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Abstract: The focus of the research is on eccentrically loaded reinforced concrete elements made of high-
strength concrete with mineral additives such as fly ash and silica fume. The behavior of eccentrically loaded 
reinforced concrete elements was studied on a reinforced concrete column. At the age of 90 days the reinforced 
concrete column was subjected to a compressive force of 66 kN with an eccentricity of 12.5 cm. The loading 
duration was 245 days. During the tests, the average strains caused by eccentric loading, shrinkage, and creep 
concrete on the column were measured. In addition, the deflections and crack opening widths were measured. 
Experimental data were compared to theoretical data obtained using a stepwise version of the elastic solutions 
method (the stepwise method). In this method, the continuous change of stresses and strains of reinforced 
concrete elements under loading is replaced with a stepwise change. The considered loading time is divided into 
specific intervals (steps). Due to the creep of concrete, the conditions for compatibility of deformations are 
violated at the end of each step. The restoration of the conditions is carried out due to elastic deformations while 
simultaneously satisfying the conditions of static equivalence. The results of the comparison demonstrate that the 
stepwise meth-od adequately describes the changes of strains and deflections of eccentrically loaded reinforced 
concrete columns made from high-strength concrete over time. For the first time, the stepwise method was used 
to calculate the crack opening width. The calculation results are in good agreement with the experiments and 
show a significantly smaller increase in crack opening over time compared to that calculated according to 
Russian Building Codes. 
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INTRODUCTION 

 
The creep of high-strength concrete is of 
particular importance in the design of reinforced 
concrete structures of high-rise buildings [1,2]. 
The use of high-strength concrete allows for the 
creation of structural elements with smaller 
cross-sectional areas. This has a positive 
economic impact as it reduces the amount of 
material required to construct a structure and 
increases the usable space within the building. 
However, this leads to a reduction in their 
rigidity and an increase in the deflection. This 
trend is particularly noticeable during prolonged 
loading, when creep deformation occurs, which 
has not yet been fully studied for high-strength 
concrete. 
It is known that the addition of mineral 
additives to concrete, such as fly ash [3–5], 
silica fume [6–8], ground granulated blast 
furnace slag [9,10], metakaolin [11,12], can 
reduce creep. However, a different outcome was 
achieved in the studies [7,13,14]. 
The article [7] reported that replacing 10% of 
the cement with silica fume (SF) increased the 
creep of concrete during the early stages of 
loading (0 to 60 days) compared to a control 
mixture (without silica fume). However, after 
60 days of loading, the rate of creep 
deformation decreased, and after 360 days, the 
creep deformation of concrete with 10% SF was 
approximately 85% that of concrete without 
added SF. 
In [14], creep deformation after 150 days of 
observation was 16%, 33%, and 55% higher for 
concrete mixes containing 20%, 40%, and 60% 
ground granulated blast furnace slag (GGBFS) 
respectively, compared to the control mix 
without slag. In the study [13], the deflections 
of reinforced concrete beams in the middle part 
of the span caused by concrete creep were 30%, 

70%, and 100% higher for concrete mixes 
containing 20%, 40%, and 60% GGBFS, 
respectively, compared to beams made from 
control concrete mixes, after 150 days of 
observation. The values of the long-term load 
during the tests were 25% of the load values at 
the time of crack formation. 
Steel and basalt fibers can reduce creep strains 
in concrete, both under compressive and tensile 
loads [15–17]. Reinforcing fibers with a low 
modulus of elasticity, such as polypropylene 
fibers or polyvinyl alcohol fibers, can increase 
creep in concrete [18,19]. 
The use of aggregates made from recycled 
materials [20–22] and industrial waste [23,24] 
as a substitute for natural aggregates increases 
the creep of concrete. 
In work [25], short reinforced concrete columns 
were loaded with a long axial load. The creep 
coefficient of reinforced concrete columns 
decreased as the compressive strength of 
concrete and the reinforcement ratio increased. 
An expression is proposed to account for the 
effect of longitudinal reinforcement on the creep 
of concrete in reinforced concrete columns. In 
articles [26,27], it is noted that longitudinal 
reinforcement has a retarding effect on the creep 
of concrete. 
In the study [28], reinforced concrete cantilever 
columns were subjected to long-term loading 
with a force applied at an eccentricity. Axial 
shortening and deflection increase over time due 
to creep and shrinkage of concrete. However, 
this increase decreased rapidly as time 
increased. Axial shortening and deflection of 
eccentrically loaded cantilever columns in 
experiments agreed well with the predictions 
based on existing models for concrete creep and 
shrinkage, as proposed in ACI 209R-92 [29]. 
In the article [30], the experimental values of 
the specific creep of high-strength concrete 

were compared with the calculated values 
obtained using different theoretical models. The 
CEB-FIP [31], GL2000 [32], B4 [33], and ACI 
209 [29] models significantly overestimate the 
specific creep strains compared to the 
experimental values. The B4 model 
satisfactorily predicts the creep of high-strength 
concrete. The articles [34,35] note that existing 
models for predicting creep in conventional 
concrete cannot be applied to high-strength 
concrete. 
The analytical model presented in the article 
[36] takes into account the effects of creep, 
geometric nonlinearity, cracking, shrinkage, and 
aging in concrete. Numerical research has 
shown that creep in reinforced concrete columns 
leads to an increase in internal forces and 
deflections over time. The article [37] presents a 
new approach to calculating the behavior of 
reinforced concrete shells. The method is based 
on replacing the actual shell with an equivalent 
elastic shell. 
In [38], reinforced concrete beams made from 
high-strength concrete were tested for pure 
bending. The experimental values of the 
destructive load were slightly higher than 
predicted by the calculations. Studies [39,40] 
contain the results of experimental studies of 
high-strength fiber reinforced concrete beams 
with round cross-sections under combined 
bending and torsion. Article [41] proposes 
expressions that make it possible to consider 
force and temperature effects jointly in 
calculations of reinforced concrete bending 
elements. 
The article [42] compares the experimental data 
on strains and deflections of a reinforced 
concrete beam made of ordinary concrete under 
prolonged loading with calculated data obtained 
using the stepwise elastic solution method (the 
stepwise method). The results of the comparison 
showed good agreement. 
The creep of high-strength concrete has not yet 
been fully studied. Additionally, the behavior of 
different types of reinforced concrete structures 
made from high-strength concrete under 
prolonged loads has not been adequately 

studied. The above-mentioned stepwise method 
can quite accurately describe the behavior of 
most types of rods reinforced concrete 
structures made of ordinary concrete. However, 
no studies have compared the calculated values 
with experimental data of reinforced concrete 
elements made from high-strength concrete 
under prolonged loading. Therefore, this study 
aimed to investigate the behavior of 
eccentrically loaded reinforced concrete 
elements made of high-strength concrete under 
prolonged loading and to compare experimental 
data with theoretical data obtained using a 
stepwise version of the elastic solutions method. 
 
