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Abstract: The analysis of domestic and foreign studies on the issue of hydrodynamic pressure of water on the
pressure face of hydraulic structures under dynamic influences is carried out. The authors have developed an al-
ternative method for numerically analytical solution of the problem of seismic water pressure on the inclined
pressure face of the dam. Based on the grapho-analytical solution of the Laplace equation under specified
boundary conditions, hydrodynamic grids and diagrams of the distribution of the coefficient of the attached mass
of water for pressure faces with a vertical angle of 0...75 degrees are constructed, the obtained solution is com-
pared with the reference solution of Westergaard, Zangar, as well as recommendations of relevant regulatory
documentation. Based on the conducted research, a nomogram was constructed to determine the coefficient of
the attached mass of water. The obtained results are approximated by a quadratic function, which allows us to
obtain the values of the coefficients of the combined mass of water depending on the vertical angle of inclination
of the pressure face and the relative depth of the element location on the pressure face, which is used in the algo-
rithm of the calculation program for computers. A graph of the change in the hydrodynamic force acting on the
structure, depending on the vertical angle of inclination of the pressure face, is given, the accuracy of plotting is
investigated depending on the number of elements on the pressure face. On the basis of the linear spectral meth-
od, accelerations in the elements of the pressure face of dams of various designs are calculated, both taking into
account the attached mass of water and without. The results obtained indicate a significant effect of the attached
mass of water on seismic accelerations not only on the crest of a concrete gravity dam, but also in the zone of the
upper slope of groundwater dams. The increase in accelerations in these zones is up to 30% for concrete dams
and about 10% for ground dams.

Keywords: hydrodynamic pressure, Laplace equation, attached water mass, pressure structure,
seismic acceleration, linear spectral method

YYUYET HPHCOEHHHEHHOﬁUMACCBI BO/IbI
BOJOXPAHUJIUIIA B PACYETE CEUCMUYECKHUX CUJI JJI51
HAHIOPHBIX TNAPOTEXHUYECKUX COOPYKEHUU

A.C. Becmyacesa, I'.Il. I'oyupuosze

HanmonanbsHslii uccnenoBarenscknii MOCKOBCKHUI TOCYAapCTBEHHBIN CTPOUTENbHBIN yHUBEpcHUTeT, I. Mocksa, POCCHUA

AnHoTanusi: [Ipon3BesieH aHann3 0TEYECTBEHHBIX U 3apyOeKHBIX NCCIEOBAaHUN MO BONIPOCY TMAPOAMHAMHUIC-
CKOTO /IaBJICHHS BOJIbI HA HAIIOPHYIO TPAHb THIPOTEXHUUECKUX COOPYKEHUH NMPH IMHAMUYECKUX BO3ICHCTBHAX.
ABTOpamu pa3padoTaH adbTEPHATHUBHBIN METO]] YHCICHHO-aHATUTHYECKOTO PEIICHHS 3a/1a4l O CeHCMHUYECKOM
JIABJICHUM BOJbl Ha HAKJIOHHYIO HAMOPHYIO T'paHb IUIOTHHBL. Ha ocHOBe rpad)0oaHalUTH4ecKOro perieHHs
ypaBHeHHs Jlamyaca B 3aJaHHBIX TPAHUYHBIX YCJIOBHSAX IMOCTPOCHBI TMAPOIMHAMHUYECKHE CETKH M SIIOPHI
pacripezneneHust Ko3(hGHUIneHTa MPUCOeTNHEHHON MacChl BOBI /ISl HATIOPHBIX TPAaHEH C BEPTHKAJIbHBIM YIJIOM
0...75 rpagycoB, IPOBEIEHO COMOCTaBJIECHUE IOJIyYEHHOIO pEIIeHUs C JTaJOHHBIM pemieHueM Becteprapna,
3aHrapa, a TaKKe PEKOMEHAALUSAMHU aKTyaJbHOW HOPMAaTHBHON aokymeHTanuu. Ha ocHOBe mNpoBeNeHHBIX
HCCIIE/IOBAaHUK IIOCTPOEHa HOMOTpaMMa Ul OmpenesieHnss Kod((UIMeHTa MPUCOSTUHEHHON MacChl BOJIBI.
[omy4eHHbIe pe3ynbTaThl anMmpOKCHMHPOBAHBI KBAaAPAaTUYHON (DYHKIMEH, MO3BOJISIONICH MOIYyYUTh 3HAYCHHS
K03()(DUIMEHTOB MTPHUCOEANHEHHON Macchl BOJBI B 3aBUCHMOCTH OT BEPTHKAIBHOTO yIJIa HAKJIOHA HArOpPHOH
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TPaHM W OTHOCHUTEIbHOW TIyOMHBI DAacCIOJIOKCHUSI OJJIEMEHTa Ha HAllOPHOM TIpaHH, YTO HCIOJIB30BAHO
B aIropuT™Me pacueTHol nporpammsl uist OBM. [IpuBogurcs rpaduk U3MEHEHHs] TMAPOJMHAMUYECKON CHIIBI,
JEHUCTBYIOILEH Ha COOPYKEHHUE, B 3aBUCUMOCTHU OT BEPTUKAJILHOT'O yIJla HAKJIOHA HAIIOPHOHM IpaHM, UCCIIEI0BaHa
TOYHOCTh IIOCTPOEHUSI SMIOPHI B 3aBUCHUMOCTH OT YHUCIIA DJJIEMEHTOB Ha HamopHoW rpanu. Ha ocHose
JMHENHO-CIEKTPAJIBHOTO METOJa BBIYMCICHBI YCKOPEHHUS B JJIEMEHTAX HAIOPHOW IpaHU IUIOTUH PA3IU4YHON
KOHCTPYKIIMM KaK C y4eTOM IPHCOEAWHEHHOH Macchl BOABI, Tak M 0e3. [loiydeHHbIE pe3ynbTaThl TOBOPSIT
0 CYIIECTBEHHOM BIMSHHUH MPUCOCTUHEHHON Macchl BOJBI HA CEHCMHUYECKNE YCKOPEHUs HE TOJIBKO Ha rpeOHe
OCTOHHOHM TPAaBUTALMOHHOW IUIOTHHBI, HO W B 30HE BEPXOBOTO OTKOCA TPYHTOBBIX IUIOTHH. YBEIWYECHHUE
YCKOPEHHH B 3THX 30HaX cocTasisieT 10 30% st GETOHHBIX TUIOTHH U 0K0JI0 10% /715t TpYHTOBBIX TUIOTHH.

