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AIMS AND SCOPE

The aim of the Journal is to advance the research and practice in structural engineering
through the application of computational methods. The Journal will publish original papers and
educational articles of general value to the field that will bridge the gap between high-performance
construction materials, large-scale engineering systems and advanced methods of analysis.

The scope of the Journal includes papers on computer methods in the areas of structural
engineering, civil engineering materials and problems concerned with multiple physical processes
interacting at multiple spatial and temporal scales. The Journal is intended to be of interest and use
to researches and practitioners in academic, governmental and industrial communities.

KPATKME CBEQEHUA O XXYPHAINE
INTERNATIONAL JOURNAL FOR COMPUTATIONAL CIVIL AND
STRUCTURAL ENGINEERING

Kypnan International Journal for Computational Civil and Structural Engineering siBns-
€TCsl MEXIyHapOJIHbIM NEPUOANUYECKUM U3AAHUEM, YUPEAUTEISIMU U U3/1aTENISIMH KOTOPOTO BBICTY-
natot M3natenscTBO Accormaruu ctpoutelbHbIX By30B (ACB) /Poccus, r. MockBa/ u M3narenscT-
B0 Begell House Inc. /CIIIA, . Heto-Hopx/.

B penakunoHHBIN COBET KypHayla BXOASIT U3BECTHBIE POCCHIICKUE U 3apyOeKHbIC JAESITeTN
HayKH U TeXHUKU. OCHOBHOW KpUTEpHil 0TOOpa cTaTe /i myOauKaluy B )KypHalle — UX BBICOKHN
HAYYHBI ypOBEHb, COOTBETCTBUE KOTOPOMY OMNPENENSIETCS B XOJ€ BBICOKOKBAIU(DUIIMPOBAHHOTO
PELeH3UPOBaHUSA U OOBEKTUBHOM SKCIIEPTU3bI, MOCTYMAIONINX B PEAAKIIMIO MATEPHAIIOB.

Kypnan Bxoaut B Ilepedyenp Beaylux peueH3UpyEMbIX HAYUHBIX )KYPHAJIOB M U3/IaHUM, B
KOTOPBIX JOJKHBI ObITH OIyOJIUKOBAHBI OCHOBHBIC HAYUHBIE PE3YJIbTAThI AUCCEPTAIUIA.

Kypnan 3apeructpupoBad B DenepaibHOM areHTCTBE 1O CPEACTBAM MaccoBOM HHpOpMa-
IIUM U OXpaHbl KyJIbTYpHOTo Hacienus Poccuiickoit @eneparun. MHaekc B 001MEpOCCUHCKOM KaTa-
nore POCIIEHATD — 18076.
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GUIDELINES FOR PREPARATION OF MANUSCRIPT
AND RELATED INFORMATION

Viadimir N. Sidorov', Pavel A. Akimov’, Taymuraz B. Kaytukov’
'Editor-in-Chief of International Journal for Computational Civil and Structural Engineering
*Associate Editor of International Journal for Computational Civil and Structural Engineering
*Technical Editor of International Journal for Computational Civil and Structural Engineering

ABSTRACT: Each paper must be typed on snow white paper sheets of A4 (210x297mm) size only on one side
in boxes as shown on this sample. The abstract must be typed in 16 cm width box. The text of paper in the first
page must be written in two columns 8.25 cm in width. All next pages must also have two columns 8.25 cm in
width. Each page should have margins: 32 mm top, 32 mm bottom and 20 mm right and left. The paper should
be typed using 12 point size Times New Roman type-face, or very similar, using single spacing between text
lines applying word processor and printed on laser printer. It can be here pointed such editors as Word for Win-
dows (preferable), Word Perfect, Tex or LaTeX. The appearance of manuscript of paper should be similar as far
as possible to this sample. The paper should be submitted by traditional post: the original with 2 copies for re-

view and the electronic version on diskette or on CD.

Key words: International Journal for Computational Civil and Structural Engineering, preparation of
manuscripts, electronic image preparation, submission of peer reviews and accepted articles.

1. PREPARATION OF MANUSCRIPTS

This document is typed by Microsoft Word 2003
and Times New Roman 12 point size type-face.

The material of the paper should be arranged
as follows: Title (16 points), Author(s) (14
point), Affiliation(s), Abstract, key words, Intro-
duction, Main body of paper, Acknowledgements
(if any), References (if any, 10 points), Appen-
dices (if any), full authors addresses as endnote
(10 points, spacing within endnote=1, style for
numbering=numbers, line separating text and
endnotes=line — margin to margin in right col-
umn).

The title, author’s name(s) and affiliation(s)
should be given in a style similar to that shown
above in this sample and centered. The head-
ings should be bold and aligned to left. First-
order headings and parts of the text should be
separated by one free line from the text. Second-
order headings should have capital first letters.

The both columns of each page, including clos-
ing page, should be of equal length. At the bot-
tom of the last right column of last page is end-
note with author’s address(es).

4

The figures can be embedded in word processor
or must be drawn in black ink. Drawings can be
produced directly on manuscript sheet or may
be produced on separate piece of white paper
and then stuck at the appropriate position. Pho-
tographs must be glossy black and white prints
and stuck at the appropriate position. This also
applies to other items such as tables. The best —
drawings, photographs and tables should be
typed by word processor. All symbols includ-
ing equations should be typed.

o, =0,Ae+2ue;. (1)

However, sometimes embedding figure files in
Microsoft Word is not acceptable for final
output, because of the loss of resolution. In this
connection author may save in addiction all or
selected files with figures separately on diskette
or CD. Acceptable formats for figures are
JPEG, TIFF or EPS files saved from original
application at 300-600 dpi.

The Figures, line drawings, photographs, tables
may be positioned either within the one column,
or large centered exactly across the full width of
the page. The equations should be numbered at
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the right side of the column. The references
should be given at the end of the paper.

The Figures, Tables and Equations should be sepa-
rated from the text by minimum one single free line.

Figure 1

The manuscript is expected to be written in
correct and easily readable English. An au-
thor who is not proficient in English is advised
to take help of linguist before typing. It should
be thoroughly checked for spelling mistakes.

2. SUBMISSION FOR PEER REVIEW

Authors in all countries, at their opinion,
should send three (3) copies of their manuscript
to Editors-in-Chief professor Vladimir N. Sido-
rov (see chapter 4 Correspondence) or Technic-
al editor associate professor Taymuraz B. Kay-
tukov. Electronic submissions are encour-
aged. Email a PDF or DOC (Microsoft
Word) file with manuscript to the Editor-in-
Chief or technical editor. The Editor-in-Chief
will seek reviews of the paper from experts and
will assure rapid turnaround within six months
of submission. Each manuscript will receive
at least 2 reviews. In deciding on acceptance
of the paper, experts will examine originality,
quality of contents, neatness of presentation and
readability of the submitted text. The Editor-in-
Chief will correspond with the author in the
light of these reviews. Submission implies that
the author will be willing to make any necessary
revisions. Retain all original figures until con-
clusion of the review process.

3. SUBMISSION OF ACCEPTED ARTICLE

After manuscript has been accepted and all re-
quired revisions have been incorporated, mail
manuscripts (black & white) and two copies
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to Editor-in-Chief by traditional post. The
envelope for A4 sheets with stiffener may be
used. The electronic version of the manu-
script on diskette or CD must be mailed to
Editor-in-Chief as well. Label CD or diskette
with author’s last name(s), title of the article,
abbreviated journal name and date. Please pro-
vide a list of the software programs used for the
art and text and the file names on the disk.

4. CORRESPONDENCE

Enquires regarding International Journal for
Computational Civil and Structural Engineering
and manuscripts should be addressed to the

» Editor-in-Chief
Professor Vladimir N. Sidorov
Department of Applied Mathematics
and Computer Science
Moscow State University of Civil Engineering,
26, Yaroslavskoe Shosse, 129337 Moscow, Russia
e-mail: sidorov.vladimir@gmail.com

» Technical Editor
Associate Professor Taymuraz B. Kaytukov
Research & Educational Center
of Computational Simulation
Moscow State University of Civil Engineering,
26, Yaroslavskoe Shosse, 129337 Moscow, Russia
e-mail: niccm@mgsu.ru
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MPABUJIA O®OPMJIEHUSA CTATEM JIUIS1 dKYPHAJIA
INTERNATIONAL JOURNAL FOR COMPUTATIONAL CIVIL
AND STRUCTURAL ENGINEERING

B.H. Cudopoe’, I1.A. AKuMO(EZ, T.b. KaﬁmyK063

'TnaBHbIit penakTop sxypHana International Journal for Computational Civil and Structural Engineering
?3amecTHTENb ITIABHONO pefaKTopa xypHana of International Journal for Computational Civil and Structural Engineering
Texuuueckuii penaktop xkypHana of International Journal for Computational Civil and Structural Engineering

AHHOTAIIUSA: Kaxnas ctaTbs MPEICTaBIsACTCA B 3JICKTPOHHOM U ITe4aTHOM Buze (Oymara Oemas, pasmep A4
(210x297 MM), TIe4aTh OJHOCTOPOHHSS — CM. HACTOSAIINHA oOpasel). SI3bIK IMyOnMKanuu cTaTedl — aHTIHHACKHNA
(IpeanoYTHTENIFHO) WM PYCCKHHN, IPU 3TOM B CIydae IyOIMKaluu CTaThH Ha PyCCKOM SI3bIKE aHHOTAIMSI CTa-
TBY, KJIIOUEBBIC CJIOBA, CBEIEHMs 00 aBTOpPAax M HA3BaHUE CTaTbU JOJKHBI OBITH IPEICTABICHBI aBTOPAMH Ha
AHTIIMICKOM s13bIKe. TeKCT MomKeH ObITh MoAToTOBNIEH B mporpamme Microsoft Word (dopmar daitma — DOC),
JKeJIaTelIbHO TaKKe MpeocTaBiIeHne Kormuu crathi B opmare PDF. AHHoTanms nevataercs B 1oJie NIMPUHON
16 cM. TekcT Ha HepBOM CTpaHMIIE CTAThU TEYaTAeTCs B 1B KOJOHKH, MHUPHHON 8.25 cM kaxkmas. [loms: Bepx-
Hee — 32 MM., HibKHee — 32 MM., paBoe — 20 MM., jgeBoe — 20 MM. OCHOBHOIl mpUdT /Uit HAOOpa CTaThH —
Times New Roman, 12 nT., MeKCTpOYHBII HHTEPBAI — OMHAPHBINA. BHenHMiA B cTaThu 110 popme odopmiie-
HUSI JJOJDKEH COOTBETCTBOBATh HacToseMy oopasiyy. [leyaTHbie SK3eMILISIpbl CTaThy (OPUTHMHAJT U IBE KOIUH) U
ee 3JIeKTpoHHas (opmMa (Ha JAWUCKETE WIIM KOMIAKT-AWCKE) JOJDKHBI MEPechulaThesi Mo movre. [ mepechuiku
JJIEKTPOHHOH (POPMBI IOTIOTHUTETHHO HEOOXOANMO UCIIOIB30BATh HJIEKTPOHHYIO ITOYUTY.

Karouessie cioBa: International Journal for Computational Civil and Structural Engineering, monroroska
CTaTbH, OATOTOBKA JICKTPOHHBIX BEPCHH, pELICH3UPOBAHUE
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ABSTRACT: Each paper must be typed on snow white paper sheets of A4 (210x297mm) size only on one side
in boxes as shown on this sample. The abstract must be typed in 16 cm width box. The text of paper in the first
page must be written in two columns 8.25 cm in width. All next pages must also have two columns 8.25 cm in
width. Each page should have margins: 32 mm top, 32 mm bottom and 20 mm right and left. The paper should
be typed using 12 point size Times New Roman type-face, or very similar, using single spacing between text
lines applying word processor and printed on laser printer. It can be here pointed such editors as Word for Win-
dows (preferable), Word Perfect, Tex or LaTeX. The appearance of manuscript of paper should be similar as far
as possible to this sample. The paper should be submitted by traditional post: the original with 2 copies for re-
view and the electronic version on diskette or on CD.

Key words: International Journal for Computational Civil and Structural Engineering, preparation of
manuscripts, electronic image preparation, submission of peer reviews and accepted articles.

1. HOATOTOBKA CTATEM Marepuaa cTaTtbH JOJIKEH PacnoJararbes

caenywuum oopa3zom: 3aronoBok (Times New
Hacrosmuii o6paser; moaroToBieH B TekctoBoM  Roman, 16 mT.), aBTopsl (Times New Roman,
mporeccope Microsoft Word 2003, ucnonszy- 14 mT.), cBeieHusi o0 aBTOpax, aHHOTAIIHSA,
ercs mpudT Times New Roman, 12 nr. kimoueBbie cioBa (Times New Roman, 10 mT.).
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[Ipu nyOnukanuu cTaTbd Ha PYCCKOM SI3BIKE
nanee pacrojararotcs 3aroigoBok (Times New
Roman, 16 mT.), aBropsl (Times New Roman,
14 nr.), cBemeHus o0 aBTOpax, AHHOTAIIWSA,
kioyeBbie cinoBa (Times New Roman, 10 mr.)
Ha aHTJIMICKOM s3bIKe). BBemeHue, OCHOBHOM
TEKCT CTaThH, MPWIOKEHUS U 3aMEUaHusl Ieya-
TalTCs ¢ ucnonb3oBanue mpudra Times New
Roman, 12 nr.; criucko nutepatypsl, pa3BepHy-
ThIe cBeZieHus1 00 aBTopax — Times New Roman,
10 nT. MeXCTpOUHBI MHTEpBaJl — OJUHAPHBIM.
BripaBHUBaHNE B TEKCTE — 10 NIMPUHE, BHIPAB-
HUBaHue GopMyIl — MO MPaBOMY Kparo, hopMmy-
JIBI JKEJIaTeIbHO HyMEPOBaTh.

3aroy10BOK cTaThU, CBedeHUsI 00 aBTOpax
MPEJICTaBISIOTCS B opMe, IPUBEICHHON B Ha-
cTosieM 00paslle, BhIpAaBHUBAHHUE IO IICHTPY.
[Moa3aroyioBKH B CTaThe BBIICIAIOTCS MOJY-
KUPHBIM HIPUPTOM C BBIpABHUBAHUEM IO Jie-
BOMY Kparo. Ilox3arosioBku ImepBoro ypoBHs
IOJDKHBI OBITH OTAEIEHLI OT OCHOBHOI'O TEKCTa
OJHOM IyCTOW CTPOKOM, I03ar0JIOBKH BTOPOTO
YPOBHS BBIICIISIOTCS KYPCUBOM.

O0e KOJIOHKU Ha Ka)KJ0M CTpaHUIle, BKIOYas 1o-
CIIEJTHIOI0, JTOJDKHBI UIMETh OJJMHAKOBYIO JJIMHY. B
KOHLIE CTaTbU JIOJDKHBI OBITH NIPUBENIEHBI pa3Bep-
HyTbI€ CBeZIeHHs1 00 aBTOpax, CoJlep Kallie B TOM
YHUCJI€ UX KOHTAKTHBIC JTaHHBIC (Ha JABYX S3bIKax
IpH MyOJIMKALMK CTaTbU HA PYCCKOM SI3bIKE).

Pucynkm (uepHo-Oeinbie) JOIKHBI OBITH BCTaB-
JICHBI B TEKCT CTAThH TN TPUIIOKEHBI B OyMasK-
HOM BHJIC Ha OTJICJIbHBIX JIUCTAX, C YKa3aHUEM B
KaKMX MECTaX CTaThU UX CIEIYeT PACIOI0XKHUTh.
Toxe kacaetrca u ¢ororpadmii, popmar doto-
rpaduit — uepHo-Oenbiil. XKenatenbHo mpuia-
raTth 3JEKTPOHHBIC BEPCUU PUCYHKOB U (poTO-
rpaduit! AnanornyHble TpeOOBAHUS KacarOTCs
Tabaun. Hannyymmii BapuaHT Takoi, Koraa pu-
CYHKH, (poTorpacduu u TaOIMIIBI BCTABJICHBI B
¢aiin, moarorosneHuslit B Microsoft Word. Bee
CHMBOJIbI, B TOM 4HCJIe HCIOJb3yeMble B
YPaBHEHHUSIX, 10JKHbI ObITh MeYaTHBIMMU.

o, =0;Ae+2u¢,; . (1)
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Opnako, pucyHku U (¢ororpaduu, BcTab/ieH-
Hble B (pail1 TekcToBOro mpoueccopa Micro-
soft Word He Bcerna mMewT mNpuemiIeMoe
AJISl TeYaTH Ka4vecTBO M3-32 UX HU3KOIO pas-
peuieHus. B 9TOM CBSA3M aBTOpPY HACTOATEIBHO
PEKOMEHIyeTCsl  TOTOJHUTEIBHO MPHIOKHUTH
(Ha fAuCKeTe WM KOMIIAKT-JMCKE) K CTaTbe
daiinbl, conmepxkame pucyHkd. lomycTumbie
¢popmartel pasi pucynkoB — JPEG, TIFF unm
EPS, pazpemenne — 300-600 dpi.

Pucynku, ¢otorpaduu u Tabauipl, B ciyyae ux
OO0JIBLINX Pa3MEpOB, TAKXKE MOTYT pacrojiaraTh-
Csl B OJIHYy KOJIOHKY C BbIpaBHUBAaHUEM IO IIU-
puHe. @opMysbl B CTaTbe HYMEPYHOTCSI C BbI-
paBHUBaHUEM M0 MpaBoMy Kparo. CIMCOK JIu-
TepaTypbl J0JDKEH ObITh NPUBEACH B KOHIE
cratbu. PucyHku, ¢ororpadum u TaOIHIEI
JIOJDKHBI OBITH OT/IE€JEHBI OT OCHOBHOI'O TEKCTa
KaK MUHAMYM OJHOM ITyCTOU CTPOKOM.

Pucynoxk 1

IIpeanosiaraercsi, 4T0 CTAThsl HANMCAHA HA
rPAaMOTHOM H XOPOILIO YUTAEMOM AHIJIM-
CKOM WM pycckoM si3bike. [Ipu HeoOxonumo-
CTH, Ilepe]] OTIPABKOM CTATbH aBTOPaM CIEAyeT
IIPOKOHCYJIETUPOBAThCS y nepeBoauukoB. Cra-
Ths He OyAeT moApoOHO MPOBEPATHCS peaaKlu-
el Ha MpeAMET HaJIW4YUsl JIMHTBUCTHYECKHUX
omu6OoK. B Toxke BpeMst peakiivs OCTaBiseT 3a
co0O# TPaBO OTKJIOHHUTH CTaThiO, NMPH HATUYUH
B TOcieaHeld OONbIIOro KOJUYECTBAa OLIMOOK
JIMHTBUCTUYECKOTO XapaKTepa.

2. OTHHPABKA CTATBU HA
PEHHEH3UPOBAHMUE

ABTOpsbI (M3 Poccun M Apyrux cTpaH) J0J1kK-
Hbl BBICJIATh B aJpec peJaKUuH TpU IeyaT-
HBIX JK3CMILIApa CTaTbM Ha MM T'JIaBHOI'O pC-
JaKTopa >KypHana, npodeccopa Cugoposa Bia-
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numupa HukonaeBnya (KoHTakTHash MHQoOpMa-
uus npuBeneHa B paszziene «KoHTakTHble naH-
HBIE») WM TEXHUYECKOMY PEIaKTOpy *KypHaja,
nouenty KalitykoBy Talimypasy batpazoBuuy.
DNEKTPOHHBIC BEPCUU CTaTe HEOOXOJMMO BHI-
CJIaTh TAK)KE€ IO AJIEKTPOHHOHN MOYTE TJIABHOMY
penakTopy KypHaiia. DJIEKTPOHHBIC U MeUaTHbIE
¢bopmMbl He Bo3Bpamarorcsa. Kaxpas mpuxons-
miasi B peJakivio KypHaja CTaThsl HaIlpaBIseT-
Csi JUIsl pacCMOTPEHHUSI IKCIEpTaM COOTBETCT-
Bytomiero npodpuist. Kak npaBuiio, no kamxmoi
cTaThe Ha3HAYAKWTCS ABa 3Kcnepra. Bpems
MPOBEACHUS SKCIEPTU3BI CTAThU HE MOKET Ipe-
BbIIIaTh 6 MecsieB. CBOM 3aKJIIOYCHHS M OIECH-
KM TIO CTaThe HKCIEPTHI COOOIIAIOT TJIABHOMY
penaKkTopy JKypHasa, Py 3TOM Ha KaXIyro CTa-
ThIO JOJDKHO NPUMTH HE MEHEE JABYX 3aKioue-
HUW. 3aMeYaHusi W TPEIJIOKEHUS IKCIIEPTOB
JIOBOJIATCSI 10 CBEJEHUsI aBTOpa CTATbH, MOCIE
YEero OH BHOCHUT BCE HEOOXOIMMbIEC U3MEHEHUSI.

3. OTIIPABKA CKOPPEKTUPOBAHHOM
CTATbU

[Tocne ogoOpenus KcnepTaMu CTaTbu U BHECE-
HUA aBTopaMI/I BCEX HGO6XO)II/IMI)IX H3M€H€HHI71,
OKOHYATEJIbHBIN BapHaHT CTaThM (OyMaKHBIN B
TpeX SK3EMIUISIpax M JIEKTPOHHOM Ha JIHUCKETE
WM KOMITAKT-IUCKE) BBICBUIACTCS B aApec pe-
JAKIMU, HAPUMEDP B KECTKOM KOHBepTe (op-
mata A4 mo moure. Tak:ke Heo0XOAHMMO IIO-
CJIaTh JJIEKTPOHHYI0O BepCHI0 CTaTbU MO
3JIEKTPOHHOMH TMOYTe TIJIABHOMY PeIaKTopy.
Ha puckere maM KOMIIAKT-OHCKE HEOOXOIUMO
HamucaTh WMEHAa aBTOPOB, Ha3BaHWE CTaThH,
Ha3BaHUE XypHaja U JaTy. Takxke jKelaTeabHO
yKa3aTh CIHUCOK MPOTPaMM, KOTOPHIE MCIIOIb30-
BAJIMCh TPU TOATOTOBKE CTAThU M CIUCOK (haii-
JIOB, HAXONAIIMXCSI Ha JUCKETE MM KOMIIAKT-
nucke. Ilnata ¢ acnupanToB 3a MyOJIMKALIMIO
pyKoOIMcel He B3UMAETCH.
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SIMULATION OF SLOSHING WAVES IN A STORAGE TANK
UNDER SEISMIC EXCITATION
USING A SPRING-MASS-DASHPOT MODEL

Kambiz Kangarlou', Kaveh Kangarlou’

"Moscow State University of Civil Engineering, Moscow, RUSSIA
2Azad University, Central Tehran Branch, Tehran, IRAN

ABSTRACT: The motion of liquids in rigid containers has been the subject of many studies in the past few
decades because of its frequent application in several engineering disciplines. The evolution of codes and
standards for the seismic design of these structures has relied greatly on observations of tank damages during past
carthquakes, yet the time lag between acquiring the information and implementing the findings in practice has
remained relatively long. The first approach in the modeling of sloshing liquids involves using a mass-spring
model. The focus of this study is computer simulation of sloshing waves in a storage tank under different
excitation by program Matlab-Simulink. The results were compared with the Ansys-Cfx finite element program.

Keywords: sloshing waves, storage Tank, Seismic Excitation, spring-Mass-dashpot Model, hydrodynamic
pressure, Matlab-Simulink, Ansys-Cfx.

1. INTRODUCTION

Liquid sloshing 1is associated with various
engineering problems, such as the liquid flow
on the decks of ships, the behavior of liquid in
containers and the fuel motion in aircraft. The
dynamic characteristic of these systems is
greatly affected by the dynamics of the liquid
free-surface motion and it is very important
regarding to the safety of transportation
systems, human’s life and environmental issues.
In the field of civil engineering, the sloshing
phenomenon becomes important to seismic
design of liquid storage tanks. Large amplitude
sloshing flows considered in engineering
applications are usually followed by impact of
liquid at the side wall and top surface of fluid
containers. Liquid storage tanks have suffered
substantial damage in past earthquakes,
including elastic and inelastic shell wall
buckling, roof-to-wall damage due to excessive
sloshing and base sliding (Rinne 1967, Cooper
1997, Christovasilis and Whittaker 2007).

Many studies for the sloshing and impact of
liquid on marine industries were carried out in
the 1970s and early 1980s for the design of LNG
carriers and some numerical computations have
been reported [1-3]. The liquid wave problem

usually refers to the problem of solving the
Euler equations for potential flow with a free
surface, under the influence of gravity and
surface tension. Because of the complexity of
these equations, simplified models have been
extensively used as an alternative. In this work,
the physical system is described and modeled in
the state-space of Simulink, then the time
history analysis are presented, followed by the
Ansys-Cfx. Finally some simulations’ results
are presented and final conclusions are drawn.

2. PHYSICAL SYSTEM SETUP

The identification and modeling of physical
systems is a very important task in engineering,
where the type of systems can range from
mechanical to biological systems. The mass-
spring system used to study the liquid algorithm
performance is depicted in Fig. 1; it is just
comprised by two mass-spring-dashpot systems
in series.

The masses m; and m; are acted by the forces
fi1(¢) and f>(1), respectively, which are composed
by a deterministic force wu;(z), corrupted with
additive colored noise »;(2), with expression: fi(2)
= ui(t) + n(t), where the plant colored noises
ni(t) are generated by a first order continuous
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system, with transfer function H(s) = G/(s +
a;), when excited by stationary white noise &;(2),
where i = I, 2, respectively.

: -
) =i 50 -

k1 k2

pl s alt/s

mi m2

a1 N

b1

Z
Figure 1: Physical system composed by the series of
two mass-spring-dashpot systems.

The system dynamics is described in state-space
by the matrix equations:

dx(t

ax _ Ax(t)+ Bu(t)+ Lo(t) (1)
t

where A is the continuous time state matrix, B

is the input matrix, and L the process noise

matrix. These matrices are obtained by applying

the Newton second law of motion:

zlei(t):ma(t) to the system taking into

account the relations for a force exerted by a
spring: F(t) = —kx(1), the drag force done by a
dashpot: F(z) = —bv(t), where k is the spring
elastic coefficient and b is the linear friction
coefficient. The position vector is denoted by
x(t), so that a(z) = X(?) represents the mass
acceleration and v(#) = Xx(#) represents its
velocity. The state-variables vector is composed
as x(1) = [xi() x:(0) &) 20 filt) L)
which was augmented to include the forces
dynamics, the input vector is u(?) = [u;(?) ux(t)]"
, and the vector of plant white noises &) =
[E:(1) &(1)]" is characterized by the mean
E{&1)} =[0 0]" and by the diagonal covariance

matrix:
T E o(t-1) 0
Eic)e (7)) = { 0 g 5(%1)} 2)
=E0(t—1)

— |:E‘l O :|
where = =
0

oy
=,

since the two plant noises, &;(¢) and &;(2), are
considered to be independent and stationary.

12
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The state-space matrices are composed by the
components relations:

0 0 1 0 0 0]
0 0 0 1 0 0
ko koozhoA 1,
4= m, m, m, m, m,
Tl ko _ktk b Bth o1
m, m, m, m, m,
0 0 0 0 —a, 0
| 0 0 0 0 0 -a
fo 0] [0 0]
0 0 0 0
1 3
Loy oo (3)
B= 0‘ 1 “lo o
m, b 0
0 0 0 b,
_0 0_

Coupled with the mechanical system there are
two position sensors that take measurements of
the masses’ positions, x;(?) and x»(?) at regular
intervals of time ¢ = At, 2At, 3A¢, . . ., are
corrupted by additive noise, #;(2) and 0(2),
respectively. In matrix form, the measurement
equation is written as:

Z(t)=Cx(2)+u(?) 4)

1 000 00O
01000 0}

where the measurements vector is z(2)= [z;(?)
z()]" , and C is the output matrix. The
measurement noise vector 8(1)= [6;(1) 6x1)]" is
characterized by the mean E{6()}= [0 0] and
by the covariance matrix:

’ Q,.9, 0
Ei0()0 (T)}{ 0 6.5

0 }

®2

The non-diagonal terms are zero because the
noise sources are considered to be independent,

and @ is the measurement noise intensity
matrix.

where ¢ = {

®l
where ©® =
0

3. MODELING VISUAL DYNAMICS

We have developed a 3-dimensional liquid
simulation technique inspired by program
Matlab-Simulink and using mass-spring nodes.
In addition to its compelling visual realism,
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provides the possibility of incorporating some
of the physics of the liquid, For instance, the
physics of impulsive pressure and wave height.
Fig. 2 presents a sequence of free-surface
profiles at: t=130/40 s, 180/40 s; submitted to a
forced motion x(2) = 2sin(0.3t). The tank length
is L = 20 m and damping 5%. In the right corner
are shown natural first ten forms of frequency of
a liquid and impulsive pressure upon a tank wall
(H - tank height, 7 - a thickness of the tank,
Force - vibrating moving of the tank basis;
height - wave height, iteration No - a time unit
=1/40 s.). Fig. 3 presents free-surface profiles
submitted to single pulse excitation. The user
can set the tank length, radius, thickness, force
motion, coefficient damping and also the
parameters for internal forces to control the
strength of connectivity of the mass-spring
nodes, etc. All parameters can be modulated in
real-time, and all simulations run in real-time.
The rendering speed is about 80 frames per
second at full screen display of 1024X768, on a
PC with Intel processor of 2.3 GHZ.

Heration No. 128

Natal Fraquencios

0.1473 0.2969 0.4442 05966 0.7300
08571 09993 11259 12461 1.3584

Bd Lo o onow

—~ D 0 005 01
Impulsive moment
RT=50.HR=05

Natrual Fraquencies:

0.1473 02969 04442 05388 07300
08671 0.9993 11259 12461 13594

r\ N TS AR
. ”f \)/ \Uf \/m — §,_;G,‘"&(\r,’\‘;'LJW‘._! IJ“NW i \.\,.f\,’
VY | :

Figure 2: Tank under harmonic excitation at t=3.25
and 4.5 sec.

Matrusl Fraguencies

0.1473 0.2969 04442 05688 07300
08671 0.9993 11259 1.2461 13594

0
002 0 002 004 006
Impulsive moment
RT=50,HR=05

Natrual Fraguencies:

0.1473 02969 04442 0.5888 0.7300
© 0EE71 09993 1.1289 12461 13534

Figure 3: Tank under single pulse excitation at
1=0.75, 1.5 and 4.25 sec.

As described above, the failure; modes of liquid
containing tanks resulting from strong motion
shaking (e.g., earthquakes) are varied and
complex. The common item to all cases is that
some mode of buckling can be identified
following the tank failure.

The kind of damage appearing in an actual
situation [4] depends on the configuration of the
tank; the liquid content; the foundation
anchorage; the impedance functions of the
ground; shell modal shapes; and the effects of
damping and inertia in the equation of motion of
the shell and of the foundation. All of these
elements lead to time- and space-dependent
equations of vibration that are transformed into
a discrete multi degree-of-freedom system by a
generalized coordinate approach in order to
calculate the generalized mass, stiffness, and
damping matrices, as well as the load vector.
The type of analytical model discussed above
requires a numerical solution procedure. In
order to further demonstrate the accuracy of our
model, we have performed a quantitative
comparison with numerical results of program
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Ansys-Cfx and the available theoretical
solutions for flexible tanks of fixed support
conditions (Table 1), results of which are
summarized in Table 2-4.

Table 1: Expressions for impulsive time period
circular tanks with fixed base given in various codes.

Kambiz Kangarlou, Kaveh Kangarlou

of identical three-dimensional contained fluid
elements (FLUID80) with eight nodes having
three degrees of freedom at each node. The fluid
boundary conditions at the bottom are zero
displacement and rotation. The nodes that are
connected entirely by the fluid elements are free
to move arbitrarily in three-dimensional space,

Referenc Expression with the exception of those that are restricted to
€ motion in the bottom surface of the fluid. Fig. 5
r - 002mpE depicts the free surface of the fluid.
ACI N
350.3 C,, is a coefficient given as function of 4#/R 5. COMPARISON BETWEEN RESULTS
in graphical form. . e .
Imbulsive natural period s not required in The maximum distribution of pressure given by
AWWA D e LA PETo d Matlab and Ansys is presented in Fig. 4 and
the analysis. y p g
API 650 Expression is not required in the analysis. Table 3-4.
NZSEE T = S6lmhyp/E Table 2: The comparison of sloshing frequencies.
Guidelin e e Kg R be b Wall Natural Period (T = 1/ f sec.)
1S Tunction o an O DC obtaine 1
es frg o given araphs mode Th(lzll::ll)ess MATLAB | ANSYS Eur(;gcode
= T s ooms | om0
" C \Et . . .
E“Z"g(’d , . , 3 8 0.064 0.061 0.065
C. =0.01675() —0.15[]—1—0.46 1 12 0.121 0.125 0.128
R R 2 12 0.079 0.081 0.080
p. = mass density of wall, p = mass density of fluid, £ = 3 12 0.059 0.059 0.061
Modulus of elasticity of tank wall, 7 = thickness of wall.
] REETEN SYS
4. FINITE ELEMENT MODEL s
APPROACH ggﬂj*'?gg“
While basically relying on the solution of the s&
Navier-Stokes equations, the applications of e
computational fluid dynamics vary widely. CFX P
is a commercial Computational Fluid Dynamics ,
(CFD) program, used to simulate fluid flow in a S——— ol

variety of applications for over 20 years. The
steel tank studied has an outside diameter of 18
m and a height of 7.5 m, is filled with water up
to a height of 6.9 m, and subjected to north-
south component of the 1940 Elcentro
earthquake, whose maximum peak ground
acceleration is about 0.31g and maximum
ground displacement is about 13cm. It is rigidly
connected to the ground and designed according
to the Api 650 codes with a thickness of 8 mm
throughout. A three-dimensional model is
constructed for finite element analysis using
Ansys. The fluid region is divided into a number
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Figure 4: Distribution of pressure (kg/m’) at 0 =0
given by Ansys-Cfx.
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Figure 5: Simulation of sloshing waves in a storage tank under north-south component of the 1940

Elcentro earthquake by Ansys Cfx.

Table 3: Expressions for distribution of impulsive pressure (kg/m?) given by Matlab.

H (m) 0° 7.5° 15° | 22.5° | 30° | 37.5° | 45° | 52.5° | 60° | 67.5° | 75° | 82.5° | 90°
0,000 1750 | 1735 | 1691 | 1617 | 1516 | 1388 | 1238 | 1065 875 670 453 228 0
0,854 1733 | 1718 | 1674 | 1601 | 1501 | 1375 | 1225 | 1055 866 663 448 226 0
1,708 1678 | 1663 | 1621 | 1550 | 1453 | 1331 | 1186 | 1021 839 642 434 219 0
2,562 1582 | 1569 | 1528 | 1462 | 1370 | 1255 | 1119 963 791 605 409 207 0
3,416 1440 | 1428 | 1391 | 1330 | 1247 | 1143 | 1018 877 720 551 373 188 0
4,269 1246 | 1235 | 1204 | 1151 | 1079 | 988 881 758 623 477 322 163 0
5,123 982 974 949 908 851 779 695 598 491 376 254 128 0
5,977 617 612 596 570 535 490 436 376 309 236 160 81 0
6,831 0 0 0 0 0 0 0 0 0 0 0 0 0
Table 4: Expressions for distribution of convective pressure (kg/m”) given by Matlab.
H (m) 0° 7.5° 15° | 22.5° | 30° | 37.5° | 45° | 52.5° | 60° | 67.5° | 75° | 82.5° | 90°
0,000 142 141 137 131 123 113 101 87 71 54 37 18 0
0,854 144 143 140 133 125 115 102 88 72 55 37 19 0
1,708 151 150 146 139 131 120 107 92 75 58 39 20 0
2,562 162 161 157 150 140 129 115 99 81 62 42 21 0
3,416 178 177 172 164 154 141 126 108 89 68 46 23 0
4,269 199 198 193 184 173 158 141 121 100 76 52 26 0
5,123 227 225 219 209 196 180 160 138 113 87 59 29 0
5,977 261 259 252 241 226 207 185 159 130 100 68 34 0
6,831 303 301 293 280 262 240 214 185 152 116 78 39 0
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Finite Element Investigation of Stress Concentration Factor in the
Concrete Wall with Openings

Feirusha S. H. (Kakshar)'

ABSTRACT: The objective of this paper is to investigate the stress concentration factor in the concrete wall. In this
paper we present the results of a study of stress concentration in the concrete wall, working in condition of plane stress
under vertical load, distributed along above edge. In order to achieve this goal, elastic stress state of concrete walls with
variety type of openings was modeled by finite element method and analyzed by using COMSOL program.

Key words: Stress Concentration Factor, Finite Element Method, Wall with Opening.

1. Introduction

In this paper the stress concentration in the
vertical loading wall without and with
opening is discussed. This research focuses on
stress concentration factor (SCF) of vertically
loading concrete wall, since this is the stage
that a typical wall would be subjected during
its service life. In this paper we present the
results of a study of the stress concentration in
the concrete wall, working in condition of
plane stress under vertical load, distributed
along above edge.
Improvement  of  working  properties,
increasing of resources and reliability of
structures are the most important challenge in
front of the engineers. To succeed in solving
this problem requires the systems approach to
optimize all stages of analysis and design of
all kinds of the structures. In this work, we
touch on only a theoretical calculation of the
walls with openings, and improve the
accuracy of calculation.
The problem of stress concentration and the
regions of stress concentration can be divided
into two kinds:
1. The location of load application;
2. Changing of the geometry or physics
of the solid body.
1. Geometric discontinuities or stress
raisers such as holes (openings),
notches, and fillets;

il. Surface or internal irregularities
(non-homogeneities)  such  as
cracks.

Openings in general are areas of weakness
and stress concentration, but needed
essentially for lighting and ventilation. There
are some norms and  architectural
recommendations about position of openings
in wall. Stress concentration around door and
window openings in concrete walls has
practical importance because it is commonly
the cause cracks or failure. We know that the
local failure around any door or window
opening in wall can grow into the total failure
of the wall. Therefore, the complete study of
stress state of the wall, generally, and the
concentration of the stress around openings,
particularly, appears the main part of the
analysis of such structures.

One of the objectives of application of SCF in
this study is to achieve better balanced
designs of concrete wall. This can lead to
economy in expense of materials, cost
reduction, and achieving lighter and more
efficient configuration of walls and openings.

Nowadays, advanced computational programs
and technology has made it possible to
determinate SCF for any geometric
discontinuities or stress raisers such as holes
(openings), notches, and fillets.

The purpose of this work is to demonstrate
the existence of stress concentration in the
vicinity of a geometric discontinuity in a
vertically loaded concrete wall, and to obtain
an approximate measure of the elastic
(theoretical or geometric) stress concentration
factor, K,. In this case, the discontinuity is
simply a square or rectangular through the
concrete wall.
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Under the stress concentration is meant
abruptly local change in stress distribution in
a deformed body, caused by different sources
and factors: constructional (an abruptly
change in the shape and dimensions of the
cross sections, a discontinuity holes and
cutouts, alien inclusions with mechanical
properties differentiate from basal material,
etc.); technological (high difference between
mechanical properties of the material in the
surface and in the volume of the structure, the
presence of cracks); concentration of external
factors (force, thermal); cracks occurred
during the service.

On the one hand, the maximum local stress
around openings is usually more than the
nominal stress, and on the other hand, it
correlates to the maximum stress. Failure is
predicted by the use SCF, K, which is
determined in several manners. For simple
geometries and loadings, it may be
determined exactly using the theory of
elasticity. For more complex problems, the
stress concentration factor is determined
numerically  or  experimentally.  SCF,
generally, is found in graphical form. The
SCF around a opening (hole, notch, fillet...)
in a homogeneous plate has been investigated
in last centuries. "% *

The computational formulation for design of
wall with potential stress concentration
problems is intended to be used to assist in the
design process.

The high stress concentration at the edge of
the opening is important in designing of wall.
The SCF wusually are determined -either
empirically or numerically using finite
element methods.

Stress concentration 1is described by the
following parameters:

theoretical SCF, which shows how many
times the stress in the concentration zone
exceeds nominal value, gradient of stress
variation in the concentration zone, and etc.
Stress distribution around a hole depends on
the stress condition. Kirsch (Kirsch, 1898)
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initially studied this problem for a single
circular hole under a biaxial stress state.!"!

2. SCF's of a 2D problem

One customary way to express the stress is by
the net section SCF (Kj). K; is the ratio of the
maximum net section stress (Gpq) to the
nominal net section stress (Guom). The Gy 18
due to the stress concentration caused by the
geometric features of the net section. For the
axially loading members, the G,,, is simply
found by dividing the axial load (P) by the net
section area (4,) where 4, is the product of
net section width (w,) and specimen thickness
(7). Fig.1

But the solid concrete wall under vertical
distributed load (Fig.2) experiences normal
stresses Gy, Oy, and shear stress tx. The
differential equations of equilibrium together
with equation for these stresses in a plane
elastic body are:

R T
A B, =2 (1)

e 49 Fi,
—t — 7 =

=1 + o +T.-"_‘_ d (2)
& pY . . Y.
artialis be) =l
Exyog

iy

(3)

where ',E*__ ,;1:?‘.} denote the components of the

applied body force per unit volume in the x, y
directions and f(v) is a function of Poisson's

ratio:
o fl--¥ Fowr piansg FEress
ke =1iﬁ For phans Sirain )

In the present work it will be determined by
the finite element methods (FEM) analysis.
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o\

Fig.1 Plane Stress State

SCF is function of:

i. the geometry or shape of the
structure, but not its size or
material,;

ii. the type of loading applied
to the member;, (axial,
bending, torsion, or
combined)

iii. the shape, size and location
of hole and opening; (fillet,
radius, ...)

