International Journal for Computational Civil and Structural Engineering, 20(4) 208-219(2024)

DOI:10.22337/2587-9618-2024-20-4-208-219

ANALYSIS OF VIBRATIONS OF AN ELASTIC PLATE ON A
VISCOELASTIC BASE VIA THE FRACTIONAL DERIVATIVE
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Abstract: In the present paper, free and forced vibrations of an elastic Kirchhoff-Love plate on a viscoelastic
foundation of the Fuss-Winkler type are studied, the damping properties of which are described using the Kelvin-
Voigt model with a fractional derivative. The integral Laplace transform method with further expansion of the
sought functions into a series of eigenfunctions of the problem is used as the method for solving the problem of
non-stationary vibrations of linear elastic plates on a viscoelastic foundation. The solution is obtained as the sum
of two terms, one of which controls the drift of the equilibrium position of the system and is determined by the
quasi-static creep processes occurring in the system, and the other term describes the damping of oscillations
around the equilibrium position and is determined by the inertia and energy dissipation of the system.

Keywords: free and forced vibrations of an elastic plate, viscoelastic Fuss-Winkler-type foundation,
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AHAJIN3 KOJIEBAHUU YIIPYI'OM IIJIACTUHKHU HA
BSA3KOYNPYTOM OCHOBAHUM C IOMOIIbIO MOJAEIHU
KEJbBUHA-®OUI'TA C IPOBHOHN MPOU3BOJHON

M.B. IlTumuxkosa, A.C. Kopnunoea
HanumonaneHelil nccaenoBaTenbckuil MOCKOBCKUN TOCYIapCTBEHHBINA CTPOUTENbHBIN YHUBEPCUTET,
r. MockBa, POCCHA

AnHoTtauus: VccnenoBansl cBOOOTHBIC W BBHIHYXICHHBIC KoneOaHus ympyroi mmactuHel Kupxroda-Jlssa Ha
BA3KOYIIpyroM ocHoBanmu Tuna @Pycca-Buuknepa, nemmndupyromue cBoiicTBa KOTOPOTO ONHMCHIBAIOTCS IPU
oMoty mozaenu KenpBuna-®Doiirra ¢ ApoOHOI MPON3BOAHON. B KauecTBe METOAa PEIICHNUS HCIIOIB30BAH METO/
HHTErpalbHOro IpeoOpa3oBaHus Jlamuaca ¢ JanpHEHINMM pasIoKEHHEM HCKOMBIX (yHKIMH B pan 1o
COOCTBEHHBIM (YHKLUSIM 3a7aud. PelleHHe MoIydeHO B BHAE CYMMBI OBYX CJIaraéMbIX, OZHO W3 KOTOPBIX
ynpaBsisieT ApeiioM TMOJIOKEHUs] PAaBHOBECHS CHUCTEMBI U OIPEACISIETCS KBa3HCTATHUYECKUMHU IPOIECCAMU
MOJI3YYECTH, TPOUCXOASIIMMU B CHCTEME, a JpPyroe cllaraéMoe OIMCHIBAET 3aTyXaHHe KoJieOaHHs BOKPYT
MIOJIOXKEHUS PAaBHOBECHS U ONpesessieTcs HHepIuel 1 quccunanyeil 3Heprui CUCTEMBL.

KiroueBble c10Ba: CBOOOIHBIC U BBIHYK/ICHHBIC KOJICOAHHs YIIPYrol IJIaCTHHKH,
BsI3KOYIIpyroe ocHoBanue tuna dycca-Bunkiepa, moaens Kensuna-doiirra ¢ ApoOHON IPOU3BOIHOM,
npoOHast mponsBoaHas Pumana-JInyBums, naTerpansHoe npeodpasosanue Jlamnaca

