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Abstract: An effective numerical and analytical method is proposed for studying the force state inside the
contact spots of elastic composite spherical shells resting on two flat surfaces inclined at an angle to each other.
The method is based on constructing the influence function for the shell in an axisymmetric formulation,
followed by its expansion into a Fourier series using the Legendre and Gegenbauer polynomials. A resolving
system of equations for the corresponding coefficients is obtained. The developed methodology will allow for a
more correct study of the dynamics of various robotic systems, the main controlled elements of which are elastic
spherical shells that carry out complex kinematic movements on various surfaces. These systems, in particular,
include a “butterfly robot”, the main controlled element of which is a thin spherical shell, rolling with
simultaneous spinning and sliding along two parallel plates, as if on rails.
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Pe3tome: Ilpemnoken 3QQEKTUBHBIA YHCICHHO-AaHAIUTHUSCKUNA METOJ| MCCIIEIOBAHHS CHIIOBOTO COCTOSHUS
BHYTpH IISITCH KOHTAKTa yNPYTUX KOMIO3UTHBIX CepHIecKuX 000I0UEK, ONMMPAIONINXCS Ha ABE HAKJIOHEHHBIC
MoJl yIJIOM K JPYT JpyTy IJIOCKHE ITOBEPXHOCTH. MeToJ| OCHOBaH Ha IMOCTPOSHHM (DYHKIMH BIUSHUS UL
000JI04YKH B OCECHMMETPHYHOI MMOCTAaHOBKE, C MOCIEIYIOUINM €€ pa3ioKeHneM B psia Pypbe MO MOIMHOMAM
Jlexxannpa wu [I'erenbayspa. Ilomydena paspemaromasi CUCTeMa YPaBHEHHH [UISI COOTBETCTBYIOIINX
koapdunmenToB. PaspaboTraHHass METOAMKA TIO3BOJIAT MPOBECTH Oojiee KOPPEKTHOE MCCIEIOBAHUS ITHHAMHKH
Ppa3IMYHbIX pO6OTOTeXHI/I‘IeCKI/IX CHUCTEM, OCHOBHBIMHU YIIPABJIACMBIMH 3JIEMCHTAMU KOTOPBIX ABJIAIOTCA YIIPYTHUC
cepuyeckue 000JOYKH, OCYLIECTBISIIONINE CIOKHBIE KHHEMATHYECKHE JIBWKEHHS TI0  Pa3IHuHbIM
noBepxHoCTsIM. K 4uCily 3THX CHCTEM, B YaCTHOCTH, OTHOCHUTCSI «po0O0T-0abouKka», OCHOBHOW YIIPaBIISEMBbIii
9JIEMEHT KOTOpOro, TOHKas cdepuueckas o000J0YKa, KaTsascs C OJHOBPEMECHHBIM BEpYECHHEM U
MPOCKAIB3bIBAHUEM I10 JIBYM IapauIeIbHBIM [UIACTHHAM, KaK M0 PeJIbCaM.

KaroueBble ciioBa: cq)epnquKaa KOMITIO3HUTHasA O6OHO‘IKa; KOHTaKTHasd 3aja4a,
TCOPUA MHOTOKOMIIOHCHTHOI'O aHU30TPOITHOT'O CYXOT'0 TPCHUSA

INTRODUCTION contact spots of elastic composite spherical
shells supported on two flat surfaces inclined at

The main goal of the proposed research is to an angle to each other.

develop the effective numerical and analytical The contact problem for a spherical shell resting

methods for studying the force state inside the on two flat surfaces is generated by the need for
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a detailed study of the dynamics of various
robotic systems in order to construct more
effective control laws. The main controlled
elements of these systems are elastic spherical
shells that carry out complex kinematical
movements on various surfaces [1-29].

In the case of non-point contact of rubbing
bodies, the dynamics of the shells are
significantly influenced by the effects of
combined dry friction [1-29]. These effects arise
due to the nonlinear relationship of the
parameters describing the force state inside the
contact spot (components of force and moment
of friction) with kinematics parameters. To
determine this relationship and calculate the
coefficients of the so-called multicomponent
friction model, knowledge of the laws of
distribution of normal and tangential stresses
inside the contact patch is required, taking into
account the nature of the movement of the
objects under study.

The task becomes much more difficult if the
shell moves, contacting two surfaces at the same
time, as is the case with the so-called “butterfly
robot”. The main controlled element of the
“butterfly robot” is a thin spherical shell, rolling
with simultaneous spinning and sliding along
two parallel plates, as if on rails.

The first developed control algorithms neglected
the effects of combined dry friction under
conditions of complex kinematics, which leads
to their ineffectiveness for certain combinations
of kinematical parameters of shell motion. To
improve them, approximate models of dry
friction inside contact patches were developed,
under the assumption that an elastic ball is used
as a controlled element, which allows the use of
classical Hertz laws of distribution of normal
contact stresses. As a result, effective
approaches to constructing friction models for
such systems were developed, based on simple
asymptotic representations for distribution
functions inside contact patches.