Stress concentration in isotropic wall with
different shape size, and position of cutouts
are investigated, and this effect, the concrete
wall is considered with square and
rectangular, and the normal stress around
openings in Y-direction is investigated.
An important feature of the phenomenon of
stress concentration is that, while increasing
the stress near the cutouts even uniaxial state
may come into existence a complicated (2D
or 3D) inhomogeneous stress state directly
affects on the development of plastic
deformation or fractural cracks. Thus, the
bearing capacity of the main elements of
many structures is usually determined by the
stress state and conditions of strength in the
concentration regions, because there is first
and foremost comes the ultimate state and the
destruction.
The study of stress and strain state in the
concentration zone is one of the most difficult
problems of the theory of elasticity and
plasticity.
This is due to:

- The complexity of -circuit design

elements in concentration zone (the
complexity of the geometric model);

- The high intensity of the stresses and
strains in the zone of the concentration
and, consequently, the necessity to
consider the physical and geometric
nonlinearity of the elastic problem.

- Need to account of the plasticity and
creep (the complexity of the model
material).  Still, many important
aspects of the phenomenon of stress
concentration are not comprehensive
solution.

For the first time, the solution of the stress
distribution around a circular hole for the
planar elastic problem was obtained by
Kirsch.

The stress concentration around holes in thick
plate in elastic range was studied by I. L.
Vorovich and O. S. Malikina ! & among the
classical works we can denote the work of the
Neyber G.!"!

3. Finite element model

The universal availability of general purpose
structural analysis computer software has
revolutionized the investigation of stress
concentration. No longer are there numerous
photoelastic stress concentration studies being
performed.®) The development of new
experimental stress concentration curves has
slowed to trickle. Often structural analysis is
performed computationally in which the use
of SCF is avoided, since a high-stress region
is simply part of the computer analysis.

Almost all structural members contain some
form of geometrical (a notch, an opening or
any abrupt change in cross section) or
microstructural discontinuities. The maximum
local stress, Gmax, normally occurs at these
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discontinuities. This maximum local stress is
many times greater than the nominal stress,
Gnom, Of the member. Thus, the discontinuities
cause areas of stress concentration within the
component, and are often called "stress
raisers". In ideally elastic members, the ratio
of the maximum stress to the nominal stress is
designated, the theoretical stress
concentration factor, K.’

c:q-:w.-.t = 'ﬁ.: ! I:Iﬁﬁ'u‘:l'.

K - theoretical stress-concentration factor.
Gnom- NOmMinal normal stress.

Similarly, we can also estimate the highly
localized amplification of shear stress in the
vicinity of a geometric stress concentration.
I:;ﬂﬂ'-'. = r:FI' ' ,'".‘P‘ﬂ"l-

K - theoretical stress-concentration factor for
shear.

Toom- NOMinal shear stress.

The nominal stress of the above equations is
typically derived from the elementary strength
of materials equations, using either a net or a
gross cross section.

The detailed study of the stress and strain
state in stress concentration zones is an
important prerequisite for optimal, efficient
and reliable designs. Insufficiently rigorous
evaluation of the stress state and strength
conditions in the stress concentration regions
during design may cause a fracture in the
highly stressed zones of walls and lead to
severe consequences. Highly relevant for the
calculation of the walls of modern buildings is
the study of stress concentrations in elastic-
plastic deformation.

SCF can be derived through experimentation,
analysis or computation:

1. Experimental ~ Method.  Optical
method, such as photoelasticity is
widely wused for experimentally
determining the SC at a point.
However, several alternative
methods have been used: the brittle-
coating method, grid method, strain
gauge ...

2. Analytical Method — Theory of
elasticity.
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3. Computation Method — Finite
element methods.

The optical methods are the most effective for
experimental study of stress concentration.
And the numerical methods, advisability,
which have been seen for a long time, acquire
a special significance at this time. On the one
hand, this is associated with increased
reliability requirements of  modern
engineering structures, the calculation of
which should be based on the latest ideas
about the behavior of the material in different
loading conditions. It shall be ensured high
accuracy of calculation. On the other hand,
the emergence of electronic computing
machines has led to a reassessment of the
effectiveness of approximate methods
associated  with  significant computing
operations, which in the past limited their use.
Essentially, that the engineering calculations
of strength, as a rule, do not require absolute
accuracy. Moreover, it usually, make no
sense, as much as, baseline data used in the
calculation as material properties, acting
loads, temperature modes, and etc. are not
exact quantities. It's clear that the calculations
must be maintained approximation taking into
account the degree of accuracy of initial and
requirements applicable to the finite precision
of calculations of the strength of the
structures. All this speaks in favor of the
numerical calculation methods.

With this model we can obtain qualitative and
quantitative  assessment  of  structural
reliability under operational conditions
Simultaneously are solved two main
problems:

1. Given an analysis of reliability of the
structural under different load
conditions and, also during service.

2. Optimization of structures for a
given rate of reliability on purpose to
obtain the minimum  weight,
maximum cost effectiveness, etc.

The first mathematical analyses of stress
concentrations were published in 1937.
Suggested form solutions are available for the
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simple stress states and not complex
geometries. However, for more complex
cases, experimental methods for measuring
highly localized stresses (photoelastic tests,
precision strain gage tests, membrane analogy
for torsion, etc.) and computerized finite
element solutions have been used. The results
of the studies are available in the form of
published graphs.[2’3]

It will be observed, that the stress
concentration graphs are theoretical factors
based on a theoretical homogenous, isotropic,
and elastic material.

On this basis, the finite element models
performed was aimed to investigate the SCF
for wall with different shapes of openings,
and to study and define the stress
concentration factor for concrete wall with
different openings at the middle part of the
walls.

This work describes an analytical model,
which was developed using the finite element
program  COMSOL, to investigate the
analysis of SCF around openings in the
concrete wall. The concrete wall is modeled
in the COMSOL Multiphysics modeling

Vool

25r -

L

' E=25GPa

environment with customized user interfaces
and functionality optimized for structural
analysis.

Previous research on walls' SCF, in general, is
extremely limited and focuses on empirical
formulas.”) To assess the strength under all
conditions is important to determine, if it is
possible, a more accurate view of the
distribution of stresses and strains in the
concentration region for specific states of the
material: elastic, plastic and creep strains.

In this study we will examine the theoretical
method (FEM) for determination of the true
state of stress in the vicinity of stress raisers.
All problems investigated in the present work
were modeled using Lagrange solid elements.
Material properties: stiffness (E) of 25GPa
and Poisson’s ratio (v) of 0.33. All presented
models are loaded only in the Y-axis
direction, with constant the thickness
dimension oriented with the model’s z-axis
(Thickness=10cm). The model’s x-axis
therefore describes the width dimension,
perpendicular to the loading direction. The
problems investigated here vary in area and
shape of hole. (Fig.2)

w=15KN/m

J ) A

Concrete wall
Isotropic

v=0.33

p= 2300kg/m’
Thickness=0.1m

Fixed

a5 - | 35 4 45 3

Fig. 2 Vertically Loaded Concrete Wall

International Journal for Computational Civil and Structural Engineering 21



4. Some remarks about the stress
concentration around openings

If the dimensions of a stress raiser are much
smaller than those of the structural member,
its influence is usually limited to a localized
area or volume for a 3-dimensional case. That
is, the global stress distribution of the member
except for the localized area is the same as
that for the member without the stress raiser.
This kind of problem is referred to as
localized stress concentration. Usually stress
concentration theory deals with the localized
stress concentration problems. The simplest
way to solve these problems is to separate this
localized part from the member, then to
determine K, by using the formulas and curves
(or as presented in this work by using FEM)
of a simple case with a similar raiser shape
and loading. If a wide stress field is affected,
the problem 1is called nonlocal stress
concentration and can be quite complicated.
Then a full-fledged stress analysis of the
problem may be essential, probably with
general purpose structural analysis computer
software.”!

In order to limit the size of the openings and
identified the shape and position of these
openings in concrete wall under vertical load
need to be determined the vertical stress
around opening. The model is proposed
(Tablel and 2) allows determining the
location of the critical stress around opening
in the concrete wall.

For the wall with openings, the maximum
normal stress, oy, around holes depends on
the size of the opening. For this purpose, the
opening size factor is defined by Michael G.
Allen and Yahya C. Kurama.!'”

The explicated above is issue of the day for
the calculation of walls with openings. The
tendency to reduce the weight of the buildings
leads to the necessity to use high-strength
concrete, which, as a rule, has a higher
sensitivity to stress concentration.

The most comprehensive source of stress
concentration  factors  for  commonly
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encountered geometries has been compiled by
Peterson (1953, 1974).) However in these
references, the stress concentration factors for
only filleted shafts and plates with holes are
available and are only approximations based
on photo elastic results for two-dimensional
strips. The relation between two and three
dimensional stress concentration factors is
made by assuming an analogy exists between
a circumferential fillet and a circumferential
groove. This is the limitation of the Peterson
Graphs for estimation of the SCF."”!

The numerical techniques are most effective
due to advancement of high and large
memory computers. These techniques can be
applied for any minor change in the problem,
which reduces the cost and time required for
manufacturing and testing of several

prototypes.

5. Results and discussion

However, when the wall contains
discontinuity, such as shown openings
(Tablel and 2) sudden change in cross
section, high localized stresses may also occur
near the discontinuity. As shown in tablel, for
wall with openings, high stress distribution
will be at the chord along GH line of the
openings where the cross sectional of the
member will be at the least.

The figures and graphs in tables 1 show the
3D deformed shape, distribution of normal
stress oy along Lines EF and GH, SCF K;
depending to position of the square hole in
concrete wall, and also comparison with the
solid wall. The described FEM model was
verified by comparing the results of stress
along Y-axis for 5 types of wall, first from
which is the solid concrete wall (without
opening) and others are with opening, as
shown in tablel.

Thus, the comparison between SCF for wall
with opening was done. The modeling,
position, and dimensions of the openings in
the finite element models are shown in tablel.
The FE analyses of the mentioned above
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walls show that the most critical section for oy
is line GH, in other words, the maximum
stress locates near the opening along vertical
line.

As we can see from tablel the location of the
maximum normal stress for wall without
opening is along the base of the wall, but for
wall with opening is around opening along
vertical line GH. The presented in tablel
results show how the opening size affects on
the distribution of the normal stress.

As noted above, the shape of the opening
significantly, exerts on the kind and value of
the normal stress in Y- axis direction (see
results in table2). Based on the finite element
analysis, the results of the stress state
investigation depending to the shape of the
cutouts are presented in table2.

As we can see, when the size of the opening
increases, the normal stress o, around
openings increases, consequently the SCF, K,
increases.

This research provides an overview for the
design of the required reinforcement in the
location of maximum stress at all sides of the
opening. Design and placement of
reinforcement for wall with openings,
particularly, described in Design of
Rectangular Openings in Precast walls Under
Combined Vertical and Lateral Loads.!""

The FEA indicate that the directions of the
principal stresses around opening are mostly
horizontal.

For symmetrical wall the stress at both right
and left regions of opening are similar, but the
concentration of stresses above  opening
differs from stresses below opening with
connect to different loading and supporting
condition.

The concentration of normal stress acting
along section GH is not uniform, easily; we
can observe that the stress at corners of the
opening reaches its maximum magnitude.

6. Conclusion

1. The finite element model is used to
conduct a stress investigation of concentration
factor in concrete wall.

2. The parameters of studied are the
opening size, shape, and position.

3. The variability investigation is studied
to identify the stress concentration regions in
the wall where maximum normal stresses
occur.

4. The results indicate that the maximum
stresses are around opening along vertical
side of opening.

5. The presence of openings can affect
the location and magnitude of the maximum
normal stress around openings.

6. Using a computer program COMSOL
allows more accurate approach to the problem
of stress concentration.

7. This study shows that the size of the
openings has a significant effect on K.

8. As can be seen from the presented
results, the position of openings also affects
on the values of normal stress and K.

9. Given that the main problem against the
engineer - is to know the value of stress at any
point in structure, and since this work gives a
complete picture of the state of stress in each zone
of the wall, leads us to a more efficient use of the
material, but also helps control the shape of the
openings and their position. As a consequence,
leads to the economic feasibility of the structural
analysis and design.
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Tablel- Effect of the position of the opening on the distribution of the normal stress and SCF
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Tablel1-Cont'd
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Table-2 SCF and distribution of o, around opening depending on the hole's size.
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ABSTRACT: This paper proposes a method of basis variations to create systems of linear algebraic equations
for numerical solution of linear and nonlinear boundary problems of mechanics. The objective is to estimate the
effectiveness of this method against the classical methods, for example Ritz and Galerkin methods. The consid-
erations are illustrated by examples of the beam deflection analysis, taking into account the changes in stiffness
of the cross sections. The algorithm for computing the problem was formulated in the Mathematica package.
Based on the obtained values of deflections in selected nodes it has been concluded that the basis variations me-
thod allows obtaine similar results to the method of Ritz and Galerkin.

Key words: Ritz method, Galerkin method, the method of basis variations.

1. INTRODUCTION

Throughout history, scientists and philosophers
have been trying to find the general law to ex-
plain special phenomenon of nature. As a result
of years of scientific research and discussion,
reflected in the Works by Galileo, Newton,
Leibniz, Euler, Lagrange, Hamilton and others,
it was found that practically all the issues can be
presented as achieving a minimum. According
to this rule the functionals (integrals) describing
exactly a considered problem, take the smallest
value. For example, in mechanics equilibrium
conditions are such that change in the total po-
tential energy reaches the minimum value, and
the motion of mechanical systems, according to
Hamilton's principle is determined by the mini-
mum kinetic potential. All these rules have a
common are characteristic of and join into one
group called "variational principles" [1].

Most of the tasks of structural mechanics are
limited to solving differential equations with
given boundary conditions. Exact solutions are
very cumbersome and frequently impossible,
including those due to the difficulties in finding
integrals of equations which govern these laws.
Variational methods allow obtaine approximate
solutions to many problems with the desired ac-
curacy. The idea of these methods is such for a
boundary problem, an integral expression is
given, which in order to solve that problem

30

takes its mimimum value. The task is thus to
find suitable function, for which the necessary
condition for the existence of the extremum is
just that boundary problem.

Variational problems can be solved using direct
methods whose basic idea is to use generalized
coordinates. They allow to obtaine a solution for
the infinite-dimensional problem by reducing it
to analysis of system with a finite number of
freedom degrees [1]. In this paper, the analysis
of selected problems of beam structural me-
chanics employed classical formulations of the
known variational methods, such as the Ritz and
Galerkin method and the method of basis varia-
tions.

2. RITZMETHOD

The Ritz method is a variational method based
on global formulations issues, which in mechan-
ics include the principle of minimum potential
energy or the more general, the principle of vir-
tual work. The classical formulation of the Ritz
method [1, 2, 3, 4] for the rod elements is re-
duced to finding the point of stationarity of the
functional:

I(v) = Z].F(x,v, v')dx (1)

a

which approximates the function dependent on
the adopted set of base functions:
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V) =7, =0, + 3 a (x) @)

where ¢ is the function which satisfies the hete-
rogeneous boundary conditions.

The proposed approximate solution (2) is a li-
near combination of basis functions ¢; called as
well test or acceptable functions, and of the un-
known scalar multipliers (coefficients) a;. Ac-
ceptable functions ¢,(x) should be linearly inde-
pendent, continuous, differentiable up to the
highest order derivative occurring in the func-
tional and should meet the geometric boundary
conditions. After substituting (2) to (1) func-
tional /(v) is transformed into function [(aj,
a, ...,ay). Stationarity of the functional condition
is reset to equating to zero its derivatives in the
functions of the Ritz:

a_d_ A,
Oa, Oa, oa,

From the solution of the system of equations (3)
we obtain coefficients a;, which substituted into
(2) are the sought for approximation which sa-
tisfies the extremum of the functional (1).

The starting point is in the determining the ap-
propriate functional, which we construct using
the principle of virtual work. In the issues of
mechanics change of potential energy E,(v) may
be the functional:

1(v)=E,(v)=E -L @)
where E; is the energy of elastic deformation,
and L is the potential of external load.

3. GALERKIN METHOD

The Galerkin method (Bubnov-Galerkin me-
thod) [1,5,6,7] is closely related to the assump-
tions of the Ritz and a broad spectrum of me-
chanics. It is an orthogonalization method used
to solve problems in their local formulations. In
the formulation of the problem the functional
(1) will be used again as well as its first varia-
tion of 8/(v). The necessary condition the exis-
tence of an extremum, taking into account the

boundary conditions
the form:

for function v(x), takes

S(v) = [[L(v)pydx =0 (5)

The desired function w(x), as inthe
Ritz method, is searched for with a certain ap-
proximation:

v<x>~vn<x)=§a,¢,.(x> (©)

with the difference that the test functions ¢;(x)
should comply with all the boundary conditions
that must be understood by the conditions dis-
placement and force boundary conditions. After
substituting (6) to (5) the expression L(v) will be
a function of parameters a;. In equation (5) ov(x)
can be any function in the area of integration,
with one restriction that is on the edge it has to
take of zero values. Variations ov(x) can be rea-
lized giving to the coefficients a; other small
changes oa; then the equation (1) takes the form:

[0y, () =0

i=12..n (7

Due to the fact that changes in da; are constant
and different from zero, correlation (7) leads to
a system of linear algebraic equations relative to
unknown parameters a;, called the Bubnov-
Galerkin equations

T (e =0 ®)

4. THE METHOD OF BASIS
VARIATIONS

The method of basis variations [7,8] allows
creating algebraic equations for the numerical
solution of linear and nonlinear boundary prob-
lems. A characteristic feature of this method is
the algorithmic and the possibility of mathemat-
ical formulas for the allocation of the input data.
This method uses the characteristic properties of
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linear operators L and bilinear functionals
B(u, v), namely this is the additivity:

L(u+v)=Lu+Lv

B(u+w,v)= Blu,v)+ B(w,v) )
B(u,v + w) = B(u,v)+ B(u, w)

and homogeneity:
L(au) =oalu (10)

B(au,v) = B(u, av) = aB(u,v)

Using the Riesz theorem [9] bilinear functional
B corresponds to a linear operator L (that is,
there is a clear correspondence between them)
and takes the form:

B(u,v)=(Lu,v)=(u,L*v) (11)
where L* is the operator adjoint to operator L.
Solving the boundary problems consi-
dered to be a convenient record is considered
functional in the form of (11), independently of
whether the functional has the physical mean-
ing. The looking function which takes part in
the differential operator in the transition to the
functional is included in the integral expression.
During this process, the order of derivative of
the unknown function is reducing as well as the
number of components correctly normalized
boundary conditions. In formulating the prob-
lem by a bilinear functional, properly chosen
boundary conditions are considered without the
need of their additional description. In this final
discrete areas the linear operator corresponding
to the functional is uniquely determined by the
matrix A={ay;}. In this case, the value of each
element of the matrix of the i-th row and j-th
column can be calculated from the formula:

a, = B(e(i),e(j)) (12)

or by the operator L:

a. :L(e(j))i (13)
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In the method of basis variations, to present the
elements of the matrix, which is corresponding
to finite functionals and operators in formulas
(12) and (13), unit (basic) vectors ¢ and e” are
used. In the case of a single scalar vector, its
arbitrary k-th element is equal to:

() _{l,gdyk=m

= (14)
0,gdy k #m

€

5. EXAMPLES AND CONCLUSIONS

The presentation of the effectiveness of the me-
thod of basis variations, in comparison to the
classical Ritz and Galerkin formulations, shown
in the examples of a beam bending and com-
pressed. In the analysis the input data set (load
forces, P, S, distributed load p perpendicular to
the axis of the element) and the initial parame-
ters of the task (E, /). For each structure schema
the calculation algorithm executed in the pack-
age Mathematica environment was built. The
work shows the results of the deflections for the
two ways of beams supporting (fig. 1, fig. 3). In
both cases the following were adopted: the
length / = 1 [m], the height of the cross section
of b = 0.1 [m] and module of elasticity of steel £
= 210 [GPa]. For the beam shown in figure 1, an
analysis was carried out with variable moment
of inertia I (x) = (I + x (I-x)) 10-6 [m4] (fig. 2a)
or for the constant cross-section IPE100
(fig.2b). The results of this analysis are pre-
sented in figure 2.

om0 0 W

| Elm |

Fig. 1. Scheme of the beam 1
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a) sented in graphs (fig 2, fig 4.) are of the order of
the length of the beam [m] 1%-6% (if the deflections are given in millime-
0 025 05 0,75 1 ters difference becomes insignificant). For more
0 . .
= complex structures, in order to increase the ac-
- 4 . . e
= -0,03 \\ // curacy of the method of basis variations, the
A\ / . . .
£ ol N 7 discretization step should be concentrated, but
2 015 A //,’ it does not complicate the issue and does not
b ~ ’ .
% 02 \\// ; change the algorithm.
= ’ S ’
§ 025 *-=-=""
= T
the length of the beam [m]
0.3 0 0,25 0.3 0.75 1
— = The method of basis vanations Ritzmethod 0 - -
—-0,02
i A
b £ 04 AN /
) £ -0.06 N\ Vs
5 A yd
the length of the beam [m] 2 -0,08 N N /,
0 025 05 0.75 1 g 0.1 N /"
0 = 0,12 AR \C 4
—_ —0,02 \ / %l) _0’1 4 ~ {
= A
E -0,04 4 = -0.16 ~ -
E 006 \ / 2 -0.18 e
E oos N [/ 0.2
Py \\‘\ 4 = = Themethod of basis variations Galerkin method
Z .01 N ’
Z 02 \\ s
E 0,14 \\\ e Fig. 4. The graph for a beam deflection 2
= N\ -
2 -0,16
-0.18 R _ Advantages of this metod include the
= = The method of basis variations Ritz method [ . cn .
possibility of simplifying mathematical calcula-

Fig. 2. The graph for a beam deflection 1: a) the variable
moment of inertia, b) a constant moment of inertia

For the beam shown in figure 3, an analysis was
carried out with regard to the constant cross-
section IPE 100. The results obtained using the
method of basis variations and the Galerkin ap-
proach is illustrated in figure 4.

=250kN/m

Fig. 3. Scheme of the beam 2

On the basis of the analyzed examples it was
demonstrated that the results obtained using the
method of Ritz, Galerkin and of basis variations
are convergent. Differences in the results pre-

tions and the algorithmic visual way of formu-
lating issues. The functional that describes the
problem tasks (and more specifically the inte-
grand expression) or a differential operator equ-
ation of the boundary problem can be written in
explicit form, with the formal participation of
unknown function. Changing the concept of so-
lution of the problem can be efficiently achieved
by the possibility of concluding this feature in
the initial data. The problem can also be formu-
lated in a single expression with the initial as-
sumptions that contain the boundary conditions.
Additional simplification of the calculation is to
use the simplest (unit) basis function.

In conclusion, the method of basis variations is
an universal method limiting to a minimum the
risk of error.
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INVESTIGATION OF PARALLEL COMPUTATIONAL
CAPABILITIES OF MODERN FREELY GPU SOLVERS

Alexander V. Sidorov
Moscow State University of Civil Engineering, Moscow, RUSSIA

ABSTRACT: This article reviews the existing shareware solvers that run on the graphical device of computer.
The purpose of this review is to explore the possibilities and limitations of these parallel solvers for linear alge-
braic problems that arise in the Research and Educational Centre of computer modeling at MSUCE and Research
& Engineering Center StaDyO. Explored new possibilities of using a GPU in PETSc suit and compared with the
results without using of GPU. Research is carried out the CUSP library, which was created specifically for the
problems of linear algebra on GPU. Studied new MAGMA project, which is analogous to LAPACK for the

GPU.

Key words: linear algebraic problems, GPGPU (General-purpose computing on graphics processing units),
CUDA, parallel solvers, libraries: PETSc, CUSP, MAGMA.

INTRODUCTON

Purpose of present investigation is overviewing
of current modern freely GPU (Graphics
processing unit) based solvers, how fast they
can solve tasks that occurred with Russian finite
element program package STADYO [1] and
what need to do to make easy GPU based solu-
tion.

1. NVIDIA CUDA

CUDA [2] gives developers access to the virtual
instruction set and memory of the parallel com-
putational elements in CUDA GPUs. Using
CUDA, the latest Nvidia GPUs become accessi-
ble for computation like CPUs. Unlike CPUs
however, GPUs have a parallel throughput ar-
chitecture that emphasizes executing many con-
current threads slowly, rather than executing a
single thread very quickly. This approach of
solving general purpose problems on GPUs is
known as GPGPU [3].

2. PETSc

PETSc [4], pronounced PET-see, is a suite of
data structures and routines for the scalable (pa-
rallel) solution of scientific applications mod-
eled by partial differential equations. It supports
MPI [5], shared memory pthreads, and NVIDIA
GPUs, as well as hybrid MPI-shared memory

pthreads or MPI-GPU parallelism. PETSc pro-
vides own Krylov methods, own precondition-
ers and third party direct solvers.

Krylov methods: Richardson, Chebychev, Con-
jugate Gradients, Generalized Minimal Residual
method, Stabilized version of BiConjugate Gra-
dient Squared, a transpose free Quasi Minimal
Residual, Conjugate Residuals, Conjugate Gra-
dient Squared, Biconjugate gradient method,
Minimum Residual, Flexible Generalized Mi-
nimal Residual, Sparse Linear Equations and
Least Squares, Sparse Symmetric Equations,
GMRES with approximations to the error from
previous restart cycles, Generalized Conjugate
Residual, Conjugate Gradient without explicitly
forming.

Preconditioners: Jacobi, Point block Jacobi,
Ruccessive over Relaxation, point block SOR,
block Jacobi, additive Schwarz, Incomplete fac-
torizations, Incomplete Cholesky factorization,
multigrid preconditioning, Balancing Neumann-
Neumann.

Direct solvers: LU, Cholesky, QR, XXt and
XYt.

PETSc on GPU

PETSc algebraic solvers now run on Nvidia
GPU systems. This sometimes provides an al-
ternative high performance low cost solution
technique.

PETSc built on NVIDIA CUSP and THRUST
[6] template libraries.
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e NVIDIA THRUST - C++ templated
headers similar to parts of STL

e NVIDIA CUSP - C++ numerical linear
algebra templated headers
Sparse Matrices on GPUs:

e Matrices are generated on CPU

e Data copied down on demand (never co-

pied up)

All of the Krylov methods except KSPIBCGS
run on the GPU. The only preconditioners to run
directly on the GPU are Jacobi, SACUSP, SA-
CUSPPOLY, and AINVCUSP.

PETSc Test

Test model is a model of an air tank from nuc-
lear power plant. Stiffness matrix has 120’708
rows, 120’708 columns and 5°614°198
(11°228°396 for non-symmetric) non-zero ele-
ments.

T .

) {
Figure 1. FE model of an air tank from nuclear
power plant.

In this test the relative convergence tolerance is
1e-07. Problem consequentially solved on CPU
and CPU + GPU, and also with MPI type paral-
lelization with 2 cores on CPU and 2 cores on
CPU + GPU. System configuration is Intel®
Core™ i5-2410M CPU @ 2.3GHz, 4 Gb RAM,
Nvidia 540M 1 Gb (96 CUDA Cores).
Solver was preconditioned conjugate residuals
method [7]. Preconditioners:

e Jacobi (i.e. diagonal scaling precondi-
tioning)
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e SOR (successive over relaxation, Gauss-
Seidel) preconditioning. Not a true parallel SOR,
in parallel this implementation corresponds to
block Jacobi with SOR on each block.

Results with Jacobi preconditioner shows that in
consequential mode GPU + CPU are about 2
times faster than single CPU. MPI parallelization
slows CPU + GPU mode, but speed up CPU
mode.

Results with SOR preconditioner shows that this
preconditioner without any GPU optimizations
solve system much faster than Jacobi precondi-
tioner with GPU parallelization mode, and that
there are still a lot of work with GPU optimiza-
tions.

3000 o~ 281576

2500 |

1978,06

2000

¥
1500 |
mCPU

GPU

A
1000

s
500

561,977,65 843
A

CPU + GPU CPU + GPU
CRSOR Cons CRSOR MPI

0
CPU + GPU CPU + GPU
CRJacobi CR Jacobi

Cons MPI

Figure 2. Histogram of test results.
3. CUSP

Cusp [8] is a library for sparse linear algebra
and graph computations on CUDA. Cusp pro-
vides a flexible, high-level interface for manipu-
lating sparse matrices and solving sparse linear
systems. Cusp provides support for reading and
writing MatrixMarket files.
Cusp provides a variety of iterative methods for
solving sparse linear systems. Established Kry-
lov subspace methods are available:

e Conjugate-Gradient (CG)

e Biconjugate Gradient (BiCG)

e Biconjugate Gradient Stabilized
(BiCGstab)

e Generalized Minimum Residual
(GMRES)

e Multi-mass Conjugate-Gradient (CG-M)
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e Multi-mass Biconjugate Gradient stabi-
lized (BiCGstab-M)

Preconditioners are a way to improve the rate of
convergence of iterative solvers. The good pre-
conditioner is fast to compute and approximates
the inverse of the matrix in some sense. Cusp
provides the following preconditioners:

e Algebraic Multigrid (AMG) based on
Smoothed Aggregation
Approximate Inverse (AINV)

Successfully con-
verged after 1760
iterations

Conjugate Gradient
method

Biconjugate Gradient
method

Successfully con-
verged after 1765
iterations

Failed to converge
after 5000 iterations

Biconjugate Gradient
Stabilized method

Failed to converge
after 5000 iterations

Generalized Mini-
mum Residual
method

This results show that some solvers and all pre-
conditioners that provide CUSP are incompati-
ble with finite-element problems.

4. MAGMA

The MAGMA (Matrix Algebra on GPU and
Multicore Architectures) [9] project aims to de-
velop a dense linear algebra library similar to
LAPACK but for heterogeneous/hybrid archi-
tectures, starting with current "Multicore+GPU"
systems.

The MAGMA research is based on the idea that,
to address the complex challenges of the emerg-
ing hybrid environments, optimal software solu-
tions will themselves have to hybridize, combin-
ing the strengths of different algorithms within a
single framework. Building on this idea, we aim
to design linear algebra algorithms and frame-
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e Diagonal

CUSP Test

“Tab” model — simple object like “stool”. Size
of stiffness matrix is 678 rows, 678 columns and
2331 (4662 for non-symmetric) non-zero
elements. Relative tolerance 107, maximum
iterations 5000. System configuration is Intel®
Core™ i5-2410M CPU @ 2.3GHz, 4 Gb RAM,
Nvidia 540M 1 Gb (96 CUDA Cores).

Failed to converge
after 5000 iterations

Failed to converge
after 5000 iterations

Failed to converge
after 5000 iterations

Failed to converge
after 5000 iterations

Failed to converge
after 5000 iterations

Failed to converge
after 5000 iterations

nan nan

works for hybrid manycore and GPUs systems
that can enable applications to fully exploit the
power that each of the hybrid components of-
fers.
MAGMA 1.0 is intended for a single CUDA
enabled NVIDIA GPU. It extends version 0.2
by adding support for the Fermi GPUs. Included
are routines for the following algorithms:

e LU, QR, and Cholesky factorizations in
both real and complex arithmetic

e Hessenberg, bidiagonal, and tridiagonal
reductions in both real and complex arithmetic

e Linear solvers based on LU, QR, and
Cholesky in both real and complex arithmetic

e Figen and singular value problem solv-
ers in both real and complex arithmetic

e Generalized Hermitian-definite eigen-
problem solvers;
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e Mixed-precision iterative refinement
solvers based on LU, QR, and Cholesky in both
real and complex arithmetic

e MAGMA BLAS in real arithmetic (sin-
gle and double), including gemm, gemv, symv,
and trsm

MAGMA Test

DGESV (LAPACK BENCHMARK) solve in
double precision respectively A * X = B where
A is an M-by-N matrix and X and B are N-by-
NRHS matrices.

(1%10°) *[(%*N3 +2%N?]
MFLOPS = 3

(CPU seconds)
GPU Results on system Intel® Core™ i5-
2410M CPU @ 2.3GHz, 4 Gb RAM, Nvidia
540M 1 Gb (96 CUDA Cores):
N NRHS GFlop/s || b-Ax ||/ ||A]]

1024 100 8.86 2.819232e-15
2048 100 13.69 2.918877¢e-15
3072 100 16.48 3.332595e-15
4032 100 17.37 3.070450e-14
5184 100 18.01 1.191584e-14
6016 100 18.36 1.037878e-14
7040 100 18.61 2.298301e-14
8064 100 18.94 7.340451e-15
9088 100 19.08 2.057905e-15
10112 100 19.20 3.002565¢-15

Double Precision General Matrix Solve -—- DGESWY

4000 T T T T T T T T T

3500

3000

2500 |-

AMD ACML L -
GotBLAS + netlib LAPACK —&—
ATLAS —8—

MFLOPS
m
=
=1
=

Intel MKL
netlib BLAS + netlib LAPACK —d—

P YT Y A " i

o 1 1 1 1 I 1 1 1 1

a 1000 2000 3000 4000 5000 6000 7000 8000 9000 10000

Figure 3. Diagram of DGESYV test at single pro-
cessor on one of the Hoffman2 Cluster
compute nodes.
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Results for a single processor on one of the
Hoffman2 Cluster compute nodes (the code is
single-threaded and statically linked) are shown
on Figure 3.

This test shows that GPU parallelization is good
decision for speeding up linear system solving.
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KOPPEKTHBIN AJITOPUTM OCPEJHEHMUS
INPU YUCJIEHHOM PEHIEHUU KPAEBbBIX 3ATAY
C UCITOJIB3OBAHUEM JUCKPETHOI'O BASUCA XAAPA
YACTD 1: OAHOMEPHBIE INTPOBJIEMbI

I1.A. Axumos, M.J1. Mo3zaneea

®I'BOY BIIO «MoCKOBCKHI TOCYAaPCTBEHHBIN CTPOUTENBHBIN YHUBEpCUTET», T. MockBa, POCCHUS

AHHOTAIIUSA: Hacrosmias cTaThs MOCBSIIEHA OMUCAHUIO Pa3pabOTaHHOTO aBTOPaMH KOPPEKTHBIA alrOpUTM
OCPEIHEeHHUS TIPH YMCIICHHOM DEIICHWU KPAeBBIX 3a]ad CTPOMTEIbHONW MEXaHHKH W MAaTeMaTHYeCKOH (HM3UKH C
MCIIOJIb30BaHUEM OJIHOMEPHOTO JAUCKPETHOTo Oasznca Xaapa.

Ki1ioueBble cj10Ba: KOPPEKTHBIN arOPUTM, OCPEAHCHNE, KpaeBas 3a/a4da, YNCICHHOE PEeIICHNE,
BeliBeT-aHamm3, Oa3uc Xaapa

CORRECT ALGORITHM OF AVERAGING
AS A PART OF NUMERICAL SOLUTION OF BOUNDARY
PROBLEMS WITH THE USE OF HAAR BASIS
PART 1: ONE-DIMENSIONAL PROBLEMS

Pavel A. Akimov, Marina L. Mozgaleva
Moscow State University of Civil Engineering, Moscow, RUSSIA

ABSTRACT: Correct algorithm of averaging as a part of numerical solution of boundary problems of structural
mechanics and mathematical physics with the use of one-dimensional Haar basis is under consideration in the dis-

tinctive paper.

Key words: correct algorithm, averaging, boundary problem, numerical solution, wavelet analysis, Haar basis

BBEJEHUE

BeiiBner-ananus [1-14] sBasieTcss MOITHBIM, OBI-
CTPO pa3BUBAIOLIMMCS B HACTOAIIEE BpeMs arl-
apaToM JUIsl Pa3eIbHOr0 aHAIN3a JOKAJIBHOTO
U TI00aTbHOrO HAMPSKEHHO-Ae()OpMUpPOBaH-
HOTO COCTOsHMS KOHCTpykuui. Iloxm wmHOro-
YPOBHEBBIM  BEUBIIET-aHAJIU30M TOHUMAETCS
Pa30KEeHUE PENIEHUs 1O JIOKAaJIbHOMY BEHBIIET-
0a3ucy W paccCMOTPEHHE KOMIIOHEHTOB STOTO
pelieHus: Ha KaXKJIOM M3 ypOBHEW Takoro Oa-
3uca. CTeneHb JOKAJIbHOCTH OIpPEAENIIeTCs
pazMepoM HocuTens 0a3uCcCHOM (YHKIMM Ha Ka-
JKJIOM ypOBHE. MHOTrOypOBHEBBIN BEUBIIET-aHA-
JIM3 TIO3BOJISIET OLEHHUTH BIIMSIHUE PA3JIUYHBIX C
NO3UIMI JoKanu3anuu (GakToOpoB, MPU STOM

OKa3bIBACTCs BO3MOXKHBIM ITOCTPOUTH HE TOJIBKO
Ooiee KauCCTBCHHYIO PACUCTHYIO MOJCJIb, HO U
BHCCTH HCKOTOPLIC KOHCTPYKTUBHBLIC H3MCHC-
HU.

1. IOHATHUE O AUCKPETHbBIX
OYHKIUAX XAAPA HA OTPE3KE

PaccMoTpuM TpoOM3BOJIBHBIN  OTpe30K [a, b].
Paznenmum ero Ha (n—1) paBHBIX yacTew, rie
n=2", M — HekoTopoe 1e/0e Yucio (MaKCcH-
MaJIbHBIA ypoBeHb (pyHKIMH Xaapa (Konudect-
BO ypoBHe#)). KoopauHaTel TOYeK [eleHUs
X, i=12,..,n, O4EBUIHO, ONPEIEIAIOTCS IO

dbopmynie (HIKEe A — 1mar JejaeHus)
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Puc. 1.1. Juckpemnvie ¢hynxyuu Xaapa Ha ompesxke.
X, =a+ (i—-Dh, i=1,2,...,n, (1.1) HenopmupoBaHHbIE byHkun Xaapa moKa3aHbI
e h=(b-a)/(n—1). (1.2) Hapuc. 1.1 (1o ocu abciuce OTIOXKEHBI HOMEPa

y3JI0B TOUEK Pa30MEeHHs OTPE3Ka).
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Xaapa. Yactp 1: OrHOMEpHBIE IPOOIIEMBI

CewmeticTBo (hyHKImMiT Xaapa
l//f(i), p=12,... M, j=l,2,...,Np

s il i
(w7 (i) — j-as bynkuus Xaapa ypoBHs p ), on
PENEeNCHHBIX B TOUYKaX pa3OMEHHsl OTpe3Ka, C
Y4eTOM HOPMHUPOBKH 3a/1aeTcst (hopMyIaMu

1, 27 (-1 <i<27(2j-1)
vy )=—1-1L 2P (2j-<i<2™j
P10, i<2M(G-) U iz2"y,
i=L2,...,n, 0<p<M,
(1.3)

v =1/a,, i=12,..,n, (1.4)

npudeM (1.4) sBisercs 1OMOJHEHNEM ceMeucT-
Ba QyHkumii (1.3) no 6asuca; N, u «, — Kou-

4yecTBO (YHKIMA MU HOpMa HEHOPMHUPOBAHHOM
dbynkun Xaapa Ha p -OM ypOBHE (ompemens-

ercst ipu oTCyTCTBHM B (1.3) nenenus Ha @),

p+1: M—(p+1) <
Nf{f/z Mz L 0Sp<M. g
, p=M;
N2P D 0< p< M
a,=1""_ P (1.6)
N2M =\n, p=M,

T.C. v_j=1,2,...,Np ||l//]p ||=ap'

HenopmupoBannbie ¢yHKIMU Xaapa MOKa3aHbI
Ha puc. 1.1 (o ocu aGcuucc oTI0KEeHBl HOMEpa
y3JI0B TOYEK pa3OUEeHUs OTPe3Ka).

CewmeiictBo pynkiuii Xaapa (1.3)-(1.4) oGpa3y-
€T MOJHYI0O OpPTOHOPMHPOBAHHYIO CHUCTEMY H
SBIISIETCST 0A3MCOM B MPOCTPAHCTBE COOTBETCT-
BYIOIINX AUCKPETHBIX (QYHKIUH.

2. IOHATHUE O PA3JIO)KEHUU
®YHKIINU 11O BABHUCY XAAPA
(IMPSIMOE BEVBJIET-
ITPEOBPA3OBAHME — AHAJIN3)

PaccmotpuMm mpounsBosibHYIO (DyHKIMIO [, OII-
peleNeHHYI0 B TOYKax pa30MeHHsi OTpe3Ka ¢

HoMepamu i=1,2,..,n. OyHkuus f(i) Moxer
OBITH pa3IO’KEeHA B sl Xaapa:

=33V ),

p=0 j=1

2.1)

rae vf, Jj=L2,..N,, p=12,.. M — KOd (-
durueHTsl pasznoxkenus QyHkiuu f (i) mo Oa-
3ucy Xaapa, ornpeaensieMbie o Gpopmyie

vE= fw (), j =12, N, p=12,...,M.
i=1

(2.2)

3. AJITOPUTM BBICTPOI'O
BBIYNCJIEHUA KOOD®PUITUEHTOB
PA3JIOKEHUS TUCKPETHOM
®YHKIUU 11O BABUCY XAAPA

OnuceiBaeMblid HMKE aJITOPUTM MPSIMOIO BEWB-
neT-npeoOpa3oBanus Mo Oasucy Xaapa, mpe-
JoxeHHbId A.b. 3010TOBBIM [ 1], TO3BOJIAET BbI-
YUCITUTh KOA(POUIIMEHTH! Pa3IoKEeHUs 3a m -1
oTiepalyii, rae m — HEeKOTOpOe IIeJI0e YUCIIO, He
3aBHCSIILEE OT 7.

ITycthb

u?=f(j)) j=1,2’...,n, aOZ\/E’ p=0'(3'1)

Hnst Bcex p=0,1,..., M —1 npousBoguM BHI-
quCIIeHus TI0 (hopmMyam

P — (P p
v; _(u2j—] _u2j)/apa
p+l

uj

P p
=Uyi Uy,
j=12,..,N,

6¥p+l = \/Eap

, p=0,1,.., M—1.

