor, value for all steels investi-
gated is described by single linear function.

Up,
MJ*m

0,2

0,1

0 0,2 0,4 0,6 0,8
Yps MI*m

Fig. 3. The relationship between uy,, and y,
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Fig. 4. The relationship between Kjc, and \4{[,

Analogous dependencies between fracture
toughness Kjc and \/up are presented on Fig. 4
[1, 2]. This relationship is shown on Fig. 4 and
is described by the following equation:

Kic=514,01 u, - 27,785. (8)

4. CONCLUSIONS

The results obtained in this work supported the
following conclusions.

The theoretical dependences between parame-
ters in a small scale yielding zone length, and a
plastic zone at cave-in spherical indentor is
analyzed.

Analogous dependencies between fracture
toughness Kic and\/up a wide temperature
range 1s found [1, 2].

The discussed results provide the possibility of
the cracking resistance of metals estimation
through the results of ball indentation testing.
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RESEARCH ON THE IMPACT OF DWELLING DESIGN
AND THE EFFECTS OF DOMESTIC GAS EXPLOION
ON THE DEFORMATION AND DESTRUCTION
OF STRUCTURES
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ABSTRACT: Accidents caused by domestic gas explosion are known to occur regularly. Human factor is the
main reason for these accidents and it can hardly be ignored. Explosion accidents inside buildings claim the
development of methods to study the viability and collapse prevention of structures. The impact of explosion
load on the premises depending on their design, different combinations of physical parameters and the computer-
simulated loads is being investigated and the methods for mitigating the destructive effects of such explosions.
The intensity of the explosion load was determined by means of the FlowVision programming suite with using
the method of finite volumes. To study the effect of domestic gas explosion loads on supporting structures, as
well as to identify the most critical parameters ensuring the building safety, computing experiments based on the
finite-element programming suite ANSYS were conducted. The analysis of the data obtained proves that when
the equivalent static load is taken into account, the results of calculation differ from the results based on the
dynamic effect of the load both in qualitative and quantitative terms. The availability of window and door
openings allows to decrease shock impact on the structure/

Key words: deflagration explosion, domestic gas, building accidents, numerical modeling

INTRODUCTION

Explosion accidents inside buildings claim the
development of methods to study the viability
and collapse prevention of structures. For the
most part, explosion accidents are caused by
deflagration. The impact of explosion load on
the premises depending on their design,
different combinations of physical parameters
and the computer-simulated loads is being
investigated.

Explosion accidents inside buildings, which
more frequently occur compared to other types
of explosions, are wusually caused by
deflagration rather than detonation. This fact
determines both the methods of forecasting
explosion loads/effects and the methods for
mitigating the destructive effects of such
explosions. Deflagration explosion is the
process of subsonic burning which forms a fast-
moving zone (front) of  chemical
transformations. The energy is transferred in
the direction of the motion of the front and
results from heat transfer, unlike in the case of

detonation, when the transformation zone is
spread at a supersonic speed and the energy
transfer is caused by shock compression.

The specific nature of deflagration explosion is
the following: where moving, the flame front
creates a compression wave ahead of itself. This
wave becomes weaker proportionately to the
distance it has covered. As the speed at which
the flame is spread is much less than that of
sound (3m/sec), the quasi-static principle of
excessive pressure applies here, which means
that the explosion load does not depend on the
space coordinate. In other words, the pressure
that affects any construction element (walls,
ceiling, floor, doors etc.) at the moment of
explosion, is the same at any point of the room
[1].

To study the effect of domestic gas explosion
loads on supporting structures, as well as to
identify the most critical parameters ensuring
the building safety, computing experiments
based on the finite-element programming suite
ANSYS were conducted. The intensity of the
explosion load was determined by means of the
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FlowVision programming suite, which allows
hydrogasdynamic problems to be solved using
the method of finite volumes [2] and for
attendant problems — those in which the flow
and a deformed body interact — using finite-
element computer programs [3].

1. SIMULATION OF PREMISES AND
CALCULATION OF THE STRESS-
STRAIN STATE OF THE STRUCTURES
IN THE EXPLOSION OF DOMESTIC
GAS

Different types of premises were considered
(fig. 1): a closed room without openings; a
room with a window and a closed door; a room
with a window and an open door. Apart from
doing this, various engineering solutions for
intermediate floors were studied: a concrete
slab fastend at two opposite sides and a slab
fastened on the perimeter.

g]’l'llﬂ.‘ll [ ; 3
g (g
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Fig. 1. Computer-aided models
of kitchen design

Finite-element models of the rooms where
domestic gas explosion occurred were made
using volume finite elements, SOLID65, with a
bilinear approximation.

When creating a finite-element model we used
an effective algorithm which enabled us to

easily assign parameters for a finite-element
grid. The algorithm consists of the following
steps: the selection of the two-dimensional area,
divided into finite elements, and then the
assignment of the element size as well as the
volume and the pitch of extrusion. As a result,
the grid is more regular and individual elements
have no sharp angles and shapes which might

otherwise cause substantial errors in
calculations.
As an indoor deflagration explosion is

characterized by the same pressure at any point
of the room and at any moment of time, the
explosion load of 6 kPa, obtained by the
solution of a hydrogasdynamic problem [4 - 6],
was applied to all the surfaces of the room.

All calculations were done taking into account
the dynamic explosion load in the form of an
impulse signal and the equivalent static load
taking into account a normative dynamic-
response factor of 1,8 [7].

The loads on load-bearing walls caused by
upper floors (500 kN/m?), the loads on non-
load-bearing walls (100 kN/m?), and the
distributed temporary load on the slab (5
kN/m?) were also taken into account. The
material of the walls was brick masonry
(ceramic brick M 100 and mortar M 50); the
material of the slabs was reinforced concrete
(concrete class B20).

To calculate the dynamic load effect we used
the implicit scheme of integrating the equations
of motion. To estimate the time of the dynamic
load exposure on the structure, modal analysis
of the design model was carried out. The
increment in the load in time was calculated
using the equation (1):

At=——, (1)

where: N > 20 is the number of points per cycle;
f is the highest frequency which is relevant to.

Another objective of the research was to study
the influence of the material destruction process
on the type of the stress-strain deformation of
structural elements. To take into account the
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non-linear effects of materials in critical
correlation, two computational models were
used: the William and Ranke models of
concrete breakdown implemented by means of
the ANSYS software suite, and a generalized
model of the elastic-brittle failure of brick
masonry orthotropic material — the latter was
developed by the group of research engineers of
Perm State Technical University working under
the leadership of professor G.G. Kashevarova
[8-11].

In the course of tackling this physically non-
linear problem, which implies the probability of
elastic-brittle destruction, the following values
were considered as given: single-axle
compression limit of brick masonry equaling
6.38E6 Pa, single-axle compression limit of
concrete equaling 11.5E6 Pa (concrete class
B20); single-axle tensile strength of brick
masonry equaling 0.5E6 Pa, single-axle tensile
strength of concrete equaling 0.9E6 Pa
(concrete class B 20); shear transfer coefficient
for an open crack — 0.2, and shear transfer
coefficient for a closed crack — 0.6. The
residual strength after the cracking was taken
into account by applying the three-way model
of non-linear structural analysis KINH. As a
criterion of strength the following was
assumed: the destruction in material occurs
only when strain intensity (the second invariant
of strain tensor) becomes critical. For the
material under deformation four types of stress-
strain conditions were considered.

2. CALCULATION RESULTS

Figures 2, 3 illustrate the computational
experiments results of stress intensity under a
dynamic and equivalent static load effect for
different constructive solutions. Figures 4
illustrate isofields of stress intensity (a) and
cracking and crushing locations in structural
elements under dynamic load effect with an
allowance for physical non-linearity of material
properties (b).

Volume 9, Issue 3, 2013

To obtain these results we used computational
models applied to different premises for the
same moment of time corresponding to the
maximum values of stress.

Figures 5 and 6 are the diagrams showing the
change in maximum total displacement of
structural elements in the room (Usum) and the
change in maximum values of intensity stress
(Sint) within time.
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Fig.2. Stress Intensity under dynamic load
effect

Letter designations in the diagrams (fig. 5,6)
are: O — a window opening; D — a door
opening; (g) — a stiffly fastened intermediate
floor; (cr) — non-linear calculation for
destruction; stat. — the calculation for the
equivalent static load.
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Fig.3. Stress Intensity under equivalent static
load effect
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Fig. 4. Stress Intensity under dynamic load
effect with an allowance for physical non-
linearity of material properties (a) and
cracking and crushing locations in structural
elements (b)
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Fig.5. Diagrams show the changes in maximum
total displacement of structural elements in
rooms of different design within time, critical
relations of those and the types of load effect
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Fig.6. Diagrams show the changes in maximum
values of stress intensity in structural elements
of rooms of different design, critical relations of
those and the types of load effect.

CONCLUSIONS

The analysis of the data obtained proves:

1. When the equivalent static load is taken into
account, the results of calculation differ from
the results based on the dynamic effect of the
load both in qualitative and quantitative terms.
2. The availability of window and door
openings allows to decrease shock impact on
the structure — the bigger the total space of
openings, the weaker the shock impact (the
difference is up to 12+17%).
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3. Stiffly fastened intermediate floors also
decrease stress in structural elements -
approximately, 2 to 5 times.

4. The calculations of the equivalent static load
showed lower values of the stress-strain state —
twice as low, on average. It is worth noting, that
in the case of stiffly fastened intermediate
floors, the difference between the intensity
stress and the total displacement under dynamic
load and that under static load is smaller (nearly
by 25%).

5. The process of material destruction
considered, stress-strain state is lower, and the
deviation of the results obtained under dynamic
load from the results obtained under static load
is 19% on average.
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CALCULATION OF THE PURSUIT CURVE LENGTH
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ABSTRACT: A classic pursuit problem is considered in which the pursuer is always moving towards the target.
The shape of the mechanical trajectory is established, and the time of motion is calculated. An integral for the
length of the pursuit curve is constructed, its asymptotics is calculated and compared with the result of the

numerical computation.

Key words: mechanics, pursuit curve, motion trajectory, integral, asymptotics.

1. INTRODUCTION

We consider the pursuit problem in which two
material points - a Pursuer and a Pursued - move
in a plane at constant speeds u and v. The
velocity vector of the Pursued does not change
its direction, and the velocity vector of the
Pursuer turns and always aims at the Pursued.

In an old version of the pursuit problem [1] a
dog is chasing a hare. The hare runs along a
straight line, and the dog always moves towards
the hare. What is the mechanical trajectory of
the dog? When does the dog overtake the hare?
Below we shall use the terms “dog” and ‘“‘hare”,
although this model appears in different
problems of mechanics. Consider for example a
boat crossing a river and drifted down by the
flow, its bow being always directed to a fixed
point on the opposite bank. More recent
versions consider a fighter plane overtaking a
bomber or a heat-seeking homing missile
moving at a constant speed and always aiming
at a flying target. Yet another version describes
a spreader catching a moving freight container.
The container is moving uniformly and
rectilinearly in parallel to the earth's surface. A
stationary crane extends its telescopic boom
with the spreader at a constant speed while
turning it in the direction of the container. Both
simultaneous movements of the crane boom
occur in the horizontal plane.

Different variants of this classical problem are
considered in mechanics [2 - 4]. To obtain the
formula for the mechanical trajectory we choose
the reference frame associated with the dog and

use the polar coordinate system (see [5]). If the
speed v of the dog is greater than the speed u of
the hare, the dog finally overtakes the hare and
the length of the dog’s trajectory is finite. This
pursuit curve [6] is called a tractrix
[http://mathworld.wolfram.com/Tractrix.html].
Below we establish the shape of the trajectory,
find the time of the pursuit motion, examine the
trajectory length integral and calculate its
asymptotics provided v>>u.

2. MOTION EQUATIONS

Let the hare move with a constant velocity u,
and let the dog move with a velocity v; the
distance between them at the initial moment =0
is R, the initial angle between the velocity
vectors is a. The origin O coincides with the
initial location of the dog (4), and the X-axis is
parallel to the velocity vector u of the hare (B)
(see Fig. 1).

yh f>0

Fig. 1
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Let us move on to another reference frame,
positioning the moving dog A at the origin.
Then the speed of the hare with respect to the
dog at the point B is the sum of the vectors -v
and u (Fig. 2).

A

y

A X
Fig. 2

We choose the polar coordinate system and
decompose the vector u into two mutually
perpendicularcomponents: along the line AB
(only the radius 7 is changing in this direction)
and perpendicular to AB (see Fig. 3).

V4 UCOSQ

A

Fig. 3

In a small time interval df the hare B shifts
along the line AB at the distance

dr = (ucosp—v)dt, (D)
and in the perpendicular direction at the distance
ds=usingdt. (2)

In the rectangular triangle ABC (Fig. 4) the leg
BC is equal to

AC =ds =|rig(do)|. 3)

Ludmilal. Kuzmina, Yuri V. Osipov

Fig. 4

Since ds > 0, dp <0, then
ds = —rtg(do) = —rdp +O(do)’. (4)

Here we have used the Taylor series for #gx:
3

X
tgx:x+?+... .

Equating expressions (2) and (4) and neglecting
the value of the third order of smallness, we find

dq):_usmqo

dt . (5)

r

The equations (1) and (5) are the motion
equations of the hare with respect to the dog.

3. THE MECHANICAL TRAJECTORY

We proceed from the system of equations (1),
(5) to a steady-state equation for the mechanical
trajectory, dividing the left and right parts of the
equation (1) respectively by the parts of the
equation (5):

dr UCOSQ —V)r
d_:_#' (6)
[0} usin @

The equation (6) with the initial condition
r(a) = R can be solved by the standard variable
separation method. The solution is the pursuit
curve — the motion trajectory of the pursued
hare from the pursuing dog’s point of view:
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Calculation of the Pursuit Curve Length

q)ﬁ
tiu
(gz)
sin @

_ Rsina

OCX
tiu
(gz)

(7

The function (7) is defined and positive when
R>0, 0<a<nm, 0<ep<nm. It describes the

dog’s movement «after the hare», the initial

. pia .
angle being 0 < a < EX as well as its movement

T
«towards the hare» when 5 <a<r.

Use of trigonometric formulae transforms (7) to

v

. @ ;‘]
_ Rsina (sz)

o’ @
te—)* 2(cos—)
(1g5)" 2(cos )

®)

Now let us study the motion trajectory when

Y_ 1<0,
u

distance r» — o (@ — 0). This means that if the
dog follows the chosen strategy of pursuit it will
not overtake the hare even in case of the dog’s

¢ —>0. When v<u, that is the

initial motion «towards the hare» (5 <a<rm).

When v=u

Rsin

2(rg§>

=Rco

S (%) ©)

as @ — 0. In other words, for any initial angle
the dog will, in the long run, only decrease and
stabilize the distance between the hare and
itself. The dog will never catch the hare!

If v>u the dog will overtake the hare. In this

case ~—1>0 and r—0 as ¢ —> 0. This
u

means that at the end of the chase the tangent
line to the trajectory is parallel to the axis OX.
Thus, under the assumptions made, the seizure
of a piece of cargo by a lifting device is always

Volume 9, Issue 3, 2013

from behind, and a boat docks parallel to the
opposite bank of a river at the bank’s given
point.

4. THE LENGTH OF THE TRAJECTORY
AND THE MOTION TIME

The length of a curve defined in polar
coordinates is determined by the formula

4

L=|Vr+rdop. 10
[V 0 (10)
B

Using (6) we obtain:

L]

a
J' r
0 S

v ucosqo)zr2 do =
usin @

\/sin2 0+ (%~ cosp) dp =
® u

Ismqo\/ (=) +1- 2Y cosqo de. (11)
0

Substituting (8) here we find the length of the
chase trajectory:

2

o (Sln 2)7_ v v

L:Kj—v (—) +1-2—cosq do,
—4+2
% 4(cos ) . .
where
K= Rsina (12)
(1g2)
2

. v .
Introducing the parameter A = —> 0 we obtain:
u
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« (sin ﬂ)’l"2
L=K[—2 —
0 4(cos§)’1+2

\/12 +1-24cosp do.(13)

The last factor in the integrand is bounded away
from zero when A #1 (v #u):

A—1| <2 +1-22cosp <[A+]] (14)

To study the integral (13) we use the Taylor
series expansion of the sine function:

3
sin x = x—%+...(x — 0).
For 2 >2 (v>2u) the integrand is regular at

the point ¢=0 and the trajectory length is finite.
For A <2, A #1(v<2u,v+#u) the integrand is

singular at ¢=0.

Ludmilal. Kuzmina, Yuri V. Osipov

For 1< A <2 (u<v<2u) the improper integral
(13) converges and the trajectory length is
finite.

For A <1 (v<u) the integral (13) diverges, the
length of the trajectory L =

For A=1(v=u)

\/12 +1-2Acosp =4/2—2cos@ :2sin% (15)

and the integrand is regular at the point ¢=0. In
this case the trajectory length is finite (in terms
of the dog), but the motion time is infinite.

The graph shows the motion trajectory of the
hare from the dog’s point of view for different
values of the parameter 4 (0 < A < ). Here the

initial distance R =1 and the starting angle

o=—.
2

0.757

0.54

0.251

0.25

05

=

0.75

Fig. 5
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To find the motion time we calculate df using

(%):

dr =49
usin @
and integrate using (8):
. P
T——Jq rdp ¢ Rsina (sz) dp
Y usin @ O(tgg)a 2(cos£)’l” usin @
2 2
P12
. a (12—
_ Rsma (g2) do (16)
a P4
du(tg —)" 0 (cos—
(lg=)" ¢ (cos )

ForA <1 (v <u) the integral diverges and the
motion time is infinite.

ForA>1(v>u) the motion time is finite.
Using the trigonometric formulae

9o __ 2d(19 %)

2

cos” —
5 =12 (17
cos” —
the integral (16) can be integrated:
Rsina ¢ _
T =220 [y 1+ (g D) Jdig L) =
22V 2 2 2
2u(tg—)" °
2
-1 541
. g — 1g—
_ Rsna |8, (2)) (s

= +

We obtain finally, using the trigonometric
formula for the sine of a double angle:
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(19)

If the hare is motionless (#=0), the dog moves
rectilinearly at the speed v and the motion time

1S t=—.
v

5. ASYMPTOTICS OF THE INTEGRAL
FOR THE TRAJECTORY LENGTH

Consider the integral (13) when the values of
the parameter A are large. This means that the
speed of the dog is much greater than the speed
of the hare. Consequently, the shape of the
trajectory is close to a segment of the straight
line joining the initial positions of the dog and
the hare, and L - R for A — . Following [7,
8], we construct the expansion of the integral
(13) into a series by powers of the small

parameter 1/ A up to the third order O(17).

Let us take the factor A> out of the square root
in the integral (13):

o (sin 2y
L=KA\ J' -2
CD A+2
0 4(c0s5)

cosp 1
1-2 +— do. (20
\/ 1 T de-(20)

The Taylor series expansion of the square root

VI+x :1+%x—%x2 +0(x7),

O(x*)| < const - x°
o6

1)

gives
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B A
cosg . 1 K¢t
\/1 2 2 Ly = _.[ ydt;
A A Ayl+t
_, cosp 1 1 4cos N 3 K"
0
)
cos _
:1_T¢’ Mj"m(ﬁ). (22) N
with the upper limit of integration f = th.
and Let us consider each of the four integrals
separately.
o (tg ) . 2 B
L=KA | -~ (1 - °°;<" + S‘;/lf’ +0(/13)]d<o : ; _K2 ! . A
o M@ ! A+l A-1)
K/l A+1 -1
The substitution ¢ = tg2 and the trigonometric === T + . =
2 2 \A+1 A-1
formulae " a o a
0 2 :Rsmal 2 . o) (25)
2
cosg = 1-¢ Use of the Taylor series expansions
1+
A 1 1 1
sin?g = 4sin? L cos? £ =4sin £y —— (23 ——=——=1l-—+=+0(1"),
¢ 2 2 ( 2) 1+¢ 23) A+1 1+l A A
enable us to decompose L into four integrals A _ 1 _ 1+l+%+ 07 (26)
A—-1 l—l A A
B 2 B 2 .2
L=% t{t tjl)dt—gj't{t tjl) —Liz dt + A
0 .
K4, 1 KL, 141 gIves
+ [ ——dt+ == [ =04 )dt =
A 1+ 2 ;
0 o 0 - L _Rsina (¢ @ e g)'f-l(—l @ e g)+
L +L +L+L, @4) T2 TR,
1 a a _3
where + ?(fgz + Cfg;) + 0(& )] . (27)
B o .
_K2 J‘ (* + 1 2)dt Substitution of the formulae

sin o

g 1g—+ctg—) =1,
Lzz—gj.(t’l_z—t’l)dt; (g g )
0

sina (—t @ et —) =cosa
2 g2 g2

36 International Journal for Computational Civil and Structural Engineering



Calculation of the Pursuit Curve Length

finally gives KB g 1 K 1 i
TAAA+1 14 A 1+ BY (A+D)
Reosar R . AgA+l 1+1¢ (1+p7) ( )
L =R+ +—+0(17). (28) KA _9¢
A A -~ S . (32)
Ao(A+]) (+19)
The second integral can be transformed Using the formula
similarly to the first one:
a
A+l a1 \? 21g— o)
Lzzg(t _ ¢ ] = sina = 2a:1 [;2
- +
2(A+1 2-1) 1+1tg° 5

_5 ﬂ/‘“—l _ﬂ/‘t—l __RSll’lOl ﬂ ~ ﬂ_l B
2l A41 A=1) 2 A+l A-1

the first term in L, can be presented as

g% g
_Rsina g2 _cgz _ Rsina K 1 B
2 A+l A-1 22

2 A+ A+
:Rsinoc Jéj 1

a a, 1 a a - 7 7’ =
tg——ctg—)+—(—-tg——ctg—)+O(17) |; A 1+ 1
><[(g2 cg2) /1( g5 cg2) ( )j 1+
Rsin’ o _
finally = —+0(17). (33)
24
L :—RCZS“ —%m(ﬁ). (29)  Since
D 2t
The third integral 0< > <1,
I+¢
B
. :5 J' ! ~dt (30) the second term in L, can be estimated:
Ayl+t
can be estimated: R ey s
P . B
L <Kﬂt}’dt_K tﬂ.+. _E.ﬁﬂ.]_ < 1 -EJ.Z‘}'H lzdl‘g
|3|_7£ IFAVESY VRV A+ Ay 1+t
0
i ! <P 1 -007 34
:Rsma.ﬁ — 0™ 31 PR (A7), (34)

BA A+l

. . and for the whole integral L, we obtain:
Integration by parts gives:

B Rsin’ a
L _Ef 1 d t}'+] _5 1 . t}'+] ~ L3: 22(2
P01+ A+l A0+ A+1

0

+O(XY).  (35)
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The last integral L, is similar to the first one
multiplied by A7.

K B
IL,| = = [ +7)0(7)dd| <

0

<LO(A)=0(17). (36)

Summing up the obtained expressions for the
four integrals we find the asymptotic expansion
of the trajectory length:

Ludmilal. Kuzmina, Yuri V. Osipov

L=L+L,+L,+L,=
Rsin’ a

=R+
20

+O(17). (37)

In Table 1 the values L, of the trajectory

length (13), calculated numerically for different
values of A, are compared with the asymptotic

estimates L, obtained by the formula (37).

The last column shows the relative difference
between these values calculated as the ratio of

the difference L, -L,, to the difference

asymp n

between L, and its limit at A —oo:

aymp|,_, = L,.,|,_, =1, multiplied by 100%.
Table 1
L. L
A Lyum Leasymp Leasymp — Luum W x100%
1 1,1477935 1,5000000 0,3522065 30,69
2 1,1234353 1,1250000 0,0015647 8,10
3 1,0547880 1,0555556 0,0007676 1,40
4 1,0309292 1,0312500 0,0003208 1,04
5 1,0198493 1,0200000 0,0001507 0,76
6 1,0138102 1,0138889 0,0000787 0,57
7 1,0101593 1,0102041 0,0000448 0,44
8 1,0077853 1,0078125 0,0000272 0,35
9 1,0061553 1,0061728 0,0000175 0,28
10 1,0049882 1,0050000 0,0000118 0,24
20 1,0012487 1,0012500 0,0000013 0,10
40 1,0003124 1,0003125 0,0000001 0,03
80 1,0000781 1,0000781 0,0000000 0
00 1,0000000 1,0000000 0 0
38 International Journal for Computational Civil and Structural Engineering
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6. CONCLUSIONS

When A >1(v>u) the tangent line to the
motion trajectory (8) always coincides with the
X-axis at the origin O. With the increase of the
parameter A the shape of the trajectory changes:
it turns from a "hockey stick" into a "crochet
hook" (see Fig. 5). This explains the rapid
convergence of the trajectory length Lgym, to its

limit L =1 and the absence of the first

asymp |  —o0
term O(A') in the asymptotic expansion (37).
The fast decrease of the difference L, ,,, - L,,,
(see Table 1) suggests that the third term in (37)
is also missing and the value of the difference is
determined by the fourth term of the expansion
O(A™). This hypothesis may be the subject of a

separate study.
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SIX-DIMENSIONAL FORMALISM FOR LAMB WAVES
IN ANISOTROPIC PLATES

Sergey V. Kuznetsov

Institute for Problems in Mechanics, Russian Academy of Sciences, Moscow, RUSSIA

ABSTRACT: Propagation of the Lamb waves in elastic anisotropic plates is studied in the framework of the
six-dimensional Cauchy formalism. The closed form secular equations for dispersion curves for Lamb waves
propagating in a plate with arbitrary elastic anisotropy are obtained.

Keywords: Lamb wave, anisotropy, dispersion

IMECTUMEPHBIN ®OPMAJIN3M JIJIS1 ONIUCAHUSI
BOJIH JIOSMBA B AHU3OTPOIIHBIX ITVIACTUHAX

C.B. Ky3neuoes

WHcrutyt npobnem mexanuku Poccuiickoii akanemun Hayk, T. MockBa, POCCUSI

AHHOTAIIUSI: PacnpoctpaneHue BoiaH JIombOa B IUIaCTHHAX C MPOU3BOJNIBHOW YIPYrod aHH30TPOMUEH
OIHUCBIBAETCS C MIOMOIIBIO TIecTUMepHOro (Gopmanmsma Kommm. B 3aMKHYTOM BHIIE MOJYYCHBI pa3peliaroliye
YpaBHEHUS JJIs ONpeiesieHUs JUCTIEPCUOHHBIX COOTHOIIEHUH.

KiioueBsble ciioBa: BoHa JIsMOa, aHU30TPOITHS, JUCTIEPCHS

1. INTRODUCTION

Herein, a brief introduction to the theory of
Lamb waves and the review of some of the most
important works are presented.

1.1. Lamb waves in an isotropic plate. The first
works [1, 2] on waves propagating in an infinite
isotropic plate with the traction-free boundary
surfaces were done at assumption that the
wavelength is much larger than the plate
thickness.

The complete theory of harmonic Lamb waves
free from the long wavelength limit assumption
was presented in [3]. The starting point of the
Lamb theory is considering equation of motion
in the form

2

. 0“u
cpVdivu —cgrotrotu = —

" (1.1)

40

where u is the displacement field, cp and cg

are velocities of the longitudinal and transverse
bulk waves respectively:

V. P P

In (1.2) A and p are Lamé constants and p is
the material density. Then, the displacement
field was represented in terms of scalar (® ) and
vector (W) Helmholtz potentials

(1.2)

u=VOo +rot¥ (1.3)

The potentials were assumed to be harmonic in
time:

(1.4)
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Substituting representation (1.3) into Eq. (1.1)
yields two independent Helmholtz equations

(A+w—j]®’:0, (A+%}\P' 0 (L5)
cp cs

To define the spatial periodicity and to simplify
the analysis, the splitting spatial argument is
needed

x=(x- w)w

where n is the unit wave vector, v 1is the unit
normal to the median plane of the plate, and
W=nxv.

The further assumption relates to the periodicity
of the potentials in the direction of propagation

n)n+(x-v)v+(x-

(1.6)

. (1.7)

where dimensionless complex coordinates x'
and x" are

x'=irx-n, x"=irx-v (1.8)
In (1.8) i=+-1 and r is the wave number

related to the wavelength / by

(1.9)

Substituting representations (1.8) into Eqgs. (1.5)
results in the decoupled ordinary differential
equations

"2
dx cp (1.10)
a2y 2
—+| 1- y=0
dx"? [ c§ J

where the phase speed c¢ relates to the
frequency and the wave number by the
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following relation

C =

o (1.11)
r

The general solution of Egs.
written the form

(1.10) can be

¢ (x")=C; sinh (y;x") + C, cosh (y;x")

(1.12)
\4 (x") = (3 sinh (sz") + Cy4 cosh (yzx")
where
1/2
2
1= 1——2
cp
1/2
o2
Yo = 1-— (1.13)
cs

The unknown coefficients in (1.12) are defined
(up to a multiplier) from the following boundary
conditions on the free surfaces

s( Vu I+p Vu+Vu))-v=0 (1.14)

where 2/ is the depth of the plate. Substitution
representation (1.7) into boundary conditions
(1.14) yields boundary conditions written in
terms of potentials ¢” and "

(kAG)’I +2u (VVG) + = (V rot V' + (Vrot‘I”)[))j -v=0
X-v=xh

(1.15)

Substituting solutions (1.12) into Eq. (1.15),
yields the desired dispersion equation, found in
[L, 3]:

4y,
2.2
(I+7v3)

tanh (y,rh) B L

*l
tanh (y,7#h) } =0 1o
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Sign + refers to symmetrical, and — to anti-
symmetrical modes. In view of expressions
(1.11) and (1.13) the obtained dispersion
equation implicitly determines phase velocity ¢
as a function of frequency. Velocities related to
both the long wave and short wave limits were
found in [3].

Taking the short wave limit at 74 — oo in (1.16)

yields
12| A
(1+73)?

The latter expression coincides with the secular
equation for the speed of Rayleigh waves
derived in [4], and hence the first limiting speed
coincides with the speed of Rayleigh wave

(1.17)

€1 lim = CR (1.18)

Analysis of Eq. (1.16) at #2 — 0 (the long wave
limit) yields the following equation [5]

Y| ANty (1.19)
o (a+3)°
from where the values for two limiting
velocities can be obtained
cZ,lim = 2CS (120)
C3lim = s (1.21)

Expression (1.20) coincides with the limiting
velocity value found in [1, 2] and differs from
the anticipated value for the long wave limiting
velocity of the sound waves in rods.

For the anti-symmetric fundamental mode, Eq.
(1.16) was analytically solved in [6] using the
perturbation technique. One of the earliest
works on computation of the dispersion curves
for a layer contacting with a halfspace were
mainly due to geophysical applications [7 - 10].
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Analysing variation of dispersion curves at
different Poisson’s ratios (including negative
values) was done in [11 - 13]. Points of
intersection of dispersion curves for isotropic
plate were studied in [14].

1.2. Group velocity. Consider now the notion of
group velocity introduced by Stokes [15] for
describing propagation of the wave packages in
hydrodynamics and later on extrapolated to
acoustic waves in the theory of elasticity; see
[16 - 18]. Formally, the group velocity can be
defined by

8" _do (1.22)
dr

Numerical studies in [19 - 25] of the group
velocity dispersion, mainly at Poisson’s
condition A =pn, confirmed Rayleigh’s
anticipation [16, 17] that the negative values of
the group velocity can appear at the very small
wave numbers. Later on, numerical
computations [25] revealed existence of a
broader range of negative group velocities at
Poisson’s ratio belonging to the interval
031<v<045.

Several additional equations for computing
dispersion of group velocity can be constructed
from Eq. (1.16). For example, substituting in
Eq. (".22) the phase speed defined by Eq. (1.16),
denoting the left-hand side of Eq. (1.16) by

F* (r,®), and assuming that ® is a function of

r, the derivative of Eq.(1.16) with respect to r
takes the form

+ +
OF ™~ (r,®) N oF (r,(o)d_(,):O

1.23
or om dr ( )

from where in view of (1.22) the secular
equation for the group speed follows

OF* (r,)
c8rouwr _ ___or
OF* (r,)

oo

(1.24)
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In (1.24) the parameter r is considered as a
function of ®. Theoretical studies of the phase,
group, and ray velocities are contained in [26].
1.3.  Anisotropic plates, three-dimensional
formalism. In the first works on Lamb waves
propagating in anisotropic plates a three
dimensional formalism suggested in [27] for
analysing Rayleigh waves in an anisotropic
halfspace; later on this method was applied to
halfspaces with different groups of elastic
symmetry [28 - 32]. With necessary
modification that approach was used for
analysing Lamb waves in anisotropic plates [33
—43].

All these publications, except [33] where a more
complicated case of a cylindrically anisotropic
plate was considered, actually exploited the
following representation for the displacement
field

6 .
u(x,0)=| Y. Cpmye’s™ |00 (1 5)

k=1 uy (x")

where C) are arbitrary complex coefficients

determined up to a multiplier by satisfying
conditions at plate boundaries; w; is the
displacement field of the k -th partial wave; my,
is vectorial, generally, complex amplitude,
determined by the Christoffel equation (this
equation will be introduced later on); y;, 1is a

root of the Christoffel equation. Note, that
according to (1.13), coordinate x" is imaginary.
Six partial waves in (1.25) correspond to six
(not necessary aliquant) roots of the Christoftel
equation.

Substituting representation (1.25) into equation
of motion

A@,,8,) u=div, C--V u—pii=0, (1.26)

where C is the fourth order elasticity tensor
assumed to be positive definite, yields the
Chrisoffel equation
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[(ykv+n)-C-(n+ykv)—pc21]mk =0,
(1.27)

where I is the unit diagonal matrix. Equation
(1.27) admits the equivalent form

det[ (yev+n)-C-(n+7y,v)— pczl} ~0.(1.28)

The left side of Eq. (1.28) represents a
polynomial of degree six with respect to the
Christoffel parameter vy, . Equations (1.27),

(1.28) show that roots y, and the corresponding
eigenvectors m; can be considered as functions
of the phase speed c.

Remark 1.2.

a) A representation, similar to (1.25) is also
used for analysis of Rayleigh waves propagating
on the traction-free plane boundary of an elastic
half space [27-32]; and for Stoneley interfacial
waves propagating on the plane boundary
between contacting dissimilar elastic half
spaces.
b) For
representation (1.25) should be complex with
Im(y,)<0, this ensures attenuation of

Rayleigh wave in the “lower” half-space
(v-x)<0. Condition Im(y;)<0 confines the

Rayleigh waves roots vy, In

admissible speed interval and decreases number
of summation terms in (1.25). If Re(y,) =0 for

all partial waves composing Rayleigh wave,
then such a wave is called the genuine Rayleigh
wave; if Re(y,)#0 for some k£, then it is
called the generalized Rayleigh wave [28]. For
Lamb waves cases Re(y;)=0 and Re(y;)#0
are usually not distinguished.

c) Within the discussed formalism the case of
appearing multiple roots y; and the coincident
kernel eigenvectors m; was considered in [44]

with application to Rayleigh waves and in [45]
for obtaining dispersion equation of subsonic
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Lamb waves.

d) For anisotropic plates limiting velocities
(1.20, (1.21) were computed in [46, 47].

To obtain the dispersion equation, consider the
traction-free boundary conditions

t, =xv-C--Vyu
X-v=

., =0.(129)

where 24 denotes depth of the plate.
Substituting representation (1.25) into boundary
conditions (1.29), yields the dispersion equation

+

6 .
ch('YkV'C'V+V'C'n)'mk€_lrykh =0.
k=1

(1.30)

Finally, Eq. (1.30) can be rewritten in a form
better suited for numerical computations

det((ykv-C-v+v-C-n)-mkeiirYkh):0.
(131)

Dispersion equation (1.31) defines the phase
speed as a function of the wave number, or in
view of (1.11), as a function of circular
frequency.

1.4. Anisotropic plates, six-dimensional Stroh
formalism. Initially Stroh formalism [48] was
applied to analysis of Rayleigh waves
propagating on a free boundary of anisotropic
halfspace [49 - 55]. The case of non-semisimple
degeneracy of the fundamental matrix (that case
is analogous to appearing multiple roots and
coincident kernel eigenvectors in the Christoftel
equation) was considered in [53]. In [56, 57] the
Stroh formalism was applied to description of
Lamb waves propagating in anisotropic plates.
Following [49] the displacement field for
Rayleigh or Lamb wave is searched in the form

u(x,7) = f(x") Um0 (132

with the unknown amplitude f regarded as a
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function of the imaginary coordinate x" defined

by (1.8). Substituting representation (1.32) into
equation of motion (1.26) yields

(A103+(Ag + A0, + A3)- 11 =0,

(1.33)

where

Al =V C'V,
Ay =n- C-n—pczl

Az =v-C-n
(1.34)

Matrix A, is non-degenerate due to assumption

of positive definiteness of the elasticity tensor.
Remark 1.3. For isotropic material matrices
(1.34) have the following form

A+2n 0 0 0 A 0
A= 0 p 0|, Ay={p 0 O
0 0 p 0 0 0
u—pc2 0 0
Ay=| 0 A+2u-pc® 0 | (1.3%)
0 0 u—pc2

Up to harmonic multiplier '™~ the sur-
face tractions on planes parallel to the free
boundary or the median surface of a plate can be
written in terms of matrices (1.35):

t,(x")=(A 0 +A,y)f(x").  (1.36)

The main idea of Stroh formalism is in rewriting
the equation of motion (1.26) in terms of
displacements and surface tractions. Multiplying

both sides of (1.33) by matrix Al_l yields the

following expression for the derivative 0,.f(x")

0. F(x") = AT - t,(x") AT - A, -£(x").(1.37)
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Combining now (1.33) — (1.37), produces the
desired equation of motion written in terms of
vectors f and t,

0 f N f (1.38)
X” tV - tv ) .
where N is the fundamental matrix:
~AT' A, A
N = . (1.39)
Ay AT A Ay —AL AT

The general solution of Eq. (1.38) can be
represented in the following form

(tf ] = exp(x"N) - Cg, (1.39)

where 66 is the six-dimensional generally

complex vector of the unknown coefficients,
that can be defined (up to a multiplier) by
boundary conditions. Substituting solution
(1.39) into boundary conditions (1.36) yields

(f(+(z)'rh)] = exp(+irhN)- 66
— (1.40)
( (—(;r )] = exp(—irhN)-é6

Excluding vector 66 from Eq. (1.40); and

substituting the resultant expression in (1.40),
gives the following dispersion equation for
anisotropic plate

det ((0,1)- exp(—2irhN)) : ((I)] =0. (1.41)

Despite obvious simplicity of deriving Eq.
(1.41), the relevant works on Lamb wave
analysis [56, 57] used a more complicated
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procedure.

Herein, another variant of a six-dimensional
formalism for analysing dispersion of Lamb
waves in plates with arbitrary anisotropy 1is
presented. Since the presented formalism is
based on reduction of the second-order equation
(1.33) to Cauchy normal form, it will be called
as Cauchy formalism.

2. CAUCHY FORMALISM

2.1. Principal description. For the considered
formalism the representation for harmonic
Lamb wave is looked in the form (1.32). By
introducing a new vector function

v(x") =0 £(x") 2.1)

the equation of motion (1.26) can be reduced to
Cauchy normal form

a”

<0)

(2.2)

where

0 I
¢= [—Al Ay -A(Ay+ Atz)]' ()

and matrices Ay, A,, A5 are defined by (1.35).

By analogy with Stroh formalism, 6x6-matrix
G will be called the fundamental matrix.
Similarly to (1.39), the general solution of Eq.
(2.2) can be represented in Eulerian exponential
form

(f(x”)] =exp(x'G)- Cg., (2.4)

V(x!!)

where 66 is the six-dimensional generally
complex vector of the unknown coefficients
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defined (up to a multiplier) by boundary
conditions.

The surface traction vector is defined by Eq.
(1.36). Now, combining (2.1) and (2.4), the
displacements and surface tractions on both
sides of the plate take the form

( f(xirh)

tv(iirh)] =Z-exp(xirhG)-Cq,  (2.5)

where

(2.6)

| 0
7z = .
(Az Alj

Note that matrix Z is non-degenerate due to
positive definiteness of the elasticity tensor.

Equation (2.2) allows us to exclude 66 by
expressing displacements and surface tractions

on one side through the corresponding vectors
on the other side; that yields

( f(—iz.”h) ] _ T-( f(+iz.”h) ]’ (2.4)
t, (—irh) t, (+irh)

where

T =Z-exp(-2irhG)-Z7". (2.5)

Matrix T can be considered as the transfer
matrix, as it “transfers” displacements and
surface tractions from one side of the plate to
another. Matrix T is independent of the
specified boundary conditions.

2.2. Dispersion relations and limiting velocity.
Equation (2.4) is a source for constructing the
dispersion relations and obtaining an expression
for limiting velocity ¢; 1, at » — 0.

2.2.1. Traction-free plate. 1f both sides of a
plate are traction free, then

t, (£irh) =0. (2.6)

Sergey V. Kuznetsov

Condition (2.6) means that a 3 x 3 -mapping

|
(0, I)-T{ j
R} 0 g3

(2.7)

from the three-dimensional space of nontrivial
displacements and vanishing surface-tractions
on the “upper” surface to the three-dimensional
space of surface-tractions on the “bottom”
surface, is degenerate. The latter is equivalent

det((O, I)-T-((I)D =0.
Thus, Eq.

Omuoka! UcToYHNK CCBLIKH He HalaeH. 1S
the desired dispersion relation for a plate with
free boundaries.

Taking limit at » — 0 in (2.7) does not lead to a
meaningful condition, because of vanishing
determinant in
Omuobka! UCTOYHNK CCHUIKM He HaiijeH. at
r=0 1rrespectively of the phase speed. To
derive a meaningful equation, consider first
derivative of (2.7) with respect to the wave
number (see [59 - 61]), this yields the following
equation for ¢, 1,

det((O, 1)-Z2-G-7"! (m:o

Other types of boundary conditions considered
below lead to obvious alterations for the

corresponding expressions for ¢ jiy, -

(2.8)

(2.9)

Remark 2.1. Substituting matrices (1.35) into
Eq. (2.9), yields for the isotropic plate Eq.
(1.16).

2.2.2. Clamped plate. 1f both sides of a plate are
clamped, then

f(Lirh) =0. (2.10)

Condition (2.10) means that mapping from the
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space of vanishing displacements and nontrivial
surface tractions present on the “upper” surface
to the three-dimensional space of displacements
on the “bottom” surface, is degenerate:

det((l, 0)-T-(2D=0.

Equation (2.11) is the desired dispersion
equation for a plate with clamped surfaces.

2.2.3. Plate with traction-free and clamped
surfaces. For a plate with “upper” clamped

(2.11)

surface and “bottom” traction-free the
dispersion equation is as follows
0
det((o, I)-T-(ID:O. (2.12)

Due to symmetry of matrix T, Eq. (2.12) is
invariant to changing boundary conditions
between surfaces.

2.2.4. Plates with mixed boundary conditions.
Two types of mixed boundary conditions at a
boundary surface are considered: (i) vanishing
normal to the boundary components of surface-
tractions and vanishing tangential
displacements; (i1) vanishing tangential surface-
tractions and vanishing normal displacements.
Boundary conditions (i) can be written in the
following form
vt (zirh)=0, (I-v®v)-f(+irh)=0.

(2.13)

The corresponding dispersion equation takes the
form

v®v
det| (I-v®v,v®v)-T- =0.
I-v®yv

(2.14)

Similarly to (2.13), boundary conditions (ii)
have the form

Volume 9, Issue 3, 2013

(I-v®v)-t,(+irh)=0

2.15
v-f(xirh) =0 (213

Equation (2.15) yields the following dispersion
equation

I-v®v
det((v@v,l—v@v)-T-( ]]:0.
v&®v

3. CONCLUDING REMARKS

3.1. Computation of the exponential matrix. The
dispersion relation (2.16) containing the
exponential matrix in (2.5), should be computed
by decomposing fundamental matrix G into
Jordan normal form

G=W'lJw (3.1)

where W is a matrix composed of eigenvectors
and possibly generalized eigenvectors and J is
a matrix containing eigenvalues and possibly
Jordan blocks. With decomposition (3.1) the
exponential matrix takes the form [62]

exp(G) =W .exp(J)- W (3.2)

3.2. Improving numerical stability. The
overflow problem can be relatively easily
solved by a suitable normalization. Let

(kg{m)) e denote (not necessary aliquant)
m=l,...,

eigenvalues of G, and

a = max Re (—21' rhy, kg{m)) .
——

k,m

(3.3)

Multiplying all the exponential matrices in (2.5)

a

by e © yields the desired normalization.
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Indeed, after multiplication, all the exponential
terms in (2.5) will have powers with real parts
not exceeding unity.
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OSCILLATIONS OF EARTH DAMS WITH ACCOUNT
OF GEOMETRIC NONLINEARITY

Merziyed M. Mirsaidov, Tokhirjohn Z. Sultanov, Dadakhan A. Khodzhaev
Tashkent Institute of Irrigation and Melioration, Tashkent, UZBEKISTAN

ABSTRACT: Mathematical statement, methods and algorithms are given in this paper to evaluate stress-strain
state and dynamic behavior of earth dams with account of geometric nonlinearity. Stress-strain state of three
concrete earth dams with account of geometric nonlinearity under different static and dynamic effects was stud-
ied. The influence of heterogeneous specific features and geometric parameters of a structure on dynamic behav-
ior and stress-strain state of earth dams was investigated under geometric nonlinearity. It was revealed that an
account of geometric nonlinearity leads to considerable change in stressed state of structures and to an increase
of a rise in stresses between heterogeneous parts of structures. Large geometrical dimensions of a structure, am-
plitude level, duration of acting loads and oscillations near resonance mode increase non-linear effect. Thus, in
evaluation of dynamic behavior and strength of high earth dams it is necessary to account geometric nonlinearity
and real constructive specific features of structures.

Keywords: earth dams, heterogeneity, geometric nonlinearity, stress-strain state, dynamic behavior,
non-linear oscillations.

