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COUPLED HEAT AND MASS TRANSFER PROBLEM WITH
DEPENDENT HEAT CONDUCTIVITY PROPERTIES AND ITS
SEMI-ANALYTICAL SOLUTION
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Abstract: Present paper proposes a computation method for a coupled heat and mass transfer problem within the
porous media where the heat conductivity properties of the media undergo changes caused by the mass transfer.
Heat and mass transfer processes are coupled through the inclusion of evaporation and condensation phenomena
which in turn require the solution to an another the vapour transfer problem. This complex coupled problem re-
sults in a system of both linear and non-linear second order partial differential equations that are spatially discre-
tized by Finite Element Method. Temporal integration is carried out analytically. Thus, the proposed system of
equations covering linear vapor transfer problem, linear filtration problem and non-linear heat transfer problem
is transformed into a system of both linear and non-linear first order ordinary differential equations being solved
by semi-analytical method. Picard approach of successive iterations is used for linearization of the equations.
Convergent solution is achieved which is demonstrated on a sample problem herein below. Proposed method
gives good insight on the processes taking place within the structures being subjected to temperature and vapor
pressure gradients, including the residual effects of moisture accumulation, and assesses its impact on heat con-
ductivity of materials that the structures consist of. Present study is a part of more extensive research on the ap-
plication of semi-analytical methods in heat transfer problems, therefore it is not exhaustive and complete.
Shortcomings of the method and its possible work-arounds as well as the topics for further studies are discussed
in Conclusions and Further Studies section.

Keywords: Heat and mass transfer problem, coupled problem, non-linear, finite element method,
semi-analytical method

COBMECTHAA 3AJAYA TEIINIOMACCOOBMEHA
C 3ABUCUMbBIMU TEILIONPOBOJIALLIMU CBOUCTBAMU
N EE HOJYAHAJIMTUYECKOE PELHLIEHUE

B.H. Cuoopos, A.M. Ilpumkynoe

HanumonaneHelil nccnenoBareabckuil MOCKOBCKUI IOCYIapCTBEHHbIN CTPOUTEIIbHBIA YHUBEPCUTET,
r. Mocksa, POCCH

Annotanusi: B Hacrosiieit pabote npeayiaraeTcst METOJI pacueTa CBsI3aHHOM 3a/1a4i TEIUIOMAaccolepeHoca B Mo-
PUCTBIX Cpeflax, KOT/ia CBOWCTBA TEIUIOIPOBOIHOCTH CpPE]l MPETEPIICBAIOT U3MCHCHHUS, BBI3BAHHBIC MaccoIepe-
HocoM. [Iporecchl TemIo- 1 MacconepeHoca CB3aHbl SBICHUSIMHU HCIAPSHUST U KOHACHCAIUH, YTO, B CBOIO Ove-
penb, TpeOyeT perieHus Ipyroi mpoOieMbl mepeHoca mapa. Jta cioxHas npobjemMa NMPUBOJUT K CUCTEME Kak
JIMHCHHBIX, TaK W HEIMHEHHBIX JU((EpCHIMAIBHBIX YPABHCHUI B YaCTHBIX MPOU3BOJHBIX BTOPOTO MOPSIKA,
KOTOpBIC AUCKPETH3UPYIOTCS B COOTBETCTBHU C AITOPHUTMOM METOJa KOHEUYHBIX 3JIeMEHTOB. IHTerpupoBaHue
10 BPEMEHHOW MEePEeMEHHOM BBINOIHSIETCS aHATUTHYECKH. TakuM 00pa3oM, cuctema TudpepeHHaibHbIX ypaB-
HCHHM, BKJIFOYAIOIIAs JIMHCHHOE ypaBHEHHE IMapOIepeHOCca, JHHEHHYIO 3amady (GUIbTpAlldi W HEJIMHEHHOE
ypaBHEHHE TEIUIOIEPEHOCA, MPeodpa3yeTcs B CUCTEMY KaK JIMHEWHBIX, TaK M HEJHMHEHHBIX 1u(depeHITnaTbHBIX
ypaBHEHUIi MEPBOTO MOPSIJIKA, PEIIAEMBIX TTOJyaHATUTHYECCKUM MmyTeM. Jliis TrHeapu3aliy ypaBHEHU HCIOb-
3yercst moaxo/ [Tukapa nociienoBarenbHbIX nTepanuii. JJocturaercs cxosieecs: pelieHue, 4To JeMOHCTPHPY-
€TCA Ha NpUMEpE 3aaavu. HpeﬂHO)KeHHbIﬁ METOA TO3BOJIACT IMOJYUYUTH MPEACTAaBICHUE O TGHHOQ)I/I?)I/ILIGCKI/I)(
MPOIIECCax, MPOUCXOJAIINX B KOHCTPYKIIUAX C YUETOM IPaJUEHTOB TEMIIEPATYpPhl U JaBICHUS Napa, B TOM YHC-
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J1e 00 OCTATOYHBIX SBJICHHUSIX HAKOILICHUS BJard U OLCHUTDH UX BJIMAHHUC HA TCIUIOMPOBOAHOCTh MAaTCPUAJIOB, U3
KOTOPBIX U3rOTOBJICHBI KOHCTPYKIIHH. Hacrosmee nccinenopanue sBISIETCS YaCThIO Oouee O6H.II/IpHOFO Hucciaenao-
BaHU MPUMEHCHUSA MOJYAHAJIUTUUICCKUX METOHOB B 3aJadax TeHJ'IOO6MeHa, MMO3TOMY OHO HE€ ABJISICTCSA UCYUEP-
IbIBAKOIIUM W ITIOJIHBIM. HC,HOCTaTKI/I METOAAa U €0 BO3MOXKHBIC O6XOI[HI)I€ IIyTHU, a TAKKC TCMbI IJIisd I[aHBHeﬁ-
J11170.€ I/ICCHeﬂOBaHI/Iﬁ 06CY)KI[&IOTCH B pas3aciie «BLIBOI[LI U JajIbHEeHIIe HUCCICOA0OBAHUA .

