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Abstract: The analysis of domestic and foreign studies on the issue of hydrodynamic pressure of water on the 
pressure face of hydraulic structures under dynamic influences is carried out. The authors have developed an al-
ternative method for numerically analytical solution of the problem of seismic water pressure on the inclined 
pressure face of the dam. Based on the grapho-analytical solution of the Laplace equation under specified 
boundary conditions, hydrodynamic grids and diagrams of the distribution of the coefficient of the attached mass 
of water for pressure faces with a vertical angle of 0...75 degrees are constructed, the obtained solution is com-
pared with the reference solution of Westergaard, Zangar, as well as recommendations of relevant regulatory 
documentation. Based on the conducted research, a nomogram was constructed to determine the coefficient of 
the attached mass of water. The obtained results are approximated by a quadratic function, which allows us to 
obtain the values of the coefficients of the combined mass of water depending on the vertical angle of inclination 
of the pressure face and the relative depth of the element location on the pressure face, which is used in the algo-
rithm of the calculation program for computers. A graph of the change in the hydrodynamic force acting on the 
structure, depending on the vertical angle of inclination of the pressure face, is given, the accuracy of plotting is 
investigated depending on the number of elements on the pressure face. On the basis of the linear spectral meth-
od, accelerations in the elements of the pressure face of dams of various designs are calculated, both taking into 
account the attached mass of water and without. The results obtained indicate a significant effect of the attached 
mass of water on seismic accelerations not only on the crest of a concrete gravity dam, but also in the zone of the 
upper slope of groundwater dams. The increase in accelerations in these zones is up to 30% for concrete dams 
and about 10% for ground dams. 
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INTRODUCTION 
 
One of the most difficult and unresolved issues 
of designing ground dams in the high seismicity 
zone is the interaction of the structure with the 
reservoir's water environment during an 
earthquake. In the modern regulatory literature 
(SP 358.1325800.2017 " Hydraulic structures. 
Rules of design and construction in seismic are-
as", SP 14.13330.2018 "Construction in seismic 
areas", hereinafter-SP) regulates the 
determination of hydrodynamic loads at the 
contact of a structure with water as additional 
seismic loads during earthquakes. Despite 
a large amount of scientific research on the 
hydrodynamic pressure of water on the pressure 
face of structures under dynamic impacts, in the 
current standards for plotting the seismic water 
pressure, there are only provisions on the 
"attached mass of water" with the determination 
of the coefficients of the attached mass 
according to the solution of Westergaard [1], 
obtained for the vertical pressure face. The 
Westergaard solution obtained analytically is a 
reference one (hereinafter referred to as the 
Westergaard problem) and underlies the applied 
methods for calculating hydraulic structures. 
It is based on the following assumptions about: - 
an ideal, incompressible fluid; - a rigid, 
non-deformable, interacting with water body; 
- non-eddy motion of the liquid; - absence of the 
phenomenon of wave formation on the water 
surface; - horizontal translational vibrations 
with a small amplitude, which are performed by 
the "dam (with base)" system- reservoir"; - a flat 

problem in the assumption of an infinite length 
of the reservoir with a horizontal bottom line. 
In further works of Russian [2-7] and foreign 
scientists [8-12], the problems of hydroelasticity 
were solved taking into account the viscous 
properties of a compressible liquid and the 
elastic properties of a solid, taking into account 
wave formation on the water surface, the special 
geometry of the reservoir bed, and other factors 
that specify the solutions.  
Of particular importance in the practice of 
hydraulic engineering construction are 
structures with a slope profile, often with 
a broken pressure face, for which the definition 
of seismic pressure in the current regulatory 
documentation during an earthquake is limited 
to taking into account the angle of the upper 
slope (vertical angle) of 15°. 
However, for the vast majority of structures 
of ground dams, many structures of concrete 
buttresses, dams made of rolled concrete, 
berthing and enclosing structures, the upper 
pressure faces have an angle significantly great-
er than 15 degrees, which must be taken into 
account when designing structures in the zone 
of high seismicity. 
The problem of the distribution of the seismic 
water pressure on the inclined pressure face 
of the dam was solved in the 50s of the XX 
century in the works of Sh. G. Napetvaridze on 
the basis of the conformal mapping method 
[13], where he gave an approximate formula for 
determining the seismic water pressure on the 
inclined face in the form: 

 

2( ) ( ) cos ( )wp z p y  (1) 
 

where  is the vertical angle of inclination of 
the pressure face. 

( )wp y - seismic water pressure on the vertical 
pressure face at a depth y from the water level 
(Westergaard's solution), ( )p z - seismic water 
pressure on the inclined pressure face at the 
length z from the water edge along the face. 
In the Reference manual of I. S. Sheinin [3], 
based on the solution of hydroelasticity 
problems, a similar formula is given for the 
coefficient of the attached mass of water  
taking into account the angle of inclination of 
the pressure face (vertical) in the form: 

 
2( ) cos ( )  (2) 

 
where is the coefficient of attached mass for the 
vertical pressure face;

( ) - coefficient depending on the angle of 
inclination of the pressure face (Figure 1) 

 

Figure 1. Coefficient of attached water mass 
 

In [14], an experimental solution was obtained 
for determining the seismic pressure of water on 
the inclined face of a dam based on the 
electrodynamic analogy method (EGDA), given 
in the form of plots of coefficients of the 
attached mass of water. Comparison of the 
obtained values of the attached mass 

coefficients with the values obtained by the 
authors of the work is given below.  
The authors have developed an alternative 
grapho-analytical method for solving the prob-
lem of seismic water pressure on the inclined 
pressure face of an underground dam in the 
formulation of the "Westergaard problem" 
(hereinafter referred to as the GAM) [15,16], 
compared with known solutions, and 
compiled calculation programs for determining 
seismic forces in the body of a ground dam, 
taking into account the forms of natural 
vibrations, the seismic pressure of the reservoir, 
and the direction of approach of the seismic 
waves to the dam alignment [17]. 

 
 

METHODS 
 
During an earthquake, the dam oscillates and 
shifts towards the upstream, while 
hydrodynamic pressure will act on it from the 
water side, depending on the speed of 
movement, the elastic properties of interacting 
bodies, and the geometry of the calculated area. 
The solution of the contact problem of 
hydroelasticity for a hydraulic structure is based 
on the provisions of continuum mechanics and 
the theory of small deformations, and the 
prerequisites are used to simplify the problem 
without losing the accuracy of the solution for a 
particular structure. For the massive body of a 
ground dam, small values of the amplitudes 
of seismic vibrations can be noted, which are 
measured in centimeters in the most severe 
earthquakes. Taking into account the fact that 
the dam dimensions are much larger than the 
amplitudes of its displacements during seismic 
vibrations, we can neglect the shape of the 
deformed axis of the pressure face of the dam 
during vibrations and take it as a displacement 
plot uniform in height, which corresponds to the 
model of "translational movement of a rigid 
wall". Due to the insignificant speed of water 
movement in the reservoir during an earthquake, 
the viscous properties of water can be ignored. 
Due to the minimal oxygen content in the deep 
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layers of the reservoir, the water medium can be 
considered as a homogeneous and 
incompressible liquid with a constant density 
p const .  