KOJIEBAHUS I'PYHTOBBIX IIJIOTUH C YYETOM
I'EOMETPUUYECKOM HEJJUHENHOCTHU

M.M. Mupcauoos, T.3. Cynmanos, /[.A. Xooxcaes

'TamkenTcKuit HHCTUTYT Uppuranuu 1 Menuoparuy, T. Tamkent, Y3BEKMCTAH

AHHOTAIIMSA: B nanHO# paboTe NPUBOAMTCS MaTeMaTHYeCKash MOCTAHOBKA, METOJABI M aJITOPUTMBI JUIS
OLIEHKH HaIpsHKEHHO-1e()OPMUPOBAHHOTO COCTOSIHUSL M JMHAMHYECKOTO TTOBEJCHUS TPYHTOBBIX IUIOTHH C y4e-
TOM I'€OMETPUYUECKON HEeJIMHEHHOCTH. MccnenoBaHo HANpshKEHHO-1e(hOPMUPOBAHHOE COCTOSIHUE 3 KOHKPETHBIX
TPYHTOBBIX IUIOTHH C YY€TOM I'€OMETpPHUYECKON HETMHEHHOCTH IPHU PA3INYHBIX AUHAMHUYECKUX BO3ICHCTBUIX.
HccnenoBaHo BIUAHME HEOJHOPOAHOH OCOOEHHOCTU KOHCTPYKLHMHM M I'€OMETPUYECKHX NapaMeTpPOB COOpYKe-
HUH Ha TUHAMUYECKOE MOBEJCHUE U HANPSDKEHHO-1e()OPMUPOBAHHOE COCTOSIHUE TPYHTOBBIX IUIOTHH IPH Y4eTe
TeOMETPUUECKON HENMUHEHHOCTH. BBIABIEHO, YTO yueT reoMeTpHYeCcKol HENUHEHHOCTH NPUBOJUT K 3aMETHOMY
HM3MEHEHUIO HaNpsHKEHHOT'O COCTOSHUS COOPY)KEHUH M K YCUJIICHHIO CKauKa B HANPSDKEHUSIX MEXIY pa3HOpO.I-
HBIMHU YacTsAMH coopykeHuH. I[Ipu 3ToM BBICOKHE T€OMETPHUECKUE pa3Mephl COOPYKEHUS, YPOBEHb aMILUIUTY/IbI,
MIPOJOJDKUTENBFHOCTh JICHCTBYIONIMX IMHAMUYECKUX HArpy30K W KoieOaHWsi BOJM3M PE30HAHCHOI'O PEXUMA
yCUIIMBAIOT HenuHEeWHbIH a¢ddekt. [ToaToMy, Ipu OlEHKE JUHAMHYECKOrO MOBEACHHS M MPOYHOCTH BBICOKUX
TPYHTOBBIX IUIOTHH HEOOXOIMMO YYeT T€OMETPHUYECKON HETMHEHHOCTH U peabHbIX KOHCTPYKTUBHBIX OCOOEH-
HOCTEH coopyKeHui.

KuarwueBble ciioBa: TPYHTOBBLIC IIJIOTUHBI, HCOAHOPOJHOCTDb, TCOMETPHUUICCKAs HCHHHeﬁHOCTL,
HaHpH)KeHHO-I[e(l)OpMI/IpOBaHHOe COCTOSIHHUE, THMHAMHUYCCKOC ITIOBCACHUC, HeJTUHEHHEIE KoleOanus

1. INTRODUCTION How much this factor effects on stress-strain
state and strength of earth dams under different

A necessity to account geometric nonlinearity for loads is not sufficiently dealt with in literature
earth structures becomes more important in [1'8] and it demands to carry out thorough stud-
connection with engineering of high earth dams. ~ ies [9-13].
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Current investigations and an experience of en-
gineering of high earth dams in seismo-active
zones show that in assessment of their stability
and reliability it is necessary to take into ac-
count rather complex conditions of structure op-
eration, such as elastic, viscous-elastic, elastic-
plastic properties and water-saturation of soils
and nonlinear deformation of both material and
structure under different effects [14-17, 20, 21].

Along with this, today not all the problems of
soil work under load are solved; there are a
great number of theories more or less difficultly
realized in solution of a concrete problem. One
of the most important one in assessment of
structure stability is an account of geometric
nonlinearity, occurring in earth dams, in static
and dynamic design [9-14].

In well known works [1-8, 15, 16, 18-21] a spe-
cial attention is paid to the solution of certain
aspects of this problem.

This paper is devoted to: development of
mathematical statement, methods and algo-
rithms for assessment of dynamic behavior and
stress-strain state of earth structures with ac-
count of geometric nonlinearity; study of stress-
strain state of concrete earth dams with account
of geometric nonlinearity under different static
and dynamic effects; investigation of the effect
of heterogeneity and geometric parameters of
structures on stress-strain state of earth dams
with account of geometric nonlinearity.

2. MATHEMATICAL STATEMENT,
METHODS AND ALGORITHMS
OF SOLUTION OF THE
PROBLEM

2.1. Statement of the problem
Earth dam (Fig.1) is considered with volume
V=V, +V,+V,, being under kinematic effects

ii,(%,1), applied on lower foundation z”,

mass forces ? and hydro-static water pressure
P, acting on the surface S,. It is assumed that
the crest and lower slope of a dam are stress-

52

free.

Discussed structure is essentially heterogeneous
in the sense that physical properties of its parts
(V,,V,,V;) greatly differ from each other. On

the borders of division of structure parts the
displacements, normal and tangent to the
surface of division components of stress tensors,
are continuous.

In evaluation of dynamic behavior and stress-
strain state of earth dam (Fig.1) it is necessary
to take into account geometric nonlinearity.

The problem will be considered for plane
deformed state of a structure; variational equation
for this case is written in the following form:

4 6
~ (o0 av + [ fouav -
Vs 4
. . (1)
- Jp1u5udV - Jp2u5udV -
" Vs
— | pyiisidv + [ p siids =0
Vs s,
with given kinematic
xeY iy (%0)=v,() )

and 1nitial conditions at =0
xeV:ii(%0) =7, (¥); i(3,0) = ,(¥) (3)

Here physical properties of material of
heterogeneous body (Fig.1) are described by
relationships between the conponents of stress
o, and strain ¢; tensors of the type

o, = ingkkéij +2u,6,, 4)

with account of geometrical nonlinearity the
components of the tensor of strains ¢, are taken

in general form, that is, besides linear terms
quadratic ones are also considered

International Journal for Computational Civil and Structural Engineering
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I,
.

J_- u,
n

In all discussed problems displacement vector
has two components u = {ul,uz} in coordinate
system ¥ = {x,,x, }.

Here: u, ¢,, o, — are components of

i ij

displacement vector, stress and strain tensors,
respectively; 6u , d¢; — isochronic variations of
displacements and strains; V,V,,V; — volumes

of upper, lower retaining prisms and central
kernel, respectively; A, and pu,— Lame

constants (n — the part of the body with given
mechanical characteristics); p, — density of ma-
terial of elements of discussed system; f — vec-

tor of mass forces; 6, — Kronnekker symbol;

v, — given function of time; v,,y, — given
functions of coordinates.
The aim of the problem is to determine

displacements  fields ii(¥,) and stresses
of (x t) occurring in a structure (Fig.1) under

the effect of f and p,., and satisfying the

equations (1), (4), (5) and conditions (2), (3) at
any possible displacement i .

Volume 9, Issue 3, 2013

2.2. Method and algorithm of solution of the
problem

Under dynamic effects discussed variation prob-
lem (1), (2), (3), (4), (5) of dynamic behavior of
heterogeneous structure (Fig.1) with the
procedure of the method of finite elements [6, 7,
9, 22] is reduced to resolving system of non-
linear differential equations of NV order

[ Y} + [Cha+ & G} = {PY+ ()} (©)

With initial conditions
(0} =1y}, {i(0)} = {v, }

Here rigidity matrix [K*(u)] depends on both
geometric parameters of a structure and its
stress-strain state, expressed through nodal dis-
placements; [M] — mass matrix of discussed

(7)

system; [C] — matrix of dissipative forces, if
they are taken into consideration; {u(¢)} — vector
of sought for amplitudes of displacements;
{f(£)} — vector of external load from kinematic
effect; {P} — total vector of external loads (mass

forces, hydrostatic water pressure, etc.).
Solution of equations (6) with initial conditions
(7) by Newmark’s method [9, 22] in each step at
time Atz is reduced to solution of algebraic sys-
tem of equations

[A(u)]{m} {1+]}
Afw))= [ (w)]+

(8)
)

£lc]

at

Here the right side {RH,} of equation (8) is de-
termined in the form

{ 1+1} {F}+{ 1+1} (10)
1

i)+ (——1}{ }}
- 1}{ai}+ %(g - 2}{&}- }}
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For the solution of obtained system of algebraic
equations (8) it is necessary to give initial con-
ditions at =0, that is, displacements {u,}, ve-

locities {iz,} and accelerations {ii,}; usually

{ii,}=0.

Newmark method is stable, when
B>0.50a>0258+0.5).

Thus an algorithm of solution of non-linear sys-
tems of differential equations (6), (7) consists
n:

1. Initial conditions
{uo } ity .4y} = 0.

2. The system of algebraic equations (8) is
formed, with right side (10). Here elements of
matrix [A(u,)] are the functions of reached on

are given as

preceding step deformed state of a structure.

3. Obtained system of algebraic equations (8) is
solved by the method of quadratic root at each
step ¢,

i+l

2.3. Test example

To prove worked out algorithm for the solution
of non-linear problems under static effects, the
solution of a number of systems of non-linear
algebraic equations were considered. Analysis
of results obtained shows that the use as a zero
approximation of the solution of linear problem
ensures fast convergence of iteration process,
which is reached after 3-7 iterations depending
on a given accuracy and the type of a structure.
In testing of worked out algorithm for the solu-
tion of non-linear dynamic problems, the solu-
tion of non-linear differential equation is con-
sidered

j+a’y+Cv* = f(1) (11)
With initial conditions
¥(0)=1, »(0)=-8, (12)

which has an exact solution [23] y(¢)=¢ .
Here:

54

f(t):[ﬁz + 0’ +Ce_ﬂ’Je_m; ®=1.0;
B =0.05C=1.0.

Table 1 gives a comparison of numeric solution
by Newmark method with exact solution, de-
pending on integration step A¢, at different val-

ues of ¢.

Table 1: Comparison of exact and numeric solu-
tions of an equation (18)

Time, t 0.1 1 02 03] 04

Exact solution

(t)

0.995(0.990{0.9850.980

At=0.01 [0.996|0.992/0.988|0.983

Solution by

Newmark

method | A7=0.001

0.995(0.990{0.980|0.976

05106 |07]08]09]|1.0

0.975(0.970{0.966|0.961|0.956(0.951

0.979(0.974{0.970|0.965|0.960(0.956

0,971(0.976|0.966|0.961|0.956|0.952

Analysis of results given in Table 1 shows high
accuracy of results obtained while solving dy-
namic problems by Newmark method.

3. ASSESSMENT OF STRESS-
STRAIN STATE OF EARTH
DAMS WITH ACCOUNT OF
GEOMETRIC NONLINEARITY

In this chapter with worked out methods, algo-
rithm and PC program, dynamic behavior and
stress-strain state of three concrete earth dams
are studied with account of geometric nonlinearity
under different static and dynamic effects; they
are: 1) Nurek dam: height H=296m, crest width
bs=20.0 m, slopes location — upper m;=2.25 and

International Journal for Computational Civil and Structural Engineering
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lower m,=2.2; 2) Dam 2: height H =138.5 m,
crest width 5,=16.0 m, slope location — upper
m;=2.2 and lower m;=1.9; 3) Dam 3: height
H=70.0 m, crest width 5,=8.0 m, slopes location
— upper m;=2.0, and lower m,=2.0. In concrete
calculations, heterogeneity and constructive
specific features of a structure and real physical
and mechanical characteristics of material were
taken into consideration for each separate sec-
tion.

Usually parameters of the effect, its intensity,
frequency specter and velocity of damping
should considerably influence the dynamics of
high structures, their deformation being essen-
tially large under intensive effect and so the ef-
fects of geometric nonlinearity are revealed here
in a greater extent.

To evaluate the effect of account of geometric
nonlinearity of a structure on dynamic behavior
of different earth dams with above given meth-
ods, a non-linear system of differential equa-
tions (6) was solved with homogeneous initial
conditions.

Here the matrix of dissipative forces [C] is

formed according to [3] proportionally to rigid-
ity matrix with coefficient of proportionality
f=0.08, that is, [C]=[K].

Unsteady forced oscillations of above men-
tioned three dams were studied with account of
geometric nonlinearity and heterogeneous specific
features of structures. These dams were consid-
ered in plane deformation under mass forces;
they oscillated under acyclic two-component
kinematic effect on the basement of a structure:

asin( pt), 0<t<t

fu,, (1) =10, £ >t (13)
bsin( pt), 0<t<t

fu, (1)) =40, £ >t (14)

Here: p — is a frequency; a, b — amplitudes; ¢
— time duration of the effect.

Volume 9, Issue 3, 2013

Below results are given obtained at frequencies
p=5.7 rad/sec (for dam 2), at p=6.85 rad/sec (for
dam 3), at p=4.5 rad/sec and p= w;=5.07
rad/sec in resonance mode (for Nurek dam),
a=0.01m, »=0.0lm — amplitudes and ¢ = 12
sec — time duration of kinematic effect, o, —
first natural frequency of a structure.

Fig.2 shows results of calculations with account
of geometric nonlinearity of a structure, that is,
the change of components of displacement
(u1,u2) in time for points (x;=-4.0m, x,=70.0m),
located on the crest of heterogeneous dam 3 un-
der mass forces and two-component kinematic
effect.

Fig.3 shows the difference between linear and
non-linear solutions for this case (in %), that is:

5o

-gn . .
where u~ — is a vector of components of dis-

—-lin
u

—-gn‘

ﬁgn‘
u

placements, obtained with account of geometri-
—lin

cal nonlinearity; # - vector of components of

displacements corresponding to linear case.
Analysis of results (Fig.2 and Fig.3) shows that
for dams of middle height the difference of lin-
ear and non-linear solutions in components of
displacements is no more than approximately
10% for most points of a dam. The greatest dif-
ference is seen in upper part and in slope zones
of a dam. These differences appear after a cer-
tain time of load acting, this is explained by the
fact that geometric non-linearity under dynamic
effect occur after full swinging of a structure.
Fig.4 gives differences between linear and non-
linear solutions (in %), that is

5o

for components of displacement (u;,u;) in time
for points (x;=-8.0m, x,=138.5m), located on the
crest of heterogeneous dam 2 under mass forces
and two-component kinematic effect.

—-lin

u u

—-gn‘

ﬁgn‘
u
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Fig. 2. Change of components of displacement
(ur,uz) in time for point (x;=-4.0m, x,=70.0m) of
dam 3 under the effect of mass forces and
two-component kinematic effect, obtained with
account of geometric nonlinearity
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Fig. 3. Difference (in %) between linear and
non-linear solutions (for components of dis-
placement u; — (a) and u, — (b)) in time for point
(x;=-4.0m, x,=70.0m) of dam 3 under the effect
on structure of mass forces and two-component
kinematic effect

t, sek
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Fig. 4. Difference (in %) between linear and
geometrically non-linear solutions
(for components of displacement u; — (a) and u;
— (b)) in time for point (x;=-8.0m, x,=138.5m)
of dam 2 under the effect on a structure of mass
forces and two-component kinematic effect

Analysis of results (Fig.4) shows that for high
dam the difference of linear and non-linear solu-
tions is essential, that is, the maximum in com-
ponents of displacements is approximately more
than 15% for most points of a structure. For this
dam the greatest differences of these results is
seen in upper part and in slope zones of the dam
after a certain time of load action. The distinc-
tion from previous results is that the difference
is seen in the whole range of dynamic effects.
This proves the fact that in high structures geo-
metric nonlinearity occurs after full swinging of
a structure and acts till the end of the effect.
Unsteady oscillations of high Nurek dam in pre-
resonance (Fig.5) and resonance (Fig.6) modes
of oscillations were studied with account of
geometric nonlinearity.

In Fig.5, as an example, the change in time of
amplitude of stress intensity o, is shown for dif-

ferent points of dam in pre-resonance mode of
oscillation (p=4.5 rad/sec), Fig.5a for point —
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x1=-65.5 m, x,=228.2 m; Fig.5b for point — x;=-
65.5 m, x,=265.2 m; Fig.5c for point — x;=-65.5
m, x,=80.2 m.

a)
Cﬂ ,EiPa
16

12 |

il

————

|
il
U; t, sek

A
[ el
e

u ! t sek

e
—
—

40

LI

0 2 4

ST

u t. sek
12

Fig. 5. Change in time of amplitude of stress
intensity o, for different points of Nurek dam in
pre-resonance mode (p=4.5rad/sec ) of
oscillations under mass forces and two-
component kinematic effect: linear case;
- - - - non-linear case

Fig. 6 shows as an example the change in time
of the amplitude of stress intensity o, for dif-

ferent points of Nurek dam in resonance mode

Volume 9, Issue 3, 2013

of oscillations (p~ w;=5.07 rad/sec), Fig.6a for
point — x1=-65.5 m, x,=228.2 m; Fig.6b for point
— x1=-65.5 m, x,=265.2 m; Fig.6¢ for point —
X1:-65.5 m, X2:80.2 m.
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Fig. 6. Change in time of the amplitude of stress
intensity o, for different points of Nurek dam
near resonance mode of oscillations
(p~ w; =5.07rad/sec) under mass forces and

two-component kinematic effect:
case; - - - - non-linear case

linear

Fig. 7 shows iso-lines of distribution of stress
intensity o, in section of heterogeneous Nurek

dam in resonance mode of oscillations at
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t=10.2sec for linear (Fig.7a) and non-linear
(Fig.7b) cases.

a)
w Npg—>
N500 0\/« g/
/\7(?3 \/50;0 \\
\\ ! /g°/>\ @F /
b)
200 %\f“/
N\ g00 \/200 \\
2

) /‘@@ 7/

Fig. 7. Iso-lines of distribution of stress intensity
o, in section of heterogeneous Nurek dam in

resonance mode of oscillation at t=10.2sec

As seen from (Fig.5-7) the occurrence of non-
linear effect is explicit both quantitatively and
qualitatively: the amplitudes of stress inten-
sity o, are changing, and the period of oscilla-

tions is almost the same.
In stress intensity o, non-linearity in a great

extent occurs in a lower part of a dam; here dur-
ing the whole interval of load effect the value of
stress intensity, obtained with account of geo-
metric nonlinearity, is 2 times less than the one
obtained for linear case. The occurrence of the
greatest value of stress intensity o, near the

foundation with comparison with other points of
a structure located higher (Fig.5 and 6) is ex-
plained by the fact that the structure is subjected
to the effect of two-component kinematic effect
and mass forces simultaneously.

Studies carried out at resonance mode of oscilla-
tions (Fig.6) show that non-linear character of
oscillations 1s more distinctly displayed with an
increase of the height of structure and intensity
of the effect.

Results of analysis of dynamic behavior and
stress-strain state of earth dams of different
height with account of geometric nonlinearity of
a structure permit us to reveal the dependence of

58

non-linear effect on dimensions of a structure
and the character of the effect. It was also stated
that non-linear effects are observed during suf-
ficiently long time and high level of the ampli-
tude of effect. Here the proximity of frequencies
of natural vibrations of a structure to the fre-
quency of the effect (Fig.6) considerably influ-
ences the occurrence of nonlinearity. At the
most unfavorable resonance mode an account of
geometric nonlinearity leads at a certain mo-
ments of time to essential change in stresses in a
lower part of high structure. An account of het-
erogeneity of a structure (Fig.7) leads to the in-
crease of a rise in stresses between various parts
of a structure, especially with consideration of
non-linearity.

4. CONCLUSIONS

Study of dynamic behavior and stress-strain
state of three earth dams on the basis of worked
out methods and algorithm with account of
geometric nonlinearity allows us to reveal that:

e for high dams an account of geometric
nonlinearity and heterogeneity of struc-
tures leads to evident change in stressed
state of the whole structure;

e an account of geometric nonlinearity and
heterogeneity of structures leads to an
increase of a rise in stresses between
heterogeneous parts of a structure;

e Jarge geometric dimensions of a struc-
ture, the level of amplitude and duration
of acting dynamic loads increase non-
linear effect;

e the proximity of the frequency of the ef-
fect to the frequency of natural vibra-
tions of a structure leads to an increase
in observed effect of nonlinearity;

e an account of geometric nonlinearity and
real constructive specific features of a
structure is necessary in assessment of
dynamic behavior and strength of high
earth dams.
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APPLICATION OF ROBUST ESTIMATION METHODS
FOR CALCULATION OF PILES' ULTIMATE RESISTANCE

Zbigniew Muszynski, Jaroslaw Rybak
Wroclaw University of Technology, Wroclaw, POLAND

ABSTRACT: As far as the pre-cast concrete driven piles are concerned, the proportion of the dynamic tests in
the overall number of performed tests in Poland reached 71% in 2007 and is still increasing . The legal basis for
dynamic testing is the code: PN-EN 12699 “Special Geotechnical Works. Displacement Piles”, which allows for
the dynamic testing meant as the test of load capacity. The problem which must be faced here is the need for
a precise calibration of those tests, related both to capacity dynamic testing, as well as to the selection of the
proper safety factor which makes it possible to determine the permissible loading of a pile. Good calibration re-
quires that the pile's ultimate resistance should be known from the prior static test, whereas it may often be im-
possible to determine that value due to limited load capacity of the testing station. The designer is then forced to
calculate the failure load on the basis of the available data by means of the “extrapolation” of test results.

Key words: pile capacity, load test, robust estimation

INPUMEHEHUE METOJIA YCTOMYUBOI'O OIIEHUBAHUS _
AJIAA UBMEPEHUSA NPEAEJABHOI'O COITPOTUBJIEHUA CBAU

Zbigniew Muszynski, Jaroslaw Rybak

BporytaBckuii moauTeXHUYeCKU yHUBEpCUTeT, T. Bporas, I[IOJIBIITA

AHHOTAIMSA: KomuuecTBO IMHAMUYECKHX TECTOB COOPHBIX ’Ke1e3006TOHHBIX BUHTOBBIX CBa, IIPOBOANMBIX
Ha Teppuropun [lonbmm, eme B 2007 roxy mocturano ypoBHst 71% cpeau oT o01iero 4yucia npoBOJUMBIX Tec-
TOB U POJIOJDKAET YBEIUYMUBATHCS. [IpaBOBBIM OCHOBaHMEM JUIS ITPOBEJCHUS ITOOOHOTO POJia TECTOB SIBIISIETCS
eBpokon PN-EN 12699 ,,Special Geotechnical Works. Displacement Piles”, koTopbIii TO3BOJISET CYUTATH TUHA-
MHUYECKHE TECThl pABHOCHJIBHBIMHU TECTaM Ha OIpejielieHne Hecyliel criocoOHocTr. Tem He MeHee, mpodiema, ¢
KOTOpOM MPHUXOANUTCS CTAIKHBATHCS TMPH MPOBEACHUH TaHHBIX TECTOB, - 3TO HEOOXOIUMOCTh TOUHOH BBIBEPKH
pe3yNbTaToB, 3aBUCAIINX B PABHON CTEIIEHH OT IPOBEACHHS CaMOro TeCTa, a TAKXKe OT BbIOOpa MPAaBHIBHOTO KO-
s pUIIeHTa HaISKHOCTH 110 HArpy3Ke, KOTOPBI MO3BOJIUT ONPEAEIUTH JOIMYCTUMYIO Harpy3Ky Ha CBaro. Xo-
polasi BBIBEpKa TpeOyeT 3HaHUs 3HAYSHUsI MIPEJIeIbHOr0 OTIIOPa CBau, MOJIYYEHHOrO U3 MPEALIECTBYIOINX CTa-
THUYECKHUX TECTOB, YTO YACTO MIPEICTABIISETCS] HEBO3MOXHBIM IO IIPHYMHE OrPaHMYEHHON HECyIIeH ciocOOHOCTH
caMoil TecTOBOH ycTaHOBKU. Takum o0pa3oM, J1abopaHTy TpeOyeTcsl pacCUHMTaTh IpeeibHBI OTIOp CBau Ha
OCHOBE TIOJTyYE€HHBIX TECTOBBIX PE3YJIbTATOB METOAOM SKCTPAIIOJISIIUH.

KunroueBble ci1oBa: Hecyias ClIOCOOHOCTh CBaM, TECT HA HATPY3KY, YCTOHYHBOE OICHUBAHKE

1. INTRODUCTION

The Polish Code of Practice (PN-83/B-02482,
1983) provides the procedures for performing
capacity tests of piles, as well as for the
subsequent interpretation of the test results,
which sets forth the criteria for the assessment
of the designing method and makes it possible
to verify the conformity of the actual

geotechnical conditions with those assumed for
the designing purpose. In addition, the results of
load tests form the basis for potential changes in
the piling design. The reliability of settlement
results must be high, as the static tests are
expensive and time-consuming, and the ensuing
decisions have consequences of both technical
and economic nature. The construction of an
additional testing station is very difficult due to
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insufficient reinforcement and load capacity of
anchor piles (or insufficient kentledge).
Dynamic pile testing has recently become
a widely adopted solution. Good calibration
requires that the pile's ultimate resistance (fail-
ure load) should be known from the prior static
test, whereas it may often be impossible to
determine that value due to limited load
capacity of the testing station. The designer is
then forced to calculate the ultimate resistance
on the basis of the available data by means of
the “extrapolation” of test results. This work
presents the results of the calculations of
foundation piles' ultimate resistance (failure
load) carried out in line with the so called 80
percent method developed by Brinch-Hansen
(1963) for non-failed reference static load tests.
The approximation procedure has been analyzed
with respect to: the number of settlement
measurements  taken into  account in
calculations, weights of subsequent
measurements of the settlement and change of
weights in subsequent measurements of the
settlement (eliminating of mistakes by means of
robust estimation methods).

The conclusions derived from calculations are
intended, in later stages, enable proposing the
method of calculating the failure load on the ba-
sis of a static load test, and thus to address the
need for calibration in the increasingly imple-
mented dynamic tests.

2. STATIC LOAD TESTS - PRINCIPLES
AND TECHNICAL PROBLEMS

The regulations formulated in the Code of
Practice (1983), concerning the rules of
determining the number of piles under static test
and the selection of their place, require that
practically any structure founded on piles
should be subject to test. Static load tests are
usually carried out by means of the so called
“inverted beam method”, using the neighboring
piles as the anchor piles (see Fig. 1) or with the
use of kentledge. Sections 7 and 8 of the Code
of Practice (PN-83/B-02482, 1983) present

Zbigniew Muszynski, Jaroslaw Rybak

the procedure of static load tests and provide the
rules of the interpretation of their results. It must
be remembered that even though the static test
is considered to be the most reliable test (i.e.
areference test), it may also include various
errors.

e

Fig. 1. T ypical'static loates} (SZD

The greatest risks are linked with the following

errors:

e systematic errors related to the inaccuracy of
the loading system (calibration of the
hydraulic jack and manometers) or the
measurement system (settlement gauges),

e displacement of the base on which the
settlement gauges rest, resulting from the
settlement of the subsoil around the pile
(precise  leveling may eliminate that
problem),

e displacement of the base on which the
settlement gauges rest, caused by thermal
factors, e.g. becoming heated due to
insolation (the test often lasts a dozen or so
hours),

e non-simultaneous
gauge indications.

Fluctuation of pressure in the hydraulic system

(and thus fluctuation of the force acting on the

pile) caused by the pile's settlement and the de-

formation of the loading system (occurs typi-
cally in the final stages of loading, which play
the decisive role in the determination of ultimate
resistance). The above-presented list of the
potential threats to the accuracy of determining
the loading-settlement relation includes the

readouts of settlement
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factors that significantly affect the interpretation
of results. For example, the differences
observed for thermal reasons (insolation)
amounted to 0.1 mm, which is a considerable
deviation from the required measurement
accuracy of 0.01 mm.

3. CALCULATING ULTIMATE LOAD US-
ING THE BRINCH-HANSEN 80% CRI-
TERION

The Brinch-Hansen method (Brinch Hansen,
1963) defines the ultimate resistance Q,; as the
limit after the exceeding of which the settlement
progresses freely. In that method, similarly to
the method of determining the ultimate
resistance O, set forth in the Code of Practice,
it 1s indispensable to perform the static test in
the range that goes beyond the elastic work of
the pile. In that case, for the purpose of analysis,
this part of the loading-settlement relation is
assumed where the force exceeds the design
loading of the pile.

v T T T T
Q
0.01
0.008
0.006
®ee points
) — A=0.00029756, B=0.00431164
1 I I I
0.004 0 5 10 15 20 25
s [mm]

Fig. 2. Calculating ultimate resistance
using the Brinch-Hansen 80% criterion

Q. 1s understood as such loading for which the
settlement s exceeded the measured value four
times only after 80% of the load has been
applied. The loading-settlement relation (Q — s)
is then transformed into the coordinate system:

s - abscissae and /s / Q - ordinates (Fig. 2). For
the last points of the performed test at which

Volume 9, Issue 3, 2013

the settlement reached stabilization the follow-
ing linear dependence is found (by way of ap-

proximation): s/ QO=A-s+B. It may easily
be calculated that a pile's ultimate resistance in
accordance with the 80 percent method equals:

1

O Zm’

In the example in Figure 1, we obtain from the
approximation the straight line: 4 = 0.00029756
and B = 0.00431164. We are, therefore, able to
calculate: Q,;; = 441.4 kN.

It is noteworthy that the estimation of load
capacity is affected by both the number of
points the arrangement of which we subject to
the linear approximation, as well as potential
random inaccuracies.

(1)

4. METHODS OF APPROXIMATION

The most frequently wused methods of
approximation are based on the so called least
squares method. The majority of spreadsheets is
equipped with built-in solvers (using that
method) which make it possible to describe the
set of points under analysis in terms of a linear
dependence (or a dependence of higher order).
In more advanced instances of the
implementation of the least squares method it is
also possible to assign weights to particular
observations. In each case under scrutiny, while
calculating the ultimate resistance, we eliminate
those points (by way of ‘“zero-weighting”)
whose distribution falls into the range of the
elastic work of a pile in the subsoil. The data
gained from the range of the elastic-plastic pile
behavior may also be divided into the more and
less significant ones. Intuition tells us that the
calculation result is influenced most
significantly by the last readouts of the load test,
and in particular those which belong to the
range of (0.8 + 1.0) Ouna-

A separate issue entails the effort at minimizing
the influence of the aforementioned systematic
and random errors, as well as at eliminating the
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gross errors. One may apply with that respect
methods of robust estimation, known from
mathematical statistics and frequently used in
geodesy. The essence of those methods consists
in the application of the least squares methods
accompanied by the iterative modification
(decreasing) weights of those observations
considered to be outliers. The points are thought
to be outliers when the deviation of their
approximation exceeds the value assumed as
permissible. As a result, the outlying
observations have a smaller (and in the extreme
cases — null) impact on the obtained solution.
That makes it possible to fit the assumed
theoretical model of approximation into the
largest number of congruent points. In this
article only two methods of robust estimation:
the Hampel method and the so called Danish
method are being considered.

4.1. THE HAMPEL METHOD

This method was proposed by Hampel in work
(Hampel, 1974) and described in article (Hogg,
1979). It is a development of the Huber’s
method originally described in the work (Huber,
1964). For the i-th observation, the iterative
modification of weights follows the formula (2):

)2 for |vl.|£f
Pt for f<|vl.|£g
i
p; = h—1v, , (2
p pl--f-_|vl| (2)
£ for g <|vl.|Sh
v
0 for |v|>h
where:

p;- modified weight;
p.- weight of the i-th observation from the

previous iteration (in the initial step
assumed from the least squares method);
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v- fitting deviation the
approximation);

f,g,h- controlling parameters, determining the
range of permissible values of fitting

deviation v.

(derived  from

4.2. THE DANISH METHOD

This method was developed and described by
Krarup (Krarup, Kubik, 1983). Unlike the
method described above, it is marked by a more
empirical approach to the issue of modification
of the weights of the outlying observations.
Those modifications, carried out in accordance
with formula (3), employ the so-called damping
function (4).

.y for |vl|S ;
o) tor fss
)
tv,)=exp| —d| 2| |, 4

(v))=exp (f] 4)

where: d, k — the damping function parameters
with positive values.

5. CALCULATION RESULTS

The calculations of ultimate resistance were
carried out on the basis of the results of static
tests of four pre-cast concrete driven piles,
tested at the construction site of a large
commercial center in southern Poland. Using
the Mathcad environment, an algorithm was
developed for the purpose of calculating the
ultimate resistance by means of the following
methods:

e the least squares method (LS), assuming
identical weights for all the points under
scrutiny;

e the least squares method (LS+W), assuming
differing weights for particular points;
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e the Hampel method (Hm), assuming the
initial differentiation of weights for particular
points;

e the Danish method (D), assuming the initial
differentiation of weights for particular
points.

The calculations were based on the last six ob-

servations from the elastic-plastic work of piles.

The selection no other number but six

observations before the completion of the load

test 1s justified by the fact that typically no more
than six observations are recorded between
the load relief and the point at which the
maximum loading is attained during the field
test. The observations were numbered starting
from the end of the loading: the last observation
was numbered 1, the last but one — 2, etc. The
differentiation of weights in the least squares
method (and of the initial weights — in the case
of the robust estimation) consisted in assigning
the weight of 1.0 to observation no. 1, the
weight of 0.8 - to observation no. 2, the weight
of 0.6 — to observation no. 3, the weight of 0.2 —
to observations no. 5 and 6. The application of
the aforementioned robust estimation methods
requires the assumption of certain values of
controlling parameters which define the
permissible range of fitting deviation

(approximation). Those parameters are usually

assumed  empirically,  appropriately  for

particular implementations of the methods
described above. In this article, the value of

parameter f was set at the level of 50%, 75%

and 100% of the value of the standard deviation

of approximation inaccuracies from the previous
iteration (at the initial stage of calculations —
from the least squares method with differing
weights). The parameter g is equal to the pa-
rameter f plus the value of the standard devia-
tion of approximation inaccuracies. The pa-
rameter / is equal to the parameter f increased
by two standard deviations. In the Danish
method, the values of parameters d and &,
affecting the “shape” of the damping function —
formula (4) — were assumed, on the basis of
geodetic sources, at the levels of: d=0.05,
k=4.4. The test for convergence of the iteration

Volume 9, Issue 3, 2013

process was set at the following level: the
alteration of the values of both searched
parameters 4 and B in three subsequent
iterations should not exceed 1-107 (to provide
a proper accuracy of results).

Table 1 presents the results of calculations of
the ultimate resistance Q,; following different
methods. It may be observed that the mere
assignment of weights to the subsequent points
does not have a great influence on the fitting of
the straight line and thus on the calculated
ultimate resistance (failure load).

Table 1. Pile ultimate resistance Q. [kN]

' s |Ls+w Hampel/Da.n_ish method
Pile method| method /=
0.50 ¢ 0750 1.00 o
P1| 680.2 | 682.1 |704.7/704.41695.5/692.4|691.1/691.0
P2 | 573.8 | 575.4 |597.0/597.2|597.6/597.6 |597.7/597.7
P3| 441.4 | 441.8 |444.4/444.5|1448.1/448.3 |442.8/442.8
P4 | 690.0 | 686.9 |687.2/687.2|685.2/685.2|685.6/685.6

Only the elimination of the points which stand
out from the mathematical model affects the
obtained results. Figures 3 and 4 present the
results of fitting of straight lines to the
calculations of the ultimate resistance of pile P2,
which show the greatest differences in the
results obtained by means of the least squares
method approximation in comparison with the
results from the robust estimation methods.

Vs .

Q

0.009

0.008

0.007

0.006

¢ ¢ ¢ points
LS, A=0.0002349, B=0.0032326

— — LS+W, A=0.0002331, B=0.0032387

—— Hm (f = 0.50 sigma), A=0.0002299, B=0.0030509
— - — Hm (f = 0.75 sigma), A=0.0002303, B=0.0030397

------ Hm (f = 1.00 sigma), A=0.0002304, B=0.0030381
T T T

0.005

0.004

1 1
5 10 15 20 25 30

s [mm]

0.003
0

Fig. 3. Approximation by means of the least
squares method (LS) and the Hampel method.
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The analysis of the final weights assigned to the
subsequent points leads to very interesting
conclusions. Table 2 and 3 juxtaposes the final
weights from the calculations performed for pile
P2. It may be noticed that for pile P2, point 2
was rejected in all of the variants of robust
estimation. It was observed that point 6 obtained
a lesser weight than initially assumed (actually,
the calculations could as well be carried out
only for five points).

7 .
Q

0.009
0.008
0.007

0.006

# # @ points
LS, A=0.0002349, B=0.0032326

— — LS+W, A=0.0002331, B=0.0032387

—— D (f = 0.50 sigma), A=0.0002300, B=0.0030486
— - — D (f = 0.75 sigma), A=0.0002303, B=0.0030397

------ D (f = 1.00 sigma), A=0.0002304, B=0.0030382
T I T

0.005

0.004

I 1
5 10 15 20 25 30

s[mm]
Fig. 4. Approximation by means of the least
squares method (LS) and the Danish method (D)

0.003
0

Table 2. Final weights of observations

Pts LS LS+W Hampel method (Hm): /=
method | method | 0.500 | 0.75¢ 1.00 ¢
1 | 1.00000 | 1.00000 | 0.57545 | 0.86318 | 1.00000
2 | 1.00000 | 0.80000 | 0.00000 | 0.00000 | 0.00000
3 | 1.00000 | 0.60000 | 0.37428 | 0.56142 | 0.60000
4 | 1.00000 | 0.40000 | 0.31246 | 0.40000 | 0.40000
5 | 1.00000 | 0.20000 | 0.20000 | 0.20000 | 0.20000
6 | 1.00000 | 0.20000 | 0.00000 | 0.00005 | 0.00016
Table 3. Final weights of observations
Pts LS LS+W Danish method (D): f=
method | method 9505 1 0750 | 1.000
1 | 1.00000 | 1.00000 | 0.56622 | 0.90889 | 1.00000
2 | 1.00000 | 0.80000 | 0.00000 | 0.00000 | 0.00000
3 | 1.00000 | 0.60000 | 0.40267 | 0.56113 | 0.60000
4 | 1.00000 | 0.40000 | 0.34490 | 0.40000 | 0.40000
5 | 1.00000 | 0.20000 | 0.20000 | 0.20000 | 0.20000
6 | 1.00000 | 0.20000 | 0.00000 | 0.00001 | 0.00034

A very important information from the practical
point of view is that — for all of the piles — the
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final weights for point 1 have large values. That
confirms the intuition that the decisive role in
calculation of the ultimate value is played by the
last observation before the completion of the
load test.

6. SUMMARY AND CONCLUSIONS

The assumed degree of differentiation of
weights in the least squares method has a minor
influence on the obtained value of the failure
load Q.. The results obtained from the robust
estimation depend, to a certain degree, on the
assumed values of the controlling parameters
f,g h. That, however, refers more to the weights
assigned to particular points than to the values
of failure load, which draw our attention. On the
basis of the results obtained from the robust es-
timation methods (with three values of control-
ling parameter f, selected intuitively) we can
observe that the widely used least squares
method makes it possible to estimate the failure
load with sufficient accuracy - from the point of
view of practical engineering.

The above analysis, however, has also another
advantage which proves an engineer’s intuition
correct. It confirms that in order to calculate the
failure load precisely enough, it is necessary to
obtain reliable data from the field tests — in
measurements of the pile’s settlement at the
final stages of the loading. That is proved by the
very large weights attributed to point 1 (the last
recording of settlement) in the robust estimation
calculations. That is rather difficult in practice,
because at the final stages of the loading — large
settlement values are recorded with the accom-
panying long stabilization periods and huge de-
formations of the whole loading system.
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OPTIMIZATION OF 3D STEEL FRAMEWORKS
UNDER SERVICEABILITY REQUIREMENTS

Michail Popov, Romanas Karkauskas, Liudvikas Rimkus
Vilnius Gediminas Technical University, Vilnius, LITHUANIA

ABSTRACT: An actual design of 3D steel frames structures must evaluate strength, stiffness and stability
constraints (serviceability requirements) as well as nature of external loading. A design structure must satisfy
optimality and safety criterions. An algorithm to solve optimization problem, incorporating all above described
criterions, taking into account the geometrically non-linear structural behaviour, is presented for the 3D frame
structures. The internal forces of each optimization cycle are obtaining in the previous optimization cycle via
elastic-plastic nonlinear analysis procedure. Obtained forces are employing to obtain the new optimal design
values. The nodal displacements are restricted during the optimization procedures to limited magnitudes in
prescribed directions. The numerical experiment of the two-storeyed 3D steel frame designing by the standard
steel profiles cross-section optimization problem was performed to show possibilities of suggesting solution

algorithm.

Key words: optimization, stiffness and stability constraints, tangent stiffness matrix; elastic-
plastic analysis; displacement bounds.

1. INTRODUCTION

The main goal of structure’s optimization
problem is to obtain project, which satisty
safety, serviceability conditions and design
requirements from various external actions and
loads. It can be provided by having
comprehensive information about building
structure behaviour in all work conditions and
any moment of existence period. Optimization
problem in such broad concept cannot be solved
by linear theory methods of structural
mechanics.  Structure form and size is
considerably varying under certain loads and
small displacement principle become unreliable.
In addition, Hook's law is not satisfying and
should be substituted by nonlinear relation for
many materials, starting from certain stress
condition level. It is necessary to renounce linear
theory assumptions and use much more broader
and complicated nonlinear theory
generalizations. At first it is necessary to
renounce calculation by unstrained structure’s
condition tolerating small displacements.
Secondly, to obtain structure form and geometry
variation influence on its deflected mode.
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Thirdly, to take on the nonlinear stressed-
deformed relation and to estimate appearing
plastic deformations, because large
displacements are obtaining in certain material
structures before plastic collapse and do not
satisfy regular service requirements. Thereby
these above mentioned causes should be
estimated composing structure’s optimization
problems mathematical models.

Building  structures  optimization theory,
methods, calculating algorithms and its’
integration into modern computer simulation
technique and automated design systems were
rather intensive developing for the last thirty
years [1], [2], [3], [4], [5], [6], [7]. It should be
noted that at the present time appeared works
where wused genetic algorithms, based on
biological principles introduction in computer
technologies of structures optimization problems
realizations [8], [9], [10], [11]. Attractive
features of these algorithms is its compatibility
with discrete optimization and it is not require
function derivatives disliked by structural
engineers, which is broad using in classical
optimization methods.

Analysis of performed works allows to
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predicate, that structure optimization technique
simultaneously applying mathematical
programming theory, extreme energy principles
and material inelastic features is one of efficient
techniques [5], [6], [13], [14], [15]. Here
material plastic feature estimation is more
exactly reveals structure behaviour in various
load steps and allow produce considerably
efficient project [4], [5], [14], [15], [16], [17]. It
is worth to mention, that majority of works
based on limit equilibrium theory assumptions
[5], [6]. Obtained optimal structure projects for
this reason satisfying only strength condition,
satisfied by safety condition. It is essential to
note that optimization results according to
plastic collapse criterion is not always decisive,
because optimal structure limit condition state
can be fail even not obtaining plastic collapse
through overestimated inelastic deflections, and
it leading displacements occurring. In addition
optimization problem boundary conditions are
ordinary formulating does not considering codes
of structural design requirements [18], [19]
therefore optimal structure stiffness does not
provide real structure behaviour.

Abovementioned causes bounds practical usage
of limit equilibrium theory in optimal structures

projects  preparation.  Thereby,  structure
deflected mode parameters estimation is
necessary n optimization problems

mathematical models. Deformability bounds
define displacements bounds of frame nodes or
single parts. Design constraints define minimal
cross-sections parameters. Structures
optimization allowing all these requirements and
steel inelastic behaviour is one of the major
optimal design problems.
Purposes of this work are:

e To formulate mathematical model for

elastic-plastic  geometrically nonlinear
structures optimization problem;
e To suggest original algorithm for

optimization problem solution;

e To develop frame element’s tangent
stiffness matrix composition technique;

e To solve structure’s optimization problem
subject to displacements boundary

Volume 9, Issue 3, 2013

conditions enabling to control spread of
the free plastic deformations;

e To improve efficiency of suggesting
solution  algorithm by  numerical
experiment

2. THE MATHEMATICAL MODEL
OF OPTIMIZATION PROBLEM

The objective of any structure optimization
problem is to find optimal structure element’s
cross-sections areas A" distribution by k&

elements groups when structure geometry and
external actions are known. The optimal
criterion of such optimization problem is the
minimum of the structure’s volume. Forasmuch

in this work investigating elastic-plastic
structure, so optimal criterion should be
satisfied when plastic deformations are

spreading at least in one structure’s element.
Serviceability requirements of the considering
optimization problem should to include first of
all conditions which establish structure’s real
stress-strain state and deflected mode. Such
conditions are defining by using generalized
Lagrange method dependences ([5]). Second,
stiffness conditions should include
displacements boundaries in certain structure’s

nodes by defined directions: u, <u, <u, (u,
and u, are the codified prescribed lower and

upper displacements variation bounds in ¢
direction respectively). In addition processing of
design boundaries for elements stability or
lower variation limits S, of internal forces

factors can be also used besides mentioned
requisite  conditions. All it bounds free
distribution of inelastic deformations in
structure’s elements. Therefore elastic and
plastic deformations depend on residual internal
forces S, and residual displacements u,

appearing in optimal cross-sections of
structure’s elements. Structure is not reaches
plastic collapse, if any of abovementioned
boundaries become active.

In such way formed optimization problem
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mathematical model is writing ([5]):

find
V(4,)—> min,

subject to
(S..8..8,(4,)) <,
[4,]8,=F-[4]S..
[D,]S,—[4,] u, +

(V' £(S..8..5,(4,))]2 =0,

2 (1-£(8..5,..5,(4,)))=0,
u <u,, +u, <u,
S, (4,)=8,",4>0,
k=1,2,..,s.

(1)

where [Dn] is structure’s flexibility matrix
considering variations in the geometry of the
structure; [An] is matrix of coefficients of

equilibrium condition considering variations in
the geometry of the structure; F is the vector

of external forces applied to discrete model
nodes of the structure; A is the vector of
Lagrange multipliers; S, is the vector of elastic

e

response internal forces; u, is the vector of

elastic response displacements; S;™ is the

vector of prescribed lower carrying capacity
bounds of structure’s elements cross-sections.

It is nonlinear mathematical programming
problem which direct solving 1is rather
complicated. Reason of complication is Kuhn-

Tucker complementarity conditions, 1i.e.
equations A’ (I—f( Se,Sr,SO)) =0.
To avoid mentioned complications authors

suggest splitting problem solution in three
stages:

1. Nonlinear elastic analysis;

2. Elastic-plastic nonlinear analysis;

3. Structure cross-section optimization.
Further detailed explanation of suggesting
algorithm stages is presented.
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3. THE NONLINEAR ELASTIC ANALYSIS

The structure’s nonlinear elastic analysis is the
first stage of the suggesting algorithm. The
structure’s behaviour is describing in nonlinear
way, when large displacements are investigating
in the loaded structure. Thus nonlinear members
appear in displacements dependencies. The
tangent stiffness method is applied to solve main
equation of the elastic computation nonlinear
analysis:

[K.]u, =F, (2)

where [KT] is the structure’s global tangent

stiffness matrix.
Results of the problem (2) i1s u, and §,. First

stage problem 1is solving in optimization
problem iterative cycle, when cross-sections
areas A and axial inertia moments [
dependencies on cross-sections are specified. To
solve equation (2) structure’s tangent stiffness
matrix should be evaluated. Structure’s small
displacements (elastic) stiffness matrix is
usually presented in literature ([20], [21]), but
full expression of the tangent stiffness matrix is
usually skipped.

Short review of tangent stiffness matrix [K, ]

obtaining technology for 3D beam-column
element (Figure 1) is presented in [24].

Authors made symbolic calculations by using
MATLAB Symbolic Math Toolbox to obtain
space frame element’s tangent stiffness matrix
expression.

Newton-Raphson force control method is used
for numerical realization of the tangent stiffness
method nonlinear equations system (2) solution.
These method mathematical calculation
procedures are often presented in the literature
which is observing numerical methods ([25],
[26]). Application of this method to obtain
values of elastic calculation nonlinear analysis is
more widely presented in [23] work.
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Fig. 1. Internal forces and displacements of the space frame finite element in the local x'y’z'
coordinate system

4. THE ELASTIC-PLASTIC NONLINEAR
ANALYSIS

It is the second stage of suggesting optimization
problem solution algorithm. The formation and
solution features of such problem are more
widely presented in the work [24].

find
max - 8'[D,]5,~S[D,]S. -
A(1-f(S..8,.8,))+u F-
AIVF(S..8,.8,)](S.+5). (3)
subject to

[D,]S.—[4,] u,+
[V'f(S..5..5,)]|2=0, 2>0.

