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AIMS AND SCOPE 

 

The aim of the Journal is to advance the research and practice in structural engineering 

through the application of computational methods. The Journal will publish original papers and 

educational articles of general value to the field that will bridge the gap between high-performance 

construction materials, large-scale engineering systems and advanced methods of analysis. 

The scope of the Journal includes papers on computer methods in the areas of structural 

engineering, civil engineering materials and problems concerned with multiple physical processes 

interacting at multiple spatial and temporal scales. The Journal is intended to be of interest and use 

to researches and practitioners in academic, governmental and industrial communities. 

 

 

 

 

 

ǸǾАȀǸИǳ ǿВǳǲǳǻИЯ Ǽ ǴȁǾǻАǹǳ 

INTERNATIONAL JOURNAL FOR COMPUTATIONAL CIVIL AND 

STRUCTURAL ENGINEERING 

 

ɀɭɪɧаɥ International Journal for Computational Civil and Structural Engineering яɜɥя-
ɟɬɫя ɦɟɠɞɭɧаɪɨɞɧыɦ ɩɟɪɢɨɞɢчɟɫɤɢɦ ɢɡɞаɧɢɟɦ, ɭчɪɟɞɢɬɟɥяɦɢ ɢ ɢɡɞаɬɟɥяɦɢ ɤɨɬɨɪɨɝɨ ɜыɫɬɭ-

ɩаɸɬ Иɡɞаɬɟɥьɫɬɜɨ Аɫɫɨɰɢаɰɢɢ ɫɬɪɨɢɬɟɥьɧыɯ ɜɭɡɨɜ (АСВ) /Ɋɨɫɫɢя, ɝ. Мɨɫɤɜа/ ɢ Иɡɞаɬɟɥьɫɬ-
ɜɨ Begell House Inc. /США, ɝ. Ньɸ-Ƀɨɪɤ/. 

В ɪɟɞаɤɰɢɨɧɧыɣ ɫɨɜɟɬ ɠɭɪɧаɥа ɜɯɨɞяɬ ɢɡɜɟɫɬɧыɟ ɪɨɫɫɢɣɫɤɢɟ ɢ ɡаɪɭɛɟɠɧыɟ ɞɟяɬɟɥɢ 

ɧаɭɤɢ ɢ ɬɟɯɧɢɤɢ. Оɫɧɨɜɧɨɣ ɤɪɢɬɟɪɢɣ ɨɬɛɨɪа ɫɬаɬɟɣ ɞɥя ɩɭɛɥɢɤаɰɢɢ ɜ ɠɭɪɧаɥɟ − ɢɯ ɜыɫɨɤɢɣ 

ɧаɭчɧыɣ ɭɪɨɜɟɧь, ɫɨɨɬɜɟɬɫɬɜɢɟ ɤɨɬɨɪɨɦɭ ɨɩɪɟɞɟɥяɟɬɫя ɜ ɯɨɞɟ ɜыɫɨɤɨɤɜаɥɢɮɢɰɢɪɨɜаɧɧɨɝɨ 
ɪɟɰɟɧɡɢɪɨɜаɧɢя ɢ ɨɛɴɟɤɬɢɜɧɨɣ эɤɫɩɟɪɬɢɡы, ɩɨɫɬɭɩаɸщɢɯ ɜ ɪɟɞаɤɰɢɸ ɦаɬɟɪɢаɥɨɜ. 

ɀɭɪɧаɥ ɜɯɨɞɢɬ ɜ Пɟɪɟчɟɧь ɜɟɞɭщɢɯ ɪɟɰɟɧɡɢɪɭɟɦыɯ ɧаɭчɧыɯ ɠɭɪɧаɥɨɜ ɢ ɢɡɞаɧɢɣ, ɜ 
ɤɨɬɨɪыɯ ɞɨɥɠɧы ɛыɬь ɨɩɭɛɥɢɤɨɜаɧы ɨɫɧɨɜɧыɟ ɧаɭчɧыɟ ɪɟɡɭɥьɬаɬы ɞɢɫɫɟɪɬаɰɢɣ.  

ɀɭɪɧаɥ ɡаɪɟɝɢɫɬɪɢɪɨɜаɧ ɜ Фɟɞɟɪаɥьɧɨɦ аɝɟɧɬɫɬɜɟ ɩɨ ɫɪɟɞɫɬɜаɦ ɦаɫɫɨɜɨɣ ɢɧɮɨɪɦа-
ɰɢɢ ɢ ɨɯɪаɧы ɤɭɥьɬɭɪɧɨɝɨ ɧаɫɥɟɞɢя Ɋɨɫɫɢɣɫɤɨɣ Фɟɞɟɪаɰɢɢ. Иɧɞɟɤɫ ɜ ɨɛщɟɪɨɫɫɢɣɫɤɨɦ ɤаɬа-
ɥɨɝɟ ɊОСПȿЧАТЬ − 18076. 
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GUIDELINES FOR PREPARATION OF MANUSCRIPT 

AND RELATED INFORMATION 
 

Vladimir N. Sidorov
1
, Pavel A. Akimov

2
, Taymuraz B. Kaytukov

3
 

1Editor-in-Chief of International Journal for Computational Civil and Structural Engineering 
2Associate Editor of International Journal for Computational Civil and Structural Engineering 
3Technical Editor of International Journal for Computational Civil and Structural Engineering 

 

ABSTRACT: Each paper must be typed on snow white paper sheets of A4 (210x297mm) size only on one side 

in boxes as shown on this sample. The abstract must be typed in 16 cm width box. The text of paper in the first 

page must be written in two columns 8.25 cm in width. All next pages must also have two columns 8.25 cm in 

width. Each page should have margins: 32 mm top, 32 mm bottom and 20 mm right and left. The paper should 

be typed using 12 point size Times New Roman type-face, or very similar, using single spacing between text 

lines applying word processor and printed on laser printer. It can be here pointed such editors as Word for Win-

dows (preferable), Word Perfect, Tex or LaTeX. The appearance of manuscript of paper should be similar as far 

as possible to this sample. The paper should be submitted by traditional post: the original with 2 copies for re-

view and the electronic version on diskette or on CD. 

 

Key words: International Journal for Computational Civil and Structural Engineering, preparation of 

manuscripts, electronic image preparation, submission of peer reviews and accepted articles. 

 

 

1. PREPARATION OF MANUSCRIPTS 

 

This document is typed by Microsoft Word 2003 

and Times New Roman 12 point size type-face. 

 

The material of the paper should be arranged 

as follows: Title (16 points), Author(s) (14 

point), Affiliation(s), Abstract, key words, Intro-

duction, Main body of paper, Acknowledgements 

(if any), References (if any, 10 points), Appendi-

ces (if any), full authors addresses as endnote (10 

points, spacing within endnote=1, style for num-

bering=numbers, line separating text and end-

notes=line – margin to margin in right column). 

 

The title, author’s name(s) and affiliation(s) 

should be given in a style similar to that shown 

above in this sample and centered. The head-

ings should be bold and aligned to left. First-

order headings and parts of the text should be 

separated by one free line from the text. Second-

order headings should have capital first letters. 

 

The both columns of each page, including clos-

ing page, should be of equal length. At the bot-

tom of the last right column of last page is end-

note with author’s address(es). 

The figures can be embedded in word processor 

or must be drawn in black ink. Drawings can be 

produced directly on manuscript sheet or may 

be produced on separate piece of white paper 

and then stuck at the appropriate position. Pho-

tographs must be glossy black and white prints 

and stuck at the appropriate position. This also 

applies to other items such as tables. The best – 

drawings, photographs and tables should be 

typed by word processor. All symbols includ-

ing equations should be typed. 

 

ijijij μελεδσ 2+= .                    (1) 

 

However, sometimes embedding figure files in 

Microsoft Word is not acceptable for final 

output, because of the loss of resolution. In this 

connection author may save in addiction all or 

selected files with figures separately on diskette 

or CD. Acceptable formats for figures are 

JPEG, TIFF or EPS files saved from original 

application at 300-600 dpi. 

 

The Figures, line drawings, photographs, tables 

may be positioned either within the one column, 

or large centered exactly across the full width of 

the page. The equations should be numbered at 
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the right side of the column. The references 

should be given at the end of the paper. 

The Figures, Tables and Equations should be sepa-

rated from the text by minimum one single free line. 
 

 
Figure 1 

 

The manuscript is expected to be written in 

correct and easily readable English. An au-

thor who is not proficient in English is advised 

to take help of linguist before typing. It should 

be thoroughly checked for spelling mistakes. 
 

2. SUBMISSION FOR PEER REVIEW 
 

Authors in all countries, at their opinion, 

should send three (3) copies of their manuscript 

to Editors-in-Chief professor Vladimir N. Si-

dorov (see chapter 4 Correspondence) or Tech-

nical editor associate professor Taymuraz B. 

Kaytukov. Electronic submissions are en-

couraged. Email a PDF or DOC (Microsoft 

Word) file with manuscript to the Editor-in-

Chief or technical editor. The Editor-in-Chief 

will seek reviews of the paper from experts and 

will assure rapid turnaround within six months 

of submission. Each manuscript will receive 

at least 2 reviews. In deciding on acceptance 

of the paper, experts will examine originality, 

quality of contents, neatness of presentation and 

readability of the submitted text. The Editor-in-

Chief will correspond with the author in the 

light of these reviews. Submission implies that 

the author will be willing to make any necessary 

revisions. Retain all original figures until con-

clusion of the review process.  
 

3. SUBMISSION OF ACCEPTED ARTICLE 
 

After manuscript has been accepted and all re-

quired revisions have been incorporated, mail 

manuscripts (black & white) and two copies 

to Editor-in-Chief by traditional post. The en-

velope for A4 sheets with stiffener may be used. 

The electronic version of the manuscript on 

diskette or CD must be mailed to Editor-in-

Chief as well. Label CD or diskette with au-

thor’s last name(s), title of the article, abbrevi-

ated journal name and date. Please provide a list 

of the software programs used for the art and 

text and the file names on the disk. 
 

4. CORRESPONDENCE 
 

Enquires regarding International Journal for 

Computational Civil and Structural Engineering 

and manuscripts should be addressed to the 
 

 Editor-in-Chief 

Professor Vladimir N. Sidorov  

Department of Applied Mathematics  

and Computer Science 

Moscow State University of Civil Engineering,  

26, Yaroslavskoe Shosse, 129337 Moscow, Russia 

e-mail: sidorov.vladimir@gmail.com 
 

 Technical Editor 

Associate Professor Taymuraz B. Kaytukov 

Research & Educational Center  

of Computational Simulation 

Moscow State University of Civil Engineering,  

26, Yaroslavskoe Shosse, 129337 Moscow, Russia 

e-mail: niccm@mgsu.ru 
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ɉɊАȼɂɅА ɈɎɈɊɆɅȿɇɂə СɌАɌȿɃ ДɅə ɀɍɊɇАɅА 

INTERNATIONAL JOURNAL FOR COMPUTATIONAL CIVIL 

AND STRUCTURAL ENGINEERING 
 

В.Н. Сидоров1
, П.А. Акимов2

, Т.Ȼ. Каɣтуков3
 

1Гɥаɜɧыɣ ɪɟɞаɤɬɨɪ ɠɭɪɧаɥа International Journal for Computational Civil and Structural Engineering 
2Заɦɟɫɬɢɬɟɥь ɝɥаɜɧɨɝɨ ɪɟɞаɤɬɨɪа ɠɭɪɧаɥа of International Journal for Computational Civil and Structural Engineering 

3Тɟɯɧɢчɟɫɤɢɣ ɪɟɞаɤɬɨɪ ɠɭɪɧаɥа of International Journal for Computational Civil and Structural Engineering 

 

АɇɇɈɌАЦɂə: Каɠɞая ɫɬаɬья ɩɪɟɞɫɬаɜɥяɟɬɫя ɜ эɥɟɤɬɪɨɧɧɨɦ ɢ ɩɟчаɬɧɨɦ ɜɢɞɟ (ɛɭɦаɝа ɛɟɥая, ɪаɡɦɟɪ А4 

(210ɯ297 ɦɦ), ɩɟчаɬь ɨɞɧɨɫɬɨɪɨɧɧяя – ɫɦ. ɧаɫɬɨящɢɣ ɨɛɪаɡɟɰ). əɡыɤ ɩɭɛɥɢɤаɰɢɢ ɫɬаɬɟɣ – аɧɝɥɢɣɫɤɢɣ 

(ɩɪɟɞɩɨчɬɢɬɟɥьɧɨ) ɢɥɢ ɪɭɫɫɤɢɣ, ɩɪɢ эɬɨɦ ɜ ɫɥɭчаɟ ɩɭɛɥɢɤаɰɢɢ ɫɬаɬьɢ ɧа ɪɭɫɫɤɨɦ яɡыɤɟ аɧɧɨɬаɰɢя ɫɬа-
ɬьɢ, ɤɥɸчɟɜыɟ ɫɥɨɜа, ɫɜɟɞɟɧɢя ɨɛ аɜɬɨɪаɯ ɢ ɧаɡɜаɧɢɟ ɫɬаɬьɢ ɞɨɥɠɧы ɛыɬь ɩɪɟɞɫɬаɜɥɟɧы аɜɬɨɪаɦɢ ɧа 
аɧɝɥɢɣɫɤɨɦ яɡыɤɟ. Тɟɤɫɬ ɞɨɥɠɟɧ ɛыɬь ɩɨɞɝɨɬɨɜɥɟɧ ɜ ɩɪɨɝɪаɦɦɟ Microsoft Word (ɮɨɪɦаɬ ɮаɣɥа – DOC), 

ɠɟɥаɬɟɥьɧɨ ɬаɤɠɟ ɩɪɟɞɨɫɬаɜɥɟɧɢɟ ɤɨɩɢɢ ɫɬаɬьɢ ɜ ɮɨɪɦаɬɟ PDF. Аɧɧɨɬаɰɢя ɩɟчаɬаɟɬɫя ɜ ɩɨɥɟ ɲɢɪɢɧɨɣ 

16 ɫɦ. Тɟɤɫɬ ɧа ɩɟɪɜɨɣ ɫɬɪаɧɢɰɟ ɫɬаɬьɢ ɩɟчаɬаɟɬɫя ɜ ɞɜɟ ɤɨɥɨɧɤɢ, ɲɢɪɢɧɨɣ 8.25 ɫɦ ɤаɠɞая. Пɨɥя: ɜɟɪɯ-
ɧɟɟ – 32 ɦɦ., ɧɢɠɧɟɟ – 32 ɦɦ., ɩɪаɜɨɟ – 20 ɦɦ., ɥɟɜɨɟ – 20 ɦɦ. Оɫɧɨɜɧɨɣ ɲɪɢɮɬ ɞɥя ɧаɛɨɪа ɫɬаɬьɢ – 

Times New Roman, 12 ɩɬ., ɦɟɠɫɬɪɨчɧыɣ ɢɧɬɟɪɜаɥ – ɨɞɢɧаɪɧыɣ. Вɧɟɲɧɢɣ ɜɢɞ ɫɬаɬьɢ ɩɨ ɮɨɪɦɟ ɨɮɨɪɦɥɟ-
ɧɢя ɞɨɥɠɟɧ ɫɨɨɬɜɟɬɫɬɜɨɜаɬь ɧаɫɬɨящɟɦɭ ɨɛɪаɡɰɭ. Пɟчаɬɧыɟ эɤɡɟɦɩɥяɪы ɫɬаɬьɢ (ɨɪɢɝɢɧаɥ ɢ ɞɜɟ ɤɨɩɢɢ) ɢ 

ɟɟ эɥɟɤɬɪɨɧɧая ɮɨɪɦа (ɧа ɞɢɫɤɟɬɟ ɢɥɢ ɤɨɦɩаɤɬ-ɞɢɫɤɟ) ɞɨɥɠɧы ɩɟɪɟɫыɥаɬьɫя ɩɨ ɩɨчɬɟ. Дɥя ɩɟɪɟɫыɥɤɢ 

эɥɟɤɬɪɨɧɧɨɣ ɮɨɪɦы ɞɨɩɨɥɧɢɬɟɥьɧɨ ɧɟɨɛɯɨɞɢɦɨ ɢɫɩɨɥьɡɨɜаɬь эɥɟɤɬɪɨɧɧɭɸ ɩɨчɬɭ. 
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ɫɬаɬьɢ, ɩɨɞɝɨɬɨɜɤа эɥɟɤɬɪɨɧɧыɯ ɜɟɪɫɢɣ, ɪɟɰɟɧɡɢɪɨɜаɧɢɟ 
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1. ɉɈДȽɈɌɈȼКА СɌАɌȿɃ 

 

Наɫɬɨящɢɣ ɨɛɪаɡɟɰ ɩɨɞɝɨɬɨɜɥɟɧ ɜ ɬɟɤɫɬɨɜɨɦ 

ɩɪɨɰɟɫɫɨɪɟ Microsoft Word 2003, ɢɫɩɨɥьɡɭ-

ɟɬɫя ɲɪɢɮɬ Times New Roman, 12 ɩɬ. 

Ɇɚɬеɪиɚл сɬɚɬɶи ɞолɠеɧ ɪɚсɩолɚɝɚɬɶсɹ 

слеɞɭющиɦ оɛɪɚɡоɦ: Заɝɨɥɨɜɨɤ (Times New 

Roman, 16 ɩɬ.), аɜɬɨɪы (Times New Roman, 

14 ɩɬ.), ɫɜɟɞɟɧɢя ɨɛ аɜɬɨɪаɯ, аɧɧɨɬаɰɢя, 
ɤɥɸчɟɜыɟ ɫɥɨɜа (Times New Roman, 10 ɩɬ.). 
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Пɪɢ ɩɭɛɥɢɤаɰɢɢ ɫɬаɬьɢ ɧа ɪɭɫɫɤɨɦ яɡыɤɟ 
ɞаɥɟɟ ɪаɫɩɨɥаɝаɸɬɫя Заɝɨɥɨɜɨɤ (Times New 

Roman, 16 ɩɬ.), аɜɬɨɪы (Times New Roman, 

14 ɩɬ.), ɫɜɟɞɟɧɢя ɨɛ аɜɬɨɪаɯ, аɧɧɨɬаɰɢя, 
ɤɥɸчɟɜыɟ ɫɥɨɜа (Times New Roman, 10 ɩɬ.) 
ɧа аɧɝɥɢɣɫɤɨɦ яɡыɤɟ). Вɜɟɞɟɧɢɟ, ɨɫɧɨɜɧɨɣ 

ɬɟɤɫɬ ɫɬаɬьɢ, ɩɪɢɥɨɠɟɧɢя ɢ ɡаɦɟчаɧɢя ɩɟча-
ɬаɸɬɫя ɫ ɢɫɩɨɥьɡɨɜаɧɢɟ ɲɪɢɮɬа Times New 

Roman, 12 ɩɬ.; ɫɩɢɫɤɨ ɥɢɬɟɪаɬɭɪы, ɪаɡɜɟɪɧɭ-
ɬыɟ ɫɜɟɞɟɧɢя ɨɛ аɜɬɨɪаɯ – Times New Roman, 

10 ɩɬ. Мɟɠɫɬɪɨчɧыɣ ɢɧɬɟɪɜаɥ – ɨɞɢɧаɪɧыɣ. 

Выɪаɜɧɢɜаɧɢɟ ɜ ɬɟɤɫɬɟ – ɩɨ ɲɢɪɢɧɟ, ɜыɪаɜ-
ɧɢɜаɧɢɟ ɮɨɪɦɭɥ – ɩɨ ɩɪаɜɨɦɭ ɤɪаɸ, ɮɨɪɦɭ-
ɥы ɠɟɥаɬɟɥьɧɨ ɧɭɦɟɪɨɜаɬь. 
 

Ɂɚɝоловоɤ сɬɚɬɶи, свеɞеɧиɹ оɛ ɚвɬоɪɚх 
ɩɪɟɞɫɬаɜɥяɸɬɫя ɜ ɮɨɪɦɟ, ɩɪɢɜɟɞɟɧɧɨɣ ɜ ɧа-
ɫɬɨящɟɦ ɨɛɪаɡɰɟ, ɜыɪаɜɧɢɜаɧɢɟ ɩɨ ɰɟɧɬɪɭ. 
ɉоɞɡɚɝоловɤи в сɬɚɬɶе ɜыɞɟɥяɸɬɫя ɩɨɥɭ-
ɠɢɪɧыɦ ɲɪɢɮɬɨɦ ɫ ɜыɪаɜɧɢɜаɧɢɟɦ ɩɨ ɥɟ-
ɜɨɦɭ ɤɪаɸ. Пɨɞɡаɝɨɥɨɜɤɢ ɩɟɪɜɨɝɨ ɭɪɨɜɧя 
ɞɨɥɠɧы ɛыɬь ɨɬɞɟɥɟɧы ɨɬ ɨɫɧɨɜɧɨɝɨ ɬɟɤɫɬа 
ɨɞɧɨɣ ɩɭɫɬɨɣ ɫɬɪɨɤɨɣ, ɩɨɞɡаɝɨɥɨɜɤɢ ɜɬɨɪɨɝɨ 
ɭɪɨɜɧя ɜыɞɟɥяɸɬɫя ɤɭɪɫɢɜɨɦ. 

 

Оɛɟ ɤɨɥɨɧɤɢ ɧа ɤаɠɞɨɣ ɫɬɪаɧɢɰɟ, ɜɤɥɸчая ɩɨ-
ɫɥɟɞɧɸɸ, ɞɨɥɠɧы ɢɦɟɬь ɨɞɢɧаɤɨɜɭɸ ɞɥɢɧɭ. В 

ɤɨɧɰɟ ɫɬаɬьɢ ɞɨɥɠɧы ɛыɬь ɩɪɢɜɟɞɟɧы ɪаɡɜɟɪ-
ɧɭɬыɟ ɫɜɟɞɟɧɢя ɨɛ аɜɬɨɪаɯ, ɫɨɞɟɪɠащɢɟ ɜ ɬɨɦ 

чɢɫɥɟ ɢɯ ɤɨɧɬаɤɬɧыɟ ɞаɧɧыɟ (ɧа ɞɜɭɯ яɡыɤаɯ 
ɩɪɢ ɩɭɛɥɢɤаɰɢɢ ɫɬаɬьɢ ɧа ɪɭɫɫɤɨɦ яɡыɤɟ). 
 

Ɋисɭɧɤи (чɟɪɧɨ-ɛɟɥыɟ) ɞɨɥɠɧы ɛыɬь ɜɫɬаɜ-
ɥɟɧы ɜ ɬɟɤɫɬ ɫɬаɬьɢ ɢɥɢ ɩɪɢɥɨɠɟɧы ɜ ɛɭɦаɠ-

ɧɨɦ ɜɢɞɟ ɧа ɨɬɞɟɥьɧыɯ ɥɢɫɬаɯ, ɫ ɭɤаɡаɧɢɟɦ ɜ 
ɤаɤɢɯ ɦɟɫɬаɯ ɫɬаɬьɢ ɢɯ ɫɥɟɞɭɟɬ ɪаɫɩɨɥɨɠɢɬь. 
Тɨɠɟ ɤаɫаɟɬɫя ɢ ɮоɬоɝɪɚɮиɣ, ɮɨɪɦаɬ ɮɨɬɨ-
ɝɪаɮɢɣ – чɟɪɧɨ-ɛɟɥыɣ. ɀɟɥаɬɟɥьɧɨ ɩɪɢɥа-
ɝаɬь эɥɟɤɬɪɨɧɧыɟ ɜɟɪɫɢɢ ɪɢɫɭɧɤɨɜ ɢ ɮɨɬɨ-
ɝɪаɮɢɣ! Аɧаɥɨɝɢчɧыɟ ɬɪɟɛɨɜаɧɢя ɤаɫаɸɬɫя 
ɬɚɛлиɰ. Наɢɥɭчɲɢɣ ɜаɪɢаɧɬ ɬаɤɨɣ, ɤɨɝɞа ɪɢ-

ɫɭɧɤɢ, ɮɨɬɨɝɪаɮɢɢ ɢ ɬаɛɥɢɰы ɜɫɬаɜɥɟɧы ɜ 
ɮаɣɥ, ɩɨɞɝɨɬɨɜɥɟɧɧыɣ ɜ Microsoft Word. ȼсе 
сиɦволы, в ɬоɦ числе исɩолɶɡɭеɦые в 

ɭɪɚвɧеɧиɹх, ɞолɠɧы ɛыɬɶ ɩечɚɬɧыɦи.  

 

ijijij μελεδσ 2+= .                    (1) 

Оɞɧаɤɨ, ɪисɭɧɤи и ɮоɬоɝɪɚɮии, всɬɚвлеɧ-

ɧые в ɮɚɣл ɬеɤсɬовоɝо ɩɪоɰессоɪɚ Micro-

soft Word ɧе всеɝɞɚ иɦеюɬ ɩɪиеɦлеɦое 
ɞлɹ ɩечɚɬи ɤɚчесɬво ɢɡ-ɡа ɢɯ ɧɢɡɤɨɝɨ ɪаɡ-
ɪɟɲɟɧɢя. В эɬɨɣ ɫɜяɡɢ аɜɬɨɪɭ ɧаɫɬɨяɬɟɥьɧɨ 
ɪɟɤɨɦɟɧɞɭɟɬɫя ɞɨɩɨɥɧɢɬɟɥьɧɨ ɩɪɢɥɨɠɢɬь 
(ɧа ɞɢɫɤɟɬɟ ɢɥɢ ɤɨɦɩаɤɬ-ɞɢɫɤɟ) ɤ ɫɬаɬьɟ ɮаɣ-

ɥы, ɫɨɞɟɪɠащɢɟ ɪɢɫɭɧɤɢ. Доɩɭсɬиɦые 
ɮоɪɦɚɬы ɞлɹ ɪисɭɧɤов – JPEG, TIFF ɢɥɢ 

EPS, ɪаɡɪɟɲɟɧɢɟ – 300-600 dpi. 

 

Ɋɢɫɭɧɤɢ, ɮɨɬɨɝɪаɮɢɢ ɢ ɬаɛɥɢɰы, ɜ ɫɥɭчаɟ ɢɯ 
ɛɨɥьɲɢɯ ɪаɡɦɟɪɨɜ, ɬаɤɠɟ ɦɨɝɭɬ ɪаɫɩɨɥаɝаɬь-
ɫя ɜ ɨɞɧɭ ɤɨɥɨɧɤɭ ɫ ɜыɪаɜɧɢɜаɧɢɟɦ ɩɨ ɲɢ-

ɪɢɧɟ. Фɨɪɦɭɥы ɜ ɫɬаɬьɟ ɧɭɦɟɪɭɸɬɫя ɫ ɜы-

ɪаɜɧɢɜаɧɢɟɦ ɩɨ ɩɪаɜɨɦɭ ɤɪаɸ. Сɩисоɤ ли-

ɬеɪɚɬɭɪы ɞɨɥɠɟɧ ɛыɬь ɩɪɢɜɟɞɟɧ ɜ ɤɨɧɰɟ 
ɫɬаɬьɢ. Ɋɢɫɭɧɤɢ, ɮɨɬɨɝɪаɮɢɢ ɢ ɬаɛɥɢɰы 

ɞɨɥɠɧы ɛыɬь ɨɬɞɟɥɟɧы ɨɬ ɨɫɧɨɜɧɨɝɨ ɬɟɤɫɬа 
ɤаɤ ɦɢɧɢɦɭɦ ɨɞɧɨɣ ɩɭɫɬɨɣ ɫɬɪɨɤɨɣ.  
 

 
Ɋɢɫɭɧɨɤ 1 

 

ɉɪеɞɩолɚɝɚеɬсɹ, чɬо сɬɚɬɶɹ ɧɚɩисɚɧɚ ɧɚ 
ɝɪɚɦоɬɧоɦ и хоɪоɲо чиɬɚеɦоɦ ɚɧɝлиɣ-

сɤоɦ или ɪɭссɤоɦ ɹɡыɤе. Пɪɢ ɧɟɨɛɯɨɞɢɦɨ-
ɫɬɢ, ɩɟɪɟɞ ɨɬɩɪаɜɤɨɣ ɫɬаɬьɢ аɜɬɨɪаɦ ɫɥɟɞɭɟɬ 
ɩɪɨɤɨɧɫɭɥьɬɢɪɨɜаɬьɫя ɭ ɩɟɪɟɜɨɞчɢɤɨɜ. Сɬа-
ɬья ɧɟ ɛɭɞɟɬ ɩɨɞɪɨɛɧɨ ɩɪɨɜɟɪяɬьɫя ɪɟɞаɤɰɢ-

ɟɣ ɧа ɩɪɟɞɦɟɬ ɧаɥɢчɢя ɥɢɧɝɜɢɫɬɢчɟɫɤɢɯ 
ɨɲɢɛɨɤ. В ɬɨɠɟ ɜɪɟɦя ɪɟɞаɤɰɢя ɨɫɬаɜɥяɟɬ ɡа 
ɫɨɛɨɣ ɩɪаɜɨ ɨɬɤɥɨɧɢɬь ɫɬаɬьɸ, ɩɪɢ ɧаɥɢчɢɢ 

ɜ ɩɨɫɥɟɞɧɟɣ ɛɨɥьɲɨɝɨ ɤɨɥɢчɟɫɬɜа ɨɲɢɛɨɤ 
ɥɢɧɝɜɢɫɬɢчɟɫɤɨɝɨ ɯаɪаɤɬɟɪа. 
 

2. ɈɌɉɊАȼКА СɌАɌɖɂ ɇА  

ɊȿЦȿɇɁɂɊɈȼАɇɂȿ 
 

Авɬоɪы (иɡ Ɋоссии и ɞɪɭɝих сɬɪɚɧ) ɞолɠ-

ɧы выслɚɬɶ в ɚɞɪес ɪеɞɚɤɰии ɬɪɢ ɩɟчаɬ-
ɧыɯ эɤɡɟɦɩɥяɪа ɫɬаɬьɢ ɧа ɢɦя ɝɥаɜɧɨɝɨ ɪɟ-
ɞаɤɬɨɪа ɠɭɪɧаɥа, ɩɪɨɮɟɫɫɨɪа Сɢɞɨɪɨɜа Вɥа-
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ɞɢɦɢɪа Нɢɤɨɥаɟɜɢча (ɤɨɧɬаɤɬɧая ɢɧɮɨɪɦа-
ɰɢя ɩɪɢɜɟɞɟɧа ɜ ɪаɡɞɟɥɟ «Кɨɧɬаɤɬɧыɟ ɞаɧ-

ɧыɟ») ɢɥɢ ɬɟɯɧɢчɟɫɤɨɦɭ ɪɟɞаɤɬɨɪɭ ɠɭɪɧаɥа, 
ɞɨɰɟɧɬɭ Каɣɬɭɤɨɜɭ Таɣɦɭɪаɡɭ Ȼаɬɪаɡɨɜɢчɭ.  

Эɥɟɤɬɪɨɧɧыɟ ɜɟɪɫɢɢ ɫɬаɬɟɣ ɧɟɨɛɯɨɞɢɦɨ ɜы-

ɫɥаɬь ɬаɤɠɟ ɩɨ эɥɟɤɬɪɨɧɧɨɣ ɩɨчɬɟ ɝɥаɜɧɨɦɭ 

ɪɟɞаɤɬɨɪɭ ɠɭɪɧаɥа. Эɥɟɤɬɪɨɧɧыɟ ɢ ɩɟчаɬɧыɟ 
ɮɨɪɦы ɧɟ ɜɨɡɜɪащаɸɬɫя. Каɠɞая ɩɪɢɯɨɞя-
щая ɜ ɪɟɞаɤɰɢɸ ɠɭɪɧаɥа ɫɬаɬья ɧаɩɪаɜɥяɟɬ-
ɫя ɞɥя ɪаɫɫɦɨɬɪɟɧɢя эɤɫɩɟɪɬаɦ ɫɨɨɬɜɟɬɫɬ-
ɜɭɸщɟɝɨ ɩɪɨɮɢɥя. Кɚɤ ɩɪɚвило, ɩо ɤɚɠɞоɣ 

сɬɚɬɶе ɧɚɡɧɚчɚюɬсɹ ɞвɚ ɷɤсɩеɪɬɚ. Вɪɟɦя 
ɩɪɨɜɟɞɟɧɢя эɤɫɩɟɪɬɢɡы ɫɬаɬьɢ ɧɟ ɦɨɠɟɬ ɩɪɟ-
ɜыɲаɬь 6 ɦɟɫяɰɟɜ. Сɜɨɢ ɡаɤɥɸчɟɧɢя ɢ ɨɰɟɧ-

ɤɢ ɩɨ ɫɬаɬьɟ эɤɫɩɟɪɬы ɫɨɨɛщаɸɬ ɝɥаɜɧɨɦɭ 

ɪɟɞаɤɬɨɪɭ ɠɭɪɧаɥа, ɩɪɢ эɬɨɦ ɧа ɤаɠɞɭɸ ɫɬа-
ɬьɸ ɞɨɥɠɧɨ ɩɪɢɣɬɢ ɧɟ ɦɟɧɟɟ ɞɜɭɯ ɡаɤɥɸчɟ-
ɧɢɣ. Заɦɟчаɧɢя ɢ ɩɪɟɞɥɨɠɟɧɢя эɤɫɩɟɪɬɨɜ 
ɞɨɜɨɞяɬɫя ɞɨ ɫɜɟɞɟɧɢя аɜɬɨɪа ɫɬаɬьɢ, ɩɨɫɥɟ 
чɟɝɨ ɨɧ ɜɧɨɫɢɬ ɜɫɟ ɧɟɨɛɯɨɞɢɦыɟ ɢɡɦɟɧɟɧɢя. 
 

3. ɈɌɉɊАȼКА СКɈɊɊȿКɌɂɊɈȼАɇɇɈɃ 

СɌАɌɖɂ 
 

Пɨɫɥɟ ɨɞɨɛɪɟɧɢя эɤɫɩɟɪɬаɦɢ ɫɬаɬьɢ ɢ ɜɧɟɫɟ-
ɧɢя аɜɬɨɪаɦɢ ɜɫɟɯ ɧɟɨɛɯɨɞɢɦыɯ ɢɡɦɟɧɟɧɢɣ, 

ɨɤɨɧчаɬɟɥьɧыɣ ɜаɪɢаɧɬ ɫɬаɬьɢ (ɛɭɦаɠɧыɣ ɜ 
ɬɪɟɯ эɤɡɟɦɩɥяɪаɯ ɢ эɥɟɤɬɪɨɧɧɨɣ ɧа ɞɢɫɤɟɬɟ 
ɢɥɢ ɤɨɦɩаɤɬ-ɞɢɫɤɟ) ɜыɫыɥаɟɬɫя ɜ аɞɪɟɫ ɪɟ-
ɞаɤɰɢɢ, ɧаɩɪɢɦɟɪ ɜ ɠɟɫɬɤɨɦ ɤɨɧɜɟɪɬɟ ɮɨɪ-
ɦаɬа А4 ɩɨ ɩɨчɬɟ. Ɍɚɤɠе ɧеоɛхоɞиɦо ɩо-
слɚɬɶ ɷлеɤɬɪоɧɧɭю веɪсию сɬɚɬɶи ɩо 
ɷлеɤɬɪоɧɧоɣ ɩочɬе ɝлɚвɧоɦɭ ɪеɞɚɤɬоɪɭ. 
На ɞɢɫɤɟɬɟ ɢɥɢ ɤɨɦɩаɤɬ-ɞɢɫɤɟ ɧɟɨɛɯɨɞɢɦɨ 
ɧаɩɢɫаɬь ɢɦɟɧа аɜɬɨɪɨɜ, ɧаɡɜаɧɢɟ ɫɬаɬьɢ, 
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MATHEMATICAL MODELING  

OF NON-LINEAR DEFORMATION PROCESS  

FOR FRAME-TYPE BUILDING STRUCTURES  

UNDER SEISMIC LOADS 
 

Vladimir G. Dmitriev 
Moscow State Opened University, Moscow, RUSSIA 

 
ABSTRACT: The study develops adequate mathematical models and efficient numerical methods to 

investigate the particular features of non-linear deformation of frame-type reinforced concrete struc-

tures under different static and dynamic loads including seismic loads. Computing experiment meth-

ods are used to explore how the parameters of viscoelastic dampers impact the deformation and crack-

ing processes in the framed five-beam structure loaded by the horizontal component of a seismic 

wave. 
 

 

Key words: reinforced concrete structure, seismic loads, mathematical modeling, numerical methods,  

finite difference, conservative scheme 
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СȿɃСɆɂЧȿСКɂХ ȼɈɁДȿɃСɌȼɂəХ 
 

В.Г. Дмитриев 
Мɨɫɤɨɜɫɤɢɣ ɝɨɫɭɞаɪɫɬɜɟɧɧыɣ ɨɬɤɪыɬыɣ ɭɧɢɜɟɪɫɢɬɟɬ, ɝ. Мɨɫɤɜа, ɊОССИə 

 
АɇɇɈɌАЦɂə: В ɪаɛɨɬɟ ɪаɡɪаɛаɬыɜаɸɬɫя аɞɟɤɜаɬɧыɟ ɦаɬɟɦаɬɢчɟɫɤɢɟ ɦɨɞɟɥɢ ɢ эɤɨɧɨɦɢчɧыɟ чɢɫɥɟɧ-

ɧыɟ ɦɟɬɨɞы, ɩɨɡɜɨɥяɸщɢɟ ɢɫɫɥɟɞɨɜаɬь ɨɫɨɛɟɧɧɨɫɬɢ ɧɟɥɢɧɟɣɧɨɝɨ ɞɟɮɨɪɦɢɪɨɜаɧɢя ɠɟɥɟɡɨɛɟɬɨɧɧыɯ ɤɨɧ-

ɫɬɪɭɤɰɢɣ ɤаɪɤаɫɧɨɝɨ ɬɢɩа ɩɪɢ ɪаɡɥɢчɧыɯ ɜɢɞаɯ ɫɬаɬɢчɟɫɤɨɝɨ ɢ ɞɢɧаɦɢчɟɫɤɨɝɨ ɧаɝɪɭɠɟɧɢя, ɜɤɥɸчая 
ɫɟɣɫɦɢчɟɫɤɢɟ ɜɨɡɞɟɣɫɬɜɢя. Мɟɬɨɞаɦɢ ɜычɢɫɥɢɬɟɥьɧɨɝɨ эɤɫɩɟɪɢɦɟɧɬа ɢɫɫɥɟɞɨɜаɧɨ ɜɥɢяɧɢɟ ɩаɪаɦɟɬɪɨɜ 
ɜяɡɤɨɭɩɪɭɝɢɯ аɦɨɪɬɢɡаɬɨɪɨɜ ɧа ɩɪɨɰɟɫɫы ɞɟɮɨɪɦɢɪɨɜаɧɢя ɢ ɬɪɟщɢɧɨɨɛɪаɡɨɜаɧɢя ɤаɪɤаɫɧɨɣ ɤɨɧɫɬɪɭɤ-
ɰɢɢ, ɫɨɫɬɨящɟɣ ɢɡ ɩяɬɢ ɛаɥɨчɧыɯ эɥɟɦɟɧɬɨɜ, ɩɪɢ ɞɟɣɫɬɜɢɢ ɝɨɪɢɡɨɧɬаɥьɧɨɣ ɤɨɦɩɨɧɟɧɬы ɫɟɣɫɦɢчɟɫɤɨɣ 

ɜɨɥɧы. 

 

Ключевые словɚ: ɠɟɥɟɡɨɛɟɬɨɧɧыɟ ɤɨɧɫɬɪɭɤɰɢɢ, ɫɟɣɫɦɢчɟɫɤɢɟ ɜɨɡɞɟɣɫɬɜɢя,  
ɦаɬɟɦаɬɢчɟɫɤɨɟ ɦɨɞɟɥɢɪɨɜаɧɢɟ, чɢɫɥɟɧɧыɟ ɦɟɬɨɞы, ɤɨɧɟчɧыɟ ɪаɡɧɨɫɬɢ, ɤɨɧɫɟɪɜаɬɢɜɧыɟ ɫɯɟɦы 

 

 
Building structures in service resist combined 

dynamic and static loads of different kind and 

nature, such as: gravity load (the weight of bear-

ing and enclosing structures); weather load 

(snow, ice, wind, wave, temperature); loads due 

to the ground movement (seismic, explosion 

load), etc [1]. With the help of the computing 

experiment methods, this study explores the par-

ticular features of non-linear deformation of 

frame-type reinforced concrete structures under
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Figure 1.  

 

 
Figure 2.  

 

 

different static and dynamic loads including 

seismic loads. The framed structure is consid-

ered to be a composite     construction as a com-

bination of vertical and horizontal bearing 

members (columns, partitions, floors etc.) which 

are properly joined to each other (solid and 

composite  constructions) (see Figure 1). The 

parameters of strain stress state are expressed 

through geometrical non-linear relations of Ti-

moshenko theory of plates and beams which 

gives more accurate description of specific  de-

formation of the reinforced concrete structures 

with low shear rigidity  in case of large dis-

placements. Moreover, Timoshenko hyperbolic 

equations describe the distribution of coordinate 

surface deformation waves and flexural-shear 

waves. 

Geometrical non-linear expressions for the  tan-

gential Exx, transversial  Exz  and flexural Kxx 

deformation components of a coordinate line in 

the context of the theory of average bending are 

as follows [2,3] 

 

;
2

1

x

u
E 2

xxx θ+∂
∂=    ;E xxz θ−γ=  

 ,
x

Kxx ∂
γ∂=    (1)  
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Figure 3. 

 

where 

 

 ,
x

w
x ∂

∂−=θ          (2) 

 

and where u is a tangential displacement, w 

stands for deflection, θx is a pivot angle accord-

ing to the hypothesis of “rigid” normal;  γ is the 

full pivot angle of the normal (see Fig. 2). 

We assume that concrete and reinforcement 

work in elastic stage. One-side and two-side re-

inforcement is studied (see Fig. 3). 

Reinforcement members are modeled as an 

orthotropic layer which has equivalent rigidity 

and which works in tension-compression and 

transverse shear in reinforcement direction   at 

zero values of Poisson ratios [4]. Layer thick-

ness h1μ and h2μ is determined by reinforcement 

factors as follows 

 

;hh 11 ⋅μ=μ  ,hh 22 ⋅μ=μ          (3) 

 

where μ1,μ2 are reinforcement factors in the lay-

ers z<0 and z>0 respectively. Force factors, re-

duced to the coordinate line - tension (compres-

sion) force Txx, shear force Qxz and bending 

moment Mxx - are expressed by the deformation 

components (see Fig.2) as follows 

 

;KAE)BB(T xxxxxx aab ++=
;EAK)DD(M xxxxxx aab ++=
 

 
.)ECC(Q xzxz ab +=      (4) 

 

Stiffness factors are determined by the physical 

and mechanical properties of the concrete and 

reinforcement  

 

;h)(EB bbb ⋅=  ;h)(GkC 2 bbb ⋅=  

;
12

h
ED

3

⎟⎟⎠
⎞⎜⎜⎝

⎛⋅= b
bb  ∑

=
⋅⋅= n

1i

ii );hz(EA aa b  

∑
=

⋅⋅= n

1i

i ;hEB aa b  ;hGkC
n

1i

i

2∑
=

⋅⋅= aa b  

,
12

h
)hz(ED

n

1i

3

i
i

2

i∑= ⎥⎦
⎤⎢⎣

⎡ +⋅⋅= aa b  (5) 
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where b is a beam width, Ea,Ga are Young 

modulus and reinforcement shear modulus, 

Eb,Gb are Young modulus and concrete shear 

modulus, z1 and z2 are the centre coordinates of 

h1 and h2 layers; k
2
=5/6. Formulas (5) have n=2 

for two-side reinforcement and n=1 for one-side 

reinforcement. Relations (1) to (5) may be ap-

plied to the extended panel structures whose 

cross sections are subject to conditions of plane-

strain deformation (εyy=0), if b=1 is entered into 

(5) and the expressions Bb and Db are changed 

as follows 

 

;
1

hE
B

2

b

b
b ν−=      ,

)1(12

hE
D

2

3

b

b
b ν−=   (6) 

 

where νb is Young modulus of the concrete. 

We assume that the structure may suffer the 

combined load from different static and dy-

namic forces. Equilibrium equations are derived 

based on Lagrange variation principle 

 

          δЭ = δП − δА = 0,   (7) 

 

where П is the potential energy of deformation, 

А is the work of external forces [2,3]. When the 

specific features of transient processes are in-

vestigated  in structural dynamics,  the motion 

equation is derived from the following form of 

Hamilton-Ostrogradsky variation equation 

 

∫ =δ−δ−δ=δ 1

o

t

t
,0dt)AПK(I   (8) 

 

where К is kinetic energy. Using (7), we get the 

beam equilibrium equations 

 

;0q
x

T
1

xx =+∂
∂

   ;0q
x

Q
2

xx =+∂
∂

 

,0qQ
x

M
3xz

xx =+−∂
∂

  (9) 

 

where 

 

 ,TQQ xxxxzxx θ⋅−=    (10) 

and q1,q2,q3 are load components. The load has 

general and/or local distribution q=q(ɯ), the load 

components include the components of dead 

weight, structure and equipment face elements 

weight, snow load and the load which adjacent 

members of a composite structure transfer to 

each other, etc. 

Operator form of the motion equation resulting 

from (8) is given below 

 

 ,umqU)](L[ kkkkx
��=+        (11) 

 

where kx U)](L[  are the correspondent differen-

tial operators for the vector of generalized dis-

placements U=U(u1,u2,u3); u1=u, u2=w, u3=γ are 

the generalized displacements uk (k =1,2,3). The 

type of load in dynamic problems is defined by 

the correspondent function of load q=q(ɯ,t). In-

ertial parameters of reinforced concrete struc-

tures are defined as follows [4] 

 

;)2,1k(hhm
n

1i

ik =⎥⎦
⎤⎢⎣

⎡ ρ+ρ⋅= ∑= abb      (12) 

,hz
12

h

12

h
m

n

1i

i

2

i

3

i

3

3 ⎥⎦
⎤⎢⎣

⎡ ⎟⎟⎠
⎞⎜⎜⎝

⎛ ⋅+⋅ρ+ρ⋅= ∑
= a

bb  

 

where ρa is the reinforcement density and ρb is 

the concrete density. In case of (6), formula (12) 

has b=1. The initial conditions are specified for 

the generalized displacements uk and their ve-

locities ku�  

 

;uu 0

k0tk ==        ,u
t

u 0

k
0t

k �=∂
∂

=
  (13) 

 

where 0

ku , 0

ku�  are the given initial values of the 

generalized displacements and their velocities 

t=0. 

Motion equation (11) and equilibrium equation 

(9) are developed for  the projections  onto co-

ordinate axis of a non-deformed coordinate sys-

tem, thus, we can easily state a problem for a 

composite structure. Solid con- 
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Figure 4. 

 

 
Figure 5. 

 

 

nection of members in composite structure is 

modeled as rigid fixing (Fig. 4а). Boundary 

conditions, such as pin-edge fixing, can be in-

troduced to model the connection in points B 

and C of composite structures (Fig. 4b). 

According to the rule of signs for generalized 

displacements and forces, we have the following 

kinematic and force conditions of the connec-

tion (conditions of compatibility of works) for 

members No.1, No.2 and No.3 of a composite 

structure (see Fig.2 and 5). 

 

point А: 

 

;uu *

A1 = ;ww *

A1 =    ;0A1 =γ           (14) 
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Figure 6. Construction arrangement of spring vibration isolator 

of GERB (a) type and viscodamper VES (b) (Germany): 
1- piston viscodamper VES; 2 – pin; 3 – support plate; 

4 – spring; 5 – body; 6 - piston; 7 – viscous fluid 
 
 

point В: 

– solid structure: 
 

;wu B1B3 −=  ;uw B1B3 =     ;B1B3 γ=γ  

;
dx

Q
q 3

B1 =    ;
dx

T
q 3

B2 −=    ;
dx

M
q 3

B3 =   (15) 

 
– composite structure: 
 

;wu B1B3 −=  ;uw B1B3 =  ;0M )3(

xx =  

;
dx

Q
q 3

B1 =    ;
dx

T
q 3

B2 −=    ,0q B3 =    (16) 

 

point С: 

– solid structure: 
 

;wu C1C2 −=  ;uw C1C2 =  ;C1C2 γ=γ  

;TT *)1(

xx =   ;QQ *)1(

xx −=  ;MM *)1(

xx =     (17) 

 

– composite structure: 
 

;wu C1C2 −=  ;uw C1C2 =  ;0M )2(

xx =  

;TT *)1(

xx =   ;QQ *)1(

xx −=   ,0M )1(

xx =     (18) 

where 

 

;TT )2(

xx2 =  ;QQ )2(

xx2 =  ;MM )2(

xx2 =  

;TT )3(

xx3 =  ;QQ )3(

xx3 =  ;MM )3(

xx3 =  

;QT 2

* =  ;TQ 2

* =     ,MM 2

* =    (19) 

 

and where asterixes indicate boundary kine-

matic and force parameters given before or de-

fined in the course of solving the problem. 

Different seismic isolation systems are applied 

now to decrease seismic loads on buildings and 

structures [5,6]. When a viscoelastic system 

with correctly chosen viscous and elastic pa-

rameters is applied, the dangerous combination 

of the seismic load spectrum and structure natu-

ral frequencies is prevented; most energy of ap-

plied action is absorbed. Moreover, dampers of 

viscous friction add nearly nothing to the total 

rigidity of the system.  Refer to Fig.  6 [5] for 

the construction arrangement of viscoelastic ab-

sorbing systems, which consist of elastic mem-

bers working in tension-compression and shear 

(steel wound springs), and dampers of viscous 

friction.
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Figure 7. 

 

 
Figure 8. 

 
 

Mathematical model is created for frame-beam 

structure on the damped foundation plate in the 

same way as [4]. System “structure-foundation 

plate” is considered as a jointly acting compos-

ite structure. 

Fig. 7 shows a damped foundation plate in-

stalled on elastic members combined with vis-

cous friction dampers which work independ-

ently in two directions. 

Without loss of generality, we only take the case 

of action of seismic wave horizontal component 

xsw. We assume that the foundation plate 

movement is a rigid body displacement xf only 

along the horizontal axis, thus the motion equa-

tion of the rigid foundation plate can be written 

as follows (Fig. 7) 

 

,0)FF(FFxm *

cff =+−++ ε��   (20) 

 

where mf is the plate mass, F
*
 is the given load 

on the plate, F is the reaction of the structure 

supporting members, Fc and Fε are  viscous and 

elastic components of the damping system reac-

tion. In general case we have F
*
=F

*
(t), and in 

particular case we have: F
*
=const. According to 

the rule of signs (Fig. 2,7) 

 

;QF
M

1m

)m(

xx∑
=

=  );xx(cF swfzc −=  

,xF fv
�ε=ε  (21) 

 

where M is the number of supporting members 

related to the foundation plate, cz and εv are in-

tegral values of the viscous and elastic compo-

nents of the damping system, xsw=xsw(t) is the 

given law of foundation displacement  caused 

by dynamic load, in particular by a seismic 

wave. Supporting points of the structure meet 

kinematical boundary conditions (14), which 

can be written in the following way considering 

only a horizontal displacement of the foundation 

plate 

 

;0um =      ;xw fm =    ,0m =γ           (22) 
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where m=1,2,…,M. When undamped founda-

tion is rigidly connected to the ground soil, we 

have: wm=xf=xsw. A similar model “structure on 

the damped foundation plate” can be created for 

the vertical component of a seismic wave and 

for the joint action of vertical and horizontal 

components [4]. 

When numerical methods are applied to solve 

non-linear boundary initial value problem, the 

finite-difference method is applied for discretiza-

tion along spatial coordinate x and time coordi-

nate t [7,8]. Each member of the composite 

structure is covered within the area of continu-

ous variation of argument x (0≤x≤l) by the main 

grid with a pitch hx=const and auxiliary grid, the 

main grid nodes have integer indices and the 

auxiliary grid nodes have fractional indices (i±
1/2) (Fig. 8). Grid functions uk(i), ku� (i) and gk(i) 

correspond to the functions of generalized dis-

placements uk(x), velocities ku� (x) and loads 

gk(x) in the main grid nodes. The grid functions 

of stress- strain state parameters relate to the 

auxiliary grid nodes. Differential operators are 

approximated by the finite differences of the 

second order accuracy O( 2

xh ), using uk(i) values 

in the main grid nodes for the piecewise linear 

interpolation of the function inside the grid cell. 

The finite-difference equivalents of static equi-

librium equations and motion equations are ob-

tained with the help of variation-difference 

method [3,7,8]. When potential energy of de-

formation Пi and external force work Аi are de-

termined on the member ΔFi=c
*⋅hx (c

*
 is a 

weight factor) in the grid area, discrete Lagran-

gian (7) for the domain of the structure member 

can be written as the following sum 

 

 .)AП(Э
i

ii∑ −=Σ   (23) 

 

When numerical integration is performed, 

weight factors are introduced into (23) to con-

sider the integration area produced by the corre-

spondent part of the member in the grid area [3]. 

The total sum (23) include those nodes of finite-

difference scheme where generalized displace-

ments uk(i) vary. The finite-difference equiva-

lents of static equilibrium equations (9) derived 

from Lagrangian’s minimum condition (23) 

 

;0
u

Э

i

=∂
∂ Σ  ;0

w

Э

i

=∂
∂ Σ  ,0

Э

i

=∂γ
∂ Σ  (24) 

 

can be written as follows 

 

+⋅−⋅ −+
x

2/1ixx

*

112/1ixx

*

22
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h

T
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T
)qc(
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112/1ixx
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22

h
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;0
h

Q

h

Q
)qc(

Xxx

**

0xx
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2/1ixx

*

112/1ixx
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22
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* =+−⋅+
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where T
*
,Q

*
,M

*
 and T

**
,Q

**
,M

**
 are the given 

boundary loads for x=0 and x=l respectively 

(Fig. 2), *

11b , *

22b  are weight factors. The weight 

factors are within the range 0<c
*≤1; 0≤ *

11b ≤1; 

0≤ *

22b ≤1 depending on the area of numerical 

integration [3,7]. Regular nodes of the grid have 

the weight factors equal to one. 

When non-stationary problems are solved by 

numerical methods, the main grid t
(n)

=Δt⋅n (Δ
t=const, n≥0) is introduced in the continuous 

area t≥0 and the grid functions of  generalized 

displacements uk(i) relate to the grid nodes. The 

grid functions of velocity ku� (i) relate to the 

auxiliary grid nodes t
(n±1/2)

. Differential opera-

tors are approximated by the finite differences 

of the second order approximation O(Δt
2
). The 

kinetic energy of each member of the composite 

structure is written in discrete form as follows 
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1k

i

2

kk∑ ∑ ⎭⎬
⎫

⎩⎨
⎧ Δ⎥⎦

⎤⎢⎣
⎡=

=Σ �   (26) 

 

If integration in (8) is replaced by the summa-

tion over the grid area t
(n)

, the discrete form of I 

functional can be presented 

 { −+= ∑ Σ−ΣΣ
n

)2/1+n(

2

)2/1n(

1 ])K(f)K0,5[(fI  

 } t,)Эf( )n(* Δ− Σ   (27) 

 

where is the discrete Lagrangian (23) which is 

expressed by the values of grid functions of 

generalized displacements (n)

ik ]u[ , physical  me-

chanical properties and loads on the n-th time 

layer. The finite-difference equivalents of mo-

tion equations (11) are derived from the varia-

tion-difference equations 

 

 ,0
][u

I
(n)

ik

=∂
∂ Σ

       (28) 

 

and can be written as follows 

 

=(n)

ikkh

* )]}g;(u[L{f
x

  (29) 

,
t

]umc[f]umc[f 1/2)(n

ikk

**

11

1/2)(n

ikk

**

22 Δ
−= −+ ��

 

 
where )]g;(u[L kkh x

 stand for the left parts of 

finite-difference equivalents of equilibrium 

equations (25) and f
*
,f1,f2 are weight factors 

[3,4]. The variation-difference form of the ini-

tial boundary value problem allows the devel-

opment of conservative finite-difference 

schemes, where convergence of the numerical 

solution uk(i,) to the exact uk(x) is achieved with 

the grid refinement [7,8]. 

When a static problem is described by the grid 

equations (25) and solved by numerical meth-

ods, quasi-dynamic form of stabilization method 

[3,8-10] is applied.  When we go to evolutionary 

problems, the equilibrium equations (25) are 

replaced by the form of equation of motion in 

viscous fluid as follows 

,)u(c)umc()]g;(u[L ikk

*

ikk

*

kikkh x
��� ε+= a  (30) 

where εk(i) are the specific viscosity  parameters 

of artificial fluid (k=1,2,3), ak≥1 are weight fac-

tors, which accelerate the convergence of itera-

tion process. Without loss of generality, we only 

take the case of stationary iteration process [8]. 

Performed on the grid with pitch Δt=const as in 

(26) to (29), approximation of equations (30) 

gives the explicit formulas for the generalized 

velocities [ ] 1/2)(n

iku
+�  on the time layer t

(n+1/2)
  

 

[ ] [ ] +⋅⎥⎦
⎤⎢⎣

⎡
Δε+
Δε−=+ 1/2)-(n

ik

ikkk

kkk1/2)(n

ik u
tm2

tm2
u ��

a

a
 

 
[ ][ ] ,

tm2c

)g;u(Lt2

ikkk

*

i

)n(

ikkh x Δε+⋅
⋅Δ+

a
  (31) 

 

and grid functions [ ] 1)(n

iku
+

 on the time layer  

t
(n+1) 

 

[ ] [ ] [ ] .utuu
1/2)(n

ik

(n)

ik

1)(n

ik

++ ⋅Δ+= �   (32) 

 

Thus, the difference approximation of non-

stationary equations (30) results in the iteration 

process (31), (32) used to find the solution of 

the initial static problem (25). Adjusted for the 

numerical solution of grid equations (25), the 

stabilization method takes the form of optimal 

linear iteration process [8] and allows us to con-

vert the solution of initial non-linear static prob-

lem   to the solution of quasi-dynamic problem 

(30). This significantly simplifies the develop-

ment and implementation of computation algo-

rithm in view of geometric and physical non-

linearity [3,10]. 

Iteration process parameters are determined by 

the convergence acceleration and stability of 

finite-difference scheme 

 

;
m

2
)k(,2)k(,1

)k(,2)k(,1

*

k

)k(,k μ+μ
μμ=ε εa  

,
m

2t
(k)2,(k)1,

*

k
)(kt,k μ+μ=Δ a  (33) 
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where *

km =ak⋅mk; μ1,(k) and μ2,(k) are minimal 

and maximal eigenvalues of finite-difference 

operators in equations (25); aε,(k) and at,(k) are 

correction factors close to 1 [4,8]. The time 

pitch Δt for the total finite-difference scheme is 

determined by the condition 

 

 .tmint k
k

Δ=Δ     (34) 

 

Regarding physical relations (5),(6), the estima-

tion formulas for μ1,(k) and μ2,(k) are as follows: 

– minimal eigenvalues 
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– maximal eigenvalues 
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When approximation of time derivatives in the 

equations (29) is performed by finite-difference 

operators of the second order accuracy O(Δt
2
), it 

allows us to develop the unified finite-

difference scheme in the form (31),(32) for both 

static and dynamic problems. This is important 

for dynamic stress calculation of structures be-

cause equation (13) requires consideration of 

initial strain stress state mostly determined by 

gravity load. To consider energy dissipation, 

artificial viscosity parameters εk can be used and 

estimated as follows 

 

,
m

)k(,2)k(,1

)k(,2)k(,1kk
)k(,k μ+μ

μμ
π
δ=ε εa    (37) 

 

where δk is the logarithmic vibration decrement, 

and aε,(k) are correction factors [2,4]. 

Unlike dynamic problems, stabilization method 

is applied to get the final result while intermedi-

ate solutions have no sense. When density ρ is 

used in the iteration process of static problem 

(25), the physical meaning of density is not so 

strict as in dynamic problem (29); parameters 

mk may be taken to facilitate calculation and 

increase the critical value Δt. Factors ak≥1 are 

used in (30) to filter high-frequency components 

of error, to increase the critical value Δt for the 

total finite-difference scheme and to cut down 

the computing time in significant way. Accord-

ing to condition Δtk=Δtmax, the values of factors 

ak can be estimated 

 

 ,
t

t
2

k

max
k ⎟⎟⎠

⎞⎜⎜⎝
⎛

Δ
Δ=a           (38) 

 

where pitches Δtk are determined according to 

(33) to (36). We can interpret the introduction of 

factors ak as the introduction of dummy density ρk=akρ. 

When numerical methods are applied to non-

stationary problems and correction factors ak≥1 

and aε,(k)≥1 are used for the solution component 

at k=3, which corresponds to grid function of 

pivot angle of the normal γi (a1=a2=1), it allows 

us to avoid numeric instability caused in par-

ticular by high-frequency oscillation and 

quickly accumulated round-off errors due to the 

limited size of words in standard computers. 

Such numeric instability appears at computing 

of solid structures with boundary conditions 

(15),(17) which form the nodes of local high 

rigidity. The optimum values of the correction 

factors can be determined after trial runs at the 

computer which helps to estimate the low limit 

required for stability and convergence. 
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Numerical computing algorithms for static and 

dynamic problems of a damped foundation plate 

are developed in the same way as (23) to (36), 

therefore 
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The developed mathematical models and nu-

meric methods (1) to (39) are combined in the 

package of FORTRAN-IV programs which 

helped to investigate how the integral properties 

of viscoelastic damping system impact the non-

linear deformation and cracking of the rein-

forced concrete framed structure under dynamic 

load, which was modeled as a horizontal com-

ponent of seismic wave. The framed 5-member 

structure was taken with the following geomet-

rical parameters (Fig. 1,3): l1=l2; h1=h2; 

l3=l4=1,2⋅l1; l5=0,5⋅l1; h3=0,5⋅h1; h4=0,63⋅h1; 

h5=0,38⋅h1; x5=0,63⋅l3; b=h1; l1=12,5⋅h1; l1=5 m; 

where l i and hi were the width and length of the 

i–th member respectively (i=1,2,…,5). The 

points of junction with column No.1 and col-

umn No.2 at the edge of floor No.3 were subject 

to boundary conditions (18); floor No.4 and baf-

fle No.5 were considered to have a solid con-

nection with adjacent members of the structure. 

The support points of column No.1 and column 

No.2 were fixed rigidly under homogeneous 

boundary conditions (14). The building struc-

ture was made of concrete B35 and reinforce-

ment class A-II [5]. Reinforcement factors (3) μ1 and μ2 are given in the Table. 

 

Table 

No. 1 2 3 4 5 

μ2 [%] 7 7 5 5 5 

μ1 [%] 7 7 7 7 5 

 

The elastic component of the damping system 

has integral value cz which depends on the shear 

rigidity of elastic members and which  is deter-

mined by the given ratio between free frequency νf of the damped foundation and typical (carrier) 

frequency νsw of seismic wave  aν=νsw/νf as fol-

lows 

 

.
2

mc

2

sw
fz ⎟⎟⎠

⎞⎜⎜⎝
⎛ ν⋅π=

νa
   (40) 

 

The optimum viscosity values in the damping 

system are defined by the practical criteria 

based on the physical model of a free vibrating 

single-mass system with viscous resistance. In-

tegral value εv of the viscous component is de-

termined by viscosity in case of the maximum 

aperiodic motion of the damped foundation 

plate 

 

 ,mck2 fzv ε⋅=ε    (41) 

 

where kε≥0 is a correction factor. When kε=1, 

we have case of top aperiodic motion, which 

corresponds to the optimum value εv for itera-

tion process (31),(32). Hence, the characteristics 

of viscoelastic damping system can be described 

by two parameters: aν and kε. 
Static load in our particular case was taken as 

the dead weight of the composite structure. Ac-

cording to [1,4], seismic load was modeled as 

approximation of the instrumental seismogram 

by a combination of trigonometric functions on 

the certain time intervals Δτk (k=1,2,3,..,ksw) 
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)42(

;tfor
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sinX
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where t0=0, τsw=max(τk), Xk, Δτk=τk-τk-1 were 

amplitude-frequency responses of approxima-

tion functions defined in accordance with the 

given parameters of instrumental  seismogram. 
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Figure 9. 

 

 
Figure 10. 

 

 

The approximated seismogram consisted of two 

sine half-waves (ksw=2) with parameters: 

X2/X1=-0,7; Δτ2/Δτ1=1; a1/a2=1,43, where a1,a2 

were the maximum accelerations for the first 

and second half-waves. The assumed values of 

parameters X1=0,015 m and a1=0,122⋅g corre-

spond to the seismicity level of 6÷7 magnitude 

[1,5]. 
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Figure 11. 

 

 

Transient processes in the framed construction 

were investigated for three cases: а) foundation 

plate is rigidly fixed on the ground soil (xf=xsw); 

b) foundation plate is installed on the elastic 

damping system (kε=0; aν=1,5); and c) founda-

tion plate is installed on the viscoelastic damp-

ing system (kε=1; aν=1,5).  Also, it was taken: νsw=1/(τ1+τ2); mf/mks=3, where  mks is the mass 

of the framed structure. 

When numerical methods were applied, the 

number of discretization points were N1= 

N2=27; N3= N4=25; N5=15 for the structure 

members. At the first stage, stabilization method 

(30) to (36) was applied to solve a static prob-

lem (1) to (9) when a reinforced concrete struc-

ture was deformed by the dead weight. The re-

sults of the solved static problem were taken as 

input conditions (13) for a dynamic problem. 

The investigation results are given in Fig. 10-15. 

Refer to Fig. 10,11 for distribution of bending 

moments Mxx in the structure members, this dis-

tribution was obtained after solution of the static 

problem. 

Moment values Mxx were normalized by the 

maximum moment for a pin-edge fixed beam of 

length l=l3 under the dead weight load q=q3: 

Mmax=(q⋅l2
)/8. 

Reaction components in the support points of 

column No.1 and No.2 were: R1=0,484⋅Pks, 

Q1=0,061⋅Pks and R2=0,516⋅Pks, Q2=0,061⋅Pks 

(Pks=mks⋅g was a weight of structure: 

Pks=R1+R2). The maximum tension stress 
+σb =0,77⋅Rbt was observed in the concrete at 

attachment x=0 of floor No. 4, z=+h/2, where 

Rbt is the ultimate tensile strength of concrete. 

The research of transient process in the mem-

bers of composite reinforced concrete structure 

brought the results given in Fig. 12 to 15, where 

curves 1 correspond to undamped structure, 

curves 2 correspond to elastic damping system 

and curves 3 correspond to viscoelastic damping 

system; τ=t/τsw is dimensionless time. Fig. 

12,13 give the displacement xf and acceleration 

af of the foundation plate; Fig. 14 shows the 

horizontal displacement of corner point C (Fig. 

4,5) at w1C=-u3C. Refer to Fig. 15 for behavior 

of tangential acceleration a4= 4u��  in the middle 

of floor span No.4 depending on the parameters 

of damping system. 

According to the results of the performed com-

puting experiment, the parameters of viscoelas-

tic damping system have sufficient impact on 

the deformation and cracking process in framed 

reinforced concrete structures. 
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Figure 12. 

 

 

The first cracks in undamped structure ap-

peared at attachment x=0 of baffle No.5 

(τ=0,0042), attachment x=l4 of floor No.4 

(τ=0,0047) and at the support points x=0 of 

column No.2 (τ=0,0058) and No.1 (τ=0,006). 

Further cracks appeared and grew intensely at 

every member of the composite structure, ex-

cept floor No.3 whose edges x=0;l3 met boun-

dary conditions (18). The maximum tensile 

stress of concrete was not more than 
+σb <0,9⋅Rbt during the total period of loading. 

In case of elastic damping system, cracks ap-

peared only at floor No.4 around attachment 

x=l4 (τ=0,23) and x=0 (τ=0,7). Viscoelastic 

damping system brought more than twofold 

reduction of the maximum displacement and 

acceleration in the structure members and 

prevented cracking. 

Stabilization method in quasi-dynamic form 

(30) to (32) can be easily adjusted and applied 

to the work of concrete and reinforcement at 

plasto-elastic stage. It allows us to solve geo-

metrically and physically non-linear bound-

ary-initial value problems of “statics-

dynamics-statics” kind, using a finite-

difference scheme of the same type, and, thus, 

estimate the residual load-bearing capacity of 

structure after seismic load. 
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Figure 13. 
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Figure 14. 

 
Figure 15. 
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КɈɊɊȿКɌɇЫȿ АɅȽɈɊɂɌɆЫ  

ɆɇɈȽɈɍɊɈȼɇȿȼɈɃ АɉɉɊɈКСɂɆАЦɂɂ 

С ɂСɉɈɅɖɁɈȼАɇɂȿɆ ДɂСКɊȿɌɇɈȽɈ ȻАɁɂСА ХААɊА 

ЧАСɌɖ 1: ȼȼȿДȿɇɂȿ. ɈДɇɈɆȿɊɇЫɃ СɅɍЧАɃ 
 

П.А. Акимов, М.Л. Моɡɝаɥева 
ФГȻОɍ ВПО «Мɨɫɤɨɜɫɤɢɣ ɝɨɫɭɞаɪɫɬɜɟɧɧыɣ ɫɬɪɨɢɬɟɥьɧыɣ ɭɧɢɜɟɪɫɢɬɟɬ», ɝ. Мɨɫɤɜа, Ɋɨɫɫɢя 

 
АɇɇɈɌАЦɂə: В ɧаɫɬɨящɟɣ ɫɬаɬьɟ ɪаɫɫɦаɬɪɢɜаɸɬɫя ɤɨɪɪɟɤɬɧыɟ аɥɝɨɪɢɬɦы ɦɧɨɝɨɭɪɨɜɧɟɜɨɣ аɩɩɪɨɤ-
ɫɢɦаɰɢɢ ɫ ɢɫɩɨɥьɡɨɜаɧɢɟɦ ɞɢɫɤɪɟɬɧɨɝɨ ɛаɡɢɫа Хааɪа. Иɡɥɨɠɟɧɢɟ ɜɟɞɟɬɫя ɞɥя ɨɞɧɨɦɟɪɧɨɝɨ ɫɥɭчая. Пɨɞ 
ɦɧɨɝɨɭɪɨɜɧɟɜɨɣ аɩɩɪɨɤɫɢɦаɰɢɟɣ ɩɨɧɢɦаɟɬɫя ɪаɡɥɨɠɟɧɢɟ ɮɭɧɤɰɢɢ ɩɨ ɥɨɤаɥьɧɨɦɭ ɜɟɣɜɥɟɬ-ɛаɡɢɫɭ ɢ ɪаɫ-
ɫɦɨɬɪɟɧɢɟ ɫɨɨɬɜɟɬɫɬɜɭɸщɢɯ ɤɨɦɩɨɧɟɧɬ эɬɨɣ ɮɭɧɤɰɢɢ ɧа ɤаɠɞɨɦ ɢɡ ɭɪɨɜɧɟɣ ɬаɤɨɝɨ ɛаɡɢɫа, ɩɪɢ эɬɨɦ 

ɫɬɟɩɟɧь ɥɨɤаɥьɧɨɫɬɢ ɨɩɪɟɞɟɥяɟɬɫя ɪаɡɦɟɪɨɦ ɧɨɫɢɬɟɥя ɛаɡɢɫɧɨɣ ɮɭɧɤɰɢɢ ɧа ɤаɠɞɨɦ ɭɪɨɜɧɟ. 
 

Ключевые словɚ: ɤɨɪɪɟɤɬɧыɟ аɥɝɨɪɢɬɦы, ɦɧɨɝɨɭɪɨɜɧɟɜая аɩɩɪɨɤɫɢɦаɰɢя, ɜɟɣɜɥɟɬ-аɧаɥɢɡ,  
ɞɢɫɤɪɟɬɧыɣ ɛаɡɢɫ Хааɪа 

 

 

CORRECT ALGORITHMS OF MULTILEVEL APPROXIMATION 

WITH THE USE OF DISCRETE HAAR BASIS 

PART 1: INTRODUCTION. ONE-DIMENSIONAL PROBLEMS 
 

Pavel A. Akimov, Marina L. Mozgaleva 
Moscow State University of Civil Engineering, Moscow, RUSSIA 

 
ABSTRACT: The distinctive paper is devoted to correct algorithms of multilevel approximation with use of 

discrete Haar basis. One-dimensional problems are considered. Under the multi-level approximation in this case, 

we understand the expansion of the function with the use of the local wavelet basis and consideration of relevant 

components of this function at each level of such basis, the degree of localization is determined by the size of the 

carrier basis function at each level. 