The solution of the problem of pressure distribu-
tion in a liquid under given boundary conditions 
and a known displacement on the contour (the 
pressure face of the dam) is based on dynamic 
equilibrium equations in the Euler form, one of 
which can be written as: 

 
dv pX
dt x  

(3) 
 

where ( , , )v x z t  is a function of the velocity of 
the water medium particle, m/s 

( , , )p x z t  – pressure function, kPa 
X  – projection of volumetric forces 
on the x-axis, kN 

 - density of liquid (water), t/m33 
The Euler equation in the form (3) is written for 
volume forces assigned to a unit of volume. 
Assuming that there is no rotation in the motion 
of particles, we can write down the following 
relative to the velocity components:  
 

0x zv v
z x  

(4) 
 
what happens if xv both zv  are coordinate deriv-
atives of the same function, i.e. we can write: 

 
x

x

z
z

uv
t x

uv
t z  

(5) 

 
The function is usually called the velocity po-
tential, and the irrotational motion is called the 
potential.  
The Euler equation in the absence of external 
forces, when the fluid motion is related to the 
pressure difference at points in a continuous 
medium caused only by seismic action, taking 

into account (5), in projections on the axes x
and z is written as: 
 

0

0

x

z

P v
x t
P v
z t  

(6) 

 
where 0P  is the excess hydrodynamic pressure 
caused by dam vibrations, kPa. 

xv , zv - horizontal and vertical velocity 
components. 
The solution of problem (6) involves 
determining the vector velocity field of fluid 
particles and the scalar pressure field at each 
moment of time t  according to the law of base 
motion during an earthquake.  
The solution of the dynamic problem is 
constructed based on a series of quasi-stationary 
states, for which the velocity and pressure 
functions are determined. The harmonic 
function can be taken as a regularity of the 
change in acceleration over time in the given 
problem: 
 

0( ) cosu t U t  (7) 
 

where is the maximum acceleration of the base 
corresponding to the earthquake score and local 
ground conditions, m/s2, according to the SP is 
set as a coefficient; 

 - the frequency of forced vibrations during 
an earthquake, in harmonic vibrations, T - the 
period closest to the frequency of natural 
vibrations of the dam, for local earthquakes the 
period does not exceed 1...1, 2T s .  
Substituting expressions (5) into (6) and 
integrating the full differentials of the functions: 

0 ( , )dP x z  and ( , )d x z [15], we obtain that the 
hydrodynamic pressure function is related to the 
velocity potential by the relation: 
 

0P
t  

(8) 
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The resulting expression indicates that the 
pressure function is also a potential function, 
therefore, its distribution in space obeys the 
Laplace equation and can be written: 
 

2 2
0 0

2 2 0P P
x z

 or 0 0P  (9) 

 
The solution of the Laplace equation under 
given boundary conditions is called the 
Dirichlet problem and is completely determined 
by the boundary conditions, i.e. it is a boundary 
value problem. The desired function in equation 
(9) is the overpressure function, the distribution 
of which in space can be represented as a family 
of equipotentials, lines of equal pressure 
Often, when solving hydraulic (filtration) 
problems, the solution of the Laplace equation 
is presented as a family of two potential 
functions – the velocity (pressure) potential 
function and the current line function.  Potential 
functions of current and pressure (velocity 
potential) they are complex conjugate harmonic 
functions connected by the Cauchy-Riemann 
relations: 

 

x z

z x  

(10) 

 
In this case, the system of equipotentials 

const  and current lines const  form an 
orthogonal hydrodynamic grid, in which the 
position of one of the functions uniquely 
determines the position of the other. Thus, the 
solution of the Laplace equation for the current 
function, represented as a family of streamlines, 
allows graphoanalytically constructing a 
hydrodynamic grid with determining the 
position of equipotentials for the velocity 

potential function (hydrodynamic pressure). 
This property of orthogonality of two functions 
allows us to use the boundary conditions of one 
of the functions when integrating 
the other (9). 
Based on physical representations of the 
pressure distribution in a liquid during 
translational (horizontal) motion of a solid wall 
located at an angle to the vertical, the 
following boundary conditions can be 
determined for the design scheme shown in 
Figure 2: 
1) the boundary of the reservoir bed 
is non-deformable, impenetrable and stationary, 
which means that there is no gradient of the 
velocity potential function along the normal to 

the boundary ( 0
n

) and the boundary 

position for the current line function ( 1); 
2) the vertical boundary of the design area at a 
great distance from the moving wall is stationary, 
watertight and does not experience hydrodynamic 
pressure from wall vibrations, along it it can be 
assumed 0 , however, in the case of consider-
ing the problem with a limited reservoir length, or 
if the slope of the reservoir bottom line is taken 
into account, the boundary conditions should be 

set differently: 1 and 0
n

; 

3) there are no wave formation phenomena on 
the reservoir surface, the pressure is constant: 

const  therefore, the current lines are 
orthogonal to the water surface;  
4) on the mobile impenetrable pressure face of 
the dam, the points of which move at the same 
horizontal speed, the boundary values of the 
hydrodynamic pressure function are not 
determined and are the desired ones. At the 
same time, for the function of streamlines, the 
boundary conditions can be defined as follows. 
At the lower point of the pressure face (A), the 
intersection with the boundary current line is 
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set, where 1. At the upper point of the 
pressure face (D) , at the upstream water cut, the 
value for the current line function is: 0 . 
The assumption of a uniform "penetrating-
reflecting" capacity of the movable pressure 
face of the structure determines a uniform 
distribution of flow rates of "current tubes" over 
the height of the dam. Based on the latter 
assumption, you can specify a linear distribution 
of current lines along the length of the pressure 
face with a step  that corresponds to the 
accuracy of the problem solution. The constant 
gradient for the current functions over the height 
of the pressure face  was assumed to be 
equal 5...10% h  to, where h is the height of the 
pressure face of the dam.
Determining the boundary conditions for the 
potential current function allows us to solve the 
problem of its distribution in the domain 
(Figure 2) by integrating the Laplace equation 
for this function: 

 
2 2

2 2 0
x z  

(11) 

 
Determination of the hydrodynamic pressure 
function from the obtained solution for the 
function with the condition of orthogonality of 
these functions can be obtained 
graphoanalytically based on the construction of 
hydrodynamic grids. 

 

 
Figure 2. Design scheme with boundary condi-

tions 

Based on the principle of quasi-stationary states, 
it is possible to determine the maximum value 
of the hydrodynamic pressure function that will 
occur at the points of the pressure face of the 
dam, provided that the external impact is given 
by the maximum acceleration amplitude 
according to the earthquake score. 
For cos 1t , according to (7), 

0 0( )u t U A g  The distribution of the maxi-
mum pressure along the pressure face will be 
determined by the nature of the change in the 
function, which, according to the accepted 
boundary conditions, varies from 0 to 1 and 
determines the normalized values of 
hydrodynamic pressure.  
When determining hydrodynamic loads on a 
structure due to the influence of reservoir water, 
the concept of "attached mass" of water is used 
as a body that performs joint vibrations with the 
structure, changing the inertial properties of the 
structure.  
The force of hydrodynamic water pressure on 
the pressure face of the dam ( wP ) can be repre-
sented on the basis of Newton's Second law as 
the maximum acceleration caused by wall 
vibrations ( 0U ), multiplied by the mass of 
water" attached" to the pressure face in the 
form: 

 

0w wP m U  (12) 
 
where wm  is the "attached mass" involved in the 
joint vibrations of the dam, which can be used 
to describe the hydrodynamic pressure on the 
structure during an earthquake as inertial.  
The volume of the attached mass of water per 
1 sq. m. of the width of the dam can be 
described by the area of the plot of the attached 
mass of water: 

 

0

( )
H

wV H Z dZ  (13) 

where H is the height of the pressure face, m. 
( )Z  - function of the coefficient of the 

attached mass of water; 
Z - the height of the element on the pressure 
face from the bottom of the reservoir, m 
Thus, the attached mass of water for the entire 
structure can be defined by the expression: 

 

0

( )
H

wm H Z dZ
 

(14) 

 
In the solution of Westergaard for the vertical 
pressure face, it was assumed that the area of 
the plot of the attached mass of water in the 
conditions of the problem is determined by the 
expression: 

 

0

( )
H

eqZ dZ H  (15) 

 
where 0,544eq  is the value of the 
coefficient of the attached mass of water 
obtained by the total area of the plot of the 
attached mass of water according to the 
accepted calculation scheme of Westergaard. 