The problem (3) is the convex nonlinear
mathematical programming problem, which
main unknowns are S, u, and 4 vectors. First
two vectors allow to obtain real internal forces
§ and displacements u. Lagrange multipliers
/Z vector allow to obtain structure’s cuts, in
which plastic deformations occurs.

5. STRENGTH CONDITIONS

For the 3D structures it is significant to use
strength conditions including not only tension-
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compression strength, but also the strength of
the structural element, bending about both axes,
as well. Strength condition for a complex stress-
strain state is usually given in the design codes
and specifications regulating the design of
building structures ([18], [19], [22]). But as
reveals work [24] usage of codes specification’s
strength conditions gives results strongly
inaccurate from the real stress-strain state.
Though the strength conditions are provided by
the design codes and specifications, the efforts
of various researchers were made to accurately
reflect a complex state of strains. The example
is the Orbison’s full plastification surface of
cross-section ([12]), which grafical view is
presented in Figure 2 and described as follows:

121,15p? +m2 .+m4.+3 67p2.mj’j +

4
. (4)

m ;T4 65myjmzj,

where p, =P, /P, ; M, M (a

,strong® element cross-section axis (Figure 2));
=M., / M (a ,,weak® element cross-

section axis (Figure 2)); P, is an axial force

py.Jj
pz,j

applied to the element of the structure at the j-th
cut and P,; is the limiting axial force for

and

are the bending moment and the limiting

tension or compression at the j-th cut; M,
M

bending moment about the cross-section’s
“strong axis” at the structural element’s j-th cut;

py.Jj
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M., and M,

the limiting bending moment about the cross-
section’s “weak axis” at the structural element’s
Jj-th cut.

are the bending moment and

z,J

:I: P
N y.J
Yy

0,93

=

1,0 Mpy,_i

Fig. 2. The full plastification surface according
to the Orbison’s strength conditions

Local elements’ stability is checking by formula
(4) when the compression members are loaded
up to their critical forces values. Critical forces
values for two axes of cross-section can be
obtained by specifications’ regulating the design
of building structures requirements ([ 18], [22]).

Global structure’s stability is checking by
calculating determinant of all structure’s tangent

stiffness matrix [KT] at first stage’s Newton-
Raphson force control method last iteration.

6. THE STRUCTURE CROSS-SECTIONS
OPTIMIZATION PROBLEM

It is the third stage of suggesting algorithm. At
this stage obtaining new optimal projecting
parameters (areas of cross-sections) by using
information of the real structure’s deflected
mode and stress-strain state. Third stage
optimization problem mathematical model is
writing:

Michail Popov, Romanas Karkauskas, Liudvikas Rimkus

find
V(4,)— min,
subject to
£(S..5..8,(4,)) <1,
u <u, <u A = A",

t=L2,..m, k=12,.,s.

)

where 4" is the lower bound of design
requirements. Optimization problem (5) is
nonlinear convex mathematical programming
problem having global extremum ([23]).

For the (5) problem displacements boundary
conditions it is worth to obtain real structure
displacements for displacements boundaries. It
can be obtained by using formula:

u, = 2 U, ':]gr,k } u, (6)
=

where u,, 1s nonlinear elastic-plastic analysis

element’s nodal real displacements in ¢ direction
vector from specified external load, obtaining

by solving (3); [lgr,k} is the element tangent

stiffness matrix, combining required cross-
sections  A4,; u, is element’s nodal
displacements vector, estimated from singular
force, applied in bounded displacement
direction, considering structure’s discrete model
change by obtained plastic deformations

distribution.
Cross-sections design requirements 4" for

problem (5) can be obtained by using
specifications’ regulating the design of building
structures requirements, or it can be made by
solving optimization problem of the structure
being prior to plastic collapse. Mathematical
model of such structure optimization problem
writing ([7]):
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find
L's,(4™)— min,
subject to
min (7)
£(8.8..8,(4)) <1,
AS =F-AS,,
S,(4")20,k=1,2,...s.
This problem practically must be solved by
iterations.
FA
Fpl,c _________________ | |
| | :
| | | :
| | | i
L | | | |
| | | | |
l | | | l
I | | | I
: | | | :
l | | | l
I | | | I
I L SN
ul,pl,h l/lt ut,start l/lt upl,c l/lt

Fig. 3. Bounds for displacement in t direction

Some words about obtaining displacements
boundaries u, and u, . It can be made by using

cross-sections obtained at the result of (7)
problem and changing applied load ratio. Upper
bounds of the displacements can be obtained by
using insignificantly smaller load ratio than it
was used to solve (7) problem and solving (2)
and (3) problems, i.e. obtaining displacements
occurred in structure being prior to plastic

collapse (Figure 3, u, . displacements level).

Then obtaining displacements when the first

plastic hinge is occurs (Figure 3, u ,,

displacements level). It results by decreasing
load ratio and performing (2) and (3) problems
solution. Such values are lower bounds of
displacements, i.e. displacements corresponding
elastic response. Thus, that limits of the
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displacements for (5) problem should be

between these limit values:

+

+ + + .
whenu, >0,sou, ,, <u; <u, ;

®)

whenu, <0, sou, ,, 2u, 2u, .

It should be made for good convergence and
efficient mathematical model usage.

7. THE NUMERICAL EXPERIMENT

A two-storeyed space frame structure was
chosen to illustrate suggesting optimization
algorithm possibilities. Frame geometry and
external load distribution is presented in Figure
4. Forces magnitudes are: P=375kN,
H =150kN, H,=75kN and H,=37,5kN .
Structure elements are grouped by cross-section
areas in 4 different groups. This distribution is
presented on Figure 4. Material for all elements
is the steel with following physical parameters —
modulus of elasticity £=206,85GPa, yield

strength f =250 MPa . Geometrical non-linear
deformable behaviour is considering.

y
P P J'P
H] P 1P N
pl /I A=
o
‘LP x| [P 134
H2 LR g/ 1l g
— had IS S
A=? | <] @
P lp ., P
cﬂN H, \J < Py Al
<| P A= 2
. P XS lp P Y| &
_ AN [
3 Yo < A, Y""’/ <| =
X
cﬂ ’ cﬂ 7 >
J <|
N és,,,; N
§:3 oS
> LSm  ,  15m "
3,0m

Fig. 4. Two-storeyed frame discrete model
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The created FEM discrete model contains 20
nodes with degree of freedom equal 96 and
combines two finite elements types, ie. 8
columns elements and 16 beams elements. All
of them are assumed to be the compressive-
tensile-torsional-flexural in two axial directions.
The total number of all structure’s internal
forces is 144.

For the suggesting algorithm numerical
realization it is necessary to get relationships
between elements’ cross-sections geometrical
parameters:

_ by -
Z, = ak,zAk

where Z, is the any considering cross-section

geometrical parameter of the & group elements;
A4, 1s the cross-section area of the k group

elements; @, and b, = are relation coefficients
were obtained for Z, cross-section geometrical

parameter for k group elements. The hot rolled
American wide flange W type cross-sections
profiles were chosen for optimization problem.

Shortly observe two-storeyed frame
dimensional instability (displacements)
boundaries. Optimizing cross-sections lower

limits are obtaining from limit equilibrium
problem (7) solution. Result was obtained after

5 iterations: AM™ =90,64cm’,;
A'zm" =64,08cm’; A;“i" =66,47cm’;
A =68,96cm’. cross-sections

values and load ratio 7=0,9, are solving
analysis problem (3) and obtaining frame
displacements upper bounds (displacement
values prior to plastic collapse):

by horizontal direction (by x axis) direction — at
the two-storeyed level (node “1”, Figure 4)

For these

uel,x + ur],x = 1)61 + 0,93 :2,54 cm;

ul,x,max =
by vertical direction (by y axis) — deflection of

the middle node of first fool beam by “B” axis
(node “2”, Figure 4)
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=U,,tu
Further by decreased load ratio y=0,6 solving
analysis problem (3) and obtaining first plastic
hinge occurrence place. First plastic hinge
occurred in the top of the column element on
two-storeyed level at “2” and “B” axes
interception (Figure 5). For such stress-strain
state displacements values are:

=-0,44-0,14=-0,58 cm.

u2,y,max r2,y

ul,x,min = uel,x + url,x = 1’23 + 0’14 = 1’37 Cm,
u2,y,min = ueZ,y + urZ,y = _0’34 - 0’01 = _0335 cm.
It is frame displacements variation lower

bounds. Thus bounds variations of presented
problem conditions should between this limit
bounds:

1,37cm<u, , =1,5cm <2,54cm,

-0,58cm<u, , =-0,5cm <-0,35cm,

what ensure elastic-plastic state of structure
work.

For optimization iteration process it was chosen
element’s cross-sections values by 15 % bigger
up on cross-sections obtained prior to plastic
collapse. By choosing this start point, there are
obtaining bounded displacements initial values
from (3) analysis problem solutions, which are
obeying necessary conditions (8):

1,37¢m <u"" =1,40cm < 2,541663 cm,

-0,58cm < u;" =—0,40cm < -0,35cm,

Table 1. The optimum volume of two-storeyed
steel frame solution convergence per iterations

=

% AI, AZ, A3, A4, I/,
5§ (cm) (em’) (cm’) (em)) (m)
]

0 104,24 73,69 76,44 79,31 0,311
1 115,58 95,12 79,26 91,50 0,353
2 102,74 84,08 75,43 70,15 0,306
3 102,66 84,08 75,43 69,65 0,306
4 102,66 84,08 7543 69,65 0,306
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Optimal project by prescribed accuracy was
obtained after 4 iterations of considering frame
iterative calculation. Criterion to stop iterative
calculation process was chosen cross-sections
values changes, which should be less when
2,5% between iterations results. Projecting
parameters results’ changes evolution during
optimization iterative process is presented in
Table 2. Obtained optimal frame project
(optimal values of structure’s elements and
structure’s volume value) is written in Table 1,
in line denoted by number 4. Plastic hinges
occurrence places and sequence are presented in
Figure 5.

Fig. 5. Two-storeyed steel frame deformed
shape under applied load and plastic hinge
distribution dynamics.

The reliability of obtained optimal project result
is proving by elastic-plastic analysis problem
solution. Sequence of the plastic hinge
occurrence in optimal structure project is
presented in Table 2 and in Figure 5.

Analysis of the results reveals that chosen
displacements’ limit bounds make influence on
optimization process. Optimal structure’s

Volume 9, Issue 3, 2013

project displacements have limit or near-limit
values under described load. Displacement
u;, =1,49 cm, that is less than specified limit

value 1,5 cm; displacement u,,=-043 cm,

that is bigger than specified limit value —0,6 cm.

Table 2. Sequence of the plastic hinge
occurrence for structure’s optimal project

Sequence
of hinge 1 2 3 4
formation
Load ratio 0,9310,97 | 0,99 | 1,00

8. CONCLUSIONS

The improved mathematical model and it’s
solution algorithm of the 3D steel frames cross-
section optimization problem, taking into
consideration inelastic behaviour of the material
and serviceability requirements has been
developed. Nonlinear elastic analysis based on
tangent stiffness and numerically realized by
using Newton-Raphson force control method.
Comprehensive information about real stress-
strain state of the structure gives the elastic-
plastic nonlinear analysis by using proper
Orbison  strength  conditions.  Preparing
procedures make possible to control iterative
process of optimization problem solution,
structure’s plastic deformation spreading and to
get good results convergence of structure cross-
sections optimization problem.The optimization
problem algorithm has been verified by solving
two-storeyed space frame structure optimization
problem and solving analysis problem by using
obtained optimal parameters. The studies show
that the proposed algorithm gives very well
solution with much less computational effort
and more control possibilities, than it can be
done by using straight optimization problem

solution. Future work 1is envisaged using
suggested optimization problem solution
algorithm for other types of structures
researches.
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AJI'OPUTM PEAYKIUU HEU3BECTHbBIX
B PAMKAX MHOI'OYPOBHEBOI'O YUCJIEHHOI'O METOA
JIOKAJIBHOI'O PEHIEHUSA KPAEBBIX 3ATAY
PACUETA KOHCTPYKIIM1 HA OCHOBE
KPATHOMACHITABHOI'O BEUBJIET-AHAJIU3A
YACTD 2: AIBYMEPHBLIE ITPOBJIEMbI

I1L.A. Akumoe, M.JI. Mo3zaneea, B.H. Cuoopoes

OI'BOY BIIO «MoCKOBCKHI TOCYAapCTBEHHBIN CTPOUTENBHBIN YHUBEpCUTET», I. MockBa, POCCUS

AHHOTAIIUA: B paMmkax pa3BUBa€MOr0 MHOTOYPOBHEBOI'O YHCIEHHOTO METOAA JIOKAJIIBHOTO PEIIEHUs Kpae-
BBIX 33/1a4 CTPOMTENBHOM MEXAHHKH MpPAaBUIbHEE BECTU pEUb HE O KPYMHON M MENKOH anmpoKCUMHUpYIOIIEH
CeTKax, a 0 MaJIOM M OOJIBIIOM KOJMYECTBE YUMTHIBAEMBIX WICHOB (YPOBHEW) pas3yioKeHUs MO BelBieT-0a3ucy
(6azucy Xaapa). Ilpormecc cokpameHus (00OCHOBAaHHOTO) KOJNMYECTBA YUYHTHIBAEMBIX WICHOB 0Oazmca Xaapa
3/IeCh Ha3bIBaeTCs pelyKIMeH HeM3BecTHBIX. HacTosmas cTaThsl NOCBSIECHA aTOPUTMY 3TOH PeLyKIMHU B paM-
KaX MHOTOYPOBHEBOTO YHCJIEHHOTO METOJa JOKAIFHOTO PELICHHUs KPAaeBbIX 3a7ad CTPOUTEIHHOW MEXaHUKH Ha
OCHOBE KpPaTHOMAcCIITaOHOTO BeWBIeT-aHanu3a. M3noxenne Matepuana BeeTcs! JUIsl IByMEPHOTO CIIydasl.

KiroueBble ciioBa: BeﬁBHeT-aHaHI/IS, AJITOPUTMBI PEAYKINN HEU3BECTHBIX, MHOT'OYPOBHEBBIEC METO/bI,
YUCJICHHBIC MCTO/IbI, Kpac€Bas 3agada, CTPOUTEC/IbHAsA MEXaHUKa

WAVELET-BASED ALGORITHM OF REDUCTION
OF UNKNOWNS WITHIN MULTILEVEL NUMERICAL
METHOD OF LOCAL SOLUTION OF BOUNDARY PROBLEMS
OF STRUCTURAL ANALYSIS
PART 2: TWO-DIMENSIONAL PROBLEMS

Pavel A. Akimov, Marina L. Mozgaleva, Viadimir N. Sidorov
Moscow State University of Civil Engineering, Moscow, RUSSIA

ABSTRACT: Considering local multilevel numerical method of solution of boundary problems of structural
mechanics it is correct to speak not about fine and coarse approximating meshes, but about small and large num-
ber of members accounted for (levels) the expansion in the wavelet basis (Haar basis). The reduction of the sig-
nificant terms of the Haar basis is called a reduction of unknowns. The distinctive paper is devoted to the algo-
rithm of this reduction within the local multilevel numerical method for solution of boundary problems of struc-
tural mechanics based on multiresolution wavelet analysis. Two-dimensional case is under consideration.

Key words: wavelet analysis, algorithm of reduction of unknowns, multilevel methods, numerical methods,
boundary problem, structural mechanics

1. IOCTAHOBKA 3AJIAYH Q={(x,x,): 0<x <l, 0<x, <L}, (LI)

Ilycte paccmarpuBaercs JByMepHas IpsSMO-

rue x,,x, — KoopauHarsel;, /,,/, — pa3mepsl 00-
yrosbHast 06macts (puc. 1.1)

JIaCTH BIIOJIb KOOpAMHATHBIX oce Ox,, Ox, co-
OTBETCTBEHHO.
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3a/a4 pacyeTa KOHCTPYKIMI Ha OCHOBE KpaTHOMAacITabHOTO BeiiBieT-aHanmu3a. Yacts 2: JIBymepHbIe IpOoOIeMbI

Xi1=0 X2 X3

Xy 1=0

K11 Xri %

Xy X w1

Lo

%22

X1

%23

X241

Xy J'2

K241

X3 N

¥

X n=1,

xzv

h

1

Q

Puc. 1.1. Hcxoouas 08ymepHas npamoy2oibHas oo1acmy u ee OUCKpemu3ayusi.

Pazpnenum o6nacte (1.1) mo ropusoHTanu Ha
(N —1) paBHBIX YacTeil W MO BEpPTHKAIU Ha
(N —1) paBubIX yacteii, rne N =2, M — ne-
KOTOPOE LIEJIOE YHCIIO0 (MaKCUMAaJIbHBIH YPOBEHb
¢bynkiuit Xaapa (KOTUYECTBO YPOBHEH)).
KoopauHaTel Touek neneHus, OYeBHIHO, OIpe-
TETSroTes 110 hopmynam

X, =G =Dhy i =1,2,.,N;
Xy = (i =Dhy, i, =1,2,.., N, (1.2)

rae h, u h, — maru genenus no ocsim Ox,, Ox,
COOTBETCTBEHHO,

h=1,/(N=-1); h,=L/N-1). (1.3)
CemelicTBO byHKUnH Xaapa
‘//sllj,sz,_/l,_/z (il’iz ), p=12,..M, S = 1,2,..., Npa

jy=1,2,.,N

,N,, 5,=0,1,5,=0,1 (mpuuem He-
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JOIyCTUM Citydail s, =s, =0), OmpeneeHHbIX
B y3J1aX CETKH, C Y4ETOM HOPMHPOBKHU 3a1aCTCs
bopMytamu:

1
4 L —
PR WA VTS s
ap

pl - kq .
2 1|2 (]q—l-l-?)ﬁlq/\

ks +kys,
( l) 5 Q]{E__J . 2p+l ) 1 kq
/\lq < (Jq —E‘F?

>

)

0, B OCTaJIbHBIX CITy4asix

i=12,.,N; i,=1L2,.,N; 0<p<M,
(1.4)
(1.5)

l//(;\j[(),l,l(iliiz) =1/05Ma
i=12,.,N; i,=12,..,N,

npuueM (1.5) sBnsieTCsS NONOTHEHUEM CeMEUCT-

Ba Qynkuuit (1.4) no 6asuca; N, x N, — konu-

yecTBO QyHKIMNA Xaapa HAa p -OM YPOBHE,
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p+l _ AM—(p+])
N | N2rt=are,
? I, p=M,;

@, — HOpMa (QyHKuMn Xaapa HA p -OM ypOBHE

(ompenensiercst npu oTcyTcTBUM B (1.4) nenenus
Ha &), T.€.

0<p<M (1.6)

V=12, N,, Vj=12,..N,
|| I//:I)aszaflafz || = al’;

_{2“1, 0<p<M

1.7
2" =N, p=M. (1.7

@,

CnenyeT OTMCTHUTD, YTO 3HAYCHHUSA UHACKCOB S,

U S, COOTBETCTBYIOT TpeM 0a30BbIM (PYHKLUSAM:

20
1 —1
1 -1
s, =1, 5,=0

W({l’j]a./z
1 1
—1 —1
s, =0, 5,=1

5
1 -1
-1 1
s;=1, s,=1

MosxHo nokasats [1-8], uro Bexrop (1.2) npen-
CTaBUM B BUJIE

y=0v, (1.8)
rae O — maTpuila HOPMHUPOBAHHBIX O0A3MCHBIX

¢dbyHkimii Xaapa, 3alMcaHHbIX 1O CTOJNOAM; V
— BEKTOP KOA()PUIIMEHTOB pasyiokeHuss (QyHK-
muu y(i,,i,) 1o 6aszucy Xaapa, UMEIOIIUN cie-

AYIOIIYIO CTPYKTYpYy

IT.A. AxumoB, M.JI. Mosranesa, B.H. Cunopos

V:[(VO)T (\71)T (\7M)T ]T, (1.9)
rac
7= G e LT
(‘_’1{72)T (‘72[?2 ’ ‘71\1/1,,2)T
(vlszvp)r (vzlpr)T vzfljp,zvp)r ]Ta
0<p<M;
(1.10)
Viin =WViosn Vo, Vv I,
0<p<M; (1.11)
yM =v3740’151; (1.12)
y = 1.1 .. LN 21 ...
y=[y@D) ... yA,N) »(2]) (1.13)

y(2,N) ... (N,)) ... y(N,N)T",

[IpUYEM, KaK BUIHO, BEKTOPbl V U ) HUMEKOT

pa3MepHOCTh

n=N>. (1.14)
OnemeHTsl MaTpulpl ()  ONPENENAOTCsS 0
bopmynam

(_ 1) kysy+kys, ,
1 22725, -2+k,)<i, A
o =—1 U 0, )
a, qzlkfo/\lq<2 (2j,—1+k,)
0, B oCTalbHBIX CIydasx

(1.15)

rne i=1,2,..,n; UHOEKCHI i,,i, ONPEAECIAIOT-

Csl IO TI00aTBHOMY UHICKCY i B COOTBETCTBHH
C QITOPUTMOM, U3JIOKEHHBIM B [1-8];

t=s,+2-5,+3-(j, =D+
+(j2 _1)'Ncomp,p
s, =0,1, s,=0,1, j, :1,2,...,Np,

fr =120, p=12,. 01,017
Oy =Va,, i=1,2,..,n, (L18)

Ly . (L16)

comp,tot >

npuieM 34CChb OBUIH HCHOJIL30BaHBI 00O3HAaUe-
HUA
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3a/a4 pacyeTa KOHCTPYKIMI Ha OCHOBE KpaTHOMAacITabHOTO BeiiBieT-aHanmu3a. Yacts 2: JIBymepHbIe IpOoOIeMbI

oo ={ iN”p’:(ip M
N =05
N or :3-2(Nq)2, r=12,...M-1;
|
q N =05 (1.20)

OueBugHO, 4YTO QopMyna IS ONpeAeTCHHS
3JIEMEHTOB MaTpullbl O MOXeT ObITh 3amucaHa

TaK)Ke CIEIYIOMUM 00pa3oMm (cM. Takxke Qop-
myasl (1.16)-(1.17)):

{Q}i,t = V/;;,sz,jl,jz (il’iz )9 p= 1: 27 e M _1,
(1.21)
rne i, =G0-1)/N; ii=i—-({,-1)-N; (1.22)
{0}y =la,. (1.23)
BBenem B paccMOTpEHHE BEKTOP
7=[Z)" )" o "', (1.24)
rae
:[(le,)l)T (Zzp,l)T (Z]‘l\)fp,l)T
(Zfz)T (Z{iz)T (Zﬁp,z)T
(i) )" e W) T
(1.25)
Loecma Vo, oV Ving,
, HE peayLHpyeTCs
Kjir = 0 P p P
> ean vl,ovjl Jz 2 VO,l,jl ’j2 > Vl,l,j] ’jZ
penyLupyeTCs.
(1.26)

B camom nene, 0ueBUIHO, YTO PeayKLUS KO-
¢GunreHToB pasnoxkeHus 1o Oasucy Xaapa

Voo Vorjj> Vi, MOXET OBITb TOJNBKO OA-
HOBPEMEHHOM.

Ilycte v/ — COOTBETCTBYIOLIMH perylHpOBaH-
HBIA BEKTOP KOX(PPHUIMEHTOB  PA3IIOKEHHUS
¢byukuuu y(i,,i,) no 6asucy Xaapa
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VSLET @Y T (127)

rae v’ — n’ -MEepHBII BEKTOP, MOTYyYarOIIHACS

MyTEeM HCKJIIOUEHHs M3 BEKTOpa vV’ 3JIEMEHTOB

p
S15825J15J2

, ISl KOTOPBIX =0, npuuem

S25J15J2

M Ny, Ny 11
p
ZZZ 2.2 Hiasgs (128)
p=0 ji=1 j,=1 5,=05,=0

51720 nm s, #0

T.. B cymme (1.28) He momyckaercs ciyuaw,
Korga s, =5, =0.

3HaueHnus] HCKIIOYAEMBIX DJIEMEHTOB v’

515825 J15/2
MOTYT OBITh OIpPENIEIEHbl B COOTBETCTBUM C all-
TOPUTMOM OCPEIHEHHS, MOAPOOHO ONMUCAHHBIM
B [1-8].
O4eBUAHO, UTO MOXKEM 3aIHUCATh
V=RV, (1.27)
rae R — npsMOyrosbHas MaTpula pa3Mepom
nxn', KOTOpylo OyaeM Ha3bIBaTh MaTpHLECH
penyKLUN.
OcHoBHO 3a/1a4eil najnee sIBIsIeTCs IOCTPOCHHE
MaTpuLbl peayKunn R .

2. HEKOTOPBI ITIPOCTOM ITPUMEP

PaccMoTpuM HmKe 1711 OMPEETICHHOCTH MpO-
cTeimmMi vyacTHbll ciayyaid N =4. OueBUIHO,
AMEEM:

M=2; N,=2; N,=1; N,=1; (2.1)
v=[")" Y )T, (2.2)
rae
_O:[(Vl(,)l)T (Vzl (Vlz (sz) ]
V=V vi=vegs (2.3)

yooo= [v v v ]T
JioJ2 L,0,jy,/2 0,1, j1,/» LLjisja ’

2.4
j1:172; j2:172; ( )
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‘711,1 = Vfo,l,l Vé),l,l,l V11,71,1,1 ]T > (2.5)
HYCTB 3a4aHO, 4TO
7=[0 000117, (2.6)

T.C. ll(fl :751(?2 ZZS,I :Z;z =0;
le,l 2112,1 =1. (2.7)

Urak, cnenys (2.8)-(2.9) penyuupoBaHHbIH Bek-
TOp UMEET BHI;

(2.8)

—r o i 1 2 T
v —[V1,0,1,1 Vour1 Vit Yool 1
MpUYeM, OYEBUIHO, YTO

n =4. (2.9)
B cooTBeTcTBUU C aNropuTMOM, OTIMCAHHBIM B
[1-8], uckiroueHHbIE HA 3TANe PEAYKLUH HEU3-
BECTHBIE OMPEIEISIOTCS M0 COOTBETCTBYIOIINM
(dbopMynaM OCpeqHEHHs, KOTOpble B JIAHHOM
CIy4yae 3alMChIBAIOTCS CIEAYIOIIUM 00pa3oM
(amxe s,=0,1, s, =0,1 (mpuyeM HEAOMyCTHM
ciyyait s, =5, =0)):

0 0

81,85,1,1 = $1,82,2,1 =
0 0

_ 1
- Vs1 ,$5,1,2 T vs, ,$2,2,2 ﬁsl ,S5 Vs] ,$5,1,19

rie fB,=025; B, =0.25;
B, =0.125. (2.11)

(2.10)

Urak, Mmatpunia penykuun R cooOpa3HO BbIle-
npuBeAeHHbIM dopmynaMm (2.2), (2.8) u (2.10)
OTIpeNIeNISIeTCS B BHJIE

IT.A. AxumoB, M.JI. Mosranesa, B.H. Cunopos

Pro
B,
ﬂl,l
Po
Po.
B
Po
ﬂO,l
B
Bro
B,

131,1
1

(2.14)

SO P O O OO OO OO oo oo 0o
O P OO O OO OO OO oo oo o
_—0 O O O O O O OO O O oo oo

0
0
0

3. MYJbTUUHAEKCHI U I'NIOBAJIBHAS
HHIEKCAITUS DJIEMEHTOB
BEKTOPA KOS®PUIIUEHTOB
PA3JIOKEHUSI HICKOMOM
OYHKLUHU 11O BABUCY XAAPA

BBenem rio0anbHYyl0 CHUCTEMY HWHIEKCAIUH
aneMeHTOB BekTopa (1.9) B cooTBeTcTBUU C
dbopmynoii:

k N (S1,52;j1;j2,p), (31)
rac
k=s+2-5,+3-(j, =D+
p-1
. 32
£3:(j,=1)-N, +3- 3 (N, O
q=0
k — rnoOGanbHBI UHIAEKC; S,,S,,j,,[,, P — HC-

XOJIHbIE UHACKCHI (MYJTbTUUHICKC).
bynem wucnonb3oBath nanee ciemyrompe 0060-
3HAYCHMUS:
3N, 0<p<M
oy =10 F (33)
’ L, p=M;

82 International Journal for Computational Civil and Sructural Engineering
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3a/a4 pacyeTa KOHCTPYKIMI Ha OCHOBE KpaTHOMAacITabHOTO BeiiBieT-aHanmu3a. Yacts 2: JIBymepHbIe IpOoOIeMbI

N  =0;

comp tot

N i =3 Z(N ), WM -1

M 2
N =n

comp tot

(3.4)

MOXHO TPENIOKUTh CIEIYIOIIUM aJIFOPUTM
ONpENENCHUsT HUHIAEKCOB P, j,, j,,8,,8, 1O
I00aTbHOMY UHJIEKCY K :

1. 3amaemcs 3HaueHuem » =M .

2. Beraucisem 3Hauenue N,

comp,tot *

3. Beruucinsiem 3HaueHue y, 1o Gopmyie

Jo
' Ngomp,tat ’

/i€ 3anuch TUMa [a] 0003HaYaeT ey 4acTh

(3.5)

qucia a.
4. Ecnou y, =1, TO HHAEKC p ompenensercs 1o

bopmye

p=1+r. (3.6)

Ecmm p <M, T0 unnexcel j, j,,s,,s, OIpe-

JeAI0TCS 10 popMysiaMm

k- NCI(’m: tot_l
Jo = | o T,

1 .
jl :1+|:k ch)mptot _Ncomp,p (.]2 _1)_1:|;
3

comp,p

b

{k Nc{jm:ptot _Ncomp,p (.]2
2

—1)—3-(1}—1)—1}

s, =k—-2-5, -

_3'(j1_1)_(j2_1)'Ncompp Npl

comp ,tot >

(3.7)

Ecnmu p =M, 10 UHAEKCHL j,, j,,S,,S, OIpe-

JeISA0TCS 1o GpopMysiaMm

h=1 j,=1; 5=0; s,=0. (3.8)
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Ecmu ¥ >0 n y, =0, T0O yMeHbIIaEM 3HAUYEHHUE

7 Ha €UHHUIY U NEePeXOAUM K IyHKTY 2 ajiro-
puT™Ma.
Ecimm r=0 u y, =0, TO ciileqyer nojaoxuTh

p=0, j2=1+{ kol :la
Ncomp,p
k—(j,-1)-N -1
e
k_(jz_l)'N(vomp,p_3'(jl_1)_1 X
S2= 3 ’
=k=2-5,=3-(ji =D~ =D Ny, -

(3.9)

4. MYJbTUNHIEKCHI U I'/IOBAJIBHAS
NHAEKCAIUA DJIEMEHTOB
PEAYHHUPOBAHHOI'O BEKTOPA
KO23PPUIIUEHTOB PA3JIOKEHUA
HMCKOMOM ®YHKIINH IO BA3ZUCY
XAAPA

BBenem 0003HaueHU:

ZZZM 0<p<M; (41
= 1/2
chomnp_3 ZIZZJIJ , 0sp<M;
Ji=b 2
Nc”’ompM let/fﬁ (42)
Ntoiled 0’
Nyt = Z Sppr 1=01,, M . (43)

Beenem rio6anpHyr0 CHUCTEMY HHJAEKCALIUH
aneMeHTOB BekTtopa (1.27) B cooTBeTcTBUM C

dbopmyoii:
k = (S1;S2,j1,j2,p), (44)

rac
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Jiml

k:sl+2-s2+3~2;((i’j2 +

q,=1

Ny g 69
+ 3 ’ z Z/F{g,qz + Ntlo]t,red;

q1=1¢,=1

k — rnoOanbHBI UHIEKC; S,,S,,j,,/,, P — UC-

XOJTHbIE UHACKCHI (MYJIbTUHUHIEKC).

MOXHO MpPeIOKUTh CIEAYIOUUM alTOpUTM
omnpeAeneHus UHAEKCOB S,,S,, j,, j,, P MO TIO-
0anbHOMY UHACKCY £ :

1. 3amaemcs 3HauenueM » = M .

2. Beruucnsewm 3Hauenue N,

tred *

3. Brruncnsem 3Hadenue 7, 1o opmyie

k-1
Tr il a—
tot ,red

(4.6)

4. Ecmu 7, =1, TO HHOEKC p oOmpenensiercs Io
dbopmye

p=r+l. 4.7)

Jlanee BBIYMCIISIEM BCHOMOTATENbHYH) BEJIMYH-
HY £:

t=k-N:

tot,red *

(4.8)

Wnnekcwl  s,,S,,j,,j, OIpENensieM B paMKax
OIIMCAHHOM HUKE MPOLETYPBI:

a) 3amaemcs 3Hauenusmu [, =1, [, =0, m, =1,
m, =1

0) Brruncnsiem BeTnuuHy

N, m,-1
Py =L +2:L, 4333 42+ NP,
@=1 ¢,=1
(4.9)
B) Ecm =7, ., TO
s, =l s, =L ji=m; j,=m,. (4.10)

IT.A. AxumoB, M.JI. Mosranesa, B.H. Cunopos

B npoTuBHOM ciydae ciieflyeT BBINOJIHHUTh OINHU-
CaHHEBIE HIKE NECUCTBHUA:

—ecm /=1, [,=0, To cienyer MOIOKUTH
[,=0,1,=1;

—ecmm [ =0, [,=1, To cieayer MNOJOKHUTbH
I, =1,1,=1;

—ecm [ =1, [,=1 mw m <N,, To cienyer

YBEJIIMYUTh 3HAYEHHE m, Ha EAUHUILY, IOJO-
xuth [, =1, [, =0 u nepeiftu kK myHKTY 6) Ipo-
LeIyPBL;

—ecmn [, =1, [, =1 u m =N, cienyer yBenu-
YUTh 3HAYEHHE /M, Ha EAUHUILY, IOJOXKHUTh
m,=1, [, =1, [, =0 un nepedTu K MyHKTy O)
POy PHI.

Ecim >0 u 7, =0, TO yMeHbIIIaeM 3Ha4YCHUE

7 Ha €IUHUILy U MEePEXOAUM K MYHKTY 2 ajro-
puTM™MAa.
Ecmm r=0 u 7, =0, TO ciiefyeT MOJI0KUTh

p=0, (4.11)
a UHIEKCHl S,,S8,,],, ], OIPEIEIUTh COIIACHO
OIMCAHHBIM BBIIIIE ITyHKTaM a)-B) IIPOLETYPbIL.

5. AITOPUTM ®OPMUPOBAHUS MAT-
PHILILI PEXYKIIAN

1. M3HavanpHO 3a7aeM BCEM JIEMEHTaM MaTpH-
bl R HyneBble 3Ha4eHus, T.€. 3a1aeM R =0.

2. 3ajaeMcs 3HaYCHUEM [, = 7.

3. B COOTBETCTBHM C ONHMCAHHOW paHee Mmpoile-
Iypoi (cM. MyHKT 3) 1O TI00aJbHOMY HHAEKCY
I, HAXOAUM MYIBTUUHAEKC P, J,, J,,8,,S, CO-
OTBETCTBYIOILIETO 3eMeHTa BekTopa (1.9).

4. 3pecp ciaenyeT OTAEIBHO PAacCMOTPETh Ba
Pa3IMYHBIX CIIy4dasl.

4.1. Eciu g7, =1, TO B COOTBETCTBHH C OIH-

CaHHOW paHee mpoueaypod (cM. MyHKT 4) 1o
MYJIbTUHHACKCY P, j,, J,, S, S, HAXOIUM COOT-

BETCTBYIOIINH INI00aTbHBIA HHICKC I, COOTBET-
cTByMOIIIETO 3JieMeHTa Bektopa (1.24), mocie
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AJNTOPUTM pEeIyKINH HEU3BECTHBIX B PAMKAaX MHOTOYPOBHEBOI'O YHCIEHHOT'O METO/Ia JIOKAJIbHOTO PELICHUS KPaeBhIX
3a/a4 pacyeTa KOHCTPYKIMI Ha OCHOBE KpaTHOMAacITabHOTO BeiiBieT-aHanmu3a. Yacts 2: JIBymepHbIe IpOoOIeMbI

4ero ompeseseM 3HAYCHHE dJIEMEHTa MaTPHUILIbI
penykuuu 1o ¢popmye

it iy =1, (5.1)
rA€ i, U I, — COOTBETCTBEHHO HOMEP CTPOKH U

HOMEp CTOJIOIA, B KOTOPBIX PACIIOIOKEH dJie-
MEHT MaTPHIIbI.
4.2. Ecom ;(/’.j i =0, To manee BRIYMCIISIEM 3Ha-

YCHUA MTapaMETPOB

m=1; g=p+1; t,=j,; t,=j,; (5.2)
t, +1 t, +1
R N G

4.2.1. Ecmu y! =1, TO B COOTBETCTBHH C OIH-

CaHHOHM paHee mporeaypoi (cM. MyHKT 4) 1o
MYJIbTUMHACKCY ¢,t,,t,,2,,2Z, HAXOIUM COOT-

BETCTBYIOLIMH TT100aNbHBIA UHIEKC I, COOTBET-
CTByIOIIETO dJieMeHTa Bektopa (1.24), mocne
Yero ompeseliseM 3Ha4eHHUEe dJIEMEHTa MaTpPUIIbI
peaykmuu 1o Gopmyrie

R, =p". (5.4)

4272. Ecrm y?_ =0, TO yBEIWYMBAEM BEIH-
Zzl,z2 >

YAHY ™M Ha CIWHHUIY, YBCIIMIMBACM BCIMUINHY
g Ha e¢quHuLy, 3agaeMm f, =z, t, =z, U Iepe-
xoauM K dopmyiie (5.3).

3AMEYAHUA

HccnenoBanuss mnpoBOIMINCH B paMKax clie-

DYIOIIUX padoT:

1. T'pant 3.1.7 Poccuiickoii akaageMuu apxu-
TEKTYphl U CTPOUTENBHBIX HayK «Pa3pabot-
Ka, UCCIJIeZIOBaHUE U BEPUPHUKAIUSI KOPPEKT-
HBIX YHCJICHHBIX METOJIOB PEIICHUS TeOMET-
pudecku, GU3NYECKH U KOHCTPYKTHBHO He-
JUHEWHBIX 3a71a4 Je(hOpMUPOBAHUS, YCTOMU-
YUBOCTU M 3aKPUTUYECKOTO MOBEICHUS TOH-
KOCTEHHBIX 000JI0Y€YHO-CTEPKHEBBIX KOH-
cTpykuuii» Ha 2013-2015 rr.
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2. I'panr 3.1.8 Poccuiickoil akaieMuu apxu-
TEKTYpbl U CTPOMUTENIBbHBIX Hayk «Pa3pabor-
Ka, UCCIIeZIOBAaHNE U BepH(PUKALUSI KOPPEKT-
HBIX MHOTOYPOBHEBBIX YHCIEHHBIX M YHUC-
JIEHHO-aHAJMTUYECKUX METOJOB JIOKAJIbHOIO
pacyera CTPOMTENBHBIX KOHCTPYKLUM Ha OcC-

HOBE KpaTHOMAaCIITaOHOTO BEUBJIET-
aHayimsa» Ha 2013-2015 rr.
3. HUP «Pa3pabotka, wucciaeqoBanue, Mpo-

IrpaMMHO-JITOPUTMHUECKAsl peanu3auus |
Bepu(UKaIMsl MHOTOYPOBHEBBIX METOJIOB
IIPOrHO3HOTO MaT€MaTH4YECKOI0 MOJIEIUPO-
BaHMs COCTOSIHMS U TEXHOT'€HHOW Oe3ormac-
HOCTU OTBETCTBEHHBIX OOBEKTOB U KOM-
IUIEKCOB ~MErarojiica», BBINOJHSAEMas B
paMKax rocyAapCTBEHHOTO 3agaHus MuHu-
cTepcTBa 0Opa3zoBaHus U Hayku Poccuiickoit
denepanuu Ha OKa3aHHWE YCIYT (BBIMOIHE-
Hue pabot) Ha 2013 rox.
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YUCJEHHAS PEAJIN3ALIAS JUCKPETHO-
KOHTHUHYAJIBHOI'O METOJA KOHEYHBIX JIEMEHTOB
JJISI ONPEAEJTEHUS COBCTBEHHBIX YUACTOT 1 ®OPM
KOJIEBAHUH KOHCTPYKIIUI C KYCOYHO-
NOCTOSAHHBIMU ®U3UKO-TEOMETPUUYECKUMU
IMAPAMETPAMHY 11O OCHOBHOMY HAITIPABJIEHUIO
YACTbD 1: YIPYTUE N30TPOIIHBIE BAJIKU-CTEHKHA

ILL.A. Akumos, M.JI. Mo3zzaneea, B.H. Cudopoe

OI'BOY BIIO «MoCKOBCKHI TOCYAAPCTBEHHBIN CTPOUTENBHBIN YHUBEpCUTET», I. MockBa, POCCHUA

AHHOTAILMSA: Hacrosiiasi ctaThsi MOCBsIIEHA YUCIEHHON peanu3alui JUCKPETHO-KOHTUHYaIILHOTO METO/1a
KOHCUYHBIX 3JICMEHTOB JIsl OMPEICIICHUS] COOCTBEHHBIX Y4acTOT U (POpM KOJICOAHUH YIIPYTUX M30TPOIHBIX OaI0K-
CTCHOK C KYCOYHO-TIOCTOSHHBIMH (DU3HKO-TeOMETPUICCKUMU TapaMeTPaMH 110 OCHOBHOMY HAITPaBJICHHIO.

KaioueBble ciioBa: HI/ICKPGTHO-KOHTI/IHyaJ'H)HHﬁ METOA KOHCYHBIX 3JICMCHTOB, YUCJICHHAA pCaJiu3alus,
COOCTBEHHBIE 4aCTOTHI, (I)OpMBI KOHGGaHHﬁ, 6aJ'IKa—CTGHKa, KYCOYHO-TIOCTOSAHHBIC MapaMeTpPhI

NUMERICAL IMPLEMENTATION OF DISCRETE-CONTINUAL
FINITE ELEMENT METHOD FOR EIGENVALUE ANALYSIS
OF STRUCTURES WITH PIECEWISE-CONSTANT PHYSICAL
AND GEOMETRICAL PARAMETERS IN BASIC DIMENSION
PART 1: ELASTIC ISOTROPIC DEEP BEAMS

Pavel A. Akimov, Marina L. Mozgaleva, Viadimir N. Sidorov
Moscow State University of Civil Engineering, Moscow, RUSSIA

ABSTRACT: The distinctive paper is devoted to numerical implementation of discrete-continual finite element
method (DCFEM) of eigenvalue analysis of elastic isotropic deep beams with piecewise-constant physical and

geometrical parameters in basic dimension.

Key words: discrete-continual finite element method, numerical implementation,
eigenvalue analysis, deep beam, piecewise-constant physical and geometrical parameters

BBEJIEHHUE

[Ipobnema onpeneneHns COOCTBEHHBIX YaCTOT U
¢dbopM KoneOaHMK OATOK-CTCHOK C KYCOYHO-
MOCTOSIHHBIMU ~ (PU3MKO-T€OMETPUUYECKUMH  T1a-
pameTpaMu (XapakTEpUCTUKAMHU), KaK U3BECTHO,
CBsI3aHa C OIpeJeIeHuEM COOCTBEHHBIX 3Haue-
HUI ¥ COOCTBEHHBIX (YHKIIMHA COOTBETCTBYIO-
IIMX KPaeBBbIX 3aJla4 CTPOMUTENBHOM MEXaHUKH.

W3yyeHne xapakTepHCTUK COOCTBEHHBIX KoOJIle-
O0aHMIl KOHCTPYKIMNA BaKHO MJIsSi UCCIICIOBAHUS
UX YYBCTBUTEIHHOCTU K MEPUOJAMYECKUM BO3-
neiictBusM. JlaHHas npobOiieMa MOKET ObITh
3¢ peKTUBHO perieHa Ha OCHOBE MCTIOIb30BAHMS
JIMCKPETHO-KOHTUHYAJIBHOTO METOJ1a KOHEUHBIX
anemenToB (JIKMKD), npennoxxennoro B pabo-
tax A.b. 3omoroBa u II.A. Axumona [9-15].
MeToa B TaHHOM cllydae SIBJISETCS JUCKPETHO-
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KOHTHUHYaJIbHBIM B TOM CMBICIIE, YTO 1O BBIJE-
J5IEMOMY HAIpPaBJIEHUIO KyCOYHOI'O MOCTOSIHCT-
Ba XapaKTepUCTUK (OCHOBHOE HaIpaBJICHUE)
KOHCTPYKIIMM  COXpaHSeTCd KOHTHUHYaJIbHBIN
XapakTep 3aJauyd U COOTBETCTBEHHO aHAJINUTU-
gyeckass (opMa IOIy4aeMoro pelieHus, B TO
BpeMs Kak II0 APYyroMy MpPOU3BOAUTCS TUCKpE-
TU3alMsl ¢ UCIOJIb30BAaHUEM CTaHIApPTHOM TeX-
HUKHA METOJIa KOHEYHBIX »sjeMeHToB (MKD).
Takum 00pa3oM, MOCTpPOEHHE AITOPUTMOB pe-
LIEHUs1 OCYILIECTBISETCA 3a CYET Pa3yMHOIO CO-
YEeTaHMUs YUCIIEHHBIX M aHAJUTHUYECKUX MOIXO-
JI0B. AHAJIUTUYHOCTh TOJY4aeMbIX IMpPHU 3TOM
pelIeHN CYIIECTBEHHO CIIOCOOCTBYET yIydllle-
HUIO KauecTBa HCCIIEZIOBAaHUS paccMaTpuBae-
MBIX 00BeKTOB. HailineHHass C TOMOIIBIO
JKMKD KapTHHA HaIpsKEHHO-
nepopmupoBanHoro cocrosaust (H/IC) passu-
BAeT MHTYUIIMIO pacyeTyuka U MOHUMAaHHE pa-
00TBI KOHCTPYKIIUM, XapakTepa BIUSHUS Ha HUX
pa3HOro poja JOKaJIbHBIX U TINI00AJIbHBIX (hak-
topoB. JIKMKD ocobenno 3¢pdextuBeH B 30HaX
KpaeBoro 3dexra, Tam, I'7ie¢ 4aCTh COCTABIIAIO-
LIMX pEelIeHMs NPEICTaBiIsieT co00i ObICTPOU3-
MeHstomuecs: (QyHKIHMH, CKOPOCTh HW3MEHEHHs
KOTOPBIX HE BCETJa MOXKET ObITh aJIeKBAaTHO Y-
TeHa TPAJULMOHHBIMHU YMCICHHBIMU METOAAMHU.
[IpeumymecrBamu JIKMKD Taxke sBisioTCs
MOHMKEHHUE Pa3MEPHOCTH MPU YHUCICHHOM pe-
LUIEHUH U OTCYTCTBUE MPAKTHYECKUX OTrpaHHUye-
HUIl Ha AJIUHY OOBEKTOB MO OCHOBHOMY Ha-
MIPaBJICHHUIO.

