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OF STABILITY FAILURE OF A RC FRAME
IN AN ACCIDENT SITUATION

Margarita A. Amelina, Sergei Y. Savin, Nataliya V. Fedorova
Moscow State University of Civil Engineering National Research University, Moscow, RUSSIA

Abstract: Despite the general principles on reliability for structures have been stated in the international standard ISO
2394, the implementation of these principles in the design and construction practice faces with difficulties. One of the
current problems is probabilistic robustness checking for buildings and structures. This study focuses on the develop-
ment of a probabilistic model to calculate the risk of failure of a reinforced concrete frame due to stability failure of its
elements in a scenario of sudden removal of a structural component. The critical forces for the eccentrically com-
pressed structural components of the frame are determined using the displacement method, considering the two-stage
static-dynamic loading regime due to the sudden column collapse. The study takes into account the change in stiffness
of frame elements due to cracking during loading. In addition, it proposes the probabilistic equigradient-based model
for the failure of the frame elements after the sudden removal of a column. The mathematical formulation of this mod-
el is that if some value is a critical force associated with some parameters satisfying a given condition, then the extre-
mum of that value can be found using an auxiliary Lagrangian function. To illustrate the application of the model, the
paper provides an example of the calculation of the stability failure probability of a reinforced concrete frame structure
under the considered loading regime. The calculated critical force values were compared with the experimental data
for the reinforced concrete frame tested for sudden column removal.
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METOJIUKA PACUETA BEPOSITHOCTHU ITOTEPU
YCTOMYUBOCTHU KEJE30BETOHHOM PAMBI I1PU EE
CTPYKTYPHOM NIEPECTPOUKE

M.A. Amenuna, C.IO. Cagun, H.B. ®@eooposa

Hanunonanensliii nccnenoBaTenbckuii MOCKOBCKUM rOCYIapCTBEHHbBIN CTPOUTENIbHBIM YHUBEPCUTET, I'. MOCKBa,
POCCUA

AnHoTanus: HecMoTpst Ha TO, 4TO 00IIME TIPUHIIUITB HAJI)KHOCTH KOHCTPYKIMI M3JI0’KEHBI B MEXKTYHAPOIHOM CTaH-
qapre ISO 2394, peanuzanyst STUX NPUHIMIOB B MPAKTHKE IPOSKTUPOBAHUS U CTPOUTENBCTBA CTAIKUBAETCS C TPY/IHO-
crsiMu. OJTHOM U3 aKTyaJIbHBIX TIPOOJIEM SIBJISICTCS BEPOSITHOCTHAS OLICHKA SKMBYUECTH 3/1aHHI U cOOpysKeHHit. B Hacto-
Sl CTaThe Mpe/yIoKEeHa BEPOSITHOCTHAS MOJIEN b PpacueTa pucka OTKa3a JKeNe300€TOHHOM paMbl W3-3a MOTepU YCTOM-
YHUBOCTH €€ HJIEMEHTOB, BHI3BAHHON 0COOBIM BO3/IEHCTBHEM — Y IAJICHIEM OJJHOH 13 KOJOHH. OnpeieieHe KpUTHIECKHX
CHJI BO BHEIIGHTPEHHO CKaThIX KOJIOHHAX PaMbl NP PacCMaTPUBAEMOM JIBYX3TAaITHOM PEKMME Harpy>KeHHsI paMbl CTa-
THYECKOH Harpy3Koi M JJMHAMHYECKOM JOTPY>KEHUH OT BHE3AITHOrO0 0COO0T0 BO3JEHCTBHS BBIIOIIHEHO METOIOM Iiepe-
MereHnit. [1pr 3ToM ydTeHO M3MEeHEeHHE KECTKOCTEH 2IEMEHTOB paMbl BCIICACTBUE TPEIIMHOOOPA30BaHK TIPH HATPy-
YKEHIH KOHCTPYKIIMH. BeposSTHOCTHAs MOJIENb OTKa3a 3JIEMEHTOB paMbl 1I0CIIE BHE3AITHOTO YIAIICHHS OTHOM M3 KOJIOHH
TIOCTPOEHA € HCTIONB30BAaHUEM TIPHHIINIA SKBUTPAIMEHTHOCTH, MaTeMaTHiecKast (DOpMyIMpOBKa KOTOPOTO COCTOHT B
TOM, YTO €CIIM HEKOTOpasi BEJIMUMHA — KPUTUUECKAsl CHJIA CBS3aHA C HEKOTOPBIMH NapamMeTpaMH, YIOBJICTBOPSIOIINMU
3a]aHHOMY YCJIOBHIO, TO KCTPEMYM 3TOW BEIMYMHBI MOYKET OBITH HAWICH C IIOMOIIIBIO BCIIOMOraTensHon (yHkmmm Jla-
rpamka. [IpuBenen mpuMep omnpenereHNs] BEPOATHOCTH MOTEPH YCTOMYMBOCTH KOHCTPYKIMH KeJIEe300€TOHHOM pambl
IIPU PACCMOTPEHHOM PEXHUME HArpyKEHUsl. BBIIOJIHEHO CONOCTABJICHUE PACUETHBIX W ONBITHBIX 3HAUCHUM KpUTHYE-
CKHX CHJI IIPH TTOTEPE YCTOWYMBOCTH PaMBI ITOCIIE BHE3AITHOTO YIaTICHUS KOJIOHHBI.

