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MODEL OF CAKE FILTRATION IN POROUS MEDIUM
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Abstract: Strengthening of loose soil and creation of water-resistant underground walls are associated with
filtration of small particles in a porous medium. Liquid solution pumped into a well under pressure spreads
through hollow channels and strengthens the soil upon hardening. Many porous filters retain particles near the
entrance. The particles deposited on the filter surface form a crust, which does not allow suspended particles to
penetrate deep into the porous medium. A model of cake filtration - the formation of a surface crust during
filtration of a monodisperse suspension in a homogeneous porous medium is considered. This model is a
modification of the standard mathematical description of deep bed filtration with linear accessible fractional flow
decreasing to zero. An exact solution is obtained using the method of characteristics. Asymptotics is constructed
for a long time. It is shown that the dynamics and profiles of suspended and deposited particles concentrations
exponentially decrease.
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MO/EJIb HOBEPXHOCTHOﬁ OUJIBTPALINU
B ITIOPUCTOMU CPEJE

JLH. Kysbmuna ', 10.B. Ocunog ’

! HaoHamnbHbIH HCCNe0BaTeNbCKhil YHUBEPCUTET «BhICIas MIKojIa SKOHOMUKNY», T. Mocksa, POCCUS
2 HanmoHasbHBIH HCCIeq0BaTeNbeknii MOCKOBCKHIT TOCYIaPCTBEHHBII CTPOMTENBHEIN YHUBEpCUTET, T. Mocksa, POCCU S

AHHOTANMA: YKpEIJeHHEe PBIXJIOro IPyHTa M CO3JaHHE BOJOHETPOHUIIAEMBIX MOJ3EMHBIX CTE€H CBS3aHBI C
(unpTpanmei MeJIKUX YacTHI[ B TIOPUCTOH cpeje. JKunkuii pacTBop, 3aKaueHHbIH B CKBAKUHY I0J] AaBJICHUEM,
pacrpocTpaHsieTcsl 10 MOJbIM KaHalaM ¥ IIPH 3aCThIBAHWM YKpeIUIsieT TpyHT. MHorue mopucteie (QMIbTphI
3aJIep)KMBAIOT YacTHUIBI BOJM3M BXOJa MOPUCTOM cpenbl. OcCa)ICHHbIE YacTHIBI HA MOBEPXHOCTH (uibTpa
00pasyroT KOpKy, KOTOpas HE IpOIyCKaeT 4YacTHIbl BIJIyOb MopHcTOH cperpl. PaccmarpuBaercst MoJEIb
00pazoBaHus MOBEPXHOCTHON KOPKH NMPH (MIBTPALMK MOHOIMCIICPCHONW CYCIICH3MN B OJHOPOJHOM MOPHCTOM
cpene. Mopens sBisiercst MoAU(UKaNNeH CTaHAAPTHOTO MaTeMaTHYECKOTO ONMMCAHMS TIyOMHHOW (pUIIbTpaIyy,
BKJIIOUAronel yOBIBAIOIIYI0 10 Hyss (DYHKIHMIO JONMYyCTHMOTO IMOTOKAa. METOJOM XapaKTEepPHUCTHK HaKJIeHO
ToyHoe pemenue. [locTpoeHa acuMmnToTHKa mpu OonbIIOM BpeMeHH. [loka3aHo, 4TO IuUHaMHKa W Hpoduin
KOHLICHTPALMH B3BEIICHHBIX U OCAXIEHHBIX YaCTHIl 3KCIIOHCHIINAIBHO yOBIBAIOT.