If in expression (15) we assume that Zz
H

 is 

the relative coordinate of the node on the 
pressure face ( 0 z h ), and replace the 
integration variable, then the integral for the 
function of the coefficient of the attached mass 
(15) can be rewritten as: 
 

0 0

( ) ( )
H h

eqZ dZ H z dz H  (16) 

 
To determine the coefficient of the attached 
mass of water eq  in the works of I. S. Sheinin 
[3], graphs and tables are given depending on 
the problem statement, their calculation 
schemes, and the conditions of movement of the 
structure. For the calculation schemes 
considered in this paper with different angles of 
inclination of the pressure face, the coefficient 

eq  can be determined from the plot in the 
form: 
 

0

( )
h

eq z dz  (17) 

 
Using the concept of the coefficient of attached 
mass, the value of the attached mass of water 
for the entire structure can be determined, 
considering it as an average mass of water 
evenly distributed over the pressure face of the 
structure, attributed to the unit area of the 
pressure face. Based on (14) and (15), for the 
attached mass of water, we can write: 
 

2

2

1 . .
[ ]

1 . .
eq

eq eq

H r m kgm H
H r m m

 (18) 

 
Accordingly, the hydrodynamic force of water 
pressure, which falls on the entire area of the 
pressure face of the dam (horizontal 
component), can be defined as: 
 

2
0 0

0

( )
H

P HU Z dZ H U
 

(19) 

 
Since the distribution of the attached mass of 
water over the height of the pressure face is 
uneven, the hydrodynamic pressure acting in the 
k-element of the pressure face of the dam can be 
written as: 

 
0

0

( )
( )

k k

k k

p HU z
p H z A  

(20) 

 
where is the ordinate on the plot of coefficients 
of the attached mass of water in the k-element 
of the pressure face of the dam, located at a 

relative height Zz
H

 from the bottom of the 

reservoir. 
In the modern regulatory literature, the 
definition of hydrodynamic pressure is 
differentiated for different elements by the 
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2 2

2 2 0
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sented on the basis of Newton's Second law as 
the maximum acceleration caused by wall 
vibrations ( 0U ), multiplied by the mass of 
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form: 
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where wm  is the "attached mass" involved in the 
joint vibrations of the dam, which can be used 
to describe the hydrodynamic pressure on the 
structure during an earthquake as inertial.  
The volume of the attached mass of water per 
1 sq. m. of the width of the dam can be 
described by the area of the plot of the attached 
mass of water: 

 

0
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H
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where H is the height of the pressure face, m. 
( )Z  - function of the coefficient of the 

attached mass of water; 
Z - the height of the element on the pressure 
face from the bottom of the reservoir, m 
Thus, the attached mass of water for the entire 
structure can be defined by the expression: 

 

0
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(14) 

 
In the solution of Westergaard for the vertical 
pressure face, it was assumed that the area of 
the plot of the attached mass of water in the 
conditions of the problem is determined by the 
expression: 

 

0
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H
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where 0,544eq  is the value of the 
coefficient of the attached mass of water 
obtained by the total area of the plot of the 
attached mass of water according to the 
accepted calculation scheme of Westergaard. 

If in expression (15) we assume that Zz
H

 is 

the relative coordinate of the node on the 
pressure face ( 0 z h ), and replace the 
integration variable, then the integral for the 
function of the coefficient of the attached mass 
(15) can be rewritten as: 
 

0 0

( ) ( )
H h

eqZ dZ H z dz H  (16) 

 
To determine the coefficient of the attached 
mass of water eq  in the works of I. S. Sheinin 
[3], graphs and tables are given depending on 
the problem statement, their calculation 
schemes, and the conditions of movement of the 
structure. For the calculation schemes 
considered in this paper with different angles of 
inclination of the pressure face, the coefficient 

eq  can be determined from the plot in the 
form: 
 

0

( )
h

eq z dz  (17) 

 
Using the concept of the coefficient of attached 
mass, the value of the attached mass of water 
for the entire structure can be determined, 
considering it as an average mass of water 
evenly distributed over the pressure face of the 
structure, attributed to the unit area of the 
pressure face. Based on (14) and (15), for the 
attached mass of water, we can write: 
 

2

2

1 . .
[ ]

1 . .
eq

eq eq

H r m kgm H
H r m m

 (18) 

 
Accordingly, the hydrodynamic force of water 
pressure, which falls on the entire area of the 
pressure face of the dam (horizontal 
component), can be defined as: 
 

2
0 0

0

( )
H

P HU Z dZ H U
 

(19) 

 
Since the distribution of the attached mass of 
water over the height of the pressure face is 
uneven, the hydrodynamic pressure acting in the 
k-element of the pressure face of the dam can be 
written as: 

 
0

0

( )
( )

k k

k k

p HU z
p H z A  

(20) 

 
where is the ordinate on the plot of coefficients 
of the attached mass of water in the k-element 
of the pressure face of the dam, located at a 

relative height Zz
H

 from the bottom of the 

reservoir. 
In the modern regulatory literature, the 
definition of hydrodynamic pressure is 
differentiated for different elements by the 
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height of the pressure face using the table for 

the coefficient of attached mass ( )yf
H

, 

where it determines the depth of the calculated 
element under the water level. 
However, there are no such reference data for 
structures of hydraulic structures with an 
inclined pressure face, which led to the need for 
research in this area. 
To determine the coefficient of attached mass

k , it is necessary to solve the problem of the 
distribution of hydrodynamic pressure over the 
height of the pressure face of the dam. Taking 
the seismic acceleration of the base, the water 
density, and the reduced reservoir depth as unit 
values, we can conclude that the plot of the 
distribution of the coefficient of the attached 
water mass over the height of the pressure face 
will be identical to the plot of the hydrodynamic 
water pressure, which is determined by the 
expression: 
  

* * *
0

( )( ) k
k

p ZZ
h A  

(21) 

 
Where *

0A  is the unit seismic acceleration of 
the base in fractions of g, *  is the unit volume 
weight of water, *h  is the relative depth of the 
reservoir, reduced to unity in the calculation 
scheme ( 1h ). 
The character of the distribution of the 
hydrodynamic pressure function in the 
calculated area with an inclined pressure face 
of the dam is determined by integrating the 
Laplace equation (9). 

 
 

RESULTS AND DISCUSSING 
 

For the numerical solution of (11), we used the 
apparatus of numerical methods in the 
MATLAB software package [18,19]. Design 
schemes for dams with different angles of 
inclination of the pressure face are constructed 
in relative coordinates XOZ , in which the 

height of the pressure face of the dam is taken 
as 1h  . In relative coordinates, the ordinate of 
an element on the pressure face kz  is defined as

k
Zz
H

 

The boundary conditions for solving the 
problem of the distribution of the potential 
function in the computational domain 
"dam-reservoir" are set by the interface of the 
MATLAB software package on each of the 
sections of the figure ABCD, for the segments 
AB, BC, CD, DA (Figure 2). According 
to [MATLAB], two types of boundary 
conditions are given at the boundaries of the 
domain: Dirichlet conditions and Neumann 
conditions: 
- the Dirichlet condition (or a condition 
of the 1st kind) is a method for setting a 
boundary condition when the value of the 
desired function is set explicitly, for example; 
- the Neumann condition (or condition 
of the 2nd kind) is a method for setting a 
boundary condition when the desired function is 

given by its derivative, for example, ( ) 0V x
n

which indicates that the equipotentials of the 
desired function are orthogonal to the selected 
boundary.  
In the MATLAB PC interface, when solving 
elliptic equations, the boundary conditions for a 
potential function are set using the equation: 

 
( ) ( )r x V x a  (22) 

 
where a  is a variable that can take any valid 
values, including a null value.  

( )r x - a function defined analytically by an 
equation. 
At the same time, the potential function can take 
any values. 
Within the scope of this task, the following 
conditions will be met at the boundaries of the 
calculation scheme (Figure 2): 
1. AB – reservoir bed, set for all of them 
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height of the pressure face using the table for 

the coefficient of attached mass ( )yf
H
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where it determines the depth of the calculated 
element under the water level. 
However, there are no such reference data for 
structures of hydraulic structures with an 
inclined pressure face, which led to the need for 
research in this area. 
To determine the coefficient of attached mass

k , it is necessary to solve the problem of the 
distribution of hydrodynamic pressure over the 
height of the pressure face of the dam. Taking 
the seismic acceleration of the base, the water 
density, and the reduced reservoir depth as unit 
values, we can conclude that the plot of the 
distribution of the coefficient of the attached 
water mass over the height of the pressure face 
will be identical to the plot of the hydrodynamic 
water pressure, which is determined by the 
expression: 
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k

p ZZ
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Where *

0A  is the unit seismic acceleration of 
the base in fractions of g, *  is the unit volume 
weight of water, *h  is the relative depth of the 
reservoir, reduced to unity in the calculation 
scheme ( 1h ). 
The character of the distribution of the 
hydrodynamic pressure function in the 
calculated area with an inclined pressure face 
of the dam is determined by integrating the 
Laplace equation (9). 