KiroueBbie ¢JI0Ba: BEPOSITHOCTh, YCTOHUHUBOCTD, IPOrPECCUPYIOIICE 00pYIIICHHE, )KEIe300eTOH, KapKac,
0co0o0e BO3/eiicTBIE
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1. INTRODUCTION

As a result of constantly increasing natural and
anthropogenic disasters, as well as significant
deterioration of assets, the problem of structural
safety of buildings and structures becomes one of
the most important in the scientific research di-
rection for structural engineers of many coun-
tries. A significant number of experimental and
theoretical studies have been carried out to eval-
uate the structural robustness and effectiveness of
solutions for the protection of structural systems
against disproportionate collapse in case of acci-
dental actions caused by the exhaustion of the
load-bearing capacity of any structural compo-
nent [1-3]. As a rule, the published researches
consider the ultimate strain of the material as a
criterion for the exhaustion of the bearing capaci -
ty at an accidental design action. The dynamic
hardening of materials as a function of strain rate
can also be considered according to diagrams and
analytical expressions [1,2,3].

Current standards [4-7] require stability checks
of slender components of reinforced concrete
structures, where the deformation and failure are
significantly influenced by geometric nonlinear-
ity. Failure of such components may occur at
forces less than the strength of the sections. In
ACI 318 [4], a 5% reduction of the capacity of
the component by the axial force is set as the
ultimate limit state criterion in accidental design
situation. EN [5-6] allows a slightly higher, up
to 10%, reduction of the capacity of the compo-
nent with respect to axial force, considering the
second order nonlinear effects (buckling). SP63
and SP385 [8,9] also specify the calculation of
reinforced concrete elements taking into account
physical, geometrical and structural nonlineari-
ty. These standards specify the strength of
cross-sections and ultimate strains as capacity
criteria for the structural components. In this
case, the second-order effects are accounted
through the buckling factor applied to the calcu-
lated value of the first-order bending moment.
However, it should be noted, that the target val-
ues of the reliability index for stability failure
and material failure of structural components
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are different. The second problem is the correct
consideration of the stiffness of structures, since
it significantly affects the failure load of slender
components. Meanwhile, stiffness expressions
in standards are semi-empirical and based on
limited experimental data.

Thus, in addition to the robustness checks for
the strength of structural components at acci-
dental actions [10-15], the robustness check for
stability failure criteria should be performed for
frames with slender columns [16,17]. In the
studies of buckling of elastoplastic structural
components [17,18] and in the works [20,21] on
buckling of reinforced concrete elements, the
extremum of force — displacement diagram (null
tangent stiffness) was adopted as the stability
criterion. The work [20] points out that the cal-
culation of reinforced concrete eccentrically
compressed elements should consider both of
physical and geometric nonlinearity. The au-
thors provided specific recommendations for
determining the stiffnesses of such elements in
the presence of cracks in them. However, such
studies have usually been limited to structural
elements and do not take into account the phe-
nomenon for framed structures, where structural
components may experience unloading at buck-
ling due to the reaction of the frame. At the
same time, the supporting effect of the frame is
of great importance as it provides load transfer
in the hazardous event.

