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Abstract: A mathematical model of thermomechanical deformation is presented for a shell with positive Gaussian 
curvature, made of an orthotropic composite that develops induced anisotropy during loading. The general formu-
lation of the boundary value problems, as substantiated in a number of studies, is carried out in an uncoupled 
setting. The occurrence of a temperature gradient is assumed to be one-dimensional, normal to the shell surfaces. 
Small temperature gradients are assumed, allowing the problem to be solved in a quasi-static manner. To account 
for the effect of induced heterogeneity—manifested as the dependence of the deformation-strength properties of 
composites on the nature of the stress state—state equations formulated by one of the authors in the principal 
material axes of normalized tensor space are used. The developed model is implemented for the thermomechanical 
analysis of a single-layer shell with positive Gaussian curvature. The main solution parameters are compared with 
results obtained from similar problems using tested models for the theory of deformation of orthotropic materials 
with differing resistance proposed by other authors, as well as from the equations of orthotropic linear elasticity 
theory neglecting differing resistance. 
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INTRODUCTION 
 
At the current stage of technological 
development, there is widespread use of 
advanced reinforced polymer composites 
strengthened by dispersed or continuous fibers. 
The key factor that has secured the leading 
position of these materials is their ability to 
combine high strength and stiffness 
characteristics with resistance to aggressive 
influences while maintaining minimal structural 
weight. 
Analysis carried out during experiments has 
revealed a number of nonlinear and anisotropic 
effects. These include: different resistance to 
tension and compression, nonlinearity of 
deformation curves, and a pronounced 
dependence of deformation properties on the 
dominant type of stress state. 
The aforementioned features have led to the 
development of accurate theoretical models 
and comprehensive verified testing. Despite 
significant advancements in solution methods 
and testing means, the issue remains open and 
is the subject of active scientific discussions 
[1-16]. 
A critical analysis of existing phenomenological 
theories intended for modeling bimodular 
orthotropic media has been repeatedly 
undertaken in scientific literature [17–19]. 
The identified shortcomings of the considered 
theories include: discontinuities in constitutive 
relations or on energy surfaces, insufficient 
justification of the physical meaning of 
phenomenological parameters, lack of 
accounting for the stress state type in 
mathematical formulations, the need for a 
priori constraints on material constants, and 
high dimensionality of the space of 
experimentally determined coefficients in 
polynomial approximation [14–16]. A critical 
factor reducing the practical value of these 
models is their consistent discrepancy with 
experimental data under multicomponent 
loading [8–16]. 
Thanks to their identified competitive 
advantages, fiber composite systems have 

become widespread in the design of thin-
walled spatial structures. Of particular interest 
are coverings with synclastic geometry of the 
middle surface (positive Gaussian curvature), 
which operate under cyclic thermal loading 
regimes. The constructional solutions of such 
systems often provide for technological 
openings for organizing the installation of 
utilities. 
In the practice of numerical modeling of 
thermomechanical processes in structures, 
both decoupled and coupled formulations are 
used. Nevertheless, analytical assessments of 
the degree of mutual influence of thermal and 
mechanical fields for elements made of 
materials with differing resistance indicate the 
short-term nature of transitional coupling 
processes, which decay after achieving 
steady-state temperature changes. Therefore, 
this work proposes a mathematical 
formulation for the deformation process of a 
thin-walled shell with positive Gaussian 
curvature, made of orthotropic composite with 
induced anisotropy, within a decoupled 
(separate) framework. The theoretical basis is 
an energy approach using a potential function 
adapted for materials with nonlinear property 
dependence on the stress state. This study 
demonstrates that the correct identification of 
all parameters of the energy expansion 
requires the implementation of a 
comprehensive test program with 
simultaneous shearing in three mutually 
perpendicular planes of anisotropy, which is 
beyond the capabilities of modern testing 
equipment. For this reason, as recommended 
in [22–24], a simplified version of the energy 
function in the normalized tensor space with 
quasi-linear approximation is used. Applying 
the Castigliano variational principle to this 
function, the constitutive equations are 
formulated as in [22–24,30]: 
 

