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MODELLING OF A THREE-DISPERSED SUSPENSION
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Abstract. The injection method of soil stabilization is one of the methods to improve the soil base during the road
construction. This method consists in the introduction of special compounds into the ground with the help of special
equipment. Such compositions, as a rule, are solutions of polymers or cement, which harden, forming a solid base. The
advantages of the injection method of soil stabilization for roads include rapid completion of work, minimal
environmental impact, the possibility of application in difficult geological conditions, as well as strengthening the soil
base at great depth. Injection solutions penetrate into microcracks and micropores of soils, forming a deposition. The
study of liquid filtration in a porous soil system is of great practical importance. The paper considers the filtration of
liquid in a porous medium with three types of particles. In the considered problem, each of the three types of
suspension particles is characterized by its linear filtration function. It determines the size-exclusion particle capture
mechanism, in which particles whose diameter exceeds the size of the pores get stuck in them, the rest pass through
them unhindered. Numerical solutions are obtained for the concentrations of suspended particles of three types, as well
as the total deposition. Depending on the initial parameters of the problem, the concentrations of suspended particles
are either monotonic functions or non-monotonic, reaching the maximum value. In this paper, asymptotic solutions are
constructed for the concentrations of suspended and retained particles near the concentration front, which are
compared with numerical ones. The solution is obtained at infinity using a traveling wave.

Keywords: suspension filtration, suspended and retained particles, porous medium, filtration function,
asymptotic solution, traveling wave

MOJIEJIUPOBAHUE ®UJIbTPALIUU TPEXJIUCITEPCHOM
CYCIIEH3UUA

I'JI. Cagpuna

HanmonansHbI nccnenopatenbCckuii MOCKOBCKHUI rOCY 1apCTBEHHBIN CTPOUTENILHBIN YHUBEPCUTET,
r. Mocksa, POCCU I

AHHoOTauusi: VIHbEKUMOHHBIN CIOCOO YKPEIUIEHUs] TPYHTOB SIBJISIETCS OJHUM M3 METOJOB YIIy4YLIEHHsI TPYHTOBOIO
OCHOBAHUS MPU CTPOUTEIILCTBE aBTOAOPOr. DTOT METOJ] 3aKII0UaeTCsl BO BBEIEHUU CIELMAIbHBIX COCTABOB B TPYHT
IIPU TIOMOIIX CIIEIHAIbHOTO 000py10oBaHuUs. Takue COCTaBbl, KaK MPAaBHJIIO, SBJSIOTCS PACTBOPAMH ITOIUMEPOB MM
LIEMEHTa, KOTOpbIE 3aTBEPAEBAIOT, 00pa3ys MNPOYHyI0 OCHOBY. K mpenmmyIiecTBaM HMHBEKIMOHHOTO CHOCO0a
YKPEIUIEHHsI TPYHTOB JUTS aBTOJOPOT MOXKHO OTHECTH OBICTpOE BBIMOIHEHHE PabOT, MUHUMAIBHOE BO3JCHCTBHE Ha
OKpY’KaIOIIyI0 CPeay, BO3MOXKHOCTh MPUMEHEHHS B CIIOKHBIX TEOJIOTHYECKHMX YCIOBUSIX, a TAKKe YCHIICHHE
TPYHTOBOTO OCHOBAaHHSI Ha OONBIION TIiyOmHe. VHBEKIMOHHBIC PACTBOPHI IPOHUKAIOT B MHKPOTPEIIMHBI H
MHKpPOTIOPEI TPYHTOB, 00pa3yst ocafok. V3yueHwe (GUIBTpAIMH XHAKOCTH B IMOPHCTOI CHCTEME TPYHTa HMEeT
OoJIBIIIOE TIPAaKTHYECKOe 3HaYeHue. B pabore paccMaTpuBaeTcst (GPMIBTpaIys KUAKOCTH B TIOPHUCTOH cpefie ¢ TpeMs
TUIIAMU 4acTull. B paccMaTpuBaeMoli 3aaue KaxKIbli U3 TPeX BUAOB YaCTUL] CyCIIEH3UU XapaKTepU3yeTcsl JIMHEHHON
¢yHKIIMEH QIIBTpanmi. JTO ONpeAessieT pa3sMEpHbI MEXaHU3M 3aXBaTa YaCTHUII, IPH KOTOPOM YACTHIIBI, THAMETP
KOTOPBIX IPEBBILIAET pa3Mep IOp, 3aCTPEBAIOT B HUX, OCTAJIbHBIE IPOXOIAT 4YEpe3 HUX OeCHpErsITCTBEHHO.
ITostydeHbl YnCI€HHBIE pEelIeHUs UIsl KOHLEHTPALU B3BEILIEHHBIX YaCTULl TPEX TUIIOB, a TaKXKe IIOJHOro ocaaka. B
3aBHCHMOCTH OT HCXO/HBIX NTapaMeTPOB 3aJaul KOHLIEHTPALMKN B3BELIECHHbIX YaCTHULL SIBJISIOTCS JIMOO MOHOTOHHBIMU
(GyHKIMSAMH, MO0 HEMOHOTOHHBIMH, JIOCTHTAIOIIMMH MAaKCHMaJbHOTO 3HaudeHHs. B pabore mocTpoeHO
ACUMITOTHYECKUE PEIIEHUS ISl KOHLIEHTpALUH B3BEIICHHBIX U OCAKICHHBIX YaCTHL] BOJIM3U (PPOHTA KOHLEHTpALUH,
KOTOpbIE CPaBHUBAIOTCA C YUCIIEHHBIMU. [TomydeHo pelieHre Ha OECKOHEUHOCTH C TIOMOUIBIO OEryIieif BOHBI.

