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PROBABILISTIC METHOD OF STRUCTURAL RELIABILITY
ANALYSIS BY SAMPLING WITH LIMITED STATISTICAL
DATA
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Abstract: The article presents an approach to modernizing the data sampling algorithm for structural reliability
analysis. This approach enables obtaining more conservative estimates of the failure probability in cases of
incomplete or limited statistical data. Numerical examples demonstrate that an incorrect hypothesis regarding the
probability distribution type of a random variable in structural reliability problems can lead to estimation errors
of up to 5% in the reliability index. Furthermore, neglecting the confidence limits for the parameters of the
assumed probability distribution function can result in errors of up to 60% (in a strict mathematical solution). An
analysis of scientific and technical publications reveals varying preferred probability distributions for steel yield
strength, depending on the steel type and stress-strain conditions. This variability complicates unambiguous
selection of a specific probability distribution in real-world tasks during construction site assessments. The
proposed data sampling algorithm is based on a modification of the classical Monte Carlo method. It involves
selecting a random distribution function and estimating the confidence intervals for its parameters via a bootstrap
approach for each generated sample value. The algorithm produces an arbitrary-sized sample containing values
representing the lower and upper confidence bounds of the studied parameter. Consequently, the structural
element's failure probability is expressed as an interval of values.

Keywords: reliability, probabilistic analysis, safety, sampling, yield strength, failure probability,
reliability index, incomplete data

BEPOSITHOCTHBINA METO/I AHAJIN3A HAJIEXKHOCTH
COOPYKEHUU 'EHEPAIIMEN TAHHBIX ITPU HEIMNOJIHOHN
CTATUCTUYECKOHU NH®OPMALINU

C.A. Conosves, A.A. Conosvesa
Bonoroackuii rocyaapcTBeHHBIN YHUBEPCHUTET, I'. Booraa, POCCUA

AHHoTauus: B craThe mpeacTaBieH MOAXOA K MOJCPHHU3AIMH aJrOpUTMa T'eHEepanuu (COMIUIMHTA) JaHHBIX
aHaIM3a HaJeKHOCTH JJIEMEHTOB CTPOUTENBHBIX KOHCTPYKUHWH, MO3BOJISIIONIMKA MOMy4YaTh 0oJjiee IOCTOBEPHbBIC
OLICHKH BEPOSITHOCTH OTKa3a B Ciydae HEIMOJHOW cTaTUcTHueckoil mHpopmanuu. Ha 4uciIeHHBIX mpumepax
[I0Ka3aHO, YTO HEBEpPHAas TUIIOTE3a O THUIIE PACHpPE/esICHUs] BEPOSATHOCTEH Clly4ailHOM BEJMUYMHBI B 3ajadax
aHaJ M3a HaJeKHOCTH MOXKET NMPHUBECTH K OLIMOKEe B OIEHKE J10 5% WHIEKCa Ha/JeKHOCTH. B To ke Bpems
OTCYTCTBHE Y4YeTa JOBEPHUTENbHBIX TI'DaHUI] U3MEHYHMBOCTH IapaMeTpOB NPUHATON (DYHKIMH paclpeaeieHus
BEPOSTHOCTEH MOXET MPUBECTH K omuoOkam 10 60% (B CTPOroM MaTteMaTHYECKOM PEICHNH). AHAJIN3 Hay4HO-
TEXHUYECKUX ITyOJIMKAINIA TOKA3bIBACT Pa3IMYHbIC BAPUAHTHI PEAIIOUYTUTEIHLHBIX pacTIpeIeIICHUH s TIpeiena
TEKy4YeCTH CTaJll B 3aBUCUMOCTH OT BHUJAA CTalM M YCJIOBUW OHKCIUTyaTallMd, YTO 3aTPyAHSAET MNpPHUHITHE
OJTHO3HAYHOTO PEHICHUS 0 KOHKPETHOM PACIIPEICIICHIH BEPOSATHOCTEH B PEalbHBIX 33aadaxX IMPH 00CICIOBAaHUN
CTPOUTENBHBIX 00BEKTOB. [Ipe/to’KeHHBI aNTOpuUTM TeHEepaldd JaHHBIX OCHOBBIBACTCS HA MOACPHH3ALNU
Kimaccumdeckoro merona Monrte-Kapno u 3akimrodaeTcs B BBIOOpE CIydaHOM (YHKIHWH paclpeneieHus H
JIOBEPHUTEIBHOI OIICHKE €€ TMapamMeTpoB MyTeM OyTCTPEn-MoAxofa Ui KaXKAOTO TeHepUPYyeMOro 3HAYCHHS
BBIOOpKH. Pe3ynbTaToM HCIONB30BaHMSA TPEAJIAracMOro ajlrOpUTMa SBJSIETCS BBIOOPKAa IMPOU3BOIBHOIO
pasmepa, cojiepKallasi 3HAuYCHUs] HWXKHEH W BEpXHEW JIOBEPUTEIbHOM TI'paHMIIbl 3HAYEHUH HCCIIeyeMOoro
napameTpa. BeposTHOCTb 0TKa3a dJeMeHTa COOpYKEeHUsI Oy/IeT MpeicTaBlieHa B BUe HHTepBala 3HAUCHHH.