 

Key words: correct algorithms method, multilevel approximation, multiresolution wavelet analysis,  

discrete Haar basis, one-dimensional problems 

 

 

ȼȼȿДȿɇɂȿ 

 

Пɨɞ ɦɧɨɝɨɭɪɨɜɧɟɜɨɣ аɩɩɪɨɤɫɢɦаɰɢɟɣ, ɪаɫ-
ɫɦаɬɪɢɜаɟɦɨɣ ɜ ɧаɫɬɨящɟɣ ɫɬаɬьɟ, аɜɬɨɪы 

ɩɨɧɢɦаɸɬ ɪаɡɥɨɠɟɧɢɟ ɮɭɧɤɰɢɢ ɩɨ ɥɨɤаɥь-
ɧɨɦɭ ɜɟɣɜɥɟɬ-ɛаɡɢɫɭ ɢ ɪаɫɫɦɨɬɪɟɧɢɟ ɫɨɨɬ-
ɜɟɬɫɬɜɭɸщɢɯ ɤɨɦɩɨɧɟɧɬ эɬɨɣ ɮɭɧɤɰɢɢ ɧа 
ɤаɠɞɨɦ ɢɡ ɭɪɨɜɧɟɣ ɬаɤɨɝɨ ɛаɡɢɫа, ɩɪɢ эɬɨɦ 

ɫɬɟɩɟɧь ɥɨɤаɥьɧɨɫɬɢ ɨɩɪɟɞɟɥяɟɬɫя ɪаɡɦɟɪɨɦ 

ɧɨɫɢɬɟɥя ɛаɡɢɫɧɨɣ ɮɭɧɤɰɢɢ ɧа ɤаɠɞɨɦ 

ɭɪɨɜɧɟ. Вɦɟɫɬɟ ɫ ɬɟɦ, ɨчɟɜɢɞɧɨ, чɬɨ ɜɨ ɦɧɨ-
ɝɢɯ ɩɪаɤɬɢчɟɫɤɢɯ ɩɪɢɥɨɠɟɧɢяɯ (ɜ чаɫɬɧɨɫɬɢ, 

ɩɪɢ ɪɟɲɟɧɢɢ ɡаɞач ɫɬɪɨɢɬɟɥьɧɨɣ ɦɟɯаɧɢɤɢ 

[1-3]) ɧɟ ɬɪɟɛɭɟɬɫя аɩɩɪɨɤɫɢɦаɰɢя ɮɭɧɤɰɢɣ 

ɜɨ ɜɫɟɯ ɬɨчɤаɯ ɡаɞаɧɧыɯ ɨɛɥаɫɬɟɣ ɫ ɨɞɢɧаɤɨ-
ɜыɦ чɢɫɥɨɦ ɭɪɨɜɧɟɣ. Ȼɨɥɟɟ ɬɨɝɨ, ɦаɤɫɢ-

ɦаɥьɧɨɟ ɤɨɥɢчɟɫɬɜɨ ɭɪɨɜɧɟɣ аɩɩɪɨɤɫɢɦаɰɢɢ 

ɫɥɟɞɭɟɬ ɢɫɩɨɥьɡɨɜаɬь, ɤаɤ ɩɪаɜɢɥɨ, ɥɢɲь ɜ 
ɨɬɞɟɥьɧыɯ ɩɨɞɨɛɥаɫɬяɯ (ɡɨɧаɯ), ɪаɫɩɨɥɨɠɟ-
ɧɢɟ ɢ ɪаɡɦɟɪ ɤɨɬɨɪыɯ ɨɛычɧɨ ɢɡɜɟɫɬɧы ɡа-
ɪаɧɟɟ. В ɨɫɬаɥьɧыɯ ɬɨчɤаɯ ɨɛɥаɫɬɢ ɜɨɡɦɨɠɧɨ 
ɧɟɤɨɬɨɪɨɟ ɫɨɤɪащɟɧɢɟ ɤɨɥɢчɟɫɬɜа ɭɪɨɜɧɟɣ 

аɩɩɪɨɤɫɢɦаɰɢɢ ɛɟɡ ɫɭщɟɫɬɜɟɧɧɨɣ ɩɨɬɟɪɢ 

ɬɨчɧɨɫɬɢ ɢɥɢ ɠɟ ɫ ɨɬɧɨɫɢɬɟɥьɧɨ ɧɟɛɨɥьɲɨɣ 
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ɩɨɝɪɟɲɧɨɫɬьɸ. В ɤачɟɫɬɜɟ ɜɟɣɜɥɟɬ-ɛаɡɢɫа 
ɪаɫɫɦаɬɪɢɜаɟɬɫя ɢɡɜɟɫɬɧыɣ ɛаɡɢɫ Хааɪа [1-

12]. В ɩɨɫɥɟɞɧɟɟ ɜɪɟɦя ɢɧɬɟɪɟɫ ɤ эɬɨɦɭ ɛа-
ɡɢɫɭ ɡɧачɢɬɟɥьɧɨ ɜɨɡɪɨɫ. Оɧ ɧаɯɨɞɢɬ ɩɪɢɦɟ-
ɧɟɧɢɟ ɜ ɪаɡɥɢчɧыɯ ɪаɡɞɟɥаɯ ɦаɬɟɦаɬɢɤɢ ɢ ɟɟ 
ɩɪɢɥɨɠɟɧɢяɯ (ɜычɢɫɥɢɬɟɥьɧая ɦаɬɟɦаɬɢɤа, 
ɬɟɨɪɢя ɤɨɞɢɪɨɜаɧɢя, ɬɟɨɪɢя ɜɟɪɨяɬɧɨɫɬɟɣ, 

ɰɢɮɪɨɜая ɨɛɪаɛɨɬɤа ɫɢɝɧаɥɨɜ, ɪаɫɩɨɡɧаɜа-
ɧɢɟ ɨɛɪаɡɨɜ, ɫɬɪɨɢɬɟɥьɧая ɦɟɯаɧɢɤа ɢ ɞɪɭ-
ɝɢɟ). 

 

 

1. ɉɈɇəɌɂȿ Ɉ ȻАɁɂСȿ ХААɊА  

ɂ ɊАɁɅɈɀȿɇɂɂ ɎɍɇКЦɂɂ  

ɉɈ ȻАɁɂСɍ ХААɊА 

 

Ɋаɫɫɦɨɬɪɢɦ ɩɪɨɢɡɜɨɥьɧыɣ ɨɬɪɟɡɨɤ ] ,[ ba , ɝɞɟ 
a  ɢ b  – ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ ɤɨɨɪɞɢɧаɬа ɧачаɥа ɢ 

ɤɨɧɰа ɨɬɪɟɡɤа. Ɋаɡɞɟɥɢɦ ɨɬɪɟɡɨɤ ] ,[ ba  ɧа 
)1( −n  ɪаɜɧыɯ чаɫɬɟɣ, ɝɞɟ Mn 2= , M  – ɧɟ-

ɤɨɬɨɪɨɟ ɰɟɥɨɟ чɢɫɥɨ (ɦаɤɫɢɦаɥьɧыɣ ɭɪɨɜɟɧь 
ɮɭɧɤɰɢɣ Хааɪа (ɤɨɥɢчɟɫɬɜɨ ɭɪɨɜɧɟɣ)). Кɨ-
ɨɪɞɢɧаɬы ɬɨчɟɤ ɞɟɥɟɧɢя nixi  ..., 2, ,1  , = , ɨчɟ-
ɜɢɞɧɨ, ɨɩɪɟɞɟɥяɸɬɫя ɩɨ ɮɨɪɦɭɥɟ (ɧɢɠɟ h  – 

ɲаɝ ɞɟɥɟɧɢя) 
 

nihiaxi  ..., 2, ,1  ,)1( =−+= ,         (1.1) 

ɝɞɟ                   )1/()( −−= nabh .                (1.2) 

 

Нɟɧɨɪɦɢɪɨɜаɧɧыɟ ɮɭɧɤɰɢɢ Хааɪа ɩɨɤаɡаɧы 

ɧа ɪɢɫ. 1.1 (ɩɨ ɨɫɢ аɛɫɰɢɫɫ ɨɬɥɨɠɟɧы ɧɨɦɟɪа 
ɭɡɥɨɜ ɬɨчɟɤ ɪаɡɛɢɟɧɢя ɨɬɪɟɡɤа). 
Сɟɦɟɣɫɬɜɨ ɮɭɧɤɰɢɣ Хааɪа )(ip

jψ , 

pNjMp  ..., 2, ,1  , ..., 2, ,1 ==  ( )(ip

jψ  – j -ая 
ɮɭɧɤɰɢя Хааɪа ɭɪɨɜɧя p ), ɨɩɪɟɞɟɥɟɧɧыɯ ɜ 
ɬɨчɤаɯ ɪаɡɛɢɟɧɢя ɨɬɪɟɡɤа ɫ ɧɨɦɟɪаɦɢ 

ni  ..., 2, ,1= , ɡаɞаɟɬɫя ɮɨɪɦɭɥаɦɢ 
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M  ..., 2, ,1   ,
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)(1 == αψ ,           (1.4) 

 

ɝɞɟ pN  – ɤɨɥɢчɟɫɬɜɨ ɮɭɧɤɰɢɣ Хааɪа ɧа p -

ɨɦ ɭɪɨɜɧɟ, 
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pα  – ɧɨɪɦа ɮɭɧɤɰɢɢ Хааɪа ɧа p -ɨɦ ɭɪɨɜɧɟ, 
ɬ.ɟ. 
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Мɨɠɧɨ ɩɨɤаɡаɬь, чɬɨ ɭɤаɡаɧɧɨɟ ɫɟɦɟɣɫɬɜɨ 
ɮɭɧɤɰɢɣ Хааɪа ɨɛɪаɡɭɟɬ ɩɨɥɧɭɸ ɨɪɬɨɧɨɪ-
ɦɢɪɨɜаɧɧɭɸ ɫɢɫɬɟɦɭ ɢ яɜɥяɟɬɫя ɛаɡɢɫɨɦ ɜ 
ɩɪɨɫɬɪаɧɫɬɜɟ ɞɢɫɤɪɟɬɧыɯ ɮɭɧɤɰɢɣ, ɨɩɪɟɞɟ-
ɥɟɧɧыɯ ɜ ɬɨчɤаɯ ni  ..., 2, ,1= . 

Ɋаɫɫɦɨɬɪɢɦ ɩɪɨɢɡɜɨɥьɧɭɸ ɮɭɧɤɰɢɸ f , ɨɩ-

ɪɟɞɟɥɟɧɧɭɸ ɜ ɬɨчɤаɯ ɪаɡɛɢɟɧɢя ɨɬɪɟɡɤа ɫ 
ɧɨɦɟɪаɦɢ ni  ..., 2, ,1= . Фɭɧɤɰɢя )(if  ɦɨɠɟɬ 
ɛыɬь ɪаɡɥɨɠɟɧа ɜ ɪяɞ Хааɪа: 
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j  ..., 2, ,1  , ..., 2, ,1  , ==  – ɤɨэɮ-

ɮɢɰɢɟɧɬы ɪаɡɥɨɠɟɧɢя ɮɭɧɤɰɢɢ )(if  ɩɨ ɛа-
ɡɢɫɭ Хааɪа, ɨɩɪɟɞɟɥяɟɦыɟ ɩɨ ɮɨɪɦɭɥɟ 
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Пɪɢ чɢɫɥɟɧɧɨɣ ɪɟаɥɢɡаɰɢɢ ɪаɡɥɨɠɟɧɢя ɞɢɫ-
ɤɪɟɬɧɨɣ ɮɭɧɤɰɢɢ ɩɨ ɛаɡɢɫɭ Хааɪа ɡачаɫɬɭɸ 

ɭɞɨɛɧɟɟ ɩɟɪɟɣɬɢ ɨɬ (1.6) ɤ ɩɪɟɞɫɬаɜɥɟɧɢɸ 

ɜɢɞа: 
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Рɢɫɭɧɨɤ 1.1. Дɢɫɤɪеɬɧые ɮɭɧɤɰɢɢ Хааɪа ɧа ɨɬɪеɡɤе



Кɨɪɪɟɤɬɧыɟ аɥɝɨɪɢɬɦы ɦɧɨɝɨɭɪɨɜɧɟɜɨɣ аɩɩɪɨɤɫɢɦаɰɢɢ ɫ ɢɫɩɨɥьɡɨɜаɧɢɟɦ ɞɢɫɤɪɟɬɧɨɝɨ ɛаɡɢɫа Хааɪа 
Чаɫɬь 1: Вɜɟɞɟɧɢɟ. Оɞɧɨɦɟɪɧыɣ ɫɥɭчаɣ 

Volume 8, Issue 2, 2012 33
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kk ifif
1

)()( ϕ ,                (1.8) 

 

ɝɞɟ nk  ..., 2, ,1=  – ɝɥɨɛаɥьɧыɟ ɢɧɞɟɤɫы; ɤɨ-
эɮɮɢɰɢɟɧɬы p

jv  ɢ kf , а ɬаɤɠɟ ɮɭɧɤɰɢɢ 

)(ip

jψ  ɢ )(ikϕ  ɫɜяɡаɧы ɦɟɠɞɭ ɫɨɛɨɣ ɫɥɟ-
ɞɭɸщɢɦɢ ɮɨɪɦɭɥаɦɢ: 
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2. Ɉ ȼЫЧɂСɅȿɇɂɂ ɁɇАЧȿɇɂə 

СɍɆɆЫ ɊəДА ХААɊА ȼ ɌɈЧКȿ. 

 

Очɟɜɢɞɧɨ, чɬɨ ɧɟɩɨɫɪɟɞɫɬɜɟɧɧая ɪɟаɥɢɡаɰɢя 
ɮɨɪɦɭɥы (1.7) ɢɥɢ ɮɨɪɦɭɥы (1.10) яɜɥяɟɬɫя 
ɞɨɫɬаɬɨчɧɨ ɬɪɭɞɨɟɦɤɨɣ ɞɢɫɰɢɩɥɢɧɨɣ. Дɟɣ-

ɫɬɜɢɬɟɥьɧɨ ɜ ɨɪɬɨɝɨɧаɥьɧɨɦ (ɛɟɡɢɡɛыɬɨч-
ɧɨɦ) ɩɪɟɞɫɬаɜɥɟɧɢɢ (1.7) ɞɢɫɤɪɟɬɧɨɣ ɮɭɧɤ-
ɰɢɢ )(if  ɭчаɫɬɜɭɸɬ 1+M  ɜɟɣɜɥɟɬɨɜ ɪаɡ-
ɥɢчɧыɯ ɭɪɨɜɧɟɣ. 

В ɫаɦɨɦ ɞɟɥɟ, ɜ чаɫɬɧɨɫɬɢ, ɢɦɟɟɦ (ɫɦ., ɧа-
ɩɪɢɦɟɪ, ɪɢɫ. 1.1): 
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ɢ ɬ.ɞ. 

Дɥя ɩɪɨɢɡɜɨɥьɧɨɣ ɬɨчɤɢ i  ɛɭɞɟɦ ɢɦɟɬь: 
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ɢ ɬ.ɞ. 

Иɬаɤ, ɦɨɠɟɦ ɡаɩɢɫаɬь ɫɥɟɞɭɸщɭɸ ɨɤɨɧча-
ɬɟɥьɧɭɸ ɮɨɪɦɭɥɭ: 
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Пɨ аɧаɥɨɝɢɢ ɫ (1.9) ɦɨɠɟɦ ɩɟɪɟɩɢɫаɬь (2.1) 

ɫɥɟɞɭɸщɢɦ ɨɛɪаɡɨɦ: 

 

∑+

=
= 1

1

)()(
M

p

mm ifif
pp

ϕ ,               (2.3) 

ɝɞɟ                   ∑−

=− += 2

0

1

p

q

qpp Nlm .                (2.4) 

 

 

3. АɅȽɈɊɂɌɆ ȻЫСɌɊɈȽɈ 

ȼЫЧɂСɅȿɇɂə КɈЭɎɎɂЦɂȿɇɌɈȼ 

ɊАɁɅɈɀȿɇɂə ДɂСКɊȿɌɇɈɃ 

ɎɍɇКЦɂɂ ɉɈ ȻАɁɂСɍ ХААɊА  

С ɈСɊȿДɇȿɇɂȿɆ 

 

Пɭɫɬь 
 

0   ,2   , ..., 2, ,1  ),( 0

0 ==== pnjjfu j α . (3.1) 

 

Дɥя ɜɫɟɯ 1 ..., 1, ,0 −= Mp  ɩɪɨɢɡɜɨɞɢɦ ɜы-

чɢɫɥɟɧɢя ɩɨ ɮɨɪɦɭɥаɦ 
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Пɪɢ Mp =  ɢɦɟɟɦ: 

 

Mpuvn M

MM

M ===    ,/   , 11 αα ,     (3.3) 

 

ɝɞɟ MpNju p

p

j  ..., 2, ,1  , ..., 2, ,1  , ==  – ɪаɫ-
ɫɦаɬɪɢɜаɸɬɫя ɜ ɞаɧɧɨɦ ɤɨɧɬɟɤɫɬɟ ɤаɤ ɜɫɩɨ-
ɦɨɝаɬɟɥьɧыɟ ɜɟɥɢчɢɧы. 

Заɦɟɬɢɦ, чɬɨ ɟɫɥɢ ɡɧачɟɧɢя Nju j  ..., 2, ,1  ,0 = , 

ɨɩɪɟɞɟɥɟɧɧыɟ ɩɨ ɮɨɪɦɭɥɟ (3.1), яɜɥяɸɬɫя 
ɬɨчɧыɦɢ, ɬɨ ɜɨɡɧɢɤɧɨɜɟɧɢɟ ɨɲɢɛɨɤ ɜ ɞаɥь-
ɧɟɣɲɟɦ ɩɪɢ ɪɟаɥɢɡаɰɢɢ ɮɨɪɦɭɥ (3.2)-(3.3) 

ɢɫɤɥɸчɟɧɨ. Вɦɟɫɬɟ ɫ ɬɟɦ, ɤаɤ ɭɠɟ ɨɬɦɟча-
ɥɨɫь ɜыɲɟ, ɩɨ ɩɪаɤɬɢчɟɫɤɢɦ ɫɨɨɛɪаɠɟɧɢяɦ 

ɦɨɠɟɬ ɩɨɬɪɟɛɨɜаɬьɫя ɧɟɤɨɬɨɪɨɟ ɭɦɟɧьɲɟɧɢɟ 
ɬɨчɧɨɫɬɢ ɜ ɭɝɨɞɭ ɞɪɭɝɢɦ ɮаɤɬɨɪаɦ.  

Пɭɫɬь p  – ɢɧɞɟɤɫ, ɫɨɨɬɜɟɬɫɬɜɭɸщɢɣ ɪаɫ-
ɫɦаɬɪɢɜаɟɦɨɝɨ ɧɨɦɟɪɭ ɭɪɨɜɧя, 

1 ..., 2, ,1 ,0 −= Mp ; j  – ɢɧɞɟɤɫ, ɫɨɨɬɜɟɬɫɬ-
ɜɭɸщɢɣ ɧɨɦɟɪɭ ɛаɡɢɫɧɨɣ ɮɭɧɤɰɢɢ ɧа ɪаɫ-
ɫɦаɬɪɢɜаɟɦɨɦ ɭɪɨɜɧɟ, pNj  ..., 2, ,1= . Пɨɥɨ-
ɠɢɦ, чɬɨ ɬɪɟɛɭɟɬɫя ɩɪɨɢɡɜɟɫɬɢ ɨɫɪɟɞɧɟɧɢɟ 
ɧа ɧɟɤɨɬɨɪɨɦ ɭɪɨɜɧɟ q .  

В ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ [6] ɮɨɪɦɭɥы ɨɫɪɟɞɧɟɧɢя 
ɢɦɟɸɬ ɜɢɞ: 
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Пɪɢ ɢɫɩɨɥьɡɨɜаɧɢɢ ɫɩɥɨɲɧɨɣ ɝɥɨɛаɥьɧɨɣ 

ɢɧɞɟɤɫаɰɢɢ ɫɨɨɛɪаɡɧɨ (2.3)-(2.4), ɨчɟɜɢɞɧɨ, 
ɩɨɥɭчɢɦ: 
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4. АɅȽɈɊɂɌɆ ɆɇɈȽɈɍɊɈȼɇȿȼɈɃ 

АɉɉɊɈКСɂɆАЦɂɂ ɇА ɈСɇɈȼȿ 

ȻАɁɂСА ХААɊА 

 

Ȼɭɞɟɦ ɩɨɥаɝаɬь, чɬɨ ɜ ɤаɠɞɨɣ ɢɡ ɬɨчɟɤ ix  

( ni  ..., 2, ,1= ) ɡаɞаɧы ɜɟɥɢчɢɧы ɫɥɟɞɭɸщɢɟ 
ɜɟɥɢчɢɧы: iχ  – ɯаɪаɤɬɟɪɢɫɬɢчɟɫɤая ɮɭɧɤɰɢя 
ɨɩɟɪаɰɢɢ ɨɫɪɟɞɧɟɧɢя, ɪаɜɧая ɟɞɢɧɢɰɟ, ɟɫɥɢ ɜ 
ɬɨчɤɟ ix  ɬɪɟɛɭɟɬɫя ɨɫɪɟɞɧɟɧɢя ɢ ɧɭɥɸ – ɟɫɥɢ 

ɜ ɬɨчɤɟ ix  ɨɫɪɟɞɧɟɧɢɟ ɧɟ ɬɪɟɛɭɟɬɫя; aver

iN  – 

ɦаɤɫɢɦаɥьɧыɣ ɧɨɦɟɪ ɭɪɨɜɧя, ɧа ɤɨɬɨɪɨɦ 

ɜыɩɨɥɧяɟɬɫя ɨɫɪɟɞɧɟɧɢɟ. 
ȿɫɥɢ 0=iχ , ɬɨ ɨɫɪɟɞɧɟɧɢɟ ɜ ɬɨчɤɟ ix  ɜы-

ɩɨɥɧяɬь ɧɟ ɬɪɟɛɭɟɬɫя, а ɟɫɥɢ 1=iχ , ɬɨ ɨɫ-
ɪɟɞɧɟɧɢɟ ɜɟɞɟɬɫя ɩɨ ɮɨɪɦɭɥɟ (3.6), ɜ ɤɨɬɨ-
ɪɨɣ ɜɦɟɫɬɨ q  ɡаɞаɟɬɫя ɡɧачɟɧɢɟ aver

iN . 

 

 

5. ɉɊɂɆȿɊ ɊȿАɅɂɁАЦɂɂ  

АɅȽɈɊɂɌɆА 

 

В ɤачɟɫɬɜɟ ɩɟɪɜɨɝɨ ɩɪɢɦɟɪа ɪаɫɫɦɨɬɪɢɦ ɡа-
ɞачɭ ɪаɡɥɨɠɟɧɢя ɮɭɧɤɰɢɢ  

|)|exp()( xxf −=  

ɜ ɪяɞ ɩɨ ɛаɡɢɫɭ Хааɪа ɧа ɨɬɪɟɡɤɟ ]1 ,0[∈x . 

Сɥɟɞɭɟɬ ɫɪаɡɭ ɨɬɦɟɬɢɬь, чɬɨ ɢɦɟɟɬ ɦɟɫɬɨ 
ɩɨɥɧɨɟ ɫɨɨɬɜɟɬɫɬɜɢɟ ɡɧачɟɧɢɣ ɢɫɯɨɞɧɨɣ 

ɮɭɧɤɰɢɢ ɜ ɬɨчɤаɯ nixi  ..., 2, ,1  , =  ɫɨ ɡɧачɟ-
ɧɢяɦɢ ɪаɡɥɨɠɟɧɢя ɮɭɧɤɰɢɢ ɜ ɪяɞ ɩɨ ɛаɡɢɫɭ 
Хааɪа. На ɪɢɫ. 5.1-5.5 ɩɨɤаɡаɧɨ ɫɨɩɨɫɬаɜɥɟ-
ɧɢɟ ɫ ɫɨɨɬɜɟɬɫɬɜɭɸщɢɦɢ ɨɫɪɟɞɧɟɧɧыɦɢ ɜɟ-
ɥɢчɢɧаɦɢ. 

В ɤачɟɫɬɜɟ ɜɬɨɪɨɝɨ ɩɪɢɦɟɪа ɪаɫɫɦɨɬɪɢɦ ɡа-
ɞачɭ ɪаɡɥɨɠɟɧɢя ɮɭɧɤɰɢɢ 

 

|)|10exp()( xxf −=  

 

ɜ ɪяɞ ɩɨ ɛаɡɢɫɭ Хааɪа ɧа ɨɬɪɟɡɤɟ ]1 ,0[∈x . 

Зɞɟɫь ɬаɤɠɟ ɧаɛɥɸɞаɟɬɫя ɩɨɥɧɨɟ ɫɨɨɬɜɟɬɫɬ-
ɜɢɟ ɡɧачɟɧɢɣ ɢɫɯɨɞɧɨɣ ɮɭɧɤɰɢɢ ɜ ɬɨчɤаɯ 

nixi  ..., 2, ,1  , =  ɫɨ ɡɧачɟɧɢяɦɢ ɪаɡɥɨɠɟɧɢя 
ɮɭɧɤɰɢɢ ɜ ɪяɞ ɩɨ ɛаɡɢɫɭ Хааɪа. На ɪɢɫ. 5.6 

ɩɨɤаɡаɧɨ ɫɨɩɨɫɬаɜɥɟɧɢɟ ɫ ɫɨɨɬɜɟɬɫɬɜɭɸщɢ-

ɦɢ ɨɫɪɟɞɧɟɧɧыɦɢ ɜɟɥɢчɢɧаɦɢ (ɢɫɩɨɥьɡɭɟɬɫя  
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Рɢɫɭɧɨɤ 5.1. ɋɨɩɨɫɬаɜɥеɧɢе аɩɩɪɨɤɫɢɦаɰɢɣ ɪяɞаɦɢ Хааɪа  

(ɛеɡ ɨɫɪеɞɧеɧɢя ɢ ɫ ɨɫɪеɞɧеɧɢеɦ 0=aver

iN , ni  ..., 2, ,1= ) 

 

 
Рɢɫɭɧɨɤ 5.2. ɋɨɩɨɫɬаɜɥеɧɢе аɩɩɪɨɤɫɢɦаɰɢɣ ɪяɞаɦɢ Хааɪа  

(ɛеɡ ɨɫɪеɞɧеɧɢя ɢ ɫ ɨɫɪеɞɧеɧɢеɦ 1=aver

iN , ni  ..., 2, ,1= ). 
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Рɢɫɭɧɨɤ 5.3. ɋɨɩɨɫɬаɜɥеɧɢе аɩɩɪɨɤɫɢɦаɰɢɣ ɪяɞаɦɢ Хааɪа  

(ɛеɡ ɨɫɪеɞɧеɧɢя ɢ ɫ ɨɫɪеɞɧеɧɢеɦ 2=aver

iN , ni  ..., 2, ,1= ) 

 

 
Рɢɫɭɧɨɤ 5.4. ɋɨɩɨɫɬаɜɥеɧɢе аɩɩɪɨɤɫɢɦаɰɢɣ ɪяɞаɦɢ Хааɪа  

(ɛеɡ ɨɫɪеɞɧеɧɢя ɢ ɫ ɨɫɪеɞɧеɧɢеɦ 3=aver

iN , ni  ..., 2, ,1= ) 
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Рɢɫɭɧɨɤ 5.5. ɋɨɩɨɫɬаɜɥеɧɢе аɩɩɪɨɤɫɢɦаɰɢɣ ɪяɞаɦɢ Хааɪа  

(ɛеɡ ɨɫɪеɞɧеɧɢя ɢ ɫ ɨɫɪеɞɧеɧɢеɦ 4=aver

iN , ni  ..., 2, ,1= ) 

 

 
Рɢɫɭɧɨɤ 5.6. ɋɨɩɨɫɬаɜɥеɧɢе аɩɩɪɨɤɫɢɦаɰɢɣ ɪяɞаɦɢ Хааɪа  

(ɛеɡ ɨɫɪеɞɧеɧɢя ɧа ɭɱаɫɬɤе ]0.5 ,0[∈ix ;  

ɫ ɨɫɪеɞɧеɧɢеɦ ɧа ɨɬɪеɡɤе ]1 ,5.0[∈ix  – ɞɥя ɜɫеɯ ɬɨɱеɤ ɡаɞаɜаɥɨɫь ɭɫɥɨɜɢе 2=aver

iN ). 
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ɫɦɟɲаɧɧая ɫɯɟɦа аɩɩɪɨɤɫɢɦаɰɢɢ – ɩɪɢ 

]0.5 ,0[∈ix  ɨɫɪɟɞɧɟɧɢя ɧɟ ɩɪɨɜɨɞɢɬɫя, а ɧа 
ɨɬɪɟɡɤɟ ]1 ,5.0[∈x , ɧаɩɪɨɬɢɜ ɞɥя ɜɫɟɯ ɬɨчɟɤ 
ɡаɞаɜаɥɨɫь ɭɫɥɨɜɢɟ 2=aver

iN . 

 

 

ɁАɆȿЧАɇɂə 

 

Иɫɫɥɟɞɨɜаɧɢя ɩɪɨɜɨɞɢɥɢɫь ɜ ɪаɦɤаɯ ɫɥɟ-
ɞɭɸщɢɯ ɪаɛɨɬ: 

1. Гɪаɧɬ 2.3.18 Ɋɨɫɫɢɣɫɤɨɣ аɤаɞɟɦɢɢ аɪ-
ɯɢɬɟɤɬɭɪы ɢ ɫɬɪɨɢɬɟɥьɧыɯ ɧаɭɤ ɞɥя 
ɦɨɥɨɞыɯ ɭчɟɧыɯ ɫɩɟɰɢаɥɢɫɬɨɜ «Ɋаɡ-
ɪаɛɨɬɤа ɢ ɜɟɪɢɮɢɤаɰɢя ɤɨɪɪɟɤɬɢɜɧыɯ 
чɢɫɥɟɧɧыɯ ɢ чɢɫɥɟɧɧɨ-аɧаɥɢɬɢчɟɫɤɢɯ 
ɦɟɬɨɞɨɜ ɢɫɫɥɟɞɨɜаɧɢя ɥɨɤаɥьɧɨɝɨ ɧа-
ɩɪяɠɟɧɧɨ-ɞɟɮɨɪɦɢɪɭɟɦɨɝɨ ɫɨɫɬɨяɧɢя 
ɫɬɪɨɢɬɟɥьɧыɯ ɤɨɧɫɬɪɭɤɰɢɣ ɧа ɨɫɧɨɜɟ 
ɦɧɨɝɨɭɪɨɜɧɟɜɨɝɨ ɜɟɣɜɥɟɬ-аɧаɥɢɡа» ɧа 
2012 ɝ. 

2. Гɪаɧɬ 2.3.8 Ɋɨɫɫɢɣɫɤɨɣ аɤаɞɟɦɢɢ аɪ-
ɯɢɬɟɤɬɭɪы ɢ ɫɬɪɨɢɬɟɥьɧыɯ ɧаɭɤ «Ɋаɡ-
ɪаɛɨɬɤа ɢ ɢɫɫɥɟɞɨɜаɧɢɟ ɞɢɫɤɪɟɬɧɨ-
ɤɨɧɬɢɧɭаɥьɧыɯ ɦɟɬɨɞɨɜ ɞɥя ɪаɫчɟɬа 
ɫɬɪɨɢɬɟɥьɧыɯ ɤɨɧɫɬɪɭɤɰɢɣ ɫ ɤɭɫɨчɧɨ-
ɩɨɫɬɨяɧɧыɦɢ ɮɢɡɢɤɨ-
ɝɟɨɦɟɬɪɢчɟɫɤɢɦɢ ɩаɪаɦɟɬɪаɦɢ ɩɨ ɨɞ-
ɧɨɦɭ ɢɡ ɧаɩɪаɜɥɟɧɢɣ» ɧа 2011-2012 ɝɝ. 

3. НИɊ «Ɋаɡɪаɛɨɬɤа, ɢɫɫɥɟɞɨɜаɧɢɟ, ɩɪɨ-
ɝɪаɦɦɧɨ-аɥɝɨɪɢɬɦɢчɟɫɤая ɪɟаɥɢɡаɰɢя 
ɢ ɜɟɪɢɮɢɤаɰɢя ɦɧɨɝɨɭɪɨɜɧɟɜыɯ ɦɟɬɨ-
ɞɨɜ ɩɪɨɝɧɨɡɧɨɝɨ ɦаɬɟɦаɬɢчɟɫɤɨɝɨ ɦɨ-
ɞɟɥɢɪɨɜаɧɢя ɫɨɫɬɨяɧɢя ɢ ɬɟɯɧɨɝɟɧɧɨɣ 

ɛɟɡɨɩаɫɧɨɫɬɢ ɨɬɜɟɬɫɬɜɟɧɧыɯ ɨɛɴɟɤɬɨɜ 
ɢ ɤɨɦɩɥɟɤɫɨɜ ɦɟɝаɩɨɥɢɫа», ɜыɩɨɥ-
ɧяɟɦая ɜ ɪаɦɤаɯ ɝɨɫɭɞаɪɫɬɜɟɧɧɨɝɨ ɡа-
ɞаɧɢя Мɢɧɢɫɬɟɪɫɬɜа ɨɛɪаɡɨɜаɧɢя ɢ 

ɧаɭɤɢ Ɋɨɫɫɢɣɫɤɨɣ Фɟɞɟɪаɰɢɢ ɧа ɨɤа-
ɡаɧɢɟ ɭɫɥɭɝ (ɜыɩɨɥɧɟɧɢɟ ɪаɛɨɬ) ɧа 
2012 ɝɨɞ. 
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КɈɊɊȿКɌɇЫȿ АɅȽɈɊɂɌɆЫ  

ɆɇɈȽɈɍɊɈȼɇȿȼɈɃ АɉɉɊɈКСɂɆАЦɂɂ 

С ɂСɉɈɅɖɁɈȼАɇɂȿɆ ДɂСКɊȿɌɇɈȽɈ ȻАɁɂСА ХААɊА 

ЧАСɌɖ 2: ДȼɍɆȿɊɇЫɃ СɅɍЧАɃ 
 

П.А. Акимов, М.Л. Моɡɝаɥева 
ФГȻОɍ ВПО «Мɨɫɤɨɜɫɤɢɣ ɝɨɫɭɞаɪɫɬɜɟɧɧыɣ ɫɬɪɨɢɬɟɥьɧыɣ ɭɧɢɜɟɪɫɢɬɟɬ», ɝ. Мɨɫɤɜа, Ɋɨɫɫɢя 

 
АɇɇɈɌАЦɂə: В ɧаɫɬɨящɟɣ ɫɬаɬьɟ ɪаɫɫɦаɬɪɢɜаɸɬɫя ɤɨɪɪɟɤɬɧыɟ аɥɝɨɪɢɬɦы ɦɧɨɝɨɭɪɨɜɧɟɜɨɣ аɩɩɪɨɤ-
ɫɢɦаɰɢɢ ɫ ɢɫɩɨɥьɡɨɜаɧɢɟɦ ɞɢɫɤɪɟɬɧɨɝɨ ɛаɡɢɫа Хааɪа. Иɡɥɨɠɟɧɢɟ ɜɟɞɟɬɫя ɞɥя ɞɜɭɦɟɪɧɨɝɨ ɫɥɭчая. Пɨɞ 
ɦɧɨɝɨɭɪɨɜɧɟɜɨɣ аɩɩɪɨɤɫɢɦаɰɢɟɣ ɩɨɧɢɦаɟɬɫя ɪаɡɥɨɠɟɧɢɟ ɮɭɧɤɰɢɢ ɩɨ ɥɨɤаɥьɧɨɦɭ ɜɟɣɜɥɟɬ-ɛаɡɢɫɭ ɢ ɪаɫ-
ɫɦɨɬɪɟɧɢɟ ɫɨɨɬɜɟɬɫɬɜɭɸщɢɯ ɤɨɦɩɨɧɟɧɬ эɬɨɣ ɮɭɧɤɰɢɢ ɧа ɤаɠɞɨɦ ɢɡ ɭɪɨɜɧɟɣ ɬаɤɨɝɨ ɛаɡɢɫа, ɩɪɢ эɬɨɦ 

ɫɬɟɩɟɧь ɥɨɤаɥьɧɨɫɬɢ ɨɩɪɟɞɟɥяɟɬɫя ɪаɡɦɟɪɨɦ ɧɨɫɢɬɟɥя ɛаɡɢɫɧɨɣ ɮɭɧɤɰɢɢ ɧа ɤаɠɞɨɦ ɭɪɨɜɧɟ. 
 

Ключевые словɚ: ɤɨɪɪɟɤɬɧыɟ аɥɝɨɪɢɬɦы, ɦɧɨɝɨɭɪɨɜɧɟɜая аɩɩɪɨɤɫɢɦаɰɢя, ɜɟɣɜɥɟɬ-аɧаɥɢɡ,  
ɞɢɫɤɪɟɬɧыɣ ɛаɡɢɫ Хааɪа 

 

 

CORRECT ALGORITHMS OF MULTILEVEL APPROXIMATION 

WITH THE USE OF DISCRETE HAAR BASIS 

PART 2: TWO-DIMENSIONAL PROBLEMS 
 

Pavel A. Akimov, Marina L. Mozgaleva 
Moscow State University of Civil Engineering, Moscow, RUSSIA 

 
ABSTRACT: The distinctive paper is devoted to correct algorithms of multilevel approximation with use of 

discrete Haar basis. Two-dimensional problems are considered. Under the multi-level approximation in this case, 

we understand the expansion of the function with the use of the local wavelet basis and consideration of relevant 

components of this function at each level of such basis, the degree of localization is determined by the size of the 

carrier basis function at each level. 

 

Key words: correct algorithms method, multilevel approximation, multiresolution wavelet analysis,  

discrete Haar basis, two-dimensional problems 
 

 

Сɥɟɞɭɟɬ ɨɬɦɟɬɢɬь, чɬɨ ɞаɧɧая ɫɬаɬья яɜɥяɟɬɫя 
ɫɜɨɟɨɛɪаɡɧыɦ ɩɪɨɞɨɥɠɟɧɢɟɦ ɪаɛɨɬы [1] ɩɪɢ-

ɦɟɧɢɬɟɥьɧɨ ɤ ɫɥɭчаɸ ɢɫɩɨɥьɡɨɜаɧɢя ɞɜɭɦɟɪ-
ɧɨɝɨ ɞɢɫɤɪɟɬɧɨɝɨ ɛаɡɢɫа Хааɪа [2-5]. 

 

 

1. ɉɈɇəɌɂȿ Ɉ ȻАɁɂСȿ ХААɊА  

ɂ ɊАɁɅɈɀȿɇɂɂ ɎɍɇКЦɂɂ  

ɉɈ ȻАɁɂСɍ ХААɊА 

 

Ɋаɫɫɦɨɬɪɢɦ ɞɜɭɦɟɪɧɭɸ ɩɪяɦɨɭɝɨɥьɧɭɸ ɨɛ-

ɥаɫɬь (ɪɢɫ. 1.1) 

} 0   ,0   :),( { 221121 lxlxxx ≤≤≤≤=Ω ,  (1.1) 

 

ɝɞɟ 21  , xx  – ɤɨɨɪɞɢɧаɬы; 21  , ll  – ɪаɡɦɟɪы ɨɛ-
ɥаɫɬɢ ɜɞɨɥь ɤɨɨɪɞɢɧаɬɧыɯ ɨɫɟɣ 21  , OxOx  ɫɨ-
ɨɬɜɟɬɫɬɜɟɧɧɨ. 
Ɋаɡɞɟɥɢɦ ɨɛɥаɫɬь (1.1) ɩɨ ɝɨɪɢɡɨɧɬаɥɢ ɧа 

)1( −n  ɪаɜɧыɯ чаɫɬɟɣ ɢ ɩɨ ɜɟɪɬɢɤаɥɢ ɧа 
)1( −n  ɪаɜɧыɯ чаɫɬɟɣ, ɝɞɟ Mn 2= , M  – ɧɟ-

ɤɨɬɨɪɨɟ ɰɟɥɨɟ чɢɫɥɨ (ɦаɤɫɢɦаɥьɧыɣ ɭɪɨɜɟɧь 
ɮɭɧɤɰɢɣ Хааɪа (ɤɨɥɢчɟɫɬɜɨ ɭɪɨɜɧɟɣ)). 
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Рɢɫɭɧɨɤ 1.1. Иɫɯɨɞɧая ɞɜɭɦеɪɧая ɩɪяɦɨɭɝɨɥьɧая ɨɛɥаɫɬь ɢ ее ɞɢɫɤɪеɬɢɡаɰɢя 

 

 

Кɨɨɪɞɢɧаɬы ɬɨчɟɤ ɞɟɥɟɧɢя, ɨчɟɜɢɞɧɨ, ɨɩɪɟ-
ɞɟɥяɸɬɫя ɩɨ ɮɨɪɦɭɥаɦ  

 

nihix i  ..., 2, ,1  ,)1( 111,1 =−= ; 

   nihix i  ..., 2, ,1  ,)1( 222,2 =−= ,   (1.2) 

 

ɝɞɟ 1h  ɢ 2h  – ɲаɝɢ ɞɟɥɟɧɢя ɩɨ ɨɫяɦ 21  , OxOx  

ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ, 
 

)1/(11 −= nlh ;   )1/(22 −= nlh .         (1.3) 

 

Сɟɦɟɣɫɬɜɨ ɮɭɧɤɰɢɣ Хааɪа ),( 21,,, 2121
iip

jjssψ , 

,2,...,,1  ,2,...,,1 1 pNjMp ==  pNj  ..., 2, ,12 = , 

1 ,0  1, ,0 21 == ss  (ɩɪɢчɟɦ ɧɟɞɨɩɭɫɬɢɦ ɫɥɭ-
чаɣ 0 21 == ss ), ɨɩɪɟɞɟɥɟɧɧыɯ ɜ ɭɡɥаɯ ɫɟɬɤɢ, 

ɡаɞаɟɬɫя ɫɥɟɞɭɸщɢɦɢ ɮɨɪɦɭɥаɦɢ: 

;0   ; ..., 2, ,1   ; ..., 2, ,1         

,

ɫɥɭчаяɯ ɨɫɬаɥьɧыɯ   ɜ   ,0 

)2/2/1(2

)2/1(2
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  (1.4) 

niniii M

M  ..., 2, ,1   ; ..., 2, ,1   ,),( 21

1

211,1,0,0 === −αψ , 

                    (1.5) 

 

ɝɞɟ pp NN ×  – ɤɨɥɢчɟɫɬɜɨ ɮɭɧɤɰɢɣ Хааɪа ɧа 
p -ɨɦ ɭɪɨɜɧɟ, 

 

⎩⎨
⎧

= <≤== +−+
;   ,1 

0   ,22/ )1(1

Mp

Mpn
N

pMp

p     (1.6) 

 

pα – ɧɨɪɦа ɮɭɧɤɰɢɢ Хааɪа ɧа p -ɨɦ ɭɪɨɜɧɟ, ɬ.ɟ. 
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pp NjNj  ..., 2, ,1    , ..., 2, ,1 11 =∀=∀ , 

p

p

jjss αψ = ||||
2121 ,,, ; 

⎪⎩
⎪⎨⎧ ==

<≤= +

.   ,2 

0   ,2 1

Mpn

Mp
M

p

pα       (1.7) 

 

Сɥɟɞɭɟɬ ɨɬɦɟɬɢɬь, чɬɨ ɡɧачɟɧɢя ɢɧɞɟɤɫɨɜ 1s  

ɢ 2s  ɫɨɨɬɜɟɬɫɬɜɭɸɬ ɬɪɟɦ ɛаɡɨɜыɦ ɮɭɧɤɰɢяɦ: 

 
p

jj 21,,0,1
ψ  

1 –1 

1 –1 

0   ,1 21 == ss  

 
p

jj 21 ,,1,0ψ  

1 1 

–1 –1 

1   ,0 21 == ss  

 
p

jj 21 ,,1,1ψ  

1 –1 

–1 1 

1   ,1 21 == ss  

 

Мɨɠɧɨ ɩɨɤаɡаɬь, чɬɨ ɫɟɦɟɣɫɬɜɨ ɮɭɧɤɰɢɣ 

Хааɪа (1.4)-(1.5) ɨɛɪаɡɭɟɬ ɩɨɥɧɭɸ ɨɪɬɨɧɨɪ-
ɦɢɪɨɜаɧɧɭɸ ɫɢɫɬɟɦɭ ɢ яɜɥяɟɬɫя ɛаɡɢɫɨɦ ɜ 
ɩɪɨɫɬɪаɧɫɬɜɟ ɞɢɫɤɪɟɬɧыɯ ɮɭɧɤɰɢɣ, ɨɩɪɟɞɟ-
ɥɟɧɧыɯ ɜ ɭɡɥаɯ ɫɟɬɤɢ (ɪɢɫ. 1.1). 

Ɋаɫɫɦɨɬɪɢɦ ɩɪɨɢɡɜɨɥьɧɭɸ ɮɭɧɤɰɢɸ f , ɨɩ-

ɪɟɞɟɥɟɧɧɭɸ ɜ ɭɡɥаɯ ɫɟɬɤɢ, ɩɨɤаɡаɧɧɨɣ ɧа 
ɪɢɫ. 1.1. Фɭɧɤɰɢя ),( 21 iif  ɦɨɠɟɬ ɛыɬь ɪаɡ-
ɥɨɠɟɧа ɜ ɪяɞ Хааɪа: 
 

),,(),(
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),(
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0 1 1
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 (1.8) 

ɝɞɟ , ..., 2, ,1  ,  ,  , 1,,1,1,,1,0,,0,1 212121 p

p

jj

p

jj

p

jj Njvvv =  

MpNj p  ..., 2, ,1  , ..., 2, ,12 ==  – ɤɨэɮɮɢɰɢɟɧ-

ɬы ɪаɡɥɨɠɟɧɢя ɮɭɧɤɰɢɢ ),( 21 iif  ɩɨ ɛаɡɢɫɭ 

Хааɪа, ɨɩɪɟɞɟɥяɟɦыɟ ɩɨ ɮɨɪɦɭɥɟ 
 

; ..., 2, ,1  , ..., 2, ,1             

 , ..., 2, ,1   1, ,0   1, ,0             

  ,),(),(
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1 1
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Пɪɢ чɢɫɥɟɧɧɨɣ ɪɟаɥɢɡаɰɢɢ ɪаɡɥɨɠɟɧɢя ɞɢɫ-
ɤɪɟɬɧɨɣ ɮɭɧɤɰɢɢ ɩɨ ɛаɡɢɫɭ Хааɪа ɡачаɫɬɭɸ 

ɭɞɨɛɧɟɟ ɩɟɪɟɣɬɢ ɨɬ (1.8) ɤ ɩɪɟɞɫɬаɜɥɟɧɢɸ 

ɜɢɞа: 
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kk iifiif ϕ ,         (1.10) 

 

ɝɞɟ 2

1  ..., 2, ,1 nk =  – ɝɥɨɛаɥьɧыɣ ɢɧɞɟɤɫ; ɤɨ-
эɮɮɢɰɢɟɧɬы p

jjssv
2121 ,,,  ɢ kf , а ɬаɤɠɟ ɮɭɧɤɰɢɢ 

),( 21,,, 2121
iip

jjssψ  ɢ ),( 21 iikϕ  ɫɜяɡаɧы ɦɟɠɞɭ ɫɨ-
ɛɨɣ ɫɥɟɞɭɸщɢɦɢ ɮɨɪɦɭɥаɦɢ: 

 
p

jjssk vf
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iiii p

jjk ψϕ = ,  (1.11) 
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 (1.12) 

 

 

2. Ɉ ȼЫЧɂСɅȿɇɂɂ ɁɇАЧȿɇɂə  

СɍɆɆЫ ɊəДА ХААɊА ȼ ɌɈЧКȿ 

 

Очɟɜɢɞɧɨ, чɬɨ ɧɟɩɨɫɪɟɞɫɬɜɟɧɧая ɪɟаɥɢɡаɰɢя 
ɮɨɪɦɭɥы (1.8) ɢɥɢ ɮɨɪɦɭɥы (1.10) яɜɥяɟɬɫя 
ɞɨɫɬаɬɨчɧɨ ɬɪɭɞɨɟɦɤɨɣ ɞɢɫɰɢɩɥɢɧɨɣ. Дɟɣ-

ɫɬɜɢɬɟɥьɧɨ ɜ ɨɪɬɨɝɨɧаɥьɧɨɦ (ɛɟɡɢɡɛыɬɨч-
ɧɨɦ) ɩɪɟɞɫɬаɜɥɟɧɢɢ (1.8) ɞɢɫɤɪɟɬɧɨɣ ɮɭɧɤ-
ɰɢɢ ),( 21 iif  ɭчаɫɬɜɭɸɬ )1(3 +M  ɜɟɣɜɥɟɬɨɜ 
ɪаɡɥɢчɧыɯ ɭɪɨɜɧɟɣ. 

В ɫаɦɨɦ ɞɟɥɟ, ɜ чаɫɬɧɨɫɬɢ, ɢɦɟɟɦ: 
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ɢ ɬ.ɞ. 

Дɥя ɩɪɨɢɡɜɨɥьɧɨɣ ɬɨчɤɢ ),( 21 ii  ɛɭɞɟɦ ɢɦɟɬь: 
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Иɬаɤ, ɢɦɟɟɦ ɫɥɟɞɭɸщɢɟ ɨɤɨɧчаɬɟɥьɧыɟ 
ɮɨɪɦɭɥы ɞɥя ɨɩɪɟɞɟɥɟɧɢя ɩаɪаɦɟɬɪɨɜ pl ,1  ɢ 

pl ,2 : 
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Пɨ аɧаɥɨɝɢɢ ɫ (1.10) ɦɨɠɟɦ ɩɟɪɟɩɢɫаɬь (2.1) 

ɫɥɟɞɭɸщɢɦ ɨɛɪаɡɨɦ: 
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3. АɅȽɈɊɂɌɆ ȻЫСɌɊɈȽɈ  

ȼЫЧɂСɅȿɇɂə КɈЭɎɎɂЦɂȿɇɌɈȼ 

ɊАɁɅɈɀȿɇɂə ДɂСКɊȿɌɇɈɃ  

ɎɍɇКЦɂɂ ɉɈ ȻАɁɂСɍ ХААɊА  

С ɈСɊȿДɇȿɇɂȿɆ 

 

Пɭɫɬь 
 

njnjjjfu jj  ..., 2, ,1  , ..., 2, ,1  ),,( 2121

0

, 21
=== ;  

                       (3.1) 

20 =α .                       (3.2) 

 

Дɥя ɜɫɟɯ 1 ..., 1, ,0 −= Mp , pNj  ..., 1, ,01 = ,  

pNj  ..., 1, ,02 = ,  1 ,01 =s ,  1 ,02 =s  (ɤɪɨɦɟ 
ɫɥɭчая 021 == ss ) ɩɪɨɢɡɜɨɞɢɦ ɜычɢɫɥɟɧɢя 
ɩɨ ɮɨɪɦɭɥаɦ 
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pp αα ⋅=+ 21 .                    (3.6) 

 

Пɪɢ Mp =  ɢɦɟɟɦ: 

 

nM =α ;                          (3.7) 
M

M

M uv 1,1

1

1,1,0,0

−= α ,                    (3.8) 

ɝɞɟ , ..., 2, ,1  , ..., 2, ,1  , 21, 21 pp

p

jj NjNju ==  

Mp  ..., 2, ,1=  – ɜɫɩɨɦɨɝаɬɟɥьɧыɟ ɜɟɥɢчɢɧы. 

Заɦɟɬɢɦ, чɬɨ ɟɫɥɢ ɡɧачɟɧɢя 
NjNju jj  ..., 2, ,1  , ..., 2, ,1  , 21

0

, 21
== , ɨɩɪɟɞɟ-

ɥɟɧɧыɟ ɩɨ ɮɨɪɦɭɥɟ (3.1), яɜɥяɸɬɫя ɬɨчɧыɦɢ, 

ɬɨ ɜɨɡɧɢɤɧɨɜɟɧɢɟ ɨɲɢɛɨɤ ɜ ɞаɥьɧɟɣɲɟɦ ɩɪɢ 

ɪɟаɥɢɡаɰɢɢ ɮɨɪɦɭɥ (3.2)-(3.8) ɢɫɤɥɸчɟɧɨ. 
Вɦɟɫɬɟ ɫ ɬɟɦ, ɩɨ ɩɪаɤɬɢчɟɫɤɢɦ ɫɨɨɛɪаɠɟɧɢ-

яɦ ɦɨɠɟɬ ɩɨɬɪɟɛɨɜаɬьɫя ɧɟɤɨɬɨɪɨɟ ɭɦɟɧь-
ɲɟɧɢɟ ɬɨчɧɨɫɬɢ ɜ ɭɝɨɞɭ ɞɪɭɝɢɦ ɮаɤɬɨɪаɦ.  

Пɭɫɬь p  – ɢɧɞɟɤɫ, ɫɨɨɬɜɟɬɫɬɜɭɸщɢɣ ɧɨɦɟɪɭ 
ɭɪɨɜɧя, Mp  ..., 2, ,1 ,0= ; 1j  ɢ 2j  – ɢɧɞɟɤɫы, 

ɫɨɨɬɜɟɬɫɬɜɭɸщɢɟ ɧɨɦɟɪаɦ ɛаɡɢɫɧɨɣ ɮɭɧɤ-
ɰɢɢ ɧа ɪаɫɫɦаɬɪɢɜаɟɦɨɦ ɭɪɨɜɧɟ, 

pp NjNj  ..., 2,,1 ,...,2,,1 21 == . Пɨɥɨɠɢɦ, чɬɨ 
ɬɪɟɛɭɟɬɫя ɩɪɨɢɡɜɟɫɬɢ ɨɫɪɟɞɧɟɧɢɟ ɧа ɧɟɤɨɬɨ-
ɪɨɦ ɭɪɨɜɧɟ q . 

В ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ [2, 5] ɮɨɪɦɭɥы ɨɫɪɟɞɧɟɧɢя 
ɢɦɟɸɬ ɜɢɞ: 
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1211  ..., ,2 ,1   , ..., ,2 ,1 ++ == pp NjNj .  (3.11) 
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Пɪɢ ɢɫɩɨɥьɡɨɜаɧɢɢ ɫɩɥɨɲɧɨɣ ɝɥɨɛаɥьɧɨɣ 

ɢɧɞɟɤɫаɰɢɢ ɫɨɨɛɪаɡɧɨ (2.3)-(2.4), ɨчɟɜɢɞɧɨ, 
ɩɨɥɭчɢɦ: 
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4. АɅȽɈɊɂɌɆ ɆɇɈȽɈɍɊɈȼɇȿȼɈɃ  

АɉɉɊɈКСɂɆАЦɂɂ ɇА ɈСɇɈȼȿ 

ȻАɁɂСА ХААɊА 

 

Ȼɭɞɟɦ ɩɨɥаɝаɬь, чɬɨ ɜ ɤаɠɞɨɣ ɢɡ ɬɨчɟɤ 
),(

21 ,2,1 ii xx  ( ni  ..., 2, ,11 = , ni  ..., 2, ,12 = ) ɡаɞаɧы 

ɜɟɥɢчɢɧы ɫɥɟɞɭɸщɢɟ ɜɟɥɢчɢɧы: 
21 ,iiχ  – ɯа-

ɪаɤɬɟɪɢɫɬɢчɟɫɤая ɮɭɧɤɰɢя ɨɩɟɪаɰɢɢ ɨɫɪɟɞ-

ɧɟɧɢя, ɪаɜɧая ɟɞɢɧɢɰɟ, ɟɫɥɢ ɜ ɬɨчɤɟ 
),(

21 ,2,1 ii xx  ɬɪɟɛɭɟɬɫя ɨɫɪɟɞɧɟɧɢя ɢ ɧɭɥɸ – 

ɟɫɥɢ ɜ ɬɨчɤɟ ),(
21 ,2,1 ii xx  ɨɫɪɟɞɧɟɧɢɟ ɧɟ ɬɪɟɛɭ-

ɟɬɫя; aver

iiN
21 ,  – ɦаɤɫɢɦаɥьɧыɣ ɧɨɦɟɪ ɭɪɨɜɧя, ɧа 

ɤɨɬɨɪɨɦ ɜыɩɨɥɧяɟɬɫя ɨɫɪɟɞɧɟɧɢɟ. 
ȿɫɥɢ 0

21 , =iiχ , ɬɨ ɨɫɪɟɞɧɟɧɢɟ ɜ ɬɨчɤɟ 
),(

21 ,2,1 ii xx  ɜыɩɨɥɧяɬь ɧɟ ɬɪɟɛɭɟɬɫя, а ɟɫɥɢ 

1
21 , =iiχ , ɬɨ ɨɫɪɟɞɧɟɧɢɟ ɜɟɞɟɬɫя ɩɨ ɮɨɪɦɭɥаɦ 

(3.13)-(3.15), ɜ ɤɨɬɨɪɨɣ ɜɦɟɫɬɨ q  ɡаɞаɟɬɫя 
ɡɧачɟɧɢɟ aver

iiN
21 , . 

 

 

ɁАɆȿЧАɇɂə 
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ɦɨɥɨɞыɯ ɭчɟɧыɯ ɫɩɟɰɢаɥɢɫɬɨɜ «Ɋаɡ-
ɪаɛɨɬɤа ɢ ɜɟɪɢɮɢɤаɰɢя ɤɨɪɪɟɤɬɢɜɧыɯ 
чɢɫɥɟɧɧыɯ ɢ чɢɫɥɟɧɧɨ-аɧаɥɢɬɢчɟɫɤɢɯ 
ɦɟɬɨɞɨɜ ɢɫɫɥɟɞɨɜаɧɢя ɥɨɤаɥьɧɨɝɨ ɧа-
ɩɪяɠɟɧɧɨ-ɞɟɮɨɪɦɢɪɭɟɦɨɝɨ ɫɨɫɬɨяɧɢя 
ɫɬɪɨɢɬɟɥьɧыɯ ɤɨɧɫɬɪɭɤɰɢɣ ɧа ɨɫɧɨɜɟ 

ɦɧɨɝɨɭɪɨɜɧɟɜɨɝɨ ɜɟɣɜɥɟɬ-аɧаɥɢɡа» ɧа 
2012 ɝ. 

2. Гɪаɧɬ 2.3.8 Ɋɨɫɫɢɣɫɤɨɣ аɤаɞɟɦɢɢ аɪ-
ɯɢɬɟɤɬɭɪы ɢ ɫɬɪɨɢɬɟɥьɧыɯ ɧаɭɤ «Ɋаɡ-
ɪаɛɨɬɤа ɢ ɢɫɫɥɟɞɨɜаɧɢɟ ɞɢɫɤɪɟɬɧɨ-
ɤɨɧɬɢɧɭаɥьɧыɯ ɦɟɬɨɞɨɜ ɞɥя ɪаɫчɟɬа 
ɫɬɪɨɢɬɟɥьɧыɯ ɤɨɧɫɬɪɭɤɰɢɣ ɫ ɤɭɫɨчɧɨ-
ɩɨɫɬɨяɧɧыɦɢ ɮɢɡɢɤɨ-
ɝɟɨɦɟɬɪɢчɟɫɤɢɦɢ ɩаɪаɦɟɬɪаɦɢ ɩɨ ɨɞ-
ɧɨɦɭ ɢɡ ɧаɩɪаɜɥɟɧɢɣ» ɧа 2011-2012 ɝɝ. 

3. НИɊ «Ɋаɡɪаɛɨɬɤа, ɢɫɫɥɟɞɨɜаɧɢɟ, ɩɪɨ-
ɝɪаɦɦɧɨ-аɥɝɨɪɢɬɦɢчɟɫɤая ɪɟаɥɢɡаɰɢя 
ɢ ɜɟɪɢɮɢɤаɰɢя ɦɧɨɝɨɭɪɨɜɧɟɜыɯ ɦɟɬɨ-
ɞɨɜ ɩɪɨɝɧɨɡɧɨɝɨ ɦаɬɟɦаɬɢчɟɫɤɨɝɨ ɦɨ-
ɞɟɥɢɪɨɜаɧɢя ɫɨɫɬɨяɧɢя ɢ ɬɟɯɧɨɝɟɧɧɨɣ 

ɛɟɡɨɩаɫɧɨɫɬɢ ɨɬɜɟɬɫɬɜɟɧɧыɯ ɨɛɴɟɤɬɨɜ 
ɢ ɤɨɦɩɥɟɤɫɨɜ ɦɟɝаɩɨɥɢɫа», ɜыɩɨɥ-
ɧяɟɦая ɜ ɪаɦɤаɯ ɝɨɫɭɞаɪɫɬɜɟɧɧɨɝɨ ɡа-
ɞаɧɢя Мɢɧɢɫɬɟɪɫɬɜа ɨɛɪаɡɨɜаɧɢя ɢ 

ɧаɭɤɢ Ɋɨɫɫɢɣɫɤɨɣ Фɟɞɟɪаɰɢɢ ɧа ɨɤа-
ɡаɧɢɟ ɭɫɥɭɝ (ɜыɩɨɥɧɟɧɢɟ ɪаɛɨɬ) ɧа 
2012 ɝɨɞ. 
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ABSTRACT: Operational formulation of eigenvalue problem for anisotropic plate with piecewise-constant 

physical and geometrical parameters in basic dimension within discrete-continual approach is under considera-

tion in the distinctive paper. 
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В ɧаɫɬɨящɟɣ ɫɬаɬьɟ ɜ ɪаɦɤаɯ ɞɢɫɤɪɟɬɧɨ-
ɤɨɧɬɢɧɭаɥьɧɨɝɨ ɩɨɞɯɨɞа [2-4] ɪаɫɫɦаɬɪɢɜа-
ɸɬɫя ɨɩɟɪаɬɨɪɧая ɩɨɫɬаɧɨɜɤа ɩɪɨɛɥɟɦы ɨɩ-

ɪɟɞɟɥɟɧɢя ɫɨɛɫɬɜɟɧɧыɯ ɡɧачɟɧɢɣ ɢ ɫɨɛɫɬ-
ɜɟɧɧыɯ ɮɭɧɤɰɢɣ ɤɪаɟɜɨɣ ɡаɞачɢ ɪаɫчɟɬа 
аɧɢɡɨɬɪɨɩɧɨɣ ɩɥаɫɬɢɧы [1, 5-9] ɫ ɤɭɫɨчɧɨ-

ɩɨɫɬɨяɧɧыɦɢ ɮɢɡɢɤɨ-ɝɟɨɦɟɬɪɢчɟɫɤɢɦɢ ɩа-
ɪаɦɟɬɪаɦɢ ɩɨ ɨɫɧɨɜɧɨɦɭ ɧаɩɪаɜɥɟɧɢɸ. 
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1. ɇȿКɈɌɈɊЫȿ ɉɊȿДȼАɊɂɌȿɅɖɇЫȿ 

ɈȻɈɁɇАЧȿɇɂə 

 

Пɭɫɬь Ω  – ɨɛɥаɫɬь, ɡаɧɢɦаɟɦая ɤɨɧɫɬɪɭɤɰɢ-

ɟɣ. Ȼɟɡ ɨɝɪаɧɢчɟɧɢя ɨɛщɧɨɫɬɢ ɛɭɞɟɦ ɪаɫ-
ɫɦаɬɪɢɜаɬь ɩɥаɫɬɢɧɭ ɫ ɪаɡɦɟɪаɦɢ ɜ ɩɥаɧɟ 1l  

( ] ,0[ 11 lx ∈ ) ɢ 2l  ( ] ,0[ 22 lx ∈ ). 

Пɭɫɬь 2x  – ɩɟɪɟɦɟɧɧая, ɫɨɨɬɜɟɬɫɬɜɭɸщая 
ɨɫɧɨɜɧɨɦɭ ɧаɩɪаɜɥɟɧɢɸ, ɬ.ɟ. ɜɞɨɥь ɧɟɟ ɮɢ-

ɡɢɤɨ-ɝɟɨɦɟɬɪɢчɟɫɤɢɟ ɩаɪаɦɟɬɪы ɤɨɧɫɬɪɭɤ-
ɰɢɢ ɢɡɦɟɧяɸɬɫя ɤɭɫɨчɧɨ-ɩɨɫɬɨяɧɧɨ. Заɦɟ-
ɬɢɦ, чɬɨ ɜɞɨɥь ɩɟɪɟɦɟɧɧɨɣ 1x  эɬɢ ɩаɪаɦɟɬɪы 

ɩɥаɫɬɢɧы ɦɨɝɭɬ ɢɡɦɟɧяɬьɫя ɩɪɨɢɡɜɨɥьɧыɦ 

ɨɛɪаɡɨɦ. 

Вɜɟɞɟɦ ɨɛɨɡɧачɟɧɢя: k

b

k nkx  ..., 1,=   ,,2  – ɤɨ-
ɨɪɞɢɧаɬы ɫɟчɟɧɢɣ, ɜ ɤɨɬɨɪыɯ ɡаɞаɸɬɫя ɝɪа-
ɧɢчɧыɟ ɭɫɥɨɜɢя (ɜ чаɫɬɧɨɫɬɢ, ɤɨɨɪɞɢɧаɬы 

ɫɟчɟɧɢɣ, ɝɞɟ ɩɪɨɢɫɯɨɞɢɬ «ɫɤачɤɨɨɛɪаɡɧɨɟ» 

(ɪаɡɪыɜы ɩɟɪɜɨɝɨ ɪɨɞа) ɢɡɦɟɧɟɧɢɟ ɩаɪаɦɟɬ-
ɪɨɜ ɩɥаɫɬɢɧы); 1 ..., 1,=   , −Ω kk nk  – ɫɨɨɬɜɟɬ-
ɫɬɜɭɸщɢɟ ɮɪаɝɦɟɧɬы, ɜыɞɟɥɟɧɧыɟ ɢɡ ɨɛɥаɫ-
ɬɢ Ω  ɫɟчɟɧɢяɦɢ b

kxx ,22 =  ɢ b

kxx 1,22 += ; kh  – 

ɬɨɥщɢɧа ɩɥɢɬы ɧа ɭчаɫɬɤɟ kΩ  ( ] ,0[3 khx ∈ ); 

1 ..., 1,=   , −kk nkГ  – ɫɨɨɬɜɟɬɫɬɜɭɸщɢɟ ɝɪа-
ɧɢɰы ɮɪаɝɦɟɧɬɨɜ 1 ..., 1,=   , −Ω kk nk ; 

),( 21 xxkk θθ =  – ɯаɪаɤɬɟɪɢɫɬɢчɟɫɤая ɮɭɧɤɰɢя 
ɨɛɥаɫɬɢ kΩ ; ),( 21,, xxkГkГ δδ =  – ɞɟɥьɬа-
ɮɭɧɤɰɢя ɝɪаɧɢɰы kkГ Ω∂=  [2-4, 10], 

 

⎩⎨
⎧ Ω∉

Ω∈=
;),(   0, 

),(   1, 
),(

21

21
21

k

k
k xx

xx
xxθ         (1.1) 

kkkГ nxx ∂∂= /),( 21, θδ ;    

kkГkГ nxx ∂∂=′ /),( ,21, δδ ;     (1.2) 

 
T

kkk nnn ]    [ ,2,1=  – ɜɟɤɬɨɪ ɫɨɫɬаɜɥяɸщɢɯ 
ɧɨɪɦаɥɢ ɤ ɝɪаɧɢɰɟ kГ ; 1 ..., 1,=   , −kk nkω  – 

ɪаɫɲɢɪɟɧɧыɟ ɨɛɥаɫɬɢ, ɨɤаɣɦɥяɸщɢɟ ɫɨɨɬ-
ɜɟɬɫɬɜɭɸщɢɟ ɮɪаɝɦɟɧɬы 1 ..., 1,=   , −Ω kk nk ; 

kL  – ɨɩɟɪаɬɨɪ ɡаɞачɢ ɜ ɪаɫɲɢɪɟɧɧɨɣ ɨɛɥаɫɬɢ 

kω  ɨɬɧɨɫɢɬɟɥьɧɨ ɩɟɪɟɦɟщɟɧɢɣ ɧа ɢɧɬɟɪɜаɥɟ 
),( 1,2,22

b

k

b

k xxx +∈ , 
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24     
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2
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2
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2
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12,1,
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11,1,

2

1

kkkГkkk

kkkk
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kkkkk

wcwB

wBwB

wBwB

wBwB

wBwB

δθ ++∂∂∂+
+∂∂∂+∂∂∂+

+∂∂∂+∂∂∂∂+
+∂∂+∂∂+
+∂∂+∂∂=L

 

(1.3) 

 ,  ,  , 3,2,3,2,3,1,3,1,11,1,1, kkkkkkkkk BBBBBB θθθ ===  

2,2,22,3,3,33,2,1,2,1,   ,  , kkkkkkkkk BBBBBB θθθ === ;   

(1.4) 

 

, ,  ,  ,  , 2,3,3,2,1,2,2,1,3,3,22,1,1, kkkkkkk BBBBBBB ==
1,3,3,1, kk BB =  – ɩɨɫɬɨяɧɧыɟ, ɯаɪаɤɬɟɪɢɡɭɸщɢɟ 

ɭɩɪɭɝɢɟ ɫɜɨɣɫɬɜа ɬɟɥа ɧа ɨɛɥаɫɬɢ kΩ ; 

 

2 ,1   ,/ =∂∂=∂ kxkk ;   2 ,1   ,/ =∂−∂=∂∗ kxkk ; 

                      (1.5) 

 

s  – ɢɫɤɨɦɨɟ ɫɨɛɫɬɜɟɧɧɨɟ ɡɧачɟɧɢɟ; kw  – 

ɩɪɨɝɢɛ (ɫɨɛɫɬɜɟɧɧая ɮɭɧɤɰɢя) ɜ ɨɛɥаɫɬɢ kΩ . 

Пɪɢɜɟɞɟɦ ɧɢɠɟ ɫɜɨɞɤɭ ɨɩɪɟɞɟɥяɸщɢɯ ɮɨɪ-
ɦɭɥ ɞɥя ɨɫɧɨɜɧыɯ ɫɬаɬɢчɟɫɤɢɯ ɢ ɤɢɧɟɦаɬɢ-

чɟɫɤɢɯ ɜɟɥɢчɢɧ: 

– ɜɧɭɬɪɟɧɧɢɟ ɦɨɦɟɧɬы ɢ ɭɫɢɥɢя ɜ kΩ  
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k BBBM χχχ ++= ;  (1.6) 
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k BBBM χχχ ++= ;  (1.7) 
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Оɛ ɨɩɟɪаɬɨɪɧɨɣ ɩɨɫɬаɧɨɜɤɟ ɩɪɨɛɥɟɦы ɨɩɪɟɞɟɥɟɧɢя ɫɨɛɫɬɜɟɧɧыɯ ɡɧачɟɧɢɣ ɢ ɫɨɛɫɬɜɟɧɧыɯ ɮɭɧɤɰɢɣ ɤɪаɟɜɨɣ 

ɡаɞачɢ ɫɬаɬɢчɟɫɤɨɝɨ ɪаɫчɟɬа ɬɨɧɤɨɣ аɧɢɡɨɬɪɨɩɧɨɣ ɩɥаɫɬɢɧы ɫ ɤɭɫɨчɧɨ-ɩɨɫɬɨяɧɧыɦɢ ɮɢɡɢɤɨ-ɝɟɨɦɟɬɪɢчɟɫɤɢɦɢ 

ɩаɪаɦɟɬɪаɦɢ ɩɨ ɨɫɧɨɜɧɨɦɭ ɧаɩɪаɜɥɟɧɢɸ ɜ ɪаɦɤаɯ ɞɢɫɤɪɟɬɧɨ-ɤɨɧɬɢɧɭаɥьɧɨɝɨ ɩɨɞɯɨɞа 
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– ɞɟɮɨɪɦаɰɢɢ ɩɪɢ 13 =x  ɜ ɨɛɥаɫɬɢ kΩ  

 

k

k w2

1

)(

1 −∂=χ ;   k

k w2

2

)(

2 −∂=χ ;    

k

kk w21

)(

21

)(

12 2 ∂∂−== χχ .   (1.11) 

 

 

2. ɉɊȿДСɌАȼɅȿɇɂȿ 

ɈɉɊȿДȿɅəɘЩȿȽɈ ɈɉȿɊАɌɈɊА 

КɊАȿȼɈɃ ɁАДАЧɂ С ȼЫДȿɅȿɇɂȿɆ 

ɈСɇɈȼɇɈȽɈ ɇАɉɊАȼɅȿɇɂə 

 

ɍчɢɬыɜая ɤɭɫɨчɧɨ-ɩɨɫɬɨяɧɧыɣ ɯаɪаɤɬɟɪ ɢɡ-
ɦɟɧɟɧɢя ɩаɪаɦɟɬɪɨɜ ɤɨɧɫɬɪɭɤɰɢɢ ɩɨ ɨɫɧɨɜ-
ɧɨɦɭ ɧаɩɪаɜɥɟɧɢɸ (ɜɞɨɥь 2x ), ɫɩɪаɜɟɞɥɢɜɨ 
ɫɥɟɞɭɸщɟɟ ɩɪɟɞɫɬаɜɥɟɧɢɟ: 
 

0,22,

2

22,

3

23,

4

24, kkkkkk LLLLLL +∂+∂+∂+∂−= , 

                          (2.1) 

ɝɞɟ                      2,2,4, kk B−=L ;                    (2.2) 

3,2,113,2,3, 22 kkk BB ∂+∂=L ;           (2.3) 

13,3,11,2,

2

1

2

12,1,2, 4 ∂∂+∂+∂= kkkk BBBL ;    (2.4) 

2

13,1,113,1,

2

11, 22 ∂∂+∂∂= kkk BBL ;         (2.5) 

kkkk cB θ+∂∂= 2

11,1,

2

10,L .             (2.6) 

 

 

3. ɈɉȿɊАɌɈɊɇАə ɉɈСɌАɇɈȼКА 

ɁАДАЧɂ С ȼЫДȿɅȿɇɂȿɆ 

ɈСɇɈȼɇɈȽɈ ɇАɉɊАȼɅȿɇɂə 

 

Иɬаɤ, ɨɩɟɪаɬɨɪɧая ɩɨɫɬаɧɨɜɤа ɡаɞачɢ ɢɦɟɟɬ 
ɜɢɞ: 

 

1 ..., 1,=   ),,(   , 1,2,22 −∈= + k

b

k

b

kkkk nkxxxw FL . 