INTRODUCTION

The analysis of plate vibrations on a viscoelastic
base is an important area of structural mechanics,
since plates are used as structural elements in the
construction of buildings and structures. The
effect of the base response on the dynamic
behavior of the slabs is of common interest to
structural engineers.
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At present, there is an increased interest in the
analysis of plates and beams resting on a
viscoelastic base under the influence of various
types of dynamic loads [1]. Viscoelastic base
models of the Fuss-Winkler type with fractional
derivatives have become widespread [2], since
fractional calculus plays an important role in
dynamic problems of structural mechanics [3-6].
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Modeling the vibrations of elastic plates on a
viscoelastic base is an important and urgent task
not only from a theoretical point of view. Due to
the wide application of elastic plates in various
fields of science and technology, including
mechanics, construction and acoustics, the study
and modeling of vibrations of elastic plates on a
viscoelastic base, damping features of which are
described by the fractional derivative Kelvin-
Voigt model [7,8], is of great practical
importance, since it makes it possible to
adequately describe the dynamic reaction of the
"plate + viscoelastic base" system with the fewest
parameters. At the same time, the order of the
fractional derivative is an additional structural
parameter, the variation of which from zero to
one corresponds to the change in the level of
viscoelasticity and allows for a more flexible
description and analysis of the hereditary
behavior of systems with long-term memory.
Thus, the study of the dynamics of plates on a
viscoelastic base using models with fractional
derivatives is a significant area in mechanics of
materials and structural mechanics, covering
both theoretical and practical aspects. In recent
years, researchers have focused on the use of
fractional derivatives in models of viscoelastic
properties of different structural elements, what
makes it possible to describe the complex
behavior of plates under loads more correctly [3-
5,9].

For example, Rossikhin and Shitikova [10] were
among the first to study the dynamic response of
an elastic rectangular plate oscillating in a
viscous medium, the damping properties of
which are described by the Kelvin-Voigt model
with fractional derivatives. Vibrations of the
plate were described by three linear differential
equations with respect to in-plane and out-of-
plane displacements of the plate. Laplace method
of integral transformations was used as a method
of solution.

The analysis of the dynamic behavior of
viscoelastic thin Kirchhoff-Love plates under
impact was carried out for circular and
rectangular plates, respectively, in [11] and
[12,13]. A modified Hertzian law was used, in
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which the modulus of elasticity was replaced by
a viscoelastic operator of the fractional order.
Quasi-static analysis of an elastic rectangular
plate lying on a viscoelastic Winkler base, the
properties of which are described by the Kelvin-
Voigt model or a standard linear rigid body with
fractional derivatives, was carried out by the
Laplace transform method in [14] and [15],
respectively.

Free and forced linear oscillations of plates on a
viscoelastic Winkler base under the action of a
moving harmonic force and a harmonic force
whose position does not change over time are
considered in [16]. The damping properties of the
foundation were described by a standard linear
solid model with fractional derivatives.
Numerical studies of the amplitude-frequency
characteristics of the system were carried out.
The results demonstrate how the oscillation
parameters change under different types of loads
and how the viscoelastic properties of the
foundation affect the dynamic behavior of the
system.

In this paper, the forced linear oscillations of the
system "elastic plate + viscoelastic base of the
Fuss-Winkler type" are investigated, the
damping properties of which are described by the
fractional derivative Kelvin—Voigt model, under
the influence of a concentrated harmonic load,
using the approach proposed in [10]. It is based
on the assumption that each mode of oscillation
possesses its own damping coefficient and
retardation time, what makes it possible to obtain
a solution in a form convenient for engineering
applications.

PROBLEM FORMULATION

Let us consider the oscillations of a linearly
elastic rectangular plate with sides a and b along
the x- and y-axes, respectively, lying on the base
(Fig. 1).

The dynamic behavior of a Kirchhoff-Love plate
on a viscoelastic base under the action of an
external transverse load q =q(x,y,t) is
described by the following differential equation:
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DV?V2w + phw = q — Fy, (1)
where w =w(x,y,t) is the transverse
displacement  (deflection of the plate),

D=ER [12(1-V*) is the cylindrical stiffness of the

plate, E is the Young's modulus of the plate, % is
its thickness, p is the density of the plate material,
V2V? is the biharmonic operator, q = F&(x —
Xo)(y — yo)cosflrt is the external harmonic
load, F' and (2 is its amplitude and frequency,
6(x —x9)(y — yo) is the Dirac delta function,
and F is the reaction of the viscoelastic base.
Let us assume that damping properties of the
viscoelastic base are described by the Fuss-
Winkler model:

2

where 1 is the compliance operator of the
viscoelastic base, the damping properties of
which are modeled using the Kelvin-Voigt
operator of the fractional order [2]:

1= 2(1+7D"), 3)

and A is the coefficient of compliance of the
base, 7 is the retardation time,

u(t—t')dt'
r(1-y)t?’