 
METHODS AND MATERIALS 
 
Experimental research 
The study of the behavior of eccentrically 
loaded compressed elements was conducted on 
a reinforced concrete column made from high-
strength concrete with a cross-section of 15 x 10 
cm and a height of 120 cm. 
The following materials, with their respective 
characteristics, were used to create high-
strength concrete: Portland cement CEM I 42.5 
N from JSC "CEMROS" from the 
Peterburgcement plant in St. Petersburg, Russia; 
natural sand with a SiO2 content of at least 
81.4% and a fineness modulus of 2.3 produced 
by the "REMIKS" company in St. Petersburg, 
Russia; granite crushed stone (fractions from 5-
10 mm and 10-20 mm), JSC "Semiozerskoe 
kar'eroupravlenie", quarry "Perovskij", 
Leningrad region, Russia; tap water; modifier 
for concrete "MB10-30S A I-2", LC 
"Predprijatie Master Beton", Moscow, Russia. 
The modifier "MB10-30S A I-2" [43] was 
added to the concrete mix in an amount of 
20% of the cement weight. The modifier 
contains the indicated ingredients in the 
following quantities (in % of total weight): 
silica fume 63%, fly ash 27%, and 
superplasticizer based on naphthalene-
formaldehyde polycondensation 10%.  
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Table 1. Chemical composition of modifier "MB10-
30S A I-2" and Portland cement CEM I 42.5N 

Chemical 
composition by 

weight, % 

Materials 

Modifier Cement 
SiO2 70.8 21.2 

Al2O3 12.2 4.6 
Fe2O3 2.1 4.2 

CaO 0.7 62.9 
MgO 0.6 1.7 
SO3 0.5 2.8 
K2O 0.6 0.6 

Na2O 0.4 0.3 
 

Table 2. Mix proportions of concrete (kg/m3) 

Ingredient Proportions  

Cement 490 
Sand 790 
Crushed stone 850 
Water 170 
Modifier 100 

W/C 0.35 
Density of compacted fresh 
concrete, kg/m³ 2367 

 
The modifier is a gray powdered material with a 
bulk density of 776 kg/m³. Table 1 shows the 
chemical composition of the modifier "MB10-
30S A I-2" and Portland cement CEM I 42.5N. 
Table 2 provides basic information on the 
composition of high strength concrete. 
The concrete mixture was poured into the 
moulds in a horizontal position. After that, it 
was compacted by tamping and vibration on a 
laboratory vibration table, model C279, 
manufactured by "Matest" in Italy ( ! 

). The 
specimens were kept in moulds for 24 hours at 
room temperature 20 ± 5°C. Afterward, they 
were demoulded and placed in a standard curing 
room with a controlled temperature of 20 ± 2°C 
and relative humidity of more than 95%. After 
27 days, the specimens were removed from the 
standard curing room and stored in laboratory 

conditions at a temperature of 20 ± 2 ° C and an 
air humidity of 60 ± 5% until testing. 
 
 

 
Figure 1. Production of concrete mix 

 
The concrete mixture was prepared in a 
forced concrete mixer, model C162, 
manufactured by "Matest" in Italy (Fig. 1). 
The workability of the concrete mixture was 
determined using a concrete slump test in 
accordance with the Russian State Standard 
GOST 10181-2014 [44]. The slump of fresh 
concrete cone was 18 cm. 
 
 

 
Figure 2. Compacting fresh concrete with 

tamper and vibration on laboratory vibrating 
table 

 

Table 3. Mechanical properties of high-strength 
concrete at age 28 and 90 days 

Mechanical  
properties 

Age of concrete 

28 days 90 days 
Compressive strength, 

MPa 90.4 93.6 

Splitting tensile 
strength, MPa 3.26 3.90 

Prismatic compressive 
strength, MPa 68.2 70.5 

Modulus of 
elasticity, GPa 36.5 38.3 

 
Table 3 shows the mechanical properties of high-
strength concrete at 28 and 90 days, as determined 
according to the Russian State Standards GOST 
10180-2012 [45] and GOST 24452-80 [46]. The 
compressive strength and splitting tensile strength 
of concrete were determined on cubes with a side 
length of 10 m. The values of strength obtained 
in tests were multiplied by coefficients of 0.95 and 
0.88 respectively to calculate  the compressive and 
splitting tensile strengths  of concrete for cubes 
with a basic dimension of 15 cm in accordance 
with the Russian State Standard GOST 10180-
2012 [45]. The prismatic compressive strength 
and modulus elasticity of concrete were 
determined on prism specimens with dimensions 
of 10x10x40 cm. 
The characteristics of the mechanical properties 
of high-strength concrete were used as initial 
data to calculate the behavior of an eccentrically 
loaded reinforced concrete column using a 
stepwise version of the elastic solutions method. 
Laminated plywood with a thickness of 18 mm 
was used to create the formwork for the 
reinforced concrete column. The formwork was 
previously lubricated with engine oil. Fig. 3 
shows a general view of the formwork and 
reinforcement frame. There were two bars of 
tensile reinforcement with a diameter of 12 mm 
and two bars of compressed reinforcement 
installed with 6 mm in the column. The class of 
longitudinal steel reinforcement bars was A400, 
with a yield strength of 400 MPa. Steel bars 
with a diameter of 6 mm and class A 240 with a 

yield strength of 240 MPa were used as 
transverse reinforcement. The reinforcement 
bars in the frame were joined by welding.  
 