The used methodology for constructing friction
models and determining their coefficients was
previously developed to study the complex
dynamics of pneumatic tires of various
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structures. In accordance with this technique,
the distribution of normal pressure inside the
contact patch is approximated by a linear
approximation of the Taylor series expansion in
polar or Cartesian coordinates inside the contact
patch. In this case, the zero term of the
expansion, which makes the main contribution
to the calculation of the coefficients of friction
models, is a stationary distribution (state of
rest). The effectiveness of this approach made it
possible to apply it in the case where a
composite, spherical shell acts as the main
controlled element. At the same time, the
calculation of the stationary normal pressure
distribution was made under the assumption that
the shell is on a horizontal plane.

The presence of contact along two
symmetrically located, non-horizontal areas
significantly distinguishes the problem under
consideration from those studied in previous
works [30]. The normal reaction vector is no
longer oppositely directed to the gravity vector
(the weight of the shell), which, in turn, can lead
to a significant change in the shape of the
distribution of normal contact stresses inside the
contact spots.

STATEMENT OF THE PROBLEM AND
THE MAIN RESOLVING INTEGRAL
EQUATION

To It is considering the contact problem for a
spherical shell of the Timoshenko type [34, 35],
supported on two flat solid surfaces intersecting
at an opening angle o (Fig. 1). Here R and 4
are radius and shell thickness. It is assumed that
h<<R.

Let’s assume that the contact occurs under free
slip conditions.

During deformation, two contact surfaces Q, u

Q, are formed. The dimensions and positions

of their boundaries are unknown in advance and
must be determined in the process of solving the
problem. The purpose of the contact problem is
to determine contact pressures p, and p,,
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distributed respectively over the surfaces Q
and Q,.

Figure 1. Contact problem

This problem is spatial but with two planes of
symmetry: Oxz u Oyz (puc. 1). Consequently,

p, =P, =P, as well as the size and geometry of
the areas Q, and Q, are coincide. This fact

makes it possible to reduce the dimension of the
problem and present it as a superposition of two
axisymmetric states with symmetry axes L, u

L, (Fig.2).

Figure 2. Superposition of axisymmetric states
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Let's associate with the shell a spherical
coordinate system with angles (pe[O, 271') and

,Be[O,;z] (Fig. 2). Further, when writing all

equations and relationships, the following
system of dimensionless quantities is used (if
the quantities are written in the same way, they
are indicated by the upper symbol «*», which is
omitted in the subsequent presentation):

LU, . p R
u :—’w :—’p = -,
R R A+2u h

) (1.1)
2 M 2 h k2—5
n = > )V T A2 -
A+2u 12R 6

where u, w are the tangential and normal
movements; y is the angle of rotation of the
normal to the median surface before the
deformation of the fiber due to shear
deformations; A, u are the Lame’s elastic
parameters of the shell material, p is the
normal pressure. Under these assumptions, the
dimensionless radius of the shell is 1.

Additionally, two local spherical coordinate
systems are introduced. Their center coincide
with the center of the shell, and the axes
relative to which the meridional angles are
counted coincide with the axes of symmetry

L, and L,. Point M(f,p) on the surface of a

sphere with coordinates f,¢, specified in the

main coordinate system is characterized by
meridional angles S and B, in additional

coordinate systems. The same point belongs
to the secant planes II, and II, with unit
normal vectors n, :(cosa,O,sina)T and

n, = (—cos a,0,sin a)T given in rectangular
Decaurt coordinates systems Oxyz (Fig. 3).

Then the connection of the angles S, = S, (5.¢)
and f3, = f3,(B,¢) with coordinates S,¢ are

determined from the condition of intersection of
the median surface of the shell with the planes
IT, and II,:
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[cos(a B,)—sin Bcos (p] cosa +

[sm(a B —cosﬂ}sina:O, B >0, (12
[cos(omt,ﬁ2 sinﬂcosw]cosoﬁ .
[sm a+p, —cosﬂ}sina:O, £, >0

Figure 3. Relation of coordinates of a point on
the shell surface

Thus, it is sufficient to construct a solution to
the axisymmetric contact problem for a shell
resting on a flat surface and being under the

. This

influence of a pressing force Q=—
2sina

solution depends only on the meridional angle
S (in the local coordinate systems f =/, or

B=5).
arbitrary point of the shell M (f,p) will

represent a superposition of two solutions
obtained from the solution of an axisymmetric
problem in which the meridional angles /S

Solving the original problem at an

should be replaced by angles S, and fS,,
connected with £ and ¢ by formulas (1.2). In
particular:

=w[B,(B.o)|+W[B,(B.9)] (13)
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where W (f) are the normal shell

displacements obtained from the solution of the
axisymmetric problem.