D=2 <y<1 @@

- fractional derivative of Riemann-Liouville [17],
I'(1-y) is a gamma function, y is the order of a
fractional derivative, which is a parameter of the
fractionality of the underlying viscoelastic
medium.

W pranmsenmasar:
W raram ey

Figure 1. Elastic plate on a viscoelastic base
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The boundary conditions for a plate hinged along
the contour are as follows:

x =0 and qa, =§=O
—0andb, w=lY_
y =0 and b, W—ay2

Let us represent the dynamic deflection of the
plate as an eigenfunction expansion of the
problem:W .., (x, y):

w(x, Y t) = Z?rol=1 21010=1 Winn (x, Y)xmn(t)' (5)

where x,,,,(t) are generalized displacements that
depend only on time, and

Won(x,y) = sin? sin%,
are eigenfunctions that
conditions.

When deriving differential equations, we will
take into account the filtering property of the

delta function:

satisfy  boundary

JI 8Cc = x0)(y = y,) £, y)dxdy = f(x0,¥,)
(6)

Substituting the proposed solution (5) into the
system of equations (1) and (2), taking the
relation (3) into account, multiplying each of the
obtained equations by W,,(x,y), and
integrating the length and width of the plate with
due account for the orthogonality properties of
eigenfunctions, we obtain the following system
of differential equations with respect to
generalized displacements x,,,,(t):

. A
Xmn + Qrznnxmn + p_;)L 1+ TyDy)xmn = mn(t) )

Eh2 2
mv Won(x,y) are the

squares of the natural frequencies of oscillations
of the elastic plate, and

2
where 2, =
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nrm

P (t) = -
mn (£) PR [ [P Wi (x,3)]2 dxdy

_ 4Fcos(pt sin

b b . .
foa Jo 4y, OWimn(x,y)dxdy foa Jo (Fcosﬂpt)c?(x—xo)(y—yo)sm—m:x smTydxdy B

acb . ,mnx . ,nmwy
2 2
ph fo fo sin?—=sin?==dxdy

. nmyq
n—y

mrrxo
Sl

a

phab

Let us introduce dimensionless values:

1/2 2
* _ (ab) * 7T_h E * _
Xmn = K2 Xmny = ab \/ 12p(1-v2) t, x =

X x Y
@ V=5

Equation (7) could then be rewritten in a
dimensionless form as

vk %2 % * Yo%
Xmn +tw mnXmn + /10 Tymn D Xmn —

—4F" sinnmxo*sinﬂnyo*cosﬂp*t* =0, (8)
N 2212
where is £,,, = (m%, (= g,
3
N 2520142 N 5(4_.2
A" = 12a?b“(1-v )Ao; = 12(ab)2(1—v?) ’

R3T4E E-h>mt

%« _ ab ’12p(1—v2) 2 %2
-QF _m E -QF: w*mn_-an'l'

+1," are squares of the dimensionless natural
frequencies of oscillations of the "plate + base"
system.

Equations (8) for each fixed pair of values of m
and » in the Laplace domain are reduced to
equation (9) (here and below * for dimensionless
quantities are omitted for ease of presentation):

25 2 = e — D
P Xmn + WinnXmn + Aopy‘[yxmn - Pmn'

)

where p is the Laplace variable, P,,, = 8 ﬁ,
B = 4F sinmmx, sinmtny,,.

Equation (9) coincides with an accuracy of
coefficients with the equation of forced
oscillations of a single-mass mechanical system
in a viscoelastic medium, the damping properties
of which are described by the fractional
derivative Kelvin-Voigt model. The solution of a
similar equation for the case of free oscillations
of the Kelvin-Voigt oscillator was obtained in
[18]. Using the solution method proposed in [18]
to equation (9) and then applying the inverse
Laplace transformation, it is possible to find the
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dynamic deflection of the plate in the form of the
expansion (5).