KuiroueBble ciioBa: ruipoilMHaMUYECKOE JaBlleHNe, ypaBHeHUe Jlamulaca, nprucoeinHEeHHas Macca BOJBI,
HaIropHOE COOPYKEHUE, CECMUUECKOE YCKOPEHHE, TMHEHHO-CIIEKTPaIbHbIM METO

INTRODUCTION

One of the most difficult and unresolved issues
of designing ground dams in the high seismicity
zone is the interaction of the structure with the
reservoir's water environment during an
earthquake. In the modern regulatory literature
(SP 358.1325800.2017 " Hydraulic structures.
Rules of design and construction in seismic are-
as", SP 14.13330.2018 "Construction in seismic
areas", hereinafter-SP) regulates the
determination of hydrodynamic loads at the
contact of a structure with water as additional
seismic loads during earthquakes. Despite
a large amount of scientific research on the
hydrodynamic pressure of water on the pressure
face of structures under dynamic impacts, in the
current standards for plotting the seismic water
pressure, there are only provisions on the
"attached mass of water" with the determination
of the coefficients of the attached mass
according to the solution of Westergaard [1],
obtained for the vertical pressure face. The
Westergaard solution obtained analytically is a
reference one (hereinafter referred to as the
Westergaard problem) and underlies the applied
methods for calculating hydraulic structures.
It is based on the following assumptions about: -
an ideal, incompressible fluid; - a rigid,
non-deformable, interacting with water body;
- non-eddy motion of the liquid; - absence of the
phenomenon of wave formation on the water
surface; - horizontal translational vibrations
with a small amplitude, which are performed by
the "dam (with base)" system- reservoir"; - a flat

problem in the assumption of an infinite length
of the reservoir with a horizontal bottom line.

In further works of Russian [2-7] and foreign
scientists [8-12], the problems of hydroelasticity
were solved taking into account the viscous
properties of a compressible liquid and the
elastic properties of a solid, taking into account
wave formation on the water surface, the special
geometry of the reservoir bed, and other factors
that specify the solutions.

Of particular importance in the practice of
hydraulic  engineering  construction  are
structures with a slope profile, often with
a broken pressure face, for which the definition
of seismic pressure in the current regulatory
documentation during an earthquake is limited
to taking into account the angle of the upper
slope (vertical angle) of 15°.

However, for the vast majority of structures
of ground dams, many structures of concrete
buttresses, dams made of rolled concrete,
berthing and enclosing structures, the upper
pressure faces have an angle significantly great-
er than 15 degrees, which must be taken into
account when designing structures in the zone
of high seismicity.

The problem of the distribution of the seismic
water pressure on the inclined pressure face
of the dam was solved in the 50s of the XX
century in the works of Sh. G. Napetvaridze on
the basis of the conformal mapping method
[13], where he gave an approximate formula for
determining the seismic water pressure on the
inclined face in the form:
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p.(2)=p,(y)cos’(a) )
where « is the vertical angle of inclination of
the pressure face.

p,.(»)- seismic water pressure on the vertical

pressure face at a depth y from the water level
(Westergaard's solution), p,(z)- seismic water

pressure on the inclined pressure face at the
length z from the water edge along the face.

In the Reference manual of 1. S. Sheinin [3],
based on the solution of hydroelasticity
problems, a similar formula is given for the
coefficient of the attached mass of water u,

taking into account the angle of inclination of
the pressure face (vertical) in the form:

#, = uC(a)cos’(a) (2)
where is the coefficient of attached mass for the
vertical pressure face;

C(a) - coefficient depending on the angle of

inclination of the pressure face (Figure 1)
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Figure 1. Coefficient of attached water mass

In [14], an experimental solution was obtained
for determining the seismic pressure of water on
the inclined face of a dam based on the
electrodynamic analogy method (EGDA), given
in the form of plots of coefficients of the
attached mass of water. Comparison of the
obtained values of the attached mass
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coefficients with the values obtained by the
authors of the work is given below.

The authors have developed an alternative
grapho-analytical method for solving the prob-
lem of seismic water pressure on the inclined
pressure face of an underground dam in the
formulation of the "Westergaard problem"
(hereinafter referred to as the GAM) [15,16],
compared with known  solutions, and
compiled calculation programs for determining
seismic forces in the body of a ground dam,
taking into account the forms of natural
vibrations, the seismic pressure of the reservoir,
and the direction of approach of the seismic
waves to the dam alignment [17].

METHODS

During an earthquake, the dam oscillates and
shifts  towards  the  upstream,  while
hydrodynamic pressure will act on it from the
water side, depending on the speed of
movement, the elastic properties of interacting
bodies, and the geometry of the calculated area.
The solution of the contact problem of
hydroelasticity for a hydraulic structure is based
on the provisions of continuum mechanics and
the theory of small deformations, and the
prerequisites are used to simplify the problem
without losing the accuracy of the solution for a
particular structure. For the massive body of a
ground dam, small values of the amplitudes
of seismic vibrations can be noted, which are
measured in centimeters in the most severe
earthquakes. Taking into account the fact that
the dam dimensions are much larger than the
amplitudes of its displacements during seismic
vibrations, we can neglect the shape of the
deformed axis of the pressure face of the dam
during vibrations and take it as a displacement
plot uniform in height, which corresponds to the
model of "translational movement of a rigid
wall". Due to the insignificant speed of water
movement in the reservoir during an earthquake,
the viscous properties of water can be ignored.
Due to the minimal oxygen content in the deep
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layers of the reservoir, the water medium can be
considered as a  homogeneous  and
incompressible liquid with a constant density
p =const .

The solution of the problem of pressure distribu-
tion in a liquid under given boundary conditions
and a known displacement on the contour (the
pressure face of the dam) is based on dynamic
equilibrium equations in the Euler form, one of
which can be written as:

dv op
A i 3
P PX = (3)

where v(x,z,¢) is a function of the velocity of
the water medium particle, m/s

p(x,z,t) —pressure function, kPa

X — projection
on the x-axis, kN

p - density of liquid (water), t/m3?

of volumetric forces

The Euler equation in the form (3) is written for
volume forces assigned to a unit of volume.
Assuming that there is no rotation in the motion
of particles, we can write down the following
relative to the velocity components:

ov. Ov

x__z:() 4
0z Ox “)

what happens if v_both v, are coordinate deriv-
atives of the same function, i.e. we can write:

; _ﬁux_a_go
o ox
V_Ouz_a_go )
ot oz

The function is usually called the velocity po-
tential, and the irrotational motion is called the
potential.

The Euler equation in the absence of external
forces, when the fluid motion is related to the
pressure difference at points in a continuous
medium caused only by seismic action, taking

46

Alexandra S. Bestuzheva, Georgy P. Gotsiridze

into account (5), in projections on the axes x
and z is written as:

OF, ov,

- =P

Oox ot (©6)
on__ o

Oz p ot

where P, is the excess hydrodynamic pressure
caused by dam vibrations, kPa.

v., v.- horizontal and vertical velocity
components.
The solution of problem (6) involves

determining the vector velocity field of fluid
particles and the scalar pressure field at each
moment of time ¢ according to the law of base
motion during an earthquake.