KarwueBble ci10Ba: MOBEPXHOCTHAS (HUIIBTpALIHs, TyOUHHAsT QUIBTPAIHS, TOPUCTAs Cpeia, TOUHOE PEIICHHE,
ACUMIITOTHKA

1. INTRODUCTION

Filtration of liquids with particles is used in
construction technologies to strengthen soil
during the construction of structures and
reconstruction of roads. The injected grout
penetrates far into the soil through hollow pores
and closes them, strengthening the underground
layer and preventing the penetration of
groundwater [1-5].
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Effective filters used in water wells and in the
treatment of industrial and domestic wastewater
collect particles on the surface of the filter and
purify the water of impurities. The formation of
a sediment on the surface of a porous medium,
which does not allow particles to pass deeper, is
called cake filtration. As a rule, the crust is
formed by large particles that cannot penetrate
into narrow pores [6-8]. The surface layer of
deposited particles is also a porous medium that
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can allow small particles to pass through. If
small particles spread along the entire length of
the porous medium, then cake filtration and
deep bed filtration occur simultaneously [9, 10].
Standard deep bed filtration models assume that
a porous medium has large pores through which
a carrier fluid easily transfers particles from inlet
to outlet [11-13]. During layer-by-layer
deposition, small particles can block large pores
on the surface and limit the transfer of suspended
particles deep into the porous medium [14]. In
[15] a model of surface deposition is considered,
which relates the growth of retained
concentration at the inlet with the decreasing
velocity of suspended particles. To describe the
cake filtration, this article proposes the deep bed
filtration model with vanishing accessible
fractional flow [16, 17]. The model includes the
mass exchange equation of suspended and
deposited particles and the kinetic equation of
deposit growth with the Langmuir (filtration
function [18]. The accessible fractional flow is
proportional to the linear filtration function and
vanishes to zero when the deposit limit is
reached. For the new model, an exact solution
and asymptotics for large times are obtained.

As a rule, filtration equations do not allow an
exact solution and are solved numerically [19-
21]. The presence of an exact solution for the
cake filtration model under consideration allows
us to check the accuracy of numerical methods
and adjust the program code.

2. CAKE FILTRATION MODEL

Consider the cake filtration model in an infinite
homogeneous porous medium. In the domain
Q={x>0, >0}, the model in a dimensionless

form is specified by a system of first-order
partial differential equations with unknown
volumetric concentrations of suspended and
deposited particles C(x,7), S(x,?):

a—C+i 1—i C |+
ot 0Ox S,
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with the conditions

x=0:C=1, t=0:C=0,5=0. (3)
Here A >0 is the filtration coefficient and

S, >0 is the maximum limiting deposit.

According to the condition (3), at the inlet of the
porous medium x = 0, equation (2) takes the

form
9y _ a3,
ot S

m

(4)

Solution to the equation (4) with the condition
(3)is

S, (=S8, (1-¢ ). (5)

Let's reduce problem (1)-(3) to one equation with
unknown S. Substitute the equation (2) into (1)

oc,1035 35
ot

—+
ot Adx ot

and change the order of differentiation in the
mixed derivative

oc 10ad§

1 0oS oS
—+ +—=0.
ot Aodtox ot

Integration over time gives

10§

C+I§+S=K()€). (6)

The integration constant is obtained from the
conditions (3): K(x)=0.
Express C from the equation (2):
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and substitute in (6)

os/a 188 o,

—+_
A1-8/S ) Aox

Transform the equation:

8_S+ 1—i a—S+kS 1—i =0. (8
ot Ox S

m m

The solution § is zero at 7 < x and is positive at
t>x. The boundary #=x 1is the front of
deposit concentration.

To solve equation (8) in the domain
Q" ={x>0,7>x}, we will use the method of
characteristics [22, 23] and make a change of
variables: (x,7) = (z,t,). Here 1 is a variable

along the characteristic, and #, is the initial

value on the time axis. The characteristics are
given by the equations

i=1, le—Si, 1(0)=1,, x(0)=0,

m

where () is the derivative with respect to t. In
the characteristic variables, equation (8) takes
the form

S+xs[1—SiJ =0, S(0)=S,(t,). (9)

m

The solution to problem (9) is obtained by the
method of separation of variables:

Aty/S,, _1

S=8,—<

e +e

(10)

Mo/, 1

Using solution (10), the characteristics are
obtained:
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A Aty /S,
et et —1

s, o)

1
t=7+t, x=—In
e

Express t from the first equation (11) and
substitute it into the second one:

= lln (ez(xfro(m/sm)) o MlS . 1)‘
A

Transform the equation to the form
F(z)=e"z" —z41-€" =0, z=¢"5.

