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Abstract: The work is devoted to the mathematical analysis of the error of the theory of strain sensors. In the 
theory of deformation sensors, it is assumed that  the sensor, due to its geometric and mechanical characteristics, 
does not make changes (or makes minor changes) to the stress-strain state (SSS) of the tested structure. To 
numerically estimate the sensor error, an exact solution of the dynamic contact problem of the sensor and the 
elastic half-space is obtained. For the analytical solution of the problem, the method used by Lamb to determine 
the dynamic stress-strain state of an elastic half-space under the action of concentrated forces applied to its 
surface is generalized. A numerical solution of this problem has been performed for sensors and elastic half-
space made of various materials. Practical recommendations are formulated. A numerical solution of this 
problem has been performed 
 

Keywords: stress-strain state, strain sensor, contact problem, Lamb problem, error estimation 
  

 
m �kfÀ�kfb{À�mwÎ
wdÀ�mÀ
lw�hÀÄ�w�fb


Ákf{bmwÂ
ÁÀ�wh�kdbÎ 
 

$.$. ;�
�\(#�, �.$. ������#, !.�. ](
"�#� 
Á	·«�L	�
L®X�«�������	
��
�°«X�¾��°���°«X�´��©�	Q�
��LL®X��
Q�«
��
L®X�©L«��Q�«
�
, 

´��¾��°�	, »����Ô 
 

k��
����i�
»	µ�
	�¯���¨ª�L	�¬	
�¬	
«­��°�¬©�	L	�«�©�¯�´Q�ºL��
«�
��Q««��	
­«°�����¶�Q¬	·«X����

��Q««��	
­«°�����¶�Q¬	·«X ¯Q��¯��	´	�
�¨��­
���	
­«°����«�©����«³�´��¬�
Q«­��°«³�«�¬�³	L«­��°«³�
³	Q	°
�Q«�
«°� L�� �L��«
� «�¬�L�L«X� �«�«� �L��«
� L��L	­«
��
L®�� «�¬�L�L«¨�� �� L	¯Q¨²�LL�-
��¶�Q¬«Q��	LL��� ���
�¨L«�� �ÁÇ��� «�¯®
©�¬�X� °�L�
Q©°·««�� Ç�¨� ­«���LL�X� �·�L°«� ¯�´Q�ºL��
«�
�	
­«°	 ¯��©­�L�� 
�­L��� Q�º�L«�� �«L	¬«­��°�X� °�L
	°
L�X� �	�	­«� �	
­«°	� «� ©¯Q©´�´��
¯��©¯Q��
Q	L�
�	��Ç�¨�	L	�«
«­��°�´��Q�º�L«¨�¸
�X��	�	­«��µ�µª�L�¬�
����°�
�Q®X�«�¯��
���	��Í¸¬µ�
��¨� �¯Q�����L«¨� �«L	¬«­��°�´�� L	¯Q¨²�LL�-��¶�Q¬«Q��	LL�´�� ���
�¨L«¨� ©¯Q©´�´�� ¯��©¯Q��
Q	L�
�	�
¯�����X�
�«�¬����Q���
�­�LL®³��«���¯Q«��²�LL®³�°� �´��¯���Q³L��
«���®¯��L�L� ­«���LL�� Q�º�L«��
¸
�X� �	�	­«� ��¨� �	
­«°��� «� ©¯Q©´�´�� ¯��©¯Q��
Q	L�
�	� «�� Q	��«­L®³� ¬	
�Q«	����� �¶�Q¬©�«Q��	L®�
¯Q	°
«­��°«��Q�°�¬�L�	·««� 
 

m�~��j��
��
j�� L	¯Q¨²�LL�-��¶�Q¬«Q��	LL������
�¨L«����	
­«°���¶�Q¬	·««��°�L
	°
L	¨��	�	­	��
�	�	­	�Í¸¬µ	���·�L°	�¯�´Q�ºL��
« 

