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MIXED SCHEME OF THE FINITE ELEMENT METHOD
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Abstract: A methodology for constructing variational formulations and solving geometrically nonlinear mixed
problems by the finite element method is considered using the example of equilibrium of a flexible tensile
thread. The results of solving the model problem are presented.
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CMEHMIAHHAS CXEMA METOJA KOHEYHbBIX 3JIEMEHTOB
JAJIA PACUETA TPOCOBBIX CUCTEM

A.B. baenxaes
JlampHeBOCTOUHBIN (efepalbHbId YHUBEPCUTET, I'. BnaguBoctox, POCCUA

AHHOTALUS: PaCCManI/IBaeTCH METOAUKA ITOCTPOCHUS BApUAIITMOHHBIX ITOCTAHOBOK U PCIICHUS T'€OMETPHUICCKNU
HEJIMHEHHBIX CMENIaHHBIX 3a7a4 METOAOM KOHCYHBLIX 3JICMCHTOB Ha IIPUMEPE paBHOBECUA THOKOI paCTH)KHMOfI
HUTH. HpI/IBeZ[eHI:I PE3YyJabTaThbl PEHICHUA MO,HeJ'H:HOfI 3aaa4u.

KuroueBble cjioBa: reOMETPUUECKH HEJIMHEHHAs 3a7a9a, paBHOBECHE THOKOM pacTsDKUMON HUTH,
BapUallMOHHAsI [IOCTAHOBKA, METOJI KOHEUHBIX 2JIEMEHTOB

INTRODUCTION

The study of the behavior of cable systems is of
great importance for solving many practical
problems: underwater cable systems (hydro-
biotechnical structures [1], fastening systems for
floating oil and gas production platforms [2]), in
the design and operation of overhead power
lines, etc. Moreover, with the development of
technology, the range of applications of the re-
sults and methods of dynamics and statics of
cable systems is steadily expanding.

Differential formulations of problems in the
mechanics of flexible threads and methods for
solving them are given, for example, in [3]. The
stress-strain state of the thread is described by
the coordinates of the thread axis, tensile strain
and force in the rope. Currently, to solve various
problems of calculating cable systems, numeri-
cal methods based on differential formulations
of problems are used, and modern numerical
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methods based on variational formulations of
problems are not used.

In this work, based on a formal mathematical
procedure [4], we show the formation of a varia-
tional formulation of the equilibrium problem of
a flexible tensile thread and a method for solv-
ing a mixed problem by eliminating part of the
unknowns not at the level of the entire region
(as, for example, with block elimination in a re-
solving system of equations), and on the sub-
domain (at the level of the final element). This
approach to solving a mixed problem for degen-
erate problems of structural mechanics was con-
sidered in [5]. The same, in essence, are hybrid
finite element methods, for example [6].

This division of the problem into two levels (for
the subdomain and the entire domain) makes it
possible to construct an iterative procedure for
solving a nonlinear problem, in which a varia-
tional equation at the subdomain (finite ele-
ment) level is used to clarify the values of the
efforts.
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DIFFERENTIAL FORMULATION OF
THE PROBLEM

Let us consider the equilibrium problem of a
flexible thread, the shape of which is deter-
mined by the load and connections. The position
of the flexible thread axis will be described by a
vector of Cartesian coordinates

The stressed state of the thread is characterized
by the force in the thread T (T=20). We denote
the coordinate along the thread axis by s. The
deformed state of the thread is characterized by
relative linear deformation &.

The thread arc differential in the stretched state
ds is related to the thread arc differential in the
initial state dso by the relation:

ds = (1+¢)ds,. (1)

To form equations that take into account various
types of boundary conditions, we will assume
that one end of the thread is fixed, and we will
apply a load to the other.

