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Abstract: For some elastic systems with a finite number of degrees of freedom of masses, in which the directions
of mass movement are parallel and lie in the same plane (for example, rods), special methods have been developed
for creating additional constraints, the introduction of each of which purposefully increases the value of only one
natural frequency and does not change any from the natural modes. The method of forming a matrix of additional
stiffness coefficients that characterize such targeted constraint in this problem can also be applied when solving a
similar problem for elastic systems with a finite number of degrees of mass freedom, in which the directions of
mass movement are parallel, but do not lie in the same plane (for example, plates). At the same time, for such
systems, only the requirements for the design schemes of additional targeted constraints are formulated, and not
the methods for their creation. The distinctive paper is devoted to solution of corresponding sample of plate anal -
ysis with the use of approach that allows researcher to create computational schemes for additional targeted con-
straints for such systems.
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OJTHOM COOCTBEHHOM YaCTOTHI M HE U3MEHSET HU OAHY U3 (POpM COOCTBEHHBIX KojieOaHnii. MeTox hopMUpOBaHUS
MaTPHIIBI JOTIOJTHUTEIBHBIX KO3((GHUINEHTOB )KECTKOCTH, XapaKTEPHU3YIOIINX B ATON 3a/1a4€ TaKyIO MPULEIbHYIO
CBSI3b, MOKET OBITH IIPUMEHEH W NPH PELICHUH aHAJIOTMYHON 3aJa4uM Ul yIIPYTUX CHCTEM ¢ KOHEYHBIM YHCIIOM
cTemneHeil cBoOOAbI Mace, y KOTOPBIX HAIIPaBJIEHHs ABUKEHHs Macc NapajliesbHbl, HO He JIeKaT B OJHOM MIOCKO-
cTU (HampuMep, IIaCTUHBI). BMecTe ¢ TeM Aist Takux cucteM cOpMyIMPOBaHBI JINIIb TPEOOBAHUS K PACUETHBIM
CXeMaM JIOMOJHUTENbHBIX NPHULENIBHBIX CBs3€H, a He METO/Ibl X CO3AaHusA. B 1aHHOI cTaThe paccMaTpUBaeTCs
TIpuMep IPUMEHEHUS ISl TUIACTHH pa3paboTaHHOTO MOJX0/a, MO3BOJISIOIIETO CO3/1aBaTh PACUETHbBIE CXEMBbI J10-

TOJTHUTCIIBHBIX MPULCIbHBIX CBsI3CH U JJIA TaKUX CUCTCM.

KiroueBbie cjioBa: yacToTa COOCTBEHHBIX KOJIeOaHU, opMa COOCTBEHHBIX KOJICOaHUH,
000011IeHHAs TIPHULIEIIbHAS JTOTIOJHUTENbHAS CBSI3b, IPUMEp pacyeTa

THE SECOND SAMPLE OF ANALYSIS

Let us consider a hinged rectangular plate [4, 10-
14, 19, 20] 6 m by 6 m in size, carrying concen-
trated masses (Fig. 1a [4])

m[1]=1000kg, m[2]=1100kg,
m[3]=1150kg, m[4]=1200kg .

The thickness of the plate is 0.12 m. The modulus
of elasticity of the plate material

E=24-10° N/m* =24-10° Pa.

Poisson's ratio v, =0.2.

Assume that it is required to increase the value of
the fourth frequency of natural oscillations up to
250 5! (or up to 250 Hz, respectively). To do this,
in accordance with formulas (7), (8), (9) given in
[4], we form a matrix of additional stiffness co-
efficients (4) (see [4]). All the data necessary to
use dependencies (7), (8), (9) from [4] are given
in Table 1. After forming the matrix of additional
stiffness factors, taking into account their influ-
ence, we determine from equation (10) given in
[4], the modified spectrum eigenfrequencies and
their corresponding vibration modes [1-6, 13].
The modified spectrum of natural frequencies and
their corresponding forms are shown in Table 2.

It can be seen from the Table 2 that taking into
account the additional stiffness factors did not
change any of the modes of natural oscillations
of the plate, but only increased the value of one
of the frequencies from 205.4514 57! to the spec-
ified value of 250 s7.

The initial variant of the computational scheme
of the targeted constraint is shown in Figure la
and Figure 15.

For the base we will take the vertical member of
the first node. Let’s compute the forces

Ro[i] = m[i]v[i,4], i=1,..,4

were m[i] are given values; V[i,4] are presented

at the fourth columns of Table 1 and Table 2.
The forces are shown in Table 3.