   
Figure 3. General view of formwork, 

reinforcement frame 
 

After 24 hours of production, the column was 
removed from the formwork. Then it was placed 
in laboratory conditions with a temperature of 
20 ± 5 °C and an air humidity of 60 ± 5% until 
testing. 
Fig. 4 shows a general view of the reinforced 
concrete column in the testing setup. The age of 
the concrete at the time of testing was 90 days. A 
compressive force (P) of 66 kN was applied with 
an eccentricity (e) of 12.5 cm from the 
longitudinal axis of the element, as shown in Fig. 
5. A hydraulic jack (LLC "Belak-Rus", in Russia) 
with a capacity of 50 tons was used to apply a 
compressive force to the column. The load on the 
column was applied in steps of 15% of the total 
load value (66 kN) during testing. At each stage, 
the load was maintained for 10 minutes.
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Figure 4. General view of reinforced concrete 

column and testing setup 

 
Figure 5. Testing scheme 

 
 

The strains were measured in the middle of the 
column using dial indicators with a graduation 
of 0.001 mm (produced by "Micron" in the 
Czech Republic). The strains of the extreme 
fiber in the compression zone and the 
compressed reinforcement were measured using 
a base length of 15 cm. The strains of tensile 
reinforcement were measured using a base 
length of 35 cm. 
The deflections of the reinforced concrete 
column were measured in the middle of the 
height using dial indicators with a graduation of 
0.01 mm (produced by "Micron" in the Czech 
Republic). In addition, dial indicators were 
installed at the intended support points (70 mm 
from the column ends) to monitor possible 
movements of the test setup. 
The width of the crack of the reinforced concrete 
column was measured using a microscope with 
the price of division of 0.02 mm. 

Numerical method 
To compare the experimental results with the 
calculated ones, a stepwise version of the 
method of elastic solutions was used, which is 
based on the following principles: 
 the distribution of concrete and 

reinforcement strain along the depth of the 
element section is assumed according to a linear 
law (hypothesis of plain sections); 
 the resistance of concrete in the tensile zone 

is not taken into account; all tensile force is 
taken by the reinforcement; 
 the relationship between stresses and 

instantaneous strains is linear, i.e., stresses 
under instantaneous loading are determined as 
for an elastic body; 
 increments of creep strain (over a short time 

interval) are determined without considering the 
change in stress over the same interval. 

 
 

Figure 6. Transformation scheme ensuring implementation of condition of compatibility of 
deformations (hypothesis of plane sections) 

 
The stepwise version of the method of elastic 
solutions (stepwise method) allows one to quite 
accurately take into consideration the main 
features of the strains of reinforced concrete 
elements under long-term load action [42]. The 
ability to consider the actual duration of each 
load component is a significant advantage of 
this method both when analyzing the stress-
strain state and when calculating displacements 
(deflections) and crack opening width. 
Calculation of the behavior using the stepwise 
method is carried out as follows. 
1. The continuous change in stress and strain is 
replaced by a step change. The entire time period 
under study is divided into intervals t , that are 
quite small and not necessarily equal in size. 
2. At the beginning of the first interval, stress 
and strain are determined by solving the 
corresponding elastic problem. The resistance of 
tensile concrete is not considered. 

3. Creep strains during the interval are 
determined under the assumption of constant 
stresses during this interval.  
4. Due to creep, the conditions for compatibility 
of deformations are violated. They can be 
satisfied only through instantaneous strains, for 
which it is necessary to apply such a stress state 
that would restore the conditions of 
compatibility while simultaneously satisfying 
the conditions of static equivalence. 
Next, the following time interval is considered, 
taking into account stress changes during the 
previous interval. 
For a reinforced element of arbitrary cross-
section with a double reinforcement, the 
transformation that ensures the fulfillment of the 
condition of compatibility of deformations is 
presented in the diagram below (see Fig. 6).  
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During the interval t , creep strain develops. 
At each point of the compressed zone at the end 
of the interval, the strain is expressed 
 

0( ) ( ) ( ),y y y  (1) 
 
where y  is the distance from the compressed 
edge of the section to the point in question; 

( )y  is the total strain at a point with a 
coordinate y  until the condition of 
compatibility of strains is satisfied. 
A total strain diagram is formed at the end of 
the interval, indicated by the number 1 (Fig. 6), 
which does not satisfy the condition of 
compatibility of deformations. The purpose of 
the transformation is to find a strain diagram 
(indicated by number 2 in Fig. 6) that would 
satisfy the compatibility condition (the 
hypothesis of plane sections), as well as the 
equilibrium conditions. 
When implementing the stepwise method, the 
following notations are adopted: 0x  is the 
height of the compressed zone at the beginning 
of the interval t ; 1x  is the depth of the 
compressed zone at the end of the interval after 
the transformation has been carried out; 0  is 
the shortening deformation in the upper fiber of 
the section at the beginning of the interval (at 
the beginning of the first interval it is elastic 
strain, while at the beginning of subsequent 
intervals it contains both elastic and creep 
strain);  is the increment of creep strain in 
the top fiber of the section during the interval 

t ; 1  is the shortening deformation in the 
upper fiber of the section at the end of the 
interval t  after the transformation has been 
carried out; 0s and 0s  are the strains of 
tensile and compressed reinforcement at the 
beginning of the interval t ; 0s  and 0s  
is the increment in strains of tensile and 
compressed reinforcement during the interval; 

1s and 1s  are the strains of tensile and 

compressed reinforcement at the end of the 
interval after the transformation. 
To solve the problem, it is necessary to 
determine the following quantities 1x , 1 , 1s  
and 1s . The first two can be found from two 
static equations, and the last two can be 
expressed through and from the condition of 
compatibility of deformations. Using the latter, 
we get: 
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bE is the initial modulus of elasticity of 
concrete (under instantaneous loading); 

sE  is the modulus of elasticity of the 
reinforcement. 
Using the equality to zero of a sum of the static 
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The universal form of writing equations (4) and 
(5) allows us to have the same forms for 
bending, eccentric compression, and eccentric 
tension. 
Having determined the values of 1x  and 1 , the 
stresses at any point in the compressed zone at 
the end of the interval can be obtained using the 
formula 
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where ( , )y t  are the stresses at the beginning 
of the interval; ( , )y t  are total strain at the end 
of the interval before transformation. 
Stresses in the tensile and compressed 
reinforcement in a section with a crack at the 
end of the interval are determined using the 
formulas: 
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With a time-varying external load, within the 
framework of this method, the continuous load 
change should be replaced by a step change, and 
individual steps should be applied 
"instantaneously" at the boundaries of time 
intervals. In this case, the resulting strains must 
satisfy the law of linear distribution over the 
depth of the section, and the stress state must 
satisfy the equilibrium conditions. The 
implementation of these conditions leads to the 
fact that with an instantaneous increase in load, 
the depth of the compressed zone decreases, and 
the neutral axis in terms of stress is located 
closer to the compressed face of the element 
than the neutral axis in terms of total strain. 
With an instantaneous decrease in load, the 
depth of the compressed zone of the section 
increases, and the neutral axes in terms of stress 
and total strain coincide. 