METHOD OF SOLUTION

Analysis of the characteristic equation
The characteristic equation for the system of
equations (8) has the form:

fom®@) = D% + AT i DY + W (10)
Let us introduce the substitution of variables in the
characteristic equation (10) using the formulas:

1

— % k=
p_p wmn» Tmn_T w mn-

As a result, we will get

; A
f @) =p*+ _wzo p?Tr+1=0, (11)

mn

whence at ¥ = 0 it follows that p, = +i.
Substituting p* = r*e'¥" in equation (11) and
separating the real and imaginary parts yield

A
r*2cos2y* + 20 TYrYcosyy* + 1 =0,
Awmn
r*2sin2y* + 20 Vr*Ysinyy* = 0. (12)
wmn

To calculate the roots of the system of equations
(12) at g <yY* <m, following [18], let us
introduce new variables x; =r*?andx, =
'12—0 T*Yr*Y . Then, for each fixed angle g <YP*r<

Wmn
my at given A, and w2, we arrive at a set of two
linear equations with two unknowns x; and x,:

x1€082Y* + x,cosyyp* +1 =0,

x1Sin2Y* + x,sinyyp* = 0, (13)
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the solution of which has the form

_ sinyy”
1T Sn2 -y
_ sin2y’
2= TSin@ - Y 14

This allows one to calculate the values r* =
x11/2, 'E—OT*V = x, r*77, which together with

mn

one selected value of ¥, governs the root of
the characteristic equation. Substituting —y"
instead of " results in its complex-conjugate
root.

Thus, equation (11) for each fixed value /120 T
w:

has two complex-conjugate roots p* = —§" + w*
in the plane with the negative real semi-axis cut
out - <YP* < m.

The behavior of roots in the complex plane
- <Y’ < g as function of the parameter ¥

at w2, = 1 and given A, is shown in Figure 2
(dashed lines indicate asymptotes for selected
y). Figure 2 shows that when the parameter t*¥
changes from 0 to oo, the root curves p* leave
the points +i and grow monotonically and
unlimitedly, while rapidly approaching the
corresponding asymptotes coming out of the
origin at the angle " = 2—:/ )

Having determined the roots of the basic
equation (11), we could find all roots of the
characteristic ~equation (10) wusing the
formulas:

Prn = Wmn r*eill’*’ Ty =T 0 1y (15)
The values of the roots of the characteristic
equation (10) are presented in Table 1 at y =
0.25, (=1, 1<mmn<6, for the initial
retardation time ¥ = 1, which corresponds to the
main roots p* = —0.4013 + 2.2368i.
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~T1=0.5

=5 -4 -3 =2 =1 o
5*

Figure 2. Behavior of the roots of the basic
equation (11) of the plate+base system based on
model (3)

Construction of the solution
Let us reduce equation (9) to the form:

(pZ + 2'Opy":y + w72nn) fmn = pmn- (16)

or

Xon = Pon [, (D), (17)

where f_(p) is defined by formula (10).
Equation (17) shows that functions X,,, on the
complex plane are multivalued functions with
branch points p = 0 up = —oo, which have
poles at values p = p,, that turn the denominator
(17) into zero, that is, they are the roots of the
characteristic equation (10).

For multivalued functions that have branch
points, the Mellin-Fourier inversion formula

c+ioo

1
X =5 | T eMdp (18)

c—ioo

is valid only for the first sheet of the Riemann
surface, that 1is, when —-m <argp <.
Therefore, the integration path should be selected
as shown in Figure 3.
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Table 1. Values of the roots of the characteristic equation (10)