KuroueBble ci1ioBa: 3aa4a TCIJIOMACCOIIEPEHOCA, CBA3aHHAaA 3a/1a4a, HEJIMHEHHBIN MCTOM,
MCTOJ KOHCYHBIX 3JICMCHTOB, HOJ'IyaHaJ'II/ITI/I‘{eCKI/[ﬁ MCTOM.

1. INTRODUCTION

Multi layered exterior wall structures are widely
used in modern buildings as they allow to
achieve proper insulation properties as well as
to have the desired interior and exterior appear-
ance meanwhile be elegant, lightweight and be
of sufficient strength and resilience. On the oth-
er hand, the study of physical processes taking
place within such kind of walls are becoming,
obviously, more complicated as the significantly
varying material properties cause those physical
processes to occur differently comparing to the
homogenous single material wall structures.
Multi-layered structures have extensively been
studied both domestically and internationally
with respect to their responses to varying indoor
and outdoor conditions which have been reflect-
ed in building codes and manufacturer's design
guidelines. Present study though, proposes a
mathematical model that can quantitatively de-
scribe the processes in such structures with due
account of their interactions and interdepend-
ence under the given boundary conditions.

In particular it reviews the heat transfer phe-
nomenon within multi-layered wall structure in
conjunction with the vapor transfer and the fil-
tration occurring simultaneously and accounts
their interactions.

Mathematical model that uses semi-analytical
computation techniques is proposed to describe
the process in such wall structures. Spatially, the
model utilizes the Finite Element Method
whereas the temporal variations are solved ana-
lytically.

Building Codes and Standards [1] contain vari-
ous simplified computation methods for practi-
cal problems that, with due safety margin, ac-
count all negative factors that may develop

within the structures thus allowing to design
such structures in compliance with the servicea-
bility requirements. The idea in those standard
methods is to determine composition and geo-
metric proportions of the structures that would
withstand the extreme weather conditions of the
region, assuming that at all other intermediate
states of the weather the structure would per-
form adequately.

Main objective of present study is to couple the
major physical processes happening in the wall
within proposed mathematical model that will al-
low to calculate the immediate state of the struc-
ture under the given indoor and outdoor climate
condition and including residual factors remained
from the previous actions and solve such coupled
problem. Hence the difference of the proposed
heat and mass transfer model from standard com-
putation methods is that the model describes accu-
rately the immediate state of the wall.

2. RESEARCH METHODS

2.1. Wall Model

As a practical example let consider tri-layered
wall structure consisting of inner and outer
blockwork walls and heat insulation layer
sandwiched in between. This structure is seem-
ingly good case of the composite wall where the
water condensation is very likely to occur. The
insulation layer in the middle of the structure
retains the majority of the heat thus causing the
outer blockwork layer to be cooled down till
almost the outdoor temperature. On the other
hand, the same outer brickwall has a vapor
transmissivity apparently lower than that of the
middle insulation layer. These two factors joint-
ly, under certain combination of boundary con-
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ditions, result in vapor condensation within the
wall, that will consequentially adversely effect
the heat transfer phenomena. Evaporation and
condensation processes non-uniformly distribute
the moist throughout the wall which creates a
moisture gradient. Having the material filtration
properties this gradient induces the filtration
process within the wall. Condensation, evapora-
tion and filtration processes combined form the
ultimate moisture content distribution within the
wall.

One dimensional mathematical model, where
the spatial argument varies along the thickness
of the wall might be used to build the relation-
ships between the processes. Physical model of
above-mentioned tri-layered wall structure is
depicted in Fig.1. The total wall thickness is L

whereas the width of each individual layer is é

Left hand side of the composite wall faces with
the indoor environment varying within the range
of positive temperatures while the right-hand
side contacts the outdoor environment with the
range of temperatures that may have also the
negative values.

!