KuroueBbie ciioBa: HaaACKHOCTBD, BepOfITHOCTHLIﬁ aHaliu3, 6630HaCHOCTL, reacpanusd, nmpeaec TCKy4eCTu,
BEPOATHOCTL OTKa3a, MHACKC HAAC)KHOCTHU, HCTIOJIHAA I/IH(l)OpMaIII/ISI
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INTRODUCTION

Reliability is one of the key indicators in
substantiating the adopted design decision of the
structure. There are many reliability measures,
but the failure probability P, and the reliability

index [ are most often used in practice of

structural design. The calculation of these
parameters is based on the principles of
probability theory and mathematical statistics.
The fundamental theory of structural reliability
in a probabilistic context has been widely
developed since the middle of the 20th century
[1]. However, the use of many well-developed
theoretical provisions faces difficulties in
practical application due to limited (incomplete)
statistical information and data. It is noted in
[2], that “The probability distribution of random
variables is usually incomplete owing to a
limited amount of data, making it a challenging
problem for structural reliability assessments”.
Modeling of uncertainties in the tasks of
assessing and analyzing the reliability of
building structures is one of the key problems.
As noted in research [3], “despite the highly
detailed numerical predictions that can be
obtained, these results often do not achieve a
satisfactory level of agreement with ‘reality’,
i.e.,, the actual physical behavior of the
considered continuum in the effective
operational environment. This discrepancy is
caused by epistemic (reducible) and aleatory
(caused by variation) uncertainty in the model”.
Let's consider a practical problem - the
formation of a random variable model for the
yield strength of steel of an existing structural
steel element. There are several options for
selecting a cumulative probability distribution
function. In Section 3.02 of Joint Committee on
Structural Safety (JCSS) is noted that the log-
normal distribution is recommended for yield
strength of steel, but bi-modal distributions are
preferred in some cases. For the probabilistic
description of the yield strength of steel, the
normal and lognormal distributions are most
often used [4].
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Also, an optimal function of probability
distribution may change over time and with
changing operating conditions. The paper [5]
presents the results of studying probability
distribution function of yield strength of steel,
and it concluded that “the choice of probability
distribution for material properties that captures
scatter in data over a range of temperatures can
influence the simulated structural response” and
logistic and beta distribution are suggested. In
paper [6], it is noted that “The Shapiro-Wilk test
indicates that elastic modulus, yield strength,
tensile strength, peak strain, and yield plateau
slope of corroded steel with different corrosion
loss ratios all fitted the normal distribution”.
The authors of research [7] are noted that
“according to our experience, the statistic output
file is approximated, in the optimal way, by the
Hermite four-parameter distribution, which
takes into account even the skewness and
kurtosis of random yield strength”. In the article
[8] it is annotated that “the yield stress as well
as ultimate steel strength random parameters do
not follow a Gaussian distribution”.

So, the above literature review shows that there
are many possible probabilistic models for the
yield strength of steel. The choice of a specific
probability distribution function in the real task
of structural reliability analysis imposes a
certain responsibility on the civil engineer. The
problem becomes more complicated when you
have to analyze a small statistical sample size.
In conditions of limited statistical data, the
parameters of the probability distribution
functions are confidence intervals. The use of
common complexes in which data sampling
tasks are solved is based on a specific function
with precise parameters. Using the parameters
of a sample data set in this case leads to a
decrease in the accuracy of the results and a
difficult-to-estimate calculation error.

