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Abstract. The injection method of soil stabilization is one of the methods to improve the soil base during the road 
construction. This method consists in the introduction of special compounds into the ground with the help of special 
equipment. Such compositions, as a rule, are solutions of polymers or cement, which harden, forming a solid base. The 
advantages of the injection method of soil stabilization for roads include rapid completion of work, minimal 
environmental impact, the possibility of application in difficult geological conditions, as well as strengthening the soil 
base at great depth. Injection solutions penetrate into microcracks and micropores of soils, forming a deposition. The 
study of liquid filtration in a porous soil system is of great practical importance. The paper considers the filtration of 
liquid in a porous medium with three types of particles. In the considered problem, each of the three types of 
suspension particles is characterized by its linear filtration function. It determines the size-exclusion particle capture 
mechanism, in which particles whose diameter exceeds the size of the pores get stuck in them, the rest pass through 
them unhindered. Numerical solutions are obtained for the concentrations of suspended particles of three types, as well 
as the total deposition. Depending on the initial parameters of the problem, the concentrations of suspended particles 
are either monotonic functions or non-monotonic, reaching the maximum value. In this paper, asymptotic solutions are 
constructed for the concentrations of suspended and retained particles near the concentration front, which are 
compared with numerical ones. The solution is obtained at infinity using a traveling wave. 
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INTRODUCTION 
 
Many negative factors affect pavements throughout 
their service life. The mechanical effects of road 
transport cause bending stresses in concrete and 
abrasion of surface layers. Fluctuations in 
temperature and relative humidity during the day 
and calendar year, as well as cyclic processes of 
freezing and thawing, lead to the occurrence of 
tensile and compressive stresses in concrete. 
Hydrogeological conditions of the location of the 
road route, frosting of soil bases as a result of 
winter freezing and spring thawing lead to non-
uniform deformations of concrete. Anti-icing 
chemical reagents and chemical compounds of the 
environment aggressively affect the concrete of the 
road bed. All this leads to the need to solve the 
problem of durability of road surfaces [1-5]. 
There are currently many ways to strengthen the 
ground bases in road construction [6-10], one of 
them is the soil stabilization by injection  
[11-15]. This method consists in introducing 
special compositions (injection solutions) into 
the soil to strengthen its properties and increase 
its bearing capacity. The process of injecting 
soil usually occurs as follows. First, the weak 
zones, zones with reduced bearing capacity, 
zones with subsidence, etc. on the ground 
surface are determined. Then drills are inserted 
into these zones and an injection fluid is 
injected through them, which fills the pores and 
cracks of the soil, strengthening its properties. 
Usually injection compositions consist of 
cement, sand and water, as well as additives to 
improve the properties of the composition. 
 

 

Figure 1. Soil stabilization by injection 

Injecting soils during the road construction has a 
number of advantages. This is a fast and 
effective method of strengthening the soil 
foundations, which can significantly reduce the 
construction time of the road and reduce its cost. 
Injecting soils can significantly increase the 
bearing capacity of the soil and reduce the 
likelihood of subsidence and failures on the 
road. This method does not require a large 
amount of equipment and labor, which allows it 
to be used in the construction of roads in 
difficult geological conditions. Soil injection is 
an environmentally safe method of 
strengthening soil foundations, as it does not 
require the usage of chemicals or other 
hazardous substances. 
Solving the filtration problem [16, 17] in a 
porous medium is an integral part of achieving 
the efficiency of the injection process. 
Currently, many papers are devoted to the 
problems of monodisperse [18-20] and 
polydisperse [21-23] suspension filtration. 
Suspension filtration in a porous medium with 
several types of particles is the process of 
passing a liquid with particles through a porous 
medium in which particles of various sizes and 
shapes may be present. 
In the case of several types of particles, different 
filtration processes may occur for each type of 
particle. For example, larger particles may 
linger in the pores of the medium, and smaller 
particles may pass through the pores. It may 
also be possible for one type of particle to block 
the pores, which prevents the passage of other 
types of particles. 
To optimize the filtration process in a porous 
medium with several types of particles, various 
methods can be used, for example, changing the 
parameters of the porous medium (pore size, 
particle packing density), changing the speed of 
liquid passage through the porous medium, etc. 
A combination of different methods can also be 
used to achieve the best result. 
The paper is devoted to the numerical solution 
of the problem of bed deep filtration with three-
dispersed suspension. It is assumed that three 
types of particles, with different sizes move in a 