The element deflections due to the total strains 
(instantaneous and creep strains) at the end of 
each time interval can be determined using the 
Mohr integral according to the formula 
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where n  is the number of integration sections 
along the length of the element; j  is the 
integration section number; ( )j t  is the 
average curvature of the axis of the 
corresponding section of the element; jM  is 
the bending moment in the section with the 
index j  from a unit force applied at the point 
and in the direction of the determined 
displacement. 
In accordance with the considered calculation 
method, at the end of each time interval, the 
total strains of the extreme compressed concrete 
fiber and tensile reinforcement ) in the section 
with a crack are known. In calculations, cross 
sections in the middle of each section along the 
length should be considered; the corresponding 
curvatures can be calculated using the formula 
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where b  and sj  are the coefficients of 
transition from strains in the section with a 
crack to average strains in the area between the 
cracks. 
The coefficient b  can be taken as equal to 0.9. 
The coefficient sj  is calculated using the 
formula 
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coordinate y  until the condition of 
compatibility of strains is satisfied. 
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is the increment in strains of tensile and 
compressed reinforcement during the interval; 
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To solve the problem, it is necessary to 
determine the following quantities 1x , 1 , 1s  
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static equations, and the last two can be 
expressed through and from the condition of 
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The universal form of writing equations (4) and 
(5) allows us to have the same forms for 
bending, eccentric compression, and eccentric 
tension. 
Having determined the values of 1x  and 1 , the 
stresses at any point in the compressed zone at 
the end of the interval can be obtained using the 
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where ( , )y t  are the stresses at the beginning 
of the interval; ( , )y t  are total strain at the end 
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reinforcement in a section with a crack at the 
end of the interval are determined using the 
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change should be replaced by a step change, and 
individual steps should be applied 
"instantaneously" at the boundaries of time 
intervals. In this case, the resulting strains must 
satisfy the law of linear distribution over the 
depth of the section, and the stress state must 
satisfy the equilibrium conditions. The 
implementation of these conditions leads to the 
fact that with an instantaneous increase in load, 
the depth of the compressed zone decreases, and 
the neutral axis in terms of stress is located 
closer to the compressed face of the element 
than the neutral axis in terms of total strain. 
With an instantaneous decrease in load, the 
depth of the compressed zone of the section 
increases, and the neutral axes in terms of stress 
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The element deflections due to the total strains 
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index j  from a unit force applied at the point 
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where , ( )s crc j  is the stress in the longitudinal 
tensile reinforcement in the section with a crack 
immediately after the formation of normal 
cracks for the section with index j . 
The stress , ( )s crc j can be determined by using 
a first approximation under instantaneous 
loading (without taking creep into account), and 
the values in accordance with the considered 
step method are known at the end of each time 
interval. 
The crack opening crca  in the calculations 
below was determined in accordance with the 
methodology adopted in the current 
standards, with the exception of the strains of 
the tensile reinforcement and the area of the 
tensile zone of concrete, which are known 
directly from the calculation using the step 
method, and the duration coefficient for 

prolonged action of the load, since its actual 
duration was taken into consideration in the 
calculations. 
 
 
RESULTS AND DISCUSSION 

 
Fig. 7 shows the experimental data of the 
average concrete strains in the compressed zone 
and the average strains of tensile and 
compressive reinforcement in a reinforced 
concrete column. By average, we mean strains 
averaged over the length of the indicator base, 
including strains in cross sections with cracks. 
In addition, the strains obtained in the 
experiment are complete, i.e., elastic strains and 
strains caused by creep and shrinkage of 
concrete.

 

 
 
Figure 7. Comparison of experimental average strains and calculated strains in section with crack 

(using the stepwise method) for reinforced concrete column made of high-strength concrete 
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where , ( )s crc j  is the stress in the longitudinal 
tensile reinforcement in the section with a crack 
immediately after the formation of normal 
cracks for the section with index j . 
The stress , ( )s crc j can be determined by using 
a first approximation under instantaneous 
loading (without taking creep into account), and 
the values in accordance with the considered 
step method are known at the end of each time 
interval. 
The crack opening crca  in the calculations 
below was determined in accordance with the 
methodology adopted in the current 
standards, with the exception of the strains of 
the tensile reinforcement and the area of the 
tensile zone of concrete, which are known 
directly from the calculation using the step 
method, and the duration coefficient for 

prolonged action of the load, since its actual 
duration was taken into consideration in the 
calculations. 
 
 
RESULTS AND DISCUSSION 

 
Fig. 7 shows the experimental data of the 
average concrete strains in the compressed zone 
and the average strains of tensile and 
compressive reinforcement in a reinforced 
concrete column. By average, we mean strains 
averaged over the length of the indicator base, 
including strains in cross sections with cracks. 
In addition, the strains obtained in the 
experiment are complete, i.e., elastic strains and 
strains caused by creep and shrinkage of 
concrete.

 

 
 
Figure 7. Comparison of experimental average strains and calculated strains in section with crack 

(using the stepwise method) for reinforced concrete column made of high-strength concrete 

 
Figure 8. Comparison of experimental and calculated values of deflections in middle part of height 

of reinforced concrete column made of high strength concrete 
 
It should be noted that Fig. 7 shows experimental 
strain values of compressed and tensile 
reinforcement according to direct readings of dial 
indicators installed on the side faces of the column 
(see Fig. 4). The readings of indicators installed 
on the end surface to determine the average strains 
of concrete in the compressed zone (the outermost 
fiber of the section) should be considered as 
overestimated by approximately 25% due to the 
indicator being located 30 mm from the outermost 
compressed fiber. Therefore, Fig. 7 (number 1) 
shows the results extrapolated from the 
experimental strain values of tensile and 
compressed reinforcement based on the law of 
plane sections. 
For comparison, Fig. 7 shows the calculation 
results obtained using the stepwise method de-
scribed above. The experimental strain 
characteristics and analytical dependencies 
approximating them, given in [47], were taken as 
the initial data for the calculation. As can be seen 
from examining the curves in the figure, there is 
satisfactory agreement between the results. The 
calculated values are slightly higher than the 
experimental ones, which can be partly explained 

