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AIMS AND SCOPE 

The aim of the Journal is to advance the research and practice in structural engineering 

through the application of computational methods. The Journal will publish original papers and 

educational articles of general value to the field that will bridge the gap between high-performance 

construction materials, large-scale engineering systems and advanced methods of analysis. 

The scope of the Journal includes papers on computer methods in the areas of structural 

engineering, civil engineering materials and problems concerned with multiple physical processes 

interacting at multiple spatial and temporal scales. The Journal is intended to be of interest and use 

to researches and practitioners in academic, governmental and industrial communities. 
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SIMULATION OF SLOSHING WAVES IN A STORAGE TANK 

UNDER SEISMIC EXCITATION

USING A SPRING-MASS-DASHPOT MODEL 

Kambiz Kangarlou
1
, Kaveh Kangarlou

2

1Moscow State University of Civil Engineering, Moscow, RUSSIA 
2Azad University, Central Tehran Branch, Tehran, IRAN

ABSTRACT: The motion of liquids in rigid containers has been the subject of many studies in the past few 

decades because of its frequent application in several engineering disciplines. The evolution of codes and 

standards for the seismic design of these structures has relied greatly on observations of tank damages during past 

earthquakes, yet the time lag between acquiring the information and implementing the findings in practice has 

remained relatively long. The first approach in the modeling of sloshing liquids involves using a mass-spring 

model. The focus of this study is computer simulation of sloshing waves in a storage tank under different 

excitation by program Matlab-Simulink. The results were compared with the Ansys-Cfx finite element program. 

Keywords: sloshing waves, storage Tank, Seismic Excitation, spring-Mass-dashpot Model, hydrodynamic 

pressure, Matlab-Simulink, Ansys-Cfx. 

1. INTRODUCTION 

Liquid sloshing is associated with various 

engineering problems, such as the liquid flow 

on the decks of ships, the behavior of liquid in 

containers and the fuel motion in aircraft. The 

dynamic characteristic of these systems is 

greatly affected by the dynamics of the liquid 

free-surface motion and it is very important 

regarding to the safety of transportation 

systems, human’s life and environmental issues. 

In the field of civil engineering, the sloshing 

phenomenon becomes important to seismic 

design of liquid storage tanks. Large amplitude 

sloshing flows considered in engineering 

applications are usually followed by impact of 

liquid at the side wall and top surface of fluid 

containers. Liquid storage tanks have suffered 

substantial damage in past earthquakes, 

including elastic and inelastic shell wall 

buckling, roof-to-wall damage due to excessive 

sloshing and base sliding (Rinne 1967, Cooper 

1997, Christovasilis and Whittaker 2007). 

Many studies for the sloshing and impact of 

liquid on marine industries were carried out in 

the 1970s and early 1980s for the design of LNG

carriers and some numerical computations have 

been reported [1-3]. The liquid wave problem 

usually refers to the problem of solving the 

Euler equations for potential flow with a free 

surface, under the influence of gravity and 

surface tension. Because of the complexity of 

these equations, simplified models have been 

extensively used as an alternative. In this work, 

the physical system is described and modeled in 

the state-space of Simulink, then the time 

history analysis are presented, followed by the 

Ansys-Cfx. Finally some simulations’ results 

are presented and final conclusions are drawn. 

2. PHYSICAL SYSTEM SETUP 

The identification and modeling of physical 

systems is a very important task in engineering, 

where the type of systems can range from 

mechanical to biological systems. The mass-

spring system used to study the liquid algorithm 

performance is depicted in Fig. 1; it is just 

comprised by two mass-spring-dashpot systems 

in series. 

The masses m1 and m2 are acted by the forces 

f1(t) and f2(t), respectively, which are composed 

by a deterministic force ui(t), corrupted with 

additive colored noise ni(t), with expression: fi(t) 

= ui(t) + ni(t), where the plant colored noises 

ni(t) are generated by a first order continuous 
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system, with transfer  function H(s) = Gi/(s + 

ai), when excited by stationary white noise i(t),

where i = 1, 2, respectively. 

Figure 1: Physical system composed by the series of 

two mass-spring-dashpot systems. 

The system dynamics is described in state-space 

by the matrix equations: 

)()()(
)(

tLtBtA
dt

td
ux

x
                       (1)

where A is the continuous time state matrix, B

is the input matrix, and L the process noise 

matrix. These matrices are obtained by applying 

the Newton second law of motion: 

)()(
1

tmt
N

i i aF  to the system taking into 

account the relations for a force exerted by a 

spring: F(t) = kx(t), the drag force done by a 

dashpot: F(t) = bv(t), where k is the spring 

elastic coefficient and b is the linear friction 

coefficient. The position vector is denoted by 

x(t), so that a(t) = x (t) represents the mass 

acceleration and v(t) = x (t) represents its 

velocity. The state-variables vector is composed 

as x(t) = [x1(t) x2(t) x 1(t) x 2(t) f1(t) f2(t)]
T
 , 

which was augmented to include the forces 

dynamics, the input vector is u(t) = [u1(t) u2(t)]
T

, and the vector of plant white noises (t) = 

[ 1(t) 2(t)]
T
 is characterized by the mean 

E{ (t)} = [0 0]
T
 and by the diagonal covariance 

matrix: 
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since the two plant noises, 1(t) and 2(t), are 

considered to be independent and stationary. 

The state-space matrices are composed by the 
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Coupled with the mechanical system there are 

two position sensors that take measurements of 

the masses’ positions, x1(t) and x2(t) at regular 

intervals of time t = t, 2 t, 3 t, . . ., are 

corrupted by additive noise, 1(t) and 2(t),

respectively. In matrix form, the measurement 

equation is written as: 

)()()( ttCt xZ                      (4) 

where
000010

000001
C

where the measurements vector is z(t)= [z1(t) 

z2(t)]
T
 , and C is the output matrix. The 

measurement noise vector (t)= [ 1(t) 2(t)]
T
 is 

characterized by the mean E{ (t)}= [0 0]
T
 and 

by the covariance matrix: 

t

t

tTtE .
.0

0.
)}()({

2

1
     (5) 

where
2

1

0

0

The non-diagonal terms are zero because the 

noise sources are considered to be independent, 

and  is the measurement noise intensity 

matrix. 

3. MODELING VISUAL DYNAMICS

We have developed a 3-dimensional liquid 

simulation technique inspired by program 

Matlab-Simulink and using mass-spring nodes. 

In addition to its compelling visual realism, 
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provides the possibility of incorporating some 

of the physics of the liquid, For instance, the 

physics of impulsive pressure and wave height.

Fig. 2 presents a sequence of free-surface 

profiles at:  t=130/40 s, 180/40 s; submitted to a 

forced motion x(t) = 2sin(0.3t). The tank length 

is L = 20 m and damping 5%. In the right corner 

are shown natural first ten forms of frequency of 

a liquid and impulsive pressure upon a tank wall 

(H - tank height, T - a thickness of the tank, 

Force - vibrating moving of the tank basis; 

height - wave height, iteration No - a time unit 

=1/40 s.). Fig. 3 presents free-surface profiles 

submitted to single pulse excitation. The user 

can set the tank length, radius, thickness, force 

motion, coefficient damping and also the 

parameters for internal forces to control the 

strength of connectivity of the mass-spring 

nodes, etc. All parameters can be modulated in 

real-time, and all simulations run in real-time. 

The rendering speed is about 80 frames per 

second at full screen display of 1024 768, on a 

PC with Intel processor of 2.3 GHZ. 

Figure 2: Tank under harmonic excitation at t=3.25 

and 4.5 sec. 

Figure 3: Tank under single pulse excitation at 

t=0.75, 1.5 and 4.25 sec. 

As described above, the failure; modes of liquid 

containing tanks resulting from strong motion 

shaking (e.g., earthquakes) are varied and 

complex. The common item to all cases is that 

some mode of buckling can be identified 

following the tank failure.  

The kind of damage appearing in an actual 

situation [4] depends on the configuration of the 

tank; the liquid content; the foundation 

anchorage; the impedance functions of the 

ground; shell modal shapes; and the effects of 

damping and inertia in the equation of motion of 

the shell and of the foundation. All of these 

elements lead to time- and space-dependent 

equations of vibration that are transformed into 

a discrete multi degree-of-freedom system by a 

generalized coordinate approach in order to 

calculate the generalized mass, stiffness, and 

damping matrices, as well as the load vector.  

The type of analytical model discussed above 

requires a numerical solution procedure. In 

order to further demonstrate the accuracy of our 

model, we have performed a quantitative 

comparison with numerical results of program 

Simulation of Sloshing Waves in a Storage Tank Under Seismic Excitation Using a Spring-Mass-Dashpot Model
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Ansys-Cfx and the available theoretical 

solutions for flexible tanks of fixed support 

conditions (Table 1), results of which are 

summarized in Table 2-4. 

Table 1: Expressions for impulsive time period 

circular tanks with fixed base given in various codes. 
Referenc

e
Expression 

ACI

350.3 
RtC

Eh
T

w

c

i
/

/62.0

Cw is a coefficient given as function of h/R

in graphical form. 