Then the differential formulation of the problem
of a flexible tensile thread can be written as:

— static equation

i(Té}r Py +p,=0 or
ds\ ds) l+e¢
i(iﬂ}p”ps(m):o

ds,\ 1+ ¢ ds,

2)

— geometric equation

T T
(@] -ﬁzl or ﬁ .ﬁ:(l_i_g)z 3)
ds) ds ds, ) ds,
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— physical equation

E=2r 4)

— kinematic boundary condition at s = 0
X 5=0 = XO’ (5)

— static boundary condition at s = [

Tﬁ =F or T ax =F, 6)
ds|_, I+e&ds)|
Here
pm:{pmlpm2pm3}T — vector of distributed rope
mass loads;
p. :{p51p52p53}T — vector of distributed surface

loads on the thread;

X, = {x01x02x03}T — a given coordinate vector at
the starting point of the rope,

F = {FHFDFB}T — load at the free end of the

thread;

EA — thread stiffness.

The division of the load into mass and surface is
made to take into account the reduction in mass
load per unit length of the thread during tension.

BASIC INTEGRAL FORMULA

To construct variational formulations of prob-
lems that reflect the energy properties of the
system under study, it is necessary that the
structure of the equations admits a certain inte-
gral formula, similar to the formula for integra-
tion by parts and based on a differential operator
included in the static and geometric equation of
the problem.
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Let's introduce arbitrary vectors

with components — functions of the coordinate
So. Let these functions have the required degree
of smoothness to ensure the ability to perform
the required operations. Then the formula for
integration by parts is valid for them:

T
1 da ! db
_[ [—j bds:aTbK)—J. aTd ds,. (7)

0\ ds, 0 ds,

Integral formula (7) transfers the differentiation
operation from vector a to vector b. Let's write
vectors a and b through an arbitrary vector X
and function T in the form:

a=Xu b=———
T

I+——

EA

rT_ &
ds,

and substituting into (7), we obtain the basic
integral formula for the equilibrium problem of
a tensile flexible thread:

J‘l T ax ' ax Js =
j ds, ’

EA
— 1
< T dx
1 L s, (8)

It is obvious that formula (8) is also valid in the
case when the true values of the coordinate vec-

tor X and force T are substituted into it:
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Taking into account relations (2)-(6), we obtain:

1
J‘O T(1+¢)ds, =

I
T T T
=x F, . -x,R, +Ix [p, +p,(1+¢)]ds,,
0
where
dx ) )
R, = Td_ — connection reaction vector.
S 5=0

In this case, the formula takes on a mechanical
meaning. Let's imagine two states of the system.
First, the thread is folded at the origin of the coor-
dinate system. The second state is when the thread
takes on a deformed position that corresponds to
the given fastenings and load. The work done by
the internal force T to unwind the thread from the
first state to the second (the left side of the equality)
is equal to the work that external forces do during
these movements (the right side of the equality).

VARIATIONAL FORMULATION OF THE
PROBLEM

Taking into account that when solving the problem,
kinematic boundary conditions are not difficult to
take into account, we set a geometrically possible
variation to the coordinate vector of the thread x:

X =X+0X, 5X|S ,=0 (10)
and force T — arbitrary variation:
T=T+6T (11)
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Let us substitute them into the main integral
identity (8) and after transformations we obtain
a variational equation for the equilibrium prob-
lem of an extensible flexible thread in the form:

I T 2
lJ‘ oT . ﬁ E_(l_f_i] dso+
20, T |\ds, ) ds, EA
EA

01+

J sax) T _dx .

0 dSO 1+Ldso ’
EA

1 T T
—IO ox {pm +p. (l+aﬂ ds, —

—-0X 120

(12)

or the stationary condition of the functional:
B (x, T) =

dx dx T Y
—| 1+— | |ds, -
O 1+ dSO dSO EA (13)
l T
‘[xT {pm +P. (1+ﬁ) ds, —xTFl

defined on the class of vectors x satisfying kin-
ematic boundary conditions (5).

’ =stat.,

s=

METHOD FOR SOLVING THE MIXED
VARIATIONAL PROBLEM

Functional (13) is mixed. The unknowns are the
forces T and the coordinates of the thread axis X.
To solve this mixed problem, we use the technique
proposed in [5], in which the computational do-
main is divided into subdomains, and it is assumed
that part of the equations of the mixed method is
satisfied in each such subdomain separately.

