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OPTIMIZATION OF THE MAIN RIGIDITY PLANES POSITION 
OF INHOMOGENEOUS ROD IN SPATIAL BENDING  

 
Andrey V. Mishchenko 1, Maxim S. Veshkin 1, Vladimir L. Mondrus 2,  

Leonid Yu. Stupishin 2 
1 Novosibirsk State University of Architecture and Civil Engineering (Sibstrin), Novosibirsk, RUSSIA  

2 National Research Moscow State University Of Civil Engineering, Moskow, RUSSIA  
 
Abstract: The problem of finding the optimal rotation angle of the principal planes of stiffness for a spatially 
loaded, inhomogeneous rod of variable cross-section is considered. This angle serves as an additional regulator of 
the stress state for inhomogeneous rod designed in accordance with the adopted optimization criteria. 
The rod rigidly connected to a movable coordinate system capable of rotation around rod's longitudinal axis is 
composed of quasi-homogeneous structural elements. The rod's structure is symmetrical with respect to one of the 
plane coordinates. The specified loads are applied to the rod's centerline and are located in two mutually perpen-
dicular fixed planes. 
Based on the minimum strain energy criterion, a formula for the optimal rotation angle of the rod's rigidity planes 
was derived. This formula contains six integral strain energy components. These components represent the actual 
and potential work of internal forces in the original rigidity planes and those rotated by 90 degrees. A numerical 
example shows strain energy graphs for cross-sections with different layouts. The relationship between the energy 
criterion and the strength criterion is highlighted. 
Based on the minimum strain energy criterion, a formula for the optimal rotation angle of the rod 's rigidity planes 
was derived. This formula contains six integral strain energy components. These components represent the actual 
and possible work of internal forces initial rigidity planes and those rotated by 90 degrees. A numerical example 
shows strain energy graphs for cross sections with different layouts. The relationship between the energy criterion 
and the strength criterion is noted. 
In the example discussed, using axial rotation of the rod, without requiring changes to its physical structure or 
geometry, allows for an increase in its load-bearing capacity by 20-30% and a reduction in maximum stress levels. 
This method can also be applied to prefabricated standard structural elements, including homogeneous ones. 
In the example discussed, the use of axial rotation of the rod, without requiring changes to its physical structure or 
geometry, allowed for an increase in its load-bearing capacity by 20-30% and a reduction in maximum stress levels. 
This method can also be applied to prefabricated standard structural elements, including homogeneous ones. 
The development of this method is its application in “controlled structures”, which acquire the ability to effectively 
adapt to changes in the parameters of external force impact. 
 

Keywords: optimal design of inhomogeneous rods, layered rod, spatial bending, 
criterion of minimum strain energy, controlled structures 

 

 
 

 
  1   1   2,   2  

1 -  
 

2  
 

 
 -  

  
 

International Journal for Computational Civil and Structural Engineering, 22(3) 63–75 (2026)

DOI:10.22337/2587-9618-2026-22-3-63-75



64 International Journal for Computational Civil and Structural Engineering
2 

 

 

 

  

  . 

 
 

20-30

–  

 
 

   
,  

 
INTRODUCTION 
 
Settings of optimization problems for deformable 
systems and structures used in various branches of 
engineering are quite diverse and are determined by 
the adopted optimality criteria and the types of var-
iable parameters and functions [1–4]. In rod sys-
tems, one of the key means of improving opera-
tional performance is the optimization of the geom-
etry, physical structure, and topology of the system 
[5]. Significant effects are also achieved by select-
ing a rational arrangement of the cross-sections of 
the elements. Among the formulations of optimiza-
tion problems in which the geometric shapes of 
structural elements subject to various types of im-
pacts are varied, we note the following. 
Settings with using geometric shapes that profile 
the transverse dimensions of structural elements of 
rods (width, height, thickness, etc.), specified with 
an accuracy of one or more parameters [6]. A sub-
class of such task are optimization problems for 
prismatic rods, in which the geometric shape func-
tions are of zero order. The use of local normative 
criteria for finding the required values of the 
sought-after parameters in such problems with 
fixed shapes leads to the need to identify dangerous 
stress localizations within the structure.  
In more complex settings, the desired geometric 
functions of the structural elements of the rods are 

