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ON ERRORS WHEN REPLACING NON-BIFURCATIONAL
STABILITY PROBLEMS FOR ELASTIC FRAMES WITH
BIFURCATIONAL ONES

Gaik A. Manuylov, Sergey B. Kosytsyn, Maxim M. Begichev
Russian University of Transport, Moscow, RUSSIA

Abstract: the method of replacing the existing distributed load with an equivalent load in the form of
concentrated forces applied at the nodes is often used in frame stability problems. This replacement of the initial
flexural equilibrium with an unbended tension-compression equilibrium introduces certain errors in the
calculated values of critical loads. These errors can be of different signs (ie, the calculated "pseudo-bifurcation"
critical force can be either greater than the actual one or less than it). The paper demonstrates the errors of such a
load change on the example of frame stability problems.
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Ob OIIUBKAX ITPU 3BAMEHE HEBU®YPKAIIMOHHBIX
3AJAY YCTOUNYUBOCTHU YIIPYT'UX PAM HA
BUO®YPKALIMOHHBIE

I''A. Manyiinos, C.b. Kocuuvin, M.M. bezuuee

Poccwutickmii yauBepcureT TpancmopTa, T. Mocksa, POCCH S

AnHoranusi: [lpu pacyerax paM Ha YCTOHYMBOCTH OCTATOYHO YACTO WCIIONB3YETCS IPHEM 3aMEHBI
JICUCTBYIOIIEH pacrpefeieHHO Harpy3kn Ha SKBHUBAJICHTHYIO HArpy3Ky B BHJIE COCPEIOTOYCHHBIX CHII,
MPUIOKEHHBIX B y3iax. Takas 3amMeHa HayalbHOTO HM3THOHOrO paBHOBECHsl Ha Oe3u3rnOHOE paBHOBECHE
PaCTSDKEHHSA-CHKATUSI BHOCHUT OIPE/ICICHHBIC OLIMOKH B BBIYKMCIICHHBIC 3HAYCHHS KPUTHYCCKUX HATPYy30K. DTH
OMMMOKH MOTYT OBITh Pa3HBIX 3HAKOB (T.€. BBIYUCIICHHAS «IICEeBIOOUDYpKAIMOHHAS»Y KPUTHUECKAsT CHUJIa MOXKET
OoKasaTbcs Kak OoJibllie JEHCTBUTENBLHOM, TaKk U MeHbIe e€). B paboTe mpoaeMOHCTPUPOBAHBI OMMOKN TaKOH
3aMeHbI HAarpy3KH Ha [IPUMepe 3a/1a4 YCTOHYUBOCTH paMm.

KuarwueBble ciioBa: yCTOﬁ‘IHBOCTL, reoMeTprUICCKad HeﬂHHeﬁHOCTL, METOA KOHCYHBIX 3JICMCHTOB, 61/1(1)yp1<au1/151,
npeaciibHas To4Ka

It is known that when calculating frames for
stability, the method of replacing the existing
distributed load with an equivalent nodal load in
the form of concentrated nodal forces is often
used [1, 2]. The distributed load causes flexural
stress-strain state, and the frame equilibrium
stability problem either becomes non-
bifurcational, or is reduced to the construction
of a stable equilibrium curve without singular
points. If the initial post-bifurcation equilibrium
of the frame is unstable, then the frame turns out
to be sensitive to initial (subcritical)
imperfections in the form of deflections from a
distributed  load. @ The  above-mentioned
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sensitivity is manifested in a sharp decrease in
the critical load at the limiting points in
comparison with the bifurcation load even at
relatively small amplitudes of these deflections.
Reduction of the non-bifurcation stability problem
to the bifurcation problem by replacing the initial
flexural equilibrium with an unbending stress-
compression equilibrium introduces certain errors
in the values of critical loads. These errors can be
of different signs (the calculated "pseudo-
bifurcational" critical force can be either greater
than the actual one or less than it).

