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1. INTRODUCTION 
 
Progressive collapse is a catastrophic partial or 
complete failure of a structure caused by local 
structural damage [1]. Local failure initiates a 
chain reaction of failures that propagates verti-
cally or horizontally through the structural sys-
tem, resulting in widespread partial or complete 
collapse. The key feature of progressive col-
lapse is that the resulting ultimate damage is 
disproportionate to the local damage caused by 
the initiating event. Such collapses may be initi-
ated by specific beyond design basis events (e.g. 
gas explosions, vehicle collisions, and sabotage, 
fires, extreme environmental impacts, and hu-
man errors in design and construction) [2]. 
Progressive collapse and stability of structures 
under such special beyond design loads became 
an important factor in research and design after 
the collapse of the Ronan Point apartment tower 
in 1968. Interest in this topic has recently in-
creased as a result of the terrorist attack on the 
Murrah Federal Building in Oklahoma City in 
1995 and the attack on the World Trade Center 
in New York in 2001 [3]. 
At present, although the stability of structures 
against progressive collapse under special be-
yond design basis events has become a world-
wide research topic, there is no unified theory 
for assessing structural stability, nor a general 
methodology for quantitatively assessing the 
progressive collapse resistance of real complex 
structures. Below are presented some notable 
research directions proposed for assessing the 
stability of reinforced concrete structures 
against progressive collapse. 
One of the main areas of research in assessing 
the response of structures to beyond design ac-
tions is the conduct of experiments on structural 
models. A number of quasi-static tests have 
been conducted on various structural models, 
such as a beam-column and beam-slab substruc-
ture, flat frame structures and large-scale build-
ings, ... [4]. Thanks to these experiments, the 
load-bearing capacity, as well as the defor-
mation and failure characteristics of the struc-
ture, have been studied quite thoroughly. During 

the deformation of the substructure, various 
mechanisms of resistance to progressive col-
lapse were discovered with an increase in the 
quasi-static concentrated load above the re-
moved column. 
At early stages, when the applied force is still 
small, the bending moment in dangerous sec-
tions is less than the bearing capacity Mult, the 
structure operates according to the bending 
mechanism. The internal forces in the beam are 
only the transverse force and the bending mo-
ment. The longitudinal force is practically equal 
to zero [5]. 
When the quasi-static external force applied 
above the removed column continues to in-
crease, the bending moment reaches the limiting 
value Mult in the sections near the side columns. 
At the same time, as the external load increases, 
the value of the bending moment in these sec-
tions no longer increases. The stresses in the 
reinforcement in the tension zone of the danger-
ous sections reach the yield point, and the plas-
tic deformation in them increases significantly. 
The compression zone height of concrete gradu-
ally decreases, and numerous cracks appear in 
the tension zone of concrete. At this stage, it can 
be observed that the compressed concrete strip 
forms an arc (arch). The horizontal displace-
ment at the base of the formed arch is limited by 
the adjacent structures. Due to the work of the 
compressive concrete arch, the bearing capacity 
of the system increases significantly. The struc-
ture enters the stage according to the arch 
mechanism [6]. It should be noted that when 
calculating reinforced concrete structures under 
the scenario of removing a load-bearing column, 
the arch mechanism cannot be modeled using 
bar and plate elements in traditional finite ele-
ment analysis. 
As the quasi-static external force applied above 
the removed column increases, the displacement 
of the structure also increases. The height of the 
compressive concrete arch gradually decreases 
to zero. At this stage, the arch mechanism com-
pletely disappears and is replaced by a catenary 
mechanism [7]. All reinforcement in dangerous 
sections is subjected to tension. This also means 
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that the longitudinal force in the structure begins 
to manifest itself and increases to a limiting val-
ue when the stresses in the reinforcement reach 
the tensile strength. The structure completely 
collapses when the longitudinal reinforcement 
ruptures. 
It should be emphasized that the above-
mentioned deformation and failure characteris-
tics were discovered as a result of quasi-static 
experiments. Therefore, it does not fully reflect 
the dynamic nature of the process of progressive 
collapse and does not explain the change in the 
dynamic strength of the material under high-
strain-rate conditions. Several dynamic experi-
ments have been conducted so far to overcome 
the shortcomings of quasi-static experiments 
[8,9]. However, these experiments are very 
complex and require expensive equipment. 
In parallel with the experiments, many scien-
tists choose the method of predicting the bear-
ing capacity, as well as the deformability and 
failure characteristics of structures using nu-
merical methods, such as the finite element 
method [10]. However, the output results of the 
numerical analysis largely depend on the cor-
rectness of the input data, the suitability of the 
material model, the types of finite elements, as 
well as the perfection of the calculation algo-
rithm and the skills in using specialized soft-
ware. It should be noted that the numerical 
analysis here can be either nonlinear dynamic 
or nonlinear static. In the case of nonlinear 
static analysis, a dynamic amplification factor 
is applied so that the structural system provides 
equivalent dynamic behavior in the scenario of 
sudden column failure [11]. 
Another approach proposed for assessing the 
dynamic response of structures is the energy 
approach. Based on the nonlinear relationship 
between load and displacement in a quasi-static 
test and assuming that the work of the external 
force is balanced by the energy stored inside the 
structure when the column fails, we can find the 
greatest displacement that the system can 
achieve [12]. The energy approach is relatively 
simple, but it does not allow us to assess the ef-

