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LOCALIZATION OF SOLUTION OF THE PROBLEM
FOR POISSON’S EQUATION WITH THE USE OF B-SPLINE
DISCRETE-CONTINUAL FINITE ELEMENT METHOD
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Abstract: Localization of solution of the problem for Poisson’s equation with the use of B-spline discrete-continual finite element
method (specific version of wavelet-based discrete-continual finite element method) is under consideration in the distinctive paper.
The original operational continual and discrete-continual formulations of the problem are given, some actual aspects of construction
of normalized basis functions of a B-spline are considered, the corresponding local constructions for an arbitrary discrete-continual
finite element are described, some information about the numerical implementation and an example of analysis are presented.
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JOKAJIN3AIIUA PELIEHUS 3AJTAUM JIUISI YPABHEHUS
ITYACCOHA HA OCHOBE BEUBJIET-PEAJIU3ALINA
JTUCKPETHO-KOHTUHYAJIBHOTO METOJIA
KOHEYHBIX DJIEMEHTOB
C UCITIOJIb30OBAHUEM B-CILIAMHOB
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HauunonanbHelil ucenenoBarenbCckuii MOCKOBCKUIN IOCYIapCTBEHHBIN CTPOUTENIbHBIN YHUBEPCUTET,
. Mocksa, POCCH

AHHoOTanusi: B HacToslIel cTaThe paccMaTpuBaETCs JIOKaIU3alMsl pelieHns 3ajauu s ypaHenus [lyaccona Ha oc-
HOBE BEHBIET-peaT3aliy JUCKPETHO-KOHTHHYAJIBHOTO METOIa KOHEYHBIX 3JIEMEHTOB C HUCIIOIb30BaHNEM B-criaiiHoB.
[IpuBeneHbI NCXOAHBIE ONEPATOPHBIE KOHTHHYAIbHAS U ANCKPETHO-KOHTHHYAJIbHAs TIOCTAHOBKU 33Ja4i, PACCMOTPEHBI
HEKOTOPBIE aKTyaJIbHbIE BOITPOCHI TOCTPOCHHSI HOPMAIM30BAHHbBIX 0a3UCHBIX (DyHKIMIT B-criaiiHa, onmucaHbl COOTBETCTBY-
IOIINE JOKAJIBHBIE TTOCTPOCHUSI AJISl IPOU3BOIBHOTO JTUCKPETHO-KOHTHHYAJIBHOTO KOHEUHOTO 3JIEMEHTA, MPEICTABICHBI
HEKOTOPBIE CBEJICHNUS O YMCICHHON peaan3aiy U IPUMEp pacuerTa.

KiioueBnble ciioBa: JIOKaJIn3amus, BCﬁBHeT-pCaHI/ISaHH}I METOJAa KOHCYHBIX 3JICMCHTOB, ,Z[I/ICKpCTHO—KOHTI/IHyaJ'ILHHﬁ
METOJ KOHCYHBIX DJIEMCHTOB, MCTOA KOHCYHBIX 3JICMCHTOB, B-CHHaﬁHbI, YHCJICHHOC PEIICHUE, YPABHCHNUE HyaCCOHa

INTRODUCTION temperature field, a stress state during torsion of

a rod, membrane deflection, etc. In addition, the

Various problems of continuum mechanics are
reduced to the Poisson equation and other simi-
lar equations of elliptic type [1-6]. As is known,
boundary value problems with the Poisson
equation describe, in particular, a stationary

\Volume 17, Issue 3, 2021

operator of the corresponding problem (the La-
place operator) is part of other problems that
determine the state of structures under station-
ary and non-stationary actions. From a mathe-
matical point of view, it is the simplest qualita-
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tive analogue of other problems and an equiva-
lent operator in iterative processes [7]. In many
numerical models, at different time steps, it be-
comes necessary to solve (numerically) one or
several boundary value problems for the Pois-
son equation, and in some applications the
number of time steps during one analysis of the
model can be of the order of thousands to mil-
lions or more [8]. In this regard, the objective of
the distinctive paper is devoted to the semi-
analytical method of analysis of corresponding
structures with constant physical and geometric
parameters in one of the directions (the so-
called “basic direction”) [7, 9, 10]. This objec-
tive seems to be very relevant. The considering
method is semi-analytical in the sense that along
the basic direction of the structure the problem
remains continual and its exact analytical solu-
tion is constructed, while in another, non-basic
direction, a numerical approximation is per-
formed. In general, this paper continues a series
of papers devoted to the research and develop-
ment of various wavelet-based versions of the
discrete-continuous finite element method.