 
INTRODUCTION 
 
The history of the emergence and use of strain 
sensors begins in the middle of the 19th century 
with the invention by Professor Thomson 
(known as Lord Kelvin) of the first sensor for 
measuring elongation (compression) strains [1] 
on the surface of the structure under study. To 
ensure reliable operation of the structure, as a 
rule, the analytical or numerical calculation of 

the structure should be supplemented and 
verified with experimental studies of its stress-
strain state (SSS). If the results of the 
calculation and experiments differ slightly, then 
the calculation is correct. In particularly difficult 
cases, when it is impossible to obtain a 
sufficiently accurate solution to the problem, the 
role of the experiment is irreplaceable. The 
main role in BIM technology in construction, as 
well as in monitoring the responsible for unique 
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buildings and structures, is played by long-term 
experimental observation of the state of the 
structure. This is why it is very important to 
estimate the error of experiments. 
The measurement error of strain sensors 
analysis is a complex problem, since it is 
necessary to estimate both the error of the 
theory of sensors and the error of experimental 
measurements. 
We will consider the error of the theory of strain 
sensors using the example of the most common 
sensor of Lord Kelvin. The obtained 
conclusions are also suitable for new types of 
piezoelectric sensors [2-3]. 
Lord Kelvin was the first to notice that the 
deformation of a conductor is accompanied by a 
change in its electrical resistance. By measuring 
the change in resistance, its deformation can be 
detected. The first strain sensor, Lord Kelvin's 
strain sensor, is based on this fact. The change 
in resistance is extremely small, but it can be 
amplified and measured using additional 
equipment. 
The theory of the piezoelectric sensor was 
constructed and confirmed by experiments in 
[2]. Thin-walled elements made of pre-polarized 
ceramics with a strong piezoelectric effect were 
used as the sensor. The front surfaces of the 
piezoelectric element were covered with 
electrodes. The piezoelectric sensor was glued 
to the surface of the deformed body and 
deformed together with it. The operation of the 
sensor is based on the use of the direct 
piezoelectric effect. The direct piezoelectric 
effect is as follows: when the piezoelectric 
element is mechanically loaded, an electric 
charge appears on its electrodes. For a material 
with a strong piezoelectric effect, a significant 
part of the mechanical energy of the deformed 
piezoelectric element is converted into electrical 
energy. Tangential deformations were 
calculated based on the measured difference in 
electrical potentials on the electrodes. 
The error of the sensor theory is the error of the 
contact problem of the sensor and the structure 
under study. It should be noted that insufficient 
attention is paid to the estimation of the error of 

the main hypotheses of the theory of 
deformation sensors in research. As a rule, 
research is devoted to sensor calibration, 
experimental measurement errors, errors in the 
description of material properties, etc. [4-11]. In 
the paper, we will evaluate the validity of the 
sensor theory.  
Each sensor measures one integral 
characteristic. For example, the integral 
characteristic of the Kelvin sensor is the change 
in resistance. The change in the cross-sectional 
area of the conductor is used to calculate the 
change in the resistance of the conductor and its 
deformation. 
For a piezoelectric sensor, the integral 
characteristic is the difference in electric 
potential on its electrodes. Based on this 
measured value of the difference in electric 
potential, the corresponding component of the 
strain tensor at the point of the test object is 
calculated. 
 
 
APPROXIMATE DETERMINATION OF 
THE SSS OF A STRAIN SENSOR 
 
The contact problem of a sensor and a body 
under study is a complex mathematical problem. 
For simplicity of research, we will assume that 
we measure the elongation or compression 
strain at a point on the surface of an elastic half-
space using a sensor. Figure 1 shows the sensor 
and the elastic half-space related to the 
Cartesian coordinate system. It is assumed that 
the sensor has a length 2l , a thickness  and is 
infinite in the direction 2x . We will investigate 

the deformation of 1e  in the direction 1x . To 

simplify the problem, we will assume that our 
solution does not depend on 2x .   

We will assume that the elastic half-space 
performs harmonic oscillations under the action 
of a load changing according to the law tie , 
where i  is an imaginary unit,  t  is time,   is 
the circular frequency of oscillations. Since the 
oscillations are harmonic, all equations can be 
written relative to the amplitude values of the 
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sought quantities. Note that the solution to the 
contact problem does not depend on the 
coordinate 2x . 
 