Modelling of a Three-Dispersed Suspension Filtration



16 International Journal for Computational Civil and Structural Engineering

porous medium with a constant velocity. Linear 
functions for each type of particles differing 
only by a multiplier are considered as filtration 
functions. The usage of linear filtration 
functions trains the size-exlusion capture 
mechanism [24], in which particles freely pass 
through pores with a larger diameter than the 
pore diameter itself and plug pores with a 
smaller diameter.  
 
 
THE MATHEMATICAL MODEL 
 

In the domain 
0 1

0

x
t
� ��

� � � ��
 consider a 

hyperbolic system of first-order equations 
defining a mathematical model of filtration of a 
three-dispersed liquid:   
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where ( , )iC x t  is the concentration of suspended 

particles of the i-th type, ( , )iS x t  is the 

concentration of retained particles of the i-th 
type, � �1 2 3, ,i S S S
  is the filtration function of 

the i-th type particles. 
The boundary conditions of the problem at 

0x �  are 
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The initial conditions at 0t �  are  
 

( , 0) 0, ( , 0) 0, 1,2,3i iC x S x i� � � . (4) 

 
As filtration functions, we will consider 
functions of the form 
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where i�  and i�  are some positive constants. 

Assume that 1 2 3� � � � � , it means that the 

particles of the first type are the largest, and 
particles of the third type are the smallest 
Let us denote the linear combination in (5) as 
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it takes into account the different probabilities 
of deposit for different type particles. 
The straight line divides the domain �  into two 
subdomaines 1�  and 2� . In the subdomain 

1 0 1

0

x
t x

� ��
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, i.e. under the line t x� , the 

solutions ( , )iC x t  and ( , )iS x t  for every type of 

particles are zero. Below this line, i.e. in the 

subdomain 2 0 1x
t x
� ��

� � � ��
 the solutions 

( , )iC x t  and ( , ),iS x t  1, 2, 3i �  are positive. On 

the line t x�  the solutions ( , ), 1, 2, 3iC x t i �  are 

positive and the solutions ( , ), 1, 2, 3iS x t i �  are 

equal to zero. This line is called the 
concentration front. So, along the concentration 
front the solutions ( , )iC x t , 1, 2, 3i �  are 

discontinuous and the solutions ( , )iS x t ,  

1, 2, 3i �  are continuous. 
 
The solution at x=0  
Taking into account the conditions (3) we have 
the heterogeneous system of equations (2) in the 
form 
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Let’s solve the corresponding homogeneous 
system of equations 
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Write down the characteristic polynomial of the 
system 
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and construct the characteristic equation 
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whose solutions are numbers  
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Omitting the calculations, we obtain the solution 
of homogeneous system of equations  
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where 1 2 3, ,� � �  are arbitrary constants. 

After that we solve the original inhomogeneous 
system of equations by the method of variation 
of constants. Taking into account the initial 
conditions (4) we get the solutions 
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The solution at the concentration front 
Taking into account that ( , ) 0iS x t � , 1, 2, 3i �  

at t x�  the filtration functions (5) are  
, 1, 2, 3i i i
 � � � , so equations (2) can be 

rewritten in the form  
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Turn in equation (1) to the characteristic 
variables ,t x x x� � � � : 
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Solving the equations with separable variables 
we obtain the solutions  

 
0 i xf

i iC C e��� , 1, 2, 3i � . (7) 
 
