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Abstract: For some elastic systems with a finite number of degrees of freedom of masses, in which the direc-
tions of mass movement are parallel, methods have been developed for creating additional constraints, the intro-
duction of each of which purposefully increases the value of only one natural frequency to a given value, while 
not changing any of the other natural frequencies and not one of the natural modes (forms of natural oscilla-
tions). If it is necessary to increase the values of several natural frequencies in a targeted manner, then this re-
quirement can be implemented by creating an appropriate number of separate targeted constraints. The computa-
tional scheme of each of the individual targeted constraints should include racks installed at the nodes of mass 
application and directed along the trajectory of their movement. In some cases, individual targeted constraints 
can be independently installed on the original (initial) system. In most cases, on the basis of individual targeted 
constraints, a computational scheme of a united group targeted constraint is developed, which increases all the 
intended frequencies to the set values, without changing any of the other natural frequencies and not one of the 
natural modes. The distinctive paper is devoted verification of the proposed algorithm for the development of 
group targeted constraint on SCAD and “Lira Software” products. 
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Let us demonstrate the implementation of the 
algorithm using examples from [4, 5, 18-20]. 
Figure 1a shows the original (initial) system.  
 

 
Figure 1. Considering problem 

 
The plate is hinged along the contour. The plate 
thickness is equal to 0.12 m. The modulus of 
elasticity of the plate material is equal to E = 
24000000000 N/m2 Poisson's ratio is equal to 

0 0.2 .  
Let the mass of the plate be extremely small 
(0.00000001 kg/m3).  
The masses 
 

[1] 1000 ,   [2] 1100 ,   
                    [3] 1150 ,    [4] 1200
m kg m kg

m kg m kg
 
are located at the nodes of the plate. Figure 1b
shows the basic system of the displacement 
method [1-3, 6, 7, 16, 17]. 

The coefficients of the equations of the dis-
placement method and the values of the nodal 
masses form the matrices [ , ]A r i k  and 

[ ]M m i . 
The values of the coefficients of the displace-
ment method equations are given in Table 1. 
The roots of the equation 
 

2 0A M                        (2) 
 
determine the frequency spectrum of the natural 
oscillations of the system. The natural frequen-
cies and natural modes (forms of the natural os-
cillations) of the plate are presented in Table 2. 
It is required to increase the third natural fre-
quency to 220 sec-1 and the fourth to 230 sec-1 
by introducing targeted constraints. 
Thus, for further implementation of the first ac-
tion of the algorithm for the example under con-
sideration, it is necessary to create two separate 
targeted constraints, one of which will increase 
the third natural frequency to 220 sec-1, and the 
other the fourth to 230 sec-1. 
In [4, 5, 18-20] it is shown that the development 
of targeted generalized constraint is based on 
the formation of a matrix of additional stiffness 
coefficients  
 

0 0 , 1[ , ] n

i k
A a i k                       (2) 

 
and the procedure for their determination is given. 
The values of the coefficients of the additional 
stiffness matrix, increasing the third natural fre-
quency to 220 sec-1, are presented in Table 3.
The roots of equation (3) determine the spec-
trum of frequencies and modes of natural oscil-
lations of the system, reinforced by a targeted 
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constraint, increasing the third natural frequency 
to 220 sec-1 

 

2
0( ) 0A A M .                 (3) 

 
 

Table 1. The values of the coefficients of the displacement method equations. 
,  i k  1 2 3 4 
1 22758257.28 -9604812.96 585308.28 -9604812.96 
2 -9604812.96 22758257.28 -9604812.96 585308.28 
3 585308.28 -9604812.96 22758257.28 -9604812.96 
4 -9604812.96 585308.28 -9604812.96 22758257.28 

 
Table 2. The natural frequencies and natural modes of the plate. 