found under the condition of continuous satisfac-
tion of specified normative local criteria. This is a 
class of equal-criteria problems, in particular, those 
concerning equal stress [2, 7, 8]. In general, such 
problems (of functional analysis) are characterized 
by high labor intensity and, as a rule, for real struc-
tures are solved by numerical methods using dis-
cretization of the calculation functions. 
Normative criteria, reflecting the relationship be-
tween the desired design parameters and the stand-
ardized quantities, can be integral in nature, as is 
realized in problems of stability, vibration, deform-
ability, and a number of others, solved based on the 
corresponding boundary value problems. In these 
problems, the defining differential and integral re-
lations naturally define the essence of the quantities 
included in the normative criteria. Depending on 
the type of variable quantities, we have variational 
or finite-dimensional optimization [3]. 
In a number of studies, the solution is based on the 
use of integral criteria reflecting additional require-
ments for the optimal system, which have technical, 
economic, general physical, or other sense. One of 
these is the integral energy criterion, which allows 
for identifying the geometric shape, structure, and 
topology of the system that best satisfies the require-
ments of design standards [9, 10, 11, 12]. 
When solving optimization problems for inho-
mogeneous structures, the calculation hypothe-
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corresponding boundary value problems. In these 
problems, the defining differential and integral re-
lations naturally define the essence of the quantities 
included in the normative criteria. Depending on 
the type of variable quantities, we have variational 
or finite-dimensional optimization [3]. 
In a number of studies, the solution is based on the 
use of integral criteria reflecting additional require-
ments for the optimal system, which have technical, 
economic, general physical, or other sense. One of 
these is the integral energy criterion, which allows 
for identifying the geometric shape, structure, and 
topology of the system that best satisfies the require-
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3 
 

ses and assumptions adopted during the for-
mation of the mathematical model acquire partic-
ular significance. Along with refined non-classi-
cal models [13–18], models based on the Ber-
noulli and Timoshenko hypotheses can also be 
used in the calculations of elements of rod struc-
tures that satisfy certain geometric and physical 
constraints. 
In this paper, we consider the problem of finding 
the optimal rotation angle of the rod's principal ri-
gidity planes for a spatially loaded, inhomogeneous 
rod of variable cross-section. This angle acts as an 
additional regulator of the stress state. In subse-
quent or previous stages, the set of variable values 
can be expanded to expand the functionality of the 
rod's geometric and physical structure. 

 
 

MATERIALS AND METHODS OF 
RESEARCH 
 
1. Mathematical model of inhomogeneous rod.  
An inhomogeneous rod composed of quasi-homo-
geneous structural elements (layers, phases, inclu-
sions, reinforcing elements, etc.) is rigidly con-
nected to the coordinate system xyz , and the rod's 
structure is symmetrical with respect to the plane 
yx . The specified loads are referenced to the rod's 

centerline and are located in two mutually perpen-
dicular fixed planes 0y x , 0z x . We will assume 
the coordinate system xyz  to be movable, capable 
of rotating around the axis through a certain angle 

, together with the rod (Fig. 1). 
  y0 y 

z 

z0 

 

 
Figure 1. Rotation of the principal planes of rigid-
ity ,xy xz  relative to the force planes 0 ,y x 0 .xz  

 

By solving the corresponding boundary value 
problems of spatial transverse bending with 
tension (compression), the functions of inter-
nal forces are found - bending moments, trans-
verse and longitudinal forces, combined into a 
vector 
 
 

0 0 0 00 ( ) [ , , , , ] ( )z y y zx M M Q Q N xS .  
 
Considering that the boundary conditions for 
the rod do not change when the transverse axes 
y, z are rotated relative to the centerline, we 
write down the forces in the coordinate system 
xyz  
 
 0( ) ( )x xS C S ,  
 ( ) [ , , , , ] ( )z y y zx M M Q Q N xS , (1) 

cos sin
[ 1],

sin cos
diagC . 

 
In works [19, 20] for the Timoshenko rod, phys-
ical relations are given that connect the forces (1)  
with the generalized deformations of the axis: 
curvatures z , y , averaged shears 0y , 0z , 
and axial deformation 0 . Let us represent them 
in the form 
 
 D , (2) 
 0( ) [ , , , , ] ( )z y y zx x   (3) 

 
with a stiffness matrix 
 

 

0

0 0
0 0

0 0 0 0( )
0 0 0 0

0 0

zz yz z

yz yy y

Qy

Qz

z y

D D D
D D D

Dx
D

D D D

D , (4) 

 
containing components 
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by zero, first, and second geometric orders, respec-
tively. The characteristic yzD  for the adopted cal-
culation scheme in relations (2) is missing. The 
presence of stiffnesses zD , yD  determines the cou-
pling of bending and stretching deformations. The 
stiffnesses of cross sections under shear 
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are written using the rigidity characteristics of the 
cut-off parts of the inhomogeneous sections secD  
according to the corresponding expressions from 
(5) when integrating over a part of the section 

max[ , ]y y  or max[ , ]z z . 
In addition, to find the shear stiffness character-
istics, an approximate approach can be used 
based on the use of approximation functions for 
the relative shear forces , ( )yf y , , ( )zf z , satisfy-
ing the boundary conditions on the rod surfaces. 
As a result, we obtain the second version of the 
dependencies for shear stiffnesses 
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The symmetry of the rod relative to the plane yx  
ensures the fulfillment of the conditions 