The idea of transition to a bifurcation problem
when calculating the stability of frames appeared
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due to the fact that in the recent past, the
engineers did not have the opportunity to obtain
sufficiently reliable solutions of geometrically
nonlinear problems such as of construction of
equilibrium curves up to the limiting point.
Bifurcation problems allow for the possibility of
linearized solution of stability loss problems. If
the stability problem is non-bifurcational (loss of
stability at the limiting point), then there is no
linearized solution for such a problem. It can be
solved only with the help of a geometrically
nonlinear formulation of the equilibrium stability
problem. The possibility of such a solution
appeared after the creation of computational
FEM complexes (NASTRAN, ANSYS, etc.) [3].
However, until now students are taught the
transition from the real geometrically nonlinear
problem of the frame stability loss at the limiting
point to the “pseudo-bifurcational” one, followed
by the search for the first zero of the

characteristic determinant.
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Figure 1. 2-L-shaped frame
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Figure 2. 2-L-shaped frame loaded with two
concentrated forces
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Let us show the example of such error (because
of a "reduction") by the example of a simple 2-
L-shaped frame loaded in the left span of the
girder with distributed load (Fig. 1).

The frame elements had the same length 1 = 100
cm and the same cross-sections (rectangular 4 x
1 cm). Material - St. 3, E = 2.1x10° kg/cm?, v =
0.3. The model of each terminal consisted of
100 beam FE. Solving this stability problem
with NASTRAN (the buckling option) gives
(@) = 1890 kg. This is the value of the
critical load in the linear approximation
(according to the distribution of longitudinal
forces according to the solution of the static
equilibrium problem).

If, instead of a distributed load, this frame is
loaded with two concentrated forces P = ql/2
(Fig. 2), then we obtain the bifurcation stability
problem. Its solution by the displacement
method leads to a stiffness matrix [4]

. ﬂ 44+ 3¢,(v) 2 ]

1 2 7+ 3¢,(v)
where the function @1 (v) is a special function
by A.F. Smirnov [5], taking into account
changes in the flexural stiffness of compressed
beams as the compressive load increases.

The parameter v = [\/P/(E]) for the first time
turns out to be critical if v=v, =
3,726 (detr (3,726) = 0). The form frame’s
loss of stability through nodal turns (6; = 0,597
and 6, =0,297) is shown on Fig. 2 and
corresponds to the critical load (gql)., = 2P, =
1943 kg. This value is slightly larger than the
linearized FEM solution.

The actual frame’s loss of stability from the
action of a distributed load according to a
geometrically nonlinear solution according to
FEM (NASTRAN) occurs at the limit point with
a significantly lower critical load (ql). =
1473 kg. The difference between this load and

the "pseudo-bifurcational" (1943 kg) was
~+32%.
1943 — 1473
AP, % = ——————100% = 32%

1473
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For this frame the initial post-bifurcation
equilibrium is unstable (the frame “jumps”
into a distant strongly curved equilibrium).
Consequently, this frame is sensitive to initial
imperfections (which are deflections from a
distributed load). However, this does not lead
to the conclusion that when replacing any
distributed load with nodal forces, the pseudo-
bifurcation critical load will always be greater
than the actual critical load at the limiting
point. The next example is an illustration of
the opposite situation, when the pseudo-
bifurcation load turned out to be less than the
actual one.

Let us consider the same 2-L-shaped non-free
frame, loaded with a distributed load q = const
throughout the girder (Fig. 3). The critical load
at the limiting point was ~ 12.8 kN/m. The
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sequence of the frame’s deformed state
development is shown in Fig. 4.
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Figure 3. 2-L-shaped non-free frame
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Figure 4. Frame’s deformed shape
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Figure 5. Frame loaded by concentrated forces
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If the distributed load is replaced by an
equivalent nodal load (concentrated forces) P =
ql/2 and 2P = ql (Fig. 5), then the solution of
the corresponding bifurcation problem leads to
the determination of the first zero of the
stiffness matrix’s determinant

The @1 function argument for the right frame
pole is v/2 times larger than the corresponding
argument for the left frame pole. As a result of
calculations using tables of special functions by
A.F.Smirnov [5], it was found that v..; =
Vermin = 2,819, and the value P, = 552 kg.
The total critical load PCZ;‘ = 4P = 2225,1kg,
and the critical value of the distributed load is

>
P
Gor = =11125kg/m = 11,12 kg/m

This is slightly less than the critical load at the
limiting point (~12.8 kN/m). The error was

11,12 -12,8

Aq.,% = 58 —100% = —11,7%

The NASTRAN solution for concentrated forces
P and 2P gave Pi" = 11,6 kN (Fig. 6).