                       (3.1) 

 

Ɋаɫɫɦɨɬɪɢɦ ɩɪɨɢɡɜɨɥьɧɨɟ k -ɟ ɭɪаɜɧɟɧɢɟ 
ɫɢɫɬɟɦы (3.1). ɍчɢɬыɜая (2.1), ɦɨɠɟɦ ɩɟɪɟ-
ɩɢɫаɬь ɟɝɨ ɫɥɟɞɭɸщɢɦ ɨɛɪаɡɨɦ: 

 

.     0,21,
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3

23,
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24,

kkkkkkk
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swwww
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=+∂+∂+
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LLL
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 (3.2) 

 

Вɜɟɞɟɦ ɨɛɨɡɧачɟɧɢя 
 

),(),( 2121
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1

)(

1 xxwxxyy k

kk == ; 

 4 3, ,2   ,),(),( 21

1

221

)()( =∂== − ixxwxxyy k

ik

i

k

i . 

(3.3) 

 

На ɨɫɧɨɜаɧɢɢ (3.3) ɩɟɪɟɩɢɫыɜаɟɦ (3.2) ɫɥɟ-
ɞɭɸщɢɦ ɨɛɪаɡɨɦ: 

 

.0)(                 )(

10,
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424, =−++
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LL

LLL
   (3.4) 

 

Оɛɴɟɞɢɧяя (3.4) ɫ (3.3) ɢ ɜɜɨɞя ɨɛɨɡɧачɟɧɢя 
 

4 3, ,2   ,),(),()( 21

)(

221

)( =∂=′ ixxyxxy k

i

k

i ,   (3.5) 

 

ɩɨɥɭчаɟɦ ɫɢɫɬɟɦɭ ɞɢɮɮɟɪɟɧɰɢаɥьɧыɯ ɭɪаɜ-
ɧɟɧɢɣ ɩɟɪɜɨɝɨ ɩɨɪяɞɤа: 
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          (3.7) 

 

В ɢɬɨɝɟ ɢɦɟɟɦ ɫɢɫɬɟɦɭ ɞɢɮɮɟɪɟɧɰɢаɥьɧыɯ 
ɭɪаɜɧɟɧɢɣ ɩɟɪɜɨɝɨ ɩɨɪяɞɤа (ɨɬɧɨɫɢɬɟɥьɧɨ 
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ɩɟɪɟɦɟɧɧɨɣ 2x ) ɫ ɨɩɟɪаɬɨɪɧыɦɢ ɤɨэɮɮɢɰɢ-

ɟɧɬаɦɢ:       

 

kskk UU ,

~
L=′ ,                       (3.8) 
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(3.9) 
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                      (3.10) 

 

ɍɪаɜɧɟɧɢя (3.8), ɪаɡɭɦɟɟɬɫя, ɫɥɟɞɭɟɬ ɞɨɩɨɥ-
ɧɢɬь ɝɪаɧɢчɧыɦɢ ɭɫɥɨɜɢяɦɢ, ɡаɞаɜаɟɦыɦɢ ɜ 
ɫɟчɟɧɢяɯ ɫ ɤɨɨɪɞɢɧаɬаɦɢ k

b

k nkx  ..., 1,=   ,,2 . 

Эɬɢ ɝɪаɧɢчɧыɟ ɭɫɥɨɜɢя ɩɪɟɞɫɬаɜɢɦы ɜ ɜɢɞɟ 
 

;1 ..., 2,=   ,                     

)0()0( ,2,21 −+=
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(3.11) 

−+−−+ +=−++
kkkk n

b

nnn

b ggxUBxUB 1,211,211 )0()0( , 

 (3.12) 

 

ɝɞɟ 1 ..., 2,=  , , −+−
kkk nkBB , +

1B  ɢ −
knB  – ɦаɬ-

ɪɢɰы ɤɨэɮɮɢɰɢɟɧɬɨɜ ɝɪаɧɢчɧыɯ ɭɫɥɨɜɢɣ, 8-

ɝɨ ɩɨɪяɞɤа; 1 ..., 2,=   , , −+−
kkk nkgg , +

1g  ɢ −
kng  

– ɜɟɤɬɨɪы ɩɪаɜыɯ чаɫɬɟɣ ɝɪаɧɢчɧыɯ ɭɫɥɨ-
ɜɢɣ, ɜɨɫьɦɢɦɟɪɧыɟ. 
Оɛɴɟɞɢɧяя (3.8), (3.11) ɢ (3.12) ɩɨɥɭчаɟɦ 

ɨɩɟɪаɬɨɪɧɭɸ ɩɨɫɬаɧɨɜɤɭ ɦɧɨɝɨɬɨчɟчɧɨɣ 

ɤɪаɟɜɨɣ ɡаɞачɢ ɫ ɜыɞɟɥɟɧɢɟɦ ɨɫɧɨɜɧɨɝɨ ɧа-
ɩɪаɜɥɟɧɢя: 
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4. ɁАДАɇɂȿ ɇȿКɈɌɈɊЫХ ɌɂɉɈȼЫХ 

ȽɊАɇɂЧɇЫХ ɍСɅɈȼɂɃ. 

 

Ɋаɫɫɦɨɬɪɢɦ ɧɢɠɟ ɡаɞаɧɢɟ ɧɟɤɨɬɨɪыɯ ɫɬаɧ-

ɞаɪɬɧыɯ ɬɢɩɨɜ ɝɪаɧɢчɧыɯ ɭɫɥɨɜɢɣ, ɩɨɩɟɪɟч-
ɧыɯ ɩɨ ɨɬɧɨɲɟɧɢɸ ɤ ɨɫɧɨɜɧɨɦɭ ɧаɩɪаɜɥɟ-
ɧɢɸ ɜ ɮɨɪɦɟ (3.11)-(3.12) ɜ ɩɪɨɢɡɜɨɥьɧɨɣ 

ɝɪаɧɢчɧɨɣ ɬɨчɤɟ ɫ ɤɨɨɪɞɢɧаɬɨɣ b

kx ,2 . Сɬɪɨɝɨ 
ɝɨɜɨɪя, ɜɨɡɦɨɠɧɨ ɬɪɢ ɨɫɧɨɜɧыɯ ɜаɪɢаɧɬа 
ɝɪаɧɢчɧɨɣ ɬɨчɤɢ: 1) knk  1 <<  – ɩɪɨɦɟɠɭ-
ɬɨчɧая ɝɪаɧɢчɧая ɬɨчɤа; 2) 1=k  – ɤɪаɣɧяя 
ɥɟɜая (ɩɟɪɜая) ɝɪаɧɢчɧая ɬɨчɤа; 3) knk  =  – 

ɤɪаɣɧяя ɩɪаɜая (ɩɨɫɥɟɞɧяя) ɝɪаɧɢчɧая ɬɨчɤа. 
Шаɪɧɢɪɧɨе ɨɩɢɪаɧɢе.  
Шаɪɧɢɪɧɨɟ ɨɩɢɪаɧɢɟ ɩɪɟɩяɬɫɬɜɭɟɬ ɩɪɨɝɢɛɭ 

ɩɥаɫɬɢɧы, ɧɨ ɞɨɩɭɫɤаɟɬ ɫɜɨɛɨɞɧыɣ ɩɨɜɨɪɨɬ 
ɨɩɟɪɬɨɝɨ ɤɪая ɜ ɩɟɪɩɟɧɞɢɤɭɥяɪɧɨɦ ɤ ɧɟɦɭ 
ɧаɩɪаɜɥɟɧɢɢ. 

Дɥя ɫɥɭчая knk  1 <<  ɢɦɟɟɦ ɫɥɟɞɭɸщɢɟ ɝɪа-
ɧɢчɧыɟ ɭɫɥɨɜɢя: 
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С ɭчɟɬɨɦ ɮɨɪɦɭɥ (3.3) ɢ (1.7) ɢ (1.11) ɢɦɟɟɦ 

ɫɥɟɞɭɸщɢɟ ɝɪаɧɢчɧыɟ ɭɫɥɨɜɢя: 
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Оɛ ɨɩɟɪаɬɨɪɧɨɣ ɩɨɫɬаɧɨɜɤɟ ɩɪɨɛɥɟɦы ɨɩɪɟɞɟɥɟɧɢя ɫɨɛɫɬɜɟɧɧыɯ ɡɧачɟɧɢɣ ɢ ɫɨɛɫɬɜɟɧɧыɯ ɮɭɧɤɰɢɣ ɤɪаɟɜɨɣ 

ɡаɞачɢ ɫɬаɬɢчɟɫɤɨɝɨ ɪаɫчɟɬа ɬɨɧɤɨɣ аɧɢɡɨɬɪɨɩɧɨɣ ɩɥаɫɬɢɧы ɫ ɤɭɫɨчɧɨ-ɩɨɫɬɨяɧɧыɦɢ ɮɢɡɢɤɨ-ɝɟɨɦɟɬɪɢчɟɫɤɢɦɢ 
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В ɫɢɥɭ ɬɨɝɨ, чɬɨ ɨɩɟɪɬыɟ ɤɪая ɩɥаɫɬɢɧы ɨɫ-
ɬаɸɬɫя ɩɪяɦыɦɢ ɜɬɨɪыɟ ɩɪɨɢɡɜɨɞɧыɟ ɨɬ 
ɩɪɨɝɢɛа ɩɨ ɧаɩɪаɜɥɟɧɢɸ, ɫɨɜɩаɞаɸщɟɦɭ ɫ 
ɧаɩɪаɜɥɟɧɢɟɦ ɨɩɟɪɬɨɝɨ ɤɪая, ɪаɜɧы ɧɭɥɸ, 

ɬ.ɟ. ɦɨɠɟɦ ɩɟɪɟɩɢɫаɬь (4.4)-(4.5) ɜ ɜɢɞɟ: 
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Таɤɢɦ ɨɛɪаɡɨɦ, ɢɦɟɟɦ (ɫɦ. ɮɨɪɦɭɥы (4.3), 

(4.6) ɢ (4.7)): 
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Дɥя ɫɥɭчая 1=k  ɢɦɟɟɦ ɫɥɟɞɭɸщɢɟ ɝɪаɧɢч-
ɧыɟ ɭɫɥɨɜɢя: 
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ɨɬɤɭɞа 
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а ɩɟɪɜыɟ ɞɜɟ ɤɨɦɩɨɧɟɧɬы ɜ ɜɟɤɬɨɪаɯ +
1g  ɢ 

−
kng  ɧɭɥɟɜыɟ. 

Дɥя ɫɥɭчая knk  =  ɢɦɟɟɦ ɫɥɟɞɭɸщɢɟ ɝɪаɧɢч-
ɧыɟ ɭɫɥɨɜɢя: 
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ɨɬɤɭɞа 
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а ɩɨɫɥɟɞɧɢɟ ɞɜɟ ɤɨɦɩɨɧɟɧɬы ɜ ɜɟɤɬɨɪаɯ +
1g  ɢ 

−
kng  ɧɭɥɟɜыɟ. 

Жеɫɬɤая ɡаɞеɥɤа. 
На ɡащɟɦɥɟɧɧыɯ ɤɪаяɯ ɩɥаɫɬɢɧы ɞɨɥɠɧы 

ɛыɬь ɪаɜɧы ɧɭɥɸ ɩɪɨɝɢɛ ɢ ɭɝɨɥ ɧаɤɥɨɧа ɤа-
ɫаɬɟɥьɧɨɣ ɤ ɢɡɨɝɧɭɬɨɣ ɫɪɟɞɢɧɧɨɣ ɩɨɜɟɪɯɧɨ-
ɫɬɢ, ɤɨɬɨɪыɣ ɜ ɞаɧɧɨɦ ɫɥɭчаɟ ɨɩɪɟɞɟɥяɟɬɫя 
ɩɨ ɮɨɪɦɭɥɟ 
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Дɥя ɫɥɭчая 1=k  ɢɦɟɟɦ ɫɥɟɞɭɸщɢɟ ɝɪаɧɢч-
ɧыɟ ɭɫɥɨɜɢя: 
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ɨɬɤɭɞа 
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а ɩɟɪɜыɟ ɞɜɟ ɤɨɦɩɨɧɟɧɬы ɜ ɜɟɤɬɨɪаɯ +
1g  ɢ 

−
kng  ɧɭɥɟɜыɟ. 
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Дɥя ɫɥɭчая knk  =  ɢɦɟɟɦ ɫɥɟɞɭɸщɢɟ ɝɪаɧɢч-
ɧыɟ ɭɫɥɨɜɢя: 
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ɨɬɤɭɞа 
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а ɩɨɫɥɟɞɧɢɟ ɞɜɟ ɤɨɦɩɨɧɟɧɬы ɜ ɜɟɤɬɨɪаɯ +
1g  ɢ 

−
kng  ɧɭɥɟɜыɟ. 

 

 

ɁАɆȿЧАɇɂə 

Иɫɫɥɟɞɨɜаɧɢя ɩɪɨɜɨɞɢɥɢɫь ɜ ɪаɦɤаɯ ɫɥɟ-
ɞɭɸщɢɯ ɪаɛɨɬ: 

1. Гɪаɧɬ 2.3.18 Ɋɨɫɫɢɣɫɤɨɣ аɤаɞɟɦɢɢ аɪ-
ɯɢɬɟɤɬɭɪы ɢ ɫɬɪɨɢɬɟɥьɧыɯ ɧаɭɤ ɞɥя 
ɦɨɥɨɞыɯ ɭчɟɧыɯ ɫɩɟɰɢаɥɢɫɬɨɜ «Ɋаɡ-
ɪаɛɨɬɤа ɢ ɜɟɪɢɮɢɤаɰɢя ɤɨɪɪɟɤɬɢɜɧыɯ 
чɢɫɥɟɧɧыɯ ɢ чɢɫɥɟɧɧɨ-аɧаɥɢɬɢчɟɫɤɢɯ 
ɦɟɬɨɞɨɜ ɢɫɫɥɟɞɨɜаɧɢя ɥɨɤаɥьɧɨɝɨ ɧа-
ɩɪяɠɟɧɧɨ-ɞɟɮɨɪɦɢɪɭɟɦɨɝɨ ɫɨɫɬɨяɧɢя 
ɫɬɪɨɢɬɟɥьɧыɯ ɤɨɧɫɬɪɭɤɰɢɣ ɧа ɨɫɧɨɜɟ 
ɦɧɨɝɨɭɪɨɜɧɟɜɨɝɨ ɜɟɣɜɥɟɬ-аɧаɥɢɡа» ɧа 
2012 ɝ. 

2. Гɪаɧɬ 2.3.8 Ɋɨɫɫɢɣɫɤɨɣ аɤаɞɟɦɢɢ аɪ-
ɯɢɬɟɤɬɭɪы ɢ ɫɬɪɨɢɬɟɥьɧыɯ ɧаɭɤ «Ɋаɡ-
ɪаɛɨɬɤа ɢ ɢɫɫɥɟɞɨɜаɧɢɟ ɞɢɫɤɪɟɬɧɨ-
ɤɨɧɬɢɧɭаɥьɧыɯ ɦɟɬɨɞɨɜ ɞɥя ɪаɫчɟɬа 
ɫɬɪɨɢɬɟɥьɧыɯ ɤɨɧɫɬɪɭɤɰɢɣ ɫ ɤɭɫɨчɧɨ-
ɩɨɫɬɨяɧɧыɦɢ ɮɢɡɢɤɨ-
ɝɟɨɦɟɬɪɢчɟɫɤɢɦɢ ɩаɪаɦɟɬɪаɦɢ ɩɨ ɨɞ-
ɧɨɦɭ ɢɡ ɧаɩɪаɜɥɟɧɢɣ» ɧа 2011-2012 ɝɝ. 

3. НИɊ «Ɋаɡɪаɛɨɬɤа, ɢɫɫɥɟɞɨɜаɧɢɟ, ɩɪɨ-
ɝɪаɦɦɧɨ-аɥɝɨɪɢɬɦɢчɟɫɤая ɪɟаɥɢɡаɰɢя 
ɢ ɜɟɪɢɮɢɤаɰɢя ɦɧɨɝɨɭɪɨɜɧɟɜыɯ ɦɟɬɨ-
ɞɨɜ ɩɪɨɝɧɨɡɧɨɝɨ ɦаɬɟɦаɬɢчɟɫɤɨɝɨ ɦɨ-
ɞɟɥɢɪɨɜаɧɢя ɫɨɫɬɨяɧɢя ɢ ɬɟɯɧɨɝɟɧɧɨɣ 

ɛɟɡɨɩаɫɧɨɫɬɢ ɨɬɜɟɬɫɬɜɟɧɧыɯ ɨɛɴɟɤɬɨɜ 
ɢ ɤɨɦɩɥɟɤɫɨɜ ɦɟɝаɩɨɥɢɫа», ɜыɩɨɥ-

ɧяɟɦая ɜ ɪаɦɤаɯ ɝɨɫɭɞаɪɫɬɜɟɧɧɨɝɨ ɡа-
ɞаɧɢя Мɢɧɢɫɬɟɪɫɬɜа ɨɛɪаɡɨɜаɧɢя ɢ 

ɧаɭɤɢ Ɋɨɫɫɢɣɫɤɨɣ Фɟɞɟɪаɰɢɢ ɧа ɨɤа-
ɡаɧɢɟ ɭɫɥɭɝ (ɜыɩɨɥɧɟɧɢɟ ɪаɛɨɬ) ɧа 
2012 ɝɨɞ. 
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ɧыɯ ɡɞаɧɢɣ. Ɋаɫɫɦаɬɪɢɜаɸɬɫя ɜаɠɧыɟ ɩɪаɤɬɢчɟɫɤɢɟ ɜɨɩɪɨɫы ɢɫɩɨɥьɡɨɜаɧɢя ɩɪɨɝɪаɦɦɧɨ-
аɥɝɨɪɢɬɦɢчɟɫɤɢɯ ɤɨɦɩɥɟɤɫɨɜ СТАДИО ɢ АСТɊА-НОВА. 
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ABSTRACT: Dynamic synthesis of substructures and submodelling methods are realized in actual versions of 

finite element (FE) program packages STADYO and ASTRA-NOVA. Main algorithmic features and practical 
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В ɪаɦɤаɯ ɫɬɪɨɢɬɟɥьɧɨ-ɬɟɯɧɢчɟɫɤɢɯ 
эɤɫɩɟɪɬɢɡ ɩɨɫɥɟɞɧɢɯ ɥɟɬ ɤɨɥɥɟɤɬɢɜаɦɢ 

«ɪаɫчɟɬчɢɤɨɜ» ɢ «эɤɫɩɟɪɢɦɟɧɬаɬɨɪɨɜ» 

ɜыɩɨɥɧɟɧ аɧаɥɢɡ ɜɨɡɦɨɠɧыɯ ɩɪɢчɢɧ 

ɩɪɨɝɪɟɫɫɢɪɭɸщɟɝɨ ɨɛɪɭɲɟɧɢя ɤɨɧɫɬɪɭɤɰɢɣ 

ɩɨɤɪыɬɢя ɛɨɥьɲɟɩɪɨɥɟɬɧыɯ ɡɞаɧɢɣ 

ɫɩɨɪɬɢɜɧɨ-ɨɡɞɨɪɨɜɢɬɟɥьɧɨɝɨ ɤɨɦɩɥɟɤɫа 
«Тɪаɧɫɜааɥь-ɩаɪɤ» (ɪɢɫ. 3), Ȼаɫɦаɧɧɨɝɨ 
ɪыɧɤа (ɪɢɫ. 4) ɢ ɩɪɨɢɡɜɨɞɫɬɜɟɧɧɨɝɨ ɰɟɯа 
(ɪɢɫ. 5) ɢ ɥɨɤаɥьɧɨɝɨ ɪаɡɪɭɲɟɧɢя ɨɫɢ 

ɨɬɬяɠɤɢ ɤɪыɬɨɝɨ ɤɨɧьɤɨɛɟɠɧɨɝɨ ɰɟɧɬɪа 
«Кɪыɥаɬɫɤɨɟ» (ɪɢɫ. 6).  

1. Ɋаɫɫɦаɬɪɢɜаɸɬɫя ɜаɠɧыɟ аɫɩɟɤɬы 

чɢɫɥɟɧɧɨɝɨ ɦɨɞɟɥɢɪɨɜаɧɢя ɩɨɜɟɞɟɧɢя 
ɫɢɫɬɟɦ «ɝɪɭɧɬɨɜɨɟ ɨɫɧɨɜаɧɢɟ – ɤаɪɤаɫ – 

ɤɨɧɫɬɪɭɤɰɢɢ ɩɨɤɪыɬɢя» ɢ ɢɯ 
ɤɪɢɬɢчɟɫɤɢɯ ɭɡɥɨɜ ɜ ɪаɡɥɢчɧыɯ 
ɩɨɫɬаɧɨɜɤаɯ ɢ ɫ ɢɫɩɨɥьɡɨɜаɧɢɟɦ 

ɪаɡɥɢчɧыɯ ɩɪɨɝɪаɦɦɧыɯ ɫɪɟɞɫɬɜ (ПС): • ɜыɪаɛɨɬɤа ɝɢɩɨɬɟɡ ɢ ɫɰɟɧаɪɢɟɜ 
(ɦɟɯаɧɢɡɦɨɜ) ɪаɡɪɭɲɟɧɢя; • ɩɨɫɬаɧɨɜɤа ɡаɞач чɢɫɥɟɧɧɨɝɨ 
ɦɨɞɟɥɢɪɨɜаɧɢя ɩɨɜɟɞɟɧɢя 
ɤɨɧɫɬɪɭɤɰɢɣ ɩɪɢ ɩɪɨɟɤɬɧыɯ, 
ɮаɤɬɢчɟɫɤɢɯ ɢ «ɫɰɟɧаɪɧыɯ» 

ɧаɝɪɭɡɤаɯ ɢ ɜɨɡɞɟɣɫɬɜɢяɯ; • ɜыɛɨɪ ПС, ɜ ɧаɢɛɨɥьɲɟɣ ɫɬɟɩɟɧɢ 

ɨɬɜɟчаɸщɢɯ ɩɨɫɬаɜɥɟɧɧыɦ ɡаɞачаɦ 

чɢɫɥɟɧɧɨɝɨ ɦɨɞɟɥɢɪɨɜаɧɢя (ANSYS 

Mechanical, ANSYS/CFX, MSC 



Чɢɫɥɟɧɧɨɟ ɦɨɞɟɥɢɪɨɜаɧɢɟ ɜ эɤɫɩɟɪɬɢɡаɯ ɩɪɢчɢɧ ɥɨɤаɥьɧɨɝɨ ɪаɡɪɭɲɟɧɢя ɢ ɩɪɨɝɪɟɫɫɢɪɭɸщɟɝɨ ɨɛɪɭɲɟɧɢя 
ɤɨɧɫɬɪɭɤɰɢɣ ɛɨɥьɲɟɩɪɨɥɟɬɧыɯ ɡɞаɧɢɣ 
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NASTRAN, ABAQUS, LS-DYNA, 

СТАДИО, ЛИɊА, SCAD, MicroFE, 

ANSYS/CivilFEM, Robot 

Millennium/Structure ɢ ɞɪ.); • ɡаɞаɧɢɟ ɢ/ɢɥɢ ɦɨɞɟɥɢɪɨɜаɧɢɟ 
ɧаɝɪɭɡɨɤ ɢ ɜɨɡɞɟɣɫɬɜɢɣ, 

ɮɨɪɦɢɪɨɜаɧɢɟ ɪɟаɥɢɫɬɢчɧɨɣ 

«ɢɫɬɨɪɢɢ ɧаɝɪɭɠɟɧɢя» (ɪɢɫ.1,2 – 

ɫɭщɟɫɬɜɟɧɧɨɟ ɡɧачɟɧɢɟ ɜ ɯаɪаɤɬɟɪɟ 
ɧаɩɪяɠɟɧɧɨ-ɞɟɮɨɪɦɢɪɨɜаɧɧɨɝɨ 
ɫɨɫɬɨяɧɢя ɢ ɜ ɪаɡɜɢɬɢɢ ɜɨɡɦɨɠɧыɯ 
ɩɪɨɰɟɫɫɨɜ ɪаɡɪɭɲɟɧɢя ɢɦɟɟɬ ɧɟ 
«СНɢП’ɨɜɫɤая», а ɪɟаɥьɧая 
«ɢɫɬɨɪɢя ɧаɝɪɭɠɟɧɢя» ɜ ɯɨɞɟ 
ɫɬɪɨɢɬɟɥьɫɬɜа ɢ эɤɫɩɥɭаɬаɰɢɢ); • ɩɨɫɬɪɨɟɧɢɟ, ɜɟɪɢɮɢɤаɰɢя ɢ 

ɢɫɫɥɟɞɨɜаɧɢɟ аɞɟɤɜаɬɧыɯ 
ɤɨɧɟчɧɨэɥɟɦɟɧɬɧыɯ ɦɨɞɟɥɟɣ 

ɩɨɜɟɞɟɧɢя ɩɪɨɫɬɪаɧɫɬɜɟɧɧыɯ 
ɤɨɧɫɬɪɭɤɰɢɢ ɩɨɤɪыɬɢя ɩɪɢ 

ɩɪɨɟɤɬɧыɯ, ɮаɤɬɢчɟɫɤɢɯ ɢ 

«ɫɰɟɧаɪɧыɯ» ɧаɝɪɭɡɤаɯ ɢ 

ɜɨɡɞɟɣɫɬɜɢяɯ, ɨɬɜɟчаɸщɢɯ 
ɡɧачɢɦыɦ ɫɬаɞɢяɦ ɫɬɪɨɢɬɟɥьɫɬɜа, 
эɤɫɩɥɭаɬаɰɢɢ ɢ ɪаɡɪɭɲɟɧɢя; • чɢɫɥɟɧɧɨɟ ɢɫɫɥɟɞɨɜаɧɢɟ 
ɬɪɟɯɦɟɪɧɨɣ ɫɢɫɬɟɦы «ɧɟɥɢɧɟɣɧɨɟ 
ɝɪɭɧɬɨɜɨɟ ɨɫɧɨɜаɧɢɟ – ɤаɪɤаɫ – 

ɤɨɧɫɬɪɭɤɰɢɢ ɩɨɤɪыɬɢя»» ɩɪɢ 

ɩɪɨɟɤɬɧыɯ, ɮаɤɬɢчɟɫɤɢɯ ɢ 

«ɫɰɟɧаɪɧыɯ» ɧаɝɪɭɡɤаɯ ɢ 

ɜɨɡɞɟɣɫɬɜɢяɯ; • ɦɨɞɟɥɢɪɨɜаɧɢɟ НДС, ɩɪɨчɧɨɫɬɢ ɢ 

ɭɫɬɨɣчɢɜɨɫɬɢ ɦɨɞɟɥɟɣ ɧаɢɛɨɥɟɟ 
ɧаɩɪяɠɟɧɧыɯ ɢ/ɢɥɢ 

«ɧɟɬɪаɞɢɰɢɨɧɧɨ» ɤɨɧɫɬɪɭɤɬɢɜɧɨ 
ɪɟɲɟɧɧыɯ ɭɡɥɨɜ/эɥɟɦɟɧɬɨɜ ɜ 
ɬɪɟɯɦɟɪɧыɯ ɮɢɡɢчɟɫɤɢ, 

ɝɟɨɦɟɬɪɢчɟɫɤɢ, ɫɬɪɭɤɬɭɪɧɨ ɢ 

ɝɟɧɟɬɢчɟɫɤɢ  ɧɟɥɢɧɟɣɧыɯ 
ɩɨɫɬаɧɨɜɤаɯ, аɧаɥɢɡ ɢɯ 
ɜɨɡɦɨɠɧɨɝɨ ɪаɡɪɭɲɟɧɢя ɢ ɜɥɢяɧɢя 
ɧа ɪаɛɨɬы ɫɨɨɪɭɠɟɧɢя ɜ ɰɟɥɨɦ; • ɤɨɪɪɟɤɬɢɪɨɜɤа-ɤаɥɢɛɪɨɜɤа 
ɦаɬɟɦаɬɢчɟɫɤɢɯ ɦɨɞɟɥɟɣ ɩɨ 
ɞаɧɧыɦ «ɩɪɢɰɟɥьɧɨ» 

ɢɧɢɰɢɢɪɨɜаɧɧыɯ ɧаɬɭɪɧыɯ ɢ 

ɥаɛɨɪаɬɨɪɧыɯ ɢɫɫɥɟɞɨɜаɧɢɣ; • ɫɨɫɬаɜɥɟɧɢɟ эɤɫɩɟɪɬɧɨɝɨ 
ɡаɤɥɸчɟɧɢя, аɤɤɭɦɭɥɢɪɭɸщɟɝɨ 
ɪɟɡɭɥьɬаɬы ɢɫɫɥɟɞɨɜаɧɢɣ ɢ 

ɞаɸщɟɝɨ ɨɛɨɫɧɨɜаɧɧыɟ ɨɬɜɟɬы ɧа 
ɩɨɫɬаɜɥɟɧɧыɟ ɜɨɩɪɨɫы. 

2. Оɬɜɟɬы ɧа ɩɨɫɬаɜɥɟɧɧыɟ ɜɨɩɪɨɫы ɞɥя 
ɤаɠɞɨɝɨ ɨɛɴɟɤɬа эɤɫɩɟɪɬɢɡы ɫɨɞɟɪɠаɬ, ɜ 
чаɫɬɧɨɫɬɢ: • ɧаɢɛɨɥɟɟ ɜɟɪɨяɬɧыɟ ɩɪɢчɢɧы ɢ 

ɦɟɯаɧɢɡɦы ɪаɡɪɭɲɟɧɢя/ɨɛɪɭɲɟɧɢя;  • yа ɤаɤɨɣ ɫɬаɞɢɢ ɢɥɢ ɫɬаɞɢяɯ 
(ɩɪɟɞɩɪɨɟɤɬɧыɟ ɢɡыɫɤаɧɢя, 
ɩɪɨɟɤɬɢɪɨɜаɧɢɟ, ɢɡɝɨɬɨɜɥɟɧɢɟ 
ɤɨɧɫɬɪɭɤɰɢɣ, ɫɬɪɨɢɬɟɥьɫɬɜɨ-ɦɨɧɬаɠ, 

эɤɫɩɥɭаɬаɰɢя, ɪɟɤɨɧɫɬɪɭɤɰɢя) 
ɞɨɩɭщɟɧы ɧаɪɭɲɟɧɢя-ɨɬɫɬɭɩɥɟɧɢя ɨɬ 
ɞɟɣɫɬɜɭɸщɢɯ ɧɨɪɦаɬɢɜɧыɯ 
ɬɪɟɛɨɜаɧɢɣ, ɩɨɜɥɟɤɲɢɟ ɪаɡɪɭɲɟɧɢɟ-
ɨɛɪɭɲɟɧɢɟ; • «ɤɬɨ ɜɢɧɨɜаɬ?» ɢ «чɬɨ ɞɟɥаɬь?». 

3. Оɛɨɛщая ɪɟɡɭɥьɬаɬы ɩɪɨɜɟɞɟɧɧыɯ 
эɤɫɩɟɪɬɢɡ ɩɪɢчɢɧ ɨɛɪɭɲɟɧɢя, ɦɨɠɧɨ 
ɨɬɦɟɬɢɬь ɫɭщɟɫɬɜɟɧɧɨɟ ɢ ɧɟ ɜɫɟɝɞа 
ɨчɟɜɢɞɧɨɟ ɜɥɢяɧɢɟ ɧа ɩɨɜɟɞɟɧɢɟ 
ɛɨɥьɲɟɩɪɨɥɟɬɧыɯ ɡɞаɧɢɣ ɧɟɬɪаɞɢɰɢɨɧɧɨ 
ɪɟɲɟɧɧыɯ ɤɨɧɫɬɪɭɤɬɢɜɧыɯ ɫɯɟɦ, ɭɡɥɨɜ ɢ 

эɥɟɦɟɧɬɨɜ, ɫ ɞɨɥɠɧɨɣ ɩɨɥɧɨɬɨɣ ɧɟ 
ɨɛɨɫɧɨɜаɧɧɨɟ 
ɪаɫчɟɬɧɨ/эɤɫɩɟɪɢɦɟɧɬаɥьɧɨ ɧа эɬаɩɟ 
ɩɪɨɟɤɬɢɪɨɜаɧɢя ɢ ɩɪɨяɜɢɜɲɟɟɫя ɧа 
ɩɨɫɥɟɞɭɸщɢɯ эɬаɩаɯ «ɠɢɡɧɟɧɧɨɝɨ 
ɰɢɤɥа» («Тɪаɧɫɜааɥь-ɩаɪɤ», Ȼаɫɦаɧɧыɣ 

ɪыɧɨɤ, ɩɪɨɢɡɜɨɞɫɬɜɟɧɧыɣ ɰɟɯ). Эɬɨɬ 
ɮаɤɬɨɪ ɭɫɭɝɭɛɥяɟɬɫя ɩɪɢ ɭɫɬаɧɨɜɥɟɧɧыɯ 
ɨɬɫɬɭɩɥɟɧɢяɯ ɨɬ ɩɪɨɟɤɬа ɩɪɢ 

ɢɡɝɨɬɨɜɥɟɧɢɢ ɢ ɫɬɪɨɢɬɟɥьɫɬɜɟ 
(ɩɪɨɢɡɜɨɞɫɬɜɟɧɧыɣ ɰɟɯ), эɤɫɩɥɭаɬаɰɢɢ ɢ 

ɪɟɤɨɧɫɬɪɭɤɰɢɢ (Ȼаɫɦаɧɧыɣ ɪыɧɨɤ).  
Пɪɢ эɬɨɦ ɜɟɫьɦа ɨɩаɫɧыɦɢ яɜɥяɟɬɫя 
ɧɟɞɨɨɰɟɧɤа ɪɟаɥьɧыɯ ɠɟɫɬɤɨɫɬɧыɯ 
ɫɜɨɣɫɬɜ «ɧɟɫɨɜɟɪɲɟɧɧыɯ» ɭɡɥɨɜ 
ɨɩɢɪаɧɢя/ɫɨɟɞɢɧɟɧɢя – ɤаɤ ɢɯ 
ɲаɪɧɢɪɧая ɢɞɟаɥɢɡаɰɢя (ɩɨɤɪыɬɢɟ-
ɤɨɥɨɧɧы, ɤɨɥɨɧɧы-ɮɭɧɞаɦɟɧɬ ɢ ɞɪ. – 

«Тɪаɧɫɜааɥь-ɩаɪɤ» ɢ Ȼаɫɦаɧɧыɣ ɪыɧɨɤ), 
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ɬаɤ ɢ ɧɟɭчɟɬ ɡɧачɢɦɨɣ ɩɨɞаɬɥɢɜɨɫɬɢ 

(ɭɡɥы «ɩɨяɫ-ɧаɤɥаɞɤɢ-ɪаɫɤɨɫы» 

ɫɬɪɨɩɢɥьɧыɯ ɮɟɪɦ ɩɪɨɢɡɜɨɞɫɬɜɟɧɧɨɝɨ 
ɰɟɯа). Пɨɪɨчɧɨɣ ɫɥɟɞɭɟɬ ɩɪɢɡɧаɬь ɢ 

ɩɪаɤɬɢɤɭ ɢɝɧɨɪɢɪɨɜаɧɢя (ɢɥɢ чɪɟɡɦɟɪɧɨ 
ɭɩɪɨщɟɧɧыɯ ɨɰɟɧɨɤ) ɜɥɢяɧɢя 
ɩɨɞаɬɥɢɜɨɫɬɢ ɝɪɭɧɬɨɜɨɝɨ ɨɫɧɨɜаɧɢя ɢ 

ɮɭɧɞаɦɟɧɬɨɜ ɧа ɩɨɜɟɞɟɧɢɟ ɧɟɫɭщɢɯ 
ɤɨɧɫɬɪɭɤɰɢɣ ɩɨɤɪыɬɢя. 

4. Наɩɪɨɬɢɜ, ɜɫɟɫɬɨɪɨɧɧɢɣ эɤɫɩɟɪɬɧыɣ 

ɪаɫчɟɬɧɨ-эɤɫɩɟɪɢɦɟɧɬаɥьɧыɣ аɧаɥɢɡ 
ɩɪɢчɢɧ ɥɨɤаɥьɧɨɝɨ ɪаɡɪɭɲɟɧɢя, ɧɟ 
ɩɪɢɜɟɞɲɟɝɨ ɤ ɩɪɨɝɪɟɫɫɢɪɭɸщɟɦɭ 
ɨɛɪɭɲɟɧɢɸ (ККЦ «Кɪыɥаɬɫɤɨɟ», ɫ 
ɩɪɢɜɥɟчɟɧɢɟɦ ɞаɧɧыɯ ɦɨɧɢɬɨɪɢɧɝа ɢ 

ɨɰɟɧɤɨɣ ɭɫɬаɥɨɫɬɧɨɣ ɩɪɨчɧɨɫɬɢ), яɜɧɨ 
ɭɤаɡыɜаɟɬ ɧа ɝɪɭɛыɟ ɡаɜɨɞɫɤɢɟ ɞɟɮɟɤɬы 

ɪаɡɪɭɲɟɧɧɨɣ ɞɟɬаɥɢ – ɨɫɢ ɨɬɬяɠɤɢ. 

Нɟɫɥɭчаɣɧɨɟ «ɫɨɜɩаɞɟɧɢɟ» – ɜыɫɨɤɢɣ 

ɭɪɨɜɟɧь ɢ ɩɨɥɧɨɬа ɪаɫчɟɬɧɨɝɨ 
ɨɛɨɫɧɨɜаɧɢя ɜ ɪаɦɤаɯ ɤɨɧɫɬɪɭɤɬɢɜɧɨɝɨ 
ɪаɡɞɟɥа ɩɪɨɟɤɬа 2003 ɝ. ККЦ 

«Кɪыɥаɬɫɤɨɟ», ɜыɝɨɞɧɨ ɨɬɥɢчаɸщɟɟɫя 
ɨɬ ɜɟɫьɦа ɮɪаɝɦɟɧɬаɪɧыɯ, ɩɨ ɫɭɬɢ, 

«ɩɪɢɤɢɞɨчɧыɯ» ɪаɫчɟɬɨɜ ɪаɧɟɟ 
ɭɩɨɦяɧɭɬыɯ ɨɛɴɟɤɬɨɜ эɤɫɩɟɪɬɢɡы. 

5. Выɩɨɥɧɟɧɧыɟ эɤɫɩɟɪɬɢɡы 

ɩɪɨɞɟɦɨɧɫɬɪɢɪɨɜаɥɢ «ɛɥɟɫɤ ɢ ɧɢщɟɬɭ» 

ɫɨɜɪɟɦɟɧɧɨɝɨ эɬаɩа ɪаɡɜɢɬɢя чɢɫɥɟɧɧыɯ 
ɦɟɬɨɞɨɜ ɪаɫчɟɬа ɡɞаɧɢɣ/ɫɨɨɪɭɠɟɧɢɣ ɢ ɢɯ 
ɩɪɨɝɪаɦɦɧɨ-аɥɝɨɪɢɬɦɢчɟɫɤɢɯ 
ɪɟаɥɢɡаɰɢɣ. Нɟ ɨɫɬаɧаɜɥɢɜаяɫь ɧа 
ɨчɟɜɢɞɧыɯ ɞɨɫɬɢɠɟɧɢяɯ (ɩɨɧяɬɧɨ, чɬɨ 
ɧɟɬ ɢ ɧɟ ɛɭɞɟɬ ɜɧяɬɧɨɣ аɥьɬɟɪɧаɬɢɜы 

чɢɫɥɟɧɧыɦ ɦɟɬɨɞаɦ ɪаɫчɟɬа ɭɧɢɤаɥьɧыɯ 
ɡɞаɧɢɣ ɢ ɫɨɨɪɭɠɟɧɢɣ), ɜыɞɟɥɢɦ 

ɧɟɤɨɬɨɪыɟ ɩɟɪɜɨɨчɟɪɟɞɧыɟ ɡаɞачɢ, 

ɬɪɟɛɭɸщɢɟ ɪɟɲɟɧɢя:  • ɦɨɞɟɥɢɪɨɜаɧɢɟ ɜɟɬɪɨɜɨɣ ɢ 

ɫɧɟɝɨɜɨɣ ɧаɝɪɭɡɨɤ ɧа ɩɨɤɪыɬɢɟ 
ɫɥɨɠɧɨɝɨ ɨчɟɪɬаɧɢя (чɢɫɥɟɧɧɨɟ 
ɪɟɲɟɧɢɟ ɬɪɟɯɦɟɪɧыɯ ɡаɞач 
ɝаɡɨɞɢɧаɦɢɤɢ –ɦɨɞɟɥɢɪɨɜаɧɢɟ 
ɜɟɬɪɨɜыɯ ɩɨɬɨɤɨɜ, ɫɧɟɝɨɩɟɪɟɧɨɫа ɢ 

ɫɧɟɝɨɨɬɥɨɠɟɧɢя); • ɭчɟɬ ɜɡаɢɦɨɞɟɣɫɬɜɢɟ 
ɡɞаɧɢɣ/ɫɨɨɪɭɠɟɧɢɣ ɫ ɝɪɭɧɬɨɜыɦ 

ɨɫɧɨɜаɧɢɟɦ/ɦаɫɫɢɜɨɦ ɧа ɡɧачɢɦыɯ 
ɫɬаɞɢяɯ ɫɬɪɨɢɬɟɥьɫɬɜа ɢ 

эɤɫɩɥɭаɬаɰɢɢ ɫ ɢɫɩɨɥьɡɨɜаɧɢɟɦ 

ɭɩɪɭɝɨɩɥаɫɬɢчɟɫɤɢɯ ɢ ɧɟɥɢɧɟɣɧыɯ 
ɪɟɨɥɨɝɢчɟɫɤɢɯ ɦɨɞɟɥɟɣ ɝɪɭɧɬа; • ɫɨɜɦɟɫɬɧɨɟ ɪаɫɫɦɨɬɪɟɧɢɟ эɮɮɟɤɬɨɜ 
ɮɢɡɢчɟɫɤɨɣ, ɝɟɨɦɟɬɪɢчɟɫɤɨɣ ɢ 

ɞɪɭɝɢɯ ɧɟɥɢɧɟɣɧɨɫɬɟɣ 

(ɩɥаɫɬɢчɧɨɫɬь ɦɟɬаɥɥа, ɩɨɥɡɭчɟɫɬь 
ɢ ɬɪɟщɢɧɨɨɛɪаɡɨɜаɧɢɟ 
ɠɟɥɟɡɨɛɟɬɨɧа, ɛɨɥьɲɢɟ 
ɩɟɪɟɦɟщɟɧɢя, ɩɨɬɟɪя 
ɭɫɬɨɣчɢɜɨɫɬɢ, ɡаɤɪɢɬɢчɟɫɤɨɟ 
ɩɨɜɟɞɟɧɢɟ; ɤɨɧɬаɤɬɧыɟ ɡаɞачɢ – 

ɨɬɪыɜ ɫ ɬɪɟɧɢɟɦ; ɩɨэɬаɩɧɨɫɬь 
ɜɨɡɜɟɞɟɧɢя-ɦɨɧɬаɠа,…); • ɭɫɬɨɣчɢɜɨɫɬь ɩɪɨɬɢɜ 
ɩɪɨɝɪɟɫɫɢɪɭɸщɟɝɨ ɨɛɪɭɲɟɧɢя 
(ɭɩɪɭɝɨ-ɜяɡɤɨ-ɩɥаɫɬɢчɟɫɤɢɟ 
ɞɢɧаɦɢчɟɫɤɢɟ ɪаɫчɟɬы ɫ ɪаɡɜɢɬɨɣ 

ɝɟɨɦɟɬɪɢчɟɫɤɨɣ ɧɟɥɢɧɟɣɧɨɫɬьɸ); • ɪаɡɪаɛɨɬɤа ɩɪɨɝɧɨɡɧыɯ 
ɦаɬɟɦаɬɢчɟɫɤɢɯ ɦɨɞɟɥɟɣ ɤаɤ 
ɨɫɧɨɜы ɢ ɜ ɫɨɫɬаɜɟ ɫɢɫɬɟɦ 

ɦɨɧɢɬɨɪɢɧɝа ɬɟɯɧɢчɟɫɤɨɝɨ 
ɫɨɫɬɨяɧɢя ɤɨɧɫɬɪɭɤɰɢɣ, ɡɞаɧɢɣ ɢ 

ɫɨɨɪɭɠɟɧɢɣ ɜ ɩɪɨɰɟɫɫɟ ɢɯ 
ɫɬɪɨɢɬɟɥьɫɬɜа ɢ эɤɫɩɥɭаɬаɰɢɢ. 

6. Пɨɞɬɜɟɪɠɞɟɧы ɢ, ɩɨ ɧаɲɢɦ 

ɪɟɤɨɦɟɧɞаɰɢяɦ, ɜɩɨɫɥɟɞɫɬɜɢɢ  чаɫɬɢчɧɨ 
ɜɧɟɞɪɟɧы ɜ ɪɨɫɫɢɣɫɤɭɸ ɫɬɪɨɢɬɟɥьɧɭɸ 

ɩɪаɤɬɢɤɭ «ɧɟɯɢɬɪыɟ» ɪɟɰɟɩɬы 

ɨɛɟɫɩɟчɟɧɢя ɤɨɦɩɥɟɤɫɧɨɣ ɬɟɯɧɨɝɟɧɧɨɣ 

ɛɟɡɨɩаɫɧɨɫɬɢ ɭɧɢɤаɥьɧыɯ ɡɞаɧɢɣ ɢ 

ɤɨɦɩɥɟɤɫɨɜ, ɫɪɟɞɢ ɤɨɬɨɪыɯ:  • ɪаɡɪаɛɨɬɤа ɢ ɫɨɜɟɪɲɟɧɫɬɜɨɜаɧɢɟ 
ɧɨɪɦаɬɢɜɧɨ-ɦɟɬɨɞɢчɟɫɤɨɣ ɛаɡы, 

чɢɫɥɟɧɧыɯ ɦɟɬɨɞɨɜ ɪаɫчɟɬа, 
ɩɪɨɝɪаɦɦɧɨ-аɥɝɨɪɢɬɦɢчɟɫɤɨɝɨ 
ɨɛɟɫɩɟчɟɧɢя ɢ ɫɢɫɬɟɦ ɦɨɧɢɬɨɪɢɧɝа; • ɪаɡɪаɛɨɬɤа ɩɪɨɰɟɞɭɪы ɢ 

ɩɪɨɜɟɞɟɧɢɟ ɜɟɪɢɮɢɤаɰɢя 
ɩɪɨɝɪаɦɦɧыɯ ɤɨɦɩɥɟɤɫɨɜ 
чɢɫɥɟɧɧɨɝɨ ɦɨɞɟɥɢɪɨɜаɧɢя ɜ 
ɫɢɫɬɟɦɟ Ɋɨɫɫɢɣɫɤɨɣ аɤаɞɟɦɢɢ 

аɪɯɢɬɟɤɬɭɪы ɢ ɫɬɪɨɢɬɟɥьɧыɯ ɧаɭɤ 
(ɊААСН); 
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Маɤɫɢɦаɥɶɧɵɣ ɫɧɟɠɧɵɣ ɩɨɤɪɨɜ  H, ɫɦ, ɡ а 2003 ɝ
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Рɢɫɭɧɨɤ 1. Ɇаɤɫɢɦаɥьɧыɣ ɫɧеɠɧыɣ ɩɨɤɪɨɜ (ɫɦ) ɡа ɩеɪɢɨɞ эɤɫɩɥɭаɬаɰɢɢ 

ɋɈК «Тɪаɧɫɜааɥь-ɩаɪɤ». Даɧɧые Рɨɫɝɢɞɪɨɦеɬа (2003,2004 ɝɝ.) 
 

 

Маɤɫɢɦаɥɶɧая  ɢ ɫ ɪɟɞɧяя  ɫɤɨɪɨɫ ɬɢ ɜɟɬɪа V,  ɦ/ɫ , ɡа  2003ɝ

0

5

1 0

1 5

2 0

2 5

0 20 40 60 80 100 120 140 16 0 180 200 220 2 40 260 280 300 320 34 0 36 0 380

Д ɟ ɧь  ɝɨ ɞа

Vma x

Vɫ ɪɟ ɞ

0

4

8

12

16

20

0 2 0 4 0 60 80 10 0 1 20 1 40 16 0 18 0 2 0 0 2 20 2 40 26 0 28 0 3 00 3 20 34 0 36 0 3 8 0

Дɟɧ ь ɝɨ ɞа

Маɤɫɢɦаɥɶɧ ая  ɢ ɫɪɟɞɧяя ɫɤɨɪɨ ɫɬɢ ɜɟɬɪа V, ɦ/ɫ,  ɡа 200 4ɝ

Vm a x

1 4  
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Рɢɫɭɧɨɤ. 2. Ɇаɤɫɢɦаɥьɧая ɢ ɫɪеɞɧяя ɫɤɨɪɨɫɬь ɜеɬɪа (ɦ/ɫ) ɡа ɩеɪɢɨɞ эɤɫɩɥɭаɬаɰɢɢ  

ɋɈК «Тɪаɧɫɜааɥь-ɩаɪɤ». Даɧɧые Рɨɫɝɢɞɪɨɦеɬа (2003,2004 ɝɝ.). 
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«Гɪɭɧɬɨɜɨе ɨɫɧɨɜаɧɢе – ɮɭɧɞаɦеɧɬ – ɤɨɧɫɬɪɭɤɰɢɢ ɩɨɤɪыɬɢя» (ANSYS) 

 
«Фɭɧɞаɦеɧɬ – ɤɨɧɫɬɪɭɤɰɢɢ ɩɨɤɪыɬɢя» (ɋТАДИɈ) 

 
ɋɬаɥьɧая ɤɨɥɨɧɧа (ɜеɪɯɧɢɣ ɭɡеɥ ɢ ɭɫɬɨɣɱɢɜɨɫɬь, ANSYS) 

XY

Z

    
Рɢɫɭɧɨɤ 3. Раɫɱеɬɧые КЭ-ɦɨɞеɥɢ ɢ ɇДɋ ɋɈК «Тɪаɧɫɜааɥь-ɩаɪɤ» ɢ ɭɡɥɨɜ-эɥеɦеɧɬɨɜ 
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Эɬаɩы ɜɨɡɜеɞеɧɢя ɢ эɤɫɩɥɭаɬаɰɢɢ  
(ɋТАДИɈ, Ʌɢɪа) 

 

Тɪеɯɦеɪɧые ɦɨɞеɥɢ 
ɮɪаɝɦеɧɬɨɜ-ɭɡɥɨɜ (АNSYS) 

 

 

 

 

 

 

 

 

 

 

 

ɋɰеɧаɪɢɣ ɥɨɤаɥьɧɨɝɨ ɪаɡɪɭɲеɧɢя ɢ ɩɪɨɝɪеɫɫɢɪɭɸщеɝɨ ɨɛɪɭɲеɧɢя (ɋТАДИɈ) 

 
Рɢɫɭɧɨɤ 4. Раɫɱеɬɧые КЭ-ɦɨɞеɥɢ ɢ ɇДɋ ɡɞаɧɢя Баɫɦаɧɧɨɝɨ ɪыɧɤа ɢ ɮɪаɝɦеɧɬɨɜ. 
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Пɪɨɫɬɪаɧɫɬɜɟɧɧɨ-ɫɬɟɪɠɧɟɜая КЭ-ɦɨɞɟɥь ɰɟɯа (Robot Millennium) 

 
ɍɡɥы «ɩɨяɫ-ɧаɤɥаɞɤа-ɪаɫɤɨɫы» ɮɟɪɦы ɜ ɧаɬɭɪɟ (ɩɨɫɥɟ ɨɛɪɭɲɟɧɢя) 

    
 

Тɪɟɯɦɟɪɧыɟ ɧɟɥɢɧɟɣɧыɟ КЭ-ɦɨɞɟɥɢ ɭɡɥɨɜ ɮɟɪɦы (ANSYS) 

 

 
Рɢɫɭɧɨɤ 5. Раɫɱеɬɧые КЭ-ɦɨɞеɥɢ ɢ ɇДɋ ɡɞаɧɢя ɰеɯа ɢ ɭɡɥɨɜ ɮеɪɦы 
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Пɪɨɫɬɪаɧɫɬɜɟɧɧая КЭ-ɦɨɞɟɥь ɧɟɫɭщɢɯ ɤɨɧɫɬɪɭɤɰɢɣ ɩɨɤɪыɬɢя 
 

 
 

Иɧɬɟɧɫɢɜɧɨɫɬь ɧаɩɪяɠɟɧɢɣ ɜ ɨɫɢ ɨɬɬяɠɤɢ (ANSYS,СТАДИО) 

 

 
 

 

 

 

 

 

Рɢɫɭɧɨɤ 6. Раɫɱеɬɧые КЭ-ɦɨɞеɥɢ ɢ ɇДɋ ККЦ «Кɪыɥаɬɫɤɨе» ɢ ɨɫɢ ɡɜеɧа ɨɬɬяɠɤɢ 
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• ɪаɫчɟɬɧɨɟ ɨɛɨɫɧɨɜаɧɢɟ ɩɨ ɞɜɭɦ 

ɧɟɡаɜɢɫɢɦыɦ ɦɨɞɟɥяɦ ɢ 

ɜɟɪɢɮɢɰɢɪɨɜаɧɧыɦ ɩɪɨɝɪаɦɦɧыɦ 

ɤɨɦɩɥɟɤɫаɦ; • ɩɨɞɝɨɬɨɜɤа ɤɜаɥɢɮɢɰɢɪɨɜаɧɧыɯ 
ɫɩɟɰɢаɥɢɫɬɨɜ-ɪаɫчɟɬчɢɤɨɜ, 
ɡаɬɪɭɞɧɟɧɧая ɨɛщɢɦ ɫɧɢɠɟɧɢɟɦ 

ɨɛɪаɡɨɜаɬɟɥьɧɨɝɨ ɭɪɨɜɧя, 
ɩɪɟɫɬɢɠɧɨɫɬɢ ɢ ɫɬɟɩɟɧɢ 

ɦɨɬɢɜаɰɢɢ ɧаɭчɧɨ-ɬɟɯɧɢчɟɫɤɨɣ 

ɞɟяɬɟɥьɧɨɫɬɢ; • ɪɟɝɥаɦɟɧɬаɰɢя ɞɟяɬɟɥьɧɨɫɬɢ 

ɧаɞɡɨɪɧыɯ ɨɪɝаɧɨɜ, ɪаɡɭɦɧɨ 
ɦɢɧɢɦɢɡɢɪɭɸщая ɢɯ 
аɞɦɢɧɢɫɬɪаɬɢɜɧɨɟ ɜɦɟɲаɬɟɥьɫɬɜɨ. 

 

 

ɁАɆȿЧАɇɂə 

Иɫɫɥɟɞɨɜаɧɢя ɩɪɨɜɨɞɢɥɢɫь ɜ ɪаɦɤаɯ НИɊ 

«Ɋаɡɪаɛɨɬɤа, ɢɫɫɥɟɞɨɜаɧɢɟ, ɩɪɨɝɪаɦɦɧɨ-
аɥɝɨɪɢɬɦɢчɟɫɤая ɪɟаɥɢɡаɰɢя ɢ ɜɟɪɢɮɢɤаɰɢя 
ɦɧɨɝɨɭɪɨɜɧɟɜыɯ ɦɟɬɨɞɨɜ ɩɪɨɝɧɨɡɧɨɝɨ 
ɦаɬɟɦаɬɢчɟɫɤɨɝɨ ɦɨɞɟɥɢɪɨɜаɧɢя ɫɨɫɬɨяɧɢя ɢ 

ɬɟɯɧɨɝɟɧɧɨɣ ɛɟɡɨɩаɫɧɨɫɬɢ ɨɬɜɟɬɫɬɜɟɧɧыɯ 
ɨɛɴɟɤɬɨɜ ɢ ɤɨɦɩɥɟɤɫɨɜ ɦɟɝаɩɨɥɢɫа», 

ɜыɩɨɥɧяɟɦая ɜ ɪаɦɤаɯ ɝɨɫɭɞаɪɫɬɜɟɧɧɨɝɨ 
ɡаɞаɧɢя Мɢɧɢɫɬɟɪɫɬɜа ɨɛɪаɡɨɜаɧɢя ɢ ɧаɭɤɢ 

Ɋɨɫɫɢɣɫɤɨɣ Фɟɞɟɪаɰɢɢ ɧа ɨɤаɡаɧɢɟ ɭɫɥɭɝ 
(ɜыɩɨɥɧɟɧɢɟ ɪаɛɨɬ) ɧа 2012 ɝɨɞ. 
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Ɉ ɉȿɊȿХɈДɇЫХ ɉɊɈЦȿССАХ СȼɈȻɈДɇЫХ КɈɅȿȻАɇɂɃ 

СɂСɌȿɆЫ С ɌɊȿɆə СɌȿɉȿɇəɆɂ СȼɈȻɈДЫ  

ɉɊɂ ɇАɅɂЧɂɂ ɌɊȿɇɂə 
 

А.В. Дукарт, В.Н. Фам, Т.Ȼ. Фам 
ФГȻОɍ ВПО «Мɨɫɤɨɜɫɤɢɣ ɝɨɫɭɞаɪɫɬɜɟɧɧыɣ ɫɬɪɨɢɬɟɥьɧыɣ ɭɧɢɜɟɪɫɢɬɟɬ», ɝ. Мɨɫɤɜа, Ɋɨɫɫɢя 

 

АɇɇɈɌАЦɂə: В ɫɬаɬьɟ аɧаɥɢɡɢɪɭɟɬɫя ɩɨɜɟɞɟɧɢɟ ɥɢɧɟɣɧɨɣ ɬɪɟɯɦаɫɫɨɜɨɣ ɞɢɫɫɢɩаɬɢɜɧɨɣ ɫɢɫɬɟɦы ɫ 
ɩɨɫɥɟɞɨɜаɬɟɥьɧыɦ ɫɨɟɞɢɧɟɧɢɟɦ ɡɜɟɧьɟɜ ɩɪɢ ɫɜɨɛɨɞɧыɯ ɡаɬɭɯаɸщɢɯ ɤɨɥɟɛаɧɢяɯ, ɜыɡɜаɧɧыɯ ɡаɞаɧɧыɦɢ 

ɧачаɥьɧыɦɢ ɭɫɥɨɜɢяɦɢ. Дɥя ɨɩɪɟɞɟɥɟɧɧɨɫɬɢ ɪаɫɫɟяɧɢɟ эɧɟɪɝɢɢ ɜ ɡɜɟɧьяɯ ɫɢɫɬɟɦы ɭчɢɬыɜаɟɬɫя ɩɨ ɝɢɩɨ-
ɬɟɡɟ ɜяɡɤɨɝɨ ɬɪɟɧɢя, ɩɪɢчɟɦ ɩɪɢɧɢɦаɟɬɫя, чɬɨ ɢɫɯɨɞɧая ɫɢɫɬɟɦа ɨɛɥаɞаɟɬ ɧɟɩɪɨɩɨɪɰɢɨɧаɥьɧыɦ ɞɟɦɩɮɢ-

ɪɨɜаɧɢɟɦ 
 

Ключевые словɚ: ɫɜɨɛɨɞɧыɟ ɤɨɥɟɛаɧɢя, ɫɢɫɬɟɦы ɫɨ ɦɧɨɝɢɦɢ ɫɬɟɩɟɧяɦɢ ɫɜɨɛɨɞы, ɬɪɟɧɢɟ, ɞɟɦɩɮɢɪɨɜа-
ɧɢɟ 
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ABSTRACT: The free vibrations of a non-conservative three-mass mechanical system with successive connec-

tion of links are examined. For definiteness, dissipation in the links of the system is taken into account on the 

hypothesis of viscous friction and it is assumed that the initial system has a disproportionate damping. Expres-

sions for the mass coordinates and velocities are found in an explicit form and used then to study the affect of the 

system parameters on the transient regimes. As an example, for some values of the system parameters, transi-

tional regimes, caused by an action of a single instantaneous impulse on some mass, are considered. The results 

obtained may be, in particular, used to assign parameters of two-mass cascade-type vibration absorbers. 
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1. ȼȼȿДȿɇɂȿ 

 

Мɧɨɝɢɟ ɡаɞачɢ ɬɟɨɪɢɢ ɤɨɥɟɛаɧɢɣ ɢ ɞɢɧаɦɢ-

ɤɢ ɫɨɨɪɭɠɟɧɢɣ ɫɜяɡаɧы ɫ ɢɡɭчɟɧɢɟɦ ɫɜɨɛɨɞ-
ɧыɯ ɢ ɜыɧɭɠɞɟɧɧыɯ ɤɨɥɟɛаɧɢɣ ɦɟɯаɧɢчɟ-
ɫɤɢɯ ɫɢɫɬɟɦ ɫ ɩɨɫɥɟɞɨɜаɬɟɥьɧыɦ ɫɨɟɞɢɧɟɧɢ-

ɟɦ ɦаɫɫ. Таɤɢɟ ɡаɞачɢ ɜɨɡɧɢɤаɸɬ, ɧаɩɪɢɦɟɪ, 
ɜ ɬɟɨɪɢɢ ɜɢɛɪɨɡащɢɬɧыɯ ɫɢɫɬɟɦ ɩɪɢ ɢɫɫɥɟ-
ɞɨɜаɧɢɢ ɦɧɨɝɨɡɜɟɧɧыɯ ɝаɫɢɬɟɥɟɣ ɤɨɥɟɛаɧɢɣ 

ɢ аɦɨɪɬɢɡɢɪɭɸщɢɯ ɤɪɟɩɥɟɧɢɣ ɢ ɜ ɞɪɭɝɢɯ 
ɪаɫчɟɬɧыɯ ɫɢɬɭаɰɢяɯ [1-4]. В ɧаɫɬɨящɟɣ ɪа-
ɛɨɬɟ аɧаɥɢɡɢɪɭɟɬɫя ɩɨɜɟɞɟɧɢɟ ɥɢɧɟɣɧɨɣ 

ɬɪɟɯɦаɫɫɨɜɨɣ ɞɢɫɫɢɩаɬɢɜɧɨɣ ɫɢɫɬɟɦы ɫ ɩɨ-
ɫɥɟɞɨɜаɬɟɥьɧыɦ ɫɨɟɞɢɧɟɧɢɟɦ ɡɜɟɧьɟɜ ɩɪɢ 

ɫɜɨɛɨɞɧыɯ ɡаɬɭɯаɸщɢɯ ɤɨɥɟɛаɧɢяɯ, ɜыɡɜаɧ-

ɧыɯ ɡаɞаɧɧыɦɢ ɧачаɥьɧыɦɢ ɭɫɥɨɜɢяɦɢ. Дɥя 
ɨɩɪɟɞɟɥɟɧɧɨɫɬɢ ɪаɫɫɟяɧɢɟ эɧɟɪɝɢɢ ɜ ɡɜɟɧьяɯ 
ɫɢɫɬɟɦы ɭчɢɬыɜаɟɬɫя ɩɨ ɝɢɩɨɬɟɡɟ ɜяɡɤɨɝɨ 
ɬɪɟɧɢя, ɩɪɢчɟɦ ɩɪɢɧɢɦаɟɬɫя, чɬɨ ɢɫɯɨɞɧая 
ɫɢɫɬɟɦа ɨɛɥаɞаɟɬ ɧɟɩɪɨɩɨɪɰɢɨɧаɥьɧыɦ 

ɞɟɦɩɮɢɪɨɜаɧɢɟɦ.  
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Рɢɫɭɧɨɤ 1. Тɪеɯɦаɫɫɨɜая ɫɢɫɬеɦа ɫ ɩɨɫɥеɞɨɜаɬеɥьɧыɦ ɫɨеɞɢɧеɧɢеɦ ɡɜеɧьеɜ 
 

 

2. ɈɉɊȿДȿɅȿɇɂȿ ɁАКɈɇɈȼ Дȼɂɀȿ-

ɇɂə ɆАСС СɂСɌȿɆЫ 

 

Ɋаɫчɟɬɧая ɫɯɟɦа ɫɢɫɬɟɦы ɩɪɢɜɟɞɟɧа ɧа ɪɢɫ. 
1, ɝɞɟ чɟɪɟɡ jm , jc , jk  ɢ jx  ɨɛɨɡɧачɟɧы ɫɨ-
ɨɬɜɟɬɫɬɜɟɧɧɨ ɦаɫɫа, ɤɜаɡɢɭɩɪɭɝɢɣ ɤɨэɮɮɢ-

ɰɢɟɧɬ, ɤɨэɮɮɢɰɢɟɧɬ ɜяɡɤɨɝɨ ɬɪɟɧɢя ɢ аɛɫɨ-
ɥɸɬɧая ɤɨɨɪɞɢɧаɬа j-ɝɨ ɡɜɟɧа; 1, 3j = . 

Сɜɨɛɨɞɧыɟ ɡаɬɭɯаɸщɢɟ ɤɨɥɟɛаɧɢя ɫɢɫɬɟɦы 

ɩɪɟɞɫɬаɜɥяɸɬ ɫɨɛɨɣ ɨɛщɟɟ ɪɟɲɟɧɢɟ ɨɞɧɨ-
ɪɨɞɧыɯ ɞɢɮɮɟɪɟɧɰɢаɥьɧыɯ ɭɪаɜɧɟɧɢɣ 

 

1 1 1 1 1 1 2 1 2 2 1 2

2 2 2 2 1 2 2 1 3 3

3 3 3 3 2 3 3 2

( ) ( ) 0;

( ) ( ) 0;

( ) ( ) 0,

m x k x c x k x x c x x

m x k x x c x x m x

m x k x x c x x

+ + + − + − =
+ − + − + =
+ − + − =

�� � � �
�� � � ��
�� � �

  

(1) 

 

ɭɞɨɜɥɟɬɜɨɪяɸщɟɟ ɧачаɥьɧыɦ ɭɫɥɨɜɢяɦ ɞɜɢ-

ɠɟɧɢя 
 

,0 ,0(0) ; (0) ; 1, 3,j j j jx x x jυ= = =�
        

(2) 

 

ɝɞɟ ,0jx  ɢ ,0jυ  – ɨɬɤɥɨɧɟɧɢɟ ɢ ɫɤɨɪɨɫɬь j-ɨɣ 

ɦаɫɫы ɜ ɦɨɦɟɧɬ ɜɪɟɦɟɧɢ 0t = . 

 

Сɥɟɞɭя [1, 5] ɡаɩɢɲɟɦ ɨɛщɟɟ ɪɟɲɟɧɢɟ ɭɪаɜ-
ɧɟɧɢɣ (1) ɜ ɜɢɞɟ  

 

2 1 2

3
( ) ( )
2 1 2 1 2 2

1

( ) ;
t tj j

jx t b A e b A eν νλ λν ν ν νν
−− −=

⎡ ⎤= +⎣ ⎦∑
 

1, 3.j =    (3) 

 

Зɞɟɫь 2 1 2,A Aν ν−  – ɩɨɫɬɨяɧɧыɟ ɢɧɬɟɝɪɢɪɨɜа-

ɧɢя; ( ) ( )
2 1 2,j jb bν ν−  – ɤɨэɮɮɢɰɢɟɧɬы ɪаɫɩɪɟɞɟɥɟ-

ɧɢя аɦɩɥɢɬɭɞ; 2 1 2,ν νλ λ−  – ɤɨɪɧɢ ɯаɪаɤɬɟɪɢ-

ɫɬɢчɟɫɤɨɝɨ (чаɫɬɨɬɧɨɝɨ) ɭɪаɜɧɟɧɢя ɬɪɟɯɦаɫ-
ɫɨɜɨɣ ɧɟɤɨɧɫɟɪɜаɬɢɜɧɨɣ ɫɢɫɬɟɦы ɰɟɩɧɨɝɨ 
ɬɢɩа  
 

2 2
3 3 3 2 2 2( ) ( )l l l lm k c m k cλ λ λ λ⎡+ + + +⎣  

2 2
1 1 1 2 2 2( )( )l l l lm k c m k cλ λ λ λ ⎤+ + + + + +⎦  

2 2
3 3 3 1 1 2 1 2( ) ( )l l l lm k c m k k c cλ λ λ λ⎡ ⎤+ + + + + + =⎣ ⎦

0; 1, 6.l= =
  
(4) 

 

Таɤ ɤаɤ ɜɫɟ ɤɨэɮɮɢɰɢɟɧɬы ɭɪаɜɧɟɧɢя (4) 

яɜɥяɸɬɫя ɞɟɣɫɬɜɢɬɟɥьɧыɦɢ ɜɟɥɢчɢɧаɦɢ, ɬɨ ɢ 

ɜɫɟ ɯаɪаɤɬɟɪɢɫɬɢчɟɫɤɢɟ чɢɫɥа lλ  ɥɢɛɨ ɞɟɣ-

ɫɬɜɢɬɟɥьɧыɟ, ɥɢɛɨ ɩɨɩаɪɧɨ ɤɨɦɩɥɟɤɫɧɨ-



О ɩɟɪɟɯɨɞɧыɯ ɩɪɨɰɟɫɫаɯ ɫɜɨɛɨɞɧыɯ ɤɨɥɟɛаɧɢɣ ɫɢɫɬɟɦы ɫ ɬɪɟɦя ɫɬɟɩɟɧяɦɢ ɫɜɨɛɨɞы ɩɪɢ ɧаɥɢчɢɢ ɬɪɟɧɢя 
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ɫɨɩɪяɠɟɧɧыɟ ɜɟɥɢчɢɧы. ɍчɢɬыɜая, чɬɨ ɤɨ-
ɥɟɛаɬɟɥьɧɨɦɭ ɩɪɨɰɟɫɫɭ ɫɨɨɬɜɟɬɫɬɜɭɸɬ ɤɨɦ-

ɩɥɟɤɫɧɨ-ɫɨɩɪяɠɟɧɧыɟ чɢɫɥа lλ , ɩɪɟɞɫɬаɜɢɦ 

ɢɯ ɜ ɜɢɞɟ  
 

2 1 20,5 ; 0,5 ;h i h iν ν ν ν ν νλ ω λ ω− = − + = − −
 

1, 3; 1,iν = = −
   

(5) 

 

ɝɞɟ 0hν >  ɢ 0νω >  – ɞɟɣɫɬɜɢɬɟɥьɧыɟ чɢɫɥа, 
ɩɪɟɞɫɬаɜɥяɸщɢɟ ɫɨɛɨɣ ɤɨэɮɮɢɰɢɟɧɬы 

ɞɟɦɩɮɢɪɨɜаɧɢя ɢ чаɫɬɨɬы ɫɜɨɛɨɞɧыɯ ɤɨɥɟ-
ɛаɧɢɣ ɪаɫɫɦаɬɪɢɜаɟɦɨɣ ɫɢɫɬɟɦы.  