Figure 1. Multi layered wall structure

Indoor and outdoor temperatures are not con-
stant with time as was noted earlier. Let as-
sume that they are given as functions of time:

Din = Pin(t)
Dour = Pout(t)

(1
2
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where, ¢y, ®our - iIndoor and outdoor tempera-
tures; ®@;,,, @,y - Some functions of t; t - time.
Similarly, the indoor and outdoor partial vapor
pressures are varying with time and can be de-
scribed as:

)
(4)

Pyin = Pv,in(t)
Pv,out = Pv,out(t)

where Py, in, Pyour - indoor and outdoor vapor
pressures; P, i, Py, oy¢ - Some functions of t; t -
time.

All major material properties such as heat con-
ductivities, vapor transmission resistivities, lig-
uid moist filtration properties that appear as pa-
rameters in mathematical model are also known
and given.

2.2. Physical Processes

The physical model as it is shown on Fig.1 can
be described as a finite domain consisting of:

e porous media composed of inner blockwork
wall, heat insulation and outer blockwork wall
all with its own individual properties - the skele-
ton;

e moist in its liquid phase (water) which de-
fines the moisture content of the skeleton,;

e humid air (binary gas) consisting of air and
water vapor mixture.

Having the boundary conditions as specified in
section 2.1 above, the processes taking place
within the wall can be described as follows:
Mass transfer

This process includes the transfer of the binary
gas and liquid water through the skeleton as
well as the moist phase changes such as conden-
sation as transformation of vapor into liquid wa-
ter and the evaporation as transformation of lig-
uid water into vapor. This mass transfer may
happen due to the following causes:

a) At microscopic level (so called molecular
transfer):

— Diffusion due to temperature gradient (as per
Fick's law);

— Diffusion due to vapor concentration gradi-
ent;

— Diffusion due to chemical potential gradient;
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— Osmosis caused transfers.

b) At macroscopic level (so called convection
transfer):

— Capillarity adsorption transfer;

— Pressure gradient transfer (including hydrau-
lic gradient);

— Gravity induced transfer.

Heat transfer

Heat transfer within the same domain occurs
due to the following factors:

a) At microscopic level (so called molecular
transfer):

— Heat diffusion induced by the difference of
temperatures between the skeleton, the air/vapor
and/or the liquid water;

— Heat transfer due to change in Enthalpy of
the skeleton in the result of moisture content
change;

b) At macroscopic level (so called convection
transfer):

— Heat transfer induced by temperature gradi-
ent and the conductive properties of the media;
— Heat transfer due to moisture phase change
(evaporation/condensation);

— Heat transfer due to radiation;

— Heat sink/sources at the boundaries of the
domain (derivative boundary conditions).
Detailed discussion of each of above listed pro-
cesses can be found in [2].

2.3. Heat and Mass Transfer Equations

Physical processes described in 2.1 - 2.2 may
occur simultaneously or in various combinations
thereof. Also, each of them may have impact in
different magnitude on the temperature distribu-
tion in the wall. General approach in heat and
mass transfer practical problems is to select the
relevant processes individually, considering the
particularities of that specific problem and eval-
uating the effect that the process may have on
the result. Nonetheless the common property of
all those processes is that they can be easily in-
corporated into the governing equation as a sep-
arate term. Hence, in most general form the
equations describing heat and mass transfer can
be written as:

Vladimir N. Sidorov, Alim M. Primkulov

Nm
aU(l'z'g) ad du
Am1,m2,m3 ot == E Z D(m1,mz,m3), ox
i=1
My, Km
du
- Z V(ml,mz,m3)i a + Z Q(ml,mz,m3)i
i=1 i=1

B Np Mp
ap 0 0¢ o
Mg = a(Z D(h»&) - ; Varige * @ (6)

i=1

)

where, m1l, m2, m3 indices denote the mass
transfer of vapor, liquid and solid masses re-
spectively; u - mass being transferred;
N,,, M,,,, K., - number of physical processes in-
cluded into mass transfer problem, viz. N, —
number of processes occurring due to diffusion,
M,, — number of processes occurring due to
convection, K,,— number of processes occurring
due to mass source or sinks (see mass transfer in
2.2); Amimzm3 Dmimzm3) Vimimams) - ma-
terial properties of relevant physical process of
the mass transfer (e.g. Ajy1.m2m3 — retarding co-
efficients of mass transfer, Dn1m2m3) — mass
transfer permeability coefficients, Vg mams) —
mass transfer velocity); Qumimzms) - mass
source/sink (e.g. evaporation, condensation rates
etc.) along the model and at the boundaries; 4
index denotes the heat transfer problem; ¢ -
temperature; Ny, M, - number of physical pro-
cesses included into heat transfer problem (see
heat transfer in 2.2); Ay, Dy, Vy, - material prop-
erties of relevant physical process of the heat
transfer; Q, - heat source/sink rate; t - temporal
variable; x - spatial variable.