 
Figure 1. Schematic representation of the 

sensor on the surface of the elastic half-space 
 
To solve our problem, we will use the iteration 
method. Describing the zero approximation of 
the solution to the problem, we assume that the 
sensor satisfies all the conditions of its 
applicability for measuring deformations: 
-in the contact area of the sensor and the 
structure under study, the conditions of ideal 
contact are met; 
-on the part of the body surface where the 
sensor is located, there is no surface load; 
-the sensor is made of a material that slightly 
changes the stress-strain state of the body being 
studied in the area of its contact with the sensor; 
-the characteristic length of the deformation 
pattern in the elastic half-space is greater than 
the width of the active element (this means that 
the variability of the sensor's SSS along the 
coordinate 1x  is small), which allows us to 

assume that the elongation (compression) 
deformation along the coordinate 1x  does not 

change. 
In all sensor theories, it is assumed that the 
sensor does not introduce disturbance into the 
SSS of the test object, therefore, as a zero 
approximation of the iterative process, it is 
natural to assume that within the sensor, the 
elongation (compression) deformation in the 

direction of the axis does not depend on the 
variable 1x .  

As a zero approximation of the contact problem, 
we assume that the longitudinal deformation of 
the half-space and the sensor are equal and are 
constant in the contact region. In this case, the 
contact condition for stresses is not satisfied. 
Then, at the next step of the iteration process, 
we will fulfill the contact condition for stress - 
we will remove the discrepancy that appeared at 
the previous step. 
The equations describing the zero 
approximation of the sensor's SSS relative to the 
amplitude values have the following form 
(below are written only those equations that will 
be used for the zero approximation of solving 
the formulated contact problem):  
Equation of motion  
 

21311
1

1 3

0u
x x

            (1) 

 
Hooke's Law 
 

11 1Ee                              (2) 

 
Geometric equation relating deformation to 
displacement 
 

1
1

1

ue
x

                              (3) 

 
In equations (1)-(3) 11 , 13  are stresses, 1e  are 

the component of the strain tensor in the 
direction 1x , and u1 is the component of the 

displacement vector in the direction 1x . 

Let us transform these equations. 
Since, according to the assumptions made, the 
strain component e1 does not depend on the 
variable 1x ,  then 

 

1e const                           (4) 
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By virtue of relation (2) the stress component   
also does not depend on the variable 1x . 

 

11 const                          (5) 

 
Taking into account (5), the equation of motion 
(1) becomes simpler and can be written as 
 

213
1 1

3

0
d x e
dx

                  (6) 

 
We integrate equation (4) and find that the 
displacement is an odd function 1x  and changes 

along the coordinate 1x  according to a linear 

law 
 

1 1 1u x e                             (7) 

 
From the accepted assumption of the absence of 
surface load on the outer surface of the sensor it 
follows 
 

0
3

13 x
                         (8) 

 
Integrating the equation of motion (6) with 
respect to the variable 3x  and satisfying 

condition (8), we obtain 
 

3

2
13 1 10x

x e                    (9) 

 
For further use, the stress 13  should be 

continued as a periodic function of  1x  over the 
interval ],[ LL , 2L l  as follows: 
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The function 13 1( )x  is chosen so that the 

function 1( )F x  is continuous in the interval 

],[ LL . In addition, the integral  1( )
L

L

F x dx  

must be equal to zero. Note that the function can 
be continued ],[ LL  in any way that ensures 
rapid convergence of the solution. 
The conditions of ideal contact of two 
deformable bodies are that at all points of the 
contact area of the bodies the displacements and 
stresses of both bodies are equal. In this 
particular case, instead of equality of 
displacements, equality of deformations can be 
used. 
In the zero approximation of the iteration 
method, it was assumed that the deformations of 
the sensor and the half-space are equal. At the 
same time, on the contact surface, as shown by 
formula (9), the condition of ideal contact for 
stress 13  is not satisfied. We will remove this 

discrepancy under contact conditions at the first 
step of the iteration process. To do this, we will 
calculate the elastic half-space loaded with 
surface load (9) in the region  1l x l . After 

performing the first step of the iteration process, 
a discrepancy in the equality of deformations in 
the contact region will appear. It is this value - 
the value of the maximum deformation of the 
half-space surface that serves in the contact 
region, serves as an estimate of the sensor error. 
 