KurroueBble ci1oBa: GUIIBTPAIsl CYCIICH3UU, B3BCIICHHBIC U OCaKICHHBIC YaCTHILIBI, [IOPHUCTasi CPE/Ia,
(pyHKIUS QUIBTPALIMU, ACUMIITOTHYECKOE pEIlIeHrE, Oeryias BoJIHa
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INTRODUCTION

Many negative factors affect pavements throughout
their service life. The mechanical effects of road
transport cause bending stresses in concrete and
abrasion of surface layers. Fluctuations in
temperature and relative humidity during the day
and calendar year, as well as cyclic processes of
freezing and thawing, lead to the occurrence of
tensile and compressive stresses in concrete.
Hydrogeological conditions of the location of the
road route, frosting of soil bases as a result of
winter freezing and spring thawing lead to non-
uniform deformations of concrete. Anti-icing
chemical reagents and chemical compounds of the
environment aggressively affect the concrete of the
road bed. All this leads to the need to solve the
problem of durability of road surfaces [1-5].

There are currently many ways to strengthen the
ground bases in road construction [6-10], one of
them 1is the soil stabilization by injection
[11-15]. This method consists in introducing
special compositions (injection solutions) into
the soil to strengthen its properties and increase
its bearing capacity. The process of injecting
soil usually occurs as follows. First, the weak
zones, zones with reduced bearing capacity,
zones with subsidence, etc. on the ground
surface are determined. Then drills are inserted
into these zones and an injection fluid is
injected through them, which fills the pores and
cracks of the soil, strengthening its properties.
Usually injection compositions consist of
cement, sand and water, as well as additives to
improve the properties of the composition.

Figure 1. Soil stabilization by injection
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Injecting soils during the road construction has a
number of advantages. This is a fast and
effective method of strengthening the soil
foundations, which can significantly reduce the
construction time of the road and reduce its cost.
Injecting soils can significantly increase the
bearing capacity of the soil and reduce the
likelihood of subsidence and failures on the
road. This method does not require a large
amount of equipment and labor, which allows it
to be used in the construction of roads in
difficult geological conditions. Soil injection is
an  environmentally  safe  method of
strengthening soil foundations, as it does not
require the wusage of chemicals or other
hazardous substances.

Solving the filtration problem [16, 17] in a
porous medium is an integral part of achieving
the efficiency of the injection process.
Currently, many papers are devoted to the
problems of monodisperse [18-20] and
polydisperse  [21-23] suspension filtration.
Suspension filtration in a porous medium with
several types of particles is the process of
passing a liquid with particles through a porous
medium in which particles of various sizes and
shapes may be present.

In the case of several types of particles, different
filtration processes may occur for each type of
particle. For example, larger particles may
linger in the pores of the medium, and smaller
particles may pass through the pores. It may
also be possible for one type of particle to block
the pores, which prevents the passage of other
types of particles.