KoHTuHyaslbHasE MOCTaHOBKAa paccMaTpUBaeMOM
najee 3a/1auu IpeJcTaBieHa B [2, 4], HIbKe U3Ja-
TalOTCsl BOIIPOCHI COOTBETCTBYIOLIEH YHMCIEHHOMN
peanuzanum.

1. JTMCKPETHO-KOHTHUHYAJBHAS
ANITPOKCUMHUPYIOIIASI MOJIEJIb
KOHCTPYKIIUHU. ITMCKPETHO-
KOHTHUHY AJIbHBIN KOHEYHBIN
3JIEMEHT (JIKKD)

JI7isi IOCTAaHOBKU W PEILICHUST PaccMaTpUBaecMOi
3aJayd  Kaxkdgas ~— UCXOAHas — 10J00JacTh
Q,, k=1,..,n, —1 oxalimiseTcss COOTBETCT-

IT.A. Axumos, M.JI. Mosranesa, B.H. Cunopos

BYIOIICH
[15]. Tlpunumaercsi crnemyromas AUCKPETHO-
KOHTI/IHyaJIBHaH MOJICIIb: 10 OCHOBHOMy HanpaB-
aeHuto (Baoib ocu Ox,) pemaercss KOHTHHY-

pacmmpennod  ®,, k=1,..,n, -1

allpHas 3aj1ad4a, a 1Mo Apyromy (Buomnps ocu Ox, )
MIPOU3BOUTCS KOHEYHOIIEMECHTHAS amIpPOKCH-
Marlysi, IPUYEM CXeMa pa30MeHHUsT Ha TUCKPET-
HO-KOHTHUHYAJIbHBIC JICMEHTHI OJMHAKOBA IS
Bcex mopoOmacte w,, k=1,..,n, —1) (puc.
1.1, 1.2).

Kaxmas mono0nacte @), pa3OuBacTCs Ha JUC-

KPE€THO-KOHTHHYAJIbHBIC KOHCYHBLIC J3JICMCHTBI
(JKKD) @, k=1,..,n,—1, i=1,2,.,N-1

(puc. 1.1, 1.2).
N
o, :ka,i; (1.1)
part
o, ={(x;,x,): 0<x, </, x;k <X <x§,k+1};
(1.2)
@, ={(x,x,):
RS )

b b .
X SX S Xy Xy <X, < xz,k+1}>
X =X, +h, i=1,2,.,N-1;
X =X ., i<N
h, = bl L ,i=1,2,...,N, (1.4)
0, i=N

rne /,, /l, — COOTBETCTBEHHO pa3Mepbl KOHCT-
PYKIMM O HEOCHOBHOMY U OCHOBHOMY Ha-
npaByieHUusIM; N — KOJMYECTBO y3JI0B KOHEUHO-
AIIEMEHTHOM CETKU IO HEOCHOBHOMY HarpabJie-

Hu0;  (x,;,x,), i=1,2,.., N — KOOpIUHATHI
y3JI0B CETKH; A, — IIaru CETKH (pa3Mepsl diie-

MEHTOB I10 HEOCHOBHOMY HAITPABIICHUIO).

OmnpeznensieM XapaKTePUCTUUECKYIO (YHKIIMIO
JUCKPETHO-KOHTUHYAIBHOTO KOHEYHOro 3Jie-
MEHTa @, ; W MODJIEMEHTHBIE (QYHKIMH, Xapak-

TEpU3YIOIIME CBOICTBAa Marepuajia KOHCTPYK-
LIUH:

l, o, cQ,

0 .=
. 0, o, €y

(1.5)

(1.6)

ﬁ“k,i = Hk,iﬂ’; ;= Hk,i:u'
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UucneHHas peanu3anysi JUCKPETHO-KOHTHHYJIBHOTO METO/1a KOHEYHBIX 3JIEMEHTOB IS OTIPE/IeNICHNs] COOCTBEHHBIX
4acToT U HOPM KOoJIeOaHUH KOHCTPYKIUH ¢ KyCOYHO-TIOCTOSIHHBIMH (PU3UKO-TEOMETPUIECKUMH TIapaMeTpaMu
110 OCHOBHOMY HarpasieHnto. HYacts 1: Yrpyrue n3oTpomnsslie 6anku-cTeHKH

A

]?N_l v 1.A-1

77z+1 X1+l

A

L
e
]

- D ;

Puc 1.1. Cxema ouckpemuzayuu KOHCMpPYKYUU.

Ao

(i+1)-1 yzen At

N

1,i+1

N

(k, i)-i1 JJKKD

X

-2

b 0
X2k

2,k+1

-
Xo

Puc. 1.2. Tunogotl Ouckpemno-KOHMUHYAIbHbIU KOHEUHbII dJIeMEeHM.

PaccmoTpuM npousBonbHbIN (k,i) - 3I€MEHT 3aMeHy IIEPEMEHHBIX BHYTPH JIEMEHTA. 311eCh [

moznenu (puc. 1.2). Ilepexoaum oT ucxomHoit — JIOKajdbHAs KOOpAMHATA, BBCACHHAs MO Ha-
CHUCTEMBI KOOPIHUHAT K aJIeMEeHTHOM: IpaBieHuto ocu Ox, u cBsa3aHHasd ¢ JJKKD:

(x,,x,)= (i,t,x,), T.c. BBIIOJHAEM JIOKAIbHYIO

Volume 9, Issue 3, 2013

t=(x, —x.; )/ h; te€[0,1], x; €[x,;,x,,,].(1.7)
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2. AIIMMPOKCUMAIIAS HEU3BECTHBIX
®YHKIUI

B kxauecTBe OCHOBHBIX HEU3BECTHBHIX B y3jaax

IIPUHHAMAKOTCS  COCTaBJISIIOIINC HepeMeLHeHI/Iﬁ
(k) (k) (k) (k)

u®, ul? n ux npoussogusie v\ u v{" mo x,,
Te. ama (k,g)-ro ysma oro  ul™”,ul,
v VD 1 coOTBETCTBEHHO BEKTOp HEH3BECT-
HBIX
o (k)
Un(k’l) = Un(k’l)(xz) = |:—’Zk,i) } ) (2.1)
vﬂ
(k.d)
r1e i =g D (x,) = {”l(k i)} ; (2.2)
(k)
v, =9 (x,) = {VI(k i):| ) (2.3)
2

a BEKTOP HEM3BECTHBLIX BO BCEX Yy3JlaX 3JICMCHTA

i)
. ‘ (kl) L_l(kl)
770D _ 77 (ki) 2
U™ =U""(x,)= ~(k,) Fa) |2 (2.4)
l
‘7(1{,1')
~(k (k (kl)
~ (ki) _ (kD) _
rje u (xz)— (zu) (2.5)
i) _ k) i
Stk _ Sk —
v (x,)= _(kl) (2.6)
(k i)
g ki) (kl) —
u; (x,)= (k i41) =L2; (2.7)
(k»l)
S _ 5 (ki) _| Y P
v =y () = a0 J=L20 (2.8)
A A v
Byznem monarate, uto moas u", ul? u v u

v" 1o «momnepeuHoMy» (M0 OTHONIEHHIO K OC-

HOBHOMY HampasieHuto) ceuenuto JIKKD am-
MIPOKCUMUPYIOTCS IMHEHHO. 371€Ch MOXKHO pO-
BECTH MpPSMYIO aHAJOTHI0 C (QYHKUUAMHU (op-
MBI, KOTOpPBIE HCHOJB3YIOTCS B CTaHIApPTHOM
MKD npu pemeHun 3anad, CBA3aHHBIX C IPO-
JOJBHBIME  IeDOpMAIMsIMA  TIPSIMOJTMHEHHBIX

IT.A. Axumos, M.JI. Mosranesa, B.H. Cunopos

CTEp:KHEHN. BBINOIHUM CXOXKYI0 MpoLEenypy Io-
cTpoeHus popMyi annpokcumanuu. Mmeem:

u® =

ki)
j t,

k k (%,
uﬁ)(xl,xz)zuj.)(t,xz) aljl)+a2
J=L2, (x,x,) €@,
(2.9)
k k k k, k,
V;)_V()(xlaxz)_v()(t X,)= ﬂl(Jl)—‘rﬂ( l)t
]:1725 (xlaxz)ewk,i

(2.10)
WM MHaYe B MAaTPUYHO-BEKTOPHOU popme

(k) _ (kt) (k) _ 7T (ki)
=7’ a,; vieo=t p;,
u; ./' ﬂj (2.11)
=L2, (x,x,)€m,,,

e a(kl) _[a(kz) (kz) ]

B =LA ﬂ"“’ (=[1 1. (2.12)
O‘IGBI/II[HO, UMCHOT MECTO COOTHOIIICHU A
ulth=cg™, vy =cpt, j=1,2,(2.13)
rae C= {1 0] (2.14)
1 1
O6pamas marpuny C, momyuum:
I 0
o= : 2.1
C [_1 J (2.15)
CJ'Ie,Z[OBaTeJ'IBHO, OIIPEACIIICM:
(k) _ 7 —1—(k,i) (k) _ 7 —1=(k,i)
u =t"Cu ", v =" C v, (2.16)
J=L2, (x,x,)¢€ Wy is
1501041
”;k)()ﬁ ,X,) = N(t)ﬁ;k’i) (x,),
v (xp,x,) = NV (x,), (2.17)
Jj=L2, (x,x,)ew,,
e N=N(@)=t'C'=[N, N,] (2.18)
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— Marpuna QyHKUUH (GOpMBI («IIOTIEPEUHBIX)»
[0 OTHOMICHUIO K OCHOBHOMY HAaIIPABJICHHIO) TI0
ceuenuro JIKKD ¢ anemenTamu

N(t)=1-t; N,()=t. (2.19)

Wrak, nmomydnnu OXHIaeMblii O4YEBUAHBIA pe-
3yJbTar.

Marpuna (2.18) mocie nepeodo3HaUCHUI TaKxKe
IIpeICTaBUMa B BUJIC

N=N(@)=t'N,, tne N,=C"'. (2.20)

Hecnoxuo IMMOKa3aTb, YTO TAKXC CHPAaBCIJIVIBBI
CJICAYIOIHUC BaAXHBIC JIA IMOCICAYIOMICTO H3-
JIOKECHUS COOTHOIICHMUA:

l’Tk (xl ) x2) = Nn (t)ﬁf,l) (‘x2 )7
Vk (xlaxz) = Nn (t);(k’l) (X2 )9 (xl 7x2) € a)k,i’
(2.21)

TIe

N, (1) = B 0} ® N(1) = {N @ 9

1 0 N(t )} 2.22)

& — cumBon, 0603HAYAIOIMI OIEPALMIO TIPS~
MOTO MTPOU3BEICHUSI MATPUILI;

k
u1( )(xl’xz) }
9

k
”g )(xl’xz)

Vi (%,,X,) :{

L_lk(xl9x2):|:

k
! (x,,x,)

k
Vi (x,,x,)

}. (2.23)

PykoBoactBysice (2.20) u (2.22) moxkeM 3amu-
caTh:

N, =N,®)=T(ON,, (2.24)
re T(t):{ } {’_OT t_OT} (2.25)

N, 0
NO,H:[O J@N {0 N} (2.26)
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3. AHIMMIPOKCUMALUA YACTHBIX
ITPOU3BOJHBIX OT HCKOMBIX
OYHKIUHU

BoIpakeHus Ui 4aCTHBIX IPOU3BOIAHBIX IIEPBO-
ro THOpsiika OT HEU3BECTHBIX (DYHKIMH IO Ie-
PEMEHHBIM X, M X, 3aIHCBIBAIOTCS CJIETyIOLIUM

obpasom (ke (x,,X,) € @, ;):

1 _
8u(,k) X, X :_Nrtﬁgk,l) x,),
;o (x,x,) 3 (Du;"" (x,) G.0)
0,u' (x,,x,) = NV " (x,), j=12;

1 =
oV (x,,x,) =— N4 (x,),

A (3.2)
0,v\ (x;,x,) = N(0)0,v " (x,), j=1,2,

d

e N'(O=—NO=[N N, . (33)

[TpousBomHble OT MaTpuubl (GYHKIUNA (HOpMBI
(3.3) maxomsarca auddepeHIupoBaHUEM €€
aneMeHToB (2.16), T.e.
N/(t)=-1; N,(@)=1. (3.4)
Kak Bumno, snements (3.4) HE 3aBHUCAT OT .
Bmecre ¢ TeM, oueBHUIHO, YTO MPH XapakTepe
annpoKCUMaluu, OTIMYHOM OT (2.19), 3aBucu-
MOCTb COOTBETCTBYIOIIMUX 3JEMEHTOB OT / MO-
KET UMETh MECTO.
O4eBUIHO, 4YTO COOTBETCTBYIOLIME Y3JIOBBIE
GYHKIUU ONPEAENsIOTCS C YYETOM COOTBETCT-
BYIOIIUX ONepaluii ocperHeHus no Gpopmyiam,
SIBJISTIONTUMCST YaCTHRIMH citydasimu (3.1)-(3.3):

A 4, .
[a u(k)](l) — k;l X
Y ) )
ki1 + ki

0 i 1Ny (kyi— 9,- ! 7 &
x{—; IN(I)MJU{’ 1)(xz)"'fN (O)Mj(k’)(xz)}

i-1 i

i=2,3,.,N-1

(3.5)
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O =
[0, = LN (O} (x,)
1
0 Y kN~
[0P]" = 2 NI () (3.6)
N-1

[azuﬁk)]([) = v}k’i) (x,); (3.7)

. G,
[alvﬁk)](t) — ki %
ek,i—l + Hk,i

0 i 11y (kyi- ei "0)y k4
x{—; SN T () + = S NOF () |,
i1 i
i=2,3,.,N-1,
(3.8)
0 ., =
(001" =N O ()

1

001 = LN DT (), (39

N1

9 - 1, ecmm 6,,,+6,,>1

rne 0, e 6,,,+6,,=0
i=2,3,.,N-1

(3.10)

PaccmoTpuM BakHbIE YacTHBIE ciiydau (HopMyJ

(3.5 wu (3.7). OueBumHo, UYTO eciH
0, =6,=1,1=2,3,..,N—1 Oynem uMers:
51
(k) 06) _
[alu] ] = E X

1 1N~ (k.i— 1 reny (ki
X{h—N (D" ”(x2)+h—N (O)MJ-(k’)(xz)},
i-1 i

i=2,3,.,N-L
(3.11)

N |
(k) @) _
[61\2_/ ] = EX

1 1N (ki— 1 ' ~ (k,i
X{h—N v 1)(?Cz)Jrh—N (O)V_,(k’)(xz)}

i-1 i
i=2,3,..,N—-1;
(3.12)

B caysae 6,,,=0,6,,=1i=23,.,N-1

(IMCKPETHO-KOHTUHYAIIbHBI  DJIEMEHT @), ,

anMnpOKCUMUPYET «IIyCTOTY») UMEEM:

IT.A. Axumos, M.JI. Mosranesa, B.H. Cunopos

i 1 ' ~(k, .
[0,u{"]" = ;N 0y " (x,), i=2,3,..,N-1;

(3.13)
(0,17 = %N’(oﬁ,—""” (%), i=2,3,...,N-1.

1

(3.14)

B caysae 6,,,=1,6,,=0i=23,.,N-1

(,I[I/ICerTHO—KOHTI/IHyaJ'ILHHﬁ 3JIEMCHT @, , all-

MPOKCUMHPYET «ITyCTOTY») UMEEM:

i 1 1Ny (kyi—
[61u5‘k)]() :h_N (1)”1‘(1{’ (x,),

- (3.15)
i=2,3,.,N-1
o _
(k)16 — "y k=1
[alvj ] _ZN (I)Vj (x,), (3.16)
i=2,3,.,N-1]

Ecmu 6, , =1 (nuckpeTHO-KOHTUHYaJIBHBII 3J1e-

MEHT @, allPOKCUMHUPYET «IIyCTOTY»), TO

BMecTo (3.6) u (3.9), oueBUIHO, OYIEM UMETD:

[0u’1"=0; [6p°1"=0.  (3.17)

Eciu 6, , =1 (AMCKPETHO-KOHTHHYAIbHBINA

DIIEMEHT @, ,_, ANIPOKCUMHUPYET «ITIyCTOTY»),

to BMecto (3.6) u (3.9), oueBugHO, OyIaem
UMETh:
[61u;k)](N) =0;

[0V =0.  (3.18)

4. ATIMTPOKCUMAILIUS JEDOPMALIUN
U HAIIPSIKEHUM

Beipaxenust nns aepopmanuii M HanpsyKEHHUM
[7, 8, 16-24] Ha »neMeHTE Ha OCHOBAHWHU U3-
BECTHBIX COOTHOILIEHUI 3alMCHIBAIOTCS Clie-
JYIOIIUM 00pa3oMm:
— nedopmanym

en (%, %) = [0, ](x,,x,) 5

(4.1)
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gég)(xl’xz) Vzk)(xlaxz) (4.2) @ :{ 0 0,4 }
el (0,7,) = &ff) (3,0, = v loE 0
(k) (k) (4.3) { (5.2)
= 05 ’ ([aluz ](xlaxz) + vl (xlaxz )) > T ' T 4(i) .
Kk,uv = NO n J.(T (t)) Ak,uvT(t)dt NO,n’
— HaNpsOKEHUS _
@ _[ 0 /ukalj| —
kovu T Z 0 0
lk)(xlaxz) (ﬂk1+2/uk1)[auk)](xlax2)+ o . (5.3)
+ A vy (x),%,); K..=N., {I(T(t)) AD T (t)dt} o
(4.4) 0
o3 (61,%,) = g [0 1x,, ;) + 45 9 _a;{ik +28, 0 }51 .
+ (A +2ﬂk;)vék)(x1axz); . " 0 Hi
(k) -~ 1 l
o) =on (nx) = @) K= -N, {J(T'(t)) AL T (r)dr}
=y, (7 (X, x,) +[01uy 1(x,, X)) i 0
54
[puBenennsie k y3aam aehopmamuu [g1]7, rie AY _{/7/{,,- B 0 }
. . . kv T 77
[eP17, [e017, [eP1” u  nanpsxenus 0 A, +24,
[G(k)](l) [G(k)](z) [G(k)](z) [G(k)](z) onpeens- A(’) 0 ﬂ“kz o _() Y7y
I0TCA AHAJIOTUYHO YACTHBIM IPOU3BOJIHBIX OT ey 0 T A4, 0]
UCKOMBIX (DYyHKIMHA (cM. (hOpMyJIbl yHKTa 3) C ' 1 420 0
YY4ETOM COOTBETCTBYIOIIMX OIEpaLHii OCpeIHe- AN =] Tk i 21 (5.5)
HUSL. ’ 0 Hici
) d dit" o0
T'(0)="T0) 7{ . ;T} =
5. MOCTPOEHUE MATPHUIY (5.6)
’KECTKOCTH JIKK? _4|1 ¢+ 00 010 0]
de|0 0 1 ¢ 0 0 0 1
OYHKIMOHAT SHEPrUu KOHCTPYKUIUU MOKHO
IPEICTaBUTh B BHUAE CYMMbl (pyHKIUOHaNOB, Iwmeewm (cM. Takxke [2, 4]):
OTpeACNEHHBIX HAa JUCKPETHO-KOHTUHYaJIbHBIX
KOHEYHbIX 3yeMeHTax. C ydeTroMm BbIIIEHU3IIO- (¥ A VL) = ( E:Ei) g(k,i),g(k,i)); (5.7)
KEHHOT'O MOYKEM YCTaHOBUTH CIEAYIOIIEE COOT- " 3 (l’:VN(k ) Fn
BETCTBUE MEXJy KOHTHHYaJIbHBIMU OIlepaTOpa- (Fieanttis Vi) = (K ); (5.8)
MU, MIPEACTABICHHBIMU B [2, 4] U UX TUCKPETHO- (% v,ii) = ( KO 5k ~(kt)) (5.9)
KOHTHHYAlIbHBIMM aHAJIOTaMH Ha IIPOM3BOJIb- fo T (k)mw(k) =k
HOM HKKS: ( "k, uuuk b uk) = (Kkluu : : ) (5' 10)
H, 0 Boraucnus unterpans B (5.1)-(5.4), momyuum:
gk w 7 i =
’ 0 A, +24,

1 (5.1)
R0 h,.zvg{jw<r>A;fzvr<r>dr}No,,,;
0
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RO, =Zh,x
6
24, I, 0 0
ﬁk,i Zﬁk,i . 0 . 0 .
0 0 2(/11(,1‘ + Zﬁk,i) ﬂ“k,i + 2ﬁk,i ’
0 0 A 427, 204, +2H,)
(5.11)
0 0 - _k,i - /Tk,i
go =L 00 Ay A s g
’ 2\ My T My 0 0
ﬁk,l IL_lk,i 0 0
0 0 - /7k i IL_lk,i
~ . 1/ O 0 -u, K,
i) _ 2 - - ki ki |,
Kk,vu 2 _lk,i lk,i 0 0 5 (513)
i ki 0 0
o~ 1
K = n
j’k +2ﬁk,z _(Ik,i +2/_1k,i) 0 0
Ay +28,) A +2H, 00
0 0 ﬁk,i _ﬁk,i '
0 0 _ﬁk,i ﬁk,i
(5.14)

Ucxons u3 obmux, npuHateix B MKD npuniu-
OB HyMCpalu HCU3BCCTHBIX OCYIICCTBUM CJIC-
JYIOLIYI0 MEPECTAHOBKY HEHM3BECTHBIX M COOT-
BETCTBYIOIIIEE MPeoOpa3oBaHUE CTPOK M CTOJIO-

oB ManHH Klgll))v’ KIEIZN s K/EI\)/M Klgll)m:
ROV TE0) = (KQPE,70); (5.15)

(Klgl) ~ (k,i) N(kl)) = (K]El) —(k,i) —(kl)) (5 16)
(K;El‘),uN(kl) N(kl)) = (Klgt‘)m—(kl) —(k, 1)) (5 17)
(K(l) ~ (ki) N(kl)) = (K(l) (kl) —(k l)) (5 18)
(kD) = (ki)
—ki) _| U .ok | Y
rnc u L_l(k 1+1):|’ v L}(k +1)} ; (5.19)

k uu k uu
n n

Ki, = PTK{,P; (5.20)
Ki =P K0P (5.21)
Ki, = PR, P; (522)
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K", =P'K".P, (5.23)
rae P — Marpuia nepecTaHoBok,
1 0 00

pof0 0 10l
0 0 01

Urak, ¢ yuetom (5.11)-(5.14) u (5.20)-(5.24)
OyIeM UMETh:

K, =~h,x
6
2m, 0 B, 0
0 2(4,+2m,) O A 200,
X — ’ ’ — ’ ' 5
Hi i B 0 21, B 0
0 A 21, 0 204, +2m,)
(5.25)
0 - _k,i 0 - Ik,i
. 1l-m, 0 -m, O
KO =—| Tk “ 15526
BTl 0 A, 0 A, (5.26)
,L_‘k,i 0 ﬁk,i 0
(l - IL_lk,i _0 ﬁk,i
. 1|—4, . 0 A .0
K(l) - ki . ki . : 527
b (l — Hy;i _0 Hi i ( )
— A 0 Ai O
, 1
15) :h_l- X
Zk,i +2ﬁk,i 0 _(Zk,i + 2ﬁk,i) 0
0 ﬁk,i _ 0 _ﬁk,i
(/lkz +2ﬁk,z) 0 /lk,i +2ﬁk,i 0 |
0 _ﬁk,i 0 ﬁk,i
(5.28)

6. POPMHUPOBAHUE IJIOBAJILHBIX
MATPUII

[J100aJIbHBIX
u K

dopMupoBaHue
K, .. K. ..K

kuu > kuv > k,vu

MaTpHIl
2N -ro nopsiika cuc-

kv
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teMbl JIKKD niis Bcelt KOHCTPYKIIMH OCYILIECTB-
JSI€TCSl  QHAJIOTMYHO CTaHIAPTHOM METOJUKE
(dhopMUpOBaHUS TII00ATHEHOW MATPHUIIBI KECTKO-
ctu [8, 21, 24]. Cxema QopmMupoBaHus TJo-
Oanmpabix Matpuny K, K, K n K

kuvo S kovu

YCJIOBHO TOKa3zaHa Ha puc. 6.1, 6.2, 6.3 u 6.4.
tpuxoBka ucnojp3yercss A1 0003HAUYEHHUS
3JIEMEHTOB COOTBETCTBYIOIUX I03JIEMEHTHBIX
Matpull. «llepekpbiBaHue» MITPUXOBOK COOT-
BETCTBYET PACIIOJIOKEHUI0 CYMMHUPYEMBIX 3Jie-
MEHTOB, HE3alITPUXOBAHHBIE AJIEMEHTHI SIBIIS-
I0TCSI HYJIEBBIMH.

3amMeTuM, 4TO MpH HAJIMYUU B paccMaTpuBae-
MOM KOHCTPYKLHUHU «IyCTOT» (T.€. JUCKpPETHO-
KOHTHUHYaJIbHBIX 3JIEMEHTOB C HYJIEBBIMU 3Ha-
YEHUSMU XapaKTePUCTUUECKOW (PyHKIIMM) MaT-
puna K, =~ OyIer BBIPOXKICHHOH, YTO, OYEBUI-

kv o k uu

k,vv
HO, IPUBEACT K HEBO3MOKHOCTU BBIYMCIICHUS
K.' . B oToii cBA3M HEOOXOAMMA KOPPEKIHS

kv

Marpuul K Anroput™M 3TOH KOpPpEKLUHU

kv
CIEAYIOUIUNA:

1. ITocnenoBarenbHo niepedupaem i =1,2,....,2N .
2. JIns Kaka0ro 3HaA4eHUs I CIEQYIOoIIee: eCiau
BCE DIEMEHTHI i - CTPOKM Marpuibl K fvy HY-

J€BBIE U BCE JJIEMEHTHI i -I'0 CTOJIOLA MATPULIBI
K, , Takxke HyJIeBble, TO CIEIyeT IOJOXKHUTb

(Kk,w)m. =1, roe (Kk,w)u — BJIEMEHT MaTPUIIBI
Kk,vv’

cronoue.
KonTtunyanenble oneparopsl [2, 4] 1 MaTpuLbl
COIIOCTaBJIEHBI TAK:

PACIIOJIOKEHHBIM B - CTpOKE U i-M

“kuu = Kk,uu 7 ‘gk,uv = Kk,uv; “kvu = Kk,vu;
gk,uv = Kk,uv; '(ﬁk,vv = Kk,vv ’ (61)
g 0 E
k= 1 1 & =
"gk,vvg/)k,uu %,vv"%c,uv
(6.2)
4 0 E
k= -1 -1 D
Kk,vak,uu Kk,vak,uv

rae E — TOXIECTBEHHBIN OmepaTop U eAMHUY-
Hasi MaTpHUIla COOTBETCTBYIOLIETO MOPSIIKA;
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=K, -K (6.3)

kuv kovu ®

7. VYUET TPAHUYHBIX YCJIOBUM

CraTuyeckue rpaHUYHbIE YCIOBHSA Ha HPSMBIX
X, =X, U X =X, (J4aCTU rpaHuubl 001aCTH

®) U1 pacCMaTpUBAEMOW KOHCTPYKIIMH Y4YH-
TBIBAIOTCSI, KaK TMPaBUJIO, B BEKTOPE Y3JIOBBIX
Harpy3o0k. Jlis pemeHus 3a1aqu TaKkKe TOJKHBI
OBITh NMPHHATHI BO BHUMAaHUE CTATUYECKHUE Tpa-
HUYHBIC YCIIOBUS Ha OCTaJIbHBIX DIIEMEHTAaX
rpaHuIbl (€CIaM 3aJaHbl) W KHHEMaTHYeCKHE
IPaHUYHBIE YCIIOBHS.

[Tycth xé’,k, k=1,2,...,n, — KOOpAMHATHI Tpa-

HUYHBIX TIONEPEYHbIX CEUYEHUN KOHCTPYKIMH
(puc. 7.1). I'paHuuHBIE yCIOBUS B HUX 3aIUCHI-
BAalOTCS B BUJIE

Bk_Uk—l(xé’,k _0)+B;Uk(x§,k +0)=g, +§1:’

k=2,..,n -1
o o (7.1)
BI+U1 (xg,l + 0) + Bn_k Unk—l (xg,nk - 0) = glJr + g}; s
(7.2)
rae B,,B., k=2,..n,—-1 u B, B, - 3a-

JAaHHbIE MATPHUIBl KOA()(UIIMEHTOB IPaHUIHBIX

ycinoBuil, KkBagpaTHele 4N -TO  TOpAJKa;
S _ -

8:.8;» k=2,..,n, -1 n g, g, — 3ananHbIC
4N -MepHbIE BEKTOpHI MPaBbIX YacTel IpaHHU-

HBIX yCJIOBMA;

U, =U,(x)=[G)" &)1, ((13)

i, =, (x) =[ @) @) L @Y T
(7.4)

Ve =0,(5) =[@") EE) L @) T
(7.5)

PaCCMOTpI/IM 3aIaHUC HCKOTOPLIX CTAHAAPTHBIX
TUTIOB TPAHUYHBIX YCJIOBUH, IOMEPEYHBIX II0
OTHOILLICHUIO OCHOBHOMY HAIlpaBICHHIO B (hop-
Mme (7.1)-(7.2) B npou3BOILHON IPAaHUYHON TOY-

~ b
K€ C KOOPJMHATON X, , .
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o}

- =
s

\

Ay

I

é?(

g

_ “;\"' xH
K@ o
kv
> _ KU
1 " kavv
] i?{ T
= ol v
[CI = ey Beliitels
K.! - f'wj 0 o

I T R,W
< -
!
s, A N (N)
” %‘ y - } kv
N ;> ~

NN A A

Lasi

N N

Puc. 6.1. Ycnosnas cxema popmupoeanus enobanvnou mampuyot K, .

SIS NN
o
NN

Puc. 6.2. Ycnosnas cxema gpopmuposanus enobanvrou mampuyvl K

kv ®

“ A= /:; o’y
K A
kv o O

2
\
1

BN . KU

kovu

K(f’) I R o .
kovu /', ! R N .
» LS v e N . (N-D

/, 7 % % N ' '_,.---'"_‘ K—k,vu

<A —1

., s Aré"'
N AT
] & NN (N)
7 :’// e N \: ,_.1/” K.k,‘k’tl’
- Nl
sk

N RN NN
Puc. 6.3. Ycnosnan cxema gpopmuposanus 2nobanvrot mampuysl K, .
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(i+1)
kit

(N-1)
fe v

(N)

kv

o

Puc. 6.4. Ycnosnas cxema ¢popmuposanus 2nobanvnoti mampuyor K

kuu -

b

b

2.1 X2 g1

2.1

x) k=1, 2...n, - KoopouHamoi SpAHULHbIX NONEPEUHBIX CEUEHUTI

2.k

Puc. 7.1. IIpumep pacnonodicenus Koopounam epaHuyHblX NONEPEYHbIX CeYeHU.

Crtporo roBopsi, BO3SMOXKHO TpH OCHOBHBIX Ba-
pHaHTa rpaHu4yHOM Touku: 1) 1<k <n, — mpo-
MEXyTOUHas TpaHW4YHas Touka; 2) k=1 -—
KpaiiHsisl JieBas (IepBasi) TpaHUYHAas TOYKa; 3)
k =n, — kpaiinss npasas (MocaeIHsIs) TPaHUY-
Hasi TOUKA.

PaccmoTpuM 3aaHne HEKOTOPBIX CTaHIAPTHBIX
TUIOB TPAaHUYHBIX YCJOBUH, IMONEPEUHBIX I10
OTHOIIICHUIO OCHOBHOMY HaIpaBJIeHHIO B (op-
Mme (7.1)-(7.2) B mpou3BOJIBHON TPAaHUYHOMN TOY-

Ke ¢ KoopauHaTo# x5, . CTporo roops, BO3-

MOJKHO TpH OCHOBHBIX BapuaHTa TPAHUYHOHN
Touku: 1) 1<k <n, — npomexyTouHast rpaHUY-
Has Touka; 2) k=1 — kpaifHsas neBas (miepBas)
rpaHU4Has Touka; 3) k =n, — KpailHss npasas

(mocnenHss) rpaHUYHAs TOUYKA.
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Hlapnupnoe 3axkpennenue.
Jns cnydas 1<k <n, umeeMm cienymoouye rpa-

HUYHBIC YCJIOBHA:

ul(k_”(xl,xf,k -0)=0, uék_l) (xl,xé’,k -0)=0,

x €[0,4];  (7.6)
ul(k)(xl,x;k +0)=0, ugk)(xl,x;k +0)=0,
x, €[0,4,]. (7.7)

Ha aucKkpeTHO-KOHTHHYQJIbHOM YPOBHE BMECTO
(7.6)-(7.7) umeem:

ut (x;k —0)=0, ul (x;k -0)=0,
i=1,2,..,N; (71.8)
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Tabruya 7.1. Aneopumm 3anonnenus mampuysl B, npu 3a0anuu wapHupHo2o 3axpenienus

8 2PAHUYHOU MOUKe (6apuanmuol 2paHudnou mouxu I, 2).

Ne Homepa 3HaueHue OKBUBAJICHTHOE
n/m 3aIOoJIHSIEMbIX AJIEMEHTOB AJIEMEHTA VYcnosue
MaTpUI MaTpUIIbI
1 (2i-1,2i-1), i=1,2,..,N 1 u™ (x;, +0)=0, i=1,2,..,N-1
2 (2i,2i), i=1,2,...N 1 u(x3, +0)=0, i=1,2,..,N-1

IMpumeuanue: 1. ITpu BapraHTe 3 rpaHUYHOM TOYKU MaTpHIia B, 3amaeTcs HyJIeBON.

2. Bce anieMeHTBI MaTpul] B, He yKa3aHHbIC B TAOIHIIC PABHBI HYJIIO.

Tabnuya 7.2. Aneopumm 3anoanenus mampuysl B, npu 3a0anuu wiapHupHo2o 3aKpennienus

8 SPAHUYHOU MOYKe (8apuanmol paHu4HoOU mouxu 1, 3).

Ne Homepa 3HaueHue OKBUBAJICHTHOE
n/n 3aI0JIHAEMBIX JIEMEHTOB 3JIEMEHTA VYcnosue
MaTpUIL MaTpUIIbI
1 2(N+i)-12i-1), i=1,2,.,N 1 u (k- 0)=0, i=1,2,.,N-1
2 (2(N+1),20), i=1,2,..,N 1 ud™(x2, -0)=0, i=1,2,..,N-1

IIpumevanwue: 1. I1pu BapuanTe 2 rpaHMYHON TOYKM MAaTpULa B, 3a1aeTCs HyJIEBOM.

2. Bce anemeHThI MaTpul B, He yKa3aHHbIE B TaOJIULIE PaBHBI HYJIIO.

u*" (xé’,k +0)=0, ul*" (xé’,k +0)=0,
i=1,2,..N. (1.9)

Jnst cnmydast k=1 uMeeM cleayrolue TpaHud-
HBIE YCIIOBUS:

”fl)(xl,x§’1+0):0, uél)(xl,x;”l+0):0,
x, €[0,/,]. (7.10)

anaior (8.10)

JIMCKpETHO-KOHTUHY AJIbHBIN
UMeeT BUJI:

ufl”')(xé’,l+0)=0, ugl,i)(xé”l-q-O):O,
i=1,2,.,N. (7.11)

Jns ciiyvast k =n, uMeeM cieqyrolne rpaHny-
HBbIE YCJIOBUS:

(mg—1) b _ (mg—1) b _
ut (X, xy, —0)=0, w7 (x,x,, —0)=0,

x, €[0,,]. (7.12)

JIucKpeTHO-KOHTUHYalIbHBIM  aHanor  (8.12)

HUMCCT BUA:

ul(nk—l,i) (xév,nk _ 0) =0 , u;""_l’i) (x;nk _ 0) — 0,

i=1,2,..,N. (7.13)

Ycnosus (7.8)-(7.9), (7.11), (7.13) npeacraBumsl B
dopme (7.1)-(7.2). Anroput™m HopMUpOBaHUS
Matpul] B, W B, ykazaH B Tabmumax 7.1 u 7.2

COOTBETCTBEHHO. BekTophl g,,g,, k=2,...,n, —1

ug, g, 3a/aloTCs HyJICBBIMHU, T.C.

g, =0, g, =0, k=2,...,n, —1;
g, =0, g, =0. (7.14)

Hoeanvnviii konmaxm.
Cnydan k=1 u k =n, 31eCh HEaKTyaJbHBI.

Paccmotpum cityuait 1< k <n,, npudem mycThb
0, (x,x)=1, 0, .(x,x,)=1 i=1,2,.,N.
(7.15)
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Jns cnydas 1<k <n, umeeMm ciengyromue rpa-

HUYHBIC YCJIOBUA:

ul(k) (x5 Xf,k +0)- ufk_l) (x,, xg,k -0)=0,
x, €[0,,]; (7.16)
u (x,, x;,k +0) —us ™ (x, x;,k -0)=0,
x, €[0,4,]; (7.17)
Hy - ([aluék) 1(x,, x;,k +0)+ V1(k) (x, ’xg,k +0)) -
— ey - ([0us " ](x, 9x§,k -0)+
+ Vl(kil) (xl’xg,k -0))=0, x, €[0,/];

(7.18)
A [81u1(k) 1(x,, xg,k +0)+
+ (4 + 24, )Vék) (x5 x;,k +0)—
- ﬂk71[61“1(k71) 1(x;, xg,k -0)- (7.19)
(4 + 2ﬂk71)vgkil)(x1a x;k -0)=0,
x, €[0,7]
JluckpeTHO-KOHTUHYalIbHBIA  aHanor  (7.16)-
(7.19) umeer Bux:
WO I 0 =0,
i=1,2,...,N—1;
ug (2, + 0 —ug G 0 =0,
i=1,2,..,.N—1;
[Gl(éc) ](l) (‘x;,k + 0) - [Jl(éc_l) ](l) (xg,k - O) = 05 (722)
i=1,2,...N—1;
[GEIZC) ](l) (‘xé’,k + 0) - [JEIZC_I) ](l) (xg,k - O) = 0) (7 23)
i=1,2,.,N-1.
[Tocne 3anmucu rpaHUYHBIX YCIOBUH B BHJIE

(7.20)-(7.23), nepenucsiBaeM ux B opme (7.1)-
(7.2), ucnionb3yst pu 3ToM Gopmyisl (3.6) u
(3.10). Anroput™ opmupoBaHus MaTpun B, u

Bk_ , YUYUTBIBAIOINX NPHUBCACHHBIC BBIIIC COOT-

HOIIIEHMS, onucaH B Tabmumax 7.3 u 7.4 coot-
BETCTBEHHO. Bekropsl g,.,g,, k=2,..,n, —1

3aJIal0TCS HYJIEBBIMH, T.€. ONPEIEIISAIOTCS (Pop-
Mmynoi (7.14).

C80600HbI Kpail.
PaccMoTpuM Hike 7Ba HanOosee XapaKTepHBIX
YaCTHBIX CITydYasl.
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[Ipu k=1 umeem cremyromnye rpaHUYHBIC yC-
JIOBHUA:

Hye ([617";” 1(x,, xg,l +0) + V1(1) (x;, xé’,l +0))=0,
x, €[0,0,]; (7.24)
A0, 1(x,, x;,l +0)+
+ (A + 2, )05 (x, 9x§,1 +0)=0,
x, €[0,1,]. (7.25)

JIMCKpETHO-KOHTUHY AJIbHBIN
(7.25) umeet Bu:

anaior (7.24)-

[6017(x2, +0)=0, i=1,2,..,N~1; (7.26)
[0 (x2, +0)=0, i=1,2,..,N-1. (7.27)

IIpu k =n, umeeM cienyrouye rpaHUYHbIE yC-

JIOBUA:

o[O3 " Y(x,, x5, —0)+
W (x, x5, —0) =0,
x, €[0,0,]; (7.28)
A [0 Y (x), x5, —0)+
+ (//i’n,(fl +2u, )Vgnk_l)(xl’xg,nk -0)=0,
x, €[0,4,]. (7.29)

JIMCKpEeTHO-KOHTHHY AJTBHBIH
(7.29) umeer Bu:

anaior (7.28)-

[0 10, —0)=0, i=1,2,..,N~1;
(7.30)

(o 19 (x5, —0)=0, i=1,2,..,N-1.
(7.31)

[Tocne 3anmucy rpaHUYHBIX YCIOBHM B BHJIC
(7.26)-(7.27) u (7.30)-(7.31), mpencrasisieM ux
B (hopme (7.1)~(7.2), ucnonnzyst dhopmyiisl (3.6)
u (3.10).

Anroput™M (OPMHUPOBAHUS COOTBETCTBYFOIINUX
MaTpHL B;’ " Bn_k , YUUTBIBAIOLIUX MPUBEICH-

HbI€ BBILIE COOTHOUICHHUS, OMHUCAH B TaOIMIIax
7.5n7.6.
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Tabauya 7.3. Aneopumm 3anonnenus mampuysl B, npu 3a0anuu u0eanbHo2o KOHMaxkma

8 2PAHUYHOU MOYKe xé’,k, 1<k <n, npuycnosuu (7.15).

Ne Howmepa 3anonnsembix 3HaueHue dIeMEHTA CootBercTBYyIOLIEE
/11 AJIEMEHTOB MaTPHIL MAaTPHIIbI YCJIOBUE
1 2 3 4
1 (i,2i-1), i=1 w N 1 (7.20)
2 (N +1,20), 1 2 o N 1 (7.21)
3 2N +1,2 1
( 2) Hia h_Nl 0)
1
4 2N +1,4 1., (7.22)
( ) ﬂk,l_Nz(O) i=1
hl
5 2N+1L2N+1) My
6 (2N +1,2(i-1)), 1 |
i=2,3,.,N-1 Z”klthN(l)
7 (2N + i, 21), 1 luk i , luk ; ,
i=2,3,..,N—1 5{ o N, (1) +=—=N(0) (7.22)
il h i=2,3,..,
8 (2N +1,2(i+1)), 1 N-1
i=2,3,.,N-1 2“’“ , N2(0)
9 (2N +i,2(N +i)-1), 1
i=2,3,.,N-1 2 M ¥ i)
10 (B3N,2N -2) 1 ,
Hi v 7 N
N-1
11 3N,2N r (7.22)
( ) My 7N, (D) i=N
hN—l
12 (BN,4N-1) T
13 3IN+1,1 | G-
( ) }“k,l h_Nl (O)
1
14 3N +1,3 . (7.23)
( ) ﬂ‘k,l _Nz (0) i=
h
15 BN +1,2N +1) Ay + 204,
14 (BN +1i,2i-3), 1 I .,
i=2,3,..,N-1 Elk’f-IZNl(l)
15 (BN +1i,2i-1), 1 Ay o, i,
i=2,3,..,N-1 o N2(1)+—’N1(0) (7.23)
i-1 h, i=2,3,...,
16 (BN +i,2i+1), 1 N (0) N -1
i=23,.,N-1 ki 2
17 (BN +1i,2(N +1i)), 1
i=23,.,N-1 E(;’”k,i—l +ﬂ’k,i)+luk,i—l T My
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1 2 3 4
18 (4N,2N -3) 1 ,
AN o N (D)
N-1
~ (7.23)
19 (4N, 2N 1) ﬂ’k,N—l L Ny (1) i=N
iy,
20 (4N,4N) ﬁ“k,N—l + 2/uk,N—l

Ipumeuanue: Bee aneMeHTbI MaTpullbl B He yKazaHHbIC B TAOJIMIIE PABHBI HYJTIO.

Tabnuya 8.4. Aneopumm 3anonnenus mampuysl B, npu 3a0anuu udeaibno2o KOHMaxKma

8 2PAHUYHOU MOYKe x;’,k, 1<k <n, npuycnosuu (7.15).

Ne Howmepa 3anonnsembix 3HaueHue IEMEHTA CootBercTBYyIOLIEE
/1 AJIEMEHTOB MaTPUIL MaTpPUILIbI yCJIOBUE
1 2 3 4
1 @,2i-1), i=1,2,..,N -1 (7.20)
2 (N+1i,20), i=1,2,..,N -1 (7.21)
3 2N +1,2 1.
( ) —Hi, h_Nl 0)
1
4 IN+1.4 T, (7.22)
(2N+1,4) _/uk—l,lh_NZ(O) i=1
1
5 (2N+ 1, 2N+1) - /’lk—l,l
6 (2N +i,2(i - 1)), 1 |
- . —N/(
i=2,3,., N1 y My N0
7 (2N+l,2l), 1 y7n. , Mo o,
i=2,3,.,N-1 —S| 5T N O+ N(0) (7.22)
2 hi—l i i=2,3,...,
8 (2N +1,2(i+1)), 1 LN’ 0 N-1
i=2,3,.,N-1 2 Hicriyy N20)
9 (2N +i,2(N +i)-1), 1 o
1223, N—1 5 (i + M)
10 3N,2N -2 I .,
( ) ~ M v h_Nl )
- (7.22)
11 3N,2N | )
( ) — oy — N, (D) i=N
hN—l
12 (BN,4N -1) ~ Hioin—
13 BN +L1) 1,
- /1/{—1,1 _Nl (0)
h,
7.23)
14 (BN +1,3) 1., (.
_/’i’k—l,l _Nz (0) 1=
hl
15 BN +1,2N+1) — (Ao +244,)
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1 2 3 4
14 (3N +i, 2_1' -3), 1 A 1 N(1)
i=2,3,.., N—1 2 h
15 (3N +i,2i—1), 1P A
=23, N-1 ——| SN (1) + =N (0) (7.23)
S 2L b & i=2,3
16 BN +i,2i+1), 1 | N:f,
i=2,3,.,N-1 2 h, M)
17 (3N +i,2(N +1)), 1
i=2.3 _ N-1 - E(/ikq,H + ) My — Mo
18 4N,2N -3 1,
( ’ ) - ﬂ’k—l,N—l _Nl (1)
i (7.23)
1 4N,2N -1 1 '
9 (4N, ) ~ i —— N3 () i=N
thl
20 (4N,4N) - (/Ik—l,N—l + 2ﬂk—1,N—1)

HpI/IMe‘-IaHI/IeI Bce snemenThI MaTpHUIbL B ; HC YKa3aHHBIC B Ta6J'II/II_I€ PaBHBI HYJIIO.

Tabnuya 7.5. Aneopumm 3anonnenus mampuysl B, npu 3a0anuu c60600H020 Kpasi

~ b
6 epanuyHol moyke x,, =0.