 
 

RESULTS AND DISCUSSING 
 

For the numerical solution of (11), we used the 
apparatus of numerical methods in the 
MATLAB software package [18,19]. Design 
schemes for dams with different angles of 
inclination of the pressure face are constructed 
in relative coordinates XOZ , in which the 

height of the pressure face of the dam is taken 
as 1h  . In relative coordinates, the ordinate of 
an element on the pressure face kz  is defined as

k
Zz
H

 

The boundary conditions for solving the 
problem of the distribution of the potential 
function in the computational domain 
"dam-reservoir" are set by the interface of the 
MATLAB software package on each of the 
sections of the figure ABCD, for the segments 
AB, BC, CD, DA (Figure 2). According 
to [MATLAB], two types of boundary 
conditions are given at the boundaries of the 
domain: Dirichlet conditions and Neumann 
conditions: 
- the Dirichlet condition (or a condition 
of the 1st kind) is a method for setting a 
boundary condition when the value of the 
desired function is set explicitly, for example; 
- the Neumann condition (or condition 
of the 2nd kind) is a method for setting a 
boundary condition when the desired function is 

given by its derivative, for example, ( ) 0V x
n

which indicates that the equipotentials of the 
desired function are orthogonal to the selected 
boundary.  
In the MATLAB PC interface, when solving 
elliptic equations, the boundary conditions for a 
potential function are set using the equation: 

 
( ) ( )r x V x a  (22) 

 
where a  is a variable that can take any valid 
values, including a null value.  

( )r x - a function defined analytically by an 
equation. 
At the same time, the potential function can take 
any values. 
Within the scope of this task, the following 
conditions will be met at the boundaries of the 
calculation scheme (Figure 2): 
1. AB – reservoir bed, set for all of them 

1; ( ) 1a r x  
 
what creates the conditions for a potential 
function: 
 

0( , ) 1zV x z (Dirichlet condition) 
 

2. BC – conditional watertight boundary of 
the reservoir, which is a current line where the 
condition can be set: 

 

0V
n

 (Neumann condition) 

 
3. CD is the free surface of the reservoir, 
which is a line of equal pressure, which deter-
mines the orthogonality of the function of 
streamlines at this boundary: 

 

0V
n

 (Neumann condition) 

 
4. DA is the pressure face of the dam. The 
pressure at each point of the boundary is defined 
as a function of the height and angle  between 
the pressure face and the vertical. 

11; ( )
( )

a r x x
h tg

what defines a potential function: 
 

 ( ) ( )V x r x (Dirichlet condition)
5. To exclude the influence of the length of 
the reservoir on the solution of the Laplace 
equation, the following condition was fulfilled 
in the calculations: 
 

3resL h  (23) 
 
Numerical solutions of the Laplace equation for 
the potential function ( , )x z  in design schemes 
with different angles of inclination of the pres-
sure face, in the range of vertical angles from 0° 
to 75° degrees, are presented in the form of a 
family of equipotentials for some design 
schemes in Figure 3, where the blue 

equipotentials are a function of current lines , 
the red equipotentials are a function of the hy-
drodynamic pressure level. 
The family of equipotentials representing a 
solution for the current line distribution function 
allows, in compliance with the orthogonality 
principle, to construct a hydrodynamic grid with 
equipotentials corresponding to the distribution 
law of the hydrodynamic pressure function in 
the calculated domain (Figure 4). The plots of 
the hydrodynamic pressure distribution along 
the inclined pressure face of the dam are given 
in the form of function values 0 ( , )P x z , 
which allows them to be considered as plots of 
the coefficients of the attached water mass ac-
cording to (17). 

 

 
Figure 3. Hydrodynamic grid and plot for the 

coefficient of the attached mass of water at 
the angle of inclination of the pressure face: 

a) 0  b) 10 c) 60   
 

Comparison of the obtained results for the 
coefficients of the added mass of water was 
carried out in 3 directions: 
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1. Comparison of the obtained functions 
( , )z  with the Westergaard solution for the 

vertical pressure face (Figure 4a). 
2. Comparison of the obtained functions 

( , )z  with the recommendations of the SP for 
taking into account the angle of 
inclination of the pressure face (15  do) in the 
form:  
 

3cos ( )w  (24) 
 
where  is the angle of inclination of the pres-
sure face relative to the vertical, deg. 

w  - coefficient of the attached mass of water 
for the vertical face according to the solution of 
Westergaard. 
3. Comparison of the obtained functions 

( , )z  with the results of the Zangar experi-
ment (Figure 4e) 

 

 
 
 
 

Figure 4. Comparison of results: 
a) with the decision of Westergaard,  

b) - e) with the recommendations of the SP for 
the corresponding angles 

 
 
 

As can be seen from the comparison, for the 
angle, there is a high accuracy of matching the 
analytical solution of Westergaard. At the same 
time, the difference between the received 
decision and the JV recommendation reaches 
10%, and for, obviously, the recommendations 
are no longer applicable. 
The results of computational studies on the 
values of the coefficient of attached water mass 
obtained on the basis of constructed 
hydrodynamic grids for different angles of 
inclination of the pressure face of the dam, 
in the range, are summarized in a nomogram 
(Figure 5). 
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( , )z  with the Westergaard solution for the 

vertical pressure face (Figure 4a). 
2. Comparison of the obtained functions 

( , )z  with the recommendations of the SP for 
taking into account the angle of 
inclination of the pressure face (15  do) in the 
form:  
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where  is the angle of inclination of the pres-
sure face relative to the vertical, deg. 

w  - coefficient of the attached mass of water 
for the vertical face according to the solution of 
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the corresponding angles 

 
 
 

As can be seen from the comparison, for the 
angle, there is a high accuracy of matching the 
analytical solution of Westergaard. At the same 
time, the difference between the received 
decision and the JV recommendation reaches 
10%, and for, obviously, the recommendations 
are no longer applicable. 
The results of computational studies on the 
values of the coefficient of attached water mass 
obtained on the basis of constructed 
hydrodynamic grids for different angles of 
inclination of the pressure face of the dam, 
in the range, are summarized in a nomogram 
(Figure 5). 
 

 
 Figure 5. Nomogram 

 
However, for convenient use in calculations, 
these curves are best represented as 
mathematical functions that depend on the 
corresponding arguments. Using the 
approximation method, we represent each 
experimental dependence ( )f  as a linear 
function of the form: 

 
( , ) zi ziz a b  (25) 

 
The approximation functions are found by the 
least squares method using the Levenberg-
Marquardt algorithm [20-22].  
Further, representing families of angular 
coefficients ( )zia z  and free terms ( )zib z  as 
square parabolas: 

2
1 1 1

2
2 2 2

( )
( )

zi

zi b

a f z m z n z k
b f z m z n z k  

(26) 

 
you can express expression (25) in the following 
form: 
 

2

2

( , ) (0.0073 0.0132 0.0015)
0.8448 1.4894 0.0747

z z z
z z

(27) 

 
The value of the coefficient of the attached mass 
of water in the k-element of the pressure face of 

the dam can be calculated using expression (26) 
when kz z : 
 

k
k

Zz
H  

(28) 
 
where kZ  is the absolute height mark of the 
k-element, H  is the absolute depth of the 
reservoir. 
In accordance with the obtained approximation 
solution, expression (27) gives the values of the 
coefficients of the attached mass of water  
only over the interval 0,1...1kz . The function 

( , )z  on the interval 0...0,1kz  can be 
approximated in a similar way:  
 

(0, ) 0
(0.1, ) a b  

(29) 

  
In general, the function for finding the 
coefficient of the attached mass of water as a 
function of the relative depth of the element and 
the vertical angle of the pressure face is the 
following piecewise linear function with varia-
ble coefficients: 
 

2

2

0, {0}
0.0026 0.2103, (0,0.1)

