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Abstract. Currently, transformable rod systems have found wide application in the designs of spacecraft panels 
and as various stents in medicine. It is of some theoretical interest to extent the idea of geometric variability to 
spatial rod systems of complex shape. The concept of kinematic shaping of a regular rod system from a flat to a 
domed position is proposed. The finite element method in combination with the modified Lagrange method was 
used for numerical implementation of this concept. To assess the level of deformed state of the rods of a modular 
lattice, an energy criterion is proposed that allows determining the most loaded rods considering genetic nonline-
arity of the system. 
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 INTRODUCTION 
 
Deformation modeling appeared as one of the 
directions of computer graphics, which allows 
to convert the kinematics of a physically ob-
served object into virtual reality. The concept of 
a deformable model is usually considered from 
the point of view of mechanics of a deformable 
solid. In accordance with this concept, it is con-

venient to describe the deformation process of 
some continuum in Lagrangian coordinates. The 
paradigm of the deformable model is a “snake”, 
the shape and geometry of the “body” of which 
depends on the displacements of key points [1, 
2, 3]. Formally, a “snake” is a contour defined 
parametrically, as a rule, by a cubic spline. The 
technology of approximation of the initial con-
tour by a spline is based on the procedure of 
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 INTRODUCTION 
 
Deformation modeling appeared as one of the 
directions of computer graphics, which allows 
to convert the kinematics of a physically ob-
served object into virtual reality. The concept of 
a deformable model is usually considered from 
the point of view of mechanics of a deformable 
solid. In accordance with this concept, it is con-

venient to describe the deformation process of 
some continuum in Lagrangian coordinates. The 
paradigm of the deformable model is a “snake”, 
the shape and geometry of the “body” of which 
depends on the displacements of key points [1, 
2, 3]. Formally, a “snake” is a contour defined 
parametrically, as a rule, by a cubic spline. The 
technology of approximation of the initial con-
tour by a spline is based on the procedure of 

minimization of the functional associated with 
the deformation energy of the contour within the 
boundaries of the area surrounding each key 

 
 

 
 

Figure 1. Deformable “snake” model 
 

Approximation of the initial contour with a 
“snake”-type deformable model is widely used 
in biomedical research such as “computed to-
mography”, as well as in applications of artifi-
cial intelligence to motion tracking and object 
identification tasks. 
Another approach to the construction of a geo-

cept based on the expansion of a virtual thin-
walled balloon inside the boundaries of the 

 
uses the finite element method in the form of the 
displacement method as a mathematical appa-
ratus. The balloon is modeled by momentless 
three-node plate finite elements. The geometry 
of the balloon at time t is represented in para-
metric form [4, 5]: 
 

x y zR u v t u v t u v t u v t , 
 
where x , y , z are approximating cubic 
spline functions along the axes x, y, z ; u, v are 
dimensionless variables such that 0,1u , 

0,1v . During the scanning of the internal 
cavity of the object under study, each node of 
the finite element model is attracted to a point of 
the bounding contour in the normal direction 

element is fully determined by the metric tensor 
[6, 7, 8] 

, , R Rg R u v t
u v

. 

 
The fundamental theorem of the mechanics of a 
deformable solid [9] stipulates that two bodies 
in Euclidean space will have the same instanta-
neous shape, i.e., differ only in displacement as 
a “rigid whole”, if their metric tensors are iden-
tical at time t. 
 

           
 

Figure 2. Visualization of GDM technology [6] 
 

 
 

Figure 3. Balloon model deformed by a point 
force [7] 

 
According to [6], the adaptation algorithm is 
constructed in such a way that the following 
condition is satisfied at each step in the nodes of 
the finite element mesh: 
 

0 1

2

C x y z D x y z I x y z

T x y z
,            

 
where C x y z  is a target function associated 
with the current position of the model node 
point; D x y z  is the deformation potential 

; I x y z  is a constraint function “inform-
ing” a finite element mesh node that it can be in 

; C x y z  is the topological information 
function, preventing nodes of the finite element 
model from penetrating the object boundary; 

0 , 1 , 2  are weight factors. Con
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causes the model to deform until all vertices 
reach the boundary of the scanned object. 
Another direction of deformation modeling is the 
analysis of the behavior of spatial rod structures 
experiencing large linear and angular displace-
ments at small deformations during operation. In 
this case, the numerical solution of the geometri-
cally nonlinear problem is based on the Newton-
Raphson iterative procedure and the method of 
“corrective arcs”, the essence of which is the 
adaptive adjustment of the loading step value 
when approaching and after passing the bifurca-
tion point [9,10]. It should be noted that the cal-
culation of the rod system by the finite element 

placements, uses a tangent stiffness matrix. The 
construction of this matrix is based on the mini-
mization of the strain energy potential [9]: 
 

