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A FINITE ELEMENT MODEL FOR CALCULATING A NON-
THIN ORTHOTROPIC CYLINDRICAL SHELL, TAKING INTO
ACCOUNT THE INDUCED INHOMOGENEITY

Alexander A. Treshchev, Dmitry O. Besstrashnoy
Tula State University, Tula, RUSSIA

Annotation. The formulation of a model for the deformation and strength calculation of an open cylindrical shell
of circular shape rigidly pinched along contour planes formed by generators is considered. The ratios of the
geometric parameters of the shell differ significantly from thin-walled structures, to which traditional technical
hypotheses could be applied. The formulation of a mathematical model defining the stress-strain states of a
thick-walled structure was carried out within the framework of a nonlinear three-dimensional theory. The
peculiarity of the developed model was that orthotropic composites were adopted as the structural materials of
the shell, the deformation and strength properties of which manifest themselves in different ways in accordance
with the types of stress states being realized. The manifestation of such mechanical properties of materials is
interpreted as induced heterogeneity, which significantly complicates the methodology for calculating spatial
structures. Due to the specified features of the research object, isoparametric finite elements of a three-
dimensional tetrahedral shape, the nodes of which had three degrees of freedom, were used to develop a
computational model. In order to adequately account for the stiffness properties of orthotropic composites
exhibiting induced heterogeneity, the basis of the determining relationships for them was the deformation
potential formulated in the normalized stress tensor space associated with the main axes of orthotropy of
materials. Due to the nonlinearity of the problem under consideration, the process of solving it was based on the
method of variable elasticity parameters. As a result of the implementation of the computational model,
comprehensive information was obtained on the stresses, deformations and displacements of the shell, the main
of which are presented in the text of the article with the addition of their analysis.

Keywords: finite element method, open cylindrical shell, structural orthotropy, induced inhomogeneity,
dependence of stiffness on the type of stress state

KOHEYHO-3JIEMEHTHAS MOJAEJIb PACYETA HETOHKOM
OPTOTPOIIHOHU INJIMHAPUYECKOHU OBOJIOYKH C
YYETOM HABOAUMOU HEOAHOPOAHOCTH

A.A. Tpewes, /I.0. beccmpaunos

TynbpCKUi TOCYIapCTBEHHBI YHUBEPCHUTET, . Tyna, POCCUA

Annotanusi. PaccMorpeHa ¢opMyimpoBka Mojen ae(OpMaIlOHHO-TIPOYHOCTHOTO pacdeTa HEe3aMKHYTOH
IWITHHIPUYECKONH O00O0JIOYKN KPYTOBOT'O OUYEpPTAaHUs, J>KECTKO 3alIeMJICHHOW 110 KOHTYPHBIM IIIOCKOCTSIM,
copMupoBaHHBIM 00paszyromMu. COOTHOIIEHUSI T'€OMETPUYECKHX IapaMeTpoB OOOJOYKH CYIIECTBEHHO
OTJIMYAIOTCSI OT TOHKOCTEHHBIX KOHCTPYKIUH, KOTOPBIM MOTJIN OBITH IPUMEHEHBI TPaJUINOHHBIE TEXHUIECKUE
runore3sl.  POpPMyNIHpOBKAa MATEMaTHYECKOM MOJCNH, ONPENEIIome HampshKeHHO-Ae(hOpMUPOBAHHbIE
COCTOSIHUSI TOJICTOCTEHHON KOHCTPYKLHMH, OBIJIa OCYIIECTBICHA B paMKaX HEIMHEHHOW TPEeXMEPHOW TEOPHH.
Oco6eHHOCThIO Pa3pabOTaHHON MOJIETH SBUJIOCH TO, YTO B Ka4eCTBE KOHCTPYKIIMOHHBIX MATEPHAIOB 000JIOYKH
OBbLIM IPUHATHI OPTOTPOIIHBIE KOMIIO3UTHI, 1e()OPMAlMOHHbIE ¥ TPOYHOCTHBIE CBOMCTBA KOTOPBIX HPOSBIIAIOTCS
MO-pa3HOMY B COOTBETCTBHM C PEAU3yEeMbIMHM BHUJIAMU HANPSHKEHHBIX cocTosiHMH. IIposiBieHne momgoOHBIX
MEXaHHYECKUX CBONCTB MaTepHalioB TPAKTYeTCsl KaK HaBeJCHHas HEOJHOPOJHOCTh, 4YTO CYILIECTBEHHO
YCIIOXKHSIET METOJHUKY pacyera IPOCTPAHCTBEHHBIX KOHCTPYKIMH. BBHIY yka3aHHBIX ocoOeHHocTeil oObekTa
UCCJIEIOBAaHNUHN [UIsl pa3paboTKN pacyeTHON MoAeIH ObLIM MPHHSTHI N30MapaMeTpUYecKue KOHEUHbIE DIIEMEHTHI
00BEMHOM TeTpa’APHUYECKO (OPMBI, y3JIbI KOTOPOH HMMENHN TPU CTEeIeHH cBoOOAabl. s ajmexBaTHOTrO ydera
JKECTKOCTHBIX CBOMCTB OPTOTPOITHBIX KOMIIO3WUTOB, IPOSBIIIIOIINX HABEACHHYIO HEOJHOPOJHOCTH, OCHOBOM
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OIIPEJICTISIIONINX COOTHOLICHUH ISl HUX OBII NPUHAT NOTeHOMan Jaedopmaiuii, chopMynnpoBaHHBIA B
HOPMHPOBAaHHOM TEH30PHOM IPOCTPAHCTBE HANPSDKCHWH, CBS3aHHOM C TJABHBIMH OCSMH OPTOTPOIHH
MaTepHalioB. BBUIy HENMHEHHOCTH paccMaTpWBacMOll 3aladd MpOLECC €€ PELICHUS] CTPOWICS 10 METOAY