fect of strain rate on the dynamic strength of 
materials in reinforced concrete structures. 
Some researchers use the tools of structural dy-
namics to solve the problem of dynamic behav-
ior of structures under beyond-design actions in 
the form of sudden failure of load-bearing col-
umns. Jian Weng and his colleagues proposed a 
linear model with single-degree-of-freedom, 
which takes into account a fixed damping coef-
ficient and failure time of the column [13]. Jun 
Yu and his colleagues proposed a nonlinear 
model with single-degree-of-freedom, in which 
the system stiffness is described by a trilinear 
function, which is able to describe various 
mechanisms of resistance to progressive col-
lapse of the structure [14,15]. 
Another approach to studying the resistance of 
building structures to progressive collapse is to 
use reliability/risk indices [16,17]. The ability 
of a structure to withstand damage can be de-
termined based on the reliability analysis of the 
structure and probability assessment. Probabil-
istic analysis will allow design engineers to 
decide whether further protective measures are 
required to prevent the risk of collapse. Iz-
zuddin A. et al. [18] proposed a probabilistic 
risk assessment system for multi-story steel 
buildings under beyond design actions. In their 
work, a simple probabilistic scheme was used, 
including the basic requirements for describing 
the uncertainty of hazards, the local damage 
associated with them, and the consequences of 
global failure. Xu and Ellingwood assessed the 
resistance of steel frames to progressive col-
lapse by developing a probabilistic model of 
failure of beam-column connections [19]. In 
the proposed model, the load values as well as 
the load-bearing capacity of the structure are 
uncertain quantities. Brunesi and Parisi used 
Monte Carlo simulation to create two-
dimensional (2D) and three-dimensional (3D) 
stochastic realizations of structural models 
from which an analytically model of progres-
sive failure of reinforced concrete frame struc-
tures could be derived [20]. 
The main objective of this study is to develop an 
assessment method for predicting the resistance 
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to progressive collapse of a reinforced concrete 
frame structure based on the probability princi-
ple. In the reliability analysis, a global limit 
state equation for the bearing capacity of the 
structural system is first formulated, in which 
the safety factor is the difference between the 
ultimate bearing capacity of the structural sys-
tem and the effects of external loads. An analyt-
ical approach (the first-order reliability method 
(FORM)) is applied to analyze the reliability of 
multi-story reinforced concrete frame structures 
subject to column failure based on the structural 
reliability index. 
 