It is also necessary to set the force in one of the
vertical members. Let's accept

Ny [1] = Ro[1] = 589.2890kg

Let's perform the formation of design schemes of
sighting for different values of the lengths of the
base vertical member /_ [1] . Table 4 contains fif-

teen variants of lengths of the base vertical mem-
ber / ,,[1].

The development (formation) of computational
schemes of targeted constraint was done without
taking into account restrictions on the length of
the wvertical members. Consideration of re-
strictions will be considered as well.

In each variant, after the development of the
computational scheme, the areas of transverse
sections of the rods of the targeted constraint
were computed. As in the first sample [...], when
minimizing the volume of the targeted constraint
material (formula (16) from [...]), the case is
considered when, according to the design condi-
tions, we have a[i]=2 and f[i]=1. Let’s con-
sider all the rods of a solid circular section. The
modulus of elasticity of the material of the rods
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is equal to E = 2.06 - 10°MPa. The cross-sec- bonding material were determined by depend-
tional areas of the rods and the volume of the ences (13)-(16) from [4].

Table 1. Values of eigenfrequencies (natural vibration frequencies) of the plate

and coordinates of their corresponding eigenmodes (natural modes) (the second example).

) 61.6965 141.4295 146.2905 205.4514
1 0.4908 0.0001 0.7080 -0.5893
2 0.4965 -0.7093 0.0895 0.5154
3 0.5058 -0.0676 -0.7003 -0.4432
4 0.5068 0.7016 0.0181 0.4367
Table 2. Modified frequency spectrum of natural vibrations of the plate
and coordinates, corresponding to them natural forms (the second example).
® 61.6965 141.4295 146.2905 250.00
1 0.4908 0.0001 0.7080 -0.5893
2 0.4965 -0.7093 0.0895 0.5154
3 0.5058 -0.0676 -0.7003 -0.4432
4 0.5068 0.7016 0.0181 0.4367

Figure 1. The second sample: variant of the computational targeted constraint:
a) three-dimensional visualization; b) top view.

Table 3. To the analysis of the targeted constraint in the computational scheme (the first example).

i 1 2 3 4
mli] 1000 1100 1150 1200
Vil -0.5893 0.5154 -0.4432 0.4367
R[] -589.2890 566.8873 -509.7103 524.0320

For each version of the length of the base vertical
member, Table 8 shows the lengths of the re-
maining vertical members and the amount of tar-
geted constraint material V.

In all considered variants, the lengths of the first
and third vertical members are positive, and the
lengths of second and fourth vertical members
are negative.
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Table 8 shows that the minimum amount of con-
straints material is achieved at ly[1] = 1.17m
(highlighted line number 11 from Table 4). The
arcas and diameters of the cross-sections of the

targeted constraint vertical members are equal
the following:

F, =0.00048651>, D, =0.02489.1,

Figure 2. The second sample: general view of this targeted constraint.

Table 4. The parameters of targeted constraint (the first sample).

No. lstO [1] lst [2] lst [3] lst [4] VSV
1 1 0.9737 0.7968 1.0162 0.02495
2 1.5 1.4606 1.1952 1.5242 0.01567
3 2.15 2.0934 1.7131 2.1848 0.01268
4 2.45 2.3855 1.9521 2.4896 0.01247
5 2.6356 2.5662 2.1000 2.6782 0.01254
6 3.0 29211 2.3904 3.0485 0.01300
7 3.25 3.1645 2.5896 3.3025 0.01351

F,= 0.0002432 17, D, =0.01760m .

The general view of this targeted constraint is
shown in Figure 2.

As we have already noted, structurally, such a
computational scheme is almost unrealizable. In
these cases, the targeted constraint should be
shifted in the direction of movement of the
masses in the positive or negative direction of the
axis Z by the value at which the values of all
lengths of the main vertical members will be of
the same sign. When performing a shift, the rela-
tionship between the forces in the rods is pre-
served.