( , ) (0.0073 0.0132 0.0015)
0.8448 1.4894 0.0747,

[0.1,1]

z
z

z z z
z z

z  

(30) 

 
The equation of the values of the 
coefficients of the attached mass of water 
obtained using the approximation function (30) 
with the author's nomogram data and the results 
of experiments [14] for some angles  is 
shown in Figure 6. 
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Figure 6. Comparison of results 

 
The hydrodynamic pressure force according to 
(19) can be calculated by the formula: 
 

2
0 0

0

( , )
h

P H A z dz
 

(31) 

 
where-the maximum relative acceleration of the 
base, - the volume weight of water, h - the 
relative depth of the reservoir, ( , )z – the 
function of the coefficient of the attached mass 
of water, constructed for the relative height of 
the pressure face z , varying from 0 to h  
Calculation of hydrodynamic forces based on 
the obtained solutions for functions ( , )z  at 
different angles of inclination of the pressure 
face of the dam made it possible to plot changes 
in the hydrodynamic force ( )hdP f . For this 

purpose, the integrals 
0

( , )
h

z  of the obtained 

plots ( , )z  were calculated. By analogy with 
(17), the obtained integrals determine the value 
of the coefficient of the equivalent attached 
mass of water for a dam with an inclined 
pressure face, and all other things being equal, 
the solutions of the problem depend only on the 
angle of inclination of the face.  

For the resulting function, we introduce the 
following notation:  

 

0

( ) ( , )
h

M z dz
 

(32) 

 
The function graph ( )M  is constructed based 
on the results of graphoanalytical plotting of the 
attached mass coefficients (Figure 7) and the 
approximating function constructed on their
basis ( , )z .  
The integral of the approximating function (30) 
can be obtained analytically in the form: 
 

0.1

0 0
21

2
0.1

( ) ( , ) ( 0.0026 0.2103)

((0.0073 0.0132 0.0015)
0.8448 1.4894 0.0747)

h

M z dz dz

z z
z z dz

 
Performing direct integration, we get: 
 

( ) (0.021 0.00026 ) (0.523 0.00545 )
( ) 0.544 0.00571

M
M  

(32) 

 
Traditionally, it is interesting to represent the 
hydrodynamic pressure force as a fraction of the 
hydrostatic pressure force W  (per 1 nm): 
 

0

2
HW

 
 

Taking into account (30) and (31), we can write: 
 

0( ) 2 ( )P M WA  (33) 
 

The obtained expression shows that for a strong 
earthquake ( 0 0.4A g for a 9-point earthquake) 

and a vertical pressure face ( (0 ) 0.544M  - 
Westergaard's solution), the seismic pressure of 
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z  of the obtained 

plots ( , )z  were calculated. By analogy with 
(17), the obtained integrals determine the value 
of the coefficient of the equivalent attached 
mass of water for a dam with an inclined 
pressure face, and all other things being equal, 
the solutions of the problem depend only on the 
angle of inclination of the face.  

For the resulting function, we introduce the 
following notation:  
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The function graph ( )M  is constructed based 
on the results of graphoanalytical plotting of the 
attached mass coefficients (Figure 7) and the 
approximating function constructed on their
basis ( , )z .  
The integral of the approximating function (30) 
can be obtained analytically in the form: 
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Performing direct integration, we get: 
 

( ) (0.021 0.00026 ) (0.523 0.00545 )
( ) 0.544 0.00571

M
M  

(32) 

 
Traditionally, it is interesting to represent the 
hydrodynamic pressure force as a fraction of the 
hydrostatic pressure force W  (per 1 nm): 
 

0

2
HW

 
 

Taking into account (30) and (31), we can write: 
 

0( ) 2 ( )P M WA  (33) 
 

The obtained expression shows that for a strong 
earthquake ( 0 0.4A g for a 9-point earthquake) 

and a vertical pressure face ( (0 ) 0.544M  - 
Westergaard's solution), the seismic pressure of 

water on the pressure face of the dam will 
be (0 ) 0.435P W  . When the pressure face is 
laid 1:1 ( 45 ), which can occur for dams 
with reinforced concrete screens, the seismic 
water pressure will be (45 ) 0.23P W almost 
a quarter of the hydrostatic pressure. The results 
obtained indicate a significant seismic pressure 
of water on the pressure face of the dam, 
including the slope profile.  
 

 
Figure 7. Graph of changes in hydrodynamic 

pressure from the slope of the pressure face 
 
The obtained quadratic polynomials for the 
cefficients of the function depend on the height 
position of the element on the pressure face 
(23). Therefore, the number of elements 
forming the hydrodynamic pressure plot will 
affect the accuracy of plotting the coefficients of 
the attached water mass and the magnitude of 
seismic loads.  
To assess the effect of the density of the FEM 
design grid on the hydrodynamic pressure force, 
calculations were performed with different 
numbers of elements on the pressure face. 
A model of a 100-meter dam with a 1:2 upper 
slope (vertical angle 63.43 ) was considered 
in 8 variants of breakdown: with 5, 10...70 
elements on the pressure face.  
As a result of analytical integration of the 
function of the coefficient of the added mass of 
water (32), an expression was obtained that can 
be taken as an exact solution: 
 

(63.43 ) 0.544 0.00571 63.43 0.182M  
 

In each of the 8 calculation variants, for the 
center of gravity of the element located on the 
pressure face, the values of the coefficients of 
the attached mass of water were determined, 
according to the approximating function 

( , )z , and a plot was constructed from them. 
Determining the area of the plot (using Autocad 
tools) allowed us to compare the obtained val-
ues for the 63.43  following parameters. 
The results of the comparison are shown at 
Figure 8.  
The obtained results allow us to conclude that 
when forming the FEM grid, it is necessary to 
provide for at least 20 elements in height on the 
pressure face of the dam. When dividing the 
pressure face into 20÷30 elements, the error will 
be less than 5% of the value obtained by direct 
integration, which is a satisfactory result for 
engineering calculations. 
 

 
 

Figure 8. Comparison of numerical and 
direct integration results  

 
In this problem, a method is developed for de-
termining the hydrodynamic water pressure for 
a dam with an inclined pressure face, as a reac-
tion to the horizontal component of dam vibra-
tions during an earthquake. Taking into account 
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the horizontal hydrodynamic pressure of water 
in the attached mass of water involved in the 
horizontal vibrations of the dam, it is important 
to assess this effect in the magnitude of seismic 
forces that occur in dams during an earthquake, 
at different angles of inclination of the pressure 
face of the dam.  
The linear-spectral method (hereinafter referred 
to as LSM), regulated by SP for determining 
seismic loads in hydraulic structures, involves 
solving the problem of natural dam vibrations 
and using calculation forms in determining 
seismic forces. When solving the problem of 
plane deformation for a momentless system, 
there are two components in the components of 
displacements according to the forms of natural 
vibrations-horizontal and vertical 
displacements, which will participate in the 
formation of both components of seismic forces 
– both horizontal ,k xS  and vertical ,k zS , while 
the attached mass of water affects only the 
inertial properties of the dam in the horizontal 
direction.  
The study determined the seismic forces that 
occur in the dam elements in the horizontal 
direction, taking into account the horizontal 
hydrodynamic water pressure from the upstream 
side and the horizontal direction of propagation 
of the seismic wave. The considered problem 
statement determines the greatest seismic loads 
in the dam along the horizontal component. 
Studies were carried out for different dam 
structures: concrete, ground, combined, having 
different outlines of the pressure face.  
The author's program "Seismic_Force_2D" was 
used to calculate and visualize the distribution 
of seismic forces in the dam [17]. 
As part of the calculation, the FEM grid is set, 
the properties of materials in the calculated area 
are calculated, the forms of natural vibrations 
are calculated, and seismic forces and 
accelerations are determined within the LSM 
with the calculated earthquake score.  
Seismic forces in the dam elements were deter-
mined according to the linear-spectral method, 
taking into account the forms of natural dam 
vibrations by the formula: 

12
20

, 2
1

(( ) ))k x f k i ikx
i

AS k k Q k
g

(34) 

 
where 2, , ,fk k k - coefficients are determined 
in accordance with SP, 

ikx - coefficient of the oscillation form in the 
k-element of the dam, according to the i-form of 
natural vibrations, in the horizontal direction:  
 