The solution of the dynamic problem is
constructed based on a series of quasi-stationary
states, for which the velocity and pressure
functions are determined. The harmonic
function can be taken as a regularity of the
change in acceleration over time in the given
problem:

ii(t) =U, cos ot (7)
where is the maximum acceleration of the base
corresponding to the earthquake score and local
ground conditions, m/*?, according to the SP is
set as a coefficient;

@ - the frequency of forced vibrations during
an earthquake, in harmonic vibrations, 7 - the
period closest to the frequency of natural
vibrations of the dam, for local earthquakes the
period does not exceed 7' <1...1,2s.
Substituting expressions (5) into (6) and
integrating the full differentials of the functions:
dPF (x,z) and de(x,z)[15], we obtain that the

hydrodynamic pressure function is related to the
velocity potential by the relation:

Po=—pa—¢+C

Y (8)
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The resulting expression indicates that the
pressure function is also a potential function,
therefore, its distribution in space obeys the
Laplace equation and can be written:

2 2
%§+%:0 or AR, =0 9)
The solution of the Laplace equation under
given boundary called the
Dirichlet problem and is completely determined
by the boundary conditions, i.e. it is a boundary
value problem. The desired function in equation
(9) is the overpressure function, the distribution
of which in space can be represented as a family
of equipotentials, lines of equal pressure
Often, when solving hydraulic (filtration)
problems, the solution of the Laplace equation
is presented as a family of two potential
functions — the velocity (pressure) potential
function and the current line function. Potential

conditions is

functions of current and pressure (velocity
potential) they are complex conjugate harmonic
functions connected by the Cauchy-Riemann
relations:

Op _oy

ox Oz

a0 __ov o
0z ox

In this case, the system of equipotentials
@ =const and current lines ¥ = const form an

orthogonal hydrodynamic grid, in which the
position of one of the functions uniquely
determines the position of the other. Thus, the
solution of the Laplace equation for the current
function, represented as a family of streamlines,
allows  graphoanalytically constructing a
hydrodynamic grid with determining the
position of equipotentials for the velocity
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potential function (hydrodynamic pressure).
This property of orthogonality of two functions
allows us to use the boundary conditions of one

of  the functions when integrating
the other (9).
Based on physical representations of the

pressure distribution in a liquid during
translational (horizontal) motion of a solid wall
located at an angle «ato the vertical, the
following boundary conditions can be
determined for the design scheme shown in
Figure 2:

1) the boundary of the bed
is non-deformable, impenetrable and stationary,
which means that there is no gradient of the
velocity potential function along the normal to

reservoir

the boundary (2—(0:0) and the boundary
n

position for the current line function (y =1);

2) the vertical boundary of the design area at a
great distance from the moving wall is stationary,
watertight and does not experience hydrodynamic
pressure from wall vibrations, along it it can be
assumed ¢ =0, however, in the case of consider-

ing the problem with a limited reservoir length, or
if the slope of the reservoir bottom line is taken
into account, the boundary conditions should be

set differently: w =1 and % =0;

on
3) there are no wave formation phenomena on
the reservoir surface, the pressure is constant:
@ =const therefore, the current lines are

orthogonal to the water surface;

4) on the mobile impenetrable pressure face of
the dam, the points of which move at the same
horizontal speed, the boundary values of the
hydrodynamic pressure function are not
determined and are the desired ones. At the
same time, for the function of streamlines, the
boundary conditions can be defined as follows.
At the lower point of the pressure face (A), the
intersection with the boundary current line is
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set, where w =1. At the upper point of the

pressure face (D), at the upstream water cut, the
value for the current line function is: w =0.
The assumption of a uniform "penetrating-
reflecting" capacity of the movable pressure
face of the structure determines a uniform
distribution of flow rates of "current tubes" over
the height of the dam. Based on the latter
assumption, you can specify a linear distribution
of current lines along the length of the pressure
face with a step Ay that corresponds to the
accuracy of the problem solution. The constant
gradient for the current functions over the height
of the pressure face Ay was assumed to be
equal 5...10% A to, where his the height of the
pressure face of the dam.

Determining the boundary conditions for the
potential current function allows us to solve the
problem of its distribution in the domain
(Figure 2) by integrating the Laplace equation
for this function:

o’y
ox’

2
81//0

—+ =
0z*

(In

Determination of the hydrodynamic pressure
function from the obtained solution for the
function with the condition of orthogonality of
these functions can be obtained
graphoanalytically based on the construction of
hydrodynamic grids.

D Free surface of the reservoir c
¢ Q=COnst, %‘g =0
a
ow _
¥=0. on g
A
w=l, g—g =0
A ¢ Reservoir bottom B x 0
Figure 2. Design scheme with boundary condi-
tions
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Based on the principle of quasi-stationary states,
it is possible to determine the maximum value
of the hydrodynamic pressure function that will
occur at the points of the pressure face of the
dam, provided that the external impact is given

by the maximum acceleration amplitude
according to  the  earthquake  score.
For coswt =1, according to (7),

ii(f)=U, = A,g The distribution of the maxi-

mum pressure along the pressure face will be
determined by the nature of the change in the
function, which, according to the accepted
boundary conditions, varies from 0 to 1 and
determines the normalized
hydrodynamic pressure.

When determining hydrodynamic loads on a
structure due to the influence of reservoir water,

values  of

the concept of "attached mass" of water is used
as a body that performs joint vibrations with the
structure, changing the inertial properties of the
structure.

The force of hydrodynamic water pressure on
the pressure face of the dam ( P,) can be repre-
sented on the basis of Newton's Second law as
the maximum acceleration caused by wall
vibrations (UO ), multiplied by the mass of

water" attached" to the pressure face in the
form:

P, =mU, (12)

where m is the "attached mass" involved in the

joint vibrations of the dam, which can be used
to describe the hydrodynamic pressure on the
structure during an earthquake as inertial.

The volume of the attached mass of water per
1 sq. m. of the width of the dam can be
described by the area of the plot of the attached
mass of water:

V,=H-[u2)dz (13)
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where H is the height of the pressure face, m.
u(Z) - function of the coefficient of the

attached mass of water;

Z - the height of the element on the pressure
face from the bottom of the reservoir, m

Thus, the attached mass of water for the entire
structure can be defined by the expression:

m, = pH - [ u(Z)dz (14)

In the solution of Westergaard for the vertical
pressure face, it was assumed that the area of
the plot of the attached mass of water in the
conditions of the problem is determined by the
expression:

[ u2)az = p 11 (15)

where x4, =0,544 is the value of the

coefficient of the attached mass of water
obtained by the total area of the plot of the
attached mass of water according to the
accepted calculation scheme of Westergaard.

If in expression (15) we assume that z =% is

the relative coordinate of the node on the
pressure face (0<z<h), and replace the
integration variable, then the integral for the
function of the coefficient of the attached mass
(15) can be rewritten as:

[u(2)dz = H [ u(z)dz =p,, H (16)

To determine the coefficient of the attached
mass of water g, in the works of I. S. Sheinin

[3], graphs and tables are given depending on
the problem statement, their calculation
schemes, and the conditions of movement of the
structure. For the calculation schemes
considered in this paper with different angles of
inclination of the pressure face, the coefficient
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4,, can be determined from the plot in the

form:

1, = | u(z)dz 17)

Using the concept of the coefficient of attached
mass, the value of the attached mass of water
for the entire structure can be determined,
considering it as an average mass of water
evenly distributed over the pressure face of the
structure, attributed to the unit area of the
pressure face. Based on (14) and (15), for the
attached mass of water, we can write:

_ ,o,ueqH2 1r.m.

m, 18
“ H - 1r.m. (18)

2

k
=pu,H L2

Accordingly, the hydrodynamic force of water
pressure, which falls on the entire area of the
pressure face of the dam (horizontal
component), can be defined as:

H
P, = pHU, [ 1(2)dZ =pH*Uypt,,, — (19)
0

Since the distribution of the attached mass of
water over the height of the pressure face is
uneven, the hydrodynamic pressure acting in the
k-element of the pressure face of the dam can be
written as:

P = pHUO 14 (2)

(20)
P =vH -, (2)- 4,

where is the ordinate on the plot of coefficients
of the attached mass of water in the k-element
of the pressure face of the dam, located at a

relative height z:% from the bottom of the

reservoir.
In the modern regulatory literature, the
definition of hydrodynamic pressure is

differentiated for different elements by the
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height of the pressure face using the table for
the coefficient of attached mass wu=f (%),

where it determines the depth of the calculated
element under the water level.
However, there are no such reference data for
structures of hydraulic structures with an
inclined pressure face, which led to the need for
research in this area.