44+ 3¢p,(v) 2 EJ ; . » .
r(v) = 5 7 + 30 (VI T Thus, errors in determining the critical load in
+ <,01( V) the transition to the pseudo-bifurcation problem
P can indeed be both in the direction of increasing
V= E_] the calculated critical force and in the direction
of decreasing it.
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Figure 6. Stability of 2-L-shaped non-free frame, loaded with forces P and 2P
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In another problem, the stability of the L-shaped
frame under the action of a distributed load was
investigated (Fig. 7). The dimensions of the
beams and their cross-sections are the same as
in the previous examples. The solution using the
FE complex NASTRAN gave the critical load at
the limiting point (point 3a on the equilibrium
curve, Fig. 4), equal to 24.6 kN/m. This frame
also loses its stability “in the large” (Fig. 4).

The NASTRAN solution for the frame with the
nodal force P compressing the frame strut gave
a critical force q.. = 24,6 kN/m. Solution in

the linear approximation Pcl;,if = 9,73 kN. Then
(qDer = 19,44 kN/m. The error of this
approximate solution was -21%. This error is

Picture 7. L-shaped frame under the action of @ significantly larger than in the previous
distributed load problem.
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For a non-free symmetrical frame symmetrically
loaded along the middle span (Fig. 8), the
expected loss of stability in a skew-symmetric
shape does not occur. The frame deforms
smoothly with increasing load, keeping the
symmetrical shape of stable deformed
equilibrium (point 1, Fig. 8).

If the distributed load is replaced by the nodal
one (P = q;l), then the problem becomes

bifurcational. When forces P reach a critical
value (P, = 2038 kg,E = 2+ 10%kg/cm?,

[ =100 cm, rectengular cross —

section 4 X 1 cm), a stable bifurcation occurs
into a symmetric compressed-curved
equilibrium (curve 0-1-2 on Fig. 8). In fact,
there is no bifurcation under the action of a
distributed load q = const. Moreover, the
equilibrium from this load can be interpreted as
equilibrium with imperfection in the form of
symmetric deflections "subordinate" to the post-
bifurcation curve from the action of the nodal
forces P. Replacing the load with the nodal
forces leads to the appearance of an "imposed"
bifurcation, which does not actually occur.

In conclusion, we will give an example of a
frame for which the error in the critical load in
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the transition to the initial momentless
equilibrium is  negligible.  Consider a
symmetrical Il-shaped frame loaded with an
equally distributed load (Fig. 9).

This frame loses its stability as an equilibrium
bifurcation, since it experiences symmetric
subcritical stress-strain state. This stress-strain
state is incomplete, and for it there is an
energetically orthogonal complement, which
consists of skew-symmetric stress-strain state.
The "zero" eigenvector is the vector of skew-
symmetric displacements (with the selected
ratios of the frame dimensions). This vector,
which essentially determines the form of the
frame buckling [6, 7], belongs to the
aforementioned supplement. The work of
external forces q on the displacements set by the
eigenvector is equal to zero (Fig. 9). Therefore,
under the action of a distributed load, this frame
loses its stability as a symmetrical stable
bifurcation. The critical load obtained from the
solution of the bifurcation problem under nodal

loading by forces P = q;l almost coincides with

the critical load caused by the action of the
distributed load q.
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Figure 9. Il-shaped frame loaded with a distributed load
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The solution to the characteristic equation gives
an almost exact critical load (section 4x5 cm,
(qD¢r ] = 41,666 cm, E = 2-10° kg/cm?)

v \EJ
(6 + tg_V)T =0,v,q1 = 2,716,

P, = 61472 kg, P> = 122944 kg

When calculating for such a load, bifurcation
into an asymmetric shape occurs at a slightly
higher critical force (Py ~ 122600 kg) In this
problem, all of the obtained results coincided
within the first three digits.

Let us note that in this problem, the "forced"
distribution of the values of the nodal load (and
longitudinal forces in the vertical beams), due to
the symmetry of the frame, coincides with the
actual distribution of these forces from the
action of the distribution load.

According to NASTRAN, PZ = 121300 kg.
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