(3.2)

IIpu p =M umeem:

aM:«/;, v=u"la,, p=M, (3.3)
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ypoeeHb p=0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
ul MZ HS u4 MS ME u? MS HQ IIIIIZI ull u12 u13 u14 MIS ulé

P P e
0 0 0 0 0 0 0 0
Vi v, V. ¥, V. V. V. h I
ypoBeHb =1
u! 7% ! i) ul 1) ! 7%
Y e 2y e
v y! v v}
YpOReHb p=2
1? 12 u? 12
e 4 2 o & 2
vy Vi
YpPOREHb p=3
Uy u;
* 2 *
3
:‘;1
ypoReHb p=4
4
Hl
&
4
Y

Puc. 3.1. Cxema sviuucnenus kosgguyuenmos pasnodicerust OUCKpemHol QyHkyuu no obazucy Xaa-
pa onsa cayuas n=16.

P _ 0 _ /.0 0 _ -1 0
rne uy, j=1,2,.,N,, p=1,2,..,M - pac- v, =(uy, —uzj)/oz0 =—a, h(Du )21
CMAaTPUBAIOTCSl B JITAHHOM KOHTEKCTE KaK BCIIO- j=12,..,8,
MoOTraTeJIbHbIE BETUYHUHEI. 0 0 0
rae (Du)y ;= (uy; —uy; )/ h
PaccmorpuM B kKauecTBe mpuMepa MPUMEHEHHS

npeJCTaBIeHHBIX (QopMyn ciyuyail n=16, T.e.
M =4 (puc. 3.1). Jus ypoBHA p =1 uMeeMm:

Hnst ypoBHsi p =0 umeewm:
a,=2; N ,=n/4=4;

ay=N2; Ny=n/2=8; uj =y, iy, =20, j=1,2,..,8,
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Xaapa. Yactp 1: OrHOMEpHBIE IPOOIIEMBI
~0 0 0 .
e Uy =y +uuy,) 23

1 1 1
v, =y —uy) oy =
1 1

= —a (2h)2]2—:2j_1 -

:—a;1(2h)(Du1)2j71 =
O _170
—a'2.-(2h oy mHajm
a; 2-(2h) Y
=-a, (4h)(D )2, b J=12,..4
(Du' )2/ :(MZj _u2j 1)/(2]’1)'

(D“ )2,1—(”21 2,1)/(2}1)

Jlnis ypoBHSL p =2 uUMeeM:

a, =242 N,=n/8=2;
uf :uéj_l +uéj :2521j_], j=L2,..,4,

e iy, = (uy, +uy;)/2;
2 2 2
v, = (”2j—1 _u2j)/a2 =
2 2
Uy,
— ' (amy T - =

= _a; (4h)(D“ )2j—1 =
7!

u, .
— a2 (42
T

= _az_l (8]’1)(DZ7])2].71, Jj=L2
(Duz)Zj—l = (Z”;] _u22j ) /(4h) ;
(DI’NII)Zj—l :(’72] uzj 1)/(4h) .

g ypoBHSL p =3 umMeeM:

a,=4; N,=n/l6=1;

32 2 A2 .
uj—u2j71+u2j—2u2j71, j=L2,

~2 2 2 .

riue u2j71:(u2j71+u2j)/2,

3 3 3
v = (y; _”z)/a3 =

1/[3

a;'( e "
=—a; Bh)(Du),, , =
~2 ~2
— a2
5 2+( A ™
=—a, (16h)(Du*),;
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(Du’), = (uy —u;) [(8h);
(Dﬁz)l = (7’722 _7’712)/(8]7) .

st ypoBHS p =4 umeem:

a,=4; N,=n/l6=1;
ul =u +u; =2,

rae u) =i +u)/2; v =ula,.

4. AJITOPUTM OCPEJHEHUA

3aMeTuM, YTO €CJIU 3HAUCHUS u?, j=12,.,N,

ompeneneHHsie 1o ¢opmyne (3.1), sABIsAOTCA
TOYHBIMH, TO BO3HHKHOBEHHE OIIUOOK B Jallb-
Heifimem npu peanuzatmu popmyn (3.2)-(3.3)
UCKITIOUeHO. BMecTe ¢ Tem, Mo MpakTHYECKUM
COOOpaKEHUSIM MOXET MOTPeOOBaTHCSI HEKOTO-
poe YMEHBIICHHE TOYHOCTH B YTOAY IPyTUM
¢dakTopam. B yacTHOCTH, MOKHO MCIIOJIB30BaTh
ITOPUTM OCPEIHEHHsI, pacCMaTpUBAaEMbIi HU-
Ke, BHavaJie i ciryvast n=16.

[Tpu ocpennennn Ha ypoBHe p =0 mosaraem:

(Du’), = (Du"), = (D), v =vy;
(Du0)3 z(Du0)4 z(DLN’O)3; V;) :"2;
(Du’)s =~ (Du’), ~(Dii’); vi=v;
(Du’); = (Du’)y = (Di);5 vy =v;.

Nwmeem:

=(u; —u,)/ a, = —a; (4h)(DU"),,
= (u; ~uy) o, = —a]‘](4h)(DL7°)3 ;
=i —uy)/a, =-a; (4h)(Du’)s;
vy =l —uy)/ a, =—a; (4h)(Di’),,

OTKyJa

(D), =—ay, [(4h); (D), =—a,v) [(4h);
(D), =—avy [(4h); (Du’), =—a,v, /(4h).
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v =v) =—a, h(Du"), = —a; h[-a,v, [(4h)] =
B lﬂ ' 1

1
vV, =——V
1 2\/51

4a,
vy =v, =—a, h(Du"), = —a, h[-a,v) /(4h)] =
NI
4 a, ? 2\/_ a
v =v, =—a, h(Du"), ~—a; h[-a,v /(4h)]
_la Lyl =——vl;
T4 a, ’ 2\/_ ¥
v =vg =—a; ' h(Du’), = —a l—a,v, /(4h)] =
_la a4 =LV]
40!0 4 2\/5 4

[Ipu ocpenHenun Ha ypoBHE p =1 momnaraem:

(Du'), = (Du'), = (D), ;
(Dul)3 ~ (Du1)4 ~ (DZ/N!I)3 >

| .
Vl _Vz’

1.1
vV, =V,.
Nmeewm:

=—a, 8h)(Dii"), ;
=—a, (8h)(Dii"),,

2 2 2
v = —uy)/a,

2 2 2
v, =(u; —uy)/a,

OTKy/a

(D", =—a,v, /(8h); (Du'), =—a,v; /(8h).
CnenoBaTeinHO,

o = = Gy <

1
~—a, (2h)[-a,v, [(8h)] = v2 — 2
1 1 4 al 1 2\/5 1
v =vi=—ay @)D" =
~—a; (2h)[-a,v? [(8h)] = l&vzz _ vaz
4« 232
HanbHeilee ocpenHenue Ha ypoBHe p =0 Be-

JIeTCsl IO TPE/ICTAaBICHHBIM BbIIIE (JOPMYIIaM.
IIpu ocpeHeHU Ha ypOBHE p =2 IOJaraeMm:
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(Du?), = (Du?), ~(Dii*),; Vi =v:.
Nwmeewm:

v = —u;)/a, =—a;' (16h)(Di?),,
OTKyJa (Dui*), =—a,v; [(16h).
CnenoBartenbHO,

V12 =v2 ——052_1(411)(Duz)1 ~
~ —a, (4h)[-a,v; [(16h)] = 2 vf =

1 2
a, 2\/5 :

[JanbHelimee ocpenHeHue Ha ypoBHsAX p =0,1

BEJIETCsI 10 MPEJICTABICHHBIM BbIIIE POpMyIam.
Chopmynupyem Tenepb aaroput™M OCpPEAHEHHUS
Juls 0o0wIero ciaydvas MPOU3BOJIBHOTO 3HAUYEHUS
n. llycts p — MHIEKC, COOTBETCTBYIOIIMM HO-
mepy ypoBus, p=0,1,2,..., M —1; j — nHIexc,
COOTBETCTBYIOIIUI HOMEpPY O0a3uCHON (HYyHKITMH
Ha paccMaTtpuBaeMoM ypoBre, j=1,2,..,N .
[Tonoxwum, 9To TpeOyeTcst MPOU3BECTH OCPEl-
HEHUE Ha HEKOTOpoM YypoBHe ¢. [lns Bcex

p=1,2,...,q Gynem nonaraTs:

(Dup)zj—l z(Dup)zj z(DﬁP)zﬂa v;j—l :Vzpj’
Jj=L2,..N,,. (41)

Nmeewm:
p+l 2p+2 h 5P
vt =——Du"),;,,, j=L2,.,N,,, (42)
aerl

rae (DL7”)2H = (ﬁz”j —072”]‘71)/(2”*1 h)y. (4.3)

Takum o06pazom,
~p ap+1 p+l .

(D?/l )2j—1 :—m\)j . =1,2 NP+1' (44)
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Xaapa. Yactp 1: OrHOMEpHBIE IPOOIIEMBI
-1
vy =vy, ==a, 2" h(Du”),, | ~
~—a, 2V i—a, v (27 )] =

_ 1 apﬂ Vp+l _ 1

p+l

— 7 ,
22

- J
4 a,

OTKYJla OKOHYATCJIbHO

1 +1 .
Vénjﬂ :Vﬁnj :m\/}n . ] :1, 2,..., Np+l (4_5)
UJIN NHA4Ye
ij_l = vé’j = ﬂvj!Hl , j=12,.., Nerl , (4.6)
1
e B=>71 4.7)
242
3JAMEYAHUA

UccnenoBanusi mpoBOAMIUCH B paMKax clie-
TYIOUTUX padoT:

1. I'pant 2.3.18 Poccuiickoil akageMun apxu-
TEKTYPBhl U CTPOUTEIBHBIX HAYK IS MOJIO-
JBIX YYEHbIX crieruanuctoB «Pa3spaboTka u
BepU(HKaIIUA KOPPEKTUBHBIX YUCIECHHBIX U
YHCIIEHHO-aHATUTUYECKUX METO/I0B HUCCIIe-
JIOBAHHUSA JIOKQJIbHOTO HaIPSHKEHHO-
neOpMUPYEMOT0 COCTOSIHUS CTPOUTEIb-
HBbIX KOHCTPYKLUUH Ha OCHOBE MHOI'OYpPOB-
HEBOI'0 BeiBieT-aHan3a» Ha 2012 r.

2. I'pant 2.3.8 Poccuiickoil akagemMuu apxu-
TEKTYpPbI U CTPOUTENbHBIX HayK «Pa3pabot-
Ka u UCCIIEIOBaHKE JTUCKPETHO-
KOHTUHYaJBHBIX METOZOB JUIsl pacuera
CTPOUTENBHBIX KOHCTPYKLUUWA C KYCOYHO-
MOCTOSIHHBIMHA ~ (PU3UKO-T€OMETPHUECKUMU
napaMeTpamu 1Mo OJHOMY U3 HalpaBICHUID»
Ha 2011-2012 rr.

3. I'pant MunuctepctBa 00pa3oBaHusi U Hay-
ku Poccuiickoit denepanun «Pa3pabotka,
HCcleIoBaHue, IPOrpaMMHO-
QITOPUTMHUYECKAsl peanu3anust U Bepudu-
Kallusg MHOTOYPOBHEBBIX METOJOB IPO-
FHO3HOI'O MaTeMaTH4YeCKOIo MOJAEIMpPOBa-
HUSL COCTOSIHHMSI U TEXHOT€HHOI 0e30macHo-

CTH OTBETCTBEHHBIX OOBEKTOB M KOMILIEK-
COB MCTraIrioJImuca».
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KOPPEKTHBIN AJITOPUTM OCPEJHEHMUS
INPU YUCJIEHHOM PEHIEHUU KPAEBbBIX 3ATAY
C UCITOJIB3OBAHUEM JUCKPETHOI'O BASUCA XAAPA
YACTD 2: IBYMEPHBLIE ITPOBJIEMBbI

I1.A. Axumos, M.J1. Mo3zaneea

®I'BOY BIIO «MoCKOBCKHI TOCYAaPCTBEHHBIN CTPOUTENBHBIN YHUBEpCUTET», T. MockBa, POCCHUS

AHHOTAIIUSA: Hacrosmias cTaThs MOCBSIIEHA OMUCAHUIO Pa3pabOTaHHOTO aBTOPaMH KOPPEKTHBIA alrOpUTM
OCPEIHEeHHUS TIPH YMCIICHHOM DEIICHWU KPAeBBIX 3a]ad CTPOMTEIbHONW MEXaHHKH W MAaTeMaTHYeCKOH (HM3UKH C
UCIIOJIb30BaHUEM JIBYMEPHOT'O AUCKpEeTHOTO Oasznca Xaapa.

Ki1roueBble cj10Ba: KOPPEKTHBIN aITOPUTM, OCPEAHCHNE, KpaeBas 3aa4da, YNCICHHOE PEeIICHNE,
BeliBeT-aHamm3, Oa3uc Xaapa

CORRECT ALGORITHM OF AVERAGING
AS A PART OF NUMERICAL SOLUTION OF BOUNDARY
PROBLEMS WITH THE USE OF HAAR BASIS
PART 1: TWO-DIMENSIONAL PROBLEMS

Pavel A. Akimov, Marina L. Mozgaleva
Moscow State University of Civil Engineering, Moscow, RUSSIA

ABSTRACT: Correct algorithm of averaging as a part of numerical solution of boundary problems of structural
mechanics and mathematical physics with the use of two-dimensional Haar basis is under consideration in the dis-

tinctive paper.

Key words: correct algorithm, averaging, boundary problem, numerical solution, wavelet analysis, Haar basis

BBEJEHUE

BeiiBner-ananus [1-14] sBasieTcss MOITHBIM, OBI-
CTPO pa3BUBAIOLIMMCS B HACTOAIIEE BpeMs arl-
apaToM JUIsl Pa3eIbHOr0 aHAIN3a JOKAJIBHOTO
U TI00aTbHOrO HAMPSKEHHO-Ae()OpMUpPOBaH-
HOTO COCTOsHMS KOHCTpykuui. Iloxm wmHOro-
YPOBHEBBIM  BEUBIIET-aHAJIU30M TOHUMAETCS
Pa30KEeHUE PENIEHUs 1O JIOKAaJIbHOMY BEHBIIET-
0a3ucy W paccCMOTPEHHE KOMIIOHEHTOB STOTO
pelieHus: Ha KaXKJIOM M3 ypOBHEW Takoro Oa-
3uca. CTeneHb JOKAJIbHOCTH OIpPEAENIIeTCs
pazMepoM HocuTens 0a3uCcCHOM (YHKIMM Ha Ka-
JKJIOM ypOBHE. MHOTrOypOBHEBBIN BEUBIIET-aHA-
JIM3 TIO3BOJISIET OLEHHUTH BIIMSIHUE PA3JIUYHBIX C
NO3UIMI JoKanu3anuu (GakToOpoB, MPU STOM

OKa3bIBACTCs BO3MOXKHBIM ITOCTPOUTH HE TOJIBKO
Ooiee KauCCTBCHHYIO PACUCTHYIO MOJCJIb, HO U
BHCCTH HCKOTOPLIC KOHCTPYKTUBHBLIC H3MCHC-
HU.

1. IOHATHUE O AUCKPETHbBIX
OYHKIUAX XAAPA HA KBAJIPATE

PaccMoTpuM nByMEpHYIO MPSIMOYTOJIBHYIO 00-
nacTthb (puc. 1.1)

Q={(x,x,): 0<x, </, 0<x,<}, (1.1)
rue x,,x, — KoopauHarel;, /,,/, — pa3mepsl 00-
JIACTH BIIOJIb KOOpAMHATHBIX oced Ox,, Ox, co-
OTBETCTBEHHO.
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Xy X w1

X1=0

Lo
o

*22
23

X1

X241

X, J'2

X2,5,41

Xy 1

X =,

x2 ‘r

Q

Puc. 1.1. Hcxoonas 08ymepHas npsamoy2oivHas 001acms u ee OUCKpemu3ayus

Pazgenmum obGmacte (1.1) mo ropuszoHTanum Ha
(N —1) paBHBIX YacTeii W MO BEpPTHKAIU Ha
(N —1) paBubIX uacreif, e N =2", M — ne-
KOTOpOE I1eJI0€ YHCIO (MaKCUMAaIbHBIM YPOBEHb
¢ynkuuit Xaapa (KOJIM4eCTBO YPOBHEI)).
Koopaunatel Todek neneHusi, O4eBHIHO, OTpe-
NEeNIAI0TCS 110 popMyJiaMm

X, =G ~Dhy, i, =1,2,..,N;
X, =@y —Dhy, iy =1,2,.., N, (1.2)

rae hy u h, —maru genenus no ocam Ox,, Ox,
COOTBETCTBEHHO,
h =1 /(N-1);

h=L/N-1).  (1.3)

[Ipumepsl HeHOpMHpOBaHHBIX (QYHKIMI Xaapa
rokasassl Ha puc. 1.2, 1.3.
CemelicTBO byHKIUH Xaapa

Wl s, p=12,..M, j =12,.,N,,
J,=L2,.,N,, 5,=0,1,5,=0,1 (mpuuem He-
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JONMyCTHM ciydait s, =s, =0), onpeaeneHHbIX
B y3JIaX CETKH, C YYETOM HOPMHUPOBKHU 3a/1a€TCS
CIIEAYIOIMMU (HOPMYITaMHU:

V/flaasu/'n./z (ll > 12) =
(_ l) fkysy+kys,y ,
pHl kq .
1 ﬁU 2 (Jq—1+7)31qA
e 10 l A ’
e R

0, B ocTalbHBIX CITydasx
ip=12,.,N; i,=12,.,N; 0<p<M,;
(1.4)

. 1
Wé\,{),l,l (11712) = E’ (1'5)

s N
npuueM (1.5) sBaseTcs NONOJTHEHUEM CEMENCT-

Ba Qynkuuit (1.4) no 6asuca; N, x N, — konu-

yecTBO (QyHKIMK Xaapa Ha p -OM YPOBHE,
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KoppeKTHbIi alropuT™ OCpeHeHNUS! IPH YUCIEHHOM PELISHUH KPaeBbIX 3aJ1ad ¢ UCIIOJIb30BaHNEM JIMCKPETHOTO Oa3uca
Xaapa. Yacts 2: JIBymepHbIe 1TpoOsieMbl

0

1\ul,O,ﬁl,S
1 23 4 35 6 7 8 9 N-1 N
1
2
3
4
5
1]1-1
6
1]1-1
-
8
N-1
N

Puc. 1.2. Henopmuposanunas ¢yuxkyus Xaapa l//ﬁ 0.43"

1

LL 5. 7
1 2 2P NN

2

TR EIE

11 [-1]-1

EIEIRTE

1|1 1]
2p+lj
2
N1
N

Puc. 1.3. Henopmuposannas ¢pynxyus Xaapa ‘//11,1,_/1,.;'1 .
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p+1: M—(p+1) <
sz{N/z 2 L 0Sp<M o

I, p=M,;

«, — HopMma QyHkuun Xaapa Ha p -OM ypOBHE

(ompenensiercst ipu orcyTcTBHH B (1.4) nenenust
Ha ), T.C.

Vj=L2.N,, ¥ =12,..N,

|| l//‘:]),xz,j],jz || =

271 0< p< M

a,=1", P (1.7)
2" =N, p=M.

CnenyeT OTMCTHUTB, YTO 3HAUYCHUSA HMHICKCOB S1

U S, COOTBETCTBYIOT TpeM 0a30BbIM (PYHKLUAM:

20
1 -1
1 -1
s, =1, 5,=0

Vo,
1 1
—1 —1
s, =0, 5,=1

20
1 -1
-1 1
s;=1, 5,=1

Ha puc. 1.2 u 1.3 npuBenensl npumeps! (QpyHK-
uuit Xaapa (HEHOPMHMPOBAHHBIX), 3HAYEHUS B
IIyCThIX KJIETKAaX HYJIEBBIE.

MoXHO TOKa3aTh, 4YTO CEMEMCTBO (PyHKIMi
Xaapa (1.4)-(1.5) obpa3zyer moJIHYIO OPTOHOP-
MHUPOBaHHYIO CHUCTEMY U sBiIeTCsl 0a3ucoM B
MIPOCTPAHCTBE TUCKPETHBIX (YHKIUH, orpene-
JIEHHBIX B y31ax ceTku (puc. 1.1).
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2. IOHATHE O PA3JIOKEHUU
®YHKIMU 1O BABUCY XAAPA
(TPSIMOE BEMBJIET-
INPEOBPA3OBAHUE — AHAJIN3)

PaccmoTpum mpou3BonbHYI0 GyHKIMIO f, Om-
pelleIeHHYI0 B y3JlaX CEeTKH, IOKa3aHHOM Ha
puc. 1.1. ®ynkuus f(i;,i,) MOxeT ObITh pas-
JIo’KeHa B psan Xaapa:

.. M M
SfG,1,) = VooriWoorr T

M- lN N
+ZZZ( Vo Vi, (i) +
p=0ji=1 j,=1
+ Vo,l,j1 " ‘/’0,1,,‘1 ,j2 (,0,) + vl,l,jl,jz ‘//1,1,,'1 i (,1,)),
2.1)
P P P ;o
TIC Vigjps Yorjine Vit J1 = b 2500 Ny,
J»=L2,.,N,, p=L12,...M — koobduunen-

Thl paznoxenus f(i,,i,) mo 6asucy Xaapa, om-
penensieMbie 1o GopmyIie

N N
Y1 S25J15J2 sz(ll x5 )l//slj,sz,_jl,_jz (ll 1 ):

i=1 iy=1
=0,1, 5,=0,1, j,=12,..,N,, (22)
Jo=12,0 N, p=12,., M.

3. AJITOPUTM BBICTPOI'O
BBIYUCJIEHUSA KOOPPUITUEHTOB
PA3JIOKEHUS TUCKPETHOM
OYHKIUU 11O BAZUCY XAAPA

OnuceiBaeMblii HUKE aITOPUTM TPSMOTO BEMB-
neT-npeoOpa3oBanus Mo Oasucy Xaapa, mpe-
noxkeHHbId A.b. 3010TOBBIM [ 1], TO3BOJIAET BbI-
YUCIAUTh  KOO(PQHUIMEHTH  Pa3OXKEHHUS  3a
m-N? omepauuii, rae m — HEKOTOPOe LENoe
YHCII0, HE 3aBHCAIISE OT N .

ITycTp
u, . =fUni)s i=L2,.,n, j,=12,.,N;
(3.1)
a,=2. (3.2)
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Xaapa. Yacts 2: JIBymepHbIe 1TpoOsieMbl
Hma Bcex p=0,1,.,.M-1, j =1, 2,...,Np,
j=L2,.,N,, 5 =01,

s, =8, =0) Ipou3BOIUM BBIUUCIIEHHS 1O (Op-

s, =0,1 (xpome

MyJiam
zy=(=1", z,=(=D"; (3.3)
p RN 4 p
SISy 1oda al’ (“2]1_1,21'2—1 +Zlu2.i15212—] + (3 4)
p P . .
20Uy 05, T A1Z0UY 05, )
ptl _ p p P P .
dois = Ui Pl o Tl U s
(3.5)
a,,=2-a (3.6)
IIpu p =M wumeem:
a,, =N; (3.7)

vé‘,lo’l’l = a;uf‘j , (3.8)
rae u;':’jz, h=L2,.,N,, j,=12,.,N,,
p=12,..., M — paccMaTpuBarTCsI B JaHHOM
KOHTEKCTE KaK BCIIOMOTaTeIbHbIC BEJIMUMHBI.
PaccMoTpuM B kauecTBe mpumepa MPUMEHEHHS
MpEACTaBICHHBIX Gopmya ciydaii N =4, T.e.
M =2 (puc. 3.1).

Jlnst ypoust p =0 umeem:

a,=2; N,=N/2=2;
0 -0 0
Viogig, = % W) 10j,0 = U225,

0 0
TUy 0y, U, )=
4 0 0
=Q, [_(”z_;l,z_/z _u2_71 1,2/, ) -
0 0

- (u2jl,2j2—l Uy 12,41 )=

-1 0
=-a, h[(D/u )ajir2y, T

0

+ (D1+” )2/’1—],2/'2—]] =

-1 0
=—a, T, D{u )2ji12j1 =

2h
= __(Dluo)Zjl

12,10
g

L =L2, j,=12

v(()),l,j],jz =a, (ugj]—l,ij—l +u§jl,2j2—1 -
—UYj 10, ~Hag0p) =
= 050_1 [_(ugjl,zjz - ugjl,ij—l) -
- (ugjl 12, T ”3_;1 2] =
= _a()_lh[(D;uO)Zjl,ij—] +
+ (D;uO)Zjl—l,ij—l] =

_ -1 +n+,, 0 _
=—a, (T, D,u )2]'1—1,2]'2—1 =

2h
= __(D2u0)2j1—1,2j2—1 >

@,
Lh=L2, j,=12;
0 1,0 0 _
L = G0 (Ui = 5
0 0 _
U 1p, tU 05 )=
A0 0
=0y [, 05, =35 15,) ~
0 0 _
= (U 00 — Uy 1550)]=
_ -1 +. 0
=a, h[(D/u )2/‘171,2/‘2 -
+ 0 _
—(Dju )2(,‘1—1,21‘2_1] =
2
h
_ +n+,, 0 _
= (D, Di'u )2]'1—1,2]'2—1 =
a,
2
h
_ 0
= (D,Dyu )2(,‘1—1,21‘2—15
a,
J1 :1,2, Ja :152;
10 0
i = Uajij T U0 T
0 0 _
Ty, TUy ), =
_ ++. 0 . .
=(I'T'u )2_,-171,2_,-271, Ji=L2, j,=L2,
T.C.
2h
0 _ 0 . . 1.
Vi, — (Dyu )2]1—1,2j2—1’ s =L2, j,=12;
N
0 _ 2h o . . A,
0.1,/ __a_(Dzu )2j1—1,2j2—1’ h=L2 j,=12;
0
hZ
0 ~ + 7+, 0 . . .
Vi ~—(D,Dju )2'_1,2'—1: h=L2 j,=12;
J15J2 a J1 J2
0
I 0 0 . .
u =(['T'u )21']—1,2]'2—1 _4”21‘1—1,2]'2—19 h=L2 j,=12,
rie
~p  _ P p p p .
s (ujl’fz + ufﬁrl’fz + uflafzﬂ + uj1+1,j2+1) /4 ?

(3.9)
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h 5 2h
I
a l a l 0 l N I‘L
Ldyy Bigy Idy ) Tdyy
h * .
7o) Idf
* + '
iy Ly, 15,y iy,
h 2k
- ! "
1y 1435 1y Ly
o @ .
Hﬁl.z Ma'l.z
- . .
| Bz La By
I, L
2k
» .
vg,..’-l.l.l F-E..az.l
20 .
Iy
L] a
vg,..ﬁ.l,i 1"’-?..-'-1.2.2
L )
V::-l,,sl,l.l

Puc. 3.1. Cxema sviuucnenus kosgguyuenmos pasnodiceruss OUCKPEemHOU QyHKYUU

no baszucy Xaapa ons cnyuas N =4
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Xaapa. Yacts 2: JIBymepHbIe 1TpoOsieMbl
+..P — (1P P .
(Dl u )jlvjz o (ujl‘*'lsjz ujlsjz ) /h ?
+.P — (1P P .
(Dz u )j1ajz - (ujl 2o+l u/l »J2 ) /h ?

(Tru), . =ul,,, +u’

Jis )2 /1+1 J2 JisJ2?

(TJr p)jl T }Z:jz*'l
1 + 1yt 1 +
D= T,D; Dy=_T'D;.

(3.10)

+u?
u]h]z >

(3.11)

(3.12)

Jlna ypoBHs p =1 umeem:

a,=4; N,=N/4=1;

= afl (“111 _ué,l 'H/’ll,z _ué,z) =

= afl [_(ué,z - u112) - (uil - ”111)] =
= _20‘flh[(D1+”1)1,2 + (Dful)l,l] =
= —20{{1h(T2+D1+u1)11 =

16h(D

1
Viol

= _ﬁ(Dlul)l,l ==
1 1

=a (“111 + “é,l _”;,z) =

=a, [‘(“é,z - u;l) - (u112 - ”111)] =

= _20‘flh[(Dz+ul)2,1 + (D;ul)l,l] =

==2a,'W(T,'Dyu'),, =

4h 16A
=__(D2u1)1,1 =T o (D

1 1

DI

1 1
Vo1l U,

DI

S ! ! N
Vi =0y (U —uy, —uy, +uy,) =

g1 1 1 1
= [(uy, —uy ) —(uy, —uy)] =
-1 1 1
=20, W[(D{u )12 —(Dyu Jiil=
. 16h* -
=4a,'h*(D;Dju'"),, =——(D; D/'ui 0)11,
1 a,
2 1 1 1 1 1 ~1
Uy =Upy Uy Uy, Uy, = (I'Tu )1,1 = 4”1,1 ,

| 16h

T.C. Vigas ==

(D ~0)1 10

164
1 ~0y .
Vo111 :_7(1)2“ )1,1a

1

.16k

LLLL =

——(D; D),
1

J— + J—
“11 TTu]1 4ull

Jlnis ypoBHSL p =2 uUMeeM:
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a,=4; N,=N/2=1;

> 2
Voo = Uy -

4. AJITOPUTM OCPEJHEHUA

3amMeTumM, qTo eclm
0 . .
u, . J= L2,.,N, j,=12,..,N,

neHHble 1o ¢opmyie (3.1), SBIAIOTCS TOYHBIMH,
TO BO3HMKHOBEHHE OIIMOOK B JalbHEHUIIEM MPU
peammzamu  popmyn  (3.3)-(3.8) uCKIIOUYCHO.
Bwmecre ¢ Tem, 1Mo mpakTHYECKUM COOOpaKeHU-
M MOXET MOTPeOOBaThCS HEKOTOPOE YMEHb-
IIeHHe TOYHOCTU B yroAy Apyrum ¢axkrtopam. B
YaCTHOCTH, MOXHO HCIIOJIb30BaTh alTOPUTM
OCpEHEHHUs, pacCMaTpUBAEMbIil HIKE, BHaUase
s cimyvass N =4 .

[Tpu ocpennenuu Ha ypoBHe p =0 Oyaem mo-

jaraTh (HMXKE s,
=0); J 1

3HAYECHUSA
orpejie-

=0,1; s, =0,1 (xpome ciydas
s, =8, =1,2; j,=12):
(D1u0)2jl—l,2j2—1 = (D1u0)2j1—1,2j2 =
= (Dluo)Zjl,ij—l = (D1”0)2_/,,21‘2 ~ (D
(Dzuo)Zjl—l,ij—l = (D2u0)2j171,2j2 =
= (D2u0)2j],2j2—1 = (D2u0)2j1,2j2 ~ (Dzﬁo
(D;D;uo)Zjl—l,ij—l = (D;D;uo)zjl
= (D;Dl+u0)2_jl,2_[2—l
~ (D;D1+7/70)1,1;
V;)l,sz,Zjl—l,zjz—l = Vg,s2,2jl,2j2—1 =

_ 4,0 _ .0
- VslaSZazJ'I*laz]'z - vSl 252.2J1,2 )5

N
s

5
)IRE
1,27,

= (D;Dl+u0)2jl o

272

Nmeem:

@y o

(D1u0)2j1—1,2j2—1 =_2_hvl,0,jl,j2> Ji=L2, j,=12;

(24 .
(Dzuo)zf‘rl,z/'fl - 2_;,‘}01/1 g i =L2 =125
+ a .
(D, D, u0)2jl—],2j2—1 = hg 101 g J1 = =12, j,=1,2;
~ a
(Dluo)l,l = _ﬁvll,o,l,l;
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(04
~o\ 0
(Dyu ™)y, __EVO,I,I,I’
[04
+ y+0 _ 1 1
(D, Dyu),, _Wvu,u-
CraenoBaTeiabHoO,
(04 (24
0.0 _ 1 . _ C 1.
_2hvl,0,j|,j2__16hvl,0,1,17 =12, j,=12;
(04
0.0 _ . ©_19.
_2hV0,1,jl,j2_ 16hV0111’ Ah=L2, j,=L2;
(04 (94
0 .,0 _ 1 1 P— -
e Viljg — L6/ Vi S =L2, j,=1L2,

OTKYJla MOJIy4yaeMm:

0 e 1,
Viogig = 8 o o T 4"1,0,1,1’
0
j] =1327 j2 =172;
0 e o 1
0.1,j1./2 8 Vo1 = 4V0,1,1,1a
0
Ji=L2, j,=L2;
0 _Loﬁ 1 _l
Wink = 16 o Vi = 3 LSRRRE
0
Jji=L2, j,=1L2.

Cdhopmynupyem Temnepb aaropuT™M OCpeIHEHHS
JUId OOIEero ciaydvasl MPOU3BOJIBHOTO 3HAYCHMS
N . Ilyctb p — HMHAEKC, COOTBETCTBYIOLIUMI
HoMmepy yposHda, p=0,1,2,..M; j u j, —
MH/IEKChI, COOTBETCTBYIOIIME HOMepam Oasuc-
HOW (YHKIIMM Ha paccMaTpUBAEMOM YPOBHE,

Ji=L2uN,, jy=12,.,N

[Tonoxum, uro TpedyeTcsi MPOU3BECTH OCPEN-
HEHUE Ha HEKOTOpoM YypoBHe ¢. Torma s

p*

Bcex p=1,2,..,q Oymem monaraTb (HHXKe
s, =0,1; 5,=0,1 (kpome cimywas s, =s,=0);
Ji1=L2,.,N,; j2:1,2,...,Np):

(D’ )2./1—1,2]'2—1
=(Du” )2]1

= (Dlup)Zjl—],2j2 =
= (D]up)ZjI,ij ~ (Dlﬁp)Zjl—l,Ziz—l;
(4.1)

12),-1
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(Dzup)z_/lfl,z_/rl
= (D2up)2j|,2j2—l

= (D2up)2j,—l,2j2 =
=(Du” )2_/1,2_/2 ~ (Dzﬁp)zj, 12,15

4.2)
+ +,, P _ + +,, P _
(D, Dju )2j1—1,2j2—l =(D,D/u )211—1,2,‘2 =
_ + P _ Nt P ~
=(D,D/u )2_/1,2_1'271 =(D,D/u )2_/1,2,'2 ~ (4.3)
~(DtN*7P .
~(D,Du )2(1‘1—1,2]2—1’
P _ P _
v51s52s2j1—1’2j2—1 B vsl,s2,2j1,2j2—l B (4 4)
= vlJ .= Vp . '
51,82,2/1=1.2 5 8158252 /1,272
B cootBercTBuM ¢ (3.4) MOXKEM 3amucarh:
2"
P _
vh o= (Du”)
1,0, 7.2 2j-L2j,-1°
» 4.5)
Ji =1 2,...,Np+l, Jj, =1 2,...,Np+l;
2"
P _
vl o= (D,u”)
0,1,j15 /2 2j-L2j,-1>
, (4.6)
Ji =1,2,...,Np+1, J> =1,2,...,Np+1;
_4rp?
P + 0
vP o = (D D/u”)
LLJji.Jja 2j1-L2j,-1°
a, (4.7)
Ji=L2,.., Np+], J»=12,.., Np+1.

C npyroil CTOpOHBI, COIVIACHO MPHUBEICHHBIM
BBIIIIC BbBIKJIaIKAM UMEEM:

_2"%h
P+l' = (Du ) B o
1,0,j1,/2 i 2/-1,2 /-1 (48)
Ji=120 Ny o =12, N,
_2"%h
P+l' = (D 7 ) B "
0.1, 71,/ i 25,-1,2j,-1 (49)
Ji=120 Ny o =12, N,
4p+2h2
p+l‘ = (D D+~p) B o
L1 ji. /> i 21,2 /-1 (410)
Ji=12,N, s jo=12,.,N,,,
OTKyda
~ a +1 +
(D1up)2j171,2j271 = _ﬁvi)&lj],h’ (4.8)
V=L20 N, =12, N,
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Xaapa. Yacts 2: JIBymepHbIe 1TpoOsieMbl

a
~p _ el pel
(D,u )2],71,21‘271 Yy Vo.Ljii (4.9)
Ji=12,.., NPH, J,=L2,.., Np+1;
a
+ TP _ p+l p+l
(D D"y 1550 = 4722 Wikt (4.10)
Ji =1 2,...,Np+1, Jj, =1 2,...,Np+1.
CrnenoBaTeiabHO,
p+l
VP __ 2" h _ & p pPi _
L0,ji./ pt+é L,0,j1./>
a, 277 h
_l p+l vp+l :lvpﬂ
8 a L0,jy./2 4 L0,j1./5?
p+1
VP — _2 h _ cxp‘*'1 vp+1
0.1,/.J> o 2p+4h 0.1,/./>
P
l ap‘*'l p+l _ lvarl
0L jisjn 0,1, /1,/2
8 «a , 4
? 1,2
Ny _ 4% h X pii p+l _
LLjij, — p+2 7.2 LLji.Jj,
a, |4 h
i Apu pPi _ lvp+]
= LlLjis ‘Ll ?
16 a, 8
OTKY/1a OKOHYATEIBHO ¢ yueToM (4.4)
P — P —
Vio2j-125-1 = V102j.2)-1 =
— P —_ P — _4y,ptt
= VL02j-12j, = V10.2j.2), © 4 V10,1 2
J=L2,..N, ., j,=12,.,N,,; (411)
P — 1P —
Vo2j,-1.2/,-1 = YVo1,2/,,2j,-1 —
— P — P — 4Pt
=Vou2j-12j, = Vo2j.25, T 4 VoL, 2
Ji =1 2,...,Np+1, Jj, =1 2,...,Np+1; (4.12)
P — P —
ViL2j-125-1 = ViL2j.25,-1 =
—_ V‘D —_ VP — l pl
TOULL25-L2 0, T TLL22 0, T 8 1111 J2?
Ji =1 2,...,Np+1, J,=12,. N . (4.13)

HJIN nHa4de

Vfo,zjl—l,zj'z—l = vll,)O,Zjl 2j2—1 =
= va,Zjlfl,ij 1,0,2/1,212 = BioVio, s
Ji=L2,.,N ., ,=1L2,.,N,,; (414)
v({l,Zjl—l,ij—l = V(fl 2 2j2—1 =
= v(il,Zjl—l,ij 0,1,2/],212 = Bo1v (')+1] o ?
Ji=L2,.,N,.,, j,=L2,..,N,,; (4.15)
V11,71,2j1—1,212—1 = Vfl 2, 2]'2—1 =
:vl{)l,2jl—1,2j2 11211 2/, =B ﬁ,ljl,jza
h=L2,.,N, ., j,=L2,.,N (4.16)
1 1 1
rae ﬂl,O =—; ﬂo,l =—; ﬂm =—. (4.17)
4 4 8
3AMEYAHUSA

HccnenoBanuss mpoBOIMIUCH B paMKax cle-
JYIOIINX padoT:

1. I'pant 2.3.18 Poccuiickoii akageMuu apxu-
TEKTYPbl U CTPOUTEIBHBIX HAYK JUISI MOJIO-
JBIX YUYEHBIX crienuanuctoB «Pa3paborka u
BepUUKAIUs KOPPEKTHUBHBIX YHCICHHBIX U
YUCJIEHHO-aHAIMTUYECKUX METOJIOB HCCIe-
JIOBaHUS JIOKaJIbHOTO HaIpsKEHHO-
neOpMUPYEMOTO COCTOSIHUSL  CTPOUTEIb-
HBbIX KOHCTPYKIIMM Ha OCHOBE MHOT'OYPOB-
HEBOI'O BeliBieT-aHanm3a» Ha 2012 r.

2. I'panrt 2.3.8 Poccuiickoil akageMuu apxu-
TEKTYpPbl U CTPOUTENbHBIX Hayk «Pa3pabot-
Ka u UCCJIeIOBAHKE JIUCKPETHO-
KOHTHHYaJIbHBIX METOAOB Il pacdera
CTPOUTENBHBIX KOHCTPYKLUUNA C KYCOYHO-
MOCTOSIHHBIMU ~ (PU3UKO-T€OMETPUUECKUMU
napamMeTpamu 1o OJJHOMY M3 HaIlpaBICHUI
Ha 2011-2012 rr.

3. I'pant Munucrepcrsa oOpa3oBaHusl U Hay-
ku Poccuiickoit denepanun «Pa3paboTka,
UCCIIEI0OBaHUE, MPOrpaMMHO-
alropuTMUYecKas peanusauus U Bepuu-
Kalsi MHOTOYPOBHEBBIX METOJIOB IPO-
THO3HOTO MaTe€MaTH4YeCKOro MOJEINpOoBa-
HUSI COCTOSIHHSI U TEXHOTEHHOU 0e30macHo-
CTH OTBETCTBEHHBIX OOBEKTOB U KOMILJIECK-
COB MEranoJimca.
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KOPPEKTHBIA METO/1 JIOKAJILHOI'O PEILIEHUSI
KPAEBBIX 3AJIAY CTPOUTEJIbHONH MEXAHUKHA
U MATEMATHYECKOMW ®U3UKU
HA OCHOBE UCHHOJIb3OBAHUSA AIIITIAPATA
KPATHOMACIHITABHOT'O BEMBJIET-AHAJIN3A

I1.A. Axumos, M.J1. Mo3zanesa

®I'BOY BIIO «MocKoBCKHI TOCYAaPCTBEHHBIN CTPOUTENBHBIN YHUBEpCUTETY», T. MockBa, POCCHU S

AHHOTAILMS: Hacrosmias ctaThsl MOCBSIIICHA OMMCAHUIO Pa3pa0OTAaHHOTO aBTOPaMH KOPPEKTHOTO METOja
JIOKQJIBHOT'O PCIICHUA KPAaCcBbIX 3ajia4d CT’pOI/ITeHBHOﬁ MEXaHUKHM U MaTeMaTH4eCKOMN d)I/ISI/IKI/I Ha OCHOBE UCIIOJIB30-
BaHUs anmapara KpaTHOMAcCIITaOHOTO BeHBIIET-aHAIM3A.

