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Annotation. The formulation of a model for the deformation and strength calculation of an open cylindrical shell 
of circular shape rigidly pinched along contour planes formed by generators is considered. The ratios of the 
geometric parameters of the shell differ significantly from thin-walled structures, to which traditional technical 
hypotheses could be applied. The formulation of a mathematical model defining the stress-strain states of a 
thick-walled structure was carried out within the framework of a nonlinear three-dimensional theory. The 
peculiarity of the developed model was that orthotropic composites were adopted as the structural materials of 
the shell, the deformation and strength properties of which manifest themselves in different ways in accordance 
with the types of stress states being realized. The manifestation of such mechanical properties of materials is 
interpreted as induced heterogeneity, which significantly complicates the methodology for calculating spatial 
structures. Due to the specified features of the research object, isoparametric finite elements of a three-
dimensional tetrahedral shape, the nodes of which had three degrees of freedom, were used to develop a 
computational model. In order to adequately account for the stiffness properties of orthotropic composites 
exhibiting induced heterogeneity, the basis of the determining relationships for them was the deformation 
potential formulated in the normalized stress tensor space associated with the main axes of orthotropy of 
materials. Due to the nonlinearity of the problem under consideration, the process of solving it was based on the 
method of variable elasticity parameters. As a result of the implementation of the computational model, 
comprehensive information was obtained on the stresses, deformations and displacements of the shell, the main 
of which are presented in the text of the article with the addition of their analysis. 
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1. INTRODUCTION 
 
Modern technology and construction use all 
new structural materials, among which 
composites have become widespread. Their 
peculiarity often lies in the presence not only 
of structural orthotropy, but also in the 
manifestation of deformation anisotropy, such 
as the dependence of deformation and strength 
properties on the kind of stress state. These 
materials are widely used in the manufacture of 
spatial structures, the elements of which cannot 
be classified as thin-walled. In particular, this 
applies to cylindrical shells of various 
configurations and other curved structures. 
Calculations for the strength and deformability 
of similar structures should be based on 
reliable calculation models based on the 
specifics of the mechanical properties of these 
composites and be adequate to the real picture 
of the loading processes and geometry of 
structures. It is obvious that the accuracy of the 
calculation methods used depends on the 
reliability of the determining ratios, which do 
not contradict established and approved 
mechanical deformation experiments of the 
studied composites. Obviously, the 
dependences of strain and stress tensors arising 
from the potential proposed in the works can 
serve as the most reliable equations of state [1 
– 3]. In the same works and in monographs [4, 
5], a detailed analysis of the serious 
shortcomings of widely known models 
published by many authors [6 – 14] is 
presented and, therefore, their assessment is 
not given here. 

 
 

2. EQUATIONS OF STATE FOR 
ORTHOTROPIC MATERIALS 
EXHIBITING INHOMOGENEITY 
DURING DEFORMATION 

 
As a result of the use of the author's technique 
of the normalized tensor stress space associated 
with the main axes of the structure of materials, 
the deformation potential of an orthotropic 
substance sensitive to the kind of stress state 
was postulated in [2, 3]:  
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where ij ij= / S  – stresses in the 

normalized space of the tensor associated with 
the main axes of the orthotropy of the material; 

ij ijS =  – the norm of the tensor stress 

space; ij ij = 1  – tensor space normalization 

condition; material parameters ijkm , ijkmB  are 

determined after identification of the equations 
of state arising from the potential (1) using the 
results of mechanical tests performed; (i, j, k, 
m= 1, 2, 3). 
Having differentiated the potential (1) according 
to the Castigliano rules, we establish the 
equations of connection between the tensors of 
the second rank of the deformed and stressed 
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states for orthotropic structures acquiring 
deformation anisotropy: 
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1212 2121C , 2323 3232C , 1313 3131C , the 

other components of the tensor ijijC , 

characterizing the malleability of the material 
are identically equal to zero 
As a result of the analysis of experimental data 
on the proportional loading of standard samples 
made of orthotropic composites of various 
classes, the identification of equations of state 
(2) was carried out in [2, 3, 5]. In this case, the 
constants of the compliance tensor (2) were 
calculated using technically measured 
parameters established during tensile testing, 
compression of standards cut along the main 
axes of orthotropy and in shear experiments in 
the main planes of materials:  
 

+
kkkk k k ; 

+
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+ +
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ijij ij ;   + + + +
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ij j ij i/ E = / E ;  i, j, k = 1, 2, 3 ,     (3) 

 
where k , ij  – elastic modulus and transverse 

strain coefficients calculated as a result of 
processing data from experiments conducted in 
the directions of the main axes of orthotropy 
using the least squares method (a positive sign 
corresponds to tensile experiments, and a 
negative sign corresponds to compression); ij  

– shear modules in the main orthogonal planes 
of orthotropy. 
Along with the identification of the model (1) – 
(3), in the same works [2, 3, 5], the boundaries 
of possible potential constants were determined 
in accordance with Drucker's postulate and the 
proof of the theorems of the existence and 
uniqueness of solutions to boundary value 
problems. These procedures confirmed the 
inviolability of energy conservation [2, 3, 5]. 
Particular values of the mechanical 
characteristics of orthotropic materials with 
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acquired heterogeneity are available in well–
known publications [1 – 13, 15]. 