For the sake of simplicity, the present paper fo-
cuses on macroscopic level processes only as
they have more significant effect on temperature
distribution within the topic problem, namely:
convection due to temperature gradient; mass
transfer due to vapor pressure and hydraulic
gradients. However, it is straightforward to in-
corporate all the others processes as well with
its associated physical parameters. Having this
simplification made, the governing equations
shall take the following form:

Liquid phase moisture transfer - filtration.

ah_k 9%h
at T axz

FEM .
+Qy = (A} = [Cu]{h} + {F}

()
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where, h - mass content of liquid water, in kg
per unit volume in m® of the skeleton; ks -
permeability coefficient, constant value for
each material and does not change in time, in

%; Qf - liquid water source/sink — a function

accounting the incoming or outgoing moist, in
m?/sec; g - Finite element (matrix) transfor-
mation of the governing differential equation;
{h}, {h} - vectors of mass contents and its time
derivatives values at the finite element nodes;
[C,],{F} - Finite Element transformed matrix

. 92
and vector that discretely models k¢ 5.2 operator

and water source/sink function @ in filtration
equation.
Partial vapor pressure distribution

0%p
v 0x2

0
Pk

- ®)
at

+Q, = (p} = [C,](p} + (P}

where, p - partial vapor pressure, in Pa; k, -
vapor conductivity coefficient, constant value
for each material and does not change in time,

—k . . .
msei o Qp - boundary condition function

that accounts the variation of partial vapor
pressure at the boundaries, contact surfaces

. . . . Pa
with indoor and outdoor environments, in g

FEM
= - Finite element (matrix) transformation of

governing differential equation; {p}, {p} - vec-
tors of vapor pressures and its time derivatives
values at the finite element nodes; [Cp],{P} -
Finite Element transformed matrix and vector

2
that discretely models k,,%operator and the

boundary condition function @, in partial vapor

pressure equation.
Heat transfer.

d d d FEM
2L (oG @)22) + 0= o

=) = [C.(Ole} + (T

where, ¢ — temperature, in °C; D(f(¢)) - heat
conductivity depending on some function of ¢,
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e T
individual for each material, in — Qy, - heat

source/sink that accounts the boundary condi-

tions and heat transfer due to evaporation or
kcal FEM

condensation, in ; = - Finite element

m3- hr
(matrix) transformation of governing heat trans-
fer differential equation; {¢}, {qb} - vectors of
temperatures and its time derivatives values at
the finite element nodes; [Cqb]' {T} - Finite Ele-

ment transformed matrix and vector that dis-

] ]
cretely model — (D (f () 5) operator and Qj,

function in heat transfer equation.

Heat transfer equation (9) shows the heat con-
ductivity coefficient D being dependent on a
function of temperature ¢. Fig. 2 depicts the
variation of heat conductivity property of a ma-
terial with its moisture content as proposed by
T.I. Rubashkina [6]. Similar relations are also
given in other resources [2]. In order to establish
the function D, it is necessary to build the rela-
tionship between the moisture content /# and the
temperature ¢, as it will be shown later.

0,060
0,055
0,050
0,045
0,040
0,035
0,030
0,025
0,020

Extruded polystyrene
D(W)=D"(1+0.033W)

Styrofoam
D(W)=D*(1+0.046W)

Heat conductivity, D, W/(m C)

] 2 4 6 8 10 12 14 16 18

Moisture content, W, %
Figure 2. Heat conductivity D as a function of
moisture content W

As it can be seen from Fig. 2 the moisture con-
tent of the wall material, which is, in our case,
the solution to equation (7), changes the heat
conductivity linearly. Then the solution to (9)
explicitly depends on the solution of (7). Thus
(7) and (9) should be solved jointly to obtain the
temperature distribution within the media being
adjusted to the moisture content. Linear rela-
tionship of material moisture content and its
thermal conductivity can be defined as:
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h(t) h(t)
p(57) =0, D (10)

where, Dy, Dy - proportionality coefficients of
linear relationship as in Fig.2 which are the con-
stant values for each material; h(t) - mass con-
tent of liquid water as a function of time t, to be
determined by the solution of (7); p,, - dry den-
sity of the material.
Equation (7) includes the condensa-
tion/evaporation function @ which in turn de-
pends on temperature. Hence the thermal con-
ductivity D eventually non-linearly depends on
temperature ¢.
Moisture transfer problem (7) can be simplified
by assuming that Dy is the heat conductivity
property valued at the time t = 0, then the ini-
tial values for this problem will be a vector of
ZEeTO0Ss.

h(x,t =0) =0 (11)
Accordingly, the solution of (7) will define the
variation of moisture content throughout the
wall at any given time t = t; in comparison to
the initial values which are the moisture content
att = 0.