In this context, the energy-based criterion pro-
posed by A.V. Aleksandrov and V.I. Travush
[19] is promising to identify the most dangerous
components of the structural system from the
point of view of stability failure. According to
this criterion, the shear force and bending mo-
ment in the end section of the structural ele-
ment, which loses stability, perform the largest
negative work. In a similar formulation, the
problem of stability of reinforced concrete
frames was solved in [22,23], where the stiff-
ness parameters and the free length of the col-
umns in the structures were varied.

There are relatively few studies that have ap-
plied the stability failure criterion to investigate
the structural robustness of frames. For exam-
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ple, the studies [16,24] provide design models,
stability failure criteria and algorithms for the
stability analysis of reinforced concrete frames
in column removal scenarios. In the study [25],
an analytical model of an eccentrically com-
pressed supper element was proposed to inves-
tigate the stability failure of W-shaped steel col-
umns under accidental impact. In [26], the re-
sults of an experimental study of different types
of stability loss of cold-deformed composite
steel columns are presented. During the tests, all
experimental specimens with cross-sectional
imperfections exhausted the load-bearing capac-
ity due to buckling.

Currently, there are also very few publications
on the probabilistic robustness analysis of struc-
tural systems. We can mention the works of
G.A. Geniev [27,28], who solved the reliability
problem of reinforced concrete multi-span
beams and obtained the minimum probability of
their failure under an accidental action for given
initial conditions.

As paper [29] noted, the reliability analysis re-
quires probabilistic definitions of loads and
strength of a structure. However, the standards
and publications in this field do not contain such
clear definitions for accidental design situations,
which should be considered at robustness check.
There is a lack of target reliability (or risk) val-
ues, partial factors or global resistance factor
calibrated for conditions of accidental design
situation. The fundamental postulate adopted in
establishing acceptable (tolerable) risk is that
the risks associated with the failure of structural
systems of buildings designed and erected in
accordance with current best practice are con-
sidered sufficiently small and acceptable to so-
ciety. On the other hand, current best practices
are reflected in standards [30,31] and structural
design codes [32]. The correct application of
these practices allows to create the safe and reli-
able structural systems. Taking into account the
fact that the approaches for consequence as-
sessment given in [29] have high level uncer-
tainties, the modeling of collapse consequences
in most cases is simplified by considering only
human casualties [10,34]. Thus, in accordance
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with the model [34], the expected number of
potential casualties N, is calculated depending
on the expected collapse area.

This study aimed at development of a probabil-
istic model for calculating the stability failure of
a reinforced concrete frame at sudden removal
of a column. Critical parameters of the frame
structure are determined using an energy-based
approach; meanwhile the probability of stability
failure of the frame structural components under
such an accidental action is determined using
the equigradient method.

2. MODELS AND METHODS

The study examines probability of stability fail-
ure of the two-span scaled reinforced con-crete
frame previously tested for sudden loss of the
column in the paper [39] The frame is loaded
with concentrated forces eccentrically applied at
the upper joints of the structure. The columns of
the second floor of the frame are of relatively
large slenderness ratio that makes it vulnerable
to stability failure. The frame dimensions, rein-
forcement scheme, and cross-sections are shown
in Figure 1

The loading of the test frame involved two stag-
es as shown in figure 2. At the first stage, con-
stant static concentrated forces P1 = 4.7 kN, P>
= 26.2 kN, P3 = 19.5 kN were applied with an
eccentricity e = 10 mm to the upper joints of the
frame that corresponds to normal operation
conditions. The second stage involved an acci-
dental action due to the sudden removal of the
outermost column of the first floor simulating
initial localized failure.

The frame has pinned restraints at the joints as
shown in Figure 2 that corresponds to the exper-
imental specimen. The stiffnesses and lengths of
the beams and columns of the frame are also
assumed to be the same as in the specimen test-
ed in the study [37] in order to evaluate the de-
veloped approach comparing the calculation re-
sults with the experimental data.