AWWA 
Impulsive natural period is not required in 

the analysis. 

API 650 Expression is not required in the analysis. 

NZSEE 

Guidelin

es

h

i
K

Eh
T

/61.5

Kh is function of h/R and t/R to be obtained 

from given graphs. 

Eurocod

e 8 

tE

h

C

R
T

i

i

2

46.015.001675.0

2

R

h

R

h
Ci

c = mass density of wall,  = mass density of fluid, E = 

Modulus of elasticity of tank wall, t = thickness of wall. 

4. FINITE ELEMENT MODEL 

APPROACH

While basically relying on the solution of the 

Navier-Stokes equations, the applications of 

computational fluid dynamics vary widely. CFX 

is a commercial Computational Fluid Dynamics 

(CFD) program, used to simulate fluid flow in a 

variety of applications for over 20 years. The 

steel tank studied has an outside diameter of 18 

m and a height of 7.5 m, is filled with water up 

to a height of 6.9 m, and subjected to north-

south component of the 1940 Elcentro 

earthquake, whose maximum peak ground 

acceleration is about 0.31g and maximum 

ground displacement is about 13cm. It is rigidly  

connected to the ground and designed according 

to the Api 650 codes with a thickness of 8 mm 

throughout. A three-dimensional model is 

constructed for finite element analysis using 

Ansys. The fluid region is divided into a number 

of identical three-dimensional contained fluid 

elements (FLUID80) with eight nodes having 

three degrees of freedom at each node. The fluid 

boundary conditions at the bottom are zero 

displacement and rotation. The nodes that are 

connected entirely by the fluid elements are free 

to move arbitrarily in three-dimensional space, 

with the exception of those that are restricted to 

motion in the bottom surface of the fluid. Fig. 5 

depicts the free surface of the fluid.

5. COMPARISON BETWEEN RESULTS 

The maximum distribution of pressure given by 

Matlab and Ansys is presented in Fig. 4 and 

Table 3-4. 

Table 2: The comparison of sloshing frequencies.  

mode 

Wall

Thickness 

(mm) 

Natural Period (T = 1 / f sec.) 

MATLAB ANSYS 
Eurocode 

8

1 8 0.144 0.145 0.145 

2 8 0.086 0.084 0.088 

3 8 0.064 0.061 0.065 

1 12 0.121 0.125 0.128 

2 12 0.079 0.081 0.080 

3 12 0.059 0.059 0.061 

Figure 4: Distribution of pressure (kg/m2) at =0 

given by Ansys-Cfx.
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Figure 5: Simulation of sloshing waves in a storage tank under north-south component of the 1940 

Elcentro earthquake by Ansys Cfx.

Table 3: Expressions for distribution of impulsive pressure (kg/m2) given by Matlab.
H (m) 0° 7.5° 15° 22.5° 30° 37.5° 45° 52.5° 60° 67.5° 75° 82.5° 90° 

0,000 1750 1735 1691 1617 1516 1388 1238 1065 875 670 453 228 0

0,854 1733 1718 1674 1601 1501 1375 1225 1055 866 663 448 226 0

1,708 1678 1663 1621 1550 1453 1331 1186 1021 839 642 434 219 0

2,562 1582 1569 1528 1462 1370 1255 1119 963 791 605 409 207 0

3,416 1440 1428 1391 1330 1247 1143 1018 877 720 551 373 188 0

4,269 1246 1235 1204 1151 1079 988 881 758 623 477 322 163 0

5,123 982 974 949 908 851 779 695 598 491 376 254 128 0

5,977 617 612 596 570 535 490 436 376 309 236 160 81 0

6,831 0 0 0 0 0 0 0 0 0 0 0 0 0

Table 4: Expressions for distribution of convective pressure (kg/m2) given by Matlab.
H (m) 0° 7.5° 15° 22.5° 30° 37.5° 45° 52.5° 60° 67.5° 75° 82.5° 90° 

0,000 142 141 137 131 123 113 101 87 71 54 37 18 0

0,854 144 143 140 133 125 115 102 88 72 55 37 19 0

1,708 151 150 146 139 131 120 107 92 75 58 39 20 0

2,562 162 161 157 150 140 129 115 99 81 62 42 21 0

3,416 178 177 172 164 154 141 126 108 89 68 46 23 0

4,269 199 198 193 184 173 158 141 121 100 76 52 26 0

5,123 227 225 219 209 196 180 160 138 113 87 59 29 0

5,977 261 259 252 241 226 207 185 159 130 100 68 34 0

6,831 303 301 293 280 262 240 214 185 152 116 78 39 0

Simulation of Sloshing Waves in a Storage Tank Under Seismic Excitation Using a Spring-Mass-Dashpot Model
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Finite Element Investigation of Stress Concentration Factor in the 

Concrete Wall with Openings 

Feirusha S. H. (Kakshar)
1

ABSTRACT: The objective of this paper is to investigate the stress concentration factor in the concrete wall. In this 

paper we present the results of a study of stress concentration in the concrete wall, working in condition of plane stress 

under vertical load, distributed along above edge. In order to achieve this goal, elastic stress state of concrete walls with 

variety type of openings was modeled by finite element method and analyzed by using COMSOL program. 

Key words: Stress Concentration Factor, Finite Element Method, Wall with Opening. 

1. Introduction 

In this paper the stress concentration in the 

vertical loading wall without and with 

opening is discussed. This research focuses on 

stress concentration factor (SCF) of vertically 

loading concrete wall, since this is the stage 

that a typical wall would be subjected during 

its service life. In this paper we present the 

results of a study of the stress concentration in 

the concrete wall, working in condition of 

plane stress under vertical load, distributed 

along above edge. 

Improvement of working properties, 

increasing of resources and reliability of 

structures are the most important challenge in 

front of the engineers. To succeed in solving 

this problem requires the systems approach to 

optimize all stages of analysis and design of 

all kinds of the structures. In this work, we 

touch on only a theoretical calculation of the 

walls with openings, and improve the 

accuracy of calculation. 

The problem of stress concentration and the 

regions of stress concentration can be divided 

into two kinds: 

1. The location of load application; 

2. Changing of the geometry or physics 

of the solid body. 

i. Geometric discontinuities or stress 

raisers such as holes (openings), 

notches, and fillets; 

ii.  Surface or internal irregularities 

(non-homogeneities) such as 

cracks.  

Openings in general are areas of weakness 

and stress concentration, but needed 

essentially for lighting and ventilation. There 

are some norms and architectural 

recommendations about position of openings 

in wall. Stress concentration around door and 

window openings in concrete walls has 

practical importance because it is commonly 

the cause cracks or failure. We know that the 

local failure around any door or window 

opening in wall can grow into the total failure 

of the wall. Therefore, the complete study of 

stress state of the wall, generally, and the 

concentration of the stress around openings, 

particularly, appears the main part of the 

analysis of such structures. 

One of the objectives of application of SCF in 

this study is to achieve better balanced 

designs of concrete wall. This can lead to 

economy in expense of materials, cost 

reduction, and achieving lighter and more 

efficient configuration of walls and openings.  

Nowadays, advanced computational programs 

and technology has made it possible to 

determinate SCF for any geometric 

discontinuities or stress raisers such as holes 

(openings), notches, and fillets. 

The purpose of this work is to demonstrate 

the existence of stress concentration in the 

vicinity of a geometric discontinuity in a 

vertically loaded concrete wall, and to obtain 

an approximate measure of the elastic 

(theoretical or geometric) stress concentration 

factor, Kt. In this case, the discontinuity is 

simply a square or rectangular through the 

concrete wall. 
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Under the stress concentration is meant 

abruptly local change in stress distribution in 

a deformed body, caused by different sources 

and factors  : constructional (an abruptly 

change in the shape and dimensions of the 

cross sections, a discontinuity holes and 

cutouts, alien inclusions with mechanical 

properties differentiate from basal material, 

etc.); technological (high difference between 

mechanical properties of the material in the 

surface and in the volume of the structure, the 

presence of cracks); concentration of external 

factors (force, thermal); cracks occurred 

during the service.

On the one hand, the maximum local stress 

around openings is usually more than the 

nominal stress, and on the other hand, it 

correlates to the maximum stress. Failure is 

predicted by the use SCF, Kt, which is 

determined in several manners. For simple 

geometries and loadings, it may be 

determined exactly using the theory of 

elasticity. For more complex problems, the 

stress concentration factor is determined 

numerically or experimentally. SCF, 

generally, is found in graphical form. The 

SCF around a opening (hole, notch, fillet…) 

in a homogeneous plate has been investigated 

in last centuries. 
[1, 2, 3, 4]

The computational formulation for design of 

wall with potential stress concentration 

problems is intended to be used to assist in the 

design process. 

The high stress concentration at the edge of 

the opening is important in designing of wall. 

The SCF usually are determined either 

empirically or numerically using finite 

element methods. 