 

2. METHODS 
 
Fundamentals of a progressive collapse risk 
management strategy 
In general, the strategy for managing the risks of 
progressive collapse focuses on calculation 
methods that assess the ability of a damaged 
structural system to maintain survivability after 
a special event associated with the occurrence of 
a special action. 
If each of the threats discussed earlier is repre-
sented as a random event, then the total proba-
bility of collapse of the structural system can be 
written as follows: 

 
 
 
 

collapse resistance

robustness element behaviour event control

hazardvulnerability

maximise

minimise,
P F P F DH P DH H P H  (1) 

 
where F  is an event defined as a disproportion-
ate or progressive collapse of a structural sys-
tem; 
P H  is the probability of occurrence of a spe-
cial event associated with the threat H ; 
P DH H  is the conditional probability of local 
failure of an individual structural element D as a 
result of the realization of the threat H ; 
P F DH  is the conditional probability of the 
occurrence of progressive collapse of a structur-
al system F under the condition that local failure 
of an individual element D occurs upon the real-
ization of a special event H . 
In the case of a progressive collapse, the main 
consequence of which is loss of life, acceptable 
reliability P F  will be achieved if the follow-
ing condition is met: 
 
 tagP F p . (2) 
 
The basic question in the approaches adopted by 
almost all regulatory documents containing re-
quirements for calculations for special actions is 
the following: what level of probability of col-

lapse of a structural system should be consid-
ered acceptable? 
Within the framework of the generally accepted 
concept, it is considered that the central criteri-
on value of the probability of collapse of a 
structural system is 710 /tagP  for a refer-
ence period of 1 year. 
It is easy to see that the probability of occur-
rence of disproportionate progressive collapse 
of the structural system can be reduced by re-
ducing either each individual or all three proba-
bilities included in (1). In this case, the proba-
bility of occurrence of a special event P H  
associated with a threat H  is independent dur-
ing design. It can be controlled by the space-
planning solution or placement of the building, 
reduction of possible risks inside the structure 
with organized security measures, personnel 
training, etc. When implementing such 
measures, many risks can be effectively pre-
vented (e.g., terrorist attacks, improper opera-
tion of the building and structure, ...). In addi-
tion, these measures include quality control dur-
ing design to prevent human errors and recom-
mendations for technical maintenance. 
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The design strategy of key elements aimed at 
ensuring resistance to local failure is reduced to 
minimizing the probability P DH H . Within 
the framework of this strategy, a key element is 
understood to be the load-bearing elements and 
connections that are necessary to ensure the re-
sistance of the original structural system as a 
whole. This strategy may be difficult to imple-
ment (due to the uncertainty of the magnitude of 
special actions), contain significant risks, or ini-
tially give uneconomical results. 
In the case where the alternate load path method 
is used in assessing survivability, the condition-
al probability of a local failure of a key element 
when a special event H occurs is conservatively 
taken as P DH H  = 1 (the failure of a key el-
ement occurs when a special event occurs, alt-
hough in the general case a structural element 
designed in a design traditional calculated situa-
tion will have some reliability under the action 
of special loads). Then expression (1) can be 
written in the following form: 
 
 P F P F DH P H . (3) 
 
Thus, the design task in a special calculated sit-
uation is reduced mainly to minimizing the 
probability P F DH . This strategy should be 
implemented in a wide range: from design 
measures aimed at creating the continuity and 
structural integrity of the system to a complete 
calculation of damage to the structural system 
taking into account various mechanisms of re-
sistance to progressive collapse, which are not 
taken into account in traditional design (for ex-
ample, compressive arch and catenary mecha-
nisms, the effect of high-speed deformation of 
materials, large deformations and displace-
ments, physical and geometric nonlinearity, 
etc.). 
Taking into account that the occurrence of a 
special event H  can be modeled by a Poisson 
process with an annual average occurrence fre-
quency H , the probability of occurrence of this 
event during some estimated period T (service 

life) for small H  is approximately 

HP H . From which it follows that: 
 
 

HP F P F DH . (4) 
 
Thus, the permissible probability of progressive 
collapse of the structural system is determined 
by the formula 
 
 tag

H

p
P F DH . (5) 

 
The value of H  is determined by statistical as-
sessment of threats and can be taken in the 
range of 10-6/year…10-5/year depending on the 
type of threat. Thus, the target average annual 
conditional probability of progressive collapse 
of a damaged structural system can be taken 
equal to 
 