                          (1) 
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PROBLEM STATEMENT 
 
An illustration of the structural solution for the 
spatial shell system of double curvature is pro-
vided in the graphical material (Figure 1b). This 
schematic presents a set of defining quantities: 
the dimensional characteristics of the structure 
and the parameters of the steady-state thermal re-
gime necessary for formulating the boundary 
value problem. 
Initial data: 
1) external uniform normal pressure up to 
q = 0,05 MPa is applied to the shallow shell (Fig-
ure 1b); 
2) the initial temperature of the shell is assumed 
to be uniform at 0 22  throughout its thick-
ness and across all surfaces, the outer surface is 
then cooled to a temperature 1 20  and 
maintained constant; the inner surface of the shell 
is heated to a temperature 2 30 (  – the 
temperature difference at a point on the shell, oc-
curring between the initial and final equilibrium 
states); 
3) the principal curvatures of the shell's middle 
surface characterize its positive curvature: 

1 1 2 21 , 1k r k r , 1 7, 25r  m, 2 26r  m;  
4) the plan dimensions of the shell are 2a  =  
10 m, 2b  = 20 m (Figure 1b), with the rise f = 
 2 m (Figure 1b); 
5) the shell thickness is taken as h = 0,1 m (Fig-
ure 1b). 
 

 
Figure 1a. General view of a shell with positive 

Gaussian curvature 
 

 
Figure 1b. Calculation scheme of a shell with 

positive Gaussian curvature 
 
The choice of the kinematic model for the inves-
tigated problem is determined by the analysis of 
dimensionless geometric parameters. Despite the 
existence of alternative approaches—refined the-
ories by S. P. Timoshenko, V. Z. Vlasov, and S. 
A. Ambartsumyan that account for transverse 
shear deformations—in this particular case, the 
thinness criterion (the ratio of thickness to a char-
acteristic radius of curvature) satisfies the ap-
plicability conditions of the classical hypotheses 
of no transverse shear and normal stresses to the 
surface (Kirchhoff–Lyav model). 
For a shell with positive Gaussian curvature, 
supported on a rectangular plan contour, the 
kinematic relations between the components of 
the displacement vector and the strains of the 
middle surface are written in the following form: 
 

11 11, ;w 22 22, ;w  

12 122 , ;w  
2

11 1 1 1, 0,5 , ;u k w w            (2) 
2

22 2 2 2, 0,5 , ;v k w w  

12 2 1 1 2, , , , ;u v w w  
 

where 11 22 12, ,  –  normal strains and shear 
strains; u , v , w  –  displacement components; 

1k , 2k   –  curvature  parameters  of   a   surface 
( 1 11/ ,k r 2 21/k r ). 
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Under the condition of strict alignment of the 
material's principal orthotropy axes with the axes 
of the attached Cartesian coordinate system, the 
constitutive equations (1) [30] can be 
transformed into a simpler form that accounts for 
the temperature terms: 
 

11 11 11 12 22 1Te K K ; 
22 21 11 22 22 2Te K K ;        (3) 

12 12 12e , 
 

where  
 

1111 1111 1111K = A +  
11 11 22[ ]+2 3

1111 2222+0,5 B (1 ) B  
22 11 11 22

2
1122+ ;

12 21 1122 1122 11 22K K A B ( ) ; 
 

In the above relations: ,iijjA ,iijjB ,kkkkA kkkkB  – 
celastic constants of the material; 11 11 / S , 

22 22 / S  – relative stresses; 1T , 2T  – 
oefficients of thermal expansion along the 
anisotropy axes. 
The algorithm for determining elastic properties 
through mechanical testing of specimens 
manufactured along the principal material axes 
of the composite system is presented in 
bibliographic references [22–24].  
In the considered studies, in addition to 
conducting experiments, approximating 
functions for processing experimental data were 
obtained. Based on these, dependencies relating 
the engineering constants ,kkkkA ,kkkkB ,iijjA iijjB  to 
the technical parameters of the material were 
derived. For use within this two-dimensional 
boundary value problem, the specified 
dependencies were adapted and presented in the 
following form , , 1, 2i j k : 
 

(1/ 1/ ) / 2kkkk k k ;   
( / / ) / 2iijj ij j ij j ;   

/ /ij j ji i ; 

(1/ 1/ ) / 2kkkk k k ; 
( / / ) / 2iijj ij k ij j ; / /ij j ji i .  