Stress concentration is described by the 

following parameters: 

theoretical SCF, which shows how many 

times the stress in the concentration zone 

exceeds nominal value, gradient of stress 

variation in the concentration zone, and etc. 

Stress distribution around a hole depends on 

the stress condition. Kirsch (Kirsch, 1898) 

initially studied this problem for a single 

circular hole under a biaxial stress state.
[1] 

2. SCF's of a 2D problem 

One customary way to express the stress is by 

the net section SCF (Kt). Kt is the ratio of the 

maximum net section stress ( max) to the 

nominal net section stress ( nom). The max is

due to the stress concentration caused by the 

geometric features of the net section. For the 

axially loading members, the nom is simply 

found by dividing the axial load (P) by the net 

section area (An) where An is the product of 

net section width (wn) and specimen thickness 

(t). Fig.1 

But the solid concrete wall under vertical 

distributed load (Fig.2) experiences normal 

stresses x, y, and shear stress xy. The 

differential equations of equilibrium together 

with equation for these stresses in a plane 

elastic body are: 

        (1)                             

     

   (2) 

    (3)  

where denote the components of the 

applied body force per unit volume in the x, y 

directions and f( ) is a function of Poisson's 

ratio:

   (4) 

 In the present work it will be determined by 

the finite element methods (FEM) analysis.  
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Fig.1 Plane Stress State

SCF is function of:

i. the geometry or shape of the 

structure, but not its size or 

material;

ii. the type of loading applied 

to the member; (axial, 

bending, torsion, or 

combined)

iii. the shape, size and location 

of hole and opening; (fillet, 

radius, …)

Stress concentration in isotropic wall with 

different shape size, and position of cutouts 

are investigated, and this effect, the concrete 

wall is considered with square and 

rectangular, and the normal stress around 

openings in Y-direction is investigated. 

An important feature of the phenomenon of 

stress concentration is that, while increasing 

the stress near the cutouts even uniaxial state 

may come into existence a complicated (2D 

or 3D) inhomogeneous stress state directly 

affects on the development of plastic 

deformation or fractural cracks. Thus, the 

bearing capacity of the main elements of 

many structures is usually determined by the 

stress state and conditions of strength in the 

concentration regions, because there is first 

and foremost comes the ultimate state and the 

destruction.

The study of stress and strain state in the 

concentration zone is one of the most difficult 

problems of the theory of elasticity and 

plasticity. 

This is due to: 

- The complexity of circuit design 

elements in concentration zone (the 

complexity of the geometric model); 

- The high intensity of the stresses and 

strains in the zone of the concentration 

and, consequently, the necessity to 

consider the physical and geometric 

nonlinearity of the elastic problem. 

- Need to account of the plasticity and 

creep (the complexity of the model 

material). Still, many important 

aspects of the phenomenon of stress 

concentration are not comprehensive 

solution.

For the first time, the solution of the stress 

distribution around a circular hole for the 

planar elastic problem was obtained by 

Kirsch.
 [5]

The stress concentration around holes in thick 

plate in elastic range was studied by I. I. 

Vorovich and O. S. Malikina 
[6]

 & among the 

classical works we can denote the work of the 

Neyber G.
[7]

3. Finite element model 

The universal availability of general purpose 

structural analysis computer software has 

revolutionized the investigation of stress 

concentration. No longer are there numerous 

photoelastic stress concentration studies being 

performed.
[8]

 The development of new 

experimental stress concentration curves has 

slowed to trickle. Often structural analysis is 

performed computationally in which the use 

of SCF is avoided, since a high-stress region 

is simply part of the computer analysis. 

Almost all structural members contain some 

form of geometrical (a notch, an opening or 

any abrupt change in cross section) or 

microstructural discontinuities. The maximum 

local stress, max, normally occurs at these 
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discontinuities. This maximum local stress is 

many times greater than the nominal stress, 

nom, of the member. Thus, the discontinuities 

cause areas of stress concentration within the 

component, and are often called "stress 

raisers". In ideally elastic members, the ratio 

of the maximum stress to the nominal stress is 

designated, the theoretical stress 

concentration factor, Kt.
[9]

Kt - theoretical stress-concentration factor. 

nom- nominal normal stress. 

Similarly, we can also estimate the highly 

localized amplification of shear stress in the 

vicinity of a geometric stress concentration. 

Kts - theoretical stress-concentration factor for 

shear. 

nom- nominal shear stress. 

The nominal stress of the above equations is 

typically derived from the elementary strength 

of materials equations, using either a net or a 

gross cross section. 

The detailed study of the stress and strain 

state in stress concentration zones is an 

important prerequisite for optimal, efficient 

and reliable designs. Insufficiently rigorous 

evaluation of the stress state and strength 

conditions in the stress concentration regions 

during design may cause a fracture in the 

highly stressed zones of walls and lead to 

severe consequences. Highly relevant for the 

calculation of the walls of modern buildings is 

the study of stress concentrations in elastic-

plastic deformation.  

SCF can be derived through experimentation, 

analysis or computation: 

1. Experimental Method. Optical 

method, such as photoelasticity is 

widely used for experimentally 

determining the SC at a point.
[8]

However, several alternative 

methods have been used: the brittle-

coating method, grid method, strain 

gauge … 

2. Analytical Method – Theory of 

elasticity. 

3. Computation Method – Finite 

element methods. 

The optical methods are the most effective for 

experimental study of stress concentration. 

And the numerical methods, advisability, 

which have been seen for a long time, acquire 

a special significance at this time. On the one 

hand, this is associated with increased 

reliability requirements of modern 

engineering structures, the calculation of 

which should be based on the latest ideas 

about the behavior of the material in different 

loading conditions. It shall be ensured high 

accuracy of calculation. On the other hand, 

the emergence of electronic computing 

machines has led to a reassessment of the 

effectiveness of approximate methods 

associated with significant computing 

operations, which in the past limited their use. 

Essentially, that the engineering calculations 

of strength, as a rule, do not require absolute 

accuracy. Moreover, it usually, make no 

sense, as much as, baseline data used in the 

calculation as material properties, acting 

loads, temperature modes, and etc. are not 

exact quantities. It's clear that the calculations 

must be maintained approximation taking into 

account the degree of accuracy of initial and 

requirements applicable to the finite precision 

of calculations of the strength of the 

structures. All this speaks in favor of the 

numerical calculation methods. 

With this model we can obtain qualitative and 

quantitative assessment of structural 

reliability under operational conditions 

Simultaneously are solved two main 

problems: 

1. Given an analysis of reliability of the 

structural under different load 

conditions and, also during service. 

2. Optimization of structures for a 

given rate of reliability on purpose to 

obtain the minimum weight, 

maximum cost effectiveness, etc. 

The first mathematical analyses of stress 

concentrations were published in 1937. 

Suggested form solutions are available for the 
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simple stress states and not complex 

geometries. However, for more complex 

cases, experimental methods for measuring 

highly localized stresses (photoelastic tests, 

precision strain gage tests, membrane analogy 

for torsion, etc.) and computerized finite 

element solutions have been used. The results 

of the studies are available in the form of 

published graphs.
[2,3]

It will be observed, that the stress 

concentration graphs are theoretical factors 

based on a theoretical homogenous, isotropic, 

and elastic material. 

On this basis, the finite element models 

performed was aimed to investigate the SCF 

for wall with different shapes of openings, 

and to study and define the stress 

concentration factor for concrete wall with 

different openings at the middle part of the 

walls. 

This work describes an analytical model, 

which was developed using the finite element 

program COMSOL, to investigate the 

analysis of SCF around openings in the 

concrete wall. The concrete wall is modeled 

in the COMSOL Multiphysics modeling 

environment with customized user interfaces 

and functionality optimized for structural 

analysis. 

Previous research on walls' SCF, in general, is 

extremely limited and focuses on empirical 

formulas.
[2]

 To assess the strength under all 

conditions is important to determine, if it is 

possible, a more accurate view of the 

distribution of stresses and strains in the  

concentration region for specific states of the 

material: elastic, plastic and creep strains. 

In this study we will examine the theoretical 

method (FEM) for determination of the true 

state of stress in the vicinity of stress raisers. 

All problems investigated in the present work 

were modeled using Lagrange solid elements. 

Material properties: stiffness (E) of 25GPa 

and Poisson’s ratio ( ) of 0.33. All presented 

models are loaded only in the Y-axis 

direction, with constant the thickness 

dimension oriented with the model’s z-axis 

(Thickness=10cm). The model’s x-axis 

therefore describes the width dimension, 

perpendicular to the loading direction. The 

problems investigated here vary in area and 

shape of hole. (Fig.2)

Fig. 2 Vertically Loaded Concrete Wall 

   

Concrete wall 

Isotropic 

E=25GPa

=0.33

= 2300kg/m
3

Thickness=0.1m 

w=15kN/m

Fixed
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4. Some remarks about the stress 

concentration around openings 

If the dimensions of a stress raiser are much 

smaller than those of the structural member, 

its influence is usually limited to a localized 

area or volume for a 3-dimensional case. That 

is, the global stress distribution of the member 

except for the localized area is the same as 

that for the member without the stress raiser. 