In this study, it is proposed to consider an
algorithm for structural reliability analysis with
incomplete statistical information, when data is
obtained by the new approach of sampling.
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METHODS

The key task of probabilistic reliability analysis
of structures is the preliminary formation of
random variable models that will describe the
variability of calculated parameters. As a rule,
classical probability distribution functions of
random variables known from mathematical
statistics and probability theory are used for this
purpose. Choosing an unsuitable distribution
function can lead to significant errors in
estimating the reliability index or the probability
of failure. This problem is particularly acute in
practical tasks, when statistical samples of only
a few dozen values are available based on the
results of tests/studies. Let's first analyze how
big relative errors can be if an analytical
engineer selects a suboptimal probability
distribution function or its statistical parameters.
Let us consider the problem of selecting a
random variable model for the yield strength of
steel based on the results of its tests. Let C255
steel be given, and its statistical characteristics
are obtained from the study [9].

The following 30 samples were obtained when
sampling values from the normal distribution
with parameters: expected value (mean)
n, =288.18 MPa and standard deviation

6, =20.17 MPa (the coefficient of variation is

7 percent): xe{303.49, 293.85, 290.28,
286.92, 27297, 282.52, 254.03, 286.20,
268.24, 26592, 291.81, 316.26, 306.70,

256.50, 268.22, 307.16, 268.36, 283.65, 299.27,
268.65, 290.31, 261.27, 276.05, 294.63, 256.05,
297.06, 287.78, 299.32, 292.70, 315.69} MPa.

Let's also assume that the task is to evaluate the
reliability index B when a stress equal to the

normative value of the

R, , =255 MPa.

If the true probability distribution function and
its exact parameters are known, then the
reliability index can be expressed as:

yield strength

(1)
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Using eq. (1), it is possible to estimate the true
reliability index B=1.645 and following no-
failure  probability P:@(B=1.645)=0.95,
where @(.) denotes Laplace function (the Z
table). But in practice, the probability
distribution function and its parameters are
unknown in advance.

There are various approaches for choosing the
most  appropriate  probability  distribution
function for a data sample. For example, the
Kolmogorov—Smirnov statistic D, quantifies a

distance between the empirical distribution
function of the sample F,(x) and the

cumulative distribution function of the reference
distribution F(x) as:

D,y = sup|F,, (x) = F(x). )

The lower the value of the statistic D,, the

more likely it is that the sample values are
derived from the function F(x). The critical

value of the Kolmogorov-Smirnov statistic for
30 values is D, =0.248 (with the confidence

probability o =0.05) or D, =0.223 (with the

confidence probability o =0.10).

The choice of the optimal distribution for the
available statistical data sample is related to the
selection of both the probability distribution
function and its parameters. The Distribution
Fitter App of the MATLAB mathematical
software package or the SciPy library of the
Python programming language can be used to
assign the parameters.

It is possible to obtain following parameters of
different types of distributions (Table 1). Using
the value of the distribution function at
F(0.05), as well as the inverse normal

distribution P =®(B), it is possible to estimate

the non-failure probability and the reliability
index B of the yield strength of steel at the
point of characteristic value.

The cumulative distribution functions plots are
presented in Figure 1.
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Table 1. Analysis of different distribution functions for steel yield strength

Type of the Fitted parameters™ K-S Reliability €, %
probability statistics index
distribution D,
function
Normal n, =284.73 MPa; o, =17.32 MPa 0.123454 1.716766 4.18
Lognormal s=0.0611; loc =0 MPa; 0.121157 1.716777 4.18
scale = ln(ux) =5.6497 MPa
Logistic p, =285.13 MPa; §, =10.33 MPa 0.131419 1.632292 0.78
GEV c¢=0.379; loc = p, =279.422 MPa; 0.121072 1.650278 0.32
scale = o, =17.877 MPa
Gamma a=268.49; scale = 1.05 0.121829 1.732762 5.06
(1, =284.3 MPa; 6, =17.34 MPa)
*The parameters fitted in Python using SciPy library
Normal distribution Lognormal distribution Logistic distribution
F(x)l F(x$ F(x.)

0.4

0.2 1

0.0 4

= Empirical CDF
—— Normal CDF (1=284.729, 0=17.317)
. F(255.0)=0.043

0.4+

0.2

—— Empirical CDF
~— Lognormal CDF (s~0.061, loc=0.000, scale=5.649)

004 = @ F255.0)-0.043

= Empirical CDF
~—— Logistic CDF (loc=285.129, scale=10.328)
@ F255.00=0.051

280

x, MPa

240 260

280 300 320

x, MPa

300 320 340 360 220 240 260

GEV-distribution

340

360

280

x, MPa

220 240 260

Gamma distribution

1.0
0.8 4
0.6 4

F(x)

0.4+

024

0.04

1.0
0.8
0.6

Fx)