 
Furthermore, the bibliographic sources [22–24] 
provide reference data on the mechanical con-
stants of a wide range of orthotropic materials 
that exhibit different resistance to tension and 
compression. 
For the case of thin-walled curved structures, the 
derivation of the resolving system of differential 
equations, formulated in terms of displacements, 
is based on the complete set of fundamental 
equations of the mechanics of deformable solids. 
This procedure requires inverting the physical 
equations (3) to express the components of the 
stress tensor through the corresponding defor-
mation characteristics. 
 

11 11 11 12 22 1T ; 

22 12 11 22 22 2T ;           (4) 

12 66 12 ; 
 

where 11 22 / ; 22 11 / ; 
 

12 12 / ; 66 121/ ; 2
11 22 12K K K ; 

1 11 1 12 2T T T ;     

2 12 1 22 2T T T . 
 

The formulation of equilibrium conditions for 
shell systems is implemented through integral 
force variables of membrane and bending types. 
In the axisymmetric case, the model includes  11N
, 22N , 11M , 22M  and 11Q  . The numerical values 
of the first two forces and moments are deter-
mined by integral averaging of stresses along the 
normal to the middle surface (coordinate 3x ): 
 

311 11

2

2

h

h

N d ;    322 22

2

2

h

h

N d ; 

312 12

2

2

h

h

N d  ;   11 11 3 3

2

2

h

h

M d ;    (5) 
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By inverting equations (10) with respect to the 
increments of stresses, we obtain: 
 

11 11 11 12 22 1TD e D e ; 

22 21 11 22 22 2TD e D e ;       (11) 

12 66 12D e ; 
 

                      11 22 /D ;  

12 21 21 12/ /D D ; 

22 11 /D ;  66 66 /D ; 
11

11
11

e
; 11 22

12 21
22 11

e e
; 

22
22

22

e
; 66

66
66

e
; 11

1T
e

; 

22
2T

e
; 

11 22 12 21 ; 

1 12 2 1 22( ) /T T T ; 

2 21 1 2 11( ) /T T T . 
 

The transition from stress increments (11) to in-
crements of forces and moments is carried out ac-
cording to the same rules as (5): 
 

/2

11 11 3
/2

h

h

N d ; 

 
/2

22 22 3
/2

h

h

N d ;                   (12) 

/2

11 11 3
/2

h

h

M zd ; 

/2

22 22 3
/2

h

h

M zd ; 

 
where 11N , 22N , 11M , 22M  – the incre-
ments of the corresponding forces and moments. 
By applying expressions (12) to the increment 
equations (11), we obtain: 
 

11 11 11 11 11 12 22

12 22 1 ;T

N L J L
J

 

22 12 11 21 11 22 22

22 22 2 ;T

N L J L
J

 

12 66 12 66 12;N L J              (13) 

11 11 11 11 11 12 22

12 22 1 ;T

M J R J
R

 

22 12 11 21 11 22 22

22 22 2 ;T

M J R J
R

 

12 66 12 66 12M J R ; 
 

where        
/2

3
/2

h

ij ij
h

L D d ; 
/2

3
/2

h

ij ij
h

J D dz ; 

             
/2

2
3

/2

h

ij ij
h

R D dz ; 
/2

3
/2

h

iT iT
h

d ;        

/2

3
/2

h

iT iT
h

z d ; , 1, 2i j . 

 
The statics equations (8) after transformation 
through increments are written in the form: 
 

11 1 12 2

12 1 22 2

11 11 11 11 11 1

22 22 22 22 22 2

12 12 12 12

11 11 22 22 12 12 3,

, , 0;
, , 0;

, ,
, ,

2 , 2 ,
, 2 , ;

N N
N N
N w N w N k
N w N w N k
N w N w
M M M q

       (14) 

 
where 3q  – increment of transverse load inten-
sity. 
The linearized equations in increments of dis-
placements of the middle surface of the Gaussian 
curvature shell were obtained by reducing ex-
pressions (9), (13), and (14) to a common form: 
 

11 1 1 1 1 11 11 1 1, [ , , ] [ , ,L u k w w w L u k w

11 1 11 11 1 11 11 111, , , ] , , ,w w w w J w J w

12 2 2 2 12 1 2[ , , ] [ ,L wk w w v L w k  

12 2 2 12 12 12 1 22, , , , ] , , ,w w w w v J w  

5 
 

22 22 3 3

2

2

h

h

M d . 