Пɪɨɫɬыɦ ɤɨɪɧяɦ (5) ɭɪаɜɧɟɧɢя (4) ɨɬɜɟчаɸɬ 
ɤɨɦɩɥɟɤɫɧɨ-ɫɨɩɪяɠɟɧɧыɟ ɜɟɥɢчɢɧы ɤɨэɮ-

ɮɢɰɢɟɧɬɨɜ ɪаɫɩɪɟɞɟɥɟɧɢя аɦɩɥɢɬɭɞ ɢ ɩɨɫɬɨ-
яɧɧыɯ 

 
( ) ( ) ( )
2 1,2 2 1 2 2 1,2 2 1 2; .j j jb i A iν ν ν ν ν ν ν νβ β α α− − − −= ± = ±   

(6) 

 

С ɭчɟɬɨɦ (5) ɢ (6) ɮɭɧɤɰɢɢ аɛɫɨɥɸɬɧыɯ ɨɬ-
ɤɥɨɧɟɧɢɣ ɦаɫɫ ɫɢɫɬɟɦы ɦɨɠɧɨ ɩɪɟɞɫɬаɜɢɬь ɜ 
ɜɟщɟɫɬɜɟɧɧɨɣ ɮɨɪɦɟ  
 

3
0,5 ( )

2 1 2 1
1

( ) 2 (
h t j

jx t e ν ν νν
β α β− − −=

⎡= −⎣∑
 

( )
2 2 ) cosj tν ν νβ α ω− −

 
( ) ( )
2 2 1 2 1 2( )sin .j j tν ν ν ν νβ α β α ω− − ⎤− + ⎦

   
(7) 

 

Фɭɧɤɰɢɢ ɫɤɨɪɨɫɬɟɣ ɦаɫɫ ɫɢɫɬɟɦы ɧаɣɞɟɦ, 

ɞɢɮɮɟɪɟɧɰɢɪɭя (7) ɩɨ ɜɪɟɦɟɧɢ 

 
3

0,5 ( ) ( )
2 2 1 2 1 2

1

( ) 2 ( )
h t j j

jx t e ν ν ν ν νν
β α β α− − −=

⎡= +⎣∑�
 

(0,5 sin cos )h t tν ν ν νω ω ω− −  

( ) ( )
2 1 2 1 2 2( )j jν ν ν νβ α β α− −− −

 

(0,5 cos sin ) .h t tν ν ν νω ω ω ⎤+ ⎦     
(8) 

 

Дɥя ɨɬыɫɤаɧɢя ɩɨɫɬɨяɧɧыɯ 2 1να − , 2να  ɜɨɫ-
ɩɨɥьɡɭɟɦɫя ɧачаɥьɧыɦɢ ɭɫɥɨɜɢяɦɢ ɞɜɢɠɟ-
ɧɢя ɦаɫɫ. Пɨɞɫɬаɜɥяя (7) ɢ (8) ɜ ɭɫɥɨɜɢя (2), 

ɩɨɥɭчɢɦ ɨɬɧɨɫɢɬɟɥьɧɨ ɩɨɫɬɨяɧɧыɯ ɫɢɫɬɟɦɭ 
аɥɝɟɛɪаɢчɟɫɤɢɯ ɭɪаɜɧɟɧɢɣ 

 

0,5B Wα =JG JJG
, 

 

ɝɞɟ B  – ɤɜаɞɪаɬɧая 6ɯ6 – ɦаɬɪɢɰа  
 

 

(1) (1) (1) (1) (1) (1)
1 2 3 4 5 6

(2) (2) (2) (2) (2) (2)
1 2 3 4 5 6

(3) (3) (3) (3) (3) (3)
1 2 3 4 5 6

(1) (1) (1) (1) (1) (1)

1 2 3 4 5 6

(2) (2) (2) (2) (2) (2)

1 2 3 4 5 6

(3) (3) (3) (3) (3) (3)

1 2 3 4 5 6

B

β β β β β β
β β β β β β
β β β β β β
β β β β β β
β β β β β β
β β β β β β

− − −
− − −
− − −= − − −
− − −
− − −

 ; 

( ) ( ) ( )
2 1 22 1 0,5 ;

j j jhν ν ν ννβ β ω β−− = +
 

( ) ( ) ( )
2 2 12 0,5 ;

j j jhν ν ν ννβ β ω β −= −  

 

αJG  ɢ W
JJG

 – ɦаɬɪɢɰы-ɫɬɨɥɛɰы, эɥɟɦɟɧɬаɦɢ ɤɨ-
ɬɨɪыɯ яɜɥяɸɬɫя ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ ɩɨɫɬɨяɧɧыɟ 

lα  ( 1, 6l = ) ɢ ɧачаɥьɧыɟ ɨɬɤɥɨɧɟɧɢя ɢ ɜɡя-
ɬыɟ ɫ ɨɛɪаɬɧыɦ ɡɧаɤɨɦ ɧачаɥьɧыɟ ɫɤɨɪɨɫɬɢ 

ɦаɫɫ ɫɢɫɬɟɦы (2) 

 [ ]1 2 3 4 5 6, , , , ,
Tα α α α α α α=JG ; 

1,0 2,0 3,0 1,0 2,0 3,0, , , , ,
T

W x x x υ υ υ⎡ ⎤= − − −⎣ ⎦
JJG

; 

 

ɢɧɞɟɤɫ «Т» ɨɡɧачаɟɬ ɨɩɟɪаɰɢɸ ɬɪаɧɫɩɨɧɢɪɨ-
ɜаɧɢя ɦаɬɪɢɰ. 

Дɟɣɫɬɜɢɬɟɥьɧыɟ ( )
2 1

jνβ −  ɢ ɦɧɢɦыɟ ( )
2

jνβ  чаɫɬɢ 

ɤɨэɮɮɢɰɢɟɧɬɨɜ ɪаɫɩɪɟɞɟɥɟɧɢя аɦɩɥɢɬɭɞ 

ɫɜɨɛɨɞɧыɯ ɤɨɥɟɛаɧɢɣ ɦɨɝɭɬ ɛыɬь ɧаɣɞɟɧы 

ɩɨ ɫɬаɧɞаɪɬɧɨɣ ɩɪɨɰɟɞɭɪɟ ɞɥя ɫɢɫɬɟɦ ɫ ɤɨ-
ɧɟчɧыɦ чɢɫɥɨɦ ɫɬɟɩɟɧɟɣ ɫɜɨɛɨɞы [1, 5]. В 

ɪɟɡɭɥьɬаɬɟ ɩɨɥɭчɢɦ:  

 
(1) (1)
2 1 21; 0;ν νβ β− = =  
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(2)
2 1 1, 5, 2, 6,

(3)
2 1 3, 5, 4, 6,

( ) / ;

( ) / ;

d d d d d

d d d d d

ν ν ν ν ν ν
ν ν ν ν ν ν

β
β

−
−

= +
= +

 
(2)
2 2, 5, 1, 6,

(3)
2 4, 5, 3, 6,

( ) / ;

( ) / ;

d d d d d

d d d d d

ν ν ν ν ν ν
ν ν ν ν ν ν

β
β

= −
= −

 
2 2
5, 6, .d d dν ν ν= +  

 

Зɞɟɫь  
2 2 2 2 2

1, 1 01 03(0,25 ) ( )d m h h h h hν ν ν ν ν νω ω⎡= − − + +⎣  
2 2 2 2

01 03 01 03)(3 0,25 ) ( 4 )h h hν νω ω ω− + + + ×
 

2 2 2 2
01 03 03 01(0,25 ) ( )h h h hν ν νω ω ω ω× − − + +

 
2 2
01 03 ;ω ω ⎤+ ⎦  

  

2 2
2, 1 01 032 ( 0,25 ) 2 ( )d m h h h hν ν ν ν ν νω ω ω⎡= − + +⎣  

2 2 2 2
01 03 01 03(0,75 ) ( 4 )h h h hν ν ν νω ω ω ω− − + + +

2 2
01 03 03 012 ( ) ;h hνω ω ω ⎤+ + ⎦  

2 2 2
3, 1 03 01 03 03(3 0,25 ) (4 )(d m h h h h hν ν ν νω ω⎡= − + +⎣ 2 2 2 2 2

3, 1 03 01 03 03(3 0,25 ) (4 )(0,25 )d m h h h h h h hν ν ν ν ν νω ω ω⎡= − + + − −⎣
2 2 2 2 2 2

01 03 03 01 01 03(0,25 ) ( ) ;h h h hν ν νω ω ω ω ω ⎤− − + + ⎦  
2 2

4, 1 032 (0,75 )d m h hν ν ν νω ω⎡= − −⎣  
2 2 2

01 03 03 01 03 03 01(4 ) 2( ) ;h h h h hν ω ω ω ⎤− + + + ⎦  
2 2 2 2 2

5, 2 2 3(0,25 ) ( )d m h h m mν ν ν ν νω ω⎡ ⎤= − − − +⎣ ⎦  

03h hν 2 2 2 2 2
03(3 0,25 ) (0,25 ) ;h hν ν ν νω ω ω⎡ ⎤− + −⎣ ⎦  

2 2
6, 2 2 32 (0,25 ) 2( )d m h h m mν ν ν ν ν νω ω ω= − + +

2 2 2
03 03( 0,75 ) 0,5 ;h h hν ν νω ω⎡ ⎤− +⎣ ⎦  

0 0/ ; / (2 ).j j j j j jc m h k mω = =
 

 

 

3. ɊȿɁɍɅɖɌАɌЫ ЧɂСɅȿɇɇЫХ  

ɊАСЧȿɌɈȼ 

 

Пɪɢɜɟɞɟɧɧыɟ ɫɨɨɬɧɨɲɟɧɢя ɦɨɝɭɬ ɛыɬь ɢɫ-
ɩɨɥьɡɨɜаɧы ɞɥя аɧаɥɢɡа ɫɜɨɛɨɞɧыɯ ɡаɬɭ-
ɯаɸщɢɯ ɤɨɥɟɛаɧɢɣ ɫɢɫɬɟɦы ɩɪɢ ɡаɞаɧɧыɯ 
ɧачаɥьɧыɯ ɭɫɥɨɜɢяɯ. В ɤачɟɫɬɜɟ ɩɪɢɦɟɪа 

ɪаɫɫɦɨɬɪɢɦ ɩɟɪɟɯɨɞɧыɟ ɪɟɠɢɦы ɞɜɢɠɟɧɢя 
ɫɢɫɬɟɦы ɩɪɢ ɞɟɣɫɬɜɢɢ ɨɞɧɨɤɪаɬɧɨɝɨ ɦɝɧɨ-
ɜɟɧɧɨɝɨ ɢɦɩɭɥьɫа 0S , ɩɪɢɥɨɠɟɧɧɨɝɨ ɤ ɦаɫɫɟ 

1m . В эɬɨɦ ɫɥɭчаɟ ɦаɬɪɢɰа-ɫɬɨɥɛɟɰ W
JJG

 ɢɦɟɟɬ 
ɜɢɞ 

 [ ]0 10, 0, 0, / , 0, 0 .
T

W S m= −JJG
 

 

Дɥя аɧаɥɢɡа ɮɭɧɤɰɢɣ ɨɬɤɥɨɧɟɧɢɣ ( )jx t  ɜɜɟ-
ɞɟɦ ɛɟɡɪаɡɦɟɪɧыɟ ɩаɪаɦɟɬɪы 

 

1 0 0 01 0 01/ ; / ; / ;j j j j j jm m h sμ δ ω ω ω= = =
 

 01 01 01/ ; / ; ;p h tν ν ν νω ω δ ω τ ω= = =
 

0 0 0 1 01( ) ( ) / ; / ( ).j jy x t x x S mτ ω= =  
 

Оɝɪаɧɢчɢɦɫя ɢɡɭчɟɧɢɟɦ ɜɥɢяɧɢя ɧа ɯаɪаɤɬɟɪ 
ɫɜɨɛɨɞɧыɯ ɤɨɥɟɛаɧɢɣ ɫɢɫɬɟɦы ɬɨɥьɤɨ ɞɟɦɩ-

ɮɢɪɨɜаɧɢя ɜɨ ɜɬɨɪɨɦ ɢ ɬɪɟɬьɟɦ ɡɜɟɧьяɯ ɫɢɫ-
ɬɟɦы. Ɋɟɡɭɥьɬаɬы ɜычɢɫɥɟɧɢɣ ɜ ɜɢɞɟ ɝɪаɮɢ-

ɤɨɜ ɩɟɪɟɯɨɞɧыɯ ɪɟɠɢɦɨɜ ɞɜɢɠɟɧɢя ɦаɫɫ jm  

( 1, 3j = ) ɞɥя ɧɟɤɨɬɨɪыɯ ɡɧачɟɧɢɣ ɤɨэɮɮɢ-

ɰɢɟɧɬɨɜ 02δ  ɢ 03δ  ɩɪɢɜɟɞɟɧы ɧа ɪɢɫ. 2 ɢ ɪɢɫ. 
3 (ɡɧачɟɧɢя ɨɫɬаɥьɧыɯ ɩаɪаɦɟɬɪɨɜ ɩɪɢɧяɬы 

ɮɢɤɫɢɪɨɜаɧɧыɦɢ: 2 0,01;μ =  3 2/ 0,025;μ μ =  

01 0,025;δ =  2 3 1,0s s= = ). Дɥя ɫɪаɜɧɟɧɢя ɧа 
ɪɢɫ. 2,а ɢ ɪɢɫ. 3,а ɩɭɧɤɬɢɪɧɨɣ ɥɢɧɢɟɣ ɢɡɨ-
ɛɪаɠɟɧ ɝɪаɮɢɤ ɫɜɨɛɨɞɧыɯ ɤɨɥɟɛаɧɢɣ ɦаɫɫы 

1m  ɤаɤ ɫɢɫɬɟɦы ɫ ɨɞɧɨɣ ɫɬɟɩɟɧьɸ ɫɜɨɛɨɞы ɫ 
ɡаɬɭɯаɧɢɟɦ. 

Пɪɟɞɫɬаɜɥɟɧɧыɟ ɤɪɢɜыɟ ( )jy τ  ɩɨɤаɡыɜаɸɬ, 
чɬɨ ɩɪɢ ɦаɥыɯ ɡɧачɟɧɢяɯ ɜɟɥɢчɢɧ 02δ  ɢ 03δ  

ɞɜɢɠɟɧɢя ɦаɫɫ ɫɨɩɪɨɜɨɠɞаɸɬɫя ɬаɤ ɧаɡы-

ɜаɟɦыɦɢ ɡаɬɭɯаɸщɢɦɢ ɛɢɟɧɢяɦɢ (ɪɢɫ. 2), 

ɩɪɢчɟɦ ɦаɫɫы 2m  ɢ 3m  ɛыɫɬɪɨ ɢ ɫɢɥьɧɨ ɪаɫ-
ɤачɢɜаɸɬɫя, ɞɨɫɬɢɝая ɜ ɬɟчɟɧɢɟ ɞɜɭɯ – чɟɬы-

ɪɟɯ ɭɫɥɨɜɧыɯ ɩɟɪɢɨɞɨɜ ɤɨɥɟɛаɧɢɣ ɧаɢɛɨɥь-
ɲɢɯ ɨɬɤɥɨɧɟɧɢɣ (ɪɢɫ. 2,ɛ,ɜ). 

 



О ɩɟɪɟɯɨɞɧыɯ ɩɪɨɰɟɫɫаɯ ɫɜɨɛɨɞɧыɯ ɤɨɥɟɛаɧɢɣ ɫɢɫɬɟɦы ɫ ɬɪɟɦя ɫɬɟɩɟɧяɦɢ ɫɜɨɛɨɞы ɩɪɢ ɧаɥɢчɢɢ ɬɪɟɧɢя 
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Рɢɫɭɧɨɤ 2. ɉеɪеɯɨɞɧые ɩɪɨɰеɫɫы ɤɨɥеɛаɧɢɣ ɦаɫɫ ɫɢɫɬеɦы ɩɪɢ 02 03 0,025δ δ= =     
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Рɢɫɭɧɨɤ 3. ɉеɪеɯɨɞɧые ɩɪɨɰеɫɫы ɤɨɥеɛаɧɢɣ ɦаɫɫ ɫɢɫɬеɦы ɩɪɢ 02 03 0,15δ δ= =    
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С ɭɜɟɥɢчɟɧɢɟɦ ɤɨэɮɮɢɰɢɟɧɬɨɜ 02δ  ɢ 03δ  

ɨɝɢɛаɸщɢɟ ɤɪɢɜыɯ ɩɟɪɟɯɨɞɧыɯ ɩɪɨɰɟɫɫɨɜ 
( )jy τ  ɫɝɥаɠɢɜаɸɬɫя ɢ ɩɪɢ ɞɨɫɬɢɠɟɧɢɢ ɢɦɢ 

ɞɨɫɬаɬɨчɧɨ ɛɨɥьɲɢɯ ɡɧачɟɧɢɣ ɡаɬɭɯаɧɢɟ 
ɫɜɨɛɨɞɧыɯ ɤɨɥɟɛаɧɢɣ ɦаɫɫ ɩɪɨɢɫɯɨɞɢɬ 
ɩɥаɜɧɨ, ɛɟɡ ɛɢɟɧɢɣ (ɪɢɫ. 3). Пɪɢ эɬɨɦ ɞɜɢ-

ɠɟɧɢя ɦаɫɫы 1m  ɩɪɨɢɫɯɨɞяɬ ɩɪɢɦɟɪɧɨ ɬаɤ 
ɠɟ, ɤаɤ ɫɜɨɛɨɞɧыɟ ɤɨɥɟɛаɧɢя ɨɞɧɨɦаɫɫɨɜɨɣ 

ɫɢɫɬɟɦы ɩɪɢ ɛɨɥьɲɢɯ ɡɧачɟɧɢяɯ ɤɨэɮɮɢɰɢ-

ɟɧɬа ɬɪɟɧɢя (ɪɢɫ. 3,а), а ɤɨɥɟɛаɧɢя ɦаɫɫ 2m  ɢ 

3m  ɫɧачаɥа ɩɥаɜɧɨ ɜɨɡɪаɫɬаɸɬ ɞɨ ɧаɢɛɨɥь-
ɲɢɯ ɨɬɤɥɨɧɟɧɢɣ, а ɡаɬɟɦ ɭɛыɜаɸɬ, ɩɪɢчɟɦ 

ɫɧачаɥа ɩɪаɤɬɢчɟɫɤɢ ɥɢɧɟɣɧɨ (ɪɢɫ. 3,ɛ,ɜ). 
Оɬɦɟɬɢɦ, чɬɨ аɧаɥɨɝɢчɧыɣ ɯаɪаɤɬɟɪ ɧɨɫяɬ 
ɩɟɪɟɯɨɞɧыɟ ɩɪɨɰɟɫɫы ɤɨɥɟɛаɧɢɣ ɞɜɭɯɦаɫɫɨ-
ɜɨɣ ɧɟɤɨɧɫɟɪɜаɬɢɜɧɨɣ ɫɢɫɬɟɦы [3, 6]. 

 

 

4. ɁАКɅɘЧȿɇɂȿ 

 

Выяɜɥɟɧɧыɟ ɫɜɨɣɫɬɜа ɫɜɨɛɨɞɧыɯ ɤɨɥɟɛаɧɢɣ 

ɬɪɟɯɦаɫɫɨɜɨɣ ɞɟɦɩɮɢɪɨɜаɧɧɨɣ ɫɢɫɬɟɦы ɫ 
ɩɨɫɥɟɞɨɜаɬɟɥьɧыɦ ɫɨɟɞɢɧɟɧɢɟɦ ɡɜɟɧьɟɜ, 
ɜыɡɜаɧɧыɟ ɡаɞаɧɧыɦɢ ɧачаɥьɧыɦɢ ɭɫɥɨɜɢя-
ɦɢ, ɦɨɝɭɬ ɛыɬь ɢɫɩɨɥьɡɨɜаɧы, ɜ чаɫɬɧɨɫɬɢ, 

ɞɥя ɪɟɲɟɧɢя ɡаɞачɢ ɜыɛɨɪа ɨɩɬɢɦаɥьɧыɯ 
ɩаɪаɦɟɬɪɨɜ ɞɜɭɯɦаɫɫɨɜыɯ ɝаɫɢɬɟɥɟɣ ɤаɫɤаɞ-
ɧɨɝɨ ɬɢɩа ɩɪɢ ɧɟɨɛɯɨɞɢɦɨɫɬɢ ɫɨɤɪащɟɧɢя 
ɞɥɢɬɟɥьɧɨɫɬɢ ɩɟɪɟɯɨɞɧыɯ ɩɪɨɰɟɫɫɨɜ ɡащɢ-

щаɟɦɨɣ ɤɨɧɫɬɪɭɤɰɢɢ.       
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ЭКСɉȿɊɂɆȿɇɌАɅɖɇɈ-ɌȿɈɊȿɌɂЧȿСКɈȿ  

ɂССɅȿДɈȼАɇɂȿ ɍСɌɈɃЧɂȼɈСɌɂ ȻɈɅɖɒȿɉɊɈɅȿɌɇЫХ 

ДȿɊȿȼəɇɇЫХ АɊɈЧɇЫХ КɈɇСɌɊɍКЦɂɃ 
 

А.Ю.Зоɛаɱева, Г.Г, Кашеварова, И.Н. Фаиɡов 
Пɟɪɦɫɤɢɣ ɧаɰɢɨɧаɥьɧыɣ ɢɫɫɥɟɞɨɜаɬɟɥьɫɤɢɣ ɩɨɥɢɬɟɯɧɢчɟɫɤɢɣ ɭɧɢɜɟɪɫɢɬɟɬ, ɝ. Пɟɪɦь, ɊОССИə 
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Аɪɨчɧыɟ ɤɨɧɫɬɪɭɤɰɢɢ ɧаɯɨɞяɬ ɲɢɪɨɤɨɟ 
ɩɪɢɦɟɧɟɧɢɟ ɩɪɢ ɫɬɪɨɢɬɟɥьɫɬɜɟ ɫɩɨɪɬɢɜɧыɯ, 
ɨɛщɟɫɬɜɟɧɧыɯ ɢ ɩɪɨɦыɲɥɟɧɧыɯ ɫɨɨɪɭɠɟ-
ɧɢɣ, а ɬаɤɠɟ ɜ ɫɜɨɞчаɬыɯ ɢ ɤɭɩɨɥьɧыɯ ɩɨ-
ɤɪыɬɢяɯ, ɛɥаɝɨɞаɪя ɫɜɨɟɣ эɫɬɟɬɢчɧɨɫɬɢ ɢ 

ɜɨɡɦɨɠɧɨɫɬɢ ɩɟɪɟɤɪыɜаɬь ɡɧачɢɬɟɥьɧыɟ 
ɩɪɨɥёɬы. 

Кɥɟёɧыɟ ɞɟɪɟɜяɧɧыɟ аɪɤɢ ɞɨɫɬаɬɨчɧɨ ɩɨɥɧɨ 
ɭɞɨɜɥɟɬɜɨɪяɸɬ ɬɪɟɛɨɜаɧɢяɦ ɫɨɜɪɟɦɟɧɧɨɝɨ 
ɢɧɞɭɫɬɪɢаɥьɧɨɝɨ ɩɪɨɢɡɜɨɞɫɬɜа ɤɨɧɫɬɪɭɤɰɢɣ. 

Пɪɨɫɬɨɬа ɢɡɝɨɬɨɜɥɟɧɢя, ɜыɫɨɤая ɫɬɟɩɟɧь ɡа-
ɜɨɞɫɤɨɣ ɝɨɬɨɜɧɨɫɬɢ, ɭɞɨɛɫɬɜɨ ɬɪаɧɫɩɨɪɬɢ-

ɪɨɜɤɢ ɢ ɦɨɧɬаɠа, ɜɨɡɦɨɠɧɨɫɬь ɩɪɢɞаɧɢя 
ɝɟɨɦɟɬɪɢчɟɫɤɨɣ ɨɫɢ аɪɤɢ ɧаɢɛɨɥɟɟ ɪаɰɢɨ-
ɧаɥьɧɨɝɨ ɨчɟɪɬаɧɢя, аɪɯɢɬɟɤɬɭɪɧая ɜыɪаɡɢ-

ɬɟɥьɧɨɫɬь ɢ ɞɨɫɬаɬɨчɧая ɨɝɧɟɫɬɨɣɤɨɫɬь, ɧа-
ɥɢчɢɟ ɨɛɲɢɪɧɨɣ ɫыɪьɟɜɨɣ ɛаɡы – ɜɨɬ ɬɟ ɨɫ-

ɧɨɜɧыɟ ɞɨɫɬɨɢɧɫɬɜа, ɨɛɟɫɩɟчɢɜаɸщɢɟ ɢɯ 
ɲɢɪɨɤɨɝɨ ɩɪɢɦɟɧɟɧɢя. Вɟɫьɦа эɮɮɟɤɬɢɜɧɨ 
ɩɪɢɦɟɧяɬь ɤɥɟɟɧыɟ ɞɟɪɟɜяɧɧыɟ ɤɨɧɫɬɪɭɤɰɢɢ 

ɜ ɯɢɦɢчɟɫɤɢ аɝɪɟɫɫɢɜɧыɯ ɫɪɟɞаɯ. Сɪɨɤ эɤɫ-
ɩɥɭаɬаɰɢɢ ɞɟɪɟɜяɧɧыɯ ɤɨɧɫɬɪɭɤɰɢɣ (ɜ ɬɨɦ 

чɢɫɥɟ ɢ ɤɥɟɟɧыɯ) ɜ ɭɫɥɨɜɢяɯ ɫɨɥɟɜɨɣ аɝɪɟɫ-
ɫɢɢ ɩɪɟɜыɲаɟɬ 40-50 ɥɟɬ ɛɟɡ ɞɨɩɨɥɧɢɬɟɥь-
ɧыɯ ɡаɬɪаɬ ɧа ɡащɢɬɭ ɨɬ ɤɨɪɪɨɡɢɢ, ɜ ɬɨ ɜɪɟɦя 
ɤаɤ ɠɟɥɟɡɨɛɟɬɨɧɧыɟ ɢ ɫɬаɥьɧыɟ ɤɨɧɫɬɪɭɤɰɢɢ 

ɩɨɞɜɟɪɝаɸɬɫя ɢɧɬɟɧɫɢɜɧɨɦɭ ɪаɡɪɭɲɟɧɢɸ 

чɟɪɟɡ 10-15 ɥɟɬ ɢ ɬɪɟɛɭɸɬ ɫɢɫɬɟɦаɬɢчɟɫɤɨɝɨ 
ɩɪɨɜɟɞɟɧɢя ɞɨɪɨɝɨɫɬɨящɢɯ аɧɬɢɤɨɪɪɨɡɢɨɧ-

ɧыɯ ɦɟɪɨɩɪɢяɬɢɣ.  

Нɟɫɦɨɬɪя ɧа ɲɢɪɨɤɨɟ ɩɪɢɦɟɧɟɧɢɟ КДК ɜ ɫɨ-
ɜɪɟɦɟɧɧɨɦ ɫɬɪɨɢɬɟɥьɫɬɜɟ, ɩɪɨɛɥɟɦа ɭɫɬɨɣ-

чɢɜɨɫɬɢ ɛɨɥьɲɟɩɪɨɥɟɬɧыɯ аɪɨɤ ɞɨ ɫɢɯ ɩɨɪ 
ɢɡɭчɟɧа ɧɟɞɨɫɬаɬɨчɧɨ ɩɨɥɧɨ, чɬɨ ɫɞɟɪɠɢɜаɟɬ 
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ɫɨɜɟɪɲɟɧɫɬɜɨɜаɧɢɟ ɧɨɪɦаɬɢɜɧɨɣ ɛаɡы ɪаɡ-
ɪаɛɨɬɤɭ ɩɪаɤɬɢчɟɫɤɢɯ ɪɟɤɨɦɟɧɞаɰɢɣ ɢ ɩɨ 
ɩɪɨɟɤɬɢɪɨɜаɧɢɸ, ɢ ɩɨ ɪаɫчɟɬɭ аɪɨчɧыɯ ɤɨɧ-

ɫɬɪɭɤɰɢɣ. В ɞɟɣɫɬɜɭɸщɟɣ ɧɨɪɦаɬɢɜɧɨɣ ɥɢ-

ɬɟɪаɬɭɪɟ [1] ɨɬɫɭɬɫɬɜɭɸɬ ɪɟɤɨɦɟɧɞаɰɢɢ ɩɨ 
ɨɛɟɫɩɟчɟɧɢɸ ɩɪɨɫɬɪаɧɫɬɜɟɧɧɨɣ ɠɟɫɬɤɨɫɬɢ 

ɤɪɢɜɨɥɢɧɟɣɧыɯ ɫɬɟɪɠɧɟɣ ɢɦɟɸщɢɯ ɨɬɧɨɲɟ-
ɧɢɟ ɜыɫɨɬы h ɤ ɲɢɪɢɧɟ b ɫɟчɟɧɢя аɪɤɢ k = 

h/b > 5. Выɫɨɤая ɞɟɮɨɪɦаɬɢɜɧɨɫɬь аɪɨɤ, 
ɢɦɟɸщɢɯ ɞɨɫɬаɬɨчɧɨ ɛɨɥьɲɭɸ ɝɢɛɤɨɫɬь ɤаɤ 
ɜ ɩɥɨɫɤɨɫɬɢ, ɬаɤ ɢ ɢɡ ɩɥɨɫɤɨɫɬɢ ɞɟɣɫɬɜɢя ɧа-
ɝɪɭɡɨɤ ɩɪɢ ɧɟɞɨɫɬаɬɨчɧɨɣ ɠɟɫɬɤɨɫɬɢ ɫɜяɡɟɣ 

ɩɪɢɜɨɞɢɬ ɤ ɩɨɬɟɪɟ ɭɫɬɨɣчɢɜɨɫɬɢ ɩɥɨɫɤɨɣ 

ɮɨɪɦы ɞɟɮɨɪɦɢɪɨɜаɧɢя ɩɨɥɭаɪɨɤ ɫɨ ɫɠаɬɨɣ 

ɜɧɭɬɪɟɧɧɟɣ ɤɪɨɦɤɨɣ, ɢ ɤ ɩɨɬɟɪɟ ɩɪɨɫɬɪаɧɫɬ-
ɜɟɧɧɨɣ ɭɫɬɨɣчɢɜɨɫɬɢ ɫɨɨɪɭɠɟɧɢя ɜ ɰɟɥɨɦ. 

Дɥя ɛɨɥɟɟ ɬɨчɧɨɝɨ ɨɩɪɟɞɟɥɟɧɢя ɧɟɫɭщɟɣ 

ɫɩɨɫɨɛɧɨɫɬɢ аɪɨɤ ɢɡ ɭɫɥɨɜɢɣ ɭɫɬɨɣчɢɜɨɫɬɢ 

ɧɟɨɛɯɨɞɢɦɨ ɭчɢɬыɜаɬь ɩɪɨɫɬɪаɧɫɬɜɟɧɧɭɸ 

ɪаɛɨɬɭ ɜɫɟɝɨ ɫɨɨɪɭɠɟɧɢя ɜ ɰɟɥɨɦ, ɜɤɥɸчая 
ɫɜяɡɟɜыɟ ɛɥɨɤɢ ɢ ɞɢɫɤɪɟɬɧыɟ ɩɨɞɤɪɟɩɥɟɧɢя 
ɤɪɨɦɨɤ ɪаɫɩɨɪɤаɦɢ. Кɪɨɦɟ эɬɨɝɨ, ɫɭщɟɫɬ-
ɜɭɸщая ɦɟɬɨɞɢɤа ɪаɫчɟɬа аɪɨɤ ɧа ɭɫɬɨɣчɢ-

ɜɨɫɬь ɧɟ ɭчɢɬыɜаɟɬ ɨɫɨɛɟɧɧɨɫɬɢ ɮɢɡɢɤɨ-
ɦɟɯаɧɢчɟɫɤɢɯ ɯаɪаɤɬɟɪɢɫɬɢɤ ɤɥɟɟɧɨɣ ɞɪɟɜɟ-
ɫɢɧы ɜ ɤɨɧɫɬɪɭɤɰɢɢ ɤаɤ аɧɢɡɨɬɪɨɩɧɨɝɨ ɦа-
ɬɟɪɢаɥа.  
С ɰɟɥьɸ ɪаɡɪаɛɨɬɤɢ ɧаɭчɧɨ-ɨɛɨɫɧɨɜаɧɧыɯ 
ɪаɫчɟɬɧыɯ ɦɨɞɟɥɟɣ ɢ ɦɟɬɨɞɢɤɢ ɨɰɟɧɤɢ ɭɫ-
ɬɨɣчɢɜɨɫɬɢ ɛɨɥьɲɟɩɪɨɥɟɬɧыɯ ɞɟɪɟɜяɧɧыɯ 
аɪɨчɧыɯ ɤɨɧɫɬɪɭɤɰɢɣ, аɞɟɤɜаɬɧɨ ɨɬɪаɠаɸ-

щɢɯ ɪаɛɨɬɭ ɪɟаɥьɧыɯ ɩɪɨɫɬɪаɧɫɬɜɟɧɧыɯ ɫɨ-
ɨɪɭɠɟɧɢɣ, ɛыɥɢ ɩɪɨɜɟɞɟɧы ɧаɬɭɪɧыɟ ɢ чɢɫ-
ɥɟɧɧыɟ эɤɫɩɟɪɢɦɟɧɬы ɦɨɞɟɥɟɣ ɤɥɟɟɧыɯ ɞɟ-
ɪɟɜяɧɧыɯ аɪɨɤ ɫɬɪɟɥьчаɬɨɝɨ ɨчɟɪɬаɧɢя, 
ɢɦɟɸщɢɯ ɫɩɥɨɲɧɨɟ ɩɪяɦɨɭɝɨɥьɧɨɟ ɫɟчɟɧɢɟ 
ɫ ɭɜɟɥɢчɟɧɧыɦ ɫɨɨɬɧɨɲɟɧɢɟɦ ɪаɡɦɟɪɨɜ ɫɟ-
чɟɧɢя k = h/b = 5, 7, 9, 12. [2].  

Оɛщɢɣ ɜɢɞ ɦɨɞɟɥɢ аɪɤɢ ɧа ɢɫɩыɬаɬɟɥьɧɨɦ 

ɫɬɟɧɞɟ ɩɨɤаɡаɧ ɧа ɪɢɫ.1, а ɨɫɧɨɜɧыɟ ɝɟɨɦɟɬ-
ɪɢчɟɫɤɢɟ ɩаɪаɦɟɬɪы ɤɨɧɫɬɪɭɤɰɢɢ - ɧа ɪɢɫ. 2. 

Вɫɟ ɦɨɞɟɥɢ аɪɨɤ ɢɫɩыɬыɜаɥɢɫь ɩɪɢ ɲаɪɧɢɪ-
ɧɨɦ ɪɟɲɟɧɢɢ ɤɨɧьɤɨɜɨɝɨ ɢ ɨɩɨɪɧыɯ ɭɡɥɨɜ, 
чɬɨ ɩɨɡɜɨɥɢɥɨ ɩɨɥɭчɢɬь ɧаɢɥɭчɲɟɟ ɫɨɨɬɜɟɬ-
ɫɬɜɢɟ ɮаɤɬɢчɟɫɤɨɣ ɢ ɬɟɨɪɟɬɢчɟɫɤɨɣ ɪаɫчɟɬ-
ɧыɯ ɫɯɟɦ ɬɪɟɯɲаɪɧɢɪɧɨɣ ɫɬɪɟɥьчаɬɨɣ аɪɤɢ 

ɧа ɞɟɣɫɬɜɢɟ ɫɢɦɦɟɬɪɢчɧɨɣ (ɨɬ ɩɨɞɜɟɫɧɨɣ 

ɤɨɧɜɟɣɟɪɧɨɣ ɝаɥɟɪɟɢ) ɢ ɨɞɧɨɫɬɨɪɨɧɧɟɣ (ɫɧɟ-
ɝɨɜɨɣ, ɜɟɬɪɨɜɨɣ) ɧаɝɪɭɡɨɤ. 
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На ɩɪаɤɬɢɤɟ ɭɫɬɨɣчɢɜɨɫɬь аɪɨчɧɨɝɨ ɫɨɨɪɭ-

ɠɟɧɢя ɜ ɩɪɨɞɨɥьɧɨɦ ɧаɩɪаɜɥɟɧɢɢ ɨɛɟɫɩɟчɢ-

ɜаɟɬɫя ɫɢɫɬɟɦɨɣ ɫɜяɡɟɣ, ɜыɩɨɥɧɟɧɧыɯ ɢɡ ɞɟ-
ɪɟɜяɧɧыɯ ɢɥɢ ɫɬаɥьɧыɯ ɫɬɟɪɠɧɟɣ. Пɨэɬɨɦɭ 
ɜɫɟ ɦɨɞɟɥɢ ɢɫɩыɬыɜаɥɢɫь ɩɪɢ ɪаɡɧыɯ ɜаɪɢ-

аɧɬаɯ ɡаɤɪɟɩɥɟɧɢя аɪɤɢ ɢɡ ɩɥɨɫɤɨɫɬɢ. Таɤая 
ɦɟɬɨɞɢɤа ɩɪɨɜɟɞɟɧɢя ɢɫɩыɬаɧɢɣ ɩɨɡɜɨɥɢɥа 
ɜыяɜɢɬь ɜɨɡɦɨɠɧыɟ ɮɨɪɦы ɩɨɬɟɪɢ ɭɫɬɨɣчɢ-

ɜɨɫɬɢ ɢ ɭɫɬаɧɨɜɢɬь ɫɬɟɩɟɧь ɜɥɢяɧɢя ɫɨɟɞɢ-

ɧɢɬɟɥьɧыɯ эɥɟɦɟɧɬɨɜ ɧа ɭɫɬɨɣчɢɜɨɫɬь ɜɫɟɣ 

ɤɨɧɫɬɪɭɤɰɢɢ. 

В ɩɪɨɰɟɫɫɟ ɢɫɩыɬаɧɢɣ ɩɪɨɢɡɜɨɞɢɥɢɫь ɡаɦɟ-
ɪы ɩɟɪɟɦɟщɟɧɢɣ ɜ ɩɥɨɫɤɨɫɬɢ ɢ ɢɡ ɩɥɨɫɤɨɫɬɢ 

ɞɟɣɫɬɜɢя ɧаɝɪɭɡɤɢ. Оɰɟɧɤа ɧаɩɪяɠɟɧɧɨɝɨ 
ɫɨɫɬɨяɧɢя ɩɪɨɢɡɜɨɞɢɥаɫь ɩɨ ɪɟɡɭɥьɬаɬаɦ ɡа-
ɦɟɪɨɜ ɞɟɮɨɪɦаɰɢɣ ɜɨɥɨɤɨɧ ɞɪɟɜɟɫɢɧы ɜ ɪаɡ-
ɥɢчɧыɯ ɫɟчɟɧɢяɯ. Кɨɧɫɬɪɭɤɰɢɢ аɪɨɤ ɡаɝɪɭ-

ɠаɥɢɫь ɞɨ ɩɨɬɟɪɢ ɧɟɫɭщɟɣ ɫɩɨɫɨɛɧɨɫɬɢ.  

В ɪɟɡɭɥьɬаɬɟ ɩɪɨɜɟɞɟɧɧыɯ ɧаɬɭɪɧыɯ эɤɫɩɟ-
ɪɢɦɟɧɬɨɜ ɩɨɥɭчɟɧы ɡаɜɢɫɢɦɨɫɬɢ ɦɟɠɞɭ ɧа-
ɝɪɭɡɤаɦɢ ɢ ɩɟɪɟɦɟщɟɧɢяɦɢ ɜ ɩɥɨɫɤɨɫɬɢ ɢ ɢɡ 
ɩɥɨɫɤɨɫɬɢ аɪɨɤ, ɮɨɪɦы ɩɨɬɟɪɢ ɭɫɬɨɣчɢɜɨɫɬɢ 

ɢ ɡɧачɟɧɢя ɤɪɢɬɢчɟɫɤɢɯ ɧаɝɪɭɡɨɤ, ɜыяɜɥɟɧ 

ɯаɪаɤɬɟɪ ɢ ɩɪɢчɢɧы ɪаɡɪɭɲɟɧɢя ɤɨɧɫɬɪɭɤ-
ɰɢɣ. Ɋɟɡɭɥьɬаɬы ɧаɬɭɪɧыɯ эɤɫɩɟɪɢɦɟɧɬɨɜ 
ɩɪɢɜɟɞɟɧы ɧɢɠɟ ɩɪɢ ɫɪаɜɧɟɧɢɢ ɫ ɪɟɡɭɥьɬа-
ɬаɦɢ, ɩɨɥɭчɟɧɧыɦɢ ɜ чɢɫɥɟɧɧыɯ эɤɫɩɟɪɢ-

ɦɟɧɬаɯ. 
Пɨ ɪɟɡɭɥьɬаɬаɦ ɢɫɩыɬаɧɢɣ ɨɛɪаɡɰɨɜ ɛыɥɢ 

ɨɩɪɟɞɟɥɟɧы ɮɢɡɢɤɨ-ɦɟɯаɧɢчɟɫɤɢɟ ɫɜɨɣɫɬɜа 
ɞɪɟɜɟɫɢɧы (ɫɨɫɧа, ɟɥь), ɤɨɬɨɪыɟ ɞаɥɟɟ ɛыɥɢ 

ɢɫɩɨɥьɡɨɜаɧы ɜ ɪаɫчɟɬаɯ. 
Пɨɥɭчɟɧɧыɟ эɤɫɩɟɪɢɦɟɧɬаɥьɧыɟ ɞаɧɧыɟ ɩɨ-
ɫɥɭɠɢɥɢ ɨɫɧɨɜɨɣ ɞɥя ɜɟɪɢɮɢɤаɰɢɢ ɪɟɡɭɥьɬа-
ɬɨɜ ɞаɥьɧɟɣɲɢɯ ɪаɫчɟɬɨɜ ɦɟɬɨɞɨɦ чɢɫɥɟɧɧɨ-
ɝɨ ɦɨɞɟɥɢɪɨɜаɧɢя ɫ ɩɪɢɦɟɧɟɧɢɟɦ ɩɪɨɝɪаɦɦ-

ɧɨɝɨ ɤɨɦɩɥɟɤɫа ANSYS. 

Иɡɜɟɫɬɧɨ, чɬɨ ɞɪɟɜɟɫɢɧа яɜɥяɟɬɫя аɧɢɡɨ-
ɬɪɨɩɧыɦ ɦаɬɟɪɢаɥɨɦ. Оɞɧаɤɨ, ɭчɢɬыɜая 
ɜɥɢяɧɢɟ ɦаɫɲɬаɛɧɨɝɨ ɮаɤɬɨɪа ɧа ɫɜɨɣɫɬɜа 
ɞɪɟɜɟɫɢɧы, ɜ ɧаɲɟɦ ɫɥɭчаɟ – ɤɪɭɩɧɨɟ  ɢɡɞɟ-
ɥɢɟ ɢɡ ɤɥɟɟɧɨɣ ɞɪɟɜɟɫɢɧы, ɫɥɟɞɭɟɬ ɩɪɢɧяɬь 
ɦɨɞɟɥь ɬɪаɧɫɜɟɪɫаɥьɧɨ-ɢɡɨɬɪɨɩɧɨɝɨ ɦаɬɟ-
ɪɢаɥа [3]. 

Кɪɨɦɟ эɬɨɝɨ, ɞɪɟɜɟɫɢɧа ɨɛɥаɞаɟɬ ɪɟɨɥɨɝɢчɟ-
ɫɤɢɦɢ ɫɜɨɣɫɬɜаɦɢ. Эɬɢ ɫɜɨɣɫɬɜа ɜыɪаɠаɸɬɫя 
ɜ ɬɨɦ, чɬɨ ɩɪɨчɧɨɫɬɧыɟ ɢ ɞɟɮɨɪɦаɰɢɨɧɧыɟ 

ɯаɪаɤɬɟɪɢɫɬɢɤɢ ɞɪɟɜɟɫɢɧы ɧɟ яɜɥяɸɬɫя ɩɨ-
ɫɬɨяɧɧыɦɢ, а ɢɡɦɟɧяɸɬɫя ɜ ɡаɜɢɫɢɦɨɫɬɢ ɨɬ 
ɫɤɨɪɨɫɬɢ ɧаɝɪɭɠɟɧɢя, ɜɟɥɢчɢɧы ɢ ɩɪɨɞɨɥ-
ɠɢɬɟɥьɧɨɫɬɢ ɞɟɣɫɬɜɢя ɧаɝɪɭɡɤɢ. В ɩɪɨɰɟɫɫɟ 
ɧаɬɭɪɧыɯ эɤɫɩɟɪɢɦɟɧɬɨɜ, ɤɨɬɨɪыɟ ɞɥɢɥɢɫь 
ɧɟɫɤɨɥьɤɨ чаɫɨɜ, ɪɟɨɥɨɝɢчɟɫɤɢɟ ɫɜɨɣɫɬɜа 
ɞɪɟɜɟɫɢɧы ɧɟ ɩɪɨяɜɢɥɢɫь ɜ ɩɨɥɧɨɣ ɦɟɪɟ. Пɨ-
эɬɨɦɭ ɜ чɢɫɥɟɧɧыɯ эɤɫɩɟɪɢɦɟɧɬаɯ ɦаɬɟɪɢаɥ 
ɞɪɟɜɟɫɢɧы ɩɪɢɧяɬ ɭɩɪɭɝɢɦ. 

Дɥя ɨɩɪɟɞɟɥɟɧɢя ɤɪɢɬɢчɟɫɤɨɣ ɧаɝɪɭɡɤɢ ɢ 

ɮɨɪɦ ɩɨɬɟɪɢ ɭɫɬɨɣчɢɜɨɫɬɢ ɩɪɢɦɟɧяɥɢɫь ɞɜа 
ɩɨɞɯɨɞа: ɥɢɧеɣɧыɣ, ɫɜяɡаɧɧыɣ ɫ ɜычɢɫɥɟɧɢ-

ɟɦ ɫɨɛɫɬɜɟɧɧыɯ ɡɧачɟɧɢɣ ɫ ɩɪɢɦɟɧɟɧɢɟɦ 

ɛɥɨчɧɨɝɨ ɦɟɬɨɞа Лаɧɰɨɲа [4] ɢ ɧеɥɢɧеɣɧыɣ 
ɫɬаɬɢчɟɫɤɢɣ ɪаɫчɟɬ.  
В ɤɥаɫɫɢчɟɫɤɨɣ ɥиɧеɣɧоɣ ɩоɫтаɧовке ɡаɞа-
чɢ ɭɫɬɨɣчɢɜɨɫɬɢ, ɪɟаɥɢɡɨɜаɧɧɨɣ ɩɪаɤɬɢчɟ-
ɫɤɢ ɜɫɟɦɢ ɤɨɧɟчɧɨ-эɥɟɦɟɧɬɧыɦɢ ɩɪɨɝɪаɦɦ-

ɧыɦɢ ɫɢɫɬɟɦаɦɢ, ɨɩɪɟɞɟɥɟɧɢɟ ɤɪɢɬɢчɟɫɤɨɣ 

ɧаɝɪɭɡɤɢ ɫɜɨɞɢɬɫя ɤ ɨɩɪɟɞɟɥɟɧɢɸ ɧаɢɦɟɧь-
ɲɟɝɨ ɩɨɥɨɠɢɬɟɥьɧɨɝɨ ɫɨɛɫɬɜɟɧɧɨɝɨ чɢɫɥа λ1 

ɞɥя ɫɥɟɞɭɸщɟɣ ɫɢɫɬɟɦы ɭɪаɜɧɟɧɢɣ: 

 [ ] [ ]( ){ } 0=− uSK λ  

 

ɝɞɟ [K] - ɦаɬɪɢɰа ɠɟɫɬɤɨɫɬɢ ɤɨɧɫɬɪɭɤɰɢɢ; 

[S] - ɦаɬɪɢɰа эɮɮɟɤɬɢɜɧɨɣ ɠɟɫɬɤɨɫɬɢ; λ - 

ɫɨɛɫɬɜɟɧɧɨɟ ɡɧачɟɧɢɟ (ɦаɫɲɬаɛɧыɣ ɮаɤɬɨɪ); 
{u} - ɫɨɛɫɬɜɟɧɧыɣ ɜɟɤɬɨɪ, ɨɩɪɟɞɟɥяɸщɢɣ 

ɮɨɪɦɭ ɩɨɬɟɪɢ ɭɫɬɨɣчɢɜɨɫɬɢ (ɜыɩɭчɢɜаɧɢя 
аɪɤɢ). 

Лɢɧɟɣɧыɣ ɩɨɞɯɨɞ ɧɟ ɦɨɠɟɬ ɭчɟɫɬь ɧɟɥɢɧɟɣ-

ɧɨɫɬɢ ɥɸɛɨɝɨ ɪɨɞа ɢ ɧɟɫɨɜɟɪɲɟɧɫɬɜа ɫɢɫɬɟ-
ɦы, ɢɦɟɸщɢɟɫя ɜ ɪɟаɥьɧыɯ ɤɨɧɫɬɪɭɤɰɢяɯ, 
ɩɪɢɜɨɞящɢɯ ɤ ɫɧɢɠɟɧɢɸ ɤɪɢɬɢчɟɫɤɢɯ ɧаɝɪɭ-
ɡɨɤ, ɩɨɥɭчɟɧɧыɯ ɜ ɥɢɧɟɣɧɨɦ ɫɥɭчаɟ. Нɨ ɞаɧ-

ɧыɣ ɩɨɞɯɨɞ ɩɨɥɟɡɧɨ ɢɫɩɨɥьɡɨɜаɬь ɞɥя ɢɡɭ-

чɟɧɢя ɨɛщɟɝɨ ɩɨɜɟɞɟɧɢя ɤɨɧɫɬɪɭɤɰɢɢ ɩɟɪɟɞ 
ɜыɩɨɥɧɟɧɢɟɦ ɧɟɥɢɧɟɣɧɨɝɨ аɧаɥɢɡа ɭɫɬɨɣчɢ-

ɜɨɫɬɢ. 

Неɥиɧеɣɧыɣ аɧаɥиɡ уɫтоɣɱивоɫти - эɬɨ, ɜ 
ɫɭщɧɨɫɬɢ, ɢɫɫɥɟɞɨɜаɧɢɟ ɜɥɢяɧɢя ɛɨɥьɲɢɯ 
ɩɟɪɟɦɟщɟɧɢɣ. Дɥя ɩɨɥɭчɟɧɢя ɪɟɲɟɧɢя ɢɫ-
ɩɨɥьɡɭɟɬɫя ɢɬɟɪаɬɢɜɧая ɩɪɨɰɟɞɭɪа ɧа ɨɫɧɨɜɟ 
ɦɟɬɨɞа Ньɸɬɨɧа-Ɋаɮɫɨɧа.  
В ɦɟɬɨɞɟ Ньɸɬɨɧа-Ɋаɮɫɨɧа ɦаɬɪɢɰа ɠɟɫɬɤɨ-
ɫɬɢ ɢ/ɢɥɢ ɜɟɤɬɨɪ ɧаɝɪɭɡɨɤ ɦɨɞɢɮɢɰɢɪɭɸɬɫя 
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ɧа ɤаɠɞɨɣ ɢɬɟɪаɰɢɢ. Иɫɩɨɥьɡɭɸɬɫя ɫɨɨɬɧɨ-
ɲɟɧɢя 
 [ ] { } { } { } 11 −⋅− −=Δ⋅ i
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ɝɞɟ: [ ] 1−iK  - ɦаɬɪɢɰа ɤɨэɮɮɢɰɢɟɧɬɨɜ ɬаɧɝɟɧ-

ɰɢаɥьɧɨɣ ɠɟɫɬɤɨɫɬɢ ɞɥя ɞɟɮɨɪɦɢɪɨɜаɧɧɨɣ 

ɝɟɨɦɟɬɪɢɢ ɧа (i-1) ɢɬɟɪаɰɢɢ; { }iuΔ  - ɜɟɤɬɨɪ, 
ɤɨɦɩɨɧɟɧɬаɦɢ ɤɨɬɨɪɨɝɨ яɜɥяɸɬɫя ɩɪɢɪащɟ-
ɧɢя ɩɟɪɟɦɟщɟɧɢɣ ɞɜɭɯ ɩɨɫɥɟɞɨɜаɬɟɥьɧыɯ 
ɢɬɟɪаɰɢɣ: { } { } { } 1−−=Δ iii uuu ; { }iu  -  ɜɟɤɬɨɪ ɩɟ-
ɪɟɦɟщɟɧɢɣ, ɨɬɧɨɫящɢɣɫя ɤ ɬɟɤɭщɟɣ ɢɬɟɪа-
ɰɢɢ; { }AF  -  ɜɟɤɬɨɪ ɩɪɢɥɨɠɟɧɧыɯ ɤ ɫɢɫɬɟɦɟ 
ɫɢɥ; { }i

NRF  -  ɜɟɤɬɨɪ ɧаɝɪɭɡɨɤ ɜ ɦɟɬɨɞɟ Ньɸ-

ɬɨɧа-Ɋаɮɫɨɧа, ɫɨɨɬɜɟɬɫɬɜɭɸщɢɯ ɩɟɪɟɦɟщɟ-
ɧɢяɦ ɞɥя ɢɬɟɪаɰɢɢ ɫ ɧɨɦɟɪɨɦ (i - 1). 

С ɬɨчɤɢ ɡɪɟɧɢя ɜычɢɫɥɢɬɟɥьɧɨɝɨ ɩɪɨɰɟɫɫа 
ɪаɫчɟɬ ɩɪɨɞɨɥɠаɟɬɫя ɞɨ ɬɟɯ ɩɨɪ, ɩɨɤа ɧɟ 
ɞɨɫɬɢɝɧɭɬа ɫɯɨɞɢɦɨɫɬь ɪɟɲɟɧɢя. Дɥя ɭɩɪаɜ-
ɥɟɧɢя ɩɪɨɰɟɫɫɨɦ ɫɯɨɞɢɦɨɫɬɢ ɧа ɤаɠɞɨɦ ɲа-
ɝɟ ɪɟɲɟɧɢя ɢɫɩɨɥьɡɭɟɬɫя ɦɟɬɨɞ ɨɝɪаɧɢчɢ-

ɜаɸщɢɯ ɞɭɝ. Пɪɨɜɟɪɤа ɫɯɨɞɢɦɨɫɬɢ ɩɪɢ ɩɟɪɟ-
ɯɨɞɟ ɤ ɫɥɟɞɭɸщɟɦɭ ɲаɝɭ ɩɪɨɢɡɜɨɞɢɬɫя ɩɨ 
ɧɟɜяɡɤɟ ɭɫɢɥɢɣ { } { }( )1−− i

NRA FF .  

Дɥя ɩɪɨɜɟɞɟɧɢя ɜычɢɫɥɢɬɟɥьɧыɯ эɤɫɩɟɪɢ-

ɦɟɧɬɨɜ ɫɨɡɞаɧы ɩɪɨɝɪаɦɦы - ɦаɤɪɨɫы ɧа 
яɡыɤɟ APDL. В ɩɪɨɰɟɫɫɟ ɩɪɨɜɟɞɟɧɢя ɜычɢɫ-
ɥɢɬɟɥьɧыɯ эɤɫɩɟɪɢɦɟɧɬɨɜ ɩɨ ɭɫɬɨɣчɢɜɨɫɬɢ 

ɩɪɨɫɬɪаɧɫɬɜɟɧɧыɯ  аɪɨчɧыɯ ɤɨɧɫɬɪɭɤɰɢɣ 

ɢɫɫɥɟɞɨɜаɥɢɫь:  • ɜɥɢяɧɢɟ ɤɨɧɟчɧɨ-эɥɟɦɟɧɬɧɨɣ ɞɢɫɤɪɟɬɢ-

ɡаɰɢɢ ɧа ɪɟɡɭɥьɬаɬы ɪаɫчɟɬа;  • ɜɥɢяɧɢɟ ɧа ɭɫɬɨɣчɢɜɨɫɬь ɩɪɨɫɬɪаɧɫɬɜɟɧ-

ɧɨɣ ɤɨɧɫɬɪɭɤɰɢɢ ɪаɡɧыɯ ɫɨɨɬɧɨɲɟɧɢɣ ɜыɫɨ-
ɬы ɤ ɲɢɪɢɧɟ ɫɟчɟɧɢя (k=7 ɢ k=9);  • ɪɟɡɭɥьɬаɬы ɥɢɧɟɣɧɨɝɨ ɢ ɧɟɥɢɧɟɣɧɨɝɨ 
аɧаɥɢɡа ɭɫɬɨɣчɢɜɨɫɬɢ аɪɨɤ. • ɜɥɢяɧɢɟ аɧɢɡɨɬɪɨɩɢɢ (ɨɪɬɨɬɪɨɩɢɢ) ɦаɬɟ-
ɪɢаɥа ɞɪɟɜɟɫɢɧы;  • ɜɥɢяɧɢɟ ɧа ɭɫɬɨɣчɢɜɨɫɬь ɩɪɨɫɬɪаɧɫɬɜɟɧ-

ɧɨɣ аɪɨчɧɨɣ ɤɨɧɫɬɪɭɤɰɢɢ ɠɟɫɬɤɨɫɬɢ ɫɜяɡɟɣ ɜ 
ɩɪɨɞɨɥьɧɨɦ ɧаɩɪаɜɥɟɧɢɢ.  

Ɋаɫчɟɬɧыɟ ɦɨɞɟɥɢ ɩɪɨɫɬɪаɧɫɬɜɟɧɧɨɣ ɤɨɧɫɬ-
ɪɭɤɰɢɢ аɪɤɢ ɫɨɡɞаɜаɥɢɫь ɤаɤ ɛаɥɨчɧыɦɢ, ɬаɤ 
ɢ ɨɛɨɥɨчɟчɧыɦɢ ɤɨɧɟчɧыɦɢ эɥɟɦɟɧɬаɦɢ 

(КЭ). Нɨ ɩɨɫɤɨɥьɤɭ ɜ ɛаɥɨчɧɨɣ ɦɨɞɟɥɢ, ɩɪɢ 

ɢɫɫɥɟɞɨɜаɧɢɢ ɩɪɨɫɬɪаɧɫɬɜɟɧɧɨɣ ɭɫɬɨɣчɢɜɨ-
ɫɬɢ ɧɟɥьɡя ɛыɥɨ ɪаɫɤɪɟɩɢɬь ɧɢɠɧɸɸ ɫɠаɬɭɸ 

ɝɪаɧь аɪɤɢ, а ɬаɤɠɟ ɭчɢɬыɜая, чɬɨ ɩɨɥɭчɟɧ-

ɧыɟ ɜ ɪɟɡɭɥьɬаɬɟ ɪаɫчɟɬа ɡɧачɟɧɢя ɤɪɢɬɢчɟ-
ɫɤɢɯ ɧаɝɪɭɡɨɤ ɜ ɛаɥɨчɧыɯ ɦɨɞɟɥяɯ ɫɭщɟɫɬ-
ɜɟɧɧɨ ɨɬɥɢчаɥɢɫь ɨɬ эɤɫɩɟɪɢɦɟɧɬаɥьɧыɯ 
ɡɧачɟɧɢɣ (~ ɧа 35%), ɞаɥьɧɟɣɲɢɣ аɧаɥɢɡ 
ɩɪɨɜɨɞɢɥɫя ɧа ɦɨɞɟɥяɯ, ɫɨɡɞаɜаɟɦыɯ ɨɛɨɥɨ-
чɟчɧыɦɢ (SHELL63) КЭ (ɪɢɫ. 3).  

 

 
Рɢɫɭɧɨɤ 3. Кɨɧеɱɧɨ-эɥеɦеɧɬɧая ɪаɫɱеɬɧая 

ɦɨɞеɥь аɪɤɢ 
 

Сɩɟɰɢаɥьɧыɣ ɤɨɧɟчɧыɣ эɥɟɦɟɧɬ SHELL63 

ɫɩɨɫɨɛɟɧ ɭчɢɬыɜаɬь ɝɟɨɦɟɬɪɢчɟɫɤɭɸ ɧɟɥɢ-

ɧɟɣɧɨɫɬь ɦаɬɟɪɢаɥа, а ɢɦɟɧɧɨ ɛɨɥьɲɢɟ ɩɪɨ-
ɝɢɛы, ɩɪɟɞɩɨɥаɝаɸщɢɟ ɛɨɥьɲɢɟ ɭɝɥы ɩɨɜɨ-
ɪɨɬа ɢ ɦаɥыɟ ɦɟɯаɧɢчɟɫɤɢɟ ɞɟɮɨɪɦаɰɢɢ.  

Заɤɪɟɩɥɟɧɢя ɜ ɤɨɧьɤɨɜɨɦ ɭɡɥɟ ɦɨɞɟɥɢɪɨɜа-
ɥɨɫь ɥɢɧɟɣɧыɦɢ ɫɜяɡяɦɢ, ɩɟɪɩɟɧɞɢɤɭɥяɪɧы-

ɦɢ ɩɥɨɫɤɨɫɬɢ ɞɟɣɫɬɜɢя ɧаɝɪɭɡɤɢ ɢ ɭɝɥɨɜɨɣ 

ɫɜяɡьɸ, ɩɪɟɩяɬɫɬɜɭɸщɟɣ ɩɨɜɨɪɨɬɭ аɪɤɢ ɜɨ-
ɤɪɭɝ ɨɫɢ ɯ, ɩаɪаɥɥɟɥьɧɨɣ ɩɪɨɥɟɬɭ. Ɋаɫɤɪɟɩɥɟ-
ɧɢя ɜɟɪɯɧɢɯ ɢ ɡаɤɪɟɩɥɟɧɢя ɧɢɠɧɢɯ ɝɪаɧɟɣ 

ɩɨɥɭаɪɨɤ ɢɦɢɬɢɪɨɜаɥɨɫь ɧаɥɨɠɟɧɢɟɦ ɥɢɧɟɣ-

ɧыɯ ɫɜяɡɟɣ ɩɟɪɩɟɧɞɢɤɭɥяɪɧɨ ɩɥɨɫɤɨɫɬɢ ɞɟɣ-

ɫɬɜɢя ɧаɝɪɭɡɤɢ (ɦɟɫɬа ɧа ɪɢɫ.3 ɨɬɦɟчɟɧы). 

На ɪɢɫ. 4 ɢ 5 ɩɨɤаɡаɧы ɪɟɡɭɥьɬаɬы ɥɢɧɟɣɧɨɝɨ 
ɪаɫчɟɬа ɩɟɪɟɦɟщɟɧɢɣ ɢ ɮɨɪɦ ɞɟɮɨɪɦɢɪɨ-
ɜаɧɧɨɣ ɨɫɢ ɜ ɩɥɨɫɤɨɫɬɢ ɢ ɯаɪаɤɬɟɪ ɩɟɪɟɦɟ-
щɟɧɢɣ ɧɢɠɧɢɯ ɝɪаɧɟɣ аɪɨɤ ɢɡ ɩɥɨɫɤɨɫɬɢ ɩɪɢ 

ɞɟɣɫɬɜɢɢ ɫɢɦɦɟɬɪɢчɧɨɣ ɧаɝɪɭɡɤɢ ɞɥя аɪɨɤ ɫ 
ɫɨɨɬɧɨɲɟɧɢɟɦ ɪаɡɦɟɪɨɜ ɫɟчɟɧɢя k=7 ɢ k=9, 

ɤɨɬɨɪыɟ ɤачɟɫɬɜɟɧɧɨ ɫɨɨɬɜɟɬɫɬɜɭɸɬ ɪɟɡɭɥь-
ɬаɬаɦ ɧаɬɭɪɧыɯ эɤɫɩɟɪɢɦɟɧɬɨɜ. А ɧа ɪɢɫ. 6 

ɩɨɤаɡаɧ ɯаɪаɤɬɟɪ ɩɟɪɟɦɟщɟɧɢɣ аɪɤɢ ɜ ɩɥɨɫ-
ɤɨɫɬɢ ɢ ɢɡ ɩɥɨɫɤɨɫɬɢ ɞɟɣɫɬɜɢя ɫɢɦɦɟɬɪɢч-
ɧɨɣ ɧаɝɪɭɡɤɢ. 
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Рɢɫɭɧɨɤ 4. Раɫɱеɬɧые (            ) ɢ эɤɫɩеɪɢɦеɧɬаɥьɧые (        ) ɮɨɪɦы ɞеɮɨɪɦɢɪɨɜаɧɧɨɣ ɨɫɢ  
ɜ ɩɥɨɫɤɨɫɬɢ (а) ɢ ɩеɪеɦещеɧɢя ɧɢɠɧɢɯ ɝɪаɧеɣ аɪɨɤ ɢɡ ɩɥɨɫɤɨɫɬɢ (ɛ) ɞеɣɫɬɜɢя ɫɢɦɦеɬɪɢɱ-

ɧɨɣ ɧаɝɪɭɡɤɢ, ɜ ɦɦ 
 

 

 
Рɢɫɭɧɨɤ 5. Раɫɱеɬɧые (          ) ɢ эɤɫɩеɪɢɦеɧɬаɥьɧые (         ) ɮɨɪɦы ɞеɮɨɪɦɢɪɨɜаɧɧɨɣ ɨɫɢ  
ɜ ɩɥɨɫɤɨɫɬɢ (а) ɢ ɩеɪеɦещеɧɢя ɧɢɠɧɢɯ ɝɪаɧеɣ аɪɨɤ ɢɡ ɩɥɨɫɤɨɫɬɢ (ɛ) ɞеɣɫɬɜɢя ɫɢɦɦеɬɪɢɱ-

ɧɨɣ ɧаɝɪɭɡɤɢ ɫ ɡаɤɪеɩɥеɧɧыɦɢ ɧɢɠɧɢɦɢ ɝɪаɧяɦɢ, ɜ ɦɦ 
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S U B  = 1

F R E Q = 2 . 3 1 7

D M X  = . 0 0 5 4 1 6

 
Рɢɫɭɧɨɤ 6. Хаɪаɤɬеɪ ɩеɪеɦещеɧɢɣ аɪɨɤ ɜ ɩɥɨɫɤɨɫɬɢ ɢ ɢɡ ɩɥɨɫɤɨɫɬɢ ɞеɣɫɬɜɢя ɫɢɦɦеɬɪɢɱɧɨɣ 

ɧаɝɪɭɡɤɢ ɜ ANSYS. 

 

 
Рɢɫɭɧɨɤ 7. Раɫɱеɬɧые  ɢ эɤɫɩеɪɢɦеɧɬаɥьɧые  ɡɧаɱеɧɢя ɢ ɩеɪеɦещеɧɢɣ ɧɢɠɧɢɯ ɝɪаɧеɣ аɪɨɤ  
ɢɡ ɩɥɨɫɤɨɫɬɢ ɞеɣɫɬɜɢя ɫɢɦɦеɬɪɢɱɧɨɣ ɧаɝɪɭɡɤɢ: а) ɫ ɧеɡаɤɪеɩɥеɧɧыɦɢ  ɧɢɠɧɢɦɢ ɝɪаɧяɦɢ;   

ɛ) ɫ ɡаɤɪеɩɥеɧɧыɦɢ ɧɢɠɧɢɦɢ ɝɪаɧяɦɢ 
 

На ɪɢɫ. 7 ɩɪɢɜɟɞɟɧы ɫɪаɜɧɢɬɟɥьɧыɟ ɪɟɡɭɥь-
ɬаɬы ɥɢɧɟɣɧɨɝɨ ɢ ɧɟɥɢɧɟɣɧɨɝɨ ɪаɫчɟɬɨɜ ɩɟ-
ɪɟɦɟщɟɧɢɣ ɧɢɠɧɢɯ ɝɪаɧɟɣ аɪɨɤ ɢɡ ɩɥɨɫɤɨ-
ɫɬɢ ɞɥя k=7 ɫ ɧɟɡаɤɪɟɩɥɟɧɧыɦɢ ɢ ɡаɤɪɟɩɥɟɧ-

ɧыɦɢ ɧɢɠɧɢɦɢ ɝɪаɧяɦɢ ɫ ɭчɟɬɨɦ ɨɪɬɨɬɪɨ-
ɩɢɢ ɫɜɨɣɫɬɜ ɞɪɟɜɟɫɢɧы. 

Ɋɟɡɭɥьɬаɬы ɢɫɩыɬаɧɢɣ аɪɨɤ ɧа ɧɟɫɢɦɦɟɬ-
ɪɢчɧɭɸ ɧаɝɪɭɡɤɭ ɫ ɩɨɥɧɨɫɬьɸ ɪаɫɤɪɟɩɥɟɧ-

ɧыɦɢ ɢɡ ɩɥɨɫɤɨɫɬɢ ɜɟɪɯɧɢɦɢ ɝɪаɧяɦɢ ɫɭщɟ-
ɫɬɜɟɧɧɨ ɨɬɥɢчаɥɢɫь ɨɬ ɩɪɟɞыɞɭщɢɯ. Зɞɟɫь 
ɫɠаɬая ɪаɫɤɪɟɩɥɟɧɧая ɝɪаɧь ɥɟɜɨɣ ɩɨɥɭаɪɤɢ 

ɩɪɢ ɪаɫчɟɬɧыɯ ɧаɝɪɭɡɤаɯ ɩɪаɤɬɢчɟɫɤɢ ɧɟ 
ɢɦɟɥа ɫɦɟщɟɧɢɣ ɢɡ ɩɥɨɫɤɨɫɬɢ, а ɩɨяɜɥɟɧɢɟ 
ɛɨɤɨɜыɯ ɩɟɪɟɦɟщɟɧɢɣ ɩɪɢ ɛɨɥьɲɢɯ ɧаɝɪɭɡ-
ɤаɯ ɛыɥɨ ɫɜяɡаɧɨ ɫ ɩɨɞаɬɥɢɜɨɫɬьɸ эɥɟɦɟɧɬɨɜ 

ɪаɫɤɪɟɩɥɟɧɢя. Сɜɨɛɨɞɧая ɨɬ ɧаɝɪɭɡɤɢ ɩɪаɜая 
ɩɨɥɭаɪɤа ɧɟ ɦɨɝɥа ɫɜɨɛɨɞɧɨ ɞɟɮɨɪɦɢɪɨɜаɬь-
ɫя ɜ ɩɥɨɫɤɨɫɬɢ ɧаɢɦɟɧьɲɟɣ ɠɟɫɬɤɨɫɬɢ, ɬ.ɤ. 
ɟɟ ɩɟɪɟɦɟщɟɧɢя ɢɡ ɩɥɨɫɤɨɫɬɢ ɛыɥɢ ɫɬɟɫɧɟɧы 

ɫɜяɡяɦɢ, ɧаɥɨɠɟɧɧыɦɢ ɧа ɜɟɪɯɧɸɸ ɪаɫɬяɧɭ-

ɬɭɸ ɝɪаɧь, а ɢɦɟɥа ɜɨɡɦɨɠɧɨɫɬь ɥɢɲь ɡаɤɪɭ-

чɢɜаɬьɫя ɨɬɧɨɫɢɬɟɥьɧɨ ɥɢɧɢɢ ɪаɫɤɪɟɩɥɟɧɢя. 
Дɟɮɨɪɦɢɪɨɜаɧɢɟ ɫɠаɬɨɣ ɝɪаɧɢ ɢɡ ɩɥɨɫɤɨɫɬɢ 

ɩɪɨɢɫɯɨɞɢɥɨ ɩɨɫɬɟɩɟɧɧɨ ɫ ɦɟɞɥɟɧɧыɦ ɩɪɢ-

ɪɨɫɬɨɦ ɩɟɪɟɦɟщɟɧɢɣ ɞɨ ɨɩɪɟɞɟɥɟɧɧɨɝɨ ɩɪɟ-
ɞɟɥа, а ɡаɬɟɦ ɪɟɡɤɨ ɩɪɨɢɫɯɨɞɢɥ ɢɯ ɡɧачɢ-

ɬɟɥьɧыɣ ɩɪɢɪɨɫɬ ɛɟɡ ɞаɥьɧɟɣɲɟɝɨ ɭɜɟɥɢчɟ-
ɧɢя ɧаɝɪɭɡɤɢ. 
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Рɢɫɭɧɨɤ 8. Деɮɨɪɦɢɪɨɜаɧɧɨе ɫɨɫɬɨяɧɢе аɪɤɢ: а) эɤɫɩеɪɢɦеɧɬаɥьɧɨе; ɛ) ɪаɫɱеɬɧɨе 
 

 
Рɢɫɭɧɨɤ 9. Заɜɢɫɢɦɨɫɬь ɩеɪеɦещеɧɢɣ ɧɢɠɧɢɯ ɝɪаɧеɣ ɨɬ ɩɪɢɥɨɠеɧɧɨɣ ɧаɝɪɭɡɤɢ
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Рɢɫɭɧɨɤ 10. Заɜɢɫɢɦɨɫɬь ɤɪɢɬɢɱеɫɤɨɣ ɧаɝɪɭɡɤɢ ɨɬ ɤɨɥɢɱеɫɬɜа ɡаɤɪеɩɥеɧɢɣ ɧа ɜеɪɯɧеɣ ɝɪаɧɢ 

 

На ɪɢɫ. 8а ɩɨɤаɡаɧы ɫɭɦɦаɪɧыɟ ɩɟɪɟɦɟщɟ-
ɧɢя аɪɤɢ ɫ ɫɨɨɬɧɨɲɟɧɢɟɦ k=7 ɜ ɩɥɨɫɤɨɫɬɢ 

ɞɟɣɫɬɜɢя ɧаɝɪɭɡɤɢ: 1 - ɩɪɢ ɪаɫчɟɬɧɨɣ ɧаɝɪɭɡ-
ɤɟ Р=5,3 ɤН, 2 - ɩɪɢ ɤɪɢɬɢчɟɫɤɨɣ ɧаɝɪɭɡɤɟ 
Р=6,8 ɤН; 3 – ɢɡ ɩɥɨɫɤɨɫɬɢ ɞɟɣɫɬɜɢя ɧаɝɪɭɡ-
ɤɢ, ɩɨɥɭчɟɧɧыɟ эɤɫɩɟɪɢɦɟɧɬаɥьɧɨ, а ɧа ɪɢɫ. 
8ɛ – ɮɨɪɦа ɞɟɮɨɪɦɢɪɨɜаɧɢя, ɩɨɥɭчɟɧɧая ɜ 
ɪɟɡɭɥьɬаɬɟ ɪаɫчɟɬа ɜ ПК ANSYS (ɤɪɢɬɢчɟ-
ɫɤая ɧаɝɪɭɡɤа Рɤɪ = 5,7 ɤН). Аɧаɥɨɝɢчɧая 
ɤаɪɬɢɧа ɞɟɮɨɪɦɢɪɨɜаɧɢя ɩɨɥɭчɟɧа ɢ ɞɥя аɪ-
ɤɢ ɫ ɫɨɨɬɧɨɲɟɧɢɟɦ k=9, Рɤɪ = 8,1 ɤН. 