2

2
eU Uy + P

y y
, 

 
where y , eP  are the vectors of displacements 
and generalized external forces. The potential en-

 
 

1
2

eTU ky y , 

 
where ek  is the element stiffness matrix in 
global axes. The paper [11] proposes to consider 
the matrix elements ek  to be constant for 
twice differentiation U . 
As an illustration of the solution of such a problem 
in the geometrically nonlinear formulation, we 
have considered a test task from [9, 11]. A flexible 
curvilinear bar of rectangular cross-section of 1×1 
m with arch radius of 100 m at central angle of 450 

x = 0, y = 0, z 
subjected to bending out of the plane by a concen-
trated force Fz = 100 N. The coordinates of the free 
end of the rod in the initial position are [70,71; 

 mate-
rial: modulus of elasticity E 
ratio  = 0. Fig. 4 shows the results of the analysis 

performed using the nonlinear solver of the 
ANSYS software [12]. The beam was divided into 
16 spatial beam-  
 

X

Y

+Fz

 
a 

 
b 

                
c 

Figure 4. Results of analysis of a curved beam:  
a - initial state of the beam; b - parameters of 

ANSYS nonlinear solver; c - visualization of the 
beam deformation relative to the initial position 
 

The displacement coordinates of the load appli-
cation point were [46.84; 15.56; 53.66] m ac-
cording to [9, 11] and [46.9; 15.6; 53.6] m ac-
cording to the ANSYS solution. As can be seen, 
the given displacement values are quite close.  
The above presented concepts of deformation 
modeling are highly specialized and cannot be 
extended to the problems of structural mechan-
ics related to the study of kinematically trans-
formed rod systems. In this regard, the devel-
opment of a finite element modeling approach 
for rod structures considering the structural 
shape change of the initial geometry into some 
structural state is an urgent problem. 
 
 
MATERIALS AND METHODS 
 
Let us investigate the regular rod systems shown 
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ing into account the controlled displacement of 
contour nodes.  
A distinctive feature of these computational 
schemes from the one presented in [13] is the 
presence of a nodal platform S modeled by rods 
with an elastic modulus exceeding the elastic 
modulus of the connecting rods by five orders 
of magnitude. From the structural point of view, 
the introduction of platforms S allows to con-
ventionally account for the nodal connections of 
real rod systems. In the extracted fragments of 
Fig. 5, the letters L and B denote the lattices 
composed of hinged- inite 
elements, respectively. In both cases, the nodal 
platforms S are modeled by almost non-
deformable beam FE. 
 

 
Figure 5. Rod model in the initial state 

 
To investigate the process of change of a rod 
structure shape, we apply a modified Lagrange 
method [14], the essence of which consists in a 
discrete increment of displacements of contour 
nodes and reconstruction of the finite element 
mesh geometry in the current initial basis, tak-
ing into account the obtained nodal displace-
ments. In the literature on structural mechanics, 
this type of nonlinearity is called genetic [15]. 
For program realization of this concept, we use 
the APDL programming language [12], embed-

age.  
At kinematic quasi-static shape change, internal 
forces caused by gravitational influence and 

rods. To assess the level of deformed state of 
the finite element model, we introduce an ener-
gy criterion, which for the adopted scheme of 
rod discretization can be indirectly represented 

in the form of longitudinal strain /l l , 
where l  is the changes in the rod length; l is 
the initial rod length. 
 
 
RESEARCH RESULTS 

 
First, as an object of study, consider a regular 

The lengths of the rods forming the regular lat-
tice of the structure are 0.4 m. The radius of the 
circumscribed circle of the platform S is 0.05 m. 

alumi-
E = 7.2 104   = 0.32, spe-

3. The rods of the lat-
tice and platforms S have a tubular cross-section 
with an outside diameter of 18 mm and a wall 
thickness of 1.5 mm. 
Fig. 7 shows the visualization of the first mode 
of natural vibrations of the model for truss and 
beam FEs. As can be seen, the regular lattice 
modeled by truss FEs is kinematically variable, 
since it allows rotation of rigid platforms. 
Therefore, in the further study we will use only 
truss FEs. 
 