To optimize the filtration process in a porous
medium with several types of particles, various
methods can be used, for example, changing the
parameters of the porous medium (pore size,
particle packing density), changing the speed of
liquid passage through the porous medium, etc.
A combination of different methods can also be
used to achieve the best result.

The paper is devoted to the numerical solution
of the problem of bed deep filtration with three-
dispersed suspension. It is assumed that three
types of particles, with different sizes move in a
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porous medium with a constant velocity. Linear
functions for each type of particles differing
only by a multiplier are considered as filtration
functions. The wusage of linear filtration
functions trains the size-exlusion capture
mechanism [24], in which particles freely pass
through pores with a larger diameter than the
pore diameter itself and plug pores with a
smaller diameter.

THE MATHEMATICAL MODEL

0<x<1

t=20

In the domain ‘P={ consider a

hyperbolic system of first-order equations
defining a mathematical model of filtration of a
three-dispersed liquid:

0C,(x,t) . 0C,(x,t) N 0S,(x,1) _
ot Ox ot
oS, (x,1)
ot

0, (1)
=A,(S,,5,,8,)C(x,0),  (2)
i=1,2,3,

where C,(x,?) is the concentration of suspended
S.(x,) 1s the
concentration of retained particles of the i-th
type, A,(S,,S,,S;) is the filtration function of

particles of the i-th type,

the i-th type particles.
The boundary conditions of the problem at
x=0 are

C0,)=C’, i=123, 3)

3
at that ZCiO =1.
i=1
The initial conditions at 7 =0 are

C.(x,00=0,8(x,00=0, i=1,2,3. (4

As filtration functions, we will consider

functions of the form
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3
A, =M, (I_ZBiCiOSi(xﬂt)j’ i=1,2,3, (5

i=1

where A, and P, are some positive constants.
Assume that A, >A, >A,, it means that the

particles of the first type are the largest, and
particles of the third type are the smallest
Let us denote the linear combination in (5) as

3
P=>Y B.CIS(x,1),
i=1

it takes into account the different probabilities
of deposit for different type particles.
The straight line divides the domain ¥ into two

subdomaines W' and W?. In the subdomain

L 10=sx<1 | .

v = , 1.e. under the line f=x, the
0<rt<x

solutions C,(x,?) and S,(x,¢) for every type of

particles are zero. Below this line, i.e. in the

0<x<l1

I>x

subdomain  W? ={ the  solutions

C.(x,t) and S;(x,?), i=1,2,3 are positive. On
the line 7 = x the solutions C,(x,7),i=1,2,3 are
positive and the solutions S(x,7),i=1,2,3 are
equal to =zero. This line is called the
concentration front. So, along the concentration
front the solutions C;(x,7), i=1,2,3 are
the S.(x,1),

i=1,2,3 are continuous.

discontinuous and solutions

The solution at x=0

Taking into account the conditions (3) we have
the heterogeneous system of equations (2) in the
form

oS

a@—é‘:&(l—}))q‘),
aa_gzkz(l_P)Cga
8—;:x3(1—P)Cf.
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Let’s solve the corresponding homogeneous
system of equations

B _ A CY P,
&

—2=,C)P,
&

—2 =), P.
ot

Write down the characteristic polynomial of the
system

2
AR (C) +k AB,CICY A,B,C CY
2
MBCIC,  AB,(CY) +k  ABCICY
2
MBCICY MB.CICY AP (CY) +k

and construct the characteristic equation

KB (C) K +ap,(CO) K +
1B, (C) K =0,

whose solutions are numbers

k1,2 =0, 2 2
by ==B, (C)) =B, (C3) =B (CY)

2

Omitting the calculations, we obtain the solution
of homogeneous system of equations

3 0\2
C? B.C" L.C" —Zm,(c,)r
— =
S—(x[322+a33+oclle"
1 1 0 2 0 3 0 ?
B.C [31Cl3 A G
5 g _Z}‘fﬁf(cf)t
S, =—a, +a, e
0 2
33C3
2m(C)
j=1
S, =-a, +o,e’ ,

where a,, a,, o, are arbitrary constants.
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After that we solve the original inhomogeneous
system of equations by the method of variation
of constants. Taking into account the initial
conditions (4) we get the solutions

7\,,‘Ci0 l_eigkjﬁ/(cy)a
; — ©
IACH

i=1,2,3.