This kind of problem is referred to as 

localized stress concentration. Usually stress 

concentration theory deals with the localized 

stress concentration problems. The simplest 

way to solve these problems is to separate this 

localized part from the member, then to 

determine Kt by using the formulas and curves 

(or as presented in this work by using FEM) 

of a simple case with a similar raiser shape 

and loading. If a wide stress field is affected, 

the problem is called nonlocal stress 

concentration and can be quite complicated. 

Then a full-fledged stress analysis of the 

problem may be essential, probably with 

general purpose structural analysis computer 

software.
[3]

In order to limit the size of the openings and 

identified the shape and position of these 

openings in concrete wall under vertical load 

need to be determined the vertical stress 

around opening. The model is proposed 

(Table1 and 2) allows determining the 

location of the critical stress around opening 

in the concrete wall.   

For the wall with openings, the maximum 

normal stress, y, around holes depends on 

the size of the opening. For this purpose, the 

opening size factor is defined by Michael G. 

Allen and Yahya C. Kurama.
[10]

The explicated above is issue of the day for 

the calculation of walls with openings. The 

tendency to reduce the weight of the buildings 

leads to the necessity to use high-strength 

concrete, which, as a rule, has a higher 

sensitivity to stress concentration.

The most comprehensive source of stress 

concentration factors for commonly 

encountered geometries has been compiled by 

Peterson (1953, 1974).
[2]

 However in these 

references, the stress concentration factors for 

only filleted shafts and plates with holes are 

available and are only approximations based 

on photo elastic results for two-dimensional 

strips. The relation between two and three 

dimensional stress concentration factors is 

made by assuming an analogy exists between 

a circumferential fillet and a circumferential 

groove. This is the limitation of the Peterson 

Graphs for estimation of the SCF.
[3]

The numerical techniques are most effective 

due to advancement of high and large 

memory computers. These techniques can be 

applied for any minor change in the problem, 

which reduces the cost and time required for 

manufacturing and testing of several 

prototypes.

5. Results and discussion 

However, when the wall contains 

discontinuity, such as shown openings 

(Table1 and 2) sudden change in cross 

section, high localized stresses may also occur 

near the discontinuity. As shown in table1, for 

wall with openings, high stress distribution 

will be at the chord along GH line of the 

openings where the cross sectional of the 

member will be at the least. 

The figures and graphs in tables 1 show the 

3D deformed shape, distribution of normal 

stress y along Lines EF and GH, SCF Kt

depending to position of the square hole in 

concrete wall, and also comparison with the 

solid wall. The described FEM model was 

verified by comparing the results of stress 

along Y-axis for 5 types of wall, first from 

which is the solid concrete wall (without 

opening) and others are with opening, as 

shown in table1. 

Thus, the comparison between SCF for wall 

with opening was done. The modeling, 

position, and dimensions of the openings in 

the finite element models are shown in table1. 

The FE analyses of the mentioned above 
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walls show that the most critical section for y

is line GH, in other words, the maximum 

stress locates near the opening along vertical 

line.   

As we can see from table1 the location of the 

maximum normal stress for wall without 

opening is along the base of the wall, but for 

wall with opening is around opening along 

vertical line GH. The presented in table1 

results show how the opening size affects on 

the distribution of the normal stress. 

As noted above, the shape of the opening 

significantly, exerts on the kind and value of 

the normal stress in Y- axis direction (see 

results in table2). Based on the finite element 

analysis, the results of the stress state 

investigation depending to the shape of the 

cutouts are presented in table2. 

As we can see, when the size of the opening 

increases, the normal stress y around 

openings increases, consequently the SCF, Kt,

increases. 

This research provides an overview for the 

design of the required reinforcement in the 

location of maximum stress at all sides of the 

opening. Design and placement of 

reinforcement for wall with openings, 

particularly, described in Design of 

Rectangular Openings in Precast walls Under 

Combined Vertical and Lateral Loads.
[10] 

The FEA indicate that the directions of the 

principal stresses around opening are mostly 

horizontal. 

For symmetrical wall the stress at both right 

and left regions of opening are similar, but the 

concentration of stresses above  opening 

differs from stresses below opening with 

connect to different loading and supporting 

condition.

The concentration of normal stress acting 

along section GH is not uniform, easily; we 

can observe that the stress at corners of the 

opening reaches its maximum magnitude.  

6. Conclusion

1. The finite element model is used to 

conduct a stress investigation of concentration 

factor in concrete wall. 

2. The parameters of studied are the 

opening size, shape, and position. 

3. The variability investigation is studied 

to identify the stress concentration regions in 

the wall where maximum normal stresses 

occur.  

4. The results indicate that the maximum 

stresses are around opening along vertical 

side of opening. 

5. The presence of openings can affect 

the location and magnitude of the maximum 

normal stress around openings. 

6. Using a computer program COMSOL 

allows more accurate approach to the problem 

of stress concentration. 

7. This study shows that the size of the 

openings has a significant effect on Kt.

8. As can be seen from the presented 

results, the position of openings also affects 

on the values of normal stress and Kt.
9. Given that the main problem against the 

engineer - is to know the value of stress at any 

point in structure, and since this work gives a 

complete picture of the state of stress in each zone 

of the wall, leads us to a more efficient use of the 

material, but also helps control the shape of the 

openings and their position. As a consequence, 

leads to the economic feasibility of the structural 

analysis and design. 
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Table1- Effect of the position of the opening on the distribution of the normal stress and SCF 
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Table-2 SCF and distribution of y around opening depending on the hole's size. 

Kt
Stress along horizontal line 

GH

Stress along horizontal 

line EF 
yNo

---1

1.52

1.6 3 

2.04

2.45

Concrete wall 5x3m 

Without opening 

Opening1x1m 

Opening1x2m 

Opening2x2m 

 Opening3x2m 
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ABSTRACT: This paper proposes a method of basis variations to create systems of linear algebraic equations 

for numerical solution of linear and nonlinear boundary problems of mechanics. The objective is to estimate the 

effectiveness of this method against the classical methods, for  example Ritz and Galerkin methods. The consid-

erations are illustrated by examples of the beam deflection analysis, taking into account the changes in stiffness 

of the cross sections. The algorithm for computing the problem was formulated in the Mathematica package. 

Based on the obtained values of deflections in selected nodes it has been concluded that the basis variations me-

thod allows  obtaine similar results to the method of Ritz and Galerkin. 

Key words: Ritz method, Galerkin method, the method of basis variations. 

1. INTRODUCTION

Throughout history, scientists and philosophers 

have been trying to find the general law to ex-

plain special phenomenon of nature. As a result 

of years of scientific research and discussion, 

reflected in the Works by Galileo, Newton, 

Leibniz, Euler, Lagrange, Hamilton and others, 

it was found that practically all the issues can be 

presented as achieving a minimum. According 

to this rule the functionals (integrals) describing 

exactly a considered problem, take the smallest 

value. For example, in mechanics equilibrium 

conditions are such that change in the total po-

tential energy reaches the minimum value, and 

the motion of mechanical systems, according to 

Hamilton's principle is determined by the mini-

mum kinetic potential. All these rules have a 

common are characteristic of and join into one 

group called "variational principles" [1]. 

Most of the tasks of structural mechanics are 

limited to solving differential equations with 

given boundary conditions. Exact solutions are 

very cumbersome and frequently impossible, 

including those due to the difficulties in finding 

integrals of equations which govern these laws. 

Variational methods allow obtaine approximate 

solutions to many problems with the desired ac-

curacy. The idea of these methods is such for a 

boundary problem, an integral expression is 

given, which in order to solve that problem 

takes its mimimum value. The task is thus to 

find suitable function, for which the necessary 

condition for the existence of the extremum is 

just that boundary problem.

Variational problems can be solved using direct 

methods whose basic idea is to use generalized

coordinates. They allow to obtaine a solution for 

the infinite-dimensional problem by reducing it 

to analysis of system with a finite number of 

freedom degrees [1]. In this paper, the analysis 

of selected problems of beam structural me-

chanics employed classical formulations of the 

known variational methods, such as the Ritz and 

Galerkin method and the method of basis varia-

tions.

2. RITZ METHOD  

The Ritz method is a variational method based 

on global formulations issues, which in mechan-

ics include the principle of minimum potential 

energy or the more general, the principle of vir-

tual work. The classical formulation of the Ritz 

method [1, 2, 3, 4] for the rod elements is re-

duced to finding the point of stationarity of the 

functional:

dxvvxFvI
b

a

',,                     (1) 

which approximates the function dependent on 

the adopted set of base functions:
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n

i

iin xaxvxv
1

0 )()()(               (2) 

where 0 is the function which satisfies the hete-

rogeneous boundary conditions. 