KaioueBsie ciioBa: jloKanbHOE pellieHne, KpaeBast 3a/1a4a, CTPOMTENIbHAs MEXaHNKa, MaTeMaTuueckas (U3uKa,
KpaTHoMaciuTaOHbII BelBiieT-aHan3, 0azuc Xaapa

CORRECT METHOD OF LOCAL SOLUTION
OF BOUDARY PROBLEMS OF STRUCTURAL MECHANICS
AND MATHEMATICAL PHYSICS WITH THE USE
OF MULTIRESOLUTION WAVELET ANALYSIS

Pavel A. Akimov, Marina L. Mozgaleva

Moscow State University of Civil Engineering, Moscow, RUSSIA

ABSTRACT: Correct method of local solution of boundary problems of structural mechanics and mathematical
physics with the use of multiresolution wavelet analysis is under consideration in the distinctive paper.

Key words: correct method, local solution, boundary problem, structural mechanics, mathematical physics,
multiresolution wavelet analysis, Haar basis

BBEJIEHHUE

Kak wu3BecTHO, MOCTpOEHHWE W UCCIETOBAHUE
MAaTEMATUYCCKUX MOIIGJIGfI CTPOUTCIIBHBIX KOH-
CTPYKIIMI SIBJIIETCS OJIHUM W3 BaKHEWIIHX ac-
MIEKTOB PacueTHOTr0 0OOOCHOBAHUS U MPOCKTUPO-
BaHus. [IpyHMMas BO BHUMaHHUE TOT (PakT, 4TO
CJIOXKHOCTBH TaKuX MOI[CJICﬁ MOXET 6BITB BE€CbMa
M BEChbMa CYIIIECTBEHHOM, CTAHOBUTCS OYEBHU/I-
HOU HGOGXOI{I/IMOCTB MMPUMCHCHUA BBICOKOIIPO-
W3BOJIUTEILHON  BBIYMCIUTEIBHOW  (KOMIIBIO-
TEPHON) TEXHUKHU i 00ECIeYeHHs TOJKHOTO
YPOBHA TOYHOCTH M CKOPOCTH IIPOBOAMMBIX
pacuetoB. Tem He meHee, MolHOCTE DBM, pa-
3YMCCTCA, HC SABJIACTCA CIUHCTBCHHBIM q)aKTO-

pOM, BIMSIOIIMM Ha PE3yabTaT M MPOJOJIKHU-
TETLHOCTh BBIYHMCIIEHUM — Pa3BUTHE M COBEpP-
NICHCTBOBAHWE  YHUCJIEHHBIX W  YHCIIEHHO-
AHATUTUYECKUX METOJOB UTpaeT 37eCh 3HAUH-
TEJIBHYIO poiib. Tak, HampuMep, HEKoraa MOIry-
JSIpHBIE PA3HOCTHBIE METOAbl 00€CIEeUNBAIOT
YHUBEPCAJIBHOCTh AJITOPUTMa U MPUBOJAT K
CHUCTEMaM C JICHTOYHOW MAaTpHUIIEH, 4TO, B CBOIO
ouepellb, TAPaHTUPYET BBICOKYK) CKOPOCThb pe-
menus 3agaun Ha DBM. Bmecrte ¢ Tem, cyie-
CTBEHHBIM HEJIOCTATKOM TaKHUX METOJOB SIBJIS-
€TCsl TPYAOEMKOCTh AallpOKCUMAallMi TpaHU4-
HBIX YCJIOBUH JUISl CIOXKHBIX oOnacteil. Bo MHO-
rOM 1O 3TOW MPUYMHE HA CMEHY Pa3HOCTHBIM
METOJaM TIPHIILIM BapHAIlMOHHO-PA3HOCTHBIC
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MOAXOJIbl W METOJ KOHEYHBIX JJIEMEHTOB
(MKD). Hns obecnedenus 3PPEKTUBHOCTH
MKD Heo0X0auMO, B YaCTHOCTH, HAJU4YHE all-
TOPUTMOB BBIOOpa (PyHKIUH (HOPMBI KOHEUHBIX
AJIEMEHTa, a TaK)Ke MOCTPOSHUS ONTHUMAIbHOM
JUISL pelIeHus] TMOCTaBJIICHHOW 3aJjaydl  CETKH.
Kpome Toro, Bo3HuKkaeT moTpeOHOCTh B CIIEIH-
AJIbHBIX aJTOPUTMAX TOJYYECHHs JIOKAJIBHOTO
pelIeHrs KpaeBbIX 3a/1a4, MPU3BAHHBIX CHU3UTh
BBIYHUCIUTENLHBIE 3aTpaThl, 00ECIIEYB TEM Ca-
MBIM  (PYHKIIMOHUPOBAHUE COOTBETCTBYIOIIUX
pacUeTHBIX MPOrPaMMHBIX KOMIUIEKCOB Ha Tep-
coHabHBIX OBM oTHOCHUTENTHEHO HEOOJBIION
MOIITHOCTH. DTa mpobiema TeM 0ojiee aKTyalb-
Ha, YTO TIPU PEUIEHHWH OOJBIIOTO KOJIHYECTBA
3a/la4, Kak MpaBHIIO, HEe TpeOyeTcsl MOTy4YHUTh
peleHrue Bo BCEW MccieayeMon o0jacTh — 3a-
Jla4a COCTOWT JIMIIG B MOJYYCHUNU UHPOPMAITUT
0 KaKoW-11M00 KOHKPETHOM JIOKAJIBHOW 30HE, T/Ie
BO3MOXXHBI OOJIBIIINE HAMPSDKCHUS WIH Pas3py-
IICHUs, PUYEM TaKHE 30HBI MTPAKTUYECKHA BCE-
r7la 3apaHee M3BECTHBI JaKe ISl OYEHb CIOXK-
HBIX o01acTen.

Urak, cienyer eiie pa3 OTMETUTb, YTO MPHU pe-
IIEHUU CaMbIX Pa3HOOOPA3HBIX TEXHUYECKUX
3a/1a4 MPaKTUYECKU BCET/Ia UMEET MECTO HeoO-
X0UMOCTh 3((HEKTUBHOIO KayeCTBEHHOI'O aHa-
nu3a (B 4aCTHOCTHM U B OCOOEHHOCTH MHOTO-
YPOBHEBOTO (pa3ieNbHbIN aHAIN3 TI100aTbHOTO
U JIOKAJIBHOTO  COCTOSIHMI))  HampsKeHHO-
neOpMUPYEMOT0 COCTOSIHHSI paccMaTpUBAEMO-
ro o0wbekTa. Takoro pojaa BOMPOCHl BCETa ak-
TyaJIbHBI, TOCKOJBbKY MHOTHE JCPEKTHl U pa3-
PYIIEHUSI HOCAT JIOKAIBbHBIN XapakTep, a oOmras
Hecymasi crocoOHOCTh, CBSI3aHHAsI C COCTOSTHU-
€M TIpelesIbHOIO0 PaBHOBECUS, OIpeaeIsaeTcs
I00ABHBIM TOBEICHUEM KOHCTPYKIHH. MHO-
TOYPOBHEBBIH aHaIu3 HaMPSHKEHHO-
ne(hOPMUPOBAHHOTO COCTOSIHUSI KOHCTPYKITUH
MO3BOJISIET KAUECTBEHHO U KOJIMYECTBEHHO Olle-
HUTH CTENEHBb JIOKAJILHOCTH Pa3HOTO pojia SiB-
neruit. I¢G(HEeKTUBHBIM U MOMYJSPHBIM CPEJICT-
BOM TPOBEJICHUS TAKOTO POJia MCCIICIOBAHUN B
HACTOSIIee BpeMsl SBIIETCS BeiBieT-aHanus [1-
3,6, 7,10, 11]. I[Ton MHOTOypOBHEBBIM aHAJH-
30M aBTOPbl MOHUMAIOT PA3JIOKEHUE PEIICHUS
10 JIOKaJIbHOMY BeiiBiieT-0a3ucy U paccMoTpe-

58
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HUE KOMIIOHEGHT PCICHUs Ha KaKIOM M3 ypPOB-
Hell Takoro Oasuca. CTeleHb JOKAILHOCTH OII-
penensieTcss pa3MepoM  HOCHUTeNss Oa3HCHOMN
(GYHKINMU Ha KaXKI0M YPOBHE.

1. TPAANIIMOHHBIE METO/IbI
HHOJYYEHUSA JIOKAJIBHOTI'O
PEHIEHUA KPAEBBIX 3ATAY

[lepBbiii, Haubonee rpyoblii U ManoddexTHB-
HBII TpHeM, TpeOyroIuil HeonpaBiaHHO O0JIb-
IIMX BBIYUCIUTENBHBIX 3aTpaT, 3aKIlovaeTcs B
WCIIOJb30BaHNUU JIOCTATOYHO MEJIKOW CETKH,
oOecreynBaronieil HaXOKJICHUE PEUICHUs] B UH-
TEpeCymomux Hac o00JacTAX ¢ JIOCTaTOYHOMH
TOYHOCTBIO.

Bropoii meron, moapoOHO ONMMCAHHBIA B JHTE-
patype o MKD [4, 8], cocrout B mocTpoeHu"
HEPAaBHOMEPHOM CETKH, CTyIIAOLIENCs B UCClIe-
nyembix 30HaxX. C  aqropuTMHUYecKod TOYKHU
3peHHs Tako Mmojaxoj Haumbosnee >pPeKTHBEH
IIPU HCIIOJIb30BAHUU TPEYroJbHBIX ceToK. K
COKaJICHUIO, CTPOTOe MaTeMaTH4eckoe 0OOCHO-
BaHUE 3aKOHOMEPHOCTU IMOCTPOEHHUSI TaKuX ce-
TOK (B YaCTHOCTH, 0OOCHOBaHHE 3aKOHOMEPHO-
CTH HM3MEHEeHMs (YBEJIMYEHHMs) IIara CEeTKU IO
Mepe yJaleHHs OT MHTepecylolleld Hac olnac-
TH) B MOAABIAIONIEM OOJIBIIMHCTBE ITyOIHKa-
LUI OTCYTCTBYET.

Tpetnii crmoco0, MKUPOKO MCIIOIH3YyEMBI B MH-
JKEHEPHBIX pacueTrax, 3aK/IH4aeTcs B BbIpe3a-
HUU (parMEHTOB, COJEp)KallUX HHTEpecylo-
Iy10 00JIaCTh, IPU 3TOM YCIOBHS Ha I'paHUIIE
o0racTu 3a/1al0TCs Ha OCHOBaHUM Oosiee rpyObIxX
pacyeToB WJIM K€ Ha OCHOBAaHMM KaKHMX-THOO
anpHUOpPHBIX OLEHOK. MaTreMaTuiyeckue OLIEHKH
TaKoro MojJxoja npuBoasTcs B [23-25].

B ocHoBe ueTBepTOro moaxonaa JeKUT MPUMEHe-
Hue MKD, nipu 3TOM HCIIOIB3YIOTCSI 3JIEMEHTHI C
¢dbyskumeit GopMbl B BUJIE TOJTUHOMOB BBICOKOTO
nopsiaka [S5, 8], a, KpoMe TOro, 3a4acTyro Ipu-
BJIEKaeTCs CylepaieMeHTHas TexHuka [15, 19].
ITateiM  MeTtomoM sBisieTcss MeTon MoHrte-
Kapno, He mnpeanosararommii crnenraibHON
JUCKPETU3aLMH, KOTOPBIA MOXET OKa3aThCsl UC-
KIIIOYUTENbHO 3((EKTUBHBIM TMPHU JIOKAIbHBIX
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KOppeKTHI)Iﬁ METO/J JIOKAJIbHOI'O PpCHICHUA KPACBbIX 3a1a4 CTpOHTeJ’IbHOﬁ MEXaHUKH 1 MaTEMaTHYECKOI (1)I/I3I/IKI/I Ha
OCHOBC HMCIIOJIb30BaHUs armapara KpaTHOMaCIIITaﬁHOl"O BElBIIET-aHAIN3a

pacyerax B MHOTOMEpHBIX 3ajadax, a TaKxkKe
Opy pelleHuH 3a7ad OOJBIIOW pPa3MEPHOCTH
[18]. K HemocTaTkaM AaHHOTO MOAXOJa TPaJiu-
LIMOHHO OTHOCSIT HU3KYIO CXOJIUMOCTb.

OtmeruM, 4TO OOJIBIIMHCTBO AJITOPUTMOB Ha-
XOXKJIEHUS JIOKAIBHOTO PEIIeHUS] MOTYT OBIThH
00OCHOBaHbl C HCHOJb30BAHUEM MPUHIUIMA
Cen-Benana Teopum ynpyroctu, B OCHOBE KO-
TOPOTO, IO CYTH, JIEKHT INpeJICTaBICHUE pellie-
HUSI KpaeBOM 3ajgaun yepe3 (QyHIaMEHTAIbHYIO
(YyHKLHIO COOTBETCTBYIOIIErO oreparopa (3a-
METUM, 4YTO TaKOM MOJXOJ NpeIaraercss Huc-
M0JIb30BaTh B paMKax paccMaTpHUBAaeMOro B Ha-
cTosiliel crathe anropurMa). MiMeHHo moBene-
Hue (QyHIaMEeHTaIbHOW (PYHKIMH, B YaCTHOCTH
CKOpPOCTh €€ yObIBaHMS, U SBISETCS OCHOBAHU-
eM sl yKpynHeHus ceTku. CieayeT OTMEeTHUTb,
4TO JUI1 T€X ONepaTopoB, Y KOTOpBIX (yHIa-
MeHTaJIbHas PyHKIIKS He yObIBAeT, MPUMEHEHHE
JIOKaJIbHBIX CETOK HELenecoo0pa3Ho B CUITY OT-
CYTCTBUS KaKoH-1100 3P PEKTUBHOCTH.

2. MIOCTAHOBKA 3AJTAYA

PaccmoTpuM kpaeByro 3amauyy, ONMCBHIBAEMYIO
ypaBHEHUEM

2.1)

rae L — omepaTop KpaeBoi 3amadn, chopmyu-
POBaHHBII C YY4ETOM KpaeBBbIX YCIOBUN B pam-
Kax METOJa pacIIMpEeHHOH (CTaHAapTHOW) 00-
nactu A.b. 3omoroBa [9, 10]; u — wuckomas
bynkuus; F — 3amaHHas mpaBas 4acTb.
[TocranoBke (2.1) cooTBeTCTBYET (PYHKIIMOHAT
SHEPTUu

D(u) =%(Lu,u)—(F,u) , (2.2)

CTallMOHAPHOW TOYKON KOTOPOTO SIBIAETCS pe-
mienue 3anaun (2.1).
[Tosicanm, uro 3anuck tuna (f,g) oOo3HAUaeT

CKaJIsIpHOE Mpou3BeaeHre PyHKuMd f u g .
JluckpeTHas MOCTaHOBKA 3a1a491 UMEET BHI:

(2.3)

rae L — pa3HOCTHBIM aHAJOrI MCXOJHOrO0 KOH-
TUHYaJILHOTO OIepaTropa W3 MOCTaHOBKH (2.1)
(st ymoOCTBa y CETOYHOTO OIepaTopa coxpa-

HEHO TOXe 0003Ha4eHue); u =[u, u, u, 1"
- UCKOMast CeTOoYHast GyHKIHS;
f=Uf f» . £, — s3amannas npasas

4acTh, # — Pa3MEPHOCTh TUCKPETHOM 3aJa4H.
Jlis  hOpMUPOBAaHUS MATPHUIBI JTHCKPETHOTO
orepaTopa MOTYT HCIOJB30BaThCS Pa3TMUHBIC
CrocoObl, B YaCTHOCTH, METOJ Oa3uCHBIX (JI0-
KaJbHBIX) Bapuanuii A.b. 3onoroBa [9, 10], xa-
PaKTEPU3YIOIIUICS YHUBEPCATHLHOCTHIO U y100-
CTBOM TIPOTPaMMHO-aJITOPUTMHUYCCKON peau-
3aIlUH.

3. HIEPEXO/J K BABUCY XAAPA

PaccmotpuMm Teneps mepexon OT €IUHUYHOTO
Oasuca k Oaszucy Xaapa. C 3TOi IeIbl0 BOC-
noJb3yeMcst marpuieil nepexona (J, cocrosi-

meld u3 0a3UCHBIX BEKTOPOB Xaapa, 3arlucaH-
HbIX 10 cTpokaM [1]. Torma, mepexonst B auc-
KpeTHOM aHajore (2.2) k HOBoMy Oasucy, Oy-
JIEM UMETh:

O(u) = %(Lu,u) —(F,u)=
— S (L0v.0) (F.0v) -
—(Q'LOvY) - (O F o)

T.€. OKOHUYATCJIIBHO
&><v>=§(Q*LQv,v>—(Q*F,v>, G.1)

rae v — BEKTOp KOA((UIIMEHTOB pPa3IOKCHHUS
nuckomoii pynkuuu ¢ no 6asucy Xaapa,

u= zvkl//k ’
k

(3.2)
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W, — 3aHyMEpOBaHHbIC HEKOTOPbIM 00pa3oM

0a3ucHbIC BEKTOPA.
Wrak, 3amaua MokeT ObITh TIepenrcaHa OTHOCH-
TEJIbHO HOBBIX HEM3BECTHBIX V B BHUJIC

Lv=F, (3.3)
e L=0'LO; F=0'F. (3.4)
4. YMEHBIIEHUE YHCJIA

HEN3BECTHBIX. OCPEJHEHUE

Kak yxe oTmeuanocs BbIlIE, JUIsi MHOTUX TTPaK-
TUYECKHUX 3a/1a4 CTPOUTEIILHON MEXaHUKH U Ma-
TeMaTH4eCcKol (U3MKU He Tpedyercs Moiyuye-
HUE pelieHus: Bo Bceil oOmactu. OCHOBHOUW WH-
Tepec MPeACTaBIsAI0T, KaK MMPaBUIO, OTACNIbHbIC
30HBI, MM0A00JACTH, PACIONIOKEHUE U pa3Mep
KOTOpBIX OOBIYHO W3BECTHHI 3apanee. [Ipu or-
CYTCTBUHM HEOOXOJUMOCTH B HaXOXKICHUU IOJI-
HOTO pelIeHHs] BO3MOXKHO COKpallleHHe 4Yucia
HEU3BECTHBIX 0€3 CYIIECTBEHHOW MOTEpH TOY-
HOCTH WM XK€ C HeOOJbIION MOrpelHOCThIO
JOKaJbHOTO peuieHus. B ciaywae pemenus 3a-
naud B Oasuce Xaapa Ipe/cTaBisieTCs Leneco-
00pa3HbIM HMCKIIIOYEHHE U3 pa3peliaroiiei cuc-
TEMBbl JIMHCHHBIX ajareOpanvyecKux ypaBHEHHUI
(CJIAY) HeusBecTHBIX, ABISIOMUXCA KO3 pu-
[UEeHTaMH TIpu 0a3UCHBIX (YHKIUSIX, HOCHUTETh
KOTOPBIX JOCTaTOYHO yJNAJE€H OT HCCIelyeMOil
30HBL. [Ipoliecc UCKITIOYEHMSI OCYIIECTBIISIETCS
Ha OCHOBE NPHUMEHEHUs IMPOLEAypbl OCpe/He-
HusI, onricanHoi B [10].

3AMEYAHMUA

HccnenoBanust MpoBOIWIIMCHE B paMKax clie-
JYIOIIUX padoT:

1. I'panrt 2.3.18 Poccuiickoii akajieMuu apxu-
TEKTYpPbl U CTPOUTEIBHBIX HAYK JJISI MOJIO-
IBIX yUEHBIX crenuanuctoB «Pa3paboTka u
Bepu(UKaNns KOPPEKTUBHBIX YHCICHHBIX U
YHCJICHHO-aHAIUTUYECKUX METOO0B HCCe-
TIOBaHHUS JIOKAJIBHOTO HAIpPsDKEHHO-
neGOpMUPYEMOTO COCTOSIHUSL CTPOHUTEIb-
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HBIX KOHCTPYKIIMH Ha OCHOBE MHOI'OYpPOB-
HEBOI'O BelBIeT-aHannu3a» Ha 2012 r.

2. TI'pant 2.3.8 Poccuiickoil akageMHH apxu-
TEKTYpPbI U CTPOUTENBHBIX HayK «Pa3pabot-
Ka u HCCJICTIOBAHNIE JIUCKPETHO-
KOHTUHYaJIbHBIX METOAOB JJisi pacdera
CTPOUTEIBHBIX KOHCTPYKIMH C KyCOYHO-
MOCTOSTHHBIMU ~ (PU3UKO-T€OMETPUICCKUMU
rapaMeTpamu Mo OJHOMY U3 HAIlPaBICHUI
Ha 2011-2012 T

3. I'pant MunucrepctBa oOpa3oBaHusi U Hay-
ku Poccuiickoii @enepannu «Pa3zpaboTka,
HCCIICIOBAHNE, IpOrpaMMHO-
aNrOpUTMHUYECKasl peanu3anus u Bepudpu-
Kalsi MHOTOYPOBHEBBIX METOJIOB IPO-
THO3HOTO MAaTe€MaTUYeCKOro MOJEIupoBa-
HHSI COCTOSIHUS M TEXHOICHHOI 0e30IacHo-
CTH OTBETCTBEHHBLIX OOBEKTOB M KOMILIEK-
COB METaIloJINCa.
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OB OINEPATOPHOM MIOCTAHOBKE ITPOBJEMBbI
OIIPEJEJIEHUSI COBCTBEHHBIX 3BHAYEHU
U COBCTBEHHbBIX ®YHKIIU KPAEBOM 3AJAUU
CTATUYECKOI'O PACUETA TPEXMEPHOI'O
AHU30OTPOITHOTI' O TEJIA C KYCOYHO-IOCTOSIHHBIMHA
®UN3UKO-TEOMETPUYECKUMU NAPAMETPAMHU
MO OCHOBHOMY HANIPABJIEHUIO
B PAMKAX JJUCKPETHO-KOHTUHYAJBHOT O MOJIXOJA

I1.A. Axumoes, M.JI. Mo3zzanesa, B.H. Cuoopos

OI'BOY BIIO «MocKOBCKHI TOCYAaPCTBEHHBIN CTPOUTENBHBIN YHUBEpCUTET», T. MockBa, POCCHUA

AHHOTAIMS: Hacrosimast cTaThsi OCBSIIEHA ONEPATOPHON MOCTAHOBKE MPOOJIEMBI ONpeieTeHust COOCTBEH-
HBIX 3HAYCHUI M COOCTBEHHBIX (DYHKIMI KPaeBOW 33aqauyd CTAaTHMYECCKOTO pacyeTa TPEXMEPHOIO aHM30TPOITHOIO
TeJa ¢ KyCOYHO-TIOCTOSHHBIME (PU3UKO-TCOMETPHUYCCKIMU MTapaMeTPaMH [0 OCHOBHOMY HAIIPABJICHHUIO B PaMKax
JIUCKPETHO-KOHTUHYAIBHOTO MOAX0/1a.

KiroueBble cj10Ba: orepaTopHasi IOCTaHOBKA, KpaeBas 3a/iada, COOCTBEHHbIE 3HAUCHMUS,
coOcTBeHHBIC (PYHKIINH, TPEXMEPHAsl 3a/1a4a, aHU30TPOITHASI TEOPHSI YIIPYTOCTH,
KyCOYHO-TIOCTOSIHHBIE ITapaMeTpBbl, TUCKPETHO-KOHTHHYaIbHBIHN 1T0JIX0]T

ABOUT OPERATIONAL FORMULATION OF EIGENVALUE
PROBLEM FOR THREE-DIMENSIONAL ANISOTROPIC
BODY WITH PIECEWISE-CONSTANT PHYSICAL
AND GEOMETRICAL PARAMETERS IN BASIC DIMENSION
WITHIN DISCRETE-CONTINUAL APPROACH

Pavel A. Akimov, Marina L. Mozgaleva, Viadimir N. Sidorov
Moscow State University of Civil Engineering, Moscow, RUSSIA

ABSTRACT: Operational formulation of eigenvalue problem for three-dimensional anisotropic body with
piecewise-constant physical and geometrical parameters in basic dimension within discrete-continual approach is
under consideration in the distinctive paper.

Key words: operational formulation, boundary problem, eigenvalue problem, three-dimensional problem,
anisotropic theory of elasticity, piecewise- parameters, discrete-continual approach

HEKOTOPBIE ITPE/IBAPUTEJIbHBIE FeOMETPUYECKHE TapaMeTpbl KOHCTPYKLUU H3-
OBO3HAYEHUA MEHSIOTCS KYyCOYHO-IIOCTOSIHHO (3aMETUM, YTO
10 MIEPEMEHHBIM X, U X, (U3UKO-TeOMEeTpUye-

BBeziem obosHaueHus: €2 — o0NaCTh, 3aHUMAC-  ckye mapaMeTpsl KOHCTPYKLHHM MOTYT H3Me-
Mast KOHCTPYKIIMCH, x; — IICPEMCHHAS, COOTBET-  ggrpcs MPOM3BONIBHO)); [, — JJIMHA KOHCTPYK-

CT

Byroliasds OCHOBHOMY HaITPaBJICHUIO (T.e. Ha- LUK 110 OCHOBHOMY HAIIPaBIICHHIO (x3 E[O, 13]);

MPaBJIEHUIO  BAOJb  KOTOpPOro  (hU3UKO-
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06 OHGpaTOpHOﬁ IIOCTaHOBKE Hp06J'ICMI)I COOCTBEHHBIX 3HAYCHHI 1 COOCTBEHHBIX q)yHK]_[I/Iﬁ KpaGBOﬁ 3aJla4u CTaTHYCCKOIro
pacyeTa TpEXMEPHOIo aHU30TPOITHOIO TEJIda € KyCOYHO-IIOCTOSHHBIMU (1)I/I3I/IKO-FGOMCTPI/I‘IGCKI/IMI/I napamMeTpamMu 1o
OCHOBHOMY HAIIPABJICHUIO B paAMKaxX JUCKPETHO-KOHTUHYAJIbHOI'O IOAX0Aa

xé’jk, k=1,..,n, — KOOpIMHATHl CEYEHUil, B

KOTOPBIX 33/1al0TCSI TPaHUYHBIE YCIOBUS (B ya-
CTHOCTH, KOOPJIMHATHI CCUCHHM, TJIe TIPOUCXOTUT
«CKauKkooOpazHoe» (pa3pbIBBI TEPBOTO  POJIA)
W3MEHEHHE apaMeTpoB KOHCTPYKIIHH);
Q,, k=1,..,n,—1 — dparMenTsl, BbIIE/ICH-

Hble M3 00JacTM € CEYeHHsAMH X, =X, H
U —
Xy =Xy I k=1,..,n -1 — coorBerct-

BYIOLIME TPAHMIIBI
Q,, k=1,..,n —1;

paKTepUCTHYECKas
Or s =0 (X1, X5, %;5)
Huusl [, =0Q, [2-4, 10],

yKa3aHHBIX (ParMeHToB
O, =0, (x,,x,,x;) Xa-
bynkus obmactu  Q;

nenbTa-QpyHKIUs Tpa-

I, (x,,x,,x;,)eQ
o = 2 T k 1.1
(X1, X5,X;) {0, (X, 5,0,) 2 Q2 (L.1)
O (x,X,,x;) =00,/ on; (1.2)

m, =[n., m, m; 1 — BEKTOP COCTABISIONIAX
HOpManu K rpanuue 1,; o, k=1,..,n, -1 —
pacuIMpeHHble 00JaCTH, OKaMMIISIOLIME COOT-
BeTcTBYyIOIME (parmeHtel Q,, k=1,...,n, —1;

@, ={(x,,x,,x;): —00 <X, <+00,

(1.3)
—00< X, <400, xfk <X, <x§’k+1 };
L, — omepaTop 3ama4yu B pacIIMpeHHOH obiac-
TH @, OTHOCHUTEIBHO MEpPEeMEIICHUI Ha MHTEp-

b b
BaJIC X; € (x3,k’x3,k+1) )

L,=B'D,B+C,; (1.4)
D, =0,D, =
aw av ay ag ay ay
ay ah aw aw oay ay
|ag b awoay ay abfas
ay al ap dyoay ay
ag b a dy ay ay
) an ay al ab ad

[ 400 (k) (k) (k) (k) (07
dl,l dl,2 d1,3 d1,4 dl,S dl,6
(k) (k) (k) (k) (k) (k)
d2,1 dz,z d2,3 d2,4 dz,s d2,6
(k) (k) (k) (k) (k) (k)
D _ d3,1 d3,2 d3,3 d3,4 d3,5 d3,6 (1 6)
k| gk (k) (k) (k) (k) (ky [>N
d4,1 d4,2 d4,3 d4,4 d4,5 d4,6
(k) (k) (k) (k) (k) (k)
dS,l d5,2 d5,3 d5,4 dS,S d5,6
(k) (k) (k) (k) (k) 13
_dﬁ,l ds,z d6,3 d6,4 ds,s d6,6 |
[0, 0 0]
0 0, O
0 0 ¢
B= 5| (1.7)
o, 0, 0
0 o0, 0,
_83 0 o, |
¢y O 0
Co=00,+6:,) 0 ¢, 05 (1.8)
0 0 Cr3

J(k) _ (k) - _ s _ .
d;=0d7,i=12,.6, j=12,.,6; (1.9)
D, — maTpuna napameTpoB, XapaKTepH3YIOIINX
CBOWMCTBAa MaTepuaja, MpHYEeM MapaMeTphl 00-
JIaJal0T CBOMCTBOM B3aMMHOCTH dl.(';.) = dj(.kl.)

(T.e. 3 36 mapamMeTpoB HE3aBUCHUMBIMH OyIyT
21; B o01IeM ciyyae aHM30TPOIIUU JIMHEHHbIE U
YTJIOBBIC JiepopMaIiiik 3aBUCIT OT BCEX INECTH
HanpsbkeHuil); C, — MaTpula ynpyrux Xxapak-

TEPUCTHUK ONOp (TPU HAIMYHUK); €, — KOdDPu-

OUCHT OTIIOpA I1O HAIIPAaBJICHUIO OCH Oxl. 5

0,=0/ox,, k=1,2; 0;=-0/0x,, k=1,2;
(1.10)

S — UCKOMO€E COOCTBEHHOE 3HA4YCHUC,

u, =[u® u WP, k=1,.,n, -1 (1.11)

— HCKOMBIH COOCTBEHHBI BEKTOp B 001acTu

.o, (k) (k) (k)
Q5w uy s uy

— COOTBETCTBYIOLINE KOMIIO-
HEHTBI [IEPEMEILECHUN.

IIpuBenem Huxe CBOAKY ompeaesstomux ¢op-
MyJI JJI1 OCHOBHBIX CTaTMYECKUX U KMHEMAaTH-

YCCKHUX BCIIMYHMH:
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— nedopmanuu B obsactu Q,

g, = Bii,, (1.12)
e 5 =le) o) e o e AT

(1.13)
6‘1.(’];) ,i=1,2,3, j=1,2,3 — KOMIOHEHTHI TEH30-
pa nedopmarimii;

— HanpspKeHus B obnactu O,

o,=D,g,, (1.14)

— _ (k) (k) (k) (k) (k) (k) qT .

rne o, =0, 0,, 035 0, 0,3 O5];
(1.15)

o, i=1,23, j=1,2,3

i,j 2

— KOMIIOHCHTBI TCH-

30pa HaprDKeHPIfI.

2. IPEJICTABJIEHUE
ONPEJEJSIIOLIETO ONIEPATOPA
KPAEBOW 3AJJAYM C BBIJIEJIEHUEM
OCHOBHOI'O HAIPABJIEHUSI.

YuuthiBas KyCO‘-IHO-HOCTOHHHBIﬁ XapakTep u3-
MCHCHHS MapaMETPOB KOHCTPYKIUH IO OCHOBHO-
MY HalIpaBJICHUIO (BI[OJIB X3 ), MOXKEM 3aIluCaThb:

, o~
Lk = _Lk,vvaS + Lk,uvaS + Lk,uu + Ck 5 (2.1)
FIIe Lk,uv = Lk,uv - Lk,vu ’ Lk,vu = Lk,uv ’
Lk,vu = Lk,uv 5 (22)
(7.0 F) k)
dcﬁ,6 d6,5 d6,3
_ 7 (k) gk Tk .
Lk,vv - d5,6 ds,s ds,s » (2-3)
7 (k) gy (k)
B d3,6 d3,5 d3,3
[T Fk)  Fk
dl,é dl,S d1,3
| (k) k) g(k)
Lk,uv al d4,6 d4,5 d4,3 +
gk (k) (k)
d6,6 ds,s d6,3
gk k) g(k) (2'4)
d4,6 d4,5 d4,3
| gk k) (k)
+82 d2,6 dz,s d2,3 >
gk k) gk)
d5,6 ds,s d5,3
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[ F)  FJk) Tk
d671 d674 d6,6
_7* | gt FWk gk
Lk,vu _Lk7uv - dS,l d5,4 d576 61 +
Tk gk gk
_d3,1 d3,4 d3,6 i (2.5)
'gm d® 07(k>' ’
6,4 6,2 6,5
T gk gk .
+ dS(,4 dS(,Z dS(,S 82’
Ty Tk k)
_d3,4 d3,2 ds,s |
dfy dfy dfy
_ Al g k) k)
gk,uu _al d4,6 d4,5 d4,3 a1 +
Tk g k)
d6,6 d6,5 d6,3
4 4y dy
+oi|d® d® da® e, +
Tk Tk k)
_d6,4 d6,2 d6,5 | (2.6)
d0 g0 g0 )
"4, 44 Y46
+05|dy dy) dy) o, +
Jky gk k)
_dS,l d5,4 d5,6 h
7 dy
+03|dyy) dy) d)f o,
Jky gk k)
_d5,4 ds,z ds,s

3. OITEPATOPHASA TIOCTAHOBKA
3ATAYM C BBIAEJIEHUEM
OCHOBHOI'O HAITPABJIEHU A

OnepaTopHa;I IIOCTAHOBKaA 3aJa4n UMCCT BU:

— _ = b b -
Lo, =su,, x5 €(x5,,%5,,), k=1,.,n —1.

3.1)

PaccmoTpuMm mpou3BOJbHOE Kk -€  ypaBHEHHE
cucreMsbl (3.1). YuuteiBas (2.1), MoxeM miepe-
MUCaTh €T0 CIAEAYIOLUIUM 00pa3oM:

2— ~ —_ — J—
- Lk,vv63uk + B(’ﬂk,uv63uk + (gk,uu +Cuy, = su, .
(3.3)
BBOIIH 0603HaquI/Ie

=5 (k) (k)
v =[v" v

_ (k)
=[0,u,

k) 9T
v =

33
as”ék) 53u§k) ]T = 0,3l Zﬁé;( :

Volume 8, Issue 1, 2012



06 OHGpaTOpHOﬁ IIOCTaHOBKE Hp06J'ICMI)I COOCTBEHHBIX 3HAYCHHI 1 COOCTBEHHBIX q)yHK]_[I/Iﬁ KpaGBOﬁ 3aJla4u CTaTHYCCKOIro
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nepexoauM ot (3.2) K ypaBHEHHUIO

@ L@
jk,vvvk + "g’}k,uv

v, +(¥%,

oA
v, =05V, .

+Cit, = sit,, (3.4)
(3.5)

Juu

rac

O6benuuss (3.3)-(3.5), mony4um cieayouIyro
CHCTEMY:

E 0 fu]|_ 0 E |,
O Lk,vv ‘_}k’ - Lk,uu + Ck _SE Lk,uv ‘_}k
(3.6)
NI
u, | 0 E U
\712 - LZW (Lk,uu + Ck _SE) LZVVL/‘J’V ‘_)k ’
(3.7)

rae E — TOXKIAECTBEHHBIN oneparop.
OKOHYATEITLHO UMEEM:

(3.8)

o

L—l

k,vv

~ E
Tre L"’S:[ +C, —sE) L] L }’

ke, ov ke uv

(3.9)
— Tul - = leu] [w
g =", goog { H} (3.10)
k L}k} k 3Yk aSVk v

Vpasuenus (3.8), pazymeercs, cieayeT J0MOJI-
HUTh TPAaHUYHBIMHU YCIIOBHSIMH, 32/1aBa€MbIMHU B

(L

kuu

CeueHHsIX C KoopauHatamu x.,, k=1,...n,.

Ot T'paHUYHBIC YCJIOBUS IPCACTAaBUMBI B BUIC

B/:U/H (xg,k _0)+B;Uk (x3b,k +0) = 3.11)
=g, +g,, k=2,.,n —1;
BU (x!, +0)+B U (x! —0)=
1 1( 3,1 ) n, nk—l( 3,m; _+) o (312)
:gl +gnk9
rne B.,B;, k=2,..,m —1, B u B, — mar-

puIbl K03QGUITUEHTOB IPAaHUYHBIX YCIOBHUH, 6-
. == =+ _ —+ ——
ro nopsaka; g,,g,, k=2,..,n, -1, g'n g,

— BEKTOpPbI MPaBbIX YacTel TPaHUYHBIX YCJIO-
BUH, IIIECTUMEPHBIE.

O6bemunsisas (3.8), (3.11) u (3.12) momydaem
OTEepPaTOPHYI0  IMOCTAHOBKY  MHOTOTOYECYHOM
KpaeBoil 3ajaun C BbIJEJICHHEM OCHOBHOTO Ha-
MIPABJICHUS:

U, = Zk,sUke X3 € (xf,kaxf,m ),
k=1,..,n, -1
Bk_Uk—l (x3b,k - O)+Bl:l7k (xsb,k +0) =
=g, +g., k=2,..n -1,
Bl+[71(x§,l +0)+B, Unk—l (xg,nk -0)=
=g/ +g, -

(3.13)

4. 3AJAHUE HEKOTOPBIX TUITIOBbIX
T'PAHUYHBIX YCJOBUM.

PaccMoTpuM HMKE 3aJaHuME HEKOTOPBIX CTaH-
JAPTHBIX TUIIOB I'PAaHUYHBIX YCJIOBUM, MONEpey-
HBIX 110 OTHOLIEHHIO K OCHOBHOMY Halpa.ile-
Huto B (opme (3.11)-(3.12) B mpousBobHOM
TPaHUYHOM TOYKE C KOOPJAMHATOU xik. Ctporo

rOBOpsi, BO3MOKHO TpPU OCHOBHBIX BapHUaHTa
rpaHuyHON Touku: 1) 1<k <n, — npomexy-
TOYHAasl TpaHW4Has Touka; 2) k=1 — kpaitHss
neBas (mepBasi) rpaHuWYHas Touka; 3) k=n, —
KpaiHss npaBast (MocaeAHss) TpaHUYHAas TOYKa.

lllapnupnoe 3akpennerue.
Hus ciydas 1<k <n, uMeeM cienyrouye rpa-

HUYHBIC YCJIOBHA:

— b —
U (x,x,,x5, =0)=0; uk(xl,xz,xf,k +0)=0,

4.1)

HNJIN B IIOBJICMCHTHOM BUIC
ui(k_])(xlaxzaxik _O)ZO’ i=1, 2’3 ’ (42)
ui(k)(xl,xz,xik +0)=0, i=1,2,3, (4.3)

OTKyJa
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0 1 00 0 00
0 01 0000
.o oo 100 O
8=8 =gl B=lg 0000 of
0 000 O0O0O0
0 00 00 0 0]

[0 0 0 0 0 O]

000000

, 100000 0|
B"_IOOOOO’ (4.4)

01 0000

0010 0 0]

Jlna cnydas k=1 umeeM cremyoomiye rpaHuy-
HBIE YCIJIOBUS:

L_ll(xlaxbx;],k +0)=0, 4.5)

nJIn
ul'(l)(xlax23x§,]+0)=07 i=1’233’ (46)
OTKyJa
1 0 0 0 0 O]
01 00 00
. l001 000
Bi=lo 000 0 of “.7)
000 000
00 00 0 0]

a TMepBble TP KOMIIOHEHTHI B BEKTOpax g, u
g, HyJeBBbIC.
Jis caydas k =n, uMeeM clenyrolue rpaHuy-

HBIE yCJIOBUS:

ﬁnﬂ (x, 5x2ax;,nk -0)=0, (4.8)
Te. u" " (x,x, ,xé’,nk -0)=0, i=1,2,3, (4.9)

OTKyJa
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. (4.10)

S o= O O O
oS = O O O O
—_ o O O O O
S O O O O O

S O O O o O
S O O O o O

a MOoCJICAHUEC TPU KOMIIOHCHTBI B BEKTOpaAx §1+

U g, HyIICBBIC.