0 =8,(0,0) =

The solution at the concentration front

Taking into account that S,(x,#)=0, i=1,2,3
at t=x the filtration functions (5) are
A, =X, i=12,3, so equations (2) can be
rewritten in the form

0S,(x,1)

=A.C.(x,1).
ot GG

Turn in equation (1) to the characteristic

variables t=¢f—x, x=ux:

aC (x,1)

+1,C(x,0)=0,i=1,2,3.
Oox

Solving the equations with separable variables
we obtain the solutions

C/ =Cle™,i=1,2,3. (7
ASYMPTOTIC SOLUTION NEAR THE

CONCENTRATION FRONT

Let us obtain solutions near the concentration
front in the form of expansions

C.(x,0)=C*(x)+ C(x)(t - x), (8)
S.(x,5)=S! (x)(t—x)+%§i2(x)(t—x)2, 9)
i=1,2,3.

Note, that in expansion (8) there are no terms

Sio(x) , because S, (x,7)=0 at t=x.
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Let us calculate partial derivatives of functions 651- (x,7)

(8) and (9) P S (x)+ 87 (x)(t - ),
ac i=12,3.
CCD _ 65y 4 6 (1)1 —) - €' (),

Ox Substitute these expressions into (1)-(2) and
0C.(x,1) group the terms at the same degrees of (7 —x):
)

ot
1,C0 4 CV 4 (1 —x)(é;' #2,C = 1,C(B,COS! +B,CLS! +B,CYS! )) .20,
G+ 8+ (1=0)(S) =1 C +1,CY (BCIS! +B,CIS1 +B,CYSL) )+ = 0,
Taking into account that C~’l.0 =C/, i=1,2,3, the {éio =Cle ™,
solution of the system of equations S'=rCle™, i=1,2,3."
LYY =0 Obviously, solution C° is equal to C/,
AC'+8'=0, i=12,3 i=1,2,3, obtained in (6).
Solving the system for lower terms
is
éiv + xiéil - xiéio (BICIOSII + Bzcgsg + B3C30§31) =0,
$?=1,Cl+1,C) (B,CIS] +B,C1S, +B,CIS ) =0,
we obtain

C =Gl (B (CP) (1-¢77) B (1) (1= )4 (1) (1-¢7)

§2 = (e ( B (CO) (=0 4206 4By (CO) (1= Oy +2)e ) +By (CF) (2 =y +2)e ™ ))

i=1,2,3.
So, the asympotic solutions are
C(x,1) = Cle ™ +1,C% ( B(COY (1-e™)+p,(Co) (1-e™)+
+B3(c§)2(1_e—w))(t_x), 1o
§(r, 1) = ACoe ™ (1—x)+ %xié?e%x ( B (CO) (2 - (0, + )¢+ -
B, (CF) (=, +2)e™ )+ B, (CF) (2 = (0, 42y )e™ )) (t—x),
i=1,2,3.
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THE SOLUTION AT t—x

Let us obtain the solution at # — oo with usage
of travelling wave. Consider C,=C,(0) and
S, =8,(0), i=12,3, where 0=x-vr with
unknown wave velocity v. In this case the
system (1)-(2) takes the form

(v—1)acf(9)+v6Sf(e) =0, (12)
00 00
VEO G aspyce), a3
00

i=1,23

with infinity boundary conditions
C,(+0) =0, S, (+) =0, (14)
C,(—0)=C;. (15)
i=1,23,
where Cl.0 , 1=1,2,3 are determined with

conditions (3).
Substituting (13) into (12)

ac,(6)

(1-P)= v—1 aC,(0)
CAC(8) 00

,i=1,23. (17)

Using the expressions (17) we can construct the
system of equations

1 aC(0) 1 aC,(6)

AC(0) 80 A,C,(0) 00
1 aC,® 1 ac(e)

ALC(O) 80 AC(0) 00

2

b

integrating it with conditions (15) we obtain

Ay
M

b

_ o[ GO
cz(e>—cz( 5 j

b, (18)

o[ GO
c3(e)_c3[ 5 J .