 
 

Figure 6. Initial dimensions of the rod struc-
ture with hexagonal plan 

 
It should be noted that the transformation pro-
cess will not lead to the expected lifting of the 
rod lattice from the position when the coordi-
nates of all nodes iz  = 0. Thus, is necessary to 
“start” the transformation from a pre-prepared 
dome-
“starting” lifting height of zu  = 0.1 m. 
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a 

 
b 

Figure 7. The first eigenmode: 
 a - truss FEs; b - bar FEs 

 

 
Figure 8. “Start” position of the rod structure 

 
Let us analyze the kinematic change for the 
considered rod structure in the “starting” posi-
tion, with discrete displacement of contour 
nodes in the direction of X and Y 
We assume that the displacement steps and 
are synchronous x  and y  equal to 0.01 m.  
Figure 10 shows a visualization of the shape 
of the structure after 50 steps. The lift of the 
center point, when the transformation was 
completed, was of fmax = 0.92 m. Changes 

/l l  in the rods of the lattice at discrete dis-
placements along the X and Y axes are plotted 
in Fig. 11. 
 

 
 

Figure 9. Discrete displacements along the X 
and Y axes 

    
 

            
 

           
 

Figure 10. Visualization of a form change after 
50 displacement steps along the X and Y axes 

 

 
 

Figure 11. Changes /l l  in the rods at dis-
placement of contour nodes along X and Y axes 
 
Fig. 11 shows that the rods adjacent to the con-
tour nodes will be the most stressed in this 
transformation scheme. In natural terms, the ex-
treme value /l l  =3.5 % corresponds to the 
rod elongation l  = 14 mm. 
Fig. 12 shows the results of solving a similar 
problem using the nonlinear solver of ANSYS 

of the lattice was also used and kinematic bound-
ary conditions in the form of displacements of 
contour nodes equal to 0.5 m were set. The simu-
lation was performed taking into account large 

Large Displacement Static  
By comparing the patterns of the lattice in the 
deformed state shown in Figs. 10 and 12, we 
establish their qualitative agreement. 
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Figure 7. The first eigenmode: 
 a - truss FEs; b - bar FEs 
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Figure 10. Visualization of a form change after 
50 displacement steps along the X and Y axes 
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placement of contour nodes along X and Y axes 
 
Fig. 11 shows that the rods adjacent to the con-
tour nodes will be the most stressed in this 
transformation scheme. In natural terms, the ex-
treme value /l l  =3.5 % corresponds to the 
rod elongation l  = 14 mm. 
Fig. 12 shows the results of solving a similar 
problem using the nonlinear solver of ANSYS 

of the lattice was also used and kinematic bound-
ary conditions in the form of displacements of 
contour nodes equal to 0.5 m were set. The simu-
lation was performed taking into account large 

Large Displacement Static  
By comparing the patterns of the lattice in the 
deformed state shown in Figs. 10 and 12, we 
establish their qualitative agreement. 

 

zu  

 
 

 

 
 

 
 

Figure 12. Results of the analysis using a non-
linear solver: zu  - vertical displacements;  – 

longitudinal strain 
 
At the same time, the value of the maximum 
lift at one-step transformation is of fmax = 0.79 
m, which is less than at discrete forming fmax = 
0.92 m. There is also a significant qualitative 
and quantitative difference in the distribution 
patterns of longitudinal strains in the lattice 

discrete shaping, the ex-
treme value exceeds by more than an order of 
magnitude the similar value shown in Fig. 12. 
Thus, the proposed method of discrete shaping 
combined with step-by-step correction and re-
construction of the finite element mesh taking 
into account the obtained nodal displacements 
should be used when modeling the process of 
transformation of the geometry of a regular lat-
tice system. 
Let us consider the scheme of transformation 
of the rod structure at discrete displacements 

x  = 0.01 mm along the X 
Visualization of the lattice shape after 50 
steps of transformation along X is shown in 
Fig. 14. 
 

 
 

Figure 13. Discrete displacements along the X 
axis 

 

               

 

 
 

Figure 14. Visualization of the shape change 
after 50 displacement steps along the X-axis 

 
In this case, the lift at the pole point, when the 
transformation was completed, was 1.3 m. The 
corresponding plots of longitudinal strain in the 
rods are shown in Fig. 15. 
 

      
 

Figure 15. Change /l l  in rods when contour 
nodes are displaced along the X-axis 

 
Comparing the dome shapes of the rod structure 
under uniform compression along the X and Y 

X 
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ond case there is a more pronounced roundness 
of the surface. At the same time, the maximum 
value of the ratio /l l  in Fig. 15 is almost sev-
en times greater than the similar value presented 
in the plots of Fig. 11. 
Finally, let us perform deformation modeling of 
a regular rod system with 

shown in Fig. 17. The step x  along the X-axis 
is assumed to be 0.05 m. 
 