To determine the coefficient of attached mass
4, , 1t 1s necessary to solve the problem of the

distribution of hydrodynamic pressure over the
height of the pressure face of the dam. Taking
the seismic acceleration of the base, the water
density, and the reduced reservoir depth as unit
values, we can conclude that the plot of the
distribution of the coefficient of the attached
water mass over the height of the pressure face
will be identical to the plot of the hydrodynamic
water pressure, which is determined by the
expression:

r(2)

ﬂk(Z):m

2n

Where 4," is the unit seismic acceleration of
the base in fractions of g, " is the unit volume

weight of water, 4~ is the relative depth of the
reservoir, reduced to unity in the calculation
scheme (2 =1).

The character of the distribution of the
hydrodynamic  pressure function in the
calculated area with an inclined pressure face
of the dam is determined by integrating the
Laplace equation (9).

RESULTS AND DISCUSSING

For the numerical solution of (11), we used the
apparatus of numerical methods in the
MATLAB software package [18,19]. Design
schemes for dams with different angles of
inclination of the pressure face are constructed

in relative coordinates XOZ , in which the

Alexandra S. Bestuzheva, Georgy P. Gotsiridze

height of the pressure face of the dam is taken
as h=1 . In relative coordinates, the ordinate of

an element on the pressure face z, is defined as

Z, =—

H

The boundary conditions for solving the
problem of the distribution of the potential
function in the computational domain
"dam-reservoir" are set by the interface of the
MATLAB software package on each of the
sections of the figure ABCD, for the segments
AB, BC, CD, DA (Figure 2). According
to [MATLAB], types of boundary
conditions are given at the boundaries of the
domain: Dirichlet conditions and Neumann
conditions:
- the Dirichlet condition (or a condition
of the 1st kind) is a method for setting a
boundary condition when the value of the
desired function is set explicitly, for example;
- the Neumann condition (or condition
of the 2nd kind) is a method for setting a
boundary condition when the desired function is
oV (x) _o

n
which indicates that the equipotentials of the
desired function are orthogonal to the selected
boundary.
In the MATLAB PC interface, when solving
elliptic equations, the boundary conditions for a
potential function are set using the equation:

two

given by its derivative, for example,

r(x)=V(x)-a (22)
where a is a variable that can take any valid
values, including a null value.

r(x)- a function defined analytically by an
equation.

At the same time, the potential function can take
any values.

Within the scope of this task, the following
conditions will be met at the boundaries of the
calculation scheme (Figure 2):

1. AB —reservoir bed, set for all of them
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a=1r(x)=1

what creates the conditions for a potential
function:

Vi(x,z)

._o=1 (Dirichlet condition)

2. BC — conditional watertight boundary of
the reservoir, which is a current line where the
condition can be set:

a =0 (Neumann condition)
on
3. CD is the free surface of the reservoir,

which is a line of equal pressure, which deter-
mines the orthogonality of the function of
streamlines at this boundary:

8_V =0 (Neumann condition)

on

4. DA is the pressure face of the dam. The
pressure at each point of the boundary is defined
as a function of the height and angle a between
the pressure face and the vertical.

1

—X
h-tg(a)
what defines a potential function:

a=1r(x)=

V(x) = r(x) (Dirichlet condition)

5. To exclude the influence of the length of
the reservoir on the solution of the Laplace
equation, the following condition was fulfilled
in the calculations:

(23)

Numerical solutions of the Laplace equation for
the potential function y(x,z) in design schemes

with different angles of inclination of the pres-
sure face, in the range of vertical angles from 0°
to 75° degrees, are presented in the form of a
family of equipotentials for some design
schemes in Figure 3, where the blue

Volume 21, Issue 2, 2025

equipotentials are a function of current lines ,
the red equipotentials are a function of the hy-
drodynamic pressure level.

The family of equipotentials representing a
solution for the current line distribution function
allows, in compliance with the orthogonality
principle, to construct a hydrodynamic grid with
equipotentials corresponding to the distribution
law of the hydrodynamic pressure function in
the calculated domain (Figure 4). The plots of
the hydrodynamic pressure distribution along
the inclined pressure face of the dam are given
in the form of function values P, =¢(x,z),
which allows them to be considered as plots of

the coefficients of the attached water mass ac-
cording to (17).

u=0"\l\

L —
8 063

+0.74

o)

Figure 3. Hydrodynamic grid and plot for the
coefficient of the attached mass of water at
the angle of inclination of the pressure face:
a) a=0°b) a=10°¢c) a =60°

Comparison of the obtained results for the
coefficients of the added mass of water was
carried out in 3 directions:
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l. Comparison of the obtained functions
u(a,z) with the Westergaard solution for the

vertical pressure face (Figure 4a).

2. Comparison of the obtained functions
U(a, z) with the recommendations of the SP for
taking into account the angle of
inclination of the pressure face (15° do) in the
form:

1= p,cos’ () (24)

where « 1is the angle of inclination of the pres-
sure face relative to the vertical, deg.
u, - coefficient of the attached mass of water

for the vertical face according to the solution of
Westergaard.

3. Comparison of the obtained functions
U(a,z) with the results of the Zangar experi-

ment (Figure 4¢)

a=0°

—e— GAM
~—+— Westergaard's decision st

ettt
S =toiu i ing 00—
TTTTTTTTTTT

1 1 1 1 1 1 1 1 1 1 1 1 | | 1 1
0 005 0.1 015 02 025 03 035 04 045 0.5 055 06 065 07 0.75
Hy

a)

a=5°

—e— GAM
— pcos’(a)

——=— Waestergaard's decision p,

Sooomooos
S—ielbikinmio—

1 1 1 1 1 I 1 1 1 1 1 | — I 1
0 0.05 0.1 015 02 025 03 035 0.4 045 05 055 0.6 0.65 0.7 0.75 0.8

Hy
b)

—— GAM

h
: =

i
TTTTTTTTTTT

SE o cos@)
8;‘; ~—=— Westergaard's decision p_
021 g=/5°
0 1 1 1 1 1 | 1 1 1 I 1 1 1 1
0 005 0.1 015 02 025 03 035 04 045 0.5 055 0.6 065 0.7 075
Hy
©)

Alexandra S. Bestuzheva, Georgy P. Gotsiridze

a=20°
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Figure 4. Comparison of results:
a) with the decision of Westergaard,
b) - e) with the recommendations of the SP for
the corresponding angles

As can be seen from the comparison, for the
angle, there is a high accuracy of matching the
analytical solution of Westergaard. At the same
time, the difference between the received
decision and the JV recommendation reaches
10%, and for, obviously, the recommendations
are no longer applicable.

