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ASSESSMENT OF THERMAL AND FORCE EFFECTS ON AN
ORTHOTROPIC SHELL WITH POSITIVE GAUSSIAN
CURVATURE

Alexander A. Treschev, Victor G. Telichko, Denis 1. Doroshenko
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Abstract: A mathematical model of thermomechanical deformation is presented for a shell with positive Gaussian
curvature, made of an orthotropic composite that develops induced anisotropy during loading. The general formu-
lation of the boundary value problems, as substantiated in a number of studies, is carried out in an uncoupled
setting. The occurrence of a temperature gradient is assumed to be one-dimensional, normal to the shell surfaces.
Small temperature gradients are assumed, allowing the problem to be solved in a quasi-static manner. To account
for the effect of induced heterogeneity—manifested as the dependence of the deformation-strength properties of
composites on the nature of the stress state—state equations formulated by one of the authors in the principal
material axes of normalized tensor space are used. The developed model is implemented for the thermomechanical
analysis of a single-layer shell with positive Gaussian curvature. The main solution parameters are compared with
results obtained from similar problems using tested models for the theory of deformation of orthotropic materials
with differing resistance proposed by other authors, as well as from the equations of orthotropic linear elasticity
theory neglecting differing resistance.

Keywords: shell, orthotropy, thermomechanical impact, differing resistance, induced anisotropy,
Gaussian curvature

OLIEHKA TEMIIEPATYPHOI'O 1 CHJIOBOT'O BO3IENCTBUSI
HA OPTOTPOITHYIO OBOJIOUYKY NOJOKUTEJIBHOMN
TAYCCOBOUW KPUBU3HBI

A.A. Tpewes, B.I'. Teruuxo, /I.HU. /lopowenko
Tynwckuit rocymaperBernsiit yansepeuteT (Tynl'Y), r. Tyma, POCCUA

Annoranusi: [IpeacraBnena MaTeMaTniecKkast MOJIETIb TEPMOMEXaHUUECKOTO e(hOPMHUPOBaHMS 000I0UKH ITOJI0-
JKUTEIbHOH ["ayccoBOll KpUBU3HBI, U3TOTOBJIEHHON HA OCHOBE OPTOTPOIHOIO KOMIIO3UTA, B KOTOPOM Pa3BUBAETCS
HaBeJICHHasi aHM30TPOIHS B Ipoliecce ee HarpyskeHus. OOImas moctaHoBKa KpaeBbIX 3aj1ad, Kak 00OCHOBAHO B
psine paboT, OCYIIECTBICHA B HECBSI3aHHOW IOCTaHOBKE. BO3HMKHOBEHME TEMIIEpaTypHOTO Mepernaia MPHHATO
OJTHOMEPHBIM 110 HOPMaJIX K MTOBEPXHOCTSIM 000J104KH. [IpH 3TOM NMPUHATBI Majible TPaJeHThl PACHPOCTPAHECHHS
TEMIIEPaTyPHOTO BO3JICHCTBHS, OJaroapst 4eMy pelieHne 3a1a4 OCYIIECTBICHO B KBa3UCTATHYECKOM BapHaHTE.
Jnst ydera BOMSHUS HAaBOJUMOW HEOJHOPOAHOCTH, HPOSBIAOMIEHCA KaK 3aBUCHMOCTD J1€()OPMAIOHHO-TIPOY-
HOCTHBIX CBOMCTB KOMIIO3UTOB OT BH/Ia HANPSKEHHOT'O COCTOSIHUSI, MCIIOIb30BaHbl yPaBHEHHS COCTOSIHUS, Chop-
MYJIMPOBaHHBIE OJTHUM U3 aBTOPOB B TIIaBHBIX MATEPHAIBHBIX OCSIX HOPMUPOBAHHOIO TEH30PHOTO IPOCTPAHCTBA.
PazpaboTanHas MoJiesb peain30BaHa MPH TEPMOMEXAaHUYECKOM pacyeTe OJHOCIONHON 000IIOUKH TTOJIOKHUTEIb-
Holt ["ayccoBoil kpuBHU3HBI. OCHOBHBIE TapaMETPhl PEIICHUS CPABHUBAIOTCS € pe3yIbTaTaMi aHAJIOTHYHBIX pelle-
HUM, IOJTyYeHHBIX C UCIIOJIb30BaHUEM HauboJee anpoOMpOBaHHBIX MOJIENIEH TeOpHH JIe)OPMUPOBAHHSI OPTOTPOII-
HBIX Pa3HOCOIPOTHUBIISIIOLIMXCS MaTEPUANIOB, TIPEJUIOKEHHBIX JIPYTUMH aBTOpaMH, a TakKe 0a3upyrOLIUXCs Ha
YPaBHEHUSIX OPTOTPOITHOM JIMHEHHOM TEOpUH YIIPYyrocTH 0e3 ydeTa pa3sHOCONPOTHBIISIEMOCTH.