C60000HbII Kpal.
Jns cnydast k=1 umeeM crenyromiye rpaHuy-
HBIE yCIIOBUS:

! b . 1 b .
0-3(3)(x15x27x3,k +0)=0; 0-53)(x1’x2’x3,k +0)=0;

O-l(;)(xlaxzax;k +0) = 0 . (41 1)

VuursiBas (1.11)-(1.14) u (3.3), moxem 3amnu-
caTh:

o) = d [0 )+ A0 1+ d ) +
+d([0,u ] +[0,ul]) +
FAD 0D 400 + D00 + 10
(4.12)
o) = d [0 )+ A0 |+ d +
+d([0,u ] +[0,ul]) +
FADOY 40D + OO + 10
(4.13)
o) = d 0]+ A0 |+ d +
b [0uPT+ [P ) +
FADOW 400 + 0P + ).
(4.14)

CnenoBatenbHo, BMecTO (4.11) nonyyaem:
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06 OHCpaTOpHOﬁ IIOCTaHOBKE HpO6J'IeMI)I COOCTBEHHBIX 3HAYCHHH 1 COOCTBEHHBIX (I)yHKIII/II;'I KpaeBoﬁ 3ala4u CTaTHYCCKOIo
pacyeTa TpEXMEPHOIo aHU30TPOITHOTO TEJIa € KyCOYHO-IIOCTOSAHHBIMU (1)I/I3I/IKO-FGOMCTPI/I‘IGCKI/IMI/I napamMeTpamMu 1o
OCHOBHOMY HAIIPABJICHUIO B pAMKaxX JUCKPETHO-KOHTHHYAJIbHOI'O IIOAX0Aa

d3(]1) [81”1(]) 10x,, x5, x.f,] +0) +
+dH[0,u8" 1(x,,x,, x5, +0) +
+ d3(}3)v§1) (x,,x, ,xil +0)+
+d O ([0,u"](x,,x,, x5, +0)+
+[0,u](x,,x,, x5, +0))+ (4.15)

+ d3(15) (vgl) (x,,x,, xé’,l +0)+
+[0,u3”1(x,, 25, x5, +0)) +
+d 0" (x, 3, x5, +0) +
+ [61“§1) 1(x15 x5, x;l +0))=0;
ds(ll) [81”1(1) (x5 x, ’xil +0)+
+d[0,us" 1(x,,x,,x5, +0) +
+ ds(gv;l) (x,,x, ,x3b)1 +0)+
+d " ([0,u"](x,,x,, x5, +0) +
+ [Gluél) 1(x,,x, ,xé’,l +0))+ (4.16)
+ ds(lg (vél) (x,,x, ,xf’l +0)+
+[0,u5"1(x,, %5, x5, +0)) +
+ ds(,lé (V1(1) (x,x, ’xé),l +0)+
+ [a1u3(l)](x1 s Xy 5x§),1 +0))=0;

déjl) [81“1(1) 1(x;, x5, xg,l +0) +
+d 5[0, 1(x,, x,, x5, +0) +
+ déf;vgl) (x,,x,, xil +0)+
+d{ ([0,u " 1(x,, x,, x5, +0) +
+[0,us" 1(x,, x,, x5, +0)) + 4.17)

+ délg (vgl) (x,,x,, xé’,l +0)+
+[0,u5"10x,, x5, x5, +0)) +
+ délé (V1(1) (x1,%,, bi,l +0) +
+ [61“3(1) 105 x5, xil +0)) =0,

OTKyJ1a

B =

B ), (B,
(B )oy (B')sy (B),, diy dii dif
LBy (BN, (B, diy d} d
0 0 0 0 0 0

0 0 0 0 0 0
0 0 0 0 0 0

(4.18)

+ ) ) 7]
(Bl )1,3 d3,6 d3,5 d3,3

a TIepBbIe TPU KOMIIOHEHTHI B BEKTOpax g, M
g, HyJeBbIE;

(B),, =d;)0, +d,0,;
(B)),, =d\)0, +d}0,;
(B)),, =d20, +d\)0,;
(B)),, =d)o, +d,0,;
(B)),, =d0, +d)o,;
(B),, =d)0, +d{o,;
(B));, =di0, +di,0,;
(B);, =d0, +dh0,;
(B)s5 =dNo, +do,.

[locne cooTBeTCTBYIOIIEH AaNmpoOKCUMALUUA B
pamMKax JIMCKPETHO-KOHTHHYaJIbHOI'O MeETOoJa
KOHEYHBIX 3JIeMeHTOB MaTpuma (4.18) crano-
BUTCSI UACTIOBOM.

Jlist ciydast k =n, aHAanOrnYHO UMeeM:

(1) b _0y=0 -
o3 (%, %,,X35, —0)=0;
(m=1) b —0 -
o, (x s X5 X3, -0)=0;

o (x, ,xz,x;nk ~0)=0 (4.19)

win ¢ yuetom (4.12)-(4.14)

d; 0" 1(x,0 x5, = 0) +
+ dz(nzk PLo,us" (%, x,, xf,nk —-0)+
+ dfg,n;il)vgnkil) (x;, X, 9'x§,nk -0)+
+ d3(,n4k D0,V 1(xyx, ’x;,nk -0)+
+ [alugnkil) (x5 x, 9x§),] +0)) +
+dy 0" (g, —0)+
+[0,u5" 7V 1(x,, x, xink -0))+
+ dfg,nék_l) " (xyx, ’xfls),nk -0)+

+ [alugnkil)](xlaxz’xink -0))=0;

(4.20)
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ds(jk_l) [alul(nk_l)](xlrxz’x;nk -0)+
+d{0[0,uy" V(% x5, X7, —0)+
+d(”* Dy l)(xl,xz,x3n -0)+
+d5(r271)([82u1(nk 1)](x1=x2>x§,nk -0)+
+ [0, u("k_l)](xl,xz,xi1 +0))+
-0)+
~0))+
-0)+
-0))=0;
400 1,530, —0)+
+d [0, 0 (xy, x,, x5, —0)+
-0)+
"'dénfl)([azul(nk 1)](x1’x2’x§,nk —0)+
+[o.u" P (x, ,xz,xé’,l +0))+
-0)+
-0))+
-0)+
-0))=0,

4.21)
+ds T (" (e, 3,
+ [azugnkil) 1(x,, x5, x3b,nk
+dy 0" (e, 3,

-1 b
+[0,uy" ] (x,, x5, X5 ne

(n—1) (n -1
+d k ' (x]’x27x3n

(4.22)
+ dé,nsk_l) (Vénk_l) (xp, x5, xé’,n,‘
+ [azugnkil) 10x15 x5 x3b,nk
+dge 0" (x5 X7,

-
+ [alugnk )](xl s X 7x§,nk

OTKyJa

B;k—l =

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0 |
T|By )y B, )iy (B )y di di di”
B, Dy (B, )5, (B, )5y di” di? di™
(B, e B, ) (B, Do doe” dt” di”

(4.23)

a MOCJICAHHUEC TPU KOMIIOHCHTBI B BCKTOpaAx §l+

n g"k HYJICBLIC,

- _ g1 (n,=1) .
(Bnk—l)4,1 = d3,1k a1 + d3,4k 82 >
- _ (=) (=)~ .
(B, 1)a2 =ds5 70, +d57 70,
- _ g1 (=)~ .
(Bnk—l)4,3 = ds,s‘ az + d3,6k 81 >
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- — (1) (m=Dn .
(Bnrl )5,1 - ds,lk a1 + ds,zf a2 >
- — gD (=) A .
(Bnk—l )5,2 - ds,zk a2 + d5,4k a1 >
- — gD (m-Dn .
(Bnk71)5,3 - ds,sk 82 + ds,é a1 >
(B )¢, = d Ve + 4" Dp. -
n,—1/76,1 6,1 1 6,4 2>
- — g1 =Dy .
(Bnk—l )6,2 - dé,zk a2 + dﬁ,: a1 >
- _ g -1 (n, 1)
(Bnk—1)6,3 - d6,§ 62 + d6,6k 81 .

[Tocrme COOTBETCTBYIONICH aNMPOKCHMAIUUA B
pamMKax JUCKPETHO-KOHTHHYaJIbHOTO METOoJa
KOHEUYHBIX 3JIeMEHTOB Matpuna (4.23) craHo-
BUTCSI YUCTIOBOM.

HoeanvHulii konmakm.

VYciaoBus wueanbHOrO0 KOHTaKTa, KakK IMPaBHIIO,
3aJJal0TCS B MOMEPEYHBIX MO OTHOILIEHUIO K OC-
HOBHOMY HAIIPaBJICHUIO CCUCHUAX, I'IC IIPOUC-
XOJIAT CKAauyKoOOpa3Hble H3MEHEHUs (HU3UKO-
TE€OMETPUUYECKUX MAPAMETPOB KOHCTPYKITUH.
Jisa cnydas 1<k <n, umeeM crenyrouiye rpa-

HUYHBIC YCIIOBUS:

—0) =, (x,,x,, x5, +0); (4.24)

(k=1) b _ (k) b .
o (X 5 X5, X3 1 -0)=o0y; (x19x2’x3,k +0);

— b
U (x), %y, X34

(4.25)

0_513{_1) (x5, axik -0)= Ug) (x, sxzexé),k +0);
(4.26)

13( 1)(x1’x2’x3k -0)= G(k)(xnxzax;,k +0);
(4.27)

[Tocne mpeoOpaszoBanuii BMecTo (4.24)-(4.27)
MOJKEM 3aITHCaTh:

(k) b (k1) b _
u; (xl,xz,xlk +0)—u, (xl,xz,x&k -0)=0,
i=12,3,

(4.28)
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OO0 orneparopHOii TOCTaHOBKE MPOOIEMbI COOCTBEHHBIX 3HAYEHHH U COOCTBEHHBIX (DYHKIMI KPAaeBOil 3a/1a4i CTATHYECKOTO
pacuera TpeXMEpHOI0 aHM30TPOITHOTO TeJa C KyCOUHO-TIOCTOSIHHBIMU (DU3HKO-T€OMETPHUYECKIMH MTapaMeTpaMH 110
OCHOBHOMY HAIIpaBJICHHUIO B paMKaX JTUCKPETHO-KOHTUHYAIBHOIO IMOAX0Aa

ds(,kl)[ 1u1k)](x1 » X2 :xs P +0)+
+d;310,
+ d;";vgk) (x,,x,, xik +0)+
+ d3(,]zl) [82ul(k)](x1 > Xy 7x§7,k +0) +
+ [81“§k)](x1 ’x2’x§,k +0)) +

k k b
+ d3(’5) (v§ )(xl Xy, X5, +0) +

d6(kl)[a u k)](xl,xz,xw +0)+
+ dé(kz) [82”2k)](x1 >x25x3 0+
+ dék;"gk) (x; ,xz,x3 p +0)+
+d6(k4)([a u k)](xl’x2’x3k +0)+

+ [aluék) (x5 x, ’x3,k +0)) +

k)](xl sxzsxs,k +0)+

+ d6(f€5) (Vék) (x;, X, ’xé),k +0)+

k b

+ [821/1; )](xpxz’xs,k +0)) +

+ d3(,ké) (Vl(k) (xl s xz s xé”k + O) +
k b

+ [61“§ )](xpxzaxs,k +0)) -

+ [qugk) 1015 x5, x;),k +0)) +
+ dékg (v(k) (xl,xz,xfk +0)+
+[0,u k)](xl,xz,x“ +0))—

—dy7[0,u " 1(x,, x,, x5, —0) + —d{0u " 1(x,, x,, x5, —0)+
sy [0,uy 106, Xy, x5, = 0) = +d{50,ud " 1(x,,x,, x5, —0)—
d(k Dy k- 1)(x1,x2,X3k 0) - d(k - ')(xl,xz,x3k 0)—
(k 1) (k1) b
o (01005, = 0) - 0l Ny —0)-
_[817/[2 ](xl,xz,x3,k _0))_ _[aluék—l)](xlsz,xgk _0))_
- dz(ks_lzk(‘;(k_l) (%1, %, ;x;k —0)+ —d{SP I (xy,xy, x5, —0) +
+[0, X5, -0)) - -
—dye (v (X, X,,%5, —0) + (k=1) ;. (k=1) b :
[8’ (k=D )¢ b 0)) 0 —dgs (v T (x),x,x5, —0)+
+[0,u X, X, ,%x5, —0))=0; -
() 1 3k) e +[a1“3(k 1)](x1’x23x§,,k_0)):0;
d5,1 [81”1 ](xpxz’xsk +0) + Otkyna
+d[0,ul”1(x,,x,, x5, +0)+
+ ds(?vgk)(xl,xz,xé’,k +0)+ B, =
+d5(k4)([8 u(k) (x],xz,xé’,k +0)+ 0 0 0 0 0 0
F[O w103,y 0, +0)) + o0 0000
) (1, (0) b 0 0 0 0 0 0
+d55 (v (%, x5, X5, +0)+ =5 B B D g0 g b
+[a u(k)](x ¥ xb +0))+ ( k)4,l ( k)4,2 ( k)4,3 3,6 3,5 33
(1)3 " e 3’: (Bk_)S,l (Bk_)s,z (Bk_)s,s ds(,ke_l) ds(ksl) ds(k31)
+d5’6 W 0, Xy, X5, +0) + (32)6,1 (B;Z)é,z (BI;)6,3 déﬁ{l) déks ) dék3 v
+[alu§k)](x1axzax§,k +0)) - ) (4?32)
—d {0 (X, x5, —0) + B =
+d &[0, " 1(x),x,, x5, —0) - [0 0 0 0O 0 0]
d5(k3 it ')(xl,xz,x3k 0) - 0 0 0 0 0 0
%%mwfﬂmeﬂfwr- L0 0 o0 0 00
(k-1) b By By By dify 4 4T
_[aluz ](xlaxzaxlk_o))_ i ’ 4 ’ i ? (’k) (}() (’k)
_d(k—l)(v(k—l)(x x. xb —0)+ (Bk)S,l (Bk)s,z (Bk)5,3 d5,6 ds,s d53
ke o (Bor (Bsa (B)gs di di dif |
+[a u( )](x13x23x3,k _O))_ (430) - ’ ’ ’ j ’ (4 33)
k=) o (k1) b .
sg” 200235, — )+ g, =2, =[000000]; 434
+ [aluék_l)](xl 9x27x§,k -0))=0;
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- _ k=1 (k=D .
(Bk )4,1 = d3,1 a1 + d3,4 82 >
- _ k=1 (k=) .
(Bk )4,2 = da,z a2 + d3,4 a1 >
- _ Jk=1) (k-Dn .
(Bk )4,3 = d3,5 82 + d3,6 a1 >
- _ Jk-1) (k=) .
(Bk )5,1 = ds,l al + d5,4 62 >
- _ Jk-1) (k- .
(Bk )5,2 = ds,z 52 + d5,4 a1 >
- _ g1 (k- .
(Bk )5,3 = ds,s 82 + ds,s a1 >
- _ Jk-1) (k=D .
(Bk )6,1 = d6,1 a1 + d674 a2 >
- _ gk=1) (k=D .
(Bk )6,2 = ds,z 82 + d6,4 al >
- _ gD (k=) .
(Bk )6,3 = d6,5 62 + d6,6 a1 >

+ _ (k) (KA .

(Bk )4,1 = d3,1 al + d374az >

+ _ g (KA .

(Bk )4,2 = d3,2az + d3,4 al >

+ _ (k) K)a .

(Bk )4,3 = d3,5 82 + d3,6 a1 >

+ _ (k) KA .

(Bk )5,1 = dS,l a1 + d5,4 82 >

+ _ Jk) (kA .

(Bk )5,2 = ds,zaz + d5,481 >

+ _ Jk) [C3~TN

(Bk )5,3 = ds,s 62 + d5,6 61 >

+ _ (k) (KA .

(Bk )6,1 = d6,1 al + d6,462 >

+ _ gk (KA .

(Bk )6,2 = d6,282 + d6,481 >

+ _ (k) (k)
(Bk )6,3 = d6,5 82 + d6,6 a1 .

[Tociie COOTBETCTBYIONICH AaNMPOKCHMAIIMHA B
paMKax JUCKPETHO-KOHTHHYAJILHOTO METOoJa
KOHEUHBIX 3JIeMeHTOB Matpulibl (4.32) u (4.33)
CTaHOBSITCSI YUCIIOBBIMH.

3AMEYAHUA
HccnenoBanuss npoBOAMWIMCH B paMKax cle-
TYIOITUX padoT:
1. I'panrt 2.3.18 Poccuiickoil akajieMuu apxu-

70

TEKTYpPbl U CTPOUTEIBHBIX HAYK ISl MOJIO-
JIBIX YYEHBIX crieruanuctoB «Pa3zpaboTka u
Bepu(DHKaIMI KOPPEKTUBHBIX YUCIEHHBIX U
YHCJICHHO-aHAJIMTUYECKUX METOJI0B MCCIIe-
JIOBaHUS JIOKAJILHOT'O HaIpsKEHHO-
neOpMUPYEMOTO COCTOSIHUSL CTPOUTEIb-
HBIX KOHCTPYKIIMM Ha OCHOBE MHOTOYPOB-
HEBOTO BelBieT-aHann3a» Ha 2012 r.

IT.A. Axumos, M.JI. Mosranesa, B.H. Cunopos

I'pant 2.3.8 Poccuiickoii akajieMuu apXu-
TEKTYPBI U CTPOUTENBHBIX HayK «Pa3pabot-
Ka Hu HCCIIeJOBaHNE JUCKPETHO-
KOHTHHYaJIbHBIX METOJOB [JIsi pacuera
CTPOUTENBHBIX KOHCTPYKLUHUWA C KYCOYHO-
MOCTOSTHHBIMUA ~ (PU3UKO-TEOMETPUICCKUMU
napamMeTpamu 1o OJJHOMY M3 HaIlpaBICHUN»
Ha 2011-2012 rr.

I'pantT MunucrepctBa oOpa3zoBaHus U Hay-
ku Poccuiickori @enepanmu «Pa3paboTka,
HCCIIEJOBaHNUE, MPOrPaAMMHO-
ANrOpUTMHUYECKasl peanu3anus U Bepudu-
Kalys MHOTOYPOBHEBBIX METOJIOB IPO-
THO3HOTO MAaTEeMaTHYeCKOro MOJEIMpOoBa-
HHS COCTOSIHHMS M TEXHOT€HHOI 0e30I1acHo-
CTH OTBETCTBEHHBIX OOBEKTOB M KOMILICK-
COB METAII0JINCa.
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MOJEJIMPOBAHHUE BOJIHOBBIX ITPOLIECCOB BbJIN3U
IIMIEHTPOB 3EMJUIETPACEHUU

A.B.Kanuoes, C.B. I(ymeuoe1

'MuctuTyT npobnem Mexannku PAH

AHHOTALMUSA: C nomouipl0o METOAa KOHEUHBIX 3JEMEHTOB HCCIEAYIOTCS BOJIHOBBIE TOJIS,
BBI3BAHHBIC COCPENOTOUYCHHBIMH CHHTYISIPHBIMA HCTOYHUKAMH, PACHOJIOXKCHHBIMUA BHYTPHU

YOPYroro MOJyNPOCTPAHCTBA.

AHanu3 JIUHAMUYECKHX T[EpPEMEIICHUH MPOU3BOJIUTCS Ha

CBOOOIHOM TTOBEPXHOCTH TIOJIYIIPOCTPAHCTBA B ONFDKHEH K STUIICHTPAIBHOHN 30HE.

Kuarwuesbie ciioBa: Ceiicmudeckas BOJIHA, BOJIHA PBJ’ICH, SIMULICHTP, 3EMJICTPSACCHUEC

MODELING SEISMIC WAVES NEAR EPICENTRES OF THE
EARTHQUAKES

A.V.Kaptsov, S.V.Kuznetsov'

'Institute for Problems in Mechanics, Russian Academy of Sciences

ABSTRACT: The finite element method is used to simulate the wave fields in the near epicenter
zone. Different point singular loads are applied in the interior of an isotropic elastic halfspace and
halfplane. The dynamic displacement fields are analyzed on the free boundary of the halfspace.

Keywords: Seismic wave, Rayleigh wave, epicentre, earthquake

1. BBEAEHHUE

Huxe paccmaTtpuBaroTcs
MOJICIMPOBAHUAS ~ 0YaroB  TEKTOHUYECKHUX
36MHCTp$ICCHHfI, BBI3BAHHBIX IOABHXKKaMU
TEKTOHHUYECCKUX IIIUT H BI)ICBO60)K}Z[CHI/IGM
YOPYyTOil PHEPTUU MPH U3MEHEHHH B3aUMHOTO
PacCIoJIOKCHUS TIJIAT.

Ha,uo OTMECTUTH, 4YTO MU3BCCTHBI U
JIPYTUEC UCTOYHUKHU 3EMIICTPSICEHUH, HAIIPUMED
IyOWHHBIE ~ 3€MJICTPSICEHHsI,  BBI3BaHHbBIC
nmpoueccaMm B BCPXHHUX CJIOAX MAHTUU, WU
3eMIICTPSICCHUS, COMPOBOXKIAIOIINE
JIeSITeTFHOCTh BYJKaHOB. B MBYX mociemHux
cirydasax MEXaHN3MBbI BO3HUKHOBCHUA
3eMJIETPSICEHUI OTJIMYAIOTCA oT
paccMaTpuBaeMbIX B HACTOsIICH padoTe.

BOIIPOCHI

I.1. Teopemuueckue uccnedosans
PACNPOCMPAHeHUus  NOBEPXHOCMHBIX — B0JIH
80anu om dnuyeHmpa.

1.1.1.  be3oucnepcuonuvie noBepxXHOCMHbLE
eonnvl. Ctathst Pamest [1] mo umccienoBaHuio
pacmpocTpaHeHUs FapMOHUYECKUX
MTOBEPXHOCTHBIX BOJIH B M30TPOITHOM YIIPYTOM
MOJTyTIPOCTPAHCTBE, TIOJIOKHUIIA Havajo
METOJlaM MaTeMaTH4YeCKOro MOJIEIMPOBAHUS
pactpocTpaHeHus NOBEPXHOCHIHBIX
CEHCMMYECKHX BOJIH B 36MHOM KOpe BIalIu OT
HUCTOYHMKA  3eMJICTPSCEHHUS. Heckonbko
OCHOBOIIOJIATAFOIINX PE3YyJIbTATOB 3TOM CTaThU
MIPEJICTABIIAIOT HUCKITIOUNTENBHYI0 BaKHOCTD
JUTS MaTeMaTHYECKOTO MOJICJTMPOBAHUSA
CEHCMHUYECKUX BOJH BAaidu OT smwmieHTpa: (1)

BomHa  Pomes  dopmmpyercs w3 aByX
MapIUaIbHBIX ~ BOJIH, TOJSPU30BAaHHBIX B
CarMTTadbHOM  TWIOCKOCTH; (2)  CKOpOCTh
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pacrpocTpaHeHHUs BOIHEI Pasiess B I30TpOITHOM
MOJTyTIPOCTPAHCTBE MEHbIIIe CKOpPOCTH
MEJJICHHOU (TonepeyHoil) 0ObeMHON BOJIHBL,
MPH 3TOM CKOPOCTh HE 3aBHCHUT OT YacCTOTHI,
T.e. OTCYTCTBYyeT mucnepcus; (3) BomHa Pames
9KCIOHEHIMAILHO 3aTyXaeT Mo TIyOWHe, TaK
4TO ee  DHEprus  JIOKaJu30BaHa B
MIPUTIOBEPXHOCTHOM cJoe; (4) BepTHUKAIbHAS
KOMIIOHEHTA Paneesckoit BOJIHBI
OpuOIU3UTEIBHO B MOATOpa pasa Ooiblue
TOPU30HTAJILHOM KOMIIOHEHThl. B 3Toil ke
CTaThe BBICKA3aHO MPEATOIIOKEHHE O TOM, YTO
MMEHHO TIOBEPXHOCTHBIC BOJIHBI SIBIISTFOTCS
OCHOBHBIM HCTOYHHKOM pa3pylIeHWd Tpu
3eMJIETPSCEHHSIX.

B [2], dakrtmueckum wMetomoMm Pames
HCCIIEeI0BAIOCh pacrnpocTpaHeHne
TapMOHHYCCKUX TMOBCPXHOCTHBIX BOJIH Ha
chepe. B wactHOCTH, B 3TOH padore OBLIO
MOKa3aHo, YTO OJMH M3 KOpPHEH MOJUHOMA
Panest ompenenser CKOpoCcTh HOBOM, Oolee
OBICTpOIT BOJHBI, YeM BoJHA Panesi, Ha3BaHHOU
Briociencteun BosiHOW Ce3aBbl. B [3] Merton
Panest pacnpocrpaneH Ha wuHTepdelicHbIe
BOJTHBI, BO3HUKAIOIIHUE Ha rpaHuIe
KOHTaKTHPYIOIIUX  moxynpoctpadcts.  C
BBeJICHHEM IecTuMepHoro ¢gopmanmima Ctpo
[4] oxa3zamoch BO3MOXKHBIM MEPEUTH K
WCCIIEZIOBaHNIO BOJH Pajest B aHM30TPONHOM
nosynpoctpancTse [5 — 9]. B wactHOCTH, B [5
— 7] 6bu10 mokazano, ytro (1) mpu r0OOI
aHU30TPOIIMU YIPYTOH Cpellbl CYNIECTBYET He
OoJree OAHON IMOBEPXHOCTHOM BOJHEI Pajies; (2)
CKOpOCTb ~ P3JIEEBCKOW  BOJIHBI MOXET
MPEBBIIIATH CKOPOCTh MEJIJICHHOH TOTIepeYHON
BONHBI; (3) B HEKOTOPBIX CIIy4asX YIPYyTou
AHU3OTPOINUM HMCTUHHOM P3JIEEBCKON BOJIHBI,
SKCMOHCHIMANILHO 3aTyXalouleld mo riryouHe,
MOXXET He  ObITh, -  BMECTO  Hee
pacmipocTpaHseTcsl  «UCTEKamInas»  BOJIHA,
0JlHa M3 NapUUaJbHbIX KOMIIOHEHT KOTOPOWl HE
3aTyxaeT ¢ TIyOMHOH. B WCKIFOUMTENBHBIX

Ciay4dasx  aHU30TPOIMH,  CBA3AHHBIX  C
HEIOJIYIIPOCThIM BBIPOKICHUEM
(GyHIaMEHTaIbHOW  MAaTpHIbI, TOSBISIOTCS

BOJIHBI «HE pajieeBcKoro tumay [10].

1.1.2. HJucnepcuonnvie ceticmuueckue GoaHbL.
B ciydae, xorma yuyuTBHIBaeTCSl CIOUCTOCTb,
ceificMmueckas BOJTHA CTaHOBUTCS
qucnepcuoHHoi.  Teopust  IHCHIEPCHOHHBIX

MO,HGHHpOBaHI/Ie BOJIHOBBIX ITPOLECCOB BOIM3U OIUICHTPOB SCMHeTpﬂCGHI/Iﬁ

BOJIH, PaCIpPOCTPAHSIOMNXCS B HM30TPOITHOM
yOpyroM cjJoe W  TOJSIPU30BAaHHBIX B
CaruTTAILHOM  TUIOCKOCTH,  pa3paboTaHa
JIom6oMm [11], a mIst aHWM3OTPOITHOTO CJIOSI C
MOHOKJIMHHON cummerpueir — B [12, 13]. Tlpn
HaJIMYUM  KOHTAKTa CIIOGB C  YIPYyTUM
MOJTyIPOCTPAHCTBOM, PACCMATPUBAIOT BOJIHEI,
Ha3bIBaeMble BOJIHaMu Panes — JIamba [14].
OTU  BOJHBI UMEIOT JHUCIEPCUI0  H3-3a
CJIOUCTOCTH CPEJIbl ¥, TI0 aHAJIOTHH C BOJHAMU
Poness, yOBIBAlOT  HSKCMOHEHIMAILHO  TIO
[TyOWHE B TTIOJYIIPOCTPAHCTBE.

Bonnsl, MIOJIIPU30BAHHEIC B
TOPU30HTAIBHOMN IJIOCKOCTH u
pacpoCTpaHsIOMNEeCs B CHCTEME YIPYTHH
CJIOM,  KOHTAKTHPYWOIIUH ¢  yOpyTruM
MOJIyIPOCTPAHCTBOM, ~ Ha3bIBAIOT  BOJIHAMU
Jlsa  [15]. Bomaer JlsBa  oGmamarot
JIACTIEpCUE, BO3HHKAIOIIEH 3a cUeT
MPUCYTCTBHSI  CIIOSI KOHEYHOW  TOJIIIMHBL.
[IpuMeHNTENNEHO K W3OTPOMHBIM CIIOK0 U
MIOJyIPOCTPAHCTBY ~ TEOPHsl  ATHX  BOJIH
paspaborana B MoHorpaduu [15]. Cryuaii
yOpyTo AQHM30TPOITHBIX cIost u
MOJTyIPOCTPAHCTBA paccMOTpeH B [16].

1.2. Memooul unmezpanvhvix ypagHeHuil,
npuMeHsieMble npu MoOeIUposanul ouaza
MEKMOHUYECKO20 3eMACMPACEHUs.

1.2.1. Toueunwvie cunosvie ocobennocmu. B
crathsax JIombOa [17, 18] mpenmoskeH MeTox
MOJICIUPOBAHUS JTUHAMHUYECKHUX TIPOIECCOB,
CBS3aHHBIX C PACTIIPOCTPAHCHUEM BO3MYIICHUIA
OT COCPEJIOTOYEHHBIX CHIIOBBIX OCOOCHHOCTEH,
pACIIOJIOKCHHBIX Ha TMOBEPXHOCTH YIPYTOTO

MOJYNPOCTPAHCTBA WM TOJYIUIOCKOCTH
(BHemHsiT  3amada  Jlbm0Ga) W  BHyTpH
MOJYNPOCTPAHCTBA WM HOJYIUIOCKOCTH

(BHyTpeHHsis1 3amava JIomOa). Jlns perneHus
TuX 3azad JIo>mOoMm ucnonb3oBasoch (a)
npencTaBieHue ypaBHeHnid HaBbe B (opme
Jlame — Kunameiipona; (0) 3amuch penieHHi
YpaBHEHUIl NWHAMHMKH B BHJE IMOTEHIIHAJIOB
Jlame — I'puna u (B) mpeacraBieHUE Harpy3ku
B BHJE TNoTeHNuanoB ['empMmronbia. J[lamee
peleHue ypaBHEHUI I'esnbMrosba
pasbICKUBAJIIOCH B BHAC (PyHIaMEHTAJIbHBIX
pemenuii CTOKCa M OCYIIECTBIIOCH CY)KEHHE
9THX MOTEHIMAIOB Ha TPAHUYHYIO IMJIOCKOCTD.
Hano OTMETHTb, 4TO MOJTyYEHHBIE
MHTETpaIbHBIE  TIPEACTaBICHUsS  OKa3alHCh
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BeChMa CIIO)KHBIMH: B
pelieHne  yaanoch

3aMKHYTOM  BHJIE
MOJNIYYUTh  JIAIIb  JJIS
FapMOHUYECKOH  Harpys3KH. B ciayuae
MIPOU3BOJIGHON  3aBHCHUMOCTH OT BpPEMCHH
3aMKHYTO€ peIIeHHe OBUIO TOJIYYCHO B
MPOCTPAHCTBE U300paKEHUN, TOYHEE,
pellleHue Ha TOBEPXHOCTH OBLIO TIPEICTABICHO
B BHJEC HECOOCTBEHHOTO WHTErpajga oOT
anreOpandeckoit Qynkuuu. B nanbHeliem
metonq JlbmGa ¢ MomudukanmsmMu  u
YTOUYHEHUSMH TIPUMCHSJICS B IEJIOM psfc
uccnegoBanuii [19 — 25].

3/1ech HaJl0 OTMETUTh, YTO B paboTax
[17 — 25] nns BHyTpeHHed 3amaum JIomOa
paccMaTpUBAINCh CHJIOBBIE OCOOCHHOCTH B
Bujie Ju0OO0 IIOJIOCOBOWM HArpy3Ku B Cllydae
IUTOCKOH nedopmariuu, MO0 B BUIE IIEHTpa
pacIupeHus B cirydJae perIcHus
NpOCTPaHCTBEHHOH 3a1a4u. B mepBbIx padoTax
[26, 27] mo mouCKY aJIeKBaTHBIX MoJeJei

ouara 3eMJICTPSICEHHS, KOTOpBIC ObI
COTJIACOBBIBAIINCH c UMEIOTIUMUCS
CEHCMUYECKUMU JAHHBIMH, TPEIJIOKECHO B
Ka4yecTBe WMCTOYHHUKOB 3eMIIETPSACCHHH

paccMaTpuBaTh JHUOO JBOWHBIC CHIIBI, JHOO
JUMONM  (IBOWHBIE CHJIBI C MOMEHTOM). B
JanbHeleM B padotax [28 — 31] pa3BuBanachk
KOHIICTIIIASA AUTONs, a B [32 — 38] — gucToro
C/ABUTA, OKBUBAJICHTHOTO JBYM B3aUMHO
OpPTOTOHAJBHBIM  JIBOMHBIM  cuiaMm. llpu
MOCTPOEHUHM  PEIIeHM, OCHOBAaHHBIX Ha
Mozelsix [28 — 38] mpumensuics moaxona JIamoa,
npuYeM, B OTIUYUE OT OPUTHMHAIBHBIX pPadoT
[17, 18] paccMmaTpuBalics ciyvai
OesrpannyHOi cpenpl. B Hacrosmee Bpems
METOJ, pa3BUTBII B paborax [32 — 38],
MPUMEHSETCS BECbMa PEIKO, MO-BUIANMOMY,
M3-32  CIIO)KHOCTH  OINHUCAHHUA  IUIOCKOCTH
paspeiBa. B [34] mpoBemeHo CpaBHEHHE
pemrenuit jans gummons (cucrema ) m nBYX
JMBOMHBIX cvI O6e3 MoMmeHTa (cuctema II).

Bamevanue 1.2.1. Hago oTMETHUTE, YTO
HEy4YeT  HaiuuuMsg  CBOOOJHOM  3eMHOHM
MOBEPXHOCTH B pelieHusx [28 — 38] mo3oaun
aJIeKBaTHO onucaTh pacnpocTpaHeHue
BO3MYILEHUH TOJIBKO B HENOCPEICTBEHHOU
OIM30CTH OT OYaroB 3emieTpsceHuil. B
HanOoJiee MHTEPECHON 30HE BOJM3H OT 3€MHOM
MOBEPXHOCTH pemieHust [28 — 38] mOMKHBI
OBITH JTOTIOTHEHBI TUHAMHYECKUMHU

A.B. Kanuos, C.B. Ky3nenos

MTOTEHITHAIAMH (C TUIOTHOCTHIO HAa CBOOOIHOM
MTOBEPXHOCTH ) JUTSI YOBJICTBOPECHUS
IPaHUYHBIX YCJIOBUW Ha 3TOH MOBEPXHOCTH.
Ortor, ©Oomee  cTpormii  TWOAXOH,  OBLI
peamm3oBad B [39 — 42], Tme MPUMEHSIIOCH
T QepeHIupoBaHne N0 MPOCTPAHCTBEHHBIM
KOOpJAMHATAM penieHus BHYTpEHHEH
MIPOCTpaHCTBEHHOM 3amaum JIamba [17, 18], -
T.e. (hakTudecku B [39 — 42], ocyIecTBIsIIOCh
nuddhepeHInpoBaHue TMHAMUYECKOTO TeH30pa
['puHa M1t momympocTpaHcTBa.

OTnenbHO clielyeT OCTaHOBUThCS Ha
BPEMEHHOMN 3aBHCUMOCTH Harpys3ox,
npuMeHsieMoi B Mojensix [28 — 42]. B oxHo#
W3 TIEPBBIX PabOT 1O ONHMCAaHHWIO IMPOIECCOB,
MIPOUCXOMSAIINX B odare 3emuerpsiceHust [43],
OBLTO Cc/IeJIaHo MIPEIIOI0KCHHE 0
BBICBOOOKACHUN YIIPYTOW DHEPTUU B MOMEHT
3eMJICTPSICCHHUSI ¥ TMOCJICAYIONIEM CHSTUU
HanpsoKeHWH (Teopust ympyroi otnaum). B
COOTBETCTBHHU C 3TOM KOHUENUUEH, B KAUECTBE
BPEMEHHBIX 3aBUCHUMOCTEH JUJII  CHJIOBBIX
ocoOeHHOCTEH  BBIOMpanmuch (QyHKIHH, B
HEKOTOPOM CMBICIIE OJIM3KHe K O—(pyHKIHH H
nMeroImue mpoctoit dypre-oopas.

1.2.2. Jlucnoxkayuonrnvie modenu. Ciaenyrommm
ATaTrIoM B HCCJICTOBAHUSIX odara
3eMIICTPSICEHUSI  SBIWJIOCH ~ MOJICIUPOBAHUE
ouara B BHJEC JUCIOKAIIMH CKOJBXKCHHS C
TTOCTOSTHHBIM B TIpefeNiaX INTIOCKOW 00JacTH,
3aHATOM JHMCIOKAIIMEH, CKaYKOM CMEIICHHUH,
Ha3bIBaeMOM BeKTOpoM broprepca [44 — 57].
PaccmarpuBanuce kak HenogBuxkHbIE [44 — 46],
TaK W pacTymue 0o0IacTh muciokamwii [47 —
57]. B [46] mpoBoauiIOCh CpaBHEHUE MATbHUX
noJjewu, CO3JaHHBIX HENOABUYKHOM
TUCITOKAIIIE ¥ TOYCYHBIM HWCTOYHHKOM B
BHJIC JBOWHOW cmibl 0€3 MOMEHTa. OITO
CpaBHEHHE [IOKAa3aJ0, 4YTO JallbHUE OIS
ACUMIITOTHYECKH HEePa3TUINMEL.

B ciiygae HEMOIBMIKHBIX TUCITOKAIIHIA
BpEMEHHAsl 3aBHCHUMOCTh M3MEHEHHUsS BEKTOpa
Broprepca npuHMManace OMU3KOH K  O—
(GhyHKINN. JlucnokannoHHbIC MOIEITH
OKa3aJiuCh BeChbMa YAOOHBIMH [JIsl OINKCAHUS
MIPOIECCOB, COMTPOBOXKIAIOIINX 3€MIICTPSICCHUS.
B wactHOCTH, C TTIOMOIIBIO JUCIIOKAITMOHHOMN
moxenun [51, 52] ymamoch oOmpenenuTh
MOTCHIIMAIILHYIO JHEPTHI0 AUCIOKAIMOHHON
MIeTJIM, C TIOMOIIBI0 KOTOPOW MOACIHUPYETCS
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ouar 3emuserpsicenus. llpuy  sTom s
MOJTyYeHUs] KOHEYHBIX 3HA4YeHUH HHEpPIUu B
[51, 52] Boimensanack HekoTopas TpyOudaTas

OKPECTHOCTh ~ JTUCIOKAIIMOHHOW  meT (¢
MTOCTOSTHHBIM BEKTOPOM broprepca),
MOJICIIMPYIOIIAsi ~ TUIOTETUYECKYI)  30HY

I1acTu4eckoro paspyuenud. Hago ormeTurs,
YTO BO BCEX M3 PACCMOTPEHHBIX 3/1eCh padoT
[44 — 62] wuccienoBaluch IUCIOKAIMH B
Oe3rpaHuyuHON cpere.

st aHanmm3a BBICBOOOXKIACMOW TIpH
3eMJICTPSICEHUH YIIPYTOM SHEPIHH, W3BECTHBI
JIpyrue MOJIXOJIBI, HE CBsI3aHHBIE
HETOCPEICTBEHHO c SHepruen
JUCITIOKAIIMOHHOW TieTiu, cM. [58 — 62]. C
MOMOIIIBIO 3THX TMOAXO0JIOB yAaJOCh MOTY4YHUTh
BECbMa IPOCTHIE COOTHOIIEHUS, CBSA3bIBAIOIINE
JHEPTHIO  3EMIIETPSCEHHs] ¢  MarHUTyJOu
(0OBeMHBIX) celicMUUecKUX BOJH. Hampumep,
B [62] momyueHO BbIpa)K€HHE, CBSI3bIBAIOIIEE
CeMCMMYECKHMM  MOMEHT C  MAarHUTyJOH
BOJIHOBOI DHEPrUHU.

VYder cBOOOAHOM MOBEPXHOCTH BHOCHT
3HAYUTEIbHBIE TPYAHOCTH B AHAJIN3 YIPYIHX
IIOJIEW, BBI3BAHHBIX auciokauueil. Ilpu yuere

CBOOOJTHOM  TOBEPXHOCTH BO  BCEX U3
W3BECTHBIX  MOJXOJO0B  paccMaTpUBAINCH
craruuekue 3agaud. B [63 -  60]

paccMaTpUBOBAJIMCh CTaTUYECKHE 3aJadd O
JIUCIIOKALUAX B IMOJYNPOCTPAHCTBE, a B [67 —
69] —Taxke  cTaTWYeCKWE  3aJadd O
JTUCIIOKAIIMsIX B Cpele C HCKPEBICHHOU
CBOOO/IHOI IOBEPXHOCTBIO, MOJEIHPYIOIIEH
noBepxHOcTh 3emiu. Ha ocHoBaHumM 3THX
WCCIIEJIOBAHMN YCTAaHOBJIEHO, YTO B Clyd4ae
HETJITYyOOKUX 3EMJICTPSICEHUH M Ha PacCTOSHUSIX
HE CIIMIIKOM yJAJCHHBIX OT SMHMLEHTPa, Y4eT

KPUBHU3HBI MMOBEPXHOCTH JaeT
HECYIIECTBEHHBIN BKJIa/ B MOJIE NEPEMEILICHUH,
OJIHAKO  BO3MOXHAsl  CIOMCTOCTb  CPE.bl

OKa3bIBACT CYH.ICCTBCHHO 60J'H>IHCC BIUAHUC
[70, 71].

1.2.3. Mooeru ouaea 6 e6ude c08u20601u
mpeujuHbl. MonenupoBanue odara
36MIIETPSICEHUSL B BUJE CABUTOBOI TPELIUHBI
MTO3BOJIUIIO n30exarb MOSIBIICHUS
HEUHTETPUPYEMBIX ocoOeHHOCTEN B
BBIDAKEHUN 3allACEHHOM yNpyroid 3HEpruu,
MOSIBJISIIOIUXCSL TPU  MOJACIUPOBAHUM OYara
JUCIIOKae C  TOCTOSHHBIM  BEKTOPOM

MO,HGHPIpOBaHI/Ie BOJIHOBBIX ITPOLECCOB BOIM3U OIUICHTPOB SGMHGTpﬂCGHI/Iﬁ

broprepca. B mopasinsitonieM  OONBITMHCTBE
pabor 0 TpemuHAX, KaK HCTOYHHKAX
BO3MYLICHUH npu 3eMJICTPSCCHUSIX,
paccMaTpUBAIIMCh  JIBHXKYIITUECS  CIIBUTOBBIC
TPEUIMHBI,  yJIOBIETBOPSIONIME  YCIOBHUIO
camomnogobuss bpoGepra [72 — 74], B
COOTBETCTBHU C KOTOPBIM IUIOCKasl TpeLIMHA
pacter (i) ¢ TOCTOSHHOW CcKOpocThio m (ii)
CUMMETPUYHO  OTHOCHUTEIBHO  HEKOTOPOro
LEeHTpa pocTa. B cooTBeTCTBHM ¢ KOHIIETIHEH
camormonnodus, B [75, 76] paccmarpuBanack
pactymasi cIBUTOBasi KpyroBasi TpeIIMHA, a B
[77, 78] - »mmmMnTHYecKas caMoIoa00Has
TpemHa. s camMOmoqo0HBIX  CIBUTOBBIX
TPEIIMH B HM30TpOmHOW cperne B [79 — 81]
TEOPETUYECKH  TpeJicKa3zaHa  BO3MOKHOCTh
CKOPOCTH pOCTa, MPEBBILAIONIAs CKOPOCTh

CIIBUTOBOW BOJIHBI B Cpeie, TOTAa Kak B
cooTBeTcTBUM ¢ [75 — 78] Teopernueckas
CKOPOCTb POCTa JOJKHA JIekKATh B IMaa30He

(1.1)
rae Cp - CKOpPOCTb BOJIHBI PSHCH, a Cg -

CKOpOCTh TIONEPEYHOM BOJHBI B  CpeJe.
VYcnoBusi HapymieHuWss camoronoous H, B
YaCTHOCTH, YCJIOBUS OCTAHOBKH TPEIIUHBI
HcclieIoBannch B [82 — 85].