The results of computational studies on the
values of the coefficient of attached water mass
obtained on the basis of constructed
hydrodynamic grids for different angles of
inclination of the pressure face of the dam,
in the range, are summarized in a nomogram
(Figure 5).
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Figure 5. Nomogram

However, for convenient use in calculations,
these curves are best represented as
mathematical functions that depend on the
corresponding arguments. Using the
approximation method, we represent each
experimental dependence u = f(a) as a linear

function of the form:

/l(Z, a) = azia—‘rbzi (25)

The approximation functions are found by the
least squares method using the Levenberg-
Marquardt algorithm [20-22].

Further, representing families of angular
coefficients a_(z) and free terms b_(z) as

square parabolas:

a,=f,(2)=mz"+nz+k
1 . 1 1 (26)
b,=f,(z2)=mz" +nyz+k,

you can express expression (25) in the following
form:

u(z,00) = (0.00732> —0.01322—0.0015)r

27)
—0.84482" +1.4894z +0.0747

The value of the coefficient of the attached mass
of water in the k-element of the pressure face of

Volume 21, Issue 2, 2025

the dam can be calculated using expression (26)
when z=z,:

(28)

where Z, is the absolute height mark of the

k-element, H is the absolute depth of the
reservoir.

In accordance with the obtained approximation
solution, expression (27) gives the values of the
coefficients of the attached mass of water u

only over the interval z, =0,1...1. The function
u(z,a) on the interval z, =0..0,1 can be

approximated in a similar way:

(0,)=0
; (29)
1O0.La)=aa+b
In general, the function for finding the

coefficient of the attached mass of water as a
function of the relative depth of the element and
the vertical angle of the pressure face is the
following piecewise linear function with varia-
ble coefficients:

0, ze {0}
-0.0026¢ +0.2103, z € (0,0.1)

p(z,a)=1(0.0073z> =0.0132z-0.0015) —  (30)
—0.8448z2° +1.48942 +0.0747,
ze[0.1,1]
The equation of the wvalues of the

coefficients of the attached mass of water
obtained using the approximation function (30)
with the author's nomogram data and the results
of experiments [14] for some angles « is
shown in Figure 6.
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Figure 6. Comparison of results

The hydrodynamic pressure force according to
(19) can be calculated by the formula:

By =y, H* 4, [ u(z, @)dz 31)

where-the maximum relative acceleration of the
base, - the volume weight of water, /- the
relative depth of the reservoir, u(z,a)— the

function of the coefficient of the attached mass
of water, constructed for the relative height of
the pressure face z, varying from 0 to /

Calculation of hydrodynamic forces based on
the obtained solutions for functions u(z,«) at
different angles of inclination of the pressure
face of the dam made it possible to plot changes
in the hydrodynamic force B, = f(«) . For this

h
purpose, the integrals I U(z,«) of the obtained
0

plots u(z,«) were calculated. By analogy with

(17), the obtained integrals determine the value
of the coefficient of the equivalent attached
mass of water for a dam with an inclined
pressure face, and all other things being equal,
the solutions of the problem depend only on the
angle of inclination of the face.

54

Alexandra S. Bestuzheva, Georgy P. Gotsiridze

For the resulting function, we introduce the
following notation:

M(a) = [ u(z,0)dz (32)

The function graph M(«) is constructed based

on the results of graphoanalytical plotting of the
attached mass coefficients (Figure 7) and the
approximating function constructed on their
basis u(z,x).

The integral of the approximating function (30)
can be obtained analytically in the form:

h 0.1
M(a) = [ u(z, @)z = [ (~0.00260+0.2103)dkz +
0 0

j ((0.00732> = 0.01322—0.0015)cx —
J1-0.84482% +1.48942 +0.0747)dz

Performing direct integration, we get:

M(a)=(0.021-0.00026cr) +(0.523-0.00545¢)
M(a)=0.544-0.00571cr

Traditionally, it is interesting to represent the
hydrodynamic pressure force as a fraction of the
hydrostatic pressure force W (per 1 nm):

7o
2

W =

Taking into account (30) and (31), we can write:

P.(a) =2M(a)W4, (33)

The obtained expression shows that for a strong
earthquake ( 4, =0.4g for a 9-point earthquake)

and a vertical pressure face (M (0°)=0.544 -

Westergaard's solution), the seismic pressure of
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water on the pressure face of the dam will
be B.(0°)=0.435W . When the pressure face is

laid 1:1 (a=45°), which can occur for dams
with reinforced concrete screens, the seismic
water pressure will be R.(45°)=0.23/ almost

a quarter of the hydrostatic pressure. The results
obtained indicate a significant seismic pressure
of water on the pressure face of the dam,
including the slope profile.

M
CefP s afaSst
IRERARARE AR R BRI

Figure 7. Graph of changes in hydrodynamic
pressure from the slope of the pressure face

The obtained quadratic polynomials for the
cefficients of the function depend on the height
position of the element on the pressure face
(23). Therefore, the number of elements
forming the hydrodynamic pressure plot will
affect the accuracy of plotting the coefficients of
the attached water mass and the magnitude of
seismic loads.

To assess the effect of the density of the FEM
design grid on the hydrodynamic pressure force,
calculations were performed with different
numbers of elements on the pressure face.
A model of a 100-meter dam with a 1:2 upper
slope (vertical angle @ = 63.43°) was considered
in 8 variants of breakdown: with 5, 10...70
elements on the pressure face.

As a result of analytical integration of the
function of the coefficient of the added mass of
water (32), an expression was obtained that can
be taken as an exact solution:

Volume 21, Issue 2, 2025

M (63.43°)=0.544-0.00571-63.43=0.182

In each of the 8 calculation variants, for the
center of gravity of the element located on the
pressure face, the values of the coefficients of
the attached mass of water were determined,
according to the approximating function
U(z,a), and a plot was constructed from them.

Determining the area of the plot (using Autocad
tools) allowed us to compare the obtained val-
ues for the o =63.43° following parameters.
The results of the comparison are shown at
Figure 8.

The obtained results allow us to conclude that
when forming the FEM grid, it is necessary to
provide for at least 20 elements in height on the
pressure face of the dam. When dividing the
pressure face into 20--30 elements, the error will
be less than 5% of the value obtained by direct
integration, which is a satisfactory result for
engineering calculations.

0.019

Dircet integration M(e) =0.182

0.018 F
I 99,1%

978y, 98.5% 98.8% 99,0%

0.017 |- 95,6%

0.016 -

M)

0.015 -
0.014 |-
0.013 |-

0.012 |- 65.9%

0.011 1 | 1 | L | 1 1 1 1 L | ' 1 L
0 10 20 30 40 50 60 70 80

Number of pressure face elements

Figure 8. Comparison of numerical and
direct integration results

In this problem, a method is developed for de-
termining the hydrodynamic water pressure for
a dam with an inclined pressure face, as a reac-
tion to the horizontal component of dam vibra-
tions during an earthquake. Taking into account
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the horizontal hydrodynamic pressure of water
in the attached mass of water involved in the
horizontal vibrations of the dam, it is important
to assess this effect in the magnitude of seismic
forces that occur in dams during an earthquake,
at different angles of inclination of the pressure
face of the dam.