No Howmepa 3amonasieMbIx 3HaveHHE dJIEMEHTa DKBHUBAJICHTHOE
/1 9JIEMEHTOB MATPHI] MaTPHIIBI yCIIOBUE
1 2 3 4
1 1,2 |-
(1,2) :ul,lh_Nl(O)
1
2 1,4 1., (7.26)
(1.4) ,ul,l_Nz(O) i=
hl
3 (L2N +1) Hiy
4 (la 2’(1 - 1))5 1 1 ,
i=2,3,.,N-1 S N
5 i,2i), i=2,3,..,N-1 1 g, 1, .
—| =Ny (D +=2-N{(0) (7.26)
2| h_ h, .
i-1 i i=2,3,...,
6 i, 2+ 1), ro1, N1
—u, . —N
i=2,3,..,N-1 2 #i5 No O
7 (i, 2(N +1i)-1), 1
i=2,3,.,N-I 5 (h +14)
8 N,2N -2 | G
( ) N, M
&8 (7.26)
9 (N,2N) 1, :
/ul,N—l_Nz(l) i=N
hN—l
10 (N,4N -1) Hi v
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1 2 3 4
11 (N+1,1) |-
/11,1 h_lNl (0)
7.27)
12 (N+1,3) | (.
Ay h_1N2 0) i=
13 (N+1L,2N+1) Ay + 24,
14 (N +1i,2i-3), 1 1 .,
i=2,3,..,N-1 5 I M)
15 (N +1i,2i-1), 1] A N1 A N0
i=2,3,..,N-1 —| —=—N,()+—=N,(0) (7.27)
2L i h i=2.3,..,
16 (N +1i,2i+1), 1 | - N-1
i=2,3,..,N-1 2’1” h, M. (0)
17 (N +i,2(N +1)), 1
i=2.3,...N-1 E(ﬂ’l,i—l +ﬂ“1,i)+/u1,i—1 + 4,
18 (2N,2N -3) 1 '
Ay P Ni(D)
N-1
7.27)
19 (2N, 2N —1) T (
/11,N—1 7 N, (1) i=N
N-1
20 (2N, 4N) Ay T 24y

[Mpumeuanue: Bee snemMeHTsI MaTprilbl B,” He yKa3aHHbIC B TAOIHIE PaBHBI HYJTIO.

Tabauya 7.6. Aneopumm sanonnenus mampuysl B, npu 3a0anuu c606001020 Kpast

.« b
8 SPAHUMHOU MOYKe Xy, =1,.

NQ HOMepa 3aIIOJIHACMBIX 3Ha‘IeHI/Ie DJICMCHTA 9KBI/IB&J’IGHTHO€
1'[/1'[ DJIEMCHTOB ManI/III ManI/IHBI yCHOBI/Ie
1 2 3 4
1 (2N +1,2) 1,
,u1,1 _N1 (0)
hy
2 (2N +1,4) | - 7.30
Hy, N3 (0) (._ )
h, i=
3 2N+L2N+1) My
4 (2N +i,2(i-1)), 1 1,
i=2.3,...N -1 2ty M) (7.30)
- i=2.3,...
5 (2N +1,2i), L) My Hii oo 7
i=2,3,.. N-1 5{ . N2(1)+h—’N1(0) N-1
i—1 i
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1 2 3 4
6 (2N +i,2(i +1)), 11,
i=2,3,.,N-1 S#7N2(0) ‘ (72.330)
d i=2,3,...,
7 (2N +i,2(N +i)-1), 1 Nl
i=2,3,..,N-1 E(lul,i—l + ;)
8 (3N,2N -2) T
Hina h_Nl M
N-1
7.30)
9 (3N,2N) 1 (
Hi v h_Nz ¢y i=N
N-1
10 (3N,4N-1) Lo
11 BN +1L1) 1 LN'(O)
1,1 hl 1
2 GN+L3) 2L v 0 730
1,1 hl 2
13 (BN +1,2N +1) A+ 20,
14 (3N +i,2i—3), 1 1,
i=2,3,.,N-1 2y W
15 (3N +i,2i-1), [ s A
i=2,3,..,N-1 —| 77— N, ()+—=N/(0) (7.31)
2 hi_l hi l: 29 39-.-7
16 (BN +i,2i+1), ll.iN'(O) N—1
i=2,3,.,N-1 27
17 (BN +i,2(N +1)), 1
—(A Al
i=2,3,.,N-1 5 it ¥ AT e+
18 4N,2N -3 1 ,
( ’ ) ﬂ“l,N—l _N1 (1)
a8 (7.31)
19 (4N,2N-1) %,N—ILNé ) i=.N
hN—l
20 (4N, 4N) /11,N—1 + 2#1,1\1—1

[Tpumeuanue: Bee aneMenTs MaTpunsl B ;k HE yKa3aHHBIC B TAOJIUIIE pAaBHBI HYJIIO.

Bekropsl g, g, 3aHar0TCs HyJEBBIMH, T.€. Ol

penensitores hopmyoit (7.14).

O 3a0anuu 2paHuyHbIX YCNOBULl 8 0bvekme ¢

«nycmomamuy.
Beime ObITH pacCMOTPEHBI alITOPUTMBI 3a1aHUS

T'paHUYHBIX yCJIOBI/Iﬁ B BHUJC HIAPHUPHOI'O 34a-
KPCIUICHUS, HACAJIbHOI'O KOHTAKTa U CBO60I[HO-

TOTBI», T.C. BBIIIOJHACTCA YCIIOBHUC:

To Kpas, Ipru 3TOM BCHOAY IIOJArajoCb, 4TO B

104

paccMaTpUBaeMOM O0BEKTE OTCYTCTBYIOT «IIyC-

0., =1, 6,,=1, i=1,2,.,N, k=1,2,..,n,.

(7.32)

Bwmecte ¢ TeM, 04eBUAHO, UTO B paccMaTpuUBae-
MO KOHCTPYKIIMH MOTYT UMETHCS ITyCTOTHI.
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(Dk—l,z
i \ xl,N ;
Xy ]
X
X
e
SN IS
% /] — (Dkz
|
A %hi Xy /4
hii X1 i
iy,
- >
X2 X,
, 1 X1

X

b

2,k

Puc. 7.2. ITlpumep KOHCTPYKILHH C KITyCTOTAMM.

PaccmotpumMm, Hampumep, ciyyail, n3o0pakeH-
HbIW Ha puc. 7.2.

3amTpuxoBaHHas 007acTh 3/1€Ch YCIOBHO MOKa-
3bIBACT MaTepuan KOHCTPYKLMH, a HE3alITpH-
XOBaHHAs — «IIyCTOTBI».

B nmamHOM ciydae uid y310B C HOMEpamu
i=1,2,..,pui=q,q+1,..,N ciuenyer 3a1athb
YCIJIOBUSL MI€AIBHOIO KOHTAKTA, TOTAA KAK U
y310B ¢ Homepamu i=p+1,p+2,..q9-1 —
YCJIOBHSI CBOOOTHOTO Kpasi.
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8. DOPMHUPOBAHUE PA3PEIIAIOIIEN
MHOTI'OTOYEYHOM KPAEBOU
3AJIAYM.

Urak, cornacuo (6.1)-(6.3) KOHTUHYaJIBHOU T1O-
CTaHOBKE COOTBETCTBYET JTMCKPETHO-
KOHTHHYaJbHasi TOCTAaHOBKA B BHUJIEC CHCTEM
OOBIKHOBEHHBIX JU(DPEpEeHIINAIBHBIX ypaBHE-
1302078

—,

Uy =V

— _ pe— ~ p— pe—
KoV = Kyt + Ky vy = sy,
k=1,..,n, -1, (8.1)
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rge s — MHCKOMOE COOCTBEHHOE 3HA4YCHHE;
u, =u,(x,) — UcKoMasi COOCTBEHHasl (PYHKIIHs

Ha nogobmactu Q,, k=1,...,n, —1;

*

K, =K, -K K, =K (8.2)

kuy kuy kovu > kvu kuv *

Cuctemsl (8.1) MoryT OBITH 3alMCaHbl MHAYE B
6onee ynoOHoii hopme

] 0 E Ta,
‘_}l; - Klgiv(Kk,uu_SE) Kl;,}/ka,uv ‘_}k ’ (83)

k=1,..,n, -1,

rae E — eauHuWyHas MaTpulla COOTBETCTBYIO-
miero nopsizika. Beoas o603HaueHMs

4 - 0 E _
B Ko (K —SE) KO K, |

kvv kuu kv

U/ =0,U,. (8.4)

U paccMmaTpuBas cooTHouleHus (8.3) COBMECTHO
¢ rpannyHbiMu ycnoBusimu (7.1)-(7.2), 3axmro-
9gaeM, 4TO ONpeJesieHHe COOCTBEHHBIX YacTOT U
dbopM KoyieOaHMH KOHCTPYKIIMM B paMKax
JKMKD cBoautcs k pemieHuto Habopa MHOTO-
TOYEUHBIX KpaeBBIX 3amady i cucreM 4N
OOBIKHOBEHHBIX JU(epeHINaIbHbIX YypaBHeE-
HHI IEPBOTO MOPsJIKA:

Ukl(xz) = Ak,sUk (x,)s
k=1,2,...,n, -1
Bk_Uk—l(xg,k _O)+B;Uk(x§,k +0)=g, +§1:7
k=2,..,n -1
B/U\(xy, +0)+B,U, ,(x;, -0)=g +g,.
(8.5)

9. Ob YYETE YIIPYT'OIIOJATJINBBIX
O110P

[ycte C,; — Marpuia XapakKTepUCTUK YIPYyro-

HOJATJIMBBIX ONOpP JUIA i-TO y3Ja MOJCIH Ha
nogobmactu Q,,
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Ck,i = diag{cl,k,i > CZ,k,i} . 0.1

['nobanbnas matpuna C. XapakTEpUCTHK yTI-

PYrONOJATIUBBIX OMOP BCEH 3JEMEHTHOH MO-
nenu Ha nogodmnactu €2, u Moau(UIIMPOBAaHHAS

MaTpuia KodpQUIIMEHTOB pa3pemaroneii MHO-
rOTOYCYHOW KpaeBOW 3amaud  (HOPMUPYIOTCS
CJIeTyIOIIAM 00pa3oM:

4 - 0 E
b K (K, +CF —SE) K K

kv kv kuv

] (9.2)

kuu

10. YYET TPAHUYHBIX YCJIOBUI
BJ10OJIb OCHOBHOI'O
HAIIPABJIEHU L.
3AJJAHUE CTAHIAPTHBIX TUIIOB
T'PAHUYHBIX YCJOBUI

OnwuimeM BOMPOCH ydeTa TPAaHUYHBIX YCIIOBHMA
BJI0JIb OCHOBHOT'O HalpaBJICHHS C MMO3UIUI yKa-
3aHUSI KOPPEKTHPOBOK, KOTOPbIE BHOCSTCS B TIO-
cTaHoBKy (8.5). Omnmcanue OynemM BecTH Ha
npUMepax MPOCTEHIINX THIOBBIX CIy4aeB:
MIaPHUPHOE 3aKpeIUICHHE W CBOOOIHBIN Kpaii.
[TycTs anst onpeneneHHOCTH TpaHUYHBIE YCIIO-
BUS BJIOJIb OCHOBHOTO HANpaBIICHHS 33Jar0TCs
M0 «MPOJOJIBHOMY» CEUYEHHIO KOHCTPYKITUH

_ b b
x, =x,, (puc. 10.1), npuuem x;, <x, <Xx;,,;.

Ce0600nbi1i Kpaii.
HmeeM KOHTHHYaJIbHbIE TPAHUYHBIC YCIIOBUSL:

[0117(x) =05 [0,"]"(x,)=0. (10.1)

JlaHHBI TUIT TPAHUYHBIX YCIOBUI BJIIOJb OC-
HOBHOT'O HAMPAaBJICHUS SBISETCS MPOCTEHIIINM C
TOYKHM 3pPEHHs y4yeTa, a UMEHHO, HUKAKUX MO-
mubuKanuid B TMOCTaHOBKY (8.5) BHOCUTH HeE
TpeOyeTcsi, TaKue TIpaHUYHbIE YCJIOBUSA BIOJb
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OCHOBHOT'O HampaBjeHUsi OyIyT YYTEHBI aBTO-
MaTHYECKHU.

Llapnuupnoe sakpennenue.
KontunyanbHble IpaHUYHBIE YCIOBHS, OYEBH/I-
HO, 3aIIUCBIBAIOTCS B BUJIE:
(k1) —0- ,&D
w () =0; uy(x)=0.  (10.2)
B nmanHom ciywae BMecto (8.5) cimemyeT wuc-
I10JIb30BaTh NOCTAHOBKY

Uk'(xz) :ZkAk,sUk(xz)a
k=1,2,...,n, —1;
B/;Uk—l(xg,k _O)+Bk+_k(x§,k +0)=g, +§k+e
k=2,..,n, -1
Bl+(71(x§,1 +0)+Bn;l7nk—l (xg,nk -0)=g/ +8,.

(10.3)

rae y, — marpuna 4N -ro nopsjka, 3JI€MEHTbI
KOTOPO# onpeensitoTes no popMmyie

(Zk)i,j :'5:‘,]‘ _51‘,1 _5:‘,2: ‘ (10.4)
i=1,2,..,4N, j=1,2,..,4N.
Kpome Toro, u3 cooOpakeHHil COBMECTHOCTH
HEHM3BECTHBIX MNPU 3aJaHUH TPAHUYHBIX YCIIO-
BUH B CEUCHUSX, MOMEPEUHBIX 110 OTHOIICHUIO K
OCHOBHOMY HAIPABJIICHUIO CIIEAYeT MOJI0XKHUTh
nepeMeIieHus y3ia 1 paBHbIMU HYIIIO, T.C.

kl (k.1
)(x2k) —u1 )(x2k+1) 0;

uzk’l) (xz,k) = ugk’l)(xé),kﬂ) =0. (10.5)
11. TIEPEXO/]I K HABOPY
MHOI'OTOYEYHbBIX KPAEBBIX
3AJIAY C BJIOYHO-
JTUATOHAJIbBHBIMHA MATPUIIAMUA
KO®PUIITUEHTOB

Marpuuer ko3dppuumenros 4, , k=1,...,n, -1

MOKHO TIIpHUBCCTHU K 6J'IOLIHO—I[I/IaFOHaJ'IBHOMy
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BUJly, BBIIOJHUB CIEAYIOUIYIO II€PECTAHOBKY
HEU3BECTHBIX:

u = U, (11.1)
r,ue
T _[u(kl) uékl) ul(kZ) u§k2)
ul(k N) u;k N) (11 2)
vl(k 1) Vék 1) 1(k,2) u;k,Z) *
vl(k LN) (k,N)];
rr — [ u(k 1) u;k 1) Vl(k 1) v;k 1)
ul(k ,2) (k 2) 1(k ,2) vgk,Z)
. Z/[l(lc,N) uék,N) vl(k,N) ;k N)],
(11.3)

Torma npeoOpa3oBaHHKI HAOOP MHOTOTOYCUHBIX
KpaeBbIX 3a7a4 UMEET BUL:

1 2,. -1
?5<”+m 7 +E,
k=2,. -1
B'O,(x,+0)+B U, (x2 0)=§1+ +Z,
(11.4)

Ek_ﬁk—l (xf,k -0)+

rae - _
Ak,s :IgAk,slG’ Uk(XZ)ZIgUk(xZ)a
k=1,..,n, —1;
B, =1[B1,, B =I.B/I,,
g, =1lg,, g.=1lg, k=2,.,n, -1,
(11.6)

(11.5)

§1+ :Iggrlcv E,; zlggn_le,

N (S )
g =158, g, =158, .

I ¢ — MaTpula HnepeCTaHOBOK, 3JIEMCHTBI KOTO-

poii onpenensores no Tabmuue 11.1.
Marpuupr ko>3pdunuentos 4, ., k=1,...,n, —1

B cucremax (11.4) mo aHamoruu ¢ MaTpUIlAMH
JKECTKOCTH B TpaauuuoHHoM MKD wumeror
OJI0UHO-TMAarOHAIBHYIO CTPYKTYDPY.
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Tabnuya 11.1. Ancopumm 3anonnenus mampuysl nepecmanosox 1 .

Ne Howmepa 3HaueHue DKBHUBAJIEHTHOE YCJIOBUE
/1 3aIOJTHACMBIX dIIEMEHTA
3JIEMEHTOB MaTPHII MaTPHIIBI
1. 4p-3,2p-1, p=1,2,..,.N 1 IIEPECTAHOBKA DJIEMEHTOB
u™ i=1,2,..,N
2. 4p-2,2p), p=12,..,N 1 MePEeCTaHOBKA JJIEMEHTOB
™, i=1,2,.,N
3. (4p-L2(N + p)-1), 1 IIEPECTaHOBKA DIIEMEHTOB
p=L2,.,.N vl(k’i), i=1,2,...N
4. (4p,2(N + p)), 1 TIepeCTaHOBKA HJIEMEHTOB
p=12,.,N v i=1,2,..,N

[Tpumeuanue: Bee ameMenTs! MaTpHub! [ ; He yKa3aHHbIC B TAOJIHIIC PaBHBI HYIIIO.

12. 0 KOPPEKTHOM
AHAJIMTUYECKOM PEILIEHUA
MHOT'OTOUYEYHbIX KPAEBBIX
3ATAY JJIS1 CUCTEM
OBBIKHOBEHHBIX
MNP DPEPEHLMAJIBHBIX
YPABHEHUM C KYCOYHO-
MOCTOSSHHBIMHU
KO ®PUIIUEHTAMHA

KoppekTHOe aHaIMTUYECKOE pEIICHHE MHOTO-
TOYEUHBIX KPAeBBIX 3314 JJISi CUCTEM OOBIKHO-
BEHHBIX JU(DDepeHIInaNbHBIX YPaBHEHUH C KY-
COYHO-TIOCTOSTHHBIMHU K03(punimeHramMu mpous-
BOJIUTCSI TI0 METOJy, aHAJIOTUYHOMY OIHMCaHHO-
My B [1]. Tlocne ompeneneHusi y3JIoBBIX Tepe-
MEIICHUH M WX MPOU3BOJHBIX IO MEPEMEHHOMN
x, 1o ¢opmynam (4.1)-(4.12) BeraucisAOTCA

neGopMaluu 1 HaIPSKSHHUS.

3AMEYAHUA

HccnenoBanuss NnpoBOOWINCH B paMKax cle-

IOYIOIIUX padoT:

1. I'pant 3.1.7 Poccuiickoii akaieMuu apxu-
TEKTYpbl U CTPOUTENILHBIX HayK «Pa3paboT-
Ka, MCCIIEJIOBaHNE U BepU(PUKALUA KOPPEKT-
HBIX YHCJIEHHBIX METOJIOB PEILEHUS T€OMET-
puuecKH, (PU3NYECKH U KOHCTPYKTHBHO He-
JUHEHHBIX 3a7a4 Ae()OpMHUpPOBAHUS, YCTOM-
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YUBOCTU M 3aKPUTUYECKOTO MOBEACHUS TOH-
KOCTEHHBIX 000JI0YeUHO-CTEP)KHEBBIX KOH-
crpykuuii» Ha 2013-2015 rr.

2. I'panr 3.1.8 Poccuiickoil akaieMuu apxu-
TEKTYpbl U CTPOMUTENIbHBIX Hayk «Pa3pabor-
Ka, HCCIICZIOBAaHNE M BepH(PUKALIUSI KOPPEKT-
HBIX MHOTOYPOBHEBBIX YHCIEHHBIX M YHUC-
JICHHO-aHAJUTUYECKUX METOJIOB JIOKAaJIbHOI'O
pacyera CTPOMTENbHBIX KOHCTPYKLMM Ha Oc-

HOBE KpaTHOMAacCIITaOHOTO BEUBIET-
agamm3a» Ha 2013-2015 rr.
3. HUP «Pa3paboTka, wucciemnoBanue, IMmpo-

IrPaMMHO-QITOPUTMUYECKAST peanu3anus |
Bepu(UKaIMsi MHOTOYPOBHEBBIX METOJIOB
MIPOTHO3HOTO MaTEMaTHYECKOT0 MOJEIUPO-
BaHMSI COCTOSIHMSI M TEXHOT€HHOM Oe3ormac-
HOCTH OTBETCTBEHHBIX OOBEKTOB U KOM-
IUIEKCOB METamoJIica», BBINOJIHAEMas B
paMKax rocyJapCTBEHHOro 3agaHusi MuHU-
crepcTBa 00pa3oBaHus U Hayku Poccuiickoit
denepaliii Ha OKa3aHHWE YCIYT (BBIMOJIHE-
Hue padot) Ha 2013 rox.
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YUCJEHHAS PEAJIN3ALIAS JUCKPETHO-
KOHTHUHYAJIBHOI'O METOJA KOHEYHBIX JIEMEHTOB
JJISI ONPEAEJTEHUS COBCTBEHHBIX YUACTOT 1 ®OPM
KOJIEBAHUH KOHCTPYKIIUI C KYCOYHO-
NOCTOSAHHBIMU ®U3UKO-TEOMETPUUYECKUMU
IMAPAMETPAMHY 11O OCHOBHOMY HAITIPABJIEHUIO
YACTbD 2: YIIPYTUE N30TPOIIHBIE TPEXMEPHBIE TEJIA

ILL.A. Akumos, M.JI. Mo3zzaneea, B.H. Cudopoe

OI'BOY BIIO «MoCKOBCKHI TOCYAAPCTBEHHBIN CTPOUTENBHBIN YHUBEpCUTET», I. MockBa, POCCHUA

AHHOTAILMSA: Hacrosiiasi ctaThsi MOCBsIIEHA YUCIEHHON peanu3alui JUCKPETHO-KOHTUHYaIILHOTO METO/1a
KOHCUYHBIX DJIEMCHTOB JUIs OIPECIICHHS COOCTBEHHBIX 4acTOT M (HOpM KOJIeOaHUH YIPyruX U30TPOIHBIX TPEX-
MEPHBIX KOHCTPYKLHUH C KYCOYHO-IIOCTOSIHHBIMH (PH3MKO-TEOMETPUYCCKHMHU MapaMeTpaMHu 0 OCHOBHOMY Ha-
[IPaBJICHUIO.

KiroueBnlie cjioBa: TUCKPETHO-KOHTUHYAJIBHBIA METO/ KOHEUHBIX YJIEMEHTOB, YHCICHHAS Pealn3anus,
COOCTBEHHBIE YacTOTHI, POPMBI KOIEOAHHI, TPEXMEPHAs! KOHCTPYKIINS, KyCOUHO-TIOCTOSIHHBIE MTapaMeTphI

NUMERICAL IMPLEMENTATION OF DISCRETE-CONTINUAL
FINITE ELEMENT METHOD FOR EIGENVALUE ANALYSIS
OF STRUCTURES WITH PIECEWISE-CONSTANT PHYSICAL
AND GEOMETRICAL PARAMETERS IN BASIC DIMENSION
PART 2: ELASTIC ISOTROPIC THREE-DIMENSIONAL BODIES

Pavel A. Akimov, Marina L. Mozgaleva, Viladimir N. Sidorov
Moscow State University of Civil Engineering, Moscow, RUSSIA

ABSTRACT: The distinctive paper is devoted to numerical implementation of discrete-continual finite element
method (DCFEM) of eigenvalue analysis of elastic isotropic deep beams with piecewise-constant physical and
geometrical parameters in basic dimension.

Key words: discrete-continual finite element method, numerical implementation,
eigenvalue analysis, three-dimensional structures, piecewise-constant physical and geometrical parameters

BBEJEHUE BaHa B paspaboTaHHOM

JTUCKPETHO-

[TpoGnema onpeneneHuss COOCTBEHHBIX YaCcTOT U
dbopMm KoneOaHWN TPEXMEPHON KOHCTPYKIIUH C
KyCOYHO-TIOCTOSSHHBIMU  (DPH3UKO-T€OMETpHYe-
CKUMHU TapamMeTpaMu (XapakTEepUCTUKAMH) TIO
OJTHOMY W3 HAIIPaBIICHU MOXET OBITh peIlieHa B
aHaJTUTHYECKOW (opMe BIOJIb JAHHOTO Harpas-
nenust (puc. 0.1). ImeHHo 3Ta uaes U peanuso-

KOHTUHYaJIbHOM METOJIe KOHEYHBIX 3JE€MEHTOB
(AKMKD) [13-18]. MeTtoa siBAsieTCSI AUCKPETHO-
KOHTUHYaJIbHBIM B TOM CMBICJE, YTO MO BbIJe-
JSIEMOMY HAIPABIICHUIO KYCOYHOTO MOCTOSTHCTBA
nmapaMeTpoB (OCHOBHOE HaITpPaBJICHHUE) COXpaHsi-
eTcs KOHTUHYAJIbHBIN XapakTep 3aJa4dl U COOT-
BETCTBEHHO aHAJIMTHUYEcKas Gopma Moayyaemo-
TO peIIeHHs, B TO BpeMs KaK 10 JPyTUM Harpas-
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JCHUSIM TIPOM3BOAMTCS TUCKpPETU3alMsd C HC-
MOJIb30BAaHMEM CTaHJIApTHON TEXHHKH METona
KoHeuHbIX 3neMeHToB (MKD). Takum o0pazom,
MIOCTPOEHHUE AITOPUTMOB PEILICHUsI OCYLIECTBIIS-
€TCsl 32 CYEeT PasyMHOI'0 COYETaHMs YHCICHHBIX
U aHAJIUTUYECKUX TOAXOA0B. AHAIUTUYHOCTD
MOJTY4YaeMbIX TPU 3TOM PELICHUH CYIIECTBEHHO
CIOCOOCTBYET YJIyYIIEHUIO KadecTBa HCCIEOo-
BaHMs paccMaTpuBaeMbIX 00bekToB. Haiinennas
¢ nomompbio JIKMKD kapruHa HampsKeHHO-
nedopmuposanHoro cocrosinust (H/IC) pa3pusa-
€T MHTYUIMIO pacueTyrKa ¥ TIOHUMaHHe paboThI
KOHCTPYKIMH, XapakTepa BIMSHHUS Ha HUX pas-
HOTO POZa JIOKAJTBHBIX U TJI00aBHBIX (DAaKTOPOB.
JKMKD ocobeHHo 3¢ dekTrBeH B 30HaX Kpae-
Boro 3¢dekra, Tam, TAC YaCTh COCTABIISIONINX
peleHnst IpeicTaBiseT coboil  ObicTpon3Me-
Hstomuecs (QyHKIUH, CKOPOCTh M3MEHEHUs KO-
TOPBIX HE BCErJia MOXKET OBbITh aJIEKBATHO yUTEeHA
TPaJAUIIMOHHBIMHA YHCIICHHBIMU MeTonamu. [Ipe-
nmymectBamu JIKMKD Ttakke sBIAIOTCS MOHU-
KEHUE Pa3MEPHOCTH TPH YHCICHHOM pPEIICHUH U
OTCYTCTBUE NPAKTHYECKMX OrpaHMYEHUH Ha
JUTUHY OOBEKTOB 110 OCHOBHOMY HAIPABJICHUIO.

1. JMCKPETHO-KOHTUHYAJIbHAS
ANIITPOKCUMUPYIOIIASI MOJIEJIb
KOHCTPYKIIMU. JTUCKPETHO-
KOHTHUHYAJIbHBIV KOHEYHBIN
3JIEMEHT (JIKKD)

JInisi IOCTAaHOBKU W PEILICHUST PaccMaTpUBaecMOi
KpaeBOM 3a1aui KakJas UCXOJAHAs MOA001acTh
Q, (k=1,..,n,—1) c nonepeyHsM (110 OTHO-
IIICHUIO K OCHOBHOMY HAIIPaBJICHUIO) CEYCHUEM
SY) okaiimnseTcs COOTBeTCTByrOmEH paciiy-
penHoit @, [19]. Kaxnas pacmumpeHHas o0-
TacTb @, BHIOMpAETCs CTaHIAPTHOH, B BHIE

napaienenunena. lIpuHUMaeTcss AUCKPETHO-
KOHTUHYyaJIbHasi MOJICNIb CJICAYIOIIErO TUMA: IO
OCHOBHOMY HampasiieHHI0 (Bhosb ocu Ox, ) pe-
ImacTCd KOHTHHYAJIbHasA 3aJada, a 10 APYyTUuM
HanpasieHusM (Baosb oceil Ox, u Ox,) mpous-
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BOAMUTCA KOHEUHOZJIEMEHTHAs aNlpOKCUMAIIUS.
AnmnpokcuManys IMONEPEYHOro MO OTHOLICHHIO
K OCHOBHOMY HAallpaBJIEHHUIO CEYEHUS CTaHOapT-
HOW 00JIaCTH COCTOUT B 3aJJaHMU CETKH, TOIO-
JIOTUYECKH OSKBUBAJIECHTHOM IPAMOYIOJIbHON
TaK, 4YTOObI OHA KaK MOYKHO JIydYIlleé COOTBETCT-
BOBAJa OYEPTAHMSIM IIONEPEYHOTO CEUYECHMS
koHcTpyKiuu (puc. 1.1). [Tonstue Tomonornye-
CKOM 3KBUBAJEHTHOCTH B JaHHOM Clly4ae O3Ha-
YaeT, 4YTO OHAa MOJKET ObITh MOJIydeHa U3 Mps-
MOYTI'OJIbHOM CETKM B pe3yJbTaTeé HEKOTOpPOU
HEBBIPOXKJIEHHON JedopMannu sSYeeK Mocyel-
Hell 0e3 ux «nepekpyduBaHus». Bei6op Takoro
KJIacca CETOK, C OJHOW CTOPOHBI, 1aeT BO3MOXK-
HOCTb anImpoOKCUMHUPOBAaTh OOJBIIOE KOJIUYECT-
BO Pa3HOOOPa3HBIX KOHCTPYKIIHMM, a ¢ APYron —
MIO3BOJIIET UCIOJIb30BATh MIPOCTYIO PETYJIPHYIO
HyMEpaluIo y3JI0B, YTO MPUBOAUT B AaJIbHEH-
HIeM K yAOOHBIM MaTeMaTH4ecKuM (opmyiiam,
3P PEKTUBHBIM BBIYHUCIUTEIBHBIM CXEMaM U all-
TrOPUTMaM, a TaKKe€ CYIIECTBEHHO YIPOIIAECT
cO0p MCXOAHOHM MH(OPMAIH U BHIBOJ PE3yJib-
TaToB. llepexon kK NIpsAMOYTOJIIBHOMN CETKE ¢ eu-
HUYHBIM [1aroM JIETKO OCYIIECTBISETCS JIO-
KaJIbHOM 3aMEHOW KOOPAMHAT BHYTPU CETOYHOMN
aueiiku. Ilpu «BbIIpSAMICHUM» CETKU OOl
BUJ| YPAaBHEHUI COXPAHSETCS — MEHAIOTCS JIUILb
AIIEMEHTHI MaTpHIbl K03()PUIIMEHTOB NCXOTHOM
cucteMbl. Bo MHOruX citydasx 3peKTUBHO He-
MOCPEACTBEHHOE NPUMEHEHUE MPSIMOYTOJIbHBIX
CETOK, IOCKOJIBKY 3TO 3HAYUTEJIBHO YIIPOILAET
U YCKOPSIET alrOPUTMBI, a CJIEI0BaTENbHO, IO0-
3BOJIIET MCIIOJIb30BaTh OOJBIIOE KOJIUYECTBO
y3JI0B, YTO B pe3yjbTare MPUBOJIUT K yBeEIHUe-
HUIO TOYHOCTH. JlomyckaeTcsi HECOIIacOBaH-
HOCTb CETKM M OYEpTaHUsS «IIONEPEYHOro» ce-
yeHusI KOHCTpyKiuHu (puc. 1.1).

3amMeTuM, 4To cxema pa3OueHus Ha JUCKPETHO-
KOHTHHYaJIbHBIE JJIEMEHTHI OMHAKOBA JUJIS BCEX
nogobnacret w,, k=1,..,n,-1) (puc. 1.2,

1.3). OGnacte @, pa3buBaeM Ha MOAOOJIACTH —

JAUCKPCTHO-KOHTUHYAJIbHBIC KOHCYHBIC 3JICMCH-

1 (IKKD) @, ; (puc. 1.2, 1.3):
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4acToT U HOPM KOoJIeOaHUH KOHCTPYKIUH ¢ KyCOYHO-TIOCTOSIHHBIMH (PU3UKO-TEOMETPUIECKUMH TIapaMeTpaMu
110 OCHOBHOMY HampasieHuto. YacTs 2: Yrpyrue n3oTponHble TpEXMEPHBIE Tela

P——— 12 ... i N,y
A — 1
*____ 2
r—,’ —
EEEEE v,

Puc 1.1. Ilpumep svibopa cemku, annpoxcumupyrowjeii «KnonepeyHoe» no OMHOUWEHUIO K OCHOBHOMY
HANpaeienuio ceverue KOHCMpYKyuu.

X3
0
xZY 2N, iN, i+IN, NN,
Puc 1.2. Cxema ouckpemusayuu KOHCMpYKYUu.
X3
0 -
X1
OUCKPEMHO-KOHMUHY IbHbIL
KOHEeYHbIIi 371emenm @, . ;
XQ v

Puc. 1.3. Tunosoii Ouckpemuno-KoHMuHY anbHbll KOHEUHbIU NIEeMEHM.
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Y SRS : X
J—C(;,ﬁl) ) i+, j+1 \
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—{i, ) ?(H-l, JH)
Fl Fl

Puc. 1.4. Ilepexoo k noxanvroti cucmeme koopouram na JJKKD.

(1.1)

o={(x,,%,,x;): (x,x,)e8,; x;€[0,,]},

(1.2)
n,—1

rae o, ; = Ua)k,l.,_/. ; (1.3)
k=1

@i i ={(x,%,,%3) (1.4)

-
(x,x,) €85 x5 € [x3,k7x3,k+1 1},

S(u 4
HO ceTkoit u (i, j) -M AKKD B monepeyHom Ha-
NpaBJICHUN KOHCTPYKUMH; [, — JIMHA KOHCT-

S’/ — 06NacTH, ONIMCAHHBIE COOTBETCTBEH-

PYKLUH 110 OCHOBHOMY HamnpasieHuo; N,, N, —
MIPUHATOE KOJIMYECTBO Y3JIOB TI0 HAIPABIICHHIO
oceil Ox, u Ox,; (x7,x).,x;), W7, h’,
i=1,.,N;; j=1,..,N, — COOTBETCTBEHHO KO-
OpAMHATHI Y3JI0B U IIaru cetku; N =N, - N, ;

G+L)) _ G o pG)) G+ _ ()
X, =x;""+h", X5 =x,", (1.5)
i=1,.,N -1 j=1,.,N,-1
(D) _ G L) ) g G))
X, =x"", x; =x,"" +hy"", (1.6)
i=1,.,N -1 j=1,.,N,-1]
h(i:./') _ xl(l+ ])_xl(l j)’ l<N1 =1 N.:
1 - . B ]_ PRERY] 29
0,i=N,
(1.7)
G+ _ ) -
y X —-X <N, .
pi0 =% TR IS o N (1)
0, j=N,
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OmnpenensieM XapaKTePUCTHUYECKYIO (DYHKIHIO
DIIEMEHTAa U CETOYHbIe (YHKIUH, XapaKTepu-
3YIOILIUE CBOMCTBA MaTepraia KOHCTPYKIIUU:

1, @, < Q,

9 = 1.9
b 0, Wy zQ;; (1.9)

ﬂ“k,[,j = gk,[,j/l; My = Hk,i,jlu . (1.10)

Paccmorpum mpowsBoNbHBIN (i, j) -H JIEMEHT
mozenu (puc. 1.3).

[IpousBenem NOKaNbHYIO 3aMEHY IMEPEMEHHBIX
BHYTPH 3JIEMEHTA, BBE/S B MPOU3BOJILHOM «IIO-
nepevyHoM» (10 OTHOIICHHIO K OCHOBHOMY Ha-
MIPABJICHUIO) CEYEHHH pPaccMaTpuBaeMOro 3Jie-

MEHTa JIOKalbHYI0 cucteMy koopmuHar Of) u
Ot, (puc. 1.4), ipu atom ¢, €[0,1]; ¢, €[0,1].
Jns «monepeyHoroy» (Mo OTHOUIEHHUIO K OCHOB-
HOMY HAINpaBJICHUIO) CEYCHHUS KOHCTPYKIIMH
BEKTOpPbl KOOPAMHAT MPOU3BOJIBHOW TOUYKH
JAKKD B »/eMEHTHOW W MCXOAHOW CHCTEMax
UMEIOT BUJ:

- T. - T

t=[y, t,]'; x=[x x]. (1.11)

CootBeTcTByromas ¢opMyna Mnpeodpa3oBaHUS
KOOp/MHAT:

= = (i) = ¥ ¥

X=x""+t,Ax+t,A,x+tt,A,x, (1.12)
(L)) _ 2 .

n - xn 2

= _ =@ j+) _ =G.)) .
Ax = =X,

n

= _ —=(i+l,j+) —=(i+l,)) =
ALx =X -x, " =Ax. (1.13)

n

rie AXx=
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4acToT U HOPM KOoJIeOaHUH KOHCTPYKIUH ¢ KyCOYHO-TIOCTOSIHHBIMH (PU3UKO-TEOMETPUIECKUMH TIapaMeTpaMu
110 OCHOBHOMY HampasieHHto. Yacts 2: Ynpyrue u30TponHbIE TPEXMEPHBIE TENA

3neck X\ ,t"/ — BeKTOpBHI KOOpAMHAT y3ma

JJIEMEHTA B HWCXOMHOM M DJIIEMEHTHOM CHUCTEMAaxX

KOOpAMHAT  COOTBETCTBEHHO, i=1,2,.,N;;
j=1,2,..,N,.
B pesynbraTe 3aMeHBl MEPEMEHHBIX BBIYHCIIC-
HUE MPOU3BOJHBIX MO X, U X, IPOU3BOAUTCS
cormacHo  (opmymnam  auddepeHnrpoBaHUs
CJIOKHOU (DYHKITUH:

0 0 at

4 Z ‘” s=1,2. (L14)

xS

Bemnuunsl 0t /Ox; u3 (1.14) obpasyror sxo0u-

aH cucteMbl. Matpuna Skoou:

Di [o1/0x o1 /ox,
B}Z{ag/aa 85/8%}: (15
_| % 2 —a.
Ay Q)
rie a, . :% (1.16)
T Ox,

DJIeMEHTBI MaTPHIIBI (PYHKIIMOHAIBHOTO OIpejie-
marenst B =Dx/ Dt HaxomsTcs Kak

0 = w101, = A x5 1y A,

1.17
k=1,2; s=1,2; ( )

T.€. ¢ yuetom (1.7), (1.8) MmoxeM 3anucaTh:

1(j,j) = (1 -1, )hl(i,j) + tzhl(i,jn);
1(,i2’j) = T(i’j) +1 (h“’f“) _ hl(i,j));
2(1‘1,(/) — Tzl S 4t (h(H—l ) h(i’”);

V= A=t)h + 0k, (1.18)

IS

@i, j+) _ (t,J)
7o) = {xl » J<N,

QJ:Nz : (1.19)

Volume 9, Issue 3, 2013

- Xy = xS i< N,
2 0,i=N, ’ (1.20)
j=1,..,N,.
Matpuiel  QyHKIMOHATIBHBIX — ONpPEICITUTENCH
Dx/Dt w Dt/ DX B3auMOCBSI3aHBI
D) |D(x)|
—(t_) = —()_C) wm a=4", (1.21)
D(x) [ D(t)
DU (Y) (i.)) (i.))
oy 0y, 1| P ~ P2
T.C. 1 ih = " O] (1.22)
gij) a; 2/) J| = 2(7151) 1(,17‘/)
rae
Ji,j — det[ﬁ' ] ﬂl(l /)IB(l ) (t,/)ﬂ(w) (1‘23)

HJIU B TO3JICMCHTHOM NPCACTABIICHUN UMCCM:

ﬁ“”(fpf )
a1(lf]) —al(lll)(xlaxz)
Jij(tlatz)
3 3 ﬂl(l (1, )
al(zj) _al(zj)('XI’XZ)
Jij(tlatz)
(l:])(t t )
i, 1 1°
aéll):aéll)(xl’xz):_ 7
ij(tlat )
131(”)( L, 2)

aélzl) = aélzl)(xnxz) (1.24)

Ji,_j (tl atz)

2. AIMPOKCUMALIMSI HEM3BECTHBIX
OYHKIHU

B kadecTBe OCHOBHBIX HEM3BECTHBIX B Y3lax
MPUHUMAIOTCSI  COCTAaBIISAIOIIME TIEPEMEIICHUI

Ko k) (k Kok (K
u®, u”,ul® u ux npoussopmeie v¥, v VP

0 HEPEeMEHHOH X;, T.e. s (p,q)-To0 y3/1a 3TOo

(k,p.q) (kpq)

(k,p.q) ,,(k.p,q) , (k.p.q) (k,p.q) ,Ds
u, Uy , Uy s Y V5 , V3 u
COOTBCTCTBCHHO BEKTOP HCU3BCCTHBIX
opd) pa) ﬁ(k,p,q)
Pq) __ sP>q — n
U0 =UM ) =| g |- 2.1)

n
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—(k,p.q) _ ~(k,p.q) _|,,(k.p.9)
un - un (x3) - Z’l2

rie .2

]
Vl( P.q)

= (k.p.q) _ 5 (k,p.q) _ | ,(k.p.9)
vn - vn (‘x3) - VZ

o (23)

a BECKTOP HECU3BCECTHBLIX BO BCCX Y3JIaX DJICMCHTA

— — ~ (k.,i,j)
77 (kinf) _ 77 ki) _|u
U =U (x;) = |:§(k,i,j):| ) (2.4)
L_tl(k’i’j)
rie g(k:i:j) — 77 (ki) (x3) — ﬁz(k,i,j) : (2_5)
L—l3(k,i,j)
‘71(k,i,j)
i) | (ki —wid |
kLD — 35 ( ”)(x3)= Vz( isJ) : (2.6)
S (ki j)
REE
[ ki) ]
uP
u(k,i+1,j)
T (ki) _ a7k )) _ P _ .
I/lp - up (x3) - (ki j+1) s p - 15 29 3 )
up
I/l;k’Hl’jH)
(2.7)
[,k
vP
v(k,i+1,_/‘)
=(kirj) _ =(k,ir)) | 7r _ .
v, =V, (x;) = kit | p=12,3;
VP
v;k,i+1,_/+l)
(2.8)
B mpocreieM ciydae moss ufk),uék),ugk) u

(k) (k) | (k)
Vi,V Vs

no ceuennto JIKKD ammpoxcumu-
PYIOTCA MMOJMHOMAaMHU IIEPBOTO IMOPAAKA, 3aBUCA-
IIMMH OT JBYX apryMeHTOB (OwWinHeWHas ar-

MIPOKCUMAIHS), T.€. UMEEM:

K _ (k) L (k _
ufy ) = u, (x,x,,x;3) = u; (t,,t,,X;) =
_ (ki) (k.i) (k.i) (k.i)
=Qpoy H gt o o, (2.9)
=123, (x,x,,x;)€ O, s
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k) _ (k) _,Hm _
vy, =V (XX, X)) = v, (1, X5) =
— ki) (k,i) (k.0) (ki)
=Poo, T I,O,ptl +180,l,pt2 +16)1,1,17 t1t23(2-10)

pP= 13 2735 (xl’x2’x3) € a)k,l}./';

WM WHAYe B MATPUYHO-BEKTOPHOU opme
=T (ki j)
B,
p=123, (x,x,,x;) €@, ;;

—(k,i,j) _ (k.i,j) (k.i,j) (k.i,j) (k,i,j) 9T .
rne «, _[a0,0,p Aoy, iy iy I

(k) _ 3T —(kij) k) _
u, =t a, » V, =

2.11)

(k.i.7) (k..j) (k.i.7) ]T .
b

1,0,p 0,1,p Llp
(2.13)
(2.14)

Bl =B

= (ki j) ki) _
a, up, BEKTOPBI KO3(PPHUIIHEHTOB.

O‘IGBI/IILHO, HUMCIOT MECTO COOTHOIIICHU A

—(ki)) _ (ki) Skig) _ ki)
u, =Ca,™", v, —Cﬂp ,

p=123;
0

(2.15)

rae , (2.16)

—_— = = =
—_— o = O
—_——_= O O
—_— o O

OTKyZa

-1 1
-1 0
I -1 -1

c'= (2.17)

— o O
—_ o O O

", CJI€J0BaTCIbHO,

(k) _ 7T —1—=(k,i,j) (k) _ 7T ~—1=(k,i,j)
up—tCup,vp—thp

*(2.18)
p:152939 (xl’x2’x3)ea)k»i ;

J?
Ui

k —(k,i,j

ul? (x),x,,5,) = N(t,, 1) (xy),
k (ki
v;)(xl,xz,x3)=N(t1,t2)v; Nxy), (2.19)

P :1: 2: 39 (x19x2’x3) € a)k,i,j’
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rac

N=N(t,t,)=7"C" =[N, N, N, N,]
(2.20)
— Marpuna QyHKIuH (GOpMBI («ITOTIEPEUHBIX)»

110 OTHOIIICHUIO K OCHOBHOMY HAIPaBJICHUIO) IO
ceuennro JIKKD ¢ anementamu

Ni(t,t,)=1—t,—t,+tt,; Ny(t,t,) =1, —tt,;
Ny(t,1,)=t, —tt,; N,(,t,)=1t,. (2.21)

Marpuna (2.20) mocnie nepeodo3HAYCHUI TaKxKe
IpeacTaBUMa B BUIE

N=N(t,t,)=1'N,, tne N,=C"'. (2.22)

®opmynbl (2.19) MOXKHO HHaAue MEPENUCAThH
CJIEYIOIIUM 00pa3oM:

(k) _ o (ki )) (k) (k) (k)
u, =u,""+tAu, +6LAu, +4LA LU,

p=12,3;
(2.23)
V8 = ) g AV 1A 4t Ay,
p=12,3,
(2.24)
rie Alu;k) — u;k,iJrl,j) _u;k,i,j);

Azu;k) — u;k,i,jJrl) _u(k,i,j) .

p b
k k,i+1,j+1 k,i+l,j
ﬁl u( ) _u( Sy ) u( 5 ’])

" D — Auls (2.25)

() _ (it ) _ o (kisf) .
Alvp =V, v,
(k) _ (ki j+l) (ki) .
A, =V, v, s

(k) _ | (k,i+l,j+1) (k,i+l,j) (k)
Apv, =V, -V, —A,v,". (2.26)

MoxHO 000CHOBaTh CIPaBEAJIMBOCTH CIEIYIO-

IIUX BaXKHBIX Ul MOCJIEAYIOUIEro H3JI0XKEHHA
COOTHOLICHUH (HIXKE (X,,X,,X;) €@, . ):

i, (x,,%,,%;,) =N, (t,,0,)u """ (x;),

_ 2.27
Vi (x,%,,%3) =N, (¢,,1, )v(k’l"/)()% ), ( )

rac
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1 00
N, (t,t,)=]0 1 0|®N(,t,)=
00 1
(2.28)
N@.t,) 0 0
=l 0 N@.t,) 0 |
0 0 N1

® — cuMBOJ, 0003HAYAIONIUI OTEpaIrio Mpsi-
MOT'0 NPOU3BEAECHUSA MATPHULL,

ul(k)(xl,xz,x3)

i, (x,,x,,%,)=| ul”(x,,x,,x;) |[; (2.29)
us? (2, %5, %;)
Vl(k)(xlaxzaxs)

V06, 00,5) =| 937 (0,25, %) (2.30)

k
v (x,,x,,%3)

PykoBonctBysce (2.20) u (2.28) moxem 3amnu-
catb:

N, =N, (t,,0,) =T(1,,,)N,,,,  (2.31)
rac .