When the constraint is shifted in the positive di-
rection of axis Z by the value of
Z,=(,k],, +1., the length of all vertical

min

members will become “positive”. In this case, the
length of the largest vertical member will be
(L, [1D) pae +(, [K]) i + 1 » and the length of the

smallest vertical member will be / . .
When the constraint is shifted in the negative di-
rection of axis Z by the value of

Zy =(,[i]), . +1., the length of all vertical
members will become “negative”. In this case,
the largest absolute value of length of all vertical
member will be (/,,[i]),.. + k] + 1, » and
the smallest absolute value of length of all verti-
cal member will be /__ .

max

When forming restrictions on the lengths of the
vertical members and, accordingly, the area of
admissible values of the length of the vertical
member [/ ,[1], which 1is variable when
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minimizing the volume of the material of the tar- o= [,ollg]
%z‘flelg constraint, it is necessary to determine the T D) e G KD

Table 5. Results representing the computational schemes of targeted constraints
taking into account shifts in a one-dimensional search for the minimum
volume of targeted constraints material (the second sample)

lxto[l] ZV
lst [1] lsz [2] lsz [3] lst [4] VSV ZV
1.07 2.352 0.100 1.901 0.232 0.008941 1.282
1.08 2.373 0.100 1.918 0.233 0.008938 1.293
1.09 2.395 0.100 1.935 0.235 0.008920 1.305
1.10 2416 0.100 1.952 0.236 0.008910 1.316
1.11 2.437 0.100 1.969 0.237 0.008902 1.327
1.12 2.458 0.100 1.9857 0.239 0.0088961 1.338
1.13 2479 0.100 2.002 0.240 0.008891 1.349
1.14 2.500 0.100 2.019 0.241 0.008888 1.360
1.15 2.521 0.100 2.036 0.242 0.008887 1.371
1.16 2.542 0.100 2.053 0.243 0.008887 1.382
1.17 2.563 0.100 2.070 0.244 0.008888 1.393
1.18 2.584 0.100 2.086 0.246 0.008890 1.404
1.19 2.605 0.100 2.103 0.2467 0.008895 1.415
1.2 2.626 0.100 2.120 0.248 0.008900 1.426
1.25 2.731 0.100 2.204 0.254 0.008946 1.481
L[1] Zy
l,01] L, [2] /3] l,[4] Vey Zy

1.07 -0.100 -2.352 -0.551 -2.221 0.009497 -1.17
1.08 -0.100 -2.373 -0.555 -2.240 0.009488 -1.18
1.09 -0.100 -2.395 -0.560 -2.260 0.009481 -1.19
1.10 -0.100 -2.416 -0.564 -2.280 0.009476 -1.2
1.11 -0.100 -2.437 -0.568 -2.300 0.009473 -1.21
1.12 -0.100 -2.458 -0.572 -2.320 0.009471 -1.22
1.13 -0.100 -2.479 -0.576 -2.339 0.009471 -1.23
1.14 -0.100 -2.500 -0.581 -2.359 0.009473 -1.24
1.15 -0.100 -2.521 -0.585 -2.379 0.009476 -1.25
1.16 -0.100 -2.542 -0.589 -2.399 0.009481 -1.26
1.17 -0.100 -2.563 -0.593 -2.419 0.009487 -1.27
1.18 -0.100 -2.584 -0.598 -2.439 0.009495 -1.28
1.19 -0.100 -2605 -0.602 -2.458 0.009504 -1.29
1.2 -0.100 -2.626 -0.606 -2.478 0.009514 -1.3
1.25 -0.100 -2.731 -0.627 -2.577 0.009587 -1.35
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It will be the same for all variants, presented in
Table 4. If we determine y, from the data of row

number 11 of Table 4, then we get

2, =1.7/(1.17+1.2929) = 0.475 .

Let's consider two options for forming restrictions
on the lengths of the vertical members and, accord-
ingly, the range of acceptable values for the length
of the base vertical member /,,[1], which is varia-

ble while minimizing the volume of targeted con-
straint material:

Figure 3. The second sample: general view of this targeted constraint.

1. =2.6m,1,. =0.1xu;
(lmax _lmin) ' ZB 2 lsto[g] ’ 11875 2 lst() [1] ’
21 =24m, 1 =01m:1.0925>1 [1].

Let's shift each variant of the computational
scheme of targeted constraint from Table 4 both
in the positive and in the negative direction of the
axis Z . The results representing the computa-
tional schemes of targeted constraints, taking into
account shifts in a one-dimensional search for the
minimum volume of targeted constraint material,
are shown in Table 5.

The values of the shift values of the computa-
tional schemes Z, and Z, were determined ac-
cording to the data in Table 4 and taking into ac-
count the selected option of restrictions.