0.4 1

0.2 1

= Empirical CDF
—— GEV(c=0.379, loc=279.422, scale=17.877)
@ F255.0=0.049

0.0 4

A

= Empirical CDF

= Gamma(a=B88 418, lo:

@ F(255.0)=0.042

c=-232 685, scale=0.582)

280 360

x, MPa

300 320 340 220 240

260 280

x, MPa

300

320 340 360

300

320 340

Figure 1. Cumulative distribution functions (CDF) plots of different probability distributions

360

As can be seen from Table 1, preferred
distributions for above sample dataset are

Generalized Extreme Value (GEV) with
D,=0.121. The lognormal and gamma
distributions also have similar values of
192

Kolmogorov-Smirnov statistics and can be
assumed, but in this case the error (which in
practice cannot be estimated, since we know the
real probability distribution function and
parameters only in the current conditional
example) would be 4-5%.
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Let's assume that an analytical engineer reliably
knows the probability distribution function
based on a long-term analysis of a random

variable at a steel manufacturing plant.
According to  probability theory and
mathematical statistics, the values of the

parameters of the general data set can be
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estimated from a sample population at
confidence intervals. Fig. 2 shows the
boundaries of the confidence intervals for the
mean and standard deviation normal distribution
and the above data sample with different
confidence levels.
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Figure 2. Confidence intervals for mean (a) and standard deviation (b) depending on confidence
level

Confidence intervals for the reliability index 3

at various levels can be calculated based on
confidence estimates of statistical parameters
and equation (1). The best-case (maximum

mean and minimum standard deviation) and
worst-case (minimum mean and maximum

standard deviation) scenarios are considered
(Table 2) [10].

Table 2. Confidence intervals for reliability index 3

Confidence level | 0.80 0.90 0.95 0.99
Analytical 3 [1.202; 2.238] [1.077;2.421] [0.998; 2.590] [0.780; 2.944]
[min €, max €], % | [-26.5, 36.9] [-32.1, 59.7] [-36.5, 68.3] [-44.1,105.7]
Bootstrap 3 [1.330; 2.246] [1.229; 2.418] [1.146;2.577] [1.012; 2.966]
[min &, max €], % | [-26.7, 23.7] [-31.9, 33.9] [-36.2, 43.6] [-44.5, 62.6]

As a rule, the lowest value of B is taken and

confidence level 0.95. The difference in this
case 1s about 30-60% Dbetween real and
estimated value of the reliability index B (in a

strict mathematical solution).
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Thus, a preliminary analysis shows the
importance of choosing a random variable
distribution  function and assigning its
parameters. The following algorithm is
proposed to modernize the random variable
model in practical problems:
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1. Five (k=1, 2, ..., 5) cumulative distribution
functions (CDFs) of random variables are
selected based on scientific and technical
analysis of previous experience in statistical
data analysis of the random parameter under
study;

2. Samples of

X={X1, Xy, o, X,}
measuring/testing. At least » =20 values are

recommended;
3. Values of K-S statistics D,, are estimated for

random variables
are  obtained by

every CDFs by eq. (2). Parameters of CDFs are
fitted using Distribution fitter in MATLAB or
SciPy in Python;
4. Weights of CDFs wyg ; are estimated based
1/D,,
5 9
1/2. D,
k=1

on the K-S statistics D, as wgg; =

5
where Y wig =1;
k=1
5. Weights of CDFs w,,,, ; are estimated based

on empirical data. These weights are assigned
by an expert, depending on the scientific and
technical analysis, the data of the manufacturing
plant, the characteristics of the material, etc.
The assignment of weights for design
parameters during design is considered as a
general decision of the engineering community,

approved in the design recommendations. As a
5

result 3" Wepy, ko =15
k=1

6. Based on the data from points 3-4, a weight
Wisk t Wemp, k. :

Wy = P is assigned to each

2
probability distribution function;
7. The bootstrap method [11] estimates
confidence intervals for the parameters of the
selected distribution functions;
8. Confidence intervals for probability
distribution functions are constructed using
probability boxes [12, 13] approach based on
the confidence intervals of CDFs parameters;
9. Then the values of the random variable are
sampled as follows:
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9.1. A random cumulative distribution function
is selected according to its weight according to
p. 6 (a uniform distribution is used);

9.2. One value is sampled for the lower
confidence bound of this CDF and one value for
the upper bound. The reverse transformation
method is used for sampling;

9.3. Paragraphs 9.1-9.2 are repeated as many
times as samples need to be obtained for
reliability analysis, depending on the required
accuracy;

10. As a result of the implementation of the
algorithm, the results are obtained in the form of
the required number of samples N for the lower
and upper confidence bounds of the cumulative
distribution function of a random variable x.
Using the above algorithm, it is possible to
obtain the confidence bounds for cumulative
distribution functions for all random variables
for which a sample set of data is given (snow
load, steel/concrete strength measurements,
etc.).