Hano ormeruts, uto B paborax [72 —
85] paccMaTpUBAIHUCH TPEIIUHBI B
Oe3rpaHMyHON cpele. 3HAYUTENBLHO OoJiee
CJIOXHBIC CIy4yau TPEIIMH, JIEKAUUX BHYTPU
MTOJTyTIPOCTPAHCTBA, MCCIENOBAINCH B paMKax
cTatndyecknx 3amad [86 — 91], 4uro BBI3BaHO
AHATU THYECKUMU TPYIHOCTSIMH,
BO3ZHUKAIOIUMH TIPY PEIISHHH MHTErPaTbHBIX
YpaBHEHUH C JTUHAMUYECKUM TEH30poM ['puHa
JUTS TIOJTYTIPOCTPAHCTBA.

cp<c<cyg

1.3. [Ipyeue mooenu u memooul

1.3.1. Moodenu MmHOICCCMEEHHBIX  0OYA08.
Heo0xoaumocThb corjacoBaHus
PeTUCTPUPYEMBIX Ha TIOBEPXHOCTU 3EMIIH
IIEpEMEIICHUM, CKOPOCTEl M  YCKOPEHMMU
CEMCMHUYECKMX BOJH, C MOJEIIMH oOuara
SaMCHCTpHCCHI/Iﬂ, HpI/IBCHa K ITOSIBJICHUHO
MOJieJICH,  OCHOBAHHBIX HA  KOHIIECMI[UU
MHOKECTBEHHBIX HCTOYHHUKOB. Cpemu
MHOTO00pasmsi 3TUX MOIETH HEoOXOIUMO
BBIJICTIUTE HECKOJIBKO Hanbomee
pacipoCcTpaHEeHHBIX.
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Croxactuueckue mojenu EXSIM [92]
u SMSIM [93 - 95], ocHoBaHHBIC Ha
KOHLCMIIUU  COCPEIOTOUYCHHBIX  CHJIOBBIX
O0COOCHHOCTSX, BPeMsI BCTYIUICHHUSI KOTOPBIX U
pacmpeneseHie Ha pa3ioMe — CTOXaCTHIHBI. K
CTOXAaCTUYECKUM MOJMCISAM, YCIOBHO MOXET

OBITDH OTHECeHa JeTePMUHHCTHYCCKH-
croxactudeckas mojeiar DSM-monens [96], a
takke HIC  (ruOpugnas  wHTerpajibHas

KOMITO3UTHAs1) MoJielib [97], B KOTOPBIX MOJIS

CMCLICHUH  ONpPEAesSIIOTCA  C  [TOMOIIBIO
(mmnammuecknx) — ¢yHkmmid  I'puna s
yIpyroi Oe3rpaHUYHOM cpenbl u
CTOXaCTHYECKOI'0 pacrpeneneHHus

HCTOYHHKOB TI0  pa3jioMy, a TakK JKe
CTOXaCTUYECKON BapHaIlUU UX MHTCHCUBHOCTHU.
B [98] mpoBeneHo cpaBHEHHE 3THX MOJENEH
TIPH ONMCAHUN PEATHHOTO 3eMIICTPSICCHHUS.

Onna u3 TIePBBIX
JETEPMUHUCTHUCCKUX Mozelen
MHOKECTBEHHBIX 04aros, Ha3bIBaeMast

pactipeneneHHON O6apbepHOl Monenpio (SBM-
MOJeNb), mpeanoxkena B [99, 100], cM. Taxke

[101 - 103]. B coorBercTBUM C 3TOM
KOHHGHHI/ICI‘/'I oyar 3EMIICTPACCHUSA
MOJEIINPYETCs KpPYTrOBBIMHU pacTyIuMHu
TpPEeIUHAMH  CJIBUTa, pPACIOJOXCHHBIMH B

IUTIOCKOCTH pa3joMa. ['paHuIBI pocTa TPEIIHH
OMPEICISIIOTCS KPYTOBBIMHU Oapbepamu,
OTCI0JIa TIPOUCXOAWT Ha3BaHUE Mojenn. B
COOTBETCTBHHM C OJTOW MOJEIBI0O CKOPOCTH
pocTa TpemuH ynoBieTBopsieT ycioButo (1.1).
B oToif Momenu TOBEPXHOCTHBIC BOJIHEI,
BO3ZHUKAIONINE TIPU  3EMIIETPSCEHUSIX, He
VUIUTHIBAIOTCS, @ OCHOBHBIM HCTOYHHKOM
Kosie0aHM Ha MOBEPXHOCTH 3eMJIM CUMTAIOTCS
[OTIEPEYHbIe  BOJHBL.  VI3BecTHBI  Jpyrue
MOJCITN c MIPOCTPAHCTBEHHO
pacnpeneneHHbIMU ucTouHukamu [104 — 106],
rae Takke kak u B SBM-mopenu, pasmep u
HHHTCHCUBHOCTh  OTACNIBHBIX  HCTOUYHHKOB
(subevents) m BpemMsi MX BCTYIUICHHS, MOXKET
BApUBUPOBATHCS NS COTJIACOBAHHSI  C
JTAHHBIMHU DKCIIEPUMEHTAIBHBIX HAOIIOICHUM.
Pazanune MEXITy STUMH MOJICISIMHA
OTIpeIesICTCS CTPYKTYpPOIi OTJICIIbHBIX
HCTOYHUKOB: TOUEUHBIE CHIIOBBIE OCOOCHHOCTH,
pacrpe/iesIieHHbIe TUCIOKAIIH, WA CABUTOBBIC
TPEIIIHBIL.

Hano orTmeruTrh, 4dYTO BO  BCEX
paccMOTpeHHBIX 31echk Monensax [92 — 100]

A.B. Kanuos, C.B. Ky3nenos

IpA  ONUCAHWUU JBWKEHUS TPELIMH WIH
JMCIOKaIUi UCII0JIb30BAJIUCh
COOTBETCTBYIOIINE AHAIUTHYECKHE PELICHHUS,
MOJIyYCHHBIE U151 O€3rpaHUYHON CPEebl.

1.3.2. Pasnocmmusie memoosi. BBumy
CEPbE3HBIX  AHAJIUTHYECKUX  TPYIHOCTEH,
CBSI3aHHBIX C PEIICHWEM TUHAMHUYCCKUX 3ajad
B TOJYNPOCTPAHCTBE, Il MOJIEIHPOBAHUSA
NMHAMUYECKUX MPOLECCOB B 3ajadyax o
TpeIruHax, JUCIOKAIHUIX U COCPEAOTOUYCHHBIX
CHJIOBBIX OCOOEHHOCTSX B IMOJYTPOCTPAHCTBE,
MIPUMEHSIOT YyuciaeHHble MeToabl. B [107 — 113]
Ha OCHOBE METO/Ia KOHEYHBIX DIIEMEHTOB
WCCIIEJIOBATINCh ~ CTAaTHYECKHWe  3a7add o
TPEIIMHAX B YIOPYroil TMOJMYIUIOCKOCTH |
MOJIYIIPOCTPAHCTBE, npuueM B [110]
YUHUTHIBAJIACH AHU30TPOITHUS CPEJIBI.

Tak ’xe, Kak M IpU NPUMEHEHUHU
JpPYrux METOAOB, B Pa3HOCTHBIX METOJAaX
3aJa4d  HECTallMOHApDHOW IWHAMHKH  AJIS

TPEIINH, AUCIOKAIMA ¥ COCPEIOTOYCHHBIX
0cOOCHHOCTEHl B TOJIYIJIOCKOCTH  WIIH
MOJTyTIPOCTPAHCTBE paccMaTpHuBarOTCA
3HAYUTEIHHO peke. B TEpBBIX MCCIeIOBaHIIX
BOJHOBBIX TMPOIIECCOB TIPU MOACITUPOBAHUU
ceiicmuyeckux mpoueccoB [114 — 116]
MIPUMEHSJICSI METOJI KOHEYHBIX Pa3HOCTEH, CM.
take [117]. B mampHeiiinem, ogHako, METOI
KOHEYHBIX Pa3HOCTEH CTal  BBITECHSTHCS
METOJIOM KOHEYHBIX 3jieMeHToB [118 — 121].
HakoHer, mpUMEHSIOT W THOPHUIHBIC CXEMBI,
MIpeJICTaBIIAIOIIE co0oif KOMOMHALINIO
KOHEYHOPA3HOCTHOTO U KOHEYHOAJIEMEHTHOI'O
MeToaoB [122].

Hano ormetuts, uto B padorax [114 —
121] mpu AUMHAMUYECKOM MOJAEIUPOBAHUU
pPa3HOCTHBIMH  METOJaMH  TPHUMEHSIOTCS
JIBYXCJIOWHBIE pPa3HOCTHBIE CXEMBI BTOPOTO
nopsiaka  TtouHoctH  (cxembl  Jlakca  —
Bennpodda) [123], obecrieuynBaromme
MIPOJIOJDKUTEIFHOE HEPa3MBIBAaHHE BOJHOBOTO
¢ponTa. OjHaKO, Kak MpaBWIO, BCJIEI 3a
¢ponTOM BONH B cxeMax Jlakca — Benapododa
00HapPYKUBAIOTCS OCIMIUIALINH.

2. OCHOBHBIE COOTHOILIEHUA

2.1. Ocnosuvie ypasnenus. Paccmatpupaercs
WM30TPOTHAsE TOMOTEHHas yIpyras cpena,
ypaBHEHHE  JBWKEHHs  KOTOpOH  mpH
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MH(QUHUTE3UMAaTbHBIX nedopmanuax
3amuceIBaeTcsi B ¢opme ypaBHeHuid HaBbe —
Knanetipona [124]

(A+2p)Vdivu—protrotu+b =pii

2.1)
rme U - mome mnepememennii, b - mome
MAaccoBbIX CUJI, A, [l - KoHCTaHThl Jlame, P -

TJIOTHOCTH CPEIBI.
C yueToM BBIpaKEHUH IJIsI CKOpPOCTEH
00BEMHBIX BOJIH

A+2u \/ﬁ
C = _ C = L
P=\"p Sp

Ypasuenue apmkenus (2.1) mpuodperaeT BUI

(2.3)

2.2)

cpVdivu—cgrotrotu Lp=i
p

IIpenmnonarasi, 4To MOJs CMEIICHUN U
MacCOBBIX CHJI TapMOHHYHBI MO BPEMEHH, U
BBOJISI TIpe/icTaBiIeHns [ enpMronbpia Ui moss
IepeEMEILCHUN

u=Vo+roty (2.4)

Y aHAJIOTUYHOE TIPE/ICTABICHNE IS TIOJIS
MAaCCOBBIX CHUJII

b=—-Voa-rotp (2.5)
e O, ¢ - ckanspuele, a [3, Y - BeKTOpHbBIE
MOTCHLIUAIIBL, ypaBHEHHE JBYOKCHHS

OKa3bIBacTCAd BO3MOXHBIM 3alllCcaTh B BUJE
JIBYX HEOJJHOPOJHBIX ypaBHEHUH ['enpmromnsna

2
o lo'=—L o
A+C% ¢ =T

i (2.6)
o ' =1p
A+c§ \j MB

I/ MTPUXU Y MOTEHIIHANIOB B (2.6) 03HAYaIOT
0CBOOOXKIEHNE oT rapMOHUYECKOTO
MHO>KHATEIIS o't s MOSIBJISIOIIETOCS
BCJIEJICTBME CJEJIAHHOTO TPEANOJOKEHUI O
FapMOHUYHOCTH IO BPEMEHU TOJIEN CMEIIEHUI

1 MaCCOBBIX CHIJI.

3ameuanue 2.1. B Tex cmydasx, Korma
paccMaTpuBacMble TOJISi HETapMOHWYHBI  I10
BpeMeHH,  ypaBHeHHs  (2.6)  ocraroTcs
CTIIpaBeUIMBBIMH,  €CIIM  TPUMEHUTh K
COOTBETCTBYIOIIUM TIOJISIM  [IpeoOpa3oBaHue
®ypbe 10 BpeMEHHON IEPEMEHHOM.

MO,HGHHpOBaHI/Ie BOJIHOBBIX ITPOLECCOB BOIM3U OIUICHTPOB SCMHeTpﬂCGHI/Iﬁ

2.2. Hauanvnvie u epanuunvie ycnoeus. B
KayecTBe HavaJIbHBIX yCIIOBUI
paccMaTpuBarOTCsl OAHOPOAHBIE YCIOBUS BUAA

u(x,0_,=0,  dmx0)|_,=0
(2.7
Ha cBobGoanoit mnosepxnoctu II,

HOJIYNPOCTPaHCTBA (MIM CBOOOJAHOM Kpae
MOJYIUIOCKOCTH) ~ 3aJaloTcsi  OJHOPOJAHBIC
YCJIOBHSI BTOPOM KpaeBoU 3a/1auu

ty E(Mr(a)l-i-Zpe)-v =0, x'ell,

(2.8)
rae VvV - BEKTOp C€IMHUYHOW BHEIIHEH
HOpMalld K TpaHUIIC Hv 3 | eTUHUYHAS

JuaroHajibHas Matpuua, € - TCH30p MallbIX
nepopmarmii. C yuetom (2.4) BeIpaxeHHE IS
yeuuid (2.8) MOXKHO 3amucaThb B TEpPMHHaX
[IOTEHLIHAJIOB

MAQT+

C | (Ve

A\ 2“ p
%(Vrot\p%(Vrot\y’) J

(2.9)
(2.8)
yCIOBHUEM
HCKITIOUCHHS
BIITyOb

x'ell
HEOOXO0IMMO JIOIIOJIHUTH
3ommepdenbaa TS
DKCIIOHEHIIUAJIBHO pactymux
MOJYNPOCTPAHCTBA PELICHUI

lim|u| =0, lim‘ﬁxnu‘ =0, x"— 0 (2.10)

I'pannyuneie YCIIOBUS

rie X"=Vv-X.

2.3. OchosHble cuneynapHble peuieHus
2.3.1. coCpedomoyeHHOl
cunosoii ocobennocmu. Ilycts G'(X—XO,(D)

Pewenue  onsn

- TapMOHMYeCKHI TeH3op ['puHa ypaBHeHuUs

(2.3) TUTSE MOJTYIIPOCTPAHCTBA (mm
MOJIYIIJIOCKOCTH), YIOBJICTBOPSIIOITII
OJTHOPOJHBIM  YCIIOBUSIM  Ha  CBOOOJHOMU

MOBEPXHOCTH M HEOJHOPOIHOMY YPaBHEHHUIO
BHYTpPH HCCIIEIyeMOi 00JacTi

¢3VdivG'—cZ rot ot G'+ 0° G’ =
_O(x—xp) I
p

@2.11)
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rae 0(X—X() - O -hyHKIMS ¢ 0OCOOCHHOCTBIO

B TOYKE X(), JIEKAIIEH B COOTBETCTBYIOLICH

oomactn, I - enunuunas amaronanbHas
MaTpuLa. IIpn MOJIy YCHU U (2.11)
OpeAnogaranoch, YTO  [OJe  CMELICHUH

TapMOHHYHO 10 BPEMEHU.
B cnyuyae npou3BOJIbHOW MO BpEMEHU

COCPE/IOTOYCHHON  CHJIOBOM  OCOOCHHOCTH
P(X(,?) , NPHIOKCHHOH BO BHYTPCHHEH
TOYKE X() , PEIICHHE C MOMOIIBI (DYHKIMH
I'puna  G'(X—X(,0)  moxer  GbiTh
MIPEJCTABIICHO B BUE
u(x )=

G(X Xoam) P(X0= T)
= I '[ odt

exp zcor

(2.12)

2.3.2. Pewenue ona 060iiHoOll cunvl 6e3
momenma. IlycTb B HEKOTOPOW BHYTpEHHEU
TOYKE TOJXYHNPOCTPAHCTBA I MOIYIUIOCKOCTH
NPUJIO’KEHA JBOMHAs CHJIa BUJA

: d(xp+hn)—0o(x
limy, (Xo h) ( O)p(t)n (2.13)
riae N - eAUHUYHBINA BEKTOP, OMPEIeIIIONINi
HaIIPaBJICHUE CUJI, COCTABIIAIOIIUX JIBOWHYIO
cury. U3 (2.12), (2.13) BeITEKAET ClieAyolee
MIPECTaBJICHUE TS TBOMHOM CHIIBI €3
MOMEHTa

u(x,?)=

_’I VG'(x—Xy,®)-n®n p(t—1) e de

exp (iot)

(2.14)
2.3.3. Pewenue 0na 0601iiHOU cUlbl C
momenmom. IlyCTb B HEKOTOPOH BHYTpEHHEH
TOYKE TMOJTYNPOCTPAHCTBA WIIH MOIYIUIOCKOCTH
IIPUIIOKEHA JIBOMHAA CHJIa C MOMEHTOM BUAA
. 8(xg +hm)—3(x,)
limj,_, ; p()n (2.15)
rae mn - B3alIMHO
OpTOTOHAJbHBIE BEKTOPHL. B aTOM ciyuae nose
MepeMELIEHUH B CpeJIe MPENCTAaBUMO B BUIE

CANHUYHBIC

A.B. Kanuos, C.B. Ky3nenos

u(x )=

VG(X xo,co) ‘m®n p(t—
_J-J- exp (iot)

)]doodr

(2.16)
2.3.4. PeweHue 0nsa uyucmoeo cosuea
(0se napvl O0BOUHLIX CUN C MOMEHMOM U C

Pe3YTmupylowumM — HYI1e8blM  MOMEHMOM).
Ilycte B HEKOTOpPOHM BHYTPEHHEH TOUKE
HOJIYIIPOCTPAHCTBA ~ MM IMOJXYIUIOCKOCTH

MIPIIIOKCHBI JIBE TBOWHBIX CHIIBI 0€3 MOMEHTa
BHA

d(xg+An)—03(x)

lim h—0 p(t ) n
5( ) 8}(2 h ) (2.17)
. Xn)—O(Xp+7m
lim, _,——C h 0 p(H)m
rIe m, n - e TUHUYHBIC B3aNMHO
OPTOTOHANbHBIE  BEKTOPBI,  ONPEACISIOLINE
cOOOM 4YHMCTBIM CHABUI B INIOCKOCTH C

HopMmanmeto MXN . C yderom (2.14) mome

NepeMeleHnid B CpeAe Ui YHUCTOro CHBUIa
nproOpeTaeT BUJ
u(x,?)=

t oo |[VG'(X=Xp,0)- n®n—
J.J' -VG'(x-X(p,®)-m®m) |dodt
0-o| p(t—1)exp(imT)

(2.18)

3ameuanue 2.2. HeTpyJHO BUAETH, UTO

ToJIe TEepPEeMEIICHU TMpPU YHCTOM CIBUTE,
ompenencHHoe 1o (2.18), coBmagaer ¢ moyem
MEPEeMEIICHA, OIPENIEICHHBIM C TIOMOIIBIO
IBYX JBOWHBIX CcHJI C MoMeHToM (2.16),
COOTBETCTBYIOIINM  BEKTOpaM Q45~n u

Qys-m , rme Qus - TeHsop moBopoTa B
IUIOCKOCTH € HOPMAJIBI0 M XN .

2.3.5. Pewenue ons yenumpa
pacwupenus (Ounamayuu). B cOOTBETCTBUH C
[125, Ch.8] pemenne i LEHTpa pacIIupeHHs
SKBUBAJICHTHO TPEM B3aMMHO OPTOTOHAIHHBIM
JBOMHBIM cujaM 0€3 MOMEHTA, JICHCTBYIOIINM

BoNMb BektopoB My, k =1,2,3 Bripaxenue

(2.14) TO3BONSIET TOJNYYHUTh  CIEIYFOINEE
MPEJICTABICHUE JUIS TOJSl MEPEeMEIeHHH OT
LIEHTPA PACUIUPCHUS
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u(x,?) =
3¢ “VG'(x—x(,0)--n, @ny

) kZ::l(!. I p(t—1) exp(iot)

—00

do dt

(2.19)

2.3.6. PeweHue 011 MeH30pa CEUCMUYECKO20
momenma [126]. IlycTs BO BHYTpEeHHEH TOUKe
X() YHPYroro MoJyIpOCTPaHCTBA BbIOPaHbI
TPH OPTOHOPMAJILHEIX BEKTOpa My, k=123
u MIPOBEICHBI TIOCKOCTH c
COOTBETCTBYIOIIUMU BEKTOPAMH CAMHUYHBIX
HOopMajied. B kaxaold M3 3THX IJIOCKOCTEH
MOTYT JCHCTBOBaTh Napbl JBOMHBIX CHI C
MOMeEHTOM, ompenensemMbix 1o (2.16). Torma
MOJIe MEPEeMEIICHUM OT KOMIOHEHTBI TEH30pa
CEMCMHUYECKOTO MOMEHTA 771)) MMEET BUJI

u(x,?)=

dodt

_ ]-Ojn VG’(X—X(),CO)"HI ®n2
0 p(t—1) exp(imr)

(2.20)

[Tosie nmepemMerieHnii OT TUaroHaJIbHBIX

KOMIIOHEHT TEH30pa CEHCMHYECKOTO MOMEHTa

[126] ompenensieTcst  COOTBETCTBYIOITUMHU

BBIPQKXEHUAMH JUISI IBOMHBIX CHJI €3 MOMEHTa
(2.14), opueHTHpPOBAHHBIX BJIOJIb BEKTOPOB

ng, k=123

Hano OTMETUTH, YTO IMOMHUMO TCH30pa
ceiicMuueckoro mMoMmeHTa [126], cymiecTByioT
JIpyTHUE OTMpeACNICHUs 3TOTr0 TeH30pa, cM. [76].

2. KOHEYHOJ2JIEMEHTHBIE
MOJAEJIN U YUCJIEHHBIE
PACYETHBI

3.1. Hapamempuol modenu..

Mopnenuposanue oudara
3eMJIETPSCEHUM  BBINOJIHAJIOCH  METOJIOM
KOHEYHBIX 3JIEMEHTOB B IIOCKOW IOCTaHOBKE.
VYmopyras cpega TpeACTaBisiIach B BHIE
IPSIMOYI'OJIbHOM IUIACTUHBI MAJIOM TOJIIHHBL
d=0.1, mpuabl A =200 W BBICOTHI
B =110, 3akpemyieHHOl B HIKHEW 4yactu. B
wacTuie Ha riayoumne A =10 or BepxHei
nmoBepxHocTH (cMm. puc. 3.1) BbIpe3anoch
KPYroBO€ CKBO3HOE OTBEpPCTHE paauyca
R=0.5. K rpanuiie nojoctu B HadaJlbHbII

MO,HGHHpOBaHI/Ie BOJIHOBBIX ITPOLECCOB BOIM3U OIUICHTPOB SCMHeTpﬂCGHI/Iﬁ

MOMEHT BpPEMEHHU MpPUKJIaIbIBANIacCh yJaapHast
HarpysKka Buja:

T(r,7) |r66R: H(#)F(r)
rne OR - okpyxHOCTh paaumyca R, H(?) -
byHKIHS F(r) -
NPWIOKEHUS] yCHIMKA B TOYKaxX Ha TpaHUIe
OTBEPCTHSL.

Pewenne 3a1a4u
METOZIOM KOHEUYHBIX 3JEMEHTOB.
MIPOBENEHBI JUI YIIPYTUX HapaMeTpoB

£:1, v=0.25

P
HccnepoBanack MarHutya NepeMElICHUA Ha
BepXHEH CBOOOJHOW TpaHWIlE IUTACTUHBI B

XeBucaiina, BEKTOP

CTPOMIIOCH
Pacuetn!

3aBHCHMOCTH  OT BPEMEHHM IS  TOYEK
OTCTOSIMUX BOJMM3W OT DIHUICHTpA Ha
paccrosiHum He npeblimaromiem 20h.

3.2. Haepyska 6 6ude 080uHOU cuibl Oe3
Momenma (Ounoiv)

MopnenupoBanue Harpys3Ku
OCYIIECTBISIOCH MI'HOBEHHBIM
MIPUIIOKEHUEM JaBJICHUS K JIBYM
CUMMETPUYHBIM  OTHOCHTEIBHO  IIEHTpA
OTBEPCTHSI  AyraM  OKPYXKHOCTH,  yTOJ

pacTBOpa KOTOPBIX BBIOMPAIICS paBHBIM 45°
TaKk YTOOBI MEXKIY HX LEHTPaMH MOXKHO
ObUI0 OBI TIPOBECTH JIMHHUIO TIOJ YTIOM O K
ocu X . Ha puc.3.1 mpuBenensl rpaduku
3aBUCHMMOCTH MarHUTy/bl (KOpHSI U3 CYMMBI
KBaJpaToOB IepeMelieHnit mo ocu X U 1o
ocl Y ) oT BpeMEHHM ! Uil BEPTUKAIBHOU
Harpy3Ku ( a=mn/2 puc.3.2)
ropu3oHTaIpbHOW Harpy3ku (o =0, puc.3.3)
I'padukn  3aBUCUMOCTH  MarHutyjg  OT
BPEMEHHU TIIOCTPOEHBI B DJIUIEHTPE U B

TOYKaX,  OTCTOAINMX  OT  HEro  Ha
0.54,1.0h,1.5h,2.0h . B ciyvae
BEPTHKAIILHOM Harpy3Ku MarHuTy/ia

JOCTUTAeT MaKCHMAJIBHOTO TI0 BPEMEHH
3Ha4YeHHS B MHLIEHTPE, KOTOpoe 0003HAUYNM

M,.x » @ C yJaleHHeM OT DIHIEHTPa
ObIcTpO  yMeHblIaeTcs. Tak  IHMKOBOE

3Ha4YeHUE M0 BpeMeHH B Touke x =2.0h B
TpH pa3a MEHbIIE MAKCUMAaJIbHOTO 3HAYCHHS.

s Harpys3ku, HampaBiIE€HHOM I0OA
yrmom  45°  BeIMYMHA ~ MaKCHMAJBHOTO
3HaUeHUs B DJMHULEHTPE  COCTaBJSET

npumepno 0,85M ..., TpUYEM BJIEBO OT
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SIUILIEHTPA MAarHMTyJa BOJHBEI  CIIAJaeT
ObIcTpee, ueM BMpaBo. BripaBo oT snuieHTpa
B TOYKax x=0.51,1.0h BCJIMYUHBI
MAaKCHMyMOB IIPMMEPHO PaBHBI 3HAYECHUIO B
SMHULEHTPE W JHMLIb NPH yJAJCHUH OT HEro
HAa4YHUHAIOT YMEHBIIATHCS. Hns
TOPM30HTAJBHOM Harpy3kd MaKCHMaJbHas
Maruuryzaa cocrasiser 0,65M .. .

2D FEM modeling doublet horisontal loading at h=10
right from epicenter. Heaviside time-impuls, v=0.25

0Oh from epicenter
0.5h from epicenter
1h from epicenter
1.5h from epicenter
2.0h from epicenter

~
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Puc.3.1. Maraurya nepeMerieHuii uist JBOHHON
BEPTUKAJILHOM CHJIbI 0€3 MOMEHTA CIIpaBa OT
SIHLEHTPA

2D FEM modeling doublet vertical loading at h=10
from epicenter. Heaviside time-impuls, v=0.25

14e-3

Oh from epicenter
0.5h from epicenter
1h from epicenter
1.5h from epicenter
2.0h from epicenter
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Puc.3.2. Maraurya nepeMenieHuit 1ist JBOMHON
TOPU30HTAIILHOI CHITBI 6€3 MOMEHTA CIIpaBa OT
SMHULEHTPA.

A.B. Kanuos, C.B. Ky3nenos

2D FEM modeling doublet 45° loading at h=10
right from epicenter. Heaviside time-impuls, v=0.25

1.2e-3
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Puc.3.3. Maraurtyna nepeMenieHnii I TBOMHOM
cuiibl 6e3 MOMeHTa ot yriioM 45° cripasa ot

SIULIEHTpA
3axnwouenue
B pabore MeTOmOM  KOHEYHBIX
JJICMEHTOB  BBIMIOJHEH aHajdU3 MAarHuTy.l

MepeMelIeHnii Ha TOBEPXHOCTH Tella BOIW3N
SIUIIEHTPA OT MCTOYHMKA BO3MYyIIeHH. B
KayecTBe HCTOYHHUKOB BO3MYIIICHUH
paccMOTpEHbI [IBOMHAs cuia 0e3 MOMEHTa,
JIBOMHAs cUjla ¢ MOMEHTOM U YHUCTBIA CIIBMT,
KOTOpBIE TPUKIAIABIBAIINCE B  HAYaIbHBIHA
MOMEHT BPEMECHH Ha HEKOTOPOW IIyOWHE MOJ
MIOBEPXHOCTHIO MOJIYIIOCKOCTH.
[TonyminockocTh  MOAENMPOBAIACH  TOHKOH
3aKpEIJIECHHOW B HIDKHEH YacTh IJIaCTUHOMN
KOHEYHBIX pa3MmepoB. llokazano, 4To nBoliHas
cuia 0e3 MOMEHTa BBI3BIBAET MaKCHMAaIbHYIO
MarHuTyly MepeMenieHnid B SIUIEHTPE, eClin
OHa HampaBjieHa BepTUKalbHO. J[BOlHas cuna
c MOMEHTOM  BBI3BIBACT MAaKCHUMAaJIbHYIO
MarHuTyqny TIepeMeNIeHI Ha PacCTOSHUU
NPUMEPHO JECATH TJIYyOMH HUCTOYHUKA OT
snuueHTpa. lloka3zaHo, 4TO BIUSIHUE YUCTOTO
CIBUTA Ha MarHUTYJly B DIIMIIEHTpe HambOoee
CYILIECTBEHHO I CABUIA HAIIPaBJIEHHOIO 0]
yriom  45°.  CyluecTBEHHOE  CHHIKEHHE
MarHuTybl TepeMeNIeHni HaOIroaeTcss Ha
pacCTOSIHUSIX TPEBBIIAIMNX 2-3  TIyOHHBI
HMCTOYHHKA BO3MYILEHU. [Iposeneno
CONOCTABJICHUE YCTAHOBUBILUXCS PEIICHUN
JUHAMUYECKUX 3aJad € MUX [peleibHbIMU
CTaTUYECKUMU 3HAYCHUSIMU.
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CEMCMHUYECKHE BOJIHbI U CEUCMUYECKHUE
BAPBLEPBI

C.B. Ky3neyos'

'Uncruryt npobaem mexannku PAH

AHHOTAIUS: OcHOBHas KOHIENINS CEHCMHYECKOTo Oaphepa — 3allluTa TepPUTOPUH, 3aHATOH
COOPYXXECHHEM WJIM TPYIIION COOPYKEHUH OT CEHCMUYECKHX BOJH. B 3aBUCHMOCTH OT NMPHPOJBI
CCHCMHUYECKUX BOJH, HaMOoJiee BEPOSTHBIX B OKPECTHOCTH 3aIMINAEMOM TEpPUTOPHH,
pa3pabaThIBAIOTCS pa3InuHbIC BUIBI OapbEPOB.

Hanpuwmep, BepTukaibHble 6apbepsl, IPEACTABISIONINE COO0H CTEHKY B TPYHTE, MOTYT 3alllUINATh
OT 00BEMHBIX M PIJCCBCKHUX BOJH. UMCICHHBIM aHAIW3 TOKa3bIBacT, 4TO HauOOJbImui 3ddekrt
JIOCTUTACTCS B CIIy4asik, KOTJa BEICOTa Oaphepa CoM3MepuMa ¢ JITHHOM BOJTHEL.

Eme oxnH TN GaphepoB HpencTaBiseT coOOW OTHOCHTENFHO TOHKHH TOBEPXHOCTHBIH CIIOH C
MOIU(PUIMPOBAHHBIMU CBOWCTBAMH, MPEMATCTBYIOMINN PAaCIIPOCTPAHEHUIO OIPECICHHBIX THIIOB
MTOBEPXHOCTHBIX BOJIH BHYTPB 3aIUINAeMON TeppUTOpUH. [ 3aIIUTHI OT PIJIEEBCKUX BOJIH 3TOT
Gaprep ODKEH YIOBIETBOPSTH YCIOBHIO TeopeMbl YanBuka, a A 3aluThl OT BoiH JlgBa —
YCIIOBHIO HECYIIIECTBOBAHHS.

KaroueBsie cioBa: CelicMudeckas BoJTHA, ceiicMudeckuii Oaprep, BoiHa Parest, BorHa JIsBa

SEISMIC WAVES AND SEISMIC BARRIERS
Sergey V. Kuznetsov'

'Institute for Problems in Mechanics, Russian Academy of Sciences

ABSTRACT: The basic idea of seismic barrier is to protect an area occupied by a building or a
group of buildings from seismic waves. Depending on nature of seismic waves that are most
probable in a specific region, different kinds of seismic barriers are suggested.

For example, vertical barriers resembling a wall in a soil can protect from Rayleigh and bulk
waves. The FEM simulation reveals that to be effective, such a barrier should be (i) composed of
layers with contrast physical properties allowing “trapping” of the wave energy inside some of the
layers, and (ii) depth of the barrier should be comparable or greater than the considered seismic
wave length.

Another type of seismic barrier represents a relatively thin surface layer that prevents some types
of surface seismic waves from propagating. The ideas for these barriers are based on one
Chadwick’s result concerning non-propagation condition for Rayleigh waves in a clamped half-
space, and Love’s theorem that describes condition of non-existence for Love waves. The
numerical simulations reveal that the length of the horizontal barriers should be not less than the
typical wavelength.

Keywords: Seismic wave, seismic barrier, Rayleigh wave, Love wave

joints; this group contains different methods
ensuring either active or passive protection;
and (ii) approaches for creating a kind of
seismic barrier preventing seismic waves from
transmitting wave energy into a protected

1 INTRODUCTION

1.1. Methods of seismic protection. Generally,
current approaches for preventing failure of

L .S region.
structures due to seismic activity can be
divided into two groups: (i) approaches for While the first group includes a lot of different
creating seismicallv stable structures and engineering annroaches and solutions. the
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Takahashi et al. (2001) and more recent works
by Motamed et al. (2008), Kusakabe et al.
(2008). The proposed research belongs to the
second group.

1.2. Possible types of wave barriers. The
considered seismic barriers can be of two
types: vertical, aimed to reflect, trap, and
dissipate most of the seismic wave energy;
and horizontal, based on Chadwick and
Smith (1977) and Love (1911) theorems,
and aimed to prevent certain types of
seismic waves from propagation; Fig. 1.

Figure 1. Vertical and horizontal seismic
barriers

1.3.  Rough surfaces. Yet another
interesting approach is to create a “rough”
surface of the half-space to force the
propagating Rayleigh wave scatter by
caves and swellings; see Fig.2, where part
of a free surface with the sinusoidal
roughness is pictured. In this respect, the
rough surface apparently transforms the
elastic half-space into viscoelastic one. To
be effective, periodic imperfections should
have magnitude and period comparable to
the magnitude and wavelength of
propagating Rayleigh wave (Sobczyk
1966, Maradudin & Mills 1976, Maradudin

Fongh surface

Figure 3. Rough surface acting as seismic
harrier acainat Ravleioh waveg

C.B. Ky3nenos

In practice, such a rough surface can be
achieved by a series of rather deep trenches
oriented transversally to the most probable
direction of the wave front. Some of obvious
deficiencies of this method are: (i) its inability
to persist the surface waves other than
Rayleigh waves; (ii) protection from Rayleigh
waves travelling only in directions that are
almost orthogonal to orientation of the
trenches; and, (iii) high sensitivity to the
frequency of travelling Rayleigh waves. These
shortcomings made an idea of exploiting a
rough surface as a kind of protective barrier,
unrealizable.

1.4. Vertical barriers. For bulk waves the
most effective vertical barrier would be an
empty trench, or a trench filled in with a
lighter material than the ambient soil. For
such a barrier most of the wave energy
would be reflected, as is shown on Fig.3.

Figure 2. Full reflection of an incident
bulk wave from an empty trench

However, propagating Rayleigh or Love

wave will simply overflow an empty
trench, as Fig.4 shows.

Figure 4. Flow of Rayleigh wave around
an empty trench
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dangerous types of seismic Rayleigh and
Love waves, the vertical barrier should be
of a more -elaborate type. Possible
structures of vertical barriers will be
discussed later on.

1.5. Horizontal barriers. Horizontal bar-
riers can be constructed by modifying
properties of the outer layer preventing the
corresponding surface wave from propaga-
tion.

In practice, modifying physical properties
of the outer layer can be achieved by rein-
forcing ground with piles or “soil nails”;
see papers where reinforcing was studied
for increasing bearing load of the soil
(Blondeau 1989, De Buhan et al. 1989,
Abu-Hejleh et al. 2002, Eiksund 2004,
Herle 2006).

If distance between piles is sufficiently
smaller than the wave length, then a rein-
forced region can be considered as ma-
croscopically homogeneous and either
transversely isotropic or orthotropic de-
pending on arrangement of piles. Of
course, homogenized physical properties of
the reinforced medium depend upon ma-
terial of piles, distance between them, and
their arrangements.

For stochastically homogeneous arrange-
ment of piles and the initially isotropic up-
per soil layer, the reinforced soil layer be-
comes transversely isotropic with the
homogenized (effective) characteristics
that can be evaluated by different methods:

2 THE MAIN TYPES OF SURFACE
ACOUSTIC WAVES

In this section we proceed to analyzes of
the main types of seismic surface waves
and conditions for their non-existence

2.1. Rayleigh waves. These waves discov-
ered by Lord Rayleigh (Strutt 1885) prop-
agate on a plane surface of a halfspace;
see, Fig. 5 and exponentially attenuate with
depth. These waves transmit the most
seismic energy and lead to most severe
damage in earthquakes.

Figure 5. Rayleigh wave in a half-space

One interesting problem associated with
Rayleigh waves is a problem of
“forbidden” directions of “forbidden”
(necessary anisotropic) materials that does
not transmit a Rayleigh wave along some
directions.  Forbidden materials and
forbidden directions have been intensively
searched  both  experimentally  and
numerically (Lim & Farnell 1968, 1969,
Farnell 1970) until mid seventies when the
theorem of existence for Rayleigh waves
was rigorously proved (Barnett & Lothe
1973, 1974a,b, Lothe & Barnett 1976
Chadwick & Smith 1977, Chadwick &
Jarvis 1979, Chadwick & Ting 1987). This
theorem states that no materials possessing
forbidden directions for Rayleigh waves
can exist.

Despite proof of the theorem of existence,
a small chance for existence of forbidden
materials remained. This corresponded to
the case of non-semisimple degeneracy of
a special matrix associated with the first-
order equation of motion; actually, this
matrix is the Jacobian for the Hamiltonian
formalism used for Rayleigh wave
description. However, it was shown
(Kuznetsov 2003) that even at the non-
semisimple degeneracy a wave resembling
the genuine Rayleigh wave can propagate.
Thus, for waves propagating on a
homogeneous half-space, no forbidden
materials or directions can exist.

2.2. Stoneley waves. These are waves were
introduced by Stoneley (1924), and
analyzed by (Sezawa & Kanai 1939,
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waves propagate on an interface between
two contacting half-spaces, Fig 6.

Figure 6. Stoneley wave on the interface
between two contacting half-spaces

In contrast to Rayleigh waves, Stoneley
waves can propagate only if material
constants of the contacting half-spaces
satisfy special (very restrictive) conditions
of existence. These conditions were
studied by Chadwick & Borejko (1994),
Sengupta & Nath (2001).

It should be noted that for the arbitrary
anisotropy no closed analytical relations
between material constants of the
contacting half-spaces ensuring existence
or non-existence of Stoneley waves have
been found (2010).

2.3. Love and SH waves. Love waves
(Love, 1911) are horizontally polarized
shear waves that propagate on the interface
between an elastic layer contacting with
elastic half-space; Fig. 7. At the outer
surface of the layer traction-free boundary
conditions are generally considered.

v

Figure 7. Love wave propagating on the

SRR o S
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space the conditions of existence derived
by Love are:

S S
clayer < chalﬁpace , (D

where ¢i are the corresponding speeds of

the transverse bulk waves. At violating
condition (4) no Love wave can propagate.
For the case of both anisotropic
(monoclinic) layer and a half-space the
condition of existence is also known
(Kuznetsov 2006a).

SH waves resemble Love waves in
polarization, but differ in absence of the
contacting half-space. At the outer surfaces
of the layered plate different boundary
conditions can be formulated (Kuznetsov
2006b). In contrast to genuine Love waves,
the SH waves exist at any combination of
elastic properties of the contacting layers.

Besides Love and SH waves a combination
of them can also be considered. This
corresponds to a horizontally polarized
wave propagating in a layered system
consisting of multiple layers contacting
with a half-space. Analysis of conditions of
propagation for such a system can be done
by applying either transfer matrix method
(Thomson 1950, Haskell 1953), known
also as the Thomson-Haskell method due
to its originators; or the global matrix
method mainly developed by Knopoff
(1964).