 60,932 138,865 143,624 196,414 
1 0.4905 0.0001 0.7047 -0.5934 
2 0.4966 -0.7075 0.0945 0.5167 
3 0.5058 -0.0711 -0.7029 -0.4387 
4 0.5069 0.7032 0.0190 0.4341 

 
Table 3. The values of the coefficients of the additional stiffness matrix,  

increasing the third natural frequency to 220 sec-1. 
,  i k  1 2 3 4 
1 12829437.77 1892709.01 -14715733.27 414235.72 
2 1892709.01 279228.71 -2170991.55 61111.62 
3 -14715733.27 -2170991.55 16879368.34 -475140.26 
4 414235.72 61111.62 -475140.26 13374.81 

 
Table 4. The natural frequencies and natural modes of the plate. 

 60,932 138,865 196,414 220 
1 0.4905 0.0001 -0.5934 -0.5934 
2 0.4966 -0.7075 0.5167 0.5167 
3 0.5058 -0.0711 -0.4387 -0.4387 
4 0.5069 0.7032 0.4341 0.4341 

 
The frequencies and coordinates of the natural 
modes are presented in Table 4. 
Within development of computational scheme of 
this targeted constraint, the length of the first rack 
was taken to be equal to [1] 0.4stl  m, and the 
cross-sectional area of the rack rods is equal to 

0.004stF  m2, corresponding diameter is equal 
to 071364960.stD  m. The cross-sectional areas 
of the belt rods were taken to be the same, and 
their value was determined in the process of de-
velopment of constraint [4, 5, 18-20]. 

Parameters of cross-sectional area of the belt 
rods are equal to 006840.pF  m2, 

30.093pD  m. 
We have the following lengths of racks of the 
constraint: 
 

[1] 0.4 ,   [2] 0.09782 ,   
           [3] 0.26064 ,    [4] 0.05770 .
st st

st st

l m l m
l m l m

 

 
The modulus of elasticity of the material of the 
rods of constraint is equal to 
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2206000000000 /spE N m . 
 
The lengths of the racks turned out to be of dif-
ferent signs. Therefore, the rods of the belts 
connecting the tops of racks 2 – 3 and 3 - 4 must 
pass “through” the plate. Structurally, such a 
scheme requires an ideally free “passage” of 
part of the rods of the targeted constraint 
“through” the original system, which is almost 
impossible to implement.  
The general appearance of this targeted con-
straint is shown in Figure 2. 
 

 
Figure 2. The general appearance  

of targeted constraint 
 
In these cases, the targeted constraint should be 
shifted in the direction of mass movement in a 
positive or negative direction by an amount at 
which the values of all the lengths of the main 
racks will be of the same sign. 
When choosing the shift values, it is necessary 
to take into account the operating conditions and 
design requirements within development of a 
group targeted constraint. 
In this example, the value of the shift of con-
straint is equal to 0.3 m. Accordingly, the length 
of the first rack will now be equal to 0.7 m, and 
the cross-sectional areas of the racks are equal 
to 0.004stF  m2. 
After the shift, the lengths of the racks changed: 
 

[1] 0.7 ,   [2] 0.39782 ,   
           [3] 0.03945 ,    [4] 0.35770 .
st st

st st

l m l m
l m l m

 

 
The general appearance of this modified target-
ed constraint is shown in Figure 3. 
A separate targeted constraint, increasing the 
fourth natural frequency to 230 sec-1, is devel-

oped similarly to the previous constraint. The 
values of the coefficients of the additional stiff-
ness matrix are presented in Table 5. 
The length of the first rack is set at 0.4 m, and 
the cross-sectional areas of the racks are taken 
as 0.004stF  m2, that is, the same as when cre-
ating the previous targeted constraint.  
 

 
Figure 3. The general appearance  

of modified targeted constraint 
 

The cross-sectional areas of the belt rods are tak-
en to be the same, and their value was determined 
in the process of development of the constraint [4, 
5, 18-20]. The frequencies and coordinates of the 
natural modes are presented in Table 6. 
Parameters of the sections of the belt rods are 
equal to 0.000697pF  m2, 029880.pD  m. 
The lengths of the racks of this constraint are 
equal to 
 

[1] 0.4 ,   [2] 0.43643 ,   
           [3] 0.22436 ,    [4] 0.38251 .
st st

st st

l m l m
l m l m

 

 
The lengths of the racks here also turned out to 
be of different signs. The general appearance of 
this targeted constraint is shown in Figure 4. 
 