1

Let us itegrate the equation (12) over variable 0
(v—l)Ci(6)+vSl.(9) =0,7i=1,23

and express

(v=1) M(1-P)C®=0. (16) 5,0 =— "), i=123. (19
i=1,2,3, v
we obtain Substite expressions (18) and (19) into (12) for
the first type of particles we obtain the equation
LY A
oC,(0) 1 1 2 C,(0) | 2( C(0) M
T | e BCIGO) B, (CY) (C— +B(C) | o | ||a®@=0 @0
with initial condition C,(0)=C,, where 0<C, <C?.
Integrating separable differential equation (20), we obtain
@
\ dc,
j ' - 5 =M0. 1)
Cl 1

Volume 19, Issue 2, 2023

1 0 0)?
G|,y | BACO+B,(C)) (

C,(0) | o2 C(8)
C”] +B3(Cg)[ “j

1
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Taking into account the equality (15) we obtain the formula for velocity v from (21)

_ BUC +B(C +BUCY o)
1+B,(C)) +B,(CI) +Bo(C))°

NUMERICAL SOLUTION The graphs of retained particle concentrations

Since the problem (1)-(4) has no analytical 5i(x) (the black line), S5,(x) (the red line),

solution, we will solve it numerically using S;(x) (the blue line) and the total deposit
explicit difference schemes. To approximate concentration S(x) (the green line) are shown
first-order derivatives, we use the values jp Fig 1 at different times for the first parameter
h,=h,=0.01 as steps along the coordinate combination from the Table 1. The figure shows
axes, in this case the Courant condition is that the concentrations §,(x), S,(x) and S(x)
fulfilled [25]. Let us set the coefficients of the  decrease on the total segment xe[0;1]. The
filtration functions A, i=1,2,3: A, =10,

h, =5, h;=25. We solve the problem for ,p0u¢ time ¢~0.2 , then the graph behaves non-
three different sets of parameters C; and B, monotonically: it first increases, reaching its
maximum value, and then begins to decrease.
Beginning at a point in time ¢ ~1.3 the solution
Table I S,(x) is an increasing function for all x €[0;1].

solution §,(x) decreases monotonically until

i=1,2,3, presented in Table 1.

° 0 0 0
Ne G G G B, P, By The movement of the maximum point of §,(x)
1 03 ] 02 | 0.5 4 6 12 is shown in Fig. 2.
2 03 ] 05 ] 0.2 4 6 8
3 04 | 0.5 | 0.1 8 5 7
t=0.1 1=02 =05
S S S
0.30 0.4 0.4
0.25 0.3
0.20 i
0.15
0.10
0.05
X 3 X
02 04 06 08 1.0 : 04 06 0% 10
(a) (b)
S S
0.4 0.4
3 ' 0.3}
) 02" 02"
R e — 0.1
: x . : . : X : . : : - X
02 04 06 08 1.0 02 04 06 08 10 02 04 06 08 10
(d (© 7

Figure 1. The solutions of retained particles concentrations for three types of particles and total
deposit at different times (set 1)
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1.0°
0.8+
0.6¢
04+
02}

: : ' ' : -t
05 1.0 1.5 2.0 25 3.0

Figure 2. Movement of the maximum point of the concentration S,(x)

The plots of §,(x) (the black line), S,(x) (the
red line), S;(x) (the blue line) and S(x) (the

green line) for the second parameter
combination from the Table 1 are shown in
Fig.3. The solutions S, (x) and S(x) are

monotonously decreasing functions for any time
values. §,(x) is a monotonously decreasing

curve until 7~0.23, after that it is non-

t =0.15, after that it has the maximum point.
In Fig. 4 the graphs of moving the maximum of
the concentrations S,(x,7) (Fig.4a) and

S,(x,t) (Fig. 4b) are presented. From Fig. 3 it

can be seen that starting from the moment of
time #~0.2 the solutions S,(x,?) (Fig. 4(a))

and S;(x,7) (Fig. 4(b)) have the maximum
point which moves along the axis x until it

monotonic. S;(x) always decreases until reaches the filter outlet.
1=0.1 =02 =05
S S S
035 ;»
0.30:
0.25/
0.20+
0.15
0.10+
005 _
x : .. X X
02 04 06 08 1.0 02 04 06 08 1.0 1.0
(@)
f=] =15
S S
0.4
o W
0.2\
Gl —————