1 0 0] T 0 0
T@)=|0 1 0|®i"=|0 7' 0 [;(232)
0 0 1] 0o o 77
1 0 0] N, 0 0
No,=|0 1 0[®@N,=| 0 N, 0 |.(2.33)
0 0 1] 0 0 N,

3. AIIMITPOKCUMAIINS YACTHBIX
IMPOU3BOJHBIX OT HCKOMBIX
®YHKIUM

BBenem o0o3HaUYeHHS:

0,=—, i=

i b

1,2,3. (3.1)

i

Ha ocnoBanuu dopmyn (1.14), (1.21) u (2.23),
(2.24) BbIpakeHMs [JISl YACTHBIX MPOU3BOJIHBIX
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MIEPBOTO MOPSAKA OT HEU3BECTHBIX (PYHKIHUH 110
IIEPEMEHHBIM X;, X, M X; 3allUCBIBAIOTCS Clle-

JYIOLIMM 00pa3oM (HIKe (X,X,,X;) € @, . ):

1 (k)(xlaxzaxj;):
_Jl](tl’t ) [N(IO)(tlat )ﬂ(l])(tlatz)_
N(Ol)(tbt )ﬂ(lj)(tlatz)]’/_‘;k”)(%);
3.2)
0 u(k)(xl,xz,x3):
_Jl/(tlﬂt ) [N(Ol)(tlat )/B(l])(tlatz)_ (3-3)
— N (1, 0,) B (8,01 7 (xy);
0 u( )(x1ax2:x3) N(t,,t, )V(kl/)(x3) (3.4)
le(k)(xl,xz,x3)=
_J_l(tlat ) [N(IO)(tlat )ﬂ(l ])(tlatZ)_ (35)
(01)(t1=t )ﬁ(lj)(tlﬁtz)]vz()klj)(x:ﬁ);
0 v(k)(xl,xz,x3)=
_Jil(tl’t ) N(Ol)(tlat )ﬂ(l 1)(t1’t2)_ (36)
N(lo)(tlat )IB(Zj)(tlatz)]‘jz(yklj)(%),
o o1

(p.9)
re  NPO(t,t,)= apan(tl,t) (3.7)

[IpousBonueie (3.7) ot (2.21) Haxonmdarcs mo-
3JIEMEHTHO:

N1(1’0)(t1:t2):_1+t2; (10)(t1’t )= 23
1’0 10
N3( )(t17t2)=_t2 4(1 )(tl’tz): t,; (3.8)
, . 0.1
N () ==1+15 NV (1,8,) =,
NP (. n) == N2V (tat) =t (3.9)
Beenem cnemyromue 0603Ha4CHUS:
FO(t,,1,) = J;} (¢,,1,) %
1,0 i,j
[N (t,,) 85 (t,t,) — (3.10)

N(Ol)(tlat )ﬁ(lj)(tlatz)];
F 0 (,0) = J 5 (t,8,)
[N(Ol)(tlat )ﬂ(l/)(tlatz)_ (3-11)
_N(I’O)(Zlat )ﬂl(lj)(tlatz)]'
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C yuaerom (3.9)-(3.10) moxxem nepenucats (3.2),
(3.3), (3.5) u (3.6) B BUAIEC

O (x,,2,,%3) = F" (8,11, ()5 (3.12)
0, (x,,%,, %) = EX (t,1,)i0“ (x,); (3.13)
O (xy, %y, x3) = B (8,0 (x3); (3.14)
O,V (x),%,,05) = B (8,697 (x,) . (3.15)

CoOTBeTCTBYIOIIME Y3IIOBBIE (DYHKIIUH OMIpese-
JSIFOTCS. € YYETOM OIepanuil OCPEIHEHUS 110
dbopMmynam, SIBISIOIIAMCS YaCTHBIMU CITyYasiMH

(3.4), (3.12)-(3.14):

- «CPEIVHHBIE»
(i=2,3,..., N,

3JIEMEHTHI
-1 j=2,3,.,N,-1):

CCTKH

[a u(k)](i,j) —

klj(ekl 1,j-1 +6,, L) +‘9k,, 1 +‘9k,,) X
X{Hk,i—l,j—lFl(l ROy _1(71” M (xy) +
+ 9,”. . ].F(H’j) (1,0) L_t(k’i_l’j) (x;)+
+0k1/ lF(l 0 1)(0 1)_(1” 0 ])(x3)+
+ ek,i,jFl(l 7 (0,0) ﬁ,(,k - (x3)};

(3.16)

[a u(k)](i»j) —

klj(ek +Hkllj+0klj1 klj) x
X {ek,i—l,j—le(iil’jil) (LD _;kl M () +
+ 0,0 T 0) T () +
+ 60, . F (0, 1)_(]“’ D (x) +
Hk,i,jF2(l /) (0,0) L_‘;k ) (x3)};

i-1,7-1

(3.17)
[05ul7 1) = v, (3.18)
[alvﬁlk)](i,j) —
‘9k,i,j (Hk,i—l,j—l + Hk,i—l,j + ek,i,j—l ki ]) x
} 46, BT AN VT () +
+6,, T 1,0) VT () +
+0,, FHV 0,1 V(k’[’-”l)(x )+
+6,, 70,0 v (x)};

ki, j

(3.19)
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0,01 =

=G Oy ¥ Oty + i + Hk,i,_;yl X
X {ek,i—l,j—lFZ(i_l’j_]) (LD v;k’i_l’j_l) (x3)+

+ Hk,i—l,sz(iil’j) (1,0) V,Ek’iil’j) (x3) +

+ Hk,i,jlez("’j_l) (0,1) V;k’i’j_l) (x;)+

iy
+ ek,i,jF2(l 7(0,0) V,(, l ’)(x3)},
(3.20)

rje

1, ecw 6,,,,,+6,,,,+
9 = +6,,010,,, 21

ki,j —
0, ecimu 0,”._1, i +0k’i_1’ I
+ ek,i,j—l + ek,i,j =0,

i=2,3,.,N,-1; j=23,.,N,-1; (3.21)

— DJIEMEHTBI <«JICBOW BEPTUKAIBHOW TPAHUIIBD»
(i=1; j=2,3,..,N,-1):

B0)) _ 1
[81“; )]( D= ‘9k,1,j (Hk,l,j—l +€k,1,j) X

} {6, 1, F O a1 (xy) + (3.22)
+ 6, A (0,0) i, (x)}
[0,ul?1" =9, (01 +0p1;) " %
$ {0, 1 Fy O Y () + (3.23)
+0,,,F""(0,0)i " (x,)}
[05ul) 10 = v, (3.24)
O] =8, (6,0 +6,,,)" X
$ {0, 1 F O VT () + (3.25)
+ 6,570,009, ()}
[az";}k)](l’j) = lgk,l,j (ek,l,j—l + ‘9/(,1,‘,-)_1 X
{0, 7O VYT (e (3.26)
+0,, F(0,0) v (xy)),
rac
9., = { 1), ecu 60,,,,+6,,; 2_1
, ecma 6, ,+6,,,=0 (3.27)

j=2,3,.,N,—;
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— DJIEMEHTHI «IIPAaBOM BEPTUKAIBHOW TI'DAaHULIbD)
(i=N,; j=2,3,..,N,-1):

BN -1
[81”; N = "gk,Nl,j (Hk,Nl—l,j—l + gk,Nl—l,j) x
X {ek,Nl—l,j—lFl(Nl_u_l) (L) L_‘;ijl o (x;) +
Ny-1,j —(kNy.j .
+‘9k,N1,jF1( 1 ")(I,O)u; l‘/)(353)}9
(3.28)
(N -
[821,1; )]( )= lgk,Nl,j (ek,Nl—l,j—l + ek,N,—l,_j) x
N1, j-1 — (kN j-1
X 4Oy o BT Y (x) +
N1, — (kN .
+0k,N,—1,jF2( 1 j)(lao)u,(, lj)(x3)}’
(3.29)
[a3u(k)](N1,j) — V(kaNlaj) . (3 30)
p P ’ :
(k) 1(Ny,j) -1
[alvp I = Lgk,Nl,_j (ek,Nl—l,j—l +0k,Nl—1,j) X
Oy o BTV A VN () +
N-1,j —(k,N,.j .
+ Hk,Nl,jFl( 1 /)(1’0) v; 1 ”(x3)},
(3.31)
ONL) 1
[82\/; )] W= ‘9k,Nl,j (ek,Nl—l,j—l + ek,Nl—l,j) x
Ny-1,j-1 — (kN -1
X {ek,N]—l,j—lFZ( Y )(171) V; v )(x3)+
Ny-1,)) — (kN )
+0k,N1—l,jF2( Y (l,O)v; IJ)(xs)},
(3.32)

VIS

Leemn Gy + Gy 2]
kN T

0, ecut 6, ,+6, 5 ,,;,=0
j :2,3’...,N2 _1;
(3.33)

— DJIEMEHTBl «HWKHEH TOPU30HTAIBHOW I'paHU-
s (i=2,3,..,N,—-1;j=1):

(k)G _ -1
[Ou, " 1" =8, (0, +6,,,)

x{0,,, F7A0) ) T () (3.34)
+0,,,F"(0,0) 1, (x,)};
[azuﬁ;k)](hl) = lgk,[,l (Hk,i—l,l + 0k,i,1)71 X
X {0, By V(L0 T (xy) + (3.35)
+0,,,F" (0,001, (x)};
[05ul7 1" =yl (3.36)
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[alviik)](ijl) = ‘9/(,1‘,1(9/(,;'-1,1 + ek,i,l)_l X
x {ek,ifl,lFl(H’l) (1,0) ‘71(;]{’1‘71’1) (x;) +

+ 0, F (0,00, (x,);
[aZV;k)](M) =840, + ‘91{,1‘,1)71 x
X {ek,i—l,le(i_l’l) (1,0) v;k’i_l’l) (x3) +
+6,,,F"(0,0) v (xy)3,

(3.37)

(3.38)

TIe

9 1, ecmu 6, ,,+6,,, 21
il ™ (3.39)

0, ecmn 0,,,,+6,,,=0
i=2,3,.,N, -1

— BJIEMEHTHI «BEPXHEN TOPU3OHTAIIBHON IPaHULIBD)
(i=2,3,.,N,—1; j=N,):

[0,,71") = 8 1, Oy + O ) %
X {ek,ifl,zvzqﬂ(iil’]vrl) (1,1) L_‘,(,k’iil’er) (x;)+
+ Hk,i,erFl(i’Nz_l) (0,1) L_‘;k’i’NZ) (x3)};
(3.40)
[82u;k)]([,N2) = ‘9k,i,N2 (Hk,i—l,Nz—l + 9k,i,1\/2-1)_1 X
X {ek,i—l,Nz—lFZ(iil’NZA) (1,1) L_‘,(;k’iil’er) (x3)+
+ ek,i,szle(i’Nz_l) 0,1 L_’,(;k’i’Nz_l) (x3)};

(3.41)
[0 ] = ki) (3.42)

[81";1{)]([’1\/2) = lgk,i,Nz (ek,i—l,Nz—l + 6’1c,z‘,z\/2—1)_1 X
X {ek,i—l,Nz—lF'l(iil’NZA) (1’1)‘—)1(71(,1'71,%) (x3) +
+ 0,0, B (0,17, ()
(3.43)
[aZV;k)](i’NZ) =Gin, Oy, + ek,i,Nz—l)ﬂ X

X {ek,i—l,Nz—lFZ(i_l’Nz_l) (1,1) ‘_’ng’i_l’Nz_l) (x3) +
+ Hk,i,Nz -1 Fz([’er) (0’ 1) V;k’[,er) (XS )} s
(3.44)

rac
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g B 1, ecmm ak,i—l,szl + Hk,i,er 21
kN, — =
b 0, ecmu ‘91{,171,1\/2—1 + t9k,i,er =0

i=2,3,..,N, —1;
(3.45)

— «yT70Basd Touka rpaHuup» i=1; j=1:

[alu;’”]“’” =6,,,F""(0,0) 17[()"’1’” (x,); (3.46)
[0, 1" =6, F"" (0,00 (xy) ;5 (3.47)
[0,u 1D =yt (3.48)

[Py =6, F*(0,007% (x,); (3.49)
[62";“](1’1) = ek,l,lFZ(ljl)(OaO) ‘_’,(,k°1’1)(x3). (3.50)

— «yTJ0Bas TOYKa rpaHuuby i=1; j=N,:

k) (LN Y —(k.LN. .
[61”; N = ‘gk,l,NzFl( 2(0,1) ”; 2)(x3),

(3.51)

[0, 1" = 6, B0, i, ()5
(3.52)
[0, = k1) (3.53)

[0 010 =6, FM (0.7 (xy) ;
(3.54)

[0,v 11 = 6, F (01) T2 (x, ).
(3.55)

— «yTJ0Bas TOYKa rpaHunsy i=N,; j=1:

N1 Nl — (kN .
[alu;)]( ] )zek,Nl,lFi( ] )(1,0)1,11(7 ] )(x3)’

(3.56)

(0,1 = 0,y FL L0075 (x,)
(3.57)
[0, D = ki (3.58)

[alv;k) ](Nl,l) — ek,Nl,lF'l(Nljl) (1’0) ‘—}I(Ik,Nl,l)(x3) : (359)
[azvi,k) ](Nl,l) — ak,Nl,le(Nl’l) (1’0) v[()k,Nl,l) ()C3) (360)

— «yIJIOBas TOYKa rpaHuls» i=N;; j=N,:

[alu;k)](Nl,Nz) — ek,Nl,NzF'l(Nl’NZ)(l’l) L_ll(,k’Nl°N2)(x3);
(3.61)
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) (NN, (N}.N,) —(k.N,.Ny) i
[82”; I _ek,Nl,Nze v (lal)”p P(x) 5

(3.62)
[0, u(k)]<N1,Nz) _ (k,NuNz)- (3.63)
[le;k)](N“Nz) -6, .~ F(Nl Nz)(l 1) S (kN Nz)(x3);
(3.64)
e T e (€8]
(3.65)

4. ATIMPOKCUMAILIUS JE®OPMALIMI
U HANIPSIKEHUI

Bripaxenust nis aedopmanuii U HanpspKeHUH
Ha DJIEMEHTE Ha OCHOBAaHMM H3BECTHBIX COOT-
Homenuit [12, 20-29] umero Bux;

— nedopmaru
£ (x,%,,%,) = [0 1(x,,x,,x,) 5 (4.1)
gékz)(xlsxzv)%) [0 ”(k)](xlaxzaxg.)' 4.2)
53(1(3)()51’)52’%) V3 )(xnxzaxs) (4.3)

k
81(2)(x19x29x3) & 1)(x19x27x3)

=0.5-([0,u"1(x,, %, x5) +[0,u1(x,, x5, x3));

(4.4)

k k
81(3)(x19x29x3) = 53(,1)(x17x25x3) =

= 0-5'([aluék)](xlsxp)%)"'vl )(x1:x29x3))

4.5)
8§k3)(x1,x2,x3) 832)(x1,x2,x3)
=0.5-([0 uk)](xl,xz,x3)+v )(x19x29x3))

(4.6)
— HaIpsDKEHUS

0-1(1;) (1, x5, %3) = (4, + 2/1k)[61u1(k)](x1 s X, X3) +
+ A AL0,u5” 1y, 25,33) + V3 (0, 25,005
4.7)
O_ékz) (x5 %5, %3) = (4 + 244 )[ﬁzuék) 16y, x5, x5) +
+ {[alul(k) 10x;, x5, x3) + ng) (%1, %5,X3)}5
(4.8)
‘73(,k3) (x17x27x3) = (A + 22,07 (x5 x,,x,) +
+ 4 {10, 13,35, x3) +[0,157 1 (3, , x5, x3)

(4.9)
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O'l(l;)(xl,xz,x3) o, )(xpxzaxz.)

= /Jk{[azul 10x,, x5, x5) +[a1”2 10615 %5, x35) 45
(4.10)
O-I(I;)(xlﬂxzﬁx3) O3 )(x15x29x3) 4.11)

= ﬂk{‘ﬁ( )(x1=x2:x3)+[a u(k)](xpxz:xz.)};

k
6;3)(x1’x2ax3) 632)(x1,x2,x3)

(4.12)

= Hy {Vz )(x19x2>x3) +[62u§k)](xl,x2,x3)}.
[lpuBeneHHBIE K y31aM  Je(opManuu
[e01"), p=1,2,3; ¢=1,2,3 ¥ HanpsoKeHus

(081", p=1,2,3; ¢=1,2,3 onpenensioTcs

AHAJIOTUYHO YAaCTHBIM TPOM3BOJHBIX OT HCKO-
MBIX (pyHKIMI (cM. popMyIbl myHKTa 3) C yue-
TOM COOTBETCTBYIOIIHNX OTIEPALIH OCPETHEHUS.

5. HOCTPOEHUE MATPHUI]
KECTKOCTH KK

[Ipexxne Bcero, OTMETUM, YTO METOJAMKA IIO-
crpoenust Matpull xectkoctu s JIKKD B ya-
CTHOM CJIy4ae NpPSIMOYTOJIBHOTO IONEPEYHOro
(0 OTHOIIEHUIO K OCHOBHOMY HAIPaBJICHHUIO)
CEUYEeHHs IOCTATOYHO MOAPOOHO omucaHa B [2].
Hwmwxe Oyner paccmaTpuBaThes Oosiee 0OLIHiA
ciayyad, korjga mnomepeyHoe cedyenue JIKKD
MPEJICTaBIsET COOOM MPOM3BOJIBHBIN YEThIPEX-
YTOJIbHUK.

O4eBHIHO, UTO KBAIPATUYHAS YaCTh UCXOTHOTO
¢ynkumonana Jlarpamka [12, 26, 29] moxer
OBITh MpEJCTaBIICHA B BUJE CYMMBI KBaJpaTuy-
HBIX YacTel (PyHKIIMOHAJIOB, ONpPEICICHHBIX Ha
MOJyYEHHBIX JUCKPETHO-KOHTUHYAIIbHBIX KO-

HEYHBIX DJIEMEHTaX Ha COOTBETCTBYIOLIUX

¢dbparMeHTax KOHCTPYKIIUHU:
-1 N, N,

@, (U,) = ZZZ@(’””(U(’””) (5.1)
k=l i=1 j=1
77 (ki) _ 77 (ki) TR
rme U™’ =U0"""(x;)= (ki) ;o (5.2)
a;(k,i,j)(U(k,i,j)) =05- (K,E[’j)U(k’i’j), (7(101',])) :

(5.3)
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K" — matpuna xectkocT (i, j) -TO JMCKPET-
HO-KOHTHMHYaJIbHOr0 KOHEYHOTO 3JIEMEHTa, OIl-
penenensoro Ha uHrepsane (2., Gpopmuposa-

HUE KOTOPON MOXKET ObITh MPOU3BEACHO METO-
noM 0a3ucHBIX Bapuanuii. Gopmyna Juisi ornpe-
JICJICHUS €€ DJIEMEHTOB:

= (ki) = _ ki) =
(K/Elj))p,q :(D( l‘/)(ep+eq)—(p( 1])(€p)_

~0“ () + BN (@),
p=1,2,...24; q=1,2,...,24,

(5.4)

rie €,,e, — 24-X MEpHbIC BEKTODbI, 3JICMEHTHI

KOTOPBIX OTPEACIISTIOTCS 1O PopMyIie

(€,),=0,,5 (&),=0, [=1,2,..,24; (5.5)

0;, — cumBon Kponekepa.

Crpykrypa MaTpuubl xectkoct K\» JIKKD

CIICTYFOIIIAS:

N
K =

rie Kl,m Kl,m Kl,m Kl,m

fuu® Nkavo P kovu kv l9m:1729374 -
MaTpHILIbl TPETHETO TOPSAKA):

Ha ocnoBe matpuisbl xectkoctu JKKD (5.6)
(OpPMHUPYIOTCS COOTBETCTBYIOIIME IOJIEMEHT-
usie Matpuns K" KD KED g KD 1210

kuu > kv o kvu kv

nopsadKa:

122

IT.A. Axumos, M.JI. Mosranesa, B.H. Cunopos

1,1 1,2 1,3 1,4
Kk,uu Kkmu Kk,uu Kk,uu
2,1 2,2 2,3 2,4
(6,)) _ Kk,uu Kk,uu Kk,uu Kk,uu . 5 7)
ko 3,1 3,2 3.3 3.4 |0 .
Kk,uu Kk,uu Kk,uu Kk,uu
4,1 4,2 4,3 4,4
Kk,uu Kk,uu Kk,uu Kk,uu
1,1 1,2 1,3 1,4
Kk,uv Kk,uv Kk,uv Kk,uv
2,1 2,2 2,3 2,4
K(i,j) _ Kk,uv kuv Kk,uv Kk,uv . (5 8)
kuv T K3,1 K3,2 K3,3 K3,4 ’ :
k,uv k,uv k,uv kuv
4,1 4,2 4,3 4,4
Kk,uv Kk,uv Kk,uv Kk,uv i
11 1,2 1,3 1,4 ]
Kk,vu Kk,vu Kk,vu Kk,vu
2,1 2,2 2,3 2,4
(i,j) _ kvu kvu Kk,vu Kk,vu . (5 9)
kovu T 3,1 3,2 3,3 34 | .
Kk,vu Kk,vu Kk,vu Kk,vu
4,1 4,2 4,3 4,4
Kk,vu Kk,vu Kk,vu Kk,vu i
1,1 1,2 1,3 1,4
k,vv kv kv kv
2,1 2,2 2,3 2,4
(i,j) _ kv kv kv kv
Kk,vv - K3,l K3,2 K3,3 K3,4 . (510)
kv kv kv kv
4,1 4,2 4,3 4,4
Kk,vv Kk,w Kk,vv Kk,w

6. POPMHUPOBAHUE I'IOBAJBHBIX
MATPHI]

®opMupoBaHue
K, .. K. ..K

FHO63HBHBIX ManI/IL[
kuu kuv? kvu 2t Kk,vv 3N1N2 -ro HOpSII[Ka

BCEHl  CUCTEMBI  JIUCKPETHO-KOHTHHYaJIbHBIX
DIIEMEHTOB, ANIPOKCUMHUPYIONUX KOHCTPYK-
LU0 OCYILECTBIIETCS AaHAJOIMYHO CTaHIapT-
HOW MeTonuke (OpMHUpPOBAHUS TIIOOATBHOM
MaTpUIlbl JKECTKOCTU (METOJ KOHEUHBIX BKJIa-
JI0OB — CyMMHUpPOBaHUE C HakoluieHueM [12, 26,
29)).

3aMeTHM, YTO TPU HAIWYMH B paccMaTpuBae-
MOW KOHCTPYKLHUHU «IIyCTOT» (T.€. JUCKpPETHO-
KOHTHHYaJIbHBIX DJIEMEHTOB C HYJIEBBIMH 3Ha-
YEHUSIMU XapaKTePUCTHUECKON (DyHKIMM) MaT-
puna K, = OyZeT BBIPOKIEHHOM, YTO, OYEBHUI-

kv
HO, NPUBEAECT K HEBO3MOKHOCTU BBIYMCIICHUS
K. . B »T0if cBA3M HeoOXOIUMA KOPPEKIUs

kv

Marpuupl K ANTOpUTM 3TOM KOPPEKLUU

kv
(o1 (14 % (1115178
1. ITocnenoBarensHo nepedupaem i=L2,..3NN,.
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2. JIns KaKA0ro 3HA4YeHUs [ CIEAYyIOIIee: eCu
BCE€ DJIEMEHTBI i-W CTPOKM MaTpuupbl K, = Hy-

JICBBIC W BCE 3JICMEHTHI [ -TO CTOJIOIAa MaTpPHIIBI
K, , TaKKe HyIEBBIE, TO CJIEAYET MOJOKHUTH
(Kk,vv)i,i =1, roe (Kk,vv)i,i
Kk,vv’
cronore.

KonTunyaneubie oneparopsl [5, 6] U MaTpuLibl
COIIOCTABJICHBI TaK:

— JJICMCHT MaTpUIbl

PACIIOJIOKEHHBIM B - CTpOKE U i-M

17 . 17 . .
‘Ek,uu = Kk,uu ’ ‘Ek,uv = Kk,uv ’ ”lgk,vu :>Kk,vu’
=('ﬂk,uv = Kk,uv; “k,vv = Kk,vv 5 (61)
~ 0 E
Y = r~ =
k 1 1
Lgk_,vvfgk,uu S[J'k_,vv “k uv
(6.2)
4 0 E
k= -1 -1 s
Kk,vak,uu Kk,vak,uv

rae £ — TOXIECTBEHHBIH OIEpaTop U €IUHHUY-
Hasl MaTpHLIa COOTBETCTBYIOIIETO MOPAIKA;

Kk,uv = Kk,uv - Kk,vu . (63)
7. YUET TPAHUYHBIX YCJIOBUM
CTaTI/I‘-IeCKI/Ie I‘paHI/I‘-IHI)Ie YCJIOBI/IH Ha 4YacCTHu

TPaHUIIBI, PACIONOXKEHHOW BIOJIb OCHOBHOTO
HarpaBJieHUs] KOHCTPYKIUUU, YUUTHIBAIOTCS, KaK
MPaBWJIO, B BEKTOPE Y3JOBBIX Harpy3ok. Jlms
pEIICHUS 3a/1a4¥ TAKXKE TOJKHBI OBITh TTPHHSITHI
BO BHUMaHHE CTAaTUYECKUE IPAHUYHBIC YCIOBHUS
Ha OCTAJIBHBIX JIEMEHTaX T'PaHUIIbI (€Clu 3aj1a-
HbI) U KHHEMAaTHYeCKHe TPaHUYHbIC YCIOBUSI.

[Iycte vak, k=1,2,...,n, — KOOpAUHATHI TIpa-

HUYHBIX TOIICPCUYHBIX CEUYCHUM KOHCTPYKIHNH.
FpaHI/I‘IHBIe YCJIOBHA B HUX 3aIIMCBIBAIOTCA B BU-
e

B;Uk—l(x;),k _O)+B;Uk(x§,k +0)=g, +§k+’

k=2,.,n -1
(7.1)
Bl+171 (xéj,l +0)+ Bn_k Unk—l (xéj,nk -0)=g' + 8>
(7.2)
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o g N -
rne B, ,B,, k=2,..,n,-1 n B, Bnk — 3a-
JaHHBbIE MATPULBl KOA(h(UIINEHTOB TPAHUYHBIX
yCIoBUH, KBaapaTHele 6N,N,-ro mnopsuka;
o Y

8:.8;» k=2,..,m, -1 n g, g, — 3ananHbIC
6N,N, -MepHBIE BEKTOPBI IIPABBIX YacTeH TIpa-
HUYHBIX ycnoBuil; U, (x;) — HUCKOMas BEKTOp-
byHKIMS,

Uk :Uk(x3):[(l’7k)T CA
U =u(x;) =
—[@ET @k (ﬁ,fk,Nl,l))T N
@Y kT (ﬁ;k,Nl,Z))T N

—(k,1,N. T ,—(k,2,N. T —(k,N{,N. T qT .
e @I @ NN @Y

(7.3)

(7.4)
Ve =V (x3) =
=[(‘7rfk,l,l))T (V;k,z,l))r (V;k,Nl,l))T
(‘7"(1{,1,2))T (‘—);k,z,z))r (vlgk,zvl,z))r
(‘7’1(1(,1,N2))T (vn(k,z,Nz))T (‘—}n(k,zvl,zvz))r I
(7.5)

PaccmoTpuM ciyyail mapHUPHOTO 3aKPEIICHUS
B IIPOU3BOJIBHOM I'PAHUYHON TOYKE C KOOpAUHA-

TOU xé’,k. Crporo roBopsi, BO3MOXHO TpHU OC-

HOBHBIX BapuaHTa TPaHUYHOH TOuku: 1)
1<k <n, — npoMexyTo4Hasi TpaHUYHAS TOYKA;
2) k=1 — kpaituss neBas (mepBasi) TpaHUYHAS
Touka; 3) k =n, — KpalHasA npaBas (MOCIEIHAA)
rpaHnYHAs TOUKa.

Jns cnydas 1<k <n, umeeMm ciexyoouiyue rpa-

HUYHBIC YCJIOBHA:

u;k_”(xl,xz,xé”k -0)=0,
p = 17 25 37 (xla'xz) € Sg(zkil);
uLk) (xl,xz,xé’,k +0)=0,
p=123, (x,x,)€ Sg‘).

(7.6)

(7.7)

Ha nuckpeTHO-KOHTHHYaJIbHOM YPOBHE BMECTO
(7.6)-(7.7) nmeem:
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u;k—l,i,j) (xl X, ,x;k -0)=0, (7.8)
i=1,2,.,N,, j=12..N,;
u;k,i’j) (xl s Xy ax;k + 0) = 09 (79)

i=1,2,.,N,, j=12,..,N,.

Jia ciydas k=1 umeeM cieayoomue rpaHuy-
HBbIE YCJIOBUS:

@ b —
u, (x,%,,x;, +0)=0,

(7.10)
=123, (x,x,)eSy.
JluckpeTHO-KOHTHUHYaNIbHBIH  aHamor  (7.10)
MMEeT BUJI:
(L)) b _
u," " (x,%,,x5, +0) =0, (7.11)

i=1,2,.,N,, j=12,..,N,.

Jns caydas k =n, uMeeM clenyrolue rpaHuy-
HBIE YCJIOBHUS:

(n=1) b _
u, 7 (x,x,,x5, —0)=0,

(7.12)
p=123, (x,x,)eS5™".
JIMCKpeTHO-KOHTUHYaNIbHBIM  aHanmor  (7.12)
UMeeT BUJI:
u;;zk—l,i,j)(xl’xz’x;nk -0)=0, (7.13)

i=1,2,.,N,, j=12,..,N,.

VYenosus (7.8)-(7.9), (7.11), (7.13) npeacraBu-
MbI B popme (7.1)-(7.2). Anroputm ¢Gopmupo-
BaHUsA MaTpull B, u B,j yKasaH B Ta0nunax 7.1
U 7.2 COOTBETCTBEHHO.

Bektopnl g, 8/, k=2,...,n, -1 u g, g,

3a1ar0TCA HYJICBBIMHU, T.C.

g,;:O, g;:O, k:2,...,nk—1;
g =0, g, =0. (1.14)
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8. POPMHUPOBAHUE PA3PEIIAIOIIEN
MHOTI'OTOYEYHOM KPAEBOU
3AJAYA

Urak, cormacHo (6.1)-(6.3) KOHTHHYanbHOU TO-
CTaHOBKE COOTBETCTBYET JIMCKPETHO-
KOHTUHYQJIbHAsl TIOCTAHOBKA B BHJE CHCTEM
OOBIKHOBEHHBIX U (DepeHINaTbHBIX YPaBHCHU:

—
Uy =v;
_’ _ — iy p— —
Ky =K, u, + Ky v —sug,

k=1,..,n, -1, (8.1)

kuu

rIe § — HCKOMOE COOCTBEHHOE 3HAuUCHHUC,
u, =u,(x;) — ucKomasi coOCTBEHHas (PYHKIIMS

Ha nogobmactu Q,, k=1,..,n, —1;

~ ~ %

=K K, =K (8.2)

kuv kuv - kvu > kvu kuv *

Cuctemsl (8.1) MoryT OBbITH 3amMcaHbl HHAYE B
6onee ynooHoi popme

u, | 0 E U |
‘7]; B Kk_,iv(Kk,uu _SE) Kk_,ika,uv ‘_)k

0
_|:K_1E :|, kzl,...,l’lk—l,
ku

kvv

(8.3)

rie E — eauHWYHas MaTpulla COOTBETCTBYIO-
IETO MOPsIIKA.
BBons o0o3HaueHus

. 0 E 7]
ko Kk_,\l/v(Kk,uu _SE) Kk_,lvak,uv ’
U =0,U,. (8.4)

U paccMmatpuBasi cooTHoureHus (8.3) coBMECTHO
¢ rpannyHbIMu ycnoBusiMu (7.1)-(7.2), 3akito-
YaeM, 4YTO pacyeT KOHCTPYKIMH B paMKax
JAKMKD cBoauTtcs k pemieHnto Habopa MHOTO-
TOYECYHBIX KPaeBBIX 3a7ad g cucteM 6N, N,

OOBIKHOBEHHBIX Au(PEepeHInanbHbIX YypaBHe-
HUU [IEPBOTO MOPsJIKA:
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Tabruya 7.1. Aneopumm 3anonnenus mampuysl B, npu 3a0anuu wapHupHo2o 3axpenneHus

8 2PAHUYHOU MOUKe (6apuanmol 2paHudHou mouxu I, 2).

Ne Homepa 3HaueHue OKBUBAJICHTHOE
n/n 3aI0JIHAEMBIX DJIEMEHTOB DJIEMEHTA VYcnosue
MaTpUI MaTpHIIbI
1| Gp-2,3p-2), p=1,2,...N\N, 1 u " (x2, +0)=0,
i=1,2,.,N,, j=12,..,N,
2| Gp-L3p-1, p=L2,.,N/N, 1 ul (x2, +0)=0,
i=1,2,.,N,, j=12,..,N,
3 (Bp.3p), p=12,.,NN, 1 ul D (x +0) =0,
i=1,2,.,N,, j=1,2,..,N,

IMpumeyanue: 1. [Ipu BapuaHTte 3 rpaHUYHOM TOUKK MaTpulia B, 3a1aeTcs HyJICBOA.

2. Bce aneMeHTBI MaTpHl] B, He yKa3aHHbIC B TAOJIMIIC PABHBI HYJTIO.

Tabnuya 7.2. Aneopumm sanonnenus mampuysl B, npu 3a0anuu wapnupnozo saxpennenus

8 2PAHUYHOU mouKe (8apuanmsi 2paHuyHol mouku 1, 3).

No Homepa 3HavyeHne DKBUBAJICHTHOE
H/H 3aIlIOJIHACMBIX 3JICMCHTOB 2JICMCHTA Ycnosue
ManI/IH ManI/IIII)I
1 (B(N,\N, +p)—2,3p-2), 1 u N (xy, —0) =0,
p=L2,..,NN, i=1,2,.,N,, j=1,2,..,N,
2 (B(N,N, +p)-L3p-1), 1 uy ™ (xy, —0) =0,
p=12,..,N\N, i=1,2,.,N,, j=1,2,..,N,
3 (3(N1N2 + p)a 3p): 1 u§k_l’i’j) (xé),k - 0) = 07
p=12,..,N/N, i=1,2,.,N,, j=1,2,..,N,

[Ipumeuanue: 1. [Ipu BapuanTe 2 rpaHUYHOM TOYKM MaTpuLa B, 3a7aeTcs HyJIEBOM.

2. Bce anemeHThl MaTpul B, He yKa3aHHbIE B TaOJIULIE PaBHBI HYJIIO.

Uk,(xz.) = Ak,sUk (x3), k=1,2,...,n, -1

Bl:ﬁk—l(xé),k _0)+B;Uk(x§,k +0)=g, +§k+9

k=2,..,n -1

BU(x;,+0)+B, U, ,(x;, —0)=g +g, .
(8.5)

9. Ob YUYETE YIIPYT'OIIOJATJINBBIX

MOJIATJIMBBIX OMOp JJIs i -TO y371a MOJCIN Ha
nopoGnactu Q,,

C, = diag{cl,k,i 5Co g io C3,k,i} . 9.1
['no6anbuas matpuna C. XapaKTEpUCTHK yTI-

PYTOIIONATIMBEIX ONOP BCEH AIEMEHTHOW MO-
Jenu Ha nogo6nactu €2, u Moau(UIMPOBaHHAS

onor MaTpuia Kod(pQUIMEHTOB pa3pemaroneii MHO-
rOTOYEYHOW KpaeBOH 3amaud  (HOPMUPYIOTCS
Hycrs C,; — MaTpuLa XapaKTepPUCTHK YIPYTO-  cyeaylomuM oOpa3oMm:
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Ck,l,l
Ck,z,l

Ck,Nl,l
Ck,l,z
Ck,z,z

0 E
A’f{K* (K, +CO) K 1?} ©-3)

kv k,uu kv

10. YYET TPAHUYHBIX YCJTOBHUI
BJ10JIb OCHOBHOI'O
HAITPABJIEHUS. 3AJAHUE
CTAHIAPTHBIX THIIOB
TPAHUYHBIX YCJIOBUI

OnuinemM BOMPOCH y4yeTa TPAaHUYHBIX YCIIOBHi
BJI0JIb OCHOBHOT'O HAIPABJICHHUS C MO3UILIMM yKa-
3aHHUS KOPPEKTUPOBOK, KOTOpBIE BHOCSTCS B
IIPUBEICHHYIO paHee NOCTaHOBKY (8.5). Omnuca-
Hue OyJleM BeCTH Ha MpUMepax ABYX MPOCTeH-
IUX TUIIOBBIX CIY4YaeB: LIAPHUPHOE 3aKperuie-
HUE ¥ CBOOOMHBIN Kkpait. [TycTs mist onpeneneH-
HOCTH Xy, <X; <Xy, -

Ce0600Hbi1i Kpail.
VimMeeM KOHTHHYaJbHBIE T'PAaHUYHBIC YCIOBHUS

(puc. 10.1):

[O'l(f)](i)(xz) : ll,i,j + [O-S)](i)(xz) : lZ,i,j =0; (10.1)
[05717(x) -1y, 10517 (x,) -, =0, (10.2)

rae [, =cos(v,;,x;) =cosq, ;;

l,,;=cos(v,;,x,)=sine, ;; (10.3)

ij?

Li,j

v, . — BHEIIHSS] HOpMaib K TpaHune /', mpoxo-

i,j
e gcpe3 COOTBCTCTBYIOILIYHO T'paHb pac-
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;(9.2)

Ck,Nl,Z
Ck,1,N2

Ck,z,zv2

Ck,Nl,NZ i

cmarpusaemoro JIKKD; v, . n v, — coorBet-
CTBYIOIUE COCTABJISIONINE STOM HOpManu; [
[

JIaHHBIN TUII TPaHUYHBIX YCJIOBHM BIOJb OC-
HOBHOT'O HANpaBJICHUS SBISETCS MPOCTEHIINM C
TOYKH 3PCHHS y4eTa, a UMEHHO, HUKAKUX MO-
mubukanuidi B MOCTaHOBKY (9.5) BHOCUTH He
TpeOyeTCs, TaKue TPaHWYIHBIC YCIOBUS BIOJH
OCHOBHOTO HAIlpaBJIeHUs OyIyT YYTECHBI aBTO-
MAaTHYECKH.

Li,j >

20 HaIpaBJIAOIINC KOCUHYChl HOpMaJIn Vi,j .

Llapnupnoe 3axpenienue.

KOHTHHyaNlbHbIE TPaHUYHbIE YCIIOBUS, BO BCEX
COOTBETCTBYIOIIMX TOYKAX TIPaHHIbI (T.€. BO
BCEX y31max (x;7,x57) JIACKPETHO-
KOHTUHYalbHOW  MOJEIM  TAaKHX,  YTO
(x/,x}’)e "), O4YEBHMAHO, 3AMHUCHIBAIOTCA B

clIeayromeM BUAC:

u ™ (6) =05 uf(x,)=0;
kii.j b b
ug™ (x,) =0, Xyp SX3 <X, (10.4)

B nannom ciydae BMecto (9.5) cmemyer wuc-
MOJIb30BaTh MMOCTAHOBKY

(71;()63) = ZkAk,sUk (x3), k=1,2,..,n, -1
BU, (x5, —0)+BU, (x5, +0) =g, +g,,

k=2,..,n, -1
Bra(x;’,l +0) +Bn_k(7nk—l (‘xé?,nk _0) = §1+ +§”—k b
(10.5)
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0 -
X T
itl,Jj
Y e \
i,J oy
.\‘2' U.-g..]. 1
I
i+l vV, I
/4 J i+ A '
T ' AV
i
i+l j+1
X
I

Puc. 10.1. K 3a0anuto epanuunsix yciosuil Ha c60000HOM Kpae.

rae y, — Marpuna 6N,N,-ro nopsaxa, sie-
MEHTBI KOTOPOM OMPENENSAI0TCS MO CAEAYIoIei
bopmyne (Hwxke (i,j) — HOMEpa YMOMSHYTHIX
BBIIIIE Y3JIOB):

(% )p»q = 517#1 o 517,3/\/1 (-D+3G-D+1
- §p,3N|(j—l)+3(i—l)+2 - 5p,3N1 (j-D+3(i-1)+3> (10-6)
i=1,2,..,6N,N,, j=1,2,..,6N,N,.

N3 coobpakeHUil COBMECTHOCTH HEU3BECTHBIX
MIpH 33JaHUH TPAHUYHBIX YCIOBUI B CEUCHMUSIX,
MONEPEYHBIX MO OTHOILIEHHUIO K OCHOBHOMY Ha-
MIPaBJICHUIO, TEPEMEIICHHUS COOTBETCTBYIOIINX
y3JI0B CJIEIyET 3aJaTh HYJIEBBIMU, T.€.

ki, kij) (b .
( lj)(x3k) u( ’/)(x3’k+1):()’

e ki) b .
11)()‘31{) “( l])(x3,k+1)203

”gk’lj]) (x3,k) = uy" (xf,kﬂ) =0. (10.7)
11. IEPEXO/I K HABOPY
MHOI'OTOYEYHBIX KPAEBBIX
3AJ1AY C BJIOYHO-
JUATOHAJIBHBIMHA MATPUIIAMMU
KO23®PUIIUEHTOB
Marpuusl ko3 duimentos 4, , k=1,...,n, —1

MOXHO TIIPUBECTH K 6HO‘IHO-,I[I/IaFOHaHBHOMy
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BUJly, BBIIOJHUB CIEAYIOUIYIO II€PECTAHOBKY
HEU3BECTHBIX:

U(x)) = Ul(xy), (11.1)
rac
=U U, (x,)=
_ [ (—(k 1, 1)) (—(k,l,l) )T (—(k 2, l))
—(k 2, 1)) (—(k,Nl,l)) (—(k,Nl,l) )T
) (u(kIZ)) (—(k12)) —(k22))

—(k 2, 2)) (—(k NI,Z)) (v (k, N1,2))T
—(k,l,N ) —(k,LLN,) — (k,2,N)N\T
! (vn N )

(‘7(1"2’]\/2) )T

n

( (k,Ny, Nz)) (_(kNlaNz))T ]T_
(11.2)

Torma npeoOpa3oBaHHbI HAOOP MHOTOTOYCUHBIX
KpaeBbIX 3a7a4 UMEET BUL:

U.(x)=4,.0,(x), k=1,2,..,n, —1
U (e, —0)+B/U, (x5, +0) =8, +8/,
k=2,..,n -1
§1+171 (xéj,l +0) +§n_k ljn/(—l (x;nk -0)= §1+ +§n_/ 5
(11.3)

rac
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Tabnuya 11.1. Ancopumm 3anonnenus mampuybl nepecmanosox 1.

Ne Howmepa 3anonnsembix anemMeHToB MaT- | 3Hauenue DKBUBAJICHTHOE
/n puII >IeMeHTa yCIIOBHE
MaTpPHIIEI
L. (6p-53p-2), p=12,..,6N N, 1 TepecTaHOBKa 3J1eMEHTOB u' ™/,
i=1,2,..,N,,
j=12,..,N,
2. (6p-43p-1), p=1,2,..,6N,N, 1 TIepPECTaHOBKA IIEMEHTOB 1"/,
i=1,2,..,N,,
=12, N,
3. (6p-3,3p), p=12,..,6N\N, 1 TIepecTaHoBKa JIeMeHTOB 1"/,
i=1,2,..,N,,
j=1,2,.., N,
4. (6p-2,3(N,\N, + p)-2), 1 TepecTaHOBKa d1IeMeHTOB v\ "),
p=1,2,..,6N,N, i=1,2,.., N,
=12, N,
5. (6p—L3(N,N, +p)-1), 1 TepecTaHOBKA SIEMEHTOB Vi),
p=12,..,6N,N, i=1,2,..,N,,
=12, N,
6. (6p,3(N\N, +p)), p=12,..,6NN, 1 TIEPECTAHOBKA DIIEMEHTOB Vi),
i=1,2,.., N,
j=1,2,.,N,

IIpumeuanue: Bee anemeHTs! MaTpusl /. HE yKa3aHHBIE B TAOIHIE PaBHBI HYIIIO.

~

Ak,s :ICT;Ak,s]Ga ﬁk(x3):[g(7k(x3)7 (11.4)
k=1,..,n, -1

B, =I1!B1,, B =ILB/I_,

g =158, & =18, k=2,..,n, 1

(11.5)

= ~_(11.6)
:Iggl > gnk :Iégnk’

B =1I1'B'I,, = Jgé,; I,

Bnk
~+
&

I. — marpuia mepecTaHOBOK, 3JIEMEHTHI KOTO-
poii onpenensiroTcs mo Tadmure 11.1.
Marpunsl ko3dpdunuentos 4, k=1,...,n, —1

B cuctemax (11.3) mo aHajorum ¢ MaTpuIamMu
YKECTKOCTU B TPATUIIMOHHOM METOJIE KOHEUHBIX
AJIEMEHTOB ~ MMEIOT  OJIOYHO-AHArOHaJbHYIO

CTPYKTYpY.
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12. 0 KOPPEKTHOM
AHAJIMTUYECKOM PEIIEHUH
MHOTI'OTOUYEYHBIX KPAEBBIX
3AJAY 1JIS1 CHCTEM
OBBIKHOBEHHBIX
NTU®DPEPEHLIMAJIBHBIX
YPABHEHUI C KYCOYHO-
MOCTOSITHHBIMHU
KOS ®PPUITUEHTAMM.

KoppekTHoe aHanmuTH4YeCKoe pelIeHHe MHOTO-
TOYCUYHBIX KPAEBBIX 3aJ1ad ISl CUCTEM OOBIKHO-
BEeHHBIX nu(depeHnanbHbIX YpaBHEHUHN ¢ KY-
COYHO-TIOCTOSIHHBIMU K02(pPHUIIMEHTaMU TTPOU3-
BOJUTCS IO METOLY, OMMCAHHOMY B [1].

[Tocne onpeneneHus y3/10BBIX NMEpEeMEIICHUNA U

UX TPOM3BOJHBIX IO MEPEMEHHOM X3 1o (op-
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MynaMm (4.1)-(4.12) BeruucnsroTcst Aegopmarun
Y HaINpsDKEHUSI.

3AMEYAHUA
HccnenoBanuss npoBOIMWINCH B paMKax cle-
TYIOITUX padoT:
1. I'panr 3.1.7 Poccuiickoii akaneMuu apxu-

TEKTYpbl U CTPOUTEIbHBIX Hayk «Pa3pabot-
Ka, MCCIIEZIOBaHNE U BepU(PUKALIUSA KOPPEKT-
HBIX YHCJIEHHBIX METOJIOB PEILIEHUS] T€OMET-
puuecKy, (PU3NUECKH U KOHCTPYKTHBHO He-
JTMHEHHBIX 3a7a4d ae(OpMHUpPOBAHUS, YCTOM-
YMBOCTU M 3aKPUTUYECKOIO MOBEICHMS TOH-
KOCTEHHBIX 000JI0YeUHO-CTEP>KHEBBIX KOH-
cTpykumin» Ha 2013-2015 rr.

I'pant 3.1.8 Poccuiickoil akaaeMuu apxu-
TEKTYpbl U CTPOUTENIbHBIX HayK «Pa3paboT-
Ka, MCCIIEZIOBAaHNE U BEPU(PHUKALIUSI KOPPEKT-
HBIX MHOTOYPOBHEBBIX YHMCIIEHHBIX U YHC-
JIEHHO-aHAJIUTUYECKUX METOOB JIOKATbHOTO
pacueTra CTPOUTEIbHBIX KOHCTPYKIHUI Ha OC-
HOBE KpaTHOMacITabHOTO BEHBJIET-
ananusza» Ha 2013-2015 rr.