KaroueBble ciioBa: 060.]'[0‘11(3, OpTOTpOIIUA, TCPMOMEXAHUICCKOC BOBI[CﬁCTBI/IG, Pa3ZHOCONPOTUBIACMOCTD,
HaBCJICHHAA aHU30TPOIINA, rayCCOBAa KPHMBHU3HA
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INTRODUCTION

At the current stage of technological
development, there is widespread use of
advanced reinforced polymer composites
strengthened by dispersed or continuous fibers.
The key factor that has secured the leading
position of these materials is their ability to
combine  high strength and  stiffness
characteristics with resistance to aggressive
influences while maintaining minimal structural
weight.

Analysis carried out during experiments has
revealed a number of nonlinear and anisotropic
effects. These include: different resistance to
tension and compression, nonlinearity of
deformation curves, and a pronounced
dependence of deformation properties on the
dominant type of stress state.

The aforementioned features have led to the
development of accurate theoretical models
and comprehensive verified testing. Despite
significant advancements in solution methods
and testing means, the issue remains open and
is the subject of active scientific discussions
[1-16].

A critical analysis of existing phenomenological
theories intended for modeling bimodular
orthotropic media has been repeatedly
undertaken in scientific literature [17—19].

The identified shortcomings of the considered
theories include: discontinuities in constitutive
relations or on energy surfaces, insufficient
justification of the physical meaning of
phenomenological  parameters, lack of
accounting for the stress state type in
mathematical formulations, the need for a
priori constraints on material constants, and
high dimensionality of the space of
experimentally determined coefficients in
polynomial approximation [14—16]. A critical
factor reducing the practical value of these
models is their consistent discrepancy with

experimental data under multicomponent
loading [8—16].
Thanks to their identified competitive

advantages, fiber composite systems have
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become widespread in the design of thin-
walled spatial structures. Of particular interest
are coverings with synclastic geometry of the
middle surface (positive Gaussian curvature),
which operate under cyclic thermal loading
regimes. The constructional solutions of such
systems often provide for technological
openings for organizing the installation of
utilities.

In the practice of numerical modeling of
thermomechanical processes in structures,
both decoupled and coupled formulations are
used. Nevertheless, analytical assessments of
the degree of mutual influence of thermal and
mechanical fields for elements made of
materials with differing resistance indicate the
short-term nature of transitional coupling
processes, which decay after achieving
steady-state temperature changes. Therefore,
this  work proposes a  mathematical
formulation for the deformation process of a
thin-walled shell with positive Gaussian
curvature, made of orthotropic composite with
induced anisotropy, within a decoupled
(separate) framework. The theoretical basis is
an energy approach using a potential function
adapted for materials with nonlinear property
dependence on the stress state. This study
demonstrates that the correct identification of
all parameters of the energy expansion

requires  the  implementation of a
comprehensive test program with
simultaneous shearing in three mutually

perpendicular planes of anisotropy, which is
beyond the capabilities of modern testing
equipment. For this reason, as recommended
in [22-24], a simplified version of the energy
function in the normalized tensor space with
quasi-linear approximation is used. Applying
the Castigliano variational principle to this

function, the constitutive equations are
formulated as in [22—-24,30]:
{e} =[Cl{o} 1
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PROBLEM STATEMENT

An illustration of the structural solution for the
spatial shell system of double curvature is pro-
vided in the graphical material (Figure 1b). This
schematic presents a set of defining quantities:
the dimensional characteristics of the structure
and the parameters of the steady-state thermal re-
gime necessary for formulating the boundary
value problem.