7

2 1

6 5

10
10 10... .
year year10 10... year

year year

P F DH (6) 

 
Limit state function 
In order to determine the probability P F DH , 
one must first postulate a mathematical model 
(limit state function) G(X) in accordance with the 
principles established in reliability theory [21]. 
From the point of view of reliability theory, the 
behavior of a structural system or its element at 
an arbitrary moment in time can be described 
using a set of inherent limit states that designate 
the boundary between safe and unsafe states, the 
transition through which is considered a failure. 
The model describing the limit state is repre-
sented by the so-called state function G( ), 
which includes all the basic variables X neces-
sary for design, describing the effects of exter-
nal loads E(X) and the resistance of the system 
itself R(X): 
 
 G(X)=R(X)-E(X)= R(X1, X2, … , Xn) - (7) 
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E(X1, X2, … , Xn), 
 
where E(X) is a function representing the model 
of the effect of external loads; R(X) is a func-
tion representing the model of the element’s re-
sistance; X is a vector of basic (stochastic) vari-
ables, which are the parameters of the calcula-
tion model E(•) and R(•). 
For specific basic variables X, the function G(X) 
shows the state of the structural element: safe 
(operational) when G(X) 
failure when G(X)<0. Progressive collapse of a 
structural system is a probabilistic event, and 
the probability of its occurrence P F DH  is 
determined as follows: 
 
 0P F DH Prob G X . (8) 
 
Reliability index  
The basic stochastic variable has two character-
istic numerical values: the mathematical expec-
tation (mean value) and the standard deviation. 
Let G  be the mean value of the limit state 
function G( ). G  is the standard deviation, then 

2
G  is the variance of the function G( ). The re-

liability index  is defined as the ratio 
 
 /G G . (9) 
 
If R(X) and E(X) are normally distributed, inde-
pendent and uncorrelated, we have 
 
 
 2 2

.R E

R E

 (10) 

 
Let us consider the case when R(X) and E(X) are 
linear functions of the basic stochastic variables 
Xi: 
 
 

0 0
1 1

; ,
n n

i i k k
i k

R a X a E b X b
 

(11) 

 
where ai and bk are constants. Then G(X)=R(X)-
E(X) is also a linear function of these variables Xi: 

 
0 0

1 1
.

n n

i i k k
i k

G X a X b X a b  (12) 

 
Thus, the mean value G  of the limit state func-
tion has the form 
 
 

0 0
1 1

,
i k

n n

G i X k X
i k

a b a b  (13) 

 
and the variance 2

G  of the function has the 
form 
 
 2 2 2

1 1
.

i k

n n

G i X k X
i k

a b  (14) 

 
Then, determining the reliability index  in this 
case is quite simple, based on formula (9). 
If R(X) and E(X) are nonlinear functions of the 
basic stochastic variables Xi, approximate meth-
ods such as linearization methods (e.g., FORM, 
SORM, FOSM) or the iterative method can be 
used to find the reliability index . 
Theoretical and experimental studies [22] have 
shown that the values of the physical and me-
chanical properties of materials, the geometric 
dimensions of the structure, and external loads 
have the properties of random variables and 
have a normal distribution law. In addition, 
when calculating the structures of buildings and 
structures for non-bearing capacity, the limit 
state function is established using analytical 
formulas. These are favorable conditions for 
applying the first-order reliability method 
(FORM) to determine the probability of pro-
gressive collapse of a building or structure un-
der special beyond-design actions. 
 
First-order reliability method (FORM) 
To determine the reliability index , it is nec-
essary to know the analytical expression G( ) for 
the basic stochastic variables Xi and determine 
the mean value G , the standard deviation G  
of the limit state function G( ) for these varia-
bles. The mean value G  is determined by re-
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placing the values of these variables Xi with 
their average values 

iX  in the expression G(X). 
Determining the standard deviation G  requires 
more complex calculations. 
If G(X) is a linear function of the basic stochas-
tic variables Xi, then G  is calculated using 
formula (14). 