На ɪɢɫ. 9 ɩɨɤаɡаɧа ɡаɜɢɫɢɦɨɫɬь ɩɟɪɟɦɟщɟ-
ɧɢɣ ɧɢɠɧɟɣ ɝɪаɧɢ аɪɤɢ ɢɡ ɩɥɨɫɤɨɫɬɢ ɞɟɣɫɬ-
ɜɢя ɧаɝɪɭɡɤɢ ɨɬ ɩɪɢɥɨɠɟɧɧɨɣ ɧаɝɪɭɡɤɢ ɩɪɢ 

ɪаɡɧыɯ ɫɨɨɬɧɨɲɟɧɢяɯ k. Пɪɢ ɧаɝɪɭɡɤаɯ 
ɛɥɢɡɤɢɯ ɤ ɤɪɢɬɢчɟɫɤɢɦ ɩɟɪɟɦɟщɟɧɢя ɧɢɠ-

ɧɢɯ ɧɟɡаɤɪɟɩɥɟɧɧыɯ ɝɪаɧɟɣ ɢɡ ɩɥɨɫɤɨɫɬɢ 

ɪɟɡɤɨ ɜɨɡɪаɫɬаɸɬ. Вɟɥɢчɢɧа ɢɯ ɫɭщɟɫɬɜɟɧɧɨ 
ɡаɜɢɫɢɬ ɨɬ ɩаɪаɦɟɬɪа k. Пɪɢ ɞɨɫɬɢɠɟɧɢɢ 

ɤɪɢɬɢчɟɫɤɨɣ ɧаɝɪɭɡɤɢ ɩɟɪɟɦɟщɟɧɢя ɩɪɢ 

k=12 ɨɬɥɢчаɸɬɫя ɨɬ ɩɟɪɟɦɟщɟɧɢɣ ɩɪɢ k=5 ɜ 
3 ɪаɡа. 
С ɭɜɟɥɢчɟɧɢɟɦ ɤɨɥɢчɟɫɬɜа ɫɜяɡɟɣ ɧа ɜɟɪɯɧɟɣ 

ɝɪаɧɢ (ɩɪɨɝɨɧɨɜ) ɡɧачɟɧɢɟ ɤɪɢɬɢчɟɫɤɨɣ ɧа-
ɝɪɭɡɤɢ ɪаɫɬɟɬ. Оɞɧаɤɨ, ɤɨɥɢчɟɫɬɜɨ ɫɜяɡɟɣ ɧа 
ɜɟɪɯɧɟɣ ɝɪаɧɢ ɛɨɥьɲɟ 3 ɧɟ ɨɤаɡыɜаɟɬ ɫɭщɟ-

ɫɬɜɟɧɧɨɝɨ ɜɥɢяɧɢя ɧа ɤɪɢɬɢчɟɫɤɭɸ ɧаɝɪɭɡɤɭ 
(ɪɢɫ. 10). 

В ɬаɛɥɢɰɟ 1 ɩɪɢɜɟɞɟɧы ɨɫɧɨɜɧыɟ ɪɟɡɭɥьɬаɬы 

ɥɢɧɟɣɧɨɝɨ ɢ ɧɟɥɢɧɟɣɧɨɝɨ ɪаɫчɟɬɨɜ ɤɪɢɬɢчɟ-
ɫɤɨɣ ɧаɝɪɭɡɤɢ ɞɥя ɦɨɞɟɥɟɣ аɪɨɤ ɫ ɫɨɨɬɧɨɲɟ-
ɧɢяɦɢ ɜыɫɨɬы ɤ ɲɢɪɢɧɟ ɫɟчɟɧɢя k=7 ɢ k=9, 

ɪɟɡɭɥьɬаɬы эɤɫɩɟɪɢɦɟɧɬɨɜ ɢ ɪаɡɧɢɰа чɢɫ-
ɥɟɧɧыɯ ɢ эɤɫɩɟɪɢɦɟɧɬаɥьɧыɯ ɡɧачɟɧɢɣ (ε%) 

ɩɪɢ ɫɢɦɦɟɬɪɢчɧɨɣ ɧаɝɪɭɡɤɟ. В ɪаɫчɟɬаɯ ɭчɢ-

ɬыɜаɥɫя ɪаɡɛɪɨɫ ɫɜɨɣɫɬɜ ɦаɬɟɪɢаɥа.  
Пɨ ɪɟɡɭɥьɬаɬаɦ эɤɫɩɟɪɢɦɟɧɬаɥьɧыɯ ɢɫɫɥɟ-
ɞɨɜаɧɢɣ, аɪɤɢ ɛɟɡ ɞɨɩɨɥɧɢɬɟɥьɧыɯ ɫɜяɡɟɣ 

ɪаɡɪɭɲаɸɬɫя ɩɪɢ ɦɟɧьɲɢɯ ɧаɝɪɭɡɤаɯ ɨɬ ɩɨ-
ɬɟɪɢ ɭɫɬɨɣчɢɜɨɫɬɢ. Аɪɤɢ ɫ ɞɨɩɨɥɧɢɬɟɥьɧы-

ɦɢ ɫɜяɡяɦɢ ɪаɡɪɭɲаɸɬɫя ɩɪɢ ɛɨɥьɲɢɯ ɧа-
ɝɪɭɡɤаɯ ɜ ɪɟɡɭɥьɬаɬɟ ɢɫчɟɪɩаɧɢя ɧɟɫɭщɟɣ 

ɫɩɨɫɨɛɧɨɫɬɢ ɦаɬɟɪɢаɥа - ɪаɡɪыɜа ɜɨɥɨɤɨɧ. 

Эɬɨ ɩɨɞɬɜɟɪɠɞаɸɬ ɢ ɜычɢɫɥɢɬɟɥьɧыɟ эɤɫɩɟ-
ɪɢɦɟɧɬы, ɜ ɤɨɬɨɪыɯ ɞɥя аɪɨɤ ɛɟɡ ɞɨɩɨɥɧɢ-

ɬɟɥьɧыɯ ɫɜяɡɟɣ ɛɨɥɟɟ ɛɥɢɡɤɢɟ ɤ эɤɫɩɟɪɢɦɟɧ-

ɬаɥьɧыɦ ɤɪɢɬɢчɟɫɤɢɟ ɧаɝɪɭɡɤɢ ɞаɟɬ ɥɢɧɟɣ-

ɧыɣ ɪаɫчɟɬ, а ɞɥя аɪɨɤ ɫ ɞɨɩɨɥɧɢɬɟɥьɧыɦɢ 

ɫɜяɡяɦɢ – ɧɟɥɢɧɟɣɧыɣ ɪаɫчɟɬ. 
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Таɛɥɢɰа 1. Сɪаɜɧɢɬɟɥьɧыɟ ɪɟɡɭɥьɬаɬы ɪаɫчɟɬɨɜ ɤɪɢɬɢчɟɫɤɨɣ ɧаɝɪɭɡɤɢ ɞɥя ɦɨɞɟɥɟɣ аɪɨɤ 
Эɤɫɩɟɪɢɦɟɧɬ Оɪɬɨɬɪɨɩɧыɣ ɦаɬɟɪɢаɥ, 

 

 

k=

h/b 

 

Еɩɪɨɞ 
×10

4
, 

МПа 

 

Еɩɨ-
ɩеɪ×1

0
4
, 

МПа 

Беɡ 
ɡаɤɪе-
ɩɥеɧ. 
ɧɢɠɧ. 
ɝɪаɧɢ 

ɋ ɡа-
ɤɪеɩ-
ɥеɧ. 
ɧɢɠɧ. 
ɝɪаɧɢ 

Беɡ ɡаɤɪеɩɥеɧ. ɧɢɠɧ. ɝɪаɧɢ ɋ ɡаɤɪеɩɥеɧ .ɧɢɠɧ. ɝɪаɧɢ 

     ɥиɧ ε% ɧ/ɥиɧ ε% ɥиɧ ε% ɧ/ɥиɧ ε% 

1,072 0,38 13,21 14,5 11,5 12,9 9,88 25,2 16,99 17,2 13,63 6,0 

1,276 0,4 13,4 16,08 12,2 8,9 10,88 18,8 18,22 13,3 15,87 1,3 

7 

1,48 0,405 13,3 16,21 12,86 3,3 11,195 15,8 19,42 19,8 15,83 2,3 

1,072 0,39 14,9 17,9 11,82 20,6 11,307 24,1 18,43 2,97 15,52 13,2

1,276 0,402 15,58 19,3 13,58 12,8 12,95 16,8 20,42 5,8 19,03 1,4 

9 

1,48 0,401 15,1 18,2 13,32 11,7 12,81 15,1 21,61 18,7 18,256 0,3 

 

На ɩɪаɤɬɢɤɟ ɭɫɬɨɣчɢɜɨɫɬь аɪɨчɧɨɝɨ ɫɨɨɪɭ-

ɠɟɧɢя ɜ ɩɪɨɞɨɥьɧɨɦ ɧаɩɪаɜɥɟɧɢɢ ɨɛɟɫɩɟчɢ-

ɜаɟɬɫя ɫɢɫɬɟɦɨɣ ɫɜяɡɟɣ, ɜыɩɨɥɧɟɧɧыɯ ɢɡ ɞɟ-
ɪɟɜяɧɧыɯ ɢɥɢ ɫɬаɥьɧыɯ ɫɬɟɪɠɧɟɣ ɞɨɫɬаɬɨч-
ɧɨ ɦаɥɨɣ ɠɟɫɬɤɨɫɬɢ, ɩɨ ɫɪаɜɧɟɧɢɸ ɫ ɠɟɫɬɤɨ-
ɫɬьɸ аɪɤɢ. Сɜяɡɟɜыɟ эɥɟɦɟɧɬы ɤɪɟɩяɬɫя ɤ 
ɩɨɥɭаɪɤаɦ ɝɢɛɤɢɦɢ ɫɬаɥьɧыɦɢ ɫɨɟɞɢɧɢɬɟɥь-
ɧыɦɢ ɞɟɬаɥяɦɢ. Вɫя ɫɜяɡɟɜая ɫɢɫɬɟɦа яɜɥя-
ɟɬɫя ɞɨɫɬаɬɨчɧɨ ɩɨɞаɬɥɢɜɨɣ, чɬɨ ɩɪɢɜɨɞɢɬ ɤ 
ɩɨяɜɥɟɧɢɸ ɩɟɪɟɦɟщɟɧɢɣ ɜɞɨɥь ɨɫɢ ɫɨɨɪɭ-
ɠɟɧɢя ɩɪɢ ɧаɝɪɭɡɤаɯ, ɦɟɧьɲɢɯ ɤɪɢɬɢчɟɫɤɢɯ. 
Дɥя ɨɰɟɧɤɢ ɜɥɢяɧɢя ɠɟɫɬɤɨɫɬɢ ɫɨɟɞɢɧɢɬɟɥь-
ɧыɯ ɞɟɬаɥɟɣ ɜыɩɨɥɧяɥɢɫь ɪаɫчɟɬы ɞɥя ɞɜɭɯ 
аɪɨɤ, ɫɜяɡаɧɧыɯ ɦɟɠɞɭ ɫɨɛɨɣ ɫɜяɡяɦɢ ɪаɡɧɨɣ 

ɠɟɫɬɤɨɫɬɢ (ɞɟɪɟɜяɧɧыɦɢ ɢ ɫɬаɥьɧыɦɢ 

ɫɬɟɪɠɧяɦɢ), ɧа ɞɟɣɫɬɜɢɟ ɫɢɦɦɟɬɪɢчɧɨɣ ɧа-
ɝɪɭɡɤɢ. В ɪɟɡɭɥьɬаɬɟ ɭɫɬаɧɨɜɥɟɧɨ, чɬɨ ɩɟɪɟ-
ɦɟщɟɧɢя ɧɢɠɧɢɯ ɝɪаɧɟɣ аɪɨɤ ɢɡ ɩɥɨɫɤɨɫɬɢ 

ɩɪɢ ɫɜяɡяɯ ɪаɡɧɨɣ ɠɟɫɬɤɨɫɬɢ ɨɬɥɢчаɸɬɫя ɧɟ-
ɡɧачɢɬɟɥьɧɨ, а ɤɪɢɬɢчɟɫɤая ɧаɝɪɭɡɤа ɞɥя 

ɤɨɧɫɬɪɭɤɰɢɢ ɫɨ ɫɬаɥьɧыɦɢ ɫɬɟɪɠɧяɦɢ ɩɨɥɭ-

чаɟɬɫя ɩɪɢɦɟɪɧɨ 30%  ɛɨɥьɲɟ. 
ɍɫɬаɧɨɜɥɟɧа ɡаɜɢɫɢɦɨɫɬь ɤɨэɮɮɢɰɢɟɧɬа 
ɫɧɢɠɟɧɢя ɤɪɢɬɢчɟɫɤɨɣ ɧаɝɪɭɡɤɢ ɨɬ ɦаɬɟɪɢа-
ɥа ɫɜяɡɟɣ (ɞɟɪɟɜɨ, ɦɟɬаɥɥ), ɪаɫɫɬɨяɧɢя ɦɟɠɞɭ 
аɪɤаɦɢ, а ɬаɤɠɟ ɞɥя ɜаɪɢаɧɬɨɜ ɠɟɫɬɤɨɝɨ ɢ 

ɲаɪɧɢɪɧɨɝɨ ɩɪɢɫɨɟɞɢɧɟɧɢя эɥɟɦɟɧɬɨɜ ɞɨ-
ɩɨɥɧɢɬɟɥьɧыɯ ɫɜяɡɟɣ ɤ аɪɤаɦ (ɪɢɫ. 11). 

Ɋаɡɪаɛɨɬаɧɧая ɦɟɬɨɞɢɤа ɪаɫчɟɬа ɧа ɭɫɬɨɣчɢ-

ɜɨɫɬь ɛыɥа ɩɪɢɦɟɧɟɧа ɞɥя ɪаɫчɟɬа ɪɟаɥьɧɨɝɨ 
ɫɨɨɪɭɠɟɧɢя. За ɨɫɧɨɜɭ ɞɥя ɪаɫчɟɬа ɜɡяɬ 
ɫɤɥаɞ Сɨɥɢɤаɦɫɤɨɝɨ ɤаɥɢɣɧɨɝɨ ɤɨɦɛɢɧаɬа 
ɩɪɨɥɟɬɨɦ 45 ɦɟɬɪɨɜ ɢ ɫɨɨɬɧɨɲɟɧɢɟɦ ɜыɫɨɬы 

ɤ ɲɢɪɢɧɟ ɫɟчɟɧɢя k=5 (ɪɢɫ. 12). 

Пɪɨɜɟɞɟɧ ɥɢɧɟɣɧыɣ ɪаɫчɟɬ ɭɫɬɨɣчɢɜɨɫɬɢ 

ɫɨɨɪɭɠɟɧɢя ɧа ɜɨɡɞɟɣɫɬɜɢɟ ɫɨɛɫɬɜɟɧɧɨɝɨ 
ɜɟɫа ɢ ɫɧɟɝɨɜɨɣ ɧаɝɪɭɡɤɢ. 

На ɪɢɫ.13 ɩɨɤаɡаɧа ɩɟɪɜая ɮɨɪɦа ɭɫɬɨɣчɢɜɨ-
ɫɬɢ ɞɥя аɪɨɤ ɢ ɫɜяɡɟɜыɯ ɤɨɧɫɬɪɭɤɰɢɣ. 
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Рɢɫɭɧɨɤ 11. Заɜɢɫɢɦɨɫɬь ɤɨэɮɮɢɰɢеɧɬа ɫɧɢɠеɧɢя ɤɪɢɬɢɱеɫɤɨɣ ɧаɝɪɭɡɤɢ ɨɬ ɦаɬеɪɢаɥа  
ɫɜяɡеɣ (ɞеɪеɜɨ, ɦеɬаɥɥ), ɪаɫɫɬɨяɧɢя ɦеɠɞɭ аɪɤаɦɢ, а ɬаɤɠе ɞɥя ɜаɪɢаɧɬɨɜ ɠеɫɬɤɨɝɨ  

ɢ ɲаɪɧɢɪɧɨɝɨ ɩɪɢɫɨеɞɢɧеɧɢя эɥеɦеɧɬɨɜ ɞɨɩɨɥɧɢɬеɥьɧыɯ ɫɜяɡеɣ ɤ аɪɤаɦ. 

 

 

 
 

Рɢɫɭɧɨɤ 12. Кɨɧеɱɧɨ-эɥеɦеɧɬɧая ɪаɫɱеɬɧая ɦɨɞеɥь ɫɤɥаɞа 
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Рɢɫɭɧɨɤ 13. ɉеɪɜая ɮɨɪɦа ɩɨɬеɪɢ ɭɫɬɨɣɱɢɜɨɫɬɢ ɞɥя ɩɪɨɝɨɧɨɜ ɢ ɫɜяɡеɜыɯ ɛɥɨɤɨɜ ɢ ɞɥя аɪɨɤ 
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ɍɫɬɨɣчɢɜɨɫɬь ɤɨɧɫɬɪɭɤɰɢɢ ɜ ɩɪɨɫɬɪаɧɫɬɜɟ 
ɨɛɟɫɩɟчɟɧа ɤаɤ ɩɨ ɪаɫчɟɬаɦ СНɢП, ɬаɤ ɢ ɩɨ 
ɧаɲɟɣ ɦɟɬɨɞɢɤɟ. 
Кɪɨɦɟ ɬɨɝɨ, ɜыɩɨɥɧɟɧы ɪаɫчɟɬы ɞɥя ɫɥɭчаɟɜ 
ɨɬɫɭɬɫɬɜɢя ɫɜяɡɟɣ, ɩɨɞɤɪɟɩɥяɸщɢɯ ɧɢɠɧɢɟ 
ɝɪаɧɢ, ɪаɡɧɨɝɨ ɤɨɥɢчɟɫɬɜа ɫɜяɡɟɜыɯ ɛɥɨɤɨɜ. 
Тɟɨɪɟɬɢчɟɫɤɢ ɞɨɤаɡаɧɨ, чɬɨ ɛɟɡ ɩɨɞɤɪɟɩɥɟ-
ɧɢя ɩɪɨɫɬɪаɧɫɬɜɟɧɧая ɭɫɬɨɣчɢɜɨɫɬь ɫɤɥаɞа 
ɧɟ ɨɛɟɫɩɟчɢɜаɟɬɫя. 
 

Аɧɚлиɡ ɪеɡɭлɶɬɚɬов.  

Аɧаɥɢɡɢɪɭя ɪɟɡɭɥьɬаɬы эɤɫɩɟɪɢɦɟɧɬаɥьɧыɯ 
ɢ чɢɫɥɟɧɧыɯ ɢɫɫɥɟɞɨɜаɧɢɣ ɭɫɬɨɣчɢɜɨɫɬɢ 

ɫɬɪɟɥьчаɬыɯ аɪɨɤ, ɫɥɟɞɭɟɬ ɨɬɦɟɬɢɬь ɫɥɟ-
ɞɭɸщɢɟ ɨɫɧɨɜɧыɟ ɦɨɦɟɧɬы: 

1. Сɬɪɟɥьчаɬыɟ аɪɤɢ ɩɪɢ k = 5 ɞɟɮɨɪɦɢ-

ɪɭɸɬɫя ɜ ɩɥɨɫɤɨɫɬɢ ɞɟɣɫɬɜɢя ɧаɝɪɭɡ-
ɤɢ ɢ ɩɨɬɟɪɢ ɭɫɬɨɣчɢɜɨɫɬɢ ɩɥɨɫɤɨɣ 

ɮɨɪɦы ɞɟɮɨɪɦɢɪɨɜаɧɢя ɧɟ ɩɪɨɢɫɯɨ-
ɞɢɬ, а ɞɥя ɤɨɧɫɬɪɭɤɰɢɣ ɫ ɨɬɧɨɲɟɧɢɟɦ 

h/b>5 ɯаɪаɤɬɟɪɧа ɩɪɨɫɬɪаɧɫɬɜɟɧɧая 
ɮɨɪɦа ɞɟɮɨɪɦаɰɢɣ ɫ ɩɨɫɥɟɞɭɸщɟɣ 

ɩɨɬɟɪɟɣ ɭɫɬɨɣчɢɜɨɫɬɢ ɩɥɨɫɤɨɣ ɮɨɪɦы 

ɞɟɮɨɪɦɢɪɨɜаɧɢя ɫɠаɬɨɣ ɧɟ ɡаɤɪɟɩ-

ɥɟɧɧɨɣ ɝɪаɧɢ ɩɨɥɭаɪɤɢ. 

2. Сɭщɟɫɬɜɟɧɧɨɟ ɜɥɢяɧɢɟ ɧа ɯаɪаɤɬɟɪ 
ɞɟɮɨɪɦаɰɢɣ ɧɢɠɧɢɯ ɫɠаɬыɯ ɝɪаɧɟɣ 

ɩɨɥɭаɪɨɤ ɢɡ ɩɥɨɫɤɨɫɬɢ ɨɤаɡыɜаɟɬ ɧа-
ɥɢчɢɟ ɡаɤɪɟɩɥɟɧɢɣ эɬɢɯ ɝɪаɧɟɣ, чɟɦ 

ɛɨɥьɲɟ ɨɬɧɨɲɟɧɢɟ h/b, ɬɟɦ ɜыɲɟ эɮ-

ɮɟɤɬ ɩɨɞɤɪɟɩɥɟɧɢя ɨɬ ɞɨɩɨɥɧɢɬɟɥь-
ɧыɯ ɫɜяɡɟɣ. Нɨ ɜɜɟɞɟɧɢɟ ɞɨɩɨɥɧɢ-

ɬɟɥьɧыɯ ɫɜяɡɟɣ, ɧɟ ɨɤаɡыɜаɟɬ ɫɭщɟɫɬ-
ɜɟɧɧɨɝɨ ɜɥɢяɧɢя ɧа ɞɟɮɨɪɦаɰɢɢ аɪɨɤ 
ɜ ɩɥɨɫɤɨɫɬɢ ɧаɢɛɨɥьɲɟɣ ɠɟɫɬɤɨɫɬɢ  

ɜɩɥɨɬь ɞɨ ɧаɝɪɭɡɤɢ, ɛɥɢɡɤɨɣ ɤ ɤɪɢɬɢ-

чɟɫɤɨɣ. 

3. Аɪɤɢ ɛɟɡ ɞɨɩɨɥɧɢɬɟɥьɧыɯ ɫɜяɡɟɣ ɪаɡ-
ɪɭɲаɸɬɫя ɩɪɢ ɦɟɧьɲɢɯ ɧаɝɪɭɡɤаɯ ɨɬ 
ɩɨɬɟɪɢ ɭɫɬɨɣчɢɜɨɫɬɢ. Аɪɤɢ ɫ ɞɨɩɨɥ-
ɧɢɬɟɥьɧыɦɢ ɫɜяɡяɦɢ ɪаɡɪɭɲаɸɬɫя 
ɩɪɢ ɛɨɥьɲɢɯ ɧаɝɪɭɡɤаɯ ɜ ɪɟɡɭɥьɬаɬɟ 
ɢɫчɟɪɩаɧɢя ɧɟɫɭщɟɣ ɫɩɨɫɨɛɧɨɫɬɢ ɦа-
ɬɟɪɢаɥа - ɪаɡɪыɜа ɜɨɥɨɤɨɧ. Эɬɨ ɩɨɞ-

ɬɜɟɪɠɞаɸɬ ɢ ɜычɢɫɥɢɬɟɥьɧыɟ эɤɫɩɟ-
ɪɢɦɟɧɬы, ɜ ɤɨɬɨɪыɯ ɞɥя аɪɨɤ ɛɟɡ ɞɨ-
ɩɨɥɧɢɬɟɥьɧыɯ ɫɜяɡɟɣ ɛɨɥɟɟ ɛɥɢɡɤɢɟ ɤ 

эɤɫɩɟɪɢɦɟɧɬаɥьɧыɦ ɤɪɢɬɢчɟɫɤɢɟ ɧа-
ɝɪɭɡɤɢ ɞаɟɬ ɥɢɧɟɣɧыɣ ɪаɫчɟɬ, а ɞɥя 
аɪɨɤ ɫ ɞɨɩɨɥɧɢɬɟɥьɧыɦɢ ɫɜяɡяɦɢ – 

ɧɟɥɢɧɟɣɧыɣ ɪаɫчɟɬ. 
4. Ɋаɫчɟɬ ɧа ɭɫɬɨɣчɢɜɨɫɬь ɤɨɧɫɬɪɭɤɰɢɣ 

аɪɨɤ ɫ k >5 ɫɥɟɞɭɟɬ ɩɪɨɜɨɞɢɬь ɧа ɪаɫ-
чɟɬɧыɯ ɦɨɞɟɥяɯ, ɫɨɡɞаɜаɟɦыɯ ɨɛɨɥɨ-
чɟчɧыɦɢ ɤɨɧɟчɧыɦɢ эɥɟɦɟɧɬаɦɢ ɫ 
ɭчɟɬɨɦ ɨɪɬɨɬɪɨɩɧыɯ ɫɜɨɣɫɬɜ ɞɪɟɜɟ-
ɫɢɧы. Пɪɢ эɬɨɦ ɧаɢɛɨɥьɲɟɟ ɜɥɢяɧɢɟ 
ɧа ɜɟɥɢчɢɧɭ ɤɪɢɬɢчɟɫɤɨɣ ɧаɝɪɭɡɤɢ 

ɨɤаɡыɜаɟɬ ɦɨɞɭɥь ɫɞɜɢɝа. 
5. Эɮɮɟɤɬɢɜɧɨɫɬь ɩɪɨɜɟɞɟɧɧыɯ ɢɫɫɥɟ-
ɞɨɜаɧɢɣ ɨɩɪɟɞɟɥяɟɬɫя ɬɟɦ, чɬɨ ɨɧɢ 

ɩɨɡɜɨɥяɸɬ ɞаɬь ɪɟɤɨɦɟɧɞаɰɢɢ ɩɨ ɪа-
ɰɢɨɧаɥьɧɨɦɭ ɢɫɩɨɥьɡɨɜаɧɢɸ ɞɪɟɜɟ-
ɫɢɧы ɜ аɪɨчɧыɯ ɫɨɨɪɭɠɟɧɢяɯ, а ɬаɤɠɟ 
ɩɪɨɝɧɨɡɢɪɨɜаɬь ɩɨɜɟɞɟɧɢɟ ɤɨɧɫɬɪɭɤ-
ɰɢɣ ɜ ɩɪɨɰɟɫɫɟ эɤɫɩɥɭаɬаɰɢɢ. 
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АɇɇɈɌАЦɂə: В ɫɬаɬьɟ ɪаɫɫɦаɬɪɢɜаɟɬɫя ɪаɞɢаɥьɧɨ-аɤɫɢаɥьɧɨɟ ɪаɫɩɪɟɞɟɥɟɧɢɟ аɡɢɦɭɬаɥьɧыɯ ɢ аɤɫɢ-

аɥьɧыɯ ɫɤɨɪɨɫɬɟɣ ɜ ɥаɦɢɧаɪɧɨɦ ɰɢɪɤɭɥяɰɢɨɧɧɨ-ɩɪɨɞɨɥьɧɨɦ ɬɟчɟɧɢɢ ɜяɡɤɨɣ ɧɟɫɠɢɦаɟɦɨɣ ɠɢɞɤɨɫɬɢ ɜ 
ɰɢɥɢɧɞɪɢчɟɫɤɨɦ ɤаɧаɥɟ, ɧа ɜɯɨɞɟ ɜ ɤɨɬɨɪыɣ ɭɫɬаɧɨɜɥɟɧ ɥɨɤаɥьɧыɣ ɡаɜɢɯɪɢɬɟɥь ɩɨɬɨɤа. 
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ABSTRACT: The article deals with the radial-axial distribution of the azimuthal and axial velocity in a laminar 

circular-longitudinal flow of a viscous incompressible fluid in a cylindrical channel at the entrance to which is 

mounted a local flow swirler. 
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ȼȼȿДȿɇɂȿ 

 

ɍɫɬаɧɨɜɢɜɲɟɟɫя ɧɟɪаɜɧɨɦɟɪɧɨɟ ɰɢɪɤɭɥяɰɢ-

ɨɧɧɨ-ɩɪɨɞɨɥьɧɨɟ ɬɟчɟɧɢɟ ɜ ɰɢɥɢɧɞɪɢчɟɫɤɨɦ 

ɤаɧаɥɟ яɜɥяɟɬɫя ɪаɫɩɪɨɫɬɪаɧɟɧɧыɦ ɜɢɞɨɦ 

ɞɜɢɠɟɧɢя ɠɢɞɤɨɫɬɢ, ɢɦɟɸщɢɦ ɞɨɫɬаɬɨчɧɨ 
ɫɥɨɠɧɭɸ ɩɪɨɫɬɪаɧɫɬɜɟɧɧɭɸ ɫɬɪɭɤɬɭɪɭ. На 
ɪɢɫ. 1 ɩɨɤаɡаɧɨ ɩɨɥɭчɟɧɧɨɟ O.Kitoh [1] эɤɫ-
ɩɟɪɢɦɟɧɬаɥьɧɨɟ ɪаɫɩɪɟɞɟɥɟɧɢɟ ɫɤɨɪɨɫɬɟɣ ɜ 
ɩɨɬɨɤɟ ɯаɪаɤɬɟɪɧɨɟ ɞɥя ɬаɤɢɯ ɬɟчɟɧɢɣ. 

На ɪɢɫɭɧɤɟ ɭɤаɡаɧы: V, u ɢ v – ɫɨɨɬɜɟɬɫɬɜɟɧ-

ɧɨ ɩɨɥɧая, аɡɢɦɭɬаɥьɧая ɢ аɤɫɢаɥьɧая ɦɟɫɬ-
ɧая ɫɤɨɪɨɫɬь ɞɜɢɠɟɧɢя ɠɢɞɤɨɫɬɢ; R – ɪаɞɢɭɫ 
ɤаɧаɥа; zr −−θ  – ɰɢɥɢɧɞɪɢчɟɫɤая ɫɢɫɬɟɦа 
ɤɨɨɪɞɢɧаɬ; α  – ɭɝɨɥ ɫɤɨɫа ɜɟɤɬɨɪа ɫɤɨɪɨɫɬɢ. 

Эɬɨ ɬɟчɟɧɢɟ ɢɦɟɟɬ ɦɟɫɬɨ ɜ ɬɟɩɥɨɨɛɦɟɧɧɢɤаɯ 
яɞɟɪɧыɯ ɢ ɬɟɩɥɨɜыɯ эɧɟɪɝɨɭɫɬаɧɨɜɨɤ, ɮɨɪ-
ɫɭɧɤаɯ ɪаɤɟɬɧыɯ ɞɜɢɝаɬɟɥɟɣ, аɩɩаɪаɬаɯ ɯɢ-

ɦɢчɟɫɤɨɣ ɢ ɦɢɤɪɨɛɢɨɥɨɝɢчɟɫɤɨɣ ɩɪɨɦыɲ-

ɥɟɧɧɨɫɬɢ, ɜ ɜɢɯɪɟɜыɯ ɝɢɞɪɨɬɟɯɧɢчɟɫɤɢɯ ɜɨ-

ɞɨɫɛɪɨɫаɯ, ɟɝɨ ɧаɛɥɸɞаɸɬ ɜ аɨɪɬаɯ ɫɟɪɞɰа. В 

ɬɟɯɧɨɥɨɝɢчɟɫɤɢɯ ɤаɧаɥаɯ ɨɧɨ ɮɨɪɦɢɪɭɟɬɫя 
ɥɨɤаɥьɧыɦɢ ɡаɜɢɯɪɢɬɟɥяɦɢ ɩɨɬɨɤа [2]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Рɢɫɭɧɨɤ 1. ɋɬɪɭɤɬɭɪа ɰɢɪɤɭɥяɰɢɨɧɧɨ-
ɩɪɨɞɨɥьɧɨɝɨ ɬеɱеɧɢя ɜ ɬɪɭɛе. 
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1. ɆАɌȿɆАɌɂЧȿСКАə ɆɈДȿɅɖ 

 

В ɰɢɥɢɧɞɪɢчɟɫɤɨɣ ɫɢɫɬɟɦɟ ɤɨɨɪɞɢɧаɬ ɭɫɬа-
ɧɨɜɢɜɲɟɟɫя ( 0=∂∂ t ) ɫɢɦɦɟɬɪɢчɧɨɟ ɨɬɧɨ-
ɫɢɬɟɥьɧɨ ɨɫɢ ɤаɧаɥа ( 0=∂∂ θ ) ɰɢɪɤɭɥяɰɢ-

ɨɧɧɨ-ɩɪɨɞɨɥьɧɨɟ ɬɟчɟɧɢɟ ɨɩɢɫыɜаɟɬɫя ɞɢɮ-

ɮɟɪɟɧɰɢаɥьɧыɦɢ ɭɪаɜɧɟɧɢяɦɢ Наɜьɟ-Сɬɨɤ-
ɫа [2 – 6]  
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ɡɞɟɫь ρ ɢ ε – ɩɥɨɬɧɨɫɬь ɢ ɤɢɧɟɦаɬɢчɟɫɤая 
ɜяɡɤɨɫɬь ɠɢɞɤɨɫɬɢ; ϖ  – ɪаɞɢаɥьɧая ɫɨɫɬаɜ-
ɥяɸщая ɦɟɫɬɧɨɣ ɫɤɨɪɨɫɬɢ; P ɢ П – ɞаɜɥɟɧɢɟ 
ɢ ɩɨɬɟɧɰɢаɥ ɜɧɟɲɧɢɯ ɦаɫɫɨɜыɯ ɫɢɥ. 
Дɨɩɭɫɤая, чɬɨ ɪаɞɢаɥьɧыɟ ɫɤɨɪɨɫɬɢ ɦɧɨɝɨ 
ɦɟɧьɲɟ аɡɢɦɭɬаɥьɧыɯ ɢ аɤɫɢаɥьɧыɯ 
( ,u<<ϖ v<<ϖ ) ɢ ɧɨɪɦɢɪɭя ɭɪаɜɧɟɧɢя ɩɨ 
ɫɪɟɞɧɟɣ ɩɨ ɪаɫɯɨɞɭ Q ɫɤɨɪɨɫɬɢ ɩɨɬɨɤа 
 

20
R

Q
v π= , 

 

ɪаɞɢɭɫɭ ɤаɧаɥа R ɢ аɬɦɨɫɮɟɪɧɨɦɭ ɞаɜɥɟɧɢɸ 

P0, ɫɢɫɬɟɦɭ (1) ɦɨɠɧɨ ɩɪɢɜɟɫɬɢ ɤ ɜɢɞɭ 
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ɝɞɟ r, z, u, v, P – ɧɨɪɦɢɪɨɜаɧɧыɟ ɩɟɪɟɦɟɧɧыɟ, 
r = r/R, z = z/R, u = u/v0, v = v/v0, P = P/P0; Eu, 

Fr ɢ Re – чɢɫɥа Эɣɥɟɪа, Фɪɭɞа ɢ Ɋɟɣɧɨɥьɞɫа 
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Иɫɩɨɥьɡɭя ɨɡɟɟɧɨɜɫɤɨɟ ɩɪɢɛɥɢɠɟɧɢɟ [7], ɡа-
ɦɟɧɢɦ ɨɩɟɪаɬɨɪы zv ∂∂  ɧа zv ∂∂0  ɢɥɢ ɜ 
ɧɨɪɦɢɪɨɜаɧɧɨɣ ɮɨɪɦɟ – ɧа z∂∂ . Тɨɝɞа 
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Пɪɨɞɢɮɮɟɪɟɧɰɢɪɭɟɦ ɩɟɪɜɨɟ ɭɪаɜɧɟɧɢɟ ɡа-
ɩɢɫаɧɧɨɣ ɫɢɫɬɟɦы ɩɨ z ɢ ɫɥɨɠɢɦ ɫ ɬɪɟɬьɢɦ, 

ɩɪɟɞɜаɪɢɬɟɥьɧɨ ɩɪɨɞɢɮɮɟɪɟɧɰɢɪɨɜаɧɧыɦ 

ɩɨ r. В ɪɟɡɭɥьɬаɬɟ ɩɨɥɭчɢɦ ɡаɦɤɧɭɬɭɸ ɫɢɫ-
ɬɟɦɭ ɞɜɭɯ ɥɢɧɟɣɧыɯ ɞɢɮɮɟɪɟɧɰɢаɥьɧыɯ 
ɭɪаɜɧɟɧɢɣ ɩаɪаɛɨɥɢчɟɫɤɨɝɨ ɬɢɩа ɫ ɞɜɭɦя ɧɟ-
ɢɡɜɟɫɬɧыɦɢ ɤɨɦɩɨɧɟɧɬаɦɢ ɫɤɨɪɨɫɬɢ (u, v) 
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Заɞача (2) ɢɦɟɟɬ аɧаɥɢɬɢчɟɫɤɨɟ ɪɟɲɟɧɢɟ. ȿё 
ɝɪаɧɢчɧыɦɢ ɭɫɥɨɜɢяɦɢ яɜɥяɸɬɫя:  
– ɪаɜɟɧɫɬɜɨ ɧɭɥɸ ɫɤɨɪɨɫɬɟɣ ɞɜɢɠɟɧɢя ɠɢɞ-

ɤɨɫɬɢ ɧа ɫɬɟɧɤаɯ ɤаɧаɥа;  
– ɪаɜɟɧɫɬɜɨ ɧɭɥɸ аɡɢɦɭɬаɥьɧыɯ ɫɤɨɪɨɫɬɟɣ 

ɧа ɨɫɢ ɜɪащɟɧɢя ɩɨɬɨɤа (ɧа ɨɫɢ ɤаɧаɥа); 
– ɪаɜɟɧɫɬɜɨ ɧɭɥɸ чаɫɬɧɨɣ ɩɪɨɢɡɜɨɞɧɨɣ ɨɬ 
аɤɫɢаɥьɧɨɣ ɫɤɨɪɨɫɬɢ ɩɨ ɪаɞɢɭɫɭ ɧа ɨɫɢ ɤа-
ɧаɥа, ɨɛɟɫɩɟчɢɜаɸщɟɟ ɭɫɥɨɜɢɟ ɦяɝɤɨɝɨ эɤɫ-
ɬɪɟɦɭɦа; 
– ɜыɪɨɠɞɟɧɢɟ аɡɢɦɭɬаɥьɧыɯ ɫɤɨɪɨɫɬɟɣ ɧа 
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ɛɟɫɤɨɧɟчɧɨɦ ɭɞаɥɟɧɢɢ ɨɬ ɮɨɪɦɢɪɭɸщɟɝɨ ɢɯ 
ɥɨɤаɥьɧɨɝɨ ɡаɜɢɯɪɢɬɟɥя ɩɪɢ ɨɞɧɨɜɪɟɦɟɧɧɨɦ 

аɫɢɦɩɬɨɬɢчɟɫɤɨɦ ɫɬɪɟɦɥɟɧɢɢ аɤɫɢаɥьɧыɯ 
ɫɤɨɪɨɫɬɟɣ ɤ ɤɥаɫɫɢчɟɫɤɨɦɭ ɩɪɨɮɢɥɸ Пɭа-
ɡɟɣɥя;  
– ɪаɜɧɨɦɟɪɧыɣ ɩɨ ɪаɞɢɭɫɭ ɩɪɨɮɢɥь аɤɫɢ-

аɥьɧыɯ ɫɤɨɪɨɫɬɟɣ ɧа ɜɯɨɞɟ ɜ ɤаɧаɥ; 
– ɫɨɛɥɸɞɟɧɢɟ ɢɧɬɟɝɪаɥа ɫɨɯɪаɧɟɧɢя ɪаɫɯɨɞа. 
Таɤɢɦ ɨɛɪаɡɨɦ, ɢɦɟɟɦ 
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2. ɊАСɉɊȿДȿɅȿɇɂȿ АɁɂɆɍɌАɅɖɇЫХ 

    СКɈɊɈСɌȿɃ 

 

Ɋɟɲɟɧɢɟ ɩɟɪɜɨɝɨ ɭɪаɜɧɟɧɢя ɫɢɫɬɟɦы (2) ɫ 
ɝɪаɧɢчɧыɦɢ ɭɫɥɨɜɢяɦɢ (3) ɩɨɥɭчɟɧɨ ɜ [6] ɜ 
ɜɢɞɟ ɪаɡɥɨɠɟɧɢя Фɭɪьɟ-Ȼɟɫɫɟɥя 
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ɝɞɟ J0(λn) ɢ J1(λnr) – ɮɭɧɤɰɢɢ Ȼɟɫɫɟɥя ɩɟɪɜɨ-
ɝɨ ɪɨɞа ɧɭɥɟɜɨɝɨ ɢ ɩɟɪɜɨɝɨ ɩɨɪяɞɤа [8]; λn –

ɤɨɪɧɢ ɭɪаɜɧɟɧɢя J1(λn) = 0; Gn – ɩɨɫɬɨяɧɧая 
n-ɝɨ чаɫɬɧɨɝɨ ɪɟɲɟɧɢя 
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Г0 ɢ Ω0 – ɤɨɧɫɬаɧɬы, ɨɩɪɟɞɟɥяɸщɢɟ ɪаɞɢ-

аɥьɧыɣ ɩɪɨɮɢɥь аɡɢɦɭɬаɥьɧыɯ ɫɤɨɪɨɫɬɟɣ ɧа 
ɜɯɨɞɟ ɜ ɤаɧаɥ (ɩɪɢ z = 0), ɡаɞаɧɧыɣ ɜ ɜɢɞɟ 
ɜɢɯɪя Кɭэɬɬа [9] 

 

r
rru 0

0)0,(
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Пɪɨɮɢɥь (ɜɢɯɪь) Кɭэɬɬа ɩɨɡɜɨɥяɟɬ ɧа ɜɯɨɞɟ 
ɜ ɤаɧаɥ ɡаɞаɬь ɡаɤɪɭɬɤɭ ɩɪаɤɬɢчɟɫɤɢ ɥɸɛɨɣ 

ɤɨɧɮɢɝɭɪаɰɢɢ ɨɬ «ɫɜɨɛɨɞɧɨɝɨ» ɞɨ «ɜыɧɭɠ-

ɞɟɧɧɨɝɨ ɜɢɯɪя», ɜɤɥɸчая ɩɪɨɦɟɠɭɬɨчɧыɟ. 
На ɪɢɫ. 2 ɩɪɢɜɟɞɟɧы ɪаɫɩɪɟɞɟɥɟɧɢя ɩɨ ɪа-
ɞɢɭɫɭ ɢ ɞɥɢɧɟ ɤаɧаɥа ɧɨɪɦɢɪɨɜаɧɧыɯ аɡɢɦɭ-
ɬаɥьɧыɯ ɫɤɨɪɨɫɬɟɣ ɜ ɫɢɦɦɟɬɪɢчɧɨɦ ɨɬɧɨɫɢ-

ɬɟɥьɧɨ ɟɝɨ ɨɫɢ ɩɨɬɨɤɟ. Ɋаɫчɟɬы ɜыɩɨɥɧɟɧы 

ɩɨ (4) ɩɪɢ чɢɫɥɟ Ɋɟɣɧɨɥьɞɫа, ɪаɜɧɨɦ Re = 

500; ɜɨ ɜɯɨɞɧɨɦ ɫɬɜɨɪɟ ɤаɧаɥа ɡаɞаɧ «ɫɜɨ-
ɛɨɞɧɨ-ɜыɧɭɠɞɟɧɧыɣ ɜɢɯɪь» ɫ ɩаɪаɦɟɬɪаɦɢ 

Г0 = 0,5 ɢ Ω0 = 1,0. На ɩɪɨɮɢɥяɯ ɭɤаɡаɧы 

ɤɪаɬɧыɟ ɪаɞɢɭɫɭ ɤаɧаɥа ɪаɫɫɬɨяɧɢя ɨɬ ɥɨ-
ɤаɥьɧɨɝɨ ɡаɜɢɯɪɢɬɟɥя ɞɨ ɪаɫчɟɬɧыɯ ɫɬɜɨɪɨɜ: 
z = 5R, 10R, 20R, 40R ɢ 80R. Шɬɪɢɯɨɦ ɩɨɤа-
ɡаɧɨ ɪаɫɩɪɟɞɟɥɟɧɢɟ аɡɢɦɭɬаɥьɧыɯ ɫɤɨɪɨɫɬɟɣ 

ɧа ɜɯɨɞɟ ɜ ɤаɧаɥ ɩɪɢ z = 0. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Рɢɫɭɧɨɤ 2. ɉɪɨɮɢɥɢ аɡɢɦɭɬаɥьɧыɯ  
ɫɤɨɪɨɫɬеɣ ɜ ɰɢɪɤɭɥяɰɢɨɧɧɨ-ɩɪɨɞɨɥьɧɨɦ  

ɬеɱеɧɢɢ 
 

В ɰɟɥɨɦ ɦɨɠɧɨ ɜɢɞɟɬь, чɬɨ ɩɨ ɞɥɢɧɟ ɤаɧаɥа 
ɡаɬɭɯаɧɢɟ аɡɢɦɭɬаɥьɧыɯ ɫɤɨɪɨɫɬɟɣ ɩɪɨɢɫɯɨ-
ɞɢɬ ɩɨ эɤɫɩɨɧɟɧɰɢаɥьɧɨɦɭ ɡаɤɨɧɭ. 
В [6] ɨɬɦɟчаɟɬɫя, чɬɨ ɟɫɥɢ ɜ ɩɟɪɜɨɦ ɭɪаɜɧɟ-
ɧɢɢ ɫɢɫɬɟɦы (2) ɩɪɟɧɟɛɪɟчь ɜɬɨɪɨɣ чаɫɬɧɨɣ 

ɩɪɨɢɡɜɨɞɧɨɣ ɩɨ z, ɩɨɥаɝая 
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Сɬɪɭɤɬɭɪа ɜяɡɤɨɝɨ ɰɢɪɤɭɥяɰɢɨɧɧɨ-ɩɪɨɞɨɥьɧɨɝɨ ɬɟчɟɧɢя ɜ ɰɢɥɢɧɞɪɢчɟɫɤɨɦ ɤаɧаɥɟ 
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ɬɨ ɟɝɨ ɪɟɲɟɧɢɟɦ ɛɭɞɟɬ ɪаɫɩɪɟɞɟɥɟɧɢɟ 
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ɩɨɥɭчɟɧɧɨɟ ɪаɧɟɟ ɜ [3]. Пɪɢ эɬɨɦ ɪаɫчɟɬɧыɟ 
ɡɧачɟɧɢя ɪаɫɩɪɟɞɟɥɟɧɢɣ (4) ɢ (8) ɩɪɢ чɢɫɥɟ 
Ɋɟɣɧɨɥьɞɫа, ɪаɜɧɨɦ 500, ɨɬɥɢчаɸɬɫя ɧа ɦа-
ɥыɟ ɩɨɪяɞɤа ɨɬ –1

.
10

-4
  ɞɨ 8.

10
-4

. 

Нɟɬɪɭɞɧɨ ɜɢɞɟɬь, чɬɨ ɤ ɬаɤɨɦɭ ɪɟɡɭɥьɬаɬɭ 

ɦɨɠɧɨ ɩɪɢɞɬɢ, ɟɫɥɢ 22 4Re nλ>> , ɩɪɢ эɬɨɦ (4) 

ɨɛɪащаɟɬɫя ɜ (8). Ɋаɫчɟɬɧая ɩɪаɤɬɢɤа ɩɨɤа-
ɡаɥа, чɬɨ ɡɧачɢɦыɦɢ яɜɥяɸɬɫя ɬɨɥьɤɨ ɩɟɪ-
ɜыɟ 5–8 чɥɟɧɨɜ ɪяɞа Фɭɪьɟ-Ȼɟɫɫɟɥя, ɩɪɢ 

эɬɨɦ ɤɨɪɧɢ ɭɪаɜɧɟɧɢя J1(λn) = 0 ɞɨɫɬɢɝаɸɬ 
ɡɧачɟɧɢя λn = 25,9. В эɬɢɯ ɭɫɥɨɜɢяɯ ɪаɡɧɨɫɬь 
ɪаɫчɟɬɨɜ ɩɨ (4) ɢ (8) ɦɟɧɟɟ 3% ɞɨɫɬɢɝаɟɬɫя 
ɩɪɢ 150Re ≥ . Тɟчɟɧɢя ɩɪɢ чɢɫɥаɯ Ɋɟɣɧɨɥьɞ-

ɫа ɦɟɧьɲɟ 150 ɦɨɠɧɨ ɨɬɧɟɫɬɢ ɤ ɩɨɥɡɭщɢɦ, 

ɤɨɝɞа ɫɤɨɪɨɫɬɢ ɞɜɢɠɟɧɢя ɠɢɞɤɨɫɬɢ ɦаɥы, а 
ɜяɡɤɨɫɬь ɜɟɥɢɤа. Пɨэɬɨɦɭ ɞɥя ɩɪаɤɬɢчɟɫɤɢɯ 
ɪаɫчɟɬɨɜ ɦɨɠɧɨ ɪɟɤɨɦɟɧɞɨɜаɬь ɮɨɪɦɭɥɭ (8) 

ɤаɤ ɛɨɥɟɟ ɩɪɨɫɬɭɸ ɩɨ ɨɬɧɨɲɟɧɢɸ ɤ (4). 

 

 

3. ɊАСɉɊȿДȿɅȿɇɂȿ АКСɂАɅɖɇЫХ 

    СКɈɊɈСɌȿɃ 

 

Ɋɟɲɟɧɢɟ ɜɬɨɪɨɝɨ ɭɪаɜɧɟɧɢя ɫɢɫɬɟɦы (2), 

ɨɩɢɫыɜаɸщɟɝɨ ɪаɫɩɪɟɞɟɥɟɧɢɟ аɤɫɢаɥьɧыɯ 
ɫɤɨɪɨɫɬɟɣ, ɛɭɞɟɦ ɢɫɤаɬь ɜ ɜɢɞɟ ɫɭɦɦы 

 Δ+= Vv ,                       (9) 

 

ɝɞɟ V – аɤɫɢаɥьɧая ɫɤɨɪɨɫɬь ɜ ɧɟɡаɤɪɭчɟɧɧɨɦ 

ɬɟчɟɧɢɢ ɩɪɢ ɢ = 0; Δ – ɨɬɤɥɨɧɟɧɢɟ (ɞɟɮɢɰɢɬ) 
аɤɫɢаɥьɧɨɣ ɫɤɨɪɨɫɬɢ ɨɬ ɡɧачɟɧɢя V ɜɫɥɟɞɫɬ-
ɜɢɟ ɡаɤɪɭɬɤɢ ɩɨɬɨɤа ( 0≠u ). 

Сɨɝɥаɫɧɨ (9) ɪаɡɥɨɠɢɦ ɜɬɨɪɨɟ ɭɪаɜɧɟɧɢɟ 
ɫɢɫɬɟɦы (2) ɧа ɞɜа 
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ɍɪаɜɧɟɧɢɟ (10) ɨɩɢɫыɜаɟɬ ɧеɪɚвɧоɦеɪɧое 
ɧɚɩоɪɧое ɞвиɠеɧие осевоɝо ɩоɬоɤɚ в ɩɪɹ-

ɦоɦ ɰилиɧɞɪичесɤоɦ ɤɚɧɚле. Нɟɪаɜɧɨɦɟɪ-
ɧɨɫɬь ɩɪɢɫɭща эɬɨɦɭ ɬɟчɟɧɢɸ ɧа ɧɟɤɨɬɨɪɨɦ 

ɭчаɫɬɤɟ ɩɨɫɥɟ ɜɯɨɞа ɜ ɤаɧаɥ. Пɨɥɨɠɢɦ ɜ (10)  
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ɝɞɟ ɨɞɢɧ ɢɡ ɫɨɦɧɨɠɢɬɟɥɟɣ ɡаɜɢɫɢɬ ɨɬ ɬɟɤɭ-

щɟɝɨ ɪаɞɢɭɫа, а ɜɬɨɪɨɣ – ɨɬ ɨɫɟɜɨɣ ɤɨɨɪɞɢ-

ɧаɬы. Пɨɞɫɬаɜɥяя (12) ɜ (10) ɢ ɪаɡɞɟɥяя ɩɟ-
ɪɟɦɟɧɧыɟ, ɧаɯɨɞɢɦ 
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Нɨ ɞаɧɧɨɟ ɪаɜɟɧɫɬɜɨ, ɝɞɟ ɥɟɜая чаɫɬь ɡаɜɢɫɢɬ 
ɬɨɥьɤɨ ɨɬ z, а ɩɪаɜая – ɬɨɥьɤɨ ɨɬ r, ɜɨɡɦɨɠɧɨ 
ɥɢɲь ɜ ɨɞɧɨɦ ɫɥɭчаɟ, ɟɫɥɢ ɨɛɟ чаɫɬɢ ɨɞɧɨ-
ɜɪɟɦɟɧɧɨ ɧɟ ɡаɜɢɫяɬ ɧɢ ɨɬ z, ɧɢ ɨɬ r, ɬ.ɟ. ɪаɜ-
ɧы ɧɟɤɨɣ ɨɛщɟɣ ɤɨɧɫɬаɧɬɟ. Оɛɨɡɧачɢɜ ɟё η ɢ 

ɩɪɢɪаɜɧяɜ ɟɣ ɨɛɟ чаɫɬɢ ɪаɜɟɧɫɬɜа, ɪаɡɥɨɠɢɦ 

ɟɝɨ ɧа ɞɜа ɥɢɧɟɣɧыɯ ɞɢɮɮɟɪɟɧɰɢаɥьɧыɯ 
ɭɪаɜɧɟɧɢя 
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ɝɞɟ ɩɨɫɬɨяɧɧая η ɦɨɠɟɬ ɩɪɢɧɢɦаɬь ɡɧачɟ-
ɧɢя: ɛɨɥьɲɟ, ɦɟɧьɲɟ ɢɥɢ ɪаɜɧɨɟ ɧɭɥɸ. 

Пɪɢ η > 0 ɜɬɨɪɨɟ ɭɪаɜɧɟɧɢɟ ɫɢɫɬɟɦы (13) ɨɛ-

ɪащаɟɬɫя ɜ ɦɨɞɢɮɢɰɢɪɨɜаɧɧɨɟ ɭɪаɜɧɟɧɢɟ 
Ȼɟɫɫɟɥя [8], ɧɟ ɢɦɟɸщɟɝɨ ɞɟɣɫɬɜɢɬɟɥьɧыɯ 
ɤɨɪɧɟɣ, ɩɨэɬɨɦɭ, ɫɥɭчаɣ η > 0 ɧɟ ɦɨɠɟɬ ɪаɫ-
ɫɦаɬɪɢɜаɬьɫя ɤаɤ ɪɟɲɟɧɢɟ ɭɪаɜɧɟɧɢя (10). 

Вɨ ɜɬɨɪɨɦ ɫɥɭчаɟ ɩɪɢ η = 0 ɩɨɥɭчɢɦ 
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Оɬɤɭɞа ɫ ɭчɟɬɨɦ (12) ɩɪɢɯɨɞɢɦ ɤ ɪɟɲɟɧɢɸ 
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ɝɞɟ ɤɨɧɫɬаɧɬы ɋ1 ɢ ɋ4 ɫɨɝɥаɫɧɨ ɜɬɨɪɨɦɭ ɢ 

ɬɪɟɬьɟɦɭ ɝɪаɧɢчɧыɦ ɭɫɥɨɜɢяɦ (3) ɞɨɥɠɧы 

ɛыɬь ɪаɜɧы ɧɭɥɸ. Тɨɝɞа, ɩɪɢ η = 0 ɢɦɟɟɦ 
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ɝɞɟ ɋ = ɋ2ɋ3. 

В ɬɪɟɬьɟɦ ɫɥɭчаɟ ɩɨɥɨɠɢɦ 02 <−= iλη , ɬɨɝɞа 
ɫɢɫɬɟɦа (13) ɩɪɢɜɨɞɢɬɫя ɤ ɜɢɞɭ 
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Пɟɪɜɨɟ ɭɪаɜɧɟɧɢɟ эɬɨɣ ɫɢɫɬɟɦы ɢɦɟɟɬ ɫɥɟ-
ɞɭɸщɟɟ чаɫɬɧɨɟ ɪɟɲɟɧɢɟ 
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ɝɞɟ ɋ5 ɧɟɨɛɯɨɞɢɦɨ ɩɨɥɨɠɢɬь ɪаɜɧɨɣ ɧɭɥɸ ɜ 
ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ ɬɪɟɬьɢɦ ɝɪаɧɢчɧыɦ ɭɫɥɨɜɢɟɦ, 

ɡаɩɢɫаɧɧыɦ ɜ (3). 

Вɬɨɪɨɟ ɭɪаɜɧɟɧɢɟ ɫɢɫɬɟɦы яɜɥяɟɬɫя ɭɪаɜɧɟ-
ɧɢɟɦ Ȼɟɫɫɟɥя [8], ɢɦɟɸщɢɦ чаɫɬɧɨɟ ɪɟɲɟɧɢɟ 
ɜ ɜɢɞɟ ɩɪɨɢɡɜɟɞɟɧɢя ɤɨɧɫɬаɧɬы ɧа ɮɭɧɤɰɢɸ 

Ȼɟɫɫɟɥя ɩɟɪɜɨɝɨ ɪɨɞа ɩɟɪɜɨɝɨ ɩɨɪяɞɤа 
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В ɪɟɡɭɥьɬаɬɟ ɫɨɝɥаɫɧɨ (12) ɩɨɥɭчаɟɦ  
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ɡɞɟɫь ɜ ɩɨɫɬɨяɧɧɭɸ Аi ɜɨɲɥа ɤɨɧɫɬаɧɬа ɋ6, а 
чɢɫɥɢɬɟɥь ɢ ɡɧаɦɟɧаɬɟɥь эɤɫɩɨɧɟɧɬы ɭɦɧɨɠɟ-
ɧы ɧа Re411 2

iλ++ .  

Иɫɩɨɥьɡɭя ɩɨɥɧɭɸ ɫɢɫɬɟɦɭ чаɫɬɧыɯ ɪɟɲɟ-
ɧɢɣ, ɧаɯɨɞɢɦ ɨɛщɟɟ ɪɟɲɟɧɢɟ ɭɪаɜɧɟɧɢя (10) 

ɩɪɢ 02 <−= iλη  ɜ ɜɢɞɟ ɪяɞа Фɭɪьɟ-Ȼɟɫɫɟɥя 
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А ɨɛщɟɟ ɪɟɲɟɧɢɟ ɡаɞачɢ (10) ɧаɣɞɟɦ ɤаɤ ɫɭɦ-

ɦɭ (14) ɢ (15) 

 

⎟⎟⎠
⎞

⎜⎜⎝
⎛

++
−+=∂

∂ ∑∞

= 22

2

1

1 4ReRe

2
exp)(

i

i
i

i

i

z
rJACr

r

V

λ
λλ .(16) 

 

Иɧɬɟɝɪɢɪɭя (16) ɩɨ ɪаɞɢɭɫɭ ɨɬ ɬɟɤɭщɟɝɨ ɡɧа-
чɟɧɢя r ɞɨ 1 ɢ ɩɨɥаɝая ɫɨɝɥаɫɧɨ ɝɪаɧɢчɧыɦ 

ɭɫɥɨɜɢяɦ (3) V = 0 ɩɪɢ r = 1 ɢ V = 2(1 – r
2
) 

ɩɪɢ ∞=z , ɩɨɥɭчɢɦ 
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Пɨɫɤɨɥьɤɭ ɧɨɪɦɢɪɨɜаɧɧыɣ ɢɧɬɟɝɪаɥ ɨɛɴɟɦ-

ɧɨɝɨ ɪаɫɯɨɞа ɫɨɝɥаɫɧɨ (3) ɪаɜɟɧ ɟɞɢɧɢɰɟ, ɬɨ 
ɩɨɥɭчɟɧɧɨɟ ɪɟɲɟɧɢɟ (17) ɩɪɢ ɩɪɨɢɡɜɨɥьɧыɯ 

Ai, λi, z ɢ Re ɞɨɥɠɧɨ ɨɬɜɟчаɬь ɭɫɥɨɜɢɸ 
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Вɡяɜ ɢɧɬɟɝɪаɥ, ɩɨɥɭчаɟɦ 
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Нɨ ɫɭɦɦа ɜ ɥɟɜɨɣ чаɫɬɢ ɫɨɝɥаɫɧɨ ɫɜяɡыɜаɸ-

щɢɦ ɰɢɥɢɧɞɪɢчɟɫɤɢɟ ɮɭɧɤɰɢɢ ɪɟɤɭɪɪɟɧɬ-
ɧыɦ ɫɨɨɬɧɨɲɟɧɢяɦ ɪаɜɧа –J2(λi) [8]. Сɥɟɞɨ-
ɜаɬɟɥьɧɨ, ɜ ɞаɧɧɨɣ ɡаɞачɟ λi яɜɥяɟɬɫя ɨɞɧɢɦ 

ɢɡ ɞɟɣɫɬɜɢɬɟɥьɧыɯ ɧɭɥɟɣ ɮɭɧɤɰɢɢ Ȼɟɫɫɟɥя 
ɩɟɪɜɨɝɨ ɪɨɞа ɜɬɨɪɨɝɨ ɩɨɪяɞɤа (J2(λi) = 0). 

ɍɦɧɨɠɢɦ (16) ɧа r2
dr ɢ ɩɪɨɢɧɬɟɝɪɢɪɭɟɦ ɨɬ 0 

ɞɨ r ɩɪɢ z = 0. Пɪɢ эɬɨɦ ɩɨɥɨɠɢɦ ɜ ɧɟɦ ɫɨ-
ɝɥаɫɧɨ (17) ɋ =–4, ɢ ɭчɬɟɦ ɪаɜɧɨɦɟɪɧыɣ ɩɪɢ 

z = 0 ɩɪɨɮɢɥь аɤɫɢаɥьɧыɯ ɫɤɨɪɨɫɬɟɣ, ɩɪɢ 

ɤɨɬɨɪɨɦ V = 1 ɢ 0=∂∂ rV . В ɪɟɡɭɥьɬаɬɟ 
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Пɨɜɬɨɪɧɨ ɦɧɨɠа эɬɨ ɪаɜɟɧɫɬɜɨ ɩɨɫɥɟɞɨɜа-
ɬɟɥьɧɨ ɧа J2(λ1r)rdr, J2(λ2r)rdr, …, J2(λir)rdr, 

…, rdrrJ )(2 ∞λ , ɢ ɢɧɬɟɝɪɢɪɭя ɩɨ r ɨɬ 0 ɞɨ 1, 

ɢɡ ɭɫɥɨɜɢɣ ɨɪɬɨɝɨɧаɥьɧɨɫɬɢ ɮɭɧɤɰɢɣ Ȼɟɫɫɟ-
ɥя [8] ɞɥя ɩɪɨɢɡɜɨɥьɧɨɝɨ i-ɝɨ чаɫɬɧɨɝɨ ɪɟɲɟ-
ɧɢя ɧаɯɨɞɢɦ 
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ɝɞɟ J3(λi) – ɮɭɧɤɰɢя Ȼɟɫɫɟɥя ɩɟɪɜɨɝɨ ɪɨɞа 
ɬɪɟɬьɟɝɨ ɩɨɪяɞɤа.  
Нɨ ɟɫɥɢ ɜыɲɟ ɭɫɬаɧɨɜɥɟɧɨ, чɬɨ λi – ɨɞɢɧ ɢɡ 
ɞɟɣɫɬɜɢɬɟɥьɧыɯ ɤɨɪɧɟɣ ɭɪаɜɧɟɧɢя J2(λi) = 0, 

ɬɨ ɩɨ ɪɟɤɭɪɪɟɧɬɧыɦ ɫɨɨɬɧɨɲɟɧɢяɦ ɢɦɟɟɦ 
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И ɨɤɨɧчаɬɟɥьɧɨ ɜ ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ (17) 
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Ɋаɫɩɪɟɞɟɥɟɧɢɟ (20) ɨɩɢɫыɜаɟɬ ɭɫɬаɧɨɜɢɜ-
ɲɟɟɫя ɧɟɪаɜɧɨɦɟɪɧɨɟ ɧаɩɨɪɧɨɟ ɨɫɟɜɨɟ ɬɟчɟ-
ɧɢɟ ɜяɡɤɨɣ ɧɟɫɠɢɦаɟɦɨɣ ɠɢɞɤɨɫɬɢ ɜ ɩɪяɦɨɦ 

ɰɢɥɢɧɞɪɢчɟɫɤɨɦ ɤаɧаɥɟ ɧа ɭчаɫɬɤɟ ɟɝɨ 
ɬɪаɧɫɮɨɪɦаɰɢɢ ɨɬ ɜɯɨɞɧɨɝɨ ɫɬɜɨɪа, ɝɞɟ ɫɤɨ-
ɪɨɫɬɢ ɩɪɢɧяɬы ɩɨɫɬɨяɧɧыɦɢ ɩɨ ɫɟчɟɧɢɸ, ɞɨ 
ɫɬɜɨɪа ɫ ɩаɪаɛɨɥɢчɟɫɤɢɦ ɩɪɨɮɢɥɟɦ ɫɤɨɪɨ-
ɫɬɟɣ ɩɨ Пɭаɡɟɣɥɸ. На ɪɢɫ. 3 ɩɨɤаɡаɧа ɤаɪɬɢ-

ɧа ɬаɤɨɝɨ ɪаɡɜɢɬɢя ɩɪɨɮɢɥя аɤɫɢаɥьɧыɯ ɫɤɨ-
ɪɨɫɬɟɣ, ɪаɫчɟɬы ɜыɩɨɥɧɟɧы ɩɪɢ Re = 500. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Рɢɫɭɧɨɤ 3. ɉɪɨɮɢɥɢ аɤɫɢаɥьɧыɯ ɫɤɨɪɨɫɬеɣ  
ɜ ɧеɪаɜɧɨɦеɪɧɨɦ ɨɫеɜɨɦ ɩɨɬɨɤе 

 

Мɨɠɧɨ ɜɢɞɟɬь, чɬɨ ɩɨ ɦɟɪɟ ɩɪɨɞɜɢɠɟɧɢя ɩɨ 
аɤɫɢаɥьɧɨɣ ɤɨɨɪɞɢɧаɬɟ ɬɨɪɦɨɡящɟɟ ɜɥɢяɧɢɟ 
ɫɬɟɧɨɤ ɪаɫɩɪɨɫɬɪаɧяɟɬɫя ɜɫɟ ɞаɥьɲɟ ɜɝɥɭɛь 
ɠɢɞɤɨɫɬɢ, ɩɪɢ эɬɨɦ ɫɤɨɪɨɫɬɢ ɜ ɰɟɧɬɪаɥьɧɨɣ 

чаɫɬɢ ɤаɧаɥа ɧаɪаɫɬаɸɬ ɞɨ ɬɟɯ ɩɨɪ, ɩɨɤа 
ɜɥɢяɧɢɟ ɫɬɟɧɤɢ ɧɟ ɪаɫɩɪɨɫɬɪаɧɢɬɫя ɧа ɜɫɸ 

ɠɢɞɤɨɫɬь. В ɩɪɢɦɟɪɟ эɬɨ ɩɪɨɢɫɯɨɞɢɬ ɤ ɫɬɜɨ-
ɪɭ, ɪаɫɩɨɥɨɠɟɧɧɨɦɭ ɨɬ ɜɯɨɞа ɧа ɪаɫɫɬɨяɧɢɢ 

z = 80R, ɝɞɟ ɪаɫчɟɬɧыɣ ɩɪɨɮɢɥь ɮаɤɬɢчɟɫɤɢ 

ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɩаɪаɛɨɥɢчɟɫɤɨɦɭ ɩɪɨɮɢɥɸ 

Пɭаɡɟɣɥя, ɩɨɤаɡаɧɧɨɦɭ ɲɬɪɢɯɨɜɨɣ ɤɪɢɜɨɣ. 

Ɋɟɲɟɧɢɟ (20) ɩɨɞɬɜɟɪɠɞаɟɬ ɢɡɜɟɫɬɧɨɟ ɪаɫ-
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ɩɪɟɞɟɥɟɧɢɟ С.М.Таɪɝа [10], ɩɨɥɭчɟɧɧɨɟ 
ɢɧыɦ ɩɭɬɟɦ, ɧɨ ɭɬɨчɧяɟɬ ɟɝɨ ɜ эɤɫɩɨɧɟɧɬɟ. 
Таɪɝ, ɧɟ ɭчɢɬыɜая ɜяɡɤɢɣ чɥɟɧ 22 zV ∂∂⋅ε , 

ɩɨɥɭчɢɥ ɪаɫɩɪɟɞɟɥɟɧɢɟ ɜ ɜɢɞɟ 
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Пɪɢ 22 4Re iλ>>  (20) ɫɜɨɞɢɬɫя ɤ (21). ȿɫɥɢ ɩɪɢ 

ɪаɫчɟɬаɯ ɡɧачɢɦыɦɢ яɜɥяɸɬɫя 5–8 чɥɟɧɨɜ 
ɪяɞа Фɭɪьɟ-Ȼɟɫɫɟɥя ɢ ɤɨɪɧɢ J2(λi) = 0 ɞɨɫɬɢ-

ɝаɸɬ ɡɧачɟɧɢя λi = 27,4, ɬɨ ɩɪɢ 150Re ≥  ɪаɫ-
ɩɪɟɞɟɥɟɧɢɟ (20) ɦɨɠɧɨ ɡаɦɟɧɢɬь ɧа ɪаɫɩɪɟ-
ɞɟɥɟɧɢɟ (21). Таɤɨɟ ɪɟɲɟɧɢɟ, ɢɫɩɨɥьɡɭя ɨɩɢ-

ɫаɧɧɭɸ ɡɞɟɫь ɦɟɬɨɞɢɤɭ ɜыɜɨɞа, ɩɨɥɭчɟɧɨ ɜ 
[2, 4], ɝɞɟ ɜ (10) ɩɪɟɧɟɛɪɟɝаɟɬɫя ɜɬɨɪɨɣ чаɫɬ-
ɧɨɣ ɩɪɨɢɡɜɨɞɧɨɣ ɩɨ z, ɩɨɥаɝая 
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Деɮиɰиɬ ɚɤсиɚлɶɧых сɤоɪосɬеɣ в ɰиɪɤɭ-
лɹɰиоɧɧо-ɩɪоɞолɶɧоɦ ɬечеɧии ɨɩɢɫыɜаɟɬ-
ɫя ɭɪаɜɧɟɧɢɟɦ (11). Выɪаɡɢɦ ɜ ɧɟɦ аɡɢɦɭ-
ɬаɥьɧɭɸ ɫɤɨɪɨɫɬь ɩɨ (8) ɢ ɩɪɟɧɟɛɪɟɝая ɩɪɢ 

150Re ≥  ɜɬɨɪɨɣ чаɫɬɧɨɣ ɩɪɨɢɡɜɨɞɧɨɣ ɩɨ z, 

ɬ.ɟ. ɩɨɥаɝая аɧаɥɨɝɢчɧɨ (7) ɢ (22) 
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ɩɟɪɟɩɢɲɟɦ ɟɝɨ ɜ ɜɢɞɟ 
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ɝɞɟ λn ɢ λk – ɧɭɥɢ ɮɭɧɤɰɢɢ Ȼɟɫɫɟɥя ɩɟɪɜɨɝɨ 
ɪɨɞа ɩɟɪɜɨɝɨ ɩɨɪяɞɤа; Gn ɢ Gk – ɜычɢɫɥяɟ-
ɦыɟ ɩɨ (5) ɩɨɫɬɨяɧɧыɟ n-ɝɨ ɢ k-ɝɨ ɪɟɲɟɧɢɣ.  