,ikx i ik x  (35) 

1

2 2

1

( cos sin )

( )

K

k ik k ik
k

i K

k ik k ik
k

Q x Q z

Q x Q z
 

(36) 

 
where i  is the coefficient of participation of 
the i-form of vibrations in the oscillatory 
process (free vibrations) in the direction of 
propagation of the seismic wave,  is the angle 
of approach of the seismic wave with respect to 
the x-axis.  
The change in the participation coefficient i

when taking into account the attached mass of 
water for the model of the dam considered 
earlier is shown in Figure 9. As can be seen 
from the figure, for waveforms other than 
horizontal, in the horizontal direction, the 
coefficient i  value is close to 0. Thus, there 
are not so many forms contributing to the 
seismic vibrations of the dam along the 
direction of wave propagation, they include 
1,3,5 FGC, and the coefficient value of 5,6.9 
FGC is not more than 10% i  of 1 form, at 
high frequencies (more than 3.5 Hz) significant 
fluctuations of the dam in the direction of the 
seismic wave it is not observed, there are no 
significant fluctuations of the dam in the 
direction of the seismic wave, and the effect of 
the attached mass of water on the coefficient 

i  for higher forms is minimal. 
The weight of elements on the pressure face of 
the dam taking into account the attached weight 
of water, is determined by: k kQ Q Q , 
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the horizontal hydrodynamic pressure of water 
in the attached mass of water involved in the 
horizontal vibrations of the dam, it is important 
to assess this effect in the magnitude of seismic 
forces that occur in dams during an earthquake, 
at different angles of inclination of the pressure 
face of the dam.  
The linear-spectral method (hereinafter referred 
to as LSM), regulated by SP for determining 
seismic loads in hydraulic structures, involves 
solving the problem of natural dam vibrations 
and using calculation forms in determining 
seismic forces. When solving the problem of 
plane deformation for a momentless system, 
there are two components in the components of 
displacements according to the forms of natural 
vibrations-horizontal and vertical 
displacements, which will participate in the 
formation of both components of seismic forces 
– both horizontal ,k xS  and vertical ,k zS , while 
the attached mass of water affects only the 
inertial properties of the dam in the horizontal 
direction.  
The study determined the seismic forces that 
occur in the dam elements in the horizontal 
direction, taking into account the horizontal 
hydrodynamic water pressure from the upstream 
side and the horizontal direction of propagation 
of the seismic wave. The considered problem 
statement determines the greatest seismic loads 
in the dam along the horizontal component. 
Studies were carried out for different dam 
structures: concrete, ground, combined, having 
different outlines of the pressure face.  
The author's program "Seismic_Force_2D" was 
used to calculate and visualize the distribution 
of seismic forces in the dam [17]. 
As part of the calculation, the FEM grid is set, 
the properties of materials in the calculated area 
are calculated, the forms of natural vibrations 
are calculated, and seismic forces and 
accelerations are determined within the LSM 
with the calculated earthquake score.  
Seismic forces in the dam elements were deter-
mined according to the linear-spectral method, 
taking into account the forms of natural dam 
vibrations by the formula: 
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where i  is the coefficient of participation of 
the i-form of vibrations in the oscillatory 
process (free vibrations) in the direction of 
propagation of the seismic wave,  is the angle 
of approach of the seismic wave with respect to 
the x-axis.  
The change in the participation coefficient i

when taking into account the attached mass of 
water for the model of the dam considered 
earlier is shown in Figure 9. As can be seen 
from the figure, for waveforms other than 
horizontal, in the horizontal direction, the 
coefficient i  value is close to 0. Thus, there 
are not so many forms contributing to the 
seismic vibrations of the dam along the 
direction of wave propagation, they include 
1,3,5 FGC, and the coefficient value of 5,6.9 
FGC is not more than 10% i  of 1 form, at 
high frequencies (more than 3.5 Hz) significant 
fluctuations of the dam in the direction of the 
seismic wave it is not observed, there are no 
significant fluctuations of the dam in the 
direction of the seismic wave, and the effect of 
the attached mass of water on the coefficient 

i  for higher forms is minimal. 
The weight of elements on the pressure face of 
the dam taking into account the attached weight 
of water, is determined by: k kQ Q Q , 

where kQ - the weight of the element without 
taking into account the attached mass of water; 
 

 
Figure 9. Effect of accounting for the added 

mass of water on the coefficient i  
 

ikx  and ikz -normalized values of displacements 
of the k-nodes of the calculation scheme accord-
ing to the i-form of natural vibrations 
(hereinafter referred to as FGC) in the 
horizontal and vertical directions, respectively. 
The weight of the attached mass of water on the 
section of the pressure face of the dam height is 
determined as follows: 

 
( , )k k k w kQ z H h  (37) 

 
where w  is the specific gravity of water, H  is 
the depth of the reservoir,  and is a coefficient 
that takes into account the influence of the 
reservoir length.  
The coefficient of the attached mass of water 

( , )k k kz  is determined by the formula (29), 
taking into account the change in angle k  for 
each element separately. 
The study examined three 100-meter-high dams 
located on the same base, experiencing seismic 
effects of the same intensity with an estimated 
base acceleration of 0.4g. The following dams 
are considered: a gravity concrete dam with a 
vertical pressure face, a ground dam with a 1:2 
pressure face and an asphalt-concrete 
diaphragm, a combined dam with a concrete 
pedestal in the lower part of the pressure face 
and a reinforced concrete screen on the slope 

with a 1:1.5 foundation (Figure 10). For the 
correctness of the study, the number of elements 
on the pressure face in all calculated variants 
was assumed to be the same (n=30). 
For each of the dam variants, according to the 
obtained function ( , )k k kz , plots of the 
distribution of the coefficients of the attached 
mass along the pressure face were constructed 
(Figure 11). 
For the design structures of dams, seismic 
accelerations were calculated using the 
linear-spectral method [23], taking into account 
the attached mass of water and without it. For a 
clear comparison of the effect of the added mass 
of water on acceleration, the set of coefficients 
is assumed to be the same. 
 

 
Figure 10. Structures of the considered 

dams (FEM grids). 
a) concrete gravity dam  

b) combined dam 
c) ground dam 

 

 
Figure 11. Plots of the distribution of the  

coefficient of attached water mass 
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As can be seen in Figure 12, the seismic 
accelerations of the ground and combined dams 
are comparable and do not exceed 0.3g in a 
9-point earthquake. Accelerations on the crest of 
a concrete gravity dam are almost 0.7g. 
Taking into account the added mass of water 
increases the acceleration of the elements of the 
pressure face of the dam over the entire height 
of the dam, reaching a difference of up to 10 % 
on the ridge. For a vertical pressure face, taking 
into account the added mass of water leads to an 
increase in acceleration on the ridge by almost 
30%. 
 

 
Figure 12. Seismic accelerations on the dam 

crest 
 
 
CONCLUSIONS 
 
1. A graph-analytical method for plotting plots 
of the attached mass of water for water 
structures with an inclined pressure face are 
developed for all possible angles of inclination 
in the range 0 ...75 , including when the 
slope is variable in height and when there are 
berms at ground dams.   
2. The results of calculations are compared with 
the results of experimental studies, as well as 
with the well-known results of domestic and 
Western scientists, which showed good 
accuracy of the results. 
3. For practical use, a nomogram is constructed 
with calculated values of the coefficients of the 
attached water mass, which allows determining 

the additional seismic pressure of the reservoir 
water on the structure during an earthquake.   
4. An analysis of the accuracy of plotting 
epigrams of the attached water mass for 
different density of FEM grids is performed, 
based on which it is recommended that the 
maximum size of the element on the pressure 
face (in height) should not exceed 5% of the 
height of the dam.   
5. The effect of the attached water mass on 
seismic accelerations for various dam designs is 
analyzed. The effect of the added mass of water 
increases the seismic acceleration at the crest of 
dams from 10% for ground dams to 30% for 
concrete dams with a vertical pressure face, 
which must be taken into account when 
designing hydraulic structures in seismically 
active areas. 
 