MEPEMEHHBIX MapaMeTpOB  yNPYTOCTH.

B pesynbrare

peanM3ali  pacdeTHON MoOjenu MOTydYeHa

HcUepIbIBAONasl MHOOPMAIUST O BOZHHUKAIOMINX HANPSDKEHHUAX, AeOpPMAlMAX W TEPEMEHICHUsIX O0O0O0JIOYKH,
OCHOBHBIE M3 KOTOPBIX MPEICTABICHBI B TEKCTE CTAThH C 100aBICHUEM X aHAIN3a.

KaroueBble ciioBa: METOA KOHCYHBIX 3JICMCHTOB, HE3aMKHYyTasl MUJIMHAPUYICCKAs O6OHO‘{Ka,
CTPYKTYpPHas OPTOTPOIIMA, HAaBEACHHAA HCOAHOPOAHOCTD, 3aBUCUMOCTD KECTKOCTU OT BHJd HAIIPSKCHHOI'O COCTOAHUSA

1. INTRODUCTION

Modern technology and construction use all
new structural materials, among which
composites have become widespread. Their
peculiarity often lies in the presence not only
of structural orthotropy, but also in the
manifestation of deformation anisotropy, such
as the dependence of deformation and strength
properties on the kind of stress state. These
materials are widely used in the manufacture of
spatial structures, the elements of which cannot
be classified as thin-walled. In particular, this
applies to cylindrical shells of various
configurations and other curved structures.
Calculations for the strength and deformability
of similar structures should be based on
reliable calculation models based on the
specifics of the mechanical properties of these
composites and be adequate to the real picture
of the loading processes and geometry of
structures. It is obvious that the accuracy of the
calculation methods used depends on the
reliability of the determining ratios, which do
not contradict established and approved
mechanical deformation experiments of the
studied composites. Obviously, the
dependences of strain and stress tensors arising
from the potential proposed in the works can
serve as the most reliable equations of state [1
— 3]. In the same works and in monographs [4,

5], a detailed analysis of the serious
shortcomings of widely known models
published by many authors [6 — 14] is

presented and, therefore, their assessment is
not given here.
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2. EQUATIONS OF STATE FOR
ORTHOTROPIC MATERIALS
EXHIBITING INHOMOGENEITY
DURING DEFORMATION

As a result of the use of the author's technique
of the normalized tensor stress space associated
with the main axes of the structure of materials,
the deformation potential of an orthotropic
substance sensitive to the kind of stress state
was postulated in [2, 3]:

_ 2
W =054, + Bipa)oi + 0, 5(Ay, +
2 2
+Byp)05; )03, + 0, 5(A3335 + Bjsz3033)033 +
HAp + Biplay + ayp)loy oy + Az +

+B,)33( 0y + asz;)]oy,03;3 +[As3; +
2

B3z (ass + aj)loszop +0, 5(Apt, +
2 2

tA303753 + Azp31731 ) (1)

where a; = 0y /S — stresses in the

normalized space of the tensor associated with
the main axes of the orthotropy of the material;

S = ,/O'l-jUij — the norm of the tensor stress

space; a;:a;; = [ — tensor space normalization

gy

condition; material parameters Ay, , Bjjjy, are

determined after identification of the equations
of state arising from the potential (1) using the
results of mechanical tests performed; (i, j, £,
m=1,2,3).

Having differentiated the potential (1) according
to the Castigliano rules, we establish the
equations of connection between the tensors of
the second rank of the deformed and stressed
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states for orthotropic structures

deformation anisotropy:

acquiring

¢ = CikmOkm, i), k,m=1,2,3, (2)
where  Cjypp = (A1 + Brner) +

+0, 5By 1011(1 — af;) — Bayppazy —
—Byypady — Bizzzads — Ajpppaly - Ayyzad; -

~Ay315055] + Bypan(l - oy = eyjay) +
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Cr133=41133 + Byy33(ap+as3z);
Co222 = (A2222 + Bopprepy) +

0, S[Byopscias(l — a3y) — Byyppdy — Bisszais -
‘A12120‘132 - A232305§3 - A13130‘133] +
Byt (1 - a3y - apay) +
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—Biss0 0300+ az3);

Ca233 = A3233+Bypss(az +asz);

Cs333 = (A3333 + B3333033 )+
+0,5[ Bs333033(1—a33 )~ Byyppo), —
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=By (e + ay);
Cra12=0.5{A1515 — (B 11,07+ Byyazy +
+B3335033 ) — 2By ey (e + ) +
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Chs3 = 0.5{As303 (B} 11107, + By, +
+Bj333033 ) — 2By 1000 0y (0yy + 0gy) +
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Cy313=Cs3;, the

the tensor C,.ﬁj ,

characterizing the malleability of the material
are identically equal to zero

As a result of the analysis of experimental data
on the proportional loading of standard samples
made of orthotropic composites of various
classes, the identification of equations of state
(2) was carried out in [2, 3, 5]. In this case, the
constants of the compliance tensor (2) were
calculated  using  technically = measured
parameters established during tensile testing,
compression of standards cut along the main
axes of orthotropy and in shear experiments in
the main planes of materials:

C323 = Cs2325
components  of

Cr212=Cop21>
other

Ay =1/ E +1/E;)/ 2;

Byw = (1/ E. =1/ E)/ 2;
Ay =~ / Ej +v; 1 E;)/2;
By = (v / Ej —v; / Ej)/2;
Ay =1/ Gys vi / Ef = v/ E;
v / E; =v; /E;ijk=123 (@)

+ o+ :
where £, Vi — elastic modulus and transverse

strain coefficients calculated as a result of
processing data from experiments conducted in
the directions of the main axes of orthotropy
using the least squares method (a positive sign
corresponds to tensile experiments, and a
negative sign corresponds to compression); Gl-j

— shear modules in the main orthogonal planes
of orthotropy.

Along with the identification of the model (1) —
(3), in the same works [2, 3, 5], the boundaries
of possible potential constants were determined
in accordance with Drucker's postulate and the
proof of the theorems of the existence and
uniqueness of solutions to boundary value
problems. These procedures confirmed the
inviolability of energy conservation [2, 3, 5].
Particular ~ values of the  mechanical
characteristics of orthotropic materials with
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acquired heterogeneity are available in well-
known publications [1 — 13, 15].