by the fact that the averaged strains are recorded in 
the experiment, while in the calculations, the strains 
were obtained in the cross-section with a crack. It is 
also impossible to exclude some in-fluence of room 
temperature changes on the creep of concrete. The 
relatively low increase in strains over time is due to 
the low level of compressive stresses in concrete 
and, accordingly, the linear nature of creep.  
Fig. 8 shows experimental data on changes in 
column deflections over time, measured in the 
middle part of its height. As previously noted 
for concrete and reinforcement average strains, 
the measured deflections are total, i.e., include 
both deflections from an external load with a 
conditionally instantaneous application and 
deflections caused by strains of shrinkage and 
creep of concrete. 
In fig. 8, the experimental values of deflections 
are compared with the calculated ones, obtained 
using expressions (9) and (10) considering (11). 
It should be noted that, despite the fact that the 
calculations do not take into account concrete 
shrinkage strains, the results are quite 
satisfactory. Although these strains are small 
(when the concrete is 90 days old at the time of 
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loading), they could nevertheless affect the 
magnitude of the deflections. 
The crack opening width in the tensile concrete 
zone, measured in the middle part of the column 
height, was 0.05 mm when the column was 
loaded with a full compressive force (66 kN) 
and a loading duration of approximately 1 hour. 
The moment of crack formation corresponded to 
the moment during the period of loading with a 
compressive force of up to 40 kN (the previous 
load level was 30 kN). During the observation 
period, the crack opening width increased 
slightly, and after 245 days of being under load, 
the crack width was approximately 0.06 mm. 
Table 4 shows the values of the crack opening 
width crca  and coefficient s  depending on the 
duration of the load obtained by calculation. As 
can be seen, over a period of 245 days, the 
coefficient s  values changed very little, and the 
crack opening width increased by approximately 
12% and, at the same time, practically stabilized. 
In addition, calculated values of the crack opening 
width itself agree quite well with experimental 
data, considering measurement inaccuracies and 
the approximate nature of the calculation 
formulas. Russian Building Codes SP 
63.13330.2018 [48] assumes an increase in 
opening under prolonged load action by 40% 
compared to short-term action. This difference is 
not surprising since the standards are focused on a 
certain margin of crack resistance and cannot 
consider the specifics of each structure. 
 
Table 4. Values of crack opening width crca  and 

coefficient s  
Time since 

loading, 
(days) 

Coefficient 
s  

crca , 
mm s  10 5 

0 0.8748 0.0451 97.10 
1 0.8758 0.0455 97.86 
7 0.8783 0.0466 99.96 
28 0.8813 0.0479 102.42 
70 0.8843 0.0493 105.06 
100 0.8857 0.0500 106.36 
160 0.8873 0.0508 107.87 
245 0.8883 0.0514 108.89 

CONCLUSIONS 
 

This study aimed to investigate the behavior of 
eccentrically loaded reinforced concrete elements 
made of high strength with mineral additives 
concrete under prolonged loading and to compare 
experimental data with theoretical data obtained 
using a stepwise version of the elastic solutions 
method. The behavior of eccentrically loaded 
reinforced concrete elements was studied on a 
reinforced concrete column. Comparison was 
made for stresses and strains in the compressed 
zone of concrete, as well as in tensile and 
compressed reinforcement. In addition, a 
comparison was made of the experimental and 
calculated values of the maximum deflections and 
crack opening width, which allows us to formulate 
the following conclusions. 
1. The relatively low increase in strains 
over time is due to the low level of compressive 
stresses in concrete and, accordingly, the linear 
nature of creep. A certain excess of the 
calculated values of strains of the compressed 
zone of concrete, tensile, and compressed 
reinforcement over the corresponding 
experimental values was obtained. This excess 
is probably explained by the fact that in the 
experiments, the averaged strains were recorded 
along the length of the section between the 
cracks, while in the calculations, strains were 
obtained for the cross-section with a crack. 
2. A comparison of the experimental values 
of deflections with the values obtained by 
calculation based on the deformed state in 
accordance with (9) - (11) showed quite 
satisfactory agreement with the results. 
3. For the first time, using a stepwise 
version of the method of elastic solutions, the 
calculation of the opening width of normal 
cracks for elements made of high-strength 
concrete with a mineral additive was carried out 
according to formulas (2), (3), (6) - (11). The 
calculation results are in good agreement with 
the experiments and show a significantly 
smaller increase in crack opening over time 
compared to that calculated according to 
Russian Building Codes SP 63.13330.2018. 
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This study aimed to investigate the behavior of 
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concrete under prolonged loading and to compare 
experimental data with theoretical data obtained 
using a stepwise version of the elastic solutions 
method. The behavior of eccentrically loaded 
reinforced concrete elements was studied on a 
reinforced concrete column. Comparison was 
made for stresses and strains in the compressed 
zone of concrete, as well as in tensile and 
compressed reinforcement. In addition, a 
comparison was made of the experimental and 
calculated values of the maximum deflections and 
crack opening width, which allows us to formulate 
the following conclusions. 
1. The relatively low increase in strains 
over time is due to the low level of compressive 
stresses in concrete and, accordingly, the linear 
nature of creep. A certain excess of the 
calculated values of strains of the compressed 
zone of concrete, tensile, and compressed 
reinforcement over the corresponding 
experimental values was obtained. This excess 
is probably explained by the fact that in the 
experiments, the averaged strains were recorded 
along the length of the section between the 
cracks, while in the calculations, strains were 
obtained for the cross-section with a crack. 
2. A comparison of the experimental values 
of deflections with the values obtained by 
calculation based on the deformed state in 
accordance with (9) - (11) showed quite 
satisfactory agreement with the results. 
3. For the first time, using a stepwise 
version of the method of elastic solutions, the 
calculation of the opening width of normal 
cracks for elements made of high-strength 
concrete with a mineral additive was carried out 
according to formulas (2), (3), (6) - (11). The 
calculation results are in good agreement with 
the experiments and show a significantly 
smaller increase in crack opening over time 
compared to that calculated according to 
Russian Building Codes SP 63.13330.2018. 
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I. INTRODUCTION 
 
From about eight decades, a large number of 
investigations have made by structural engineers 
looking for an untraditional methods to decrease 
the charge of steel constructions as much as 
possible. From designing point of view the 
maximum potential structural steel strength 
properties cannot always be achievable due to 
existence of other design factor such as 
serviceability. This factor usually accounts in 
the design process by taking the maximum 
permissible deflection to be the design factor. 
Therefore, numerous innovative ways have been 
suggested to increase the steel member’s 
stiffness without increasing the required weight 
of steel, significantly. 
Thus, steel beams with web opening also known 
as castellated or cellular beams have been used 
widely. One of the major benefits of using the 
openings in the beam in construction is the 
incorporation of services, such as electric cables 
as well as ventilation and hydraulic pipes, 
through the designed section depth of the beams, 
as shown in Fig.1. 
The strength of structural members with web 
opening has been stated that may have large 
reduction. This statements were made by 
researchers like Bower (1968) [2], Lawson 
(1987) [3], and Darwin (1990) [4]. 
 