 
Figure 4. The general appearance  

of targeted constraint. 

Development of Computational Schemes of Group Target Con-straints for Some Elastic Systems
Part 2: Samples of Analysis



190 International Journal for Computational Civil and Structural Engineering

Therefore, the targeted constraint should be 
shifted in the direction of the mass movement in 
a positive or negative direction by an amount at 

which the values of all the lengths of the main 
racks will be of the same sign.  

 
Table 5. The values of the coefficients of the additional stiffness matrix,  

increasing the fourth natural frequency to 230 sec-1. 
,  i k  1 2 3 4 
1 4613401.93 -4418412.37 3922001.78 -4049185.23 
2 -4418412.37 4231664.23 -3756234.88 3878042.80 
3 3922001.78 -3756234.88 3334220.22 -3442342.97 
4 -4049185.23 3878042.80 -3442342.97 3553971.95 

 
Table 6. The natural frequencies and natural modes of the plate. 

 60,932 138,865 143,624    230 
1 0.4905 0.0001 0.7047 -0.5934 
2 0.4966 -0.7075 0.0945 0.5167 
3 0.5058 -0.0711 -0.7029 -0.4387 
4 0.5069 0.7032 0.0190 0.4341 

 
Table 7. The values of the coefficients of the group matrix of additional stiffness. 

,  i k  1 2 3 4 
1 4613401.93 -4418412.37 3922001.78 -4049185.23 
2 -4418412.37 4231664.23 -3756234.88 3878042.80 
3 3922001.78 -3756234.88 3334220.22 -3442342.97 
4 -4049185.23 3878042.80 -3442342.97 3553971.95 

 
The general appearance of this modified target-
ed constraint is shown in Figure 5. 
 

 
Figure 5. The general appearance  

of modified targeted constraint. 
 
Let us assume that in accordance with the de-
sign requirements the belt rods do not intersect 
in the computational scheme of the group tar-
geted constraint. Therefore, in the considering 

case, the value of the constraint shift is adopted 
at 0.85 m. Thus, we have 
 

[1] 1.25 ,   [2] 0.4136 ,   
           [3] 1.0744 ,    [4] 0.4674 .
st st

st st

l m l m
l m l m

 

 
The general appearance of this targeted con-
straint is shown in Figure 5. 
After forming all the individual targeted con-
straints, which are required for solution of the 
problem, it is possible to form a group matrix of 
additional stiffness coefficients. In order to do 
this, it is sufficient to sum up the coefficients of 
the additional stiffness matrices of individual 
targeted constraints. 
In the considering sample the corresponding co-
efficients of Tables 3 and 5 are summed up. The 
coefficients of the group matrix of additional 
stiffness are given in Table 7. 
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If we denote the group matrix of additional 
stiffness, then the roots of the equation 
 

2
0( ) 0A A M                 (4) 

 

determine the spectrum of frequencies and 
forms of natural oscillations of the system, en-
hanced by group targeted constraint, increasing 
the third frequency of natural oscillations to 220 
sec-1, and the fourth to 230 sec-1. The natural 
frequencies and coordinates of the natural 
modes are presented in Table 8. 

 
Table 8. The natural frequencies and natural modes of the plate 

 60,932 138,865 220 230 
1 0.4905 0.0001 0.7047 -0.5934 
2 0.4966 -0.7075 0.0945 0.5167 
3 0.5058 -0.0711 -0.7029 -0.4387 
4 0.5069 0.7032 0.0190 0.4341 

 

 
 

Figure 6. The general appearance of the group 
targeted constraint 

 
By implementing the second, the third and the 
fourth steps of the above algorithm, we form a 
group targeted constraint. The general appear-
ance of this constraint is shown in Figure 6. 
The plan view of this constraint and the num-
bering of the nodes are shown in Figure 7. 
The z  coordinates of the nodes of the group 
targeted constraint are given in Table 9. 
When implementing the second step of the algo-
rithm of development of a group targeted con-
straint, individual targeted constraints are placed 
in the nodes of the plate. In this case, on the 
lower sections of the constraint, the racks are 

combined and, of these, on each of these sec-
tions, only one is left. 
Within development of individual targeted con-
straints the stiffnesses of the sections of the rods 
of the racks were set so that they would coincide 
with each other in each node. 
 