m h inn Dmn Tmn T'mn

1 1 2 2.730 0.366 6.204
1 2 5 5.334 0.187 12.122
2 1 5 5.334 0.187 12.122
2 2 8 8.213 0.122 18.664
1 3 10 10.171 0.098 23.114
3 1 10 10.171 0.098 23.114
2 3 13 13.132 0.076 29.843
3 2 13 13.132 0.076 29.843
3 3 18 18.096 0.055 41.123
1 4 17 17.101 0.058 38.863
4 1 17 17.101 0.058 38.863
2 4 20 20.086 0.050 45.646
4 2 20 20.086 0.050 45.646
3 4 25 25.069 0.040 56.970
4 3 25 25.069 0.040 56.970
4 4 32 32.054 0.031 72.843
1 5 26 26.066 0.038 59.236
5 1 26 26.066 0.038 59.236
2 5 29 29.059 0.034 66.038
5 2 29 29.059 0.034 66.038
3 5 34 34.051 0.029 77.381
5 3 34 34.051 0.029 77.381
4 5 41 41.042 0.024 93.269
5 4 41 41.042 0.024 93.269
5 5 50 50.035 0.020 113.704
1 6 37 37.047 0.027 84.189
6 1 37 37.047 0.027 84.189
2 6 40 40.043 0.025 90.999
6 2 40 40.043 0.025 90.999
3 6 45 45.038 0.022 102.350
6 3 45 45.038 0.022 102.350
4 6 52 52.033 0.019 118.246
6 4 52 52.033 0.019 118.246
5 6 61 61.028 0.016 138.688
6 5 61 61.028 0.016 138.688
6 6 72 72.024 0.014 163.675

According to Jordan's lemma, the curvilinear
integral taken by arcs Cy tends to zero at R — oo,
and the integral calculated by c,, also tends to

zeroat p = 0.

Using the main theorem of the residue theory, the

solution of equation (18) can be written as
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drift

X (8) = X () + x5BT (D),

drift
() =

1

X

X e~Stds,

= [ B €%) = (s €] x
0

(19)

(20)
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Figure 3. A contour used to compute the
complex integral of inversion in the Laplace
method

(@ = ) res[Zma(p)) ], (21)
k

where the summation is carried out over all
isolated special points (poles).

In other words, the solution (19) is represented as
the sum of two terms, the first of which (20)
determines the displacement of the equilibrium

Marina V. Shitikova, Anastasiya S. Kornilova

position of the system and is determined by the
quasi-static creep processes occurring in the
system, and the second term (21) describes the
damped oscillations around the equilibrium
position and is determined by the inertia of the
system and the dissipation of energy [10].

Analysis of elastic plate vibrations

A) in the case of free oscillations

To obtain a solution in the case of free
oscillations of the plate, it is sufficient to put
P, = 0 for all m and n in (17).

Knowing the roots of the characteristic equation
(10) and substituting the relation (17) in (19) —

(21), we get x7TE (D), x¥ibT (1) and Xy (0):

dTlft(t)

f 2 (etds  (22)

0
XpbT () = dypneOmn sin(wynt — @, ), (23)

where

AoTh,, S sinym

X () =
m st + wk + 25202, + AT

Amn =

22y

' S2Y + 2207 V(52 + w2, cosyT

\/4r2mn + AOZYZTZ]/mnrmHZ(y—l) + 4AOYTanTan COS(Z - )/) l/)mn
2T COSY. 4+ AgY T Ty’ ~Fc0s(1 =Y,

tan = — -
Crn 2rppsiny,

Then the solution for generalized movements
will take the form:

Xmn(®) = dppe™0mt sin(wp,t

~ Qo) T

1
+ %f Xmn () €75tds.  (24)
0

B) in the case of forced oscillations

To obtain a solution for the forced oscillations of

the plate, let us reduce equation (9) to the form:

— XY T Ty~ tsin(1 =Y, -

(0* + AP T + W) T =

%QPAF sinmmyx, sinmny, (25)

When an external harmonic load is applied to the

dnft B
(t) ;fo

214

(s+02p)? ((s+wmn) 202 s r

plate, the expressions for  xZV(p),
x%b7 () and x,,,,,(t) take the form:
v s+l i
A0TmnS (51n(y+1)n+.(2p sin(y—1)m) _StdS, (26)

¥ +2(stwhn)doTh,sY cosym
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xynigr(t) = denﬁe_amnt Sin(wmnt - Qomn);

xmn(t) = denﬁe_6mnt Sin((,()mnt — (pmn) + g—[ an(S) e_StdS,
0

(27)

(28)