The linear-spectral method (hereinafter referred
to as LSM), regulated by SP for determining
seismic loads in hydraulic structures, involves
solving the problem of natural dam vibrations
and using calculation forms in determining
seismic forces. When solving the problem of
plane deformation for a momentless system,
there are two components in the components of
displacements according to the forms of natural
vibrations-horizontal and vertical
displacements, which will participate in the
formation of both components of seismic forces
— both horizontal S, . and vertical S, _, while

the attached mass of water affects only the
inertial properties of the dam in the horizontal
direction.

The study determined the seismic forces that
occur in the dam elements in the horizontal
direction, taking into account the horizontal
hydrodynamic water pressure from the upstream
side and the horizontal direction of propagation
of the seismic wave. The considered problem
statement determines the greatest seismic loads
in the dam along the horizontal component.
Studies were carried out for different dam
structures: concrete, ground, combined, having
different outlines of the pressure face.

The author's program "Seismic_Force 2D" was
used to calculate and visualize the distribution
of seismic forces in the dam [17].
As part of the calculation, the FEM grid is set,
the properties of materials in the calculated area
are calculated, the forms of natural vibrations
are calculated, and seismic forces and
accelerations are determined within the LSM
with the calculated earthquake score.

Seismic forces in the dam elements were deter-
mined according to the linear-spectral method,
taking into account the forms of natural dam
vibrations by the formula:
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4 [z ,
Sp. = kszQkﬂ EO\/Z((ky/ﬂ)lnlkx)) (34)

- coefficients are determined

in accordance with SP,
n,.- coefficient of the oscillation form in the

where k, k. k

o
k-element of the dam, according to the i-form of
natural vibrations, in the horizontal direction:

Nige = Fiﬁxik,x

3 (0, %, cos B+ 0,y sin §)

(35)

r,

K (36)
Z (Qkuxi + kajc)

where I, is the coefficient of participation of

the i-form of vibrations in the oscillatory
process (free vibrations) in the direction of
propagation of the seismic wave, £ is the angle

of approach of the seismic wave with respect to
the x-axis.
The change in the participation coefficient I,

when taking into account the attached mass of
water for the model of the dam considered
earlier is shown in Figure 9. As can be seen
from the figure, for waveforms other than
horizontal, in the horizontal direction, the
coefficient I, value is close to 0. Thus, there

are not so many forms contributing to the
seismic vibrations of the dam along the
direction of wave propagation, they include
1,3,5 FGC, and the coefficient value of 5,6.9
FGC is not more than 10% 17, of 1 form, at

high frequencies (more than 3.5 Hz) significant
fluctuations of the dam in the direction of the
seismic wave it is not observed, there are no
significant fluctuations of the dam in the
direction of the seismic wave, and the effect of
the attached mass of water on the coefficient
I',; for higher forms is minimal.

The weight of elements on the pressure face of
the dam taking into account the attached weight
of water, is determined by: O, =0, +0,,
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where Q, - the weight of the element without
taking into account the attached mass of water;

—_———
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Number of vibration modes
Figure 9. Effect of accounting for the added
mass of water on the coefficient I,

x, and z, -normalized values of displacements
of the k-nodes of the calculation scheme accord-
ing to the i-form of natural vibrations
(hereinafter referred to as FGC) in the
horizontal and vertical directions, respectively.
The weight of the attached mass of water on the
section of the pressure face of the dam height is
determined as follows:

0, =z, o)y, HyAh, 37)

where y, 1is the specific gravity of water, H is
the depth of the reservoir, i and is a coefficient

that takes into account the influence of the
reservoir length.

The coefficient of the attached mass of water
U, (z,,a,) 1is determined by the formula (29),

taking into account the change in angle «, for

each element separately.

The study examined three 100-meter-high dams
located on the same base, experiencing seismic
effects of the same intensity with an estimated
base acceleration of 0.4g. The following dams
are considered: a gravity concrete dam with a
vertical pressure face, a ground dam with a 1:2
pressure face and an  asphalt-concrete
diaphragm, a combined dam with a concrete
pedestal in the lower part of the pressure face
and a reinforced concrete screen on the slope

Volume 21, Issue 2, 2025

with a 1:1.5 foundation (Figure 10). For the
correctness of the study, the number of elements
on the pressure face in all calculated variants
was assumed to be the same (n=30).

For each of the dam variants, according to the
obtained function g, (z,,a,), plots of the

distribution of the coefficients of the attached
mass along the pressure face were constructed
(Figure 11).

For the design structures of dams, seismic
accelerations were calculated using the
linear-spectral method [23], taking into account
the attached mass of water and without it. For a
clear comparison of the effect of the added mass
of water on acceleration, the set of coefficients
is assumed to be the same.

Figure 10. Structures of the considered
dams (FEM grids).
a) concrete gravity dam
b) combined dam
¢) ground dam

—®— Ground dam
—e— Qravity concrete dam
—*— Combined dam
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Figure 11. Plots of the distribution of the
coefficient of attached water mass
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As can be seen in Figure 12, the seismic
accelerations of the ground and combined dams
are comparable and do not exceed 0.3g in a
9-point earthquake. Accelerations on the crest of
a concrete gravity dam are almost 0.7g.

Taking into account the added mass of water
increases the acceleration of the elements of the
pressure face of the dam over the entire height
of the dam, reaching a difference of up to 10 %
on the ridge. For a vertical pressure face, taking
into account the added mass of water leads to an
increase in acceleration on the ridge by almost
30%.
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—e— Combined dam

—o— Combined dam (u)
Ground dam

—e— Ground dam (p)
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—e— Concrete gravity dam (1)
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Seismic acceleration, g

Figure 12. Seismic accelerations on the dam
crest
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CONCLUSIONS

1. A graph-analytical method for plotting plots
of the attached mass of water for water
structures with an inclined pressure face are
developed for all possible angles of inclination
in the range «a =0°...75°, including when the
slope is variable in height and when there are
berms at ground dams.

2. The results of calculations are compared with
the results of experimental studies, as well as
with the well-known results of domestic and
Western  scientists, which showed good
accuracy of the results.

3. For practical use, a nomogram is constructed
with calculated values of the coefficients of the
attached water mass, which allows determining

Alexandra S. Bestuzheva, Georgy P. Gotsiridze

the additional seismic pressure of the reservoir
water on the structure during an earthquake.

4. An analysis of the accuracy of plotting
epigrams of the attached water mass for
different density of FEM grids is performed,
based on which it is recommended that the
maximum size of the element on the pressure
face (in height) should not exceed 5% of the
height of the dam.

5. The effect of the attached water mass on
seismic accelerations for various dam designs is
analyzed. The effect of the added mass of water
increases the seismic acceleration at the crest of
dams from 10% for ground dams to 30% for
concrete dams with a vertical pressure face,
which must be taken into account when
designing hydraulic structures in seismically
active areas.