3. PROBLEM STATEMENT AND SHELL
CALCULATION

Using the physical and mathematical
correctness of potential dependencies (1) — (3),
they can be used as the basis for a finite element
model for calculating the stress-strain state of
thick-walled cylindrical shells. Considering that
it 1s supposed to investigate shells that do not
meet the criteria of thin ones, three-dimensional
finite elements of isoparametric interpretation
were used in the form of a tetrahedron having
three degrees of freedom at the node. The
mathematical apparatus of these finite elements
is fully developed in [16, 17]. The presented
article is based on the transformation of only the
stiffness matrix of the specified elements, into
which the equations of state (2) were embedded,
previously converted into the matrix form of the
stress-strain relationship:

“4)

where {O'} and {e} — six-dimensional stress and
strain vectors composed of components of the
corresponding tensors (2); [P] — a rigid matrix

in size 6%6, the inverse of the material's
compliance matrix, consisting of tensor

components C,-j,-j (2), depending on the type of

stress state, [P] = [C]_l.

A short, unclosed cylindrical shell of circular
shape with rigid clamping along the reference
planes was selected for analysis. The breakdown
of the shell into finite elements is shown in Fig.
1, and the calculation scheme is shown in Fig. 2.
In the process of sampling the shell continuum,
the convergence of the FE model was checked,
which is shown in Fig. 3.

The developed FE model was used not only
taking into account the equations of state (2), (4)
introduced, but also calculations were carried
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out on its basis with embedded determining
ratios of widespread theories of deformation of
different resistant orthotropic materials. In order
to compare the results of shell calculations, the
equations proposed in the works of such authors
as R.M.Jones — D.A.R.Nelson [8, 9, 11, 12] and
S.A.Ambartsumyan [14] were used. In addition,
to estimate the error given by the generalized
Hooke's law formulated for orthotropic
materials [18], if it is used as physical
dependencies of deformation mechanics, it was
also used in calculations. At the same time, the
average characteristics obtained  from
experiments on uniaxial tension and
compression in the main axes of orthotropy
were taken as elastic modulus and transverse
deformation coefficients. To calculate the shell,
a composite material based on graphite of the
ATIJ-S brand, widely used in technology, was
adopted. A complete set of stiffness parameters
characterizing its properties is given in [11]. As
a result of the -calculations, complete
information was obtained on the distribution of
shell SSC parameters. Here we will focus on the
analysis of individual parameters, which are
presented in Fig. 4 — 8.
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Figure 1. The design scheme of the cylindrical
shell
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In Fig. 4 — 8 the introduced digital designations of
the graphs of changes in the calculated values, refer
to solutions obtained on the basis of various models
of constitutive relations: 1 — author's model; 2 —
model based on the classical theory of deformation
of orthotropic materials using the generalized
Hooke’s law [18] and wusing the medium
mechanical characteristics of the material; 3 —
model by S.A. Ambartsumyan [14]; 4 — model by
R.M.Jones — D.A.R.Nelson [8, 9, 11, 12].

4. ANALYSIS OF THE RESULTS
OBTAINED

Analyzing the results of calculations of cylindrical
shells with structural orthotropy and made of ATJ-
S composite, which are presented in Fig. 4 — §,
important theoretical features can be noted. These
features are concluded in the fact that traditional
mathematical models, which are based on the
generalized Hooke’s law, which does not take into
account the dependence of the rigidity properties of
the material on the kind of stress state, lead to
serious errors in determining stresses up to 58% —
78%. In this case, errors in determining the points
of the cylindrical shell can reach 35%. If the
R.M.Jones — D.A.R.Nelson model is used for shell
calculations [8, 9, 11, 12], then the results will
differ from the theoretical data using the
generalized Hooke’s law somewhat less and reach
16-36% and 18%, respectively. An explanation for
this may be the not entirely correct consideration of
the effect of a complex stress state on the change in
the components of the compliance tensors, which
are used by models [8, 9, 11, 12] and [14] in
comparison with equations obtained using
normalized tensor stress spaces [1 — 5].

5. CONCLUSION

The results of the calculations performed and the
analysis of the results obtained demonstrate and
confirm the fact that the design of elements of
spatial structures with a curvilinear outline such as
cylindrical ~shells made of graphite-based
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composite materials should be carried out most
carefully. In this case, it is imperative to take into
account the peculiarities of the mechanical
behavior of such composites. In addition, when
performing calculations of stresses and strains of
shells, special attention should be paid to the
selection of mathematical models of constitutive
relations that do not conflict with known
experimental data and are most adequate to the
latter when changing complex kinds of stress states.
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