 
ASYMPTOTIC SOLUTION NEAR THE 
CONCENTRATION FRONT 
 
Let us obtain solutions near the concentration 
front in the form of expansions 
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Note, that in expansion (8) there are no terms 
0 ( )iS x� , because ( , ) 0iS x t �  at t x� . 
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Let us calculate partial derivatives of functions 
(8) and (9) 
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Substitute these expressions into (1)-(2) and 
group the terms at the same degrees of ( )t x� : 
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Taking into account that 0 0 , 1, 2,3,i i@ . (� ��  the 
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Obviously, solution 0
i@�  is equal to f

iC , 

1, 2, 3i � , obtained in (6). 
Solving the system for lower terms
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we obtain 
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So, the asympotic solutions are 
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THE SOLUTION AT t¬­
 
 
Let us obtain the solution at t ! "  with usage 
of travelling wave. Consider ( )i iC C� #  and 

( )i iS S� # , 1, 2,3,i �  where x t# � � $  with 

unknown wave velocity $ . In this case the 
system (1)-(2) takes the form 
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integrating it with conditions (15) we obtain 
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Let us itegrate the equation (12) over variable #  
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ˆ0 C C� � . 

Integrating separable differential equation (20), we obtain  
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Taking into account the equality (15) we obtain the formula for velocity $  from (21) 
 

0 2 0 2 0 2
1 1 2 2 3 3

0 2 0 2 0 2
1 1 2 2 3 3

( ) ( ) ( )

1 ( ) ( ) ( )

C C C
C C C

� 
 � 
 �
$ �


 � 
 � 
 �
. (22) 

 
NUMERICAL SOLUTION  
 
Since the problem (1)-(4) has no analytical 
solution, we will solve it numerically using 
explicit difference schemes. To approximate 
first-order derivatives, we use the values 

0.01t xh h� �  as steps along the coordinate 

axes, in this case the Courant condition is 
fulfilled [25]. Let us set the coefficients of the 
filtration functions , 1, 2, 3i i
 � : 1 10� � , 

2 5� � , 3 2.5� � . We solve the problem for 

three different sets of parameters 0
iC  and 0

i� , 

1, 2, 3i � , presented in Table 1.  

Table 1   
Û 0

1C  0
2C  0

3C  1�  2�  3�  

1 0.3 0.2 0.5 4 6 12 
2 0.3 0.5 0.2 4 6 8 
3 0.4 0.5 0.1 8 5 7 

The graphs of retained particle concentrations 

1( )S x  (the black line), 2 ( )S x  (the red line), 

3 ( )S x  (the blue line) and the total deposit 

concentration ( )S x  (the green line) are shown 
in Fig. 1 at different times for the first parameter 
combination from the Table 1. The figure shows 
that the concentrations 1( )S x , 2 ( )S x  and ( )S x  

decrease on the total segment [0;1]x & . The 

solution 3( )S x  decreases monotonically until 

about time 0.2t ' , then the graph behaves non-
monotonically: it first increases, reaching its 
maximum value, and then begins to decrease. 
Beginning at a point in time 1.3t '  the solution 

3( )S x  is an increasing function for all [0;1]x & . 

The movement of the maximum point of 3( )S x  

is shown in Fig. 2.  

 

 

 

 

 

 
(a) (b) (c) 

   
(d) (e) (f) 

Figure 1.  The solutions of retained particles concentrations for three types of particles and total 
deposit at different times (set 1) 
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Figure 2. Movement of the maximum point of the concentration 3 ( )S x  

 
The plots of 1( )S x  (the black line), 2 ( )S x  (the 

red line), 3 ( )S x  (the blue line) and ( )S x  (the 

green line) for the second parameter 
combination from the Table 1 are shown in 
Fig. 3. The solutions 1( )S x  and ( )S x  are 

monotonously decreasing functions for any time 
values. 2 ( )S x  is a monotonously decreasing 

curve until 0.23t ' , after that it is non-
monotonic. 3 ( )S x  always decreases until 

0.15t ' , after that it has the maximum point.  
In Fig. 4 the graphs of moving the maximum of 
the concentrations 2 ( , )S x t  (Fig. 4a) and 

3( , )S x t  (Fig. 4b) are presented. From Fig. 3 it 

can be seen that starting from the moment of 
time 0.2t '  the solutions 2 ( , )S x t  (Fig. 4(a)) 

and 3( , )S x t  (Fig. 4(b)) have the maximum 

point which moves along the axis x until it 
reaches the filter outlet.  