The probability P; of the stability failure of the
frame components at the scenario of the sudden
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removal of the outermost column of the first design scheme using the displacement meth-
floor was evaluated in the following way. od. The design scheme with accepted un-
Firstly, the critical force parameters have been known displacements (rotation angles) is
determined for each column of the primary shown in Figure 3.
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Figure 1. Design of the reinforced concrete frame and its reinforcement scheme
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Figure 2. Design scheme of the reinforced concrete frame at normal operation (a) and at sudden
loss of the column (b)
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According to the accepted geometrical dimen-
sions of the frame and reinforcement scheme
presented in Figure 1, the reduced linear stift-
nesses of the structural components in = Bredn/In
have been calculated to obtain the expressions
for the force parameters vi = [(Pi/Bredi)’?,
where Bredn and I are the cross-section stiffness
and component length (or height), P; is the axial
force acting in the i structural component.
During two-stage loading of the reinforced con-
crete frame, the stiffnesses of the column cross-
sections change along the height due to crack-
ing. As it is known, the accuracy of calculation
of the stiffnesses significantly effect on the val-
ues of critical forces for compressed-bent com-
ponents. Therefore, to achieve the correct result,
the study employs a modified version of the
stiffness calculation model, which accounts for
deformation effect of F. Thomas — VII. Kol-
chunov [35] at determination of the mean strains
in steel rebars in the blocks between cracks. Ac-
cording to this model, the stiffness of an eccen-
trically compressed element with cracks is de-
termined from the expression:

E A z-h
1254+ Y H &
v-&

Br‘ed,i = (1)

where FEs, As are the elasticity modulus and
cross-sectional area of tensile steel rebars; z is
the leverage of the internal force pair in con-
crete and reinforcement; Ao is the effective
cross-section depth of the structural component;
¢ is the relative compressive depth of a compo-
nent cross-section; v is the ratio of the secant
modulus of concrete to the initial one; y» is the
factor accounting for irregularity of tensile con-
crete strains in the block between cracks; p-a is
the reinforcement ratio reduced with regard to
concrete.

The design scheme of the frame according to
the displacement method is shown in Figure 3.
The stability equations for the frame are adopted
according to the displacement method. The un-
known parameters of these equations are the
rotation angles of the frame joints Z1, 22, Z3, Z4,
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Zs, Zs, the horizontal floor displacements Z7, Zs,
and vertical displacement Zy of the joint above
the column to be removed for modelling acci-
dental action. The vertical displacement Zo is
assumed to be zero before accidental action ap-
pears.

Then, the joint reactions ri» at unit displace-
ments (rotations) should be obtained to con-
struct the matrix of coefficients » for unknown
displacements (rotations) matrix Z:

rxZ =0, (2)

where

=l e | 3)

In the general case of a robustness check of a
structure, unknown vertical displacements are
assigned at all axes where a hypothetical initial
localized failure of a column is possible. Thus,
the matrix of reactions of unit displacements
(rotations) retains its form for any initial local
failure scenario, which is modeled by equating
the stiffness of the removed element to zero.

By assuming that the determinant of the matrix
r equals zero, the solution of the characteristic
equation in the Maple software gives the critical
values of the force parameters va.

Using these values and assuming that Zo = 0, we
can calculate the critical forces Pc-1; for each
column of the primary design scheme of the
frame. Similarly, the critical forces Per1,i can be
calculated for the secondary design scheme,
when the outermost column of the first floor is
removed and Zo # 0. In this calculation, the dy-
namic effects in the structure at sudden column
loss are replaced by the equivalent static force
[36] applied in the joint above the removed
component.

The sudden loss of a column usually results in a
decrease of the critical force value for the modi-
fied structural system. In this case, the topology
of the structural system may be the tool that al-
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low ensuring the stability of the components
under such an accidental action.