HUP «Pa3paboTka, wucciaenoBaHue, IMpo-
IPaMMHO-AJITOPUTMHUYECKAs peanu3alys u
Bepu(UKAIMsI MHOTOYPOBHEBBIX METOJIOB
IIPOTHO3HOTO MaT€MaTH4eCKOr0 MOJIEIHUPO-
BaHMS COCTOSIHUSI U TEXHOTCHHOW Oe3orac-
HOCTH OTBETCTBEHHBIX OOBEKTOB U KOM-
IUIEKCOB ~ MEramojuca», BbIIOJNHSAEMAs B
pamMKax rocyIapcTBEHHOro 3anaHusi MuHu-
cTepcTBa 0Opa3oBaHus M Hayku Poccuiickoit
®denepanuy Ha OKazaHUE YCIYT (BBINOJIHE-
Hue pador) Ha 2013 rox.
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YUCJEHHAS PEAJIN3ALIAS JUCKPETHO-
KOHTHUHYAJIBHOI'O METOJA KOHEYHBIX JIEMEHTOB
JJISI ONPEAEJTEHUS COBCTBEHHBIX YUACTOT 1 ®OPM
KOJIEBAHUH KOHCTPYKIIUI C KYCOYHO-
NOCTOSAHHBIMU ®U3UKO-TEOMETPUUYECKUMU
IMAPAMETPAMHY 11O OCHOBHOMY HAITIPABJIEHUIO
YACTbD 3: YIPYTUE N30TPOIIHBIE TOHKHUE IIJIACTUHBI

ILL.A. Akumos, M.JI. Mo3zzaneea, B.H. Cudopoe

OI'BOY BIIO «MoCKOBCKHI TOCYAAPCTBEHHBIN CTPOUTENBHBIN YHUBEpCUTET», I. MockBa, POCCHUA

AHHOTAILMSA: Hacrosiiasi ctaThsi MOCBsIIEHA YUCIEHHON peanu3alui JUCKPETHO-KOHTUHYaIILHOTO METO/1a
KOHCUYHBIX JIEMEHTOB JIJIS OIPEICICHUsI COOCTBEHHBIX YacTOT U (JOPM KOJICOAHUH YIPYTUX U30TPOIHBIX TOHKHX
IUTACTHH C KYyCOYHO-TIOCTOSIHHBIMU (PH3UKO-TE€OMETPUYCCKIMU TTapaMeTPaMy 110 OCHOBHOMY HAaIpaBJICHHIO.

KaroueBble ciioBa: HI/ICKPGTHO-KOHTI/IHyaJII)HHﬁ METOA KOHCYHBIX 3JICMCHTOB, YUCJICHHAA pCaJiu3alus,
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BBEJIEHHUE

[IpoGnema onpenenennss COOCTBEHHBIX YacTOT U
dbopM KomebGaHUN TMIACTHHBI C  KyCOYHO-
IIOCTOAHHBIMHN Q)HSI/IKO-FGOMGTPI/I‘IGCKHMI/I napa-
MeTpamMH (XapaKTEepUCTHKAMH) TO OAHOMY U3
HaHpaBJ'ICHI/Iﬁ MOXET OBITH pcuicHa B aHAJIWTH-
yeckoi ¢dopMe BAOJNb TAHHOTO HAIpaBICHUS
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(puc. 0.1). ImenHo 3Ta uzues M peajM3oBaHa B
pa3pabOTaHHOM JAUCKPETHO-KOHTHHYAJILHOM Me-
Tole KOHeuHbIX aneMeHToB (JIKMKD) [7-12].
Merton sBIsieTCsl IUCKPETHO-KOHTHHYAIIbHBIM B
TOM CMBICJIC, YTO IO BBIACIIEMOMY HaIlpaBiIe-
HUIO KyCOYHOTO TMOCTOSIHCTBA MapaMmeTpoB (oc-
HOBHOE HaIpaBJICHHE) COXPAHIETCS KOHTHHY-
albHBIA  XapakTep 3aJaud U COOTBETCTBEHHO
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aHaJIMTHYeCKast (hopMa MoTydaeMoro pemieHus, B
TO BpeMs Kak IO JPyTUM HaIlpaBICHUSIM MPOU3-
BOJUTCSA JHUCKPETU3AIMA C HCIOJIb30BaHUEM
CTaHJAPTHOW TEXHUKU METOAA KOHEYHBIX »HJie-
MeHToB (MKD). Takum oOpa3om, moctpoeHue
ITOPUTMOB PEIICHUSI OCYILECTBIIETCS 32 CUET
Pa3syMHOI0 COYETaHUS YUCICHHBIX U aHAIUTHYEC-
CKUX TIOAXOJOB. AHATUTHUYHOCTH MOIYYaeMbIX
IIPU 3TOM PELICHUH CYIECTBEHHO CIIOCOOCTBYET
yIYUIICHHIO Ka4eCTBa HMCCIICIOBAaHHS paccMar-
puBaeMbIX 00BEKTOB. HaiineHHas ¢ MOMOIIbIO
JKMKD kaptuHa HampsbkeHHO-AehopMupo-
BanHoro cocrosHus (HJIC) pa3BuBaer uHTYH-
IIUI0 pacyeTynKa M TOHWMaHWEe paboThl KOHCT-
PYKIMIA, XapakTepa BIWSHUS HA HUX Pa3HOTO
pola JOKaJbHBIX U IJIOOAIbHBIX (AKTOPOB.
JAKMKD ocobeHHO 3¢ deKkTrBeH B 30HaX Kpae-
BOoro 3¢dekra, Tam, TAC YaCTh COCTABIISIONINX
pelIeHusl TpeacTaBisieT co0oil  ObICTpoU3Me-
Hstomuecs (QyHKIUH, CKOPOCTh M3MEHEHUs KO-
TOPBIX HE BCET/Ia MOXKET OBITh a/ICKBAaTHO y4TEHA
TPaJAUIIMOHHBIMHA YHCIICHHBIMU MeTonamu. [Ipe-
nmymectBamu JIKMKD Ttakke sBIAOTCS NOHU-
KEHUE Pa3MEPHOCTH TPH YHCICHHOM pPEIICHUH U
OTCYTCTBHE TMPAKTUYECKHX OTrpaHHYCHH Ha
JUTHHY OOBEKTOB 110 OCHOBHOMY HAIPaBJICHHIO.

1. JMCKPETHO-KOHTUHYAJIbHAS
AIIITPOKCUMUPYIOIIASI MOJIEJIb
KOHCTPYKIIMU. JUCKPETHO-
KOHTHUHYAJIbHBIY KOHEYHBIN
3JIEMEHT (JIKKD)

I[J'If{ IOCTAaHOBKH U PCUICHUSA paCCMaT'pHBaeMOﬁ

3a1aud  KakJas ~ MCXOomHas  IMojo0JacTh
Q,, k=1,..,n,—1 oxalimaseTcd COOTBETCT-
Bylollell pacmmpeHHod  o,, k=1,..,n, -1

[13]. IIpunumaerca craenyrowmas IUCKPETHO-
KOHTUHYaJIbHASI MOJICJIb: TI0 OCHOBHOMY Harpas-
aenuto (Booib ocu Ox,) peliaeTcss KOHTHHY-

aJlbHas 3aja4a, a 1o Apyromy (Broib ocu Ox, )

MIPOM3BOJIUTCS KOHEYHOIJIEMEHTHAS aIpOKCH-
Marysi, IpUYeM CxXema pa30HeHus: Ha TUCKpPET-
HO-KOHTHHYaJIbHBIC 3J€MEHTHI OJHHAKOBA JIJIS
Bcex mopobmacret w,, k=1,..,n, —1) (puc.
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1.1, 1.2). Cnenyer OTMETUTbH, YTO KaxKJas IoO-
no0snacth @, pa3buBaeTcs Ha JUCKPETHO-

KOHTHHYaJbHbIe KOHEUHBbIe deMeHThl (JIKKD)
o, k=1,.,n,-1, i=1,2,..,N-1:

N
o, =, (1.1)
i1
@, ={(x,,x,,x;): 0<x, </, (12)
xs,k<x2<x§,k+1’ 0<x; <A}
@ ={(x, X, X)) 0 X, Sx <X, (13)
xg,k<x2<x§,k+1= 0<x, <A}
Xy =X, +h, i=1,2,.,N-1; (1.4)

po=] Dm0 TSN G N, (1s)

0, i=N
rne [, [, — pa3mepsl NPUHATOW CETKH DJIEMEH-
TOB, ANIPOKCHUMUPYIOIUX IUIUTY COOTBETCT-
BEHHO IO HampasiaeHuaAM oced Ox; m Ox,,
npu4eM

(1.6)

(x;,%,), i=1,2,.., N — KOOpIMHATBI y3I0B
CEeTKH I0 HEOCHOBHOMY HAampaBlieHWI0; N —
KOJIMYECTBO Y3JIOB M0 HEOCHOBHOMY HarpaBJie-
HUIO; /i, — IIAaru CeTKU (pa3Mepsl IIEMEHTOB I10

HEOCHOBHOMY HAIPABIICHUIO).

OmnpenensieM  XapaKTEPUCTUUECKYIO  (DYHKIIUIO
JICKPETHO-KOHTHHYJILHOTO KOHEYHOTO 3JICMEH-
Ta @, W TODJIEMEHTHbIE (DYHKIMH, XapaKTepH-

3yromue CBOIMCTBa MaTepHrajia KOHCTPYKIUHA:

1, w,. cQ

9 = s ki k (1 7)
ki .
0, o, zQ,.
Paccmorpum mpowusBosibHBIN  (k,i) - 3JI€MEHT

mozaenu (puc. 1.2). IlepexoguM OT HCXOMHOM
CUCTEMBI KOOpJUHAT K 3JIEMEHTHOM:
(x,,x,) = (i,t,x,), T.c. BBIIOJHIEM JIOKAJIbHYIO

3aMeHy NePEMEHHBIX BHYTPH AJIEMEHTA.
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XX Xoi Xyin XN

(k.1)-11 OucKpemHo-KOHMUHY anb bl

KOHEUHBIT 38 MeH N (Dk i

FANpN I N 777 I

Puc 1.1. Cxema ouckpemuzayuu KOHCMpPYKYUu.

1

Puc. 1.2. Tunosoii Ouckpemuno-KoOHMuHYanbHblil KOHEUHbIU TeMEHM.

3nech ¢ — TOKaJIbHAs KOOPAMHATA, BBEICHHAS 10 B KauecTBe OCHOBHBIX HEHM3BECTHBIX B Y3Iax
k .

nanpasnennio ocn Ox; u cBsisannas ¢ JIKKD: npunaMatotes gyuxumn ' (x,,x,), j =1,2,3,4

u 2" (x,,x,), j =1,23,4, 1.e. s i-ro y3ma 510

t=(x, —xu)/h[; te[0,1], x, €[x,;,x,;,,]1.(1.6) FR— y(k’[)(x ) j=1.2.3.4 .
j 2/ T Ay &9y

z{"(x,), j=1,2,3,4. COOTBETCTBEHHO BEKTOP

2. AHHPOKCUI/IMAHI/IH HEUWU3BECTHbBIX HEU3BECTHBIX UMEET BUIL:
OYHKIINU
gk ?(k,i)(xz) - y](k,i) Z](k,i)

Brenem B paccmotpenue GpyHKIuu i) (ki) (ki) (ki) (ki) (ki) AT (2.2)
Y Z, V3 Z3 Y z, "]

z20(x, x,) =0,y (%, x,), j=1,2,3,4. (2.1) i
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Y(k,i) _ _(k,i) _
0 (x%? " ) wir . (23)

=[ () ) GENT I GENHTT

rae

=Y () = [y 20T, j=1,2,3,4.

(2.4)

BGKTOp HCHU3BCCTHBIX BO BCEX Yy3JIaX 3JICMCHTA
HUMECT BU:

FED =750 (x,) =
=[N G FNDT GEDTT

(2.5)
rae
P =58 ) =[N GO, (2.6)

j=12,3,4.
k)

Bynewm nonarats, uro mosst y;, j= 1,2,3,4 o

«ToTNepeyHOoMY» (TI0 OTHOIIEHHIO K OCHOBHOMY
HamnpaBiieHuto) ceuennio JIKKD anmpokcumu-
pYIOTCSI KyOMYECKHMMH TOJIWHOMAaMH. 31eCh
MOXXHO TPOBECTU MPSIMYIO aHAJIOTHUIO C (YyHK-
nusMu (pOpMbI, KOTOPBIE HCIIONB3YIOTCS B CTaH-
naptHoM MKD nipu pelieHnn 3aiad, CBA3aHHBIX
C morepeuHbiM m3rubom Oanok bepuymmm [6,
14]. BpINOJHUM CXOXKYIO0 MPOUEAYPY MOCTpOE-
Hus hopmy anmpokcumanuu. Mmeewm:

*) *) _ _

Vi =Y; (xlvxz)_yj (t,x,) =
_ (kD) (k) (ki) 42 (ki) 43
=a; "t trat a0, (2.7)

Jj=1,2,3,4, (x,x,) €,
WA

W =t"a®, j=1,2,3,4, (x,x,)ean,, (2.8)
—(k,i) __ [ajkll) aﬁkzl) 51{31) (kz)]

t=[1¢t ¢ 7. 29)
), j=1,2,3,4

€CTECTBEHHBIM 00pa3oM moiydaroTcs u3 Qop-
Mya (2.7)-(2.8) mytem ux nuddepeHIpoBaHus:

Trac a

Boipaxkenuss g pyHkuuit z
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0 1
(k)(xlaxz)_gy(k)( 1ax2)_h_a_ k)(’ x,) =
1

[a('”) +2a 14301,

i

_] :17 273349 (x1’x2) € a)k,i'
(2.10)

I/ITaK, OYCBUAHO, YTO UMCIOT MECTO CIICAYIOIIUC
COOTHOIICHUA:

W =catt, j=123,4, (2.11)
1 0 0 0
~ |0 1/h, 0 0
rie C,=CC; C = 0 0 1 0 ;
0 0
1 0 0 0
01 0 0
=l 12
01 2 3

O6pamas marpuity C,, TOIyYnM:

1 0 0 0
-1 _ —1.~-1., -1 _ 0 1 0 0
e O N
2 1 -2 1
1 0 0 0
v lo n 0o o0
C'=ly o 1 ol @B
0 O 0 &

CrnenoBatenbHO, ONpenesieM

y(k)_tTC y(kl)’ J=12,3,4, (x,x,) €0,

(2.14)
HNIJIN UHA4YC
W = N ()", j=1,2,3,4,
Y Oy;", (x,x,) € @y,
(2.15)
rne N,=N,(1)=i"C;'=[N,, N, N, N,]
(2.16)
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— MaTpunia QyHKUUH (HOPMBI (IIOTEPEUHBIX))
o ceyennto JIKKD ¢ snementamu

N, (1) =13 +2¢%;
N, () =3 -2

N, () =k =2t +1);
N, () = h(=> +£*) . (2.17)

Wrak, nomyunnu oOXuJaeMblii O4YEBUIHBIA pe-
3yabpTaT. Marpura (2.16), B CBOO ouepeip, mocie
nepeo003HaueHNH TaKKe MPEACTaBUMA B BUJIE:

N.(t)=t"N’, tne N’'=C'. (2.18)

3. AIIPOKCUMALUA YACTHBIX
IMPOU3BOJHBIX OT HCKOMbBIX
OYHKIIUHN

BripaskeHus 171 4aCTHBIX MPOW3BOIHBIX OT He-
M3BECTHBIX (PYHKIMH MO TEPEMEHHBIM X, U X,
3aMUCBHIBAIOTCS  CIEAYIONIMM o0Opa3oM (HUXKe
(x,x,) € a)k,i):

— YaCTHBIE IPOU3BOHBIC IIEPBOIO MOPSAKA

1 y
1y,k)(x1ax2) = Z(k)(xlaxz) _h_N (t)y;k )(xz)

Jj=12,3,4,
(3.1)
2y k)(xlaxz) N, (t)azy('k’i)(xz):
/ / (3.2)

=N,y (x,), j=1,2,3,4;

— YaCTHBIC IPOU3BOJHBIC BTOPOT'O IMOPAIKA

1 n i
01y (51,3, = NIy (x,),

i

(3.3)
Jj=12,3,4;
5152){5“ (x,x,) = 6225‘“ (x1,x,) = 252 (x,%,) =

1 ' i 1 N
=h—Nl-(l‘)82y§.k’)(x2)— n N] (t)J’;k )(xz)

J=12,3;
(3.4)

(k)(xlsz) N, (t)azyjkl)(xz) = (3.5)
=N,y (), j=12;

Jj+2
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— YaCTHBIC MMPOU3BOAHBIC TPETHECI'O MOPAAKA

N%W?W%Lj=hll%

i

(k)
lyj (xlﬁxz)_ h

(3.6)
61262)/;/{) (x),x,) = 815225./‘) (x),x,) =

| i
=0 Zﬁli)l(xlaxz) h_N(t)azy(k )(xz): (3.7)

1 " i .
=;M@ﬁ?%%1ﬂ£&

1

0 azyjk> (x,%,) = Gézﬁk) (x,x,) =

(k)

1 ' i
=250, %) = P — N2y (x,) = (3.8)

i

1 J
=h—N(t)yﬁk ) (x,), =12

1

(k)(xl,xz) N(t)azy,kl)(xz):

=N,y (x), j=1, G2

rac
! d ! ! ! !
N(t)—zN(t)_[Nl sz N13 N14] (3 10)
dZ
N"(t)——N(f)_[N N, N Nl
(3.11)
d3
N"(f)——N(f)—[N"' N N5 NG
(3.12)

[IpousBogubie OT MaTpuilbl (QyHKIHH (GOpMbI

(2.16) Haxomarcs auQQepeHIMPOBAHUEM ee

anemeHToB (2.17), T.€.

N (t)=6t(t-1);
N2 () =61(1-1);

N, (1) =h,(1-4t+31%);
N;,4(t) =hit(3t-2);
Ni'fl (H)y=62t-1); N,.’fz (t)=2h.(3t-2);
Nl.’f3(t) =6(1-21); Nl.'f4(t) =2h,(3t-1); (3.14)
Ni(0)=12; N, (£)=6h; N\(6)=-12
M':’4(t) =6h; .

(3.13)

(3.15)

O4YeBUIHO, YTO COOTBETCTBYIOIIWE Y3JIOBBIC
(YHKIUU ONPENENSIOTCS C YY4ETOM COOTBETCT-
BYIOIINX OTIEpaIluii OCPEeTHEHUS 10 GopmyJiam,
SBIISAIOIIMMCS YacTHBIMH ciydasmu (3.1)-(3.9):
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1

— YaCTHBIC NPOU3BOJHBIC IICPBOI'0 IMMOPAAKaA [a azy (k) ](l) _ %
’ ek,i—l + gk,i
[0,511% = 29 (x,), [0, | o |
i— " (k,i-1) ki " —(k,i)
1=1 2,.,N, j=1,2,3,4; (3.16) h'—1 N; 1(1)yj+1 (x2)+h7Ni(0)yj+l (x2) |
(k)1 (ki) . . .
[62yj ] _yj+1 (xz)a (317) _25---aN_17 ]_15233a
i=1,2,.,N, j=1,23; (3.26)

— YaCTHBIC IIPOU3BOJHBIC BTOPOT'O IMOPSAIKa

0 "
(070,717 = h";‘N(O)y,+l‘)(x2) J=12,3;

1

1 (3.27)
2 (k)16) _ 0
[alyj ] B Gk i1 +0k,- * [alaZy]k)](N) % (l)y;ﬁlN 1)(x2)’
> > N-1
Hk o 0 i=1,2,3;
i— N” 1 (kzl)x I k'N"O D) (5 , J s Ly D,
B LMy (x) i 0)y;" (x,) (3.28)
=2, N-1, j=1,2,3,4; [0,050°1" =21, i=1,2,..,N, j=12;
(3.18) (3.29)
) (k)1 — (ki) o -
[82 (k)](l) hk2,1 Nlu(o))—};k,l)(xz)’ j=1,2,3,4; [0 zyj "=y, i=L2,.,N, j=1. (3.30)
1
(3.19) PaccmoTpuM BaKHBIE YacTHBIE CIydau BbILIC-
[ zy(k)](N) Hk,N 1 (l)y(kN 1) (x ) MMPUBCICHHBIX (I)OpMyJ_I. O“ICBI/II[HO, 4qTO C€CJIHU
17 hzzv_l 7 (3200 6,,,=6,,=1,i=23,.,N-1, T0 BMECTO
j=12,3,4; dopmyn (3.18), (3.23) u (3.26) Oynem cooTBeT-
K10 = ki) CTBCHHO UMCTh:
(00,7717 =21 - (3.21)
i=1L2,.,N, j=1,2,3; |
i i 2 00 — L
[aiy;k)]() —yﬁﬁz), (3.22) [alyf ] ZX
i=1,2,.,N, j=12;

— YaCTHBIC IPOU3BOJHBIC TPECTHEI'O TOPSAAKA

1 " — (k,i- 1 " )i
Ll N7 (Dt 1)(x2)+h N{(0)y " )(xz):|
i-1

1

=2,.,N—-1, j=1,2,3,4;
Y910 = L 1 (3.31)
i + 0, [813y§k)]“) = EX
9’“‘N’" (Hy* 0 (x )+9’“ N0)77 (x,) 1
By & Yn Yil) { N (Dp§ 1)(x2)+ N ”(O)y“”)(xz)}
=2,.,N-1, j=1,2.3,4; b, h}
(3.23) =2,..,N—1, J=1,2,3,;1;32
[67y" 1" =HL§N1”’(O)y§kJ>(x2), i=1,2,3,4; e e ] (332
h ‘ [010,¥; 1" ZEX
(3.24)
o 1 " (k,i=1) " (ki)
[67y1™) = }’;;N‘l Ny (D3 (xy), (3.25) { 0 Ny () +— = Y 1(0)y ;4 (xz)}
v j:1,2,3,4; 122,...,N—1, j:1,2,3.
(3.33)
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N -1

Wy i

B caysae 6,,,=0,0,,=1,i=273,..,

(IMCKPETHO-KOHTUHYAJIbHBIA  3JIEMEHT

aNMpPOKCUMHUPYET «ITyCTOTY»), TO BMecTO (op-
My (3.18), (3.23) u (3.26) nonyuum:

i 1 " —(k,i
[01y{717 =— NJ(0)y"" (x,),

I (3.34)
i=2,.,N-1, j=1,2,3,4;
. 1 .
3_.(k)qG) _ "y —(k,i)
[alyj ] _h_;Ni(O)yj (x2)7 (335)
i=2,..,.N-1, j=1,2,3,4;
626 (k) (l) N” O (k,i)
Ieh ] h, ( )y]+1 (x,), (3.36)
=2, ,N—-1, j=1,2,3.
B caywae 6,,,=16,,=0,i=23,.,N-1

(TMCKPETHO-KOHTUHYAJIbHBIM JJIEMEHT ), ; all-

MIPOKCHUMHPYET «IIYCTOTY»), TO BMECTO (hopmyn
(3.18), (3.23) u (3.26) OyneM uMeTh:

[0y = 5P (),
7 (3.37)
i=2,..N-1, j=12,3,4;
1
83070 — N™ (1)5 %D
[0175"] hf_l Ay 5 g
25 N_L j:1527374;
(k) (l) (k,i-1)
[al az)’, ] i_l (1))’, (XZ )’ (339)

=2,.,N-1, j=12,3.

Ecmu 6, , =1 (aucKpeTHO-KOHTHUHYaIbHBIN 3J1€-

MEHT @, , AalIpPOKCUMHUPYET «IIyCTOTY»), TO

BmecTo (3.19), (3.24) u (3.27) noxyuum:

21" =0, (011" =0,

3.40
[070,y" 1V =0, j=12,3,4. (3.40)

Eciu 60, ,, =1 (AMCKPETHO-KOHTHHYAJIbHBIH

3JIEMEHT @) \_; ANIPOKCUMHUPYET «IIYCTOTY»),
To BMecTO (3.20), (3.25) u (3.28) Oynem UMeTh:
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0771 =0, [07y"1™ =0,

3.41
[070,y1 =0, j=1,2,3,4. (3.41)

4. AIMTIPOKCUMA LA U3I'NBAIOIIINX
MOMEHTOB, IIOITEPEYHbIX CHJI,
KPYTAIINX MOMEHTOB U
INPUBEJEHHBIX ITOIIEPEYHbBIX CHUJI

[Tocne onpenenenus (3.1)-(3.9) BeipaxkeHus st
U3ru0aroNIMX MOMEHTOB Ha 3JICMEHTE Ha OCHO-
B€ M3BECTHBIX COOTHONICHHUH 3aIlMCHIBAIOTCSI
CJIeYIOUIMM 00pa3oM:

M (x,,x,) =

=-D,, [612y1(k) (x,%,) + Vk,i(a;yl(k) (x,,x,)]=(4.1)
=-D,, [612y1(k) (x,%,) + Vk,iygk) (x,%,)];
Mék)(xl,xz) =

=-D,, [Vk,ialzyl(k>(xl ,Xy) + agyl(k) (x),%,)]=(4.2)
= _Dk,i[Vk,ialzyl(k)(xlaxz) +y§k) (x;,x,)],

rae D,; u v, — COOTBETCTBEHHO 3HAUCHHE LU~

JUHIPUYECKOM JKECTKOCTH W KoddduimeHTa
[Tyaccona Ha IUCKPETHO-KOHTHHYaJIbHOM KO-
HEYHOM 3JIEMEHTE @), ;.

[Tonepeunsle CHIIBI, B CBOIO OYepeb, BBIUYHC-
JSOTCS 10 (hopMyTiam:

(k)(xl’xz)_

:_Dlm[a1y1k)(xlvxz)"'882 fk)(xwxz)]: (4.3)
:_Dk,[a1y1k)(xlaxz)+Z3k)(x1axz)]

0" (xy,x,) =

==D, [0,07 y" (x;,%,) + 0}y (x,,x,)] =

:_Dkz[alyzk)(xlﬂxz) + yz(tk)(xhxz)]'

(4.4)

KpyTsimuit MOMEHT onpenensercs: BeIpaKeHUeM

H(k)(xpxz) :Ml(éc)(xlaxz) :Mélf)(x1’x2) =
= _Dk,i (I-v)o, azyl(k) (x,x,) =
= _Dk,i (1 _V)alyzk) (x,x,).

4.5)

International Journal for Computational Civil and Structural Engineering



UucneHHas peanu3anysi JUCKPETHO-KOHTHHYJIBHOTO METO/1a KOHEYHBIX 3JIEMEHTOB IS OTIPE/IeNICHNs] COOCTBEHHBIX
4acToT U HOPM KOoJIeOaHUH KOHCTPYKIUH ¢ KyCOYHO-TIOCTOSIHHBIMH (PU3UKO-TEOMETPUIECKUMH TIapaMeTpaMu
110 OCHOBHOMY HampasieHuto. YacTs 3: Yrpyrue n3oTpornHble TOHKHE IIaCTHHBI

[IpuBeneHHBIE TOINEpPEUHBbIE CHJIBI, 4acTO HC-
MOJIb3yEMBIE TIPH 33JJaHUU I'PAHUYHBIX YCIOBUH,
BBIUUCIIAIOTCS IO POPMYyIaMm:

V(k) (x,,x,)=
= _Dkl[a1y1k) (x,x,)+(2 _Vk,i)ﬁlagyl(k)(xl ,X,)]=
=-D,, [61 1(k) (X, %) +(2— Vii )Z§k) (%)

(4.6)
Vz(k)(xlaxz) =
=-D; [(Z_sz)a 62 fk)(xlax2)+a3 fk)(xlaxz)]:
= Dkz[(2 sz)alyzk)(xlaxz)+y(k)(x17x2)]-

4.7)

[IpuBeneHHbIe K y371aM U3THOAIONINE MOMEHTHI
[MEND, [MP1, nonepeunsie cunet [,
[P, kpyTsmit moment [H™® 1" u npuse-
(k) 1)
Ay
OTIPENIeNIAIOTCS AHAJIOTUYHO YAaCTHBIM IPOU3-
BOJHBIX OT MUCKOMBIX (YHKIUN (CM. HOpPMYJIIbI

IIyHKTa 3) ¢ y4eTOM COOTBETCTBYIOIIUX OIlepa-
LU OCpETHEHUSI.

neHHble nonepeunsie cuibl [V %7,

5. HOCTPOEHUE MATPHIL
KECTKOCTH AKK3

OYHKIMOHAT DYHEPTrUU  KOHCTPYKIIMHA MOXKHO
MPEJICTaBUTh B BHJIE CyMMBbI (DYHKIIMOHAIIOB,
OTIPENICTICHHBIX Ha JUCKPETHO-KOHTHUHYAJIbHBIX
KOHEUYHbIX 3jeMeHTax. C y4yeToM BBIILIEU3NIO-
KEHHOT'O0 MOYKEM YCTaHOBUTH CIIEAYIOIIEE COOT-
BETCTBUE MEXJy KOHTHHYaJIbHBIMU OIEepaTopa-
MH, TIPEACTABJICHHBIMU B [2] U UX HUCKPETHO-
KOHTHUHYaJIbHBIMUA aHAJIOTaMU Ha JUCKPETHO-
KOHTUHYaJIbHOM KOHEYHOM 3JIEMEHTE:!

$a=6D = K/Efl; (5.1)

gk,z =
=—-[0;0,D,v, +20,6,D,(1-v,)0, +6,D,v,0;]
= K =Ko, + KO, + K5
(5.2)
S0 = _8129ka812 +6,c,

; ; (5.3)
= Kk,O = Kk,O,l

i
+ Kk,O,Z >
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1
rae K., =6,.D,h,, (N?)*[jz‘?dz}vf; (5.4)
0
0D vy (N
h

)*{ | f"t_Tdt}Nio . (5.5)

‘ 6.D (1-v ;
K}g;‘z:z ki k,l}f kz (NO D‘ Z)Tdf:|N0

0

@ _
Kk,2,1 -

i

(5.6)
‘ 0,.D, V., oo
Kl =——H () {I f(i ")Tdr}v?; (5.7)
0) ekz ki 0 nezn 0.
Kion=—p W (N;) It (") dt \N75 - (58)
i 0

1

K;f’%z = Ckzhkz(NO |: _[ft_Tdt}NiO; (5.9)

0

_ 0 0% _
t'=—t; t'"=—t; (5.10)
ot ot
Cy; — 3HAUCHHUC K03 dUILIMEeHTa, XapaKTepH3yIO-

mEero JKECTKOCTb OCHOBaHUA Ha AJUCKPCTHO-
KOHTUHYAJIbHOM KOHCYHOM 3JICMCHTC @, ; .

Boeruucnus unterpans B (5.4)-(5.9), nomyuum:

M _ gk,ka,ihi %
ot 420
156 22k, 54 —13h, S 11
| 22h 4mT 13k =3k (-1D)
54 13, 156 —22h, |
—13h, =3h} —22h,  4h}
A 6 .D v, .
K(l) - _ ki k" ki x
k,2,1 300,
-36  -3h, 36 —3h, (5.12)
| =334, —4h>  3h o
36 3h,  -36 3h, |
~3h, h> 33k, -4k’
: 0.D .(1-v, )
K(z) — ki ki ki %
k22 15h,
36 3h, -36 3h,
3h,  4h* —3h -k’ (>-13)
| =36 -3h 36 -3k |
3h, - h' —=3h 4k

1

139



. 0..D, V.
K = =50
~-36  —33h, 36 -3h,
] ,o 1 (5.14)
~3h,  —4h, 3h, ho|
36 3h, =36 33K |
~3h, h’ 3h, —4h’
4 0,.D,.
Kl =24k
6 3h, -6 3h, ]
’ (515
|3 20 -3h, ho| ©-15)
-6 —3h, 6  —3h
3, B} =3h, 24} |
() :Hk,ick,ihi
L02 400 i
156 22h, 54 —13h, s 16
| 22h 4R7 13k =37 (5.16)
54  13h, 156 -22h, |
—13h, —3h} -22h,  4h} |

®opmyisl (5.11)-(5.16) ynoOHO TIpeCTaBUTH B
MYJIbTUIUIMKATUBHOM BUE (BepXxHUM uHAekc T
0003HaYaeT oneparuio TPAHCTIOHUPOBAHUS):

- 0,.D, .h
K;Eil:wHiAéxHi;

5.17
420 ( )
) 9. D v, .
KO — kiKUK g H;
k,2,1 30hl 1 2,1 1
, 0,.D _.(1-v, )
K(,) — hiTk ki H. A H,
k,2,2 15]’[1 i“72,2° 00
, 6 D v, .
KO = —&Thik g H 5.18
k,2,3 30hl 72,3 i ( )
, 6. .D,,
K, =25 H 4 H,;
, 0 c .h .
KO = R o4 H 5.19
k,0,2 420 70,2740 ( )
156 22 54 -13
22 4 13 -3
me A=A, = o 13 156 —20 |}
-13 -3 =22 4
(5.20)
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[ -36 -33 36 -3
o | -3 -4 3 1|
Ay =4y = 36 3 -36 33 > (5:21)
-3 1 3 -4
[ -36 -3 36 -3
-33 -4 3 1
4, 36 3 -36 3 > (5:22)
-3 1 33 -4 |
6 3 -6 3
3 2 -3 1
AO,I _6 _3 6 _3 ’ (523)
3 | | 2
1 0 0 0
0 h, 0 0
H, = 0 0 | 0 . (5.24)
0 0 0 h

6. POPMHUPOBAHUE I'JIOBAJIBHBIX
MATPHI]

dopmMupoBaHUE TJI00aTBHBIX MaTpHUL
K, K,, n K;, 2N-mMepHOro mopsjka s

BCEro aHcamONs JHUCKPETHO-KOHTHHYaJIbHBIX
KOHEYHBIX 3JIEMEHTOB OCYIIECTBISETCS aHalo-
IMYHO CTaHIApTHOW MeToJauke (HOpMUpPOBaAHMS
rJ100aJTbHOM MaTpUILbl )KECTKOCTU (METOA «KO-
HEYHBIX BKJIQJIOB» — CYMMHPOBAHUE C HAaKOILIe-
HueM [6, 14, 16]).

3aMeTuM, 4TO IIPU HAJIM4YUU B paccMaTpuBae-
MO KOHCTPYKLMH «IIyCTOT» (T.€. JUCKPETHO-
KOHTUHYAJIbHBIX 3JIEMEHTOB C HYJIEBBIMHM 3Ha-
YEHUSIMU XapaKTEPUCTHUECKOW (DYyHKIMM) MaT-
puna K, , Oyner BBIPOXKICHHOH, 4TO, OYEBU]I-

HO, TIPUBEAECT K HEBO3MO>KHOCTH BBIYMCIICHHS
K, 14 B »aTo#i cBs3M HeoOXoAMMa KOpPPEKIUs

matpunbl K, ,. AJTOpPUTM DTOW KOPPEKLHUH

CIIEYIOLLNN:
1. [TocnenoBarenbHO nepedupaem
i=1,2,..,2N .

2. Jlnst KaXkI0ro 3HaA4eHHs I CIIEQYyIOUIee: eCiu
BCE DJIEMEHTHI I - CTPOKM Marpuuel K, , HyJle-

BbIE U BCE JJIEMEHTHI i-TO CTOJOIa MaTPHIIBI
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K, , TaxKe HyJIEBbIE, TO CIEIYET IOJI0XKUTH
(Ky4)i; =1, tme (K, ,),;, — 5IE€MEHT MaTpHIIbI
K, ,, DAaCIONOXCHHbIN B [-A CTPOKE H [-M

cTOJIO1IE.
KonTunyanpHble onepaTopsl, NpPEICTaBICHHBIE
B [2], 1 MaTpuilbl COMOCTABIEHBI CIEIYIOMINM
obpa3zom:

%,
o E 0 0
o 0 E 0

fo=>4= o o o |62
Kk_l4Kk0 0 Kk_14Kk2 0

7. VYET TPAHUYHBIX YCJIOBU

Cratuyeckue rpaHUYHBIE YCIOBMSI Ha MPSMBIX
X, =X, ¥ X =X, (4acCTU IpaHulbl 00IaCTH

@) U PacCMATPUBAEMOM KOHCTPYKLUH YYH-
TBIBAKOTCs, KaK HpaBI/IJIO, B BeKTOpe y3HOBLIX
Harpy3ok. JIIsi peleHus 3a1auu TakKe JOIKHBI
GBIT]) HpHHﬂTBI BO BHUMAHUC CTATHUYCCKHC Fpa-
HUYHBIC YCIOBHS HA OCTaIbHBIX 3IEMEHTAX
rpanuipl (eCIM 3aaHbl) U KUHEMATHYECKHE
I'PAHUYHbIC YCIOBHS.

Mycrs x,,, k=1,2,..,n, — KOOpAMHATBI Ipa-

HUYHBIX TIONICPEYHBIX CCUCHUH KOHCTPYKIIUU
(puc. 7.1). I'pannuHbIe yCIOBUS B HUX 3aIHUCHI-
BAIOTCS B BUJIC:

B;qu(x;,k _0)+B;Yk(x§,k +0)=g, +§k+’

k=2,3,..,n, -1
(7.1)
sz(xf,l +0)+ B;k sz—l (xéj,n,‘ -0)=g/ + g,
(7.2)
rae B,,B, — Marpumsl rpaHHYHbBIX YCIIOBHH,
KBaJpaTHbIE 8N-ro MOPSIIKA;

—— —+ [ —
2,8, k=23,...n-1; g , g, — 3a/aHHbIE
8N-MepHbIe BEKTOpHI MPaBBIX YacTed TpaHUY-
HBIX YCJIOBHIA;

Z=§_’k(xz)=[(?k,1)r (yk,2)r (yks)r (yk,4)T ]T:

Volume 9, Issue 3, 2013

(7.3)
rae
yk,j = .)_}k,j (x,)=
=[FENT GEYT L GETT,
j=12,3,4

(7.4)

— r100abHbIE BEKTOP-(DYHKIMH y3JIOBBIX HEU3-
BECTHBIX.

PaccMoTpuM 3a1aHue HEKOTOPBIX CTaHJAPTHBIX
THUIOB TPAaHWYHBIX YCIIOBHH, MONEPEUHBIX IIO
OTHOILLICHHIO OCHOBHOMY HAIlpaBJICHHUIO B (op-
Me (7.1)-(7.2) B npou3BOILHON IPAHUYHON TOY-

ke ¢ koopauHatoil x5, . CTporo rosopsi, BO3-

MOYXHO TPH OCHOBHBIX BapHaHTa T'PAHUYHOU
Touku: 1) 1<k <n, — npoMexyTo4Hasi rpaHNY-
Has Touka; 2) k=1 — kpalinss neBas (mepBas)
rpaHuy4Has Touka; 3) k =n, — KkpaliHasg mpaBas

(mocnenHss) rpaHUYHAs TOUKA.

JKecmrkas 3a0enxka.
HmeeM ciienyromuye TpaHuIHbIC YCITIOBHUS:
— i ciydasd 1<k <nm,

yl(k_l)(xl’xg,k -0)=0,
yék_l)(xlaxg,k -0)=0,
J’1(k)(x1’x§,k +0)=0,
yék)(xl,xi’,k +0)=0, x,€[0,]; (7.6)

x e[0.1; (15

— st ciydast k =1

yfl)(x1>x§,1+0)=oa
yél)(xl,xé”leO):O, x, €[00, ]; (7.7)

— s ciny4vast k=n,

yl(mrl) (xlixg,nk _O) =( 5
Wt =0, 5 €[04 1. ()

Ha nuckpeTHO-KOHTHHYaJIbHOM YpPOBHE YCJIO-
BusaM (7.5)-(7.8) oTBe4aroT ycnoBus Buaa
— s caydas 1<k <n,
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VA s i A s

0 ) i i v e v i

Puc. 7.1. [Ipumep pacnonosicenuss KOOpouHam SpanuiHbx CeyeHul,
nonepeyrvix N0 OMHOUWEHUIO K OCHOBHOMY HANPAGIICHUIO KOHCIPYKYUU.

e (xik -0)= yfk’i)(xik +0)=0,
i=1,2,..,N;
9 (e 0) = 9, +0) = 0
i=1,2,....N;
O, -0 4 (51, +0) =0
i=1,2,...N;
Zék_m (xf,k -0)= ng’i) (x;k +0) =0,
i=1,2,....N;

— nns cinydas k=1

yfl,i)(x;lJro):O, i=1,2,.,N;
zfl’i)(xé’,k+0)=0= i=1,2,..,N;
yi (x5, +0)=0, i=1,2,..,N;
Zél’i)(xf,k +0)=0, i=1,2,..,N.

— i ciyvas k =n,

(n=Li) ¢ b —
yl " (x2,nk - O) - 09
Zl(nk—l,i) (xg’nk _ 0) — O’

—1,i
y;n,{ l)(xé),nk _ 0) — 0,

Z;”A 0 (‘x;,nk - O) = 0:

142

(7.9)

(7.10)
(7.1

(112

(7.13)
(7.14)
(7.15)
(7.16)

(7.17)
(7.18)
(7.19)

W N. (7.20)

B panHOM ciyyae yMECTHO IIOSICHUTBH CBS3b
MEXIy KOHTUHYAJIBHBIMM ¥ JUCKPETHO-
KOHTHHYyaJIbHbIMU ycioBusmu. Ilepselie 3ana-
IOTCSl MO «IONEPEYHOMY» (IO OTHOIIEHUIO K
INEPEMEHHON X, ) CEUEHMIO ILIUTHI HENIPEPBIBHO

(x, €[0,7,]), Torna kak BTOpbIE IUCKPETHO B

KOHEUYHOM Habope TOYEK
((x},x,), i=1,2,..,N). B a10ii cBA3M, HANPH-
Mep, A BeIoaHeHus yciaoBus (7.5)-(7.6) mano
notpeboBatk paBeHCTB (7.9) u (7.11), koTOpBIE
03HAYAIOT JIUIIb PABEHCTBO HYJI COOTBETCT-
Byromux (GyHKuui B y3nax. s ToxxaecTBeH-
HOTO HEMpPEephIBHOTO pPAaBEHCTBA COOTBETCT-
BYIOIIMX (YHKIMH HYJIO 1O BCEMY CEUEHHIO,
OYEBUJIHO, CJEAYET NOMOJHUTEIBHO TOJOXKHUTh
UX TEpBbIe MPOU3BOAHBIE IO X, TAKXKE HYyJle-

BBIMH B 9THX XK€ CaMbIX y3iax (T.e. 3al1aTh pa-
BeHctBa (7.10) u (7.12)).

3amucaB rpaHuyHble ycnoBus B Buue (7.7)-
(7.18), mepeiineM Temepb K BONPOCY UX Mpea-
craBienus B Qopme (8.1)-(8.2). Anroputm
dopmupoBanust Matpunl B, u B mpencraBicH

B Tabnunax 7.1 u 7.2 cooTBeTCTBEHHO. BeKTOpHI

—— =+

8> 8k > k=2735"'5nk_1, §1+ n gn_k 3a1a0TCs

HYJICBBIMHU, T.C.

g, =0, g/ =0, k=2,3,..,n, —1;
g =0, g, =0. (7.21)
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Tabnuya 7.1. Aneopumm 3anonnenus mampuysl B, npu 3a0anuu dcecmroil 3a0eiKu
8 2PAHUYHOU MOUKe (6apuanmol 2paHudnou mouxu 1, 2).

Ne Homepa 3HaueHue OKBUBaJIECHTHOE
n/m 3aI0JIHSIEMbIX AJIEMEHTOB JJIEMEHTa yCIIOBHE
MaTpUI MaTpUIbI
1 @@,2i-1), i=1,2,..,N 1 yf"’”(x;k +0)=0, i=1,2,..,N
2 (N+1,20), i=1,2,.,N 1 zM0(x3, +0)=0, i=1,2,..,N
3 2N +i,2N+2i-1), i=1,2,..,.N 1 y e, +0)=0, i=1,2,.,N
4 BN +i,2N+2i), i=1,2,..,.N 1 Z;’f’f)(xngro):(), i=1,2,..N

ITpumeuanue: 1. [Ipu BapuaHTte 3 rpaHUYHOM TOUKKM MaTpuIia B, 3a1aeTcs HyJIEeBOM.
2. Bee aeMeHTBI MaTpull B, He yKa3aHHbIC B TAONHIE PABHBI HYJIIO.

Tabnuya 7.2. Aneopumm 3anonnenus mampuyvl B, npu 3a0anuu dcecmkou 3a0enKu
8 SPAHUYHOU MOUKe (8apuanmol 2paHudHo mouxu 1, 3).

Ne Howmepa 3HaueHue DKBUBAJICHTHOE
n/m 3aIOJIHSIEMbIX FJIEMEHTOB 3JIeMEHTa yCIIOBHE
MaTpPHII MaTPHIIBI
1 (4N +1i,2i-1),i=1,2,..,.N 1 yEI(xE, -0)=0, i=1,2,.,N
2 (5N +i,2i), i=1,2,..,N 1 2, -0)=0, i=1,2,..,N
3 (6N +i,2N+2i-1), i=1,2,.,N 1 YL, -0)=0, i=1,2,.,N
4 (7N +i,2N +2i), i=1,2,..,N 1 2 (x, -0)=0, i=1,2,..,N

[Ipumeuanue: 1. [Ipu BapuanTe 2 rpaHUYHOM TOYKM MaTpuLa B, 3a7aeTcs HyJIEBOM.

2. Bee anemMeHThI MaTpuL, B, He yKa3aHHbIE B TaOJIULIE PaBHBI HYJIIO.

Llapuupnoe 3axpennenue. — i ciyvas k =n,
Hmeem crienyronme rpaHUuHbIE yCIOBUS:
— st enyvas 1<k <n (1) b -

a y k XX, —0)=0,

Dy xt —0)=0, 0,/,1; (7.25
yfk_l)(xnxf,k ~0)=0, Vs (x, Xm, ) x e€[0,5]; ( )

(k-1) b _ .
yy (x5, =0)=0, x €[0,4]; (7.22) g, JTMCKPETHO-KOHTUHYAJIbHOM YpPOBHE YCJIO-
y P (x,, xg’k +0)=0, BUsAM (7.22)-(7.25) oTBe4aroT ycioBus BUaa

YOl +0)=0, x e[0,,]; (7.23) ~AMenyuanl<k<n,

W, = 0) =y (a8, +0) =0,

— st cydas k=1 (7.26)
i=1,2,..,N;
» (x5, +0) =0, 2~ 0=, +0 =0, oo
W, +0)=0, x [0, 15 (7.24) i=1.2.N;
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Tabnuya 7.3. Aneopumm 3anonnenus mampuysl B, npu 3a0anuu wapHupHo2o onupanus
8 2PAHUYHOU MOUKe (6apuanmol 2paHudnou mouxu 1, 2).

Ne Homepa 3HaueHue OKBUBaJIECHTHOE
n/m 3aI0JIHSIEMbIX AJIEMEHTOB JIEMEHTA yCIIOBHE
MaTpUI MaTpUIbI
1 @,2i-1, i=1,2,..,N 1 yf"’”(x;k +0)=0, i=1,2,..,N
2 (N+1,20), i=1,2,..,N 1 zM0(x3, +0)=0, i=1,2,..,N
3 (2N+i,4N+2i-1), i=1,2,..,N 1 y e, +0)=0, i=1,2,.,N
4 BN +i,AN+2i), i=1,2,..,.N 1 ng’”(xngro):o, i=1,2,..N

ITpumeuanue: 1. [Ipu BapuaHTte 3 rpaHUYHOM TOUKKM MaTpuIia B, 3a1aeTcs HyJIEeBOM.
2. Bee aeMeHTBI MaTpull B, He yKa3aHHbIC B TAONHIE PABHBI HYJIIO.