Ɋɟɲɟɧɢɟ ɡаɞачɢ ɩɨɥɭчɢɦ ɪаɡɥɨɠɟɧɢɟɦ (23) ɜ 
ɫɢɫɬɟɦɭ kn ×  ɭɪаɜɧɟɧɢɣ, ɝɞɟ ɫɥаɝаɟɦыɟ ɪяɞа 
n ɭɦɧɨɠаɸɬɫя ɧа ɫɥаɝаɟɦыɟ ɪяɞа k. Ɋаɫɫɦɨɬ-
ɪɢɦ ɩɪɨɢɡɜɨɥьɧɨɟ nk-ɨɟ ɭɪаɜɧɟɧɢɟ 
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ɢ ɩɨɥɨɠɢɦ ɜ ɧɟɦ 
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ɝɞɟ Фnk(r) – ɮɭɧɤɰɢя ɩɟɪɟɦɟɧɧɨɣ r, чɬɨ ɫɜɨɞɢɬ 
(24) ɤ ɧɟɨɞɧɨɪɨɞɧɨɦɭ ɭɪаɜɧɟɧɢɸ Ȼɟɫɫɟɥя 
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Оɩɪɟɞɟɥɟɧɢɟ ɤɨɪɧɟɣ эɬɨɝɨ ɭɪаɜɧɟɧɢя ɧɟ ɩɨɞ-
ɞаɟɬɫя ɨɩɢɫаɧɧыɦ, ɧаɩɪɢɦɟɪ, ɜ [11] ɮɨɪɦаɥь-
ɧыɦ ɩɪɨɰɟɞɭɪаɦ. Пɨэɬɨɦɭ ɪаɫɫɦɨɬɪɢɦ ɢɧɨɣ 

ɦɟɬɨɞ, ɜ ɤɨɬɨɪɨɦ ɩɨɥɨɠɢɦ 

 

knnk ψϕ=Φ ,                       (26) 

 

ɝɞɟ ϕn ɢ ψk – ɮɭɧɤɰɢɢ r, ɫɜяɡаɧɧыɟ ɫ ɤɨɧ-

ɫɬаɧɬаɦɢ ɪаɡɞɟɥɟɧɢя λn ɢ λk, ɢ ɪаɡɥɨɠɢɦ ɧɟ-
ɨɞɧɨɪɨɞɧɨɟ ɭɪаɜɧɟɧɢɟ Ȼɟɫɫɟɥя ɜ ɫɢɫɬɟɦɭ 
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Ɋɟɲɟɧɢɟɦ ɩɟɪɜɨɝɨ ɨɞɧɨɪɨɞɧɨɝɨ ɭɪаɜɧɟɧɢя 
Ȼɟɫɫɟɥя эɬɨɣ ɫɢɫɬɟɦы яɜɥяɟɬɫя  
 

)(1 rJB kkk λψ = .                  (27) 

 

Вɨ ɜɬɨɪɨɦ ɭɪаɜɧɟɧɢɢ ɩɨɥɨɠɢɦ ɫɭɦɦɭ ɜ 
ɫɤɨɛɤаɯ ɪаɜɧɨɣ ɧɭɥɸ, ɬɨɝɞа 
 

)(0 rJA nnn λϕ = .                  (28) 

 

В ɢɬɨɝɟ ɫ ɭчɟɬɨɦ ɞɢɮɮɟɪɟɧɰɢɪɨɜаɧɢя (27) ɢ 

(28) ɜɨ ɜɬɨɪɨɦ ɭɪаɜɧɟɧɢɢ ɨɫɬаёɬɫя ɧɟɜяɡɤа 
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Тɨɝɞа ɨɛщɟɟ ɪɟɲɟɧɢɟ ɫɢɫɬɟɦы kn ×  ɭɪаɜɧɟ-
ɧɢɣ ɛɭɞɟɬ ɭɞɨɜɥɟɬɜɨɪяɬь ɭɫɥɨɜɢяɦ ɡаɞачɢ 

(23), ɟɫɥɢ ɧаɣɬɢ ɬаɤɢɟ ɩɨɫɬɨяɧɧыɟ An ɢ Bk, 

ɩɪɢ ɤɨɬɨɪыɯ ɫɭɦɦаɪɧая ɧɟɜяɡɤа ɛɭɞɟɬ ɪаɜɧа 
ɧɭɥɸ, ɬ.ɟ. ɪаɡɞɟɥяя ɪяɞы ɞɨɥɠɧɨ ɢɦɟɬь ɦɟɫɬɨ 
ɪаɜɟɧɫɬɜɨ 
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Нɨ ɟɫɥɢ λk – ɧɭɥɢ ɮɭɧɤɰɢɢ Ȼɟɫɫɟɥя ɩɟɪɜɨɝɨ 
ɪɨɞа ɩɟɪɜɨɝɨ ɩɨɪяɞɤа, ɬɨ ɫɨɝɥаɫɧɨ ɪɟɤɭɪ-
ɪɟɧɬɧыɦ ɫɨɨɬɧɨɲɟɧɢяɦ J0(λk) = –J2(λk), ɩɪɢ 

эɬɨɦ ɫɬɨящая ɜ ɩɪаɜɨɣ чаɫɬɢ ɪаɜɟɧɫɬɜа (29) 

ɫɭɦɦа ɩɨ k ɩɪɢ ɜɫɟɯ r ɪаɜɧа ɤɨɧɫɬаɧɬɟ 
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ɢɛɨ яɜɥяɟɬɫя ɬаɛɥɢчɧыɦ ɪяɞɨɦ, ɫɨɞɟɪɠащɢɦ 

ɧɭɥɢ ɮɭɧɤɰɢɢ Ȼɟɫɫɟɥя [12]. Тɨɝɞа 
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Оɬɫɸɞа ɫɥɟɞɭɟɬ 
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ɍɦɧɨɠɢɦ ɜɬɨɪɨɟ ɪаɜɟɧɫɬɜɨ ɧа dr ɢ ɩɪɨɢɧ-

ɬɟɝɪɢɪɭɟɦ ɜ ɩɪɟɞɟɥаɯ ɨɬ 0 ɞɨ r, ɜ ɪɟɡɭɥьɬаɬɟ 
ɩɨɥɭчɢɦ 
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Вɧɨɜь ɜɨɫɩɨɥьɡɨɜаɜɲɢɫь ɫɭɦɦɨɣ ɪяɞа (30), 

ɧаɯɨɞɢɦ 
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Таɤɢɦ ɨɛɪаɡɨɦ, ɩɨɞɫɬаɜɥяя ɡɧачɟɧɢя ɩɨɫɬɨ-
яɧɧыɯ An ɢ Bk ɜ (27) ɢ (28), ɡаɬɟɦ ɜ (26) ɢ ɞа-
ɥɟɟ ɜ (25), ɧаɯɨɞɢɦ ɪɟɲɟɧɢɟ (24) ɤаɤ nk-ɝɨ 
чаɫɬɧɨɝɨ ɪɟɲɟɧɢя ɭɪаɜɧɟɧɢя (23) 
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Дɪɭɝɨɟ ɪɟɲɟɧɢɟ nk-ɝɨ ɭɪаɜɧɟɧɢя (24) ɦɨɠɧɨ 
ɩɨɥɭчɢɬь, ɩɨɥɨɠɢɜ ɢɦ ɮɭɧɤɰɢɸ 
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Эɬɨ ɩɪɢɜɨɞɢɬ (24) ɤ ɧɟɨɞɧɨɪɨɞɧɨɦɭ ɭɪаɜɧɟ-
ɧɢɸ Ȼɟɫɫɟɥя ɫ λn ɢ J0(λn) ɜ ɡɧаɦɟɧаɬɟɥɟ 
 



А.Л. Зɭɣɤɨɜ  

International Journal for Computational Civil and Structural Engineering 90 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

)(

)()(1

0

11*

2

22

*

2

*2

nn

kn

nkkn

nknk

Jr

rJrJ

rrrr λλ
λλλλ −=Φ⎟⎠

⎞⎜⎝
⎛ −++∂

Φ∂+∂
Φ∂

. 

 

Пɨɥɨɠɢɜ ɜ ɧɟɦ 
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ɪаɡɥɨɠɢɦ ɭɪаɜɧɟɧɢɟ Ȼɟɫɫɟɥя ɜ ɫɢɫɬɟɦɭ 
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Пɨɜɬɨɪяя ɜыɜɨɞ, ɫɞɟɥаɧɧыɣ ɜыɲɟ, ɧаɯɨɞɢɦ  

ɜɬɨɪɨɟ чаɫɬɧɨɟ ɪɟɲɟɧɢɟ (24) ɜ ɜɢɞɟ 
 

×=∂
Δ∂

)()(

)()(
4

00

01

knn

kn
kn

nk

JJ

rJrJ
GG

r λλλ
λλ

 

⎟⎠
⎞⎜⎝

⎛ +−×
Re

)(exp 22 z
kn λλ .    (32) 

 

Сɤɥаɞыɜая (31) ɢ (32), ɩɨɥɭчаɟɦ ɭɞɜɨɟɧɧɨɟ 
ɪɟɲɟɧɢɟ nk-ɝɨ ɭɪаɜɧɟɧɢя (24). Таɤɢɦ ɨɛɪа-
ɡɨɦ, ɪɟɲɟɧɢɟ ɢɫɯɨɞɧɨɝɨ ɭɪаɜɧɟɧɢя (23) 

ɩɪɟɞɫɬаɜɥяɟɬ ɫɨɛɨɣ ɫɭɦɦɭ kn ×  чаɫɬɧыɯ 
ɪɟɲɟɧɢɣ (31) ɢ (32), ɞɟɥɟɧɧɭɸ ɧа ɞɜа, ɤɨɬɨ-
ɪая, ɪаɡɞɟɥяя ɪяɞы, ɡаɩɢɫыɜаɟɬɫя ɜ ɜɢɞɟ 
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Мɨɠɧɨ ɡаɦɟɬɢɬь, чɬɨ ɬɪɟɬɢɣ ɪяɞ (33) яɜɥяɟɬ-

ɫя ɞɟɥɟɧɧɨɣ ɧа ɞɜа аɡɢɦɭɬаɥьɧɨɣ ɫɤɨɪɨɫɬьɸ 

(8). Тɨɝɞа, чɟɬɜɟɪɬыɣ ɪяɞ ɛɭɞɟɬ ɞɟɥɟɧɧɨɣ ɧа 
ɞɜа z-ɨɫɟɜɨɣ ɫɨɫɬаɜɥяɸщɟɣ ɫɢɦɦɟɬɪɢчɧɨɝɨ 
ɩɨ ɤɨɨɪɞɢɧаɬɟ θ  ɜɢɯɪя ɫɤɨɪɨɫɬɢ  
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а ɜɬɨɪɨɣ ɪяɞ – ɞɟɥɟɧɧɨɣ ɧа ɞɜа чаɫɬɧɨɣ ɩɪɨ-
ɢɡɜɨɞɧɨɣ эɬɨɝɨ ɜɢɯɪя ɩɨ r 
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Пɨɥɨɠɢɜ ɜ (33) z = 0, ɩɨɥɭчɢɦ 
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Нɨ ɩɪɢ z = 0, ɬ.ɟ. ɧа ɜɯɨɞɟ ɜ ɤаɧаɥ ɪаɫɩɪɟɞɟ-
ɥɟɧɢɟ аɡɢɦɭɬаɥьɧыɯ ɫɤɨɪɨɫɬɟɣ ɡаɞаɧɨ ɧаɦɢ 

ɩɪɨɮɢɥɟɦ Кɭэɬɬа (6), ɩɪɢ эɬɨɦ ɜɢɯɪь ɫɤɨɪɨ-
ɫɬɢ ɢ ɟɝɨ ɩɪɨɢɡɜɨɞɧая ɛɭɞɭɬ ɪаɜɧы 
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ɨɬɫɸɞа ɩɪɢ z = 0 
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Пɨɫɤɨɥьɤɭ ɧа ɜɯɨɞɟ ɡаɞаɧ ɪаɜɧɨɦɟɪɧыɣ 

ɩɪɨɮɢɥь аɤɫɢаɥьɧыɯ ɫɤɨɪɨɫɬɟɣ, ɩɪɢ ɤɨɬɨɪɨɦ 

0=∂Δ∂ r , ɬɨ ɩɨɥɭчɟɧɧɭɸ ɧɟɜяɡɤɭ (35) ɫɥɟ-
ɞɭɟɬ ɤɨɦɩɟɧɫɢɪɨɜаɬь, ɩɪɨɫɭɦɦɢɪɨɜаɜ (33) ɫ 
ɪɟɲɟɧɢɟɦ ɞɨɩɨɥɧяɸщɟɝɨ (23) ɨɞɧɨɪɨɞɧɨɝɨ 
ɭɪаɜɧɟɧɢя 
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ɤɨɬɨɪɨɟ ɩɪɢ z = 0 ɫɜɨɞɢɬɫя ɤ 
 

r
r

r

002

0

0 ΓΩ−Ω−=∂
Δ∂

,            (36) 

 

Пɨɥɨɠɢɦ ɪɟɲɟɧɢɟɦ эɬɨɝɨ ɨɞɧɨɪɨɞɧɨɝɨ 
ɭɪаɜɧɟɧɢя ɮɭɧɤɰɢɸ 
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ɢ, ɪаɡɞɟɥяя ɩɟɪɟɦɟɧɧыɟ, ɩɪɢɜɟɞɟɦ ɟɝɨ ɤ ɜɢɞɭ 
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ɩɨɥаɝая, ɟɫɥɢ ɥɟɜая чаɫɬь ɡаɜɢɫɢɬ ɬɨɥьɤɨ ɨɬ 
z, а ɩɪаɜая – ɬɨɥьɤɨ ɨɬ r, ɬɨ, ɫɥɟɞɨɜаɬɟɥьɧɨ, 
ɨɛɟ чаɫɬɢ ɧɟ ɡаɜɢɫяɬ ɧɢ ɨɬ z, ɧɢ ɨɬ r, а ɪаɜɧы 

ɨɛщɟɣ ɤɨɧɫɬаɧɬɟ η. Эɬɨ ɩɨɡɜɨɥяɟɬ ɩɨɥɭчɢɬь 
ɫɢɫɬɟɦɭ ɞɜɭɯ ɞɢɮɮɟɪɟɧɰɢаɥьɧыɯ ɭɪаɜɧɟɧɢɣ 
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ɝɞɟ η ɩɪɢɧɢɦаɟɬ ɞɜа ɡɧачɟɧɢя: η = 0 ɢ η < 0. 

Сɥɭчаɣ η > 0 ɢɫɤɥɸчаɟɬɫя, ɬаɤ ɤаɤ ɜɬɨɪая 
ɫɬɪɨɤа (38) ɩɪɢ эɬɨɦ ɨɛɪащаɟɬɫя ɜ ɦɨɞɢɮɢ-

ɰɢɪɨɜаɧɧɨɟ ɭɪаɜɧɟɧɢɟ Ȼɟɫɫɟɥя, ɧɟ ɢɦɟɸщɟɝɨ 
ɞɟɣɫɬɜɢɬɟɥьɧыɯ ɤɨɪɧɟɣ. 

Пɪɢ η = 0 ɧаɯɨɞɢɦ 
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ɨɬɤɭɞа ɫ ɭчɟɬɨɦ (37) 
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Даɧɧɨɟ ɪɟɲɟɧɢɟ ɧɟ ɦɨɠɟɬ ɭɞɨɜɥɟɬɜɨɪяɬь ɭɫ-
ɥɨɜɢяɦ ɩɨɫɬаɜɥɟɧɧɨɣ ɡаɞачɢ, ɢɛɨ ɫɨɯɪаɧяɟɬ 
ɫɜɨɟ ɡɧачɟɧɢɟ ɩɨɫɬɨяɧɧыɦ ɢ ɫɨɨɬɜɟɬɫɬɜɭɸ-

щɢɦ (36) ɧɟ ɬɨɥьɤɨ ɩɪɢ z = 0, ɧɨ ɢ ɩɪɢ ɥɸ-

ɛыɯ ɩɪɨɢɡɜɨɥьɧыɯ ɡɧачɟɧɢяɯ z.  

Пɪɢ η < 0 ɩɨɥɨɠɢɦ 2

iλη −= , ɬɨɝɞа (38) ɩɪɢ-

ɜɨɞɢɬɫя ɤ ɜɢɞɭ 
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ɫ ɪɟɲɟɧɢяɦɢ 
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В ɪɟɡɭɥьɬаɬɟ ɫɨɝɥаɫɧɨ (37) ɞɥя i-ɝɨ чаɫɬɧɨɝɨ 
ɪɟɲɟɧɢя ɩɨɥɭчаɟɦ  
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ɡɞɟɫь ɤɨɧɫɬаɧɬа ɋ1 ɜɨɲɥа ɜ ɩɨɫɬɨяɧɧɭɸ Аi, 

Иɫɩɨɥьɡɭя ɩɨɥɧɭɸ ɫɢɫɬɟɦɭ чаɫɬɧыɯ ɪɟɲɟ-
ɧɢɣ, ɧаɯɨɞɢɦ ɨɛщɟɟ ɪɟɲɟɧɢɟ (38) ɜ ɜɢɞɟ ɪя-
ɞа Фɭɪьɟ-Ȼɟɫɫɟɥя 
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Иɧɬɟɝɪɢɪɭя (39) ɩɨ ɪаɞɢɭɫɭ ɨɬ r ɞɨ 1 ɢ ɩɨɥа-
ɝая ɫɨɝɥаɫɧɨ ɝɪаɧɢчɧыɦ ɭɫɥɨɜɢяɦ (3) Δ0 = 0 

ɩɪɢ r = 1, ɧаɯɨɞɢɦ 
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Пɨɫɤɨɥьɤɭ ɧɨɪɦɢɪɨɜаɧɧыɣ ɢɧɬɟɝɪаɥ ɨɛɴɟɦ-

ɧɨɝɨ ɪаɫɯɨɞа ɩɨ (3) ɪаɜɟɧ ɟɞɢɧɢɰɟ, а ɜыɩɨɥ-
ɧɟɧɢɟ эɬɨɝɨ ɭɫɥɨɜɢя ɨɛɟɫɩɟчɢɜаɟɬɫя ɪаɫɩɪɟ-
ɞɟɥɟɧɢяɦɢ (20) ɢɥɢ (21), ɬɨ 
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Нɨ ɞаɧɧɨɟ ɪаɜɟɧɫɬɜɨ ɜɨɡɦɨɠɧɨ ɬɨɥьɤɨ ɜ ɬɨɦ 

ɫɥɭчаɟ, ɟɫɥɢ 

 

[ ] 02)()(

1

0

00 =−∫ rdrrJJ ii λλ , 

 

чɬɨ ɫɨɨɬɜɟɬɫɬɜɭɟɬ (18). Сɥɟɞɨɜаɬɟɥьɧɨ, ɜ 
ɪаɫɩɪɟɞɟɥɟɧɢяɯ (39) ɢ (40) λi яɜɥяɟɬɫя ɨɞɧɢɦ 

ɢɡ ɞɟɣɫɬɜɢɬɟɥьɧыɯ ɧɭɥɟɣ ɮɭɧɤɰɢɢ Ȼɟɫɫɟɥя 
ɩɟɪɜɨɝɨ ɪɨɞа ɜɬɨɪɨɝɨ ɩɨɪяɞɤа. 
Пɨɥɨɠɢɦ ɜ (39) z = 0, ɬɨɝɞа ɫ ɭчɟɬɨɦ (36) 

ɞɨɥɠɧɨ ɢɦɟɬь ɦɟɫɬɨ ɪаɜɟɧɫɬɜɨ 
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ɍɦɧɨɠɢɦ ɟɝɨ ɧа r2
dr ɢ ɩɪɨɢɧɬɟɝɪɢɪɭɟɦ ɨɬ 0 

ɞɨ r. В ɪɟɡɭɥьɬаɬɟ ɩɨɥɭчɢɦ 
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ɍɦɧɨɠая эɬɨɬ ɪɟɡɭɥьɬаɬ ɩɨɫɥɟɞɨɜаɬɟɥьɧɨ ɧа 
J2(λ1r)rdr, J2(λ2r)rdr, …, J2(λir)rdr, …, 

rdrrJ )(2 ∞λ , ɢ ɢɧɬɟɝɪɢɪɭя ɩɨ r ɨɬ 0 ɞɨ 1, ɢɡ 
ɭɫɥɨɜɢɣ ɨɪɬɨɝɨɧаɥьɧɨɫɬɢ ɮɭɧɤɰɢɣ Ȼɟɫɫɟɥя 
ɞɥя ɩɪɨɢɡɜɨɥьɧɨɝɨ i-ɝɨ чаɫɬɧɨɝɨ ɪɟɲɟɧɢя 
ɧаɯɨɞɢɦ 
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Таɤ ɤаɤ λi – ɞɟɣɫɬɜɢɬɟɥьɧыɣ ɤɨɪɟɧь ɭɪаɜɧɟ-

ɧɢя J2(λi) = 0, ɜɨɫɩɨɥьɡɭɟɦɫя ɪаɜɟɧɫɬɜаɦɢ 

(19). Тɨɝɞа  
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Пɨɞɫɬаɜɥяя ɡɧачɟɧɢɟ Аi ɜ (40), ɩɨɥɭчɢɦ 
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Пɪɨɢɧɬɟɝɪɢɪɭɟɦ ɬɟɩɟɪь (33) ɩɨ ɪаɞɢɭɫɭ ɨɬ 
ɬɟɤɭщɟɝɨ ɡɧачɟɧɢя r ɞɨ 1, ɩɨɥаɝая ɞɟɮɢɰɢɬ 
ɫɤɨɪɨɫɬɢ ɭ ɫɬɟɧɤɢ ɩɪɢ r = 1 ɪаɜɧыɦ ɧɭɥɸ. В 

ɪɟɡɭɥьɬаɬɟ ɧаɯɨɞɢɦ  
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Сɭɦɦа (41) ɢ (42) ɞаɟɬ ɧаɦ ɞɟɮɢɰɢɬ ɫɤɨɪɨɫɬɢ 

ɨɬ ɡаɤɪɭɬɤɢ ɩɨɬɨɤа, ɤɨɬɨɪыɣ ɩɪɢ z = 0 ɢ ∞=z  ɪаɜɟɧ ɧɭɥɸ. Пɪɨɢɧɬɟɝɪɢɪɭɟɦ (42), ɨɩ-

ɪɟɞɟɥяя ɪаɫɯɨɞ ɞɟɮɢɰɢɬа ɫɤɨɪɨɫɬɢ 
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Нɨ эɬɨɬ ɪаɫɯɨɞ ɫɨɝɥаɫɧɨ ɩяɬɨɦɭ ɝɪаɧɢчɧɨɦɭ 
ɭɫɥɨɜɢɸ (3) ɞɨɥɠɟɧ ɛыɬь ɪаɜɟɧ ɧɭɥɸ. Сɥɟ-
ɞɨɜаɬɟɥьɧɨ, ɞɥя ɩɨɥɭчɟɧɢя ɨɛщɟɝɨ ɪɟɲɟɧɢя, 
ɭɞɨɜɥɟɬɜɨɪяɸщɟɝɨ ɭɫɥɨɜɢяɦ (3), ɤ ɫɭɦɦɟ 
ɪɟɲɟɧɢɣ (41) ɢ (42) ɫɥɟɞɭɟɬ ɩɪɢɛаɜɢɬь ɪɟ-
ɲɟɧɢɟ ɨɞɧɨɪɨɞɧɨɝɨ ɭɪаɜɧɟɧɢя 
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ɝɞɟ Δq – ɞɟɮɢɰɢɬ, ɤɨɦɩɟɧɫɢɪɭɸщɢɣ ɧɟɜяɡɤɭ 
q ɩɨ (43). 

Иɫɯɨɞя ɢɡ ɜɢɞа (43), ɢɫɤɨɦɭɸ ɮɭɧɤɰɢɸ ɛɭ-
ɞɟɦ ɢɫɤаɬь ɤаɤ ɫɭɦɦɭ 
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Вɜɨɞя ɡɧачɟɧɢя ɮɭɧɤɰɢɣ ɜ ɡаɩɢɫаɧɧɨɟ ɨɞɧɨ-
ɪɨɞɧɨɟ ɭɪаɜɧɟɧɢɟ, ɩɨɥɭчаɟɦ 2ɩ ɭɪаɜɧɟɧɢɣ  
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ɢɦɟɸщɢɯ ɪɟɲɟɧɢя ɜɢɞа 
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Таɤɢɦ ɨɛɪаɡɨɦ, ɫɭɦɦа (44) ɡаɩɢɫыɜаɟɬɫя ɪя-
ɞаɦɢ Фɭɪьɟ-Ȼɟɫɫɟɥя 
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Иɧɬɟɝɪɢɪɭя эɬɨɬ ɪɟɡɭɥьɬаɬ ɩɨ ɪаɞɢɭɫɭ ɨɬ ɬɟ-

ɤɭщɟɝɨ ɡɧачɟɧɢя r ɞɨ r = 1 ɢ ɩɨɥɨɠɢɜ ɜ ɩɨ-
ɫɥɟɞɧɟɦ ɫɥɭчаɟ Δq = 0, ɧаɯɨɞɢɦ 
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Иɧɬɟɝɪɢɪɭя (45) ɩɨ ɫɟчɟɧɢɸ ɤаɧаɥа, ɞаɥɟɟ 
ɧаɯɨɞɢɦ ɪаɫɯɨɞ ɤɨɦɩɟɧɫаɰɢɨɧɧɨɝɨ ɞɟɮɢɰɢɬа 
ɫɤɨɪɨɫɬɟɣ 
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ɝɞɟ ɭчɬɟɧɨ, чɬɨ ɫɨɝɥаɫɧɨ ɪɟɤɭɪɪɟɧɬɧыɦ ɫɨ-
ɨɬɧɨɲɟɧɢяɦ 
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Пɪɢɪаɜɧяɟɦ ɬɟɩɟɪь ɩɨɥɭчɟɧɧɭɸ ɫɭɦɦɭ ɤ 
(43), ɧɨ ɫ ɨɛɪаɬɧыɦ ɡɧаɤɨɦ, ɬɨ ɟɫɬь ɩɨɥɨɠɢɦ 

ɟё ɪаɜɧɨɣ –q, чɟɦ ɤɨɦɩɟɧɫɢɪɭɟɦ ɩɨɥɭчɟɧɧɭɸ 

ɜ (43) ɧɟɜяɡɤɭ ɪаɫɯɨɞа ɢ эɬɢɦ ɭɞɨɜɥɟɬɜɨɪɢɦ 

ɩяɬɨɟ ɝɪаɧɢчɧɨɟ ɭɫɥɨɜɢɟ (3). Пɪɢ эɬɨɦ ɫɭɦ-

ɦɭ ɩɨ ɩ ɜ ɩɨɥɭчɟɧɧɨɦ ɜыɪаɠɟɧɢɢ ɫɨɨɬɧɟɫɟɦ 

ɫ ɫɭɦɦɨɣ ɩɨ ɩ ɜ (43) 
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а ɩɪɨɢɡɜɟɞɟɧɢɟ ɪяɞɨɜ ɩɨ k ɢ n – ɫɨɨɬɧɟɫɟɦ ɫ 
аɧаɥɨɝɢчɧыɦ ɩɪɨɢɡɜɟɞɟɧɢɟɦ ɪяɞɨɜ ɜ (43) 
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Оɬɫɸɞа ɧаɯɨɞɢɦ 
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Пɨɞɫɬаɜɥяя ɧаɣɞɟɧɧыɟ ɡɧачɟɧɢя ɤɨɧɫɬаɧɬ ɜ 
(45), ɩɨɥɭчɢɦ 
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Таɤɢɦ ɨɛɪаɡɨɦ, ɜɫɥɟɞɫɬɜɢɟ ɡаɤɪɭɬɤɢ ɩɨɬɨɤа 
ɩɨяɜɥяɟɬɫя ɧɟ ɬɨɥьɤɨ ɫɜяɡаɧɧыɣ ɫ ɧɟɣ ɞɟɮɢ-

ɰɢɬ ɫɤɨɪɨɫɬɟɣ (Δ + Δ0), ɧɨ ɢ ɧɟ ɪаɜɧыɣ ɧɭɥɸ 

ɤɨɦɩɟɧɫаɰɢɨɧɧыɣ ɞɟɮɢɰɢɬ (Δq), ɤɨɬɨɪыɣ 

ɧɟɨɛɯɨɞɢɦɨ ɭчɢɬыɜаɬь, ɭɞɨɜɥɟɬɜɨɪяя ɢɧɬɟ-
ɝɪаɥ ɫɨɯɪаɧɟɧɢя ɪаɫɯɨɞа. 
В ɨɤɨɧчаɬɟɥьɧɨɦ ɜɢɞɟ ɪаɫɩɪɟɞɟɥɟɧɢɟ аɤɫɢ-

аɥьɧыɯ ɫɤɨɪɨɫɬɟɣ ɜ ɰɢɪɤɭɥяɰɢɨɧɧɨ-ɩɪɨɞɨɥь-
ɧɨɦ ɬɟчɟɧɢɢ ɧаɯɨɞɢɦ ɤаɤ ɫɭɦɦɭ (21), (41), 

(42) ɢ (46) 
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ɝɞɟ λi – ɞɟɣɫɬɜɢɬɟɥьɧыɟ ɧɭɥɢ ɮɭɧɤɰɢɢ Ȼɟɫ-
ɫɟɥя ɩɟɪɜɨɝɨ ɪɨɞа ɜɬɨɪɨɝɨ ɩɨɪяɞɤа; λn ɢ λk – 

ɞɟɣɫɬɜɢɬɟɥьɧыɟ ɧɭɥɢ ɮɭɧɤɰɢɢ Ȼɟɫɫɟɥя ɩɟɪ-
ɜɨɝɨ ɪɨɞа ɩɟɪɜɨɝɨ ɩɨɪяɞɤа; Gn ɢ Gk – ɜычɢɫ-
ɥяɟɦыɟ ɩɨ (5) ɩɨɫɬɨяɧɧыɟ ɩ-ɝɨ ɢ k-ɝɨ чаɫɬ-
ɧыɯ ɪɟɲɟɧɢɣ. 

Пɨɥɭчɟɧɧɨɟ ɪɟɲɟɧɢɟ (47) ɭɞɨɜɥɟɬɜɨɪяɟɬ 
ɜɫɟɦ ɩɨɫɬаɜɥɟɧɧыɦ ɝɪаɧɢчɧыɦ ɭɫɥɨɜɢяɦ (3), 

ɬ.ɟ. ɜяɡɤɨɦɭ ɩɪɢɥɢɩаɧɢɸ ɠɢɞɤɨɫɬɢ ɧа ɫɬɟɧ-

ɤаɯ ɬɪɭɛы, ɭɫɥɨɜɢɸ ɝɥаɞɤɨɝɨ эɤɫɬɪɟɦɭɦа ɧа 
ɨɫɢ ɬɪɭɛɨɩɪɨɜɨɞа, аɫɢɦɩɬɨɬɢчɟɫɤɨɦɭ ɜыɯɨ-
ɞɭ ɧа ɩɪɨɮɢɥь Пɭаɡɟɣɥя ɞɥя ɪаɜɧɨɦɟɪɧɨɝɨ 
ɞɜɢɠɟɧɢя ɧа ɡɧачɢɬɟɥьɧɨɦ ɭɞаɥɟɧɢɢ ɨɬ ɜɯɨ-
ɞа, ɪаɜɧɨɦɟɪɧɨɦɭ ɪаɫɩɪɟɞɟɥɟɧɢɸ аɡɢɦɭ-
ɬаɥьɧыɯ ɫɤɨɪɨɫɬɟɣ ɧа ɜɯɨɞɟ ɜ ɤаɧаɥ, а ɬаɤɠɟ 
ɫɨɨɬɜɟɬɫɬɜɭɟɬ ɢɧɬɟɝɪаɥɭ ɫɨɯɪаɧɟɧɢя ɪаɫɯɨ-
ɞа. Оɧɨ ɪаɫɩɪɨɫɬɪаɧяɟɬɫя ɧа ɭɫɬаɧɨɜɢɜɲɢɟɫя 
ɧɟɪаɜɧɨɦɟɪɧыɟ ɰɢɪɤɭɥяɰɢɨɧɧɨ-ɩɪɨɞɨɥьɧыɟ 
ɬɟчɟɧɢя ɠɢɞɤɨɫɬɢ ɫ ɩɪɨɢɡɜɨɥьɧɨɣ ɡаɤɪɭɬɤɨɣ, 

а ɜ чаɫɬɧыɯ ɫɥɭчаяɯ ɫɜɨɞɢɬɫя ɤ ɢɡɜɟɫɬɧыɦ 

ɪаɫɩɪɟɞɟɥɟɧɢяɦ Таɪɝа ɞɥя ɭɫɬаɧɨɜɢɜɲɟɝɨɫя 
ɧɟɪаɜɧɨɦɟɪɧɨɝɨ ɩɪɨɞɨɥьɧɨ-ɨɫɟɜɨɝɨ ɞɜɢɠɟ-
ɧɢя ɠɢɞɤɨɫɬɢ ɜ ɧаɩɨɪɧɨɦ ɬɪɭɛɨɩɪɨɜɨɞɟ ɢ 

Пɭаɡɟɣɥя ɩɪɢ ɪаɜɧɨɦɟɪɧɨɦ ɩɪɨɞɨɥьɧɨ-
ɨɫɟɜɨɦ ɬɟчɟɧɢɢ ɠɢɞɤɨɫɬɢ ɜ ɬɪɭɛɟ. 
Ɋɟɡɭɥьɬаɬы ɪаɫчɟɬɨɜ ɩɨ ɮɨɪɦɭɥɟ (47) ɩɪɢɜɟ-
ɞɟɧы ɧа ɪɢɫ. 4. Ɋаɫчɟɬы ɜыɩɨɥɧɟɧы ɩɪɢ чɢɫ-
ɥɟ Ɋɟɣɧɨɥьɞɫа, ɪаɜɧɨɦ Re = 500; ɜɨ ɜɯɨɞɧɨɦ 

ɫɬɜɨɪɟ ɤаɧаɥа ɡаɞаɧ «ɫɜɨɛɨɞɧɨ-ɜыɧɭɠɞɟɧ-

ɧыɣ ɜɢɯɪь», ɫɨɨɬɜɟɬɫɜɭɸщɢɣ ɪɢɫ. 2. 
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Рɢɫɭɧɨɤ 4. ɉɪɨɮɢɥɢ аɤɫɢаɥьɧыɯ ɫɤɨɪɨɫɬеɣ 
ɜ ɰɢɪɤɭɥяɰɢɨɧɧɨ-ɩɪɨɞɨɥьɧɨɦ ɬеɱеɧɢɢ  

 

Иɡ ɪɢɫɭɧɤа ɜɢɞɧɨ, чɬɨ ɜ ɫɟчɟɧɢяɯ, ɛɥɢɡɤɢɯ ɤ 
ɧачаɥɭ ɬɪɭɛы, ɜ ɩɪɢɨɫɟɜɨɣ ɡɨɧɟ ɦɨɠɧɨ ɧа-
ɛɥɸɞаɬь ɫɢɥьɧɨɟ ɜɨɡɜɪаɬɧɨɟ ɬɟчɟɧɢɟ ɫɨ ɡɧа-
чɢɬɟɥьɧыɦɢ ɨɬɪɢɰаɬɟɥьɧыɦɢ ɫɤɨɪɨɫɬяɦɢ, 

ɞɨɫɬɢɝаɸщɢɦɢ ɧа ɨɫɢ ɬɪɭɛы ɞɥя ɪаɫчɟɬɧɨɝɨ 
ɪɟɠɢɦа ɩɪɢ z = 5R ɡɧачɟɧɢɣ ɞɨ v = -5,6v0 (ɝɞɟ 
v0 – ɫɪɟɞɧɟɪаɫɯɨɞɧая ɫɤɨɪɨɫɬь). Даɥɟɟ ɩɨ 
ɞɥɢɧɟ ɬɪɭɛы ɨɛɪаɬɧыɟ ɬɨɤɢ ɫɧɢɠаɸɬɫя ɢ ɢɫ-
чɟɡаɸɬ, ɩɪɟɨɛɪаɡɭяɫь ɜ «ɩɪɨɜаɥ», ɯаɪаɤɬɟɪ-
ɧыɣ ɞɥя ɬɟчɟɧɢя ɡа ɩɥɨɯɨɨɛɬɟɤаɟɦыɦ ɬɟɥɨɦ. 

Дɥя ɪаɫчɟɬɧɨɝɨ ɪɟɠɢɦа ɜɨɡɜɪаɬɧɨɟ ɩɪɢɨɫɟ-
ɜɨɟ ɬɟчɟɧɢɟ ɫɭщɟɫɬɜɭɟɬ ɧа ɭчаɫɬɤɟ ɞɥɢɧɨɣ 

ɞɨ ɬɪɢɞɰаɬɢ ɪаɞɢɭɫɨɜ ɤаɧаɥа. Аɧаɥɢɡ (47) 

ɩɨɡɜɨɥяɟɬ ɫɞɟɥаɬь ɜыɜɨɞ, чɬɨ ɢɡɦɟɧɟɧɢɟ чɢɫɥа 
Ɋɟɣɧɨɥьɞɫа ɡа ɫчɟɬ ɜяɡɤɨɫɬɢ ɠɢɞɤɨɫɬɢ, ɫɤɨ-
ɪɨɫɬɢ ɬɟчɟɧɢя ɢɥɢ ɪаɞɢɭɫа ɤаɧаɥа ɩɪяɦɨ 
ɩɪɨɩɨɪɰɢɨɧаɥьɧɨ ɨɬɪаɠаɟɬɫя ɧа ɩɪɨɬяɠɟɧ-

ɧɨɫɬɢ ɭчаɫɬɤа ɜɨɡɜɪаɬɧɨɝɨ ɬɟчɟɧɢя. 
За ɩɪɟɞɟɥаɦɢ ɜɨɡɜɪаɬɧɨɝɨ ɩɪɢɨɫɟɜɨɝɨ ɬɟчɟ-
ɧɢя ɫɤɨɪɨɫɬɢ ɜ ɬɨɥщɟ ɩɨɬɨɤа ɦɨɝɭɬ ɫɭщɟɫɬ-
ɜɟɧɧɨ ɩɪɟɜɨɫɯɨɞɢɬь ɫɪɟɞɧɟɪаɫɯɨɞɧɭɸ, ɪаɜ-
ɧɭɸ v0 = 1. Таɤ ɩɪɢ z = 5R ɦаɤɫɢɦаɥьɧая 
ɫɤɨɪɨɫɬь ɞɨɫɬɢɝаɟɬ ɡɧачɟɧɢя v = 2,6v0 ɢ ɥɟ-
ɠɢɬ ɧа ɪаɫɫɬɨяɧɢɢ 0,33R ɨɬ ɨɫɢ ɤаɧаɥа ɜ 
ɫɥɨɟ, ɧɟɩɨɫɪɟɞɫɬɜɟɧɧɨ ɩɪɢɦыɤаɸщɟɦ ɤ ɨɛ-

ɥаɫɬɢ ɨɛɪаɬɧыɯ ɬɨɤɨɜ. Зɞɟɫь ɜ ɛɥɢɠаɣɲɢɯ ɤ 
ɨɛɥаɫɬɢ ɜɨɡɜɪаɬɧɨɝɨ ɬɟчɟɧɢя ɫɥɨяɯ ɠɢɞɤɨɫɬɢ 

ɧаɛɥɸɞаɟɬɫя ɫɤачɨɤ ɫɤɨɪɨɫɬɟɣ, ɧɟ ɭɫɩɟɜаɸ-

щɢɣ ɪаɫɩɪɨɫɬɪаɧɢɬьɫя ɧа ɭɞаɥɟɧɧыɟ ɩɟɪɢ-

ɮɟɪɢɣɧыɟ ɫɥɨɢ. Ɋаɫчɟɬы ɩɨɤаɡыɜаɸɬ, чɬɨ 
ɛаɥаɧɫ ɦаɫɫ ɜ ɧачаɥɟ ɤаɧаɥа ɜ ɰɢɪɤɭɥяɰɢɨɧ-

ɧɨ-ɩɪɨɞɨɥьɧɨɦ ɬɟчɟɧɢɢ ɩɨɞɞɟɪɠɢɜаɟɬɫя ɡа 

ɫчɟɬ ɢɦɟɧɧɨ эɬɨɝɨ яɜɥɟɧɢя. В ɞаɥьɧɟɣɲɟɦ ɜ 
ɩɪɨɰɟɫɫ ɩɟɪɟɮɨɪɦɢɪɨɜаɧɢя ɩɪɨɮɢɥя аɤɫɢ-

аɥьɧыɯ ɫɤɨɪɨɫɬɟɣ ɜɨɜɥɟɤаɸɬɫя ɜɫɟ ɛɨɥɟɟ ɨɬ-
ɞаɥɟɧɧыɟ ɨɬ ɡɨɧы ɜɨɡɜɪаɬɧыɯ ɬɨɤɨɜ ɫɥɨɢ, 

ɩɪɢ эɬɨɦ ɩɨ ɦɟɪɟ ɩɪɨɞɜɢɠɟɧɢя ɩɨɬɨɤа ɜɞɨɥь 
ɨɫɢ ɤаɧаɥа ɡɨɧа ɦаɤɫɢɦɭɦа ɫɤɨɪɨɫɬɟɣ ɜ ɜɢɞɟ 
ɪаɫɲɢɪяɸщɟɣɫя ɡаɬɭɯаɸщɟɣ ɜɨɥɧы ɫɦɟща-
ɟɬɫя ɤ ɫɬɟɧɤаɦ ɬɪɭɛы. Таɤɢɦ ɨɛɪаɡɨɦ, яɜɥɟ-
ɧɢɟ ɦɨɠɧɨ ɯаɪаɤɬɟɪɢɡɨɜаɬь ɤаɤ ɢɧɢɰɢɢɪɨ-
ɜаɧɧɭɸ ɜɨɡɜɪаɬɧыɦ ɩɪɢɨɫɟɜыɦ ɬɟчɟɧɢɟɦ 

ɢɧɟɪɰɢɨɧɧɭɸ ɜɨɥɧɭ, ɪаɫɯɨɞящɭɸɫя ɨɬ ɨɫɢ ɤ 
ɫɬɟɧɤаɦ ɤаɧаɥа. Вɨɥɧа ɞɨɫɬаɬɨчɧɨ ɛыɫɬɪɨ 
ɡаɬɭɯаɟɬ ɢ, ɞɨɫɬɢɝɧɭɜ ɫɬɟɧɨɤ ɧɢɠɟ ɫɬɜɨɪа 
20R, ɛɨɥɟɟ ɧɟ ɩɪɨяɜɥяɟɬ ɫɟɛя. Даɥɟɟ ɩɨ ɞɥɢɧɟ 
ɬɪɭɛы ɫɦɟщɟɧɢɟ ɡɨɧы ɦаɤɫɢɦаɥьɧыɯ ɨɫɟɜыɯ 
ɫɤɨɪɨɫɬɟɣ ɢɞɟɬ ɨɬ ɩɟɪɢɮɟɪɢɢ ɤ ɰɟɧɬɪɭ ɤаɧа-
ɥа ɢ ɜ ɩɪɟɞɟɥɟ, ɩɪɢ ɜыɪɨɠɞɟɧɢɢ ɰɢɪɤɭɥяɰɢɢ, 

аɤɫɢаɥьɧыɟ ɫɤɨɪɨɫɬɢ ɞɨɫɬɢɝаɸɬ ɦаɤɫɢɦɭɦа 
ɧа ɟɝɨ ɨɫɢ. Паɪаɛɨɥɢчɟɫɤɢɣ ɩɪɨɮɢɥь Пɭа-
ɡɟɣɥя, ɩɨɤаɡаɧɧыɣ ɲɬɪɢɯɨɜɨɣ ɤɪɢɜɨɣ, ɩɪаɤ-
ɬɢчɟɫɤɢ ɮɨɪɦɢɪɭɟɬɫя ɤ ɫɬɜɨɪɭ ɧа ɪаɫɫɬɨяɧɢɢ 

80R ɨɬ ɜɯɨɞа. 
Оɬɦɟɬɢɦ, чɬɨ ɡаɤɪɭɬɤа ɩɪɢɜɨɞɢɬ ɫ ɤаɪɞɢ-

ɧаɥьɧɨɦɭ ɨɬɥɢчɢɸ ɩɪɨɮɢɥя аɤɫɢаɥьɧɨɣ ɫɤɨ-
ɪɨɫɬɢ ɜ ɡаɤɪɭчɟɧɧɨɦ ɩɨɬɨɤɟ (ɪɢɫ. 4) ɨɬ ɩɪɨ-
ɮɢɥя ɜ ɧɟɡаɤɪɭчɟɧɧɨɦ ɬɟчɟɧɢɢ (ɪɢɫ. 3). 

Пɪɨɮɢɥɢ аɤɫɢаɥьɧыɯ ɫɤɨɪɨɫɬɟɣ ɜ ɰɢɪɤɭɥя-
ɰɢɨɧɧɨ-ɩɪɨɞɨɥьɧɨɦ ɬɟчɟɧɢɢ ɜ ɨɩɪɟɞɟɥяɸ-

щɟɣ ɫɬɟɩɟɧɢ ɮɨɪɦɢɪɭɸɬɫя ɡаɤɪɭɬɤɨɣ ɩɨɬɨɤа, 
ɫɥɟɞɨɜаɬɟɥьɧɨ, ɩɪɨɞɨɥьɧɨɟ ɬɟчɟɧɢɟ ɩɪɢɨɛɪɟ-
ɬаɟɬ ɫɜɨɣɫɬɜа ɜɬɨɪɢчɧɨɝɨ, ɡаɜɢɫɢɦɨɝɨ ɨɬ 
аɡɢɦɭɬаɥьɧɨɣ ɤɨɦɩɨɧɟɧɬы ɫɤɨɪɨɫɬɢ. 

Аɧаɥɢɡ ɨɤɨɧчаɬɟɥьɧыɯ ɪаɫчɟɬɧыɯ ɮɨɪɦɭɥ 
(8) ɢ (47), ɝɞɟ ɪаɞɢаɥьɧɨɟ ɪаɫɩɪɟɞɟɥɟɧɢɟ (ɩɨ 
r) ɨɩɪɟɞɟɥяɟɬɫя ɮɭɧɤɰɢяɦɢ Ȼɟɫɫɟɥя, а ɩɪɨ-
ɞɨɥьɧɨɟ (ɩɨ z) – эɤɫɩɨɧɟɧɬɨɣ, ɩɨɡɜɨɥяɟɬ ɭɬ-
ɜɟɪɠɞаɬь, чɬɨ ɫɩɪаɜɟɞɥɢɜ ɡаɤɨɧ ɩɪяɦɨ ɩɪɨ-
ɩɨɪɰɢɨɧаɥьɧɨɝɨ ɩɟɪɟɫчɟɬа ɯаɪаɤɬɟɪɢɫɬɢɤ. А 

ɢɦɟɧɧɨ: ɩɪɢ ɭɜɟɥɢчɟɧɢɢ чɢɫɥа Ɋɟɣɧɨɥьɞɫа, 
ɧаɩɪɢɦɟɪ, ɜ ɞɜа ɪаɡа (ɞɨ  Re = 1000), ɩɪɨ-
ɮɢɥь ɫɤɨɪɨɫɬɟɣ ɩɨɥɭчɟɧɧыɣ ɞɥя Re = 500 ɜ 
ɫɬɜɨɪɟ 10R ɫɦɟɫɬɢɬɫя ɜ ɫɬɜɨɪ 20R, ɢ, ɧаɨɛɨ-
ɪɨɬ, ɩɪɢ ɫɧɢɠɟɧɢɢ чɢɫɥа Ɋɟɣɧɨɥьɞɫа ɩɨɥɭ-
чɟɧɧая ɪаɫчɟɬɧая ɤɪɢɜая, ɫɨɯɪаɧяя ɫɜɨɢ ɡɧа-
чɟɧɢя, ɩɪяɦɨ ɩɪɨɩɨɪɰɢɨɧаɥьɧɨ ɫɦɟɫɬɢɬɫя ɤ 
ɜɯɨɞɧɨɦɭ ɫɬɜɨɪɭ. 
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ɇА ɉɊɂɆȿɊȿ ɊАСЧȿɌА ȻАɅКɂ ȻȿɊɇɍɅɅɂ  
 

М.Л. Моɡɝаɥева, П.А. Акимов 
ФГȻОɍ ВПО «Мɨɫɤɨɜɫɤɢɣ ɝɨɫɭɞаɪɫɬɜɟɧɧыɣ ɫɬɪɨɢɬɟɥьɧыɣ ɭɧɢɜɟɪɫɢɬɟɬ», ɝ. Мɨɫɤɜа, Ɋɨɫɫɢя 

 
АɇɇɈɌАЦɂə: В ɧаɫɬɨящɟɣ ɫɬаɬьɟ ɪаɫɫɦаɬɪɢɜаɟɬɫя аɩɪɨɛаɰɢя ɤɨɪɪɟɤɬɧɨɝɨ ɦɟɬɨɞа ɪɟɲɟɧɢя ɤɪаɟɜыɯ 
ɡаɞач ɫɬɪɨɢɬɟɥьɧɨɣ ɦɟɯаɧɢɤɢ ɧа ɨɫɧɨɜɟ ɢɫɩɨɥьɡɨɜаɧɢя аɩɩаɪаɬа ɤɪаɬɧɨɦаɫɲɬаɛɧɨɝɨ ɜɟɣɜɥɟɬ-аɧаɥɢɡа 
(ɩɪɢɦɟɧяɟɬɫя ɞɢɫɤɪɟɬɧыɣ ɛаɡɢɫ Хааɪа) ɧа ɩɪɢɦɟɪɟ ɪаɫчɟɬа ɛаɥɤɢ Ȼɟɪɧɭɥɥɢ. Пɪɟɞɫɬаɜɥɟɧа ɢɫɯɨɞɧая ɩɨ-
ɫɬаɧɨɜɤа ɡаɞачɢ, ɨɩɢɫаɧа ɦɟɬɨɞɢɤа ɞɢɫɤɪɟɬɧɨɝɨ (чɢɫɥɟɧɧɨɝɨ) ɪɟɲɟɧɢя ɡаɞачɢ, ɢɫɫɥɟɞɨɜаɧы аɤɬɭаɥьɧыɟ 
ɜɨɩɪɨɫы ɢɫɩɨɥьɡɨɜаɧɢя ɩɪɨɰɟɞɭɪы ɨɫɪɟɞɧɟɧɢя, ɢɡɭчɟɧы ɩɪаɤɬɢчɟɫɤɢɟ ɩɪɢɥɨɠɟɧɢя. 
 

Ключевые словɚ: ɤɨɪɪɟɤɬɧыɣ ɦɟɬɨɞ, ɥɨɤаɥьɧɨɟ ɪɟɲɟɧɢɟ, ɤɪаɟɜая ɡаɞача, ɪаɫчɟɬ ɤɨɧɫɬɪɭɤɰɢɣ, 

ɜɟɣɜɥɟɬ-аɧаɥɢɡ, ɞɢɫɤɪɟɬɧыɣ ɛаɡɢɫ Хааɪа, аɩɪɨɛаɰɢя, ɜɟɪɢɮɢɤаɰɢя 
 

 

APPROBATION OF CORRECT METHOD OF LOCAL SOLUTION 

OF BOUNDARY PROBLEMS OF STRUCTUTAL MECHANICS 

WITH THE USE OF MULTIRESOLUTION WAVELET ANALYSIS  

TO BEAM ANALYSIS 
 

Marina L. Mozgaleva, Pavel A. Akimov 
Moscow State University of Civil Engineering, Moscow, RUSSIA 

 
ABSTRACT: The distinctive paper is devoted to approbation of correct method of local solution of boundary 

problems of structural mechanics with the use of multiresolution wavelet analysis (discrete Haar basis) to beam 

analysis. Initial continual formulation of the problem is presented. Corresponding numerical formulation is given 

as well. Algorithms of averaging and some practical applications are under consideration. 

 

Key words: correct method, local solution, boundary problem, structural mechanics,  

multiresolution wavelet analysis, beam analysis, discrete Haar basis, approbation, verification 

 

 
1. ɂСХɈДɇАə ɉɈСɌАɇɈȼКА ɁАДАЧɂ 

 

Даɧа ɛаɥɤа ɧа ɭɩɪɭɝɨɦ ɨɫɧɨɜаɧɢɢ ɫɨ ɫɥɟ-
ɞɭɸщɢɦɢ ɩаɪаɦɟɬɪаɦɢ (ɫɦ. ɪɢɫ. 1): 

A =800 ɫɦ – ɞɥɢɧа; h=130 ɫɦ, b=100 ɫɦ – ɜы-

ɫɨɬа ɢ ɲɢɪɢɧа ɩɨɩɟɪɟчɧɨɝɨ ɫɟчɟɧɢя, ɫɨɨɬ-
ɜɟɬɫɬɜɟɧɧɨ; Е=2650 ɤН/ɫɦ2

 – ɦɨɞɭɥь ɭɩɪɭɝɨ-
ɫɬɢ; Р=100 ɤɊ – ɧаɝɪɭɡɤа, ɡаɞаɧɧая ɜ ɫɪɟɞɧɟɣ 

ɬɨчɤɟ. Кɪɨɦɟ ɬɨɝɨ, k=75·10
-3

 ɤН/ɫɦ3
, k =k·b, 

J=bh
3
/12 [5]. 

Оɩɪɟɞɟɥɟɧɢɟ ɩɪɨɝɢɛа ɛаɥɤɢ ɫɜɨɞɢɬɫя ɤ ɪɟ-
ɲɟɧɢɸ ɫɥɟɞɭɸщɟɣ ɤɪаɟɜɨɣ ɡаɞачɢ: 
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Рɢɫɭɧɨɤ 1. Раɫɫɦаɬɪɢɜаеɦая ɛаɥɤа Беɪɧɭɥɥɢ 

 

 

 
Рɢɫɭɧɨɤ 2. Аɩɩɪɨɤɫɢɦаɰɢя ɤɨɧɫɬɪɭɤɰɢɢ 

 

 

ɝɞɟ          
EJ

k=44α ;   )
2

(
A−= x

EJ

P
F δ . 

 

 

2. ДɂСКɊȿɌɇɈȿ Ɋȿɒȿɇɂȿ ɁАДАЧɂ 

 

Ɋаɡɛɢɜаɟɦ ɨɬɪɟɡɨɤ (0, A ) ɧа ɪаɜɧыɟ чаɫɬɢ ɫ 
ɲаɝɨɦ bh . Дɥя ɜычɢɫɥɟɧɢя ɪаɡɧɨɫɬɧыɯ ɩɪɨ-
ɢɡɜɨɞɧыɯ ɧа ɤɨɧɰаɯ ɨɬɪɟɡɤа ɞɨɛаɜɥяɟɦ ɩɨ 
ɨɞɧɨɣ ɡаɤɨɧɬɭɪɧɨɣ ɬɨчɤɟ ɫ ɤаɠɞɨɣ ɫɬɨɪɨɧы 

(ɫɦ. ɪɢɫ. 2). Пɪɢ эɬɨɦ, ɟɫɥɢ n – ɨɛщɟɟ ɤɨɥɢ-

чɟɫɬɜɨ ɬɨчɟɤ, ɬɨ  
 

3−=
n

hb

A
. 

 

Пɟɪɟɯɨɞɢɦ ɨɬ ɪɟɲɟɧɢя ɤɪаɟɜɨɣ ɡаɞачɢ (1) ɤ 
ɪɟɲɟɧɢɸ ɫɢɫɬɟɦы ɪаɡɧɨɫɬɧыɯ ɭɪаɜɧɟɧɢɣ 

ɜɢɞа: 
 

         i=1:      1321 2 fyyy =+−  

         i=2:      22 fy =  

2<i<n-1:  iiiiii fyyyyy =+−+− ++−− 2112 464  

       i=n-1:    11 −− = nn fy  

         i=n:     nnnn fyyy =+− −− 12 2  

                 (2)    
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В ɜɟɤɬɨɪɧɨ-ɦаɬɪɢчɧɨɦ ɜɢɞɟ 
 

fyA =                             (3)    

 

ȿɫɥɢ hQ  – ɦаɬɪɢɰа ɩɟɪɟɯɨɞа ɤ ɟɞɢɧɢчɧɨɦɭ 
ɛаɡɢɫɭ ɨɬ ɛаɡɢɫа Хааɪа, ɬɨɝɞа 
 

vQy h= ,                          (4)    

 

ɝɞɟ v  – ɪаɡɥɨɠɟɧɢɟ ɧɟɢɡɜɟɫɬɧɨɣ ɞɢɫɤɪɟɬɧɨɣ 

ɮɭɧɤɰɢɢ ɜ ɛаɡɢɫɟ Хааɪа [3, 6]. Вɢɞ ɦаɬɪɢɰы 

hQ  ɩɪɟɞɫɬаɜɥɟɧ, ɜ чаɫɬɧɨɫɬɢ, ɜ [1]. Сɢɫɬɟɦа 
ɭɪаɜɧɟɧɢɣ ɨɬɧɨɫɢɬɟɥьɧɨ v  [1, 2]: 

 

vv fvA = ,                          (5)    

ɝɞɟ             hhv AQQA Τ= ;      fQf hv

Τ= .         (6) 

 

Ɋɟɲɟɧɢɟ ɫɢɫɬɟɦы (5) ɢɫɩɨɥьɡɭɟɬɫя ɞɥя ɜɨɫ-
ɫɬаɧɨɜɥɟɧɢя ɢɫɤɨɦɨɝɨ ɪɟɲɟɧɢя ɫɢɫɬɟɦы (3) 

ɩɨ ɮɨɪɦɭɥɟ (4). 

. . . . . . n n-1 n-2 i+2i+1ii-1i-23 2 1 

Р 

A  



Аɩɪɨɛаɰɢя ɤɨɪɪɟɤɬɧɨɝɨ ɦɟɬɨɞа ɪɟɲɟɧɢя ɤɪаɟɜыɯ ɡаɞач ɫɬɪɨɢɬɟɥьɧɨɣ ɦɟɯаɧɢɤɢ ɧа ɨɫɧɨɜɟ ɢɫɩɨɥьɡɨɜаɧɢя 
аɩɩаɪаɬа ɤɪаɬɧɨɦаɫɲɬаɛɧɨɝɨ ɜɟɣɜɥɟɬ-аɧаɥɢɡа ɧа ɩɪɢɦɟɪɟ ɪаɫчɟɬа ɛаɥɤɢ Ȼɟɪɧɭɥɥɢ 
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Рɢɫɭɧɨɤ 3. ɋɪаɜɧеɧɢе ɩɪɨɝɢɛɨɜ 

 

 

3. ɉɊɂɆȿɊ ɂСɉɈɅɖɁɈȼАɇɂə  

ɈСɊȿДɇȿɇɂə 

 

Аɥɝɨɪɢɬɦ ɨɫɪɟɞɧɟɧɢя ɩɪɟɞɫɬаɜɥɟɧ, ɜ чаɫɬɧɨ-
ɫɬɢ, ɜ [1, 4]. Заɦɟɬɢɦ, чɬɨ ɟɫɥɢ ɨɫɧɨɜɨɣ ɞɥя 
ɨɫɪɟɞɧɟɧɢя яɜɥяɟɬɫя ɜɟɥɢчɢɧа p

ip
v , ɝɞɟ p  – 

ɧɨɦɟɪ ɭɪɨɜɧя, pi  – ɫɨɨɬɜɟɬɫɬɜɭɸщɢɣ эɬɨɦɭ 

ɭɪɨɜɧɸ ɧɨɦɟɪ ɜɟɥɢчɢɧы p

ip
v , ɬɨɝɞа ɨɫɪɟɞ-

ɧяɟɦыɟ ɤɨɦɩɨɧɟɧɬы ɜɟɤɬɨɪа v ɢ ɞɢаɩаɡɨɧы 

ɢɯ ɧɨɦɟɪɨɜ ɦɨɠɧɨ ɩɪɟɞɫɬаɜɢɬь ɜ ɜɢɞɟ: 
 

p

i

kr

i pr
vv β= ,     p

k

rp

k iii 21)1(2 ≤≤+− , 

    0,...,1−= pr ,     rpk −=    (6)    

Паɪаɦɟɬɪ ɨɫɪɟɞɧɟɧɢя  
 

22

1=β  

 

(ɫɦ., ɧаɩɪɢɦɟɪ, ɪаɛɨɬɭ [1]). 

В ɬɟɫɬɨɜɨɦ ɩɪɢɦɟɪɟ ɨɫɪɟɞɧɟɧɢɟ ɩɪɨɜɨɞɢɥɨɫь 
ɩɨ ɫɥɟɞɭɸщɟɣ ɫɯɟɦɟ: M=8 – ɦаɤɫɢɦаɥьɧыɣ 

ɭɪɨɜɟɧь: n=2
M

; ɨɫɧɨɜа ɞɥя ɨɫɪɟɞɧɟɧɢя: 
 

3=p :  

13 =i ,    1622/2 4)1(

33 ==== +pMni ; 

2=p : 

32 =i ,  

 30222)2/2(2 5)1(

22 =−=−=−= +pMni ; 

 

1=p :  

71 =i , 

 58626)2/2(6 6)1(

11 =−=−=−= +pMni . 

 

Даɥɟɟ ɧа ɝɪаɮɢɤаɯ (ɪɢɫ. 3-6) ɩɪɢɜɟɞɟɧы ɫɨ-
ɩɨɫɬаɜɥɟɧɢя ɪɟɲɟɧɢɣ, ɩɨɥɭчɟɧɧыɯ ɩɪɢ ɬɨч-

ɧɨɦ ɪɟɲɟɧɢɢ ɫɢɫɬɟɦы (5) ɢ ɪɟɲɟɧɢɢ ɫ ɨɫ-
ɪɟɞɧɟɧɢɟɦ, ɝɞɟ y  ɢ sy – ɩɪɨɝɢɛы, ϕ  ɢ sϕ –  
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Рɢɫɭɧɨɤ 4. ɋɪаɜɧеɧɢе ɭɝɥɨɜ ɩɨɜɨɪɨɬа 
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Рɢɫɭɧɨɤ 5. ɋɪаɜɧеɧɢе ɢɡɝɢɛаɸщɢɯ ɦɨɦеɧɬɨɜ 
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Рɢɫɭɧɨɤ 6. ɋɪаɜɧеɧɢе ɩɨɩеɪеɱɧыɯ ɫɢɥ 

 

 

ɭɝɥы ɩɨɜɨɪɨɬа, m  ɢ sm – ɦɨɦɟɧɬы, Q  ɢ sQ – 

ɩɨɩɟɪɟчɧыɟ ɫɢɥы. Пɪɢ эɬɨɦ ɞɥя ɬɨчɧɨɝɨ ɪɟ-
ɲɟɧɢя ɫɢɫɬɟɦы (5) ɜɟɥɢчɢɧы ɫɨɨɬɜɟɬɫɬɜɭɸ-

щɢɯ ɞɢɫɤɪɟɬɧыɯ ɩɪɨɢɡɜɨɞɧыɯ ɜычɢɫɥяɥɢɫь 
ɧа ɢɫɯɨɞɧɨɣ ɦɟɥɤɨɣ ɫɟɬɤɟ, а ɞɥя ɩɪɢɛɥɢɠɟɧ-

ɧɨɝɨ ɪɟɲɟɧɢя – ɧа ɫɟɬɤɟ, ɫɨɨɬɜɟɬɫɬɜɭɸщɟɣ 

ɨɫɪɟɞɧɟɧɢɸ. 

Пɪɟɞɫɬаɜɥɟɧɧыɟ ɝɪаɮɢчɟɫɤɢɟ ɫɨɩɨɫɬаɜɥɟɧɢя 
ɩɨɤаɡыɜаɸɬ ɩɪаɤɬɢчɟɫɤɢ ɩɨɥɧɨɟ ɫɨɜɩаɞɟɧɢɟ 
ɥɨɤаɥьɧыɯ ɪɟɲɟɧɢɣ. Кɪɨɦɟ ɬɨɝɨ, ɞɥя ɩɪɨɝɢ-

ɛɨɜ ɢ ɭɝɥɨɜ ɩɨɜɨɪɨɬа ɪɟɲɟɧɢя ɞɨɫɬаɬɨчɧɨ 
ɛɥɢɡɤɢ ɢ ɜ ɡɨɧаɯ ɨɫɪɟɞɧɟɧɢя. 
 

 

4. ɉɊɂȻɅɂɀȿɇɇɈȿ Ɋȿɒȿɇɂȿ  

ȻȿɁ ɈСɊȿДɇȿɇɂə 

 

Дɥя ɫɪаɜɧɟɧɢя ɩɪɨɜɨɞɢɥɫя ɪаɫчɟɬ, ɤɨɝɞа 
ɤɨɦɩɨɧɟɧɬы ɜɟɤɬɨɪа v , ɤɨɬɨɪыɟ ɩɟɪɟɞ эɬɢɦ 

ɨɫɪɟɞɧяɥɢɫь, ɡɞɟɫь ɩɪɢɪаɜɧɢɜаɥɢɫь ɧɭɥɸ. 

Ɋɟɡɭɥьɬаɬы ɪɟɲɟɧɢя ɫɨɩɨɫɬаɜɥяɥɢɫь ɫ ɬɨч-
ɧыɦ ɪɟɲɟɧɢɟɦ ɫɢɫɬɟɦы (5) (ɫɦ. ɪɢɫ. 7-10), 

ɩɪɢ эɬɨɦ, ɜɦɟɫɬɨ ɢɧɞɟɤɫа «s», ɩɪɢɛɥɢɠɟɧɧɨɟ 
ɪɟɲɟɧɢɟ ɨɬɦɟчɟɧɨ ɢɧɞɟɤɫɨɦ «0». 

 

Пɪɨɜɟɞɟɧɧыɟ ɪаɫчɟɬы ɢ ɫɪаɜɧɟɧɢя ɩɨɤаɡы-

ɜаɸɬ, чɬɨ ɞɥя ɩɨɥɭчɟɧɢя ɥɨɤаɥьɧɨɝɨ ɪɟɲɟ-
ɧɢя ɫɥɟɞɭɟɬ ɩɪɢɦɟɧяɬь ɨɫɪɟɞɧɟɧɢɟ. 
 

 

5. ɉɊɂȻɅɂɀȿɇɇɈȿ Ɋȿɒȿɇɂȿ  

С ɈСɊȿДɇȿɇɂȿɆ ДɅə ДɅɂɇɇɈɃ 

ȻАɅКɂ 

 

Заɦɟɬɢɦ (ɢ эɬɨ ɜɢɞɧɨ ɧа ɪɢɫ. 3, 7), чɬɨ ɬɨч-
ɧɨɟ ɪɟɲɟɧɢɟ ɜ ɡɨɧаɯ ɨɫɪɟɞɧɟɧɢя ɢɦɟɥɨ ɛы-

ɫɬɪɨɢɡɦɟɧяɸщɢɣɫя ɯаɪаɤɬɟɪ. Дɥя ɩɨɥɭчɟɧɢя 
ɦɟɞɥɟɧɧɨ ɢɡɦɟɧяɸщɟɝɨɫя ɧа ɤɨɧɰаɯ (ɜ ɡɨɧаɯ 
ɨɫɪɟɞɧɟɧɢя) ɪɟɲɟɧɢя ɭɜɟɥɢчɢɦ ɞɥɢɧɭ ɛаɥɤɢ 

ɜ 5 ɪаɡ, ɬ.ɟ. A =4000 ɫɦ. Нɢɠɟ ɩɪɢɜɨɞɢɬɫя 
ɝɪаɮɢчɟɫɤɨɟ ɫɨɩɨɫɬаɜɥɟɧɢɟ ɩɨɥɭчɟɧɧɨɝɨ 
ɬɨчɧɨɝɨ ɪɟɲɟɧɢя ɫ ɨɫɪɟɞɧɟɧɧыɦ (ɨɛɨɡɧачɟ-
ɧɢя ɨɫɬаɸɬɫя ɩɪɟɠɧɢɦɢ). 

Таɤɢɦ ɨɛɪаɡɨɦ, ɟɫɥɢ ɨɫɪɟɞɧɟɧɢɟ ɩɪɨɜɨɞɢɬь ɜ 
ɡɨɧаɯ, ɝɞɟ ɪɟɲɟɧɢɟ ɢɡɦɟɧяɟɬɫя ɦɟɞɥɟɧɧɨ, 
ɬɨчɧыɣ ɢ ɨɫɪɟɞɧɟɧɧыɣ ɪɟɡɭɥьɬаɬы ɩɪаɤɬɢчɟ-
ɫɤɢ ɫɨɜɩаɞаɸɬ ɩɨ ɜɫɟɣ ɞɥɢɧɟ ɛаɥɤɢ. 
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Рɢɫɭɧɨɤ 7. ɋɪаɜɧеɧɢе ɩɪɨɝɢɛɨɜ 
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Рɢɫɭɧɨɤ 8. ɋɪаɜɧеɧɢе ɭɝɥɨɜ ɩɨɜɨɪɨɬа 
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Рɢɫɭɧɨɤ 9. ɋɪаɜɧеɧɢе ɢɡɝɢɛаɸщɢɯ ɦɨɦеɧɬɨɜ 
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Рɢɫɭɧɨɤ 12. ɋɪаɜɧеɧɢе ɭɝɥɨɜ ɩɨɜɨɪɨɬа 
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Рɢɫɭɧɨɤ 13. ɋɪаɜɧеɧɢе ɢɡɝɢɛаɸщɢɯ ɦɨɦеɧɬɨɜ 
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Рɢɫɭɧɨɤ 14. ɋɪаɜɧеɧɢе ɩɨɩеɪеɱɧыɯ ɫɢɥ 
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ɁАɆȿЧАɇɂə 

 

Иɫɫɥɟɞɨɜаɧɢя ɩɪɨɜɨɞɢɥɢɫь ɜ ɪаɦɤаɯ ɫɥɟ-
ɞɭɸщɢɯ ɪаɛɨɬ: 

1. Гɪаɧɬ 2.3.18 Ɋɨɫɫɢɣɫɤɨɣ аɤаɞɟɦɢɢ аɪ-
ɯɢɬɟɤɬɭɪы ɢ ɫɬɪɨɢɬɟɥьɧыɯ ɧаɭɤ ɞɥя 
ɦɨɥɨɞыɯ ɭчɟɧыɯ ɫɩɟɰɢаɥɢɫɬɨɜ «Ɋаɡ-
ɪаɛɨɬɤа ɢ ɜɟɪɢɮɢɤаɰɢя ɤɨɪɪɟɤɬɢɜɧыɯ 
чɢɫɥɟɧɧыɯ ɢ чɢɫɥɟɧɧɨ-аɧаɥɢɬɢчɟɫɤɢɯ 
ɦɟɬɨɞɨɜ ɢɫɫɥɟɞɨɜаɧɢя ɥɨɤаɥьɧɨɝɨ ɧа-
ɩɪяɠɟɧɧɨ-ɞɟɮɨɪɦɢɪɭɟɦɨɝɨ ɫɨɫɬɨяɧɢя 
ɫɬɪɨɢɬɟɥьɧыɯ ɤɨɧɫɬɪɭɤɰɢɣ ɧа ɨɫɧɨɜɟ 
ɦɧɨɝɨɭɪɨɜɧɟɜɨɝɨ ɜɟɣɜɥɟɬ-аɧаɥɢɡа» ɧа 
2012 ɝ. 

2. Гɪаɧɬ 2.3.8 Ɋɨɫɫɢɣɫɤɨɣ аɤаɞɟɦɢɢ аɪ-
ɯɢɬɟɤɬɭɪы ɢ ɫɬɪɨɢɬɟɥьɧыɯ ɧаɭɤ «Ɋаɡ-
ɪаɛɨɬɤа ɢ ɢɫɫɥɟɞɨɜаɧɢɟ ɞɢɫɤɪɟɬɧɨ-
ɤɨɧɬɢɧɭаɥьɧыɯ ɦɟɬɨɞɨɜ ɞɥя ɪаɫчɟɬа 
ɫɬɪɨɢɬɟɥьɧыɯ ɤɨɧɫɬɪɭɤɰɢɣ ɫ ɤɭɫɨчɧɨ-
ɩɨɫɬɨяɧɧыɦɢ ɮɢɡɢɤɨ-
ɝɟɨɦɟɬɪɢчɟɫɤɢɦɢ ɩаɪаɦɟɬɪаɦɢ ɩɨ ɨɞ-
ɧɨɦɭ ɢɡ ɧаɩɪаɜɥɟɧɢɣ» ɧа 2011-2012 ɝɝ. 