The considered approach for determining the
critical force in physically and structurally non-
linear reinforced concrete frames allows us to
perform a probabilistic assessment of the risk of
frame stability failure under an accidental de-
sign situation, such as a hypothetical column
loss.
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istic analysis and the equigradient principle of
G.A. Geniev [27]. The mathematical formula-
tion of this principle is as follows. If a function
P depends on parameters whose sum is con-
stant, i.e., g1 + g2 + ... + g» = C = const, then the
extremum of the function P on the given set of
values ¢; satisfies the equality:

oP 0P 0P

To solve the problem of calculating the stability a_ql B 5_% T g )
failure probability for structural components of !
the frame, we use the direct method of probabil-
Z N4z N3
1 N 2 . 2
| l;
. Z.i? lo - 2.9
4NE TN IN%
%% < 5% W —> <8
12 . B[ |, Ny &
Zg  J 2.3 1; - 14 5 o 2.3
A B cl

Figure 3. Design scheme of the displacement method for the primary design scheme of the frame

Assume that there is a relation between some
parameters affecting on the stability of a struc-
tural element such as:

D=D(P,q,,4,,...9,) =0, (5)

where P = P.r is the critical force related with
the parameters qi, q2, ..., gn, Which satisfy the
following condition:

(6)

q1+q2+ ..+ gn=C=const.
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Thus, the extremum of the function P = P(q1, g2,
..., qn) fulfilling condition (6) can be found us-
ing the auxiliary Lagrangian function:

L=P(q,.95...9,)=2-(9,+q, +...+qn), (7)

where A is the Lagrange multiplier.
The extremum condition for this function is as
follows:

oL

P 0. (8)
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Thus, we obtain the Lagrange multiplier:

,_op_op_ _op

= = =..= . 9
oq, g, aq, ®
The extremum of the critical force function P
satisfies to the condition (4).
From this follows the conclusion: if some value of
P depends on the parameters g1, g2, ..., gn, Which
are related to each other by condition (6), then for
the occurrence of the extremum of the function P
it is sufficient to fulfill the criterion (4).
Let Pso; is the initial load of the i” structural el-
ement (i = 1, n) and go: = voi 1s the value of the
critical force parameter for the given frame be-
fore the column removal.
For this frame, the probability of non-
destruction of the whole system Pso can be
found as follows:

(10)

The sum of the values of critical force parame-
ters before the column removal equals:

0, = Z"m = const. (11)
i=1

The probability of non-destruction of i element
of the frame, according to the method of direct
mathematical analysis can be determined using
the following relationship:

PSO[ =1-P

rois (12)

where Py is the probability of the i structural
element stability failure.

The probability of the i’ element stability fail-
ure can be determined from the expression (13):

P, =0.5-0(U), (13)

where ®(U) is the Gauss probability integral:
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|
d(U)= e 2ax, (14
(v) Tﬂ!e v, (14)
For
y_ k-0

2
[.2 2
Spt+S,

where R,Q are mean values of critical load

(capacity) and applied load; sz and so are the
standard deviations of the mean values, respec-
tively.

The relationship between the probability Psi of
non-destruction of the i” element and the pa-
rameter v; for a system of series-connected ele-
ments can be represented in the form:

=1—q " (15)
where

4q; Z(I_Po:')il (16)
According to the equigradient principle of G.A.
Geniev, the solution of the problem is reduced
to determining the conventional extremum of
function (11) satisfying to condition (15) and
constraint (12) at the number of compressed el-
ements in the secondary design scheme of the
frame n=5:

V;

uf:fj@—a;QJ+z(F%—jiwj.07)

According to condition (4), it can be written:

\
611 o n_al —120;
vOl
(18)
_Ys 1
as s i -1=0
Vos
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v

o
P,=1-a,™,

By dividing expressions (18) to P,

we obtain:
Ing 1-F, _ Ina; 1-P; 4. (19)
Voo By Vos 55

Using equality (19), the following relationships
can be written:

Pfl .Pf2 .Pf3 .Pf4 .Pf5 _

PP, P, P, P,

_Ing, Ina, Ina; Ina, Ina

(20)

Vo Voo Vo3 Vs Vos

Thus, the expression for the critical values of vi

is as follows:
v, =i-ln(l+ﬁj,
Vi A

Ina,

1

where y, =—=.