At present (2010) no closed analytical
conditions of existence for the combined
Love and SH waves propagating in
anisotropic  multilayered systems are
known; however, these conditions can be
obtained numerically by applying transfer
or global matrix methods; see (Kuznetsov
2006a, b; Djeran-Maigre & Kuznetsov
2008).

Different observations show that genuine
Love and the combined Love-SH waves
along with Rayleigh and Rayleigh-Lamb
waves play the most important role in

VPRGN o . P, PP PR P -
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& Zadro 2007). But, as we have seen, there
is a relatively simple (at least from a
theoretical point of view) method for
stopping Love and the combined Love and
SH waves by modifying the outer layer in
such a way that conditions of existence (4)
are violated.

2.4. Lamb and Rayleigh-Lamb waves.
Lamb waves (Lamb, 1917) are dispersive
waves propagating in a homogeneous plate
and (if a plate is isotropic) polarized in the
saggital plane, similarly to polarization of
the genuine Rayleigh waves. It is known
(Lin & Keer 1992, Ting 1996) that Lamb
waves can propagate at any anisotropy of
the layer and at traction-free, clamped, or
mixed boundary conditions imposed on the
outer surfaces of the plate. The same result
can be extrapolated to a layered plate
containing multiple anisotropic
homogeneous layers in a contact (Ting
2002). Thus, for Lamb waves no forbidden
materials exist.

Figure 8. Rayleigh-Lamb waves

More interesting from seismological point
of view are Rayleigh-Lamb waves; see
Fig.8. These are dispersive waves
propagating in a layered plate contacting
with a (homogeneous) halfspace. Rayleigh-
Lamb waves in isotropic media are
polarized in the saggital plane defined by
vectors v (normal to a median plane) and
n (direction of propagation), as Lamb and
Rayleigh waves. Needless to say that
Rayleigh-Lamb waves are much more
difficult for theoretical studies than

3 SEISMIC BARRIERS

Herein, we present some results on
numerical simulation of propagating
seismic waves and their interaction with
seismic barriers. The presented results
were obtained by the explicit FE code
implemented on a cluster and a metacluster
computers.

3.1. Vertical barriers. Theoretical analysis
and numerical simulations reveal that to ef-
fectively protect from Rayleigh and Ray-
leigh-Lamb waves a vertical barrier (Fig.1)
should satisfy several conditions: (i) the
barrier should have a composite layered
structure composed of vertical layers with
contrast physical properties; (i1) depth of
the barrier should be comparable to the
wavelength of the most probable seismic
wave; (iii) the protected zone should be
completely surrounded by a barrier to
avoid flowing of the seismic wave inside
the protected zone.

b)

Figure 9. Round-shaped vertical barrier
protecting from Rayleigh waves: a) 3D
model; b) cross-section.
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lated to numerical simulation of a propa-
gating seismic Rayleigh wave interacting
with a round-shaped vertical barrier; the
latter completely surrounds the protected
region. The ratio of the wavelength to
depth of the barrier was taken ~0.8. This
corresponded to the reference frequency
10Hz and the Rayleigh wavelength 20m
(speed of Rayleigh wave was 200 m/sec;
speed of the transverse bulk wave was
~220 m/sec); diameter of the protected re-
gion was 120m. Inside the protected region
reduction of the magnitude of displace-
ments was more than ten times comparing
to the outside territory.

3.2. Transverse (horizontal) barriers. Our
analyses revealed that ssimilarly to vertical
barriers, the transverse barriers should
satisfy several conditions to effectively
protect from seismic waves: (i) length
(horizontal) of the barrier should be
comparable to the wavelength; (ii) material
of the barrier should have larger density
than the ambient soil for Rayleigh waves;
that is in agreement with Chadwick’s
theorem stating that at the clamped surface
of a halfspace, no Rayleigh wave can
propagate; (iii) material of the barrier
should satisfy the opposite Love’s
propagating condition (4) for protecting
from propagating seismic Love waves.

Figure 10. 3D model of transverse round-
shaped barrier protecting from a long
Rayleigh wave

Figure 10 demonstrates a movie frame re-
lated to numerical simulation of a propa-

~mdiaare mAlaania DAl Al crncn Al A
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round-shaped transverse (horizontal) bar-
rier; the latter completely surrounds the
protected region. The ratio of the wave-
length to length of the barrier was taken
one and a half. Inside the protected region
reduction of the magnitude of displace-
ments was about three times comparing to
magnitude of displacements at the outside
territory.

4 CONCLUDING REMARKS

4.1. Setting up an optimization problem.
To make search of the optimal geometric
and physical properties of the protecting
barriers more systematic, solution of the
following optimizing problem can be
suggested. Mathematically the
optimization problem for minimizing
magnitudes of deflections can be written as
finding minimum of the following target
function:

min | F(®)=| max max
Cl’pl e _hl /ZSxShl /2

[s(co) m(x, m)]j]
(2)

where C,,p;, and A, [, are the elasticity

tensor, density, depth, and length of the
barrier (in the case of isotropic material,
Lamé constants can be used instead of the
elasticity tensor), o is the angular
frequency, Q 1is a set the interesting
frequencies of seismic waves, s(w) is the

spectral density, x=v-x is a coordinate
along depth of the layer, and m 1is the
magnitude of deflections in the protected
zone. This problem resembles one that is
usually solved at finding optimal
parameters of shock absorbers (Den Hartog
1985, Balandin et al. 2000, 2008).

4.2. A barrier that utilizes the concept of
scattering seismic wave energy. That is
another type of seismic barriers. From
technological point of view, such a barrier
can be even simpler and possibly cheaper
to create than vertical or horizontal
barriers. To demonstrate this concept,

nancidar a rina chanad wila FaAld ac chAavm
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Figure 11. A ring-shaped pile field used to
scatter seismic wave energy

While interacting with seismic waves each
pile acts as a scatter obstacle.
Arrangement, material, and profile of the
piles can be obtained by an optimization
procedure that is similar to one outlined in
the previous subsection.

4.3. Where seismic barriers can be most
efficient? Our theoretical and numerical
studies of different types of seismic
barriers revealed that their usage can be
most efficient at soft soils especially
subjected to liquefaction, when more

traditional seismic protection measures can
be inadequate; see Fig. 12 demonstrating a
building failure due to loss of stability of
the liquetied soil.

Figure 12. Failure of buildings caused by
soil liquefaction (Niigata, Japan, 1964) by
FEMA

Another possible area of application where
the seismic barriers can be indispensable,
is necessity to protect the foundation that

seismic isolation; see Fig. 13.

Figure 13. Formation of the main crack in
the base plate (Fukushima I, 2011)
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KYCOYHO-JIUHEWMHAS MOJIEJIb
HEJUHEMHOI'O OFBEKTA

P.JL Jleiooe

IIpodeccop kadeapsr HHPOPMATHKHU U TPHUKIAAHON MaTeMaTHKU MI'CY

AHHOTAILMSA: B crarbe npeacraBieH METOJ IMOBBIILIEHUS TOYHOCTHM KYyCOYHO-JIMHEWHON MOJENIN HEIMHEHHOTO
0o0BeKTa yrpaBieHUs. MaTpHIBl CTATHYCCKAX W TUHAMUYECKAX JTHHEHHBIX MOJENei OIEHUBAIOTCS IO TEPEXOTHBIM
mporieccaM HeNuHeHHo# Mozenu. Ilpm 3ToOM mepexoaHble MPOLECCHl IS OICHUBAHHMS MATPHIl JTUHAMHYECKHX
JIMHEHHBIX MOJIETIEH ¢ MOMOIIBI0 HETMHEHHOTO MPOTPaMMHUPOBAHUS MTEPECEKAIOT IPAaHUIIBI O0IacTell TEHCTBHUS Pa3HBIX
JUHENHBIX Mojenedl. Takodl MOAXOM MO3BOJSET YMEHBIIUTh OMMOKH KyCOYHO-TMHEHHON Moxaenu. [IpuBeneHb
pe3yabTaThl MPUMEHEHHs NpeasiaraéMoro MeToja s IMOCTPOEHHsI KyCOYHO-TMHEWHOW MOJeNu aBHAIMOHHOIO
ra3oTypOMHHOTO ABUraTeIs.

KiroueBbie c10Ba: HeNMMHEWHBIH 00BEKT, KyCOUHO-JIMHEHHAsT MOJIEINb, IIEPEXO0/IHBIE MIPOLIECChl, HEMHEHHOe
MPOrpaMMHUPOBaHNE

PIECE-WISE LINEAR MODEL OF NONLINEAR PLANT

R. Leibov

Professor, Department of Informatics and Applied Mathematics,
Moscow State University of Civil Engineering, Russia

ABSTRACT: This paper presents a nonlinear plant piecewise-linear model accuracy improvement method. The
matrices of static and dynamic linear models are estimated using nonlinear model time responses. The time responses
for dynamic linear model matrix estimation using nonlinear programming cross the bounds between different linear
models domains. This approach diminishes the piecewise-linear model errors. The results of proposed piecewise-linear
model parameters estimation method application for aircraft turbofan engine are presented.

Key words: Nonlinear plant, piecewise-linear model, time responces, nonlinear programming

1. BBEAEHUE JIBa MOJX0J1a K TMOBBIIIICHUIO TOYHOCTH MOJIEICH
00BEKTOB ympaBieHus. Tak, HampuMmep, padoThI

OuenuBanue  MaTpu4HBIX  mapameTpoB [1], [2], [3] mOCBSIIEHBI TOBBIMICHUIO TOYHOCTH
KYCOYHO-JTMHEHHOMN MOJIeNn TaKoro OIICHMBAaHUS  [MAapaMeTpoB  Mojened 1o
HEJIMHEWHOTO  OOBEKTa  YMpaBJEHWs, KaK HEMOJMHBIM W MCKOKEHHBIM HM3MEpPEHUsIM, a
aBUAIMOHHBI  rasoTypOuWHHBIA  ;Burarens paGorer [4], [5], [6], [7], [8], [9] —
(I'TH), HEOOXOIMMO A paspaboTKu  orieHuBaHUIO HEOIPEIEITEHHBIX 1581051
aJIropuTMOB OIITUMAJIBHOT'O OLCHHUBAHUA  py3MeHAOIMXCS BO BPEMEHM IMapaMeTpoB
COCTOAHMS M ONTHUMAJIBHOIO YHNpaBJICHUSA C  mopeneil. OgHako mpu pa3paboTke Hu(POBBIX
YYCTOM OIpaHMYCHHIl IEPEMCHHBIX yIIpaBIeHUs CAY ['TJ| HenuHeliHas Moaedb O0OBEKTa
H [ICPEMCHHBIX COCTOSIHUS, a TAKKE allTOPUTMOB  yrpapieHHs, Kak [PaBHIO, H3BECTHA, A
OOHApyKCHNsI, JIOKAIM3ALUUA U MAPUPOBAHUS  HeoNpeleNeHHOCTh MApaMeTpOB  JTHHEHHBIX

OTKa30B  JaTYUKOB M  HCIIOJHUTEIHHBIX
YCTPOHCTB CO3/aBaeMbIX LHU(PPOBBIX CHCTEM
aBTomatuyeckoro ympasienus (CAY). s
BCEX ATHUX aJTOPUTMOB Ba)kKHEE BCETO0 TOYHOCTh
HCIIOJBb3yEMON KYCOUYHO-JIMHEWHOW Monenu. B
nyOIMKAUAX TOCIETHUX JEeT MOKHO BBIJICIUTh

96

MOJEJEN JMIIb OTPAXKAET PACXOKICHUE MEKITY
HUMH ¥ UCXOJHON HeMMHEWHOW mopensbto. [Ipu
9TOM  PACXOXKIEHUE MEXKAY JIMHEMHOM |
HeJIMHEWHOHN MOJICIISIMU B HeOO0IbIION
OKpPECTHOCTH YCTaHOBHUBILETOCS pexuma
paboTHl ompenensieTcs TOIbKO pa3MepaMH 3TOU

Volume 8, Issue 1, 2012



KycouHo-nmuHelHas MOJieIb HEJIMHEHHOTO 00beKTa

OKpPECTHOCTH. JIJI1 KyCOUYHO-IMHEMHON MOJeH,
KOTOpasi MpeJcTaBisieT co00i HaOOp JIMHEMHBIX
MOJEIIEH, OMUCBIBAIOLIUX MOBEJICHUE
HEJIMHEHHOT O o0beKTa  yIpaBlICHUs B
OKPECTHOCTAX HECKOJBKHUX YCTaHOBUBILHMXCSA
PEKUMOB PaOOTHI, PACXOXKJICHUE C HEITMHECHHON
MOJIETIbI0 OOYCJIOBJIEHO TJaBHBIM 0O0pa3oM ee
MOBEJICHUEM Ha TpaHMIax oOJacTeill JeHlCTBUs
Pa3HBIX JJUHEHHBIX MOJICIICH.

OneHuBaHue MaTpUIl U  COOCTBEHHBIX
3HAYEHUW JIMHEHHON MOJENH, a TaKKe TPaHMIL
HEONPEIENEHHBIX 3JIEMEHTOB A3TUX MAaTpHIl U
TPAaHMI] BEIIECTBEHHBIX M MHHMBIX YacTeH WX
HEOMpeAeNeHHBIX COOCTBEHHBIX 3HAUEHUH I10
MIEPEXOJHBIM MPOLECCaM HEIMHEHHON MOJenu
00BeKTa yrnpaBlIeHUs ObUTH OMUCAHBI ABTOPOM B
paborax [10], [11], [12], [13]. B paGote [14]

OJIMH U3 OJTUX I[OAXOJ0B NPUMEHEH Ui
OLICHHMBAHUSA  HEOMNpEAENIEHHbIX  MaTPUYHBIX
[IapaMeTpoB  KyCOUHO-JTMHEMHOH  MOJEIH.

Hakonen, B pabote [15] caemana mnombITKa
YMEHBIIUTh OIIMOKHU KYCOYHO-JTMHEHHOMN
MOJIEJIH, TO €CTh PACX0XKJICHUE MEXKITY KyCOUHO-
JIMHEWHOM MOJCIBIO U MCXOJHOM HEeTWHEHHOM
Moaenpro.  Jliss  3TOro  mo  MepexoJaHbIM
mpoiieccaM HEJIMHEWHOW MOJENN OLICHUBAIOTCS
COOCTBEHHBIE 3HAYEHUS KaXKIOW JIMHEHHOU
MOJICU U OOIIKe I BCEX JIMHEHHBIX MOZCIEH
COOCTBEHHbBIE BEKTOPBI.

[lenpto  nanHOW  paboTBl  sBIsETCA
MOBBIIIEHUE  TOYHOCTH  KYCOYHO-JTMHEHHOMN
MOZEIM  3a  CUET  HCHOJIB30BaHUA Ul

OIICHUBAHUS MATPHUIl TUHAMUYECKUX JIMHEWHBIX
MOJIEJIEN MEPEXOAHBIX MPOLIECCOB HEJIMHEUHOMN
MOJICNIM OOBEKTa YNPABJICHHS, MEPECEKAIOIINX
TpaHuIbl  oOylacTell  JeWCTBHS — pa3HBIX
JTUHEWHBIX Mojeneit. PaccMoTpeHHbIl B paboTe
MpUMep, B KOTOPOM BBICOTA U CKOPOCTH IOJIETA
nertarenpHoro ammapata (JIA) paBHbl Hy:’IO,
COOTBETCTBYET B3JICTHOMY pEXHUMY paOOTHI
I'TH u pexumy yxoma JIA Ha BrOpoil kpyr. Ha
ATUX PEXKUMAX TMapamMeTpbl PadOThI JBUTrATENs
ONMM3KK K TPEJETbHO JIOMyCTUMBIM 3HAUCHUSIM,
MO3TOMY OTKAa3bl JATUYMKOB U HCIOJTHUTEIIbHBIX
YCTpOMCTB  HM@POBBIX CUCTEM  HauboJjee
OMAacHbI, a 3HAYUT TOYHOCTh UCIOJb3yEMOU MpH
pa3paboTKe aNrOPUTMOB KYCOYHO-TMHEWHOMN

MOJIEIM O0COOeHHO Ba)kHa. IlokazaHo, dYTO
pacXoXkIAEHUE MEXKIy KyCOUYHO-TMHEWHOU U
HEIMHEWMHON MojaensiMu apuanuoHHoro [T]]
yAaeTcsl CYIIECTBEHHO YMEHBIIUTh C MOMOIIbIO
npeaiaraeMoro B paboTe moaxoa.

2. ONMCAHUE HEJIMHEHHOM,
JIMHEMHON U KYCOUYHO-JIUHEMHOM
MOJEJIEN

Henuneiinas wmonens oObeKTa yIpaBlieHUS,
Takoro kak aBuanMoHHbIN ['TJ/l, B 3aMKHYyTOI
CAY wumeer Bup [16]

X =f(x",u’,w’) (1)
31ech x” — BEKTOp COCTOSIHUSL,
u’ — BEKTOp  yIIpaBJIEHHUS, w’ — BEKTOp

BHCIIHMX Bo3JcHcTBUl, a f— HelmHelHas
BEIIIECTBEHHAS BEKTOpHAas byHKIHS.
Koopaunatsl BekTOpa cocTosiHUsA (II€pEMEHHBIE
COCTOSIHHSI) ATO YacTOThI BpAIICHHS POTOPOB,
TEMIIEpaTypbl M JABIEHUS B  Pa3IU4HbIX
CEYCHUSX  TPOTOYHOW  YacCTH  JIBUTATEJ.
Koopaunatst BEKTOpa yIpaBiIeHUs
(mepemeHHBIC  yIpaBJiCHHUS) 3TO  PAcXof
TOIUIMBA, U3MEHsIeMble reOMETPUYECKUE
XapaKTEPUCTUKHA TPOTOYHOW YACTH JIBHTATEJI,
B YaCTHOCTHU, IUIOLIAJb KPUTHUYECKOTO CEUCHUS
PEAKTUBHOTO COIUIA W  yIVIBI  TMOBOPOTA
HaIpaBJAIONIMX —allapaToB BEHTUISATOpA U
Kommpeccopa. KoopauHatel BEKTOpa BHEIIHUX
BO3JICUCTBUI (mepemeHHbIE BHEIIHUX
BO3JICUCTBHI) 3TO yroj OTKJIOHEHHWS pblyara
yIpaBiaeHUs JIBUTATEJIEM (ympasisitoiiiee
BO3JICHCTBHUE), a TaKXe BBICOTA W CKOPOCTH
nojieta (TepeMEHHBbIE BHEIIHUX  YCIOBHA,
BXOJISIIIIAE B BEKTOP BHEITHUX YCIOBUU BEKTOP
v°). TIoCTOSIHHBIE YIIPABJIAIOIIEE BO3IEHCTBUE
BHEIIIHME YCIIOBHS, BXOMSIIME B BEKTOP (W',
OTIPEICTISAIOT YCTAHOBUBIIMICS PEKUM PaOOTHI
neuratenss B 3amkHyToii CAY  (pabouyro
TOUYKY), KOTOPOMY COOTBETCTBYIOT BEKTOD
YCTAHOBUBIIUXCS ~ 3HAYCHUH  MEPEMEHHBIX
yIpaBjieHus (u° ¥ BEKTOP YCTAHOBUBILUXCS
3HAYEHHUH TIEPEMEHHBIX COCTOSIHUS (X .
Henuneiitnas mojenbs oObeKTa YIpaBJICHUS B
pazomkHyTOM CAY umeet Buj [16]

x’ :f(xa,u”,v”). 2)
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[TocTosiHHBIE BHEIIHWE YCIOBHA (V' W
MOCTOSIHHBIE 3HAYCHUS MepEMEHHBIX
yIpaBjIeHus ;u’ OINpPEAEIAIOT YCTAHOBUBIIMNACS
pexuM pabOThl JBUraTeiasi B Pa30OMKHYTOM
CAY.

Henunelinsie TEpMOra3oJMHaMUYECKUe
MOJEIIM HWCIHONB3YITCS Il UCCIEIOBAHMS
YCTAHOBUBILUXCS U TEPEXOJHBIX MPOIECCOB
I'T/1 B miupokom nuarma3oHe peKMMOB padOTHI
YCIOBUH ToOJeTa W JAns BbhIOOpa Mporpamm
yIpaBJeHUs, a TAaKXKe IJIs1 CO3/IaHUS JIMHEHHBIX
1 KYCOUYHO-JIMHEUHBIX MOJEIEN.

B HEOOJIBIIOM OKPECTHOCTH
IIPOU3BOJIBHOTO P ...P,-OT0 YCTAaHOBUBILETOCH
peXKUMa HEIMHEWHBI O0O0BEeKT ympaBiIeHUS
MOXXHO [16] mpuOIMKEeHHO  oOmucaTh C
IIOMOIILIO JJUHEUHONU MOJIEITN

P1-Pm X:Pr--!’m A P1-Pm X+P1-~-Pm B P1-Pm u. (3)
3nece PPrX — p-MepHBI  HOPMHPOBAHHBIH
BEKTOP  COCTOSIHMSI B OTKJIOHEHHAX  OT
YCTAHOBMBINUXCS 3HayeHudd, a ~"Pu— m-

MEpPHBII HOPMUPOBAHHBIN BEKTOP YIIPABICHUS B
OTKJIOHEHMSIX OT YCTAQHOBMBILMXCS 3HAYCHMM.
OTH 3HAYEHUS COOTBETCTBYIOT BBIOPAHHOMY
Pi...pm-OMY YCTaHOBUBLIEMYCS pexumy. Ecim
0003HAYUTD Pi,..., P,,— KOJIM4YECTBO
BbIOPAHHBIX YCTaHOBUBILIUXCS 3HAYEHUN
KOKIOW M3 TMEPEeMEHHBIX YIpPaBJIEHHUS, TO
ple(l,...,Pl), ...,me(l,...,Pm).
HopMupoBaHHble TiepeMEHHBIE COCTOSHUS H
YIPAaBJIEHUS B OTKJIOHEHUSX BBIUUCIISIFOTCS IO
dbopmynam

p n

1--Pm — _ PPyt
xi - xi sxi -

o P1Pm o

X X; 4
i s Vi .
= > i=1,..,n, (4)
max| x| ‘ max| x|
P1-Pm — g _P1Pmgy,
u,=1u,; sUj
o P1e-Pm 4,0
U, U 1 (5)
—= — J=Le,m.
maxsu/.‘ max| 1’

Jns ycTaHOBMBIIMXCSI 3HAYEHUW OTKIOHEHUH
HOPMHUPOBAHHBIX TEPEMEHHBIX COCTOSIHUSL U
YIIPaBJICHUS CIIPABEIJIUBBI COOTHOLICHUS
Xn _pl.“p,,; Xn :pl.“p,; S (Sun _p]...p,,;un ),

0=

Pr-Pm A(Y X”’ _ DM mp,z X’l )+P1 <Pm B (S u" _h Pn; u" ) (7)

(6)

s
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Otcrona
2 ..»pr;S —_ P1Pn Afl P1--Pm B, (8)
PrPn B =—P1-Pn A pl..»p,;S, (9)
rae xS MaTpulla CTaTUYEeCKOW JMHEHHOM
MOJAENU ISl pj...p,~OT0  YCTAHOBHBIIETOCS
pexuma.

HaGop nuHeWHBIX wMomened s BcexX
BBIOpaHHBIX YCTaHOBUBILIUXCS PEXKUMOB
MPEACTaBISIET  COOOM  KYyCOYHO-JIMHEHHYIO
MoJiesb. BIOpaHHbIE YCTaHOBUBIIHMECS PEKHMBI
B pa3oMkHyTON CAY 3T0, BO-NIEPBBIX, PEKUMBI,
KOTOpBIE COBIMAJAIOT c BBIOpAHHBIMU
YCTAaHOBUBIIUMHUCA PEKAMaMH B 3aMKHYTOM
CAY. Bo-BTOpbIX, 3TO YCTaHOBHUBLIMECS
PEXUMBI, JUIsl KOTOPBIX 3HAYCHUSI TEPEMEHHBIX
yOpaBieHUs OJNIM3KM K  3HAYEHUAM  OTUX
MIEPEMEHHBIX TPHU NEPEXOIHBIX MpOIEccax B
3aMkHyTON CAY.

Crartndeckas KyCOYHO-JMHEWHAs MOJEINb
00beKTa yMpaBieHUs MpeACTaBIseT CcoOoi
Habop BEKTOPOB HOPMHUPOBAHHBIX
YCTAHOBUBIIMXCS 3HAYEHUU YMpaBICHUS W
cocrostamst P Pron”, PrPrx” pre(l,.. ., Py),...,
pme(l,..., Py), 1 HAOOp MaTpUIl CTATUYECKUX
auHEWHBIX Mogmenei 7P S, pre(l,..., Py),...,
pme(1,..., Py) st BBIOpaHHBIX
YCTAaHOBHUBIIMXCSA peXHMOB. ['paduuecku ee
MOKHO MpPEACTaBUTh B BHJAE # CETOYHBIX
MHOTOTPaHHbIX (m+1)-MepHBIX MOBEPXHOCTEH
dx;"/dt=0, i=1,...,n. CraTMYeCKHe KyCOYHO-
JUHENHHbIe XapaKTepUCTUKU o0beKTa
MPEACTABISAIOT CO00M 7 MPOCTPAHCTBEHHBIX
JIOMaHBIX JIMHUM, KOTOPbIE PUHAJIEKAT STUM

PP

HNOBCPXHOCTIAM u COCOUHAIOT
YCTAaHOBUBIIUCCA 3Ha4YCHUA MEPEMECHHBIX
COCTOAHUA, KOTOPBIC COOTBCTCTBYIOT
YCTAaHOBUBIIUMCA pCKUMaM B SaMKHYTOfI
CAY.

JlnHamuyeckass KyCOYHO-JIMHEWHAas: MOJIEIIb
oObeKTa yIpaBIeHUs BKJIOYaeT B  ce0s
CTaTHYECKYI0 KYCOYHO-THHEHHYIO MOJIENb U
COOTBETCTBYOIIHIA Habop MaTpHIl
JUHAMHYECKUX JIMHEHMHBIX Mozenel 7' PA,

ple(l,...,Pl), ...,pme(l,...,Pm).
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3. CTATHYECKAS KYCOYHO-
JIMHEUHASA MOJEJIb

Onucanve CTaTUYECKOW KYCOYHO-JIMHEHHOM
MOZEJIA MOXKET UMETh BUJ

s s X

X" PP g1 PP § (S n_ pm )
n

p; =1 uSul

. Pj.n n P;=l n _
p; iz > i, po=2,,P,

_ n P n
Py =0, >,
j=1...m. (10)
3mech
_Pl n|
sul
DPrPmygg” | Pj, 0
U=,
Py 7t
L sum_

a4 YCTAaHOBUBIOHECA 3HAYCHHUA TCPEMEHHBIX
yHOpaBJICHUA B y3JIaX CCTKU MOXHO OHNPCIACIATH

CJIEIYIOIIUM 00pa3oM
Pj. n __
M=

) i),

(P.-1)

J

p;=L..P, j=1l..,m

]’

mm( ] )-I—

Bekropsr 777 x" ompenensirorcst ¢ TOMOIIBIO
HEJMHEWHON MOJIe 00BEKTa YIIPABICHHUSL.

4. IMHAMHNYECKASA KYCOYHO-
JUHEUHAS MOJEJIb

Onucanve IMHAMUYECKOW KyCOYHO-JIMHEHHOU
MOJIEIM, MOCTPOCHHOW HAa OCHOBE CTaTUYECKOM
KYCOYHO-JIMHENHOM MOJIEIN MOKET UMETh BUJL

X" =P1Pn A (X" P ~~pms X”) _PPn § (un_pl ..Apmsun)]’

X

5. OLUEHUBAHUE MATPUUYHBIX
IAPAMETPOB JIMHENHBIX MOJEJEN

JIns OlleHMBaHUS MATPUYHBIX IapaMeTPOB
JIMHEHOM MOJIETIH, COOTBETCTBYIOLLIEH
BBIODAHHOMY  pj...p,-OMY YCTaHOBHBILIEMYCS
PEKUMY, HCIIOIB3YIOTCS TIEPEXOTHBIE MPOIECCHI
HEJIMHEHHON MOJIeNI IBUraTessl B pa30MKHYTOM
CHCTEME YIpaBJIECHHUs, TO €CThb HabOpbI
3HAYEHUH HOPMHPOBAHHOTO BEKTOPA COCTOSHHS
PPy k=0,...,7P"N 1 HOpMHUPOBAHHOTO
BexkTopa ympasnermst 2 Put(n),  k=0,...,
Pr-PoN—1, TouHee HAGOpPBI MX OTKJIOHCHHUH OT

3HAYCHHM, KOTOPBIE COOTBETCTBYIOT p| ... Pym-OMY
YCTAHOBUBILIEMYCSI PEXKUMY.
[Ipy oneHHBaHUM MATPHIBI CTATHYECKOU

JMHEWHON MOJENU MEPEXOAHBbIA MpPOLEcC IS
MEPEMEHHBIX YIIpaBJICHUS COCTOUT nu3
Pa3HECEHHBIX 10 BPEMEHHU MPSMOYTOJIbHBIX
HMMITYJIbCOB IO KaXKJI0M U3 m nepeMeHHbIX. [Ipu
3TOM  OTKJIOHEHME  KaXKIOM  IEPEMEHHOU
YIIPaBJICHUS] PAaBHO Pa3HOCTH YCTaHOBUBIIMXCS
3HAQYEHW OTOM IEepPEeMEHHOM Uil JBYX
COCEJTHUX  YCTAHOBUBILIHUXCS ~ PEKUMOB U
COOTBETCTBYET OJHOW W3 TPaHUI[ OOJIACTH
NEUCTBUS JAaHHOW TUHEWNHONH MOIEIH.

B sTOM ciydae aneMeHThl COOTBETCTBYFOIIMX
CTOJIOIIOB MAaTpPHIIBl CTAaTHYECKOW JTMHEHHOMN
mozenu PP S Moryr ObITh ONpeieNeHbl ¢
MTOMOIIBIO JIETICHUSI YCTAHOBHUBIIMXCS 3HAUCHHI
OTKJIOHEHMM  TEPEMEHHbIX COCTOSIHUA  Ha
3HQYEHUE COOTBETCTBYIOIIETO OTJIMYHOTO OT

HYJIsI OTKJIOHEHUS IEPEMEHHOM YIIPaBIICHUS

P1-Pm —
X Sij -

ProPom xiHﬂn[(zj _ 1) » ""””ST]—”' Py

sta”"i

, (12)
ProDm u;ﬂ'[n[(zj _ 1) pl...p»;T]_p]...p,;u;
i=l.,n, j=1...m

3nech ProPu T — IpOIOIKATENLHOCTh
Ka)KI0TO MPSIMOYTOJILHOI0 MMIYJILCA M TaKOro
KE  TIPOMEKYTKA  MEKIY  UMITYJIbCAMH,
COOTBETCTBYIOLIAs D1...Dm-OMy
YCTaHOBHBILEMYCS PEKUMY.

[Ipu oueHuBaHWUM MaTPUIBl JUHAMHUYECKOU
JUHEHHON MOJENM MEePEeXOJIHbIE MPOLECCH IS
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NEPEMEHHBIX YIPABJICHUS MPEJICTABIAIOT OO0
m JIMHEHHBIX (QYHKIMHA BPEMEHH, HAKIOHBI
KOTOPBIX COOTBETCTBYIOT NIEPEXOIHBIM
npoueccam B 3aMmkHyTOM CAY. Ilockonbky
IIEPEXOIHbIE IPOLECCHl JIOJDKHBI IE€peceKaThb
IPaHULbI oOnacreid  NEHCTBUS  pa3HBIX
JTUHEHHBIX MOJeNeHd, 9T NuHelHble (YHKIUU
MOTYT COEAVHATh yCTAaHOBUBILMECS 3HA4YCHMS,
KOTOpbIE pasleiseT OJHA WIM HECKOJIBKO
IpaHMIl COCEAHUX 0OacTe.

Ecnmu mar OuCKpEeTHOCTH AOCTaTOYHO Mall,
TO B JUCKPETHbIE MOMEHTBI BPEMEHU MOYKHO
NPUOJINKEHHO CYUTATh, YTO

Xnn(t/m): Xnn(tk)"'

At PPn A { [ (e )-rxt | (13)
PP [uHﬂn (tk )_pl P un] }
31ech k=0,1,2,... COOTBETCTBYIOT
JIUCKPETHBIM MOMEHTaM BpPEMEHH  fo,l1,02,. . .,
npuyeM 4 =ft+ Af, tme A¢f 310 mWar
JIUCKPETHOCTH.
OuenuBanue MAaTPHIIbI JTUHAMUYECKOU
JIMHEVHOM MOJENU B OKPECTHOCTHU Pj...D;-Or0
YCTAaHOBUBILIEIOCS ~ pPeXHUMa  MOXKET  ObITh
CBEJICHO K 3aj1aue HEJIMHEHHOTO
nporpammupoBanus [17] Buga
PP A TIMIN
PL--Pm N T
Z [Xﬂ" (lk )_ x (tk )] xw(tk )
k=1
Pl-Pm N
HJln T Hiln
ZX (tk) xW(lk) X (tk)
k=1
JIn Hlln
[X (tk )_ X (tk )]
Xnn(tk ) = Xnn(tk—l )+
A PP A{ [Xﬂn(tk_l )_m “'p";X" ]_
.(14)
12 p,;S [uHHn (tk_l )_p] p,,; u” ] }’
k=1..,""N
3necs xW(#), k=1,..., P""P"N mnonoxuTenbHo
orpesieNieHHbIe JMaroHallbHbIe BECOBBIC
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HayannHple 3HaYeHUs D3JIEMEHTOB
Pr-PnA paBHBI 3HAYEHUSIM DJIEMEHTOB
JIMHEHHON MOIEIU [JIs1 COCEeIHEU
obnmactu. HavanbHble 3HAUYE€HHUS KOOPAMHAT
BEKTOpPA COCTOSHUSI JIMHEHHOW MOJAenu B
OTKIIOHEHHSIX X "(f0)=X"""(to).

MATpPUIIBI.
MAaTPHUILIbI
MAaTpPUIIBI

6. YUCJIEHHBIN TPUMEP
OLIEHUBAHMS MATPHUI] KYCOYHO-
JUHEVMHOMN MOJIEJIN

Pa3paboranHblii METOJ TpPUMEHSETCS s
ompejeNieHuss ~ MaTpul]  CTaTHYECKOH |
JAHAMUYECKOW KYCOYHO-JIMHEMHBIX MOJENEH
10 TEPEeXOJHBIM TMpOIecCaM  HEJIUHEHHON
TEPMOIa30IMHAMUYECKON MOJIENHN
JIBYXBaJIbHOT'O JIBYXKOHTYPHOTO
TypOopeaktuBHoro asuauuonuoro [T/ B
Pa30MKHYTON CUCTEME yIpaBICHUS.

B paccmarpuBaeMoMm mnpumepe BbICOTA U
ckopocTh  (umcmo  Maxa) monera  JIA
(mepeMeHHbIE BHEIIHUX YCJIOBMI) paBHBI HYJIIO
(ALT=0, MN=0), 3HaueHHs yrjia OTKJIOHCHHUS
pbluara YIpaBIICHUS JIBUTATEJIEM
(YmpaBiisifoIiero BO3JIEHCTBUSI) COOTBETCTBYIOT
pesxxumam padotsl I'T/[ B 3amkuayTOl CAY oT
MaKCHUMAaIbHOTO (Opy;=68") 10 MHHHMAIILHOTO
(apys=15°). UeTblpe nepeMeHHbIE YIPABICHHUS
(m=4) COOTBETCTBYIOT pacxoiy TOIUIUBA B
OCHOBHOI Kamepe cropanus Gy, IUIOLAAN
KPUTUYECKOTO CEYEHHs PEaKTUBHOIO COILIa Fip,
yIdy TOBOPOTAa HAIPABISIIONIUX —AamlapaToB
BEHTWJIATOPA  @uas M YLy  [OBOpOTA
HaIpaBJSOIIUX aNNapaToB KOMIIPECCOPA (Pyax.
[IaTp  mepeMeHHBIX  COCTOSHHS  OObEeKTa
ynpaBieHus: (n#=5) COOTBETCTBYIOT YacTOTe
BpallIeHUs BEHTHJIATOpPA JIBUTaTells Mg, 4acTOTE
BpalleHUs] ~ KOMIpeccopa  JIBUraTelsl Ay,
JIABJICHHIO TOPMOXKEHHS 33 KOMIIPECCOpoM P ,
J@BICHUIO TOPMOXCHHS 3a TypOMHOH P 1
TEMIIEpaType TOPMOKEHUS 3a TypOUHON T,

bynem  cuumrarb, YTO  TE€pEeMEHHBIE
yIpaBiaeHUs u3" W uy' W3MEHSIOTCS (Tam, TIjIe
OHM U3MEHSIOTCS) COTJIACOBAHHO C MIEPEMEHHOU
yhnpaBieHuss  #,", TO  €CTb  NPUMEPHO
OJIHOBPEMEHHO 3TH INIEPEMEHHBIE OKa3bIBAIOTCS
Ha rpaHunax (Mo KaXJ0oW W3 HHUX) COCETHUX
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obOnmacTeli  JMEHCTBUS  pa3HBIX  JIMHEHHBIX
Mozeneil. [lpu srom moOyro mapy cocenHux
pabounx Touek (BHIOPAHHBIX YCTAaHOBMBIIUXCS
pexumoB pabotel I'TJ[ B 3amkuytoii CAY)
paznenser (Mo KaKIoi M3 9TUX MEPEMEHHBIX)
He OoJiee OAHON TpaHUIBI COCETHUX OOIacTeit
JNEWCTBUS  PAa3HbIX  JIMHEMHBIX  MOJEJEN.
[TosToMy suIsi BCeX OTUX TpexX TMEPEMEHHBIX
OTPAaHUYUMCS] PACCMOTPEHHUEM TOJbKO P1=9 (1o
KOJIMYECTBY  BBIOPAHHBIX  PabOYMX  TOYEK)
BBIOpAaHHBIX YCTAHOBUBIIUXCS 3HAUYECHUN IS
nepemennoir  u,”. Ilpu 3TOM  KOJIHMYECTBO
paccMaTpuBaeMbIX yCTAaHOBUBIIUXCS 3HAYCHUI
IS TIEPEMEHHBIX u3" W uy” OyIeT paBHO
COOTBETCTBEHHO 5 M 7 (B OCTalbHBIX TOYKaX
OHHU OCTAIOTCSI HEU3MEHHBIMH ).

bynem cuurtaTh Takke, 4TO NepeMeHHas
yIpaBJIeHHs u;" W3MEHSETCS TaK, YTO XOTS Obl
OJIHY TMapy COCEAHMX pabOo4YMX TOYEK pa3ieser
(mo »TON MepeMeHHON) HE OJHA, & HECKOJIbKO
TPaHMI] COCETHMX OOJACTEH NEWCTBHS Pa3HBIX
JINHEVHBIX MOJIEJIEH, U TTIO3TOMY ISl HEE TAKKE
KOJIMYECTBO  BBIOpAaHHBIX  yCTAaHOBUBIIUXCS
3HauYeHU Pr=9.

TakuMm oOpa3oM, MaKCHMaJIbHO BO3MOXKHOE
KOJIMYECTBO YCTAHOBHBIIUXCS PEKUMOB PaOOTHI
B pazoMkHyTOi CAY, KOTOpBhIE MBI MOTJIH ObI
paccMarpuBaTh NpPU  CO3JaHUM  KYyCOYHO-
JUHEHHON Mmopenn, P1P>=81. OpHako Ha
MIPAKTUKE MOKHO OTPAHUYUTHCS
paccMOTpeHHEM MEHBIIETO qucna
YCTaHOBUBILUXCS PEKUMOB.

PaccmoTpuM 9 yCcTaHOBHUBIIMXCSI PEKUMOB
B pazomkHyTOoM CAY, KOTOpBIE COBIAJAIOT C
pexumamMu pabotel B 3amkHyTOH CAY (0T
MaKCUMaJbHOTO JI0 MHHUMAJbHOTO) IpHU
COOTBETCTBYIOIIUX 3HAYEHUSX yria
OTKJIOHEHMsI pblYyara yIpaBJICHHUs JABUTATElIeM
(ympaBnsiroriero  BozzaeicTBusa): 98 (9899)
MaKCHUMAIIbHBIH PEKUM TIPH 0y, =68°, 89 (8989)
IpU 0y, =60°, 79 (7979) npu apy,=50°, 69
(6966) TIpu 0y, =40°, 59 (5915) npu ayy,=30°,
49 (4914) 1pu  0py;=25°, 39 (3913) mupm
Opy=20°, 29 (2912) tpu apy,=17°, 11 (1111)
MUHHUMAJIBHBIA PEKUM TPH Opy=15°.