ACKNOWLEDGEMENTS

The research was founded by the National
Research Moscow State University of Civil
Engineering (grant for fundamental and applied
scientific research, project No. 34-392/130)

REFERENCES

1. Westergaard H.M. (1931) Water
Pressures on Dams during Earthquakes,
Proc. Am. Soc. Civ. Engs., vol. 57, 9.

2. Napetvaridze Sh. G. Seismic resistance of
hydraulic structures. - M.: Gosstroyizdat,
1959, - 215p

3. Sheinin LS. Oscillations of hydraulic struc-
tures in liquid. - M.: Energia, 1967, - 215 p.

4. Kulmach P.P. Seismic resistance of port
hydraulic structures. - M.: Transport, 1970,
-312 p.

5. Shulman S.G. Calculations of seismic re-
sistance of hydraulic structures taking into
account the influence of the aquatic envi-
ronment. - M.: Energy, 1976, - 190 p.

6. Kaufman B. D. Taking into account the
influence of uncertain factors when

58 International Journal for Computational Civil and Structural Engineering



Accounting for the Added Mass of Water of Reservoir in Calcula-tion of Seismic Accelerations
for Pressure Hydraulic Structures

10.

11.

12.

13.

14.

determining the hydrodynamic pressure on
a dam // Magazine of Civil Engineering.
2012. No. 9

Abdikarimov R.A., Eshmatov H., Bo-
banazarov Sh.P., Khodjaev D.A., Eshma-
tov B.Kh. Mathematical modeling and cal-
culation of hydraulic structures of the dam-
plate type taking into account seismic loads
and hydrodynamic water pressure // Maga-
zine of Civil Engeneering, 2011, No. 3.
Zhang C., Feng J., Pan J., Long Y. Seis-
mic safety evaluation of high concrete
dams. Part 2. Earthquake behavior of arch
dams // Proceedings 14th World Confer-
ence on Earthquake Engineering. Paper
NeS13-81, Beiging, China, 2008. Pp. 1-15.
Zhang W., Ren X., Geng X., Zhang Y.,
Yang W. Study on influence coefficients of
hydrodynamic force on dynamic
response of deep-water pier under earth-
quake // Ocean Engineering. - Elsevier,
2024, V. 299

Qiu Y., Wang J., Zhang C. An internal
input framework of earthquake motions for
dam-water-foundation rock systems // Soil
Dynamics and Earthquake Engineering. -
Elsevier, 2022, V. 156

Ye. J., Zhou H., Zhou X. Hydrodynamic
pressure on lateral side of dam excited by

harmonic seismic vibration: A novel
formulation // Soil Dynamics and Earth-
quake Engineering. - Elsevier, 2023,
V. 164

Moghaddam A., Mozaheri H., Bidgoli M.
Mathematical modelling, numerical analy-
sis and damage of dams subjected to hydro-
dynamic pressure / Ocean Engineering. -
Elsevier, 2022, V. 253

Napetvaridze Sh.G. Hydrodynamic pres-
sure under seismic impact / Works of the
Institute of Construction of the Academy of
Sciences of the Georgian SSR, 1955, v.5.
Publishing house of the Academy of Sci-
ences of the Georgian SSR

Zangar C.N. Hydrodynamic Pressures on
Dams due to Horizontal Earthquake

Volume 21, Issue 2, 2025

15.

16.

17.

18.

19.

20.

21.

22.

23.

Effects, 1952, Denver: U.S. Bureau of Rec-
lamation

Bestuzheva A.S., Gotsiridze G.P.
Coefficient of added water mass for dams
with a slope profile taking into account the
direction of approach of a seismic wave //
Hydrotechnical construction, 2024. No. 2.
Bestuzheva A.S., Gotsiridze G.P.
Hydrodynamic pressure of water on the
head face of an earth dam during an
earthquake //E3S Web of Conferences
- EDP Scienses, 2023. — V. 456

Certificate of state registration of the com-
puter program RU 2024666923. Seis-
mic Force 2D/ A. S. Bestuzheva, G. P.
Gotsiridze (RU); copyright holder FGBOU
VO "National Research Moscow State Uni-
versity of Civil Engineering".; declared
10.07.2024; published 17.07.2024
Chernyavskaya S.A., Matuzaeva O.V.,
Tsarev V.G. Differential equations for
solving applied problems in the MATLAB

environment. // Power plants and
technologies, 2022. Vol .8
Bakhshalyeva M.N., Khalilov E.G.

Justification of the collocation method for
the integral equation of the external Di-
richlet boundary value problem for the La-
place equation // Journal of Computational
Mathematics and Mathematical Physics,
2021. Vol. 61

Levenberg K. A Method for the Solution
of Certain Non-Linear Problems in Least
Squares // The Quarterly of Applied Math-
ematics, 1944, V.2

Marquardt D.W. An algorithm for least-
squares estimation pf nonlinear parameters
// Journal of the Society for Industrial and
Applied Mathematics, 1963, V.11(2)
Butyrsky E.Yu., Kuvaldin LA.,
Chalkin V.P. Approximation of
multidimensional functions // Scientific in-
strument-making, 2010, Vol. 20, No. 2
Bestuzheva A.S., Gotsiridze G.P.
Spectral methods for calculating earth dams
for seismic loads // Izvestiya VNIIG im.
B.E. Vedenev, 2022. V. 305

59



CIIMCOK JIMTEPATYPbI

1.

10.

60

Westergaard H.M. (1931) Water
Pressures on Dams during Earthquakes,
Proc. Am. Soc. Civ. Engs., vol. 57, 9.
HanerBapuaze II.I'. CeiicMmocTOWKOCTD
THIPOTEXHUYECKUX COOpYXeHuil. - M.:
lNocerpoitnmznar, 1959, - 215¢

Ieiitnnn U.C. KonebGaHus KOHCTPYKIHMA
TUAPOCOOPYKEHUM B JKHIKOCTH. - M.:
Oueprus, 1967, - 215¢

Kynabmau ILII. CelicMOCTOHKOCTh HOPTO-
BBIX TUJAPOTEXHUYECKUX COOPYKEHUM. - M.:
Tpancnopt, 1970, - 312¢

Hlyabman C.I'. PacueTbl celcMOCTOMKO-
CTH THUAPOCOOPYKEHUN C YUETOM BIIHSTHHS
BOJIHOM cpenibl. -M.: Dueprus, 1976,- 190¢
Kaydpman b. [I. Yuer BiausiHus Heolpene-
JIEHHBIX (PAKTOPOB MPHU OMpPENeICHUH -
POIMHAMUYECKOTO JaBJICHUS Ha
motuHy // Magazine of Civil Engineering.
2012. Ne9

AogukapumoB P.A., DmmaroB X,
bob6anazapos II.II., Xomxaer JI.A.,
JmmartoB b.X. Maremarnueckoe Moaenu-
pOBaHHME W pacyeT THIPOTEXHUUYECKUX CO-
OpY’KEHUH TUMA IUIOTUHBI-IUIACTUHBI C yye-
TOM CEHCMHMYECKOW HArpy3oK U TUIPOIU-
HaMHYECKOTo JaBjieHUsl Bojbl // NHxkeHep-
HO-CTpOUTENbHbIN KypHai, 2011, Ne 3.
Zhang C., Feng J., Pan J., Long Y.
Seismic safety evaluation of high concrete
dams. Part 2. Earthquake behavior of arch
dams // Proceedings 14th World Confer-
ence on Earthquake Engineering. Paper
NoS13-81, Beiging, China, 2008. Pp. 1-15.
Zhang W., Ren X., Geng X., Zhang Y.,
Yang W. Study on influence coefficients of
hydrodynamic force on dynamic
response of deep-water pier under earth-
quake // Ocean Engineering. - Elsevier,
2024, V. 299

Qiu Y., Wang J., Zhang C. An internal
input framework of earthquake motions for
dam-water-foundation rock systems // Soil
Dynamics and Earthquake Engineering. -
Elsevier, 2022, V. 156

11.