Initial data:

1) external uniform normal pressure up to
g = 0,05 MPa is applied to the shallow shell (Fig-
ure 1b);

2) the initial temperature of the shell is assumed
to be uniform at 7, =22°C throughout its thick-

ness and across all surfaces, the outer surface is
then cooled to a temperature 7, =-20°C and

1
maintained constant; the inner surface of the shell
is heated to a temperature 7, =30°C (6" - the

2

temperature difference at a point on the shell, oc-
curring between the initial and final equilibrium
states);

3) the principal curvatures of the shell's middle
surface characterize its positive curvature:
k=1n,k,=1/r,, n=7,25 m, r, =26 m;

4) the plan dimensions of the shell are 2a =
10 m,2bh = 20 m (Figure 1b), with the rise f=
2 m (Figure 1b);

5) the shell thickness is taken as 2= 0,1 m (Fig-
ure 1b).

Figure la. General view of a shell with positive
Gaussian curvature
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Figure 1b. Calculation scheme of a shell with
positive Gaussian curvature

The choice of the kinematic model for the inves-
tigated problem is determined by the analysis of
dimensionless geometric parameters. Despite the
existence of alternative approaches—refined the-
ories by S. P. Timoshenko, V. Z. Vlasov, and S.
A. Ambartsumyan that account for transverse
shear deformations—in this particular case, the
thinness criterion (the ratio of thickness to a char-
acteristic radius of curvature) satisfies the ap-
plicability conditions of the classical hypotheses
of no transverse shear and normal stresses to the
surface (Kirchhoff-Lyav model).

For a shell with positive Gaussian curvature,
supported on a rectangular plan contour, the
kinematic relations between the components of
the displacement vector and the strains of the
middle surface are written in the following form:

Xii = W5 Xn = Wiy
X2 =—2Wy;

&, =u, —kw+ O,S(W,1 )2 ;

2)
Eyy =V, —k,w+0, 5(w,2 )2 ;

Vig = Uy tVy +Wy W, )

where ¢, &,,, 7;, — normal strains and shear

strains; u, v, w — displacement components;
k,, k, — curvature parameters of a surface

(k.=1/vr k =1/2)
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Under the condition of strict alignment of the
material's principal orthotropy axes with the axes
of the attached Cartesian coordinate system, the
constitutive equations (1) [30] can be
transformed into a simpler form that accounts for
the temperature terms:

e, =K, 0, +K,,0,, +@,0°;
€y = K21o-11 +K220-22 + a)2T9 ) (3)

e, =K1,
where

K, =4,,tB,,a,*
2 3
+0:5[Bn/1a11(1_an)_Bzzzzazz]"'
2 .
+B1122a22 (1 —O) Oy, ) ’

K,=K, =4, +B (e, +ay);

In the above relations: A4, B, 4> Buw —

iij > i
celastic constants of the material; o, =0,,/S,

a,, =0, /S — relative stresses; @, @,

oefficients of thermal expansion along the
anisotropy axes.

The algorithm for determining elastic properties
through mechanical testing of specimens
manufactured along the principal material axes
of the composite system 1is presented in
bibliographic references [22—-24].

In the considered studies, in addition to
conducting experiments, approximating
functions for processing experimental data were
obtained. Based on these, dependencies relating

the engineering constants 4, , By, 4> By; t0

the technical parameters of the material were
derived. For use within this two-dimensional
boundary value problem, the specified
dependencies were adapted and presented in the
following formi, j,k=1,2:

Ay, =(/E +1/E))/2;
Ay =~y 1 E; +v; 1 E})/2;

+ + L+ +.
vi lE; =V, | E;
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By, =(/E —1/E))/2;
By, =—(v; | El-v; 1 E})I2;v; | E =v,|E .

Furthermore, the bibliographic sources [22-24]
provide reference data on the mechanical con-
stants of a wide range of orthotropic materials
that exhibit different resistance to tension and
compression.