2.4. Evaporation and Condensation

In order to calculate the amount of moisture that
condenses or evaporates within the wall a model
proposed by Dalton [2] shall be utilized. Using
the notation of the paper it can be expressed as:

aM

— =04 (xp (t) — xT(t))

de (12)

am . .k
where, ks rate of change of moisture in = ;

hr
® = (25+ 19v) - evaporation/condensation
coefficient in

— where v - air flow velocity
which is negligibly small for the topic problem
and can be set to zero; A - contact area, as-
sumed as unity, in m?; x,,(t) - air humidity as

. . . kg
a ratio of vapor mass to dry air mass, in s
x7(t) - maximum air humidity as a ratio of sat-
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urated vapor mass at a given temperature to a
. . kg

dry air mass, in P

Dalton model states that the condensation hap-

pens when x,(t) > x7(t), or mass change rate

M . o .
—; 18 positive valued and the evaporation hap-

: M . .
pens otherwise, when —; Isnegative valued.

It is a routine to show that x,,(t) and xr(t) can

be expressed by the following formulas, based
on the ideal gas theory [5]:

_0.0022k;

xp(t) a Patm™m p(t) (13)
_ 0.0022k;

xp(t) = vas(t) (14)

where, t — time, in hr; pgs, - absolute pressure
(atmospheric pressure), assumed as 100 kPa; m
- molecular mass of dry air, circa 4.81 X
107%%kg; kg - Bolzmann constant, 1380649 x
10722 %; p(t) — partial vapor pressure distribu-
tion within the wall, which is a solution to (8),
in Pa; p,¢(t) - saturated partial vapor pressure
for a given temperature, in Pa, can be calculated
by using the following formula in kPa (Magnus
formula):

DPys(t) = 610.94¢ ¢+243.04

(15)
where, ¢ - the temperature in °C; Equation
(15) makes the saturated vapor pressure p,q(t)
and consequently maximum air humidity x,(t)
in (14) dependent on the temperature ¢, hence

: dMm . .
the rate of change of moisture d—“: in (12) is also

depends on temperature. Once equation (12) is
established it can be incorporated into mass
transfer problem (7) in form of mass sink or
source function. Here the "sink" means the
evaporation whereas "source" - the condensa-
tion. Namely:

1dM 1

T (0 = %2 (®))

(16)
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where, p,,- density of water, in %.
Function (16) accounts such phenomena as va-
por transmission via its xp(t) term and heat
transfer via its x;(t) term, while itself appears
in mass transfer (filtration) problem (7). The
filtration equation (7) in turn, redistributes the
moisture within the wall due to hydraulic gradi-
ents and effects the heat conductivity value
through (10).
The evaporation and the condensation phase
change processes are also associated with the heat
transfer as they are either endothermic as in case of
evaporation consuming the heat from its surround-
ings, or exothermic as in condensation releasing the
heat to its surroundings. Amount of heat consumed
or released, is proportional to the amount of mass
of water evaporated or condensed, i.e. it is propor-
tional to (16). Then the heat sink/source function
Qy, appearing in (5) can be written as:
Qn =710Qf (17)
where, Qy — moisture phase change (16); 7 -
specific evaporation/condensation heat.
In [2] it is recommended the specific evapora-
tion/condensation heat to be calculated as:
r =595 — 0.55¢ (18)
where, r - evaporation/condensation heat in
kcal/kg; ¢ - temperature in °C.
Should r be assumed as a constant, say 595
kcal/kg, this simplification creates an error in
the range of 2.0% - 2.5% in r value, which
might be ignored. Alternatively (18) can be ful-
ly used in the calculations then an additional
term occurs in (9) which needs to be handled as
per finite element method procedure. Present
study uses constant value for 7.

2.5. Vapor Transfer

Vapor transfer problem, as it is defined in (8),
with the boundary conditions (3), (4), after the
finite element discretization, becomes a system
of linear ordinary first order differential equa-
tions that have an analytical solution:
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solution

0} =[G ]} + (P} —

t
(D)} = el {py} + f ell=Op©Yds  (19)

where, {py} - is a vector of initial values (partial
vapor pressure distribution within the wall at ¢ =
0), which can be assumed as a linear interpola-
tion between py, ;,,(0) and py, 4y, (0) as per given
boundary conditions (3) and (4).

Vector notation {-} means that (19) results in a
vector of nodal vapor pressure functions of time
of the corresponding finite element model.
Boundary conditions (3) and (4) are assumed to
be essential or Dirichlet boundary conditions.

2.6. Heat and Mass Transfer
Mass transfer or filtration problem (7) has the
following finite element form:
{h} = [Co](h} + (F} (20)
Here the vector {F} is a finite element trans-
formed form of (16) thus it also depends on tem-
perature through the link between (15) — (14) —
(16). Therefore, in order to establish this function
and solve (7) for a given time t,, it is necessary
to have the temperature distribution function
¢(t). Should this function be guessed or some-
how estimated then semi-analytical solution to
(7) can be found as follows:

{h“’)(t)} = elCnlt{p,} + J-te[ch](t—f){Fm)(f)}(
0

(RO (D) = ffe[ch](t—f){F(O)(g)} aé
0

(21a)
(21b)

as {h'9(¢t)} = {0} according to (11), then (21b)
can be used instead of more general (21a). As
the function h(t) depends on ¢(t), which is the
function we are looking for, then we have a
non-linearity, as according to relationship (10),
h(t) values are needed to determine heat con-
ductivity properties of the media. This non-
linearity is resolved by using Picard iterative
approach method. Angle brackets (-) in h{®(t)
denote the iteration number.
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In order to achieve the rapid convergence of the
solution one may use the linear heat transfer
equation to obtain the temperature distribution
function as first iteration for Picard method.
Namely, the equation can be assumed as:

G 9? ;
a—f =Dy d_x(f + Qe = {8} = [Colte} + (Tsc

(22)
where, Q5 - are the function that includes only
the boundary conditions (1) and (2); Dy - see
(10); see (9) for others.