 
PROBLEM FOR AN ELASTIC HALF-
SPACE 
 
The complete system of equations describing an 
elastic half-space SSS ( 3 0x ) includes 

equilibrium equations, geometric ratios relating 
deformations to displacements, and equations of 
state (Hooke's law). 
Since analogous to the Lamb problem is 
considered, the equations are taken in the 
traditional form in terms of displacements. To 
solve the problem, the Lamb method is used, 
described in papers [12, 13] for the case of 
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concentrated forces applied at a point on the 
surface of an elastic body. In this paper, the 
Lamb method is generalized to the case of a 
distributed surface load. This generalized Lamb 
method was previously used in [14] to solve the 
dynamic contact problem of an actuator and an 
elastic half-space. 
Following Lamb, the equilibrium equations are 
written as 
 

2 2
1 1

1

2 2
3 3

3

( ) 0

( ) 0

u u
x

u u
x

       (11) 

 
where 2  is the Laplace operator,    is the 
volumetric deformation,   and   are the 
Lame coefficients: 
 

2 2
2

2 2
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1 3

uu
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E
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2(1 )

E       
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Stress-strain formulas with Lame coefficients 
are written as 
 

1 1 3 1

3 1 3 3

13 13

( ) 2

( ) 2

e e e
e e e

e

              (14)                 

 
Here 1e , 3e , 13e  the components of the 

deformation 
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3 1
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    (15)                         

 
The functions  and  associated with 
movements are introduced in the usual way: 
 

1
1 3

u
x x

,  1
3 1

u
x x

        (16) 

The equilibrium equations and formulas for 
stresses through functions  and  can be 
written as follows: 
 

2 2 0h  ,  2 2 0k      (17) 
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Here, L and T are the phase velocities of 
longitudinal and transverse waves, h and k are 
the wave numbers of longitudinal and transverse 
waves, respectively. 
To solve the problem, the integral Fourier 
transform of a variable 1x  is used 

 

1

1

*
1

*
1

1

2

1

2

i x

i x

e dx

e dx  
         

  
(20) 

 
Since the axis 3x  is directed from the elastic 

half-space surface (Figure 1), the solution in the 
elastic half-space should decrease with 3x  

decreasing, so the solution is taken as 
 

3* xAe ,   3* xBe              (21) 

 
where ,  are positive real values, which 
ensures the attenuation of the stress-strain state 
of an elastic body when moving away from the 
source of vibrations deep into the body. The 
values ,  can be found as a result of 
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substituting (21) into equations (7), transformed 
taking into account the formulas (20) 
 

2 2h ,      2 2k          (22) 

 
Equations (16), (19) as a result of applying the 
Fourier transform will take the form 
 

3 3

3 3

*
1

*
3

x x

x x

u i Ae Be

u Ae i e
              (23)        

3 3

3 3

* 2 2
3

* 2 2
13

2 2

2 2

x x

x x

k Ae i Be

k e B i Ae
    (24) 

 
Arbitrary integration constants A  and B  are 
found from the contact conditions of the sensor  
and the elastic half - space on the plane 3 0x . 

The problem for an elastic half-space is solved 
using the integral Fourier transform. The 
integral stress 31  conversion takes into account 

the equality of these stresses to the 
corresponding sensor stresses in the contact area 
and their equality to zero on the rest of the 
elastic body surface. A similar method is used in 
hydroacoustics to solve the problem of 
vibrations of a pivotally supported cylindrical 
shell immersed in an infinite liquid. 
The first step of the iterative process is to solve 
the problem for a half-space when only a 
tangential load 31 1sin px  acts in the contact 

area on the surface of the half-space. 
 