Voi
The value of the parameter 4 is derived taking
into account relations (9), (20) and (21):

€2y

| 22)
zlnf[ (14‘%)% :QO'

Accounting for the properties of logarithms, the
value of the parameter 4 will be equal:

mﬁﬁn}—@

i=1

>

A=exp , (23)

where f, = i
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Thus, if the critical values of v; are obtained by
formula (21), then we can find the extremal
values of the function P, i.e., the critical forces.
Thus, the non-destruction probability for the
frame can be found using expression (12) for
each structural component and then calculating
by formula (10) for the frame. The obtained
results should be compared with the target val-
ues of non-destruction probability for specified
responsibility and operation condition of a fa-
cility. If the non-destruction probability is less
than the target one the modification of the sys-
tem should be carried out. Such a modification
may be performed using the equigradient ap-
proach considered above. In this case, the non-
destruction probability will be the target func-
tion, while the condition (6) for the total load
or for the sum of the force parameters v; re-
mains relevant. The flow-chart of the stability
failure (or non-destruction) probability is
shown in figure 4.

Initial data; ‘

Py, Byoass ly comstraints, R, 7, sp, sg
- ¥
Calculation of the critical values of vy, : ‘

for the primary design scheme as initial
approximation for the condition (11)

J

Calculation of the critical values of v;
for the secondary design scheme (after
sudden column loss) accordind equigradient
principle by (4)

| Caleulation of the sla_bi.i-i-ty-fmjl.um pmbahil-i-ry.
for each structural component by (13)
| Analysis of the non-destruction probabibity
for the frame subject to accidental action
according formula (10)

[ Varying the values

1 u; through the B,y to
Accept i “' i obtain maximum P ,_,
stractural " Pan1ZPoary o value at
design T — 2

Q=Z"f

1

Figure 4. Flow-chart of the method for analysis
of stability failure probability
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3. RESULTS

Using the method in the previous section of this
paper, the stability failure probabilities for the
columns of the experimental reinforced concrete
frame were calculated for the outermost column
removal scenario. The initial data used in the
analysis and the results are summarized in Table
1. The probability of non-destruction of the re-
inforced concrete frame under the accident sce-
nario considered in the study was as follows:

P, :HPS()I. =0.6936 for mean values of the
i=1

critical force R = Por = 37.2kN and mean value
of the axial force in the most vulnerable column
Q=N=37.3kN.

The obtained results are in agreement with the da-
ta of experimental studies and numerical modeling
in LS-Dyna, as shown in Figure 5, which demon-
strates the stability failure of column No. 2.

Table 1. Initial data and results of calculation of the probability of loss of stability of the

experimental reinforced concrete frame elements

Column Mean value of Mean value of Standard Standard Probability Probability of
No. capacity (critical load Q, kN deviation of | deviation of | of stability | non-destruction
force) R, kN capacity sg, KN | load sq, kN failure Py Psi

1 17.58 4.8 5.022 7.656 0.026 0.974

2 37.15 373 3.797 6.878 0.882 0.118

3 26.74 20.7 1.284 2.343 0.469 0.531

4 36.48 27,2 3.430 2.361 0.227 0.773

5 2691 19.6 0.849 1.037 0.188 0.812

(a)

o

-7.0000 -6.0000 -5.0000 ~4.0000 -3.0000 -2.0000 -1.0000 0.
-5 4

10000 2.0p00

== P-{ middle of the column 2

- R 35 - ﬁ’a'sﬂ

(©)

(b)

M 0974 - ps

Column 2 Column 3 Column 4 Column 5

Column 1

(d)

Figure 5. Results of the investigation of reinforced concrete frame stability under accidental im-
pact: general view of the frame after test (a), results of modeling in LS-Dyna (b), force-
displacement diagram for column No. 2 (c), distribution of probability of non-destruction for the
columns (d)
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4. CONCLUSIONS

1. A calculation model based on the equigradi-
ent principle is proposed to estimate the critical
load and the probability of stability failure of
reinforced concrete building frames in an acci-
dent situation due to the sudden loss of a col-
umn.

2. It has been shown that the results of analysis
based on the proposed approach agree with the
experimental data and the results of numerical
modeling. The difference between the calculat-
ed mean value of the critical load and the value
established experimentally is 5.9 %.

3. The equigradient method considered in the
study can be applied to optimize structural de-
sign of building frames according to the criteri-
on of minimizing the probability of stability
failure at a fixed consumption of materials for
the structural system.
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