In the theory of boundary value problems for
the Poisson and Laplace equations, several clas-
sical well-tested solution methods are normally
used [1, 11-13], which, in particular, include
method of separation of variables or Fourier
method, Green's function method and a method
of reducing boundary value problems for the
Laplace equation to integral equations using po-
tential theory.

Besides, numerical methods (finite element
method, boundary element method, finite differ-
ence method, variational-difference method, fi-
nite volume method, method of point field
sources, fast Fourier transform method using
parallel computations ( with the implementation
on the cores of the central processor and on
graphic processors (GPU), etc.) for solving the
Poisson equation are normally used [8, 14, 15].

1. FORMULATIONS OF THE PROBLEM

Formulation of the problem has the form:
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Lu=F, 0<x </, 0<x,</,; (1.1)
wlo=g, (1.2)

where L is the operator of the problem within
the initial domain;

L=-02-05; 0,=0/0%; 0,=0/0x,; (1.3)

¢ is the operator of boundary conditions.

Let x, be direction along which parameters of
the problem are constant (so-called “main direc-
tion”). Let us introduce the following notations

’ —

V=0,0=0"; V'=0,V. (1.4)

Then we can rewrite (1.1) in the following form:
L,u-Lv=For LV=L,u-F, (L5

where we have
L, =—02=0,0,;

L,=1. (16)

Finally we obtain system of differential equa-
tions with operational coefficients:

U'=AU +F, (1.7)
where
0 1| = 0 . T _|u
e[ e Lo o]
(1.8)

The system of equations (1.7) is supplemented
by boundary conditions, which are set in sec-

tions with coordinates x; =0 and x> =/, .

2. SOME ASPECTS OF THE
CONSTRUCTION OF NORMALIZED
BASIS FUNCTIONS OF THE B-SPLINE

The construction of B-spline basic functions is
determined by the recursive Cox-de Boer for-
mulas [16-21]:
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. 1, X; St<X,
k=1: (D"l(t)_{o Jt<x, vt>x,, ' (21)
(t—x)o; (1)
@, (1) = —kxl +
k>2: AN 2.2
4 (X _t)¢i+1,k—1(t) 22)
Xi+k - Xi+1 .

We will consider such a construction for the
case X; =1 are integers. Let us note that,

Di x t)= Do x (t—i)

and therefore, recursive formulas (2.1)-(2.2) can
be represented in the form

: _J1, 0<t<l1
k=1: ¢°'1(t)_{0,t<0\/t21; (2.3)
1
k>2: Dok (t) =m_[t'(/’o,k—1(t)+ (2.4)

+ (k=)@ (t=D)]

The function ¢, (t) can be represented by formula

P01(0) = Slsion(® —sign(t -1~ @5)

Let us denote by A, the operator of the first dif-
ference. Then we have

Pos ) =2 A, Sign(D). (2.6)

We can substitute formula (2.5) into (2.4) in or-
der to determine ¢, (t) :

Do, (1) =1-[t- 5, (1) + (2 - )0, (t -D)] =
= %{t -[sign(t) —sign(t —1)]+
(2-t)[sign(t —1) —sign(t —2)]} =
= %[tsign(t) —2(t-Dsign(t-1) +

(t—2)sign(t—2)]:%[|t|—2|t—1|+|t—2|.
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Let us denote by A, the operator of the second
difference. Then we have

1 1
¢QAU==§HH—2H—1FHt—2F:§A2H—lL

(2.7)
We can define function ¢, (t):

1
Pos(t) = 9 [t- @, (t) + B—1)g,, (t —D].
Omitting intermediate calculations, we get

005 (1) = %[t-lt |3t [t-1] +
13(t—2) [t—2|—(t—3)|t-3] =

11
=y M (DIt (28)

Based on formulas (2.8) and (2.4), we can de-
fine the function

Do, 4 (t)= %[t "o 3 (t)+(4- t)¢o,3 (t-1].