The proposed approximate solution (2) is a li-

near combination of basis functions i called as 

well test or acceptable functions, and of the un-

known scalar multipliers (coefficients) ai. Ac-

ceptable functions i(x) should be linearly inde-

pendent, continuous, differentiable up to the 

highest order derivative occurring in the func-

tional and should meet the geometric boundary 

conditions. After substituting (2) to (1) func-

tional I(v) is transformed into function I(a1,

a2,…,an). Stationarity of the functional condition 

is reset to equating to zero its derivatives in the 

functions of the Ritz: 

0...
21 na

I

a

I

a

I
              (3) 

From the solution of the system of equations (3) 

we obtain coefficients ai, which substituted into 

(2) are the sought for approximation which sa-

tisfies the extremum of the functional (1). 

The starting point is in the determining the ap-

propriate functional, which we construct using 

the principle of virtual work. In the issues of 

mechanics change of potential energy Ep(v) may 

be the functional:

LEvEvI
SP

                   (4) 

where Es is the energy of elastic deformation, 

and L  is the potential of external load.  

3. GALERKIN METHOD

The Galerkin method (Bubnov-Galerkin me-

thod) [1,5,6,7] is closely related to the assump-

tions of the Ritz and a broad spectrum of me-

chanics. It is an orthogonalization method used

to solve problems in their local formulations. In 

the formulation of the problem the functional 

(1) will be used again as well as its first varia-

tion of I(v). The necessary condition the exis-

tence of an extremum, taking into account the 

boundary conditions for function v(x), takes 

the form: 

0)( vdxvLvI

b

a

                    (5) 

The desired function v(x), as in the 

Ritz method, is searched for with a certain ap-

proximation:  

xaxvxv i

n

i

in

1

                    (6) 

with the difference that the test functions i(x)

should comply with all the boundary conditions 

that must be understood by the conditions dis-

placement and force boundary conditions. After 

substituting (6) to (5) the expression L(v) will be 

a function of parameters ai. In equation (5) v(x)

can be any function in the area of integration, 

with one restriction that is on the edge it has to 

take of zero values. Variations v(x) can be rea-

lized giving to the coefficients ai other small 

changes ai then the equation (1) takes the form: 

nidxxvavL ii

b

a

...2,1;0         (7) 

Due to the fact that changes in ai are constant 

and different from zero, correlation (7) leads to 

a system of linear algebraic equations relative to 

unknown parameters ai, called the Bubnov-

Galerkin equations 

0dxxvvL i

b

a

                    (8) 

4. THE METHOD OF BASIS

    VARIATIONS 

The method of basis variations [7,8] allows 

creating algebraic equations for the numerical 

solution of linear and nonlinear boundary prob-

lems. A characteristic feature of this method is 

the algorithmic and the possibility of mathemat-

ical formulas for the allocation of the input data. 

This method uses the characteristic properties of 
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linear operators L and bilinear functionals     

B(u, v), namely this is the additivity: 

wuBvuBwvuB

vwBvuBvwuB

LvLuvuL

,,,

,,,               (9) 

and homogeneity: 

vuBvuBvuB

LuuL

,,,
            (10) 

Using the Riesz theorem [9] bilinear functional 

B corresponds to a linear operator L (that is, 

there is a clear correspondence between them) 

and takes the form: 

vLuvLuvuB *,,,                (11) 

where L* is the operator adjoint to operator L.

Solving the boundary problems consi-

dered to be a convenient record is considered 

functional in the form of (11), independently of 

whether the functional has the physical mean-

ing. The looking function which takes part in 

the differential operator in the transition to the 

functional is included in the integral expression. 

During this process, the order of derivative of 

the unknown function is reducing as well as the 

number of components correctly normalized 

boundary conditions. In formulating the prob-

lem by a bilinear functional, properly chosen 

boundary conditions are considered without the 

need of their additional description. In this final 

discrete areas the linear operator corresponding 

to the functional is uniquely determined by the 

matrix A={aij}. In this case, the value of each 

element of the matrix of the i-th row and j-th

column can be calculated from the formula:

ji

ij eeBa ,                    (12) 

or by the operator L:

i

j

ij eLa                      (13) 

In the method of basis variations, to present the 

elements of the matrix, which is corresponding 

to finite functionals and operators in formulas 

(12) and (13), unit (basic) vectors e
(i)

 and e
(j)

 are 

used. In the case of a single scalar vector, its 

arbitrary k-th element is equal to: 

mk

mk
e

m

k
gdy0,

gdy1,
                   (14) 

5. EXAMPLES AND CONCLUSIONS 

The presentation of the effectiveness of the me-

thod of basis variations, in comparison to the 

classical Ritz and Galerkin formulations, shown 

in the examples of a beam bending and com-

pressed. In the analysis the input data set (load 

forces, P, S, distributed load p perpendicular to 

the axis of the element) and the initial parame-

ters of the task (E, I). For each structure schema 

the calculation algorithm executed in the pack-

age Mathematica environment was built. The 

work shows the results of the deflections for the 

two ways of beams supporting (fig. 1, fig. 3). In 

both cases the following were adopted: the 

length l = 1 [m], the height of the cross section 

of b = 0.1 [m] and module of elasticity of steel E

= 210 [GPa]. For the beam shown in figure 1, an 

analysis was carried out with variable moment 

of inertia I (x) = (l + x (1-x)) 10-6 [m4] (fig. 2a) 

or for the constant cross-section IPE100 

(fig.2b). The results of this analysis are pre-

sented in figure 2. 

Fig. 1. Scheme of the beam 1 
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a)

b)

Fig. 2. The graph for a beam deflection 1: a) the variable 

moment of inertia, b) a constant moment of inertia 

For the beam shown in figure 3, an analysis was 

carried out with regard to the constant cross-

section IPE 100. The results obtained using the 

method of basis variations and the Galerkin ap-

proach is illustrated in figure 4.

Fig. 3. Scheme of the beam 2 

On the basis of the analyzed examples it was 

demonstrated that the results obtained using the 

method of Ritz, Galerkin and of basis variations  

are convergent. Differences in the results pre-

sented in graphs (fig 2, fig 4.) are of the order of 

1%-6% (if the deflections are given in millime-

ters difference becomes insignificant). For more 

complex structures, in order to increase the ac-

curacy of the method of basis variations, the 

discretization step should  be concentrated, but 

it does not complicate the issue and does not 

change the algorithm. 

Fig. 4. The graph for a beam deflection 2 

Advantages of this metod include the 

possibility of simplifying mathematical calcula-

tions and the algorithmic visual way of formu-

lating issues. The functional that describes the 

problem tasks (and more specifically the inte-

grand expression) or a differential operator equ-

ation of the boundary problem can be written in 

explicit form, with the formal participation of 

unknown function. Changing the concept of so-

lution of the problem can be efficiently achieved 

by the possibility of concluding this feature in 

the initial data. The problem can also be formu-

lated in a single expression with the initial as-

sumptions that contain the boundary conditions. 

Additional simplification of the calculation is to 

use the simplest (unit) basis function. 

In conclusion, the method of basis variations is 

an universal method limiting to a minimum the 

risk of error. 
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INVESTIGATION OF PARALLEL COMPUTATIONAL 

CAPABILITIES OF MODERN FREELY GPU SOLVERS 

Alexander V. Sidorov 
Moscow State University of Civil Engineering, Moscow, RUSSIA 

ABSTRACT: This article reviews the existing shareware solvers that run on the graphical device of computer. 

The purpose of this review is to explore the possibilities and limitations of these parallel solvers for linear alge-

braic problems that arise in the Research and Educational Centre of computer modeling at MSUCE and Research 

& Engineering Center StaDyO. Explored new possibilities of using a GPU in PETSc suit and compared with the 

results without using of GPU. Research is carried out the CUSP library, which was created specifically for the 

problems of linear algebra on GPU. Studied new MAGMA project, which is analogous to LAPACK for the 

GPU. 

Key words: linear algebraic problems, GPGPU (General-purpose computing on graphics processing units), 

CUDA, parallel solvers, libraries: PETSc, CUSP, MAGMA. 

INTRODUCTON

Purpose of present investigation is overviewing 

of current modern freely GPU (Graphics 

processing unit) based solvers, how fast they 

can solve tasks that occurred with Russian finite 

element program package STADYO [1] and 

what need to do to make easy GPU based solu-

tion.

1. NVIDIA CUDA 

CUDA [2] gives developers access to the virtual 

instruction set and memory of the parallel com-

putational elements in CUDA GPUs. Using 

CUDA, the latest Nvidia GPUs become accessi-

ble for computation like CPUs. Unlike CPUs 

however, GPUs have a parallel throughput ar-

chitecture that emphasizes executing many con-

current threads slowly, rather than executing a 

single thread very quickly. This approach of 

solving general purpose problems on GPUs is 

known as GPGPU [3]. 

2. PETSc 

PETSc [4], pronounced PET-see, is a suite of 

data structures and routines for the scalable (pa-

rallel) solution of scientific applications mod-

eled by partial differential equations. It supports 

MPI [5], shared memory pthreads, and NVIDIA 

GPUs, as well as hybrid MPI-shared memory 

pthreads or MPI-GPU parallelism. PETSc pro-

vides own Krylov methods, own precondition-

ers and third party direct solvers. 