For the case of thin-walled curved structures, the
derivation of the resolving system of differential
equations, formulated in terms of displacements,
is based on the complete set of fundamental
equations of the mechanics of deformable solids.
This procedure requires inverting the physical
equations (3) to express the components of the
stress tensor through the corresponding defor-
mation characteristics.

on=Ee +E,e,—0;

0, =Epe +Eyne, — @, 4)

T, = Egen s
where £, =K,,/VY; E,, =K, /¥;

E,=-K,/¥:E,=1/K,:¥ =K, K, K2
Py = En@0,0" + E0,.0°;
oy = E,0,,0" + E,,0,,0".

The formulation of equilibrium conditions for
shell systems is implemented through integral
force variables of membrane and bending types.

In the axisymmetric case, the model includes N,

, N,,, M,,,M,, and Q,, . The numerical values

of the first two forces and moments are deter-
mined by integral averaging of stresses along the
normal to the middle surface (coordinate x; ):

2 h/2
Ny, = j ondxy; Ny = J. 0pd Xy ;
_h/2 —hj2
2 2
Ny, = I 0,dx; 5 M, = I 0, %dx; 5 (5)
—h)2 )
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/2
M, = I O, X,d X, .

—h/2

The transverse force Q,, is defined by differen-

tiating the moment M|, with respect to the coor-
dinate X7:

o, =M, ,+N,w,. (6)

By jointly using expressions (1)—(4), a functional
relationship is established between the given
forces/moments and the deformational-geomet-
ric parameters (components of the strain tensor
and changes in the principal curvatures) of the
middle surface of the shell:

Ny =Lyg, +J 00+ Lpgyn +J 02 =1y
Ny =Lpe + I 00+ Lpéyy + I Xon —Mors
N, = L&, +J X1 (7)
M, =J e+ R+ T80 + R = Virs
M, =Jne+ Ry +Jpnén + Ry oy = Vars
M, =Jg&, + R 21

hi2 h/2
where L, = I Edx;; J, = I E,zdx,;
—h12 —h12
h/2 hi2
Rij - _[ E[jzza’x3 s Mir = j Prdx;;
—h/2 —h/2
h/2
Vir = _[ Przdx;; (iajzloz)-
—h/2

Static equilibrium equations are invariant regard-
ing the type of constitutive relations. In the con-
text of the considered shell with positive curva-
ture, for small parameter zk <<1 [25], they are
expressed as follows:

Nijs+N 5, =0;
Niyy +N5,,,=0; (8)
Mll’ll +]\422’22 +2M12>12_N1 1(W’11+k1)_

=N,y (W +ky) 2N, W1, =55
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The nonlinear nature of the problem, identified
from the system of equations (1)—(8), manifests
itself in three aspects: material properties,
kinematics, and the nonlinearity of the
computational model. Therefore, the governing
system of differential equations is constructed
and solved using the two-step method of
successive parameter perturbations, developed
by V. V. Petrov [26]. The first step of this method
involves  approximating  the  nonlinear
dependencies with linear relations based on the
incremental loading technique.

LINEARIZATION OF THE SYSTEM OF
DIFFERENTIAL EQUATIONS

As a result of the linearization of dependencies
(2), equations are obtained that relate the incre-
ments of the arguments and functions:

Ay ==Aw,,;
Ay ==AW,y,;
AY, =—28w,,;
Ag,, = Au, —kAw+w, Aw,, ;
Ag,, = Av, —k,Aw+w,, Aw,, ; 9)

Ag,, = Av, +Au,, +w, Aw,, +w,, Aw,;
Ae = Agy + XA,
Aey, = Agy, + X005,
Aey, = Ay, + X0,

where A — is the increment of the arguments.
Following the approach of [27], we will linearize
the constitutive equations (1) by expanding them
into a Taylor series and retaining first-order
smallness terms:

Ae,, = Oe, Ao, + Oe, A022+w1T%A0°;

1 0y

Oe oe oe
) 2 2 o
Ae,, =—= Ao, +—=A0,, + ©,, —=A0";
oy Oy

oe
_ 12
Ae, =—=Ar1,,
12

(10)
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By inverting equations (10) with respect to the
increments of stresses, we obtain:

Aoy, =D, Ae, + D,Ae,, —Apy;

Aoy, =D, Ae, + D,Ae,, —Ag,; (1)
A1, = DgAe, ;
rae D,=Q,,/Q;

D, =D, =-Q, /Q=-Q,,/Q;
D,,=Q,,/Q; D, =Q/Q;

oe, oe oe
Q,=—"-Q,=0Q, =—-="%,

Oy 0o,, 0o,
Q) = 8822 ; Qe = 6666 ; Qp = aell >

0o,, 00 06

oe
O =L,
py:2

Q= Qanz _QIZQZI ;
Apy = (2,0, —Q,;Q,,)/Q;
Ap,; =(Q,Q,, -Q,,Q,)/ Q.

The transition from stress increments (11) to in-
crements of forces and moments is carried out ac-
cording to the same rules as (5):

hl/2

AN, = [ Aoydx,:
—h/2
hl/2

AN, = | Acdx,
—h/2
hl2

AM,, = |
—h/2
hi/2

AM,, = I Ao,,zdx,;

~h/2

(12)

Ao, zdx,;

where AN, AN,,, AM,,, AM,, — the incre-

ments of the corresponding forces and moments.
By applying expressions (12) to the increment
equations (11), we obtain:
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AN,y = L Ay, +J, " Ay, + Ly Mgy, +
1, ALy = Aty
AN,, = L,"Aey, + J5, Mgy, + Ly, " Ae, +
+J 3, Mty = Aty
AN, = L *Ae, +J"Ay\ss
AM,, = J,"Agy, + R "Ay, +J, Aey, +
R, Mgy —AYirs
AM,, = J 1, Agy, + Ry “Agyy +J 3, Mgy +
+Ry, Aty =AYy
AM,, =J"Ae, + R Ay,

(13)

h/2 h/2
A A
where L, = I Dydx;; J; = I Dyzdx,;
~h/2 —h/2
hl2 h/2
Rﬁ = '[ Dijzzd)@; An, = j Ag, dx;;
—h/2 —h/2
hl2
Ay, = .[ Ap,zdx,; (i,j=1,2).

~h/2

The statics equations (8) after transformation
through increments are written in the form:

AN, ,,+AN,,,,=0;
AN,,, +AN,,,,=0;

—N, Aw, —AN W, AN,k — (14)
—N AW,y =AN,, W5, —AN k) —
—2N12Aw,12 —2AN12W,12 +

+AM, |, +AM,, ., +2AM ,,,, = Aq;;

1°11

where Ag, — increment of transverse load inten-
sity.

The linearized equations in increments of dis-
placements of the middle surface of the Gaussian
curvature shell were obtained by reducing ex-
pressions (9), (13), and (14) to a common form:

LY, [Au,, —k Aw+ w, Aw]+ L\ [Au,,, —k,Aw,, +
+w,,, Aw, +WAW, | 1— JIA1 0 Aw,, —JIAIAW,111 +
+ L [—Awk, +w,, Aw+ Av,, 1+ L, [-Aw,, k, +

A
FW, ., AW,, +W,, Aw,, [+ Av, , =J 35, Aw,,, —
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_JIAZAW’122 _A 771T o1 +L26 22 [W’l AW’IZ +AW’1 W’Z +
+Au,, +Av, 1+ L@G[w,12 Aw,, +w, Aw,, +
W,y AW, +AW, W, +AU,,, AU, , |-
_2L26[AW’122 1=0

(15)
Lﬁé,l [w,, Aw,, +Aw,  w,, +Au,, +Av, ]+
+L§6[w,11 Aw,, +w, Aw,, +w, | Aw,, +Aw, w,, +
+Au,,, +AV, ] - 2J6A6Aw,112 +L1A2,2 [Au,, —k,Aw+
+w, Aw]+ LIA2 [Au,,, —k,Aw,, +Aw, W, , +
+w,, Aw,,, |- JIAZAW,112 +L§2,2 [—wk, +w,, Aw,, +
+Av,, 1+ L5, ,, [-Aw,, k, + Aw,