Omitting intermediate calculations, as a result
we get

Po.4 (t) =
1 1., )
= [t |t At -1 |[t-1] +
2.3 2[| | -4t -1)" |
+6(t—2)° [t—2|-4(t-3)*|t-3|+
+(t-4)°|t-4] =

1 1 2 2
=55 012" [1-2). (29)

It can be proved that for even k =2m we have

L Lo)m@—m? t-m)

70:0 = 12

(2.10)

and for odd (uneven) k =2m+1 we have
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Figure 3.1. Finite element discretication for N, =5 (sample).
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Figure 3.2. Finite element discretication for N, =3 (sample).
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Figure 3.3. Finite element discretication for N, =1 (sample).
B 1 1 m omo1 an element (interval) for all components of a

Po (1 __(Zm)!EAl(AZ) ((C=m)™1t=1) - Vector functions @ and v (see (1.8)) is the

(2.11)

Note that ¢,,(t) is a polynomial of degree
k —1 with bounded support and, as follows
from the difference operator, this support is
equal to the interval [0, K].

In addition, we should note the following prop-
erty of B-spline basis functions:

> o (t—i) =1 for arbitrary t.  (2.12)

3. SOME GENERAL ASPECTS OF FINITE
ELEMENT APPROXIMATION

The discrete component of the numerical solu-
tion is represented by the direction along the
axis corresponding to x,. The fulfillment within
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same. Therefore, let us use the following nota-
tion for simplicity:

X=X, £=Ly, ¥y =Y(x), (3.1)
where y = y(x) is unknown function (compo-
nent of vector function).

Let us divide the interval (0, ¢) segment into
N, parts (elements). Therefore h, =¢/N, is the
length of the element. Besides, let us also divide
each element into N, parts. It should be noted
that on the elements of the localization of the
solution, parameter N, is of greater importance
than on the other elements. For example, on lo-
calization elements, we can set N, =5, i.e. un-

known functions will be represented by poly-
nomials (B-splines) of the 5th degree (Figure
3.1).
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Let us use the following notation system: i, is
the element number; N, =N, +1=6 is the
number of nodes within the element; Xx,(i,) is
the coordinate of the starting point of the i, -th
element; x,(i,) is the coordinate of the end
point of the i, -th element. Thus, the number of

unknowns per element with such approximation
is equal to

For the elements of localization we can take re-
duced number of N,. For instance, if we take

N, =3 (Figure 3.2) we get N, =N, +1=4

and the number of unknowns per element with
such approximation is equal to

X, (i,) 1s the coordinate of the starting point of
the i, -th element; x,(i,) is the coordinate of the
end point of the i_-th element.

Besides, let us consider the case with N, =1
(Figure 3.3). Therefor we have N, =N, +1=2

and the number of unknowns per element with
such approximation is equal to

where x,(i,) is the coordinate of the starting
point of the i,-th element; Xx,(i,) is the coordi-
nate of the end point of the i, -th element.

4. LOCAL CONSTRUCTIONS
FOR ARBITRARY FINITE ELEMENT

Let us introduce local coordinates:

t=(X=Xe) /Dy, Xyiey X< XN, (ie) 0<t<1.
(4.1)
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In this case, we have the following relations:

X=X =t =06 —X;y)/ D, 1=1.., N ;(4.2)
d* 1 d°

W—EW; dX:he'dt.

(4.3)

Since the number of unknowns on the element
is equal to N, =6, we use a B-spline of the

fifth degree in order to represent the unknown
deflection function.
Let us use the following notation:

P(t) = o6 (t+3);
11 PRV
(D(t)_af(AZ) t"|th=
:@[(t+3)4|t+3|—6(t+2)4|t+2|+

+15(t+1)* [t +1] 20t |t]+
+15(t-1)* [t-1|-6(t—2)* [t-2|+
+(t-3)* [t-3]]

(4.4)

This function is a B-spline, symmetric with re-
spect to t =0 and its support is defined by an
interval [-3,3] (Figure 4.1).