 
The transverse force 11Q  is defined by differen-
tiating the moment 11M  with respect to the coor-
dinate X1: 
 

11 11,1 11 1,Q M N w .               (6) 
 
By jointly using expressions (1)–(4), a functional 
relationship is established between the given 
forces/moments and the deformational-geomet-
ric parameters (components of the strain tensor 
and changes in the principal curvatures) of the 
middle surface of the shell: 
 

11 11 11 11 11 12 22 12 22 1TN L J L J ; 

22 12 11 21 11 22 22 22 22 2TN L J L J ; 

12 66 12 66 12N L J ;                   (7) 

11 11 11 11 11 12 22 12 22 1TM J R J R ; 

22 12 11 21 11 22 22 22 22 2TM J R J R ; 

12 66 12 66 12M J R ; 
 

where      
/2

3
/2

h

ij ij
h

; 
/2

3
/2

h

ij ij
h

z ; 

/2
2

3
/2

h

ij ij
h

z ; 
/2

3
/2

h

iT iT
h

d ;

/2

3
/2

h

iT iT
h

z d ; , 1, 2i j . 

Static equilibrium equations are invariant regard-
ing the type of constitutive relations. In the con-
text of the considered shell with positive curva-
ture, for small parameter 1zk  [25], they are 
expressed as follows: 
 

11 1 12 2

12 1 22 2

11 11 22 22 12 12 11 11 1

22 22 2 12 12 3

, , 0;
, , 0;
, , 2 , ( , )

( , ) 2 , ;

N N
N N
M M M N w k

N w k N w q

(8) 

The nonlinear nature of the problem, identified 
from the system of equations (1)–(8), manifests 
itself in three aspects: material properties, 
kinematics, and the nonlinearity of the 
computational model. Therefore, the governing 
system of differential equations is constructed 
and solved using the two-step method of 
successive parameter perturbations, developed 
by V. V. Petrov [26]. The first step of this method 
involves approximating the nonlinear 
dependencies with linear relations based on the 
incremental loading technique. 
 
 
LINEARIZATION OF THE SYSTEM OF 
DIFFERENTIAL EQUATIONS 
 
As a result of the linearization of dependencies 
(2), equations are obtained that relate the incre-
ments of the arguments and functions: 
 

 11 11,w ;     

22 22,w ; 

12 122 ,w ; 

11 1 1 1 1, , , ;u k w w w  

22 1 2 2 2, , , ;v k w w w             (9) 

12 1 2 1 2 2 1, , , , , , ;v u w w w w  

11 11 3 11e ;     

22 22 3 22e ;    

12 12 3 12e ; 
 

where  – is the increment of the arguments. 
Following the approach of [27], we will linearize 
the constitutive equations (1) by expanding them 
into a Taylor series and retaining first-order 
smallness terms: 
 

11 11 11
11 11 22 1

11 22
T

e e ee ; 

22 22 22
22 11 22 2

11 22
T

e e ee ; 

12
12 12

12

ee                        (10) 
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12 122 1 1 66 2 1 12 1 2, , , [ , , , ,TJ w L w w w w  

2 1 66 12 2 1 12, , ] [ , , , ,u v L w w w w  

12 12 1 22 22 12, , , , , , ]w w w w u u  
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To ensure a closed formulation of the problem, 
boundary conditions must be added to the differ-
ential equations (15), also expressed in terms of 
increments of displacements. 
The rigid clamping of the support contour is 
specified by the following relations: 
 

0u ;     0w ;     , 0rw .       (16) 
 
 
THE TEMPERATURE COMPONENT OF 
THE PROBLEM 
 
The differential heat conduction equation [28] 
adequately describes the heat propagation pro-
cess in structurally orthotropic solids: 
 