Krylov methods: Richardson, Chebychev, Con-

jugate Gradients, Generalized Minimal Residual 

method, Stabilized version of BiConjugate Gra-

dient Squared, a transpose free Quasi Minimal 

Residual, Conjugate Residuals, Conjugate Gra-

dient Squared, Biconjugate gradient method, 

Minimum Residual, Flexible Generalized Mi-

nimal Residual, Sparse Linear Equations and 

Least Squares, Sparse Symmetric Equations, 

GMRES with approximations to the error from 

previous restart cycles, Generalized Conjugate 

Residual, Conjugate Gradient without explicitly 

forming. 

Preconditioners: Jacobi, Point block Jacobi, 

Ruccessive over Relaxation, point block SOR, 

block Jacobi, additive Schwarz, Incomplete fac-

torizations, Incomplete Cholesky factorization, 

multigrid preconditioning, Balancing Neumann-

Neumann. 

Direct solvers: LU, Cholesky, QR, XXt and 

XYt.

PETSc on GPU 
PETSc algebraic solvers now run on Nvidia 

GPU systems. This sometimes provides an al-

ternative high performance low cost solution 

technique.

PETSc built on NVIDIA CUSP and THRUST 

[6] template libraries. 
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International Journal for Computational Civil and Structural Engineering 35



NVIDIA THRUST - C++ templated 

headers similar to parts of STL 

NVIDIA CUSP - C++ numerical linear 

algebra templated headers 

Sparse Matrices on GPUs: 

Matrices are generated on CPU 

Data copied down on demand (never co-

pied up) 

All of the Krylov methods except KSPIBCGS 

run on the GPU. The only preconditioners to run 

directly on the GPU are Jacobi, SACUSP, SA-

CUSPPOLY, and AINVCUSP. 

PETSc Test 
Test model is a model of an air tank from nuc-

lear power plant. Stiffness matrix has 120’708 

rows, 120’708 columns and 5’614’198 

(11’228’396 for non-symmetric) non-zero ele-

ments.  

Figure 1. FE model of an air tank from nuclear 

power plant. 

In this test the relative convergence tolerance is 

1e-07. Problem consequentially solved on CPU 

and CPU + GPU, and also with MPI type paral-

lelization with 2 cores on CPU and 2 cores on 

CPU + GPU. System configuration is Intel® 

Core™ i5-2410M CPU @ 2.3GHz, 4 Gb RAM, 

Nvidia 540M 1 Gb (96 CUDA Cores).

Solver was preconditioned conjugate residuals 

method [7]. Preconditioners:

Jacobi (i.e. diagonal scaling precondi-

tioning)

SOR (successive over relaxation, Gauss-

Seidel) preconditioning. Not a true parallel SOR, 

in parallel this implementation corresponds to 

block Jacobi with SOR on each block. 

Results with Jacobi preconditioner shows that in 

consequential mode GPU + CPU are about 2 

times faster than single CPU. MPI parallelization 

slows CPU + GPU mode, but speed up CPU 

mode.

Results with SOR preconditioner shows that this 

preconditioner without any GPU optimizations 

solve system much faster than Jacobi precondi-

tioner with GPU parallelization mode, and that 

there are still a lot of work with GPU optimiza-

tions.

Figure 2. Histogram of test results. 

3. CUSP

Cusp [8] is a library for sparse linear algebra 

and graph computations on CUDA. Cusp pro-

vides a flexible, high-level interface for manipu-

lating sparse matrices and solving sparse linear 

systems. Cusp provides support for reading and 

writing MatrixMarket files. 

Cusp provides a variety of iterative methods for 

solving sparse linear systems. Established Kry-

lov subspace methods are available: 

Conjugate-Gradient (CG) 

Biconjugate Gradient (BiCG) 

Biconjugate Gradient Stabilized 

(BiCGstab) 

Generalized Minimum Residual 

(GMRES)

Multi-mass Conjugate-Gradient (CG-M) 

Alexander V. Sidorov
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Multi-mass Biconjugate Gradient stabi-

lized (BiCGstab-M) 

Preconditioners are a way to improve the rate of 

convergence of iterative solvers. The good pre-

conditioner is fast to compute and approximates 

the inverse of the matrix in some sense. Cusp 

provides the following preconditioners: 

Algebraic Multigrid (AMG) based on 

Smoothed Aggregation 

Approximate Inverse (AINV) 

Diagonal

CUSP Test 

“Tab” model – simple object like “stool”. Size 

of stiffness matrix is 678 rows, 678 columns and 

2331 (4662 for non-symmetric) non-zero 

elements. Relative tolerance 10
-7

, maximum 

iterations 5000. System configuration is Intel® 

Core™ i5-2410M CPU @ 2.3GHz, 4 Gb RAM, 

Nvidia 540M 1 Gb (96 CUDA Cores).

No Preconditioner 

Smoothed Aggregation 

algebraic multigrid

preconditioner

Diagonal

preconditioner

Conjugate Gradient 

method 

Successfully con-

verged after 1760

iterations

Failed to converge

after 5000 iterations 

Failed to converge 

after 5000 iterations 

Biconjugate Gradient 

method 

Successfully con-

verged after 1765

iterations

Failed to converge

after 5000 iterations 

Failed to converge 

after 5000 iterations 

Biconjugate Gradient 

Stabilized method 

Failed to converge 

after 5000 iterations 

Failed to converge

after 5000 iterations 

Failed to converge 

after 5000 iterations 

Generalized Mini-

mum Residual  

method 

Failed to converge 

after 5000 iterations 

nan nan

This results show that some solvers and all pre-

conditioners that provide CUSP are incompati-

ble with finite-element problems.

4. MAGMA

The MAGMA (Matrix Algebra on GPU and 

Multicore Architectures) [9] project aims to de-

velop a dense linear algebra library similar to 

LAPACK but for heterogeneous/hybrid archi-

tectures, starting with current "Multicore+GPU" 

systems. 

The MAGMA research is based on the idea that, 

to address the complex challenges of the emerg-

ing hybrid environments, optimal software solu-

tions will themselves have to hybridize, combin-

ing the strengths of different algorithms within a 

single framework. Building on this idea, we aim 

to design linear algebra algorithms and frame-

works for hybrid manycore and GPUs systems 

that can enable applications to fully exploit the 

power that each of the hybrid components of-

fers.

MAGMA 1.0 is intended for a single CUDA 

enabled NVIDIA GPU. It extends version 0.2 

by adding support for the Fermi GPUs. Included 

are routines for the following algorithms: 

LU, QR, and Cholesky factorizations in 

both real and complex arithmetic 

Hessenberg, bidiagonal, and tridiagonal 

reductions in both real and complex arithmetic 

Linear solvers based on LU, QR, and 

Cholesky in both real and complex arithmetic 

Eigen and singular value problem solv-

ers in both real and complex arithmetic 

Generalized Hermitian-definite eigen-

problem solvers; 
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Mixed-precision iterative refinement 

solvers based on LU, QR, and Cholesky in both 

real and complex arithmetic 

MAGMA BLAS in real arithmetic (sin-

gle and double), including gemm, gemv, symv, 

and trsm 

MAGMA Test
DGESV (LAPACK BENCHMARK) solve in 

double precision respectively A * X = B where 

A is an M-by-N matrix and X and B are N-by-

NRHS matrices. 

seconds)(CPU

]N2+N)
3

2
[()10(1

=MFLOPS

236-

GPU Results on system Intel® Core™ i5-

2410M CPU @ 2.3GHz, 4 Gb RAM, Nvidia 

540M 1 Gb (96 CUDA Cores):

    N      NRHS     GFlop/s       || b-Ax || / ||A|| 

==================================

 1024      100           8.86          2.819232e-15 

 2048      100         13.69          2.918877e-15 

 3072      100         16.48          3.332595e-15 

 4032      100         17.37          3.070450e-14 

 5184      100         18.01          1.191584e-14 

 6016      100         18.36          1.037878e-14 

 7040      100         18.61          2.298301e-14 

 8064      100         18.94          7.340451e-15 

 9088      100         19.08          2.057905e-15 

10112     100         19.20          3.002565e-15 

Figure 3. Diagram of DGESV test at single pro-

cessor on one of the Hoffman2 Cluster  

compute nodes. 

Results for a single processor on one of the 

Hoffman2 Cluster compute nodes (the code is 

single-threaded and statically linked) are shown 

on Figure 3. 

This test shows that GPU parallelization is good 

decision for speeding up linear system solving. 
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CORRECT ALGORITHM OF AVERAGING 

AS A PART OF NUMERICAL SOLUTION OF BOUNDARY 

PROBLEMS WITH THE USE OF HAAR BASIS 

PART 1: ONE-DIMENSIONAL PROBLEMS 

Pavel A. Akimov, Marina L. Mozgaleva 
Moscow State University of Civil Engineering, Moscow, RUSSIA 

ABSTRACT: Correct algorithm of averaging as a part of numerical solution of boundary problems of structural 

mechanics and mathematical physics with the use of one-dimensional Haar basis is under consideration in the dis-

tinctive paper. 