 
Figure 1. Reduction of beam height by utilizing 

holes for insertion service combinations [1] 
 

However, the present specifications and design 
procedure codes for such beams are also difficult 
to use or inadequate (SCI P355 2011) [5]. This can 
be because the complexity in understanding and 
analyzing the performance of steel beams with 
web openings, and too difficulties to simplify 
design procedures. Thus, more extensive 
researches and investigations are needed in order 

to achieve sufficient information for understanding 
the behavior of beams with web opening to 
develop a much simpler design method. There are 
some analytical and experimental investigations 
have been made in the past to study SBWOs 
behavior. Redwood (1969) [6] suggested that by 
using modified dimensions equivalent rectangular 
opening, most of the design rules can be applied 
for steel beams with circular web openings. 
However, the ultimate strength of steel beams are 
substantially underestimated as a result of the 
simplistic approach. Chan and Redwood (1974) 
[7] used the curved beam analysis and the theory 
of elasticity to examine stress distribution in 
elastic range for beams having big circular shape 
web openings. The investigations made by 
Olander (1953) [8] and Sahmel (1969) [9] were 
used to develop a design method at the Steel 
Building Institute in 1990 in order to find the 
ultimate strength of steel beams having several 
circular shape web openings using an explicit 
approach. Later on in 1998, the method 
incorporated in Euro code 3 (EN1993-1-3)[10] 
after minor modification. However, this method 
also has been recommended to use for steel beams 
with separate circular shape web openings using a 
dissimilar set of approximate design methods. 
Laboratory tests and Numerical investigation on 
steel beams with circular and rectangular openings 
have been approved by Thevendran and 
Shanmugan (1991) [11]. They constructed 
cantilever and simply supported beams models 
made from a plexi glass sheet. For computing the 
critical buckling load for this type of beams the 
energy technique was proposed. Lawson and 
Chung (2001) [12] made an theoretical 
investigation on steel beams having circular and 
rectangular openings using a large web opening 
composite beams design method and presented in 
Euro code 4. Two suggestions were made by 
Chung et al. (2001) [13] first a practical design 
method against Vierendeel mechanism for circular 
web opening steel beams, second the perforated 
section empirical shear–moment interaction curve. 
An empirical design method was industrialized by 
Chung et al. (2003) [14]using generalized 
moment–shear interaction curve for steel beam 

Numerical Investigation on Flexural Performance of Built-Up Steel Beams with Different Web Openings
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Olander (1953) [8] and Sahmel (1969) [9] were 
used to develop a design method at the Steel 
Building Institute in 1990 in order to find the 
ultimate strength of steel beams having several 
circular shape web openings using an explicit 
approach. Later on in 1998, the method 
incorporated in Euro code 3 (EN1993-1-3)[10] 
after minor modification. However, this method 
also has been recommended to use for steel beams 
with separate circular shape web openings using a 
dissimilar set of approximate design methods. 
Laboratory tests and Numerical investigation on 
steel beams with circular and rectangular openings 
have been approved by Thevendran and 
Shanmugan (1991) [11]. They constructed 
cantilever and simply supported beams models 
made from a plexi glass sheet. For computing the 
critical buckling load for this type of beams the 
energy technique was proposed. Lawson and 
Chung (2001) [12] made an theoretical 
investigation on steel beams having circular and 
rectangular openings using a large web opening 
composite beams design method and presented in 
Euro code 4. Two suggestions were made by 
Chung et al. (2001) [13] first a practical design 
method against Vierendeel mechanism for circular 
web opening steel beams, second the perforated 
section empirical shear–moment interaction curve. 
An empirical design method was industrialized by 
Chung et al. (2003) [14]using generalized 
moment–shear interaction curve for steel beam 

with various shapes and sizes web openings. 
Tsavdaridic and D’Mello (2011) [15] made a 
study on the web post buckling effective ‘strut’ 
action and guess the final vertical shear load 
strength of web posts using an empirical formula 
obtained from the particular shapes of web 
opening. In order to achieve a simplified approach 
to develop a reliable prediction for moment 
modification factor KLB in cellular beams an 
investigation was made by Sweedan (2011) [16]. 
An experimental investigation was made by Saka 
and Erdal (2013) [17] and they observed different 
types of failure modes including post buckling of 
the web, Vierendeel bending, web buckling and 
lateral torsional buckling. A through finite element 
method was performed by Panedpojaman and 
Thepchatri (2013) [18] and a modified coefficient 
function were suggested after analyzing 408 
nonlinear finite element model fore liable 
deflection prediction of cellular beams. A 
numerical and experimental study was made by 
Boissonnade et al. (2014) [19] and a design 
procedure for lateral torsional buckling in cellular 
beam was suggested. Samadhan and Laxmikant 
(2015) [1] performed an experimental and 
parametric study on simply supported steel beams 
with web opening subjected to vertical loading. 
Iman Satyarno et al. (2017) [20], perform an 
analysis on castellated steel beam by full scaled 
rectangular opening shape in which some of the 
specimens were partially encased in reinforced 
mortar and some of them without encasing. Made 
Sukrawa (2017) [21], made a finite element study 
on reinforced steel beam with large opening in the 
web subjected to axial forces. Tareq Almusallam 
et al. (2018), perform an experimental and 
numerical investigation on behavior of FRP-
strengthened RC beams having large rectangular 
shape web openings in flexural zones. Morkhade 
et al. (2019) [23], made an effort on study the 
effect of opening in the web on the ultimate 
strength of steel beam by trapezoidal corrugated 
shape web in which it can increase the share 
capacity without providing the transverse 
stiffeners.  
There are numerous benefits of using SBWOs, 
some of them can be listed as: 

 Incorporation of services within the structural 
height of the beams. 
 Reduction of overall dead weight of the 

structure which allows smaller foundation sizes. 
 Reducing overall costs due to reduction of 

material consumption.  
 Longer spans between columns than traditional 

structures. 
 