 
ACKNOWLEDGEMENTS 
 
The research was founded by the National 
Research Moscow State University of Civil 
Engineering (grant for fundamental and applied 
scientific research, project No. 34-392/130) 
 
 
REFERENCES 
 
1. Westergaard H.M. (1931) Water 

Pressures on Dams during Earthquakes, 
Proc. Am. Soc. Civ. Engs., vol. 57, 9.  

2. Napetvaridze Sh. G. Seismic resistance of 
hydraulic structures. - M.: Gosstroyizdat, 
1959, - 215p 

3. Sheinin I.S. Oscillations of hydraulic struc-
tures in liquid. - M.: Energia, 1967, - 215 p. 

4. Kulmach P.P. Seismic resistance of port 
hydraulic structures. - M.: Transport, 1970, 
- 312 p. 

5. Shulman S.G. Calculations of seismic re-
sistance of hydraulic structures taking into 
account the influence of the aquatic envi-
ronment. - M.: Energy, 1976, - 190 p. 

6. Kaufman B. D. Taking into account the 
influence of uncertain factors when 

Alexandra S. Bestuzheva, Georgy P. Gotsiridze



59Volume 21, Issue 2, 2025

As can be seen in Figure 12, the seismic 
accelerations of the ground and combined dams 
are comparable and do not exceed 0.3g in a 
9-point earthquake. Accelerations on the crest of 
a concrete gravity dam are almost 0.7g. 
Taking into account the added mass of water 
increases the acceleration of the elements of the 
pressure face of the dam over the entire height 
of the dam, reaching a difference of up to 10 % 
on the ridge. For a vertical pressure face, taking 
into account the added mass of water leads to an 
increase in acceleration on the ridge by almost 
30%. 
 

 
Figure 12. Seismic accelerations on the dam 

crest 
 
 
CONCLUSIONS 
 
1. A graph-analytical method for plotting plots 
of the attached mass of water for water 
structures with an inclined pressure face are 
developed for all possible angles of inclination 
in the range 0 ...75 , including when the 
slope is variable in height and when there are 
berms at ground dams.   
2. The results of calculations are compared with 
the results of experimental studies, as well as 
with the well-known results of domestic and 
Western scientists, which showed good 
accuracy of the results. 
3. For practical use, a nomogram is constructed 
with calculated values of the coefficients of the 
attached water mass, which allows determining 

the additional seismic pressure of the reservoir 
water on the structure during an earthquake.   
4. An analysis of the accuracy of plotting 
epigrams of the attached water mass for 
different density of FEM grids is performed, 
based on which it is recommended that the 
maximum size of the element on the pressure 
face (in height) should not exceed 5% of the 
height of the dam.   
5. The effect of the attached water mass on 
seismic accelerations for various dam designs is 
analyzed. The effect of the added mass of water 
increases the seismic acceleration at the crest of 
dams from 10% for ground dams to 30% for 
concrete dams with a vertical pressure face, 
which must be taken into account when 
designing hydraulic structures in seismically 
active areas. 
 
 
ACKNOWLEDGEMENTS 
 
The research was founded by the National 
Research Moscow State University of Civil 
Engineering (grant for fundamental and applied 
scientific research, project No. 34-392/130) 
 
 
REFERENCES 
 
1. Westergaard H.M. (1931) Water 

Pressures on Dams during Earthquakes, 
Proc. Am. Soc. Civ. Engs., vol. 57, 9.  

2. Napetvaridze Sh. G. Seismic resistance of 
hydraulic structures. - M.: Gosstroyizdat, 
1959, - 215p 

3. Sheinin I.S. Oscillations of hydraulic struc-
tures in liquid. - M.: Energia, 1967, - 215 p. 

4. Kulmach P.P. Seismic resistance of port 
hydraulic structures. - M.: Transport, 1970, 
- 312 p. 

5. Shulman S.G. Calculations of seismic re-
sistance of hydraulic structures taking into 
account the influence of the aquatic envi-
ronment. - M.: Energy, 1976, - 190 p. 

6. Kaufman B. D. Taking into account the 
influence of uncertain factors when 

determining the hydrodynamic pressure on 
a dam // Magazine of Civil Engineering. 
2012. No. 9 

7. Abdikarimov R.A., Eshmatov H., Bo-
banazarov Sh.P., Khodjaev D.A., Eshma-
tov B.Kh. Mathematical modeling and cal-
culation of hydraulic structures of the dam-
plate type taking into account seismic loads 
and hydrodynamic water pressure // Maga-
zine of Civil Engeneering, 2011, No. 3. 

8. Zhang C., Feng J., Pan J., Long Y. Seis-
mic safety evaluation of high concrete 
dams. Part 2. Earthquake behavior of arch 
dams // Proceedings 14th World Confer-
ence on Earthquake Engineering. Paper 

-81, Beiging, China, 2008. Pp. 1-15. 
9. Zhang W., Ren X., Geng X., Zhang Y., 

Yang W. Study on influence coefficients of 
hydrodynamic force on dynamic 
response of deep-water pier under earth-
quake // Ocean Engineering. - Elsevier, 
2024, V. 299 

10. Qiu Y., Wang J., Zhang C. An internal 
input framework of earthquake motions for 
dam-water-foundation rock systems // Soil 
Dynamics and Earthquake Engineering. - 
Elsevier, 2022, V. 156 

11. Ye. J., Zhou H., Zhou X. Hydrodynamic 
pressure on lateral side of dam excited by 
harmonic seismic vibration: A novel 
formulation // Soil Dynamics and Earth-
quake Engineering. - Elsevier, 2023, 
V. 164 

12. Moghaddam A., Mozaheri H., Bidgoli M. 
Mathematical modelling, numerical analy-
sis and damage of dams subjected to hydro-
dynamic pressure // Ocean Engineering. - 
Elsevier, 2022, V. 253 

13. Napetvaridze Sh.G. Hydrodynamic pres-
sure under seismic impact // Works of the 
Institute of Construction of the Academy of 
Sciences of the Georgian SSR, 1955, v.5. 
Publishing house of the Academy of Sci-
ences of the Georgian SSR 

14. Zangar C.N. Hydrodynamic Pressures on 
Dams due to Horizontal Earthquake 

Effects, 1952, Denver: U.S. Bureau of Rec-
lamation 

15. Bestuzheva A.S., Gotsiridze G.P. 
Coefficient of added water mass for dams 
with a slope profile taking into account the 
direction of approach of a seismic wave // 
Hydrotechnical construction, 2024. No. 2. 

16. Bestuzheva A.S., Gotsiridze G.P. 
Hydrodynamic pressure of water on the 
head face of an earth dam during an 
earthquake //E3S Web of Conferences 
- EDP Scienses, 2023. – V. 456 

17.  Certificate of state registration of the com-
puter program RU 2024666923. Seis-
mic_Force_2D/ A. S. Bestuzheva, G. P. 
Gotsiridze (RU); copyright holder FGBOU 
VO "National Research Moscow State Uni-
versity of Civil Engineering".; declared 
10.07.2024; published 17.07.2024 

18. Chernyavskaya S.A., Matuzaeva O.V., 
Tsarev V.G. Differential equations for 
solving applied problems in the MATLAB 
environment. // Power plants and 
technologies, 2022. Vol.8 

19. Bakhshalyeva M.N., Khalilov E.G. 
Justification of the collocation method for 
the integral equation of the external Di-
richlet boundary value problem for the La-
place equation // Journal of Computational 
Mathematics and Mathematical Physics, 
2021. Vol. 61 

20. Levenberg K. A Method for the Solution 
of Certain Non-Linear Problems in Least 
Squares // The Quarterly of Applied Math-
ematics, 1944, V.2 

21. Marquardt D.W. An algorithm for least-
squares estimation pf nonlinear parameters 
// Journal of the Society for Industrial and 
Applied Mathematics, 1963, V.11(2) 

22. Butyrsky E.Yu., Kuvaldin I.A., 
Chalkin V.P. Approximation of 
multidimensional functions // Scientific in-
strument-making, 2010, Vol. 20, No. 2 

23. Bestuzheva A.S., Gotsiridze G.P. 
Spectral methods for calculating earth dams 
for seismic loads // Izvestiya VNIIG im. 
B.E. Vedenev, 2022. V. 305 

Accounting for the Added Mass of Water of Reservoir in Calcula-tion of Seismic Accelerations
for Pressure Hydraulic Structures



60 International Journal for Computational Civil and Structural Engineering

//  

 
20. Levenberg K. A Method for the Solution 

of Certain Non-Linear Problems in Least 
Squares // The Quarterly of Applied Math-
ematics, 1944, V.2 

21. Marquardt D.W. An algorithm for least-
squares estimation pf nonlinear 
parameters // Journal of the Society for In-

dustrial and Applied Mathematics, 1963, 
V.11(2) 

22. 
  