Unlike in (9) the matrix [C¢] in (22) is not time
dependent and just a matrix of constants
Semi-analytical solution to (22) has the follow-
ing form:

t
{p0(0)} = eloelt{py} + f eleol =T (O)}de  (23)
0

where, {¢,} - is a vector of initial temperature
distribution in the wall at time ¢ = 0. Similarly
to {py}, the initial values of {¢,} in discrete
nodes might be assumed as linear interpolation
between [(¢in = q)in(O)) (¢out =
®,,:(0))] as per (1) and (2).

Having determined the temperature distribution
function at first iteration by (23), one may de-
fine the mass transfer function by using (21b).
Each following iteration for heat transfer prob-
lem requires the solution of (9) which is linear-
ized by the results of previous iteration and be-
comes the second order partial differential equa-
tion with variable coefficients. The solution to
this equation has the form of:

{p*()} =
el @l )

+ eloleO@lar f e Ievelar (70 ) ag (24)
0

where, [C <i)(r)] - the matrix which elements are
the functions of time via (10); {T“)(E)} - a vec-
tor which elements are the functions of time that
include the boundary conditions and heat
source/sink as per (17); i - iteration number.
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Both (22) and (9) have non-essential or Neumann
boundary condition as given by (1) and (2).

2.7. Assumptions

All formulation described in sections above are
based on the following assumptions:

a) At any given point within the domain and at
any given moment of time, the porous media, the
moisture in its vapor and liquid phases are all in
local thermodynamic equilibrium, i.e. have the
same temperatures along with other properties;

b) Porous media is none-deformable and homo-
geneous within each element of the material of
the wall;

c¢) Gas phase (air and vapor) obeys the ideal gas
law;

d) Heat transfer by radiation is negligible and
ignored;

e) Moisture transfer due to gravity is ignored;

f) Condensation and evaporation phenomena do
not change the initial moisture content of the
skeleton significantly such that the degree of
saturation of the porous media might be as-
sumed as a constant within time t € [0 t4],
where t; - is the design time.

2.8. Computation Workflow

Proposed formulation has been converted into a
computation workflow that then is used for de-
veloping of the computer program. Conversion
of governing partial differential equations into
finite element equations is omitted here, as this
can be found in many resources [3].
Computation steps:

Step 1

Form three finite element models with the iden-
tical spatial discretization, one for each of prob-
lems, i.e. vapor transmission, heat transfer and
filtration problem;

Step 2

For a given initial vapor pressure distribution
{po} establish a function of {p} = {p(t)} by us-
ing (19);

Step 3

For a given initial temperature values {¢,} and
by using (23) establish a function of {¢} =
{(j)(i)(t)} where i = 0;
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Step 4

Having the functions of {p} = {p(t)} and {¢} =
{cp(i)(t)} determined on the current iteration,
establish the functions Qf = Q¢(t) and Q@ =
Qy(t) as per (16) and (17) accordingly;

Step 5

Solve filtration problem by using (21) to estab-
lish {n} = {2 (0)};

Step 6

Establish the functions D = D({h}) for the
material conductivities by using (10);

Step 7

Solve the heat transfer problem with variable
coefficients by using (24) incorporating the
conductivity functions as per Step 6 and the heat
sink/source functions Q; = Qy(t) as per Step 4;

Step 8

Compare the temperature distribution values for
a given time t = 0 + t; using the results of Step
7 with the values of temperature distribution
function used at Step 4. Should the difference
between the values are in excess of acceptable
limit, return to Step 4 at the following iteration
(i =i+ 1) where use temperature distribution
function {¢} = {¢p* ()} as it is obtained in
Step 7. If the difference is less than the accepta-
ble limit then the problem is solved.

Above workflow assumes the linearization of
differential equation (9) by Picard method.
This method has been preferred comparing to
any others because it allows to monitor the
iterative progress of every physical phenome-
non happening within the model, be it filtra-
tion or heat transfer; and interpret them in the
framework of boundary conditions and mate-
rial properties.

3. PROBLEM DEFINITION, RESULTS AND
DISCUSSIONS

3.1. Problem Definition

Wall model is assumed to be as in Fig.1. The
goal is to calculate the distribution of tempera-
tures within the wall at the given moment of
time.
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Given:
Inner brickwall thickness ? m

Insulation thickness 23—0 m

Outer brickwall thickness % m

Structure thicknesses are deliberately selected
as wide in order to demonstrate the non-linear
behavior.