 
Figure 7. The plan view of the targeted  

constraint and the numbering of the nodes 

 
Table 10. The natural frequencies and natural modes of the plate 

 60,341 137,618 142,334 194,681 
1 0.4903 0.0012 0.7213 -0.5747 
2 0.4968 -0.7042 0.0805 0.5212 
3 0.5056 0.0721 -0.6879 -0.4586 
4 0.5071 0.7063 0.0072 0.4333 
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Therefore, the targeted constraint should be 
shifted in the direction of the mass movement in 
a positive or negative direction by an amount at 

which the values of all the lengths of the main 
racks will be of the same sign.  

 
Table 5. The values of the coefficients of the additional stiffness matrix,  

increasing the fourth natural frequency to 230 sec-1. 
,  i k  1 2 3 4 
1 4613401.93 -4418412.37 3922001.78 -4049185.23 
2 -4418412.37 4231664.23 -3756234.88 3878042.80 
3 3922001.78 -3756234.88 3334220.22 -3442342.97 
4 -4049185.23 3878042.80 -3442342.97 3553971.95 

 
Table 6. The natural frequencies and natural modes of the plate. 

 60,932 138,865 196,414 230 
1 0.4905 0.0001 0.7047 -0.5934 
2 0.4966 -0.7075 0.0945 0.5167 
3 0.5058 -0.0711 -0.7029 -0.4387 
4 0.5069 0.7032 0.0190 0.4341 

 
Table 5. The values of the coefficients of the group matrix of additional stiffness. 

,  i k  1 2 3 4 
1 4613401.93 -4418412.37 3922001.78 -4049185.23 
2 -4418412.37 4231664.23 -3756234.88 3878042.80 
3 3922001.78 -3756234.88 3334220.22 -3442342.97 
4 -4049185.23 3878042.80 -3442342.97 3553971.95 

 
The general appearance of this modified target-
ed constraint is shown in Figure 5. 
 

 
Figure 5. The general appearance  

of modified targeted constraint. 
 
Let us assume that in accordance with the de-
sign requirements the belt rods do not intersect 
in the computational scheme of the group tar-
geted constraint. Therefore, in the considering 

case, the value of the constraint shift is adopted 
at 0.85 m. Thus, we have 
 

[1] 1.25 ,   [2] 0.4136 ,   
           [3] 1.0744 ,    [4] 0.4674 .
st st

st st

l m l m
l m l m

 

 
The general appearance of this targeted con-
straint is shown in Figure 5. 
After forming all the individual targeted con-
straints, which are required for solution of the 
problem, it is possible to form a group matrix of 
additional stiffness coefficients. In order to do 
this, it is sufficient to sum up the coefficients of 
the additional stiffness matrices of individual 
targeted constraints. 
In the considering sample the corresponding co-
efficients of Tables 3 and 5 are summed up. The 
coefficients of the group matrix of additional 
stiffness are given in Table 7. 

If we denote the group matrix of additional 
stiffness, then the roots of the equation 
 

2
0( ) 0A A M                 (4) 

 

determine the spectrum of frequencies and 
forms of natural oscillations of the system, en-
hanced by group targeted constraint, increasing 
the third frequency of natural oscillations to 220 
sec-1, and the fourth to 230 sec-1. The natural 
frequencies and coordinates of the natural 
modes are presented in Table 8. 