In the first variant of the restrictions on the length
of base vertical member, when
[,o[11=<1.1875Mm, and the targeted constraint is
shifted in the positive direction of the axis Z , the
minimum volume of targeted constraint material
V., =0.008887 x° is reached at / [g]=1.16m.

The areas and cross-sectional diameters of the
rods of targeted constraint are equal to

F, =0.0005078 m>, D, =0.02543 .,
F,=0.0002539:, D, =0.01798 .

The lengths of the vertical members are given in
table 9 at /,[g]=1.16.m. They are all positive.

The optimum is achieved when the restrictions
on the length of the base vertical member in the
form of inequality (/[1]=1.16m<1.1875Mm)

are met. Thus, this extremum is global. A general
view of this targeted constraint is shown in Fig-
ure 3.

Also, in the first version of the restrictions on the
length of base vertical member, constraint is
shifted in the negative direction of the axis Z . In
this case, the minimum volume of material

Vy, =0.009471° is achieved at /,[g]=1.12Mm,

and the areas and diameters of the cross-sections
of the rods of targeted constraint are equal to

F, =0.0005298 %>, D, =0.02597
F,=0.00026491*, D, =0.01837 ..

The lengths of the vertical members are given in
Table 5 at /,[g]=1.12.m. The lengths of all ver-

tical members are negative in this case. Since the
optimum is reached when the restrictions on the
length of the base vertical member in the form of
inequality /,[1]=1.12m <1.1875m are met, this
extremum is also global. The general view of this

targeted constraint is shown in Figure 4. This ver-
sion of the computational scheme can also be
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implemented when the direction of the axis Z is
reversed. It is obvious that this action does not
change the targeted properties of the constraint.
A general view of the targeted constraint for such
a case is shown in Figure 5.

In the second variant of the restrictions on the
member

length of base vertical with

[,o[11=<1.0925m and shift of the targeted con-

straint in the positive direction of the axis Z or
in the negative, the minimum volume of targeted
constraint material is reached at the border of the
area of admissible values of the length of the base
vertical member at /,[1]=1.0925m (Table 5).

Figure 4. The second sample: general view of this targeted constraint.

When the targeted constraint is shifted in the pos-
itive direction of the axis Z, the minimum is

V,, =0.008920 x°, and the areas and diameters

of the sections of the rods of targeted constraint
are equal to

F, =0.0005250 >, D, =0.02585.:,
F,=0.00026251>, D, =0.01828x .

When the targeted constraint is shifted in the neg-
ative direction of the axis Z, the minimum is

V., =0.009481°, and the areas and diameters

of the sections of the rods of targeted constraint
are equal to

F, =0.00053751>, D, =0.02616.1,
F, =0.00026883>, D, =0.01850.1 .

So, in the second variant of restrictions on the
lengths of the vertical members, the minimums
of the volume of the targeted constraint material
turned out to be boundary. Therefore, their values
are somewhat higher than the corresponding val-
ues for the first variant of restrictions, in which
the minima Vg, were implemented as global

ones.

Volume 18, Issue 4, 2022

CONCLUSION

The first sample, considered in [...] confirms the
possibility of development of computational
scheme of targeted constraint for systems with a
finite number of degrees of freedom of masses,
in which the directions of mass movement are
parallel, but do not lie in the same plane. It also
illustrates the possibility of minimizing the vol-
ume of material when creating targeted con-
straint. At the same time, the limitations of the
lengths of the main vertical members, which de-
termine the geometry of the targeted constraint,
were taken into account. In the first sample the
special case is considered — all the lengths of the
main vertical members turned out to be positive
within development of computational scheme of
the targeted constraint.

The second sample illustrates an approach that
makes it possible to develop targeted constraints
taking into account the restrictions on the lengths
of the vertical members and modify the compu-
tational schemes for cases where the values of the
lengths of some main vertical members turn out
to be positive, while others are negative.

So, the distinctive series of papers proposes an
approach that allows researcher to create (de-
velop) computational schemes of targeted
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constraints for elastic systems with a finite num-
ber of degrees of freedom of masses, in which the
directions of mass movement are parallel, but do
not lie in the same plane. Some special properties
of such targeted constraints are revealed. Within
development of computational scheme of the tar-
geted constraint, the material consumption for its
creation is minimized, and some design limita-
tions are taken into account. Particular attention
is paid to the modification of targeted constraints,
when, during their development, it becomes nec-
essary to shift the computational scheme.
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