0y yzD D . In addition, we will assume that 
the structure of the variable cross-section rod is 
such that it allows the rod to be tied to the plane 
xz  while ensuring the condition ( ) 0zD x . Due 
to the dependence of characteristics (5), (6) on 
geometric and physical parameters, this condi-
tion can be satisfied even in the absence of geo-
metric symmetry. Then from (2) we obtain 
 
  zz z zD M ,   yy y yD M ,   0 0D N .  

 
2. Optimality criterion 
As a criterion for the optimality of the parameters 
of an inhomogeneous rod, we will adopt the con-
dition of minimum deformation energy [6, 9, 11] 
 

 
0

1( ) min
2

l

W dxP S . (7) 

The set of variable parameters P  in the case un-
der consideration is represented by the rotation 
angle . Substituting relations (2)–(4) into (7) 
gives the dependence of the deformation energy 
on the rotation angle of the axes 
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The energy components in (8) are determined by 
the expressions 
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and have the following mechanical meaning: 

0
yyW , 0

zzW  are the actual works of the forces 
acting in the force planes 0y x , 0z x  respectively, 
in the absence of rotation of the rod ( 0 ); 

/2
yyW , /2

zzW  are the actual works of the forces 
acting in the force planes 0y x , 0z x  respectively, 
when the rod is rotated by an angle / 2 ; yzW

, yzW  are the possible works of the forces acting 
in the force planes 0y x , 0y x   respectively, on the 
deformations of the inhomogeneous rod in the or-
thogonal planes 0z x , 0y x , caused by other force 
factors. 
The minimum energy (8) is achieved at a rotation 
angle opt , for which the condition is satisfied 
 

opt 0 0 /2 /22 zy yz

yy zz yy zz

W W
tg

W W W W
. (10) 

 
In [8], a variational setting of the optimization 
problem for a homogeneous spatially loaded flat 
frame was considered with variations in the ex-
ternal dimensions of the box-shaped cross-sec-
tion and the angular position of the principal axes 
of inertia. The volume of materials was fixed. 
The following criteria were adopted as continu-
ous in the direction of the axial coordinate: the 
strength condition for normal stresses and the 
condition of coincidence of the principal axis of 
inertia with the vector of the resulting bending 
moment. As a result, it was shown that adopting 

local criteria leads to a natural (initial) twisting of 
the rods. The resulting solutions are of some the-
oretical interest, however, such designs are char-
acterized by high labor intensity of production 
and sensitivity to load variations, which reduces 
the feasibility of their practical use. 
In contrast, formula (10) reflects the integral av-
erage value of rational local transformations of 
forces on the main planes of rigidity of an inho-
mogeneous rod, in the form of rotation of the 
main planes of rigidity by a general angle opt . 
A number of special cases follow from the con-
sidered setting. 
1. When the conditions zz yyD D , 

y zQ QD D  
are simultaneously met the deformation energy 
(8) becomes stationary – . ( ) constW , inde-
pendent of the rotation angle . 
2. The arrangement of loads in a single force 
plane. By combining it with, for example, plane 

0y x , we obtain 
0 0

0y zM Q , which leads to the 
fulfillment of 0 /2 0zz zz yz zyW W W W  and 
optimal angle opt 0  at zz yyD D  and 

opt / 2  at zz yyD D . 
3. If the following conditions are met for the cal-
culation model: a) the presence of symmetry in 
the stiffness characteristics relative to the mid-
section ( / 2x l ), b) the functions of the forces 
acting in one of the force planes have the proper-
ties of direct symmetry, and in the other (orthog-
onal to the first) – inverse symmetry, then we ob-
tain a zero value of the possible works ,yz zyW W  
and angles opt 0 , opt / 2 . The plane with 
large stiffness characteristics should be com-
bined with the force plane in which forces acting 
with direct symmetry. 
4. In rods with a constant cross-section (in geom-
etry and structure), with a simplified considera-
tion of only one force factor (M or Q) in the en-
ergy components (9), formula (10) yields two 
fixed values of the angle opt , depending on 
a) the considered force functions (M or Q) and 
b) the results of comparing the corresponding 
stiffness characteristics ( zz yyD D  or zz yyD D , 
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when taking M into account; 
y zQ QD D  or 

y zQ QD D , when taking Q into account). The ab-
solute values of the stiffnesses in this case do not 
affect the value of the optimal angle. This is 
shown in the numerical example discussed below 
in Fig. 4. 
5. The strain energy components in (9) have an 
integrand structure similar to Mohr integrals and 
can be calculated using known graphoanalytic 
methods. This is particularly applies to rods with 
constant stiffness characteristics along their 
length. These integrals can also be found numer-
ically. 