//  

 
23. . 

 
 // 

 , 2022. 

 
 

 

Bestuzheva Alexandra Stanislavovna, Associate Profes-
sor, Candidate of Technical Sciences, Associate Professor 
of the Institute of Hydrotechnical and Power Engineering 
(IGES) of the National Research Moscow State Universi-
ty of Civil Engineering (NRU MGSU) 129337, Moscow, 
Yaroslavskoye sh., 26, phone +7 (495) 287-49-14, email: 
alex_bestu@mail.ru 
 
Gotsiridze Georgy Paatovich, postgraduate student of the 
Institute of Hydrotechnical and Power Engineering 
(IGES) of the National Research Moscow State Universi-
ty of Civil Engineering (NRU MGSU) 129337, Moscow, 
Yaroslavskoye sh., 26, phone +7 (495) 287-49-14, email: 
gia19952@gmail.com 

,  

 
+7 (495) 287-49-14, email: 

gia19952@gmail.com 
 

 

 
129337, +7 (495) 
287-49-14, email: alex_bestu@mail.ru 

Alexandra S. Bestuzheva, Georgy P. Gotsiridze

 
 
1. Westergaard H.M. (1931) Water 

Pressures on Dams during Earthquakes, 
Proc. Am. Soc. Civ. Engs., vol. 57, 9.  

2.  
. -  

, 1959, -  
3.  

 -  
-  

4.   
 -  

 -  
5.  

. - -  
6.  

 

 
7.  

-  
  
 // 

- , 2011, 3. 
8. Zhang C., Feng J., Pan J., Long Y. 

Seismic safety evaluation of high concrete 
dams. Part 2. Earthquake behavior of arch 
dams // Proceedings 14th World Confer-
ence on Earthquake Engineering. Paper 

-81, Beiging, China, 2008. Pp. 1-15. 
9. Zhang W., Ren X., Geng X., Zhang Y., 

Yang W. Study on influence coefficients of 
hydrodynamic force on dynamic 
response of deep-water pier under earth-
quake // Ocean Engineering. - Elsevier, 
2024, V. 299 

10. Qiu Y., Wang J., Zhang C. An internal 
input framework of earthquake motions for 
dam-water-foundation rock systems // Soil 
Dynamics and Earthquake Engineering. - 
Elsevier, 2022, V. 156 

11. Ye. J., Zhou H., Zhou X. Hydrodynamic 
pressure on lateral side of dam excited by 
harmonic seismic vibration: A novel 
formulation // Soil Dynamics and Earth-
quake Engineering. - Elsevier, 2023, V. 164 

12. Moghaddam A., Mozaheri H., Bidgoli M. 
Mathematical modelling, numerical analy-
sis and damage of dams subjected to hydro-
dynamic pressure // Ocean Engineering.- 
Elsevier, 2022, V. 253 

13. . 
 

 //   
, 

-  
14. Zangar C.N. Hydrodynamic Pressures on 

Dams due to Horizontal Earthquake 
Effects, 1952, Denver: U.S. Bureau of Rec-
lamation 

15. 
 

16. Bestuzheva A.S., Gotsiridze G.P. 
Hydrodynamic pressure of water on the 
head face of an earth dam during an earth-
quake //E3S Web of Conferences 
- EDP Scienses, 2023. – V. 457 

17. 
 RU 

2024666923. Seismic_Force_2D/ . . 
, . . 

 «
 

 ».; 
10.07.2024 17.07.2024 

18.  
 

MATLAB. // 
 

19.  

 



61Volume 21, Issue 2, 2025

//  

 
20. Levenberg K. A Method for the Solution 

of Certain Non-Linear Problems in Least 
Squares // The Quarterly of Applied Math-
ematics, 1944, V.2 

21. Marquardt D.W. An algorithm for least-
squares estimation pf nonlinear 
parameters // Journal of the Society for In-

dustrial and Applied Mathematics, 1963, 
V.11(2) 

22. 
  
//  

 
23. . 

 
 // 

 , 2022. 

 
 

 

Bestuzheva Alexandra Stanislavovna, Associate Profes-
sor, Candidate of Technical Sciences, Associate Professor 
of the Institute of Hydrotechnical and Power Engineering 
(IGES) of the National Research Moscow State Universi-
ty of Civil Engineering (NRU MGSU) 129337, Moscow, 
Yaroslavskoye sh., 26, phone +7 (495) 287-49-14, email: 
alex_bestu@mail.ru 
 
Gotsiridze Georgy Paatovich, postgraduate student of the 
Institute of Hydrotechnical and Power Engineering 
(IGES) of the National Research Moscow State Universi-
ty of Civil Engineering (NRU MGSU) 129337, Moscow, 
Yaroslavskoye sh., 26, phone +7 (495) 287-49-14, email: 
gia19952@gmail.com 

,  

 
+7 (495) 287-49-14, email: 

gia19952@gmail.com 
 

 

 
129337, +7 (495) 
287-49-14, email: alex_bestu@mail.ru 

Accounting for the Added Mass of Water of Reservoir in Calcula-tion of Seismic Accelerations
for Pressure Hydraulic Structures

 
 
1. Westergaard H.M. (1931) Water 

Pressures on Dams during Earthquakes, 
Proc. Am. Soc. Civ. Engs., vol. 57, 9.  

2.  
. -  

, 1959, -  
3.  

 -  
-  

4.   
 -  

 -  
5.  

. - -  
6.  

 

 
7.  

-  
  
 // 

- , 2011, 3. 
8. Zhang C., Feng J., Pan J., Long Y. 

Seismic safety evaluation of high concrete 
dams. Part 2. Earthquake behavior of arch 
dams // Proceedings 14th World Confer-
ence on Earthquake Engineering. Paper 

-81, Beiging, China, 2008. Pp. 1-15. 
9. Zhang W., Ren X., Geng X., Zhang Y., 

Yang W. Study on influence coefficients of 
hydrodynamic force on dynamic 
response of deep-water pier under earth-
quake // Ocean Engineering. - Elsevier, 
2024, V. 299 

10. Qiu Y., Wang J., Zhang C. An internal 
input framework of earthquake motions for 
dam-water-foundation rock systems // Soil 
Dynamics and Earthquake Engineering. - 
Elsevier, 2022, V. 156 

11. Ye. J., Zhou H., Zhou X. Hydrodynamic 
pressure on lateral side of dam excited by 
harmonic seismic vibration: A novel 
formulation // Soil Dynamics and Earth-
quake Engineering. - Elsevier, 2023, V. 164 

12. Moghaddam A., Mozaheri H., Bidgoli M. 
Mathematical modelling, numerical analy-
sis and damage of dams subjected to hydro-
dynamic pressure // Ocean Engineering.- 
Elsevier, 2022, V. 253 

13. . 
 

 //   
, 

-  
14. Zangar C.N. Hydrodynamic Pressures on 

Dams due to Horizontal Earthquake 
Effects, 1952, Denver: U.S. Bureau of Rec-
lamation 

15. 
 

16. Bestuzheva A.S., Gotsiridze G.P. 
Hydrodynamic pressure of water on the 
head face of an earth dam during an earth-
quake //E3S Web of Conferences 
- EDP Scienses, 2023. – V. 457 

17. 
 RU 

2024666923. Seismic_Force_2D/ . . 
, . . 

 «
 

 ».; 
10.07.2024 17.07.2024 

18.  
 

MATLAB. // 
 

19.  

 