(d)

02 04 06 08 10

)

Figure 3. The solutions of retained particles concentrations for three types of particles and total
deposit at different times (set 2)
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0.6}
0.5}
0.4}
0.3}
0.2}
0.1}

: : : : : - 1
05 1.0 1.5 20 25 3.0
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1.0}
0.8}
0.6
0.4r
0.2}

: : : : : -1
05 1.0 15 20 25 3.0

(b)

Figure 4. Movement of the maximum point of the concentrations S,(x) and S,(x)

In Fig. 5 the graphs of functions S (x) (the
black line), §,(x) (the red line), S,(x) (the blue
line) and S(x) (the green line) for the third case
from Table 1 are shown. The solution S, (x)

always monotonously decreases. There is a
decrease 1n functions S,(x), S,(x) and the total

deposit S(x): S,(x) and S;(x) decrease until

t~0.1, S(x) decreases until #~0.15. After

that each function becomes non-monotonic:
every maximum point moves from inlet to outlet
of filter with increasing time. The graphs of
movement of the maximum point of S,(x,?)

(Fig. 6(a)), S,(x,?) (Fig.6(b)) and S,(x,?)
(Fig. 6(c)) are presented in Fig. 6.

1=0.1 1202 1205
s S S
0.30 0.35 035
025 8;(5)' 0.30"
0.20} LIE 025
0.15) 0.20 0.20*
' 0.15¢ 0.15:
0.10°7 0.10 0.10°
0,05 0.05} 0.05"
02 04 06 08 10 02 04 06 08 10 02 04 06 08 10
(a) (c)
t=1 =15 =3
s g S
- _ - 04, -
03 ' 03! 03!
: 02be
0.1
X % feriiony X
02 04 06 08 10 02 04 06 08 10 02 04 06 08 1.0
(d) )

Figure 5. Solutions of retained particles concentrations for three types of particles and total deposit
at different times (set 3)
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X X X
1.0 1.0/ 10/
0.8 0.8 0.8
0.6 0.6/ 0.6
0.4 0.4} 0.4
0.2} 02| 02

05 1.0 15 20 25 30

(@) (b)

e
05 10 1.5 20 25 3.0

e
05 10 15 20 25 30

()

Figure 6. Movement of the maximum point of the concentrations S,(x), S,(x) and S(x)

The graphs of concentrations S,(¢) (Fig. 7(a)),
S,(¢) (Fig. 7(b)) and S,(¢) (Fig. 7(c)) and their
asymptotic solutions S,(r), S,(r) and S,(¢),
obtained by formulas (11), at x=0.5 are shown
in Fig. 7. The black curves correspond to the
numerical solutions and the red lines correspond
to the asymptotic ones. Fig. 8 shows similar
graphs at the filter outlet at x =1. The following
parameters are choosen: A, =0.5, A, =0.25,
A, =0.125, C'=02, C)=03, C)=05,
B,=2, B,=4, B, =5. It can be seen from the
graphs that the concentration of suspended

asymptotics 51 (1), 5‘2 (t) and 53 (t) are shown
in Fig. 9. The black line corresponds to x =0.5
and the red line corresponds to x=1. With
increasing, i.e. with distance from the
concentration front, the relative errors of the
asymptotics for each type of particles increase.
At the same time, it can be seen that the relative
errors at x =0.5 are much greater than at x=1.

Both at x=0.5 and x =1, the asymptotic S‘l (1)

has the smallest error and .§3 (t) has the largest

one. The maximum values of the relative errors
are presented in Table 2.

particles of the first type has the best Table 2
approximation, while for all three types of S‘l 0 52(;) §3(1)
suspended particles, the closer to the filter =05 10 % 19 % 23 %
output, the closer the asymptotic solution is to =1 5o 4% 99
the numerical one. The graphs of relative errors
of  suspended  particles concentration
x=05 x=0.5 x=05
§i $ 83
00! oisl 0.15
0.15 ool 0100
0.10°
005 0.05; 0
ro2 3 4 st o2 3 4 st I 2 3 4 5!
(@) (b) (c)