Further reliability analysis can be performed
using the Interval Monte Carlo (IMC) method
[14, 15]. The limit state function g(X) is

formed, where N samples are performed for
each random variable in the vector of random
variables X (according to the above algorithm
or based on known cumulative distribution
functions). In the case of confidence interval
estimates, the vector will also be represented in

interval form X and X . Then the probability of
failure is calculated as follows:

M=
—
[0)e}
~—~
=
A\
=

Py

Q

=] =|-
I

~.
Il
—

€)

M=
—
JANY
|
IA
=

(4)

v
\
zz

where is an indicator function that has a value of
1 if /[.] is equal to "true", and the value is 0 if
1[.] is equal to "false".

There are various approaches to assigning the
required probability of failure, for example [16,
17, etc.]
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RESULTS AND DISCUSSION

For the above data, based on the bootstrap
method (1000 samples and a confidence
probability of 0.95), the following interval
estimates of the parameters of probability
distributions were obtained:

- Normal distribution: u, €[278.39, 290.66|

MPa, 5, €|13.76, 20.09| MPa;
- Lognormal distribution: s e [0.0488, 0.0703],
u, €|277.98, 289.94| MPa;

Normal

Log-normal

- Logistic distribution: ., €[277.74, 291.89|
MPa, S, €[7.75, 12.21| MPa;

- GEV distribution: loc =, €[273.67, 285.95]
MPa, scale=c, € [13.88, 20.71J MPa,

c=0.3789;

- Gamma distribution: scale < [1.0380, 1.0846,
a=268.5.

Based on the interval estimations of parameters,

following probability boxes [12] can be
constructed (Fig. 3).
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Figure 3. Probability boxes for different types of cumulative distribution functions

Probability box is a confidence interval for the
real cumulative distribution function. The left
and right boundaries of the functions are
accepted as the possible worst and best options
for various combinations of interval parameters,
and are not always accepted for all the smallest
and largest values of the interval.

Let's assume that based on a priori data, as well
as  Kolmogorov-Smirnov  statistics,  the

Volume 22, Issue 3, 2026

following weights were obtained for probability
distributions: GEV-distribution wgg, =0.30,

lognormal distribution  w;, =0.30, normal
distribution w,,,,,,, =0.20, logistic wy,, =0.10,
gamma distribution wg,,,,, =0.10.

Further, according to the calculated statistical
parameters and weights of the probability
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distribution functions, sampling of 1 million
values for the lower and upper boundary
functions of the probability distribution was

Sergey A. Solovev, Anastasia A. Soloveva

performed using the above algorithm. Graphs of
these functions, as well as empirical and
theoretical ones, are shown in Fig. 4.
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Figure 4. Graphs of confidence bounds for CDF by proposed algorithm, empirical CDF and true
CDF

As can be seen from Figure 4, the confidence
bounds for the cumulative distribution function
according to the proposed algorithm completely
cover both the real cumulative distribution
function and the empirical one (the sample from
which was obtained using the true distribution
function).

In cases of complex mathematical models of the
limit state, including numerical models, modern
approaches can be used to reduce the required
number of calculations based on meta-models
and surrogate models [18-20].

CONCLUSION

1. Choosing a not optimal cumulative
distribution function or its parameters can lead
to significant errors (up to 60%) in estimating
the reliability index or the probability of failure.
This problem is particularly acute in practical

196

tasks, when statistical samples of only a few
values are available based on the results of
tests/experimental research.

2. The proposed algorithm for modeling random
variables for probabilistic reliability analysis of
building structures is based on a mixture of
probability distribution functions with interval
estimation of its parameters by bootstrapping. A
numerical example shows the efficiency of
using the algorithm — the confidence domain
covers both the real distribution function and the
empirical one.

3. The estimate of the probability of failure or
the reliability index will be presented in an
interval form. For a narrower interval response,
it is necessary to increase the quantity/quality of
available statistical information. If it is
impossible to obtain the necessary information,
reliability can be improved using classical
methods — increasing cross-sections, increasing
strength, reducing loads, etc.
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