   

(a) (b) (c) 

   

(d) (e) (f) 
Figure 3. The solutions of retained particles concentrations for three types of particles and total 

deposit at different times (set 2) 
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(a)  (b) 

Figure 4. Movement of the maximum point of the concentrations 2 ( )S x  and 3 ( )S x  
 
In Fig. 5 the graphs of functions 1( )S x  (the 

black line), 2 ( )S x  (the red line), 3 ( )S x  (the blue 

line) and ( )S x  (the green line) for the third case 

from Table 1 are shown. The solution 1( )S x  

always monotonously decreases. There is a 
decrease in functions 2 ( )S x , 3 ( )S x  and the total 

deposit ( )S x : 2 ( )S x  and 3( )S x  decrease until 

0.1t ' , ( )S x  decreases until 0.15t ' . After 
that each function becomes non-monotonic: 
every maximum point moves from inlet to outlet 
of filter with increasing time. The graphs of 
movement of the maximum point of 2 ( , )S x t  

(Fig. 6(a)), 3 ( , )S x t  (Fig. 6(b)) and 3( , )S x t  
(Fig. 6(c)) are presented in Fig. 6. 

  

(a) (b) (c) 

   

(d) (e) (f) 
Figure 5. Solutions of retained particles concentrations for three types of particles and total deposit 

at different times (set 3) 
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(a) (b) (c) 

Figure 6. Movement of the maximum point of the concentrations 2 ( )S x , 3 ( )S x  and ( )S x  

The graphs of concentrations 1( )S t  (Fig. 7(a)), 

2 ( )S t  (Fig. 7(b)) and 3( )S t  (Fig. 7(c)) and their 

asymptotic solutions 1( )S t� , 2 ( )S t�  and 3( )S t� , 

obtained by formulas (11), at 0.5x �  are shown 
in Fig. 7. The black curves correspond to the 
numerical solutions and the red lines correspond 
to the asymptotic ones. Fig. 8 shows similar 
graphs at the filter outlet at 1x � . The following 
parameters are choosen: 1 0.5� � , 2 0.25� � , 

3 0.125� � , 0
1 0.2C � , 0

2 0.3C � , 0
2 0.5C � , 

1 2� � , 2 4� � , 3 5� � . It can be seen from the 

graphs that the concentration of suspended 
particles of the first type has the best 
approximation, while for all three types of 
suspended particles, the closer to the filter 
output, the closer the asymptotic solution is to 
the numerical one. The graphs of relative errors 
of suspended particles concentration 

asymptotics 1( )S t� , 2 ( )S t�  and 3( )S t�  are shown 

in Fig. 9. The black line corresponds to 0.5x �  
and the red line corresponds to 1x � . With 
increasing, i.e. with distance from the 
concentration front, the relative errors of the 
asymptotics for each type of particles increase. 
At the same time, it can be seen that the relative 
errors at 0.5x �  are much greater than at 1x � . 

Both at 0.5x �  and 1x � , the asymptotic 1( )S t�  

has the smallest error and 3( )S t�  has the largest 

one. The maximum values of the relative errors 
are presented in Table 2. 

Table 2 
 

1( )S t�  2 ( )S t�  3 ( )S t�  

0.5x �  10 % 19 % 23 % 
1x �  5 % 4 % 9 % 

 

 

 1 2 3 4 5
t

0.05

0.10

0.15

S2

x 0.5

  
(a) (b) (c) 

Figure 7. Numerical and asymptotic solutions for three types of retained particles at 0.5x �  
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(a) (b) (c) 

Figure 8. Numerical and asymptotic solutions for three types of retained particles at 1x �  
 

   
(a) (b) (c) 

Figure 9. Relative errors of asymptotics for three types of retained particles for 0.5x �  and 1x �  
 