+Av,,, |- JzAzAwazz _JzAzAWazn —A1,7,,=0

vpy TWoy AW, +

—AYi7r011 =AYV 2102 _RIAIAW’IIII +J1A2911 [—wk, +
+w,, Aw,, +Av,, ]+ +2J1A2,1 [-Awk, +w,,, Aw,,, +
+w,, Aw,, +Av,,, |+ JlAz[—Aw,]1 ky +w,,, Aw,, +
F2W, 15 AW, +W,, Aw,, , +AV, 1, |-

—2{L26,1 [w,, Aw,, +Aw, w,, +Au,, +Av, |-
—2J6A6Aw,12 w,, =L [u,, —kw+0,5(w,, ) ]-
=J\ Wy, +L,[v,, —k,w+0,5(w,, )2] -

=S, Wagy 10,7 AW, _{LIAI[Au’I —k,Aw+

+w,, Aw,, |- J]A]Aw,]1 +L]A2 [-Awk, +w,, Aw,,, +
+Av,, |- JlAzAszz Ty $Woy, =Ly [Au,, —k Aw+
+w,, Aw,, |- J]A]Aw,]1 +L]A2 [—Awk, +w,, Aw,,, +
+Av,, |- JlAzAW’zz M 3k =L, [u,, —k,w+

+0,5(w,, )2] —J 1y Woy +Lo[v,, —k,w+0,5(w,, )2] -

—J s Way =Ty YAW, ., —{ L3, [ Au, —k, Aw +

+w,, Aw,, 1= J5AW,, | + L5, [~Awk, +w,, Aw,, +
+AV,, 1= I AW, 5, —AT1 3 W,y —{L[Au,, —

—k, Aw+w,, Aw,, 1= J5AW, | + L5, [—Aw, k, +
+W,, Aw,, +Av,, 1= J 5 Aw,,, —17,, b, —

2 Lgg[ut,, =v, +w, Aw,, [ =2 w,, FAW,, —
=R}, Aw,, 2R\ Aw,,, +J 1, [Au,, —

—k, Aw+w,, Aw,, 1+ 2J[Au,,, —k,Aw,, +
W,y Aw, +w, Aw,,, 1+ TS [Auy,,, —k Aw,, | +
W, Aw, 2w, Aw,  +w, Aw, | 1+

+J1A2722 [Au,, —k,Aw+w, Aw,, |+
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+2J1A2,2 [Au,,, =k Aw,, +w,, Aw,, +w, Aw,, |+
+JIA2[Au,122 —kAw,,, +2w,,, Aw,, +

+AW’1 Woipy T Wy AW’122 ]_ RlAzAszz +

+ 3 00y [FAWK, +W,, AW,, +AV,, |+
+2J2A2[—Aw,2 ky + W,y AW,, +W,, Aw,,, +
+Av,,, |+ JZA2 [—Aw,,, k) +W,,,, AW,, +

F2W,00 AW,y +W,, AW,y +AV, ) |+
+2J6A6[w,112 AW,, +W,;, Aw,,, +2w, , Aw,,, +

W, AW, +W,10 AW,y AW, W, ), +

A
FAW, Wy 15 +AU, 5y AV, | = 4RGAW,) ) —
A A A
_RIZ °11 AW,22 _2R12AW9122 _Rleszz +
A
+2J 00 [Way) AW,, +W, AW, , +AW, |, W,, +

A
FAW, Wy, AU, FAV, 2 G [Wh, AW, +

W, Aw,,, +AW,, w,, +Aw, w,,, +
A A
+Au’22 +Av’12 ]_ R22 222 AW,22 _2R22 22 AW’222 -
A A
—RpAW, 5500 +2J 6015 [We) AW, +

+w,, Aw,, +Au,, +Av, = Aq

To ensure a closed formulation of the problem,
boundary conditions must be added to the differ-
ential equations (15), also expressed in terms of
increments of displacements.