 
AUXILIARY PROBLEM FOR AN 
ELASTIC HALF-SPACE 
 
The following stresses are set on the surface 

3 0x  of an elastic body 

 

333 0 0x , 
313 0 13x X ,  

13 1sinX px , 1( )x l ,      (25) 

    333 0 0x , 
313 0 0x , 1( )x l ,

           
                         

With boundary conditions (25), N+1 auxiliary 
problems should be solved, in which 
p=pn=(2n+1)/2l, n=0,1,2,...N. Then we write 13 
as a sum  
 

N

n
nn xpC

0
11313  

 
with unknown constants cn. The unknown 
constants cn are determined by equating the 
sensor stress 13 to the half-space stress 13 in 
the contact area. 
Using the Fourier transform (10), (11), (6), (9) 
reduces the conditions (25) to formulas 
 

3

*
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13 130x
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As a result of the Fourier transform, the 
conditions on the surface of the half- space 

3 0x  will be written as 

 
2 2
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2 2 13
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2 (2 )
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where 
 

*
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To estimate the error of the sensor, the main 
interest is the displacement u1 and the 
deformation  e1 on the surface of the half-space 

3 0x , so we will write only the formula for *
1u  
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Integrals (29) in the contact area lx1  can be 

transformed to a form convenient for 
calculations 
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NUMERICAL EXAMPLES OF 
CALCULATIONS FOR ESTIMATING 
THE ERROR OF THE STRAIN SENSOR 
 
According to the general theory of deformation 
sensors, the elongation along the axis of the 
sensor is a constant value and is equal to the 
elongation on the surface of the half-space in 
the area of contact with the sensor. Then the 
movement of u1 along the sensor changes 
linearly. The error of these assumptions is 
determined by calculating the displacement 
corrections u1 found at the first step of the 
iterative process. 
The sequence of calculations is as follows: 
- calculate by formulas (31), (32) the 
displacement corrections u1 as a function of the 
variable x1 for problems with boundary 
conditions (25), where p=pn=(2n+1)/2l,  
n=0,1,2,...N, - summarize the found corrections 
for n. 
The results of the calculation are summarized in 
tables.  

In all tables, the first column shows the values 
of the longitudinal displacements u1 as a linear 
function of the variable x1 obtained by the 
sensor as a result of the widely used assumption 
that the sensor does not change the SSS of the 
studied design. Columns 2-4 show the 
corrections for displacements obtained as a 
result of solving the contact problem. The 
sensor readings are correct if the corrections are 
significantly less than the displacement values 
in the first column. If the corrections are larger 
or of the same order as the movements written 
out in the first column, then this means that the 
sensor gives completely incorrect results. 
Let us denote by bu1  the longitudinal 
displacement determined according to the 
accepted hypothesis that the sensor does not 
introduce disturbance into the stress-strain state 
of the structure under study. Let us denote by 

cu1   the corrections to bu1 , obtained as a result 
of solving the contact problem. 

 
Table 1. Values of displacements u1 (first 

column) and corrections to them (columns 2-4) 
as functions of the variable x1 and the  circular 
frequency  for a half-space made of steel and 

a sensor made of copper (sensor  =0.002 m, 
l=0.02 m) 

bu1  
=1000  =10000  =100000  

cu1  

0.002 5.5 10-7 6.2 10-8 10 10-7 
0.004 1.3 10-6 3.3 10-7 1.6 10-7 
0.006 2.2 10-6 1.1 10-6 2.9 10-6 
0.008 3.1 10-6 2.0 10-6 6.6 10-6 
0.01 4.1 10-6 3.0 10-6 1.1 10-5 
0.012 5.0 10-6 4.1 10-6 1.6 10-5 
0.014 5.8 10-6 5.1 10-6 2.0 10-5 
0.016 6.5 10-6 6.1 10-6 2.5 10-5 
0.018 7.2 10-6 7.0 10-6 2.9 10-5 
0.02 7.7 10-6 7.8 10-6 3.4 10-5 

 
It can be seen from the table that the corrections 
are small, the error in the theory of strain 
sensors is less than 0.001%. It means that the 
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main hypothesis according to which the sensor 
introduces a small disturbance in the SSS of the 
studied structure is correct. 