Let's divide the thread into 7 subareas - ele-
ments. We will denote [” the length of the ele-
ment with number 7 (r = 1,2,...,n). Let us as-
sume that the variational equation is satisfied on
each element:
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2
ST 1T (dxj dx (HTJ ds, -
] 1+ dSO dSO EA (14)
EA
=0, r=12,...n

Then, to solve the entire variational problem
(12), it remains to consider the integral identity:

[[o8) T _dx 0
ds, T ds,

EA

i T
+p.| 1+—||ds, —
_pm ps( EA):| 0

:O,

so=I

1+

(15)

o

- 5XTFZ

defined on the class of vectors x satisfying kin-
ematic boundary conditions (5).

FINITE ELEMENT DISCRETIZATION

Let us construct a finite element method scheme
based on the variational formulation of problem
(14)-(15). Let us define an approximation of the
vector X and force T on the finite element in the
form:

x=N'X', T=[1]-¥ el’, (16)
where N is the matrix of shape functions; X" —
vector of coordinates of nodes of element 7; £ is
the value of the force in element r (force T is
assumed to be a piecewise constant function).
Let us substitute (16) into the first variational
equation (14)

17



and, due to the arbitrariness of the variation of
efforts, we obtain

r

AT crror oy t
(X)HX—l (1+EA

j: 0,r=12,.,n, (17)

T
where H' = 1 j G\ N ds,.
t" I\ ds, ds,
1+

EA

The resulting systems of equations at the finite
element level (17) contain the unknown forces
t" and the squares of the nodal coordinates X.
Let us present the remaining variational equa-
tion (15) as a sum over finite elements:

il 5deT T dx
="\ ds, 1+Ldso ’
EA
T
~|ox" | p, +p.|1+— | |ds,—
;[ X pm p:( EAJ] SO

-0x'F,

J-o
so=I

Using the approximation of the unknowns in the
form (16), we obtain

T
< ATt dN" | dN’ ,
Sioe )| (5] S -

EA

or

Z((a‘x* ) (HX —Pr)) 0

r=l1

(18)
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where
H, =t'H’,

r

Pr=f (N) (pm +p. (1+ ’:fAD ds, +(N') F,

50=I

Performing the usual procedure of the finite el-
ement method to form the global matrix H; and
the load vector P, taking into account the con-
nections between the finite elements and kine-
matic boundary conditions, we come to the so-
lution of a system of algebraic equations for the
unknowns — the vector of nodal coordinates X:

HX=P (19)
The system of equations contains unknown co-
ordinates in the nodes of the system X and un-
known forces in the elements ¢ (implicitly in
the matrix H;).

The final system of algebraic equations has the
form

T’T r r r
(X) H'X -] [1+EA

(20)
HX=P
ITERATION PROCEDURE
Let us reduce equation (17) to the form:
T
(x") wx o
9 r= LRt RARE) na (21)

I'| 1+ !
EA
The iterative procedure for solving the problem
is as follows. The initial values of the forces in

the t(ro) elements are set. The system of algebra-

ic equations (19) is solved, linear with respect to
the unknown coordinates X. To clarify the val-
ues of #7, relation (21) is used in the form:
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r —_—
t(k) -

where k is the iteration number.

With updated values of 7, the system of alge-
braic equations (19) is solved again. Iterations
continue until the required accuracy of force
calculation is achieved.

SOLUTION OF THE MODEL PROBLEM
OF EQUILIBRIUM OF FLEXIBLE
TENSILE THREAD

Examples of solving model problems for a flex-
ible inextensible thread are given in [7]. Calcu-
lations have shown that the proposed finite ele-
ment method for an inextensible thread allows
already in the first iterations to achieve the cor-
rect position of the ropes in accordance with the
specified loads and connections, and about 10-
15 iterations are enough to calculate the forces
in the thread with acceptable accuracy.

In this paper, the problem of the equilibrium of
a flexible tensile thread for different values of
the stiffness of the £A thread is solved. The re-
sults are shown in Figure 1.

Shows elastic lines of cable
under horizontal distributed load
and different tensile stiffness

E
~
%
-

1=300m

250

Figure 1. Elastic lines of cable
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CONCLUSION

The proposed finite element method allows
solving problems of statics of any cable systems
and gives good results even with a small num-
ber of iterations.

The considered technique for constructing a fi-
nite element method for solving the equilibrium
problem of a flexible tensile thread can also be
applied to solve other nonlinear problems.
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