The rigid clamping of the support contour is
specified by the following relations:

Aw, =0.  (16)

THE TEMPERATURE COMPONENT OF
THE PROBLEM

The differential heat conduction equation [28]
adequately describes the heat propagation pro-
cess in structurally orthotropic solids:

L,=A T, A, Ty +A- Ty, (17)

where A, A,, A, — thermophysical material

constants along the principal axes, defining the
thermal inertia of the material;;  — time; 7 — tem-
perature.
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Within the framework of the given problem, the
temperature distribution is formed exclusively in
the cross-section of the shell, and the heat trans-

fer process is one-dimensional along the x; -axis.
In this regard, the differential heat conduction
equation (17) admits significant simplification
and can be presented in the following form:

T,=A;- Ty,

’t

(18)

where A;=A/c — thermal diffusivity coeffi-

cient in the direction normal to the shell surface
A — eat transfer coefficient; ¢ — specific heat ca-
pacity per unit volume.

The subject of numerical investigation were
shell systems made of fiberglass materials and
composites with similar properties, possessing
significant heat transfer coefficients. Due to
high thermal conductivity, in thin-walled
structures, the formation of a steady tempera-
ture gradient across the thickness occurs rap-
idly, and the spatial temperature distribution
is characterized by linearity. This fact allows
the related thermoelastic problem to be con-
sidered after reaching a steady-state regime
with a constant temperature gradient along the
coordinate x;. As a result, the temperature

across the shell section is determined by the
expression (Figure 1b):

T(x3):(Tz_7;)x3/h+(7; +1,)/2-T,. (19)

SOLUTION OF THE PROBLEM AND
ANALYSIS OF THE RESULTS

As a representative orthotropic material, fiber-
glass composite was investigated. The mechani-
cal property values used in this study, including
the tensile elastic moduli along the principal ani-
sotropy axes, are consistent with data from refer-
ences [13, 14]: E; =140 GPa, E; =280 GPa, at

axial compressions: E; =70 GPa, and E, =140

GPa; corresponding coefficients of transverse de-
formation: v;; =0,2; v, =0,3; coefficients of
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linear thermal expansion in the directions of the
principal material axes: @, =3,3-10°(°C)"';

w,, =4,0-107°(°C)™" [13, 14].

Integration of the linearized system of differen-
tial operators (15) satisfying boundary condi-
tions (16) and considering the temperature pro-
file through the thickness of the structure (19)
was implemented based on a high-order accu-
racy finite difference scheme, including central
approximations at internal nodes and one-sided
formulas in boundary regions. Spatial discreti-
zation was performed by placing 200 nodal
points along the radial coordinate with simul-
taneous division of the thickness into 21 layers
to implement Simpson's quadrature formula.
The resulting algebraic system of linear equa-
tions was solved by the Gauss-Seidel iterative
method with the application of Liisternik relax-
ation acceleration. Numerical integration along
the loading path was performed using Adams
extrapolation scheme. The developed computa-
tional algorithm with branched logic was im-
plemented as part of specialized software built
on the open environment "SCILAB".
Verification of the developed approach was car-
ried out by comparing the calculated data with
results based on alternative constitutive models
from publications [8—13]. A generalized analysis
was conducted in the following directions:

a) with results obtained using advanced constitu-
tive relations for orthotropic materials (Model 1);
b) calculation employing averaged mechanical
characteristics while neglecting induced defor-
mation anisotropy properties (Model 2);

c) results from the developed model with thermal
effects excluded (Model 3);

d) data obtained following the theory of C. W.
Bert — J. N. Reddy [8, 9] (Model 4);

e) solutions based on the model by R. M. Jones —
D. A. R. Nelson [10, 13] (Model 5).

f) with solutions of S. A. Ambartsumyan (Model
6).

Figures 2-5 and 8-11 show the calculated re-
sults of the normal stresses o, and o,,; Fig-

ures 14-18 show the displacements and deflec-
tions of the middle surface of the considered
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shell, obtained using various state equations for
structurally orthotropic materials exhibiting
deformational inhomogeneity (variable re-
sistance) during loading. Figures 6, 7, 12, and
13 present characteristic stress distributions
through the thickness of the shell in a specified
cross-section.