RESULTS AND DISCUSSION 
 
Let us consider a inhomogeneous rod subjected to 
a force action in two orthogonal planes 0y x  and 

0z x  (Fig. 2 ). The loads are specified with an ac-
curacy of parameters q, l. Fig. 3 shows a scheme 
of a composite cross-section including four struc-
tural elements with numbers k = 1, 2, 3, 4. 
Table 1 shows the geometric parameters, relative 
elastic moduli 0k ke E E  and strength charac-
teristics 0k kr R R  of the materials for the sec-
tion elements. 

 
 

 

l 

0,8q 
1,2q z0 

      0,6l 

F1=0,2ql 
y0 

0,2l 0,2l 

F2=0,1ql 

 
Figure 2. Given action: in plane 0z x , (a), in plane 0y x , (b) 

 
 

Table  1.  
Parameters of structural elements of the section 

k Width Height ke  kr  
1 2  b 0,9 1,4 
2 h  0,6 1,2 
3 h  0,6 1,2 
4 2  0,8·b 1 1 

 
Table 2.  

Cross-section layout options 
 h b A z0 Dyy Dzz 

1 30·  10·  70· 2 16,54·  11400,7· 4 679,3· 4 
2 20·  13,53·  70· 2 11,58·  6368,7· 4 1163,8· 4 
3 10·  17,06·  70· 2 6,71·  2201,4· 4 1649,1· 4 
4 8,48·  17,60·  70· 2 5,98·  1717,9· 4 1717,9· 4 
5 7·  18,12·  70· 2 5,27·  1298,4· 4 1782,6· 4 
6 5·  18,82·  70· 2 4,31·  815,4· 4 1866,6· 4 
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h 

0,
8b

 

  

 
 

b  

2 

3 

4 
1 

z0 

z 

y 

 
Figure 3. Cross-section of the rod in the initial 

 = 0) 
 

We will do the research by specifying several 
cross-sectional layout options with varying di-
mensions b and h. We will also impose a con-
straint in the form of a constant cost of materials 
for the inhomogeneous rod.  
 

 
4

1
constk k k

k
C l c A ,  (11) 

 
where , ,k k kA c  is the cross-sectional area, spe-
cific cost and weight of the material of the k-th 
element. 
Without diminishing the significance of the ob-
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yyD , zzD , were found. In the first three variants, 
the condition yy zzD D  is satisfied, in the 4th – 
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Let us consider the problem of determining the 
optimal angle opt  of rotation of the principal 
planes of rigidity, ensuring the minimum defor-
mation energy of a spatially loaded inhomogene-
ous rod (Fig. 2) with six variants of cross sections 
(Tables  1, 2). We introduce dimensionless quan-
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After solving the boundary value problem and 
identifying the function of forces acting in the 
force planes 0y x , 0z x , the dimensionless defor-
mation energy function ( )W  (8) was formed. 
Its graph in the interval [ , ]  is shown in 
Fig. 4. The lines numbers correspond to the num-
bers of the section variants in Table 2. 
For variants 1–3, the optimal angles are con-
tained in the interval opt [ / 8, /16] , 
while for variants 5–6, they are 

opt [3 / 8, 7 /16]. In the first case, the 
cross-sections have yy zzD D , which requires a 
negative (clockwise) rotation of the rod; in the 
second case, for variants with yy zzD D , a ro-
tation in the opposite direction is required. 
Since the specified materials do not possess the 
properties of different resistance under tension 
and compression, periodicity of the function 

( )W  is observed over an interval equal to . 
If the stiffnesses are equal yy zzD D  (option 4), 
the rod becomes insensitive to the position of the 
principal stiffness planes ( ) constW . Rotat-
ing them does not change the energy level. The 
best of the six section options is option 1; it cor-
responds to the lowest value of the deformation 
energy at the minimum point 

opt  –0,0864  –15,6 . Option 6 requires a 
rotation angle opt  0,4136  74,5 . The same 
angle values are obtained using the formula (10)
.  
To illustrate the practical effect of rotating the 
rod by an angle, we will evaluate the level of nor-
mal stresses in cross section 1 (Table 2). When 
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Figure 2. Given action: in plane 0z x , (a), in plane 0y x , (b) 
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2 h  0,6 1,2 
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Cross-section layout options 
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Figure 3. Cross-section of the rod in the initial 
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conditions 0z yD D  are met, they are deter-
mined by the formula [19, 20] 
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Taking into account the stress limitation by the 
value of the calculated resistances kr  (Table 1), it 
is convenient to monitor the level of relative di-
mensionless stresses , ,( ) ( , , ) /k j x k j j ks x x y z r  
in an inhomogeneous rod. For this purpose, 
Fig. 5 shows 16 graphs , ( )k js x  ( 1,...,4,k  

1,...,4)j  for four corner points taken in each of 
the four structural elements. 
 