 
 

Figure 16. Initial dimensions of the rod rectan-
gular structure 

 

 
 

Figure 17. “Start” position of the rod structure 
 
The visualization of the lattice patterns after 50 
and 100 transformation steps are shown in Fig-
ures 18 and 19, respectively. 
 

 
 

 

 
 

Figure 18. Visualization of the shape change 
after 50 displacement steps along the X-axis 

The plots of changes /l l  in the rods of the 
lattice at 50 and 100 transformation steps are 
presented in Fig. 20. As can be seen from the 
plots in Figs. 11 and 20, the numerical values of 
extreme longitudinal strains in the rods of the 
considered hexagonal and rectangular regular 
lattices at 50 transformation steps practically 
coincide. In both schemes, the greatest longitu-
dinal tensile strains are experienced by the con-
tour nodes subjected to kinematic boundary 
conditions. 
 

 

 

 
 

Figure 19. Visualization of the shape change 
after 100 displacement steps along the X-axis 

 
It should be noted that the rectangular lattice 

shape; it practically rolls up into a “roll” at 100 
transformation steps. 
In order to investigate the influence of the 
scheme of kinematic boundary conditions on the 
transformation process of a rectangular lattice, 
we consider a two-sided scheme of discrete dis-
placements at all nodes with coordinates x = 0 
and x = 10.48 m. Visualization of the lattice pat-
tern after 50 steps at x  = 0.5 m is shown in 
Fig. 21.

Peter P. Gaydzhurov, Nadezhda G. Tsaritova 



21Volume 20, Issue 3, 2024

ond case there is a more pronounced roundness 
of the surface. At the same time, the maximum 
value of the ratio /l l  in Fig. 15 is almost sev-
en times greater than the similar value presented 
in the plots of Fig. 11. 
Finally, let us perform deformation modeling of 
a regular rod system with 

shown in Fig. 17. The step x  along the X-axis 
is assumed to be 0.05 m. 
 

 
 

Figure 16. Initial dimensions of the rod rectan-
gular structure 

 

 
 

Figure 17. “Start” position of the rod structure 
 
The visualization of the lattice patterns after 50 
and 100 transformation steps are shown in Fig-
ures 18 and 19, respectively. 
 

 
 

 

 
 

Figure 18. Visualization of the shape change 
after 50 displacement steps along the X-axis 

The plots of changes /l l  in the rods of the 
lattice at 50 and 100 transformation steps are 
presented in Fig. 20. As can be seen from the 
plots in Figs. 11 and 20, the numerical values of 
extreme longitudinal strains in the rods of the 
considered hexagonal and rectangular regular 
lattices at 50 transformation steps practically 
coincide. In both schemes, the greatest longitu-
dinal tensile strains are experienced by the con-
tour nodes subjected to kinematic boundary 
conditions. 
 

 

 

 
 

Figure 19. Visualization of the shape change 
after 100 displacement steps along the X-axis 

 
It should be noted that the rectangular lattice 

shape; it practically rolls up into a “roll” at 100 
transformation steps. 
In order to investigate the influence of the 
scheme of kinematic boundary conditions on the 
transformation process of a rectangular lattice, 
we consider a two-sided scheme of discrete dis-
placements at all nodes with coordinates x = 0 
and x = 10.48 m. Visualization of the lattice pat-
tern after 50 steps at x  = 0.5 m is shown in 
Fig. 21.

 
a 

 
b 

Figure 20. Plots of the change /l l  in the rods at displacement of contour nodes along the X axis: 
a - 50 steps; b - 100 steps 

 

  

 
Figure 21. Visualization of lattice change after 
50 displacement steps along the X-axis at two-

sided discrete displacement 
 
The plot of /l l  for a two-sided discrete dis-
placement of the contour nodes is shown in Fig-
ure 22 
 

 
 

Figure 22. Plots of the change in the rods at a 
two-sided discrete displacement 

 
It can be seen from the graph in Fig. 22 that the 
maximum tensile longitudinal strains at the two-

sided discrete displacement of the contour nodes 
appear in the rods located in the kink areas. 
 
 
CONCLUSIONS 
 
1. A method of finite element modeling of trans-
formation of a regular rod system from a flat to 
a dome-shaped state by discrete displacement of 
contour nodes of the lattice is proposed.  
2. As a criterion limiting the process of the 
structure shape change, the values of longitudi-
nal strains of the rods are proposed to be used. 
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