To solve the axisymmetric problem, we use a
system of equations for the shell that takes into
account the shear and rotational inertia of the
cross sections according to the hypotheses of
S.P. Tymoshenko [34, 35]:

LW+p=0, L=(L, ) ,
; ( ")“ .14
W=(U,w,X),p=(0,p,0),

Coefficients in formulas (1.4) are determined by
the following formulas:

o 1
L,= +ct —+ 22—k ) ———,
oap? ctef op al ) sin” 3

Based on the principle of superposition [5, 31-
36], the following integral representation is

valid for normal W (f) displacements of the
shell:

~22[G, (5.£) p(£)de

0

w(p) (1.5)

where G, (f,£) is the influence function for
the shell, which is the solution to the problem of
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the effect of a single concentrated force on the
shell [31-36]:

LG+p=0,

; ¢ (1.6
G=(G,.G,.G,) , p=[0,8(B-¢),0] o

Taking into account the symmetry properties of
the problem, it is sufficient to determine the

distribution of contact pressure over the
domain, since in domain €2, the distribution

will be similar.
Using the influence function G, (,£), integral

representation (1.5) and formulas (1.2-1.3) it is
possible to construct the main resolving integral
equation of the contact problem:

2nTG(B,<p,&)p(i)di=W(B#P)a

G(B.9.€)=G,[B (B.9).6]+
+GW[BZ ,q)),é]

(1.7)

Displacement w(3,¢) at the area of contact Q,

are determined by the distance (taking into
account the sign) from the point M (x,,y,,z,)
at the sphere surface with coorinates:
x, =sin fcose, y,=sinfBsing, z,=cosf to
plane Q, (Fig.4): xcosa +zsina—1+w, =0

w(B,¢)=1-sin Bcospcosa —
—cos fsina —w,

(1.8)

w(p.o)

Figure 4. Determination of normal
displacements in the contact area

Thus, the main resolving integral equation of
the contact problem takes the form:
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27[G(B.0.5) p(£)dE =1-w, -
(1.9)

—sin fcos@cosa —cos fsina,
(ﬁ,go): 1—sin fcospcosa —

—cos fBsina—w, <0

This equation is a one-dimensional integral
equation with respect to the contact pressure

distribution function p(&). To solve it, we need
to determine the kernel G(f,p,&) of this

integral equation.

THE INFLUENCE FUNCTION FOR
SHELL

The influence function G, (3,&) for the shell in

the axisymmetric formulation is constructing
using Fourier series expansions in Legendre

P, (cos B) and Gegenbauer —sin BC* (cos 3)
polynomials [34]:

G, (%)

Gﬂ (5) C3/2 (cos ,3)

B

x—sin f3,

Wﬂcf] Z[

n=1

5(f-¢)) =

%:T (B—&)P,(cos f)sin fd =

0
_ 2n+l

] (cosf), (2.1)

P, (cos&)siné.

Substituting (2.1) into (1.6) taking into account
the known relations for Legendre and
Gegenbauer polynomials [35] leads to a system
of equations with respect to the coefficients of
the series (2.1):
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LG, +p,=0,L,

:(L"U)3><3’

G, =(G,.G,,.G,, )

p, =[0.3,(6).0] .
:n2(2_k2)_

12 =2(1—ﬂ2)+n2k2,

L, n(n+1),

B (2.2)
L =y2n(n+1)+n2k2,

Ly = 2(1-07 )+’ |n(n+1),
L, =—n'kn(n+1)-4(1-n’),
L, =—nk’n(n+1), L, =y"L
Ly ==Ky, Ly,

nl3»

= _Vianw

The coefficients of the series for the influence
function are finding from the solution of system
(2.2):

%(f)-%@(f),

0,[n(n+1)], 0, =0;[n(n+1)],
(1) (a0 20 +1(r7 1) )
0, (m)=kn’ly* (v’ =1)+ 271 x
(o 2)-20° (7 +1)27°
+7721[k2774 _((72 +1)k2 +27/2)4772 +

(4}/2k2 + 872 )} + 8774k2 (1 - 772)

(2.3)

Thus, the desired influence function is a series
(2.1) with coefficients determined by formula
(2.3).

RESOLVING SYSTEM OF EQUATIONS

The expansion of contact pressure p(f) in a

series in terms of Legendre polynomials has the
form:
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=imem (cosf) (3.1)

Substituting representations (2.1), (2.2) and
(2.3) into equation (1.9), taking into account the
orthogonality property for Legendre
polynomials [31, 34] leads to the equation:

27[2%]9»1 {Pm [cos B (,8,(/))] +

3m

+P, [cos B, ([5’,(0)]} =1-w, - (3.2)

—sin fcospcosa —cos fsina

The solution to equation (3.2) can be obtained
by reducing it to a system of algebraic equations
for the coefficients p, .

CONCLUSIONS

An effective numerical and analytical method is
proposed for studying the force state inside the
contact spots of elastic composite spherical
shells supported on two flat surfaces inclined at
an angle to each other.

The method is based on constructing the
influence function for the shell in an
axisymmetric formulation, followed by its
expansion into a Fourier series using the
Legendre and Gegenbauer polynomials. A
resolving system of equations for the
corresponding coefficients is obtained.

The developed methodology will allow for a
more correct study of the dynamics of various
robotic systems, the main controlled elements of
which are elastic spherical shells that carry out
complex kinematical movements on various
surfaces. These systems, in particular, include a
“butterfly robot”, the main controlled element of
which is a thin spherical shell, rolling with
simultaneous spinning and sliding along two
parallel plates, as if on rails
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