If G(X) is a nonlinear function of the basic sto-
chastic variables Xi, then we perform a Taylor 
expansion of the function G(X) around the mean 
value of the variables. Ignoring the higher-order 
components in this expansion, we can determine 
the approximate value of G(X) as a linear func-
tion of the basic stochastic variables Xi. 
For example, the Taylor expansion of the func-
tion G(X) around the mean value has the form 

 
2

1

1 ...,
2i i i j

x x

n

X i X i X j X
i i i j

G gG G X X X
X X X

 

 

(15) 

 

where 
x

i

G
X

 is the partial derivative of G(X) 

with respect to iX  at 
iX . If only first-order 

terms are retained, G(X) is approximated as a 
linear function of the basis stochastic variables. 
 
 

1
i

x

n

i XX
i i

GG G X
X

. (16) 

 
By replacing (16) the mean value of the varia-
bles iX , we obtain the average value of the limit 
state function G(X). 
 
 

2
, ,...,

i nG X X XG , (17) 
 
and variance: 
 
 2

2

1
var

n

G i
i i

G X
X

. (18) 

 
Knowing the mean value G  and the variance 

2
G , we can determine the reliability index  us-

ing formula (9). Using the table of normalized 
distribution functions , we find P F DH . 
 
 1P F DH  (19) 
 

In the case of using a normal (or lognormal) dis-
tribution, the probability of progressive collapse 
of a damaged structural system is related to the 
reliability index  by means of the Laplace 
function: 
 
 1  (20) 
 
where -1( ) is the inverse function of the stand-
ard normal distribution function. 
The limiting value of P F DH  is in the range 
of 10-2/year … 10-1/year, which means that the 
limiting value of the reliability index will be in 
the range: 
 
 1,28 2,33...

year yeartag . (21) 

 
 
3. RESULTS AND DISCUSSION 
 
To illustrate the proposed calculation method, a 
multi-story building frame made of monolithic 
reinforced concrete is used as a visual example 
(Fig. 1a). A scenario of a special action in the 
form of a sudden removal of the load-bearing 
middle column of the first floor is considered. 
As a result of recent studies by many scientists, 
it has been shown that the area where 
progressive collapse can occur is the part of the 
structure above the damaged column (the local 
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progressive collapse can occur is the part of the 
structure above the damaged column (the local 

failure zone). That is, the failure of the 
structural elements can spread vertically, while 
adjacent horizontal structures are usually not 
strongly exposed to the special actions 
mentioned above. Therefore, the calculation of 

the stability of the entire building against 
progressive collapse can be simplified by 
studying the stress-strain states in time of the 
local failure zone. 

 
a, 

 
b, 

 

 

Figure 1. Monolithic reinforced concrete frame of the building in the scenario of sudden removal of 
the middle column (a) and the calculated scheme of a typical floor (b) 

 
If we assume that the floors above removed 
supporting column are typical, their design 
characteristics are the same and under the same 
operational load, then we can see that their 
deformations, displacements, vibrations and 
failure are practically synchronous with each 
other. 
This is the basis for further simplification of the 
calculated scheme. The study of the stress-strain 
state in time of the local failure zone is replaced 
by consideration of only the stress-strain state of 
one floor in the form of a fixed-ended beam of 
length 2l. Fig. 1b shows the calculated scheme 
of the specified beam. 
Figure 2 shows the diagram of bending mo-
ments 1

st
nM  in the case of slow column failure 

(without taking into account the inertia force), 
and the diagram of bending moments 1

d
nM  in 

the case of rapid column removal in a short time 
tr. In section 1-1, at both ends of the beam, the 
bending moment has the greatest value. There-

fore, it can be concluded that progressive col-
lapse occurs when the moment at the end of the 
beam exceeds its ultimate value. Reliability cal-
culations in these sections will give us the prob-
ability of occurrence or absence of progressive 
collapse. 
 

 
Figure 2. Bending moment diagrams in a beam 
with slow ( 1

st
nM ) and fast ( 1

d
nM ) removal of 

the middle column 
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As proven in [23], the maximum value of the 
bending moment in section 1-1 is achieved at 
time t0=tr/2+T/2. Where T is the period of free 
oscillations of the fixed-ended beam, represent-
ing the work of a typical floor. This value can 
be determined based on the maximum dis-
placement of the beam point above the removed 
column as follows. 
 