Key words: correct algorithm, averaging, boundary problem, numerical solution, wavelet analysis, Haar basis 
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CORRECT ALGORITHM OF AVERAGING 

AS A PART OF NUMERICAL SOLUTION OF BOUNDARY 

PROBLEMS WITH THE USE OF HAAR BASIS 

PART 1: TWO-DIMENSIONAL PROBLEMS 

Pavel A. Akimov, Marina L. Mozgaleva 
Moscow State University of Civil Engineering, Moscow, RUSSIA 

ABSTRACT: Correct algorithm of averaging as a part of numerical solution of boundary problems of structural 

mechanics and mathematical physics with the use of two-dimensional Haar basis is under consideration in the dis-

tinctive paper. 

Key words: correct algorithm, averaging, boundary problem, numerical solution, wavelet analysis, Haar basis 
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MODELING SEISMIC WAVES NEAR EPICENTRES OF THE 

EARTHQUAKES

A.V.Kaptsov, S.V.Kuznetsov
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SEISMIC WAVES AND SEISMIC BARRIERS

Sergey V. Kuznetsov
1

1Institute for Problems in Mechanics, Russian Academy of Sciences  

ABSTRACT: The basic idea of seismic barrier is to protect an area occupied by a building or a 
group of buildings from seismic waves. Depending on nature of seismic waves that are most 
probable in a specific region, different kinds of seismic barriers are suggested.  

For example, vertical barriers resembling a wall in a soil can protect from Rayleigh and bulk 
waves. The FEM simulation reveals that to be effective, such a barrier should be (i) composed of 
layers with contrast physical properties allowing “trapping” of the wave energy inside some of the 
layers, and (ii) depth of the barrier should be comparable or greater than the considered seismic 
wave length.  

Another type of seismic barrier represents a relatively thin surface layer that prevents some types 
of surface seismic waves from propagating. The ideas for these barriers are based on one 
Chadwick’s result concerning non-propagation condition for Rayleigh waves in a clamped half-
space, and Love’s theorem that describes condition of non-existence for Love waves. The 
numerical simulations reveal that the length of the horizontal barriers should be not less than the 
typical wavelength.  

Keywords: Seismic wave, seismic barrier, Rayleigh wave, Love wave  

1 INTRODUCTION  

1.1. Methods of seismic protection. Generally, 

current approaches for preventing failure of 

structures due to seismic activity can be 

divided into two groups: (i) approaches for 

creating seismically stable structures and

joints; this group contains different methods 

ensuring either active or passive protection; 

and (ii) approaches for creating a kind of 

seismic barrier preventing seismic waves from 

transmitting wave energy into a protected 

region.  

While the first group includes a lot of different 

engineering approaches and solutions, the
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Takahashi et al. (2001) and more recent works 

by Motamed et al. (2008), Kusakabe et al. 

(2008). The proposed research belongs to the 

second group. 

1.2. Possible types of wave barriers. The 

considered seismic barriers can be of two 

types: vertical, aimed to reflect, trap, and 

dissipate most of the seismic wave energy; 

and horizontal, based on Chadwick and 

Smith (1977) and Love (1911) theorems, 

and aimed to prevent certain types of 

seismic waves from propagation; Fig. 1.  

1.3. Rough surfaces. Yet another 

interesting approach is to create a “rough” 

surface of the half-space to force the 

propagating Rayleigh wave scatter by 

caves and swellings; see Fig.2, where part 

of a free surface with the sinusoidal 

roughness is pictured. In this respect, the 

rough surface apparently transforms the 

elastic half-space into viscoelastic one. To 

be effective, periodic imperfections should 

have magnitude and period comparable to 

the magnitude and wavelength of 

propagating Rayleigh wave (Sobczyk 

1966, Maradudin & Mills 1976, Maradudin 

); g

In practice, such a rough surface can be 

achieved by a series of rather deep trenches 

oriented transversally to the most probable 

direction of the wave front. Some of obvious 

deficiencies of this method are: (i) its inability 

to persist the surface waves other than 

Rayleigh waves; (ii) protection from Rayleigh 

waves travelling only in directions that are 

almost orthogonal to orientation of the 

trenches; and, (iii) high sensitivity to the 

frequency of travelling Rayleigh waves. These 

shortcomings made an idea of exploiting a 

rough surface as a kind of protective barrier, 

unrealizable.

1.4. Vertical barriers. For bulk waves the 

most effective vertical barrier would be an 

empty trench, or a trench filled in with a 

lighter material than the ambient soil. For 

such a barrier most of the wave energy 

would be reflected, as is shown on Fig.3.

However, propagating Rayleigh or Love 

wave will simply overflow an empty 

trench, as Fig.4 shows.

Figure 1. Vertical and horizontal seismic 

barriers 

Figure 2. Full reflection of an incident 

bulk wave from an empty trench 

Figure 3. Rough surface acting as seismic 

barrier against Rayleigh waves

Figure 4. Flow of Rayleigh wave around 

an empty trench 
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dangerous types of seismic Rayleigh and 

Love waves, the vertical barrier should be 

of a more elaborate type. Possible 

structures of vertical barriers will be 

discussed later on.

1.5. Horizontal barriers. Horizontal bar-
riers can be constructed by modifying 
properties of the outer layer preventing the 
corresponding surface wave from propaga-
tion.

In practice, modifying physical properties 
of the outer layer can be achieved by rein-
forcing ground with piles or “soil nails”; 
see papers where reinforcing was studied 
for increasing bearing load of the soil 
(Blondeau 1989, De Buhan et al. 1989, 
Abu-Hejleh et al. 2002, Eiksund 2004, 
Herle 2006).

If distance between piles is sufficiently 
smaller than the wave length, then a rein-
forced region can be considered as ma-
croscopically homogeneous and either 
transversely isotropic or orthotropic de-
pending on arrangement of piles. Of 
course, homogenized physical properties of 
the reinforced medium depend upon ma-
terial of piles, distance between them, and 
their arrangements.  

For stochastically homogeneous arrange-
ment of piles and the initially isotropic up-
per soil layer, the reinforced soil layer be-
comes transversely isotropic with the 
homogenized (effective) characteristics 
that can be evaluated by different methods:  

2 THE MAIN TYPES OF SURFACE 

ACOUSTIC WAVES  

In this section we proceed to analyzes of 
the main types of seismic surface waves 
and conditions for their non-existence

2.1. Rayleigh waves. These waves discov-
ered by Lord Rayleigh (Strutt 1885) prop-
agate on a plane surface of a halfspace; 
see, Fig. 5 and exponentially attenuate with 
depth. These waves transmit the most 
seismic energy and lead to most severe 
damage in earthquakes.  

Figure 5. Rayleigh wave in a half-space

One interesting problem associated with 

Rayleigh waves is a problem of 

“forbidden” directions of “forbidden” 

(necessary anisotropic) materials that does 

not transmit a Rayleigh wave along some 

directions. Forbidden materials and 

forbidden directions have been intensively 

searched both experimentally and 

numerically (Lim & Farnell 1968, 1969, 

Farnell 1970) until mid seventies when the 

theorem of existence for Rayleigh waves 

was rigorously proved (Barnett & Lothe 

1973, 1974a,b, Lothe & Barnett 1976 

Chadwick & Smith 1977, Chadwick & 

Jarvis 1979, Chadwick & Ting 1987). This 

theorem states that no materials possessing 

forbidden directions for Rayleigh waves 

can exist.  

Despite proof of the theorem of existence, 

a small chance for existence of forbidden 

materials remained. This corresponded to 

the case of non-semisimple degeneracy of 

a special matrix associated with the first-

order equation of motion; actually, this 

matrix is the Jacobian for the Hamiltonian 

formalism used for Rayleigh wave 

description. However, it was shown 

(Kuznetsov 2003) that even at the non-

semisimple degeneracy a wave resembling 

the genuine Rayleigh wave can propagate. 

Thus, for waves propagating on a 

homogeneous half-space, no forbidden 

materials or directions can exist.  

2.2. Stoneley waves. These are waves were 

introduced by Stoneley (1924), and 

analyzed by (Sezawa & Kanai 1939, 
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waves propagate on an interface between 

two contacting half-spaces, Fig 6.

Figure 6. Stoneley wave on the interface 

between two contacting half-spaces

In contrast to Rayleigh waves, Stoneley 

waves can propagate only if material 

constants of the contacting half-spaces 

satisfy special (very restrictive) conditions 

of existence. These conditions were 

studied by Chadwick & Borejko (1994), 

Sengupta & Nath (2001).

It should be noted that for the arbitrary 

anisotropy no closed analytical relations 

between material constants of the 

contacting half-spaces ensuring existence 

or non-existence of Stoneley waves have 

been found (2010). 

2.3. Love and SH waves. Love waves 

(Love, 1911) are horizontally polarized 

shear waves that propagate on the interface 

between an elastic layer contacting with 

elastic half-space; Fig. 7. At the outer 

surface of the layer traction-free boundary 

conditions are generally considered. 