1 11 2 22 3 33t ,     (17) 
 

where 1 , 2 , 3  – thermophysical material 
constants along the principal axes, defining the 
thermal inertia of the material;; t –  time; T – tem-
perature. 
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In this regard, the differential heat conduction 
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where 3 /  – thermal diffusivity coeffi-
cient in the direction normal to the shell surface 

 – eat transfer coefficient;  – specific heat ca-
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extrapolation scheme. The developed computa-
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results based on alternative constitutive models 
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a) with results obtained using advanced constitu-
tive relations for orthotropic materials (Model 1); 
b) calculation employing averaged mechanical 
characteristics while neglecting induced defor-
mation anisotropy properties (Model 2); 
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effects excluded (Model 3); 
d) data obtained following the theory of C. W. 
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e) solutions based on the model by R. M. Jones – 
D. A. R. Nelson [10, 13] (Model 5). 
f) with solutions of S. A. Ambartsumyan (Model 
6).  
Figures 2-5 and 8-11 show the calculated re-
sults of the normal stresses 11  and 22 ; Fig-
ures 14-18 show the displacements and deflec-
tions of the middle surface of the considered 
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Figure 7. Normal stresses 11  at ¼ length to the 
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Figure 12. Normal stresses 22  at the center 

through the thickness, Pa 
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shell, obtained using various state equations for 
structurally orthotropic materials exhibiting 
deformational inhomogeneity (variable re-
sistance) during loading. Figures 6, 7, 12, and 
13 present characteristic stress distributions 
through the thickness of the shell in a specified 
cross-section. 
The results of calculating the stress-strain state of 
a shell with positive Gaussian curvature under 
combined transverse loading and temperature 
gradient revealed their significant dependence on 
the choice of constitutive relations for ortho-
tropic media that exhibit different behavior under 
various stress state types. 
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Figure 6. Normal stresses 11  at the center 

through the thickness, Pa 
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2. For the normal stresses 22 , the differences 
from the classical approach reach 45,9%; without 
considering thermal effects, 13,7%; compared to 
C. W. Bert – J. N. Reddy’s theory, 8,3%; using 
R. M. Jones – D. A. R. Nelson’s relations, 39,8%; 
and under equal thermomechanical loading con-
ditions, 38,8% relative to calculations by S. A. 
Ambartsumyan; 
3. For displacements W, the discrepancy reaches 
23,1% relative to calculations by traditional or-
thotropic shell theory with averaged material 
characteristics, 24,1% without thermal gradient 
consideration, 23,9% compared to C. W. Bert – 
J. N. Reddy’s model, 10% relative to R. M. Jones 
– D. A. R. Nelson’s variant, and 15,7% compared 
to S. A. Ambartsumyan’s theory; 
4. For displacements U, the discrepancy is 12,5% 
relative to traditional orthotropic shell theory 
with averaged characteristics, 22% without tem-
perature gradient, 23% compared to S. A. Am-
bartsumyan’s theory, 6,5% compared to C. W. 
Bert – J. N. Reddy’s model, and 17,5% relative 
to R. M. Jones – D. A. R. Nelson’s variant. 
 
 
CONCLUSIONS SUPPORTED BY 
RESEARCH 
 
The implemented computational experiment pro-
gram for evaluating the stress-strain state param-
eters of an orthotropic shell structure with posi-
tive Gaussian curvature, formulated in the nor-
malized tensor space of stresses, the correctness 
of which was demonstrated by verification with 
experimental data in publications [13], provides 
the basis for the following conclusions: 
1. The application of the proposed mathematical 
model guarantees enhanced reliability and engi-
neering accuracy in the analysis of thin-walled 
spatial systems compared to traditional ap-
proaches presented in other researchers’ works; 
2. Computational experiments clearly demon-
strate that the correct accounting of induced de-
formational anisotropy in numerical algorithms 
reveals significant limitations of traditional 
methods for predicting the stress state of curved 
shell elements. Ignoring this phenomenon can 

generate substantial deviations in forecasting the 
mechanical response of spatial structures. 
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2. Computational experiments clearly demon-
strate that the correct accounting of induced de-
formational anisotropy in numerical algorithms 
reveals significant limitations of traditional 
methods for predicting the stress state of curved 
shell elements. Ignoring this phenomenon can 

generate substantial deviations in forecasting the 
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