 
II. SAMPLES DESCRIPTION 

 
This study signifies an analytical study on flexural 
performance of built-up section steel beams with 
different web opening which consists tests on four 
steel beam models up to failure using a nonlinear 
simulation software Abaqus to find the better 
opening type which gives better performance 
during the application of loading. 
In general the test results give an overall 
understanding of the behavior of these beams. The 
failure type which controls the behavior of these 
beams is flexural failure in the section. In the 
present investigation the load–deflection behavior, 
the ultimate load-carrying capacity and the failure 
modes are to be considered. Fig. 2 & 3 illustrated 
the specification details of the test specimens. 
These details also listed in Table 1. 
As it is shown in Fig.2a-d, for all steel beam 
specimens the parameters such as beam overall 
dimensions and total number of the openings and 
beam’s depth were kept constant in order to 
investigate only the influence of opening shape on 
the flexural behavior of the steel beams with web 
opening exclusively. From practical point of view 
manufacturing circular web opening is the easiest 
comparing to other shapes because of the drilling, 
measuring and residual stresses. Thus, the steel 
beam having circular shape web opening is used to 
select other opening shapes dimensions and 
spacing. As shown in the Fig. 2a, 3the diameter of 
the circular opening is selected so that the opening 
be large enough to see the effect of the opening on 
flexural behavior more clearly, and the spacing 
between the circular openings is calculated 
according to the design of openings from BS 5950 
part-I (2000) [24] which considers to take opening 
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spacing to its diameter ratio (S/Do = 1.08–1.5). 
Also, the web openings considered to start from 
250 mm from the ends of the beam. This distance 
is selected in order to increase the stiffness of the 
beam at support zone and also not too far from the 
support so that the opening is spread in all beam's 
length and practically be possible to use any 
length for the beam and do not need special 
manufacturing for different beam's length. 
Furthermore, to investigate the influence of the 
opening shape exclusively the dimensions of the 
other web opening shapes are selected so that the 
area of the shape remain almost equal to the area 
of the circular shape. For dissimilar opening 
shapes for example rectangular, triangular, and 
hexagonal shape, in order to minimize the high 
stress concentration which occurs in the opening 
shape corners, a 5 mm in radius fillet is provided 
in those regions. As shown in Fig. 2c the spacing 
between the openings is not large enough to place 
the triangles with same orientation, so to maintain 
the opening numbers and spacing the nearby 
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al 
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III. FINITE ELEMENT MODELLING OF 
THE SPECIMENS 
 
The simulated SBWO models have been used to 
guess ultimate strength capacity and flexural 
behavior of the samples during the loading time 
and at the final stage of loading which 
considered to be the model rupture failure using 
finite element simulation technique. Thus, a 3-D 
model with limited finite elements is developed 
by using a powerful simulation software Abaqus 
(6.14-4), which can simulate the material 
properties as well as geometric nonlinearity in 
beam samples.  
Building the models is the starting step in the 
finite element analysis method. In this step, the 
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model with limited finite elements is developed 
by using a powerful simulation software Abaqus 
(6.14-4), which can simulate the material 
properties as well as geometric nonlinearity in 
beam samples.  
Building the models is the starting step in the 
finite element analysis method. In this step, the 

overall structure of the model is formed after 
that the model divided in to finite elements, each 
element connected with others at their nodes. It 
is necessary to define the element type, material 
properties and overall geometry of the model to 
build an accurate finite element model. 
Furthermore, the accuracy and cogency of the 
adapted sample is verified by comparing the test 
results to those given by an experimental study 
made by Samadhan (2015) [1]. 
 
A. Modelling of Built-Up Steel Beam with Web 
Opening 
1) Steel Beam Sketch 
In order to establish valid and reliable simulated 
models of the steel beam with web opening the 
steel beam parts are drew and their 
characteristics are carefully designated. First, 
the structure of steel beam is formed after 
selecting the 3D space modeling, solid extrusion 
shape, and deformable type, as shown in 
Fig.4.The beam's cross section dimensions and 
its length have been simulated according to the 
specimen identification table shown previously. 
The simulation of the openings for other types 
of openings are also done by selecting the 3D 
space modeling, solid extrusion shape, and 
deformable type, as shown in Fig.5. 
 

 
Figure 4. Modelling of solid steel beam part 

 

 
Figure 5. Modelling of solid opening shape part 

 
Finally to achieve the steel beam with web 
opening models, the solid opening shape part is 
subtracted from the solid steel beam part. Then, 

a new complete steel beam with web opening 
part is created as shown in Fig.6. 
 

 
Figure 6. Complete steel beam with web 

opening model 
 

2) Element Type Selection 
In the presented study the element type which 
adopted to represent the steel beams was a 10-
noded 3D stress quadratic tetrahedron elements 
(C3D10M) which has six degree of freedom at 
each node. Fig. 7 show the adapted element for 
steel beams. 
 

 
Figure 7. 10-node quadratic tetrahedron 

element (C3D10M) [25] 
 

The selection of the model mesh density was 
done in such a way so that each element has the 
same length of 25mm length. Thus, the total 
number of element in the beam width are 6 
elements and in the length 180 element. Fig. 8 
demonstrations the meshed shape of the steel 
beam. 
 

 
Figure 8. Meshed shape of steel beam model 
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3) Material Mechanical Properties 
The steel material properties in this study taken 
similar to steel properties in experimental study 
made by Samadhan (2015) [1], which obtained 
from tensile test made on a coupons cut of a 
steel plate. The experiment results such as 
modulus of elasticity, ultimate stress, and yield 
stress, are given in Table 2. 
 

Table 2. Properties of Steel Material 
fy (MPa) fu (MPa) Es (MPa)  

350 490 200,000 0.3 
 
A simplified stress–strain curve shown in Fig. 9 
is adapted for modelling the steel material 
mechanical properties along by the von Misses 
yield criterion having the isotropic hardening 
law. The adapted properties simulation shown to 
be adequate in simulating steel material 
properties due to test results. Also, in here the 
effect of large deformation have been 
considered. 
 