Figure 7. Love wave propagating on the 

interface

p y

space the conditions of existence derived 

by Love are:

S S
layer halfspacec c ,     (1) 

where *
Sc  are the corresponding speeds of 

the transverse bulk waves. At violating 

condition (4) no Love wave can propagate. 

For the case of both anisotropic 

(monoclinic) layer and a half-space the 

condition of existence is also known 

(Kuznetsov 2006a).

SH waves resemble Love waves in 

polarization, but differ in absence of the 

contacting half-space. At the outer surfaces 

of the layered plate different boundary 

conditions can be formulated (Kuznetsov 

2006b). In contrast to genuine Love waves, 

the SH waves exist at any combination of 

elastic properties of the contacting layers.

Besides Love and SH waves a combination 

of them can also be considered. This 

corresponds to a horizontally polarized 

wave propagating in a layered system 

consisting of multiple layers contacting 

with a half-space. Analysis of conditions of 

propagation for such a system can be done 

by applying either transfer matrix method 

(Thomson 1950, Haskell 1953), known 

also as the Thomson-Haskell method due 

to its originators; or the global matrix 

method mainly developed by Knopoff 

(1964).

At present (2010) no closed analytical 

conditions of existence for the combined 

Love and SH waves propagating in 

anisotropic multilayered systems are 

known; however, these conditions can be 

obtained numerically by applying transfer 

or global matrix methods; see (Kuznetsov 

2006a, b; Djeran-Maigre & Kuznetsov 

2008).

Different observations show that genuine 

Love and the combined Love-SH waves 

along with Rayleigh and Rayleigh-Lamb 

waves play the most important role in 

transforming seismic energy in
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& Zadro 2007). But, as we have seen, there 

is a relatively simple (at least from a 

theoretical point of view) method for 

stopping Love and the combined Love and 

SH waves by modifying the outer layer in 

such a way that conditions of existence (4) 

are violated.  

2.4. Lamb and Rayleigh-Lamb waves.

Lamb waves (Lamb, 1917) are dispersive 

waves propagating in a homogeneous plate 

and (if a plate is isotropic) polarized in the 

saggital plane, similarly to polarization of 

the genuine Rayleigh waves. It is known 

(Lin & Keer 1992, Ting 1996) that Lamb 

waves can propagate at any anisotropy of 

the layer and at traction-free, clamped, or 

mixed boundary conditions imposed on the 

outer surfaces of the plate. The same result 

can be extrapolated to a layered plate 

containing multiple anisotropic 

homogeneous layers in a contact (Ting 

2002). Thus, for Lamb waves no forbidden 

materials exist.  

Figure 8. Rayleigh-Lamb waves 

More interesting from seismological point 

of view are Rayleigh-Lamb waves; see 

Fig.8. These are dispersive waves 

propagating in a layered plate contacting 

with a (homogeneous) halfspace. Rayleigh-

Lamb waves in isotropic media are 

polarized in the saggital plane defined by 

vectors  (normal to a median plane) and 

n  (direction of propagation), as Lamb and 

Rayleigh waves. Needless to say that 

Rayleigh-Lamb waves are much more 

difficult for theoretical studies than 

y g

3 SEISMIC BARRIERS

Herein, we present some results on 

numerical simulation of propagating 

seismic waves and their interaction with 

seismic barriers. The presented results 

were obtained by the explicit FE code 

implemented on a cluster and a metacluster 

computers.  

3.1. Vertical barriers. Theoretical analysis 
and numerical simulations reveal that to ef-
fectively protect from Rayleigh and Ray-
leigh-Lamb waves a vertical barrier (Fig.1) 
should satisfy several conditions: (i) the 
barrier should have a composite layered 
structure composed of vertical layers with 
contrast physical properties; (ii) depth of 
the barrier should be comparable to the 
wavelength of the most probable seismic 
wave; (iii) the protected zone should be 
completely surrounded by a barrier to 
avoid flowing of the seismic wave inside 
the protected zone.

a)

b)

Figure 9. Round-shaped vertical barrier 

protecting from Rayleigh waves: a) 3D 

model; b) cross-section.
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lated to numerical simulation of a propa-
gating seismic Rayleigh wave interacting 
with a round-shaped vertical barrier; the 
latter completely surrounds the protected 
region. The ratio of the wavelength to 
depth of the barrier was taken ~0.8. This 
corresponded to the reference frequency 
10Hz and the Rayleigh wavelength 20m 
(speed of Rayleigh wave was 200 m/sec; 
speed of the transverse bulk wave was 
~220 m/sec); diameter of the protected re-
gion was 120m. Inside the protected region 
reduction of the magnitude of displace-
ments was more than ten times comparing 
to the outside territory.  

3.2. Transverse (horizontal) barriers. Our 

analyses revealed that ssimilarly to vertical 

barriers, the transverse barriers should 

satisfy several conditions to effectively 

protect from seismic waves: (i) length 

(horizontal) of the barrier should be 

comparable to the wavelength; (ii) material 

of the barrier should have larger density 

than the ambient soil for Rayleigh waves; 

that is in agreement with Chadwick’s 

theorem stating that at the clamped surface 

of a halfspace, no Rayleigh wave can 

propagate; (iii) material of the barrier 

should satisfy the opposite Love’s 

propagating condition (4) for protecting 

from propagating seismic Love waves.  

Figure 10. 3D model of transverse round-

shaped barrier protecting from a long 

Rayleigh wave

Figure 10 demonstrates a movie frame re-
lated to numerical simulation of a propa-
gating seismic Rayleigh wave having a

g g g
round-shaped transverse (horizontal) bar-
rier; the latter completely surrounds the 
protected region. The ratio of the wave-
length to length of the barrier was taken 
one and a half. Inside the protected region 
reduction of the magnitude of displace-
ments was about three times comparing to 
magnitude of displacements at the outside 
territory.  

4 CONCLUDING REMARKS  

4.1. Setting up an optimization problem.

To make search of the optimal geometric 

and physical properties of the protecting 

barriers more systematic, solution of the 

following optimizing problem can be 

suggested. Mathematically the 

optimization problem for minimizing 

magnitudes of deflections can be written as 

finding minimum of the following target 

function:

1 1 1 1, /2 /2
min ( ) max max ( ) ( , )

h x h
F s m x

C

(2)

where 1 1,C , and 1 1,h l  are the elasticity 

tensor, density, depth, and length of the 

barrier (in the case of isotropic material, 

Lamé constants can be used instead of the 

elasticity tensor),  is the angular 

frequency,  is a set the interesting 

frequencies of seismic waves, ( )s  is the 

spectral density, x x  is a coordinate 

along depth of the layer, and m  is the 

magnitude of deflections in the protected 

zone. This problem resembles one that is 

usually solved at finding optimal 

parameters of shock absorbers (Den Hartog 

1985, Balandin et al. 2000, 2008).

4.2. A barrier that utilizes the concept of 
scattering seismic wave energy. That is 

another type of seismic barriers. From 

technological point of view, such a barrier 

can be even simpler and possibly cheaper 

to create than vertical or horizontal 

barriers. To demonstrate this concept, 

consider a ring shaped pile field as shown
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Figure 11. A ring-shaped pile field used to 

scatter seismic wave energy  

While interacting with seismic waves each 

pile acts as a scatter obstacle. 

Arrangement, material, and profile of the 

piles can be obtained by an optimization 

procedure that is similar to one outlined in 

the previous subsection.

4.3. Where seismic barriers can be most 

efficient? Our theoretical and numerical 

studies of different types of seismic 

barriers revealed that their usage can be 

most efficient at soft soils especially 

subjected to liquefaction, when more 

traditional seismic protection measures can 

be inadequate; see Fig. 12 demonstrating a 

building failure due to loss of stability of 

the liquefied soil.  

Figure 12. Failure of buildings caused by 

soil liquefaction (Niigata, Japan, 1964) by 

FEMA  

Another possible area of application where 

the seismic barriers can be indispensable, 

is necessity to protect the foundation that 

p

seismic isolation; see Fig. 13. 

Figure 13. Formation of the main crack in 

the base plate (Fukushima I, 2011) 
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A PARALLEL ALGORITHM FOR THE GENERATION OF MA-

TRIX EQUATIONS OF BUILDING STRUCTURES EQUILIBRIUM 

Alexander V. Sidorov 
Moscow State University of Civil Engineering, Moscow, RUSSIA 

ABSTRACT: The algorithm of numerical analysis of building structures based on parallel computing is pre-

sented. The main modern numerical methods for calculation of building structures (such as finite element me-

thod, finite volume method, boundary element method, finite difference method) provide systems of linear alge-

braic equations and their solution. This system of equations are formulating the conditions for a minimum of dis-

crete mathematical models of the object to be calculated, such as a minimum condition for the expression of 

energy changes of the computational scheme of the structure, deformed by external factors, or this system of li-

near equations implements the principle of conservation, such as the conditions of equilibrium of computational 

scheme of the structure. The algorithm is intended for the generation of such systems of equations. 

Key words: computing, a system of linear equations, vector algorithm, convolution. 
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