 2

max
1 1 max2

24 ,
48
ql EJM u

l
 (22) 

 
where q is the calculated operational load in the 
form of a distributed force, EJ is the flexural 
rigidity of the beam, l is the distance between 
the supporting columns, umax is the maximum 
displacement that the beam system can achieve 
at a point above the removed column during the 
oscillation process. 
If the energy absorption capacity of the sys-
tem is neglected, the maximum displacement 
umax can be determined by the following for-
mula: 
 

max 0 0

sin sin
21 1 ,

2

r n r

n
st st

r n r

n

t t
Tu u ut t

T

 

(23) 

where 
4

0 384st
qlu

EJ
 is the static displacement 

at the midpoint of the beam during slow failure 
of the column ( rt ), Tn n and 

2

1 512
n

EJ
l m

 is the period and natural fre-

quency of oscillations of the damaged structural 
system, 3 /12J bh  is the moment of inertia of 
the rectangular cross-section of the beam. 
Substituting the formulas of the given parame-
ters into (23) and substituting (23) into (22), 
we obtain the final analytical expression for 
the maximum bending moment in section 1-1 
of the structural system depending on the 
basic variables q, l, tr, EJ, m. 
 

2 2 2
max

1 1

2

512sin
21 .

48 16 512
2

r

r

t EJ
ql ql l mM

t EJ
l m

 (24) 

 
Determination of the total variance of the 
maximum displacement of a structural 
system 
To determine the influence of the basic variables 
on the maximum value of the bending moment 

max
1 1M , we determine the partial derivative of the 

function max
1 1M  with respect to each variable. 

  
 

max 4 2
1 1

2

8 22 sin ,
256 24

r

r

M tl m EJ l
q t EJ l m

 

max 3
1 1

2 2

8 2 8 22 sin cos ,
64 12 8

r r

r

M t tl q m EJ lq lq EJ
l t EJ l m l m

 

max 4 2
1 1

2 2 2

8 2 8 22 sin cos ,
256 32

r r

r r

M t tl q m EJ l q EJ
t t EJ l m EJ l m

 

max 4 2
1 1

2 2

8 2 8 22 sin cos ,
512 32

r r

r

M t tl q m EJ l q EJ
EJ t EJ EJ l m EJ l m

 

max 4 2
1 1

2 2

8 2 8 22 sin cos .
512 32

r r

r

M t tl q m EJ l q EJ
m t m EJ l m m l m

 

(25) 
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The standard deviation of the maximum bend-
ing moment depending on each variable sepa-
rately is determined by the formula: 
 
 max max

1 1 1 1

max max
1 1 1 1

max
1 1

, ,

, ,

.

r r

q q l l

t t EJ EJ
r

m m

M M
q l

M M
t EJ

M
m

 (26) 

 
where q , l , rt

, EJ , m is the standard de-
viation of the variables, determined from the 
statistical data of actual measurements or exper-
imental results. 
Using the property of independence of varia-
bles, we determine the total variance of the 
maximum bending moment: 
 

max
1 1

22 2 2 22 .
rq l t EJ mM

 

(27) 
 
Similar to the calculation process described 
above, we can determine the total variance of 
the ultimate bending moment of reinforced con-
crete elements during bending. Depending on 
the location of the longitudinal reinforcement, 
two cases are distinguished: bending reinforced 
concrete elements with single and double rein-
forcement. 
 
Determination of the total variance of the 
ultimate bending moment of reinforced 
concrete elements with single reinforcement 
The stress diagram of a rectangular reinforced 
concrete section with single reinforcement is 
shown in Figure 3. 