Paccmotpum TaKKe ele 23
YCTAaHOBUBIIUXCS pexkuma padotrer [T B
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pazomkuyTtoit CAY: 99 (9999), 19 (1911), 18
(1811), 17 (1711), 16 (1611), 15 (1511), 14
(1411), 13 (1311), 12 (1211), 21 (2112), 31
(3113), 41 (4114), 51 (5115), 52 (5215), 53
(5315), 63 (6366), 64 (6466), 65 (6566), 66
(6666), 67 (6766), 68 (6866), 78 (7879), 88
(8889). DTO yCTaHOBHBILHECS PEXKUMBI, IS
KOTOPBIX 3HAYEHMsI MEPEMEHHBIX YIPaBJICHUS
OMU3KM K 3HAUYEHUSM ATUX IEPEMEHHBIX IpH

pa3IUYHBIX ~ MEPEeXOJHBIX  Ipoleccax B
3amkHyTOM CAY.
Onucanve  JMHAMUYECKOW  KYCOYHO-

JUHEHMHONW MOJenu B JaHHOM ciy4ae OyJner
AMETH BUJI

PP X:Pd]z A (Ple X—plpis PiP2 u)’

Ppax :Xn_mpzsxn’
nrag :un_plpzsun’

p =L ulnS;u]n,

po Pl zul >, p=2,.9,
=9 ”|n>?“1na

P, =1, u;’zju;’,

. Doy, N n_p,—-1_n _
D, uy Su,<Puy, p,=2,..9,

p, =9, wi<ul. (15)

Ecnmu B Kakoil-TO MOMEHT MEPEXOIHOIO
mmporuecca [IEPEMEHHBIE YIIPaBJICHUS
OKa3bIBAIOTCA  3a  @pelenamMu  obiacTeit

NEHCTBUS BBIOPAHHBIX JIMHEHHBIX MOJIENEH, TO
UCIIOJIB3YETCS Ta MOJCIIb, KOTOpas
KCIIOJb30Bajach A0 3TOro MomeHra. [Ipu s3tom
MAaTpUIlbl JTUHAMUYECKUX JIMHEHHBIX MOJENeH
IS COCeOHHMX oOnacTed TaM, TAC DOTO
BO3MOKHO, COBITIa/IAIOT.

[IepexoaHbie TPOLIECCHI I OINpPEAECTIECHUS
MaTpull  CTaTMYECKOM W JMHAMUYECKOM
KYCOYHO-JIMHEWHBIX MOJEJEH PacCUUTHIBAKOTCS
¢ mnomompio HeauHewHon wmozenu [T/l B
Pa30OMKHYTOM  CHUCTEME  YIpaBICHUS A
BBIOpaHHBIX YCTAaHOBUBIIUXCS PEKHMOB.

ITepexogHbie mponecchl sl BBIYUCICHUS
3JIEMEHTOB MATpHULl CTAaTHYECKOM KyCOYHO-
JUHEWHOW  MOJENM  TPEACTABISIIOT  CO00i
MOCJIEI0BATEIbHOCTh PA3HECEHHBIX 110 BPEMEHU
MPSIMOYTOJIBHBIX HMMITYJIbCOB TI0 KaXI0W U3

Hiln  Hin HIL
MIEPEMEHHBIX YIpaBICHHS Uy ., Uy, Uz,
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ud "y COOTBETCTBYIOIIIE UM  OTKJIUKH
epPEMEHHBIX COCTOSIHES x1 ", x3' ", x5V,
47 xs™ Crynenuaras dynkums (nepeHuii
(GPOHT KaXJIOro W3 HUMITYJIECOB) COCIAMHSCT
YCTAaHOBUBILIMECS 3HAYEHUS, COOTBETCTBYIOIIUE
COCEIHUM  BBIODaHHBIM  yYCTAaHOBUBIIUMCS
pexxumaM. Ecnu mepemeHHas ympaBieHUS B
npenenax 00JIacTu IEeHCTBUS JTaHHOW JIMHEHHOM
MOJIENTN ocTaeTcs HEU3MEHHOMH, TO
UCIIOJIb3YETCS  YCTAHOBUBILEECS ~ 3HAUYCHHE
OmmKkaiierd U3 cocegHUX oOJlacTel, TAe
nepeMeHHast yIpaBJicHUs H3MCHSCTCS.
JIMMTEeNbHOCTh TIPSIMOYTOJIBHBIX HMMITYJILCOB M
MIPOMEXKYTKOB MEXJy HUMITYJIbCAMU COCTABIISIET
sI=3.75c, mar auckpernoctu Ar=0.025c,
o0Iee YHUCIO TOYEK MEePEeXOTHBIX IPOIECCOB
NP ONPEACIICHHWH  MATPHUIl  CTaTHYECKUX
JTUHENHBIX Mojeneit paBHo (N=1200.
[lepexomubpie TpoLECCHl TSI OICHUBAHUS
MAaTpUll JUHAMUYECKOM  KyCOYHO-JIMHEMHOMN

MOJCIIM  TIPEJCTABISAIOT COOON  JMHEHHBIC

GYyHKIIMU 1O  KaKIAOW U3  MEPEeMEHHBIX
HII HIT HII HII

yIOpaBICHHS Uy~ Uy ', Uz 5 Usy , KOTOPBIE

COCAUHAKOT HUX YCTAHOBHUBHIMCCA 3HAYCHMUA,

COOTBCTCTBYIOIIHE BBI6paHHI>IM
YCTaHOBHUBIINMCH peiKumMam, u
COOTBCTCTBYHOIIME UM OTKIMKH IICPEMCHHBIX
HJln HJIn HJln HJln HJIn
COCTOSAHHUA X , X2 , X3 , X4 , .

JmUTenbHOCTh JTMHEWHBIX YYaCTKOB 1=5c¢, miar
muckpetHoctd  Ar=0.025¢, a ofmee yucio
TOYEK MEPEXOIHBIX MIPOLIECCOB npu
OLICHMBAHUU MATPUI] TMHAMUYECKUX JIMHEUHBIX
mozeneit N=400. DTu nepexo/Hble MPOLECCH
OIM3KH K MIEPEXOIHBIM TpoIleccaM B 3aMKHYTOM

CAY. Ilpu oOlICHMBAaHUW CYUHMTAETCS, YTO
MaTpUIbI PA=PA=YA, HA=2A=A,
51A=52A=53A, 63 4 644 657 664 67 684

Kpome TOro, B KyCOYHO-IMHEHHOW MOJEIn
LNEIN
_UN 124 _1p
Takum 00pa3om, MO TEPEXOTHBIM IPoIEccam
olieHUBalOTCs 12 marpui QSA, 89A, 79A, 69A,
SNENENE N NS NC NN
Paccmotrpum gyt mpumepa  OLieHUBaHHUE
5IIeMEHTOB MaTpuis! ~ A. JInHeitHbie (yHKIHH
I OLIEHMBAHUSA  3TOM  MaTpullbl IO
MIEPEXOHBIM TPOIECCaM MEePeceKaroT TPAHUIIbI
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oOJlacTted IelcTBUS JIMHEWHBIX MOJEJIEH 49A,
A u PA. COOTBETCTBEHHO, TIPU OLICHUBAaHUU
CUUTAETCS, YTO  MATPHIIBI PA=YA="A.
BHauane OLEHMBAIOTCS DIEMEHTH ~ di1, - dia,
39a21, . IIpu 5TOM OCTalIbHBIE 3JIEMEHTHI
MaTpPHIIbI CUHUTAIOTCS HYJIEBBIMH, a
«W=diag{1,1,0,0,0}. 3arem  oleHUBAIOTCA
oeMenT a3, an, Yass, Caza, Yasr, Can,
aas, dyq. HpI/I 3TOM DJJIEMCHTHI ai, al,
az1, ~ dazy CUMTAIOTCS M3BECTHBIMH, OCTaJIbHbBIC
9JIEMEHTHI MATPHIIBl CUUTAIOTCS HYJICBBIMH, a
xW=diag{0,0,1,1,0}. Hakonern, oleHUBaIOTCS
SJEMEHTHI ° asi, 39c152, 39a53, 3(”c154, 39a55. [Ipu
3TOM DJJIEMCHTHI 396111, 9012, ar, any, 39031,
396132, 396133, 396134, Yag, Paw, Pan, Pau
CUHTAIOTCS M3BECTHBIMH, OCTAJIbHBIC DJICMCHTHI
MaTPHIIbI CUUTAIOTCS HYJICBBIMH, a
«W=diag{0,0,0,0,1}. [Ipn OLICHUBAHHUHU
WCTIONB3YIOTCSI OTPAHUYEHUS IS TOTO, YTOOBI
COOCTBEHHBIC 3HAUEHUS MaTPUIL PA=2A=%A
OBLITM BEIIECTBEHHBIMU U OTPUIIATEIIbHBIMU.

Ha puc.1,2 npencraBieHbl pe3yibTaThl
CPaBHEHUSI COOTBETCTBYIOIIUX TMEPEXOIHBIX
IPOLECCOB  HOPMHUPOBAHHOM  IEPEMEHHOMN
cocrosiaust xs* (coorBeTcTBYET T T*) HEJIMHENHOMN
(HJI) u xycouno-nuneitnou (KJI) moxeneit mpu
YCIIOBHH, YTO A= 49A, a TakKe TMociie
OLICHUBAHUS MaTpPHIIbI YA, Bunno, uro mocie
OLICHUBAHUS MaTpPHIIbI JTUHAMUYECKOMH
JUHEHMHOM MoJend omuOKa 53TOM MOJCIU
yMeHbIllaeTcss Oosee dYeM B J1Ba pasza. Bo
MHOTHX CIIy4yasix €€ MOXXHO YMEHBIIUTH €lIe
CUJIbHEE, HO OTO MOXKET TMPUBECTH K
YBEIMYEHUIO  OMIMOKM  KyCOYHO-JIMHEHHOM
Monaend. BakHo, 4TOOBI OIIMOKH JIMHEHHBIX
MoJieielt YA u A B obmactax ux IeuCTBUSA
ObUIM mpuMepHO paBHbI. Ha rpanune oOnacrteii
JeMCTBUSL Pa3HBIX JIMHEHHBIX Mojened (mpu
t=2.075c¢) mTPOUCXOAUT PE3KOE HM3MECHECHHE
nepBoi MIPOU3BOHOM, KOTOpOE 1o
BO3MOXKHOCTH CJEAyeT orpaHuuyuBath. [Ipu
9TOM HEJb3s JOMYCKaTh, YTOOBI 3HAKH MEPBBIX
NMPOU3BOAHBIX  KaXKIOW M3  MEPEMEHHBIX
COCTOSIHUSI KYCOYHO-JIMHEMHOW MOJEIH HE
COBIAIAJIM CO 3HAKaMH MEPBBIX MPOU3BOIHBIX
HENTUMHEHHON Mojenu (0COOEHHO Ha TpaHHIEe
obmacTteii  JmeHCTBHS ~ pa3HBIX  JIMHEWHBIX
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Pucynok 1. Ilepexo/Hble MpOLECCHl HOPMHPOBAHHOM MEPeMEHHON cOCTOsHUs Xs' (coorercTByeT [y ) HenuHednod (HJI) Moxennm um KycouHo-
M- w 39, 294 _19, 49
nmaeitnoi (KJI) Mosienit B pa30MKHY TO# CHCTEME IIPU YCIIOBUH, UTO - A=""A="A="A.
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HIM n

© 0,45 -

—HIT — K (0.084)

Pucynok 2. IlepexoHble MpOIECCHl HOPMHPOBAHHOM MEPEMEHHON COCTOSIHUS Xs' (cooTBeTcTBYeT I3 ) Henuueitnon (HJI) momenu uw KycoduHo-
N o 39,29, _19
nmureitHoi (KJI) Mogenn B pa3oMKHYTOM cHCTEME IOCiIe OICHUBAHUS ~ A=""A="A.
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Pucynoxk 3. Ilepexoubie mpomeccs HOPMUPOBAHHON MEPEMEHHOI COCTOSHUS X" (COOTBETCTBYET 71;,) HesmHueiiHowH (HJT) Momenn 1 Ky coOuHO-THHEHHO
(KJI) Mmonenu B 3aMKHYTO# cHCTEME.
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= 06
0.4
s 0,2
O I [ | 1
0 5 10 15 20

t (c)
— HJT —KJ1(0.038)

KN n

HIM n

PucyHok 4. [TepexoiHble IIPOLECChl HOPMUPOBAHHO IIEPEMEHHON COCTOSHMUS X2 (COOTBETCTBYET 71;) HenuHeiHoi (HJT) Mojenu 1 KycouHO-TuHEHHOI
(KJI) Mmonenu B 3aMKHYTO# cHCTEME.
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1,2 -

1_
© 0,8 -
06
= 04 A
2021

0

K n

0 5 10 15 20
t (c)
—HI — K (0.031)

* o o
Pucynok 5. Ilepexoasbie mpouecchl HOPMHPOBaHHON NepeMeHHOM cocTosHus x3” (cootBercTByeT Py ) HenmHeiinoi (HJI) moxmenn u kycouso-
mureinoi (KJI) Mmonenn B 3aMKHYTO# crcTeMe.

K n

<+ 0,8 A
~ 0,6 A
0,4 -
< 0,2 1
O T I I 1

0 5 10 15 20

t (c)
— HJT —KJ1(0.032)

HIM n

o o * o -
PucyHnok 6. Ilepexoabie mpouecchl HOPMHPOBAaHHON NepeMeHHON cocTostHust X4 (cooTBercTByeT Pr ) HemmHedno# (HJI) moxzenn u Kycouso-
mureinoi (KJI) Mmonenn B 3aMKHYTO# crcTeMe.
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12
. 08 |
06
= 04 A
202 -
O I I I 1

10
t (c)

15 20

—HI —KJ1 (0.027)

o o * o o
Pucynok 7. Ilepexoanble MpoIecchl HOPMHPOBAHHOM MEPEMEHHOM COCTOSHHUS Xs' (cooTBeTcTBYyeT I3 ) Henmueitnon (HJI) momenu u Kycouno-

muneitHoi (KJI) Mmogenu B 3aMKHYyTO# cHcTeMe.

mojeneit). Kpome Toro, Mo>xHO HCHOJIb30BaTh
JIOTIOJIHUTEIbHBIE ~ OTPaHUYEHHS i1 TOTO,
4TOGBI PMEMEHTHI MAaTpHIl ~A H A GBUIH 110
BO3MO>KHOCTH OJIM3KH.

Ha puc. 3+7 npencraBieHbl pe3ybTaThl
MPOBEPKU  TMOJYYEHHONM  KyCOYHO-JIMHEMHOMN
MOJEJIM Ha MpPUMEpPE IMEPEXOJHBIX IPOLECCOB,
COOTBETCTBYIOIIMX CTYIIEHUYATOMY HW3MEHEHUIO

yrila  OTKJIOHEHUs  pbluara  yIpaBICHUS
JIBUTATENIEM Opyn oT 3HAYEHMUS,
COOTBETCTBYIOIIETO MAaKCUMAJIbHOMY DPEXUMY
paboTsl (0tpyn=68°) 70 3HAYEHUS,

COOTBETCTBYIOILIETO MHUHUMAJIbHOMY PEXKUMY
paboThl (0py;=15°) um oOpaTHO, TO ecTh Ha
npuMmepe cOpoca W pasroHa B 3aMKHYTOM
cucteme ympasieHus. [Ipu 3ToM ymcio Touyek
MEePEXOJHBIX  MPOILIECCOB  HOPMHUPOBAHHBIX
HEPEMEHHBIX COCTOSIHUS X1, X2", X3", X4", X5
(COOTBETCTBYIOT My,  H, PK*, PT*, TT*)
HenuHernot (HJI) wmomenn w  KycouHo-
nunerinont (KJI) momenun N=600. Ilokazanbl
OLINOKH KYCOYHO-JIMHEHHOMN MOJCIIH,
paccuuTaHHbIE 10 KaXJIOW U3 TMEPEeMEHHBIX
coctosiHus B cooTBeTcTBUM C (14). BumHo, 4TO
OIMOKM  KYCOYHO-JIMHEHHOW  MOJEeNU  He
npesbimiatoT 3+4%, TO ecTb OHM B 2+3 pasa
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MEHbIIIE, YeM YAaloCh JOOUTHhCS aBTOPY B
pabore [15].

7. BAK/IIOYEHUE

Pa3paGoran MeTon TOBBIIIEHUS TOYHOCTH
KYCOUYHO-JIMHEWHOW  MOJAENM  HEJIMHEWHOrO
o0bekTa ympaBiieHHs. B kadecTBE HCXOIHBIX
JAHHBIX /U1 OLICHUBAHUSI MAaTPULl CTATUYECKUX
u OUHAMHYECKUX JIMHEHHBIX MoJieJIel
HCTIONB3YIOTCA MepeXOIHbIC MPOLIECChI
HenuHeHoOM Mojenn aBuanonHoro [T/ B
Pa30MKHYTOU cucTteme yIIpaBICHHUS.
[lepexoaHbie TPOILIECCHI, HUCIOIb3YEMbIC JISI
OIICHUBAHUS, TEPECEKAIOT TpaHUIlBl o0JacTei
JICUCTBUS Pa3HBIX JIMHEHMHBIX MOJIEJICH, YTO
MO3BOJIIET YMEHBIIUTH OMIUOKH  KYCOYHO-
JIMHEWHOU MOJENH.

Pa3paboranHblii  MeTON  OCHOBaH  Ha
MPUMEHEHUU  BBIYMCIUTEIBHBIX  aJTOPUTMOB
HEJIUHENHOTO MIPOrpaMMHUPOBAHUSI. 9T0
MO3BOJISIET  HAKJIAJbIBaTh OrPAHUYEHUS HA
cOOCTBEHHBIE 3HAYEHUS JIMHEHHBIX MOJEIIEH,
yTO0Bl  O0ECTeYUuTh UX YCTOMYUBOCTH U
HCKJIIOUYUTH KpPaTHBIE COOCTBEHHBIC 3HAUCHHUS.

[lokazaHo, 4YTO MOXKHO CYIIECTBEHHO
YMEHBIIUTh PACXOXKIECHHUE MEXKIY KyCOYHO-
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JIMHEHHON W HEJIUHEHUHOW MOIEISIMHU 3a CYET

YMCHBIICHUSA

OIMOOK  KyCOUYHO-JTMHEHHON

MOJENM Ha TpaHuIax oOljacteil AelcTBUS
Pa3HBIX JIMHEMHBIX MOJIEIICH.

PesynbraTthl naHHONW pabOThl MOTYT OBITH

npuMeHeHbl mpu paspaborke CAY ITH, a
TaKke JPYTMMH HEJIMHEHHBIMH OOBEKTaMH,
KOTOpbIE B IIUPOKOM JHANa3oHe pEKUMOB

paboThI

HpI/I6J'II/I)KeHHO OIIMCBIBAKOTCA C

IIOMOILBIO KYCOYHO-JIMHEMHBIX MOJIEIIEH.
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MAPAJUIEJIBHBIA AJITOPUTM ®OPMUPOBAHUSA
MATPUYHBIX YPABHEHU PABHOBECHUS
CTPOUTEJIbHBIX KOHCTPYKIU

A.B. Cuoopos

OI'BOY BIIO «MoCKOBCKHI TOCYAaPCTBEHHBIN CTPOUTENBHBIN YHUBEpCUTET», T. MockBa, POCCUS

AHHOTAIIUA: N3naraercs anropuTM YHUCICHHOTO pacueTa CTPOMTENbHBIX KOHCTPYKLUH, OCHOBAaHHBIN Ha
napaie/bHbIX BelYMCIeHUAX. OCHOBHbBIE COBPEMEHHBIC YHCICHHBIE METO/Ibl pacueTa CTPOUTEIbHBIX KOHCTPYK-
i (HapuMep, METO/] KOHEYHBIX 3JIEMEHTOB, METOJ] KOHEYHBIX 00EMOB, METO/] TPAHUYHBIX 3JIEMEHTOB, METO]
KOHEYHBIX Pa3HOCTEH) MpeycMaTpruBaoT (JOPMUPOBAHUE CHCTEM JIMHEHHBIX areOpandecKux ypaBHEHHH M MX
pemieHne. 3To CHUCTeMbl YpaBHEHUH, (GOPMYIMPYIOIINE YCIOBUSI MUHIUMYMa JTUCKPETHBIX MAaTEeMaTHYECKUX MO-
Jieniel pacCYMTHIBAEMOTO 00BEKTa, HAPUMEpP yCIOBHE MUHHMYyMa BBIPQKCHHSI M3MEHEHUS SHEPTHH PacueTHON
CXEMBI COOpPYXEHUs, Ae(hOPMUPYEMOr0 BHEIITHUMH BO3JCHCTBHUAMH, WM CHCTEMbI JTHMHEHHBIX ypaBHEHHH, pea-
JU3YIOIIUE TIPUHIUIT COXPAHEHWs, HalpHMep YCIOBHUS PaBHOBECHS PAacueTHOW cxeMbl coopyxkeHws. IIpemma-
raeMblil aITOPUTM MpeAHa3Ha4YeH 111 (POPMUPOBAHUS TAKHX CUCTEM YPaBHEHHH.

KaioueBble c10Ba: nmapanieabHbIe BRIYUCICHNS, CHCTEMA INHEWHBIX YPaBHEHUH, BEKTOPHBIN alTOPUTM, CBEPTKA.

A PARALLEL ALGORITHM FOR THE GENERATION OF MA-
TRIX EQUATIONS OF BUILDING STRUCTURES EQUILIBRIUM

Alexander V. Sidorov
Moscow State University of Civil Engineering, Moscow, RUSSIA

ABSTRACT: The algorithm of numerical analysis of building structures based on parallel computing is pre-
sented. The main modern numerical methods for calculation of building structures (such as finite element me-
thod, finite volume method, boundary element method, finite difference method) provide systems of linear alge-
braic equations and their solution. This system of equations are formulating the conditions for a minimum of dis-
crete mathematical models of the object to be calculated, such as a minimum condition for the expression of
energy changes of the computational scheme of the structure, deformed by external factors, or this system of li-
near equations implements the principle of conservation, such as the conditions of equilibrium of computational
scheme of the structure. The algorithm is intended for the generation of such systems of equations.

Key words: computing, a system of linear equations, vector algorithm, convolution.

1. TEOPETUYECKHE OCHOBBI i
AJITOPUTMA

NuTerpanbHoe BhIpaskeHUE U3MEHEHUS YHEPTHH
wm auddepeHnnanbHoe ypaBHEHHE paBHOBE-
cusi, GopMyIUpYIOLIUE 3a/1ady pacuera coopy-
KEHUs, MOXXHO 3alucaTh B BHJE OIEpaIdii
cBepThiBaHUs GyHKIMi [1].

Omnepanust CBepTHIBAHUS,  HAMpPUMEP JIBYX
(GbyHKIMI ogHOTO aprymeHTa a(x) u b(x) mpen-
CTaBIISICTCS ONepanueil HHTErPUPOBAHMS:

108

a(x)*b(x) = [a(x=7)-b(x)dy =

) (1)
= [a(x)-b(x= 1) dy;

— 00

B wacTHOCTH, U3 ONpeaencH s AeabTa-(QyHKINT
Jupaka O(X - x):
0, ecu x# y,

60—y dv=1, rre 6<x—z>={

CJIeIlyeT, UTO CBEpTKA HEKOTOPOU PyHKIHH a(X)
¢ nenbra-QyHKIUEH KaK W3BECTHO, SBIICTCS
TOXKJIECTBEHHBIM OTIEPATOPOM:

00, €CIH X = J.
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[MapanenbHblil aropuT™M GOPMHUPOBAHUST MATPUYHBIX YPAaBHEHUH PAaBHOBECHS CTPOUTEIBHBIX KOHCTPYKIIHUIA

s@)yxa(x)= [5(x—z)-a(zy)dy =a(x). )

[IpousBoaHas oT GyHKIUU a(X) TPOU3BOILHOTO
k — 0 TIOpsIZIKA TOXKE MOKET OBITh MpEJICTaBIIe-
Ha CBEPTKOM:

a*(x)= [6(x= ) -a" () dy =

= [6*(x= 1) -a(z) dy = 8 (x) a(x)

B cBoro ouepenp dacTHas MPOU3BOMHAS OT
dbyHKIMH a(x, Xy, ...,X;, ...,Xy) TIO aQpTYMEHTY X,
rae N - pa3MepHOCTh 3a/1a4H, TIPECTABIISICTCS B
BHUJIC OTICPAIIMH CBEPTKHU:

oa ,
_:55'*61’

"o
3 a,=o, *a,
xS

HJIN

rie oO's - mepBas TNPOW3BOAHAS OT JeNbTa-
(yHKIIMYU IO apTYMEHTY  X;.
YacTHble TPOU3BOIHBIE IPYTUX MOPSAIKOB:

0° o a
J?Ea;’:g;’*a, —r=a, =6, *a. (3)
2. MATEMATHYECKAS
OOPMYJINPOBKA 3AJIAYHU

MaremaTrueckoe BbIpaKeHUE, (HOpMyIHpYIO-
iee 3a/1a4y pacuera CTPOHMTENBHBIX KOHCTPYK-
1if, a ©MeHHO uddepeHnranbHoe ypaBHEHUE
paBHOBECHSI KOHCTPYKIIMM WM (DYHKIIMOHAT
U3MEHEHUsI dHEpruu npu e€¢ nedopMHpOBAHUH
MOYKHO 3aIicaTh B TEPMHUHAX aJTeOpbl CBEPTOK.
[Tpu 5ToM HewsBecTHYIO (PYHKIHIO U €€ TPOu3-
BOJHbIC B UGB (dEpeHINATBHBIX YPaBHEHUSIX
WJTH TIO/IBIHTETPATBHBIX BBIPAKCHHSIX B YACTHBIX
IPOM3BOIHBIX, (DOPMYITHPYIOIINX 33129y, MOXK-
HO TIPEJICTABIISITh OMEPAIUsIMU HX CBEPTKU C
00001IeHHON aenbTa-QyHKIUEeH J(x) uam ¢ eé
YaCTHBIMH TPOU3BOAHBIMU 5k(x) (em. (2), (3)).
Hanpuwmep, nuddepeHnmansHoe ypaBHEHUE B
YACTHBIX MTPOU3BOIHBIX BTOPOTO MOPSIIKA

International Journal for Computational Civil and Structural Engineering

3alMUCbIBACTCA B CBEPTKaAX:

N N
Lu = ZZ&; *a, -5[1' *1 +

p=lgq=1

N
3 (b, -8 %+ 5 xc, Ju+c, -5 %u = f,
p=l1
B yactHocTH, nuddepennanbubie ypaBHEHUS B
nepemMeIeHusx N - MepHOi 3a1auu Teopuu yIi-
pyroctu (ypaBHeHUs paBHOBecus Jlame)

J J i J J

rnei=12,...,N,al u y— xodpdunuentsr Jla-
Me, #; — KOMIIOHEHTBl HEHM3BECTHOW (yHKIMU
MepEMEIICHU, B CBEPTKAX UMEIOT BH/I:

N
Zé‘j’ *Iu.é‘; Y, +(5i'>x<ﬂ.§jf >x<+5jf *,u-é;'*)uj =F,
j=1

rnei=1,2,...,N. 4)

3. JUCKPETHASI IOCTAHOBKA
3AIAUM

Paccmotpum auckpetHoe mpezactaBieHue ¢op-
MYJHUPOBKH 33J]a4i pacyeTa KOHCTPYKIUH C JIU-
HEHHBIM M3MEHEHHEM 3HAaueHHUsi HCKOMOM
GyHKIMK OT y37a K Y37y Ha3HAYeHHOW uC-
KpeTHON ceTku (¢ nuHEHHOW QyHKuuen dop-
Mbl). B Takom ciydae neHCTBYOIINME BHYTPH
SAYeeK AUCKPETHOM ceTKH (BHYTPHM KOHEUHBIX
arieMeHTOB) GyHKIMU (HopMbl (omeparuu BoC-
MOJTHeHMS) Oy YT UMETh BUI:

E+¢&,d, wmBceeprkax 0*+& 0, *, (5)

rae £ — ToxaecTBeHHBbI oneparop, d, — onepa-
TOp MPOCTOW PA3HOCTU MEX]Y Y3JIOBBIMU 3Ha-
YCHUSAMH B HalPaBICHUM ¢, ¢, — JIOKaJbHas
MpUBE/ICHHAs OpAMHATAa BHYTPU dJIEMEHTa CeT-
kn 0 < ¢, <1, N — pasmepHocTs 3a1aun. Ha-
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IpUMep, U3MEHEHHE KOOpAMHAT Touek X (s =
1,2,...,N) BHYTpU KOHEUHOTO 3JIEMEHTa MOXET
OBITh TPEJCTABICHO JIMHEHHBIMU OIEpPaALUSIMU
BOCIIOJIHEHHSI KOOPAMHAT y3JI0B CETKH X!

N
XS :H(E—'_quq)xs(i)’ HJIN B CBCPTKAX:
q=1

X, =[T(6%+¢,8, 9.0,

TJie X,(i) — TII00ambHast OpJAMHATA y3J1a AJIEMEH-
Ta CETKH C UHJIEKCOM i = (i}, iy, ...,Ix), TOTIOJIO-
TUYECKHU OJIMKHETO K Havally TJI00aIbHOM CucC-
TEMBbI KOOPJIUHAT.

JIMCKpEeTHBII aHaor UCKOMOW B 3ajaude (pyHK-
MU, HATTpuUMep, QYHKIIMU MepEeMEeIeHud W3
(4), mpeacTaBnseTCs CBOMMH 3HAYEHUSIMU ) B
y3lax JUCKpeTHOM ceTku. Ee kaxmas k - as
KOMIIOHEHTa BOCTIOJIHSIETCS BHYTPU 1 - IO 3Jie-
MEHTa CETKH I10 JIMTHEWHOMY 3aKOHY, IPUHUMAs
3gagyeHus Uy:

U, ()= (6 %+&,68! *)u, (i),

Onepaniys BOCIIONHEHHUS /1a€T BO3MOXHOCTb U
3HA4YeHUsl 33JaHHBIX B 3ajgade (YyHKUMH, Ha-
npumep 3HadeHus kodpduurenton Jlame B (4),
3a/1aBaTh HE IIOCTOSHHBIMM BHYTPU KaKJOTO
KOHEYHOT'0 3JIEMEHTa, a MEHSIOIUMUCS IO 3a-
BUCUMOCTH, IPUHATON B BbIOMpaeMoi (GpyHKIIUH

(hopMbI.
JuckpeTHble onepanuu quddepeHuupoanus D

= (Dy, Ds,..., Dy,...,Dy), tne D, z%x , TIO-

CJI€ 3aMEHbI JUCKPETHBIX IIEPEMEHHBIX X; BOC-
MIOJIHEHHBIMA X TPEICTABISAIOTCS MAaTPUYHOMN
onepanuei:

D=a-d,
W
D, a0 Ay d,
D, Qy Oy Ay d,
= X ,(6)
Dy Ay Ay ANy dy

110

A.B. Cunopos

rie o= {Olsq} - MatpuIa Skodu, ee ITeMEHTBI

YUYUTBIBAKOT OPUCHTAUHUIO T paHeﬁ KOHCYHBIX
9JIEMEHTOB B I'JI00AJILHOM CUCTEME KOOpAWHAT:

a=p", pB,=dx,,

Xs — OpAMHATHI Y3JIOB CETKHU B HAINIPABJICHUU S,
s, g =1+N, N-—pa3MepHOCTb 3a7a4H.
N
— 5! ’
d, =6, %[ [(6%+0. %) (62)
S#q

s=1
- omnepanusi NepBOM MPOU3BOJAHOM, BOCIIOJIHEH-
Hasl 10 DJIEMEHTY CETKH.

4. YNCJIEHHAS PEAJIM3ALIUA
ONNEPAIIMU CBEPTKHA

Omnepanysi CBepTHIBAHUS TUCKPETHBIX aHAJIOTOB
¢byHKuuit onHOro aprymenta (1) BBIMISAUT TaK:

ai *Bi = i a; 'bj = iai 'bz’—j; (7
je=e je=o

B koHeuHOMepHOM citydae GyHKIMU a(X) COOT-
BETCTBYET BEKTOD KOHEYHOMN JUTMHBI

a,,...a

a= (aifm edig 4 Ay i+n Torna
JMCKPETHAsI ONeparusi CBEPThIBaHUSA d *b Mo-

J)KeT OBITH npeacraBjicHa YMHOXXCHUCM Ha BCK-

top b mennuyesori matpunpL:

Q
Q

(=1

Q
Q

5]
1f

Q-
*

JluckpetHas omepanus cBepThIBaHUS (YHKIUI
N apryMeHTOB B KOHEYHOMEPHOM IIPOCTPAHCTBE
IPEJCTaBIsIeT COO0H ONepannio HaJl BEKTOpaMU

N
JUTMHOM Hms :

s=1

ot * _
iy iy
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my my my
= Z Z Z A tryivin Py

Ji=l =l jy=l

I71e€ My — KOHEYHOE KOJIMYECTBO 3HAYEHHH S -
TOTO apryMeHTa IUCKpPeTHBIX QyHKUUH a u b,
s=1,2,...,N, i;=12,..., ms

JlenbTa-QyHKIMN B JUCKPETHOM KOHEUYHOMEp-
HOM IIPOCTPAHCTBE COOTBETCTBYET BEKTOP:

S=(.0 0 1 00 0..)

a ee MPOM3BOJHBIM MOXXHO TOCTaBUTh B COOT-
BETCTBHE BEKTOpA:

5'~(..0 0 -1100 0..),

5"~(..0 1-2 100 0.)urx

CBepTka Takoro JUCKPETHOIO aHajora JelbTa-
(YHKIMU WM ee MPOU3BOJHONH C HEKOTOPHIM
BEKTOPOM paBHO3HAYHA YMHOJKEHUIO Ha J3TOT
BEKTOP MPOCTEHUIIECH TEIIUIEBOM MATPHULIBIL:

1
1
0% = : =F
B S ®
NI
-1 1
-1 1
-1 1
S5l = ,
NI
-2 1
1 -2 1
1 -2 1
Ok = ,
uT.1.
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Kakx ormeueno BbBIIIC, B N — MCPpHOM CJiydae
N

pazMep ITHX MaTpull paBeH Hms . U, nanpu-
s=1

Mep, CBEPTKa HEKOTOPOT'O BEKTOpa C IMPOU3BOJ-

HOM OT AenbTa-QyHKIMH MO BTOPOMY HaIpas-

JEHUIO (110 TUCKPETHOMY apryMEHTY i) PaBHO-

CHWJIbHA YMHOXXEHHUIO Ha ATOT BEKTOp TEIUIMIIE-

BOU MaTpPULIbL:

« m, -
-1 1
-1 1
-1 1

r7ie m| — KOHEYHOE KOJINYECTBO 3HAYECHHU Iep-
BOI'O apryMEHTa CBEPTHIBAEMBIX JHUCKPETHBIX
¢byukmmii. [lpu cBepTke ¢ MPOM3BOJHON OT
JenbTa-(QpyHKIUKY TI0 apryMEHTy i3 IIar Mexay
HEHYJIEBBIMU €IMHUYHBIMHU JUArOHAJISIMHA PABEH
HE myi, ami-mp, U.T.O.

JIMCKpEeTHBI onepaTop YHCICHHOTO HHTETPH-
pOBaHUA IO UHIAEKCHOMY apryMEHTY i; DJKBU-
BAJICHTEH CBEPTKE TOXKE C TEIUIMLEBOW MaTpu-
LeH:

-1 -1 -1 -1 -1 -1
-1 -1 -1 -1 -1
(574" = -1 -1 -1 -1 _
-1 -1 -1
-1 -1
~1
1
R
11101 i
111 1
11111
U T.J.

111



5. AITOPUTMU3ALIUA
MAPAJUIEJIBHBIX BBIYUCJIEHUAM

Martpuna )keCTKOCTH KOHEYHORIEMEHTHOH (1H,
HampuMep, KOHEYHOPA3HOCTHOM) pacyeTHOM
CXEMBI COOPY)KEHHUSI — MaTpHLbl KO3 UIreH-
TOB MPU HEU3BECTHBIX, Pa3peIIAlONIeH CHCTEMBI
JUHENHBIX YPAaBHEHUH 3a/aud — MMEET Xapak-
TEPHYIO JICHTOYHYIO WIU OJOYHO-JIEHTOYHYIO
cTpykrypy. Ilpu ee ¢opmupoBanum napasienu-
3alMsl BBIUMCIICHUHN JIOCTUraeTcs 3aMEHON «I1o-
CTPOYHBIX» MAaTPUYHBIX OINEpalMi «IIOJUaro-
HaJbHBIMU», & UMEHHO, JH0O0 omnepanusiMu Hal
JMAaroHajabl0 OJHOM MaTpULbl U JHArOHAJIBIO
JpyToil MaTpuibl, TUOO onepalusMHU Haj JIua-
TOHaJIbIO MaTpullbl U BekTopoM. Tak, Hanpumep,
MIPOU3BEJICHUE JBYX MAaTpUIl OCHOBAaHO HE Ha
olepalnyy CKaJISIPHOTO YMHOXKEHHUS CTPOKH OJ-
HOM MaTpHIbl Ha cTOJ]OEl APYyTroil, a Ha mojJe-
MEHTHOM YMHOXEHHMH TOJIBKO HEHYJIEBOW Iua-
TOHAJIM OJHOW MAaTpHIIbl HAa HEHYJIEBYIO JHaro-
Halb Jpyrod. ba3oBbIMH 371€Ch OKa3bIBAOTCS
JIBE OIEepaLnu:

- TIPOU3BEJICHUE JIBYX OJIOKOB MATpPHUIl C OJHOM
HEHYJIEBOW JUArOHAJIBIO KAXK]IbIH;

- Ipou3BeJieHHe 0J0Ka MaTPUIbl C OJJHON HEHY-
JIeBOW AMaroHaibio Ha OJIOK BEKTOpa.

Ilepexon oT 3THX IBYX Ollepaluii, K onepanusm
MEPEMHOXKEHHUSI TPOU3BOJIBHBIX MAaTpPUIl U BEK-
TOPOB OCYILECTBIISIETCS JUILIb IyTEM CYIEpIo-
3unun. be3ycnoBHO OO0NBIION BRIYUCIUTEIbHBIN
ekt 31ech OOCTUTAeTCs B CIydasX, €CIHU
Y4aCTBYIOIIME B BBIYUCIICHUSX OJIOKHM MaTpHIl —
TEIUINLEBBI.

[TepemHoxeHHEM ABYX OJIOKOB MATPHI] C OJTHOM
HEHYJIEBOW JMaroHaJIbI0 KaX/blil IOJy4YaeTcs
OJIOK MaTpHIIbl TOXXE C OJHOW HEHYJIEBOH Jna-
roHanblo. [Ipon3BoOIBHBIN 3JIEMEHT JuaroHalu-
pe3yibTaTa Beraucisercs mo dpopmysne [S]:

@) =4,G+t)-1A,G+2,),i=i +i. (9)

112

A.B. Cunopos

k ks k3= k,+ k,
— 7 ~ - _
,,,,, /l"
/
Ny, s X e = T
{ p/ 8 y/ 8 HyJIEBbIE
3HAYCHUS
Nm
rre
|k3|_k3
{ =)=, ecu Kk >0,
1= 2
-k, ecmu k <0,
k| + &
{ =), ecu k, <0,
2~ 2
-k, ecmu k,=0,
o |1+k, eciu  k<0nk >0,
1 =
! L, 6ocmanvnvix  cayuasx
. |N+k, ecnu k>0wu k, <0,
1 =
“ |N-k, 6 ocmanenbix  ciyuasx
i N+k, ecnu k>0wuk, <0,
" |N—k, 6 ocmanvnvix cryuasx

N
N, = Hms.
s=1

Ecmm nmaronanu /[, unu /[, cOCTOST HE U3 OJHU-
HAaKOBBIX 4YHCEJ, T.€. €CJIU IEePEMHOKAeMbIe
OJIOKM HE TETUIUIIEBBI, MIOAJIEMEHTHBIC MTPOU3BE-
JICHUS] UX DJIEMEHTOB B COOTBETCTBHUHU C (hopmy-
7101 (9) TOXe BBIYHMCIIIOTCS TTapaJlIeIbHO:
OnemeHT O0Ka BeKkTOpa B, momyvaromuiics
YMHOXXCHHEM JJIEMEHTA HEHYJIEBOW JMaroHaIn
J[ Gioka MaTpuUIlbl Ha DJIEMEHT OJoKa BEKTOpa
B Beruucnsgercs no popmysre:

B,(i))y=A@G+t)-B(i+t,), i=i ~+i,

rIe

. k, ecmu k<0,

: 0, ecu k=0,
t, =k,
1=k, ecru k<0,
L l, ecmu k=0,

) N-k, ecmu k=0,
e = N, ecmu k<0.
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—>/|<— Bl Bz

HYJICBBIC

I 3HAYCHUS

Takum o0pa3oM, anroput™ (HOpMHUPOBAHUS
CUCTEMBl YPAaBHEHMH NpeICTaBisgeT cOOOH Mo-
CJIEIOBATEeNIbHOCTh  AJIEMEHTApHBIX OIepaluii
HaJ BEKTOpamMH (MacCHUBaMHU YHCEN) OJIMHAKO-

N
Boit mmuHBI N, =Hms . JuckpeTHbiit nud-
s=1

(epeHIMANBHBIA  OMEepaTop 3agadyd  pacyeTa
KOHCTPYKIIMHU, 3allMCAHHBIN B CBEPTKaX, BKJIIO-
YaeT TOJIbKO TMO3JIEMEHTHBIE BEKTOPHBIE pacria-
pajuieNiMBaeMble  ONEpaldu,  Peaau3yrolme
CBEpPTHIBAaHUE C MPOCTEHIIUMHU JAUCKPETHBIMU
(GYHKIUSAMU WA TIEPEMHOKEHHE ¢ BEKTOpaMU -
CETOYHBIMU aHAJIOTaMH 33JaBacMbIX (YHKITHIA.
[Ipu >TOM CBEpPTKH, B TOM YHCII€ CBEPTKU C
JTUCKPETHBIMHU aHAJIOTaMU  JeNIbTa-QyHKIUN ¢
€€ MPOU3BOJHBIX, COOTBETCTBYIOT MEPEMHOMKE-
HUIO C  TCIUIMICBBIMH WU OJIOYHO-
TEIJTUIIEBBIMA MaTpPUIIaMH C BechMa HEOOJIb-
UM KOJMYECTBOM HEHYJIEBBIX JHaroHajiei.
Ncnonp3yemas «rmojauaroHajabHash)» MaTpUYHAS
anreOpa, OCHOBaHHAsl HA MPUHIIUIIE CyNEPIO3U-
IIMU, TIO3BOJISIET HECJ0KHO M30eraTh BBIYUCIIH-
TEJIbHBIX JCUCTBUN HaJ HYJEBBIMH JUATrOHAJs-
MHU.
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