Tabnuya 7.4. Aneopumm 3anonnenus mampuyvl B, npu 3a0anuu wapHupHo20 onupaHus
8 SPAHUYHOU MOoYKe (8apuanmol cpaHudHot mouxu 1, 3).

Ne Howmepa 3HaueHue DKBUBAJICHTHOE
n/m 3aIOJIHSIEMbIX FJIEMEHTOB 3JIeMEHTa yCIIOBHE
MaTpPHII MaTPHIIBI
1 (4N +1i,2i-1),i=1,2,..,.N 1 yEI(xE, -0)=0, i=1,2,.,N
2 (5N +i,2i), i=1,2,..,N 1 2, -0)=0, i=1,2,..,N
3 (6N +i,4N+2i-1), i=1,2,.,N 1 yIxE, -0)=0, i=1,2,.,N
4 (7N +i,AN +2i), i=1,2,..,N 1 2 (x, -0)=0, i=1,2,..,N

[Ipumeuanue: 1. [Ipu BapuanTe 2 rpaHUYHOM TOYKM MaTpuLa B, 3a7aeTcs HyJIEBOM.

2. Bee anemMeHThI MaTpuL, B, He yKa3aHHbIE B TaOJIULIE PaBHBI HYJIIO.

— i ciyvast k =n,
k-1, b ki b
y; )(xz,k —0)=y§ )(xz,k +0)=0,

. (7'28) (n,—1,i) ¢ b .

i=1,2,..,N; NNy, —0)=0, i=1,2,..,N; (7.34)
2~ 0 =2 (g, +0) =0, o, 2 (E ~0)=0, i=1,2,.,N; (7.35)

i=1,2,..,N; P, ~0)=0, i=1,2,..,N; (7.36)

s cnysas k=1 " (xy, —0)=0, i=1,2,..,N. (7.37)

(7.30) I'pannunbie ycnosus (7.26)-(7.37) moxeM me-

perucath B ¢opme (7.1)-(7.2). Anroputm ¢op-

MUpOBaHHsI Matpull B, W B, THpeACTaBicH B

; (7.32)  rtaGauuax 7.3 u 7.4.

(7.33) Bektopm g,,g;, k=2,3,..,n, 1, g u g,
3aJ]af0TCs HYJICBBIMH, T.€. ONpPEAeisroTcs (op-
mysou (7.21).

yl<1,t>(x;1+o):0, i=1,2,...N
2 (), +0)=0, i=1,2,.,N; (7.31)
yél""()é’,k +0)=0, i=1,2,...N

N

20 +0)=0, i=1,2,..,
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C80600HbIL Kpail.

PaccmoTtpuM Hipke Ba HamOoJiee XapaKTePHBIX
YaCTHBIX CIIydYast:

—1npu k=1

Mél)(xlﬂxg,l +0)=0,
VP(x,x5,+0)=0, x,€[0,/,]; (7.38)

—1Ipu k =n,

M;ﬂk_l) (xl ,xg,nk — O) = 0 ,
Vz(nrl) (xljx;nk -0)=0, X € [0, Zl 1. (7.39)

[IpuHrMas BO BHUMaHHE W3BECTHBIE COOTHO-
menus [5, 16], moxem mnepernucatb (7.38) u
(7.39) B cnenytomiem BUE:

—1npu k=1

-D, {Vl[alzyl(l)](xwxg,l +0)+y§1)(x1>x§,1 +0)}=0,
Di{(2=v)[07 55" 1(x), x5, +0)+
+ 7 (x,x7, +0)} =0,
x, €[0,/,]. (7.40)

—npu k=n,

=D, v, 07" 1(xix3, —0)
+ 33" (0, —0)} =0,
D, {2~v, )07y "1, x;, —0)+
+ 4" (3, x5, —0)}1=0,
x, €[0,/,]. (7.41)
Ha nuckpeTHO-KOHTHHYaJbHOM YpPOBHE YCIO-
BusiM (7.40) u (7.41) oTBeyaroT yciioBUs BUAA

—1npu k=1

-D,; gy [alzyl(l) ](i) (xg,l +0)+ ygl’i) (x§,1 +0)}=0,

i=1,2,...N;
(7.42)
=Dy, v, [3710 (%, +0)+ 28 (xh, +0)} =0,
i=1,2,...,N,;
(7.43)
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DA O 10, + 0
S 0} =0, =12, N

D AQ2-vy, )[813ygk) ](i) (xf,l +0) +

. 7.45
+Zz(1k’l)(x§,l +O)}:07 i:laza"'ﬁN; ( )
—1npu k=n,
-D, v, . [0i "0 (x), —0)+ (7.46)

N ygnk—l,i) (xf,nk -0)}=0, i=1,2,...,.N;
=Dy, Wl G, 0

P2 0 =0, i=1,2,.,N;
D, A=y, (A, — 0+
+yink—l,i)(x;”nk -0} =0, i=1,2,.,N;
D, ,{2-v, Do}y "1, —0)+

' 7.49
+Zf;nk_1’l)(x§,nk _0)}=0:~ i=1,2,..,N. ( )

['pannunbie ycnosust (7.42)-(7.49), ouyeBugHO,
MOXXHO Tiepenucatb B MatpudHoi gopme (7.1)-
(7.2). CooTBeTcTBYIOIIME TaOIUIBI IPUBEICHBI
B [4].

Hoeanvuoiii konmaxm.
XapakTepHbIM 3[1eCh, OUYEBUIHO, SIBISETCS CIIy-
yaii 1<k <n, . Umeem:

yl(k_l)(xlaxs,k -0)= yl(k)(xl’xg,k +0),

e[0,/,]; (7.50)
V(x5 = 0) = p370 (x5, +0),

e[0,7,]; (7.51)
M (x5, = 0) = M9 (x,, x5, +0),

e[0,7,]; (7.52)
Vz(kil)(xlaxg,k -0) =" (xlﬂxg,k +0),

x, €[0,1,]. (7.53)

[IpuHuMas BO BHHMaHHE W3BECTHBIC COOTHO-
menus [5, 16], moxem mnepenucats (7.52) u
(7.53) B cnepytoleM BUje:
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- D, v, [alzyfk_l) 1(x,, xg,k -0)+
+ 387 (x, x5, —0)} =

=D N, 0 Y
+y§k)(x1,x§’k +0)}, x €[0,/];

D, {12-v,, )[afyék_l) 1(x,5 xg,k -0)+
+ )’z(tk_l) (x, ’xg,k -0)} = (7.55)

=D {(2-vlo7 ¥y 1(x,, x3, +0) +
+y4(1k)(x17x§,k +0)}, x, €[0,/,].

Ha mucKpeTHO-KOHTHHYaIbHOM YPOBHE YCIOBH-
sm (7.50)-(7.51), (7.54)-(7.55) oTBeuaroT ycioBust

7 (g = 0) =y (x, +0) =0,

7.56

i=1,25"'>N; ( )

20 0 =AY 0 0 =0 )
i=1,2,..,N;

yék—l,i) (x;k -0)= yék’[) (x;’,k +0) =0, (7.58)
i=1,2,..,N;

20 0 =AY 0 +0 =0 g 5
i=1,2,..,N;

- D {v,[0; y*1? (x;k +0)+
+ 130 (x5, +0)} +
+Dy i {vi, [07 y "1 (x;,k -0)+
+ p{eto (xé’,k -0)}=0, i=1,2,..,N;
=D, v, [07 7”17 (x5, +0) +
L2 40y} 5
+ Dy {vi, [0}y 17 (xg,k -0)+
+zH (x;”k -0)}=0, i=1,2,.., N,
DA v, OOVl +0)+
+ 1070 (x5, +0)} =
D AC -V, o7 ys 1Y (xg,k -0)+
s (x;k -0)}=0, i=1,2,.., N,
(7.63)

(7.60)

(7.61)

D, AQ2-v,, )[813J’§k) 1@ (XZk +0)+
+24 (x5, +0)} —
-D, 12— Vil )[a?ygk_l) ](i) (xik -0)+
+z{M (x5, -0} =0, i=1,2,..., N.
(7.64)
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I'pannunbie ycnoBust (7.56)-(7.64), ouyeBumHO,
MOKHO Tiepenucatb B MaTpu4Hoit popme (7.1)-
(7.2). CooTBeTCTBYIOIINE TAOIHIIBI TPUBEICHBI
B [4].

O 3a0anuu epaHudHbIX YClo8ull 8 0Ovekme ¢
«nycmomamuy.
BeImie 6bUTH pacCMOTPEHBI AITOPUTMBI 33 TaHUS
TPaHUYHBIX YCJIIOBUH B BHJE IIAPHUPHOTO 3a-
KpEIUIeHUS, UACabHOTO KOHTAKTa U CBOOOJHO-
ro Kpas, MpU ITOM BCIOAY IOJarajioch, 4TO B
paccMaTpuBaeMoOM 0OBEKTE OTCYTCTBYIOT «ITyC-
TOTBI», T.C. BBITIOJTHSACTCS YCIOBHE:

0, Li = 1, ek,i =1,

7.65
i=1,2,. . (7:65)

LN, k=120,

Bwmecre ¢ TeM, 04eBUAHO, UTO B paccMaTpuBae-
MOW KOHCTPYKIMM MOI'YT HUMETbCS ITyCTOTBHI.
PaccmoTpuMm, Hampumep, ciydail, U300pakeH-
HBbII Ha puc. 7.2.

3amTpuxoBaHHasi 001acTh 37€Ch YCIOBHO MTOKa-
3bIBa€T MaTepuall KOHCTPYKLMH, a He3allTpu-
XOBaHHAas — «ITyCTOTHI».

B nanHOM cnywae Juis y37l0B C HOMEpamu
i=1,2,.,pui=q,q+1,.., N cnenyer 3a1ath
YCIIOBHSI U/I€ATBHOTO KOHTAKTa, TOTAA Kak s
y370B ¢ HOoMmepamu i=p+1l,p+2,..,q9-1 —

YCJIOBUA CBO6OI[H01"0 Kpas.

8. POPMUPOBAHUE PA3ZPEHIAIOIIEN
MHOTI'OTOYEYHOM KPAEBOU
3AJTAYN

Wrak, cormacHo (7.1)-(7.3) xoHTHHYyanabHOM mO-
CTAQHOBKE COOTBETCTBYET JICKPETHO-
KOHTHHYyaJlbHass TIOCTAaHOBKA B BHIE CHUCTEM
OOBIKHOBEHHBIX (D epeHIIaTbHbIX YPaBHEHHUI:

Vi1 = Vio
o
V2 = Vi
N
Visy = Via

Kk,4)_’1;,4 = Kk,oJ_/k,l +Kk,2)_’k,3 _SJ_/k,la
k=1,..,n, -1, (8.1)
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X

X

X1 Xip

— HWCKOMOE COOCTBEHHOE 3HAYCHHUE;
— HCKOMasg coOCTBeHHas (pyHK-

rae s
Via = Via(x3)
st Ha mofgoonactu ,, k=1,..,n, —1;

—r —r d _ .
Vi :yk,i(xz): yk,i(xz)’ i=1,2,3,4. (8.2)
dx,

Cucremsr (8.1) MOTYT OBITH 3alMCaHbI MHAYC B
6onee yno6Hoii hopme

Vi
V|
Via
Via
i 0 E 0 0] Ve
B 0 0 E 0| Vir
0 0 0 Elly,,
_K;,Z(Kk,o_SE) 0 KE,ZK;{,Z 0 Via
0
— 8 , k=1,..,n, -1,
| KeaRy,
(8.3)

rae E —eauHu4dHas matpuua 2N -ro nopsiaka.
BBojist 0603HaUCHUS
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Xig

XN

Puc. 7.2. Illpumep xoncmpyKkyuu ¢ «nycmomamuy.

0 E 0 0
0 0 E 0
A = 0 0 0 E|
K/Z,I4 (K o—sE) 0 K1;14Kk,2 0
L =0,Y, (8.4)

U paccMarpuBasi cooTHouIeHus (8.3) coBMecTHO
¢ rpaHn4yHbIMU ycnoBusiMu (8.1)-(8.2), 3akuiro-
4aeM, YTO pacyeT KOHCTPYKIHMH B paMKax
JAKMKD cBonuTcs K perieHuto Habopa MHOro-
TOYEYHBIX KpaeBbIX 3agad sl cucteM SN
OOBIKHOBEHHBIX U PEpEeHITMAIBHBIX ypaBHE-
HUU [IEPBOTO NOPsJIKa:

Ti(e) = AT, (), k=1,2,0m, —1
Blzch(x;,k _0)+B;Zc(x§,k +0)=g, +&/,
k=2,..,n -1
Bl+Z(x§,1 +0)+ Bn_k Zk_l (‘xin,‘ -0)=g/ + gn_]( .
(8.5)

9. Ob YUYETE YIIPYT'OIIOAATJIMBBIX
OIIOP.
IlycTs ¢, — XapakTepucTHKa yNnpyromnoaaTiv-

BOW OTOPHI B i -M y3Jie MOJIEIH Ha TOA00IaCTH
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. oraga rjiooajgbHada MaTpula XapaKkTe-
Q. T 6 oN

PUCTUK YIPYTONOAATIMBBIX OIOpP BCEU dile-
MEHTHOH Mojenu Ha nopobnactu €2, ¥ Monu-

(¢bunmpoBanHas MaTpuiia kKo3(pQUIIMEHTOB pas-
pelamned MHOTOTOYEYHOM KpaeBOW 3ajadu
(hopMHUPYIOTCS CIIETyIONUM 00pa3oM:

. i}
0
Cro
CcC = 0 . (9.1
Cr N
— 0_
0 E 0 0
0 0 E 0
Aps = 0 0 0 E|
K.\ (K, ,+C —-sE) 0 K, ,K., 0
9.2)

10. YYET TPAHAYHBIX YCJIOBUM
BJ10JIb OCHOBHOI'O
HAITPABJIEHUS. 3AJAHUE
HEKOTOPBIX CTAHJAPTHbBIX
TUIIOB TPAHUYHBIX YCJIOBUI
BJ10JIb OCHOBHOI'O
HAITPABJIEHUSI.

PaccmoTpeB panee anropuTm 3afaHusl TpaHUY-
HBIX YCJIOBUH, MONEPEYHBIX IO OTHOLIEHUIO K
OCHOBHOMY HaIPaBJICHUIO, OMHUILIEM Terephb BO-
IIPOChl y4e€Ta I'PAaHUYHBIX YCJIOBHM BJIOJb OC-
HOBHOTO HAIlpaBJICHUs C MO3UIMI YyKa3aHUs
KOPPEKTUPOBOK, KOTOpbIE BHOCATCS B IOCTa-
HOBKY (8.5). Onucanus OyzemM BeCTH Ha MpUMe-
pBl MPOCTEHIIMX THUIOBBIX CIY4YaeB: XKECTKas
3a/leNKa, IIapHUPHOE 3aKpeIuieHHe U CBOOOI-
HbIM Kkpan. IlycTs Ui ompenesieHHOCTH TIpa-
HUYHBIE YCIIOBHUSI BJOJIb OCHOBHOT'O HampaBlie-
HUS 337al0TCSl 10 «IPOAOJIBHBIM» CEUEHMSIM
IATBL X, =X, M X, =X, ,, [OKa3aHHbIM Ha

puc. 10.1. YcnoBumcst miist OOIBINEH KOMIIAKT-
HOCTHU IIaHBHefIHIGFO HN3JI0KCHHUSA OIINChIBATh
3a/IaHkE TPAHUYHBIX YCIOBUN TOJIBKO B CEUCHHUH
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X, =X, VIS CEYEHHUsI X, = X, 3aJIaHUE OCYyIIe-

CTBJIICTCA aHAJIOTHYHO.

C60600HbIL Kpal.
ViMeeM KOHTHHYaJbHBIC TPAHUYHBIC YCIIOBHS
UL X, =X, :

Ml(k)(xl,laxz)zos Vl(k)(xl,laxz):()a

X2 e[x;kﬁxs,kH 1. (10.1)

JIaHHBI TUII TPAHUYHBIX YCIOBHUU BIOJb OC-
HOBHOT'O HAINPABJICHHUS SIBJIAECTCS MPOCTEUILINM C
TOYKHM 3PEHMs Y4e€Ta, a UMEHHO, HUKAKUX MO-
TuUKaMid B TOCTAaHOBKY (8.5) BHOCHTH HeE
TpeOyercsi, Takue TpaHUYHbIE YCJIOBUS BIOJb
OCHOBHOT'O HaIlpaBJIeHUs OyIyT YYTEHBI aBTO-
MaTHYECKH.

Llapnupnoe 3axkpennenue.
KonTuHyanbHbpie TpaHUYHBIC YCIOBHS I Cede-
HUA X, = X, , , OUEBU/IHO, 3AIIUCHIBAIOTCS B BUJIE!

n () =0, [071"17(x,) =0,

X, e[xikaxg,kﬂ 1. (10.2)

Btopoe u3 ycnoBuii (11.2) OyneT BBIMOTHEHO
aBTOMAaTHYECKH U He TpedyeT yuera B (9.5). Uto
KacaeTcst mepBoro yciosust B (11.2), To 3aech
cieayeT MCHoiab30BaTh BMecTo (9.5) cnemyro-
IIyIO TIOCTAHOBKY:

Y/(x) = 24 Y (), k=1,2,0,m, -1
Bk_?k—l(xg,k _O)+B;Yk(x§,k +0)=g, +§1:’
k=2,..,n, -1
Bffl(xf,l +0)+B;k Zk—l(xg,nk -0)=g/ +§;, s
(10.3)

rae y, — Marpuna 8N -ro nopsaka, 3JIEMEHTBI
KOTOPOH OTpeeNAIOTCs TIo (hopMyIie

X4, =6,-6., 1, /=1,2,..,8N . (10.4)
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Xy

X

Puc. 10.1. 3a0anue epanuunvix yciosuii 60016 OCHOBHO20 HANPABIEHUS.

Kpome Toro, m3 coobpaxeHuil COBMECTHOCTH
HEU3BECTHBIX, IIPU 3aJaHUM I'PAHUYHBIX YCIJIO-
BUI B CEUYCHMsI MONEPEUYHBIX IO OTHOIIECHHUIO K
OCHOBHOMY HAaIPaBJICHUIO CIEAYET IIOJIOXKHUTh
NEepeMELIEHUE y3/1a 1 U ero Nnpou3BOJHYIO IO
IIEPEMEHHON X, PaBHBIMHU HYIIIO, T.C.

yl(k,l)(xg’k_{_o):()’ k=1,2,..,n,;
y;k,l) (xg’k +0)=0. (10.5)

Kecmxas 3a0enka.
Jns cedenuss x, =x,, MMeeM Iapy KOHTHHY-

AJIbHBIX 'PAHUYHBIX YCHOBHﬁI

7)) =0, 2" (x,)=0,

X, E[xg’k,xikﬂ 1. (10.6)

3nech, Kak U B Cily4ae IIapHUPHOTO 3aKperuie-
HUS, TIOCTaHOBKY (8.5) ciemyer mMoauduuupo-
Bath, npeacTaBuB B Buje (10.3), mpu sTOM d11e-
MEHTBl MATPUIBl J, HEOOXOJUMO BBIYHUCIATH

o hopmyne

b, =6, 6,6, i, j=1,2,..,8N.
(10.7)
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11. 0O KOPPEKTHOM
AHAJIMTUYECKOM PEIIEHUH
MHOTI'OTOUYEYHBIX KPAEBBIX
3AAY 1JIS1 CHCTEM
OBBIKHOBEHHBIX
NTU®DPEPEHLMAJIBHBIX
YPABHEHUI C KYCOYHO-
MOCTOSIHHBIMHU
KOS ®PUITUEHTAMHA

KoppekTHoe aHanmuTH4ecKoe pelieHre MHOTO-
TOYCUHBIX KPACBBIX 3a/1ay JJI CUCTEM OOBIKHO-
BEHHBIX nuddepeHnanbHbIX ypaBHEHUN C Ky-
COYHO-TIOCTOSTHHBIMH KO3 PUITUCHTAMH TTPOU3-
BOJUTCS MO Meroxay, onucaHHomy B [1]. Ilocne
OTpEeNIeNICHUsT Y3JIOBBIX TMEpEeMENIEHUH U UuX
IPOM3BOJHBIX IO MEPEMEHHOH X, Mo (opmy-

nam  (4.1)-(4.7) BBIYUCISIIOTCS HW3TrHOArONIUE
MOMCHTBI, MONCPCYHLIC CHUJIbI, KPYTAIIUC MO-
MEHTHI ¥ IPUBEICHHBIC TIOTIEPEYHBIE CHIIBI.

3AMEYAHUA

HccnenoBanusi MpOBOAMINCH

JIYIOIUX padoT:

1. I'pant 3.1.7 Poccuiickoil akageMuu apxu-
TEKTypbl U CTPOUTEIBHBIX HayK «Pa3pabot-

B paMKax clje-
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Ka, UCCIICIOBAaHUE W BEPUPHUKAIUSI KOPPEKT-
HBIX YHCJICHHBIX METOJIOB PEIIEHUS] TeOMET-
pudecku, GU3NYECKH U KOHCTPYKTHBHO He-
JUHEHHBIX 3a1a4d 1eOpMHUPOBAHUS, yCTOM-
YUBOCTH U 3aKPUTHUYECKOTO MOBEACHUS TOH-
KOCTEHHBIX 000JI04€YHO-CTEPKHEBBIX KOH-
cTpykumi» Ha 2013-2015 rr.

I'pant 3.1.8 Poccuiickoil akaaeMuu apxu-
TEKTYphl U CTPOUTENBHBIX HayK «Pa3pabot-
Ka, UCCJIeI0BaHNEe U BepUPUKAIIMS KOPPEKT-
HBIX MHOTOYPOBHEBBIX YHCIEHHBIX M YHC-
JICHHO-aHAJTUTHYECKUX METOJIOB JIOKAJILHOTO
pacueTa CTPOUTEIbHBIX KOHCTPYKIIHMIA Ha OC-

HOBE KpaTHOMACIITaOHOTO BEUBIIET-
aHanuza» Ha 2013-2015 rr.
HUP «Pa3paboTtka, wuccieqoBaHue, mpo-

IPaMMHO-JITOPUTMUYECKAsT peau3aius |
BepU(UKaIMsI MHOTOYPOBHEBBIX METOJIOB
MPOTHO3HOTO MAaTEMaTUYECKOTO MOJIEIUPO-
BaHHUS COCTOSHHS W TEXHOT'CHHOM 6G3OHaC-
HOCTH OTBETCTBEHHBIX OOBEKTOB U KOM-
TUIEKCOB ~ METaIlojiuca», BBHIMOJHSAEMAs B
paMKax TOCyAapCTBEHHOTO 3ajaHusi MuHU-
cTepcTBa 00pa3oBaHus U Hayku Poccuiickoit
deneparnu Ha OKazaHHE YCIYT (BBIMOJIHE-
Hue pabot) Ha 2013 rox.
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ClHOCOb CO3JAHUSAA KOHEYHBIX 2JIEMEHTOB
BBICOKOI'O ITOPAIKA

M.II. Caunos

MocKkoBCKuUll rocy1apCTBEHHBIN CTPOUTENbHBIN yHUBEpcUTET, I'. Mocksa, POCCHUA

AHHOTAIIHUSA: PaccmoTpeH cioco0 co3aHust KOHECYHBIX AJIEMEHTOB BRICOKOTO MOPSIKA U KOHEYHBIX JIEMEH-
TOB C HEPAaBHOMEPHBIM PACIIpEIeNICHNEM CTEIICHN AIPOKCUMALINH [IEpEMEIEHUH BHYTPH HJIEMEHTA.
[IpeanoxeHo I CO3JaHUSI KOHEUHBIX JIEMEHTOB BBICOKOTO IOPS/IKA HE BBOAWTH JOTOJHHUTEIBHBIC y3IIbI Ha
CTOPOHAX 3JIEMEHTAa, a BBOJWUThH BHEY3JIOBBIE CTEIIEHH CBOOOABIL. B 3TOM ciydae uepe3 GpyHKInU GopMbl yTIIOBBIX
y3710B OyZET BBIpAXXaThCsl TOJIBKO JIMHEHHOE pacIpeieleHie NepeMeIleHnii B aeMenTe. [1oBbIeHne cTeneHn
anMpoOKCHMAIMU MOET OBITh JOCTUTHYTO IIyTEM BBEICHUS IOIOJHHUTENBHBIX CTETEHEH cBOOOIBI Ha pEOpax
JJIEMEHTA M COOTBETCTBYIOIIMX UM (pyHKUMI popmbl. [Ipu 3TOM Kaxas U3 TOMOJHUTENBHBIX QYHKIMHA HOPMBI
OyzeT “oTBevarh’ TOJBKO 33 CBOIO CTENEHb alllpoKcUManuK (KBaJpaTuuHas, KyOuueckas) U He OyAeT 3aBHCETh
oT BUJA ApYrux QyHKUuUi GOpMBL.

Takoit moaxo/ MO3BOJISIET JIETKO CO3/1aBaTh 3JEMEHTHI, B KOTOPHIX 110 Pa3HbIM OCSM CTEIEHH alllpPOKCUMALUH
OyayT pa3sHBIMH. DTO yZOOHO AJIsI CONPSDKEHUS] KOHEUHBIX HJIEMEHTOB C Pa3HBIMH CTETICHSAMH CBOOOJBI M JUIA
OTMCaHus padOTHI AIEMEHTOB, B KOTOPBIX OJJMH pa3Mep HAMHOTO OOJIbILE JPYTOro.

KiroueBble ci10Ba: METOJ] KOHEYHBIX AJIEMEHTOB, QyHKIUH (POPMBI, alIIPOKCUMALIUS IEPEMELICHUH

METHOD OF CREATING HIGH-ORDER FINITE ELEMENTS

Michail P. Sainov
Moscow State University of Civil Engineering, Moscow, RUSSIA

ABSTRACT: The method is considered for creation of high-order finite elements and finite elements with non-
uniform distribution of approximation level of movements inside the element.

For creating high-order finite elements it is suggested not to introduce additional nodes at the element sides, but
introduce out-of-node degree of freedom. In this case only linear distribution of movements in the element will
be expressed through the function of corner node shapes. Increase of approximation level may be reached by in-
troducing additional degrees of freedom at the element edges and shape functions corresponding to them. At
that, each of additional shape functions will be “responsible” only for its own degree of approximation (square,
cubical) and will be free from other shape function types.

Such an approach permits easy creation of elements, whose degrees of approximation on various axes will be
different. This is convenient for adjoining finite elements with different degrees of approximation and for de-
scription of elements operation, where one dimension is much higher than the other.

Key words: finite element method, shape function, approximation of movements

Meron koneunbix s3neMeHToB (MKDJ) B Ha-
CTOAILEE BpPEMS SIBISETCS OCHOBHBIM METOJOM
pacyé€ra mpU IPOCKTUPOBAHUM COOPYKEHUU U
KOHCTPYKUMM pPaA3IMYHOTO HA3HAYECHUS. ITO
OOBSICHACTCSI TEM, YTO OH MO3BOJSET pelaTh
camble CJIOXHbBIEC 3aJauM MPHUKJIAJIHON MeXaHu-
KM, IIpY 4€M B IIPOCTPAHCTBEHHOM MOCTaHOBKE.
MKD npumensiercst Ui BBINOJIHEHUs CTaTUye-
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CKHX, TUHAMHYECKHX, (PUIBTPAIIMOHHBIX, TEM-
MEpATyPHBIX PACUYETOB.

IIpu pacuérax HaIpPsKEHHO-
nedopmupoBanHoro cocrostaust (HJIC) rpyHTO-
BBIX U OCTOHHBIX IUIOTHH TOJbKO MKD mo3Bo-
JseT HanOoJiee TOJHO W TOYHO yYeCTh IMocie-
JIOBATENbHOCTh BO3BEACHUS COOPYKEHHUsS, He-
JTUHCHHOCTh JC(POPMUPOBAHUS MATEPHAIIOB U
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B3aUMOJCIHCTBUS MEXIy D3JIEMEHTAMH KOHCT-
PYKLUH, MEXAY COOPYKCHHUEM U OCHOBAHUEM.
B 3aBucnMocCTH OT KJlacca pelaeMbIX 3a1ay uc-
MOJIB3YIOTCSA pa3HbIC BUIBI KOHEYHBIX DJIEMEH-
TOB: CTEp)KHEBBIE, IUIOCKHE, OOBEMHBIE, 3IIe-
MEHTBI-000JI0UKH, KOHTAKTHBIE JIEMEHTHI U JP.
Kpome Toro, koHeUHbIE 3JIEMEHTHI Pa3IndarOTCs
U II0 CTENCHW AaNIpOKCUMAalUuu HEU3BECTHOU
(GYHKIMK BHYTPH SJIEMEHTA.

B wyactHOCTHM, mpM pelIeHMHM 3aJad O Hamps-
KEHHO-IE(POPMUPOBAHHOM COCTOSHUM IJIOTUH
HEU3BECTHON (pyHKuUMEN sBiseTcsl pyHKUMS me-
pemerienuid. [Ipu pemennn npocTpaHCTBEHHBIX
3a/1a4y yalle BCEro HCIHOJB3YIOT 00BEMHBIE KO-
HEYHbIE DJJIEMEHTHI B BUAE TeTpa’apa. Takoi
KOHEYHBIN 3JIEMEHT MMEET JIMHEHHYIO amllmpoK-
CHUMaLIMIO TIepeMelleHn, a aedopmarus sBis-
€TCs KOHCTAaHTOH. Pexe uCIoJIb3yrOT IIeCTH-
IPaHHbIE HENpPaBWIbHBIE TNPU3MBI C KBa3WJIU-
HEWHOHN alIpOoKCUMAallMeld NMepeMEenieHu! U Co-
OTBETCTBEHHO JMHEHHOW (yHKIHMeH aedopma-
muii. OOBIYHO TOYHOCTH ATHX JJIEMEHTOB BIIOJI-
HE JIOCTaTOYHO, €CIM KOHEYHO-DJIEMEHTHas
JVICKpETH3aIHs SBISETCS JIOBOJIBHO TOAPOO-
HOM.

Opnako, Kak IoKa3aja MpakTHKa, CYIIECTBYET
KJIacC 3a/1a4, B KOTOPOM HEJIb3s IPUMEHSTH KO-
HEYHbIE 3JIEMEHThI HU3KOIr0 MopsiaKa. JTo 3aja-
yn 0 H/IC rpyHTOBBIX IUIOTMH ¢ TOHKMMH He-
TPYHTOBBIMH TPOTHBO(DMIETPAMOHHBIMHU dJIe-
MeHTamMu (‘‘CTeHa B TPyHTE”, KeIe300€TOHHBIE
9KpaHbl, x€cTkue auadparmsl U 1p.). MIx oco-
OCHHOCTBIO SIBIIIETCSL TO, 4YTO JAedopmupye-
MOCTb MaTepHajla TOHKOCTEHHON KOHCTPYKIIMHU
OYCHb CUJIbHO (Ha MOPSIOK WJIM Ha JBa) OTJIU-
yaercss OT JAePOpPMHUPYEMOCTH BMEIIAIOLIETO
rpyHTa. M3-3a 3TOro B HUX BO3HMKAIOT HaIps-
JKEHUs, Ha MOPSANOK OTIMYAIOLIMECs OT Harps-
KeHuil B rpyHte. [Ipm 3TOM HampshkeHuUs 3Ha-
YUTENBHO U3MEHSIOTCS KaK I10 JUIMHE, TaK U I10
TOJIIUHE >KECTKOM TOHKOCTEHHOM KOHCTPYK-
IHUHA. MHOrO4MCIIEHHBIE PACYETHI TOKA3AJIH, YTO
C MOMOILBI0O KOHEYHBIX IEMEHTOB HU3KOIO I0-
psAKa He YIAETCs OTPa3HUTh CIOKHBIN XapakTep
ne(GOopMHUPOBaHUS M HANPSXKEHHOTO COCTOSHUS
TOHKOCTEHHOM KOHCTPYKIuH [1].
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CymecTByeT 1Be crocoba pemeHus 3Toi mpo-
OJieMbI:

1) makcumainbHo “cryctuth’ ceTky MKD B TOH-
KO KOHCTPYKIIHH,

2) IpUMEHUTh KOHEUYHBIE AJIEMEHTBI BBICOKOTO
MOpsIJIKa.

IepBboIit crmocod BeAET K pe3KOMYy YBETHUCHHIO
y350B cetku MKD, HO He rapaHTUpyeT TOCTH-
XKeHHe TpeOyeMOoW TOYHOCTH pPELIeHMS, MOITO-
My OOBIYHO TNPUMEHSIOT BTOPOH  CIocoo.
OOBIYHO OCTATOYHO MPUMEHSTH AJIEMEHTHI C
KBaJpaTUYHOM amnmpoKcUMalue mnepemerie-
HUWA. DTO rapaHTUPOBAHHO YBEJIWYMBAET TOY-
HOCTb PELICHUS, a TAK)KE YNPOIIAET MPOLENYPY
reHepanuu cetku MKDO.

B bsnemeHTe BBICOKOTO MOpsIKa KOJIHMYECTBO
y3710B Oomblie, yeM B oObiuHOM. Hampumep, B
HIECTUTPAHHOM OOBEMHOM 3JIEMEHTE TPH JIU-
HEMHOM anmpoKcUMaluu § y3JI0B, a IPH KBaJ-
patuuHoil — 20 (puc. 1), a npu KyOuueckon —
32!, TTosToMy HCIONB30BaHHE HIEMEHTOB Golee
BBICOKOI'O TIOPSAKA TAKXKE BEAET K POCTY YHUCITY
y310B B cetke MKD. Ilpu pemenuun npocrpan-
CTBEHHBIX 33/]1a4 YBEJIMYEHHUE KOJUUECTBA Y3JIOB
— He Bcerja xenarenbHo. OHO BeAET K BO3pac-
TAHUIO MOPSAJIKA CUCTEMBI, K PE3KOMY yBeIHue-
HUIO 00BEMa wHcnoibdyemoil mamatu OBM u
BPEMCHU CUETA.

15
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19

W
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14 2

6

18

Puc. 1. Ob6vémnvie koneunvle snemeHmol
(a — ¢ auHelinoll annpoxkcumayue
nepemeujenull, 6 -c K8AOPAMUUHOU

annpokcumayueti).

! CkasaHHOE OTHOCHTCS K KOHEUYHBIM 3JIEMEHTAM Cupen-
nuroBa cemeiictBa. B JlarpanxeBoMm anieMeHTe ¢ KBajpa-
TUYHOHM ammpokcuMmanued mnepeMemeHuit 21 y3em, a ¢
KyOuueckoi — 40.
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[loaTomMy JIOTMYHO MCHONB30BaThb KOHEYHBIE
3JIEMEHTBI BBICOKOTO MOPSAAKA TOJIBKO TaM, TIe
3TO JEHCTBUTENBHO HEOOXOIUMMO, @ B OCTallb-
HOM 00JIaCTH — IPUMEHSTh OOBIYHBIC DJIEMEHTHI.
Hanpumep, npu pemennn 3agaun o HJIC rpyn-
TOBOW IJIOTUHBI C KEJI€300€TOHHBIM 3KpaHOM
1eJ1ec000pa3HO T'PYHTOBYIO HACHIb Pa30MBaTh
Ha MPOCThIEC AJIEMEHTHI, a JKeJIe300€TOHHBIN K-
paH — Ha 3JEMEHTHl C KBaJApPAaTUYHON alIpoK-
CUMaIen MepeMeNICHUMN.

OpHako BO3HUKAET MmpoljemMa COMpSKEHHs KO-
HEYHBIX DJIEMEHTOB C pa3HOM CTENEHbIO al-
npokcuManuu. Ha puc. 2a mokazaHa oaHa u3
BO3MOXKHBIX CXEM COIPSIKEHMSI, B KOTOPOH OJiHA
CTOpOHA KBaJpaTUYHOIO AJIEMEHTA COMPSATaeTCs
C IByMsl CTOPOHAMH JIMHEWHBIX JIEMEHTOB.

MNepexoaHtle

KeagpaTWyHble

Puc. 2. Cxemvbi conpsioicenus snemenmos
C IUHEUHOU U K8AOPAMUYHOU CIMeneHAMU
annpoxkcumayuy nepemeweHull (a — HegepHas,
6 — npasunbHas, ¢ NOMOWDBIO INEMEHNO8
NPOMENHCYMOYHOU annpoKcumayueu
nepemeujeruii)

Takast cxema CONpPSIKEHUS SBISAETCS HEBEPHOM,

OHa HE YIOBJICTBOPSET TPEOOBAHMSIM COBMECT-
HOCTH 3JIeMEHTOB [2]. Y omHOro u3 rpaHuya-
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IIUX JPYT C APYTOM JIEMEHTOB (DYHKIHS mepe-
MEILIEHUHN — JIMHEHAas1, a Ipyroro — KBajapaTud-
Hasg. OTO O3HA4aeT, YTO MEXAy >3JIEMEHTaAMH
MO’KET 00pa30BBIBaTHCS 3a30p U OHH MOTYT HE
B3aMMOJIEICTBOBATH APYT C APYTOM.

Takum oOpa3oM, B 30HE COMPSHKEHUS JIMHEHHBIX
U KBaJIPaTUYHBIX AJIEMEHTOB HEOOXOIMMO HC-
MI0JIB30BATh AJIEMEHTHI C HEKOEH MPOMEXYyTOU-
HOM CTEIEHBIO allIPOKCUMALMK NIEPEMELICHUH,
y KOTOpBIX Ha TPaHMIIE C JMHEWHBIMH 3JIEMEH-
TaMu (QYHKUUS TEepeMelleHnid — IMHelHa, a Ha
IpaHULE C KBaJpaTUYHBIMU — KBaJpaTU4Has
(puc. 20).

Wrak, HeoOxoqumMo co31aTh KOHEYHbIE 3JIEMEH-
Thl C MPOMEXYTOYHOM CTENEHbIO ANIpPOKCHUMAa-
1017078

OOBIYHO B AJIEMEHTaX JF00O0M CTENEeHU ammpoK-
cUManuu (PyHKIUIO MEepeMenIeHni 0ObIYHO 3a-
MUCBHIBAIOT 4Yepe3 MEepeMElIeHUsl Y3JI0B M UX

byHKIUU POPMBIL:

U=Njuy+Nyu,+...+N,u,, (1)

rae u;,u,, U, — NEPEMCIICHUA COOTBETCTBCHHO

y350B 1, 2 un.

N;, N,, N, — ¢dysxuun ¢GopMbl COOTBETCT-
BEHHO y3J10B 1, 2 u n.

QOyHKIMU (HOPMBI Y3TI0B dJIEMEHTa OOBIYHO 3a-
NUCHIBAIOT B JIOKAJIBHBIX KOOpAMHATAX, B KOTO-
PBIX JIIO0OW SJIEMEHT TpeNCTaBiIsAeT ceOs Impa-
BUWJIbHYIO (PUTYDPY C JUIMHOW CTOPOHBI, paBHOH 2
(B muockoi 3amaue — KBaJpar, B IPOCTPAHCT-
BEHHOW — Ky0). UTOOBI mepemelieHre, BbIUUC-
neHHoe 1o (1) s y3ia j, COOTBETCTBOBAJIO Tie-
pPEMELICHNI0 3TOro y3i1a, (QyHKIUM (QOpMBI
JOJKHBI OBITH 3alMCaHbl TaKUM 00pa3zoM, 4YTO
IpU MOJCTAHOBKE JIOKAIbHBIX KOOPAMHAT CBO-
€ro y3Jla OHU IPUHUMAaJH Obl 3HaueHue 1, a mpu
IOJICTAHOBKE KOOpAMHAT APYroro ysjia ObLIM
paBHbl 0.

B miecturpannoil npu3Me ¢ JIMHEWHOW anImpokK-
cuManued mnepeMerieHuil GyHKIuH Qopmbel 8
YTJIOBBIX Y3JI0B ONpeAEsoTCs (HOpMyIIOi:

Nj= (1eeg) (o) (14c) @
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rae &, 1, § — KoopIuHAThl TPOU3BOJIBHON TOUKH
B JIOKQJIBHOM CUCTEME KOOPIMHAT,

&;, Mj, j — JTOKaNbHBIE KOOPANUHATHI Y3114 .

Ecnu cremenp anmpoKCUManuMu — KBajpaTHy-
Hasi, TO B 3JIEMEHTE MOABJISIOTCS enlé 12 y3510B B
cepeiHaxX KaxJaoro u3 péoep, Tak Ha3bIBaEMbIe
MPOMEXYTOUHbIC y3ibl. WX dyHkmum ¢opmbl
BBIpaKatoTcsl GOpPMyIIaMu:

N = (1-g2) (o) (140) Ga)

— J17151 Y3JIOB Ha CTOpOHAX, NapajuleIbHbIX OCH &,

1

N = l=w)(eeg)(i+cc) e

—JUIsl Y3JI0B Ha CTOPOHAX, MapaJuIeNIbHBIX OCH 1),

1

=)t (14c2) 6w

Nj:

— J17151 Y3JI0B Ha CTOPOHAX, MapajuleNbHbIX ocH C.
OpHako TpH 3TOM JOJIKHBI OBITh M3MEHEHBI
(byHKIMA GOPMBI YTIIOBBIX y3JIOB!

évj—%(lwfj)(l“?ﬂ/) ().
!

vee)ee vnn+c ¢ -2)

OHu mosry4deHsl MyTEM BBIMUTAHMA U3 QyHKINH
(opMBbI yIIOBBIX Y3710B GYHKIUN (HOpMBI y3710B
Ha péopax [2]:

szNj—;(N§+Nn+Ng), (5)

rie N i — Qynxous Gopmsl y3na j npu nuHei-
HOW anmpoKCHUMallud TEpPEMEIECHUM, OIpee-
NEHHAs B COOTBETCTBUU C (2),

Ng, N, N¢ — Qyskiun ¢popmsr y3moB, pac-
TMOJIOKEHHBIX Ha pEOpax, UCXOMALIUX U3 Y374 j.
W3 Gopmynsl (5) BUAHO, UTO B BIIEMEHTE C MPO-

MEXyTOYHOH anmnpokcumanuen, GpyHkuuu ¢op-
MBI YTJIOBBIX Y3JI0B OyayT U3MEHATHCA B 3aBU-
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CUMOCTH OT TOTO, €CTh JIM Ha UCXOAAIIUX PEO-
pax IPOMEXYTOYHBIE Y3IIBL.

OT0 HEynOoOHO, MOTOMY HAaMU TpeasiaraeTcs
IIPUMEHATH JPYrOd MOIX0J — UCIOJIB30BATh IS
CO3JIaHUs HETMHEWHBIX (PYHKIUN NepeMeIeH i
BHEY3JIOBBIE CTENEHH CBOOOABI. DTO O3HAYAET,
yro B (opmyne (1) momonHuTENbHBIE Cllarae-
MbI€, OTBEYAIOIME 3a HEIMHENHOCTh (YHKIINY,
HE OTHOCATCS K KaKMM-IHOO y3nam. JlomonHu-
TEJbHBIE Y3JIbl HE BBOAATCS, COOTBETCTBEHHO UX
¢GyHKIMU QOpMBI HE U3MEHSIOTCA. B aToMm ciy-
Yae JOMOJHUTEIbHBIE claraembie ¢hopmysl (1)
OyayT mpeacTaBiIATh COOON MpupalieHus nepe-
MEIICHUN OTHOCUTEIBHO NEPEMEIICHUM, CO3-
JTAHHBIX YTJIOBBIMU y37aMHu (puc. 3).

A C D B
Puc. 3. Cnocobvl coz0anus nHenuneuHo
@dyHKYyuu nepemewyeHull Ha epanu (cmopone)
KOHEUHO20 21eMeHma (a — ¢ NOMOWbIO 88€0eHUs
OONOHUMENbHBIX V37108, O — C NOMOWbIO
8HEY3/108bIX cmenenell c60000bl).

@dopMynbl  KBaJIpaTUUHBIX (QYHKUUH (HopMBI
BHEY3JIOBBIX CTENeHel CBOOOMBI 3JeMeHTa Oy-
YT TaKUMH K€, KaK JJs JONOJHUTENbHBIX y3-
70B — (3). Ix MakcuMyM IpHUXOJUTCS Ha cepe-
JMHY CTOPOHBI (KOrja JOKajbHasg KOOpJMHATa
paBHa (), clie0BaTeNIbHO, IEPEMELECHUE U; UL
KBaJpaTU4YHOU (YHKIMU (OPMBI MPEACTABIAET
co0Ol TpupalleHne MepeMelIeHns B cepeIuHe
CTOPOHBI IO CPABHEHUIO C JIMHEHHOU (PyHKITHEH
MEPEMEIICHUI.

@opmynbel ans KyOudeckuxX (QyHKIH (OpMBI
IPEJJIOAKEHBI CIIETYOIINMHU:

J27

N, =(1-¢)(1emn ) (1vge ) e 07 @)

— J17151 Y3JI0OB Ha CTOPOHAX, MapauIebHBIX OCH &
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N; :(l—ﬂz)(”ﬁﬁj)(l%(;j) n J? (40)

— AJId Y3JI0B Ha CTOPOHAX, MapalJiICJIbHBIX OCHU M

N;j =(1—C2)(1+§§j)(1+nm) ¢ J? (48)

— JUIs1 y3710B Ha CTOPOHAX, MapajieNbHbIX ocH C.
MaxkcumyM KyOudeckux (pyHKIMA HaOmomaeT-
csl cpa3y B JIByX TOYKax (C OTHOCHUTENBHOH KO-

opauHatoit £./1/3 ). E€ Henb3s OTHECTH K Ka-

KoMy JIH0O Y37y, 3Ta CTeNneHb CBOOOBI — BHE-
y3J10Bas.

B kyOnueckux QpyHKIusax Gopmbl iepeMerieHrne
U;j peCTaBIsgeT co00il NOMOIHUTENBHOE Mepe-
MEUIeHHE OTHOCHUTEIBHO KBaJIpaTHUYHOU (yHK-
WU pacIipeie]ICHHsI TepEMEIICHUs

Kaxk BuguMm, npeniokeHHbIH 1o1x01 o0ecreyn-
BaeT HE3aBUCHMOCTH CTENCHH amMpOKCUMAIUU
M0 KaXI0M U3 CTOpoH pébep. 3a cuér 3TOro
MOKHO CO371aBaTh AJIEMEHTHI, B KOTOPBIX CTele-
HU anmnpoKCUMAaluy B HaNpaBiICHUH KaXIOW U3
JOKaNbHBIX oceil koopamHat (&, M, £) OyayT
pa3HbIMU. IDTO YJIOOHO HE TOJBKO I COIpSi-
JKEHHUSI PA3HbIX THUIOB 3JIEMEHTOB, HO M JUIS
AJIEMEHTOB B KOTOPBIX OJWH W3 Pa3MepoOB 3Ha-
YUTENLHO MPEBBIIIACT IPYTOM.
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