3. НИɊ «Ɋаɡɪаɛɨɬɤа, ɢɫɫɥɟɞɨɜаɧɢɟ, ɩɪɨ-
ɝɪаɦɦɧɨ-аɥɝɨɪɢɬɦɢчɟɫɤая ɪɟаɥɢɡаɰɢя 
ɢ ɜɟɪɢɮɢɤаɰɢя ɦɧɨɝɨɭɪɨɜɧɟɜыɯ ɦɟɬɨ-
ɞɨɜ ɩɪɨɝɧɨɡɧɨɝɨ ɦаɬɟɦаɬɢчɟɫɤɨɝɨ ɦɨ-
ɞɟɥɢɪɨɜаɧɢя ɫɨɫɬɨяɧɢя ɢ ɬɟɯɧɨɝɟɧɧɨɣ 

ɛɟɡɨɩаɫɧɨɫɬɢ ɨɬɜɟɬɫɬɜɟɧɧыɯ ɨɛɴɟɤɬɨɜ 
ɢ ɤɨɦɩɥɟɤɫɨɜ ɦɟɝаɩɨɥɢɫа», ɜыɩɨɥ-
ɧяɟɦая ɜ ɪаɦɤаɯ ɝɨɫɭɞаɪɫɬɜɟɧɧɨɝɨ ɡа-
ɞаɧɢя Мɢɧɢɫɬɟɪɫɬɜа ɨɛɪаɡɨɜаɧɢя ɢ 

ɧаɭɤɢ Ɋɨɫɫɢɣɫɤɨɣ Фɟɞɟɪаɰɢɢ ɧа ɨɤа-
ɡаɧɢɟ ɭɫɥɭɝ (ɜыɩɨɥɧɟɧɢɟ ɪаɛɨɬ) ɧа 
2012 ɝɨɞ. 
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ɉɊɂɇЦɂɉ ɉɊɈȿКɌɂɊɈȼАɇɂə КɈɇСɌɊɍКЦɂɃ  

ɇА ɈСɇɈȼȿ СɌАɅȿɎɂȻɊɈȻȿɌɈɇА С ɁАДАɇɇЫɆɂ  

ЭКСɉɅɍАɌАЦɂɈɇɇЫɆɂ ХАɊАКɌȿɊɂСɌɂКАɆɂ  
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АɇɇɈɌАЦɂə: Ɋаɡɪаɛɨɬаɧа ɤɨɧɰɟɩɰɢя ɫɨɡɞаɧɢя ɫɬаɥɟɮɢɛɪɨɛɟɬɨɧɧыɯ (ɫɬаɥɟɮɢɛɪɨɠɟɥɟɡɨɛɟɬɨɧɧыɯ) 
ɤɨɧɫɬɪɭɤɰɢɣ ɫ ɡаɞаɧɧыɦɢ эɤɫɩɥɭаɬаɰɢɨɧɧыɦɢ ɯаɪаɤɬɟɪɢɫɬɢɤаɦɢ, ɛаɡɢɪɭɸщаяɫя ɧа ɮɨɪɦɢɪɨɜаɧɢɢ 

ɫɜɨɣɫɬɜ ɦаɬɟɪɢаɥа ɜ ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ ɪɟɡɭɥьɬаɬаɦɢ ɫɬаɬɢчɟɫɤɨɝɨ ɪаɫчɟɬа ɩɪɢ ɢɯ ɩɪɨɟɤɬɢɪɨɜаɧɢɢ. Пɪɢ ɪаɡ-
ɪаɛɨɬɤɟ ɫɬаɥɟɮɢɛɪɨɠɟɥɟɡɨɛɟɬɨɧɧɨɣ ɨɛɨɥɨчɤɢ ɩɨɤɪыɬɢя ɪɟаɥɢɡаɰɢя ɩɪɟɞɥаɝаɟɦɨɣ ɤɨɧɰɟɩɰɢɢ ɨɛɟɫɩɟчɢɥа 
ɜыɫɨɤɢɟ ɬɟɯɧɢɤɨ-эɤɨɧɨɦɢчɟɫɤɢɟ ɩɨɤаɡаɬɟɥɢ (ТЭП) ɨɛɨɥɨчɤɢ, ɫɭщɟɫɬɜɟɧɧɨ ɩɪɟɜыɲаɸщɢɟ ТЭП ɬɢɩɨɜыɯ 
аɧаɥɨɝɨɜ 
 

Ключевые словɚ: ɫɬаɥɟɮɢɛɪɨɛɟɬɨɧ, ɮɢɛɪа ɫɬаɥьɧая, ɡɨɧɧɨɟ ɮɢɛɪɨɜɨɟ аɪɦɢɪɨɜаɧɢɟ, 
ɦɨɧɨɞɢɫɩɟɪɫɧɨɟ ɮɢɛɪɨɜɨɟ аɪɦɢɪɨɜаɧɢɟ, ɫɬаɥɟɮɢɛɪɨɠɟɥɟɡɨɛɟɬɨɧ, ɭɧɢɮɢɰɢɪɨɜаɧɧыɟ эɥɟɦɟɧɬы, 

ɫɨɫɬаɜɧая ɨɛɨɥɨчɤа ɩɨɤɪыɬɢя, ɩɪɨɝɪаɦɦɧыɟ ɫɪɟɞɫɬɜа, ɧаɩɪяɠɟɧɢя ɫɠаɬɢя ɢ ɪаɫɬяɠɟɧɢя 
 

 

THE PRINCIPLE OF STRUCTURE DESIGN  

ON THE BASE OF STEEL FIBER CONCRETE  

WITH PRESET SPECIFIED PERFOMANCE PROPERTIES  
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1
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ABSTRACT: The concept of creating steel fiber concrete (SFC) steel fiber reinforced constructions, structures 

with assigned field-performance data was worked out. It is based on the formation of properties of the material in 

accordance with the results of static analysis in their design. The implementation of the proposed concept in the 

designing the steel fiber concrete shell ensured high technical-economic indicators (TEI) of the shell, signifi-

cantly exceeding the TEI of model analogues. 

 

Key words: fiber, steel fiber, monodisperse fiber reinforcement, zone fiber reinforcement,  

reinforced steel fiber concrete, composite shell coating, uniform elements, program methods,  

pressure and stretching tensions 

 

 

Ɋɟɡɭɥьɬаɬы эɤɫɩɟɪɢɦɟɧɬаɥьɧɨ-ɬɟɨɪɟɬɢчɟɫɤɢɯ 
ɢɫɫɥɟɞɨɜаɧɢɣ [1,2] ɩɨɡɜɨɥɢɥɢ ɫɮɨɪɦɭɥɢɪɨ-
ɜаɬь ɤɨɧɰɟɩɰɢɸ ɫɨɡɞаɧɢя ɤɨɧɫɬɪɭɤɰɢɣ ɧа 
ɨɫɧɨɜɟ ɫɬаɥɟɮɢɛɪɨɛɟɬɨɧа (СФȻ) ɫ ɡаɞаɧɧы-

ɦɢ ɫɜɨɣɫɬɜаɦɢ. Пɪɢ ɩɪɨɟɤɬɢɪɨɜаɧɢɢ СФȻ 

ɤɨɧɫɬɪɭɤɰɢɣ (СФȻК) ɩɪɟɞɥɨɠɟɧ ɧɟɬɪаɞɢɰɢ-

ɨɧɧыɣ ɩɨɞɯɨɞ, ɛаɡɢɪɭɸщɢɣɫя ɧа ɜɨɡɦɨɠɧɨ-
ɫɬяɯ ɮɢɛɪɨɜɨɝɨ аɪɦɢɪɨɜаɧɢя [3,4], ɫɨɜɪɟ-
ɦɟɧɧыɯ ɩɪɨɝɪаɦɦɧыɯ ɫɪɟɞɫɬɜ ɢ ɜычɢɫɥɢ-

ɬɟɥьɧɨɣ ɬɟɯɧɢɤɢ. Таɤɨɣ ɩɨɞɯɨɞ ɨɛɟɫɩɟчɢɜаɟɬ 

ɜɨɡɦɨɠɧɨɫɬь ɪɟɝɭɥɢɪɨɜаɧɢя ɫɬɪɭɤɬɭɪы ɦа-
ɬɟɪɢаɥа ɜ ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ ɧаɩɪяɠɟɧɧɨ – ɞɟ-
ɮɨɪɦɢɪɨɜаɧɧыɦ ɫɨɫɬɨяɧɢɟɦ (НДС) СФȻК 

ɩɪɢ ɢɯ ɩɪɨɟɤɬɢɪɨɜаɧɢɢ ɢ ɩɪɨɢɡɜɨɞɫɬɜɟ, ɢ 

ɩɨɥɭчаɬь ɬɪɟɛɭɟɦыɣ ɪɟɡɭɥьɬаɬ ɩɪɢ ɦɢɧɢ-

ɦаɥьɧыɯ ɡаɬɪаɬаɯ. 
Оɫɨɛɟɧɧɨɫɬɢ ɫɨɡɞаɧɢя СФȻК ɫ ɡаɞаɧɧыɦɢ 

ɯаɪаɤɬɟɪɢɫɬɢɤаɦɢ ɧɢɠɟ ɩɪɟɞɫɬаɜɥɟɧы ɧа 
ɩɪɢɦɟɪɟ ɫɛɨɪɧɨ-ɦɨɧɨɥɢɬɧɨɣ ɫɨɫɬаɜɧɨɣ ɨɛɨ-
ɥɨчɤɢ ɩɨɤɪыɬɢя (ɤɪɟɫɬɨɜɨɝɨ ɫɜɨɞа), ɩɪɢ ɩɪɨ-



Пɪɢɧɰɢɩ ɩɪɨɟɤɬɢɪɨɜаɧɢя ɤɨɧɫɬɪɭɤɰɢɣ ɧа ɨɫɧɨɜɟ ɫɬаɥɟɮɢɛɪɨɛɟɬɨɧа ɫ ɡаɞаɧɧыɦɢ эɤɫɩɥɭаɬаɰɢɨɧɧыɦɢ 

ɯаɪаɤɬɟɪɢɫɬɢɤаɦɢ 
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ɟɤɬɢɪɨɜаɧɢɢ ɟɤɬɢɪɨɜаɧɢɢ ɤɨɬɨɪɨɣ ɛыɥɢ ɭч-
ɬɟɧы ɜыɫɨɤɢɟ ɬɪɟɛɨɜаɧɢя ɤ ɜыɪаɡɢɬɟɥьɧɨɫɬɢ 

аɪɯɢɬɟɤɬɭɪɧыɯ ɪɟɲɟɧɢɣ ɢ эɮɮɟɤɬɢɜɧɨɫɬɢ 

ɩɪɢɦɟɧяɟɦыɯ ɫɬɪɨɢɬɟɥьɧыɯ ɤɨɧɫɬɪɭɤɰɢɣ [3, 

4, 5, 6]. 

Кɪɟɫɬɨɜыɣ ɫɜɨɞ ɪаɡɦɟɪаɦɢ ɧа ɩɥаɧɟ 18,4 × 

15,4 ɦ ɡаɩɪɨɟɤɬɢɪɨɜаɧ ɢɡ ɞɜɭɯ ɩɟɪɟɫɟɤаɸ-

щɢɯɫя ɩɨɞ ɩɪяɦыɦ ɭɝɥɨɦ ɫɬаɥɟɮɢɛɪɨɠɟɥɟ-
ɡɨɛɟɬɨɧɧыɯ (СФɀȻ) ɬɨɧɤɨɫɬɟɧɧыɯ ɪɟɛɪɢ-

ɫɬыɯ ɨɛɨɥɨчɟɤ ОП-1, ОП-2 (ɪɢɫɭɧɨɤ 1), ɤɨ-
ɬɨɪыɟ ɨɩɢɪаɸɬɫя (ɩɨ ɩɟɪɢɦɟɬɪɭ) ɧа ɦɨɧɨ-
ɥɢɬɧыɟ ɠɟɥɟɡɨɛɟɬɨɧɧыɟ ɛɨɪɬɨɜыɟ эɥɟɦɟɧɬы, 

ɢɦɟɸɬ ɫɥɟɞɭɸщɢɟ ɝɟɨɦɟɬɪɢчɟɫɤɢɟ ɯаɪаɤɬɟ-
ɪɢɫɬɢɤɢ:  

 

Ɉɉ-1:  

ɪаɞɢɭɫ − R1 = 15,61 ɦ,  

ɞɥɢɧа Lɨɛ 1   = 18,40 ɦ,  

ɞɥɢɧа ɞɭɝɢ Lɞɭɝ1 = 19,678 ɦ;  

 

Ɉɉ-2:  

R2 = 11,38 ɦ, 

Lɨɛ2 = 15,40 ɦ,  

Lɞɭɝ2 = 16,914 ɦ. 

 

Сɬаɬɢчɟɫɤɢɣ ɪаɫчɟɬ ɫɨɫɬаɜɧɨɣ ɨɛɨɥɨчɤɢ ɜы-

ɩɨɥɧɟɧ ɫɪɟɞɫɬɜаɦɢ ПВК SCAD, ɪɟаɥɢɡɭɸ-

щɢɣ ɦɟɬɨɞ ɤɨɧɟчɧыɯ эɥɟɦɟɧɬɨɜ.  
Дɥя ɨɩɢɫаɧɢя ɪаɫчɟɬɧɨɣ ɫɯɟɦы ɨɛɨɥɨчɤɢ 

ɩɪɢɧяɬы ɤɨɧɟчɧыɟ эɥɟɦɟɧɬы (КЭ): № 42 – 

ɬɪɟɭɝɨɥьɧыɣ эɥɟɦɟɧɬ ɨɛɨɥɨчɤɢ, № 44 – чɟ-
ɬыɪɟɯɭɝɨɥьɧыɣ эɥɟɦɟɧɬ ɨɛɨɥɨчɤɢ ɢ № 5 – 

ɩɪɨɫɬɪаɧɫɬɜɟɧɧыɣ ɫɬɟɪɠɟɧь. Кɨɥɢчɟɫɬɜɨ ɤɨ-
ɧɟчɧыɯ эɥɟɦɟɧɬɨɜ: № 42 – 116; № 44 – 760; 

№ 5 – 44. ɀɟɫɬɤɨɫɬɧыɟ ɯаɪаɤɬɟɪɢɫɬɢɤɢ ɤɨ-
ɧɟчɧыɯ эɥɟɦɟɧɬɨɜ ɩɪɢɧяɬы ɜ ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ 
ɜыɛɪаɧɧыɦɢ ɦаɬɟɪɢаɥаɦɢ, а ɢɦɟɧɧɨ ɩɪɟɞɜа-
ɪɢɬɟɥьɧɨ ɩɪɢɧяɬыɦ ɤɥаɫɫɨɦ СФȻ ɩɨ ɩɪɨч-
ɧɨɫɬɢ ɧа ɫɠаɬɢɟ  
Bf 30 ɢ ɫɨɨɬɜɟɬɫɬɜɭɸщɢɦ ɦɨɞɭɥɟɦ ɭɩɪɭɝɨɫɬɢ 

27,3×10
3
 
 МПа. Пɨ ɪɟɡɭɥьɬаɬаɦ ɫɬаɬɢчɟɫɤɨɝɨ 

ɪаɫчёɬа ɤɥаɫɫы ɢ ɪаɫчёɬɧыɟ ɫɨɩɪɨɬɢɜɥɟɧɢя 
СФȻ ɛыɥɢ ɭɬɨчɧɟɧы ɜ ɫɨɨɬɜɟɬɫɬɜɢɢ ɫ ɦаɤ-
ɫɢɦаɥьɧыɦɢ ɜɟɥɢчɢɧаɦɢ ɧаɩɪяɠɟɧɢɣ ɪаɫɬя-
ɠɟɧɢя ɢ ɫɠаɬɢя ɨɬ ɞɟɣɫɬɜɭɸщɢɯ ɧаɝɪɭɡɨɤ 
(ɬаɛɥɢɰа 1). 

Ɋаɫчɟɬɧая ɦɨɞɟɥь ɨɛɨɥɨчɤɢ ɩɨɜɬɨɪяɟɬ ɪɟ-
аɥьɧыɣ ɨɛɥɢɤ ɤɨɧɫɬɪɭɤɰɢɢ ɩɨɤɪыɬɢя (ɪɢɫɭ-

ɧɨɤ 2). Фɨɪɦа ɫɟчɟɧɢя эɥɟɦɟɧɬɨɜ – 2 Т ɫ 
ɩɨɥɤɨɣ ɜ ɪаɫɬяɧɭɬɨɣ ɡɨɧɟ, ɜыɫɨɬа ɩɪɨɞɨɥь-
ɧыɯ ɪёɛɟɪ 0,2 ɦ, ɫɪɟɞɧяя ɲɢɪɢɧа - 0,045 ɦ, 

ɬɨɥщɢɧа ɩɨɥɤɢ 0,02 ɦ (ɪɢɫɭɧɨɤ 3). 

Эɥɟɦɟɧɬы ɫɨɟɞɢɧɟɧы ɜ ɟɞɢɧɭɸ ɩɪɨɫɬɪаɧɫɬ-
ɜɟɧɧɭɸ ɫɢɫɬɟɦɭ ɩɨɤɪыɬɢя, ɜɨɫɩɪɢɧɢɦаɸ-

щɭɸ ɞɟɣɫɬɜɭɸщɢɟ ɧаɝɪɭɡɤɢ. 

Сɬаɬɢчɟɫɤɢɣ ɪаɫчɟɬ СФɀȻ ɨɛɨɥɨчɤɢ ɜыɩɨɥ-
ɧɟɧ ɧа ɞɟɣɫɬɜɢɟ ɜɨɫьɦɢ ɜаɪɢаɧɬɨɜ ɡаɝɪɭɠɟ-
ɧɢя ɩɨɫɬɨяɧɧыɯ ɢ ɜɪɟɦɟɧɧыɯ ɧаɝɪɭɡɨɤ. В 

ɬɨɦ чɢɫɥɟ 5 ɫɯɟɦ ɡаɝɪɭɠɟɧɢя ɫɧɟɝɨɜɨɣ ɧа-
ɝɪɭɡɤɨɣ ɢ 3 ɜаɪɢаɧɬа ɡаɝɪɭɠɟɧɢя ɜɟɬɪɨɜɨɣ 

ɧаɝɪɭɡɤɨɣ. 

Ɋɟɡɭɥьɬаɬы ɫɬаɬɢчɟɫɤɨɝɨ ɪаɫчɟɬа (ɪɢɫɭɧɨɤ 4) 

ɩɨɡɜɨɥɢɥɢ ɜ ɩɟɪɜɨɦ ɜаɪɢаɧɬɟ ɪаɡɞɟɥɢɬь ɨɛɨ-
ɥɨчɤɭ ɧа 28 ɭɧɢɮɢɰɢɪɨɜаɧɧыɯ ɫɛɨɪɧыɯ эɥɟ-
ɦɟɧɬɨɜ ɢ ɜыɞɟɥɢɬь ɨɞɢɧ ɦɨɧɨɥɢɬɧыɣ эɥɟ-
ɦɟɧɬ, а ɡаɬɟɦ, ɩɨɫɥɟ ɞɨɩɨɥɧɢɬɟɥьɧɨɝɨ аɧаɥɢ-

ɡа ɤаɪɬɢɧ ɩɨɥɟɣ ɧаɩɪяɠɟɧɢɣ, ɛыɥɨ ɜыɩɨɥɧɟ-
ɧɨ ɭɤɪɭɩɧɟɧɢɟ ɫɛɨɪɧыɯ эɥɟɦɟɧɬɨɜ ɢ ɫɨɤɪа-
щɟɧɨ ɢɯ ɤɨɥɢчɟɫɬɜɨ ɞɨ 18 ɢ ɜыɞɟɥɟɧ ɦɨɧɨ-
ɥɢɬɧыɣ эɥɟɦɟɧɬ ЭОМ − 19. Сɛɨɪɧыɟ эɥɟɦɟɧ-

ɬы ɨɛɨɥɨчɤɢ (ɨɬ ЭОС − 1 ɞɨ ЭОС − 18) ɢɦɟ-
ɸɬ ɲɢɪɢɧɭ 1,0 ɦ ɢ 1,2 ɦ, а ɬаɤɠɟ ɪаɡɥɢчɧɭɸ 

ɞɥɢɧɭ ɢ ɝɟɨɦɟɬɪɢɸ, ɨɛɭɫɥаɜɥɢɜаɟɦɭɸ ɮɨɪ-
ɦɨɣ ɩɨɤɪыɬɢя (ɪɢɫɭɧɨɤ 5, ɬаɛɥɢɰа 2). 

Пɪɢ ɩɪɨɟɤɬɢɪɨɜаɧɢɢ ɨɛɨɥɨчɤɢ ɩɪɢɧяɬɨ ɮɢɛ-

ɪɨɜɨɟ ɦɨɧɨɞɢɫɩɟɪɫɧɨɟ ɢ ɡɨɧɧɨɟ ɦɨɧɨɞɢɫ-
ɩɟɪɫɧɨɟ аɪɦɢɪɨɜаɧɢɟ эɥɟɦɟɧɬɨɜ ɫɬаɥьɧɨɣ 

ɮɢɛɪɨɣ ɢɡ ɦаɥɨɭɝɥɟɪɨɞɢɫɬɨɣ ɩɪɨɜɨɥɨɤɢ ɨɛ-

щɟɝɨ ɧаɡɧачɟɧɢя ɩɨ ГОСТ 3282. 

Пɪɢ эɬɨɦ ɛыɥɢ ɩɪɢɧяɬы ɫɥɟɞɭɸщɢɟ ɩаɪа-
ɦɟɬɪы ɮɢɛɪɨɜɨɝɨ аɪɦɢɪɨɜаɧɢя: ɞɢаɦɟɬɪы 

ɮɢɛɪы df1 = 0,5 ɦɦ, df2 = 0,8 ɦɦ, df3 = 1,2 ɦɦ; 

lf/df1 = 100 (125). ȿё ɧɨɪɦаɬɢɜɧɨɟ 
Rsfn = 600 МПа ɢ ɪаɫчɟɬɧɨɟ ɫɨɩɪɨɬɢɜɥɟɧɢɟ 
ɭчɢɬыɜаɥаɫь ɪɟɝɭɥяɪɧая ɫɬɟɪɠɧɟɜая аɪɦаɬɭ-
ɪа ɤɥаɫɫа A-III, А-IVC ɢ ɜ ɪёɛɪаɯ ɠɟɫɬɤɨɫɬɢ,  

ɜ ɡɨɧɟ ɜɭɬа эɥɟɦɟɧɬɨɜ, – ɩɪɨɞɨɥьɧая ɩɪɨɜɨ-
ɥɨчɧая аɪɦаɬɭɪа ɤɥаɫɫа − Вɪ - I. Кɨɧɫɬɪɭɤ-
ɬɢɜɧыɣ ɪаɫчɟɬ ɭɧɢɮɢɰɢɪɨɜаɧɧыɯ эɥɟɦɟɧɬɨɜ,  
ɛыɥ ɜыɩɨɥɧɟɧ ɧа ɞɟɣɫɬɜɢɟ ɦаɤɫɢɦаɥьɧыɯ 
ɧаɩɪяɠɟɧɢɣ ɨɬ ɧɟɜыɝɨɞɧɨɝɨ ɫɨчɟɬаɧɢя ɧа-
ɝɪɭɡɨɤ, а ɬаɤɠɟ ɪɟɛɪɢɫɬая ɨɛɨɥɨчɤа ɩɨɤɪы-

ɬɢя ɩɪɨɜɟɪɟɧа ɧа ɭɫɬɨɣчɢɜɨɫɬь. 
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Таɛɥɢɰа 1. Хаɪаɤɬеɪɢɫɬɢɤɢ ɫɬаɥеɮɢɛɪɨɛеɬɨɧа,  
ɢɫɩɨɥьɡɭеɦɨɝɨ ɞɥя эɥеɦеɧɬɨɜ ɫɨɫɬаɜɧɨɣ ɨɛɨɥɨɱɤɢ ɩɨɤɪыɬɢя (ɤɪеɫɬɨɜɨɝɨ ɫɜɨɞа) 

Кɥаɫɫы ɩɨ ɩɪɨчɧɨɫɬɢ 

ɧа ɫɠаɬɢɟ /  
ɪаɫɬяɠɟɧɢɟ, Bf/Bft, 

МПа 

Ɋаɫчɟɬɧыɟ 
ɫɨɩɪɨɬɢɜɥɟɧɢя  
ɫɠаɬɢɸ Rfb, МПа 

Ɋаɫчɟɬɧыɟ 
ɫɨɩɪɨɬɢɜɥɟɧɢя  

ɪаɫɬяɠɟɧɢɸ Rfbt, МПа

Начаɥьɧыɣ ɦɨɞɭɥь 
ɭɩɪɭɝɨɫɬɢ, Efb, МПа 

22,5 / 2,6 14,91 1,95 28,8×103 

27,5 / 3,0 18,07 2,20 32,4×103 

35,0/ 3,4 22,02 2,44 37,2×103  

40,0/3,8 25,96 2,68 39,0×10
3 
 

 

а) ɛ)  

ɜ)  

Рɢɫɭɧɨɤ 1. ɋɯеɦа ɫɨɫɬаɜɧɨɣ ɨɛɨɥɨɱɤɢ ɩɨɤɪыɬɢя (ɤɪеɫɬɨɜɨɝɨ ɫɜɨɞа): 
а) ɩɥаɧ; ɛ) ɜɢɞ А – ɨɛɨɥɨɱɤа Ɉɉ -1; ɜ) ɜɢɞ Б – ɨɛɨɥɨɱɤа Ɉɉ -2 

 

Нɢɠɟ ɩɪɟɞɫɬаɜɥɟɧ ɩɪɢɧɰɢɩ ɤɨɧɫɬɪɭɢɪɨɜа-
ɧɢя ɧɟɤɨɬɨɪыɯ ɢɡ ɧɢɯ. 
Сɛорɧыɣ эɥемеɧт – ЭОС-6 ɢɫɩыɬыɜаɟɬ ɡɧа-
чɢɬɟɥьɧыɟ ɧаɩɪяɠɟɧɢя: ɧа ɪаɫɬяɠɟɧɢɟ: 
σy = 5,32 МПа, σx = 1,78 МПа ɢ ɧа ɫɠаɬɢɟ 
σy = -14,895 МПа, σx = -11,096 МПа. Дɥя 
ɨɛɟɫɩɟчɟɧɢя ɩɨɥɭчɟɧɧыɯ ɜ ɪɟɡɭɥьɬаɬɟ ɫɬаɬɢ-

чɟɫɤɨɝɨ ɪаɫчɟɬа ɧаɩɪяɠɟɧɢɣ ɨɛɴёɦɧыɣ ɩɪɨ-
ɰɟɧɬ ɮɢɛɪɨɜɨɝɨ аɪɦɢɪɨɜаɧɢя ɩɪɢɧяɬ μfv = 1,5 %, ɞɢаɦɟɬɪ ɮɢɛɪы df = 0,5 ɦɦ; ɟё 

ɞɥɢɧа lf = 50 ɦɦ, ɤɥаɫɫ СФȻ Bf 35, чɬɨ ɩɨɡɜɨ-
ɥяɟɬ ɨɛɟɫɩɟчɢɬь ɫɨɩɪɨɬɢɜɥɟɧɢɟ ɧа ɪаɫɬяɠɟ-
ɧɢɟ ɩɨɥɤɢ Rfbtf = 1,91 МПа; ɪɟɛɪа - 

Rfbtw = 2,06 МПа.  
Тɨɝɞа ɧаɩɪяɠɟɧɢɟ ɪаɫɬяɠɟɧɢя, ɩɟɪɟɞаɜаɟɦɨɟ 
ɧа ɫɬɟɪɠɧɟɜɭɸ аɪɦаɬɭɪɭ, ɩɨɥɭчаɟɬɫя ɪаɜɧыɦ 

3,40 МПа, ɞɥя ɜɨɫɩɪɢяɬɢя ɤɨɬɨɪɨɝɨ ɩɨɬɪɟɛɭ-
ɟɬɫя ɫɬɟɪɠɧɟɜая аɪɦаɬɭɪа ∅14A-IVC, 

As = 1,539 ɫɦ2
, Rs = 510 МПа. 
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Рɢɫɭɧɨɤ 2 – Раɫɱеɬɧая ɦɨɞеɥь ɨɛɨɥɨɱɤɢ ɩɨɤɪыɬɢя, ɩɨɥɭɱеɧɧая ɫɪеɞɫɬɜаɦɢ ȼК SCAD. 

ȼɢɡɭаɥɢɡаɰɢя 
 

 
Рɢɫɭɧɨɤ 3 – ɋɯеɦа ɩɨɩеɪеɱɧɨɝɨ ɫеɱеɧɢя эɥеɦеɧɬɨɜ ɫɨɫɬаɜɧɨɣ ɨɛɨɥɨɱɤɢ ɩɨɤɪыɬɢя 

 

Аɧаɥɨɝɢчɧɨ ɫɛɨɪɧɨɦɭ эɥɟɦɟɧɬɭ ЭОС-6, 

ɩɪɟɞɫɬаɜɥɟɧɧɨɦɭ ɜыɲɟ, ɜыɩɨɥɧяɟɬɫя ɤɨɧɫɬ-
ɪɭɢɪɨɜаɧɢɟ ɫɛɨɪɧыɯ эɥɟɦɟɧɬɨɜ ɨɛɨɥɨчɤɢ, 

ɩɨɤаɡаɧɧыɯ ɧа ɪɢɫɭɧɤɟ 5.  

В ɰɟɧɬɪаɥьɧɨɣ чаɫɬɢ ɤɪɟɫɬɨɜɨɝɨ ɫɜɨɞа ɨɬ 
ɞɟɣɫɬɜɭɸщɢɯ ɧаɝɪɭɡɨɤ ɜɨɡɧɢɤаɸɬ ɜɟɫьɦа 
ɡɧачɢɬɟɥьɧыɟ ɧаɩɪяɠɟɧɢя, ɪаɜɧыɟ ɧа ɪаɫɬя- 
ɠɟɧɢɟ ɩɨ ɨɫɢ Y ɨɬ σy = 2,99 МПа ɞɨ 
σy = 6,68 МПа; ɩɨ ɨɫɢ X ɨɬ σx = 6,51 МПа ɞɨ 
σx = 9,83 МПа; ɧаɩɪяɠɟɧɢя ɫɠаɬɢя  
σy = - 7,28 МПа; σx = - 12,73 МПа. 
Моɧоɥитɧыɣ эɥемеɧт ЭОМ-19 ɡаɩɪɨɟɤɬɢ-

ɪɨɜаɧ ɞɥя ɜɨɫɩɪɢяɬɢя ɭɤаɡаɧɧыɯ ɧаɩɪяɠɟ-
ɧɢɣ ɜ ɤɨɦɛɢɧɢɪɨɜаɧɧɨɦ ɜаɪɢаɧɬɟ. А ɢɦɟɧɧɨ: 
ɮɢɛɪɨаɪɦɢɪɨɜаɧɧɨɟ ɫɟчɟɧɢɟ ɫ μfv = 1,5 %, 

ɞɢаɦɟɬɪɨɦ ɮɢɛɪы df = 0,5 ɦɦ; ɟё ɞɥɢɧɨɣ 

lf = 50 ɦɦ, ɤɨɬɨɪыɟ ɭɫɢɥɟɧы ɫɬɟɪɠɧɟɜɨɣ ∅6А-III ɢ ɩɪɨɜɨɥɨчɧɨɣ ∅5Вɪ-I аɪɦаɬɭɪɨɣ ɜ 
ɜɢɞɟ ɫɟɬɨɤ ɫ ɩɟɪɟɦɟɧɧыɦ ɲаɝɨɦ ɩɪɨɞɨɥьɧыɯ 
ɢ ɩɨɩɟɪɟчɧыɯ ɫɬɟɪɠɧɟɣ. Пɪɢ эɬɨɦ ɤɥаɫɫ 
СФȻ ɩɨ ɩɪɨчɧɨɫɬɢ ɩɪɢɧяɬ Bf 40 ɫ ɫɨɩɪɨɬɢɜ-
ɥɟɧɢɟɦ ɧа ɪаɫɬяɠɟɧɢɟ ɩɨɥɤɢ 

Rfbtf = 2,67 МПа; ɪɟɛɪа - Rfbtw = 3,06 МПа, чɬɨ 
ɨɛɟɫɩɟчɢɜаɟɬ ɜɨɫɩɪɢяɬɢɟ ɭɤаɡаɧɧыɯ ɪаɧɟɟ 
ɧаɩɪяɠɟɧɢɣ. 

В ɪɟɡɭɥьɬаɬɟ ɪаɫчɟɬа ɢ ɤɨɧɫɬɪɭɢɪɨɜаɧɢя 
эɥɟɦɟɧɬа ЭОМ − 19 ɛыɥɨ ɨɛɟɫɩɟчɟɧɨ ɩɪɟ-
ɜыɲɟɧɢɟ ɧаɩɪяɠɟɧɢɣ СФɀȻ ɫɟчɟɧɢɣ ɩɪɨɬɢɜ 
ɧаɩɪяɠɟɧɢɣ ɨɬ ɞɟɣɫɬɜɭɸщɢɯ ɧаɝɪɭɡɨɤ ɧа 
ɪаɫɬяɠɟɧɢɟ ɜɞɨɥь ɢ ɩɨɩɟɪɟɤ эɥɟɦɟɧɬа (ɬаɛ-
ɥɢɰа 3). ɍɫɥɨɜɢя ɩɪɨчɧɨɫɬɢ ɧа ɫɠаɬɢɟ ɬаɤɠɟ 
ɫɨɛɥɸɞаɸɬɫя. 



Пɪɢɧɰɢɩ ɩɪɨɟɤɬɢɪɨɜаɧɢя ɤɨɧɫɬɪɭɤɰɢɣ ɧа ɨɫɧɨɜɟ ɫɬаɥɟɮɢɛɪɨɛɟɬɨɧа ɫ ɡаɞаɧɧыɦɢ эɤɫɩɥɭаɬаɰɢɨɧɧыɦɢ 

ɯаɪаɤɬɟɪɢɫɬɢɤаɦɢ 

Volume 8, Issue 2, 2012 113

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



К.В. Таɥаɧɬɨɜа, М.Д. Сɨɧɢɧа  

International Journal for Computational Civil and Structural Engineering 114 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

а)  

ɛ)  

Рɢɫɭɧɨɤ 4. Каɪɬɢɧы ɩɨɥеɣ ɧаɩɪяɠеɧɢɣ ɪаɫɬяɠеɧɢя ɨɬ ɧеɜыɝɨɞɧɨɝɨ ɫɨɱеɬаɧɢя ɡаɝɪɭɡɨɤ  
ɨɛɨɥɨɱɤɢ ɩɨɤɪыɬɢя: а) ɩɨ ɨɫɢ  «X», ɛ) ɩɨ ɨɫɢ «Y» 

 

Кɨɧɫɬɪɭɤɬɢɜɧыɣ ɪаɫчёɬ эɥɟɦɟɧɬɨɜ ɨɛɨɥɨчɤɢ 

ɛыɥ ɜыɩɨɥɧɟɧ ɩɨ ɩɟɪɜɨɣ ɢ ɜɬɨɪɨɣ ɝɪɭɩɩаɦ 

ɩɪɟɞɟɥьɧыɯ ɫɨɫɬɨяɧɢɣ. Ɋаɫчёɬы ɩɨɤаɡаɥɢ, 

чɬɨ ɭɫɥɨɜɢя ɩɪɨчɧɨɫɬɢ, ɬɪɟщɢɧɨɫɬɨɣɤɨɫɬɢ, 

ɞɟɮɨɪɦаɬɢɜɧɨɫɬɢ ɢ ɨɛщɟɣ ɭɫɬɨɣчɢɜɨɫɬɢ 

ɨɛɨɥɨчɤɢ ɜыɩɨɥɧяɸɬɫя. Хɨɬя ɤ ɤɨɧɫɬɪɭɤɰɢɢ 

ɩɨɤɪыɬɢя ɩɪɟɞɴяɜɥяɸɬɫя ɬɪɟɛɨɜаɧɢя 3-ɣ ɤа-
ɬɟɝɨɪɢɢ ɬɪɟщɢɧɨɫɬɨɣɤɨɫɬɢ, ɩɨ ɪаɫчɟɬаɦ 

ɬɪɟщɢɧы ɧɟ ɨɛɪаɡɭɸɬɫя. 

Таɤɢɦ ɨɛɪаɡɨɦ, ɜ ɪɟɡɭɥьɬаɬɟ ɪаɫчёɬа ɢ ɤɨɧ-

ɫɬɪɭɢɪɨɜаɧɢя СФɀȻ ɩɨɤɪыɬɢя ɜ ɜɢɞɟ ɬɨɧ-

ɤɨɫɬɟɧɧɨɣ ɫɨɫɬаɜɧɨɣ ɨɛɨɥɨчɤɢ (ɤɪɟɫɬɨɜɨɝɨ 
ɫɜɨɞа) ɪаɡɪаɛɨɬаɧ ɜаɪɢаɧɬ, ɪаɫɯɨɞ ɛɟɬɨɧа 
ɞɥя ɭɫɬɪɨɣɫɬɜа ɤɨɬɨɪɨɝɨ, а ɡɧачɢɬ ɢ ɟɝɨ ɜɟɫ, 
ɡɧачɢɬɟɥьɧɨ ɧɢɠɟ ɩɨɤаɡаɬɟɥɟɣ ɬɢɩɨɜыɯ ɤɨɧ-

ɫɬɪɭɤɰɢɣ.
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Таɛɥɢɰа 2 - ɍɧɢɮɢɰɢɪɨɜаɧɧые ɫɛɨɪɧые ɫɬаɥеɮɢɛɪɨɠеɥеɡɨɛеɬɨɧɧые эɥеɦеɧɬы. Фɪаɝɦеɧɬ  

Маɪɤа 
эɥɟɦɟɧɬа 

Сɯɟɦа эɥɟɦɟɧɬа Хаɪаɤɬɟɪɢɫɬɢɤа 
ɮɢɛɪɨɜɨɝɨ  
аɪɦɢɪɨɜаɧɢя 

Хаɪаɤɬɟɪɢɫɬɢɤа 
ɪɟɝɭɥяɪɧɨɝɨ  
аɪɦɢɪɨɜаɧɢя 

ЭОС – 1 

 

μfv=0,5% 

df=0,8ɦɦ 

lf=100 ɦɦ 

Вɞɨɥь эɥɟɦɟɧɬа ∅ 5 Вɪ-I 
 

ЭОС – 4 

 

μfv=1,5% 

df=0,5ɦɦ 

lf=50 ɦɦ 

Вɞɨɥь эɥɟɦɟɧɬа ∅ 6 A-III 

Сɟɬɤа: 
ɪаɛɨчая  
ɩɨɩɟɪɟчɧая ∅ 5Вɪ-I,  
S = 200ɦɦ. 

ɩɪɨɞɨɥьɧая 
ɤɨɧɫɬɪɭɤɬɢɜɧая ∅ 3Вɪ-I, 

S = 350 ɦɦ 

 

ЭОС – 6 

 

μfv=1,5% 

df=0,5ɦɦ 

lf=50 ɦɦ 

 

Вɞɨɥь эɥɟɦɟɧɬа ∅ 14 A-IVC 

 



К.В. Таɥаɧɬɨɜа, М.Д. Сɨɧɢɧа  
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Таɛɥɢɰа 3. Реɡɭɥьɬаɬы ɩɪɨеɤɬɢɪɨɜаɧɢя эɥеɦеɧɬɨɜ ɫɬаɥеɮɢɛɪɨɠеɥеɡɨɛеɬɨɧɧɨɣ ɨɛɨɥɨɱɤɢ 
ɩɨɤɪыɬɢя. Фɪаɝɦеɧɬ 

Нɨɪɦаɥьɧыɟ ɧаɩɪяɠɟɧɢя  
ɨɬ ɧɟɜыɝɨɞɧɨɝɨ ɫɨчɟɬаɧɢя  

ɧаɝɪɭɡɨɤ 

Вɧɭɬɪɟɧɧɢɟ ɧɨɪɦаɥьɧыɟ 
ɧаɩɪяɠɟɧɢя ɫɟчɟɧɢɣ 

Маɪɤа  
эɥɟɦɟɧɬа 

Наɩɪаɜɥɟɧɢɟ 
аɪɦɢɪɨɜаɧɢя 

ɪаɫɬяɠɟɧɢя, 
МПа 

ɫɠаɬɢя, МПа ɪаɫɬяɠɟɧɢя, 
МПа 

ɫɠаɬɢя, 
МПа 

Вɞɨɥь 
эɥɟɦɟɧɬа 

σy = 2,098, σy = -3,301, σsf +σs =2,11 σsf = 17,38 

ЭОС – 4 Пɨɩɟɪɟɤ 
эɥɟɦɟɧɬа 

σx = 2,976 σx = -3,077 σsf +σs =3,35 σsf = 17,38 

Вɞɨɥь 
эɥɟɦɟɧɬа 

σy = 5,32 σy = -14,895 σsf +σs = 5,84 σsf = 22,02 

ЭОС – 6 Пɨɩɟɪɟɤ 
эɥɟɦɟɧɬа 

σx = 1,78 σx = -11,096 σsf  = 1,89 σsf = 22,02 

Вɞɨɥь 
эɥɟɦɟɧɬа 

σy = 6,08 

σy = 6,68 

σy = -7,28 МПа σsf  + ∑σs = 6,51 

σsf  + ∑σs = 

7,24 

σsf = 25,96 

ЭОМ – 19 

Пɨɩɟɪёɤ 
эɥɟɦɟɧɬа 

σx = 6,61 

σx = 9,83 

σx = -12,73 МПа σsf  + ∑σs = 

11,48 

σsf = 25,96 

 

 

Таɛɥɢɰа 4. ɋɪаɜɧеɧɢе ɬеɯɧɢɤɨ-эɤɨɧɨɦɢɱеɫɤɢɯ ɩɨɤаɡаɬеɥеɣ ɬɢɩɨɜɨɝɨ ɠеɥеɡɨɛеɬɨɧɧɨɝɨ 
ɫ ɪаɡɪаɛаɬыɜаеɦыɦ ɫɬаɥеɮɢɛɪɨɠеɥеɡɨɛеɬɨɧɧыɦ ɤɪеɫɬɨɜыɦ ɫɜɨɞɨɦ 

Наɢɦɟɧɨɜаɧɢɟ ɤɪɢɬɟɪɢя 
Сɛɨɪɧɨɟ  

ɠɟɥɟɡɨɛɟɬɨɧɧɨɟ 
ɩɨɤɪыɬɢɟ 

Сɛɨɪɧɨ-ɦɨɧɨɥɢɬɧɨɟ  
ɫɬаɥɟɮɢɛɪɨɠɟɥɟɡɨɛɟɬɨɧ-

ɧɨɟ 
ɩɨɤɪыɬɢɟ 

Ȼɟɬɨɧ/ɫɬаɥɟɮɢɛɪɨɛɟɬɨɧ, ɦ3
/% 37,8/ 100 19,42/ 51 

Сɬаɥь, ɤɝ/%, ɜ ɬɨɦ чɢɫɥɟ 4 058/100 1 220/30 

Сɬаɥьɧая ɮɢɛɪа, ɤɝ/% − 681/100 

Сɬɟɪɠɧɟɜая аɪɦаɬɭɪа, ɤɝ/% 4 058/100 596/15 

Вɟɫ, ɤɝ/% 97 790/100 44 666/46 

Сɬɨɢɦɨɫɬь, ɪɭɛ./% 983 148/100 617 577/63 

 

 

Сɪаɜɧɟɧɢɟ ɬɟɯɧɢɤɨ - эɤɨɧɨɦɢчɟɫɤɢɯ ɩɨɤаɡа-
ɬɟɥɟɣ, ɪаɡɪаɛɨɬаɧɧɨɝɨ ɜаɪɢаɧɬа ɩɨɤɪыɬɢя, ɫ 
ɬɢɩɨɜыɦ ɜаɪɢаɧɬɨɦ (ɠɟɥɟɡɨɛɟɬɨɧɧыɟ ɫɬɪɨ-
ɩɢɥьɧыɟ ɮɟɪɦы ɢ ɩɥɢɬы ɩɨɤɪыɬɢя) ɩɨɤаɡа-
ɥɨ, чɬɨ ɪаɡɪаɛɨɬаɧɧɨɟ ɪɟɲɟɧɢɟ ɦɨɠɟɬ ɫɨɫɬа-
ɜɢɬь ɤɨɧɤɭɪɟɧɰɢɸ ɬɢɩɨɜыɦ ɪɟɲɟɧɢяɦ (ɬаɛ-

ɥɢɰа 4). Нɢɡɤая ɦаɬɟɪɢаɥɨɟɦɤɨɫɬь ɤɨɧɫɬɪɭɤ-
ɰɢɢ ɩɨɤɪыɬɢя ɧа ɨɫɧɨɜɟ СФȻ ɩɨɡɜɨɥяɟɬ, ɩɨ-
ɦɢɦɨ ɩɪɨчɟɝɨ, ɡɧачɢɬɟɥьɧɨ ɫɧɢɡɢɬь ɬɪаɧɫ-
ɩɨɪɬɧыɟ ɪаɫɯɨɞы, ɡаɬɪаɬы ɧа ɦɨɧɬаɠ ɢ, ɤаɤ 
ɫɥɟɞɫɬɜɢɟ, ɫɬɨɢɦɨɫɬь ɨɛɴɟɤɬа ɜ ɰɟɥɨɦ. 
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ФГȻОɍ ВПО «Мɨɫɤɨɜɫɤɢɣ ɝɨɫɭɞаɪɫɬɜɟɧɧыɣ ɫɬɪɨɢɬɟɥьɧыɣ ɭɧɢɜɟɪɫɢɬɟɬ», ɝ. Мɨɫɤɜа, Ɋɨɫɫɢя 

 

АɇɇɈɌАЦɂə: В ɫɬаɬьɟ ɩɪɢɜɨɞяɬɫя ɩɨɫɬаɧɨɜɤа ɢ ɪɟɲɟɧɢɟ ɡаɞачɢ ɞɥя ɨɩɪɟɞɟɥɟɧɢя ɪаɫчɟɬɧɨɝɨ ɫɨɩɪɨ-
ɬɢɜɥɟɧɢя ɝɪɭɧɬɨɜ ɨɫɧɨɜаɧɢɣ ɮɭɧɞаɦɟɧɬɨɜ ɜ ɡаɜɢɫɢɦɨɫɬɢ ɨɬ ɫɬɟɩɟɧɢ ɢɯ ɜɨɞɨɧаɫыщɟɧɢя, ɫɨɫɬɨящɢɯ ɢɡ 
ɝɥɢɧɢɫɬыɯ ɝɪɭɧɬɨɜ ɫ ɧɢɡɤɢɦ ɤɨэɮɮɢɰɢɟɧɬɨɦ ɮɢɥьɬɪаɰɢɢ. Пɨɤаɡыɜаɟɬɫя, чɬɨ ɜ эɬɨɦ ɫɥɭчаɟ ɨɛɪаɡɨɜаɧɢɟ 
ɡɨɧ ɩɪɟɞɟɥьɧɨɝɨ ɪаɜɧɨɜɟɫɢя ɩɨɞ ɤɪаяɦɢ ɮɭɧɞаɦɟɧɬа ɩɪɨɢɫɯɨɞɢɬ ɩɪɢ ɡɧачɢɬɟɥьɧɨ ɦɟɧьɲɟɣ ɢɧɬɟɧɫɢɜɧɨ-
ɫɬɢ ɧаɝɪɭɡɤɢ, чɟɦ ɜ ɫɥɭчаɟ ɧɟɜɨɞɨɧаɫыщɟɧɧɨɝɨ ɝɪɭɧɬа. Пɪɢɜɨɞɢɬɫя ɫɪаɜɧɢɬɟɥьɧая ɨɰɟɧɤа ɪаɫчɟɬɧыɯ ɫɨ-
ɩɪɨɬɢɜɥɟɧɢɣ ɞɥя ɜɨɞɨɧаɫыщɟɧɧыɯ ɢ ɧɟɜɨɞɨɧаɫыщɟɧɧыɯ ɨɫɧɨɜаɧɢɣ, ɨɩɪɟɞɟɥɟɧɧыɟ ɜ ɪɟɡɭɥьɬаɬɟ ɪɟɲɟ-
ɧɢя ɡаɞачɢ аɧаɥɢɬɢчɟɫɤɢɦ ɢ чɢɫɥɟɧɧыɦ ɦɟɬɨɞаɦɢ. Оɬɦɟчаɟɬɫя, чɬɨ ɫ ɪɨɫɬɨɦ ɫɬɟɩɟɧɢ ɜɨɞɨɧаɫыщɟɧɢя 
ɭɜɟɥɢчɢɜаɟɬɫя ɨɫаɞɤа ɨɫɧɨɜаɧɢя ɩɪɢ ɩɪɨчɢɯ ɪаɜɧыɯ ɭɫɥɨɜɢяɯ (ɧаɝɪɭɡɤа, ɲɢɪɢɧа ɮɭɧɞаɦɟɧɬа), а ɩɪɟ-
ɞɟɥьɧая ɧаɝɪɭɡɤа, ɧаɨɛɨɪɨɬ, ɭɦɟɧьɲаɟɬɫя, ɩɪɢчɟɦ ɫɭщɟɫɬɜɟɧɧɨ. Дɥя ɨɩɪɟɞɟɥɟɧɢя ɩɨɪɨɜɨɝɨ ɞаɜɥɟɧɢя ɜ 
ɜɨɞɨɧаɫыщɟɧɧɨɦ ɨɫɧɨɜаɧɢɢ ɨɬ ɞɟɣɫɬɜɢя ɧаɝɪɭɡɤɢ p ɩɨ ɩɨɥɨɫɟ ɲɢɪɢɧɨɣ 2а=b(ɩɥɨɫɤая ɡаɞача) ɢɫɩɨɥьɡɭ-
ɸɬɫя ɦɨɞɭɥɢ ɨɛɴɟɦɧыɯ ɞɟɮɨɪɦаɰɢɣ ɫɤɟɥɟɬа Ks, ɩɨɪɨɜɨɣ ɝаɡɨɫɨɞɟɪɠащɟɣ ɜɨɞы Kwg ɢ ɩɭɡыɪьɤɨɜ ɝаɡа Kg ɜ 
ɝɪɭɧɬɟ. Дɥя ɨɩɪɟɞɟɥɟɧɢя ɦɨɞɭɥя ɨɛɴɟɦɧɨɣ ɞɟɮɨɪɦаɰɢɢ ɩɨɪɨɜɨɣ ɝаɡɨɫɨɞɟɪɠащɟɣ ɜɨɞы ɢɫɩɨɥьɡɭɟɬɫя ɡа-
ɤɨɧ Ȼɨɣɥя–Маɪɢɨɬɬа, а ɞɥя ɨɩɪɟɞɟɥɟɧɢя ɫɬɟɩɟɧɢ ɜɨɞɨɧаɫыщɟɧɢя – ɡаɤɨɧ ɪаɫɬɜɨɪɢɦɨɫɬɢ ɝаɡɨɜ ɜ ɠɢɞɤɨ-
ɫɬɢ Гɟɧɪɢ. На ɨɫɧɨɜаɧɢɢ аɧаɥɢɡа ɪɟɡɭɥьɬаɬɨɜ аɧаɥɢɬɢчɟɫɤɨɝɨ ɢ чɢɫɥɟɧɧɨɝɨ ɪɟɲɟɧɢя ɩɨɫɬаɜɥɟɧɧɨɣ ɡаɞа-
чɢ ɪɟɤɨɦɟɧɞɭɟɬɫя ɜɧɟɫɬɢ ɞɨɩɨɥɧɟɧɢɟ ɜ ɧɨɪɦаɬɢɜɧыɯ ɞɨɤɭɦɟɧɬаɯ ɩɨ ɨɩɪɟɞɟɥɟɧɢɸ ɪаɫчɟɬɧɨɝɨ ɫɨɩɪɨɬɢɜ-
ɥɟɧɢя ɜɨɞɨɧаɫыщɟɧɧыɯ ɨɫɧɨɜаɧɢɣ ɮɭɧɞаɦɟɧɬɨɜ, ɫɥɨɠɟɧɧыɯ ɝɥɢɧɢɫɬыɦɢ ɝɪɭɧɬаɦɢ ɫ ɧɢɡɤɢɦ ɤɨэɮɮɢɰɢ-

ɟɧɬɨɦ ɮɢɥьɬɪаɰɢɢ (kf<10-5 ɦ/ɫɭɬ). 
 

Ключевые словɚ: ɧаɩɪяɠɟɧɧɨ-ɞɟɮɨɪɦɢɪɨɜаɧɧɨɟ ɫɨɫɬɨяɧɢɟ, ɪаɫчɟɬɧɨɟ ɫɨɩɪɨɬɢɜɥɟɧɢɟ, 
ɝɪɭɧɬы ɨɫɧɨɜаɧɢɣ ɮɭɧɞаɦɟɧɬɨɜ, ɫɬɟɩɟɧь ɜɨɞɨɧаɫыщɟɧɢя, аɧаɥɢɬɢчɟɫɤɢɟ ɦɟɬɨɞы, чɢɫɥɟɧɧыɟ ɦɟɬɨɞы 
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ABSTRACT: The article presents the formulation and solution of the problem to determine the design resis-

tance of soil bases of foundations, depending on their degree of water saturation, consisting of clay soils with a 

low permeability. It is shown that in this case, the formation of zones of limiting equilibrium under the edges of 

the basement occurs at much lower load intensity than in not saturated soils. The comparative evaluation of the 

calculated resistance for the water-saturated and not saturated grounds defined by the solution of the analytical 

and numerical methods. It is noted that with increasing degree of water saturation increases basement settlement 

under otherwise equal conditions (load, the width of the foundation), and the ultimate load, on the other hand, 

significantly decreases. 
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1. ȼȼȿДȿɇɂȿ 

 

Иɡɜɟɫɬɧɨ, чɬɨ ɜ ɨɫɧɨɜɭ ɨɩɪɟɞɟɥɟɧɢя ɪаɫчɟɬ- 

ɧɨɝɨ ɫɨɩɪɨɬɢɜɥɟɧɢя ɝɪɭɧɬɨɜ ɨɫɧɨɜаɧɢɣ ɮɭɧ-

ɞаɦɟɧɬɨɜ ɥɟɠɢɬ ɪɟɲɟɧɢɟ ɡаɞачɢ Пɭɡыɪɟɜ-
ɫɤɨɝɨ (ɪɢɫ.1), ɤɨɬɨɪɨɟ ɩɨɡɜɨɥяɟɬ ɨɩɪɟɞɟɥɢɬь 



Наɩɪяɠɟɧɧɨ-ɞɟɮɨɪɦɢɪɨɜаɧɧɨɟ ɫɨɫɬɨяɧɢɟ ɨɫɧɨɜаɧɢя ɩɨɞ ɜɨɡɞɟɣɫɬɜɢɟɦ ɩɨɥɨɫɨɜɨɣ ɧаɝɪɭɡɤɢ ɫ ɭчɟɬɨɦ ɧɟɩɨɥɧɨɝɨ 
ɜɨɞɨɧаɫыщɟɧɢя ɝɪɭɧɬа 
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ɧачаɥьɧɨɟ ɤɪɢɬɢчɟɫɤɨɟ p* ɢ ɪаɫчɟɬɧɨɟ Rɪ 
ɡɧачɟɧɢя ɪаɫɩɪɟɞɟɥɟɧɧɨɣ ɧаɝɪɭɡɤɢ ɩɨ ɩɨɥɨɫɟ 
ɲɢɪɢɧɨɣ b=2aɧа ɩɨɜɟɪɯɧɨɫɬɢ ɝɪɭɧɬɨɜɨɝɨ 
ɩɨɥɭɩɪɨɫɬɪаɧɫɬɜа. Пɪɢ эɬɨɦ ɧɟ ɭчɢɬыɜаɟɬɫя 
ɜɥɢяɧɢɟ ɢɡɛыɬɨчɧɨɝɨ ɩɨɪɨɜɨɝɨ ɞаɜɥɟɧɢя, 
ɤɨɬɨɪɨɟ ɧɟɢɡɛɟɠɧɨ ɜɨɡɧɢɤаɟɬ ɜ ɝɥɢɧɢɫɬыɯ 
ɜɨɞɨɧаɫыщɟɧɧыɯ ɝɪɭɧɬаɯ ɧа ɧачаɥьɧɨɦ эɬа-
ɩɟ ɧаɝɪɭɠɟɧɢя ɢ ɧɟ ɪаɫɫɟɢɜаɟɬɫя ɞɥɢɬɟɥьɧɨɟ 
ɜɪɟɦя ɢɡ-ɡа ɧɢɡɤɨɝɨ ɤɨэɮɮɢɰɢɟɧɬа ɮɢɥьɬɪа-
ɰɢɢ. 

В ɧаɫɬɨящɟɣ ɪаɛɨɬɟ ɧа ɨɫɧɨɜɟ ɪаɫɫɦɨɬɪɟɧɢя 
ɧаɩɪяɠɟɧɧɨ–ɞɟɮɨɪɦɢɪɨɜаɧɧɨɝɨ ɫɨɫɬɨяɧɢя 
(НДС) ɝɪɭɧɬɨɜɨɝɨ ɩɨɥɭɩɪɨɫɬɪаɧɫɬɜа ɩɨɞ 

ɜɨɡɞɟɣɫɬɜɢɟɦ ɫɨɛɫɬɜɟɧɧɨɝɨ ɜɟɫа ɢ ɪаɫɩɪɟɞɟ-
ɥɟɧɧɨɣ ɧаɝɪɭɡɤɢ p ɩɨ ɩɨɥɨɫɟ ɲɢɪɢɧɨɣ b=2a 

ɩɪɢɜɨɞɢɬɫя аɧаɥɢɬɢчɟɫɤɨɟ ɪɟɲɟɧɢɟ ɡаɞачɢ 

Пɭɡыɪɟɜɫɤɨɝɨ ɫ ɭчɟɬɨɦ ɢɡɛыɬɨчɧɨɝɨ ɩɨɪɨɜɨ-
ɝɨ ɞаɜɥɟɧɢя ɜ ɡаɜɢɫɢɦɨɫɬɢ ɨɬ ɫɬɟɩɟɧɢ ɜɨɞɨ-
ɧаɫыщɟɧɢя ɝɪɭɧɬɨɜ ɨɫɧɨɜаɧɢя. 
Дɥя ɞɨɫɬɨɜɟɪɧɨɝɨ ɨɩɪɟɞɟɥɟɧɢя ɩɨɪɨɜɨɝɨ 
ɞаɜɥɟɧɢя ɧɟɨɛɯɨɞɢɦɨ ɜ ɩɟɪɜɭɸ ɨчɟɪɟɞь ɫɥɟ-
ɞɭɟɬ ɨɩɪɟɞɟɥɢɬь ɤɨэɮɮɢɰɢɟɧɬ ɫɠɢɦаɟɦɨɫɬɢ 

ɝаɡɨɫɨɞɟɪɠащɟɣ ɩɨɪɨɜɨɣ ɜɨɞыKwg ɢ ɝаɡɨɜыɯ 
ɩɭɡыɪьɤɨɜ Kg, ɬ.ɟ. ɢɯ ɠɟɫɬɤɨɫɬɢ ɢ ɫɪаɜɧɢɬь 
ɢɯ ɫ ɤɨэɮɮɢɰɢɟɧɬɨɦ ɫɠɢɦаɟɦɨɫɬɢ ɫɤɟɥɟɬа 
Ks. Оɬ ɫɨɨɬɧɨɲɟɧɢя Kwg/Ksɢ Kg/ 

Ksɫɭщɟɫɬɜɟɧɧɨ ɡаɜɢɫɢɬ ɢɡɛыɬɨчɧɨɟ ɩɨɪɨɜɨɟ 
ɞаɜɥɟɧɢɟ wu , ɬаɤ ɤаɤ ɨɧɨ ɨɩɪɟɞɟɥяɟɬɫя ɜ ɡа-
ɜɢɫɢɦɨɫɬɢ ɨɬ ɫɪɟɞɧɟɝɨ ɧаɩɪяɠɟ-
ɧɢя 3/)( zyx σσσσ ++= ɢ ɤɨэɮɮɢɰɢɟɧɬа ɩɨ-
ɪɨɜɨɝɨ ɞаɜɥɟɧɢя )/(0 sww KnKK ⋅+=β , ɬ.ɟ. 

.0βσ ⋅=wu
 

 

 

2. Ɉ СɀɂɆАȿɆɈСɌɂ  

ɉɈɊɈȼɈɃ ȼɈДЫ 

 

Иɡɜɟɫɬɧɨ, чɬɨ ɜ ɝɥɢɧɢɫɬыɯ ɝɪɭɧɬаɯ ɜɫɟɝɞа 
ɫɨɞɟɪɠɢɬɫя ɜɨɡɞɭɯ ɜ ɪаɫɬɜɨɪɟɧɧɨɦ ɜɢɞɟ ɢ ɜ 
ɜɢɞɟ ɦɟɥьчаɣɲɢɯ ɩɭɡыɪьɤɨɜ ɜ ɩɨɪɨɜɨɣ ɜɨɞɟ. 
Наɥɢчɢɟ ɜɨɡɞɭɯа ɜ ɩɨɪɨɜɨɣ ɜɨɞɟ ɨɛɭɫɥаɜɥɢ-

ɜаɟɬ ɟɟ ɫɠɢɦаɟɦɨɫɬь, ɤɨɬɨɪая ɨɬɪаɠаɟɬɫя ɧа 
ɢɡɛыɬɨчɧɨɦ ɩɨɪɨɜɨɦ ɞаɜɥɟɧɢɢ, ɜɨɡɧɢɤаɸ-

щɟɦ ɩɨɞ ɜɨɡɞɟɣɫɬɜɢɟɦ ɜɧɟɲɧɟɣ ɧаɝɪɭɡɤɢ 

(ɪɢɫ.1). С ɪɨɫɬɨɦ ɫɬɟɩɟɧɢ ɜɨɞɨɧаɫыщɟɧɢя 
ɪаɫɬɟɬ ɢ ɦɨɞɭɥь ɨɛɴɟɦɧɨɣ ɫɠɢɦаɟɦɨɫɬɢ ɝа-

ɡɨɫɨɞɟɪɠащɟɣ ɩɨɪɨɜɨɣ ɜɨɞы, ɢ, ɫɥɟɞɨɜа-
ɬɟɥьɧɨ, ɪаɫɬɟɬ ɢ ɩɨɪɨɜɨɟ ɞаɜɥɟɧɢɟ. 
Нɢɠɟ ɩɪɢɜɨɞɢɬɫя ɪɟɲɟɧɢɟ ɡаɞачɢ ɩɨ ɨɩɪɟ-
ɞɟɥɟɧɢɸ ɦɨɞɭɥя ɨɛɴɟɦɧɨɣ ɫɠɢɦаɟɦɨɫɬɢ ɝа-
ɡɨɫɨɞɟɪɠащɟɣ ɩɨɪɨɜɨɣ ɜɨɞы WK  ɜ ɡаɜɢɫɢɦɨ-
ɫɬɢ ɨɬ ɫɬɟɩɟɧɢ ɜɨɞɨɧаɫыщɟɧɢя Srɢ ɨɬ ɦɨɞɭɥя 
ɨɛɴɟɦɧɨɣ ɞɟɮɨɪɦаɰɢɢ ɜɨɞы, ɫɨɞɟɪɠащɟɣ 

ɪаɫɬɜɨɪɟɧɧыɣ ɜɨɡɞɭɯ Kwgɢ ɦɨɞɭɥя ɨɛɴɟɦɧɨɣ 

ɫɠɢɦаɟɦɨɫɬɢ ɩɭɡыɪьɤɨɜ ɜɨɡɞɭɯа
gK .  

Иɡɜɟɫɬɧɨ чɬɨ ɩɨɪɨɜɨɟ ɩɪɨɫɬɪаɧɫɬɜɨ ɨɛɴɟɦɨɦ 

V ɡаɩɨɥɧɟɧɨ ɜɨɞɨɣ ɫ ɪаɫɬɜɨɪɟɧɧыɦ ɜ ɧɟɣ 

ɜɨɡɞɭɯɨɦ Vwg ɢ чаɫɬɢчɧɨ ɧɟɪаɫɬɜɨɪɟɧɧыɦɢ 

ɩɭɡыɪьɤаɦɢ ɝаɡа Vg, ɩɪɢчɟɦ  

 

gwg VVV +=
                      

(2.1) 

 

Иɡɦɟɧɟɧɢɟ ɨɛɴɟɦа ɩɭɡыɪьɤɨɜ ɝаɡа Vgɩɪɢ ɢɡ-
ɦɟɧɟɧɢɢ ɞаɜɥɟɧɢя ɜ ɩɨɪɨɜɨɣ ɜɨɞɟ ɨɬ p1 ɞɨ p2 

, ɦɨɠɧɨ ɨɩɪɟɞɟɥɢɬь ɧа ɨɫɧɨɜɟ ɡаɤɨɧа Ȼɨɣɥя-
Маɪɢɨɬɬа, ɫɨɝɥаɫɧɨ ɤɨɬɨɪɨɦɭ ɜ ɢɡɨɬɟɪɦɢчɟ-
ɫɤɨɦ ɪɟɠɢɦɟ ɫɩɪаɜɟɞɥɢɜɨ ɫɨɨɬɧɨɲɟɧɢɟ 

constVpVp =⋅=⋅ 2211 . Тɨɝɞа ɩɨɥɭчаɟɦ 

 

)/1( 211 ppVV gg −=Δ
            

(2.2) 

 

ɍɪаɜɧɟɧɢɟ (2.2) ɩɨɫɥɟ ɩɪɟɨɛɪаɡɨɜаɧɢя ɦɨɠ-

ɧɨ ɩɪɟɞɫɬаɜɢɬь ɜ ɜɢɞɟ: 
 

ppV

V

p g

g

Δ+=Δ⋅Δ 1

11

             

(2.3) 

 

Оɬɫɸɞа ɫɥɟɞɭɟɬ, чɬɨ  
 

ppK g Δ+= 1 ,                   (2.4) 

ɝɞɟ                     zpp wa ⋅+= γ1                  
(2.5) 

 

ap - аɬɦɨɫɮɟɪɧɨɟ ɞаɜɥɟɧɢɟ, z – ɝɥɭɛɢɧа ɨɬ 
ɭɪɨɜɧя ɜɨɞы, wγ  - ɭɞɟɥьɧыɣ ɜɟɫ ɜɨɞы 

Иɡɦɟɧɟɧɢɟ ɨɛɴɟɦа ɩɨɪɨɜɨɣ ɜɨɞы ɜ ɰɟɥɨɦ 

wVΔ  ɦɨɠɟɦ ɨɩɪɟɞɟɥɢɬь ɤаɤ ɫɭɦɦɭ ɢɡɦɟɧɟ-
ɧɢɣ Vwg ɢ Vg, ɬ.ɟ. ɩɨɥɭчаɟɦ: 

 

gwgw VVV Δ+Δ=Δ
                

(2.6) 



З.Г. Тɟɪ-Маɪɬɢɪɨɫяɧ, В.В. Сɢɞɨɪɨɜ, Х.Х. Нɝɭɟɧ 
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Рɢɫɭɧɨɤ 1. ɋɯеɦаɬɢɱеɫɤɨе ɩɪеɞɫɬаɜɥеɧɢе эɩɸɪ ɫɪеɞɧеɝɨ ɡɧаɱеɧɢя ɫɭɦɦы  

ɝɥаɜɧыɯ ɧаɩɪяɠеɧɢɣ 3/vσσ = (1) ɢ ɢɡɛыɬɨɱɧɨɝɨ ɩɨɪɨɜɨɝɨ ɞаɜɥеɧɢя (2)  

ɫɩɪаɜа ɢ ɢɡɨɥɢɧɢɢ ɢɡɛыɬɨɱɧɨɝɨ ɩɨɪɨɜɨɝɨ ɞаɜɥеɧɢя (ɫɥеɜа) ɜ ɜɨɞɨɧаɫыщеɧɧɨɦ  

ɨɫɧɨɜаɧɢɢ ɩɪɢ ɞеɣɫɬɜɨɢɢ ɩɨɥɨɫɨɜɨɣ ɧаɝɪɭɡɤɢ p ɧа ɲɢɪɢɧɭ b=2a   

ɜ ɦɨɦеɧɬ ее ɩɪɢɥɨɠеɧɢя (ɩɥɨɫɤая ɡаɞаɱа) 
 

 

ɝɞɟ Vwg – ɨɛɴɟɦ ɜɨɞы, ɫɨɞɟɪɠащɟɣ ɪаɫɬɜɨ-
ɪɟɧɧыɣ ɜɨɡɞɭɯ. 
Ɋаɡɞɟɥяя ɨɛɟ чаɫɬɢ эɬɨɝɨ ɭɪаɜɧɟɧɢя ɧа Vw ɢ 

ɭчɢɬыɜая, чɬɨ Vg=Vw-Vwgɫ ɭчɟɬɨɦ (2.2) ɩɨɥɭ-

чаɟɦ ɜыɪаɠɟɧɢɟ ɞɥя ɨɬɧɨɫɢɬɟɥьɧɨɣ ɨɛɴɟɦ-

ɧɨɣ ɫɠɢɦаɟɦɨɫɬɢ ɩɨɪɨɜɨɣ ɜɨɞы ɜ ɰɟɥɨɦ ɜ 
ɜɢɞɟ: 

 

)/1( 21 pp
V

VV

V

V

V

V

V

V

w

wgw

wg

wg

w

wg

w

w −−+⋅Δ=Δ
 

                            

(2.7) 

 

ɢɥɢ ɜ ɜɢɞɟ 
 

)/1)(1( 21
// ppSS rrwgw −−+⋅= εε

        
(2.8) 

ɝɞɟ                   wwgr VVS /=
                     

 (2.9) 

 

– ɫɬɟɩɟɧь ɜɨɞɨɧаɫыщɟɧɢя ɝɪɭɧɬа. 
Иɡ (2.6) ɫ ɭчɟɬɨɦ (2.2), ɫɥɟɞɭɟɬ, чɬɨ 

 

pp

S

K

S

K

r

wg

r

w Δ+
−+=

1

)1(1
,             (2.10) 

 

ɝɞɟ 12 ppp −=Δ – ɩɪɢɪащɟɧɢɟ ɞаɜɥɟɧɢя ɜ 
ɩɨɪɨɜɨɣ ɜɨɞɟ; 
Пɨɫɥɟ ɧɟɤɨɬɨɪыɯ ɩɪɟɨɛɪаɡɨɜаɧɢɣ ɩɨɥɭчаɟɦ, 

чɬɨ ɦɨɞɭɥь ɨɛɴɟɦɧɨɣ ɫɠɢɦаɟɦɨɫɬɢ ɝаɡɨɫɨ-
ɞɟɪɠащɟɣ ɩɨɪɨɜɨɣ ɜɨɞы ɪаɜɟɧ 

 

rgrwg

gwg

w
SKSK

KK
K ⋅+−⋅

⋅=
)1(

,        (2.11) 

 

ɝɞɟ 0
wwg KK ≅  - ɦɨɞɭɥь ɨɛɴɟɦɧɨɣ ɞɟɮɨɪɦа-

ɰɢɢ ɜɨɞы ɫ ɪаɫɬɜɨɪɟɧɧыɦ ɜ ɧɟɣ ɜɨɡɞɭɯɨɦ 
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(2·10
6
 ɤН/ɦ2

), ppK g Δ+= 1  - ɦɨɞɭɥь ɨɛɴɟɦ-

ɧɨɣ ɫɠɢɦаɟɦɨɫɬɢ ɩɭɡыɪьɤɨɜ ɜɨɡɞɭɯа. 
Оɬɫɸɞа ɫɥɟɞɭɟɬ, чɬɨ ɩɪɢ Sr→1 Kw→Kwg, ɬ.ɟ. 
ɩɪɢ ɩɨɥɧɨɦ ɜɨɞɨɧаɫыщɟɧɢɢ ɦɨɞɭɥь ɨɛɴɟɦ-

ɧɨɣ ɫɠɢɦаɟɦɨɫɬɢ ɩɨɪɨɜɨɣ ɜɨɞы ɪаɜɟɧ ɦɨɞɭ-
ɥɸ ɨɛɴɟɦɧɨɣ ɫɠɢɦаɟɦɨɫɬɢ ɜɨɞы, ɫɨɞɟɪɠа-
щɟɣ ɪаɫɬɜɨɪɟɧɧыɣ ɜɨɡɞɭɯ.Оɬɦɟɬɢɦ, чɬɨ ɢɡ-
ɦɟɧɟɧɢɟ ɫɬɟɩɟɧɢ ɜɨɞɨɧаɫыщɟɧɢя ɩɪɢ ɢɡɦɟ-
ɧɟɧɢɢ ɞаɜɥɟɧɢя ɜ ɩɨɪɨɜɨɣ ɜɨɞɟ ɢɥɢ ɜ ɩɭ-

ɡыɪьɤаɯ ɜɨɡɞɭɯа, ɟɫɥɢ ɩɪɟɧɟɛɪɟчь ɩɨɜɟɪɯɧɨ-
ɫɬɧыɦ ɧаɬяɠɟɧɢɟɦ ɜɨɞыq ɜ ɩɭɡыɪьɤаɯ 
( rqup wg /2+= ), ɝɞɟ r - ɪаɞɢɭɫ ɩɭɡыɪьɤɨɜ ɜ 

ɢɧɬɟɪɜаɥɟ ɨɬ /
gp  ɞɨ //

gp  ɨɩɪɟɞɟɥяɟɬɫя ɢɡ-
ɜɟɫɬɧɨɣ [1] ɡаɜɢɫɢɦɨɫɬьɸ ɜɢɞа: 

 

/////

///

//

/)1()1/)(1(

/

rrgg

gg

r
SSpp

pp
S −+−−= α

  

(2.12) 

 

ɝɞɟ α - ɤɨэɮɮɢɰɢɟɧɬ ɪаɫɬɜɨɪɢɦɨɫɬɢ ɜɨɡɞɭɯа 
ɜ ɜɨɞɟ ɩɨ Гɟɧɪɢ, ɩɪɢчɟɦ ɩɪɢ t=20˚С, α =0.0205. 

Таɤ, ɧаɩɪɢɦɟɪ, ɟɫɥɢ 9.0/ =rS  ɩɪɢ 1.0/ =gp  

МПа, ɬɨ ɩɪɢ 2.0// =gp МПа, 957.0// =rS , а ɩɪɢ 

6.0// =gp  МПа, 997.0// =rS . 