 
Figure 5. Dependence of the potential energy of 
deformation of a rod W ·105 on the angle of ro-
tation of the rigidity planes for different cross-

sectional options (Table 2) 
 

 
The maximum relative stress is realized in 
graph 1, corresponding to the stress at point K of 
the first layer (Fig. 6).  
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Figure 6. Optimal rotate of section 1 (Table 2)  
at the minimum value of deformation energy 

 

The minimum is in graph 2, constructed for the 
stress at point P of the fourth layer. Taking 
point P as the design point – the point with the 
highest modulus of stress, from the strength 
condition 
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Figure 4. Graphs of relative stresses 103· at corner points of 4 structural elements

of section 1, table 2 at . 
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In this example, the settlement points are 
located at the corners of the outer contour of the 
section. Due to the discontinuity of stress func-
tions (12) at the layer boundaries, with different 
physical characteristics, the settlement points 
may shift to the corners of the internal boundaries 
of the structural elements. 

For comparison, we present the results cor-
responding to the initial position of the rod with-
out rotation of the axes. Fig. 7 shows graphs of 
the relative stresses , ( )k js x acting in the same 
section 1 at the same 16 calculation points, at  

= 0°. 

 
The required parameter value in this case was 
= 0,0719. Thus, setting the optimal rotate al-
lowed us to reduce the size  by 15% and the 
volume of material by 38%. 
 

 
Figure 8. Dependency 103· ,,

max ( , )k jk j
s x  

 
In a number of studies, in particular in [21], it has 
been shown that as a result of the variational set-
ting of optimization problems based on the en-
ergy criterion, when varying the geometric func-
tions, equalization of stresses on the rod surface 

(at the layer boundaries) occurs. In this problem, 
solved without varying the geometry, continuous 
equalization of stresses does not occur (Fig. 5). 
However, here too, similar effects can be seen, 
manifested discretely in the form of equalization 
of local stress maxima. In Fig. 5, this is practi-
cally achieved for the greatest stresses in the 
cross-sections 0,2x  and 0,56x . 
Fig.  8 shows a three-dimensional graph of rela-
tive stresses ,,

max ( , )k jk j
s x  as a function of x  

and angle , which is the outer envelope of 16 
surfaces – the moduli of stress constructed for the 
calculated points. Analysis of this surface allows 
us to formulate a criterion for minimizing local 
stress maxima. 
 

 , opt, ,
min max ( , )k jk j x

s x .  

 
As a result of application it application, the opti-
mal rod rotation angle was opt  –13,94  with a 
required strength dimension of 0,0591, re-
sulting in a material savings of 32,4% compared 
to the design at = 0,0719 for the initial state at 

 0 .  With the determined rotation angle, 

1

2 

Figure 7. Graphs of relative stresses 103·  at settlement points of section 1 at = 0 
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stresses are equalized at the two most heavily 
loaded points in the x-axis direction. One of these 
is located at the support 0,2x , and the other is 
at the local span extremum at 0,56x . 

 
 

CONCLUSIONS 
 
The use of rigid axial rotation of the rod as an 
external stress regulator is an effective additional 
optimization tool and allows for, in the example 
considered, allowed: a) increasing the load-bear-
ing capacity of a inhomogeneous rod by 20–30% 
at a low cost, consisting of ensuring a specified 
fixed design position of the rod on the supporting 
devices; b) being an additional tool, it does not 
require changes to the physical structure and ge-
ometry of the rod, designed according to the op-
timization criteria. For this reason, this technique 
can also be applied to prefabricated standard 
structural elements, including homogeneous 
ones. 
A significant advancement of this method is its 
application to "controlled structures," which, 
thanks to the presence of neural network systems, 
acquire the ability to effectively adapt to changes 
in external forces. To achieve this, the rod must 
be equipped with support devices capable of con-
tinuously adjusting the angular position of the 
rod's principal rigidity planes during operation. 
For the object in question – a inhomogeneous rod 
– implementing control systems is quite simple 
and feasible. 
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