The graphs of the numerical solutions 1( )@ /  

(Fig. 10(a)), 2 ( )@ /  (Fig. 10(b)), 3 ( )@ /  

(Fig. 10(c)) and their asymptotics 1( )@ /� , 2 ( )@ /�  

and 3( )@ /� , obtained by formulas (10) at 

0.5x � , are presented in Fig. 10. Numerical 
solutions are shown with black lines, the 
asymptotic solutions are shown with red lines. 
Similar graphs at the filter inlet are shown in 
Fig. 11. In contrast to the asymptotics of 
retained particles concentrations, the deviations 
of asymptotics of suspended particles 
concentrations do not depend on x , they remain 
the same at 0.5x �  and 1x � . The asymptotics 
of the concentration of the third type of particles 
approximates the numerical solution in the best 
way. Fig. 12 shows plots of relative errors of 
asymptotics for three types of suspended 
particles at 0.5x �  and 1x � . The black lines 
correspond to the case of 0.5x � , the red ones 
correspond to 1x � . Analysis of these 
dependencies shows that the behavior of the 
relative errors of the asymptotics 2 ( )@ /�  and 

3( )@ /�  are very similar: at first, the relative 

errors calculated for 0.5x �  and 1x � , 
practically coincide, and after reaching a certain 
point in time ( 3t '  for 2 ( )@ /�  and 2.6t '  for 

3( )@ /� ), the relative error at the filter outlet 

begins to increase faster than at 0.5x � . The 

relative deviations of the asymptotics 1( )@ /�  at 

0.5x �  and 1x �  by the time 2.6t '  maximum 
deviate from each other, then begin to converge 
again so that by the time 9t '  they reach the 
same value. Every function in this case is 
monotonically increasing. The values of the 
largest relative errors of asymptotics of 
suspended particles concentrations are presented 
in Table 3. 

Table 3 
 

1( )@ /�  2 ( )@ /�  3 ( )@ /�  

0.5x �  10 % 19 % 23 % 
1x �  5 % 4 % 9 % 
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(a) (b) (c) 

Figure 10. Numerical and asymptotic solutions for three types of suspended particles at 0.5x �  

 

   
(a) (b) (c) 

Figure 11. Numerical and asymptotic solutions for three types of suspended particles at 1x �  
 

   
(a) (b) (c) 

Figure 12. Relative errors of asymptotics for three types of suspended particles for 0.5x �  and 
1x �  

 

Fig. 13 shows the graphs of travelling waves, 
that determine the concentrations of suspended 
particles at t ! " , obtained using formulas (21) 
and (18). The values of parameters are:  

1 0.5� � , 2 0.25� � , 3 0.125� � , 0
1 0.4C � , 

0
2 0.5C � , 0

2 0.1C � , 1 8� � , 2 5� � , 3 7� � . The 

black curves correspond to the value of 

1
ˆ 0.4C � , the red curves correspond to 1

ˆ 0.3C � . 

Fig. 14 shows similar graphs of retained 
particles concentrations obtained with equations 
(19). 
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(a) (b) (c) 
Figure 13. Solutions for three types of suspended particles at t ! "  with usage of travelling wave 

   
(a) (b) (c) 

Figure 14. Solutions for three types of retained particles at t ! "  with usage of travelling wave 
 
CONCLUSION 
 
The problem with 3 types of particles is 
considered for the first time. 
The asymptotics of the solutions near the 
concentration front are constructed. 
The concentrations of partial deposits and total 
deposit are investigated. Similarly [22], the 
concentration of large retained particles always 
decreases monotonically, the concentration of 
small retained particles is non-monotonic. The 
concentration of total deposit remains 
monotonic or non-monotonic depending on the 
problem parameters. The concentration of 
medium retained particles can also be 
monotonic or non-monotonic. 
Nonmonotonic particles concentrations have a 
maximum point. The movements of the 
maximum points in dependence of time were 
investigated. It was found that for the chosen 
parameters the points of maximum of the 
concentration of total deposit and deposit of 
small particles grow indefinitely with increasing 
time, while the point of maximum of the 

medium retained particles concentration is 
limited. 
The travelling waves, determining the 
concentrations of retained and suspended 
particles at t ! " , are obtained. 
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