 
 

3. PROBLEM STATEMENT AND SHELL 
CALCULATION 

 
Using the physical and mathematical 
correctness of potential dependencies (1) – (3), 
they can be used as the basis for a finite element 
model for calculating the stress-strain state of 
thick-walled cylindrical shells. Considering that 
it is supposed to investigate shells that do not 
meet the criteria of thin ones, three-dimensional 
finite elements of isoparametric interpretation 
were used in the form of a tetrahedron having 
three degrees of freedom at the node. The 
mathematical apparatus of these finite elements 
is fully developed in [16, 17]. The presented 
article is based on the transformation of only the 
stiffness matrix of the specified elements, into 
which the equations of state (2) were embedded, 
previously converted into the matrix form of the 
stress-strain relationship: 
 
                            = P e                         (4) 

 
where  and e  – six-dimensional stress and 

strain vectors composed of components of the 
corresponding tensors (2); P  – a rigid matrix 

in size 6×6, the inverse of the material's 
compliance matrix, consisting of tensor 

components ijijC  (2), depending on the type of 

stress state, P 1
. 

A short, unclosed cylindrical shell of circular 
shape with rigid clamping along the reference 
planes was selected for analysis. The breakdown 
of the shell into finite elements is shown in Fig. 
1, and the calculation scheme is shown in Fig. 2. 
In the process of sampling the shell continuum, 
the convergence of the FE model was checked, 
which is shown in Fig. 3. 
The developed FE model was used not only 
taking into account the equations of state (2), (4) 
introduced, but also calculations were carried 

out on its basis with embedded determining 
ratios of widespread theories of deformation of 
different resistant orthotropic materials. In order 
to compare the results of shell calculations, the 
equations proposed in the works of such authors 
as R.M.Jones – D.A.R.Nelson [8, 9, 11, 12] and 
S.A.Ambartsumyan [14] were used. In addition, 
to estimate the error given by the generalized 
Hooke's law formulated for orthotropic 
materials [18], if it is used as physical 
dependencies of deformation mechanics, it was 
also used in calculations. At the same time, the 
average characteristics obtained from 
experiments on uniaxial tension and 
compression in the main axes of orthotropy 
were taken as elastic modulus and transverse 
deformation coefficients. To calculate the shell, 
a composite material based on graphite of the 
ATJ-S brand, widely used in technology, was 
adopted. A complete set of stiffness parameters 
characterizing its properties is given in [11]. As 
a result of the calculations, complete 
information was obtained on the distribution of 
shell SS  parameters. Here we will focus on the 
analysis of individual parameters, which are 
presented in Fig. 4 – 8. 
 

 

 
 

Figure 1. The design scheme of the cylindrical 
shell
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Figure 2. Discretization of the shell on the FE 

 

 
Figure 3. Convergence of the FE model with 

respect to maximum deflections 
 

 

 
Figure 4. Normal stress distribution x  along 
the line A-B, Pa

    
Figure 5. Normal stress distribution y  along the line A-B, Pa
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Figure 6. Distribution of displacements UX along 

the line A-B, m
 

 

 
 

 
Figure 7. Distribution of displacements UY along 

the line A-B, m
 

 

b)

 
Figure 8. Distribution of displacements UZ along the line A-B, m
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In Fig. 4 – 8 the introduced digital designations of 
the graphs of changes in the calculated values, refer 
to solutions obtained on the basis of various models 
of constitutive relations: 1 – author's model; 2 – 
model based on the classical theory of deformation 
of orthotropic materials using the generalized 
Hooke’s law [18] and using the medium 
mechanical characteristics of the material; 3 – 
model by S.A. Ambartsumyan [14]; 4 – model by 
R.M.Jones – D.A.R.Nelson [8, 9, 11, 12]. 

 
 

4. ANALYSIS OF THE RESULTS 
OBTAINED 
 
Analyzing the results of calculations of cylindrical 
shells with structural orthotropy and made of ATJ-
S composite, which are presented in Fig. 4 – 8, 
important theoretical features can be noted. These 
features are concluded in the fact that traditional 
mathematical models, which are based on the 
generalized Hooke’s law, which does not take into 
account the dependence of the rigidity properties of 
the material on the kind of stress state, lead to 
serious errors in determining stresses up to 58% – 
78%. In this case, errors in determining the points 
of the cylindrical shell can reach 35%. If the 
R.M.Jones – D.A.R.Nelson model is used for shell 
calculations [8, 9, 11, 12], then the results will 
differ from the theoretical data using the 
generalized Hooke’s law somewhat less and reach 
16–36% and 18%, respectively. An explanation for 
this may be the not entirely correct consideration of 
the effect of a complex stress state on the change in 
the components of the compliance tensors, which 
are used by models [8, 9, 11, 12] and [14] in 
comparison with equations obtained using 
normalized tensor stress spaces [1 – 5].  
 
 
5. CONCLUSION 
 
The results of the calculations performed and the 
analysis of the results obtained demonstrate and 
confirm the fact that the design of elements of 
spatial structures with a curvilinear outline such as 
cylindrical shells made of graphite-based 

composite materials should be carried out most 
carefully. In this case, it is imperative to take into 
account the peculiarities of the mechanical 
behavior of such composites. In addition, when 
performing calculations of stresses and strains of 
shells, special attention should be paid to the 
selection of mathematical models of constitutive 
relations that do not conflict with known 
experimental data and are most adequate to the 
latter when changing complex kinds of stress states. 
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