4r4mnco52I/Jmn+2y)(rmn2+ycosy1/)mn+4r2 mnf2p+ 205y 1Y mncos =y,

where tan Prn =~ 4rtppsin2y, 2y xrmp 2t sing, 205y XYy SinQ-p)Y,,, !
2
478+ V2T 20D + Ay 21 2 (14 + 057 ) OS2 — PO, +
+.(2F2(4r4mn + V2 X2 ) + Qp(816,, cOs 20+ 2Y2 )21, 20D X
X cos(1=y)2¢,  + 4y xrp,**rcosyy,
d... =
m (r4,m + %+ 205120082 V(4120 + V2 X220 7D +
+4yxrmaYcos(2 =y, )
© 0Ty sY P (sin(y+ D+ 0p-sin(y—1 _
an(s) — fo 0TmnS _ (51;1(; 2)1r Frsin(y—1)m) e—Stds.
(s+02p)2((s+whn) +A0°s  Tph +2(s+wZn) AT, s -cosym)
Substituting the generalized displacements Dynamic displacements w(x,y,t) are shown in

Xmn(t) determined by equations (24) and (28) in
relation (5), it is possible to obtain the desired
displacements of an elastic plate lying on a
viscoelastic base using the Kelvin-Voigt model
with a fractional derivative under free
oscillations and under the influence of harmonic
loading, respectively.

NUMERICAL EXAMPLE

All calculations were performed in the MathCad
program for mathematical and engineering
calculations.

For numerical calculations, the following
characteristics were taken for the plate and the
base: E = 32500 MPa for concrete B30, A;, =
3.454 for the base from hard loam, the material
of the plate is concrete B30, p = 2430 %,
dimensions in the plan a = 6 m,b = 6 m, and
height h = 0.2 m, Poisson'sratiov = 0.25; y =
0, 0.25, 0.5, 0.95.

The external load varies according to the law g =
106(x — x¢)(y — yo)cos10t and is applied in
the center of the plate, where F = 10, 2y =

1 1
10, xO =E,y0 =5
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Figure 4 for the center of the plate x = %, y = %,
considering 9 terms of the series, since for the
middle of the plate with even modes, the
eigenfunctions W,,,,(x,y) are zeroed. Figure 5
shows the deflection w(x, y, t) at free vibrations

for the point of the plate with coordinates x =

é' y = %, with due account for 36 terms of the

series.

Displacements w(x,y,t) under force driven

vibration s are shown in Figure 6 for the point of

1

the plate with coordinates x =%,y =3

considering 9 terms of the series.

Figure 4. The time dependence of dimensionless

displacements at free oscillations for a point of

1 1

a plate with coordinates x = >y =3
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0,1
0,2

-0,3

Figure 5. The time_dependence of dimensionless
displacements for free oscillations for a point of
1

. . 1
a plate with coordinates x = 7Y =3

1,3 =0

3 NIy
Y

202
0,7
1,2
1,7

[=]

0,3
1=0.25

Figure 6. The time_dependence of dimensionless

displacements for forced oscillations for a point

: : 1 1
of a plate with coordinates x = >y =3

CONCLUSION

This article presents an original method for
solving the problem of non-stationary
oscillations of linear elastic plates on a
viscoelastic base, the properties of which are
described by fractional derivatives.

The solution algorithm is based on the use of
the integral Laplace transform with further
decomposition of the desired functions into a
series according to the eigenfunctions of the
problem. However, in contrast to the traditional
approach, when the rationalization of a
characteristic equation with fractional powers
is carried out during the transition from the
frequency domain to the time domain, here the
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non-rationalized characteristic equation is
solved by the method proposed in [10].

As a result of this approach, the solution is
obtained as a sum of two terms, one of which
controls the drift of the equilibrium position of
the system and is determined by quasi-static
creep processes occurring in the system, and
the other term describes the attenuation of
oscillation around the equilibrium position and
is determined by the inertia and dissipation of
the energy of the system [10, 18].

Modeling the vibrations of an elastic plate
lying on a viscoelastic base using the fractional
derivative Kelvin-Voigt model allows one to
take the viscoelastic characteristics of the base
into account and to obtain more accurate
results. The findings of the research show that
the oscillations depend on the parameters of the
model and the foundation, which can be used
to optimize the design of various devices and
systems.
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