 

 

3. Ɉ КɈЭɎɎɂЦɂȿɇɌȿ  

ɉɈɊɈȼɈȽɈ ДАȼɅȿɇɂə 

 

Пɪɢ ɜɫɟɫɬɨɪɨɧɧɟɦ ɨɛɠаɬɢɢ ɝɪɭɧɬа ɢɧɬɟɧ-

ɫɢɜɧɨɫɬьɸ ɫɪɟɞɧɟɝɨ ɬɨɬаɥьɧɨɝɨ ɧаɩɪяɠɟɧɢя 
3/)( 321 σσσσ ++=  ɜ ɭɫɥɨɜɢяɯ ɨɬɫɭɬɫɬɜɢя 

ɞɪɟɧаɠа ɜ ɧɟɦ ɜɨɡɧɢɤаɸɬ ɢɡɛыɬɨчɧɨɟ ɞаɜɥɟ-
ɧɢɟ ɜ ɩɨɪɨɜɨɣ ɜɨɞɟ wu ɢ ɧаɩɪяɠɟɧɢɟ ɜ ɫɤɟɥɟ-
ɬɟ sσ , ɩɪɢчɟɦ 

 

ws u+= σσ
                    

(3.1) 

 

Сɨɨɬɧɨɲɟɧɢɟ sσ  ɢ wu  ɡаɜɢɫɢɬ ɨɬ ɫɨɨɬɧɨɲɟ-
ɧɢя ɠɟɫɬɤɨɫɬɢ ɫɤɟɥɟɬа Ks ɢ ɩɨɪɨɜɨɣ ɜɨɞы Kw, 

а ɬаɤɠɟ ɨɬ ɩɨɪɢɫɬɨɫɬɢ ɝɪɭɧɬа, ɬ.ɤ. ɨɛɴɟɦɧыɟ 

ɞɟɮɨɪɦаɰɢɢ ɫɤɟɥɟɬа sε  ɢ ɩɨɪɨɜɨɣ ɜɨɞы wε  

ɫɜяɡаɧы ɫ ɢɡɜɟɫɬɧɨɣ ɡаɜɢɫɢɦɨɫɬьɸ ɜɢɞа: 
 

ws n εε ⋅=
                       

(3.2) 

 

ȿɫɥɢ ɨɛɨɡɧачɢɬь чɟɪɟɡ Ks, Kw ɢ K – ɫɨɨɬɜɟɬ-
ɫɬɜɟɧɧɨ, ɦɨɞɭɥɢ ɨɛɴɟɦɧɨɣ ɞɟɮɨɪɦаɰɢɢ ɫɤɟ-
ɥɟɬа, ɩɨɪɨɜɨɣ ɜɨɞы ɢ ɝɪɭɧɬа ɜ ɰɟɥɨɦ ɢ, ɩɨɥа-
ɝая, чɬɨ  

 

K/σε = ; sss K/σε = ; www Ku /=ε  ,   (3.3) 

 

ɝɞɟ wK ɨɩɪɟɞɟɥяɟɬɫя ɩɨ (2.9) ɫ ɭчɟɬɨɦ (3.1) ɢ 

(3.2) ɩɨɥɭчаɟɦ: 

 

0βσ ⋅=wu ,                     (3.4) 

ɝɞɟ                   
sw

w

KnK

K

⋅+=0β
               

 (3.5) 

 

– ɤɨэɮɮɢɰɢɟɧɬ ɩɨɪɨɜɨɝɨ ɞаɜɥɟɧɢя, ɩɪɢчɟɦ  

 

nKKK ws /+= , GGs =
            

(3.6) 

)2(2

2

GK

GK

+
−=ν ; 

)(2

2

GK

GK

s

s
s +

−=ν
      

(3.7) 

 

Оɬɫɸɞа ɫɥɟɞɭɟɬ, чɬɨ ɩɪɢ ∞→wK , σ→wu , 

5.0→ν ɢ чɬɨ sνν > , а ɬаɤɠɟ K>Ks. 

Пɪɢ ɢɡɜɟɫɬɧɨɦ ),( yxσ , ɩɨɥɭчɟɧɧɨɦ ɧа ɨɫɧɨ-
ɜɟ ɪɟɲɟɧɢя ɡаɞачɢ ɨ НДС ɝɪɭɧɬɨɜɨɝɨ ɨɫɧɨ-
ɜаɧɢя (ɪɢɫ. 1) ɦɨɠɟɦ ɨɩɪɟɞɟɥɢɬь ɢ ɢɡɛыɬɨч-
ɧɨɟ ɩɨɪɨɜɨɟ ɞаɜɥɟɧɢɟ ),( yxuw ɧа ɨɫɧɨɜаɧɢɢ 

(3.4), ɬ.ɟ. ɜ ɡаɜɢɫɢɦɨɫɬɢ ɨɬ ɫɬɟɩɟɧɢ ɜɨɞɨɧа-
ɫыщɟɧɢя ɝɪɭɧɬа. Сɥɟɞɨɜаɬɟɥьɧɨ ɦɨɠɧɨ ɞаɬь 
ɤɨɥɢчɟɫɬɜɟɧɧɭɸ ɨɰɟɧɤɭ НДС ɝɪɭɧɬɨɜɨɝɨ ɨɫ-
ɧɨɜаɧɢя, ɜ ɬɨɦ чɢɫɥɟ ɨɩɪɟɞɟɥɢɬь ɨɫаɞɤɭ, ɧа-
чаɥьɧɭɸ ɢ ɤɪɢɬɢчɟɫɤɭɸ ɧаɝɪɭɡɤɢ ɢ ɪаɫчɟɬ-
ɧɨɟ ɫɨɩɪɨɬɢɜɥɟɧɢɟ ɝɪɭɧɬɨɜ ɨɫɧɨɜаɧɢя. 
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Рɢɫɭɧɨɤ 2. Раɫɱеɬɧая ɫɯеɦа ɞɥя ɨɩɪеɞеɥеɧɢя ɪаɫɱеɬɧɨɝɨ ɫɨɩɪɨɬɢɜɥеɧɢя ɝɪɭɧɬа  
ɫ ɭɱеɬɨɦ ɫɬеɩеɧɢ еɝɨ ɜɨɞɨɧаɫыщеɧɢя. ȼ ɩɪаɜɨɣ ɱаɫɬɢ ɡаɲɬɪɢɯɨɜаɧа ɨɛɥаɫɬь  

ɩɪеɞеɥьɧɨɝɨ ɪаɜɧɨɜеɫɢя 
 

 

4. ɊАСЧȿɌɇɈȿ СɈɉɊɈɌɂȼɅȿɇɂȿ 

ȽɊɍɇɌɈȼ ɈСɇɈȼАɇɂə С ɍЧȿɌɈɆ 

ɂХ СɌȿɉȿɇɂ ȼɈДɈɇАСЫЩȿɇɂə 

 

Иɡɜɟɫɬɧɨ, чɬɨ ɩɨɞ ɞɟɣɫɬɜɢɟɦ ɪаɫɩɪɟɞɟɥɟɧ-

ɧɨɣ ɧаɝɪɭɡɤɢ ɢɧɬɟɧɫɢɜɧɨɫɬьɸ p ɩɨ ɩɨɥɨɫɟ 
ɲɢɪɢɧɨɣ b=2a ɜ ɝɪɭɧɬɨɜɨɦ ɨɫɧɨɜаɧɢɢ ɜɨɡ-
ɧɢɤаɟɬ ɢɡɛыɬɨчɧɨɟ НДС, ɤɨɬɨɪɨɟ ɨɩɢɫыɜа-
ɟɬɫя ɧа ɨɫɧɨɜаɧɢɢ ɪɟɲɟɧɢя ɡаɞачɢ Фɥаɦаɧа 
(ɪɢɫ. 2).Гɥаɜɧыɟ эɮɮɟɤɬɢɜɧыɟ ɧаɩɪяɠɟɧɢя 

),(1 zxσ  ɢ ),(3 zxσ ɩɪɢ эɬɨɦ ɨɩɪɟɞɟɥяɸɬɫя 
ɮɨɪɦɭɥɨɣ ɜɢɞа: 

 

)()sin(3,1 αααπσ wu
qp −±−= ,        (4.1) 

 

ɝɞɟ α - ɭɝɨɥ ɜɢɞɢɦɨɫɬɢ, ɨɩɪɟɞɟɥяɸщɢɣ ɦɟ-
ɫɬɨɩɨɥɨɠɟɧɢɟ ɬɨчɤɢ М (α ,z); dq ⋅= /γ  - 

ɩɪɢɝɪɭɡɤа ɧа ɭɪɨɜɧɟ z=0 ɨɬ ɜɟɫа ɜыɲɟɥɟɠа-
щɟɣ ɬɨɥщɢ ɝɪɭɧɬа ɫ ɭɞɟɥьɧыɦ ɜɟɫɨɦ ɜɨ 
ɜɡɜɟɲɟɧɧɨɦ ɫɨɫɬɨяɧɢɢ 

/γ ɬɨɥщɢɧɨɣ d. 

Ɋаɫɩɪɟɞɟɥɟɧɢɟ эɮɮɟɤɬɢɜɧыɯ ɧаɩɪяɠɟɧɢɣ ɜ 
ɝɪɭɧɬɨɜɨɦ ɨɫɧɨɜаɧɢɢ ɨɬ ɞɟɣɫɬɜɢя q ɜ ɩɪɟɞ-

ɩɨɥɨɠɟɧɢɢ ɝɢɞɪɨɫɬаɬɢчɟɫɤɨɝɨ ɪаɫɩɪɟɞɟɥɟ-
ɧɢя ɦɨɠɧɨ ɨɩɪɟɞɟɥɢɬь ɩɨ ɮɨɪɦɭɥɟ: 

 

)(/ zdxgzg +== γσσ
             

(4.2) 

 

Сɭɦɦаɪɧыɟ ɡɧачɟɧɢя ɝɥаɜɧыɯ ɧаɩɪяɠɟ-
ɧɢɣ νσ ɢ ɢɡɛыɬɨчɧɨɝɨ ɩɨɪɨɜɨɝɨ ɞаɜɥɟɧɢя wu  

ɜ ɝɪɭɧɬɨɜɨɦ ɨɫɧɨɜаɧɢɢ ɦɨɠɧɨ ɨɩɪɟɞɟɥɢɬь ɫ 
ɭчɟɬɨɦ (4.1) ɢ (3.4) ɫɥɟɞɭɸщɢɦ ɨɛɪаɡɨɦ: 

 ( ) ( )ναπσν +⋅−= 1
2 qp

,            (4.3) 

ɝɞɟ         ( ) ανβπα ⋅+⋅⋅−= )1(
3

)( 0

qp
uw

       
(4.4) 

 

Эɮɮɟɤɬɢɜɧыɟ ɧаɩɪяɠɟɧɢя 1σ  ɢ 2σ  ɦɨɠɟɦ 

ɨɩɪɟɞɟɥɢɬь ɧа ɨɫɧɨɜɟ (4.1), (4.2) ɢ (4.4) 

 

( );       

)1(
3

2
sin

/

03,1

zd

qp

+⋅+
+⎥⎦

⎤⎢⎣
⎡ +⋅−±⋅−=

γ
νβαααπσ

 

 

(4.5) 
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ɍɫɥɨɜɢɟ ɩɪɟɞɟɥьɧɨɝɨ ɪаɜɧɨɜɟɫɢя ɜ ɬɨчɤɟ 
),( zM α  ɦɨɠɟɦ ɨɩɪɟɞɟɥɢɬь, ɟɫɥɢ ɧаɩɪяɠɟ-

ɧɢя (4.5) ɩɨɞɫɬаɜɢɬь ɜ ɢɡɜɟɫɬɧɨɟ ɭɪаɜɧɟɧɢɟ 
ɩɪɟɞɟɥьɧɨɝɨ ɫɨɫɬɨяɧɢя ɜɢɞа: 

 

ϕσσ
σσϕ

ctgc ⋅⋅++
−=
2

sin
31

31 ,          (4.6) 

 

ɝɞɟ  c  ɢ ϕ  - ɩаɪаɦɟɬɪы ɩɪɨчɧɨɫɬɢ ɝɪɭɧɬа; 

1σ  ɢ 3σ  - эɮɮɟɤɬɢɜɧыɟ ɧаɩɪяɠɟɧɢя, ɬ.ɟ. 

wu−= 1
/
1

σσ , wu−= 3
/
3

σσ , ɬ.ɟ. ɩɨɥɭчаɟɦ 

 

dctg
c

B
qp

z −⋅−⎟⎟⎠
⎞⎜⎜⎝

⎛ ⋅−⋅
−= ϕγαϕ

α
γπ // sin

sin

  

(4.7) 

 

ɝɞɟ 3/)1(21 0 νβ +−=B . 

ɍɪаɜɧɟɧɢɟ (4.7) ɨɩɢɫыɜаɟɬ ɝɪаɧɢɰɭ ɨɛɥаɫɬɢ 

ɩɪɟɞɟɥьɧɨɝɨ ɪаɜɧɨɜɟɫɢя ɜ ɡаɜɢɫɢɦɨɫɬɢ ɨɬ α , 

ɬ.ɟ. ),(* αzfz = . Маɤɫɢɦаɥьɧɭɸ ɝɥɭɛɢɧɭ 
эɬɨɣ ɨɛɥаɫɬɢ z

*
max (ɪɢɫ. 2) ɦɨɠɟɦ ɨɩɪɟɞɟɥɢɬь 

ɢɡ ɭɫɥɨɜɢя 0/* =αddz . Тɨɝɞа ɩɨɥɭчаɟɦ, чɬɨ 
)sinarccos(* ϕα ⋅= B , ɢɥɢ ϕα sincos * ⋅= B . 

Пɨɞɫɬаɜɢɜ эɬɨ ɡɧачɟɧɢɟ *α ɜ (4.7) ɩɨɫɥɟ ɧɟ-
ɤɨɬɨɪыɯ ɩɪɟɨɛɪаɡɨɜаɧɢɣ ɩɨɥɭчаɟɦ ɤɪɢɬɢчɟ-
ɫɤɢɟ ɡɧачɟɧɢя ɪаɫɩɪɟɞɟɥɟɧɧɨɣ ɧаɝɪɭɡɤɢ p

*
 ɜ 

ɡаɜɢɫɢɦɨɫɬɢ ɨɬ *
maxz  ɢ ɫɬɟɩɟɧɢ ɜɨɞɨɧаɫы-

щɟɧɢя rS , ɬ.ɤ. )(0 rSf=β  (ɫɦ.(2.9) ɢ (3.4) ɜ 
ɜɢɞɟ: 

 ( )
d

B

ctgcdz
p ⋅+⋅−

⋅+⋅+⋅= /

**

/*
max

/
*

sin/sin
γαϕα

ϕγγπ
. (4.8) 

 

Эɬɨ ɜыɪаɠɟɧɢɟ ɜ чаɫɬɧɨɦ ɫɥɭчаɟ, ɤɨɝɞа ɩɨ-
ɪɨɜɨɟ ɞаɜɥɟɧɢɟ ɦаɥɨ ( 8.0<rS ) ɢ 

1,00 ≈≅ Bβ ɫɨɜɩаɞаɟɬ ɫ ɢɡɜɟɫɬɧыɦ ɪɟɲɟɧɢɟɦ 

ɡаɞачɢ Пɭɡыɪɟɜɫɤɨɝɨ ɜ ɜɢɞɟ: 
 ( )

d
ctg

ctgcdz
p ⋅++−

⋅+⋅+⋅= /
/

max
/

*

2/
γϕπϕ

ϕγγπ
 

(4.9) 

Начаɥьɧая ɤɪɢɬɢчɟɫɤая ɧаɝɪɭɡɤа, ɨɩɪɟɞɟɥɟɧ-

ɧая ɩɨ ɮɨɪɦɭɥаɦ (4.8) ɢ (4.9) ɨɬɥɢчаɸɬɫя 
ɫɭщɟɫɬɜɟɧɧɨ. Таɤ ɩɪɢ ɨɞɢɧаɤɨɜыɯ 

20/ =γ ɤН/ɦ3
, b=2ɦ, ɫ=0.1 МПа, 30=ϕ ˚, 

p
*
=5.64 МПа ɩɨ (4.8) ɢ p

*
=10.2 МПа ɩɨ (4.9). 

Очɟɜɢɞɧɨ, чɬɨ ɩɪɢ ɨɞɢɧаɤɨɜыɯ ɡɧачɟɧɢяɯ 
ɩɪɢɥɨɠɟɧɧɨɣ ɧаɝɪɭɡɤɢ pɜ ɜɨɞɨɧаɫыщɟɧɧɨɦ 

ɨɫɧɨɜаɧɢɢ zmax ɛɭɞɟɬ ɛɨɥьɲɟ, чɟɦ ɜ ɧɟɜɨɞɨ-
ɧаɫыщɟɧɧɨɦ. Дɥя ɫɧɢɠɟɧɢя эɬɨɝɨ ɧɟɝаɬɢɜ-
ɧɨɝɨ яɜɥɟɧɢя ɫɥɟɞɭɟɬ ɩɨɞ ɮɭɧɞаɦɟɧɬɨɦ ɭɫɬ-
ɪɨɢɬь ɩɟɫчаɧɨ-ɝɪаɜɢɥɢɫɬɭɸ ɞɪɟɧɢɪɭɸщɭɸ 

ɩɨɞɭɲɤɭ ɢ ɫɧɢɡɢɬь ɬɟɦɩ ɫɬɪɨɢɬɟɥьɫɬɜа ɜ ɧа-
чаɥɟ ɫɬɪɨɢɬɟɥьɫɬɜа. 
На ɪɢɫ.3 ɩɪɟɞɫɬаɜɥɟɧы ɝɪаɮɢɤɢ ɡаɜɢɫɢɦɨɫɬɢ 

p
*ɨɬ Sr (ɩɪɢ ɡɧачɟɧɢяɯSr 0, 0.9, 0.99 ɢ 1), ɪаɫ-
ɫчɢɬаɧɧыɟ ɩɨ (4.8) ɢ ɫ ɩɨɦɨщьɸ ɩɪɨɝɪаɦɦ-

ɧɨɝɨ ɤɨɦɩɥɟɤɫа PLAXISɩɪɢ ɡаɞаɧɧыɯ ɡɧачɟ-
ɧɢяɯ bc,,,/ ϕγ  ɢ d ɢ ɩɪɢ 4/max bz = . Вɢɞɧɨ, 
чɬɨ эɬɢ ɡаɜɢɫɢɦɨɫɬɢ ɧɟɥɢɧɟɣɧыɟ ɢ ɢɦɟɸɬ 
ɦаɤɫɢɦаɥьɧɨɟ ɡɧачɟɧɢɟ ɩɪɢ 10 =β , ɬ.ɟ. ɩɪɢ 

ɩɨɥɧɨɦ ɜɨɞɨɧаɫыщɟɧɢɢ.  

Оɬɦɟɬɢɦ, чɬɨ ɫɬɟɩɟɧь ɜɨɞɨɧаɫыщɟɧɢя ɜɥɢя-
ɟɬ ɬаɤɠɟ ɧа ɡаɜɢɫɢɦɨɫɬь ɨɫаɞɤɢ S ɨɬ ɧаɝɪɭɡ-
ɤɢ p. Таɤɭɸ ɡаɜɢɫɢɦɨɫɬь ɦɨɠɧɨ ɩɨɥɭчɢɬь, 
ɢɫɩɨɥьɡɭя ɢɡɜɟɫɬɧɨɟ ɪɟɲɟɧɢɟ Шɥɟɣɯɟɪа ɜ 
ɢɧɬɟɪɩɪɟɬаɰɢɢ Цыɬɨɜɢча Н.А. ɜ ɜɢɞɟ: 

 

GbpS 2/)1(0 νω −⋅⋅⋅=
             

(4.10) 

 

ɝɞɟω - ɤɨэɮɮɢɰɢɟɧɬ, ɡаɜɢɫящɢɣ ɨɬ ɮɨɪɦы 

ɩɥɨщаɞɢ ɢ ɠɟɫɬɤɨɫɬɢ ɮɭɧɞаɦɟɧɬа; 
dpp ⋅−= γ0 , ɝɞɟ γ ɢ d ɬаɤɢɟ ɠɟ, ɤаɤ ɜ (4.9); 

G - ɦɨɞɭɥь ɫɞɜɢɝа ɝɪɭɧɬа (G=Gs); ν - ɤɨэɮ-

ɮɢɰɢɟɧɬ Пɭаɫɫɨɧа ɝɪɭɧɬа ɜ ɰɟɥɨɦ (ν>νs). 

Оɬɫɸɞа ɫɥɟɞɭɟɬ, чɬɨ ɨɫаɞɤɢ ɜɨɞɨɧаɫыщɟɧɧɨ-
ɝɨ ɨɫɧɨɜаɧɢя ɛɨɥьɲɟ, чɟɦ ɜ ɧɟɜɨɞɨɧаɫыщɟɧ-

ɧɨɦ, ɬ.ɤ. ν>νs. Пɪɢ ν≅0.5, νs=0.3 ɩɨɥɭчаɟɦ, 

чɬɨ ɨɫаɞɤа ɜɨɞɨɧаɫыщɟɧɧɨɝɨ ɨɫɧɨɜаɧɢя ɜ 1.4 

ɪаɡа ɛɨɥьɲɟ. Аɧаɥɨɝɢчɧыɣ ɪɟɡɭɥьɬаɬ ɩɨɥɭ-

чаɟɬɫя ɩɪɢ чɢɫɥɟɧɧɨɦ ɪɟɲɟɧɢɢ ɡаɞачɢ ɫ ɩɨ-
ɦɨщьɸ ɩɪɨɝɪаɦɦы PLAXIS (ɪɢɫ. 4). 

Оɫɨɛɨ ɫɢɥьɧɨ ɨɬɥɢчаɸɬɫя ɩɪɟɞɟɥьɧыɟ ɡɧа-
чɟɧɢя ɧаɩɪяɠɟɧɢɣ p, ɬ.ɟ. ɜɬɨɪая ɤɪɢɬɢчɟɫɤая 
ɧаɝɪɭɡɤа p**

 (ɪɢɫ.4).  

 



З.Г. Тɟɪ-Маɪɬɢɪɨɫяɧ, В.В. Сɢɞɨɪɨɜ, Х.Х. Нɝɭɟɧ 
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Рɢɫɭɧɨɤ .3. Кɪɢɜые ɡаɜɢɫɢɦɨɫɬɢ p*

 ɨɬ Sr  ɪаɫɫɱɢɬаɧɧые ɩɨ (4.8) ɢ ɩɨ ɩɪɨɝɪаɦɦе PLAXIS 

 

 

 
Рɢɫɭɧɨɤ 4. Гɪаɮɢɤɢ ɡаɜɢɫɢɦɨɫɬɢ ɜеɪɬɢɤаɥьɧыɯ ɩеɪеɦещеɧɢɣ ɨɫɧɨɜаɧɢя  

ɩɪɢ ɞеɣɫɬɜɢɢ ɩɨɥɨɫɨɜɨɣ ɧаɝɪɭɡɤɢ p ɜ ɡаɜɢɫɢɦɨɫɬɢ ɨɬ ɫɬеɩеɧɢ ɜɨɞɨɧаɫыщеɧɢя Sr 

 

 

ɍчɢɬыɜая, чɬɨ ɪаɫчɟɬɧɨɟ ɫɨɩɪɨɬɢɜɥɟɧɢɟ ɧа-
ɯɨɞɢɬɫя ɦɟɠɞɭ p* ɢ p** ɫɥɟɞɭɟɬ ɩɪɟɞɩɨɥɨ-
ɠɢɬь, чɬɨ ɨɧɨ ɬаɤɠɟ ɦɟɧьɲɟ ɜ ɜɨɞɨɧаɫыщɟɧ-

ɧыɯ ɝɪɭɧɬаɯ. 
 

 

5. ɈСɇɈȼɇЫȿ ȼЫȼɈДЫ 

 

1. Аɧаɥɢɡ ɪɟɡɭɥьɬаɬɨɜ ɪаɫчɟɬɨɜ ɩɨ ɨɩɪɟɞɟ-
ɥɟɧɢɸ Rp ɜ ɡаɜɢɫɢɦɨɫɬɢ ɨɬ ɫɬɟɩɟɧɢ ɜɨɞɨ-
ɧаɫыщɟɧɢя Sr ɝɪɭɧɬɨɜ ɨɫɧɨɜаɧɢɣ, ɜыɩɨɥ-
ɧɟɧɧыɟ ɧа ɨɫɧɨɜɟ ɪɟɲɟɧɢя ɡаɞачɢ аɧаɥɢ-



Наɩɪяɠɟɧɧɨ-ɞɟɮɨɪɦɢɪɨɜаɧɧɨɟ ɫɨɫɬɨяɧɢɟ ɨɫɧɨɜаɧɢя ɩɨɞ ɜɨɡɞɟɣɫɬɜɢɟɦ ɩɨɥɨɫɨɜɨɣ ɧаɝɪɭɡɤɢ ɫ ɭчɟɬɨɦ ɧɟɩɨɥɧɨɝɨ 
ɜɨɞɨɧаɫыщɟɧɢя ɝɪɭɧɬа 
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ɬɢчɟɫɤɢɦ ɢ чɢɫɥɟɧɧыɦ ɦɟɬɨɞаɦɢ ɩɨɤаɡа-
ɥɢ, чɬɨ ɜɥɢяɧɢɟ Sr ɧа Rpɫɭщɟɫɬɜɟɧɧɨɟ ɢ 

ɩɨɫɥɟɞɧɢɟ ɦɨɝɭɬ ɨɬɥɢчаɬьɫя ɜ ɧɟɫɤɨɥьɤɨ 
ɪаɡ ɩɪɢ Sr=1 ɢ Sr=0.8. 

2. Дɥя ɫɧɢɠɟɧɢя эɬɨɝɨ ɧɟɝаɬɢɜɧɨɝɨ яɜɥɟɧɢя 
ɫɥɟɞɭɟɬ ɩɨɞ ɮɭɧɞаɦɟɧɬɨɦ ɭɫɬɪаɢɜаɬь 
ɩɟɫчаɧɨ-ɝɪаɜɢɣɧɭɸ ɞɪɟɧɢɪɭɸщɭɸ ɩɨ-
ɞɭɲɤɭ ɢ ɪɟɝɭɥɢɪɨɜаɬь ɬɟɦɩы ɧаɝɪɭɠɟɧɢя 
ɮɭɧɞаɦɟɧɬɨɜ ɩɭɬɟɦ ɤɨɧɬɪɨɥя ɫɬɟɩɟɧɢ 

ɭɩɥɨɬɧɟɧɢя ɝɥɢɧɢɫɬыɯ ɝɪɭɧɬɨɜ ɜ ɤɨɧ-

ɬаɤɬɧɨɣ ɡɨɧɟ ɩɨɞ ɮɭɧɞаɦɟɧɬɨɦ. 

3. Сɪаɜɧɟɧɢɟ аɧаɥɢɬɢчɟɫɤɨɝɨ ɢ чɢɫɥɟɧɧɨɝɨ 
ɪɟɲɟɧɢя ɩɨɫɬаɜɥɟɧɧɨɣ ɡаɞачɢ ɩɨ ɨɩɪɟɞɟ-
ɥɟɧɢɸ Rp ɜ ɡаɜɢɫɢɦɨɫɬɢ ɨɬ Sr ɩɨɤаɡаɥɨ, 
чɬɨ ɨɧɢ ɫɯɨɞяɬɫя ɢ , ɫɥɟɞɨɜаɬɟɥьɧɨ, ɩɪɟɞ-

ɥɨɠɟɧɧɨɟ аɧаɥɢɬɢчɟɫɤɨɟ ɪɟɲɟɧɢɟ ɦɨɠɟɬ 
ɛыɬь ɪɟɤɨɦɟɧɞɨɜаɧɨ ɞɥя ɢɫɩɨɥьɡɨɜаɧɢя ɜ 
ɢɧɠɟɧɟɪɧɨɣ ɩɪаɤɬɢɤɟ. 

4. Оɫаɞɤа ɨɫɧɨɜаɧɢя, ɨɛɭɫɥɨɜɥɟɧɧая ɫɞɜɢ-

ɝɨɜыɦɢ ɞɟɮɨɪɦаɰɢяɦɢ ɫɤɟɥɟɬаɜɨɞɨɧа-
ɫыщɟɧɧɨɝɨ ɝɪɭɧɬа ɛɨɥьɲɟ, чɟɦ ɧɟɜɨɞɨ-
ɧаɫыщɟɧɧɨɝɨ ɝɪɭɧɬа, чɬɨ ɨɛɭɫɥɨɜɥɟɧɨ 
ɪаɡɧɨɫɬьɸ ɤɨэɮɮɢɰɢɟɧɬɨɜ Пɭаɫɫɨɧа ν>νs. 
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Оɞɧɢɦ ɢɡ ɫɩɨɫɨɛɨɜ ɢɡɦɟɧɟɧɢя ɩɪɨчɧɨɫɬɧыɯ 
ɢ ɞɟɮɨɪɦаɰɢɨɧɧыɯ ɫɜɨɣɫɬɜ ɫɥаɛыɯ ɝɪɭɧɬɨ-
ɜыɯ ɨɫɧɨɜаɧɢɣ яɜɥяɟɬɫя аɪɦɢɪɨɜаɧɢɟ ɢɯ 
ɝɪɭɧɬɨɰɟɦɟɧɬɧыɦɢ эɥɟɦɟɧɬаɦɢ (ГЦЭ). Аɪ-
ɦɢɪɨɜаɧɧɨɟ ɨɫɧɨɜаɧɢɟ ɩɪɟɞɫɬаɜɥяɟɬ ɢɡ ɫɟɛя 
«ɝɟɨɦаɫɫɢɜ», а ɬɟɯɧɨɥɨɝɢя ɫɬɪɭɣɧɨɣ ɰɟɦɟɧ-

ɬаɰɢɢ ɝɪɭɧɬɨɜ, ɡаɤɥɸчаɟɬɫя ɜ ɢɫɩɨɥьɡɨɜаɧɢɢ 

эɧɟɪɝɢɢ ɜыɫɨɤɨɧаɩɨɪɧɨɣ ɫɬɪɭɢ ɰɟɦɟɧɬɧɨɝɨ 
ɪаɫɬɜɨɪа ɞɥя ɪаɡɪɭɲɟɧɢя ɢ ɨɞɧɨɜɪɟɦɟɧɧɨɝɨ 
ɩɟɪɟɦɟɲɢɜаɧɢɢ ɝɪɭɧɬа ɫ ɰɟɦɟɧɬɧыɦ ɪаɫɬɜɨ-
ɪɨɦ ɜ ɪɟɠɢɦɟ “mix-in-place” (ɩɟɪɟɦɟɲɢɜаɧɢɟ 
ɧа ɦɟɫɬɟ). Пɨɫɥɟ ɬɜɟɪɞɟɧɢя ɪаɫɬɜɨɪа ɨɛɪаɡɭ-

ɟɬɫя ɧɨɜыɣ ɦаɬɟɪɢаɥ – ɝɪɭɧɬɨɰɟɦɟɧɬ, ɨɛɥа-
ɞаɸщɢɣ ɜыɫɨɤɢɦɢ ɩɪɨчɧɨɫɬɧыɦɢ ɢ ɞɪɭɝɢɦɢ 

ɞɟɮɨɪɦаɰɢɨɧɧыɦɢ ɯаɪаɤɬɟɪɢɫɬɢɤаɦɢ [1]. 

Нɨ аɪɦɢɪɭɸщɢɟ эɥɟɦɟɧɬы ɧɟ ɪаɫɫɦаɬɪɢɜа-
ɸɬɫя ɤаɤ ɫɜаɣɧыɟ эɥɟɦɟɧɬы, ɩɟɪɟɞаɸщɢɟ 
ɧаɝɪɭɡɤɢ ɛɨɤɨɜɨɣ ɩɨɜɟɪɯɧɨɫɬьɸ ɢ ɨɫɬɪɢɟɦ 

ɧа ɨɤɪɭɠаɸщɢɟ ɢ ɧɢɠɟ ɥɟɠащɢɟ ɫɥɨɢ ɝɪɭɧ-

ɬа, а ɝɟɨɦаɫɫɢɜ ɪаɫɫɦаɬɪɢɜаɟɬɫя ɤаɤ ɦаɫɫɢɜ 
ɩɪɢɪɨɞɧɨɝɨ ɝɪɭɧɬа ɫ ɭɥɭчɲɟɧɧыɦɢ ɞɟɮɨɪ-
ɦаɰɢɨɧɧыɦɢ ɢ ɩɪɨчɧɨɫɬɧыɦɢ ɯаɪаɤɬɟɪɢɫɬɢ-

ɤаɦɢ.  

Нɭɠɧɨ ɨɬɦɟɬɢɬь, чɬɨ ɜ ɧаɫɬɨящɟɟ ɜɪɟɦя 
ɞаɧɧая ɬɟɯɧɨɥɨɝɢя ɲɢɪɨɤɨ ɩɪɢɦɟɧяɟɬɫя ɧа 
ɩɪаɤɬɢɤɟ ɛɟɡ ɤаɤɢɯ-ɥɢɛɨ ɬɟɨɪɟɬɢчɟɫɤɢɯ 
ɨɛɨɫɧɨɜаɧɢɣ. Нɨ ɩɪаɤɬɢчɟɫɤɢ ɧɟɬ ɦɟɬɨɞɨɜ 
ɪаɫчɟɬа ɬаɤɢɯ ɨɫɧɨɜаɧɢɣ, ɩɨɞɬɜɟɪɠɞɟɧɧыɯ 
ɨɩыɬɧыɦɢ ɢɫɫɥɟɞɨɜаɧɢяɦɢ, ɤɨɬɨɪыɟ ɩɨɡɜɨ-
ɥяɥɢ ɛы ɨɩɪɟɞɟɥяɬь ɩаɪаɦɟɬɪы аɪɦɢɪɭɸщɢɯ 
эɥɟɦɟɧɬɨɜ ɢ ɫ ɞɨɫɬаɬɨчɧɨɣ ɫɬɟɩɟɧьɸ ɬɨчɧɨ-
ɫɬɢ ɩɪɨɝɧɨɡɢɪɨɜаɬь ɫɜɨɣɫɬɜа ɩɨɥɭчаɟɦɨɝɨ 
ɝɟɨɦаɫɫɢɜа, чɬɨ ɢ ɩɨɫɥɭɠɢɥɨ ɩɪɢчɢɧɨɣ ɩɪɨ-
ɜɟɞɟɧɢя ɞаɧɧыɯ ɢɫɫɥɟɞɨɜаɧɢɣ. 
 

 

 

 



Сɪаɜɧɢɬɟɥьɧыɣ аɧаɥɢɡ ɨɩыɬɧыɯ ɢ ɪаɫчɟɬɧыɯ ɞɟɮɨɪɦаɰɢɣ ɝɪɭɧɬɨɜɨɝɨ ɦаɫɫɢɜа, ɡаɤɪɟɩɥɟɧɧɨɝɨ ɫɬɪɭɣɧɨɣ 

ɰɟɦɟɧɬаɰɢɟɣ 

Volume 8, Issue 2, 2012 127

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1. ɊȿɁɍɅɖɌАɌЫ ɆɈɇɂɌɈɊɂɇȽА  

ɈСАДКɂ ɎɍɇДАɆȿɇɌА ɁДАɇɂə  

ɇА АɊɆɂɊɈȼАɇɇɈɆ ɈСɇɈȼАɇɂɂ 
 

Ɋаɡɪаɛɨɬаɧа ɩɪɨɝɪаɦɦа ɦɨɧɢɬɨɪɢɧɝа ɡа 
ɨɫаɞɤаɦɢ ɮɭɧɞаɦɟɧɬɨɜ ɫɬɪɨящɟɝɨɫя ɜ Пɟɪɦɢ 

17-ɬɢ эɬаɠɧɨɝɨ ɠɢɥɨɝɨ ɞɨɦа. Пɨ ɤɨɧɫɬɪɭɤ-
ɬɢɜɧɨɣ ɫɯɟɦɟ ɡɞаɧɢɟ ɪаɦɧɨ-ɫɜяɡɟɜɨɟ ɫ ɩɨɥ-
ɧыɦ ɠɟɥɟɡɨɛɟɬɨɧɧыɦ ɤаɪɤаɫɨɦ ɩɨ «ɍɧɢɮɢ-

ɰɢɪɨɜаɧɧɨɣ ɫɢɫɬɟɦɟ ɫɛɨɪɧɨ-ɦɨɧɨɥɢɬɧɨɝɨ 
ɛɟɡɪɢɝɟɥьɧɨɝɨ ɤаɪɤаɫа КɍȻ 2.5». Оɬɦɟɬɤа 
0.000 ɫɨɨɬɜɟɬɫɬɜɭɟɬ аɛɫɨɥɸɬɧɨɣ ɨɬɦɟɬɤɟ 
146,80ɦ ɜ Ȼаɥɬɢɣɫɤɨɣ ɫɢɫɬɟɦɟ ɜыɫɨɬ. Зɞаɧɢɟ 
ɫɥɨɠɧɨɟ ɜ ɩɥаɧɟ, ɫ ɪаɡɦɟɪаɦɢ ɜ ɨɫяɯ 
18,0ɯ48,0ɦ. Выɫɨɬа эɬаɠɟɣ ɢ ɩɨɞɜаɥа ɜ чɢɫ-
ɬɨɬɟ – 2,76ɦ. Гаɛаɪɢɬɧыɟ ɪаɡɦɟɪы ɩɥɢɬы ɜ 
ɩɥаɧɟ - 50,4ɯ22,1ɦ, ɩɥɨщаɞь – 1130ɦ2. Фɭɧ-

ɞаɦɟɧɬ – ɠɟɥɟɡɨɛɟɬɨɧɧая ɦɨɧɨɥɢɬɧая ɩɥɢɬа. 
Тɨɥщɢɧа ɩɥɢɬы – Н = 900ɦɦ. Тɨɥщɢɧа ɩɨɞ-

ɫɬɢɥаɸщɢɯ ɫɥɨɟɜ (щɟɛɟɧь) – 500ɦɦ. 

В ɝɟɨɥɨɝɢчɟɫɤɨɦ ɫɬɪɨɟɧɢɢ ɩɥɨщаɞɤɢ ɩɪɢɧɢ-

ɦаɸɬ ɭчаɫɬɢɟ аɪɝɢɥɥɢɬы ɫ ɩɪɨɫɥɨяɦɢ ɩɟɫча-
ɧɢɤа, ɩɟɪɟɤɪыɬыɟ чɟɬɜɟɪɬɢчɧыɦɢ аɥɥɸɜɢ-

аɥьɧыɦɢ ɨɬɥɨɠɟɧɢяɦɢ (ɫɭɝɥɢɧɤаɦɢ). С ɩɨ-
ɜɟɪɯɧɨɫɬɢ ɛɨɥьɲая чаɫɬь ɩɥɨщаɞɤɢ ɩɨɤɪыɬа 
ɬɟɯɧɨɝɟɧɧыɦ (ɧаɫыɩɧыɦ) ɝɪɭɧɬɨɦ. 

В ɫɜяɡɢ ɫɨ ɫɥɨɠɧыɦɢ ɢɧɠɟɧɟɪɧɨ-
ɝɟɨɥɨɝɢчɟɫɤɢɦɢ ɭɫɥɨɜɢяɦɢ ɩɥɨщаɞɤɢ, ɯа-
ɪаɤɬɟɪɢɡɭɟɦɨɣ ɦаɥыɦɢ ɩɪɨчɧɨɫɬɧыɦɢ ɢ ɞɟ-
ɮɨɪɦаɰɢɨɧɧыɦɢ ɯаɪаɤɬɟɪɢɫɬɢɤаɦɢ ɩɨɞɫɬɢ-

ɥаɸщɢɯ ɫɥɨɟɜ, ɢɫɩɨɥьɡɨɜаɥɨɫь ɭɫɬɪɨɣɫɬɜɨ 
ɝɟɨɦаɫɫɢɜа, ɜыɩɨɥɧяɟɦɨɟ ɩɨ ɦɟɬɨɞɭ ɫɬɪɭɣ-

ɧɨɣ ɰɟɦɟɧɬаɰɢɢ ɝɪɭɧɬɨɜ «jet grouting». Пɪɢ-

ɦɟɧɟɧɢɟ ɬаɤɨɝɨ ɜаɪɢаɧɬа ɭɫɬɪɨɣɫɬɜа ɨɫɧɨɜа-
ɧɢя ɩɨɡɜɨɥяɟɬ ɞɨɫɬɢчь ɪаɡɜɢɬɢя ɪаɜɧɨɦɟɪ-
ɧыɯ ɨɫаɞɨɤ ɢ, ɤаɤ ɫɥɟɞɫɬɜɢɟ, ɛɨɥɟɟ ɛɥаɝɨ-
ɩɪɢяɬɧɨɣ ɪаɛɨɬы ɜɫɟɯ ɧɟɫɭщɢɯ ɤɨɧɫɬɪɭɤɰɢɣ 

ɡɞаɧɢя. 
Гɟɨɦаɫɫɢɜ ɜ ɞаɧɧɨɦ ɫɥɭчаɟ ɩɪɟɞɫɬаɜɥяɟɬ ɫɨ-
ɛɨɣ ɩɪɢɪɨɞɧыɣ ɝɪɭɧɬ, ɪаɜɧɨɦɟɪɧɨ аɪɦɢɪɨ-
ɜаɧɧыɣ ɠɟɫɬɤɢɦɢ эɥɟɦɟɧɬаɦɢ ɢɡ ɝɪɭɧɬɨɰɟ-
ɦɟɧɬɧыɯ эɥɟɦɟɧɬɨɜ (ГЦЭ) ɝаɪаɧɬɢɪɨɜаɧɧыɦ 

Ø1200ɦɦ ɩɨ ɫɟɬɤɟ 3,0ɯ3,0ɦ. Дɥɢɧа эɥɟɦɟɧ-

ɬɨɜ – 6ɦ. 

Пɪɢ ɩɪɨɢɡɜɨɞɫɬɜɟ ГЦЭ ɧа ɟɝɨ ɯаɪаɤɬɟɪɢɫɬɢ-

ɤɢ ɜɥɢяɟɬ ɦɧɨɠɟɫɬɜɨ ɮаɤɬɨɪɨɜ, ɬаɤɢɯ ɤаɤ, 
ɧɟɨɞɧɨɪɨɞɧɨɫɬь ɝɪɭɧɬа, ɪаɫɯɨɞ ɰɟɦɟɧɬа, ɜɨ-
ɞɨɰɟɦɟɧɬɧɨɟ ɫɨɨɬɧɨɲɟɧɢɟ, ɝɥɭɛɢɧа ɪаɫɩɨ-

ɥɨɠɟɧɢя эɥɟɦɟɧɬа, ɫɤɨɪɨɫɬь ɩɨɞɴɟɦа ɦɨɧɢ-

ɬɨɪа, ɜɪɟɦя ɩɨɞɴɟɦа ɦɨɧɢɬɨɪа, ɞɢаɦɟɬɪ 
ɩɪɢɦɟɧяɟɦɨɣ ɮɨɪɫɭɧɤɢ. 

Мɨɧɢɬɨɪɢɧɝ ɡа ɨɫаɞɤаɦɢ ɮɭɧɞаɦɟɧɬɨɜ ɞаɧ-

ɧɨɝɨ ɡɞаɧɢя ɩɪɨɜɨɞɢɥɫя, ɧачɢɧая ɫ ɧаɢɛɨɥɟɟ 
ɜаɠɧɨɝɨ эɬаɩа ɫɬɪɨɢɬɟɥьɫɬɜа (ɩɨяɜɥɟɧɢя ɧа-
ɝɪɭɡɨɤ ɛɨɥьɲɟ ɩɨɥɨɜɢɧы ɩɪɨɟɤɬɧыɯ). Иɡɦɟ-
ɪɟɧɢɟ ɨɫаɞɤɢ ɮɭɧɞаɦɟɧɬɧɨɣ ɩɥɢɬы ɤаɤ ɟɞɢ-

ɧɨɝɨ ɰɟɥɨɝɨ ɨɬɧɨɫɢɬɟɥьɧɨ ɩɨɜɟɪɯɧɨɫɬɢ ɧɟ-
ɞɟɮɨɪɦɢɪɭɟɦɨɝɨ ɝɪɭɧɬа ɩɪɨɢɡɜɨɞɢɥɨɫь ɝɢɞ-
ɪɨɧɢɜɟɥɢɪɨɦ ɞɥя ɤаɠɞɨɝɨ ɦɨɦɟɧɬа ɜɪɟɦɟɧɢ 

ɩɭɬɟɦ ɢɡɦɟɪɟɧɢя ɫɦɟщɟɧɢя ɬɨчɤɢ ɧаɛɥɸɞɟ-
ɧɢя ɨɬɧɨɫɢɬɟɥьɧɨ ɮɢɤɫɢɪɨɜаɧɧɨɣ ɜɧɟɲɧɟɣ 

ɬɨчɤɢ. 

На ɪɢɫ. 1-2 ɩɪɟɞɫɬаɜɥɟɧы ɪɟɡɭɥьɬаɬы ɢɡɦɟ-
ɪɟɧɢɣ ɩɪɨɫɬɪаɧɫɬɜɟɧɧɨɝɨ ɪаɫɩɪɟɞɟɥɟɧɢя ɜɟ-
ɥɢчɢɧ ɜɟɪɬɢɤаɥьɧыɯ ɨɫаɞɨɤ ɮɭɧɞаɦɟɧɬɧɨɣ 

ɩɥɢɬы ɧа ɦɨɦɟɧɬы ɧаɛɥɸɞɟɧɢɣ 14.12.2010 

(ɧачаɥɨ ɧаɛɥɸɞɟɧɢɣ), 5.07.2011 (ɤɨɧɟɰ ɧа-
ɛɥɸɞɟɧɢɣ). 

Пɨ ɪɟɡɭɥьɬаɬаɦ ɢɡɦɟɪɟɧɢɣ ɨɫаɞɨɤ ɮɭɧɞа-
ɦɟɧɬɧɨɣ ɩɥɢɬы ɫ 14 ɞɟɤаɛɪя 2010ɝ. ɩɨ 5 ɢɸ-

ɥя 2011 ɝ. ɡаɪɟɝɢɫɬɪɢɪɨɜаɧы ɫɥɟɞɭɸщɢɟ ɬɟɧ-

ɞɟɧɰɢɢ ɩɨɜɟɞɟɧɢя ɮɭɧɞаɦɟɧɬɧɨɣ ɩɥɢɬы: 
 

1. Заɪɟɝɢɫɬɪɢɪɨɜаɧɧыɟ ɜɟɥɢчɢɧы ɨɫаɞɨɤ ɤɨ-
ɥɨɧɧ ɫɜɢɞɟɬɟɥьɫɬɜɭɸɬ ɨ ɬɨɦ, чɬɨ ɜ ɬɟчɟ-
ɧɢɟ ɜɫɟɝɨ ɜɪɟɦɟɧɢ ɧаɛɥɸɞɟɧɢɣ ɩɪɨɢɫɯɨ-
ɞɢɥа ɨɫаɞɤа ɮɭɧɞаɦɟɧɬɧɨɣ ɩɥɢɬы ɩɨɞ 

ɞɟɣɫɬɜɢɟɦ ɧаɝɪɭɡɨɤ, ɜыɡɜаɧɧыɯ ɭɜɟɥɢчɟ-
ɧɢɟɦ ɜɟɫа ɫɬɪɨящɟɝɨɫя ɡɞаɧɢя. За ɜɟɫь ɩɟ-
ɪɢɨɞ ɧаɛɥɸɞɟɧɢɣ ɦаɤɫɢɦаɥьɧая ɨɫаɞɤа 
ɮɭɧɞаɦɟɧɬɧɨɣ ɩɥɢɬы ɨɬɧɨɫɢɬɟɥьɧɨ ɜɧɟɲ-

ɧɟɣ ɧɟɩɨɞɜɢɠɧɨɣ ɬɨчɤɢ ɫɨɫɬаɜɢɥа – 

3,85ɫɦ. 

2. Пɪɨɰɟɫɫ ɨɫаɞɤɢ ɫɨɨɪɭɠɟɧɢя ɩɪɨɢɫɯɨɞɢɬ 
ɪаɜɧɨɦɟɪɧɨ, ɧаɛɥɸɞаɟɬɫя ɫɦɟщɟɧɢɟ ɜɧɢɡ 
ɜɫɟɯ ɬɨчɟɤ ɮɭɧɞаɦɟɧɬа ɩɪаɤɬɢчɟɫɤɢ ɧа 
ɨɞɧɭ ɜɟɥɢчɢɧɭ. Эɬɨ ɨɡɧачаɟɬ, чɬɨ ɢɦɟɟɬ 
ɦɟɫɬɨ ɨɫаɞɤа ɡɞаɧɢя ɤаɤ ɠɟɫɬɤɨɝɨ ɰɟɥɨɝɨ. 

3. В ɩɨɫɥɟɞɧɢɯ ɢɡɦɟɪɟɧɢяɯ ɡаɪɟɝɢɫɬɪɢɪɨɜаɧ 

ɩɪɨɰɟɫɫ ɫɬаɛɢɥɢɡаɰɢɢ ɨɫаɞɨɤ ɮɭɧɞаɦɟɧɬ-
ɧɨɣ ɩɥɢɬы. 
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ɈСАДКɂ ɉɅɂɌЫ  

ɇА АɊɆɂɊɈȼАɇɇɈɆ ɈСɇɈȼАɇɂɂ 
 

Дɥя ɬɟɨɪɟɬɢчɟɫɤɨɝɨ ɨɛɨɫɧɨɜаɧɢя ɢɫɩɨɥьɡɭɟ-
ɦɨɝɨ ɦɟɬɨɞа ɝɟɨɬɟɯɧɢчɟɫɤɨɝɨ ɭɥɭчɲɟɧɢя ɨɫ-
ɧɨɜаɧɢя ɧɟɨɛɯɨɞɢɦɨ ɜыɛɪаɬь ɧаɢɛɨɥɟɟ ɩɪɢ-

ɛɥɢɠɟɧɧɭɸ ɤ ɪɟаɥьɧɨɫɬɢ ɦаɬɟɦаɬɢчɟɫɤɭɸ 

ɦɨɞɟɥь аɪɦɢɪɨɜаɧɧɨɝɨ ɨɫɧɨɜаɧɢя. В ɧаɫɬɨя-
щɟɟ ɜɪɟɦя ɢɡɜɟɫɬɧɨ ɦɧɨɠɟɫɬɜɨ ɩɪɟɞɥɨɠɟɧɢɣ 

ɩɨ ɦɨɞɟɥɢɪɨɜаɧɢɸ ɢ ɫɨɜɟɪɲɟɧɫɬɜɨɜаɧɢɸ 

ɦɨɞɟɥɢ ɝɪɭɧɬɨɜɨɝɨ ɨɫɧɨɜаɧɢя. Пɪɨɫɬɟɣɲая 
ɜɢɧɤɥɟɪɨɜɫɤая ɦɟɯаɧɢчɟɫɤая ɦɨɞɟɥь ɨɫɧɨɜа-
ɧɢя, ɧаɢɛɨɥɟɟ ɩɨɩɭɥяɪɧая ɢ ɲɢɪɨɤɨ ɢɫɩɨɥь-
ɡɭɟɦая ɩɪɨɟɤɬɢɪɨɜщɢɤаɦɢ, ɜ ɩɪɢɧɰɢɩɟ, ɧɟ-



Сɪаɜɧɢɬɟɥьɧыɣ аɧаɥɢɡ ɨɩыɬɧыɯ ɢ ɪаɫчɟɬɧыɯ ɞɟɮɨɪɦаɰɢɣ ɝɪɭɧɬɨɜɨɝɨ ɦаɫɫɢɜа, ɡаɤɪɟɩɥɟɧɧɨɝɨ ɫɬɪɭɣɧɨɣ 

ɰɟɦɟɧɬаɰɢɟɣ 

Volume 8, Issue 2, 2012 129

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

ɫɩɨɫɨɛɧа аɞɟɤɜаɬɧɨ ɨɬɪаɡɢɬь ɪɟаɥьɧɭɸ ɤаɪ-
ɬɢɧɭ ɜɡаɢɦɨɞɟɣɫɬɜɢя ɦɟɠɞɭ ɤɨɧɫɬɪɭɤɰɢɟɣ ɢ 

ɩɨɞɫɬɢɥаɸщɢɦ ɟɟ ɝɪɭɧɬɨɦ, ɩɨɫɤɨɥьɤɭ ɜ ɧɟɣ 

ɧɟ ɭчɢɬыɜаɟɬɫя ɪаɫɩɪɟɞɟɥɢɬɟɥьɧая ɫɩɨɫɨɛ-
ɧɨɫɬь ɨɫɧɨɜаɧɢя. Даɧɧыɣ ɩɨɪɨɤ ɭɫɬɪаɧяɟɬ 
ɦɨɞɟɥь ɨɫɧɨɜаɧɢя ɫ ɞɜɭɦя ɤɨэɮɮɢɰɢɟɧɬаɦɢ 

ɩɨɫɬɟɥɢ (ɦɨɞɟɥь Паɫɬɟɪɧаɤа). Пɨэɬɨɦɭ ɩеɪ-

воɣ ɪаɫɫɦаɬɪɢɜаɥаɫь ɢɦɟɧɧɨ ɞаɧɧая ɦɨɞɟɥь. 
Ɋаɫчɟɬы ɜыɩɨɥɧяɥɢɫь ɦɟɬɨɞɨɦ ɤɨɧɟчɧыɯ 
эɥɟɦɟɧɬɨɜ ɜ ɩɪɨɝɪаɦɦɧɨɦ ɤɨɦɩɥɟɤɫɟ Лɢɪа-
Windows. 

В ɨɛщɟɦ ɫɥɭчаɟ ɭɫɢɥɢɟ ɜɡаɢɦɨɞɟɣɫɬɜɢя R 

ɦɟɠɞɭ ɤɨɧɫɬɪɭɤɰɢɟɣ ɢ ɩɨɞɫɬɢɥаɸщɢɦ ɟɟ 
ɭɩɪɭɝɢɦ ɨɫɧɨɜаɧɢɟɦ ɫɜяɡаɧɨ ɫ ɩɟɪɟɦɟщɟɧɢ-

ɟɦ w ɞɧɟɜɧɨɣ ɩɨɜɟɪɯɧɨɫɬɢ ɭɩɪɭɝɨɝɨ ɨɫɧɨɜа-
ɧɢя ɢɧɬɟɝɪаɥьɧɨɣ ɡаɜɢɫɢɦɨɫɬьɸ [2]: 

 ∫∫Ω Ω= dRyxGyxw ),(),,,(),( ηξηξ ,      (1) 

 

ɝɞɟ ),,,( ηξyxG - яɞɪɨ ɭɩɪɭɝɨɝɨ ɨɫɧɨɜаɧɢя, 
ɩɪɟɞɫɬаɜɥяɸщɟɟ ɫɨɛɨɣ ɮɭɧɤɰɢɸ ɜɥɢяɧɢя, а 
ɢɦɟɧɧɨ, ɩɟɪɟɦɟщɟɧɢɟ ɬɨчɤɢ P(x,y) ɞɧɟɜɧɨɣ 

ɩɨɜɟɪɯɧɨɫɬɢ ɭɩɪɭɝɨɝɨ ɨɫɧɨɜаɧɢя ɨɬ ɟɞɢɧɢч-
ɧɨɣ ɫɢɥы, ɩɪɢɥɨɠɟɧɧɨɣ ɜ ɬɨчɤɟ ),( ηξQ ɩɨ 
ɧаɩɪаɜɥɟɧɢɸ ɧɨɪɦаɥɢ ɤ эɬɨɣ ɩɨɜɟɪɯɧɨɫɬɢ. В 

(1) ɢɧɬɟɝɪɢɪɨɜаɧɢɟ ɜɟɞɟɬɫя ɩɨ ɞɜɭɦɟɪɧɨɣ 

ɨɛɥаɫɬɢ Ω , ɜ ɤɨɬɨɪɨɣ ɮɭɧɤɰɢя R ɨɬɥɢчɧа ɨɬ 
ɧɭɥя. 
Дɥя ɦɨɞɟɥɢ ɭɩɪɭɝɨɝɨ ɨɫɧɨɜаɧɢя ɫ ɞɜɭɦя ɤɨ-
эɮɮɢɰɢɟɧɬаɦɢ ɩɨɫɬɟɥɢ ɢɧɬɟɝɪаɥьɧɨɟ ɫɨɨɬ-
ɧɨɲɟɧɢɟ (1) ɦɨɠɟɬ ɛыɬь ɨɛɪащɟɧɨ, ɩɪɢ эɬɨɦ 

ɫɜяɡь ɦɟɠɞɭ w ɢ R ɩɪɢɧɢɦаɟɬ ɮɨɪɦɭ ɩɪɨɫɬɨɣ 

ɞɢɮɮɟɪɟɧɰɢаɥьɧɨɣ ɡаɜɢɫɢɦɨɫɬɢ 

 

wCwCR 12 +Δ−= ,                  (2) 

 

ɝɞɟ: ɋ1ɢ ɋ2 – ɤɨэɮɮɢɰɢɟɧɬы ɭɩɪɭɝɨɝɨ ɨɫɧɨ-
ɜаɧɢя ɧа ɫɠаɬɢɟ ɢ ɫɞɜɢɝ ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ,  
 

2

2

2

2

yx ∂
∂+∂

∂=Δ  

 

– ɨɩɟɪаɬɨɪ Лаɩɥаɫа. 
Дɜɭɯɩаɪаɦɟɬɪɢчɟɫɤая ɦɨɞɟɥь ɞаɟɬ ɜɨɡɦɨɠ-

ɧɨɫɬь ɩɪɟɞɫɤаɡаɬь ɢɡɝɢɛ ɩɥɢɬы ɩɪɢ ɪаɜɧɨ-

ɦɟɪɧɨɦ ɧаɝɪɭɠɟɧɢɢ, а ɬаɤɠɟ ɨɫаɞɤɢ ɩɨɜɟɪɯ-
ɧɨɫɬɢ ɭɩɪɭɝɨɝɨ ɨɫɧɨɜаɧɢя ɡа ɩɪɟɞɟɥаɦɢ ɩɥа-
ɧа ɤɨɧɫɬɪɭɤɰɢɢ. 

Пɪɢ ɪаɫчɟɬɟ ɭчɢɬыɜаɥаɫь чаɫɬь ɨɫɧɨɜаɧɢя, 
ɪаɫɩɨɥɨɠɟɧɧая ɜɨ ɜɧɟɲɧɟɣ ɨɛɥаɫɬɢ ɫ ɢɫ-
ɩɨɥьɡɨɜаɧɢɟɦ «ɩɨɥɭɛɟɫɤɨɧɟчɧыɯ ɤɨɧɟчɧыɯ 
эɥɟɦɟɧɬɨɜ». 

Каɤ ɩɨɤаɡаɥɢ ɧаɬɭɪɧыɟ (эɤɫɩɟɪɢɦɟɧɬаɥьɧыɟ) 
ɢɫɫɥɟɞɨɜаɧɢя, ɞаɧɧая ɦɨɞɟɥь ɭɩɪɭɝɨɝɨ ɩɨɥɭ-
ɩɪɨɫɬɪаɧɫɬɜа ɩɟɪɟɨɰɟɧɢɜаɟɬ ɜɥɢяɧɢɟ ɫɰɟɩ-

ɥɟɧɢя ɢ ɭɝɥа ɜɧɭɬɪɟɧɧɟɝɨ ɬɪɟɧɢя ɜ ɝɪɭɧɬɟ ɧа 
ɪаɫɩɪɟɞɟɥɟɧɢɟ ɪɟаɤɬɢɜɧыɯ ɞаɜɥɟɧɢɣ ɩɨɞ ɩɨ-
ɞɨɲɜɨɣ ɮɭɧɞаɦɟɧɬа. И ɬɟɦ ɫаɦыɦ, ɨɫаɞɤа ɜɨ 
ɦɧɨɝɨɦ ɩɪɨɬɢɜɨɪɟчɢɬ ɮаɤɬɢчɟɫɤɨɣ ɪаɛɨɬɟ 
ɝɪɭɧɬɨɜɨɝɨ ɨɫɧɨɜаɧɢя, ɢ ɡɧачɟɧɢя ɨɫаɞɤɢ 

ɩɨɥɭчаɸɬɫя ɧаɦɧɨɝɨ ɛɨɥьɲɟ ɬɟɯ, ɤɨɬɨɪыɟ 
ɮаɤɬɢчɟɫɤɢ ɢɦɟɸɬ ɦɟɫɬɨ ɩɨɞ ɮɭɧɞаɦɟɧɬаɦɢ. 

Каɤ ɭɠɟ ɨɬɦɟчаɥɨɫь, ɧа ɫɜɨɣɫɬɜа ГЦЭ ɩɪɢ 

ɩɪɨɢɡɜɨɞɫɬɜɟ ɜɥɢяɸɬ ɦɧɨɠɟɫɬɜɨ ɮаɤɬɨɪɨɜ, 
ɬаɤɢɯ ɤаɤ, ɧɟɨɞɧɨɪɨɞɧɨɫɬь ɝɪɭɧɬа, ɪаɫɯɨɞ 

ɰɟɦɟɧɬа, ɝɥɭɛɢɧа ɪаɫɩɨɥɨɠɟɧɢя эɥɟɦɟɧɬа ɢ 

ɞɪ.  
В ɞаɧɧɨɦ ɫɥɭчаɟ ɦɨɞɭɥь ɭɩɪɭɝɨɫɬɢ эɥɟɦɟɧ-

ɬɨɜ, ɢɡɦɟɧяɥɫя ɜ ɩɪɟɞɟɥаɯ ɨɬ 200 МПа ɞɨ 340 

МПа, а ɩɪɢɜɟɞɟɧɧыɣ ɦɨɞɭɥь ɞɟɮɨɪɦаɰɢɣ 

ɨɫɧɨɜаɧɢя, ɜычɢɫɥɟɧɧыɣ ɩɨ ɮɨɪɦɭɥɟ: 
 

⎥⎥⎦
⎤

⎢⎢⎣
⎡ ∑ ∑+−=

ɝɪ

аɪɦаɪɦаɪɦɝɪɝɪэɤɜ
ɝɪ

A

AE)AA(E
E ,  (3) 

 

ɩɨɥɭчɢɥɫя ɫɨɨɬɜɟɬɫɬɜɟɧɧɨ ɪаɜɧыɦ 40 МПа ɢ 

60 МПа. 
Кɨэɮɮɢɰɢɟɧɬ Пɭаɫɫɨɧа ɩɪɢɧяɬ ɪаɜɧыɦ 0.2, 

ɬ.ɤ. ɩɨɥɭчɟɧɧыɟ ɝɪɭɧɬɨɰɟɦɟɧɬɧыɟ эɥɟɦɟɧɬы 

ɩɪɟɞɫɬаɜɥяɸɬ ɫɨɛɨɣ, ɮаɤɬɢчɟɫɤɢ ɛɟɬɨɧɧыɟ 
эɥɟɦɟɧɬы ɦаɥɨɣ ɦаɪɨчɧɨɣ ɩɪɨчɧɨɫɬɢ ɜ ɜɨɡ-
ɪаɫɬɟ 28 ɫɭɬɨɤ, ɫ ɩɪɨчɧɨɫɬьɸ ɧа ɨɞɧɨɨɫɧɨɟ 
ɫɠаɬɢɟ ɨɤɨɥɨ 2МПа. 
Ɋаɫчɟɬɧая ɜɟɥɢчɢɧа ɦаɤɫɢɦаɥьɧɨɣ ɨɫаɞɤɢ 

ɮɭɧɞаɦɟɧɬɧɨɣ ɩɥɢɬы ɫɨɫɬаɜɢɥа: • 8.98ɫɦ, ɩɪɢ Е=40МПа, чɬɨ ɧа 133% ɛɨɥь-
ɲɟ ɮаɤɬɢчɟɫɤɨɣ; • 8.67ɫɦ, ɩɪɢ Е=60МПа, чɬɨ ɧа 125% ɛɨɥь-
ɲɟ ɮаɤɬɢчɟɫɤɨɣ. 
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ȼо вɬоɪоɣ ɦоɞели, ɜ ɦɟɫɬаɯ ɪаɫɩɨɥɨɠɟɧɢя 
ГЦЭ, ɝɪɭɧɬ ɡаɦɟɧяɥɫя ɝɪɭɧɬɨɰɟɦɟɧɬɧыɦɢ 

ɤɨɥɨɧɧаɦɢ ɝаɪаɧɬɢɪɨɜаɧɧыɦ ɞɢаɦɟɬɪɨɦ 

1.2ɦ, ɫ ɦɨɞɭɥɟɦ ɭɩɪɭɝɨɫɬɢ 200 МПа ɢ 

340МПа. Заɞаɜаɥɢɫь ɬаɤɠɟ ɯаɪаɤɬɟɪɢɫɬɢɤɢ, 

ɩɪɢɫɭщɢɟ ɝɪɭɧɬɭ, а ɢɦɟɧɧɨ, ɫɰɟɩɥɟɧɢɟ ɫ= 

66ɬ/ɦ2
, ɭɝɨɥ ɜɧɭɬɪɟɧɧɟɝɨ ɬɪɟɧɢя φ = 34

ɨ
. 

Мɨɞɟɥɢɪɨɜаɧɢɟ ɝɪɭɧɬɨɜɨɝɨ ɩɪɨɫɬɪаɧɫɬɜа 
ɩɨɞ ɜɫɟɣ ɩɨɜɟɪɯɧɨɫɬьɸ ɮɭɧɞаɦɟɧɬɧɨɣ ɩɥɢɬы 

ɢ ɡа ɟɟ ɩɪɟɞɟɥаɦɢ, ɜыɩɨɥɧяɥɨɫь ɫ ɢɫɩɨɥьɡɨ-
ɜаɧɢɟ ɤɨɧɟчɧыɯ эɥɟɦɟɧɬɨɜ «КЭ 271-276», 

ɪɟаɥɢɡɨɜаɧɧыɯ ɜ ПК Лɢɪа-Windows. Гɪаɧɢ-

ɰы ɝɪɭɧɬɨɜɨɝɨ ɦаɫɫɢɜа ɜ ɩɥаɧɟ ɡа ɩɪɟɞɟɥаɦɢ 

ɮɭɧɞаɦɟɧɬɧɨɣ ɩɥɢɬы ɫɞɜɢɝаɥɢɫь ɧа 0,5 ɲɢ-

ɪɢɧы ɢ 0,5 ɞɥɢɧы ɩɥɢɬы ɫɢɦɦɟɬɪɢчɧɨ ɜ ɨɛɟ 
ɫɬɨɪɨɧы, Гɪаɧɢɰа ɫɠɢɦаɟɦɨɣ ɬɨɥщɢ ɩɪɢɧɢ-

ɦаɥаɫь = 20ɦ [3]. 

Сɥɟɞɭɟɬ ɨɬɦɟɬɢɬь, чɬɨ ɜ ɞаɧɧɨɣ ɦɨɞɟɥɢ ɧɟ 
ɭчɢɬыɜаɥɫя ɬɨɬ ɮаɤɬ, чɬɨ ɡа ɨɛɥаɫɬьɸ ɨɛɪа-
ɡɨɜаɧɢя ГЦЭ ɩɪɨɢɫɯɨɞɢɬ ɧɟɤая ɡɨɧа ɭɩɥɨɬ-
ɧɟɧɢя ɩɪɢɪɨɞɧɨɝɨ ɝɪɭɧɬа. Т.ɟ. ɝɪɭɧɬ, ɩɪɟɞ-
ɫɬаɜɥɟɧɧыɣ ɫɭɝɥɢɧɤɨɦ, ɜ эɬɨɣ ɨɛɥаɫɬɢ ɩɟ-
ɪɟɲɟɥ ɢɡ ɨɞɧɨɣ ɤɨɧɫɢɫɬɟɧɰɢɢ ɜ ɞɪɭɝɭɸ, а 
ɡɧачɢɬ ɢ ɥɭчɲɢɦɢ ɯаɪаɤɬɟɪɢɫɬɢɤаɦɢ. 

Ɋаɫчɟɬɧая ɜɟɥɢчɢɧа ɦаɤɫɢɦаɥьɧɨɣ ɨɫаɞɤɢ 

ɮɭɧɞаɦɟɧɬɧɨɣ ɩɥɢɬы ɫɨɫɬаɜɢɥа: • 5.44ɫɦ, ɩɪɢ Е=200МПа, чɬɨ ɧа 41% ɛɨɥь-
ɲɟ ɮаɤɬɢчɟɫɤɨɣ; • 5.13ɫɦ, ɩɪɢ Е=340МПа, чɬɨ ɧа 33% ɛɨɥь-
ɲɟ ɮаɤɬɢчɟɫɤɨɣ. 

Ɍɪеɬɶɹ ɪɚсчеɬɧɚɹ ɦоɞелɶ ɨɬɥɢчаɥаɫь ɨɬ 
ɜɬɨɪɨɣ ɬɟɦ, чɬɨ ɩɨɞ ɮɭɧɞаɦɟɧɬɧɨɣ ɩɥɢɬɨɣ 

ɪаɫɩɨɥаɝаɥɢɫь ɧɟ ɬɨчɟчɧыɟ ɝɪɭɧɬɨɰɟɦɟɧɬɧыɟ 
эɥɟɦɟɧɬы, а ɪаɫɩɪɟɞɟɥёɧɧыɣ ɝɨɦɨɝɟɧɧыɣ 

ɦаɬɟɪɢаɥ - «ɝɟɨɦаɫɫɢɜ» ɫ ɩɪɢɜɟɞɟɧɧыɦ ɦɨ-
ɞɭɥɟɦ ɞɟɮɨɪɦаɰɢɢ (3), ɤɨɬɨɪыɣ ɬаɤ ɠɟ ɦɨ-
ɞɟɥɢɪɨɜаɥɫя ɫ ɢɫɩɨɥьɡɨɜаɧɢɟɦ ɤɨɧɟчɧыɯ 
эɥɟɦɟɧɬɨɜ «КЭ 271-276». 

Ɋаɫчɟɬɧая ɜɟɥɢчɢɧа ɦаɤɫɢɦаɥьɧɨɣ ɨɫаɞɤɢ 

ɮɭɧɞаɦɟɧɬɧɨɣ ɩɥɢɬы ɫɨɫɬаɜɢɥа: 
 • 4.52 ɫɦ, ɩɪɢ Е=40МПа, чɬɨ ɧа 17% ɛɨɥь-
ɲɟ ɮаɤɬɢчɟɫɤɨɣ; • 4.32 ɫɦ, ɩɪɢ Е=60МПа, чɬɨ ɧа 12% ɛɨɥь-
ɲɟ ɮаɤɬɢчɟɫɤɨɣ. 

 

 

 

3.  СɈɉɈСɌАȼɅȿɇɂȿ ɈɉЫɌɇЫХ  

ɂ ɊАСЧȿɌɇЫХ ДАɇɇЫХ 

 

Ɋɟɡɭɥьɬаɬɨɜ ɬɟɨɪɟɬɢчɟɫɤɢɯ (ɪаɫчɟɬɧыɯ) ɢ 

ɨɩыɬɧыɯ (ɩɨɥɟɜыɯ) ɢɫɫɥɟɞɨɜаɧɢɣ ɩɪɟɞɫɬаɜ-
ɥɟɧы ɧа ɪɢɫ. 3-5. 

Пɨ ɪɟɡɭɥьɬаɬаɦ ɩɪɨɜɟɞɟɧɧɨɝɨ ɤɨɦɩɥɟɤɫа ɢɫ-
ɫɥɟɞɨɜаɧɢɣ ɫɞɟɥаɧы ɫɥɟɞɭɸщɢɟ ɜыɜɨɞы: 

1. Оɫаɞɤа ɮɭɧɞаɦɟɧɬɧɨɣ ɩɥɢɬы, ɧаɝɪɭɠɟɧ-

ɧɨɣ ɩɨɥɧɨɫɬьɸ ɫɦɨɧɬɢɪɨɜаɧɧɨɣ ɤɨɪɨɛɤɨɣ 

17-ɬɢ эɬаɠɧɨɝɨ ɡɞаɧɢя, ɩɪɨɢɫɯɨɞɢɬ ɞɨɫɬа-
ɬɨчɧɨ ɪаɜɧɨɦɟɪɧɨ, ɜ ɪɟɡɭɥьɬаɬɟ ɧɨɪɦаɥь-
ɧɨɝɨ ɜɡаɢɦɨɞɟɣɫɬɜɢя ɫɢɫɬɟɦы ɝɪɭɧɬ – 

ɮɭɧɞаɦɟɧɬ. 
2. Ɋɟɡɭɥьɬаɬы ɪаɫчɟɬа, ɧаɢɛɨɥɟɟ ɛɥɢɡɤɢɟ ɤ 
эɤɫɩɟɪɢɦɟɧɬаɥьɧыɦ, ɞаɟɬ ɦɨɞɟɥь ɝɪɭɧɬɨ-
ɜɨɝɨ ɨɫɧɨɜаɧɢя «ɝɟɨɦаɫɫɢɜ». Пɪɢ эɬɨɦ 

ɪаɫɩɪɟɞɟɥɟɧɢɟ ɧаɩɪяɠɟɧɢɣ ɩɨɞ ɮɭɧɞа-
ɦɟɧɬɧɨɣ ɩɥɢɬɨɣ ɩɪɨɢɫɯɨɞɢɬ ɛɨɥɟɟ ɪаɜɧɨ-
ɦɟɪɧɨ, ɩɨ ɫɪаɜɧɟɧɢɸ ɫ ɩɪɢɦɟɧɟɧɢɟɦ ɦɨ-
ɞɟɥɢ ɬɨчɟчɧыɯ ɡаɛɢɜɧыɯ ɫɜаɣ. 
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