Figure 7. Numerical and asymptotic solutions for three types of retained particles at x =0.5
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Sy 8> 83
0.20; [ _
: 0.15- 0.14
0.15¢ ; 0.12}
f t 0.10
0.10 0‘]05 0.08
' i 0.06 ¢
0.05" 0.05| 0.04
- i 0.02}
r | 7 ! =1 -}
1 g 3 4 8 1 2 3 4 5 1 5 5 4 5
(a) (b) (©)
Figure 8. Numerical and asymptotic solutions for three types of retained particles at x =1
651-100% 852-100% 653-100%
10
) 15l 20¢
15
6 10 L
4L 10 ¢
5 5¢ / 5F /
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Figure 9. Relative errors of asymptotics for three types of retained particles for x =0.5 and x =1

The graphs of the numerical solutions C,()
(Fig. 10(a)), C,(r)  (Fig. 10(b)), C, (1)
(Fig. 10(c)) and their asymptotics C,(¢), C,(¢)
and C~’3 (), obtained by formulas (10) at

x=0.5, are presented in Fig. 10. Numerical
solutions are shown with black lines, the
asymptotic solutions are shown with red lines.
Similar graphs at the filter inlet are shown in
Fig. 11. In contrast to the asymptotics of
retained particles concentrations, the deviations
of asymptotics of suspended particles
concentrations do not depend on x, they remain
the same at x=0.5 and x=1. The asymptotics
of the concentration of the third type of particles
approximates the numerical solution in the best
way. Fig. 12 shows plots of relative errors of
asymptotics for three types of suspended
particles at x=0.5 and x=1. The black lines
correspond to the case of x=0.5, the red ones
correspond to x=1. Analysis of these
dependencies shows that the behavior of the

relative errors of the asymptotics C~'2 (#) and

Q(t) are very similar: at first, the relative

errors calculated for x=0.5 and x=1,
practically coincide, and after reaching a certain

point in time (#~3 for C~‘2(t) and r~2.6 for

@(t) ), the relative error at the filter outlet
begins to increase faster than at x=0.5. The
relative deviations of the asymptotics C~’1(t) at

x=0.5 and x=1 by the time ¢ = 2.6 maximum
deviate from each other, then begin to converge
again so that by the time 7~9 they reach the
same value. Every function in this case is
monotonically increasing. The values of the
largest relative errors of asymptotics of
suspended particles concentrations are presented
in Table 3.

Table 3
(@) G, () G (1)
x=0.5 10 % 19 % 23 %
x=1 5% 4 % 9%
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Figure 10. Numerical and asymptotic solutions for three types of suspended particles at x =0.5
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Figure 11. Numerical and asymptotic solutions for three types of suspended particles at x =1
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Figure 12. Relative errors of asymptotics for three types of suspended particles for x =0.5 and
x=1

Fig. 13 shows the graphs of travelling waves, black curves correspond to the value of
that determine the concentrations of suspended él = 0.4, the red curves correspond to é1 -03.

particles at £ — oo, obtained using formulas (21) Fig. 14 shows similar graphs of retained

and  (18). The values of parameteﬁs T particles concentrations obtained with equations
A =05, A,=025, A, =0.125, C; =04, (19).

C)=0.5, C)=0.1, B, =8, B, =5, B;=7. The
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Figure 13. Solutions for three types of suspended particles at t — o with usage of travelling wave
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Figure 14. Solutions for three types of retained particles at t — © with usage of travelling wave

CONCLUSION

The problem with 3 types of particles is
considered for the first time.

The asymptotics of the solutions near the
concentration front are constructed.

The concentrations of partial deposits and total
deposit are investigated. Similarly [22], the
concentration of large retained particles always
decreases monotonically, the concentration of
small retained particles is non-monotonic. The
concentration of total deposit remains
monotonic or non-monotonic depending on the
problem parameters. The concentration of
medium retained particles can also be
monotonic or non-monotonic.

Nonmonotonic particles concentrations have a
maximum point. The movements of the
maximum points in dependence of time were
investigated. It was found that for the chosen
parameters the points of maximum of the
concentration of total deposit and deposit of
small particles grow indefinitely with increasing
time, while the point of maximum of the

medium retained particles concentration is

limited.
The travelling waves, determining the
concentrations of retained and suspended

particles at # — oo, are obtained.
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