12.

13.

14.

15.

16.

17.

18.

19.

Alexandra S. Bestuzheva, Georgy P. Gotsiridze

Ye. J., Zhou H., Zhou X. Hydrodynamic
pressure on lateral side of dam excited by
harmonic seismic vibration: A novel
formulation // Soil Dynamics and Earth-
quake Engineering. - Elsevier, 2023, V. 164
Moghaddam A., Mozaheri H., Bidgoli M.
Mathematical modelling, numerical analy-
sis and damage of dams subjected to hydro-
dynamic pressure // Ocean Engineering.-
Elsevier, 2022, V. 253

Hanersapuaze LI.I'. ['uapogunamudeckoe
JaBJIcHUE Ipu CECMHUYECKOM
Bosneictun, //  Tpymer  WucTuTyTa
ctpoutenbHoro nena AH I'pysunckoit CCP,
1955, 1.5. U3n-8o AH I'CCP.

Zangar C.N. Hydrodynamic Pressures on
Dams due to Horizontal Earthquake
Effects, 1952, Denver: U.S. Bureau of Rec-
lamation

Becty:xkeBa A.C., I'omupunze I'.I1. Koad-
bunueHt MPUCOEAUHEHHON Macchbl
BOJIBI Uil TUIOTUH OTKOCHOTO TMpoduis ¢
y4€TOM HaIlpaBJIeHUs TOJX0Ja ceicMuye-
CKOM BOJHBI // ['MapoTexXHHUYECKOE CTPOH-
TeabCcTBO, 2024. No 2.

Bestuzheva A.S., Gotsiridze G.P.
Hydrodynamic pressure of water on the
head face of an earth dam during an earth-
quake //E3S Web of Conferences
- EDP Scienses, 2023. - V. 457
CBUIIETENBCTBO O TOCYJAPCTBEHHOM peru-
cTpauuu nporpammbl g OBM  RU
2024666923. Seismic_Force 2D/ A. C. be-
cryxesa, I'. I1. l'onupunze (RU); npaBoo6-
namarenr DPI'BOY BO «HammoHaabHBIN
UCCIIeA0BaTeNIbCKU MOCKOBCKUH rocy nap-
CTBEHHBI CTPOUTENIbHBIN YHHUBEPCUTETY.;
3asBit. 10.07.2024; omy61. 17.07.2024
Yepussckasa C.A., Mary3aesa O.B., Lla-
peB B.I'. luddepenunanbupie ypaBHEHHS
K pPELICHUI0 MPUKIAJAHBIX 3aJady B Cpele
MATLAB. // DuepreTuuyeckue yCTaHOBKH
u TexHoyioruu, 2022. T.8

baxmaasieBa M.H., Xammao DI.I.
OO0ocHOBaHME METOJ1a KOJUTOKAIIUH ISl WH-
TErpaabHOrO ypaBHEHUS BHEILIHEH

KpaeBo# 3amauu Jlupuxiie s ypaBHEHUS

International Journal for Computational Civil and Structural Engineering



Accounting for the Added Mass of Water of Reservoir in Calcula-tion of Seismic Accelerations

for Pressure Hydraulic Structures

Jlanmmaca // JKypHan BBIYHMCIUTEIBHOU
MaTeMaTUKd M MaTeMaTU4YeCKON (PH3HKH,
2021.T.61

20. Levenberg K. A Method for the Solution
of Certain Non-Linear Problems in Least
Squares // The Quarterly of Applied Math-
ematics, 1944, V.2

21. Marquardt D.W. An algorithm for least-
squares estimation pf nonlinear
parameters // Journal of the Society for In-

dustrial and Applied Mathematics, 1963,
V.11(2)

22. byrbipckuii E.JO. KyBanaun HU.A., Yan-
kuH B.II. Annpokcumanuss MHONOMEpPHBIX
dbynkuii / Hayunoe mnpubopocTpoeHue,
2010, T. 20, Ne 2

23. becryxeBa A.C., I'oumpunze I'.Il. Cnek-
TpaJlbHbl€ METOJbl PAaCYETOB TI'PYHTOBBIX
IJIOTUH Ha celicMudeckue Harpysku // Us-
Bectuss BHUUI um. B.E. Beneneena, 2022.
T. 305

Bestuzheva Alexandra Stanislavovna, Associate Profes-
sor, Candidate of Technical Sciences, Associate Professor
of the Institute of Hydrotechnical and Power Engineering
(IGES) of the National Research Moscow State Universi-
ty of Civil Engineering (NRU MGSU) 129337, Moscow,
Yaroslavskoye sh., 26, phone +7 (495) 287-49-14, email:
alex_bestu@mail.ru

Gotsiridze Georgy Paatovich, postgraduate student of the
Institute of Hydrotechnical and Power Engineering
(IGES) of the National Research Moscow State Universi-
ty of Civil Engineering (NRU MGSU) 129337, Moscow,
Yaroslavskoye sh., 26, phone +7 (495) 287-49-14, email:
gial9952@gmail.com

Volume 21, Issue 2, 2025

Toyupuose I'eopeuii Ilaamosuu, acimpanT Kadeapbl
«TunpaBnmukn 1 ['MAPOTEXHUYECKOTO CTPOUTEIHCTBA
(UI'SC) HanmoHanbHOTO HCCIIENOBATENBLCKOTO MOCKOB-
CKOT'O TOCYJapCTBEHHOTO CTPOHMTEIILHOTO YHHUBEPCHTETA
(HIY MI'CVY) 129337, r. Mocksa, fpocnaBckoe ., A.
26, TeJl. +7 (495) 287-49-14, email:
gial9952@gmail.com

becmyoicesa Anexcanopa Cmanuciagosna, IOUEHT, KaH-
JIJIAT TeXHUYECKUX HaykK, MOUeHT kadenapsl «I napasiu-
k1 1 I'maporexnudeckoro ctpoutensctsa (MI'3C) Haru-
OHAJILHOTO HCCIIEIOBATEIbCKOr0 MOCKOBCKOIO rocyaap-
CTBEHHOTO cTpouTenbHoro ynusepcuteta (HUY MI'CY)
129337, r. Mockga, fpocnasckoe 1r., 1. 26, Ten. +7 (495)
287-49-14, email: alex bestu@mail.ru

61