 
Figure 9. Stress-strain curve for steel [26] 

 
4) Models Boundary Conditions    
To make sure of obtaining a unique results in 
analyzing the deformation and maximum load 
capacity in the simulated steel beams with web 
opening the selection of the models end 
boundary conditions are necessary. In the 
present research work the steel beams are 
considered to be simply supported beams. In 
order to achieve this condition in the simulated 
models two additional solid extrudes are used at 
the bottom face of the steel beams. The solid 
extrudes considered to have rectangular shape 

with dimensions of (100, 150, 50 mm) in width, 
length and thickness, respectively. The extrudes 
considered to be made from hard steel with (fy = 
600 MPa and fu = 900 MPa), this type of steel is 
used to ensure that the extrudes will not deform 
under the ultimate load for the steel beams. The 
solid extrudes are placed at a distance of 150 
mm from the two edges of the steel beams. The 
left support considered to be hinged support and 
the right one considered to be roller support. 
The type of support can be determined by 
selecting the restricted transition direction. To 
ensure the nodal action of the supports the 
center line on the bottom face of the solid 
extrude are selected to be the line of supports. 
Fig.10 shows the solid extrude simulation and 
modelling of the support line location.  
 

 
Figure 10. Solid extrude simulation and 
modelling of the support line location 

 
5) Loading Mechanism 
To simulate the applied load on the beam 
specimen the mechanical pressure type was 
selected to act on top face of the steel beams as 
shown in Fig. 11. 
 

 
Figure 11. Modelling of loading pressure on top 

face of the steel beam sample 
 

The applied pressure is distributed evenly at all 
surface area and increases linearly up to failure 
of the specimen. 
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The applied pressure is distributed evenly at all 
surface area and increases linearly up to failure 
of the specimen. 

 

IV. PARAMETRIC STUDY 
 

A parametric study was made after making sure 
of the accuracy of the used finite element 
modeling predicting the ultimate load capacity, 
to investigate the shape of the opening influence 
on the flexural behavior of steel beams with web 
openings.  
For simulating the other steel beams models 
with other types opening shapes, similar 
procedure which was used to simulate the steel 
beam with circular shape opening in the web 
model is used. But, with slight difference due to 
different shapes of the openings. Fig.12 
illustrates the other steel beams modeled in 
Abaqus. 
 

 
a) Steel Beam with Square Web Opening (SBSWO) 

 
b) Steel Beam with Triangular Web Opening 

(SBTWO) 

 
c) Steel Beam with Hexagonal Web Opening 

(SBHWO) 
Figure 12. Representation of other steel beams 

modelled in Abaqus 
 
 

V. RESULTS AND DISCUSSION 
 

As it was mentioned previously the analysis 
concerns around the effect of the shape of the 
openings on the flexural behavior of the steel 
beams. Fig. 13 shows the applied load and mid-
span deflection curve for the different types of 
the openings considered in the investigation.  
 

Figure 13. Comparison of load-deflection 
curves between different types of opening shape 

 
By seeing the load-deflection curves shown in 
Fig. 13, it can be see that the stiffness of the 
steel beams with triangular and square web 
opening are greater and smaller than the 
stiffness of the other shapes, respectively. For 
all beams the plastic range of the curves starts 
from almost (30 mm) mid-span deflection at this 
point the amount of the applied load on the steel 
beams are (59.42 KN/m), (56.77KN/m), (55.68 
KN/m) and (49 KN/m), for (SBTWO), 
(SBCWO), (SBHWO) and (SBSWO), 
respectively. Though, despite of the maximum 
load carrying capacities and maximum 
deflections are not in the same order, but in this 
study it was assumed that any strength of a 
beam after a mid-span deflection more than (30 
mm) (almost after elastic range) is not 
considered safe strength since the deflection 
would be so large that it can be considered as 
failed beam. Thus, in this investigation the steel 
beam with triangular web opening considered to 
have the best performance in flexural resistance 
under the applied load. However, the maximum 
load carrying capacity and corresponding 
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maximum mid span deflection for every tested 
beam in this analysis is illustrated in Table 3. 
 

Table 3. FEM Test Results 
No. Beam 

Symbol 
W (KN/m) 

mm  

Wmax 
(KN/m) 

max 
(mm) 

1 SBCWO 56.77 72.9 63.82 
2 SBSWO 49 70.92 73.89 
3 SBTWO 59.42 70.98 53.3 
4 SBHWO 55.68 73.61 69.73 

 
 
VI.  SPECIMENS STRESS DISTRIBUTION 
AND DEFORMED SHAPE  

 
The following figures, Fig.14, illustrates the 
stress distribution and deformed shape of the 
analytically tested samples with different types 
of web openings by subjecting the distributed 
load on samples top surface in F.E. analysis 
models. 
 

 

 
a) The deformed shape and stress distribution for 

FEM tested specimen (SBCWO) 

 

 
b) The deformed shape and stress distribution for 

FEM tested specimen (SBSWO). 

 
c) The deformed shape and stress distribution for 

FEM tested specimen (SBTWO) 

 
d) The deformed shape and stress distribution for 

FEM tested specimen (SBHWO) 
Figure 14. The deformed shape and stress 

distribution of the tested steel beams with web 
openings 
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Form the figure above it can be observed that 
the stress distribution will be more concentrated 
at the regions between the openings and it 
reduces by increasing the width of this region. 
 
 
VII.  CONCLUSIONS 

 
The chief aim of this work was to examine the 
flexural behavior of steel beam with different 
types of opening in the web by using a nonlinear 
simulation software (Abaqus). Thus, some 
model tests are established on SBWOs. The 
subsequent results and conclusions are complete 
in accordance of the obtained simulated SBWO 
models test results: 
1) Test results of the analysis demonstrations 
that the load carrying capacity and the stiffness 
of the steel beam with triangular web opening is 
greater than the other three shapes which are 
circular, square and hexagonal at the elastic 
region by (4.66%, 21.26%, 6.71%) respectively. 
2) The ultimate load at which the specimen fails 
will causes very large amount of deflection, thus 
the applied load which causes 30 mm deflection 
was the control value of the comparisons.  
3) The circular web opening shows almost 
similar response to flexural stress as the 
hexagonal opening, this may be due to the shape 
of the hexagonal geometry which has more 
internal angles and make it to be more like a 
circle shape. 
4) Furthermore, the square web opening has the 
least strength and stiffness due to large flexural 
stress concentration around its corners. Also, the 
deformations in the rectangular opening sample 
is greater than other test samples. 
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