In the domain Q" on the interval (0;1) the
function F(z) is differentiable and F"(z) >0,

at the ends of the interval F(0)<0, F(1)>0.
Consequently,
z'(x,t), 0<z" <1 of
equation F(z)=0.

there is a
the

single  root
transcendental

Now the characteristic variables 7,7, can be

expressed in terms of Cartesian x, #:
t,(x,t) = —ﬁln z'(x,1),
A
-
T(x,t)=1t+ Tmlnz (x,2).

In variables x, #, solution (10) takes the form

1-zF

§=S 12
m (Z+)1+Sm ekt Z+ +1 ( )

Transform formula (12) using (11)
S(x,t)=S e (1-z"). (13)

The solution C(x,7)
formulae (7) and (13):

is determined by the

B S,z
A+S )" =D)+S, 2"

C(x,1) (14)
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For large time 7, the asymptotic expansion of the
solution [24] is given by the formulae

S(x,t)=S e -
'(1 _ (eM _ 1)1/(1+sm)efm/(1+sm) ) + 0(6727»t/(1+Sm))

' =S,/
Sm(eM -1) Snl(145) MI(14S,)
1+s,)

+0 (e—zm/(nsm))'

(15)

C(x,t)=

(16)

Example 1. Let S, =1. Then (11) is a quadratic
equation with the positive root

1+ Jl+4e (e - 1)
2elt ‘

z"(x,1)

Characteristic variables are expressed using the
formulae

1 2e
ty=—In ,
A 1 Jl+4e" (e - 1)
1 2¢"
T=t——1

n .
A T4 y1+4e" (e - 1)

Solution (13) and (14) takes the form

e Al+4 (@ 1) +1
- 2oM M

~ 1
Jl+4e (e —1)

§S=S§,|e

. (17)

C

(18)

On the concentration front 7 = x the solution is
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When x = const, t — «© the solutions tend to the

limits C — 0, S — e **. The asymptotics of the
solution at # — oo has the form

C=—r—+0|e 2 |,
2\e™ —1 ( J
At

3t
= s - -2 -
S=e"—e 2e™ —e Y+O(e 2).

3. NUMERICAL RESULTS

Two-dimensional graphs of the solution to the
cake filtration problem in a porous medium
make it possible to determine the dynamics (at a
constant coordinate x) and the profiles (at a
constant time ¢) [25, 26]. The model is

calculated at A=1, S =1. Fig. 1 shows the

dependence of concentrations on time at various
points of the porous medium.

According to Fig. 1. when f¢<x at the
considered point x of the porous medium there
are no particles and the solution is zero. At the
moment 7= x the concentration front arrives at
point x and the concentration of suspended
particles C changes abruptly. At 7> x at point x
the suspended and retained particles are present
and the solution is positive. When moving away
from the inlet of the porous medium, i.e. as x
increases, the concentrations of suspended and
deposited particles decrease exponentially.

At a fixed time ¢ non-zero concentrations of
suspended and retained particles are located
behind the concentration front at x < ¢ (Fig. 2).
Graphs of the limit retention profiles at # — o
for various A are shown in Fig. 3.

In the cake filtration model, retention profiles
decrease exponentially and decrease with
increasing A.
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Figure 1. Dynamics of suspended and retained particles concentrations. a) x=0 b) x=0.1 ¢)
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Figure 2. Profiles of suspended and retained particles. a) t=0.1 b) t=1c¢c) t=2 d) t=5.
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Figure 3. Limit retention profiles at different filtration coefficients.
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Thus, both different types of filtration processes
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4. CONCLUSIONS

The study of the cake filtration model allows us

to draw the following conclusions.

—Cake filtration model is constructed as a
modified deep bed filtration model.

—Particles are deposited on the surface and near
the inlet of the porous medium.

—The concentration of suspended particles
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—An exact solution in explicit form is obtained.
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constructed.
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