The results of calculating the stress-strain state of
a shell with positive Gaussian curvature under
combined transverse loading and temperature
gradient revealed their significant dependence on
the choice of constitutive relations for ortho-
tropic media that exhibit different behavior under
various stress state types.
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Figure 3. Normal stresses o, at the top along
the short side along the X axis, Pa
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1,26E+07
7,59E+06
2,59E+06
-2,41E+06
-7,41E+06
(©
[«
_51,24E407
Ll
R1,74€+07
-2,24E+07
-2,74E+07

-3,24E+07
0 0,01 0,02 0,03 O,OAE1 0,05 0,06 0,07 0,08 0,09 0,1
, m
Model 1 e e Model 2 Model 3
— e \odel 4 Model 5 Model 6

Figure 6. Normal stresses o, at the center
through the thickness, Pa
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the long side along the Y axis, Pa
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Figure 9. Normal stresses o,, at the top along
the short side along the X axis, Pa
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Figure 11. Normal stresses o,, at the bottom
along the short side along the X axis, Pa
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Figure 12. Normal stresses ©,, at the center
through the thickness, Pa
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along the X axis through the thickness, Pa
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Figure 14. Displacements W along the long
side, m
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Figure 15. Displacements W along the short
side, m

7,00E-03
5,00E-03
7 N\

3,00E-03

1,00E-03

u.m

-1,00E-03

-3,00E-03 \
-5,00E-03

-7,00E-03
0 1 2 3 4 5 6 7 8 9 10 11
L, m

e e \ode| 2

Model 5

Model 1
e e Model 4

Model 3
Model 6

Figure 16. Displacements U along
the long side, m
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Figure 17. Displacements U along
the long side, m

Through numerical analysis of the thermome-
chanical deformation of a positively curved or-
thotropic shell made of fiberglass, a set of char-
acteristic patterns was established:

1.The discrepancy in the values of normal
stresses o,, compared to the classical theory,

which ignores the anisotropy of deformation
properties and uses averaged constants, reaches
up to 41,5%, ignoring thermal effects yields de-
viations of 15,3%; compared to the theory of C.
W. Bert — J. N. Reddy, the deviation is 4,8%;
with the application of the relations by R. M.
Jones — D. A. R. Nelson, it is 39,3%; and under
all equal thermomechanical loading conditions, it
is 37,2% compared to calculations based on
equations by S. A. Ambartsumyan;
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2. For the normal stresses o,,, the differences

from the classical approach reach 45,9%; without
considering thermal effects, 13,7%; compared to
C. W. Bert — J. N. Reddy’s theory, 8,3%; using
R. M. Jones — D. A. R. Nelson’s relations, 39,8%;
and under equal thermomechanical loading con-
ditions, 38,8% relative to calculations by S. A.
Ambartsumyan;

3. For displacements W, the discrepancy reaches
23,1% relative to calculations by traditional or-
thotropic shell theory with averaged material
characteristics, 24,1% without thermal gradient
consideration, 23,9% compared to C. W. Bert —
J. N. Reddy’s model, 10% relative to R. M. Jones
—D. A. R. Nelson’s variant, and 15,7% compared
to S. A. Ambartsumyan’s theory;

4. For displacements U, the discrepancy is 12,5%
relative to traditional orthotropic shell theory
with averaged characteristics, 22% without tem-
perature gradient, 23% compared to S. A. Am-
bartsumyan’s theory, 6,5% compared to C. W.
Bert — J. N. Reddy’s model, and 17,5% relative
to R. M. Jones — D. A. R. Nelson’s variant.

CONCLUSIONS SUPPORTED BY
RESEARCH

The implemented computational experiment pro-
gram for evaluating the stress-strain state param-
eters of an orthotropic shell structure with posi-
tive Gaussian curvature, formulated in the nor-
malized tensor space of stresses, the correctness
of which was demonstrated by verification with
experimental data in publications [13], provides
the basis for the following conclusions:

1. The application of the proposed mathematical
model guarantees enhanced reliability and engi-
neering accuracy in the analysis of thin-walled
spatial systems compared to traditional ap-
proaches presented in other researchers’ works;
2. Computational experiments clearly demon-
strate that the correct accounting of induced de-
formational anisotropy in numerical algorithms
reveals significant limitations of traditional
methods for predicting the stress state of curved
shell elements. Ignoring this phenomenon can

Volume 22, Issue 2, 2026

generate substantial deviations in forecasting the
mechanical response of spatial structures.
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