 
Table 8. The natural frequencies and natural modes of the plate 

 60,932 138,865 220 230 
1 0.4905 0.0001 0.7047 -0.5934 
2 0.4966 -0.7075 0.0945 0.5167 
3 0.5058 -0.0711 -0.7029 -0.4387 
4 0.5069 0.7032 0.0190 0.4341 

 

 
 

Figure 6. The general appearance of the group 
targeted constraint 

 
By implementing the second, the third and the 
fourth steps of the above algorithm, we form a 
group targeted constraint. The general appear-
ance of this constraint is shown in Figure 6. 
The plan view of this constraint and the num-
bering of the nodes are shown in Figure 7. 
The z  coordinates of the nodes of the group 
targeted constraint are given in Table 9. 
When implementing the second step of the algo-
rithm of development of a group targeted con-
straint, individual targeted constraints are placed 
in the nodes of the plate. In this case, on the 
lower sections of the constraint, the racks are 

combined and, of these, on each of these sec-
tions, only one is left. 
Within development of individual targeted con-
straints the stiffnesses of the sections of the rods 
of the racks were set so that they would coincide 
with each other in each node. 
 

 
Figure 7. The plan view of the targeted  

constraint and the numbering of the nodes 

 
Table 10. The natural frequencies and natural modes of the plate 

 60,341 137,618 142,334 194,681 
1 0.4903 0.0012 0.7213 -0.5747 
2 0.4968 -0.7042 0.0805 0.5212 
3 0.5056 0.0721 -0.6879 -0.4586 
4 0.5071 0.7063 0.0072 0.4333 
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Table 11. The natural frequencies and natural modes of the plate 
 60,341 137,618 219,151 227,946 

1 0.4903 0.0012 0.7213 -0.5747 

2 0.4968 -0.7042 0.0805 0.5212 

3 0.5056 0.0721 -0.6879 -0.4586 

4 0.5071 0.7063 0.0072 0.4333 

 
Table 9. The z  coordinates of the nodes  

of the group targeted constraint 
Number  

of node 

Coordinates z  

top bottom 

1 1.25 0.7 

2 0.4136 0.3978 
3 1.0744 0.03945 
4 0.4764 0.3577 
5 0.85 0.3 
6 0.85 0.3 
7 0.85 0.3 
8 0.85 0.3 
9 0.85 0.3 

 

 
Figure 8. The general appearance of the group 

targeted constraint 
 
It is this circumstance that ensures the adequacy 
of the parameters of the main racks of individu-
al targeted constraints to their parameters in the 
group constraint. 
Let us test this group targeted constraint with 
the use of “SCAD” and “Lira” software prod-
ucts [8-15]. First, we will determine the natural 
frequencies and coordinates of the natural 
modes of the original plate. The test results pre-
sented in Table 10 are quite close (differences 
of about one percent) to the results given in Ta-
ble 2, which confirms the reliability of the initial 

data. The natural frequencies and coordinates of 
the natural modes presented in Table 8 were ob-
tained as the roots of equation (4) based on the 
use of a group matrix of additional stiffness co-
efficients 0A  before development the computa-
tional scheme of the group targeted constraint. 
The natural frequencies and coordinates of the 
natural modes of computational scheme of the 
group targeted constraint obtained by the test 
are presented in Table 11. These results were 
obtained by testing the computational scheme of 
the group targeted constraint. Comparison of the 
results given in Tables 10 and 11 shows that on-
ly those frequencies have changed that the 
group constraint was targeted at, while the co-
ordinates of the natural modes and other natural 
frequencies have remained the same. These test 
results confirm the “targeting” of the group con-
straint with sufficient accuracy. 
The closeness of the results given in Tables 8 
and 11 confirms the reliability of the proposed 
approach. 
Let us consider the case when the operating 
conditions require that the lengths of the indi-
vidual targeted constraints be greater than 0.08 
m. The individual targeted constraint racks that 
increase the fourth natural frequency meet this 
condition. Among the individual targeted con-
straint racks that increase the third natural fre-
quency we have 
 

[3] 0.03945 0.08stl m m . 
 