We take the following six functions as basis
functions on the unit interval (Figures 4.2, 4.3):

o) =pt+2), @,t)=pt+1),

(1) =), ¢, t)=p(t-1),

ps()=p(t-2), @s(t)=p(t-3),
0<t<l. (4.5)

Since the number of unknowns on the element
is equal to N,, =4, we use a B-spline of the

third degree in order to represent the unknown
deflection function.
Let us use the following notation:

go(t) =@ (t + 4) ;
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Figure 4.1. B-spline of the fifth order o(t) = ¢, (t+3).
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Figure 4.2. Basis functions ¢, (t), k=12,...,6.

11 22 B This function is a B-spline, symmetric with re-
¢(t)_§§(A2) (©fth= spect to t=0 and its support is defined by an
interval [-2,2] (Figure 4.4).

We take the following four functions as basis
+6t7 |t]—4(t-1)7 |t-1]+ functions on the unit interval (Figures 4.5):
+(t-2)%[t-2])

:Sliz[(t+2)2 |t+2]|-4(t+1) |t+1|+

(4.6)
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Figure 4.3. Basis functions ¢, (t) and ¢ (t) .
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Figure 4.4. B-spline of the third order o(t) = ¢, ,(t+2).

Since the number of unknowns on the element
o) =pt+D), @, ({t)=0(t), is equal to N, =2, we use a B-spline of the
o) =0t-1), @,t)=¢lt-2), first degree in order to represent the unknown

0<t<l. (4.7) deflection function. _ .
Let us use the following notation:
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Figure 4.5. Basis functions ¢, (t), k=1,2,3,4.
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Figure 4.6. B-spline of the first order o(t) = ¢, ,(t+1).

ot) =g, ,(t+1); This function is a B-spline, symmetric with re-
1 1 ' spect to t=0 and its support is defined by an
o(t) ZEAZ |t |=§[|t+1| =2|t|+[t-1]]. (4.8) interval [-1,1] (Figure 4.6).
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Figure 4.7. Basis functions ¢, (t), k=12.

We take the following two functions as basis
functions on the unit interval (Figures 4.7):

p)=0), @) =0t-1),

0<t<l. (4.9)

We represent the unknown function y(x) with-
in the element number i, in the form

ND
y() =w(t) =D @, (1), X,y S XXy i)
K=

0<t<1l. (4.10)

We have to consider bilinear forms with allow-
ance for relations (4.2)-(4.3) in order to con-
struct local stiffness matrices corresponding to
the operators L, L, (see (1.6)):

uu

Xnplie) 42
B.(Y,Z)=<L,Yy z>=- '[ s-zdx=
X1(ie)
XNy (ie) 1
- ﬂ.%dx:ij‘d_w %dt_B (W, q):
dx dx h, 5 dt dt

X1(ie) e o

(4.10)
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XN (ie)

B, (y,2)=<L,y, z>= J.y-zdx=

) Xagie (4.11)
=h, [wqdt=B, (w,q).
0
for the following type of functions
Nie
yo) =w(t) = > ap (),
k=1
Nie
z()=a) =2 A (1), (4.12)
k=1

where we have X, <X <Xy o, 0<t<I1.
Let us substitute (4.12) into (4.9)-(4.10):

dw dq

1
B, (w,Qq)=—
(W, 0) hldt -

:—iiaﬂ Igpl )¢/ (t)dt_—(K“;a,B),

e i=1 j=1

(4.16)

where
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where

K260 = [elOe0dt 9= @)

1
B, (w,q) =h, [wqdt =
0

Marina L. Mozgaleva, Pavel A. Akimov

Let us define the parameters ¢, and g, through
the nodal unknowns on the element:

Yy =w(t) = 2ak¢k t),

For the case N,, =6 we have

where

?,(0)
¢,(0.2)
©,(0.4)
¢,(0.6)
¢,(0.8)

?,(1)

»s5(0)
¢5(0.2)
»5(0.4)
¢5(0.6)
¢5(0.8)

»s(1)

?5(0)

¢5(0.2)
¢5(0.4)
9:(0.6) |’
¢5(0.8)
?(1) ]

"=y, Yo Vs Ya Y5 Vel

VE=IYy Vo ¥ Vel

a=[lag a, a a4]T;

T.