Brickwall properties:

Heat conductivity b, = 0340 and p,, = 0375
Unit weight y,,q, = 40024

Vapor conductivity & e
Filtration permeability k;,,, = 017

Insulation layer properties:

Heat conductivity b, = 0033 and p,, = 0.121-=
Unit weight y,,q, = 15022

Vapor conductivity & i

Filtration permeability &, = 15

Vapor pressure boundary conditions:

mgr

=0.17

Vwall

mgr

0.5

Vwau — "

. t .
Puin =873 +50sin (%), in Pa
Pooue = 378+ 314sin (%), in Pa

Temperature boundary conditions:

¢ =20 +4sin (%), in °C
boue = =5+ 15sin (), in °C

Design time period t; = 20hr.

Below are the figures showing the temperatures,
vapor pressure and moisture change variations
throughout the wall in their successive iterations.

Figure 3. Temperature distribution within
the wall at time t = 20hr. 1,2,3,4,5 — distribu-
tion curves for respective iteration.
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Figure 4. Saturated vapor pressure distri-
bution within the wall at time t = 20hr.
1,2,3,4,5 — distribution curves for respective
iteration. 6 - vapor pressure distribution as per
vapour transit problem.

Figure 5. Moisture content variation curves at
t = 20hr. 1,2,3,4,5 — distribution curves for
respective iteration.

Calculation is considered as converged and
completed when the following criterion is satis-
fied:

¢ (ta) — d ()],
||¢(i>(td)”2 +1

< e

where, ¢@(ty), ¢V (t,) — are i and
(i — 1) iterations for temperature distribution
functions evaluated at t = t;; €, — allowable
error (assumed to be 0.001); ||-||, - second norm
of respective vector.

3.2. Discussions
The problem solved in Section 3.1 above has
demonstrated how the solution iteratively has
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been found as per proposed workflow. Red
dashed line 6 in Fig.4 represents the vapor pres-
sure distribution at time t; = 20hr obtained by
solving vapour transit problem (19). Yellow sol-
id line 1 (Fig.4) is the saturated vapor pressure
values being calculated based on linear heat
transfer problem (see yellow line 1 in Fig. 3).
The difference between red line 6 and yellow
line 1 constitutes the evaporation if it is negative
valued and condensation if it is positive valued.
Point of intersection corresponds to the Dew
Point temperature. The filtration problem (7)
solved by accounting this difference results in
moisture variation distribution as shown by yel-
low line 1 in Fig.5.

As the linear relationship is proposed in (Fig.2),
the moisture content defines the heat conduc-
tivity property of respective material in tri-
layered wall structure.

When all corrected values of heat conductivities
D and heat sink/source functions @, are entered
into heat transfer problem (9) and solved by
(24) the temperature distribution curve in sec-
ond iteration is obtained, which is represented
by green dashed curve 2 in Fig.3 and as the sat-
urated vapor pressure distribution curve 2 in
Fig.4. As it can be seen, the temperatures within
the wall from inner face till Dew Point location
(a point of intersection of 1,2,3,4,5 curves with
curve 6 in Fig.4) have decreased, comparing to
the previous iteration, thereafter the tempera-
tures are increased. This can be explained as
follows:

e The wall, up until the Dew Point location ex-
periences the evaporation which results in dry-
ing out of the wall material thus decreasing its
conductivities as per (10). The lower the heat
conductivity the higher the resistance to heat
transfer, and the better its insulation properties.
Also, the heat is partially consumed to compen-
sate the evaporation heat. Therefore, the com-
bined effect of reduced moisture content and the
evaporation heat consumption explains why the
temperature drops within this zone of the wall.

e Once the Dew Point location is crossed,
evaporation changes into the condensation
which increases the moisture content which in

78 International Journal for Computational Civil and Structural Engineering



Coupled Heat and Mass Transfer Problem with Dependent Heat Conduc-tivity Properties and its Semi-Analytical

Solution

turn increases the conductivity. The higher the
conductivity the more the heat is transferred.
Additionally, there is a heat expel due to the
condensation process. Yet again, the combined
effect of these two processes results in increase
of the wall temperature comparing to its previ-
ous iteration.

Having calculated the temperature distribution
functions by solving the non-linear problem in
t € [0,t,], these functions are used for the next
iteration. The iterations fine-tune the evapora-
tion and condensation amounts until the stabi-
lized temperature distribution is achieved. These
iterations are shown in different colors on the
respective figures.

4. CONCLUSIONS

Proposed semi-analytical formulation and com-
putation workflow give a powerful tool to calcu-
late practical the mass and heat transfer prob-
lems in multi-layered structures taking into ac-
count the interaction in between the key physi-
cal processes. Finite element conversion of dif-
ferential equations allows to define and incorpo-
rate many other phenomena mentioned in sec-
tion 2.1 above thus making the formulation a
universal tool.