 
Figure 3. Internal force diagram and stress diagram of a rectangular section with 

single reinforcement 
 
The calculation of bending concrete elements 
should be made based on the strength condition: 
 
 

0 2ult b
xM M M R bx h . (28) 

 
From the condition of equilibrium of the projec-
tions of internal forces in the section on the 
beam axis, it is possible to determine the com-
pression zone height of concrete: 
 

 s s
b s s

b

R AR bx R A x
R b

. (29) 

 
From (28) and (29) we can rewrite the expres-
sion for the ultimate bending moment: 
 

2 2

0 02 2
s s s s s s

ult b s s
b b b

R A R A R AM R b h R A h
R b R b R b

  

(30) 
Let us determine the partial variance of the 
ultimate bending moment for each basic 
variable: 
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 2 2
'

2

2
'
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;
2

;

b b b

s s s

ult s s
R R R

b b

ult s s
R R s R

s b

M R A
R R b

M R AA h
R R b

 

0 0 0

2
'

0
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0

2 2
'
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;

;

,
2

s s s

ult s s
A A s A

s b

ult
h h s s h

ult s s
b b b

b

M R AR h
R R b

M R A
h

M R A
b R b

 

(31) 

 
 
 

where 
bR , 

sR , 
sA , 

0h , b  is the standard 
deviation of the variables, determined from the 
statistical data of actual measurements or 
experimental results. 
The total variance is equal to the following sum 
 

0

2 2 2 2 22 ' ' ' ' ' .
ult b s sM R R A h b  

(32) 
 
Determination of the total variance of the 
ultimate bending moment of reinforced 
concrete elements with double reinforcement 
The stress diagram of a reinforced concrete rec-
tangular section with double reinforcement is 
shown in Figure 4. 

 
Figure 4. Internal force diagram and stress diagram of a rectangular cross-section with double re-

inforcement 
 
The calculation of bending concrete elements 
should be made based on the strength condition: 
 

' '
0 0 .

2ult b sc s
xM M M R bx h R A h a  

(33) 
 
From the condition of equilibrium of the projec-
tions of internal forces in the section on the 
beam axis, it is possible to determine the com-
pression zone height of concrete: 
 

'
' s s sc s

b sc s s s
b b

R A R AR bx R A R A x
R b R b

 (34) 

 
Substituting the value of x into (33) and per-
forming the transformation, we obtain: 

0

2 2 2 '2 '
' '

0

2

.
2 2

s s s s
ult b

b b

s s s
s s sc s

b b b

R A R AM R b h
R b R b

R A R A R A R AR A h R A a
R b R b R b

(35) 

 
To determine the influence of individual varia-
bles on the overall standard deviation of ultM , 
we determine the partial derivative of ultM  with 
respect to each basis variable. From (35) we 
have 
 
 2 '

0

2 '

0

;

;

ult s s s sc s
s

s b b

ult s s s sc s
s

s b b

M R A A R AA h
R R b R b

M R A R R AR h
A R b R b

 (36) 
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Based on the measurement data and experi-
mental studies, the standard deviation of the pa-
rameters ,sR  ,sA  ,scR  ,sA  ,bR  ,b  0 ,h  a  can be 
determined as ,
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sA  ,
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The total variance of the ultimate bending mo-
ment of a reinforced concrete section is deter-
mined by the formula: 
 

0

2 2 22

2 2 2 2 2 .

ult s s sc

s b

M R A R

A R h b a

(38)  

After determining the total variance of ultM  and 
max

1 1M , we can determine the reliability index 
using the following formula: 
 
 max

1 1

max
1 1

2 2

ult

ult

M M

M M  
(39) 

 
By comparing the value of the calculated relia-
bility index with its limit value according to 
formula (21), we can draw conclusions about 
the reliability of monolithic reinforced concrete 
structures in the scenario of sudden removal of 
load-bearing structural elements. 
 
 
5. CONCLUSIONS 
 
In this article, a quantitative assessment of the 
stability of monolithic reinforced concrete frame 
structures against progressive collapse is pre-
sented using a probabilistic approach. The dis-
tinctive feature of the proposed approach is that 
the probabilistic models take into account the 
basic variable loads and resistances of factors 
caused by the phenomenon of progressive col-
lapse. Using the first-order reliability method 
(FORM), the conditional probabilities of pro-
gressive collapse and reliability index of the 
monolithic structural system are obtained under 
the scenario of removing one of the load-
bearing structural elements. 
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