T.

=03 > ap, [0, (0, Odt=h, (K25, B).
(4.18)
where
K@i, )= [o (e, dt;  (4.19)
i »(0) »,(0) »;(0)
»(0.2) ¢,(0.2) ¢,(0.2)
T = ?(0.4) ¢,(0.4) ¢,(0.4)
° | »(0.6) ¢,(0.6) ¢,(0.6)
¢(0.8) ¢,(0.8) ¢,(0.8)
) () ?,(1) @5(1)
For the case N;, =4 we have
ve=T,a, (4.25)
where
»,(0) »,(0)
1 _| a3 e,W3)
Y e213) 9,(213)
(1) »,(1)
For the case N;, =2 we have
ye=T,a, (4.29)
where
yie :[Y1 yz]T' (4-30)
a=le, a,]"; (4.31)
166

2,0  ¢,(0)
p,(L13)  o,(113)|.
?:(213) @, (213) |
(1) o, ()

_ (01(0) », 0)
T2= Lol O 00

Similarly, we get

for N,, =6, N,

I

t = (X — X)) /Ney i=1., N, (4.20)

(4.21)

(4.22)
(4.23)

(4.24)

(4.26)
(4.27)

(4.28)

(4.32)

(4.33)
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Figure 5.1. Example of analysis.

From (4.21)-(4.33) it follows

B=Tyz%,  (4.34)

where

TNp :{rij}i,j:l,..,Np ' Tij =Q; ). (4.35)

Generally we have the following chain of equal-
ities

(K@ B) = (K, T ¥ T 2"%) =
= (M) K, T Y™, 7). (4.36)

Therefore, substituting (4.34) sequentially in
(4.16), (4.18), we obtain local stiffness matrices

Ke and K[, corresponding to the operators
L, and L, .

5. EXAMPLE OF ANALYSIS

5.1. Formulation of the problem.

Let us consider the problem shown at Figure 5.1.
Let us consider the following geometric pa-
rameters: L, =1.2, L, =2.0 is the thickness.
Let external load parameter be equal to
P=100.

\Volume 17, Issue 3, 2021

5.2. Structural analysis with allowance for
localization.
Let the number of elements be equal to N, =4.

Then we have the following element length:
h,=¢,/N,=12/4=0.3.

Let’s define localization in the load area.
For the first element and for the fourth element
we have N, =1 and third-order spline; distance

between the coordinates of the nodes of the first
element and the sixth element is equal to

h =h, =0.3/1=0.3.

For the second element and for the third element
we have N, =3 and fifth-order spline; distance

between the coordinates of the nodes of the sec-
ond element and the third element is equal to
h, =h, =0.3/5=0.06.

The total number of nodes for all elements is
equal to

N,=2-1+2-5+1=13.

The total number of nodal unknowns is equal to
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N, =2N, =2-13=26.

5.3. Structural analysis without localization.

In this case, we will consider only the standard
linear fulfilment. In this case, the length of the
element is taken equal to the minimum distance
between the nodes, i.e. h,=0.06. Then the

number of elements is equal to
N, =1.2/0.06=20

and the total number of nodes is equal to
N, =21. In this case the total number of nodal

unknowns is equal to
Ny =2N, =2-21=42.

Graphical comparison of corresponding results
of analysis is presented at Figures 5.2-5.4
(U26 (1oc) are nodal values computed with
allowance for localization; U2 (1in) are nodal
values computed without localization).

As researcher can see, the results obtained are
almost completely identical. Besides, the use of
localization based on application of B-splines of
various degrees leads to a significant decrease in
the number of unknowns.
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b) along x, direction (continual direction).
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