However, the formulation has also some short-
comings that should be kept in mind while using
it. They are briefly discussed below:

a) Unrestricted Moisture Content Change
Linear relationship as defined in (10) is contin-
uous with practically no upper and lower
bounds. Computationally the argument of (10)
may take such a value that would make the heat
conductivity value or the total moisture content
less than minimum allowable values. Similarly,
the moisture content may rise largely such that
the material would not be able to hold that
amount of liquid water.

The problem of excessive and negative valued
moisture content in the model can be overcame
by introducing the limiting values for moisture
content for each material comprising the wall
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structure. In such case the equation (10) shall
take the following form:

h(t)

Diin; YW = ——= < Wy
Pm
h(t) h(t) h(t)

D <_> = { Dy——+Dg; VW =——€ (Winin, Winax] (25)

Pm Pm Pm
h(t)

Diax; YW = ——=> Wy
Pm

where, W,p,in, Winax - are respectively minimum
and maximum moisture content that respective
material may have; Dy, in, Dimax - are respective-
ly minimum and maximum heat conductivity
coefficients of respective material.

b) Limitation of Saturation Degree during the
Evaporation and the Condensation

Among the other assumptions made in formula-
tion, one regarding the constant degree of satu-
ration is arguable. Excessive condensation and
evaporation will inevitably either fill in the
voids of the material fully (till maximum de-
gree) or dry it out till minimum possible mois-
ture content. Dalton's model, as described in
section 2.4, defines the amount of condensation
or evaporation based on the contact area A as
noted in (12) which is an area of interface sur-
face between the liquid water and the air. Hav-
ing assumed the saturation degree as constant,
the contact area A becomes constant throughout
the material as well. However, the saturation
degree and thus the contact area at evaporation
zone of the model may decrease, whereas it may
increase at the condensation zone. Accordingly,
the total amount of moist being evaporated
should decrease as the material becomes drier
and is actually less than that obtained by pro-
posed calculation, whereas the total amount of
condensation should increase and be more that it
is calculated. This has an effect on temperature
distribution as well. By intuition one may as-
sume that the temperatures all throughout the
wall would be slightly higher comparing to
those obtained by proposed calculation.

The way to overcome this shortcoming is to in-
troduce a function that would calculate the satu-
ration degree in space and time and incorporate
that function into the computation workflow.
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Apparently, the saturation degree should be a
function of moisture content h(t) or Sr =
Sr(h), where Sr is a saturation degree having
its value within a range of [0 -+ 1]. Assuming at
time t = 0 the saturation degree of the material
to be Sr = Sry then (16) can be rewritten as:

_1dM
4 _1 py dt
= —0OAST, (xp t) — xr (t))
Pw
15t term—sink/soource function
1
+—0A(x,(t) —xp(t))Sr(h)
Puw (% /)

2nd term —to be included into FEM

(26)

Here, 15 term in (26) is similar to (16) and is
included into filtration calculations in accord-
ance with proposed workflow. 2@ term can be
further developed by assumption:

Sr(h) = ah (27)
where, a - is some proportionality coefficient.

Then second term will change the filtration gov-
erning equation (7) to the following form:

oh d%h

ot (28)

where,
6(t) = —0Aa (xp(t) - xT(t))
Pw

Q- 18 first term of right-hand side of (26).

This modification to filtration equation makes it
a differential equation with variable coefficients.
Accordingly, it will require the relevant solution
method.

c¢) Filtration Formulation in Unsaturated Media
Filtration equation (16), even with the modifica-
tions as proposed in (b) above, does not accu-
rately describe the flow happening within the
wall. In [2] it is proposed to use the specific
moisture content which is equal to

h(t)
u =
Pm
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and use relevant mass transfer coefficient of the
media that includes the pore saturation degree as
well. This is a kind of generalization of filtration
phenomenon. However, should the filtration
within the unsaturated media (the skeleton) be
described in form of the equation similar to (7)
that equation would become more complicated
and non-linear. By intuition one may say that the
proposed computation method gives conservative
results as it assumes that flow occurs in a con-
stant saturation degree, thus this non-linearity is
ignored and the computation is simplified. The
evaporation/condensation rate may account the
saturation degree effect, if the modification as
proposed in (b) is used, whereas for filtration
problem the saturation degree effect is ignored
posing inconsistency. The numerous computa-
tions being run for various initial conditions and
using the materials properties that are common in
construction industry, showed that mass transfer
due to filtration is relatively small comparing to
the condensation and evaporation, therefore one
may assume that the saturation degree effect, if
ignored in filtration problem only, may constitute
an error within the permissible limits. Nonethe-
less this topic has to be investigated further.

d) Ice formation

Another phenomenon that has not been included
into calculations is the ice formation within the
part of the wall which has negative Celsius tem-
peratures as well the liquid water properties
within porous media which may vary at low
temperature. In [1] it is proposed to introduce a
coefficient €;., that reduces the function (16) at
low temperatures such that it is correcting both
filtration and heat transfer problems. Further
investigations on the way how to include these
factors into the calculations need to be done.
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