 
Table 2. Values of displacements u1 (first 

column) and corrections to them (columns 2-4) 
as functions of the variable x1 and the circular 

frequency  for a half-space made of reinforced 
concrete and a sensor made of copper (sensor    

 =0.002 m, l=0.02 m) 

bu1  
=50 =100 =500 

cu1  

0.002 0.0128 0.0075 -0.0253 
0.004 0.0325 0.0240 -0.0244 
0.006 0.0572 0.0470 -0.0041 
0.008 0.0847 0.0740  0.0296 
0.01 0.1129 0.1025 0.0715 
0.012 0.1399 0.1304 0.1176 
0.014 0.1646 0.1563 0.1653 
0.016 0.1865 0.1797 0.2128 
0.018 0.2058 0.2004 0.2593 
0.02 0.2227 0.2190 0.3047 

 

 
Figure 2. Displacement u1 as a function of the 

variable x1 in accordance with Table 2 
 

The blue line on the Figure 2 corresponds to the 
displacement bu1  of Table 2 (column 1), the 

green line corresponds to the displacement bu1  

taking into account the correction cu1  at =50 

(Table 2, column 2), the red line - taking bu1  

into account the correction cu1  at =100 (Table 

2, column 3), the yellow line - bu1  taking into 

account the correction cu1  at =500 (Table 2, 
column 4). 
The Figure 2 shows that in this case the sensor 
measurements are incorrect. The corrections 

cu1 are significantly greater than bu1 . 
 

Table 3. Values of displacements u1 (first 
column) and corrections to them (columns 2-4) 
as functions of the variable x1 and the circular 

frequency  for a half-space made of reinforced 
concrete and a sensor made of constantan 

(sensor  =0.0001 m, l=0.02 m) 

bu1  
=50 =100 =500 

cu1  

0.002 0.0010 0.0006 0.0019 
0.004 0.0024 0.0018 0.0018 
0.006 0.0043 0.0035 0.0003 
0.008 0.0063 0.0055 0.0022 
0.01 0.0084 0.0076 0.0053 
0.012 0.0104 0.0097 0.0088 
0.014 0.0123 0.0117 0.0123 
0.016 0.0139 0.0134 0.0159 
0.018 0.0154 0.0150 0.0194 
0.02 0.0166 0.0163 0.0227 

 
Tables 2, 3 show that the strain sensor 
introduces a large disturbance in the SSS of the 
studied structure, and gives incorrect values of 
deformations. 
 

Table 4. Values of displacements u1 (first 
column) and corrections to them (columns 2-4) 
as functions of the variable x1 and the circular 

frequency  for a half-space made of reinforced 
concrete and a sensor made of piezo film 

(sensor  =0.0001 m, l=0.02 m) 

bu1  
=50  =100  =500  

cu1  

0.002 2.9 10-6 1.7 10-6 -5.7 10-6 
0.004 7.3 10-6 5.4 10-6 -5.5 10-6 
0.006 1.3 10-5 1.1 10-5  9.2 10-7 
0.008 1.9 10-5 1.7 10-5  6.6 10-6 
0.01 2.5 10-5 2.3 10-5  1.6 10-5 
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0.012 3.1 10-5 2.9 10-5  2.6 10-5 
0.014 3.7 10-5 3.5 10-5  3.7 10-5 
0.016 4.2 10-5 4.0 10-5  4.8 10-5 
0.018 4.6 10-5 4.5 10-5  5.8 10-5 
0.02 5.0 10-5 4.9 10-5  6.8 10-5 

 
The results of the calculation in Table 4 show 
that the piezoelectric film deformation sensor 
causes a small disturbance in the SSS of the 
structure under study, and can be used to 
measure deformations in reinforced concrete 
structures.  
 
 
CONCLUSION 
 
The paper presents a relatively simple method 
for estimating the error of the theory of strain 
sensors. 
It is shown by numerical examples that sensors 
made of materials with large elastic modules, 
used for structures made of materials with 
significantly smaller elastic modules, give 
incorrect measurements of deformations. This is 
confirmed by calculations performed for 
reinforced concrete structures. The calculation 
results allow us to recommend piezoelectric 
film sensors. Even more accurate measurements 
of deformations in reinforced concrete 
structures can be obtained using layered piezo 
film sensors [15]. Effective coefficients of this 
sensor must be obtained using the 
homogenization method [16]. Such a sensor has 
a smaller modulus of elasticity and a higher 
efficiency than a single-layer sensor.  
Using the proposed method, it is possible to 
develop recomendations, which will specify the 
types of sensors for structures made of different 
materials that guarantee sufficiently correct 
measurements of deformations. 
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