It doesn’t meet the stated condition. Therefore, 
the shift of this initially created targeted con-
straint link must be increased, for example, from 
0.3 m to 0.36 m. Thus, we have the following 
modified parameters: 
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Table 11. The natural frequencies and natural modes of the plate 
 60,341 137,618 219,151 227,946 

1 0.4903 0.0012 0.7213 -0.5747 

2 0.4968 -0.7042 0.0805 0.5212 

3 0.5056 0.0721 -0.6879 -0.4586 

4 0.5071 0.7063 0.0072 0.4333 
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top bottom 

1 1.25 0.7 

2 0.4136 0.3978 
3 1.0744 0.03944 
4 0.4764 0.3577 
5 0.85 0.3 
6 0.85 0.3 
7 0.85 0.3 
8 0.85 0.3 
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targeted constraint 
 
It is this circumstance that ensures the adequacy 
of the parameters of the main racks of individu-
al targeted constraints to their parameters in the 
group constraint. 
Let us test this group targeted constraint with 
the use of “SCAD” and “Lira” software prod-
ucts [8-15]. First, we will determine the natural 
frequencies and coordinates of the natural 
modes of the original plate. The test results pre-
sented in Table 10 are quite close (differences 
of about one percent) to the results given in Ta-
ble 2, which confirms the reliability of the initial 

data. The natural frequencies and coordinates of 
the natural modes presented in Table 8 were ob-
tained as the roots of equation (4) based on the 
use of a group matrix of additional stiffness co-
efficients 0A  before development the computa-
tional scheme of the group targeted constraint. 
The natural frequencies and coordinates of the 
natural modes of computational scheme of the 
group targeted constraint obtained by the test 
are presented in Table 11. These results were 
obtained by testing the computational scheme of 
the group targeted constraint. Comparison of the 
results given in Tables 10 and 11 shows that on-
ly those frequencies have changed that the 
group constraint was targeted at, while the co-
ordinates of the natural modes and other natural 
frequencies have remained the same. These test 
results confirm the “targeting” of the group con-
straint with sufficient accuracy. 
The closeness of the results given in Tables 8 
and 11 confirms the reliability of the proposed 
approach. 
Let us consider the case when the operating 
conditions require that the lengths of the indi-
vidual targeted constraints be greater than 0.08 
m. The individual targeted constraint racks that 
increase the fourth natural frequency meet this 
condition. Among the individual targeted con-
straint racks that increase the third natural fre-
quency we have 
 

[3] 0.03945 0.08stl m m . 
 
It doesn’t meet the stated condition. Therefore, 
the shift of this initially created targeted con-
straint link must be increased, for example, from 
0.3 m to 0.36 m. Thus, we have the following 
modified parameters: 
 

[1] 0.76 ,   [2] 0.4578 ,   
           [3] 0.0994 ,    [4] 0.4177 .
st st

st st

l m l m
l m l m

 

 
The development of the group targeted con-
straint in this case is implemented in the same 
way as in the previous one, but taking into ac-
count the changes in the parameters of an indi-
vidual targeted constraint, increasing the third 
natural frequency. The z  coordinates of the 
nodes of the group targeted constraint are given 
in Table 12. The general view of this group tar-
geted constraint is shown in Figure 8. 
In this group constraint, some of the rods of the 
belts intersect (in spans “1 – 2”, “2 – 6”, “2 – 
3”). The nodes in which the rods intersect are 
structurally feasible, but their specificity is not 
discussed in this paper. 
A test check of the computational scheme of 
this group constraint confirmed its targeting. 
So, this paper considers a verification of method 
of forming a matrix of additional stiffness, 
which corresponds to a group targeted con-
straint. Requirements are formulated for those 
individual targeted constraints, on the basis of 
which the group targeted constraint is formed. 
 

Table 12. The z  coordinates of the nodes  
of the group targeted constraint 

Number  
of node 

Coordinates z  
black red 

1 1.25 0.76 
2 0.4136 0.4578 
3 1.0744 0.0994 
4 0.4764 0.4177 
5 0.85 0.36 
6 0.85 0.36 
7 0.85 0.36 
8 0.85 0.36 
9 0.85 0.36 

 
An algorithm for development of group targeted 
constraint is proposed with allowance for for-
mulated requirements. The proposed algorithm 
was tested with the use of “SCAD” and “Lira” 
software products [8-15]. 
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